
001
002
003
004
005
006
007
008
009
010
011
012
013
014
015
016
017
018
019
020
021
022
023
024
025
026
027
028
029
030
031
032
033
034
035
036
037
038
039
040
041
042
043
044
045
046

Springer Nature 2021 LATEX template

A State-of-the-Art Review on Topology and
Differential Geometry-Based Robotic Path
Planning—Part I: Planning Under Static

Constraints

Sindhu Radhakrishnan1 and Wail Gueaieb1*

1*School of Electrical Engineering and Computer Science,
University of Ottawa, 800 King Edward Avenue, Ottawa,

K1N 6N5, ON, Canada.

*Corresponding author(s). E-mail(s): wgueaieb@uottawa.ca;
Contributing authors: sradh006@uottawa.ca;

Abstract
Autonomous robotics has permeated several industrial, research and
consumer robotic applications, of which path planning is an impor-
tant component. The path planning algorithm of choice is influenced
by the application at hand and the history of algorithms used for such
applications. The latter is dependent on an extensive conglomeration
and classification of path planning literature, which is what this work
focuses on. Specifically, we accomplish the following: typical classifica-
tions of path planning algorithms are provided. Such classifications rely
on differences in knowledge of the environment (known/unknown), robot
(model-specific/generic), and constraints (static/dynamic). This classifi-
cation however, is not comprehensive. Thus, as a resolution, we propose
a detailed taxonomy based on a fundamental parameter of the space,
i.e. its ability to be characterized as a set of disjoint or connected points.
We show that this taxonomy encompasses important attributes of path
planning problems, such as connectivity and partitioning of spaces. Con-
sequently, path planning spaces in robotics may be viewed as simply a
set of points, or as manifolds. The former can further be divided into
unpartitioned and partitioned spaces, of which the former uses variants of
sampling algorithms, optimization algorithms, model predictive controls,
and evolutionary algorithms, while the latter uses cell decomposition and
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2 Abbreviations

graph traversal, and sampling-based optimization techniques.This arti-
cle achieves the following two goals: The first is the introduction of an
all-encompassing taxonomy of robotic path planning. The second is to
streamline the migration of path planning work from disciplines such as
mathematics and computer vision to robotics, into one comprehensive
survey. Thus, the main contribution of this work is the review of works for
static constraints that fall under the proposed taxonomy, i.e., specifically
under topology and manifold-based methods. Additionally, further tax-
onomy is introduced for manifold-based path planning, based on incre-
mental construction or one-step explicit parametrization of the space.

Keywords: Path planning, Robotics, Manifolds, Topology

Abbreviations
APF Artificial Potential Field
CCM Closed Chain Manipulator
CDGT Cell Decomposition and Graph Traversal
DOF Degrees Of Freedom
DTD Dynamic Topology Detector
EA Evolutionary Algorithm
EE End-Effector
GVD Generalized Voronoi Diagram
MBM Model Based Methods
MPC Model Predictive Control
NF Navigation Functions
OA Optimization Algorithm
OCM Open Chain Manipulator
PDR Path Deformation Roadmap
PPP Path Planning Problem
PPS Path Planning Space
PRM Probabilistic Road Map
RRT Rapidly exploring Random Tree
SA Sampling Algorithm
SO Special Orthogonal Group
VG Visbility Graph

List of Latin Symbols
C Configuration space
Cfree Configuration space free of constraints/obstacles
ffwd Mapping defining forward kinematics
finv Mapping defining inverse kinematics
P Path planning space
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Pconstraint ≡ Pmechanical limits ∪ Pno-go-zones ∪ Pobstacles ∪ Psingularities Space
corresponding to all constraints

Pfree ≡ P \ Pconstraint Constraint-free Space
p ∈ P A point in P
W Workspace

1 Introduction
Planning a path for a robot to follow is an integral component of a paramount
importance in any robotic application. The choice of a path planning algorithm
is made based on some general requirements and others that are application-
specific. An example is that of an automation chain in a factory or a semi/fully-
autonomous warehouse. Here, robots have to be aware of their surroundings
and must meet real-time constraints to interact with humans within their
working environment while avoiding collisions with them and any obstacles
that may be on the way such as other autonomous robots, for instance [1].
Such requirements require sifting through the vast path planning literature,
and result in a subset of algorithms best suited for the application. Choosing
an algorithm based on such requirements involves studying the classification
of path planning approaches.

This work is the first in a series of two articles that comprehensively explore
path planning algorithms that are centered around topology and differential
geometry-based methods. Tackling the problem from this perspective distin-
guishes our survey from previous works and makes it unique. This paper
focuses on path planning techniques under static constraints, while the second
article in the series [2] covers techniques that are more suitable for dynamic
constraints. In this work, we propose that path planning algorithms be classi-
fied based on the nature of the Path Planning Space (PPS). We do so, by first
briefly discussing the taxonomies most commonly seen in literature. Since the
demerits of existing taxonomies preclude the analysis of the nature of the PPS,
we propose a classification that remedies the demerits. The proposed classi-
fication is general and encompasses all other traditional classifications, as it
is based on the nature of the path planning space. Subsequently, it segments
the literature into two main categories: set of points and topology/manifolds-
based approaches. Then, we provide a comprehensive literature review of those
path planning algorithms building on concepts from topology/manifolds. The
aim of this article is to provide a comprehensive literature review of only those
path planning algorithms that utilize notions of topology and manifold theory.
This effort aims to minimize the gap in robotics literature pertaining to such
a specific review of works in the area.

The three common taxonomies that divide the path planning literature are
as follows. The first category classifies approaches based on whether or not the
path planning environment is known apriori. Known environments can exploit
approaches such as graphs, occupancy grids and any Cell Decomposition and
Graph Traversal (CDGT) techniques [3–12]. Unknown environments can rely



139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184

Springer Nature 2021 LATEX template

4 List of Latin Symbols

on Sampling Algorithms (SAs), such as Probabilistic Road Maps (PRMs) [13–
21], Rapidly exploring Random Trees (RRTs) [6–9, 13, 14, 16, 22–28], and other
variants of both. Path planning algorithms generally consist of two tasks. The
first is generating a path segment towards the goal and the second is evaluation
of the path segment for collision avoidance. The second category distinguishes
algorithms based on which of the two tasks is optimized for path metrics. For
example, Model Predictive Control (MPC) methods produce paths that are
compatible with specific robot models and then evaluate the produced paths
for collision [29–37]. Contrarily, force field methods, such as Artificial Poten-
tial Fields (APFs) [37–44] and Navigation Functionss (NFs) [45–50] focus on
producing collision-free paths, which can later be processed for the robot mod-
els’ configuration and workspaces. The third classification separates algorithms
based on their ability to avoid static or dynamic constraints. Avoiding static
constraints can be viewed as planning with knowledge of constraints, so it is
deliberate collision avoidance. On the other hand, impromptu encounters of
unknown static or dynamic constraints prompts the algorithm to reactively
avoid them. Usually, this classification consists of variants of algorithms belong-
ing to the first two categories. The classifications may be viewed pictorially in
Fig. 1. Clearly, all classifications may share some algorithms, while also pos-
sessing some variants that are unique to the classification. The aforementioned
distinctions in categories enable the choice of a suitable path planning algo-
rithm for a specific application. However, viewing the Path Planning Problem
(PPP) via the three categories has its advantages and disadvantages, which
are now discussed.

Path Planning Algorithms

Static or 
Dynamic 

Constraints

Choice of Path 
Metric

Known or 
Unknown 

Environments

Known: Graphs, 
CDGT, Occupancy 

Grids 

Unknown: PRM, 
RRT, APF, 

Evolutionary 
Algorithms 

Robot Specific 
Paths: MPC 

Variants 

Obstacle 
Avoidance: APF, 
NF, Evolutionary 

Algorithms 

Fig. 1: Three common taxonomies in path panning literature
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The three categories enable one to look at the PPP via different resource
lenses. One may choose a suitable path planner based on the abundance or
dearth of map information, or the precedence of robot specific path segments
over the fastest collision avoidance path. However, the classifications still share
a significant overlap of approaches, while missing an important branch of path
planning literature. To minimize the overlap and make the classification more
intuitive from the grassroots level, we propose a classification based on the
nature of the PPS. That is, the PPS may be categorized as: (i) not having
an explicit mathematical structure, such as a set of points, or (ii) possessing
a mathematical structure of smoothness, such as manifolds. Now, using this
taxonomy, the path planning literature can be seen to consist of approaches,
such as SAs and Optimization Algorithms (OAs) for the former, and manifold-
based methods for the latter. This taxonomy is seen in Fig. 2. Following such
taxonomy then, one can easily insert the original three classifications under the
respective division of point-set or manifold-based methods, if such a detailed
branch structure is desired.

