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Abstract

We present here two aspects of representation theory

of multipliers acting on a normed algebra; .

We show that if a normed algebra A:has a weak left
(right) identity then the algebra of left (right) )
continuous linear multipliers on A can be embedded into the
second conjugate space,A** of A. This kind of representation
of multipliers was obtained by L. Mité. On the other hand,
if a normed algebra A has a minimal left (right) approximate iden-
tity it 1is possible to embed A isometrically into a Banach algebra
AK such that every left (right) multiplier on A is given by
the restriction of the left (right) multiplication operator
determined by an element of AK. This approach to multiplier
theory was developed by K. Mckennon. The rest of the thesis
is cohcerned mainly with results obtained by B. J. Tomiuk
and B. D. Malviya. They give a characterization of the dual

B*—algebra and the algebra of bounded linear operators on

Hilbert space in terms of their multipliers.
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Introduction

The purpose of this thesis is to give some aspects of

representation theory of multipliers on a normed algebra.

Chapter 1 deals with the questlon of continuity of mul-
tipllers and the representation of continuous (right) multi-
pliers on a Banach algebra A in terms of the elements of the
second conjugate space A**of A. In 81 we show fhat if a Banach
Lalgebra A has an approximate identity then every right mul-
tiplier on A is a continuous linear operator. 'In 8 2 we
show that if the Banach algebra A has a weak right identity
then the algebra of right cbntinuous linear multipliers can
be embedded isomorphically into the second conjugate space

£%
A considered as a Banach algebra under an Arens product.

In chapter 2 we are concerned with the representation of
continuous linear multipliers on a normed algebra A with a
minimal left approximate identity. We first consider a normed
algebra which is left faithful and define a topology on A,
called the K-topology, which is the weakest topology on A

for which the semi-norms 2||||: b » ||ba]|, for all a € A,
are continuous on A. This topology is a Hausdorff locally

convex topology on A, so that A admits a unique completion

A®. Let A, = {x € A: ||x]]| < v}, for r > 0, and let AE be

the closure of Ar'in 2%, ret a¥ LJ A ' We show that A%
r>0

is a Banach algebra with norm ILI|K. It follows that

[lx]]| = IIXIIK for all x € A and the ILIIK—closure of A in




2K 35 a lert ideal or X, ne K-topology and the algebra
2¥ are discussed in § 1. In § 2 we show that if a normed
algebra A has a minimal left appfoximate idenpity then for
every left cbﬂtinﬁous linear multiplier h on A there exists

a unique a G.AK such that h(x) = ax for all x € A.

Chapter 3 is of a more specialized nature. Here we give
‘a cﬁaracterization of the dual B*—algebra and the algebré of
bounded linear operators on Hilbert space in terms of their
multipliers. We show that a B*—algebra A is dual if and only
if the algebra M(A) of right multipliers on A can be identified
in a certain way with the second éonjugate space A** of A;
Suppose A is a B*—algebra containing minimal left ideals and
let I be a minimal left ideal of A. Let M be the closed two-
sided ideal of A generated by I. Then A is the algebra of all
continuous linear operators on some Hilbert space if and only
if A is ¥-isomorphic to M**, the secoﬁd conjugate space of M

with Arens product.



Chapter 1

Multipliers

E‘l. The continuity of multipliers on a Banach algebra A.

We shall assume for simplicity that all .algebras and
vector spaces in this section as well as in the rest of the

thesis are over the complex field.

Definition (1.1.1). Let A be an associative algebra. A

. right (resp. left) multiplier on A is amap T : A > A
| such that

T(ab) = aT(b) (resp. T(ab) = T(a)b)
for all a,b € A
Example : For each a € A define the mapping Ra : A > A by
Ra(x) = xXxa,x € A. Then Ra is a right multiplier on A. Simi-
larly La X > ax, x € A is a left multiplier on A.

This section is devoted to proving the following theorem.

Theorem (1.1:2). Let A be a Banach algebra with a bounded
approxima£e identity. Then every righ£ (left) multiplier on
A is a continuous linear operator. |

In order to prove Theorem (1.1.2) we shall need the
concept of a left Banach A-module.

