INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films
the text directly from the original or copy submitted. Thus, some thesis and
dissertation copies are in typewriter face, while others may be from any type of
computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UM a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and continuing
from left to right in equal sections with small overlaps.

ProQuest Information and Learning
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA
- 800-521-0600 '

®

UMI







NOTE TO USERS

" This reproduction is the best copy available.







 ANALYSIS OF STIFFENED AND UNSTIFFENED SLABS. .

. BY
"“D.S.B. BHALLA

ERPPR TR
"\\40‘. o”a,,

BIBLIOTHEQUES —
e aagheg

[
LIBRARIES .

¢ &
) o
/“e,-s,-ty of o¥

ENGINEERING REPORT

Submitted in Partial Fulfillment of the
‘Requirements for the Degree of Master of
Engineering in the Graduate School of the

University Of Ottawa.

OTTAWA, CANADA.
JUNE 1972.

| <::> D.S.B. Bhalla, Ottawa 1972.




UMI Number: EC52339

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy
submitted. Broken or indistinct print, colored or poor quality illustrations and
photographs, print bleed-through, substandard margins, and improper
alignment can ad\}ersely affect reproduction.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

®

UMI

UMI Microform EC52339
Copyright 2007 by ProQuest LLC
All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

ProQuest LLC
789 East Eisenhower Parkway
P.O. Box 1346
Ann Arbor, Ml 48106-1346




ACKNOWLEDGEMENTS .

: Cbnstaﬁt'encouragement-of Dr. S.F. Ng, under whose supervision this

study was conducted is greatly appreciated. Thanks are due to Dr. G.M. .
Lindberg'and Dr. G.R. Cowper with whom the author had very useful

discussions.

The co-operation extended by the personnel of the Computing

~ Centre, University of Ottawa is acknowledged. The author is appreciative

of the financial Grant No: A-4357 of National Research Council,_which

was of assistance in making the Graduate study possible.




;:5‘11‘;, “,“ = ‘5‘ ,.’4  ! S

Abstract:

High Precision Finite elements have been used to determine

dlsplacements and internal forces of rectangular and skewcd slabs.

The displacement model is derived on the assunptions of small deflection:

_theory\apd the principles of linear elasticity.

The high precision triangular plate bending element with six

~degrees of freedom per node, developed by Cowpcr Lindberg, Olson &

Kosko has been used to study the behaviour of slabs under concentrated

loads. A computer program is developed for the generation of the
stiffness maxtrix of the individual elements. These matrices are used

to represent the structure force-displacement relationships.

To widen the scope of study, linear elastic members are

‘1ncorporated and some problems of stiffened slabs are analysed. A

compatible beam element is developed to represent the stiffeners. In

the case of eccentric stiffeners in-plane forces are develdped. To take

‘the in-plane forces into account a complete cublc functlon is assumed

for the tangential displacements.

Comparisons with the existing solutions are mwade to establish.

the accuracy achieved on using high precision elements.
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m’raoqgg_ gow ‘
1. Objective:

Lhu ob,ectxvc here is to ldy the roundaLJun Lor “the
dcvelopmcnt of high precision Einxtc elemeits application progfam for
“the analysis of brldée deck, slabs or plate probléms. In one part of
‘;hg répbrt'emphasis is laid on comparison of influcnce éoefficichts
relaFive to the values piven by other researchers. Simultazncously
a study is done on centrally loaded slabs, the idea bei ing to estabiish
the‘acéuracy and confidence in the approach znd resulte. The
~computer run is relatively inexpensive and can be easiiy set up for a

specific case study.

The second part of the vesearch was to widen the seope of
the program to stiffened strucﬁurés. In-plane strain alemect for slab
is added to the program. A compatible bean clement is cons iasred, to
'anJL rse stiffened slabs. All these mocifi“ationo increase the capo-
bility of the computer program to nandlc Lho prnbt“mn on pl‘fﬂ benﬂinx,
- in-plane analysis of plates and pldte with bLl[feners,,corceutrin ar

eccentric,

1.2 General:

Many researchers have done work en the analysis of slabs of
various shapes and bounna'y conditions under HjFL“TUUL types of loads.
Theorctical sclutions to most of the problems de not exist and the

analytic procedures presented are limited to handle a specific problem
at a time. Fyrthermore, to incrzase the struectural cfficiency of
slab, with no increase in woiehr or redurpion in critical buckling

lead; the slabs ave sriffened eithesr .concentrically or cecentrieally

I

with reference to the middle plave of the slab. Such structuras are

frquOHITv encountersd dn ships and afreradts structures, waffle-floor

“slabs and mirder hridees,  Althoush sUiffancrs mike Lhe structure
‘ - .

cconomical aud aestistically pleassnt bulb, it ronds to complicate the

1

already difficale problem of siabl analvsis.
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Nowadeys slab strvuctures arz so intricate tha t nxrv

idealizations and sinplifyiug assunplions as regards te nateriasl er
4

e}
QO
I

wreic properties have to be resoraecd to 4n analysis, In the

£
=
.
o
e
-
o

present study the struccure is jdealized accmetrically by us;nw

clement mathenatical model.

foeat

The currant study has beea developed in steps, The first

2

Stage wae to analyse rectanpular slabs under uniform or concentrat
leading coniitions. 1a the seeoad stace shew or nou--orthogonal (mnon_f

vectangalar) edpes vera talen into acconnt. The scope of Lhe work eus

further 2utendzd by incornoratine bazn elemants te analyse stilfenand
¥ ! 3 ¥

» oy

structures. The program developed is capable of ‘analysing stiffened or
hn.L;foh(d slabs., The inherent ability of fiuite clenont foroulzlion
~ ke handle arbitrnry boundary conditions - simple suppori, frae or
clamped u:"c,.gﬂld“ sapport ete. with relative ease, eaables the
analviic praccdure to be eﬁrr:mcly flexible and incveases the

utility of the procran.

1.3 Rachoround:
Slal structures have b'Pn anavafn by vari as mvestisanoys

ssing different techniques. Many idecalizations and simplifyving

assumplions are made to reduce the structure to a forn for whish
i ; -

approvinate solution can be obtained. The analytic approach teo slab

strectures can be categorized mainly as -

1.3z Finite ULfleO e Soiution:

In this approach the slab is divided iato a st idwonik or
nctwork; Finiﬂe difference operators are used to reduce the caverning
~differential envations into a set cf linear aipebraic equations. Vont
11940) used this technique to analyse gkew slabs, Jeasea (1941
1947) presented his oun finite differonce network ro analyse skew glab
and skew slabs with curbs. Robinson US58), Vepiaobali (193%), Ghali
(1567) iasve inﬁcpcndanily annlysed vacinus eingle ¢ spun avd conidacus

slabs. The accurnev of the analysis depende on the five: ol riducrl

vsed,
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v-.?b Léuurj"'htnl Sleded Tests:™ T T s e e

No euact’ solutdons are aveilable to nrodlct tha LLnaVJOJr of
skew stifiened sind unstif fened élabs, anu as a result a aunber of
rescarchers and designers have re rrcd to wodel tests., Résults‘
'oﬁtainéd from such model tests serve te provide checks and verify the

analytical values presented by other researshers.

Kushten (1903), Yeginobali (1959), 2ush and Herpenroder (14969)

have done substantial experimentati study on skew slabs., Jenscn (21941)

and Gossard et al (1950), Kenncdy, J.B. (1964) are reported to have done

nedel tests oa skow slabs with edge stiffeninp beans. Camble (1961)

poevlormed experiients on the model of a nine-pannel continuous two way

slab.  MNebrain (1967) substantiszted his finite clemont rasrite for

cempesite plates by plexiglnss rodel tesis,

1.3¢ Orthotramic Plare Theory:
: Ortholrepic plate theowy has been most componly unid For tio
¥ , S A T )
analysis ot composite slabs. There are two thesries, one ns puesentoed

by Hubzs {1923) and the sccond, a more refined approach, by Plfugaer
‘('Q 5). Chv and Krisinamoorthy (1962) prescuced a clesad-forn
solution ta Uuber's equation to analyse composite beam bridess. Howevor,

.

ceentricity of stiffencrs was not cons 1dode in the analy:sis

Bridgc'dncks with different maﬁerial propertias for slab and.
g irders ware analysed by Vitols, Clifton and Au (1u463) using Uilugar's
refined thoaory.  Alibouch the rofined colution considesad the
eccentricity of ctiffencre and accounted for the iu-plane lePLQLrTLdLS
but, it is 15uited te right bridpes with two opposite &dges supported and
‘the other two tree. The effeet of stiffeners is averaged (‘sweared')
over tha piate width in oxihotropic plate theory. This nrosents
difficulty in scparating Plate dnd.stiifeuer moments, It is also difficul
to evaluate the torsional rigidicy coastint for the cquivalent ortha-

tropic plate

o~
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: : Ehaﬁz*’l945); Lardy (1)59), ﬁulnldn (1.67) Kenmedy & Huggins
f(lgﬁé)A Lyonbnr et al \1067), ‘have madc use:of series -golutions to.
dnu]yse skew s slabs under different loadlng conditions for various edge

restraxnts

Aggarwala (1967) made use of mappln functlon to analvv

simv]y supported rhombic plates.

Skew clamped plates have Leen analysed by Dorman (19533) aud
Kehuédy & Mg (1965) usinn Raleigh-Ritz energy anpfoab} Ke .dv (1967)
applied Galerkin' s varlatloﬂal prlnriplc to obtain deflection and
moments for skew plates with fixed edges. lMcElman et al (L966)
analysed stiffened plates cnploylun the principle of minimum potential

eneray.

The method of equivalent grillage was used by Lightfoot & Sawko
(1959) and Hendry & Jacgar (19 8) to analvse stiflfened plates. 1n this
methbd the stiucture wvas reduced to a vridwork of baxs whose
stilfness apprnx:nnteq the stiffness of theé equmvnlent plate and beam
structure.

