DETERMINATION OF STRESS DISTRIBUTION IN A TWO-DIMENSIONAL
BODY WITH AN ELLIPTICAL INSERT FOR PLANE STRESS

CONDITIONS UNDER UNIAXIAL TENSION

By

Krishan Lal Kumra

Submitted to the Faculty of Pure and Applied Science
of the University of Ottawa
in partial fulfillment of the requirements
for the degree of
MASTER OF APPLIED SCIENCE
in Mechanical Engineering

August , 1969

@ rishan jal fumra 1970



ACKNOWLEDGEMENT

I express my deep sense of gratitude to Dr. Adolph Feingold, and
Dr. Bilgin Kaftanoglu, under whose sﬁpervision this work was carried
out, for their personal interest, valuable suggestions, critical dis-
cussions, and iiluminating remarks at every stage of the work.

I am grateful to Dr. Feingold for the award of a Teaching Assist-
antship and especially for the hours he so willingly spent with me.
Sincere thanks are also extended to the National Research Council of
Canada for the financial support of this project, to the persognel'of
the Computing Centre and Physics Department Workshop of the University
of Ottawa for their ‘co-operation.

The help and encouragement for the completion of the thesis, from

my colleagues, Mr. K. G. Gupta in particular, is'gratefully acknowledged.

(1i4)

18—

A



ABSTRACT

The stress distribution around a centrally located eiliptical
insert of different material in a plate of finite width subjected to
uniform axial loading is investigated in this thesis.

A computer program for the numerical solution of the probiem
is ptesented; It was found thét'a solution can best be ar;ived at
using the finite - difference method. Experimeqtal resﬁlts were
obtained by means of photoelasticity. Stress distributions at-the
boundaries were found for a wiﬁe range of para@eters, such as il
different ratios of the moduli’of elasticity, E , of the insert and
. the parent material; widths of the models; and different shapes of
the -inserts. Stress concentration factors wereicomputed fer the points
of maximum tensile stress. The results were compared with those ap-

pearing in the existing literature.
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NOMENCLATURE

Number 1 refers to the insert and number 2 to the parent material.

A Width of the specimen

B Length of the specimen

Ax ‘Cross—sectional area of the specimen along x-axis
Ay Cross-sectional area of the specimen along y-axis
2a Maximum dimension of ellipse

2b Minimum width of ellipse

f Material fringe value |

[ Standard horizontal step

C(s) Standard vertical step

H Modulus of elasticity of the insert

Modulus of elasticity of the parent material

Modulus of rigidity

> Otsi

Thickness of the specimen

vi Poisson's ratio of the insert .

v2 Poisson's ratio of the parent material

X,y Rectangular coordinates

4,m Direction cosines of outward normal

oxx’oyy Normal components of stress parallel to x and y axes
‘xy Shearing stress component in rectangular coordinates
R..P Principal stresses

Px’Py Applied loads‘in x and y directions

Tx,Ty Applied shearing forces
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Total stress on a plane

Normal stress on a plane

Shear stress on a plane

Compﬁnents of displacement.

Unit elongations in x and y directions

Shear-strain component in rectangular coordinates
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1. INTRCDUCTION

Engincering profession continually strives for improvement of
.detailed'design. The consequences of failure of parts vary from the
cost of replacement and loss of ptoductive time to thg more serious
accidents involving loss of life. Failuresare seldom due to faulty
material; experience shows that corrective measures usually involve
a design modification.

The elementary formulas used in design are based on members
having a constant section or a section with a gradual change of
contour. Such conditions, however, are hardly attained in actuél
machine parts or structural members. The presence of shoulders, holes,
grooves,keyways, threads, etc. - or a discontinuity éf properties at ,
the surface along which two different materials are bonded - result
in a modification of the simple stress distributions. Consequently,
localized high stresses are generated at the discontinuities. This
localization of high strésses is known as stress concentration.

By studying stress concentration factors and evaluating the
influence of various geometrical features much can be learned about
the ways to produce designs which will be superior from the standpoint
of resistance to repeated loads. An intuitive feeling for the relative
severity of stress raisers is helpful to the engineer in making
preliminary comparisons of design alternatives and in interpolating
or extrapolatiﬁg from available information in order to foretell the
stress concentration in a similar, but somewhat different case.

In this investigation, the influence of the ratios of E and v

and. the shape of the insert in a finite body on the stress concent ra-



tion at the boundary between the insert and the parent material
was studied.

Considering the complexity of the problem, it was decided that
numerical analysis technique of finite differences would be best
suited for solving the biharmonic equation V"d"-'— 0 for the present
case, in order to get an overall picture of stress distribution. For
experimental analysis, photoelasticity method, which is very useful
in determining peak stresses at the points of abrupt changes waé
adopted. A highly sophisticated photoelastic polariscope was used. ' q!l
The principal stresses were separated by the shear-dif ference method. h
The modulus of elasticity of the spécial plastics used in these
experiments varies from E= 1900 psi to E=349000 psi. The use of
metallic inserts extends the range of E to 30,000,000 psi in the
case of steel.

One material was embedded in the other and special cement was

used in order to obtain a perfect bond. The specimen was then placed in

the polariscope. As load was applied to it, the lines of stress between the

two materials were projected in vivid colour on a circular screen

ten times their actual size. Photographs were also taken of the
projected lines for future reference. Readings of isoclinics and
isochromatics were taken for the purpose of determining the overall
stress distribution and in order to calculate the stress concentration

factor.



2. LITERATURE SURVEY

The literature was surveyed completely for the study of stress
distribution in a two-dimensional body with a perfectly bonded
elliptical insert for plane stress conditions under uniaxial tension.
The problem pf stresses around holes, keyways, grooves, etc. has been
extensively treated in the literature. On the other hand, comparatively
little work has been done on the problem of stress distribution around
an inclusion in a body under tension which is of considerable import-
ance in many practical cases.

Using photoelastic method Durelli, Parks, and Feng (6)* analyz;d
the distribution of stresses around a centrally located elliptical .
hole in a plate of finite width subjected to uniform axial loading.
They have given the results for a wide range of parameters such as
the widths of the models and the ellipses. Unlike the present inves-
tigator, however, they have used no inmserts.

In 1938 Thibodeau and wood~ (19) analyzed the stress around a
rigid circular inclusion in a very soft rubber sheet by photoelastic
method. In this report the value of the moduli of elasticity E and
Poisson's ratios v of the insert and of the parent material have not
been specified.

Donnell (4) determined the stress distribution for the case of
the elliptical inclusion in an infinite plate. He plotted results for
ratios E1/E2 smaller than one and for different ratios of minor and

major axes of ellipse.

3
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No published work is available which takes into account the influ-
ence of the ratios of E or of v on the stress concentration at the
boundary between the insert and the finite‘pafent material. Also, no
attempt was made by any of the previous workers to relate the stress

concentration factor to the change of shape of an insert in a finite

body.



3. PLAN OF PROJECT

The proiect consists of the theoretical and experimental study
pf the problem. A brief outline of these two parts follows :
a) Theoretical Investigation

An attempt was also made to solve the problem theoretically. Due
to the complexity of the equations involved in the solution, it becomes
essential to rescrt to numerical methods.Finite difference technique
was used for solving this problem. Because of the geometrical and
loading symmetry about the coordinate axes, it was gufficient to con-
sider only a quarter part of the specimen for analysis. A comp&ter'
program was developed to generate and solve the resulting system of
finite difference equations.
b) Experimental Investigation

The problem basically is the study of stress distribution around
a centrally located elliptical insert of different material in a plate
of finite dimensions undér uniaxial tension. Photoelastic technique
has been used to investigate the problem. Shear difference method was
aﬁplied to analyse the state of stress completely at any arbitrary
point. The influence of the ratios of moduli of elasticity, E , of
the insert and of the parent material; and also the variation of the
geometrical properties of the shape of the insert and the specimen
has been studied.
3.1 Theoretical Investigation

The analytical solution of the problem gives rise to complicated
expressions and at a certain point, the use of numerical methods becomes

inevitable to reach the final results. Therefore, it was found that
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in this case it was better to use an all-numerical method from the
very begining. The details of this numerical technique are discussed
here in detail.
3.1.1 Derivation of stress function

Usually problems involving theory of elasticity require deter-
mination of the state of stress in a body subjected to the action of
given forces. for the solution of such problems it is necessary to
solve the differential equations of equilibrium along with the compat-
ibilty of deformation and boundary conditioms.

Neglecting the body forces, the differential equatiqns of equi-

librium for a two-dimensional problem, in Cartesian coordinates are

oXx 2y
o0y, + O Txy — 5 )

oy 9Xx
These equations must be satisfied at all points of the body.
The stress components vary over the entire area of the body in the
x and y directions. At the points a?jacent to the boundary the stress
components must be such as to be in equilibrium with the external
forces on the boundary of the body, so that the external forces may
be regarded as a continuation of the internal stress distribution.

Equations (1) and (2) contain three unknown stress components

0,0 »T__. The problem is statically indeterminate and in order to
xx’yy X



obtain the solution, the elastic deformation must also be considered.

For a two-dimensional plane stress problem the three strain-displacement

relations are,

ou ’
e = —_—

e 5% (3)
eyy = g: (4)
exy = 9% + oy (5)

oY ox

Where u and v express the displacements in the x and y directions
respectively. Since these three strain components are expressed only

by two functions u and v , they cannot be taken arbitrarily and there
exists a certain relation between the strain components. Differentiating
equation (3) twice with respect to y, equation (4) twice with respect

to x, equation (5) once with respect to x and once with respect to Yy,

and simplifying these we obtain

2 2 2
9x dY oy ox*

This differential equation is called the condition of compatibility.
Using Hooke's law, the stress-strain relations for a two-dimen-

sional stress field are written as follows :

€xx = __'ET-(O'xx - D U:Vy) | ™
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Cyy = _%_C Goy — 2 a;cx) (8)
Cxy = 2(140) Tzy = Ty )
E &

Substituting equations (7), (8), and (9) into (6) and simplifying,

we get the condition of compatibility in terms of components of

stresses as

Thus the two-dimensio

nal problem of determining the state of stress

in a body under external forces reduces to the solution of equations
1) , (2), and (10) with the given boundary conditions.

Let the solution of the above problem be given by a stress function

¢(x,y) . The function ¢(x,y) satisfies equations (1) and (2), if

g
Oxx = CR (1)
== Ty
-3 .
Oyy = ——g—f;—— | (12)
X
T - 2 ¢
xy -~ -3% 3y | 13)

This gives a variety of solutions of the equations (1) and (2). The

true solution &(x,y) is that which also satisfies equation (10). In
order to simplify the mathematical problem, equations (11), (12), and

(13) are combined with equation (10) to yield,

y Y Y
¢ o ¢ 2¢
——e be TS I -
3= -+ 5x2 35% -+ g o) (14)



Symbolically this equation is written as
Yy
ve =—= ©

Thus the problem has finally reduced to solving equations (14) with

the given boundary conditions.

3.1.2 Boundary Conditions
Equation (14) is to be solved for two sets of boundary conditions
given below :
External Boundary Conditions - These are obtained from the loading
conditions stated in the problem.
Internal Boundary Conditions - The perfect bond between the material
and the insert gives rise to these

boundary conditions.

3.1.2.1 External Boundary Conditions

The specimen under consideration is loaded with uniform forces
Px R Py , Tx , and ’1‘y as shown in figure 1.

