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Abstract

This dissertation has two aims. The first is to study upward drawings of ordered sets on two-
dimensional surfaces and secondly to study the geometry of the surfaces ¢n which ordered
sets can be drawn without crossing edges. Critical points, in particular, saddle points of
ordered sets will play a decisive role. The Discrete Index Theorem, too, is fundamental.

We present a characterization. in terms of critical points, of spherical ordered sets —
ordered sets which have upward drawings without crossing edges on the sphere.

A class of ordered sets, each member of which is called a spiral. plays an important
role in the complexity of upward drawings without crossing cdges on a specific surface.
For a subclass of spirals we characterize those surfaces on which members of this subclass
have upward drawings. and we apply spirals, as “gadgets”™, in the reduction to prove that
this decision-making problem, whether an ordered set is spherical. is NP-complete. In the
process, we derive a new and simpler proof for NP-completeness of upward planarity testing.

From a different point of view, we explore the interrelationship between the upward
drawing of ordered sets and the geometry of surfaces. For each smooth, two-dimensional
surface S embedded in R3, we shall construct an ordered set P to fit S, that is, (i) P has
an upward drawing, without crossing edges on S, (#i) P contains the ordered set critical(5)
of critical points of § and (iz7) if § is any two-dimensional surface of genus g on which P
has an upward drawing, without crossing edges, then critical(S) C critical(S").

A leading unsolved problem is whether an ordered set has a realizable upward drawing
on a surface of genus of its covering graph. We consider what seems to be a likely candidate
for a counterexample — the upward drawing of the lattice of subspaces of the projective
plane of order two.
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Overview

A (partially) ordered set, P(X, <). consists of a set X aud a binary relation <, less than,
defined on X % X such that

< Is transitive, that is, a < b and b < ¢ imply a < ¢, and

< is asymmetric, that is, @ < b implies b £ a.

Ordered scts are widely used for representing hierarchical structures. They occur in
computation, in scheduling, in sorting, in social sciences and even in grography.

For many years much research work has focussed on graphical data structures. In
particular, geometric representation and upward drawings play a decisive role in most of
the applications, especially, in problems iz which decisions must be made from among
alternatives ranked according to precedence or preference relations.

Our main focus is surface geometry of ordered sets. We study the problem of representing
ordered sets on planes and two-dimensional surfaces and investigate the interrelationship
of upward drawings and geometric properties of surfaces. Many of the techniques come

together to prove our central result — the NP-completeness of sphericity testing.

The Details

Chapter 1, “Drawing”, describes upward drawings of ordered sets and directed graphs
(shortened to “digraph”) on planes. We present the evolution of and motivation for the
planarity of upward drawings and complexity of upward planarity testing. Our main result
in this chapter is a new and more transparent proof of the NP-completeness of planarity
testing (cf. Theorem 1.5).

Chapters 2 through 7 are devoted to the concept of upward drawings on surfaces. Col-
lectively, these chaptérs describe upward drawings on surfaces and study some topological
and geometrical properties of ordered sets.



te

Embeddings and the genus of ordered sets, a lifting procedure, the concept of critical
points and the Discrete Index Theorem will be introduced in Chapter 2.

Chapter 3, “Spherical Ordered Sets”, describes upward drawings on the sphere. As
the main results we present two characterizations of spherical ordered sets (cf. Theo-
rems 3.1 and 3.5). The first characterization echoes planarity characterization for digraphs
(cf. Theorem 1.1). and the second is based on critical points, in particular the saddle
points. We shall also introduce another approach to drawings on the plane called “Circular
Drawing™. These may provide an auxiliary embedding of the covering graph of a spherical
ordered set on the plane which is trausferable to an upward drawing on the sphere.

Chapter 4, entitled “Spirals and Upward Drawings”, is motivated by the gadgets that
have been applied for the proof of the NP-completeness of planarity testing. In this chapter
we develop a class of ordered sets of genus zero which are called spirals. These ordered sets
lighten the idea of critical points of ordered sets, specifically the saddle points and their role
in upward drawings. We shall develop a theorem based on which. for a large class of ordered
sets, we can determine all saddle points. Accordingly, upward drawings of these ordered
sets, on appropriate surfaces of genus zero, are fully understood (¢f. Theorems 4.1 and 4.2).
It is also our intention to show that for a large class of ordered sets, including spirals,
planarity and sphericity are equivalent, that is, each such ordered set has upward drawing
on the sphere without crossing edges if and only if it is planar.

We shall discuss the complexity of upward sphericity testing of ordered sets and digraphs
in Chapter 5. We shall gencralize the gadgets which have been used in the proof of the
NP-completeness of upward planarity testing and develop some techniques to prove that
upward sphericity testing is also NP-compiete (cf. Theorem 5.1). For further research in
this direction, 2 set of open problems will be presented at the end of this chapter.

Chapter 6, “Upward Drawing to fit surfaces”, promotes a different point of view on
the problem of upward drawings on surfaces. In this chapter the starting point is a two-
dimensional surface with a set of prescribed conditions. Then the objective is to construct,
based on some topological and gedmetrical property of the surface, an ordered set whose
upward drawing “fits” the surface (cf. Theorem 6.1). We shall also present a classification
of all ordered sets whose upward drawings fit two-dimensional surfaces (¢f. Theorem 6.6).

Our final chapter is Chapter 7, “Realizable Surfaces”, which is mainly devoted to the
embedding of ordered sets on realizable surfaces and open problems in this area.

Although we have tried to keep this work self-contained, some definitions and basic



results of graph theory, topology and the theory of ordered sets (at the level of [Bondy and

Murty (1976)]. [Massey {1991)] and [Rival (1994)], respectively) are assumed.






Chapter 1

Drawing

1.1 Introduction

To visualize an ordered set, we usually draw a graph on the plane with vertices corresponding
to the elements of the ordered set, with edges drawn monotonically with respect to a fixed
direction in order to represent the order relation between clements, This. in general, is
called a drewing of an ordered set.

In this chapter we first review upwaerd drewing, which is chief among graphical data
structures for ordered sets, and introduce the concept of planarity. Then we review some of
the previous works on upwerd planarity testing and the complexity of this problem, which
was a long-standing problem for many years. In 1994, [Garg and Tamassia (1994)] made a
major breakthrough by showing that upward planarity testing is NP-complete. We present
another proof which is simpler and the idea of the proof can be extended to prove a similar
result for upward drawing on other surfaces of genus zero, in particular, the sphere (see
Chapter 5)[Hashemi, Kisielewicz and Rival (1995)].

1.2 The Upward Drawing

Itis customaxly to identify an ordered set with its geometric representation, called its upward
drawing. According to this convention, the elements of the ordered set /7 are drawn on a
surface, traditionally a plane, as disjoint small circles, arranged in such a way that for
a,b € P, the circle corresponding to ¢ is higher than the circle corresponding to & whenever

a > b and an arc, monotonic with respect to a fixed direction, usually south to north, is

5



6 CHAPTER 1. DRAWING

drawn to join them only if a covers b (that is, if cach # € P, a > x> b implics = = b).

Wo sav that a is an apper cover of b or b is a lower cover of a. and writc a > bor b < a.
These ares are drawn, of course, to avoid the incidence of any other cirele on it. to avoid
unwanted comparabilities and when possible, to avoid iutersections. except where two ares

meet at a circle,

b c
(i) (i)

Figure 1: Upward drawings of ordered sets, In (i) a covers b, in (#1) d > ¢ but d does not cover ¢

1.2.1 Planar Ordered Sets

An ordered set is plenar if it has an upward drawing on the plane in which no arcs cross,
although they may meet at a vertex with which they are incident. Usually, by a planar
upward drawing of an ordered set, we mean a drawing in which all edges are straight lines. It
is a fundamental fact that every planar ordered set has a straight line planar representation
[Kelly ¢1987)]. Therefore, without loss of generality, we can use monotonic curved lines.

Planarity is a property of the order and a planar ordered set may, indeed, have upward
drawings which are not planar (see Figure 2).

The covering graph of an ordered set P, denoted cover(P), is the graph whose vertices
are the elements of P, and with edges z ~ y, if either > y or < y in .P. A necessary
condition for an ordered set to be planar, is that its covering graph be planar. The condition



1.2, THE UPWARD DRAWING T

W)

Figure 2: (a) A planar ordered set, (b) An upwand drawing of the sue onderad st with crossing edges

bt

is not sufficient. Thus. the six element ordered set
P={rg<r <r3<urs ro<ry<iry<ry r <ryr<ryl

has a planar covering graph. while as an ordered set it is not planar (cf. Figure 3).

(a)

Figure 3: (a) A nonplanar ordered set . (b) Its covering graph is planar

(b)

The edges of the covering graph of an ordered set can be directed with respect to the
order, that is, if a ~ b is a covering edge then we define a direction from « to b provided

that ¢ < b. To any covering edge a ~ b, corresponding to a < b, we usually associate two



8 CHAPTER 1. DRAWING

[y

values, “=" to that end of the covering cdge outgoing from @ and “+” to that end of it

incoming to b.

1.3 Digraphs and Upward Drawing

Although our intercst.' is in the upward drawing of ordered sets, the concept of upward
drawing can be extended to directed graphs, as well.

Ih general, a directed graph, which is abbreviated to digraph, has an upward drawing if
it has a drawing in which all edges are monotonic arcs, and all point upward. Of course,
such a digraph must be acyclic — it contains no directed cycles.

e’

@ ' ®

Figure 4: (a) An acyclic directed graph  (b) Its upward drawing

All digraphs we consider here are finite, without loops and all are biconnected that is,

they have no vertex such that its removal disconnects the underlying graph.

~ Avertexvina digraph is called mazimal (or a sink ) if all the edges incident with it
are directed toward v, and it is called minimal (or a source) if all the incident edges are
directed away from it. A vertex is eztremal if it is either minimal or maximal.

A plane digraph P is a digraph drawn in the Euclidean plane such that all edges are
arcs and no two edges cross. A planar digraph D is a digraph isomorphic to a plane digraph
P. In such a case we say also that P is a planar representation of D or P is an embedding
(in the plane) of D. If we delete the vertices and edges of a plare digraph P from its
representation in the plane, the remainder falls into connected components, called its faces.
Each plane digraph has exactly one unbounded face called its exterior face. The remaining

faces, if any, are called interior. The boundary of the exterior face is referred to simply as
" the boundary of the given plane digraph.
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A planar upward drawing of a digraph D is a planc digraph U such that all ares are
straight-line segments directed upwards. By virtue of [Kelly (1987)] straight-line segments
here may be replaced by monotonic arcs. If a digraph has a planar upward drawing then it
is necessarily acyclic and planar. A planar upward drawing U (a plane digraph U) is simalar
to a plane digraph P if U and P are isomorphic as digraphs and have the same structure
of faces, that is, the same face boundaries and the same exterior face boundary. Similar
planar represeatations are considered as identical.

Note that, a plenar upward drewing of an ordered set is a planar upward drawing of its
directed covering graph. An ordered set is called planar, if it has a planar upward drawing,

Next, we provide an overview of some of the known combinatorial characterizations

of upward planarity, in particular planar st-graphs and a characterization for biconnected
digraphs.

1.4 Characterization

The search for an efficient upward planarity testing algorithm for ordered sets! is a long-
standing problem, much sought after by theoreticians of graphical data structures. It has
always been a mystery how upward planarity testing for orders could be so difficult if
its undirected companion, planarity-testing for graphs is so easy. In spite of well-known
linear time algorithms for graph planarity testing (e.g. [Hopcroft and Tarjan (1974)] and
[Lempel, Even and Cederbaum (1967)]), it is not even self-evident that there is a finite
algorithm for upward planarity testing.

For many years progress has been slow.

Plaar lattices are dismantlable [Baker, Fishburn and Roberts (1971)).

Algorithmics of planar lattices [Kelly and Rival (1975)].

Planarity-testing for lattices using graph plenarity-testing [Platt (1976)).

Straight lines for planer upward drawings [Kelly (1987)).

A digraph G is upward planar if and only if it is a spanning subgraph of a plenar
st-digraph [Di Batttista and Tamassia (1988)].

In fact, by adjoining subdivision points as nceded we may just as well consider directed acyclic grapha.
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 Bipartite planar vpward drawings [Di Battista, Liu and Rival (1990)].

o Planar ordered sets of width two [Czyzowicz, Pelc and Rival (1990)).

Planer ordered sets with bottom [Hutton and Lubiw (1991)].
o Planar triangle-free graphs have planar orientations [Kisielewicz and Rival (1993)).

An embedded digraph ts upward planar if and only if it is acyclic, bimodal and admits a

consistent assignment of minimals and maezimals to faces [Bertdlazzi, Di Battista,
Liotta and Mannino (1994)].

1.4.1 st-Digraphs

A planar st-digraph, by definition, is a planar acyclic dircted graph which has an embedding
in the plane (a planar representation) with exactly one minimal element (a vertex with
all incident edges are outgoing edges) which is called botfom, and exactly one maximal
element (a vertex with all incident edges are incoming edges) which is called top, and a
directed edge connecting the bottom to the top. In some articles {e.g. {Di Battista and
Tamassia (1988)]) the bottom element is called source denoted by s, and the top element
is called sink denoted by ¢. For instance the directed graph depicted in Figure 5:(b) is
an st-digraph. [Kelly (1987)] and [Di Battista and Tamassia (1988)], independently

5

(2) (b)

' Figure 3: (a) An acyclic digraph (b) A planar st-digraph
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characterized upward planarity in terms of st-digraphs.

Theorem 1.1 A digraph G hes a planar upward drawing if and only if it is a spanning
subgraph of a planar st-digraph (i.c., edges can be added to G such that the resulting digruph
H is a planar st-digraph).

Example 1.1 In Figure 5 the acyclic digraph depicted in (a) has a planar upward drawing
because by adding new edges, as shown in (b), it can be extended to a planar st-digraph.

Thus according to this theorem, one algorithmic way to test whether a directed graph
has an upward drawing is as follows.

First test the planarity of the underlying graph, this can be done in lincar time using
the [Hopcroft and Tarjan (1974)] algorithm. Next, the acyclicity of the digraph must be
tested by using, for instance, a depth-first-search algorithm (cf. [Corman, Leiserson and
Rivest (1990)] whick is also a linear time algorithm. Finally, one must add all possible
subsets of edges and test whether the resulting digraph is an st-digraph. This yields an
exponential time upward planarity testing algorithm (cf. [Rival (1993)]). Thus,

Theorem 1.2 Upward planarity testing belongs to NP.

1.4.2 Assignment of Large Angles

Let P be an embedded acyclic (connected) digraph (for example, 2 directed covering graph
of an ordered set). For every vertex v € P the directed edges incident upon v can be
partitioned into intervals of incoming edges and outgoing edges so that all the edges of each
interval occur, consecutively, with respect to a fixed rotation on a neighbourhood about v
(which contains no other vertex of P). If there is only one such interval then we say that
the alternation about v is zero, alternation(v) = 0. If there are only two such intervals
then the alternation about v is one, alternation(v) = 1. Otherwise, the alternation about
v is greater than one (see Figure 6).

Observation 1.4.1 Assume that P has ¢ similar planar upward drawing, that is, o pla-
nar upward drawing with the same structure of faces. Then for every vertez v € P,
alternation(v) < 2. '

According to this observation, if P has a similar planar upward drawing, the directed edges
incident upon each vertex v can be partitioned into two intervals (with possibly one empty),
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) (©

Figure 6: (a) A vertex with alternation one (b) A vertex with alternation zero () A vertex with alternation
three ‘ :

of incoming edges and outgoing edges. In fact this is a necessary condition for an ordered
set (digraph) to be upward planar. In some articles (e.g. [Garg and Tamassia (1994)]) a
digraph with this property is called bimodal. ,

Fix a straight line planar upward drawing of an ordered set. Consider the angles formed
by adjacent pairs of incoming or adjacent pairs of outgoing edges of this upward drawing.
An angle is called large if its measure is strictly greater than =, and it is called small if its
measure is strictly less than 7. One can observe that if a vertex is an internal vertex (is
not extremal) then it has no large angles and if it is an extremal vertex it has exactly one
 large angle. Thus, if L(v) stands for the number of large angles of vertex v, then

L(v) 0 ifvis an internal vertex
v) =
1 if v is an extremal vertex

This unique large angle of the extremal vertex v is in the corner of some face f. Thus,
given an upward drawing, if the large angle of v is in the face [, then we say that v is
assigned to f. As we will see later on, a consistent assignment of large angles to the faces
can determine an upward drawing.

Let f be a face of a planar upward drawing of an ordered set. Consider all angles, inside
the face, formed by pairs of incoming or outgoing edges of the boundary of this face. Let
L(f) stand for the number of large angles of f and S(f) for the number of small angles of
f. Assume that f is a bounded interior face that is, it is an interior face whose boundary
consists of two maximal chains sharing the same top and the same bottom. Then it has
only two small angles and no large angles at all. If f is a bounded exterior face, then it has
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two large angles and no small angles. Thus we have

=2 if f is an interior face
L(f-8(f)= o g X
+2 if f is an exterior face

One can apply a simple induction to show that the same relationship holds between large
angles and small angles for any face which is not necessarily a bounded face.

If one walks around the boundary of a face in a fixed direction, then going from a local
minimum, a vertex from which both incident cdges in the cycle are outgoing, to the next
local minimum, one must pass through a local mazimum, a vertex into which both incident
edges in the cycle are incoming. It follows that the number of angles (small or large) in the
face f formed by pairs of incoming edges equals to the number of angles (small or large) in
the face, formed by pairs of outgoing edges. This number is determined by the embedding
and does not depend on the upward drawing. Thus, if d(f) stands for the number of all
maximal chains (directed paths) in the boundary of face f, then clearly d(f) is an even

number which indeed, is the aumber of local maxima and local minima of the boundary of
this face.

d(f) = L{f) + S{f) for every face f

We define the switching index o(f) as follows.

0 o(f)= { %:(f) -1 ff f :s an intcri.or face
3d(f)+1 if f is an exterior face
In fact a combination of the previous formulas shows that o(f} is the actual number
of large angles in face f. On the other hand large angles can be formed only by extremal
vertices. Thus, the existence of a similar planar upward drawing for an embedded digraph
P depends on the existence of an assignment of extremal vertices to the faces so that it
complies with (x). '
Given an embedded digraph P, let ¢ be an assignment of extremal vertices of P to the
faces. Then ¢ is an upward assignment of P, if for every face f the number a(f) = ¢~} (f)|
of extremal vertices of P assigned to the face f equals o(f), i.e., :

off) —o(f) =0 for every face f

Theorem 1.3 An embedded ordered set (acyclic digraph) P has o similar planar upward
drawing if end only if all vertices of P have alternation < 2 and there erists an upward
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assignment ¢ of P. In this case, P has an upward drowing such that for every face f and

every extremal verter v of P, an angle in f, incident to v, has measure greater than = if

and qnly tf o(v) = f.

This result (using slightly different terminology) is proved in [Bertolazzi, Di Battista,
Liotta and Mannino (1994)} (an independent proof is given also in [Kisielewicz (1994)]).
It is shown in [Bertolazzi, Di Battista, Liotta and Mannino (1994)] that checking
whether P has an upward assignment (and finding one) may be done in pblynomial time
* using the Ford-Fulkerson algorithm solving the max-flow problem on a related network. A
direct effective procedure is given in [Kisielewicz (1994)].

Given an upward assignment of P, one can construct the upward drawing using a pro-
cedure of inserting edges described in [Bertolazzi, Di Battista, Liotta and Mannino
(1994)}. For small digraphs, the fact that every assignment of an extremal vertex to a face
corresponds to a non-convex angle, is often enough by itself to make a suitable drawing.
(See Figure 7: for every face the value of ¢(f) is shown and for every extremal vertex the
face assigned to it is labelled by an arrow.) According to the remarks above, testing whether

(i)

Figure 7: A plane digraph with an upward assignment and the corresponding planar upward drawing
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a plane digraph P has a similar planar upward drawing may be doue in polynomial time.
This also yields a poiynomial-time procedure to test whether a triconnected digraph, that is,
a digraph with no two-element subset of vertices whose removal discounects the underlying
graph. has a planar upward drawing (since the number of distinct planar representations of
a triconnected digraph is “small™).

In fact, the argument used in [Bertolazzi, Di Battista, Liotta and Maunino (1994)]
may be extended for a broader class, ¢.g.. for all subdivisions of triconnected digraphs, as
well. _

Since testing upward planarity for digraphs can be casily reduced in polynomial time
to testing upward plavarity of their bicounccted components, in looking for a digraph that

is hard to test we must concentrate on planar digraphs whose connectivity is just two (cf.
[Kisielewicz (1994))).

1.5 NP-completeness of Upward Planarity Testing

Recently, there has been a major breakthrough: By transforming the NOT-ALL-EQUAL-
3-SAT? decision problem into an auxiliary flow decision problem with integer coordinates,
and then providing yet another transformation to upward planarity, it has been proved that
upward planarity-testing is NP-complete [Garg and Tamassia (1994)).

We present a proof of this result using a direct transformation from EXACT COVER
BY $-SETS. It seems simpler and more transparent.

Roughly speaking, our idea is the following.

We start with an embedded biconnected st-digraph D and its planar upward drawing P.
Such 2 digraph always has a planar upward drawing P, with edge s — ¢ on the boundary
of the exterior face (cf. [Di Battista and Tamassia (1988)]).

Note that all faces are bounded so that the boundary for each face consists of two
maximal chains, that is, d(f) = 2 for every face f. Therefore, o(f)} = 0 for every interior
face, and (f) = 2 for the exterior face. According to this, no large angle can be assigned
to the interior faces. There are only two extremal vertices, namely, s and ¢{. If ¢ is an
assignment of the extremal vertices s and t to the exterior face it is the unique upward
assignment. '

*Given a set of clauses with three literals each, is there a truth assignment such that each clause hax at
least one true literal and ouc false literal?
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Let S be a plane biconnected digraph with vertices r and y on its boundary. such that
there is no other planar representation of S with = aud y on the boundary.

Suppaose, we have chosen 2 edges x; — 3;, 1 = 1,2....,n in P. Replace cach edge r; — y;
by a copy of §, identifying  and y with z; and y;, respectively. Denote the resulting plane
digraph by P’.