One of -the best methods for predicting local behaviour of
stiffened deck plates is the one presented by Newmark, Siess & Chen (1938).
The same principlc.was later used by Jensen (19415 and Kennedy and Huggins
(1964), " 1In lhls apprOuch shearing stresses between the plate and the
sfofennna buauc are ignored and the solution is obpainedkby considering

the slab continuous over flexible supports.

1.3e Finite Element Method:

A rapid convergence to the true value and the ease with which
the Finite Element Meihod can handle rhysically and geometrically complex

structures has made it a verv attractive and practical nmethod of analysis.
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'Théiapprcach has becn qhnwn QQlealLPf to rhu Palvlgh P k2 vaLJnthnal

principle, applied tO\GaCJ )ndxv1dual-elemenL, ,Both_thennqleighnnitz‘

‘and Finite Blemeut methods ace based on the priuciple of minimum

. potential energy. - In the Raleigh~Ritz apptoach the displacement function

is chosen uniquely for the structure depending cn the deformation pattern

aud - bouxdar conditions.  In the F.E. method the displacement function

- .1s selected for the clement and the boundary conditions are applied to

the asscumblage of elements which represent the structure,

‘Since the first paper published on FEM by Turner, Clough, Hartin

and Teopp for the solution of Plane stress problem, various clemenls
. R N g

have been derived and suggested to analyse plane stress and bending

problems in continuum mechanics.

-The success of the FEM has been established and demonstrated
by nuinerous 1ndepcndant investigations. As the.present work ig similas
to the study done by Sawko & Cope, Heura;u, ‘MeBean and Gustafson, it
would be appropriate to review the elements used by these researvchurs.

A rectangular element with deflection and its derivatives [or
slope as degrees of freedom at each node has been used by Swako and Cope
to analvse single span and continuous skew slabs. On the skew edge they
used triangular elements whose displacements function was defined bv
imposing constraints due to boundary restraints and continuity requnxc—
ments. - In this clement compat:h;]xtv of slope is vio ated betwecen the

edges of the clements

Gustalson jnvestigared the composite action of slab and beams
using banding and plane gtress finite elements. He used parallelogramic
c]wment* A complete cubic po]vnomial"rcprn*out the transverse

deflection and the . in-plane displacenent funcLJons wvere - linear.

Later, Mehrain did an extensive stady of various possible elements

to ana]ysc skew composite plates. e also made use of a parallelogranic
L]Lm(nt for plates with three degirecs of freadom, i.el, vertical

dlsp1ac ment voand vetatinnal disnlacements w.. and ¥y at each node.  He
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assumcd a.cbmﬁatibie beam é]énnnt. r‘o account for Ln~n]4n~ stress ses in
OTpOSJlC art1an he ]ntLOuUPth rwo more unknowns u and v at cach node,
thus givi 1g five dcp ees of freedon pcr nodé.' To ailow for linear
~variation of stresses within each element he-vefined his analysis by
introducing additional nodes at mid-side of the plate aud beam elumnnuu,"
At these additional nodes the degrees»of freedom is the ia-plana

displacenent in the direction of the side.

ccently Mcbean used thi finite elcnent'approabh to provide o
nore accuraée and practical approach to the anaiyéis of stiffensd nlatas,
lle investipgated only re ctangular configurations. Mebean used the
qdadrilntc‘hl bending clement developad by Fraijs de Veubske,  Tour
xugu]ax elements are combined to develop  a quadrilateral clement with
four corner nodes and one node at middle of each side. A complete cubiz
‘polynon1a1 £or vertical d]§p11PLanCS is assuncd for a triangular clement,
Slmllﬂ]]y a quadrilateral plane stress element is (e"rlop“ﬂ by
combination of four triangular eclements., A quadratic ~L weinn fovr u and
v is assumed in order to have a linear variation of strain., This
quadrilateral plane stress element also has four corner nodes and four
mid-side nodes. keam clement with a mid-side node 51m13dr to the one
developed by Mchrain was used to idealize stlffen 1s The assembled
structure has f:v* degrees of freedom at each corner node, vertical
deLLCLJOH and rotations and in- planc displacements. Each'mid“sidc node’
has three degrces of freedom in-plane displacements and a rotation thus

giving a total of 32 degrees of freedom per clement.




Modulus of rigidity
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HOTATIONS

Dimensionu of tne Txlhagular PlaLe Element :
Coefficients of che quintic polynomlal for the tx*awguldr
plate bending clement ‘
Column vector for undetermined constants ay
Area of the stiffener-

Coefficients of the cubic polynomial for the triangﬁlar‘
in - plane platc element ' :
Columin vector for indetermined constants bi

Coefficients of the polynomial for the beam elemenr

Column vector for undetermined conuLat ts

Constraint equations for oblique edgg

Coefficients for the cubic polynomial for team torsion

élement

Flexural rigidity of the plate, Fg?

—— - (.

12{1=v
Generalized displacements for the complet& structure
Column vector for undetermined constantsvdi
Unit diagonal matrix consisting of clements of tha
diagonal of lower band matrix L
Modulus of elasticity for plate material
Modulus of elasticity for beam material

. th

Exponents of the i~ term of the polynomial for beam bending

‘and in - planu element

Modified Euler's Beta function

- Exponents of the itP term of the polynomial for Leam torsion

element )

Second moment. of area of thek;fiffener'element, with refer-
ence to the de—plaDL of pJate

Torsion constant fox the stiffener

Stiffness matrix as defined in eq. (13)

Stiffness matrix ag defined in eq. (15)

Stiffness watrix Ia global system for plate bending tri-.

angular element defined in eq.(20)
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~Rotatien matrix as defined in eq. (35) and given in appendix

Stiffness matrix as defined in eq. (31)

Stiffness matrix as defined in eq. (34)

Stiffness matrix as defined in eq. (38)

Partitioned matrices of K :
: 2ep

Stiffness matrix in global system for triangular in~plaﬁa

plate element

Stiffness matrix as defined in eq. (66)

- Stiffness matrix for the beam element as défined in eq. (68.1)

Stiffness matfix as defined in eq. (79)

Stiffness matrix for the beam torsion element defined in eq.(Sl)

Stiffness matrix for the complete structure

Dimensions of the beam element (

Dimensions to define the dimensious of tha plate

Lover hand of the banded symmetric matrix K ’

Exponents of the ith term of the polynomial for &he plate

bending‘elements

Half - band - width of the banded symmetrie matrix K
Moments

Size of the NxN symmetric banded matrix

Coefficients for moments

Entries to the consistent load vector for transversekload

on the .plate .

Column vector for the loading for.the comﬁlete structure

Point load

Exponents for the ith term invthe polynomial for in-plane

displacenents in n direction

Ekponents for the ith term in the polynomial fer in-plane

displacements of the plate element in Edirection

Rotation matxix as defined in equation (16) and given in

appendix 22 -

4

Firet moment of arca of the beam element with respect to the

reference plene of the plate




£ Thlckness of the plate
IT[ Transformation matrlx for plate bendlno element as deflned in eq
(8) and given in appeudlk 1. '

Transformation matrix for plate in - plane eclement as. deflned in

eq. (26) and given in appendlx 3
lTbI Transformation matrlx for beam bending element as deflned in eq.
(55) and given in appcndlx 5
1T£[ Transformatlon matrlx for beam tors¢on element as defined in eq.(74)
u In—plane dlsplacements of triangular plate element in § direction
u In-plane dlsplecement of the beam element
UV, Ceritroidal displacement for the in-plane triangular plate element
Ub Strain energy for peam element in bending
Ue Strain energy for plate element in bending
Heé Strain energy for plate element due to in plane deformation
Ut Straip energy tor beam torsion element
v In ~ plane displacement of triangular plate element in n direction

f{Vl} Column vector of generalized displacenents (ul,ugl u l’Vl’Vgl’v b e
in local coordinates for the in plane plate element

{Vz} Column vector for generalized displacements (u

in OLobal coordinates for the in-plane plate element

v} Reduced column vector for generalized displacements in global
cooxdinates for the in plane plate element

'Ve ‘Virtual work done in bending by the plate element

'{Wl};{W} Column vector for generalized displacements for the plate
bending element

'{W3} Column vector for generalized

(V,VS,W,WS,WSS) "~ Kinematic boundary conditions on ‘oblique edge

X, Y Global coordinate system

£, n Local coordinate system for plate elements

A Langrangian multipliers

B Skew - angle

0 angle between the local and global coordinate system
i Potential energy of the system

g Stress for beam element in bending

-

Rotation angle for the beam element

17U, 04 l,vl,v l’vyl"")
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L5 Outline of the Report:

In the prcsﬁnt chapter the literature has becn reviewed. In~’
chuﬁtcr < the derivation of théiétiffuéss mdtriéns based on small
déflcctioh“thcory aud encrgy principles is outlined., The devivation for
éoﬁéistént'loéd vaector Eor‘pléte vending element is also included. Normal

tranverse leads are the only tvpe considered in this report.

“Assembly of clements and solution of symmeflric:banded matrix
is discussed in chapter 3. The various metheds to handle oblique edges
are also reviewed,: :

Comparison of results for unstiffened single span slabs is.
‘made in chapter 4. Conclusions are summed in this chaptey for slabs

~under concentrated loads.

Two examples for eccentric stiffencrs and one for cencentric

stiffener are presented in chapter 5.

Recommendations are outlined for further study,

A7note on the computer program and the. flow chart are also included.
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U CHAPTER 2 .