The values of funct’ion ¢ at the boundaries in terms of the known
stresses are obtained as follows.
The direct stress Oyy in terms of function ¢ is given by equation (12)

on the boundary y = & Bf2 the condition which the stress must satisfy

is,

/ .
_R —_ Jyy (15)

Tyy A
b

T8
2

By successive integration of equation (15) with respect to x, we get

/
o = Ty x 4 CI (16)
o Jn ol



AT

FIGURE 1
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P = TGy x + axX + c2 an

Because of the symmetric nature of the problem Cl1 and C2 are constants.
The shearing stress 'rxy in terms of the function ¢ is given by equation
(13). The shearing stress on the boundary is designated by Tx,y .
Integrating equation (13) with respect to x , we get

/7
o = — Txy * + C3 (18)
oYy :

Similarly, using equation (11) and denoting the normal stress on the

boundary x = A/2 by Q':‘x , it follows that

/ 2.
Txx = ———-—B: = ——‘34: (19)
Ay dy*
/ .
-—g—;—'t— = Txx Y -+ -CH (20)
/ 2 (21)
¢ = TexL 4 CHY +CS

Proceeding in the same manner and specifying the shearing stress on
'
the boundary by Txy we get after integrating equation (13) with respect

toy,

o

2

P .
— Txy ¥V + CS6 (22)

Since the stress pattern is symmetrical in all the four quadrants ,
it is sufficient to find the stresses in only one quadrant. Considering
the portion of the specimen bounded between the positive x and y axes,

the following relations hold good.
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(d?)x:o-sn (¢)9= 058

clel = (0 |
(8x: x = 0-5A %}9: o058

(acp - [2¢
oY x=05R Yy y=o0:58

Also because of symmetry, at x=0, %‘% = 0 and at y=0,

(23

(2 4)

(29

-§$=0-
y

Therefore, from equation (16), C1=0 and from equation (20),

C4=0. The constants C2, C3, C5, and C6 are obtained from equations

(23), (24), and (25).

From equations (16), (22), and (24) we get
’ ’
0.5A Gy — — 058 Txy 4 C6
From the above equation we write
/ /
C6 = os5( ATy 4 B Txy)

From equations (18), (20), and (25) we get

/ ’
— 0.5A Txy 4+ €3 = 0.5B Uxx
From the abcve equation we write
/ /
c3 — os5( BOry + A Txy)

From equations (17), (21), and (23) we get

/

em—

2

4 2
Gy @5A) 4+ c2 = = (058) 4 C5

(26)

(27)
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The stresses being second derivgtives of stress function ¢, they

are unaltered by any arbitrary choice of constants C2 or C5. Hence we

set C5=0;. Therefore, from the above equation

P 2 P 2
C2 = Uxx o0.25 B — yy 0.25 A
2

2
Substituting these values of the constants in egs. (16), (17),

(18), (20), (21), and (22), we get

/ s Ve 2
d = %y x* 4+ %=x 0.25 B— %%y o.25 A (173)
= L2 2
/
?_.__- = Qyy * (16a)
22X
od d 7 o.58 +’F‘:, 0.5 A (18a)
= — Ixy x + %x
=)
s 2
Cb == Jx x 3 (21a)
2
- - s
34> J— ’rxy vy 4+ 0.58 Txy -+ 0:'5 A - o-yy (20a)
B
?_9)_. = U?z/x Y (22a)
2Y

Thus, the function & 1is completly defined in terms of known

stresses at the external boundaries.
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3.1.2.2 Internal Boundary Conditioms

In the specimen when it is loaded, the amount of normal stress,
shear stress and displacements along x and y axes experienced by the
insert and the parent material at any point along the interface is
exactly the same. This is due to perfect bond between them at the
junction. Denoting the insert by subscript 1 and the parent material

by 2, the four internal boundary conditions are written as :

Normal stress : G, = G-, (28)
Shear stress : Ss), = (Ss). o
 Displacement along veaxts - w), = W, (30)
" pisplacement along y-axts 1 (V), = (), 3D

The expressions for the normal and shear stress at a point on a curvi-

linear surface which is specified by the direction cosines (L,m)

are
and
Ss — Tuxx L — OJyy Lm _ Txy(lz“' m—,z_) (33)

Using relation (32) in equation (28), and (33) in equation (29) we get,

(), £ +(%y) ™ + 2 (=g, L

= (crrx)zf + (0_992 - 2 (T’“Dz L (34)

and
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@) L™ — @y, L™ - (T=y), U= =)
= @, L™ — (@), L™ - (=), (* °,,,,z) (35)

Multiplying equation (34) by (22- m:.) and equation (35) by 24 and

adding we get
(‘r:cx), ( 1"— L;‘mz-i- 2 l""ﬂj &+ (@y)' ( lz?n’— ’mlv- 3 "xmz)

4 a2 2 2 2 a 2 4 2
= (@) (L- L™ + 2 L) 4 (gug), (= = = 2 L77)
Simplifying the above equation, we get

(%), mt— (), I = @), ™ — Oz, ! (36)

Substituting for 0x. and dy, from equations (11) and (12), we have

l( asl-) (363

C) (a‘¢ (
'ax’ ! ay*

To express this equation in a finite difference form, we refer
to figure 2. This figure is the network of the points used for this
conversion. The quantities & and C(8) represent standard horizoantal

and vertical step length respectively.

Thus equation (36a) is expressed in finite difference form as ,

—
2| $i(1-2,7) T e+ L) DICD
S kT m4y - S s 3
L : ]
B N
> | P (I,T-2) Yy, di1ED
- r,JT-D — )+
L m3(s? my - C =3 73
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— | = —¢2(1+2,:r) - h2(T+) 7)C—'o-,;,+ ”—:u—)+ ¢2(I,J_)—}
- ~m2( §%) P —
_ L o - .|
z- _'_,.. cbé(:r, 742) — 2(Ty J‘—H)C =y ,,,,) + ¢2(I_)-
- m (<) oy _ T
T — |

The coefficients m4,m3,m2,ml,n4,n3,n2, and nl allow for the local
variability of steps due to the boundary crossing the standard network.

Combining the coefficients of ¢2(I,J), and rearranging we get

2 2 2 2.
2(I,7) = 1(z,7) iy — LD (D B

m (@n:)(?”za

6m3)=— D~ L @n:_)"(¢,(;;2’3) - ¢! CI—"J)C?',T:,"*—;:”—;)) ‘

2 Q7n25a§n251 J- ) 4t
T @D D Lgm)’ Cd:'(jq 2 - (5T >)

- m~ (nnz)(mz) (¢2(I+z, 7) _ 4;2_(1—*—:,:;’)(—-— + 1o D

™2 ap*(m2)- = LT m2)

+ l?- Sgnifén;f

I4
‘
s

TR v Sy v C<P1(i::l’+2-) - 4;1(1,349(7;7.24-_'5’.')) (37)

O £
(S0 W

ar wc have used only the boundary conditions for the stresses
at the interface ( equations 28 and 29 ) and arrived at the relation
between $1(I,J) and ¢$2(1,J). Now we proceed further to use displacement

boundary conditions at the interface ( equations 30 and 31 ) along with
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q— —

> V[ paczea, ) — P2l D5 ,,—,',z—)+ >2(T,37)

ot o X
™AE) wn m2

I
3

L ®2(5D| |
_ || 2r@mmn - erm TG w227

| | i

L

The coefficients mé4,m3,m2,ml,n4,n3,n2, and nl allow for the local
varjability of steps due to the boundary crossing the standard network.

Combining the coefficients of ¢2(1,J), and rearranging we get

2 1,7) = bi1(5,7) oy LD (D 02
1 - ’
T ak P2 X at P2 6?’3)1€b3)l' 4"’(?%5;-[ﬂ5102fl

m anlfk?”z)z : ) :)
bi( 1-2,7) - #1(z-1,3)( L +-1)
-+ (,’”3):. ”’71@71)1—,[2@72)2' ( Cfmq C C'h’ll m3 ‘

2

L (rmz)zCrnz)z C $1( I, 2 _ 4>|(I J'~|)(._.. + v))
"y

T @3> ™Dt LGn)t

m? (m)c”z) ("2(“’-"3 - ¢7—<I+”’)C*m+4"?ﬁ))

m2z o,y sz) [ mz

a 2 a
L m») ) C 2( T, T+2 .
+ ma ,,”2.0_’72)2_ 12(07,27;_ $ (‘”: ) - P2 CI, J'-O-QC—;)—Z-G-.%;')) (37)

So far we have used only the boundary conditions for the stresses
at the interface ( equations 28 and 29 ) and arrived at the relation
between $1(1,J) and $2(I,J). Now we proceed further to use displacement

boundary conditions at the interface ( equations 30 and 31 ) along with
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the known stresses on the external boundary to obtain the other relation
in ¢1(1,J) and ¢2(1,J).

If the nodal line parallel to x-axis crosses the boundary, we
utilize equation (30) i.e. (u)1::(u)2 to obtain the relation between
¢l and $2, and if it is parallel to y-axis, we use equation (31) i.e.
(v)1==(v)2. This would give us two equations with two unknowns. Solving
these two equations we get ¢$1(I,J) and ¢2(I,J) separately.

First we consider a point at the intersection of the internal
boundary and the nodal line parallel to x-axis : Starting from point
O in figure 2 where the displacement u is zero due to symmetry. The
displacement at different points along x-axis are calculated using
stress-strain and strain-displacement relations. Five-point Lagrangian
method is used to calculate 3u/3x at the external boundary point P4
and is then equated to 3u/3x obtained from the known external boundary
conditions.

From equations (3) and (7), we get

— _ou !
€xx = 2= = '1§‘<: T — 9 0;3.)

The number of mesh lines between any two consecutive points Pn

and P P is left completely arbitrary at this stage. These will

n-1 °F “nsl
be fixed at the time of numerical computations. As suck, figure 3 is
only partly representative of the actual grid-work. Making use of the

mesh size shown in figure 3 and considering the variation in the defor-

mation function as Su, we write

su - _8x (0, - D Ty ) - (38)

— X X

E
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In figure 3 the mesh size is varying from point to point. The
point PO which is also the centre of the specimen is located at the
origin of the coordinate system.

Displacements at points PO, Pl, and P2 are

L)
Wey = e + S 6w
I=t
p2-3
We, = Wo  + :E: ($l¥)1 ill
I=Pl+ '

| )
! ! ! » I — » L 47!(1,3'—') '
+ E mz(s)z [cpl LT e (I J)( mi ' m3) + 3%

] m2 73
(T4, T) _ 1,7)( + L) + bi(EhLI [
- :gr;u@f {§(ﬁn o )(m3 mz w3 |||
L
TatP2

The coefficients m3, m2, n2, and n3 as shown in figure 2 take care of
the variation of step length in x and y directions.

Rearranging, we get

Pl P2-% :

I=) X at Pt E1(8) m2
at p2-1

_mz__ roge) — (T, D +L) + P (27

T E G P1(Er T+D AGIRE A 73
na
L

I at P2-i

E (s M3

— 2| pi(xT-HT) — 4>ICI,~‘T)C-%,7,3+-'—-D]

o
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In order to find the displacement at point P3 which lies in region 2,

we use the displacement boundary condition (‘.11,2)1-*= (uPZ)Z' Hence, we get

P3 -
ez = W2 + S BW:
’ T qt‘P2+|

Substituting for Up, and expressing Su in finite difference form at

a point on the boundary i.e. at I= P2, we get

ol P22 Pz .
Ups = S BW, + 5 6w, + 3 (6,
I= I at P4 1 ok P2+)
M2 | bi(x, ) - pi (T +L) 4 pI(x,7)
E' (s)n2 L ha ’ 7 mé 73
B I at p2-i
_ DICI-1,T) A A
El(S) fm; - cb'(I’"T)C'ma*' ’Mz>
- ' T ot P2-1
- +
T at P2-i
-
' '
2 |
- E: mier | 22D - PUTODCE D) + 20D ’jl a2

Tat P2
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Rearranging, we get

p2-2 P3
oy = 5 6, 45 6w, + 5 6w,
I=t Tat Pt IaI(P2-+')

— —_
+ 22 _ | PI(Z,T+) — PI(T T)C"!iz"' f"_,? + DT,

E, (6)m i Py 3
r —f at P2-1
D] _ ) 1 7]
T TE (S d>'(:n;,3') = P (H IG5+ 5)
‘ S
T ok P2-1
—
_ bt (T+1, T)
E' (s) m
- I ok P2-!
m2 B :
+ W 4;2(_.1:,:72.) - &2(I, J‘-H)C—-i— )
= ‘ T ot P2
D2 B b2 (T+2,7) P2+ 7)(-—'—-}--!—)
— 2 - ? - ma
E, (& p
+ M pa(z,T) _ w2 P2 (T, (39)
E, (8m2 =~ mz E (& ma

