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‘ . ABSTRACT ’ .

' . L]

. Exror distribution principles have been widely used in

9 . -
the past for the solution of boundary value problems in applied

-

mechanics. ‘Pf all the numerical schemes that are based on the principles

of error distribution, Galerkin's method is generally the most rapidly

. converging method, while the collocation method is definitely the most

+

simple numerical scheme. However, both methods, have their drawbacks.
Computationwisa,\the Galerkin method is usually very inefficient, as

it involves the tedious and some times formidable task-of definite-

[

1ntegratlons.. The' dyllocatlon method, though s;mple in theory ad?

.

application, is not very rellable, since the solutlon ‘can fluctuate *

greatly for'arbitrary choices of collgocation poigts.

- ~—

In- this study, means qf refining the collocation method and
51;gllfy1ng the Galerkin method as applled to the\solutlon of boundary

value problems in applied mechanics is investlgated._ For the collocatlon

3

method; two'improved-versions of the method are proposed. The first
' 4

is a least square augmented collocation scheme, while the second is a

combination of orthogonality and colloqation.. For the Galerkin meﬁhod,

a

a slmpllfled form of the method, termed “lasov's method, is studied.

To demonstrate the 51mpllc1ty in application and good accuracy

of the proposed methods, typlcal applied mechanics boundary value problems
3 v,
such as the torsion of bars and the bepding of plates are formulated

and used as illustrative examples. Such complex boundary value problems

T
-
v

iii
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as the linéar and non-linear analyses of orthotropic-plates and s

4

- J

. o
. ‘ -
.

andwich

plates are solved with great ease. The results-obtained are presented

in tabular and graphical forms, and whenever possible, are compared |,

(3

[

+

with existing solutions based on more tedious and lengthier methods -

. ) 4 .
of analysis. The comparisons are generally very_favorable.

-
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- CHAPTER I

INTRODUCTION

1.1 General: ) ) ‘-‘\\

The governing differential equations of boundary valpe

-

problems in applied mechanics are usually rather complex, exact sqlutions

to these differential eguations can only be obtained for a few simple
cases. In the majority of cases it is almo;t impossible to find a re-
iatively simple function which will simultaneously satisfy both the
governing dlffer tial equatioés and the boundary conditions. GSome
times, exact epljtlons are not possible to obtain even for: relatlvely
simple cases. Confronted with these problems, the researcher frequently
has to resort to numerical methods to effect a solution. Numerioal
methods have frequently been used in the past when rlgorous mathematlcal
aolutions have failed. The real impetus to their development, however, ‘

was given by the invention of digital computers which came iqto wide

use in the last two decades.

1.2 Brief Discussion of Some Numerical Methods:

The following is a brief discussion of some of the more popular
L

numerical techniques that have been applied successfully to various
problems'in applied mechanics by researchers in the past. ji'
a) Ritz Method: The Ritz method is one of the energy methods.
——p—— - : .

The method hag'found,particular Epplication in the analysis of very



complicated problems. The Ritz method is based on the principle of

minimizing the total potential energy of a system when thae system is in stable
) ‘ .

equilibrium. In applying this method to a particular problem,” an

. . .
assumed function with undetermined adjustable parameters, satisfying

-
-

various essential boundary tondltlons ofl/pe problem is chosen. The

undetermined-pargmeters of the assumed function can be eyaluated f}qm

the minimizing condition oﬁ\the system; In using this method, the

governing differential equations are not involved and hence need not

be known. Generally, this will save.a considerable amount of mathematic—
' ’ .

I'al work. The use of the Ritz method is recommended when computers. are

. not readily available and the solution must be obtained by manual computat-

ioﬁ,‘ However, some diffié%ity is alwgys encountered if the ;roblem is

not symmetric. For example, the problem of bending of a plate with one

side simply supported and all other sides clamped, the choice of a

complete «deflection function to meet the geometric boundary conditioné

is indeed difficulty Another drawback of this method is when the numser

‘of undetermined par;meters in the assumed solution is increased, the

-

amount of+arithmetic work can befﬁoimidéble. ‘ ﬂ(

b) Fourier Series Method: The Fourigﬁzsé;ies are very useful
.in the analyéical treatment of many problems in the field of applied
mechanics, such as the bending of plates. The gxgension of the Fourier
serieé leads to Fourier integrals and Fourier transforms, the latter
het£ods Are considered to be powerful tools of higher analysis. Once
;he govefniné differential equation of a problem.is détermined, a

rigoxrous solution to the problem would involve the adjusting of certain

constants in order to satisfy the prescribed boundary conditions.



-y v
-y .

. 4
Fourier series has found application in the solution of many pgoblems,t' -
in applied mechanics because of its ability to represent discontinuous

functions.

»

g) Perturbation Method: This method is often used to solve

non-linear bogndary value problems. In applying this technique, éhe
solution of the problem is sought in the form of ascending bowers of
some arbitrary small perturbatioﬁ parameter, then the original non-linear
problem is reduced to a sequenée Af linear or perturbed equatipns.,
These ﬁerturbed equation; caﬁ be solved by various appgoximate me;hods,
such as'Galerkin's method, the method of Geighted least_sqﬁare, |
collocation and the power series method. The disadvantage of the
perturﬁagﬂén method lies in the amount of lengthy érithmeéic work

reqguired in solving the perturbed,equqtions., Except for the , collocation

method, all the other methods mentioned above require - lengthy manual

computations.

d) Finite Difference Method: The finite difference method is

N

one of/the mosﬁﬁgeneral numerical methods in the field of applied

mechanics. It can be effectively used to solve a wide variety of problems.
Although the method has been known for a long time, it has gained
considerable importance only after the invention of hiqh speed digital
computers. In this method, the governing differential'eqﬁitionr(and

the equations of ﬁhe boundary conditions) are feplaéed by corresponding

finite difference equations, which in turn yields a system of simultaﬁeous

L]



-

algebraic equations. The advantages of the method are:

™. Sipplicity in appi;eation. y
2. Versatility.

e 3. The resultlng numerical equations can be easily

k

programmed usmng desk-top calculators_'or digital .

. _computers. '/’/
__4. Aceeptable accurecyufor most techriical purposes,
providéd that a Feletively fine mesh is used.“

Uﬁfortunately, this method is eharacterized (beyeee alcertain
mesh width)‘by slow convergence. Generally, a relatively fine mesh
is reguired to obtain an acceptable accufacy? ‘The accuracy deteriorates
when the order of derivatives is increaeed. Consequently, the method
is not recommended when higher than fourth-order derivatives ere

involved or “when hlgh aCCuracy in the solution is required [a8].

e) The Finite Element Method: The recently developed finite

element'method has proved to be extremely powerful and versatile for
. the analysis of a wide varlety of structural problems. The most critical,
and 51mu1taneously the most difficult; phase of the analysis is the
evaluation of bﬁe element-stiffness coefficients. Fortunately, the stiff-
nesgs properties of some of the more commonly used elements, which yield
sufflclently accurate results, are readily available. Once the element-
stizgﬁéss coefficients have been determlned, the analysis of the
structural system follows the familiar procedure of matrix methods used

N -

in structural mechanics for which standard computer programs are available.
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[48]:

N >

The ‘most important advantages of the finite element method

The

The Solution is obtained without the use of the
governing differential equations, thus avoiding the

mathématical analysis of the problem.

"Arbitrary boundary and loading conditions can be

T ‘

handled with great ease.

It permits the completg automation of all procedures.

It permits the combination of various structural elements,
such as plates, beams, and shells.

It can be extended to cover virtually all fields of-—-

L4

continuum mechanics. —
-

major disadvantages are:

It requires the use of electronic digital computers

of considerable speed and storage capacity, especially
in the cesg of non—linéar problems.

The preparation of data for each element can be tiﬁe—

n

consuming and is the most general source of human error

’

1

in the solution.
Some problems-may require Sophisticated programming
techniques and hence the aid of computer specialists.

when large structural systems are analyzed, it is

_ difficult to ascertain the accuracy of the results.

\
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f) Error Distribution Methods: In the treatment of boundary

value problems, the problems are often solvediby assuming an approximate _

solution to the differentigI equation; this approx;mate solution is usually
in the form of an arbiérary 1inéaf combination of a set of independent
fugctioﬂé and is dependent on a number of adﬁustable parameters sﬁch that
for arbitrary values of the parameters; )
(1) the differenqégi;equatién is satisfied exactly, but not the
;. .
. < boundary conditions ("boundary" method) .

or {2) the boundary conditions are satlsfled exactly, but not the

differential eguation ("interior" method) ,

-

or (3). the assumed solution satisfies neither the differential

equation nor the boundary conditions {"mixed" method).

° . ) :
It is evident that, if by some numerical scheme, the undeter-—

ra_giracn

mlned parameters can be obtained such that the assumed solution satisfies

P e Lo T T C R

in case (1) (boundary method)\the boundary condltlons exactly,

in case (2) (interior method) the differential eguation

2
0
1
!
1
2
2

exactly, T, {
in case (3) (mixéd'method) the béundary caonditions and the
differential equation exactly,

then no error would result if we substitute the assumed solution dinto the

governing differential equation. Obviously, this is rérely possible.
A variety of approximate methods falling into the category of
error distribution methods can be employed to distribute the error as

uniformly as possible throughout the domain of the sclution.

/



Among these methods are:
(i) Collocation Method.

(ii) Least Squares Method.

~ (iii)Least sSquares with Weighting Functions.
(iv) Partition Method.
- (v) Relaxation .
(vi) Galerkin's Method.
The ultimate aim of these methods is to determine the undeter-

mined parameters in such a manner that, throughout the entire domain

=
[ S

of the solution, the assumed‘solution satisfies the differential

.

RV Y

equation, or the boundary conditions, or both the diffgrential-equation
and the boundary conditions as accurately as possible, i.e., the

resulting error be as close to zero as possible.

L
AN AN IN L A AT AT B, e

The methods mentioned above are sometimes - referred to as

a e o

methods of weighted residuals. The majority of these methods, with the
f//zgﬁeeﬁzion of collocation and relaxation, involve  the tedious process
\ ' - .
of deFinite integration over the region or boundary where the problem

is defined. Hence, in terms of ease of computation, i.e., auvtomated

1
I
¢
y
0
1
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compﬁtation, these methods should be, avoided whenever possible.

?

From previous experiences, Galerkin's method proved to be the

most rapidly converging method. The collocation method, though simple

in application, suffers  the drawback of wicertainty of results due to
TN
IS

the nature of the method.



1.3 Object and Scope: o

The main objective of the thesis is to make a comprehensive
;nvestiga;ion of possible means of improving the collocation method,
and a séudy of an important variation of Galerkin's method for the
approximate solution of difficult plate problems. The scope of this
wor? covers fhe application of two modifi;d forms of the collocation
method to typical boundary valu? problems such as the torsion of
prismatic bars, bending of plates, and the application of the_modified
Galerkin's method to plates with irregular boundary conditions. To
pursue the investigation further, the problem of bending of sandwich

- plates and\Prthotropic plates is also studied.

].

!
‘

_ < :
1.4 Outline, of the Thesis:

[

Slnce the majority of the problems studied in the thesis are

related to the bending of plates, existing literature: relatlng to the
topic are briefly reviewed in Chapter 2. Chapters 3 and 4 are devoted
to the improvement of collocation as an interior method. in_Chapter 3,
a mbdifiéd form of the collocation me£hod,.termed the collocation least
sgquare method is formulated; and apélied to the problem of torsion of’
. prismatic bars of rectangular cross-section, the linear and non-linear
) s,

analyses of uniformly :l.oacilec-i.L clamped platés of rectangular, elliptical
and circular planform, resting on an elastic foundation and the liﬁear
and non-linear analyses of uniformly loaded, clamped, orthétropic plates

of rectangular planform. In Chaptex 4, another modified form of the

collocation method is formulated. Application of the method is




" demonstrated by applying the method to some of the problems consiéered
in Chapter 5, viz. tne torsion probiem and the linear and non-linear -
analyses of the rectangﬁlar isotropic and or£hotrophic plates. Als;
ineluded in the démonstration is the complex problem of_the linear and
non—iinear analyses of uniformly 1oaded, clamped ;ectangular sandwich
plates; ‘ - | f’
’ . chapter 5 is devoted to the investigation of a vaxiation
of Galerkin's methdd termed Vlasov's method, this method is applied to
the problem of bending of uniformly loaded rectangular plates with two
opposite sides élamped and the other sides simply support;d, and also
to the problem of bending of uniformly loagded, simply supported
rectangular sandwich plates.
In the final Chapter, the conclusions drawn are summarized.
Numerical and graphical reéults of all the analyses are

presented. Whenever: possible, such results are compared with solutions

obtained by other investigators.
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CHAPTER II

REVIEW OF LITERATURE

v : -
The governing differentiallequations of large deflectidns

of thin isotropic plates were obtained by Von Karman [53] in 1910,

and were consequently named after him. In 1940, Rostovtsev [43]
/.

modified the Von Karman equations and obtained the governing differential’

equations for the case of large deflection of orthotropic plates. In
1948 Reissner [42]. based on'several fundamental assumptions, derxived
the basic differential equatlons for the finite deflection of isotropic
sandwich plates, his assumptlons and differential equatlons were laterx
verified by Gerard [18] and Alwan [2].

An attem is made here to review some of the previou; research
worksnwhich employ | numerical schemeg described in Chapter I as methods

of solutions.

a) Ritz method: This method was used by Way [53], for the
large deflection problem éf uniformly loadéd clamped rectangulaflplates,
by Weil and Newmark [60], for the solution of largé deflections of‘
unifo¥mly loaded clamped elliptical plates, and by Ku Eﬁf], for the

analysis of the small deflection problem éf clamped skew plates on

elastic.foundations, subjected to uniformly gistributed and concentrated.

joads. March [32] and Ericksen [15] used this method.to solve the small
deflection problem of clamped rectangplar sandwich plates. Apg;ication

of the Ritz method to the small or large deflection problem of plates

10
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results in the solution of a system of linear or non-linear algebraic
. T

equations. ‘
b) Fourier Series Method: For rectangular plates with simply

supported e&ges, the Fburier series method proves to be extremely

powerful. In 1820, Navier presented a paper to the French Academy of

‘geiences on the solution of small deflection of simply supported

rectangular plates by double Fourier series. Levy [30], using a similar
o § .

method, solved the\corresponding large deflection problem. Using this
y

method, Yen et al. [62] solved the small deflection problem of a
simply supported rectangular Sandwich-plate, while Alwan [2] solved the
corpesponding large deflection problem.

+

c) Pertur ation Method and Series Solution: In @pplying

the perturbation meth

the Von Karman equations are reduced to a set

of linear equations by the app jcation of the perturbation procedure

-

of Poincare. This method has been applied by many investigators to the

*»
large deflection problem of a variety of uniformly loaded clamped °

plates. The method was first employed by Chien [81 in ahalyzing the

clamped circular plate subjeqted to uniform pﬁessure:.=5ubséguent works

utilyzing this method are those by Chan [6], xennedy and Ng [22],

“yash [36], Ng [37,38,39] and Walter [54].

Stippes and Hausrath [46], solved the case of a simply
supported circular plate using a nondimensionalized load as a perturba=
tion parameters, while all the other investigators have used a dimension-

jess central deflection as their perturbation parameter.



Using this. method, some solutions to the non-linear analysis
of uniformly loaded clamped sandwich plates were obtained by a few ‘
investigators. e.g.. Kan et al [20], who presented results. for that of
a square'éandﬁaéh.plate, and Ng [40], who obtained solutions to sandwich
plates of circular and elliptical planform. ‘Chia [7], also using this
method, invéstigated the large déflections of clamped rectangular
orthotropic plates.

d) 'Pinite Difference Method: Wang tSG,S?], has used this

4

method for simply ‘supported rectangular plates of various aspect ratios.
szilard [48], solved a variety of plate problems using. this method. He

also has an extensxve discussion of the method, and of ﬁeans of refining
the method as applied to plate bending. .

! ‘@) Finite Element Method: In the last ten years, due to the

improvement in ;omputlng facilities, this method has been widely used.
to solve plate problems. Haskell [18] and Melliere [33] among others,
presented solutions-for large deflections of rectangular'plates with
-varlous boundary condltlons. In the application of the finite element
method to gapdwich plates, kwok [26] and Monfortan et al. [34], solved
the small deflection problem of skew sandwich plates.

In using this method, qﬁ;te a large number of finite elements
are often required to obtain sufficiently accurate answers. In the case
of large deflection problems, the solution often involves cycles of ’

iteration. Consequently, the use of the finite element method has been

found to be rather inadequate to the solution of larQ;’deflection-p;oblems

of homogeneous and orthotropic plates.

1z
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£} Error Distribution Methods: The most widely-used exrror
distribution methods are those of* Galerkin and collocation. Walter [54]
treated the large deflection problem of a variety of plates by means of
the collocation method. The Galerkin method was‘applied to the small
deflections of clémped plates of various planforms on‘elastic foundations
by Ng [37], to the large deflections of circular plates Qith various
boundary conditions by Bolton [5], and to the large_deflections of siﬁpiy

supported rectangular sandwich plates by Dundrova et al {14].
o

-

13



" . CHAPTER III

THE COLLOCATION LEAST SQUARE METHOD

3.1 General:

* of all the numerical methods discussed so far, the
easiest but not exactly the most elegant'ﬁethbd is the collocation
method. This method was first systematically discussed in a repért
by Frazer et. al [16] in 1937.

RPN

The literal definition of -the word "collocation" is ’

ffle act of setting in a place or position; which is the fundamental idea

»

of the method so named. There are three different types of the collo-
cation meg?bd, viz., interior collocation, boundary collocation and

t
mixed co;}ocation. In thig thesis, only the interior callocation

method will be discussed in detail.

A

. 3.2 The Collocation Method:

To illustrate the method, consider the problem of
determining a function W(x,Yy) which satisfies a linear partial differ-

entials equation:

R
L (x,y,W,W,x,W, ----;--..) - f A {3-2-1)

y'l’

and which satidfies™the prescribed linear boundary condition:

s
L (x,y,W,W,X,W,y,.... ..... )y =0 .. (3.272)

14
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o

where L ié a differential operator,
R is the region where the differential equation is défined,
S 1is the bouﬁdary adjoining the region R and
f is a prescribed function known throughouf R.
For an interior method, an approximate solution of

Equation (3.2.1) can be assumed in the form: Y
W= WIx,y,al,az, - ™) (3.2.3)

where W represents an arbitrary linear combination of a set of independ-
" ent functlons, each one of which satisfies Equation (3. 2.2), and al,...,an
are undetermined'adjustable parametexs.

Substitution of Equation (3.2.3) into Equation (3.2.1)

defines an error (or residual) function € of the form:

R —_——
e(x,y,al,.....,an) = P (x,y,w,w,i,w,y,.f..)-f (3.2.4)

Next, the parameters CRAREEE a in thé assumed solution
are determined by setting the error € to zero at scme n prior chosen
points in the region R. This is equivalent to forcing ‘the differential. .\ ‘
equation to be satisfied ex;btly at these n pomnts. Such a procedure
will lead to n linear equations for determining the n unknown parameters
al,;...,an. i.e.,

El (xi,yi,hl,.....,?n) =0 (i=1,...,m) (3.2.5)

L.
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® In practice only a limited number’ of undetermined parameters
can be taken in the assumed solution, hence, the error can only be set
to zero at a limited number of points, the magnitude of the error at any
other points besides the n chosen points remains unknown. Hopefully,
it is small. Consequently, the approximéte solution of a given boundary
value problem deﬁends,_to a great extent, upon the choice of collocation
points. Collatz [9], indicates that the choice of.colloc;tion points is
a matter of some uncertainty and the effect of the distribution of collocat-
ion points on the results is unknown.” Crandall [11] points out that the
locations of the points are arbitrary, but are usually such that the region
R is covered more or less uniformly in a simple’pattern. For a limited
;umber {six to nine) of undetermined parameterslidepending on the type of
boundary value problem considered, the results can differ by as much as

100% for arbitrary choices of collocation points.