Then there are at least 2" distinct planar representations of P obtained just by flipping
subsets of the copies of S in P (see Figure 11:(b) for an example witk n = 9).

Obviously, for some of these representations there may be similar upward drawings,
while for others there may not. To check that P' has no upward drawing at all (using
Theorem  1.3) we need to consider each of 2" planar representations, which done in a |
natural way requires exponential time, |

Generally, it may happen that P has~ still more than 2" planar representations. To
exclude this possibility (and thus to keep full control over possible planar upwa:rd drawings)
our initial choice of P will be such that P has precisely one planar upward drawing with
vertices s, ¢ and w on the boundary. To exclude possible upward drawings with other
exterior faces, we add five new vertices and nine new edges in the exterior of P, as in
Figure 8. We will refer to this by saying that a frame is added to P on vertices s and ¢.

¢ t
P
w \ v
s

Figure 8: Adding a frame to a digraph P on vertices s and ¢

Such a frame has a unique planar upward drawing. This can be seen directly as is
illustrated in Figure 8, or by using Theorem 1.3. The following fact is therefore immediate.

Lemma 1.4 If a digraph P’ has an edge from s to t, and P" is obtained from P' by adding
a frame on s and t, then P has a planar vpwaerd drawing if and only if P’ has a planar
upward drawing with s and t on the boundery. O
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To fix this embedding, we shall also add a suitable path joining vertex w in P with a
vertex v on the frame as in Figure &
Our ultimate aim is to construct a digraph P* such that Hipping S-componeuts cor-

responds to an instance of the following, well-kuown NP-complete problem [Garey and
Johnson (1979)):

EXACT COVER BY 3-SETS (X3C).

INSTANCE: Set X with |.X| = 3¢ and a collection C of 3-clement subsets of X.
QUESTION: Does C contain an exact cover for X7

Our NP-completeness proof is based on standard techniques of “component design™ as
in [Garey and Johnson(1979)]. .'

First we define spiral sets Sm, which will be our basic flipping compouents. Using these
we define a planar ordered set Q, which has three spiral sets intended to represent clements
of the set X, such that Q has a desired planar upward drawing if and ouly if either all the
components are flipped or none. For every member ¢ of C there will be a copy of Q in
F’; flipping the components corresponds to choosing the member ¢ to be an element of the
exact cover we are looking for.

Next, we define planar ordered sets P(d) with d spiral sets intended to represent members
of C, such that P(d) has a desired planar upward drawing if and only if exactly onc of the
spiral sets is flipped. For every element z in X there is a copy of a suitable P(d) in P’;
flipping a component corresponds to choosing 2 member of C in order to cover the element
z.

There will also be “communication” edges in P’ guaranteeing that choices in Q-components
and P(d)-components agree. In fact, we join the pair of basic components S,, by a suitable
pair of edges. Yet, because many connections arc needed, the communication edges may
cross in many places; these places are replaced by a specially designed “crossover” R.

The resulting digraph P’ is constructed in polynomial time and (with a frame added)
has an upward drawing if and only if the corresponding instance of X3C has an affirmative
solution. This will yield 2 new proof (one of the principal results of this thesis) for the
Theorem due originally to Garg and Tamassia:

Theorem 1.5 The decision problem whether an ordered set ( or a directed digraph) has a
planar upward drawing is NP-complete.
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1.6 Gadgets for the Reduction

In this section we coustruct the basic gadgets that will be used for the reduction procedure

in the proof of Theorem 1.5.

1.6.1 Spiral Sets

Let S, be an ordered set with 6m + 3 elements denoted by 1, ..., Uam. U1aees s Uam, by,
and 2),...,22m+1, With the following comparabilities:

where, 7 = 1,2,...,m and, in addition,
t2 v, and b < 2mil, ¥am

These comparabilities describe, in fact, the covering relations of Sy,; the covering digraph
is given in Figure 9:(a). We call this ordered set an m-spiral or simply a spirel, if there
is no confusion about the size of this ordered set. The m-spirals are our basic flipping
components.

In Figure 7:(b) a planar upward drawing of S» is shown. Note that vertices 21, 22, ..., Zaml
have the role of subdivision points to replace nonessential edges with 2 chain so that the
digraph becomes a covering graph of an ordered set. To prove the NP-completeness of
upward planarity testing for arbitrary digraphs, these vertices can be adjoined.

The vertices ¢ and & will be called the top and the bottom of S,,, respectively.

Note that S, is biconnected and it has precisely one planar representation with ¢ and
b on the boundary. There is also precisely one similar upward drawing of Sp,.
~ Indeed, looking for an upward assignment we first observe that for every interior face of

Sm the switching index o(f}) =0. It follows that all extremal vertices must be assigned to
the exterior face. The extremal vertices of S, are u;,...,usm and the top and the bottom
of Spn. |

Below, we will always use Sp, as a subgraph of a plane digraph P whose vertices have
alternation < 2, in such a way that {¢,b} forms a separation pair in P. If, in addition, there
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(b)
Figure 9: (a) Covering digraph of Sm (b) A planar upward drawing of P(2)

is an edge in P outgoing from ¢ and there is an edge in P incoming to b, then we will say
that a copy of Sy, is amalgamated (on ¢ and b) into P. (See, for example, Figure 9:(b) for
two amalgamated copies of 5)).

If Sy, is amalgamated into P, then uy,...,us, are, of course, extremal vertices of P,
while ¢ and b are not. The (undirected) path ¢, vy, ..., vam, b, which is called the left-path of
S, is a part of a boundary of one face in P and the remaining part of the boundary of S,,,,
which is called the right-path of Sp,, is a part of a boundary of another face in P. Denote
the faces by Fy and F3, respectively, and suppose that ¢ is an upward assignment of P.
Then, from our discussion so far, it follows that all the extremal vertices uy,...,usn, on the
right-p'ath of S, must be assigned to F. Thus, using the notation preceding Theorem 1.3,
we see that the contribution of S,, to a(F3) is 2m. On the other hand, the contribution of
Sm to o(F2) is m (since d(F) is equal to the number of extremal vertices on the undirected
cycle bounding F). Therefore, the total contribution of Sm to the difference a(F2) — o(F2)
equals m. Similarly, the contribution of S, to _thé difference a(F\) — ¢(F}) equals ~m.

We sum up our discussion in the following,

Lemma 1.6 Suppose that S is a copy of S,, amalgamated into a plane digraph Pand F is
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a face of P sharing boundary with S. Suppose that o is an upward assignment of P. Then
the contribution of S to the difference a(F) = o(F) equals m if F shares the right-path of

S, or —m, otherwise. O

In Figure 9, the vertices in the left-path are denotcd.with filled vertices. For the exterior
face F, the total contribution of two amalgamated copies of S in Figure 9:(b) to the
difference a(F) — o F) is zero. which in view of Theorem 1.3 is a necessary condition for

the existence of a planar upward drawing,

1.7 Components

Let D be a plane digraph consisting of two directed paths b — z — t and b — y — &.
Replace vertex y by a copy of S5, and vertex x by a chain of three copies of Sy in such a
way that all these copies are amalgamated into the resulting plane digraph Q. The rght-
path of the copy of S3 and the left-paths of the copies of $; contribute to the exterior face
of Q (see Figure 10:(a); every copy of S, is labeled by m and its left-path is indicated with
filled vertices). Similarly. we define a plane digraph P(d) (d > 1) as one obtained from a

Y
N

- Figure 10: Schematic diagrams of Q and P(d)

reere
rrrsene
smammw

@}{

(a)
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plane digraph D consisting of two directed paths b — r — 1 — ¢ and b — ¥ — t. where g is
replaced by an amalgamated copy of $4-u. and . is replaced by a chain of ¢ amalpamated
copies of 57 (by S we mean just a single vertex, so for d = 2 the vertex g is not replieand
at all). In countrast to Q. the right-paths of the copies of Sy ad the left-path of the copy
of S4-» are assumed to contribute to the exterior face. Moreover, for d > 2 we assume that
P(d) has an additional edge from 2; in the copy of Sya to 3 {which is intended to protect
flipping this copy) (see Figure 10:(b)). Note that for d = 2. the vertex = ix not needed.

The vertices ¢ and b are again called the top and the bottom of Q and P(d). respectively,
The part of the boundary of Q (of P(d}) corresponding to t'hc directed path b — y — t in
D will be called the right-path of Q (of P(d)). aud the remaining part — the left-path.

A copy of Q (or P(d)) being a subgraph of a plane digraph P is said to be amalgamated
into P if

e {t.b} is a separation pair in P, and

o there are edges outgoing from ¢ and incoming to & in P.

Lemma 1.7 A plane digreph Q' obtained from Q by flipping its spiral st components has
a stmilar planar upward drawing if and only if either all the four components are flipped, or
none. A plane digraph P' obtained from P(d) by flipping its Sy-components has a similar
plane upward drawing if and only if ezactly one of these components is flipped. O

The proof is an application of Theorem 1.3. One just observes that by virtue of
Lemma 1.6, in each case, for every face F, the total contribution of all spiral sets to the
difference a(F) — ¢(F) must be zero. Figure 9:(b) shows a planar upward drawing of P(2)
after flipping one of the $)-components.

1.8 Communication and Crossovers

Given two copies $' and 5" of §; on the plane, the pair of non-crossing edges directed from
the bottom and the top of S’ to the bottom and the top of $” will be called the pair of
communication edges from S’ to S” (see Figure 11:(a)). We allow joining the top of §'
with the bottom of $” (rather than with the top of $). The following definition does not
depend on this choice.

Let D be a plane digraph obtained from two copies 5’ and $” of S} joined with the pair
of communication edges, and let F be an exterior face of D. We say that $' and $” are
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Figure 11: (a) Two pairs of communication edges crossing (b) Crossover R, to replace the shadowed area

flipped in the same wey in D, if right-paths of $' and S” contribute one of them, to the
exterior face of D, and the other one, to an interior face of D (as indicated with non-filled
vertices in Figure 11:(a)).

Again, by Theorem 1.3, we have-'immedia.tely

Lemma 1.8 A plane digraph D obtained from two copies S’ and S” of Sy joined with the
pair of communication edges has a similar planar upward drawing if and only if both the
copies are flipped in the same way. O

This allows us to place in a plane digraph two copies of $; such that in every planar
upward drawing they must be flipped in the same way. The last problem to resolve is
possible crossing of communication edges. We avoid it in 2 classical mauner by designing a
component called a crossover. To this end we may use the digraph R given in Figure 11:(b)
in which every component being a copy of S; or S» is shown schematically as a shaped box
labeled with 1 or 2, respectively, and is assumed to be amalgarﬁated into R. We show tha.t
the pairs of components (', 5") and (%, T") must be flipped in the same way to allow ax
upward drawing of R. '

Lemma 1.9 Let R be the plane digraph in Figﬁre 11:(b) and F its exterior face. Then R
has a similar planar upward drawing if and only if the pairs (S, $") and (T",T") are flipped
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in the same way. that is. both the total contribution of (S', $") to the difference o F) - o(F)
and the total contribution of (T',T") to the difference a(F) — o(F) are equal o zero. O

Proof First note that all vertices in R have alternation < 2. Suppose that $' contributes
with the left-path to the exterior face (that is, with —1 to the difference a(F) — ¢{F)). In
Figure 11:(b), we denote this path with the filled vertices on the left hand side of S’ and
with non-filled vertices on the right hand side. Then, applying Theorem 1.3 to the face F
of R, on the right hand side of S’ we see that its unique Sa-component must be flipped just-
as shown in Figure 11:(b) in order to make the difference a(F) « ¢{F) equal zero. Also,
further flipping is a consequence of flipping S', which proves the part of the theorem for the
pair (S’,S"). A similar argument applies independently to T' and T,

On the other hand, we sce that if all the components are flipped in the suggested way,
then the conditions of the theorem are satisfied, and thereforc R has a similar upward
drawing. O .

To fix attention, in the construction below, we assume that components $' and 7" in
every copy R’ of R are flipped initially so that their right-paths contribute to the exterior
face of R, and the remaining are flipped so that R’ has a similar planar upward drawing.

1.9 Construction

Now suppose we are given an instance of X3C, Exact cover by 3-set, with X = {z1,25,...,2,}
where n = 3¢, and C = {C},(3,...,Cn}. Without loss of generality we may assume that
each z; is a member of at least two sets in C; otherwise the possible choice is partially
determined. From this we construct a plane digraph G’ as follows (we use clements of X
and C to label some vertices of G'):

(?) Draw (without crossing) a cycle consisting of the directed paths: py = b — Cj ~

Co—...=Cp—w,pp=wW— 2] — Iz —~... = T, —t, and the edge b — .

() Draw a directed edge C; — z; inside the cycle whenever z; € C;; allow edges to cross,
but two edges cross in at most one point. (see Figure 12:(a)).

Replacing parts of G’ by suitable components we construct digraph G as follows. -

(##) Replace every vertex C; by a copy of @ in such 2 way that all of them are a.malgamated'
into G and the right-path.of each contributes to the exterior face. ‘
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Figure 12: Digraph G’ and a part of G containing compouents Cq and 23

(tv) Replace every vertex z; by a copy of P(d), where d is the degree of z;, in such a way
~ that all are amalgamated into G and the right-path of each contributes to the exterior
face.

(v) Replace every edge Ci — z; by a pair of communication edges joining (arbitrarily
chosen) S)-components of C; and zj, respectively (not allowing crossing areas to
overlap) (sce Figure 12:(a)).

(vi) Replace every crossing area produced by two pairs of communication edges, by a copy
of the crossover R as in Figure 11:(b), as illustrated in Figure 12.

(wi?) Subdivide nonessential edges by adding vertices of degree two, if necessary. Note that
to prove the NP-completeness of upward planarity testing for arbitrary digraphs this
step can be omitted (see the remark following the description of S, in Section 1.6.1).

(viii) Add a frame on vertices ¢ and b.

(iz) Add edges from w to a new vertex z and from z to the vertex v on the frame as
in Figure 8, and replace z by an amalgamated copy of Sp with p = |2n — 3m| (see
Figure 13).
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Figure 13: Schematic illustration of G

Clearly, G can be constructed in O{m + n) time. It remains to show that G has a planar
upward drawing if and only if C contains an exact cover of X.

Suppose, that C' C C is an exact cover of X. First, note that G is constructed so that
all vertices have alternation < 2. We flip some spiral set components in G to obtain another
planar representation G* of G.

At first, we flip all spiral sets in components Q corresponding to C; € €', and then
those copies of S; in components P(d) that correspond by communication edges to flipped
copies of S in components (). Next, all spiral sets in involved crossovers are flipped suit-
ably. (By involved crossovers we mean those lying on communication edges joining flipped
components.)

Observe that the extremal vertices of G* are _;Qrecisely the vertices u; on right-paths of
spiral set components and, in addition, two vertices on the boundary. If every spiral set
component is replaced by a vertex, then the resulting digraph is an st-digraph; in particular,
for every interior face F, the switching index o(F) = 0. It follows, by Theorem 1.3, that
G* has an upward assignment if and only if for every face F of G* the total contribution of
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spiral set components to the differcuce a(F) — o(F) equals zero.

We have chosen flipping some components in G so that by Lemma 1.6, this condition
holds for cvery face of G* other than faces Fy and F» in Figure 13. We proceed to show
that this condition holds for F and Fa, as well.

For each d),dy,...,dn, P(d;) corresponds to the element z; € X,i =1,2,...,n. Then

~ the total contribution of all spiral set components to the face F is

I=—z“:(d;—_)=2n—éd.‘=2n—3m. | (1)

i=1
On the other hand, since there are precisely ¢ components @ with their spiral sets fipped
(where n = 3g), the total contribution of spiral set components to Fa is

I(m—-q)~3¢=3m—-2n : (2)

whence, assuming that the component S, with p = |2n — 3m| is flipped suitably, we see
that the condition holds for F} and F3, as well, thus proving that G has a planar upward
drawing similar to G*. ‘

Conversely, from the construction it follows also that if G has a planar upward drawing,
then it must be similar to a plane digraph G* obtained from G just by flipping some of its
spiral set componeats. It follows also, by Theorem 1.3, that the fipping must be such that
for every face F the total contribution of such components to the difference o(F) — a(F)
cquals zero. In particular, by Lemma 1.7, in every component P(d) there is precisely one
copy of S flipped, and by properties of the construction, the components Q with their
spiral set components flipped, yield an exact cover of the set X. This completes the proof
of ’I"heorem 1.5. 0
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Upward Drawing on Surfaces

2.1 Introduction

If we wish to have upward drawings without crossing edges, we are led ineluctably to
study upward drawings on surfaces other than planes in R%. A common artifice, especially
contrived to avoid edge crossing, is to draw the diagram on closed, compact, oricentable
surfaces, that is, on surfaces homeomorphic to the surface of a sphere with attached haundles,
in R3.

In this chapter, after presenting some examples of nonplanar ordered sets (some of them,
even, with planar covering graphs), we formally define the concept of upward drawings
without crossing edges on surfaces, that is, embedding of ordered sets on surfaces. In
Section 2.3 a lifting procedure, which is fundamental in upward drawings on surfaces, will be
introduced. Critical points, in particular saddle points, which play a decisive role in npward

drawings, and the Discrete Inder Theorem will be presented in Section 2.4.

2.1.1 Examples of Nonplanar Ordered Sets

Although a planar ordered set must, of course, have a planar covering graph, an ordered
set with a planar covering graph need not be a planar ordered set. The following three
examples describe nonplanar ordered sets with planar covering graphs.

Example 2.1 Consider the six-element ordered set defined in Section 1.2.1. One can
verify, for instance, by examining the maximal chains that this ordered set has no planar
upward drawing, while its covering graph is planar.

27
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Three-dimensional hypercube Its covering graph

Figure 14: Hypercube and its covering graph

Example 2.2 The ordered set of all subsets of a three-element set with respect to inclusion
is called the three-dimensional hypercube denoted by Q3. Figure 14 shows that the covering
graph of this ordered set is planar, while the ordered set itself is nonplanar. The covering
graph of Q? has a unique embedding so that its top and bottom are not in the same face. On
the other hand all faces are bounded faces, with switching index o(f) = 0 if f is an interior
face and ¢(f) = 2if f is an exterior face (cf. Section 1.4.2 for definition of switching index).
Thus, by virtue of Theorem 1.3, the extremal vertices top and bottom must be assigned to
the exterior face. Therefore, it admits no upward assignment.

The three-dimensional hypercube can be drawn, for instance, on the surface of a simple
sphere S = {(z,3,z) : 22 + ¥* + z* = r?} in three-dimensional space R® in such a way that
the arcs corresponding to the edges of the ordered set all lie on the surface and they are
monotonically increasing with respect to the positive direction of the s-axis. We say that
Q? is embedded on the sphere (see Figure 16).

Example 2.3 If we paste two copies of Q° along an edge not incident with an extremal
vertex, the result is called the doublecube. An upward drawing of this ordered set is depicted
in Figure 15. The covering graph of the doublecube is planar, but obviously it is not upward
planar since even the three-dimensional hypercube is not pla.:;a.r. On the other hand, unlike
Q3, it has no upward drawing without crossing of edges on a simple sphere.

In fact, an upward drawing of this ordered set requires only a surface topologically
homeomorphic to the sphere. Geometrically, withl respect to a height function, it must
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Q o o
o Q ® Q) D)
o} ’ ‘o’ ’ ‘o
‘ —
The doublecube Its planar covering graph

Figure 15: The doublecube

contain however at least one saddle point [Ewacha, Li, and Rival (1991)], [Reuter and
Rival (1991)], [Musin, Rival and Tarasov (1993})]. Figure 17, shows an upward drawing
of this ordered set on a surface of genus zero.

Note that, if the covering graph of an ordered set is nonplanar, then obviously it has no
upward drawing on a surface of genus zero.

Example 2.4 In Example 2.1, if we add another chain of length> 2, connecting its bottom
to its top, then the covering graph contains a graph homeomorphic to the complete bipartite
graph K33. In effect the covering graph is a nonplanar graph[Kuratowski (1963)]. Fig-
ure 18, provides an upward drawing of this ordered set on the torus, which is topologically
homeomorphic to the sphere with a handle is attached — a surface of genus one.

2.2 Embedding of Ordered Sets

The study of upward drawings on surfaces has been motivated by graph embedding, and
topological graph theory, whose literature is extensive (cf. for example, [Gross and Tucker
(1987)]). Thus, although it is customary and convenient to draw a diagram of an ordered
set on the plane, whether or not edges cross, we may also wish to draw them on other
surfaces, especially if this avoids the crossing of edges. '

According to this scheme, small circles corresponding to the elements of the ordered set
are located on the surface in such a way that for a and b in the ordered set P, the circle
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Figure 16: An upward drawing without crossing edges of the hypercube on the sphere

corresponding to a is farther north (has greater z-value) than the circle corresponding to b,
whenever @ > b, and a monctonic curve is drawn to join the circles just if @ covers b. See
Figure 16 for an upward drawing of hypercube Q3 on the sphere

There are major differences between graph embedding and order embedding. A surface’s
shape and curvature, and especially its critical points play an important role for order
embedding although they play no role at all for graph embedding. In fact, for instance, all °
genus zero surfaces are topologically homeomorphic with a simple sphere, which in turn,
from the point of view of graph embedding, is equivalent to a plane. That is, all genus
zero graphs are planar. But as we have seen in the previous examples, the critical points of
these surfaces, are important in that an ordered set with planar covering graph may have
an embedding in a genus zero surface homeomorphic to the sphere, but may fail to have
embedding onto the sphere itself (see Example 2.3 and Figure 17). ‘

To be more precise, we consider the case of a two-dimensional orientable closed compact
manifold, which is called a two-dimensional surface or simply a surface. It is well known
(cf [Massey (1991)]) that any such manifold is homeomorphic to a sphere with a certain
number g, its genus, of handles attached and thus, could be embedded into R3, Thus an
upward drawing of an ordered set can be defined as follows. o

A directed covering graph of an or&ered set P, denoted cover(P), is the covering graph

of P where the edges are equipped with directions identical with the order. That is, if a < b
then the edge a ~ b is directed from a to b.
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Figure 17: An upward drawing without crossing edges of doublecube on a surface of genus zero

An upwerd drawing of an ordered set P on a surface S is a pair of embeddings
@:over(P) — S and #%:S—R3

such that the images of the directed edges of coter(P), are monotonic with respect to a
height function in R3. _

This definition implies that such upward drawings on surfaces have no crossing of edges.
We usually refer to such an upward drawing as an embedding of the ordered set {(or order
embedding) onto the surface. '

The order genus of an ordered set P, denoted genus(P), is the minimal genus of the
surface on which an upward drawing of P exists.