T at P2

Substituting the value of ¢2(I,J) from equation (37) into

1 at P2
- 3
equation (39) and putting XX = ( tn2/E2(<S)CnZ)—"‘2/!-32 (6) m2 ), we get
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Pi p2-2 P3
Ups = SGW + S W + > (5w
I=l T ok PI I at (P2+1))

7

T P _ iz, Dz + 550 + ¢nCI,:rJJ
1

”3
' T ot P2-1
Vi S1C -1, D) _ ¢|CI:J)C "mz+ !"’3)
E,CS mg
L
T ot P2-1
Y Pt ( T+, T
E,(8)m2 L
T ok P2-I ‘
ma 1 $P2(x, T+2) P2, T+ ‘)C | IR ) D)
; - ’ K
Eace) ™2 | i |
I at P2
D2 $2C1+42,3) P2Cz+,INL-+ LD
E, (8§D mi
- Y at P2
2 Y 3 1(xr-2 J') '
X amn Cm2)(n2) $ ) - 4,,(1.4,73(_!_. +-1)
+ X (m Cmay= f (D ™3 my s my
xak P2
2 2 2 .
— XX £ (m2) (2) dI(T, I-2) Pi(x, 3‘..;)(_;_,3..._;_72-)
m3 amgmD= (w2 my .
rat P2
. xX m* (ma) @D ®2(T+2,T) 20T+ (L + L 3
M2 api(mDE PE(m2)t am m2z
| Iat P2
4+ XX _l:_ ('rnz)"énz)l 20 L,T+D) 20T, TH)(L ) :
M2 ¥ ma)t L"C’mz);l o m - 7’
2 2 2 I at P2
+ XX - (m3) — gECmD Gma)y &2) e1Cx,7)
m3)* Cnd* an3( m2)*— 1A(m2)?* I at P2
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Displacement at point P4 is

Wpy =

Py. -
Ups S Guw

T ok P34

Since we know du/3x at the edge of the specimen i.e. at point

P4, we now proceed further to obtain 3u/3x from the previously evaluated

d:l.z;placetuem:s.u.‘,0 » Upy 5 Upy » Upg » and Upy e Use is made of the five-

point Lagrangian method in evaluating these displacements gradients.

Denoting the coordinates of points PO, P1, P2, P3, and P4 by x0, x1,

x2, x3, and x4 respectively, the value of function u at any x is given

as Lffllowi. - Xt X - X2 x-—X3 o2 - Y _1 uPO
- on—-xl a0 - X2 0 — X3 x0 - XY
[~ - x0 x-x2 x—23 x - Y _} LLPI
+ Lxl-—.x:o x| —2¢c2 x) - 3 acf ~ XY
~ x-x0 x - 2| x-Xx3 X - XYy LLPQ_
+ AX2L~X0 A | xXx2~X3 Ar- XY
- - (
xX = XOo oc =) x-2 x- xi T w )
+ - P3 :
| X3~ x0 23— x| 23 -xX2 HKa- Yy :
+ B X—-—xo x — X| 22— 22 x —X3 T upl‘
| b AR Vo) xy - x| TY—-x2 XH-x3
_ Differentiating function u with respect to x, we get
Wpo

ou =
( ox (co - x)((x0 - x2)C x0-x3)(X0— XU)

G- xa)x-x)(x-x) 4 (x-x)(=- x)(x-x4) + (%-x)(x-x2)(x-xb)
+ (x-x) (x=-xD(x-=3) 1

+ e
1 -x)(x1—x2)( xi-xXP(x-xl)

Ge-x2)(X-xPCe-x) + @-xJ(x-x3)(x-x4) + (x-xI(x-x2)(x-*4)

+  (x-xc)(x-x2)(x-x3)
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W p2 _
+ "(x2-xo)( xz—xDC x2-x3)(x2-xi) .
(x-x1)(x-x3)(X-x4) + @;_. x0)( X—x)(x-2y) + (- xo)(x-x1)(X-x4) .
4 Ge-xdCox-e)C X XD | |
+ Wp3

(x3-x)( x3-x1) ( X3- x2)( X>-XH)

(x-x)(x-x2)(x-xY4) + (e-xQ)(*—x ’-)Cx—qu)-j-(x—xo)(x-xs)(x-xq)

+ G- 2o - %) (x-x2)

-+ Wy ‘

(xq-xo)( xy-x)( xy-x2)( X4~ x3) A _u
1

(:x.-.xD(x-—x:)(.x—xa) -+ @r.-xo)(x-x:.)('x—xy -+ (x-xo)(x-xa)(x—xs)f
4 Gemxd( xm x) (- x3D) 4

—

The slope du , at P4 is

9x
(au — (xu- x)(xU-x2)CX U= x3) Upo
22X e xu (Lc—x.l)c_xo_.xg_)(m_ x3)(x0~-XY)

+ (xu-x0)( xU—xD)(xYy - x3) Wp,
QL\-—xc)Lxl—11)(xg—x3)(x|_xq)
(xq—xo)(xq—xo(xu—:xa) LLPZ

@C:z-.xo)(.xzm::\)(Ju.—xy(.xz—xq)
+ (cu- x(XU- X)X u=X2) Wps

(ca-x)( 23 -X)(X3— X)X —x4)
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| | - . i ] w
_— —_— S (40)
+[ h-x0 7 xu-xi + X y-x2 + xu-xa] P4

For simplicity let us put

Geu- =) (xu- x2)( X4- >

Lo
Qc.o—xl)Cxo—-xz)(xo—xg(xo_x@
LI = - (xu-x0)(xu-x2)(XU-x)
B (x“'x")(il-Il)(xl—xs)c::i—acq)
L2 — (xL\-xo)Cxt-\—xt)(xli—xa)
(x2-x9(x2-x)(x2= x3)( X2~ XH)
L3y — (ou —xe)(xu-x) (X U=-X2)
= @gg.—xo)(::s—xl)cxg_xz)c;3_xq)
' .
Lu = ! + | —+ {

X Y4-xo0 . xy—xi XYy-x2 xlg~X3

Subst:lt:utin'g Upo® Ypy® ul,z, Upss and u{,a into equation (40),'we ge't

' Pl P
u\ — .
(__a_;) = Loxa) 4+ W S (BW_ 4|L2 E 6w,

=3y . I=\

pP2-2

+ L2 > (Su) BT L2 <bi (T+T)
Tekpi4) * el(s)m T at@2-)
4 Lz _M2 | 4i(T,T+) _ VT, IICE+ LD 4 pr{x,7-1)
T | B - v )
I at P2-
- L2 & 1 (z-1937) — D55 5)
E (& ‘

ot P21
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p2-2
Ph
+ | L3 2 (su) +113>S W — L3 )
=1 Iak @i+ ~m2AEE, Pl ri'qt p2-1

mzCS) E| ma m3

+ L3 T2 [4”( LI+ _ ein (L +L) 4 2l "'{]
x at P21

-3 2 ez~ i€z + LD

EC8) ms3
I ok P2t
+ L3 72 $2C1,7+2) — $2(T,T*DCL + L D
. m2(8E, 2 ma
n
Iatp2a
E, (8 o |
P3 I ak P2 :
+BS 64 4 L3 XX PI(L,3) micmS = L'Cm emz)(m)
¥ ok P2+ 1k P2 ()Y ' (2t L3 (D
) m G )z(mz)z J
+ L3 (XX N2 1(xT-2,7) _ I-1,7 ‘
& m3 M nD= L3 mD* 9;-(—,;"-",—- P Cx-ts )Crms fmq) (
2 2. :
atp2
— 13 () L ) @n2) 1CT,72) _ guc, 70+ T9000
( 73 am an)" ;6”2); ‘P ‘,1; ¢‘C P ) ”3-0' _nq)
I at P2

%X X v (o2 @'73-) . .
— L3CXX) e Conz){ ¢z(;,+z, 7)) _ ¢:.(1:+I,J')C;w- +.27;2)]
I at P21

2 2- .
+ L3CXX) L~ (3 D [cpzc I,T+2) _ o2 CL-”*UC’%"*“ZEﬂ

N2 ) LA )
mi

Iak P2

P2-2

P
+ | WS W, 4 L. E_(SK) +Lu S 60,

T at(P3+) T at(Pl+)

I
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E.(s) na n2

4 Ly [ “"Ct’:’“) — 1@+ ) + 4’_(40';2}

_ X at P21
Ly 2 H(T-HLD o
=5 [: — (x5, + L ,
I ak P2-
]l
E,(8) M2 PCIH Tz ot P2
) ot o )
Ly om2 d2(xT,T+2) _ ;T4 Qo
+ E,(6) M2 [ n;r baCE ) mzzl
' T at P2 ‘
Ko N
- L4 co ¢1(I+1, ) _ d2(+1,7) (L ,,,nz):, ‘

T ok P! CD G et 2| VER,

+ LY 2 Wy +1LYy (xx)['m () — lz(ﬂ’nS) @’5.@12)2 L at P2 i
‘ ] rakf2

2 (
+L|-| ()0{) ‘1 @72) C'"z) 1[¢,£ I—l,’J) _ ¢'QI-" J‘)(J—— -+ ;7-“% ,

m3 ()% f2(omD)

s T at P2

- LYy X Qm)Cm) -

0 M3 an*(ma)= 1@77”) [CN(I - 2>‘ — ¢, 7")<_+7;7-#
TatpPz

r

2 2 2,
- LYy xx)2n__ () (M2 $2(T+2,3) 4+
) ma m‘ém)z—LZC"n@a"L_ 2{fn-u 22 _ $a(rh Do +fm1>

C _ ' xatez
L an> Qyng) ’”%)
+ Ludxx) . P (D) 4”'(:"7"'2) — ¢2(x, T+ rnzﬂ

— Jat P2

From equations (3) and (7) the slope at P4 is
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(%Dx—xq —_— —'E_;_ (_O;x — Ua 0'9&)

In this equation Orx is known directly from the boundary conditions

and we express cyy in terms of stress function ¢ to obtain,

au N /o J 2
2= = L O — 2 29
('ax x=3xH E. Ea C ;;s)xqu

This appears in finite difference form as

’ Da Epzcx—z,;r) —2¢201-,7) + ¢2( I, ) C42)

2x x=xH4 Ez Ex (Ni)"
The coefficient, say AX, of ¢1(I,J)I at P2 in equation (41) is Tatfy ‘
2 2 2 2 2 2
AX =_" C Lz+3+L9) — (L3+L)(XN) or(mH-L(mD) (D @ &
E,(8) mz2 (’mz)"@n;)z on"(mz)z—;"ém)z :

Comparing equations (41) and (42), we get the value of the function ¢

for the region 1 at the boundary of the insert and the parent material

w5 P NL N G

as
1 CT,T) = 1| (5u L4+ L2+L3 4 Ly)
¢ Itz A X ( >1 C
p2-2 P3
+ E(su)l (La+L3+Ly) 4+ = €W, (L3+L4)
T ol Pl+1t | T at(P2+)

P
L W) _ (Lz-+L3+ly) 2| £G-6T) (e +
s> € )r )E,(s)[ m3 USSR R

I ot (P3+1)
I at P2—-1
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[ U]

2 .L Mz [ T+1) s )
+ L2+ L3 +Lu) l—da»cr, +) _ (5 50+ (LT

E,(8)m2 ma 73
" I ak P2-1
m2 P2 L,T+2 ) :
+(@Q3+Luy NOLD l_ 2C —n’; ) _ ¢2(x, T+0(%; +50
Iak P2
_(L3+Lu) Pz __ 2. T+2,T) R I
. ¢ ) E>C8) [ °'m’ — #2(@HIIm+ 55D
. 2 2 rat P2
m2
+L3+L) (xx) = S';"ft)m){_ pare ¢l(;t;:,:r) _ (L)
I at P2

_Er)eo L (i & {4’:(:73-2) _ H@TX i ‘

lm’(‘hl)".. L"Con 2)2- mYy
Tatf2 |
2 @2)2(012)2 E
- (L3+L x) 2»
Iatf2

ma anﬁcnzgi_‘zﬁfvnifl

2 > x
A @0 £ &2 E [4,1@:,:”12 _ #2300 5)
el

T atf2
’
- —_ I-1,7) + $2( X,3)
_ :_: e 4+ :ermct 2,7) —2¢2(X-h CX, o
2 Ezl_ (AH)"
’r atPY}
found, then $2(I J) is calculated

Once ¢1(I,J)I at P2 is

with the help of equation (37).
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Proceeding as before an equation similar to equation (43) can be
obtained for a point at the intersection of the boundary and a mnodal

line parallel to y-axis. This yields the following equat:lon.