3.3 The Collocation least Sguare Method:

From the discussion above, it seems logical that if the errcr
function € is forced to be zero at m points instead of n points, where
m>>n, and the undetermined parameters al,..,an are evaluated in such a
mannér that € be zero or as cioée to zero as possible at these m poknts,
the results obtained would certainly be improved, and such results will
be ébmewhat less independent of the choice of collocation points.

However, by setting.€ to zerc at m pointé, an over determined

system of linear simultaneous equations would result. For the sake of

TMerAAVer faX

PRV
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convenience, let these équations be expressed in matrix notations as:
' ' )
- [c] {a} =R - : : (3.3.1)

mxn nxl mx1l

where [C] is the mxn coefficient matrix of the system of equations,
‘{AJ is the nxl column vector of the undetermined parameters
al!"'lanf

and {R} is the mxl right hand side column vector.

-
'

Having generated m equations in n unknowns, the n unknﬁwns,
viz;, al,....,an are then solweﬁ‘in a manner analogous to phe fitting of
a curvexthrough a given set of data points. To effect this, the least
squares procedure, which is ofFen used in statisﬁics to produce a -so-

}

called "best fitting curve" is\applied to the eguations.

Consider équation (3.3.1). For any particular column vector
{a}, it is very unlikely that equation (3.3.1) will be satisfied identical-

ly. Let the errors associated with the'equation be expressed by the mxl

column vector {E}. i.e.,

{E} = [c]a} - (R} (3.3.2)

Expanding the above matrix equation, we have:

+ r
1 2%t f? e Pt

o]
1

. + +... ¥C -X
s = €312 T Can®2 *Condn "2 .

14
1

. (3:3.3)
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. - ™
. According to the least squares method, the criterion for choosing
the undetermined parameters alr...,an is such that the sum of the squares
of the errors, i.e., K\_v
2 2 2
+ +.. .4
el e2 en
be a minimum. Adopting the notation < > as a symbol of summation so that,
p 2 2 : 2 -
.g. Lol =eoo ¥ +...+ e.» =c..c_tc_c_F..Fc ¢
9.+ <cyy%i7 =11 7.%21 1’ “f11%i7 $ %1112 21722 ml m2’
the sum S of the squares of the errors is then:
2 2 - 2 : 2
=<C, . C + <c  C, + ¢cc, Cc > +,..+¥<c_ c >
il il:> al < iz 15> ) i3 i3 a3 in 1n~an . g
' X
32 |
+ - 45 <Cc_ . C. > +... +2<c; c, > : s\’
2°%41%07 %1% 2 i i3 1% 2% -1 *n-1%n iE\‘
' - i
ke e ey
- 2<Cc. > -2 €C, > -...- 2%C_ x> gtrIr> ¥t
2 il:'l.a]_2 121a2 : 2 in 1 n .ii 21?
. . 3.0
E
alasss (3.3.4) 513
. . 03
- : : . _— . i
In order that 5 be a minimum, 1ts derivatives with respect ;>
2
2

’//fff—“:; aysaheee -y must vanish. i.e., :

<cc,_c > +<c, _C > +<c__C > a+ ,..KC €E >a -<c T>
11%1 17 “Tirid %2 i1 i3 %3 il in “n i1 i
<c._ ¢ >g tce ¢ > g +<C _C >.a 4+, +C_C »a =<C T>
il iz "1 i2 i2 2 i2 i3 3 i2'in n i2 1
. . @, * :
. ' _ 3 . .
. A . . :
P :
cc € > a T ooeiiaeeoes reacans teeeeeuassstcc C > -<C_X>
y il in 1 in.in n inn
A {3.3.5)

—



It can be seen that equation (3.3.5) is equivalent to premult-

iplying both sides of equation (3.3.1) by the transpose of the coefficient

matrix [¢], i.e.,

[clreyar = [CI'RE (3.3.6)

and consequently,

Ay = (el ed el ’] | (3.3.7)

. 9 ’ ' .
Such operations as multiplications and inversions of matrice

can be easily performed on a digital computer. Thus, with simple matrix

operations of transposition, multiplication and inversion, results of

the conventional simple but crude method of collocation can be greatly

improved by the least square augmentation as proposed in this thesis.

In the following‘sections, the success of the collecation

least square method will be illustrated by applying it to some boundary

value problems in applied mechanics.

To facilitate a solution for the problems considered, a general

programme coded in F

The programme is quite general in that it can more or less handle all

kinds of boundary-value problems with very little modifications. A

a typical listing of the programme is

note on the'éioggamme along with
' e

given in Appendix C.

ORTRAN IV for an IBM 360/65 computer was developed. .

rad
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v . .

3.4 Torsion of Prismatic Bars of Rectangular Cross-Section:

Before considering the more complex problem of large deflections
of plates, a well known problem in elasticity, viz., the torsion of
‘prismatic bars of rectangular cross-section, is selected to sexrve as a

trial problem using. the collocation least square method.

For a thin rectangular bar with cross-section and coordinate
.

system as shown in Figure 1, the governing differential equation for

torsions of such bars is [50]:

- + - 269 (3.4.1)
boe ¥ iy

And the boundary conditions are:

¢ =0 atx =.ta and at Yy = b {(3.4.2)

where ¢ is the stress function and 8 is the angle of twist per unit

'

length.

The torsional moment m can be calculated by:

b
am = 2 l Ja ¢ xdy (3.4.3)
b ~a

and the maximum shearing stress is:

(3.4.4)

Tmax = "¢:x Ix=a' y=0

\

;
¢
}
3
"
3

!
1
2
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3
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For convenience of calculation, the following dimensionless

ratios are used:

W E =. x/a
- n = y/b '
( " © = b/a

Substituting the dimensionless ratios into Equation (3.4.1)

gives:

2 2
A%, =-2GBb (3.4.5)
M
As can be seen from Figure 1, thefcross—seétion possesses

ggt ®onn

mutually perpendicular axes of symmetry, resulting in guandrant symmetry.
’ ~
Tn view of this and the boundary conditions, a suitable approximate

. solution can be chosen in the form:

2 4 22 4
+ + A +
ABE A4€ n Asn )

.U . (3.4.6)

Solutions are obtained by holding the half-breadth "a" conétant;

2 2 2
¢ = (1-£7) (1-n )(A0+Al€ + AN

while the distance "b" is varied. The aspéct ratio A= b/a has values
between 1.0 and 10.0. ‘The manner in which the coll cation points are
distributed is as shown in Figure 3. The number of collocation points

used varied from 150 to 200. ' ' s ,

For comparison, coefficients C and C. for maximum shear stress

1 2
T;;;—gﬁd maximum torsional moment m, respectively areicalculated, i.e.,
. 3 .
= GO and m. = ] .
Toax = Cp (2682 m_ = C,G8(2a)” (2b)
b
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Results, are tabul¥ted in Table 1. Comparisons are made with
results obtainéd by Timoshenko [50], where much more laborious computations
are used to ana;yse the same problem. As seen in Table 1, such comparisons
ére geneéally very févorable. Th; C2 vaiues are in excellent agreement
with those obtained by Timoshenko for all cafes considered, while the
maximum discrepancy in the C, values is/between's and 6 percent. Thus,
it is reasonable to conclude that the simple augmented collocation method
yields results with comparable acéqracy as those obtained by Timoshenko.

Havipg succeeded in apply?ng the collocétion least square method
to the problem of twisting of gectangular bars, the problem of large \

deflections of plates is now investigated using the proposed collocation

least Sguare technique.
' :

3.5 Formulation of the Problem of Large Deflections of Plates:

I. Introductory Comments:

Solutions to plate problems that consider only the bending of a
plate subjected to lateral loads are in the "small-deflection" category
and are characterized by their linear load-deflection relations; solutions

that consider bending as well as stretching of the middle surface of the

plate belong to the “large-deflectionﬁ_Fategory and exhibits a non-linear
Toad-deflection relationship. T@e‘sighificance of "large-deflection” can
be seen by the fac? that when this condition pf "large-deflection” is
realized, the plate is much stiffer than i£dicated by the classical linear
theory. Hence, the design,of.structura; members employing the linear

oh
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theory can be over conservative, when the deflection of the plate is
Lelatively large, ‘i.e., iﬁ the order of one-half the thickness of the
plaéé or more.

The large deflection theoxry has géined popularity in recent
years through the utilization of materials with thin sections and high
elastic strengths. To gain advantage of these materials, efficient design

criteria based on the "1arge-def1ect10n" theory has to be employed,

provxded that such deflections are not objectlonable.
e
II. Basic Assumptions: . .

The classical theory of plates is based on the following well-

known assumptions: -

a) Strains in the middle surface produced by in-plane forces
can usually be ﬂ;glécted compared with strains due to bending.

b) Stralght lines initially normal to the middie plane of the
plate remain straight llnes and normal to the mlddle surface of the plate
after bending. .

‘ .

c) Stresses normal to the middle surface of the plate are of a
negligible order of magnitude compared with stresses in the plane of the
plate.

d) The slopes of thg deflected middle surface are small compared
to unity.

These assumpéions have been shown to be quite satisfactory wheﬁ

.the maximum lateral displacement of a loaded plate does not exceed approximat-

ely one-half of the plate thickness. When the lateral displacement exceeds
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L
this limit, assumption (a} will be violated, i.e., the middle surface . \‘3.

strains will have such magnitudes thét it should no longer be neglected.

For such problems, the use of the Von Karman theory which takes into

account the stretching ofﬂthe plate must be considered. ’
The Von Xarman equations for the large deflections of plates

takes the form [53]:

4 ;
IV w= hL{w,F}+ gq (3.5.1) i
i
204Fo-EL (W %) (3.5.2)
where D: flexural ;@gidity of the plate

?7: biharmonic operator
w: outvdf-plén displacement
h: constant pl;te thickness
F: membrane stress function
q: lateral load

_E: modulus of elasticity

L(W,F) is defined by:

L{¥,F) =V +

'xxF'yy w'ny'xx zw'xyF'xy'

and L(w,w) can be obtainéd by replacing w fér.F in the above expression.
Equation'(B.S.l) is a result of summation of forces in the

direction normal to the plane of the plate, and Equation (3.5.2) is )

derived by considering compatibility after summing up forces in mutually

perpendicular in-plane directions.- ‘
Although the Von Karman theory assumes that the deflect}ons of

the plate are larger than one-half the thickness of the plate, experiments
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_ seem to indicate that the theory is valid for plate deflection to thickness

(w/h) ratio of perhaps not greater tpan two. In other words; deflections

are large enough for the induced membrane forces to be important but

Y

small enough so that linearized formulae for curvatures are still applic-

able. q

TIT Derivation of Differential Equations:

The usual procedures in the derivation of differential equations
in applied mechanics are: '1) Formulate strain-displacement relationship
of the problém. 2) Provide a relation between stresses and strains. In
most cases,'this relation will be a linear one - i.e., Hooke's law.

3) Consider the equilibrium of an element. For static analyses, this
procedure consists of equating to zero all internal and external forces
and moments in the coordinate directions. These steps are normally

combined to eliminate components of stresses and strains. These proceduxres

will . be.followed throughout this work.

\\L Consider a thin elastic plate of an arbitrary planform, let

th® plate rest on a WINKLER type elastic foundation and possess recti- <

linear orthotropy. Adopting a rectangular Cartesian coordinate system

with the origin located at some arbitrary point in the middle plane of

the plate, let the axis of principal stiffness coincide with the x and Yy
! ] )

directions. Applying an arbitrary distributed load gq{x,y) acting normal

+o the plane of the plate will causze displacements in the x, ¥ and z

directiong which are denoted by u, v and w respectively. Thus:.

P

P
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a) The strain - displacement relations are [ﬁ9]5

For membrane strains:
.-

) - v L 2 .
e, = u.x+ 2 (W.x) (3.5.3)
1 2 ¥
] = + =
EY Vo P (w:y) (3-5-4)
¥! = u, tv, t w.,w {3.5.5)

Xy X Yy L §
For bending strains:

e"' = - 2w, (3.5.6)

X XX . ;
e" = - W, ‘ 3.5.7 ;
v vy B { ) :
" - - E S
ny = 2zw,xy (3.5.8) :
N

The non-linear terms/gn the right hand side of Equations (3.5.3), (3.5.4)

and (3.5.5) are due to the stretching of the middle surface.

b) The stress-strain relations according to Hooke's law for orthotropic
1t

materials are [27]:

For membrane stresses:

c’ Yé E' ¢e' + EB" ¢! {3.5.9)
x X X f Y

U} = E; E; + T“ E; {3.5.10)
T;y = GXYY;Y (3.5.11)



' For bending stresses:

wWhere the material constants are define

El
X

.
modulus

E' gV + B ogn
X X . Y

-

E' " -+ E" "
Yy X

nyny

xy © ¥X

{3.5.12)
(3.5.13)

-{3.5.14)

of elasticity in the x - direction.

modulus of elasticity in the y - directiocn.

shear modulus in the xy-plane.

raéio of straih in the y - direction
x - direction due to uniaxial stress
ratio of strain in the x - directicn

y - direction due to uniaxial stress

¢) The equilibrium equations are:’

173

-

to strain in the

to strain in the

[

(3.5.15)

(3.5.16)

27

in the x - direction.

in the y - direction.

A



T axx rxxyy Y yvyy W=
r'd
4 ' + gt + r
a h[ox Wi T Oy Wrgy 21xy we ] (3.5.17)

Xy

where k is the foundation modulus, h is the thickness of the plate

and. -
3
- )

Dx = Exh /12 .

3
D "= E'h /12
Y Y, /
H = D'+ 2D

Xy . - a‘
L I1.3 ’
D' = E"h7 /12
\

3 N

D = G _h7 /12

xy~ XY
Equation (3.5.15) and'(3.5.16) aﬁe_?btained py the summation of forces
in the x and y directions rcspectively, while Equation (3.5.17) is a:
 result of summation of forces in the z-direction with approprlate
substitution of the shearing forces by the derlvatxves of moments[49]
One further step is.t;;en té express the equlllbrlum

equations entirely in terms of displacements and derivatives of displace-

ments. . Substitution of the membrane Stress-strain and strain-displace-

nent relations into the equilibrium equations yields:

! W, W oy, w
Ex [urxx ' xx Y 'xy yw'y lxy]

+ W, v, ke, w, F -0  (3.5.18).
ny['yy 'xy 'x "yy w'yw'xY] 0 ¢ }

et MM AT T AAWSL LD

|
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v, W, W, tou, +yw, W, ]
yy 'Y 'YY X Xy x X XY

0 l (3.5.19)

+ v tu,. tw, w +w .
Gy [ TP .xw,xy]

D W, +2HwW kw =
X

r +D W, +
XAKX XYY Y YYYY

1 2 1 2
+ + = =
q h{E;c W, A[u,x 2(W,x) +vy(v,y+ 2(W,y) )]

1 2 1 2
+ 'w, v, t =W + =
EY YY[ 'y 2( 'Y} vx(u'x 2(w'x) )]

¢

+ W u, v, tw, w
26, .xy[ AL ,y]} (3.5.20)

These three equations, two of the second order and one

o]

of the fourth order, are the equilibrium equations in terms of displacements,

and, with k = 0, they are the bounté}part to the two fourth order equations

’

derived by Rostovatev [43].

For ease of computation,.it is convenient to render these

equations dimensionless. This is done by considering "a" and "b" as two

characteristic 1éngth of the plate and letting: .
2 .
U = au/h £ = x/a
2
v = av/h o n = y/b
W =z w/h A = a/b
4, . 4, .
Q - aqa /th XK = ka /Dx

-

ke LIRS AL LAA L L




substitution of the above dimensionless ratios into Equations (3.5.18},
3
(3.5.1%) and (3.5.20) gives the following dimensionless equations:

2
r + ’ ’ +'U A r Fa 3

[0, #0079 Mg v AT ]

+ [ + ¥ + I Vr + r r = st

_(nyA/Dx)[AU n Vien AW Mron AW I\ En] 0 (3.5.21)

2
+A +

(Dyx/ox)[kv,nn W, W, vUren +v "'E En]
+ v, HAU,, + AW, W, .t AW, W, - .5.
(0, /DI [V A0 M g A gnd =0 (3.5.22)

+(2m\2/1)x)1-1,£5Tm +(Dyk4/ox)w, KW = 0

Wiegee nnnn
1 2 1 2 2
+ = L) A v, ke ,
1zw.EE[u,£ 2. (W 5) v V.ot vyA (W n) ]
2 1.2 2 1 2
+ + = + =
12(nyx /nx)w,nn[xv,n 5 A (w'n).+“xu'£ > vx(W,g) ]
+ , AU, + ‘ + ' . .5.
(24D, /D, }¥ En[ LR P I o (3.5.23)

PO

The abowe equations are next simplified by the application

of the perturbation procedure of Poincare, thus reducing them to a

sequence of linear -or perturbed equations.

In applying the perturbation method, a pérturbifion para-
meter is first selected, solutions of Equations (3.5.21), {3.5.22) and

(3.5.23) are then sought in the form of ascending powers of

parameter as mentioned earlier in Chapter I. Let Wo be the nondimension-

-

alized perturbatioh parameter, representing the centre deflection of

30

the perturbation
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the plate. It must be noted here that, whenever possible, advantage should
be taken of the‘symmetry of the plate by lpcating'thé origin of the
Cartesian coordinate system at thé intersectién of the axes of symmetry,
since in most cases, this woﬁld gimplify the problem considerably.

- The displacements and laterél load are expressed in

terms of increasing powers of Wo, i.e.,

. . —

- -
u & 'uz(:s,n)wo2 + u4(5,n).wo4 Foauenn. einann (3.5.24)
V--v(En)W2+V(En)W4+ - (3:525)
- 2 ! o 4 r o d P A O T = Y >
W o= W (6, W (EW W (6, MWD F e (3.5.26)
= "1 37" 57" o T
L 9 = 4N FaREmu} EapEmE> e (3:5.27)

/ - §
In the above equations, the v . vi~ and Wi are unknown
functions of £ and n which satisfy ‘the boundary conditions, and the 9

are constants which represent the stiffness of the plate. The functlon
p is a load functlon determined from the load distribution, and is
subjected to the condition that p(o o) = 1. For a uniformly distributed

load, p will have a constant value of one throughout the entire région .

of £he Ela';;e . . ' - ‘
. The reason that only éven powers of W are present

in Equatlon (3.5.24) and (3.5.25) can be explained by the fact that a

change in szgn of w cbtained by reversing the load, leaves U and v

unaltered.' Similarly, only odd powers of W are required in Equations

(3.5. 26) and (3 5.27), because a change in sign of W corresponds to a
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change in sign of W and Q; The functions ué(E,n) and‘voiﬁfn) are absént

from Equations (3.5.24) and (3.5.25) since they represent in-plane

ero, i.e., these displacements

displacements when the lateral load is z
L
Since the only in-plane

are due to externally applied in-plane forces.

displacements considered here are those induced: by the membrane effect,

consequently, u, = v = 0.

From the series for W, Equation (3.5.26}, it is cobvious

that, in order that the lateral displacement be Wo at the origin of the

. poordinate system. as defined, 'it is necessary that the following

conditions hold, i.e., 4//
- Wl(0,0) =1 and WB(O,O) :WS(O,O) =0

Substitution of the power series for the displacement

comPOnénﬁs and load into Equations (3.5.21), (3.5.22) and {3.5.23)

results in a system of linear partial differential equations. BY

equating terms of order WO, the first order approximation - i.e. the
usual small'deflection equation is obtained,
-

2 . 4
-t + K, = .5.
w1'5§55+ (2HA /Dx) wl'ggnn. (Dyk /Dx)wl'nnnn W, =, P (3.5.28)}

¥

The constant g and the function wl can be readily

'

solved from thg above equation. - .
“ . Equating terms of of&er Woz, yields the ngQnd order
approximation:
u2'€E+[v§+(ny/Dx)]x‘2'5n+(DxY/Dx)Azuz’nn

. 2
- - - +
= wl'E,wl,EE (JDXY/DK)A%"].TEW]-'H“ [vY(DXY/DQC)]K wl'nwl'in

'(3.5.29)

ke at e £ ANCR PAA
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2
+ +
(D, /DI yreg [a,xny nxy)/ox]Au2.5n+(ny/nx)x Yorin

XY =xY

\

Knowing the function wl, the functions u2 and v2 could

3 : ' ) :
= - A r ;- - + ) .
(Dy/Px) Y11 nn (ny/nx)xwlhwl'ﬁﬁ [, DD )/Dx]kwl'ﬁwl'ﬁﬂ

(3.5.30)

be evaluated from Equations (3.5.29) and (3.5.30).