An embedding is called cellular, if all faces are simply connected, that is, they are
homeomorphic to a disk. '

2.3 Lifting Procedure

The upward drawing of an ordered set is far from unique. In fact, there may be many
associated cell complexes on the surface on which the ordered set is (cellularly) embedded.
Nonetheless, there is one fairly obvious upward drawing associated with a lifting procedure
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Figure 18: An upward drawing on a surface of genus one

(cf. [Ewacha, Li, and Rival (1991)]).

Start with cover(P), the covering graph of an ordered set P, which, as a graph, has
genus, say g. Embed cover(P), without crossing edges on a two-dimensional surface of genus
g- It is convenient to represent this embedding inside a polygon in the plane {(z,9,2) :
z = 0} with 4g sides (if g > 0), in which cover(P) is drawn planar, possibly with repeated
edges and vertices, and in which 2g pairs of sides are tagged for identification. Figure 19
illustrates an embedding of the covering graph of the ordered set introduced in Example 2.4
on a 4-gon corresponding to the torus. ' -

A height functio;t of an ordered set is any strict isotone, real-valued function k of P,
that is, h(x) < h(y) whenever z < y in P. A common example is

- h(z) =max{|C| : C is a chain in P with top(C) = z}

Next, define any (real-valued) height function h on the vertices and continue it by
linearity onto the polygon, using a triangulation of the embedding on the polygon, thus
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Figure 19: Embedding of an ordered set in a 4-gon corresponding to torus

producing 5. piecewise-linea.r'homotopic image which can then be piecewise linearly recon-
structed, monotonically, with respect to k in R, by gluing pairs of sides of the polygon
(already tagged for identification). '

Unlike the planar case, a triangulation for graphé embedded on two-dimensional surfaces
with genus > 0, may be impossible — without additional points (cf. Section 6.3.3 for
details).

In summary, by the lifting and subsequent gluing of polygon sides, we can manufacture a
piecewise linear two-dimensional surface in R3. It may happen that in higher genus ordered
sets (g > 0) such a surface is not realizable in R, that is, we may have self-intersections —
an immersion! — despite the fact that the surface is topologically homeomeorphic to one
* without intersections, that is, a sphere with attached handles. ’

~ Thus, if we relax the condition for realizability in R® of the surface on which the or-
‘dered set is drawn without crossing edges, then the lifting procedure proves the following
fundamental result about upward drawings on surfaces.

Theorem 2.1 [Ewacha, Li, and Rival (1991)] The order genus of an upwerd drawing
equals the graph genus of its covering graph.

1Let X and Y be manifolds and f : X — Y a differentiable map. We say that [ is an immersion at =
if Taf : TaX = Ty(m)Y is injective. [Berger and Gostiaux (1988)].
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Aécordiug to Theorem 2.1, we can check whether an ordered set has an upward drawing
without crossing edges on a surface of genus zero (a surface topologically homeomorphicto a
sphere) in linear time. In fact, it is sufficient to check for the planarity of its covering graph
which can be done in linear time using for instance the [Hopcroft and Tarjan (1979)}
- algorithm. ‘ _

An orientation of a graph is an order (or upward drawing) with this graph as covering
graph. The fundamental problem in the theory of orientations is to construct nontrivial
inveriants with respect to all orientations of a covering graph. The number of elements,
edges, etc. are examples of trivial invariants. Thus, every orientation of a three clement
ordered set has three clements, while all of the orientations need not have same length (two
or three). In fact, vione of the familiar parameters height, width, or dimension, is such an
tnvariant (cf. {Rival (1993)]).

The Lifting procedure, on the other hand, provides the first nontrivial orientation in-
variant. As the order genus, by Theorem 2.1, depends only on the covering graph, every
orientation of a fixed (covering) graph has the same order genus.

Theorem 2.2 [Ewacha, Li, and Rival (1991)] Order genus is an orientation invariant.

The lifting procedure suggests a good algorithm for upward drawing of ordered sets
of genus zero, that is, those with planar covering graphs. Thus we are always able to
construct an upward drawing on a surface of genus zero, realizable in R3. On the other
_ hand, unlike (covering) graphs, it is not yet known whether an ordered set (of order genus
g > 0) bas an upward drawing on a two-dimensional surface of genus g, which itself has no
self-intersections — an embedding. We have the following result.

Theorem 2.3 [Ewacha, Li, and Rival (1991)] The decision problem whether the upward
drawing of an ordered set can be drewn on e two-dimensional surface with fized order genus
and with a prescribed list of critical points, belongs to NP (cf. [Musin, Rival and Tarasov
(1993)]).

2.4 Critical Points

For a fixed surface and a fixed ordered set which constraints must be considered to guarantee
an embedding of this ordered set on this surface?
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Of course, the genus of an ordered set which is, by Theorem 2.1, equal to the genus of
its covering graph. must be known. Calculating the order genus is an “NP-hard" problem,
since the problem for covering graphs is NP-hard [Thomassen (1990)]. Ou the other hand
for a fixed genus g we can check in O(n®¥)) time whether the covering graph of an ordered
set has genus g (cf. [Filotti, Miller and Reif (1979))).

Thus, if we assume the order genus of an ordered set, the next natural problem, as the
examples at the beginning of this chapter show, is to study the critical poiuts of the surface
ou which the order has an upward drawing without crossing edges. Some of the vertices of
the ordered set correspond to these points on the surface, which are called critical points of
the ordered set. |

In the next section, we first review the critical points of surfaces and the Poincaré Index

Theorem. Then the critical points for ordered sets and a discrete analog of the Poincaré
Index Theorem will be studied.

2.4.1 The Poincaré Index Theorem

The Critical Point Theorem for height functions on an embedded surface in R3 is one of the
most important theorems of geometry. This theorem, in fact, relates a geometric property
of the embedded surface namely, the sum of a set of geometrically defined indices of critical
points, to a topological property of the surface, the Euler-Poincare characteristic x(S).
Although, the smoothness of surfaces is assumed, the theorem has analogs for polyhedral
surfaces embedded on R? [Banchoff (1967)] and ordered sets embedded on surfaces {Glass
(1973)]. We shall now briefly review the Critical Point Theorem for surfaces and then, their
discrete relatives for ordered sets will be discussed.

Cuasider a smooth surface S embedded in R® and consider a linear function k ou R3
which projects all of R® to the line determined by a unit vector k. A point p of $ is said to
be a critical point for h if the tangent plane to S at p is perpendicular to h. All other points
of S are called ordinary points for h. Usually, one can consider the standard unit vector
k = (0,0,1) and the height of each point is its z-value in the Cartesian coordinate system.
Thus, for instance, the sphere has two critical points, one maximum and one minimum, and
torus has four eritical points one maximum, one minimum and two (nondegenerate) saddle
points.

The Critical Point Theorem for height functions states that if ~ has a finite number of
critical points on § of the three types maximum, minimum and saddle points which all are
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nondegenerate?, then
| local maxima | + | local minima | — | saddle points | = x(S5) (3)

where x(S) is the Euler-Poincaré characteristic of S. The Euler-Poincaré characteristic
x(5) is the alternating sum of the number of cells of all dimension in any cell partition of S.
Thus for a. cell complex, that is a family of cells whose sum is $, such that the intersection
of any two is cither empty or the union of other cells

Z(—-l)‘(number of cells of dimension i) = x(S)

i>0
The Euler-Poincaré characteristic is a topological invariant, that is, it remains fixed under

any continuous deformation of the surface. Thus, for a cartographic map, say, of countries

| (simply connected regions) drawn on the surface of a sphere, the alternating sum of vertices,
edges and faces is the constant integer two. In other words, the Euler-Poincaré characteristic
of the sphere is two. More generally, the Euler-Poincaré characteristic of any orientable two-
dimensional manifold equals 2 — 2g, where g is the genus of the manifold.

There are several ways that ore can define an indez for each critical point.

In Morse Theory [Milnor (1963)] the indez of a critical point is given by considering
the sign of the determinant of the matrix of second derivatives at that point.

If we consider a smooth vector field on a surface, that is smoothly assign to each point
on the surface, a vector taken from its tangential hyperplane, then a point is called critical
(singular) if the corresponding vector at that point is zero. Let p be such a critical point
and suppose it is isolated, that is, there is a neighborhood containing it in which it is the
only critical point. Take a counterclockwise circular path inside this neighborhood. The
indez of p is the number of revolutions of the vector field along this path.

¥Let f: R* — R be 2 smooth function and Suppose f bas a critical point at z. If the Hessizn matriz

i
Hef = (az.-axj),

is nonsingular at the critical point z, then z is said to be a nondegenerate critical point of f. The concept
of nondegeneracy makes sense on manifolds via local parametrizations. Suppose that fJ: X—Rhasa
critical point at = and that ¢ is a local parametrization carrying the origin to z. Ther 0 is a critical point
for the function fo ¢. z is said to be nondegenerate for f if 0 is nondegenerate for f o ¢ [Guillemin and
Pollack (1974)] . A function whose critical points are all nondegenerate is called a Morse Junction. The case
of nondegenerate critical points is the common situation. In fact it can be deduced from Sard’s Theorem
" (cf. [Guillemin aid Pollack {1974)]), that the vast majority of functions are actually Morse functions.
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Here is still another definition for index of a critical point. For a height function A, we
define index(p, h) =1 if p is a local maximum or minimum and index(p.h) = =-1ifpisa
(nondegenerate) saddle point. The theorem then states

Z index(p, k) = \{S) | . (1)

p critical

which is called Poincaré Index Theorem.

2.4.2 Critical Points of Ordered Sets

Suppose that an ordered set (directed graph) P is embedded without crossing edges on a
closed compact surface S. Assume, moreover, that the embedding is cellular, that‘is, it
partitions the surface into simply connected (null-homotopic) faces F, bounded by edges E.
connecting vertices V. Accordingly,

V1= B} + IF| = x(S5)

Now. a discrete analog of the Poincaré index theorem can be obtained for this upward
drawing ([Glass (1973), c¢f. [Musin, Rival and Tarasov (1993)})as follows.

To any covering edge @ > b in P we associate two values, “+” to that end of the
covering edge outgoing from 2 and “~" to that end of it incoming to b. In this way, every
covering edge acquires two values and, for every clement a € P, every incident covering
edge associates, in this way, a sign (+ or —), to a. A minimal clement of P will acquire
all — values and a maximal element all + values. In general, to every clement there is
associated a circular sequence of +’s and —’s corresponding to a clockwise orientation in
a neighborhood about it. What is of importance is the number of alternations of +’s and
—'s. Thus, we call an element ordinary just if this sequence consists of an interval of +'s
and and interval of —’s that is one alternation. An ertremal clement, that is, a maximal or
a minimal element has no alternations at all. If an element’s circular sequence has two or
more alternations then it must be a saddle point — the surface on wh:ch the ordered set is
drawn cannot be spherical (see Figure 6).

2.4.3 Discrete Index Theorem

The above assignment of +’s and —’s to the edges can be summarized by formulating the
index of a critical point in a covering graph.
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For cach vertex, the incident edges “fan out™ forming a circle. Mark such an incident
edge + if its other endpoint u satisfies # » v and mark it — if u < v, with respect to the
order. Let ny stand for the number of intervals of +'s, and let n_ stand for the number of
intervals of —"s in this fan. There are in cffect, three cases: if

ny +n. =2 then index(v) =0
and the corresponding vertex is ordinary; if
n; =0 or n_ =0 then index(v) =1

and the corresponding vertex is critical, an eztremum — either a local mazimum or a local
minimumn fnally,

ny +n. > 2 and thea index(v) =1~ n_

in which case v is a saddle potnt.

To compute the index of a face we consider its local minima. Thus, call a vertex v of the
face C a local minimum if, in the order, v is less than its (two) neighbors in the boundary
cycle of face C. And, call the face C ordinary if it has only one (local) minimum, else call
it nonordinary and , in any case, set

index(C) = 1 — | local minima |
Here is the discrete analog of the Poincaré Index Theorem.

Theorem 2.4 Discrete Index Theorem [Glass (1973)] For any directed graph embed-
ded on a compact surface S

> index(v) + Y index(C) = x(5) - (5)
veV CeF
A directed graph is acyclic if it has no directed cycle. If an acyclic directed graph
contains a bounded face C, in the sense that its boundary cycle can be partitioned into two
maximal chains which share the same top and the same bottom, then indez(C) =0 since
it has only one local minimum. The smallest examples of such faces are triangles.
Consider an acyclic directed graph, for instance, the directed comparability graph of
an ordered set, so that all faces are bounded faces. As any face C is a bounded face with
precisely one local minimum, then indez(C) = 0 and it suffices to sum the index just
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over all vertices and Formula (5} reduces to (4), its continuous forebear. In particular, in a
triangulated direct graph one can simply caleulate all eritical points.

We close this section by applying the index theorem in proving the fact that any upward
drawing of the doublecube on a surface of genus zero requires at least a saddle point (cf.
Example 2.3).

The proof goes as follows. The covering graph of doublecube is planar so that it has
two three-connected components, namely the copies of the cube, so it has fow cubeddings
in the planc. An embedding of this covering graph is illustrated in Figure 15 All iutevior
faces are bounded faces with index zero. The exterior face is the only nonordinary face due
to the two minima, the bottoms of the copies of the cube, thus its index is —1.

The doublecube has four extremals (top and bottom of each cube) whose contribution
to the summation of indices is four. Note that since the covering graph is planar its Euler-
Poincaré chq.,racteristic is at most two. Thus,

2 2 x(5) = Y index(v) + Y index(C)

veV ¢EF
= 4+ Z index(v) — 1
vEextrmmal
= 3+ Z index(v)
vEnxtramal

Therefore,
z index(v) € -1
vEwxtiemal

This proves the existence of at least one saddle point.O
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Chapter 3

Spherical Ordered Sets

3.1 Introduction

In this chapter we focus on the upward drawings on the round sphere
S={(z.y.2) 22 +3*+:2=1}

On the one hand, it is a closed, compact, orientable surface in R3, and, thercfore, has a
simple structure. On the other hand, from the upward drawing point of view, it provides
more freedom than the plane in that there are nonplanar ordered sets whose edges can
wrap around the sphere preserving monotonicity and avoiding crossing edges. It is known
that the sphere and the plane are equivalent for {undirected) graph embeddings: that is, an
undirected graph has an embedding on the sphere if and only if it has a similar embedding
on the plane. But surprisingly, Upward drawings of ordered sets (or directed graphs) are
2 different story. Indeed there are many ordered sets, all nonplanar, which have upward
drawings without crossing edges on the sphere — they are all spherical.

Thus, as the next natural candidate for upward drawings without crossing cdgcs,‘ we
shall study upward drawings on this surface.

-In Section 3.2 we shall characterize all spherical ordered sets in terms of critical points. In
Section 3.3 we define the concept of a circular drawing on the plane which is of independent
interest and we shall show that it is equivalent to upward drawing on the sphere, in the
sense that an ordered set is spherical if and only if it has a circular drawing on the plane
without crossing edges. |

41
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3.2 Characterization

An ordered set is sphericel if it has an upward drawing on the round sphere
S={{z,y,3): 2+ +F* =1}

such that all cdges are monotonic paths with respect to a fixed direction, say the positive
dircction of the =-axis, the northerly direction, and no two edges cross.

Sphericity for acyclic directed graphs is defined in a similar manper. An acyclic di-
rected graph is spherical, if it has a drawing on the sphere so that all monotonic paths
corresponding to the directed edges point upward. Although our primary interest, in this
work, bears on ordered sets, all the results can easily be extended to acyclic directed graphs.

[Foldes, Rival and Urrutia (1992)] showed that an ordered set is spherical if it has
a top, a bottom and its covering graph is planar. Our definition of spherical ordered sets
includes a wide range of ordered sets. '
In the following we show that in fact, by adding new edges, if necessary, any spherical
ordered set can be extended to an acyclic directed graph such that it has a top, a bottom
and its covering graph is planar.

Theorem 3.1 An ordered set is spherical if and only if by adding new edges (if necessary)
it can be extended to an acyclic embedded digraph which has ezactly one mazimal vertez (all
incident edges have sign ‘+') end ezactly one minimal vertez (all incident edges have sign

),

Proof Let P be an ordered set such that by adding some new edges, if necessary, it can
be extended to an acyclic directed graph P*, where P* has a planar underlying graph with
exactly one maximal and one minimal. Then, by [Foldes, Rival and Urrutia (1992)], P*
has an upward drawing without crossing edges on the sphere. Now, removing all edges in
P*\P provides an upward drawing of P on the spkere, proving that P is spherical.

Conversely!, suppose that we have an upward drawing without crossing edges of P, on
the sphere, such that all edges are monotonically increasing in the positive direction of the
z-axis. We also assume that the sphere, itself, has a fixed position in three-dimensional
space R3.

*This part of the proof closely follows [Di Battista and Tamassia (1988)] (for the planar case).
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Figure 20:

We denote the vertices of P by p1,pa,...,pn, sorted from bottom to top, and with
21, 32,+ -+, 3n their heights (their s-ordinates), respectively. Without loss of generality we
cau assume that p; is located at the south pole and p, at the north pole. Otherwise, we
may modify the upward drawing to provide an equivalent drawing on the sphere with this
property.

Let p; be a maximal element other thar p; and p, (with height different from both =z,
and z,) and consider that portion of the sphere between the two level curves obtained by
cutting the sphere with parallel planes Z = z; and Z = =; + ¢ where € > 0 is smali enough
so that this portion contains no vertices p; (1 € ¢ € n) in its interior. This port.ibn is
subdivided into connected regions bounded by the monotonic curves corresponding to the
edges of P (see Figure 20).

Next, let p;. < pt be a covering edge on the boundary of any region that contains p;. We
draw a monotonic path starting at p; going closely along the path corresponding to pi < py.
This means that we can add an edge p; < p; to P with sign*+’ at p; and sign ‘=’ at p;.
Thus p; is no longer a maximal.

Now, repeating this procedure, we can eliminate all maximals except the one at zp and
similarly we can eliminate all minimals except the one at z;. ‘

To complete the construction, we shall now add an edge from z; to all remaining min-
imal, and from all remaining maximals to z,. Evidently, the resulting directed graph P*
is acyclic with exactly one maximal and exactly one minimal and the underlying graph is
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planar.0

A sunilar planar embedding of a planar graph, is an cmbedding in the plane which
preserves the face strecture of the original graph.

In view of the properties of the digraph P* described in Theorem 3.1 and the Index
Theorem (cf. Theorem 2.4), we can immediately deduce the following lemmas.

Lemma 3.2 In a similer planar embedding of P* all vertices have alternation at most one.

Proof The maximal and minimal vertices of P* contribute +2 to the summation of the
indices. Thus, if there is a vertex with alternation > 1, then it contradicts the fact that
" the Euler characteristic of the sphere is 2.0

Therefore, the edges incident to each vertex of P* can be partitioned into two intervals
(with the possibility that one is empty), so that all edges in any interval have the same sign
and they occur around the vertex consecutively. In other words, it has no saddle points.

Lemma 3.3 All faces of P* are ordinary faces with indei zero.

Proof We note that each nonordinary face contributes a negative integer to the summa- -
tion of indices, thus similar to the proof of the previous lemma, P* contains no ronordinary
face.O

By definition a bounded face is a face with a top and a bottom element. The boundary
of a bounded face can be partitioned into two maximal chains sharing the same top and
bottom. In fact, using Lemma 3.3, we can partition the boundary of every face of directed
graph P* described in Theorem 3.1, into two maximal chains €, and C; such that C =
C1 U Gy, where C is the boundary of the face.

By triangulation, we mean an acyclic triangulation with signed edges. We have the
_ following result.

Lemma 3.4 A bounded face can be triangulated without increasing the alternation about
any vertez.
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Proof Let C be a bounded face consisting of maximal chaius €y and Cs. 1f the face is not
a triangle, then by adding any chordal edge. that is. a directed edge which connects the tail
of a directed path to its head. we obtain two smaller bounded faces where ciach of them can
be triangulated with the pmpérty that it does not increase the alternation of any vertex.O

Note that any acychc triangle as a face is a bounded face with index zero, so that for an
acyclic triangulated graph, the index formula depends only on the indices of the vertices.
A combination of the preceding results proves the following theorem.

Theorem 3.5 Fir an embedding of the directed covering graph of an ordered set (or an
embedding of an ecyclic directed graph). The ordered set has an upward drawing on the
sphere if and only if it has an acyclic triangulation with no saddle point.

Corollary 3.6 If every acyclic triangulation of an embedded covering graph of an ordered
set has a verter which is a saddle point then this embedded covering graph has no similar
upward drawing without crossing edges on the sphere.

Every planar ordered set is a spanning subgfa.ph of a st-digraph whose faces are bounded

5o that they can be triangulated without creating any saddle point. Thus, we have the
following corollary.

Corollary 3.7 Every planar ordered set hes o triangulation with no saddle point.

3.3 Circular Drawing

For the presentation of ordered data, the order among the elements must, of courée, be
readily apparent. Thus;-for elements a and b represented by vertices on the plane with
different y-ordinates the fact that a is compa.rable to b is depicted by a monotonic path
from the vertex a to the vertex b. A vertical path may be the easiest to discern.

It is customary to use upward planar drawings to display and read the order.relation.

There are several other ways to represent an ordered set or a directed graph in the plane,

each of special interest, with different advantages or a.pphcatlons (cf [Rwal (1992)]). Here
are some examples.
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e Upward drawings which minimize the number of different slopes used in drawing the
covering edges, (cf. [Czyzowicz, Pelc and Rival (1950)], [Czyzowlcz, Pelc, Rival
and Urrutia (1990)] and [Czyzowicz {1991)] ).

e Vertical drawing (k-vertical drawing), to draw the disjoint chains of a given chain de-
composition of an ordered set, vertically (with non-vertical edges between these chains)
and a k-channel drawing (possibly with bends and stretching) (cf. [Nowakowski and
Rival (1989)]).