DERiVATIOQ OF 3 idFNT PPOPEPTIP

2.1 General:

Thc uccu“acy of snluLLon by tho f:hwto element method is
dopcndant on how well the JomenL dcformntlon characteris tlc represent
the dcflectcd shape of the actual structure. TFor a detailed and
comploLL discu551on for the selection of dis p]dccncnt function and
Finite elemvnt approximation reference is m1dn to the books by

1euP1Lvlcz & Cheung (33) and Przenieniecki (22). However the
cssentlal criteria for the FEM solution to approach the true solution w1'h
increasing fineness of gxidwork and the criteria of Lhc FEM to provide

a bound to the strain enerpy convergence is briefly mentioned here

‘The displacement polynomial must dnclude all the rigid body
modes ‘and the states of unifornm straih. The polynomial should be complate
and. wust contain Lhc Lerns to JnL]udv the highest order dorvivative ‘
ocuurrlng in the strain encrgy xntcg al. Transverse d]splaccwnnu and
normal slopes should be continuous at the nodal points and thc cdpes
of the elements. The degrees of freedom should match the number of torms
in the polynomial. |

Interelement contihnity of stresses in che displacement model
is extremely difficult to aca10ve even if all the conditions of )
compatibility are satisfied. The elements presented have a quadratic
reptésenration of stresses. and the stress discontinuities between adjacent

clements is much smallcr Lh an lowﬁr order elements., -
CDERTVATICH OF _THE PLEMENTS

2.2 Basic assumplions:

The results presented are for thin plates, hence it will bhe
appropriate to list the assumpiions underlying small deflecti ion (Elostic

analy is) theory of tnln plates. Tihc assunplions are:




~1ii ‘Leam element

AR :

5; 155 thickirss of plate is small as compared. to -utcral J1m nsiﬁﬁé.k

b) The deflection w, in the 7= direction is a function of x ard 'y only.
c) Nofmal stresses to the widdie plane do not affect the deflmction;

d) Hormal to the unduformed plate and stiffner struature re mniﬂa straiznt

and normal Lo the Jdeforund structure. ‘ .

e) Hoole's Law ix vaiid for in-plane stralins.

£) Energy due to change In length of the middlze surface ¢f plate may ve

neglecied i.c., doflecticas/thickness ratie is sr2l); for plate bending.

The thrce elements made use of in the anzalvsis zre:

i . Plate beading element

ii Plan2 stress element

.

The-siab 1s assunmed to be hmmogencous, elastic zad isotropic.

The stiffncrs ara m;db of homogencous, elastic and isutvopic rmaceorinl.

Yo relative mcvument vceurs betwean the plate and stiffner elenont

duriag defernatien i.e., slab and stiffners are considered fategial,

The bzag clenont is considerea tersienally weak and hence the torgion

BT
4,

wacqupled.

4.3 Plate bunding Blement:

A tuventy one dearge of freedom, Ligh nlurld-OA tiia 1wu1v“ elomant

develeped by Cowpsv et al bas boea usad.

CThe assumod d;»:]dLLﬂ At field in lecal co-ordinatos fig (L) is &
- | P SRR
w(&,m =.ul 4 a2€-+ 24M - aag agén +.?Gp -+ a.b - dg,;u
B 2 . .24 2 2 3
a, . + & UlR: + sn. o ka,.n ok
Taghnt b aygnt bag b +a Bk agaE T+, EnT b agn

- 3.2 %3 = 4 5 ' o
& . N7 o+ g L ¥ . 1
65, - d. -,\, n -4 d,l?.b‘ N n dlgt,n o ﬂ.)ou . . '(‘N

0 : | , -
w(gmn) = ) oa g™ ‘ . SR (.

The &1 teph has been caitied ©0 as Lo have nermzd slope aleng elga

B

[N - ARSI S [ RIS v IS I
n= 0 be 2 cubic dn &, The conditdon fhat aorma slope te o cnbic aluns

¢ C




’ffhc orber tvo edgcv of the c'.'Len'.rmm.. vield

"SB’Ca  +’(3 /é ; °b'¢)a o (Zbc4 - ?b3c25é + (05 —kéh ck)a
o 16 b - “1r N 18 - M 1.9

4 - s
- Sbela, =0 (3)*_
| , . R [ . ' P

’ Jafcal6 + (3ae? - 23‘&)&17 + (-2ac” +_3a3c2)a18 - (Csﬂf 43?C3)

4 .

+ 5ac a9 = 0 | (4)*
'Tﬁé cdndition £4n 0 and equations (3) and (4) assure contlnuﬂty of
displacement and slopes along the common edge of two elemeunts, Tn:

variation of curvature is quadratlc.f

The eighteen generall?ed dloplacemenls for thiele ment, dﬁrlectxon
and its first and second derivatives at each node, cdi be related to the

coefficients aj as .

tug} = [r,148). o (®

where {w }T = (w,, w w Wy w V W W) (65
1 1> V81> ¥nis VEE;s VEnis Ymmps Wps ces Wppg

@ Wt - ) AR 73

an = (ags a5 a5, ceen, ay, )

Considering the constrainﬁs (3) and (4) in (5) we have

Wi

1y = mw ’ | )
0 : ,

The matrix [T} is listed in Appendix 1 and is defined by the geometry
. . N l) .
of the element. The determinant of [T] is w64(a+b)17czot(az+c“)(b2+c2)

which isvsingular only when the area of the triangle approaches zero.

\«.‘.L :
Y=t 0y (9)
. 0
{A} = [Tz]{wl} (10)

where [T?] is 20:18 matrix having first eighteen columns of [Tl]"l

For detailed derivation sce reference LR514 (4.
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"~ The strain cﬁcrgy of an isotropic plate element is

O U T R 2 | A
io= = Dff{w. " oy L 2Vw Wk 200w, ) A 1
le 5 f.{vgg wnn 4 2vv€€wnn.k 2( J)pg n;dgdn | (Ll)
Ue can. be written in matrix notation as

u_ = £ p{AY [k]{A) A (12)

sher ‘= (. ~1) {m, - +,~4,n,4n_ )tn.u, (n,-1). (0. ~1)F
- where Plj mix:a.._l(m:L J)\mJ l)F(miFnj ;,nl+nJ)FnluJ(n1 1) (nj nr
(mi+m5, ni+ﬁj~4) -+ {Z(va)mimjninj + vminj(mi—l)(njfl) + v(mj~l)(ni~l)
, mjni}F(mi+mj~2, ni+nj“2) ‘ : (13)

F{m,n) is Euler Beta function. All elements of the matrix [k] can be
evaluated automatically on the computer. Using (10) we con write

ielatioﬂ (12) as

U = 3 Dl Ir, 1 1 T, ) e
v, %J% D{wl]T [Kl]{wl} . (15)

Displacements {w]} can be transformed to displacements in slobal

systems by the rotation matrix [R], such that

{wl} = [R]{w} . : (162
where {w} = (wl, Wi1s Vyps Waeys Vxyps Wyygs Yoseeaiii..) 17

and [R] is given in Appendix 2.

(15) can be written as

U, = 300" w7 ORI - (18)
S RN TSI | | (19)

where [Kp] is the element stiffness matrix for plate bending in

global co-ordinate system, such that

k1 = R, e (20)

2




2,4 In-Plane Plate Element

The in-plane displacements u and v are assumed to ‘be a complete

cubic bolynomial

L2 e 2 3., 22 . a2
Sue= Ll t bzg + b3n + o4§ + bsgn d b6n - b7£ + bSE n + bgin ﬂ
b, gn . (1) e
'kv=‘b"+b &+ b r+1§ F2+b.E +b’ 24y 53 + b, £ +
LTI T P1a% T PpaTh T s ¥ bygin A byan 4 by 17 N7
2,3
w0 . : : S
u=_ yb.gainti : (23y
: Y 1 . .
. is=] .
v= ) b&Pigly ' | (24
en 1 . : .

The twenty generalized displacements to match twenty co-
efficients are u and v and their fivst derivatives at each vertex and

ué,'vvg the displacements at the centroid,

The generalized displacement vector
SN ' _ B _ .
{VJ} = (“: Ugl» Ur"la V'l’ Vgls vT]l s Uzs vy Vn3s u(':: \ C) (25)

- The generalized displacements can be related to coefficients bi as’

. = [r N . ! ; 5.,\
{Vl} [rep]{l} _ ‘ (263
vhere E {n}r'= (bl, b2,~b3, Ceee, b20) S ) _ 27y

an: [Tep] the transiormation matrix is defined in Lppendix 3.
Thc.Lransformation matrix [Top] has non zero determinant, fe)
{n} - (1 17wy ' o (28)
Fep 1 ‘ . )

The strain encrgy due to £ in plane displacemznts of an element

L]
7 Ihy } 2 L 2 N R ) 2‘[ ) 14
S L LA O 2V IR T T T S AP SR . )
u - 5 ffLLr bt 2v.g«p b (pg ! \5) } ﬂ[uq 29)
= | H ¥ . 0

Poa01-07
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In macrix notation

Et

P 9 (1-v2)

‘ ']' - nf,wb | k .
{B} [kep}{“f ) . ‘ v (JO,\
wiere the elements of [kep] are givén as
; xep iy = rirj F(ri +- rj -2, s, + sj) + qiqj E(pi‘+ pj, q; + qj ~2)

1"'\»’ | \ ) n ) -
+.- 2 [‘-‘isj F(ri + rj, Si -’ s,i —2) ' Pipj ‘(pi + pj —“.’ qj - q.’.)]

o

1-v ‘ I 5 :
o | 5 Sjpi + Vrjqi] P(rj k- py - 1, Sj k- q - 1) + [*i- .s.iyjfvriqi]r

F(rik+ Pj -1, s; + qj - 1) | ' , (31}
r, and s, are zero for 4 > 10

pi'agﬁ q; are zero for i < 11,

from (26) and (30) Qe have

Et =1

BB ee—— T m -1 ) 4 .

C 2(1-v?) ! [leP] [kep][mep] tvyd (32)

- L Et : T i | — B

Vep ~ 2(1vDy {V;} (K o1 (V) 33

. where [kleP] - [‘cp—llT [kep][Tep-l] (34)

The general displacements in local co-ordinates can be transformed

into the global system by the rotation matrix [ReP]'
= : 7 ’
{vl} [Rep]{\z} | o (@35)

where [Rép] is defined in Appendix 4.