Equating terms of ordeEJWO?, gives the third order

2 '
approximatien:
~2 4
W + {2HA W +(D A W + ="
grepee TRV ) HOA/DI S0
. L
' .9
1 2 1 2 2 '
+ Nty 29, ok
q,P 12\.;1,55[112,E {w, g) vylvh,n ZQUYA (wi,n) 1 - g
- - h
2. 1,2 2 1 2
+ A W AV ’ += A r + = ’
lz(DY /Dx) 1 1 [ 27 2 (Wi n) UxUQ'E 3 vx(wi E) ]

-~
~
2
~

]
b
M
b
3
3

“+ (24 , ; + v, + ' :
. nyA/Dx)wl En [Auz'n 2'g Aw1’£w1’n] {3.5.31)

Theoretically,'further approximations could be obtained by

equating higher order terms of Wé' However, as pointed out by previous

investigators, such procedures are not called for since, the solution

of the fﬁ;btion.w3 and the constant q3 from Equation (3.5.31) defiqes

the displacements well into the large deflection regime.

To calculate the membrane and bending stresses, the

\
generalized Hooke's law relating stresses and strains and ultimately

stresses and displacements as given in Equations (3.5.9) to (3.5.14)

W%




are rewritten iﬁ\e nondimensionalized form by adopting the following.

dimensionless stress ratios:

Membrane Stresses:

n

.3 ._1.21‘2 1
Sx_uxafgxh, Sy

_Bendiné Stresses:

. 2 2
n = qll 1 [1]
‘o, Sx. % a /Ex-h ' . Sy ¥

Total Stresses:

x
' 3

w

-

less forms are:

»

2 . .2
L ]
cy a /Ex h.,

2

o az/E;( he,

2 2 2 2
S =u N =5' 45" S. =¢ ' -5
= x% /Ex h = x ' g7 Ya /Ex h =

x

8 1
Xy

st
Xy

) +S!l

Y

1

T az/G h2
xy Xy

=t '8.2/G hz
xY xy

;S =T a2/G h2:S'
Xy Xy x

+s 1
Xy x

4

The stress—-displacement relations in their proper dimension-

: a2 1 2, 1,2 2 '
! = (W /h) [oyrg *5 () tu Vit 5 v (w0 1 (3.5.32) o
\ ,
s! = . 2[3"- A + y A2 L, 13y u oy w2 .(3 5.33)
v -(wo/h) Ex‘ Vztn Ex 2 lln \Jy 215 2 \Jy‘ lJE -de
'= % [ V., pow 17 ' .5.34) .
S1y _an/h)? [hay, #vyrgh My £1 ) (3 )
. ‘ [
1 2 1 3p. 2
" [P — H + . . . .
sr = Slug/h) DLwprgt v Wy ] T3/ igr et vy Wyrnnd (3-5+35)
1 El’ 2 1 t3 Ezj 2. - ]
" = "t + = ‘ . Y W,
sy = 2(w°/h)[3x My “vywl'EE] 2(wo/h) [Ex:k Vo g3 e
(3.5.36)
° o
(3.5.37)

. 3 ‘
Sxy :(Wo/h) Awl'ﬁn +(W°/h) Awaigfn

4

-

A W d S B AAWL L)
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Where the direct and shearing stresses S; ' s; and s;y due to bending .

are. evaluated at the extreme fibers z = i h/2. K

For a plate of homogeneous isotropic material ﬁﬁﬁer
« uniformly distributed load, Equations (3.5.28), (3.5.29), (3.5.30)
and (3.5.31) can be slightly simplified: Since for homogeneous materials,

Ex = Ey = E, Vx =Vv =V and ny=G = E/2(1%V), conseguently

‘ Dx = Dy z=H=D-= Eh3/ 2(l—v2). For a uniformly distributed load, the

load function p(£,n) takes dn constant value of one. Thus, the four

perturbed equations, viz., (3.5.28),63.5.29), (3.5.30) and (3.5.31) become:

222 4 KW, = g (3.5.38)

R + +iw_,
Y17EEEE Y1'gEnn 1'nnnn 1

2
+ -v)ATu
2'En (1 -v) o

2
-(1- , W (1AW, W,
(1-v3 :-Wl £¥1'nn (1+v) 1'n"17En

2u2'££ +(1+v} Av
= -2wl,€wl,EE (3.5.39)
: il

- + 4242
(1 \;)Vz.’!;.E (1+v)lu2,En ? v2'nn

= _213“’1: '(l",\))Awiw w o, __=(1tv)X (3.5.40)

W 17 EE Y1g1tE \
n nn ‘n\ - J) \-T? -

En [Au T'|+ v, FAW , W ,'] (3.5.41)



Similar- changes of the material constants are to be made

in the equations relating stresses to‘displacements; izf. , Equations

(3.5.32), to (3.5.37). . f )

3.6 Linear and Non-Linear Analyses of Uniformly Ioaded Clamped

Plates by the Collocation Least Square Method:

I. Rectangular plates on Elastic¢ Foundatifps:

(1) Solution of Problems:

For a clamped, homogenecus, isotropic rectangular plate
with coordinate system as shown in Figure 1, the perturbed equations,)
Equations (3.5.38) to {3.5.41), are to Se solved using the collocation
least_square‘method.

.For the first order approximation, i.e., ‘linear analysis,

a solution of Equation (3.5.28) can be taken in the form of an algebraic

polynomial [6]:

-

2,2 2,2
' W= (gD T () TR (B | (3-6.1)
‘ ‘ \
where the function fl is defined by:
’ 2 2 4 2 2 4 4 2 2 4 4 4
= 1+ + + + + + CcEn+ + 0
£)(6/m) = 1+C,E7HCN R N R R e cgh "
and C; are the undetermined coefficients. The associated boundary K y
conditions for this first order approximation are: 4
W =W, = = = .6.2)
17e =" 0 at & 1 (3.6.2)
W, =W = - # .6.
1'n : 1 = 0 at n =z 1 ;3 6.3)
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It can be easily verified that Equation (3.6.1) satisfies

the above boundary conditions and the condition that wl =lat & =0"

and n = O.
y The boundary conditions for the second order approximation
are: . :

u2 = V2 -~ 0at &= *#land n= %1 (3.6.4)
which can be satisfied if we assume [e]:

“ 2, . 2. ‘

2 = £(1-£7) (1-n") £, (E,N) (3.6.5}.
‘ v
2 2
V2 =n (1-£€7)(1-n )f3(€;n) (3.6.6)

where the functions f2 and f3 are:

2 2 4 22 4 42 .24, . A4
=p + + + + + + + +
fz(E,n) Do DlE DN D3£ D4E n + p_n 065 n D7£ n DBE n

2 5

2 2 4 2 4 4 4.2 2 4 4 4
- + + + + + + + +
fa(E.n) =E ElE E,N p3£ E£7n "+ Egn E,E N E7E nt EE N

»
and the undetermined coefficients Di and Ei are to be solved in this
approximation. . .

In the third order approximatien}:the bLoundary condition

to be met are:

-~

=
1

0 at &

n
i+
[

(3.6.7)

(3.6.8)

n
g3
1
1
1+
=t

=0 atn
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To satisfy these boundary conditions and the condition that W3(0,0): 0,

the assume solution for w, is taken as [6]:

u, = a-g%% -0t g, (€ © (3.6.9)

where the function f4 is

£,(5.m) =Fl£2+F2n2+F3£4+F4£2n2+rsn4+r6a4n245752n4+raa4n4

Solution of the undetermined coefficients Fi from this
approximation will comﬁletely define the large deflection problem.

Solutions are obgained for plates of aspect ratios ranging-
from 1/2 to 1 with the diqénsionlfss foundation modulus varying from
0 to 200.

To investigate the variation .of the results due to the
number of collocation points used in solying each’ equation, the case
of zero foundation modulus is solved using 25, 50 and 100 collocation
points. The distribution of éhese collocation points is analogous to
the pattern shown in Fiéure 3.

Results from this investigation indicates that this effect ‘
is very miéor. FrqmuTable'Z, it can be seen fﬁat for the linear anaiysis,
results obtained by using 26 and 50 collocation points deviated less
than 0.2% from those obtained by using 100 collocation points. While from
Table 3, this deviation is shown to be no greater than 4% for the non-
linear analysis. Consequeﬂtly, the problem of rectangular plates on

_elastic foundations is solved by using 100 collocation points per
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equation in the recursive solution. These collocation points are distri-

buted as shown in Figure 3.

e
(ii) Comparison and Discussion of Results:

For plates with zero foundation modulus, results of the
linear analysis are tahulatea in Table 2 along with values obtained
by Timoshenke [49]. As can be observed, the comparison is excellent.
Plots of }oad Qs.‘deflection and load vs. total edge and center stress
ére shown in Figures 5 and 9 iéspectiveiy. In both figures, the res;lts
ShOWn are those obtained by employlng 100 collocatlon points per equatlon
and v = 0.3. The solutions due to Way [59] and chan [6] are also shown
for comparison. .The deflections optalned here are ‘in better agreement
with Way's accurate results than with those obtained by Chan whosé
results tends to ke slightly more cqnservative than the present solution.

In general, these results are reasonably consistent though
slight deviatiéns are seen for the case of A = 1/2. This discrepancy
may well be due to the inability of the aséumed displacement functions
to represent the actual deflected shape of a plate of small aspect ratio
since,. such a platertends to'take on the behavior of a beam.

For plates on elastic fbundations; a.poisson's ratio of .,

v = 1/3 is used. Maximum center small deflections for' various foundation

-

moduli and aspect ratios are tabulated in Table 4 and vélues_of the constants

q, and q, are shown in Tablé 5. Figures 6 to 8 shows curves of load vs.

deflection and Figures 10 to 12 shows curves of load vs. maximum total



edge and center stress. Results obtained by'Ng [38] are also shown. .
As expected, the figures show that in general, the presené’re;ults are
- again slightly below those obtained by Ng [38], as was noted in the case
of zero foundation modulus. This_slight over-estimation of results might
be. due to the limited number of undetermined coefficients used by Ng [38]
and Chan [6] in their solutions.

From this investigation, the following results were
observed:

“ i) In analyzing the large deflections Bf réctangular plates,
+he collocation least sguare method provides rgsults which are domparable
to those cbfained by much.more laborious computational methods. Though
the investigation is more of less carried out by using 100 collocation N
ppints per equation, it seems that the number of collocation points

required to obtain a sufficiently accurate result is about two to three
times the number of unknown parameters, pfggﬁﬁed that™these collocation
pbints are distributed in a fairly uniform manner. | |

2) For a given aspect ratio A, the maximum centéi deflection
- of the plate decreases with increasing values of_the foundation modulus.
this should be expected since, the object of the elastic foundation is
to :educe‘the lateral pressure.

3) The effectiveness ;f the elastic foundation (? reducing

the maximum center deflection of the plate is more pronounced for small

aspect ratios than it is for aspect ratios approaching unity-

For instance, with the foundation modulus increasing

40
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from 0 to 200, the decrease in the maximum small deflection at the center
of a plate of aspect ratio A=z 1/2 is B86.62%; whilé for a plate of aspect
ratio A = 1, the corresponding decrease is only 73.81%. This i% =so-
because the deflection of a plate of sﬁall aspect ratio is greater than
a plate of aspect rapio approaching one, and since the fgundation reaction
is proportional to the deflection, hence, the reduction in deﬁlectiens
due to an increase in the dimensionless foundation modulus K, will
obviously be more-significant fér long rectangular plates than for plates
épproaching a square blanform.

'4) The maximum total stress occuring at the mid-point of

the longer side of the plate is much greater than the maximum total

stress occurring at£he center of the plate.

5) &The effects of the elastic foundation on the non-linear
analysis is less
from 0 to 200; the q; vélue of a square plate increased 73.81%, while

the q3 value increasedj only 16.31%. Hence, deflections tend to become
increasingly 11nea;(?s the foundatlon modulus-ls increased.

6) The magnitude of the membrane stress at the edge of the
plate is relatively small when compared with the bending stress. However,
at the center of the plate, whexre the streéching is.most severe, the
m;mbréne stress is of comparable magnitude with the bending stress.

7) Due to the presence of the elastic foundatiog, the stresses

of the plate are reduced. This reduction is more pronounced at the

center of the plate than at the edge and is most significant in the

41

ignificant. FQr example, increasing the foundation modulus

-
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.

bending stress. The effect of the EIE§€Ii;;:;ndation-on the non-linear

stresses (i.e. membrane and non-linear bending stress) is.negligible.

II. Elliptical and Cixcular Plates on Elastic Foundations:

(i) Solution of the Problem:

For the clamped, homégéneous, isotropic elliptical plate as
shown in Figqure 2, the governing_differential equations for the displace-
ments corresponding to each stage of the successive approximation process
is identical to that of the rectangular plate, viz., Equations {3.5.38)
to '(3.5.41), and the boundary conditioné associated with each o

approximation are:

2 2
= = = + = - .6,
wl = wl'E = wl'ﬂ- 9 at § n =1 {3.6.10)
¥y, =v. =0 at E2+ 02 =1 ' '(3.6.11)
2 2
T W, =W =w =0 at 52 + nf' " " (3.6.12)
37 73°€ 7 73'n " e

In order to satisfy these boundary conditions, the solutions

are taken in the form- [39]:

2 2
w, = (L -£€ -n )fl(E.n) (3.6.13)
u, =@ -7’1, (&) (3.6.14)
'vz = n(1 -Ez—nz)f3(£.n) (3.6.15)

w, = @ -g2-nH e, (Em  (3.6.16)

Y
N
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X | .

where the functions fl' fz, f3 and f4 are as dgfined in the previous probleﬁ.
It is evident that the assumed solutions Wy and w3lalso’satisfy the
condition wl(0,0) =1 and,w3(0,b) = 0.

) For comparison of results, solutions areepbtained for plates
wiﬁh aspect ratios between 2 and 1. For } = 1, the elliptical plate
becomes a.circular plate. The range of the dimensionless foundation
modulus varied from 0 to 200. |

The effect'of the‘pumber of collocation points on the solutions

is again 1nvest1gated by solving the case of K = 0 with 25, 50 and 100
collocation points. The collocaticn points are dlstrlbuted in a manner
similar éo the pattern shown in Figure 4. For the linear analysis,

the exact solution was obtained regardless of the number of collocation
poinfs and the number of undetermined parameters used. &n all cases,
the undetermined coeffiéieﬂts in the polynomial wl turned out t? be
\identically zaro. Table 6 ‘shows results of the non-linear analyéis.
-From the resulfs shown, the maximum deviation between the results is
about 0.2%. For the analysis of platés on_elastic foundations, all £he
results are obtained by uéing 100 collﬁcation'points pet equation. The
locations of the collocation points are shown in Figure ﬁ..

B

(ii) Comparison and piscussion of Results -

/ The results of the linear analysis of elliptic%l plates on
elastic foundations are shown in Table 7. Comparisons of these results

are made with results obtained by Ng [39]. The agreemenﬁ is excellent

VIV VR W)
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with the maximum error not gxceeding 1.5%. Table 8 shows values of
! .

ql‘gnd q,- For compariggn of the non-linear analysis, plates of load vs.
deflection and load vs. maximum total edge and center stress are shown
in Figures 13 to 15 and Figures 16 to 18. All the results of the
elliptical plates are compared with-Chan [6], for the case of K‘: 0,

L] . '

the results are also compared with Weil and Newmark [60]. Results of

circular plates with K = 0 are compd®ed with Way‘[SB], while those of

Y SR o

K £ 0 are compared with Sinha [as].

As ca; be éeen from the_graphs’presented, the présent solution
yields results which are in good agreement with results of previous
investigators. The compagisons are exceptionally good in the case of a
circular plate with or without the presence of the elastic foundations.

Frog;pheuiomparisons of results for rectangular and

elliptical plates, it is observed that the agreement is sligﬁtiy better

e e A e ST T T

in the case‘oﬁ elliptical plates than it is with rectangular plates. .
This is to be expected since, unlike the ‘assumed solutions of rectangular . ;
plates, the assumed solutions for the circular or'ellipticalrplates'takes

on the exact mathematical expression of a circular or elliptical boundary.

From the results for stresses for elliptical plates, it is

observed that the maximum total stress occurs at the end of the minor

axis. This stress is of greatex magnitude than the positive total
stress at the center 6f the plate.
The effect of the elastic support in reducing the deflections

is seen to be more significant for plates of aspect ratios approaching

’ —
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one than it is for plétes of gfeater aspect ratios. For example, for an
agpect ratio of one by increasing K from € to 200, the decrease in the 4
central deflection is 68.1 %; however, the corresp;nding decrease ié

only 22.5% for such plates with aspect ratios. equal to two. This finding

is somewhat contradictory to the results of the rectangulér plates.

. v -

But, recalllng the dimensionless form adopted for the foundation modulus,
i.e., K= ka /D, and the variation of the aspect ratio in this problem,
i.e. a/b = 1 to a/b = 2, it can be seen that by increasing the aspect
ratio, i.e. holding “b“‘consta?t and increasing "a", the actual éoundation
- modulus k is Qecreased by a factor of a4. Consequently,. for a certain‘
value of K, éay K = 40, taking the sem%-minor axis "b" as unity, when
a/b = 1, khhas a value of 40D, whereas when a/b = 2, k becomes 2.5D.
Hence, it can be ob;egvéd that for a given change in the plate aspect
ratio, the increase in deflection as{the plate approaches an infinite

%

strip, is not enough to off set the decrease of the actual foundation ¢ o

modulus k. Apart from this, all the other findings in this probleﬁ are

jdentical to those of the rectangular plates. : ' ‘

III Rectangular Orthotropic Plates:

-

(i) Solution of Problem: ' : . ' L4

fo further demonstrate the validity of the collocation least
square method, the large deflection of uniformly loaded, clamped, ractangular
. orthotroéic plates are investigated here. For this problem, the perturbed

governing differential equations, Equations (3.5.28), (3.5.29), (3.5.30)



~and (3.5.31) are sliéhtly modified for uniformly &iétriﬁuted loads and
abgence of the elastic foundapion by setting Kz 0 and p = 1 in Equations
(3.5.28) and (3.5.31). : ~ -
The boundary condltions here are Ldentical to those of the
. rectangular homogeneous plates. us, the assumed'éLsplacement functions
of that problem can be taken for the Bolution of the present problem.

Fgr comparison of results, the numerical values of the elastic
- . ) -

constants used by Chia [7] are adopted. These values are:
) 4

Ma i G

terial Ey/Ex xy/Ex Uy

Glass-Epoxy 3.0 1/2 0.25

Boron-EpOXY ' 10.0 ):} 1/3 '0.22 '

Graphite-Epoxy 40.0 0.6 0.25

The aspect ratios &f the plate are varied from 0.5 to 1.0.°

All results axe obta}ned by using 160 collocation points

- ~

for each ecquation. The distribution of these points is identical to

that of the homogeneous'rectangular plate.