Set of Points 

Variants of PRM, 
RRT, APF, NF, MPC, 
and Evolutionary 
Algorithms

Variants of CDGT, 
SA and OA for 
polytopes / grids / 
graphs

Adaptation of "Set of 
Points" based 
techniques (Block A) 
to parameterization of 
manifolds

Higher dimensional 
continuation 
methods

Unpartitioned 
Space

Partitioned 
Space

Parameterized 
Manifolds

Chart
 Manifolds

Manifolds 

Nature of Plath Planning Space

Plath Planning Algorithms

Block A

Fig. 2: Taxonomy based on the nature of the PPS

In this article, a comprehensive literature review of path planning algo-
rithms in the manifold-based methods is provided. To establish context for
work related to manifold based methods, a brief introduction to the algorithms
pertaining to the point-set based PPS is provided in Section 2. Following this,
Section 3 provides a precinct for manifold-based methods. These methods can
further be categorized into two: path planning methods on parametrizations
of manifolds as seen in Section 4 and path planning on manifolds that can be
charted, as seen in Section 5. Finally, Section 6 concludes the literature review.
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2 Planning on Point Set-Based Path Planning
Space

The most fundamental representation of a path planning environment is by
representing it as a union of all possible points that constitute the PPS. A
PPS can be any space used in the path search, such as the configuration space
C, the workspace W, joint velocity space, End-Effector (EE) velocity space,
joint torque space, and EE force space, etc.. The point-set representation of
the PPS is defined as follows. Denote a point in an 𝑛-dimensional Euclidean
space R𝑛 as p, where p =

[
𝑝1 𝑝2 · · · 𝑝𝑛

]𝑇 . Define the span for each component
of p as follows: 𝑝𝑖 ∈ [𝑝min

𝑖
, 𝑝max

𝑖
] = 𝑝

span
𝑖

, where 𝑖 = 1 : 𝑛. Now, define the PPS
P ⊂ R𝑛 as follows: P= pall =

∏𝑛
𝑖=1 𝑝

span
𝑖

. Thus, P as defined here, constitutes
the point-set representation of the PPS. For the purposes of generality, the
notation of P is used to denote any PPS.

A PPP needs to represent the region occupied by the robot, the con-
straint region consisting of obstacles, no-go zones and singularities, and the
constraint-free region. The point-set representation allows two definitions of
space: (i) un-partitioned and (ii) partitioned space. The former is a collection
of disjoint discrete points with no explicit boundary association. The latter
however, is a collection of discrete points satisfying explicit span or bounds.
Examples of the former include the robot’s pose at a given time, constraints
such as robot singularities, obstacles and no-go zones. Examples of the lat-
ter include characterizing constraints using boundaries to enclose the point-set
representing the constraints.

Unpartitioned spaces facilitate sampling algorithms, such as PRM and
RRT-based variants, and OAs, such as APF, MPC, and Evolutionary Algo-
rithm (EA) based approaches. Partitioned spaces on the other hand, enable
region characterization as polytopes. That is, they are still a union of dis-
crete points, however, connectivity relationships are satisfied at least for points
on the boundaries of polytopes. A partitioned space facilitates a variety of
approaches, including CDGT and sampling based OAs. It is in fact, common
to notice a combination of such approaches and spaces to specifically suit the
application. Since the focus of this article is manifold-based methods, the lit-
erature review pertaining to point-set based methods will not be elaborated
much here. Instead, one may refer to Fig. 2 for a quick introduction to com-
mon methods associated with point-set approaches and to the following for an
in-depth understanding:

• SAs [3–10, 13–28, 50–67], such as PRM- and RRT-based algorithms.
• OAs, such as APF in [33, 38–44, 68–70], MPC in [33] (OA-based) and [29–

32, 34–37], EAs in [71–74], and NF in [50] (SA-based) and [45–49, 75].
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3 Planning on Manifold-Based Path Planning
Space

This section focuses on approaches that plan paths in spaces with an under-
lying structure. Such spaces contain points whose relationship to each other
is defined by imposed characteristics. They include satisfying a system of
equations, obeying laws of smoothness and adhering to a certain metric. One of
the most obvious, intuitive characteristics of such spaces is that they are locally
Euclidean, but not necessarily globally so (although they can be both). Such
spaces are called manifolds. The advantage of formulating paths on manifolds
is in utilizing the natural structure of the robotic workspace. This is especially
of use when the resulting manifold of the configuration or workspace is free of
constraints. Then, the path planning can proceed on the natural structure of
manifold without having to repeatedly evaluate points in the space for con-
straint violation. Path planning on globally Euclidean spaces, such as planes,
and globally non-Euclidean surfaces, such as manifolds, still aim to find an
optimal path in their respective spaces. If the optimization is solely based on
the path length, for example, then the shortest path in the former is a straight
line as seen in Fig. 3. Its equivalent in the latter however, is called a geodesic
as seen in Fig. 4. Informally, geodesics are the “straight lines” of manifolds,
but appear non-straight since they adhere to the underlying curvature of the
surface. Path planning between a source and a target configuration on curved
surfaces therefore involves determining the geodesic, parts of it, or discrete
approximations of either.

Source 1

Target 1Shortest path is a 
straight line.

Globally 
Euclidean 

Space

Source 2
Target 2

Fig. 3: A globally Euclidean space, such as a plane, where the shortest path
between any two points is always a straight line.

Constructing geodesics requires knowledge of the manifold’s represen-
tation. The difficulty lies in representing or characterizing the manifold.
While some variants or shapes of manifolds exist that are represented using
global parametrizations, others are seldom easily characterized by a global
parametrization. The approaches to path planning therefore bifurcate into
two main groups: the first group adapts methods used in the point-set space
(such as SAs, APFs and CDGTs) to familiar manifolds. The second group
incrementally builds charts or local representations of the unknown mani-
fold to eventually build a global representation. Some planners simultaneously
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Source 1

Target 1 Source 2

Target 2

Geodesic

Geodesic

Globally 
non-Euclidean
Space

Fig. 4: A globally Non-Euclidean space, such as a Genus-1 Torus, where the
shortest path between any two points is a geodesic.

attempt to search the built surface for a path. Others find paths after the
manifold construction process. Sections 4 and 5 discuss the first and second
groups, respectively.

4 Parametrization of manifolds
Point-sets in the workspace are often a union of points representing the con-
straints and those that represent the constraint free space, as seen in Fig. 5.
It is from these point-sets that the surface denoting the constraint space
Pconstraint or the constraint-free space Pfree is extracted mathematically. That
is, the point-set is partitioned into Pconstraint and Pfree by employing systems
of equations to construct surfaces from those regions. This can be espe-
cially challenging when both sets may not be compatible mathematically. The
challenging nature of the problem led early researchers to approximate the
PPS analytically in Section 4.1, geometrically in Section 4.2, numerically in
Section 4.3, and graphically in Section 4.4. One may refer to Table 1 for a
tabulated version of the works in this section.

Table 1: Overview of manifold based methods—Parametrization of manifolds

Parametriza- Topological Numerical
tion method OA CDGT APF SA EA tools MBM tools

Analytical [76, 77] - [45, 78] - - - [79–82] -
approximation

Geometric [83] [84] [67, 85] - - - - -
approximation

Numerical [86, 87] - [11] - - - - [77, 88, 89]
approximation

Graphical [12, 89, 90] [91] [92] [93] [94] [95] - -
approximation
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Pconstraint

 
(singularity)

Pconstraint

(obstacle)

Pconstraint

 
(no-go zone)

Pfree= P - Pconstraint

P

Fig. 5: Breakdown of PPS P into Pconstraint and Pfree

4.1 Analytical Approximation of Path Planning Space
Analytical approximations of the PPS or its subsets rely on the characteriza-
tion of the constraint and constraint-free spaces. However, it is challenging to
do so because of two main reasons: the first deals with the availability of con-
straint information. The second involves a choice in characterizing the PPS.
Both factors are now explained. First, information about the constraints must
be available, since they help define the constraint-free space. Constraints can
be any combination of several types: mechanical, kinematic, singularities, spa-
cial obstacles, and no-go zones, as seen in Fig. 5. Since the constraints may be
scattered across the path planning input and output spaces, the native space
(input/output) of the constraints must first be accounted for. Then, one can
define a constraint-free input/output space. However, the definition of a con-
straint space is still incomplete. All constraints must be accounted for in at
least one of the path planning spaces for an unambiguous definition of the
constraint space. This is done via a deliberate mapping between the input and
output space. Now, one has a clear definition and choice of a constraint-free
space, because the constraint-free property is now equivalent/transformable in
the input and output spaces.

This section discusses path planning approaches taken to plan paths on
analytical approximations of the PPS or its subsets as follows: Model Based
Methods (MBM) in Section 4.1.1, OAs in Section 4.1.2, and force fields in
Section 4.1.3.

