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Dedicated to the memory of my father



Abstract

The major contributions of this thesis are in the areas of Geometry of Interaction
(Gol) and full completeness for models of linear logic. Geometry of interaction was
introduced by Girard in the late 80’s. It provides a new semantics of computation
that captures the dynamical aspects of computation; a feature which is missing in
denotational semantics. Subsequently Abramsky and Jagadeesan introduced a cate-
gorical interpretation of this program using domain theoretical categories. Recently
Abramsky introduced a general categorical Gol censtruction which leads to models of
computation (combinatory algebras) based on Gol Situations that essentially consist
of a traced symmetric monoidal category with additional structure.

In this thesis we develop this general programme in all details. We also prove
that this construction can be done in a more general framework, namely based on
symmetric monoidal closed categories.

We also introduce a class of categories, called unique decomposition categories
(UDC), that axiomatise the so-called particle-style Gol along with providing a com-
putational calculus. Unique decomposition categories are motivated by and generalise
the partially additive categories of Manes and Arbib. These models are special cases
of the general construction which capture an important class of examples. They
provide us with dataflow-like computational analysis.

We also establish connections with the work of Girard/Danos/Regnier on dy-
namic algebras. This formalises the path-based approach to Gol, the so-called path-
semantics. The paths in proof-nets used in the work of Danos/Regnier correspond to

morphisms in UDC-based models.
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Full completeness for models of linear logic was introduced and studied by Abram-
sky and Jagadeesan. Full completeness establishes the tightest connection between
svutax and semantics: it is completeness with respect to proofs instead of the tra-
ditional completeness with respect to provability. Recently Hyland and his student
Tan introduced the double glueing method in Tan's PhD thesis. Tan’s work provides
the first steps towards an axiomatic approach to full completeness problems for linear
logic.

In this thesis we construct a class of models for the multiplicative fragment of
linear logic with the MIX rule, based on partially additive categories together with
the Int construction of Joyal, Street and Verity and the double glueing construction.
We also prove that such models are fully complete for the multiplicative fragment of

linear logic with the MIX rule.

iv



Acknowledgements

I would like to thank my supervisor Philip Scott with whom I had the pleasure
of working. His continuous help, encouragement and support during the last four
vears have meant a great deal to me. He has also introduced me to many great
mathematicians and scientists for which I am very grateful.

I would like to express my deepest gratitude to Prakash Panangaden for his en-
couragement and keen interest in my work and progress over the last four vears. His
diversity of intellectual interests and incisive mental energy have been a great source
of stimulation and inspiration to me.

I would also like to thank Richard Blute and Thierry Giordano for sharing their
knowledge and expertise with me during many helpful discussions.

I would like to express my appreciation to Samson Abramsky for introducing me
to his analysis of Girard’s Gol programme. He has thus provided me with a most
interesting research subject.

Many thanks to the entire secretarial staff of the Department of Mathematics and
Statistics. I have always been delighted by their kindness and good humour.

I would like to thank my mother who has always kept me in her thoughts and
prayers.

It is so hard to find words strong enough to express my gratitude and thankfulness
to my wife Manijeh, the love of my life and my best friend. She has always been by
my side and has shared my happiness and sorrow during the many ups and downs
in the last 4 years. [ will always treasure her for the long hours and sleepless nights
that she has spent listening to me talking about my work. Her numerous encouraging
words have kept me going at times when I felt I was at the end of my rope. I owe



this thesis to her belief in me. her patience and her never ending love and support.

The commutative diagrams in this thesis are drawn using Paul Taylor’s diagrams

macro.



Contents

Abstract iii
Acknowledgements v
1 Introduction 1
1.1 OQutlineof Thesis . . . . ... ... ... ... ... ... .. ..... 4

2 Background 7
2.1 Traced Monoidal Categories . . . . . . ... ... ... ... . .... 7
2.2 Int Construction . . . .. ... ... . ... ... ... ... ... . 22
23 G Construction . . . .. ... ... . ... 25
2.4 Linear Logic and its Categorical Models . . . ... ... ... . ... 29
2.4.1 The Multiplicative Fragment of Linear Logic . . . . . . .. .. 31

2.4.2 The Multiplicative and Exponential Fragment of ILL . . . . . 33

2.43 Categorical Models . . . .. ... ........... . .... 34

244 TheMIXRule .. .. ... .. .. . ... .. ... .... 38

3 Partially Additive Categories 39
3.1 Iteration . . .. ... ... ... ... ... ... 48
3.2 Examples . ... ... .. ... ... 60

4 Unique Decomposition Categories 66
5 Geometry of Interaction 81
5.1 Whatis Girard’s Gol? . . . ... ... ... ... ... ... . .... 81

vii



5.2
3.3

A Categorical Implementation . . . . . ... ... .. ... ......

General Gol Construction . . . . . . . .. . . . ... ... ... ..

6 Linear Combinatory Algebras

6.1
6.2
6.3

Combinatory Algebras . . . . . ... ... ... ... .. . ... .. .
Weak Linear Categories . . . . . .. ... ... ... ... ......

General Gol Construction . . . . . . . . . . . . . . .. ... ...

7 Particle-style Semantics

7.1

Combinators in UDCs: Dataflow View . . . .. ... . ... . . ...

7.1.1 Sum-over-Paths: Dataflow Interpretation of Combinators . . .

8 Examples and Computations

8.1
8.2
8.3
8.4
8.5
8.6

PInj . ... ..

9 Dynamic Algebras

10 Full Completeness

10.1
10.2

10.3

10.4

10.5
10.6

Introduction . . . . .. ... L
Functorial Polymorphism . . . . . .. ... ... ... ... ......
10.2.1 Dinatural Interpretation for MLL . . . . .. ... .. ... ..
Coherence and Free Monoidal Categories . . . . ... ... ......
10.3.1 The free compact closed category . . . .. ... ........
10.3.2 The free *-autonomous category . . . . . . ... ... ... ..
A Double Glueing Construction . . . . ... ..............
Approaching Full Completeness . . . ... ... ... .........
Full Completeness in Gol Models . . . .. ... ............
10.6.1 Compact Closed Full Completeness . . . . .. .........

viii

128
128
129

145
145
151
151
152
153
157

160



10.6.2 Full Completeness in GC
11 Conclusions and Further Work
A Diagrams for Trace Axioms
B Derivation of Gol Combinators
C Reduction to Normal Forms

Bibliography

201

204

206

227

239



Chapter 1
Introduction

Linear logic was invented by Girard in 1987. Linear logic is a constructive and re-
source sensitive logic which is a refinement of classical and intuitionistic logic. Girard
introduced many novelties including a graphical proof syntax and a wide range of
mathematical models. Linear logic has had many impacts on theoretical computer
science. These include but are not limited to logic programming, database theory,
automated reasoning, semantics of programming languages, and program efficiency.
Linear logic is the first attempt to solve the problem of parallelism at the logical
level. Since its introduction several mathematical models have been introduced for
different fragments of linear logic by Girard, Barr, Kleisli, R. Blute among others.
Several of these models are constructed on the categories of Banach spaces (Girard,
Barr, Kleisli) and Topological vector spaces (Blute & Scott).

In the late 1980’s Girard initiated his “Geometry of Interaction” (Gol) programme
in [46] and continued his investigation in a series of papers [47, 45, 48]. The goal of
this programme was to provide a mathematical analysis of the cut elimination process
in linear logic proofs. This new interpretation replaces graph-rewriting by an analysis
of information flow in proof-nets. From a computational point of view this is the
analysis of B-reduction and has proved quite fruitful in the analysis of optimal reduc-
tion strategies for the A-calculus. Gol has also brought forward a new perspective
for the semantics of computation which places it in a kind of “middle ground” be-

tween imperative/procedural, denotational/operational approaches to the semantics
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of programming languages. This new view helps to model the computational dynam-
ics which is absent in denotational semantics and manages to offer a mathematical
analysis which is lacking in operational semantics.

In Girard’s terms, Gol provides a semantics free from the twin drawbacks of
reductionism and subjectivism. In his approach, Girard uses operator algebras
(specifically. the C*-algebra of bounded linear operators on #?) to interpret mul-
tiplicatives, second order quantifiers and exponentials. Girard's ezecution formula
EX(u,0) = (1 — 0?)u(l — ou)"'(1 — o?) gives the interpretation of the elimination
of cuts (represented by o) in a proof represented by u. Termination of the normal-
ization/cut elimination process is interpreted as the nilpotency of ou, and the part
u(l — ou)~! is the candidate for computation.

In subsequent work, Danos and Regnier [33, 35, 36, 99] have applied the execution
formula to proof nets and A-terms and presented the ideas in the Gol programme in
terms of properties of paths on proof nets and A-terms. Danos and Regnier’s work
has thus helped to illustrate cut elimination as a process of information flow in proof
nets.

Abramsky and Jagadeesan gave an alternative implementation of the Gol pro-
gramme based on the category of domains, where the execution formula was con-
structed using the notion of feedback in dataflow networks [5]. Subsequently Abram-
sky provided a categorical notion of geometry of interaction situation based on the
concept of traced monoidal categories with additional structure. He showed how to
define models of computation (combinatory algebras) from a geometry of interaction
situation [2]. We will discuss this programme, which we call the Abramsky Pro-
gramme, in more detail in Chapter 6. Abramsky introduced his programme in his
Siena lecture notes [2]. In his notes. the programme was sketched and worked out for
the specific example of the category of sets and partial injective functions.

One of the most active recent topics in theoretical computer science is the area
of full completeness theorems. Full completeness establishes the tightest connection
between the logic and the model under consideration: completeness at the level of
proofs (=programs) rather than just traditional completeness with respect to prov-
ability. This is deeply connected to “Full Abstraction” theorems in programming
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language theory. From an algebraic point of view full completeness is related to fully-
faithful representation theorems for logical categories (in our case. to representation
theorems for various *-autonomous and tensor categorical models of linear logics.)
We discuss full completeness problem in more detail in Chapter 10.

In this thesis we aim at achieving the following goals:

e To develop Abramsky’s Programme in all details and in its most general form.
More specifically, we shall provide the proofs for the passage from a Gol Sit-
uation to a combinatory algebra, as well as provide proofs for a more general
case: the passage from symmetric monoidal closed categories with additional

structure to combinatory algebras.

e To give an axiomatisation for the particle-style Gol, in the terminology of
[1]. This will be a categorical setting which provides us with a computational
(dataflow, token-pushing) analysis of the Gol programme and a computational
calculus. For this purpose. we introduce unique decomposition categories, a
generalisation of partially additive categories of Manes and Arbib [90] which
provide the necessary algebraic structure for our purposes. Unique decomposi-

tion categories are tensor categories endowed with an additive structure.

e To give categorical models for Gol-based path-semantics of Danos and Regnier.
This amounts to defining categorical models for dynamic algebras. In view of
such categorical models, a path in a proof net becomes a morphism in the model

category.

e To construct categorical models for the multiplicative fragment of linear logic
based on our categories, that is partially additive and unique decomposition
categories. More importantly to prove that such models are fully complete.
In this way, we will have a whole new class of models for the multiplicative
fragment of linear logic which are also tightly connected to syntax of linear

logic in a non-trivial way (i.e., are fully complete.)
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1.1 Outline of Thesis

The chapters of the thesis are organised as follows:
Chapter 2: Background

In this chapter we recall symmetric monoidal closed, compact closed and traced
svmmetric monoidal categories together with some examples. We also prove a new
normal form theorem for arrows in traced categories. We also discuss two compact
closure constructions on traced categories, namely the Int construction of J oval, Street
and Verity [67] and the G construction of Abramsky and prove that these vield iso-
morphic compact closed categories. We next review different fragments of linear logic
and discuss their categorical models.
Chapter 3: Partially Additive Categories

We recall the partially additive categories (PAC) of Manes and Arbib [90] together
with several examples. In particular, we discuss the category SRel of measurable
spaces and stochastic kernels and prove that it is a partially additive category. This
is followed by a discussion of the dagger (iteration) operation in a PAC. We prove
that the dagger operation satisfies several important properties and show that every
PAC is canonically traced, where the trace is induced by the dagger operation. We
also prove that the trace in a PAC is uniform.
Chapter 4: Unique Decomposition Categories

Unique Decomposition Categories (UDCs) are introduced in this chapter. These
categories are generalisations of PACs. We also discuss and prove important proper-
ties of such categories, relate them to PACs and discuss the existence of traces. This
is followed by several examples that will be used later in the thesis.
Chapter 5: Geometry of Interaction

We review Girard’s Geometry of Interaction (Gol) programme. We also discuss
Abramsky and Jagadeesan’s [5] domain theoretical implementation of Gol. This is
followed by a detailed discussion of Abramsky’s programme, that is the construction of
models of computation from a traced category and more generally, from a symmetric
monoidal closed category.
Chapter 6: Linear Combinatory Algebras
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In this chapter we provide all the proofs necessary for the realisation of Abramsky’s
Programme. This includes the general case of this programme based on svmmetric
monoidal closed categories and the specific case of traced monoidal categories.
Chapter 7: Particle-style Semantics

In this chapter we work with UDCs that we introduced in Chapter 4. We show
how to construct a combinatory algebra based on a traced UDC. This will provide us
with an axiomatisation for the particle-style Gol.

Chapter 8: Examples

This chapter contains several examples of Gol Situations based on traced UDCs.
We give a detailed discussion in the case of the category of sets and partial injective
functions, including the definition of combinators as maps on the set of natural num-
bers. We also give examples of some computations with combinators in the context
of traced UDCs to illustrate the computational aspect of our model.

Chapter 9: Dyramic Algebras

In this chapter we define categorical models for dynamic algebras which we call
dynamic situations. We construct specific examples of dynamic situations and show
that Girard’s original operator algebraic model of a dynamic algebra [47] and Danos’
small model [33] are dynamic situations obtained using the categories Hilb, (Hilbert
spaces and partial isometries induced by partial injective functions) and PInj (sets
and partial injective functions) respectively.

Chapter 10: Full Completeness

In this chapter we give a review of the notion of full completeness in the context of
categorical models, together with a brief historical review of the relevant work in the
literature. We recall functorial polymorphism which will be our semantic setting in
this chapter. We also recall the double glueing construction of Hyland and Tan [104]
which will be used to obtain models of linear logic. The rest of the chapter contains
the proof of full completeness of our models for the multiplicative fragment of linear
logic with the MIX rule.

Chapter 11: Conclusions and Further Work
Finally, this chapter contains our concluding remarks and a discussion of possible

directions for further study.
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Appendix A: Diagrams for Trace Axioms

Graphical representation of trace axioms.
Appendix B: Derivation of Gol Combinators

This appendix contains the necessary diagrams and graphical calculus used to
obtain the definition of combinators in a linear combinatory algebra based on a Gol
Situation. from the general case.
Appendix C: Reduction to Normal Forms

More diagrams illustrating the reduction of combinators to their normal forms.



Chapter 2

Background

2.1 Traced Monoidal Categories

In this section we recall the definitions of monoidal, compact closed, *-autonomous
and traced symmetric monoidal categories and state some properties of trace and a
normal form theorem for arrows in traced symmetric monoidal categories which are
new. We also discuss Abramsky’s G construction and show that it is equivalent to the
Int construction of Joyal, Street and Verity in the case of traced symmetric monoidal
categories.

Monoidal (tensor) categories are found in the areas of logic [78, 86], mathematical
physics [41], quantum groups and knot theory [71], computer science [103], etc. Here

we recall the basic definitions. For details and notation see [85].

Definition 2.1.1 A monoidal categoryis a tuple (C, I, ®, a, A, p) consisting of a cat-
egory C, an object I of C called the unit, a bifunctor ® : C x C — C (called the

tensor product), and natural isomorphisms a, A, p with components
a48c: AQ(BR®C)=(A®B)®C M: QA=A pi:AQI=A

such that the diagrams
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A®(B®(C®D)) =~ (48B)@(C®D) = (48 B)®C)® D

1_4®a O!®].D

' [}

A (B (C)® D) (AR (B®C))®D

QUO®B) ————— (AQI)®
4& Ala

A symmetric monoidal category is a monoidal category equipped with a natural

and

commute.

isomorphism o with components ¢, 5: 4® B — B ® A such that the diagram

A®(B®C) =~ (19 B)&C C® (4 B)
1,®@0 o

« 0’®13
419((C®B) % (19C)9B (C®4)® B

commutes and g 048 = lags and ps = Ay04 .
A monoidal category is strict when o A.8.C, A, and py are identities for all objects
A,B, and C of C.

Familiar examples of symmetric monoidal categories are the category Set of sets and
functions, the category Top of topological spaces and continuous maps, the category
Ab of Abelian groups and group homomorphisms. For more examples see [85] and
[28].
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Definition 2.1.2 A symmetric monoidal category C is closed iff, for each object B
in C, the functor — ® B : C — C has a specified right adjoint which we denote by
B — —: C — C. Hence we have an isomorphism C(4 ® B.C) = C(4.B — C)

which is natural for all 4 and C in C.

Familiar examples include the category Vec of vector spaces and linear transfor-
mations and Ab, etc.. for more examples see (85, 28]. Cartesian closed categories
(CCCs) are important examples of closed categories. CCCs have many applications
in logic, proof theory 78], topos theory [86] and they play a fundamental role in the
semantics of programming languages [103]. Examples of CCCs include the category
Set. the functor category Set®” of presheaves on C, the category Sh(.X) of sheaves
on a topological space .X.

The following definition of a compact closed category is due to Kelly and Laplaza
[73].

Definition 2.1.3 A compact closed category is a symmetric monoidal category in
which every object 4 has a left dual A", i.e. there exist a unitn,: /] — A® A* and

a counit €4 : A* ® A — I such that the following triangles commute.

A1 4 M8 jorea
L, 1li1®eq
1@I=A
Ao ®M o igar
Ly €EA®1,4
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Example 2.1.4

The category Rel of sets and relations is a compact closed categorv. The tensor
product is given by the cartesian product of sets and the tensor unit is the one
element set. A* = 4 for aset 4 and given R: 4 — B, R* : B — A is the converse
relation. Unit and counit of adjunction can be viewed as subsets of 4 x 4 and in

particular they are the identity relation on A. )

Example 2.1.5

The category FDVec of finite dimensional vector spaces over a field k& and linear
transformations is a compact closed category. Tensor product is given by the algebraic
tensor product of vector spaces and the unit is the field k. V°* is the set of linear
functionals on V". Given a linear transformation f : V" — W, f*: W™ — V" is
defined by f*(g) = gf for g € W*. Given V" with basis {e;}", and dual basis {e; }=1
for V'* (i.e. gj(e;) = 1 if i = j and O otherwise), m- : k — 1" ® 1™* is given by

n

m(l)=) e®s.

1=1

The counit ey : V* ® V' — k is given by
er- (0 @ v) =6(v).
d

We will encounter examples of compact closed categories constructed by certain com-

pact closure operator, later in the thesis.

Definition 2.1.6 A *-gutonomous category C is a symmetric monoidal category such
that there exists a full and faithful functor (=)* : C — C with C(4 ® B, C*) —»
C(4, (B ® C)*), defined and natural for all objects A, B and C in C.

*-autonomous categories were introduced by Barr in [14]. See also [15, 17]. The

following result is folklore.
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Theorem 2.1.7 4 *-autonomous category may be equivalently specified as a sym-
metric monoidal closed category (C.®,I, —o) with an object L (called the dualising
object) such that the canonical morphism 4 — (4 —L) —oL is an 1somorphism,

for all objects A in C.
Example 2.1.8

The category SL of complete sup semilattices is *-autonomous. The objects are
complete lattices and morphisms are order and sup preserving maps. Given objects
X and V', the homset SL (X.Y') is itself a complete lattice with pointwise order and
sup. Let 2 be the two element lattice. 0 < 1. Then any f, : X — 2 satisfies

0 ifr<uz,
fa(z) =
1 otherwise.
for some unique element z, in .\' (namely z, = sup{z|f,(zx) = 0}.) Thus there
is a bijection between elements z, in .X and elements f, €SL (.\'.2). Furthermore
if zo < x5 then f;3 < f,. Therefore, SL(X.2) = X, the lattice with the same
elements as .X' and the order reversed. Hence SL is *-autonomous with autonomous

structure induced by the hom functor and dualising object 2. O

The examples Rel and FDVec we saw above are also *-autonomous. In fact,

Proposition 2.1.9 A category C = (C,®,1,(-)*) is compact closed iff it is *-
autonomous and (B® C)* = B* ® C* for all objects B and C in C.

An interesting and important example of a *-autonomous category can be obtained
by considering the reflexive objects in topological vector spaces [14]. More specifically,
consider the category TVec whose objects are vector spaces equipped with linear
topologies, and whose morphisms are linear continuous maps. Barr showed that
TVec is a symmetric monoidal closed category, when V —o W is defined to be the
vector space of linear continuous maps, with pointwise convergence topology. Let V+
denote V' —o k where « is the underlying field. Lefschetz proved that the embedding
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1" — 1"++ is always a bijection, but need not be an isomorphism. Barr proved that
the full subcategory RTVec of reflexive objects in TVec is a *-autonomous category.
For more examples of *-autonomous categories see [15, 17, 24]. Later in the thesis
we will see more examples of *-autonomous categories that can be obtained from
compact closed categories using a double glueing construction (see Chapter 10.)
We continue by recalling some more facts on *-autonomous and compact closed

categories that will be of use later in the thesis. Our presentation here follows [104].

Theorem 2.1.10 Let C = (C.®.1.(=)*) be a *-autonomous category. Then there
ezists another bifunctor ®: C x C — C, called the par product, with unit L, which
is dual to the tensor product in the sense of De Morgan. That is. there ezist isomor-

phisms
(A® B)* = A+t » B+
or equivalently
(43 B)* = 4+ @ B,
defined and natural for all objects A and B in C.
It follows easily that A ® B = 4+ o Bfor all 4, Bin C.

Theorem 2.1.11 Let C be a *-autonomous category. Then C possesses weak dis-

tributivity natural transformations

wipgc : A® (BB C)— (A®B)® C

wige : A® (BB C) - (49C)2 B
such that a number of coherence diagrams commute.
A discussion on weakly distributive categories can be found in [31].

Theorem 2.1.12 (Cockett and Seely[31]) The notions of symmetric weakly dis-

tributive categories with negation and *-autonomous categories coincide.
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The term “with negation” means the addition of two families of maps
na:l— A+t % 4 €4: A4t — 1
subject to a number of coherence equations.

Proposition 2.1.13 Let C = (C.®,I,(-)*) be a compact closed category. Then,
A% B= AQ®B for all objects A and B in C and I* = [.

Definition 2.1.14 A monoidal functor from a monoidal category C to a monoidal
category D is a triple (F,¢,y;) where F : C — D is a functor, © is a natural
transformation with components ¢4 p: FA® FB — F(4® BYand ¢o;: I — FI

is a D-morphism such that the diagrams

1 ~ ~
FA®(FB® FC) —2F FA®F(B®C) 2 F(A® (B®C))
a Fa
¢ ®1 @
(FAQ FBY® FC 2= F(A® B)® FC - F((4® B)® C))
and
A p
IQ FA——- F4 FA®I FA
pr®l FA 1® ¢ Fp
FIQFA-L F(I® A) FAQFI L FlaeD

commute. A monoidal functor is said to be strong when ¢ is a natural isomorphism
and o, is an isomorphism, and strict when ¢ and ¢; are identities. This means
essentially that F' preserves the monoidal structure on the nose.

A monoidal functor F : C — D with C and D symmetric monoidal categories is
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symmetric if the following diagram commutes:

FAg FB Y22 p1g B)

OFA.FB Fosp

rB.A

FB® FAZ21 F(B g A)

A monoidal natural transformation m from (F, ¢, ¢;) to (G, ¥, v;) is a natural

transformation m : F = G such that the following diagrams commute:

FA® FB L 1@ B) — L Fr
my®mpg MagB ‘m;
Uy
GA®GB ~2£ G(A@ B) GI

In the sequel and throughout the thesis. monoidal functor will mean strong monoidal

functor, unless explicitly stated otherwise.

Definition 2.1.15 A comonoid in a monoidal category C is a triple (C. e.d) with C
an object of Cand e : C — [ and d : C — C ® C morphisms in C such that the

following diagrams commute:

d d
cecC C cCeC
1C®d d@lc
C®((CeC) a (CRC)®C
c
,\—1 d -~1
1ec 8 cgcle®e e
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fes Xew—-=vo 72 Trgy(ﬂ

Figure 2: I/O Interfaces

The comonoid C is said to be commutative iff C is symmetric monoidal and

C cCeC

ceC
commutes.

For readability and without loss of generality we consider strict monoidal cate-

gories. It is well known that every monoidal category is equivalent to a strict one [85].
This is in fact equivalent to Mac Lane’s coherence theorem for monoidal categories
(see [85], XI1.3)
Notation: We introduce the following graphical notation: an arrow U;®- - -QU,, AN
V1 ®---®V, is represented as a box as in Figure 1. We sometimes emphasize the
I/O (Input/Output) interface of a tensor or a trace using a dotted box as in Figure
2. We omit writing the labels on the lines when it is clear. Identity is represented by
a straight line and symmetry by crossed lines.

Joyal, Street and Verity [67] introduced the notion of abstract trace on a balanced
monoidal category (a monoidal category with braidings and twists.) This trace can be
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interpreted in various contexts where it could be called contraction. feedback. Markov
trace or braid closure. The notion of trace is used to analyse the cyclic structures
encountered in mathematics and physics, most notably in knot theorv. Since their
introduction, traced monoidal categories have found applications in different areas in
computer science, for example model theory of cyclic lambda calculi [39] and cate-
gorical frameworks for the semantics of asynchronous communication in networks of
parallel processes [102]. In this thesis we will see another example of the application
of traced monoidal categories to construct categorical models for the analysis of in-
formation flow in proofs of linear logic (Gol). For the purposes of this thesis we will
be interested in traced symmetric monoidal case. that is we take the braiding to be

the symmetry.

Definition 2.1.16 A traced symmetric monoidal category is a symmetric monoidal
category (C, I, ®, o) with a family of functions Trf{-‘y X QU Y®U) — CX,Y)

pictured in Figure 2. called a trace, subject to the following axioms:

e Natural in .Y, Tr_[{,‘y(f)g = Tr%,'y(f(g ® ly)) where f: Y QU — Y QU,
9: X' — X,

e Natural in Y, gTr{ ,(f) = Triyv((9®1y)f) where f: XU — Y ®U,
g:Y —Y'

e Dinatural in U, Tr§ ,((1y ® 9)f) = Tr¥,(f(1x ® g)) where f: Y QU —»
YeU,q9:U' — U,

e Vanishing (LII), Tr§ ,(f) = f and Tri%(9) = Tr¥ v (Tr¥euysu(g)) for
f:X@I —-Y®Iandg: XQURV —YQU®V,

e Superposing,
TT,[\I',Y(f) ®g= Tr%@MY’@Z((lY ® oy,z)(f ® 9)(1x ® owy))
for f: XU —Y®Uandg: W — Z,

e Yanking, Tr{,(ouy) = 1y.
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See Appendix A for a graphical representation of trace axioms.
A monoidal functor F' = (F,¢. ) : C — D with C and D traced svmmetric

monoidal categories is traced if it is symmetric and satisfies

Tril r(@3'e(Ffear) = F(Trig(f))

-1
’B.U

where 1@ U -5 B2 U and FAS FU S Fasl) £4 F(BaU) 2% FB3 FU.

In the case of a strict functor this means that F preserves the trace on the nose.
Example 2.1.17

1. The category Rel is traced. Let R: X x U — Y x U be a morphism in Rel.
Then Tr{,(R): X — Y is defined by: Tr¥ - (R)(z,y) = Fu.R(z.u, y,u).

2. The category FDVec is traced. Given a linear transformation f : QU — WU
where U. 1. are vector spaces with bases {u;}. {v;}, {wx}. Tr¥,.(f): V — W is
given by
Triw(f)(v) = Z af]jwk where f(v; ® u;) = ) af™wi ® up.
2.k k.m

This reduces to the usual trace of f: ' — [" when V" and W are one dimensional.
3. Note that both Rel and FDvec are compact closed categories. More generally,
every compact closed category is canonically traced as follows [67]: given f : AQU —»

B®U in a compact closed categoryv C,
TTg,B(f )=

1®ny f® 1. I1®c ly ey

A AQURU" BUeU" BU*®U B

O

Proposition 2.1.18 The set of azioms for traced symmetric monoidal categories

given above is equivalent to one where superposing is replaced by the following aziom.

9® TT%,Y(f )= TT%@X.Z@Y(.‘I ® f)

for f: XQ@U —YQUandg:W — 7.
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Proof. Let C be a symmetric monoidal category with a trace operator subject to
axioms naturality, dinaturality, vanishing and vanking. Then the following are equiv-

alent:

(1) Triy () ® g = Triguwywz((ly ® ovz)(f ® 9)(1x ® o))
(2) g T"[\)(f) = T"{;’g.\’,z;gv(y @ f)

for f: N ®U — Y QU and g: W — Z. We will refer to (1) and (2) above as

Superposing axiom.

93 TT.L\"',Y(f) = ”Y.Z(TT'.L\C,)'(f) ® g)ow.x
= ovz(Trigwyaz((ly ® ou.z)(f ® g)(1y ® ow.r)))ow.x
= Triexzey((0vz® o)1y ® ou.z)(f ® 9)(1x ® owv)(owx @ 1y))
= T"W@A’,zm ((ovz® lu)(ly ® oy z)(ly @ ozu)(ozy ® lu)(g ® f)
(exw @ ly)(lx ®opw)(lx @ owr)(owx ® ly))
= Triyexzer(® f).

Triy(f)®g = oz2v(g® Triv(f))oxw

= 0z2y(TTaxzev(9® f)loxw

= Triswyez((0zy ® lu)(g® f)oxw ® lv))
(0zy ® ly)(oyz ® ly)(ly ® ou,z)(f ® g)
(

owx ® ly)(oxw ® 1v))

= TT,U\'@W,Y@Z(
(1x ® oww)
= Triswysz((ly ® ovz)(f ® 9)(1x ® owy))
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Remark 2.1.19 Following [67] we will mainly use geometric proofs. Two-
dimensional reasoning is valid on the progressive parts of the diagrams because of
the results of [66] for symmetric monoidal categories. The reasoning in parts in-
volving trace is deduced from the axioms of trace. With these provisos, geometric
reasoning is completely rigorous. Indeed, as remarked in [67]. p. 430, “Algebraic
proofs can be constructed from the geometric ones, but algebraic proofs seem only to
obfuscate the intuition.” As an example, we will give algebraic and geometric proofs

for the next proposition.

Proposition 2.1.20 (Generalized Yanking) Let C be a traced symmetric monoidal

category. Let f: X — Y and g: Y — Z be given. Then

9f =TrX z(ovz(f ® g)).

Proof.
gf = glyf (1)
= gTryy(ovy)f (2)
= Tryz((g®1y)ovy)f (3)
= Tryz((9® ly)ovy(f @ 1y)) (4)
= Tryzlovz(ly ® 9)(f ® ly)) (5)
= Trizlovz(f ®g)). (6)

Equations 1,2,3,4,5, and 6 respectively correspond to the diagrams in Figure 3. For

clarity, we draw 1y as a straight line, omitting the box.

a

In particular one can give an equivalent axiomatisation of traced symmetric

monoidal categories with Yanking replaced by Generalized Yanking.

Proposition 2.1.21 The set of azioms for traced symmetric monoidal categories

given above is equivalent to one where Yanking is replaced by the following aziom.
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X

'
‘Ly_k"z >&r1

Figure 3: Graphical Proof of Proposition 2.1.20

Generalised yanking:
9f =Trg z(ovz(f ®g))
forf: X —Yandg:Y — Z.

Proof. Let C be a symmetric monoidal category with a trace operator subject to
axioms naturality, dinaturality, vanishing and superposing. Then the following are

equivalent:

(1) TTg,U(UU,U) = IU
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(2) 9f =Tr z(ovz(f®g))

for f: X —Yandg:VY — Z.

(1) = (2): Proposition 2.1.20.

(2) = (1): Let X\Y,Z be U and f = g = 1y, then

Triy(ove) =Triylove(f®9)) = 1y
(|

We now give a normal form theorem for arrows in a traced symmetric monoidal

category.

Theorem 2.1.22 Let C be a traced symmetric monoidal category and T be a set of
arrows in C.Then, any expression E built from arrows in T using the tensor product.
composition, and trace can be represented as Tr(wFr) where F consists of a tensor
product of arrows in T and w and T are constructed from symmetry and identity maps

using composition and tensor (i.e.. T and T are permutations.)

Proof. By induction on the structure of the expression E:
® Basisstep: Let E= f: X — Y inT. Then f =Trk . (f).

o let E =E Q®FE, with E, : X — Y and E; : X' — Y’, by inductive
hypothesis, Ey = Tr% ,(m Fi1\) and E; = Tr¥. v (maF3my). Hence
E\ @ E; = Tri y(mFi1) @ Tr¥, v (maFoms)
= Triex yor (Tr%y(m Fim) ® (m2F3m3))  using Superposing,
= Trﬁ’éexl,y@w (TT%QX'gU',YgY'gU'((IY ® ouyeu)(m1F1m ® M FaTy)

(Ix @ oxrgu ) using Superposing,
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=Tr L\/ge: vay ,((1}"@0’&:}#'@[}/)(WIF[T1®W2F1T2)(14Y®0’_X’I®L,’I_L’)) using Vanishing I1.

U'RU
=Tryigy yay (TFT)

where 7 = (1y ®opyeu ) (M ®m), F = F[@F,and 7 = (M®T)(1xQoxrar ).
o et E=FEE,: X — ZwhereE,: X —VYand Fy: Y — Z.

E=EE, = Tr{ (oyz(E, ® E;)) by Proposition 2.1.20,

Il
"]

(
rx.z(0v2Tr{ gy yez(TFT)) using previous part,
(

I
bﬂ

z Trwyzm ((oy.z ® ly)(mFT))) using Naturality.

v
X,
Y
X
Y

Ty,

1%
X

= Try%/(x'Fr) using Vanishing II.
where 7' = (oy z ® 1y)m.
o Let E=Tr{,(E)forE,: XQU — Y QU.

E = TT"U\:‘Y(EI)
= Triy(Tr{.cyeu(mFT)) by inductive hypothesis

= TrY3% (xFr) using Vanishing II.

2.2 Int Construction

The Int construction was introduced by Joyal, Street and Verity in [67]. It is used
to construct a free tortile monoidal category from a given traced balanced monoidal
category. In this thesis we will work with traced symmetric monoidal categories and
hence in this case the main result of [67] reads as follows. Recall from Example 2.1.15
that every compact closed category is canonically traced, given f: AQU — BQU

in a compact closed category C,
TTX,B(f )=

1®ny f®ly- 1®c ly®ey

BU®U'——BRU*QU B

A AQQUQU"
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and every monoidal full subcategory of a compact closed category is traced. Moreover.
every traced symmetric monoidal category C arises in this way. that is it is a monoidal
full subcategory of a compact closed category, namely Int C. Informally, Int C is the

“free compact closure™ of C. More formally:

Theorem 2.2.1 (Joyal, Street & Verity) ! Suppose C is a traced symmetric
monoidal category and D is a compact closed category. Then there erists a com-
pact closed category Int C such that for all traced monoidal functors F : C — D,
there erists a symmetric monoidal functor K : IntC — D which is unique up to
monoidal natural isomorphism with the property KN = F, where N : C — IntC is
the full faithful inclusion functor.

We next proceed by recalling the Int construction which is motivated by the
construction of integers Z from natural numbers N and hence the name. Let C be a

traced symmetric monoidal category. The categorv IntC is defined as follows:

e Objects: Pairs of objects from C, e.g. (A*.A~) where 4* and A~ are objects
of C.

e Arrows: An arrow f : (A%, 47) — (B*.B7)in IntCis f : A*®@ B~ —
B*® A- inC.

o [dentity: 1(,14-"4—) = la+ga--

e Composition: Given f : (4*,A") — (B*,B7) and ¢ : (B*,B~) —
(C*,C7),gf : (A*, A7) — (C*,C7) is given by:
gf = Trf.:®c..,c+®‘4_((1c+ ®0p- 4-)(g® 14-)(1p+® Ta-c-Nf® le-) (1a+ ®
oc-,8-))
This can be represented graphically as in Figure 4.

e Tensor: (A*,A7)® (B*,B™) =(A*®B*,B~® A7) and for f: (A*,A") —
(B*,B~) and g : (C*,C~) — (D*, D7), f ® g is defined to be the following

'Note that this is the version of the original theorem for the case of symmetric monoidal
categories.
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At - g* c
- ¥ g
2N A cl® =
C ) B N\A
C A
B B

Figure 4: Composition in IntC

composite: A*@C*®@ D~ @B~ 2+ 4*eB-oD- 'Y c+9 Bt
A"3D B BreC* D 94 ¥ Bre Dt C-® A-

e Unit: (I.1).

