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Abstract

In this thesis, we formulate the notion of a spherical function on a supersymmetric space,
based on the canonical Hopf superalgebra structure of enveloping superalgebras. We present
a comprehensive framework for spherical functions within the context of symmetric pairs
(g, ) of Lie superalgebras. Our analysis begins by constructing an algebraic radial compo-
nent map for the spherical functions. Subsequently, we focus on the supersymmetric pair
(gl(1)2), 08p(1|2)). Despite the simplicity of this pair, we uncover an interesting connection
to Euler zigzag numbers. Finally, we thoroughly investigate three families of supersymmetric
pairs whose restricted root systems are of type A(m,n). For each of these cases, we derive
a differential equation for spherical functions depending on a parameter k£, which takes on
the values 1, %, or W In mathematical physics literature, this differential equation is
known as the Calogero-Moser-Sutherland operator (CMS), and it occurs as the Hamilto-
nian of the quantum n-body problem in one dimension. Our main result in this context,
which extends Sergeev’s earlier work, is that for the three families of supersymmetric spaces
described above, the CMS operator is obtained from the action of the Casimir operator.
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Chapter 1

Introduction

A spherical function on a reductive Lie group is a continuous complex-valued function that
is bi-invariant with respect to the maximal compact subgroup of G [14]. Spherical functions
play a major role in Lie theory, and their theory lies at the intersection of analysis, algebraic
combinatorics, and differential geometry. A readable reference for the abstract functional
analytic theory of spherical functions is the expository paper of Roger Godement [10]. One
remarkable feature of spherical functions is that they lead to well-known families of symmetric
functions, such as Schur and more generally Jack polynomials [39].

This thesis aims to extend the theory of spherical functions to the realm of Lie super-
groups. Lie supergroups (and their associated Lie superalgebras) are Z,-graded analogues
of Lie groups (and Lie algebras) [8, 19]. Lie supergroups and Lie superalgebras emerged
as critical structures in mathematical physics during the 1970s, particularly in the study
of supersymmetry and supergravity. The concept of supersymmetry introduced a new type
of symmetry that extends the Poincaré symmetry of spacetime by incorporating transfor-
mations between bosons and fermions. This led to the development of Lie superalgebras,
which generalize classical Lie algebras by incorporating a Z,-grading. The seminal works of
physicists and mathematicians, including Wess, Zumino, and Kac, laid the foundation for
the formal theory of Lie superalgebras and their representations [42], [18].

Victor Kac’s classification of simple Lie superalgebras provided a comprehensive frame-
work for understanding the structure and representation theory of these algebraic objects
[18]. Subsequent research has focused on exploring the rich algebraic and geometric prop-
erties of Lie supergroups and their homogeneous spaces. These studies revealed deep con-
nections with various branches of mathematics, including algebraic geometry, representation
theory, and combinatorics.

One of the primary motivations for studying Lie supergroups is their application in the-
oretical physics, particularly in the formulation of supersymmetric field theories. The repre-
sentation theory of Lie superalgebras plays a crucial role in understanding the symmetries
of these physical systems. Moreover, the theory of Lie supergroups and their homogeneous
spaces has significant implications for the study of integrable systems, special functions, and
invariant theory [36] B35 [17].



However, the geometry of homogeneous superspaces is usually substantially more tech-
nical than their non-super analogues (e.g., Riemannian symmetric spaces). This creates
significant challenges in extending the classical theory of spherical functions to the super
setting. To circumvent the above technical difficulty, we pursue an indirect, purely algebraic
approach to study spherical functions on supersymmetric spaces in a systematic way. Our
strategy begins with formulating the notion of a spherical function based on the canonical
Hopf superalgebra structure of enveloping algebras. Then, the Hopf superalgebra structure
of these enveloping superalgebras allows us to equip their dual with an associative algebraic
structure. This approach was first introduced by Sergeev [38], [34] for two families of symmet-
ric pairs (gl(m|n) @ gl(m|n), gl(m|n)) and (gl(m|2n), osp(m|2n)). Our work will go beyond
Sergeev’s work. We will formulate a general theory in terms of abstract root data of Lie
superalgebras.

Given a finite dimensional Lie superalgebra g, an irreducible representation (m, V') of
g, and any Lie subalgebra ¢ C g, we can construct the elements 6, ,(z) := (v*,7(x)v) of
U(g)*, where v € V and v* € V* are t-fixed [34]. We refer to the 0, ,+ as algebraic spherical
functions. Also, given any Lie subalgebra £ C g, we define the ¢-biinvariant functionals as
functionals on U(g) which vanish on €U (g)+U(g)t. The space of ¢-biinvariant functionals will
be denoted by A(g, £). These -biinvariant functionals exhibit several remarkable properties,
particularly those highlighted in Proposition which states that every A € A(g, €)°, i.e.,
every element of A(g,€) that satisfies a natural finiteness property, can be expressed as a
matrix coefficient of spherical modules. These properties enable the functionals A € A(g, £)
to serve as spherical functions for the supersymmetric pair (g, €), where € is the fixed point
subalgebra of an involution # of g and p is the —1 eigenspace of 6.

In the following, we describe the original results of this thesis. The first major goal
of the thesis is to find a suitable notion of the radial part of spherical functions in the
superized setting. Specifically, for a given supersymmetric pair (g, €) with the property that
the maximal abelian subalgebra a C p is self-centralizing, we are able to find a natural
injection of A(g,£)° into the dual of S(a). This injection is given in Corollary and
serves as the radial part map, a key concept for the subsequent chapters of this thesis.

For the supersymmetric pair (gl(1]2), 0sp(1]|2)) which is actually Case II of Table
we are able to find a basis of Z = £U(g) + U(g)t in Theorem [3.3.7] Remarkably, these
basis elements have connection to Euler Zigzag numbers. The argument involves tedious
computations with a suitable PBW basis of Ul(g).

Starting from Chapter 4, we focus our attention on three cases I, II, and III of Table
[4.1] whose restricted root systems are of type A(l,l). For any p € A(g, ), we associate a
generating series ¢, and proceed to prove the (super)symmetry of ®,. The key idea in this
proof involves finding interwoven pairs of gl, subalgebras within g, a technique that applies
consistently across the three cases. Furthermore, we verify the symmetry (the Weyl group
invariance) of spherical functionals. Symmetry follows from invariance under the generators
of the Weyl group of the restricted root system, and we prove this invariance property
in Proposition [£.4.3) by utilizing certain rank one symmetric pairs (84,5, N €), defined in
Definition [4.4.1] that embed in (g, €).

The spherical functional A can in principle be recovered from the formal power series




®,. Thus, the generating function ®, plays the role of a spherical function on the associated
supersymmetric space, in an algebraic way. We explore the concept of supersymmetry in
distinct Cases I and II in Table In Case 111, supersymmetry is not expected because the
restricted root system is purely even. The condition of supersymmetry will be identified by
considering the differential equation obtained in Chapter 6 for each case. Supersymmetry is

expected to take the form
0 0
k— ] P,=0
(8@ + Oyj) A ’

for each hyperplane z; —y; = 0, where i = 1,...,n, j = 1,...,m, and k is a parameter
extracted from the restricted root system according to [37, Sec. 4]. Specifically, £ = 1 in
Case I and k£ = 1/2 in Case II.

Finally, the spherical power series ®, satisfy the (in a suitable sense) differential equa-
tions that are analogous to those obtained in the classical work of Sekiguchi and Debiard for
the non-super setting [7, B2]. Physicists are particularly interested in the integrable model
corresponding to the quantum n-body problem in one dimension. The Schrédinger operator
of this model is known as the CMS operator. A general form of this operator in the context
of root systems of Lie superalgebras was given by Chalykh, Feigin, and Veselov [5]. Sergeev
[37] proved that for Cases I and II, this operator arises from the action of the Casimir of g,
which is either gl(m|n) @ gl(m|n) or gl(m|2n). In this thesis, we verify that this also holds
in Case III: the CMS operator arises from the Casimir of the Lie superalgebra gosp(m|2n).
By utilizing the action of the Casimir operator, which is in the center of the enveloping alge-
bra, one can describe spherical functions as eigenfunctions of suitable differential operators,
which are stated in (6.0.1]) as follows:

x; 0 0 y; 0 0
D=k Y o (wig—ma) - Y (g )
1<ijeisr T T Oz; Oz <igerir BT Ui yi 0y;
i# ] i F ]
Tty 0 5, 9\’ 9\
- — (7 ky;—— i —k i )
1§1Z<l+1 Ti— y§ (x 81‘1 i yj ayj) i 1<§+1 ' 8:13‘1 1<;+1 y—ayz

where the parameter £ = 1, %, mT’l — n corresponds to Cases I, II, and III, respectively, in
Table These parameter values correspond to those associated to the occurring deformed

root systems |31, Table 1].



Chapter 2

(Generalities on Lie superalgebras and
enveloping algebras

In this chapter, we first review some basic definitions such as Lie superalgebras and the
enveloping algebras of Lie superalgebras. Then, we use the Hopf superalgebra structure of
these enveloping superalgebras, to equip their dual with an associative algebraic structure.
Furthermore, we define algebraic spherical functions in the setting of superized homogeneous
spaces as functionals in the restricted dual of enveloping superalgebras, with certain vanishing
properties that will be introduced in Section

Throughout this thesis, the base field will be C.

2.1 Spherical Functions on Lie Groups

Let G be a reductive Lie group and K a maximal compact subgroup of G. The space of all
complex-valued continuous functions of compact support on G, which are bi-invariant with
respect to K, is denoted by L(G, K). Specifically, a function f € L(G, K) satisfies

f(ki1xks) = f(z), forall x € G and ky, ks € K.

The convolution of two functions f,g € L(G, K) is given by

(f % 9)(x) = /G fayV)g(y) dy.

Definition 2.1.1. A spherical function on G respect to K is a complex-valued continuous
function ¢ on G satisfying the following properties:
(i) ¢(k1zks) = ¢(x), forall z € G and ky, ks € K,
(i) ¢* f = App, forall f e L(G,K), where \; € C,
(iii) ¢(1) = 1.
The first condition ensures bi-K-invariance, the second establishes the eigenfunction

property with respect to convolution, and the third normalizes the spherical function at the
identity element of G.
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Example 2.1.2 (Spherical Functions on the Sphere). Consider the homogeneous space
Sl = O(n)/O(n — 1), where O(n) is the orthogonal group and O(n — 1) is a maximal
compact subgroup. The space S"~! represents the (n — 1)-dimensional unit sphere.

In this case, a spherical function on S™! is a continuous function ¢ : O(n) — C
satisfying:

1. Invariance under O(n — 1)-action: For any ki, ks € O(n — 1) and x € S"7!,

2. Eigenfunction property under convolution: For any bi-O(n — 1)-invariant function f
on O(n),
ox =X, ApeC.

3. Normalization: ¢(1) = 1, where 1 is the identity element of O(n).

A classical example of a spherical function on S"~! is the Legendre polynomial Py (cos ),
where 6 is the geodesic distance on the sphere and £ is a non-negative integer. These
functions arise naturally in harmonic analysis on the sphere and are eigenfunctions of the
Laplace-Beltrami operator, satisfying the symmetry imposed by the O(n — 1)-action.

2.2 Enveloping superalgebra

Superalgebra deals with performing algebra in the category of supervector spaces. The ob-
jects of this category are Zs-graded vector spaces, and the morphisms are grading-preserving
linear maps. However, the difference between this category and the category of graded vector
spaces is that the symmetry isomorphism V@ W — W ® V is different. Specifically, it is
defined as

v@w i (—=1)Hly @ v,

where |v| and |w| denote the parity of v and w, respectively, taking values in Zy = {0,1}.
Here, |v| = 0 if v is even and |v| = 1 if v is odd. For generalities on super linear algebra, we
refer the reader to [4]. We adopt the standard notation of representing a supervector space
by C™" where m and n stand for the dimensions of the even and odd parts, respectively.
That is, (Cgl‘” = C™ and (anm =C".

A superalgebra A is a Z,-graded algebra A = A;® Aj, that is, 4;A; C A, fori,j € Zy
and A; + A; C A; for i € {0,1}. Note that in this thesis we consider both associative and
nonassociative superalgebras.

Definition 2.2.1. [6, Ch.1| A Lie superalgebra is a Zy-graded algebra g = gy © g7 with a
bilinear binary operation [., .| satisfying the following two axioms: for homogeneous elements
a,b,c € g,
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(i) Skew-supersymmetry: [a,b] := —(—1)11"[b, a].

(ii) Super Jacobi identity: [a, [b, c]] = [[a, D], ¢] + (—=1)I*®l[b, [a, c]].

The formulas in the above definition, and more generally all formulas in super linear
algebra, are stated for homogeneous elements and then extended by linearity.

Definition 2.2.2. Let V = V5 & Vi be a vector superspace. A bilinear form
B(-,):VxV =V

is called even (respectively, odd) if B(V;,V;) = 0 unless i + j = 0 (respectively, i + j = 1).
An even bilinear form B is said to be supersymmetric if Bly; «v; is symmetric and By, xv;
is skew-symmetric, and it is called skew-supersymmetric if By, .y is skew-symmetric and
Bly, xv; is symmetric.

Example 2.2.3. (I) Let A be an associative superalgebra. We can equip A with a Lie
superalgebra structure by defining a super commutator as follows:

[a,b] == ab — (—1)lPlpq,

(IT) Let V' be a vector superspace. Then End(V') is an associative superalgebra. The Lie
superalgebra associated to End(V) is denoted by gl(V). Also, gl(V) is the subspace of
linear maps that preserve grading and gl(V)7 is the subspace of linear maps that interchange
grading. Therefore,

gl(Vig=gl(V) @gl(V) =2 Ve Vya ViV, gl(V)i=VieVFoVie V.

m

Example 2.2.4. Let m and n be positive integers. Set r := |%]. Let J* be the m x m
matrix defined by

1 01><7” 01><7“ 0 ]—
JT = 0,1 Opyr Ly |if m=2r+1, and J* ::[TW T

[’I“XT' OT’X’I“

]if m = 2r,
07'><1 [7"><r Or><r

and let

_Ian 0n><n

J_ - |: OHXTL ]TLX'I'L:| )

Consider the even supersymmetric bilinear form B : C™?" x C™?" — C defined by

Blej,e;) = Jt, B(e), €)= J_

0,57 AR 1,57

and  Ble;, €}) = 0.

where {e;}1%; U {€/}?", is the standard homogeneous basis of C™**. Then the Lie superal-
gebra osp(m|2n) can be realized as the subalgebra of gl(m|2n) that leaves the bilinear form

B invariant. Thus, the Lie superalgebra g := osp(2r + 1|2n) is realized as follows:

~|o(2r+1) 0
8= 0 sp2n)]|’
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and
00 0 —y 2t
0 0 0 —-D' Bt
gr:=10 0 0 —-C* A
xr A B 0 0
y C D 0 0

where x,y € Mat,x; and A, B,C,D € Mat,,. The structure of the Lie superalgebra
0sp(2r|2n) is similar. The only difference is that the first row and column of the matrix
realization of osp(2r 4+ 1|2n) should be removed.

By adding a one-dimensional center to osp(m|2n), we obtain a Lie superalgebra gosp(m|2n),
which can be realized naturally as a subalgebra of gl(m|2n). Indeed,

gosp(m|2n) = osp(m|2n) @ CI.
Here I is the identity matrix of size (m + 2n) x (m + 2n).

Definition 2.2.5. Let V' be a vector superspace over a field C. For any non-negative integer
r, we define the r-th tensor power of V' to be:

TV=V=V®. -V, TV=C.

Then, the tensor algebra of the vector superspace V is defined in the usual way:

TV)=TV.

r=0

Definition 2.2.6. Let g be any Lie superalgebra, 7 (g) denote the tensor algebra of g, and
J be the two sided ideal in T (g) generated by

The universal enveloping algebra of g is the quotient algebra: U(g) = T (g)/J.

Let g be any Lie superalgebra. Then the universal enveloping algebra U(g) is a Hopf
superalgebra, with co-product A : U(g) — U(g) ® U(g) defined by A(z) == 1@z +2®1
for x € g, antipode defined by S(x) = —z for x € g, and counit defined by £(1) = 1 and
e(z) = 0 for x € g. Using the comultiplication of U(g), we can equip the dual U(g)* with an
associative algebra structure. The multiplication of U(g)* is given by

(o) (x) := Z(—l)m”w‘qﬁ(m)dz(mg) for x € U(g), where A(z) = le ® Ta.
For later use, we define left and right translation representations of U(g) on itself as follows:
Ly:y—axy and R, :yw— (=1)Wyg

Furthermore, given any U(g)-module V, we equip V* with the canonical contragredient
module structure defined by

z-My) = —(=D)ER\(z . y), forz e U(g), and X € V*.
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2.3 Restricted dual

Let (7, V) be a finite dimensional representation of g. Associated to this representation, we
can construct elements of U(g)* as follows. First, note that by the universal property of
U(g), the representation yields a homomorphism of associative algebras

7:U(g) — End(V). (2.3.1)
We choose any v € V, v* € V* and we set
Oy o+ (z) := (v*, w(x)v) for all = € U(g).

Remark 2.3.1. The linear functional 6, ,- € U(g)* satisfies the following important prop-
erty: ker(f,,+) contains a finite co-dimensional two-sided ideal of U(g). This is because if
Ann (V') denotes the annihilator of the module V', then U(g)/Ann(V) embeds in End¢(V),
which is finite dimensional. Furthermore, Ann(V') C ker(6,, ).

The following lemma is well known.

Lemma 2.3.2. Let @, pq,...,p, be linear functionals on a vector space F. If

ﬂ ker(p;) C ker(yp),

i=1
then ¢ is expressible as a linear combination of the ; for 1 < i < n.

Proposition 2.3.3. Let ¢ € U(g)* be such that ker(¢) contains a finite co-dimensional
two-sided ideal of U(g). Then, ¢ can be expressed as a linear combination of finitely many
linear functionals of the form Gvi,v;.

Proof. Let [ be a finite co-dimensional two-sided ideal of U(g) contained in ker(¢). Set
V =U(g)/I. Then, we have a finite dimensional representation of U(g) as follows:

p:U(g) = End(V)
ur— Ty, T (v+1)=uv+1.

Note that p is a quotient of the left translation module z — L,. Now we can see that

Am(V) ={u e U(g) : uV =0}
={ueU(g):uv+1)=0 foral veU(g)}
={ueU(g):uwel forall velU(g)}=1I.

Suppose that {vy, -+ ,v,} is a basis for V and {v},--- v} is a basis for V*. Thus, by Lemma
it suffices to show that I contains the intersection of ker(f,,,+) for i,j = 1,--- ,n.
To verify this, suppose that u is an arbitrary element of the intersection of ker(@vi’v;f) for
1<14,7<n,so

O, ox (1) := (v, p(w)v;) = 0 for 1 < 4,5 < n.

)
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Thus, for all v € V| p(u)v = 0. But, Ann(V) = I, so u € I which implies that

ﬂ ker(6,,, v

Therefore, by Lemma [2.3.2] ¢ is the linear combination of finitely many linear functionals of
the form
{evi,v; | 1<4,5 <nj. |

Definition 2.3.4. An element ¢ € U(g)* is said to be of finite type if its kernel contains a
two-sided ideal of finite co-dimension.

Now let £ C g be any Lie subalgebra, that is, a subspace that is a superalgebra{|
Definition 2.3.5. An element A € U(g)* is called ¢-biinvariant if
A(EU(g) + U(g)t) = 0.
We will denote the subspace of U(g)* consisting of bi-invariant elements by A(g, €).

Lemma 2.3.6. The superspace A(g, £) is a sub-superalgebra of U(g)*.

Proof. Obviously, the sum and scalar multiplication of ¢-biinvariant functionals in U(g)*
are biinvariant functionals. Now let A\, u € A(g,t). We want to prove that Ay € A(g, £
under the induced product of U(g)*. Then for k € € and u € U(g) we have

Mo(ku) =A@ p((k®@1+1® k) Alu))
_A®u(k®1+1®k Zu1®u2)
_A®u( (kur @ us + (— 1)|k|'|“1|u1®k‘u2)>
= (A (kur) ® o (ug) + (=DMIX (u) @ g (kug)) = 0

where A is the co-product of the Hopf superalgebra U(g), that is a homomorphism of alge-
bras. Similarly, we can prove that Ay is right €-invariant. Therefore, Ay € A(g, £) and hence
A(g, ®) is a subalgebra of U(g)*.

Now, let A € A(g, €) be written as

such that

1. /\0€U() and /\O|U(g —)\U

9)o3

2. A1 € U(g)i, and M|y, = Aug);-

!By a Lie subalgebra we don’t mean that € is purely even. Some references use the term Lie sub-
superalgebra, but we prefer to abbrivariate it to Lie subalgebra.
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Set E = ¢U(g) + U(g)t. Since ¢ is Zy-graded,
Ey=ENnU(gls, Er=FENU(g)

Since A\g € U(g);, the restriction of A\j to U(g)7 and hence to Ly is zero. On the other hand,
Aolug); = AMug); and Alg; = 0 which implies that A\s|g;, = 0 and hence A\s|p = 0. Similarly,
we can verify that Ai|p = 0. Thus, A(g, £) is a sub-superalgebra of U(g)*. i

Remark 2.3.7. Tt is well known [40, Sec. 6.2] that linear functionals of finite type in any
Hopf algebra also form a Hopf algebra. We will denote this latter Hopf superalgebra as
U(g)°. Furthermore, we set

A(g, ) == A(g,£) NU(g)°.
Lemma 2.3.8. Let E be a vector space and let W C E* be finite dimensional. Then the
map ev : E — W*, given by ev.(\) = A(e), is a surjection.

Proof. Choose a basis \q,..., A\, for W. For each 1 <1 < n, by Lemma there exists
vj in E such that \;(v;) = 6; ;. The linear functionals ev,, form a dual basis for W*. Hence,
the map ev is a surjection. |

The following proposition is a refinement of Proposition [2.3.3]

Proposition 2.3.9. Let A\ € A(g,8)°. Then A(z) = (v*,n(z)v) for v € V and v* € V*,
where V' is a finite dimensional g-module, V* is the dual of V', and both v and v* are ¢-fixed.

Proof. Let A € A(g,€)°. Then, A\(¢U(g) + U(g)t) = 0 and A(I) = 0 for a two-sided ideal
I of finite codimension. For the remainder of this proof, we assume U := U(g) and we will
show that there exists a finite-dimensional representation (p, W) of U(g) and ¢-fixed vectors
w € W and w* € W* such that A\(z) = (w*, p(z)w).Since the sum of matrix coefficients
on two g-modules V; and V5 is a matrix coefficient on Vi @ V5, we can assume that A is
homogeneous.

For x € U recall that L, : U — U is the left translation representation:
Lo(y) := xy.
We define a dual U-action on U* as follows:
Lip(y) == (=1 u(Loyy) = (=) u(S(x)y), because 5*(z) = =, (2.3.2)

where S : U — U is the antipode of U. Now set W := Span{L:i(Ao S):x € U} C U*. For
homogeneous elements v € [ and = € U we have

Ly(A o 8)(x) = (=)MIHRIN(S (@)u) = 0,

because S(xz)u € I. Therefore the kernel of the linear map U(g) — W, z — Li(Ao 5),
contains I. Hence, dim W < dimU/I < oo. Set

Wr={recU:pulx)=0 forall puecW}.
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Now, consider the evaluation map
ev:U(g) = W*, uwev,,

where ev,(u) := p(u). Since W is finite dimensional, by Lemma the above map
is a surjection onto W* and it follows that U/W+ = W*. We can now obtain \ as a
matrix coefficient for the representation (p, W) where p(z) = (=1)®IL*. Note that if 7 is
a representation of g then z +— (—1)l7(z) is also a representation of g because the map
r + (=12 is an automorphism of g. By above, we have

Mz) = (=1)#P¥ev, (L2 (X0 5)).
The vector A o S is t-invariant because for any k € £ we have:
Liy(A o 8)(y) = (~=1)MA(S(y)k) = 0.
The dual vector 1 = ev; is also -invariant because from S(€) C ¢ it follows that
koevi(Li(Ao8)) = (—1)FML: (N o S(k)) = (Ao 8)(S(z)k) = (—1)MIN(S(k)z) =0. W

Remark 2.3.10. From the perspective of the Peter-Weyl theorem, Proposition high-
lights the decomposition of A(g,£)° in terms of matrix coefficients of finite-dimensional g-
modules. The pairing

Az) = (v*, m(z)v)

expresses A as a matrix coefficient, where the ¢-fixed elements v € V and v* € V* ensure
compatibility with £-invariance. This mirrors the decomposition of bi- K-invariant functions
on G into irreducible components under the symmetry imposed by the Weyl group. Such
an interpretation aligns with the role of invariant subspaces in the Peter-Weyl theorem,
emphasizing the harmonic structure underlying the representation theory of G and K.



Chapter 3

Structure of supersymmetric pairs

In this chapter, our goal is to define the radial part of spherical functions on a supersymmetric
space in an algebraic way. Recall from the previous chapter that bi-invariant functions are
replaced by bi-invariant functionals on the enveloping superalgbera. We consider symmetic
pairs of the form g = € & p where ¢ is the fixed point of an involution 6 of g. We consider a
maximally split and f-invariant Cartan subalgebra of g of the form h = t® a. Our main goal
is to give an embedding of A(g, €) into the dual of S(a), the symmetric algebra of the split
part of the Cartan subalgebra. Our assumptions on (g, €) are quite general and therefore
our results are applicable to a broad setting. Our strategy is to use a refinement of a lemma
originally due to Lepowsky [23] Lemma 3.7].

3.1 The algebra of functions on the symmetric pair (g, t)

For convenience we assume that g is a Lie superalgebra of either gl or gosp type defined
in Example and Example [2.2.4] Let h be a Cartan subalgebra of g. Then, the root
decomposition of g with respect to b is given by

s=bhoPa.

acA

where A C h*\{0} and
gdo={r€g | Vh € b,ady(z) = a(h)z}.