4.1.1 Model-Based Methods

MBM rely on the knowledge of the PPS and/or that of the robot used.
Attributes defining the former or latter are then used for path planning. The
most fundamental approach that attempts this can be seen as early as 1983,
where authors of [79] explored mapping the constraint space into the admissible
configuration space. Although not explicitly defined as manifolds or geodesics,
this paper is probably the earliest work on the projection of the constraint
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space into the admissible configuration space. The authors of [79] then find
upper and lower bounds for the projected constraint space, and find paths in
so called freeways, which are constraint-free regions represented by primary
motions, such as a translation along a fixed axis.

Control theorists were familiar with the concepts of systems of equations
defining surfaces, i.e., vector fields representing curvature and thus directions
of motion leading to integral curves. Integral curves could then be viewed as
feasible paths that the system could take. In the field of robotic path plan-
ning however, that was not the case. Authors of [80] were some of the early
researchers who introduced the same concepts for path planning. They use
kinematic constraints to come up with the structure of the manifold and the
subsequent variety of paths resulting from such a structure. The work focuses
on formulating the structure of the surface and move away from point-set
based methods. This step is the precursor to constructing geodesics. By show-
ing that vector fields already account for kinematic constraints, they show that
the surface being operated on is free of kinematic constraints.

Paths on this kinematic constraint-free surface, then simply need to be
checked for intersections with the obstacle region’s boundary. Thus, feasi-
ble paths incorporate both kinematic and obstacle constraints. Since there
may exist multiple feasible paths, a cost or metric is chosen for optimality.
Authors of [80] choose the Riemannian metric, where-from one can compute
the geodesics of that metric. Geodesics are paths corresponding to “straight
lines” in the metric space. However, unlike straight lines, geodesics are not
always feasible paths. In order to be so, they need to be in the total flow of the
vector fields of control. In general, and especially for non-holonomic problems,
no such situation exists. In that case, the geodesics are approximated by pieces
of flow lines of the field. The discretization procedure of geodesics computation
was accomplished by using the cost wave propagation algorithm [80].

Properties of homeomorphism and diffeomorphism (both rely on continu-
ity) are intertwined with analytical approximations of the PPS. So clearly,
continuity is an important aspect of the complexity of path planning, and more
so on manifolds. In [81], Farber illustrates precisely this, i.e., the notion of
topological complexity of the motion planning problem. The topological com-
plexity is a number that measures discontinuity of the motion planning process
in the configuration space. Farber establishes an upper and lower bound for
the topological complexity as a function of the dimension of the configuration
space. Farber uses examples of two-dimensional surfaces such as spheres, prod-
ucts of spheres, etc., which arguably form the most commonly seen manifolds
in a systematic W or C derivation.

A specific extension to robotics is seen in the example where the topological
complexity of the motion planning problem for a robot arm in a configuration
space without obstacles is computed. The idea presented in [81] is of impor-
tance, because it is able to present a mathematical measure of what surfaces
are viable for motion planning. Such a measure is useful if and when there
exists a choice of path planning surfaces.
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Alternatively, one could approach the problem of designing paths around
obstacles by both extracting and imposing topological information on the path
planning algorithm. Authors of [82] show that the topological complexity, as
previously seen in [81], can be extended to smooth compact Riemannian man-
ifolds (manifolds equipped with a smooth metric). This accounts for motion
planners that aim to construct paths with the lowest possible lengths. It also
shows that the topological complexity of motion planners on supposedly more
restrictive Riemannian manifolds only differs by a factor of 1. This is impor-
tant to note since Riemannian manifolds admit smooth paths and their metric
allows definitions of angles at intersections, curvature, area and volume, etc.,
which are useful in path planning applications. The PPS, as considered in [82],
can then be considered as a space of continuous paths or motions that the
robotic system can take.

4.1.2 Optimization Based Methods

In this section, metric/s are optimized on the analytical approximation of the
PPS to generate a path. Trinkle and Milgram of [76] tackle path planning on
the singularity-free workspace for a planar closed chain spherical manipulator.
They determine W, C, and the singular sets in either space analytically, by
approximating the Closed Chain Manipulator (CCM) as an equivalent Open
Chain Manipulator (OCM). The OCM’s fixed joint EE is equivalent to the
CCM’s first and last fixed joints.

The following steps are taken to determine W, C, and the singular sets.
First, it can be seen that the C of the OCM is a product of the Special Orthog-
onal Group (SO) and the EE of this open chain is free to map anywhere inside
the annular workspace W. Second, they determine the complete C correspond-
ing to the forward kinematics’ image space Im

{
ffwd} = 𝑉 . This image 𝑉 takes

the form of either a closed ball or an annulus, and lies in W. Subsequently,
the inverse location of the removed joint 𝑒 is obtained using finv (𝑒), as a spe-
cial case. In this case, the singular points of ffwd are disjoint spheres in C.
This completes defining the singular sets of the CCM and the singularity-free
space of the CCM in C, all of which are some variants of SO, thus resulting in
manifolds.

Next, the image of the singular set decomposes 𝑉 ∈ W into connected
regions, which are open annuli centered at the base of the open chain. Since
the singular set in C consists of disjoint spheres (i.e., compact), the map ffwd

restricted to the inverse image of each open region in the annuli in W, is a
closed compact manifold (sphere) in C. Consequently, the inverse images for
any two points in one of these regions are at least locally diffeomorphic. Now,
the problem reduces to two basic steps: first, find the inverse image in one of
these regions; and, second, understand how the image changes when passed
through the image of a singular point.

Standard methods of differential topology and algebraic geometry aid in
determining how the global structure of the space finv changes as one passes
through the image of the singular points. The structure and the number of
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connected components in the inverse image provides the solution to the path
existence problem. That is, a path from qstart to qgoal exists only if qstart

and qgoal are in the same path component in finv. Further information about
the global structure of finv gives insight on how to construct efficient paths
consisting of long geodesic segments. They use accordion moves to generate
such paths. Accordion moves are so termed, since they optimize the number
and selection of joints that remain fixed and actuated, based on the analytical
approximation of the PPS. It is this optimization that achieves path planning.
The authors of [76] extend their work in [77] for star shaped planar manipu-
lators. They establish global connectivity by using cell decomposition of the
analytically derived workspace and configuration space. They then device a
complete polynomial algorithm for motion planning.

4.1.3 Force Fields

APF are powerful concepts as attractors toward the goal configurations, how-
ever cannot be directly adapted to curved surfaces, because of the fundamental
difference in the nature of curved and planar surfaces. As an adaptation of the
APF, Koditschek and Rimon of [45] pioneered path planning by formulating
an equivalent global attractor function on manifolds. Their work was based on
analytic manifolds with a boundary and the attractor functions were referred
to as NFs. NFs are extensions of APF in point sets to manifolds, specifically in
a sphere world. A sphere world is a compact connected subset whose boundary
is formed by the disjoint union of a finite number of spheres. It follows that
there is one large sphere which bounds the workspace, and smaller spheres
which bound the obstacles. The free space Pfree is obtained after removing all
the smaller sphere-bounded obstacles from the bigger encompassing sphere-
bounded space. Koditschek and Rimon show that using non-degenerate vector
fields (isomorphic or structure preserving vector fields) that are transverse on
the boundary of the free workspace, does not provide a globally attracting
equilibrium state. This is because a smooth vector field on any sphere world
which has a unique attractor, must have at least as many saddles as there are
obstacles.

Thus, a globally attracting equilibrium state is topologically impossi-
ble [45]. The presence of such saddles or local minima is typical of what is
experienced in APF in point sets. As a solution instead, Koditschek and Rimon
of [45] impose further restrictions on the obstacle free workspace. They do so
by defining it as a compact connected analytic manifold Pfree, that admits a
NF. A proper navigation function, as defined by Koditschek and Rimon in [45],
is one that satisfies being a composition of the three following functions:
• The first function is polar, almost everywhere Morse and analytic. That

is, it has a unique and global minimum at the goal, must have directions
where the function increases in value and can be locally approximated by a
convergent power series, respectively.
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• The second function is a diffeomorphism. That is, it is continuous and differ-
entiable (smooth) on the path to the goal in the connected set, and uniformly
maximal on the boundaries.

• The third function addresses the target point.
The NF therefore is posed to look ideal in that it is of maximum value at the
boundary of the obstacle, directed away from the boundary and towards the
workspace with a minimum at the goal. The first function enables a natural
sinkhole towards the unique minimum, which is towards the goal. The second
function is a diffeomorphism to limit the output range, resulting in a polar,
admissible, and analytic function which is non-degenerate everywhere on Pfree

except the target point in Pfree. The third function caters towards the desired
target point. The authors point out that analytic NF are harder to construct,
but once defined, yield a provably correct control algorithm. Unquestionably,
real world scenes do not often admit even a smooth, much less an analytic rep-
resentation, and extending the approach beyond the class of a ball of obstacles
may require relaxation of some constraints [45]. Tanner and Kumar of [78] also
use NF in the context of multi-agent robotics to avoid local minima.