P! CI’J):rqtnz = Z GEW, (M+m2+mM3+ mMy)
I=i
R2-2
+ =X Ew,(M2tm3imy) o 2 (sw), M3+ my)
T ot R+ 7 ok R2+
RY
-+ ™My 2 LSU)J.
Jak R3+1
+(M1+M3+ Ml“)m[d”gi:"j) 4"CI>7)Com, 4"3) + M
Jat R
— (M2+m3+ My o ST, T _ 1 (55 + ) W
' E|C8) "3 ‘
7 at R2~)
M3+ My) 72 ¢2(T42,7) _ 2@+, L + -
+ Q 3+ '-l) Ea_(&)'ml povy ? i m:&)
T ot R2
- (M3+ mu) Ha. $2( X,T7+2) _ ¢2(T,7+0(L +1,)
51(5) i .
T at RZ

2 2,
+ M2+ (yy) ";: (2 ) $1(x-2.0) _ 1(x-n Do m%

e P T
Jat
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2 2 2
SOy £ LR ET | 0D i )

Jatr2

Jak R2

M2 am’(may= L (m2 ™1

+ (M3+m1) (yy) Q”_%) @2) f_\}tz@:, T+2) _ ¢2(x, ,_H) (L +4£)

Takez -

q';; + _%2,_ 42(T,7-2) — 2¢2(T, T-)+ P2 (Ir’—) (4v)

EZ 2 2.
@&
T at RY
Where
vy = 22 __ L S—
E,C8Xm)t E,(8) 72
-BB = .£..__. ( M2+m34Mu) _ (M3 + MYy) Yy mcm) L('ms) @—nz)cm)

The values of MO, M1, M2, M3, and M4 are the same as those of LO, L1,

L2, L3, and L4 except change x to y.
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3.1.3 Numerical Procedure

A finite difference method for solving the Biharmonic equation
V4¢= 0 was adopted in order to get an overall pictdre of stress
distribution in a sﬁecimen. To provide a mathematical tool of fairly
wide scépe, a computer program of sufficient flexibility was written
to permit the study of any insert possessing two axes of symmetry
without beiné restricted specifiéally to ellipses. This flexibility
causes the program to be very complicated and that is why ;evgn versions
of the Biharmonic equation v4¢ =0 had to be derived in finite diéference
form. When this equation is written at the nodal points, there will
be cases when some points lie outside the region bounded by the internal
boundary as shown in figure 4. Because of this we have three versions
of equation (43) and similar three of equation é&&). Due to symmetry,
only one quarter of the specimen was taken and was divided into a
number of gteps along x.and y axes. The steps are of variable length,
being the smallest near the boundary of the insert and the parent
material and getting larger as they fall away from the boundary. This
was made so because the variation of stress is large near this boundary.
The variation of step length was decided from experimental data.

The derivation of equation v¥¢ =:0 in a central difference form
is presented here and only the final equations of other six versions
of this equation are given as these follow the same procedure for their

derivation.

.

Yy
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3.1.3.1 Finite Difference Versions of The Biharmonic Equation

Derivation of the Biharmonic equation in central difference form:

The Biharmonic equation as mentioned earlier is

4 y |
2'e + 2 o G - O O]
2 xH 2x* ay? 2 W

Figure 5 shows the network of points used for conversion of the
above differential equation into central difference form. Similar
figures ( figure 6 to figure 11 ) are drawn subsequently for the points
near a boundary, where either the backward or the forward finite
difference formulae had to be used. In all these figures § represents
the standard horizontal step and c(8) represents the stanhard vertical
step. In addition, the coefficients ml, m2, m3, mb,'nl, n2, n3, and
n4 allow for the local variability of step due to the boundary crossing
the standard network. )

The approximate values of the partial derivatives of ¢ with respect

to x at a point O are

P! — Po
§ ()

\ :
(5%~ o | (3 ~ (L),

U

o¢
(55

(45)

!
¢
|
o
L)
|
&
|
%
W
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Similarly for point 1 and 3

(3¢) = l [¢s—¢l -4:,—%] (46)
§Cmy | ——— —

i ma
' .
o ————— | Po—bs — P39 (47)
<: 3x> 32130713) [:“";;E;"“‘ e

Considering the fourth derivative of ¢ With respect to x we note that,

d'd ) - 2 ( 3 )
Using equation (45) ve get
2
( ~ 0 2 :.' Pt—- Po — o — s
5xH o2x*| §°(mv 2 T '

dx+

(2¢) (aﬁ — (F2), (acp)

8 C"rn 2)

m2 3

Again from equations (45), (46), and (47), we get

y .

2 ) ! ! G5 - b1 — Py—do )t (t1—do — &~

2x" 7 §° (™) &) ( srm: ' 4>1m2. ) £(m3) ( 'fmt- ¢:173¢3)
—_ (4:1 Fo — 4’3>+ Cq-ng) (4’0 ——¢3 —_ 4’ 4’9

s (0772-) 2 o3 my



Rearranging, we get

, a P ~ ¢
( q - - ¢ P
oxH (m2) Gmi) ma @nl)zm’)z —;n"‘—(':n";;z
+ <cbo - b1 + Jo + Po
(m) (m>) (m2)? (m2) 3 (m2)* 73
e o]
— 32 — i ¢; -+ P + ___i__.
Q-nz) m3 @nzg m3 Qm,)?—frrm ~‘mz('m3)1
_ b3 + Po _ P3 _ _ %=
ma2 (m3)* 3 3 )"
3) (™3 (™ (m3) " my
4 dq . (48)
(’rn 3)* any

Now 3“¢/3%y in finite difference form at point 0 (figure 5 , 1

gbtained as,

(22 ~ t2 — <o
‘a%’ ° cCs)ml

(Z2), = o= (Ca") (?g‘f;)o)

oY

~ ' [CPZL — ¢t — o — ‘f‘q:] (49)

a2 2
c(s) m2 3 3

Similarly for point 2 and &

T ) ~ ' l—cb-,— 4tz — Pz 4>o—] (50)

2 2 2 2.
2Y c(8) pay ma

~ )
( R ~ ?(S)’-fns [ Fo— &y — Py — 4’"} L)

m3 mYy
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I

(Bcb)

yu o 39 ( a¢)

Using equation (49), we get

(_3_'_'?;)“ =~ aa;;_ [' = (4’2—430 — 4’0—470)

a4yt () *m2 ma "3

~ | ) ( 2
c*(8)*ma2 2 “ay>/o o ) ¢
- 331 231

m3

Using equations (49), (50), and (51) and rearranging, we get

Yy {
2¢ ~
B2, *oerm| f - e e
o m2 e*ma m(=n2)*
— ¢° — 4>1 -+ __io____ -+ _i}_.__
mi( m2)? @71)3 anf’ 2753
Py P2 Pbo <o PY
— - + — + i e A
(’771)3'073 (’772)3”773 @9) m3 m2(73) '"2(?:3)2
to__Pw_ Py ¢2,, (52)
(m3)3 )3 (@3)=my (m3) "y

For the mixed derivative in equation 14, we obtain the central difference .

formula as,

/]
i =
( > =>a ax” = (5 33‘

dx Iy
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Using equation {(49), we get

2 a )
2x°9Y c(8) P ——_—_ma
! (2= ) - 2% _ a‘ck)__ (22 )
(s m= dx*/2 ax* /o ox*/, x>y
ma -3

Using equations (45) and rearranging, we obtain

‘_—a‘::;i’__; =~ g_ls)q — Ps P2 ‘P2
2x> 3y*/o co(s)* @) m2 o) poa— TS
_ <y _ A " do = D3
mz2 (-m3) malm2) m2(mz2) M2(m3) M2(m3)
R TR, SR . SU. o SN
m3(m2) m3(mz) M3(m3) m3(m3) 73(mz)
_ Py _ ¢y + Pio (53)
m3(mMm2) m3(m3) mMm3(m3)

Substituting equations (48), (52}, &ad (53) into equatiom (14) and

rearranging the terms, we get

bol_+ L 2 l i

(myema? - (am2) " mamap Gy ey D

| { 2 J |
+ o e 1 4 2 4 + =




2
c* (n2)n2)*
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2 + —= + 2
C ) Gmyoms  C ma(miyms € malm) M3

!
_ 43":@11:)"@;71)2"-’— mi(m2)3 M @n2)t - m3(ma)3

2z

2

+

c* m2)* @m)"

et ma(mD)* m3

+ +
@0*m* M) () ma(m3) my M ma(n3)*my

— < + +
% e 1) *¢n2)* e mi(m2)3 cHma
{ 2 2
q 3~ Y — +t = 5
¢’ m3i(mz2) Clénl) (wz) ¢” ma(ma) " m3
| ! [ |
— b + +
i ‘:’"’3( w3 T mytany)” 2 (m3)3 m2(m3 oy
—+ z —+ 2
cz m2(m2) a3 et ma (m2D)(™m3) N3
. c,)L'[' | | l
LC" m3(m2)> @ D* e ma(ma)?
2 2
—+ ' 2, + 2. 2 + 2
e m2( m3) MY C ma(amm2) m3 ¢ mz(ma)(m3)m3
-+ 2 Ps s + Pio + $i12
C"(’nl)l(—mz)z ot anz(mz)"rmg, c’-mg_(vm;)en;)(m& c’-fnz(frnz)zm3
s P~ Pa 4 _<Pu — o (54)"
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Figures 6, 7, and 8 show the network of points in region 1 used
for the derivation of second, third, and fourth versions respectively
of the Biharmonic equation V"¢ = 0. These forms are arrived at by the

backward difference method.

Second version of V¥¢ =0 is =

P(IH, 7) _ (1,9 | [ |

+
(m)* (m2)* mi(m2)? + ()t Gt
-+ | _ l _ ! _ |
m3( ma)? c Cma2)H c?! mi(m2)? cH m3(ma)3
! | i . 2
'@ @t Mt ma(m? U ma(ma)® | ) Gna)*
+ 2
c* (fmzf'mz (™3)
+ (-1, T) | + ! 4 2
mi(m2)? (m)1 m3(m2) 3
l \ 2 2
+ + +
(m 291("’" P* ma(m3)3 c* @"2)1 2* cl_mz.(rmz)’-m 3
+ 2 + =
e mz2(m2Y m3 c* mz(m3)(m2) m3
— Pp(xT-2,7) | + | + |
m3(mz)3 anzf' Cma)z ' ma2(m3)3
“+ ! + = + z

0722(7773)1qu c* rm:.(rng)"rm3 c"rml(fma)(;nz)mz
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P (T3, T) Pp( T, T+2)
+ -+ Yy 2 Y
M2 m3)* my ct @VT (2
— (T, T+ ! -+ ! -+ ' + ; 4+
iy’ mn* M mi(ma)? c4 macrnz)?’ cq(nz)q o
— p(x,7-D J + l + l
ct m3@11)3 c"@z)z@va)z ocH mz(_r-na)a'

2
+ | 2 - 2.
et m2(m3)* mu ct ma ma)* m3

L _PCT> 7-2) + 2 p(x-2,7+1D) 2 $(T~2,7-1)
et macma)ytmy e* m2(ma)*n3 c*mz(ma)(m1) m3
— p(F1y T = + =
¢ (m)* Emn)* et ma(ma) m3
— 2 $(xT-1, T-1) J —+ .
€2 2 (am3)(n2)m3 c* ma(ma) m3

— O (55)
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Third version of V"¢ =0 1is :

P T+ - (T, T ) | L
(m)* (m2)> Y Py

| : i | |
+ + +
’)713( 7772)3 C‘!C"”)3 mn2 cl" m‘(fnz)a C 4 Cﬁ;z)‘!