Example 3.1.1. In this example, we review the unrestricted root system of the Lie super-
algebra gl(m|n). The notation that is laid out in this example will be used in the rest of the
thesis. We choose the Cartan subalgebra of gl(m|n) to be as follows:

h=Span{E;; F;;|1<i<m,1<j<n},
where j = m+j. Consider the dual basis of the Cartan subalgebra to be {e1, ..., &, 81, ..., 5 }

such that
S(Bi) =1y e B =1,
g 237 0 Z#J’ ? 237 0

<.
Sl

LN

12
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Note that we are using bold Greek letters for characters of the Cartan subalgebra . The
absolute root system consists of the roots €; — €;, &(e; — 87), 6; —d; for 1 < i # j < m
and 1 <7 # j < n. We choose the positive roots to be &; — €;, £(e; — 8;), d; — 95 for
1<i<j<mand 1l <7< j<n. Then the fundamental system ® corresponding to the
choice of positive roots is

®={e; —€in1}i, U {65 - 6i+1}?:1 U{em — 01} .

The absolute root system of gl(m|n) lies in h*. The vectors E; ;, F;; € b form a natural dual
basis of €; and §; for b.

Let g be a Lie superalgebra. A Cartan decomposition of g is a decomposition g = €@ p,
where £ is a subalgebra of g, p is a subspace of g, and the equivalent following conditions
hold:

(i) [e.¢]Ce [epl Cp, [pp] CE

(ii) There exists an involutive automorphism 6 : g — g such that 0|, = +1 and 6|, = —1.

In the case of Lie superalgebras, the subspaces € and p are typically considered with respect to
the Zs-grading of g, ensuring that the decomposition respects the superalgebraic structure.
This decomposition corresponds to the unique automorphism 6, and we assume that the
center 3 of g satisfies |, = —1, so 3 C p.

Associated to this Cartan involution, we consider h = t ® a to be a Cartan subalgebra
of g such that t C £ and a is a maximal abelian and self-centralizing subspace of p. That is,
[a,a] = 0, and furthermore, for every subspace a C @' C p we have [a,a’] # 0. The existence
of such a Cartan subalgebra for our examples of interest will be established in Chapter 4.
Note that the elements of a are ad-diagonalizable on g.

Lemma 3.1.2. For x € g, we have 0(z) € gg) where 0(a) := a0 f.

Proof. Since 6 : g — g is an involutive automorphism and 6(h) = b, for h € h and = € g,
we have

[h, 0(x)] = [0(0(R)), 0(x)] = 0(a(B(h))(x)) = (0(h))0(x) = (0(cx)(h))0(x),
where 6(a) = o 6. |
Definition 3.1.3. [19, Ch.1| Let V be a vector superspace and J be the two-sided ideal of

T (V) generated by z ® y — (—1)*Wy @ = for z,y € V. Then the super symmetric algebra
S(V) is the quotient T7(V')/J.

We also have a super-symmetrization map s : S(p) — U(g) given by

T 1 s
x1--x,. € S"(p) = I Z(—1)| ‘SL’W(l) T

’ ﬂ'ESr

where (—1)"! is defined as follows: if x;,, x4, ..., x;, are the odd vectors among 1, ..., z,,
then 7 induces a permutation on the indices iy, .. .,4,, and (—1)/"l denotes the sign of the
latter permutation. Specifically, || is the number of pairwise swaps of odd elements required

to sort the indices 7y, ..., 75 in ascending order.



3.1. The algebra of functions on the symmetric pair (g, ¢) 14

Example 3.1.4. Let z; € pg and x5, 3 € p1, then,

1
S(l’ll'gl'g) = 6(1’11’21’3 — T1X3T9 + ToX1T3 + ToX3T1 — T3LoL1 — %3%11’2).

We set Zp, := U(g)t and Z := U(g)t + ¢U(g).

Proposition 3.1.5. The natural maps : S(p) — U(g)/Z., that isinduced by s : S(p) — U(g)
is an isomorphism of vector spaces.

Proof. We prove that s is surjective and injective in three steps:

Step 1. First, choose an ordered homogeneous basis {pi,...,pn} of p and an ordered ho-
mogeneous basis of €. This yields an ordered basis of g. Then by the PBW theorem we
have:

Ul =TI+ Y, Cpi---pjr.

Tl yeeesPm >0
Equivalently
Ulg) =TI+ > Va,
=1
where

Va = Span{p, - - p,[p; € p,r <d, 1 <i<r}.

Step 2. We prove by induction on d that for any monomial of degree d, the image of s
contains Zy, + Py - - - Py- For PPy -+ py € S(p), we have

P . 1 - . .
S(Piy D) = > (D)™ 1y Ba) - Bray + L

’ TESy

Next, note that

Pr(1) " Pr(j)Pr(j+1) " " Pr(a) = EP=) " Pr(+1)Px() = " Pr(a) (3.1.1)

+ 2371'(1) e [pﬂ(j)7137r(j+l):| o ']Bﬂ(d)a

where the sign of the first term on the right hand side of (3.1.1)) is (—1)|f’w(j)|\157r<j+1>|, Set
q:= [@ﬂ(j),f)ﬂ(jﬂ)]. Then g € £ and for 2 <r < d — 7,

Pr(ty " @Pr(jr) " Pra) = Tha(ty " Prjen @ " Pra) T Pr(ty (@ Prgiery)] Py (3:1.2)

where p' = [q,f)ﬂ(jJrr)] € p and the second term on the right hand side of is a product
of d — 1 elements of p.

For the first term on the right hand side of , we can repeat the process and eventually
we end up with prqy - Drjy\Pr(j4r) " Px@y? which is in Zp. The extra terms that will be
obtained by this process are products of d — 1 elements of p and by induction hypothesis
they lie in 5(S(p)) modulo Zy,. Therefore, we can rearrange the order of p,;)’s until we reach
at the monomial p,p,...p,; € S(p) plus some terms with lower degrees which are products
of elements of p plus some terms in Zy;

S(D1Py - - - Dg) = P1Do - - - Pg + lower degree terms + 7. (3.1.3)
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Since the lower degree terms are in the image of s (modulo Zp), it follows that Z, +p, - - - D,
is also in the image of s.

Step 3. Recall that {py,--- ,pn} is a basis of p, then for r; > 0, the monomials pi*---p'm
form a basis of S(p). Therefore, by we have:

S(PI'py ) = pUpy o V() + I (3.1.4)
where V(ry,--+ ,rpm) € Vy_1 and N = 27‘1 Then V(ry,--- ,7rp) is linear combination of
monomials of the form p,---p, for r < N — 1. But We can express p;---p, as a linear
combination of monomials of the form pj* - - - p’™ where Z 5; <

-1
Recall that the monomials pi'---p/™ represent a basis for U(g)/Z.. By the above dicus-

sion, if we order this basis according to the basis then the transition matrix between the
S(pI'py? -+ - pim) and this basis is a triangular matrix with 1’s on the diagonal. Hence, the
transition matrix is invertible, which implies that {S(pi*p5®---pl™)|r; = 0} is a basis of
U(g)/Zr. Therefore s maps a basis to a basis and hence § is injective. i

Corollary 3.1.6. The map s : S(p) — U(g)/Z. dualizes to an isomorphism of vector

superspaces
S(p)" = (U(g)/1I)".

3.2 Spherical functionals on a symmetric superspace

Recall that Z;, := U(g)t and Z := U(g)t + ¢U(g). The Lie superalgebra € acts on S(p) by
the adjoint action.

Lemma 3.2.1. The image of (ad¢(S(p))) under s lies in Z.

Proof. For a € ¢t and z,...,z, € p we have

§(ada(961 e Zy) =0 Z Z ) Tr1y  Tr(im1) @ Tr(i) | Tr(ir) - Ty + L1

WEST i=1
7" Z a Tr(1 . SL’W(T)] +IL
TI'EST
] Z aa:7r Tr(ry + Lr.
’ TI'EST

The above argument proves that s(ad(S(p))) C €U(g) + Zr. This completes the proof. 1

Lemma 3.2.2. Let V be a finite dimensional complex vector space and let S C V' be Zariski
dense. Then S™(V) is spanned by {a" : a € S}.
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Proof. We prove this lemma by the way of contradiction. Suppose the statement is false;
then there exists a nonzero functional f : S™(V) — C such that f(a") = 0 for all a € S.
Now, choose a basis ey, ..., ¢4 for V. This gives us a basis of S™(V') of the form e}" ---e}'e,
where the m; > 0 and ) .m; = n. Set ¢, m, = f(e]"---€}*). Then for a € S of the
form a = aje; + - - - + aqgeq with a; € C, we have

O:f(a"):f< Z (ml,.ﬁ.,md)agnl.__a;ndegmn_egbd)

mi+--+mg=n

. my,...,Mmgyg c aml---amd
- n M1,-.sMg 1 d -

m1+~--+md:n

The right hand side is a polynomial in ay, ..., a4, and since S is Zariski dense it follows that
Cmy....my = 0. Hence f = 0, which is a contradiction. |
Lemma 3.2.3. Let « € g,, where a € A, and let a € a. Then, for every positive integer 1,
we have

i—1

ad. o (@) = —iala) (@ — B(a))a
Proof. We use induction on i. For i = 1, from (0(«))(a) = —a(a) it follows that
ady1(2) (@) = ad,(a) + adgz)(a) = —a(a)r + a(a)f(z) = —afa)(z — 0(x)).

Assuming the assertion holds for i — 1 and using the fact that S(p) is commutative and
x —0(z) € p, we have

ad(e 1002y (0') = (ad(zio())(@))a’™ " + a(adio@y (1))
= (—a(a)(xz — 0(x))a" ) + a(—(i — Dala)(x — 0(x))a"?).

From the above calculation it follows that

ad (100 (a') = —ia(a)(z — 0(z))a"". |

For oo € A we set ¢, := go + go(a)- Then we have the following lemma.

Lemma 3.2.4. If ¢, Np # {0}, then «|, # 0.

Proof. Suppose that a|, = 0. It implies that a 00|, = —al, = 0. Therefore, ¢, := go + go(a)
commutes with a and hence ¢, N p commutes with a. But Cy(a) = a which implies that
¢o Np = {0} which is a contradiction. i

We need the following proposition, which is originally due to Lepowsky [23, Lemma 3.7]
in the case of Lie algebras.

Proposition 3.2.5. The space S(p) can be expressed as

S(p) = S(a) + ade(S(p))-
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Proof. We prove a stronger statement: if W is the smallest ade-invariant subspace of S”(p)
that contains S”(a), then W = S"(p). Note that

W=58"(a)+ > ad,S"(a)+ Y adyadyS"(a) + -+ C S"(a) + adeS" ().

Tl z,x’ €t

Thus, if we prove that W = S"(p), then the proposition follows. Recall that g =hOEP A ga
where A C h*\{0}. By Lemma for x € g, we have 0(z) € gg(n) Where O(a) := o 6.
For every a € b*, the subspace ¢q 1= g + gg(a) is O-invariant because 0(go) C go(a) and
90(a) C Ga- It follows that e, = (¢a N€) ® (¢ Np). In addition,

eaNE={x+0(z) : x€g,} and e, Np={z—0(z) : € g.}.
It follows that p = a @ q where q := @ . (ea NPp). Next note that

S(p) = D ()5 (a).

We prove that S"7(q)S"(a) € W for 0 < i < r by a reverse induction on i. The statement
is trivial for ¢ = r. Next assume that it holds for all " > 4. Since

S (gq) = 57 (9)S (q) = 5" (q)a,

it suffices to prove that gea’* € W for every ¢ € S"7%(q), a € a, and e € g. Since elements
of q are linear combinations of elements of ¢, N p, it suffices to assume that e € ¢, Np for
some «. Thus, we can assume that e = z — 0(z) for some = € g,. By choosing e to be
homogeneous with respect to the Z,-grading, we can assume x is also homogeneous. Note
that we can also assume that ¢ is homogeneous.

Since e € ¢, Np and we can assume e # 0, from Lemma it follows that a|, # 0. Recall
that e := x — () where z € g,. In particular, we have = 4+ 0(x) € &, so that by Lemma

for a € a and ¢ € S"7(q) we have
adaro(0)(q0") = (adsso@)a’ + (= 1)1gad o (a')
~ (adssama)a’ — (1) ia(a)g(z — O(x))a .
By the induction hypothesis, the first term on the right hand side belongs to W. Also, the
left hand side belongs to W (by ade-invariance of W and the induction hypothesis). It follows

that '
ala)g(z — O(x))a"! € W.

Since by Lemma [3.2.4] a‘a # 0, for a Zariski open (hence dense) set S C a we have if a € S
then a(a) # 0. Thus for a € S,

q(x —0(x))a" ' € W.

Since the choices of e = z — 0(x) form a spanning set of g, from the above arguments it
follows that ‘ A
(S q)q)a" ' CWifae€S.

Now by Lemma we have S"7!(a) is spanned by elements of the form a'~!, where a €
S. |
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Since Z;, C Z, we have a natural quotient map Let ¢ : U(g)/Z, — U(g)/ZL.

Corollary 3.2.6. The universal enveloping algebra U(g) can be expressed as U(g) = Z +
5(S(a)). In particular the natural map gos: S(a) — U(g)/Z is a surjection.

Proof. By Proposition we have:
s(S(p)) +Zo = Ulg).

Therefore, by Proposition [3.2.5 5(S(a)) + S(adeS(p)) + Zr, = U(g) and by Lemma
S(adeS(p)) € 7 which implies that 5(S(a)) +Z = U(g). Hence, the natural map 5: S(a) —
U(g)/T is a surjection. |

Corollary implies the following assertion. Recall that A(g, €) is the dual of U(g)/Z.

Corollary 3.2.7. The map (¢o53)*: A(g,€) — S(a)* that is dual to S(a) — U(g)/Z is an
injection.

Proof. The injectivity of (q o3)* follows from Corollary Since a is abelian, the map
s: S(a) — U(g) is the canonical embedding of Hopf algebras. The coalgebra structures of
U(g) and S(a) induce the algebra structures of A(g, ) and S(a)*, and (¢ o3S)* is compatible
with these structures.

Finally, let A € A(g,€)°. Then:

dim(S(a),/(ker(\) 1 S(a))) < dim(U(g)/(U'(g) N kex() < oo,
hence (g o3)*(\) € S(a)*. i

Remark 3.2.8. Let GG be a real reductive Lie group with a Cartan decomposition G = KAK,
where K is the maximal compact subgroup of G. Then the restriction of a bi-K-invariant
function on G to A is invariant under the action of the small Weyl group associated to A. It
is natural to expect that, analogously, the image of the map (gos)* of Corollary can be
characterized by symmetry conditions imposed by the Weyl groupoid of the restricted root
system of (g, £).
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3.3 Explicit computation of Z for the pair (gl(1|2), osp(1|2))

In this section, we compute an explicit basis for Z = ¢U(g) + U(g)¥, in the context of the Lie
superalgebra quotient gl(1]2)/osp(1|2). A particularly intriguing aspect of this computation
is the emergence of Euler Zigzag numbers within the structure of the basis elements. This
phenomenon suggests a deeper interplay between the representation theory of Lie superalge-
bras and combinatorics, potentially paving the way for broader exploration in more general
settings.

An alternating permutation or zigzag permutation of the set {1,2,3,...,n} is a permu-
tation where each entry alternates between being greater than and less than the preceding
entry. This type of permutation was first studied by Désiré André in the 19th century [25].
The first few values of A,,, which represent the number of alternating permutations of the
set {1,2,3,...,n}, are:

1,1,1,2,5,16,61,272,1385, 7936, 50521, - - -

Determining A,, is known as André’s problem. These numbers A, are referred to as
Euler zigzag numbers, or up/down numbers. Specifically, when n is even, A, is known as a
secant number, and when n is odd, it is called a tangent number. These names originate from
the generating function associated with the sequence, expressed as the following well-known
result, known as André’s theorem [2, Ch. 2.2]:

tan(x) + sec(z) = Z A—T:z:”
n!

n=0

A geometric interpretation of this result can be given using a generalization of a theorem by
Johann Bernoulli [15]. Furthermore, the Maclaurin series for tan(x) and sec(z) are:
tan(z) +x3+2x5+17x7+62x9+
an(r) =2+ — + — e
3 15 315 2835
0 22n(92n _ 1\RB "
_ Z(_l)n—l ( ) 2 x2n—17
(2n)!
n=1

and

2 5_ZL‘4 . 6128 n 27728 L
24 720 8064

where the numbers Ej in the expansion of sec(z) are Euler numbers |12, Ch. 6.2] and the
numbers By, appearing in the series for tan(z) are the Bernoulli numbers [12, Ch. 6.5].

Now, let (g,€) = (gl(1]2),05p(1]2)). Our goal is to find a basis of Z. Let I5 = {1} and
I = {1,2} and let {E;;|i,j € I = I U I1} be a basis for gl(1]|2) consisting of standard
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matrix units. Recall that |j| =01if j € [, and |j| = 1if j € 5.
Consider the Cartan involution 6(X) = —PX* P~! where X* = Zme](—1)‘1‘(|”+|J|)xijEj,~
and

1 0 O
P=10o o 1},
0 -1 0
Then,
0 b c
t={X egl(1]2)|0(X) =X} = —c e f||bece fheC
b h —e
Therefore, t; = sl(2,C). Also,
a b c
p={X egl(112)|0(X) =—-X} = c e 0| |abceecC
—b 0 e
Thus
a 0 0 0 b c
= 0 e 0] |a,eeC,p, p;= c 0 0| |bceC
0 0 e —b 0 0

Our next goal is to choose a basis for gl(1|2) with convenient commutator relations. To this
end, we make the following choices:

2 00 0 10 0 01
p=10 1 0] €pg, e=|[0 0 0] ep;, f=1]1 0 0f €p;.
0 0 1 -1 0 0 0 00
(0 0 0 010 0 01
k=101 0]|e€t, €=|00 0|ety, ff=]|-10 0| et
0 0 —1 1 00 0 00
0 00 0 00
k=10 0 1| €5, kao=10 0 0f € 8.
0 00 010

Then {k, k1, ko, €, f',p, e, f} forms a basis of g. Consider this order on the basis elements of
g. Therefore by PBW theorem

BRI () () e £
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form a basis of U(g). Set

0 a b 0 a b
vy=1b 0 0| €p;, ve=|-b 0 0| €ty
—a 0 0 a 0 0

where a,b € C. Note that v, and v, depend on the vector v = [a,b] € C2. We can see that
[Ump] = —U¢ and [Uhp] = _,UP'

Lemma 3.3.1. Let n be a positive integer. Then

P v = Vg Z (?)pn_i + vy Z (?)pn_i,
0<i<n

0<ig<n
iis even iis odd

and v,p™ € Z for all non-negative integers m < n.

Proof. We have [v,, p] = —vp and [vg, p] = —v,. Therefore,

pe = vep — [V, p| = vep + Up,

which implies that v, € Z and therefore, p;1 € Z. Now suppose the assertion holds for n — 1.
First, we assume that n is odd (the argument for even n is analogous). Then we have,

n—1 ”_1) n—1—i (n—l) n—1—i
DU = Up . D +v . P )
> (" SRR

0<i<n—1
iis even iis odd

and v,p™ € 7 for all positive integers m < n — 1. Therefore,

n n—1\ , 1 n—1\ , 1
Vg = DU : + pv )
P Vg = pUg Og;Ll < ; )p Puy Z ( i )p

0<i<n—1
iis even iis odd

sewve) X (e 3 (]

0<i<n—1 0<i<n—1
iis even iis odd

NS <n;1)pn_i+ > (n;l)pn_l_i

0<i<n—1 0<i<n—1
iis even iis odd

w2 (e s (T

0<i<n—1 0<i<n—1
iis even iis odd
But

y (e

0<i<n—1
iis even iis odd
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n n—1 n—1 i
e 2 () )

iis even

e 2L O 2 O

2<i<n—1 0<i<n—1
iis even iis even

By a similar argument we can see that

3 (n Z— 1)pn—1—i . (n ; 1)pn—i -y (?)pn—i.
0<i<n—1 0<i<n—1 0<i<n

iis odd iis even iis odd

Hence,

p"ve = v Z (TZ) A S Z (ZL) P
0<i<n

0g<ig<n

iis even iis odd
Since the left hand side and the first summation on the right hand side of the above equation
are in Z, and by the hypothesis of induction, v,p™ € Z for all positive integers m < n — 1,
we also obtain v,p" € Z. |

The commutator relations between v, vg, and p imply that for every n € Z>° there
exist unique polynomials «,(z) and 5, (z), independent of the choice of v, such that

P = Ven (p) + Bro1(p)vp.

Lemma 3.3.2. Let a,,(x) and (3, (z) be two polynomials such that p"ve = vecr, (p)+8n—1(p)vp.
Then, the following assertions hold:

(1) deg(an) = deg(f,) = n.

(1) vpp" = an(p)vy — veBn-1(p).

(ii1)  ons1(z) = zon(z) — Y1 aifica(x) and By (x) = 2B,—1(x) + Doy @i (x),

where o, () = ag + a1z + - - - + a,x".

Proof. We prove this lemma by induction on n. For n =1 the lemma is trivial (a4 (z) =z
and 5y(x) = 1). Now, assuming that the assertion holds for n, we have

U™ = (p)vpp — veBa—1(p)p

= an(p) (pvy — ve) — veBn-1(p)p
— an(p)pvp — Ozn(p)ve - Ukﬁn—l(p)p

= Oén(p)PUp - Z @ipi?)e - Ufﬁnfl(p)p
=0
= an(p)pvy — Y ai(vei(p) + Bi1(p)vy) — veBn 1 (P)p

=0
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= (p@n(p) - Z azﬂil) Vp — Vg (pﬁnl(p) + Z aﬂi) .

i=1
But by the hypothesis of induction and straightforward computation we have
"oe = puean(p) + pBn-1(p)vy

= (vep + vp)an(p) + PBa1(p)vy

= Ukpan(p) + UpOCn<p) + p5n71<p>vp

= vppa,(p) + Z a;QGVy — Vg Z aifBi—1 + pBn-1(p)vy
i=0 i=1

VeQipp1 + anp =p

n

= Vg (pan(p) - Z ai5¢—1> + <p6n—1(p) + Z aﬂi) Vp-

=1

Comparing the result of the latter calculation with the assumption
p" o = v 11(p) + Bu(p)vy, and using the PBW theorem, we obtain the recursions

Qpt1(z) = zo(x) — Z a;fi—1(x)
i=1
and .
Bn(x) = xfh-1(x) + Z a;0;(x).
i=0
Furthermore, from the right-hand side of the previous calculation of v,p™™, we obtain

vpp" ™t = ay1(p)vy — veBn(p). The statements about the degree of a;,, and j, follow from
the recursion as well. |

Lemma 3.3.3. Let p"ve = vevy,(p) + Bn—1(p)vp. Then

- n
an(z) = Z Eo, <2k> g
k=0

where E; are Euler numbers.

Proof. Assume that for some numbers F;,

_ - n n—2k
an(x) = 2% (Qk;) x )

k=0

es]]

Our goal is to prove that F; = E; for all i. By Lemmas and we have,

P = Vg Z (?) Pt vp Z (ZL) p

0g<ig<n 0<ig<n
iis even iis odd
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E (S (e

0<i<n 0<i<n

iis even iis odd
n . n
= g Z ( ‘>pn f+ Z ( ) (an—i(p)vy — vefn-i-1(p))
0<i<n ¢ 0<i<n ¢
iis even iis odd

= Up Z (?)Pni— 02 (T;)ﬁnil(P)) + Z <?>Oéni(p)vp'

0<ig<n 0g<ig<n
iis even iis odd iis odd

Comparing the right hand side of the above calculation and the assumption p™vy = vear, (p) +
Bn-1(p)vy and also by using PBW theorem we obtain

b= 5 (Tawito)

0<i<n
iis odd
and
n » n\(n—1
— n—
an () = E N K E ) o an—ioj(@).
1 1 7
0<i<n 0<i,j<n
iis even i, j are odd

Therefore, we have

S £ (e T ()0 e
= 0<i<n 0<é,j<n

iis even i, j are odd

n—2k

Then by comparing the coefficient of x on both sides we obtain:

= n n n =
E - = Eo i j.
2"*’(%) (Qk:) Z (i,j,n—ka,Qk—i—j) i

i, j are odd

We adopt the convention that Ej, = 0 for £ < 0. Thus,

_ 2 _
3 2 (z',j,%—z'—j) N

0<i,j
i, j are odd

Note that by the above convention we can also remove the constraint i, j < n. Dividing both
sides by (2k)!, we obtain:

Es 1 Z 1 Eop—i—j
26~ (2! k=i )

0< 4,5
i, j are odd
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Then, by substituting i = 2A + 1 and 7 = 2B + 1, we reach the following expression.
Eox 1 1 Eot—2a-25-2

(2k)! — (2k)! 2 (2A+1)!(2B+1)! (2k —2A — 2B —2)!'

0< A,B

Thus,

o ok _ Z o (Z L2A+1 ) (Z L2B+1 > Z B, .
o (2k)! — (2k)! = (24 +1)! = 2B+ 1)! ) < (2r)!

But we have

Therefore,

Eog g (€ +e® e’ — e\ ' By o
2 et T\ 2 2 2 2"
k>0

which implies that

E2k 2k 2
g r = —.
(2k)! et +e®

The right hand side of the above equation is sech(z). Since sech(z) = sec(ix), the Taylor

series of sech(z) is

Eay,
sech(x) = Z (2;>!x2k,

k>0

where Fy, are Euler numbers. It follows that Eof, = Eoy.

Lemma 3.3.4. Let p"ve = veav,(p) + Bn—1(p)vp. Then

"L 92kH2(226+2 1) By n n—1-2k
fur(@) = 3 2k + 2 (n—1—2k>x ’

k=0

where B; are Bernoulli numbers.

Proof. According to the proof of Lemma (3.3.3]

s = (") ().

0<j<n J
7 is odd

Assume that for some numbers B;,

n 92k+2(2k+2 _ 1)B%+2 n n—1-2k
Bn-1(z) —Z 2k + 2 <n— 1—21{:) '

k=0
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Then by Lemma [3.3.3| we obtain

n 22k+2<22k+2 _ 1)B%+2 n $n_1_2kz _
2k + 2 n—1-2k

> (e

0<j<n
jis odd

k=0

S GO

0<j<n r=0
jis odd

where the £; are Euler numbers. Therefore, by comparing the coefficient of 2"~ '~2* on both
sides we obtain

22k+2(22k+2 _ 1)B2k+2 n
2k +2 n—1-—2k

n—j
n

jo

> 2 (j,2k—j—|—1,n—2k:—1) 2kt

0<j<n k=j—1
Jis odd

Hence

22k+2(22k’+2 BQk+2 n—j 2]{3+1
= E
2k + 2 2. Z 12k +1 — j)I 27

0<j<n k=j— 1
jis odd

Dividing both sides by (2k + 1)!, we obtain

22k+2(22k+2 1>B2k+2 Z Z E2k+1 j

<2k+2 0<j<n k= 2k+1_‘7)
]ISJOdd
Then, by the substitiution j = 24 4+ 1 we obtain
k k T A
22 +2(22 +2_ 1|)BZI€+2 $2k+1 _ Z 'Z: + ‘ E2r'l‘2r'
= (2k + 2)! = (2A+1)! = (2r)!