4.2 Geometric approximation of Path Planning Space
As opposed to analytical approximations of the spaces associated with the
PPS, some algorithms use geometric methods to perform the task. Such tech-
niques usually characterize a subset of the constraint-free space. Naturally, it
does not provide a complete characterization, but it attempts to simplify the
process. Path planning methods include force fields in Section 4.2.1, heuristic
methods in Section 4.2.2 and optimization methods in Section 4.2.3.

4.2.1 Force Fields

Similar to potential or energy based OA, [85] performs path planning based
on topology and thermal conduction. It identifies the source and target con-
figurations of the robot as the heat source and sink of a conducting plate,
respectively. Then, the PPP is formulated as a topology optimization prob-
lem that minimizes thermal compliance. Obstacles are modelled as regions of
zero-conductivity or varying non-uniform levels depending on the application.
Analogous to an APF, this technique uses artificial mass. The formulation of
the problem makes obstacle regions less conducive to move towards and may
be viewed as an indirect way of extracting the manifold (without any formal
characterization) of the obstacle-free space. Yet another attempt to capture
the constraint-free space is seen in [67]. Here, the concept of reachable volumes
is derived by computing the union of points that result from the reachable
confines of the joints’ extremities.

4.2.2 Heuristics

Capturing global connectedness is a complex task. In an attempt to simplify
the solution, Roy of [83], formulates a subset of the configuration manifold by
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breaking the C of a high Degrees Of Freedom (DOF) robot into smaller parts.
Every joint’s C is treated as a plane, and so are obstacles. The intersection of
the joint space planes and obstacles result in sets (points, lines, circles, etc.),
for which a C map is computed. The final set of the collision areas are the
union of all those sets of computed C maps. A visibility map-based heuristic
algorithm is used to generate near-optimal safe path in the formulated subset
of the manifold.

4.2.3 Graphical Optimization

Authors of [84] explore the possibility of capturing topological information
in an environment where the robot can sense obstacles as point clouds. The
authors propose a method to define convex corridors that specify free space
and provide linear constraints required to find the optimal trajectory for polyg-
onal robots in cluttered environments. Obstacles sensed are represented by
point clouds, and by using a point-wise Minkowski sum, the occupied regions
are defined for every orientation of the robot. An initial seed path is generated
using a graph/sampling based planner. Subsequently, the algorithm uses obsta-
cle points to define hyperplanes, which in turn define polytopes that enclose
the chords of the seed path. Since the polytopes that enclose the chords of
the path can overlap, the inherent overlap produces a chain of overlapping
polytopes, and hence convex regions.

These convex regions now form an approximated representation of the
obstacle free space. The initial seed path can then be optimized for velocity
using quadratic programming, resulting in smooth, short trajectories, or any
higher desired derivative the selection of which is driven by robot dynamics,
kinematics, or power constraints. This approach lends itself to the advantage
of constructing adaptable polytopes to maximize the free workspace represen-
tation. Additionally, it can be scaled to several obstacles; however it is not
without its disadvantages. Without prior knowledge of the arrangement of
obstacles and the seed path, choosing obstacle points for polytope creation
could be challenging. A naive approach is to rank the obstacle points for each
chord. This can become computationally intensive depending on the number
of obstacles points [84].

4.3 Numerical Approximation of Path Planning Space
The PPS or a subset of it may be represented using numerical approximations.
Such representations may be the result of geometric, analytical and point-set
approximations, which are not sufficient enough to represent the environment.
The numerical combination may help in imposing structure. The path planning
methods that operate on such representations are discussed in this section.
Section 4.3.1, Section 4.3.2 and Section 4.3.3 discuss methods using force fields,
optimization and numerical algorithms for path planning.
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4.3.1 Force Fields

As the topological nature of PPS became more apparent, efforts to combine the
benefits of topology while not being mathematically intensive began to appear.
Take for example [11], where the authors recognized the need to account for
environmental topology such as terrain curvature. However, they leverage tools
such as Generalized Voronoi Diagram (GVD), Visbility Graph (VG) and APF
that are typical of discrete data sets representing the environment. The study
in [11] is an important example that shows the gradual transition from planning
paths in point set representative environments, to requiring the imposition of
structure to define the environment, albeit using small steps. Masehian and
Amin-Naseri of [11] demonstrate the effectiveness of combining GVD, VG,
APF and maximal inscribed discs to produce an obstacle-free configuration
space. The assumptions include a point robot in a two-dimensional space,
where the environment with static obstacles is known apriori.

4.3.2 Optimization

Olmstead and Yang of [86] take an alternative view to using geodesics for
robotic path planning. Unlike the approach that uses manifolds to model the
environment as seen in [11, 45, 76, 80, 81], the authors of [86] model the
obstacle as a manifold instead. Typically, the shortest path from the source to
the target configurations in a planar environment is a straight line connecting
the two configurations. However, with the presence of an obstacle, the straight
line path may not be feasible anymore. In an effort to minimize the deviation
of the original path, the segment of the path around the obstacle must be
such that it is, at least locally, the shortest path. In other words, it must be a
geodesic.

To compute a geodesic around the obstacle, the obstacle must be a surface
that is complete, convex and edge-free. Since obstacles need not comply with
such requirements on their own, authors of [86] model an ellipsoid around the
obstacle (similar to elliptical potential functions used to model repulsive APF
around obstacles by [39]). An illustration of such a path around a spherical
manifold enveloping an obstacle is seen in Fig. 6. Subsequently, geodesics on the
surface of the ellipsoid model of the obstacle can be computed mathematically.
The authors compute the discrete geodesic around the obstacle and append
it to the remaining points that make up the path. Mathematical computation
is involved since geodesics require some constants (Christoffel Symbols) to be
computed.

In [87], the authors investigate path planning algorithms that are based
on level set methods, which reflect the underlying mathematical structure of
the space. These are for applications in which the environment is static, but
where an apriori map is inaccurate and the environment is sensed in real-time.
As the authors mention, the principal contribution is not a new path planning
algorithm, but rather a formal analysis of path planning algorithms based on
level set methods [87].
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Approaches of this kind, i.e., formal and mathematically complete anal-
ysis as seen in [87, 96], even in seemingly simple environments is what will
aim to provide a representation as close to the actual environment as possible.
Computational costs when planning paths with level set methods are associ-
ated with the creation of the level set function. Once the level set function is
computed, the optimal path is obtained by performing gradient descent down
the level set function. The approach in [87] rests on the formal analysis of
how the value of the level set function varies, when the changes in the envi-
ronment are detected. The authors show that in many practical cases, only
a small domain of the level set function needs to be re-computed when the
environment changes [87].

Obstacle

Source

Via-point

Goal

Avoidance 
Path

Fig. 6: Path around spherical manifold based obstacle

4.3.3 Numerical Path planning

As an extension to the work done in [76], Shvalb et al. [77] examine the global
connectivity of the planar star-shaped manipulators, for efficient path plan-
ning. The authors determine the topological complexity of C similar to [76].
Through the analysis of the critical set of C, the authors derive necessary and
sufficient conditions for the global connectivity of C, and those for path exis-
tence. Based on these results, a complete polynomial algorithm is devised for
motion planning [77].

Although the focus of [88] is optimizing multi-robot coverage of a region,
the approach that the authors develop is for a non-Euclidean space. Specifi-
cally, they adapt Lloyd’s algorithm (discrete-time cost-functional minimizing)
algorithm originally meant for Euclidean surfaces, to a typical PPS. That is,
the PPS considered is a manifold punctured (absence of region) where obsta-
cles would be located. They are able to demonstrate uniform coverage of the
path planning manifold with a hole by multiple robots by reducing it to a
discrete graph. The algorithm was shown to be effective in the case where
multiple robots achieved uniform coverage on a two-sphere and in an indoor
environment with walls and obstacles. Such work is essential in showing that
mathematically intensive formulations can be approximated for computation
purposes, while not compromising on the topological representation of the
environment.
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Complete reliance on geodesics for 3D robotic path planning is seen by Wu
et al. [89]. They compute paths on a non-flat surface, such as a parameterized
regular surface, using geodesics. The authors assume a simple parameterized
surface for simulation purposes and compute discretized geodesics to show
its efficiency for path planning purposes. Since the computed geodesic from
the source to the target configuration has to be discretized for computational
purposes, there exists a number of discretization intervals to choose from.
To evaluate the choice of discrete geodesics with appropriate intervals, the
criteria of minimized cost of geodesics is used. Geodesics locally minimize the
arc length [89] between points that are sufficiently close. Therefore, a geodesic
connecting source and target configurations that are not sufficiently close are
comprised of geodesic segments between intermediate configurations. As the
number of intermediate configurations tends to infinity, the discretized geodesic
will approach the true geodesic between the start and target points. For a given
source configuration therefore, the authors use potential fields to determine
the next suitable robot configuration such that it complies with the geodesic
equation and possesses the minimum cost, i.e least deviation from the true
geodesic.