2 _ 2 i
- 2 2 2 + 2 Py
e (m)” (m2) c* am(m2)y " m2 _ ‘
+ $(T-HnT__! 4 - S
a1 ma)3 Crmz.)"‘ m’)‘3@"2)3 (m Bi m™m)?
| 2 2 2
+ -+ -+ -+
m2 (m3)’ c* @7')2(”":91 c* 'm(fmz))‘.'nz. €* (1) m3
2 mni4+ M2+ M3 ’7714-‘711—2 2
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Fourth version of V*¢ = 0 is :
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Figures 9, 10, and 11 show the network of points in region 2
used for the derivation of fifth, sixth, and seventh versions respec-
tively of the Biharmonic equation v4¢ = 0. These forms are arrived at

by the forward difference method.

Fifth version of V¢ =0 is :
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Sixth version of VY4 = 0 is
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Seventh version of V4¢ =0 is°:
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3.1.4 Computer Analysis Procedure

The stress pattern developed in the specimen would be symmetrical

about x and y axes because of symmetrical loading. Hence considering
a quadrant of the specimen and dividing it into a number of divisions
along the two axes, a grid system was developed as shown in figure 3.
The intersections of the dividing lines are called nodal points. The
Biharmonic equation v4$ = 0, expressed in finite difference form, is
satisfied at every nodal point. This gives rise to a set of nonhomo-
geneous equations. Itergtive techniques are employed to solve these
equations, giving values of function ¢ at all the nodal points. From
these the values of stresses and strains are evaluated at the nodal
points.

The steps in the grid system are of variable length. They are
smaller near the interface of region 1 and region 2. This has been
done because the variation in stress pattern is large in this portion.
The size of the step depends upon the degree of accuracy required, and
is limited by the storage capacity of the computer.

The computer program for generating a system of non-homogenous
linear equacions for all the nodal points consists of a main program
and seventeen subroutines. The main program, to start with, determines
the number of nodal points and scans them as to their location with
respect to the internal and external boundaries. Depending upon the
location of each nodal point, the main program calls the different
subroutines which represent the seven versions of the Biharmonic

equation in finite difference form.

PN

i
i
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The Biharmonic equation in finite difference form at any nodal
point consists of functions at twelve other points in addition to
the one at which the equation is being written. If all these thirteen
points lie completely in either region 1 or in region 2, subroutine
one is used. However, if the point under consideration is in region
1, but not all the other twelve points lie in the same region, then
one of the subroutines # 1, # 2, # 3, or # 4 is us;d. These are supple-
mented by the subroutines u and v which designate the internal boundary
conditions. For the case when the point lies in region 2 and not all
the other twelve points lie in the same region, then one of the subroutines

#1, #5, # 6 or # 7 is used. These are again supplemented by subroutines ‘

u and v designating internal boundary conditions. If the point is close
to the external boundary we utilise subroutine # 1 and subroutines # 10
to # 13 which designate the external boundary conditions.

The flow charts for the main program and the subroutines are given
on pages 59 to 83. Also a flow chart for the computation of the stresses
and the strains at the nodal points is given toward the end of the .

list for subroutines.
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SuarouTINE Two Frow CHART
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SUBROUTINE THREE FrLow CHART
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SuaroUTINE Five FrLow CHART
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SusapuTINE Six FrLow CHART

x = (AL-1) = DELTA
Y= @J’-u).. ¢ & DELTA

xt = (MRseRT( @ m-y-v))/&
Yi = (Eﬂn Sa Rt A AI- """))/Hl

AMy= AmMm>= Ama= AMI =,
ANY = (\/-Yl)/(c.,m_-um) )
AN3= AN2L= ANI=C

T cALL NTwo

F

CALL NV CNE

ANY = (\/-w)/ (cmbELTﬁ)
AMu= AM3=AML=AMN=1.
AN3Y= ANA= ANI=C

T 7m T CALL NV TWo

CALL NONE
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Amy = (@r-:.}»nam-x;)/bﬂ.m
ANY = '@-y,)/ (c = DELTA)

AM3 = gma= Ami = I.
AN3 = ANY= ANI=C

- Cace UTwo AND NTWO

CALL UTWO AND V ONE

CALL UWE AND NTwo

CALL UONE AND
VTWO




73
SUBROUTINE SEVEN Frow CHART

X= (Ar-1) % bcLTA
y= @J-—I)& DELTARC

Xi= (_mu SQRT( 8u 6r-v~Y))/Bl
yi= (BimSsarrT( Am - xnx))/m

H

Amu=  (x- xa)/ DELTA
AMI= ama= Ani=/.
ANU= AN3= ANQ=ANI| = ¢

Amy= (a-xi)f peL74

AMNM3B=AMa= Ani= 1.

CALL

UTwWO

AN3J= AN2 =ANI= ¢

CALL U CNE

T7~ T
o CALL UTWO AND NTWO
F
CALL UTWOo AND
F V ewne
ND NTwo

I7M) CALL UCNE A

F

|

1

CALL UDNE AND VONE

P ooe

LK B e 1B
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Ten FrLow CHART

SuerouTINE TEN C M>

N2, N3y N, DELI, Bl Pxx]

A
\\

/

- Y,
( df:

|

I= M+l

T

y=o
I= |

PH;I;(I,I) = (Pax wy»¥)[2.

A 1
/\. /\

/ R N T / '
{ RETURN (T 7N - -—~ T 7N3 (T 7 N2
. P_——\ ‘ : 7 I" J’ /7

AN \

\ \
rr F

Yz Y401

L‘/'—' y-n.vnaq ye Y+ DELI

——

r

|
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SUBROUTINE ELEVEN Frow CHART

‘;UBRODT/Né' ELEVEN { ms N2, N3, Ny TAU B, Pyy, A, DEC) Bu, All)

r

IT=m-+l

y=o-0

DEL= 2.4 AN

.
|
|

!

v

N N

£ -TAU Yy + TAU ® © 5»3+Fyy wo'5 ® A
el .

PHyu ( ITyT) = D (

i )

L

—_— ___,.__‘l.__.__.__ —— e e e e
i
!

/\"\ N
/N T_ﬁ\ ,

'RETURN T TN N3 \3'7N1"-.
Y=v+f‘:ﬂ lgcv-n.ynsu F:y*bcu

t
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SUBROUTINE TwELVE Frow CHART

- e o mram—a e ot T = — e e o ———— ¢ ——— a8 st
IR S RS S o

T= N+/
N= 0O
I=|

N 1
PHya(J:,:r) = (Pyy »X *x)/z + (P,“ w°25¢5¢6)/9_ - (Pyy w0.25 *A *A)/;_ ]

[ ez

’/'\\ , - k\
, T : T / T ;
RETURN -———/1 7)ot ————T 73 T 7Mm2,
// L/ N/ -/
lr S __._IF
‘x=x+/ill’| 1)(:%4'2-9.){(7;‘

e T i
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SUBROUTINE THTEEN FLow CHART

?rs-ueaou-rws Tursm(‘mu, Paxs Ay 8, DELTA, M2, M, My N, Al BI) ]l

l I= N+l

u
w

p— = - =

/ r /N / /\ T )

: T
Revvan . AT . .-{{wns,- I7me,

! s

F

e

¢
t

 an— ——
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!SUBRM/N[ v ( Ty koty As Al Ally 8y ¢, Ely £2) VNI, VN2, Pxxs ky DELTA, mi, M2, n13,

m, AR, Ny AB, x6o, N2, N3, DELI> en)

RS - e
A= a.o,qs 0.0
/
xitw (A1 wSaRTC awm-v*y))/gl
VI = (o1 # S&RT A1 ¥ AI- znn))/m
I=o0
=
[’ x= (Z-1) * PELTA
! 4
[
mezsmz=i F / \\
—| K= Lz . ;7:2-2’ p
— T i o F (k=Lze
' My | k= -
T menc2
' T
kzLz ¢ .F‘ ,"7'13‘0 A
s { /- £7"”"A——-f——-— Kal=e
i m:@u-x)/s keiLs
i T m= Al
T
S:T:c ] F.‘— ksLSC -—_—[
- e = MEAI2
P.-((mu)ts-u)/;-
Kz Lz ¢
mz=mz|
F [ sa=mulcawten
k=tze F
memel
RETURN
k=L=¢ F B /

o AR A8 T 3 < b b s 445 e
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Ftow CHART

e g rmin e e et & s

~nE Uone (T, kMs Ay A1, Ally Bly Cy E4y EX5 VNI ww, Pxx, ky DECTA, M1yM2,

.

M35 oy A2y Ny A8 XE0) N2y N33 DELI an )

e e L e e O —
(Y: (3-!)* c-u:a.'rﬂi
xits (A1 # SO RT(81 ¥ 81 =Y rv))/ el '
m= (Al #SQRTCAIwAI- s wxi)) .
SART(AI wh w SQRT(AI*Al- xit -N)-)—N*m * Xt un)
= __81 wxi S
“saRTC A v Al € S6 ur(num- I wwt) + B * Bl yxn *xi1)
i - e e
[pp=x1/65 kis PP, aski+2 |
=0
I=I+' '.‘ -— ——m e o aeam
!
4
‘ !
e @-— D#IECTA
! Kel= e T 7m3 K=l=t -
- ‘ mznel memscl
i -
: T
| )K
L‘-—- B SizT/I= € K=tz €
l me ! 7”3 m
= a3 —
E '| m= (wn-9)/ ' T mz Al
: ! S’.— T: c i F
.‘-—-— R
: P:{(mm Yo w)/d /:7M »——-—- k=t=C -
: k=t:z-e mem=z Al
" l'»n:'n- ] l
Y___J kz;.—:_c —--E—/
1 m=mz| 7,.,,, F Sa= ANl L CALL TEN |
, —_ N
ket =
- ! t=¢ r

RETURN

PR

e 03 VATt SR S 1

et a3
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SverouTine U Two FLow CHART

Al

SuBROUTINE UfWO( Ty kM A A1, ANy B, C, €1, ER, VNI, VA2, PXXy ko '.n:tﬂ?,)
Miy M2, m3, My A2, N, A8, %60y N2y N3, TELIS B

y= (F0)rec w0

xil= (A1 wSART @ x 81= Y wv))/ Y

xn
Q= Sart( AlxAl « SQRTC Al wAI= XU % xit) + B1 ok 81 9 X1 # D),

{

= (A1 % SRRTCAI R AL = KU/ ¢ xu))/@_

L= (o1 = wi1)/Q

| o A

pp= WifdceTA 5 K PP, L2z K142,
I
- - T=TH ————
T .
x= @-v) o+ DELTA
S\z=Tise . . ’ ! . —
g~ -} MW= Lo ""JE7IX-3" knbee
N g .
) T
0 /
e /( . F kelt=z €
Rv= 1 // . é7m3m—-—— e, meAlR
H P‘:@I.Q r-—-—{'71%-l . \\ >
} DELTA r' . 2
| S=T=Cy Rz 1 T / . T
mmat ! = | me e AI2
P =i xQ/S / q.<7m ]
= == i . . 7
[ mzm=zx| —-—F'~<1‘.7I:- | \/
i N . -
~ ! _
/
‘ N ‘ § : G7me—e S8= AN | cALL TIN
=Lz 3 /
P . Mmooz i 4 mmp—
i L
| %
rk: L=¢ ]i
L‘" mzl, n=2 {
{ —
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SUBROU TINE Y FLow CHART

SveroVTINE V CI, kM, Aly B, 81, Blly €5 £1, £25, VNIy N2, DELTA, Kl s NIy N2, N3, : i
Ny My 812, A8l, Y603 M3, M3, Atly PYY, Pxy 3hA)

Y= 00y Re OO0

. ‘ . ‘
yne (Bt » SeRTC Al wAl - X *x))/,q, -

¥
DeLi= & #DELTA 5 RR= vu/p;u
Lz RRy 2= LI42

=0 |
\__r_: {
- J= 341 -
v= (T=1) #3€01 |
k: L= c F /‘ h
mz=m=1 733-2.) "
N
T
7”34‘ r ”gm___'
m=m=| L=;c
e k= 812,
k= (-v)fpeet T
F memz)
7N | kelz82
P=R=1, T=c |
Sz fn+)wsels —v@/m, T
msmz |
S=T=C
J7 N | So= 81l | CALL TWELVE |
am=z=m={ T :
- k=tze
RETURN e
m=m=|
L=-c¢
k=2¢
mzmz=y
K=Lt=za¢
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SUBROUTINE V ONE FLOW CHART'

SuBROUTINE  NONE ( I, kM, Al, 8, Bl; Bll,C, £y £2, VNI) VN2, DELTA, Ki) NI,

N2, N3, Ny m, 812, ABly Y60, Moy M3, Ally P‘I‘I; P xx, A )

4

Xe (I~ DELTA
Y =00

vir= (Bl«*san‘r(m\tm- ¢x))/m !

ey - —— .