The strain energy for tangential displacements in the global

system ‘is

SATER L

Lop) (R 10V,) | (36




e

L Et«k‘ e P
voo=—E fv bk, MY)
@ g-vy 2 P2

: . ' . ) ?l‘
‘he 18 = 1 4
‘kkcre | L&Zep] [rep] [11 ]

JIR
ep” " ep
The equilibrium equation for an elenent is

Hv 1 = {
| [KZGP,{\zl tPep}
~where, {Pon} 1s the 20 x 1 load vector.

‘Fguation (39) can be partitioned as

K _ K -%
o ) ‘ (e1e4
T T =
T ' 1
4 2 r
]oc kcJ Ve
- ) L J

displacements;

e
Wt = {5
. c

- T _ X o i S
and {V} = {ul, Uypr Ygps Vo Vigs Vyps Upe eeees

Equation (40) can be expanded to the form

i ‘ [KOJ{Y} +'IKOC]{VC} = {po}.‘

RIS o e
x ] {v} + [hcl{vc} = {P:;

“Solving for v, we have

LI
-

"

>‘~ Ar '71* - - r ."],- . 1_[ rer?
{Vc_} - [I\C "'{"C‘.} p\c J“\OC" {v}

Equatione (43) and (45) yinld

¥ oy .
. [to]F } : Pear ~ o

Fo el
ik, 71

1 .

N A .--’ . : -
4 1 oo i e v p——
11(,(:,,11(: ]f 3o d

I

1P

¢

y3*

v

4

_where the subscript ¢ denotes the contribution of the centroidal

(39)k.

(4G

(43)

4y
(45)

1,00
(_w".),‘
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B L L [ L )
. . . =1 T ‘

IR =T, = DI ) (4®)

and {2} - {2y} - [k, 10K 1{} . | | (49)

"~ The equilibrium equation (39) for an element can be condenseéd
to k »

[k J{V} = {p} | | - (50)

2.5 Beam Eleument

- To be consistent with the platc bending and in-plane elements
the beam element is derived by energy principles. The axial deformaticn
function is a cubic and the bending displacement function is a quintic

polynomial®, to be compatible with plate in-plane and plate—bending

elements.
W, = ey Fepx b ogx e | (51)
IR 2 3 9 “5 "

v = g | CeX + cox 4 cgX b CoX + ¢y 0¥ (52)
Lo,

u = .21 ¢ x°1 g, =1-1=0 1>5 ‘ o (53)
i= ~ :
10 | ¢

w= ] oexi f,o=1-5=0,1<4 (54)
i=5 ,

The generalized displacements considered are axzial displacement u, its

first‘deriﬁative, deflection w and its firsc and second derivatives.
{6} = [, el o - (55)

. o
vhere {8}" = (ul, u, o, Wy

%) %)
3 3

> ¥

1 1

ax. P s W )

1 2

and [Tb} je the transformation matrix defined in Appendix 5. The deter-
. 13 . :

minent of [Tb] is 124977 and is zero when the beam element reduces to a

poiﬁt.

* ) . 4 Lo e .
TFor the beam eleuwent in x~direction. (Fig. 2).




,. <1‘1’~~“ ’..'lp;-

’

L= (e

. -

:Thc”strain energy cf a bean clament in bending iz
",

J[” = dxdd 7
o' a F . | - o

du 0w, : ‘ ‘ B
o, = E(g; -2 — ‘ - ) ; (58)
_ ox :

,Engtidus (58) and (57) yields

E_g)~ dxdA ’ . ' Css)
8? .

oo
<
;l
EH G
————
b
——
——
QN
e
.

e . * ' 2 »

o D 7 92 ’ .

J [{({?—g‘ -z (G & 4 2 &) drih (69)
A s '

)
LAY ox ox

e . 52 2 T
S 2[ {8 <"“ (~‘~‘M—?> +1 ) ax R (3!
: ox va A :

wher&‘Ag is the arca of 'the stiifner; Sx, I are the first and the
°")ud moment ol area, respectively, nbnut the refcxonce p¢dnu, i.e.

mnd*snlfacc of Lhc slab.

'lefercntlatlng cquation  (53) we have

’ ’A.
. ou ¢ 8.1 o : 4o
i=1
, A 4 : .
a2 o - +g -2 S ”
%%." ) ) nicjgig‘ x 55 gj o : (63)
- i=l =1 T 7
L
' [l- 4 [ SR ]
2 ] 4 RIS Ly
J G7 =) ) N B (&
0 DA , i""l j 5 - J .J g?.j‘ ' L‘j L .

Similarly expanding other fprae of the strain enargy
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~ expression, integrating and in makrix nctaticn

v, =3 r i)’ i ie SRR ; (65

foi)
S

g.te, "L 2 +E2
- ?‘.611 i‘.-\_‘ Q@ fo ¢ (= _:_:1 4.
Lblj = A g %3 zi';"‘::‘]_] Dxtblij (J_‘_ ?.’i‘f‘:,'? + O.fi(f'“l)
o pfiey- iR e
Ll £ F(f N X 3 Bk i ’ ‘ o
. gj’rfl—_z P 1{*5.f3“ i-1) ‘f,J'-l) f 413" ST - (66)

The elements of [Pb} are givza in Appendix 6.
From felations (68) uad (657

o=y B A8 [ T 1 Ther N 2

Tea

b» R (6)° [Kb]{ﬁ} R : | - (68)

TS B S |
whelg [hb] = [?b 1 [l_.b][lb ] | : . ‘(.

(4 2
(<]
.

3
~r

As the directicn of the stiffner is ceincident to the global co-ordinste

system, no rotation is requirved.

2.6 Leam Torsion Elenent

‘The rotation anmgle ¢ for the beam clement is assuvmed to be a
cubic. The génaralized disé]acements for this element are ¢ and its
first derivative at each node. A cubic funciien is assuwed for ¢ in
order to bé'cempétibla with the piate.bandiug elewent and also to
satisfy the reyuireinent of nermal slope to be a cubic along an edge of

an element,

: , 2, K B ' .-
P u‘dl Hodyy d3x + dax . . , (64)

»

N
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~In matrix notation

{w,} = [Ty {py )
vhere A N A TP A I

| 1
{DT» (dl! dzﬁ d3’ C4)

~And- [TT 1 15 a 4x4 transformation matrix required as

where J is a torsion constant and is approximately

3 : .
J & Eh~ for a rectangular section

4
b = : hi.1
) d; by x

i=]1 .

4 4

'¢x2 = 7 d,d b b, ity

i=1 =1 -3+ |

Than equation (75) yields,'in matrix form

..E&I

U W } [Tm ]'LKT][J ‘]{WB}

(70)

(74)

(75) -

(76)

(773

(78)
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where the clements of [kTJ'are given as
hlh —1?
) N s 21. J‘.
Lol = (1-1) (3-1) S
TG (1-13G-1) h.-+h -1
h 3..
: GJ T fn
U, = —= {w, £ 1w
T 2t J} [ 1]1*3J
wiere [LT] [Tl ] [kTJ[ﬂ
Tha stiffresc watrices [X ] and [Y”] for the beaw elemant
derived for the beam elements paralLe] to the y—durectzon of thu

However, beanm elements can be
1tnLLng x by y in the 2bove derivaticns

- 2.7 Load Vecter for Transverse Loading'

lhc loudwnb condition can be simulated either
ontvlbutlon for every dpgrec of. freedomn from the prinrlple of vi

n)l or hy ]unp)nv the OQU]Vu+&nL load at the nodal~poiut¢.

are

510&)31

considered’ Lufy»olrcction b) Just

rtual

The weyk done by a lcad of intensity g over an clement is .

Ve

JJ quddn
Xai JJ q

By relaticn (2) and (82)

Emnnul d&dn

]

Ve

it

in>m$£fixinotatiap Vo = {A}T{p}
where Pi ='fj :mi nd d&dn
'Bﬁ relgtion (105 and (85)
.Ve &= {Ql}T[Tz]T{pj
By relation (15) and (36)
| Ve {w}T{R]T{T ]T{p}

(62)

(£6)

(67>
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The consistent load vector is

e} = [R17(r, ) {p) | ST (28)

’Lf the load is of uniform intpnth; q. over the element then
Py in relation to (88) is given by

Py = qo'” g 11] 1 gkan o ; (39)
Py T q Py, m) : (90)

1‘If the load is a concentrated load qp applied‘at»a'point Ep ) np within
the Lr1ang1c, then in that case the terms °f;pi in relation to (88) are
given by '
nmy 14 '
Py =4, Epl npl : | _ | (21)
The load vector obtained as above is called a consistent load
vector because it is derived from the principle of virtual work td be
,cdnsistent with the derivation of the stiffness properties of the
element. In the case of the lumped 1oad vector the load intensity is
: converLed into an equ1valent system of loads actiug at nodal points.
The bound to strain energy is provided only for the case of consistent
load vector. For a.moving concentrated load acting ‘at a nodal point,
if the relation (91) is used, the only significant contribution in the
load vector will be to the degree of freedom correspondlng to transverse

'deflecLion, the rest of the terms working out to be nearly zero. Thise

~is equivalent to a lumped leoad system.




CHAPTER 2
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3.1 Asse 11v of Llc?uwug'

In tha presant verk three di f roent plOulev are considered viz
(i) Single span slabs (i) 5labs with ccnccnttic stiffenors (iii)‘ﬁl'bq
_with eccowcr.h’suiffeaets; For siﬁglc slab, on1v plate bending type
fiul zlement is ruquircd to define che deformation pattoern of the
structure uader nevmal transvorse lands. 1o the case of slabs stiffened
with concertric stiffeners i.%., the sentre of gravity of the ctiffonor
Licg on the mid-plane of the slab; The figite elements necessary to
represant the atructure are plhte'bcnding cizment and thz b
and ‘torsion element. Plato iéndihg ulement, inwplhnc slah cle ﬁnwL
baar bendiag ciewment, coupled axial duforyntion and bean Lorsjon simsanc

are required to represeat a loaded com posite slab,

lao folloaltn refquirenents nust uc 1WL tanrously catisficd wivite
: ! 3
Cany bl:n findte elements,
a) Egquilibriun - the interaal clemont [ore "s and the eutarnal apypiied

forces al oach nodal noint rust be o Lqu]]lh)lUW.

s Compativility ~ in the loaded condition the adijacent elemeats et
. i 3 :

have coutinuous deformation.