Proposition 2.2.2 Let C be a traced symmetric monoidal category , IntC is a com-
pact closed category. Moreover, N : C — IntC with N(4) = (4.1) and N(fy=f
is a full and faithful embedding.

Proof. (Sketch) This is just a specialisation of the proof that appears in [67] and we
will not repeat it here. However we give the main morphisms of the closed structure.
For any two objects (4%, A7) and (B*.B~) in IntC.

O(A+ A=) (B+.B~) =def Oa+ B+ ® 04~ p-.
The left dual of (A*, A™). (4%. 47)* = (A~. A%). The unit is given by
Mar.am) (L) = (AT, A7) ® (AT, A7) =gy Larga-
and counit is
€ar.am) (AT, ATV @ (AT, A7) — (I, 1) =gef 1a-ga+-
The internal homs are given by

(A*,A™) — (B*.B") = (B*.B") @ (A", A7) = (B* ® A~, 4* ® B™).



[\V]
(S]]

CHAPTER 2. BACKGROUND

2.3 G Construction

In this section we recall Abramsky’s G construction [1]. It was pointed out in (1] that
this construction captures the Geometry of Interaction construction for the multi-
plicative fragment of linear logic and that Girard’s execution formula corresponds to
the composition in the G(C) category. We will use this construction extensively in
the first part of the thesis. We will hence describe this construction and show that it

is equivalent to the Int construction of the previous section.

Definition 2.3.1 (The Geometry of Interaction construction) Given a traced sym-

metric monoidal category C we define a new category G(C), as follows:

e Objects: Pairs of objects from C, e.g. (A*. 4~) where A% and A~ are objects
of C.

e Arrows: An arrow f : (4%.47) — (B*.B7)in G(C) is f : AT ® B~ —
A-®B*inC.

e [dentity: 1(,44-'__;—) =04+ 4~

e Composition: Composition is given by symmetric feedback. Given f
(AT, A7) — (B*.B") and g : (B*,B™) — (C*,C"), gf : (AT, A7) —
(C*,C") is given by:

9f =Tr5. 88 oo (B(f @ g)a)
where

a=(1,+®15-® oc- p+)(La+ ® oc-5- @ lg+)

B=(1a-Qlc+ ® UB'*'.B‘)(]-A" Q0B+ c+ ® 13-)(1,\— 1+ ® 0’3—'04-).

This can be represented graphically as in Figure 5. An informal picture dis-
playing gf is also given below. This latter picture (Figure 6) represents the

symmetric feedback.
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. H ~. ‘.h'

A* A
i [ &
8" l ¢ B
c bal

Figure 6: Symmetric Feedback

e Tensor: (A7. 47)®(B*,B7)=(A*®B*. A" ®B ) and for f: (4*. 1) —
(B*.B")and g: (C*.C~) — (D*.D"7),

f®yg=(14-®0p+c- @ 1p+)(f ® 9)(1a+ ® o+ - @ 1p-).

e Unit: (I,]).

Remark 2.3.2 We have given a definition for @ and 3 above, however, any other
permutations A*®@C-®B~ @B+ — A*®@B-®B*®C~ and A-®@B+*Q@B-®C* —»
A" ®C*® B~ ® B™ for a and 3 respectively will yield the same result for g f due to

coherence.

Proposition 2.3.3 Let C be a traced symmetric monoidal category. Then G(C) de-
fined as in Definition 2.3.1 is a compact closed category. Moreover, N : C — G(C)
with N(A) = (A,I) and N(f) = f is a full and faithful embedding.

Proof. For any two objects (A*,47) and (B+,B—) in G(C), O(A+,A-),(B+,B~) =def
(1g+ ® 0p- 4- ®14+)(08- B+ ® 04+ 4-)(1g- ® 04+ g+ ®14-)(04+ - ® T4~ p+). This

makes G(C) into a symmetric monoidal category.
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The dual of (47. A7) is given as (4*. 47)* = (47, 4%) where the unit
Masamy (L) = (AT A7) @ (A7, A7) =gef 04~ 4+
and counit
€ar.a=) (AT AT @ (A7 A7) — (1 ]) =gep 04— 4=

It is easily verified that the unit and counit are natural transformations and the
triangles of Definition 2.1.3 commute. Hence G(C) is a compact closed category.

The internal homs are given as

(A*.47) = (B*.B") = (B".B")® (A*. A7) = (B* ® A~. B~ ® A7)

%

Proposition 2.3.4 Let C be a traced symmetric monoidal category, then G(C)
IntC

Proof. Define the functor F : G(C) — IntC as follows: F(47.47) = (4%, A7)
and F(f) = o4-p+f for f : (4. 47) — (B*.B7). F(lia+.a-)) = Floa+4-) =
Ta-.A+O4+.a- = ly+gya- = lpa+ 4-). The proof of F(gf) = F(g)F(f) is given in
Figure 7: both (a) and (b) reduce to (c). F is a symmetric monoidal functor with
@ = ly+gp+ ® 04- - and ©; = 1;. Moreover. F has an inverse G which is the
identity on objects and G(f) = og- 4- f for f: (A*, A7) — (B*.B™) in IntC.

O

Notation: We write 4 < B(f, g) for 4, B objects of a category C and f: A — B
and g : B — A morphisms in C to mean that A is a retract of B i.e., gf = 14.

Lemma 2.3.5
o Let A¥ = B* and A~ = B~ in C, then (A*,A”) = (B*,B") in G(C).

o IFA*AB*(f1,01) and A~<1B~(fa, g2) inC, then (A*, A-)<i(B*, B-)(0p+.a- (1®
g2), 04+ 8- (g1 ® f2)) in G(C).
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Figure 7: F(gf) = F(g)F(f)
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Proof. First we observe that if f : (4%, 47) — (B*,B~) = 0g+ 4-(f1 ® f») and
g:(B*,B7) — (C*.C7) = o¢c+p-(g1 ® g), with f; : AY — B* f, : B~ —
A7.g1: B¥ — C* and ¢, : C~ — B~ then composition is given by

9f =0c+ a-(91f1 @ fag2).
Suppose that f : A~ —+ B* and g, : A~ = B~ Define f : (A*. A~) —s (B*, B~)
by f = 0p+a-(fi @9;') and g : (B*.B™) — (4*,47) by g = a4+ 5- (f7' ® o).
Then, gf = 04+ 4-(La+ @ 14-) = 04+ 4- = l(a+.4-). Similarly fg = 1(p+ g-) and
hence (4%, A™) = (B*.B™).

Now suppose A* < B*(f1,91) and A~ < B~(fy, g2), define f : (4+,47) —
(BT.B7) by f = op+ 4-(fi ® g2) and define g : (B*,B~) — (A*,4") by g =
04+ 8- (g1 ® f2). Then

9f = 04+.4-(91f1 ® g2fa)
= Oa+a-(ly+ ® 14-)
= Oa+.a-
= Laa+an

Hence (A%, A7) < (B*,B™)(f.9). O

2.4 Linear Logic and its Categorical Models

Linear logic invented by Girard [44], is a refinement of classical and intuitionistic
logics. Linear logic is a constructive and resource sensitive logic. To see the resource
sensitivity of linear logic we need to discuss Gentzen’s analysis of Hilbert's proof
theory (50, 103]. Gentzen introduced a fundamental reformulation of the syntax,
called sequent calculus. A sequent is denoted by ' - A, where A and [ are finite

sequences (possibly empty) of formulas, for example,
A11A21"' 7Am - BI1B21"' 1Bn

Gentzen also introduced formal rules for generating sequents, the so-called derivable

sequents. Gentzen broke down the manipulation of logic into two classes of rules
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applied to sequents: structural rules and logical rules. Two of the structural rules

that are important for our discussion here are the contraction and weakening rules:

LA AFA 'A,B,B
(contraction) T.AF A 'FAB
CEA CEA
(weakening) rLArFA '-A.B
Let's consider intuitionistic sequents, i.e. those of the form A;. 45 --- .4, F

B with one conclusion. We can give a functional interpretation: view the sequent
as a function ¢(x, x5, --,2,,) : B with arguments z; € 4; for all i = 1,--- . m.
Then. (contraction) can be interpreted as duplicating the arguments of a function,
i.e. setting two input variables equal and (weakening) is interpreted as introducing
durnmy variables. Yet another way of looking at these rules (reading from conclusion
upward to hypothesis) is to view (contraction) as duplication and (weakening) as
erasing.

In linear logic one is not allowed to duplicate or erase a formula (resource). Thus.
these rules are removed and as a consequence we get two conjunctions: tensor (®)
and with (&) and two disjunctions: par (%) and plus (®). These are grouped into
multiplicatives (®, ® . —o) and additives (@, &). There is also an involutive negation
(—)* which relates these groups by De Morgan duality. The linear implication above
(—o) is a defined multiplicative connective: 4 —o B =4; AL % B. Linear implication
represents real life (causal) implication. That is, from 4 and A —o B we get B
(modus ponens) and A is no longer there; compare this to implication in mathematics
where from A and A = B we get B and A is still true. To regain the power of
intuitionistic logic, Girard introduced a new connective, the ezponential connective,
!. This indicates that weakening and contraction can be applied to !A. In this way
we get back these structural rules in a controlled fashion. From a resource point of
view, a hypothesis !A can be reused arbitrarily. This gives a decomposition of “="

into more basic notions:
A= B=('4) - B.

Finally, classical and intuitionistic logics can be faithfully translated into linear logic

[44, 105]. For more on linear logic see the excellent review [49].
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2.4.1 The Multiplicative Fragment of Linear Logic

In this thesis we will be interested in the multiplicative fragment of linear logic (MLL)
and the multiplicative and exponential fragment of intuitionistic linear logic (MEILL).

Formulas in MLL are built from propositional atoms, a. 3, . ... their linear nega-
tions, a*, 3*,--- and the constants (or units) 1 and L by the connectives ® and % .
Finite sequences of formulas are denoted by capital Greek letters A.T..... A literal
is either an atom or its linear negation. Notice that one can remove the (ezchange)
rule (see below) and instead work with multisets of formulas.

Below we give the sequent calculus presentation for MLL. We will use one sided
sequents, that is sequents are of the form F A, general sequents ' - A\ can be
mimicked as - ['*. \. This is a fundamental feature of linear negation: it transports

the formulas from one side of the sequent to the other side.

Identity /Negation
Faa- (tdentztz/) F Fv ‘:' F,—:&’l*y A (C’Ut)
Structure
T hane : i o T
F (D) (exchange : T is a permutation of I')
Logic
- FT
T Fr, L )
FT,4A FBA +FT,A B
FT,A®B,a © FT,Am B %)

There is a cut elimination procedure which is Church-Rosser and strongly normal-
ising for MLL without units. In particular, any proof of a sequent in MLL without
units can be reduced to a unique cut-free proof of the same sequent [49].
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Girard introduced proof nets [44] as a graphical representation of proofs. Proof
nets are the natural deduction system for linear logic. They provide a parallel syn-
tax in that they have multiple conclusions and they suppress the commuting rules in
sequent calculus. That is. the sequent calculus proofs that are equivalent by com-
muting rules are translated into a single proof net. Proof nets are defined using proof
structures. A proof structure is simply a graph with formula occurrences as vertices.

The edges are built via links of the form

Axiom link Cut link
U T !
N
A B A B
N/ \/
A®B A® B

Tensor link Par link

However, not every proof structure is a proof net. The correctness criterion to
pick the correct ones was given by Girard in [44] using the notion of a “trip” on a
proof structure. Girard introduced the notion of dataflow (a particle. information,
etc.) through a proof structure. This view will be explored more fully in this thesis.
Girard’s correctness criterion was simplified by Danos and Regnier using switchings
[34].

A DR-switching for a cut-free proof structure is the assignment of left or right
to each par link. Given a switching S for a cut-free proof structure we define the

associated graph to be the deletion of the par-edges not selected by the switching S.

Theorem 2.4.1 (Danos and Regnier) A cut-free proof structure is a proof net iff

for every DR-switching, the associated DR-graph is acyclic and connected.
We also recall the following important results due to Girard [44].

Theorem 2.4.2 (Girard) If 7 is a proof of = T in the sequent calculus for MLL
then we can naturally associate with it a proof net N(n) whose multiset of terminal

formulas is precisely T.
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Theorem 2.4.3 (Girard) If 3 is a proof net. then there erists a proof = in the
sequent calculus of MLL such that N(7) = 3.

2.4.2 The Multiplicative and Exponential Fragment of ILL

Formulas in MEILL are built from propositional atoms. «. 3.. ... and the constant
(or unit) 1 by the connectives ®. —o and !. Finite sequences of formulas are denoted
bv capital Greek letters A, T'..... Notice that one can remove the (ezchange) rule
(see below) and instead use multisets of formulas. Below we give a sequent calculus
presentation for MEILL. Note that in the intuitionistic linear logic, linear negation
is not a primitive connective and we deal with sequents of the form ' + A for 4 a

single formula.

Identity
' . 4 4. AFB
— (identity) CAFB (cut)
Structure
- (I; })_}—BB (ezchange : 7 is a permutation of I')

Logic
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Tk 4
FiF g (£1)

A BFC

FigBrC (L®

L4 ABRC
TAAoBFC %™

TFA

TEd (ofcourse)

AFB

TAFB (dereliction)

2.4.3 Categorical Models

[l414+B
['A+-B

34

.1 (R1)

T4 AFB,
TAFigB (kO

LA-B
FFi1oB (®™

[FB

TIir B (weakening)

(contraction)

In this section we will recall and discuss the categorical models of MLL and MEILL.
First let’s consider MLL. Seely [101] has shown that *-autonomous categories are

models of MLL. Tensor and par are interpreted by tensor and par (dual of tensor) in

a *-autonomous category C. Linear negation corresponds to the involution on C and

a multiset [ is interpreted as a par product ® . A sequent + [ is interpreted as a

morphism [ —® [. Now let’s look at this in more detail.

Suppose the propositional atoms in the logic are interpreted by the objects in C.

The interpretation function [ -] is defined inductively as:

[1] =1;

[at] = 121

49 B] =4l ® [B];

[4,B] =[4% B] =[4] % [B];

HP-AI,-n ,An]] = a morphism I — ﬂAlﬂ B --- [[An]].
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We now sketch how the axioms and inference rules are interpreted in a *-
autonomous category C.

The identity sequents - . ot are interpreted as morphisms / — X ® X'+ where
X is the interpretation of . These morphisms are obtained by transposition of the
identity on .. i.e. using the bijection C(/ ® X. X) 2 C(I.X —o ).

The (1) rule is expressed by 1; and the (L) rule is expressed via composition with
the inverse of the right unit isomorphism of %®.

The (cut) rule is expressed by composition. ﬂ FT ,.'-1]] = a morphism [ — (®
') ® A which is equivalent to a morphism (® [')* — 4 and a morphism I —
A+ ® (® 1) is equivalent to a morphism A — (% A). Composing these two
morphisms gives a morphism (® ')t — (® A), equivalent to / — (B I') % (%
A)=% (I.4Q).

The (ezchange) rule is expressed through the symmetry and associativity of the
par and tensor products in C.

The (®) rule is essentially taking the tensor product of the morphisms (% ')+ —
4 and (3 A)t — B. Finally, the (%) rule does nothing.

Proposition 2.4.4 (Seely, [101]) The above interpretation yields a sound model of
MLL in any *-autonomous category C. That is, the induced interpretation of proofs is
preserved by cut-elimination: if Il reduces to [1' (by cut-elimination) then [I1] = [IT']

as morphisms in C.

We will next recall the categorical model for MEILL. This was first introduced by
Seely [101]. However it was later modified by (18] and [19]. We closely follow [30].
A categorical model of MEILL. which we call a linear category, consists of the

following data:
1. A symmetric monoidal closed category (C, I, ®, —0),
2. A symmetric (not necessarily strong) monoidal functor (!, ¢, ¢;) : C — C,
3. Monoidal natural transformations:

(i) der :! = id, where id is the identity functor,
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(ii) 6 :! =",
(iii) weak :! => K; where K; is the constant I functor and

(iv) con ! =IQ!
such that

e (!.der,d) is a comonad.
e for each object A. the maps weak 4 and con 4 are maps of coalgebras.
e for each object A. the triple (!4, weak . con ) is a commutative comonoid.

e for each object A. the map d, is a map of commutative comonoids.

Suppose that the propositional atoms are interpreted by objects of C, the inter-

pretation function [—] is defined inductively as follows:

1l=1r
[4 < B]=[4] - [B]
[4B]=[4eB]=[4]® [B]

AT =4(faD

A sequence I' of formulas is interpreted as ®I" and a sequent I' - A is interpreted
as a morphism ® — 4 (We use 4. B instead of [4] and [B].) Similarly to MLL,
we interpret axioms and inference rules as generating arrows, as follows:

The identity sequents a - «a are interpreted by identity morphisms X — X
where X is the interpretation of .

The (cut) rule is expressed by composition: given the morphisms f : @ — A
and g: A® (®A) — B we get a morphism QT ® (RA) Blag (®A) 4 B.

The (ezchange) rule is expressed using the symmetry and associativity morphisms

of the tensor product.
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The (R1) rule is just 1, and the (£1) rule is expressed by composition with the
right unit isomorphism.

The (£®) rule does nothing. The (R®) rule is interpreted by taking the tensor
product of the morphisms [ — 4 and ® A — B.

The (£ —o) rule is expressed using the morphisms f : @ — 4 and g : (®A) ®
B — ( as follows:

(®F) ® (®2) ® (4 = B) 12 10 (84) ® (4 — B) 22 (9A)® 4 ® (4 —o
B) 23 (®A)® (4 = B)® 4 23 (84)® B - C

The (R —o) rule is just taking the transpose of the morphism (®T) ® A — B.

The (of course) rule is expressed by using functoriality of ! and ¢ (comultiplication
natural transformation.) We demonstrate this for [ = B, C the general case follows

trivially. Given f :'B®!C — 4 we get a morphism as follows:
IBRIC "2 1BRIC 5 1(1BRIC) -5 14

The (weakening) rule is expressed by composition with weak . Given f: @[ —

B we get a morphism
(@Ne!ld X8 @l e = el L B

The (dereliction) rule is expressed by composition with der,. Given f : (8T) ®

4 — B we get a morphism
(@)e'4 "% @M ed-L B

The (contraction) rule is expressed by composition with con4. Given f :

(QI')R!AR!A — B, we get a morphism
(@)®!4 'EB* (@Ne!4x!4 -1 B

Proposition 2.4.5 (Seely [101], Bierman [20]) The above interpretation yields a
sound model of MEILL in any linear category. That is, the induced interpretation of

proofs is preserved by cut-elimination.
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2.4.4 The MIX Rule

An interesting variant of MLL is obtained by adding the MIX rule,

FT FA -
T (MIY).

The MIX rule and its categorical interpretation are discussed in [32]. Our presen-
tation here follows [104].
The MIX rule can be specified in several equivalent forms.

Proposition 2.4.6 (Cockett & Seely [32]) The equivalent forms of the MIX rule
are L1 and AQBF 1% B.

Fleury and Retoré [38] provided a correctness criterion for proof nets in
MLL+MIX. Simply, the acyclicity condition remains and the connectedness condi-
tion is removed. This fits in nicely with the intuitive idea that an MLL proof net
associated with - [" and an MLL proof net associated with = A can be juxtaposed to
vield an MLL+MIX proof net associated with - ", A.

A categorical model of MLL supports the MIX rule, if there exists a unary MIX

morphism m :L— 1 such that the following diagram commutes.

1®.L
m®1/ \K@m
1y
1 L=1 1=l ®1

Given morphisms f : X — 1 and g : Y — 1, we can construct X ® YV g
® _L—f'—LL, where m :1 ® L—» L is the morphism in the diagram above. Further-
more, m induces the binary MIX morphisms 2,5 : A® B — A % B, natural in 4
and B as follows:
FAY A +BLY B
A+ B A B

HAL® BL A% B
A®B+-A®B

(MIX)
(B ), twice




Chapter 3
Partially Additive Categories

In this chapter we recall the definitions of partially additive monoids and categories
enriched over such monoids, partially additive categories. Partially additive categories
were defined and used by Manes and Arbib to provide an algebraic semantics for
programming languages [90]. Our interest in partially additive categories is primarily
due to the fact that they provide a canonical method for fixed-point construction,
which in turn yields canonical constructions for trace and composition in geometry

of interaction categories.

Definition 3.0.7 A partially additive monoid is a pair (M,X), where M is a
nonempty set and ¥ is a partial function which maps countable families in M to
elements of M (we say that {z,}ic; is summable if Zie! z; is defined)! subject to the

following axioms:

1. Partition-Associativity Aziom. If {;}ic; is a countable family and if {I,};es is
a (countable) partition of I , then {z;};s is summable if and only if {Tities, is

summable for every j € J and Zie 1, Ti is summable for j € J. In that case,
Ziél‘ri = ZjeJ(ZieI,Ii)

2. Unary Sum Aziom. Any family {z;}c; in which I is a singleton is summable
and Eie[ri =TI if I = {]}

!Throughout, “countable” means finite or denumerable. All index sets are countable.

39
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3.

Limit Aziom. If {z;}ics is a countable family and if {z;}icr is summable for

every finite subset F" of I then {z;};c; is summable.

We observe the following facts about partially additive monoids:

(i)

(i)

(i)

(iv)

(v)

Axiom 1 implies that every subfamily of a summable family is summable. Sup-
pose {z;}ic; is summable and let K C I. Consider the partition I = I, U [,
where I} = A" and [, = [ - K, then by the partition-associativity axiom,

.k Zi is summable.

Axioms 1 and 2 imply that the empty family is summable. We denote Y ico T
by 0, which is an additive identity for summation. In fact. 0 is a countable
additive identity. To see this. first note that I; = 0 is allowed for any number
of j (finite or denumerably infinite). Now suppose {z; }ic; is a summable family
and J is any countable set disjoint from I such that z; = 0 for all ; € J. For
J € TUJ define

{7} ifjel

0 if jedJ.

I =

Clearly {I;};csus partitions I and by the partition-associativity axiom
2 jerus (ies, Ti) exists and equals 3, z; but Dier, =1z, if j€ [andis 0
if j € J and hence the result.

Axiom 1 implies the obvious equations of commutativity and associativity for
the sum (when defined). More generally, ", ., is defined for any permutation
@ of I whenever ) z; exists and Y, T, = Y., z;; just consider the partition

{0 }ier-

In case ¥ is totally defined. (M, ;) forms an Abelian monoid, where ¥, is the
restriction of ¥ to binary families, i.e. ¥,: M x M — M.

There are no additive inverses. Indeed, let {z;};c; be a summable family with
2ierTi =0andsety =¥, (\z; for some i € I. Then, y+z; = 0 and
Ti =i+ (y+z)+(y+z)+ - =(zi+y)+(zi+y)+---=0. Thus, z; =0
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for all i € I. This property has been called the positivity property by Benson
and Manes [91].

We will also need to consider partially additive monoids without requiring the limit
axiom. We call such structures £-monoids. Such structures have been considered by
Benson and Manes [91]. where thev are called positive monoids. Kuroi has also
studied such structures in [75]. Clearly, a partially additive monoid is a ©-monoid.
All the properties mentioned above for partially additive monoids are also true for
L-monoids. We will further study such structures in the next chapter.

A doubly indexed family f in a partially additive monoid M, f : [ x J — M .
is denoted as {fi}ierjes or simply {f;;} if the index sets are clear from the
context. Such a family is summable iff 37,/ (3" ., f;) exists and in that case
Zi'j fij = Zle,(zjej fij). It follows, using Axiom 1, that for a summable family

{fu'}~ ZzEI(Z]GJ ft]) = E;eJ(Zzelfij)'

Here are some examples of partially additive monoids.

Example 3.0.8

1. M =PInj(X.Y), the set of partial injective functions from X to Y. A family
{fitier €PInj(X.Y') is said to be summable iff Dom(f;) N Dom(f,) = 0 and
Codom(f;) N Codom(f;) = @ for all i # j. In that case. (3, fi)z) = fi(z) if
z € Dom(f;) for some j € I and undefined, otherwise.

2. M =Pfn(X,Y), the set of partial functions from X to Y. A family {fiticreM
is summable iff Dom(f;) N Dom(f;) = @ for all i # j. In that case, (I, fi)(z) =
fi(z) if z € Dom(f;) for some j € I and undefined, otherwise. We denote this
partially additive monoid by (Pfn(X,Y), =%).

3. Let M =Pfn(X,Y) and define a family {f;}ic; to be summable when fi(z) =
fi(z) for all z € Dom(f;) N Dom(f;) and all 4,5 € I. We call such fami-
lies coherently overlapping partial functions. This additive structure is called

the overlap sum and will be denoted by £. For a summable family {fi},
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(3" fi)(z) = fj(z) if there exists a j € I such that z € Dom(f;) and un-
defined, otherwise. Notice that in sharp contrast to the previous example the
overlap sum is countably idempotent, i.e. for a family {f;}ic; with f; = f for
alli € I, Y .., fi = f. However, clearly such a family is not even summable in

the additive structure given in the previous example.

1. M =Rel,(\X.Y), the set of relations from a set X to a set Y. Any family
{R:}.er €Rel (X, Y) is summable with 3, Ri = U, R:.

A countably complete poset with ¥ as supremum is a partially additive monoid

[&]]

in which all families are summable and the sum is countably idempotent, that
is forz; =z foralli € I, 3 ., z; = z. A related nonezample is w-complete
posets with summable families defined as countable chains and ¥ as supremum.
For example, let z,y < = with z, y incomparable, then z + (y + z) is defined but

T + Yy <+ = is not.

6. Let M be an w-complete poset satisfying countable bounded completeness, that
is given a countable subset D of A, if D has an upper bound then it has a least
upper bound. Let the summable families be the bounded families and T be the
supremum. Then, (M, X) is a partially additive monoid. The additive identity

is of course sup(0).

. Let M = [0,1] and given {z;}es, define Y, z; = min(S, 1) for I finite, where S
is the usual sum in real numbers, and for [ infinite let )_. z; be the limit of the

net of finite partial sums. (M. L) forms a partially additive monoid.

-1

Definition 3.0.9 The category of partially additive monoids, PAMon, has as ob-
jects partially additive monoids (M, £). Its arrows (M, X) N (M',%') are maps from
M to M' which preserve the sum, in the sense that for all summable families {z:}ier
in M, {f(z:)}ier is summable in M' and f(}",., z:) = X ic; f(2:). Composition and
identities are inherited from Set.
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Note that ¥-monoids and additive maps also form a category which we will denote
by ¥Mon.

Observe that the categories PAMon and “Mon have finite products: given
(M. L)) and (M. Iy), their product is (M, x M,.E) where Yoelziy) =
(3_1 2. D i) for all summable families {(z;, yi) }ier in M, x M,. The zero object 0
is ({0}.3") in which all families are summable. with sum equal to 0. In particular.
PAMon and ¥Mon are symmetric monoidal categories with product as the tensor.

We can also define finite coproducts in PAMon and £Mon as follows: given
(1. Zy) and (Ma, T), their coproduct is (M, £) where M = M, —{0}wM,~{0}w{0},
i.e. M is the disjoint union of M, and M, with the 0 elements identified.

A PAMon-category C is a category enriched in PAMon; that is, the homsets are
enriched with an additive structure such that composition distributes over addition
from left and right. More specifically, forall f : W — X, h: Y — Z and for all

summable families {g;}.c; in C(X.Y"), {gif }ier and {hg;}ic; are also summable and

(Ziel g)f = Zie[gif

h’(Z:E[ g1) = ZIE[ h'gx

Note that such categories have non-empty homsets and automatically have zero
morphisms. namelv Oyy : ¥ — } = Ziea fi for fi € C(X.Y). Note that this
does not imply the existence of the zero object; however existence of the initial or
terminal object will guarantee the existence of the zero object in the presence of zero
morphisms [90].

Notation: We will use + for the addition operation on the homsets. We use & for

coproduct and & for biproduct.

Definition 3.0.10 Let C be a PAMon-category with countable coproducts Dic; X
We define the following:

(i) A countable family {fi};: Y — X; is quasi summable iff the family {in;f;}; :
Y — @, Xi is summable.
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(it) Quasi projections p; : @;e; Xi — X for all j € I are defined as follows:
pjtng = ly; if k= j and 0 x.x, otherwise. Note that p; exists for all j € I since

C has zero morphisms.

Definition 3.0.11 A partially additive category C is a PAMon-category with count-

able coproducts which satisfies the following axioms:

1. Compatible Sum Aziom: If {f;}; € C(X.Y") is a countable family and there
exists f : X — .Y such that

! LY

fi Pi

v

commutes (we say the f; are compatible), then er 1 fi exists.

(3]

Untying Aziom: If f+g : X — Y exists then so does in, f+in,g: X — Y +VY".

The dual of a partially additive category (PAC) is a PAMon-category with count-
able products which satisfies the dual of the above axioms.

We will next review the main theorems of PACs, namely (i) the unique decom-
position property, (ii) the existence of the iteration (dagger) operation, and (iii) the

uniqueness of the additive structure.

Proposition 3.0.12 (Manes and Arbib) Given f : X — @Dic; Yi in a partially
additive category. There ezists a unique family f; : X — Y; with f = dicr inifi,
namely, f; = p:f.

Proof. [90], Proposition 15, page 80. 0
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Corollary 3.0.13 Guven f : @,.,.X; — @, Yi in a partially additive category,
there ezists a unique family {fi;}icrjecs : X; — Y, with f = Ziel,jeJ in; fiip;,

namely. fi; = pifin,.

Proof. In any PAC. }_ ., in,p; exists and

doerimp =1: @, X, — .

To see this. note that by the theorem above lg, x, can be uniquely written as 1 =
e gl =3 o inips.

Now let f = lg, v.flg, x, = (X, inim) f(X; injp;) = (X, inipi /)T, inyp;) =
2 imipifingp; = 32, inifijp;.
For uniqueness. suppose there is another family {9xi}rerses such that f =
Y« inkgupr. Then fi; = pifing =3, Piinkgupring = g,; for all 4. j.

O

Based on this proposition. every morphism f: @, X, — @ ; ¥: can be repre-
sented by its components. When / and J are finite, we will use the corresponding
matrices to represent morphisms. for example f above with || = m and |J| = n is

represented by an m x n matrix.

fll fln

fmi oo fn

Given f : @xXe — @,Y;, and g : @,Y;, — D, 2, let h = gf,
then hi = pihine = pilgfline = pig(X e, injo;) fine = T e, (pigingp;) fing =
2 ies Gipifine = 3 ¢ 9is fir-

Therefore, the composition of morphisms in a PAC with finite coproducts in their
domain and codomain corresponds to matrix multiplication of their matricial repre-
sentations.

Remark. Note that although any morphism f : @ 7 X; — @, Yi can be represented
by the unique family {f;;}ierjes of its components, the converse is not necessarily
true, that is to say given a family {f;} there may not be a morphism f : @ ;X —
€D, Y satisfying f = >_i; inifijp;. However, in case such an f exists it will be unique.



CHAPTER 3. PARTIALLY ADDITIVE CATEGORIES 16

Theorem 3.0.14 (Manes and Arbib) Given a map f: X — Y @.X in a partially
additive category. The sum

fl= Z:Zioflf:;l X —Y
erists, where fi : \' — Y and f: X — X are the components of f.

Proof. See [90] Theorem 24. page 83. O

f1 is called the iterate of f. We will look at the properties of iteration in more
detail. These properties will provide every PAC with a trace operator which is induced

by the iteration operation.

Theorem 3.0.15 (Manes and Arbib, [90]) The addition operation of a partially
additive category is unique: If C is a partially additive category, then a family { fi}ier
in C(X,Y) is summable iff it is compatible. In that case, the f : N\ — [.Y with
pif = fi is unique, and 3 fi = X LAY 5 TN Y. where o is defined by oin; = ly.

Proposition 3.0.16 Let C be ¢ PAC and {fi}er : ¥ — X, be a quasi summable
family. Then there ezists a unique f : Y —» D.c; -X: such that the following diagram

commutes:

Pi
@ielxi X;

f fi

v
Proof. Let f = 3. in;f; : ¥ — @, Xi. Then pif = pi(Djerinifi) =
Zje[ pitn;f; = fi.

Suppose h: Y — ®i€ ; Xi is another morphism such that p;h = f;. h can be
uniquely written as h = Zie [inihi for h; : Y — X;. Hence, we have h; = p;h = f;
for all ¢ € I, and therefore h = f, which implies the desired result. O
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Theorem 3.0.17 Let C be a category. C is a PAC with all families summable iff C

has countable biproducts.

Proof. Suppose C is a PAC. then it has countable coproducts Dic; Yi. We will
show that (B¢, -\ {p:}1) is a product. Given an object ¥ and a family {f;}ies in
CY.Xy), let f=3c inifi 1 Y — @,; Xi. Note that f exists since all families are
summable, thus {f;} is a quasi summable family. By Proposition 3.0.16. there exists
a unique morphism f =3, in;f; 1 ¥ — ., -\i such that p;f = f;. Also. note
that p;in; = d;; for all £ and j by definition of quasi projections and S inip = lg, x;
(see the proof of Corollary 3.0.13.) Hence. C has countable biproducts. In particular,
C is a semiadditive category.

Now let C be a category with countable biproducts. C has a zero object and
hence families of zero morphisms. Given a family {f;},; of morphisms in C(X,Y)
with countable I, define Z:el fi = Vy(@ie,fi)A,\- where Ay : Y — [.X and
Vy : 1Y — Y are defined by: mAy = 1y and Vyin; = 1y for all i € I and
define } ..y fi = Oxy. Note that [..X and 1.} denote the biproduct of |I| copies
of X' and Y respectively. This makes every homset C(X,Y) into a commutative
monoid with 3., f; as the additive identity. More generally, using the associativity
and symmetry isomorphisms of biproduct,. it follows that every homset C(X,Y) is a
partially additive monoid with all families summable (see (85, 96] for similar proofs
in the case of additive categories.) Also, composition distributes over addition.

As all families are summable, the compatible sum and untying axioms are triv-
ially true. Quasi projections are just the projection morphisms of the biproduct and
min; = 1 and miin; = 0 for ¢ # j and Zze [N = @ x, by definition of biproduct.
Here m; : @, X: — X; and in; : X; — @‘e, o

Definition 3.0.18 A functor T : C — D between two PACs is said to be additive
if Txy : C(X,Y) — D(TX,TY) is a PAMon morphism for all objects X,Y in
C. That is, for every summable family {f;} in C(X,Y), {Txy(f:)} is summable in
D(TX,TY) and Txy(3_; fi) = 3=, Tx,y (fi)-
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3.1 Iteration

By Theorem 3.0.14 we know that a morphism f : X — Y @ X in a PAC C induces
a morphism f!: X' — Y called the iterate (or dagger) of f. Hence we can define
a family of operations fyy : C(X.}Y & X) — C(X,Y) which to each f associates
its iterate f' (we also use the notation fxy(f).) We will show that this operation
induces a trace operator on C. Therefore we continue by studying some interesting

and useful properties of the dagger operation.

Lemma 3.1.1 Let C be a PAC and f : X — Y & X a morphism in C. Also let
fi. f2 and f' be as in Theorem 3.0.14. Then, the equation f' = f!f, + f, holds.
Moreover. f1 is a solution of the Elgot equation ly.¢]f =C where(: X\ — Y.

Proof. Consider the equation

i+ fi = (o fLf3) f2+ £
S fifi + A
= Trfifr=f

Ly, f11f = [iy. flllanifi + inafo)
= [ly, fllincf + Ly, fling fo
= fi+flfa=f"

O

We say that t satisfies the fired-point identity, if [ly, f]f = f! holds for all
f: X—oYX.

Lemma 3.1.2 (Star sum identity) Let C be a PAC and f,g: X — X be mor-
phisms in C. Then, 3 . (f + g)", if it ezists, is given by

Yreof+9) =" g™ foo)e.

q€w meEw pEw
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Proof. Observe that ) (f+9)" =1+f+g+ff+fg+gf+gg+fff+---.thesum
of all products of f's and g's. We can view every term as either having no occurrence
of f or being the product of arbitrary copies of g partitioned by occurrences of f. For
example, fffgg= f39* = g°fg°fg°fy? gg = g* with no occurrence of f and fff =
g°fg°fg°fg®. On the other hand. a typical term of 2 gew (Zmew 9™ (X pen f97)°
is g/(fg")(fg™)---(fg'), a product of g’s partitioned by occurrences of f or no

occurrence of f, i.e. with ¢ = 0. O

The identity in Lemma 3.1.2 is called the star sum identity in the theory of Kleene

algebras [21].