(11) Comparison and Discussxon of Results:
o

sults of e analysis are shown in Table 9 and Figures 19

\.1

to 24. Result® from cblia [7] are also khown for comparison. Foxr the

boroh—eﬁoxy pldte, the ;oa - deflectlon curve of a homogeneous

. - \
' . square pla is also plotted. t\

46
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From the comparisons made, again, the agreement is seen to
be good. .The lecad vs. defiection plot of the bofon-epoxy plate shows

that the curve of the square isotropic plate approaches the curve of

the orthotroplc plate of A = 3/4. This is =so bécause, the tensile

_modulus of the isotropic plate is equal to that of the orthotroplc plate

in the transverse direction and to one-third of that in the filament
direction. For these orthotropic plates, due to the different tensile
moduli, the stresses of a square plaﬁe at the mid-points are not equal

to each other and the stress in the y - direction associated with the .

ra

higher tqnsile modulus is greater than that in the x - direction.

e
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~ 3.7 Concluding Remarks om the Collocation Least Square

-

Method.

From the various problems demonstrated in this Chbpter,

L3

the collocation -least square method, though simple in its mathematical

concept, proves to be an_extremely valuable tool for the solution of

problems of applied.mechanics involving complex differential equations.
L, . P
Such dlfficult problems as large deflection of plates on elastic

foundations and plates of orthotropic materlals were handled with

great ease. The results of the variety of problems considered in this
Chapter were obtained with acceptable accuracy, and if these results ~
were in error at all, it is believed that the errors were generally

»

on the safe side.

. '- | ~ ) . —~.
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-

In short, the simplicity, versatility and ease of handling

makes this method a very powerful means for the solution of many difficult

-

boundary value problems in the field of applied mechanics. ' .
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CHAPTER IV

' | THE ORTHOGONAL COLLOCATION METHCD

"
4.1 General:

1
Presented in this chapter, is another method for
the improvement of the conventional collocatioﬁ method as applied

i

1

{

to symmetrical boundary value problems. In this'method, the error i \

(or residual) is represented as an orthogonal polynomial over the
region of the problem. ‘The criteria for the selection of the

collocation points are based on the orthogonality conditions. For

some choices of weight functions in the orthogonality relations,
the results obtained from this method are comparable to the Galerkin

interior method, which will be briefly described next.

§
-
i

4.2 Galerkin's Method:

Galerkin's method can be successfully applied to a

variety of boundary value problems in applied mechanics.  Typical

of which are such problems as vibration, stability and small and

4
large deflection theories in plates and shells. Though the math-

ematical theory behind this method is very complex, its physical .

explanation is rather simple. ‘

Consider a structural system in equilibrium ,ihe. .
sum of all the external and internal forces is zero. The equilibrium

condition of an infinitesimal element can be represented by the
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following differential equations: ' ‘ \
Ll(u, v, W) — Py = -0
Lz(u, v, W} - py = 0
L3(u, v, W - pz = 0 {(4.2.1)

which describe the equilibrium of all forces in the X, Y and =z

dixections, respectively. In the above equations, Ll' L2 and L3
] ‘

are differential operators operating on the displacement functions,

-while D py and P, are external forces. The. equilibrium of the

structural system is obtained by integrating these differential I’hh

- ema e ad

WLLO 1O A IISXHTIAINIL 4

equations over the entire structure.

Expressing the small arbitrary variations of the

displacement functions by Gui, évi and Gwi, and noting that

although the displacement components are interrelated, their arbitrary .

varations are not interrelated, the virtual work of the external

and internal forces,

u, + oW, = §(; +W) = O (4.2.2) §

can be obtained directly from the differential equations of
equilibrium without determining the actual potential energy of the

system. Thus,

1
(=

fff[Ll(u, v, W) - px](ﬁﬁ)dv
v

1]
[=]

fifELz(u, v, W) - py](ﬁv)dv

1
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III[L3(u, v, w) - pz](e;w)dv = 0 (4.2.3)

v
™Y -

Strictly speaking, these variational equations dre

valid only if the displacement functions u, v, and w are. the exact

solutions of the problem under consideration. However, these
\ .
equations will not be greatly violated if proper approximate expréﬁi\

~
.

sions for the displacement functions are chosen and the variations >

carried out accordingly. Replacing the exact solutions for the

displacements by approximate expressions of the form:

P

]
L . lc
-~ u = L a.q. (X, ¥, 2), ) ' 2!
- il 1S
\\ i=1 . HE
on
i
m |g
v = r b.s-(xr Y, Z}, |j
X iti
J.=1 10
3
n 0
and .. w o= ‘E ciyi(x, Ye 2}, q
=] b
‘->

) : (4.2.4)
where ui(ﬁ, Y. 2}, Bi(x, vy, 2) and Yi(x, y, z) are functions that
satisfy all the prescribed boundary conditions, and a;r bi and g

are undetermined constants, it is also required that

the displacement functions (4.2.4) should have at least the same
order derivatives as called for by the differential operators in

Equation (4.2.3).

Eﬁpreésing the small arbitrary variations of the

displacements by:

™
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L
du = E oo,i{x, ¥, 2)8a_,
. 1 b
i=1
m
' v = L B (x, ¥, Z)Gb '
i=1
n .
and dw = z ‘Y-(xr Y z)Se, (4'2'5)
i=1 > *

‘where the variations are carried out term by texm. Substituting

Equation (4.2.5) into Equation {4.2.3) results in

(4.2.6)

g
It f;l;f[Ll(u. v, W) - Px]ui(x,. y, z)@v = 0 .
- fe
'e
m ‘ Y
5, e, £/t (w, vow -p B e, y, DAV = 0 s
i=1 . v y o z
X
n o P
f sc, f::f[LB(u, v, W) - pz]Yi(x, v, 2)dV = O ¢
:
>
2

Since the variations of. the expansion_coefficients

b Gai, Gb and Scl are arbitrary and not 1nterrelated the only way

-

that the above egquations can‘be identically zero 15 that

fif [thu, v, W) - pr ai(;, y, z}dv = 0
r 1 X
f-fif [L2(u, v,_w) T'py] Bi(x, y, z)dv = .0
- . Irf [Lé(u, ?, w} - pzl,Yi(x, y, z)dv = 0

v
4.2.7)



This provides m + n + % equations for calculating
thé m + n + & undetermined coefficients a bi and c,-

It should be noted thaf the differential operators,
L( ), act on the entire series expressions ;f the displacement
components, which in turn are multiplied by the individual terms of
the functions a. Bi and Yy resultihg.in simple analytic expres-
sions. Integrating these expressions over the entire structural
system, a set of coupled algebraic equations for determining the

unknown coefficients e bi and ¢ is obtained.

4.3 The Orthogonal Collocation Method:

-

. To illustrate thg orthogonal collocation method,
consider a symmetrical second order boundary value problem in one
independent variable, X, in the région x2 < 1. The differential
equation is:

Liyy = 0 for xz <1 (4.3.1)

and the boundary cenditions are:

y = y{(l) at x2 = 1 (4.3.2)

Yo, = 0 at x = 0 o  (4.3.3)

For interior collocation, the assumed solution is chosen
such that the boundary «conditions are satisfied. A suitable function
ig: n-1

y = y(l) + {1:-,x2) L a.Pf(xz) {4.3.4)
g 1



where Pi(xz) are polynomials of degree i in xz, yet to be specified
and the a, are undetgrmined constants.

Once y has been adjusged to satisfy Equation (4.3.1)
at n collocation pointé Xyreoones X the residual function L(y) either
vanishes everﬁwhere or contains a polynomial factoxr Gn(xz) of degree
n in x2 whose zeroes are the collocation points. Then by anaiogy .
with Galerkin's method, which specifies that the residﬁai be ortho-
gonal to all the.trial functions, the collocation points are selected

by specifying that Gn(xz) be orthogonal to all the functions ,

-~

(o]

J

- kz)Pitxz) of Equation (4.3.4) over the region x2 < 1.. Such a 'c

02
specification is automatically satisfied by taking Gn(xz) and Pé(xz) :§\
. Ty
.
from the orthogonal polynomial set defined by '9;
1 2 2 2 ¢
- Kl [ ~ = ' L3, OE
. J (1 - x)pf (x)PL (%) ax = afb, (4.3.5) 3
0%
Bt

b

for all positive integers i and n, where ui is a constant and ain is

the Kronecker delta.

The orthogonality relation in Equation {4.3.5) ensures

éhat the zeroces of P;(xz) are real, d;stinct and located within the
~open interval 0, 1.
Thé key formula here is Equation (4.3.5) which provides
both the trial functions and the Eollocation points. |
The collogatigz method shown here is a discrete anélogy
of Galerkin's method. It is based on the orthogonality, not of .the

residual function, but of a polynomial which vanishes at the same pointé.
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In the Galerkin interior method, the approximate solution of
Equation (4.3.1) is obtained by setting the differential-equation
residual L{y) orthogonal to.all the trial functions. For the

assumed solution, Equation (4.3.4), this orthogonality relation over
the -region x2 < 1 becomes
1 2 2
J (L - x )Pi(x ) [L(y)] dx = 0 s
o}

(12 0,0eeeeeon = 1) (4.3.6)

The present collocatioghmethod, on the other hand, uses the ortho-

}

gonality relation ] [HJ
' :?\

, o

) 2 2 2 2 2« 2
J (1 - x")P{(x) [ (x™ - g e (x° - xn)] ax = O L
o} 139
t

or
(i = Opecee-n n - 1) (4.3.7) “’2?

. qu

to define the collocation points, Xyreoees X where the residual L{y) _%
oA

is to vanish. The two methods agree if L{y) is a polynomial of

degree d € n in xz.

A weight least-squares method may be written for

this symmetrical problem as

1 ‘ ' W
wid lupl? e o = - -
{ Wix") LL(y) ax} a = o] (1 =0,0.0.yn = 1)
o Ui
T | , (4.3.8)

. <y 2 :
where W(xz) is a weight function, positive for x < 1. For comparison,
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Equation (4.3.7) can be combined to give

{ Jl(l - xz)[(x2 - X Yeeeen (x> - xi)]2 ax},. 2 0

(o}

(4.3.9)
which shows the collocation points also satisfy a least-squares
’
criterion. Hence, if onelchooses a weight function w(xz) =1 -x
and.if £he residual is a pol?nomial of degrée_d < nin x2, then
Equation (4.3.8) 1eadé to the same result as the present collocation
method.

Although the derivation here is based on a one- _
dimensional second o?der préblem, the present method can be e%sily
extended to two-dimensional problems and problems involving higher
order derivatives. 7o demonstrate this, bound;ry value problems
such as torsion of bars, linear and non-linear analysis of plates
will be solved in the following sections using the bresen; method.

In order £o meet the r;quirements posed by these problems, other
orthogonal polynomial sets have to be formula;ed since, the weight
fupction in the pgthogonality relation, Equation (4.3.4), must be
replacea by é suitable function to meet the various requiremen£s of
a particular boundary value problem. For the purpose of analysing

the problems under investigation, orthogonal polynomials Pi'(xz) and

Pi"(xz) are defined by

S

.V..ITI.A?“ _-fo ALIS2TIALINIT
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1 ' }

) ' J x(1 - xz)Pf'{xz)P"(xz)dx = a''s, (4.3.10)
o i n s -1 in .
and T ' o
Ik 2.2 2 2
J (1 -x9)“p'"'(xDP " (x1ax = al''s, {4.3.11)
o 1 n 1 in

Although, in general; the residuals in these problems will no longer
be a polynomial of degree d £ n in x2, yet, the results obtained by
employing this method is of comparable accuracy to those of other
investigators using much moxe laborious techniques, as will be shown

later.

Construction of these orthogonal polynomials can be
easily achieved via a simple computer programme, and the roots'of the
polynomials, i.e., the required collocation points, obtained with very
little effort through standard iteration schemes such as Bairstow's
method. Table 10 shows the polynomials Pi(xz), Pi'(xz) and Pi"(xz);
and their constants ui, ui' andig" , while Table 11 shows the roots
of these polynomials. cince all the calculations are carried out

in double precision arithmetic, the values shown are accurate up to

the thh decimal digit.

'
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4.4 Torsion of Rectangular Bars:

To verify the analogy between the orthogenal collo-
cation method and the Galerkin method, and to prove its validity, *
the torsion problem considered in'section 3.4 is used here to serve
as én illustrative example.

For the present method, an admissible éolution'of
Equation (3.4.5) can be taken as

- -1
¢ = (L-EY @) 7 A Pi(Ez)Pé(nz)

i=0 1=0
’ (4.4.1)

and the co%location points where the residual is to be set equal to
zero are combinations of the roots of Pﬁ (ézi and Pé(nz).

For £he particular case of a sguare bar and a one
term solution, i.e., n = 1, substituting Equatioﬁ (4.4.1) into Equa-

tion (3.4.5) results in

-

A, D2+ anlys 2+ 28h]+ 2@ 50 (4.2

since there is only one unknown, viz., ADO,_by setting

(4.4.2) to zero at a single collocation point ill yi the solu-
. tioﬁ of this particular case. From Table 11, the root of PJ (x2)
is 1//5, hence the_locétion of the collocation point: is (1//;,
1/75) .

Substituting the £ and n coordinate of this collo-

cation point into Equation (4.4.2) givés A, = 0.625GH

58
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from which the cdestant for maximu;_shear stress Cl = 0.625, aﬁd the
constant for the torgue c2‘= 0.139. These values agree very Eavburably
with Timoshenko's value of 91 = 0.675 and C2 :.0.141,'an“'extreme1y
accurate result considering the crudeness of the one term solution used.

The results obtained here afe also identical with the one
term solution of the Galerkin method and the Ritz methpﬁ ([55], p- 165
and p. 158) . This is to be expected since, EE;:difgerential—equation
reszdual of this problem is always a polynom1a1 of degree d=n
in E and nz, hence, the results obtalned here should agree w1th tm7
of Galerkin's‘or Ritz's mephod, as stated in the prev10qs,sect10n.

To investigate the convergence of the present
cdllocation method, results are obtained for a 4 term, 9 temm ana a 16
term solution, i.e., n=2, n= 3, and n = 4. These results are
shown in TaQZes 12 and 13.

As can be seen from the resuits presented, the
convergence is very consistent, and the agreement of these results’
with those of the collocation least square method and Timoshenko [s0]

is excellent.

A—

g

From this simple example, it can be said that the .

preseﬂ% collecation method ﬁiov;des results which are of comparable
accuracy with other’ solutions based on more powerful but lengthler

methods of analysis such as the Galerkin method and Ritz method.

e



4.5 LEHEar and Non-Linear Analyses of Isotropic and Orthotropic
\-—""‘
. Rectangulax_Plates: ‘
\\ : oS
.‘ . ) . B
r . .
- ) :

{1) Soluticn of the Problem:

. &

' ' 7o demonstrate the ability of thq orthogonal collocation
method in handling higher grder complex differentij}\EQUatibns, the .
.plate problems considered in Chapter IXI are analység’here using' the .

present collocation scheme.

For both the isotropic and orthotropic platee'considered
. - o \rj] !

rd

here, the effect of the elastic foundation will not be a.ceo_unted for,\

'

-,

thougp, this effect can be easily incorpoxated in the solution. %\

. : . . s ne

p Since the boundary conditions posed by these two . a;

- ! 3’1
problems in eJEh stage of the recursive solution are the same, thelr S : :

& 0J

: v
- assumed solutlons can be taken as polynomials w1th 1qent1cal forms. wgg
Al ' AR

=

Hence, neglectlng the terms involVL%g the foundation _i'

modulus K and conSLderlng only unlformly distributed loads, the assumed

solution for the first’ order approyimatlon, i.e., Equation (3.5. 38) .
',gr (3.5.28) is of the form: ’ = //
= ) ‘W" ' n=1l nzl

: 2,2 2,2 'L L wr g2y pus (a2
. =(1- . X Pl 5.
W= (=711 4y Tyz0 Aijpl (E') ) {4.5.1)

,
LS
' P

s ' The collocation points here consist of combinations

'of the roots of P“‘(Ezi and RI* (n ). However, two problems arise

as a consequence of the present choice for wl. Firstly, it is obvious

-that the condition w (0,0) =1 is not met by Equatlo (4.5.1), and :'_'i_lL.q

L, X ot
, % S
secondly, for the present problem, such a ch01ce of Wi will 1nvar1ably ' -

] .
f . - .
T
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2 . . .
lead to n“* 1 unknowns, viz., the polynomial coefficients A s...,/A
. , oo (n-1 &n-1)
and the constant q, while the number of equations available are-n2
equations generated from n2 prior chosen collocation points, resulting in
_an under-deteérmined system of equations. Hence, in order to eliminate

’

these two obstacles, an additional equatioh is introduced. This equatEOn
takes the form » ;
amt . . . Lt ) . i

A.. =1 7 (4.5.2)

Ea

: 2 s y
with the n~ egquation generated from the n
L
!

' g
e
<
m
3
L_'E
¢
bl
0

guatdon (4.5.2) ald
points consti?pte a system of n2 + 1 equations for the’

2 +1 énknowns. . )

e second order approximation for both problels cqngists of
two coupled perturbed equations\in terms of the displacements in the 3
ang n directions, where the f#yst‘of the "two equation is a result of

summation of forces in the £ direction, while the second equation is

derived from sﬁmming up forces‘in the n éirection.'
é// - _ In the discussion of Galerkin's method (Section 4.2), it was .

. 'pointed out that'théugh the displacements in the £ and n directions ' '

are interrelated, their arbitrarxavariatiops are not interrelated. t

. ! . .
.

Consequant:ly, for the two equations of the second order apprqximétioni .
L the first equation will oniy be subjected to an arbitrary variation of

Y

& - .
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. .
v

the displacement function uz. while the second equation only to the

displacement function v

2
Thus, following this argument, the approximate solutions for

Equations (3.5.39) and (3.5.40) or Equations (3.5.29) and (3.5.30) are

taken as:
. -1 n-l ‘
- 2, " - :

u,= E(1-£7)(1-n") L L B, .9"(&;2)p!(n2) (4.5.3) ;

2 . 4 lj i J 1

izo J=0 : .

2 2 n-1 n-1 2 5 ,

v.,= n(l-"}(l-n ) E I C..PHETYPT(NT) {4.5.4) -

2 ; - ij° 4 3 :

. 1=0 ]:O. . -

]

From Equation (4.5.3), a set of n2 collocation points is

. . . . . v .
obtained, in which the £ coordinates and 0 coordinates of the points
. v

are roots of the polynomials P;(Ez) and P&(nz) respectively, and by
. ) - -

evaluating the residuals of Fquation (3.5.39) or (3.5.29) at these n2

collocation points, a set of n2 equations is obtained. Similarly, from

.

Equation (4.5.4)7’another set of nz collocation points is obtained, with

the £ ‘and n coordinates of the points being roots of the polynomials (//,fﬁ !

Pé{gz) and P;(nz)  respectively, and another set of n? equations generated
. ¢ ’
. by the qyaluation of the residuals of Equation (3.5.40) or {(3.5.30) at

these n2 collocation ﬁoints. Thus, providing 2n2 equations for solving

the 2n2 undetermined cefficients associated with the two displacement

-

functions'u2 and vz.

For the third order approximation, ah'admissible assumed solution

’ . : .
of Equat¥on (3.5.41) or (3.5.31) is: s

s
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. «~
n-]l n-1
- - 2 2 - 2 2 i 2 nt 2
= (1-87) (1-n") E T Dijpi {c )Pj (n™) (4.5.5)

izo j=o

- S

The situtation here is almost identical to that of the first
order approximatlon, except that the condition posed by the perturbation
procedure at this stage of .the recursive solutlon is W (0 0)=0, hence,

the required additional equation is taken in the form

) s . n'—l n-1 '
L L pD,.=0 (4.5.6)
. 1] .
1=0 J=0

In order to investigate the variation of the results due to

the number of terms adopted in each series, results are obtained for a ;’s%mﬂigh

4 term, 9 term and a 16 term solution.

(ii) Comparison and Discussion of Results: e

For the.isotropic plates, values of the maximum small deflection

are tabulated in Table 14 and comparison made with Timoshenko [49]. It can

be seen that the agreement here ig excellent. In spite of a crude 4 term

solution, the results deviated no more than 2% from those of Timoshenko

[44]. . -
Values of the constants q and q, are tabulated in Table 15,

also shown are Q?Bults from the collocation least square method and

The results shown compare Well with those obtained
QO
using the collocation 1east square method or the more elaborate power

"

those due to Chan [6].

