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Abstract

\ . i
The problem of errors in a digital comrnunication system

4
. isg discussed, a.nd four models of a communication channel are pre-

sented Of these, the Gilbert model is the most suitable for model-
ling a typlca.} commqmcatwn channel. A study of a.va.11ab1e error .
correcting codes is made, with empha51s on block codes None of
these codes geems suitable for combatting errors on the compound
channel. Interleaved codes are then introduced, a.nd it is demon-
strated that codes formed by the interleaving of random error
correcting codes with burst error correcting codes can guarantee
the correction of more error patterns than comparable SBEC crodes,
product codes, cpnc_atenated codes,, and Reed-Solomon codes in
certain cases. ﬁ?ased interleaving is introduced as a methoc.:l of

giving added protection to certain critical sections of 2 message.

A brief discussion-on the decoding of interleaved codes is included.

-
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Chapter'l, DIGITAL COMMUNTICATIONS

. w . ' .

_Information cdn be transmitted in either of two forms, analog
or digital. Speech and musu: are examples of analog information;
teletype and telegraph are examples of digital information.

By far, the greatest part of communications in the world
today is from maeh1ne to&machme and the information
comrnumcated is usually in digital form [1]

- k.
A large part of this communication is numerical information,

and is‘already in digital form; hence no transfortation is required. "
Analog information is readili; ¢onverted to digit-a_l form by

the use of such technii:lues as pulse’ amplitudé modulation (PAM),

with pulse code modula.b.on (PCM) delta modulation, pulse width®

: * _(duration) modulat1dn (PWM PDM)] or .pulse  position modulatmn

(PPM). " PCM is by fa.r the most w1de1y used technique to convert

.

a.nalog signals to d1g1ta1ﬂ51gnals.

A digital comrnumcatmn system canbe shown as: | .
' e source ' -y
sourct ——» ‘ - modulator —
coder ° ' - .
. - r
' . L .
. - |channel .
. source
» 8ink —g—— demodulatori«
decoder ' o W ‘ -
- i
Figure 1.1 A digital communication system = - T R
) o 3
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The coder converts the source information to the required digital form -

and the decoder converts the d1g1§p.1 mformatwn from

the form Tequired at the output. Once the infofrmation

the receiver into

has been converted

to the digital form, the original source is unjmportant in that all digital

information is treated by the modulator-channel- demodulator in exactly

human voice, as in a telephone, a scene, as on a TV

the same fashion. It doe,ls not matter whether the or1g.?zl slgnal wae.a

printed page, a8 m a facsimile machine, or a stream

tudio sta.ge, a

of bits from a

cowiputer memory; the channe]l treats.them all the same. This is one

great advantage of a digital communication scheme..
/

Other adva.ntages of digital communications are

1ncreased accuracy,

effective noise mjinimization,, and better pr0cess1ng, and storage of infor-

mation. Resolution can always be improved by 1ncrlea

bits used 2] . ul

-~

them, while digital signals can be regenerated so deg

-

When an analog signal is distorted by no1se the

sing the number of . ™

* .- -

‘Analog signa.le are degraded further with each operation pei‘formed on >

radation is not cumulative.

signal can never be

re{:overed exactly, sirice the analog signal ta.kes on an infinite number of

values. On the other hand digital signals take on only

a finite number of

values (2 in the binary case) and hence can be recove_red exactly as long as

the noise does not exceed 2 given value.

Another compelling reason for the emergence 0

f digital transmission

systems ig the rapid growth of large scale integration. Chips with digital

computing power are relatively inexpensive and hence highly attractive for

v

the design engineer.
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- The great number of d1g1ta1 gystems in use today and the expected
futuresproliferation o such syste;ns have brotght increased 1mportance

to the study of the type of errors tha.t can affect digitally transmitted
information. ] /’\ '

1."1 Outline of the Thesis

In chapter 2 2 communications channel will be categoriz.e& according
to the type of error that is 1ntroduced and several s1mple models of a
communicatmns channel will.be presented Cha.pter 3 w111 deal w1th thej
type of error correcting codes that are ava:.lable Chapter 4 will present
“the principle of interleaving which will be extended in chapter 5 to cover

the interleaving of different codes. Chapter 6 will deal with the decoding

of interleaved codes.

R
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Chapter 2 ERRORS AND CHANNEL MODELS

2.1 Channel Characterization by Error Type With respect to the errors
caused in a d1g1ta.1 communication system, a communications channel can be
categorized in two ways, memoryless, or with memory 3] . The category that
a particular ‘channel falls into is dependent on the type of noise or pi?srturbati;:n
that a signal is exposed to when passed through the channel.

The noise on a communications channel can be of two basic types. These
are raz}dorn_ noise and impulse noise. If only random noise is present the channel
is said to be memoryless, or to be a random channel. In such a channel, the
probability of a bit being in error is the same for every bit, and does not depend
on what has occurred with any previous bits. If, in place of or in addition to
random nc:;.se, impulse noise is present on the channel, then the channel is,

said to have memory. Impulse noise is usually the result of switching

tra.ns1ents, dropouts, Jightning strokes or fading. These can affect many bits

in Buccessmn. Hence the probability of bits being in error after an initial error
is increased, that is, the channel has memory.

We call such a channel a bursty channel and defire a burst as follows. A
burst error of length b is defined to be a sequence of b error symbols, the first
and last of which are non-zero [4] . |
2. Z‘ICh_armel Models _ .

In order to analyze the effect of noise on signal, it is extremely useful to be
able to give a mathematical model of the channel. It is relatively simple to model
"2 vandom or memoryless channel and considerably more complex to model a
channel with memory or a bursty channel.

In this sechon are presented four different models for va.r1ous channels
together with examples of calculations of the probability of certain error
patterns. The first model is for a memoryless channel, the next two for channels
where burst errors occur, and the last is for a channel where both burst and

random errors occur.

L
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2.2.1 The Additive White Gaussian Noise (AWGN) Channel Model
If the only noise that affects the signal is AWGN, we call the chan-

nel an AWGN channel and can model it in a simple fashion.

v (t)

source modulatoF\ channell demodulator —-sink

J
Figure 2.1 The AWGN channel moedel.

The noise, Y {t),has a proba.b111ty den51ty function,

. ply)= (1(5':2)8(\;/20 ) |
where o is the standard deviation of the noise. If the channel symbols
are chosen from an alphabet of size L, then t‘fle effect of the noise on
the signal can be completely described by an‘ LxL transition matrix
whose ij'th entry is the cond1t1ona1 probability, p(j/i), that the j'th
symbol is received, given thatghe i'th symbhol was transrmtted sl .

The most common casé is when L=2, the binary case, with °
" plo/D)= p(1/0). Such a channel is called a binary symmetric channel,

(BSC), and can be completely characterized by the single parameter,

p, the bit efror probability, or the ¢cross-over I;robability of the

channel.

Figure 2.2 A binary symmetric channel (BSC)

'3
Example 2.1 Error probability on the BSC.

4

' !
Given a BSC, the parameter p, and a block of n bits, Fhe

probability of exactly t errors occurring is given by

p(t)= (P (1) | \




(<218

Then, the probability of no errors occurring is
poy= (1-p = .97 = 0.205891

The probability of one error occurring is
p(1l) = (;E)(.l) (.9)14 = 0.343151

The probability of two erroxs occurring is

p(2) = () (1?2 (.9y13 = 0.266896

The probability of three errors occurring is
p(3 = (&) (13 (9nt? = 0.128505

The probability of three or less errors occurring is
P=p(3) + 'pl2) + p(1) + p(0) = 0.944443

2.2.2 The Gaussian Distributed Burst Moéei

On certain channels errors may be of the burst type
with the probability of an initial error, that is, the first
error in a burst pattern, having a gaussian distribution.
Such a channel can be accurately modelled through the ap-
propriate choice of three parameters. These are p(x), which
is the probability of the ith pie being the initial error in
a burst, p which is the conditional probability that the

(3 + l)th bit is incorrect given that the 3 th bit was correct

and g whlch is the probablllty of the {j + 1D pi¢ being

th

correct, given that the jth yas incorrect. We form a transi-

tion matrix of conditional probilities as follows:

j+1 R W
R 1-p P

5

Figure 2.3 Transition matrix for the gaussian,
distribtued burst model. R and W
stand for right and wrong.. Thusr
for example, 1l-p is the probability
of the (j+1)st bit being right, given
that the jth bit was right. "
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With this matrix and the value of p(xi), the probability'of a buirst of any \
given length occurring in a block of n bits can be calculated. It must be

‘noted that the probability of the fir s{bit being in error in a block is
affected by the probability of a burst error occurring at the end of the

. previous block and overlapping. However, this change in probab111ty

can be made arbitrarily small by add1ng a tail of zeros to each block

(with some W\elixng effect on the rate of transmission of information}.
wing

In the follo ample it is assumed that overlapping errors have o

not occurred or have been compensated for.
Example 2.2 Error probability on the Gaussian Distributed
* Burst channel. ) .
Given p(xi), p and q and a block of n bits, then thle probavfoility
of no egror, p(b=0), is given by . .
p(b= 0)={1-plx, n" .
Thé probability of a burst of length one, p(b=1), is gi\;'en by

P(b'-'l)-‘-j((1-P(X.))1P(X.)q(1-p) 2 pee ) ) L e
(’ =0 S i i <1/

The probability of a burst of length two, p(b=2), is given by
n- .
i n-3- n-2
p(b= 2)= E ((l—p(x.))1p(xi)(1-q)q(1-p) 1"‘(1-P(xi)) p(xi)(l-q)

The probability of a sohd burst of Iength three, that is, a bur st
of three consecutive incorrect digits, p (bsu 3), is glven by
ik - ' n-3 : 2
plb —3) E ((1- p(x )) p(x ¥1-q) q(l p) +(1—p(xi))‘ p(xi)(l-q)

The probab1hty of a split burst of length three is given by

n-4

p(b sp” 3)= izo ,((l-p(_xi)) p(xi)qp_q(l—p) ﬂl-p(xi)) p(xi)qp
-~ For p(x) 0. 05, p=0. 01 q=0.5, and n=15, we have

p(b 0)= 0 463291, p(b=1)}:0.262533, pb=2)=0. 118673

_ p(b -3)=0, 060821, pfb p- 3)'0 001216, and finally

(b‘3) 0, 906534, which is the sum of all previous probabilities.
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In this model, if the value of p is increased, the probability of longer
bursts is 1ncreased and decreasing the value of.q will tend' to make solid
bursts more probable. Relatively high values of p and q will tend to produce
long bursts that are not golid.

/ This model is su:Lta.ble for channels where impulse noise occﬁr‘s with
a gaussian distribution and also for cPannels where random noise occurs but

the errors tend to propagate. e

2.2.3 | The Uniformly Distributed Burst Model

In the previous model it was a8 sumed that the start points of the bui-"s;s
had a gaussian distribution and, since the probablhty of a burst atartmg was
different from the probability of it continuing, it was found that bursts o(.’dthe
same length ha.d different probabilities for different start points; that is, for
example, a/ bur st of length three starting in position two had a different proba-
bility from a burst of length three starting in position four or five.

A more realistic mbdel assumes that all bursts of the same leﬁg'th and °
pattern have the same probability. Such a model requires more pa.rgrneters and
is more complex but is still reasonably tractable mathematically. The model is

shown in figure 2.4.

L 4
¥

. source .
SOUTC € ——w —»Imodulator~* channel |

s coder . .

. / N

gource ’ A
. u
. _ N Todu t
sink —e—— 4 oder dem lato\r‘\ Vz( }
' - v, (6)

- r

Fi'guz;e 2.4 Model for Uniformly Distributed Bursts,

©
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In figure 2.4.v1(t)‘is a source of gaussian noise and yz(t) isa ~~-~\_/r |
source with gaussian distribution that' controls the closing of the swit&h )
SwW. _'E‘hat is, the switch will close whenever the-amplitude of y?(.t) ( _ - ..
exceeds a predetermined value. We assign appropriate values tg p(l) '
.,pli),..., where pli) repnes.ents the probability that, once the switch
closes, it remains closed for i‘ﬁiifs. f‘forg the distribution of \/l(t) and
\/Z(t), we have the proba.bilities P and p2 , respectively, where P, is
the probability of a bit error given that the switch is closed, and P, is
the probapility of the switch closing during any block of n bits.
Wi-th'this model, the frequency of burst occurrence is varied
by varying P,- The probability of bursts of various lengthsf i's determined
by the values as signed to the pli), and the probabilit'y of particular
burst patterns is determined by the xlralue of Py A low value of P, and
a hight value of Py will cause infrequent dense bursts, while high values
of 12 and P, will cause frequer{t dense bursts. A low value of P will
cause bursts with sparsely scattered ones.