4.4 Cell/Graph Based Approximation of the Path
Planning Space

Some algorithms portray a subset or all of their PPS (overall a manifold) as
a cell/graph based representation. This section discusses the different path
planning approaches in such environments. Note that some algorithms do
not explicitly discuss manifolds, but utilize tools that can be used on mani-
folds. They are also discussed here. Section 4.4.1, Section 4.4.2, Section 4.4.3,
Section 4.4.4 and Section 4.4.5 discuss path planning algorithms that utilize
optimization, graph traversal, force fields, sampling and evolutionary based
principles for path planning.

4.4.1 Heuristic/Optimization Methods

Similar to [11], the work in [12] also relies on grid-based GVD to find paths.
Incrementally constructed GVD in the scope of robotics are used to extract the
underlying metric skeletons of grids. The result is typically a graph structure
with vertices and edges representing the connectivity of the space. However,
the resulting structure contains no topological information about the environ-
ment, thus making it difficult to combine with path planners that need more
heuristic information, such as terrain change and elevation about the PPS.
Authors of [12] introduce a new algorithm called Dynamic Topology Detec-
tor (DTD) that combines GVD with discrete grid-based occupancy maps. The
DTD then modifies the GVD stages to account for topological information.
For instance, when a cell is marked as occupied instead of free, the authors
introduce operations that allow for elevated or depressed scanning. That is,
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the occupancy grid along with the voronoi cells now store information that is
specific to the elevation.

Along with retaining connectivity amongst nodes, DTD’s topological infor-
mation enable obstacle and terrain structures to be incrementally updated.
Since DTD works incrementally, it is possible to use it in dynamic environ-
ments. One must note that works such as [11, 12], attempt to represent a subset
of the PPS. Since it is not a comprehensive solution, the risks of incompletely
representing the environment and possibly misinterpreting the true topolog-
ical nature based on simply what was sensed are high. Therefore, the use of
mathematical (topology and differential geometry) tools may provide a bet-
ter comprehensive foundation towards a topologically representative solution
of a path in its environment, as seen in much of the work in this section. This
approach may be restrictive across parameters, such as the kinds of surfaces
used, assumptions about apriori knowledge of the map, and computational
restrictions. However, such restrictions are what allow a foundational analy-
sis of the problem. Of course, there are several tools that can provide valid
approximation procedures that transcend such restrictions such as charting of
manifolds seen in Section 5.

Authors of [90] also model their path planning terrain as a manifold and
then compute geodesics as paths. Since geodesics imbibe the curvature of the
underlying space, they represent the shortest paths on the surface. The work
in [90] differs from that in [89], with respect to the presence of obstacles. While
the terrain assumes no obstacles in [89], it is not the case in [90]. Authors
of [90] assume an initial calculated geodesic between the desired source and
target configurations, for example, see Fig. 7. An encountered obstacle is char-
acterized by a circle with a certain radius. This circle is the projection of the
bounding volume (sphere) around the obstacle onto the manifold. The original
geodesic is now evaluated for any intersection with the characterized obstacle.
Intersections are handled as follows.

At the point of intersection, the algorithm computes the tangent plane
(restricted to a certain local range to preserve the structure of the manifold)
and picks a direction with magnitude on the tangent plane as the next move-
ment. This chosen line, along with its end points are projected on the manifold
to be connected as an intermediate segment to the original geodesic. However,
should this new segment still intersect with the obstacle, the algorithm can
pick yet another direction of motion from the tangent plane to proceed with.
One may be concerned about the computational resource/time used to cor-
rectly find the direction of motion away from the obstacle, since there exists an
infinite number of directions on the tangent plane to choose from. To assuage
that, the authors of [90] use the Gauss-Bonnet theorem and the geodesic tri-
angle to show that choosing either of the basis vectors of the tangent plane at
the point of intersection is sufficient. This is because, one of the two tangent
vectors is guaranteed to be collision-free; additionally, it is guaranteed to con-
form to the curvature of the manifold. The authors show such an example on
an ellipsoid representation of their PPS.
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2𝑔12(𝑢1, 𝑢2)𝑑𝑢1𝑑𝑢2+𝑔22(𝑢1, 𝑢2)𝑑𝑢22, where 𝑠 is the arc length.
In particular, 𝐿(𝛾) = 𝑑(𝑞init, 𝑞𝑡) = 𝛿 − 𝜀 𝑖𝑓 𝛾(𝑠) is a unit
speed curve parametrized by arc length). Any path 𝛾 ∈ C𝑞𝑡

𝑞init
satisfying 𝑑(𝑞init, 𝑞𝑡) = 𝐿(𝛾) is called a geodesic [24, 30–
32]. Using the calculus of variation for minimization of the
functional (5) of the length over all curves in the class of
C𝑞𝑡

𝑞init
with fixed endpoints on Riemannian manifold, the

two unknown coordinates 𝑢1(𝑠) and 𝑢2(𝑠) of geodesic satisfy
the geodesic differential equations in terms of Christoffel
symbols defined in Definition 2 [24, 30–32]:

𝑢󸀠󸀠1 + Γ111 (𝑢󸀠1)2 + 2Γ112𝑢󸀠1𝑢󸀠2 + Γ122 (𝑢󸀠2)2 = 0, (5)

𝑢󸀠󸀠2 + Γ211 (𝑢󸀠1)2 + 2Γ212𝑢󸀠1𝑢󸀠2 + Γ222 (𝑢󸀠2)2 = 0, (6)

with the boundary conditions at 𝑞init and 𝑞𝑡.The system of (5)
and (6) together with the boundary conditions is known as
the second-order differential equations of geodesics, whose
solutions are geodesics. The appearance of Christoffel sym-
bols in geodesic equations reflects the effect of geometry (e.g.,
curvature) of the terrain 𝑀 on the curve, geodesic in partic-
ular, on it (since the Christoffel symbols are zero in Cartesian
coordinate, it follows from the geodesic equations that the
shortest path is the straight line in Cartesian coordinate).
Denote the state by 𝑞𝑟 ∈ R2 anddenote the velocity by ]𝑟 ∈ R2

(and the speed is denoted as ]𝑟). Then, the geodesic equation
composed by the two second-order differential equations can
be rewritten as four first-order differential equations [33] by
defining

]𝑟𝑖 = 𝑑𝑢𝑖 (𝑠)
𝑑𝑠 , 𝑖 = 1, 2 (7)

and derivative of ]𝑟𝑖:

𝜎𝑖 = 𝑑]𝑟𝑖
𝑑𝑠 = −

2

∑
𝑗,𝑘=1

Γ𝑘𝑖𝑗 (𝑢1 (𝑠) , 𝑢2 (𝑠))
𝑑𝑢𝑗 (𝑠)

𝑑𝑠
𝑑𝑢𝑘 (𝑠)

𝑑𝑠 ,

𝑖 = 1, 2.
(8)

In terms of the robot state 𝑞𝑟, ]𝑟 = 𝑞󸀠𝑟, we obtain
𝑞󸀠𝑟𝑖 (𝑠) = ]𝑟𝑖, 𝑖 = 1, 2,

]󸀠𝑟𝑖 = 𝜎𝑖 = −
2

∑
𝑗,𝑘=1

Γ𝑘𝑖𝑗 (𝑢1 (𝑠) , 𝑢2 (𝑠))
𝑑𝑢𝑗 (𝑠)

𝑑𝑠
𝑑𝑢𝑘 (𝑠)

𝑑𝑠 ,

𝑖 = 1, 2,

(9)

where𝜎1,𝜎2 are the control inputs [30, 36]. Equation (9) is the
system of first-order differential equations (state equations)
for generating the route 𝛾 linking two distinct locations on
the manifold 𝑀, which is locally the shortest path (length-
minimizing geodesic) on 𝑀. Due to the geometric charac-
teristics of the geodesic derived from geodesic differential
equations, the geodesic is twice continuously differentiable.
Figure 2 shows an example of geodesic on a smooth surface
in E3.
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Figure 2: The geodesic from an initial position to a terminal
position on the terrain modelled as a hypersurface in E3.

