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SET LOGIC FOUNDATION OF CARRIER COMPUTING
ABSTRACT

Set logic algebra (SLA) is a special case of multiple-valued logic algebra. As an ultra
higher-valued logic system, a set-valued logic (SVL) system offers a potential and an essentiai
solution to the interconnection problems that occur in highly parallel VL.SI systems. The
fundamental concept inherent to a SVL system is multiplex computing or logic values
multiplexing: which means the simultaneous transmission of logic values. This basic concept
enables the realization of superchips free from interconnection problems. Parallel processing
with multiplexable information carriers makes possible to construct large-scale highly parallel
system with reduced interconnections. Since the multiplexing of logic values increases the
information density, several binary functions can be executed in parallel in a single module.
Therefore a great reduction of interconnections can be achieved using optimal multiplexing
scheme. Possible approaches to the implementation of the SVL system are based on frequencies
multiplexing, waves multiplexing and molecules multiplexing, and are called carrier computing
systems. Our research focuses on the study of completeness properties in SLA under
compositions with union (V), intersection (M) and complement (-) functions. More precisely,
the question is what kind of set logic functions can be constructed from given set of functions
which includes v, M, and _, i.e. whether any set logic function can be constructed from such
set. We classify the set logic functions according to their ability to participate in a base
(complete irredundant sets of functions) and describe all bases once the classification is done.
We develop also some algorithms (programs) for classification and enuiaeration of functions and
bases, which are very useful for a general completeness analysis.



INTRODUCTION

Motivations

A r-valued set logic is the logic of functions mapping n-tuples of subsets into subsets over r
values. Such functions are called set logic functions or set-valued functions, Completeness
properties for set logic functions are of great interest to engineers because of recent applications
in the design of carrier computing models. This topic presents a special interest for engineers
who develop new high-radix logical circuits based on f{requency, biological or optical
computing, called carrier computing. During last several years a number of engineers working
in the design of switching circuits became interested in using biological molecuiar, optical or
high-frequency switching elements in order to create simpler and more economical circuits
especially suitable for parallel computing. Their research on biological molecular computing,
that is computing based on matching of enzymes (the biological catalysts) and their choice of
reactants called substrata, suggest the interest of studying set-valued functions and switching
devices. Starting from the needs of these designers the class of bic-algebras were introduced as
a class of primal algebras, that is capable of model romputations done by bio-circuits. Functions
implemented by these circuits are defined on the sets of subsets of finite sets and range over
similar sets of subsets and, in general, are non Boolean (that is, are not polynomials of the
Boolean algebra of all subsets of a set). So, the subsets of the set of Boolean set-valued
functions are not complete, that is, they cannot express or produce all the set-valued functions.
On the other hand, Boolean set-valued functions (which are a small fraction of the collection of
set-valued functions) are very important set-valued functions, because they can be realized using

binary standard electronic circuitry. It is shown that r-valued set logic is isomorphic to 2f-
valued logic.

Let U denote the set of all n-place (set logic) functions {(n = 1) ranging over a set V of k
values and with all valves in V. The set U is called the set of n-ary operations on V in universal
algebras and the set of n-place functions of k-valued logic in the propositional calculus of k-
valued logic. Consider a subset F of U. The functions from F can be combined by attaching
values (outputs) of certains functions to variables (inputs) of certain functions in an arbitrary
way so that we obtain a single value and no feedback is created. This single value defines a
unique function f of external variables to which no value of F functions is attached. We say that
f is a composition (in the ordinary sense) of F functions. The closure of F is the set of all
compositions of F functions and is denoted by [F]. The set F is complete in U if {F] = U, or
equivalently if each function from U is a composition of F functions. A complete set F is a buasc



of U if it does not contain any complete proper subset. The unique function of a complete
singleton set F is called a Sheffer function for U. More formal definition and description of
these concepts will be given in section 1.4.

The closure [C] of the set C = {v, M, ~, constants}, also denoted by BF, is referred to as
the set of Boolean set logic functions with constants. The closure [B] of the set B = {v, M, 7}
is referred to as the set of Boolean set logic functions without constants (the constants are not
involved in the compositions of B functions). Consider any subset S of C and a subset F of non
Boolean functions from U. It is well known that S is not complete, that is |S] # U. However,
Boolean functions are convenient choice as building blocks in the design of carrier computing
circuits; they are considered to be very cheap elements, i.. they are usually obtained with small
cost considering the complexity of their implementation versus that of non Boolean functions. A
variation of the definition of completeness is then the concept of complete with S functions,
abbreviated S-complete, which assumes that for composition besides a F function one can freely
utilize S functions. More precisely, a subset F of U is S-complete in U if F U S is complete in
U. In some literature, the notions of Boolean completeness or weak completeness are used,
with the same meaning as S-completeness (for [S] containing Boolean functions). The concept
of S-completeness brings new interesting questions on the properties of S itself. For instance,
given two distinct subsets of C, they may lead exactly or approximately to the same S-
completeness criteria, and the subset with the smallest cardinality is probably the most
interesting for engineers who develop efficient carrier computing chips or circuits. There are
many others questions.

The notions of C-completeness and B-completeness of a set F of non Boolean set logic
functions were introduced. The C-completeness (B-completeness) of F is defined as the
completeness once all C functions (B functions, resp.) are added to F. Previous researches gave
full description of C-maximal sets and B-maximal sets, C-bases and C-Sheffer functions for the
case two-valued and three-valued set logic. Our thesis tends to be a continuation of these
previous researches. We were also motivated by the possibility to apply computer in
completeness problem, which is a new approach while previous results in this domain were
obtained mostly by mathematical means.

Contributions

Our research focuses on the classification and enumeration of functions and bases of two-
valued and three-valued set logic under compositions with B functions.



. We collect from distinct literatures important studies relevant to the design of carrier
computing systems. We obtain a survey of all known results in set logic. We first mention
results in completeness theory (functional completeness, S-completeness and Boolean
completeness). Second, we describe a class of primal algebras called bio-algebras that model
biological molecular computing. Finally, we discuss results in approximation theory.

. We develop algorithms for classification of (set logic) functions, for enumeration of bases (in
set logic) and for generation of Boolean (set logic) functions. These algorithims are very
useful for the study of completeness properties (of set logic).

. Using our algorithms, we give computational results on classification of one-place functions
and enumeration of bases (containing one-place functions) of two-valued and three-valued sct
logic under compositions with C functions. The results or classification of functions agrec
with theoretical results mentioned in [D1,S3]. The results on enumeration of (classes of) C-
bases are new.

. We discuss some classification and enumeration problems in r-valued set logic. B-maximal
sets are maximal sets containing all B functions. We give the number of n-place functions in
each B-maximal set and find some properties of intersections of B-maximal sets in r-valued
set logic. These properties are used to classify ail r-valued set logic functions according to
the B-maximal sets they belong to, and also to enumerate the B-Sheffer functions and the
(classes of) B-bases in r-valued set logic.

. Our main contributions are the followings. We prove, computationally and theoretically, that
there are 8 and 200 classes of functions respectively in two-valued and three-valued sct logic
under B functions compositions. For each class of functions we give a one-place example
function and its total number of one-place set logic functions.

. We find an upper bound on the number of n-place [B] functions (i.e. Boolean functions
without constants) in r-valued set logic.

. We study the B-Sheffer functions, i.e. non Boolean set logic functions from singleton sets
that are complete and irredundant under compositions with B functions. We find the number
of n-place B-Sheffer functions of two-valued set logic and give a lower bound and an upper
bound on the number of n-place B-Sheffer functions of three-valued set logic.



8. We enumerate all the (classes of) B-bases containing one-place functions of two valued and
three-valued set logic, and find that the maximum rank of a B-base is 3 and 7 for r =2 andr =

3, respectively.

The contributions !, 2 and 3 are made solely by the thesis author. All others contributions
are obtained jointly with Pr. C. Reischer and Pr. I. Stojmenovic and are reported in a paper
submitted for publication [N1].



CHAPTER I
SET LOGIC ALGEBRA

1.1. Concept of set logic

The works on carrier computing suggested the interest to study set logic functions and the
complexity of their implementation using Boolean and non Boolean switching devices. Set logic
algebra (SLA) is a special class of multiple-valued logic algebra. It was proposed first as a new
foundation of the biological molecular computing in [A7]. More formal algebraic aspects of
SLA has been studied in [B2,D1,D2,N1,R1,R2,583,54,T1].

We consider the set R = {eg, ey, ..., €1} as the set of fundamental values. The carrier
computing circuits operate on the power set of R, i.e. the set of all subsets of R we denote by 2R
= {X !X cR}. Anelement X € 2R is called a logic set. Thus, if R contains r logic values then
2R contains 2' logic sets. The basic operations over 2R are the set-theoretic union (L),
intersection (M) and complemant () operations. It is well known that 2R is a Boolean algebra
2R, @, R, U, M, ] when equipped with these three set-theoretic operations.

Mathematically, the SLA is based on the isomorphism relationship between the Boolean
algebras [BF, 0, 1, +, -, '] and [2R, &, R, U, N, ]. Bris the Cartesian product of r 2-elements
Boolean algebras B = {0, 1}. A carrier computing circuit can be described as a set logic
function of n variables, which is a mapping

f: 2Ry 5 2R

that map n-tuples of subsets of R into a subset of R. The set of all such functions is referred to
as r-valued set logic. The number of n-place set logic functions is quite considerable: there are
(20" such functions [A7]. As the radix r increases, this number becomes enormously farge.
For example, for n = | and r = 2 there are 256 functions while for n = | and r = 3 we find
16777216 such one-place functions.

A small fraction of these functions are Boolean functions, that is functions that can be
constructed from constants and variables, using union, intersection and complementation. The
number of n-place r-valued Boolean functions of set logic is (212" (see section 11.4). For
instance, for r = 2 and r = 3 we find 16 and 64 (resp.) one-place Boolean set logic functions.



1.2. Set logic algebra as a class of multiple-valued logic algebra

Another way of looking to set logic functions is considering them as functions over a logic
with 27 values which provides a rich collection of functions over logic with very high radix. We
shall see that there are certain computational advantages in adopting this dual point of view.

Consider the following situation arising in the synthesis of switching circuits. We have
certain basic elements called gates. Each gate has one or several inputs and a single output. The
gate receives signals on the inputs and transforms them into the output signal. For simplicity we
assume that all signals belong to the same finite set denoted by Ly = {0, 1, ..., k- 1}, k2 1. The
functioning of the gate can be described by the assignment of the output value f(x} to every
ordered n-tuple X = (X1, ..., X,) of input values. Thus the gate realizes a function f of n variables
ranging in the finite set Ly with values in L. In other words f maps the cartesian power Lk" (of
all ordered n-tuples of elements of Ly) into Ly. Denote by Pi(n) the set of all such functions.
Thus Py(n) consists of [Pi(n}l = kk" functions. The set Py (n) is called the set of n-ary operations
on Ly in universal algebras and the set of n-ary functions of k-valued logic in multiple-valued
logic algebras. The set of n-place k-valued logic functions f: L," — Ly is denoted by Py(n).
The union of P(n) forn=1, 2, ..., is denoted by Py.

As discussed in [S3], every r-valued set logic function can be regarded as a k-valued logic
function for k = 2, as follows. Without loss of generality we may use characteristic binary
vectors to represent the elements of 2R as binary numbers. A subset X € 2R is represented as
binary number XgX;...X;.nX..; determined by x; = 1 if and only ife; € X, fori=0, 1, ., r- 1.
Next, X is mapped into the natural number x which has binary representation X;_jX_o...X1Xg, i.e.
x = 20-1x. | + 272% 5 + ... + 2X| + Xg. We also refer to X;, i=r1- 1, ..., 0 as the i-th coordinate
of x.

For instance, for r = 2 we have R = {eg, ¢,} and the elements of 2{°" ®1! are represented in
the following way:

SetX Binary x,x,, Decimat x
2 0o 0
tea 01 L
{e)) 10 2
tew e 11 3



The operations \u, N and  are represented by the following tables.

[ - BERS)

W= a C
[N S I
W) e o e
WO W N
[ TCR TR
Wk = o T
oo oo e
_— e O e
oD D N
PR

e 19 = D

In general, X Uy = u and x N y = v are determined by u; = max(x;, y;) and v; = min(x;, y;)
fori=0,1,..,r-1,while X =k - 1 - x. We reier to these functions as union, intersection and
complement functions in Py, k = 2T. For example, forr =3 (i.e. k=8) we have 3u 5 =011 U
101 = (QUDIUO)(1U)=111=7,3 N 5=011 N 101 = (0N1)(1M0)(IN1) =001 = | and 3=
011=100=4=8-1-3.

L3. Boolean set logic functions

The set of Boolean set logic functions is denoted by BF or [C] and contains all functions
obtained from the set C = {U, N, , g, €[, ..., Ck.1} by composition (where c; is the constant
function i). The set of Boolean functions constructed from the set B = {U, N, —} is denoted by
[B] (constants are not involved in their composition). Also, let BF,(n) be the set of all Boolean
n-place functions in Py. The number of such functions is [BFy(n)i = k2" where k = 27, For
example [BF4(1)l = 16, IBFg(2)l = 4096. [C] ([B]) is also referred to as the set of Boolean
functions with constants (without constants, resp.).

The symmetric difference over 2R will be denoted by ® and is defined as X @ Y = (X\ Y) U
(YAX). IfX, Ye 2R then X0 =R, X! =X and XY = X n Y. As it was observed in [R7],
pp.37, a (set logic) function b is Boolean if and only if it can be written as

b(Xp, oo Xp) = 3, AP XM Xn
TR

ip, e ig 1 n
(

for every X1, ..., X, € 2R, where A?l . are constants of 2R while the sum is extended over

» I

all binary numbers ij...i (i.e. ij € {0, 1} for | <j< n) between 0 and 21 - 1. In the above

formula, the sum represents the extension of @. For the case n = 2, for example, the indices
range between 0 and 3 and we have
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Almost all set logic functions are non Boolean. That is they are not polynomials of the
Boolean algebra of 2R, since they cannot be written in the canonical polynomial form.
Therefore, we cannot construct all the set logic functions from any subset of C by composition,
i.e. subsets of Boolean set logic functions are not complete. On the other hand, Boolean set
logic functions are very cheap functions. In switching circuits usually the Boolean functions are
at our disposal at small cost, i.e. they can be realized using binary standard electronic circuitry.

If the elements of 2R are represented as binary numbers, then if X, y € Ly, x @ y is
determined by w; = 0if x; =y; and w; = 1 if x; #y;, fori=0, .., r- 1. We refer to this operation
as the exclusive or operation in Py, k = 2f. 'We have the following table forr = 2.

LI - ]
WM e DS
R WO —
[ — RO SRy ¥
D o B W W

If x, y € L, then we write xy = X My (operation in Py). Therefore, a (set logic) function b is
Boolean if and only if it can be written as

Lo na Xi] ...Xim [R7]

b(xy, s Xp) = 29 @ Zin---im i

where ag and a; ; are constants of L, while the sum is extended over all subsets {i}, ..., i} of
m distinct indices from the set {1, ..., n}. The sum represents the extension of the operation @
over Ly. The coefficientsagand a; _; are uniquely determined by the function b. For instance,
b(xy, X7) = ag @ a x| © ayXy ® ajox(X,. This canonical polynomial form is sometime called the
Rudeanu formula or the Zhegalkin polynomial.



1.4. Completeness and approximation properties in set logic

Completeness and approximation properties in set logic are of great importance to designers

of carrier computing systems because they allow the reduction of the implementation complexity
of the carrier computing circuits.

1.4.a. Completeness properties

Investigations of completeness and related topics, which are usually called functional
completeness problems are directly related to logic circuit design, and they have a wide area of
applications in addition to their mathematical importance.

The compositions of functions from a set F of (set logic) functions are precisely the functions
that can be realized by combinatorial switching or logic circuits constructed from gates with
transformation functions from F. A gate is of type f (or realizes f) if it transforms any input (x|,
X7, <y Xp)» ¥j € Ly, into a single output f{(xy, Xy, ..., X;) depending on X;, Xy, ..., Xy only. Thus
the type of a gate is completely described by a single function of n variables ranging over Ly and
with alt values in L. Consider a collection of gates of type f; € Py. These gates can be
combined into logic circuits by attaching outputs of certain gates to inputs of certain gates in an
arbitrary way so that the resulting circuit has a single output and no feedback is created. This
means that the single output of such a circuit defines a unique function f € Py of external inpats
to which no gate is connected. This function can be described as the composition {or
superposition) of the fj's.

The compositions includes permuting variables in a function, identifying two variables, and
replacing variables by functions from F. If the functions from F are treated as circuits then the
composition is the creation of new circuits by using the output of some circuits as input to other
ones, where it is allowed to use multiple copies of same output or to permute input wires. The
closure of F is denoted by [F] and contains all compositions of functions from F. It is natural to
ask the following question: What are the properties of [F] ?

A subset F of Py is said to be closed if it contains all compositions (or superpositions) of its
members [J1,R3], i.e. if the formation of composition does not lead outside F, or equivalently, if
[F] = F. More precisely, for f € P, m-ary and g € Py n-ary put s := m+ n - | and define the s-
ary h=f * g by setting (for instance)

10



h(xj, X9, -y Xg) 1= f(8(X1, X2, -os Xp)s Xpg1s -0 Xg) (substitute (X1, ..., X} by g(X[, -..s Xp))

for all xq, X5, ..., Xg € Ly. Further, for m > 1 put (for instance)

(CH(X1, X2, -os Xm) = F(X2, X3, o0y X X1)s (shift operation),
(TO(X [, K25 <o Xp) = £(Xg, X1, X3, s Xp)s (permute x4 and Xxp),
(AD(X |, X, X3, «s Xpp) 2= £(X1, X4 X3, o0y Xpy) (replace x5 by X1)

for all Xy, ..., Xy € Ly and {f = Tf = Af = £ for f unary (m = 1). Now F is closed if f * g, {f, f
and Af € F whenever f, g € F. It is well known that the set of all closed sets ordered by
inclusion is an algebraic lattice.

For closed sets F such that F ¢ Py (proper inclusion), F is a Py-maximal set if there is no
closed set G such that F < G < Py (i.e. P, covers F in the set of closed sets ordered by <). That
is F cannot be properly extended to a closed subset G of Py.

The first and most natural problem is the characterization of subsets F of Py such that [F] =
P,. Such sets are called (functionally) complete in Py. The algebras {Ly, F) with F complete in
P, are called primal algebras. Thus F is complete if and only if any function of Py can be
realized by a circuit constructed exclusively from gates realizing functions from F. That is, a
subset F of Py is complete in Py if Py is the least closed set containing F (in other words, if the
functions in F can produce by composition any function in Py).

A complete set F in Py is called a base of Py if no proper subset of F is complete in Py The
rank of a base is the number of its elements. A function f is Sheffer for Py if {f} is a base (of
rank 1) of Py.

Unfortunately, it is well known that the Boolean algebra on 2R say [2R, &, R, U, N, —] is
not functionatly complete except for the case r = 1. That is, for r 2 2 we cannot produce all the
(2@ get logic functions using only the U, M,  and the constants functions. In order to
achieve the functional completeness in set logic, non Boolean set logic functions are added to
some set S of Boolean set logic functions. Example of complete sets with constants over 2R are
discussed in literature such as the sets {, , Conversion} [M1], {u, \ or Bio-Pass, Generation
or Bio-Output, _ } [A3], and {U, n, Literal} [Y2]. All the (21)(2D" set logic functions can then
be expressed using only the operators of one of these complete sets. The Conversion, Bio-Pass,
Bio-Output and Literal functions are given respectively by
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X%= T{Jo(g;), 0: R - 2R,
g,eX

BP(X, Y)=X\Y,

BOCX, Y) = X ifY=@ ’
) otherwise

?

AXB_ R fAcXcB
& otherwise

for all A, B, X, Y € 2R. We will discuss details on these functions in sections 111.3, I11.4 and
IV.S.

L.4.b. Approximation properties

The approximation properties offer the possibility of building hybrid circuits, that is circuits
that use binary electronic components and non-binary carrier computing components which
correspond to Boolean and non Boolean functions, respectively.

If f is a one-place Boolean (set logic) function then, forany X, Y € 2R we have
f(X)YefY)cXBY.

Indeed, there exist A, B € 2R such that f(X) = A ® BX, for every X € 2R. This, in turn implies
X)DY)=A®BXQASBY=BX®Y)cX @Y, forany X, Y € 2R, This property of
Boolean function was obtained in [S1] and generalized in [R7].

A function F € Py (1) generates an equivalence ~g on 2R, Namely, whenever (F(X) @ F(W)
< X @® W if and only if F(Y) ® FW) c Y ® W) for every W € 2R, then X ~g Y. The
equivalence class of X with respect to ~p will be denoted by {X]g. The equivalence classes of
the quotient set 2R/~ are exactly those sets on which we can approximate the set logic function
F by Boolean functions [R1] (see section IV.6.a). Let F, G € Pi(1). F and G are equivalent if

the one-place set logic function h given by h(X) = F(X) & G(X) is a Boolean function. We
denote this by F=G.

12



{T1] introduced the notion of Boolean collection which appears to play a role in the
approximation of non Boolean set logic functions by Boolean set logic functions. A non empty
collection of sets C < (2R)n is a Boolean collection if there exists a Boolean set logic function f
such that C = Cy where Cs = {X e (2R)" | f(X) = @}.

Any singleton set {L} is a Boolean collection, where L € 2R since (L} = Cy, where f(X) =X
@ L for X € 2R, The set (2R)" is a Boolean collection defined by the Boolean set logic function
£(X{, ..., X,) = D for Xj, ..., X, € 2R. Note that for any set H € 2R and any Boolean set logic
function f the collection C = {X € (2R)" [ f(X) = H} is Boolean since we can write C = {X €
2R | g(X) = @}, where g is a set logic function given by g(X) = f(X) ®H for all X € (2R)".

The set of Boolean collections on (2R)n is closed with respect to intersection. Indeed, if f, g
are two Boolean set logic functions, it is easy to verify that Cy n Cg =Csy, o where (f W g)(X)

= f(X) v g(X) for every X € (2R This allows for the consideration of the least Boolean
collections that contains an arbitrary collection of sets. Also, note that if f, g are two Boolean
set logic functions, then their equalizing collection Cy_ o = {X € R f(X) = g(X)} isalso a
Boolean collection since Cy - ¢ = Cra g where (f @ g)(X) = f{(X) ® g(X) forevery X € 2R,

i3



CHAPTER 11
CARRIER COMPUTING

I1.1. Introduction

Interconnection problems are recognized to be a basic limitation in the present-day VLSI
systems.  VLSI circuit technology has seen rapid advancement resulting in dramatic
improvements in both performance and cost per function of integrated circuit. Significant
evolution in processing and design methodology has led to an increase in chip density and
complexity, such that in complex VLSI systems, interconnections cause serious problems such
as noises, added delay and power consumption. This is because the effective chip area devoted
to device interconnects far exceeds that occupied by active devices; chip area and chip size are
mostly dominated by wiring rather than active devices. Chip cost, performance and speed are
determined by interconnect delay and area. Therefore, minimal and local interconnections
become an essential factor for an effective realization of VLSI circuits [A2]. However, many
computationally demanding problems for high speed VLSI applications (such as intelligent robot
contro! or high speed image processing for instance) require global interconnections inherently
to perform tasks in highly parallel way. It is reported in [A2] that in general, such highly parallel
processing architectures with large-scale interconnection network, require almost Q(n?) wire

area for n processing elements. Consequently, this results in serious interconnection
bottlenecks.

A solution to the above-mentioned problems is to implement the concept of multiplex
computing which reduces the number of interconnections by passing more information through
the signal lines, i.e. increasing the information density. The term multiplex computing implics
that many independent computational activities are stuffed into a single line, and performed in
peralle] based on multiplex data transmission. A typical example of multiplex computing in
conventional VLSI architecture is the use of more than 2 levels of logic, namely, the multiple-
valued logic (MVL) system [W1].

In the MVL system, the processing capability increases as the radix (or the base) increases,
For example, in a 16-valued logic system, a single MVL module can operate 4 binary functions
simultaneously, as if 4 binary logic modules were multiplexed into the 16-valued module. In
general, a 2f-valued module is needed to multiplex r functions in the MVL system: that is, a 2'-
valued function can simulate r binary functions simultaneously as if it were r binary functions
operating in parallel. This is the fundamental principle of multiplex computing. However, for
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highly paralle] computing architectures, it is still difficult at the present state of technology to
design MVL systems with very high radix such as 1024 (= 210y, with reasonable stability and
precision.

I1.2. Multiplexing with information carriers

The term multiplexable information carrier is used to refer to any entity camying
information in its milieu, and can be multiplexed. An information carrier is also called 2a
elementary carrier. Three types of information carriers are presented later in section IL.5: the
electric frequencies, the optical wavelengths, and the biological molecules.

Let the set of logic values for multiplex computation in ultra higher-valued logic system be
givenby L=1{0, |, ...,r- 1}. Let E = {cq, ¢y, ..., c,.1} be the set of r multiplexable information
carriers. In the following discussion, we assume a one-to-one correspondence between the r
logic values and the r kinds of elementary carriers as

logic value i <= elementary carrier c;, i=0,..,r-1.

Thus, the logic value i € L is represented by the presence of the elementary carrier ¢; € E, so
that logic value multiplexing can be achieved. In all realizable logic systems, whether binary or
non-binary, the most important property is that of logic value integrity, namely, generation,
transmission and detection [A2] of logic values. From this view point, the following property
for multiplexable information carriers must be assume.1:

i. Generation: each elementary carrier c; (logic value i) can be produced selectively within a
multiplex computing network.

2. Transmission: the information carriers (logic values) can be transmitted, without interaction,
through a media. Each elementary carrier c; represents 1-bit information by its presence

(bit 1) or absence (bit 0) in the media.

3. Detection: a specific elementary carrier c; (logic value i) can be easily discriminated from the
other elementary carriers.

To show how the information carriers can be multiplexed, let us consider the example of any
carrier-computing (molecular, frequency, optical, ...) of four "AND" functions. Assuming that
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the set of elementary carriers E = {cg, ¢{, ¢, c3}, the simple multiplex computing module
schematically illustrated in figure la, combines two multiplexed signals into one. When a
specific elementary carrier ¢; enters into both the two input ports, the same elementary carrier ¢;
exits from the circuit.

{c1 G} Multiplexer ﬂ /
{C Cl} la}b 3/ 07 .-

AN
v

Figure 1: Principle of carrier computing:
(a)Multiplexer (b)Carrier-space diagram
{c)Concurrency with a conventionnal VLSI circuit

From another point of view, if we assign a distinct elementary carrier (logic value) to each
AND gate of figure 1c, the presence of each elementary carrier in figure la represents the resull
of four independent binary operations as follows:

cg:1-0=0, ¢cy;l-1=1, ¢:0-0=0, ¢3:0:-1=0.

where - represents the binary AND operation, and the binary logic values 1 and O correspond
respectively to the presence and the absence of the elementary carrier ¢j in the media. The
binary logic value 1 means that the given elementary carrier assigned to the AND gate exists in
the media, and the binary logic value 0 means that it doesn't exist. For example, c4 is assigned
to the fourth AND gate, and as the binary logic value 1 appears only in the second input,
therefore c; must appear also only in the second input in figure la. If we write on the same row
all 1st-input binary values together, all 2nd-input binary values together, and all output binary
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values together, we obtain the following results (each column represents an AND gate assigned

to an ¢lementary carrier)

first inputs: 0101 — Cj.c3 or 1,3
second inputs: 1160 — cp. €y Or 0,1 (interms of logic values)
outputs: 0100 — c| or I

Thus the module of figure la performs four binary AND functions simultaneously as shown
in figure 1b (or 1c). This figure is also called the carrier-space diagram in which the planes (the
carrier-planes) visualizes the activity of the elementary carriers. One can see that the module of
figure 1a performs simply the set-theoretic Intersection operation which is equivalent to the four
binary AND operations of the circuit in figure 1c.

In the conventional VLSI module of figure lc, four AND gates operating simultaneously are
required to perform the four AND functions concurrently. Consequently, the principle of carrier
computing allows us to reduce the number of interconnections to at most 1/r of the original
conventional VLSI module (in our example, the number on interconnections is reduced from 12
to 3, for r = 4). However, if we multiplex a highly parallel architecture with global
interconnections -the multiplexed binary modules are globally interconnected-, the reduction of
the interconnection complexity become 1/r2 due to the reduction of total interconnections
including interconnections between modules. Therefore we can say that, in general, the
reduction of the interconnection area is between 1/r2 and 1/r inclusively. Due to this reduction,
carrier computing offers a possibility of massively parallel computing without interconnection
problems.

11.3. Algebraic foundation

In general, the term multiplex computing means that several binary computing modules are
multiplexed into a single module that performs the corresponding binary logic functions in
parallel using the parallelism of multiplexable information carriers. For the systematic design of
carrier computing systems, a new algebraic system that is the set-valued logic (SVL) system, has
been proposzd, in which multiplexed binary signals are treated as sets of elementary carriers.
For example, the parallel operation of our multiplexer in figure 1a can be represented simply by
the set-theoretic intersection operation {cg, ¢;} M {cy, c3), or in term of logic values {0, 1} N
{1, 3). This is a simple example of operation in set logic algebra, where the input and the
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output values are set of logic values (i.e. logic sets). Therefore, since the elementary carriers are
treated as set of logic values the concept of set logic is very suitable for carrier computing.

An SVL system is an ultra higher-valued logic system in which, instead of 2f-valued logic
function, only a r-valued function is used to multiplex r binary functions. We can perform very
high degree of multiplexing (i.e. using high radix such as 1024 or 220 ). Thus, one can
appreciate the big difference between the SVL and the MVL systems. With the SVL system, a
great reduction of interconnections (more than in the MVL system) can be achieved, so that the
wuitra highly parallel architectures can be designed. In general, in the SVL module, assuming that
r elementary carriers cg, €|, ..., Cr.1 are available, r logic operations are done in parallel, that is
information contained in a single line becomes r bits. Considering the transmission of r logic
values, table 1 shows the comparison of the SVL system, the MVL system and the conventional
binary logic system according to information density [A7].

Table 1 : Logic systems Information contained in 2 single line
Binary logic system 1 bit
r-valued logic system log,r bits
r-valued set logic system t bits

The concept of set logic enables us to handle the parallelism of muitiplex computing
intuitively. It is a switching algebra for computing based on multiplexable information carriers.
Mathematically, the SVL system is based on the isomorphism relationship between the Boolean
algebras [B, 0, 1, +, -, "] and [2L, &, L, U, m, ~]. Br is the Cartesian product of r 2-elements
Boolean algebras B = {0, 1} (see section I.1). The power set 2L denotes all the possible
combinations of carriers transmitted through a line simultaneously.

11.4. Design principles of carrier computing system

In fact, the binary logic modules in a conventional VLSI system can be more complex than
that of figure lc. One typical binary module may contains a variation of any number of primitive
binary gates such as OR, AND, and NOT gates. Distinct or identical gates or modules operate
in parallel and communicate to each other. Thus, the binary modules are either independent or
interdependent, and either homogeneous or heterogeneous. These binary modules can be
multiplexed into one or more SVL modules, so that all these possibilities mentioned above can
be achieved with the SVL system with much lower interconnection complexity. If the binary
modules are homogeneous, a single common SVL module can be derived, otherwise if they are
heterogeneous, several SVL modules may be derived. The number of SVL modules to derive
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from the binary modules may also depends on the maximum degree of multiplexing, i.e. the
number r of logic values which is the number of available elementary carriers. In any case, the
choice of the primitive SVL gates is important for efficient design of ultra higher-valued logic
architectures.

The choice of the primitive SVL gates that will serve to implement the set logic functions
expressed by the complete set may depend on the complete set itself or also on the type of
information carriers used to convey information, whether they are biological molecules, optical
wavelengths, electric frequencies or others kinds. The type of information carriers determines
the facility (or ability) in the carrier computing system to design the primitive SVL gates which
can be Boolean or non Boolean. The choice of the complete set system itself may also depends
on the type of multiplexing which is either homogeneous (the multiplexed dinary modules are
identical) or heterogeneous (the multiplexed binary modules are different) [A2]. One must keep
in mind that the complete sets are interchangeable, any complete system can be used for any
carrier computing system; the choice of one complete system in place of another one is only a
matter of ability or facility.