P
’

A reasonable way to assign values to the p(iMis to use the |
' Rayieigh distribution, which is given by [6] : ‘i

(-x/20%)

p)= (x/o %) Ulx)

T
.
3
1
]
1
'
L]
L}
]
)
[}

AL A,

" A

Figure 2.5 The Rayleigh Distribution.
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. If we assume that only burst errors of length'b or less will occur and
then subdivide the base-line in figure 2.5 into b sections, and then let theb
areas, A A2 .A Ab represent the probability of bursts of length
correspondmg to the subindices, the result will make the model quite flexible Vs
and realistic. Variations in ¢ will vary the most probable bur st lengths while
‘bursts that d1f£e1‘ in length from the most probable length will have cor- .

respondingly 1ower probabilities, as long as p; is sufficiently high to course many
errors when the switch is closed.
k/') Example 2.3 Error Probability on the Uniformly Distributed Burst Channel
Let us consider a u;x}.formly distributed burst channel where only bursts of
length five or less occur. Assume we are given p;; P,» p(1), p(2), p(3),
p(4) and p(5), and.n. Then the proba.b‘flity of no bursts occurring in a block
of n bits is given by ’
4
p(b=0) = (1-p,) + P, [p(1) (1-p))tp(2) (1- P) tp(3) (1- pl) T p(4) (1 p,)

+ p(5) (1-p))°] S

pb=1)=p, [p(1) P2 p(2) py (1-py)+3 p(3) pyll- pl) T4 pl4) py(l- p)’

The probab111ty of a burst of length one is given by

+ 5 p(5) py(1- pl) 4

The probability of a burst of length two is given by
- _ _ B 2 2
plb=2)=p, [P(2) P 242 p(3) p,° (1-p) 3 p(4) p,” (1-p))

+ 4p(5)p,2(1-p)’] - B,/
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The probab:.hty of a burst of length three is gwen by |
p(b=3)=p, [p(3)[p1 +p1 (1- pl)]+2p(4) [p1 (1—p1)+p1 (1- pl) 1.

T 3p(5) [P1 (1- pl) '1‘p1 (1- pl) ]] P, p, /n,

where the first term in each of the square brackets is the prob-

ability of a solid burst and the second term-is the probability of a
split burst. . | .

If P 0.5, PZ—O 1, p(1)=0.2, p(2)=0.4, p(3)=0.2, p(4)=0.15,,
and p(5)=0. 05, then

plb= 0) =,0. 923594 .

pib=1) = 0. 042031

plb=2) = 0.0142713

p(b=3) = 0. 001355 : i
and finally, p(b<3) = 0.98125. '

In this example, a higher value of P, would have redistributed the

probabilities and made p(b 2) larger in relation to p(b=1). Changmg P,

from 0.5 to 0.8 and leaving all other parameters the same as  before

yields

and

p(b=0) = 0. 9057856
p(b=1) = 0..034136
p(b=2) = 0. 0253077

p(b=3) = 0. 00369067
p(b=3) = 0.96591996.

In the extreme, if we let p1=1, then

and

0.9. 5

p(b=0)
p{b=1) = 0.02
p(b=2} = 0. 04
p(b=3) = 0.02
;;(bs 3) = 0.98.
We observe that f?r large Py the distribution.of burst pgobabilitiest

follows the pattern of the p{i).
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2.2.4" 'I\he Gilbert Model . -

. This model was deviged in 1960 by E. N, Gilbert [7]. In this model
the’channel is considered to be made up of a number of BSCs. These
BSCs represent states in a Markov process. The state in which the
Markov process is when a bit is transmitted determines which BSC
the bit goes through. This model is a generalization of the

preceding models. o 3 -

1977718

Flgure 2.6 A Three State Gilbert Model

Usually, two or three states are sufficient to accurately model a
real channel, onwhich burst and random errors occur simultaneously.

In figure 2.6 is a three state Gilbert model. Note that.the prob-
ability of ‘remaining in a state is much higher than the probability of
leaving that state. Therefo.re, the probability of error will remain con-
stant for long periods of t?.me. In the figure, p,= 1(_)_6. ,When the system
ig in state one, only random errors will occur, and they will occur, on
the average, at a rate of one error for every million bits transmitted.
When the system is in state two, pz- 10 2, so errors will occur, on the '
average, at a rate of one error for every hundred bits tra.‘nsmitted. This
corresponds to random errors caused by a higher lev§1 of noise. In .
state three, p3= 0.5, so errors will occur in bursts when the system is

- in state three. .The overall error rate is controlled by the probabilities

¢ ‘
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of the system changing from one state to another.

This model is quite flexible and 15 the best known model
'for systems when the channel behavior changes with time. This
model is widely used for the telephone channel.

2.3 Error COntfol Through Coding

We hg.ve- shown in the p:lreceding sections that digital communication
systems are affectéd by errors. The uses of digital informagon in the
modern world make the occurrence of errors undesirable. High error
rates can not be tolerated. Theref.ore, the error rate must be
drastically reduced by some method.

_ One method of reducing the error rate is to increase the energy
per bit to noise ratio (Eb/No). If Eb»No, then the probability of making
an incorrect decision can be made vanishingly small However, in
some -practmal systems,the channel may be so noisy that the Eb/No
required to bring the error probability to a reasonable value is so high =
that it may not be practical. This makes it impossible to achieve
very low error rates by this method. . ’

A second method of reducing the error rate is through the use of
error correct:.ng codes (ECCs). Error correcting codes cannot increase
Eb/No, but’ they permit the same quality of reception at a lower value of
Eb/No, which is as real a gain as that effected by increasing the trans-
mitted ene:;gy.l

Shannon has shown-that the capacity of a linear channel with
‘'additive; white gaussian noise affecting the signal is given by [é] :

c=W1og2(1 + P/NoW) bits/sec.,
where . '
* P =received signal power

,» No = single sided noise spectral density
t

W = nominal bandwidth.

-
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He showed that , if the 1nforrnat1on rate, R, is 1e‘ss than C, then there % ‘
exists a codlng scheme that w111 ma.l%e the probabiil_ity of error arbifra.rily '
small, If R=C, then |

p/oc = 2%/ V-1(w/c)

4

ami for the case of no bandwidth restriction, we can derive ’/"
Lim P/NoC = -1.6dB i
W

where P/NoC = Eb/No.
What this tells us is that,.for a power limited system, any desired
bit error rate (BER) can be ach1eved w1th Eb/No = -L 6dB. /\ l
. In figure)2.7, below, is plotted the probab111ty of errpr, Pe, for

a theoretically opt1rnum system and for 3 system with no coding.

4

Al

No Cading (PSKI L

0 1 I L 1
-1.6 0 3 6 J Eb/N.,dB

/

Figure 2.7 P_vs Eb/No for no coding and for coding at

cha.nnel capac1ty
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It can be seen from the figure that, for 4 BER of 10_5, Q(ith no
.' A3 -

coding, 9.6 dB of Eb/No is required, while if Shannon's limit ¥s
achieved, we can obtain the same BER with Eb/No= -1. 6 dB. There-
igx

are apailable whic'p/will realize a substantial fraction of this potential

:, a potential coding gain-of 11. 2 dB is available. Coding schemes

gain.
today™49,10,11] . _
/-T\i:ext chapter will deal with the types of ECGCs that have

e of them are in use in digital communication systems

bee}n developed and are in use today. .

(
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Chapter 3. -TYPES OF CODES
Error correcting codés can be classified as belonging to one or

the other of two fundamentally different types {12]. In block codes,

the information sequence is\divided up into blocks of k digits, which,

are then eﬁued into blocks of'n digits, n)k. Each block is encoded
and decoded independently of all other blocks. The number n is

ca.lled the code length or the block length of the code.

b

¥ +The other type of code is called a tree code. When such a code is
-
used, each long, perhaps semi-mﬁm.te 1nf-—c:'?nat10r; sequence is encoded

1nto a somewhat longer code sequence The information sequence is .

divided into blocks of k0 symbols. ’I‘hen the encoder outputs a section

of the code sequence of length n_, where the particular pattern of the -

n symbols"depe'nds not only on the ko symbols being processed but also

' on some previous symbols. * Such codes are called tree codes betause

the encoding rule is described most conveniently by a tree diagram.

The convolut:.ona.l codes form a subset of the class of tree codes,
which is easier to implement than Q&e-,r tree codes. In this thes1s, the
only tree codes considered will‘by'qonvg‘lutional codes.

The following sections will deal with block and convolutional codes
for the correction of"ra.rfdom, burst, and sim\lltaneous burst and random

error 8.

3.1 Block Codes [13]

' Block codes are formed by rqulﬂplymg an information polynomial,
c(x), of degree k-1 or less, by a generator polynomial of degree n-k.
The resultant is a codeword polynomlal of degree n-1or less. The n
coefficients of thts codeword polynomial form a codeword of an (n, k)
block code. Such a word has length n, has k information digits and
has n-k redundant _digits whic'h a.x;e,ca.lled parity check digits. The

information rate of such a code is the ratio k/n.
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Considering only the binary case, there are Zk codewords out of
27 n-tuples. We define the Hamming distance between two words to be
the number of positions in which they differ. |
‘Example 3.1 |
‘ Consider two codewords, A, and B, whélre'
A = 101101011
B = 110100111 )
A differs from B in positions 2, 3, 6, and 7. Hence'the Hamming

% distance between A and B is 4.

The minimum distance, d, of a code is the srha.llq:st Hamming distance
- .
between any two of the 2 codewords. An (n,k) code with minimum
- ’ N
dlstance d, can correct l_(d 1)/2j random errors, where |x] indicates

~ the largest integer smaller than x. (Szm11ar1y, [x] denotes the smallest

integer larger than x. )
3. 1 1 Random Error Correctmg Block Codes

The most importagt class of block codes is that of the cychc codes.

A cyclic code is a code that has the following property. -

= | vix)= a0+ a1x+ azxz'{' P an_lxn_l ’

is a word of a coc{e V, then 7

v (x)= xv(x)mod(1l+ xn)
- a _1+ a xt a1x2+ L. 7 an_zxn_l
is also a word of the same code V. . @
The most 1mportant class of random error correcting ‘cyclic codes

was discovered independently by Hocquenghem [14] ,in 1959, and by Bose '/

and Ray-Chaudhuri fis,16] , in 1960, and has come to be known as the
- class oIf BCH co\des‘;. ; -

Tl.le BCH codes:form a la.rg-e class of good, constructive, codes

for the correction of random errdrs. Furthermore, a fairly simple

~

-

e - :
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decoding procedure has been developed [17] , making tﬂese codes very
attractive. | . |

‘There exists a binary BCH code of 1ength n=2" -1, for any
positive integer m, that will correct up to t errors, where t< n/2;
and the code has no more than mt check bita. BCH codes can be COY-

R
structed that have lengths not of the form n= 2™_1, for any n whichis
a submultiple of some n' = 2L

. Another class of random error correcting block codes is the class
of m’ajority logic decodable codes [18]. The decoding procedure is best

illustrated by an example. : K a

~

Example 3.2 Majority Logm Decoding for the (15,7, 2) BCH Code.
The (15,7, 2) BCH code is genefated by gix)=11t=x S AR LR

]

and has minimum distance d=5. Thus it can correct all patterns

~ of two or fewer random errors. A codeword,

- 2 : 14
- + ..t
vix) ao“f' a.lx'i‘ ax T. ax

is formed by multiplying
c{x)-—c+cx‘|‘cx+ L tex

i
4

6™
by glx). We obserxe the following relationships between the

coefficients of v(x) and c{x).

25 %% | #8: et e tetey
a;=¢; . 24" c1+c2+ c3'+ cg
3.2: Cz . alOZ C2+ C3+ C4+06
23= C3 o ay=egt eyt e
a.4-‘-' Co+ C4‘ . 8.12:C4+ 05+C6 )
a.= cl:" Cg - g a13=c5+ <y
=c,t cz{‘ ° 24~ %
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Let the received word be R{x)= v(x)+ e(x), where e(x)is an
error polynomial., Let the coefficients of R{x) be T i=z0,4,2,...,14.
We can estimate the first information bit, € by:

cC =T

[#] o]

P . c°:r1+r3+r7
= 4

c Fr bt

= + -+
=T T 14

-r +
c r8 rg’i'rl1

Now if e(x) consists of two or fewer terms, then at least three
of the estimates of <, will be correct, since no r, appears in more
than one estimate. The decodmg rule is to assign to <, ‘the value
on which the majority of the estlmates agree. Since t:he (15,7,2)
BCH code is cyclic, the same procedure can be used to estimate
the rest of the c, 's.

In general, a code with minimum dlstance d is said to be majority
logic decodable in one step, if it is possible to form d orthogonal estimates
of each .informa.tion symbol. Used in this sense, orthogonal means that
no r, appears in more than one of the estimates.

if this can be done, then t -(d 1)/2 or fewer errors cannct affect
more than (q-l)/z of the estimates. Hence the majority of the estimates
will be correct.

In some cases where it is not possible to form d estimates in this
way, it may be poséible to form the prthogonal estimates on sums of
symbols, and then to form new estimates from thoge. If this can be
repeated L times and the final estimates are for single symbols, then
thé code is said to be L-step majority logic decodable..

Some BCH codes as well as Euclidean Geometry and Projective

Geometry codes 18] are decodable in this way and hence belong to the

-
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claés of majority logic decodable codes.
5.1.2 ‘Burst Error Correcting Block Codes
‘ A measure of the efficiency of linear block codes used for correcting

_burst exrors is the Reiger bound [19]. Reiger proved that for a linear
block code to correct all bursts of length b or less, it must have at

least 2b check bits. Such codes are called single burst error correcting
(SBEC) codes. Thus, if z=n-k-2b =0 for an SBEC code, then that code is
an optimufn code.

It has been shown [20,21] that any cyclic code, with minimum dis-
tance d, can be used to correct bursts that satisfy

b < (3d-8)/4.