Proposition 3.1.3 Let C be ¢ PAC. with txy : C(X,Y @ X) — C(X.Y). Then,
t satisfies the following properties:

e Naturality in Y

fry

C(X.Y & X) C(X.Y)

Clix, fo1y) Cllx, f)
C(X.Y' @ X) LS C(X,Y")
or in other words, forallh: X\ — Y @& X :
fixy (h) =txy ((f ®1x)h) (7)

where f: Y — Y.

e Dinaturality in X
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C(X.Y & X) RSN C(X.Y)
Clly.ly ® k)
CN.Y @U) k:U—> X |Ck.1y)
Clk. Ly ar)

CU.YaU) Ty C(U,Y)
or in other words, forallh: X\ - Y U

(txy((ly @ k)h))k = tuy(hE) . (8)

e Double dagger identity

CX.Y & XaX) Txrox CX.Y ®X)

C(lx,1ly & Vy) Txy
CX.Y 8 X) —txw | C(X,Y)
where Vx = [1x,1x]| or in other words, forallh: X —m Y@ X® X
txy(Txyrex(h)) = fxy((ly & Vx)h). (9)

e Beki¢ Identity
Given f :' ¥ — XOY®Zandg : Z — XY & Z, define h =
[1‘\'@}/, Tz,;{@y(g)]f Y — X Y. We have

trezx([f. 9]) = [Lx, tvx(R)l[ing"", tz.xev(9)]- (10)
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o Uniformity or functoriality [90. 7. 21]
[ f!

X Y X X Y
If h{ kdh commutes then h.’ k com-
'
X’ V7 X' N — .V
g g'

mutes too.

Proof. We will sometimes use f' instead of t(f).

1. Naturality in ¥: Write h; : X — Y and hy : XY — X for the components of h.

fixy (R) = f(3 mh3)
= Y .(fh)h3

(flx)h)" = ((f @ lx)(inihy + inghy))!
= ([in\ f. inglx](in k) + inghy))!
= ([ini f.inalx]inihy + [iny f. inyly]inghs)!
= (inlfhl-+-mqh2)f

= Zﬂ. fh

Hence the identity follows.
2. Dinaturality in X: Write h = injh; + ingh, for unique A, : X — Y and
h,g X —U.

(hk)t = ((in1hy + ingha)k)'
(inlhlk + in2h2k)f
= o o(h1k) (hak)™.



(o]}
o
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((1}’ S k)h)Tk = 1} & k)(mlfn + an)ho)) k

(
[iny, inak](in by + inghy)) Tk

inyhy + inakhs) k

D mohi (ko)™ k

= (ht + hi(kh2) + hi(kha)(kha) + - )k
= hok + hy(kho)k + hy(kha) (kho)k + - - -
= hik -+ (hik)(hak) + (hik)(hak)® +

= Yoano(hik)(hak)"

(
(
= ([iny, ingklinihy + [iny, ingk]inghy) Tk
(
(

Hence the identity follows.
3. Double dagger identity:
Using the matricial representation of A: X — Y & X @ X. we have (all indices

range over w):
h
trvex(h) =3, [ : } hy
ha
and
hih}
Txy(Txvex(h)) = fxy 2nfh = 2o (k) (32, ha k).
Y _nhah}
On the other hand,

hy
1y 0 O hy
1y & v’ h) = X h = -
txy((1y x)h) txy [ 0 e 1y J hz f ([ b+ hy })
3

Y. hi(ha + h3)™.

Finally, 3~ hi(hy + h3)" = Zq(zm hlhg")(zp hah%)? by Lemma 3.1.2.
4. Beki¢ identity:

It is known that Bekit identity follows from the fixed-point, naturality, dinaturality
and double dagger identities [21]. In [21], the Beki¢ identity is called the pairing
identity.
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3. Uniformity:
First note that
(k@ h)f = [inik.inah](in, fi + ingfo)
= imkf, +inghfs
= gbh
= (in1g) + inaga)h

= mlglh + ingggh.
Therefore, by uniqueness of decomposition

kfi = qih hfs = gah (11)

kfY = k(T )
= Y (kfi)f3
> _.(g1h) f3 using equation (11)

g'h = . (q195)h
= qih+ g1g2h + qig3h + - -
= gih+gihfo+ g1hfi + qihf] + - -+ using equation (11) repeatedly,

= En(fhh)f'?
O

Proposition 3.1.4 Every partially additive category is a traced symmetric monoidal
category, where given f: XU — Y @ U,

TTf\j',y = fu+ Znewfl2f2nzf21

and f;; are the components of f.
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Proof. Given f: X @ U — Y @ U. let fi =ger finy" : X — Y @ U and f, =4y
finy’" : U — Y & U. By Theorem 3.0.14, f} = S oo o fi2f3. Also. by Proposition
3.0.12, fi can be written as f, = in, fi, + inafo;. Define Tr§,-(f) = (1y. filfi. Then
Tris-(f) =y flGnufo + inafor) = fu + (omofi2fB) for = fui+ X0 faf far-

We need to verify the axioms of trace:

1. Naturality in .\':

Triyv(flg = Trl v (f(g ® 1)) where f : XU — Y@ U.g: X' — X. let
h = f(g®1), then hy = hin; = f([inig, iny])in; = finig = fig. Also hy = hiny =
f([in1g,ina])iny = finy = fy. Therefore. Tr¥ (k) = [ly,. Ak = [1y. fl]fig =
Tr.L\’-.Y(f)g,

2. Naturality in Y :

gTriy(f) = Tri v ((g® L) f) where f : XU — Y@U.g:Y — Y. Let
h = (g®1)f. then hy = hin, = [in,g.ins]fin, = [in1g.iny]f, and hy = hin, =
(g 1) finy = (g& 1) fo. Note that /;.E =((g®l)fo)t = gf2t by the naturality property
of dagger. Therefore. Tr{.(h) = [Ly+. iRy = [Lyr, gf}][in1g. inal fi = [g. 9 fI]f1 =
9y, f31fr = gTri 5 (f).

3. Dinaturality in U:
Triy((ly ®9)f) =Tr¥ (f(1x ® g)) where f: X®U — Y@ U and g: U' —
U. Let h = (1y ® g)f, then hy = [iny, ginglfy and hy = (ly @ g)finy = (ly ©
9) f2. Therefore, Tr¥ - (h) = [Ly, ik = [Ly, (1y © ) fo)!][ins, ginal fi = [1y, ((1y &
9)f2)'glfi = 1y, (f29)!)f1, by dinaturality property of dagger.

Now let | = f(1@g), then [, = f[in,,inyglin; = fin; = fi and [, = f(1x®g)ing =
fliny,inggling = fog. Hence, Tr(l) = [1, (f29)']f1-

4.1. Vanishing I:
Trfm,(f) = f where f : X@® [ — Y @& I and I is the zero object. We

use O;y : I — Y to denote the unique map (zero morphism) from I to Y.
Trk v(f) = [ly, O] fin) = [1y, 0] f1x = 1y f = f.
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4.2 Vanishing II:

Tri8(f) = Tri(Trisuysu(f)) where f: X QU SV — V@ U 1. We will
suppress the subscripts and simply write Tr” and Tr" instead. Note that Tr" (f) =
[Lyse. (Finy BEWFind ®9Y and Tr(TrV (£)) = Ly, (TrY (f)iny E)TrY (£)inSY

On the other hand TrV8V(f) = [1y. (finy V¥ )1 finY®". Note that finy vy
U@V — Y &Ua 1" and hence can be expressed as [F, G] where:

F:U—YaoUeV = finyU®inl"

G:V—oYaplal —fm\Ummf, = finy?0V

TrH(f) = [y (finy TN fin 7=
[y [F.G]!] fini ="
1y [ly, (lvewv. G F)[ingY, G fin"U®" using Beki¢ identity of dagger
[y ([lveu, G| F)|[lyau, G') fin} U8
= [ly.([lysv, (fing ®"1) fing U®Y nU Mlvaw, (finy 29 finf 20V in ¥ v
[y (Lyew: (fin SV )] fin U8V im0V Y ( m{\ U

1y ([tveu, (Fing %) fin o0 "”*]Tr (f)in?
= [y, (Tr¥(Hing INTrY(f
= Tr(Tr(f)).

)m1

5. Superposing:

Recall from Proposition 2.1.18 that the superposing axiom is equivalent to the fol-
lowing in the presence of the other axioms: g ® Tr¥{,(f) = Triyex zor(@ ® f)
where f : X@U — Y@®@Uand g : W — Z. Let h = g f, then
hy = hinf’®*Y = g @ finf¥ = g@ fi. Also, b} = hin) ®¥Y = ((g @ f)inl®XU)t =
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(inf" @ 1) fins™¥ = (inZY @ 1y) fo.

Trivexzey(@® f) = [lzey, ((inf¥ @ 10)f)(9® f1)
1zey. mr, fz] g fi) by naturality property of dagger
(1z& 1y in?V fllg® f1)
_ Hmzx mgs] inZ¥ g f)
i)™ [ing™ . inf" ff])(g & f1)
[in?¥ . inZ 1y, ] £
= [in{Y g, ind " Tri(f)]

= 9@ T",\',}'(f)

6. Yanking :
T'rg'U(aU‘U) = ly. oy = gin; and oy = oin,.
Therefore,
Triy(o) = [liv. (crz'no T]am[

1y, (oin,)t|oin,. using the fixed-point identity for dagger
= [(oina)!, 1yling

= lU-
-

Note that the proof given above does not use the additive structure of the under-

lying category C. In particular, we conclude a more general theorem:

Theorem 3.1.5 Let C be a category with finite coproducts and have a dagger operator
() satisfying the fized-point, naturality, dinaturality and double dagger identities (see

Proposition 3.1.3.) Then, C is a traced symmetric monoidal category.
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(S]]
-~}

A trace operator in a traced symmetric monoidal category C is said to be uniform

[59] if for any h: U — U’, f and g, whenever
X@U—f— YU
ly ®h

} ; }
XU —=—YQU

Iv®h

commutes, then Tr§ (f) = Tr¥ - (g).
Proposition 3.1.6 The trace operator in a PAC is uniform.

Proof Let f : Y QU — YU ,.g: XU — YU and h : U — U’
be morphisms in a PAC C such that (1y @ h)f = g(lx & h). We need to show
that Tr{,(f) = Tr¥y(g). Recall that Tr{, = [1, ff]f; with f; = fin;"Y and
fo= fin.g\"u and that the dagger operator in a PAC is uniform, see Proposition 3.1.3.

First observe that (1y @ h)f; = (1y @ h)fz'n‘l\"U =g(lx ® h)i'n',\"u = gz’n‘l'\"ul = q
and (1y ® h)fo = (1y & h)fin.’_,\"U =g(ly & h)z’niz\"U = giné\"ullz = goh. Therefore by
uniformity property of dagger it follows that f,zf = ggh.

Triy(f) = [y, fllf
= [1Y-9;h]f1
= [ly,gll(ly ® ) fi
= [leg;]gl
= TT,LY,,,Y(!])-

O

We remark that we have not used the additive structure of C in the proof of the

theorem above. Hence, we have a more general resuit.

Proposition 3.1.7 Let C be a category with finite coproducts and an iteration opera-
tor that satisfies the fized-point, naturality, dinaturality, double dagger and uniformity

identities. Then, C is a traced monoidal category with a uniform trace.
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Note that the uniformity property is not necessarily true in everv traced symmetric
monoidal category, for example it does not hold in Rel,. Hence, this gives a criterion

to distinguish between trace operators. The role played by the uniformity property

of trace remains to be seen! See also {102].
We close this section by commenting on the dual of iteration operator on C°

where C is a PAC. By dualising the arguments above about iteration (dagger) we

have the following:
Proposition 3.1.8 Let C be a PAC. Then C® has a fized-point operator
Yais:C(A x B.B) — C(4, B)
satisfying the following properties:
o Fized-point identity
h <14,Y48(h) >=Y4p8(h)
forh: Ax B -— B.
e Naturality in 4
Yas(h)f =Yyp(h(f x 1))
for f: A" — dandh: Ax B— B.
e Dinaturality in B
Yag(kh) = kY c(h(la ¥ k))
fork:C — Bandh: Ax B — C.
o Diagonal property
YaB(Yaxps(h) = Yap(h(lsa x Ap))

forh: Ax Bx B—> B. Here Ag =< 1g,15 >.
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o Bekic
Yasxc(< f.g>) =<Yap(h),Yaxpc(g) <14,Yas(h) >>

for f:AxBxC —Bandg: 4 x BxC — C and where
h=f<lixp. Yaxpc(g) >.

Fixed-points play a central role in domain theory, where traditionally the least-
fixed-point operator for continuous endofunctions on complete partial orders is used
[93]. Recently, there has been considerable interest in developing a more general
axiomatic account of the constructions of domain theory [98]. The axioms above
for a fixed-point operator are the axiomatisation of abstract fixed-point operator
introduced by Plotkin and Simpson [98]. For more on fixed-point and dagger operators
see [22, 21, 89).

Hasegawa in his PhD thesis [38]. studies the correspondence between the trace and
fixed-point operators in a cartesian category. The author of this thesis has proven
Theorem 3.1.5 in complete ignorance of Hasegawa's work. In view of the results in
[58]. we can state the following results whose proofs are simply obtained by dualising

the arguments of the respective theorems for fixed-point identities given in [38].

Proposition 3.1.9 Let C be a category with finite coproducts and a trace operator.
Then C has a dagger operator satisfying the fized-point, naturality, dinaturality and
double dagger identities.

Proof. Let f: X — Y & X be given, we define
f! =def Trj\\,"y([f, f])-

As mentioned above the identities stated in the theorem can be obtained by dualising

the arguments for a fixed-point operator. O

Finally in view of the results above we have a nice correspondence between dagger

and trace operators in categories with finite coproducts.
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Proposition 3.1.10 Let C be a category with finite coproducts. There is a bijective

correspondence between the dagger and trace operators whenever either one ezists.

Having established the connection between the dagger and trace operators. it
becomes interesting to know the uniqueness of trace operation on a given PAC. In
the categories Pfn and Pfnp (see the next section) there is a unique dagger operation
satistving the Elgot equation (see [7] for a proof) and hence there is a unique trace

operator on these categories.

3.2 Examples

1. Consider the category Pfn of sets and partial functions. Recall that a partial
function from X to Y is a function from Dom(f) C X to Y. Given f: X — Y and
9:Y — Z.gf: X — Z is defined by

Dom(gf) = {z € X|z € Dom(f), f(z) € Dom(g)}

(9f)(z) = g(f(z)) for z € Dom(gf).

The additive structure was given in Example 3.0.8, the zero morphism Oyxy :
X — Y is the evervwhere undefined partial function. Note that Dom(gf) C
Dom(f) and it easily follows that composition distributes over sum. Pfn has count-
able coproducts given by disjoint union.

To verify the compatible sum axiom, let { f;}:c; be a compatible family in C(X,Y)
then Dom(f;) N Dom(f;) = 0 for all i # j. Suppose otherwise, then Dom(p;) N
Dom(p;) will be nonempty, since f; = p;f and f; = p;jf. However, Dom(p;) =
{(y,9)ly € Y} and Dom(p;) = {(y.j)ly € Y} with i # 5. Hence {f;}; is summable.

Let f,g : X — Y be summable, then Dom(in,f) N Dom(inyg) C Dom(f) N
Dom(g) = 0. Therefore, in, f and in,g are summable. This verify the untying axiom.

A closely related example is the category Pfnp for a set D where objects are sets
and a morphism from X to Y is a partial function from X x D to Y x D. The additive

structure is the same as in Pfn with disjoint union as the coproduct.
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The reader may be curious as to why we did not use the overlap sum structure
on Pfn or Pfnp. The reason can be seen by recalling the uniqueness of additive
structure in a PAC: Theorem 3.0.15. More specifically, the untying axiom fails for
overlap sum.

2. Consider the category Rel. of sets and binary relations. Given morphisms R :

N — Yand §:Y — Z the composition SR: X — Z is given by
(z.z) e SRiff Jy € Y.(z,y) € Rand (y,2) € S.

Iy = {(z.2)]z € X}.

We have already defined the additive structure for the homsets in Example 3.0.8.
Hence. for any .\ and Y. Rel.(X.Y") is a partially additive monoid with all families
summable and the zero morphism is the empty relation () C X x Y). Note that Rel,
has countable coproducts given by the disjoint union. Clearly composition distributes
over sum and compatibility and untying axioms are trivially true since all families
are summable.

A closely related example is the category Relp for a set D. Objects are sets and

a morphism from X to Y is a relation from X x D to ¥ x D. The additive structure
is as in Rel,.
3. The following example appears in [90] where it is called FWRjs0,) and in [89)
where it is called Pfn,,. We have chosen the latter notation. The objects are sets and
an arrow from X to Y is a partial function from X — Y x M, where (M, o,¢€) is a
monoid. If f(z) is defined and equals (y, a), then a € M is interpreted as the reliability
[90] or the attribute of f [89]. Given f: X —» Y and g : Y — Z, Dom(gf) is
the same as in Pfn and if f(z) = (y,a) and g(y) = (2,b), then gf(z) = (z,ba).
Ix(z) = (z,e).

The additive structure is the same as in Pfn. Also Pfny, has countable coproducts
given by disjoint union. The necessary axioms of a PAC follow using similar arguments
as in the case of Pfn.

5. Consider the category SL of complete sup semilattices and order and sup preserving
maps. The additive structure is given by sup operation (see Example 3.0.8(5).)

Note that SL has countable biproducts given by cartesian product of sets with
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pointwise ordering. Hence. by Theorem 3.0.17. SL is a PAC with all families
summable.

6. Consider the category SRel of stochastic relations with measurable spaces (X, Fy)
as objects and stochastic kernels as arrows. An arrow f: (X, Fy) — (Y. Fy) is a
map f: .\ x Fy — [0.1] such that f(-.B) : X — [0,1] is a2 bounded measurable
funetion for fixed B € Fy- and f(r.-) : - — [0,1] is a subprobability measure
(i.e.. o-additive. set function. f(r.0) =0 and f(z,Y) < 1). The identity morphism
Ly (X Fy) — (X Fx)is 1y : Y x Fxy —> [0. 1] and is defined by

1. ifz e A;

lx(z.4d) =4d(z, 4) = { 0. ifzdA

For A fixed. d(z. A) is the characteristic function of A and for z fixed, §(r, A) is the
Dirac distribution. Finally, composition is defined as follows: given f : (X', Fy) —
(Y. Fy)and g: (Y. Fy) — (2. F2). gf - (XL Fy) — (Z,Fz) is given by

0/(2.0) = [ 9(0.) f(z.dy),

where we are using f(z,-) as the measure for the integration and the function being
integrated is the measurable function g(-, C).

This category is based on the work of Giry [52] and Lawvere [80]. In fact SRel
is the Kleisli category of certain functor II over the categorv Mes of measurable
spaces and measurable functions. The category SRel was defined by Panangaden
(95] with slight modifications on Giry’s work. This category first appeared in [1].
SRel was proven to be a PAC jointly by Panangaden [95] and the author. It was
shown to be a traced symmetric monoidal category directly (without using partially
additive structure) in [1]. We will include the proof of SRel being a PAC for the sake
of completeness, the reader can find more details on SRel and the measure theory
background in [95].

We will sometimes refer to objects in SRel by their underlying sets, so we write
X for (X, Fx).

Proposition 3.2.1 The category SRel has countable coproducts.
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Proof. Given a family {(.\}, Fy,)}ics of objects in SRel, the coproduct (X.Fy) is
defined as follows. The set .U is the disjoint union of the X;. The o-field on X is
generated by the measurable sets of each component. Thus. a measurable set in Fy
is of the form L-cjiel A,. where 4; € Fyx, foralli € I. The injections in, : X, — X are
ing(z, [Hge; Ar) = d(x. A,). Given an object (Y. Fy) and a family fi+X; — Y with
J € I. the mediating morphism f : \' — Y is defined by f((z,i). B) = f.(r, B). We
check the required commutativity
(fin;)(z.B) = / fl(z'. 1), B)in;(z.d('. i))
X
= [ 1. Bt e )
X
= / f;(£'.B)d(z.dx'). the integrals over X for k # j are 0
X,
= f;(z.B).

Suppose g : X — Y is another morphism such that gin; = f; for all j € I.
Then.

f((z.j).B) = f(z.B)
= gin,(z.B)

= [ 9@\, Bliny(a. d(z'. )
= [ a(@.0.B)8(z.d(=". )
= [ 9. B)s(z,dz)
= g;(]lv B)
= g((z.j), B)
forallz € X and B € Fy. Thus, g = f. O
A family {f;}ic; in SRel(X,Y) is summable if

Y. filz,Y)<1lforalzeX.
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In that case, (3, fi)(z, B) = 3, fi(z. B) where the latter is the usual sum of real
numbers. Partition-associativity follows from the fact that all numbers are nonneg-
ative and hence we are dealing with absolute convergence. The unary sum axiom is
trivially true. We need to verify the limit axiom.

Let {f:}; be a summable family in SRel(X.}") and suppose that all finite sub-
families are summable. The sums Y, f;(z.}") are hounded bv 1 for all + £ X
Now "% fi(z.Y) is the limit of the net of finite partial sums all bounded by 1.
hence "2 fi(z,Y") is bounded by 1 and Yooy filz,Y) exists. The distributivity of
composition over sum follows from the monotone convergence theorem [95].

We next define the quasi projections: pi - @, Xi — X, is defined by
pi((z.k). 4;) = d(z. 4;) if £ = j and 0 otherwise. The zero object is (0. Fy), be-
cause given (X,Fy), f : (0,Fp) — (X, Fy) is the unique empty function and
g : (X.Fx) — (0. Fp) is the unique function such that g(z.0) = 0 for all z € X.
The zero morphism Oyy : (X.Fy) — (Y. Fy) is defined by Oyy-(xr.B) = 0 for all
r € X and B € Fy.

We need to verify the compatible sum and untying axioms. Let {f,}; be a com-
patible family in SRel(X.Y),

Serfie¥) = Tmflz.y)
= et [ oy k) Y)f(z. d(y.k))

LYy

= Zie,/ d(y.Y)f(z.dy), integral is over the ith summand
v
= Z,‘e[f(l'v in;(Y))

= f(z,1.Y), o-additivity of the measure f(z,.).

Here 1.Y denotes the coproduct of || copies of Y. Now as f (z,1.Y") <1, we conclude
that the family {f;}; is summable.
For the untying axiom, suppose f,g: X — Y are summable,
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(iny f +inag)(z.Y WY) = inf(z.YWY) +inyg(z. Y B Y)

= /ml(y,}'tﬁ)')f(r,dy)%-/'L'n-_)(y.YkHY)g(x,dy)
Y Y

_ / 5y, Y) fla. dy) + / 5(y, Y)g(z. dy)
¥ ¥
= fleY) +g(z.Y)

= (f+g)(z.Y) < 1. since f and g are summable.

Therefore, in, f and in,g are summable.

Thus we conclude that

Proposition 3.2.2 The category SRel of measurable spaces and stochastic kernels
s a PAC.



Chapter 4
Unique Decomposition Categories

In the previous chapter, we introduced partially additive categories and discussed
several facts about such categories. In this chapter we generalise PACs into categories
that we call unique decomposition categories (UDCs). Homsets in UDCs are also
enriched with a partial infinitary operation .

Some of the ideas used in the definition of UDCs can be traced back to early works
of Kuros [73]. Unique decomposition categories carry the necessary algebraic structure
to capture the main example of Geometry of Interaction, namely the category of sets
and partial injective functions. which is not a partially additive category (see Example
1.0.15.)

As was pointed out in the previous chapter. £-monoids are the same as partially

additive monoids save for the limit aziom. Here is the formal definition.

Definition 4.0.3 A Y-monoid consists of a pair (M, L) where M is a nonempty set
and ¥ is a partial operation on the countable families in M (we say that {z;}es is

summable if ) .., z; is defined), subject to the following axioms:

1. Partition-Associativity Aziom. If {z;}.es is a countable family and if {I;};es is
a (countable) partition of I , then {z;}ies is summable if and only if {z;}:¢;, is

summable for every j € J and Zie g, Ti is summable for j € J. In that case,

Zielzi = ZjeJ(Ziel,-”i)

66
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2. Unary Sum Aziom. Any family {z;}.c; in which I is a singleton is summable
and Ziel I; =1Iy if I = {_]}

Similar axiomatisations can be found in Bourbaki ([29], Chapter 3, Section 5)
where infinite sums for commutative Hausdorff topological groups are defined. Kuros
[75] also gives an axiomatisation of infinite sums partially defined over sets. specifically
homsets of categories. Axiom II in [75] is the same as our first axiom. Higgs [61]
uses similar axioms. however our first axiom corresponds to his second and third
axioms and is stronger. We first encountered such structures in the work of Manes
and Benson [91] where they are called positive monoids.

All the properties that we discussed for partially additive monoids in the previous
chapter are also true for £-monoids.

We have already seen that ¥-monoids form a symmetric monoidal category (with
product as the tensor), called ¥Mon.

A YMon-category C is a category enriched in Mon, that is the homsets are
enriched with an additive structure such that composition distributes over addition
from left and right. Note that such categories have non-empty homsets and automat-
ically have zero morphisms, namely Oyy : X — ¥V = Zieo fifor fi € C(X,Y). Note
that this does not imply the existence of the zero object; however existence of the
initial or terminal object will guarantee the existence of a zero object in the presence
of zero morphisms.

Clearly, every partially additive monoid is a £-monoid. However, the converse is

not true. Here are some examples:

Example 4.0.4

1. Let M be a poset satisfying countable bounded completeness, that is given a
countable subset D of M, if D has an upper bound then it has a least upper
bound. Let the summable families be the bounded families and % be the supre-
mum. Then, (M,X) is a X-monoid. The additive identity is of course sup(®).
Note that the limit axiom is not true in general: for example, consider the fam-
ily r; < x5 < ---, an unbounded ascending chain. Clearly all finite subfamilies
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are bounded and hence summable, whereas the family itself is not. Therefore,

(M,X) is not a partially additive monoid.

o

Consider the set R* of all non-negative real numbers and define 3" _, z; to be
the arithmetic sum for I finite and the limit of the net of finite partial sums
for / infinite. The summable families are absolutely convergent series. This
is another example of a £-monoid which is not a partially additive monoid,
because the limit axiom fails: just consider the family {z;}:c; with I countable

infinite and z; =1 for all 1 € [.

Definition 4.0.5 A unique decomposition category (UDC) C is a symmetric monoidal
EMon-category which satisfies the following axiom!:
(A) For all j € I there are morphisms quasi injection: i o .X; — ®;Xi, and quasi

projection: p; : ®;.X; — X, such that

L. pet; =1y, if j =k and Ox,x, otherwise.

2. Ziél Lipi = 10301X-'
Proposition 4.0.6 (Matricial Representation) Given f : QsX; — @Y ina
UDC with |I| = m and |J| = n, there ezists a unique family {fi;lierjes : X; — Y,
with f = Zie[hje‘] L fijp;, namely, fi=pify.
Proof. f=levfle,x, = (2 up) f(X; 4p5) = (S, unf )T, 1ps) = X upifrip;
sz tifijpj- For uniqueness, suppose there is another family {9ki}kertes such that
f =3k tkgup. Then, f;; = pift; =3 Pitkgripit; = gi; for all i € I and j € J. -

Based on this proposition, every morphism f : ® 1X; — @Y, can be represented
by its components. We will use the corresponding matrices to represent morphisms,

for example f above (with [I| =m and |J| = n) is represented by an m x n matrix.
fll s fln

f miL .- f mn
!We use the following notational conventions: I.X for X®! , ®1X; for ®ierXi and {X;}r for
{Xi}ier- All index sets are finite when we discuss UDCs, unless explicitly stated otherwise.
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Given f: Qx .\t — ®,Y, and g: ®uY; — ®,Z;, let h = gf. then hy = pihiy =
pi9f )ik = Pig(X ey 1api) fre = ey (pigeips) fre = e (9105 f 1) = X, Gisi i

Therefore. the composition of morphisms in a UDC corresponds to matrix multi-
plication of their matricial representations.
Remark. Note that although any morphism f : ®;X; — ®;Yi can be represented
by the unique family {f,;} of its components. the converse is not necessarily true,
that is to say given a family {f;;} with I, J finite there may not be a morphism
f:®;X; — QY] satisfving f = ¥

2ij

tifijpj. However, in case such an f exists it

will be unique.

Definition 4.0.7 A functor T : C — D between two UDCs is said to be additive
if Tyy : C(X,Y) — D(TX.TY) is a SMon morphism for all objects X,Y in C.
That is, for every summable family {f;}; in C(X,Y) with countable I. {Tyx.y(fi)}:
is summable in (TX.TY") and Txy (3>, fi) = X, Tx.v(f).

Theorem 4.0.8 Let C be a category with countable biproducts. then C is a UDC

(wrth biproduct as tensor) in which all families of morphisms are summable.

Proof. Let C be a category with countable biproducts. C has zero object and hence
families of zero morphisms. Given a family {f.}; of morphisms in C(.X,}") with
countable I. define Y, fi = Vy(@,,fi)Ax where Ay : X — [.X and Vy :
1Y — Y are defined by: m;Ax = 1y and Vyin; = 1y for all i € I and Yo fi =
Oxy. Here I.X and .Y denote biproduct of || copies of X and Y respectively.
This makes every homset C(.X,Y’) into a commutative monoid with Y ico fi as the
additive identity. More generally, using the associativity and symmetry isomorphisms
of biproduct it follows that every homset C(X,Y) is a £-monoid with all families
summable. Also, composition distributes over addition.

We need to verify axiom A of Definition 4.0.5. Given any family {X;}; in C, let
t; =1in; and p; = «; for all j € I. Here in; and r; are the biproduct morphisms of
(@,Xi, {m;}1, {in;}s). By definition of biproduct we have m¢in; = lx, if j = k and

Ox;x, else. We also have ﬂ'j(zie ;inym;) = 75 for all j € I and therefore Zie [T =

1@,4\’." 0
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Proposition 4.0.9 Let C be a UDC. If all finite families of morphisms in C are

summable then C has finite biproducts.

Proof. Let C be a UDC with all finite families summable. We show that given a
family {-X,}r, (®rXy, {¢;}s) is a coproduct. Given any object Y and a family {f;};
with f,: X; — Y let f =3, fp;. f exists since all finite families are summable.

et

Also, fi; = (32, fipi)t; = 3. ,(fipjtj) = fiforall je I. Let h: ®;.X; — Y be such
that hi; = f; for all j € I, there exists a unique family {h;}e; with h; : X; — ¥V
such that h = Z; hipj. f; = htj = h; for all j € I. Thus f = h and there exists a
unique f such that fi; = f; for all j € I.

Similarly, we show that given a family {.X,},;. (®/Xi.{p;}/) is a product. Given
any object Y" and a family {f;}; with f, : ¥ — Xjlet f =3 _ ¢ f;. f exists since
all finite families are summable. Also. p; f = p,(3_;¢if;) = 3, (p,,f,) = f, for all
j €I Let h:Y — ®,X; be such that p;h = f, for all j € I. there exists a unique
family {h;}er with h; : ¥ — X such that h = 3 1;h;. f, = pjh = h, forall j € I.
Thus f = h and there exists a unique f such that p,f = f, for all j € I

Also pee; = 1y, if j = k and Oy, x, otherwise and > .., 1.p; = 1g,v,. since C is a

UDC. Therefore, (®;.X,, {p;}1.{¢;}:) is a biproduct. o
.- . , A B
Lemma 4.0.10 Let C be a UDCand f : X @U — X ® U be given by cpl
E F
then Y. ..., f", if it exists, is given by [ c H J, where:
e E=3 o (A+Y,. . BDC)™ e F=% . EBD
e G=Y,, DCFE e H=%, D'+ 2 pacw DPCEBD?

Proof. Let f be as in the statement of the lemma, then we can represent f as a
directed graph where the vertices are labelled by X and U and the edges are labelled
by the components of the matricial representation of f, see the figure below.

With this representation, f" corresponds to the matrix that represents the paths
of length n between the vertices in the graph and Y new f7 is the sum over all paths
of length n for all n € w.
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The components of Y____ f™ can be obtained by simply following the edges on the

new

graph in the figure below.

e X\ — X, E=Y,  (4+3,. BDC)™

e X —U. G=Y, DCE

e U —X. F=Y,, EBD

e U—U. H=Y,,D'+Y,. D'CEBD

B

Figure 8: Graphical Representation of f

(-

Proposition 4.0.11 (Execution/Trace Formula) Let C be a unique decomposi-
tion category such that for every X.Y, and U and f : X QU — Y @ U, the sum
fu+Y o0, fiafhfar ezists, where fij are the components of f. Then, C is traced and

Tr% v (f) = fu + 2 fif far-

Before proceeding to the proof of this proposition, let’s look at some examples of
trace computation. Let C be a traced UDC and hence given any f : XU — YQU,

Tr% y(f) exists. Consider the following examples:
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0
1. Let f: XY®U — Y ®U be given by [}i 0}. Then

. . 0
TT_L(-')-(f)zTr_l-i—'},- (’:i 0 J) =9+Zn00"h=g+0h=g+0=g.

[§¥]

0
} . Then

2. Let f: XU — Y & U be given by ['g |
)

7 qg 0 n
T"‘,L\'.Y(f)=Tf,[\j;y ({O L }) =g+, 0/0=g+0=g.

0
3. Let f: X®U — Y ®U be given by [ 5 g J Then

0 g

Trl o (f) = Trb ..
vy (f) X3 (l:h 0

}) =0+an0”h=0+glh=gh,

Proof.
1. Naturality in X:

Triy(flg = Tr% v (f(g® 1y)) where f : X QU — Y ®U.g: X' — X. We

fa fa 01
Therefore, Trf{,,vy(f(g ® 1y)) = fug + >, fi2(f22)"(f219) which is the same as
TT%,y(f)g-

0
rewrite this in matricial form, so we have f(g ® 1) = [ u fa ] [ J ] .

2. Naturality in Y :
gTriv(f) =Tr¥% (9 ® 1y)f) where f: X QU — Y Q@U,g: Y — Y.

g 0 fu  fi2
1 = .
et [0 1 :I [fm fzzjl

Therefore, Tr% . ((9 ® 1v)f) = gfu + Y.(9f12)(fo2)"fo1 which is the same as
9Ty v(f)-

3. Dinaturality in U:
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Triy((y®9)f) = Tr¥, (f(1x ®g)) where f: X QU — Y @U" and g : U — U
fit  fi2 fin f129J'

9fa1 gfw far fag

Therefore. Tr5 1 ((1y®9) f) = fu+3, fiz(gfe2)*(9fo1) = fu+ 3, (f120) (fa2g)™ for =
Tr,-(f(1x ®9)).

(ly®g)f = [ } and f(ly ®g) = [

4.1. Vanishing [:
Triy(f)=f where f: X @I — Y ®I.

O
Triyv(f) =Trk, ([ Of 1” J) =f+>,0170x; = f.
xr Ly

4.2 Vanishing II:
Tri (f) = Tr{ (Tr¥guyey(f)) where f: XQU®V — Y @ U V. Let f be

L M N
givenby | P 1 B
Q@ C D
L M N oo v
Then TrVTr" P A =TrY ) + | D" C
nTrVTr B r P o4 Yon B [ Q ]
@ C D

_ T L+> . ND'Q M+5 NDC
P+ BD"Q A+> BD'C
=L+ ND"Q+(M+Y NDCY(X.(A+ X, BD"C)™)(P + 3., BD"Q)

=L+ ND"Q+(M+35 ND'C)E(P+Y. BD"Q) for E as in Lemma 4.0.10
= [+Y, ND"Q+MEP+MEY., BD"Q+Y., ND"CEP+Y., ND"CEY". BD"Q
=L+ MEP + ¥, MEBD"Q+Y,, ND"CEP + N(¥, D" + Y., D"CEBD")Q

=L+ MEP+ MFQ+ NGP + NHQ for E,F,G and H as in Lemma 4.0.10
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E F||P
=L+ M N ]
G H||Q
LBl p L M N
=L+Zn[M \} C s QJ:TrU@ﬂ"' P A B =Tri%" ().
Q C D

5. Superposing :

9Ty (f) = Tr¥ax 20v(9 ® f) where f: X®U — Y @ U and g: W —s Z.

g 0 O
, U g 0 0 n
Trivaxzay(9®f) = Trivox.zey 0 fu fiz = l: 0 f :' +3 . [ s J [
1 12
0 fa fao

g 0 g 0 ,
0 £ = = ' — e Trl ().
[ & J ,: 0 fuu+ 2, fiaffhfa } [ 0 Tr{y(f) J 9®Tryy(f)

6. Yanking:

I id 0 1 !
Triylove) =Trly, ([ L D =l -
ly 0O

Proposition 4.0.12 The trace operator in a traced UDC is uniform.
Proof. Let f: X®U — Y@U and g: Y®U' — Y ® U’ be two morphisms in C.