Conventional VLSIs are composed of binary logic modules. These modules use binary
variables whose the two possible values are represented by the logic values 0 and 1, and perform
binary logic functions generally defined as a mapping

f:B"—>B
On the other hand, carrier computing systems are composed of set logic modules. These
modules use r kinds of elementary carriers to convey information, and perform set logic
functions generally defined as a mapping

F:(L)" 5 2L

Let us consider r functional binary modules mg, my, ..., my_;. Each module m; performs the
binary logic function y; = fi(X;1, Xj2, ..., Xjn)s 1.€.

my: Yo = foxo15 X0z - Xon)
my: v = f1(x11» X{2s s XIp)
Myt ¥ = 1 (11 Xr.12> - Xplp)
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Mathematically, the design of carrier-computing circuits can be formulated as the multiplexing
of a set of binary functions fy, fi, ..., f,_{ into a functionally equivalent SVL function F, using the
isomorphic transformation

@:Br—2L

as P(Xgk» X1k» = Xptk) = X = {il x;3 = 1,i€ L}, k=1,..,n

Applying this transformation ¢ we obtain the specification of the SVL functional module M into
which my, my, ..., m,_| are multiplexed as

M:Y =FX,, X;, ... Xp), where Y = @(yg, Y1 s Y5 1)-

For example, each gate in figure lc performs the function y; = andi(x;|, X;2) = X;| - Xjp as

my yo=0=and(l, 0)
my: y1=1=and(l, 1)
my: y2 =0 = andy(0, 0)
ms : y3 =0 =and3(0, 1)

Using the isomorphic transformation we obtain Y= (0, 1,0,0) = {1}

Xi= ¢(1,1,0,0)={0, 1)

Xs= ¢(0,1,0,1)={1,3}
Thus the SVL module M: Y = {1} = F(X;, X5) = AND({0, 1}, {1, 3}) = {0, 1} n { [, 3}.

Each binary module m; has n binary input variables x;, ..., X;; and one binary output variable
y;- Each variable has the value 0 or 1 and therefore the number of binary logic functions the
module m; realizes is 22" Since r binary modules (functions) are muitiplexed into a single SVL
module M (set logic function) then the number of SVL functions F we make is (22" = IBFy{n)
which is the number of Boolean n-place set logic functions in Py, k = 27, On the other hand,
binary logic functions are Boolean functions and then can be expressed using the Rudeanu
formula. Using the canonical polynomial form of a Boolean function and the isomorphic
transformation we prove that all the (22Mr set logic functions are Boolean. Consider for
simplicity the case r = 2 and n = 1 (the proof is the same for all cases). Each binary module will
realize the binary function y; = fj(x;)) = a;9 ® a;1;, i.e.
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mp yo = fo(%01) = 2go © ag1Xp1
my: v =Hixgp) =2a10®ayxy

where the ay; ure constant over {0, 1} and the @ operation is the exclusive or operation on {0,
1}. Since B and 2L are isomorphic then we obtain @(agy D ag1Xg;, 210 @ a1 1X11) = $lage, 310)
® @lagixop» a11%13) = ¥ago, 210) ® Plagy, a1 INP(xgps X11) = Ag ® AynX,. This is the
canonical polynomial representation of a one-place Boolean set logic function (see section 1.3),
where the A, are constant over 2L, the X; are variables over 2L and the ® operation corresponds
to the symmetric difference operation on 2. Therefore, the one-place set logic function we
obtain is always Boolean. Now we prove the general case: 1 n-inputs binary modules. Each
binary module m; performs the function (0<j<r-1)

I ..,n .
Y= f:i(le, Xj2s +rr xjn) = ajp @jzil...im aj, i, X, ...xim .

Applying the isomorphic transformation we obtain

(P(a(]{) ® 02 lm "imxil r—10 ® l‘—lz lm ll xiu‘l ) -
L .
@(agys - 2r.10) ® (p(OZi]. NRCTRR TR TR TR r-lz‘l] i Xip X )
Each Z i Xy X contains 27 - 1 terms {(ex. y @ z has two terms: y and z). Letd

1
the sum (i.e. xor) for the function f;, 1 <d <2n. All the d-th terms taken one per function f; are

be the dec:mal eqmvalent of the binary number i;...i,, then i i1 ip is the d-th term of
multiplexed as

q)(oail___imxil...xim, . l__lail“_imxil...xim) =
(p(()ail i " o1 8 i PR Ky 0 Ky R )=
(p(Oail--*im B O | l1 )m(p( xl1’ e r-lxil)m"'mtp(oxim’ R | 'm)“

Al i i ln...nXim
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As the xor operation is transformed into a set difference operation, then taking the sum (i.e. set
diff.) of all terms A; ; NXj N..nX; we finally obtain

l, .o . Lo _
(P(aoo @ OZil...im d‘l'"lmxll "'xim » e 410 @ r—IZ' i r'lil-'-im xi1 '"xim )=

I,..n
A0®2i]. Ai, i, N Xi 00X

i . 1
wln n |

which is the canonical polynomial representation of a n-place Boolean set logic function. The n-
place set logic function we make are all Boolean and the set of (22" such functions is BF(n).
This does not mean that carrier computing refers only to Boolean set logic functions. Even if
one cannot construct non Boolean functions from binary logic functions, a designer can still add
(after multiplexing) non Boolean functions to its carrier computing circuits to achieve
completeness (the literal function, for example, is added to the set {, N}) and to have access to
arich set of set logic functions.

Thus, using the isomorphic transformation, the input binary variables and the output binary
variables are respectively multiplexed into equivalent SVL input and output variables. The SVL
function F thus obtained is then expressed using the operators of the proposed complete set, and
finally implemented or designed using the proposed primitive SVL. gates.

Assuming that r, i.e. the maximum degree of multiplexing, is greater than the number of
modules in the binary network (so that all the binary modules can be multiplexed into a common
SVL miodule), [Y1] gives the following general procedure for multiplexing r binary modules my,
my, ..., M,_1 into a single common SVL module M, using r elementary carriers:

Step 1 : Assign distinct elementary carriers or logic values 0, 1, ..., r - | to each binary module
mg, My, ..., Mr. -

Step 2 : Multiplex the binary variables in these modules into SVL variables in M using the

isomorphic transformation ¢, where the state of m; is represented by the presence or
absence of the corresponding elementary carrier ¢; in M.

Step 3 : Replace primitive binary gates (OR, AND, NOT, XOR, NAND, NOR) with their SVL
equivalents respectively, i.e. Union, Intersection, Complement gates, ..etc. Some
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functions may usually be expressed using the operators of the complete set system. For

instance, if the complete set system is { Union, Complement, Conversion}, occurrences of
~ (Intersection) can be replaced by U and ~ owing to the De Morgan's law: X 'Y =

X UY. Thus the SVL network can be realized using only the proposed primitive SVL

gates.

Step 4 : Multiplex the interconnections between the binary modules. An interconnection
between modules m; and my corresponds to the interaction between elementary carriers c;
and ¢y in M. Hence converting the carriers c; to ¢y realizes the connection. This cost-free
data transmission is achieved using specific SVL operators such as the Conversion

operator.

When the binary modules are heterogeneous, the multiplexing scheme may not be unique.
The hidden regularity of these modules should be exploited. That is we can multiplex first each
group of identical binary modules into temporary SVL modules, and after that, multiplex (if
possible) these temporary SVL modules into one single SVL module as a result. Also, when the
number of binary modules to be multiplexed is greater than the maximum degree of
multiplexing, several modules should be derived. The way to determine carrier-planes (i.e. to
assign the elementary carriers to the binary modules) anc their interconnections should be
considered. [M1] describes an algorithm based on vector projections. The problem to deal
with, in general, is to find an optimal assignment of distinct elementary carriers to given binary
modules: the reduction of the interconnections must be achieved without increasing the
overhead inside the SVL module. That is, for the great reduction of the interconnection
complexity, it is important to determine the optimal multiplsxing scheme which minimizes the
number of SVL operators and variables of a set logic function F.

11.5. Examples of carriers computing systems
IL.5.a. Electric frequency multiplexing

The fundamental concept of logic values multiplexing can be achieved by using frequency of
electric signals as the information carrier [Y1,Y2]. The logical information is coded into the
combination of r kinds of frequency components fy, f}, ..., f.q which are the elementary carriers.

The logic value i is represented by the presence of the frequency component fj. The r kinds of
frequencies correspond to 2f-valued representation, so that the ultra higher-valued logic
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operations can be achieved. For instance, only 10 kinds of components (L = {0, I, ..., 9}) are
sufficient to represent 1024-valued logic information.

In this frequency computing, all the logical information is represented by the varieties of
frequencies. Since these frequencies carry information by their presence or absence, the concept
of frequency multiplexing can be essentially expressed in terms of set theory. From this point of

view, the set-valued switching algebra is useful for the systematic design of frequency
computing systems.

Something interesting here is the fact that [Y2] uses 2 complete set systems to design the
SVL networks. First it uses the complete set S; = {Union, Intersection, Literal} for a
conceptual realization of any SVL function. Second, the equivalent functional SVL module of
this set logic function is realized using the primitive SVL gates from the complete set S, =
{Union, Difference, Generation, Complement}. Because, it is easier to build the primitive
Difference and Generation gates than to build the primitive Literal gate, using the available
electronic devices such as filters, oscillators, and others. The Difference gate plays the role of a
detector or discriminant function which selects a specific frequency and also the role of a logic
value converter to multiplex the interconnections between binary modules. The Generation gate
produces a specific set or frequencies. The set logic circuits are then more easily designed with
primitive gates from S, than from S,. In contrast, a SVL function can be easily expressed using
the operators from S;. This shows us that the complete systems are interchangeable.

IL.5.b. Optical wavelength multiplexing

The basic concept of logic value multiplexing can also be achieved by optical wavelength
multiplexing [M1]. The logic values are represented by the presence of the optical signals (the
elementary carriers), each at different wavelength, so that several logic values can be
simultaneously transmitted through a wavegide. Since a collection of optical signals is
considered to be a set of logic values, the concept of set logic is very suitable for formulating the
multiplex computation scheme. The complete system {Union, Complement, Conversion} is
used for the systematic design of the optical computing system. The Conversion gate realizes
the multiplexing of the interconnections between binary modules.
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11.5.c. Biological molecules multiplexing

In [A3,A4,A5,A6,A7] there is a model of biological molecular computing where the
switching devices (bio-devices) select and distribute specific biological molecules to perform
highly parallel interconnection-free computing. The model is based on the high specificity of the
enzymes -the biological catalysts- in their choice of the reactants called substrates. An enzyme
recognizes specific substrate molecules in the fashion of key fitting into a lock. The substrates
are broadcast in solution from sources. They diffuse with random molecular motion and carry
information by their presence or absence in the solution. At specified destination, enzyme-based
biosensors selectively detect the released substrates, which automatically triggers a specific
biologica! molecular switch in the solution. In this sense, the data transmission and computation

are interconnection-free.

In molecular computing, all the logical information is coded into varieties of biological
molecules where each kind of substrate molecule (an elementary carrier) corresponds to a logic
values. Since these biochemical substances carry information by their presence and absence, the
concept of set-valued logic is then very useful to describe the operations. [AS5,A7] use the
complete set system {Union, Intersection, Literal} to express the set logic function, where the
Literal function serves as a discriminant. However, they use distinct complete set systems to
design the SVL modules and networks. In [A7] the complete set {Union, Bio-Pass, Bio-
Output, Bio-Complement} is used, while [AS5] uses the complete set {Union, BIO}. The Bio-
Pass gate performs the logic values discrimination or selection function based on the enzyme-
substrate reactions, while the Bio-Output gate is a generator that produces a specified set of
logic values. The BIO gate performs the parallel selection and distribution functions. We
discuss more details on these sets and on molecular computing in chapter IIIL

With the biological molecular computing system, very massive parallelism can be achieved,
in comparison to frequency and optical multiplexing, because a great variety of elementary
carriers are available. There are more than 10 thousand enzymes and 100 million antibodies
(substrate molecules) in living systems. This new way of computing is completely
interconnection-free -that is, computation is performed based on parallel distribution and parallel
selection of biological molecules rather than on electronic switching.

To conclude this section, let's say that the electronic VLSIs systems are very effective for
executing fast iterative or recursive arithmetic computation. Carrier computing systems have

low data rates and slow switching speed, therefore they are not meant to compete with
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electronic VLSIs systems in this area; this is their main disadvantage. Instead, their real
advantage is massive parallelism. Also, this technology is not yet mature, several practical or
technical difficulties remain still unsolved.

I1.6. Some impacts of set logic

In this section we shall discuss some impacts of set logic in parallel sorting, parallel image
processing, and other possible applications.

I1.6.a. SVL-based parallel sorting network

A prominent example of application given in [M1] (optical wavelength multiplexing) and
[A3] (biological molecule multiplexing), is the bitonic sorting network, which is of importance in
the high-speed packet switching. The following definition and theorem provide the background
necessary to understand this algorithm [A1]. A sequence {a|, ay, ..., a,} is said to be bitonic if
either (i) there is an integer 1 Sk < 2nsuch thata; € ay < ... Sag 2 a2 ... 2 ap, or (ii) the
sequence does not initially satisfy condition (i) but can be shifted cyclically until condition (i) is
satisfied.

For example, (1, 3, 5,6, 7,9, 4, 2} is a bitonic sequence as it satisfies condition (i). Similarly,
the sequence {7, 8, 6, 4, 3, 1, 2, 5}, which does not satisfy condition (i), is also bitonic as it can

be shifted cyclically to obtain {2, 5,7, 8, 6,4, 3, 1}.

Theorem 11.6.a.1: [A1] Let {a;, ay, ..., a5, } be a bitonic sequence. If d; = min(a;, a,,;) and ¢; =
max(a;, ap4) fori=1, .., n, then

) {dy,dy, ....,d,} and {e|, ey, ..., €, } are each bitonic, and
(ii) max(dy, dy, ..., dp} £ mineq, €3, ..., €,).

The proof is given in [Al]. This theorem implies that we can sort a bitonic sequence {a|, as. ...,
ay,} into increasing order as follows:

(1) Using n comparators the two subsequences

min(a;, a,,1), min(ay, ap;3), ..., min(a,, a,)
and
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max(aj, apy (), max(as, a0}, ..., max(a,, as,)

are created

(2) Each of these two subsequences being bitonic it can be sorted recursively using a sorter tor
bitonic sequences of length n. Since no element of the first subsequence is larger than any
element of the second subsequence, the n smallest elements of the full sorted sequence will
be produced by one of these sorters and the n largest elements by the other one. Such a
network is also known as Bitonic Merger or Batcher's sorting network.

If an arbitrary sequence S of n elements in random order is to be sorted, then bitonic
subsequences of S are sorted and combined to form larger bitonic subsequences until a bitonic
sequence of length n is obtained, which is finally sorted. The algorithm is known as Bitonic

Sort. It should be noted that the n elements to be sorted must be available and input to the
network simultaneously.

A network for sorting the random sequence S = {4, 8, 1, 3, 2, 7, 5, 6} using Bitonic Sort is
shown in figure 1d. Noie:

(1) In order to produce the decreasing part of a bitonic sequence, some of the comparators
invert their output lines and produce a pair of numbers in decreasing order.

(2) After the input goes through the first rank of comparators, two bitonic sequences each of
length 4 are produced. Each of these is then fed into a Bitonic Merger for sequences of
length 4 (the comparators in columns 2 and 3). This results in a single bitonic sequence of

length 8, which is now sorted using Bitonic Merger for sequences of length 8 (the
comparators in columns 4, 5, and 6).

Figure 2a shows a 64-input bitonic sorting network, which consists of the comparator
elements as illustrated in figure 2b. When this network is implemented on a binary VLSI chip by
using 8-bit comparators for fully parallelized sorting, the interconnection area covers almost 70

percent of the chip area due to the complex topology of interconnections. The layout is shown in
figure 3.

Suppose that the maximum degree of multiplexing is 4, that is 4 binary comparators arc
mapped onto a single SVL comparator using 4 wavelength components. The number of binary
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comparators being greater than 4, the sorting network is then regularly partitioned into 8 (=

32/4) blocks. Applying the multiplexing procedure to each block, the SVL network for
muitiplex sorting is derived as shown in figure 2c.

To evaluate the interconnection area based on a common measure, the authors adopt the
idea of grid model [F1] for optical wavelength integrated circuit and VL.SI circuit, that is, the
interconnection area is proportional to the number of modules and the number of
interconnections which cut across the area between modules; areas are expressed in terms of the
number of squares of the grid (along whose lines wires run) covered by a circuit. Under the
ideal assumption that one SVL module occupies the same area as does one binary module, the
interconnection area among the modules is 1/15 of corresponding binary network. This ratio
approaches 1/r2 = 1/16 as the problem size grows. The comparison of the SVL sorting network

realized on an optical wavelength integrated circuit and the binary VLSI sorting network is
shown in table 2.

In [A3], there is a detailed analysis of the impact of the biological molecular interconnection-
free computing on the hardware cost of sorting networks. It focuses on the bubble sorting
network which is a locally interconnected network (figure 4), and the bitonic sorting network
which is a globally interconnected network. As shown in figure 5, we can see that, for N inputs,
the bitonic sorting network requires O(Ig2N) comparison steps, and therefore is much faster than

the O(N) steps bubble sorting network. The authors estimate the total area for cach sorting
network as:

ABubble =ABjtonic = O(N?Ig2N)

The number of comparator modules in each sorting network is:

Mgitonic = (1/4)N(gN)(IgN + 1) = O(ngZN )
Mgpubble = (1/2)N(N + 1) = O(N?)

Thus, we can see that the area in the bubble sorting network is due to the large number of
comparator modules used, while the area in the bitonic sorting network is dominated by

complicated wire area (interconnections). Figure 6 plots the VLSI area versus the problem sizc
N for the two types of sorting networks.
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Arbitrary binary logic circuits can be sirmnulated in biological molecular devices (bio-devices)
networks using the isomorphic transformation. Hence, the two sorting networks can be realized
with bio-devices networks. The communication links among binary modules can be realized
based on parallel distribution and parallel selection of biological molecules assigning a specilic
substrate (elementary carrier) to each link. The estimated total area of each of the SVL-based
sorting network thus obtained is:

AsvL bubble = O(N2IgN)
ASVL-bitonic = ONIg3N)

Figure 7 plots the biochip and VLSI chip area versus problem size N for the two types of sorting
networks, assuming that a biochip comparator occupies the same area as a VLSI comparator,
As this figure demonstrates, regular and locally interconnected networks like the bubble sorting
network may be better or effectively implemented on VLSI chips rather than on biochips. In
contrast, for the bitonic sorting network, bio-devices occupies only O(NIg3N) area, while the
VLSI implementation needs O(N21g2N). This implies that biological molecular computing is
very effective for reducing hardware requirements for highly parallel sorting network.

1L.6.b. SVL-based parallel image processing

SVL network is essentially suitable for applications which require complex multiple
input/output lines. Such structure is mostly found in parallel processors for real-time
applications, such as real-time image processing. As an example, let's consider the design of an
image processing system based on the 3x3 near-neighbor logical operation which is generalized
by the following template matching. A template is a 3x3 binary image to be compared o a
section of a binary input image. Let the binary input image be the nxm matrix (x;y), let the
binary output image be the nxm matrix (y;,), and let the template be any 3>3 matrix. When an
input pixel x; of the input image and its near-neighbor pixels X;_jk.» -» Xj+1k+1 are cqual to the
template pixels tg, ..., tg respectively, then the output y;, is equal to a given b. The value of b is,
in other words, the next value of the center pixel only if there is a match. Otherwise, yj, = Xji.
In the case of recursive near-neighbor operation, y;, becomes a new input x;,. This function
can be formulated as:

Yik = f(Xi1k-15 o5 Xjko <00 Kiglx41)
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wherei=1,..,m-1,k=1, .., n-1, and f denotes the binary template matching function. On
the basis of this operation, various type of image processing, such as noise removal and contour
extraction, can be systematically executed. In the conventional binary parallel image processing,
a large number of medules are assembled to perform the function f for all pixels in parallel as
illustrated in figure 8. For a 9x9 near-neighbor operation, this leads to the binary image
processor architecture shown in figure 10a.

On the other hand, using frequency multiplexing with 9 as the maximum degree of
multiplexing, nine binary modules can be multiplexed into a one common SVL module. This
SVL module performs simultaneously nine binary functions f. Figure 9 illustrates the SVL
module, while figure 10b shows the SVL image processor architecture for a 9x9 near-neighbor
logical operation. Table 3 compares the two architectures [A2]. Table 4 shows the comparison
for a recursive near-neighbor operation [Y2]. We see that there is a drastic reduction of wiring
complexity which is almost proportional to 1/9. Interconnection-free parallel image processing
architectures can also be designed using bio-devices [AS].

I1.6.c. Other possible applications

SVL systems are very effective for reducing hardware requirements for highly paraliel
architectures.  Consequently, any highly conventional parallel architecture with globat
interconnection between modules can be converted into a SVL architecture by simply
multiplexing the elementary carriers (logic values).

I1.7. Conclusion

In this chapter, we have described the concept of multiplex computing for superchips with
massive parallelism, and discussed some possibilities of implementation and application.
Nevertheless, the key to success lies in developing new devices and hardware algorithms
inherently well suited for multiplex computing. Another thing is that SVL systems are more and
very effective for reducing the hardware requirements for globally interconnected architectures.
Locally interconnected architectures may be effectively implemented on VLSI chips rather than
SVL chips. Finally, even if the SVL devices are very slow in comparison to VLSI devices, their
main advantages is their massive parallelism. This massive parallelism compensates largely the
slow switching speed particularly when the degree of multiplexing is large.
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Table 3: Evaluation

Number of Number of interconnections
1/O lines among modules
Scale Binary  Set-valued | Binary Set-valued
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CHAPTER III
A PROMINENT EXAMPLE OF CARRIER COMPUTING:
BIOLOGICAL MOLECULAR COMPUTING

I11.1. Introduction

Over the past two decades, VLSI circuit technology has advanced rapidly, dramatically
improving both performance and cost per function of integrated circuits. Processing and design
methodologies have evolved significantly, leading to increased chip density and complexity.
Unfortunately, in complex VLSI systems, these increases cause scrious interconnection
problems in chip area, power consumption, and noise. Moreover, interconnection complexity
sometimes restricts the entire VLSI architecture within narrow limits of modularity, regularity,
local interconnection, and minimized input/output [K3,52].

One promising candidate for breaking through these difficulties is the biological molecular
computer: a computer based on the dynamism of biological molecular activities, rather than on
electronic switching [C1]. [A5,A7] have modeled primitive biomolecular switching devices that
select and distribute specific biomolecules to perform highly parallel interconnection-free
computing. The model is based on the specificity of enzymes -the biological catalysts- in their
choice of reactants, called substrates. It represents the parallel distribution of logical

information in the varieties of substrates molecules and uses enzyme specificity for paralicl
selection.

In a biomolecular processor based on this model, the specified substrates ure broadcast in
solution from sources. They diffuse with random molecutar motion and carry information by
their presence and absence in solution. At the specified destination, enzyme-based biosensors
selectively detect the released substrates, which automatically triggers a specific biomolecular
switch in the solution. In this sense, the data transmission is interconnection-free.

The set logic algebra (SLA) is the foundation of the bio-computing system. The varieties of
substrates molecules represent the SVL logic values. Furthermore, since typical enzyme
molecules might consist of 300 amino acids chosen from 20 types that commonly occur in living

systems [C1], the system can also use the enormous number of potential enzymes shapes for
discriminating logic values
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Electronic VLSI systems are very effective for executing fast iterative arithmetic
computations. Because biomolecular computers have low data rates, they are not meant to
compete with electronic VLSI systems in this area. Instead, their advantages is massive and
natural parallelism. They offer a new parallel processing architecture that is not restricted to the

conventional interconnected structure.

This chapter describes the basic concept of interconnection-free biomolecular computing and
discusses how it might be realized at the present state of technology.

I11.2. Enzymes and specificity

Enzymes are catalysts: they speed up the rates of chemical reactions without undergoing any
permanent change themselves. Most enzymes are highly specific both in their choice of
reactants (called substrates) and in the reactions they catalyze. An enzyme recognizes specific
substrate molecules in the fashion of a key fitting into a lock. The enzymes perform the highly
selective detection almost independently of each other. This attractive feature of parallel
selection is essential in the interconnection-free molecular computing.

Each reaction in a living cell is catalyzed by its own particular enzyme, so there are many
enzymes in a given cell. A precise estimate of their number is difficult to calculate, but it seems
that a bacterial cell makes about 3,000 different proteins and a higher eukaryote cell makes
about 50,000. The majority of these proteins are enzymes [P2].

In addition to these natural enzymes, it is now possible to make new protein catalysts, such
as catalytic antibodies [L1], to serve as enzymes. This new technology relies on the great
diversity of the immune system, which can make perhaps 100 million different antibodies.

II1.3. Biomolecular switching devices

An important characteristic of every enzyme is its specificity. The special spatial
configuration of the enzyme exactly fits the appropriate region of the substrate somewhat in the
fashion of key fitting into a lock [P2]. This unique selectivity offers the possibility of realization

of bio-switch devices. In this section we describe the functioning of bio-devices presented in
[A4,A5,A7).
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Let the set of enzymes be given by L. = {eq, €y, ..., ;. }. Each enzyme ¢; in this set has the
corresponding substrate s, and let the set of ihe substrates be Ly = {sg, 81, ... 8}. The
specific reaction between the enzyme ¢; and the substrate s; makes a new product p;. Let the set

of the products thus obtained be L, = {pg, Py, .-, Pr-1}. In the following discussion, let the r
logic values correspond to the r substrates and enzymes as ep,50=0,e,8) = 1, ., ¢ S| =T -

1. That is, we assume that L and L are equivalent to the logic value set LasL,=L,=L = {0,
1, ...,r - 1}. The logic values thus represented can be transmitted simultancously in solution.
This simultaneous transmission is interpreted algebraically as logic value mudtiplexing.
Furthermore, an enzyme-based biosensor [Turner] can exactly discriminate the molecular
information. Such a sensor consists both of detector enzymes that are immobilized on a
membrane and of a transducer that produces an electric signal in response to the enzyme action.

Three types of biomolecular switching devices have been proposed in [A7] as the basic
components of the molecular computing system: the bio-pass (BP) gate, the bio-output (BO)
gate and the bio-complement (BC) gate.

The bio-pass gate performs the logic values selection or discrimination function based on the
enzyme-substrate reactions. Let S € Lg and E ¢ L,. The bio-pass gate is defined as

BE(S: E) = {@L ifSCE
S \ E otherwise

where &y denotes the non existing condition of the substrates belonging to L, and where \
denotes the set difference operation. The set of substrates S is applied to the input membrane of
the bio-pass gate. Let assume s; to be an arbitrary element of S. If there exists the enzyme ¢; in
E (which is the set of enzymes immobilized on the internal membrane of the bio-pass gate), the
enzyme-substrate reaction between e; and s; causes the chemical change of the substrate ;0 we
say that the substrate s; is captured by the enzyme e; so that the other kinds of substrates pass
through the output membrane. If e; does not exist in E, then s; pass through the output
membrane as it is. That is, the output of the bio-pass gate becomes J; if and only if the
inclusion relation S ¢ E is satisfied. Thus the BP gate behaves simply like a set difference
operation.

The bio-output device generates the specified set of logic values. Let ScLyand Cc L v
Lp. The bic-output generator is defined as
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S  ifC=0y

BO(; C) = .
5 ) {QL otherwise

A biosensor composed of detector enzymes and electrochemical transducer causes the change of
permeability of the output membrane. If the control input C contains at least one kind of
substrate belonging to L, the biosensor detects this biochemical substance and its output signal
inhibits the release of the substrates S programm.d in the bio-output generator. Therefore, the
substrate S is diffused to the output if and only if C =& .

The bio-complement gate performs the complement operation on the set of substrates
applied to the input. Let S ¢ Ly, The bio-complement gate is defined as

BC(S) =S =L\S

When the biosensor senses the substrate s; in the input set, the diffusion of s; is inhibited at the
output stage. Remark: BP(Lg; S) = BC(S).

[A4] have proposed a biomolecular switching device, the BIO gate, which performs the
paraliel selection and distribution function. Let X be the set of input substrates (X < L), and let
S ¢ L;and E c L, The BIO gate is defined as

S ifXNE = I
BIO(X; E, S) = ,
{QL otherwise

The electronic signal of the biosensor controls the output of the substrates programmed in the
device. On the surface of the biosenscr, the set E of enzymes which responds selectively to a set
of substrates is immobilized (hence the sensor is a multiple-enzyme biosensor). Only when the
set of input substrates X in solution includes at least one kind of substrate which reacts to an
enzyme in the set E (we say that the substrate is captured by the enzyme), the enzyme electrode
detects this substance, and its electric signal inhibits the release of the substrates S. That is, the
substrates are distributed if and only if X n E = . This bio-device can simulate the bio-pass
gate, the bio-output gate and the bio-complement gate.
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I11.4. Set logic network

In the proposed model, all the logical information is coded into the varieties of substrates
and enzymes. Since these biochemical substances carry information by their presence and
absence, the behavior of these substances can be essentially expressed in terms of set-thcory.
The set logic system, which can be constructed on the basis of Boolean algebras is the

foundation of carrier computing systems including molecular computing system {see chapter 1).

The basic operations in set logic are union v, intersection M and complement . However,
Boolean algebras by themselves do not suffice as a basis for molecular switching theory since
they are not functionally complete (except for 2-valued logic case). To achieve functional
completeness for values other than 2, [A7] introduced a specific unary operator cailed set-
theoretic literal. Let X be a variable on 2L, and let A, B € 2L. The set-theoretic literal denoted
by A% is defined as

X =
1. otherwise

The set {U, M, AXB} is complete with constants over 2L, [AS] gives some useful propertics
of set-theoretic literal for the systematic synthesis of set logic functions, and [A7] shows that
any set logic function of n variables can be written in the union-of-intersections form via
appropriate simplification using the properties of the literal as follows

o Ajl,, Bit i '
F(X}, . Xn) = U Piﬁ X| MN..M Xn
=1
where P, A;;, B e 2L,i=1,2, ..,mandj=1,2, .., n.
ir Ajj> Bij

For example, let L = {0, 1}. The function (X \ X5) U (X3 X)) can be expressed as

F(Xy, Xo) = (10} A %5 25, U (13 A P 2%, 1% U oy n 2% A
O,y U (1) A 2%, 1% A XN,
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The set logic functions F(X|, ..., X;,) can be realized with the bio-pass, bio-output and bio-
complement gates and constructed as follows [A7]:

m n
i=1 j=1

Thus the set {U, BP, BO, BC} is complete with constants over 2L (Remark: in literature the W
operator is not included in the complete set, however, we must add it in the set because it
appears in the general construction of the set-valued function F). This shows that any set logic
function can be implemented by these three bio-devices and the union operation. The union
operation is performed simply by mixing two groups of substrates in solution without any active
devices. In order to reduce the complexity of the circuit, mixed union operations are fully used.

Also, [Y2] defines the set-difference (SD) gate, the set-generation (SG) gate and the union
gate for frequency computing system. The definitions of the SD and SG gates are respectively
equal to those of the BP and BO gates. The authors obtains exactly the same general
construction of the set-valued function F (occurrences of BP, BO and BC are replaced
respectively by SD, SG, and ~ ). Therefore the set {L, SD, SG, ~} is complete with constants
over 2L. Here again, the ~ operator is not included in their original complete set and we must
add it for the same reason as mentioned above. Thus, in general, the set {, BP or SD, BO or
SG, BC or ~ } seems to be the correct complete set system.

[A5] have shown that the set logic functions F(X;, ..., Xp,) can also be implemented using
only BIO gates. The BIO gate is represented algebraically as

BIO(X; E, S) = $ n 9 XE,
The authors transform the set logic functions into redundant set logic functions that can be

always expressed by simpler literals, such as P%C. A redundant set logic function denoted by
F(X;, ..., Xpp) is generally expressed using F(X, ..., X)) as follows:
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where {XJ' =X OEX) L — L, L ={0, .- YL =0, .., f(t- )=(r-1Y

F=FUf(F)
and Q;, Djj € 2L, L=L U L', L" is a redundant logic value set.

Thus the set {L, BIO} is also complete with constants over 2L. The network consists of
this single type of bio-devices placed in buffer solution. The substrates molecules corresponding
to SVL variables X4, ..., X, are applied to the input and flow into the network simultancously.
Then specific bio-devices release the substrates which are mixed together to produce the final
output of the function. That is, the bio-devices detect the input substrates in the buffer solution
and control the enzyme reactions in parallel. The set logic network is thus composed of only
separate devices, so the network topology need not to be specified in the design process.

IIL.5. Design procedure of biomelecular computing system

As it is stated in {A4,A5], the maximum parallelism of any given algerithm can be exploited
through biological device networks (it can be extended to any carrier computing device
networks) by converting its data flow graph (DFG) specification directly into SVL function.
The DFG representation enables the exploitation of concurrency at the Jowest possible level by
treating each operation as an independent activity. In this way, extremely fine-grained
parallelism for any arbitrary algorithm can be achieved, even if the algorithm itself does not

exhibit high regularity. The design procedure for a biological molecular computing system is
summarized as follows:

a) : Representation of the algorithm by data flow graph. The specification of computation is
first represented in the form of a data flow graph whose nodes represent SVL functions
and whose arcs represent the transmission of sets.
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b) : Expansion and simplification of SVL functions. The complete set {\, N, AXB} is used to
express the node functions. Then the expression is minimized to reduce the number of
required biological devices.

c) : Design of redundant set logic function. If a function contains a literal in the form of AxB
(A # ), such function must be transformed into a redundant set logic function.

d) : Elementary carrier assignment. (The elementary carriers here are substrate molecules). In
the proposed system, all the logical information is transmitted by parallel distribution and
parallel selection of substrate molecules. Hence, specific elementary carriers are assigned
to logic values transmitted through the arcs (of the DFG), and all the functions are
combined into a single SVL expression.

e) : Design of the SVL network. Since the SVL expression thus obtained have all the functional
and topological information of the given DFG, the corresponding SVL network is now
designed by converting the SVL expression into SVL circuit using the BIO gates.