On assermbling two differont structural type clenents sueh as piuate
Celuzment and o beam-elenent fie. (3), nddifionul cenditions of
compntihilitv st be satisfiad, Thz two cicmcnts ruat rave comnatiblﬁv
VQ“fOJPlLlOU prrLers an cquivalent dearacs of frecdon. Tor the cri??cﬁc'
in = ¢ireation, the ﬁcnanligod displuconent s w,»wx;'wxx, Uty v "wxy
Are added to thc corvesponding degrees of freedom of the plate elewesy
at thﬂ common uwode. - This bearm climent in » direction has zero
contriburicn to aener alized LL“DI"CLH“H'“ Uge Vo Vo vooand v of the

plate elenent,




3.2

(T

e

Bbuqﬂprv'Canjtioggz

Dlo of mlnlnun

Bv virtue of the princ potential energ 3, only
acu;al or kiucuatuc boundary conditions need be applied. Torce

boeundary conditicens

are questionable and normally lead to added

ctonstraints

structurcs ran

~supported edge

1)

and hence a stiffer structurc.

There are a number of ways in which the obljique edgses in shewed

Automatic boundary conditions on a simply

(7)) are

e handled.

making an angle § with the x - ayig fiy.

Flexural roestraints

W o W
s

H

Woond W
[ Ss

(34 S

b G (92)

S..

-where W, are deflection, its first and second derivation in

the daroctlnn of the edge.

.

ii) In-plance deformation restraints

! ! N . . ‘ "~

Ve V= ¢ _— (93)
. v’ and vl 1 Gmert it 2 in tie
vaere Vooand Vs arce the in-plane dlel?fQWQRL and les slope in g

direction of the obligue cdge

Jhese can be expressed in coins of dérivatives of the plobal

systen ns

Vo= CIaT
7 - > 4 B4 §
N oas = W, Cosf 4 W Sinf (95)
W == 0= W Gosi + 2¢_ Sinfcosd 4-' ¢ sin’g (36)
Ygg 7T = W Los “Yiy oinpCos e yy U M 7
X / 4 ) ’ ~
Vo= U Cosf 4V Sinf (97)

s a2 ' Sy L Vv 91 Zé. o5
Vis= Uz Cos f A4+ Uy - Va) Ssi no Coa -+ Vy Sin% (es)
One way te apply there constraint eouations is, say in equstion (L),
to expréss the term Nx in terms of N" and thus eliminating W .
J X
v on:/ Ca e
VX e : v (oo
e, q., ’ = - Conf )
similariv Tor ocher conditions.  7This incraeascs ths computacional
anfiioelbofoa, Auethor wav iy Uo eonailor tha vnuations (B0 Lo (99)

.
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as con.Lr1JnL~ nqd the ooner‘lizod dnswla;emtnrs are ohbained from -

minimization of the potential nneryy

The potential energy of the system is

4 {DS}T [i{]{nsj - iDq}l {r’gs ? (mé‘).v

and the constraint ecquations are

[cc} {“r} . 0

N
Y
D
b

o

Thc use of 1an9gangian multipliers '.....,feSult ina
5y tem. of uqua»xons .
. : )
B T
K Loc? D P
| [} s S
| =
T T e e = - il - .
c Lo A 0 (107)
e ' . J
A | .

which can be very easily solved. This techaique though simple has a
distinct disadvantage of being cxtremely demanding on computcyr storage,
sinece the structure stiffiess matrix loses tha banded nature and has a

lot of zeros.

The boundaxy restraints can be directly applicd"by acally fota;lﬁg
the nodes lying on the boundary by an orthozonal systcm such that the
generalized displacenments become W, Ws, Un, Wss, Wsn, Wnn. ‘
'Mathdmatically it inmlics to premultiply the stiffness matrix by the
tranépose of the rotation watrix and theq to post wmultiply by the
rotatioﬁ matrix. This method has an advantage in that the symmetY¥ic and
the banded nature of the structure stiffnecss hnfrix is retained; which
can be used for cconomic storage location aid operation time of the

computr,

3.3 Solution of Fauations:

On agsembling the structure stiffness matrix and application of the
boundary conditions the problem reduces te the solution of the matrix
equation [117 {D - {3‘) (92)

- s )
whore LK is the structure stiffness watrix.

.
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‘Dsi is' the displacemanr victor.
2 , :

and [Pg is the load victor..

The Qize of rhu m1t11ces in c1uat1vn (94) is a function . of the dugrces*

of fLecdom pcr nodv and the flnLn"s of yrldwork. It 19 imncra:tvp Lo .
havc an fflcjan mnthvd of solvjng the dquauloﬂ (92) cupec'nlly when the

_vomputcr momory and operation time are additzonal restraints,

Wbon Lany rangian multlplltr: are used to satisfy the boundnry
,condltionb, the baunded property of thL tlffn ss matrix is lost, In

suvh a cas o Guuss tof al cllmlnatznn maethod ray. bL used. This m“i.o~~

can Lakc zero valuos on the leadlng dlagonal hnd the p igion of results
i very good. Tt has a dlstlncL dlaadvantare of being leL cnnsumlnb

and very demanding on computer memory. The technique is attractive foy
it being very simple and casy to use particularly wvhen the number of
Cquatiohs is not very large.

The symmetric and banded characteristics of the structure skiffness
‘matrix are retained when the generalized displaczaments of the nodes on
the ohliqué edge are Jocally rotated. The edge condition ean bz applicd
directly by zcrﬁinp out the corresponding row Qnd column and pulting
a unLty on the main diagonal of the structure stiffness matrvix. There
are numerous alpornthms available for the solution of svﬂmgt.
matrices. In the present work the solution of the 11n *ar equation as
given by Wong (30) is odelned by applying crout factori, tion ‘scheme

“to the banded symmetric matrix [}\J.

The matrixz [K] can be split into a preduct of a lower triangulay
matrix L and an upper triangular matrix U (with a unit diagonal) such
that i K=1L (93)

Since I is svminetric
=t | (94)

s . . o . T
wvhere Dl is the matriz consistency of the diagonal of L and 1.7 is

the transpose of L.
K= u;l"l Lt (95)
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-~ The dlaplaccment VGLLO Dé’in equation (92) is obtdained by.
nerformlng the Forward suhstlturlon LY =P £olio:ed by the backwaed
substitution UN=Y. : U i3 expressed, completely, invtcrmg éf'alﬁmenﬁs
bf‘L, hence the substitution and factorization alporithm operates only
or the clements of L. The limitationfof the above scheme is that the

stability is assured only for a positive definite matrix K.

The: Pomputer menory and étofage are used most écmﬁox;n lly by
stozing the e]omeat of the lower band of the stiffness matryiz K
1n-avonc-d1men51onal array. The elemente of the lower band of tha
symnetric matrix ¥ are stored in a LBR (lower - band - row by réw)
mode, such rhat, the elements of cach row immediately following tho

pxﬂcecdlnn row are stored in a one-dimensional arvay.

The location of an element k(J,J) in the one-dimensioral array

S5(k) is determined as

oo 1021, for < mal R TS
5 - .
and k = im4+j-mn m+1) for iz m+1l (97)

vhere m is the hali-band width of the banded symietric matrin K.
The size of the one-dimensional array S(k) to store the lower hand

- of the 8 by W banded (half baand width M) sysmetic natrix is

> (:—1+1; (24=) (98)

Special care should be exercisnd while applying the boundary:
conditions in the above mentioned schems of storage since, the locatimm

of the elament hasg been shifted.
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oo and co:'.r:".f:fr:mic.: af tha ‘-hi;;h precisdien siate bonding

'olamunt hns saan veryowvell dom'ﬁunred vy Cowpor et al) (LYo Toias elepens

“”u brien uaed ta 1hq]"%ﬁ shav glabe of viavious bovncﬂrv condi!ionag,

sunder waiferaly distridated Joad, by Desikan {6). The pragenl wers:

‘
[N
<

an crteusion of chie work Jonc by these iceoarchoers,

o
sl

Slabhs oth twe sides sinpls supnovted oad tuo sides froo -po

cr aniforn . load and tha voment co2ffitiantn at Variouo polels

have Louon counazed vith those ma-m'uud by Yezinobonli (31,32) fo Tabie
Boote pahie 3.0 Thz reaults are in escellont apvecoorn , Tl
edgens Mels de Jue to the fact thut in Findire alcmﬁn: e tiing kinemag

Boundavy conditions ave applicd rather than force boundary acwiiticon
cesides, stressos at cornsvs arvre not 2oro as aiven vy Yesinabali,  Uha
coavaraence foroa square piale i3 tabuiared dn Tabls 4 Al Comonrison.
001537 du ervor o thoe omact

nd vae values {or 4xd oarid are excelleat and wers clnse Lo Ui

flaon Then the ones given by Gustafeon for a 10

210 prid weine

s paralicloeraric elennnt with 17 depvees of frcedom.

Table 5 shows the ecenvergonce of the v 1nov obtaiucd {er porzile?e-

ﬂramiC‘piatcs vivh bwo midos nirwlv supported aud the other two frec.

