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ABSTRACT

The subject of this thesis is the characterization

of time-invariant or separable time-variant linear systems. Speci-

fically, the problem considered is "The determination of an approximate
W ';;;, T e
linear operator which maps a\given set \)f inputs into a corresponding

set of outputs, on the time domain."

In this thesis, the application of a numerical procedure toward

_ \ the determination of a linear operator, for—real-time-compubtation is
N & -
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M-.\‘ ’ ~propored and applied. The conditions for the existence of the égl/uj;ion
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: are given and a bound on the errors of the process ig established.
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Also, an algebra for manipulations of weighting functions of linear \

systems is given.
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1. Introduction.

The problem of characterizing any technological system

belongs to interacting hierarchies as shown below:

SYSTEMS SYSTEMS
THEORY ENGINEERING
i

CHARACTERIZA TION
System parameter
determination
Y

SYNTHESIS
System Realization

——IDENTIFICATIO

e —

F—

f——

In general, the methods of systems theory entail minimal constraints,
whereas the methods of systems engineering involve increasing cons-
traints as progress is made toward physical realization. The pro-
blem dealt with in this thesis is properly classified as one of

characterization which belongs to Systems Engineering

In particular we are considering the characterization of a
class of linear systems which have been identified as time -invariant
or separable time-variant and having an arbitrary set of inputs {u} -
and a corresponding set of outputs {y} . The specific problem which
is attacked is this: determine an approximate linear operator which

maps the set of inputs into the set of outputs, on the time-domain.

Mathematically, the problem is formidable since there may
not exist a linear operator which gives an exact corre spondence.
Moreover, even if a solution exists, it may not be unique. However
since our principal interest here is to find a solution to the characte-

rization problem, we are not directly concerned with the question

of uniqueness.

‘
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The case where the input is a unit impulse function has been

2,3,4

extensively dealt with in the litrature For more general inputs,

the problem has been solved in the frequency domain by transform

5,6,7

methods However, the task of finding transforms of functions

which are not given as simple analytical functions is often formidable.

In this thesis, a numerical procedure for real time compu-
tation is proposed and applied toward the solution of the above problem.
The conditions for the existence of the solution are given anl a bound
onthe errors of the process is established. Itis shown that at a
fixed value of the inependent variable, the errors in the solution tend
to zero. Also, an algebra for manipulations of weighting functions

of linear systems is given.
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2. GENERAL BACKGROUND

2.1 Definitions
a) System

In this thesis, the word system is used for any process
that produces a response (output) when an excitation (input) is
applied (the term transmittance is also used). A system may be
depicted as a block diagram shown in Fig.(2.1),where W
represents the system, u(t) represents the input, y(t) the output,

and t is the independent variable.

H@——--— - W X 0 \\

Fig. 2.1. A General System.

b) Linear System

Suppose, with reference to a given system, that an input
ui(t) produces an output yi(t), and uz(t) produces an output yz(t).
The system is said to be linear 1f an input ciui(t) + 'c}'zuz(t)
produces the output €Yy (t) + ,i:::zyz('t), <y and c, being arbitrary
constants. ) ‘
| Further, if an input u(t) produces an output y(t) and the

input u(t-T) produces an output y(t-T), then the system is said



to be time-invariant.

On the other! hand, if an input u(t) produces an output
y(t) and the input u(t-T) produces an output different from y(t-r),

then the system is said to be time-variant.

2.2. Class of Systems to be Considered.

We shall be concerned only with real, causal (non-anticipative)
continuous time, finite dimensional, linear systems. However we will
be limited to the investigation of a class of linear systems that can
be described by a set of ordinary differential equations defined on

(<, ®) and of the form 8’9.

SO - Py x() + q(0) ult)

dt
y(t) = s(t) x(t) 2.1 h |

where

u{t) = input (scalar)

y(t) = output (scalar)

x(t) = n-vector (the state vector)

P(t) = n xn matrix

q(t) = n-vector

s(t) = n-vector

where P(+), q(*), s(*) are suitably differentiable functions of time.

The dimension of the state space is assumed to be the
minimum consistent with known input-output information, in this

case represented by the input-output relation.



Alsolo’ i

10 dtl 1=0 dt
. 2.2
and dy(t) =0, i=0,1,2, ..., n1, 7€t<m

and the values of n and m are minimal.

In (2. 2),the independent variable t is the time ‘and T is the time

l\ of application of thé input, the ai(t) and bi(t) are continuous and

- deterministic functions of time, y(t) is the output of the system,
. and u(t) is the input. Without loss of generality, an(t) can be

assumed to be unity and any or all of the bi(t)'s may be zero in a

particular case. The fact that nm implies that in a physical

system thefe are no net differentiations between the input and

|
output, which is a valid constraint from a physical standpoint 2

' (for a causal system). -
A& The energy storage capabilities in lumped-parameter

‘s'{ojv physical systems are associated with the mathematical process of
/ integration in real tlmeo@(i Moreover, most control systems/
possess a f1n1te ‘number of significant energy storages, or degrees
of freedom, wh1ch is’ in- conformity with the constraint imposed

by our mathematical model (2. 2).

The equations (2. 1) and (2. 2) give the time domain repre-
sentation of the system to be discussed here. Although much of
what is done will be in the time domain representation, it will be
convenient on occasion to consider system from a slightly more '
abstract point of view than that suggésted by {2. 1) and (2. 2). | By

way of explanation, we first note that with respect to the input-output
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relations, one can simply consider a system W as a mapping which
takes an abstract space (the input space) into another space (the output
space). The members of these abstract spaces may be concretely
defined in terms of the time functions or functions related to thesé:"'stime
functions “icby transformations of various kinds. In the latter case,
there will be cbrre sponding changes in the concrete representation of
mapping between the two spaces. As far as we are concerned the words
"input" and "output" will convey either time functions or specified

linear transformations on time function.

2.3 Weighting Function Repre s'entation.

Another method of defining the types of systems investigated
here is by means of their weighting functionss’ 13 (unit impulse response
function). The form of the weighting function can be established as
follows:

For a given initial condition x(to) =X the solution for the

output y(t) of (2. 1) 8.12
t
y(t) ="s(thg (£t ) x_ + ( 5(6) (£,7) q(T Jutr ) ar 2.3
‘ o

where ¢ is a fundamental matrix solution of (2. 1) satisfying the
following equation S
dp
dt .
and ¢ (t,t) =1

= | P(t)g , 2.4

' ,%}}_e&r,e I is the identity matrix.

We now define the weighting function (or unit impulse
response function) as follows: _
: t

= \y = .
y(t) = s(t) g (t"to’ x, = J‘ W(t,t ) ulr) dr 2.5
such that : o

W(t,r) = s(t)g (t,7)q(l) . . ' 2.6
and is defined for allt and T such thatt> T .



-7 -

~Further,if all initial conditions are zero, the weighting
function then completely determines the input-output relation
which takes the form

t
y(t) [ W(t, T) ufr) dr 2.7

o
The weighting function W(t,T ) is assumed to satisfy the following

conditions

U A P
(i) that it be measurable functionof t and T for h‘,’.h'yl}fufi )

e t £ TSt and

(i1) that (2.7) be well defined for all finite tato and all

bounded functions u(t), i.e., for all u(t) sa.tisfying

\u(t)|< L, t 2t \

where L is a finite positive constant.

Definition: A linear system satisfying equation (2. 7) and conditions

14-17

( (i), (ii) ), is said to be stable ". if bounded inputs give rise to

bounded outputs. In other words, \u(t)\(L, t>,to, implies
(Q \‘y(t)l < N, t>t where L and N are two finite positive

Y constants.

Now we shall give three important theorems concerning

weighting functions.

Theorem 1 : A linear system satisfying equation (2.7)and conditions
( (1), (ii) ), is stable 14-17 in the sense of the above definition if and

only if there exists a finite positive constant K such that

t
[ lwu,n
. |

for all finite ¢t ; to.

dT.<K 2.8



Theorem 2: A function W of two variables t and T isa
weighting function for a linear differential system (2.1 and 2.2)
if and only if itis a separable function of the variables t and T

of the form
n

Wit T) = E ¥y (0, T 2.9(a)

Proof See Appendix I.