I1L.6. Conclusion

1t is difficult to discuss advantages and disadvantages formally at this early stage, but they
may be summarized as follows:

Advantages:
* A great variety of information carriers are available.
* Massive parallelism.
* Interconnection-free.
Disadvantages:
* Slow switching speed.
* Long-term instability of biological molecules.
* The bio-device operation has not been confirmed yet even at an experimental level.

The biotechnological infrastructure is not yet mature enough for biomolecular computer
designer to order the required materials. The key to success lies in finding (1) the systematic

method to create new enzymes suitable for molecular computing and (2) simple and stable
mechanism for controlling enzymes activities.
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CHAPTER 1V
SURVEY ON SET LOGIC ALGEBRA

IV.1. Functional completeness in multiple-valued and set logic

Historically the completeness problem was first studied in P5.  Although several complete
systems were known earlier, a general completeness criterion was given by [P1] in 1921, This
criterion, which has been rediscovered many times since, is most naturally expressed in terms of
Py-maximal sets.

Theorem IV.1.1: [R3] (Completeness criterion). A subset F ¢ Py is complete in Py if and only
if F is a subset of no Py-maximal set.®

This is, in some sense, the most general completeness criterion because it is defined in terms

of F only and covers all cases. Thus the completeness problem is solved by the determination of
all Py-maximal sets.

To describe the Py -maximal sets, we need the following essential concept of function
preserving a relation [R3]. Leth2 1. An h-ary relation p on Ly is a subset of Lkh (i.c. aset of
h-tuples over L) whose elements are written as columns. Given h rows n-vectors a; = (g, 4,
. i) (=1, 2, .., h) we write (a, ay, ..., ah)T € p to indicate that (alj, A oos uhj)T e p for all
j=1,2, ...,n, where T denotes the transpose (this means that the h X n matrix with rows a|, a,,
.., a, has all columns in p). We say that a n-place f € Py preserves p if (f(a), [(ap), ..., 1’(;1,,))T
€ p whenever (aj, ay, ..., ah)T € p. Then the set of functions preserving p is denoted by Polp =

{fi(a, ay, ..., ah)T e p = (f(ay), f(ay), ..., f(ah))T € p}. We need the following definitions for
relations.

Let p be a prime. A group G = (L, +) is called p-elementary abelian if G is abelian and px =
X + ... + x (p times) is the zero of the group for every x € Ly. It is well-known that p-
elementary groups on Ly exist if and only if k = pf forr 2 1.

An equivalence relation on Ly distinct from {{0}, {1}, ..., {k-1}} and {{0, 1, ..., k- I}}is
said to be non-trivial.

Let 1 £h<k- 1. Anh-ary relation p on L, is central if p # Lkh and there is @ < C < L
such that (1) ay € C = (ag, a1, ..., @,.1) € p for every ay, ..., ap.1, (2) (ags ---» 8.1} € P =
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(ag(yys --o» A5(n-1)) € P for every permutation s of the set {0, 1, ..., h - 1} and, (3) ag = a1 = (2,
a4y, g, -y A1) € P fOF every ay, ..., ay.j. The unary central relations are just the proper non-

null subsets of Ly.

Let 3<€h<kand let m= 1. The family T = {8, ..., 8.} of equivalence relations on Ly is
h-regular if (1) Oj has h equivalence classes (j =0, ..., m - 1), (2) the intersection ME; of arbitrary
equivalence classes g;0f 6; (=0, ..., m - 1) is non empty. The relation determined by T is the
relation A of all (ag, ..., ap.y) € Lkh having the property that for each 0 < j < m- 1 at least two

clements among g, ..., 4y, are equivalent in Bj.

[K4] has observed that the Py-maximal sets can be best described as the set of all functions
preserving a relation. All Py-maximal sets are of the form Polp for some relation p. Their full
description is given in [R3,R4]. They are grouped into six classes and [R3] formulated the
following general completeness criterion.

Theorem IV.1.2: [R3] Each P -maximal set is of the form Polp where p is one of the six

following relations on Ly:

R1 Every partial order on Ly with a least and a greatest element.

R2 Every relation {(x, s(x)) Ix € Ly} wheresisa permutation of Ly with k/p cycles of
the same length p (k = pr and p prime).

R3 Every quaternary relation {(ay, a7, a3, 84) € Lk4 | a| +ap = ag + a4} where (Ly, +) is
a p-elementary abelian group (k = p* and p prime).

R4  Every non-trivial equivalence relation on L.

R5 Every central relation on L.

R6  Every relation Ay determined by an h-regular family T of equivalence relations on Ly
{h=3).

A set F c Py is complete if and only if for every relation p described under R1-R6 above

there exists an f € F not preserving p.®

Let Ri(k) denotes the number of relations in the class Ri fori= 1,2, ..., 6. Let m(k) = R1{k)
+ ... + R6(k) denotes the total number of Py-maximal sets (i.e. number of relations in Py). [R4]
found a rather complicated formula for m(k) by a purely combinatorial argument and gave the
following table (for3<k <7):
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2 I i I 0 2 ] 5

3 3 1 1 3 ] 1 1%

4 18 3 1 13 40 7 82

5 190 6 6 50 355 lo 643

6 3285 35 0 201 11490 171 15182

7 88851 120 120 875 TI58208 B13 TRARUES

8 30 SHQ758283980 > S4U7SS283U80

As k grows most of the relations belongs to the class RS, and m(k) increases very rapidly.

We cannpot achieve functional completeness in many-valued set logic (i.e. the case r 2 2}
since the Boolean algebra on 2R, say [2R, &, R, U, n, 71, is not functionally complete except
for the case r = 1 (see section 1.3). A variation on the definition of completeness is then the
concept of Boolean completeness in which we allow the use of Boolean functions in the
compositions of non Boolean functions from a given subset F of P, \ BF. This will be the topic
of the following section. In the sequel, we let S(n} denote the set of n-place functions of a given
set S and assume k = 2T,

IV.2. S-completeness: Boolean completeness in set logic

In [A3,A4,A5,A6,A7] the question of constructing all set logic functions using Boolean
functions is studied. Boolean functions are those composed from the set {L, N, o, Cyr €1 woon
c.1}, where c; is the constant function i. Since the set is not complete (except for k < 2), some
functions are added to the set of Boolean functions to form a complete set. Boolean set-valued
functions (which are a small fraction of the collection of set-valued functions) are very important
set-valued functions, because they can be realized using binary standard electronic circuitry. In
these considerations Boolean functions are considered cheap elements in the design of set logic
functions. Following these investigations, it is interesting to characterize all sets of functions
which become complete when Boolean functions are added to them.

Let S be a set of cheap functions. In set logic, since we are more interested to determine the
completeness criteria under some set of Boolean functions, we assume S to be a non emply
subset of C = {\, M, ~, constants }, where constants = {cq, ¢}, ..., Ck-| }. The closure of the set

S is denoted by [S] and contains all functions of P, composed from S. A maximal set F in Py is
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said to be S-maximal in Py if S € F. A subset F of Py \ {S] is said to be S-complete in Py if the
set S U F is complete in P,. A S-complete set F in Py is called a S-base of Py if no proper
subset of F is S-complete in Py. The rank of a S-base is the number of its elements. A function f
€ Py is S-Sheffer (or Sheffer with S functions) for Py if {f} v S is complete in Py, or
equivalently, if {f} is a S-base (of rank 1) of Py. For example, bio-output [A7], conversion
[M1] and literal [AS] functions are respectively {\, ~, \}-Sheffer, {x, ~}-Sheffer and {U, N}-
Sheffer for Py.

Theorem IV.2.1: [D2] (S-completeness theorem in a general form). A subset F of functions in
P, is S-complete in Py if and only if F is contained in no S-maximal set in Py.»

We saw in the previous section that there is an exponential (in k) number of Py-maximal sets
divided into six classes R1-R6. We refer to these classes also as partial order, self-dual,
quasilinear, equivalence, central and predicate classes of maximal sets, respectively. To
determine which of the m(k) maximal sets are S-maximal sets, it is sufficient to check for each of
them whether it contains all S functions. The general solution to the S-completeness problem is
then to find the S-maximal sets.

In the search of S-maximal sets, the following theorem is very useful. Let a three-place
majority function be any function f that satisfies the following property: f(x, x, y) = f(x,y,x) =
f(y, x, x) for any x and y. One such functionis f(x,y,z)=(x ny)VU xnz) v (y N z), which is
a [B] function.

Theorem IV.2.2: [B1] If a closed set can be described as set of functions preserving a h-ary
relation p and it contains a majority function then h<2.#

Corollary IV.2.3: If {L, N} < S then there is no S-maximal set in the quasilinear and predicate
classes and no S-maximal set corresponding to h-ary central relations forh =2 3.2

Proof: Suppose {U, N} < S. First, the majority function which is the Boolean function given
by tx,y,2) = x Nny)w (x nz) U (y N z) e [S]. Second, the arities of the quasilinear,
predicate and central relations are respectively greater or equal to 4, 3 and 1. From Theorem
1V.2.2 it follows that there is no S-maximal set in the quasilinear and predicate classes (as

their arities are greater than 2) and no S-maximal set from central relations with arity greater
than two.*
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Two cases of S-completeness has been studied in literature and known as the problem ot C-
completeness (S = C = {uU, N, -, s €15 -oor C.1 1) and B-completeness (S = B = {u, N, .
The C-completeness, called weak completeness in [S3] and Boolean completeness in [S4} (with
the same meaning), determine the completeness criteria in set logic under compositions with C

functions while the B-completeness problem studied in [D2] determine the completeness criteria
in set logic under compositions with B functions.

IV.3. C-completeness and B-completeness in set logic

In [S3] a full description of C-complete sets, C-bases and C-Sheffer functions in Py is given.
In [S4] the general case of arbitrary r is studied and it is proved that there are 27 - 2 C-maximai
sets in r-valued set logic, all defined by some equivalence relations. [P1] determines classes of
functions (under compositions with C functions), and enumerated C-bases and C-Sheffer
functions in Pg. [D2] presents the B-completeness criteria and proves that there are Bl(r) + 2" -
3 B-maximal sets in r-valued set logic (where BI(r) is a Bell number, i.e. the number of set
partitions of the set R), defined by BI(r) - 1 central relations and 2" - 2 equivalence relations.
These are all known results on C-completeness and B-completeness. The full description of B-
complete sets, B-bases and B-Sheffer functions in P4 and Pg is presented in chapter VL

Next we present all known lemmas for C-maximal sets and B-maximal sets determination
{(without giving their proof).

Lemma IV.3.1: [S4] The complement function does not preserve any partial order in the class
RI1.

Lemma IV.3.2: [S4] The constant functions do not preserve any relation in the selfdual class
R2.

Lemma IV.3.3: [D2] There is no B-maximal set in the selfdual class R2.

Lemma IV.3.4: [D2,54] There is no C-maximal set and B-maximal set in the quasilincar class
R3.

Lemina IV.3.5: [D2,54] There are exactly k - 2 C-maximal sets and k - 2 B-maximal sets in the
equivalence class R4.
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Lemma IV.3.6: [S4] For each unary central relation in the class RS there exists a constant

function which does not preserve it.

Lemma IV.3.7; [S4] All maximal sets determined by h-ary central relations in RS for h = 2 are

not C-maximal in Py.

Lemma I'V.3.8: [D2] There are Bl(r) - 1 B-maximal sets defined by unary central relations from
the class RS.

Lemma IV.3.9: [D2,S4] There is no C-maximal and B-maximal sets in the predicate class R6.
Theorem IV.3.10: [S4] For k = 27, P} has exactly k - 2 C-maximal sets.
Theorem IV.3.11: [D2] For k = 2, Py has exactly BI(r) + k - 3 B-maximal sets.

Constant functions trivially satisfy any equivalence relation and thus the analysis of C-
maximal sets from [S4] can be applied in the B-completeness criteria, meaning that a maximal
set from equivalence relation is B-maximal if and only if it is C-maximal. So, B-maximal sets
from equivalence relations are equivalent to C-maximal sets.

For convenience, we denote the equivalence relations by g, 1 <i<k - 2, and corresponding
C-maximal (B-maximal) sets by E; = Polg;. The relation g is defined as follows. One
equivalence class of g consists of all numbers j such that x € j ¢ i U x, where C is the set
inclusion (a ¢ b iff a, € by for 0 S m<r - 1). The element x is any such that i M x = 0.
Suppose that i has t 0's and r - t 1's. Then x in the last definition must have O at any position
where i has 1 (for example, if i = 3 = 011 then x = 0 = 000 or x = 4 = 100) and thus there are 2t
equivalence classes of € each containing 2™t elements. For example, for r = 3 the six
equivalence relations which are preserved by all [C] and [B] functions are the following:

g = {10, 1}, (2,3}, {4, 5}, {6, 7}}
gz = {{0, 2}, {1,3}, {4, 6}, {5, 7}}
g3=1{{0,1,2,3},{4,5,6,7}}
gq4={{0,4}, {1, 5}, {2, 6}, {3,7}]
es=1{{0,1,4,5}.{2,3,6,7}}
ge=110,2,4,61,{1,3,5,7}}.
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For r = 2 we have 2 equivalence relations

g;={{0, 1}, {2, 3}}
g2={{0,2}, {1,3}}.

If the elements of L are drawn as edges of a r-dimensional hypercube then the equivalence
relations €; are all partitions of the hypercube into equal size subcubes. The subdivision is
uniquely determined by the subcube containing 0, and the subcube containing O is uniquely
determined by its largest element (between 1 and k - 2).

We denote the unary central relations by v;, 0 < j < BI(r) - 2, and the corresponding B-
maximal sets by C; = Poly;. The relation ; is any subset of Ly having the following propertics: il
ae v then a € 73 ifa,be yjthenanbe . Eachelement of 7;is a subset of basic r-values R
= {eg, € .., €.} Where ¢; is 0 or 1. Thus v, corresponds to a subalgebra of Boolean algebra
on R. Every set partition of R defines one such subalgebra as follows. If e, and ¢}, are in the
same class of given set partition then they either both are 0 or both are | in each element of ;. v;
contains all such elements (therefore 0 and k - 1 in all cases). Every set partition (excepl the
trivial one when all elements are in the same set) defines one subset 7j corresponding to a B-
maximal set. The number of elements in ; is 2™ where m is the number of equivalence classes
in the set partition, 1< m <r - 1. For convenience, we let Yy = {0, k - 1} denote the first unary
central relation and also let Cy = Polyg be the corresponding B-maximal set. For example, for r

= 3 there exists four unary central relations which are preserved by ali [B] functions:

Yo=1{0,7)
1= {0: 1, 6, 7}
Y2 =1{0,2,5,7}

v3={0,3,4,7}.
For r = 2 we have only one central relation
Yo = {0, 3}.

In the case of Y3 we may use the index 4 (i.e. y4) for convenience instead of the index 3 (see the
text following Lemma VI.3.1, section VL3).
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Now, the C-completeness and B-completeness criteria follow.

Corollary IV.3.12: [S4] A subset F < Py \ [C] is C-complete in Py if and only if FA\E; # & for 1
<i<k-2.

Corollary IV.3.13: A subset F ¢ Py \ [B] is B-complete in Py if and only if FA C; # & for [ <1
<Bl(r) +k-3.

Corollary 1V.3.14: [S4] A function f is C-Sheffer in Py ifand only if f ¢ E;for 1 Si<hk-2.

Corollary IV.3.15: A function f is B-Sheffer in P, if and only if f ¢ C; for l i < Bl(r) + k - 3.

IV.4. Enumeration of functions and intersection properties of S-maximal sets in set logic
Once the completeness criteria are known, the intersection properties of S-maximal sets

usually determine the S-complete sets, the S-bases and the S-Sheffer functions. The intersection

properties of C-maximal sets are given here.

Theorem IV.4.1: [D1] [E;(n)! = 20-02 + 1210,

Lemma IV.4.2: [D1] INEqgr_; i)l = 22", forn>1andi=0,1,..r-1.

Lemma IV.4.3: [D1) NEyr; 5i=BF, i=0,1,...,r- 1.

Lemma IV.4.4: [DI] E;nE; cE; ;.

Lemma IV.4.5: [D1] NE»i=BF, i=0,1,..,r-1.

Lemma IV.4.6: [DI] E; N E; C E; .

The intersection properties of B-maximal sets left as open problem are discussed in section
VIL3.
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IV.5. Bio-algebras

[R2] introduced a class of algebras, called bio-algebras, which represent an extension of
Boolean rings. The operaticns of these algebras are inspired by the works on biological
computing. The authors defined and axiomatized the bio-algebra and prove that the finite
algebras that satisfy the system of proposed axioms are functionally complete and incorporate
the expected properties of the bio-pass and the bio-output. Thus, bic-algebras are primal
algebras that are capable of model computation done by bio-circuits: bio-pass (BP), bio-output
(BO) and bio-complement (BC) (see section I11.3).

IfR = {0, ..., r- 1} is the set of fundamental values of a r-valued set logic then every j, 0 £ |
<1 - 1 represents a pair substratum-enzyme (assuming that we deal with r distinct enzymes).
The bio-circuits mentioned above operate on the power set 2R. The bio-pass is a two-place
function defined by BP(X, Y) = X \ 'Y, that is by the set difference. The bio-complement is a
unary function given by BC(X) = X = R\ X. The bio-output is a two-place function given by

BO(X, Y) = {x ifY=0
{J otherwise
The bio-pass and bio-complement functions are Boolean set logic functions while the bio-
output is non Boolean. In order to obtain a natural algebra for this type of operations [R2]
considers a Boolean ring ® = (I, 0, 1, +, -), that is a unitary, associative ring that consists of
idempotent elements. Such a ring is commutative and of characteristic 2. In other words we

havex+x=0andx-y=y- x forevery x, y € I. [R2] defines the functions bp: 12 — 1, bo: I2
— Iand be: I — 1 by the equations

bp(x, y) = X + Xy
x ify=0
bo(x, =
(.y) {O otherwise
bc(x) = l+x

These functions are refered to as the bio-pass, the bio-output and the bio-complement functions
on the Boolean ring 2.
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Here we remind the reader the definition of the polynomials for an arbitrary ring. The set
Pol(I) of polynomials in n variables over a ring (L, 0, 1, +, -} is determined by the following
rules:

i) forevery a € I the constant function f,(xy, ..., X,) = a for every Xy, ..., X, € Lis in Pol(I);
i) for every i, 1 i < n the projection function p;(Xy, ..., Xp) = Xj is in Poly(I);
iii) if f, g € Pol,(I) then the functions f + g and fg defined by
(f + 2)(X[, voo X)) = f(X Y, oy X} + 8(Xq, -0, X)) 2nd
fE(xy, .ry Xp) = (X1, s Xp) - 8(X1s oo X,y
for every X, ..., X, € I, are in Pol(I).

[R7] (pp.37) gives the following useful theorem which characterize a polynomial of a ring.
Theorem IV.5.1: [R7] Let (I, O, 1, +, -) be a Boolean ring. A mapping b: I" — I is a

polynomial if and only if it can be written in the canonical polynomial form

I, ., 0
b(xl, vany Xn) = &g + zi]...imail-"imxil"'xim’

where ag and a; _; are constants of I while the sum is extended over all subsets {iy, ..., iy}
of m distinct indices from the set {1, ..., n}. The coefficients 2y and a; ; are uniquely
determined by b. For instance, b(X|, Xp) = ag + a1X| + a2Xp + 212X Xp.

The immediate consequence of this theorem is that

Corollary IV.5.2: [R2] The bio-output over a Boolean ring (B, 0, 1, +, ) is not a polynomial of
the ring.

[R2] gives the definition of a bio-algebra. A bio-algebra is an algebra 4 = (I, 0, 1, bp, bo),
where [ is a set referred to as the carrier of the algebra, 0, 1 are two zero-ary operations and bp,
bo are two binary operations linked by the following axioms:

i) bp(x, x) =0,

i) bp(x, 0) =x,

i) bp(x, bp(1, y)) =bp(y, bp(1, x}),

iv)  bp(x, bp(y, 2)) = bp(1, bp(bp(1, bp(x, y)), bp(x, bp(1, z))}),
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v) bp(bp(x, y), z) =bp(bp(x, 2), y),
vi) bo(x, 0} = x,
vii) if y # 0 then bo(1, y) =0,

viii)  bo(x, y) = bp(x, bp(l, bo(l, y))),

forevery x,y,ze L.

[R2] prove that the finite algebras that satisfy this system of axioms are functionally

complete and incorporate the expected properties of the bio-pass and the bio-output. We will
give the results here without the proofs. Let 4= (I, 0, 1, bp, bo) be a bio-algebra.

Proposition I'V.5.3: [R2] In any bio-algebra, the above axioms imply

bp(0, 0) = 0, bp(0, D=0,
bp(l, ) =1, bp(l, 1) =0.
and

bo(0,0)=0, bo(0, 1) =0,

bo(l,0)=1, bo(1, 1) =0.
Corollary IV.5.4: [R2] For every x € I we have x =bp(1, bp(}, x)).
Corollary IV.5.5: [R2] For every x € I we have bp(x, 1) = bp(0, x) = 0.

Theorem IV.5.6: [R2] For every x € I we have bo(x, x) =0.

Consider the binary operations X A y =bp(x, bp(1, y)) and x v y = bp(l, bp(bp(l, x), y)), for
everyx,y€ L.

Proposition IV.5.7: [R2] We have

bp(l, ¥1 Vv yp) =bp(l, y;) A bp(l, y9),

bp(1, ¥1 Ayg) =bp(L, y) v bp(l, ¥7)
foreveryy|,yp € L

Proposition IV.5.8: [R2] Define X = bp(1, x). The 6-tuple (I, 0, 1, v, A, ) is a Boolean
algebra.
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Any bio-algebra (I, 0, 1, bp, bo) can be regarded as a Boolean algebra (I, 0, 1, v, A, _)
equipped with a supplementary operation bo. Naturally, since every Boolean algebra can be
regarded as a Boolean ring, that is an idempotent ring, it is possible to define the ring operations
x +yand x - y by x + y = bp(bp(1, bp(bp(1, x), y)), bp(x, bp(1, ¥))) and x - y = bp(x, bp(1, y)),
for every x, y € 1. A finite algebra is functionally complete if every function on that algebra can
be regarded as a polynomial of the algebra.

Proposition 1V.5.9: [R2] Consider the bio-algebra 8 = (I, 0, 1, bp, bo). The function x¥ defined
by

1 ifx=a
3=
0 otherwise

is a polynomial of 8.
Corollary IV.5.9: [R2] Every finite bio-algebra is functionally complete.
1V.6. Approximation properties in set logic

Set-valued Boolean functions are very important set logic functions because they can be
realized using binary standard electronic circuitry. Therefore, it is significant from a practical
point of view to be able to decide whether a set logic function is Boolean and, in the negative
case, which is the most likely situation, to be able to approximate portions of the graph of non
Boolean functions by graphs of Boolean functions. This offers the possibility of building hybrid
circuits, that is, circuits that use binary electronic components and non-binary optical or
biological components which correspond to Boolean and non Boolean functions, respectively.
We refer the reader to section 1.4.b for preliminary definitions on approximation theory in set
logic.

IV.6.a. The equivalence of a set logic function

Results concerning Boolean approximation of set logic functions in [R1] seek to identify
partitions of the graphs of set logic functions such that the blocks of the partitions give the
maximal interpolation domains of these functions by Boolean set-valued functions. The authors
determined an upper bound on the complexity of bio-circuits that realize set logic functions.
This bound is based on an equivalence attached to a set-valued function such that the classes of
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the quotient set of the definition domain with respect to such an equivalence coincide with the
sets on which they can evaluate the function by computing a value of a Boolean function. [R1]
contains a list of one-place set logic functions based on the number of maximal interpolation
classes. It might be possible to obtain (S-)completeness criteria of sets of set logic functions
based on parameters of the attached Boolean interpolation sets. That is, if a given set F contains
non Boolean functions, we can first replace (i.e. approximate) all or some of them by Boolean
functions (from corresponding interpolation sets) and then determine the (S-)completeness
criteria of the new set F. F' contains the Boolean approximations of functions from F. The
problem here is that if we decide to approximate all non Boolean functions of F, the new set F

may not be complete as it contains only Boolean functions. The interesting question is how (o
achieve functional completeness or S-completeness for such sets.

We briefly remind the reader the definition of the equivalence relations ~p and = on 2R, Let
F,G e Py(1). We bave X ~ Y if (F(X) ® F(W) = X ® W if and only if F(Y) ® FW) = Y ®
W for every W e 2R); the equivalence class of X with respect to ~p is denoted by [X]. We

have F = G if the function h € Py(1) given by h(X) = F(X) @ G(X) is a Boolean function. @ is
the set-theoretic symmetric difference operation. We denote the equivalence class of F by [F]..

Theorem IV.6.a.1: [R1] Let F: 2R — 2R, For every set X € 2R there exists a Boolean function
by: 2R — 2R such that F(Y) = bx(Y) forevery Y € [X}g

Proposition IV.6.a.2: [R1] Let F, G: 2R — 2R, If F = G then [X]g = [X]g for every X € 2R,

The equivalence classes [X]g of the quotient set 2R/~F constitute the sets on which we can
approximate any function F of Py(1) by Boolean functions. The set of equivalence classes {Fl-

determines a partition of P (1) where each class [F]. of functions gives in fact the maximal
interpolation domain of theses functions (from [F]-) by Boolean functions.

Consider a set logic function F and its corresponding carrier computing circuit C.  The
results in [R1] allow the design of hybrid set logic circuits (biological and digital, for instance)
equivalent to C, in which the Boolean components of F (ex. BP, u, -, ...} are implemented with
binary circuits while we retain carrier computing switching devices (ex. bio-devices) for
computing the non Boolean components of F (ex. BO, Conversion, ...). This enables the
reduction of the implementation complexity of F. We define the implementation complexity
C(F) of F as the number of non Boolean functions needed to design the corresponding carrier
computing circuit C that computes F. This makes sense in real combinatorial set logic circuits,
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since Boolean functions are usually obtained with small cost. Considering the bio-computing
devices [R1] measures the complexity C(F) as the least number of bio-outputs needed to
implement F. In general we measure C(F) as the least number of non Boolean devices needed
by a circuit that computes F. Therefore, in view of theorem IV.6.a.1 we have C(F) < I2R/~F1
[RI].

Using an algorithm, the authors give a complete catalog of all 256 functions of P4(1)
grouped according to their common equivalence relations. Consider for instance the function F
given by F(0) = 3, F(1) = 2, F(2) = 1 and F(3) = 2. Applying the definition of ~, the classes of
the equivalence relation 21 € }!——p are then {0, 1}, {2}, {3}. For such an equivalence relation,
the algorithm finds all functions G of P4(1) such that G =F, i.e. ~g = ~g. The authors obtain 9

common equivalence relations, each corresponding to a class of functions.

Redations o122 35 ({12p{e3y) {2003 {er2E3) (M 1{23 (D BHe2}  {opi3Hin 2y ({0 1H{2E 3N b {1} (23430
nunw of funct 16 16 32 16 16 16 a2 16 96

IV.6.b. Characterization of Boolean collections

[T1] contains certain combinatorial results involving collections of subsets of a given set
whose characteristic function is a Boolean set logic function. The authors introduced the notion
of Boolean collection of sets and explore several combinatorial aspects of these collections.
These collections of sets appears to play a role in approximation of non Boolean set logic
functions by Boolean functions and, therefore, are relevant in the study of carrier computing
circuits, where set-valued functions are used. These results are useful for characterizing certain
testing conditions involving set logic functions.

Recall the definition of a Boolean collection. A non empty collection of sets C < (2R)" is a

Boolean collection if there exists a n-place Boolean set logic function f such that C = Cy where
Cr={X e 2R"If(X)=3]}.

Theorem IV.6.b.1: [T1] A collection of sets C < 2R is Boolean if and only if there are two sets
A,Be 2Rsuchthat AcBandC={Xe 2RIAcXcB \ A}.

Corollary IV.6.b.2: [T1] The set interval (P, Q] = {X € 2R | P c X < Q} is a Boolean
collection, for every P, Q € 2R,
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Corollary IV.6.b.3: [T1] There are non Boolean set logic functions having Boolean collections
as some of their leve! sets.

) . . , R if X
One such example is the set logic function given by f(x) = P g. = Q. This a non
& otherwise
Boolean function, called set literal function, used frequently in the study of carrier computing

circuits (see section II1.4). There exists a bijection between Boolean collections on 2R and pairs
of sets (A, B) for which A B.

Corollary IV.6.b.4: [T1] There exist 3¢ Boolean collections in 2R, (There are 4¢ pairs of sets in
2R and only 3¢ determine Boolean collections).

Lemma IV.6.b.5: [T1] Let A, B, C € 2R, The following hold:
i) AC c BC ifandonly if A\B c C.
i) ACcBCifandonlyifCc A \ B.

Lemma IV.6.b.6: [T1] Let A; € 2R for 1 €i<2k. We have A; © Ay U A3 U ... U Ay if and

onlyifAl \A3\...\A2k_1 Q_(A] ® Az) \ (A3 ® A4) Vo (AZI{-I ® Azk).
Theorem 1V.6.b.7: [T1] The collection C = {(X|, X5) € (2R)2 | {(X,, X5) = @}, where (X},

Xy) = A2 @ A’X, ® AJX, ® AZX X, isnonempty if and only if

2 2 2 2
Aoc_:AlquuA3

and consists of all pairs of sets (X}, X) that satisfy

2 2 2 2 2
Ag VA, cXc (A2 ® A\ (AZ @ AD),

2 2 2 2 2 2
Ay @ AYX, cX| c (A @ A3X,) \ (Ay @ ATX,).

Theorem IV.6.b.8: [T1] The collection C;= {X & (2R 1 f(X) = @}, is non empty if and only if

Ag c U{A;1 't £i< 2" - 1) and consists of all tuples X = (X, ..., X,,) that satisfy
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m m m mn m m m m m
AT VAT VL VAT o X o AT @AT) V(AT @ AT) VL V(AT B AT, )

-2 2™

-2

for ] <m<n, where AT = ATl @ AM*Y forl<m<n-1.
i 2i 2i4+1" " m+1

1V.6.c. Enumeration of Boolean collections

Lemma IV.6.c.1: [T1] There are (2™ - 1) collections {A|, ..., Ay} in 2R such that A} € A, U
AL

Corollary IV.6.c.2: [T1] There are (22" - 1) collections { A%, A", ..., A" } in (2R)" such
0r 271

that A ¢ JIAl 11 i< 2" -1,

Consider the set B = {0, 1}. Define the mapping x: 2R x R > B by x(X,i)=11ifie X and

k(X. i) = 0, otherwise. For a collection of sets denoted by {X;, ..., X;} denote x(X|, 1} by xL

for1 <k <nand1<i<r. Similarly x(Y, i) is denoted by yi. Each Boolean set logic function f:

(2R)" — 2R can be represented by r Boolean functions f;: B" — B where fi(xil, xin) =yl for 1

< i <r (see section 1.4 on isomorphism relationship). We denote this situation by f = [fy, ..., f;].

Lemma IV.6.c.3: [T1] Let f: (2R)" — 2R be a Boolean function and let f; for ] Si<rber
Boolean switching functions such that f = [f}, ..., f]. We have f(X, ..., X} = @ if and only

iffi(x),...x")=0for 1 Sisr.

Theorem IV.6.c.4: [T1] The number of Boolean set logic functions f: (2R)" — 2R for which
there exists a n-tuple (X;, ..., X,) € (2R)" such that f(X, ..., X;) = @ is equal to (22" - 1y,

Corollary IV.6.c.5: [T1] Lete; = l{(xi, x;) | fi(x;, xin) =0}l for1 £i<r. The numbere
of tuples (X, .... X,) € (2R)" such that f(X;, ..., X,) =D is givenby e =¢;--e;, where 1 < g;

£2forl €151
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Corollary IV.6.c.6: [T1] There are exactly (22" - 1)" non empty Boolean collections C ¢ (2R
For each such collection C, the Boolean function f: (2R)" — 2R such that C = {X € 2R}
f(X) = &} is uniquely determined.

Consider a subset C < (2R)". Let F be a n-place set logic function. It is interesting to
examine the collections of sets Cg ¢ = (2R)" for which a Boolean function f: (2R)" — 2R can be
found such that F(X) = {(X) for every X € C. In others words, the problem is to determine the

portions of (2R)" where the computation of the function F can be replaced by the computation
of a Boolean function f.

Consider the graph G(F) of F defined as G(F) = {(Xj, ... X, Xp41) € Ry F(X,, .-
X) = X411} Then G(F) is a Boolean collection determined by the Boolean function h given by
h(X, v Xpgo K1) = fXq s X)) @ Xj4q, where (X, .. X)) = F(X, 0 X)e Tis clear that
Cg ¢ is a fragment of G(F).