1 OJ fu f12}= qu 912}[1 0]
0 A fa fa 921 G922 0 A

Therefore, we have the following equalities:

We have (1y ®h) f = g(1x®h). Thus,

fu= a1, fi2 = gu2h, hfy = 921, hfar = gnh.
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Triv() = fu+ . fufhfa
= gu + Y_,(¢12h) f, f21. using the identities above,
= gu + giehfo + gi2h foafor + ghfofu + - -
= gii T G12Ga + Gragehfa + gughhfa + - . using the identities above.

= g1 + G202 + g12g22921 + G1293,921 + - -+ . using the identities above,

= Ju +Zn9129§3!]21
= Tr.(\':’.}'(!])-

Proposition 4.0.13 FEvery PAC is a traced UDC with coproduct as tensor.

Proof. Let C be a PAC. Let the tensor product be coproduct and given a family
{Xi}s in C choose ¢; = in; and p, as defined in Definition 3.0.10. Clearly C is a
TMon enriched category since every partially additive monoid is already a ©-monoid.
To show that C is a UDC we need to verify axiom A of Definition 4.0.5. Observe
that pein; = 1y, for j = k and 0 else by definition of px and Y . inip; = 1g, x,
by Corollary 3.0.13. Therefore, axiom A holds. Moreover, in everv PAC the sum
fui 3, fiafshfa exists for any f: Y@ U — Y @ U. where f;; are the components
of f. Hence by Proposition 4.0.11 C is a traced UDC. O

The condition for the existence of a trace in a UDC can be significantly simplified

in the presence of the limit axiom.

Proposition 4.0.14 Let C be a UDC in which every homset is a partially additive
monoid. If for every X,Y,U and f : X QU — Y ® U, the sum fi + gfyy exists
for every g : U — Y and the sum fy, + h ezists, where h = 3 > fiaf fn, then
C is traced with Tr(f) = fu + > owg fi2fmfa. Here fi1, fi2, far and fa are the

components of f.
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Proof. Note that f|» is summable by the unarv sum axiom. Given that fia + gfan
exists for all ¢ : ' — Y. we let ¢ = f1» and hence fi» + fi2fao exists. Next
let g = fio + fiafso and hence fi5 + fiofa + f12f2, exists. Proceeding in this way
we conclude that the sum Y ,_, fi2f% exists for everv n and hence. by the limit
axiom Y - fi2f3 exists. Note that h = donfrafafa = (3, fiaf) fa exists since
composition distributes over sum.

Finally. T'r‘[{:'y( )= fu+>_, fiafihfar = fi1+h exists by hypothesis and therefore
C is traced by Proposition 4.0.11. O

As we saw above every PAC is a UDC and hence the PAC examples in the previous
chapter are also UDC examples. Below we give more examples of UDCs that are not
PACs.

Example 4.0.15

1. Consider the category PInj of sets and partial injective functions. Define X ®
Y = X @Y, note that this does not give a coproduct. indeed PInj does not
have coproducts. The partially additive structure is given in Example 3.0.8 in
the previous chapter. Define p; : lt),c, X, — X, by pj(z.j) = z. and pj(z. 1)
undefined for i # j. ¢, : X, — Y, X; is defined by «;(x) = (z,j). It
can be easily seen that py; = ly, if j = k and Ox,x, otherwise. Note that
Dom(iip;) N Dom(wp;) = @ and Codom(iip;) N Codom(t,p;) = @ for i # j
and hence the family {t;p:}ie; is summable. Also, (3, up:i)((z, ) = ¢(z) =
(,J) = 1y, x.(z, )

Given f: X®WU — Y WU in PInj we show that the sum fi, + Y, fiaf5fa
exists. That is to say, the family of functions appearing in the sum have pairwise

disjoint domains and codomains.

(i) Suppose z € Dom(fi)) N Dom( fi2 3, f21) for some j € w, then fu(z) =y for
some y € Y and hence f((z,1)) = (y,1). On the other hand, fiof2,fo(z) = ¢/
for some ' € Y and hence f(z) = u for some u € U and therefore f((z,1)) =

(u,2), a contradiction.
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[A™]

Now let r € Dom(flzfjgfgl) N Dom( fiaf% fa1) for k < j. Let for(z) = u and
f5(u) = u'. then v’ € Dom(f2) N Dom( 52_k). Then fio(uv') =y forsomey € ¥
and since j — k > 0. fp(u') = u” for some u" € U, hence f((«'.2)) = (y,1) and

f{'.2)) = (u".2), a contradiction.

(ii) We next show that the maps have disjoint codomains by proving that
the inverse maps have disjoint domains. Consider first Dom(f;') and
Dom(f5' f37 fi3') for some j € w and suppose there exist a y € Dom(f5') N
Dom(f5' f25’ f5'). then fi1(x) = y for some r € X and therefore f((z,1)) =
(y.1). also fi12(u) = y for some u € U and hence f((u,2)) = (y, 1) contradicting

the injectivity of f.

Next consider Dom(f;;' for fra') and Dom(fy' o f31) for k < j and let there
be a y € Dom(fy' fzr' fiz') N Dom(fz' f" f5'), and let u = fz*f;'(y),then
w € Dom(f;;")n Dom(f”~*') and since j — k > 0. u will also be in Dom(fs').
Then, fy(x) = v and foa(u') = u for some £ € X and u' € U, which implies
f((u',2)) = («.2) and f((z.1)) = (u.2). contradicting the injectivity of f.
Hence. Tr(f) exists.

Consider the category Pfn,, where the objects and morphisms are the same as
in Pfn, but the additive structure is given by the overlap sum (see Example
3.0.8.) As was noted in the previous chapter Pfn,, is not a partially additive
category, because the untying axiom fails. However, Pfn,, is a UDC. The
tensor product is the coproduct (given by disjoint union). Quasi injections are
the injection morphisms and quasi projections are defined as in the case of PInj.
Clearly, Axiom (A) holds. Moreover, Pfn,, is a traced UDC. The existence of
the sum Tr(f) = fuu+ >, fizffofar for an f: X WU — Y w U follows from

part (i) of the proof in the previous example.

Consider the category IRel of sets and injective relations. Let the tensor be the
disjoint union of sets. Notice that this is not a coproduct in IRel. The additive
structure is defined as follows. A family {R;},; in IRel(X,Y) is summable if
Codom(R;) N Codom(R;) = O for all ¢ # j. For a summable family {R;},,
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Zie ;B = UrR;. This makes everv homset into a -monoid and composi-
tion distributes over sum. For every i € [. ; : X, — Iy, -\ is the rela-
tion v; = {(r.(z.i))|lz € X,} and p; : ¥, \; — X is given by the relation
pi = {((x.0). x)]x € Xi}. Clearly, pre; = 0 for j # k and ly, otherwise and
> s Libi = Ly, x,. Moreover. IRel is a traced UDC. The existence of the sum
Tr(R) =R +Y, RuRLR, foran R: XYWl — Y @ follows from part
(ii) of the proof in the case of PInj above.

4. This example will provide the connection to operator algebraic models. Given
a set .\ let £,(.X) be the set of all complex valued functions a on X for which
the (unordered) sum y° .. |a(z)|* is finite. ¢>(X) is a Hilbert space and its
norm is given by [la|| = (3_,cy la(z)]?)!/? and its inner product is given by

<ab>=3  a(x)b(z) for a.b € 6,(.X) [68].

Barr observed that this construction can be made into a functor. ¢, [16].2 There
is a contravariant faithful functor ¢, :PInj”* —Hilb where Hilb is the cate-
gory which has Hilbert spaces as objects and linear contractions (norm < 1) as
morphisms. For a set X. #,(.\') is defined as above and given f: .\' — Y in
PlInj, €,(f) : £2(Y) — 6,(.X) is defined by

{b(f(.r)). if z € Dom(f):

0, otherwise.

Hence, this gives a correspondence between partial injective functions and par-

tial isometries on Hilbert spaces (see also [48, 1].)

PInj(X,Y) Hilb(¢,(Y), £2(X))
f a(f)

partial injective function partial isometry
total isometry

total and surjective unitary

X =Y and f is identity on Dom(f) | projection

2Qur presentation here is slightly different from Barr’s original one in (16].
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[t can be shown that £,(.X x ¥) = {,(X)®¢,(Y"), where ® is the tensor product
of Hilbert spaces (see [68], page 142 for a proof.) Also £,(.XY) = £,(X) @4y (Y)
where @ is the direct sum of Hilbert spaces. To see this, let a € £,(.\') and b €
2(Y"). define g, : XY — C by gas(z.1) = a(z) and gu4(y.2) = b(y). clearly
das € 62(.X wY). The linear transformation U : éx(\N w 1) — 6,(\\) @ 62(Y)

given by U(g,s) = (a.b) is an isomorphism.

Consider the category Hilb, whose objects are of the form £,(.X) for a set .X
and a morphism u : €2(X) — £(Y) is of the form ¢;(f) for some partial
injective function f :} — .\ (recall ¢, is contravariant.) Hence, Hilb, is a

subcategory of Hilb.

For ¢2(.Y) and £>(Y") in Hilb.. the Hilbert space tensor product £,(.X) ® €5(Y")
vields a tensor product in Hilb,. This follows from the isomorphism ¢,(.Y) ®
l2(Y) = ¢,(.\ x Y') and the fact that X x Y is a tensor product in PInj.

Similarly for ¢;(.X') and ¢;(Y") in Hilb,, the direct sum £;(\) @ ¢5(}") yields a
tensor product in Hilb,. This follows from the isomorphism 4,(.\) @ ¢,(Y") =
£:(X wY’) and the fact that Y wY is a tensor product in PInj. Notice however
that, although ¢,(.X) @ ¢2(Y") is the direct sum (biproduct) of the Hilbert spaces
¢,(.X) and €>(Y") in Hilb, it is only a tensor product in Hilb,, as otherwise this

would imply that X &Y is the coproduct in PInj, a contradiction.

The additive structure on PInj makes Hilb, into a UDC as follows. We
take @ as the tensor product with unit ¢,(0). We define a sum for operators
in Hilby(€2(.X), ,(Y)). Given a family {€(fi;)}; €Hilby(6(X), (Y)) with
{fi}s ePInj(Y,X), we say that {,(f;)} is summable if {f;} is summable in
PlInj and in that case )_, £2(f;) =aef €2(d_; fi). Clearly, this definition makes ¢,
an additive functor. Quasi injections and projections are the ¢, images of quasi

projections and injections in PInj. Clearly Axiom (A) holds.

Moreover, Hilb; is traced. Given u : €o(X) @ £(U) — £6,(Y) & &,(U),

Tr(u) = &(Try.x(f))
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where v = €,(f) with f: Ywl — YwU.

80



Chapter 5
Geometry of Interaction

Geometry of Interaction is a new kind of semantics of computation free
from the twin drawbacks of reductionism (which leads to static modelisa-
tton) and subjectivism (which leads to syntactical abuses, in other terms,

bureaucracy. )

Jean- Yves Girard

In this chapter we will briefly review Girard’s Geometry of Interaction (Gol) pro-
gramme and the categorical implementation of it given by Abramsky and Jagadeesan
[5]. We will be using the references that we cite and our presentation closely follows
the original texts. We will next discuss Abramsky’s general Gol Construction that we
call Abramsky’s Programme. [t is this programme that we will develop in all details

in the next chapter.

5.1 What is Girard’s Gol?

Girard introduced the geometry of interaction programme in late 80’s. The first
proposal for this programme appeared in [46]. This was followed by a series of papers
(47, 45, 48] further investigating different aspects of this programme.

Geometry of interaction is a new kind of semantics. To realise what has been

achieved and how it differs from the extant approaches we need to look at more
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traditional forms of semantics.

Denotational semantics tries to find a model for formulas and proofs of logic.
For example, in a categorical model 78], the formulas are denoted by objects and
proofs by morphisms in a model category. However, the soundness of the model
means that the convertibility of proofs with respect to the cut-elimination process is
represented by equations that hold true between morphisms. That is. if II. II' are
proofs of a sequent I' - A4 and if we have a reduction IT > IT’, (by cut-elimination),
then their interpretations [—] in any model category denote equal morphisms, i.e.
[n] =[] :[r] — [A]. It is in this sense that denotational semantics is static.
Girard [46] gives a useful analogy with mechanics: the denotational approach to
computation in computer science is analogous to statics in mechanics. The fact that
the denotational semantics is kept constant during a computation can be compared
to the existence of static invariants like mass in classical mechanics. But the core of
mechanics is dynamics, where other invariants of a dynamical nature. like energy play
a prominent role. It is the same with computation: it is the dvnamics of computation
that must be modeled in a mathematical form.

The closest to the idea of dynamics is syntaz. which makes all the necessary
distinctions of sense and is finite. The standpoint that Girard takes against contenting
oneself with syntax (subjectivism) is the fact that it contains irrelevant information.
This information is very often of a temporal nature. Thus the idea is to find out what
is hidden behind syntax, without going to denotational semantics and the answer

Girard proposes is
geometry of interaction.

Hence the motivation for this programme is to find out the geometrical meaning
of the Hauptsatz [50], i.e. to find out what is hidden behind the syntactical manipu-
lations it involves. For a fuller and much more elaborate account of the ideas above
see (46, 48].

The first implementation of this programme was given by Girard [47], based on
the C*-algebra of bounded linear operators on the space ¢ of square summable se-

quences. More specifically, to each proof-as-program II of system F [43], (also known
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as polymorphic A-calculus [100]), one associates a pair (u,0) of partial symmetries.
Here u represents the proof and is defined inductively following the rules of sequent
calculus and o represents the cuts of the proof, i.e. dynamics. The dynamics is

introduced as a way of eliminating o using the ezecution formula:
EX(u.0) = (1 —oH)u(l —ou)"Y(1 - 6°).

This formula makes sense (converges) if ou is nilpotent, since cu has unit norm.
Thus, the nilpotency of ou corresponds to strong normalisation.

We will give an example below. but before doing so we need to discuss the in-
terpretation of proofs in more detail. The presentation used is the usual sequent
calculus. however here one needs to keep track of the cuts already made. Therefore a
sequent is of the form F [A].T. where A is the list of the cuts that have been made
during the proof of - I'. A proof IT of - [A], T is represented by means of an operator
u in the C*-algebra Moy, (B(¢2)). where m. n are the number of formulas in A\ and
[ respectively. Finally, the matrix ¢ = (0y;) is defined by

O2ini-1 = O2i—12; = L fori =1.... ./ and all other entities are 0. Here is an example:

Consider the proof

FAAL At A
- [4), AT, 4

where we have applied the cut rule to two instances of the axiom + 4, 4L. The
interpretation of - A, A+ is given by the 2 by 2 symmetry matrix (here u, and Us)
and u is the interpretation of the cut rule on these sequents. Note that u represents
the sequent F [A], A+, A and hence it is a 4 by 4 matrix: m =1 and n = 2. Note also

that the execution formula can be written as
EX(u,0) = (1 -0?)(E2,u(ou)")(1 - d?).

For this example, we have u(ou)? = 0, the zero matrix. Finally, cut-elimination
applied to our example yields - 4, 4+, whose denotation is obtained by removing the

first 2(=2m) rows and columns of the matrix EX (u, o).
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[0 0 1 0]
0 1 00
Uy = Uy = u=
10 000
_010 ]
(01 0 0] 0010
100 000 1 ,
o= U+ uou = , u(ou)* =0
0 0O 1 001
(000 0 0110
[0 0 0 0]
0 0 0
EX(u,0) =
0 0 0 1
(001 0|

Girard proved the following soundness theorem for the Gol interpretation of sys-

tem F in the C*-algebraic setting.

Theorem 5.1.1 (Girard [47])

(i) If (u.o) is the interpretation of a proof I1 of a sequent - [A].T then ou is

nilpotent.

(i) If T’ does not use the symbols “?” or “3”. and = is any cut-free proof of - T
with interpretation v, obtained from 1 by using the standard Gentzen reduction

steps in any order, then EX (u,o) = v.

The Gol interpretation was extended to untyped A-calculus by Danos in his PhD
thesis [33]. Danos proved that in the class of pure-nets, i.e. nets designed to represent
A-terms, (ou) is nilpotent iff the associated pure-net represents a strongly normalising
term. Danos and Regnier further extended the Gol interpretation to define a path-
semantics for proofs(=programs). The idea is that a proof net is represented by a set
of paths and the execution formula is an invariant of reduction. We will discuss this
view in more detail in Chapter 9.

Hence the

nilpotency = strong normalisation
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correspondence was established for syvstem F and A-terms. However. there were some
disconcerting issues left: the nilpotency condition is not adapted to recursive pro-
gramming, neither is it in harmony with non-terminating algorithms. This issue was

addressed by Girard in [43]. Consider the central part of the execution formula.
CP(u.c) =u(l — ou)™!

which represents the computation. Girard realised that the most general solution to
the problem of existence of this term without asking for the nilpotency of (cu) is
to demand that it exist as an unbounded operator (in the sense of a closed densely
defined one.) One uses the weak topology on B(¢?) which is the topology of pointwise
convergence. when ¢? is endowed with its own weak topology. Girard proposed the
notion of weak nilpotency, i.e. convergence to 0 with respect to the weak topology on
B(¢*). He proved that C P(u. o) makes sense as a densely defined unbounded operator
exactly when (ou) is weakly nilpotent and showed that fixed-point operators  la ML
satisfy this property. Malacaria and Regnier were able to prove the weak nilpotency
for the pure A-calculus in [88]. The proof is a corollary of the main result of that
paper stating that no cyclic path in a pure net can be repeated consecutively.

Finally in [48]. Girard extended the geometry of interaction to the full case in-
cluding the additives and constants. He also proved a nilpotency theorem for this
semantics and its soundness with respect to a slight modification of familiar sequent
calculus in the case of exponential-free conclusions.

In this thesis we will be interested in the multiplicative and exponential fragments
of linear logic and hence will not further discuss the latter work. We continue our
review by discussing the categorical implementation given for Gol by Abramsky and

Jagadeesan (5].

5.2 A Categorical Implementation

Abramsky and Jagadeesan gave the first categorical realisation for Gol in [5]. Their
formalisation is based on domain theory and arises from the construction of a cate-

gorical model of linear logic. The execution formula is replaced by a least fixed-point
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operator. essentially a generalisation of Kahn’s semantics for feedback in dataflow
networks [69. 70].

The construction in [3] uses subcategories of the category Predom of w-complete
posets and continuous maps, called GZ-categories. to construct a model of linear logic.
that is a *-autonomous category with products.

Next. a type-free GZ-model is used to give an interpretation of geometry of inter-
action. A type-free model consists of an object D in a GZ-category such that it is a
domain equipped with certain retractions. The idea is to use this as a “universal do-
main”, using the retractions to internalise the definitions of the linear proofs, with all
types denoted by D. One thus associates to a proof IT of - [A], ' a Predom morphism
[ D*™tn —s Dm+n. One defines the feedback formula. FB(f.o) : D* — D", by

FB(f.0)(2) ='f(f'(Z),%)

f{(Z&) = Y[ dr(o x 1) f(d. T)]

where 7(i. ) = . #'(d.) = @ and Y is the familiar Tarski least fixed-point op-
erator. The permutation ¢ : D*™ — D™ defined by o(z,.Za, - . Lome1, Tom) =
(L2,Ly," - . Tom, Lam-1) represents the cuts. The feedback formula can be written as:
FB(f.0) = m(\/, f®). where f*): D* — D?™+" is defined inductively by

f(0) =1

fED = (o x 1) f <n'f® 1> .

The dynamics of cut-elimination is modeled by the sequence of iterations to the fixed-

point, f(O, f(1) ... and strong normalisation is represented by a finite convergence

property, f®) = fe+l =\, f).
Finally we have the following theorem:

Theorem 5.2.1 (Abramsky & Jagadeesan [5]) Let II be a proof of a sequent -
[A],T in second order classical linear logic, with [I1] = f. Then,
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1. If there are no occurrences of ® either explicitly in I’ or in any of the witnessing
formulas used in the ezistential quantifier rule to introduce occurrences of 3 in
['-in particular, if neither ® nor 3 occurs in I'-then if I reduces to I1' by any
sequence of contractions. with [II'] = g. then FB(/. o) = FB(g.0,). In
particular. if II' is any cut-free proof obtained from I1 by cut-elimination, then

FB(f.O’/)Z_(].

2. f has finite convergence property: (3k € w)[f*) = fE+Y],

5.3 (General Gol Construction

The ideas and techniques used in [5] and the notion of abstract trace and Int con-
struction, introduced by Joyal. Street and Verity [67], led to a more abstract for-
malisation of Gol data in the notion of Gol Situation introduced by Abramsky in
[2]. Gol Situations give an abstract embodiment of the essential ingredients of Gol
for the multiplicative and exponential fragment. Furthermore, in his Siena lecture
[2] Abramsky introduced a General Gol Construction, that we will call Abramsky’s
programme. This program was sketched in [2] and worked out on the category PInj.
In this thesis (Chapter 6), we develop this program in full detail and generality. The
idea of this program is that a Gol Situation can be used to construct models of
computation. i.e. combinatory algebras which are models of untvped combinatory
logic. This construction first yields a structure called a Linear Combinatory Algebra
(LCA). It is then a short step to a combinatory algebra. This construction can be
made in a more general context, namely one can start with a Weak Linear Category
(WLC), which essentially consists of a symmetric monoidal closed category together
with a symmetric monoidal functor and some additional structure. The beauty of
working with a Gol Situation at the basis of the program, is that the notion of trace
comes to play an important role in the model. It is used to define the binary appli-
cation operator in the LCA. Below we give a schematic description of Abramsky’s

programme.
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Abramsky’s Programme:

@ol Situation |

g
1
[Eeak Linear Categories

g(OI.v)
!

Enear Combinatorv Algebra

standardisation

2
Eombinatory Algebra

|

quotienting

!
v

A-algebra
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Chapter 6
Linear Combinatory Algebras

Abramsky in his categorical interpretation of Girard’s Geometry of Interaction (Gol)
observed that the Gol programme was constructing a Linear Combinatory Algebra
(LCA) (to be defined in this chapter). In the previous chapter, we outlined this
programme. In this chapter, we develop this programme in full detail and generality.
We start with a weak linear category and show how to construct an LCA. A weak
linear category comes very close to being a model of linear logic. however we relax
some of the conditions and hence we get a weaker structure. We will see that this is
exactly what we need to implement the Gol programme in a categorical setting. This
construction is quite general and indeed captures the CA construction from a given
CCC [77, 9, 78].

We will next consider WLCs that are constructed using a Gol Situation which es-
sentially consists of a traced symmetric monoidal category with some extra structure.
It is precisely here that the connection to Girard’s execution formula is established
and captured by the trace operator in a traced monoidal category. Subsequently, one
can construct a CA, a model of untyped combinatory logic, from the given LCA.
This corresponds to the translation of intuitionistic logic into LL using !4 —o B as
the translation of the intuitionistic implication 4 = B.

This chapter is organised as follows: we first give a short review of combinatory
logic, next we recall the definition of weak linear categories and linear combinatory

algebras. Next, we explain the construction of a linear combinatory algebra from a
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weak linear category. In Section 6.3. we focus on weak linear categories that can be

obtained from a Gol Situation.

6.1 Combinatory Algebras

The presentation in this section follows the texts by several authors {13. 77. 62. 36].

Combinatory logic (CL) was invented by Schénfinkel in 1924 and independently
by Curry in 1930. The idea was to provide a non-set-theoretical foundation for
mathematics based on the abstract notion of function and application, the same goal
that motivated Church’s invention of A-calculus in the 30’s. In combinatory logic
there are no bound variables and hence the complications of A-calculus are avoided.
Combinatory terms are built from a binary operation - (application), infinitely many
variables and the constants S. K and I. The terms built solely from constants (no
variables) are called combinators. Originally Shonfinkel used S and A only and [/
was defined as J = (S-K’).K. The equality relation on combinatory terms is defined

as the least congruence generated by the reductions: (. is associated to the left)

Sereyez = (2e2)+(y-2)
Kery »

l.t >

The fundamental property of combinatory logic is the so-called combinatory com-
pleteness: given an arbitrary combinatory term with free variables contained in the
set {z1,T2, - ,Zn}, denoted by M(Z), there exists a constant term (combinator) F

such that:
F.f = M(Z).

This says that every “polynomial” M(Z) can be written in the form F.7 for some
closed term F'. In this sense {S, A’} forms a basis for combinatory terms. In this
thesis we will use a different basis for combinatory terms that we discuss later.

To make the connection with proof theory we will consider typed combinators.

There is a well-known connection between simply-typed M-calculus and the natural
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deduction formulation of propositional intuitionistic logic called the Curry-Howard

isomorphism (63, 78]. The Curry-Howard isomorphism establishes a correspondence:

proof & A-term
formula < type

normalisation > J-reduction.

Similarly, the Curry-Howard isomorphism establishes a connection between typed
combinatory logic and Hilbert-style (as opposed to natural deduction) formulations
of propositional intuitionistic logic.

A proof in a Hilbert-style formulation of logic is a sequence of formulas each
of which is either an axiom or follows from previous formulas in the sequence by
the application of an inference rule. The formula proved is the last element of the
sequence. Here we will consider the implicational fragment of intuitionistic logic.
There is only one inference rule. namely modus ponens:

a=>3 «

3 MP

and there are two axiom schemes. which are the principal types of the combinators
S and K:

(5): (a=(B=7))= ((a=3)=(a=1)).

(K): a= (8= a)

Intuitively, we think of S and K as functions and their types as determining
domain and codomain. For example, K : @ = (3 = a) is the function such that for
anyr € a,y € 8, (K-z).y=r.

Finally we have the following correspondence:

proof < typed CL-term
modus ponens ¢« application operation

axioms ¢+ the constants K and S.

With the Curry-Howard isomorphism at hand we can identify the implicational
fragment of several substructural logics, including of course linear logic. We first
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introduce a different basis (the original one used by Curry) and their principal types.

We will write zy for z.y and - is associated to the left.

Ir x identity

Bzryz r(yz) composition or cut

ryy  duplication

-
-
Cryz > xzy  exchange or commutator
Wy >
>~

Kzy I discarding

The principal types for these combinators are:

I : a=a

(3=1)=((a=3)= (a=17))
C : B=2(a=9)=(a=(E=>7)
W (a=(a=73)=(a=3)
K : a=(1=a

As noted above. the set {/. B,C.W. K’} forms another basis for combinatory logic

terms. Hence. S is expressible in terms of these combinators. indeed
S = B(B(BW)C)(BB).

A close investigation of the types reveals the correspondence with Gentzen'’s se-
quent calculus formulation. In particular, notice that W corresponds to the contrac-
tion rule and K corresponds to the weakening rule (see Chapter 2.) Also a remark
concerning resource manipulation is in order. Notice that the combinators B,C and
I use each of their arguments exactly once. K does not use one of its arguments (y
above) and W duplicates one of its arguments (y above). Therefore, it is natural to
expect that the combinators B,C and I are linear combinators (see the discussion in
Chapter 2.)

Indeed, the combinators B, C and I give a Hilbert-style axiomatisation of the
{—o} fragment of intuitionistic linear logic, the combinators B, C and K give a
Hilbert-style axiomatisation of the {—o} fragment of intuitionistic Affine logic and
B,C,1,W give a Hilbert-style axiomatisation of implicational fragment of relevance
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logic. Finally. B.C.K.W give a Hilbert-style axiomatisation of the implicational
fragment of intuitionistic logic [11, 105].

We close this section by discussing the model theory of combinatory logic. Com-
binatory algebras (CA) are models of combinatory logic. A combinatory algebra
(M,-.K.S) consists of a set M together with a binary operation . on M and two

distinguished elements A" and S of M such that:
(K-z).y =z and ((S-z)-y)-z = (z-2)-(y-2)

for all z.y,z € M. Combinatory algebras are never associative, never commuta-
tive. never finite and never recursive [13, 36]. Nevertheless, they are interesting and
important structures in theoretical computer science. A closely related structure is
a A-algebra: a combinatory algebra which satisfies all provable equations of the -
calculus. Not all combinatory algebras are A-algebras. Curry showed that by adding
five extra axioms, that we call Curry azioms, to CL the resulting theory is equivalent
to the A-calculus (see [13], Chapter 7 and [56], Chapter 4.) Hence one can get a

A-algebra from a combinatory algebra via quotienting by these axioms.

6.2 Weak Linear Categories

In this section we introduce Weak Linear Categories (WLC) and Linear Combinatory
Algebras (LCA) and construct such algebras from WLCs. We also show how to obtain
(standard) combinatory algebras from linear ones. The latter corresponds to Girard’s
translation of intuitionistic logic into linear logic. We next consider a special class
of WLCs which are obtained from traced symmetric monoidal categories using the G

construction of Abramsky which we discussed in Chapter 2.

Definition 6.2.1 A Weak Linear Category (WLC) (C,!) consists of the following
data:

1. A symmetric monoidal closed category C,

2. A symmetric (not necessarily strong) monoidal functor ! : C — C,
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3. The following monoidal natural transformations:
(a) der :! = Id (dereliction)
(b) 6 :! ==>!! (comultiplication)
(c) con ! =!®! (contraction)
(d) weak ! = K; (weakening, K; is the constant I functor)

Note that we do not require (!, der, d) form a comonad, nor that (!4. weak,, con.)

form a comonoid (cf. Chapter 2, linear categories.)

Definition 6.2.2 A reflezive object in a WLC (C,!) is an object 1~ of C with the

following retracts:
LV olVaV
2. WaV
3. I«V

Since cartesian closed categories (CCC) are symmetric monoidal closed categories
(SMCC), all the usnal domain theoretic constructions of reflexive objects in CCCs

[78] also vield reflexive objects in the WLC-sense. as follows:

Proposition 6.2.3 Let C be a CCC and V' be a reflezive object in C. i.e., VY a V.
Then (C, Id) is a WLC and V' is a reflezive object in the WL C-sense.

Proof. Any CCC is an SMCC. Id is a symmetric monoidal functor from C to itself

and the following are monoidal natural transformations:

1. dery =14

3. cong =< 14,14 >
4. weaks = f: A —> T; the unique map from A to terminal object T.

It can be easily shown that V¥ < V" implies T <V [9]. Moreover, V oV =VV qV,
W=IdV)=V <V and I =T <V and hence V is a reflexive object in the WLC-

sense. O
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Definition 6.2.4 A Linear Combinatory Algebra (A, -.!) consists of the following

data:

e An applicative structure (A.-.). i.e. a nonempty set 4 and a binary operation -

on A.
e A unarv operation !: 4 — A
e Distinguished elements B,C.I. K. W, D, 4. F of A.

satisfying the following identities (we associate - to the left and write zy for z-y,

z-ly = z-(ly), etc. ) for all variables z,y, = ranging over A.
1. Bzyz = z(yz) Composition. Cut
2. Cryz = (xz)y Exchange
3. Ir =r Identity

4. Kz'y =z Weakening

[$)]

. Wzrty = zlyty Contraction

6. Dzx'y = zy Dereliction

=1

itz = !z Comultiplication
8. Fizly = !(zy) Monoidal Functoriality.

The principal types for the combinators above are given as:

I : a—o«a
B : (B—o7)—o((a—op)—o(a—o7))
C : (B—o(a—o7)) —o(x—(f—o7))

K : a—o (3 —oa)
W : (la—o(la—o3)) o(la—opf)
6 : la-—ola

D : (a—op3) —o(la—op)
F : Ya—p8) —o (la—-olp)
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The typed linear combinatory logic corresponds to a Hilbert stvle axiomatisation
of the {!, -} fragment of intuitionistic linear logic [2],(11, 103], in the same way
that typed combinatory logic gives a Hilbert style axiomatisation of the implicational
fragment of intuitionistic logic (see the discussion in Section 6.1.)

Let (C,!) bea WLC and 1" be a reflexive object in C with retracts I” — 1" <1 (r.s)
and 1" < V'(p. q) where (r,s) and (p,q) are the retraction morphisms. We define the

following operations on the set C(/.V"):
e Given f,ge C(I, 1), f.g=ev(sf ®g)
e Given f € C(I, V'), !f =p!fy; where ¢;: [ —!T and ! = (e, er)-

Theorem 6.2.5 Let (C,!) be a WLC and V' be a reflezive object in C with retracts
Vo 1" aV(rs) and!'V < V'(p.q). Then (C(I,V),-,1) with - and ! defined as above
is a linear combinatory algebra.

Proof. Let C be a SMCC and ! = (!, p, y;), we first recall some properties of the

evaluation map and transposition that we will be using. Given f: A® B — C in C

we denote its transpose by A\ c(f): 4 — B —o C. A is natural in 4 and C,ie.

.‘\‘.{I'C(h(f b¢ 13)) = -\.-l,C(h')f

Nac(gh) = (18 = g)Asc(h)
forallh: A® B —C, f: A — dandg:C — C".
The evaluation map evyp : (4 o B) ® A — B has the universal property:
evA'B(A(f)®1,1) = f fOI‘f :C®A — Band 61}_4,3(_(]@1‘4) =h fOI‘g :C — A — B.
Here A : C® A — B is such that \(h) = 4. €vy, g is also natural in B and dinatural

in A, i.e. The following diagrams commute:

€A B

(4—-B)®A4 B
(1a — f)®14 B-Lip |f
(A-oB)®A B’

E’UA,BI



CHAPTER 6. LINEAR COMBINATORY ALGEBRAS 97

(1—oB)g1— 28 _p
(f —o1p)®1,4
(4 0 B)® A 454 |1
1.4’—08 ®f
(A < B)® A’ B
€Va B

The principal types for the combinators, given earlier in this section, will guide

us in defining the combinators.

Recall that we have the following retractions: 'V" <1 V'(p,q). V" = V" < 1'(r.s) and
Irav.

We proceed with the definition of the combinators. In each case. we first define the
combinator, next we give the diagrams necessary for the verification of the respective
identity for the combinator being defined
Identity Combinator /:

=g Iy o1 Ly

The following diagram commutes for all z : I — V-

VoV v

Aly) ® Ly Ly
IV =V
1;®@z{==zx

I®I=1



CHAPTER 6. LINEAR COMBINATORY ALGEBRAS 98

and therefore, .z = ev(sI ® z) = ev(A(ly) ® 1) = z.
Weakening Combinator A"

l—(g—ol) 1—or
-

K= I8V o 1) Vo (Vo) 1 o 1

where k£ = 1- ® weak,- and weak,- :'!V" — I. The following diagrams commute for

allr,y: 1 — 17

(Vo(Vol)Nelv L ov

AR ® 1y k)
I8V =V
1®r==zr
[1
(1)
IV - V)V e - VoV)eV —= v
Ak)z®1 1 (l—oa)®1T a
Iow =ty A AE) =h VoV —oV)®V alV oV
1y 1 Ak)®z A(k)z
I z Vv Il — . I®I
(2) (3)

a = r(q —o 1) in diagram (3) above, also diagram (3) uses diagram (1). To see the
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commutativity of diagram (2) above. consider
h = ATYA(K)z)
= A HAk(z® 1)) naturality of .\
k(r®1)

= {1 8 weaky ) (3 1) = (r 3 weaky)
Hence

h(1®lypr) = (z ® weaky'yy;)

= (r @ weak;yy) naturality of weak
= (z® 1)) weak is a monoidal natural transformation
= I

Given £,y : I — 1. we have

Ko = ev(sh ®zx)
= ev((l —o r(q = 1))A* (k) ® z) sr=1
= ev((l — a)\*(k) ® 1) where a = r(qg — 1)
= aA(k)x diagram (3)
= r(q — 1)A\(k)z.