6= sagt( Alem xCAwn- z*x)-i-sl*sutxex) :

!
]
L= Bexfq '
m = (m-r saa-r(m*m-—:*x))/a. J

e

DELI=Cw DELTA, RR= YH[DELI, LIsRR, T2s=Li+2, l

I=0 : -
A ) T-"-' J +‘ N T """“““’1
Fy= @0 e’ _
) — X
K=ztLsC i :
- memel -
menz| 1 .
7 N3¢, ¢ Leat -
ke G132
Ri= Pi=1 T ! !
— L=¢ v ~ L mz=m=| ‘
k:(vu-v)lbru N T7N ksl= gja
L T F
T
Pz Rz, Tue - <
i 732>
$=((L|+|)ub:u.y")l ) F N g ‘ ] CALL TWELVE
mzmz| 1 r Ba= >
S2Tw( :
mzmzi — —{7})
kKa Lse \
T
! RETURN} —-— -
: memel ot~ - T NN
| wIs F N/
‘ k=2c¢ .
|
l-——-‘-—-[ Mmema| |t ——
I F
’ I Kele2C
|
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SUBROUTINE VTWO FLOW CHART "

.

SUBROVTINE NTwo (I s ks A5 8, 81, 8, ¢, Ely E2, VNI, VN2, DELTA , Ki, NI,

NllNa, N, M, Bl:-) ﬁB‘)Y‘O, M:, My A") ?YY, P)(x, ﬂ)

;

x= (X-)* DELTA
Y= 0.0

¥ |
Fm = (e SRRT (Al # A= 2 & x))/m

e ]

Y

SRRTC AL XAl w (Al £Al - x o x)+ Blst Bl wxwx)

o
"

l= Bl‘;l'x/a

m= (M ow seRTC A 2A-x xxD)[Q

5 _

DELIz cw DELTA, @R> YII/DEL] s iz RR 4, T2= L1424, T=0o

\

- =l e =
¥= @)% neul f“”o( 7
PNY——— THEM= -
o K=L= C \ k=t=2¢
Ri= PI=I T
T PN p—a—] M=M= e et
L=2e
- RiePi=1 ] T K i
o l.=¢ z8n
K= (yn-Y)|dELI - l
Cr-v)| vees TIN me=me) '
P =Rz, T=c T K=Lz 81
S=(L1+) Devr -yn) | pee) N —
mzmz| \ ' .
. TIN+ So= E"HCQLL Twel
S=T=¢ : ‘ LVE

i ‘\) T
et — me=me |
k=bL=2¢
B T RETURN }

- /
m™=m=) T7NIH)
L= ¢

L k= 2.¢ T
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ReAad

PX%, PW) 7;?, £XX,
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€W) Exy

Al 81y C, DEeT Ay Ay, 8, £, &2, VNI, VN2, PXﬁJ Pyy, ThU ]

-

XXz _At , M= XX, ‘M2z 2 #Miy m3= 3+M 5 YY= (g_. — 4. %o *9(‘7,9

7R

k=YY> Aliz (.f- -y ® Ml»m(z.ﬂ))
"z ——

Ak

2

4. 3 DELTA

Ms M3 +Kk

xxis 81

erpETA ’

kisyn, »ng(%:. -4 # Nive .ebecin)

A K

Nie XRly Na= & %Nl 4, N3w B RN, yy,g(_zg_ -

’ .

e ———e—
Y. ke w DECTH

N= N3+ Kl

L. X NI » e.-e:»urn)

Y# 0.0

=)

b3

[ ey -
LU.

I=!
‘I‘=-l

fj

X=e.0

!

I
Ix\ = (m .csmr(emu-ver))/ali

r

x - I.'-DT[W'

L

w7z veLTA)

~

£

T

yim (@1 #3487 (Al Al- xX#x)

Nz w —(4 T-rywe x DELTH

Yi= (81w sarT (A cnl—i{;g).
Al

V= Yi- @T-l-)*c ”® DELTA

L

- S~ F Cart Pux, Pyy, T
a gt tyiyny
FoR Try N . s &,
—— et }
cawe Pan Pyv, Txy ,
.2, o i
--——————J

[l lmzmm

m cubetsma

Pas cALL Pk ,
Ny F D .
(-1 3Ll wy, T*y
x(/ B‘D. aD
T
|
CALL Pumx, Pyy,| -
¢D e
Tay
%.D
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ITe=I+! ' l :
1 P
ZATT H e
X L Pxxy PYY) Tay ] 7M-1 - T=TH xe %+ DELTA I o
X | &.D, e, gD I ‘
T P
T=T+! i
I
b
v,
END :r7~ : !
F D
bt
: ¥
a i
<7~'+| | I:l) X000 :’N"’l‘)_-.r_—-_——- '
(- I
+ Y= Y+DELTAC Yo (AT-1.) kc wd&cT7
5
ylu , YES, N=@l.rsa"(°*°"’*’9)/°' |
OTHERWISC wi=0.0 :
X< AL YES, w-[ei.rsazk'l‘(m**""*%))/m % L
OTHERWISE Yix 6.0 ‘E |
[
CALL .
Pxxs PYY, Tny
FD: FD, FiD -
CaLL Prss Pyyy T3 Lo
eatt Puxy Py, Tuy ec:.’r-s,’ r,.l; —— 4
FP, e.d, FI, ) |
CALL Pﬁﬂ, P‘[’,le _______.____.-;

G-), e.P, FD
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| X2z AL ¢ PELTA

i vz£ AT 2 C & DECTA
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.y5= (ep w SarT (Al A~ X2 wﬂ))/ﬁl

4)2713 .

| Ty

Tny
8.2,
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S UBROUTINE PYYyeb FLow CHART

SUBROUTINE vaao(:t:, 7, DELTA , M2, M3, All, M)

T Xi= X2 =
I7M3 A
F

Xiz DELTA Xi=2wDELA|| X1= X2z x\= Al

x2: DECTA| | x2=DELTA || 2#DELTA| | X2 = 2 % DELTA
, ]

Ti=@-D%m
T71 T PYY = ¢ (T1+T+) - P(TI+I) — P1+D) - pE1E
(x1% x1) (X1 # x2)

F

fw.—: 1*(¢(:n+1‘+l) — ¢(:r;+1))
(%1 x %)

RE TURN\

e )

1
E
!
i
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S UBROUTINE PYyep FLOW CHART

SUBRONWTINE

Pyyep( T, T, DELTA, ™)

f

Xl= X2z DELTA
N
TI=@-Dxm

|

Pyy

a—
—

$( TN +I-2)- S(I+T-1) — 43(::-1-1-:) - ¢(TI+I)
(1 % x2) Ca o x1) -

RETURN\

SUBROUTINE PYYFD FLOW CHART

SvaRouTINE  PYYFD (I, T, DELT A, ™M)

Xl = ®2.= DELTA

!
= @'—l)-% m

\[.

PYY = Pp(Ti+T+2) — D(TI+TH)  _  P(TI+T+) — P(TI+I)

Qa»ex;) (x1 * x1)
i .

feruen)
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SUBROUTINE Pxx ¢D FLow CHART

SUBROUTINE Pxx¢eD ( r, 7, ¢, 8, N}, N3, glIZ‘M&%

r O Yizy2=81
e T . ! , .
T7 N2 s T 72024} T 7N ~<T 7NV ]
2 /‘ ~N N
N .
© Y T or
Yzy2:z¢(8 Yi=2¢(8) Vievyas Yiz an
Y2 =) 2¢(6) va=2€(8)
I T :

|

4

.'

L ! i i
- i I v i

I

-

AN o »
ﬁ,, /\/._1 Prx=2 ( $(THTeM) - ‘P("""")'%*u)w\
N

PAX = PCTHTMY = SCTHEOM_ 4 Taig-den-op (THT-2om RETURN
(yrey) (1 % )

SverouTINE  Pxx FD Flow CHART

SUBROUTINE  PxxFD (r, T> Cy ByM)

Ji= ya= ¢(§)

PXY = & ( T+gAer)— 2 & T+ THM) + P T+E-)*
(vr y¥2)

A

S —
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SUBROUTINE PXXxBD FLOW CHART

pxxep( T, T, ¢, §, M)

]

DELI = C#§

SUBROUTINE

yi =Y¥2 = DELI

PXX = Pp(@-)em+) - 2 % (@D tm+I) 4 H@E-Dxm+1)

& *y2)

TXYFD FLOW CHART

SUBROUTINE

TXYFD( T, &5 &5 M2, M3, N2,N3, Ally 811, M)

i

SUBROUTINE

DELl = C v B
DEL2L = 2 o DL
X\ = &
k T T
7m w@‘_’— Xi=Al
\/

Y

el

/\ T ,/\ T
/r;Nz)"h-Q?NB,\—"—— yI=8ll

N
F F I

L |
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&
!

WV

TXY = — (q:(nm +.r'+!) - $(E-D2Mm+T+1) -.4>(:ne‘m+r) -+ 4>('@—-s)m+z))

(X1 % v)

SUBROUTINE TXVY8D

FLOW CHART

SuarouTINE Txysp( I, T, ¢ § M)

Xl = 8
Y = Cws
o\
TXY = _( b (E-DeM+D) — & (G- m+1I)— b(F-)» MaT+1) 4 P(T-2) % M+I+‘)) ..4ém§ui§
R 2D, \w,,li

_ TN
TXY = __64,((3-_‘)* M+TI)— e TeMm +I1) — p(E-D%m +T-)+ (T M +I-'>) o{éETURN\ '

X1 % y1) ./

al

TXY = ——(fP(@'-l)*M-o-I) — $(F-2) % M+ID)— P(T-)wm+I-) + 43(@-2)*M+2:-'»-

(X1 % 1)
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3.2 Experimental Investigation :

In order to visualize the stress pattern in the specimen under
the specified loading conditions, tﬁe experiﬁental investigation was
carried out. Phptoelhstic method was chosen, because it has the advan-
tage of providing a clear overall picture of the stress pattern in the
.specimen, as well as enabling us to evaluate the magnitude and the location
of peak stresées. Fringe patterns'was photographed for future reference.
A highly sophisticated photoelastic polariscope, along witﬂ other

attachments for precision measurements was used. The maker'of this

transmission polariscope, model 050, 1is Photolastic Inc. The details

of this assembly are discussed below.