Theorem 3: A necessary and sufficient condition that a weighting

function of a stable system be realizable as a differential system is

that
n
W(t, 7) = k§1 \yk(t)¢k (t) for tyT:

= 0 for t{T 2.9(b)

If a given weighting function W(t,T) is stable and
satisfies the realizability condition (2.9b) then it may be realized
in the following steps“’ 12:

(1) A set of linea;‘ly independent functiong '¢k (1)}
is formed.
(2) From the set { ¢k('l')} a complete set of orthonormal

functions { Ok (t)} is formed.

(3) An approximate expansion of W(t,T) in terms of ak('r )'s

is formed with a finite number (n) of terms.
n
Wi, T) = k2=1 q,k(t) ek('l‘) 2.10

where the coefficients are given by
b

b () = [ Wi T)e (r)ar 2. 11
a
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Once the coefficients q;k(t)‘ are determined from equation (2. 11),

the system may be realized as shown below Fig.(2.2).

F'irst Order| S
Svstem ..
U
u(t) M y(t)
- . r ————— 1 M %——()
o I'™7™ =
R
FirstOrder
|_System
Fig, 2.2

2.4 FEvaluation of the Weighting Function Representation.

To evaluate the weighting function representation, we ask

the following three important questions.

(i). How difficult it is to arrive at this representation?
(ii) How much information about the systemlrésponse
is directly available from this repreéentation?
(iii) How difficult are the operations of combining and

manipulating systems using this representation?

The main value of the weighting function représentation
lies in the fact that it allows us to calculate the response of a
/. N
system for any input by means of the wSp/mtegral (27). N
Thus from the standpbint of criterion (ii), the weighting function is

an excellent method of representation.

To examine question (iii), we shall consider the four main

~operations of combining the systems.
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1. Cascade combination of systems.
2 Parallel combination of systems.
3. Finding an inverse system.

4 A system with feedback.

A cascade combination of systems is depicted in Figure (2. 3. a, b).

G(t) v(t) y(t)
® > wi2) > wtl) > 0
(2)
u(t) . y(t)
o> w > -0

(b)

Fig. 2.3 Cascade Combination of Systems.

1
Now, let the system W(i) have the weighting function W( )(t, T), and
W(Z) have the weighting function W(Z) (t, 7).
Then o
| ey
iy = [ wieg) ve) g,
5
E(2)
v(t) =J W (t, T) u(T) dr 2.12
2 .
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Combining these equations, we get

t g
o v =S g wiiee) { w? €, 1) uir) ar
. e . [0
N . t ©
[ ) WY WP e ryag. 2
. t T
»~|. fo)

The equivalent system W shown in Fig.(2.3.b) then has the
weighting function

W(tT) = f wiiee)yw® e r) e 2.14

A parallel combination of systems is depicted in Figure §2.4. a,b)

w( 1)

u(t)

>
W(Z)
(a)

ﬁ( t)
0> w L o

(b)

Fig. 2.4. Parallel Combination of Systems.
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Again, let the system AR

W“) (t, T ); then

have the weighting function

t
(ay . . .
g0 = f Wi cyurar, (i)
A
t 2.15
v = | WP () ur ar (i)
t
o

Adding (i) and (ii) in (2.15), we have

t
vt = y,(0 +yy0n= [ gwe )+ wl?
t

o

(t,7)} ulr)dr 2. 16

then the equivalent system shown in Fig. (2.4,b) has the weighting
function W(t,T ) defined by

wie,r) = w e +w? (g, 2.17
Further, if y(t) = Yl(t) - yz(t) then the gquivalent system W(t,T )is
wie,r) = W (e,r) - w8 e7) 2.18

The inverse operation is depicted in Figure(2.5).

u(t) y(t) -1 u(t)

O——t . W > W > b

Fig. 2.5 Inverse System.
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Definition: Two systems are inverse to each other if, when
u(t) is applied as an input to the cascade combination of these

systems, the output is also u(t). The system equivalent to this

cascade combination has as its weighting function a dirac deltal/"/

function, which is apparent from the convolution integral. e

y(t) = §t-T) uff )dT = u(t) 2.19
(o]

Then, using (2.14), the weighting function of the inverse system

(t, T), is the solution of the Volterra integral equation
t

& (tT) = f W-l(t,g ) WE ,T) & 2.20
T

where W(t,T) represents the weighting function of the system W,
Lastly, Figure (2. 6. a, b) shows a system with feedback.

u(t)

€ y(t)
— D (D] ww ST

(a)

N~ 3 /'V) ////

A (b) —_
f—‘(urZ w0 iy e /- ~——-~”7~t-fw-w
— ig. 2.6 A System with Feedback. /] /«(N) ﬂ//\/ T
- /Zr/v/ —+ Z /U“ Wy )é( AL

, = (}\/// L. SN
>///v, [t + W(’/» o Vs /‘)"
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Let the system W“)

have the weighting function Wm(t,'l') (,Jhl/\/
and the equivalent system W have the weighting function W(t,T ), b C/‘I/
g TR

e

Although such an equation cannot be solved explicitly in a closed

form, it is possible to develop an infinite series solution for the

weighting function W(t,T ).“/e note that the output of the system

(2; 6) may be found from the linear super-position of an infinite

sequence of signals, each derived from the input signal u(t). The

first signal is thea obtained by applying u(t) directly to the weighting ,} ced
function K W(l)(t,"r) ( pis the gain introduced in the open looq{ system)./&PY.A\.L.*';.’:.N“
The second signal is obtained by applying the first signal as an )

input to the weighting function p W(i)(t,'l') through the feedback O

loop. Similarly, we obtain the third signal and so on. Hence,

N
a recurrence relationship £ the infinite sequence of signals is

given by (2.21) ‘

Fog

ot = [ W) i)
t0

t

u( wih eryy, ) ar
t

2.21

vi( t)

(¢]

i=1,2,... o 4 .

Therefore, v, (t) can be derived directly from u(t) by applying u(t)
to a cascade of (i+1) identical weighting functions W W( )(t T).

The block diagram illustrating this operation is shown in Figure (2.7)




Yo(t) ’)’1(t) Yi(t)

y(t)

— (v

Fig. 2.7 Computation of input Response Characteristic
of a Closed Loop System.

The system (2.7) can be reduced to a single equivalent weighting
function W(t,T) by repeated application of (2.14). The configu-
ration shown in Figure (2 7) indicates that the gain p hasa

1

great influence on the composite weighting function W(t, T).

Thus we see that the first two opérations are simple \

and straightforward, but the third-the finding :of an inverse, and

the .fourtha eduction of a system with feedback are generally ¢
difficult. Moreover,' the solution may be in the form of an infinite

series, and the solution must therefore be approximated usually

by truncating the series.

The disadvantages of the weighting function are that it
is very difficult to determine for a given general linear time-
variable differential system, and that it is usually not expressible
in a closed form. Actually, the amount of difficulty associated
with determining a weighting function depends upon the form of
the differential system. The problem of determining the weighting

function is called the characterization problem.
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3. METHOD OF CHARACTERIZATION FOR
ARBITRARY INPUTS.

In this section, a method for determining weighting functions
for a particular class of linear systems is presented. ' The method
is first applied to linear time-invariant systems "and
further extended to linear time-variant systems whose outputs can be
approximated by separable functions. A numerical procedure for
real time computation will be proposed and applied. The existence
of the solution and a bound on the errorsof the process will be @
considered, proofs being given that at a fixed value of the independent
variable, the errors in the solution tend to zero as the step length

tends to zero.

3.1 Existence of the Solution.

The input-output relation for a linear system if all initial

conditions are zero, is given by equation (2.7) and is of the form

t
y(t) =}f W(t, T) u(T) ar 2.7
o]

which is depicted in Figure (3. 1),

u(t) | y(t)
c > w(t, T —

Fig. 3.1. A General System.



- 17 -

where u(t) represents the input, y(t) the output, T the time of
application of the input, and t is the time of W Let A 4
be a linear operator which maps the input space U into the

output space Y so the equation in (2.7) takes the form
y = Au. : 3.1

In order to determine A, we postmultiply both sides of (3. 1)
by @ (G is theff transpose of u and is a row vector, taking u to be
a column vector) Equation (3. 1) takes the form

yT = Auf 3.2

an
o e . .
Now uu is ﬂ nxn matrix. If its inverse exists, aga.m post-

multiplying both sides of equation (3.2) by (u u) we get
yﬁ(ui{)' = A ; - 3.3
Hence, the solution of equation (3.1) for A exists if the matrix

uf is positive definite. Note that the matrix uf is real, symmetric

and has the principal diagonal terms greater than or equal to zero
( 2 0).