‘by

series method. Though, for A less than 1, the q3 values obtained from a
4

.

r
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4 term solution are not as accurate, however, by retaining additional
number of terms in the solution, the results obtained converged towards
those of the collocation least square method, which are somewhat more
eccurate than those obtained H{ the power series method, as was pointed
out earlier in cChapter III.

For the orthotropié plates, the constants q and q, are showri
in Table 16 along with results from Chapter.III. Again, it can be, | . . T;

observed that even the results of a 4 term solution aré comparable with

those obtained from the collocation least square method. Although -

-

sllght deviations are noted when the orthotropy of the plates become more
pronounced, such deyiatlons are rapidly reduced when the number of terms

are increased as can be seen by the results of the 9 term solution, and

for a 16 term solution, results from the two collocation schemes are more

Y A FISMITIANAICY

.

or less identical. -
-,

. For verification ‘of the fulflllment of conditions (4.5.2) and

AT IO

(4.5.6), typical numerical values of the resulting polynomlal coefficients

. o
for the isotropic plates are listed in Tables 17 to 19.

(/’ From this 1nvestigatlon, the orthogonal collocation method is i
seen to be an extremely efficient and accurate scheme for the analysxs of

dxfflcult symmetrical boundary value problems such 'as those considered in

this section. However, the extent to which the present method is appllcable

S

does not cease at this point, as w%ll be seen by its application to the

very complex problem of 1ineer and non-linear analyses of sandwich panels

in the following section.
»

[



4.6 Linear and Non-Linear Analyses of Rectangular Sandwich Plates:

{1i) Introductory Comments:

’ -

sandwich material is defined as: a laminar construction;
composed of a combination of alternating dissimilar simple or, complex
materialé, assembled and intimately fixed in relation to each other, so

as to use the properties of each to attain specific structural advantage

for the whole assembl This defination is necessarily general. Specifically,

sandwich plates are a type of three layer constructidn, consistipg of two
very thin sheets of high strength material betwrén which a thicker layer of

comparatively soft and light material is sandwibedQ The two thih sheets

‘are termed face sheets or skins and the middle layer is called the core.

-

Sandwich construction is an efficient way of obtaining a light-weight

structure witﬁ comparatively high’strength: Such structures have found
particular application in the aerospace industry. |

«In actual engineering construction, the materiai for the facings
are ﬁsual{y light metalA with high elastic moduli such as aluminuﬁ_alloy,
while the‘;ore material is generally of honeycomb type and is neither
homogeneous nor isotropic. ,In fact it is not even a continuum. However,

when the dimensions of the structural element in which this material is

used, are large compared to the in@ividual'cell dimensions, the mechanical
r 4

‘ []
properties of the honeycomb frequently are idealized as t?ose-of.an isotropic
or orthotropic homogeneous continuﬁi. Of course, other light-weight materials

such as expanded plastic or balsa wood have also been used as core materials,

and in such cases, the aforementioned idealization is simply a fact.

0

ol
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Since the elastic modulus of the core layer in the plane of the o
. I s ' :
plate is of a negligible magnitude in comparison to that of the facings,

the normal stresses in the core are of little importance in resisting

bending moments, even though the usual ratio of the thickness of the facings

, to that of the core is between one-tenth and one-hundredth. On the other
hand, the core performs “the task of transmitting shearing forces and
undergoes considerable shearing deformations because of its low modulus

of shear. As a consequence of such shearing deformations, the differential

)

equations governing this problem are different from those of the general’

4

homogeneous structure. *

As in the case of homogeneous plates, the sangyiéh plates can

7 v
be analyzed by the general linear theory when the plate deflection to

+

ess (Ww/h) ratio is small. But for large values of this ratio, the

e non-linear theory must be employed for a more rga}istic solution. Hu/;;s

The governing differential equations of the non-linear theory were

.

irst formulated by Reissner,t42]. He obtained two coupled non-linear

differential eguations of the fourth order by considexing the equi;ibrium

* ?
and compatability of an infinltesimal element of the sandwich plate. The

Reissner equations in rectangplar Cartesian coordinates are:

c’_/.
J 2.2 2
: - 5 t- (W W, . . .6.1) -
y o vlr = 2ee [0 - (0 ) ()] (4.6.1)
2.2 ' 2 2
- - b Y]
pvvw = [1 (thE /2 (1-V )6,V 1 x
. . ‘ + W — F 'w‘,' + W, ) 4.6.2
— . ) [P F,yy lxx‘ 2 Ixy xy lex Yy] ( .)

1N
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where V% = laplacian operétor . ' l(
F = membrane stress function
t = thickness of the facings
E = modulus of elasticity of facing material £
w = out—of-plane displacement
D.= flexural rigidity of the sandwich plate Cf‘#
= E £h2)2(1—v 2,
- £ b
Yg = Poisson's ratioc of facing material )
h = overall thickness of sandwich plate
G = shear modulus of core material ‘ ‘
P = iateral load'

Using the principle of complementarﬁ‘EnergY; Alwan [2] arrived at an
identical set of two fourth order differential equations.

It can be seen that these two equations are of a form similar

' to that of the Von Karman equatidns. Eﬁuation (4.6.1) is in fact identical

.to‘Equation (2.5.2), while from Equation (4.6.2;; it can be observed
that the trénsverse shear deformability of th; éore introduces a group
of new terms on the right hand éiae, and for'G_ = =, the equation reducés
to the well known form of.the‘homogeneous plate, Equation {3.5.1).
it is obéious that the Reissner eguations ar; of a very complex

nature an®.no exact solution can be possible. For the present study, a

N 1
. set of differential eguations, whicp‘is of a form more sguitable for an

approximate solution of the probiem is.if:ELEd.' The stéps taken in

kg

.-r-F"
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2 deriving thest equations are more oxr less identical to thoseétaken by
. , r
Reissner, and, it will be shown later that the resulting eguations are

of a form equivalent to the two Reissner equations.

(ii) Derivation of the Governing Differential Equations':

Consider a sandwich plate consisting of two face 1ayer§ of

. ' * )
thickness "t" and a core layer of thickness "h-t". Assuming that "t"

is small compared with "h" and that the values of the elastic constants

Ef, Gf for the face layers are large compared thh the values of the

“glastic constants ﬁ R G for the core layer), such that the products

'

E
2
<
3
L
2
0
A
0
3

tEf, th are large compared with ‘the values hE and hG .

Based on the assumptlon that t<<h, it can be assumed that the

¢

e are distributed uniformly

stresses in the faces parallel to their plan
over the thickness of the face layers. From the assumption that

hE <<tEf, the face parallel stresses in the core layer and their effect

on the deformatlon of the composite plate may be neglected. Thus, the

o

sandwich plate considered here is treated as a combination of two plates

with no bending stiffness (the face layers), and of a third plate (the

H

core layer) offering resistance only to transvetse shear stresses and

transverse normal stressess

Although the follow1ng derivation will be restricted to face

and core materials that are 1sotroplc, this restrictlon can be easily

removed from the derivation without causing major complications.
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e

For a sandwich plate subjected to some arbitrary distributed

load p, using the subscript “+' to indicate quantitites referring to the

the lower facing, the strain-displacement relations for the face membrane

are known to be of the following form f49]:

» _
Wy 1 2 :
Exi = ui,x-+ E{wt,x) . (4.6.3) E
1, < \2
Eyi = Very +“31wi:Y) (4.6.4) | ‘
DYy mugey Pveg Yuaowery (4.6.3)
and those for the core layer may-be‘é;;;;en as: . - ‘:E
. L -8
v = 4.6.6 i
ez w:z . ( ) R
‘l“
+ (4.6.7) ‘ ! 4
Yx —u'z W,x . - - - 'ji
Q!
= + 4.6.8 o
Yy =Vt vy (4.6.8) '
)
from Hooke's Law, the stress-strain relations for the facings ares
1 -~ L
C en = E;T:-(in - v ) ) (4.6.9)
r E = == (N -y N ) :
yr Eft v f =t {(4.6.10) ) K
R . '
T T Gt S (4.6.11)
\ . . ’
N
- ~ _[ P
I
3 > .
s e
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and those for the core 1&yer are:
€, = Uz/Ec : (4.6.12)
- _ R R
\ .Yx = Tx/Gc | (4-6-13)‘
Yy = 'ry/Gc (4.6114) R
!
u i
With the notation of Figure 25, the equilibrium differential .
equat%ons for the face membrane are the following: }
\\l .
U T LT SR .
\{ Nxt'x 'ty Tes = 0 . _ (4.6.15) N
’// I \ . :h
Si'x +‘Nyi'y + iyi =0 . (4.6.16) 3§\
- 3
(N Wy d oy * g Ward ey ¥ B pry) ey ¥0 000 )yt RN o i3
. T _ 0L
-+Tyi‘~:i'y =0 {(4.6.17) 112
‘a7

sy gl ; .
The equilibrium equations for the core layer are, under the assumption

of negligible face parallel core stresses,

\ - .
T, =0 _ . (4.6.18) :
. tyr, 0 (4.6.19) o TR

¥ Terx - T . Tyty ta ., (4.6.20)

Equations (4.6.6) to (4.6.8) and Equations (4.6.18) to

- (4.6.20) for the core layer must be integrated over qhe depth of the core,
- . .
. \ :
and the resilts of the integration combined with the remaining equations |
S . N, . .
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”

- for the face layers in such a way that a system of differential equations

.

.
R

for the composite plate is obtained. i
Equations (4.6.18).and (4.6.19) indicate that T_ and T
do not vary across the thickness of the core. Thus, the transverse

shear stress resultants can be defined by means of the following equations:. i
2 ' ‘ :

v = ht (4.6.21) .
x % ' o ] ;3

V = ht , (4.6.22) i
Y Y A .

Integration of Equation (4.6.20) gives

+ + g, - =0 " (4.6.23
vx'x vy'y 4 -oz_ | (4 27)

From Equations (4.6.6) and (4.6.12) and froQ the fact that

LI

Ui varies linearly over the thickness, it then'follows that

K

i ek s PR e wrao A
ALtSx3mA NG 7

{

v = o ') /2E. - 6.
Wy w_ o= h(Uz+ Uz_)/ZEC (4.6.24)

Equations (4.6.7), (4.6.8) and Equation (4.6.13), (4.6.14) imply the ‘

following relations : , ﬂ
: h/2 o

- . ¥, -u .6. - |
V,/6c = ¢ J wdz), tuy - u (4.6.25) oy N
-h/2 .

— - .
n .

h/2 - ' . ‘

vy:;g_;-(.J . whz),y v E v - (4.6.26).

’ ~ 7’ . ) .

-/ -h/2 A . -
S / . . | L

&4
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The term inside the brackéts on the right hand side of the above -

equations may be further written as:

h/2 h/2 h/2
| widz = wz! - - ’ L zdz-’
~h/2 -h/2  Y-h/2
. _h/2
= B rw)- ' (0, /E_)zdz ) (4.6.27)
Joh/2

Since_. o‘z ig a linear function of z, it can be written as

N

g = L (¢ , +o_ ) + -2“-‘( 6 , -0 7 ’
z 2 ‘Tzt Ze h . zt Z=-
and therewith
v 2
- — + - -
, J wdz = 3wy + W )-(35p i (4.6.28)
-h/2 ‘

Substituting the last term of Equation (4.6428) by thg relatib;g gi_.ven.f‘

L
in Equation (4.6.23), the following - eq}atlons are established-

. . 2 )
: h h -
_ 2 + ot + + - 4.6.2
Vx/Gc = [2(W+ ﬁ_) 12Ec (vx'x vy'y)]'x u:|- u_ o . 6.29)
12 . . :
— ———— + + - ' " 4.6-30
VY/G [ (W +VTT +12E (V ' vyr )]r V v_ ( )




- following appropriate variables are definéd: .

i

- ! 4 *

Equations (4. 6 24), (4.6,29) and (4 6.30) are the stress strain relations
>
for the core layer in a form sultable for use in the derxvation of the

equatlons for the composmte plate.

bt

In ordég-to derive the equations for the composite plate, the

s = (s -u)/h, Bzl -vI/M : (4.6.31)

& ' :
representing the effective ghanges of slope of the normal to the middle

o

surface;

~

Hpe .
) © (446.32) |

representing the efféctiveetransverseVdeflection,oﬁ the middle surface:

w= (w, T w)/2

W= (u +u)/2, v = (v, + v)/2 : (4.6.33)

representing the effective in-plane diﬂplacemeht componénts of the middle
surfage: and o | w }

. '
-~ w)/h ' | ©(4.6.34)

e = (w4

v ' e .
representing the effective transverse normal strain for the composite

-

plaEe . .
'/
4 In additjon to the transverse sh stress resultants VK‘

73

and(; deflned‘ vy Equatidbns (4.6. 21) and (4. 6 22), the stress resultants.'

1

and couples for the compo#gte plate are deflned as follows

'l' = o

-
- - Q -~
] N .

ry

i

EURIS O B B o



N =N

+ N .
x xt Nx—’ ¥

L]

= Nt Wy~ S =8+ 8 (4.6.35)

* .
) LY
/ M 4

~

Moo=, - N IBA2, M =(8pp N M2, B2(S,-S-)h/2:

vevss. (4.6.36)

it

>

_ Finally, defining the effectidle transverse normal stress in the core

by |

3 = (g, +o0 )/2'

2 z+ z-

(4.6.37)

!

and%the external load terms P and q py ieans of the following ralations:

p=p,tPr @ =

(e, - p /2 (4.6.38)

. ~ The differential equations of the composite platj/;;e obtained

by combining the six equations

(4.6.17), by means of suitable

-

(4.6.15),

N | +s5, =0
LT 'xl’x\ y

M +H, -V
KX Y x

" From Equation (4.6.16),

Yy

- X . ' . +M _v
. fo yly Y

. 4
From Equation (4.6.17), after

relations are derived:

S; +N, :0.
x .

of equilibrium, Equations (4.6.15) to

74

additions and subtractions. From Equation

-

) - : (4.6.39)

" (4.6.40)

1}
o

‘ ‘ (4.6.41)

= o/ . ' (4.6.42)

?OmelttaDSformations, the following two

, -
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+ Me, ~Ve,~-Ve =0 (4.6.43) @
vCrlyy  x 'x Y Y : . s
g -5 +B (e, +28e, +Ne. )i + 2mw, :
z 4 X xX. . Y YY h X XX xY
. 4+ Mw, ) =0 ' (4.6.44)
v 'yy .

The physical mggning of Equations (4.6.39) and (4.6.41) are.
the usual equations of‘horiégntal fbrqe eéuil}brium. Equations (4.6.40)
and (4.6.42) are the usual equations of moment equilibrium. Equation
(4.?.43) is the condition of transverse force équi;ibriuﬁ, and contains
terms that do not occur wheh homogeneous isotropic plates are considered.
Tﬁ%}éignificancé of.Equation‘(4.6.44i is that_it gives the locall
change of thickness of the plate causéd dichtly by the external loads through

’

thé term gq aﬁd resulting indirectly from the external loads by way of the
non:linear terms having gtress resultants and couples as‘féctors;
For thé purpose of praqtical'application, the stress-strain
D .-~Felations of the composite plate must'also be ogtained. These relations can

easily be found by gombining Equations (4.6.3)~to (4.6.5) and Equations

.- .{4.6.35) Egg_ithLBGXi;fiﬁg_fggu;ging gguations are as follows [42]:

1 2, h2 29 _ _

u, 5 [ ) 7 Ten ) 1= (N, -VN /28, (4.6.45)
1 2,h2, 27 _ _

vt 5 L™ g Steny) 1=, - VR )/2E, (4.6.46)
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o /
s . . .’
Y oo hz‘ ;
u.f+ Vit W ey T2 el =.§/2tG; - . (4.6.47).
. . 2 _
+ - (M =
' U.rx w:xetx :-(Mx Vfuy)/(th Ef/2) - ‘ (4-6.48
+ w . =(M - y 2 - 4.
Brgt Wi iy sV MI/(ERTEL/) | (4.6.4%)
o g*Brt WAt Wiy = B/ (¢h°E /2) o (4.6.50)

JIn addition to the above six stress-strain relations,

Equations (4.6.29), (4.6.30) and (4.6.24) may be written as:

LR

on
r

9
+ = nG . T8 + . -
-W"x a th ~ lec (vxlx Vy.y) lx . ) (4 6 51) )
v h .
+ - - 128 - .
w,Y B= th 123c_(vY'y+ Vx,x).y v {4.6.52) -
e = O/E, , . (4.6.53) I

Furthermore, the'follow%gg discussion will be restricted to b

cases corresponding to the relation:

i
e = q/E PR | ‘Q {4.6.54)

£
This should be trie in most cases of practical interest. Also, by assuming

- that q *p., it can be seen that the terms involving e in the above equations

are negligible, provided that:

P/E§<< 1 - (4.6.55)

*

which relation again is true in most practical cases.
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. 4 ‘ )
gince the effect of local change of thickness of the plate -

]

is negligibly small so lqné as tha above assumptions are valid, it can

be céncluded that as far as the present investigation is céncerned,

Equation }4.6.44) wlll be of negligible influencé in the solution of the
" problem, aﬁd hence, can be-discarded. Similarly, for all the other
equations, terms involving e may be neglected without introducing appreciable

errors. Thus, reducing the problem to a set of five equations with five

unknowns.

From the assumptlon that e-is small compared to the total

deformation, the quantity W, may be set equal to zero and: .

D

f

Vx :!_'th(y,x + a) : (4.6.56)
L .
V = hG (w, % ' 4.6.57
Y C( Y . e) - ‘ ! ) _ qll
from which
. . PR . | 6.56
\\/ﬁ ' Ve’ x _'th(w ped ey (4.6.58

<
1]

he (W, +* 8,0 ' - ' 4.6.59
,c(wyy By) { )

It is Seen th4£ by dropping terms 1nvolv1ng e in the stress
strain relations for the composite plate, the resulting relatlons are
1dent1cal to the ones obtalned.by Alwan [2] through a variational approach.

e

With Equations (4 6.56) through (4 6.59) and the stess-strain

relations, the equations of equilibrium may be written in the following

—marner-[40]:



-

governing differe

ments.

2 2
2 + - +
ufxx (1 vf)u'yy (1+Vf)ley +[(Wrx) +Vf(w3y) ]lx

+ - + .
(1 vf)EW.xyw,y "’xw'ny =0

: 2 24
+ {1- +(1%
2v, (1~v v, Tty du, o +[ (W, ) g lw,, ) ].y

[ .
+ - + -
(1 vf?[w,xyw,y Wiy W ]=o0

tth

2
£ : .