A class of SBEC codes with high rates, although not optimum in tl:e
Reiger bound sense, was developed by P. Fire and is called the Fire
Codes [22]. These codes afe generated by '

g(x) = (x2° L 1)p(x), .
where p(x) is an irreducible polynomial of degree c2 b, with exponent e,
and (p(x), x2b"'1-1)= 1. The'length of the code is given by e(2b-1), and
the code has tfle form . (n, n-2b-ct1). Hence for these codes, the min-
imum value of z is given by z = n-(n-2b-b+1)-2b=b-1, or, to put it an-
other way, the efficiency of these codes is given by 2b‘/(3b;1), which
asymptotically approaches 2/3.

_Another class of SBEC codes is that discovered by Burton 23} .
These codes are of the farm (n,n-2b} and are generated bly g(x)= (xb—l)p(x),
where p(x) is a polynomial of degree b, and exponent e, and .

(p(x),xb-l) =1, and n=eb, They can correct any burst of length b or less
that is confined to positions xib, xﬂw 1, cees xib+ b-l, for 0=i=e-L
Interlea.viﬁg techniques to be introduced in chapt{er four make the Burton
codes asymptofically optimum with respect to the Reiger bound.

Other codes for the correction of burst errors have been computer

generated and are listed in [24,25,26,27] .
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3.1, 3 Block Codes for the Correction of the Simultaneous Occurrencé

of Random Errors and Burst,Erro‘rs

In sections 3.1.1 and 3. 1.2 we discussed codes for the correction
of random errors and of burst errors. These codes will perform well on
channels where error patterns that do not belong to these well defined
classes occur w1th a low probab1l1ty

However, most real channels are more accurately modelled by
the Gilbert model. That: is, burst and random errors occur sxmulta.neously,
either due to the pre sence of both random and impulse noisé or due to
macfoscopic changes in the channel state.

For this reason, the class of codes which will correct both burst
and random errors is ir‘nportant.l Unfortunately, this class of codes is
'th'e least gyell understoed. - .

T¥e most effective method of dealing with channels on which both
burst and random errors occur Or where multiple bursts occur is inter-
leaving, which will be dealt with exteAnsively in chapter four. However,

there some classes of codes which have a built in ability to deal with
, ‘ ,

such error paterns.
é_ One simple technique whichis useful ftome cases is to take an LLV
(n,k) cyclic code, generated by g(x), with minimum distance d=2tt1L
An (n,k-1) code,generated by g'(x)= g(x)(1tx) will correct all random
error patterns of weight t or less and all bursts of len&th t%l or less[ZS]
For example, from the (15,11, 1) BCH code, a {15,10,1) code can be ob-
" tained which will correct all bursts of length two. -
There is a small subclass of cyclic codes, called cyclic product
codes which can correct'both types of errors 29, 30). However, to be
efficient, the code must }?é.ve a Jow rate or be very long. Product codes
are formed by using two or more rapndom error correcting codes. If two

codes are used, the method of encoding is to form arrays, where each
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" recting capability is the'class of concatenated codes -developed by E*t
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row of the array is a word in one of the constituent codes and each
xolumn is a word in"the other code. )

‘If an (n k: ) code with t ‘—‘(d -1}/2 and an (n ,k ) code with
tz’(dz-l)/z are used to form a product code, the resultant code is an
(nlnz,k k_) code with t= (d d -1)/2 and the code can also correct all
bursts of 1ength b= ma.:-c(nl'c2 nztl) [31]. .

Example 3.3

If a (15,7,d=5) BCH code is used twice to fqrm a product code,
the resultant code is a (225,49) code. This code can correct all
error pa.tterns\ f weizht 12 or less or all b{lrsts of length 30 or less,

The array formed is a 15x15 matrix. If the matrix is trans-
rnitted row by yow, then any burst of‘length 30 or less will result '
in at most twd errors in each of the words r;xaking up the columns.
Thus the burst will be corrected by the colu:mn code. Any random
error pattern of weight eight or less can be decoded by simply.
decoding rows and columns in the correct c‘arder.. The decodiﬁg

procedure for patterns of weight between nine and twelve is, in

general, more complex, but is still possible.

In addition to the guafanteed error correcting capability of a pro-
duct code, many other error patterns of shorter multiple bursts and
random errors are also correctable. It should be pointed out that,’
since a product code can be decoded in man& ways, the error correction
achieved will be that of the .decoder, and may differ from that guaranteed

by the minimum distance of the code. .

e Another type of code that has some burst and random error cor- -

L

Forneif [32] These codes have some resemblance fo producf codes, in

"

that two codes are combined to form a new code with greater error

]

correcting ability. The commumca.tmn cha.nnel using a concatenated

code is shown in figure 3.1 @
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outer . inner ‘ q-ary inner . ocuter

encoder > encoder . channel] . |decoder ,_ldecoder -
((N,K} code ((, k) code . ((n,k) code {{N,K) code
over GF(gq")) over GF(a)| | over GF(q)) over GF(g®)

Figure 3.1 Communication Channel using a Concatenated Code.

An (N,K} outer code over GF(qk) i cqupled with ;m inner (n,k}
code over GF{q). The result is an (nN,kK) code over GF(q). The
encoding and decoding procedure is as follows. The i:;lock of kK inform-
ation symbols is subd1v1ded into K sub-blocks of k symbols each, Any
symbol from GF(q } can be represented as a k-tuple; over GF(q). Now, ¢
the K symbols over GF(q ) are encoded into N symbols over GF(q ) by
the outer encoder. Then each of the N symbols over GF(q ) is con-

sidered as a k-tuple over GF(q) and . encoded by the inner encoder as an

n-tuple over GF(q).

The decoding procedure follows naturally. First, the n-tuples are
decoded into k- tup\les by the inner decoder. Thén the outer decoder
treats the N k- tuples as N symbols over GF(q }, and decogles them
into K k- tuples, whi¢h forms the decoded output. Errors will ogcur
in the decoded output if and only if the errors that are not corrected
by the inner code form a pattern that is not correctable by the outer
code.

Example 3. 4

Consider a ti*?jncatenai:ed code formed by using the (7,4),binary
sing'Ie error correcting Hamming code as the inner code and

the {15,7), four error correctmg Reed- Solomon code over GF(Z )
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as the outer code. Each symbol in GF(24) can be represented as

a 4-tuple over GF(2). The resultant codeisa (105, 28) code which

can correct any error i::attern where not more than four of the 15

words of the (7,4) inner code have more than a 'sinéle error. It

can correct any burst of length 24 or less, since such a burst can
affect at most five of the words of the inner code and one of the
five will have at most a single error. Thus such a bur st will
appear to the outer code as a four error pattern and will be '
corrected. ' "

Such a code will also correct many multiple burst and burst and
random error patterns. As with product codes, concatenated codes ’
emther have low ra.tes or are very long.

Reed-—Solomon codes over GF(q ), with error correct1ng ability t,

can be used as burst and random error correcting codes, when considered.

as codes over GF(q}.' In such a case, the codes can correct bursts of

i
-4

length b= mt-mtl [33] . If the burst which occurs is shorter, then other
random errors or short bdr sts may also be correctable.

Other codes for correcting burst and random errors have been

computer generated, and are listed in [34] . Many of the cg%es tabul-
ated in this refex\ence have slightly larger values of b for a given t than

the shortened Reed-Solomon code of the B.a.me length and rate.

3,2 Convolutional Codes [35] ‘ |
- Since the main purpose of this thesis is to discuss the interleaving
of block codes, convolutional codes will not be treated in depth. Only the
basic properties of the convolutional codes will be mtroduced, with
mention of some codes for the correction of the various types of errors.
A general (rhno,fnké) convolutional encoder is shown in figure 3. 2.
This encoder accepts the information symbols in blocks of ko at a time,
and outputs no> ko code symbols. The output.: symbols are linear com-

T

binations over GF(q) of the input symbols in the preceding m blocks.
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1 — 1 ,
Encoder ‘
2 ‘ — 2
Ainputs 3 (A linear |73 outputs : T
. A sequentiall .. .
b
k - network) |—n '
o o

Figure 3.2 A General ,(mno,mko) Convolutional Encoder.

We say that the codeé decoding constraint length of n=mn_, which

is the blc:ck length, no, times fhe number of blocké between the first

and last blocks (inclusive) that are checked by the ‘par.ity bits in a block.
The encoding constraint length for a systematic code is ‘usually

the same as the decoding constraint ﬁngth, but the same code in non-

systematic fp'rm has a shorter encoding constraint length, and hence,

fewer mem::;ry elements are required in the encoder. (A systematic code

is a code where the first ko‘ of the n_ output symbols are the information

symbols and the last no-ko ) are the parity check symbols. )}

A general decoder for 2 systematic convolutional code is shown

in figure 3. 3.

|  k=Stage informilion reqister —_——’(?_‘-m?d

... )
Gate ) .. . -+ | Correction —
1 . . - : .
Feadbeck '

! R S A T N |
Input : G°2’° o (@5100! syndrame register

Logic circuit .

| I

Figure 3.3 A General Decoder for a Systematic _(rrmo,rnko)

Convolutional Code. ‘ ﬁ

~ R : 9
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The operation of the circuit is as follows. With gate 1 open and gate 2
closed, k information digits are fed into the information register. Then with
gate 1 closed and gate 2 open, the received parity check digits and recalculated -
parity check digits are co_mpared. The difference in these two sets of parity
check digits is the error syndrome which is unique for each correctable error
pattern. This syndrome is fed into the syndrome register. The logic circuit then
determines from the syndrome whether or not a correctable error pettern has
occured in the k information digits ready to be outmet from the information
register. If so, thls block of information d1g1ts is corrected as it leaves the
decoder. )

In order tg make use of the_full error correcting capability of.the code,
the effect of incorrect digits on the syndrome must be removed as the er’rors
are corrected. The dotted feedback connection does this. However if an un-

correctable error pattern occurs, the feedback connection can cause error

propagation, in that the decoder can continue to decode incorrectly even though

no further channel errors occur. f the effect of the feedback digits is always to
reduce the weight of the syndrofh‘ij, the propogation will cease after a funte.
and usually small number of blocks [36] . If this condition is not met, the . T
output of the feedback register may be periodic and infinite, or catastrophic ‘ .
error propogation occurs. If no feedback is used, the code does not perform up
to its capability, but error propogation does not occur.

For "a.ny m, thereis a single error correcting convolutional code
\f:"lth, parameters n =2™ m-1 and k : no-l and a double error correcting

convolutional code w1th parameters no-z(z -1) and koz no-z(m+ 1). In

addition there are two cla.sses of random error correcting convolutional codes,
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the self-orthogonal codes and the orthogonalizable codes [37}. Of these
the orthogonalizable codes are more efficient, but their construction
is not well understood at present. Both types of codes are majority
logic decodable which makes them attractive.

Other random error correcting convolutional codes have been
found by computer search and are lsted in [38,39] .

When convolutional codes are used for burst correction, it;is
necessary to define both b, the burst correcting capability, and g, the
guard space required to allow the burst to be corrected. By guard
gpace, we mean the number of correct digita that must follow a burst. ®
Any error within this guard space may cause incorrect decoding.

The.burst correcting ability of an (mno,rnko) convolutional code
is upper bounded by [40]

< (m- 1)(n k) 4 n-l

1 ko/no

and the guard 'space is upper bounded by:

g s mn -1 : o

For practical decoders, g cannot be much less than mno—b

An (mn mk ) convolutional code is said to have Type-B 2'burst

correcting b_= rn _, if all bursts of length b2 which are confined to r

2
consecutive blocks are correctable, but at least one burst of length (r+1)no
is uncorrectable. The burst correcting ability of a code with Type-B2
bar'st correcting ability b2 is bounded by:
13b2b -n -1 .
bt o 12b2b,-n, \

and also < (n- k)/z

The Be’f”lekamp Preparata-Massey {(BPM) codes fa1, 42, 43] have i
Type-B2 burst corx}echng ability bz_ n_ and can be interleaved to

produce codes with large values of b. The basic BPM codes have
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paramefers n:2n02 k=2n (n -1), for any n and can correct-any Burst
confined to . a single n -bit block provided that the burst is followed by
an (n- B )-bit guard space. These codes are optimal in that b —(n k)/2.
Iwa.dare codes[44] have the following parameters:

_m=n (n -1)/2+(2n -1, k= no-l b=n°, g=n-1 These codes are
sn'npler to implement than BPM codes but require a slightly larger
.g\J.,ard space. ‘ . | . )

» It is possible to construct convolutional-.codes that correct both~
burst and random errors. One 'way torconstruct such a code is to

interleave a random error cornectmg code

The diffuse convolutional codes have_inherent burst correcting

ability as well as random error correcting ability. A convolutional %;".
code is said to be b-diffuse if 1) no burst of length b or less which begms . .
on the first information bit to be deeoded affects more than t-1 of the /{ .

syndrome bits used to decode that bit, and 2) no burst of length b or
less which begins elsewhere affects more than t of these bits fa5].
Such a code can correct simultaneously t random errors and a burst

of length b.