Definition: A real symmetric matrix A is positive definite

if and only if its determinant and principal co-factors are all positive.
If is positive semidefinite if and only if its determinant and principal
co-factors are all non-negative and at least one is zero (In fact the

determinant of a positive semi-definite matrix is necessarily zero).

\ﬂ
!l(
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3.2 Linear-Time-Invariant Systems.

Consider the situation depicted in Fig. (3. 2), where the

uit) ' y(t)

-W(t-'r)

Fig. 3.2 A Time-Invariant System.

excitation u(t) and response y(t) are considered to be (single -valued)
real functions vanishing for t<£0 and square integrable over the
interval 0{t<> i.e., u(t), y(t)€ LZ (0,2). The function W(&) ')O
represents the weighting function (or the unit impulse response) of

the linear time-invariant system shown in Fig. (3.2). Thus,

t
y(t) f W(t-T) u(t) 4t
[s]

= Wiky 3.4

where the system is considered to be quiscent for t£0. Our problem
is basically to determine, if possible, a realizable function W(t-T)

from u(t) and y(t); however, the problem generally must be solved by

an approximation technique, ‘since W(T) must represent a finite

system: in the practical case. Since u(t) and W(t-T) may be interchanged
in the =~ convolution W *u = u* W of equation(3. 4/,),we may
regard the physical problem as the determination of a sirstem input

from the corresponding output and impulse response functions given in
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the time domain. Therefore,. equation (3. 4) takes the form:

j “W(tT) W(T) dt = y(t)

3.5
t-7.20
3.2.1 Solution of the Characterization Problem for Linear
" Time-Invariant System.
Differentiating (3.5) with respect to t, we get
(1) _ 1)
u(o) W(t) + ut (tv) WT)dr=v '(t) 3.6
(o
du(t-T) (1) '
= -T
Where 3t é u (t-T)
dy A
and at 27 ('t)
If now u(o) # 0, the step by step process is started by means
of the equation
t
alo) Wio) = y'Ho) 3.7
I.f u(o) = o, further differentiation (n+1) times is required until
we reach a derivative u(n)(o) # 0.
Now, equal intervals of length a are taken along the t-axis.
For the n-th step we have,
‘na
[ utnar) Wr) ar = ylna) 3.8
o

Choosing the value of W in any interval (k-1)a Kt <ka, as the

value in the middle and approximating the integral by the rectangular
formu1a21, and denoting the approximate value by an asterisk, we

have n-1

~ A {-;-u(na) W(o) + 2, u [(n-ka) W (ka)+ %g(o)w*(na) } = y(na) 3.9

and we use the convention throughaut that k21 z 0.
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Rearranging (3.9) we get
n-1
_%-u(o)W*(na) = -y (na)da {% u(na)W(o) + kgl uf(n-k)a] W*(ka)} 3.10

Unless u(o) = o, we can successively evaluate
* * *
W (a), W (2a), W (3a),.....

If u(o) = o, then the equivalent equation (3.6) or, if necessary an
equation obtained by further differentiation is solved by the method
described above.
Further, the exact equation corre sponding to (3. 10) is
-1
1 nh
- % u(o)W(na) = -y(na) +a{7 ulna) Wlo) + 2 uf (n-k)a] W(ka)}

o+ Z e,k | 3.1
k=t -

where the error for any interval (k-1) o,< 1€ ka is given by (3. 12) C_ﬂ“

k .
e . = f ulna =T ) W(T) & - %[u(na-ma)W(ma)
i (k-1)a

+ u(na - ka) W(ka)] 3.12

ractical ways of checking the accuracy of a numerical computation
of this type are either to repeat the solution using a different step
length (a), or to approximate the integrals in the equations by using more

23,24
accurate quadrature formula r& than one used here.

3.2.2. Sources of Error in the Solution.

There are two different types of errors in such a numerical

computation

(i) Rounding errors

(ii) Truncation errors.
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In going from n-th step to (n+1)-th step, truncation errors
occur from two sources,
(a) due to replacing the integral by a quadrature formula.
(b) due to the fact that the values of the solution at the
first n steps, all of which go into the quadrature formula
Jfor the evaluatioﬁ of the solution at the (nt+1)eth: step, have

corresponding errors in them.

Since it is shown in Appendix II (Compare equation (II. 8)
and (II.9) ) that the truncation errors are in general of opposite
sign, a smoothing process may be adopted as follows:

Let us denote the sequence of values
%* *
W(e), W (2a), W (4a),.....
w , W, yeee s
by Wf(O), f(Zat) f(4a)
and complete the sequence
Wf(o), Wf(a), Wf(?a), .....

by suitable interpolation.

Similarly, from the sequence

* *
W (a), W (3a) ........

the sequence
Wb(a); Wb(Zu.), Wb(3o,), .....

is formed by suitable interpelation.

The two sequences then give\approximate bounds to the solution,

and smoothed solution is given by

Ws(na) = % ( Wf(na.) + Wb (na) ] 3.13
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Now, we will illustrate this procedure by the following example.

3.2.3 Example,

t
j W(t-T ) u(T) 4T =, y(t)
O

Where u(@ = 1, and y(t) = sint.
Obviously W(t) = cost.

The functions are given at intervals of 0.1 in t up
to 5 significant figures. To formulate the sequences Wf(na),
Wb(no.) polynomial interpolation. is used. The results are

tabulated in Table 1.



t

»
0.1
0.2
0.3
0.4

-~

0.5

0.6
0.7
0.8
0.9

1.0

u(t)=1  y(t)
= gint

1.0000 0.00000
1,0000 0.09983

1.0000 0.19867

1. 0000 0.29552
1.0000 0.38942

1, 0000 0.47943
1.0000 0.56464
1. 0000 0.64422
1.0000 0.71736
1.0000 0.78333

1.0000 0.84147

3.2.4 Multivariable Systems.
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Table I Hpouald 0 .
oc?ﬂﬁeﬁ;pomho
S
. \ -
W (t) W (t) w (t) w (t) =
Direct -Rewrxrd Segitustind Value -

Solutlonmw > (w +V\LJ W(t)

1.000 1.000 1.000 1.000 1.000
0.997 0.995 0.997 0.996 0.995
0.980 0.980 0.980 0.980 0. 980
0.957 0.955 0.957 0.956 0.955
0.921 0.921 0.921 0.921 0.921
0.879 0.877 0. 879 0.878 0.878
0.825 0.825 0.825 0.825 0. 825
0.766 0.765 0. 766 0.766 0. 765
0.696 0.696 0.698 0.697 0.697
0.623 0.622 0.623 0.622 0.622
0.540 0.540

The same procedure can

be extended to systems of simultaneous equations

\r‘
‘s

of the formu

IW(t-'r')u(r) daT = y(t). 3.14

Exact . =
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where _ _
W (8 )W) uy (6] Ty
W) = ' | = | b fwes]
W8 ) - W) | ) I AT

|

3.3. Separable Linear Time-Variant Systems.

26

The analysis of | linear differential time-varying ze.ysten%s5 ’
is, in general, made quits difficult by the lack of a general method
for obtaining the "basis" functions of an n-th order operator.
Fortunately, the use of digital computers somewhat simplifies
the analysis problem. However, situations may arise in which it is not
desirable to implement a computer solution to every iﬁputvoutput
problem for a particular system. That is, in ééme cases.'-,"'one
might wish to have some analytical idea of the characteristics of
the system, perhaps by making use of some initial computer calcula-

‘ tions, so that one could approximately calculate the response to a
given input without further recourse to the computer. One way of
‘doing this is to represent the given system approximately by a
separable (degenerate or algebraicZI) weighting function. The
input output relation for a linear system if all the initial conditions

are l‘zero, is given by the equation (2.7),

t
y(t) J W(t,T) u(r) dr 3.7
: (o)

where u(T) represents the excitation at time T , y(t) is the response




and w(t,T) is the impulse response measured at time t due to an

impulse applied at time T .

For a physical system the non-zero

data exists in the region which projects onto the horizontal plane
shaded in Fig. (3.2).