3. Obstacle Avoidance

The introduction of obstacles into the terrain affects the area
that is local to the obstacle, called the hazardous region or
prohibited area. For example, the hazardous region could be
a no-fly area such as mountains, a risk-sensitive area such as
extreme weather locations, or guard zone for flight. If there
exists an obstacle on the way of the initial path, the robot
would be blocked from reaching the terminal point or may
be trapped or even destroyed, if the obstacle happens to be
a hole so that the mobile robot cannot move directly by
following the initial path to reach the terminal. To resolve
the collision, the obstacle representation and the obstacle
avoidance constraint should first be expressed. Meanwhile, a
newmethod of resolving collisions via geodesic replanning is
presented along with the terrain traversability analysis using
local Gauss-Bonnet Theorem.

3.1. Obstacle Recharacterization. Methods for describing the
obstacles on the terrain for numerical or analytical study
could be a signed distance function [23], a set of equalities
or inequalities, or a cluster of point clouds from real world
mapping data.The presence of obstacles causes many numer-
ical difficulties in computation of a reasonably good collision-
free path in an obstacle obstructing terrain, in addition to
a trade-off between the conflicting objectives of path length
minimization and obstacle avoidance. One aspect is that
collision detection of path-obstacle interaction caused by the
presence of obstacles consumes a large portion of computing
time [33] in planning a safe path. Thus, a commonly used
practical approach for reducing the computation that is also
employed in this paper is to use a simpler geometric shape,
called bounding volume, to enclose the obstacle. For the
current treatment, as illustrated in Figure 3, we assume that
the compact set Φ𝑂𝑖

could be modelled as a circle enclosing
the obstacle projected onto the terrain.

Suppose that there exists a finite number of (clusters of)
static obstacles 𝑂𝑖 which are assumed to be nonintersecting
and not containing the initial and the terminal location on
the terrain𝑀. Each𝑂𝑖 is finite size with its projection onto𝑀
enclosed by a connected setΦ𝑂𝑖

. It is used by the path planner
for safe robotmotion and riskminimization to avoid collision
or invasion of guard zone. We propose that the circle Φ𝑂𝑖

is
characterized by the radius as follows:

Fig. 7: An initial calculated geodesic between the source and target locations
on a hypersurface [90].

4.4.2 Graph Search

Bhattacharya approaches the problem of path planning in non-Euclidean
spaces differently in [91] and proves to be an interesting transition from man-
ifolds as seen so far, towards gradually discretizing them. The work proposes
the tasks of effectively building a non-Euclidean space and planning a path on
it using the Rips complex of graph based representations. Using the Rips com-
plex allows tremendous flexibility in defining connections between vertices and
also across faces, i.e., connections are no longer simply between neighbouring
vertices. The removal of such a restrictive connection and the imposition the
Rips complex, allows maximal simplices to traverse the graph of the manifold.
To build and estimate cost at the same time, the study in [91] proposes an algo-
rithm called S*, which is a descendant of the Dijkstra algorithm. S* works like
A*, however, the difference is that it operates on maximal simplices and con-
structs local embeddings of the identified maximal simplices to create a more
geometric representation of the manifold. The work in [91] is a crucial marker
of how discrete mathematical tools are essential to find a suitable approxi-
mation to the complex problem of representing the PPS accurately while still
adhering to their fundamentally mathematical nature.

4.4.3 Force Fields

Methods such as those used in [92] revert to attempt creating an approximate,
discrete topological map of the environment. They combine probabilistic path
planning and APF. The authors of [92] compute probabilities of reliability
to visible points and use the Floyd-Warshall algorithm to compute paths.
The algorithm uses APF to model obstacles and correspondingly update the
probabilities of the region and edges that constitute the path. Regions with
obstacles have their vertices updated with a low reliability score. Simulations
and real-world experiments show the generation of a reliable path. However,
the environment is planar and capturing the topology of the environment is
not clearly elaborated. The study in [11] shows another example where APF is
used in conjunction with GVD. The terrain of the path planning space contains
changes in elevation and curvature. Using obstacle features in a distributed grid
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form, a simple Voronoi diagram is constructed. This is eventually converted
to a GVD, which is pruned for edges extending into dead-end regions. The
pruned GVD provides an abstraction of the environment. Then, an obstacle-
free space is formed in the pruned GVD by centering scaled, maximal inscribed
discs that are centred on points of the pruned GVD. The resulting abstraction
now reflects the topology of the environment. The path planning phase uses
the visibility feature to track the target location and/or better paths towards
the target. The use of APFs in this case is to mark already traversed edges or
paths with higher potentials and to mark desirable visible paths to the goal
with lower potential. So, this work accomplishes capturing the topology of the
space with the combination of graphical methods and path planning with force
field based methods.

4.4.4 Sampling Algorithms

Connectivity is a property of manifolds that is inherent to its definition. It
is so, since if globally parameterized, every point on the manifold is related
to each other by virtue of the global parametrization. Alternatively, if locally
parameterized, every neighbourhood on the manifold must be able to transition
to its neighbour using a local map. This connectivity allows the manifold to
be well defined. Thus, for the purposes of path planning, it can be queried for
a path multiple times with different source and target configurations. Multiple
motion planning queries in a static environment have enjoyed the benefits
of SAs. Since PRM has been successful in solving problems in configuration
spaces of dimensions approaching 100, many researchers have worked to make
the method more efficient.

For example, modifications have been made to solve more challenging types
of problems, such as those with closed kinematic loops, non-holonomic con-
straints, dynamics, and intermittent contact motion plans, which are difficult
to solve using traditional PRM [77]. Take for example, Fig. 8, which shows
paths that can be deformed into one another (left hand side), and paths that
cannot be deformed, due to the presence of an obstacle in between them (right
hand side). These path characteristics are intrinsic to the nature of space
where they lie. The nature of the space can be characterized by constraints on
dynamics, kinematics and contact points. Traditional PRMs, do not account
for such underlying attributes of the sampled points. In systems that model
real-life applications however, C is often most naturally viewed as a lower-
dimensional space embedded in an ambient space (typically the joint space),
where embeddings are special maps between manifolds. The embedding results
from equality constraints corresponding to kinematic loop closure or contact
constraints. Thus, it is challenging to obtain an explicit description of C with
minimal number of parameters and a suitable metric to guide sample gen-
eration. These problems make it difficult to construct a roadmap with the
requisite properties, and hence difficult to solve motion planning problems for
systems with kinematic loops using PRM (or any SA). Unless SAs account for
the global structure of C, they may fail to sample globally relevant regions [77].
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Jaillet and Simeon capitalize exactly on that issue in [93] by developing a
new variant of PRM that inherently encodes the connectedness of the config-
uration space. While not explicitly aimed at manifolds, this can be extended
to manifolds as well. The encoding is inside small yet representative graphs
which capture the different varieties of free paths well. The graphs are pro-
duced using the proposed Path Deformation Roadmap (PDR). PDRs depend
on whether paths can be continuously deformed into another existing path,
and use a deformation criteria that is simpler than permitted for homotopic
paths. Informally defined, functions are homotopic if they can be continuously
deformed into one another. It implies that the functions are equivalent topo-
logically under the homotopy class. This is of use in constructing paths for
robotic applications, since, should one path not be viable, a deformation may
be applied to result in an alternative, equivalent path. A simple illustration is
seen in Fig. 8.

The relaxed deformation in [93] allows the use of the Visibilty-PRM tech-
nique to construct road-maps that encode better suited information than
representative paths of homotopy classes. As an added advantage, PDRs con-
tain additional useful cycles between paths in the same homotopy class that
otherwise would be hardly deformed into each other [93]. This approach is
important in recognizing multiple aspects of the PPP such as global and con-
nected nature of the space, characterizing paths into classes and planning for
alternative paths within every class. Alternatives in the form of deformable
paths are of utmost importance for contingent environment changes, such as
the appearance of new static and dynamic obstacles. It is also important to
know that while the PDR is still a variant of the PRM, it is capable of using
the topological basis of the space, rather than assuming the relationship, as
often seen in pure sampling based methods.

pstart

pgoal

pstart

pgoalobstacle

Path 2 between pstart and pgoal 

Path 1 between pstart and pgoal Path 1 between pstart and pgoal 

Path 2 between pstart and pgoal 

(a) (b)

Fig. 8: (a) Homotopic or deformable paths (b) Paths are not homotopic due
to the visibility of an obstacle.

4.4.5 Evolutionary Algorithms

Using an entirely different perspective, authors of [94] also attempt to create a
representation of the path planning manifold by learning the underlying struc-
ture of the manifold from existing trajectories. The authors argue that their
approach is model-free. That is, an explicit and complete analytical specifica-
tion of the task which is difficult to obtain for some realistic robots, need not be
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assumed. Instead, they focus on maneuver sets, which are sets containing the
solutions/trajectories to optimal PPPs by accounting for constraints and vari-
ations in trajectories/skills. As noted before in this section, these sets typically
admit a description in the form of manifolds embedded in the configuration
space of the system being controlled. The focus of [94] is on learning such
solution sets from data in the form of a manifold, generalizing from a sample
set of trajectories that share the underlying qualitative structure, and utiliz-
ing this manifold as the basis for subsequent motion synthesis, by a process of
constrained geodesic trajectory-generation [94].