The maximal Boolean collections contained in the graph of non Boolean functions give the
maximal sets on which we can approximate these non Boolean functions by Boolean ones.
Therefore (S-)completeness properties of non Boolean set logic functions based on the maximal
Boolean collections contained by these graphs present a great interest for implementation of
hybrid circuits (biological and digital, for example).

IV.7. Conclusion
In this chapter we have discussed the completeness and approximation properties of set
logic. Particularly, the S-completeness criteria are very useful to determine subsets of Py which

are S-completes. The next chapter will focus on how to find these S-complete sets using the
criteria and some combinatorial methods such as classification and enumeration.
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CHAPTER V
ALGORITHMS FOR CLASSIFICATION OF FUNCTIONS AND ENUMERATION OF
BASES (IN SET LOGIC)

V.1. Introduction

The functions in P, may be classified by their membership in the (S-)maximal sets, leading to
a natural classification of (S-)bases into equivalence classes (called aggregates). This chapter
presents classifications of functions and enuinerations of aggregates given m (S-)maximat sets.
First we describe an algorithm for facilitating the classification of set logic functions based on
the (S-)completeness criteria. Second, on the basis of a backtrack procedure for lexicographic
enumeration of all subsets of a set of n elements we present algorithms for determining all (S-
)bases consisting of functions from a given (S-)complete set in Py and for enumeration of all
classes of (S-)bases in Py [S5]. We apply these algorithms for the determination of the C-bases
and B-bases of P4 and Pg and the one-place C-Sheffer and B-Sheffer functions for P, and Pg;
the computational results thus obtained (for S = C) coincide with theoretical results given in
(D1,S3].

V.2. Classification and enumeration of n-place (set logic) functions

Let Sy, ..., S, be the m (S-)maximal sets determined by the (S-)completeness criteria. As
mentioned in the previous chapter, a subset F of Py is (S-)complete in Py if and only if for each i,
Il <i<m, F\S;# @, or in other words, there is f € F such that f ¢ S;. This leads to the
following: define the map ¢: P — {0, 1}™ by setting @(f) := s1...5;,, where s; = 0 if f € §; and s;
=1iffe S;. We call o(f) the characteristic vector of f. We putf= g if f, g € Py have the same
characteristic vector, i.e. if @(f) = ¢(g). Clearly = is an equivalence reiation on Py and so it
partitions Py into pairwise disjoint non empty sets called (equivalence) classes. Note that for =
g we have either f, g€ S;orf, g ¢ S;foralli=1,..,m. We write AB for A" B, A0 for A and

Al for A (A, B subsets of P). Clearly each class is of the form Si"S‘;’ Ssm“1 where sq, ..., Sp

e {0, 1}. We will see in the next section how we can discuss (S-)completeness properties in Py
in terms of these classes instead of individual functions. The study of characteristic vectors
provides information on the intersection properties of families of (S-)maximal sets, that is we
can find why a given class of functions is empty or not or what kind of functions it contains (for
a non empty class). The characteristic vectors can also be applied to seek the set of classes of
functions which makes a given incomplete set (S-)complete.
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In general, the number of possible classes (characteristic vectors) of (set logic) functions is
2M where m is the number of (S-)maximal sets in P.. So, for large m (say m = 8) it is better to
use a computer program to generate most classes and enumerate (or generate) the functions in
each class, in order to find the intersection properties in a fast way and also to seek for complete
sets ((S-)bases and (S-)Sheffer functions).

The algorithm for classification and enumeration of (set logic) functions is based on a well
known lexicographic generation of variations and goes in the following manner (sce the
definition of lexicographic order in section V.3.a). We generate each function and determine the
possible class of functions which contains the function. Consider a set of k" points in
lexicographic order. We represent the i-th function as the k"-tuple f; = (vig. Vif» - Vignop)
where v;; € Ly is the value of f; in the j-th n-tuple point x; = (x;1, ..., Xjp) € L, forj=0, .. k"-
landi=0, .., kk" - 1. A function is simply any variation of k" out of the k elements of L, (a
variation of m out of n elements is any sequence (x|, Xp, ..., X)) Where 0 < x; Snand | i s m).
For instance, fork=8andn=1,(7,3,2,4,0,0, 1, 5) is a functionbut (0,7, 1, &8, 5,2, 6, 4) is
not. The general algorithm for classification of n-place (set logic) functions in Pascal-like
notation goes as follows:

BEGIN

read (r); . ] .
« N {in set logic } or read (k);  {in multiple - valued logic )

’

read(n); {number of variables)
read(m); { number of {S-)maximal sets }
12™ = number of possible classes}
class{1] ;= 00...00, ..,, class[2™] := 11..11; {m-length characteristic vectors array )
read([R, ..., Rm]); {array of m relations corresponding to (S-)maximal sets}
set counter[1], ..., counter[2™] to 0; {number of lunctions in each class ¢}
set v[1],..., v[k"} to O ; {the first function: (0, 9, ..., )}
REPEAT

Determine the class ¢ that contains f;
increment counter{c] by one;
ji=k™
WHILE v[jl=k- 1 DOj=j-1;
v[jl:=vjl + Ls
setv[j+ 1], ... v[k" o O;

UNTIL j ={;

Print_out {class[c], counterfc]) forc = 1, ..., 2™,

END.
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The (set logic) functions are then generated in lexicographic order and classified. The
function f belongs to the class ¢ = sy..5, € {0, 1}Miffort=1, .., m, fe S whenevers; =0 and
fe S, whenever s, = 1. The procedure to check if a function belongs to a given class depends
on the definitions of the m (S-)maximal sets which fall into the six classes R1-R6 of Py-maximal
sets (see section IV.1). Here we describe an algorithm which checks the inclusion of a function
in (S-)maximal sets from either equivalence relations (class R4) or unary central relations (class
R5). One such relation is represented as an array of classes (we consider a unary central relation
as an equivalence relation having a unique equivalence class). Consider an equivalence relation
g, then a n-place function f preserves € if for any set e? (where e is an equivalence class of € and
e is the set all n-tuples taken out of e) the values in the points of e are all from the same
equivalence class of . The class containing the coordinates of a given point of e? and the class
containing the value in that point are called the equivalence class domain and the equivalence
class image of the point, respectively. Thus, to check the inclusion in a C-maximal set or B-
maximal set, we need two arrays of length k"'; one to store the index of a class domain (from the
relation € (array of classes)) which contains all the coordinates of a given point and another one
to store the index of a class image which contains the value of a given point. For example, if k =
8, n=1,e= ({0, 1}, {2, 3}, (4,5}, {6,7}} and f={3,0, 3, 2,4, 7, 6, 5} then the arrays of
domains and images are {1, 1, 2,2, 3,3, 4, 4] and [2, 1, 2, 2, 3, 4, 4, 3]. Looking at these two
arrays, we see immediately that f does not preserve € because the domain 4, for instance, has
two distinct images (4 and 3); points in the set {6, 7}! map to distinct classes, point (6) maps to
the 4th class and point (7) maps to the 3rd class of . Call dom and img the arrays of domains
and images, then | < dom[i] < lel and 1 < img[i] < lel for 1 £i< k" Also the i-th point X in the
lexicographic order of the points of Lk“ can be obtained by converting the number i to its base k
representation then the coordinate x;; of x is simply the decimal equivalent of the j-th cipher of
that base k number starting from the left, ] <i<kP and 1 £j < n. For instance, for k =4 and n
= 2 we obtain 16 (base 10) = 33 (base 4), and then X161 = 3 and x4 = 3, ie. X1 = (3, 3).
Either we can construct a k"-length array of points before the REPEAT loop in the above
algorithm (to save time) or we can compute a point at each iteration of the second FOR loop in
the algorithm below (to save space). The algorithm to determine the class which contains a
given function goes as follows.
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Determine the class ¢ of a function f (given an array of relations corresponding to C-maximal or 8-maxinial sets)
BEGIN
setbin[ 1], ..., bin[m] to '1";
FOR s :=1tomdo
determine img[ 1], .... img[k"] from f and the relation R ;
FORi:=1tw0k"do

determine dom{i] from [ and the relation R_\; {domii] = ¢ if the coordinates of point]i) am in)

{am-length binary charactenstic vector)

{distinct equivalence classes of R}
IF dom[il # 0 THEN '
image{dom(i]] := img[i);
preserve ;= true;
=1
WHILE preserve = true and i £ k" do
IF dom[i} # 0 THEN

preserve = img[i] = image[dom(i]]; {check if the points of a set ™ map to the same image}
=i+ ]}
IF preserve = true THEN bin[s] :='0';
¢ := {decimal equivalent of the characteristic vector bin) + |;
class[e] = bin;
END

Variations are generated in O(kk") steps. However, the procedure which checks the
inclusion of a function in the m (S-)maximal sets is in O(m-k") steps and therefore increases the
time complexity of the algorithm. There are also two other alternatives. First, we can use a scl
of k" embedded FOR loops with k iterations each to generate alt the kk" variations. This
algorithm have the same time complexity but requires to modify the program whenever the
parameter k is changed. Second, we can use a base k conversion algorithm to generate each
function. That is, if we convert the number i to its base k representation then the value vj; of the
i~th function f; is simply the decimal equivalent of the j-th cipher of that base k number starting
from the left. For example, for k = 4 and n = 2 we have 16 points in lexicographic order, that is
(0, 0), (0, 1), ..., (3, 3); also we obtain 21070 (base 10) = 0000000011021032 (base 4), and
therefore v1070,0 = f21076‘C M =0, V21070,1 = f21070(0: 1) =0, ..., v21070,14 = f21070(3. 2) = 3,
v21070,15 = f21070(3, 3) = 2, i.e. f3970 = (0, 0,0,0,0,0,0,0, 1, 1,0, 2, 1, 0, 3, 2). This
algorithm of O(kK") steps is less efficient than the others because of the additional base
conversion algorithm.

The complement function is Boolean. If it belongs to the set S and if the function f; = (vjy,

Vil» ---» Vign_1) belongs to the class ¢, then the function f; = (vio, Vi, v V30.) = (Vig, Vip

ey vik“—l) belongs also to ¢, that is f; = {7, where i =kk"- 144, V_U =k-1-vfori=0,..,

kKk"-1andj=0,..,kP- 1. Forexample forr=2andn=1,if{ ) S we have fj3 = (0, 1,0,
2) =137 =(3, 2, 3, 1), i.e. 9(f;g) = ¢(f237). The consequence is that we can use a variable t to
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keep the number of functions we have classified, increment the class functions counters by two
instead of one, and finaily write UNTIL ¢ = k*" / 2 instead of UNTIL j = 0. We need only to
classify the first kk" / 2 functions. Therefore the algorithms run faster.

We applied the variations generation algorithm for the classification and the enumeration of
set logic functions under C functions compositions. For r = 2 we denote each possible class of
functions by the binary characteristic vector eje;, where ) =0 iff fe Ejand e; =0 iff f & Ey,
E; and E, being the two C-maximal sets of P, (see section IV.3). For r = 3 there are six C-
maximal sets E{, Eo, E3, E4, E5 and Eg, and we represent each possible class of set logic
functions by a vector e esese4e5eq where e = 0iff fe Ej, e, =0ifffe By, e3=0iff fe Ey, e4
=0ifffe B, es=0ifffe Es and eg = 0iff f € E5. We obtained the following results for n =

1, r=2and r =3 (we give a one-place example function for each non empty class).

r=2
Ordinal numbers Decimal classes Binary classes One-place funct. Number of lunct.

1 0 00 (2,2,0,0 16

2 1 0l 2,2,0,1) 438

3 2 10 (2,.0,0,0) 48

4 3 L 2,0,0, 1) 144

r=3
Ordinal numbers Decimal classes Binary classes One-place funct. Number of funct.

1 0 (00000 (4,4,4,4,0,0,0,0 64

2 10 001010 4,4,4,4,0,0,2,2) 192
3 12 001100 (4,4,4,4,0,1,0, D 192
4 14 001110 (4,4,4,4,0,1,2,3) 576
L] 17 010001 (4,4,0,0,0,0,0,0) 192
[ 20 010100 4,4,4,5,0,0,0, 1} 192
7 21 010101 (4,4,0,1,0,0,0, 1) 576
8 27 at1otl 4,4,0,0,0,0,2,2) 576
9 28 ol1100 4,4,4,4,0,0,0, 1) 3648
10 29 01110t 4,4,0,0,0,0,0,1) 11520
11 30 O11110 (4,4,4,4,0,0,2,3) 11520
12 31 o111l (4,4,0,0,0,0,2,3) 36288
13 33 100001 (4,0,4,0,0,0,0,0) 192
14 34 100010 (4,4,4.6,0,0,0,2) 192
15 35 100011 (4,0,4,2,0,0,0,2) 576
16 42 101010 4,4,4,4,0,0,0,2) 3648
17 43 101011 4,0,4,0,0,0,0,2) 11520
18 45 101101 4,0,4,0,0,1,0,1) 576
19 46 101110 4,4,4,4,0,1,0,3) 11520
20 47 101111 4,0,4,0,0,1,0,3) 36288
21 49 110001 (4,0,0,0,0,0,0,0 3648
22 51 110011 4,0,0,2,0,0,0,2) 11520
23 53 110101 4,0,0,1,0,0,0, 1) 11520
24 54 1o11¢ 4,4,4,7,0,0,0,3) 576
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25 55 110111 (4.0,0,3. 0,0, 3) 36288

26 59 111011 4000000, 239824
27 6l LG (4.0.0,0,0,0,0, 1N 29824
28 62 111110 (44,4,4,0,0,0. 3 229824
29 63 11111 (4.0,0,0,0,0,0,3) [SE9d 144

These computational results agree with theoretical results given in [D1,S3]. The remaining
classes for r = 3 are all empty. This can be seen also by examining the intersection propertics of
C-maximal sets (see section IV.4). Below we describe and list the empty classes from each
intersection property.

From Lemma IV.4.3 it follows that classes such that (e4, es, ¢, ej) =(0,0,0,1),1 £j53, are
empty. There are 7 such classes: 8=001000, 16=010000, 24=011000, 32=100600, 40=101000, 48=110000, $6=111000.

From Lemma IV.4.4 it follows that classes such that (e, 5, e¢) or (e, e3, e5) or (¢4, €3, €4) =

(0, 0, 1) are empty.There are 19 such classes: 1=000001, 22000010, 3=000011, 4=000100, S=00010F, 6=C002 10,
7=000111, $=001001, 11=00101f, 13=001101, 15=001 111, 18=0100i0, 19=010011, 22=0§0110, 23=010111, 36=100140, 37=100101,

38=100110. 39=100111.

From Lemma IV.4.5 it follows that classes such that (e}, ey, e3, ej) =(0,0,0,1),4<jZ6, are
empty. There are 7 such classes: 1=000001, 2=000010, 3=000011, 4=000100, 5=C0C101. 6=000110, 7=00011 1.

From Lemma IV.4.6 it follows that classes such that (e4, €5, €3) or (g4, €¢, €2) Or (€5, ¢4, €1) =

(0, 0, 1) are empty. There are 19 such classes: 8=001000, 9=001001, 16=010000, 18=010010, 2d=011004),
25-01100!, 26=011010, 32=100000, 36=i00100, 40=101000, 41=101001, 44=101100, 48=110000, SU=110010, §2=1i0100,

56=111000, 57=111001, 58=111010, 60=111100.

Theorem V.2.1: [DI1,S3] There exist 29 (4) classes of functions of 3-valued (2-valued,

respectively) set logic under compositions with C functions (Boolean functions with
constants).

Remark: a given class of (set logic) functions may not contain p-place functions f{xy, ..., X
but have g-place functions f(xy, ..., Xg) for p #q.

p)

We also have used the same algorithms to classify and enumerate one-place set logic
functions under compositions with B functions (Boolean functions without constants) (see
section VI.4). Appendix 1 of the thesis contains all the Pascal codes for the classification and
enumeration of set logic functions under compositions with C or B {functions.
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V.3. (S-)completeness and enumeration of (§-)bases

Once we have all the non empty classes of (set logic) functions, we can discuss the (S-
)completeness properties in Py in terms of these classes instead of individual functions; if a set is
(S-)complete, then by replacing a function in the set by any function in the corresponding
equivalence class yields another (S-)complete set. If fe F ¢ Py and f = g, then clearly F is (S-
)complete in Py if and only if (F\ {f}) U {g) is (S-)complete in P,.. In other words, it suffices to
study the (S-)completeness in Py up to the equivalence =. It is easy to see that F < Py is (S-

ycomplete in Py if and only if s = Z fEF(P(f } (bitwise or operation) has all coordinates equal to 1

(i.e. in decimal, s = 2™ - 1, m = number of (S-)maximal sets in Py). Once we know all the
characteristic vectors, we can find all (S-)complete sets in P, and all (S-)bases by a direct
combinatorial check. If we associate A= {i:s;=1) to s;..sp, € {0, 1}™and if Ay, ..., A; are
the subsets of {1, ..., m} corresponding to the characteristic vectors, the (S-)completeness
problem is reduced to the listing of subsets of {A,, ..., A} covering {1, ..., m} and the basis
problem to the listing of such coverings which are irredundant (no proper subset covers {1, ...,

m}).
V.3.a. Generating all t-subsets of {1, ..., n} in lexicographic order

We use the same algorithim described in [S5] to enumerate the C-bases. It is based on the
lexicographic generation of all t-subsets (subsets containing t elements) of the set {1, ..., n} and
using bitwise redundancy check. Each subset is represented as a sequence ¢j...¢, 1 £t < n,
where 1 ¢ <... <¢; < n and where ¢ is the ordinal number of a class of (set logic) functions
forj=1, ..t

Recall the definition of lexicographic order of subsets. For two subsets a = (ay, ..., ap) and b
= (b, .o bq), a < b is satisfied if and only if there exists i (1 £ i< q) such that 3y = bj forl £j<«i
and either a; <b; or p =1i- 1. For example, for n = 5, the lexicographic enumeration of t-subsets

goes in the following manner:

1 2 123 1234 12345
1235
124 1245
125
13 134 1345
135
14 145

15
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2 23 234 2345

235

24 245
25

3 34 345
35
45

The algorithm is in extend phase when it goes from left to right staying in a row. 1t is in
reduce phase when the algorithm shifts to the next row.

BEGIN
read(n});
t:=0;
¢ = 0;
REPEAT
IFc, <n THEN
Extend
ELSE
Reduce;
Prine_out(c,, .. . %:
UNTIL ¢, i=n;
END.

Extend
BEGIN

€, =0+ I;

ti=t+1;
END.

Reduce

BEGIN
ti=t-1;
c=c + 1;

END.

V.3.b. Enumeration of (classes of) (5-)bases

The lexicographic algorithm is applied in basis enumerations for a subset of P,. We need the
following definitions to describe the algorithm for enumeration of (S-)bases. Let m be the
number of (S-)maximal sets in Pp. A set of (set logic) functions F = {f|, ..., £} is called
nonredundant (S-nonredundant in set logic) in Py, if for each i, 1 €1 £ s, there exists a (S-
)maximal set 3; in Py, 1 < j < m which does not contain f; while all the other functions f, (t =1,
.. 8, t 1) are elements of S;. In other words, F is (S-)nonredundant if and only #f for each g €
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F the sum s = Zf&F-lg}(p(f) (bitwisc or operation) has at least one 0 coordinate ((S-

ynonredundancy condition). We call (S-)nonredundant incomplete sets simply addable (S-
addable in set logic). The rank of a (S-)addable set is the number of its elements. A class of (S-
Ybases also called an aggregate is the set of all {S-)bases having the same set of characteristic
vectors. For a (S-)base, its class of (S-)bases is the set of classes of functions for functions
belonging to the (S-)base.

Conditions of (S-)completeness and (S-)nonredundancy of a set F can be conveniently
expressed by using characteristic vectors of set logic functions belonging to F. From the
definitions of (S-)completeness, (S-)nonredundancy and (S-)base, it follows that there are two
conditions for F < Py to be a (S-)base: (S-)completeness and (S-)nonredundancy. A (S-)base
corresponds to a minimal cover of 1...1 (unit vector), and a (S-)nonredundant set corresponds to
a minimal cover of some non-unit vector in which some 0's may occur (we except null vector).
Using the bitwise or operation Vv for characteristic vectors (ay..ap Vv bj.by =
a;Vvby...a,, vby,), criteria for the (S-)completeness and (S-)nonredundancy of a set ¢y, ..., ¢; of

characteristic vectors are respectively the following [S5]:

Cl V..V = 1...1 (S-)completeness
€LV VC Ve V. Ve # ¢y V..vg, forl£j<t (S-)nonredundancy

If we have a complete list of characteristic vectors for non empty classes of (set logic)
functions of a set, we can enumerate all its aggregates. As an example, assume a set M contains
4 (S-)maximal sets M|, M5, M3, My and 6 classes of (set logic) functions:

1.0011 2.0100 3. 1000 4. 0010 5. 0001 6. 0000

For instance, class 1 is the set MM, M3 My, where _ﬁj =M\ M (complement). M has exactly

two aggregates {1, 2,3} and {2, 3,4, 5}. Bitwise or operation for the set {1, 2, 3} results 1111
((S-)completeness). Bitwise or operation for the set {1, 2} results 0111, for the set {1, 3}
results 1011 and for the set {2, 3} results 1100 ((S-)nonredundancy). The set {1, 3, 4} is S-
redundant, because bitwise or operation for the sets {1, 3,4} and {1, 3} are equal (to 1011).



The lexicographic algorithm enumerates classes of (S-)bases ((S-)addables) sets for every
rank at the same time. Moreover the maximal ranks of (8-)bases ((S-)addables) sets are
automatically given as a result.

Let m and n denote the numbers of (S-)maximal sets and classes of (set logic) functions
respectively. Suppose we are enumerating taken t elements out of n characteristic vectors
stored in an array v as v(l1), ..., v(n). The selected indexes are to be stored in an array ¢ as ¢y,
. Cp 1 <c;<nforeachi, l £i<t. Suppose we are examining taken t-subset v(c)), ..., v(c,),
where 1 £¢; <... <¢ < n. There are three possible cases after the examination: the t-subset is
either (S-)redundant or (S-)addable or a (S-)base set. The enumeration of subsets in
lexicographic order can be controlled in the following manner. If a t-subset is cither (S-
yredundant or (S-)base then it is unnecessary to extend it to a t+1-subset, since adding a new
vector to them will result in (S-)redundancy; in the former case the t-subset is already (S-
Jredundant and in the latter it is already (S-)complete. Hence in these cases we can bypass the
lexicographic enumeration of subsets to an appropriate point; we say that the algorithm is in ¢t
phase. The next subset is ¢y, Cp, ..., ¢; - 1, ¢, + 1 if ¢ # n; otherwise it is the next subset in
lexicographic order and the bypass effects nothing. Thus the only remaining (S-)addable cases
can be extended. The cut technique reduces the number of examined subsets by avoiding to
generate (S-)redundant subsets; the algorithm goes from some subset to some subset in a lower
row skipping several subsets.

As an example we consider the same set M as before. The class 6 is omitted. In this case m
=4 and n = 5. The notions extend, reduce, cut, redundant, base, addable, we denote simply by
g, T, ¢, 0, b, a respectively.

lae 12ae 123be (123 is an aggregule of rank 3)
124nc
125ner
13ae 134nc
135ncr
ldnc
15nc
2ae 23ae 234ae 2345bce (2345 is an aggregate of rank 4)
235ar
2400 245ar
25ar
3ae 3d0e 345ar
35ar
dae 45ar
Sa
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[S5] writes the algorithm for basis enumeration as follows.

aggregates of rank t.

BEGIN
read n, m, v(i) fori=1, ... n;
r:=1;
¢ =1
b ={fort=1, ., m
REPEAT
IF vl(c,), .., vic)} is addable THEN
IF ¢, <n THEN
Extend
ELSE
Reduce
ELSE
¥ v(c,), ..., vic,) is a base THEN
b :=b +1:
Cut;
UNTIL M H
Print_out(b), | Sism;
END.
Cut
BEGIN
IFe <nTHEN
C =G+ |
ELSE
Reduce;
END.

Let b, be the number of

In the algorithm Reduce and Extend are defined as before. Note that the last set n is not
checked. This can be done by putting UNTIL t = 0 instead of UNTIL ¢; = n.

If the number of (S-)maximal sets m is less than the number of bits in a register of a given
computer, the characteristic vectors (which are binary numbers) can be converted into decimal
numbers. In the examination of a t-subset (i.e. a set of t vectors) for (S-)base or (S-)addable set,
we can treat these vectors as integer numbers because OR operation between integer numbers is
defined as a machine instruction OR between corresponding components (bits) of their binary
notations. Therefore, the checks for (S-)redundancy, (S-)addable or (S-)base become easier and
faster. Otherwise bitwise or operation can be realized with characteristic vectors as an array of

m elements.
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Check for u Base or Addable set

BEGIN
IFvic)) V.V vie) = 2™ . | THEN
1s Base := True {= L. L1, all m coordinates are 1}
ELSE
[s Addable := True; 1= ..0.., there is ut least ene coordinate 0)
ENLD,

V.3.c. Redundancy checks

[S5] describes also a technique, called binvise redundancy checks, to reduce the
computation in (S-)redundancy checks.

For simplicity we will write v; for v(c;). Suppose we are checking (S-)redundancy of vy, ...,
v;. For every (S-)redundancy check we know that vy, ..., v_j are included in the subset which
we examined before (only v, is a newly added vector). Thus we can assume that we already
have Ty=v) v ... v v for 1 £s<t-1inanarray T (for convenience we add Ty and assume Ty
= (}). The (S-)redundancy condition for the t-subset can be formulated in the following way (a
variable B is used to reduce the number of bitwise or operations).

Redundancy {fort =2}
BEGIN
B:=0;
Ty=0:
T=T, Vv
IFT, =T, THEN
Redundancy := true
ELSE
FORs:=t-1,.., 100 {s2 2}
B=BVv_
IFT,_, V B=T,THEN
Redundancy := True;
END.

For t = 1, the vector vy is addable if it is neither null nor unit vector. A unit vector is a base and
a null vector is considered redundant.

When the number of classes is large the characteristic vectors must be sorted according to

their number of units in non increasing order, in order to minimize the running time. Finally our
basis enumeration algorithm becomes

67



BEGIN

readn, m, vy fori=1t, .., o
=k
c =1
b =0 fort=1,..,m;
sort the vectors according to their number of 1's in non increasing order;
REPEAT
IFvie)), ..., vic) is Redundant THEN
Cut
ELSE
IF vie,), ... vic ) is Addable THEN
IF¢ <n THEN
Extend
ELSE
Reduce
ELSE
IFv(c)) .. vlc) is a Base THEN
b=b +1;
Cut;
UNTIL t=0;
Prim_uul(hl), jstsm;

END.
V.4. Enumeration of C-bases and C-Sheffer functions in P4 and Pg

P, has exactly two C-maximal sets: E; and E; (see section IV.3). There are also four
classes of set logic functions (1.00, 2.01, 3.10, 4.11). It is easy to see that the set {2, 3} of
classes forms one aggregate (class of C-bases) of rank two while the set {4} contains C-Sheffer
functions for P,. Therefore the maximum rank of any C-base of P4 is 2. ([S3] gives the

following results.

Theorem V.4.1:
(1) The number of n-place C-Sheffer functions in Py is

222n+1_222n+2n+1+22n+1'

(ii) The number of C-bases of rank two containing n-place functions in Py4 is

222i1+l+2n+1_222n+2n+1+2n+1+22n+2..

In general, the number of (S-)bases of Py consisting of n-place (set logic) functions in an
aggregate can be calculated as product of the numbers of n-place functions in the classes of
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for a rank we obtain corresponding data for the (S-)bases of the rank and finally the number of
all (S-)bases consisting of n-place set logic functions. For instance. classes 2, 3 and 4 contain
48, 48 and 144 one-place functions of P4 respectively (see section V.2). The number of C-bases
of rank two in the aggregate {2, 3} consisting of one-place functions is 1{2, 3}1 = {2} x I{3}I =
48 x 48 = 2304 and the total number of C-bases in P4 consisting of one-place functions is 2304
+ 144 = 2448.

functions determined by the characteristic vectors. Summing these numbers for afl aggregates

There are six C-maximal sets and 29 classes of set logic functions in Py (see section V.2).
Using the algorithm for enumeration of C-bases in Pg we obtain the following results (the
numbers here are the ordinal numbers of the 29 classes as they appear in section V.2; the classes
are sorted according to their number of units).

| aggregate of rank 1 : (29)

120 aggregates of rank 2 : (28 27) , (28 26) , (28 25), (28 20) . (28 12), (28 23) , {28 22), (28 18), (28 17), (28 10}, (28 8) (2B 21) , (24 i),
(287),(28 13). (28 3), (27 26), (27 25), (2720}, (27 12), (27 24), (27 22) , (27 19), (27 1), (27 1 1), 27§y,
(27 16).{27 15}, (27 4) , (27 14),(27 2), (26 25), (26 20}, (26 12), (26 24} . (26 23) . (26 19) . (20 1¥) . (20 1 1)
(26 10),(269).(267),(264).(266),(26 3}, (25 20), (25 12) . (25 (9, (25 1R, (25 17}, (25 11}, (25 1),
(258).(2516).(259),(254),(253),(252),(2012) . (20 24) . {20 23) , (A 22, (20 1 1), 20 1Y, (24 K), (20
21),(209),(207),(206),(205),(1224),(1223),(1222) , (1219, (12 18) , (12 I7) . (12 21), (12 16) . ¢12
15}, (12 14) , (12 13) , (24 18}, (24 17}, (24 10), (24 8) , (23 19}, (23 17) (23 L 1), (23 8), (23 16) , (23 4) . (2D
2),{2219), (22 18),(22 11, (22 10) , (229}, (22 4), (223}, (19 10}, (19 8, (19213 . (19 7) , (19 5) . (1H 1),
(188), (171,17 10), AT H, A7 7,476y . (1F 21}, QA1 15, 1L A3) 010 16) (10 15) (10 14) {21 4},
(167),(159)

175 apgregates of rank 3 : (24 23 11),(24 23 16) ,(24 23 9),(24233), (2422 11),(24 22 16) , (24 22 4),(24 22 2) , (24 17 21y, (24 1) §5),
(241913), 24 12D, (24 11 7),(24 11 5),{24 21 16),(24 21 9),(24 21 3) , (2421 23, (04 16 15) , (24 10
13},(24165),(24 154), (24 153) , (24 152),(2497),(24913),(2495),(2474), (247,124 72) , (24 4
13),(2445),(24133),(24 132),(2453), (2452} .(2322 18), (2322 10) . (23229 (2322 33 , (23 1H 15)
{2318 14),(231015),(23 1014),{23153),{23914),(23143),(22§77),(22176) , (2287}, (224 6y,
(22167),(22166),(2272),2262),(19189), (19 186), (19 [79) . (1917 6) . (19 11 15), (19 11 1), (1Y
156),(19913),(19136),(181710),(181721) , (18177, (18 17 5) , (18 10 16) , (18 10:4) , (1B 10 2) (1K
2116). (1821 15), (1821 14),(18212),{18169), (18 166}, (I8 165), (18 15T) (IR 156}, (1K 15 5) (1K
94),(18914),(1892),(1874),(18714),(1872), (1846}, (1§45), (18 14 6), (18 14 5) , (14 62) , (I8 5
2),(1784). (17 83), (17214), (1721 3),(1745),(1753), (11 i016) , (11 10 14) . (JE B 16) , (1L B 14),
(11167),(1165), (117 1), (11 143),010821),¢10813), (1021 4). (JO2E 2) . (104 13) (1013 2) . (4
219),(8217),(B216),(8213),(8169),(8164),{8166),(B163),BIST.(B8I154),(B156),¢8153),
(89 14),(B913),(B714),(8713),¢84 14), (84 13) (8 146),(8143),(8136).(R133),(21 16Y9),(21
166),(21163),(21153),(21914),(2192).(2172).(21143),(21 62) (2132} (16156}, (169 1]),
(1695),(1645),(16136),(1665).(1653),{1574) ,(1573),(1572). (0546} ,{1545),(1563), (1506
2)},(1553),(8714),(9413),(9 14 13),(9145),(9132),(7T414),(T413) (T143) (7142} . {713 2),(4
145),{4136),(4135),(1453), (1362}

7 aggregates of rank 4 : (211572),(21 1562),(211462),(161545).¢1413613),(14652),(13532)

0 aggregates of rank 5 and 6.
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Thus the rank of any C-base of Pg is between 1 and 4 ([D1] gives a theoretical proof). The
following table shows the number of C-bases of Pg containing one-place functions for a given
rank.