A method called adaptive decoding[46] can be used to allow a
ccmvolutional cbde to correct both burst and random errors. The basic
code is designed so that only a stmall fraction of its cosets are used
for random error correction. The dec-oder operates in a random error
correcting mode until such time as it detects an uncorrectable error
pattern. Since only a small fraction of the cogets are used for random
error correction, the probability of detecting patterns which are
uncor:r:ec:t:aj:nle,4 before erroneous digits have left the decoder, is

high. Once the decoder has detected an uncorrectable error

‘~pa.ttern,' it assumes that a burst error has occurred and switches to a
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burst correcting mode. When a number -of blbcks have been decoded for which the
syndrome contains. all zeros, the decoder considers that the burst has ended and
returns to the random error correcting mode. With such a scheme the ratio of
burst length to guard space can be made close to unity;

In the succeding chapters on interleaved codes, only block codes will be
considered altho_u.gh most of what will be said can be applied to convolutional

rs

codes as well.
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rleaving is a technique that is used to spread the effect of a buret of
4rs among a number of ‘codewords of a basic code. This is accomplished
by spreading the symbols of a word of the bas1c code in time. Then, in the
spaceg thus produced symbols’from other words are mtroduced

I%e oonst1tuent codes of an interleaved code will be referred to as
component codes. -The component codes may be symbol interleaved or biock
interleaved. If symbolfinterleaving ia employed, then no two symbols from any
componeot codeword will be adjacent in the word of the interleaved code. If .
blocks 1nter1eav1ng is employed, then the component codewords are divided
into blocks of length Lp where 1=b is usual, and each such block ef 2 comporleht '
word is,separated fpédm other blocks of the same word by a block of every other

- D)

component codeword. R
The n:xn;ber of component codewords that make up an interleaved word‘ is
called tfme degree of interleaving and .is designa,fed M- (

Interleaved codes are efficient in a probabilistic sense. No elaborate
deco‘d/'ng scheme is necessary to take advantaﬁfﬁ of this extra erroy correcl:mg

ability. They are successful because they can correct many more error

patterns than their guaranteed error correcting ability would indicate.

The following result stated as a theorem, is a.pphca.ble whenever a cyclic
code is interleaved to degree p, to form an interleaved code.

. Theorem 4.1, [47] .

If g(x) generates an (n , k' cyclic code capable of correcting all bursts
of length 1 or less {1=b for burst error correcting codes, and 1=t for random

error correcting codes), then g(x'“' } generates an {an., nk) cyclic code:with

burst error correcting ability nl.

!‘

The proof of this theorem is presented in the reference It 1.3 proved by
r'd
showing that any codeword in the (an , k) code can be represedted as an

g
n xn matrix, each row of whichis a codeword in the (n‘—,!) .code, and that

any burst of length nl can affect at mo st 1 consecutive sy ol in each row.
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short bursts and B‘o.me random errors. Ifan(n , k, t

' correcting code,
'

*

4,1 Interleav1ng of Random Error Correcting Codes %
Codes which are designed to correct random errors can be interleaved
to produce codes which will correct lo-ng bursts or multiple short bursts on
I ) eode is‘interleaved to
degree ).\, the 1$ew code is a (yn , Bk, t) interleaved code which is guaranteed

to correct any single burst of length ut, or any t random errors. However

this‘code will also correct at least one pattern of p bursts of length t and

another of pt random errors.,

‘At this point we present an e?ca.rriple to detail the error correcting

ability of-an interleaved code formed by interleav{ng a rar’ldom error

. , 4
Example 4.1
o . 4. 67,8
Consider the (15, 7) BCH code generated by g{x}= I*x + x+x tx.

The information rate of this code is R= 7/15 = .4667, and it corrects

any error pattern of weight 2 or less since the minimum distance of .

the code is 5. This code is majority logic ‘decodable using the - ‘

estimates.
CO = rO
Lot or, 4 - i
(‘o =E T r3 T ‘ .
=y trot SN . '
g T Ty T T .
¢ =r¢ *tr, *r

© o 2 6 14

=y tr tr.- ' o
°o TTg To ' W = .

If this code is interleaved to degree n=10, the new code is8 a°
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(150, 70, d=5) interleaved code generated-by ’

40+ x60+ x70+x80.

gr'(x)z 1t x
The infnormati.on rate, R, does not change, nor does the minimum
distance; and the new code is still majority logic decodable.
(Decodmg techniques will be discussed in chapter 6.)

The interleaved code can correct any burst of length 2x10=20

or less, or any single or double random error. In addition, it has

the following error correcting ability.
150, _ N
There are { 3 y= 551,300 error patterns of weight 3.
This code will correct
10 1
)( 5)( )15"(1( )15 = 546,750
or 99. 18% of a.11 errortpatterns of weight 3.
There are ( )' 20,260,275 error patterns of weight 4.

This code will correct

Q—lo 15 2._{_ (10 15)(9)15 + ( )15 19,632,375

or 96.9% of a.ll error patterns of weight 4.

_ There are (120 = 591, 600,030 error patterns of weight 5."
" This code will correct

O s + (110)( s+ (ns® = 548,572,500
or 92.73% of all error patterns of weight 5.

There are (110) =1 4297;:1010 error patterns of weight 6.
This code will correct

10,,15 10,,15.2.8 10 15

(3)(2)3+( NS +( )( ns* +( 01156 = 1. 2354x10"

or 86.41% of all error patterns of weight 6.
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There are ( )‘ 2. 9411x10 1 error patterns of weight 7.

This code will correct

1
o 5)3( )15+(1°)(15 23ns’+ (10)(15)< 15 +( O157= 2. z9sleo“

or 77.97% of all error patterns of weight 7.

150 12
There are | 58 ) = 5.2572x10  error patterns of weight 8.

This code will correct { - ' \ .

1
O (10)(15)3(7)15 4 s e )15)(9)15 + (0

=3, 5600x10°2 R
or 67.72% of all error patterns of weight 8.

150 13 .
There are ( 5 )-— 8.2947x10"° error patterns of weight 9.

This code will correct

10
(O3 Enst (5P s’ (G’ (WS

t (13)159 = 4. 6647510

or 56.24% of all error patterns of weight 9.
15 i
There are (10 }= 1. 1696x10" error patterns of weight 10.

This code will cdgrect

10155, 10 1546 10 153 7. 4, 10,1528 .6

(5)(2)'1‘( )( ) (N5 +( WS (N5 +(2)(.2)(.6)15A

(10)15)( j15° +( )15 =5.-1853x1014 .

or 44.34% of all error patterns of weight 10.
: 16
There are ( )=1 4885x10  error patterns of weight 1L

This code will correct
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10,,15.,5,5 10 15,37

10
P Ens+ (35) Ens>+ O (s 1) 15)2(8)15 ,
B
(10 15)(9)159 = 4.39796»:1015 - |
or 32.9% of all error patterns of weight 1L —

1
There are ( )—-1 86065x10 7 error patterns of weight 12.

[ J
< This code will correct
10,156, 10,155 5 15 4 ]
(O + 2P s+ (s +(1°)( SR gns’
+ (10)(15 )2(8)158 = 3. 92443x10'°
or 21.1% of all error patterns of weight 12. . ¥

There are ( )" 1. 97516x1018 error patterns of weight 13.

This code will correct

0 1 5 3
(O350 st (O Gns® + (et Gns” £ s

=2.6 5469}:1017

or 13. 44% of all error patterns of weight 13,
) :
There are ( )=1 93283x10 ? error patterns of weight 14.

This code will correct

10 157 10,,15.6 4 10 ,15.5,5 10,154 6

()Y + (006 ( N5 'f'( )¢, )()15 T 0 )()15

= 1. 50166x10 _ ‘ 114

or 7.77% of all error patterns of weight 14.

. 20 .

There are (11550 =1, 75243x10 error patterns of weight 15. l
This code will correct

(10)(15)7( )15+(1£ 1:)6( s +(1°){l5)5(5)15 = 7.00133x10 18

or 4% of all error patterns of weight 15.



- 35 -
150, _ 21
There are (16 )=1.47862x10° error patte¥ms of weight 16.

This code will correct

10,,15.8 10 15 73 10
( 8 N 2 e 7 ) ( )15 +( 6 )(15)6(4)154- 2. t’:.3093x1019

or 1.78% of all error patterns' of weight 16.
There are ( )" 1, 1655x10 Ierror?‘,'patterns of weight 17.

This code will correct . -

10,,15.8 .2 10,,15 7,3 19

(8)( ) ( )15+( )( ) ( )15 = 7.69332x10

J-

or 0.66% of all error patterns of weight 17.
]

There are ( )— 8. 61173x10 error patterns of weight 18..

This code will correct
1

101 1 .
9)(;)91- ( 0)(15)8(?‘)15 1.65106x1020

(
or 0.19% of all error patterns of weight 18.

There are { )= 5. 98289;\:1023 error patterns of weight 19.

This code will correc

(10)(15)9( 15 2 2. 32699x10°"

or 0.039% of all error patterns of weight 19.
24 .
’Iihere are, ( ) = 3,91879x10 error patterns of weight 20. -

This code will correct

10,,15.10

20
(10)( 2) = 1. 62889x10

or 0.004% of all error patterns of weight 20. °
Table 4.1 lists results obtained for various random error correcting
block codes, when they are interleaved as in example 4.1 . The results

are for interleaving to degree three.
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t

Comparing the example of the (15,7) code interleaved to degree 10
with the table entry for the same code interleaved to degree three, we
note that, as the degree of interleaving is increased‘, the percentage of
lower weight error patterns that are correctable increases rapidly. This
is as expected, since, as more and more component codeword‘s are in-
serted, the probability of multiple errors in the same component word
decreases. Inthe limit, as the degree of interleaving approaches infinity,
all error patterns become correc'ta.ble. However, the degree of inter-
leaving is limited by the length of the codeword that can be stored at the
receiver. ‘

A useful feature of codes formed in this fashion is. that, even if
the total error pattern is uncorrectable, some parts of the pattern may
be corrected. Any component word that has a correctable error pattern
will correct it, thus reducing the number of errors in the decoder output.
It is the independent decoding of I:hem;: omponent words that makes this
poss::Lble.

In gerieral, interleaved codes formed by interleaving random error
correcting codes are quite powerful for correcting burst, or burst and
random error patterns. They are not efficient in the Reiger bound sense,
but their ability to correct multiple bur sts, and random errors, in addition
to their basic burst correcting ability, tHat makes them attractive.

If the channel is such that only burst errors occur, then SBEC codé€s
chould be used, as they will correct the same length burst with fewer
check b:.ts than the codes just described. However, on the compound
channel as we will show in chapter five, there are at least some cases
where interleaved ra.ndom error correcting codes seem better than either
product codes or concatenated codes for the correction of simultaneous

A

burst and random errors.

i
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4.2 Interleaving of Burst Error Correcting Codes

Long codes with good burst error correcting properties can be
formed by interleaving short codes. In particular, if a short (n,k) code
has Jz =n-k-2b=0, then tbe (un,n k) code formed by interleaving to degree g
also has 2?1[".: z=0. In general, the'interlea\fed code has z's Az._\Thus,
these interleaved codes can be optimal in the Reiger bound sense.

. These interleaved codes can not only correct bursts. of length b,
where b is the burst error correcting ability of the component code, but
also they can correct many patterns of multiple shorter bursts. As with
codes formed by interleaving-random error correcting codes, interleaved
burst error correcting codes tend to-reducg the number of errors in
uncorrectable error patterns, since any component word which cont:—:\.ins

a correctab‘li segment of the pattern will correct it.

Examp17 4.2 shows the extended burst correcting ability that can
be achieved by interleaving short burst error correcting codes. T
Example 4. 2
GConsider the (15,9,b=3) code [48] generated by

glx)= 1+ x3+x4+ x5+x6.

N '

If this code is interleaved to degree ten, the (150,90) code formed
will correct all bursts of length 30 of less. The generator poly-
nomial for this code is

g = ge®) = 1+ 104 04 504 50,

if the code is symbol interleaved. This code is optimal in the
Reiger bound sense, since z =150-90-2(30)= 0, Interleaved in
this fashion, the code will correct any burst pattern that is con-
fined to 30 consecutive symbols.

This same cpde can be formed by block interlea;.ving, and will
then be able to correct some multiple burst patterns. The block
interleaving is performed by taking three symbols at a time from

each component word. The component words must be independently
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generated, and then combined to form the interleaved codeword.

The (150, 90) block interleaved code can then correct some
patterns of 10 bursts of length three or less, five bursts of length
. six or less, three bursts of length nine or less plus one burst of ‘
length three, or two bursts of length 15 or less. Not all such
bursts will be corrected, but any pattern which results in not more
than three consecutive incorrect symbols in any component word

will be corrected.

As with interleaved random error correcting codes, the performance
of these codes imprbves as the degree of interleaving increases, because
the probability of an uncorrectable error pattern in a component word :
decreases.
In table 4.2, we present some burst error correcting codes
formed by the interleaving of some good, short, SBEC codes. The codes
are interle:a.ved to a degree that brings the burst error correc_:ting ability
" up to approximately 3000 symbols. In this table z = n-k-2b, and
z's yn-pgk- 2ub=uz.