1-v

hEg

2
l—Vf \\\.‘
~—

+(1- ' - ta) =
[2u,xx (1 vf)u,yy+ (1+uf)g,xy] 4Gc(w,x+a) =

[28,,, *@-v8, F Whvola, ] -46 (0 46) =
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(4.6.60)

(4.6.61)

0 (4.6.62)

0 (4.6.63)

tE
pth c[w'xx+w’ +“tx+ B:y]+ 2{ fox Lz(u'x+va'y)+

l—vf

2 2 2, 2
() v, )T [20vs tvgun ) )TV () ]

21 -
2-v e Tws bvy s w11 =0

-

Fl

(4.6.64)

The above equations, Equations (4.6.60) to (4.6.64) are the

ntial équations for sandwich plates in terms of displace-

-



From the equations, it can be seen that as in the case of the
hpmogeneous plate, the fourth order different1a1 equation of compatability.,
i.e., Equation (4.6.1) is replaced by two deferentlal equations of the

second order, viz., Equatxons (4.6.60) and'(4.6.61). These two equations

are in fact of an identical form‘as the corresponding two second order

e
—

equatlons of the homogeneous plate. . ' ©

The other fourth order differential equatlon, i.e., Equatlon
(4.6.2), is seen to be substltuted by three seccnd order edquations.
Viz., Equations (4.6.62), (4.6.63) and (4.6.64). In Reissners' derivation .
of Equation (4.6.2), the equations of moment equilibrium, Equatiens

(4. 6 40) and (4.6. 42), were introduceéﬁ{gto Equatlon (4.6.43) to replace

the derivatives of the transverse shear stress _sultants Vx and. Vy,‘

resulting in: ' ‘ ¢ \\\

*

M, +2H, +M, +ptNw, *+ 28w, +Nw, =0 {4.6.65)
XXX Xy Y YY X XX xy Yy 'YY - )

then by means of the stress-ftrain relations, Equations (4.6.48) to (4.6.50),

- the above equation is transformed into:

2 N -
+8. + + + + =0 4.6.66
5 (a:x B'Y) P watxx 2S‘frxy NYW'YY . ( )

~

and from the relations (4.6.56) and (4.6.58), it follows that

/

2 _1_(vx, W, _ (4.6.67)

a, + B, = - Vwt
X Y :
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By introducing Equation (4.6.67) into Equation (4.6.66), and observing
once more Equation (4.6.43), the unknown functicn ¢ and 8 are eliminated

impliecitly, thus, resulting in a single equation in terms of the out-

- -

of-plane displacement w and the membrane stress funcgioh F, and together
with Equation (4.6.1), constitute a system of two fourtgrorder ngn-linear
differential equations for the solution of the two unknowns w and F.
Meanwhile, in the pqsfent derivation, substitution of the stress-strain
relations into Equation (4.6.43) leads to anAeéuation involving the unknown
functions «, B8, 'w, u'and v. Instead of eliminating the unknowﬁs o and

f as Reissner had done, Equations (4.6.40) and (4.6.42) are used to

-

b . .
supplement Equation {4.6.43), and along with Equations (4.6.321_39&

(4.6.4%); make up a set of five equations, which are expressed explicitly
in terms of the unknowns a, B, w, u and V. Thus, it can be concluded
that the present system of five equations are actually Reissners' equations
writtén in a modifiéd form.
o For ease of computation;‘fne five governing diffeéential equationsf
Eqﬁations (4.6.60) to (4.6.64) are:;onverted to a non-dimensional form by

’

adopting the following dimensionless ratios:

s

A = a/b; £ = x/a; n= y/b, O
2 2 ) "
W = w/h; P . U = wamh; . vz va/h,
2 . .
Q = pa4/Dh = 2(l-vf )pa4/Eth3; U o= t/a; : 8 = h/a




By substituting:tha above dimensionless guantities into the governing

differential equations, the following gquatiohs are obtained:

20,

2
+ (14 + (1- +
£E (l.vi)k V,En (1 vf)l U'nn 2W,E‘W,EE

2 2 : ‘
+ - + (f+ = 4.6.6
(1 vf)l W'Ew'nn ( vf)l W’nw'an =0 _ {4.6 8)

2

C a3 .
by 41+ AU + (1-v_)V + 2A
2 v:nn {1 Vf) En ( Uf) ‘£g W,nw,nn

+ - . G (11— AW, ' = ) - 4.6.69
(1 Vf)lﬁ;nw £E (1 Vf)‘w EW En 0 ( )

-
L)

WOE 2
+ (p+ + (1- - oW, tal= O .
- )[ 20, ¢ (1 uf)Aa,En (1-v )2 u'nn] 4Gq.[ Wre o] o.
£ ' feeneeanene(4.6.70)
uBEf 2 oo ‘
, (1t 1 (1- . -4G |eaw, ¥8] = O
-~ 2)[2)\ Bs o (At e, + (1 VB EE] 4 c[ 0 8]
£ ' : Ceeneeaaane (4.6.71)
2
2(1-v_.)G ]
Efua .

2 2 2
: + + +y A +
+ 2“'55[2U'E 2v Vb () T (W, ) ]
2 . S 2 2 24"
. ,+
2} LI [2hv, * 2vfg.g+ U Ve (W, ) ]

+ a(]- ' AU, + + A =0 4.6.72
4(1-v ) M, [ UtV W.Ew,n1 ( )

£y
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THese eguations are next simplified by the application of .
the perturbation method. Following -procedures similar to those in
Chapter III, the dimensionless cehter'defleétion Wo of the plate is

chosen as a perturbation paraﬁeter and the lateral load and displacement

functions expressed'as ascending powers of the parameter by the following

equations: -
o 3
(1_ - ml(Ern)Wo + mB(E'n) Wo +--- " e sa . (4-6-73)
' " 3 )
B = nl(E.n)Wo + n3FE,n} wo S SR | _ (4.6.74)
3
W= wl(g.n)wo + w3(§,n) W Fovesnns (4.6.75)
U - u,{&,MW 2 u,(E,m) W 4 +..2..:. - (4.6:76)
- 2" e 47! o ' .
v v (é nw 2 v (E,MW 4 p.... {4.6.77)
y -2 MY 47" "o X
Al 3 ‘ .
= + A .6.
_ 9= ¥, qi_~ *+.. | (4.6.78)

where Equation (4.6.78) represents a case, of uniformly digtributed load -

the case of loading to be considered in the present study.

Substituting Equations (4.6.73) to (4.6.78) into Equations

*

(4.6.68). to (4.6.72) and eguating terms of order Ho' the first order X II
. \

-4

approximation is obtained - i.e., the small deflection equations,

~

UaEf . o )\2 ] o
—7 [2‘?‘1'55,‘1”"5”‘ np et v my gy
(1gve ) - ’
- + - S (4.6.79
4Gc[6w1,E ml] =0 _ {4 )
LY , . ¢



rd
L ’ . -<' . [
HeE ) . - .
: Lot +(1-
2 [2A Ny rah. { vfll ml'En {1 vf)nl'EE]
{1-v_ )
£
- + - . ° \
4Gc[_eAwl,n nl] =0 _ (4.§.80)
T 2(Lmv 2)G_ ..
q. = £ ¢ [ew., 228y, +m., tin, ]=0 (416.81)
1 2 1'EE i‘an -1’6 1'n""
- Efuﬁ <
“collecting terms of oxder Woz yields the second order
wa approximation: ) L.
N ‘
. 2 -
+(1+ A + (1- A +
2, H(LAVEIAV gt (L AT g ¥ 20 rg¥y g .
R T R T E LI § -0 (4.6.82)
£ 1'¢"1'nn £ 1'n'1'én ~
a2y VIR U, F(1mVV 2w
2'nn £ 2'En £ U2'EE 1'n1'nn
v : :
+ = < .6.
l'Ewl'En =0 {(4.6.83)

- Lo o(1F
(1 vf)lwl,nwl EE (1‘vf)lw

Finally, equating terms of order Wd?, the third order

approximatioﬁ is obtained:

3]
WEE

2

-(l-vf )

1
- --

R :
2
+ -
[2m3,gg_,(1+vf)kn3,gn +(1-v )2 m3,nn]

_4G;[&w +m] =0 - : ) _ (4.6.84)

3'g
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HOR

____E_
> [2A n, +(1+uf)Am3,En.+(1-u

(l-\) ) f J

- fiw_, + = ‘ - .
4Gc[ War ¥ ng ] =0 : (4.6.85)

]

£1M30EE

2 s

, |
B, A2 Bw_, +
= [Bwyrggth” Swying 2 *ange]

“ .

+ 2wy re [2u F2v Av n Wy, )2+ vsz(wl,n)z]

2'E 1°E

\2 2 2 2
+ 22 + + +
BRI e AL T A vgluy )]
-/ : * '

RS

+ - ' + - y
4(1-v ) Ay g Dhu,, +v,eg lwl,gwl,n] -0 : (4.6.86)

‘ ' o
wWhen Equatlons (4.6.79) to (4.6.8l) are solved, the problem

of the non-liﬂeak analysis of uniformly loaded sandwich plates is con51dered

completed.

-~

.(iii) Solution of the problem:

For the linear and non—lineaflanalyses of‘clamped'sandwich plates
of a rectangular. geometry as showh in Figure 1, the differential'equations

(4.6.79) to (4 6.81) are solved by means of the orthogonal collocation

-5

method. Sy »

For the linear analysis, i.e.. first order appxoximaﬁion, the -

poundary conditions to be met by the unknown functions m,, 1y and'w, are:




- o .
%
- . ' ‘ - . -
- @ - - & F = * -+ . 8
wl - Jnl = n = 0 at £.= %1 andn = 1 (4.6.8?)
———
[ . . —Tf\\
' = - % ) . i.c.
wl'E =0 at £ = %1 . {4.6.88)
. _ oo .
wl'n =0 at n = #1 _ ‘ (4.6.89)

'

and the' condition wi(o,o) — 1 as.required by the definition of Equation
: ' -

[ . .
(4.6.75) . = ' .

Followlng the’ prlnclple that arbitrary small varlatlons N

of the functions My n1 and wl are not interrelated and bearmng in mind

.

* the requirementd of the boundary conditions, the assumed sqlutlons of
the ﬁhree qoupled linear differential equatioqs (4.6.79), (4.6.80)} and.

(4.6.8l) can be taken in the following forms:

2 2 . n-1 n—l
m, = E(L-ET)(1-n") T Z A, P"(£ )P (n ) - ~ (4.6.90)
‘i-0 j=0 i] -
. . s - a Bl a1l _
‘ n, = n(-£°) (k-n"y L, I B, P {3 )P"(n )y ~ ~ (4.6.91)
420" §=0 4 S
‘n~1 n-1 ; — .
| 2 2 SRS
w, = (1-&2)(l—n2)2 r -k C, P;'(E 1B (n) (4.6.92)
o~ i=0 n=0 i3 . :
.o < % it
l
‘The undetermined coefficients in the sepies for m,, n, and w; tdagiher

with the cohstant qi presents 3n2 +1 unknowns. Equation (4.6.90)

' * ~

provides n2 collocation points with the § coordinates of the points being

L
L K
1




S

a2 : L o |
. roots of the polynomial P;(E ) and the n coordinates roots of the

polynomial Pé(nz)g The residual'éf Equation (4.6.79) is to be evaluated

: .. - \ 2
.at these n2 collocation points, thus creating a qet.of n eguations.

. - Similarly, a second set of n2 equations can be obtained by evaluating the
: . A

résidual-of Equation (4.6.80) at the n2 points provided by ‘Eduation

7(4.6.91)L and a third set of n2 equations gene:ated'via Equafion (4.6.81)
and the coliocatién_points furnished by Equation 14.6.95)«-;Fina11y,

‘ihttpducing the equation

&

n-1l. n-l" L . .
* . D T X c,. =1 . ' (4.6.93)
: . ij A : : X
. . i=0 j=o ‘

» . i .

o

a system of 3n2%“1 equations for the solution of the 3n24 1 unknowns

\/_' , o o .
" is established. -
The EOundaryﬁcondifions'for the second order approximatidn
are:
! . . . . . ] ’ .
u, zv, 20 at’ gz ¥ and*n= *1 T (446.94)
. The solution of Equations (4.6.82) and (4.6.83) follows a proéqdqre
- » ) U
similar to the 'solution, of the .corresponding equationé_of a homogeneous
plate (c.f. Sec. 4.5). 'The aésumed solutions for the fgnctions'u2 and
vz are: )
. i "n-1 -1 ' " -
. 2 2
u, = 6(1—5-2) (:L-nz) L L D,.PY (ET)P!(n7) © (4.6.95)
. 2 3 : ij7i "t .
.- i=0 3=0 . , o - .
e SRS >
- - . . . ’ . ‘ﬂ .
. e
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1

2

v, = n(-£% @-n’ys 2
i=0 .j=0

u
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n"'l. n-l v

z

{4.6.96)

VrZy it (2
EijPi(E }Pj(n )

FoR the final stage of the approximation, the boundary

conditions are:

Equations (4.6.84),

) , e 8 .
- - - - * -+
Wy = Mg = Dy _./) at £,z *l. @d n= =1 (4.6.97)
w3'E =0 at £ = 1 (4.6.98)
Warg S 0 at n-= %=1 (4.6.99)
To satisfy these boundary conditions, the assumed solutions for
(4.6.85) and (4.6.86) are taken as
n-1 n-l C ?
m3 = 5(1-52)(l-n2) z I F..P?(EZ)P!(nz)‘ (4.6.100) )
. . 1] 1 3
i=0 J=0
n-1 n-1 : ‘
) -2 2
= n-Ehmn?) I E e RI(ERIMY) (4.6.101)
3 . . ij i |
i=0 j=0
: : n-1 -n-1 ° .
: R 2 2
w = 1-32a-nh?t o H BIEDRINMY) (4.6.102)
3 i=z0 3j=0 ot ]

'

of 3n2 equations is generéted,

.

n-1 n-1
b L
i-0 j=0

then in the manner explained in the first order approximation, a set

and with the additional eguation,

(4.6.103)
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1

»

which is required in order'that w3(0;0): 0, a system of 3n2 +1 \. Ct

e@yé%ions for the solution of the 392 undetermined polynomial coefficients

ahdithé constant q, is obtained.

For the purpose of comparison of results, in the lina?r analysis,

the following numerlcal examples ‘are considered:

plate No. 1l:, E_. = 10 x 106psi, Gc = 500 psi

. v, = 0.32, ¥ 0.00125, 8 = .0.05125
o 6. ' .
plate No. 2: E. = 10 x 10 psi, Gc = 100,000 psi

v, = 0.32, u 0.00125, & = 0.05125

plate No. 3: E - 10.5 x 106'psit Gc = 50,000 psi

0.30, ¥ = 0.0006, 8 = 0.04

The first two probiems were SOLved by Monforton et.al [34] for the

Fh
11

particular case of a square using the finite element method, the third

problem was solved by Kan et. al [20] for plate aspect ratios ranging

»

from 0 to 1 using a perﬁurbation and power sgries‘zolution. Whenever

-

p0551b1e, the present solutlon of these problems e also compared with

those according to march [32].

In the rion-linear analysis, the only’ggurce of comparison

o

. available to this .writer was that by Kan et. al [20]. But unfortunately,

it seéms tRat in théir derivation of the governing differential equations,
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the equations relating the local change of thlckness to. the OVerall
deflectlon, i.e., Equation (4.6.44}, was not totally deleted as was done
here. The terms involving products of moments and derivatives of deflections

in this equation were retained, resqlting in three equations for the

.

‘second order approximation, +w& of which-are identical to Equations. -

(4.6.82) and (4.6.83) and a third équation expressed in terms of the
functions ml, ny and wl, which are all Fnaan quantities getermined from
the first order approximation. Logically speaking, a set of two equatibns
is all that is rgquired for the solution of the unknowns u, and Vor thus,
in the bpinion of this writer, the third equation involving the'known
functions m . 0y andrwl seems unjustifiable, and as such, no éomparisons

-

will be made for the non-linear analysis.

—

In addition to thé non-linear analysis of plate No. 3, a
similar analysi; is aléo performed on plateuNo. 2.

For all fhe p;oblems.considgred, the variation of results due
to tﬁe number of terms ret?}ned in eAch series is investigated by obﬁaining

results from a 4 term, 9 term and a 16 te solution.

{(iv) Comparison and Discussion of Results:

For the linear analysis, the results are'tabulatgd in Tables
20 to 25.- Comparisons of results are made with March [32]; Monforton et.
al [34] and Kan et. al [20] The solutlon due to March [32] consists of
two formulae, one for 0.7< b/a <l.4 and the other for 1arge values of b/a.

b

In a discussion by Planterna [41], the formula for large values of b/a

D



was found to be inaccurate in" estimating the additional deflections arising
from the transverse Shear deformability of the core, furthermore, the
Mtesults become yorse as the shear rigidity of the core is-decreaéed..
&hérefore comparison with Ref. [32] is lﬁmitea to plates of aspecf ratios
_greate; than 2/3,.while deflections for large, values of b/a as given by

Ref. [52] are listed as a reference. It can be ob;erVed that the resﬁlts of

+

the presént solution are gene¥ally comparébie with thoge due to March
[32]. |

For the_two problems solved by.Monfortqn et. al [34]7 the present
results are in excellent agreement with those obtained by the acc;rhte '
finite element method. The results for plate No. 3 are also in good agree-
ment with the solutions of Kan et. al [20].  Furthermore, convergence of ,
the results can be seen as the number of terms is increased. -

+For the non-linear analysis, results are presented in Tables 26
and 27. Loéikv§. deflection curves afe shown in Figures 26 and 27. For
reasons explained earlier, no comparison'isvmade here. In gen?ral, it can
be seen that ﬁhe non-linear results, i;e.,.the q3 values: follow -a trend -
gimilar to thé.homogeneoushplage, viz., the gradual buﬁ slight increase

in q, for incrgasing plate aspect ratios up to the value of 3/4 &nd a

very sharp Q}Se when the aspect ratio is 1.
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4.7 Qoncluding Remarks on the Oxthagonal Collocation Method:

The collocation method developed here permits rapid éblution
of many types of‘difficdlt‘boundary value problems. The accuracy of the
method is excellent as can be seen by the reSulté presented herein.

Rather than distributing the collocgtion poinﬁs at random as
was done in the.collocation least-square method, the collocation points
here are chosen in a well defined manner, such that very accurate results
‘can be obtained even for a 4 term {4 collocation points) solution, a
feat praotically impossible by the conventional collocation metﬁod, and
with a nine term (9 collocation points) solution, the regults are almost
identical if not better than those obtained by the collocation 1e;st
square method which uses a large numbexr of points for a solﬂiion.

The orthogonal collocation method differs from other weighted
residual methods in that the residualihere is not directly orthogonalized,
but is matched to an orthogonal function at its zeroes. The tedious task
of integrating the residual'ig thereby avoided, and the calculations
are correspondingly simplified. | R ‘

" The vital part of thé.so;ution lies in the construction of the
orthogonalﬁpolynomial sets, once these polynomials are established and
their zerées obtained, the solution of a problem becomes very straight
forward. -Although the additional step takén in coﬁstructing the polynomials

seemé—to make this method slightly more complicated than the collocation

least square method, its efficiency in computation, compactness of results
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and excellent accuracy compensates for the additional'step taken -

Tn conclusion, it can be said that in addition.to its

simplicity in application, _the orthogonal collocation method has an

LS
accuracy comparable to other weighted residual methods, and as such,

. s
can be used as a convenient tool in the numerical treatment of very

: ' .\
complex boundary value problems.

3



CHAPTER V

. VLASOV'S METHOD

5.1 General: ’ .
- )

Although Galerkin's methog'is the most rapidly converging

N

error distribution methed [16], the procesé of solving a boundary value

problem by this method is usually a very é:?ious one;,

. evaluation of the integrals of the residuals. However, by choosing
functions with special mathematical properties fﬁr the assumed solution,
and by ptilizing these mathematical properties, Galerkin's méthod can
be greatly simplified. Such a procedu;e was suggeéted b} Vliasov [Si]
and can be efficiently applied to the salution of many linear and non-

linear problems in mechanics.

5.2 Vlasov's Method:

-

To demonstrate the formulation of Vvlasov's method as applied
to the problem of plate bending, consider a rectangular plate of width

'a' and 1engtﬁ.'h' with arbitrary boundary conditions, the well-known

governing d%fferential equation is:

ov37%w = q - (5.2.1)

93



The lateral deflection cin be expressed by an infinite series, of the

form: o . L
“

wirey) = L W e Gay) - (5.2.2)

Similarly, the lateral load can be expressed as:

ax,y) =k gqmn\bm(x,'y)‘ o +(5.2.3)

’

Where the functions ¢mn(x,y) and ¢mn(x,y) are the product of two functions,f?\\\

éach of which depends on just a single argument, i.e;,

¢ o (xo¥) = X () . ¥ (v)e ' | (5.2.4) ‘

and

INCR Y X ). ¥ ) B (5.2.5)

A}
Thus, by separation of the variables, the variational proBlem is reduéed
to the selection Bf two lihearly independent sets.of functions xm(x) and
Yn(y), which satisfy all the bound3jry conditions. For these functions,
vliasov used the eigenfunctions_of-vibrating beams, with identical
botndaxy con&itions as those of the plate.