We may note that for a :time-invariant system

Fig. 3.2. Area of don-Zero Data for WFighting
Functions of Physical Systems.

aWE,T) _
ot

-1

The conditions of realizability can be expressed mathematically
as follows:

lim W(t,T) = 0
t—>x
and lim W(T) = 0 |
T %vr R dv«(*x ,(~)

) -
+t-> -2
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The possibility of conveniently solving equations with a
separable system function (degenerate kernel) na.tui'ally leads to
the thought that in solving an equation with an arbitrary system
function we might replace this system function approximately by
a separable one, and solve the resulting equation rather than the

original one.

A suitable separable system function close to the given

one can be found in many ways. In particular, as sucha system
or

function, one can adopt a segment of the Taylor serie SA a segment

of the Fourier series, of the form
n

T .
Z oy, B (1), t> 3.17
k=1 o

= 0 t T

?@ch converges to W (t,T) in some sense.

Wv‘t,'f)

This is illustrated by the following two examples.

Example 1 Solve the equation

W(t, T)u(T )dT = y(t) 3.18

(o] 5Nl.-

for W(t,T), where W(t,T) is taken as a segment of the Taylor

n L
series., i.e. W(t,T) = X c.tt ¥ 3.19
i,jgo U
and ut) = 1, y(t) = 1-(1 - cost! ).
' t z
_ ot ¢ 4 2 i
-8 384 46080 T °C
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Substituting (3.19) in (3.18) we “get

e

n ..
=z c.t'tdu(r)ydr = y(b
i,j=o 1

[e)

Integrating we get,

. 1
n ) jt 5
T 2
=z C.t|= = y(t
o i,j=o 1ij jH y(t)
: o
| > > i 1 t ot >
z C.t o T Ser i tttC 3.20
im0 W (j41)2] 46080
Now, equating the coefficients of like powergof t, in ‘\

(3.20)we get/

Coo =9 + Oyl Gp3C, 3G, 05 G5 3C5,=G 435G, 3 = 0

_ 1 o e e e - _
C33¥ -5 Ca™C” “22"%374 ‘.Cz4‘c34 0

i .
G = 120’ Csfcsz'cs3'Cs4’cls‘czs'css’c45 = 0.

[ T T T T T T

which is the Taylor's expansion of sintT .
Hence. W(tT )= SintT.

Examgle 2

Solve the equation

fW(t,'l') u(T)1dT = y(t) 3.21
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n . s
for W(t, T ), wWhere W(t,T )= = C, t7
. i,js0o B
1t
and uT) =1; y(t) = . (e -1)
n . .
Substituting W(t,T) = Z C,, t' 7 in (3. 21) and
i, j=o

integrating, we get

o i A1
=z C..t —_— = y(t)
L e
. [o]
n .
1
Z C. .t _ ..t g b
i,j=0 1) J'.-+"'1 — =1+ 2 + ‘6—_’ +.-l2--r. TR 3.22

= = i =C. _ =
C,=t C;=1C,=5; C, =C,=0,

33
W(t, 7) =1 +tr +t2’l'2 o+ t3'l'3+
2 6
tT

Hence W(t,T) = e

Onceithe desiradsle series has been found, the problem is reduced to

. . &7-31 . . . .
synthesizing a multi-output fixed linear system and a multi-
input time-varying gain amplifier. The basic structure is shown in

Figure(3. 3). In some cases it is convenient and desirable to use

single -input single -output subsystems as shown in Figure (3.4}.
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S Time
Fixed imes
u(t) | > Varying y(t)
G - Linear Gain =
——_—’_—‘
System Amplifier
>
Fig. 3.3. Structural Decomposition of a Separable
System.
¢, (T) M
L S
8,(T) —%% v
u(t) M v(t)
o > >

I

|

l

l .

s, (™) &

Fig. 3.4. A Special Case of the Structure in
Figure 3. 3.
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Another structure which is a special case of the one in
Figure(a. 3)is depicted in Figure(3.5), Lees' Laguerre network32,
for exarﬁxple, leads to a structure such as that shown in Figure (3. 5).
A generalized impulse train a.pproximation27 to the weighting

function W(t, T) leads to a tapped delay line realization, which is

also of the same form as depicted in Figure (3. 5).

u(t)
> 8,00 p5Te,m s ] 8.("

v

Fig. 3.5. Another Special Case of the Structure
Depicted in Fig. 3. 3.

~

3.3.1 Solution:of the Characterization Problem for
Separable Linear Time-Variant Systems.

U, W ,e.., U , Vs Voseooao y Y
: 'I' 2 n ' 1 2 Lo
‘ 6 o
o Wt'l'
EPR / ‘ t
'(9 ﬂﬂ=£Mmﬂw)&
Vip = Z'ii W.t’l'u'r’t=1’ ..... , .
-1 . "
y = Wu (matrices_)
w_=o0,1>t (. Matrix W is triangular).
tr 1 LI ]

Fig. 3.6. Linear Systam with Dlscretc Inpui ‘and.
Output Signals.

O Fig. 3. 65_‘ picts a, @;noar"éﬁme Wr1ab1e£ystem with
iscrete Input and @utput Bignals.
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The input is a sequence of n discrete variables (or samples) u, u
ey, and the output is a sequence of n discrete variables (or

samples) Ve Ypreeer Vo Both sequences are ordered, by asso-

ciation with the n discrete times (or sampling times) tl, tz, .o .tn.

Integration is now replaced by summation, and the weighting function

W is an nxn matrix. For any element Wt,r in the matrix W, the

row index t corre sponds to the response time, and the column index T

corresponds to the excitation time of the continuous signals. As for any

physical system, there is no response before excitation, therefore,

all the elements in the matrix W which lie above the principal diago-

nal are zero. Consequently, the matrix W takes the form of a

triangular matrix for any physical system.

Beforey going further, let us stipulate the conditions under

which we are working.

We assume that the output y(t) and hence the system function

. Iso,
W(t, T) are piecewise differentiable with respect to t. Fosthes,.
#% the system function is of bounded variation over the interval
considered.
Defintibn: Functions of bounded variation
Let f(t) be bounded in (a2,b) and leta = to’ tl, tz, .o tn-l’ tn=b,

be a mode of division of this interval let Voo Vyreeeo v, be

n-1’
the values of f(t) at these points,

Then
n-1

- = - = p- 3.23
OE (Yr+1 Vr) f(b)-f(a) = p-n,

\‘-
2
R
R
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where p is the sum of the positive dlifferences, and -n the sum
n-

of the negative differences.Theaum Z |, ~y | is denoted by
© r 49 T
and we have
K ) n-1
: Z =z |y . - o =pn 3.24
Cﬁj\" ) o r+t ~ Jr

To every mode of division of (a,b) into such partial intervals,

‘~¢he_1\'e correspond sums Zyp and n.

Wheﬁ the sums Z corresponding to all possible modes of division
of (a,b), are bounded and their upper bound is B, we say that B
is the total variation of £(t) in (a,b), and that f(t) is of bounded
variation in this interval.

‘ ‘Fu_rt‘her we have assumed that the system function W(t, T )

is separable and of the form 34’ 35

wW(t, T) f(t-T) « g(T) | t 2T 3.25

= 0 _t<'r .

The input-output relation takes the form:

) o
[ fe-r)gryuir) ar =y 36
to .- .

Differentiating (3. 26) with respect to t, we have
t

f(t~t) g(t) u(t) + f " f(l)(t-'l') gf)uf)dr = y(l)(t) 3.27
t
) o
re Mgy & 2-T)
where f{(tT) = 3t
and y(l)(t) ¢ dy

dt
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Now, taking equal intervals of length a along the t axis
as well as the T -axis, for: fl“ié'li:-tllustep, the equations (3. 26) and

(3.27) take the following form:

t.
1
{ £t-T) gr) ufr) A7 = y(t) : 3.28

and

t.

i
f(ti-ti)g(ti)u(ti) + .[ f(l)(ti-'l')g('r)u('l') ar = y(l)(ti) 3.29
o

where t_tia Lt <t Hitha

Now replacing the integration in (3. 28) and (3. 29) by a sum, using the
rectangular formula for approximating an integral, we get
j:i f(ti-tj) g(tj)u(tj)o, = y(ti)

i=0,...., n 3.30
and Ht-t)gltuie) +3 £ -t )gleule)d = y e ) 3. 31

i i i<i i 3725 i

i=0, ...., n
For any two adjacent values f(tfﬁ)’ f(ti+1-tj) on any line a in Figare
(3.2), when a is sufficiently small, we" assume a relationship of
the form

f(ti+1-tj) = f(ti-tj) +a-.f(1)(ti-tj), j€i,i=0,..., n-1.