It is ‘evident from the table that the interleaved codes are efficient [
in the Reiger bound sense only if z =0 for the component ?’ode or the
degree of interleaving is small, since z'T uz. Itis also worthy of
note that the codes with z‘= 2'=0 tend to have lower rates. Thus, -
efficiency in the‘Reiger bound sense does not imply efficiency in the
information ra.tel sense. '

Using the component codes in table 4.2, or shortened versions of
them, it is possible to develop interleaved codes for any desired burst
correcting ability. The code designeds can meet the Reiger Bound, or
have a high information rate but not both. The codes are attractive be-
cause they correct long bursts or multiple short bursts, and hence are

efficient error correctors in a probabalistic sense. ;

¥
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Chapter 5. INTERLEAVING OF RANDOM ERROR CORRECTING CODES
WITH BURST ERROR CORRECTING CODES.

Thus far, we have discussed the interleaving of random error cor-
recting codes for the coyrecti on of bursts and ra.ndom errors, and the -
interleaving of burst error correcting for the cerrection of long bursts
or multiple short bursts.

We now present a concept which is a logical extension of these ideas,
but about which there quex"ns to have been no literature published to date..
This c'oncept is the interleaving of random error correcting codes with
burst error correctm% codes.

. Codes so formed exhibit an interesting and useful probabilistic
error correcting capability, in that they can correct bursts slightly

longer than the basic burst, or interleaved burst correcting code used

and also many patterns of short bursts and random errors. /
The method of forming the code is as follows. The component words

are generated by independent generators, and then interleaved by a

timing circuit. The burst eorrectinE code is divided into blocks of ’

length b and between each block we insert t or fewer symbols from the
ra.ndom error correcting code. The random exrror correcting code is
chosen to match the burst correcting code in the following manner.

If, in the (n,k,b) burst correcting code, b divides n, then the {n',k', t)
random error cq:r;cting .c':ode should be such that, if x is the number
of symbols f:_'orrl the random error correcting code to:be inserted between
each block of the burst error correcting code, then n'/x=n/btL
I If, in the burst error ‘corxl'ecting code, ‘b does not divide n, then the
randomn error correcting code should be chosen so that n'/x= l/B . This

o

procedure is illu strated in the following examples.

w -

Example 5.1
In the (15,9,b 3) code, b divides n, and n/b=5. The random .
code chosen should have n/b+1=5+1=6 blocks of length t or less.
)



- 45 - iy

The (7, 4, 1) Hamming code can be shortened to (6, 3, 1) which
is suitable ‘for interleaving with the (15, 9, b= 3) code. Letting X
represent a symbol from the (15, 9, b=3) code and 0 represent
a symbhol from the (6, 3, 1) code, the interleaved codeword would
have the form:

PXXXOXXXOXKXKXOXXXOXKKO
This is a (24, 12, b=4) code with z=n-k-2b = .1.
Example 5.2

In the (27, 17, b = 5) code, b*n, and %-\ = F‘Slhl: 6.
Tﬁerefore the same (6, 3, 1) code used in example-5.11is acceptable.
Using the same notation, the interleaved codeword would have the

/
form:

!

OXXXXXOXXXXXOXXXXXOXXXXXOXXXXXOXX &
This is a (33, 20, b = 6) code with z = 1.
It»would appear, from example 5 2, that the timing circuit that

pe‘{forms the actual interleaving rmght be re complex in the case

where bfn, since there is a certain lack of sytnmetry. In practice however

this makes little oY no difference, as a counter is requn'ed to recognize the
end of a codeword in any case., This unsymmetncal point in the codeword is
an ideal place in which to insert synchronizing bits for framing purposes.
5.1 Comparison of_Interlea.ved Random and Burst Error Correcting Codes

with SBEC Codes

We will now illustrate witlt an example,the error correcting ability
of codes formed in this fashion and compare it with the error correcting
ability of a code with the same parameters that corrects only bursts and

a code of the same length with optimum burst correcting ability. g

F .~
.




.- . M_qtf\a-""‘
- 46 - {

Example 5.3

Consider the (21, 12, b —4) code formed in example 4.1, from the

(15, 9, b =3) code and the (6, 3, 1) code. The (15, 9, b =3) code
corrects
E1 =15 + 14 T 13:2 =55 error patterns.

The (6, 3, 1) code corrects
_ b '

E, =0 -
. The (21, 12, b=4) code corrects all combinations of errors correctable -

)= 6 error patt'erns.
in either or both component codes. )
Therefore it corrects
= E = + 6+ - =
E 1+ EZT E1 Ez 551 6 +55-6 391

error patterns. | 5

A (21, 12, b =4) burst error correcting code and correct
gl = 21+ 20+ 19-2118-4 = 151
error patterns all of which are contained in E .

The optimum code of this length would be a (21,11, b= 5) code, which

corrects \

Ell 2 21+20t19+2t18-4117-8 = 287 error patterns.

We can see from this example, that if the number of error patterns
that a code corrects is taken as a criterion of quality, then the interleaved
code ig superior to the other two codes mentioned. If #he channel is such that
random errors occur as well as short bursts, then the interle%ved code will
indeed outperform the other two. The only one of the two that can outperform
the interleaved code is the optimum (21, 11, b =5) cc;de on a channel where
errors are restricted to burst patterns and where burst patterns of length five

have a fairly high probability. I
Table 5.1is a list of codes formed as in example 5.1 and 5.2 with the

error analysis corresponding to example 5. 3.
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In the table, E is the number of error patterns correctible by the inter-
leaved code, E!' is the number of error patterns 96rrectab1e by a code of the
same length and burst correct1ng ability, and E is the number of error

Jpatterns correrctable by a code of the same length but with optu'(mm burst,
correctmg ability. The tompcment codes used in the table are SBEC codes
with z = 1 2 and random error correctmg codes which are either fhe (7‘"" 1)

* Hamming code or its shortened version or the trivial (7.1, 3) or {5,1,2) codes
whu:h have only two words

Table 5.1 is divided into three sections.’ In section A the burst error -
correcting codes are optimum and the random error correcting code is the
{7, 4, 1} Hamming code and its shortened versions. In section B, the burst
error correcting codes are still optimum, but have been shortened so that

. b | n. The random error correcting codes in section B are the (7, 1, 3¥and
(5, 1, 2) codes. In section C, the same random error correcting codes are

used with non-optimum burst correcting codes.

In all three sections t1;11=. interleaved code corrects considerably more
error patterns that either of the two codes with }vhich it is compar ed., In
- section C the same burst correcting code has been interleaved with the -
(5, 1, 2) code and the (7, 1, 3) code. This shows that by increasing z from
3 to 5 and decreasing the rate a little, the number of correctible error
patterns can be more than tripled.

iIf we consider, E, E?, and E" as sets of err'c;?pag‘tterns then. wd “v-- - - \

have that

EC E ; E'CEY
and '

E - 2] N EB"-FEl=90
If b is the burst correcting ability ofl'the interleaved code, and e is
an error pattern, then e € E' iff e is a burst of length b or less. Also

e € [E - E'] implies e ig a burst of length less thanb plus 2 random error,

and e £ [EV - E!] implies e is a burst error pattern of length b+1 for codes

in section A, btlor bt2 ‘jfor codes in section Band b2 or bt3 for codes in
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Table 5.1 'Interleaved Codes Formed f)(m one Burst and ode Random

Yo ' Error Correcting Code. \ '
¢
Component Codes Code z R E o E' . E"
A(15,9,b=3);(6,3,l) {21,12,b=4) 1 .5714 391 151 2&'1‘”.‘ .

(19,11,b=4);(5,2,1)  (24,13,b=5) 1 .5417 815 275 639

(27,17,b=5%1(6,3,1) (33,20,b=6) 1 .6016 2687 - 927 . 17916
(34,22,}3:6):(6_,3 1), - (40,25,b=7) 1 .625 6719 = 2239 "4351
(38,é4,b=7);(6,3,1) .(44,2‘7,b=8) 1 .613;6 14,783 ‘4863. ) 9471

(50,34,b=8);(7,4,1) - (57,38,b=9) 1 .6667 45,055 12,799 25,087
(56,38,b=9);(7,4,1) (63,42,b=10) 1 .6667 100,351 28,159 55,295

(59,39 b=10);(6,3,1)  (65,42,b=11) 1 .6462 182,783 57,343 112,639
B

(15,9,b=3):(5,1,2) (20.10,b=4) 2 .500 615 143 271
(16,8,b=4);(5,1,2) L_(é1,9,b=5) 2 .4286 1231 287 543
(25,15,b=5)3(5,1,2) (39,16,b=6; 2 5333 3863 831 1599
(30,18,b=6);(5,1,2)  (35,19,b=7) 2 .5429 9151 " 1919 3647
(35,21,b=7);(5,1,2)  (40,22,b=8) 2 .550 21,119 4351 . 8447

(48,32,%=8);(5,1,2) (53,33,b=9) 2 \..6226 59,135 11,775 23,039
(54,36,b=9):(5,1,2) (59,37,b=10) 2 .6271 132,351 26,111 51,199
(50,30,b=10);(5,1,2) (55,31;b=f1) 2 (5636 236,543 47,103 92,159
(48,32 ,b=8):;(7,1,3) (55,33,b=9) 4 .600 193,535 12,287 47,103
(54,36,b=9;ﬂ7,1,3)' (61,37,b=10) 4 .6066 433,151 27,135 104,447
C(lZ,?,b:Z)dS,l,Z) (17,8 ,b=3) 3 ,4706 263 63 223

(12,7,b=2)(7,1,3) (19,8,b=3) 5 ,4211 863 71 479

]
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Table 5.1 (continued)

Component Codes (iojy 13_ E oy B
(18.11,b=3);(5.1.2)J(23,12,b=4) .3 ,5217 747 167 607

|n

] (18&1.&::3);(7,1,3) (25,12,b‘=4) 5 .480 2447 183 - 1279 -
,(24,15,1;7);(5,1,2) (29,16,b=5) 3 .5517 1935 415 1535
(24,15,b=4);(7,1,3)  (31,16,b=5) 5 .5161 6335 447 3199
(30,19,b=5%;(5,1,2)  (35,20,b=6) 3 .5714 4751 9917 3711
(30,19,b=5);(7,1,3)  (37,20,b=6) 5 .5405 15,551 1055 7679
(36,23,b=6):(5,1,2) (41,24i,b=7) 3 .5854 11,263 2303 8703

(36,23 ,b=6):(7,1,3) (43,24,b=7) 5 .5581 36,863 2431 17,919
(42:27,b=T:(571,2)  (47,28,b=8) 3 .5957 25,887 5247 19,967
(42,27,5=7);(7,1,3)  (49,28,b=8) 5 .5714 85,087 5503 40,959

(48,31,b=8);(5,1,2) (53,32,b=9) 3 .6038 59,135 11,023 44,30d3

(48,31,b=8)(7,1,3) (65,32,b=9) 5 .5818 193,535 12,287 92,159 l"i

3

section C. This specifies' the types of érrors: correctable by the three codes
under consideration. That is, all codes correct bursts of 1engt‘n b or less, .
the interilgaved codes can correct shorter bursts plus random errors, and -
the opt1m€‘:;1%g:{£ the same length and with the same number of or one
less, 1nformat10n symbols corrects slightly longer burst errors. :
We will now consider the case where the random error correcting code‘
has a generator polymomial which has 1tx as a factor. An (n, k, t.) random
error correcting code which has a generator polymomial which has 1tx as a
factor can correct burst error patterns of length t+1. By taking advantage of

this fact, it's possible to develop efficient interleaved codes.

-
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The interleaving technique will again be illustrated by examples.

Example 5. 4

w A (27, 13, b=7) interleaved code can be formed by using as
component codes the (20, 10, b=5) code and the (7, 3, 1) code. The
(7, 3, 1) code corfects single random errors or bursts of length |
two since its generator polymomiallha.a 14x as a factor. The

. (20, 10, b=5) code divided into'z% = 4 blocks of length 5. In t:tme
space between blocks we insert 2 symbols from th;a (7, 3, 1) code.
The seventh symbol is added at the end of the codeword. Using X ‘
for symbols from the (20, 10) code and 0 for symbols from the (7, 3 1) ‘
code, a codeword in the interleaved code has the form:
KXXXXOOXXKXXKXOOX XXX KOOXKKXXXO,

i “\/\' o - i’

Example 5.5

A (29, 16, b=6) code can be formed by interleaving a (19, 11, b=4)
code and a (10, 5, 1) code. The (10, 5, 1) cpde is 2 gshortened version

v RN DWTARICH

of the (15, 10, 1) code which has (1t x) as a factor in'its generator
polymomial. Using the same notation as in example 4.5, the inter-
leaved codeword has the form: _
00XX XX 00XXXX00XXXKXO00XXXX00XXK
.To take advaﬁtage of the maximum burst correcting ability avai}z_xln-lj,
it is essentialthat nonadjacent symbols from the random error co.r}ectmg
@;mpoie-nﬁcodle be separated by b symbols from the burst correcting code.
Note that, in example 5.5, if the two initial symbols had been placed in the
final positions instead, the burst correcting ability of the interleaved code

would have been five instead of six.