Definition. (1.1.3). Let A be a Banach algebra and V a

Banhach space over the complex field. V is called a left Banach
A-module if it is a left A-module in the algebraic sense and

1r [lav]| < |falfilv]], for a1l a € &, v € V.

We shall now follow Rieffel [12] in proving Th. (1.1.2).



-2 -

Lemma (1.1.4). Let A be a Banach algebra and let V be

a left Banach A-module. Suppose that there is a constant, M,
such that for every a € A, v €V and € > 0 there exists

an element e € A such that ||e|| <M, [|a - ae|]| < &, and

[|v - ev]] < €. Then for.every v €V and € > 0 there exist
elements a € A and w € V such that v = aw.
-Proof. We may assume that M = 1. As Koosis [7] remarks, the
proof for the general case is obtained by reblacing each term
of the form (286 - en) below by (6+p(6-en)) for a sufficiently
small positive number p.;-We;let’Al denote the Banach'algeﬁra'
obtaihed by adjoining an identity § to A, Then every element in
A, is of the form A8 + x, where x ¢ A.and A is a complex
number ,and V becomes an Al—module ;n the obvious way.
Let n be any fixed positive integer. For every a € A,
v € V and € > 0O,there exist elements ey € A, i= 1,2,...,n,
such that
Alegll 201,
[v - eivll < e271, 1= 1, 2, ...,n.

;et

o
"

-1 -1 -1
(28 - el) (26 - e2) ...(26-en)

3

w_ = (26 - en) (26 - e (26 - el)v,

ng)ee-

Then a, € Al s wne.vaHg_Yp= aw. . Clearly

nn
_ =N
(1) a, =2 8 + R
Where Rn € A. Choose en . J=1,2, ...., so that
I eps ll<1
Il &’
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_ -(n+3)

llwn en+an|| < €2 .

We now show that both {an} and {wn} are Cauchy sequences.

Consider {an} first. Since

-1 _ ,-1 -1 -2 2

[1¢26 - e , D7 < 1.

Clearly
' -1 _ T -1
‘26 - en+1) -8 = (en+1 - 8)(28 - en+l) .
Now
= -1
@n+1 T a’n(26 - en+1) 2
and so
c _ -1
341 ~ 3, = an[(26 - en+1) - &8]
_ A=n . -1 .
= 2 (en+1 - 8)(28 - en+l) + T
-1
Then
: -(n-1) -(n-2)

Thus'{an} converges to an element a € A;. Since 27 0s converges

to 0, from (1) it is clear that a € A.

Next we consider {wn}. Now

Wnep = (28 - en+1)Wn’
so that
Wogp T Wy T W, - e gV,
and so ( . )
-(n+1
Hw o = woll < e2 .
Hence {wn}Aconverges to an element w € V. Since v = a W,

for each positive ‘integer n, we ﬁave vV = aw.



T
Remark: The above proof does not appear in [12]. It was

' communicated to us by Rieffel.

Lémma (1.1.5). Let A be a Banach algebra. Suppose that
there is a constant, M, such that for every a é A, every
finite collection Vis Voo ;..., Vie of elements of A, and
every € > 0, there exists an element e ¢ A such that
Lle}] < M, ||a-ae]|]| < ¢ and_||vj— evj|| < ¢ for
1 < J £ k. Then for every sequence {V_ } of elements of ‘A
which converges to 0, there exists a € A and a sequence {wh}'
of A which converges to 0 such that % awh s for all n.
Proof. Let CO(A) be *he Banach space of all sequences
of elements of A which converges to 0 with the supremum
norm. Then CO(A) is an A-module with respeét to the usual co-
ordinate-wise operations. We show that C_(A) satisfies the
hypothesis of Lemma (1.1.4). Let {v } € C_(A)y. Then for
any positive number £ , there exists a positive integer N such
that o

. € : ’ '
_ g« 0o SR
By hypothesis, for every a € A, and the finite collection
Vis eV there is an elemept e € A such that
| Tlell <,

|} a-ae || <e,
| vj—evjll‘<'—%— - (3= 1, 2, evee 5, N)o

For any n > N, we have

A
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[vp=evpll < 11vall + [lev || < C1+ [le]] ) v, [

< (14 ||e||) R -, % £
2(1+M) 2

Hence for every a €A, v ='{vni < Cé(A) and e > 'o, ‘there
exists an element e € A such that
[lell < M,
lla - aef| < ¢,
[|v - ev]] = ll{vn -,evn}[l-= S?F [[vn - eanlmi%§-< €.
Thus CO(A) satisfies the hypothesis of TLemma (1.1.4) and
so for each v = {v } € C_(4) there exist an element a € n |

and an element w = {wn} € CO(A) such that

v = aw , i.e.
vy = aw, (n= 1,2, ..... ).