 Directed visibility representation (for a directed graph) consists of representing the
vertices of a digraph by means of horizontal segments and the edges by means of
vertical segments so that the vertical segment associated with an edge v — w has its
endpoints on the segments representing the vertices. Moreover, every segment repre-
senting an edge is directed from the lower to the higher endpoint (cf. [Di Battista
and Tamassia (1988)]).

* A monotonic grid drawing is an upward drawing such that the vertices are placed at
grid points, and the edges are drawn as polygonal lines that bend only at grid poiats.
Minimizing the area occupied and the number of bends along the edges are the criteria
for this drawing (cf. Jourdan, Rival and Zaguia (1994)]).

In this section, we introduce circular drewings on the plane in wi ch, loosely speaking,
- the vertices are placed on concentric circles and, for a covering edge a < b, a path is drawn
s0 that a is its initial point and b its terminal point, and it is transversal to all circles
with increasing radius. This particular drawing can be used as a tool for studying spherical
ordered sets. We shall show that an ordered set is spherical if and only if it has a circuler
embedding, that is, a c:rcula.r drawing in which no paths corresponding to the edge; of the
ordered set cross. We begin by the following example.

Example 3.1 Consider the six-element ordered set represented by its diagram in Fig-
ure 21(i). It is well known that this ordered set has no planar upward drawmg, while it
does have an upward dra.mng without crossing edges on the sphere.

We shall now give an embedding of this ordered set in the plane with its order relation
displayed. T;:: this end we first define 2 function

H:V(P)— Z*
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from the vertices of P to the set of nonnegative integers such that H is order preserving,
that is, H(x) < H(y) if and only if & < y. In Figure 21(i). the label of cach vertex is the
value of H at that vertex. |
Now consider a set of concentric circles with origin O and radius H(x) foreach x € V(P).

We locate vertex x on the circle C(raz), 0) and if  ~ y is an edge in the ordered set then
we draw a simple path, starting at the vertex x and ending at the vertex y such that it is
transversal to all circles C(r,0) where H(x) < r < H(y). Morcover, the path meets the
circles with iuéreasing radii, transversally (sce Figux;e 21(i)).

Figure 21: (i) A nonplanar ordered set (ii) Its circular embedding

One can note that although the ordered set has no planar upward drawirig, this drawing
gives an embedding which, at the same time, shows the order relatior, namely, if z < y then
the circle on which z is located has radius less than the circle on which y is located and
there is-a sequence of continuous patks fy, fa,..., fn with the aforcmentioned properties
such that '

H(0) =z, fi(l) =21,..., fa(0) = 2o and fo(1) =y

where z <21 <22 <... < 2,1 < 7.

We shall now give the formal definition of circular drawing of an ordered set and examine
its properties. Of course, both the definition and the result can be extended to any acyclic
directed graph, even if we do not mention this explicitly.
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Fix a horizontal plane XY in the three-dimensional Euclidean space R? with the origin -
O. Fix this point as a center for all concentric circles with center O and radius r > 0, where
r is a real nonnegative number.

A circuler drawing of an ordered set or, in general, of an acyclic directed graph P, is
‘a graph T with a set of vertices corresponding to the vertices of P, and edges so that if
T < y is a covering edge in the ordered set, then the corresponding vertices T and F in I
are placed on two distinguished circles, say C(r.,0) and C{ry, 0), with r; <4 ry and a
continuous path

f:00,1] — XY, f(0)=% f(1)=7%

which meets the concentric circles transversally, that is, nowhere is tangent to.a circles
C(r,0). Moreover, if 1,2 € [0,1] with ¢, < t» then the path f meets circles C(r,, 0) and
Clres, O) with 1y, < 74, |

In other words, corresponding to each edge z — y in P there is a path from ¥ to § which
meets circles, transversally.

A circular drawing is pianar if no two paths meet, except possibly at their initial or terminal
points. In fact, a planar circular drawing is a special embedding of acyclic directed graphs
into the plane with the above property. In this section we consider only planar circular
drawings which we call circular embeddings.

Observation 3.3.1 If a directed graph has a planar upward drawing in the plane then it
has a circular embedding.

To see this, consider the half upper plane {(z,y) : y > 0} with all semicircles with centre
O the origin. Now by modifying the original planar upward drawihg, we can provide an
embedding which satisfies the criteria for a circular embedding (see Figure 22).
We note that the converse, in general, does not hold. Figure 21(3i) shows a circular
embedding of a six-element ordered set in Example 3.1 which has no planar upward drawing.
The advantage of the circular embedding, as we shall see in the following result, is to.
provide a tool for studying embedding of acyelic digraphs on the sphere.

Theorem 3.8 An ordered set (directed graph) has a circular embedding if and only if it is
spherical.
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(i) (i)
Figure 22: (i) A planar ordered set. (ii) Its circular embedding

Proof Fix a circular embedding of an ordered set. Locate a sphere of arbitrary radius
on the plane such that the south pole of the sphere is placed at the origin (at the center
of concentric circles) and using the inverse of the usual stereographic projection, one can
obtain an up;va.rd drawing of the ordered sct on the sphere. That the edges are upward, is
a consequence of the property of paths in the circular embedding.

Conversely, given an upward drawing of an ordered set on the sphere. We fix a position
of the sphere which presents this upward drawing such that the south pole is located at the
origin of the plane. If the north pole is a vertex of the upward drawing, it is not difficult
to see that by perturbing the vertex on the north pole to a point in a neighborhood of
it, the upward drawing remains unchanged. Now, since all edges are strictly monotonic in
the direction of the north pole, by using a stereographic projection, we obtain a circular
embedding of the ordered set in the plane.0
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Chapter 4

Spirals and Upward Drawing

4.1 Introduction

* The purpose of this chapter is to study the surface geometry of a certain class of ordered sets,
each member of which is constructed from a set of “m-spirals” of type S,, (cf. Section 1.6.1).
Each member of the class may be modelled by a set of positive integers A = {ityi2ye oo yin}
designated by S(i1,12,...,%n)-

There are at least two advantages in studying the members of this class;

1. We shall find a better understanding of critical points, in particular, saddle points of
ordered sets.

2. It gives a new direction to understand the complexity of sohericity testing, that is,
to test whether an ordered set has an upward drawing without crossing edges on the
sphere.

In the first part we show that one can calculate all saddle points of cach member of the
class; therefore, their upward drawings on surfaces of genus zero with the same number of
saddle points are well-understood. _

For the second part, we shall show that for this class of ordered scts, sphericity and
planarity are equivalent, in the sense that each member of the class has a planar upward’
drawing if and only if it is spherical. This leads to the conjecture of NP-completeness of
sphericity testing which will be discussed in Chapter 5.

51
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CHAPTER 4. SPIRALS AND UPWARD DRAWING

Figure 23: (a) The covering graph of an m-spiral S. (b) The ccvering graph of the spira! of type
S(iz,iz,...,in)

4.2 Spirals of Type S(i, %, ..., %)

A spiral of type S(4), 22, . .., in) may be modelled by a set of positive integers 4 = {i1,32,--+,in}
as fellows.

For each integer i; let S;; be a spiral (as defined in Section 1.6.1) which is an ordered set
consisting of 6; 4+ 3 elements denoted by vy,... 2 U2ijy Blye ooy U2ij, WO, Wy AN 2,0, 224541,
with the following comparabilities:

Ugk = V2k-1,V2k+1, Where 1 Sk <i; (6)
Uk 2 Vok, 2ks T2k+1, Where 1<k <4 (M
" ugk—1 € Uk—1, 221,32k, Where 1<k < i; (8)

for j =1,2,...n and, in addition,

wy 2z2,% and  wp £ 2pij41, V2 )
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The covering graph is illustrated in Figure 23:(a).
We shall now “amalgamate” these spirals so that we identify clements wy of S, and
wy of Sy, for every j = 1,2...,n — 1. Moreover, we define another ordered set over the

ten-element set {x1, 2, 11, ¥2, Po, P15 71,72, b, 1} with the following comparabilities.

Pr2 Yk 2 Po (10)
t2x 2% | (11)

Yr 2> Th (12)
pr2tandb2po (13)
ST w (14)

where, £ = 1,2. We refer to this ordered set as the frame.

Next, we amalgamate these two ordered sets by identifying vertex wy of spiral S;, with
vertex ¢ of the frame and vertex wy of spiral S;_ with vertex b of the frame. The rcsn;.:ing
covering graph of this ordered set is schematically depicted in Figure 23. We call this ordered
set a spiral (over n positive integers iy,12,...,1,) and it is designated by S(3,4a,...,n).

Example 4.1 Figure 24 illustrates an upward drawing of a spiral over one positive integer
{1} which is a nonplanar ordered set. It has an upward drawing on a surface of genus zero
with at least one saddle point.

Example 4.2 In Figure 25 the covering graph and the upward drawing of the ordered set
5(1,1), spiral over two positive integers i; = 1 and i3 = 1, is depicted. This ordered set has
a planar upward drawing.

4.2.1 Structure

It can be verified that the frame suborder of S(i;,2,...,.), described above, has a three-
connected covering graph which therefore has a unique embedding in the plane (up to
exterior face). Thus, any embedding of S(,,12,...,i,) depends on the embedding of the
spirals Sy, for j = 1,...,n. '

Each m-spiral S, (m =1;,12,...,%,) has a two-connected covering graph with a unique
embedding subject to the condition that the top and the bottom of spiral (the vertices wyp
and u,) are in its exterior face (cf. Figure 23:(a)).
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Figure 24: (a) The Spiral S(1) (b) The planar covering graph of S(1) (c) An upward drawing of ${1) on
a surface with one saddle point

Accordingly, in the boundary of the m-spiral S,, we distinguish two paths. The path
Wy < V] ~ ... = Usy — Wp, is called the lefi-path, and the path w; — z; — 243 — ... —
U2m +— Zom4] — W, is called the right-path of the spiral.

Every m-spiral S, has an upward drawing (cf. Section 1.4.2 and Section 1.6.1 for
details) “spiral-like”, with both boundary paths following one another closely. An upward
drawing of the 2-spiral S; is depicted in Figure 7:(ii) in which the filled vertices represent
vertices of the lefi-path. |

Thus, for an embedding of the i;-spiral of S(31,2,...,1,) we have two options:

1. Embedding the ¢;-spiral S;; in such a way that, the left-path remains on the left hand
side of the starting vertex w;.
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(b}

Figure 25: (a) The planar covering graph of S(3,1) (b) A planar upward drawing of $(1,1)

2. Embedding the i;-spiral S;, with reflection, according to which, we flip Sn so that
the left-path is on the right hand side of the starting vertex wy.

Therefore, the covering graph of S(ij,iy,...,i,) has several embeddings in the plane
which depend on the fiipping of the spirals S;;. We refer to the elements vy,va, ..., v2m,
on the lefi-path of Si,, as the “v-elements”, and uy,us,...,upm on the right as the “u-
elements”. .

We shall now apply index theory (cf. Section 2.4) to partition faces of the cavering

graph of 5(i1,%,...,1n) according to their indices. One can note that there are two types
of faces:

e Faces containing u-elements or v-elements, and
¢ faces with no such elements.

If a face contains no u-element or v-clement it has only one local minimum, therefore its
index is zero, that is, an ordinary face. Examples of such faces are among the faces of the
frame and exterior face (cf. Figure 23:(b)).

Faces containing u-elements or v-elements are of two types, too.



56 CHAPTER 4. SPIRALS AND UPWARD DRAWING

* Interior faces of the i;-spirals §; , and

o faces which contain a right-path or a left-path of an ij-spiral S;,, for some j =

1,2,...,n,

In the first type of face, only u-clements with odd subscript are local minima. Each face of
this type contains only one such element, thus they are ordinary faces with index zero.

There are only two faces of the last type, both nonordinary faces with index < 0, and
they have nearly the same structure. The u-clements with odd subscripts are minimal
clements, and those with even subscripts are maximal elements in the order, and therefore
in the faces containing these elements. The v-elements are not maximal or minimal in
the order, but inside these two nonordinary faces, the v-elements with odd subscript are
minimal clements, and those with even subscript are maximal elements.

Thus, both u-clements and v-elements have the same role, in terms of maximality and
minimality, inside the nonordinary faces. Figure 26 shows the covering graph of the spiral
S(i,,). The nonordinary faces are illustrated by the shaded regions.

Next, the right-path of each spiral S;; is in one of these nonordinary faces and the
left-path is in the other one. Note that the z-elements and the v-clements of each #;-spiral
inside these faces are alternatively maximal or minimal with size 2i;. Therefore, each i;-
spiral contributes exactly i; local minima in each face. For both nonordinary faces, the
clement b is also a local minimum. Thus, according to the index formula for a face (cf.
Section 2.4.3), we have

inder (nonordinary face) = 1-~(i) +ia+---+i, +1)
= — (i1 +iz+-- +in)

4.3 Saddle Points of S(4;,1,...,1,)

The aim of this section is to determine the saddle points, if any, of the spiral $(,42,...,n)..
This enables us to describe an appropriate surface of genus zero, on which S(i;,42,...,1s)
Las an upward drawing without crossing edges. In particular we restrict our attention to
the spirals modeled on a set of only two positive integers, that is, spirals of type S(3, ).
For this class of ordered sets the saddle points can be fully described and this helps in the
construction of their upward drawings, in the sense that we can always present upward
drawings of these ordered sets on appropriate surfaces in which there are no crossing edges.
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Figure 26: The covering graph of ordered set S(i, 7), the shaded regions show the nonordinary faces

Here are the main results of this section.

In general, for an arbitrary set of positive integers A = {i1,42,...,i,}, we have an upper
bound for the number of saddle points of the spiral 5(3;,2z,...,%n).

Theorem 4.1 The spiral S(i,12,...,1,) has an upward drawing on a surface of genus zero
with at most 3.7, 1; , saddle points.

Theorem 4.2 The spiral S(i,j) has at least |i — j| saddle points and it has an upward
drawing, without crossing of edges, on a lwo-dimensional surface of genus zero with |i - j]
saddle points.

Note that this lower bound is tight, in the sense that we can present an acyclic triangulation
of cover(S(i,7)) with exactly | — j| saddle points.
The interesting feature of this class of ordered sets is the fact that, if an ordered set of
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Figure 27: An cmbedding of spiral ordered set S(1,2), on a surface of genus zero, with one saddle point

this class has no saddle point, then, according to Theorem 3.5, it is a spherical ordered set.
We shall show that it is also planar. Thus, in fact:

Theorem 4.3 For all spirals of type S(i,7), sphericity and planarity are equivalent, that
is, each such ordered set is spherical if end only if it is planar.

This theorem raises the question of the NP-completeness of sphericity testing (which
will be discussed in Chapter 5).

4.4 Strategy of the Proof

We recall the characterization of planar ordered sets in Section 1.4.2 and spherical ordered
sets in Section 3.2. We consider two cases. If i = j, we shall show that S(i,7) has a planar
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upward drawing and. cousequently, it is spherical and has no saddle point. 1fi % J» wo shall
prove that any triangulation of the faces of S(i.j) contaius at least |i — j] saddle points,
provided that the alternation > 2 is not allowed. To this end, we need to prove a technical
result which is of independent interest. '

First we introduce some terminology,

Chain Chordal Regions Given a face f, start with any vertex and walk around the
boundary of f. Replace any dirccted path vy — v; — --- — ¢, with a directed edge
vp — vy, which is called a chordal edge. Repeat this operation until every directed path has
such a chordal edge. Apparently, the process terminates with a triangulated face or with
a region whose boundary has no directed path of length > 1. We call it a chain chondal
region (see Figure 28).

Observation 4.4.1 Adding chordal edges does not increase the alternation about cach
vertez. O

Observation 4.4.2 The number of vertices on the boundary of a chain chordal region is '
always even.O

Let P be an ordered set and cover(P) its directed covering graph. Suppose that F is
the boundary of a chain chordal region whick is a subgraph of &Gwer(P). If we delete all
edges and vertices of Eover(P)\F, then the result is an even cycle with only maximal and
minimal vertices, that is, for each vertex of this cycle both incident edges have sign + or
both have sign —. ‘ '

We now partition the vertices of F into two classes, called eztremal and interior vertices.

e A vertex is called an exiremal vertex if it is extremal in the covering graph, that is,
all incident edges have the same sign.

* A vertex is called an interior vertex with respect to sign — (4) if it is maximal
(minimal) with respect to F and there is an incident edge (not on the boundary of
F) with sign — (+) (see Figure 28).

Theorem 4.4 Fiz a chain chordal region whose boundary consists of two strings, one of
m eztremal vertices and the other of n interior vertices. If n —m > 2 then any acyclic
triangulation of this region has ot least one saddle point.
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Figure 28: A face, the shaded region is the corresponding chain chordal region. The filled vertices are
interior und non-filled vertices are extremal vertices.

Remark 4.1 If a chain chordal region consists only of eztremal vertices, then there are
several ways to construct an acyclic triangulation of it so that it contains no seddle points

at all. The following procedure is one example.

Procedure Fix a direction on the boundary and label the vertices of the region by
U1, U2, .-, U2n—1, U2n, SO that those with even subscripts are maximals (both incident edges
have signs + at these endpoints), and those with odd subscripts are minimals (both incident
edges have signs — at these endpoints).

Next, we add the set of edges {uy, ~ Un—(k-1) : 2 < k < n — 1} whose directions are
determined according to the rule: if u; is minimal and u; is maximal, then the edge u; ~ Uu;
has direction u; — u;, where the edge has sign — at the endpoint u; and sign + at the
endpoint u;.

'I‘d complete the triangulation, we add the set of edges {ej ~usm—j:1<j<n~1}
Each edge of this set connects either two maximals or two minimals. Thus, each such edge
at one endpoint has sign similar to the signs of other incident edges, and at the other end-
point its sign is opposite to the signs of the other incident edges at that endpoint. We note
that even in this case the alternation of the corresponding vertex is less than two and no
saddle point is created (see Figure 29).

In upward drawings we are usually interested in surfaces with nondegenerate saddle
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points (and these have aiternation < 2). Thus, if we restrict our attention to the acycelic
triangulations with the extra condition that no vertex has alternation > 2, then in a special
case of the Theorem 4.4, where all vertices making up the boundary of the region are
interior vertices, we can obtain a better bound for the number of saddle points created by

any acyclic triangulation of the region.
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Figure 29:

Proposition 4.5 Suppose that a chain chordal region consists only of n inlerior vertices. If
no vertex has alternetion > 2, then any acyclic triangulation of this region produces at least
(n—2)/2 saddle points. Moreover, this bound is tight in the sense that such a triangulation
erists. '

The proof of this result leads to an improvement in the lower bound of our result in The-
orem 4.4. In fact, any attempt to triangulate a region F which satisfies the hypotheses of
Theorem 4.4, with the least number of saddle points, ends up with a region which satisfies
the hypotheses of Proposition 4.5. Hence, we end up with a region whose boundary consists
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ouly of interior vertices of size
intertor(F) — extremal(F)

where interior(F) stands for the number of interior vertices and extremal(F) stands for
the number of extremal vertices of F. Thus, according to the Proposition 4.5, any acyclic
triangulation of such a region has at least

intertor(F) — extremal(F) = 2
92

saddle points.

In Proposition 4.6 we shall show that, in fact, this is the best lower bound :or the number
of saddle points. Moreover, in the following, we present a procedure for triangulation of
such a region so that it has exactly

interior(F) — extremal(F) -2
9

saddle points. This confirms the tightness of this bound. The procedure is implicit in
derives from the proof of Proposition 4.6.

Triangulation Procedure Assume that the interior and extremal vertices are arranged
in two consecutive strings, and interior(F) = n and exiremal(F) = m.

We fix a direction on the boundary of this region, and label the string of interior vertices
by v1,va,...,Vn, and the string of extremal vertices by u, us, ..., um, in which v, is adjacent
to u;, and u,, is adjacent to v;.

To construct the triangulation, we add the set of edges {ux ~ vp_(r-1): 2 £k <m-1}
in which the direction of edges are determined with the rule: the sign of the edge at each
endpoint is similar to the signs of the two other edges in the boundary incident with that
endpoint. Thus, so far we have not changed the alternation of the vertices.

Next, we add the set of edges {ux ~ vp—g : 1 £ k < m — 1} in which the direction of
the edges are chosen so that at the endpoints incident with v.'s, they are identical with
the signs of incident boundary edges to v, and in contrast, the sign of the other ends of
these edges have opposite signs with respect to the signs of boundary edges incident with
this endpoint. But we note that these endpeints are extremal vertices and, in effect, their
alternation does not increase. Hence, up to this step we have not created any saddle point
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in triangulated part, and eventually, we are left with a region consisting of {(n—=m)+1
interior vertices and ouly one extremal vertex uy,.

Now, to triangulate the remainder of this region, we connect the extremal vertex Um
to the interior vertex vp—p, and tp_.m to ) (or Uy, to 12 and 1 10 Cpomaels if tnorm and
vy are interior vertices with respect to the same signs). without creating auy saddle poiut.
This process produces a region cousisting only of n — m interior vertices. Therefore, by

Proposition 4.5, one can triangulate this region with exactly (n — m = 2)/2 saddle points.
Remark 4.2 If F is a chain chordal region such that
inlerior(F) — extremal(.?-") <2
then e similar procedure produces a region consisting only of
extremal(F) ~ interior(F)

eztremal vertices, for which the procedure in Remark {.1 produces triangulation without
saddle points.

Let saddie(F) stand for the least number of saddle points produced by any acyclic trian-
gulation of the region F.

Proposition 4.6 Let F be a chain chordal region whose boundary consisls of two strings,
one of m eztremal vertices end the other one of n interior vertices, then

=m2l fn-m>2

saddle(F) =
0 ifn—m<2

4.4.1 Proof of the Results

Proof of Theorem 4.4 The proof is by induction. Let F be a chain chordal region
whose boundary consists of a string of m extremal vertices {u;, ug, ..., U, } and a string of
n interior vertices {v1,v2,...,%}, wheren—m > 2.