To simplify the notation we will rewrite (3.30), (3.31) and (3. 32)

in the following form

f. .y.uv.a =y, 3.33
j&i 1-J °) ) 1
and
f, .gu *+ % f?‘.l). g.u.a = y(.l) 3.34
1-1 "1 1 . o 1=3 ")) 1
J\l

i=0,..., n
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and
- (1)
-5 - G tEie 3. 35
igi
i=0,..., n-1
Writing (3. 33 for i =k, and i = k-1, we get,
+ . LAY
fkgouoo. fk-iglul a +fk zgzuz a ta+ 4
e B ey O T e T 336
and
fe-180%0% * i 281 0 Hply 33 8 o2 B Y®
= Yoy 3.37
Subtracting (3. 37) from (3. 36) and using (3. 35) we get b
(1) A “
(fklgua £y oo
(1 ( ) : = -
R 0 B ) R L 338
Using (3. 34) for i = k-1 in equation (3. 38) we get :
- = - 3
(}sk-i foBi-1P-1 P B @ 7 Ve T Vi 39
Writing (3. 33) for i = 0, we get
- 3. 40
fo Y% ™ Y ‘

If now u(to) # 0, and normalizing g, (i.e. taking g, ° 1)
the step by step process is started by means of the equation (3. 40).
If u(to) = o, start from t:=to + € where u(to+&) :,f’—o, and €<<a . O
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Thus solving equation (3. 39) for i=1,... n; we get
B v B
Now solvi 3.33) for i=1,...n; i .
ving ( ) for i n; and using fo? go7g1, B

tf.,f,...,f.
we get £, {, fn
Now we can form the system matrix W as follows.

go. fo

g -f.g,.f :
o 11l o 3. 41

8, 1581118,

-go'.gngl'fn-ng'fn-Zf ffgri-fqg.'
: / The matrix (W) represented by (3.36) is called system
matrix, because the matrix (W) consists of collection of numbers
which are characteristics of the system and are independent of
the input and output signals. Therefore, the matrix (W) constitutes

a formal numerical representation of the system.

Oow \s TN
The above representation is aweiledte to all the rules of C' }
d

intercom%cting subsystems and has almost all the properties of

matrix algebra. This is shown in detail in Appendix III.

Since the system matrix (W) is a triangular matrix, it
offer s us many remarkable advantages. Because 4ll the elements
above the diagonal are zero, the numerical operations such as
multiplication and inversion are greatly simplified. Moreover,
one can tell at a glancé if the inverse matrix W-1 exists by

simply noting that none of the diagonal elements are zero. Any

element above the diagonal being non-zero indicates the instability
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of the system, and that there exists at least one pole in the

right half of the s-plane.

Since the product and sum of two or more triangular
matrices is again a triangular matrix, it follows that the
cascade and parallel combination of stable, physically realizable

systems, are stable and physically realizable also.

3.3.2 Example.

The algorithm for calculating the system matrix,

developed in section (3. 3.1), was tried for the following example,

U{m =1 oyt =t 0gtlw

The output was calculated using the convblution integral

(tr)

and taking the weighting function W(t,T) to be e e, pssuming

all the initial conditions to be zero.

Preliminary calculationé were made for intervals of
length0. 01 sec, 0.005 sec, 0.0025 sec, and the final values for
interval of length 0.001 sec, along with the exact values, are
tabulated in Appendix .IV, Examining table II, we conclude that
our calculated values .agree. fairly-well with the exact values

within the assumptions made.

A few words about the preliminary choice of the time-interval
are appropriate here :

(i) According to Shannon's well known sampling theo‘rem36
any signal limited to the bandwidth We. p:s. can be determine
completely by specifying its ordinates at a series of points 1 2w
second apart.

(ii) We also know that time constant is inversely propertional
to the bandwidt%,?.' Therefarge (i) and (ii) enable us to make a reasonable

preliminary choice of the time interval.

N
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The following comments can be made regarding the realization

of the system from the system matrix.

The finite number of equi'c}\?tant values calculated above,

corresponding to the time-invariakip-paxt of the system (i.e., fo fl,. . £.),
n
are used to construct the function

+~whose Laplace transform F(s), is

/
physically realizable as the transfer function/of a passive network :

S with lumped parameters. Thepthe system can be realized as shown in

Figure (3. 7).

y(t)

g3
—
-
—
D e —

n(t) uft)
] L— F (s)

Fig. 3.7 Realization of Separable Linear Time-Variable
System.
nt

where F(s) represents the time-invariable portion of the system,

C and u'(t) is the modified driving function which "includes" the time-

variable portion.

3.4 Findiﬁg a Representation for Weighting Function
from the System Matrix.

Once we have available to us the system matrix (W) in
the form of regularly spaced points of data on the t, T ‘plane, the
problem is ito: obtain a representation for weighting function W(t,T)
as a summation of products of some basis functions in t with "basis

functions in T such that the resulting function fits the data points

exactly. First of all, we have to assume that the system is



- 38 -

asymptotically stable so that we can truncate the data in the

direction of increasing t and T . The procedure for separable

.

systems can be, in general, outlined as follows.

Firstly, we find a set of basis functions [ 91'] which fit
the data along the t-axis for any value of the discrete variable T .

Then we find a set of basis functiong[ OJ'] which fit the data D

along the T -axis for any value of the discrete variable t. Using
the set of basbs [6i' ] and EG'J' ], we find a representation for the

weighting function of the form

n

w(t,t) = £ D,.. o' 6!

i-’-,j; 1} 1 J

Now, we shall give the procedure to represent the weighting
function W(t,T) on a set of exponential basis using Weiss -

McDohoug%? ’v%q'sion of the Pron_'g;"ﬂ41 classical method.

We have available to us, 2n sampled valuesy at the

sampled interval a, which may be written as:
w'y = w1 () 3. 42

where ‘i (t) represents a series of unit impulses equally spaced
in time |
2n-1
ift) = Z &(t-ma) 3.43
m=o :

We want to determine 2n parameters EBi’ 5; ] in the function

n R .
W) = = Be%t . 3.44
a 1

i=1
Such that Wa(t) passes through 2n points given by the
equation (3. 42).

The frequency domain representation of (3.43) is,

He) = 1 +e 5% +e725¢ 4 ...

. 3. 45
-8Q
1 -e
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Let us represent the sampled value of the signal W(t) at
the m'th sampling instant as Wm’ then we have

(5) 2n-1
W it = = Wrn 6 (t-ma) 3.46
m=o

and frequency domain representation of (3. 46) is
2n-1

witdey = & w mse 3, 47
m=o
Let z = e 3.48
w®z) = W)
2n-1 }
= T w7
m
ms=o
-1 -2 _~(2n-1) o
= + . B ., -
Wo le . +sz .ot WZnﬁ 3. 4?
and we wish to have a rational function approximation Wa(s)(z)
of the form i !
(5) b z" +'b 1 zn“1 +--+blz
W lz) = —2 A 3. 50
z +Bn-1 Z +"'1Blz-lﬁo
The time domain expansion of Wa(s) (z) has first 2n terms
which n;xatch 2n terms of W(s)(t) given by (3. 46).
Thus by equating (3. 49) and (3. 5'0) and multiplying both sides
by the denominator of (3.50) we have
b zn+b zn-1 +—-+bz2+bz
n n-1 2 1 —~
. -1 Ve /)
= (2"48 2" 4 h B,z 4B ) e
n-1 -2 o
(w0+w.z'1 yo-tw.  gt2ncl) 3.51

1 2n-1




oz
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Equating the coefficient of like powers of z on both sides of
(3.51) we get,

w Bo + Wiﬁi + '+Wn_1 n~1= - Wnl
B +---+ - -
wl o * Wzsi Wan-l Wn+1
Wby + Wby et W BT Y
I B =-w
WotBo T W, Byt t W Pnet 2n-1
and can also be written as (3. 52(b))
P' oy
B, WWwW...W _
(Bo 1 Bn-l)/ o 1" n-1{ -(-Wn,~Wn+l,...
Wl Wz. .« Wn - Wzn-l).
WtV Wonoa
and
W = b
o n
wan-l +W1 =b -1
. -- +tW , = b
WOBI +W162 * +Wn-ZBn-l n-1 1

3.52(a)

3. 52(b)

3.53

A
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Solving (3.52) we get,

QO’ Bl, ooooo ’ BJI"I'I 3.54
And finding the roots of the polynomial
| i B L +Bz+8 = 0
n-1 1
% ‘ 1
and using 5, = 7 log 2,» We get the exponents ( si].
Now computing [ biJ from equation (3.53) and performing a
partial function expansion of Wé B)(z) we get
z
n B
{ .
1 W(s)(z) - 3 1 (3.55)
2 2 Dim L ETE

which gives us [Bi] .