But we have

By ‘ 241
sech(x) = Z (27“)!:6 ", sinh(z) = Z e

r>0 k>0
Therefore,
22k+2(22k+2 _ 1)B2k+2 o et — e 9 et — T
X = = .
(2k + 2)! 2 eTte™ ef4e®

k>0
The right hand side of the above equation is the hyperbolic tangent function tanh(z). The
Taylor series of tanh(x) is
22k+2(22k+2

— 1) Bog2 L2k

tanh(z) = (2% 1 2) ;

k=0

where By, o are the Bernoulli numbers. Therefore, Boj, o = Bopyo. |



3.3. Explicit computation of Z for the pair (gl(1|2), 0sp(1]2)) 27

Lemma 3.3.5. For every

0 0 O
ko =10 « ﬁ S é(‘)
0 v —«

we have

) p"ko = kop" € tU(g),
) pleky = kop™e + p"(ae + Bf),
(#1i) p"fho = kop" [ + p"(ve — af),
) p'efko = kop"ef + Bkip" — vkap™.

Proof. By straightforward calculations one can see that

p"ko = kop" € tU(g),
peky = p"koe + p" (e + Bf) = kop"e + p" (e + Bf),
p"fko = p"kof +p"(ve —af) = kop" f + p"(ve — af).

and

prefko = pelkof +ve —af) = pekof +p"e’ — ap’ef
= p"(koe + (ae + Bf))f +yp"e® — ap”ef
=pkoef + apef + Bp" f1 4+ yp"e’ — aplef

1 1
= kop"ef + Eﬁp"[f, fl+ 571?”[6, e
= kop"ef + Bp" ki — yp" ke = kop"ef + Bkip" — vkaop™. i

Lemma 3.3.6. Let ky, ko, €', f', p, e, f and vy, v, be as defined in the begining of this section.
Then,

(Z) pevy = —UEOén(p)e + ak25n—1(p) - bkﬁn—1(p) + bﬁn—l(p)ef - bpml,
(“) pnfve = _Uéan<p)f - aﬁnfl(p)ef - bk’lﬁnfl(p) + apn+17
(i13) p efve = E — bkiBy—1(p)e — bBn-1(p)f +pn+1vp - ae’an(p) — Bn-1(p)e.

where E := vea,(p)ef — aksBn—1(p) + bkB_1(p)f.
Proof. By straightforward calculations we have

[e,vg] = —bp, [fa UE] = ap, [676] - _2k27 [f, f] = lea [6,])] = _6,7 [elvp] = —¢€
[6/7 6/] = 2k27 [fla f/] = _le, [pa kl] = [pa kQ] = [pv k] = 07 [67 kl] = f

Therefore, by Lemmas and we obtain

pleve = p"(—vee — bp) = —p"vee — bp" ' = —vear(p)e — Bu_1(p)vpe — bp
= —vean(p)e — Bu_1(p)(ae + bf)e — bp™tt

n+1
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= —vpan(p)e — afn- 1(p)e —bBu-1(p)(k —ef) — n+1
= —vpa(p)e + aBn_1(p)ks — bBu_1(p)k + bB,_1(p )ef — bp™tt
(

= —VeOp p)e + akZﬁn ( ) - bk@n 1( ) + bﬁn—l(p)ef - bpn—H
p"foe = p"(—vef +ap) = —p o f 4+ ap"t = —veozn(p)f — Bua(p)vp f + ap™!
=~ (p) f — Br1(p)(ae +bf) f + ap™*

(p)

( ) —aB,— 1(p)6 — bﬂn_l( )f2 —l—ap”ﬂ
= — vt (p) f — aBp_1(p)ef — bBur(p)ks + ap™

(p)f — aBu_1(p)ef — bk1Bp_1(p) + ap™ ™

and

prefoe = p" (veef + e[ve, f] — [ve, €] f) = p e f + pe(ap) + bp" T f
= p"ueef +ap™(pe — €) + bp" T f = p veef + ap" e — ap™e’ + bp"tf

= p"vef + p"+1 —ap"e’.

From the definitions of «,, and [, it follows that

ap™e’ = ae'a,(p) + Bn_1(p)e.

This implies that

pefor = vean(p)ef + Bu1(p)vpef + " vy — a€'an(p) — Ba_1(p)e
= vean(p)ef + Bu_1(p)(ae + bf)ef + p" v, — ae’a,(p) — Ba_1(p)e
= v (p)ef + afu-1(p)e® + bBu-1(p) fef +p" vy — ae’an(p) = Bu-1(p)e
= v (p)ef — af-1(p)ks + 08,1 (p)(k — e f) f + 1" vy — ae’an(p) — Ba-i(p)e
=FE- bﬁn—1<p)€f2 +pn+1 —ac'an(p) — Bua(ple
= E — bBu_1(p)eky + p" v, — a€' o, (p) — Bu1(p)e
=FE —b8,-1(p)(krie+ f) —i—p”“ vy — a€'an(p) — Buo1(p)e
= E = bk1Bu1(p)e — bBua(p)f + 0" vy — ad'an(p) — Bu1(p)e,

where E = vea, (p)ef — akofn—1(p) + bkBn_1(p)f. |

For the next proposition recall that g = gl(1|2) and £ = osp(1/2).

Theorem 3.3.7. Let Z = £U(g) + U(g)® be the subspace of U(g). Let

{k, k1, ko, €, f',p,e, f} be chosen as an ordered basis of g. Then the following vectors form
a basis of Z:

(i) p"e and p"f where n > 0,

(ii) Bu_1(p)ef — p" ™ where n > 1,

(iil) k™ k723 () (f') = p*re® 3 where at least one of rq,--- ,r5 > 0.

Proof. Let B;, BB;;, and B;; denote the sets of vectors defined in (i) — (i7i) above respectively.
Recall that by PBW theorem

KRR () () o e
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are basis elements of U(g) for non-negative integers ry, 79, 73,75, $1, S2, S3. Since

P =iled= ke P=ilffl=h, =il =k [7= (1. f] = h,
the integers ry, 5, $2, s3 are 0 or 1. Therefore, For finding a basis for U(g)¢ we need to check
eight cases which have been computed in Lemmas [3.3.5] and |3.3.6| and it follows that the
vectors B; and B;; generate U(g)t. Also, by considering the basis of U(g), the monomials
kM k2ks? (€)™ (f) > p*re® f* when at least one of the exponents 7, ..., r5 is nonzero, generate
tU(g). Hence, B;UB,;;UB;; generate Z. Now we aim to prove that the vectors in B;UB;;UB;;
are linearly independent. Consider any linear dependence relation between the elements
of B; U By U By;. Let ¢, denote the coefficient of 3, 1(p)ef — p™*! for n > 1, and set
N :=max{n : ¢, # 0}. Recall that deg(fy_1) =N — 1.

Now, keeping the PBW basis of U(g) in mind, note that the summand cyp™ e f cannot
be canceled in the linear dependence relation. This leads to a contradiction. |




Chapter 4

Weyl group invariance of spherical
functionals

The main purpose of this chapter is to verify the Weyl group invariance of spherical func-
tionals in Theorem To this end, we reduce the invariance property to a rank one
symmetric pair (s,,8, N#E) that is embedded in (g, £), , where « is an even root, either &; —¢;
or 0; — d; in the restricted root system. In Cases I, II the reduction will be to the symmetric
pairs (gl, @ gly, gly), (gly,s02), and (gl,,sp,). Case III is a rank one symmetric pair and
therefore basically s, = g. Additionally, for each case, we verify that C,(a) = a, which is a
necessary condition for proving Lemma |3.2.4]

g ¢ S4(ei—c)) Si-0 | 3
I glim|n)®gl(m|n)  gl(m|n) gly, @ gl, gl ®gl, m—1 n—1
IT gl(m|2n) osp(m|2n) gl, gly m—1 n—1
I gosp(m+ 112n)  osp(m|2n) gosp(m + 1|2n) - 1 -1

Table 4.1: The pair (g, ), s,, and the restricted root system of type A(l,1")

4.1 Restricted root systems and Weyl groups

From now on, we assume that b is the Cartan subalgebra of g chosen in Subsection
The idea of a restricted root system is to replace the Cartan subalgebra f with a subalgebra
a that is also contained in p. Then, for the standard root system associated to the root
decomposition of g with respect to a, we can define the Weyl group associated to this
restricted root system.

The roots of g with respect to a Cartan subalgebra b are restricted to a, yielding the
decomposition:

g:m@a@@gv,
yeA!

where:

30
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o A’ C a*\ {0} is the set of restricted roots, obtained as the nonzero restrictions of the
roots a € A of g (relative to ) to a,

o g, ={X eg:[H X]|=~H)X VH € a} is the restricted root space associated with

s
o m =D, q|,—0 Ja is the centralizer of a in &.

Definition 4.1.1. The set A’ is called the restricted root system of g.
We consider g as a Lie subalgebra of the matrix algebra of endomorphisms of the natural

representation of g (recall from Chapter [2] that this matrix algebra is indeed an associative
superalgebra). Now we can define a bilinear form « : g x g — C as follows. We set

k(z,y) = str(zy), for z,y€ g,
where str(-) denotes the supertrace of the matrix.
Lemma 4.1.2. The supersymmetric bilinear form «(-,-) is invariant, i.e., for all z,y, z € g,
r([z,y], 2) = Kz, [y, 2]).
Proof. The supersymmetry of x follows from the supertrace identity str(zy) = (—1)*Wstr(yx).
Also, by using this property we have:
k([z,y), 2) = str((zy — (=1)#Wyz)2) = str(zyz — (1) Wyaz) = str(zyz) — (=1 Wstr(ya2)
= str(zyz) — (=1)HW(—1)WleHEDsty (22y) = str(ayz) — (=1 str(z2y)
= str(z(yz — (=1)*Wzy)) = x(=, [y, 2)). I

According to [31, Section 1|, k is non-degenerate. One can check by a direct calculation
that the restriction of x to a X a is a symmetric non-degenerate bilinear form as well.

Remark 4.1.3. Since the bilinear form /{‘axa is non-degenerate, we have a = a* via the map
x +— k(x,.) = a, and in this way we can define a nondegenerate symmetric form on a* as
follows:

Koy, o) = K(2, 7).

For a € A’, let s, : a* — a* be the reflection defined by:

su(B) = B — 250

k(a, @)

for B e€a”. (4.1.1)
Lemma 4.1.4. For a € A/, s, leaves k invariant.

Proof. Let 8, v € a*. We want to prove that x(s,(5), sa(7)) = &(3,7). We have

k(S S =K _ H(ﬁaa)oé . li(’}/,oz)a
a8 sul) = (5= 22 e~ 240
= 5(677) - 2%(5—? ( s ) — 2M5(a’6) + 4'%(&’0{) ’i(fyaCV)

K(a, )FG @ K(a, @)

=k(B,7). |
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Definition 4.1.5. Let x: a* x a* — C be defined as in Remark Then the reflections
Sq of (4.1.1)) generate a subgroup of GL(a*) that preserves x and this subgroup will be called
the restricted Weyl group of (g, ).

Example 4.1.6. The restricted Weyl group of the pairs (gl,,,s0,,) and (gl,,,, sp,,) are S,,
and S,,, respectively.

Let A" = Aj U A where Aj is the even part of the restricted root system containing
the even roots {£(e; — ), £(05 — 5]-,), 1<i#4d <1, 1<j#j <I!U'}. Throughout this
chapter, the Weyl group refers to the group generated by the reflections that correspond to
the even restricted root system Ajf.

Now, recall that x canonically induces the isomorphism:

¢:a—a
a— ¢g,  Gu(b) = k(bya) for b€ a.

In this fashion, the action of the Weyl group on a* can be carried over to a such that
g- ¢a(b) = ¢a(g_l . b) = R(g_l : bv a) = ’i(buq : (l) = ¢g~a(b)'

By another canonical extension, the action of the Weyl group can be carried over to the
symmetric algebra S(a) and subsequently to S(a)*.

4.2 Interwoven gl, bases and Weyl group symmetry

Let g, 0, €, p, and a be as in Section

Definition 4.2.1. By an interwoven pair of gl, bases of g we mean a choice of elements
k,x,y,hy, ho,e, f € g satisfying the following relations:
(i) {k,z,y, z} forms a basis for a gl, subalgebra, i.e.,

[/C,$]221}, [kvy]:_2y7 [Qi,y]:k}, [Z7m]:[z>y]:[z7k]:0'

Moreover, k € £, 2,y € p.
(ii) {hy, ho, e, f} is a standard gl,-basis, i.e.,

[hlae] =6 [hlv.ﬂ =—f [the] = ¢ [thf] =/, [evf] = h1 — ha.
(iii) k =i(e — f) where i =v/—1 and = +y = —hy + hs.
The interwoven gl, bases of Cases I, II, and III are given in Section

Lemma 4.2.2. Let {k,z,y, hi, ho,e, f} be an interwoven pair of gl, subalgebras chosen as
in Definition Then the following relations hold in U(g);

[k, 2% = 2az®, [k,y’] = —2ay®, for a €N, and 2% y* € U(g).
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Proof. We use induction on a. For a = 1, the relations follow from Definition [4.2.1} Now,
suppose that the above relations hold for a — 1. Then,

[k, 2% = [k, 2]x* " + x[k, 2]
But, by the hypothesis of induction, [k, z%7!] = 2(a — 1)2*~! and hence:
[k, 2% = 22% + 2(a — 1)x* = 2az”.
Similarly, we can prove that [k, y*] = —2ay°. |

Recall that Z = tU(g) + U(g)t.

Lemma 4.2.3. Let {k,x,y, h1, ha, e, f} be chosen as in Definition [4.2.1] Then the following
elements are in Z.

(i) keaycz" where a > 0.
(ii) x%y2" where b # c.

Proof. Recall that we consider products of the form k%xby°2" as elements of U(g). If a > 0
then k?2ycz" € €U(g) C Z. Furthermore, any linear combination of monomials of the form

keabycz"k is in U(g)t, and by Lemma we have:
kaby2"k = keabyCkz"
= k"2b(ky® + 2cy°)2"
= Kk 2bkyC2" + 2k abycs"
= k" (ka® — 202®)y 2" 4 2ckaby "
= k*(k — 2b + 2¢)2"y 2"

Taking the difference with the monomial k*t1aby°2" (which is also in Z), which implies that

b,c,r

T contains the elements 2(b — ¢)xby®2". When b # c, it follows that z°y°z" is also in Z. I

Lemma 4.2.4. Keeping the notation of Lemma for k,x,y, 2, h1,hy € g, we have the
following identity in U(g):

a b
a a 1 a b n+m a—n —m Ya
hihs — h3hi = o (Z > (n> (m>z (x4 ) (x4 y) q,;f;) S (42.0)

n=0 m=0

where C&b = ((=1)""™ — (=1)*").

Proof. Observe that

1 1 1
hi = 5(2 —x—y) and hy= 5((h1 + he) + (—h1 + hy)) = 5(2 +x+y).

Thus

hi‘hg—hghl{:W((z—a:—y)“(z+x+y)b—(Z—l—x—l—y)“(z—x—y)b)
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- 2a1+b (i (Z) 2w+ y)an)(mz <:l) 2(—(x +y))b ™)

- QL(Z (n) (et y»”;; ( v ) ety
S (O (D)
This completes the proof of the assertion. .

Recall that A" = Aj U Af is the restricted root system of g, where Aj denotes the
even part of the restricted root system from Section [4.1] Then, the following proposition
establishes the symmetry of spherical functionals with respect to a reflection in the Weyl
group corresponding to Aj.

Proposition 4.2.5. We adopt the notation of Lemma Then for every A € A(g, £) we
have
AR hy?) = A(h{?h3'), for all non-negative integers ay, as.

Proof. First, we analyze the right hand side of (4.2.1). We note (—1)>"™ — (=1)¢" =0
unless (b —m) # (a —n) mod 2 and hence the only terms that remain from the right hand

side of (4.2.1) are
a b r s .,a—r+b—s
(x+y)(x+y)z where r # s mod 2.
r)\s

Thus, it will be sufficient to prove that (z + y)**1 € Z for every integer k > 0. This can be
verified as follows: if we expand (x + y)?**!, it will be a linear combination of terms of the

form
l.alybl$a2yb2 .. .xarybr7 (4.2.2)

where > . a;+ >, b; = 2k+ 1. By Lemma the k-weight of 2 (i.e., the eigenvalue of the
action of ady, on z%) is 2a and the “k-weight” of 3 is —2b. Therefore,

[k, 29" = [k, 2" + 2°[k, v"] = 2a2"y® — 202"y’ = (2a — 2b)x"y".
Hence, the k-weight of 2919®1 2929 ... 2% ybr is equal to 2(>_ a; — > b;) = 2(2 a;— (2k+1)).
The last number is of the form 4/ + 2 for some integer /.

We aim to express a monomial in z,y, k as a linear combination of ordered monomials
of the form k%zyc. This can be achieved by using the commutation relations between z,v,
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and k to successively move all occurrences of k to the left, followed by all occurrences of x.
Importantly, the monomials that arise during this process retain the same k-weight as the
original monomial, as the difference between the number of z’s and y’s remains invariant
throughout the reordering. Specifically, when applying the operation

(omke )= (ko)A (o (=22) ),

the number of z’s and y’s does not change. Similarly, under the operation

(eyzee) =y ) 4 (e (—h) ),

the counts of x’s and y’s both decrease by one. These observations imply that the k-weight
of any monomial is preserved under reordering. Furthermore, the k-weight of a monomial
of the form k%xby°z" is 4b, which is necessarily divisible by 4. Consequently, any monomial
of this form cannot appear in the expansion of as a linear combination of reordered
monomials. Thus, is expressible as a linear combination of monomials belonging to
T |

4.3 The restricted root systems: Type A cases

Let h = t @ a be the Cartan subalgebra of g as described in Section which is consistent
with the Cartan decomposition g = €@ p. Thus a is a maximal abelian and self-centralizing
subspace of p. Then, in each case I, 11, and III there is a choice of a basis for a, denoted

{hy, ..., b, bg, oo by}

These vectors h;’s and hj;’s are explicitly described for Cases II and IIT in Sections and
[1.7] (and in Section [4.3|for Case I).

Analogous to Example we will reserve Greek letters ¢ and ¢ in unemphasized
font for natural characters of the split part of the Cartan subalgebra, namely for a. More
specifically, we define ¢;’s and d;’s to be the dual of the h;’s and h;’s selected above such

that B
1 i=j 1 i=j

i(hi) = . 0;(h;) = -

ci(hy) {0 L ) {0 o

One can observe that the restricted root systems we consider are of type A(l —1,{"—1) and
lie on [ + I’-dimensional space that is spanned by the ¢;’s and §;’s. The ¢;’s and J,’s form
a basis of a*. The numbers [ and I’ for each Case I,1I, and III are given in the following
proposition.

| =

~

Proposition 4.3.1. The restricted root system of g with respect to a is of type A(I—1,I'—1)
where [ 4+ I’ = dim(a*) — 1. The values of [ and !’ in Cases I and II are m and n respectively.
Also, in Case III, [ = 2 and I’ = 0.
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Proof. This is verified by direct calculation. More precisely, one can see that for all Lie
superalgebras in Table we can choose linear functionals €;,0; € a* such that we obtain a
realization of the restricted root system in the following form:

AN ={+(e;—ep), (6 —05),£(e; —6:), 1 <i#Ad <, 1<j#£5 <I'}

J J J

In Case I,

a:Span{hi,hﬂléigm,1<j<n}

where according to Section h; = (Ei;, —FE;;) and h; = (E;;,—F;3) . Then

VYR
€ = €i,L|a = _Ei,R|a7

where €; 1, and €; p are the choices of the bases for the Cartan subalgebra as in Section
for the left and the right gl(m|n) factors. The ¢; are defined analogously. The restricted root
system is of type A(m — 1|n — 1). For Cases II and III analogous descriptions are given in
Sections and [4.71 |

4.4 Weyl group invariance for the pair (g, )

We assume that (g, €) and a are as in Section[4.1] Furthermore, we assume that the restricted
root system of g (with respect to a) is of type A(m,n), realized in the usual way by a choice
of &’s and §;’s in a*. (The explicit choices of these functionals will be explained in each
of the cases that we will be considering.) In what follows we will need the subalgebras s,
defined in the next definition:

Definition 4.4.1. Let a = ¢; — g;41 be a simple even root of the restricted root system A’.
We define

Sa = 0a D J-a D [a; §-a] D o,
where

Iy = ﬂ ker(a) N ﬂ ker(g;).

a=dlq 1<j<n
J# i+ 1

Lemma 4.4.2. s, is a subalgebra of g.

Proof. Obviously, [ga, §-a] C S,. By using the relation [g., gs] C gat+s we have

[gcw {gayg—a“ C ga, and [g—aa [gaag—a“ C g a

Since 2a and —2a are never roots, we have [ga,8a] = 0 = [g—a,9-a). On the other hand
because a, C b and s,, is a direct sum of a,, and restricted root spaces, it follows that [a,, 5,]
is a subspace of s,. |

Now, recall that by Proposition A € A(g, €) plays the role of spherical functionals and
by Corollary we obtain an injection A(g,€) — S(a)*. Our next goal is to verify that
the image of A(g, ) in S(a)* lies in the subalgebra of Weyl group invariants. This is the
content of the next proposition.
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Theorem 4.4.3. Let A\ € A(g, £) be a ¢-biinvariant functional of the pair (g, €). Assume the
vector space a* has a natural basis e1, ..., &, 01, ...05. Then, by keeping the same notation
hi,.c.., hun, hi, ..., hy for the dual basis elements as in Section and for every permutation
o€ Sy and § € Sy, we have

al a 1 n o(al o(a o(b1 (b
A(hS "'hnihl% ...h;):)\(hl( )'“hz(l)hi( )"'hp(l))-

Proof. For each ¢; € a* corresponding to h; € a we define
gi(x) = (hy,x) forallz € a,
0:(x) = (hz, z) for allx € a.

Then by straightforward computation we have

861'—61'+1 (hl) == h’i+17 S6i—8i+1 (h/l—‘rl) — hi’ Z E [67

855, (h7) = hipr,  ss—s, (hiya) = hy, i€ L.
Set ¢, = s, N €. Then 0‘% = +1 where 0 is the involution associated to (g, £).
Assume that A € A(g, £). Set

The Weyl group invariance for the pair (s,, £,) has been verified in Proposition which
implies that the restriction )\‘U(s ) is a €,-biinvariant functional and hence,

N(hihi) = N(hihiyy),  N'(hihi,) = N'(hihi,,),
or equivalently,
(h?ih?—z:ll . h?iJrl h?j-l) c EaU(sa) + U(Sa)éa, for a:=¢; —¢€;11,

and

(h*hit = hi™ e ) € €U (Sa) + U(sa)ba, for a:=d6; — 054y
First, assume o := ¢; —&;41. Then for j #4,i+ 1 we have [h;,s,] = 0 and for j € I; we have
[h7,54] = 0. Therefore, for corresponding values of j we have [h;,¢,] = 0 and [h;, €] = 0. It

follows that
Bt RS (R =R R RS - B{RY  h € U (9)+U (g)t € EU(g)+U (g)E = T.
Now consider a := 6; — &,,. Then, similarly, for j # ¢,i + 1 we have [h;,s,] = 0 and for

j € Iy we have [h;,s,] = 0. Thus, [h;, %] = 0 and [h;, £,] = 0 for mentioned j, j. It follows
that

Bt RETRE (AU BRI — RETRY ) B € 6, U(g) + Ulg)ea C €U (g) + Ulg)t = .
Thus,

a a; 1, Gi+1 a i 7 0it1 n\ a @i+l a; am bit17b; by
A(RS -+ Wi "'hl’hl{l"'h?hgfl hfL ) = A - RS - R h’{l---hf h§+1---hl—,’ ),
and hence, for all permutations o € S; and § € Sy,

A(ROt - hOTRb - h;’,/l/) = AR ... h;’(“l)h‘f(bl) . hé(bu))_ i

1 G



4.5. The h; and the s, for Case 1 : g = gl(m|n) @ gl(m|n) and € = gl(m|n) 38

4.5 The h; and the s, for Case 1 : g = gl(m|n) @ gl(m|n)
and ¢ = gl(m|n)
Let g = gl(m|n)@®gl(m|n) and suppose that the involutive automorphism 6 on g is as follows:
0(X,Y)=(Y,X), for XY €gl(m|n).

Therefore,
E={(X,Y) | 0(X,Y)=(X,Y), X,V e glmln)} = {(X,X), X € gl(mln)} = gl(m|n)
and

b= {(X,Y) | 0(X,Y)=(=X,—Y), XY € gl(mln)} = {(X,—X), X & gl(m|n)}.
We choose the Cartan subalgebra b consistent with Cartan decomposition to be:

= {diag(s, t) ® diag(s',t') : 5,5 € C" and ¢, € C"}.

Thus,

a = {diag(s,t) @ diag(—s, —t) : s = ($1, - ,8m) € C™ and t= (t1,---,t,) € C"}.
Lemma 4.5.1. For g = gl(m|n) @ gl(m|n) and € = gl(m|n), Cy(a) = a.