For the initial step of the induction we consider a chain chordal region consisting of
n = 4 interior vertices with no extremal vertices (m = 0) which is the smallest region
satisfying the theorem. One can easily verify that any acyclic triangulatior of this region
contains either an edge connecting two interior vertices with respect to sign +, or those
with respect to sign —. In both cases this creates a saddle point.
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Thus, assume that the result holds for any chain chordal region whose boundary consists
of a string of ¢ extremal vertices and a string of 7 interior vertices, where i + 7 < m +n and
J —1 > 2. We prove that the assertion holds for a region consisting of n interior vertices
and m extremal vertices where n —m > 2.

To this end, we shall consider all cases in which an edge of the triangulation may connect’
two vertices to each other and show that in all such cases, the triangulation contains at least
one saddle point.

For convenience, we assign a sign + (=) to a vertex if both edges of the boundary
incident with this vertex have signs + (~).

-

Figure 30: (a) The shaded face satisfies the induction hypothesis in part (i). (b) The shaded face satisfics
the induction hypothesis in part (i),

(2) Suppose that in a triangulation of region F, there is an edge connecting two nonad-
jacent interior vertices. Then, depending on the signs of these vertices, either one of them
becomes a saddle point or this edge provides a chain chordal region made up of at least
four interior vertices and no extremal vertices. As this satisfies the induction hypothesis
(see Figure 30:(a)) such a triangulation creates at least one saddle point.

(1) Suppose that in a triangulation of region F, there is an edge connecting two non-
adjacent extremal vertices where the signs of the edge agree with the signs of two other
incident edges at these vertices. Then we obtain two smaller regions, where one of them
contairs all interior vertices and the number of its extremal vertices is less than m. This
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region satisfies the induction hypothesis and any triangulation of it creates a saddle point.
Note that, if the signs of the end points of the edges do not agree with the extremal

vertices, then by adding chordal edges, if necessary, we have a similar situation {sce Fig-
ure 30:(b)). |

Next, we consider all triangulations in which there are edges connecting interior vertices
to the extremal vertices.

Figure 31:

(#4) Suppose that in a triangulation of the region JF, the interior vertex v; is connected
to the extremal vertices u,, and u,,, where i > 1 and the signs of the edges agree with the
extremal vertices. These edges divide the region F into three smaller regions T1, T» and
T3 (see Figure 31). Region T} consists of R interior vertices and 7; + 1 extremal vertices.
Region T; consists of i extremal vertices ur,, %y, ..., %, and one interior vertex v;. Region
T3 consists of S interior vertices and i + 1 extremal vertices. We have

R+S=n+1 and i 4+ia=m-—i (15)

We claim that at least one of the regions T} or T3 must satisfy the induction hyﬁothesis.
Clearly, these regions are smaller chain chordal regions and their boundaries consist of two
strings of interior and extremal vertices. To prove the claim, we have to show that for at
least one of these two regions, the number of the interior vertices exceeds the number of the
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extremal vertices at least by two:
tnterior(Ty) — extremal(T}.) > 2 k=1lor3 (16)

To this end, by way of contradiction, we assume that in both of the regions Ty and T3 the
inequality (16) fails, so we have the following inequalities.

R-(i1+1)<?2

S—(ig-}-l)__?

Adding both sides of these inequalities, we have
R+S-(1+i2)~2%<4
Now, by using (15) we have
n—-m<S5~i¢ where i>1, whichimplics n-m<3

On the oiher hand n 4 m is even, so either n and m are both odd numbers, or both even
numbers, n - m # 3. Therefore n — m < 2, which contradicts the fact that n —m > 2. This
proves the claim. Therefore, at least one of the regions 71 or T3 must satisfy the induction
hypothesis. Thus, any triangulation of this region generates at least one saddle point.

Note that, if one of the signs of the end points of the edges does not agree with the
corresponding extremal vertex, then by adding chordal edges, if necessary, we obtain chain
chordal regions 7] and T{. We can similarly show that at least one of them satisfies the
induction hypothesis.

(2v) Suppose that an extremal vertex u; is connected to interior vertices vr, and vr; where
J > 1 (see Figure 32:(a}). These edges divide the region F into three smaller regions T, T
and T3. We show that at least one of these regions satisfies the induction hypothesis. To
this end, first assume that the signs of the edges agree with their endpoints. Therefore, all
of these smaller regions are chain chordal. We distinguish several cases which depend on
the value of j.
If j > 3, then the region T; consists of a string of j interior vertices and é. string of only
onc extremal vertex g, so that j —1 > 3 — 1 = 2. Therefore, the region T» satisfies the
induction hypothesis.
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If j = 3. then the region T> covsists of a string of interior vertices vy, . Uy ad £y, where
vr, and vy, are of the same sign. If there is an edge counecting ¢y, to vy, then according to
what we have scen in part (i), we have at least one sadidle point. Otherwise, to triangulate
the region T», we have to add the edge -u'.- — tr (see Figure 32:(b)). In this case u; becomes
an interior vertex for regions Ty and T3.

Figure 32:

Region T} is a smaller chain chordal region consisting of a string of R old interior vertices,
the new interior vertex u; and a string of i; extremal vertices. Similarly, T3 is a smaller
chain chordal region consisting of a string of S old interior vertices, the new interior vertex
u; and a string of is extremal vertices, so that

R+S=n-1 and i +i=m-1 (17)

We claim that at least one of these two regions satisfies the induction hypothesis from which
we have

interi&f(Tk) —extremal(T;) >2 k=1lor3

To prove this claim, assume on the contrary that this condition fails for both regions. Thus,
we have

R+1-i <2

S+1-ip<2
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Adding both sides of these inequalitics we have
R+S-(ij+ia) <2

By using (17), we have

n-m<2

This contradicts the fact that » — m > 2, proving the claim.

If j = 2, that is, u; is connected to two adjacent interior vertices vr, and vy, then
the sign of one of the edges does not agree with u;. Therefore, we have to add chordal
edges in the corresponding region. The result is similar to the case that j = 3 or it can .
be considered as in part (#). Thus, in any case, at least one of the regions satisfies the
induction hypothesis. Therefore, any triangulation of that region creates at least n=e saddle
point.

(v) In parts (iif) and (iv), we excluded the cases where i = 1 or j = 1. In both cases we
have to consider a triangulation in which there is an edge, connecting an interior vertex vy
to an extremal vertex u;. Considering parts (i) and (i), there must be ar edge from the
interior vertex v; to an extremal vertex adjacent to u; or an edge from the extremal vertex
u; to an interior vertex adjacent to v;. Therefore we have a case similar to (i) or (iv).

Now, since in any acyclic triangulation of region F, one of the cases (i)-(iv) occurs, then
any acyclic triangulation of this region contains at least one saddle point. This completes
the proof.0

Proof of Proposition 4.5 The proof is by induction. As we have seen in the proof of the
last theorem, the smallest such region is a chain chordal region where the boundary consists
of n = 4 interior vertices. Any acyclic triangulation of this face leaves at least (4 —2)/2 = 1
- saddle points. Moreover, there is one triangulation with that many saddle points.

Thus, we assume that the statement of the proposition holds for any chain chordal region
consisting only of interior vertices of size < n. We prove the proposition for a chain chordal
region F so that its boundary consists only of n interior vertices.

In any triangulation of this region, there is either an edge connecting two interior vertices
with respect to the same signs, or an edge connecting two interior vertices with respect to
different signs. We treat both cases to complete the induction.
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Suppose that v, is an interior vertex with respect to sign +., v, is the other interior
vertex with respect to sign -, and v — v, is a dirccted edge of a triangulation of this
region. The v, — v, divides the region into two smaller ones of sizes R and S.

Now, in this case, both smaller regions are made up enly of interior vertices of sizes
R < nand S < n. Thus, by the induction hypothesis any triangulation of these regions
produces at least (R — 2)/2 saddle points in one of them and (& = 2)/2 in the other one.
Therefore, in the whole region the number of saddle points is

R-2 S§-2 R+S-4 \
5t~ = 9 (18)

But R+ § = n + 2, therefore any triangulation of the region has at least (n — 2)/2 saddle
points, as required.

If v, — v, is an edge of some triangulation so that at least one of its endpoiats is already
a saddle point, then by adding new chordal edges as it is necessary, we obtain smaller chain
chordal regions which satisfy the induction hypothesis and a simple calculation similar to
that in the last case completes the induction. This completes the proof of the Proposition.O

Proof of Proposition 4.6 If for a chain chordal region ¥
interior(F) — extremal(F) < 2

then by virtue of Remark 4.2, saddle(F) =0

Next, let interior(F) = n and extremal(F) = m and n — m > 2. The proof is by
induction on the size of the strings of extremal and interior vertices, and it follows the proof
of Theorem 4.4 and Propositions 4.5, closely.

The smallest regior which satisfies the hypotheses of the Proposition is the one with a
string of four interior vertices and no extremal vertices. Therefore, by Proposition 4.5 it
has at least (4 — 2)/2 = 1 saddle points.

Thus, we assume that the conclusion on the Proposition holds for any chain chordal
region made up of two strings, one consisting of i extremal vertices, and the other one
consisting of j interior vertices, so that i+j < m+n and j—i > 2. Let F be a chain chordal
region whose boundary consists of a string of m extremal vertices and a string of n interior
vertices such that n —m > 2. We shall now consider all possible edges which an acyclic
triangulation may contain, and we shall show that in any case, saddle(F) > (n — m)/2.
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(#) If a triangulation has an edge connéct.ing two nonadjacent extremal vertices, it divides
the region into two smaller regions T} and T». T cousists of i xtremal vertices and no
interior vertices. T% consists of iz extremal vertices and n interior vertices. Hence, T} can
be triangulated without creating saddle points, that is, saddle(T}) = 0. The smailer region
T; satisfies the induction hypothesis, therefore, saddle(Tz) = (n — ia — 2)/2. Since is < m
we have

seddle(F} 2> saddle(T)) + saddle(T»)

0+(n—i-_»—2)/2
n—-m-—2
2

2

(£¢) If a triangulation has an edge connecting two nonadjacent interior vertices v, and
Vjp, it divides the region F into smaller chain chordal regions 7} and T2 (by adding chordal
cdges where necessary) so that the boundary of T} consists of R interior vertices and no
extremal vertices, while the boundary of T» is made up of S interior vertices and m extremal
vertices, where, R+ § = n + 2 (see Figure 30). Thus,

saddle(F} 2> saeddle(Ty) + saddle(T»)
R-2 S-m-2

2 2

—m=2

n

| 3

provided S —m > 2. Note that, even if seddle(T2) = 0, having such an edge creates a
triangulation with at least (n ~ m — 2)/2 saddle points.

(#4%) If, in any triangulation, an interior vertex is to be connected to two extremal vertices
uy, and uy,, for i > 3 (that is, an interior vertex is connected to two nonadjacent extremal
vertices) the region splits into three smaller chain chordal regions (by adding chordal edges
if necessary) T1, T> and T5. T} consists of i) extremal vertices and S interior vertices, T
consists of 7 (i > 3) extremal vertices and one interior vertex, and T3 consists of i» extremal
~ vertices and R interior vertices. Counting the vertices, we have that i} +i2+i =m+2 and
R+ S =n+1. Since i > 3 therefore, saddle(T3) = 0 and

saddle(F) 2> saddle(T)) + saddle(Ts)
S—i1—2+R—i2—2
2 2
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R+S=-(1+i) -4
2
n-m+({{-3)-2

L)

n—-m-—2
‘)

v

(iv) If, in a triangulation there is an extremal vertex which is connected to two nound-
Jacent interior vertices, then the region is divided into three smaller regions Ty, consisting
of 7) extremal vertices and S interior vertices, T, consisting of one extremal vertex and R
(R > 3) interior, vertices, and T3, consisting of i2 extremal vertices and Sa interior vertices,
where

Si1i+S +R=n+2 and Y+io=m+1
See Figure 32:(a).

We first note that in triangulation of the region 7%, if we have an edge connecting two
nonadjacent interior vertices, then we have a situation sirilar to part {#7) and we are done.
Therefore, we consider a triangulation, in which all edges connect the extremal vertex u to
all consecutive interior vertices Virs Vzaee s Ujge

Now, one can verify that an extremal vertex u can be connected to at most three
consecutive interior vertices without being a saddle point. But, in this case, since it has an
edge with opposite sign at the end point u, then u is changed to an interior vertex for the
regions T and T3 (see Figure 32:(b)). Of course, it is possible to keep this vertex as the
extremal vertex, by connecting only the edges whose signs at the endpoint v are similar
to the sign of u, but this creates at least one more saddle point for the region T, because
in this case, alternate interior vertices are saddle points. We shall now study these cases
separately.

Thus, first assume that in a triangulation of T3, u becomes an interior vertex for the
regions 7 and T,. All three smaller regions satisfy the induction hypothesis.

o If saddle(T)) > 0 and saddle(T>) > 0, then

saddle(F) > saddle(T)) + saddle(T:) + saddle(T3)

(Si+1)~(i=1)=2  R~1-2  (Sa+1j=(ia=1)—2)
+ +
2 2 2
(S1+R+82) = (i) +42) -3
2
n+2-(m+1)-3

2
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n—t1—=2
f)

-

o If for one of the regious Tt or Ty, say Ti, saddle(T3) = 0, that is, (Sa+1)—={(i2-1) < 2,
the Proposition holds, since S} + £ = n — S2 + 2, and then

saddle(F) 2 saddle(Ty) + saddle(Ts)
(Sl+1)—(i1-—1)—-2)+R—1—2

2 2
_ (S1+R+-, -3
- 2
_ =S5 +2-4 -3
- 2
_ n=(t1+i)-1
- 2

n—-m-—2
9

o If simultancously, saddle(T)) = 0, saddle(T») = 0 and saddle(T3) = 0, that is,
(Sr+1) - (1 -1)

R-1

(Sa+1)=(i2-1) < 2

IA

2

I

2

then by adding both sides of the above inequalities we have n — m < 2 which contradicts
our assumption that n —m > 2.
e If R > 3 then it may happen that saddle(T}) = 0 and saddl2(T3) = 0, that is,

(S1+1)-(@-1)
(S2+1)-(2—-1) < 2

IA

2

or equivalently, 5) + 82 <7 +i3. We recall that R =n + 2 - (8] + S2), hence,

seddle(F) 2 w
_ n+2—(S;+8)-3
- 2
S n+42—(ig+i2) =3
= 2
_ n—m-—2
- 2

This proves the validity of the Proposition for all possible triangulations (for the first case).
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Next, we shall analyze the case of a triangulatiou for the region F in which we Keep the
vertexX « as an extremad vertex, in the seuse that in the process of triangulation, we never
counect an edge whose cudpoiut at the vertex  has a sign opposite to the sign of the other
incident cdges at this vertex.

Now, in triangulating the region T3, if we have an edge connecting two interior vertices,
then we face a situation similar to that in (i) and we are done. Thus, we assume that
all edges of the triangulation connect the extremal vertex « to all interior consccutive
vertices. If we keep u as extremal vertex in this triangulation, this produces one morve
saddle point than the least number of saddle points which can triangulate this face, that is, -
saddle(Th) =(R-1-2)/2+ 1.

We now consider the triangulation of the regions 7} and T3 which depends on the number
of their interior and extremal vertices. We must cither connect two extremal or two interior
vertices to cach other for which we face a situation similar to that in (i) and (i), or at least
in one of these two regions we create one more saddle point than its least number of saddle
points. Thus

seddle(F) > saddle(T)) + saddle(Ts) + saddle(T3)

Si-41-2 R-1-2 Sa =12 =2
= 5t tlt = +1
_ t—m-—2
—3 -———‘)——

This completes the proof of the proposition.0

We shall now apply the previous results of the last section to prove the main theorems.

Proof of the Theorem 4.1 Fix an embedding of the covering graph of S(i;,is,...,1,)
so that all i;-spirals contribute their left-paths into the one nonordinary face and their
right-paths into the other nonordinary face. We note that the vertices b and ¢ are counted
as interior vertices for the nonordinary faces. Thus, if we do not flip any of the ij-spirals
then one of the nonordinary faces has (Zi,-e A 2t;) + 2 interior vertices (we add cordal edges
where needed) and no extremal vertex and the other one has 2,-, e 2y extremal vertices,
and only two interior vertices, namely b and t.

Now, applying Proposition 4.5, We sce that any triangulation of the nonordinary face
which contains only interior vertices will have at least

(25‘6A2ij)+2—2 .
-} 5 = Z:Ij

i,EA
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saddle points,

For an upward drawing of this ordered set, we fix in R? a surface of genus zero with
ouly one maximum, 3, ¢, i; saddle poiuts, and (F; ¢ 1i;) + 1 winima. To construct an
upward drawing on this surface we first draw the frame by placing the top vertex p; at the
maximum point of the surface and next draw the two faces py ~ t ~ 2y ~ ¥ ~ p; and
Iy ~y ~ 71~ pp~ b~ at the front of the surface so that the bottom of the frame (the
minimal vertex pp) is placed at the first minimum point (from left to right) of the surface.
We shall now draw the two other faces of the frame on the back of the surface by wrapping
the edge ¢ ~ x; around the surface (see Figure 33).

Figure 33:

Next, place the first extremal vertex u; of the #;-spiral at the last minimal point of the
surface, and the interior vertex va at its adjacent saddle point and continue the drawing
by placing the consecutive extremal vertices with odd subseripts at the minimum points
of the surface and the consecutive interior vertices with even subscripts at their adjacent
saddle points, respectively, until ultimately we reach the minimal vertex b. See Figure 33
for an upward drawing of 5(1,1) on a surface of genus zero with two saddle points. Note
that, in this drawing, the faces of the i;-spirals are drawn so that all interior vertices with
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[F4)

odd subseripts are placed at the front of the surface and all extremal vertices with cven
subscripts are placed at the back of the surface!.D

Proof of Theorem 4.2 Given a spiral of type S(ij). fix an cibedding of its covering
graph so that only one of the spirals §; or S; is flipped (ef. Page 55). Thus $; and S ; do
not contribute their left-paths to the same nonordinary face.

Now cousidering the structure of spiral S(i, j). it follows that vertices b and ¢ are both
interior vertices for the nonordinary faces. Thercfore, the boundary of one of the nonordi-
nary faces consists of a string of (2¢ + 2) interior and j extremal vertices and the boundary
of the other one consists of a string of (27 + 2) interior and i extremal vertices.

Now depending on whether i > j or 7 > i, one of the nonordinary faces (by adding
chordal edges where necessary) satisfies the hypotheses of Proposition 4.6. Therefore, any
triangulation of this face produces at least i — j| saddle poiuts.

Next we present an upward drawing of this ordered set on a surface of genus zero with
|i = j| saddle points.

If i = j, the order is planar. To obtain its upward drawing, we can use the procedure of
assigning extremal vertices to the faces (cf. Section 1.4.2) which in turn, they are drawn,
with large angles, in the corresponding faces.

The frame suborder has a unique upward drawing so that vertices po and p; are assigned
to the exterior face. The i-spiral S; and j-spiral S; must be drawn inside the face t ~ 2, ~
b ~ zs ~ t, since the top of S; and the bottom of S; must be identified with vertices ¢ and
b, respectively. On the other hand, the top and the bottom of cach component must be in
the same face, requiring that b and t belong to the same face, and ¢t ~ z; ~ b ~ To ~ tis
the only face with this property. Each interior face of S; and S; in this drawing is called a
branch of the spiral or simply a branch. Here is our proposed upward drawing.

First identify vertex w; of S; with vertex t of the frame. Loosely speaking, it will be
drawn in a spiral-like way with both boundary paths following closely along. It has 2: + 1
branches, which spiral inward close to a center, until the total number of branches is 2i + 1.

Next, §; (which we assume has been flipped) has 27 + 1 branches which are drawn
spirally outward from the center, until the total number of branches is 2j + L. Since i = Js

'Note that, in view of the number of saddle points and upward drawings, the spirals S(i;, iz,. .., ia) and
S(iy +d2 + - - - + ia) are the same, because the directed paths produced by the top and the bottom of the
ij-spirals have no important role in upward drawing and saddle points. Thus, they have the siune number
of saddle points and, therefore, similar upward drawings.
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both components have the same number of branches. Therefore, the last branch of S; can
be drawn long cnough, such that vertex wy of this compouent has the least y-coordinate.
Then it can be identitied with vertex b (see Figure 25:(b)).

This gives a planar upward drawing on the plane which clearly it provides an upward

drawing on the sphere (which is a surface with zero saddle poiuts) as well.

If ¢ # j then S(t,7) has i = j[ saddle points. We design an upward drawing which is
an mmnalgamation of the planar upward drawing (the case ¢ = j) and the upward drawing
ou the surface in the proof of the Theorem 4.1°. To sce this intuitively, we first make an
auxiliary pattern of upward drawing on the plane (with crossing edges) which is helpful in
presenting an upward drawing (without crossing edges) on an appropriate surface.

To this end, suppose ¢ < j. We first draw the i-spiral $; without flipping, so that its
branches are drawn spirally inward to be close to a center. The j-spiral S; is flipped and
drawn in such a way that the first (2¢ + 1) branches spiral outward from the centre to cancel
the first (2¢ + 1) branches of the i-spiral S;. The (2¢ + 1)st branch is drawn long enough.
such that the edge w41 — voiq is placed below the branches we have already drawn. We
call this part of the drawing the planar portion of spiral S(i, 7). See Figure 34.

Next, the remainder of the 2(j — #) branches of the j-spiral S; are drawn as follows.
e The (27 + 2)nd branch is drawn upward.

e The (27 4+ 3)rd branch is flipped to the right and pulled downward, this producing a

crossing of edges.
¢ The (27 + 4)th branch is pulled upward.

» The (2:/4-5)th branch is flipped to the left and pulled downward, this making a crossing
of edges as well.

We continue this procedure for every group of four consecutive branches (see Figure 34
for the spiral S(1,3)). -

The last branch (the (2i + 2(j — i) + 1)st branch), is pulled downward, in such a way
that vertex wy of this component has the minimum y-coordinate. Thus, it can be identified
with the vertex b.