Ranks 1 2 3 4 v

Number of C-bases 15894144 2020225024 459800576 889192448 =3.385112-107

The computer found 15894144 as the number of one-place C-Sheffer functions for Pg.
Suppose we have m (S-)maximal sets Sy, ..., S, then a n-place function f is (S-)Sheffer for Py if
and only if f g S; for 1 £i<m (or {f} & §;, (S-)completeness criteria). That is £ € Py(n) \ (5(n)
U ... U S,(n)). The number of n-place (S-)Sheffer functions is IP(n) \ (Sj(n) v ... v Smnhl.
If m is small (m < 7) and the cardinality of the S;'s is known, the number of (S-)Sheffer functions
for Py can be usually calculated using the principle of inclusion/exclusion and the known
knowledges on the intersection properties of these (S-)maximal sets. For large m (say m = 8) it
may be hard to use the principle of inclusion/exclusion because of the large number of
intersections to consider. In that case, it may be sufficient to estimate the number of (S-)Sheffer
functions, i.e. find a lower bound and an upper bound on that number. '

Theorem V.4.2: {D1] The number of n-place C-Sheffer functions for Pg is
881 . 3.087M441 _ 3.487920 1. 6.22024"80 . 3.4472" _ 604920 * 1 4 9.82"
It is easy to see that the ratic of n-place C-Sheffer functions over all n-place set logic

functions, respectively in P4 and Pg, approaches 1 as n grows. Therefore almost all set logic
functions in P, and Pg are C-Sheffer functions.

In the following chapter we classify the functions with respect to B-maximal sets and
cnumerate the B-bases and B-Sheffer functions in two-valued and three-valued set logic.
Appendix 2 of the thesis contains all the Pascal codes for the classification and enumeration of
(S-)bases.
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CHAPTER V1
(MAIN CONTRIBUTION)
CLASSIFICATION OF FUNCTIONS AND ENUMERATION OF BASES OF SET
LOGIC UNDER COMPOSITIONS WITH B FUNCTIONS

YL.1. Introduction

This chapter discusses some classification and enumeration problems in r-valued set logic,
which is the logic of functions mapping n-tuples of subsets into subsets over r values. Boolcan
functions are convenient choice as building blocks in the design of set logic. B-maximal sets are
maximal sets containing all B functions. We give the number of n-place functions in cach B-
maximal set and find some properties of intersection of B-maximal sets in r-valued set logic.
These properties are used to classify all two-valued and three-valued set logic functions
according to the B-maximal sets they belong to. We prove that there are 8 and 200 such classes
of functions respectively in two-valued and three-valued set logic. For each class of functions
we give a one-place example function and its total number of one-place set logic functions.
Finally, we study the B-Sheffer functions, i.e. functions which are complete under compositions
with B functions. We find the number of n-place B-Sheffer functions of two-valued set logic
and give a lower bound and an upper bound on the number of n-place B-Sheffer functions of
three-valued set logic. Also we enumerate all the classes of B-bases of two valued and three-
valued set logic.

VI1.2. B-completeness in set logic

In [A3,A4,A5,A6,A7] the question of constructing all set logic functions using Boolcan
functions is siudied. Since the set is incomplete, some functions are added to the set of Boolean
functions to form a complete set. In these considerations Boolean functions are considered
cheap elements in the design of set logic functions. Following these investigations, it 18
interesting to characterize all sets of functions which become complete when all Boolean
functions are added to them. The question has been studied in literature for the case of {C]
functions and was defined as the probleru of weak completeness in [S3] and Boolean

completeness in [S4] (with the same meaning). Recali the S-completeness criterion.
Let S be a given set of cheap functions. A maximal set F in Py is said to be S-maximal in Py
if Sc F. A subset F of P\ [S] is said to be S-complete in Py if the set S U F is complete in Py.

A S-complete set F in Py is called a S-base of Py if no proper subset of F is S-complete in Py.
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The rank of a S-base is the number of its elements. A function f € Py is S-Sheffer (or Sheffer
with S functions) for Py if {f} U S is complete in P}, or equivalently, if {f} is a S-base (of rank
1) of P,. For example, bio-output [A7], conversion {A2] and literal [AS] functions are
respectively {w, ~,\}-Sheffer, {\, ™ }-Sheffer and {U, n}-Sheffer for Py with constants.

Theorera VI.2.1: [D2] (S-completeness theorem in a general form). A subset F of functions in

Py is S-complete in P if and only if F is contained in no S-maximal set in Py

For S = B = {u, N, T}, [D2] proved that there are BI(r) + k - 3 B-maximal sets in set logic
where BI(r) is a Bell number, i.e. the number of set partitions of the set R. Among the BI(r) + k
- 3 B-maximal sets, k - 2 are defined by equivalence relations on L and BI(r) - 1 by unary

central relations on Ly.

For convenience, we denote the equivalence relations by €;, 1 i<k - 2, and corresponding
B-maximal sets by E; = Pole;. The relation g; is defined as follows. One equivalence class of g;
consists of all numbers j such that x € j € iU x, where C is the set inclusion (a € b iff a, < b,
for0<m<r-1). Theelementx is any such thati nx =0. Suppose thatihastO'sandr-t I's.
Then x in the last definition must have 0 at any position where i has 1 (for example, if i =3 =
011 then x = 0 = 000 or x = 4 = 100) and thus there are 2! equivalence classes of g; each
containing 2™ elements. For example, for r = 3 the six equivalence relations which are
preserved by all [C] and [B] functions are the following;:

€= {10, 1}, {2,3}, {4, 5]}, {6, 7}}
g=1{{0,2), (1,3}, {4, 6}, {5,7}}
g3=1{{0,1,2,3), {4,5,6,7}}
eq = {{0,4}, {1, 5}, {2,6}, {3,7})
gs=1{{0,1,4,5},{2,3,6,7}}
gs= {{0,2,4,6},(1,3,5,7}}.

For r = 2 we have 2 equivalence relations preserved by [C] and [B] functions: €; = {{0, 1}, {2,
3}}'82= {{Ov 2}s {1! 3]}

If the elements of L, are drawn as edges of a r-dimensional hypercube then the equivalence
relations g; are all partitions of the hypercube into equal size subcubes. The subdivision is
uniquely determined by the subcube containing 0, and the subcube containing 0 is uniquely
determined by its largest element (between 1 and k - 2).
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We denote the unary central relations by y;, 0 < j < Bl(r) - 2, and the corresponding B-
maximal sets by C; = Poly;. The relation v; is any subset of Ly having the following properties: if
A€y thena € it ifa,be yjthenanbe Y Each element of ¥; is a subset of basic r-values R
= {eq, €1, ..., €1} where ¢; is 0 or 1. Thus Y corresponds to a subalgebra of Boolean algebra
on R. Every set partition of R defines one such subalgebra as follows. If ¢, and ¢p, are in the
same class of given set partition then they either both are 0 or both are 1 in each clement of Y Y;
contains all such elements (therefore O and k - 1 in all cases). Every set partition (except the
trivial one when all elements are in the same set} defines one subset ¥; corresponding to a B-
maximal set. The number of elements in ¥; is 2™ where m is the number of equivalence clisses
in the set partition. For convenience, we let Yy = {0, k - 1} denote the first unary central reiation
and also let Cy = Poly, be the corresponding B-maximal set. For example, for r = 3 there exist
four unary central relations preserved by all [B] functions:

Yo=1{0,7} 11 =1(0, 1,6, 7}
¥ =1{0,2,5,7} v3=10,3,4,7}.

For r = 2 we have only one unary central relation preserved by [B] functions: ¥y = {0, 3}.

In the case of y; we may use the index 4 (i.e. 74) for convenience instead of the index 3 (sce the
text following Lemma VI.3.1).

VL.3. Enumeration of functions and intersection properties ¢f B-maximal sets in set logic.
In this section we first show some properties which involve B-maximal sets corresponding to

unary central relations on L. Properties involving only B-maximal sets defined from

equivalence relations will follow. In the sequel, we let By denote any B-maximal set for s = 1, 2,

..., BI(r) + k - 3. Whenever it is possible to avoid confusion we shall call unary central relations

only central relations.

Theorem VIL.3.1: If C = Poly, where v is a central relation corresponding to B-maximal set then

IC(n)l = K. (202" - P,

Proof: Let f be a n-place function of P. Partition the set Ly" into two subsets S; and S, where
S, is the set containing all points x = (X, X2, ..., X,) € Lk" suchthatx; € v, fori= 1,2, ..., n,
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and, S, is the complement of § in L.". If f € C then the values f(x) in the points of §; are
all from y. The value in each point of S; can be chosen in Iyl ways. And as the number of
points in S; is iy, therefore we have WIM" ways to fix the values in the points of Sy. The
values in the points of S, are all taken from Ly, that is the value in each point of S, can be
chosen in 27 ways. The number of points in Sy is (2)" - IyIn, and then there are (2r)(2O" - "
ways to fix the values in the points of S,. It follows that the total number of functions which
preserves the central relation y is "2 @)™ - W, This completes the proof.

Lemma VI.3.2: If the binary representation of i has t0's and t =2, then forr 23
Poly, is B-maximal, where ;= {jl0cjcilu {jli cjck-1}.

Proof: Recall that a unary central relation p corresponding to a B-maximal set is a proper subset
of Ly having the following properties: ifa € pthen @ € p;ifa,be pthenanbe p. Let
eqp=1{jl0cjci}andeqg = {j! i cjck-1}. Therefore, if x € eqq (eqi.;) then 0 S x
ci(i cxck-Dandthusi c X ck-1(0cX ci),ie X € eqyy (eqp, resp.). Also, if
X, Y € eqg (eqy.1) then x Ny € eqy (eqy.|. resp.); if x € eqq (eqy.1) and y € eqy_y (eqp) then
XMye egy Ast22,theny; =eqy U eqy_ is a proper subset of L. It follows that Poly; is
B-maximal.®

Since the equivalence classes eqy and eqy; are always in the relation & then for
convenience, we say that v, is defined from g;. In general for r 2 3, k - 2 - r central relations
corresponding to B-maximal sets can be found in such a way. For example in Pg we have 14
central relations and 10 (= 16 - 2 - 4) among them are defined from 10 equivalence relations
corresponding to B-maximal sets. (Remark: it is easy to see that y; contains 27~ £+ | elements).

Lemma VL3.3: If the binary representation of i has t 0's and t = 2, then forr 23
E;nCyc C;=Poly, wherey;={ji0cjcilu{jli cjck-1}.

Proof: Let f be a n-place function of Py such that f € E; n Cy. We want to prove that f e C;.
Partition the set L, " into n-dimensional blocks in such a way that two n-tuple points x = (x|,
X2, w0 Xp) @D Y = (¥, ¥25 - Ynh X}y ¥ € Ly, belong to the same block iff for every j = 1, 2,
...+ 1, both x; and y; are in the same equivalence class of €. The set Yo" contains 27 points
and intersects 2" blocks of the partition, each in exactly one point we call an intersect-point.
The relation €; contains the two equivalence classeseqg = {j | 0 cjc i) andeqg.; = {j | ic
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j < k - 1} which construct all the 2" intersect-blocks. Therefore, the points in the intersect-
blocks are all from y;". Asfe Cy, the value f(x) in an intersect-point x is from Yy, i.c. f(x) =
Oorf(x)=k - 1. Asf e E;, the value f(y) in any other point y of the intersect-block is from
the same equivalence class of g; containing f(x). Thus, either both f(x), f(y) € eqqy or f(x),
f(y) € eqy_y, i.e. f(x), f(y) € ¥;. Therefore, for any n-tuple point z € Lk“, we have f(z) € v;
whenever z € y;". It follows that f € C; and then E; 1 Cy < C;.»

The c-th coordinate i, of i is called fixed (free) if i; = 0 (ic = 1). Given an equivalence class
eq;, all elements in eq; have the same c-th coordinate whenever ¢ is a fixed coordinate (i.c. it X
and y are in the same equivalence class of g; and i, = 0 then x, = y.).

Lemma VL3.4: Ifr=3 and j Cithen

E;nE;nGcE, whereCj=Polyjand'yj={h!O;hgj}u[hlj_' chck-1}.

Proof: Because of symmetry we can specify j = 1 and i = 5, that is Es " Ey n C) < E| for
example. Let f be a n-place function of Py such that fe E5 n E; n C). Given two points x
= (X{, .., Xp) and y = (¥{, ..., ¥p)» Suppose (X., o) € £, 1 £c £ n, but (f(x), f(y)) ¢ €. As
(f(x), f(y)) € €5 and (f(x), f(y)) ¢ € we have either f(x) € [0, 1}, f(y) € {4,5},0or f(x) € (2,
3L.fy) e {6,7}, or f(x) e {4.5},f(y) e [0, 1}, or f(x) € {6, 7}.f(y) e {2,3}. Thus cither
f(x) € y; and f(y) & v, or vice versa. Assume f(x) € v, i.e. either f(x) € {0, 1}, [(y) € {4,
5}, orf(x) e (6,7}, i(y) € {2,3]}. Define z and w such that (x, z.) € €, (Y., W) € &3, and
Zo, W € Yq. Clearly, it is easy to see that (z., w.) € €5, Il Sc=n. As f(x), [(2) € v, and
(f(x), f(z)) € &, it follows that f(x) = f(z). Therefore, for f(x) € {0, I} and f(y) € {4, 5} we
have f(z) e {0, 1} and f(w) € {6, 7}, and for f(x) € {6, 7}, f(y) € {2, 3} we have f(z} € {6,
7) and f(w) € {0, 1}. Thus we have (z., w.) € €5 and (f(z), f(w)) & €5, which is a
contradiction since f € Es. Consequently E; m E; nCj C Ej.»

Lemma VIL.3.5: Let t(i) and t(j) denote respectively the number of 0's in the binary
representations of iand j. If t(j} =22 and (jci1and t(i) =t(j) - ) or (j < iandt(i)= ti) - 1)
then

E; N E; N Cj cEj, where Cj=Polyjandy;j={h10chcjjuih!j chgk-1).
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Proof: This Lemma is a generalization of Lemma V1.3.4. However the proof is too long and
quite complicated. We are searching to reduce it so that the final version will be added here.

Lemma VI1.3.6: If Poly and Poly’ are B-maximal sets from distinct central relations then Pol(y
M y’) is also B-maximal.

Proof: Recall that a unary central relation p corresporniding to a B-maximal set is a proper subset
of Ly having the following properties: ifae pthena € p;ifa,be pthenamnbe p. Now
suppose that a € Yy n y’. This implies that a € yand a € y°. As Y and Y’ are central
relations corresponding to B-maximal sets, therefore @2 € yanda € y’, and then a € y N
v’'. Next,ifae yny andbe yny’ thenwehavea,be yanda,be y’. Again, asy and
v’ are central relations, therefore ambe yandambe y',andthenanbe yny'. It
follows that y ™ 7y’ is a central relation corresponding to a B-maximal set.®

Lemma VL.3.7: Poly n Poly’ = Pol(y n ¥”).

Proof: Let f be a n-place function of Py such that f € Poly n Poly’. Let x = (X, Xp, ..., X)) €
L suchthatxje yny’,1<i<n x;€ yn vy impliesx; e yandx; € y'. Asfe Poly
(Poly’) then x; € v (y’) implies f(x) € y (y’, resp.). It follows that f(x) € Yy y" whenever
x; € YN y’, and then f € Pol(y M y’). Therefore Poly m Poly’ < Pol(y n y’).®

Lemma VL.3.8: For r = 2 we have
INBg(n)l = IEj(n) N Ex(n) N Co(n)l = 22",

Proof: MBy(n) is the set of n-place functions preserving relations €;, €5 and yp. Let f €
MBg(n). Consider two distinct partiticns of the set L4n. Partition &; (i = 1, 2) is performed
in such a way that two n-tuple points X = (x|, X5, ..., Xp) and Y = (Y1> ¥2» > ¥n»» Xm» Ym €
L4, belong to the same block iii for every m = 1, 2, ..., n, both x,, and y,, belong to the same
equivalence class of €. The set ¥y" contains 2" points and intersects all 27 blocks of ; each
in exactly one point we call an intersect-point {(because 0 and 3 are always in two distinct
equivalence classes for each g;). It is easy to see that any two blocks from distinct partitions,
) and 15, have exactly one common point (note that all intersections {0, 1} n {0, 2} = {0},
{0, 1} n {1,3} = {1}, {2, 3} n {0, 2} = {2}, {2, 3} n {1, 3} = {3} are single sets). So
after choosing the values f(x) in the intersect-points from 7yg, the function f is uniquely
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determined (i.e. the common point between two blocks by, and by, of w and m;

respectively, must map to the common element between the equivalence class of €, and the
equivalence class of £, containing the value of their respective intersect-point). It follows
that the number of functions preserving both relations €, €5 and vy is 22", This completes
the proof.»

Lemma V1.3.9: Forr2 3

IﬁBs(n)l = IEI(H) M. M Ek_z(n) M Co(n) N.a.M CB](r) _a(n)l= 220

Proof: Let f € MBg(n). MBg(n) is the set of n-place functions preserving all refations
corresponding to B-maximal sets. From Lemmas V1.3.6 and V1.3.7 it follows that NC;
Co, 1 £j<Bl(r) - 2. From [D1] we have NE, = BF = NE;), where (i) =27 -1 -2, 0<i<r
-1and 1 £a<k-2. Therefore MBy(n) = BF(n) N ij(n) = MEy(n) N NCj(n).
Consider r distinct partitions of the set Lkn. Partition mg;y is performed in such a way that
two points x = (Xq, Xg, ..., Xpl and y = (¥, Y2 - ¥o)» ¥m» ¥Ym € L belong to the same block
iff forevery m = 1, 2, ..., n, both X, and y, are in the same equivalence class of gy;). The set
Yo intersects each block of T)(;y in exactly one point we call an intersect-point (because 0 and
k - 1 are always in two distinct equivalence classes for each g4)). Also vo" intersects each
set yj" in 2" points (because Yy C 7¥;, 1 < j < BI(r) - 2). It is easy to see that any r blocks,
taken one per partition, have exactly one common point (this is equivalent to say that any r
mutually non-parallel (r-1)-dimensional faces of r-dimensicnal cube intersect in exactly one
element; for example for r = 3, the classes {4, 5, 6, 7} of €3, {0, |, 4, 5} of g5 and {1, 3, 5,
7} of gg have only the element 5 in common). As f e Cythe values in the intersect-points arc

all from yg. As the function f &€ ME,G;) the common point p of r blocks by, o by, 1y of

the partitions gy, ..., Ty(-1), Must map to the common element e of the equivalence class of

€1(0)> --» €|(-1) containing the value of the intersect-point of by, oy = by, (1)’ respectively.

Also it is easy to see thatif p € ‘{jn thene € Y for 1 <)< BIUr) - 2 (otherwise f & MB(n)).
So after choosing the values in the intersect-points from 7y, the function f is uniquely

determined. Since Yy contains 2 elements, it follows that the number of functions preserving
all relations is 22",

IMBg(n)l does not depend on r (or k). Also, for n = 1 the four [B] functions preserving all
relations are: the constant function f(x) = 0, the identity function f(x) = x, the complement
function f(x) =k - 1 - x, and the constant function f(x) =k - I.
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Lemma VL3.10: Let By (n) be the set of all n-place [B] functions in Py, then
1B (n)l 22",
Proof: Clearly [B] = B, for s = 1, ..., B}(r) + k - 3. Hence follows By(n) < Bg(n) for every n 2

0, and consequently By(n) € MBy(n). Thus IBy(n)l £ IMBg(n)l. According to Lemmas
VL.3.8 and VL.3.9, INB(n)l = 22", Therefore, 1B (n)! < 22",

Next we mentioned other results which are proven in [D1] (we will not give their proof
here). These properties involve only equivalence relations. In [D1], the maximal sets are C-
maximal sets (or weak maximal sets), i.e. maximal sets containing [C] functions. Constant
functions trivially satisfy any equivalence relation and [D2] shows that the B-maximal sets
corresponding to equivalence relations are equivalent to C-maximal sets from [D1,54].
Therefore, any C-maximal set is a B-maximal set, and then the intersection properties given in
[D1] are also applied here in the context of B-maximal sets defined from equivalence relations.

Theorem VI.3.11: [D1] [Ey(n)| = 2(r - 027 + 2,
Lemma VI.3.12: [D1] INE;;(n)l = 202" forn=landl(i)=2-1-21,0<i<r- 1.
Lemma V1.3.13: {D1] NE,;,=BF, 1(i)=2-1- 2i,0<i<r-1.
Lemma V1.3.14: [D1]1 E; " E; C E; ;.
Lemina VL3.15: [D1] NE;i=BF, 0<i<r-1.
Lemma VL3.16: [D1] E; N E; C E; ;.
V1.4. Classifications of set logic functions under B functions compositions
For two functions f and g of set logic we put f=gifforallj=1, 2, ..., Bl(r) + k - 3 either {,

g € Bjorf, g e B The relation = is an equivalence relation on set logic functions. From
Theorem VI.2.1, we can discuss the B-completeness in terms of these classes of = instead of
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individual functions; if a set is B-complete, then replacing a function f in the set by any function
in the equivalence class containing f results in another B-complete set.

We denote each possible class of functions of set iogic (with respect to B-maximal scts
compositions) by a binary characteristic vector bb,...bgy() 4 x - 3 Where b =0ifffe By j=1,
2, ..., BI(r) + k - 3. The first k - 2 bits correspond to equivalence relations, and the BI(r) - 1
subsequent bits correspond to central relations.

V1.4.a. Classifications over L4 (r = 2)

In P4 we have eight possible classes of functions, each denoted by a binary characteristic
vector by bybs where by =0ifffe E|,by=0ifffe By, and by =0iff f € Cp. The classification
- over L, can be easily done by hand-checking; we found one-place example functions { = (1(0),
(1), f(2), f(3)) in each class. However, we used the program for classification of functions (sec
section V.2) to find the one-place functions and also to compute the number of one-place
functions in each class. The results are listed below.

Ordinal numbers Decimal classes Binary classes One-place funct. Number of funct.

1 0 Q0o (3,2, 1,0) 4

2 1 001 2,2,0,0) 12
3 2 010 (3.2,0,0) 12
4 3 011 (2.2,1,0 30
5 4 100 (3.0, 1.0 12
6 5 101 (2,0,0,0) 36
7 6 110 (3,0,0,0) 36
8 7 111 2,00, ) 108

Theorem VIL4.a.1: There exist 8 classes of functions of two-valued set logic under
compositions with [B] functions.®

VL4.b. Classifications over Lg (r = 3)

In Pg we have 1024 possible classes of functions, each denoted by a binary characteristic
vector bbybsbsbsbgbybgbgbig where by = 0iff fe Ey, by =0ifffe Ey, by =0ifffe Ey, by =
Oifffe Eg, bg=0iff fe E5,bg=01ifffe E5,by=01ifffe Cyp by=0ifffe C|,bg=01ifffe
Cy, and byg = 0 iff f € C4. Such order of B-maximal seis in Py is chosen so that the symmetric
cases can be traced in an easy way. For the six B-maximal sets defined from equivalence
relations, it starts with indices 1, 2, 4 which have one bit | in their binary representation

followed by their complements, respectively. For the four subsequent B-maximal sets, it starts
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with index 0 corresponding to Cy and followed by the indices 1, 2, 4, corresponding to B-
maximal sets from central relations defined from the equivalence relations having the indices 1,
2, 4, respectively (see Lemma V1.3.2). We applied the following method for classification of
functions. We used the program for classification of functions (see section V.2) to generate all
the one-place functions f = (f(0), f(1), f(2), £(3), f(4), f(5), (6), (7)) and to compute their
number in each class. The computer found 200 non-empty classes that are listed here.

Ordinal numbers Decimal classes Binary classes One-place funct. Number of funct.
1 0 0000000000 (7,6,5,4.3,2. 1,0 4
2 I} 0000001011 6,6,4,4.2,2,0,0 12
3 13 0000001101 (5.4.54,1,0, 1,0 2
4 14 00060001110 (4,4,4,4,0,0,0,0 12
5 15 0000001111 (4,4,6,6,0,0,2,2) 24
6 161 0010100001 (7,6,5.4,1,0, 1,0 12
7 171 00l0101011 (6,6,4,4,0,0,0,0) 36
8 173 00i0101 101 (5.4.5.4,1,0,3,2) 36
9 175 0010108111 4.4,4,4,0,0,2,2) 108
10 193 0011000001 (7.6,5,4,2,2,0,0) 12
11 203 0011001011 (6,6,4,4,2,3,0,1) 36
12 205 0011001101 (5,4,5,4,0,0,0,0) 36
13 207 0ol11001i11 (4,4,4,4,0,1,0, 1) 108
14 224 0011100000 (7.6,5.4,0,0,0,0) 12
15 225 0011100001 (7.6,5,4,5,57,7) 24
16 235 0011101011 6.6,4,4,0,1,0,1) 108
17 237 Qol1101101 (5.4,5.4,0,0,2,2) 108
18 238 0011501110 (4.4,4,4,0,1,2,3) i6
19 239 0011101111 (4,4,4,4,1,0,3,2) 288
20 274 0500010010 (7.6,1,0,3,2, 1, 12
21 283 0100011011 6,6,0,0,2,2,0,0) 36
22 286 0100011110 {4,4,0,0,0,0,0,0) 36
23 237 000011111 (4,4,2,2,0,0,2,2) 108
24 322 0101000010 (7,6,4,4,3,2,0,0) 12
25 331 0101001011 6.6,4.5,2,2,0,1) 36
26 334 0101001110 (4,4,5,4,0,0, 1.0 36
27 335 ¢loloointl (4,4,4,5,0,0,0, 1) 108
28 336 0101010000 (7,6,0,0,3,2,0,0) 12
29 338 0i01010010 (7.6,0,0,7,6,0,0) 24
k) 347 0101011011 6,6.0,1,2,2,0, 1) 108
3 349 010101101 (5,4,0.0,1,0,0,0) 36
32 350 0101011510 (4.4,1,0,0,0, 1,0 108
a3 351 gloiotLnny 4.4,0,1,0,0,0, 1) 288
34 435 0t10110011 (7.6, 1,0,1,0,1,0) 36
35 443 orortionn 6,6,0,0,0,0,0,0) 108
36 447 o11a111111 (4,4,0,0,0,0,2,2) 432
k) 448 0111000000 (7.6,5,4,3,2,0,0) 12
a8 449 0111000001 (7,6,5,4.2,2, 1,0 i6
39 450 0111000010 7,6,4,4,3,2, 1,0) 36
40 451 0111000011 (7.6,4,4,2,2,0,0) 144
41 459 0111001011 (6,6,4,4,2,2,0, 1) 684
42 461 0111001101 (5.4,5.4,0,0,,0 144
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43
44
45
46
47
a8
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
7
72
73
74
75
76
77
78
79
80
81
82
83
84
85
%6
87
88
89
90
91
92
93
94
95
96

462
463
464
465
466
467
475
477
478
479
480
431
482
483
491
493
494
495
496
497
498
499
507
509
510
51
532
541
542
543
548
357
358
359
560
564
571
573
574
575
672
673
676
677
683
685
686
687
688
689
692
693
699
701

0111001¢10
0111001111
0111010000
011101000
oroteolo
GL11010011
oL11o11011
orrioLt1o1
0111011110
o1L101111t
01171100000
0111100001
oL1Lcoolo
ol11100011
0111101011
01L110t1014
OILHION T 1D
[URERLIRRN
0111110006
0111110001
OLIEL10010
01100t
0111111011
[URRRARNTs]
Ottt
(URRRNNNNNL
1000010100
1000011101
1000011510
1Q000I 111
1000100100
1000101101
1000101110
100010111
1000 1§ 10000
1060110100
1000111011
1000111101
1000111110
1000111111
1016100600
1010100001
1010100100
1010100101
1050101011
1010101101
{010101110
1010101111
1010110000
1010110001
1010118100
1010110101
110111011
1010111101
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(4.4,4, 34, 0,0, 1,0
(4, 44,4,0,0.0, D
(7.6,0,0,3.2, 1,0
(7.6,0.0,2,2, .
(,6,0.0,3,3,0.0
(7.6,0,0,2,3,0,0)
(6.6,0,0,2,2,0. 1}
(5,4.0,0,0,0,0,0
(4,4,0,0,0,0,1,m
(4,.4.0,0,0,0,0, 1)
(7.6,5,4,0,0,1,0
(7,6,5,4,1,0,0,t0
(7.6.4,4,0,0,0,(
(7.6.4,4,1,0,0,0
6,6,4.4,0,0,0, 1)
(5,4,5.4,0,0,3,2)
4,4,4,4,0,0.2.3
(4.4,4,4,0,0,3,2)
(7,6,0,0,0,0,0,0)
(7,6,0,0,1,0,0,0)
(7.6,0,0,0,1,0.
(7,6,0.0,1, 1,0, 0
6,6,0,0,0,0,0, 1)
5.4,0,0,0,0,2,2)
4.4,0,0,0,0,2,3)
(4,4,0,0,0,0,3,2
(7,25.0,3,2, LY
(5,0,5,0,1,0,1, 0
(4,0,4,0,0,0,0,0)
4,0,6,2,0,0,2,2)
(7.4,5,4.3,0, 1,0
(5.4,5,6,1,0,1,2)
(4,4,6,4,0,0,2,0
(4,4,4,6,0,0,0,2)
(7,0,5,0,3,0,1,0)
(7,0,5,0,7,0,5,
6,0,4.0,2,0,0,0)
(5,0.5,2,1,6.1,2)
4,0,6,0,0,0,2,0)
(4,0,4,2,0,0,0,2)
(7.6,5.4,3,0, 1,0)
(7.6,5,4,1,2, 1,0
(1,4,5.4.3,0,3,0)
(7.4,5,4,1,0,1,0)
(6,6,4,4,0,2,0,0)
(5,4,5,4,1,0,1,2)
(4,4,4,4,0,0,2,0}
(4,4,4,4,0,0,0,2)
(7,0,5,0,3,2, 1,
(70,50, 1,0, 1,0
(7,0,5,0,3,0,3,0)
(7,0,5.0,1,0,3,0)
6,0,4,0,0,0,0,0}
(5,0,501,0,1,2)

145
2448
Rl
144
108
432
2160
540
432
7668
Rl
108
144
432
2100
432
540
TO64
144
432
432
1264)
(M)
1728
1728
23760
12
6
36
108
12
36
36
108
12
24
36
108
108
288
12
16
36
144
144
034
144
244%
36
144
108
432
540
2160



97

98

99

100
191
102
103
104
105
106
167
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150

702
703
T35
733
735
736
737
740
741
747
749
750
751
752
753
756
757
763
765
766
767
784
786
788
790
795
797
798
799
816
g18
820
822
827
829
830
831
848
850
852
854
859
861
862
863
870
878
879
880
882
B84
886
891
893

101011§110
101011111
1011010101
0105110
10110111110
101 LEO0000
1011100001
1011100100
1051100101
io1t1o1o0n
1011101101
10t1101110
1011101141
1011110000
1011113001
1011110100
1011110101
Lot
1011111101
1011111710
101111
1100010000
1100010010
1100010100
1100010110
1100015011
1100011101
1100011110
1100011111
1100510000
F100110010
1100110100
1100110110
1100111011
110011110)
1101
1100111ELHL
1101010000
1101010050
1101010100
1101010110
Holonont
1101011101
1101041110
1101011111
1101100110
LI0HI01110
1101101111
1161110000
1101110010
1101110100
1104110110
1101111011
1101111104
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(4.0,4,0.0,0.2,0
(+4.0.4,0,0,0,0,2}
(7.2,5.0.2,2,0.0)
(5.0,50,0,0,0, (0
(4.0.4.0,0,1,0. 1)
(7,6,5,4.0,2,0,0
(7,6.5.4.2,0,0,0
{7.4.5,4.0,0,0. 0
(7.4,5,4,2,0,0.
6,6,4,4,0,3,0, )
(5,4,5,4,0,0,0.2)
(4,4,4,4,0,1,0.3
(4.4.4.4,0. 1,20
(7,0,50,0,0,0. )
(7.0.50, 1,5 1.7
(7.0,5,0.0,0,.2, 0
(1.0,5,0. 1.5, 3.7
(6.0,4,0,0,1,0. 1)
(5,0.5.0,0,0,0.2)
4.0,4,0,0,1,0,3)
4,0.4,0,0,1,2, 1}
(71,6,50,3,2. 1,0}
(7.6,1,0,3,6,1,0)
(7.2,5,0,3,2,5,00
(7,2.1,0,3, 2, L0
6,6,0,0,2,6,0,0)
(5.0.5,0,1,0.5 0
4,0,0,0,0,0,0,0)
(4.0,2,2,0,0,2,2)
(1,0,5,0,7.0, 1,0y
(7,0,1,0,3,0,1,0)
(7.0,5,0.3,0,5,0)
(7.0.1,0,3,0,5 0}
6,0,0,0,2,0,0.
(5.0.52,1,0,5,2)
4,0,2,0,0,0,2,0)
(4,0,0,2,0,0,0,2)
(7.6,0,0.7,2, 0,
(7,6,0,0,3,.6,0,0)
(7,2,0,0,3,2,0,0)
7,2,0,0,3,6,0,0
6.6,0,1,2,6,0.1)
5,0,0,0,1,0,0,0)
4,0,1,0,0,0,1,0)
4,0,0,1,0,0,0, 1)
(7.4.4,4,3,0,0,0)
4,4,4,7,0,0,0,3)
4,4,5,6,0,0,b1,2)
(1,0,0,0,3,0,0,0)
(7,0,0,0,3,4,0,0)
(7,0,0,0,3,0,4,0)
(7,0,0,0,3,4,4,0)
6,00,1,2,0,0. 1)
(5,0,0,2,1,0,0,2)

432
TOHOR
RiY
108
432
1o
0y
144
432
432
2160
54H)
T668
144
432
432
1200
1728
6804
1728
23760
12
16
36
144
144
144
G84
2448
36
144
108
432
540
432
2160
7608
36
108
144
432
432
540
2161)
7668
36
173
432
144
432
432
1260
1728
1728



151
152
I53
154
155
156
157
158
159
160
161
162
163
104
163
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200

494
895
944
945
946
947
9438
949
950
951
955
957
958
959
976
971
978
979
980
981
982
983
987
989
990
991
992
993
994
995
996
997
998
999
1003
{005
1006
1007
1008
1009
1010
1011
1012
{013
1014
1015
1019
1021
1022
1023

Hotno
1Gi11E
1110110000
1110110001
1110110010
1110150011
1110110100
§110110101
110110110
1110110111
1ol
1110111104
11tolinag
TIOTETL
1111010006
i111010001
1111010010
1111010011
F111016100
1111010101
1111010110
1111310511
F111011011
1111011101
111101150
oI
1111100000
1151100001
1111100010
1111100051
1111500100
1111100101
P111100110
LHIT100101L
1111101011
LI 101101
11i1101110
1ot
1111110000
1111110001
1111110010
1111110011
1111k10100
L1inoiol
1T1HT101E0
it
TEL1ET10LL
1111111101
IR ERERY §IY
[RRRRRRRE N
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(4,0,0,3,0,0,0,3)
(4,0,1,2,0.0, 1,2)
(7.0,5,0,3,0,7,0}
(7,0,5,0,1.0,7,0)
(7,0,1,0,3,0,7.0)
(7,0,1,0, 1,0, 1,0
(7,0.5,0,3,2,5.0)
(7.0,5,0,1,0,50
(7.0,1,0,3,0,3,0)
(7,0.1,0. 1,0, 3,
(6,0,0,0,0,0,0,0)
(5,0,5,0,1,0,5,2)
4,0,0,0,0,0,2,0
4,0,0,0,0,0,0,2}
(7.6,0,0,3,7,0,0
(1,6,0,0,2,7,0,0)
(7,6,0,0,3,6,1,0)
(1,6,0,0.2,6,0,0)
(7.2,0,0,3,2, 1,0}
(7,2,0,0,2,2,0,0
(7,2,0,0,3,3,0.00
(7,2,0,0,2,3,0,0)
6,6,0,0,2,6,0. 1)
(5.0,0,0,0,0,0,0)
4,.0,0,0,0,0,1,0)
4,0,0,0,0,0,0, 1)
(7,6.5,4.0,2, 1,00
(71,6,5,4,1,2,0,0)
(7.6.4,4,0,2,0,0)
(7,6,4,4.1,2,0,0)
(7.4,5,4.0,0, 1,0
(7.4,5.4,1,0,0,0)
(7,4,4,4,0,0,0,0)
(7,4,4,4,1,0,0.0)
6,6,4,4,0,2,0,1)
(5.4,5,4,0,0,1,2)
(4,4,4,4,0,0,0.3)
(4,4,4,4,0,0,1,2)
(7,0,0,0,0,0,0,0)
(7,0,0,0,1,0,0,0
(7.0,0,0,0,1,0,0)
(7,0,0,0,1,1,0,0)
(7.0,0,0,0,0,2,0
(7,0,0,0,1,0,2,0
(7,0,0,0,0,1,2,0

1,0,0,0,1,1,2,0) .