. | st o] whicnte e O)
Firstly, we find a set of exponentials ka-m [ s,] which fit the

data along the t axis for any value of the discrete variable T ,

say T, and we obtain an expression of the form

2n-1 not S'it,
T = T . .
wit,T, ) fi B(r zn-i)? . 3.56
Then we find a set of exponentia]@[ s"] which fit the '\rﬂ

data along the T-axis for any value of the discrete variable t,.

say th-i , and ke‘ obtain an expression of the form
‘ ‘n sj"'l'
s 3.5
W tonet) = B Gl e 7
j=1
Using the setsof bas@s [ s'.] and [s".] we form the equation
n v s'i t s''r
W(t,T) = = D,.e e’ 3.58
. ij
i, j=1
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Rewriting (3.58) in the matrix form, we have

w
00
Yio Wiy
7
wZO v‘21 WZZ =
wZn-l, 0w2n—2, 1w2n-3,2, o, W
-r - 2n-1,2n-1_] _
' b' ....... '
Fesi ts 53t esnto . . .
A = s"T, .. ... 8
. ny -1
é'ltl S'Zt1 ....... S‘wtl 8Ty e1 2 el 2n
e e < g C
) " "1‘ Il']' . e " T
s'lt2 s"?‘t2 ....... sntﬂ. s‘l(')s { ?2 2" 85 Ton-1
o e E.- e €
. Pyl 3.59
. nxf
s' t s' t RN A s"Tw" T g T _,. ... 8" T
el Zn-ieZZn-l enZn i eno.err1 'l ,en 2 zn 2n-1
_\. ._A-.-J»— . ' _‘

2 .
Writing (3.59) for the first n™ -equations. we have.

b b [ [

From [3.60) we get

s wy sm” = (@) wr 3. 61

b IS
&

-1

-1 )
provided (S') and (S") exist ,



- 43 -

Hence we get

n ] Il. T
D, et tefj 3.62
i,j=t Y

w(t,7) =
As a caution, we must remark that the exponents [ s] may
occur with positive real parts, which interferes with the requi-
rement of the passivity of the time invariant part of this system.
However, it is sometimes possible to avoid this difficulty either
by changing the sampling interval, or by enlarging the interval
over which samples are taken, or both, but no general theory
exists at present which gives us the conditions under which the

above mentioned modification will have the desired effect.
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4.Concluding Remarks.

To summarize the discussion of this thesis, we have
presented a solution of the characterization problem for a class
of linear systems which have been identified as time-invariant

or separable time-variant, and having an arbitrary set of inputs

{u} and a corre sponding set of outputs{y} . In particular, the
systems discussed are (3.4), and (3.26) where the weighting
function W(t, 1) is considered as the unknown to be determined

on the time domain, the inputs being arbitrary.

The method of determination of weighting function W(t, T),
repre sented in this thesiS/ is numericaly and can be easily imple -
marjtf:d on a digital computer. An algorithm in regard to the use
ofAdigital computer is given and a bound on the error s of the
process has been established. The word system matrix has been
used for the matrix consisting of collection of numbers which are

characteristics of the system. A procedure for finding a repre-

sentation for weighting function W(t, T) from the system matrix is

developed. Also, an algebra for manipulations of weighting functions
of linear systems is given. While the characterization of separable
time-variant systems has been inve stigated in this thesis, it may -

be méntioned that the characterization of nonseparable time -

variant systems is still an unsolved problem.
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I. Proof of Theorem 2 on Weighting Functions.
II. A Bound on the Errors of Approximation Process.
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IV. Results of Digital Computation (Table II).
Notation
—di—iy(—t)- a
dt

ilV_(;;,_’T_L é W(t.i)(t,’l' )
3t -



APPENDIX I

Theorem 2 A function W of two variables t and T is a
weighting function for a linear differential system if and only

if it is a separable function of the variables t and T of the

form

n
MB

W(t, T) wk(t) ¢k (T) for t2T

w
1}
—

(I-1)

H
o

for t4T .

wherye wk(t)'s are linearly independent functions of t, and

¢k( )'s are linearly independent functions of T .

Definition | The weighting function of a physically realizable

system can be defined as a function W(t,T) such that if an input

u(t) is applied to the system, the output y(t) is given by the

convolution integral (I-2), assuming all the initial conditions

to be zero,

t
y(t) = J’ W(t, T)u(T) 4T (I-2)
t

(o]

The upper limit of the integral must be t, since the

Physical realizability of the systemrequires that
W(t,T) = 0 forT> t (II-3)

Definition 2 If the system for which W(t,T) is ‘a. weighting

function can be described exactly by an n-th-order linear diffe-

rential equauon,geewwe;exp&a%

m@be form
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n (,’ m @)
Z al(t)y™).7Z b()u'(t), nP m,a (1=t
i=o i=o n
. | r-4)
and y(l)(t) =0; i=o, 1,2,..., n-1 ( .
t=T
i . ANy
Ady(t) é Y(l)(t). p ~2

where dt

ML b uy‘) Levs

Proof: (i) Necessity.

{ h RN S I P .
( [ [ ( e Culj«‘\-c Y-S J'f .
Sl ou ; Y . A

i
Cua ¢

Assume now that a physical system of the form (I-4)

has been guaranteed and it is desired to determine the weighting

function which cortresponds to (I-4).

In order to express explicitly the output of the system

(I-4) in terms of its input, the knowledge of the complete

set of homogeneous solutionsof (I-4) is necessary. We shall not

go into the details of determination of the complete set of homo-
geneous solutions df(I-4), but we assume thai this particular set -
also called the fundamental set of homogeneous solutions of (I-4)

is known 10,11 . Let us represent a complete set of homogeneous

solutions of (I-4) by {{.}
k
k=1..., n.
In order to determine the forced solution of (I-4), we
employ the method of variation-of-parameters expounded by

Lagrange 1%":‘-.
Let q;l(t),...., wn(t)

be any fundamental set of homogeneous solutions of (I-4),ﬁen

a solution of (I-4) can be obtained in the form
n
= ' I-5
v e Z G N (1-5)
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where the functions Ciml(t), e,

solutions of the system of algebraic equations.

C(pn (t) are obtained as

This system

of equations can be written in the matrix notation as:

_ o 1

L/ (t) l}'z(t).......... wn(t)
m(t) q; q;(i)(t)
yy w(n De...... R

The coefficient matrix of the functions [ C(l‘? (t)] is recognized

to be the Wronskian matrix of the homogeneous solutions of

(I-5). -Further, the fact that wk(t)] is a complete set of

s .
C(f) (t) 0
¥ 0
i) mo
Cil (t) Z poatthy
N 1 et i

homogeneous solutions of (I-5) guarantees the nonsingularity of this

matrix.

Now, each of the functions Ck(t) is a function of the input

as follows:

C. b =

t

o

WA z b, (T)u(‘)('r)] ar

i=o

The set of functions { q((t)} are determined uniquely by the set of

k"l,o',n

homongenepus solutions [ k(t) ]

k=1,...

.
ny

and are obtained by

solving a system of algebraic equations, which are modified

¢

(I-6)
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ver sions of th‘ose given by (I-6) and can be wriiten in the matrix
+

form as follows:

_ - A F -
G N0 DA I O 8, (8 0
) |

w(l)(t) w(;)(t). A G g, (1 0

. . . 8)

(n-1) (n-1)

A 4,(;1%))..........% (tlj 8, (¥ 1

L - ..