(K-z)ly = ev(s(K-z)® y)
= ev((g o 1)Ak)z®plypr) sT=1
= ev(((g < 1)@ 1)(1 ® p)(:\(k)z®lypr))
= ev(1® ¢){1®p)(A(k)zRyyr) dinaturality of ev
= ev(1 ® gp)(:\(k)z®lyyr)
= ev(A(k)z®lyp;) gqp=1
z. diagram (2)

99



CHAPTER 6. LINEAR COMBINATORY ALGEBRAS 100

Composition Combinator B:
A2 s—ofs—or —or
B=uy I3 (Vo ¥) = (N =1) = (W= 1) 2571 o (1" o 1) !

| QR SIS A
whereb=(VV o 1)@ (Vo 1)@1" “‘iﬂ,’(v AR -

The following diagrams commute for all z,y,z: ] — 1"

(VoV)o(l'o1l) ool —V) £ (Vol)—o(l"o1))

Vo) el .\'-’(b)'l
[®(V - V) - [®(1 1)
1® sz

[®1 (1)
(V=oV)o(V =1l 1) "V ol
.\2(b)sx®lT A=Y (A2 (b)sz) = Ay
[®(V V) — I (V = 1)
1® sy

I[®] (2)
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hlsy =

t

VooV 2 Ly

4
hisye1 //L-z = A~ hsy)
[V
1®:z
Il (3

ATHAGN())sz) sy
= ATHACA(b)(sz @ 1))sy
= A(b)(sz® 1)sy

naturality of .\

= hlsy)

= (A(D)(sz @ 1)sy)z

= AT (AW((sz @ 1)sy® 1))z
= bH(sz®1)sy® 1)z

naturality of \\

101
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(Vol)®l v v
(s ol)®1
(V—oV)o1)®l LV o 1
1®s
(1" =01) = 1)@ (1" = 1) i v
(1 or(s—or))®1 r(s —or)
€v

(V—ol) (")

A(b) ® sz

< (M=o ))el oV

(Vol)—o(l"ol)

A%(b)sz
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163

Vol)oV cv v
(s ol)®1
(V—ol)—olnelV L !
1®s
("= 1) =13 (1 - V) = ¥
(1-or)®1 r
(Vol)o(Vol1))®(1"—ol) = (V= V)
A2(b)sz ® sy hisy
I = I
(5)

Bz = ev(sB® 1)
= ev((s—or(s—or)\b®zr) sr=1

)®1)(1 or(s or)®1)(Ab) ® 1)
= ev(l®s)
r) ®s)(A°(b) ® z)
r)®@1)(1®s)(A’(b) @ z)
= r(s or)ev(l®s)(\(b) @z) diagram (4)
*(b) ® sz)

(

(

= ev((s ol
( (1

= ev(l or(s—o
= ev(l or(s—o

)
= r(s—or)ev(A
)

= r(s —o 7)A%(b)sz diagram (1)

(
—or(s —or)®1)(A*(b) ® z) dinaturality of ev
)
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B.I.y = (B.;z;).y

AX(b)sz @ y) st=1

® 1)((1 - 7) ® 1)(A%(b)sz @ y)

Rs)((1 or)@1)(A*b)sr®y)  diagram (4)
® 5)(A*(b)sz ® y)

® 1)(1® s)(A*(b)sz ® y)

A (h)sz @ y) diagram (5)

= rhysy diagram (2)

= rA(b)(sz® 1)sy

Ber-y-z = (B-zey)z
= ev(s(B-r-y) ® z)
= ev(\(h)(sz®1)sy R z) st=1
= ev(hisy ® 2)
= hyz diagram (3)
= b((sz®1)sy®1)z
= ev(l@ev)((sz®1)sy®1)z
= ev(l®@ev)((sz®1)(1;®sy) @ 1)(1; ® 2)
= ev(lQev)(sz®sy®1)(1Q z)
= ev(l@ev)(sz®sy® z)

[
[

v(sz ® ev(sy ® z))
= ev(sx ® y-2) definition of .

= z-(y-z definition of .

Exchange Combinator C :
C=aes IR (V o (V o V) = (V o (V = V)) *~*

)—o(l—or)
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(1" V) = (V = 1) v o
lRa evil
—)

wherec= (1" o (1I"=21)@181V S (Vo (VV-o1))el'® V"
Vo)l =1V
The following diagrams commute for all z,y. z: [ — 1"

(= ("= 1)) = (o (1 o INN &1 = (V —o1)) — " = (1" = 1)

Mool 1
[8(V —o (V —o V) M)y (V= V)
1®(1 —o s)sz
[Q1 (1)
(Vo(l'=V))eV i VoV
A e)(1 — s)sT® 1 1
fet = AT < ser) | O
1®y
IQI (2)
VoV)@V v
e e = A~ ()
[®V
1®z

o1 (3)
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(Vol)oV ev .
((l—os)s—ol)®1T
(= ("= 1) =18V ,
1® (1 -0 s)s
(Vo (V—oV)o1)®{ — (1 V) ev v
(1= (rl=r)) @1 1o 1)
ev

(V-o(l"=ol) o (1=l =IN)@H —(l =1)) — 1" = (I" = 1)

(4)
(Vol)®l — 1’ Vol —
(lor)®1 r (1—os)®1 s
cr

(Vo (Vol)®V el —ol" (Vo(Vol)@V el o1’

( (6)
hl'y = AI
= A~

= AMe)((1 o s)sz® 1)y

5)
(A(A(e))(1 —o s)sT)y
(A(A(e)((1 o s)sz®@ 1))y naturality of A

he = A7'(hyy)
= AT A()((1 — s)sz® 1)y)
= A Y A(c(((1 ©8)sz2®1)y®1))  naturality of A
= ¢((1 os)sz®1)y®1)
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Czx = ev(sCQ®x)
= ev(((1 o s)s o r(l = 1))A%c) ® x) str=1
= ev(((1os)s 1)@ 1)((1 o r(l —or))®1)(A*c) ® z)
= ev(l®(l os)s)(1 or(l—or)®1)(A°(c)®z)  diagram (4)
) ® (L o0 5)8)(\(c) ® z)
)@ 1)(1® (1 -0 5)s)(A°(c) ® z)

= ev((l or(l or
= ev{(l —or(l —or)
= r(l —or)er(l1® (1 —o s)s)(A%(c) ® 1) diagram (4)
= 1(1 o r)ev(A*(c) ® (1 —o 5)s7)

= r(l o 7)A*c)(1 = s)sz  diagram (1)

Cory = (Coz)wy
= ev(s(C-r) ®vy)
= ev((1 -0 r)A*(c)(1 - s)sz ® y) st =1
= ev((1 —or) @ 1)(A*(c)(1 o 5)sz @ y)
= rev(N(c)(l o s)sz®y)  diagram (5)
= rhyy diagram (2)
= r\(c)((1 - s)sz@ 1)y

Czyz = (Cozoy)ez
= ev(s(C-z-y) ® z)
= ev(A(c)((1 ©s)sz®1)y® z) sr=1
= haz diagram (3)
= c(((1 os)sz®@1)y®1)z
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ev(er @ L)(1®a)(((1 - s)sz® 1)y ® 1)z definition of ¢
J1®0)(((1 ©5)sz®1)(1;®y) ®1)(1; R 2)
ev(er®@1)(1®0o)((1 ©s)sTtRy® =)
ev(ev @ 1)((1 —o s)sz ® o(y ® z))

®1)((1 o0 s)sr@:®y)

evier ®1

ev

viev((l1 o s)sT® ) ®y)

e

o

(
(
ev(sev(sz® z) @ y) diagram (6)
ev(s(z-z) ® y) definition of .

(z-2)-y definition of -

Contraction Combinator 1

W =gy [ 2%
(M=o 1) P22 o (1" 1) o (1"~ 1)
R ARLINS &

where w = (117 — (" = 1))@V "5 (11" o (IV < 1)) ®

(1 — 1)V

LV = (117 0 1)) o (11 o 17) F2ash

(1—os)—or

L4} ‘-

ev

(V- (W =1)) - (1" =R = (IV 0 V) == I} — |"

1®(p—o (p o 1)s)sz

Aw)®1 1

IRV —o (IV = V) AWy Ly

QI (1)

(I"—o1) -l

108

N = (11" = 1)) —o
- §—o}

—

(en) =2
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V-V —%
Muw)(p—o (p—o L)s)sz®1 1
18!V oy
1@y,
IQ1 (2)
h = A HA(w)(p —o (p — 1)s)sz)

= A AMw((p—o (p—o1)s)sz®1)))  naturality of A
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W.z

Vol)eV A

T

((p-o(p = s)s o 1) @1
Vol olV)oWeV 1

1®(p—o(p—o1l)s)s

(V= (IV—-V) o V)@V = (IV oV) — 2}

(1l or(g—o1))®1 r(g —o 1)

(V= (V= 1)) o (I - V)RV —o (IV ~ V) Ze iV o v
(4)

ev(sWW ® 1)

ev((p—o (p—o1))(l os)s or(g—o1)A*(w)®z) sr=1
ev((p —o (p — 1)s)s o r(q o 1))A*(w) ® z)

ev((p — (p —o 1)s)s —o 1)(1 —o r(g —o 1))A*(w) ® z)

ev((((p o (p o 1)s)s = 1)@ 1)((1 0 r(g - 1)) ® 1)(A*(w) ® )
ev(l1®(p—(p—<1)s)s)(((1 or(g—=1)®1)(A*(w)®z)  diagram (4)
ev((l o r(g < 1)) ® (p — (p — 1)s)s)(A*(w) ® z)

ev((l o r(g < 1)) ®1)(18 (p —o (p —o 1)s)s)(A*(w) ® z)

r(g < l)ev(1® (p —o (p — 1)s)s)(A%*(w) ® z)  diagram(4)

r(g — 1)ev(A*(w) ® (p ~o (p —o 1)s)sz)

(g — 1)A(w)(p — (p —o 1)s)sz diagram (1)
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W.z-ly

(W.x)ly

ev(s(W.z) ® ty)

ev((qg o DA(w)(p — (p < 1)s)sz @ plyp;)  sr=1

ev(((g — 1) ® I)(A(w)(p — (p —o 1)s)sT @ plyyr)
(1®q)(\\(w)(p — (p -0 1)s)sz R plyy;) dinaturality of ev
(\(

)

v(l®
ev(\w)(p —o (p —o 1)s)sz®lypr) gp=1
hlye, diagram (2)
w((p — (p —o 1)s)sz ® )lyy;
ev(er @ 1)(1 ® cony)((p —o (p —o 1)s)szRyypr)
ev(er ® 1)((p — (p —o 1)s)sz ® cony-(lypr))
ev(er ® 1)((p —o (p —o 1)s)sz @ (lyQ'ly)con;pr) naturality of con
ev(ev((p —o (p — 1)s)sz ® (('y®ly)conpr))
ev((p —o (p —o 1)s)sz)Blyp)®lyp;  diagram (3)
ev(ev((l —o (p - 1)s) ® 1)((p — L)sz ® 1)(18'y¢r))®yer)
ev((p —o 1)sev((p —o 1l)sz @ 1)(1@'yp;))Qlyer) naturality of ev

s(z-'y)®yr) definition of .
(p — 1) @ 1)(s(z-1y)®lyer))
ev(l @ p)(s(z-1y)R®lyy;)) dinaturality of ev

ev(s(z-y) ® plyyr)
z-ly-ly definition of .

Comultiplication Combinator ¢ :

§ =qer I

L oty W oV BV o VSV where by

'V — !V is the component of dereliction monoidal natural transformation at V.
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(1 =ty Sy

'Y

o) @1

I
T

lzor

Il

(1= V)@V %
3y
(go1)®1 Ne—
I (" - 1)®1 1 1 Nnp
1 .
_ 1®q 2ty
Ny ‘
o V)el = .y o1 \oror
(1 opp)®1 plp [—— .
(1)
(11" oY) ny (3)

ev(sd ® plryy)

ev((g o p'p)A(dv) ® plzgr) sr=1
ev((g = 1) ® 15((1 ~o plp) ® 1)(\(6v) ® plziy)
ev(1® q)((1 —o plp) ® 1)(A(

ev((1 —o plp) ® 1)(1 ® ¢)(A(dv) ® plzoy)
p'pev(1 ® q)(A(dv-) ® plzyy)
plpev(A(dv)®lzyr) gp=1

Ov) ® plryy) diagram (2)

diagram (2)

plpdy!zy; diagram (1)
plp!'zd;; diagram (3)
p'p!'zloro; diagram (3)

"y definition of !z

Dereliction Combinator D:

D =gep I —

A%(a)

(VoV)o (Vo) 5y oV oV) Uy v v
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where d = (1" - 1)@ 220 (1" L5 1) @V =% 1

ev

(T=o1) o (V=18 =1) ) o1 (IV - V)@V 1
() @1 1 Ad)sz® 1 1
[®1 o1 Ad) - oy [ty — =3 (Md)sz) |\
1 ® sz 1®!y901T
11 (1) Il (2)
(Vol)eV L
(s—o1)®1 e derv
(V=1)=1)®} 1 ly y
1®s e
(V—oV) =)@V oV) ——— o1 1
(1o (r(g—1))®1 r(g —o 1) [——
(VoV)o(VoV)@VoVZiwoy (4)
(3)

h o= AY(A(d)sz)
= AYA(d(sz®1)))  naturality of A
= d(sz®1)
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Dz = ev(sD®1x)
= ev((s —or(g —o 1))A*(d) ® x) st=1
= ev((l or(g—o1)@1)((s = 1) ®1)(A*(d) ® r)
= r(g - lev((s o 1) ® 1)(\*(d) ® 1) diagram (3)
= r(g —o lev(l ® s)(\*(d) ® z) diagram (3)
= r(g —o l)ev(\(d) ® sz)
= r(qg —o 1)\(d)sr diagram (1)

D.x.ly = (D.r)y
v(s(D-z) 3 plye)
ev((g = 1)\ (d)sz @ plypr) st =1
= ev((q — 1) ® 1)(\(d)sz ® plyyr)
= ev(l ®q)(\(d)sz ® plyyr) dinaturality of ev
= ev(\Md)sz®Rlyp;) gp=1
= hlyy, diagram (2)
= d(sz®1)lyey
= ev(l ®@dery-)(sz ® L)y, definition of d
= ev(sr ®dery)(18!yyr)
= ev(sr ® derylyy;)
= ev(sz ® yderp;) diagram (4)
= ev(szQy) diagram (4)

= I.y definition of -

Functoriality Combinator F':
F=ge; IV V) o (v 1) " 257y (v o v)

l—or

Vo(VoV)SV oV 5HV
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where f = (17— 1@ - 1((1 0 V) @ V) 25117

(11 = 1) o (I —ol1)@UV —o V) —=u IV —o!V"

.
(el 1
IRV - V) My o
1®!slz;
[] (1)
(1 —ol)el = !¥'
A(f)lslzgr @ 1 1 l

| h = ATYA(Sf)'s'zeg)
1@!1'—}—l*nﬁ = ATHA(f(s'zpr @ 1))

= f(slzp; ®1)
1@y,

(8]

I®I (2)
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ev

(V—ol)oV v
(lsg o 1) ® 1
(1= 1) o el 1 Ier— .
1®!sq wr® or or
(V- V) o 1RV - V) — 2 v e —2e (I 1)
(l-or(g—op)®1 r(q —o p) (4)

(V= V) = (11" =lV)@UV —o V) S 1V —olV

(3)

Faz = ev(sFQ®plzy;)
= ev((!sg o r(qg — p))A\*(f) @plz;) st =1
= ev((!sg = 1) @ 1)((1 —o r(g — p)) ® 1)(A*(f) ® plzyy)
= ev(1®!sq)((1 - r(qg - p)) ® 1)(\*(f) ® plz;)  diagram (3)
= ev((1 —or(g —o p)) ® 1)(18!sq)(A*(f) ® plzyr)
= r(g —o p)ev(A*(f)®'slzy;) diagram (3)
= 1(qg < p)A(f)!s!zp;  diagram (1)

Fazidy = ev(s(F.1z) ® ly)
= ev((g < p)A(f)lslzo; @ plyp;)  sr=1
= ev((l < p)®1)((g —~ 1) ® 1)(A(f)!slzpr ® plywr)
= pev((qg — 1) ® 1)(A(f)!s'ze; @ plypr) naturality of ev
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= pev(1® q)(A(f)!slzp; ® plywr)  dinaturality of ev
= pev(A(f)!slzo®lyer) g =1

= phlyg; diagram (2)

= pf(lslzer @ 1)(18yyr)

= pleve(lslzer @ 1)(1Q!ywr) definition of f

= pleve(!(sz)er @ 1)(1Qyer) !'is a functor

= plevp(!(sz)Qly)(2r ® ¢r)

= plev!(sz @ y)o(¢r ® ¢;) ! is a monoidal functor
= pllev(sz @ y))wl(yr ® vr) !'is a functor

= pllev(st @ y))y;  diagram (4)

= y) definition of - and !

a

Definition 6.2.6 A (Standard) Combinatory Algebra consists of a pair (A, -,), where
A is a nonempty set and -, is a binary operation on A. and distinguished elements

B,.Cs, I,. Ky, and 1V, of A satisfving the following identities for all z.y, z variables

ranging over A:

L.

2

BysTesyosz = £eg(yes2)
CorsZosysz = (T252)y
Iz =1

Ksszoqy =1z

Ws'sz'sy = T3y sy

It is more common in the literature to use combinators K, and S, in the defi-

nition of a combinatory algebra where S,-;z-sy-s2 = (2-52)+5(y-sz). However, as we
discussed in Section 6.1, the set {B,,C,, I,, K,, W,} also forms a basis for the terms
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of combinatory logic and S, can be defined in terms of this basis elements. indeed
Ss = By+s(Bs+s(BssW5)+5Cs)-5(Bs+s By).

Let (A...!1) be a linear combinatory algebra. We define a binary operation -, on
A as follows: for a. 3 € A. a+;3 =45 a-13. ! Next consider the following elements of

A.
L. By =4y C-(B-(B-B-B)+(D-I))-(C-((B-B)-F)-6)
2. C, =4y D-C
3. I, =gy D-I
4. K, =4; D-K
5. W, =gy D-W

Theorem 6.2.7 Let (A...!) be a linear combinatory algebra. Then (A..,) with -

and the elements B,,C;, I,, K;, W, as defined above is a combinatory algebra.

Proof. We verify the necessary equations:

Csesrogy-sz = DClxiylz
= Curlylz
= (x12)ly

= (1"33)'3!/

Ij.sz = (DDiz

= Iz

K’s'sl"sy = DI\-!Z!y
= Kzly

= T

! The same observation has been made by Girard (see [44], page 17.)
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Bysresy-sz = C(B(BBB)(DI))(C((BB)Fé)iz!ty!=
= B(BBB)(DI)1z(C((BB)Fé&)y!=
= BBB(DIz)(C((BB)F)é)ty!z

)F)
= BBB(Iz)(C((BB)F)d)y!=
= BBBz(C((BB)F)d)ty!
= B(Bz)(C((BB)F)d)ty
= Br(C((BB)F)d'y
= z(C((BB)F)dly!z
= z((BB)F'yd!z)
= z(B(Fly)d!lz)
= x(Fly(d!z))
= z(Fly(!z))

)1z
)

Wiesrosy = DWizly
= Wity
= ziyly
= Zeysy

O

We remark that in the case of CCCs (see Proposition 6.2.3 above) the associated
linear combinatory algebra agrees with the (standard) combinatory algebra structure,

since

Iy = x.!y =I-y.
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6.3 General Gol Construction

In this section we will study an important class of examples of WLCs which are
constructed using traced symmetric monoidal categories. This will relate the notion
of trace to computation and will vield new models of untyped combinatory logic
incorporating the trace operator into the binary application operator in a combinatory

algebra.
Definition 6.3.1 A Go[ Situation is a triple (C.T,U) where:
1. Cis a traced symmetric monoidal category

2. T:C — Cis a traced symmetric monoidal functor with the following retrac-

tions:

(a) TT < T (e.€') (Comultiplication)
(b) Id < T (L.I') (Dereliction)
(¢) T®T < T (c.c) (Contraction)
(d) K; < T (w.w') (Weakening). Here K, is the constant I functor.
Note that the retraction morphisms above are monoidal natural transforma-

tions.
3. U is an object of C, called a reflezive object. with retractions:

(a) U®U < U (5,k)
(b) IaU
(¢) TU < U (u,v)

Given a Gol Situation (C,T,U) with U ® U < U(j, k) and TU < U(u, v), where
(j,k) and (u,v) are the associated retract pairs, consider the homset G(C)(1,V)
where [ = (I,I) and V' = (U,U). Recall that G is the compact closure construction
we discussed in Chapter 2. Note that by definition (since we are in the strict case)
GO, V)y=CU,U).
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Theorem 6.3.2 Let (C.T.U") be a Gol Situation. then (G(C)(I.1).-.1) is an LCA.
where V- = (U, V). GO, V) = CU.V), f-g = Triy((lv ® g)(kfJ)), and If =
w(T fv for any f,q € C(U.U).

Proof. Note that G(C) is a compact closed category and hence it is symmetric
monoidal closed. see Proposition 2.3.3. Let T = (T.v.,y;), we define the end-
ofunctor ! : G(C) — G(C) as follows: !(A*.A~) = (TA*.T4") and given
f:(AT. A7) — (BT.B7),

If =4y TAT®TB™ = T(A"®B") 2L T(4-®B*) = TA ®TB*

It follows easily that ! is a symmetric monoidal functor. Next, we define the following

monoidal natural transformations:

o deriy+ 4-) HAY. A7) — (AT A7) =4 oa+r1a-(U'ys ® 14-) where 4 <
TA (l4.0).

[} (5(‘44-"4—) '(4+-1—) —-—)”(.—l’-l_) =def O’T"‘.4+,T.'\—(e{4+ ® E,‘-) where Tz_l 4
T"‘ (6'4, 6,4).

o conya+ 4=y H (AT AT) (AT AT)®NAT. A7) =4ep Oravgrar 1a- (e ® Ca-)
where TA®TAITA (cq,cy),

* weak(a+ a-) AT, A7) — ([,I) =gy o117a-(Wis @ wy-) where I <
TA (wa, ).

With the definitions given above, (G(C),!) is a WLC. Also, it follows (see Lemma
2.3.5) that V. = (U,U) is a reflexive object in G(C) and hence by Theorem
6.2.5 (G(C)(1,V),-,1) is an LCA. Given f,g € G(C)(I,V), f-g = ev(sf ® g) =
ev(oveuu(k®7)f ®g) =Trf,((1® g)(kfj)) see Figure 9 below. Also !f = p!fy; =
(0ury (6 ®)) (W' T f6) (orr b @) = (47 @u) (™' T 1) (41 ®v) = (T f)u (see
Figure 10 below.) In the derivation of ! f, we have used the following identities which

are consequences of T' being a monoidal functor and C a strict category.

Yru(vr ®u) = v, (Wit ® u)wZ}, =u



[A™)

CHAPTER 6. LINEAR COMBINATORY ALGEBRAS 12

QJIQ

Figure 9: Derivation of f-g.

Definitions of the combinators follow from those given in the proof of Theorem
6.2.5. However, due to the importance of the class of examples arising from a Gol
Situation we will include the derivation of these definitions in our graphical calculus.
Here we will simply include the diagrams for the combinators. The details leading to
there definitions starting from the formulas given in Theorem 6.2.5 can be found in
Appendix B.

Notation: We introduce as in Figure 1 the following graphical notation: (see Figure
11)
The combinators are defined as follows:

1. I =45 a7y, where

(a) a=j
(b) B=k
(c) ¥ = oyy- See Figure 12.
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Figure 10: Derivation of !f.

B =405 ay3. where

(a) a=Jj(id 1) ®j®))
(b) 3=(k®k®k)(k® 1)k

(c) v = the permutation 7 in Figure 13.

C =qes ay8. where

(@) a=j(i®j)(®1ly®j®ly)
(b) B=(k®1ly®k® 1) (k@ k)k

(c) v = the permutation 7 in Figure 14.
K =405 ay8. where

(a) a=3(j®1)
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U TU U U TU

—— f ———— U  |f—— v ——
U U U
__. j p—— _ﬂ_. k
U U
Figure 11: Graphical Representations
—] K o —
o Il "
B v «
Figure 12: Identity Combinator I
(b) B=(k® 1)k
(c) v=71lr @ fk R1y), where fi = uwwyv and 7 is the permutation given
in Figure 15.
5. W =4p av3. where
(a) a=j(lr ®j)(j®j® 1)
(b) B=(k®k®1y)(ly ® k)k
€ v=7(luQgwRly® fw)(1®1Q®1® ), where gy = (u ® u)eyv, fw =
k : n j L —
k — ‘ P
k| j !

J ok . — VA

0 ,.

.......... A . .

Figure 13: Composition Combinator B
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T e N j
k — Jo—
’ i — i
—_— k - k; ‘ j ;j ‘_—.
| k — ,/ po— '
[ L . [
B ¥ a
Figure 14: Exchange Combinator C
- ' 4
I I
1t L !
— & i s ] ) —
L]
B Y «
Figure 15: Weakening Combinator K
T
k Jj
fw
k j
k 4 /
B , B

Figure 16: Contraction Combinator W
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Figure 18: Comultiplication Combinator §
ucy (v @ v), and 7 is the permutation given in Figure 16.

6. D =4ef v, where

(a) a=j(j®))
(b) 8= (k®k)k

126

(c) v = m(ly ® gp ® ly ® fp), where fp = uly, gp = lyv and 7 is the

permutation given in Figure 17

7. 0 =qef oy, where

(a) a=7j

(b) B=k

(c) v = ovu(fs ® gs), where f5 = ueyT (v)v and g5 = uT (u)ej;v. See Figure

18.
8. F =45 a8, where

(a) a=j(G®1ly)
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(b) 3=(k®1y)k

(c) v =m(fr®gr), where fr = uT(j)yrr(v®v), gr = (uQu)w;,T(k)v and
7 is the permutation given in Figure 19.

— 1 o —— ] ]

B
| ! :
; # k ;’ri—\ s Y
|

- .

Figure 19: Functoriality Combinator F

There exists an alternative proof of correctness for the combinators in this case
(not involving Theorem 6.2.5.) We can use the graphical calculus which involves
the rules given by the axioms of traced symmetric monoidal categories, naturality of
symmetry morphisms and properties of morphisms used in the definition of combina-
tors to show that combinators satisfyv their respective equations. In this approach we
consider each combinator as a morphism from '® — U™ where n is determined by
the type of the combinator. We also represent variables in the same way. It is easier
to check the correctness of combinators using such a representation. These are given

in Appendix C.



Chapter 7
Particle-style Semantics

In the previous chapter we studied WLCs that were constructed from traced symmet-
ric monoidal categories using Abramsky’s G construction. In this chapter we focus
on a special class of traced symmetric monoidal categories, namely traced unique
decomposition categories introduced in Chapter 4. Such categories provide us with a
dataflow-like interpretation and formalise the “particle-style” Gol in the terminology
of (1].

7.1 Combinators in UDCs: Dataflow View

As was shown in Chapter 6, linear combinatory algebras can be constructed using
traced monoidal categories. This relates the notion of trace to computation and
yields new models of untyped combinatory logic, namely combinatory algebras. In
this section we show how to define combinators in a unique decomposition category
and to construct a linear combinatory algebra from such a category.

Let C be a traced UDC, T : C — C an additive endofunctor and U a reflexive
object in C such that (C,T,U) forms a Gol Situation. Consider the set C(U,U).
Recall from the previous chapter that we defined the binary operation - and unary
operation ! on C(U,U) as follows: given @, § € C(U,U), a-f = Trf ;((1v ® B) (kaj))

128
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Figure 20: Binary Operation -

and !o = uT'(a)v. In matricial form we have:

. 10 klajl k[ajg . . . . .
a-3=Tr5, =k + kiaja(3kyaga ) (Bkacdy).
o <[0 BJ [kg&jl kot 101 nez; 1aj2(3kaaga)" (Bkaagy)

k
where j = [ J1 Jo J and k = “'|. This operation is represented diagrammatically

2

in Figure 20. Note that we have omitted the boxes for j,, j2, k; and k» in order not
to load the figure. Recall that kj = lygy and hence kypjn = 1y if m = n and 0

otherwise. We will next define the combinators.

7.1.1 Sum-over-Paths: Dataflow Interpretation of Combina-

tors

We explain the process of defining combinators. We purposely use both diagrammatic
order (f; g) and algebraic order notation (gf). So (from above) jn: km = 1y if m = n,
and 0 else.

Combinator [:

I must satisfy the equation [.z = r. We view the right hand side of this equation
as the required specification; the path from environment Env to z is labelled as 1,
similarly the path from z to Env is labelled 1y (see Figure 21(b)). Note that we
think of Env as the object U and the connection from Env to z is thus a morphism
from U to U namely, 1y in this case. On the other hand, we view the left hand side
of the equation J-z = r as the existing structure (circuitry). In this circuit the box
representing the combinator 7 is initially empty and our goal is to design the internal
circuitry of I in such a way that we meet the required specification. We proceed as

follows (see Figure 21(a)): (1) According to the required specification there must be a
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path from Env to r. hence we put a path with yet unknown label 1 through the box.
This provides us with the connection from Env to z, namely the path labelled j; 1: k»
that will take us from Env to z. Now, the specification also requires that the label
of this path be 1. hence the unknown label, 1. must be chosen is such a way that
J1:1:ky = 1p. therefore 1 = k;: j, (using the equations above) (2) Similarly. according
to the required specification there must be a path from z to Env and hence we put a
path labelled 2 through the box for I. thus we have the path labelled j,; 2: k, from
to Env. Moreover, according to the specification this path must have 1; as its label;
i.e., J2; 2: k1 = 1y and hence 2 = ks: j;. This completes our design for the box I. We
have two paths inside the box in parallel with labels k,: j, and k,: j,. We combine this
information in a sum which we call sum-over-paths formula. Hence. I = k: j, + ky: j,
or with categorical order of composition [ = j,k, + jik2. The procedure of design
can be compactly represented in a tabular form: here the first and second columns
represent the required specification read from the right hand side of the equation.
The third column represents the design inside the box with unknown labels (1 and
2). Finally the last column provides the last piece of information needed. that is the

unknown labels. These can be found by comparing the second and third columns.

Required Specification

Path Luabel Design | Solution
Env —z | 1y Junliky | 1=k g2
T — Env | ly J2:2:k1 | 2= ko 5y

We now verify the correctness of our design for I, namely we would like to verify
I.z = z with I = jyk; + jika. We will use a dataflow (particle) argument for this
verification as follows: Suppose a particle coming from the environment (see Figure
21(a)) arrives at the left hand port of the box I. This would be on the path labeled
J1- Now there are two different paths to choose and only one must be chosen. Since
the label of the path on which the particle arrives is j; and noting that j;; ko = 0
(representing a disconnection) and ji; k; = 1y (representing connectivity with label
1y), our particle will choose path 1 (inside the box), labelled k;;j, and hence will
arrive at the right hand port of the box with a label j;; &1; jo = 7,. At this point the
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7

a)

(b)

Figure 21: Combinator [

particle is faced with another choice. namely one between paths labelled &, and ko
respectively. However. as the particle has arrived at this point with a label j, and
since jp; k) = 0 represents lack of connectivity. the path labelled &, will be chosen
taking the particle to the entry of box z. The label of the path from Env to z that the
particle has taken is ji; ky; jo; k2 = ly as we expect from the required specification,
(see Figure 21(b)). Our particle now passes through z and finds itself on the exit port
of z and following the path from there leading to the box for I arrives once again at
the left port of the box for /. faced with two choices. This time it chooses path 2
labelled k2; j; because jo; k; = 0 represents a disconnection and ja; k2 = 1. This way
the particle arrives at the right port of the box with a label js; ko; J1 = 71. This time
the way to go will be via the path labelled k; which will lead the particle to Env with
a label j;; k) = 1y, also in agreement with the required specification. This completes
our verification process and establishes the correctness of our design.

Combinator K:

K must satisfy the equation K.z.ly = z. Viewing the right hand side of this equation
as the required specification for the design of K and the left hand side of the equation

as the given circuitry with box K to be designed, we obtain the following information.
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iy

H

th

Figure 22: Combinator K

Required Specification

Path Label Design Solution
Env —z | 1y Judulika | 1 =kikyi g
r— Env | 1y J2; 2 kitky | 2= ko gy )

Using reasoning similar to the case of combinator I, we find that K = j:k? + j2k,.
We verify the equation of A" by following a particle coming from Env through the
box; such a particle will necessarily follow the path labelled j,:j, and will choose
path 1, labelled ky; ky; j», because ji: ky = 0 and j;: k; = 1y, at this point the particle
arrives at the junction of k; and k; and since jp;ky = 1y and jo;k; = 0, it will
choose the path labelled by k, leading to z. This results in a path with the label
Ju; Ju; kvi ks J2; k2 = 1y yielding the desired specification for the path from Env to
z. Upon exiting the box z the particle arrives on the path labelled by j, and by the
same reasoning chooses path 2 and subsequently k); k,, exiting to environment, the
resulting label being ja; k2; ji; 71; k1; k1 = 1y as required by the specification.
Combinator B:

B must satisfy the equation B-z.y-z = z.(y-z). Proceeding as in the previous cases:
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Reguired Specification

Path Label Design Solution

Env — x| j Jugnign ks 1=k ki ko
rI—y ka; 1 J2: 20k Ky 2 = ko ks i jos a
y—: ko Jrjudikiikyiky | 3 =k kot ko joi iy
Ty J2 Jrjujudikiiky | 4=k ky; ks joi o gy
y—zx ki; 2 J2: J1: 8 ky 5 = ki ks ki jas jo
r— Env |k J2: 6k ks ky 6 = ko ki vivin

Hence B = jaji ki + j172j1k3 + jijakiky + jiidkok? + j3kikok) + 73k k.

(a)

tb)

Figure 23: Combinator B
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A particle coming from Env will follow the path j;; 7,; 7, and hence will choose
path 1 in the box which will lead it to z with label Jududu ki ki kg g Jas ke = 51
as expected. Similarly a particle leaving z will choose path 2 which will lead to y
with label jy; ky; ka; j1; J2; J15 k15 k2 = ka; ) which agrees with the specification. The

verification of the correctness for the remaining paths is exactly similar to these

arguments.
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Combinator C:
C must satisfy the equation C-z-y-z = z.z.y. Proceeding as in the previous cases:

Required Specification

Path Label Design Solution

Ene — x| jiji | jiijisjii Lok 1 = kpkike o g
r—y ky: ks J23 20 ks ko 2 = ky; ky; kaj Joi i

I —:z ko J2; B kv ki ks | 3 = kaika; Jos jii

T —r J2 J2du v 4iky | 4= kikis ko jai o

y —x J2i i J2; J1; 5y ka S = ku;ka; Jos ji; g

T — Env | ki ki J2: 6 ki ki ky | 6 = kaskys ks g i i

(b)

Figure 24: Combinator C
Hence C = jajiki + jijokakika + jRj2k3 + j3kak? + jajijokoky + j3k2ks.
The verification process is analogues to the case of combinator B.

Combinator W:
W must satisfy the equation W.z.ly = z.1y.!y. Proceeding as in the previous cases:
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Required Specification
Path Label Design Solution

Env — Jiii Jujvilike | Y=k kg

r — ly (first copy) ky; fun Jai2tkiiky | 2 = koi kot furri Joi

r — 1y (second copy) | kitha: furs | Jo: 3t kitkay | 3 = ko kit ka: furas Joi 1

ly (first copy) — = gwii )2 J2iguidi ke | 4= kkagwy oo

'y (second copy) — I | gwaijoiji | Joi i Bika | B = kit ka: gwa; Joi g1 o

r — Env ki ky J2;6: ki k| 6 = Koy ki kit i

The first copy of !y is the one on the left in Figure 25(b). Hence
W= joJitki + Juiafuiks + Jijafuvakaki ks + jigwikaky + jojijaguakaky + 53k ks,

Where fu) = ucy(v®u)iy, fiva = ucy(v®v)ia, gwy = pr(u@u)cy v, and giys = po(u®
iw)cgv. The verification is done similarly to the previous two cases. However. notice
that we have replaced the !y’s in the specification by fivi;1y; gy, and fu-a: 1Y gwo.
This has been done in order to distinguish between the two copies of 1y. However,

we need to justify this encoding. Indeed we have:

gwvilyfun = pi(u® u)epeuT (y)vuey (v @ v)yy

e @ u)ep T(y)ey (v ® v)

= p(u®u)cper(Ty® Ty)(v® v)e, naturality of ¢y
= p(u®u)(Ty®Ty)(v® v

I
©

= uTyv

Similarly gwo!y fiv2 =
Combinator D:
D must satisfy the equation D-z.ly = z.y. We proceed as in the previous cases,
however notice that in defining the specification for combinator D we have replaced
¥ by fp;'y;gp, where fp = uly and gp = ljv. First, note that y = fp;ly; gp as
elements in C(U, U).
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i
|
_

th)

Figure 25: Combinator W

gotyfp = lyvuT (y)vuly
= Iylyy. naturality of {

= Y

We use this particular coding because the required specification (right hand side
of the equation for D) is given in terms of y, whereas we are only given !y for our
design (see Figure 26(a).) Intuitively, we can think of !y as infinitely many copies of

y and the coding here chooses a single copy out of the infinitely many given copies of

Y.