*It is very similar to the amalgamation of the upward drawings of spiral S(i,1) (which has » planar
upward drawing) and S(j — i), for j > i (which by Theorem 4.1 it requires a surface of genus zero with [i—j|
sacddile points using the same frame).
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Figure 34: An upward drawing of spiral ordered sets S(L,3) and S(3,1), with two croming of edges
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Now, fix a surface of genus zero with a top (a maximal point) and ( J = 1) saddle poits,
and {J = i) + 1 minimum points. _

For the actual upward drawing on the surface, we fisst draw the frame. exactly as we did
in the upward drawing of spiral S(i1.i2.....4,). as explained in the proof of Theorem 4.1. -

Now we can locate the planar portion of S(i.J) in the front of the surface as in the
pattern®. Finally. locate the minimal element taie 2t the last minimumn point aud ;40
at the adjacent saddle point to this minimum point and continue in this way by placing all
vaigak (K =1.2....,5 ~1), at consecutive saddle points, respectively? (¢f. Figures 27 for an
upward drawing of S(1.2)). k

If i > j. the procedure for upward drawing is similar, In this case, we may start with
the nonplanar part on a surface which has one minimum and (i — ) saddle points and
( — j) + 1 maxima, and complete the upward drawing by adding the planar part. This
upward drawing and the position of the surface looks like dual of the last case. This com-
pletes the construction of upward drawing. O

3The procedure for this upward drawing is similar to that for the case that S5(i,7) is planar>
“The upward drawing of this part is similar 1o the upward drawing of the spiral ${(j — i) which we have
seen in the Theorem 4.1.



Chapter 5
Sphericity Testing

5.1 Introduction

In Chapter 4 we have scen that for a large class of ordered sets called spirals. planarity and
sphericity are equivalent. That is. each member of this class is planar if awd only if it has
an upward drawing on the sphere without crossing of edges.

The basic components for the members of this class are the basic flipping components
of the gadgets for the reduction in the proof of NP-completeness of planarity testing (cf.
Chapter 1). This, in fact, provides the whole idea of the “intractability” of vpward sphericity

testing:

Upward Sphericity Testing

INSTANCE Given an ordered set P.

QUESTION Does P have an upward drawing on the round sphere
{(.g.2) 1 2+ P+ 2 =1}

without crossing of edges?

Like upward planarity testing the complexity of upward sphericity testing seems far
from obvious. Indeed, according to [Ewacha, Li and Rival (1991)] — and unlike upward
planarity testing — the decision problem as to whether or not an ordered set has an upward
drawing on a surface of genus zero (that is, a topological sphere) is itself polynomial. The
reason is that its planar covering graph can be “lifted” to an upward drawing on a surface

79
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of genus zero. On the other hand. it is vur main result that upwand sphericrty festing is
still NP-complete.

Theorem 5.1 Upwand sphericity testing is NP-complete.

The NP-completeness reduction is based on techniques of “component design” (cl. [Garey
and Johnson (1979))).

As in the proof of NP-completeness of planarity testing. our aim is to construct an
acyclic digraph G such that “flipping” its components corresponds to an instance of Exact
Cover By 3-Sets a well-known NP-complete problem:

INSTANCE Given a set X with |X| = 3¢ and a collection C of threc-clement subsets of
X.

QUESTION Does C contain an exact cover for X that is, a subcollection €' € € such
that every element of X occurs in exactly one member of C?

5.1.1 Spherical Ordered Sets at a Glance

What is the difference between the sphere {(z.y.2) : 2% + ¥* + 2% = 1} and an arbitrary
homeomorph of it, that s, any compact surface of genus zero in R3?

In a word, saddles.

We recall the characterization of spherical ordered sets in Chapter 3, an algorithmic
analysis of a graph on a surface ultimately entails a triangulation of it. Any face which
itself (as an ordered subset) contains a top and bottom (a bounded face) can be triangulated
without increasing the alternation about any of its vertices (cf. Lemma 3.4). The essential
conclusion to which all of these observations lead the following.

Theorem [3.5] An ordered set has an upward drawing on a sphere if and only if its covering
graph has a triangulation with no saddle points at all.0

5.1.2 Strategy of the Proof

Our intention in the proof of NP-completeness of sphericity testing is similar to that in
the proof of NP-completeness of planarity testing (cf. Section 1.5). To this end, we first
generalize all gadgets which have been used for the reduction problem, and we shall show
that for every generalized form of the gadgets, planerity and sphericily are cquivalent.
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Next, we shall fori a directed graph G for the reduction, using these generalized com-
ponents.  We shall also prove that for this directed graph planarity and sphericity are
equivalent. Then, the proof of NP-completeness for sphericity testing is completed by ob-
serving that this generalized directed graph. constructed with generalized gadgets, can also

be applied for the reduction problem in planarity testing.

5.2 Proof

5.2.1 Generalized Components

Let D be a plane digraph consisting of two directed paths b — z — ¢ and b —y — L
Replace vertex y by a copy of spiral Sy, and vertex x by a chain of three copies of spiral
S where k is a positive integer. in such a way that all these copics are amalgamated into
the resulting planc digraph Q. The right-path of the copy of Sz and the left-paths of the
copies of S; contribute to the exterior face of Q; (see Figure 33:(b): every copy of S, is
labelled by m and its left-path is indicated with filled vertices).

Similarly, we define the plane digraph Pi(d) (d > 1 is a positive integer) as the one
obtained from a plane digraph D consisting of two directed paths b — 2 — 7 — ¢ and
b — y — t, where y is replaced by an amalgamated copy of S(a-2)x» and z is replaced by a
chain of d amalgamated copies of S;. (by Sy we mean just a single vertex, so for d = 2 the
vertex y is not replaced at all). In contrast to Q. the right-paths of the copies of 5;, and the
left-path of the copy of Sg_ny. are assumed to contribute to the exterior face. Moreover,
for d > 2, we assume that Pi.(d) has an additional edge from z; in the copy of Stg-2)k t0 2
(which is intended to prevent flipping this copy) (see Figure 35:(c)). Note that for d = 2,
the vertex = is not needed.

The vertices t and b are again called the top and the bottom of Qi and Pi(d), respectively.
The part of the boundary of Q;. (of Pi(d)) corresponding to the directed path b — y—t
will be called the right-path of Q. (of Pk(d)),‘ and the remaining part, the left-path.

A copy of Q. ( or Pi(d)), being a subgraph of a plane digraph P, is said to be amalga-
mated in P if

e {t,b} is a separation pair in P, and

® there are edges outgoing from ¢ and incoming to b in P.
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Figure 35: Schematic diagrams of (a) Sm (b)Qx and (c) Pu(d) (d) Ry

Lemma 5.2 A plane digraph Q. obtained from Q;. by flipping its spiral set components kas
a stmilar planer upward drawing if and only if cither all the four components are flipped,
or none of the components is flipped. A plane digraph P' obtained frum Pi.(d) by flipping
its Si-components has a similar plane upward drawing if and only if exactly one of these
components is flipped.O

The proof is similar to the proof of Lemma 1.7. If £ > 2 then we have the following
paraltel result for sphericity of these components.

Lemma 5.3 A plane digraph Q). obtained from Q. by flipping its spiral sel components
15 spherical if and only if either all the four components are flipped, or none is flipped. A
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plane digraph P’ obtained from Pi(d) by flipping its Si-components is spherical if only if
exactly one of these components is flipped.

3.2.2 Generalized Communication and Crossovers.

Given two copies $' and S” of S; on the plane. the pair of non-crossing edges directed from
t.herbot.tom and the top of S to the bottom and the top of $” will be called the peir of
communication edges from S’ to S” (see Figure 35:(d)).

We allow the joining of the top of §' with the bottom of S” (rather than with the top
of §7). The following definition does not depend on this choice.

Let D be a plane digraph obtained from two copies $' and S” of S joined with the pair
of communication edges, and let F be an exterior face of D. We say that §' and S” are
flipped in the same way in D if the right-path of S’ contributes to the exterior face of D
and the right-path of S” contributes to an interior face of D (as indicated with non-flled
vertices in Figure 35:(d)).

Again, by Theorem 1.3, we have immediately

Lemma 5.4 A plane digraph D obiained from two copies S' and S" of Sy, joined with the
pair of communication edges has a similar planar upward drawing if and only if both the
~ copies are flipped in the same way. G

This allows vis to place two copies of Sy in a plane digraph such that in every planar
upward drawing they must be flipped in the same way. The last problem to resolve is the
possible crossing of communication edges. We avoid it in a classical manner by designing a
component called a crossover. To this end we may use the digraph Ry given in Figure 35:(d):
every component is a copy of Si or Sy (is shown schematically as a shaped box labelled
with & or 2k, respectively) and is assumed to be amalgamated into R,. We show that
the pairs of components (S', $”) and (T, T") must be flipped in the same way to allow an
upward drawing of R;. i

Lemma 5.5 Let R;. be the plane digraph in Figure 35:(d) end F its exterior face. Then Ry
has a similar planar upward drowing if and only if the pairs (', ") and (7", T") are flipped
in the same way, that is both the total contribution of (S, S") to the difference o(F) — o(F)
and the totel contribution of (T',T") to the difference a(F) — o(F) are equal to zero.0
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The proof is similar to the proof of Letmma 1.9. If & > 2 then we have the following

parallel result for the sphericity of these ordered sets.

Lemma 5.6 A plane digraph D obtained from two copies S' and 8" of Sy joined with the
pair of communication edges is spherical if and only if both the copies are flipped in the
same way.

Lemma 5.7 Let R be the plane digraph in Figure 35:(d) and F its erterior face. Then
Ry is spherical if and only if the pairs (S'. 8"} and (T'.T"} are flipped in the same way.

5.2.3 Proof of the Lemmas

The idea of of the proof of these lemmas is based on the characterization of spherical ordered
sets in terms of criticat points (cf. Section 3.5). To this end, we need to triangulate all faces
of each component or crossover.

All these ordered sets described in the above lemmas are obtained by amalgamation of '
m-gpirals, where m is a positive integer.

Basically, all these ordered sets have two types of faces.
e The interior faces of m-spirals,
e Faces whose boundaries share a right-path or a left-path of the m-spirals.

All faces in the first type are bounded faces which by virtue of Lemma 3.4 can be triangulated
without increasing the alternation around vertices. Thus, the question of sphericity of these
ordered sets depends on the triangulation of the faces in the second type. All these faces
are in fact nonordinary faces (cf. Section 2.4.2).

Next we shall show that if flipping ‘of the basic components (m-spirals for an ordered
set) fails to comply with the requirements of the corresponding lemma, then any acyclic
triangulation of one of its faces has at least one saddle point. Therefore, in view of the
Theorem 3.5, the ordered set is not spherical.

The proof of this fact is based on a technical result which generalizes Theorem 4.4 for the
chain chordal regions consisting of more than two strings of interior and extremal vertices
(cf. Section 4.3). As before, let interior(F) stand for the number of interior vertices of a
chain chordal region F and extremal(F) stand for the number of its extremal vertices.
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Theorem 5.8 Let F be a chain chordal region consisting of 2m strings of interior and

cztremal vertices so that the total number of these vertices satisfies the following condition
intertor(F) — extremal(F) > 2m (19)

Then, any triengulation of this region creates at latest one saddle point.

Proof The proof is by induction on m. the number of alternating strings of interior and
extremal vertices,

For the initial step of the induction. that is, when m = 1. the assertion is exactly the
Theorem 4.4, which has already been proved. Thus, we assume that for any chain chordal

region consisting of 2k strings of interior and extremal vertices which satisfies the condition
interier{F) — extremal(F) > 2k

where 1 < k& < m, any triangulation contains at least one saddle point. We show that the
conclusion is also true for a chain chordal region consisting of 2m strings of interior and
extremal vertices satisfying condition (19).

To simplify referring to the strings of extremal and interior vertices, we label the strings
from 1 to m. so that with respect to a fixed direction on the boundary cycle of the region,

the consecutive strings of interior and extremal vertices have the same labels (see Figure 36).

Claim 1 No saddle-free triangulation of region F can have an edge connecting two interior

vertices.

Proof If the interior vertices are in the same string, then as we have seen in the Proposi-
tion 4.5, cither one of the endpoints becomes a saddle point, or the region consisting only
of interior vertices has the property that any triangulation of this region contains a saddle
point.

If the interior vertices are in distinct strings, then connecting them by such an edge, the
region ¥ is divided into two smaller regions F} and F», each of whose numbers of strings is
less than m. We shall now show that at least onc of these regions must satisfy the induction
hypothesis. To this end, assume that we zonnect an interior vertex in the ith string to
an interior vertex in the (i + k)th string. ‘TLe endpoints are common for both smaller
regions (see Figure 36). By contradiction, we assume that nore of these regions satisfies
the induction hypothesis, that is
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interior(Fy) — extremal(Fy) < 2k

and

interior(Fs) - catremal{Fa) < 2(m - k)

Adding up these inequalities, we have
iterior(F) — extremal{F) < 2m =2

which contradicts the condition (19). This proves the Claim 1.
Claim 2 No saddle-free triangulation can have an edge connecting two ertremal vertices.

Proof Suppose that there is an edge connecting two extremal vertices. Without loss of
gencrality, we can assume that the edge connccts two extremal vertices in distinct strings.
Otherwise, we consider the triangulation of the region which has the same number of strings
and fewer extremal vertices, which satisfies the condition of the theorem.

Thus, assume that the edge connects a vertex of the ith string of extremal vertices to
the (Z + k)th string of the extremal vertices, 5o that it divides the region into two smaller
regions Fy and F». One of them has 2k strings and the other one has 2(m — k) strings, We
show that at least one of them satisfies the induction hypothesis. To this end, we proceed
by contradiction and suppose that the condition of the theorem fails for both of them. Then

interior(F\} — extremal(F) < 2k (20)

and

interior(Fy) — extremal(Fy) < 2(m — k) (21)

Now, without loss of generality, we can assume that at least one of the inequalities in (20)
and (21) is strict!. Thus, adding up both sides of these inequalities, and noting that the

'If, for both of these regions F; and F» in (20) and (21) we have equality then in any trixngulation of one
of these regions, say Fi, to cach extremal vertex there is an incident edge which has an oppotite sign, with
respect to the sign of two other edges in the boundary of this region, at this endpoint. Consequently, the two
common extremal vertices of the regions have the role of interior vertices for the region Fy. Therefore, for
region £z, we have to count two more interior vertices and two fewer extremal vertices. Alno, for this region
the number of strings may increase by at most two, Thus. in this case {21) would be changed an follows.

interior(F3) + 2 — (extremal(F) = 2) € 2(m — k} + 2
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difference cannot be an odd number, we have

tnterior(F) = (extremal{(FY+2) < 2m

tnterior(F) - ertremal(F) < 2m

which contradicts (19). This proves Claim 2.

Hence. by the last two claims, if there is a saddle-free triangulation of the region. then
each edge must connect an interior vertex to an extremal vertex. Next. we shall show that
in a saddle-free wriangulation, we have some constraints for connecting these edges. In fact.
the following claim states that such a triangulation should not contain an cdge connecting

au extremal vertex of a string to an interior vertex in 2 nonadjacent string.

Claim 3 No saddle-free triangulation can contain an edge connecting an interior verter
in the jth string to an extremal verter in the ith string. where j # i. (That is. there is no
cdge connecting an interior vertex of some string of interior vertices to an extremal vertex

i a string of extremal vertices which is not itself adjacent to the former string.)

Proof Assume that in a triangulation of the region F. there is an cdge connecting an
interior vertex of the jth string to an extremal vertex of the ith string so that 7 # ¢ (they
arc not adjacent). Label all vertices in the string of extremal vertices by 7;.4a.....1, and
vertices in the string of interior vertices by 7y, ja..... ], (sce Figure 36).

We first show that, in a saddle-free triangulation, j; cannot be connected to any extremal
vertex i1.7a2.....%4,. S0 suppose on the contrary that j; is connected to i,. (Figure 36
illustrates this case.} This edge divides the region F into two smaller regions, cach of which
must be triangulated.

Now consider the triangulation of the shaded region, depicted in Figure 36. In any
triangulation of this region, either the interior vertex adjacent to i, must be connected to the
interior vertex jj, or the extremal vert.x adjacent to j; must be connected to the extremal
vertex i,. But, in either case, one of the Claims 1 or 2 implies that any triangulation of the
‘region F contains a saddle point, which contradicts the assumption that F is saddle-free.

or
interior(Fa) — extremal(F2) € Am - k) =2
This fact is immediate, from the proof of the Theorem 4.4, in the case that m = 1. By induction, we can

assume that it is true for a region consisting of 2k strings, where & < m. This property for a region consisting
of 2m strings will occur again later in the proof.
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Figure 36:

Next. the interior vertex j; cannot be connected to tp—1. DBecause in this case any
triangulation of the shaded region must contain either the edge j, ~ i, or an edge which
connects the extremal vertex i,_; to the extremal vertex adjacent to the vertex j;. The
first case is the situation that has been considered above, and the second case satisfies the
hypothesis of Claim 2. Therefore any triangulation of the region F contains a saddle point
which contradicts the assumption.

Continuing in this way, we can recursively prove that no saddle-free triangulation can
have an edge connecting the interior vertex j; to any extremal vertex iy,ia,...,i,. With a
similar argument, we can also show that no saddle-free triangulation can have an edge con-
necting any extremal vertex iy, is,...,i, of the ith string to any interior vertex J1ed2e-evds
in the jth string. This proves Claim 3.

Thus, in a saddle-free triangulation of the region (if one exists) the vertices in a string
of interior vertices must be connected to the vertices of a string of extremal vertices which
is itself adjacent to the former. Now, this reduces the problem to a situation similar the
one we have considered in Theorem 4.42. We distinguish two cases.

*This means that, in this situation, we have 1o begin the triangulation with a region consisting only of
two strings, one of the consecutive interior vertices and the other one of consecutive extremal verticos.
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I the number of interior vertices in the string exceeds the number of extremal vertices
i the adjacent string, then triangulation creates at least one saddle point or we have to
connect one interior vertex to an extremal vertex in a nonadjacent string (which by Claim 3
creates a saddle point) and we are done.

Otherwise, we continue the triangulation by connecting the interior vertices to the ex-
tremal vertices in the adjacent string. We note that, as we have seen in the proof of the
Theorem 4.4, no interior vertex (in a saddle-free triangulation) can be connected to more
than two consecutive extremal vertices. In other words. each interior vertex corresponds
to only one extremal vertex. Thus, this case will ultimately yield a region which has fewer
strings and the difference of the total number of its interior and extremal vertices satisfies
the induction hypothesis. This completes the proof of the theorem. O

Proof of the Lemmas The idea of the proof for all of the above lemmas is similar. If we
fiip the m-spirals as stated in the corresponding lemma, then the ordered set is planar and
consequently it is spherical. If we flip (the basic components) m-spirals in a different way to
that stated in the lemma. then one of the nonordinary faces has more interior vertices than
extremal vertices. If we choose k large enough, then flipping one of the basic comporents
introduces at most two strings, while it contributes 2k interior vertices and at the same
time it decreases the number of extremal vertices by 2k. Then the total number of vertices,
in the corresponding nonordinary face satisfies the hypothesis of Theorem 3.8, so that any
acyclic triangulation has at least one saddle point.O

The parallel lemmas for sphericity of the components and crossover suggest a similar
procedure for the proof of the NP-completeness of upward sphericity testing. Thus, in order
to be able to use the same directed graph for the reduction, we need two results.

Lemma 5.9 The proof of NP-completeness of planarity testing remains valid if we replace

all m-spirels with mk-spirals, where k is e positive integer.Ol

The proof is a recalculation of the respective contributions of the left-paths and right-paths
to the faces (cf. Sections 2.4.2) together with the observation that the factor k always is
canceled from both sides of the equations.G

Now, given an instance of the Exact Cover by 3-Sets, we form a directed graph G (or,
by subdivision of some edges, if necessary, we form an ordered set) corresponding to this
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instance.  The directed graph G is constructed in Ogm + 1) time (where m = [ and
7 = LX) s we constructed in Section 1.9 using the generalized form of the components Q4

and P(d). and crossovers Ry, (see Figures 12 and 13). We shall show that

Lemma 5.10 If k 1s large enough, then the dircted graph G s spherwal of amd ondy of o
ts planar.

Proof Choose & large enough so that it iz greater than the langest number of strings of
interior and extremal vertices that may occur on the boundary of any face. Acvonding to
the structure of the directed graph G. the maximum number of strings can oveur in one of

the faces Fy or Fa (if max{[X].

strings of interior and extremal vertices corresponding to the left-paths and the rght-paths

Cl} > 3). Note that the boundaries of these faces consist of

of m-spirals of components Pi(d) and Q. Thus. we can choose. for instance.
k> max{|X[.[C]} + 3. {22)

Now, if directed graph G is planar. it is clearly spherical. For the converse, we shall show
that if G is not planar then it is not spherical. To this end. we observe that if G is not planar
then there is a face of G in which the contribution of the right-paths and the left-paths of
the fipping components are not equal. But if this happens. for one of the faces the number
of interior vertices exceeds the number of extremal vertices by at least 2k, which is greater
than the total number of strings in that corresponding face (see (22}). An application of
Theorem 3.8 shows that any triangulation of this face has at least one saddle point and the

directed graph G is not spherical. This completes the proof of the lemma.C

Proof of Theorem 5.1 The proof follows from Lemmas 5.9 and 5.10.0

5.3 Open Problems

Although upward planarity testing is difficult, it may be that, if it is known that an ordered
set already has an upward drawing on a genus zero surface then there is an efficient procedure

to decide whether it has an upward drawing on a plane, too.
Upward Planarity Testing of Spherical Ordered Sets

INSTANCE Given an ordered set P with upward drawing on a sphere.
QUESTION Does P have an upward drawing on a plane?
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Problem 5.1 /s Upward Planarity Testing of Spherical Ordered Sets rolynomial?

Our analysis here has made no distinction between one or more saddle points.
m-Saddle Point Surfaces

INSTANCE Given an ordered set P with planar covering graph and a positive integer s.
QUESTION Does P have an upward drawing on a smooth surface of genus zero with at
most s saddle points?

Problem 5.2 Is the s-saddle point problem NP-complete?