Proof. Consider P = (X, —X) € p where

x= |8 3] € atm

and then for ¢ € a we have
[CZ, P] = ([dlag(s7t)7X] ) [diag(_s7 _t)> _X]) .
But

: e |diag(s)A — Adiag(s) diag(s)B — Bdiag(t)
[diag(s, 1), X] = |diag(—s, —t), = X] = diag(t)C — Cdiag(s) diag(t)D — Ddiag(t)| "

If a non-diagonal entry of P is nonzero, then a suitable choice of s and t yields a nonzero
commutator [a, P|, hence P is not in Cyp(a). Thus, for every arbitrary a € a, we have
la, P] =0 if and only if P € a. i

Let I = {1,---,m} and I; = {1,2,--- ,n}. Let {E;;|i,j € I = IgU I1} be the basis
for g consisting of matrix units. Note that |j| = 0 if j € I, and |j| = 1if j € I;. Then
equivalently,

a = Span {hi, h;

il1<i<m, 1<) <n}



4.6. The h; and the s, for Case 11 : g = gl(m|2n) and ¢t = osp(m|2n) 39

where hz = (Em‘, _Ehl) and h; = (E’ﬁ —E§J) AISO7

VYRS
& = 8i,L|a = _ei,R|a7

where g, 1, and €, g are the choices of the bases for the Cartan subalgebra as in Section for
the left and the right gl(m|n) factors. The §; are defined analogously. The restricted root sys-
tem is of type A(m—1|n—1) and for each simple even root o € {éi —€iy1,0; — 0,1 € I5,j € ]j}

J J
we have:
g Span{( 1,041, ),(O Ez+1z>}7 if aO=¢&; — &1
Span{ CREST) 0)( ]+1])}7 if a:(%—éjﬁ’
g Span {( i+1,i5 )> (07 Ei,i+1)} ) if a=¢ —¢eip
Span{ L7 0) (0, Ey’m)} s if a= (5]* — (%ﬁ
Therefore,
[g g ] _ Span{<Ei,i - Ez—f—l i+1, )7 (0 Ez+1 i1 — i )}, if a=¢ —¢e
7 Span { (B3 ~ Brsrzen, 00, (0, Brsrger — Bp)} i o= 6 — dr
and
a Span {(E“, Eu), (Ei+1,i+17 Ez‘+1,z‘+1)} ) if a=¢—¢emn
Span{ i ], ), (Em7m, Emdﬁ)} s if o = 53 — 5m
Thus,
( ii+1) ) (O Ez—l—l 7,) ( 141,75 ) (O» Ez i+1>7 (Ezz - Ei—|—1 i+1 O>’ }
Se.—e;, = Span ' ’ ’ ,
imeita = P { (0, Bitriv1 — Eiy), (Big, Big), (Big1i1, Big1ie)
55 b = Span{ EE] ) ( 14;3 () ( +17J7’) )( (O EjjJrlE): (E],])_ Em,ma 0)7 }
J+1 J+L T JJ 3,90 5.7 J+1 J+1 41,5+
It follows that for simple even roots « { — €i+1,07 — 0731, € I, j € Ii} we have

S0 = Q[Q(C) D 9[2((:)‘

4.6 The h; and the s, for Case Il : g = gl(m|2n) and ¢ =
osp(m|2n)

Let g = gl(m|2n) and let [; = {1,--- ,m}and I; = {1,2,--- ,2n}; let {E;; |i,j € I = [jUI1}
be the basis for gl(m|2n) conS.lstmg of matrix units. Recall that |j| =0if j € I3, and |j| =1
it j € I7.

Consider 6(X) = —PX*" P~ where X*' = %, . (=1)VI0i+iDg;; B); is the supertranspose of
X and

0
P=10 0 I,
0
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Then,
t={X egl(m|2n)|0(X) = X}
_ { |:Am><m Bm><2n:| c g[(m|2n) | A= _At7 D= JDtJ,C = —JBt} 7
Canm D2n><2n
where
0 I,
. {—In 0] . (4.6.1)
Moreover,
p = {X € gl(m|2n) [6(X) = ~X}
_ { |:Am><m Bmx?n:| € g[(m|2n> ’ A= At,D = —JDtJ,C = JBt} .
C(2n><m D2n><2n
Thus,
a=Span {hi,h;|1 <i<m,1<j<n},
where
hi = Eii, hj = Ej54+ Ejin i,
and

g = €ila, and 0; =0j[a =0j4,)a for 1<i<m,1<5<n.

By considering {g;}7*, U {0;}}_, as a basis of a*, the restricted root system is of the type
A(m — 1|n — 1) and for each simple even root we have:

g = Span{E; 1}, if a=e¢—en
Span {Eg7m, E%,ii—i-l-‘rn’ Em7m, Em,7i+1+n} s if o= 5; — (Sm ’
. Span {Ei-l—l,i} R if a= € — &+
- Span { Er1 5, Brrrns B P, @ =6 — 07
[ ] B Span {Ezz - Ei+1,z'+1}7 if a=¢—¢en
o 8- Span (LU L'), if a=68—0g7
where
L ={E;; — Eqa B — B B — B
L= {EzJTmJTn - Ei+1+n,i+1+n7 E%,z‘JTm EzJTnZ}
Also,
_J Span {Bii+ B}, if a=¢e—eqn
“ | Span (L"), if oa=0— 057
where

" 1 1 1 _ . . .
L" = {Ei,i—l-l + Ei+1,i7 Ei,z'+1+n + Ei+1+n,z" Ez'—l—n,i—i—l + Ez'—|—1,z'+n7 Ei—l—n,i—i—l—i—n + Ei—i—l—l—n,i—l—n}'
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Thus,

Sq =

Y

Span {Ezzu Ei—i—l,i—i—lu Ei,i+17 Ei—l—l,i} , i a=¢g— Ei+1
Span (L1 U Ly U L3) , if o=0;— 57

where

Ly = {Eﬁv Ei-Tl,i-Tla Ei+n,i+n7 Ei+1+n,i+1+n}7
Ly = {E;77, B Bien Bt

1,04+n)
L3 = {Ei—i-n,% E Ei+n,i+1+n’

B B

Ei+1+n,z’-Tl> Ei+1+n,i+n}'

7

E

i+1+n,i>

i+n,i+1>
Now by setting E := Ej 11, F := Eit14, b1 := Ej i, ho := Eiyq 41 for 1 <4 < m we obtain an
isomorphism

54 — g[Z((C) for a= Ei — &Ejx1-

Also, we obtain an isomorphism of Lie algebras

sqo — g, (C), for a = 0; — 0577,

7

by mapping each Eqj to Ey ) 5 Where

n@)=1,nG+1)=2,nG+n)=3,nli+n+1) =4
Hence s, = gl,(C).
Lemma 4.6.1. Let g = gl(m|2n) and € = osp(m|2n). Then Cy(a) = a.

Proof. For any element

A B
P:{C D]ep’

and a = diag(s,t) € a where s = (51, -+ ,8,) € C" and t = (t1,- -+ ,tn, —t1, -+, —t,) € C*"
we have
(4, P] = [diag(s)A — Adiag(s) diag(s)B — Bdiag(t)
’ diag(t)C' — Cdiag(s) diag(t)D — Ddiag(t)| "

Obviously, a C Cy(a). On the other hand, the entries of diag(s)A — Adiag(s) are of the form
a;;(s; — s;) and diag(t) — Ddiag(t) has entries of the form d;;(t; —t;). Then if a;; # 0, for
distinct s; and s; we obtain a nonzero entry of [a, P]. Similarly, if d;; # 0, for distinct ¢; and
t; we obtain a nonzero entry of [a, P|. Also, diag(s)B — Bdiag(t) and diag(t)C' — C'diag(s)
respectively have entries of the form s;b;; — b;;t; and t,c;; — ¢;5; which for nonzero b;;, ¢;;
and distinct s;,t;, we have [a, P] # 0. Thus Cy(a) C a as well. |

4.7 The h; and the s, for Case III : g = gosp(m + 1|2n) and
t = osp(m|2n)

In this section we describe the absolute and restricted root systems of the Lie superalgebra
gosp(m + 1]2n) with respect to the Cartan space a. The Cartan space a is associated with
a subalgebra €, where £ = osp(m|2n). We divide the analysis into the two cases m + 1 = 2r
and m+1=2r+1 form > 0.
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4.7.1 The case m+1=2r

Recall that the Cartan subalgebra h of g of diagonal matrices has a basis given by

Hy:=F;,; — Eitritr, 1<i<r,
Hj:=Ej; = Ejinjrn, 1SJSn

Let the dual basis of the Cartan subalgebra be {ey, ..., &, d1, ..., 5} such that

SRS

N

)=y 151 -

Then the root system ® = &5 U ®7 with respect to b is

—N—
o =

S S

{te; +e;,£6; £ 65, £20,} U {£e, + 6,},

where 1 <i<j<n1<k<li<n, 1<p<r,and 1 <g<n.
In this case the involutive automorphism 6 on gosp(m + 1,2n) will be

-1
0(z) — { wrw™ ', if € osp(2r|2n)

—, if = [2r+2n
where -~ 1 r—1 1 r—1 )
110 0 1 0
w0 1 0 Ly 00 -
w = |: 0 W2:| s W1 = 1 1 0 0 s and W2 = _[2n.
=10 0 0 [

The small numbers above and on the left side of the matrix W respectively represent the
number of columns and rows in a batch. By a straightforward calculation w = w~!. Consider
any © = x5+ x7 € g. Then x5 can be expressed as the following matrix:

a X 0 U
y A -U" B
Ty = 0 V —-a -Y! + clopyon, (4.7.1)

-Vt ¢ =Xt —At
D

where a,b,c € C, A, B,C' € Mat(,_1)x(—1) satisfy the relations B + BT = C' + CT = 0,
X,U,V,Y" € Matiy(r—1), and D € MAT5, 2, satisfies the relation D = JD"J where

7o {—Oln f(ﬂ . (4.7.2)
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Remark 4.7.1. Throughout this section, in order to avoid confusion between Lie algebra
elements and scalars that appear in matrix entries we use bold symbols such as a, b, ¢ for

scalar entries.

Also z7 can be expressed as the following matrix:

where a,b,c € C, XU, F,L €

Mat(n_l)x (r—1)- Then

H o< Q

—a V
—Ut A
0(x 0 X
-Xt C
and
021 |
b X;a
V AY
d F c
M C F
Hence,
.
0 X U
Y A -U' B
= 0o VvV Yt
-Vt C =Xt —At
D
\ L

—d —-M!' b V!
_Lt DtéUt Bt
S S
_Et Ot Xt A

0o -Y!
Y..B
a U _CIQT+2n>
_Vt _At
D
—c —F' a Y!
_Lt _Dt Ut Bt
_Et _Ct Xt At
U
B
L
D
cgo|V=X,U=-Y" D=JD"J

(4.7.3)
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and for the odd part we have

/r

—c —F"
_Lt Dt
“;dm;Mt
B = —Et -t
b X;a U
V AY B
d E ¢ L
M C:F D

\ L

cegila=bc=d M=FV =Y

/

Lemma 4.7.2. Let {¢;}777?" be the standard basis of C*1?". We consider C?+2n > C2rl2
as the standard module of 0sp(2r|2n). Then the stabilizer of e; — e, in gosp(2r|2n) is equal
to €. In particular, € = osp(2r — 1|2n).

Proof. Note that e; — e,41 is not an isotropic vector and for x = z5 + x1 € gosp(2r|2n)
where x5 and 1 are the matrices given in (4.7.1) and (4.7.3), by direct computations one
can see that the stabilizer of e; — e, in gospy(2r|2n) is

{zo€gilzs-(e1—e1) =0t ={25€0]a=0,V=X,U=-Y" D=JD'J} =14,

and the stabilizer of e; — e, in gosp;(2r|2n) is

{Ii691|ZL’I‘(61—6T+1):0}:{$IEgi|a:b,czd,M:F,V:Y}:?i.

Now, set

DO | —

Then for every x5 € €5 we have

DN | —

Rxg R

1 0
0 V2
—1

0
0 0

1 0
0 0
1 0
0

V2

€ GOSp(2r|2n);s.

0 B
0 0 :
0 —A




4.7. The h; and the s, for Case 11l : g = gosp(m + 1|2n) and ¢ = osp(m|2n) 45

where A, B, C' € Mat(,_1)x(,—1) satisfy the relations B+ B" = C'+C" =0, D = JD"J where
J is the matrix given in (4.7.2) and X,Y"* € Maty(,_1). Also, for every z1 € €1 we have

—2c  —2F! 2 2V
_\/§Lt _\/§Dt \/§Ut \/§Bt
0 0 0 0
1 VBB 3O X' VoA
Ronl =1 o, V2X 0 V2U ’
2V V32A 0 V2B

2¢ V2E 0 V2L
2F V2C 0 V2D

wherea,c € C, X,U,E,L € Mat . (—1), Y, F € Mat(,_1)x1, and A, B,C, D € Mat(,_1)x(r—1).-
Then by Example one can see that this is exactly the structure of gosp(2r — 1|2n).
Hence, ¢ = 5 @ €1 = gosp(2r — 1]2n). i

Since p is the —1 eigenspace of 6§, by analogous computations we obtain

( . 7] \
a X 0 U
Y O;—Ut 0
Po = 0 V —-a -Y! + clsyri0, € 95 V=-XU=Y"},
-Vt 0o —-Xt 0
0
\ L i J

where X, Y*, U,V € Maty(,—1) and a,c € C. Also,

( —c —F" aY' ]
0 0 0 0
~d —-M' b V!
pr = b 0ie o 00 00 Jcgla=-be=-dM=—FV=-Y},
V 0OY 0
d 0:c 0
| M0 F o )

where a,b,c,d € C, and Y, F,V, M € Mat,_1)x1.
We choose the Cartan subalgebra b that is consistent with the Cartan decomposition g = £¢®p
to be:

h = {diag(s, —s,t,—t)|s:=(s1,--- ,sm) € C™ and t:=(ty,---,t,) € C"}.
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a = Span {a,d'},

Thus,
where
a = Iy 49, and a = diag(s,—5,0q,)
We define .
hl = 5((1 + a/),

5:= (2,0,

1

and hy = 5(@' —a).

,0) e C.

For the matrix realization of elements of this algebra see (4.7.1) and (4.7.3). Therefore, the
restricted root system has only two roots a = £(g; — &3). Hence, dim(a*) = 2 and the
restricted root system is of the type A(1) = A(1,—1). Note that « is the restriction of &;.
The choices of €; and €9 in a* such that ey — ey = 51|a do not matter.

Lemma 4.7.3. Let g = gosp(2r|2n). The centralizer of a in p is a.

Proof. For every element Py € pg of the form

atl X 0 Y
Y 1 Y o0
Py = 0 —-X —a+1 -Y!
Xt 0 — Xt 1
]2n
where X, Y € Maty(_1), we have
0 X 0 Y
Y 0 Y 0
@, Pl=| 0 X 0 Y!
Xt 0 =Xt 0
0
Thus, Cy,(a) = a. Also, for
—c —F' a Y
0 0 0 0
c F' —a -Y!
P = 0 0 0 0
—a 0:a O
-Y 0:Y O
et
—-F 0:F 0

€ p1,
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we have ) )
—c —F' a Y'
0 0 0 0
—c —Ftia Y!
0, P] = 0 0O 0 0
a 0:a 0
Y 00Y O
c 0c O
F 0 F 0O

which implies that [a, Pi| = 0if and only if P, = 0. Thus, Gy, (a) = a and hence Cy(a) = a. |«

4.72 Thecase m+1=2r+1
Recall that the Cartan subalgebra h of g of diagonal matrices has a basis given by

Hy = Eii1iv1— Eipririprs, 1<,
Hj = Ej; = Ejnjm, L<jsn
Let the dual basis of the Cartan subalgebra be {ey, ..., &, d1, ..., 85} such that
1 i=j 1
&;(H;) = L0 O(H;) =
0 i1#7 0

Then the root system ® = ®5U P;7 with respect to b is

S RN

RN
NN

{Zl:Ei + €j7 ZE(SE + 57, :|:25p, :i:é?q} U {:I:&?q + 513, :i:(Sp} s

where 1 <i<j<n1<k<i<n, 1<p<r,and 1 <g<n.
In this case the involutive automorphism 6 on gosp(m + 1,2n) will be as follows:

-1
0(z) — { wrw™ ', if x € osp(2r + 1|2n)

-, if ©= Iy,
where
i ]
0 WQ
and 1 1 r—1 1 r—1
110 00 0
11 0:0 O 1 0
Wi=r1| 00 Ly 0 0 |, W=,
1 0 1 0O 0 0
=1 0: 0 0 : 0 [,
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Again, small numbers above and on the left side of the matrix W; respectively represent
the number of columns and rows. By a straightforward calculation w = w=!. Consider any
x = x5+ x1 € g. Then, x5 can be expressed as the following matrix:

0 —¢ —M' —b —L
b a X 0 U
LY A -U' B
T5 = : 4 2l i ton 4.7.4
0 c: 0 V. —a Yt Arit ( )
M vVt ¢ —Xt At
D

where @’,a,b,c,z € C, A,B,C € Mat(r 1)X(r 1 satisfy the relation B+ BT = C + CT =0,

D= JDtJ where J is the matrix given in ,and X, U, V,Y'.M"' L' € Mat;y(,_1). Also,
x7 can be expressed as the following matrlx.

r] = _gt _OtéXt At (4.7.5)
_]anb U
JY AV B
chidL
G F C M D

wherea,b,c,d,g,7 € C, X, U, E, L € Mat,(_1) YVFMJGEMatn nx,and A, B,C, D €
Mat(n_l)x(r_l). Then,

0 —b —-M' —¢ —L
c —a V 0 =Y
L -U' A Y B
9(3:(_)) = b O X U - Z[2r+1+2n
: Sa
M —Xt C -Vt —At
D
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and

et S
_I! —Dt Ut B
—d -M' b V!

0(x1) = —Et —Ct Xt A
g b XalU
GV AY B
j d E ¢ L
J M C F D
It follows that
([ 7 3\
0 —¢ -M' -b L
i K S
L Y A -U B .
£ = Egi|lb=c,V=X,U=-Y"
c 0 V 0 -Y'
M -Vt C —Xt —A
D
\ L . 7
and
¢ R T 3
j Jt g Gt
e
_It —Dt Ut Bt
—d —-M' b V!
¢ = _Et —Ct Xt At €Egila=bc=d,F=MV=Y
g b X alU
GV AY B
j d Fc L
| J M CFD | )

Lemma 4.7.4. Let {e;}2711"?" be the standard basis of C*+112". We consider C¥+1?" ag
the standard module of osp(2r + 1|2n). Then the stabilizer of es — e, o in gosp(2r + 1|2n)
is equal to €. In particular, € = osp(2r|2n).

Proof. Note that e; — e,,5 is not an isotropic vector. By direct computations one can see
that the stabilizer of o —e,49 in gosp(2r+1|2n) is €. Similar to Lemma [£.7.2]one can see that
the stabilizer of ey — e, o also stabilizes its orthongal complement (e; — e,,2)", which is a
nondegenerate orthosymplectic space of dimention (2r|2n) and this completes the proof. B
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Furtheremore,
([ ] 3\
00— 0 -b O
b a X 0 U
00Y 0 -U" 0
5= + 2L, nEgle=-bV==-XU=Y"},
Po c 0V —a _yt +142n € 80
0 -Vt 0o —-Xt 0
0
(L i J
and
([ T 3
0 0 0 0
—d —M" b V!
0 0 0 0
—c —F' a V!
pi: O O 0 O 691 bz—a,d:—c,M:—F,V:—Y>,
0 a O b 0
0OY 0V 0
0c 0 d O
0OF 0 MO
\ L . . Vs
Thus,
a = Span{a,a’}
where

a' = Iy 1490, a = diag(0,s,—5,09,) for s5=(2,---,0) e C".
We define the h; as follows

1 1
h1:§(a—|—a’), and hgzi(a'—a).

Recall that the realizations of even and odd parts of the Lie superalgebra gosp(m + 1,2n)
are defined in matrix forms (4.7.4) and (4.7.5). Therefore, the restricted root system has

only two roots £(g1 — €3). Hence, dim(a*) = 2 and the restricted root system is of the type
A(l) = A(1,-1).

Proposition 4.7.5. For the restricted root o = €1 — €9 we have
5, = gosp(m + 1|2n).

Proof. Recall that the root decomposition of g with respect to b is

s=boPaos

ped
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Now consider the decomposition h = t@ a where t =hN¢ and a =HhNyp. Then

g=avtoPu=ate Pouo@Pwe P w=aqote Peog,,

BEP Bla=0 Bla=a Bla=—a Bla=0

where g = €D gs with 3]s = £a and on the other hand, the restricted root decomposition
of g is
g=mdad @ gy
yeA!
where m = mg @ m; = Ce(a). For m + 1 = 2r, where r is a positive integer, mg and m; have
the following matrix forms

(fooo o ] )
0 A0 B
mg = 000 0 € gosp(2r|2n) | B=—-B",C = -C"
0C 0 —A
D
\ L . J
and
([ T )
0O 0 0 0
—I' —D! Ut B!
e o
_Et _Ct Xt At
mi = : >
0 X_:O U
0 AO0B
0 EO0L
0 C 0D
\ L 4

and when m+1 = 2r+1, for a positive integer r, mg and mg have the following matrix forms

([0 0 —M' 0 L ] N
0 a 0 0 0
_ )| 0o A 0 B o
My = 00 0 -a 0 Egosp(?rﬂn)}B_—B .C=-C
M 0 C 0 —At
\ L D2n><2n_ )




4.7. The h; and the s, for Case 11l : g = gosp(m + 1|2n) and ¢ = osp(m|2n) 52

and

J
J
—J
| —J

o O O O

J
0
It
0
_Et
X 0U
A0 B
E 0 L
C 0D

Jt ] Jt' )

0 0 O
_Dt Ut Bt

0 0 0
-Ct Xt A

47

Our goal is to show that m C [g,, g_»]. To do this, it suffices to prove that m C > [g,, g./]
where v and 4" are two absolute roots with nonzero restriction on a [I6, Sec. IIL.10]. In
order to prove this claim, let x5 € gg where |, = 0. then for m + 1 = 2r explicitly we have

(for &; — €,
for g; + ¢;,
for é;, — 67,
for 6k + o7,
for 265,

for g5 — 65,

where 2<i<j<r 1<k<l<n,
we have

(for &, — €;,
for e; + €,
for 6z — 03,
for 8k + 4y,
for 265,
for €5 — (53,
for g4,

for 45,

’72251—5]'

vi=€& — &1
7::5];—81
v =0 — &1
v i=¢€1+ 0p
v i=€1 1+ &

V= €1 &5

V=g, — €&
v =0 — &1
v =0 — €
vi=¢€1+0p
vi=€1+¢&q
vi=€1t+¢gq
v:=€1+0;

/.
v i=€&; — €1

p

I1<p<r,and 1 <g<n. Also, when m+1=2r+1

/.
v i=&; — &1
/':€j+€1

"261—57

®
f
+
&

/.

/.

222222
|
=
hSTl
|
O]
—_

e
7= &

where 3 <1 <7< 1<k<i<n 1<p<r,and1 < ¢ <n Onecan see that every
absolute root with zero restriction on a can be written as v + +' where

7|a = Q, 7/|a =

Thus, 25 € [ga, §—a) which implies that m C [g,, g—a]-

—Q.

Proposition 4.7.6. Let g = gosp(2r + 1,2n). The centralizer of a in p is a.
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Proof. For any arbitrary element

0:b6b 0 —-b 0
b a 0 Yt
oY 0:-Y 0
Py = € pg,
’ b 0 —-X —a -Y! Po
0 Xt 0 —X' 0
0
we have, i i
0 b 0 —=b 0
b 0 X 0 Y!
0 -Y 0 -Y 0
[avPO]: :
b0 X 0 Y!
0 —X* 0 =Xt 0
0

Thus [a, P)) =0 if and only if b=c=0and X =U =V =Y"' = 0. Also, for any arbitrary
element

0 0 0 0
¢c F' —aq =Y!
0 0 0 0
—c —F' a Y!

P = 0 0 0 0 € p1,
0a 0 —a 0
0Y 0 -y 0
0O c 0 — 0
0:F 0 —-F O
we have -~ _
0 0 :0 0
c F* —aq =Y
0 0 0 0
c Ft* —a =Y
la, P] = 00 0 0

[a=)

|

~

e}

|

~
oS oo O
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Thus [a, P;] =0 if and only if b=c=0and F = M =Y" = V' = 0. Hence, the centralizer
of ain p is a. |

4.8 Examples of the interwoven pairs of gl, subalgebras
in symmetric pair (s,, £,)

In Section we introduced an interwoven pair of gl, subalgebras of g as defined in Defini-
tion In Sections [4.5] [4.6] and we explicitly determined the s, for Cases I,1I, and
ITI. In this section, we proceed to explore an example of interwoven gl, subalgebras for each
pair (sq, £,)-

4.8.1 Examples of the interwoven pairs of gl, subalgebras in sym-
metric pairs (gly, 502), (g, 5p4), and (gl, ® gly, gly)

In this subsection we aim to specify elements k., x,y, hi, ho, €, f as the begining of this section
for pairs (gly, 502), (gly,sp,), (gly @ gly, gly). First we concrete describe the gl, subalgebra
spanned by hq, ho, €, f.

T

(i) In the case of g = gl, = £ ® p with respect to 0(x) := —x', we consider the following

standard gl,—basis of gl,,
01 00 10 0 0
S O O e R

[hhe]:ev [hhf]:_fa [h27€]:_ev [h27ﬂ:f7 [eaf]:hl_h2-

Then

Thus
t={X egl,|6(X)=X}=Span{e — f} = s0,

and a = b = Span{hy, ho}.
(ii) For the symmetric pair (g = gl,, € = sp,) with respect to 6(x) := Jo X' J5, where

[0 L
e[ 8

We use the usual basis of gl, which is the set of E;; for 1 <,j < 4. In this case
t={X € gl|X = LX")} = sp,

and if we write X as 4 blocks of size 2, then we have
. A B < al ‘ A B| |-D' B
“\lc p| =% c D~ |cCct —A

:{[é _it]egg ‘ B:Bt,czct}.
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Also,
_J|A B c al ‘ A B| | Dt —-B'
P=c p| =% c p|~=|-ct A
{4 Bea | semmceomn)
As in Example [3.1.1] we consider the Cartan subalgebra of g to be

According to [3.1L h = t @ a such that t = h N € and a = h N p is a maximal abelian and
self—centrahzmg subspace of p. Recall that this means that [a,a] = 0, and furthermore, for
every subspace a C a’ C p we have [a,a’] # 0. Indeed a = span {hy, h2} where

1000 000 0
000 0 010 0
h1_0010’h2_0000
000 0 0001

If we consider e, f to be
0100 000 0
0000 f_1ooo
““looo 1] 77 looo0 o0
0000 0010

then we can see that e, f are two root vectors of a and

[hhe] =6 [hlvf] = -/,
[h27€] = —¢€, [h27f] :f
iii) For the pair (gl,®gl,, gl,) with involution 6(x,y) = (y, x) consider the following standard
208k, g

B O (R )
= 318 = (06 )

[hhe]:ev [hbf]:_fa [h27€]:_ev [h%ﬂ:fv [euf]:hl_h2-

Also, one can see that

Then

t={(z,y) egly® gl |0(z,y) = (z,9)} = {(z,y) gl @ gly | (y,2) = (z,y)} = gl
and
= {(z,y) e gy gly | O(z,y) = —(z,9)} = {(z,y) € g ® gly | (y. ) = (—x,—y) }
= {(z,—z) |z € gly}.