Regquired Specification
Path Label Design Solution

Env —z | 5 Juduliks | 1=k ki g1 72

z—ly |k fp J2: 25k ko | 2 = kgj ka; fp; Jos i

'y — 2z | gp;Ja J2:71: 35 k2 | 3 = ky;k2; 9p; Jo; 72
z— Env |k J2id ki k| 4=k ks g1 1
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(a)

- 2 !_V

th}

Figure 26: Combinator D

Hence D = jpjiki + j1j2fpk3 + j3gpkaki + jikika. where fp = uly, gp = liv. The
verification is similar to the previous cases.
Combinator J:
d must satisfy the equation d-!z = !1z. As in the previous case we need to explain
the way we have found the specification used here. We have replaced !z by fs; !z; gs
because we have to get !z, using !z which is given. Here f; = ueyT(v)v and g5 =

uT'(u)eyv. Also note that !z = fj; Iz; g5 as morphisms in C(U, U).
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T(u)eyruTl (z)vueyT (v)v
T(u)epT(x)eT (v)v
)
)

u

=

v
e T
uT (u)ep-e: T(T(z))T(v)e
(£))T(v)v

=

T(u)T(T(

[
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naturality of e

= ul(!z)v

= !z
Required Specification
Path Label Design | Solution
Env— 1tz f; Juliks | 1= ky; fs5 )2
'r — Env | g; J2:2:ky | 2 = ky; 955 )

fa)

L8

« X

(b)

Figure 27: Combinator ¢

Hence § = j,fsk\ + ji1gsk2 where f5 = ueyT(v)v, g5 = uT (u)eyv. The verification

is similar to the previous

cases.
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Combinator F:
F must satisfy the equation F.1z.ly = !(z-y). Notice that we need to evaluate !(z-y)

and express it in terms of !z and !y as these are the given morphisms for our design.

Hence. we proceed as follows:

Hz-y)

ul (z-y)v

uT(Tr((1Qy)(kzj)))

uTr(v™'T((1® y)(kzj))v)v T is traced

uTr(v™'T(1 @ y)T (kaj)v)v

uTr(e™ w(T(1) @ T(y))e™ ' T(kzj)w)v T is monoidal
uT'r((1ry @ T(y))v™ ' T (kzj)w)

Tr((u@ T(y) v 'T(k)T(z)T(j)w(v ® 11v)) naturality of T'r
Tr((u® vul (y)vu)y ™' T(k)vuT (z)vuT (§)v (v ® 1))
Tr((u®vyu)v™ ' T(k)olzuT () (v @ 1))

Tr((le ® v)(ly ® ) (e @ ww™ ' T(k)utzuT () © 1))

Tr((ly @ y)(u® w)u ' T(k)vlzuT (j)w(v ® v)) dinaturality of Tr
Tr((1 3 y)(grizfF))

where fr = uT(j)yY(v®v), gr = (t @ u)Y~'T(k)v and T = (T, ¢, w;). Also, fr =

friy, fra =

fria, gr1 = p1gr and gra = pagr. (see Figure 28(b).)

Proceeding as in the previous cases:

Required Specification

Path Label Design Solution

Env — 1z | fp Juju ke | 1=k ki frisja

Iz — 1y | gr J2i 21 ki ko | 2 = ka; gra; s i

'y — !z | fr J2;J1; 3 k2 | 3 = ki;ka; frai jo
| 1z — Env | gp Jaidikisky | 4= ke grs i
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th)

Figure 28: Combinator F

Hence F' = jafriki + jijagraka + j2frakaky + jigriks.

The verification is similar to the previous cases.

Theorem 7.1.1 Let C be a UDC. T an additive endofunctor on C and U an ob-
ject in C such that (C,T,U) is a Gol Situation. Let the distinguished elements
I[,B.C,K,W,86,D,F of C(U,U) be as defined above. Then

1. (C(U,U),-,!) is an LCA.
2. Combinators respect the dataflow (particle) semantics above.

Proof. The verification procedure given above constitutes a proof. However, we need
to show that the defining terms for combinators (the sums) actually exist. This is
achieved using the correspondence of such sums to morphisms in the model category.
Below, we give a complete proof for this theorem by showing that the definitions given
for combinators in Section 3 of Chapter 6 reduce to the sums that we have derived

above.
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1. Combinator I:

I =jok

SN

= joky + Ji1k2

2. Combinator A":

K=jDr(1® fr®L)(k® 1)k

Coar]o 0 ]k
2[11 J".)}[JO[ ngJ

0
0 fl\' 0 k‘l 0
1 0O 0 0 1
= jaki + Jujafrkaky + jky

141

Note that fi = uwywyv and wy : [ — TU = 0;1y. This follows from the

naturality of wy and additivity of T: wy = wyl; = T(Opy)wy = Orvrvwy = Orry.

Therefore fr = Oy .

3. Combinator B:

B=j(j®1)(j®j®j)7r(k®k®k)(k®l)k

. Jt J2 0 ..

= 0 0 0 0
[]1 Jz] [ 0 0 1 J1 ]2

]jlj.zOOOO
0 0 0 0 ji 7

Tk ®k®k)(k® 1)k
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(00001 0]
000100
000001
= | 3 25 JyaJi g2 oy 2 kQkRKk)(k® 1k
[Jl Jid2 Ju2dv Jui Jah J_] 010000l )
100000
001000 ]
[k, 0 0 ]
ko 0
k2 0
g o o e g . 0 k 0 ki
=[Jl Ny Js JiJ2 Ui Jum] k2 0
0 /Cz 0 %]
0 1
0 0 k
0 0 ko

= jo1 kT + J1jdkak? + j3kikaky + jjak3ky + jRkika + jijagi K3,

4. Combinator C:

C=jU®)URLRjdn(k®13k1)(k®k)k

Ju 200 0 0
i\ jo 0 O 0 010 00
=i e DV Y ke leke (ke k)k
0 0 51 jo 0 0 0 41 52 0
0 000 0 1]
(000 100]
000001
000010
[.71 Jid2 e RV Rz G300 000 0l )(k®k)
001000
01 00O00
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— . .2 2 o . . 3 . . 2
—[J’z]l Ja o Jevd2 v )2 j[J'.’]

- o O O O O

ki 0
ky O
0 k
0 ks

J

= jaJik} + J3kaki + jajijokaky + jik3ko + jijakak ke + j350K3.

3. Combinator W :

WM=j01)(e/j3r(10gw 1 w)(1®1®1R0)(k®LD1)(1Q k)

Ju 2 0 00

o 10 0 o
=[n Jz][o i Jé} 0 0 ji J
00 0 0
(k®k®1)(1® k)k

[0 0
0 0

= Ji R Rk B 1 0
0 gwa
| 0 gwy

=[j2jf Jadijagwa + jigwr JE Jijefwo jl.’i’lle]

= J2Jtki + Jad1gagwakoky + J3gwikeky + j2k2ks + fija fwokakika + 172 furi k2.

6. Combinator D:

D=j(i®j)r(1®9p®1® fp)(k®k)k

0

1

1 0 0 |

0 fwa fui

0 0 0

0 0 o0

0 0 0
[k 0
k2 0
0 k
0 ks
[0 0

0
0
0
0

1

-

|

ky
ks

(kQkQI1)(1Qk)k

10
0 Kk
0 k
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T(IQgw®l® fw)(lR1l®1Qa)
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o

0 gp 0 JLO k|

= joj1k} + J3gpkaky + j2kiks + juja fok3.

7. Combinator o:

0= jouu(fs ® gs)k

St

= Jafsky + j1gsks.

8. Combinator F:

F=ju®U)nm(frogr)(k®1)k

o 0 0 gr ki 0
_[ . J v 2 0 l ki
R0 0

0 0 g ky 0
= Jjofr1k} + Jafrokoky + jRgrika + jijagrake.

fri fr2 O 0 1



Chapter 8
Examples and Computations

In this chapter we consider various examples of Gol Situations formed by traced
UDCs. in particular. we give detailed discussion for the categories PInj. Hilb, and
SRel. We will also investigate the combinators in these categories. In Section 6
we give two examples of computations with combinators using the algebraic (ma-
tricial) machinery that we discussed in Chapter 7. We also discuss Abramsky and
Jagadeesan’s work on Gol (3] and relate it to a Gol Situation, based on the category

of domains. N and C denote the set of natural and complex numbers respectively.

8.1 PlInj

Consider the category PInj of sets and partial injective functions. We have already
seen that PInj is a traced UDC. We will show that (PInj, Nx —, N) is a Gol Situation.

Lemma 8.1.1 Let C be a traced UDC and T : C — C be an additive functor. Then,

T is traced.

Proof. Let f : X®U — Y ® U be a morphism in C, then Tr{,.(f) = fi; +

145
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Y onew f12f3far. Let T = (T v, vr) and g = ¢y T(f)wyy. Then,

_  TYTU TXTU
qgu = P gty
XU

~ YU _
= T(p;" vvuguspT()
= T(o ) ovuwibT(Hux vy ()
= Tl i)
= T(fu)

Similarly, we have g;» = T(f12), 921 = T(fa1), and gao = T(fa).

T(TV,L\:,)'(f)) = T(fu+ Znewfl'zfznzf‘ll)
= T(fi) + Y neuT(f12)T(f22)"T(fn1), T is additive

Luanecw
J— n
= gun+ Z,,au g128998921

= Trise(evuT(fvxw).
Therefore, T is traced. O

Proposition 8.1.2 (PInj,N x —.N) is a Gol Situation.

Proof. Recall from Chapter 4 that PInj is traced symmetric monoidal category.
The tensor product is taken to be the disjoint union of sets with @ as the unit.
Clearly T = N x —. with T = (T.v.v;), is 2 symmetric monoidal functor where
Uxy :Nx XuNxY — Nx (XwY) is given by (1,(n,z)) = (n,(l.z)) and
(2, (n,y)) = (n,(2,)) and it has an inverse defined by: (n, (1,1)) — (1, (n,z)) and
(n,(2,9)) = (2,(n,y)). Also, ¥, :0 — N x 0 given by 1y is clearly an isomorphism.
We need to show that T is additive. Let {f;}:c; be a summable family in PInj (X,Y),
then

(n, fi(z)), if there exists a j € I such that € Dom(f,);
(In x 3, fi)(n,z) = { ’ !

undefined, else.

but this is exactly the definition of (}~,(1n x fi))(n, z) for all (n,z) € Nx X. There-
fore, Nx — is an additive functor and thus, by Lemma 8.1.1 it is also traced. In other
words, given f : XWU — YwU we have INxTr% o (f) = Tracy nxy (¥~ (In % f)1).

We show that N is a reflexive object.
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o NyN<N(j. k) is given as follows: j : NN — N, j(1,n) =2n,j(2.n) =2n+1
and k : N — NW N, k(n) = (1.n/2) for n even, and (2.(n — 1)/2) for n odd.
Clearly kj = lngn. Define j; = jii, jo = jia, ki = pik, ky = pok where p; and ¢;
are as defined in Example 4.0.15.

e () <N using the empty partial function as the retract morphisms.

e N x N<N(u.v) is defined as: u(m.n) =<m,n>= (-'—"L‘*;M (Cantor surjec-

tive pairing) and v as its inverse, v(n) = (ny,n2) with <n;.ny>= n. Clearly.

vy = ].an.

We next define the necessary monoidal natural transformations.

e Nx (NxX) 25 Nx ¥and Nx. ¥ % Nx (NxX)
N x (N x X) 2% N x X is defined by, ex(ni1, (n2,1)) = (<n;.na>. ). Given
[ X — Vo (I x flex((ni. (n2, 7)) = (<ni,ne>, f(z) = ey(In x (In ¥
fY(n1.(n2, z)) for all ny,ny € N and = € X proving the naturality of ey.
ex(n,r) = (ny, (ne, )) where <n;.n,>= n. eyex(ny, (ny, 1)) = €'v(<n;. ny>
.x) = (ny,(ng,x)) forall ny.n, € Nand z € X.

o VA Nx Vand Nx ¥ -5 X

[x(z) = (ng,z) for a fixed np € N. Given f : X — Y, (Iy x f)ly(z) =

(ng, f(z)) = ly f(z) for any z € X, proving the naturality of [y.
z, if n = ny;
undefined, else.
Uilx(z) = Uy(no,z) =z for all z € X.
o (Nx X)&(NxX)<5NxXandNxX 5 (NxX)w(Nx X)
(1,(n,z)) = (2n, z)
cx =
(2,(n,z)) = (2n + 1,2)

Given f : X — Y, (In x flex(1,(n,z)) = (2n, f(z)) = cy(In x f W 1n X
f)(1,(n,z)) for all n € N and z € X. Similarly (1 x f)cx(2, (n,z)) = (2n +
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Lflr)) =c(lnx fWly x f)(2,(n.z)) foralln € Nand z € X proving the
naturality of cy.
(1. (n/2.1)), if n is even;
Cy(n.r) =
(2.((n-1)/2.2), ifnis odd.

Finally. cvev(l. (n.x)) = ¢\ (2n.x) = (1. (n.r)) and cdeex(2.(n.r)) =\ (2n +

l.z) = (2. (n.r)).
¢ 0 X5 Nx Yand Nx X =5 0.

Let wy and wY both be the empty partial function. Clearly for any f: X —

Y., (In x flwx = w1y, proving the naturality of wy. w\wy = ly.

|
Note that the combinators are elements of PInj (N, N). We use n £ 1 to denote
n = n’(mod k). More explicitly we have :

e Recall that I = jok| + j1ko. Hence, [(n) = n+ 1 for n even and n — 1 for n

odd. Note that [ is a total function.

® K = jok? + jiks. Hence. A(n) =n/2+1ifn 2 0.2n-2if n is odd and
undefined else. Therefore A" is a partial function and this partiality intuitively
corresponds to the information erasing feature of K as a combinator: (since
Kzly =z, ly is “lost”.)

® B =jajiki + jikika + j3kikaky + jujajiks + jRiok3ky + j1sikok?.

’

n/2+1 ifnZo0,
An—-1) ifn=1,
n/2+2 ifn%?,
Mm—-4 ifn=3,

n—2 ifn%ﬁ,

B(n) = {

n+2 ifn =4

Note that B is a total function.
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o C'= jojik} + j3ktks + jujokakika + jajijokoky + jljok3 + jikak2.

(n+1 ifnéO,

n—1 ifn =

P
Clm = 4 (n-1)/2 1fn?a,
2n+1 ifn=2,
Mn—1) ifn3,
Ln/2+1 ifn = 4.

Note that C is a total function.

o W = jojitki + jriafwik3 + jijn fuwakakika + jigwikaky + jojrjagwakaky + j2k2ks,
where furi = ucy(v ® v)uy, fwa = ucy(v @ v)ia, gwr = p(u ® u)cjv. and
gw2 = pa(u @ u)cyv. Therefore. the maps fiv;, gw; for i = 1.2 are given by:
fwi(n) =<2n;,ny>.
fwa(n) =<2n; + 1, ny>.
gwi(n) =<ny/2.ns> if n; is even, and undefined else, and
gwa(n) =<(n; — 1)/2. ny> for n; odd and undefined else.

Here n =<n;.ns>.

4

2n+1 if n é 0,

4(<my/2,my>) + 3 ifn = 2, m; even, (n — 2)/4 =<m,, my>,

8(<(my —1)/2,ms>) +5 ifn=2 m odd, (n~2)/4 =<my, mp>,

Win) = 4 g

(n—-1)/2 ifn=1,

4(<2my +1.my>)+2  ifn=5, (n—5)/8 =<my, mg>,

L4(<2m1,m2>)—4:-2 ifn%S, (n —3)/4 =<my, my>.

Note that W is a total function.

® D = jojik} + jikiks + jrjofpk3 + j2gpkaky where fp = uly,gp = lyv. Fix a
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natural number ng, then fp(n) =<ng,n> and

na, if n; = ng;
gp(n) =
undefined. else.
where n =<n. ny> .
( . 1
n+1 ifn=0,
n—1 if n % 1.
D(n) = 4(<ng. (n —3)/4>) +2 ifn=3.
4m, +3 ifné?, my =ng, (n~ 2)/4=<m;,my>,
undefined otherwise.

L
Note that D is a partial function. Recall that D as a combinator behaves
according to D-z.ly = z.y, that is intuitively it chooses a single copy of y from
the given infinitely many copies of y. We can think of this as erasing all the
other copies and hence the partiality in its definition (as a function on natural

numbers.)
® 0 = jb fski + j1gskz2 where f5 = ueyT(v)v, g5 = uT (u)egv. Therefore
fs(<ny, <my. ma>>) =<<n. m;>. my> and

gs(<<my, my>, np>) =<my, <ma, N>,

5(n) 2(xn;,m>,my>) +1 ifneven, n/2 =<n,, <my, my>,
n) =
2(<my, <ma, ny>>) if n odd, (n —1)/2 =<<m,,my>, ny> .

Note that ¢ is a total function.

o F = jafpik} + jigriks + jiiagroke + jofrakoki where fr = uT(j)¥(v ® v),
gr = (U@ u)Y™'T(k)v and T = (T, 9¥,¢;). Also, fr1 = fru, fr2 = fris,
gr1 = p1gr and gra = pagr.
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fp1(<‘n.1. ny>) =<ny, 2ns>.

fpg(<nl, ng>) =<ny, 2n, + 1>.

<ni. n-_>/'2>

gri(<ny. ny>) = {

gra(<ny, ny>) =
undefined

Note that F is a total function.

8.2 Pfn

undefined. else.

<ni, (Tlg - 1)/2>

if no is even.

if n, is odd,

else.

if n = 0, n/4 =<my. my>.
ifn 20, (n—2)/4 =<my, my>.
if n odd, msy even. (n - 1)/2 =<m;.my>

if n odd, my odd, {(n — 1)/2 =<m,.my>

Recall that Pfn is a PAC and hence is a traced UDC. The trace formula for Pfn is

the standard sum form as for PInj. Clearly N x — is an additive and hence a traced

functor. Note that the morphisms used in the previous example are partial injective

functions, hence partial functions. In view of this we have:

Proposition 8.2.1 (Pfn,N x —,N) is a Gol Situation.

The combinators are defined as in the case of PInj.

8.3 Rel,

Recall that the category Rel, of sets and binary relations is a PAC and hence a

traced UDC. Trace is given by the standard sum. Also, N x — is an additive and
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hence a traced functor. The morphisms used in the case of PInj are partial injective

functions and hence in particular they are relations. Thus we have:
Proposition 8.3.1 (Rel,,N x — N) is ¢ Gol Situation.

The combinators are the same as in the case of PInj.

8.4 Hilb,

Recall from Chapter 4 that Hilb, is a traced UDC with trace given by the standard
sum formula. The tensor product is the direct sum of Hilbert spaces. However, recall
that this operation is not a biproduct (or coproduct) in the category Hilb,. With
this proviso we keep using the notation & for this tensor product. In view of the
contravariant functor €, we have the following result. Let ¢ denote the space £,(N).

Recall that this is the Hilbert space of square summable sequences.
Proposition 8.4.1 (Hilb,, ¢ ® —.¢?%) is a Gol Situation.

Proof. Clearly the functor £*® — : Hilb,— Hilb, is a symmetric monoidal functor.
Also, observe that 2 ® €,(X) = 6,(N x X) and 1p ® br(f) = €(1n x f). Moreover,
* @ — is an additive and hence a traced functor. This follows from the fact that
N x — is an additive symmetric monoidal endofunctor on PlInj.

Also, we have that £ @ 2 = £,(NwN) < 6,(N) (b(k), €a(5)), {0} = €2(0) < €2, and
finally 2 ® 2 = £,(N x N) <1 €3(N) (¢5(v), £5(u)) for j, k,u, v as in Section 8.1. This
proves that €2 is a reflexive object in Hilb,.

As for the monoidal natural transformations:
* 2® (P RL4L(X)) 9L QLX) (6(ey), lalex)) for ex, €y as in Section 8.1.
o ((X) 98 Q6(X) (b2(ly), ba(ly)) for Ix, ' as in Section 8.1.

* (®6L(X)®(PR6L(X)) 1P ®EL(X) (£2(cy), ba(cx)) for cx, cy as in Section
8.1.

e {0} <2 ®6(X) (L(w), la(wy)) for wx, w) as in Section 8.1
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The naturality of the morphisms above follows from the underlying structure of Plnj

and functoriality of ¢,. O

The combinators are simply the ¢, images of those given in Section 8.1.

Remark 8.4.2 The Gol Situation (Hilb,, ® —. £?) captures the operator algebraic
setting used by Girard in [47] (see Section I in [47].) However, there is an important
difference between our execution (trace) formula and Girard's execution formula.

Recall that Girard’s execution formula
EX(u,0) = (1 - 0*) 32 ju(ou)*(1 - o?)

is a sum that may or may not converge: it converges whenever (ou) is a nilpotent
operator. Also, recall from Chapter 5 that strong normalisation was interpreted by

nilpotency. On the other hand. our trace formula

Tr(f) = fu+3 ., fufihfa

always exists. Therefore, the nilpotency criterion should be replaced by a different
property that will make sense for the latter formula. The author strongly believes in

the conjecture:
strong normalisation = finite sum

The proof of this conjecture and further research into using this criterion to distinguish
the strongly normalising terms of untyped lambda calculus will be undertaken in a

future work.

8.5 SRel

The category SRel of stochastic relations is another example of a PAC and hence it
is a traced UDC. The trace formula is given by the standard sum.

We define T :SRel—SRel as T(X, Fx) = (N x X, Fuxx) where Fnxx is
the o-field on X & X W X--- (w copies). For a given f : (X, Fx) — (Y, Fy),
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Tf((n.x).l#ic, Bi) = f(z, Bp). Let U = N*® with the Baire metric which induces a
topology on N* which corresponds to the product topology obtained from N with
discrete topology. The following proposition is due to P. Panangaden and the author.

Proposition 8.5.1 (SRel.T.N*) is a Gol situation.

Proof. We show that T as defined above is an additive and hence a traced svmmetric
monoidal functor. First, observe that T = (T, ¢, v;) is a monoidal functor with

v (Nx X)W (N xY), Fuexpumxy)) — (N x (X8 Y), Fuxxoy)) given by
Uxy (1. (n. 1)), Wi (A @ By)) = d(x, A) and
Uxy (2, (7, 9)). Wi, (i W Bi) = d(y, By).

Also, e (1. (1.2)), (e, 48, B)) = 6(z. 4a) and 034 ((n. (2,1). (W, A
(o B)) = 6(5. Ba).

Finally. v; = 1,.

Given a summable family {f}ie; € SRel(X.Y)., 3, Tfi((n.z).N x ) =
Yor fiz.Y) < 1since {f;} is summable. and hence {Tf;} is summable.

(CTfi)(n. 1), Wi, B)) = X, Tfil(n,2), Wie,Bi)
= > filz, Ba)
= (X1fi)(z. Bn)
= T fi)((n,z), Wie, Bi)

Hence, T is an additive and by Lemma 8.1.1, a traced functor. We next show that
N* is a reflexive object. We will denote the objects in SRel by their first components
only in order not to overload the notation.

o N®yN>® qN= (5,k)

Consider the maps j : N° @ N© — N defined by j((1,7), A) = §(0.77, A),
Jj((2,7), A) =6(1.77, A) and k : N° — N* g N® defined by

8@, 4,), if =07,
k(, AW 42) = S 6(7, Ap), if 7 = L.i;

0, else.
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KL A). AL 4) = / E(7, Ay @ Aa)j((1. 7). )
N

=  lnoowpe ((1, ﬁ), -'41 B '4'2)

Similarly, kj((2.77), 4; & Ay) = §(7. 42) = Lyewn= ((2,7), 4, & A3).
o ) 9N, as (0. Fy) is the zero object.

e Nx N*° — N*® (y,v)
u is defined by wu((i.).A) = 6(iA,4) and v : N° — N x N® by
v(i., e, Ai) = 6(71, 4y).

4;)6 (6.7 dit")

t€w”

(i, 7). W, 4) = /Nw (W, Al (i, 7). )
= [ @)
Neo
(T, 8y )
d(7, A;)
= INXNW((ivﬁ)vwiewAi)'

Next we consider the monoidal natural transformations.

e Nx (NxX)<aNxJX (ex,¢€y)
8x((’n1, (Tlg,l')), E’Jiew ‘4’) = 5(1‘ '1<nx n2>) and eX n, :L' U U 4l])) = 6($7Aﬂ1n2)
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where n =<n|, n,>.
n. Il)’ Hij‘4ij)6_Y((nle (Tlg, I))v d(n* I/))

exex((n, (n2. 7). W;4i;) = . e'v((
ex((n.z'), Hij‘4ij)5(z' d(<ni.ny>. r'))
v

L.
- .
,.’\-((
= d(z, Anyn,)
= INX(NX,\') ((n‘h (Tlg, 1:))1 L'ﬂi]'~'lij)

<Ny, Na>. I). wij‘_lij)

e VaNX.X (Iy.ly)
z.l4; Ai) = d(z. 45,) for a fixed ng € N and l'.((n. z), A) = §(z. 4). if n = ng

dnd (), otherwise.

fised) = [ () Dl d(n.2)

- /N Uel(na). (2, dno, o)
= [I'\((ng,x). A)

= (5(1’. .'1)

= 1,\'(.’1,'. .-1)

e Nx YuNx X aNx X (cy.cy)
ex((1, (n, 7)), iy, A1) = 0(z. Aan), ex((2, (n, 7)), |¥; A:) = (z, Azp41) and

3(z, Anja), if n is even;

z), (W4 ¥ (W;B:)) = { L
0(z, Bin-1)/2), if n is odd.

drex((L, (n, 7)), (W,4:) © (W, B:))
= Juex @ (7,2, (W, A1) @ (18 BD))ex (1, (n, 2)), d(n, )
= fuex S ((n'.2), (18, 4) & (18}, By))d(z, d(2n, )

= cx((2n,2), (14, A) W (W, B))))
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= d(z. An)
= Lipnxxyerixn) (L, (n, ), (), 4) W (1, BY))

Similarly. cvex((2 ). (¢, 4:) w (¢, Bi)) = d(z. By,)
Therefore. ¢\ cx = L v jwrixy-
e 0 <N x X (wy,w)

wy is the empty function and w\ ((n.z),®) = 0. Clearly whwy = 1y z,).

We show that ey is natural in X" Let f: ¥ — Y,
(Tflex((n1, (n2, z)). Wi, Bi)
= Juxx TA((R.2"), 18, Bi)ex ((ny. (na, 1)), d(n', £'))
= faxx TLUR.2'). ), Bi)d(z. d(<ny, no>. 1))
=Tf((<n, ne>.x),1¥; B)
= f(z. B<n, ny>)

ey (T(T f))((n1, (n2. ). 1), B;)
fo(NxY)eY((n’l’ g, Y))s s Bi) T(T f)((ny, (n2, z)), d(n}, (nh. y))
fo(NxY)eY((nl na,Y)), ¥; Bi) f(z.d(ny, (n2, y)))
= fuxvxy) 0¥ Beny nys) f(z, d(n1, (ng, y)))
= f(2, Beny na>)
Therefore, (T f)ex = ey (T(Tf)) for all f : X — Y. The naturality of [x,cx and

wy follow in a similar way. O

8.6 Some Computations

We consider two examples of computations involving the combinators C and K.
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Example 8.6.1

Suppose we would like to evaluate A'-z-1y. We first consider

kKj = “‘} [hk}*’ﬂi”k-z“ﬁ J‘z]z [2[ él}

IR

=0+ Zzo:ojlon(lkl) = j1zk,.
} Fl’ 0

0 0]

10 ][zo [ 0]
Kexgdy=(K-x)ly=Tr =Tr =r+0=r.
mwan=re ([0 ][5 o)) (5 5)) :

Example 8.6.2

k
Next consider k(K -z)j = {kl } [ju:kl ] [jl Ja

We next evaluate C-A"-K'.

0 2k% 4 jokoky + 1ok
kCi=| .. ' JUNT+ D2ReRu ¥ Juke |
Jiki + jrjoka + jakaky 0
1 0] i2k2 + jakoky + jyjaks
C.K=Tr g L .0 | JERE + Jokaky + jijaks
0 A | | jikt + jijeke + jokaky 0

= jikoky + j1jok?.

Therefore, k(C-K)j =

rJ'11$72'*'j2/€1 0
0 0|

-

1 0
K

ko + jaky O

= Jiks + jok1 = 1.
0 0

(C-K)-K =Tr (
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We close this section by a discussion of Abramsky & Jagadeesan’s construction
in [3]. The construction in [5] uses subcategories of the category Predom of w-
complete posets and continuous maps. called GZ-categories. to construct a model of
linear logic. that is a *-autonomous category with products. Also one defines a functor
Ip :Dom— Dom. by Tp(E) = (D + 1+ (E x E)),. Here Dom is the category
of domains and continuous maps. ((—)..up,u.t) is Moggi’s [94] strong monad of
lifting and 1 = {1} is the terminal object in Dom. For every D, the functor Tp
has an initial algebra (hence a fixed-object) which is denoted by (7' D. foldp) where
foldp : (D+ 1+ (TD x TD)), — TD is an isomorphism whose inverse, we call
unfoldp.

Next. a type-free GZ-model is used to give an interpretation of geometry of inter-
action. A type-free model consists of an object D in a GZ-category such that it is a
domain and satisfies some retractions analogues to those in Definition 6.3.1 (3).

This construction does not fit into a traced UDC based model. Notice also. that
although the category Dom is a traced symmetric monoidal category, the trace is not
of the canonical form used in traced UDCs; rather, it is induced by the fixed-point
operator in Dom. However. we can show that (Dom. T, D) forms a Gol Situation,
where D is a type-free GT-model and T :Dom~—Dom is defined by T(4) = T 4, that
is it sends a domain A to the fixed-object TA of the functor T. Given f: 4 — B,
T(f) = foldg o (f + 1 + (¢ x ¢))L o unfoldy where ¢ is the unique map from
(T A, foldy) to (TB.d) (recall that (T 4, fold,) is an initial algebra.)

The necessary retractions are given in [5] (see pages 66 and 68.) We just need to
prove TT < T (e, €') (Comultiplication).

Define ey : TT(A) — T(A) = ao[l, L, L], ounfold and €, : T(4) — TT(A) =
fold o up oin) where ((—)_,up,u.t) is Moggi's strong monad of lifting and given a
domain 4, @4 : A — A is its structure map. It follows easily that e, is natural in

4 and e e, = 1.



Chapter 9
Dynamic Algebras

In this chapter we present a categorical model for dynamic algebras and show that
Girard’s operator algebraic model in [47] and the small model introduced by Danos
in [33] can be obtained as instances of this general categorical model.

Dynamic algebras were introduced by Danos in his PhD thesis [33]. These are
algebraic structures which form the basis for a path-semantics of linear logic. The
idea in path-semantics is to associate weights from a dynamic algebra, with every path
on a proof net. Thus one can view a proof net as a set of paths. The computation
of a proof net is represented by the execution formula which takes the form of a sum
over all “good” paths. The idea is that the execution formula is an “invariant” of
computation and hence the “good” paths are those that survive the cut-elimination
process. For exact definitions and details see [36] and [8].

The equational theory of dynamic algebras gives a notion of normal form for paths.
The cut elimination procedure can then be represented by rewriting rules for the paths
that are dictated by the equations of the dynamic algebra. The interesting aspect
of this new view is that each path can be reduced to its normal form independently
of all the other paths: an asynchronous reduction. The reduction procedure also
has the property of being local: the rewrite rules of the algebra only affect the part
of the path that is being reduced. This leads to a local and asynchronous device
that can be implemented [84]. An application of this methodology to S-reduction
is given in [35]. Essentially, then (-reduction is decomposed into parallel, local and

160
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asynchronous microscopic reduction steps. There has been ample amount of work
on this issue by Danos and Regnier, for example see {99, 35, 36] and [88] and the
references therein. Mackie, in his thesis [84] applies these ideas to develop a basis for
efficient. correct implementation of functional programming languages.

We would also like to mention the connections with optimal reduction strategies in
A-caleulus. In 1980. Jean-Jacques Lévy [81] introduced a notion of optimal reduction
for the A-calculus. The idea was to use the least number of 3-reductions in normalising
a A-term. The algorithm to implement such an optimal reduction came only 10 vears
later in the work of Lamping [79] and Kathail [72]. The work of Gonthier. Abadi and
Lévy [53] establishes an interesting connection between optimal reduction and the
Geometry of Interaction by observing the strong relation between Lamping’s sharing
combinators and the notion of path computation in the Gol.

As mentioned earlier the first model of a dynamic algebra, called A* was given by
Girard [47]. ! In fact, Girard’s original implementation of Gol programme was based
on the C"-algebra B(¢?) of bounded linear operators on the Hilbert space ¢2. He also
defined an abstract C*-algebra. .\" using continuous step functions on the Cantor
continuum. More specifically, these are functions from the Cantor space {0, 1} with
the product topology to a finite set with the discrete topology. However. it is shown
in [47] that one can represent this C*-algebra as a subalgebra of B(¢2), namely those
partial isometries that are induced by partial injective functions. i.e. of the form
¢;(f) with a partial injective f in our terminology. This follows from the Gelfand-
Naimark representation theorem [40] which states that any C*-algebra can be realised
as a C"-subalgebra of B(H) for some Hilbert space H. We will consider the original
B(¢?)-based model and show that it follows from our categorical model.

The definition of dynamic algebra given below follows [84, 33].

Definition 9.0.3 A Dynamic Algebra, denoted by A’, is a single sorted T-algebra
(L,X). We write z and y for the variables, and 0. 1,p, q,7,s,t,d € T are the constants
of the theory. There is an associative multiplication operator . : L x L —» L, (we
write zy for z.y), which has unit 1 and absorbing element 0. The theory is equipped

!We will use this notation for a dynamic algebra in general.
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with an invoiution * : L — L and an exponential operator ! : L — L. The following

equations define the properties that we require.

0" =!(0)=0 1" =I(1)=1
0z =20=0 lr=zrl=r<
()" =!(r") (zy)" = y'z"

() = Hz)!(y) =!(zy)

Annihilation There are six constants to consider: p and q are the multiplicative
coefficients, r and s are the contraction coefficients, d is the dereliction coefficient,

and t is the side door coefficient. The following are the annihilation equations:

pr=qq=1 ¢p=pq=0
r'r=s"s=1 s'r=r"s=0

dd =1 t't=1
Communication The exponential coefficients (r, s, ¢, d) interact with the exponential
operator in the following manner.
Nz)r =rl(x) z)s = sl(x)

)t = t"(x) (r)d =dz

The terms built out of this theory are called monomials. To write polynomials we
need the notion of a sum of monomials. We denote this formal sum by + and give

the equations for it.

T+y=y+z r+0=z
(z+y)z = (zz + y=2) 2(z +y) = (2z + zy)
(z+y) =z"+y (z +y) =lz+ly

Definition 9.0.4 A dynamic situation S is a tuple (C, T, U, (—)*) where

1. Cis a traced UDC,

2. T : C — C is an additive functor,
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3. (=)* : C? — C is an additive functor which is strictly involutive and the

identity on objects,?
4. U is an object of C,

such that the following conditions hold:

¢ (C.T,U) forms a Gol Situation, with all the retractions of the form (f, f*),
e TU = U,
e T(=)"=(~)'T and ¢} = p; for all i € I and finite set I.3

Theorem 9.0.5 A dynamic situation S is a (sound) model of A*.

Proof. We let the carrier of the model be C(U, U). The constants of \* are interpreted
as follows: (see Definition 6.3.1, Chapter 6 for the morphisms used below)

[0] = Oyu where Oyy is the zero morphism of the £-Monoid C(U.L), [1] = 1y,
[p] = Ji, [q] = J2 [7] = ucytiv. [s] = ucriav, [t] = verT(v)r. [d] = uly.
[zv] = [z1[y]. [z*] = (=", ['z] = «T([z])v and the formal sum is interpreted
by the sum on the homset C(U,U).