A list of codes formed by interleaving burst correcting codes with
codes that -co_r're.ct single random errors or burst errors of length two is

presented in table 5. 2.
. . f

{
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Table 5.2 Interleaved Codes Formed form an SBEC and a Code that

Cor?ects Single R@p@or Double-Adjacent Errors

7
Component Codes Codﬁ z R E E' E"
A(12,6,b=3);(7,3,1)b=2 (1;‘,9.b=5) 0 .4737 615 255 255
(16,8,b= -(-7,3,1)b=2 (23,11,b=6) 0 4783 ‘1567 607 607
(20,10,b=5);{7,3,1)b=2  (27,13,b=7) 0 .4815 3807 1407 1407
(24,12,b=6):(7,3,1)b=2  (31,15,b=8) O .4839 8959 . 3119 3119
(28,14 ,b=7);(7,3,1)b=2  (35,17,b=9) 0 4857 20,607 ~7165 | 7165

(3l2,16,b=8);(7,3,1)b=2 (39,19,b=10} 0 .4872 46,631 15,871 15,871
(36,18 ,b=9);(7,3,1)b=2 (43,21,b=11) 0 .4884 103,935 34,815 34,815 -

(40,20,b=10\);(7,3,1)b=2 (47,23,b=12) 0 ,4894 229,735 75,775 75,775
B

(7,3;b=2);{8,3,1)b=2 (15,6 ,b=4) 1 .400 223 103 " 191
(15,9,b=3):(12,7,1)b=2  (27,16,b=5) ‘1' .-5926 1343 | 383 | 735"‘ '
(19,11,b=4‘);(10,5,1)b‘=\2 (29,16,b=6) 1 5517 2415 799 1535 |
(27,17,b=5);(12,7,1)b=2 (39,24,b=7) 1 .6154)9215 21'75 4223 |
(34,22 ,b=6);(12,7,1)b=2 (46,29,b=8) 1 .6304 23,039 5119 9983

(38,24 ,b=7);(12,7,1)b=2 (50,31,b=9) 1 .620 50,687 11,007 21,503

(50,34,b=8);(14,9, 1)b=2 (64,43,b=10) 1 .6719 157,695 28,671 ' 56,319

A ' .
(56,38,b=9);(14,9,1)b=2 (70,47,b=11) 1, .6714 351,231 62,463 122,879

(59,39,b=10):(12,7,1)b=2 (71,46,b=12) 1 6479 626,687 124,927 245,759
C .

(14,9,b=2);(15,10,1)b=2  (29,19,b=4) 2 .6552 839 215 415
(24,17,b=3);(15,10,1)13=2 (39,27,b=5) 2 .6923 2759 . 575 1119
(32,23,b=4);(15.)0,1)b=2 (47,33,b=6) 2 .7021 7199 1375 2687



Table 5.2 (continued)

Component Codes

(40,29,b=5):(15,10,1)b=2
(48,35,b=6);(15,10,1)b=2
(56:41 lb=?);(15110!1)b=2

(64,47,b=8h(15.10,1Ib=2

D

(15| 10!b=2):(16) 1011)b=2
(27,20,b=3);(20,14,1)b=2

(38, 29 b=4}:(20, 14 1)b=2

(48,37,b=5);(20,14, 1)b_

(67,54,b=6h(24,18,1)b=2

-52-

Code

{55,39,b=7)

(63,45,b=8)

. (71 :51 rb=9)

(79,57,b=10)
(31,20,b=49 -
(47,34,b=5)
(58,43,b=é)
(68,51,b="7)

F ]

(91, 72,b=8)

(103,88,b=7);(30,24,1)b=2 (133,112,b=9)

(96:79 :b=8);(2612‘01 1)b=2

E
(31,25,b=2);(32,25,1)b=2

(63,55,b=§)ﬂ44.37,1)b=2~

(85,75,b=4);{4,37,1)b=2

(131,119,b=5)ﬂ54,47,1)b=2(185,166,b=7) 5

(169,155,b=6);(58,5%,1)b=2 (227,206,b=8) 5

(122,99,b=10)

(63,50,b=4)~

(107,92, b=5)

(129,112,b=6)

|w

5

5

‘5

R

.7091
. 7143
.7183
.7215

.6452

7234

L7414
. 750

. 7912
. 8421
.8115
. 7937
.8598
. 8682
. 8973

.9075

E

17,759
gg);ﬁg\
97,919
222,879
959
4219
11,519
28,799
96,334
376,319
599,039
3967
16,342
58,431
221,183

612,479

3198‘
7295
16,383
36,351
231
703
1669
4031
10,079
32,255
58,367
487
1663
3999
11,519

28,287

Again E is the number of error patterns corrected by the inter-

14,335 o
32,255
71,679
863
2687

6655

15,615

42,495
126,975
229,375,

3711

12,927
31,231
90,623

223,231 -

e

leaved code, E' is the number o£ error pa.tterns corrected by a code with th

the same parameters, but no random error correcting ab:.hty, and E"

. is the number of error patterns corrected by a code of the same length

with optimum burst correct:.ng ability equal to or greater than that of

_the interleaved code.
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Table 5.2 is divided into five sections, according to the value of =z
for the 1nter1eaved code. In'section A the burst error-correcting component
codes used are shortened versions of burst correcting codes that are
optimum. In this section we take advantage of the fact that when we add the
factor {1*+x) to the genefator polymomi-a.l of the (7, 4, 1) Hamming code, the
(7, 3, 1) b=2 code formed is also optimum as a burst correcting code. Thus ‘
the interleaved codes formed in section A are optimum in the sense that for
the lengths given there exist no better burst correcting codes. In the worst
case, the interleaved code corrects 2.41 times as many error patterns as a
code with the same parameters but no random error correcting ability, while
in the best case the improvement is 3. 03. '

In section B, full length opt1murn burst correctmg codes are used with
shortened versions of the (15, 10, 1) b=2 code. For the interleaved code z=1,
since the (1%, 10, 1) b=2 code has z=1as a burst correcting code. In this
section tHe number of error patterns corrgcted is increased by from 2. 16 to
5.6 the same code with no random error c?;recting ability, and by 1.17
to 2. 86 dver an optimum code of the same length, but with a slightly lower

rate.

In section C, we use burst error cpg:recti:ig codes with z of 1 and the
(15, 10, 1) b=2 code-which also has a z of L. T‘nug z=2 for the interleaved
code. In this case the improvement in the* number of corrected error patterns
is from 3.9 to 6 13 when the interleaved code is compared to the same code
with no random error correcting a.b111ty, and frorn 2. 02 to 3.11 when the
interleaved code is compared to an optimum burst correctlng code of -the same
.length and rate.
In section D, the burst error correcting code has z=1, and the random
error cqrrecting code is a shortened version of the (31, 25, 1) b=2 BCH code
" which has z=2 when used as a burst correcting code. T‘r‘ma the interleaved code

-~
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has z=3. The improvement in the number of corrected error patterns“?v’er
an SBEC with the same parameters varies from 4. 15 to 10, Zg\_,a-nd\gver an
optimum SBEC of the same length but with k reduced by one symbol varies
from 1. 11 to 2. 96.

In section E the SBECs used as component codes have z=2, while the
random error coi'rec;ting code is 2 shortened version of the @. 56, 1Y b=2)
BCH code. The improvement in' the number of corrected error patterns
over an SBEC with the same parameters varies from. 8.15 to 21. 65, while
over an optimum SBEC of the same length but with k reduced by one symbol
varies from 1. 07 to 2. 74. .

From this table it is clear that the interleaved codes outperform the
SBEGCs if the criterion is the number of corrected error patterns. The
interleaved codes correct all error patterns c.orrected by the SBECs of the

R -
same parameters and while they do not correct . all the error patterns

corrected by the optimum burst correcting codes (unless z=0 for the inter-
leaved code), they do correct a greater total numher of error patterns.

To this point we have considered the case of two component codes. As
there is no reason for this restriction, we will now consider the case where
an SBEC is interleaved with two random error correcting codes, both with ”
double adjacent exrror correcting ability. For simplicity we will use the same
random error correcting code twice. | |

If the SBEC code corrects E, error patterns and the random error
correcting code corrects EZ error patterns, then the number of error

patterns, E_, corrected by the interleaved code is given by

T

Eq .= (§1+ 1} (E2+1) (Ezz-i-l) -1

= + .
E, E, t 2B E,t B, t E[*2E,

In'fable 5.3 we repeat section A to D of table 5.2, b&t with the random
s¥ror correcting code used twice. In some cases shortening has been

necessary to get the maximum burst correcting ability possible.
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Table 5.3 SBEC Codes Int:érlea.ved with two Codes that Correct Single Rar{dgm

Errors or Double-Adjacent Errors.

Component Codes
A N
(12,6,b=3);

(7,3,1)b=2:(7,3,1)b=2

(16’8rb=4);
(7,3,1)b=2;(7,3,1)b=2

(20,10,b=5);
(7,3,1)}b=2:(7,3,1)b=2

(24,12,b=6)
(7,3,1)b=23(7,3,1)b=2

(28,14 ,b=T);
(7,3,1)b=2;(7,3,1)b=2

(32,15,b=8);
{7,3,1)b=2:(7,3.1)b=2

(36118’b=9); '
(7,3, 1)b=2:(7,3, 1)h=2

(40,20,b=10);

(7,3,1)b=2;(7,3, 1)b=2
B

{7,3,b=2);

(8,3, 1)b=2;(8,3,1)b=2

(15,9,b=3);
(12,7, 1)b=2;{12,7, 1)b=2

A19,11,b=4); -
(1,0,5,1-)b=2;(10,5 ,1)b=2

(27,17,b=5);
(12,7,1)b2;(12,7, }b=2

(34,22,b=6);
(12,7,1)b=2:(12,7,1)b=2

(38,24 ,b=T7);
(12,7,1)b=2;(12,7,1)b=2

l Code

(26,12,b="7)

(30,14,b=8)

(34,16,b=9)
(38,18,b=10)
(42,20,b=11)
(46,22,b=12)
(50,24:b=13)
(54,26 ,b=14)
(é3,9,b=6)

(39,23,b=7)
(39,21,b=8)
(51,31,b=9)

(58,36,b=10)

(62,38,b=11)

Z

0

0

2

2

R

.4615
4667

4706

" .4737

.4762

L4783

.480

.4815

.3913

.58‘;7
.5385
.6078
.6207

.6129

H

_E E! E"

8623 1343 1343
21,951 3071 3071
53,311 6911 6911

125,439 15,359 15,359
288,511 33,791 33,791

652,287 73,727 73,727

1,455,103 159,743 159,743

3,211,263 344,063 344,063

3583 607 - 1151
32,255 2175 4223
54,399 4223 8191

211,183 11263 22,015
Y
552,959 25,599 50,175

v

‘1,216,511 54,271 106,495




Table 5.3 (c.c)ntinued)

Component’ Codes

(50,34,b=8):

(14,9,1)b=2:(14,9,1)b=2"

(56,38,b=9);

(14,9,1)b=2;(14,9, 1)b=2

C

D

{59,39,b=10);
(12,7,1)b=2;(12,7,1)b=2

(15,10,b=2);
(14,9,1)b=2:{14,9,1)b=2

(24,17,b=3);.
(14,9,1)}b=2;(14,9,1)b=2

(32,23,b31T;
(14!9i1)b:2;(14,9,1)b=2

(40,29, b=5);
(14,9,1)b=2;(14,9,1)b=2

(48,35, b=b);
(14,9,1)b=2:(14,9,1)b=2

(56,41,b=7);
(14,9,1)b=2;(14.9,1}b=2

(64,47,b=8);
(14!911)b=2:(14v9:1)b=2

(15,10,b=2);

{16,10,1)b=2;(16,10,1)b=2

(27320sb=3);

(20,14,1}b=2;(20,14,1)b=2

(38,29,b=4);

(20,14, 1)b=2;(20,14,1}b=2"

(48,37,b=5)

(20,14, 1)b=2;(20,14 ,1'b=2

Y
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Code

(78,52,b=12)
(84,56,b=13)
(83,53,b=14)
(43,is,b=6)
(52,35,b=7)
(60,41,b=8)
(68,47 ,b=9)
(76,53,b=10)
(84,59,b=11)
(92,65,b=12
(47,30,b=6j
(67,48,b=7)
(78,57,b=8)

(88,65,b=9)

|

2

2

3

3

3

3

3

3

5

R

.6667
L6667

.6386

.6512

6731
6833
.6912
:6974
.7024
. 7065
| .6383
L7164
.7308

L7386

__E_ £

4,415,487 139,623
9,834,495 299,007
15,040,511 ;81,631
23,519 1247 -
5

72,127 3007
188,159 6911
464,127 15,615
1,103,871 34,751
2,558,975 76,799
5,820,4;5 167,935
30,628 1575
166,399, 3967

460,799 9215

1,151,999 20,735

30,207 .

EII

274,791
589,823
1,146,879
4735
11,519
26,623

60,415

136,103 °

T T. SHTARIC

299,007

655,359

110,239

70,655

159,743
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Table 5.3 {continued)

Component Codeé\_ : Code z R E . E‘l E'
(67,54,b=6); (115,90,b=10) 5 ,7826 4,644,863 © . 425,983
(24,18,1)b=2:(24,18,1)b=2 _ : 54,783
(103,88,b="7); (163,136,b=11) 5 .8344 *22,579,199 1,236,991
(30,24,1)b=2;(30,24 ,1)b=2 157,695

(96,79 ,b=8); (148,119,b=12) 5 .8041 15,748,095 . 2,221,839
(26,20,1)b=2;(26,20,1)b=2 282,623

In section A of table 5.3, the codes are optimum as in the same section
of table 5.2, and the improvement factor on the same basis of cc;mparison is
now in the range from 6. 42 to 9.33.