The bﬁdgc between the NP-completeness of upward planarity testing and upward spheric-
ity testing is built over spirals. In effect, a spiral is spherical if and only if it is planar.

Problem 5.3 Characlerize those ordered sets for which sphericity implies planarity.
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Chapter 6

Upward Drawing to Fit Surfaces

6.1 Introduction

Much like the approximation of an arbitrary smooth function by an interpolating polyno-
mial, we propose to approximate smooth two-dimensional surfaces by polyhedral surfaces,
that is, piecewise linear two-dimensional surfaces, themselves modelled by “ordered sets”
and their upward drawings. The analogy is fairly accurate for, much like numerical inter-
polation techniques which use the function’s values and derivatives at certain points, our
starting point is the set of critical points of the surface. In this respect it is natural, for our
purposes, to assume that a (smooth) surface Sisa

e closed, compact, two-dimensional orientable manifold,
» cmbedded in R® above the horizontal plane = = 0,
e smooth enough to have a continuously turning tangent plane,

e such that every point with tangent plane parallel to z = 0 has a neighborhood in
which it is the only critical point.

Of course, the study of these surfaces and their critical points is not new (cf. [Milnor
(1963)]), although many new ideas are still launched (cf. [de Rezende and Franzosa
(1993))]). Indeed, the common ground between flows and topology dates at least to Poincaré,
whose well-known Incex Theorem, relating the Euler characteristic of the surface to the
- sum of the indices of its critical points (with respect to some gradient flow), has surprising
discrete analogues (cf. Chapter 2). Thus, for a cartographic map, say of countries drawn

93
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(as simply conuected regions) on the surface of a sphere, the alternating sum of the number
of vertices, number of edges. and the number of faces, is a constant (two) — its Euler
characteristic. What is new, however, is the study of order types and their upward drawings,
whose “critical point characteristics™ are unlabelled, in order to interpolate a surface.

The application metaphors of this subject are diverse, too. Computational graphics,
for instance, is useful in cartography as well as in dynamical systems. The graphic search
of topographic maps for peaks, pits, and valleys aids in the identification, for example,
of local watersheds. A qualitative description of its critical points will also determine the
phase portrait of a system of differential equations. A common feature of both applications
is a surface in R® — perhaps a sphere or a torus, or any other two-dimensional surface
equipped with a smooth vector field. And, if we fix such a surface on which every critical
point is isolated, its critical points can be ordered: = < ¥ if, with respect to the 2-axis (fixed
direction), there is a strictly monotonic path on this surface from z to y.

We shall suppose that every eritical point on a two-dimensional surface is isolated, that
is, each critical point is contained in a neighborhood in which it is the only critical point.
Fix an embedding of a surface satisfying the criteria stated on page 93 and let critical(S)
stand for the set of all its critical points. Qur objective is the following.

Theorem 6.1 For any smooth two-dimensional embedded surface S of genus g there is an
ordered set P such that

(?) P has en upward drawing, without crossing edges, on S,
(#2) P contains the ordered set critical(S) of critical points of S,

(#2) if S' is any two-dimensional surface of genus g on which P has an upward drawing,
without crossing edges, then critical(S) C critical(S').

We say that the upward drawing of P fits the two-dimensional surface S, and that P
inlerpolates S.

6.2 Surface Topology

In this section we briefly review some terminology and definitions of surface topology, which
may be found in any standard text of combinatorial or algebraic topology (see e.g. [Henle
(1979)] and [Massey (1991)]). '
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A surface is a topological space in which every point has a neighborhood that is topo-
legically equivalent to an open disk. that is, there is a one-to-one continuous map from this
neighborhood onto the open disk so that its inverse is continuous. In words. surfaces are
locally similar to planes.

A surface is a triengulable space if it can be obtained from a set of triangles by identifi-
cation of edges and vertices subject to the restriction that any two triangles are identified

cither along a single edge or at a single vertex, or are completely disjoint. In addition
¢ cach edge is identified with exactly one other edge and

« the triangles identified at each vertex can always be arrangedinacycle 11, Ta,---, Th, T}
so that adjacent triangles are identified along an edge.

A topological space X is compact if and only if every open cover of X — a collection
¥ = {ca : @ € A} of open sets in X whose union is X — has a finite subcover of X.
A combinatorial interpretation of compactness for surfaces is the following.

Theorem 6.2 A surface is compact if and only if every triangulation uses only a finite
number of triangles (cf. [Henle (1979)]). O

A topological space X is connected if and only if no separation of X exists, that is, there
exists no pair (U, V) of nonempty open subsets of X, such that X = UV and UNV = 0.

The most important theorem in the topological theory of surfaces is the following clas-
sification theorem.

Theorem 6.3 [Dehn and Heergaad (1907)] Every compact, connected surface is topolog-
ically equivalent to a sphere, or a connected sum of tori, or a connected sum of projective
planes (cf. [Massey (1991)]). O

6.2.1 Critical Points

The geometry of surfaces plays an important role in upward drawings. Thus we restrict our
attention to those orientable surfaces embedded in three-dimensional space R® with a fixed
“position” in this space.

We define a position of a surface to be a fixed embedding of the surface in three-
dimensional space R? such that with respect to the height function

h(z,y,2) =z, where (z,9,2)€ S
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it has only nondegenerate critical points, that is the height function is & Morse function.
Let 2 : § — be a height function, and let V1 § — TS (TS stands for the tangeut
space of §) be the gradient vector field of h. A gradient vector ticld V on $ is a continuous
vector field such that at each point p. the vector V{p) lies in the tangent plane to § at p and
points in the direction of greatest increase of &, that is, along the paths of steepest ascent on

-5, The conditions we assumed for surfaces guarantee the existonce of a gradient vector tickd.

A point p of § is said to be a eritical point for A if the tangent plane to § at p is paratiel
to the plane = = 0, (or equivalently V(p) = 0). We denote the set of critical points of $ by
critical(S). All other points of S are called ordinary points for h.

If p is an ordinary point, then V(p) is not zero and since V is continuous, it is nou-zero
in a neighborhood of p. If p is a critical point, then it may still be possible to choose a

neighborhood so that ¥ vanishes only at p in the neighborhood. Then p is called an isolated
eritical point.

Remark 6.1 Through out this chapter we assume that (with respect to a height function)
all critical points are nondegencrate (see Page 36). In such circumstances, all critical points

are isolated and the compactness of the surface implies that the set of critical points is finite.

We can define an order on the set of critical points of a surface in a natural way as
follows.

For cach z and y in critical(S), define z < y just if there is a strictly monotonic path
from z to y. A monotonic path, by definition, is a path f:[0,1] — § from a unit interval
[0,1] to the surface S so that for z < y (in critical(S)) , f(0) = z, f(1) = y and for every #,
and ¢y in [0,1], £; < t» implies that

h(f(t1)) < h{f(t2)),

where h is a height function. Clearly (critical(S) , <) is an ordered set which we call the
ordered set associated with the critical points of S and designate by critical(S).

Example 6.1 Consider the heart-shaped surface of genus zero illustrated in Figure 37.
Apparently, various positions of this surface have different numbers and types of critical
points ( see also Figure 48). Here we consider a position of this surface in R® which has
two maxima, one mirimal and one saddle point.
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Figure 37: A surface of genus zero and the ordered set associated to its critical points

Since there are monotonic paths from the saddle point s to maximal points a; and a2
and from the minimal point m to saddle point s, the ordered set associated with the critical
points S is the four-clement ordered set

critical(S) = {m < s, s < ay, s < az}

Example 6.2 A torus is a surface of genus one. An embedding of the torus T in R® is
depicted in Figure 38. It has four critical points consisting of one minimal, one maximal
and two saddle points. The ordered set associated to its critical points is a four-element
chain l

critical(T) = {m < 51 < s2 < a}

6.3 Construction Idea

The idea in the construction of an ordered set P whose upward drawing fits a surface S lies
in forming 2 direct covering graph &we?(P) such that

* its genus equals the genus of the surface S, and

* it has a set of critical points corresponding to the critical points of S so that they
are all essential that is, in any embedding of cover(P) they are critical points with
invariant type.



93 CHAPTER 6. UPWARD DRAWING TO FIT SURFACES

a
a Q
ol
i L1
Qe cmmie 5,0
SRR
.
s s
kS t O
= ‘ m Q
m

Figure 38: A surface of genus one and the ordered set associated to its critical points

o It includes the ordered set critical(S).!

Of course, such an ordered set must have an upward drawing without crossing edges on
the surface so that a height function of the order can be extended lincarly to the surface.
Such an ordered set might be considered as a piecewise linear approximation of the surface.

A two-dimensional surface is always triangulable and a triangulation is the standard
way to study a two-dimensional surface. According to the definition, two triangles in a
triangulation of a surface have either two, one, or no vertices in ccmmon and two distinct
triangles have distinct sets of vertices. It follows that the surface can be described by labeling
vertices and listing the triangles by their vertex sets. This gives a combinatorial description
of the surfaces. Also, a height function on vertices of a triangulation can be extended
linearly to the interior points of triangles and therefore to the whole surface. Furthermore,
it is well-known that a graph consisting of vertices and edges of triangulation of a given
surface has genus equal to the genus of the surface [Youngs (1963)].

'There is an injective order preserving map
£ : critical(S) — critical(P)

from the set of critical points of S to the set of critical points of P, such that it preserves the type of the
critical points. For convenience, we designate the image of f by critical($).
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A triangulation of a covering graph fixes the “rotation system™ about vertices. in par-
ticular, in an acyclic directed triangulation (a triangulation in which all edges are directed
cdges) the alternation about each vertex under any other embedding remains unchanged.
It follows that the critical points of the triangulated covering graph are all essential.

On the other hand, according to the index theory of ordered sets in Section 2.4 and
the lifting procedure in Section 2.3, having a triangulation of the covering graph of an
ordered set describes a surface topologically homeomorphic to the actual surface on which
the ordered set has an upward drawing. Thus, the crucial fact in the study of an ordered
set to fit a prescribed surface is a triangulation which meets certain conditions.

6.3.1 Ordered Set Associated to the Critical Points on the Surface

Fix a closed compact surface S embedded in R (with a fixed position in this space). We
assume that it meets all necessary conditions stated in Section 6.1 and Theorem 6.1, and
it is equipped with a gradient vector field V associated with a height function .
We draw the ordered set critical(S) on the surface by appointing vertices for the critical
points and drawing monotonic paths corresponding to the covering edges in the ordered set.
We also assume that paths cross transversally and two paths intersect in at most one
point (see the following observation).

Lemma 6.4 If two monotonic paths corresponding to the covering edges of the ordered set
associaled to the critical points of a surface intersect in a finite set of points, then we can
always find two other alternative monotonic paths with the same endpoints so that they
tntersect, at most, at one point.

Suppose that @ > b and ¢ > d in eritical(S), and P; and P, are monotonic paths from a to
b and from c to d, respectively. Let P, NPy = {z1,23,...,2,}, and 7; > 23 >,...,> Zn.

Now, let ;) be the portion of path P; which connects a to z; and q;» be the portion
of path P which connects ) to xa,..., and alternatively we choose the portions of paths
Pt and P; which conneci z; to z;4;, where i = 1,...,n. The final portion qi(n+1) Will be
chosen from the path P; to connect z, to b. Next, define

n+1

= a

i=1
Clearly Q, is a monotonic path from a to b. Similarly, we can construct a monotonic path
Q2 from ¢ to d such that these two paths have the same intersection set as P; and P;.
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Now, by a small perturbation we can separate these two monatonic paths @, and Qa

such that they have only a single point 1y, in common {see Figure 39). O

Figure 39:

For the purpose of upward drawing, we need to have an embedding of eritical(S) on
the surface S. Thus, if two paths intersect at an ordinary point which cannot be avoided
by other drawings, then we iatroduce a new vertex at the intersection and it is marked as
an ordinary vertex for the ordered set. |

These additional vertices do not change the order relation and do not create any new
comparabilities. To see this, let @, b, ¢,d € critical(S) and b < a and d < c. Let f; be a path
corresponding to the covering relation b < a and f, be a path corresponding to the covering
relation d < ¢ such that f) and f» intersect at a single point x where z € critical(S) (z is
an ordinary point).

The additional vertex = produces comparabilities d < e and b < c. We shall now show
that these are the actual comparabilities among the critical points of the surface S. To this -
'end, let f11 be the portion of path f; which connects critical point b to the additional vertex
z and fay the portion of path f; which connects additional vertex z to the critical point c.
Similarly, let f7; and fi2 be the portions of paths f, ard f; which connect critical point d
to additional vertex z and the additional vertex x to the critical point a, respectively. Now
it is easy to see that the paths f] = f}; U fas and f} = f12U fo; are monotonic paths on the
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surface from & to ¢ and from d 1o a. respectively. Therefore. according to the definition (see
page 96) d < a and b < ¢ are the actual comparabilities in eritical(S). For convenicnce. if
there is no danger of confusion, we designate this enhanced ordered set of critical points by

eritical(S) as well.

6.3.2 How to Design Ordered Sets to Fit Surfaces

In this section we sketch the construction of an ordered set whose upward drawing fits a
surface S.

Thus, let S be a surface of genus ¢ and eritical(S) be the ordered set associated to its
critical points which is embedded on the surface®.

According to our assumption for the surface, since it is equipped with a gradient vector
field V: § — TS of the height function k, there is an assignment A : critical(S) —
{0,1,2} such that

0 if v is a2 maximum or a2 minimum
A(r) =< 1 ifvis an ordinary vertex
2

if v is a saddle point

This shall determine the type and the alternation about vertices. It is convenient to embed
this ordered set into a polygon model of the surface.

Next, we direct all edges of the embedded ordered set by assigning labels — and +, with
respect to the order relation of their endpoints. Thus, if the edge e on this polygon model
corresponds to a < b, then we assign — to that end of it outgoing from a and + to that end
of it incoming to b.

For cach vertex we consider a circular neighborhood such that it contains no other
vertex of the ordered set. A fixed direction, say counterclockwise, is also considered for
all boundaries of these neighborhoods (This is possible because we are only considering
orientable surfaces). Next, with respect to this fixed direction, every vertex v must satisfy
{perhaps by introducing additional vertices and comparabilities where necessary)

alternation(v) = A(v) (23)

In particular, if a vertex z corresponds to a saddle point of the surface, it usually requires

?If there are some unavoidable crossing points then we consider the enhanced ordered set associated to
the critical points (ef. Section 6.3.1).
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additional vertices a and b with covering relations ¢ < r or b > ». such that they create
necessary alternation about vertex .

Note that vertices added in any step must be marked as ordinary vertices, that is, if .r
is an additional vertex, then

alternation(x) = 1

Next. we triangulate the polygon model in such a way that among the vertices of this
triangulation we include all critical points and additional vertices, and among the edges
we include segments making up the embedded covering graph. Morcover, the triangulation
must be acyclic and does not increase the alternation about vertices and all vertices must
have different heights. Of course. the ordered set must be triangle-free, but this can be
fulfilled by subdividing edges. This completes the construction of the directed graph on the
polygon model.

Example 6.3 Consider the heart-shaped surface $ described in Example 6.1. We follow
the procedure discussed in Section 6.3.2 to construct an ordered set P whose upward drawing
fits the surface. Figure 40:(a) presents an embedding of critical(S) on a 2-gon model of
surface S with assignment:

Ala;} = A(az) = A(m) =0 and Als) =2

In Figure 40:(b), all edges are directed with respect to the order by assigning + and
— to the edges and also, in order to provide the necessary alternation about vertex s
(alternation(s) = A(s)), we introduce vertex b with b < s.

Figure 40:(c) presents a directed triangulation of the surface which contains all vertices
and edges of the directed graph -constmcted in the last step. In order to avoid transitive
edges, all nonessential edges are subdivided in Figure 40:(d) which produces the complete
construction of Zover({P).

Finally in Figure 41 an upward drawing of the constructed ordered set on the plane and
an embedding of this ordered set on the surface are depicted.

Example 6.4 In this example we construct an ordered set such that its upward drawing
fits 2 more complex surface of genus one. We consider a position of this surface which has
three maxima, four saddles and one minimum. The surface and the ordered set associated

to its critical points are illustrated in Figure 42%. The corresponding assignment for the

3Figure 42(on the left) has been reproduced from [Moffat and Mottram (1979)].
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Figure 40:

critical points with respect to this position is
A(0) = A(5)=A(B6)=A(T) =0

A(l) = A(2) = AB3)=A¢) =2

We embed this ordered set into the 4-gon model of the surface. Figure 43(a) illustrates one
way of embedding this ordered set on the polygon model in which the heavy edges indicate
the covering edges of the order. We then irtroduce additional vertices (which have been
shown by the filled vertices in Figure 43(b)) in order to provide the required alternation
about saddle points. Next we complete 2 triangulation of the surface which includes all
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o, oy

Figure 41:

vertices and edges of the associated ordered set so that it satisfies the necessary conditions,
Figure 43(c) illustrates this step. Construction of the covering graph of the ordered sot is
completed by subdividing all nonessential (transitive) edges. An upward drawing of the
constructed ordered set on the plane is depicted in Figure 44. We finally place the critical
points of this ordered set on the corresponding critical points of the surface and complete

an ypward drawing without crossing edges on the original surface. Figure 45 illustrates this
stage.

Figure 42:
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{c)

Figure 43:
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Figure 45:

6.3.3 Triangulation

We shall now investigate a triangulation of a given digraph on a surface, say for instance, a
directed covering graph of an ordered set embedded on a surface of genus g. This triangula-

tion must be a proper triangulation of the surface on which the directed graph is embedded.
That is, |

e the triangulation must include all edges and vertices of the (iirected graph

® any two triangles are identified either along a single edge or at a single vertex, or
triangles are completely disjoint.
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Figure 46: Embedding of K33 on polygon model of torus.

¢ each edge is identified with exactly one other edge and the triangles identified at cach
vertex can always be arranged in a cycle Ty, 7%, +, T, T} so that adjacent triangles
are identified along an edge.

Unlike the planar covering graph, it may be impossible to triangulate a covering graph
of higher genus without introducing additional vertices. To see this, consider a triangulation
of the complete bipartite graph K33 with bipartition A = {a),az,a3} and 5 = {b,bs,83}.
It is well-known that K33 has essentially two distinct embeddings on the torus [Gross and
Tucker (1987)]. Figure 46 illustrates an embedding of K33 on the polygon model of torus
in which the arrows indicate the pairs of edges to be identified.

Although some of the faces can be easily triangulated with necessary conditions, diffi--
culty may arise in triangulating the face:

gy ~bh~az~b~vap~bh~a b vay~ v

Since the graph is a complete bipartite graph, each vertex in A is already connected to
all vertices in B. Thus, to avoid parallel edges (edges with the same endpoints), in any
triangulation we can only have edges with both endpoints in the same partition. But it can
be checked that any triangulation with even this constraint requires parallel edges.

On the other hand, by adding at least one vertex to this face it has a proper triangula~
tion which meets the necessary conditions.

A triangulation need not be urique at all. We now propose an algorithmic way for
inserting additional vertices and triangulating an embedded cdvering graph' which satisfies
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the necessary conditions. The additional vertices might be more than what are really
needed, but the procedure works for all covering graphs.

‘Start with cover(P) which is embedded in a surface of genus g. It is convenient to
represent this embedding inside a polygon on the plane = = 0 in R? with 4g sides (g > 1),
in which cover(P) is drawn planar, possibly with repeated edges and vertices, and in which
2g pairs of sides are to be identified. '

Of course the embedding contains no loop, an edge with botk end points identified, and
without loss of generality, we can assume that it has no cut edge, an edge whose removal
disconnects the graph. If there is such an edge, then by introducing a new vertex and
connecting this additional vertex to the endpoints of the cut edge, we can avoid such edges.

Forming Triangles

[

First of all, subdivide all edges by introducing new vertices s such that a ~ s ~ b, where
a ~ b is an edge of the covering graph. In the resulting graph, triangulate all faces by
Joining successive subdivision points on the boundary of each face. Thus, suppose that
@y ~ @z ~ ag ~ ... ~ @y ~ q) is the boundary of 2 face of cover(P). Let a; ~ s; ~ ajyy, i =
1,2,..,mn— 1, an ~ $p ~ ) stand for the successive subdivision points. In the first step of
the triangulation, introduce new edges, s, ~ 51,51 ~ $9,...,80—1 ~ Sn. Bach such edge
creates one triangle whose vertices consist of two subdivision points and one of the vertices
of the face. Thus it creates n triangles, where n is the number of edges on the boundary of
the face.

At the next iteration, introduce edges s, ~ sg,82 ~ s4,... »S2(k—1) ~ S2k, Where 2k < n.
This creates [n/2] triangles.

At the j** iteration, introduce edges s, ~ 93182 ™~ S2(23):-- 1 S2i(k~1) ~ S25x Where
27k < m, which creates [r/27] triangles.

This process will end in the r#* iteration if 7 is least so that 2"+l > n.

It is clear that in this process by adding each edge we create one triangle and ultimately
this procedure triangulates all faces (although we may have some parallel edges). Thus, if @
" is a face of 'degree dip (the number of edges on the boundary of the face), the total number
of triangles created in this way is

+[d¢ de

i+t omear

to = dp+ 2] 4 l+e

where a, with respect to dp, is a relatively small constant. In fact the exact number of
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Figure 47:

triangles made at this stage is

Z to where tp=2dp—2 is the number of triangles of face e
PEF

Correction

If two faces share more than ore edge in their boundary, the procedure in the last stage
produces some parallel edges. The parallel edges can be marked by recording all edges in
an adjacency matrix or using any standard search algorithm. '

Correction then starts with replacing any parallel edge s; ~ s;, in order to modify
the triangulation to a proper one. If there exists a parallel edge, then locally we have
the situation illustrated in Figure 47. The parallel edge s; ~ s; separates two triangles
§i ~ 35 ~a~ s;and s; ~ 8; ~ b ~ s;. To avoid this edge, we introduce an additional
vertex z to subdivide it and two edges £ ~ a and z ~ b, which connect z to nonadjacent
vertices a and b in the separated triangles. '

This process does not create any new parallel edge, so, for each parallel edge the cor-
rection iterates only once. Therefore, the correction step can be done in time O(e), where
e stands for the number of edges.