6.0,0,0,0,0,0. 1)
(5.0,0,0,0,0,0,2)
4,0,0,0,0,0,0,3)
4,0,0,0,0,0,1.2)

6804
23760
144
576
576
2268
432
1728
1728
6912
10692
8649
8640
187488
144
576
432
1728
576
2268
1728
6912
8640
10692
8640
j87488
144
432
576
1728
370
1728
2268
6912
8640
8640
10692
187438
15228
46080
46080
139428
46080
139428
139428
421632
740448
740448
740448
12679416



The remaining classes are all empty. This can be seen by examining the intersection properties
of B-maximal] sets, i.e. by applying certains lemmas from section 1V.3. Below we describe and
list the empty classes from each applicable lemma.

From Lemmas V1.3.2 and V1.3.3 it follows that classes such that (b, by, bg) or (ba, by, by) or
(b3, by, byg) = (0, 0, 1) are empty {cx. class 323 = 001000011 is empty). There are 296
such classes:

1=0000000001, 2=0000000010, 3=0000000011, 4=0000000100, S=000000CI0L, 6=00BOBODILD, 7=0000000T11, KT=0KICGIGUOL,
18=0000010010, 19=00006010011, 20=0000010100, 21=0000¢1010!, 22=0000010110, 23=00000t0111, 33=0000100001, I4=00 100010,
350000100011, 36=0000100100, 37=0000100101, 38=00C01001 10, 39=0000100111, 49=60001 10001, S0=0000110010, S1=0000110011,
52<0000110100, $3=0000110101, 54=0000110110, §5=0000110111, 65=0001000001, 66=0001000010, 6700010000 1, 68=(I01I0G100,
69=0001000101, 70=0001000110, 71=0001000111, 81=0001010001, 82=0001010010, §3=0001010011, §4=000 310100, 85=0001010101,
86=0001010110, 8§7=0001010111, 97=0001106001,  98=0001100010, 99=000F1000£1,  100=0001 100100,  101=000T HON10H,
102=0001(00110, 103=000110011F, 113=0001110001, 114=0001110010, 115=0001110011, 116=0001110100, 117=0001110101,
118=0001110110, 119=0001110111, 1300010000010, 131=0010000011, 132=0010000100, 133=0010000101, LM4=00100001 10,
135=00100001 11, 146=0010010010, 347=0010010011, 145=00100i0100, 149=0010010101, 150=0010010110, ES1=00I00I0141,
162=0010100010, 363=0010100011, 164=0010100100, 165=0010100101, 166=0010100110, 167=0010100111, (T8=0010110010,
179=0010110011, 186=0010110100, 181=0010110101, 182=0010110110, 183=0010110111, 194=001100U0L0, 195=0011000011,
196=0011000100, 197=0011000101, 198=0011000110, 199=001100011§, 210=0011010010, 2Z11=00110100F1, 212=001 1010100,
213=0011010101, 214=0011010110, 215=0011010111, 226=001100010, 227=0011100011, 228=0011100100, 229=0011100101,
230=0011100110, 231=0011100111, 242=0011110010, 243=0011110011, 244=0011110100, 245=0011110101, 246=0011110110,
247=0011110111, 257=0100000001, 259=01000000i1, 260=0100000100, 261=0100000101, 262=0100000110, 263=0100000111,
273=0100010001, 275=0100010011, 276=0100010100, 277=01000I0I01. 278=0100010110, 279=0100010111, 289=0100100001,
291=0100100011, 292<010010C100, 293=0100100101, 294=0100100110, 295=0100100111, 30S=0100110001, 307=D1001 10011,
3080100110100, 309=0100!1010F, 318=0100110110, 311=0100110111, 321=0101000001, 323=0101000011, 324=0101000100,
325=0101000101, 326=0101000110, 327=0101000111, 337=0101010001, 339=0101010011, 340=0101010100, 341=010010101,
342=0101010110, 343=0101010111, 353=0101100001, 355=0101100011, 356=0101100100, 357=010110010i, 358=0101100110,
3590101100111, 369=0101110001, 371=0101110011, 372=0101110100, 373=0101110101, 374=0104110110, 375=0101110L11,
388=0110000i00, 389=0110000101, 390=0110000110, 391=0(10000111, 404=0110010100, 405=0110010101, 406=01 L1010,
407=0110010111, 420=0(10100100, 42I=0110100101, 422=0110100110, 423=0110100111, 436=0110110100, 437=0110110101,
438=0110110110, 439=0110110111, 452=0111000100, 453=0111000101, 454=0111000110, 455=0111000111, 368=011101010,
469=0111010101, 470=0111010110, 471=0111010111, 484=0111100100, 485=0111100101, 486=0111100110, 487=0I11I011E,
500=0111110100, 501=0111110101, 502=0L1T110110, 503=0111110111, S13=1000000001, 514=100000001), S15=1000000011,
517=1000000101, 518=1000000110, 519=1000000111, 529=i000010001, 530=1000010010, $31=1000010011, S$33=100G010101,
534=1000010110, 535=1000010111, 5451000100001, S46=1000100010, S547=1000100011, 549=1000100101, S§50=1000100110,
551=1000100111, S561=1000110001, 562=1000110010, 563=1000110011, 565=1000110101, 566=1000110110, SE7=1CKA110111,
§77=1001000001, 578=1001000010, S579=1001000011, 581=1001000101. 582=1001000110, S83=1001000111, S93=1001010001,
594=1001010010, 595=1001010011, 597=1001010101, 598=1001010110, S$99=1001010111, 609=1001100001, 6IO=1001100010,
611=1001100011, 613=1001100101, 614=1001100110, 615=1001100111, 625=1001110001, 626=1001110010, 627=10011 101,
6291001110101, 630=1001110110, 631=1001110111, 642=1010000010, 643=1010000011, 646=1010000110, 647=1010000111,
658=1010010010, 659=1010010011, 662=1010010110, 663=1010010111, 674=1010100010, 675=1010100011, 6T8=1010100LIY,
679=1010100111, 690=1010110010, 691=1010110011, 694=1010110110, 695=101011011], T06=1011000010, 7T0T=1011000011,
710=1011000110, 7i1=1011000111, 722<1011010010, 723=1011010011, 726=1011010110, 727=1011010111, 738=10}1100010,
739=1011100011, 742=1011100110, 743=1011100111, 754=1011110010, 755=1011110014, 758=1011110110, 759=101L110111,
769=1100000001, 77i=1100000011, 773=1100000101, 775=1100000111, 7#5=1100010001, 787=1100010011, 789=1100010101,
791=1100010111, 801=1100100001, 803=1100100011, 805=1100100101, 807=1100100111, 817=11001 1000, B19=1100410011,
821=1100110i01, $23=1100110111, 833=1101000001, 835=110J000011, B37=1101000101, B39=1101000111, 849=1F01010001,
851=1101010011, 853=1101010101, 855=1101010111, 865=1101100001, 867=1101100011, 869=110§100101, 8T1=1101100}11,
881=1101110001, 883=1101110011, 835=1101110101, 887=1101110111.
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From Lemma V1.3.4 it follows that classes such that (b, by, bj, bj_7) or (b, bs, bj, bj_—;) or (bs,
be, bj, bj_—,) = (0, 0,0, 1), 8 €<j < 10, are empty {(ex. class 721 = 1011010001 is empty).

There are 288 such classes:

128=00 100000,
142=0010001110,
156=0010011104,
170=0010101010,
184-00101 11004,
198=0011000§ 10,
212=0(011010100,
257=0100000001,
272=0100010000,
285=0100011101,
300=0100101100,
313=01001 11001,
328=0101001000,
A52=0101100101,
386=0110000010,
396=0110001100,
435=0110010101,
414=01 10011114,
424=01 10101000,
433=0110110001,
442=0110111010,
515=1000000011,
530=1000010010,
545=1(00100001,
576=1001000000,
587=1001001011,
602=1001011010,
617=1001101001,
644=t010000100,
654=5010001 110,
664=1010011000,
T05=1011000001,
T14=101 1001010,
723=1011010011,
732=1011051100,
773=1100000101,
§00=1100100000,
$09=1100101001,

834=1101000010,
843=1101001011.
868=1101100100,
877=1101101101.

130=0010000010,
144=001001 0000,
158=001001 1110,
172=0010101100,
186=0010111010,
200=001 1001000,
214=0011010110,
260=0100000109,
273=0100010001,
288=0100100000,
301=0100101101,
316=01001 11100,
329=C101001001,
360=0101101000,
388=01 10000100,
397=011000¢101,
406=0110010110,
4160110100000,
425=0110101001,
434=0110110012,
444=0510111100,
520=1000001000,
§31=1000010011,
546=1000100010,
§77=1001000001,
592=1001010000,
603=1001011011,
618=1001101010,
646=1010000110,
656=1010010000,
665=1010011001,
706=1011000010,
T15=1011G01011,
724=1011010100,
734=1011011110,
776=1100001000,
801=1 100100001,
§10=1100101010,
835=1101000011,
8d4=1101001100,
869=1101100101,

132=0010000100,
146=0010010010,
160=00610100000,
174=0010101110,
188=0010111100,
202=0011001010,
216=0011011007,
261=0100000101,
276=0100010100,
289=0100100001,
304=0100110000,
317=0100111101,
332=0101001100,
361=0101101001,
389=0110000101,
398=0110001110,
408=0110011000,
417=0110100001,
426=0110101010,
436=0110110100,
445=0110111101,
§21=1000001001,
536=100001 1000,
547=1000100011,
578=1001000010,
593=1001010001,
608=1001100000,
619=10011031014,
648=1010001000,
657=1010010001,
666=1010011010,
707=1011000011,
716=1011001100,
726=1011010110,
768=1100000000,
T¥7=1100001001,
621156105010,
811=1100101011,
836=1101000100,
845=1101001101,
872=1101101000,

134=0010000110,
148=0010010100,
162=0010100010,
176=0010110000,
190=0010§11110,
204=001 1001100,
218=0011011010,
264=0100001000,
277=0100010101,
292=0100100100,
305=0100110001,
320=0101000000,
333=0101001101,
364=0101101100,
390=01100001 10,
400=0] 10010000,
409=0110011001,
418=0110100D10,
428=0110101100,
437=0110110101,
446=0110111110,
5§22-1000001010,
537=1000011001,
552=1000101000,
579=1001000011,
594=1001010010,
609=1001 100001,
640=1010000000,
649=1010001001,
658=1010010010,
667=1010011011,
708=1011000100,
718=1011001110,
728=1011011000,
769=1100000001,
T78=1100001010,
803=!100100011,
812=1100101100,
837=1101000101,
B64=1101100000,
873=1101101001,

136=0:010001000,
150=0010010110,
164=0010100100,
178=0010110010,
192=0011000000,
206=0011001110,
220=0011011160,
265=0100001001,
280=010001 1000,
293=0i00100101,
308=0100110100,
321=0101000001,
352=0101 100000,
365=0101101101,
392-0110001000,
401=0110010001,
410=0110011010,
420=0110100100,
429=0110101101,
438=0110110110,
512=1000000000,
523=1000001011,
538=1000011010,
553=1000101001,
584=1001001000,
595=1001010011,
610=1001100010,
641=1010000001,
650=1010001010,
659=101Cu10011,
668=1010011100,
T10=1011000110,
720=1011010000,
729=1011011001,
770=1100000010,
779=1100001011,
804=1100100100,
813=1100101 101,
840=1101001000,
865=1101100001,
874=1101101010,

138=0010001010,
152=0010011000,
166=00101001140,
180=0010110100,
194=0011000010,
208=001 1010000,
222=0011011110,
263=0100001100,
281=010001100t,
296=0100101000,
359=0100110101,
324=0101000100,
353=0101100001,
384=0110000000,
393=0110001001,
402=0110010010,
412=0110011100,
421=0110190101,
430=0110101110,
440=0110111000,
513=1000000001,
528=1000010000,
539=1000011011,
554=1000101010,
585=1001001001,
600=1001011000,
611=1001100011,
642=1010000010,
651=1010001011,
660=10100i0100,
670=1010011110,
712=1011001000,
721=1011010001,
730=1011011010,
771=1100000011,
780=1100001100,
805=1100100101,
§32=1101000000,
841=1101001001,
866=1101100010,
875=1101101011,

140=0010001 100,
154=0010011010,
168=0010101000,
182=0010110110,
196=001 1000100,
210=0011010010,
256=0100000000,
269=0100001101,
284=0100011100,
297=0100101001,
312=0100111000,
325=0101000101,
356=0101100100,
385=0110000001,
394=0110001010,
404=0110010100,
413=0110011101,
422=0110100110,
432=0110110000,
441=0110111001,
514=1000000010,
529=1000010001,
544=1000100000,
555=1000101011,
586=1001061010,
601=1001011001,
616=1001101000,
643-1010000011,
652=1610001100,
662=1010010110,
704= 1011000000,
713=1011001001,
722=1041010010,
731=1011011011,
772=1100000100,
7$1=1100001101,
£08=1100101000,
§33=1101000001,
842=1101001010,
867=110110001t,
876=1101101100,

From Lemmas V1.3.6 and V1.3.7 it follows that classes such that (bg, by, b7} or (bg, by, by) or
(bg, by, by) = (0, 0, 1) are empty (ex. class 508 = 011111100 is empty). There are 256 such

classes:

85



§=0000001000, $=0000001001. 10=0000001010, 12=0000001100, 24=0000011000, 25=000001 001,
40=0000101000, 41=0000101001, 42=0000101010, 44=0000101100, 56=00001 11000, 57=00001 1 1001,
72=0001001000, 73=0001001001, 74=0001001010, 76=0001001100, §8=0001011000, 89=000101 1001,
105=0001101001,
136=0010001000,
156=0010011100,
186=00101 11010,
217=0011011001,
243=0011111000,
268=0100001100.
298=0100101010,
329=0101001001,
360=0101101000,
380=0101111100,
410=0110011010,
441=0110111001,
472=0111011000,
492=0111101100,
522=1000001010,
§53=1000101001,
584=1001001000,
604=1001011100,
634=1001111014,
665=1010011001,
696=1010111000,
716=1011001100,
746=1011101010,
777=1100001001,
808=1100101000,
§28=1100111100,
858=11010i11010,
889=1101111001,
920=1110011000,
940=1110101100,
970=1111001010,
1000=1111101000, 1001=1111101001, 1002=1111101010, 1004=1111101100, 1016=1111111000, 1017=11111 11601,

104=00G1101000,
124=0001111100,
154=0010011010,
185=0010111001,
216=0011011000,
236=00i1101100,
266=0100001010,
297=0100101001,
328=0101001000,
348=0101011100,
378=0101111010,
409=0116211001,
440=0110111000,
460=0111001100

490=0111101010,
521=1000001001,
552=1000101000,
572=1000111100,
602=1001011010,
633=1001111004

664=1010011000,
684=1010101100,
714=10110¢1010,
745=1011101001,
776=1100001000,
796=1100011100,
826=1100111010,
857=1101011001,
888=1101111000,
908=1110001100,
938=1110101010,
969=1111001001,

1020=1111111100.

106=0001101010,
137=0010001001,
168=0010101000,
188=0010111100,
218=0011011010,
249=0011111001,
280=0100011009,
300=0100101100,
330=0l01001010,
361=0101101001,
392=0110001000,
412=0110011100,
442=0110111019,
473=0111011001,
504=C11E111000,
524=1000001100,
554=1000101010,
585=1001001001,
616=1001101000,
636=1001111100,
666=1010011010,
697=1010111001,
728=1011011000,
748=1011101100,
778=1100001010,
809=1100101001,
840=1101001000,
860=1101011100,
890=1101111010,
921=1110011001,
952=1110111000,
972=1111001100,

108=0001105100,
138=0010001010,
169=0010101001,
200=0011001000,
220=0011011100,
250=0011111010,
281=0100011001,
312=0100i11000,
332=0101001100,
362=0101101010,
393=0110001001,
424=0110101000,
444=0110111100,
474=0111011010,
505=0111111001,
§36=1000011000,
556=1000101100,
586=1001001010,
617=1001101001,
643=1010001000,
663=1010011100,
698=1010111010,
729=1011011001,
760=1011111000,
780=1100001100,
810=1100101010,
841=1101001001,
872=1101101000,
892=1101111100,
922=1110011010,
953=1110111001,
984=1111011000,

120=0001111000,
140=0010001100,
170=0010101010,
201=0011001001,
232=0011101000,

252=0011 111100,
282=010001 1010,
313=0100111001,

344=0101011000,
364=0101101100,
394=0110001010,
425=0110101001,
456=0111001000,
476=0111011100,
506=0111111010,
537=1000011001,
568=10001 11000,
588=1001001100,
618=1001101010,
649=1010005001,
680=1010101000,
T700=1010111100,
730=1011011010,
761=1011111001,
792=1100011000,
812=1100101100,
842=1101001010,
873=1101101001,
©¢04=1110001000
924=1§10011100,
954=1110111010,
985=1111011001,

121=0001111001,
152=001001 1000,
172=0010101 100,
202=0011001010,
233=001 1101001,
264=010000 1000,
284=010001 1100,
34=01001 11010,
M5=0101011001,
376=0101111000,
396=0110001100,
426=0110101010,
457=0111001001,
488=0111101000,
S508=0111111100,
538=100001 1010,
569=10001 11001,
600=100101 1000,
620=1001 10100,
650=1019001010,
681=1010101001,
712=1011001000,
732=1011011100,
762=1011111010,
793=1100011001,
824=1100111000,
844=1101001100,
874=1101101010,
905=1110001001,
236=11101010010,
956=1110111100,
986=1111011010,

26=00 11014, 28=000041 1104,
S8=00001 L1010, 60=000011 1100,
90=0001011010, $2=0001011100,

122=00011 11010,
ISA=001001 1000,
184=001011 1O,
204=0011001100,
234=001 1101010,
265=010000 1001,
296=0100101000,

36=0100111100,
Me=0101011010,
377=0101 11 1001,
408=01 1081 1000,
428=0110101100,
458=0111001011,
489=0111101001,

S520=100000 1000,
S540=100001 1104,

570=1000111010,
601=1001011001,
632= 1001111000,
652= 1010001 100,
682=1010101010,
THA=1011001001,
T4d=101 110 1K),
T64=101111 1100,
T94=110001 1010,
825=1 100111001,
856=1 L0101 1000,
B76=1100101 100,
906= 1110001010,
937=1110101001,
968=11 1100100},
988=1 111011100,
1018=1 L1111 140,

From Lemma V1.3.13 it follows that classes such that (by, bs, bg, bj) =(0,0,0,1), 1 £j£3, are
empty (ex. class 129 = 0010000001 is empty). There are 112 such classes:

128=0010000000,
135=0010000111,
142=00t0001110,
261=0100000101,
268=0100001100,
387=0110000011,
394=0110001010,
§13=1000000001,
520=1000001000,
§27=1000001111,
646=1010000110,
653=1010001101,

129=0010000001,
136=0010001000,
143=0010001111,
262=0100000110,
269=0100001101,
388=0110000100,
395=0110001011,
514=1000000010,
521=1000001001,
640=1010000000,
647=1010000111,
654=1010001110,

130=0010000010,
137=0010001001,
256=0100000000,
263-0100000111,
270=0100001110,
389=0110000101,
3960110001100,
515=1000000011,
522=1000001010,
641=101000000¢,
648=1010001000,
655=1010001111,

131=0010000011,
138=0010001010,
257=0100000001,
264=0100001000,
271=0100001111,
390=0110000110,
397=0110001101,
516=1000000100,
523=1000001011,
642=1010000010,
649=1010001001,
768=1100000000,
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132=0010000100,
139=0010001011,
258=0100000010,
265=0100001001,
384=0110000000,
391=0110000111,
398=0110001110,
517=1000000101,
524=1000001100,
643=101000001 1,
650=1010001010,
769=1100000001,

133=0010000101,
140=0010001100,

259=0100000011,

266=0100001010,

385=0110000001,

392=0110001000,
399=0110001111,

518=1000000110,
525=1000001101,

644=10100003100,

651=101000101t,

770=1 100000310,

134=0010000110,
141=0010001101,
260=01000001060,
267=0100001011,
386=01100000G10,
393=01 10001001,
S512=100000(0080,
S19=10000000 1 1,
526=1000001114,
645=1010000101,
652=1010001 100,
771=110000001 1,



T72=1100000100, 773=1100000101,
T80=1100001100, 781=1100001i01,
899=1110000011,

779=1100001011,
898=1110000010,

774=11000001]0,

900=E110000100,

775=1150000111,
782=1100001110,
961=1110000101,

776=1100001000,
783=1100001111,
902=1110000110,

777=1100001001,
896=1110000000,
903=1110000311,

778=1100001010,
897=1110000001,
904=1110001000,

905= 11 01001, 906=1110001010, 907=111G00101 1, 908=1110001100, 909=1110001 101, $i3=1110001110, 911=111000)111.

From Lemma V1.3.14 it follows that classes such that (by, b;, bg) or (by, b3, bs) or (by, b3, by) =

(0, 0, 1) are empty (ex. class 624 = 1001110000 is empty). There are 304 such classes:
16=0000010000, 17=0000010001, 18=0000010010, 19=0000010011, 200000010100, 21=0000010101, 22=0000010110, 23=0000010111,
24=000001 1000, 25=0000011001, 26=000001 1010, 27=000001 (011, 28=0000011100, 29=0000011101, 30=0000011110, 31=0000011111,
32=0000100000, 33=0000100001, 34=0000100010, 35=0600100011, 36=0000100100, 37=0000100101, 38=0000100110, 39=0000100111,
400000101000, 41=0000101901, 42=0000101010, 43=0000101011, 44=0000101100, 45=0000101 101, 46=0000101110, 47=0000101111,
48=00001 10000, 49=00001 10001, 50=0000110010, 51=0000110011, 52=00001 10100, 53=0000110101, 54=0000110110, 55=00001 10111,
S6=00001 11000, 57=00001 § 1001, 58=0000111010, 59=000011101 1, 60=00001 11100, 61=0000111101, 62=0000111110, 63=0000111111,
64=0001000000, 65=0001000001, 66=0001000010, 67=0001000011, 68=0001000100, 69=0001000101, 70=0:001000110, 71=0001000111,
7220001001000, 73=0001001001, 74=0001001010, 75=0001001011, 76=0001001150, 77=0001001101, 78=0001001110, 79=0001001111,
80=0001010000, 81=0001010001, 82=0001010010, 83=0001010011, 84=0001010100, 85=0001010101, 86=0001010110, 87=0001010111,
88=0001011000, 89=0001011001, 90=0001011010, $1=000101101 1, 92=000501 1100, 93=0001011101, 94=0001011110, 95=0001011111,

%6=0001 100000,

103=0001100511,
110=0001101110,
17=0001110101,
124=0001 111100,
147=0010010011,
154=001001 1010,
177=0010110001,
184=0010111000,
191=0010111111,
214=0011010110,
221=0011011101,
244=0011110100,
251=0011111011,
290=0100100¢10,
297=0100101001,
304=0100110000,
31=0100110111,
38=0100111110,
357=0101100101,
364=0101101100,
A71=0101110011,
A7B=0101 151010,
577=1001000001,
584=1001001000,
591=1001001111,
§98=1001010110,
605=1001011101,
612=1001100100,
619=1001101011,
626=1001110010,

97=0001 100001,

104=0001101000,
111=0001101111,
118=0001110110,
125=0001111101,
148=0010010100,
155=001001 1011,
178=0010110010,
185=0010111001,
208=0011010000,
215=0011010111,
222=0011011110,
245=0011110101,
252=0011111100,
291=0100100014,
298=0100101010,
305=0100110001,
312=0100111000,
319=0100111111,
358=0101100110,
365=0101101101,
372=010§110100,
3719=0101111014,
578=1001000010,
585=1001001001,
592=1001010000,
599=1001010111,
606=1001011110,
613=100i100101,
620=1001101100,
627=1001110011,

98=0001 100010,

105=0001101001,
112=0001110000,
119=0001]10111,
126=0001111110,
149=0010010101,
156=0010011100,
179=0010110011,
186=0010111010,
209=0011010004,
216=0011011000,
223=0011011111,
246=0011110110,
253=0011111101,
292=0100100100,
299=01001010¢ 1,
306=0100110010,
313=0100111001,
352=0101100000,
359=0101100111,
366=0101101110,
373=0101110104,
380=0101111100,
5§79=1001000011,
586=1001001010,
593=1061010001,
600=1001011000,
607=1001011111,
614=1001100110,
621=10011011014,
628=1001110100,

99=0001 100011,

106=0001101010,
113=0001110001,
120=0001111t000,
127=0001111111,
150=0010010110,
i57=0010011101,
180=0010110100,
187=0010111011,
210=00i1010010,
217=0011011001,
240=0011110000,
247=0011110111,
254=0015111110,
293=0100100101,
300=0100101100,
307=0100110011,
314=0100111010,
353=0101100001,
360=0101101000,
367=010L101111,
374=0101110110,
Ig1=0101111101,
580=1001000100,
587=1001001011,
594=1001010010,
601=100101 1001,
608=1001 100000,
615=1001100111,
622=1001t01110,
629=1001 110101,

100=0001 100100,

107=0001101011,
114=0001110010,
121=0001111001,
144=0010010000,
151=0010010111,
158=0010011110,
181=0010110101,
188=00i0111100,
211=0011010011,
218=0011011010,
241=0011110001,
248=0011111000,
255=00111111411L,
294=0100100110,
301=0100101101,
308=0100110100,
315=0100111011,
354=0101100010,
361=010]1101001,
368=0101110000,
375=0101110111,
382=0101111110,
581=1001000101,
588=1001001100,
595=1001010011,
602=1001011010,
609=1001 100001,
616=1001101000,
623=1001101111,
630=1001110110,

101=0001100101,

108=0001101100,
115=0001110011,
122=0001111010,
145=0010010001,
152=0010011000,
159=0010011111,
182=0010110110,
189=0010111101,
212=0011010100,
219=0011011011,
242=0011110010,
249=0011111001,
283=0100100000,
295=0100100111,
302=0100101110,
309=0100110101,
316=0100111100,
355=0101100011,
362=0101101010,
369=0101110001,
376=0101111000,
383=0101111111,
582=1001000110,
589=1001001101,
596=1001010100,
603=1001011011,
610=1001100010,
617=1001101001,
624=1001110000,
631=1001110111,

102=0001100110,
109=0001101101,
116=0001110100,
123=0001111011,
146=0010010010,
153=0010011001,
176=0010110000,
183=0010110111,
190=0010111110,
213=001i010101,
220=0011011100,
243=0011110011,
250=0011111010,
289=0100100001,
2960100101000,
303=0100101111,
310=0100110110,
317=0100111101,
356=0101100100,
363=0101101011,
370=01061110010,
377=0101111001,
576=1001000000,
583=1001000111,
590=1001001110,
§97=1001010101,
604=1001011100,
611=1001 100011,
618=1001101010,
625=1001110001,
632=1001111000,

633=100111 1001, 634=1001111010, 635=1001111011, 636=1001111100, 637=1001111101, 638=1001111110, 639=1001111111.
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From Lemma VI.3.15 it follows that classes such that (bj, b, bs, bj) =0,0,0.1),4<;26,are

empty (ex. class 127 = 0001111111 is empty). There are 112 such classes:

16=0000010000, 17=0000010001, $8=0000010010, 19000001001 1, 20=0000010100, 21=0000010101, 22=0000010110, 23=0000010111,
24=0000011000, 25=0000011001, 26=0000011010, 27=000001 1011, 28=000001 1100, 29=0000011101, 30=000001 1110, 31=0000011111,
32=0000100000, 33=0000100001, 34=0000100010, 35=00001000! 1, 36=0000100100, 37=0000100101, 38=0000100110, 39=0000100111,
40=0000101000, 41=0000101001, 42=0000101010, 43=0000101011, 44=0000101 100, 450000101 101, 46=0000101510, 47=0000101111,
48=00001 16000, 49=0000110001, 50=0000110010, 51=0000110011, 52=00001 10100, 53=00001 10101, S4=00001 101 10, S5=00001 10411,
56=0000111000, 57=0000111001, 58=0000111010, 59=0000111011, 60=0000111100, 61=000011 1101, 62=0000111110, 63=0000111111,
64=0001000€00, 65=0001000001, 66=0001000010, 67=0001000011, 68=0001000100, 69=0001000101, T0=0001000110, TE=KI01000111,
72=0001001000, 73=0001001001, 74=0001001010, 75<00C100101 1, 76=0001001100, 77=0001001101, 78=0001001110, 79=0001001111,
$0=0001010000, 81=0001010001, 82=0001010010, 83=0001010011, 84=0001010100, 85=0001010101, $6=00010101 10, $7=0001010111,
88=0001011000, 89=0001011001, 90=0001011010, 91=0001011011, 92=0001011 100, 9$3=000101110i, 94=0001011 110, 9§=00010L 1111,
96=0001100000, 97=0001100001, 98=0001100010, 99=0001100011, 100=0001100100, 101=0001100101,  102=0001 100110,
103=00011001 11, 104=0001101000, 105=0001101001, 106=00C1101010, 107=0001101011, 108=0001105100, 109=0001101101,
110=0001101110, 111=0001108111, 1I2=0001110000, 113=0001110001, 114=0001110010, 115=000111001%, I16=0001T10100,
117=0001110101, 118=0001110110, 119=0001i10111, 120=0001111000. 121=000F111001, 122=0601111010, 123=0001111011,
124=0001111100, 125=0001111101, 126=0001111110, 127=00011 11111,

From Lemma VI.3.16 it follows that classes such that (by, bs, bs) or (by, bg, by) or (bs, bg, b)) =