Comparing section B of table 5.2 and 5.3, we see that while z has increased
from one to two, the improvement ;factor over an SBEC with the same parameters
has increased to from '5. 9 to 32.89, and over an optimum SBEC to from 3. 11 to
B.AL

In section C, "z ha.s increased from two to three, but the comparable
improvement factors are now in the ranges from 18 86 to.34. 66 and from 4. 97 to

8. 88.

In section D, z has increased from three to t‘iv‘e, and the comparabie
improvement factors have incréas,ed to from 22.27 to 143.18 and to from 2. 99
to 18. 25. '

From this companson we see that the 1mprovernent factor increases with
the number of random error correcting - codes used, at least in this case.

We will now prove that, under quite general conditions, the 1mprovement
factor increases as the number of random error correcting codes increases.
The proofs of the following lemmas and theorem are given for the binary case

only, but the extension to the g-ary case is easily obtained.



Lemma 5.1

- » - 58 - '\45.

If, in a block of n symbols, there are a possible B burst
error patterns of length b or less, then for b21, there are exactly’
b-1 b-1 |

Bz - i- ,
. B -.b2 +Zi21 ' (\_)
- i=1 _ _ s

burst error patterns of length b+1.

Proof:t, i . o 9 fk

For the binary case, B is given by: ]
Bent (n-1)+2 (n-2)%% (n=3)+...+2°72 (n-b+1) )
b P2
snt S 20 “(n-i+1)
i=2

Expané[ing the summation , we obtain

boon

' . ; i

if"
B= n* (n- 2%+ (n2)2 Hn-3)2%+. . . + (n-b-1)2" 2 ‘ i
cotnO 28224, 42772 - (2Pt ax2 +a>z +. .+ (b-1272) oo
b-1 .
catn(® Ly - S 12t
=1
b-1 222 a1
=2 n - i2
=1
,Also from [50] for i22, there are 5
(n i+1)
burst error patterns of Wngth i. Fox i=btl, there are
F1)- b- '
2O 2 e =2 1(;1-?)-'17‘ - /

burst/error patterns,

: b- . | S ~.
But B+§j 27! =2 AN
TS _

1' =
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.. If B' is the number of burst error patterns of length b+l,
then: ‘
b-
B'=2 1(n-b)

=p -p2" T+ St

L -

Q.E.D.

o~

Corollary 5.1

If there are B burst error patterns of length b or less, then

there are

B =2B - b2’ +le

burst error patterns of length btl or less,

This follows directly from Lernrr_la 5.1 and the fact that the
number of burst's of length b+l or less must be the sum of the
number of bursts of length b+l é.ﬁd those of leﬁgth b or less.
Lemma 5.2 - |

If there are B burst error patterns of l'éngth b or less, and B"
of length b+1 or less, then B!'<2B. ’
Proof:‘ -

Since, by corollary 5.1,

b-1 .
. -1
BU=2B - b2° Tt i2
~ i=1 .

the lemma is proven if it can be shown that

%‘i‘\iﬂ <b21

i-1 . | .
Now, a series of the form (1x/ ,i 0,1,2,...) can be summed according to

%: ixi--l- = 4 (————"—1 - 1)
dx 1-x

i=0
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Substituting x=2, n=b-1, we obtain

b-1 :
i1 -1
St ep® e 2
i=1 -
and; therefore, for b2l, we have that

b-1 . ' .
Zizl-l < bzb—l .

i=l ' .

and hence B'"< 2B,

Q.E.D.

¢

Lemma 5.3 _
If n'S2n+l - b and there are 131 bur s.t: error patterns of length

b or less in a block of n bits, and B2 burst error patterns of length JP

b or less in a block of n' bits, then B2< 2B_ for bz 1.

: -
Frook bl . 2 501 RN TR -2 S| ;
Since B2=2 n'—zi iz andB1_=2 n—Z£ i2- -, -

. 1: v 1=

we require thefcondition on n' such that

, b-1 . b-1
. -1 b-1 i-1
L oY 12 <22 ) 2
i=1 _ i=1
b1 1.
- - b
or Zbln'- i211<_2n—ii21.
izl i=1
b-1 . . /
-1 b1l b
Now 227 = b2 t(1-2)
i1
b-1 .- ]
and 2l = 2 - 2P+ b2° - 2P = 2 - 2x2” ¥ b2° ™y
i=1 -
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b-1 b-1 b
then* 2 n' -b2 -{l-2 ) = an -2 % Zbe - be
b-1 -
or n' -b-1/2 + 2 4-2n-2/2b1+4—2b
L}
or r1'<2n+2--b-1/2b_1

But, since n' must be an integer,'it must be that
n's2n +1-b |
e+ If n*£2n+"-b, then B, < 2B,
Q.E.D
The preceding lemmas will now be used to prove the' following

theorem.

Theorem 5.1

An ({(n,k,b) interleaved code is constructed according to the prev-
iously described method., If an'(n',k',b') interleaved codé is formed
from the (n,k,b) code by the interleaving of an additional random error
correcting code, and if n' € 2n+ 1- b, then the improvement factor
increases if the random error correcting code can correct s error
patterns, where
. > 2b' -b +1

s

Pr opf:

By lemma 5.3, increasing the length of the code from n to n'
increases the number of burst patterns of length b or less by a factor
smaller than 2. By lemma 5.2, an increase of c;ne in the burst
" length increases the number of burst patterns by a factor of less than 2.
Therefore, increasir;g the burst length from b to b' can increase
the number of bursts by a factor which is less than Zb'-b. Therefore,
the number of error patterns in the burst error correcting code used
for comparison can incr‘ease by no more than Zb'_b * 1.

In the interleaved code, if j component codes are used, the
number of correctable error patterns is the sum of the products of

the component code error correcting capabilities, taken one, then two,

then three, etc, up to-j at a time. Thus if the



- 62 -

(j+1) st code can correct a-total of 8 error patterns, the total increase in

correctible error patterns will be by a factor greater than 8. -

c. I s2 Zb' - bfl, then the improvement factor increases.
Q.E.D.

Acc_ording to the preceding lemmas and theorem, the improvement
factor increases as the number of random error correcting component
codes is increased as long aé the new length, n', is related to the previous
length, n by n'=2n+l-b and the added random error cc;rrecting code can
correct at least s=2b' - btl error pattermns, whére b! is the new burst length
and b is the previous burst length. These cond1t1ons arg met in every case
that has been considered. Indeed it would be diffigult to think even a
trivial case where they are not satisfied.

As the burst correcting component code is usually long compared to the
random error correcting component code, the first condition is generally
gsatisfied, if*not for the first additional subcode, then for sub sequent oﬁes.
if n is large compared to ¥-1, and s;gce ﬁ' is not' much greater than n, then

£ 2n+l-bis sat1af1ed The second condition, that- 52 Zb‘ -b+1, is also
qmte generally gatisfied except for trivial cases. For example, a (3,1,1) code
corrects 3 error patterns and could conc1evab1y be used to increase b by one

+ .
symbol; then Zb- - b+1'—'2 =4 and g3 4= 2 -b 1. If the (5,1,2) code is

used, b can be increased by two symbols andws:(F,zFIO > -Zb"b+ ! =8. From
this we see that the improvement factor does increase with additional random
error correcting codes in almost every case. It, should be pointed out at this
time that the conditions derived are gufficient but not necessary.

Thus for we have only considered, as random error correcting compone:nt

codes, those codes which can correct single random errors or double adjacent

errors. Table 5.4 shows an expansion to the case where the random error
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‘correcting codg can cox"rect two random errors, and two random errors or
triple adjacent errors. The SBEC component codes used in this table are
the optimum codes, while the random error correcting.  codes are shortened.
versions of the (15, 7, 2), the (iS, 6, 2) b=3, the (31, 21; 24 and the
(31, 20, 2) b=3 BCH codes. Entries in the table are arranged in pairs,
with each optimum SBEC code beihg interleaved firat \gh a double random
error correcting code and then with a double random error, triplé adjacent
error correcting code. The qua.ntities‘E . E‘ and E" are as defined in.previous
tables and z is again the quantity n- k-2b which is a measure of how good a
code is in the Reige; bound sense.
The improvement factor of the interleaved code over an SBEG céde with
the same parameéters, defined as the ratio E/E', ranges from 9. 53 to 21. 29
with the double - error corfecting code, and from 9. 82 to 22.95 with the ".
double - error, t.riple adjacent - error correcting code. When the interleaved -

A
code is compared with an optimum SBEC of the same length (with possibly a

Bma.ller_k) then the improvement factor, defined as the yatio -E/E ", ranges

STTRY M O™

from 2. 58 to 5.50 with the double error correcting ~ode and from 1. 58 to
3. 00 with the double - error, triple adjacent - error correcting 'code.

Again we see that the interleaved code.s outperform the SBEC codes in
every case. It can also be noted that, when the random error correcting code
has (1+x) as a factor in its genérator pelymomial, the improverﬁent fact‘or
E/E'is greater while E/E" is smaller. This is due to the fact that adding the
factor (1+x) decreases k for the random error correcting code by one symbol.
Thig adds one symbol to the burst length that the comparable optimum SBEC
can correct. ﬁence E'" increases more than E does when the factor (1+x) is
added.

It may be argued that:the ;:omparison in this section is not valid since
the codes compared are SBEC codes and codeﬁ that correct the simultaneous

occurrance of bursts and random errors. However, even if the interleaved
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Table 5.4 Interleaved Codes Formed from Optimal SBEC Codes and Multiple

Random Error Correcting Codes.

Component Codes Code z R E E' E" )
(15,9,b=3);(12,4,2) (27,13,b=5 . 4 .4815 4423 383 1407
(15,9,@;3)418,7.2)b=3 (33,16,b=6) 5 .4848 10,527 927 6655
(19,11,b=4);(10,2,2) (29,13,b=6) 4 .4483 7615 799 2943
(19,11,b=4);(15,6,2)b=3  (34,17,b=7) 3 .5000 18,223 1855 6911
(27,17,b=5);(12,4,2) (39,21,b=7) 4 .5385 30,335 2175 8191
(27,17,b=5)ﬂ18,7,2)b=§ (45,24,b=8) 5 .5333 72,191 4991 36,863
(34,22,b=6);(12,4,2) (46,26,b=8) " 4 .5652 75,839 5119 19,455
~

(34,22,b=6);(18,7,2)b=3  (52,29,b=9) 5 .5577 180,479 11,519 86,015
(38,24 ,b=7);(12,4,2) (50,28,b=9) 4 .560 166,847 11,007 41,983

(38,24,b=7);{18,7,2)b=3 (56,31,b=10) 5 .5536 397,055 24,575l 184,319

. (50,34,b=8);(14,6,2) ,(6'4,40,b=10) 4 .6250 596,991 28,671 110,591

i
!
|

(50,34,b=8);{21,10,2)b=3 (71,44,b=11) 5 .6197 1,413,6‘31 63,487 483,327
(56,38,b=9);(14,6,2) (70,44 ,b=11) 4 .6286 1,329,663 62,463 241,663
(56,38,b=9)1(21,10,2).b=3- (77,48,b=12)i 5  .6234 3,148,543 137,215 1,048,575
(59,39,b=10);(12,4, 2} (71,43,b=12) 4 ,6056 2,062,8l47 124,927 483,327

(59,39,b=10);(18,7,2)b=3 (77.46,b=13) 5 .5974 4,909,055 270,335 2,064,383
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codes are conéidered only for their burst correcting ability, they are
superior to SBEC codes since they can correct some multiple burst patterns
whmh the SBEC codes cannot. In addition, it will be shown in chapter 6, that
the interleaved codes, at least in some cases, can be decoded in less time than
SBEC codes, through the use of parallel decoding techniques. Thus if decoding
speed is important, there is a case for the use of interleaved codes to replace
SBEC codes. |

In the following sechon, the error correcting ability of the interleaved
codes will be compared with that of some of the other codes mentioned in
section 3.1. 3 that correct the simultaneous occurrence of burst and random

erroras.

5,2 Comparison of Interleaved Random and Burst Error Correcting Codes
with Product codes, Concatenated Codes, and Reed-Solomon Codes.

In this section, some of these three types of codes will be generated
and the number of error patterns that they can correct will be computed.
We will then compare this number with that for interleaved codes similar
to those in tables 5.1to 5.4, having similar parameters. The comparison
will include the information rate and the maximum length of correctable
bursks.

5.2.1 Product Codes [29,30,51] .
In section 3. 1. 3, it was shown that an (nl,kl,tl) code with t1= (dl-l)/z

and an (nz,kz,t ) code with t_= (dz-l)/z can form a product code with

2

parameters (n n klkz ,t), where t= (dldz-l)/z, and that this code can

correct all burat error patterns of length b= max(nltz,n t.} or less

21
We will now show, by means of three examples, the comparlson
between the number of error patterns guaranteed to be correctable by

interleaved codes and by product codes of similar rates.

]
]
t
!
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E:xa.mple 5.6

Consider the (105, 28) product code formed from the
(15,7,2) and the (7,4,1) codes.