Proof of Theorem (1.1.2). Let T be a right multiplier on

A and 1et'{ea: a € R} 'be a bounded approximate identity in A.
Then ||ey,|| < M for all o and some constant M. For every
’ 1 ) .
a & A, every finite collection VisVos eeeens > Vi in A, and
every € > o, there exists an o,y € @ such that
g "

|la- - ae || <.,
Ilvj—eaovjll < g, (J = 1,2, «..., k).

Let {an} be a sequence of elements in A which converges to 0.

We can apply the right-hand version of Lemma. (1.1.5) to
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obtain an element ¢ ¢ A and a sequence { bn} in A with b
converging to 0, such that a, = bnc for all n. Then

T(an) = T(bnc) = bnT(c)

which converges to 0. This implies that T is continuous at O.

For any elements a;, a5.in A;{ai,az, 0,0, ...} is a

-sequence in A which converges to 0. Then by Lemma (1.1.5)

there exist elements bl,b2,c in A such that a; = blc,

a, = bzc. For any complex numberslkl, kz s
T(aj23225) = TLA py+A by )ed =(AgDy#A,0,)T(e)
= A30;T(e) + A b, T(e) = A;T(bye) + A,T(b,e)

Hence T is linear and so continuous on all of A.

<

§ 2. Multipliers and the second conjugate space.

We shall show in this sectioﬁ that under certain conditions

on the Banach algebra A every continuyous right multiplier on

A can be represented by an element of the second conjugate

¥ % . ! v
space A of A. In order to do this we shall need the concept
of multiplication onA "introduced by Arens. There are two such

¥ £%
under which A is a Banach algebra.

_ *

multiplications on A

We now sketch one of these operations which we shall use.
.

Let A be the conjugate space of A.

) : * ¥* ¥
Definition (1.2.1.). Let ¢,¥ & A; ¢ € A 3 F,GE€ A .,

.- . . - *
(2 0¢)¥ = 3(¢py): - This defines ¢0¢. as an element of A .
s

~

N

r
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*
(F o &) F(¢® o ¢). This defines Fod as an element of A .

¥ %
(F o G)o F(G o &). This defines FoG as an element of A .

We will call FoG the Arens product.

Definition (1.2.2). We say that a Banach algebra A has a

weak right identity if there exists a net {ea :a €Q} in A
and a constant M > 0 such that |[|e || <M, o €2 and

. *
-1gm @ ( ¢e, — ¢ ) = 0 for each ¢ € A, & € A .

We shall show below that if A is a Banach algebra
wigh weak right identity then the algebra M(A) of all right
multipliers on A may be identified ( anti-isomorphically)
as a subalgebra of A** with Arens product. We need the
following lemma which is due to Civin and Yood [ 2; p. 55,

Lemma 3.8 J.

Lemma (1.2.3). A Banach algebra A has a weak right identity

% ¥
if and only if A has a right identity.

Proof. Suppose A has a weak right identity { e, 1 & €Q }
with [|ey|| < M, @« € @ . Since the natural embedding m is

%% :
an isometry of A into A", we have ||we || < M, o € g.

%
Since the ball of radius M in A is compact with respect

% -
to the W -topology, there exists a subnet { eB : B €A } such
%

%

* % %
that meg —¥s T e A . Then I is a right identity for A

¥
If & € A ¢ € A, we have

>

(I o @)

I(¢ o ¢) = 1lim (ﬂes)(®0¢) =
B
- 1im (<1>o¢>)eB = 1lim @(Qes) = ¢(¢).
B B
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¥ %%
Hence I o ¢ = ¢, for all ¢ ¢ A'. Thus for all F £ A s We
have
*
(F oI =F(Io?d)-=F(@), (® € 4 ),

and so

.

Fol

| F (FE A T).