The eigenfunctions and tpeir derivatives sétisfg certain

important mathematical relations. Let x (x) and Xn(x; be any two eigen- )

functxons of a vibrating beam of 1ength '91, corresponding to the ‘

circular frequencies o and w, respectlvely. Then, for dlfferent modes



o

J(m#n) , the following relations hold:

. )

L L .
J Xm(x) . xn(x)dx =0 and Jo x; (x) . x;(x)dx 0] (5.2.6)

o

-

e

i.e., the eigenfunctions and their second derjvatives are said to be

\
orthogonal. The same holds fox their fourth derivatives, , whilé the ~

£
desirable property J x;(x)u. xn(x)dx = 0, which plays a role in the
o

€

solution, is slightly viol#@ed. Strictly speaking, these functions are
, N
only quasi-orthogonal. The orthogonality conditions however, do not hold r

for free and guided, or elastically supported edges.

-

As the eigenfunctions are othogonal,fanother useful property
common to all orthogonal functions can be utilized; i.e., by expandihg
the lateral load gq(x,y) in terms of the eigenfunctions, the constants

qmn in Equation (5.2.3) can be determined‘by multiplying both sides of the

equation by xa{x) . Yn(y) énd integrating the product; a procedure that

) |
a . = . (5.2.7)
J :

b
2 2
Jo Xm(x)Yn(y)dxd¥

yields:

fu

b . _ 7
Jo q(x.y)xm(x) . Yn(y)dxdy . !

o)

P

o}

Expressing the plate deflection by eigenfunctions in the form:

woey) = § LWt tev) = B OEWL %00 . Y_(9) (5.2.8)

[
N

¥




and using a similar expression .for the lateral load'q, the variational

eguatioh of the plate can then be written as

o, a (b 4 . a (b .
L - , —
D m E Wmn J J ¢ikv ¢mnGXdy E g qmn J J wmn¢mndxdy =0
o’o o’0
caereas ) (5.2.9)

For this particular choice of ?fgyéssion for the lateral deflection w
and the load g, i.e., ¢mn = ¢mn = xm(x) . Yn{y), the‘!isgt integral texrm "

in Equation {(5.2.9) can be written as

-
.\

a (b 4 a b- 1v
Jo Jo 517 padxdy = JO.JO [x, )Y (X )Y, (0T zxm(x)Yn(y)xi(x)Yk(y)
+ v . | ‘axd: 1
Y (y)xm(x)xi(x)yk(y)] axdy . . (5.2.10)

'‘Neglecting the terms with nonidentical subscripts mi and nk, the. error

induced is zero oﬁ-negligible._ Thus, by introducing the following

notations:
% a v
I. = J (x)X_(x)dx
1 m.
RS 0 : ) .
a ' ' ,/)
I, = J Y (V)Y (y)dy e
o . :
a -
13 = . J x;(x)xm(x)dx .

(o}



- v
kY
~

oy
Wy

-
1

b .
) 4 j Yo (y)Y (yidy

b

1 v i \
5 = ¥ ()Y (y)dy. . A\
(o}
a
- . . p
16 = J xm(x)xm(x)dx ) (5ﬂ2.11)
o ‘ . : _
Equation (5.2.10) can be written-a.s :
a (b 4 , : _
- i T+ T +
.Jo Jo ¢ikv ¢mndxdy = 1112 21319 1516 (5.2.12)

In a similar manner, the integrals of the second term in Equation (5.2.9)

are expressed as

a (b ’ a (b 2 2
Ju J Yo ®idxdy = J J X ()Y (y)dxdy = I;Ig (5.2.13)
o“‘o ' o ‘o
" where ’
a 2 . b 2
= ' = Y .2.14
I, Jo fm(x)dx and Ig Jo LYy (5.2.14)

-

For a particular set of m,n values, the variational equation of the plate

problem is[/ then reduced to

-

+21.1 +I_I.) - = .~ (5.2.15
D (T 1 F203T H T TE) = g TpTg = 0 (5.2.13)



Conseguently, the undetermined expansion coefficients Wmn can be

calqul&ted from

” qanizie '
LW = : (5.2.16)

+ +
(T, I 42T, T 4T T)D

L4

»

which, upon substitution of Equation (5.2.7) becomes

a (b
J J alx,y)X (x)Y (y)dxdy .
w = —2 : (5.2.17)

. + +
§ | (IlI2 21314 ISIG)D

Thus, the approximate solution';f the problem of'plate gending
is reduced to the evaluation of simple definite integrals. Furthermore,
the éigenfunctions-redﬁce the required numeriéal work -by a very great -
extent.

A similar approach can be taken with eigenfundtion; of column
buckling since, these functions are also quasi—oréhogﬁnal, i.e., for m#n

™

they satisfy

L v e m ’
X Xdx =0 and "X Xdx =0 (5.2.18)
m n m n

o (o]

x
while

g - i ,

B J XX dx# 0 form £n — (5.2.19)
r O : -

e

4 violation which is of minor importance.



.

, Since the eigenfunctions of vibrating beams or column
* ’ ¢

buckling are readily available, the dilemma of choosing an appropriate

1

" function which will satisfy all the prescribed boundary conditions of

a plate problem is, thereby avoided. ’//)V .

5.3 Rectangular Plates with Two Opposite Sides éimply supported

‘
and the Other Two Sides Clamped:

’ -

As an illggtrativg examplé of the application of Vlasov's
4 e :

method, consider therbgnding of the rectangular plate shown in Figure
f

28. The boundary conditions are:

n
w=w,_,=0 atysw= +b {5.3.1)

w
- XX

Te
Y ‘

In order to meet.the above requirements, the assumed solution is taken

as the product of the eigenfunctions of a clamped-clamped beam and a

simply supported beam. i.e, the functions xm and Yn in Equa;ion

(5.2.8) 'takeé the form Co -
T
‘X (x) = sin % (m=1, 3, Ssee-s) (5.3.3)
Yy ¥
coshAn b cos An 5
Y {y) = - (n=1, 2, 3,.-}(5.3.4).

—

cosh A cos A , ST
. n “n

w, =0at x = 2a,0 " (5.3.2)

99
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.
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- d
' - 4
‘." 1 . -
2a .
I_= J XXdx = a ’ .
6 m m .
o Ay
I_ = - x2 dx = a N
7 F = 1
o N
b 2 -
I = J " Ydy = 2b . , . (5.3.5)
8 n .
. -h .
For a uniformly distributed load of intensity qo, the
‘numer%,ttor in expression {5.2.17) becomes :
2a (b sabqo'
q, J J X ¥ axdy = o= [tanh2 - tan An] (5.3.6)
o ' =b n
r~ .
For comparison with- Timoshenko [49], the ccefficients wmh
can be determined from the followiné dimensionless expressions:
W= y % ‘ (5.3.7)
I.I.+ +
[ 1,1, 2°1,1, 1516]
‘ ﬁﬁere;,;; X~ = b/a
d -—-a—bf-g“—-[tanhl—tan?\] (53.8)
an Q = mTA n n T
n .
for b>a, ‘
W o= 29 " ' (5.3.9)
' . + A »
-[:_[112 2XTTT 4 1.1l .
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L. []
A . . -
where A= 2.365020372 , .-
A, = 5.497803919 _
=~ : A, = 8.639379829 )
. o . ; :
A, = 11.78097245 Cot

" and for large values of n

.

An = (4n -1) /4
,/

Thus, the integrals Il,....'..,IB become :

2a 4 4
: Iv
Il = J xm xmdx =* o n4 a
o] l6a -
b
I —_ —
, = J Yy Ydy= 2b
-b
’ 2a m2.“2
- - 11 N
;;3 - J KXadx = 2 @
~ [e) 4a
b An 1 sinh 2An
I, - J y'y ay = —~— L ( +A)
4 b nn b coshz_l n
n
1 ' sin 2An .
! - +
2 ( 2 An)]
; cos 'An ‘.
'
Jb w A:
I_= Y Y dy = - 2b
5 - n 'n b@
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—
where A = a}b
) B 8a4qo » .
and - 0 = [tanh A~ tan } ] (5.3.10)
mirA n .

n

' The maximum deflection which occurs at the center of the plate

s

‘can be calculated from

.y (m=1) /2 1 1
E Wmn( 1 (cosh An cos An

) (5.3.11) -

values of the maximum deflection obtained by using a 1 term,
4 term, 9 term and a 16 term solution are tabulated in Table 28 along
~ with results reported by rimoshenko [49].

From the results shown, 1t can be said that the results obtalned
from the present solution are in efggllent agrgement with those of
pimoshenko-[49]. For a one termdgﬁlﬁtion, the maximum deviation iS-n0 ’
‘more than 5%, while the other resulté are moré or less identical with

1

those due to Timoshenko. -

N

5.4 Simply Supported Rectangular Sandwich Plates:

As a gecond illustrative example, consider the linear analysis-
of a simply supported rectangular sandwich plate (Figure l),.subjected
to a unlformly distributed load of intensity q . The governzng dlfferentlal
eqqatlon can be obtained by dropping the non—llnear terms in Rexssner s . .

equations, Equations (4.6.1) and (4.6.2). The resulting expresblon is:

~
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1 ‘ _ .
- 5749 (5.4.;)
where S = hG

N [ »4

For simply supported edges, the boundary conditions are

£
11}
14+
o

w, ~=0 atx (5.4.2)
xX ‘

b : " (5.4.3)

2, -
I

- W, =0 at
vy Y

These boundary conditions will be automatically satisfied if the assumed
solution for w is taken as the product of the eigenfunctions of two
; «

simply'éupported beams. Thus,

° *
mTX . _
X = cospr @zl 3 5.0 :5.4.4) \
nT b
Y = cos 551 (M= 1,3, Speee)n (5.4.5)

and - the integrals Il"""IB become:

a ) T4 4
. Il: uJ x;vxmdx~= o ﬂ4 a
' ~a ™ 16a
b
-b
p3 2.2
mn
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Jb n2n2
I, = | Y'Y dy=- b ]
G N ap> /
b 4 4 ’
I, = J ;vYndy =21 b
-b leb
a
I :J"'X-de: a
6 m m

7 m
-a
b 2

I8 = J ¥Y'dy =- b {(5.4.6)
.-bn

From the relation given in Equation (5.2.7), the constants
q are. found to be:

16q

qmn = 2 (-1)

T mn

(m+n 2} /2

(5.4.7)

The coefficients wmn can be determined from the expression:

0 = Tanl7le ) Gl T2%s I4Ie]
i =
+
D[I I, 4211 4+1516] S[I 1,421,141 T,
- wPl+w?® (5.4.8) |
mn mn . _

. Tt can be cbserved that the first term on the right hand side
of Equation (5.4. 8) is the coefficient corresponding to the deflection
wb of an ordinary plate of bending stlffness D, while the second term is

the coefficient for the deflection ws arising from the transverse shear

Fr
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deformability of the core. The total deflection w of the sandwich
' ]

plate is simply the sum of wb and wS.

Thus, upon substitution of Equations (5.4.6) and (5.4.7)

into the 'xpression for Wﬁﬁ and Wﬁi, the deflections wb and ws become:

s

+n-

b ‘256q0(-1)(m i mnx nny
w = L L cos —— COS (5.4.9)

2 n< :
m n ﬂGD[mn(Ei lnz)] . 2a 2b )
N :

S 64 '(- )(m+n_2)/2 mux nw )

W = E x cos —— €OS 551- (5.4.10)
7°plmn (%5 % = +15)]
., The maximum value of these deflectlons

occurs at x = 0, ¥y = 0. The p;oduct‘of the two cosines in Equations
{5.4.9) and (5.4.10) then reduces to unity.

The results given here, i.e., expre591ons (5.4.9) and (5.4. 10)
are in complete agreement with those given by Planterma [41]

Numerical values of the nondlmen51onal maximum deflections
for various values of b/a are given in Table 29. These numerical values

are identical to the ones given in Figure 1 of Ref. [15]. ﬁ'

5.5 Concluding Remarks on Vlasov's Method:

, L
From the two illustrative problems solved here, it can be

seen that Vlasov's method provides an efficient and accurate solution

for plate bending problems. The amount of arithmetic work required -



-

in this meéhod—is a mere fraction of that required in the Fonventional
Galerkin method, in addition, the choice of a suitable expression to
meet the prescribed boundary condition; is s%mply a matter of choosing
the appropriate beam functions: 'éhus, Vlasovs; method is highly

recommended for the solut%?n of complex plate problems when ' computer

facilities are not readily availéble.-

™
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CHAPTER VL

SUMMARY OF CONCLUSIONS

(i) The Collocation Least Square Method:
¥ ~

1) By. the application of the least squares concept, the accuracy
of the conventional collocation method can be greatly improved.
2) - Although éhe problem of selecting "correct",locatiops for the
collocation—points is avoided by the use of a larée nember of collocation
points, these collocation points must however be distrieuted in A
sensibly uniform manner over the entire region of the prob}em under
qonsideration; hccurate results cannot be expected if all the collocation
points a&e easonably crowded into a particular area of the region.

5\

Furthermorg, for an "jnterior method" the results would not be as .

~

. f
accurate if some of the collocation points fall on the boundary.

3) The collocation least square technique proposed here is a
simple yet powerful tool for the soluiion of complex boundary value
problems in the “field of applied mechanlcs.

4) | This method seems to gield better results for problems wlth
compact geometrles, j.e., square oOr circular boundaries.

5y - . The collocaticn method-represents a é?eat saving in human
and machine efforts as a result of its simple mathemaeical concept and
the relatively small amount of compueer time and storage space required -
for a solution. .

Q . . .
6) in the majority of cases, results obtained by the use of this
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*

method axe more accuxate than those obtained through the laborious
power series solugion. Although slight deviations are gPsérved in some

of the results, it is believed that such deviations are generally'on the

conservative side.

(i1) The Orthogonal Collocation Method:

1}y . The formulation of the orthogonal colloqation method is based
on éhe orthogonality, not'bf‘the res%dual function, bﬁt of a polynomial
which vanishes at the séme points. Such a condition is in effect a

. discrete analogy of Galerkin's metho&. ConceiQably; results obtained from
this method should be much more accuraté thgn those obtained from the,
conventional collocation method which is baéEd m;re on chance than a

_sound mathematical theoty.

2) The most crucial phase of the solution -lies in the construction
of the orthogoﬁal polyndﬁiallsets, a step that provides bdth the assumed
solution as well as the collocation points. Once these ortpogonal

polynomial sets are formulated, the solution follows the simple procedures

-4
*

of the conventional collocation method.

3) | The soluﬁions obtained from this céllocation method would agree
completely with Galerkin's method if the aifferential equation residual

is a polynbmial of degree ds<n in xz. -

4) Altﬁough}this collocation method seems to be slightly more .

complicated than the collocation least square method, it is more efficient

computationwise,  and the accuracy is as good .if not better than the

l:“‘\
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collodation least square method.

5) By the application of this'method, just as accurate results
can be obtained without going through the formidable task of definite

- integrations required in most error distribution methods.

{1ii) vlasov's Method:

" 1) ' By choosing eigenfunctions>of vibrating'beams or column bucklipg,
the amount: of numerical wﬁfk required in the Galerkin method can be
,greatly reduced as a result of the orthogonality conditions of these

'functiong -

2) The choice of an appropriate expreésion for the_aésumed solution
is simply a'matter of choosing beam functions with identical boundary
éonditions as those of the plate.

3) The accuracy of this method is eggellént in spite of the relati-
vely little-amount of calcuiations involved.

4) ., - The solution becomés increaéingly*tediﬁﬁs as the numbeéer of
{EFms is increased. However, from the results shown in the previous
chapter, it seems that in general, not to§ many terms are required to
produce a solution'accurate enoﬁgh for all practical purpbses.

5) This ma&pod definitely has its merits in the manual solution

of plate problems.

i
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ASPE y : '
RAEIST 'NO. OF COLLOCATION POINTS USED TIMOSHENKO
. REF. [49]
A =
a/b . 25 50 100
1/2 0.040510 - 0.040510 0.040545 0.04064
- 2/3 0.035139 | .  0.035090 0.035090  0.03520
) 3/4 0.031470 0.031422 0.031412 _—
1 - 0.020243 0.020221 0.020201 0.02016
. 4
W :aia-—
max D

Table 2 ~ Variation of the Maximum Small-Deflection Coefficient o with

thé Number of Collocation Points used in the Solution for
Rectangular Plates with Built-in Edges. . et

('.1.‘-"

_— )
NO. OF ASPECT RATIO A = a/b,
COLLOCATION
1
POINTS USED 1/2 - 2/3 .
a4y d, q, q, g9, d, )

25 24.6855 15.4644 | 28.4583 15.7517 49.4000 25.4105

50 . 24.6855 15.4722 | 28.4983 15.911q;) 49.4543 25.8136

100 24.6640 15.5199 '| ¢8.4982 16.0658 49.5018 26.2275

(v = 0.3)

Table 3 - Variatién of the Constants ¢, and 4 with the Number of Collocation

Points used in the Solution %or the” Large-Deflection of Rectangular
Plates with Built-in Edges.

T
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: Y
DIMENSIONLESS -
FOUNDATION ASPECT RATIO A = 2/b
MODULUS K. -~
1/2 . 2/3 374 - _ 1
o - 0.040545 0.035090 0.031412 0.020201
20 ‘ 0.025525 0.023807 0.022201 » " 0.016033
40 0.018411 0.017840 0.017036 0.013245
60 . 0.014307 0.014167 0.013741 0.011251
80 ' 0.011656 0.011689 0.011463 0.009756
100 0.009812 0.009910 0.009797 0.008594
120 0.008459 0.008575 % 0.008530 /’f\\o.oo7665
140 - 0.007427 0.007540 0.007534 0.006903
160 ) 0.006616 0.006713 0.006734 0.006377
180 . 0.005963 0.006041 0.006076 ' 0.005745
200 0.005425 0.005484 . 0.005528 0.005291
qa®
w = o ‘
. max b

*
- L

Table 4 - Variation of the Maximum Small-Deflection Coeffiéient a of Clamped

Rectangular Plates with the Dimensionless Foundation Modulus K.

A
DIMENSIONLESS _ ASPECT RATIO = a/b
FOUNDATION -
MODULUS K 1/2 : 2/3 1
9 9y 94 £ 4 9,
0 24.664 15.555 28.498 '16.147 49,502 26.423
40 54.314 17.922 56.053 18.040 75.499 27.722
80 85.790 18.798 . 85.554 19.433 1.02.502 28.881
120 118.216 18.813 116.620 20.393 130.456 . | 29.906
160 151.145 18.830 148.959 20.983 159.310 30.801
200 184.325 18.850 182.342 21.254 | 189.013 31.571
. l
v = 1/3) v ~

rable 5 - . Variation of the Cénstants %%land d, for the Large-Deflection
’ of Clamped Rectangular Plates with the Dimensionless Foundation
Modulus K.

x
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N\ . i
!
Y
L]
% ASPECT RATIO A = a/b
NO. OF -
COLLOCATION 1.5 2.0
POINTS USED
9 93 9 93 9 93
25 64.0000 35.3674 181.5000 | 102.6214 472.0000 279.0387
50 64.0000 35.28317 181.5000 | 102.4089 472.0000 278.5391
100 64.0000 35.2973 * | 181.5000 | 102.4199 472.0000 278.4600
. _
= 0.3) -

Table 6 — Va;iation of the Cons

and Circular Plates with Built-in Edges.

ty

tants 9 and dy with the Number of Collocation

proints used in the Solution for the Large-Deflection of Elliptical . .