Hence
a = Span{diag(s) & diag(— } s € C?.
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Lemma 4.8.1. Set k =i(e — f), x = Adye, and y = Ad, f, where Ad, is the adjoint action
of G on g, defined as the conjugation of matrices: Ad,X = gXg ' for g € G and X € g. Let

g=M = [; ﬂ €GL?2) if g=gl,, and g= W ]\OA € GL(4) if g=gl,

g=(M,M)e GL(2) x GL(2) if g=gl, ® gl,.
Then {z,y,k, z} is a standard gl,-quadruple, i.e.,
ko] =2z, [kyl =2y, [yl =k, [z,2] =[z9] = [2,k] =0.
Moreover, k € ¢, x,y € p and x +y = —hy + hs.

Proof. All of these statements can be checked directly as in Appendix [A]l For the reader’s
convenience we give explicit forms of the matrices for k, x, v, 2.

For g = gl(2):
0 11 11— 1o _,
$_2 Z 17 y_Q —Z 1 ) 2_01_2><2
(

and for g = gl(4),

0 i 0 0 14 0 0 1 —i 0 0

Lo |00 ol 1li1 0 0 -l 1 0 0 g
00 0 il’ 210 0 -1 4> YT2 o 0o -1 —i|’ 4x4
0 0 —i 0 0 0 i 1 0 0 —i 1

For g = gl, & gl,,

([ L) =GR =0

1[-1 —i] —1[-1 —i
- (5 {—i 1] o {_@' 1 ])’ and 2z = (fax2, fax2). |

4.8.2 An interwoven pairs of gl, subalgebras in symmetric pair
(gosp(m + 1, 2n), 0sp(m, 2n))

Let m = 2r for an integer r. Recall that
a = Span {a,a’}
where
a' = Iyy9, and a=diag(s,—5,0y, for where 5:=(2,0,---,0) € C,

and 1 ]
hl :§(a—|—a'), and hgzi(a'—a).
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Set . - 7
0 X 0 U 0O 0:00
00 U 0 =Y’ 000
e=| 00 0 0 , f=| 0 VoY )
00 —X' 0 ~V* 0.0 0
0 0

where X, U, Y,V € Mat;,(—1). Then e, f, and a satisfy the following relations:

la,e] =2e, |[a,f]=—2f.
Suppose that
X=U=[10 0, Y=V=-X,
then
le, fl=a
Now, let i )
0 X 0 X
—iX' 0 —iX' 0
k:=ile—f)= 0 X 0 X
—iXt 0 —iXt 0
0
Then k € €. Set matrices x,y, to be:
-2 X 0 1X
1 ] Xt 0 —iXt 0
x::§(z'e+if—a):§ 0 —X 2 =X ,
Xt 0 —iXt 0
0
and _ -
-2 =X 0 =X
L X0 axt o
y=g(—ie—if —a) =3 0 X 2 X
—i Xt 0 Xt 0
0
Therefore,
[k, x] =2z, [k,yl=—-2y, [z,y]=F.
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Thus, {e, f,hi,ho, k,z,y,2 = d'} is a gly-interwoven and hence by Proposition {4.2.5, for
every A € A(g, ¢),
AR (h)*) = ACKS (o)) for 7,5 > 0

where hy + hy = @’ and h; — he = a.

Now, let m + 1 = 2r 4+ 1 for a nonzero positive integer r. Recall that
a' = Iy 9, and a=diag(0,5,—5,04, for 5:=(2,0,---,0)¢€C".

Root vectors of a are e, f € gp;

00 0 —=b 0 0 — 0:0 0
b0X 0 U 000 000
00 0 —=U" 0 F 0 —-Y" 00 0
e = : —
000 0 O ’ c 0 VoY
000 0 —Xt 0 0 -Vt 00 0
D D
Assume,
X=U=[10 - 0], Y=V=-X
Thus,
la,e] =2e, [a,f]==2f, le,fl=a
Set ~ _
0 0 0 0 0
0 0 X 0 X
0 —iXt 0 —iXt 0
ki=ile—f) = N A
0 0 X 0 X
0 —iXt 0 —iXt 0

Then k£ € £ and consider new matrices:

0 0 0 0
-2 X 0 X
iXt 0 —iXt 0

0 —iX 2 —iX ’
iXt 0 —iXt 0

1 1

o O o OO
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and

0 0 0 0
-2 —iX 0 —iX
— Xt 0 Xt 0
0 X 2 iX
—iXt 0 Xt 0

Lo
y:zé(—ze—zf—a):2

| —
o O o OO

Therefore, simple computation shows that
[kwr} = 21:7 [k7y] - _2y7 [any} = k?

and z +vy = —a. Thus, {e, f,h1, ho, k,x,y,z2 = a'} is a gly-interwoven and hence by Propo-

sition for every A € A(g, ¢),
ARTRS) = A(hShS) for 7,5 > 0.



Chapter 5

Supersymmetry

The primary object of study in this chapter and the next chapter is a generating function
®, associated to any A € A(g, ) which will play the role of a spherical function on the
associated supersymmetric space, in an algebraic way. Henceforth we denote any product

of i for 1 < i < m by [[zf. Let hi,...,hy,hi,...,hs be the associated elements of a
i=1
defined in Sections and For any A € S(a)* we consider the formal power series

([ —
P, = Z %Hxill—[yj7

ge(zt)mtn) T iely jer
where @ := (a1, -+, ap, a1, -+ ,ap), A[@] := A(h{* -+~ hirh3t -+~ hg?), and @l == [T a;! T a5!.
1€l JjEl;
Note that Z™ is the set of non-negative integers and the formal power series @ is symmetric
in z1,...,x, and in y1,...,y,. In this chapter, we explore the concept of supersymmetry

in distinct Cases I and II in Table [£.T} In Case III, supersymmetry is not expected because
both variables are even. The condition of supersymmetry will be identified by considering the
differential equation obtained in the next chapter for each case. Supersymmetry is expected

to take the form 5 5
k— | ®, =0
<85EZ * &g]) A ’

for each hyperplane x; —y; = 0, where ¢ = 1,...,n, j = 1,...,m. Here, k is a parameter
derived from the restricted root system, as described in [37, Sec. 4]. Specifically, & = 1
in Case I, and in this case, supersymmetry implies that ®, vanishes when substituting
r; = y; = t. Furthermore, k = 1 in Case II. Notably, this parameter value aligns with the

2
one appearing in the differential equation discussed in Chapter 6.

5.1 Supersymmetry for Case I of Table

Let I; = {1,--- ,m} and I; = {1,2,--- ,n}. Let {E;;|i,j € I = IgU I;} be the basis for
g = gl(m|n) @ gl(m|n) consisting of matrix units. According to Section 4.5 we have

a:Span{hi,hﬂlgigm,1<j<n}

60
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where h; = (Ej;, —E;;) and h; = (Ej;, —E53).

353 J
To verify the supersymmetry in this case we need to prove

0 0
— | &, =0.
(axl + 8yj) A 0

But before that we need the following lemma which proves the supersymmetry for this case
when m = n = 1. In this case,

a= Span{h1 = (EH, —EH), hi = (Eﬁ, —Eﬁ)}.
Lemma 5.1.1. Let A € A(gl(1|1) @ gl(1]1), gl(1|1)). Then,

A((hy +h7)")=0 for n>1.

Proof. Set
eii = (Bi1, En),  en = (B, Eir), hi= (B, En),
et = (Bi1,—En), én = (B, —FEn), hi = (E, En).
Then {e;1, €11, h1, b1, €11, €11, hi, fzi} is a basis for gl(1]|1) @ gl(1|1). We have,
) =3 ()
im1 \!

where z = (E1; + F11,0) and 2’ = (0, Fy; + Eq1). Therefore, it suffices to prove A(2"(2')%) =0
for integers r, s > 1. Consider
1 . . 1 . , 1 .
xr = 5(611 +entér—én)eEt, y= 5(611 +eén) €U(g), v = 5(611 —é11) € U(g).
By straightforward computation we have

/

vyl =2, [2,9] ==

which implies that z, 2/ € Z. On the other hand z and 2 are in the center of U(g). Therefore,
for some k € € and u € U(g) we have

22 =2 (N()) = Z(k;u +uk) (z771(2)°) = Z (kuz""'(2")" + ukz""1()*)
= Z (kuz""'(2")" +uz"""(2)°k) € €U (g) + U(g)t = Z. i
Proposition 5.1.2. Let A € A(g,¢) and [ = I3 U I7. Then,

p
(&ii + 83%) Oy = ZZ %)‘ H byt (hi + h3)? :L‘fyg_k H o H Yo,

p=1 k=0 lel,a ezt 1<r#i<m 1<s#j<n
1#14,] a, €7t as €zt
where
A= ” a,! ” ag!.
1<r#i<m 1<s#j<n

a,NEZ+ E§€Z+
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Proof. By straightforward computation we have

8 8 )\[Cﬂ a;—1, a; a;,,az
(o) m= X A e vy ]
ge(z+)(m+n) I<r#i<m

GTEZ+

| | Qr
x'l"

H s

1<s#j<n
as ezt

1<s#j<p
a,gGZ+

H ys®

1<s#j<p
ag€Z+

p kP
S| I et |ty T I
>0 k= A + L ! k! (p_k)' 2 ’r g ’
p=0 k=0 lel,a €2 I<r#£i<m 1<s#j<n
1#4,5 ar €72t as ezt
p k P_k
= LN I | Bl [y USRIV
L% r s
p>0k—0A lel + Kl <p_k)' 1<r#i< < i
=z = ,a; €7 <r#Fi<m 1<s#j<n
1#£4,5 ar €2t as € T
p 1 D
_ a (1 k+1pn—k ki p—Fk+1 k. p—k ar
— R [T At e 4 ittt ety 2
p=0 k=0 lel,a ezt 1<r#i<m
L#14,] a,«€Z+
p
- LB\ Bt (hy + h) (hi + hy)P |ty o
- A 1\l AL j L3 Y5 T,
p=20 k=0 lel,aq ezt ISr#i<m
1#4,7 ar €7t
"1
— — ap(y, . _\p k, p—k a as
a A [T v+ mr | oiy; IT = 11 »
p=1 k=0 lel,a ezt 1<r#£i<m 1<s#j<n
l#4,j ap €zt as €zt

Therefore, to verify the supersymmetry in this case, it suffices to prove that

A IT nwi+n)r | =0, for p>1.
lel,aq ezt
L#d,j
The following proposition will accomplish this goal.

Proposition 5.1.3. Let A € A(g, ). Then

A IT wi+n)r| =0 for p>1.

Proof. Set
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é5 = (Ej. —E5), &= (Ej—Eg), h; = (Ej, Ep),

and let g’ be the gl(1]1) ® gl(1|1)-subalgebra of g generated by {e;;, 5, hi, h, &3, €;, hi, B;}
and ¥ = g’ N . Assume that A € A(g,€). Set

N = )\’ .
U(g')
Then X € A(g/,¥). Identify h; and h; respectively to be hy and hy. Since the Iys for I # i, j
are in the centralizer of ¢, to verify this assertion, it suffices to prove that A ((h; 4+ h;)?) =0
or equivalently (h; + h;)? € Z. But by Lemma [5.1.1, we have
N ((hl + h;)p) =0.
Therefore,
(hi+h;)" € ¥U(g") + U(g¥ C tU(g) + U(g)t = T.

This completes the proof. |

5.2 Supersymmetry for Case II of Table

Let Ig={1,--- ,m} and Iy = {1,2,--- ,n}. Let
{Ei;, Ei5, E;;,Ei 500, E; Ei: EiGin Fivn Fiinjin | i, J € I, i,j € I}

g0 g L j4ns Hign gy L5 L4 j4ns 79
be the basis for g = gl(m|2n) = €@ p consisting of matrix units. According to Section
we have

P — { |:Am><m Bm><2n:| c g[(m|2n) ’A — _At’D = JDKLC = —JBt}
CQnXm D2n><2n

where J is given in (4.7.2)) and

p— { |:Am><m Bm><2n:| c g[(m|2n) ’ A= At’ D = _JDtJ7C = JBt} .
02n><m D2n><2n
Thus,

a=Span{hi,h llgigm,lgjgn}

j
where
hi = Eii,  hi = Ej5+ Ejinjin:

To verify the supersymmetry in this case we need to prove

0 10
4 -2 ), =0.
(8xj+28yj> A 0

But before that we need the following lemma which proves the supersymmetry for this case
when m = n = 1. In this case,

yhi =

o O O
o O O
o O O
S = O
— o O

1
a=Span{ h; = |0
0
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Lemma 5.2.1. Let A € A(gl(1|2), 0sp(1]|2)). Then,
A(2hy 4+ h1) = 0.
Proof. Consider two arbitrary elements v, € €1 and v, € p as follows
0 b ¢ 0o v
vy=|—c 0 0|, v,=|c 0 0
b 0 0 =t 0 0
where b, c,b/, ¢ € C. Then we have
2 00
[vg, v,] = (b —b'c) [0 1 0| = (bd —b'c)(2hy + hy).
0 01
Consider selecting b, ¢, b, ¢ € C such that b — b/c # 0. This condition ensures that
2h1 + hi S I

Proposition 5.2.2. Let A € A(g,¢) and [ = I3 N I;. Then,

p
2\ NS | S R EVA | S 2

p=0 k=0 lel,a €2t I1<r#i<m 1<s#j<n
l#4,7 ar €7t as € 7t
where
A= ” a,! ” as!.
1<r#i<m 1<s#j<n
aTEZ+ a§€Z+

Proof. By straightforward computation we have

dzr;  20y; al .
ac(z+)(m+n) I<r#£i<m 1<s#5<n
ar € zt as € zt
"1 | ot E
= A [y ] Yo
A L
p=0 k=0 lel,aq ezt 1<7“7é2<m 1<s#j<n
1 #4,7
p k p—k
1 xr Y=
a; 1.k p*k‘i’l 1 J as
T 2A)\ H hy*hi b E(p—k‘)! H H Ys
p=0 k=0 lel,a ezt £i< 1<s#j<n

1#£14,7 ezt as € 2t

(a +li> = ) @ (@™~ y® +; agatiyi-) I ar T w
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1 k k+1 k
_ )\ H hal hk+1hp 4= hkhp + xkyg H 2% H ygg
A ( 2 (] 7 ) k ‘ T ' S
p=0 k=0 leT,a ezt 1<r#i<m  1<s#j<n
144, ar €zt as € 2t
—~ 1 a 1 P k, p—k ar as
e b e neny | et e I
p=>0 k=0 lela ezt I<r#i<m  1<s#j<n

1#£1,7 ar ezt as €zt

Therefore, to verify the supersymmetry in this case, it suffices to prove that

. 1
A II B! (hi + 5h)(hi+ hy)? | =0, for p >0,

lel,a ezt
L#14,7

or equivalently
T n+s h A(hi+h;)P €I, for p=0,

lel,a €zt
I#4,]

where Z = ¢U(g) + U(g)®. It will be accomplished by the following proposition.
Proposition 5.2.3. Set p; = 2h; + h;, 25 = h; + h;. Then,

Vr >0, pgz Hh”’EI

rel
A, ]

Proof. Set

€= Eij = Ejpnir S = Bigan+ Bjir k= Ejj = Ejnjin:

ki = Ejj—i—n? ko = Ej—l—n,j ¢ = E ins E; J+n,is f = Ei,j—l—n Ejza

and let g’ be the gl(1]|2)-subalgebra of g generated by {p;;, z;j,¢, f,k, k1, ka2, €/, f'} and ¥ =
g’ Nt Assume that A € A(g, €). Set

N =\ .
U(g')

Then N € A(g',¥). Identify h; and h; respectively with h; and hi. Therefore, by Lemma
5.2.1, we have

>\/(sz> = 07
and since z;; = h; + h; is in the center of g’ and hence in the center of U(g’), it commutes
with every element in U(g’) and therefore,

)\/(pz'jz%) = 0.
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or equivalentely,
pigz; € ¥U(9) + U(g)¥.

On the other hand, for any s € I — {i,j} we have [h,,g'] = 0. Hence [hs, €] = 0 for such s.
It follows that

pzs ] W e¥U@)+ U@ CtU(g) + Ulg)t=T. B

lelap ezt
L#1,j



Chapter 6

The action of Casimir on Spherical
functionals

In sections[6.2H6.4, we show that if A is an eigenfunction of the Casimir operator of g, then &)
satisfies the differential equation Dy, . This equation is identical to the one satisfied by
Sergeev-Veselov’s super Jack polynomials, up to an exponential coordinate change [34], eq.
1.2.8]. In particular if A is the spherical matrix coefficient of an irreducible g-module, then
A is an eigenfunction of the Casimir operator and it satisfies the aforementioned differential
equation. We point out that the idea of forming a differential equation is due to Sergeev
but it is only worked out by ad hoc methods. In this chapter we develop the theory more
systematically. The advantage is that it can be applied to more general symmetric pairs
(such as case III of Table [4.1).

In the following theorem, we demonstrate that the Calogero operator of Chalykh, Feigin,
and Veselov [, eq. 1| is always derived from the Casimir operator in the three symmetric
spaces corresponding to Cases I, II, and III in Table While Sergeev established this
result for Cases I and IT [34] eq. 1.2.8], we extend the analysis by incorporating Case III into
this framework.

~ For Cases I, TI, and III in Table with restricted root system of type A(I,l'), set
qD;L = Cbuaogl‘l» ce 710gl‘l+17 1Ogy17 ce 710gyl’+1)'

67
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Theorem 6.0.1. Let u € A(g,t). Then ®, satisfies the following differential equation

8 0

1<i4,5<i+1 Li
i#]

oy <yi_y,i>
yi—y; " Oy; Oy

1<i, </ +1

7 (6.0.1)
_ ity (0 . 0

w._
1<i<i4+1 7t Yi

1<<l/+1
2 9 \2
w2 Can) 2 (a)
1<i<i+1 1<i<l/+1
where the parameter k = 1,1 55 T — n corresponds to Cases I, II, and III, respectively, in

Table 4.1

Proof. The proof of each case will be explicitly provided in Sections and |

6.1 Some general properties of P,

Throughout this subsection we assume that (g, £) is one of the symmetric pairs in Cases I,
IT and III of Table By utilizing lemmas of this section in subsequent sections, we can
effectively determine the action of each term of Casimir operator on A € A(g, £).

From this point forward, we will reserve the dot symbol to represent the structure of
the right translation module structure on U(g)* according to Section 2.2 In other words,

v-Au) = Ry(N)(u) = (=)D (u0)  for X e U(g)* and wu,v € U(g).

Remark 6.1.1. Throughout this chapter, we use u[d + &;] and p[d, i, j, o, 8] to denote the
following;:

() pla+ &) = p(hf* - byt R hS - hg),

() a3, ) = (A (o 0 - By B - BT ).

Lemma 6.1.2. Let ®, be the power series defined at the beginning of Chapter [5, and let

we A(g,t). Then,

0 0
Chip = 5 Pur - P = By o

Proof. Since h; and h; are even h; - p(u) = p(uh;) and h; - p(u) = p(uh;). Thus,

JTT w17 o6 O

ac(z+)(m+n) i=1 j=1
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where p[d+ &) == p(h{* - Ayt - h@mRT .- hEY). By a similar argument the second equa-
tion can be proved. |

Lemma 6.1.3. Let ®,, be the power series defined in Chapter 5| and let i € A(g,€). Then
the following hold:

) ewttng, = Y HELPOPT 0 TTym tor ijel, i

ac(z+)(m+n) rely selp

where p[d, i, j, o, B] == p(hi* - (hi + @)% - (h; 4+ )% - - - A% h{t - - hi").

(i) e vtuip, = Z EL’ H H ye®, for i,5€li,1#g
ae(z+)(m+n) rel sely
where [, 7,7, . 8] = p(h* - B i - (b @)% - (s + )5 - ).
B wla, i, j, o, B] u ‘ -
(iii) e TP, = Z ‘7 Al H v H yes, for 1€l and j€ I,
ae(z+)m+n) rely s€l;

where M[Eivi?ja a?ﬁ] = #(h’(fl T (hl + a)ai e h?nmhcili T <h3 + B)aj o h%ﬁ)

Proof. As the proofs of the three parts are similar, we will only prove (7). By straightforward
calculations we have

eaxﬂrﬁxj (I)u _ eaxﬂrﬁxj Z % H x?r H ygg

(ie(Z+)(m+”) ’ T‘EI() sely
B Z pld) (ax; + Br;)* H ar H
al k! Ys®
aec (zt)mtm) rely sely
k>0
tﬁk t
2 : t aj+k—t .
— [ ] H xarxa7,+ T, J H yg/s
t k'a! J
ac <Z+)(m+n) r € Iy, SEIT
k>0,0<t<k rF# g
t Rk— t
5 a; alth Ll]Jrk t a;
| | l T s Yj-
— t tla!
EE(Z+)(M+ n) r € Ig, jEIi
k>0,0<t<k T# 4]

Therefore, by shifting the exponents we can see that

PRt ula — te; — (k — t)éj]
a:vi—i-,Bacj(I) — Oéﬂ [a ] a;
‘ o 2 (k — )@ — té; — (k — 1)e;) 'Hx Hyﬂ

ic (Z+)( m+mn)
E>0,0<t<k

S e IER I '

ae(z+)(m+n)
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Lemma 6.1.4. Let (g,¢) be a symmetric pair. Let {e, f,h,z} be a gl,—basis in g as in
Section [4.8.1] Assume that either e — f € € or e + f € €. Then

p((p(h —2) —p(h +2))ef) = —p(p(h +2)h), for pe Alg,t), p(z)e Clzl,
Proof. We have
(p(h —2) = p(h+2))ef +p(h+2)h = p(h+2)(h —ef) + p(h — 2)ef

= —p(h+2)fe+p(h—2)ef = —fp(h)e + ep(h) f
=—fph)(eF f)+ (eF fp(h)f € L.

Then from the above relation it follows that u((p(h —2) — p(h + 2))ef) = —u(p(h + 2)h) for
e Alg, t). u

6.2 The action of Casimir operator on A(g, ) in Case I of

Table

In this section (g,¥) := (gl(m|n) & gl(m|n), gl(m|n)). For A € A(g,t) we let &, be as in
Chapter 5| I where in this case from Section we know that h; = (E;;, —E;;) for 1 <i<m
and hj (E** _Ej,j> for 1 <7< n.

VRS

Let {(£;;,0),(0,E;;)|¢,j € I = IgUI1} be the standard basis for g consisting of matrix
units where I5 = {1,--- ;m} and Iy = {1,2,--- ,7}. Then the Casimir operator of U(g) is

Q= Z I ‘ Ez]; O Eg 170) + (_1)‘”(0’ Ei,j)(O7Ej7i)'

i,J€1

Set

ei; = (EBij,—(—V)HNE ) hy = (B, —Eiy),
ei; = (Eij, (—1)(‘”“]‘)57,@'), hi = (Ei;, Ei;).

Then, {e;;, hi, i, hi|i,j € [ = IgU It} is a basis of g = gl(m|n) @ gl(m|n).
Lemma 6.2.1. Let u € A(g, ). Set

p = (eigeji) - p and po = (&€5,) -, for i,j€l.

Then
. —eriT 0 0 . o,
(1) @pp =D = gy ——— (axi — a—xj)tbu, where 1,5 € I; and 1 # 7,
—eYiTY; 0 0 - - -
(i) Dy =Py, = ‘ where i,7 € [; and 1 #j.

) e Vity; _ o¥iY; ay; - ayj) K
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Proof. By Lemma we have

A I Ki
(1) e ™d,, = > ul[a,i,j,l,—l]n“l Zﬁ“y],
Ge(z+)(m+n) @

and

) as
H;L g H?:l Yy’

al

(2) e_’”i”j(bm = wld, i, j,—1,1]

ae(z+)(m+n)
By straightforward computations we have
pald, i, g, 1, =1] = pa (-« (hy + 1)% (hy — 1)% - - hym byt -+ - h)

1
= Qaita, M1

where h = h; — hj and z = h; + h;. Also,

paldyiy g, =1, 1) o= pa (B -+ (ha )% (hy — 1)% - b by - - hg?)

1 o

= W,ul(h?l e ((Z + (h - 2))%’(2 _ (h - 2))aj) L h%mhl o

Set pry(h) = (—1)%~1p%=FFai=l Therefore,
((z+(h=2))"(z = (h=2))Y) = ((z + (A +2))"(z = (h +2))¥)

- T () nn-niren

0<k<a
0! b

NN
ININ

(3t (24 (o4 2))( = (B 2)) i

Since {e; j,€;i, h := h; — h;} is an sly-triple and e; ; — e;,; € ¢, for the polynomials py;(h) we

can apply Lemma which implies that

1 ((pri(h = 2) = pra(h +2))) = p((prea(h — 2) — pra(h + 2))eijeji) = —p(pri(h + 2)h).

Thus,

/’Ll[a‘uiuj? _17 1] - /Ll[a’"i’j’ 1’ _1]

1 a;\ (a; a - @
= Saita; Z <k) < lj)ﬂl(hll o (M pra(h = 2) = pra(h +2))) -+ - hghgt - - hi?)

IV
:_ﬁ 2. (CD (ij)ﬂ(hi“"'(Zk+lpk,l(h+2)h)"'h%mh%l---hzn)
0<k<a
0<Igb
= —u (B (24 (M +2))/2)" ((z = (h+2))/2)" h--- himhi - - hor)
= —p (R (hi 4 1) (hy — 1) - RSP RST- ha)
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From (1) and (2) and summing over both sides of the above multi-line calculation after
multiplication with suitable monomials we obtain that the left hand side yields

(e_$i+$j - 6xi_$j>q)lt17
and the right hand side yields

00

(991:1- a.l‘j
Also, since {€; ,&;;,h := h; — h;} is an sly-triple and €; ; + é;; € £ we can apply Lemma
which implies that
pa(pri(h = 2) = pri(h +2)) = p((Pra(h — 2) — pra(h +2))€;;85:) = —p(pri(h + 2)h).
Thus, similarly it can be proved that
o - —etiT T 0 0

H2 emmitay — euia; (8xi 0z;

)D,.