Hence the input-output relationship of the system (I-5) takes

the form:

t m

n .
wy = =Ly 0 (gm(z o) ooy ary o

k=1 6 izo

Note that the functions [q;k( ty] and [ ¢ k(t) ] do not depend

on ‘the .input in any way. The block diagram of the system given

by equation (I-9) is shown in Figure (I-1)

b (1) u (0]
> s (0] D——»—wlm-
| 4,0 > W 8,00 —s p>
l
l .
6 (1) wnm >

Fig. (I-1). Block Diagram Corresponding to Eq%uation (I-9).

v(t)
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The mathematical model of the system shown in Figure (I-1)
is denoted by the weighting function W(t,7), defined mathematically

as follows:

n
W(t,T) = X wk(t)¢k('r), t>T

t LT

1]
o
v

To distinguish between the nonmnemonic operations occurring
before and after the integrators shown in Figure (I-1), the weighting
function is written as-a function of two variables t and T. . The

equation (I-9) in terms of W(t, T ) takes the form

o i
y(t) = f W(t, T) [ Z b, (1) 5%‘) lar (I-11)
i=o '
o
The equation (I-11) tells us that a complete and explicit
description of the input-output characteristics of the system (I-4)
is provided by the weighting function W(t,T ), a separable function of

two variables of the form (I-10), which proves the necessity.

(ii) Sufficiency

Assume now that a weighting function of the form (I-1) has
been guaranteed and it is desired to determine the differential
equation of tﬁe physical system which «:corresponds to (I-1).
Since [ q}k(t) ]is a set of n independent solﬁtiorgn Ww(t,T),
the order of the differential equation corresponding to (I-1) must be

n, and is of the form

n . m .
> o)y e = = B, (1) aihy,
i=0 1 i=0 1 (I‘iZ)

n2m, a.,h(t) =1
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where ui(t) and. Bi(t) are to be determined. Moreover, [Wk(t) ]

is a set of homogeneous solutions of (I-12), therefore, we have
> (i) |
Z a/(t)y (t)=0, k=1,..., n. (I-13)
. 1 k
i=o
This is a set of n simultaneous equations which give us

the n-unknowns ai(t) 's.

To determine B  (t)'s proceed as follows:
1

Let us assume that ihe weighting function corresponding to the
homageneous part of (I-12), that is, the solution to the following
problem, is known

> (i) -
a. () k> '(t, T) = 0
1 t .

i=o
(1) - . - I_la
and kt (t, T) = o,’l-o, 1, ... n-2, (I-14)
1f ‘.
N k(I:'i) (t, T) = 1.

where 3 k(t, T ) =A k(:)(t, T)
Y
If k(t, T) is known, then the input-output relationship of the system

(I-12), using (I-11), is of the form

t
m . _
yit) = { ke, r) ¢ = ema @’ (1-15)
' o i=o !
Using (I-2), we have
t m ('.) t
f K(t, T)[ Z B f)u M] ar = _[W(t,'r)u(fr) ar (I-16)
t i=o

[e) (o]
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o
Now operati.ngAboth sides of (I-16) by

- d (n-1
[ = al(t) —-—1-] and using the fact that k I:- ) (t,7T) = t
1=0 dt

we get (I-17)

m (i) m dl ¢
= B.(t)u ! (t) = Z al(t) — ( J—W(t, T)uw(T) dT] (I-17)
izo 1=o dt t

The right-hand side of equation (I-17)7using Leibnitz formula,

can be expanded as

m t (1)
= at) _( w'it, T yur) dT
10 ! t
=0 o — - J—
m 1-1 r ' (I-18)
+ T aft) = w‘};r‘ilm w(T)
1=0 r=o dt : rat-o
A i —
-1 ‘
and we use the convention throughout that 2 = 0.
r=o
Now by virtue of (I-14) and using Leibnitz formula, (I-18)
reduces to -
m 1-1 r /t dr-i
= al(t) z =z =
1=0 rgo i=o i dt
(I-19)

" Hence (1-17), becomes

m . m 1-1 r f[ry dr-i (1-n-1) .
'z Bi(t)u(")(t)= z Z p2 (1) al(t) — Wt ¢, \hzt)

i=o =0 r-o i=o \ dt o
T=\t-/)(l-20)

P
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Rearranging the righthand side ofrca_quation (I-20), we get

m 1-1 T dr-'1 1-1 -
Bt) = £ % )am — T 5y e = 7e0 (I-21)
i VR B R | r-i t

1=i r=i \i dt

This is a set of (n+1) simultaneous equations which give us
the (n+1 ) unknowns B; (t)'s. Since the equation (I-17) is
completely known, it establishes the sufficiency.

Hence our theorem.
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APPENDIX II

A Bound 9n the Errors of Approximate Int:egration.

The equation used to calcuiate
% 'l,.k #
W (a) , W (2a), W (3a),.....

is:

- 3 6) Wina) = - y(na) +a {Z u(na) W(o) + Z u[ (n-k)a]W (na)}
k=1

o
where X = 0 (II-1)
k=1

The exact equation corresponding to (II-1) is

n~-1
- % u(o) W(na) = - y(na) + a {-;-u(no.) W(o). + £ u[(n-k)a W(ka)}
k=1
n
+ k2=)1 ",'n','k (IL-2)

where the error for any interval (k-1)a £t <ka is given by (II-3)

ka - -
e = u(na<+¥% ) W(r) W4T
n, k (k'[l)a

- % [ u(na - k-1 a) W(k-1a)
+ u(na-ka) W{ka)] ' (I1-3)

Representing En’ the error after n steps, as:

E_ - W *(na) - W(na) (II-4)
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and substracting (II-2) from (II-1) we get:

n-1 n
C -Eu(o)JE =a Z u(n-ka)E, -Z e . (11-5)
2 T ket K ket ™K
Replacing n by.. nt*i in (II-5) we have
e n n+i
(- -z-u(o)] En+1= a z u(nH-ka) Ek- p en+1k (I1-6)
k=1 k=1
Subtracting (II-5) from (II-6) and denoting,
n-1
Il =acZ ( ulntl-ka) - uln-ka) ] E
, =i k
n
- e - Z
n+i,n+i k=1 (en+1,k-en,k ) (I1-7)
we get
Q.
- == 13 - - = £ II-8
3 u(o) EEnH En] au(@E_+ L (II-8)
subtracting [ a u(o)En] from both sides of (II-8)
we have,
3 = - ‘+]'_ II-9
> ulo) [En+1+En] a [ ule) - u(o) ] E +tL (II-9)

Comparing (1I-9) and (II-8), we conclude that [ En+1+ En]<[ En+1 -En] P

i.e., En+1 and En are in general of opposite sign, therefore,

E forms an oscillating sequence.
n

Rewriting (II-9) by replacing (n+1) for n, ‘we get

- % wo)[ E_#E , Jsu[ ul) -u(0) JE +L (II-10)
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Subtracting (II-9) from (II-10), we get

- %u(o)[ E_,,- E_1=alu(a) - u(o) E_,,-E1+1 1 (II-11)

We also know23 that

eh Kk = - i—z- 0,2- [:—il;][ u(na -7 )W('ri}r = ka
d 5
- d—T[u(na-'r )W(T) T = (k-1) o+ o(a”) (II-12)

Assuming that W and u have >ounded derivati‘/es up to fourth order,
it follows that the first and second differences of u are respectively
of orders a and nz and that the first and second differences of e K
are respectively of orders a.4 and as. It can be easily proved by '

induction that a positive constant L can be found such that

!, I-13
En\sfh‘ ( )
where
2 N 4 3 11-14
£ = : +f)+ + -
fn+2 fn L[ a fk+a(fn+1 fn) na a ] ( )
k=1
where f1 and f2 are chosen so that (II-13) holds for n=1 and 2.
From (II-5)
¢ =0(d), £ =0(a? (11-15)
1 2
and
' (I1I-16)
f1 <L f2
Thus

(I11-17)
on-1< fz«\n for all n
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and hence it may be shown by induction that if

n-1
- 2
Font2 Fan™ Hla(2 kzi FortFon)t olF, tF) 1)
+2na? +a37 (1I-18)
and
Fz = fZ (II-19)
Then, f2n< an for all nd) 1 (11-20)

From (II-18), we get the difference equation.

v’
‘/ - - Z - 2 = 4 -
F, o gqll - Lo) - Fy o(2 + La")iF, (1-La +2a) = 2La = (II-21)

Solving (II-21) we get 41,

v 2. .n n
e = - ) T , 11-22
Foo=-0 tu ™ to, r (II-22)
where 2 2 4-‘- 1’Z
La 2 3, La
= + L(2+L)a - L +
Tty = Tiia > { (2 )0 o+ =—F—11]

(I1-23)

and the constants w, and w, are given by the initial conditions.