We have d1 =5, d2= 3, and hence, for the product code
t=(5x3-1)/2 =7, and the burst correcting ability of the code is
b = max({15x1, 7x2) =15. |

The number of random errors, ER' correctable with this

code 18 gwen by

-

7
E_= > (135)=2. 44716017x10™°
i=1

The number of burst error patterns, EB" is given by [sa]

-+ Ey =2 (eebrlel o) . .
f

Ya05-15+2)-1

14

(92)-1

1,507,327

The total number of error patterns, ETi’-" that the product ‘ .

e MV S

code is guaranteed to correct, is then given by

ET -'-'(E 'fl)(E t 1)1

=3, 688673045x10 16
We will now compute the number of error patterns correctable

by some interleaved codes,

The (15,‘5 3) BCH code can be interleaved with itself seven
times to produce a (105, 35) code, which has a slightly higher rate
than the (105,28) product code. The (15,5,3) BCH code can

correct a total of

i (15) = 575 error patté\yn

Thus the {105, 35) can correct a total of

E.a: (E1+ 1)7-1 = 2. 103572012::1019 error patterns.
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The improvement factor is then Ea/ETP = 570. 28.

Now consider a (108, 28) interleaved code formed by
Qsing the (30, 10,b =10) code twice and the (12,2,3) code four
times. .

_The (30,10,b=10) code corrects ‘ ‘

o o ‘
%«2 = 27((30-104+1)+1)-1 = 11,263 error patterns.
The (12,2,3) code corrects
3 -
12
E3- izi(i ). = 298 error patterns.
Thus the (108, 28) interleaved code corrects
2 4
= €, 1 +1)°-
Eb (Ez ) (E3_ 1) -1 )

— 18
=1]. 014074908x10 error patterns, for an improve-

ment factor of Eb/ETP = 27.49.

Example 5.7

The direct product of the (15,7,2) code with itself is a
| (225,49) - product code. We have d1= d-z =5 and hence
t = (25-1)/2 =12 and b=30.

The code guarantees correction of

12
1
E (2,25) = 2. 761610207x10 ? random error patterns
i=1 *
and

1
229(197)—1 = 1. 057635697x10 burst error patterns.

Thus the total number of guaran{:eed correctable error patterns
is 2. 9207"'175353:1030 . .

If wé interleave the (15,7,2) code with jtself 15 times, we
obtain a {225, 105) code which corrects ‘

12115—1 =1, 744‘3‘4022.7x103l error patterns.
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Thus the improvement factor is 5.97, and the interleaved code
has a rate, k/n, whic:h is ynore than twice that of the product
code. Both codes correct bursts of ]‘;ength 30 or -iee.ﬂ\.

. If we interleave the (15,5,3) code with itself 15 times, the
resultant code is a (225,75) code which corrects '

‘576,15—1 = 2. 548808762:\:1041 error patterns. i

In this case, the improvement factor is 8. 73x1010, and the
interleaved code has a rate more than 50% higher than the product
code. The interleaved code corrects bursts of length 45, which
is also 50% longer than the product code is guaranteed to correct.

If we iﬁteflea.ve the (50,30,b =10) code with itself twice

" and with the (15,5,3) code eight times, the resultant is a.

(220,100) code which corrects

(29(50-101-2))2(576)§-1 5.6 2970942x103g\_e/rror
patterns. The improvement -factor ig 1. 92, and the rate is more
than twice that of the product code. o

One might think that this code is inferior to then(lS,?,Z) code
used 15 times as. the ratea‘ are about the same and the improvement
factor is smaller. However, the (15,7, 2) code, interleaved 15 ‘
times, can correct bursts of le'ng(:h 30 or lesls., while the code
just discussed can handle bursts up to length 44. Thus the choice

of code w0u1d depend on the channel characteristics.

Example 5. 8

Consider the product code formed by the (7,4,1) code used
twice. The result is a (49,16) code which corrects four or fewer
random errors and bursts of length sgy_en or less. The total

number of gua.ranteed correctable error patterns is given by

6 49, . _
ET\P (2% (44))( iz=1( 7))-1 = 651,977,215,

!
*,
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The (45,15, ) code formed by interleaving the (15,5, 3) code

three times corrects .. '
5763-1 = 191,102,975 error patterns,

and the improvement factor is 0. 29, and no longer represents
an improvement. ’ | ' ' N

I we interleave the (12, 2,3) code four times, we obfair.; a
(48, 8) code which corrects 2994-1= 7,992,538,800 error
patterns, for an improvement factor of 12. 26. However the .
interleaved code has a rate that is only abou£ half that of'the/\_ .
product code. The interleaved code corrects bursts of ler{g/th égj

12, compared to only seven for the product code.

These exampleg.abow that, if the product code is long enough
‘that a similar length code can be constructed by interleaving many short
. codes, then the interleaved code can exhibit a large improvement ‘
factor, even if the interleaved code has a considerably higher rate than

the product code.

The last example shows that, if the product Acode is fairly short,
and hence onlly a few codes can be used in interleaving \5. code of similar
length, then either the improvement factor tends to ‘t.:oe less than one, or

“the interleaved code tends to have a lower rate.

It must be pointed out here that the decoding process, that enables
a product code to correct up to its guaranteed ability is.cornplex. What
is usually used is a probabilistic decoding scheme that will not correct
all error patterns of weight (dldz-l)/z, but will correct many patterns
of greater weight.

The actual number of error patterns that c;_.m'be corrected by a
product code depends to a large degree on the decoding technique used,
and, in fé.a';:t, will probably be higher than the figures computed in the

examples.



- 70 -

We cannot, therefore, conclude from this study that interleaved
codies are better than product codes. In order to make this counclusion
-3t would be necessary to calculate the actual number of error patterns
correctable by a product code for the best decoding: schehe available,

and then see how the interleaved codes compare.

Since the examples indicate that the improvement factor is
favorable only for comparitwely long codes, the calculation would be
extremely tedious and would consume much computer time. ‘ i

I{ ":5 er, we can say, as far as guaranteed exror correction is
concerned that long. product codes do not seem to be as good as inter-
leaved codes. We also point out from [29]-, that for a BSC, if one
code has error probability £ (p) and another f (p), then their product is
capable of decoding with probab111ty of error no greater than f2 {p))-

For the same channel, an interleaved code would have error

probabﬂlty f(p)= £ (p)+ f (p) In general, f (f (p)) <f (p)'l'f (p) and

thus the product code ha.s a lower error probab:.hty than the inter-
leaved code, provided that both codes are constructed from the same
component codes. - However, in such a case, the product code would

hafre a rate much lower than the interleaved code, ‘s0 that we cannot say

v
1
H
A
1
1
]
o+
+
H
¥
1
|

that the product code is superior.
5.2.2 Concatenated Codes ' ‘

In seq,t:.on 3.1.3, concatena.ted codes were introduced. Now we
will treat these codes as we did the product codes; that is, we will form
some concatenated codes of lengths ands rates comparable to some
-interleaved codes, and then compare the total number of correctable
error patterns for both types of codes. .

Following Forney [32) , we will use Reed-Solomon codes for the

outer codes and binary BCH codes for the inner codes.

A
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In example 3. 4, #oduced a (105, 28) concatenated code, which
used the (7 4,1) BCH code as ah inner code and the (15,7,4) R. -S. code

over GF(Z ) as an outer code A codewm:d of the (105, 28) concatenated
code thus formed consgists of, in bmary form, 15 7-tuples, each of

which are codewords in the (7, 4,1) code When these 7- tuples are decoded
into 4- tuples, which are then symbols from GF(Z ), the resultant is a.
codeword in the (15,7,4) R:S. code.

' - i
A concatenated code can correct error patterns that are distributed

in such a way that, after the inner decoder has operated on the codeword,

the remaining errors are confined to faor fewer symbole, where t is the

-

number of errors correctable by the outer code. /

We will now investigate the actual number of error patterns that such a

. .
code can correct. We will derive a general formula for the number of error

. patterns guaranteed correctable by a concate'na.t.ed code and then apply the

formula to some specific examples for comparison with interleaved codes.

Consider a concatenated code formed from an(N,K,t.l) outer code over

GF(Zk) and an (n, k, tz) inner code. The outer code corrects t] €xrrors;

therefore the inner code must cor;:rect all the errors in (N- tl) of the B tuples

maklng up the codeword The remaining tl n- tuples can have up to n errors as.

these will be seen as single errors by the outer code. A smgle codeword of the

inner code can correct & error patterns, where e ig given by:
¢ : .
n
e = E - )
il 1
and N- t1 of the n- tuples must contam el or fewer errors.
The total number of correctable error patterns is gwen by

( )(Z (“))tn(zl M e, +0h) -1

N ?3 li.-O



k)

- \% - '72 - |
Example 5.9 - 4 ' o
Consider the (105, 52) _code foymed by the concatenation of the (15,13, 1)
( Reed-Solomon code witlytt (7,4.,:1) BCH code, For this code
T 14 A
_ .15 7 : v 143 - - .
.ETCr—((1)>_ (i))( < (i)s)-l |'~
- i:j 1= 1 .
' L - 16 o
—~ £ = 4,392344151x10 o .
A E ' : . B
The (105, 35) code formed by interlea.vix{g the (15,5, 3) code with itself 7 '
, times corrects 2, 078140532 x 10 19 error patterns for an improvement factor of . °
\ 473. 13 In addition the concatenated code, while it corrects some bursts of :
length 8, is only guaranteed to correct bursts of length 3, while the mterleaved :
{
code handles bursts of length 21 or less. ’ —
. The (105, 35) code formed by interleaving the (30,10, b = 10) code twice
' with itself and three times with the (15 5,3) code corrects 2. 424670539 x 10 16
error patternﬁé. The 1mprovement factor is less than unity in this case, but 3
‘the interleaved code will correct bui'sts of up to length.29. |
» . e e _ e ”-,
Example 5.10
Cons1der the (105 44) code fori‘ned by concatenatmg the (15,11, 2) R S
code wlth the (7 ,1} BCH code For this code ' '
: o 15 % 7.2 < 13 i "
r = 8 - ‘\
’) - ETC ((2)(_5 ) )(E__f,(i)‘t)’._l, . <
‘ - T oi=0 i= 1' .
Sk
: 18 P
. =4, 372822622x10 :

Y ' - . ) ’
' .

. . ! ‘ . l

" _We compare this with the (135, 45) code formed by interleaving the (30,18, b=10) -

.'w1th itselftwice and )w1th the (15 5, 3) code five times. This gives almost the
g .

Ve same_ number of 1n£orma.t1on symbols "bHt at a lower rate This codes corrects
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o P, 21 '
(11, 264) (576) -1= 8,044474896 x 10 “" error patterns for an improvement

factor of 1839. 65. If the (15,5,3) code is used 4 times 1nstead of 5, the inter- '

leaved code corrects 1. 396610225 x 10 19 error patterns for an 1mprovement

~ factor of 3. 19.':

e

Example 5.11

Consider the (279,115) code formed by concaténating the (31 23 4)
R. -S. -code over GF(Z ) with the (9,5,1)'BCH code which is a
shortened version of the (15‘; 11,1) code. For this code

' 9 21 ‘ "
- 31 9.4 27, i
Bpg = (N3 0D (5, ((noh -1 -
i=0 i=1 v S
43 ’

"= 2,919x10 :

’

The interleaved code formed by using tlhie (15,5, 3) code 19 times is a :
(285, 95) code which corrects bursts of length 57\o\less It corrects a

total of 2.80561 x 10 52 error Patterrrs for an improvement factor of

9 6 x 108 The interleaved code formed by using the (30,10, b=10) code
three times and the (15,5, 3) code 13 times is a (285, 95) code which gorrects
bursts of length 69 or less and a total of 1. 0979188 x 10 el:ror patterns for

4
an 1mprovement factor of 3 76 x 10

The interleaved code formed by using the (28,14, b~ 7) code three t1mes and
the (15, 5,3) code 13 times is a (279,107) code which corrects bursts of length
60 or less and a total of 2. 4452896 x 1045 error patterns for an improvement
factor of 83,77, “‘The concatenated code can correct édme bursts of length 37,

T

but is only guara.nkd to corﬁect bursts of 1ength 30 or- ‘less.

The number of _corre,g:table error patterns for concatenated codes seems

to increase dlowly with the value of t for the outer code and rapidly as the

length of the code increases; that is7 as the order of the Galois field increases. -

é
]
|
1
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The long code can be compared to an interleaved code formed from rnany
short component codes. As we have noted in the precedmg section such an
interleaved code is capable of correcting a great many error patterns.

The preceding examples indicate that, at least in some case, interleaved
codes can have a greater guaranteed error correcting ability than concatenated
codes. . )

In the examples we have considered Strictlly algebraic decoding. Arnother
decoding technique, called generalized minimum distance (GMD) decoding has
been devised [52] which combines some of the advantages of algebraic decodi:ng
with the extended power of probabilistic decoding.

With this technique, each received symbol , T is assigned a value
(0 or 1in the binary case) and a reliability class, Ci’ which-indicates how
sure the receive'r is that the assigned value is correct. With each class one

associated two parameters B . and B_. such that 0£B .,£B .%1, and the
c1 el Cc1l el

weight of class C, is given byet, =B . - B ..
. i i ei ci

Then the generalized die;t:::;.m:e‘IDg (r, f),between a received word r and
a codeword f is defined as
D (x, ) I ICY
i=1 .
where

(r.,.f)= Bei , r = £ .and r_ in C,
i’ . i, i i

Bei, r, #f andr inC,
i i i i
If 2 word f from a code with minirfum distance d is transmitted and

the number of symbols received correct y'(ri= fi) and pu