), N

Lemma 6.2.2. Set
p = ((Eij,0)(Ej:,0) + (0, Ei;)(0, Ej)) -, for i,j €Iy and i+#j,
and

1= (—=(E;;,0)(E;7,0) — (0, B;3)(0, Bj3)) -y, for 4, €7 and i#j.
Then
—e%i T 0 0 1,0 0
N B — 0 L0 9
(Z) 13 e_xi""xj — e%i—Tj (8xl 8.Tj> 1 2(61'1 axj) 1%
e¥iYi 0 0 1,0 0
_ ¢ 4= ~_ Y
e Vit — e¥iV; (835 8y;) nt 2(83/; 8y3) a

(i) @ =

Proof. First one can see that when |i| = |j| we have

(eji+&i), (Eig— Ejj,0) = h; — hj + hi — hy},

N | —

(B 0) = 5 ety +20) (Bjir0) =
{(0, i) = % (—eji+&a), (0,Ej) = % (—eig+e,), (0B —Ejj) = —hi+hj + hi = b},
which are sl-triples. Therefore, for i, j € I,

(Eij: 0)(Eji, 0) + (0, Ei5)(0, Ejyi)

= < ((eij +€iy) (e +€54) + (—eji +&54) (—eij + €iy))

N N

(€ij€ji + €ij€ji + €ijeji + €j€ji + €ji€ij — €5i€ij — €ji€ij + €ii;) -
But [6i7j7 éjﬂ;], [é@j, €j7i] €t Therefore,

— ]' ~ ~ —
p'la) = 5( i.j€i + €€ — h) - pla).

By Lemmas [6.1.2] and [6.2.1] the proof of the first equation follows and the second equation
can be proved by a similar argument. |
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Lemma 6.2.3. Let (g,t) be a symmetric pair. Suppose that i, hy € a and e, f.e, f € o
are chosen such that (f —é) € ¢, (e — f) € ¢, and

[h,e] =2e, [h, jj] = —2{, [e,é~] =0, [e,fN] =z,
[h,e] =2¢, [h, fl=-2f, [f.f1=0. [&f]=x
where h = hy — hy and z = hy + hs. Then given any u € A(g, €), for p(z) € Clz] we have
w((p(h —2) = p(h+2)) ef) = p((p(h — 2) — p(h + 2)) €f) = —p(p(h + 2)2).
Proof. For p(z) € C, since (f — &) € £ we have

(p(h—2) —p(h+ 2)ef) + p(h+2)z
p(h+2)(z —ef) +p(h—2)ef
p(h+2)fe+p(h—2)ef
fp(h)e +ep(h)f

= (f —e+e&p(h)e +ep(h)(f —&+&)
= (f = &p(h)e + ep(h)(f — &) + ép(h)e + ep(h)é
= (f —&)p(h)e +ep(h)(f — &) € .

The last equality of the above equation is due to the following relations
le,e] =0, [h,€] =2¢, [h,e]=2e.
Similarly, we can prove that
u((p(h —=2) = p(h +2))2f) = —p(p(h + 2)2). i
Lemma 6.2.4. Let u € A(g, £). Set
p = (e;565) -1, and  po = (&€5:) -p, for i,j €Iy and i,j€ I

Then

_pTiTY;
G T — 0,0

2 e Tity; _ oTi—Y; (axl + a_yj)q)u? when i€z and je€ I,

and

.. _ew_xj a a - .
(ii) @, =P, = gy ————— (@ + %)@H, when ¢€l; and j€ [
2 J

Proof. By Lemma [6.1.3 we have

) (Il | T
(1) exiiy;q)ﬂl = Z M1[67i7j717_1]n e —»H] e )
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and
. | | T
(2) e, = > fdig, -1
ae(z+)(m+n) @

By straightforward computations we have

pald, i, 1, 1] := p(hy* - - b (hi + 1)% (hg — )% hy" - - hT)

1 al a a; az ai an
= gara (At b (2 4 (R +2))% (2 = (R +2))%) by - - h?),

where h = h; — h; and z = h; + h;. Also,
ld, i, j, =1,1] i= pa (3" - - - b (hi + 1) (b — 1) hg" - hi™)

1 al a a; a; ai an
= e (B b (2 (h = )" (2 = (= 2))) BT - ).

We have
(+ (h=2))"(z = (h=2))%) = ((z + (h+2))"(z — (h + 2)))

= X (3)(7)# 0t -2 - atn 2

where py(h) = (=1)%Th%—k+a=l Set

e=e; [f:=¢,; ¢€e=2¢; f=¢,; h=h—h; z:=nh+h;

Since f — & € ¢, for the polynomials py;(h) we can apply Lemma which implies that

1 ((pri(h = 2) = pra(h +2))) = p((pri(h — 2) — pra(h + 2))e; 5855) = —p(pri(h + 2)z).

Therefore, for @ € (Z*)™+™ we have

ul[a7i7j7_171] _N1[67i7j’1’_1]
1 a; a; a @ il an
= gomm 2 (k) ( zj)m(hf o (T pra(h = 2) = pra(h+2))) - b - - )

0 k
0 l
1
- 2ai+aj
0
0

a
b

ININ
ININ

(]

az a; al an, ai o
(kz)(l])u(hl '-'(Z’“Hpk,z(thQ)Z) R hi o )

NN

k
l

ININ

— (B (24 (R 2))/2)% (2 = (h+2))/2)% 2+ B b2 )
= —U (htlll - (h/z + ]_)ai (h; — 1)“3 2. 'thmh? . h%ﬁ) '

From (1) and (2) and summing over both sides of the above multi-line calculation after
multiplication with suitable monomials we obtain that the left hand side yields

(e—xi-l-yj _ eﬂﬁz‘—y;)q)m ,
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and the right hand side yields

L0
Or;  Oy;

—eTiY; (

)D,.

Similarly it can be proved that
—e"iTY 0 0

Py =Py, = e Tty _ eTiTY; (&’Ei i 8_%

). i

Lemma 6.2.5. Let € A(g, £). Set
1 = ((E;7,0)(E;,0) + (0,E;5)(0,E5,)) -, for i€ly and j€ I,

and
1 = (—(E:;,0)(E;7,0) — (0, E;;)(0,E;3)) -, for i€l; and j€ I

0,9

Then

—e"iTYj 0 0 1,0 0
) P = — )P, — = (5—+ )0
(7’) 1% efxﬂry; — eTiTYj (81,1 + ay§> 1% 2(axZ + ayﬁ) 23]

eYiT T 0 0 1 0 0

1) P = — _ — )0, + —(— + —
(4) K e~ Yit®i — e¥i=%i " Qy; axj) (8% Ox;

M 5 )(I)u'

Proof. By straightforward calculations for i € Iy and j € I1 we have

1

(B3, 0)(Ej.0) + (0. B;5)(0, Bj) = 5

0 j ((ﬁz -+ ]A:lj_> + 62‘,36371’ + éme;’i — Z) .

But (h; + h;) € € and by Lemma we have

—eriYi 0 0

PO :Qé.f,e—,.. = —— —— —CI),
i,7€7,i H 1,765, 1 e 1'2+yj . 6‘% Y3 (axz + ay‘}) 1
and by Lemmas
Do = ( 0 2 )@
0wy oy

Therefore, by Lemmas [6.1.2] and we have

—pTiTY;
o, e 0 0 o 1,0 0

_ - . Y )
Iz e~ Tity; _ oTi—Y; (6@- - 83/5) g 2(81'1‘ - ayj)

e

The second part can be proved similarly. |

Proposition 6.2.6. Let (g,t) = (gl(m|n) ® gl(m|n), gl(m|n)) and p € A(g, ). Then

—eriT%i 0 0
q)ﬂ-u: Z ‘ ( )Cbu

e ittt — eti=% Jx;  Ox;

i,j €1g
i#J
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el 0 0
+ 2 wwf_ﬁﬂggg—gg)u
iJ e I1 v J

Yi 0 0
+ Z mz+yj T (8_% + 8—y)¢u

z € Iy J
j €Iy
eYi—%i 0 0
— )0
+ Z; e Yitti — e¥i~%j (8y; * 830]-) a
éizé
+5 Z el Z
7 IO 2611
Proof. Recall that
Q= Z | I Ezj>0 (E]zao) + (_1)‘1‘(07EZ,])(07E]71)
i,j€l
= Y (B, 0)(Bji,0) + (0, Ei)(0, Bjy)
i,j €I
i£j
+ Y —(Ei5,0)(E;3,0) - (0, Ei)(0, B )
i,j €l
i£7
+ Z (E’Lj7 O)(Ej ) O) + (07 El,;)(o’ EE,Z)
ie
+ > —(Ei;,0)(E;3,0) — (0, Bz ) (0, Ej)
ien
Z Ez 170 0 Ezz Z EE%O (0>Efﬁ>2) .
i€l icly

For i € I we have

(Bis, 0+ (0,0 = ¢ ((ha Rl 4 (s — b)) =

[\:JI)—l

<M+h>

But ﬁf € Z and hence by Lemma |6.1.2) we have

82
(I)h?'u = 8_3612
Similarly for i € I; we have
62

The latter relations together with Lemmas [6.2.2] and [6.2.5] yield:

_exi—fﬂj a a 1 a 8
(PQ.M = Z P —— (axz - a_xj)cb,u - 5 Z (ax, 8_1‘])(PM

i,j €I i,j € I
i# g i# ]
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eYiYi o 0 1 9 0
i Z e Yty — eViTV; (3_.% - 5_?Jj>q)“ "2 Z (&m - 3_93)%

i,j €1y i,j €11
i#] i
—e%iTYi 0 0 1 0 0
- : (5t =)D, — = + )0
Z; e TitY; _ oTi—Y; <8$z ayj) Iz 2 Z; (axl 8y3> I
ien jer

eviT®i 0 0 1 0 0
+ ) (G-t 5 )0t 5 D, (5t )P

= e vitt — vt Qy; - Ou; = Oy;  Ox;
jel; Jjely
1 0? 1 0?
+- Y%, 5N Lo,
24— 9x2 " 2 Z oy "
1€l i€ly ?

But we have

i,j € I 1,7 € I3
i 1#J
1 < 0 0 ) 1 ( d 9, )
_ _ + _ - — O
2 1;) Or;  Oy; 2 1; Oy;  Ox;
Jjely Jj €l
This concludes the proof. |

Corollary 6.2.7. Let u € A(g, £), and assume that @, (or equivalently 1) is an eigenfunction
of the Casimir operator. Set ®, := ®,(logxy,...,logz,,,logyi,...,logy,). Then, for some
¢ € C we have

= ZT; 0 0
CCI)M = Z v — 7 (l‘za—xl — IJ8—%> (I)u

i,5€l
i#]j

S (yi_y_,i)(p
vi—y; \Oy; Toy;)

i,j€ly
i#]

T + Y5 0 0
— E Y (xz— + y;—) P,
eyl Ti —Yj Ox; dy;
JE€l

o\ o \?
+3 (gy) 02 ()

i€l ! i€ly

Proof. By Proposition [6.2.6| we have

—eiT % 0 0
P, = e
Qp Z e—l‘r‘rdfj — eTi—Tj (axz axj ) =

1,j€lG
i#]
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e¥ivi 0 0
+ Z e~ Vity; _ o¥i—Y; (8% N 3_y]> Oy

5,36_11
7]
0 0 >
+ —x; T; ( + 5 ®H
% +y] — "7 \ Oz, Oy;
Jel
eYi~ T 0 0
* _Z e~YitTj — e¥i—7; (8% + a_acj> ®u
1€lf
Jjels
1 82
* 2 Z (%f Z
’LGI() ze[l
Therefore, by applying the substitutions x; — €% for i = 1,--- ,m and y; — €% for
1=1,---,n, we transform the variables to exponential coordinates. Thus, we obtain
0 0
g, =2 Ti— —vi— | P
n Zajz—x]( Ox; ]83:]) a
1,j€IG
i#]j
Y; 0 0
= ( Y ) d,
S i Y Yoy; y;
1#)
T+ Y; 0 0
LY (00 ),
ZEZI v —y; \ Or; 7 O0y;
Jj€I
0 , 0
+'2:£: (ZQEE;‘+'$i5;?) @#
ZEI()
23 (L 2 2 ) e
icl "o ¢ g oy?) "
1

Since the Casimir element is in the center of U(g), it acts on p € A(g,€) by a scalar
cq € C. Therefore,

1 = Z; 0 19,
b= 3 o (ag - )
Z,]EI@
i

B SR (L R P
Yi — yj ‘Oy; Toy;) "

Z_EI
i#]

B x; +y; 0 0
Zx— ( 83:1—‘_%83/] u

1€l
Jeli
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o\ o \?
B g lm) -

i€l ZEIi

6.3 The action of Casimir operator on A(g,£) in Case II
of Table

Let (g,€) = (gl(m|2n), 0sp(m|2n)). For X € A(g,t) we let @, be as in Chapter [f| where in
this case from Section we know that h; = E;; for 1 <i <m and h; = E5; + Ej.,, 54, for
1<j<n Let {Ej;|i,j € I =IguUI7} be the basis for gl(m|2n) consisting of matrix units
where Iy = {1,--- ,m} and I1 = {1,2,---,2n}. Then the Casimir operator of U(g) is

0= 31 BB
ijel

Lemma 6.3.1. Every polynomial p(z) € Clx] can be expressed as ¢(z + 2) — g(z — 2) for

some ¢(z) € Clz].

Proof. We need to show that for a given polynomial p(x) € C[z] of degree n, there exists a
polynomial ¢(z) € C[z] such that:

p(z) = q(z +2) —q(r - 2).

Consider a substitutionz = 2y + 2, leading to:

p(2y +2) = q(2y +4) — q(2y).

By defining new polynomials p*(y) = p(2y+2) and ¢*(y) = q(2y) we can rewrite the equation
as:

P(y)=q(y+2)—q(y)
To proceed, we define p™*(y) = p*(2y) and ¢**(y) = ¢*(2y), yielding:

p* (%) = Z41)— 4

and by substitution w = y/2 we have
pr(w) = ¢ (w+1) — ¢ (w).

Hence, it suffices to prove that there exists a polynomial ¢**(z) € Clx] which satisfies the
above equation. But we can consider a possible choice for ¢**(z) based on the falling factorial
identity: [13, Section 2.1]

(z+1)" — 2" =na™ .
where 2" = z(x—1) ... (x—n+1) is a falling factorial, and the right-hand side is a polynomial
of degree n— 1. This suggests a construction for ¢**(z) that satisfies the equation. Therefore,
such a polynomial ¢(z) exists. |
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Lemma 6.3.2. Let (g,€) = (gl(1]2), 0sp(1|2)). Set
hy == FE11, hi:=FEi7+ Fs, e1:=FE1, ey:=FE;3 fi:=FEn, fo:=FEs3;.
Then for every polynomial p(x) € C[x] we have
p(h)ey € Z, p(h)es €Z, plh)fi €Z, ph)fs €.
Proof. One can see that (e; + f2), (e2 — f1) € € and
[hea] =2er,  [hes] =2e5,  [h, fi] = =21, [h, o] = —2fo,

where h = hy — hy and z = hy + hy. Therefore, For ¢(z) € C[z]| we have

(er + f2)q(h) = q(h — 2)es + q(h + 2) f
— % (g(h—2) —q(h+2))(e1 — f2)
+ % (q(h —2) + q(h +2)) (e1 + f2).

Since ey + fy € €, from the above calculation we obtain

(gq(h—2) —q(h+2))(e1 — fo) € T.

DN | —

Also, for any p(z) € C[z] we have p(h)(ei + f2) € Z. Therefore, from the last two relations
and Lemma we obtain p(h)ey, p(h)fo € Z. Furthermore,

(e2 — f1)q(h) = q(h — 2)ex + q(h +2) f1
(g(h —2) —q(h +2)) (e2 — f1)

(q(h —=2) +q(h +2)) (e2 + f1).

)

+

NNl N I

Since ey — f1 € €, from the above calculation we obtain

Sa(h—2) —alh+2) (e~ fi) €T,

and for any p(z) € C[x] we have p(h)(es — f1) € Z. Hence, as in the previous case, for every
polynomial p(z) € Clz] we obtain p(h)es, p(h)f1 € Clz]. i

Lemma 6.3.3. Let p(x) € C[z]. Then by keeping the same notation of Lemma and
for pp € A(g, ®),

p((p(h = 2) =p(h +2))erfr) = p((p(h — 2) — p(h +2)) e2fo) = —p(p(h + 2)(h1 + %hl)),

where h = hy — hj.
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Proof. One can see that

1 1
e, fil = 2 — §hi + 5161

1 1
[627.](‘2} =z §h’i + §k27

where z = hy + hi, k1 := E771 — F5 € £, and ky := —Fq7 + E53 € €. Therefore,

(p(h —2) = p(h+2)) erfi + p(h + 2)[es, f1]

=p(h —2)erfi —p(h+2)erfi +p(h +2)er fi + p(h +2) frex
= p(h —2)e1 fi +p(h +2) frex

= p(h —2)erfi + p(h +2) frer + fop(h) f1 — fap(h) f1

= (e1 + fo)p(h) f1 + fip(h)(e1 + fo2) € T.

The last equality is due to the relation fop(h)fi = —fip(h)fs because fifo = —fofi. Thus,
for pu € A(g, ®),
1 1
plp(h =2) = p(h+2))erfr) = —plp(h + 2)(2 = Shi + Sk1))-
Also,

(p(h —2) — p(h +2)) eafo + p(h + 2)[ea, fo]

=p(h —2)eafo — p(h+ 2)eafo + p(h + 2)eafo + p(h + 2) faes
= p(h — 2)eafa + p(h +2) faeo

= p(h —2)eaf2 + p(h +2) fae2 — fip(h) f2 + fip(h) f2

= (e2 — fi)p(h) f2 + fap(h)(e2 — f1) € T.

Again the last equality is due to the relation fop(h)f; = —fip(h)fo. Thus, for p € A(g, €),

Hl(p(h = 2) = plh+2)) e2f2) = —ulplh + D)= — i + 5ka))
But kq, ko € €. Hence, the assertion follows. |
Lemma 6.3.4. Let u € A(g, £). Set
W =EjE;-u for i,je€ly and i#j.
Then,
o, — —e%iT% 0 0

15 e~ TitT; _ oTi—a; (a]:z B (‘31’3) B

Proof. By Lemma [6.1.3] we have

S Lo | A | T
(1) e" ](P'UIZZM/[G/,/L,],]_,_].] 1 = 175
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and

e I 4
@) e, =3 Wi g, -1, et

—

al
By straightforward computations we have
11,501, 1] o= (B (o 1)y = 1) =B i )

= gaga W (G (4 2))" (2 = (R +2))%) - b - B,

where h = h; — hj and z = h; + h;. Also,

pildyi, g, =1, 1) = p/(hyt - - (hy + 1) (hy = 1) - - hihg' -+ hgr)

= ST Iu/<h6111 . ((z + (h — 2))%(2 _ (h _ 2))%‘) c. h%mh‘ili . h%ﬁ)

We have
(z+ (h=2))"(z = (h=2))%) = ((z + (h+2))"(z — (h +2))*)

- 2 ) mn-moen

k
l

NN

a
b

ININ

0
0

where py(h) = (=1)%th% et For 1 <i < j<m, h:=h; —hj,z :=h; + hj, E;;, Ej;
is a gl, basis and E;; — Ej; € €. By identifying h;;, E;;, Ej; to be respectively h,e, f for
1 <1< j <m we can utilize Lemma It follows that

1 (Pra(h = 2) = pra(h +2))) = p((pra(h — 2) = pra(h + 2))E;i jEji) = —p(pra(h + 2)h).

Therefore,
Ml[aa i7j7 _17 1] - /“L/[a’i%j’ ]" _1]
1 a; a; a @ gl an
~ Qaita; Z <k) ( l]),u/(hll o (M ra(h = 2) = pra(h +2))) - - hhyt - - hi)
0
0

a
b

1 a; Q; a @ 1,01 o

0<k
0<!

//\ //\
//\ //\

= U (h‘fl (2 (R +2)/2)" ((z = (h+2))/2)" h-- - R b3t - - h%n)
=g (RS (B 1) (hy — 1) e B RhonY

ININ

From (1) and (2) and summing over both sides of the above multi-line calculation after
multiplication with suitable monomials we obtain that the left hand side yields

(et — ™™ ") D,
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and the right hand side yields

0 _ 9
81‘1' 8ZE]'

_exl —Zj (

)D,.

This completes the proof of the assertion. |

Lemma 6.3.5. For 1 <i # j < n set

251 (EZJ + Ei-i-n ]-i-n)(E + Ej; j+n, z-i-n) 2
H2 (Ez jtn + Ez+n,j)(E]+nz + E z+n) e
M3 = (EZJ - Eern ]Jrn)(E_,f Ej+n,i+n> Ty
Ha = (Efj—i-n - Ef+n,j)(E7+n 7 Ejﬁ-‘rn) %
Then,
e 9D
@Ml == @,U,Q = @MS - ®,U«4 = e ity _ eYi—Y; (a% - a_%) H

7(E +E+nz+n) hz = h;—h;,Z{j = hg—l—hj},
7(E ni + B H—n) hz = h; — hﬁ’zﬁ = hg—i—h;},
(Eji - E3+n in)y hig o= i = By, 2 = hi + b}
(B, Eji-ﬁ-n) hi; := h; — h;, 27 == h; + h;} ,

J+

{( )
{(Eﬁ-&-n + Ef-i—nﬁ)
{(Eij = Eipnjin);
{( — Ein 7)

)

are gl,-bases. Hence, if we identify elements of every above gl,-basis to be respectively
e, foh,z for 1 < i # 7 < n we can apply Lemma [6.1.4] and then similar to the proof of
Lemma [6.3.4] we can complete the proof. |

Lemma 6.3.6. Let u € A(g, £). Then

—eYiT Vi 0 0 1 02
Sijer BigBia)m 2 Z e~ Vity; _ o¥i—Y; (a_% o 3_3/3) wt 9 a_ygq)u'

1<i#j<n 1<ign 7t

®(

Proof. By straightforward computations we have

1
Z EEEEEZ § Z ((E__ + Ez+n ]+n)(E + E; j+n, z+n) + (EZE - Ef+n,§+n)(Eﬁ - EiJrn,ern))
i,j€1l7 1<i#j<n
1
+5 ((Bijin + Bin) (Ejni + Eiiin) + (Eijyn — FBiyni)(Bini — Ejipn
1<i#j<n
1
+ 5 ((E + Ej Jj+n, H—n)(E + E; i+n ]-HL) + (Eﬁ - E§+n75+n)<EE§ - Ef-‘rn,j-ﬁ-n))
1<i#j<n
1
+ 5 ((E5+n ) + E 1+n)(Ef,3+n + Ez+nj) (EjJrn i Ejﬁ+n)(E{ 5+n - E€+n,3))

H
n
LS
.
IN
3
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1 n
+3 Y ((Bii+ Bipnin)(Bii + Eignien) + (Bii — Bipnisn)(Bii — Eisniin))

=+ Z(Ez,ernEerni + Eern lE’L 'L+n)

But

[(E + Ez+n ]+n) (E + Ej; j+n, z+n)] = [(Eﬁ - Ef+n,5+n)v (Eﬁ - Ej+n,5+n)] - hi - h_'
[(Ei,j-‘rn + Ei-‘rn,j)a (Ej-‘rn 7 + E H—n)] = [(Ei,i-i-n - Eg+n,§)7 (Ej—I—nﬁ - Ejﬁ—f—n)] = hi h§7

and
(Eii + Eipniin) (Bii + Eipnign) = B
~2
(Bii = Eirnisn) (Big — Eipniin) = hi-
Therefore,

Z EEjEﬂ = Z (E + Ez+n j+n)(E + E; j+mn, z+n) + Z (EE - Ef-‘rn,;-‘rn)(Eﬁ - Ej—i—nﬁ—‘rn)

ijel; 1<i#j<n 1<i#j<n

+ Z zj+n + Eernj)(EjJrn % + E z+n) Z (Ef,j+n - E?+n,3)(Ej+n,€ - Ej,@rn

1<i#j<n 1<i#j<n
I,y Iz <
t3 121 hi + 3 121 h; + iZI(Ez’,i+nEi+n,i + B iBii,) — 2 1<§<n h; — h;.

Since h; € € and Eii1n, Fii 7 are in the centralizer of a in €, for 1 € A(g,€) we have

1 o= -2 -
(5 Z hi + Z(Eiﬁ—i-nEf—i—nﬁ + Ez—i—n zEz H—n)) R = 0.

Thus, by Lemmas [6.1.2] and [6.3.5] we have

—eYiTY; B P
) =4 - _ =
(Zz,;eII B; 5E55) 1<;<n eVt — ViV Qs ayj) 2
DI -TEED S CAEE L
1<z<n l 1<i#<n y— ay
eV 4 62yﬂ 0 0 1 0?
= 2 Z 62% o 2y] 83/_ ay_)q) + 2 Z _a _2¢)N I
I<i#j<n 1<i<n 2

Lemma 6.3.7. Let u € A(g, £). Set
/LI - (Ez ]Ej 1) 122 /J,” = (Ei,j+nEj+n,i)':u7 for 1 SN m, and 1 < ] <n.
Then,

—e®i Y5 o 10
—x; Yz x;— *-( +55-
e Yl — eV " dx; - 20y;

b, =, = ®,, for 1<i<m, and 1<j<n.
7 7 7

)
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Proof. By Lemma we have

€Ti—Y= - . . H:"TL: J/‘?T HZ: ygg
(1) e" %), = Z,u’[a?z,],l,—l] 1 = 1

)

and

1] H;r“rl:l :L‘?T ngl ygg

a

(2) e Mid, =>4, -1,

By straightforward computations we have
pla,i,j,1,—1] := g/ (h{* - - - hir (hy + 1)% (h; — 1)%h{* - - - he™)

= gara (W1 b (2 4 (R4 2))% (2 = (R +2))9) byt - - BT,

where h = h; — h; and 2z = h; + h;. Also,

pa, i, g, —1,1] := g/ (he* - i (hi + 1)%(h; — 1)% A" -+ - hat)

1 / ay a a; az ay agp
= gara i (0t b (24 (= 2))% (2 = (h = 2))%) by - hg?).