(0, 0, 1) are empty (ex. class 975 =1111001111 is empty). There are 304 such classes:
128=0010000000, 129=0010000001, 130=0010000C10, 131=0010000011, 132=0010000100, 133=0010000101, 134=0010000110,
1350010000111, 136=0010001000, 137=0010001001, 138=0010001010, 139=0010001011, 140=0010001100, 141=0010001101,
142=0010001110, 143=0010001111, 144=0010010000, 145=0010010001, 146=0010010010, 147=0010010011, 148=0010010100,
149=0010010101, 150=0010010110, 151=0010010111, 152=0010011000, 153=0010011001, 154=0010011010, 155=0010011011,
156=0010011100, 157=0010011101, 158=0010011110, 159=0010011111, 256=0106000000, 257=0100000001, 25H=0100006010,
259=0100000011, 260=0i00000100, 2610100000101, 262=0100000110, 263=0100000111, 264=0100001000, 265=0100001001,
266=0100001010, 267=0100001011, 268=0100001100, 269=0100001101, 270=0100001110, 271=01000015L1, 2B8=0100100000,
289=0100100001, 290=0100100010, 291=0100100011, 292=0100100100, 293=DI00I00101, 294=0100100110, 295=0100100111,
296=0100101000, 297=0100101001, 298=0100101010, 299=0100101011, 300=C160101100, 301=0100101101, 302=0100101110,
303=0100101111, 384=0110000000, 385=0110000001, 386=0110000010, 387=011000001%, 388=0110000100, 389=0110000101,
390=0110000110, 391=0110000111, 392=0110001000, 393=0110001001, 394=0110001010, 395=011000101%, 396=0110001100,
397=0110001101, 398=0110001110, 399=0110001111, 400=0110010000, 401=0110010001, 402=0110010010, 403=0110010011,
404=0110010100, 405=0110010101, 406=0110010110, 407=0110010111, 408=0110011000, 409=C110011001, 4TA=011001 1010,
411=0110011011, 412=0110011100, 413=011001(101, 414=0110011110, 415=0110011111, 416=0110100000, 417=0110100001,
4180110100010, 419=0110100011, 420=0110100100, 421=0110100101, 422=0110100110, 423=0110100111, 424=0110101000,
425=0110101001, 426=0110101010, 427=0110101011, 428=0110101100, 429=011010i101. 430=0110101150, 431=0110101111,
512=1000000000, 513=1000000001, 514=1000000010, 515=1000000011, 516=1000000100, 517=1000000101, S18=16000001 10,
519=1000000111, 520=100000i000, 521=1000001001, 522=1000001010, 523=1000001011, 524=1000001100, 525=1000001101,
§26=1000001110, 527=1000001111, 576=1001000000, 577=1001000001, 578=1001000010, S$79=1001000011, S580=1001000100,
581=1001000101, 582=1001000110, 583=1001000111, 584=1001001000, 585=1001001001, 586=1001001010, S87=1001001011,
588=1001001100, 589=1001001101, 590=100100i110, 591=i001001111, 640=1010000000, 641=1010000001, 642=1010000010,
643=1010000011, 644=1010000100, 645=1010000101, 646=1010000110, 647=1010000111, 64B=1010001000, 649=1010001001,
650=1010001010, 651=1010001011, 652=1010001100, 653=1010001101, 654=IC10001110, 655=1010001111, 656=1010010000,
657=1010010001, 658=1010010010, 659=1010010011, 660=1010010100, 661=101G010101, 662=1010010110, G663=1010010111,
664=1010011000, 665=1010011001, 666=1010011010, 667=1010011011, 668=1010011100, 669=1010011101, 670=1010011110,
671=1010011111, 704=1011000000, 705=1011000001, 706=1011000010, 707=1011000011, 708=1011000100, 709=1011000101,
710=1011000i10, 711=I011000111, 712=1011001000, 713=1011001001, 714=1011001010, 715=1011001011, 716=1011001100,
717=1011001101, 718=1011001110, 719=1011001111, 768=1100000000, 769=1100000001, 770=1100000010, 771=1100000011,
772=1100000100, 773=1100000101, 774=1100000110, 775=1100000111, 7761100001000, 777=1i00001001, 778=1100001010,
779=1100001011, 780=1100001100, 781=1100001101, 782=1100001110, 783=1100001111, 800=1100100000, BO1=1100100001,
802=1100100010, 803=1100100011, $04=1100100100, $05=1100100101, 806=1100100110, 807=1100100111, B0B=110(101000,
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§09=110010100), $10=1100101010, 211=1100101011, %12=1100101100, 813=1100101101, 814=1100101110, 815=1i00101111,
832=1101000000, 833<I101000001, $34=1101000010, §35=11010000%1, 836=1101000100, 837=110100CI01, 838=110i000110,
R39=1101000111, 840=1101001000, 841=1101001001, 842=11010010i0, 843={121001011, 844=i101001100, B45=110100110t,
$46=1101001110, $47=1101001111, 896=1110000000, 897=!1110000001, 898=1110000010, 899=1110000011, 900=1110000100,
$01=1110000101, 902=1110000110, 903=1110000111, 904=1110001000, $05=1110001001, 906=1110001010. %07=1110001011,
908=1110001100, 909=1110001101, 910=§110001110, 91I=1110001i11, 912=1110010000, 913=1110010001, 914=1110010010,
915=1110010011, 916=1110010100, 917=1110010101, 918=1110010110, 919=1110010i11, 920=1110011000, 921=1110011C0I,
922=1110011010, 923=1116011011, 924=1110011100, 925=1110011101, 926=1110011110, 927=1110011111, 928=1110100000,
9201110100001, 930=1110100010, 931=1110100011, 932=1110100100, 933=11i010010f, 934=1110100110, 935=11101C0111,
936=1110101000, 937=1110101001, 938=1110101010, 939=11101010t1, 940=1110101100, 941=111C10D1101, 942=1110101110,
943=111010L111, 960=1111000000, 961=1111000001, 962=I111000010, 963=1111000011, 964=1111000100, 965=1111000101,
966=1111000110, 967=1111000111, 968=1111001000, 969=[111001001, 970=1111001010, 971=111100101!, 972=1111001100,
973=1111001101,974=1111001110,975=1111001111.

Theorem VI.4.b.1: There exist 200 classes of functions of three-valued set logic under
compositions with [B] functions.®

V1.5. Enumeration of B-bases of two-valued and three-valued set logic

A B-complete set F in Py is called a B-base of Py if no proper subset of F is B-complete in
Py. The rank of a B-base is the number of its elements. A non [B] function f (fe P, \B)isaB-
Sheffer for Py if {f} is a B-base (of rank 1} of Py. In other words, f is a B-Sheffer function for
P, if {f} v B is B-complete in Py.

VIL.5.a. Enumeration of B-bases in P4
Lemma VI.5.a.1: The number of n-place B-Sheffer functions of two-valued set logic is
IP4(n)l - 21E | (n)] - ICo(n}l + IBE(n)! + 2IE(n) N Cy(n)l - IE(n) M Ex(n) M Co(m)l.

Proof: According to the principle of inclusion and exclusion, the number of n-place B-Sheffer
functions in P4 is P4(n) \ (Eq(n) U Es(n) w Cym)} = IP4(n)l - IE (n}! - [Ep(n)t - ICH(m)! +
IE,(n) N Ex(n)l + IE(n) N Co(n)l + [Ez(n) N Co(m)l - [E((n) N Eg(n) N Cy(n)l. Because of
symmetry, |E (n)t = [E5(n)! and IE;(n) N Cy(n)l = [E5(n) N Cy(n)l. Also from [S3] Eq(n) N
E»(n) = BF(n). This completes the proof.®

Lemma VL5.a.2: E{i1) N Co(n)l = 24",

Proof: Let f be a n-place function of Py such that f preserves both relations €; and yy. Partition
the set L," into n-dimensional blocks in such a way that two points X = (Xy, X3, ..., X) and y
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=(¥1, ¥2> - Yn)s X} ¥j € Ly, belong to the same block iff for every j = 1, 2, ..., n, both xj and
¥j belong to the same equivalence class of €). There are 2" points in Yo . Each block of the
partition contains 27 points, and then yy" intersects each block in exactly one point we call an
intersect-point. Consider a block and its intersect-point X. As f € Cy, the value f(x) in the
intersect-point x is either 0 or 3. Also as f € E;, the values f(y) in the other points of the
block are all from the same equivalence class of £ (either {0, 1} or {2, 3}) containing f(x).
Therefore each point chooses between two values. Since there are 4" points, then it follows
that the number of functions preserving both relations g; and vy is 24"

Theorem VI.5.a.3: The number of n-place B-Sheffer functions of two-valued set logic is

440 4N 4 2N 4 ] 920 44020 oot ] aan g g2n
Proof: Follows from Theorems VI.3.1 and V1.3.11, Lemmas VI.3.8, VI.5.a.1 and VI.5.a.2.=

The ratio of n-place B-Sheffer functions over all n-place two-valued set logic functions
approaches 1 when n — oo,

The program for ciassification and enumeration found all the classes of B-bases of rank 2
and 3 in P4. There are six classes of B-bases of rank 2 (namely (7 6), (7 4), (7 2), (6 4), (6 3),
(4 5)) and one class of B-bases of rank 3 (namely (5 3 2)) - the numbers here are the ordinal
numbers of the binary characteristic vectors of the classes as they appears in section V1.4.a.

VL5.b. Enumeration of B-bases in Pg

In Pg, it becomes hard to apply the principle of inclusion and exclusion to find the number of
three-valued B-Sheffer functions. This is due to the large number of intersections of B-maximat
sets: there are ten B-maximal sets in Pg and then 1013 intersections. However, we can estimate
the number of B-Sheffer functions by an interval, i.e. find a lower bound and an upper bound.
To compute the upper bound and the lower bound we obtain the number of functions which are
in no B-maximal sets defined from central relations on Lg. Next, we consider the number of
functions which are in no B-maximal sets defined from equivalence relations on Lg, this number
is given in [D1] as the number of n-place C-Sheffer functions of three-valued set logic (as we
have explained, a C-maximal set from {D1] is also a B-maximal set in our context). The upper
bound and the lower bound can then be determined using these two quantities. In the sequel of

this section, we denote C(n) as the set of n-place functions preserving central relations on Ly
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(i.e. qu(n), j =0, 1, 2, 4) and E(n) as the set of n-place functions preserving equivalence
relations on Lg (i.e. \UE(n),i= 1, 2, 3,4, 5, 6). Also we let C (n) (E (n)) be the set of set logic
functions not preserving any central relations (equivalence relations, resp.).

Theorem VL.5.b.1: [D1] The number of n-place C-Sheffer functions of three-valued set logic is
[E (n)l = 88" - 3.28".44" - 3.487.22" 4 6.22.241.28" 4 3.44M.92" . 6.24m.02*1 4 .820

Lemma VI.5.b.2: The number of n-place functions of three-valued set logic which are in no B-
maximal sets defined from central relations on Lg is

IC ()l = IPg(n)! - ICq(n)! - 3IC; ()l + 3ICy(n) N Cy(n)l.

Proof: According to the principle of inclusion and exclusion, IC (n)l = Pg(n) \ (Cy(n) w Ci(n) v
Co(n) U Cy(m))l = IPg(m)l - ICx(n)! - IC (1) - ICx(n)] - IC4(n)i + ICp(n) N Cy(m)l + ICo(n) N
Cy(n)l + ICH(n) M Cy(n)l + IC1{n) N Cp(n)l + IC;{n) M Cy(n}l + I1Cx(n) N Cy()l - 1Cy(m) N
Cy(n) N Cym)l ~ ICm) N Cy(n) N Cy(m)l - ICo(n) N Cy(m) N Cy(m)l - IC1(n) N Cr(m) N
C4(n)l + ICq(n) N Cy(n) N Cy(n) N Cy(n)l. By symmetry IC;(n)l = IC;(m)l = IC4(m)l, [Cp(n) A
Cy(n)l = ICy(n} N Cy(n)l = ICq(n) M Cy(m)l, ICy(n) N Co(n)l = IC(n) N Cy(n)! = ICy(n) N
C4(n)i, and ICo(n) N Cy(n) N Cy(n)l = ICo(n) N Cy(n) N Cy(n)i = ICqy(n) N Cy(n) N Cy(n)l.
We obtain IC(n)! = IPg(n}l - ICq(n)I - 3IC ()l + 3ICp(n) N Cy(n} + 3ICi(n) M Co(n)l -
3ICH(n) M Cy(n) N Cy(n)l - IC(n) N Co(n) N Cy(m)i + ICH(n) N Cy(n) N Cy(m) N Cy(n)l.
From A N B < Cit follows that AN B N C = A n B. This is applied to Lemmas V1.3.6 and
V1.3.7 to give ICy(n) N Ci(n) N Cy(n)l = IC;(n) N Cy(n)t and ICp(n) N Cy(n) N Cy(n) N
Cy(n}l=ICy(n) N Cy(n) N Cy(n)l. Finally we get IC ()l = IPg(n}l - ICq{n)! - 3IC;(n)l + 3ICqy(n)
M C(n}.»

Lemma VIL5.b.3: ICy(n) N C((n)i = 22".44" - 20,887 - 47,

Proof: We have yo={0,7} v, = {0, 1, 6,7} c Lg. Let fbe a n-place function of Pg such that
f preserves both relations g and ;. Partition the set Lg" into three distinct subsets S = vy,
S| =v" VY and So = Lg" \ (Sg U S;). Asfe Cpy(n) the values in the points of Sy are all
from yp; 1Sgl = 20 implies that there are 22" ways to fix the values in the points of S5. Asfe
C(n) the values in the points of S are from y; IS{l = 4" - 2" implies that there are 44" - 2°
ways to fix the values in the points of S|. Finally, the values in the other points, that is in the
points of Sy, are all from Lg; as IS,| = 8 - 47 then there are 88" - 4" ways to fix the values in
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the points of S,. It follows that the number of functions preserving both relations y, and ¥y 1s
720 440 - 20 g8 - 4N 4

Theorem VI.5.b.4: The number of n-place functions of three-valued set logic which are in no
B-maximal sets defined from unary central relations on Ly is

I_C"(n)l = 88N U 2R g8N - 20 3 44N @840 o 3 420 440 . 20 ggtl . 4N
Proof: Follows from Theorem V1.3.1, Lemmas V1.5.b.2 and VI.5.b.3.®
Lemma 6.2.5: Let Sh(n} denote the set of n-place B-Sheffer functions in Py, then
IE (n)l - IC(n)l = {C (n)] - {E(n)i < ISh(n)! < IC (n)i < IE(n)L. |

Proof: For n = 1 we have [E (1)l = 15894144 and IC (1)l = 13369344. So, as n grows, IC (n)l <
{E ()i for n = 0 (for n = 0, IC(0)l = IE(O) = 0). C (n) contains B-Sheffer functions, that is
Sh(n) < C(n). C (n) contains also a set U (n) of functions which preserve cquivalence
relations on Lg, thus Sh(n) = C(m)\ Uy(n). Next, E(n) = UE;(n) contains all functions which
preserve at least one equivalence relation, it follows that U;(n) < E(n). Thercfore we have
C(n) \ E(n) € C(n) \ Uj(n) and follows that IC(n)i - IE(n)! < ISh(n)l. Then we can take
IC(p)l - IE(n)! as the lower bound of the number of B-Sheffer functions (the formula for
{E(n)| appears in Theorem VI.3.b.1 after the term 88™). Also, E(n) contains a sct Us(n) of
functions which preserve central relations on Lg, thus Sh(n) = E(n) \ Us(n). Applying the
same reasoning as above we obtain |E (n)l - IC(n)l < ISh(n)I (the formula for IC(n)l appears in
Theorem VI1.5.b.4 after the term 88n). Finally, we have 1E(n)l - IC(n)l = IPy(n)l - IE(n)l -
IC(n)l = [Pg(n)! - IC(n)I - [E(n}] = IC (n)t - IE(n)l.=»

IC(n)I—IE(n)! IC(n)l
and
|Pg(n)l IPg(n)i

almost all three-valued set logic functions are B-Sheffer functions.

Obviously the ratios approach 1 when n — +eo, and therefore

Using a computer program, we found that the rank of any B-base of Pg is between 1 and 7.
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Rank Number of aggregates Example of aggregates

i I (200)

2 4301 {199 198)

3 150973 (195 194 175)

4 230632 (193 191 190 140)

5 40166 (189 181 179 178 89)
6 1496 (177 165 104 92 55 12)
7 9 (134 126 11991 78 15 4)

The numbers in the classes of B-bases are the ordinal numbers of the classes as they appear in
section V1.4.b.
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CHAPTER VII
OPEN PROBLEMS AND FURTHER STUDIES IN SET LOGIC ALGEBRA

In this thesis we have derived new results on classification and enumeration of C-basas in P
and Pg and, on classification and enumeration of functions and B-bases in P4 and Pg. Here we
present some open problems.

1. Let By(n) be the set of all n-place [B] functions in Py. Determine IBy(n)!, i.c. the exact
number of such functions in P,. We found only an upper bound in Lemma V1.3.10.

2. An interesting question is to determine all clones in set logic containing all Boolean functions

([D2,S3] find only maximal clones). Each C-clones and B-clones is the intersection of some
maximal sets.

3. There are a number of remaining questions concerning S-completeness criteria in set logic if
certain functions are considered cheap. Assuming first that S is any non empty subset of {\,
M, —, constants} we are going to determine the S-completeness criteria in sct logic for
subsets S other than C and B, the most interesting cases being S = {u, N}, S = {7,
constants} and S = {~}. Second, S-complei.»=ss criteria in set logic for any given set S not
necessarily Boolean is left as open problem, for example, when S = { ™, min(x, y)}.

4. Listing all classes of functions and classification and enumeration of C-bases and B-bases, C-
Sheffer and B-Sheffer functions for r-valued set logic when r 2 4 remains aiso an open
problem for further study.

5. Recent developments in universal algebra have stimulated an interest in power structurcs
(power algebras, in particular) {B2], that is, in structures defined on power domains where
operations result by extending the usual operations on the base domain. It is interesting to
explore the possibility of transferring (S-)completeness results from operations on sets to
similar operations on power domains. Results from this area should be of interest for

engineers who use functions defined on power sets to model properties of carrier computing
systems.

6. There are open problems on approximation theory in set logic. Ip order to design the most
economical hybrid circuits (that is circuits that combine set-valued biological or optical

components -carrier computing devices- with standard binary electronic components) it is
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necessary to extend the previous classification of one-place set logic functions based on the
number of maximal interpolation classes [R1] to n-place functions, and to characterize
almost-Boolean set-valued switching functions, that is, functions that have a small number of
Boolean interpolation classes. It is interesting to investigate the metric properties of
collections (classes) of set logic functions, i.e. properties that can be expressed by using
suitable metrics. Special attention should be paid to the possibility of metric characterizations
of maxinial clones of (S-)complete sets of set logic functions.

7. It is also impertant to design fast (parallel) algorithms for the search of S-maximal sets in Py,
for the classification and enumeration of functions and S-bases of set logic, and for cataloging
set logic functions based on their Boolean interpolation properties. Such algorithms are
particularly necessary forr=4 orn22.

8. The study of the complexity of set logic functions asks the question of how to construct
them. The complexity of a function is defined as the least number of non Boolean
components needed by a set logic circuit that computes the function (see section 1V.6.a).
The problem is then to find a S-complete set such that the set logic circuit of the function
have a minimum number of non Boolean components.
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APPENDIX 1
A PASCAL PROGRAM FOR CLASSIFICATION AND ENUMERATION OF SET LOGIC FUNCTIONS

A.Ll. Source codes

PROGRAM ClassesOfFunctions;

{This program classifies and enumerues set logic function under compositions with C or B functions}
{We use the algorithms ve described in section V.2.}

uses Crt;
const
nbMaxClas = 1024; { maximum number of classes
nbMaxSets = 10; | maximum number of maximal scts (or nzlations) }
Arnty=1; [ maximum number of variables of a set logic function}
nbPeints = 8; [maximum number of n-tuples aken out of k values {0 = Arity, and k = 20}
nbEquiClas = 4, {maximum number of equivalence classes in an equivalence relation}
type
variation = array[ 1..nbPoints] of integer, {array representation Lor a set logic function}
stringclas = string[nbMaxSets]; [string representation for a charcteristic vector)
ntuples = array[ 1..nbPoints) of array[1..Arity] of longint; {matrix containing the set of n-tuples (or points)]
relation = array[ i..nbEquiClas] of array{l..nbEquiClas) of integer; {matrix representation for a relation}
classe = record {structure for a class of set logic functions }
decimal : longint; {decima’ equivalent of its binary characteristic vector }
vector : stringelas; {its binary churacieristic vector}
exFunct : variation; {an example set logic function of the class}
nbFunct : longint; {its number of set logic functions ]
end;
maxset = record {structure for a relation}
nbEquiv : integer; {its number of equivalence classes }
nbElem : array([l..nbEquiClas] of integer; {the number of elements in cach equivalence class
relat  : relation; {the telation]
nbFunct : longint; {the number of set logic functions preserving it}
end;
tabmaxsets = array(1..nbMaxSets] of maxset; {array containing the set of relations |
tabvectors = array[1..nbMaxClas] of classe; {array containing the st of classes of set logic functions }
var

t,i: integer;

¢, s r, k, n, kn, m, nbC, HalfCardinal, nf: longint;
funqtion : variation;

InpClasses, OutClasses : text;

maxsets : tabmaxsets,

vectors : tabvectors;

binary : stringclas,

points ; ntuples;

funq : string;

PROCEDURE ReadMaxSets(var maxsets ; tabmaxsets);
{Reads the relations from a file and stores them into the maxsets array. See the input files format in section A.1.2.}

var
s ; longint;
i,j : integer;

begin

fors:=1tomdo {there are m equivalence relations to read §

begin
Read(InpClasses, maxsets[s).nbEquiv), { reads the number of equivalence clsses of the relation)
for i := | to maxsets{s].nbEquiv do {and the number of element of ecach equivalence cluass)

Read(InpClasses, maxsets[s].nbElem[i]};

Readln(InpClasses);
for i := 1 to maxsets{s].nbEquiv do { reads the equivalence relation)

for j := 1 to maxsets[s).nbElem{i] do
Read(InpClasses, maxsetss).relat{i][j]);
maxsets[s].nbFunct := 0,
ReadIn(InpClasses);
end;
end;
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PROCEDURE BuildPoints(var points : ntuples);

{Constructs the s¢t of points using a well known base k conversion algorithm}

var
i i, decimal, quotient, base : longint;

begin
base ;= k;
for p:= 1 tokndo
begin

fori;=lwondo
points[p](i] :=0;

1=

decimal =p- 1;

quotient = decimal;

while {quotient > 0} and (i >0} do

begin
guoticnt ;= decimal div base;
points[p]li} := decimal mod base;
decimal = guotient;
i=i- 1

end;

end;
end;

FUNCTION Power{int, pow : longint) : longint;
{ Coruputes the function intP*%}

var
i,tp: longint;

begin
p=1;
fori:= | to pow do
tp:=1p *int;
Power :=tp;
end;

PROCEDURE ToString(fungtion : variation; var fung : string);
{Converts a set logic function into a string enclosed with parenthesis )

var
5 : longint;
strict : string;

begin
tung :='(;
fors:= | tokndo
begin
Sir(fungtion[s], strfct);
fung := fung + strfct +
end;
funyglLength(fung)] ="
end;

{there are X" poinis}

{we convert the decimal number (p - 1) to its base k number}

{the coordinates of a point are simply the digits of the base k number}

PROCEDURE Classify(funqtion : variation; var maxscts : tabmaxsets; var ¢ : longint; var binary : stringelas);
{Finds the equivalence class of a given set logic function f and updates the size of all the maximal sets containing f}
{ We use the (second) algorithm we describeb in section V.2.. So, for better understanding, read first the description}

vir
preserves, found, belongs : boolean;
image, domain : array[1..nbPoints] of integer,
itng : array[1..nbEquiClas] of integer;
j : integer;
i, 8, p, coord : longint;
funq : string;

Ll
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begin
fors:=itomdo
begin {MAIN LCOP}
binary[s] :='1"
forp:=1tokndo
begin {image loop}

image[p] :==0;
i=0L
found := False;
while /“ound = False) and (i <= maxsets[s].nbEquiv) do
begin
i=L
while (found = False) and (j <= maxsets{s].nbElem[i]) do
begin
found := funqtion{p] = maxsets[s.relat[i](j];
ji=j+ 1
end;
=i+l
end;
if found = True then image[p] :=i- };
end; {image loop}

forp:=1tokndo
begin  {domain loop}
domainip] :=0;
i= l;
found := False;
while (found = False) and (i <= maxsets[s).nbEquiv) do
begin
j=1
while (found = False) and (j <= maxsets[s].nbElem[i}} do
begin
found := points[p}{1] = maxsets[s].relat[i](j];
j=j+k
end;
i=t+1;
end;

if found = True then
begin {domain if}
i=i-1;
coord ;= 2:
belongs := True;
while (belongs = True) and {coord <= n} do
begin
i=L
found := False;
while (found = False) and (j <= maxsets[s}.nbElem[i]) do
begin
found := points{pl{coord] = maxsets[s].relat(i][j];
j=j+ L
end;
if found = False then belongs = False;
coord ;= coord + 1;
end;

if belongs = True then

begin
domain[p] :=1i;
img(domain[pl] = imagefpl

end;
end; {domain if}
end; {domain loop}
p=1;

preserves = True;
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{check the inclusion in the m maximal sets)

{fis not included yet in the courant maximal set}
[looks for the image of K" poinis)

{locks for the image of the p-th point in the courant relation s

{ which equivalence class contains the map of the p-th potat 7}

[ p-th point image := found class position, otherwise it is 0}

{looks for the domain of all points}

lis the first coordinate of the y-th point in the relation s ¥}

{in which equivalence class is it 7}

{if it is found then do the same for the uther coordinates)

{n is the number of variables of [}

{al! p-th point coordinates are in the same equivalence cluss )

{p-th point domain := found class position, otherwise it is O}



whiie (prescrves = True) and (p <= kn) do
begin
il domain(p] <> 0 then

{f preserves the s-th relation if each non null domain maps to}
{exactly onc image }

preserves = (image[p] < 0) and (image{p] = img[domain([p]]),

pi=p+l;
end;
if preserves = True then
begin
binary(s] ='0’;
maxscts[s].nbFunct := maxsets[s].nbFunct + 2;
end;
end; {MAIN LOOP}

ci=0
i=m-1;
fors:=1tomdo
begin
if binary[s] ='1" then
begin
¢ := ¢ + Power(2, i)
end;
i=i-h
end;
ci=c+l;

if {((vectors{c].nbFunct + 2) mod ¢) = 0 then
begin
ToStrng(funqtion, fung),

{if f preserves the s-th relation, then...}

{..the 5-th bit of the characteristic vector is set to 0}

{we compute the decimal equivalent of the binary vector]

{this is needed only for testing and checking }

Writeln(c:4,' ', binary:m, ' ', fung:Length{fung},* ', (vectorsfcl.nbFunct+2):8, ' *, nf:8);

end;
end;

(****MAIN PROGRAM®****)

BEGIN
Clrscr;,
Assign(InpClasses, ‘classes.inp’);
Reser(InpClasses);
Read(InpClasses, r);
k := Power(2, 1},
Read(InpClasses, n);
kn = Power(k, n);
HalfCardinal := Power(k, kn) div 2;
Readln(InpClasses, m);
nbC = Power(2, m);
ReadMaxSets{maxsets);
Close(InpClasses),
BuildPotnts(points);

for ¢ := 1 to nbMaxClas do
begin
vectorsje].decimal := -1,
vectorsfelvector =",
fori:=1tokndo
vectors[c].exFunctfi] := -1;
vectors[c].nbFunct := 0,
end;
binary =",
for s := | to mdo
hinary := binary + 1%
fori:=ltoknde
fungtion{i] := 0.
nf =0

{reads the number of carrier elements }

{number of logic values; k = 27}

{reads the number of variables of the set logic functions}
{number of points: kn =k"} .
{number of set logic functions to classify: HalfCardinal = K*/2)
{reads the number of equivalence relations (or maximal sets)}
{number of possibles classes of set logic functions: nbC =27}
{reads the relations )

{constructs the set of points (or n-tuples)}

{all initialisations go here}

{ will contains the total number of set logic functions}
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repeat {we impletment the variation alporithm. So, read section V .20}

nf:=nf+1;
Classify(funqtion, maxsets, c, binary). {we classify a set logic funclion}
vectors[cl.decimal :=c- 1; {then we update the array of classes {rom here )

vectors[c].vector ;= binary;
fori:=1tokndo

vectors[c].exFunct{il ;= fungtion[i];
vectors[e].nbFunct := vectors{cl.nbFunct + 2;

t:=kn; { from here we detcrmine the next set fogic function to classity }
while funqtion[tj=k - 1 do
te=t-1;

fungtioa[t] := fungtionft] + 1;
fori'=t+ lwokndo
funqtion[i] :=0;
until nf = HalfCardinal; {we classify only half of the set of set logic tunctions )

Assign(OutClasses, ‘classes.out’); {then from here we output the results of the classitication}
Rewrite(QuiClasses),
i=1;
nf:=0;
forc:=1t00bCdo
begin
if vectors(c].nbFunct > 0 then
begin
ToString(vectors{c].exFunct, funq);
Write(OutClasses, i:3, ' ', vectors[c].decimal:4, ' ")
Write(OutClasses, vectors[c).vector:m, ' ', funq:Length{fung));
Writeln(QuitClasses, ' ', vectors[c].nbFunct:8);
af := of + vectors[c).nbFunct;
=i+l
end;
end;
Writeln(OuwtClasses);
Writeln{QutClasses, "Total number of ', n, -place ', 1, "-valued set logic functions is : ', nf:8);
fors:=ltomdo
begin
Write(OutClasses, "The maximal set’, 5:2, ' contains *, maxsets[s]. nbFunct:8, *', n, -place *, 1);
Writeln{QutClasses, '-valued set logic functions’);

end;
Close(OutClasses);
END,
A.1.2. Input/Qutput files formats 2 (2, \ ia
2 2 2
Input i o 02 13
The first line of one input file contains three positive integers
in the following order: r, n and m. Where r is the number of Output
information carriers, n is the arity of the set logic functions, oA 16
and m is the number of S-maximal sets. (We obtain results § ; ‘l'{') ::;gi; ::
only for § = Cand § = B). 4 300332 i
Each of the m following groups of two lines represents a Total number af )-place 2-valued set lugic functions 151 256
telation. The first line contains in this order: the number of 'I'h:m:u.i_mu] set lcontains 64 1-phace 2-valucd sct bogie lunul?um
equivalence classes of the relation and for cach class its The maximal set 2 contains 64 1-place Z-valued set logic functions
nutuber of elements. The second line contains the equivalence . o -
relation. (For better understanding, see the input file for the A.14. Input/Output files for S =C, r=3and n=1
case S=C,r=2and n = |, below).
Input
3 1 6
Cutput 4 2 2 2 2
The m + 1 last lines in one output file give information on the 0l 23 45 67
total number of set logic functions and the size of each - 4 : ) 'fJ i . :;7
maximal set. Any other ling corresponds 10 a non empey class & 2 2 2 2
of set logic functions. In such line, we show in the following 4 15 26 37
order: the ordinal and decimal numbers of the class, its 2 4 4
characteristic vector, a one-place example function and the ) haak A
size of the class. o143 2367
2 4 4
A.13. Input/Qutput files for S=C,r=2andn=1 0123 4567
Input
1 1 2
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Qutput
10 (33337730 o4

10 NG (33337755 192
1210 (33337676 192
14 011 (313.37654) 576
P (333339737 192
2 HULN (3332337460 192
21 O (A3FAFTTHy 5T
27 L1l 33337355 576
4 2801100 (33337774 3644
1ty 29 ol (33,7,7.1.3.760 11520
I 3 011110 333377.54) 1152}
12 31 M1 (33,777,754 3628H
1333 1ol (3233000 1w
1434 1) 4333,1,7.135 192
1335 (ol 3.2.353.37.5) 576
16 42 101010 (333337115 3648
17 43 Wiokl (3.2.32.77150 11520
1845 10101 2327676 576
19 46 101119 (333376740 11520
21 47 W11 {3.73.3.7674) 36248
21 49 LIk {32.30.0.307) 368
22 51 oo (357015 11520
23 53 LI0I0E 32263706 11520
2454 110010 (33307.7.74) 576
25 55 [0E (3.2.2.43374) 36288
26 59 10N Q7777775 229824
27 61 1 (373307070 29824
2662 HHTH (U33377.74) 229824
2y 63 LN (A2TT74) L5R94144

E R PR ¥

“Towl number of | -pluce 3-valued set Jogic functivns is 1 16777216

‘The maximal set | contains 65536 1-place 3-valucd set logic functions
The manimal set 2 contains 63536 1-plave 3-valued set fogie functivns
The maximal set 3 contains 65536 1.place 3-valued set Jogic functions
The maximal set 4 containg 262144 1-place 3-valued set lugic functions
The maximal set 5 containg 262144 1-place 3-valued set logie funetions
The muximal sct & ¢ongging 262144 1-place 3-vulued set logic functions