This can be summarized in the following lemma.
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Lemma 6.5 Fir an embedding of the covering graph of an ordered set on the polygon model
of a surface on which it is embedded. We can construct a proper triangulation of this
embedding, n time O(e), where ¢ is the number of edges.

6.3.4 Existence

In this section we shall show that for cach two-dimensional surface S satisfying the condi
tions stated in Theorem 6.1 we can always construct an ordered set whose upward drawing

fits the surface. Thus, assume that we have an embedding of the ordered set critical(S)
k (or its erhanced ordered set) described in Section 6.3.1. We triangulate the surface in
such a way that among the vertices of this triangulation, we include all critical points and
additional vertices, and among the edges we include segments making up the embedded
covering graph. It is always possible to modify the triangulation* (by a slight distortion of
the surface if necessary) so that no triangle contains two vertices of the same height and all
edges are monotonic.

Note that, by the prescribed triangulation, if we direct all edges with respect to their
‘height, all critical vertices remain essential, ro other critical point is produced (because all
additional vertices are ordinary points), and this triangulation is acyelic.

Now, subdividing edges provides an ordered set whose upward drawing fits the surface.
Eventually, Theorem 6.1(z) follows from the construction on the surface which has already
an upward drawing of this ordered set on the surface. Theorem 6.1(if) follows from the
particular triangulation constructed above, since it contains all critical points of the surface
and preserves their type. Since all other vertices of this triangulation are ordinary points,
it therefore provides a one-to-one correspondence between the critical points of the surface
and the critical points of the ordered set, that is, critical(S) C critical(P).

Next, since all critical points of the constructed ordered set P are essential, an upward
drawing of this ordered set on any surface S’ with genus(S') = genus(S) requires that §'
contains a set of critical points corresponding to the set of critical points of the ordered set
P. This implies Theorem 6.1(3i1).

Note that, by applying a homeomorphism ' : § — 5 where 5 is the polygon model of
S, we can transfer all of the triangles on S to S under this homeomorphism, and prescribe a
height value for each vertex v with #'(v) = hoI'~(v) and assign signs to the incident edges
of vertex v in the direction of edges incident with I'"Y(v). This confirms that the covering

*A similar idea has been used by [Banchoff (1970)] for the proof of the index theorem.
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graph of the desired ordered set can always be constructed ou the polygon model and the
proof is complete. G

6.4 Equivalent Surfaces and Ordereds Set to Fit Them

The structure of an ordered set whose upward drawing fits a two diviensional surface de-
pends on the genus of the surface and its embedding in R3.

If a surface $ has genus g and (with respect to a fixed height function) it has position p
(sce Page 95 for definition), then we denote it by S,.0°« Figure 48 illustrates some positions
of surfaces and the ordered sets associated with the critical points of cach position are also

depicted in this Figure.

Figure 48:

%In this section we fix the height functinn A to be the projection of the surface on the z-axis.
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Classification

The aim here is to classify all positions of surfaces and all ordered sets whose upward
drawings fit them. ,
Fix a height function. Let S, and Sg.r be positions of surfaces. We can define a

relation on all positions of surfaces in three-dimensional space R3 as follows:
Sg‘p R s;!‘pi
if and ouly if ¢ = ¢’ and there is a bijective order preserving map
¢ : CTithﬂI(ss‘p) — a‘itiml(s;l‘po)

which also preserves the type of critical points. Then Sg,p and S;._p. are said to be order
equtvalent

Observation 6.4.1 Relation “R™ is an equivalence relation on the set of all positions of

surfaces.

Proof Suppose that S, stands for some position of surface S, if we let ¢ =id (the
identity map) then we have reflexive property, that is, Sgp R Sg.p- To show this relation
is symmetric, assume that See R S;.p. then there is a bijective order preserving map
¢ : critical(S,,,) — criticaI(S;‘P,) which preserve the type of elements. Now,

¢~ : critieal(S), ;) — critical(S,,)

is a bijective order preserving map which preserves the type of elements, thus S;'p, R Sg.p0-
Finally, we suppose that S,, R S} , and Sg.r R Sg g » then there are bijective order
preserving maps

¢ : critical(Sy p) — critical(S, ;) and ¥ : eritical(S, ;) — critical( a.")
which preserve the type of the elements. Now it is straightforward to see that
T,b o ¢ : critzcaI(Sg_p) —_— CTitiCdI( ;;.p;r)

is an order preserving map which preserves the type of elements and as a result it shows
the transitivity of relation R.O

We denote the equivalence class of Sg;p by (S;.0]-

Note that various positions of a specific' surface may or may not belong to the same
equivalence class with respect to the relation R.
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Example 6.5 Any position of the round sphere in threedimensional space RY has two
critical points corresponding to the north pole and to the south pole which are maximum
and minimum, respectively. The ordered sets associated with the critical points of all
positions of the sphere are two-element chains. Therefore, all positions of the sphere belong
to the same equivalence class.

Example 6.6 Figure 48 describes positions of surfaces which belong to three different
classes.

Example 6.7 The torus is a surface of genus one which belongs to only one equivalence
class. Each position of the torus has four critical points, one maximal, one minimal, and two

saddle points such that the ordered set critical(T1 ) is a four-clement chain (see Figure 33).

Observation 6.4.2 If an upward drawing of an ordered set fits one element of an equiva-
lence ciass [Sy.]. then it fits all elements of this class.O

This is immediate from the construction of fit ordered sets.O

An ordered set whose upward drawing fits a position of a surface is not unique. Re-
garding the above observation, we note that upward drawing of all orderced sets which fit
Sg.p» they fit all members of the equivalence class [S, ]. Thus, let P stand for the set of
all ordered sets whose upward drawing fit positions of surfaces, and let Py, , stand for the
ordered set whose upward drawing fits the position Sg.p- We can define a relation on P as
follows:

Ps,, Z2Qs, , ifandonlyif $,, RS (24)
g
where, PSM,QS;'.# epP

Observation 6.4.3 Relation “Z” in (24), is an equivalence relation on P.

Proof Let Ps,  be any element of P. Since by Observation 6.4.1 S,, R S, then by
definition Ps, , Z Ps, .. Thus, relation Z is reflexive. To show that Z is symmetric, as- -
sume that Ps  Z QS;’,;:' then by definition S,, R S, . Since R is a symmetric relation
then S;,‘p. R S, and therefore by definition Qs;,p' Z Ps, . Similarly, we can prove the
transitivity of Z by using the transitivity of R.O
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We denote the equivalence class of Ps, | with respect to Z by [Ps, .- Clearly, the upward
drawing of cach clement of class [Py, ] fits each element of class [S, . The following result.
which follows from our observations so far, will prove this significant fact that for each class
[Sq.e] of positions of surfaces there is a unique class [Ps, ] of ordered sets whose upward
drawings fit the clements of the former class.

Theorem 6.6 There is a one-to-one correspondence between the equivalence classes of all
positions of surfaces and the equivalence classes of ordered sets whose upward drawings fit

surfaces.

Proof Let 3 stand for the set of all equivalence classes with respect to ‘R’ and [] stand
for the set of all equivalence classes with respect to ‘Z’. We define the map

r: Z —JI  where T(Ps, ]} =[Syl (25)

[ is a well-defined map. For, if [Ps, ] = [Qs- ] then Ps, , Z Qso o and therefore by
definition Sy, R S7 . thus [Syp] =[S}, ] Next assume that I‘([Ps, o) = T{([Qs " ,]
Then by (25), [Sg,p] = [Sp ] and therefore Sgp R Sy - Thus, by definition Ps, , Z QS
therefore [Ps, ] = [st'_p,], that is, T is one-to-one.O

l l
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Chapter 7

Realizable Surfaces

7.1 Introduction

The lifting procedure (cf. Section 2.3} constructs an upward drawing of an ordered set P

‘'on a surface S with

genus(S) = genus(cover(P))

Nevertheless, if genus(P) > 1, this lifting procedure does not guarantee that the constructed
surface itself is embeddable in R®. That is, for a given ordered set whose covering graph
has genus greater than one, the eristence of upward drawings on surfaces “realizable” in
R? is an unsolved problem. In other words, if we restrict our attention to the embedding of
ordered sets on surfaces realizable iﬁ R3, the problem to determine the genus of an ordered
set is still unsolved.

In this last chapter we discuss some of the open problems about surface embeddings of
ordered sets and highlight some new directions for further research. We conjecture that the
~ ordered set of closed subspaces of the projective plane of order two, denoted PP(2), has
no upward drawing without crossing edges on a realizable surface whose genus equals the
genus of its covering graph.

In this chapter we actually construct! an embedding of the covering graph of this ordered
set.on the polygon model of a surface of genus three.

'We are grateful to D. Archdeacon, B. Richter and J. Siran for pointing out that the covering graph of
this ordered set must have genus three.

117
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7.1.1 Existence of Realizable embeddings

Fix an upward drawing of an ordered set P on the surface of a sphere, pechaps with crossiug
edges. Suppose that the edge e crosses the edge ea. On both sides of 2 close to the crussing
point remove two small disks (each small enough that it touches no edge of P). Attach a
handle to the removed disks and re-route the edge ¢; on this handle such that it traverses
the handle instead of crossing the edge ex while it preserves the monotonicity [Reuter and
Rival (1991)).

With this procedure one can remove all crossings. one at a time. and obtain a surface S
realizable in R3, on which the ordered set P is embedded (not though necessarily cellularly).
Thus, if u(P) is any upward drawing of P on the sphere (which is not necessarily an
embedding). and cross(u(P)) stands for the number of crossing edges of u(P) then

genus(P) £ cross(u{P))
Thus, if

cross(P) = min{ cross(u(P)} | 2(P) is an upward drawing of P on the sphere}

then

genus(P) < cross(P)

Note that although this procedure gives some intuitive idea of the existence of a realizable
embedding of an ordered set, there are many examples in which the genus is far from the
crossing number. Indeed, we can construct ordered sets of genus zero with a large number
of crossing edges. To this end, recall the spirals of type S(,j) (cf. Section 4.3), for a given
positive integer K, where 7 and j are positive integers such that K = |i — j|. The ordered
set 5(2,7) has at least |i — j| saddle points and corresponding to each saddle point there is
at least one crossing of edges, that is, cross(S(z,5)) > K. On the other hand, this ordered
set has an upward drawing without crossing edges on a surface of genus zero with /" saddle
points.

Recall that the crossing number for the covering graph of an ordered set is determined
by the genus of the surface on which it is embedded. But the crossing number for the
upward drawing of the ordered sets may vary from one surface to the other one — even if
the surface has genus zero. Thus, for instance, the ordered set Q2 of the three-dimensional
cube has crossing number > 1 on the plane while its crossing number on the sphere is zero,
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In conclusion, the crossing number for an ordered set depends on the surface on which
the upward drawing occurs, and thus it has to be defined with respect to a fixed embedded

surface.

Problem 7.1 Fir an ordered set. Fiz a surface embedded in three-dimensional space R3.
Find (or estimate) the mintmum number of crossing edges required for an upwerd drewing
of this ordered set on this surface.

Of special interest are the plane and the round sphere. If we have a saddle point in a
planar embedding of the covering graph of an ordered set then clearly there is no similar
planar upward drawing of this or-lered set on the plane (cf Section 1.4), thus

saddle(P) £ cross(P)

Of course, since upward planarity testing is NP-complete, the crossing number, too,
‘must be an intractable problem, otherwise planarity can be determined through testing for
crossing number (an ordered set is planar if and only if its crossing number on the plane
is zero). On the other hand, for ordered sets whose upward drawings on a specific surface
contain some crossing of edges, reducing the number of crossing edges is of special interest.

7.1.2 Examples of Embeddings

For some classes of ordered sets there are iﬁteresting results according to which the embed-
ding of each member of the class is known. For instance, the embedding of each member
of the class of spirals of type S(i,7) on surfaces of genus zero is fully determined (cf. The-
orem 4.2).

As another example, K. Reuter and I. Rival have studied the genus of a class of lattices
cach called a spider. They showed that the genus of the k-spider is an increasing function
of k.

Theorem 7.1 [Reuter and Rival (1991)] The order genus of the k-spider is ["—;—2-'[.

Problem 7.2 Characterize a class of ordered sets whose genus (and/or their embeddings)
can be calculated using “some” parameters of the ordered set.
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Figure 49:

Apart from the fact that, for lattices, planarity is equivalent to dimension? at most two, there
is no further apparent connection between order genus and order dimension. For instance,
the k-spider has order dimension at most three [Rival (1993)). In contrast, Theorem 7.1
shows that, the order genus of the k-spider grows with k.

Problem 7.3 Find nontrivial parameters of the ordered sets (lattices) which grow mono-
tonically with the genus of the ordered sets (lattices).

7.2 Projecti_ve Planes

In this section we study the ordered set of closed subspaces of the projective plane of order
two. We denote this ordered set by PP(2). For this ordered set there are two approaches.

1. Present an upward drawing of PP(2) on a surface $ realizable in R3 with genus(S) =
genus(cover(PP(2))). ]

2. Prove that there is no upward drawing of PP(2) on a surface S realizable in R® with
 genus(S) = genus(cover(PP(2))). » '

Certainly, a.ny attack on this problem requires some tools which are useful in the study
of upward drawings on surfaces and the genus of ordered sets.

¥The dimension of an ordered set P = (X, R), denoted dim(X,R), is the least positive integer ¢ for
which there exists a family {L1, L2,... L} of linear extensions of R so that R = (V1 Lo
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7.2.1 Structure of PP(2)

Consider a collection P of seven elements called points, and a set £ of 3-element subsets of
P called lines, having the property that any two points lie on ( are incident with) exactly
one line. .

To fix the notation, we assume that the members of P are labelled by the elements of the
finite group Z7 of integers modulo seven, that is, P = {0, 1,2,3,4, 5,6} and members of £ are
denoted by strings of three digits corresponding to their elements. Thus, if £ = {3, 5, ktel
is a line then it is denoted by £ = ijk. Note that by this definition

1. £ has also seven elements which can be generated, for instance, by & = i(i 4 1)(i +3)
where i € Zy and + is the addition operation in Zs,

2. any point is incident with three lines and
3. two lines meet in a unique point.

We shall now define an ordered set PP(2) = (P U LU {t,b}, <) by b is its bottom, t is
its top, and every point p is below every line with which it is incident. Thus all covering
relations are as follows.

b<i where i€ P

t>¢ where L€ L
£=ijk >i,j,k
An upward drawing of ordered set PP(2) on the plane is depicted in Figure 50.

7.2.2 Embedding of cover(PP(2))

To study the upward drawing of PP(2), in particular, to have 2 lower bound for the genus
of this ordered set, it is necessary to obtain an embedding of its covering graphk. This does
not solve the order embedding but it could be interesting in its own right and may lead to
some insights and new directions in the order embedding. We need some terminology.

A rotation at a vertex v of 2 graph is an ordered list, unique up to 2 cyclic permutation,
of the edges incident on v.

A (pure) rotation system is an assignment of a rotation to each vertex for a graph
in whlch every edge is “orientation-preserving” (cf. [Gross and Tucker (1987)]). The
following result shows that an embedding is determined by a rotation system for the graph.
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Figure 50: An upward drawing of PP(2) on the plane

Theorem 7.2 [Heffter (1891)] [Edmonds (1960)] Every pure rotation system for a graph
G induces (up to orientation-preserving equivalence) a unique embedding of G into an ori-
entable surface. Conversely, every embedding of a graph G inlo an orienteble surface induces
a unique pure rotation system for G. O

Since we want to obtain 2 minimal embedding of the covering graph (which is a cellular
embedding in an orientable surface with least genus) then according to the Euler formula

genus(cover(PP(2))) = 1—%[ | V(cover(PP(2))) || E(cover(PP(2))} |+| F(cover(PP(2))) |]
. (26)
we must construct an embedding with the most number of faces. We proceed by defining a
rotation about each vertex of cover(PP(2)) as follows.
Each vertex corresponding to a line in £ is connected to the top element ¢ and three
vertices in P. Let rotation(£) stand for a counterclockwise rotation about vertex £. We
define a rotation about each such vertex in £ according to the following rule.

rotation(ijk): t i 7 k

The following table lists the rotation about all vertices in £.
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rotation(013): ¢ 0 1 3
rotation(124): ¢ 1 2 4
rotation(235): ¢t 2 3 5
rotation(346): t 3 4 6
rotetion(450): t 4 5 0
rotation(561): t 5 6 1
rotation(602): ¢t 6 0 2

If j is a vertex corresponding to a point in P, it is connected to the bottom clement b
and three vertices of the set £. We define a rotation at each vertex in P according to the -
following rule. )

rotation(j): b joB o'F5 o"jp"

The following table lists the rotations about all vertices corresponding to the points in P.

rotetion(0): b 013 450 602
rotetion(l): b 124 561 013
rotetion(2): b 235 602 124
rotetion(3): b 346 013 235
rotation(4): b 450 124 346
rotation(3): b 561 235 450
rotation(6): b 602 346 561

We finally define the rotation about the bottom b and the top ¢ as follows.

rotation(b) : 6 5 4 3 2 1 0
rotation(t) : 346 013 450 124 561 235 602

This completes a rotation system on the cover(PP(2)). The embedding is determined by
this rotation system (using, for instance, the so-called face tracing algorithm) which consists -
of seven faces each of degree four sharing the vertex b, seven faces each of degree four sharing
the vertex ¢, and one face of degree fourteen whose boundary cycle is 2 Hamiltonian cycle
in the subgraph cover(PP(2))\{t,b}.

All faces of degree four which have the bottom vertex b as their corner are listed in the
following table (see also Figure'51). |
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foo b~0~0I3~1n~b
fri b~1~E2~2~b
far b2~ 235 ~3~b
fii b~3~346~d~b
fii b~d4ad50~5~b
for ba5~56l~B~b
fo: b~B~GO2~0~b

Figure 51: All triangulated faces of the projective plane

All faces of degree four containing vertex ¢ as their corner are listed as foilows (see also
Figure 51).
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go: t~013~0~450~1¢
i t~124~1~561~1t
qar te~280~2~602~¢
g t~346~3~013~t¢
gyt t~450~4~124~t
g5t t~56l~5~235~1
ge: t~0602~6~346~1t

The single face of degree fourteen has all vertices corresponding to P U £ as its corner.
Rt 013~1~561~6~346~4~124 ~2~602~0~450~ 5~ 235~3~ 013
Now using the Euler Formula (26), since for this embedding we have
| V{cover(PP(2))}) | =16, | E(cover(PP('z)))-l = 35 and | F(cover{(PP(2)})} | = 15,

it requires a surface of genus three. We shall now show that in fact

genus(cover(PP(2))) > 2

proving that this embedding is a minimal embedding of cover(PP(2)).
First of all we note that the covering graph of PP(2) is a bipartite graph' with bipartition
A =PuU{t} and B = LU {b} . Thus, it contains no odd cycle. It follows that in any
embedding for each face f
degree(f) > 4 (27)

Obviously, the graph is nonplanar. If there is an embedding of cover(PP(2)) on a surface
of genus one then using (26) implies | F(cover(PP(2))) | = 19. We recall that

| F{cover(PP(2})} |
Z degree( f;) = 2| E(cover(PP(2)))| where f; € F{cover(PP(2))) (28)

=]
Now by substituting (27) in (28) we have
4| F(cover(PP(2))) | < 2] E{cover(PP(2))) | or 4(19) < 2(35)

which is a contradiction. Thus genus(cover(PP(2))) > 2.
Next if f is any face whose boundary cycle does not contain vertices b and ¢ then by
the structure of PP(2), degree(f) > 6. For,if f = x; ~ Ty ~ 23 ~ 24 ~ z1 is such a
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face with degree(f) = 4, and. for instance, ro.rq € P then the padr ra and ry are incident
with two lines x; and x3 which is not possible. On the other hand. since degree(t) = T in
any embedding there are at most seven faces which have vertex ¢ as their corner, Similarly,
there are at most seven faces which have vertex  as their corner.

Next if there is an embedding of corer(PP(2)) on a surface of genus two then using (26)
implics | F(cover(PP(2))) | = 17. Now a similar argument, using (28) implies that

2| E(cover(PP(2))) | 2 4} F1 | +6| F» |
where for every f € Fy, degree(f) 2 4 and for every f € Fo, degree(f) > 6. Thus
2} E(cover(PP(2))) | = 4(14) +6(3)

which is a contradiction. It follows that genus(cover(PP(2))) > 2.

To embed cover(PP(2)) on the polygon model of a surface of genus three, we follow
the procedure of the proof of the classification Theorem for surfaces (cf. Massey (1991)]).
To adapt this with the cut and p&stc procedure in the proof of this theorem, we paste all
triangulated faces along their common edges in order to obtain a polygon on the plane with
possibly repeated edges on the boundary of this polygon (see Figure 52 where the heavy
edges represent the edges of cover(PP(2))). Next, we follow the procedure of reducing the
resultant polygon to a standard polygon model so that in all steps we preserve the edges of
the original graph (which is not necessary for the proof of the classification theorem). In
this way, at the final stage, when we construct the standard polygon model of the surface,
we ultimately come up with an embedding of the cover(PP(2)) on this polygon model.
Figure (53) illustrates the final embedding of the triangulated covering graph of PP(2) on
the standard polygon model of an orientable two-dimensional surface of genus three. Note
that we have labelled the boundary edges with 7,4, £, p,% and 7 so that pairs of edges with
the same label are target edges to be identified. The boundary cycle of this polygon model
(with respect to a fixed direction) is

Y6y 6 EpE T Y 2

which is homeomorphic to a cornected sum of three tori. In Figure 54 all edges for trian-
gulation are deleted and the actual embedding of cover(PP(2)) is presented.

In general for an embedding of an ordered set P on a surface realizable in R3

genus(P) 2 genus(cover(P))
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For many examples, including PP(2), it is possible to obtain an upward drawing of an
ordered set P on a surface § with

genus(S) = genus(cover(P)) + 1

Problem 7.4 Determine the smallest positive integer « such that any ordered set P can
be drawn upward on a surface S realizable in R® and

genus(S) = genus(cover(P)) + a
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Figure 53: An embedding of the triangulated covering graph of PP(2)
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Figure 54: An embedding of the covering graph of PP(2)
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