3.2.1 Description of apparatus
a) Optical Table
This is the stem of the apparatus providing a collimated vertical
light path. fhe basic pafts of this system are :
1) A point-like source cooled by a fan
ii) Collimating lens system
iii)Observation screen with hood
iv) Objective lens with magnification of 10:1
v) A system for controlling intensity of light

vi) Additional light source for reflection accessory

b) Precision Table
This supports two-dimensional models exaclty perpendicular to the light

pathand provides vertical adjustment for accurate focusing. This is a
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and works as a bearing for ease of sample positioning. A sliding x-y
motion of the frame makes it possible to explore large models with the

benefit of high magnification.

e) Load Cell Readout

Load cell readout system which is used with the straining frame
consists of a compact universal semi-conductor strain-gage transducer
coupled to an indicator to provide a highly accurate load indication.
The indicator is equipped with internal calibrationm, wide-span zero
control range, and a tension or compression selector switch. Terminals
are also provided on the indicator for recording the load output. The

system can be used with either a 500-1b or 1000-1b load cell.

f) Photographic Accessory

A4 in, x 5 in. photographic attachment can easily replace the
ground glass viewing screen. Focussing is the same as for screen
observations, and the film is exposed directly to the image for sharp
pictures. A double 4 in. x 5 in. back for color or black-and-white
polaroid packets. A shutter with cable release is attached to the lens.

It has speeds from 1 sec. to 1/250 sec.

g) Monochromator

A narrow-band interferential filter with a wavelength matching
the tint of passagé observed in white light, constitutes a monochromator.
Due to the presence of monochromatic light black fringes instead of

coloured fringes are produced.
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h) Uniform Field Compensator

A calibrated scale identifies fringe orders and also provides
for the measurement of fractiomal orders. This 1s especially important
in cases where the 1ntegral fringe order is difficult to determine.

i) Oblique-Incidence Attachment -

It consists of prism attachments through which the polarized light
beam is deflected to pass through.the model obliquely to prpvide for
the separation of the principal stresses. The arrangement permits
observation in oblique incidence by directing the light path in a
plane containing the principal stresses without the rotation of the

model.

3.2.2 Photéelastic materials and cements
Materials:

The experimental program involves materials ranging from E = 1,000
psi to E = 30,000, 000 psi. The plastics having trade names PSM1 and
PSM4 used for the above purpose were purchased from Photolastic Inc.

i) PsMl1

This is a clear polyester sheet, free of creep and edge effects,
and with very high photoelastic sensitvity. The properties of this
plastic of nominal thickness 0.250 in. are :
modulug of elaSticity — E = 340,000 psi
Posisson's ratio — v = 0.38
stress optical constant — f = 40 psi per frinmge per inch.

ii) This is a polyurethane sheet, exhibiting low modulus that requires

very low forces for straining. The plastic having pominal thickness
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of 0.250 in. has modulus of elasticity — E = 1,000 psi.
Ceﬁents H

Two types of cements, depending upon éhe parent material, are used
in order to get a perfect bond between the insert and the parent material.
The Photolastic Inc. trade name of cements and éheir properties are
given below.
1) Resin: PC-1, Hardener: PCH-1

This cement has excellent bond strength, no creep, and low viscosity,
and is relatively fast curing i.e. it takes about 12 hours at room
temperature. It has modulus of elasticity — E = 450,000 psi and
elongation of 3-5 Z .
ii) Resin : PC-6, Hardener : PCH-6

This cement has a low modulus of elasticity 1.e. E ='§0,000 psi

and elongation of 50 Z . It takes 24 hours for curing at room temperature.

3.2.3 Procedure for preparation and handling of specimens

Much care was taken in the preparation and handling of photoelastic
models. All machining operations were carried out with very sharp tools.
The templates, eight times the required dimensdons of hole and imsert,
were made. On the pantograph engraving machine, these templates were
. used to get perfect elliptical hole and insert. The cutting was kept
moderate with slow, steady feed, and continuous so as not to produce
local rubbing and consequeﬁt heat generation. When approaching the
finisﬁed boundary of the model, the size of the finishing cut was

held to a maximum depth of 0.005 in. loles were drilled undersize
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and then bored to the final dimensions. Care was taken to use only the
recommended solvents for cleaning the models.
3.2.4 Experimental Procedure

The material fringe value changes with time and temperature.
Therefore, it is necessary to find this value be%ore performing any
experiment. A separate sample must be made for the 'calibration.

After calibrating the material the actual specimen is subjected
to the required loading conditions on the machine and the readings of
isoclinics and isochromatic are taken. The principal stresses are
calculated from these readings using shear difference method on a digital
computer. Care was taken to maintain the same room temperature during
calibration and testing.
3.2.4.,1 Calibration of Specimens

The accurate determination of the stress distribution requires
a careful calibration of the material fringe value, f . A simple
tensile test specimen, shown in figure 13 was empluyed for the calibration.
This specimen was loaded in increments, and the fringe order and thé

loads were noted. The axial stress, P induced in the necked region

1’
of the tensile specimen by the load P is expressed as

P
1 - Wh

Where W is the width and h is the thickness of the specimen, and

the normal stress P, 1s zero. Using the stress optic law for two

2

dimensional case we arrive at the following basic relation.
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FIGURE 13
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P. - P N £ (A)
h ) )

Substituting for P1 and Pz and simplifying we get,
4 P psi per fringe per inch (61)
W N
This shows that the material fringe value is independent of the
thickness h of the specimen. In order to average out small errors
in the readings of P and N, a graph is plotted between P and N’fof-
a fixed value of W . The slope of the straight line drawn through

these points is uséd for evaluating f in equation (61).



poos T T roge oo o an os
94 be 1 4 199 o '
o 3. T H
1 4 0o !
3 3 H
T - H
1 + oo :
oo ;
[ese vesgd - PRy teoes s 1221 . ;
Teee 13221 0330t T ¢
v i
: ———— + + {
cosiferrediie !
22228 132233521 1223
e “Sleg.8 e T
S04 b3 ¢ 1e
poes 1224
3 teeees oot ;
puds 1323S
el
oy Tees
.e e 12223200
e 3. 900000008
. «d33 SIS
e ceedse
$9¢ 292 T4
4o -l > oeolc ond
oe 808 3 e & )
13333
1 »
4
p : e
:
be
I . b !
B e S ] et et s e iy : i At
o Teesgares ] 1332228 1T T vt e soey poe=:
. * S 233 coeed
P22L 32228 so0es poet - 3 3+ 4 .
13 1ot 1333t 3 po2et £33 ptets 33 t 1t 2488
1 R Totre creefeveofeveofarer + 3 yoe
s 25599 . : . < 1
1333 3 1534 Soaspophde 338t vas I 13¢0s sesassased
+4evd 1223 ehees 1 1 o ry
: rgau T
s oo IS
S 2o e 3 ) pooy
g e hode SEads 13
+ foeoesosos 3.
cevetooes
Sesshioss. 143 3
jposs I 1323
=2 282 3
—eegeve T <
"opoe 1
e j3o0e : 1 ¢
ses 2l ee 3
3
Toereiins 1323
1
= 2331 froas teess gy
2OTRe £224 3 vvoshonon z pe I
> Sesyeves T ‘ Pegae:
12524 12532 223 +
vy veoferovyonasdere ot o
i
[ oytuis
spreseunay
Sapipesees
PORES 34N St gy

civesee coes pe e

fecreeccecfeorobame

ceeetveecprivieccer b B
seleseeligiiliiiiie < .
esidsliigatisgicis : .
[SE5433558 PRSI0 M
IOORS2O0SS SOSSS NS .

res




$ B
T
:
t
T 3
T
ol 3
t
> b4
+ ++$400]
Tee ode
[ oot ooadd
oy pe
peeey
Ieees
g
b
Leoy Pes 23233 2221 T o
[3E 1 ovbe »ta sdessifeies ; » * v e jo¢
82453583 222335 sh +
r g + + 44 oo
-~ b 8 * < 1 ‘
-~ L
e .
: iy el :
Y 2
4 -3 b 3 N
ey + * + * ’Y - + T
* e :
b ’e 1
.o 4 ’ 1 9 -t
I $284 Y ps "
18 pioe bt seefiia g At = 043 THeis 0444 bo4 teey 1. 3 24
e e - Pl 28338 1+ . + yorifogesfecas 3- + . >t B
Py Y
Serifeeeegecne e . 2 2 135 12 :
[REPP PPSOR e PE2Le 29 >¢ 9 DESPP 2904 41 et §li o35 1202 S90S pet be béos $404 3 T
gL STeet Leo st e DAL S st 1Eett SR et 202SN Sande 194 38s it
p3% 004349004 o 22123200 2321 e Jeagteons i . be 28050330 pronpiens 3
t T =t
IPOP0 SOPES PIPTEEIY S000 Deoes SEtTE sopes sl 4 Setelese T T
[eTe $E3E3 $3003 34333 $304 badd $o8¢ 294 b4 592 $23 >4 28235494 o3 s = 3 pe ¥
[SP0S SIS POPPPIOLRL 22222 222%¢ 2202 PR 122222012 Jd 25508 ~feere{sTie 04 T *3 e ? - vy I
N IOSS SSED2 5008 REDOS 2OS3 SEO [0S 22R0s 22222 20008 200 e PRI ooees b3 o T be 800000 phots ods eed B
R R IR IRt I I e I vese Peey - s oy < POp pooey pp4 T -1
P04 SUSS 000E S 5084 $000e 954 [553 00808 24594 bo ot 20920004 buas 19324 S84 3 boted H 3 T b4 3 ¢ :
PORES S04 50058 S04 S6954 4 . : 3 & s seote vons |
svvefesoapooss e v v poods 5 3 g 9 3323 rods
SRt oetts 553 b ¢ bod 1 be 3 by t e
POPe8 powds 13233 $2ust p3s oo T Syerfs 3y v 3
o
1
ceavte - - +§ +4+
esessensn D et L il oo  odd -
B0 Pepos s0d PRl o4 » 9- e Pl *1 -~ *
ttsaspeete pe - -+ +
LR bl -~ 1 ba 3 .t - + 4
eadd dad cad .
1T
JS9as o34
$3 36094
T
s cbeane dsosfey <+ ~+ -
ceiyoa 22223 - sfoventoerrfiied +
ve -
ho < -
IR d EEITE TR PR - +
o
o Spbpeds 1 T
£3053 13001 Sotey oo ;
selieven reiey
s o
‘.m P21 13048 poPeg St
PSS IRSRE SO [RESS 35944 293387 S3004 300
iy ::::::o::::;:::' b3 podod pudde poe > t
P TR L - -—
Seireaaspaerans teastsaan EREZ S REY TRae e
PN cceegetes b4
cLITIIIVIRLLILILTILyIIIIsI LG
LLllkia .
IERTES Sunaved : T
[RTOPSPDEE SEDHP pobuis
LrlIenti
e ESETEETEs SRIE SE N 5T T TR
z PRSSRSSSS SaaSe SdSdh Sibd B . IS5 SOPS S4
cm Linnitiipeniiriiiidis . D), 00y 308 $5444 saolisiil
.Q--- ®recefe cavenssprormsrocafon - EEREER DR TR TR R teesderns ‘
: llllningilinidiTiigniiiiisnge : 1 SRS Nt SR8 044
e S TIiyLTIIIIIIIgIIILIIIL g . poiiiiln 12998 $04%
T o - - Teeettes
:l..x: 5 : i Tesidiig
: T T e e ITETT oL
g hos : 4 Rt
niapin
[PODSSSTeE Sadae:

CALIBR

RN

Sivegrels




106

3.2.4,2 Testing of Specimens

ihe specimen was cut from a 10 in. x 10 in, plastic sheet and
finished to the required outside dimensions. Two holes, as shown
in figure 16, were drilled for holding the specimen on the straining
frame. A hole for the insert was made in the centre of the specimen.
An insert of the required dimensions was made of a different material.
The dimensions of the insert were less than the dimensions of the
insert-hole by sixteen thousands of an inch,'so as to allow these to
be glued to the insert-hole using cement, prepared By the process - .
discussed in section 3.2.2. The specimen was kept for 24 hours for
this joint to dry up.