We next verify the equations. Let u: 7U — U and v denote its inverse. In the
following, to simplify the notation we will use the convention of denoting [z] by z.
0* = 0, additivity of (-)* functor.

'(0) = uT'(0)v = 0, additivity of T.

1* =1, functoriality of (—)*.

'(1) = uT(1)v = uv = 1, functoriality of T and TU 2 U.

0z =20 =0, 0 is the zero morphism.

lz = z1 = z, 1 is the identity morphism.

Nz)* = (uT(z)v)" = v'T(z)*u* = uT(z*)v ='(z*), note that T is a *-functor and
uv = 1y and therefore v* = v and v* = wu.

(zy)* = y*z*, (=)" is a contravariant functor.

2A category C with such a functor is known as a *-category (42, 3].
3Such a functor T is called a *-functor [42].
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(£*)* = z. (=)" is an involutive functor.

lzly = uT (z)vuT (y)v = uT (zy)v =(zy), TU = U and T is a functor.

The annihilation equations:

p'p=jih =kiji = 1. kj = lpeu and hence k;j, = 15 and Ji = k.
0 = j3ja = kajo = 1. kj = 1p5 and hence kyjy = 15 and j3 = k.
q°p = Jjs1 = kaji = 0. kj = 1pgr and hence kyj; = 0.

p*q = jij2 = kijo =0, kj = lygy and hence k,j» = 0.

rir = (ueyv)t(ucyv) = (viijepu)(ucynv) = upicyvucy v

cicy = 1. and hence ¢}, = ¢},.

164

17 L; = A,

5%s = (ucytav)*(ucptav) = (viiscqu ) (ucytav) = UPaCyUUC LoV = 1. 1 = pa.

)
3°r = (ucytav)* (ucyi v) = upacyvucyr v = 0, note that pou = 0 by definition.

res = (ucyev)*(ucptav) = upicyvucyiav = 0, note that pyiy = 0 by definition.

d"d = (uly)*(uly) = lyvuly = 1. [l = 1 and hence I}, = I},.

t't = (ueyT(v)v)(ueyT(v)v) = ul(u)epvuesT(v)y = 1, eyey = 1 and hence
e = ey

The communication equations:

Nz)r = uT(z)vucye v

= ucy(T(z) ® T(x))t v, naturality of cy

= wucyuT(z)v, using the equation (T(z) ® T(z))t, = 1, T(z)

= (ucynv)(uT(z)v), vu =1

= rl(z).
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Nz)s = uT(x)vucyiyv
= ucy(T(z) ® T(x))iov, naturality of ¢
= ucytaT(z)v, using the equation (T(z) @ T(x))wy = 12T (x)
= (ucirpv)(uT(z)v). vu =1

= sl(z).

z)t = uT(z)vueyT(v)v
= ueyT(T(x))T (v)v, naturality of ey
= (uegT(v)e)(uT ()T (T(z))T(v)v), vu=1
= tuT (uT(r)v)v
= tul(!z)v

= .

Nr)d = uTl(z)vuly
= uT(;L‘)lU
= ulyz. naturality of [i;,

= dr.

T+ Yy =y+ , sum is commutative.

z + 0 = z, zero morphism is the neutral element of sum.

(z+y)z = (zz+yz) and 2(z +y) = (zz + zy), composition distributes over sum from
left and right.

(x+y)" =z" +y*, (—)* is an additive functor.

Nz +y) = uT(z + y)v = (uT(z)v)(uT(y)v) ='zly, T is an additive functor. O

Note that the formal sum in a dynamic algebra gets interpreted by a partial sum.
However, this is enough in all the applications as demonstrated in the case of the
small model in (88, 36].

The model discussed in the following proposition is known as the small model.
See [33, 99| for a discussion of the small model.
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Proposition 9.0.6 (PInj,Nx —~.N,(=)"!) is a dynamic situation.

Proof. We have already seen that PInj is a traced UDC and N x — is an additive
functor. Also in the previous chapter we showed that (PInj,N x —.N) is a Gol
Situation. The retraction morphisms u, v used in Nx N<N are actually isomorphisms.

Note that (—)~! is identity on objects and f~! is defined by
[Hy) =z iff f(z) =y

for f: X — Y. Clearly it is involutive. Let {f;}; be a summable family in
PlInj(X,Y’), note that the f; have pairwise disjoint domain and codomain and hence
S will have pairwise disjoint domain and codomain and hence { '} is 2 summable
family in PInj (Y. .X). Next. (35, fi)~'(y) = ¢ iff (¥, fi)(x) = y iff there exists
a j € I such that f(r) = y iff there exists a j € I such that f'(y) = z iff
(3, f7(y) = . for all y € Y and hence (—)~! is an additive functor.

Also, given f: X — Y. (Iy x f)7!(n.y) = (n/,z) iff (In x f)(n'. ) = (n,y) iff
n=n"and f(z) =y iff n = n’ and f~Y(y) = z iff (Iy x f~Y)(n,y) = (', z) for all
n € Nand y €Y. Hence N x — is a *-functor.

Finally, let X <Y (f,g). then f~'(y) = z iff f(z) = y iff g(y) = g(f(z)) = z, for
all y € Y', therefore f~! = g. We have thus proved something stronger than we need,

namely that all retractions are of the form (f, f~!). O

By using Hilb; as the underlying category, the functor ¢, and taking the (=)* to
be the adjoint operation we get the following result.

Proposition 9.0.7 (Hilb,, ,(N) ® —, ¢,(N), (=)*) is a dynamic situation.

Proof. We have already seen that Hilb, is a traced UDC and ¢5(N)® — is an additive
functor. Also in the previous chapter we showed that (Hilb,, £,(N)®—, £, (N)) is a Gol
Situation. The retraction morphisms u,v used in £(N) ® €3(N) <1 £5(N) are actually
isomorphisms. Recall that given f : H — K a bounded linear map between Hilbert
spaces H and K, f*: K — H is the unique map defined by:

<f'(z),y>=<z, f(y)>
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forr e Kand y € H.
Note that (—)* is identity on objects and strictly involutive. We will show that

given lo(f) : €a(Y) — 6(X), ba(f)" = b(f™!) for f : X — Y a partial injective

function.

<6(fMab> = S 6 a) ) b

reX

= Y a(z).L(H)()

reN
= <a, g?(f)(b)>

for a € €2(X) and b € £,(Y).

Additivity of (—)* follows from the additivity of €5 which was established in Chap-
ter 4.

[t is a standard result in Hilbert space theory that 13, = 1y and (f®g)" = f*®g"
for f: H— Kand g: H — K' and H K, H'. K’ Hilbert spaces. Therefore, given
6(f) : &(X) — B(Y), T(G(f)) = L 8 &) = (Lum 8 &) = T(6()"
Hence ¢5(N) ® — is a *-functor.

Finally, let 6:(.X) < €,(Y) (¢2(f). €2(g)), then €>(g)¢2(f) = 1 and hence fg = 1y,
since ¢; is a faithful functor. By the result in the previous example, f~! = g, and
therefore £5(f)* = &(f~") = ly(g).

Note that the latter result also holds in Hilb, that isif gf = 15 for f: H — K
and ¢ : K — H. then f is an isometric embedding and g = f*. See [16] for a
proof. O

This model corresponds to Girard’s original operator algebraic model, A*, for a

dynamic algebra presented in [47].

Proposition 9.0.8 (Rel:,N x — N,(-)"!) is a dynamic situation.
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Proof. We have already seen that Rel, is a traced UDC and N x — is an additive
functor. Also in the previous chapter we showed that (Rel,,N x —,N) is a Gol
Situation. The retraction morphisms u. v used in Nx NaN are actually isomorphisms.

Note that (=)' is identity on objects and R~! is defined by
(y.z) e R'Viff (z.y) € R

for R : XY — Y. Clearly it is involutive. Let {R;}; be a summable family in
Rel.(X.Y), all families in Rel, are summable hence, {R;'}; is 2 summable family.
Also, (y,z) € (UrR;)™! iff (z.y) € U/ R; iff there exists j € I such that (z.y) € R; iff
(y,z) € R]-'l iff (y.r) € UyR; " Hence (—)~! is an additive functor.

Also given R : X — Y, (n.y.n'.z) € (In x R)"Viff (n'.z.n.y) € 1y x R iff
n=n"and (zr,y) € Riff n =n' and (y,z) € R~V iff (n,y,n',z) € Iy x R~! for all
n.n' €N re€ X and y €Y. Hence (=)~} is a *-functor.

Note that it is not true in general that given a retraction XY <} (R.S), R~! = S.
In fact S C R~!. Nevertheless, it will be the case whenever R and S are partial
injective functions. Hence we can use the morphisms as in the case of PInj for the
retractions in the Gol Situation. In fact. we used these morphisms in showing that
(Rel,.N x ~,N) is a Gol Situation in the previous chapter. Also, note that quasi

injections and projections in Rel, are partial injective functions too.

O

We encounter examples (see below) which have the structure of a dynamic situ-
ation, save for the existence of a contravariant functor (—)*. It turns out that such
examples are also models of a dynamic algebra. However, in these examples we ex-
plicitly define an operation (—)*, a partial operation on the set of morphisms in the
category C which will be used to interpret (—)*. In the rest of this section we define

such structures that we call weak dynamic situations and give two examples.
Definition 9.0.9 A weak dynamic situation S is a tuple (C,T,U) where

1. Cis a traced UDC,

2. T : C — C is an additive functor,
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3. U is an object of C.

such that the following conditions hold:

o (C,T,U) forms a Gol Situation.
e TU=U.
Proposition 9.0.10 A weak dynamic situation S is a model of \".

Proof. Consider the set S = {Oyy, Ly, t1, L2, 1, P2, 1, Jo: k1, ko, u, v, ey, ey v, . cu, ¢y }-
ti:TU — TUQTU (1=1,2),p;: TURTU — TU (i = 1,2) and the rest of the
elements in S are the retraction morphisms of the given Gol Situation. We define an
operation (—)* on the elements of S, as follows: Oy = Opu, 1 = 1y} = py, 8 =
P2, P1 = L1, Py = 1o, J) = Ky, J3 = ka kY = 51, kS = o, ut = 0,00 = w el = ey, (e)y)® =
ev, Iy = ly, (ly)* = lv, ¢ = ¢ and (c};)* = ¢y. Clearly (f*)* = f for every f € S.
The operation (—)* can be extended to terms (finite words) generated on S using the
composition operation, by an inductive definition: (af)* = f*a* for any term a and
any f € S. We also define T(f)* = T(f*) forall f € S and (a + 3)* = a* + 3* for all
terms « and 3 provided all the sums exist.

The function [ -] is defined as in the proof of Proposition 9.0.5. for all the con-
stants and the binary operation -, and !. We define [z*] = [z]°. It follows that
[0*] = 0y, [1*] = 1y, etc. as in the proof of Proposition 9.0.5. Note that [z] is a
morphism in C built from the elements in the set S.

To complete the proof, we need to show that the relevant identities hold.
o [0°] = [0]* = 03y = Oyw = [0],
[*]=Mil" =1y =10 =[1],

[(@)*] = 1z1] and [(zy)*] = [y°z*] follow from the definition of (-)°.

[{@)°] = @T(1z1)v)* = v*T(121°)w" = uT(1]°)v = [1(z") ],

The annihilation equations hold, the proof is the same as in Proposition 9.0.5.

Finally, [(z +9)*] = ([z +y])* = (z1+[9])* = (21" +[v]" = [z ]+ [v*]-

O
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Proposition 9.0.11 (Pfn,N x - N) is a weak dynamic situation.

Proof. We know that Pfn is a PAC and hence a traced UDC and that T = N x —
is an additive functor.

We have also seen that (Pfn.N x -, N) is a Gol Situation, in Chapter 8. We use
the same retraction morphisms as those in Chapter 8. We also have N x N = N,

Cantor surjective pairing.

Let T : SRel — SRel be as in Section 8.5.
Proposition 9.0.12 (SRel.T.N®) is a weak dynamic situation.

Proof. We know that SRel is a PAC and hence a traced UDC and that T is an
additive functor.

We have also seen that (SRel, T.N*) is a Gol Situation. We use the same retrac-
tion morphisms as in Section 8.5. We need to show that TN® = N>,

Recall that u : N x N® — N* was defined by u((i,7), d) = d(i.77, A) and

u(i.7, e, Ai) = 0(7i. 4;). We have already seen in Chapter 8 that vu = Ly .

uv(i.fi, A)

/ (L 7). A)o(if, d(l, 7))
Nx N
- / w((l, @), A)8(7, d(i, 7))

Therefore TN>™ 22 N, O



Chapter 10
Full Completeness

In this chapter we construct a new class of models for the multiplicative fragment of
linear logic. These models are constructed on partially additive categories using the
Int construction of Joyal, Street and Verity and the double glueing construction of
Hyland and Tan. We prove full completeness for these models. We first discuss briefly
the full completeness problem and give a short historical account on the relevant work

in the literature.

10.1 Introduction

Completeness theorems establish connections between syntax and semantics of a logic.
Traditional completeness theorems are with respect to provability, whereas full com-
pleteness is with respect to proofs. This can be best explained in a categorical model
[78]. Let M be a categorical model of the formulas and proofs of a logic £. This
means that M is a category with an appropriate structure such that formulas of £
are interpreted as objects in M and proofs Il in £ of entailments A - B are inter-
preted by morphisms [I1] : [4] — [B]. Finally convertibility of proofs in £ with
respect to cut-elimination is soundly modeled by the equations between morphisms
holding in M. Traditional completeness theorems assert that M([A], [B]) # 0 im-
plies A F B is provable in the logic £ (= truth implies provability.) Let’s see this
point in more detail. As is well known, all traditional semantics (Tarski, Kripke,

171
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etc.) fit into the categorical logic framework [87]. Formulas are interpreted in the
subobject lattices in a model category M: we assume that subobject lattices have
sufficient structure to interpret the formulas of the logic £ in the sense of [87]. By the
soundness theorem. provability gets interpreted as “<”, i.e. if 4 - B is provable is £
then [A] v < [B].u in the appropriate subobject lattice. Conversely, completeness
says that if for all models M, [ 4], < [B]\ then A+ B is provable in £. View-
ing the subobject lattices as trivial (posetal) categories M, [A] ., < [ B[y means
M([[A].[B]) # 0. Thus, the completeness theorem reads as: if for all models M,
M([4],[B]) #0. then A+ B is provable in L.

Recall from [78] that the formulas of £ are objects in the free categorv F on £
and morphisms are equivalence classes of proofs. Also, let’s confine our attention
to a single model M. We say that M is complete for L if the unique free functor
(with respect to interpretation of the generators) [-] : F — M is weakly full.
Recall from [57] that [—] is weakly full if M([A],[B]) # 0. then F(4,B) # 0
(ie. A+ B is provable in £.) This version of completeness arose in Liuchli’s study
of Kripke semantics. Note that there is no functorial relation established at this
level. The notion of full completeness establishes such a functorial connection (103,
26]. We say that M is fully complete for L if for all formulas 4, B of L, every
morphism f in M([[4], [B]) is the denotation of some proof I of 4 + B in L:
f = [IT]. This amounts to asking that the unique free functor (with respect to any
interpretation of the generators) [—] : F — M be full. Here F is the free category
generated by the logic £. Thus, full completeness establishes a tight connection
between syntax and semantics compared to completeness. This connection can be
made even stronger by requiring that the functor [ ~] be faithful too. In other word,
a full faithful completeness theorem asserts that every morphism in M([[A], [B])
is the denotation of a unique proof of 4 + B. It is pointed out in [4], that the
idea is related to representation theorems in category theory [39], to full abstraction
theorems in programming language semantics [92, 97] and to studies of parametric
polymorphism [12, 65].

The term “full completeness” was coined by Abramsky and Jagadeesan in [4]
where they also proved full completeness for a game semantics of Multiplicative Linear
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Logic with the MIX rule (MLL + MIX). This was followed by a series of papers which
established full completeness results for a variety of models with respect to various
versions of MLL [64. 26, 27, 82, 83]. Recently Abramsky and Mellies [6] introduced a
new concurrent form of game semantics for linear logic and proved a full completeness
theorem for Multiplicative-Additive Linear Logic for this semantics. In this thesis
we will be mainly concerned with MLL and hence we will not further discuss this
latter work. However. we will give more detailed discussion of the work on MLL full
completeness theorems.

The idea that dinatural transformations could provide a semantics for proofs of a
logical system was first introduced in [12] in the programme called “functorial poly-
morphism” (see below). In this setting a formula is interpreted by a multivariant
functor: this is because atomic propositions can occur both positively and negatively
(e.g A ® A4t.) A dinatural transformation between multivariant functors provides the
interpretation for proofs. The problem with dinatural transformations is that they
do not compose in general to give a dinatural transformation (more on this below).
Girard, Scedrov and P. Scott [51] showed that a dinatural interpretation in the frame-
work of cartesian closed categories is sound with respect to intuitionistic logic without
the cut rule. Based on these ideas and results R. Blute and P. Scott [26] proved a
full completeness theorem for MLL + MIX using the *-autonomous category RT Vec
of reflexive topological vector spaces. Moreover, as a natural extension of this work
they proved a full completeness theorem for the multiplicative fragment of a variant
of noncommutative linear logic, Yetter's cyclic linear logic (CyLL) with the MIX rule
[27]. Hamano [54] has also proven a full completeness proof for MLL+MIX in the
*-autonomous category of topological vector spaces. He has been able to eliminate
the use of dinatural transformations and instead use a denotational semantics based
on the notion of “ Z-invariance”. See also [55].

There has also been a considerable body of work on full completeness theorems
for MLL in *-autonomous categories constructed from compact closed or symmetric
monoidal closed categories. Devarajan, Hughes, Plotkin and Pratt [37] prove a full
completeness theorem for MLL without MIX interpreted over binary logical transfor-
mations of Chu spaces over a two-letter alphabet Chu(Set, 2). The Chu construction
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[14], yields a *-autonomous category from a given symmetric monoidal closed cate-
gory.

Another important approach to full completeness theorems was introduced in
Tan’s PhD thesis [104] (summarised in Section 10.4 below.) Hyvland and Tan in-
troduced the double glueing construction which given a compact closed category
C constructs a *-autonomous category GC. The setting is the proofs as dinatural
transformations paradigm. This work is especially important as it has initiated a
systematic approach to the full completeness theorems for such categorical models.
Explicitly, Tan defines a compact closed full completeness and tries to reduce the full
completeness problem for GC to compact closed full completeness for C. The lifting
of compact closed full completeness to GC establishes the desired full completeness
result. Tan studies several examples: Rel,, FDVec, a category of Conway games and
topological vector spaces. She proves full completeness for MLL + MIX in these cat-
egories (with the exception of Rel, where she has the result for MLL without MIX).
However, the passage from compact closed full completeness to full completeness of
GC is not completely algorithmic. that is each case requires a different treatment.

In this chapter, we will construct categorical models for MLL+MIX based on
partially additive categories and prove full completeness theorems for such models.
The semantic setting we will be using is the functorial polymorphism of [12]. We
approach the full completeness problem in the framework provided by Hyland and
Tan that we explained briefly above.

More explicitly, we start with a partially additive category C and use the Int
construction of Joyal, Street and Verity (equivalently the Geometry of Interaction
construction G of Abramsky) that we discussed in Chapter 2 to get a compact closed
category IntC. We next prove compact closed full completeness for this category.
Finally, applying the double glueing construction of Hyland and Tan, we construct
a *-autonomous category G(IntC), which is a model of MLL + MIX. Finally, we
prove full completeness for MLL + MIX in G(IntC) by lifting compact closed full
completeness in Int C. This approach works for all partially additive categories in a
uniform way. Also, we show that we get full completeness in traced unique decompo-

sition categories. In this thesis we will only be concerned with full completeness for
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unit-free formulas.
We continue by discussing the functorial polymorphism setting which we will use

as our semantic setting.

10.2 Functorial Polymorphism

Functorial polymorphism will be the semantic setting we use in our categorical models.
Functorial polymorphism introduced in [12], provides a general categorical framework
for parametric polymorphic lambda calculus. In this setting, types are represented
by multivariant functors and terms by certain multivariant, i.e. dinatural transforma-
tions. This permits handling such fundamental issues as : (i) simultaneous co- and
contravariant (i.e, positive and negative) occurrences of type variables in type expres-
sions, and (ii) uniformity of algorithms intrinsic to polymorphic terms. The theory
was extended to linear logic in (23] and examined further in [51. 83]. Applications of
this framework for proving full completeness theorems for fragments of linear logic
can be found in (26, 27, 55, 37, 6, 104]. The fundamental problem in this framework is
that dinatural transformations do not compose in general [26, 6], however the dinats

corresponding to proofs do compose.

10.2.1 Dinatural Interpretation for MLL

Definition 10.2.1 Let C be a category and F,G : C* x (C?)" — C be mul-
tivariant functors. We write X for the list X, X5, -+ ,X,. A dinatural trans-

formation p : F — G is a family of C-morphisms p = {px : FIX,X) —



CHAPTER 10. FULL COMPLETENESS 176

G(X, X)|.X a list of objects in C} satisfving (for all f; : X; — }}):

As was discussed in Chapter 2. a model of MLL consists of a *-autonomous cate-
gory C. Following the methods of functorial polymorphism, we interpret formulas of

MLL as multivariant functors over such a category C, using the operations

(F® G)(4.

) =F(4, B)® G(4, B)

F*(4.B) = F(4.B)*

[

on n-ary multivariant functors F.G : C* x (C®)" — C. Here 4 and B are lists of
objects in C that occur co- and contravariantly respectively.

Next we give the interpretation for formulas of MLL.

Let ¢(ai1,---.a,) be an MLL formula built from the literals o, - - - ,an and
ai, -+ ,ay. To each such formula we associate its interpretation [{(p(al, . ,a,,)]] :
C* x (C?)* — C as follows:

L. If o(ay, - ,an) = @y, then [#](4, B) = A, the covariant projection functor
onto the 7th component of 4. We denote this functor by II;.

2. If p(ay, -+ ,an) = af, then [@](4, B) = B}, the linear negation of the con-
travariant projection onto the ith component of B, denoted II3.

3. lf g =1 @y, then ] = [¢1] ® [¢2]
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4. If o = o, then [¢] = [ei]
The connective %® is defined by De Morgan duality. For example,

[ar B a2](4142,BiBy) = |[(af ®af) ﬂ (4142, B, By)

L
= (al'®az 4142,3132))
([t l4142, B.B) @ [ad [ (A1 42, BB )

= (I (A142, BiBy) ® ITf (A1 Ay, By By)) ™
(Bi ® By)*

= B, % B,

= [e1](BiBy, AiAs) B [02](B1Ba, A414,)

Note the “twisted” order of arguments. We say that a functor is definable if it is
the interpretation of a formula in the logic or equivalently it is an interpretation of
an object in the free category representing the logic. A proof IT of I I" is interpreted
as a dinatural transformation from the constant 1 functor, Ky, to the multivariant
functor [T'] similarly to the interpretation in Chapter 2.

In accordance with our definition of interpretation as a functor from the free
category (free *-autonomous category in our case) to the model category we note the

following remarks.

Remark 10.2.2 A formula (e, -, ;) in MLL is an object F(X)=F(Xy, - ,X,)
in the free *-autonomous category F*({Xy,--, X,}) generated on n objects (see Sec-

tion 3 below). F(X) is built from X, -, X, and Xi, -+, X} using tensor and par

products.! A proof II of F ¢(ay,--- ,an) in MLL is a morphism from the unit of

tensor, 1, to the object F(X) in F*({Xy,---,X,}) (see Section 3 below.)

Remark 10.2.3 As explained above we interpret formulas of MLL as multivariant
functors and the proofs as dinatural transformations. However, multivariant func-

tors and dinatural transformations do not form a category, simply because dinatural

'We sometimes use F(X,X) to denote F(X), in particular when we want to emphasize the
functoriality of F.
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transformations do not in general compose to give dinatural transformations. How-
ever, those dinaturals that are denotations of cut-free proofs in MLL do compose. as
first shown in Girard. Scedrov. Scott [51], see also [23].

Ironically. this is the full completeness theorem that we are trving to prove. More-
over, full completeness also establishes the fact that the definable multivariant func-

*-autonomous category [23]. Therefore,

tors and dinatural transformations form a
nothing in lost by using one sided sequents instead of two sided ones that are used.

for example in [83].

10.3 Coherence and Free Monoidal Categories

Recall that a full completeness theorem asserts that a given morphism in the model
category is the denotation of a proof of the corresponding formula. In other words,
that such a morphism is the denotation of a certain morphism in the free category
representing the logic. We therefore need a description of the morphisms in a specified
free category. This is known as “the coherence problem” [25]. More precisely, the
logical approach to coherence initiated by Lambek in {76] via the equivalence between
the deductions in a deductive system and morphisms in a free category, can be used
to describe morphisms in a free category. For example, a morphism in the free *-
autonomous category (without units), can be interpreted as a proof-net [23]. As proof
nets are graphs satisfying a correctness criterion, they may be used to determine the
existence of morphisms in various free monoidal categories [25]. We will be dealing
with compact closed and *-autonomous categories. Hence, we next discuss the free
compact closed and *-autonomous categories generated on a set of objects. The

presentation in this section follows [104].

10.3.1 The free compact closed category

The description of the free compact closed category on a given category was given
by Kelly and Laplaza (73]. In this section we will look at the free compact closed
category F(.A) on a given discrete category: a set of objects A.
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The objects of F(A) are defined as follows:

e All objects in A are objects in F(A),

e [ is an object in F(A),

e If 4 is an object in F(A), then there is an object A* in F(A).

e If A and B are objects in F(A), then there is an object A ® B in F(A).

In addition to categorical structure, we require associativity morphisms,

@apc:A®BRC) — (A®B)®C; aijpe: (A®B)®C — A® (B®C),
morphisms for the unit 7,
pa AT — A: p;I A — AR,

a symmetry morphism

O'ABI.-{®B——>B®A,

and unit and counit morphisms
Na:l —ARA"; €4:4"0A — 1,

for all objects A4, B and C in F(A). We also require that given f : 4 — B and
g:C — D in F(A), there is a morphism f®¢g: A® C — B ® D. Finally, we
assert all naturality and coherence equations necessary for compact closed structure.

We will need the following definition.

Definition 10.3.1 For any object A in a traced symmetric monoidal category C we

define the dimension of A to be the endomorphism

dim(A) =Tr};(1;®14): [ — I
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Tan gives a definition for the dimension of an object in a compact closed cate-
gory. Our definition is more general and includes Tan’s definition: a compact closed
category is a traced symmetric monoidal category. For a compact closed category we

have:

dim(A): T 2% 4@ A" 2% 494 4.

In Rel. dim(@) = 0;, the empty relation, and dim(A) = 1; forall 4 # 0. In
FDVec, dim(V) is the dimension of the vector space V. In a partially additive
category, dim(A) = 1; = 0; for all 4, since I is the zero object. An object A with
dim(A) = 1, is said to have trivial dimension. So in a PAC all objects have trivial
dimensions. The Kelly-Mac Lane graph [74] of dim(4), for A in a compact closed
category is a “loop” passing through A and A*.

We now describe the morphisms in the free compact closed category JF(A). For
this purpose let F;(A) be the free compact closed category generated on a set of
objects A = {4;,---,A,} with trivial dimension. Now suppose F'(d;,---.A,) and
G(A1, -+, 4p) are objects in F,(A) built from 4, - cAn, AL AL called Lterals
using Q.

A morphism in F(A) from F(A, -+ . A,) to G(A,, - , An) is described by pair-

ing the occurrences of literals in the objects (formulas) F and G as follows:

e Each literal occurrence is paired with precisely one other literal occurrernce,

e An occurrence of A; (in F, say) may be paired with either an occurrence of A}
in the same formula (F), or with another occurrence of A; in the other formula

(G),

e An occurrence of A} may be paired with either an occurrence of A; in the same

formula, or with another occurrence of A; in the other formula.

Such identifications are just pre or post compositions with unit and counit mor-
phisms. For more details see [104]. Also notice that there are no “loops” in such

morphisms because all the generating objects have trivial dimension.
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Now a morphism F(A;,---.4,) — G(4,.--- .+4p) in F(A) is a morphisms in
F1(A) tensored with finitely many maps of the form dim(4;): I —» I.

The idea is that to construct a morphism in a free compact closed category, we
first ignore all the loops (by working with objects with trivial dimension) and form
all possible basic morphisms and next we add the loops to them (tensoring with
dim(4;).)

10.3.2 The free *-autonomous category

The description of the free *-autonomous category F*(A) on a set of objects A is
formulated in a tensor-par setting.
Given a set of objects A, the objects of F*(A) are defined as follows:

e All objects in A are objects in F*(A),
e 1is an object in F*(A),
e If 4 is an object in F*(.A), then there exists an object A+ in F(A),

e If 4 and B are objects in F*(.A), then there exist objects A® B and A % B in
F(A).

We also require the associativity. left and right unit and symmetry morphisms, the
two weak distribution natural transformations w* and w?® and the negation families n
and e (see Chapter 2). We assert the functoriality of tensor and par. and all naturality
and coherence conditions necessary for a *-autonomous structure.

Let F(X) = F(Xi,---,X,) be a unit-free object built from X,,--- , X, and
Xi,---, X} by tensor and par connectives. F(X) corresponds to a formula in MLL
and a proof - F/(X)) in MLL has a categorical interpretation in F* (X) as a morphism
1 — F(X) and conversely a morphism 1 — F(X) in F*(X) is the categorical
representation of a proof of F F(X) in MLL. Therefore, MLL proof nets can be
regarded as a graphical description of morphisms in the free *-autonomous category
[23].



CHAPTER 10. FULL COMPLETENESS 182

Finally. note that the free *-autonomous category supporting the MIX rule merelv
requires the addition of the unary MIX morphism m :L— 1 and the necessary

coherence equations (see Chapter 2.)

10.4 A Double Glueing Construction

The double glueing construction we recall here is due to Tan and Hyland. Given a
compact closed category, this construction produces a *-autonomous category which
makes distinction between tensor and par products. The motivation for this con-
struction lies in the work of Loader [82] on Linear Logical Predicates (LLP). See also
Hasegawa [60] for a more abstract treatment and generalisations of glueing construc-
tion.

The presentation here follows [104].

Let C = (C.®.1.(—)") be a compact closed category. Let H denote the covariant
hom functor C(1, -) : C — Set and A denote the contravariant functor C(—, I) =
C(I.(=)") :CP? — Set.

Define a new category, GC the glueing category of C, whose objects are triples

A = (JA]. A,, A;) where
e |A| is an object of C
o A, C H(|A]) =C(1, A). is a set of points of A,
o A, C K(|A|) =C(A,I) = C(I. 4%) is a set of copoints of A.

A morphism f : A — B in GC is a morphism f : |4] — |B| in C such that
Hf : Ay, — B;and Kf : B, — A,. Given f: A — Band g: B — C in GC,
the composite gf : | A] — |C] is induced by the morphism gf in C. The identity
morphism on A is given by the identity morphism on |A| in C.

We will denote the underlying object of A by A, etc. Given objects A and B we

define the tensor product as follows:

o | A®RB|=AQ®B
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o (A®B),={0®7|0c€A,Te€ B},
o (A® B), = GC(A, B).

where given A, A+ = (47, 4;, A,). We define 4 o B = (A®B*)*and A B B =
(At ®B*H)*.

Proposition 10.4.1 (Tan) For any compact closed category C, GC is a *-
autonomous category with tensor ® as above and unit 1 = (I, {id,},C(I.I)).

Remark 10.4.2 Note that GC is a nontrivial categorical model of MLL. That is,
the tensor and par products are always distinct. For example, (/,0,0) ® (/,0,0) =
(1,0.C(1,1)) while (1,0,0) ® (1,0.0) = (I,C(I,1),0).

Proposition 10.4.3 (Tan) GC supports the MIX rule iff C(I,I) = {1,}.

In a logical setting one can think of an object A, as an object A in C together
with a collection of proofs of A (the collection A,) and a collection of disproofs or

refutations of 4 (the collection A,.)

Proposition 10.4.4 (Tan) The forgetful functor U : GC — C preserves the *-
autonomous structure of GC. Furthermore, it has a right adjoint R : C — GC,
specified by RA = (A,C(I,4),0) and a left adjoint L : C — GC, specified by
LA =(4,0,C(I,4%)).

10.5 Approaching Full Completeness

Based on our earlier discussion, the full completeness problem for MLL in our set-
ting amounts to the following: Given a *-autonomous category C and a dinatural
transformation p : K; — [F] where 1 is the unit of tensor and [F] is a definable
multivariant functor, we would like to prove that p is induced by (is a denotation
of) a morphism 1 — F(X,X) in the free *-autonomous category on n objects
{X1,---,Xa}. We will be working with unit-free formulas and thus such a morphism

is described by the proof net of the formula F.
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The novelties in Tan’s thesis included the approach to this problem using model
*-autonomous categories which are the glueing of compact closed categories. That is.
GC with C a compact closed category. Now, there is a forgetful functor I’ : GC —
C as we saw in the previous section. The idea is that a dinatural transformation
p : Ky — F in GC induces a dinatural transformation Up : X; — UF in the
underlying compact closed category C and is completely determined by it. Note that
UF simply consists of tensor products. Then, Tan defines full completeness for a
compact closed category, in the same way, that is a dinatural ; — F must be the
denotation of a morphism I — F(X, X)) in the free compact closed category on n
objects (formal definition to be given later.) Now suppose one can prove compact
closed full completeness of C. Then proving full completeness of GC will be just the
lifting of this result to the level of GC. Therefore, the full completeness problem for
a certain class of *-autonomous categories (those that are glueings of compact closed

categories) is reduced to:

1. Proving full completeness for the underlying compact closed category,

2. Lifting the result to the *-autonomous category.
We proceed by reviewing the necessary formal definitions and theorems from [104].

Definition 10.5.1 Let C be a compact closed category. Then C satisfies compact
closed full completeness if every dinatural transformation p : K; — [F] (with
[F]: C x (C?)* — C), is induced by a morphism I — F(X, X) in the free

compact closed category on n objects X, -, X,.

Here is a useful observation about dinatural transformations in compact closed

categories.

Proposition 10.5.2 (Tan) Let C be a compact closed category, let F : C* x
(CP)* — C be a multivariant functor such that

FAA)ZA,8  04,04,0 04,
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(where p;, A; € {1,...,n} for all i) and let o be a collection of morphisms o4:1 —
F(A,4) in C. Define F~(d) = A, ® -+ @ Ay, and FF(4) = 4, ®---8 A, so

that each o4 is canonically equivalent to a morphism G, : F~(4) — F*(4).

Then, o is a dinatural transformation in C iff & is a natural transformation in C.

In view of this observation we can redefine compact closed full completeness as:

A compact closed category C satisfies compact closed full completeness
if every natural transformation [IF‘]] — [[F*ﬂ (with [[F‘H, [[F*]] :
C' — Q), is induced by a morphism F~(X) — F*(X) in the free

compact closed category on n objects.

Finally we need the essential result that will be used in lifting the full completeness
of C to GC.

Theorem 10.5.3 (Tan) Suppose that we have a multivariant functor F : (GC)* ®
(GCP)* — GC, such that p : Ky — F is a dinatural transformation in GC.
If Ay,... Ay By,....B,, objects in GC are such that UA; = UB; for all i, then
Upa=Upg.

This theorem tells us that if p is a dinatural transformation then all morphisms
p4 with identical objects U.A; are completely determined by the same underlying
arrow in C, independent of the choice of the sets (A;), and (A4;),. So, the dinatural
transformation p in GC is completely determined by the dinatural transformation
Upin C.

10.6 Full Completeness in Gol Models

We have used traced UDCs to provide a categorical model for the Gol interpretation.
In this section we use PACs to construct models of MLL. Recall that PACs are
traced UDCs, in particular they are traced symmetric monoidal categories. For any
PAC D, IntD is a compact closed category and hence G(IntD) is a *-autonomous
category. In this way we get a class of models for MLL+MIX. We will show that
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these models are fully complete for MLL+MIX. Our models support the MIX rule:
IntD(I, 1) = IntD((I,I).(I,I)) =D(I.I) = {1;}, then use Proposition 10.4.3.
Hereafter. D denotes a PAC and C denotes IntD.

10.6.1 Compact Closed Full Completeness

Definition 10.6.1 A sequent I is balanced if each propositional atom « occurs the
same number of times as does its linear negation a*.