Lt s obmervad that the ceatral defiaction, leagitudinal moment and Sounin

s Mot

onergy decvease with insrease in skew, Whereas the transver
. : 2
Jnicvenzes wilh the dnereass in skcw, The anLr°L defleciion Zm zoin

-

60015 tiwes the eccneral de f‘\CLJWJ for 60°

The variatia:

of ceutral Jeflection and longitwiinal moment uith the aunle of gkeo 45

avite sicnificant while the var idhlnﬂ of the transverse menent g 1k

that markad,
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- 30 = ~ ‘

<
"t.t..l.

unported nfﬂnaf £la $‘uﬁdér a‘éeﬁtral loa&;
Thék60nﬁer3eﬁ¢: §2 één ral def Testion i3 plotred in Fig

aud tabolated if Table 6. The pist of wonment ot the aonirs with thoe

 \f5nenesh of ﬁrid is sﬁnwn jn,fig{ (10).' The plot shows that és,trc

finive eiiwent ;rid is refined, <he slab appzoaches the true plste

cnndirion ot nzec , rhe stress under the noint lowud tend to daflinicy.

l'

This is in accordance to the classicsl plocy theory., Fig) (12

that the monant variation aloug the line o‘ symmelry is in exe=2lleont
agreenzat with tha exant solution ajven bv,ﬂi shenite (27)

freo onothe

622 Centrally Jeaded slabs, suoported on b

cther tug:

Central cir:"]C(';t:'.ons»are "éamphrvd in 'l‘c};le 7 ”Jtn the €xperinerstial
ftsultsrgivcn by Robins son (2)). Hebins ﬂw tortad mild-steel plates o /80
lhie}n Js énﬂ width of 12 und gpanning 127, - For zoro sXew the {ﬁn}:"
o loviane ipﬁ:;:ivu"cv ﬁi"é? a stiffer structure ard the 2eviation frr;

'caperinauLal,"osultf is nearly G4, B fbr baféllcl.qr‘ﬂ e 513Ln'LL~
results are hisb

i 3 3 " : P [P T “es . . e
uartluliy ba due te the vestraints sopiicd at edges, in nodel tests, Lo

preveat the plate corcores fvem Lifcing, o

Priceilpal bealding anieats at nid-mpar arve conmpared with thnea aivan

- v
;. Y ey - LN & - Yo o= D | g e M Nt < M = ° .2 ", D 8 ) N
Py Dubincoa (03 o glabz vich 00, 25 ange A4y wshows Uader the leosdg
o b .t . . . - Ti8 ritm ey L e s fe .. -~ . -
e Landt. olauent valuas are hicher.  However st ocher peints they aro

e e ] '4'7“ 7 L4 AAFCIR S f‘ . l\“' o 18]
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wobinsEoaa (7). 2 lsn uyeseniad v ]au using finjto
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[
5
[
-
job)
{ox
-
]
)
<

‘ 'Eszo"‘* smevators, Yasle 5ol Table sirow the

Aoy ety S en it CHNE PAPE s o - B N A T Ti 3 Aty eyeeg M PN T e s
compariems of Wgovaloes with the oue ebrained by high preciafen elonons.

s ddffer o o oahenr s s 3 e hriveen tho Lo appromimns foaaa,
SUoahoolsd oy o served thal the coencralodaflections aud Lhe Prineiple
Sovimiatien T B I S I N Tos b et e =y Y exver o .
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e convernence of geflecndons and

Stie finemess of untusrbk is tabulated in -

Figs. (13) o finz. {21) show plet of lonnirudunal and: transuores

SRementls sleag the rid-epan and line of symvwtry for centrally loaded slabg.

v is observed that tiie ealves for erude grid are not in ruch orror

s

toe . the ones oLL sined hv the refined retwork:

“he distribucion of wmoment along the wid span for place WiLE'Gﬁ’
Siww as shoum dn fdg. (20) 2nd fic, (21) s not sniforno. The cuan'ﬁr
is quite Arodoninant fer transverse monent,  The distrvibuticn nf

Aenpitadunad womant fic, (19) 2l
vely svnooth for Lre sane

s (13) to (21) but

30 and 45" ghew. A skew of 60

[y

relat

Forall plet

o

the Yiae jeining valoes ag wocal points for variovs prids de quite
unifcrn,
} :,‘1—,«&-.--;

L

a.203 Influenne ¢

Cheaks for valative accuracy cre wade of influeare co-viiicionts

PR ]

for mOtents gt iz cenore point of the slabyy first with the values
'_ﬁifeﬁ by \cvi“u"‘. (jl, 33) using finite difference oparators and vhen
wich the @xpc:thm;urnl vnlués preseated by'Rnsh and Vcry-
1afivance co~af;mcicth for wmoment o contre voint for plats v
IT = A, B and € fip. {£) are tabuiated for an 3 < 5 orid in teble 17
te Teble 14, . Tne stress pattern oLtainad by £
Is sinilav ro the one aiven by Yepinohali (31, 32). Mestly the walues
ara khu sene. £ relabive diff ference of about $7 for zero and 30

intrcasing to about J0Y and ndph

chscrved at :‘.omé
anodal podnta, In finite clemant nothod enrvatures are the genérdiLZud
’dibﬂ]JC”P‘W! i Aare obiained divectly from the stiffuess matri

and thus shah]d Pro xorb reifable.  The converrence and other plcts as
indicatod n sectisg 4;2.L pd 4.2,2 add confilence to the finite

rlemucs arnrovioot fon ’ T :

* : Y ‘ . . B
cusping is due to stress discontinuity between displacement type elements..
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Rush and Hergenroder (24) havé‘presénfcd‘vaiﬁcs as a result of
experimental tests carriad oa models made of special slow setting g
gypsum, - They measured strains by means ofkqlnctrical resistance
“strain géuges applied in the form of rosette, Sincevonly'bne direction
of the rosette is coincident with the co-ordinate system for finite
element andlysis,'comparisgn is therefore maile for moments in that

direction only.

The results for 30 skew fig. (22) are in excellent agreemnsnt
‘except neaf the edges. The expcrimental values are lowér, which may bLe
'dﬁe to the edge vestraints. It is interesting to note that for 45°

skew fig. (45) the values at many grid points have a diaérepnncy of less
than 1% but at some points the relative crror is 10X and bigher. High
‘skew of g0 fig. (24) yields appreciable deviation from the xpevimental
 values‘ The difference is about 10% .at most of the grid points. It has
been pointed out by Robinsen (23) that the tendency of the acutz cornars

to lift becowes appreciable for large skew.

4,3 Sumnarv and Conclusions:

Calculus of differences yields deflections and inaccuracy is
anticipéted on differentiation to calculate moments and stresses. The
accuracy achieved is a function of the fincness of network., There are
no bounds to the solution so it is difficult to ascertain the deviation

from the truc value.

The mathematical soiution is very laborious and impracticle Lox
skew slabs. The computational difficulties increase in the case of
point loads. The dévelbpmnnt of sensitive measuriﬁg devices lead to
reliable model testing. The model tests are limited due le the expense

incurred aad at the same timn

ave'extremely laborious. Turthermore, the
Solutiun v model tests is dependant on accuracy in measuring the
physical properties of the material and simaulation of the model. It

has been indicated by Rush and Herpenvoder {24) that the thickness of the
slab and the rate of loading play an iwportaast vele in determining the

moments. The poissons ratio, medelus of elasticity should be measurad
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‘with extreme caution and the creep phenomena of .the material for model may
also effect the results.

'°1ncn ‘the exact selution is unlnown it is rathesr difficult to

asscss thc accuracy achievad by any approxicate nethod and hence

relatlvavchacks can only be made to estabii ‘h the validity of TLbdlLS-

The hizh precision plate bending finite clement pﬁevidas a lover
bhound to sgrain energy and to deflection in general onl?. it e
inter‘%*inq to observe thot for skewcd slabs the Geflcctions obtainca
uape11NﬂnLnL1v are anerallv lower relative ko the ounos giver by finite
eleme mt "pnrovxmallon. '

The solutioh»prasented by current avalysis is in good agreement
with Lnudn given by other researchers., The noments evaluated on
usxng high procision triangular plate bending element should bo more
reliable as curvnturcs being the genor'1' ed d15placcrnnts are obtained
“dJreoL]y from the qtjf ‘ness matnrix., Tno computations ave carried out
in a digital computer aud the program can be molitfied nLLPo"(

difficulty to analyse special cases.
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CHAPTER 5 -

STLIFFESED SLARS

5.1  General:

v Thc eccentricity betwoen tﬁe mid—plﬁne‘of the plate and thc axig
of utJvaner induces in-plane deformation under hormd1 transverse
ioading.' This makes it nece ssary to ‘incorpovate plate plane-stress
element. Quadratic variat;on of stress is assumed to be <ompa ?le with
the plate bending, clcmcnt. A compatible beam stiffener element is
devaluped. The beam element can be eltucx concentyic or cccvfr'ic to
the middle‘p]éne of the slab. 'Two examples 31mila" to the ones analvN
by McBean (16) are worked out using the high precision elepent. The

objective was to determine tiie accuracy of rhe results,

3.2 Simply Supported Slab with One Stiffener:

Fig. (8) shows a simply .upportcd square plate with ona stiffcner.
In this ezamplc Younge's Modules is taken as 1.7 » 10/ and poissons
ratio as 0.3. A unit uniform load is applied acting dowavard on the
pléte. Due to double symmetry only one quarter of the siructure is
annlyscd. The example is worked out first by considering the stiffenar

to be concentric and then it being eccentric.

‘McBean (16) worked out the same ezample using Ffinite element
approximation. As there was no cxact'solution available, lcDean
appliod Raleigh- lltz method to obtain an approximate solution. ie alsa
detetmined the ehacr solution, but with stiffener properities sveragad

over the w1dth of the plate.

The comparison is made with the results obtained by MeBean  (16)

and ute‘tabulated in Table 15, The refined element shows mch faster

convergence aud Lhe results are .in excellent agreement with the exact

solution. Plot of strain energy snd defleciion with the fineness of grid
is shown in fig. (25) and fig. (26). The ratio of central defleciion of

Plate with concentric stjf‘a:ﬁr to the Pilate with no stiffener is 5.72
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aud ihe ratio of the central deflecticn of the plate with sccentric

stiffeher to the piate with no stiffener is 19.28.