The load cell readout was switched on for 15 minutes for warming
up. The straining frame was fixed on the precision table of the machine
and then the specimen was fixed on.the frame. The load was gradually
applied to the specimen and was kept constant after observing at least
three fringes. The stress pattern, magnified ten times, was seen on-
the screen. By moving the table up or down, the picture was brought
to proper focus and the photograph was taken after mounting photographic
accessories. |

The readings of isoclinics and isochromatic were taken at different
points starting from the boundary and proceding towards the centre
in gradually decreasing stefs. The polariscope was arranged to give
a plane polarized light field incident on the specimen. This gives

both isoclinice ( black lines ), and isochromatics ( colored lines )
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GRID SYSTEM EMPLOYED IN THE SHEAR DIFFERENCE METHOD

FIGURE 16
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on the screen, Readings for isoclinices were taken in this position.

For isochromatics, the polariscope was set to give circularly polarized

light incident on the specimen, in which case isoclinics are eliminated.
The readings were taken for different configurations of the inmsert

as shown below and drawn in figure 17.

2a/2b

Insert material/ Parent EllE2
material Case 1 case 2 Case 3
a. PSM4 /PSM1 . 1/340 -] 1l 2
b. PSM1/PSM4 340 .1 1 2
c. Stpel /PSM4 30,000 1 1 2

The above series of experiments were repeated for three different
values of A. Applying shear-difference method to equation (1) a relation
between priricipal stresses P1 and P2 was obtained. In order to evaluate

P1 and P2 separately, another relation between them was obtained from
the isochromatic readings. This procedure is explained below by an .
example.

Suppose the normal and tangential stresses are to be calculated
along the line ON, shown in figure 16. Firsf of all equation (1) is

integrated with respect to x and then converted to a finite difference

form.

i
Z
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FIGURE 17
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FIGURE 17
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AN : Xl p 33
J g o= =-_f 0 X 4 jao-u O 4----
%o 2 Xo O9Ox x| -3
Xn
+ J OJ0xx 23x (62)
xw-) 9x

Considering only the first integral on the right hand side

and substituting for :xoxx from equation (1), we have

X ‘ X)

_S 9 0xx ox —_ j ° Txy 9x

%o 3x X0 Y '

Converting this into a finite difference form, we get
A‘rxg x> -

ay (Xé;?u)

From this we obtain

o,

Similarly, other integrals on the right hand side of equation (62) give

ATxy| Ax
X0 Ay (63)

[
i
]

(xoizx.)

x2 x| ay (x1tx2)
, 2z
[}
) (63)
.
' AT
<£;:J — <33tzj x Ax

pLg)

xo-)  BY Yroyy pe
S
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The value of o is obtained directly from isochromatic

X0
data, since the point O is on a free boundary ( i.e. at X0 =0 ).

For evaluating ATxy at positions X0 + X1, X1+X2, ——-=--
2 2

X(n-1) + Xn , the shear stresses rxy at above positions along the

2
lines Al Bl and Cl D1 are calculated from the isochromatics

and isoclinics readings.

A sz 4 Txy — Txy
+8Y -8y
= o

The values of oxx at X1, X2, ~=-r~——-- in are obtaingd from
equations (63).
Thus having obtained oxx along ON, we proceed further to

evaluate oyy using Mohr's circle ,as follows

in which 6 and ( Pl - P2 ) along line ON are obtained from
isoclinic and isochromatic readings, respectively.

Substituting for ( P1 - Pq ) from equation ( A ) into equation
(64), we get

Oyg — %xx — N. £ CO0s 26
: M

From the first invariant of stress, we have
Tex + Ty = A+ P (65)

Solving equation (65) and ( A ), we get principal stresses P1

and P2 along ON as
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R = '%{- (: Txx + Ty + N +
h
B = '%z- (: Oxx + uy -— b‘,h £ ;)

In all experiments, the value of Ay was kept constant at
0.05 in... The minimum value of Ax near the insert was as low as
0.01 in, and was increased in steps to 0.01, 0.025, 0.05, 0.10,
and 0.20 in. as the point of explofation approached the exterﬁal

boundary. _ o
|

After this, the stress concentration factor is calculated as follows:

R

NFAY =
cone PNET!

-

average stress computed over the width A :

Where PNET1

A flow chart of the computer program giving the stress distribution

and the concentration factor is shown on page 117.
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Fig. 18 Stress Pattern of a Specimen with a Central Elliptical

Insert Subjected to an Axial Tension.

Parent material — PSM1 ; Insert material — PSM4 ; dimensions of
the insert — 2a = 0.50 in, 2b = 1.0 in ; width of the specimen = 2.50

in.; thickness = 0.254 in.; axial load = 200 1b.
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Fig. 19 Stress Pattern of a Specimen with a Central Circular

Insert Subjected to an Axial Tension.
Parent material — PSMl ; Insert material — PSM4 ; dimensions of

the insert — 2a = 0.50 in, 2b = 0.50 in.; width of the specimen= 2.50

in.: thickness = 0.254 in.; axial load = 150 1lb.
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o> o

Fig. 20 Stress Pattern of a Specimen with a Central Elliptical

Insert Subjected to an Axial Tension.

Parent material -- PSMl; Insert material -- PSM4 ; dimensions of
the insert -- 2a = 1.0 in,, 2b = 0.50 in.; width of the specimen = 2,50

1n.;'th1ckness = 0,254 in.; axial load = 150 1b.

'




FLOW CHART FOR FINDING PRINCIPAL STRESSES Pl AND P2 AND

CONCENTRATION FACTORS BY SHEAR DIFFERENCE METHOD. = - )
[READ F5 @y 8iy Blly Hy AN, ANI, ANZS £ 9N

2 81 B By iy A0 A1 P02 — |

Az (B-8DWH , Al= ®-8W2tH, PNET=‘E"P~£""£§’ Xe 00 o PI'= 35415927

TaETAI= (THETAI * Plj//eo. y THE 7”2"@‘:_7’_’_7.;: pr)

Hi= 2. %My THETAl= 0:6) THETAL= 00 )

e S

Pxx()= 0.0 , PYYVI) =N :p)/H , TAB(D =(ANiwp w v( 2 # .,-,,5749)/”,
TED() = (AN2 wp » SINC2 ernerad)[m, Cowrpe = PYYC)| PNET , Conras = P"Y(’)/PNE"

=1

READ DEL X, DELYs AN, ANN,THETA, AN/s ANNI, THETAL, AN, ANN2,THETA2

X = X+ DELTAH

I=X+\

Tie IT~-1

_

THETA= ([THETA * Pz')//so-
THETAIe THETAI # PI ) 1ge-
THETA2= é'uemz » PLYy 80.

f

TAB(2) = (@m-r An%o-) wpat SIN (2. % -mzrm))/m

Tep( L) = ((mv:. + AN»:z/leoD wepw SIN( 2. % T//g'r/)z))//”

TABx = (TAB(T) +;ﬁe(1'))/2.

Teox = (Ten(z) 4 Ten(zD)f2.
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- - (PETXY % DECK ) DELY ‘

f

PWWL) = Pxu(3) +(( AN+ ANN[IG) xp st Cos (2 * THe7a)) [

AB= Pxxél) + PYYC(2)
ed= ((AN+ ANN]150) we)[H

mx=  (A8+co)fa.
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4, DISCUSSION OF THE RESULTS AND CONCLUSIONS

The experiments reported in this thesis deal w%th twenty seven
specimens. Each spec}men is a rectangular plate having a centrally
located insert and is subjected to a tensile loéd P.‘The |
experimentally obtained stress concentration factors are given in
table 1. The variables used in this table and in figures 21 to 5%
are explained below.

A ~- width of the specimen

2a -- transverse axis of the ellipse
2b -~ longitudinal axis of the ellipse
A = 2a/A

y o= b/a.

P —- maximum principal stress

P -~ minimum principal stress

PNET1l — average stress computed over the width A
CONFAl— stress concentration factor (KT)

KT = PIIPNETI

Figures 21 through 47, show the variation of maximum principal
stress P1 and the stress concentration factor KT along the x-axis.
The curves are plotted starting from the point O on the external

boundary and ending at the interface. The graphs show the
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influence of different shapes and ;he configurations of the plate
and insert ﬁaterial and also that of various ( EllE2 ) ratios on
the stress concentration factor.

In figures 21 to 29, the parent material is of hard plastic PSM1
and the insert is of soft plastic PSM4. Three cases for each config-
uration of the insert are shown in the graphs.

The maximum principal stress Pl has its highest value at the
interface of the two materials on the x-axis, and is lowest at the
external boundary. Since- the stress concentrétion factor is proportional
to Pl, it also has the highest value at the interface. Experiments on
specimens with centrally located holes have exhibited a pronounced
rise in stresses at the boundary of the discontinuity. Obviously,
this discontinuity in the material acts as a stress riser and has
given rise to a high value of stress concentration factor..In our case,
instead of a hole we have a very soft insert material at the centre.
This is again equivalent to a discontinuity in the parent material.
However, the insert shares part of the applied load, and therefore
the highest value of the maximum principal stress Pl’ and hence of the
stress concentration factor are less than those obtained with a
central hole. In the case of the elliptical insert, two configurations
- were studied ——- ellipse with its major axis along the longitudinal
axis of the plate, and across it. In either case the highest value

of P1 was found to be less than those obtained by Durelli, Parks, and

Feng (6) for a finite Width;plate with a centrally located elliptical hole.
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The stress concentration factor at the interface is found to
decrease when the overall width is decreased. This is partly due to

an increase in the value of PNET1, brought about by a decrease in theg
{

area of cross section.

Donnell's (4) work shows the variation of stress concentration
factor in the case of an elliptical inclusion in an infinite plate.
A linear interpolation, the validity of which is doubtful, is us;d
for obtaining Donnell's results for the ratio ( E'1/E2 ) =1/340 so
that a comparison can be made. '

Reference ( 17 ), page 72, Donnell's results are obtained -as shown below.

u KT( Kumra ) ' KT( Donnell)
0.50 4.0265 4.97
1.0 ' 2.8646 2.989
2.0 1.9849 1.9959

Figures 30 to 38 represent the results obtained using specimens
with hard plastic (PSM1) as insert and soft plastic (PSM4) as parent
material. The graps show the influence of different shapes aﬂd con-
figurations of the plate and insert material and also that of various

Ellgé ratios on the stress concentration factors.
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This combination of hard insert in a soft body exhibits an interesting

phenomenon. The maximum value of stress concentration factor does not
occure at the interface of the two materials, but is shifted towards
the external boundary as seen in these figures. This shift is found
to be more when the width of the specimen is reduced. This phenomenon
can be explained as follows. Since the insert is a hard material,
displacement in the neighbour of the interface is small. However,
farther away from the interface the influence of the hard insert on
the displacement of the soft parent material reduces. Again vety'
near the external boundary, the soft plastic is free to undergo a
displacement on its own, when stressed. The maximum displ.acement
therefore occures immediately following the region éf influence of
the hard material. In other words, the material is sfressed to a
maximum in this region, and hence the stress concentration factor
shows a steep rise here.

There. aze no results available for the purpose of comparison in
this high range of moduli ratio.

Figures 39 to 47 show the results obtained with a very hard insert
(Steel) on a very soft parent material. The moduli ratio, in this
case, is 30,000. As in the previous case,'there is a shift of maximum
stress concentration factor towards the free boundary. For a given
specimen width this shift is found to be more than that of the previous
case, which can be attributed to the high modulus of steel as compared
to PSMl1.

Figures 48 to 52 are the cross plots of the results shown in
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figures 21 to 47. These plots are pade for a set of dimensionless

‘ the
quantities u,A, and K,. The ratio of longitudinal to transverse axis of

e AR S DS

elliptical insert u is chosen as the parameter and KT are plotted

against A. With these figures, a knowledge of A and p will enable i

R

us to obtain thé stress concentration factor.

As for the theoretical sidg of the problem, an attempt was made
to solve a system of 165 linear nonhomogeneous equations, to determinme
the stress distribution at these 165 nodal points. However, satisfactory

results could not be obtained with this mesh size, which was dictated

by the computer capacity. In order to reduce the mesh size an efficient

method of storing the coefficient matrix, involving much further work, ‘
has to be devgloped. Presently this work is in progress. When the .
theoretical solution is successfully completed, the program can be

used to find the stress distribution in specimens with a wide range

of centrally-located inserts possessing two axes of symmetry.
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