ALLS, Input/Qutput fiks for S=B,r=2andn=1

Input
2 i 3
2 2 2
01 23
2 2 2
02 13
1 2
03
Qutput

I 000U el,2,3) 4
1 om (1,133 12
2 01y (1,3.3) iz
Y (LI 3
4 100 ¢h).2.3) 12
5101 (1333 36
6110 {333 6
T3 08

- DA b R

Towd number of §-pluve Z-valued set logic tunctions is: 256

The muxienal set | contains 64 |-place 2-valved set Ingic functions
The maximal set 2 vontains 64 1-place 2-valued set logic functions
The maximal set 3 conminsy 64 L-place 2-vatued sct logic functions

A.L6, Input/Qutput files for S=B,r=3andn=1

Input
3 1 1
4 2 2 2 2
0l 23 45 67
4 2 2 2 2
02 13 46 57
4 1 2 2 2
ud 15 26 ki)
2 4 4
0246 1357
2 4 4
0145 2367
2 4 4
0123 4567
1 2
07
i 4
w187
i 4
0257

101

#347

Output

F-R I AT NP A ]

]
1
12
13
14
15
16
17
[H
19
20
21
2
13
24

26
27
24
29
30
31
32
3

35
36
37
kL)
kL
40
41
42
43

45
6
47
L]
EL
S0
5t
52
53
54
55
56
57

54
&
6l
f2
63

0 OOED00N (0,1,2.3,4,5.6,7)
11 DOOMNIE (11335577
13 DOXO0NT 1R (23.23.67.6.7)
14 00001110 (3333.2.7.17)
15 0000001111 (3.3,1.87.7.5.5)
161 O01010000] (1,1,2,3.6,7.6,7)
1# oolololl (1L1,337.739)
173 001000 (23.23.6.74.5)
175 10101111 (3,033.7.3.53)
193 Q011NN (R12355T.7)
203 G01IKHI (1.1.3.3.54.7.6)
205 tO1RKH IO (23.23.7.7.1.7)
267 OOLKNALTIT (3.3,33.7.6.7.6)
224 01EIO0000 (0.1,2.3,2.7.7.7)
225 0110001 §0,1,2,3,2.20.00
235 MO (11337675
237 LI GLLG (23.237.7.5.5)
238 K11161EHD (3.333.76.54)
239 KH1IALEY {3.333.6,74.5
274 pjeenloole @0,1.6.7,4,56.7
283 tleoaiioll (1.1,7.3,5579.7
286 010N 11I0 (33737210
2R7 OI0OM111L {3.3.55.7.7.5.5)
322 OLOMXKNN (.13.3.4.517)
331 D0 (1,1.3.25.5.7.6)
334 DIOIKHITD (33237767
335 OI0MNH 11 (3.3.3,27.7.7.6)
336 OLOMINK (0.1,7.745.7.7)
338 (OO0 (0L,
347 ot tol (1L,1.7.655,7.6)
349 BLOWIeL (23276790
350 0LOLM11I0 (33.67,7,7.67)
351 0IMDIT1IL (33.7.67.7.7.0)
435 Q01D HLLATET6D
43 II0LH0N {L037.7390
47 UL (333.7.7.7.5.5)
448 011100 (0,1,2.34,57.7)
449 011001 {0.1,2.3,55.6.7)
450 0111000048 {0,1,3,3456.7)
451 HLLO011 {0,1,33,55.7.7)
459 (M LLEOL (1.6.33.5.57.6)
441 BLEID0TI (232373760
462 OLITDOIII0 (33337767
463 QLLIOOUNIL (333.37.7.7.68)
464 0F1I0M000 (11,1,7,2.4,5.6.7)
465 011101008 d11,7,2.55,1.7)
466 1 LIORDIN (141,7.7447.7)
467 011K ({R17TSAT
475 O1THH 11T (11775576
417 0T (2337750
478 OLLLOLLII (33777767
479 0L (33377778
480 {H 1110 (0.1.23.7,7.6.7)
481 (M LLEOOOH (0,0,23.63.3.7)
482 GLLII000I (0337777
483 ULE1I0001) (01336777
491 OL111010kL ¢1,133,7.7.7.6)
493 0111101101 (23.23,7.74.5)
494 BITLIOL110 (3,333.7.754)
495 DILBHIN (33337745
496 O1E1L0000 OATTTILT
447 O111LLNKN §0,0,7.76,7.7.7)
498 OLLLLLMN (17,797,677
499 GILLLIM ] L7667
SN (LU0
09 0111101 (23,9.7.7.75.5)
510 olLNN (33.1.7.7.7.54)
11 0TI (33TT.T.145)
532 10K 00 (1,52.7.45.6.7)
541 1000011101 (2,7,2.7.6,7.6,7}
542 1000011110 (37377730
543 1000011111 (3.7.157.3.5.5)
S5 000000100 (13.23.4.7.6.7)
557 WNGHOTI0L (23,2,1.6,7.6.5)
558 1000101010 (33.1,3,7.7.57
559 1000101111 {3.33.0.7.7.1.5)
560 10001 {000 ((,7.2.7.4,76.7)
564 10CKH 1HOO (7,270,727}
5711000111011 (L2.33.537.7)
573 1000111101 (2.7.2.56,7,6.5}
574 100LLLLIE) 3.7,1.7.7.757)
575 1000111111 (3,2.3530.0.0.5)
672 HHLOIONT (0.0.23.4.7.6.7)
673 L0100 (0,1.2.3,6.5.6.7)
676 1001006 (1.3.23.474.7)

o4
12
12
12
24
2
36
36
1]
12

108
12
24
[UL]
1]
36
288
12

8
12

108
12

24

108

108
288

108
432
12
36

144
it
144
144
2448
6
144
108
432
2160
S4i
432
7668
36
108
144
432
2160
432
540
7668
144
432
432
1260
6804
1728
1728
23760
12

(1)
12

108
12
24

108
08
288

12



86
87
b2 ]
29
K
91
92
93

95

97
98

100
101
jlird
3
{1
105
L
{trs
1+
1.
1o
11
112
113
114
115
16
"7
(B:]
1Y
L2
121

122
123
124
125
126
127
128
129
130
13}

132
133

135
136
137
138
139
140
141
142
143
144
145
46
147

149

677
683
G835
6RG
647
688
689
692
93
[
701
o
03
725
733
735
736
g
T4
741
747
749
750
751
752
153
56
57
763
765
766
167
784
6
788
™0
795
97
798
799
816
88
8200
822
827
829
830
83
848
450
852
854
859
£61
#62
863
70
7
L
280
482
484
86
891

101010101 {03.23.6.7.6.7)
1I0100HHL (133,757
10MHOEIH {23.2.3,6,7.6.5)
WOHHMN LG (3333.7.25.7)
HHOHLLL (3333.7.7.1.5)
HHBGL OO0 (07274567
KHOLIBOOL (0,727.6.7.67)
LOLLLLDEOD (),7,274.747)
LIDELIDN 72756747
o (1,7.3777.5.0
HIOI0] (27,2.7.6.7.6.5)
1010111110 (3,23.7.7.75.7)
o111 (3.73,7,7.7.7.9
10NN @.527.557.7)
WL 272739730
1L (37.3.7.7.6.7.6)
L1000 (0.1,2.3.7.5.7.7)
Lol (0,123,57.7.7)
L0 (13237717
LOLNLOONDE (0,323,577
0L (1,0,33.7478)
1011301101 (23237.7.7.5)
1011101110 {3.33.3.76,7.4)
IBITIONETT {333.3.7.6.5.6)
OTT1IEXN (0.7.27.7.2.1.7)
Wt 0.7.2.7.6,2.65)
WH N0 (0,727.7.7.5.7)
HHINIBL (0,7.2.7.6.2.44)
11101l (1,73.7.7.67.6)
IOLLLLELDL (272.7.7.7.7.5)
LOLELLITE0 (3.73.7.7.6.7.4)
LOLIEEETNN (3.7.3.7.7.6.5.6)
100010000 (0,1,2.7.4.5.6.7)
1100010010 (0,1,6,7.4.1,6.7)
100010100 (0.5,2,7.4.52.7)
TIXNHH IO (0.5.6.7.4.5.6.7)
T M (1LL7.7.5.1.0.7)
TR (2,7.2,7.67.2.7)
1OMH 1LY (3.7.2,0.7.7.1.7)
11000 1111 (3.7.55.7.7.5.5)
LLOOETOONN (§1),7.2,70.76.7)
LIOOLI00LD (0,7.6.74.7.6.7)
EROOLIIO0 {(117.2.7.47.2.7)
NOOL A0 (R7.6.7.4702.0)
1HoM11011 (1,7.2.2.5770
1011101 (2.7.2.56.725)
HIO11T LD $3.2.5.7.9.2.5.7)
it 3.7.25.1,2.1.5)
TIOHHOMN (0,1,7.70.57.7)
THHOOG} (0,1,7.74,17.7)
PIHHA LG (0,5.7.7.45.7.7)
LUMELOLUE (0,579,741
LHHOLLOLL (1,1,7:6.5.1.7.6)
Lotk (2.7,7,767.7.7)
LLOLBL 376777467
LIOLOELIN (3.7.76.0.79.1:6)
HONo0I0 (03334217
110101110 (3.3.3.0.7.7.7.4)
1010 (3.3.2.1.7.7.6.5)
oL (0.7.7.7.47.0.7)
51 M (0,1.7,7.43.0.7)
HOH0E @1.7,7473.7
LU0 (07774337}
HHNLLIGLL (1,7.7.65.7.7.6)

108
432
540
2i6dk
432
7668

104
432

108
144
432
432
21600
540
1668
tdd
43z
432
1260
1728
GR{M
1728
2376
12

[E2)
144
144
64
2448
36
144
108
432
540
432
palii]
T668
6
108
144
432
432
540
2160
7668
36
108
432
144
432
432
1264
1728

102

150
151
152
153
i
153
156
157
154
159
L]
161
162
163
L6
63
166
167
168
1]
170
17§
1m
173
174
175
176
177
R
174
150
181
IK2
I3
184
183
186
LR?
133
189
190
7
192
193
154
195
196
197
198
199
20

§93
LAt
#95
B4
WS
946
947
948
iy
EA)
w1
955
457
954
939
6
ur
vIs
un
9K
Y1
82
Pk
YR
Ly
WX
9
w3l
w3
9
yus
SO0
w7
b
WK
103
L
Looa
Lxy?
[1132]
LY
e
i
iz
HH3
HH4
1L
1w
nnt
1122
1022

<

TN (227,567,750
THOTTHD (337477740
LTI {3,7.6,5.7.740.5
IO {0.7.2,2.4.3.0.0
AL ©.7.2.2.670,7)
TN 36T AT0D
THHIHL (1L.7.6703.07
L1061 [HO (0.1.2.7452.7
LI 107276221
PRONOT D 7674740
HIMIONE L267.67T47
U G0 (1,772,707
Lt (22.2,2.67.2.5)
LMD 32717051
TLLLLND (AT277.3.0.5)
PHLION (L 1,7,740.0.0
LITGUKNL (k1225077
LTG0 401,774,167
LA HHOOL (@0,0,7,7.51,7.7)
TELHHIN (057745670
TLIOWIN (05775517
TTEHHOL I dL57 744D
PO {kS,7.7.54.7.7
HHoHenE §1,13.2.5.0.7.6
me 22,2000
LIVHM LY Q72727600
LML (A2T7300.0
TILLLOONG0 (0),1,2,3,7.56.7)
LTNEILEXXT (0,),2,3.6,5,7,7}
FLILICRMHO @R1L337,5.7. T
LTI L (1,3.3.6,5.7.7
THTHNRILD §0,3,232.7.6.7
HITIOOLUN 03236770
THNHEHLG (1333.2.0.0.7)
Ll 03336370
FLLLIOLONE (1.1,3,3.7.5.7.6)
L0 (2,3.232.76.5)
LN 33337774
0N (33337765
L1111 k0 ¢13,7.7.7.7.7.7.7}
VELEEUNOE 02726771
TEee o ©1.371.06070
il ®.7.77.667.7
LT LIOMAE (0.7,7,7,7,7.5.7)
FLLLLIOWL (0.77.7635.7)
LRI 07.7.7.7.657)
TREINIO0 657,2,70650
iy 02337776
HITTEN 23300015
1T (332.33.01.14)
LN (32.2.0.7.7.65)

1728
o84
276
14
R1)
57h
2268
432
L7128
1728
D
ey
Roudd)
Rodty
LETARY
144
576
432
I728
576
2268
1728
3 e
L]
eyl
Koy
LR748R
144
432
376
172
576
1724
2268
M1
H6di)
Hdl)
1692
187468
15224
AG0R
L4
130428
AO(R0
139428
F3424
421632
TAMIR
THMAR
THR4Y
126790416

Tow number of 1+pluce 3-valued set kigic functions s 16777216

“The maximal set | containg
‘The maximal set 2 containy
The muximal set 3 containg
The maximal set 4 contains
The maximal set 5 contains
The maximal set 6 contains
The maximal set 7 containg
The manimal set ¥ contains
The maximal set Y contains

65536 1-place 3-valued set fogic fubctions
05536 |-place 3-valued set logic functivny
65536 |-place 3-vulued set logic functiony
262144 [-place J-vulued set lugic funciuny
262144 1-place I-valued set lugie funciony
262144 1-pluce 3-valued set logiv funcions
1048576 1-plaxce J-valued set bagiv tonctiots
148576 1-place 3-valed set logic functinng
LOHBS76 L-place 3-vatued set lugic lunctions

The muximal se1 1 contains LO4RS76 |-place 3-valued set lugic functiiny



APPENDIX 2

A PASCAL PROGRAM FOR CLASSIFICATION AND ENUMERATION OF (S-)BASES (OF SET LOGIC)

A.2, Source codes

FPROGRAM ClassesGfBases;
{ This progeam classifies and enumeraies (S-)bases}
{ We use the algorithms we descrited in section V.3.}

uses <l

const
nbMaxSets = {0;
nhMaxClas = 2(H;

type
serie = array[ 1 ..nbMaxSets] of Jongint;
pbase = Mbase;
Ihase = record
classe @ string;
next : pbase;
product : longint;
end;
aggregale = record
nbBases : longint;
bases ; pbase;
end;

var
nbSets, nbClasses : longint;
InpClasses, QutClasses : text;
hinVector : array[!..nbMaxClas] of string;
decVector : longint;
vectors, nbOnes, sortVectors, ordVectors : array[]..nbMaxClas] of longint;
combination : serie;
classeQfBases : amay[|..nbMaxSets] of aggregate;
last : array|1..nbMaxSets] of pbase;
k, 1, r, onesNb, prodbase ¢ longint;
pelasse @ pbase;
sbase, sb : string;
bitwisor : array[ |..nbMaxSets] of longint;
redbitor, total, summing : longint;
sizes, sortSizes, ordSizes ; array[1.nbMaxClas] of lengint;

FUNCTION Power(int, pow : longint) : longint;
{Compules the function intP*™}

var
i, 1p : longint;

bepin
tpi=1;
fori:=1topowdo
tpi=tp™int;
Power = 1p;
end;

PROCEDURE BinToDce(binary : string; var decimal : longint);
{Converts a binary characteristic vector 10 its decimal equivalent}
{1t counts also the number of unit (onesNb) in the binary vector}

vur
i,j : longint:

{maximurm number of maximal sets }
{maximum number of classes of functions}

{array representation for a combination)
{pointer 1o a list of aggregates}

[structure for an aggregate (or class of bases)}
{the aggregate}

{the next aggregate }

{the number of bases in the aggregate }

{structure for a rank r}

{its number of aggregates (of rank r)}
{its list of aggregates (or rank 1)}

{the binary characteristic vectors}

{decimal vectors and other informations}

{pointer to last aggregate for each rank}

{keeps the bitwise or operations of some r-subsets}
{redbitor: reduces the number of bitwise or's )
{the size of the characteristic binary vectors})



begin
onesNb :={}
decimal =0,
i=nbSets- 1.
forj .= 1 tonbSets do
begin
if binary[j]="1"then
begin
decimal := decimal + Power(2, i);
onesNb ;= onesNb + 15

end;
i=i-1;
end;

end;

FUNCTION IsRedundant(subset : serie) : boolcan;

{implements the bitwise redundancy checks algorithm we described in section V.3.6.

{ So, for better understanding, rzad first the description of the algerithm |

var
i: longint;
redundant : boolean;

begin
IsRedundant := False;
if r>=21then
begin {FIRST BEGIN}

bitwisor[r] := bitwisor{r - 1] or vectors[subset{r]];
if bitwisor[r] = bitwisor[r - 1] then
IsRedundant := True
else
begin fsecond begin}
redbitor ;= 0;

ji=r-1;
repeat
redbitor := redbitor or vectors[subset(i + 1]}
if i »>=2 then
begin
if bitwisot[i - 1] or redbitor = bitwiser{r] then
begin

redundant := True;
IsRedundant := True;
end;
end
else
ifi=1then
if redbitor = bitwisor[r] then
begin
redundant ;= True;
IsRedundant := True;
end;
i=i-1;
until (redundant = True) or (i = 0);

end; {second begin}
end [FIRST BEGIN}
else
begin

bitwisor[r] := vectors[subset[r]];
if (r = 1) and (vectors[subset{r]] = 0) then
IsRedundant := True;
end;
end;

PROCEDURE Extend(var subset : serie);

{redundancy checks for a r-subset, r 2 2}

{there is redundancy if T = T V rthelement of the...)
{..rsubsetand T =T, see¢ section V.3he. T = bitwisor|s|)
T r-] 5

{ will conlains the bitwise or's from r-th elerment to 2nd ene)

{there is redundancy if T, =T, | V redbitor fori 22, ...

{...or T, = redbitor fori=1}

{redundancy check for a |-subscet}

{ bitwisor{ 1] is the decimat vector clement of the 1-subsct ]
{redundant only if the decimal vector is the null vecior}

{Returns the next r-subset from the current row of the lexicographic generation, See section V.3.a.)



begin’
subset|r + 1} = subset[r] + 15
ri=r+1;

end;

PROCEDURE Reduce(var subset : serie);

[ Returns the first r-subset from the next row of the lexicographic generation. See section V.3.a.§

begin

r=t-1;

subsel[r] := subset[r] + 1;
end;

PROCEDURE Cut{var subsct : serie);

{Bypasses the lexicographic generation of the next r-subset and retums a r-subset from a lower row. See section Vial

hegin
il subset[r] < nbClasses then
subset[r] ;= subset[r] + 1
clse
Reduce(subset);
end;

(****MAIN PROGRAM****)

BEGIN
Clrser;
Assign{InpClasses, 'bases.inp');
Reset(InpClasses);

Readin{lnpClasses, nbSets, nbClasses);

fork := | to nbClasses do

begin
ReadintInpClasses, binVector[k], sizes(k]);
BinToDec(binVector[k], decVector),
vectors|k] = decVector,
nbOnes[k] := onesNb;

end,

Close(InpClasses),

1:=0;
for anesNb := nbSets downto 0 do
for k := nbClasses downto | do
if ntbOnes[K] = onesNb then
begin
1=1+1;
sortVectors[l) .= vectors[k];
ordVectors(l] ;= k;
sortSizes| 1] := sizeslk);
ordSizes{l] =k,
end;
for k := | to nbClasses do
begin
vectars(k] = sortVectors[k];
sizes[k] = sonSizesik]:
end;

for k := 1 to nbSets do
begin
combination[k] := 0;
bitwisor[k] := 0;
classeOiBases[k].nbBases := 0;
New({pclasse),
last[k] := pelasse;
last[k]*.classe ==,
last[k]A.next = nil;
classeQfBases[k] bases := last[k];
end;
=1
combination[1] .= I;
bitwisorf 1] := vectors{combination[1]1;

[reads (he number of maximal sets and classes of functions]
{reads all the binary characteristic vectors and their sizes }
{the vectors are already sorted in increasing order)
{converts a binary vector to a decimal vector}

{we will deal with decimal vectors only, that's casier}
{we store the number of units of a binary vector}

[sorts the vector according to their number...}
{...of units in non increasing order}

{we store the original position of each vector}
{we do the same for the sizes of the vectors}]

{new vectors and sizes amays}

{all initialisations go here}
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repeat
if IsRedundant(combination) then
Cut{combination}
else
if bitwisor[r] <> Power(2, nbSets) - | then
if combination[r] < nbClasses then
Extend(combinaion)
else
Reduce{combination)
clse
begin
classeOfBases[r].nbBases := classeOfBases[r].nbBases + |;
sbase =),
prodbase == 1;
fork:=ltordo
begin
Str(ordVectors{combination[k]}, sb);
shi=sh+'"
Insert{sh, sbase, Length(sbase));
prodbase := prodbase * sizes{combination[k]];
end;
Delete(sbase, Length(sbase) - 1, 1),
New(pclasse);
pclasser.classe ;="
pelasse®.product = 0;
pelasse®.next := nil;
last[r]}*.classe ;= shase;
last[r]* product := prodbase;
last[r]".next := pclasse;
1astr} := pclasse;
Cut{combination};
end;
untif r=0;

{lexicogriphic generation of r-subseis |

[the current r-subscet is redundant}

{the cument r-subset is addable )

{the r-subset is a (elass o) bases)
[ then we update the ank ¢ structine)

[the size of the new aggrepate}

{ from here we add the new aggregate)

{...and proceed to the next r-subset )

Assign{OwClasses, "bases.out’);
Rewrite(OutClasses);
total :=0,;
for k := 1 to nbSets do
begin
Writeln{QutClasses, classeOfBases[k].nbBases, ' aggregates of rank ', k, ' :');
pelasse := classeOfBases[k]bases;
Write(CutClasses,' ‘%
summing =0,
for ] := 1 to classeOfBases[k].nbBases do
begin
if lmod 5 <> 0 then
begin
write{OutClasses, pclasse®.classe, *, '),
Summing ;= summing + pclasse” product;
end
else
begin
Writeln(OutClasses, pclasse®.classe);
Write(OutClasses, ' ')
summing = summing -+ pelasse”.product;
end;
pelasse := pclasse™.next;
end;
Writeln{OuwtClasses, 'Number of bases of rank ', k, ' ="', summing);
Writeln(OQwit(lasses);
Writeln{OutClasses);
total := total + summing;
end;
Writeln{OuwClasses, ‘'Total number of bases is ', total);
Close(OutClasses);
END.

[ from here we output the resalls. ..
{...of classification and enumeration )

106



A.2.2, Input/Output files formats

Input
The first line of one input file contains two positive integers in
the following order: the number of S-maximal sets and the
number of non empty classes of set logic functions. (We
obtain results only for S = Cand 5 =B).

Each of the following lines contains a class (characteristic
veetor) and its size. (For beuer understanding, sce the input
file for the case S = C, r=2 und n = 1, below).

Cutpul
See the outpat files below, The numbers 1Mo parenthesis are
\he ordinal number of the classes as they appear in the input
files.

A.23. Input/Qutput files for 8 =C, r=2und n =1

Input

2 4

K 16

il 4K

n a8

1§ 144
Output

| aggregates of rank 1

4)

MNumber of bascs of rank | = 144
¥ uppregates of ik 2 1

(32}

Nuriber of hases of rank 2 = 2304

Tutal number of bases is 2444

A24. Input/Quiput files for S=C,r=3andn= 1|

Input
Q] )
(EN00 1]
(LU DI 192
[LHILL 192
LSRN 576
(UL 192
[ [HINE L 192
(LG 576
o1 R
OL J6dR
0111 11520
LARIM] 11520
H1 3628E
j[L4341} 192
Haio 192
(U] 516
LOlHA 3048
[T R 11520
HUIUN 576
HNELD L1520
1L J628R
1o o
Hoo1 11520
Haw 11520
Hol 576
LUH I62RK
L1 229824
113108 229824
L 229R24
i 15494144

Qutput
| ugpeegaies of munk |

e

Numiber of bases ol ank | = 15894544

1201 aggrogutes of runk 2
{28 2T). (28 260, (28 25) . (24 20) (28 12)
(R 23, (28 22), (28 1K) (28 17}, (2R W)
(28 8), (2R 21) . (28 15) (X 7). (28 13)
(28 51, (27 26), (27 25) . (27 2), (27 12)
(27 241127 22) {37 19, (2T 1T (27 L1)

175

(278). (27 16). (2T 15}. 274 . (27 14)
(27 2).,¢26:25) (26 2) . {26 12) . (26 24}
{26:23),426 19 .26 18), (26 11} . (26 10}
269).0267).(264),(266).(26 3}
(25200, (25 12).(25 193, (25 18). {25 17)
(25 LEY. (25 L) . (258} . {25 16).(25N)
254),(253).4252) {20 12), (20 24)
(20023) . (2022) .20 11), {20 . 20 8)
(2021).{209). 207, (206 . {21 5)
(1224).01223),{1222) {12 19 {12 1})
(217.(1220) {12 16) {12 15) 12 1D
(1213324 18).(2417), (24 1), 24 8)
(2319 (23 17), (23 11), (23 8) . (23 16)
(234),(232). (21922182211
(22 1), (229).(224).(223}. (19 10}
UYB),92D).0197. (195, (I8 1)
Q8B.ATID.Q7 W Q79T
(76),¢11 20,01 15), (113310 16)
IS, (01D, (21 ) (167, (15Y)
Number af bases of rank 2 = 2020225124

apgrepates of mnk 3 :

2423 111,(2423 16) (24 3% .(24233).(2422 1)
2422 16),424224) . (24222) (24 1921). (2419 15)
2419 £3),624 11 200, (2418 7). (23 11 5). (24 21 16)
(2425 9),(24213).(24 21 2). (2416 15} .{24 161D
(24165). (34 154) (24153).(24152). (49 7y
(Z4913). (2495 ,{24T4) (24T (T

(244 135.(2445).{24133).{24132) (2453
(2452).(2322 18), (2322 10). (23229 . (2322 D)
(2318 15). (2> 18 14), (231015 (23 1014) (2315 N
(239 14). (23 43}, (22177 . (32176} . (228 7)
(2286) (16T, (22166}, (2272).(2262)

19 R 9 QY IBEY. (9 179 (19 17 6). (1911 L5)
(1911 13) (19 156). (19913}, (19 136) . (18 17 L)
(IR 1720 (18 177). (1817 5), (18 HHIG) (18 LU 4)
QR L02). (JE2116) {1821 15), (1R 21 14) {1821 2)
(18169}, (18 166) {18 165, (1K 157).{I8 156}
(X 155). (1894 (89 14). (189 D). (187 4)

(8T 1. (1872, (1846).{(184 5}, (18 14 6}

(18 145),(1862), (1852, (1784}, (178 )
7214, (17213).01745) . 0752, (11 l16)
QUG (1816 . (11 R 1), A1 16T}, UL 165)
{117 14) (11 145 (W8 21} (108 13). (1121 )
L0202, (10413, (0132 (8219 . (821D
B216), (B2 3. (RL6Y) . (B164),(H166)
GO, BISTABI5D 156,815

(B9 143 . (BY 138714 .(R713),(8414)

(84 13),(R146),(8143).(8136), (R13 )

(21 169).(21166).(21 163) .21 153). (219 |9)
RI9D.21T2, (21 143),(2162}.(2132)

(16 1561, (169 13, (1695),(1645}.(16 13 6)
(1665).(1653). (1579 .(1573.(1577)
(1546).{1545. (056 .(1562),055 3
M714), @413, 1413)(9145),(¥13D)
(F414).(7413).(7143).(7142).(7132)
@145.4136).61135.(14533).14362)

Numbes of bases of rok 3 = 459800576

7 apgregates of rank 4 :

(211572.(211562). (2 1462, (161545, (141363)

(14652).(13532)
Number of buses of rink 4 = RBY19244R8

(aggregaies of rank 5 @

Number of bases of rank 5 =1}

O appregates of rank 6

Number of bases of ank 6 =0

Total number of bases is JXST1KND

A.2.5. Input/Qutput files for S=B,r=2andn=1

Input
3
o
o
010
att
10
101
11
11

HELOEGR

108



QOutput

1aggregates of rank 1:
8)
Number of bases of runk | = HI8

6agprepates of nnk 2 ;
FE.T4H.07D.0649.103

45

Number of bases of rank 2 = 5184

1 aggregates af rank 3 ;

53

Number of bases of rank 3= 1728

Total number of bases is 7020

A2.6. Input/Qutput files for S=B,r=3andn=1

Input

1t

OOOKERENNY
DOUO0NLEH |
OO0 1L
BOOO0L 1L
GOOKLEEE
001010000
H01013011
WI0101101
10101111
OO0
R0
[ TSI
COLHNH 111
D01 IR
w0001
oot
OO1LLOL I
0015 E0E110
ICITTITEREY
OL0010010
010011011
RELETR AN
GHKNLEL T
THOMERKHHY
HLO1HBLL
BLOMOL 1L
nLoLeLLLL
URLOLIN0
VIL0L00I0
0101011011
olo11101
RIGIRETS)
OMIOLLL T
G101 R
BLHH 1L
oL
OLELOCON0D
11 LO00008
G11H00010
0111000011
0110111
attioot ol
QLIETH
GLLHRH 1L
ULLH G000
OLLHNL
OHLOLO0LD
0111010011
(111011011
0101110
GITRLTRNRT)
LIHUITTY
G117 L HNXMN
4111 100601
OLLI HNOLG
OELLIBOOL L
OLRLLOLOL
GHLL0E 0!
TGN
[OH T ERS]
0111110000
0111110001
OHII10010
LITRRGITT
1N
LT
NN
Bl

108
jli:3
6
pry-
12
¥
36
[{11]
12
36
k0
08
12
4
108
36
108
288
3
U8
432
12
36
6
144
44
144
144
2448
36
[E5
104
432
2160
540
432
7668
36
18
144
43
AL, ]
432
540
T668
144
432
432
1261}
68K
1728
1728
23760

108

R U]
Lo § vl

HEVATRRR(H
HESEVTHNRT

1010010
000t

[T RTH
[LIUERN

HEOL00m)
1N LOLXY
(L ETERTTR]

HEHIRRRTH

T LLLD
[ILEMINRRARE
HIOLODDDO
LHULOMD

AT THIET]
UG
THIHOLO§

LOUHH 101

[GIGITEIRRTS]
itk
BT
[BIHIRIETA
00K
LC{IRGED]
1011011
[GIGIERREIN
HIDLLLESD
IR
(IR
WO
muaLie
1041 IKNRAY
1011 H¥N01
LOTLTL
HILEIO04
HHILOHIN
TG
[GIRRIIRRS)
JOLHoLNI
TURRRTIEE]]
[INTRNILE]
LOTRRIHTS¢
[GITRGTGN
WM
[UNFERRIH]
611
Lotieet
HE G {4]
TR LENN
TGl
LINNH DT L0
Llinds1 1011
HIOLLEDL
HO0LEL20
L1y
[BHTHIL]
1R
LHKH 10100
LI 011D
HILIREUINS
HTE IR RETH
kg
Lk
1HOHHINN
HIHo1
L0k
10100
HOWEIHL
[RIN I RNLIY]
Lo Lo
LIt
HIONG T
et
(B RLLINNS]
Ho1 10000
FILTLHNRG
IRUTRHITEY]
oo
(RUIRRROIT]
SUHLTE L
e
i
TIL01 L
101001
O]
1110011
HIn0I00
Lopaial

]

BECESE

FEELE:

at ]

12

144
[ER)
33
14
248

144
108
432
54
216k
432
To68

s
432
k4
108
144
432
432
216}
S0
THOK
[E2
a2
41
1260
1728
HHOL
§72%
pRyi{]]
12
30
L)
144
144
144
[$.5]
4R
]
144
L
432
50
432
2160
TO08
30
1y
144
432
432
340
26it
Tohx
kg
10%
432
144
432
432
1261
1728
1728
(e
237601
144
576
576
268
432
172%



[RRIVIRLIEY]
[NNLOREHEE
[ARLITNRUIR
§EHRTTION
Hiorm
el
LLLLataR)
S U I B
LEaannain
EEERLIIEIIN
1 Haln
INRRLILSHTIE
1o
NI
INNRLINTET
FEEHIELIoe
T
[REL I H
IRRERILIS TS
[RRRIELI TS
ISR ERILLIIIE]
[ERRRIELN]
LT Touqon
HTIHOL
TR N
[RRRRLE O]
[ NRRRLEIEITN
ol
[RRYNCIRRL)
LELLEOLTEE
TEELNLON%K)
TLELnLo

1728
2
142
Hivil)
¥t
JHT4NN
144
576
432
1724
51
2104
1724
Wi
Kl
feds2
Riv
1KT4RK
134
432
576
1728
57
1728
2268
12
#dt)
RO
10092
LH748K
[522%
A IRl

109

IRRRRELE HIH
[ARRRRL UINY
LT
HHm
1srnaro
1
ittt
[AFHRRRLIL
[ARRIARRRIL)
[LAPEYNRND]

Output

A6
139328
360
PIAZH
13628
421632
TR
THRHE
TN
12679416

The number of aggregates (classes of B-bases) is very large.
So, we give only the following table lfom our results.

Number of eggregutes

I
43K
15473
230632
66
1496
4
427578

Exampie of apgregates
(20
(199 19K)

(195 194 175;
(193191 190 140
(1RO 181 179 {78 &Y}
(L77 1651492 551
(34 126 L1991 7R LS )
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