5.3 Slétwneﬁm‘ﬁnnogx:

A 12 pamnel two-way slab shown in fig. (9) is anaiysed. The siab

&

is supported at points 3, .12 and 14. The Younge's modulys is taken as

A T : . :
4.5 % 10" psf and poissons ratio as 0.15 for both the slab and the

stiffener. Two triangular element represent each pannel,

Fig. (27) shows the deflecetions for the structure éue to a
uniform transverse load of 1.0 psf. These values are in excellent
agreement with those obtained by MeBean (16). Hewever the nodal point
13 is lifted up 9.66% more, relative to the valua given hy Mclican.

The same slab-beam canopy is analysed by applying a load of 100

1bs. at point 1. Again the deflections are in excellent agrecuent with

those given by lMcBean, except at node point 13 fig. (28). The

deflection at this point in this casc is 9.45% less than that =dvern by
p 3 : :

McepBean.,

5.4 Suumary and Conclusions:

The clenments used by McBean (16) were the most refined from the
ones used by CGustafson (4) and Mehrain (19) to study.cohpositc slabs.
He has 32 degrees Qf freedom per clement in contrast to 36 generalizad
displaéements for the high precision trimngular element. In the study
carried out by Mchean and Mehrain mid-side nodes had Lo be added to

achieve beiter stress distributions.

The solition presented by high precision elements is well in
agreement with those wiven Ly ilchean (16). 1t has been pointed out by
Melean it is questionable whether to have very precise elements or
achieve the same accuracy by a crude element with a very fine network.
The high precision elements have mest acaurate intor element
compatibility relative to other elemonts and tﬁo nonotonic convergence

of s&rain eneray adds confidence to the anaiysis,

[0
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35 ..
he o ease Ji;h whvch a Lrjan rulav ]emcnt can he- or:onhud to
onsader any ycomeuriu confngurarlo s0 ”hn 11mlt 1 of the

parailelogiamic elements to ‘handle orthogonal st iffenc r system for a

skew comp051te section is overcome.
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Recommendaticns for Further Study:

kIn'the current study emphasis was on checks to thcvr&suits
bbtaiued'by hiéh precision elements. The stiffness proﬁerties cf piate
plane-stress, plate bending and a compatible stiffener element arve ;
generated to idealize a compositu section. Each element can be used
individually or in cnmbinn:imn with ancther élement or elemunts, This

leads to an unlimiced scope for further study.

Influence coefficients can be presented for single gpan slabs

with different aspect ratios and skew angles. The ease with whish

various bouﬁdary conditions can be handled, results can be tabulatcd for
platés with different edge vestraints. fhe prngam can b2 very
cohvcniently extended to centinuous skew slabs.

It shall be interesting to study the st:cés gisrvibution for
stiffenied plates. The study can be extended to preparation of
optimization design charts for stiffencd Plate structures; by Vuxying the

material properties and rigidity of the stiffencrs and the plate.

Previous studies were limited to handle longitudunal
stiffeners only, in the casc of skew stiffened plates, This limitatioun
can be overcome with the use of triangular elements whick can be orieated
to suit any geometric configuration. The finite element has a constraint
that the stiffencr elemcnt lic along the edge of the plate clement.,
The present work CGnsidercd ﬁorsionally wealk stiffencrs. There should

not be wuch difficulty to study torsionally stiff sections.
Analysis of stiffoned shell structures can be the next
extension.  This would increasse the utility of the computér program -

immaengely.

The study need not be . linited to static analysis only.




Note On Computer Program

The computer program for the analysis of stiffenad plste structure

is writen in FORTRAN IV and was executed on IBM 360/65 - 03 Computer at

H - Level. Since a large high spced in-cere capacity is available on the
operating system 50 the program was run in-core. If the size of the

structure stiffness matrix becomes too large, then auxialiary storage

- would have to be used which of course can be dealt with no difficulty.

A subroutine 'ELSTIF' generates the stiffness matrix for plate
bendlng and p]atc in-plane eLemean. At the present moment Lhe two mdLrL"P"
are uncoupled. The program can be modified for aznalysis of ShnlJ Hl“DubL
by adding curvature terms to generate the shallow shell element developed
By Cowper et al. Economy to computer memory is erercisad by miuvimiziog
the arrays by dustro'lng the matrices which are no further required
during the progtam execution. The clement stiffness matrices are asscubled
to represent the structure. A special subroutine 'BUILD' stores the entries
to the lower band of the structure stiffness matrix. BUILD sorts the e
entries to the master stiffness matrix and gives tire elements the desired
location such that only the lower band is stored row by row in a one
dimensional array. .

A subroutine 'BEAM' generates the beam stiffness métrix. Beam
torsion contribution although present but is uvncoupled from the heam
bending and axial deformation broberties. Either subroutines 'SETUP' and
'STUP' or 'SFTUPL' and 'STUPL' are executed to add the contributions of
the stiffeners to the master matrix; depending on the direction of the
stiffener being ﬁarallel to the X - axis or Y - axis respecﬁly. The
stiffeners can be conccatrlc or eccentric.

After the aanL.atinn of boundary conditions 'hc displacement vector
is determined by perforning Crout's Factorization algovitherm. Subroutine
YSLVBSR' writen by Wong (30) is used to obtaln the sclution to the Lquat,ouu.

 The Comﬁater vutput. gives Lhe daf_hctnon, elopes and bending

moments at the nodal points,
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MOME"JT COEFFICIENTS FOR UNII'ORMLY LOADED QQUARn SLAB TWO SIDES

-
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'MOMENT COEF::ICIENTS FOR A UNIFORMLY LOADED 30 SLAB WITH TWO

SIDES SIMPLY SUPPORTED AND O'I‘HER TWO FREE.

.

PLATE TYPE - II - B ( fig. 6 p. 46 )

- POTSSONS HATIO=D
NONAT, l LONG MNT TRANS. Mt TOR, MOHEN
- ‘. )
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MOMENT COEFFICI"‘NTS FOR UJIFORMLY LOADED 45 SLAB TWO SIDES o

- SIMPLY SUP‘PORTT“D AND THE OTHER TWO FREE.

PLATE TYPE - 11 - C (fig. 6 ) (5x8 Crio) PGIESINS TATIO »o G, 15
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ALL SIDES

SIMPLY SUPPORTED SQUARE

| PLATE-UNDER CENTRAL LOAD.

ASPECT RATIO 1.0
POISSONG RATIO 0.3
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Bending Moments At Midspan Fo
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Compazl:on of chleftnon Longitudinal and Transverse Moment

COLffJCTbHLQ For a Centrally Loaded Slabr With Two Sides >1mpl?lv}
~ Supported and the Other Two Free :

Plate Type I - A (8x8& (Grid) Poissons Ratio = 0.3
adal“Deﬁiectio? X DK 10 3;d Moméut (Mx)X 10321 Moment (My)x 1032w
vint | Pt x 1x? Pt 1 Pt 2

FEM REF (23) FEM REF (23) FEM REF (23)
1 0 0 -0.127 0 ~0.0383 5
2 0 0 ~0.196 0 ~0.059 0
3 0 0 0.116 0 0.0549 0
4 0 0 0.3606 0 0.108 0
5 0 0 0.137 0 0.04% 0
10 7.367 7.4 . 63,025 62.0 ~0.0750 G
11 7.407 7.45 62.696 63.0 5.466 6.0
12 7.667 7.725 63.03 63.0 16.04% 15.0
13 7.973 8.075 62.29 62.0 28.92 29,0
14 8.109 8.25 - 61.03 62.0 35.55 20,0
19 13,661 13.725 120.06 118.0 0.0185 0
20 13.76 13.85 121.55 119.0 8.98 8.0
21 | 14.334 14.475 126,77 124.0 30.06 28.0
22 | 15.02 15.225 128,62 128.0 60.53 59.0
235 | 15.48 15.65 . |127.17 126.0 79.9 §6.0
28 | 17,9353 18.025 162.11 161.0 0.0524 0
29 1§.11 18.275 167.58 167.0 9.49 9.0
3 | 18.987 19.225 185.09 183.0 36.30 37.0
31 20,158 20,475 04 205.0 87.03 87.0
32 20.793 21.325 2154 216.0 52,73 161.0
37 19.419 19.55 178.05 178.0 0.0157 0




 TABLE

RS}
10 CONT'D

Deflection x D

. ; 2 B o . fomernt

odal S 10‘ ";dl .Mom ent (Mx) % 103 m l\lomer@ (My) . 493 Ju

R Pt x 1x¢ Pt Pt
oint : : ——

FEM RER (23) FEM REE (23) FIM REF (23]
38 | 18.657 19.85 186.15 | 188.0 §.63 7.0
39 20.685 21.025 214.1 220.0 36.18 36.0
40 22.16 22.7 278.6 287.0 98.33 103.0
41 23.2 24 .1 533.0 41%.0 110,64 289.0
i
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Inllucnce CULfflClenfb For Moments At Point 41 (8x8 Gfld)

Platf Type II - A

Slab With Two Sides

Pois
Simply Supported

sons Ration = 0.15 ‘ ; :
and the Other Two Free

o e i et

: Long Moment Trans. Moment Tors. Moment' .
Yodal ik . wy Pt x 1073 .My =m P ox 1073 Mey ¥ My P x 107
Point e

FEM REF (32) FEM REF (32) FEM REF (3%2)