We have
(z+ (h=2))"(z = (h=2))%) = ((z + (h+2))"(z — (h+ 2)))

_ Z (CZ) (a;) P pra(h = 2) — pea(h +2)),

k
1

0<k<a
0<IL<b

where py;(h) = (=1)%th%~*+4=1 Tdentify E; 5, E;;, hi, h;, h;; respectively to be e, fi, hy, hy, h.

Then for the polynomials pg;(h) we can apply Lemma which implies that

W ((Dralh —2) = piah +2)) = ~plprah+ 2)(hi + 3h7))

Therefore,
Ml[aa i7j7 _17 1] - /“L/[a’i%j’ ]" _1]
1 a; a; a @ gl an
~ Qaita; ) <k) ( l]),u/(hf - (M ra(h = 2) = pra(h +2))) - - hihyt - - hi)

0<k<a
0ogIig<?b

1 a;\ [ a; a 1 a1 ar a
= _W Z (k) < lj)/“b(hll . (Zk+lpk,l(h + 2)(h1 + 5hl)) . "hmmhil . ..hﬁz)

k
l

ININ
ININ

0< a
0< b

=~ (h (24 (R +2))/2)" (2 — (h+2))/2)% 2+ h& RS - - - her)

S— (h‘l” (o 1) (g = 1) (hy o+ Ghe) - RS hn) .

ININ
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From (1) and (2) and summing over both sides of the above multi-line calculation after
multiplication with suitable monomials we obtain that the left hand side yields

(e—xi-l-y; _ edfi—y;)q)ul’

and the right hand side yields

10
—e®iTYi ——)D,.
€ ( T + 9 ay_) 2
Hence
—eriTYi o 10
b, = 22\,
ety — eri=¥i O, * 2 ayj) .
Also we can identify E; ;.. E;ip i, hi, hin, by, Tespectively to be ey, fo, by, hy, h. Again,

by Lemma we have

1 ((pea(h —2) = pra(h +2)) = —u(pri(h + 2)(hi + 1hf-)).

2 J
Hence, by a similar argument we obtain
—eiTYi o 10
b= ——)D,. |
ety — ity (8@» 2 (9y3) g

Lemma 6.3.8. Let € A(g, £). Set
po=(E;Bi5) .0, W = (EjpniBijin)u, for 1<i<m, and 1<j<n

Then,

o~ %itY; 1
By =Py = — <8+ 8)%.

et — et \ Oy 20y;

Proof. By straightforward computation we have

(B, Bl = Eii + Ej; = hi + %hi + %(EEJ — Ejnjin);
and 1 ]
[E5inis Eionl = Eiinjen + Eii = hi + ihj + 5(—E;5 + Fjinjin)
Therefore,
E;E;=h; + %hj + %(E — Eiyniin) — Ei;E;5,
and

1 1
Ej+n,iEi,j+n - hz + ih‘} + 5(_EEJ + Ej+n75+n> — Ei,j+nEj+n,i'



6.3. The action of Casimir operator on A(g,t) in Case II of Table |ﬂ| 87

But (E;J — E}-HLJ—HL) (— E;;+ E; +nj+n) € ¢. Thus,

1
(BjEi5) 1= (hz‘ + §hj) — (EijEj) - 1
Also, we have
1
(EjeniEijen) - 1= (hi + §hj) 1= (BijenEjin) -

Hence, by Lemmas [6.1.2[ and |6.3.7] we have

0 10 —e®iTY 0 10
@ ) = @ = P — _ (p — — @
K K (81’1- + 28y3) B e @ity — o®imyj (8 * 283/3) K

—e Y o 10
= — +-—19,. |
eTi~Y; _ g~ Tity; <axz + 2 ayj) K

Proposition 6.3.9. Let u € A(g,t). Set ®, := ®,(logzy,...,logx,,logy,...,logy,).
Then, for some scalar ¢ € C we have

= 1 ZT; 8 82
Pua = 2 Z T — Tj (xiaacz Y0z, ax wt Z <SCZ(9JL’z > P

i,_j;_la i€l
i
v 0 0 1 o L,
- e e L (y P | @
ey oy oyt A= Ty vi) "
72#31 161

—(z; —y:—)P,.
" Z x; —yg(x Oz; * 2‘%3%) a
i € I
jely
Proof. Recall that
Q=) (-VIE;E;= Y EyEi+ ) Ei—-) EgEi-) Ei+ Y E;E;—E;B;
iyl hj €l i,j€1G ijel; i€l i€ I,

i# g Jjely

Thus, by Lemmas [6.3.4] [6.3.6], [6.3.7], and [6.3.8] we have
—eTiT v 0 0 N

b, = —— — |

0= Y (o) B 2 ()

1<i£j<m i=1 i
eV 4 62yJ 0 0 1 0?
s Lty
2 2 _ H 2T H
1<i#j<n e Y ay_ ay 2 1<i<n ayz
—eTiTY; 0 10
2 —— )P
- Z e itV — etV (6@ 3 8y3> .
1<i<m,
1<j<n
—e ity g 10
—9 2 - %0
1 ;; eTi—Yj _ o Tity; (0@ * 2 8yj> -

1<j<n
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and also by using the substitutions z; — e¢**i fori =1,--- ;mand y; = e®i fori=1,--- ,n
we obtain
(DQ,“:CQ(I)#:2 Z xz—x](xzaxz .Z’]a +4Z (Z’Z ; 1@) (I)M
i, € I 7 IO ?
i
Ui 9, 0 0 5 02
—4 (Yimn— —Yin—)Pu—2 (zr +Yias | P
ZEI yi—y; Oyi oyl ; dy;  Ttoyr) "
i#]
xl—i-y 0 1 0
4 j —y:—)P,. |
" ; Par 2%y
jen

Corollary 6.3.10. Let € A(g, £), and assume that ¢, (or equivalently ) is an eigenfunc-
tion of the Casimir operator. Since the Casimir operator is in the center of U(g), it acts on
€ A(g, ) as a scalar which implies that for some scalar ¢ € C we obtain

bomg 3 g g Y o)
Ie = — Tim— — X4 xz L
ERC = xy—ay O J@x] — 0x
7, ] 0 ’L 0
i#J
Ui ) 0 1 0,0
- (g Y5 )5 ) <zr t¥i55 ) Pu
ST dy; " Jy; 2\ 0y Oy
xz+yj 0 1 0
E: Zys—)®
! i€y ( ax’+2y]ay3) :
jeEIy

6.4 The action of Casimir operator on A(g,¢) in Case III
of Table 4.1]

Let (g,8) = (gosp(m +1,2n), 0sp(m, 2n)). Recal that [ = I3 U I; where I5 = {1,--- ,m+1}
and I; = {1,--- ,2n}. According to Section we have

1 1
a = Span {hl = §(a+ a'), hy = 5((1’ — a)}

where a’ = I,,, 1142, and

diag(s, —s, 0qy,) when m+1=2r _
— , 5:
diag(0,s, —5,09,) when m+1=2r+1.

As in Chapter [5| the formal power series in this case is

ai 1.a2
@ P )\(hl h2 ) al ,a2
wo= — Y, X Ty,
a1!a2!
ay,as€Z*
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In this case the realization of the Casimir operator will be as follows. Let

J 0 J" 0
J = {0 JJ when m+ 1= 2r, J.—{O JJ when m+1=2r+1,
such that
1 0 0
Jl _ []Q 8”:| 7 J// — O O [7“ , J+ g {_%_ [(’]n:| .
" 0 I, 0O "
Consider

Skew (C™+1+20) = { {_gT g} |A=—AT,C = CT} .

Thus the matrices X € Skew(C™1+2) satisfy z;; = —(—1)Wlz;;. Set
Skew(C™1+27) = Skew (C™+1+27) @ C.J.
Consider the map
¢ : Skew(C™HH2) 5 Mat,,i1400(C), X = J 71X,

We denote the entries of J by .J;;. The image of ¢ is the Lie superalgebra gosp(m + 1|2n)
which preserves the supersymmetric bilinear form defined by

(ei,ej) = 6?1]61' = in, for Z,j el

We equip Mat,,12,(C) with the supertrace bilinear form. The pullback to Skew(C™+1+2)
of this nondegenerate supersymmetric bilinear form is

(X,Y) :=str(J'XJY) for X,Y € Skew(Cmt1+2n)
(J,J) =a a#0 , (6.4.1)
(J,X) =0 for X € Skew(Cm+1+2n)

Remark 6.4.1. It will be seen that a = 8, but for better readability we keep the parameter
a until the end.

Lemma 6.4.2. The bilinear form (6.4.1) on Skew(C™+1+2) is nondegenerate.

Proof. Assume that X = X+cJ where X € Skew(C™ 2%, Let for every Y € Skew(C™+1127)
we have

(X,Y +¢J) =str(J P XJTY) =0,

where ¢ € C is an arbitrary scalar. Therefore, (X,Y + ¢J) = (X,Y) + ¢(X,J) = 0 for
every ¢ € C. Thus for ¢ = 0,1 we have
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It follows that (X,.J) = 0. Thus,
(X +cl,J)=(X,J)+c(J, J)y=0.

Since (X, J) =str(J'X) =0 and (J,J) = a # 0, it implies that ¢ = 0. Hence
X € Skew(C™"*2") and because the bilinear form is nondegenerate on Skew(C™++2"), we
can conclude that the bilinear form is nondegenerate on Skew(C™"2") as well. |

Then, we divide the analysis into the two cases m +1 = 2r and m + 1 = 2r + 1 for
m > 0.

6.4.1 The case m+1=2r
Let
{Siy =By — ()W w =28 14,0' = )i j € 1 i < j, (i,§) # (1, 1+7)},
be a basis of Skew(C™12) Note that ¢(w) = a and ¢(w') = /. We set
{57, = JSiJT w* = —w, (W) = —w'|i,j €1,i<7, (5,7) # (1,1+7)},

to be a dual basis of Skew(C™'+2%) up to the scalars with respect to the above bilinear
form. Then, we have

(-guw) =1 (~awr) =1 ) = (@)w) =0

«

By replacing w and w’ with w + w’ and w — w' respectively, one can obtain the following
basis and dual basis of Skew(C™1+2") up to the scalars.

{Si,j = Eij — (—1)|ZH]|EJ” (w + w’), (w — w’) | ’L,j € I, 1 < j, (17]) 7& (]., 1 + T)},

* 1 * 1\ * 1 * 1\ * .. . . .o
1S5 = JSz‘jJT7§(w + (w') )’§(w — (")) i, gel, i<y, (4,5) # (1, 1+7)}.

Thus we have

S5="_ JuidyjSu.

a,bel
First assume 1 <i<j<m+1,1<k<l<m+1, and (i,5) # (1,1 + 7). Then
(Sij, Spy) = str(J 188 J7) = tr((J) By — Eji)(Ew — Eu)(5)")
= tr((Ey — Eji) (B — Ew)(3) " (J))

R
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Next assume that ¢,7 € I7 and k,[ € I7. Then by similar calculation and using Jf =—J;
we have

0 if (z,5) # (k,1),
(Sijs Sy = tr((Bij — Eji) (B — E)) = {2 if (4,5) = (k,1) and i # j,
4 if (i,) = (k1) and i = j.

Next, assume ¢ € I and j € I;. Then by a direct calculation we obtain

0 if(i,g) # (K1),

(Sijs S) = —2tr(Ey Ew)) = {—2 if (i,7) = (k,1).

Finally, by a straightforward calculation we have

L, . 1, \ 1
(5w + (W)), (0 + w)) = {5 (" = (@), (w = w)) = —3(a+8).
From the above relations it follows that the Casimir operator of gosp(m + 1,2n) is up to a

scalar equal to

1 . 1 .
Q=g D SISy D Aoy
ST R
1 1
29SS — 5 D HSi)o(Sy)
i€l i€ I

JjEIy

= 25 (Gotwr + @)otw 4w+ otw - W)t - u) )

But by a direct computation we have

%¢(W* 4 (w/)*>¢(w —|—’LUI> + %¢<w* o (w/)*)¢<w o w/) — _&2 - (a/>2
= —(h1 — hs)* — (h1 + hs)?
= —2(h] + h3).

Thus
o, L 5 BB $(S5)8(94)) 0y _ 1 3 AL he* ¢(S5)6(95)) ay as
H 2 aylas! b2 — aylay! b
G %A jen
al,a2€Z+ al,a2€Z+
1 ARy 03 ¢(S7)0(Sii) ay an | L AT h3?9(55)9(Si5)) o) 4
* 4 Z 1 2a las! Ty T 2 Z aila ]' gl
i€ I 1-602: i,j €I7,i<j 1:552°
ai,az € Z7F ai,az €7
4 AR h* (BT + 13)) a4y
* a+8 Z arlas! e

ay,as€Z*
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Lemma 6.4.3. Let u € A(g, £). Then

(6(S5)¢(Sis)) - 1= 0,

except when one of the following occurs:
)i=114rand1<j<2rorj=1,14rand1<i<2r.
(iiyi=1,1+randjeljorj=11+randic [i.

Proof. According to the proof of Proposition we have C¢(a) = m = mg @ m; where mg
and mj have the following matrix forms

(o000 o ] )
0 A0 B
mg = 000 0 € gosp(2r(2n) | B = -B",C = -C"
0C 0 —A
D
\ L . Vs
and
¢ T )
0 0 0 0
~L' —D' U* B
o oo o
_Et Ot Xt A
my = < ,
0 X 0U
0A0DB
0 E 0L
0 C 0D
\ L 4
Note that for every ¢(Si;) € m, the action of ¢(S;)¢(Si;) on every u € A(g, ) will be zero.
This concludes the proof. |

Lemma 6.4.4. Let 4 € A(g, £). Then,

T

> (85)0(Sy) =Y (26(S5)6(S1;) + 26(St ;1) B (S1jar)) -
(L)

+2(r — 1)(En — Evgrasr) - 1

Proof. By Lemma we have

T T

> B(SO(S) =D d(ST)B(S1) i+ Y (St )S(Sanjr) - p
1<i<j<m+1 j=2 j=2
(4,5)#(1,1+7)

T

+ Z (ST ) P(S1jar) - 1+ Z O(S7147)0(Sja4r) - -

=2 j=2
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By straightforward computation one can see that

¢(S15) = Eryry — Ejrn,  0(51)) = Evjir — Ejasr,
O(S1j1r) = Bryrjir — Ejn,  0(S140) = B — Ejpragr,
¢(Sj 1+r) EJ-H" 1+r — El,j7 (S]* 1+7~) = ] 1= E1+rj+r:
¢(Sl+r,j+r) El,j+r - Ej,lJrr, ( l+r]+7‘) E1+TJ Ej+r,1'

Therefore, since

¢(Slj) = ¢<Sr+r]+r) ¢(STJ> = ¢(Sl+r,j+7“)7 ¢<Slzj+7') = ¢(S;1+T) ¢(S>1k]+r> = _¢<Sj,1+7")7

we obtain

r

Z O(S55)P(Si5) - = (¢(Sikj)¢(51j) + ¢(Slj)¢(sfj)) L
CHEa

<.
||
N

<

+ > (S} 4)0(S1j4r) + O(S1j4r)O(ST 40)) - e

Jj=2
But, we have

[(57;), #(515)] = — (B — Ergrigr) — (Bjj — Ejrrjie),
[D(ST j40)s @(S1jar] = —(Err — Erpragr) + (Ejj — Ejrrjir)-

Therefore,

r

> b(S5)e(Sy) = (2¢( )0(S1;) + (B — Ergrigr) + (Ejj — Ejprjir)) - 1
1<i<j<m+1
(4,3)#(1,1+7)

<.
||

+
-

(20(S5 ;4,)0(S1j5r) + (Bt — Erpnige) — (Bjj — Ejrjir)) - 1t
2

<.
<

(20(S7;)9(S1s) + 20(S7 4, )(S1j4r)) - 1

=2
( )(Ell - E1+r,1+r> ez [ |

Lemma 6.4.5. Let 1 € A(g,¥). Then, for 2 < j < r we have

p((pla —2) — pla+2))p(ST; + 57 ;1,)0(S1; + S1j4+)) = u(pla + 2)a),
p((pla —2) —pla+2))d(ST; — S7 4 )8(S1; — S1j+r)) = ppa +2)a).

l\')h

+

Proof. Set

= o(S1,; + ST j40) = Brjir — Ejir + By — Ejrige,
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[ =0(S1; + Si1jtr) = Bryrj — Ejrn + Ergrjir — Eja

One can see that e+ f € £ and

[av 6] = 2e, [(L, f] = —2f, [6, f] = —a.

Therefore,

(p(a —2) —pla+2))ef —pla+2)a=pla—2)ef —plat+2)(ef +a)
=pla—2)ef —pla+2)fe
=ep(a)f — fp(a)e + fp(a)f — fp(a) f
= (e+ fp(a)f — fpla)(e+ f) € T.

Then from the above relation it follows that u((p(a —2) — p(a + 2))ef) = u(p(a + 2)a) for
e Ag, €). Also, set

e = (ST 1 j+r) =Fijir — Ejipr — B+ Ejpr 4,

f ¢(Slj + Sl j+7") El—‘r’r,j - Ej—l—r,l - E1+7‘,j+r + Ej,l-
Since ¢/ — f' € £ and
[a,e'] =2e, a,f]=-2f, [¢,[]=—a.
Therefore,
(pla—2) —pla+2))e'f —pla+2)a=pla—2)f —plat2)(f +a)
=pla —2)e'f" —pla+2)f'e

=ep(a)f’ — f'pla)e’ + f'p(a)f — f'p(a)f’
= (' = f)pa)f' = f'pla)(e' — f') € T.

Then from the above relation it follows that u((p(a — 2) — p(a + 2))e’'f’) = u(p(a + 2)a) for

me Alg.t). i
Lemma 6.4.6. Let p € A(g,€). For 2 < j <7 set
¢< 1]+T‘)¢(517j + Sl7j+7’> iy
(b( 1]+r>¢(51j - Sl j+1”) "y
3 = ( Sl]) + ¢<Sikj+r)¢(sl,j+r)) ez
Then 5 5
eT1—T2
o, =0, =0, = _ 9.
- He Ko emaitzr _ eri—an (8331 81’2) a

Proof. By Lemma [6.1.3| we have

P, = > (b 1) (hy — 1)) 2

ay,a2€Z*
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and
—x1+x _ a x(lllxém
e P, = " ((hy — 1) (hy + 1)) =20 o
Therefore,
ai .as
(7o = e )@y = 3 (= 1) (g 1) = (hy 1) (b = 1)) 222
ay.ageZt CL1!CL2!
Recall that ) .
hy = 5(@—}— a), hy= 5(@' —a).

Set pk,l(a/) = (—1)“2—laa1—k+a2_l.

applying Lemma [6.4.5 we derive

Thus, through a straightforward computation and by

pa(((he = 1) (he +1)* = (hy + 1)" (he — 1)®))
1
= Sara i (@ + (@ =2)" (@ = (= 2))* = (@' + (a +2))" (@' — (a +2))*)
1 SN AV
= Satae M Z Z L I (@) (Preala = 2) = prala +2))
k=1 I=1
a1 as ay
2a1+a2 ( (k> ( ) —1)= ()" pra(a + 2)a )
k=1 =1
a/+(a+2> a1 a,_<a+2) a2 a1 as
= (e () = (1) (hy — 1)),
Therefore,
—x14x2 T1—T2 . @ o 201 02
(e — b, = ST (4 1) (hy — 1)20) 22
ay,a0€Zt a1ag
Thus, by Lemmas [6.1.2] and [6.1.3] we have
x{tas? 0 )
h 1a1h_1a2 12::)311-2___@.
QIMZEZ_‘— ,LL(( 1 + ) ( 2 ) CL1!CL2! (8x1 81'2) H
Hence,
0 0
—r1t+x2 _ T1—XT2 d =St _ _~ P
(6 € ) M1 € (axl 81'2) I
which implies that
e 0 0
P = e=T1tr2 — 172 (8201 a 8@)@”.
Similarly, one can verify that
er1r2 0 0
D, = — D,
2 et —611*332(6331 8352) a
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Moreover, since pi3 = 3(p1 + p2), we obtain

o - — e 0 0

e ((9x1 O,

o

M1 )(I)M'

Remark 6.4.7. For j € {1,...,n}, the notation j+n refers to the element in {n +1,...,2n}
obtained as follows: first, remove the bar from 7, add n to the resulting integer, and then
reapply the bar. For example, if j = 3 and n = 5, then j +n = 8. This convention is used
consistently throughout this section.

Lemma 6.4.8. Let € A(g, ). For 1 < j < n set

e1:=0(51;),  fii=0(5y)
s = (ST 1), J2 1= O(S1j4n)-

Then for p(z) € Clz] we have
1 ((pla—2) —pla+2))(erfi +exf2)) = —p(pla+2)a).
Proof. We have

<Z5(Sl,j) = E1+r,j - Ej+n,17 <Z5(Sij> = _El,j+n - Ej,1+r7
O(S1j4n) = Erprjin + Ejn,  6(ST0,) = Erj — Ejin i

Thus,
@e =%, [a,f]=-2h, len il = gatk
la,es] = 2ea, [a, fo] = =2fa, [e2, fo] = %a — k,

where k = E; 1, j1n — Ej; € €. Since e; — fo € € and [f, fo] =0, we have

(p(a —2) —pla+2))erfr + pla+ 2)(%@ + k) =pla+ 2)(%@ +k—eifi)+pla—2)efr

=pla+2)fier +pla —2)e1 f1 = fip(a)er + eip(a) fi
= fip(a)er + eip(a) fi — fop(a) fr — fip(a) f2
= fip(a)(e1 — f2) + (e1 — f2)p(a) f1 € T.

Therefore,
l(pla =2 = pla+ 2)en ) = - (pla+ Da+ ).
Furthermore, since ey + f; € € and [f1, fo] = 0, we have
(bla —2) ~ pla+D)esfs +pla+ D50~ k) = pla+2)(5a — k — eafo) + pla ~ Des
= pla+2)faes +pla —2)ezfo = fap(a)es + eap(a) fo
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= fap(a)ez + eap(a) fo + fop(a) fi + fip(a) f2
= fap(a)(e2 + f1) + (e2 + fi)p(a) f2 € T.
Therefore,
l(pla =) = pla+ D)(eafe)) = = (pla+2)(Ga - ).
Finally, from the above relations we obtain
n((pla—2) —pla+2))(erfi + exf2)) = —p(pla+2)a). i

Lemma 6.4.9. Let € A(g, ). Keeping the same notation as in Lemmal6.4.8] for 1 < j < n

set
p1 = (erfi +eafa) - pi.
Then — 3 5
P = e*xl;i — eT1—2 (8951 a 8302)(1)“'

Proof. By Lemma we have

X1 —X a a ;L’alajGQ
R = 30 () (e = 1))
ay,a2€Z~*
and
—x1+x o _ al a ]’)(111:[;(212
IR = 3 (b = 1" (e + 1))
Therefore,
(e e, = 3T (= D e+ 1% = (4 ) (s~ 1)

ay,a2€Z™*

Recall that

1 1
hy = §(a+ a), hy= 5(@' —a).

Set pri(a) = (—1)27lqm ka2~ Thus, through a straightforward computation and by

applying Lemma we derive

pa(((hy — )" (hy +1)* — (hy + 1)" (ha — 1)™))

- 21+ i (@' + (a—2))" (@ = (a—2))"” — (a' + (a +2))"(a — (a +2))*")
- (3535 (2) () outa- - )

= (Z > () () 0@ nata + 2>a)
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a+(a+2 a a —(a+2 as ai az
= (O Dy T Dy — (1) o — 1))
Therefore,
—r1+x2 T1—T2 _ al as "L‘(ll1 $g2
C — "By, = > p((hy + 1) (hy — 1) G)M

a1,a2€Z*

But, if we identify a with h, by Lemmas [6.1.2] and [6.1.3] we have

g o 9
Do (a4 1) (hy — 1)) T = R (b

109t a1!a2! 8111 81‘2
Hence,
0 0
—x1+T2 T1—T2 — T1—T2
e P —e — — — )P
( ) M1 (8IE1 al'g I
which implies that
—et1m 2 0 0

b, = .
Ha e‘m1+$2—e”1—‘f2(8x1 Oxy’ W

Lemma 6.4.10. Let p € A(g, ). Then

> o = >0 (20(S1,)8(515) + 20(S154)0(S1540) — @) - .
liﬁ) 1<j<ﬁ

Proof. By Lemma [6.4.3 we have

D> d(S)B(Sy) =D &St ,)e(Sy) -+ Z ST jan)O(S1j4n) - 1t

Sl-‘rnj—i-n) -

i€l 1<i<n
JjEIy
+ ¢(S>1k+rj) Sl-H“J "M + Z Sik—l—rj—i—n
1<j<n 1<i<n
We have
(b(Sl,j) = ElJrr,j Ej+n 1, ¢(Si]) _El J+n Ej,lJrra
¢(Sl,j+n) = E1+7‘J+n + EJ 1) Qb(sig-s-n) E, J Ej+n 147,
(b(SlJrr,j) = El i Ej+n 1+r, (b(Serr]) E1+r]+n - Ej,b
¢(SI+TJ+n) = El Jj+n + E] 147, qb(Sik—i-Tj—f—n) - E1+7"7j - Ej+n,1'

However, since

¢(Sl,j) - ¢(Sik+r,j+n)7 QS(ST,]) - _¢(Sl+r,j+n)7
P(S1j4n) = —0(S14rs)s  O(ST j4n) = O(S14rj),

we obtain

P(S7;)(515) + (ST j4n)0(S1j4n) + O(S115)0(S11r) + A(ST 1 j1n) (S1srjtn)
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= ¢(S1,)0(51,5) + O(ST j1n)O(S1j4n) — D(S15)0(S1 ;) — H(S1,j4n) (ST j1n)
= 2¢(57;)9(51,5) — [6(51), d(S1,5)] + 20(S7 ;1) A(S1j40n) — [G(ST j1n)s P(S1jn)]-
But from the proof of Lemma it follows that
[6(57,;), 0(S15)] + [0(5T j1n), #(S1540)] = @
Therefore,
¢(Sik7j)¢(sl,j) + ¢(Sik7j+n>¢(sl,j+n) + ¢<Sf+r,j)¢(sl+r,j) + ¢(Sf+r7j+n>¢(51+r,g’+n)
= 2¢(57;)0(51,5) + 20(57 j 1) 9(S1,j4n) — .
From the above relation we have
> d(S)b(Sy) =Y (20(S7;)0(S1) +20(S; ;1) (S1j4n) — a) - . i
i,g? 1<G<h

Proposition 6.4.11. Let u € A(g, ). Set ®, := ®,(log x1,log z2). Then

Ty + X2 0 0
T )
1 — X2 83:1 8132

4 o \? 4 o \?
— — | O — — 9,
+Oz—i—8($18x1> “+@+8(x28x2) a
Proof. Recall that

1 . 1 .
Q- p:= ) Z ¢(Sij)¢(5ij> Tt 3 Z ¢<Sij)¢<5ij) L
1<i<j<m+1 1<i<ji<2n
(4,5)#(1,1+r)

g, =(r—1-n) )P,

1 . 1 . 4
+ 1 Z P(S7)o(Sii) - b — ) Z ¢(Sij)¢(5ij) e a—+8(h% +h3) -
1<i<2n z’éi}q

By Lemma we have

> A(SA(Sy) =Y (20(S7,)B(S1;) + 26(S5 4, )(S1j4r)) -
1<i<j<m+1 j=2
(4,5)#(1,147)

+2(r = 1)(Eu — Eigrigr) - p

=(r—1a-p+ Z (2¢(Sfj)¢(51j) + 2¢(Sij+r)¢(sl,j+r)) " H-

Also, by Lemma we have

% 3 ¢(S;;)¢(Sij>-u+i > H(Si)d(Sk) - =0,

I<i<j<2n I<i<2n
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and by Lemma we have
D HSOSy) =Y (20(51,)6(S15) + 20(S110)$(S1j4n) — @) - -

i€y i<j<n
jEI;
Therefore, by Lemmas [6.1.2} [6.4.6] [6.4.9] we obtain
1 et fem T2 g 0

Dqu=—5(r—1-n) ),

emmitE — et Oy Oy
4 0? 4 0?
+ Al 7 Vo,
a+8(3x%> g a+8(8x%> g
Then by using the substitutions z; — €2** and x5 — €%*2 we obtain:

1+ X2 0 0
I — X9
Ty — To O 0xs

. 16 ) 2@ . 16 ) 2@
XrT1—— _— LTo— .
a+8 18x1 Fla+8 28x2 K

Hence, for a = 8 we have

P, =(r—1-n )P,

T1+ X9 0 0
T Y ~—
1 — Ty 01 0xs

0\ 0\’
+ (xla—xl) q)“‘i‘ (xgﬁ—b) CI)#. |

Corollary 6.4.12. Let u € A(g, £), and assume that ®, (or equivalently ) is an eigenfunc-
tion of the Casimir operator. Then for some scalar ¢ € C,
= T+ X9 0 0

S, =(r—1-— )
o (r n)l'l—ilfz ml@xl $28$2) K

d\° d\’
+(xla_gjl) CI)M+(I28_$2) (I)M

Proof. By Proposition [6.4.11| we have

P, =(r—1-n )P,

T+ X9 8 8

g, =(r—1-n) —xza—b

),

1
1 — T2 8x1

0\ 0 \?
R ) &,
+(xlaxl) +(a) .