The length of a sequent I is the number of occurrences of literals in T.

I[f ' has length p. then we can speak of the position where each literal occurs.
numbered 1 to p. If T is balanced. and hence p is even, then we can specify the axiom
links of a cut-free proof structure associated with I' by a map ¢ : {1,---,p} —
{1.--- .p} such that

o (i) # ¢ for all i, ¢ is fized-point-free,

e if a propositional atom a occurs in position ¢, then there is an occurrence of at

in position ¢(i),
e 2(i) =i for all i. v is an involution.

Thus a cut-free proof structure can be specified as (T, p), where T is a balanced
sequent of length p and  is a fixed-point-free involution on {1,-- - ,p} specifying the

axiom links.

Let F(X, X) be a formula of length p generated by X,,...X,, X{... X" using
®. As we saw earlier in this chapter, F(X, X) induces a multivariant functor [ F] :
C* x (C°?)* — C, which we will refer to as F. Also let ¢ : X; — F be a dinatural
transformation from constant I functor to F. We can canonically transform o into a
natural transformation 6 : F~ — F'* (see Section 4). Suppose that the component
of o at A is given by 04 : [ — F(A4, A) where F(4,4) = Agi ®---® 42; with
& € {1,---,n} and ¢; € {1,%}, (A} is read as 4;). Alsolet N = {i|¢; = *} and
P = {i|¢; = 1}. The component of & at A is of the form G4 : F~(4) — F*(A)
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where
Frd)=4,,® - ® 4\, F+(i)=_.1m®...®,lm
with A, p; € {1,2,--- .n}. Therefore [N| = m and |P| =l

Lemma 10.6.2 Let 6 : F~ — F~ be a natural transformation as cbove. Then each

type variable that occurs in F~ must also occur in F*.

Proof. Suppose A; occurs £ > 0 times in F~(4) and does not occur in F*(4). That
is, there exist iy,1s,... i for some k < m such that \;, = \;, = ... = Ai, =t for
some i € {1,---,n}. By instantiatingg at [---J4;J---Tand I---IB;I--- I, we get

that the following diagram must commute for all f : 4; — B;.

A® -®4; 74 I
f®--0f 1y
oB
Bz® ®Bx — [

Hence, 64 =6p(f ®--- @ f). Here 6p(f @ -+ ® f) = Tr®5B. M. (®¢A denotes the
tensor product of k£ copies of 4), where M is given below and 4, = (4}. A7) and

Af 47 B; B
fa f22 A7
0 . 0 0 . 0 :
fa1 fa2 A7
Giifu 0 Gwkfu Gikfiz oo Guufiz | BF
Okafir -0 Okxfun Gkifrz - Grafiz | BY

Let f be the morphism with all components zero, i.e. f;; =0 for 7,5 = 1,2. Then

we conclude that G4 = O where 0 is the zero matrix. Now, since 64 = 55(f®---® f)
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for all f: A, — B,, we conclude that f,; = 0, contradicting the fact that & is a
natural transformation. The case of k occurrences of 4; in F*(A) and zero occurrence

in £~ (4) is completely symmetric. -

Lemma 10.6.3 Let 6 : F~ — F™ be a natural transformation as above. Then each

type variable that occurs in F~ must also occur in F* with the same multiplicity.

Proof. Suppose 4, occurs k times in F~(4) and 0 < s < k times in F*(4). That
is. there exist i;,45.... .4 for some & < m such that Ay = Ay = o=, =4
Also suppose that there exist jj, js, ... ,j, such that Bjy = Kjy = ... = p;, = 1. By
instantiatingg at /--- A, J---Tand I---IB;I---] we get that the following diagram

must commute for all f : 4; — B,.

k - s
e —— e em——, |
4,80 4, 74 4,0 - 4
f@--9f f® --®f
Bi®...®Bi — Bi®"‘®Bz’
h_\k,_.z o N ——

Here (f® - ® f)64 =Tr®4 M and 6p(f®---® f) = Tr®5B7 A’ with matrices
M and M’ given below. Note that 6, and &g have the same components as & is a

natural transformation.
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A
1+ + - -~ - -
fui6y, [0 fiz fufiesr fuGiess | BT
: : 0 0 : :
= ~ ~ - +
f1105.1 f1Gsk fi2 fi10s k41 fuibsk+s | B;
Ts+1,1 Os+lk Os+1k+1 Os+lk+s A7
&s+k.1 5s+k,k &s+k.k+l &s+k.k+3 -'11-
f10s.1 fa10sk  fao f2105 k+1 faGskas | AT
0 0
f2101,1 f2101k f2 fa01k+1 faGipes | AT
M':
+ 1+ - - - -
4] A B; B; B] B;
~ - - ~ ~ - +
a1 fu a1k fu1 C1k+1 Ol k+s Ul.kfrz a1 fiz B,
- - - - - - +
as1fu Oskfi1 Os.k+1 Tsk+s Gskfr2 Gs1 fr12 Bi
fa [ A7
0 0 0 0
fa fa2 A7
Gs+1,0f11 Ostihf1l Osalkst Ostlk+s Os+iefi2 Os+1.1f12 | B
Os+k,1f11 Ost+kkf11  Ostkk+1 Ostkk+s Osikif12 Gssknfiz | B

Let f be the morphism with all components zero, then from the equation TrM =
TrM' above with

we get By =0 and B; = 0 and hence &, is of the form [

M=

0 0 o
B, 0 Bsg
0 0 O

M =

0 B, 0
0 0 0
0 B, 0

C, o

Owe C,

58
} where



CHAPTER 10.
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Cl = - .
Cs—1,1 Os—12
&s.l 0-5._’

Note that A; = (4. 47) and B; = (B, B;) for A7

Ok

)

&s—l,k

5s.k J
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and C4 =

Cst1,k+1

Os+2,k+1

Os+kk+1

T !

Ost1.k+2

Os+2.k+2

Ttk k+2

190

Ts+1,k+s

Os+2,k+s

Os+k.k+s

A7, B and B objects in

D. Now let 47 = A and B} = B; and f be the twist, that is fuir = fa2 =0 and

fi2 = fa1 = 1. We get the following equations from Tr(M)=Tr(M').

Os+1k+10s1 + -+ + Ospt krsF11

Ostlk+10s k-1 + -+ Os+1.k+sT1 k-1

Ostlh+10sk + -+ + Fgit kasO1k

Ostkk+10s,1 + = + FgikktsO1.1

&3+k,k+l5s.k + oo+ &s+k,k+sal,k

Il

0

We can express these equations in a matricial form which we will call a (k,s)-

system:
[ Ol k+1
.’kaglv_:xk — 5s+2,k+1
| Ostkk+1
= antidiag(l, - - -

Os+1,k+2

Os+2,k+2

log s+kk+2

!1)

Ts41.k+s

Us+2,k+s

&s+k,k+s ]

-

Ok |

In other words R¥CY¥' =1forj=k—i+1and Oelse, fori =1, --- k. We use RN
and C’Jfv to denote the ith row and the jth column of NV respectively.

This gives us k x k equations each having s summands. Solutions to such equations

if they exist are 0 or 1 because the instantiation of & at [---I yields matrices with
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entries in I(/,I) = {1;} = {0;}. Instantiation at other objects will distinguish
between 0's and 1's. We will prove by induction that this system of equations is
inconsistent. First. consider a (2. 1)-system, that is k¥ = 2 and s = 1. Then we will

have the following set of equations:

Ga301) =0
033012 =10
G301 = 1
53,351,1 =1

Clearly this set of equations is inconsistent since from the third and the fourth
equations, we conclude that 33 = 6,5 = §,,) = &35 = 1 contradicting the first and
the second equations. We refer to these equations as the Base System and we say
that the tuple (&y,,,8)2,23,533) satisfies the Base System.

Consider a (k,1)-system with k& > 1. These systems form the basis step of the

induction. The equations are given by:

I Tstlk+l -
| Os+kk+1 |
Therefore, we get Gor1k+100k = 1,00r2k+100k-1 = 1,Gs41441054-1 = 0 and

Os+2,k+10sk = 0 and hence (Gsx—1,0sk, Tss1k+1,Tseakst) Satisfies the base system
and hence the (k, 1)-system is inconsistent for all £ > 1.
Now consider a general (k, s)-system with & > s and s > 1. There are k equations

with RHS equal to 1. Consider the equation RYC} =1, more explicitly
&s+1,k+l&s,k + 6s+1.k+2&s—1,k +--+ 6s+1,lc+s&l,lc =1

we will prove that none of the s summands in this equation can be 1 and hence they
are all zero but then we get 0 +0 +---+0 = 0 = 1 a contradiction and hence
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the (k, s)-system will be inconsistent. Suppose Os+1k+t0s—t+14 = 1 for an arbitrary

t € {1,---,s}, we show that Ossjk+tTs—t+1k—j+1 = 0 for all j = 2,--- k. Let

- - _ - . . NAN

Os+jk+t0s—t+1k~j+1 = 1 for some j € {2,--- k}, then using equations R Ck—]+l =
4 - - -~ -

0 and RNCY' = 0 we have 41 4+1Gs—tr14_j+1 = O and Gsijk+tFs—te1e = 0 and

therefore the tuple (Gs—t1k—j41. Os—ts1ks Tstlkte, Torjhee) Satisfies the base system.
Removing Ry’ and C}¥ from matrix N and R} and C}' from matrix V' we get two
new matrices Ly'xy and Ly, where k' = k~1and s’ = s~ 1. Note that RFCY =1
for j = &' —i+1and 0 else, for: = 1,--- k', because RN, CN" = 1for j = k—i
and QO else, fori=1.--- k-1, thus L and L' form a (k — 1, s — 1)-system which by
induction hypothesis is inconsistent and hence we conclude that Os+1 k+tTs—ts16 = 0.
As t was chosen arbitrarily we conclude that all the summands in the equation RNCY

are zero. The case of 0 < k < s is completely symmetric. O

Proposition 10.6.4 Let F(X,X) be an MLL formula of length p generated by

tivariant functor on C. Ifo : K; — [F] is a dinatural transformation, then F is

balanced.

Proof. In Lemma 10.6.2 above we have proven that every propositional atom occur-
ring on one side also occurs on the other side. Also in Lemma 10.6.3 we have shown
that the multiplicity of occurrences of any propositional atom must be the same on

both sides. Hence it follows that F is balanced.
]

Theorem 10.6.5 G : F~ — F* is a permutation on the tensor factors, i.e. Ga:

B
F=(A) — F*(A) is of the form [ 01 ] where B, and B, are permutation

4
matrices and By = B! and the permutation § € S,, induced by B, satisfies p; = Ags)
fori=1,--- ,m. Here (-)! denotes matriz transposition obtained by reflection across

antidiagonal elements.

Proof. Let 6 : F~ — F* be a natural transformation in C, that is the following

diagram commutes:
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T4
A ® @Ay, =4, ® -®4,,
f/\1®"'®f/\m fu1®"'®fﬂm
o dp ‘
B/\lw"'WB/\m __.B‘“ ®...®B“m
Apn B-®A; _ - . _
Hence. we have Trum “‘(-V)-(fm®"'®fum) 4=08(fu ® - ® fu.)=
B- ®---®B- .
TrBm® ®8y (\f '} where M and M’ are given below.
M:
+ . * » + - o o » - 1 e . -
‘4/\1 A m B#m Bux Anm "1;41
Bl = B = n Bl = M1 = +
1oLt 1191m 12 S Olme 11 01,2m Bm
o .-~ 0 : :
fm = tm = " Bm = Hm = +
fil"Gm. i Omm [l il Omms fi" Fm.am B,‘m
5'm+l.l 5'm+l,m 5'm+1,m+1 &rrz+l.2m < :\.m
0 .
(}Qm.l (}'Zm,m &21n,m+l (}2m.2m - :\-l
Bm = Hm = " Hm = Hm = -
21 Om.l 2 Omm  fao" 21 Imm+1 21 Om.2m AL
0 : :
[y Bl = w1 = Bl = =
fai o, 21 91,m 21 Olm+1 f21G12m AL
.’\'[’I
+ + - - - -
A'\l ‘4/\m BI‘m Bl‘l Am At
p A = A =~ - = A = A1 +
a11fi Timfil" O1,m+1 012m Cimfio a1 S Bm
= oA . Y < ~ . A I +
Um,lfu Um,mfum Om,m+1 Om.2m O'm,mfmm Um,1f12 Bpm
Am /\m -
21 22 “*Am
0 0 0 0 :
AL Al -
21 22 At
. A < Am = - - A = A -
Um+l,1f111 . Um+1,mf11m Om+1,m+1 Om+1,2m Um+l.mf12m Um+l.1f12 Am
- A - A - = = A - A -
Oamafit - Gommfil®  Foamm+r Omam  Oammfig Gam,1 f12 AL
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By instantiating at fy = fi
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=0for k.l =12foralli=1,-- ,m and using

.. t 0
Tr(M)=Tr(M'). we conclude that &4 is of the form: where
0 B,
+ -+ +
"1/\1 .‘1/\2 Tt '-1/\m
& gy 7 4*
1,1 1.2 T1,m A
By = 631 Gap -+ Gom | Af,
~ = = 1+
Omi Om2 "'° Omm -'1;;,“
AL S AL
Om+lm+l  Tmtlme2 Om+t2m | Ay
By = Gmiam+1 Oms2ms2 Om+22m | Ay
&'Zm.m-H 5".’m.m+2 &2m.2m '1:1
e 1+ — 4= + _ p- A e Ao A
Next, let AT = A} and By = By and f* be the twist, i.e. f)} = f33 =0 and
3= fy =1foralli=1,--- . m. Similarly for Ay, By, and fA fori=1,---,m.
We get the following system of equations:
System I:
- 1. ) -
O1,m 01,1 Om+1.m+1 Om+1,2m
O2.m G2,1 Om+2,m+1 Om+2,2m .
NN' = = antidiag(l,1,---,1)
&m.m 5m.1 J &Qm.m-i-l &Qm,2m

that is, we have R,NC'JN' =1lforj=m-i+1landOelse, fori=1,---.m.

System II:
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- - -
Om+lm+l """ Om+12m ( Om.1 *° Omm
0.'m+2,m+l T &m+2.2m &m—l,l T 5m—1.m .
PP =] ' ) ] = antidiag(l,1.--- . 1)
5"’m m+1 5"’m 2m J Ul 1 51m ]
thatlsRPC'P—lforj—m—/+1and0elbe fori=1.---.m.

The rest of the proof consists of several steps:

Step 1: We show that B, = B‘l, that is, 6, ; = Gom+1—j2m+1-: fOri.j=m+1,m+

2.---,2m. Note that (—)* denotes the matrix transposition which is obtained by

reflection across the antidiagonal entries.

e case I: &;; = 1,0um+1~j2m+1—; = 0. Note that Rf_me' =0forallk=1,---.m,

k #2m —j+1 4,; =1 implies that &34 1 = 0 for k& # 2m — i + 1. however

Tom—j+12m— ,-+1 = 0 is given. Therefore, RJP_' =0 and RY _ el = RJPLm = 0 giving

Ry, .CN . =0. a contradiction.

o case 2: G;; = 0,69m+1-j2m+1-i = 1. Note that RY _ H,[C,iv' =0forallk=1.---.m

k #i—m. Gan-jsram-i+1 = 1 implies ;. = 0 for all k # j, but 5,, = 0 is given,

hence RY, =0.and RF = RN =0giving R? ,CF . =0.a contradiction.
Hence B, = B!.

Step 2: There are no all-zero rows or columns in B, or B,.

The ith row of B, is equal to R,N in reverse order, hence it cannot be all zero

since RNCN

m—i+

hence it cannot be all zero since RL,,_.CF' =1.

The statement is trivially true for By as B, = B!.
Step 3: In B, and B, every row and column has exactly one 1. Suppose any two

; = 1. Also the jth column of B, is equal to CJP' in reverse order and

elements on the ith row of B are 1: 6;; =6, = 1 for k # j with¢,j5,k € {1,--- ,m}.
The ith row of B, = Rf_,,, and hence C? —i+1 = 0. For example, suppose &, =
O1m = 1, then using system II we see that all the elements on the last column of P
are zero by just using the fact that &,; = 1. Also Gom 2m = 0 because &, , = 1. Note
that CE_.,, = CB4, | =0, a contradiction.

Also let any two elements on the jth column of B, be both 1; 6;; = Gx; = 1
for ¢ # k with i,j,k € {1,---,m}. The jth column of B, = C¥ m—j+1 and hence
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RN

m—j1+
As By = Bj, the statement follows for B,.

Therefore. B, and B, are permutation matrices. Let § € S be the permutation

B , i
1 =0.and as R;* .., = R | we get a contradiction.

induced by B\, that is d(¢) = j iff 5;; = 1. Then we have Gij : .-1;'1 — 47 =1and
T .-1;} =1and thus 4 = A, = (AZ,A;}) =(4;.47) =
A, foralli=1.--- . m.

O

We can view the natural transformation &4 : F~(4) — F*(4) as matching Arse)

to 4, foralli=1.---,m. Hence we have:

Corollary 10.6.6 (Full Completeness in C) Every natural transformation & -
F~ — F* in C is induced by a unique morphism F~(X) — F*(X) in the free

compact closed category on n objects X1, - -, X, with trivial dimension.

Note that all objects in C have trivial dimension, i.e. dim(A) = 1; for all objects
Ain C, since C(I.I) = D(I,I) = {1,}. Therefore, the restriction on dimension can

be removed: it is tensoring with finitely many 1; maps, which have no effect. Thus

Corollary 10.6.7 (Full Completeness in C) Every natural transformation & :
F~ — F7* in C is induced by a morphism F~(X) — F*(X) in the free com-

pact closed category on n objects X.--- , X,.
Note that this is a weaker result than Corollary 10.6.6, because we lose uniqueness.

Theorem 10.6.8 Suppose that o is a dinatural transformation in C from K; to the

multivariant functor F'. Then there ezists a fized-point-free involution o on {1,---,p}
such that £y = &, Cp) # Gi-

Proof. The permutation ¢ associated with the natural transformation & identifies
occurrences of Ag, in F'~(A) with occurrences of A¢, in F*(4). We will use & to
define the permutation ¢ on {1,---,p} which will be associated with the dinatural

transformation ¢. By a previous theorem we know that F is balanced. Write N =
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{i1,i2,-- .im} and P = {j,.--- .Jm} where N = {i|(; = *} and P = {i|(; = 1}.
that is vV and P contain the indices of the negative and positive occurrences of
propositional atoms respectively. Note that NV and P have the same cardinality
because F' is balanced. Also assume that &, = A\, and €, = i for k = 1.--- .m.
Recall that ¢ € S,,, the permutation induced by &, matches Axgyy to Ay, thus
&, = &, and similarly, $is—ty = Sus forallk=1,--. 'm.

Define p(ix) = js-1(xy and p(ji) = isk) forallk =1,--- ,m. Then
20) = ¢lfs-1m) = ik 2Uk) = wlisw) = Ji

for all k£, hence y is an involution. Also, » maps N to P and vice versa. and so
C‘g(i) # g', Finally, f»p(ik) = EJ';—l(,,, = f,'k and E‘P(jk) = &6(&) = f]k forallk=1..-- .m.

a

In view of this theorem we see that o determines a unique set of axiom links
and hence a unique MLL proof structure for the formula F. In the next section we
will show that this proof structure is indeed a proof net. That is. we need to check
the Danos-Regnier correctness criterion. However, as C(/, ) = D(I. [ ) = {1;}, GC

satisfies the MIX rule and hence we need only check the acyclicity condition.

10.6.2 Full Completeness in GC

Given a dinatural transformation p: Ky — F in GC, we have the specification
of a unique proof structure because we have the formula F and the axiom links are
given by the fixed-point free involution ¢ induced by the dinatural transformation
Up in the underlying compact closed category C = I nt(D). We show that this proof
structure is indeed a proof net. For this purpose we only need to prove acyclicity as

our category GC satisfies the MIX rule.

Lemma 10.6.9 Let F(X, X) = Fi (X, X)9F (X, X) be an object in the free compact
closed category onn objects Xy, - - - . X, with trivial dimension andT : [ —» F(X,X)
be a morphism. Suppose also that the induced fized-point free involution ¢ does not
make a matching between formulas in F; and those in F, then T = [y ® Ty where
[l — Fi(X,X) and T, : I — Fy(X, X).



CHAPTER 10. FULL COMPLETENESS 198

Proof. T induces a fixed-point-free involution ¢ on F(X,.X) which consists of a pair
(@1, ¥2) of fixed-point-free involutions on F(X, X) and Fp(X, X ) respectively and
hence there are unique morphisms I} : /| — Fi(X, X)and 5 : [ — FE(X.X)
which correspond to @, and ¢, respectively. Therefore, [, ® T, is a morphism in
the free category corresponding to ;. however such a morphism is unique and hence

F=’F1®rg. d

Theorem 10.6.10 (Acyclicity) Suppose that p is a dinatural transformation in
GC from the constant functor K, to F. Consider the unique proof structure as-

sociated with p. Then for any DR-switching, the associated DR-graph is acyclic.

Proof. Suppose that for a certain DR-switching, the associated DR-graph contains a
cycle. Express the shortest cvcle as lower connected pairs (a;.0,), - . (a,,b,) where
9(b;) = a;4, for all i € Z,. Recall that a lower connected pair in a proof structure is
a pair of formulas that are connected with paths not traversing any axiom links (82,
83]. Using the weak distributivity natural transformations, binary MIX morphisms
and associativity and commutativity natural transformations for par and tensor we
transform the given dinatural transformation p into 5 : K; — F such that the cycle

is preserved. where g4 :1 — F(A, A) and
FAA) =T4B (AN @AD) B -3 (AL @ AL)
The procedure is as follows (see also [104] and [4]):

e If a fragment of F has the form A®(B ® C), and A and B are lower connected,
then the switching must have assigned left to the par-link in question. In this

case, we compose p with a natural transformation built from w% .,

e If 4 and C are lower connected, then the switching must have assigned right to
the par-link. In this case, we compose with a natural transformation built from
R
WaBCH

e We apply binary MIX, commutativity and associativity, whenever necessary to

separate out each lower connected pair.
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Consider the test object A = (4. {04-4+}, {04+4-}) where 4 = (4*, A~) £ (I,])
and A" = A~. Hence A* = A. Put 4; = Afori=1,---,n. In what follows there
is no need to put (_ superscripts as A = A+, however we have included these for
clarity.

Notice that U(p4) = fi ® fo,

firl—Ty and fo:] — (A @AM)®@ - @ (A% @ 4%)

because the part in F(A, A) consisting of par product of tensored pairs is closed
under the axiom link matchings induced by any dinatural transformation. Therefore.
we have that f, must lift to a morphism in GC from 1 to (A% @ A% ) % ... B
(_ACu,- R _ACb,)
Hence f, € (A% ® A‘bx) B (Al @ A%)),.

(A @AN) R ... 3 (A‘ar ® A%r)), =

(A @ A% )L © - - @ (A%r @ AWr) L), =

GC((A% @ ACbx) ® @ (A%r-1 @ A1)t (A ® A<br))

Now consider ((A% @A)t . @ (A%r-1 @ A%-1)L), = {01® - -®0,_, | 0; €
(A% @ At}

Notice that (A% ® A%)L = (A% @ A%), = GC(A, A) and hence 1, € (4% ®
A%:); and therefore 1, ® - ® 1, € (A% @ A% )L @ -+ @ (A%r-1 @ A%--1)1),

r—1 times

On the other hand, (A% @ A%-), = {0}.
Now by definition, f, 0 a € (A%r ® A%r), = {0} for all @ € ((A%: @ A% )L
-+ @ (A%r-1 @ A% -1)1), and hence f, = 0 which yields a contradiction because such
a morphism cannot induce any axiom links.
Thus assuming the existence of a cycle in the proof structure and hence 5 we have
obtained a contradiction and hence a dinatural transformation like 5 cannot exist and

therefore the proof structure contains no cycles.

(-

Theorem 10.6.11 (Full completeness in GC) Every dinatural transformation in
GC from the constant functor Ky to the multivariant functor F is the denotation

of e unique cut-free proof in MLL of the formula F, and is therefore induced by a
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unique morphism 1 — F(X, X) in the free *-autonomous category on n objects
-\'lr -X"Z’ T ‘Yn-

The techniques that we have used in the proof of the last theorem are general
enough to cover the case where D is a traced UDC. Observe that D(/, ]) = {1;} in any
UDC D. Note that by coherence axioms we have p; = \; and hence (17.0/] = [Or, 1/]

and thus 0; = 1,. This also implies that [ is a zero object. Thus we have:

Theorem 10.6.12 Let D be a traced UDC. Then, every dinatural transformation in
GInt(D) from the constant functor K, to the multivariant functor F is the denotation
of a unique cut-free proof in MLL of the formula F, and is therefore induced by a
unique morphism 1 — F(X,X) in the free *-autonomous category on n objects
A ST CTERRIN, ¢

Hence. in particular, we have full completeness for MLL+MIX in the *-
autonomous categories constructed from PInj and Hilb,.

We conclude this chapter by stating a negative result for the class of categories GC
with C = Int(D) and D a PAC. Suppose we choose to use the traditional categorical
semantics framework [78]. That is. formulas of MLL are objects in GC and proofs

are morphisms. Then we show that GC fails to be fully complete for MLL.

Theorem 10.6.13 Let D be a PAC and C = Int(D), interpret the formulas of MLL
as objects in GC and the proofs as morphisms. Then, GC is not fully complete for
MLL.

Proof. Let A = (4, A, A;) be an object in GC with 4 = (A, A7) and AT = A4-.
Also, let A, = A, = {14+}. Note that A ® A~ is not an MLL provable formula. We
show that there exists amap f:1 — AQ® AL. Let f: ] — A ® A* be Latga+-
Recall that 1, = {1} and therefore fa = f € (A ® AL), for all @ € 1,. Recall that
(A® AY), = GC(A, A) and hence (A® AL), # 0. To conclude the proof, we need to
show that 8f = 1; for all 8 € (A ® A*),, but 8f : I — [ in C and C(I, I) = {1,},
therefore 5f = 1 and thus 3f € 1, for all 5 € (4 ® AL),. -
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Conclusions and Further Work

In this thesis we studied Girard’s Gol programme 4 la Abramskv and showed how
to construct models of computation (combinatory algebras) based on a Gol Situa-
tion. We also showed that the construction can be generalised to obtain combinatory
algebras from a weak linear category.

The combinatory algebras we obtain in this way are highly intensional and further
research is required in the direction of extensional reflections of these models by
considering the type structure (of modest sets or partial equivalence relations) they
induce. This line of research is important for theoretical computer science in that
it provides models of fine-structural features of computation and optimal reduction
strategies for A-calculus.

In particular, we studied the dataflow computational aspects of Abramsky’s pro-
gramme. We showed that UDCs are a suitable categorical framework for such a
computational analysis. Furthermore, such categories were used to construct cate-
gorical models of dynamic algebras. This way we have the means of analysing the
dynamics of information flow in proof nets in a categorical setting. We also showed
that Danos’ small model and Girard’s operator algebraic models are instances of
dynamic situations.

The geometry of interaction provides a suitable semantic basis for explaining and

improving Lamping’s optimal graph-reduction implementation of the A-calculus. The
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connections have been explained in [53]. The investigation of connections and rela-
tions between optimal reduction strategies and geometry of interaction offers ideas for
efficient and correct implementations. An exciting research direction is the application
of the ideas in this thesis to the analysis of optimal reduction strategies. In particular
recent work of Asperti and Mairson [10] offers interesting examples amenable to the
token pushing analysis developed in this thesis. We intend to examine this further in
future research work.

An important issue is to relate the nilpotency criterion in Girard’s formulation
to properties of sums that we obtain in our UDC-based models. We expect to get a
characterisation for strongly normalising terms of untyped lambda calculus.

We intend to further study the models of linear logic and implementations of
Gol based on categories that appear in functional analysis, for example categories
of Banarh spaces such as Ban, of real Banach spaces and linear maps with norm
less than or equal to 1 and Ban,, of real Banach spaces and linear bounded maps.
This would help to provide a functional analytic analysis of combinators in particular
and g-reduction in general and to deepen our understanding of cut elimination/proof
normalisation processes by making use of techniques and structures in the theory of
operator algebras. In particular the ideas used in the construction of Hilb, can be
generalised using the theory of fields of Hilbert spaces.

More interestingly, we encounter a partial trace operator (3] for Hilb. The ex-
istence conditions for trace when related to the properties of A-terms is expected to
shed new light on the mathematical analysis of 3-reduction.

Another one of the models that I study in my thesis, namely SRel, establishes
a connection with probabilistic networks. The study of feedback in probabilistic
networks has many potential applications in queueing and network theory. Also such
models provide a continuous semantics for programming in contrast to many extant
discrete models.

Another important direction is iteration theories, more specifically we have used
partially additive categories as the main categorical models. We also showed that
PACs possess an iteration operation which is used to define a trace operator. There

are therefore several connections to iteration theories that can yield new applications
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for iteration theories on the one hand and on the other hand the extensive and well
developed literature on iteration theories can enrich our understanding of geometry
of interaction, Kleene *-algebras. etc.

Finally. we showed how to construct models of MLL, i.e. *-autonomous categories
based on PACs. We made use of the Int and double glueing constructions to get such
models. We also proved that such models are fully complete for MLL+MIX.

A major problem is to extend full completeness to different fragments of linear
logic (e.g. additives. exponentials.) Game-theoretical models have recently become a
major tool in this area. We intend to unify these models with the ones studied in this
thesis. Current results by several research groups around the world appear amenable
to an abstract and axiomatic approach which is yet to be developed. First steps
towards such an approach were taken by Hyland, Abramsky and their colleagues
and students. Recently Abramskv and Mellies announced a novel game-theoretic
full completeness result for the multiplicative and additive fragment of linear logic.

Current work aims to give new non-game-theoretic fully complete models.
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Diagrams for Trace Axioms

Figure 31: Dinaturality in U

204
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X ¥
—_ - x Y
I AN S S
! / i

— .
— J— v —
udv u® v I — v v
Figure 33: Vanishing II
_ e W I z
X ¥ = X 4
! /

Figure 35: Yanking
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Derivation of Gol Combinators

We give a brief summary of our graphical notation in Figure 36. In this figure:
(i) identity morphism. 1y
(ii) symmetry morphism, oyy
(iii) tensor product, f®g¢: Y ®\' —- Y @Y
(iv) trace. Tr{ ,(f): XY — ¥V’

(v) composition. gf : (X*.X~) — (Z*.Z7). where f : (X*, X~) — (Y*,Y")
and g: (Y*.Y") — (Z2+.27)

(vi) transposition, A(f) : (X*.X7) — (Y*,Y~) — (Z2*,Z"), where f :
(Xt X))o (YHY") — (27,27)

(v) evaluation, ev: ((Y*,Y~) = (Z*.Z7)) @ (Y*+,Y") — (Z+,2")

206
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(Vl) (V)

Z" ¢ Z
//
y / y’
r" Y
z/ .
Z
(vii)

Figure 36: Summary of the graphical notation
In the figures for the combinators, an arrow between two figures means that the
figure on the left is reduced to the one on the right using the rules of the graphical

calculus. The captions for all diagrams are given below.

e Combinator 7, rA(1y)

e Combinator B
(i) b=ev(l @ ev)
(i) A3(b)

(iii) 7(1 —o r)(s —o (s —o 7))A3(b)
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e Combinator C
(i) (ev®1)(1®0)
(ii) c=ev(er @ 1)(1 R o)
(iii) \3(c)
(iv) r{s = rj{(1 —o s) —o (1 = r)).\%(c)
e Combinator A

(i) k = 1v ® weaky

(i) A%(k)

(iii) (1 —o (g —o 1))A%(k), fx = vwpwhv
)

(iv) r(1 - r)(1 —o (g = 1))\?*(k)

e Combinator W’
(i) w = ev(ev ® 1)(1 @ cony-)
(i) A%(w)

(iif) ((p —o (p = 1)) = 1)(1 —o (g - 1))A%(w),

fw =ucy(v @), gw = (v ® u)cyv
(iv) (1 o 5) = r)((p— (p o 1)) = 1)(1 ~o (g — 1))A*(w)
(v) r(s = 1)((1 - 5) = r)((p —o (p = 1)) = 1)(1 —o (g ~0 1))A%(w)
e Combinator D
(i) d = ev(1® dery)
(i) A%(d)
(iii) (1 o 7)(s —o (¢ — 1))A%(d), fp = uly, gp = lyv

e Combinator &

(i) (1 —o!p)A(dv)
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(ii) (¢ = p)(1 —<'p)A(dv). f5 = ueyT(v)v. g5 = uT(u)e, v
(iii) r(g —o p)(1 —o!p)A(dv-)

e Combinator F

T

L= |
=R /{ _ i<
—ik

Figure 37: Combinator
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U Uv—
U U—e
U U\
U, U
U U \
U U
—_— L! ILI ree
U U
U v—-
— v U
U U
\ U U
| U U
|
(i)
U, U U U U Jou [ U U
U U U U U U U U
U U U U U —a U U U .U
U U u__ . U U__ .U U U U
U U U>< U U U U U U
U U U U L/:::><::; U U U U

(ii)
Figure 38: Combinator B
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k J

k
—Jx k J
k J

(iit)
Figure 39: Combinator B
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(i)

Figure 40: Combinator C

U U
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U U
4
/
U U
d
U U
U, U
\
u-Y v
\\_U__—

(ii)

U v U U U U U U
U U U U U U——=U u
U U U U, U U U u
U U U U U U U U
u U U j U (/;;Eijg;;;; U 7
U u L/:::>’<:::l/ L/j::>x<::: U U U

(iii)
Figure 41: Combinator C
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(iv)
Figure 42: Combinator C
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U U U——=U
TU U><U ,TU
v TU“UI b v
— i,
(i)
U U—aU U—aU U

U_._\ U
—— !
TU —{*] TU
= TU~{ "] —
—~u “y |
1% U
U U
v U
U U
V
U U v/ v
U u><u v

(iii)

Figure 43: Combinator K
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144 \ 4]
f \1/ L
r t '}IK! /\
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|
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{iv)

Figure 44: Combinator K
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U v
\ f

U —~ \ TU

TU U

TU U

v U
o

TLX TU U

U U

TU TU

TU U

(i)

Figure 453: Combinator W’
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(iii)

Figure 46: Combinator W
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fiv)

Figure 47: Combinator W
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(v}

Figure 48: Combinator W'
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[A]
o
—

(t)

TU U

U—d!

U// U TU [U‘
sy
U TU U

][]

(ii)

Figure 49: Combinator D
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N
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¢ =
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1 '

(iii)
Figure 50: Combinator D
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TU

TU

(i)

Ty, JTve | TU
L U]

o
[S)
[JX]

TU r—.‘ ¢ U" Tu ! U——-—.! v, TV.'eU,'ll X
U vie , 0 Tusu

(ii)
Figure 51: Combinator §
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[SV]
(]
e

(iii)

Figure 52: Combinator &

TU? 7 TU
v
U

TU TU
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w_ — TU
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TU TU —
\(: —y

ru\< TU v == ) TU>< U TU

ru-'/ ru><ru 3 j TU TU TU*

(it)

Figure 53: Combinator F



APPENDIX B. DERIVATION OF GOI COMBINATORS

i T o

—E—

(iti)

(iv)

Figure 54: Combinator F
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(v)

Figure 35: Combinator F

[SV)



Appendix C

Reduction to Normal Forms

Recall the equations for the combinators:

[.r =1

Ber.y-z = x-(y-2).
C.r-y-z = x.2.y.
Werly = r.ty.ly.
D.z.ly = zr.y.
ooz = Nz,

Faz-ly =1(z-y).

- "[ x | —-E x i—~
L_r : reduces 1o

Figure 56: Identity Combinator I
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.{——. :\:l_‘: reduces to f - !"' ¥
| |

)
Is

U
/4

\ » [ ety R
— reduces to ‘ {—-

Figure 58: Exchange Combinator C

reduces to

Figure 59: Weakening Combinator K

x
/, Wi ‘l reduces to £

Figure 60: Contraction Combinator W
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i 1

. "
l —— / ~1 reduces to x __{z :
| ! ; x |
=y — e ~ i ,

}

|-
o

Figure 61: Dereliction Combinator D

b s ———
v
'—@/ ——-{‘E‘-—. reduces to —itt 2

Figure 62: Comultiplication Combinator &

1
CF 1y
'
reduces to Hxy)
8
F v

— |

Figure 63: Functoriality Combinator F

[ )
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