10 60.61 62.20 ‘-20.07 19,45 | 11.12 11,17

11 . 62.26 62.26 ~ 8.114 7.92 12.62 1 1233

12 63.14 63.14 6.821 5.95 15,52 | 12.89

13 61,138 61.48 22.181 21.83 1.95 10,0

14 59.07 58.67 29.84 32,18 0 0

19 115.35 115.37 ~39,22 -38,31 16,67 17.04

20 121.77 121,29 -17.69 -17.06 19.73 19.3

21 126.84 126.49 10.65 9,54 23.65 22.27

22 124,96 | 126.92 47.64 44,06 21.05 20.09

23 123.77 120.97 68.323 73.62 6 0

28 155.66 157.69 ~5.,449 -54,13 12.408 13,32

29 168.44 | 169,97 -27.05 | -27.12 15.74 16.11

30 188.58 | 186.87 6.943 7.69 22.605 21.79

51 200,97 203.14 62.34 62.5 33.287 26.49

32 185.45 202.71 131,36 138.76 0 0

37 170.84 | 175.19 ~60,49 ~61.35 0 0

38 .187.54 172.89 ~32.19 ~33.57 0 0

39 218.16 225,94 4,894 0.60 0 0

10 277,37 287.15 47 .4 62.54 0 0

41 494,65 390,94 349.,7 243,62 0 0




Influenco COLfflCthta For homnntc at P01nt 4] (st

' Slab With

Two Sides

fABLT‘

- f
13

fS*mp]/ Supported and the Other

Grid)
Two Free

Plate Type II - B ~ Poissons Ratio = 0.15
DAL LONG MOMENT TRANS. MOMENT -  TORS. MOMENT
POTNT FEM | REF (32) | FEM REF (32) | FiM REF(32)
10 18.01 18.37 -6.95 -7.65 23.82 24.3)
1 20.59% | 20.97 -3.25 -3.60 24.63 25,12
12 23.96C | 24.70 4.529 4.01 25.68 26.21
13 28.189 | 28.24 16.69 16.92 25,01 26.03
14 32,32 |- 31,37 32.40 34,50 20,75 20,41
15 42.18 42.19 38.706 38.19 3.4 6,12
16 53,89 54.89 22.63 21.87 4.95 4.9%
17 55.066 | 55,45 4.0 4.30 13,52 32,07
18 49.014 | 49.84 |-11.004 10,21 | 23.73 23.46
19 37.260 | 37.70 | -13.207 | 13.60 46,47 47.45
20 43.95 | 44.33 -3.403 -3.72 47.76 48,55
21 51.711 | 53.21 13.937 13,31 49.64 50.533
22 60.87 62.41 43.73 42.28 48.11 49.16
23 79.518 -| 71.35 78.35 .82.90 33.902 34,07
24 99.116 | 10.301 | 73.74 70.91 8.5 10.67
25 113.923 | 115.07 27.94 27.3% 19.45 16.24
26 96.141 | 96.21 0.566 1.01 37.01 $6.84
27 78.641 79.47 -20.24 »]0.58 19.7 51.03
28 56.859 | 957.44 .42 -17.97 | 64.402 66.08
29 63.01%5 | 69.57 ~1.729 | -2.19 64.92 66, 457
%0 §9.12 86.98 23.91 23.39 67.94 68.65
31 110,954 110,41 73.69 69.59 67.42 68.92



= Th ~

TABLE 13 CONT'D

NODAL

LONG MOMENT TRANS. MOMENT TORS. MOMEMT
~ POINT FEM REF (32) | FEM REF (32) FEM REF(32)
32 117.357 | 135.9 147.63 | 156.85 43.19 £1.59
33 190.434 | 194.01 79.33 81.53 17.68 13.28
34 14481 143,93 24.48 27.04 51,02 50,07
35 107.12 107.51 ~1.304 -1.25 60.56 62.47
36 89,82 85.67 -22.68 | -22.69 68.32 70. 81
37 74,313 75.30 -20.83" | -21.25 73.13 75.48
38 93,34 93,77 ~0.26 -1.34 | 70.¢16 73.11
39 122.81 124.49 31.622 | 27.92 76.35 74,35
49 181.9 184.61 74.63 82.6 82.16 20.68
41 | 414.964 | 342.92 | 360.85 | 266.59 | 54.25 54.25
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TABLE . 14
'~Influen¢é Coefficients For Point 41 (8x8 Grid)
Flate Type II - C Pcissons Ratio = 0,15

Slab With Two Sides Simply Supported and the Cther
' Two Free V

LONG MOMENT . TRANS. MOMENT TORS. MOMENT |
NODAL ' , ) 3
OINT FEM REF(32) FEM | REF (32) FEM REF (32)
10 B 0.21 -0.09 1165
11 7| 1.003 1.13 1.52 1.14 12.82 | 12.59
12 2.849 3,47 5.409 46 .59 14.72 L 14.85
13 5.71 7.02 13.58 12.96 . | 18.11 18.53
14 15.80 10.74 30.815 32.69 18,54 18.26
15 21.933 26.39 43.97 13.05 5.73 6.76
16 | 45.5 44.08 24.64 | 25.65 6.977 6.98
17 | 32.23 34.44 10.30 .| 10.13 | 20.15 19.58
18 | 14.80 15.63 3.94 4,65 25.11 26.27
19 | o0.762 0.91 0.77 0.40 24.23 | 23.85
20 | 3.47 4.02 | 4.88 4.37 26.56 26.07
21 8.153 10.261 14.51 | 13.89 31.56 31.27
22 21.48 19.50 39,69 35.02 35.87 37.38
23 37.52 33.83 | 76.23 | 83.95 | 30.21 30,86
24 83.85 | '80.53 84,8 78,95 | 2.64 8.34
25 82.27 . | 86.20 33.11 . 32.52 34.27 31,69
26 | 39,37 39.5] 17.51 | 18.07 40.79 41.46
27 16.09 15.72 6.668 6.7 42,58 43.48
28 1.98 2.68 2.57 1.8§ 35.74 5.09
29 8.39 .47 16.63 9.78 39,89 30409'
30 26.24 22.0% 20,41 26,74 48,18 46.6
}




 TABLE

B T SO

14 CONT'D

LONG

MOMENT

TORS. MOMENT

NODAL © TRANS. MOMEST |

S
POTNT FEM RER(32) FEM REF(32) REM REF(32)
31 48.01 43,96 71.32 | 64.57 51.52 54,11
32 62.62 50.07 150. 75 158,63 36,804 37.45
33 159.34 160.89 83.77 88.10 39.06 37.67
34 66.76 67.67 38.92 42,01 56.66 55,43
35 30.92 29.72 20.68 19.85 50. 38 51.01

32 11.26 10.84 6.81 6.31 48,72 68.58
37 5.30 5.99 4.53 1.18 45.119 | 44,48
38 19.25 18.17 | 17.60 15.97 49,077 48,77
39 42,30 41.23 41.37 38,57 56.130 56.55
40 86.84 90.96 82.19 88.50 78 .549 63.83
41 55,42 26.947 | 348069 267.25 52.57 39,41
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TABLE 15

w 81 .

COMPARISON OF DEFLECTIONS WITH THOSE GIVEN BY McBEAN FOR

SIMPLY-SUPPORTED PLATE WITH ONE STIFFENER FIG.(8)
GRIDWORK CONCENTRIC STIFFENER ECCENTRIC STTFFENER
OF - | L |
QUARTER K REFTNED | rEFTNED
1X1 4.662 x 107" 4.5799 x 1074 {1.395 » 1074 l1.348 x 10-9
2 X 2 4.568 x 107% |4.5508 x 1074 {1,370 x 1074 |1.349 x 10°%
3 X3 .5595 x 1074 1.354 x 1074
4.559 x 1074 1.67 x 3079
4% 4
EXACT 4 4
SOLUTION 4.561 x 10 1.352 x 10
AVERAGED | L
~ SOLUTION 4.523 x 1074 1.186 x 1074
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FLO W _CHART
MATN PROGRAM

START

.(kegq plate properties

Aspect ratio, Thickness
Skew-angle, Foissons ratio.

Half-Band width of master

stiffness matrix,

Read no: of heam elements

frome.

Write tbe plate

properties.‘

/hcad plate’ element
properties; Flement no:
Nodal points, Co-ordinates

of nodal points, Total no:

plate elements.

Write the plate //

element properties.

Call ELSTIFY -
e

Assemble the structure

stiffness matrix.

/ﬁoad beam element proprLJe
Nodal I"Lhtu, LU"OIQ?Dd
and direction, alba, firs

avea

and second. moment of

3
|

Z{ Write beasn el sment

heck
direction of stiffener

|

j

propesties /

R

Add beam stiffuess to the

Structure st iffue ss matrix,

LNQ

)

////Have

il beam elements

NO

' Al‘l
//

e elements

considareg/’//

\\\\\%gii%éfffé,/’///

Flas }

Rotate nodal,displaceménts
at oblique edge to ovthogonal

skew system.




‘Main Program

Con’ ¢

&)

Apply'boundary condition.

Solve the resulting set

of equations.

Compute moments at nodal

points.

Compute strain energy.

Print out the results.

End of Run.

-9l -

SUR - PROGRAM
BEAM. ,

\
BEAM, . \‘
Nodal poiats and

their co—ordinatms)

N g

4
-~
\__“»__‘..-/

Generate the transformation
‘matrix for beaw bending and

axial deformation,

— s ’ - - ’

b

Compute the bezm elenont

stiffness matrix for bending

and axial deformsvica,

Generate the transformation.

matrix for beam torsion.

Compute the beam torsion

stiffness matrix,

™N

RETURN

\\—/




U SUD - PROZRAN
o OBLSTIF.

v il
f/ N

/ ELSTLY

their co-exdinates,

N

N

\___,,..,-»

Nodal points and

-

Skew - angle, /

/
!

e

Compute the dimensin

of the plate elemani,

ns and orient

O

tion “]

!

)

the

in local co- ordinate system,

elewent stiffness matyriy

|

thae

transformation macrix.

the

rotation matrix.

“Compute the element stiffness

An global co-ordinate system,

natrix

.

Compute the censistent load vector foy UDL.

Condense

the

matrices.

//d
A
PE1
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~
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