2
= + (11-24)
rlm1 + rzc,o‘2 FZ a
Z 2 2
= +
ryw trye, =F, Y

From (II-15) and (I1-19), F, = 0(af) and from (II-18),

F, = F_(1+0(a)). Also from (3. 32).

v
;'”r1=1+0(o,); 'r’z=1+0(a.), rz-r1 = 0 (a).
t 0(«Y
wiz 0y, W = <

\L
F'LV\:"-— O(Q(jz' e EY\': oled)
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Thus from (1I-24),
2,. 2
+ -
rZ(F2 a’) (F4+a)

(.IJ1 = -
el -y
3
. Ola) | 2
°f 9 % T(a) 0(a’)
— 2
Similarly w, = 0(a")

2

At a fixed value of t we consider a sequence of values of a

such that 2 na = t, thus n=® as a =»0,

Thus for small a, r, and r, in (II-22) are bounded, and

> are 0 (az). So, for fixed t, an is 0(02) and from

w,,
1
(II-19), (II-17) and (II-19) it follows that En =0 (o.Z ).

(II-25)

(1I-26)
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APPENDIX III

When linear systems are combined, their weighting
functions may be combined by an algebra based on sums and -« .., T
convolutions42. The usual definition of convolution may be generalized :
so that the algebra ;abplies to linear systems, time-invariant as well

as time-variant. It then has almost all the properties of matrix

algebra.

The cascade combiq'a’#ion of two linear time-variant
1
systems is depicted in Figure II-4, where W( ) and W(Z) represent

the weighting functions as well as the systems themselves.

A/
]

- - - - — —_"——_-"}
|
!

a) Continuous: |

Time-invariant W = W(i)*W(z) (stationary)

Time-variant W wil)yy(2) (nohstationary)
Fo1) o (2)

Wit T) = fw (t,S)W ™ €, 1) dT
T

b) Discrete:
W = W(l) W(Z)
- (1) (2)
Wir = gz' w &E w ET

Fig. III-1. Cascade-Connection of Linear
Systems.
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Now, considering the system from slightly abstract point of view,
one can simply consider a system W(z) as a mapping which takes
an abstract space U (the input space) into another (the output
space) space V. Similarly, W(l) is a map which takes an abstract
space V (the output space of W(z)) into another space Y. Let
u € ‘T, then its image W( ) (u ) is in V which is the domain of

1
1
W( ). Accordingly, we can fmd the image of W( )(u ) under

(1 @ wiup))y.

the mapping W', that is, we can find W
Thus we have a rule which assign to each eleme nt v, €Ua
corresponding element W( )(W(z)( ) )€ Y. In other words, we have
amapof U into Y. This new map is called the product map or

- 40 (2) (1) . (1) ,,(2)
composition map  of W ' and W ' and is denoted by W ' W ',
When the systems are time-invariant the convolution expressed by .
W = W(})*W(z). is an ordinary convolution, that is,this relation

is simply G_w(s) = Gw(;i) (s) + G.\\';(Z) (8) in terms of the corres-

ponding frequency domain representation. Further, the commutative law
holds, that is, Wu)*W'(Z) = w(z)*w(l) ‘= W. For time varying
systems, the commutative law, in general, does not hold. But

for systems representable by symmetric system functions (i.e.

WI(t, T)= W(, t)), the commutative law does hold.

0 B (2) e

When the signals are discrete, w, W, and w
o . (1, ..(2)
matrices and W is simply the matrix product W' 'e W ',

expressed by the equation (IEI-1).

w =

T Z wb yl2) (I1I-1)

g€ t& &7
w w2 =« w'@ wil (IIT-2)
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The parallel combination of two linear time-varying systems

is diagramatically shown in Fig. III-2.

W“)
!

(2)

| w

w
-
4) Continuous
: : . - (2) :
Time-invariant W= W' +W (stationary)

Time-variant W= W(l) + W(Z) (nonstationary)

wi ery + w®er)

W(t, T ) =
6) Discrete
w = wills wi?
- (1) (2)
Wﬂ, = Wﬂ_ + th

Fig. III-2. Parallel Combination of Linear Systems.

Thus we-gee that for continuous signal the equivalent system

function is given by the equation (III-3)

W (t,T) = W(l)(t, T)+ W(z) (t,T7) (I1I-3)
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(2)
(2)

are matrices and W is simply the matrix sum W(l) + WL

Again, when the signals are discrete, w, W(l) and W

expressed by the equation

- owil) (2)
W, =Wo +Wa (I11-4)

Lastly, the inverse operation is shown in Fig. III-3.

|—— —— —— trmm— — ——a— — ——
by

s | y
0 r } W 'w-l

c) Continuous
w e w = 6,

~ -1 -
wlaf? ) = @By =)
t
sear) = [ W (£E) WE,T) &
T .

d) Discrete
wlw=1

<11 -1 '1
(W(l)wgz) e wi?)) W)

Figw I1I-3. Inverse System.

_ For continuous signals, the inverse system is given by the

equation (III-5)

t
(t-T) = j wl(te)ywe . T)ds (II1-5)
T
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and for discrete signals, we have

wilw = I

Thus we have almost all the properties of finite order
matrix algebra. For the most part, the relations require
\that orders of integration may be interchanged, and that

inverses of weighting functions do exist:s

(III-6)
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APPENDIX IV i

e

RESULTS OF DIGITAL COMPUTATION

NARESH GUPTA PROGRAM FOR SYSTEM METRIX DETERMINATION

213
100

DIMENSION G(500)y F(500)

Y ATX)=TX*EXPF (=TX) . ,MMMWWMwmw,J”HWMWmnwumﬂmhwMMMWMwmmwmw___

U(TX)=1le

_DY(TX)=(1.;TX)*EXPF(-TxyWNMMMM-,WMWWMNMM;;M.Mwuwmm.uw,;MNNUM.“.

READ 1004T1yNyALFA,GO
FORMAT(F5439159F5039F108)

103

FO=Y(T1)/(GU*ALFA)

PRINT 103,T1sNyALFA
FORMAT (4H0T1=.F7.4 4X 9 2HN= 91504 Xy SHALFA=9 FTe4)_ _ .
GU=GO*U(TL1) : : .

211

F(1)=FO

G{(1)=GO

T=T1 — - |

DN E L e e e o e

I=1

PRINT 102 o oo e+ o ot oo e s e o ot e s
GO TO 210 :

NG=2

UIMEImL o e o e e

DO 200 I=24N

TM=T

T=T+ALFA e e e s
G(I)—((Y(T)-Y(TM))/ALFA-DY(TM)+F0*G(IM)*U(TM))/(FO*U(T))
F(1)=Y(T)/ALFA 2 :

201

TK=T1

DO 201 JEZL ot o

TK=TK+ALFA

S K=I=J+l . [P SR

F(I)= F(I)-F(K)*G(J)*U(TK)
F(I)=F(1)/GY

210

- 200

102

EX=EXPF{-T) :
PRINT 1019 ToF I gGUIDwBX il e o o e

" GO TO (2119200)4NG

CONTINUE I

CALL EXIT

FORMAT (1H013X,lHT,9X,1HF111XleGv10X,3HEXP)

101

L END

FORMAT (1HOsF7e412X93(FB8e5:4X))

e e s S P o At B o S S SIS

Lol Universty of Crivewn
. - ('( A -,‘l\{ ":I"J:; (t",’_!"k‘ !'Y))'.
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Define Input and _'
Output

*'- ?'_

Read lirhits. _
tor t and G(o).
]
iCalculate F(o) _
~— ] A
!
Calculate G(I), F(I)

Exit

Increasel

l .

Print Re sulﬁ

e

A b 5t A b Sk ea e o o e e e o — . .

YAl T

Fig. IV-1 Algorithm for Calculating System Matrix. -

YA
PR

—
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