The skill manifold is learned in an offline phase directly from demon-
strated data. Such data can be either the result of a computationally expensive
optimization procedure (which is feasible offline) or examples of trajectories
as demonstrated by a human being. The learnt skill manifold can then be
used by the robot online and autonomously, accommodating novel constraints
and goals. The disadvantages of combining learning techniques with complex,
higher-dimensional problems are as follows. First, providing an appropriate
number of and appropriately admissible solution sets/trajectories that are
amply representative of the true manifold is seldom easy. This may result in
the degradation of the algorithm’s ability to correctly learn the characteristics
that define the manifold, and additionally risk never being able to converge
to a valid solution. Second, the learning algorithm runs into risks of learning
the underlying structure incompletely, as learning is proportional to the train-
ing set provided and the amount of training permitted. Finally, such learning
based approaches are not robust to parameter changes; for example, changes
in robot dimension, placement of the obstacle, definition of the environment,
and even the definition of the task. With even one such change, training must
commence from the start.

4.5 Topological Tools on the Path Planning Space
Topological tools are useful in determining if paths can be collectively defined
by virtue of sharing some equivalence relationship. So, when one path is deemed
unfit, another equivalent path may be chosen. While not explicitly aimed at
manifolds, Bhattacharya et al. [95] answer exactly this question and take it
further by designing classes of paths around obstacles using concepts of homo-
topy and homology. Note that such an effort to produce homotopic paths was
undertaken earlier in [93] as illustrated in Fig. 8.

Bhattacharya et al. [95] show that their proposed representation allows
them to identify/distinguish trajectories in different classes and compute least-
cost paths in non-trivial configuration spaces with topological constraints using
graph search-based planning algorithms. The two classes of paths used are
homotopy and homology, respectively. Informally defined as homotopy earlier,
homotopic trajectories can be described in the context of path planning as
follows. Two trajectories 𝜏1 and 𝜏2 connecting the same start and end con-
figurations, are homotopic only if one can be continuously deformed into the
other without intersecting any obstacle. As an alternative equivalence class in
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homology, the same pair of trajectories above (but this time 𝜏2 possessing an
opposite orientation) forms the complete boundary of a 2-dimensional manifold
embedded in C not containing/intersecting any of the obstacles. This defini-
tion stems from the fact that homology informally defines the empty space
or holes (genus) that characterizes the manifold. Paths in the homology and
homotopy classes are seen in Fig. 9.

The authors in [95] use this strong mathematical feature to stay clear
of obstacles. They note that in a typical path planning environment that
has been discretized into a graph, the common cost function is that of the
distance assigned to a graph node/vertex. Such a function is a differential one-
form (mapping from several dimensions to a single dimension/real value) but
only accounts for distance and does not capture topological information. The
authors therefore use properties of differential one-forms such as its integral,
to design a homology class that is invariant for 2-dimensional C. They use rep-
resentative points to mark the interior of obstacles and thus regions around
obstacles form distinct homotopy classes (boundaries of obstacles would form
homology classes). Subsequently, an obstacle marker function is used, that
allows trajectories to stop deforming once they reach the obstacle’s bound-
aries. Using this imposed structure on an obstacle filled environment, they
successfully generate obstacle avoiding trajectories, and are able to compute
alternative paths within the classes. Successful examples include up to 20
different homotopy classes are seen in the 2D case.

Obstacle 

Obstacle 

Obstacle 

𝛕1

𝛕2

𝛕3

pstart

pgoal

pstart

pgoal
Obstacle 

Obstacle 

Obstacle 

𝛕1

𝛕2

𝛕3

-𝛕2

Fig. 9: Left: Homotopic paths 𝜏1 and 𝜏2, but not 𝜏3, with either of the other
paths. Right: Homologous paths 𝜏1 and −𝜏2 enclose shaded area; 𝜏3 is not
homologous with 𝜏1 or 𝜏2.

5 Charting of Manifolds
This section provides a brief overview of the alternative approach to formally
parametrizing the manifold. This approach may involve any or a combina-
tion of the following. One may define the surface using a system of implicitly
defined equations, and create parametrizations approximating the surface
locally, called charts. Some authors construct all charts that cover the surface
(called the atlas of a manifold), following which suitable charts (points located
there) are picked by the path planner. Alternatively, there may exist situations
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where the bounds of the parameters defining the surface may not be defined,
i.e., resulting surface is without a boundary. In such a situation, one may want
to construct charts selectively in the direction of the target point to save time
and computational resources. Several variants of chart construction methods
for manifolds or their discretization exist, although mostly in the form of math-
ematical tools that can later be applied in the context of robotics. Some others
visualize manifolds as triangulated surfaces either from point clouds represent-
ing the surface or from closed-form parametrizations. The following therefore
focuses on how mathematical tools and path planning/graph traversal algo-
rithms can be used to represent and compute paths on parts of/the entire
manifold describing the PPS. Section 5.1 and Section 5.2 focus on complete
charting and goal biased charting of manifolds respectively. One may refer to
Table 2 for a tabulated version of the works in this section.

Table 2: Overview of manifold based methods—Charting of manifolds

Charting method General mathematical tools Robotics path planning oriented tools

Unbiased charting [97–99] [100–105]

Goal-biased charting - [66, 102–105]

5.1 Unbiased Chart Construction
Sethian first pioneered the Fast Marching Method in 1995, which was later
published in [99] as a tool to compute the position of propagating fronts. That
is, topological changes, corner and cusp development, and accurate determi-
nation of geometric properties, such as curvature and normal direction are
naturally obtained in this setting. Sethian and Kimmel [98] formally introduce
the Fast marching method to propagate level set functions and build a sur-
face. As an application, they provide an optimal time algorithm for computing
the geodesic distances and thereby extracting the shortest paths on triangu-
lated manifolds. Mathematical tools, such as Fast Marching methods [97–99],
enable the robotics community to choose from a wide variety of methods as
solutions to visualize complex surfaces and subsequently compute a geodesic
distance. The aforementioned work predominantly solved mathematical prob-
lems, which made their way into computer vision and with time, slowly forayed
into more robotics-related applications.

It is interesting to note that such techniques were precursors and alter-
natives to the formal notions of defining metrics (like the Rips Complex) on
a Riemannian manifold, as seen in [91]. The onus of constructing a minimal
number of charts to represent the manifold is always one of importance [100].
Equivalently in the discrete world, several authors explore constructing charts
in a discrete fashion, that enable to pave the manifold. For example, Hender-
son [101] presents a new continuation method for computing implicitly-defined
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manifolds. The manifold is represented as a set of overlapping neighborhoods,
and extended by an added neighborhood of a boundary point. The boundary
point is found using a boundary expression in terms of the vertices of a set
of finite convex polyhedra. The resulting algorithm allows adaptive spacing of
the computed points, and deals with the problems of local and global overlap
in a natural way; see Fig. 10. The algorithm pioneered the technique to chart
a manifold incrementally, based on implicit equations defining a surface, and
has spawned several extensions [102–105]. Note that one could adapt PDRs

Fig. 10: Several charts (green polygons) covering/charting the spherical man-
ifold; the union of charts forms an atlas

in [93] to suit higher dimensional problems. This was originally described in
Section 4.4.4. It trades off resolution completeness with efficiency and prob-
abilistic completeness. Of course, its resolution impacts how well it captures
the connectivity of the space.

The work in [100], which is similar to that of [76], still adheres to restric-
tions of manifolds without immediately discretizing them for computational
ease. Instead, it uses some fundamental properties specific to planar serial
manipulators to minimize chart construction, where the union of charts repre-
sents the manifold. Usually, several charts are required to accurately map the
manifold completely, however the authors of [100] prove that only two coor-
dinate charts to parameterize the configuration space are required. Assuming
that the planar serial manipulator has 𝑚 joints and (𝑚 − 1) links, each such
chart is embedded in an (𝑚 − 3) dimensional torus (since every joint is an SO
group, as seen in [76]).