142

pue Teoradr1rd padueId JO u. JUSTOTIFS0D UOTIDITISA-T

*y SOTNPOW UOTIEPUNOJ SSITUOTSUSUTA a3

Yy3TA S93RTd IRTNOIATD

Tews WMWIXeW 9Y3 JO UOTIBTIEA - L ST9eL

S
- _ Xeu - , -
. nmnoavnn\vmwvc z M n\¢mx =3 ‘q/e X,
A -
pH9T 0 Zyot'o Z1EZ°0 LOEZT 0 181€°0 L9TE"O ZLTv 0 | . SETPO *0905°0 LBEV'0 002
Z891"0 089T°0 -LBET'O £8€2°0 BZEE'O TTEE"0 42 AlY 8BEV "0 9bbS 0 £LEG*0 08T
1ZLT70 0ZLT 0 L9%Z°0 £9V2°0 08VE"Q | ~ 69VE"O EOLY"O TLO%0 6885°0 81850 091
€9£T°0 Z9LTO Z552°0 6¥5Z°0 TS9E°0 opoc 0 | . 6T10S°0 066%°0 S0p9°0 LEES"0 ort
L0BT*0 9081 "0 epoz 0| . Tv9T O |- BEBE'D 6Z8£°0 8LES O £6€5°0 ETOL°O 0569°0 0ZT
ZSBT0 | . 2S8T°0 1§ ZXALY 6£LZ°0 2T A 8E0F "0 T6L5°0 69L5°0 TPLL O ¥89L°0 00T
006T°0 00610 9¥8Z° 0 yrez-0| ‘€LZ¥O 89ZV°0 §929°0 752970 Lzéa*p | - 6L58°0 08
1S6T 0 0S6T°0 BS6Z°0 LS6Z°0 6Z5V°0, 9Zsy°0 86690 L189°0 0£L6°0 ¥696°0 09
v00Z°0 $00Z°0 0B0E"0 6L0E0 9T8Y "0 pTI8Y "0 GevL"0 .| 88FL°O EPTIT"T AR ov
090Z°0 090Z°0 | - TTZE'O TTZE O opTS*0 6ETSO 00E8°0 8628°0 LTOE"T 600E° 1 0z
8T1Z°0 61TZ°0 GGEE"0 GGEE™O 0TSS5 0 0T55°0 ¥626°0 v626°0 §Z9%° 1 §295°1 0
[6€] "Jmi| NOIZNTOS| [6€] "IFY  NOIINTOH [ee] I nozzntos | [6€] -amu| Noruntos| [6€] - | NOTINTOS
oN INISTME| DN [ INISEMd SN INFSTIA N INISTId AN IS a/iim/mmml b
o'z =X 5L°T LS §T= Y szt = Y- ) o'T = ¥ .plszr

’




-

o

r_ - " ..
’ DIMENSIONLESS ASPECT RATIO ,\t&f - a/b
| FOONDATION e . ' .
| MODULUS K 1 1.5 2.0
%N % . % 3 .4 93
0 64,0000 35.2973  |181.5000 |102.3199 472.0000 | 278.4510
" 40 89.9221 36.3548 207.7331 -—- 499.0968 ———
50 96.5154 36.6084 214.3414 104.3114 505.8959 281.2752
80 116.5595 37.3435 234.2845 -—-  ~l5%6.3518 -2
100 130.1382 37.8123 247.6768 | 106.1224 540.0376 | 284.0116 «
120 143.8860 38.2642 261.1456 —— 553.7616 —
150 164.8179 38.9105 281.4896 10713544 574.4185 | 286.6703
160 171.8763 19,1175 288.3080 AN 581.3229 C -
200 200.5057 | 39.9037 |315.7639 109.5085 | 609.0323 |289.2524
—— e
(V = 0.3) -

Table 8 - Variation of the anétanté 9,

and qa, for the_Large-Deflection'of

clamped Elliptical and Circular Plates with the Dimensionless

Foundation Modulus K.

A .

! ASPECT' RATIO A =z a/b

PLATE "

MATERTALS 1/2 ,. - 2/3 o 3/4 1
| - .
L dy qy dy i |- 9 qy q, q,
| .
L

GLASS- .

EPOXY 26.744 15.337 | 36.571. H?'ng 44.913 | 23.992 igo.gve 50.093
:_ BORON- “ . \
| EPOXY 33.210 | 18.905 | 60.B11 34.803 | 85.237 49.777 | 230.487 148.822
. ) I . 9 .
| GRAPHITE- ’ . - ‘ .
| EPOXY 70.56@\ ‘40.@3 183.245. |115.395 | 286.663 190.946 | 917.882 [695.226
H Y " . - .
' ‘ . /.
l l v - [ = .

alues of onstants qi and q, for the Large-Deflection of

clamped Rectangular OrthoE%Bpic piates.

X\
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Fre

i=0
. L
p(x)zl uj'_-=2/3 :
" - ' . w o
pi(x) =1 ui_1/4
"l - ! L1}
P} %= 1 ay'z 8/15
i=z1
2
(x ) = 1-5x . “i = 16/21
“(x ) = 1-3x2 n at = 1/8
2 2 | :
ul - 1 i
Py (x7)z 157 | | | ay'= 2247315
i=2 b
o 3 2 '
(x y = 1-14x° + 21x al = 128/165
p"(x } = l-8x2 + le4 a; =1/12
;'(xz)z 1-18x° + 33 S e’z 3072/4096
i = 3 *
: —
p (x y = 1~ 27x2 + 99x4 - 85.8x6 ai = 2048/2625
p"(x y = 15 15x2 + 4sx® - 35%° at = 1/16
_‘;'(xz)_ 1- 33x° + 143 - 143x° al'= 12288/16065
i-a
- 3 3 6 - 8,
{x ) = 1-adx? +286x° -572x° ¥347.2857142859954x" @ = 0.7821458407942714
p“(x ) = 1e24x +126x%° —224x® +126x° a"Q;o 05

;'(xz): l-52x2 +390:;4 -884x6 +599.8571428570319xa ;' 0. 7719881026195806

Table 10 - The Polynomlalskp (x ), p {x Y, p"'(xz) and their Constants

al, ai, a;' for 1iz4.
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S

COEFFICIENT C, FOR MAXIMUM SHEAR STRESS
ASPECT
RATIO ORTHOGONAL COLLOCATION METHOD COLLOCATION
b/a LEAST SQUARE | TIMOSHENKO
4 TERMS 9 TERMS 16 TERMS  |200 POINTS reF. [50]
|
1.0 0.672 0.678 1 0.674 0.671 0.675
1.2 0.752 0.762 0.757 0.750 0.759
1.5 0.836 0.852 0.845 0.834 0.848
2.0 0.910 0.937 0.927 0.914 0.930
2.5 0.940 0.978 0.964 0.954 0.968
3.0 0.949 0.997 0.980 0.975 0.985
4.0 0.943 1.014 0.990 0.998 0.997
5.0 0.931 1.022 0.991 1.013 0.999
10.0 0.895 1.049 0.998 1.060 1.000

pable 12 - Results of Torsion Problem: coefficient

Stress 1
max

T = Cl(2Gea)

cl for Maximum Shear

for Various Ratios of Sides of Rectangular Bars.

i

various Ratios of Sldes of Rectangular Bars.

/3

COEFFICIENT C, FOR TORQUE _
ASPECT -
R23§0 ORTHOGONAL COLLOCATION METHOD ig;ggc:g;gzﬁ CIMOSHENKO
: — ReF. [50]
4 TERMS 9 TERMS 16 TERMS 200 POINTS -

1.0 0.141 0.141 0.141 0.141 0.141

1.2 0.166 0.166 0.166 0.166 0.166

1.5 0.196 0.196 0.196 0.196 0.196

2.0 , 0.229 0.229 0.229 0.229 0.229

2.5 0.249 0.249 0.249 0.249 0.249 @

3.0 0.263 0.263 0.263 0.263 0.263

4.0 0.280 0.281 0.281 0.281 0.281

5.0 0.289 0.291 0.291 0.292 0.291
10.0 0.305 0.311 0.312 0.312 0.312

3
m, = C.G8(2a) " (2b)

Table 13 - Results of Torsion Problem: Coefficient C2 for Torque m_ for
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JREREERR L

1 COEFFICIENT « FOR MAXIMuM SMALL DEFLECTION
g ' . —
b/a _ ORTHOGONAL COLLOCATION METHOD TIMOSHENKO
. REF. [49]
4 TERMS 9 TERMS 16 TERMS
1.0 0.02022 | - 0.02024 0.02024 0.02016
1.1 0.02411 | 0.02413 0.02412 0.02400
1.2 0.02757 0.02760 0.02759 . 0.02752
1.3 % 0.03053 0.03058 0.03058 0.03056
1.4 0.03301 _0.03309 0.03309. 0.03312
1.5 0.03501 0.03514 0.03514  0.03520
1.6 0.03661 0.03680 | 0.03680 ?®eso
1.7 0.03782 0.03811 0.03811 0.03808
1.8 0.03875 . 0.03914 0.03914 0.03920
1.9 | 0.03942 . 0.03994 0.03993 ' 0.03984
2.0 0.03987 ) 0.04054 0.04053 _ 0.04064
‘ -

Table 14 - Variation of the Maximum Small peflection Coefficient a
with the Number of Terms used in the Solution of Clamped

Isotrépic Homogeneous'Rectangular Plates.
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Table 20 - variation of the Maximum S
with the Number of Te

>

Analysis of Sandwich plate No. 1

»

-ia;:?unwxcn PLATE "
s Efz 10 psi 500 psi
V= 0.32 u =‘o.00125 § = 0.05125
COEFFICIENT o FOR MAXIMUM SMALL, DEFLECTION
NUMBER -
OF w ASPECT RATIO A = a/b
‘ ///,
"USED » = 172 \ =2/3. ). A =3/4 A =1
4 0.310799 0.276026 . 0.255451 0.196127
9 0.370218 0.323472 0.298340 0.228553
16 0.352876 0.310520 - 0.286846 0.220047
4 2 2
Wmax = apa /D, p-th Ef/z(l-vf )

mall Deflection coefficient @

rms used.in the Solution of thw

MAXIMUM CENTER SMALL DEFLECTION IN INCHES

Ay

* Deflections corresponding to-

Table 21 - Compariso

t

ge values of b/a. Ref. [32].

n of the Haximum Center Smal Deflectio

' NUMBER
oF
I - INCHES
TERMS USED PLATE DIMENSIONS 2b x 2a-IN INCHES
80 x 40 60 x 40 * 53.1/3 x 40 40 x 40
e 0.339879 é%;solass 0.279353 0.214478
9 0.404858 0.353738 0.326254 0.249938
16 0.385893 0.339574 © 0.313685 0.240636
warca [32] ' 0.353457% 1| ., 0.353457% - M 0.298747 0.228l80
MONFORTON === - e 0.2483
et. al [34] :
§ - 4
- " - 1 p51 '

n of Plé.t'e No. 1

1

et e 4 e L Lt e e

:
]

~
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SANDWICH PLATE #

E.z10x 106 pei Gc

.100,000 psi

161

Ve =0.32 U= . 0.00125, © = 0.05125
. ' t X
NUMBER COEFFICIENT © FOR MAXIMUM SMALL DEFLECTION
oF )
TERMS USED . ASPECT RATIO Az a/b .
A =172 A = 2/3 A = 3/4 A= 1
4 0.045890 ‘l 0.037674 0.033235 0.021078
9 0.042724 0.037424 0.033593 0.021826°
16 0.041791 0.036367 0.032643 0.021216
- “n
- \ W = apa/p, Dz tn’E /2 (1-v )
max ~ ! - £ £

Table 22 - Variation of the Maximum Small ﬁeflection.Coefficient a with .

the Number of Texms, used in the Solution of the Linedr Analysis

of Sandwich ,Plate’No. 2

Table 23 - Comparison of the

O,

* peflection corresponding to large

values-of b/a Ref. [32] o

’ MAXIMUM CENTER SMALL DEFLECTION IN INCHES
. [
NUMBER
OF PLATE DIMENSIONS Zb X 2a IN INCHES
TERMS USED 5 : =
80 X 40 60 X 40 53-1/3 X 40 40 X 40
4 0.050184 b 0.041199 0.036345 0.023050
9 0.046722 0.040925 0.036736 0.023868
0.045701 £ 0.039769 ' 0.035697 0.023201
[32] 0.046485* 0.046485* 0.036716 0,023482
ONFORTON ——— _— — 0.023480
.7al[34 )
p= 1lpsi

s

Maximum Center Small peflection of.flate No. 2.

r

W7

o

e i AT
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- __:;_M:'”._g.;a

f‘Deflections,corresponding to large
~ Table 25 - comparison of the Maximum Ce

i"“\\\§9;;3-

L

values of b/a. Ref.\[32]
nter Small Deflection of Plate

_ 162
y SANDWICH PLATE # 3
| ¢ i
Ef = 10.5 X.10 psi. Gc = 50,000 psi
vz 0.30 p = 0.0006 0 = 0.04
COEFFICIENT & FOR MAXTMUM SMALL DEFLECTION
NUMBER T .
OF ' ASPECT RATIO X z a/b .
TERMS USED ; ‘ .
' 1:1/2 A =2/3 A= 3/4 A= 1
4 0.046291 - 9.037931 0.033406 - 0.021081
9 10.042204 0.037034 0.033242 0.021559
16 - 0.0B1430 0.036024 0.032321 0.020962
KAN et. al 0.041746 0.036249 _— 0.021039 .
[20] 0
. ‘ A
W = apa/p, D = th°E_/2(l-v 2,
. max o - £ £ *
mable 24 - Variation of the Maximum S peflection Coefficient @
- < i
~ with the Numbexr of Terms used in|the Solution of the Linear
- Analysis of Sandwich Plate No. 3
MAXIMUM CENTER SMALL DEFLECTION IN INCHES
¢y . - - T T
ggmann PLATE DIMENSIONS 2b X 2a IN INCHES
° . \ [
TERMS US —
_ 40 X 20 30 X 20 26-2/3 X 20 /20 x 20
4 0.083581 0.068487 ' 0060316 0.038063
9 0.076202" 0.066867 .060020 . 0.038926
16 0.074804 0.065433 " 0.058357 848
) 0. _
marcH [32] 0.076070* - 0.076070% 0’06050 0.038402
. i o . T e
FAN at. al. 0.075375 '0.065496 | _— 0.037987
[20]
pf:‘l.psi .

"b"
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- b < a
W - u‘ b4 D
ax = %3P 7/ ,
a/b NO. OF TERMS USED ! Mimoshenko
- , Ref. [49]
1 4 9 16
{ A -
jo |. 0.04218 0.04162 0.04168 0.04166 0.04160
2 0.04738 0.04105 0.04197 0.04177 0.04160
1.5 0.04282 0.03934 0.03971 0.03963 0.03952
1.4 0.04137 0.03839 .0.03869 0.03863 -03840
1.3 0.03963 0.03713 0.03737 0.03732 0.03744
1.2 0.03753 0.03546 0.03565 0.03561 0.03568
1.1 0.03501 0.03331 0.03346 0.03343° 0.03344
‘ b>a '
- 4

wmnx = aqoa /D
b/a NO. OF TERMS USED rimoshenko
1 4 '9 16 "Ref. [49] .
1 0.03197 0.03058 .  0.03071 0.03068 0.03072
1.1 0.04200 0.04033 - 0.04048 0.04044 0.D4015
1,2 0.05297 0.05095 0.05113 0.05109 0.05014
1.3 0.06456 0.06212 0.06235 0.06230 0.06208
1.4 0.07645 0.07351 0.07380 0.07374 0.07360
1.5 0.08836 0.08484 0.06520 0.08512 0.08496
1.6 0.10006 0.09588 0.09632 0.09622 0.09648
‘ 1.7 0.11137 0.10643 0.10697 0.10685 0.10688
1.8 '0.12216 0.11638 0.11703 0.11689 0.11712
: 1.9 0.13236 0.12564 0.12643 0.12626 0.12640
2.0 0.14192 0.13418 0.13512 0.13491 - 0.13504
3.0 0.20587 © 0.18406 . 0.18773 0.18681 0.18668
® 0.20914 0.20828 0.20834 0.20833 0.20832

_ggﬁ;g_ga - Vaxihtion-of the Coeffic
the Solution of Rectangular Pl
Simply Supported and the Other

? ./”;)

&

jent o with the Number of Terms use
ates with Two Opposite Edges
yTwo Edges Cclamped

d in
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0.20832

- v b 2z ok,
1.0 0.06496 0.29480
1.2 * 0.09024 0.34720
© 1.4 0.11280 . 0.38680

1.6 0.13280 0.41680
1.8 0.14896 0.43920
.2.0 0.16208 0.45560
3.0 : 0.19553 ", 0.49080
4.0 ' 0.20512 0.49800
5.0 '0.20752 - 0.49960
© 0.50000

Table 29 . Nondimensional Defléc

tions for Simply Supported Rectangular

ich Plates Subjected to a Uniformly bistribut

<

ed Load 9,°

P

7 e AR
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" A NOTE ON THE COMPUTER PROGRAMMES

For any collocation scheme : "as long és_the agsumed solution -
is taken in the fofm of an algebraic series, the computer programmes:
shown in the' following pages can be slightly modified_?nd applied to
the solution of boundary valué problems.

As the assumed solutions adopted for the problems in this

thesis are generally algebraié functions of the form

plx,y) = g, y) E(x,¥),s -

where the functions g(x,y) contain say m terms and the functions £(x,y)
<

n terms, the functions p(x,y) can thus be expanded into polynomials with

n}Xn terms .~ These polynomials can be cdnvenieqtly stored in arraws of
dimension (3, m, n) with the first, second and third m¥n array containing
th?‘constants, powers of x and powers of Y respectively of each term.

The partial differentiation of these polynomials is performed
term by term and is simply a matter of subtraqting tﬂe powers of x or

Y and multiplying the constants by the original values of the powers of

¥ or'y. . ' W"

G

e

To evaluate these polynomiais or their derixatives at a part-
icular‘qollocatidn point, each term is evaluated in turn and the result .
édded to thqé'oé the p;évious terms. The evaluation process can be
briefly described as follows: The x and y of a term are evaiuatgd

separatelyﬁby'taking on the values oﬁ the x and y of the collocation point

*and self-multiplying as many times as indicated by the x and y powers

v ]

-
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of that term which gre used as do-loop indices. The evalu#ted values
of the x and y are then multiplied together with the constant associlated
with that term and the final result added to th;t of the previous.terms.
Sugh a procedure is cpntinued until all the terms in the polynomial

are exhausted. )

¢ r

-

The input informations required for these programmes'are the |
number of collocation points to be used, thé number of terms.in the
functions g and £, and.the constant, powers of x and. ¥y associatéd with .
each term in these two functions. These input data can be precisely
prepared with a minimum'of human effort, and thus{ a. solution Be
obtaiﬂed with the léaét of human errors. Whéreas if performed ganually,
such operations as expénsion, différentiation_and evaluation of l e
polynomials are genexally very time'consqming and error prone.

To guard against round-off errors, double precision arithyet%c
is emplo&ed for all the“operations in these programmes. The following '
is a'b;ief description of the function §f the subrputines:

EXPAND . Expand the polynomials prior to differentiatien.

DIFF : Perform partial differentiation on the polynomials.

POINTS : Set up:the colloca£ion points. ‘

'ZERO : _Zero out the arrays ériorjfb any calculations. .

SETUPL : Set up the left hand §ide coeﬁf@cient.matrix. : {

SETUPR ¢, Seé up the r;;ht hand siée colwtin veétor. )

LSTSQR .Peréérm the least sguare operatioﬁs. . A ~\4' _ -
Az \-‘ . '
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MATINV :
MATMPY :

" "169 ?.

Add two matrix equations together. (For the second order
approximation, instead of 91mu1taneously generatlng 200
equations for the two differential equations, the collocation
least;equaxe procedure can be}applied separately to the
rwo differential equations and the resulting equations edded ‘
together pri?r to determining- the polynomial epefficientsi
a procedure whicﬁ yields identical results but would only
require an array of dimension 160 X 18 to ‘store the_numbers

as compafea to an array of dimension 200 X 18). -

Matrixfinversion routine.

Matrix multiplication routine. +
L]
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