Since the Casimir operator is in the center of U(g), it acts on @, as a scalar ¢ € C. Then by
using the substitutions x — €** and y — ¢?¥ we obtain:

— T+ o 0 0
b, =(r—1-— — 19— )P
Py = (r " T1 — Ty xl@xl x28x2) K

0\’ 0\’
+($1a—xl> q),u—i_ (l’ga—@) (I)H'

for some ¢ € C. |
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6.4.2 Thecasem+1=2r-+1

In this subsection, the argument is nearly identical to the case m + 1 = 2r. Here, we work
out the details of the minor modifications required for the current case where m+1 = 2r+1.

Let
{Si7j = Eij - (_1)‘1HJ|E]l7w = 252,2+T7w/ =J | Z?j € I? [ < .jv (7'7.]) 7é (272 + 7’)},
be a basis of Skew(C™+1%2"), Again we have ¢(w) = a and ¢(w') = a’. We set
{S’L*,_] = ‘]SijJT7w* = —w, (w/>* = —’UJ/ | Z?] € I? [ < ja (Z7J) 7é (272 + T)}a

to be a dual basis of Skew(C™+12%) up to the scalars with respect to the above form. Then,
we define

<—%w*,w>:1, (—é(w’)*,w’)zl, w0y = ('), w) = 0.

As in Section 6.4.1}, it will eventually turn out that a = 8. By replacing w and w’ with w+w'
and w — w’ respectively, one can obtain the following basis and dual basis of Skew(C™1+27)
up to the scalars.

{Si,j = Ez — (-1)|ZHJ|E]Z, (w -+ w'), (w — w') | Z,j < ], 1 < j, (Z,]) 7é (2,2 + T’)},

{87, 5= I8y S+ @), 300 = @))[1G € Li <y () # (224 1)

S5="_ JuijSu.

a,bel

First assume 1 <i<j<m+1, 1<k <l<m+1,and (i,j) # (2,2+ 7). Then

Thus we have

(Sij, Spy) = str(J 1SS ™) = tr((J) "N Eij — Eji)(Ew — Ew)(5)7)
= tr((Eyj — Eji) (B — Ew)(3")"(J) )

= tr((Eij — Eji) (B — Ex)) = {82 i Ezj; j E: 5;

Next assume that 7,7 € I; and k,[ € I;. Then by similar calculation and using JI =—J;
we have

0 if (¢,5) # (k,1),
(Sijs Sp) = tr((Eiyy — Eji)(Bw — Ey)) = 2 i (4,7) = (k1) and @ # 7,
4 if (1,7) = (k1) and i = j.

Next, assume ¢ € [ and j € I7. Then by a direct calculation we obtain

0 if (z,5) # (K1),

<SU,S*> —ZtI'(EijElk)) = {_2 if (Z j) — (k l)_
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Finally, by a straightforward calculation we have

(5w + (W)"), (0 w)) = (5w ~ (W)), (0~ w)) = —(a+8).

From the above relations it follows that the Casimir operator of gosp(m + 1,2n) is up to a
scalar equal to

1 . 1 .
:=—3 > O(55)9(5y) + 5 > 6(S)e(S)
O Y, Tsisgsan

1 1
+ 7 2SS — 5 Y o(SH)e(Sy)
ielt ZEE

- i 5 (%qﬁ(w* + (w')")p(w +w') + %¢(W* — (w')")o(w - wl)) :

But by a direct computation we have
1 1
S0 + (@))(w + ') + 560w’ — (W) )o(w — w') = —a = (@)

- —(hl - h2>2 - (hl + h2)2
= —2(h? + h3).

Thus
1 AR R O(S5)0(Si) a) 0y 1 AR RS2 O(S5)0(Si5)) ) e
2o =3 Z — TP as? — = Z — i
i, € Ig,i < j a2 2 iely ay:az:
(i,5) # (2,247 jen
ai,az € ZF ai,ap € ZF
1 AP A2 O(S5) (i) 0y az | L AR RS O(S5)D(Si5) ) a
+ Z ieZI a1!a2! T + 5 ; 'elzi< ] CLl!CLQ! 1
ai,as 612+ ’aJlA,an’E Z+J
+ 4 Z )‘(h(lll h’g2<h% + h%))$(111$;2.
a+8 CL1!CL2!
(11,(1,2627L

Lemma 6.4.13. Let p € A(g, ). Then

(¢(S5)0(Siy)) - =0,
except when one of the following occurs:
(i)i=2,24rand je [jor j=2,2+r and i € I;.
(iiyi=2,2+randjeljorj=22+randic i

Proof. According to the proof of Proposition we have C¢(a) = m = mg & my. For
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m + 1 = 2r 4+ 1, where mg and my have the following matrix forms

[0 0 —M' 0 —L ] )
0O 0 0 0 0
my = 1 g 8 61 8 jg € gosp(2r|2n)|B = —B",C = -C"
M 0 C 0 -A
| D2n><2n_ )
and
([ ] Jt ] Jt' )
0 0 0 O
It —Dt Ut Bt
0 0 0 0
my = Bt —C* X' A
i 0 X 0U
J 0 A 0 B
—j 0 E 0 L
-7 0 C 0D 1)

where A, B,C, D € Mat(n —1 xr —1).
Note that for every ¢(S;;) € m, the action of ¢(S};)p(S;;) on every € A(g, ) will be zero.
This completes the proof. |

Lemma 6.4.14. Let u € A(g, ). Then,

> G(S;)0(Si3) - = (2r = 1)(Ens — Eorrogr) - o

1<i<j<m+1
(i.9) # (2,2 +7)
r+1
+ ) (20(55,)8(S2;) + 26(S5 ;1) B(S24r)) - -
j=2
Proof. By Lemma we have
r+1 r+1
> a0 Z A(S35)0(S2;) - 1+ > (S50 540 (Sairjan) -
(O PADE =2
r+1 r+1
+ Z P(S3 1) P(S2j1r) - 11+ Z (5791, )0(Sj24r) - 1t
j=2 Jj=2
m—+1
+ Z ¢ Sl]
J=22+4r

By straightforward computation one can see that

m—+1

Z O(51;)0(S15) = ¢(S12)9(S12) + A(ST 24, )A(S1,24+)

J=224r
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O(S12)0(S12) + ¢(S12)B(512) = [#(ST2), ¢(S12)] = a
Also, for 2 < j <7+ 1 we have
O(S25) = Eorrj — Ejir2,  0(S3;) = Eajir — Ejayr,
(SQ J+7“) E2+T‘J+7" - Ej@’ ( 2]+7’) E2J - Lj4r2+4r,
(82+r]+r) EQ J4r T Ej,2+r) QS(S;—‘,-’I‘]—FT) E2+7‘] Ej+r 2

( 32+7“) ]+T 24r E2,j7 ( ]2+r) = 32 - E2+m+r
Therefore,
P(S25) = 0(S51pj4r)s  O(535) = O(Sotrjr),  O(S2j4r) = —(Sjayr)s  A(S550,) = —0(Sj24r)-
Thus, we have

r+1

> (s

1<i<j<m+1
(i,5)#(2,2+7)

r+1

=2

+ Z (¢(S§,j+r)¢(52,j+r) + ¢(S2,j+r)¢(55,j+r>) -

Jj=2

But, we have

p=(Ex — Eapror) - o+ Z (¢(S§j)¢(52j) + ¢(52j>¢(55j)) "

[0(53;), §(S25)] = —(E22 — Earrair) — (Ejj — Ejrrjir),
[0(55 j4+)s D(S2,j4r] = —(Eo2 — Bayrarr) + (Ejj — Ejrrjir)-
Therefore,
r—+1
Z O(S5;)p(Sis) - = Z (20(S5,)0(S2;) + (Eaz — Eagporr) + (Ejj — Ejurjir)) - 1
R =2
r+1
+ Z (20(S5 11, )0(S2j40) + (B2a — Eagporr) — (Ejj = Ejyrjir)) - o+ (Baa — Eagroge) -
=2
r+1
=(2r —1)(Ey — Eytrowr) - p+ Z (2¢<S;j)¢(s2j) + 2¢(S;,j+r)¢(52,j+r>) e |
=2
Lemma 6.4.15. Let u € A(g,€). Then, for 2 < j <7+ 1 we have
n((pla —2) = pla+2))o(S3; + 53 14.)0(S2,; + S2,54r)) = p(pla+ 2)a),
u((pla—2) —pla+2)d(S5; — S5 54, )8(S2; — S24r)) = plpla +2)a).
Proof. Set
= (S5, + 55 40) = Bajyr — Ejorr + By — Ejragr,
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[ =0(S2; + S2jr) = Bayrj — Ejrro + Foyrjir — Eja.

One can see that e+ f € £ and

[av 6] = 2e, [(L, f] = —2f, [6, f] = —a.

Therefore,

(p(a —2) —pla+2))ef —pla+2)a=pla—2)ef —plat+2)(ef +a)
=pla—2)ef —pla+2)fe
=ep(a)f — fp(a)e + fp(a)f — fp(a) f
= (e+ fp(a)f — fpla)(e+ f) € T.

Then from the above relation it follows that u((p(a —2) — p(a + 2))ef) = u(p(a + 2)a) for
e Ag, €). Also, set

e = (95, 4+554.) = Eojrr — Ejoyr — Eaj+ Ejirogr,

f = @S2 + S2j4r) = Eogrj — Ejiro — Eoyrjir + Ejo.

Since ¢/ — f' € £ and

[a,e'] =2e, a,f]=-2f, [¢,[]=—a.
Therefore,

(p(a —2) = pla+2))e'f" = pla+2)a=pla—2)e'f —pla+2)(ef +a)
=pla—2)e'f" —pla+2)f'e
=ep(a)f' — f'p(a)e’ + f'p(a) f" = f'p(a) f
= (¢~ Ppla)f ~ Fola)(e — ) € T.
Then from the above relation it follows that u((p(a — 2) — p(a + 2))e’'f’) = u(p(a + 2)a) for
pe Ag, €). i

Lemma 6.4.16. Let u € A(g, ). For 2 < j <r+1 set

pr o= (955 + 53 51, )B(S2,5 + S2j4r) + 1,
po = G(S3; — 55 54)0(S2,5 — S2j4r) - 1y
pis = (0(S5;)(S25) + &(S5 ;1 )D(S2j1r)) - 1.

[ hen 8 a 0
eml T2
b, =, =, = _ ’
w1 w2 ©3 e~ T1tr2 _ eT1—22 (8331 81:2) .

Proof. As in the proof of Lemma [6.4.6] we can derive

(e_xﬁ_m . exl—xg)q)m _ Z i (((hy — 1) (he + 1) — (hy + 1) (hy — 1)*?))——

ay,a0€Zt
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Set pri(a) = (—1)2lg=k+a2=l " Then through a straightforward computation and by
applying [6.4.15| we derive

(((h1 = D)% (he + 1)* = (b +1)" (hy — 1)™))

2a1+a2u1 (@' +(a=2))"(d' = (a—2)" = (0’ + (a+2))"(d' = (¢ +2))")

ai

2a1+a2 Sar+az 1 Z Z <k )( Ve (prala = 2) = prala + 2)))

k=1 l=1
a

s (EE ()0

= <§”>> (D ) = -+ 1) (e — 1)),

Therefore,

(6_m1+z2 . exl—iﬂz)@l“ — Z ,U((hl —+ ]_)al (h2 - 1>a2a)—

a1,a2€Z*

Thus, by Lemmas [6.1.2] and [6.1.3] we have

Dol + 1) (e = D) a) TR = 7 (e ),

Hence,

which implies that
errTr2 0 0
o, = (5= 5%

M emmitrr _emi—wa \ Oy Oy

Similarly, one can verify that

er1T2 0 0

e Titr2 _ eT1—T2 (8x1 0o

(I)ﬂz =

Moreover, since pi3 = 5(p1 + p2), we obtain

etz 0 0

B3 emmitms _ pmi—os (8x1 Oxy’ 1

Lemma 6.4.17. For 1 < j < 7 set

=¢(55,),  f1:= 0(Sa),
= (S5 j4n)s  fo = B(S254n).

Then for p(z) € C[x] we have

pn((pla —2) —pla+2))(erfi + e2f2)) = —p(pla+2)a).
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Proof. We have

¢(S25) = Barrj — Ejrng,  6(S5;) = —Eajin — Ejayr,
O(S2,54n) = Eogrjon + Ej2, 0(S5,4,) = Eaj — Ejinayr.
Thus,

la,e1] = 2e1, [a, fi] = =2f1, e1, fi] = %CH' k,

[a,ea] = 2ea, [a, fo] = =2f2, [ea, fo] = %a -k,
fo € tand [fi, fo] =0, we have

pla+2))erf1 + pla+ 2)(%@ + k) =pla+ 2)(%@ +k—eifi) +pla—2)efr
=pla+2)fier +pla —2)er fi = fip(a)er + eip(a) fr
= fip(a)er + eip(a) fi — fap(a) f — fip(a) fa

= fip(a)(er — f2) + (e1 — fo)p(a) fr € T.
Therefore,

where k = Fjp, j1, — Ej; € L. Since e; —

(p(a—2) -

l(pla =2) = plo+ 2)es ) = =4 (pla+ Dia+ ).

Furthermore, since ey + f; € € and [f1, f2] = 0, we have

(pla—2) = pla+ 2)eafo + pla+2)(Ga— k) = pla+2)(Ga— k

= pla+2)faea +pla—2)exfo = fap(a)es + ezp(a) fo
= fop(a)es + eap(a) f2 + fap(a) fi + fip(a) fa
= fap(a)(ez + f1) + (e2 + fi)p(a) f2 € Z.

Therefore,

—eafa) +pla—2)eafs

1 (pla—2) — pla+ 2)(eafs)) = —u (p<a r)ta- kr)) .

2
Hence, from the above relations we obtain

p(pla =2) = pla+2))(erfi +eafa)) =

—p(pla+2)a). u
Lemma 6.4.18. Let 4 € A(g,€). Keeping the same notation as in Lemma for
1 <5< nset
p = (erfi +eafa)
Then
o, —er1T e ( 0 0

- D,
e~Titr2 — et Qp  Qxy’

107
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Proof. Identical to the proof of one can observe that

U, . - a1 as a1 as J;al xaz
(et — e )0, = > (= 1) (ha + 1) — (hy + 1) (hy — 1)) all‘aj'
ay,a0€Zt o

Thus, through a straightforward computation and by applying 6.4.17| we derive
pa(((he = 1) (he +1)* — (hy + 1)" (he — 1)®))

B ﬁul ((a'+(a=2))"(d' = (a=2)" = (0’ + (a+2))"(d' — (¢ +2))")

2a1+a2 Jarvaz 1 (?:i: (a > ( ) NV (prala = 2) = prala+ 2))>

2a1+a2 ( (C;{,‘l a;) (_1)@2 l( >k+lpkl(a+2) )

= (™ 5“) (2 o) — (4 1) (e~ 1)),

where py,; = (—1)®2~lg@=*Fe2=L Therefore,

—I1TI2 r1—T2 — ai a2 xalxaQ
(e — e, = 3T (1) (he = 1)
ay,as€Z*
But, if we identify a with h, by Lemmas [6.1.2 and [6.1.3| we have
ity 0 0
hy + 1) (hy — 1)2a) L2 = e®17%2(— — _~Z\,.
Z :u(( 1+ ) ( 2 ) (I) 0,1!0,2! € <8ZL‘1 81‘2) 1
a1,a2€Z+
Hence,
0 0
—x1+x2 TI—T\PH = P12~ T P
( € ) M1 € (8ZE1 ax2 I
which implies that
—et1mT2 0 0

o, = .
B emwidmr _ pri—w (8x1 Oxy’ W

Lemma 6.4.19. Let u € A(g,€). Then

D d(SH)O(SH) =D (26(S7,)6(S1,) +20(S} 1) (S14n) — @) - p.

i€l 1<j<n
jET

Proof. By Lemma [6.4.13| we have

D dSHS(S) =D (S5,)0(S2;) - 1+ Z (S5 140 )B(Sa ) - 11

i€l 1<j<a
jEIy
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- Z ¢(S;+T]) SZ+T] ,M‘i‘ Z 2+r]+n SZ+7’,j+n)',u-

1<i<n 1<i<n
By direct calculations for 2 < j < r + 1 we have
¢(S2j = E2+r,j - Ej+r,2> Sék]) E2 J+r T Ej 2415
qb(SQ,j—s—r

¢(SQ+T,j+T
O(Sj2+4r

*
= Epjir — Ejopr,  0(554,54,) = E2+m Ejira,

— ~— — —

9(

- E2+r,j+r - Ej,27 (S;]_H«) E2j —F; 47,2471
(
o

*
= Ej+7‘,2+7" - E27j’ S] 2+r) = E2+7’J+7"

However, since

¢(S25) = A(S54s j4n)s  H(S5;) = —0(Savrjin),
P(S2,j4n) = —0(S5405)s  O(S5j4n) = ¢(S21rj),

we obtain

G(55 ;) 0(S2,5) + D(95 ;1 1,)0(S2j1n) + O(S54, ;) D(Sasri) + O(S54 s j4n) P(S24rjan)
= (55 ;)0(S2,7) + (S5 j1n)P(S2,j4n) — @(S2,5)0(55 ;) — A(S2,j1n)H(55 ;40)
= 2¢(55;)0(S2,5) — [6(S5 ), §(S2,5)] + 20(S5 ;1) O(S251n) — [0(S5 j10)s P(S2j4n)]-

But
[9(55;), (S2,5)] + [9(S5 j4n), B(S2510)] = a.

Therefore,

¢(S;,j)¢(82,j) + ¢<S;,j+n)¢(5’2,j+n) + ¢(S>2k+r,j)¢(52+7“7j) + ¢(S;+r,j+n)¢(52+r,j+n)
= 20(55;)9(S2,5) + 20(55 j 1) P(S2,j4n) — @

From the above relation we have

D (SHO(SH) =D (26(S5,)6(S2,) + 20(S5 1) (Sa4n) — @) - p. i

i€l 1<j<n
jET;

Proposition 6.4.20. Let u € A(g, ). Set @, := ®,(log z1,log z2). Then

_ 2r — 1 5 )
%.M:(rQ —n)x1+$2(x — 1y—)d,

1
1 — T2 8ZE1 8x2)

0\’ 0 \?
— | O — ) o,.
+ (ml&%’l) " + (anﬂjg) "
Proof. Recall that

Qe L Z SOty S G505, u

j<m+1 I<i<j<2n
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1 . 1 . 4
+ 1 Z P(S7)o(Sii) - b — ) Z ¢(Sij)¢(5ij) e a—+8(h% +h3) -
I<i<2n 12?’3

By Lemma we have
Z (S5 0(Sij) - = (2r — 1)(Eaa — Eayroiyr) -

1<i<j<m+1
(4,3) #(2,2+ )
r+1

+ 3 (20(55;)¢(S2) + 26(S3 54, )6(S2542)) - -

j=2
Also, by Lemma we have
1 . 1 "
5 Z O(55)0(Si) -+ 1 Z o(S5)p(Sii) - =0,

1<i<j<2n
and by Lemma we have
> o(S;)e(Sy) = (20(7 ;)6(S15) + 20(S5 ;1) 9 (S1j4n) — @) - .

I<j<n

i€l
jel;

Therefore, by Lemmas [6.1.2], [6.4.16] and [6.4.18] we obtain

1/2r—1 et feTm 2 0
Po = 2 ( 2 n) eTi—Tr — emwte Oy 8932)(1)“

+ A o o, + A o d
a+8\dxz2) " a+8\oz:) "
Then by using the substitutions z; — €2** and x5 — €%*? we obtain:
- 2r — 1 0 0

r1 — X2 181’1 8.732
16 0\ 16 9\’
—_— — ) ¢, + — — ] P,.
+a+8(x1(9x1) “+a+8(x28x2) .
Then for a = 8, the above relation becomes:

- 2r — 1 1+ o 0 0
D, = — — P
b ( 2 n) 1 — T2 8271 anl'Q) H

0\ 0\’
+ (3318—1:1) (I)“‘i‘ (Iga—b) (I),u- |

Corollary 6.4.21. Let € A(g, t), and assume that ®, (or equivalently ) is an eigenfunc-
tion of the Casimir operator. Then for some scalar ¢ € C,

= 2r—1 X1+ X2 0 0
D, = — — o
“u ( n) T, — Ty (xlaxl 2 8352) a

0\’ 0\’
+(l’18—xl) @M—l—(a:ga—@) (I)M
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Proof. By Proposition [6.4.20| we have

7 2r — 1 ) )
c1>9.#:<7“2 _n)””“”?(x — 1y—)d,

1
1 — To 8ZL‘1 8ZE2)

o \? o \?
— ] O — ) o,.
+ ($1a$1) M_‘_ (anfﬂg) "

Since the Casimir operator is in the center of U(g), it acts on ®, as an scalar ¢ € C. Then
by using the substitutions z — €** and y — e* we obtain:

_ 2r—1 0 0
C(I)M: ( 7“2 —n) 371"‘1’2(1‘ — X9 )(I)'u

1
T, — Xy 01 0T

d\° d\°
— | P — | O
+ ($18$1> M+ ($28$2) 1

for some c € C. |




Appendix A

Explicit examples of interwoven pairs

Lemma A.0.1. Set k =i(e — f), x = Adge, and y = Ad, f where

g=M = [; _11 €GL?2) if g=gl, and g= {‘7\04 ]\OA e GL(4) if g=gl,

g=(M,M)e GL(2) x GL(2) if g=gl,® gl,.
Then {z,y, k} is a standard gl,-quadruple, i.e.,
kx| =22, [kyl =2y, [zv,y]| =k, , [z,2] =[z,y] = [2,k] = 0. (A.0.1)

Moreover, k € ¢, x,y € p and v +y = —hy + hs.

Proof. For the pair (gl,, s02), we construct a new basis for gl, in the following:
Assume that the Cartan subalgebra b = Span{h; — ha, hy + hs}, then

[h1 — hg,e] =2e, [hy — hy, f] = =2f, [h1+ho,e] =0, [hi+hy, f]=0.

Set

k::z'(e—f):[_o1 (1)}, z::h1+h2:[(1) (1)1

and set the Cartan subalgebra ' := Span{k, z}. Then, one can observe that
Ady(hy = ho) = g(hi — ho)g™" =,

and
Ady(hy + ho) = g(hy + ha)g™" = 2,

where g = M. Hence, the new basis elements of gl, are:

. LTt
k:::k:':i(e—f):[i)l. é],x::x’:Adgezé[il Z],y::y’:Adgf:

and z := I,. Then {k,z,y, 2z} is a standard gl,-quadratic.

[kvx]:2$7 [kvy]:_va [Ivy]:kv ) [Z’x]:[%y]:[Z?k}:O'

112
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Similarly, for the pair (gl,, sp,), set;

: K0 I, 0
k::z(e—f):[o k’}’ Z::h1+h2:[02 12}

Next, by direct calculation we have:
Ady(hy = hg) = g(hs — ha)g™" =k,

and
Adg(h1 + hg) = g(hl + hg)g_l =z,

g = {]‘04 1\04} € GL).

where

Hence, the new basis elements of gl(4) are:

k_k’O [l 0 x_lm'O e 7
- O k,/a z = O [27 _2 0 ZL'/’ y_2 O y/'

Hence, {k,x,y, 2z} is a standard sly-quadratic. Similar to the above cases, the sly-quadratic

of the pair (gl, @ gly, gl,) can be obtained.
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