The resulting formulated C allows obstacles to be defined by their convex
hulls and their boundaries be defined as varieties (solutions to set of poly-
nomials). This forms two structural sets: one using the boundary varieties to
define the obstacles, and the other defining charts to represent the manifold.
They then sample across the boundary varieties and charts to obtain a path
planning solution. Compared to traditional algorithms, this technique not only
avoids massive time-consuming projections from the ambient space to the path
planning space, but also is able to solve problems for which the PPS contains
bifurcations and narrow passages [100]. This work is an amalgamation of rec-
ognizing the PPS to be a surface of some known parameters (embedding into
a specific kind of torus) and then, utilizing charts to numerically define the
manifold. So, it capitalizes on both Section 4 and Section 5.
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5.2 Goal-Biased Chart Construction
Bohigas et al. [102–104] use the higher dimensional continuation method devel-
oped by Henderson in [101] to build a parametrization of C. The approach
in the aforementioned works extract from the constraint-filled C, a system
of equations that formulate Cfree as an implicitly defined manifold. Subse-
quently, higher-dimensional continuation techniques are used to progressively
construct an atlas of the manifold that contains the start configuration. The
construction stops either when the goal configuration is reached, or when path
non-existence is proven at the chosen resolution of the atlas.

An example of a charted, implicitly defined manifold of Cfree as constructed
in [102] is seen in Fig. 11. In this case, the path planner used on the atlas is A*,
which uses the centres of charts as nodes for path planning. Chart creation, as
adopted from [101], is customized so that only those charts that comply with
both A* and the manifold curvature are admitted. The approaches described
thus far and throughout this section, use incremental constructions of mani-
folds. They are vastly different from the methods seen in Section 4, since no
explicit and global parametrization of the path planning manifold is required.
Complex configuration spaces are seldom easily explicitly characterized, and
more so in the presence of constraints, such as singularities and obstacles.

Charting via implicitly defined equations avoids the need of representing
the singularity locus explicitly as an obstacle, i.e., no explicit representation of
the constraint region is required. Constraints are also represented implicitly as
the region that does not comply with the system of equations defining the orig-
inal desired manifold. The solution manifold of this system can then be freely
navigated without fear of encountering any constraints, which in [102, 103]
for instance, were manipulator singularities. With the ability to both progres-
sively and exhaustively generate the atlas from a reachable configuration, the
method lends itself to multi-query planning and visualization. The resolution
completeness of the approach is at the expense of a computational cost that
scales exponentially with the dimension of C. The work in [103] also uses goal-

q2

q1

q3

q2

q1

q3

Fig. 7. The path computed by the proposed algorithm when neglecting and considering singularity avoidance (left and right, respectively). In the plots,
the singularity locus is highlighted in red, the charts explored to connect the two query configurations are shown as blue polygons, and the final path is
shown in green. While the path on the left figure crosses the singularity set twice, the path on the right figure is singularity-free.

used to define the atlas. If the sorted list of open charts is

implemented using a heap, both the removal of the next chart

to be expanded and the insertion of a new chart in the heap

are logarithmic in the number of open charts.

IV. ILLUSTRATIVE EXAMPLES

The performance of the path planner is next illustrated on

computing singularity-free paths in two situations: first on

a fictitious three-dimensional C-space, and then on a 3RPR

manipulator. The former case is chosen for its simplicity, to

illustrate and visualize the method in detail, and the latter

shows the method’s performance on a real application. All

results have been obtained on an implementation in C of

the method, run on a iMac equipped with a 2.93 GHz Intel

Core i7 processor.

A. A three-dimensional example

Consider the fictitious C-space defined implicitly by

Φ(q1, q2, q3) = q1 − σ cos(ω (q22 + q23)) = 0, (15)

with σ = 0.5 and ω = 0.25. It is not difficult to see that

this equation defines a sinusoidal surface in the space of

q = [q1, q2, q3]
T, as shown in Fig. 6 for q ∈ [−1, 1] ×

[−20, 20]× [−20, 20].
Let us assume for this example that the vector of actuated

degrees of freedom is v = [q1, q2]
T, so that y = [q3]. Then,

the singularities corresponding to such choice are given by

the equation

det(Φy) =
∂Φ

∂q3
= 2 σ ω q3 sin(ω (q22 + q23)) = 0, (16)

which holds whenever ω (q22 + q23) = n π with n ∈ Z, or

when q3 = 0. Thus the singularity locus is formed by a

family of concentric circles and a sinusoidal line, which are

shown in red in Fig. 6. Note that, in accordance to Fig. 2, the

points of such locus are those where the tangent plane to the

C-space projects vertically on a line, on the space defined

by v = [q1, q2]
T.

Fig. 7 shows the results obtained by the planner, when

trying to connect the configurations qs = [0, 4.33,−0.38]T

and qg = [0,−4.33,−0.38]T. To compare the results, the

figure shows the computed path, in green, when singularities

are not taken into account (left figure), and when their

avoidance is considered (right figure). In both cases, the

planner returns the shortest path up to the resolution of the

generated atlas. The charts of this atlas are shown in blue in

both figures, their shape becoming more clear when zooming

the electronic version of the paper.

Note that the path on the left figure crosses the singularity

locus twice, while the path on the right figure, although

longer, avoids crossing any singularity. While the latter path

approaches the singularity locus, we note that a certain

clearance is always guaranteed, because the value of |b| is

always kept below a given threshold bmax. In this case,

the value bmax = 12 was used, resulting in the shown

path, but alternative paths with a larger clearance can be

obtained if desired, by simply reducing bmax. In any case,

nevertheless, bmax should always be chosen larger than the

maximum of |b(qs)| and |b(qg)|, so as to guarantee that the

domain D within which the search is restricted (Section III-

A) includes xs and xg . The computation of the singularity-

free path took 0.04 seconds in this example, using the

continuation parameters r = 0.25 and ǫ = 0.25.

B. A 3RPR manipulator

Now, let us consider the planar 3RPR manipulator in

Fig. 8, consisting of a moving platform linked to the ground

by means of three legs, where each leg is a revolute-

2132
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Fig. 11: Charting an implicitly defined manifold of Cfree [102]

biased continuation methods by progressively constructing an atlas of the PPS.
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Such continuation methods do not require explicit parametrizations of the con-
straints. Another advantage is the almost discrete nature of the intermediate
results, i.e., that of the charts. The discrete nature, which is the individual-
ized representation for each chart or patch, allows them to be viewed as nodes
in a graph. Subsequently, any graph traversal algorithm can be used to pick
directions to expand the chart generation or to plan paths. As seen in [102–
104], A* was the planner of choice. But with such flexibility, improvements in
the form of other graph traversal/tree growing methods can be seen in con-
junction with higher dimensional continuation. For example, Jaillet and Porta
of [105] combine RRTs with the higher dimensional continuation method to
propose a new method called AtlasRRT. The AtlasRRT uses an atlas to effi-
ciently explore a configuration space manifold implicitly defined by kinematic
constraints. Similarly, the approach in[66] also uses an optimized goal-biased
sampling strategy which, additionally, guarantees asymptotic optimality [103].

To combat the expensive process of defining the full atlas for a given man-
ifold, the AtlasRRT algorithm intertwines the construction of the atlas and
the RRT. The partially constructed atlas is used to sample new configurations
and to generate new branches for the RRT, with the latter used to determine
directions of expansion for the atlas. This approach retains the exploration bias
typical of RRT approaches, i.e., the tree is strongly pushed towards yet unex-
plored regions of the configuration space manifold. Jaillet and Porta of [105]
suggest that experimentally, the AtlasRRT is generally more efficient for highly
constrained spaces. As opposed to highly constrained regions, mildly con-
strained spaces imply that the embedded PPS is very similar to the ambient
space.

6 Conclusion
Path planning is an integral component of autonomous robotics. While the
decision on an appropriate path planner is application dependent, classifica-
tions of existing literature can aid the choice. In this work, we accomplish
the following: First, the common classifications of path planning approaches
are provided. The common categories of algorithms are based on operation in
known/unknown environments, prioritizing between generating robot-specific
paths and generic paths better suited for collision avoidance, and finally, han-
dling static and dynamic constraints. This paper specifically analyzes the
categorization of path planning algorithms under static constraints. It was
seen that such a classification is not comprehensive from the grass roots level.
Thus, to be more comprehensive, we propose a taxonomy of path planning
algorithms based on the mathematical structure of the PPS. We show that a
PPS can be viewed as a set of points or as manifolds. The former can further
be divided into un-partitioned and partitioned spaces, of which the former uses
variants of SAs, OAs, MPCs, and EAs, while the latter uses CDGT and sam-
pling based optimization techniques. The main contribution of this work is the
review of works for static constraints that fall under the proposed taxonomy,
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i.e., specifically under topology and manifold based methods. This compre-
hensive literature review pertaining to manifold based robotic path planning
algorithms sees a bifurcation when the PPSs can either be explicitly parame-
terized or incrementally constructed for path planning purposes. This article
achieves the following two goals: First, it introduces a systematic taxonomy
that is now inclusive of all schools of approaches in path planning. Second, it
streamlines the migration of path planning work from disciplines such as math-
ematics and computer vision to robotics, into one comprehensive reference
document.
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