Suppose that A**has a right identity I. -Ey [3; p.425,
-Corollary 6], there is a net {wea : o € 2} such that
Ilneall <1 for all a ¢ 2, and w -lim me, = I. Since I
is a right identity in A**, ¢
F(8) = (FoI) =F(Iod) (FEA,oean" ).

Hence
*
Iod =29 (e €4).

% .
Consequently for any ¢ € A, ¢ € A, we have
¢(¢)

(I od)p=I(® o ¢) = lim (wéa)(é o ¢)

a
= 1im (& o ¢)ea = 1im ®(¢ea) .
o v} ) ‘
This show that {ea:a € Q} 1s a weak right identity in A.

Corollary (1.2.4). If ; é A*fis a right identity, then
Tooé =28 for all & €. | -

For each F € A**, the mapping ¢ + F o & on A* into
itself is a continuous linear operator. We say that this

mapping is the operator represented by F.

For a Banach algebra A with a weak right identity we
have the following representation theorem for continuous

right multipliers on A due to Maté [9; p.810, Theorem 1]:

Theorem (1.2.5). Let A be a Banach algebra with weak right

identity. Then for every continuous right multiplier T on
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K £ *
A, there exists F € A such that T i1s the operator repre-

sented by F, i.e.

(2) (Fo @) = a(To) (6 ek, o eal).

Proof. If T is a continuous right multiplier on A, then for
*
every ¢ € A 3 6,0 € A,

[(T"#)06Ty = (T'e)op = @(T(¢y)) and
[T (20¢)T0 = (906)(Ty) = 8(¢ (T¥)).
Since T is a right multiplier, we ﬁave '
(3) (T"0)o¢ = T (809) (e en*, ¢ en).
Similarly, for each G € A**, ® € A*, ¢ € A,
[Go( T ©)1¢ = GL(T @)oo,
[(T "6)oels = (T 'G)(20¢) = GLT (204)]1.
By (3), we have | R h
) Go(T @) = (T 'G)oe (Gea ", eeca).

%%
Since A has a weak right identity,by Lemma (1.2.3) A has
a right identity I for the Arens product. Replacing G by
I in (4), we have
* %%
Io(T ¢) = (T I)od .
Hence .by Corollary (1.2.4), we have
% %
T® = (T I)od .
If we take
® %
(5) ' F=T I,
X% ' '
then F € A and
%% *
(Fod)¢ = [(T TI)odl¢= (T ¢)¢ = ¢(T9)

*
for 211 ¢ € A, & € A

"
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4 o wrme—
e

Remark. In Theorem (1.2.5) the condition that weak right
"identity exists in A cannot be omitted. For éxample, it I
is the identity operator on A, then I is a contiﬁuous right
multiplier on A. Supposé there is F € A?* such that
(Fo®)$ = 8(I9) = 2(¢) (o eh,peh).
Then we have
_. .-  Fod =20 (o € &),
which implies that F is a right identity for A**. However
E¥

A has a right identity for the Arens product if and only

if there exists a weak right identity in A.

% ' ®
'In following the A-topology on A means the weak -
x .
topology o (A ,A).

*

Lemma (1.2.6). A bounded linear operator of A is the

conjugate of a bounded linear operator of A if and only if
' *

it is continuous in the A-topology on A .

For the proof of this lemma see [16; Lemma 5.10].

Lemma (1.2.7). Let T be a continuous linear operator on
A. If there is F é'A**such that T%b = Fpét for all ¢ € A*,
_then T is a right multiplier en A.
Proof. For every ¢ € ’A*; ¢ andn € A,

[@od)oyIn = (P0¢)Yn = &(¢¥Yn) =(Poo¥)n ,

We have 4
(6) (209)o¥ = 206¥ (e a5 6,9 €4).
Furthermore,y

S(T{9V)) = (T 2)¢¥ = (Fod)év = F (%0 6Y)
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< v e

gnd
(4 (Ty)) = (204)(TY) = ( T (20¢))% = (Fo(20))y
= F((%0¢)oy).
By (6), we obtain |
8 (T(6¥)) = &(4(T)) (@ € &% 9,0 € a).
Hence T(¢¢p) = ¢T(Y). That is, T is a right multiplier

.on A.

For the connection between the operator product and“

Arens product, we have the following theorem.

Theorem (1.2.8). Let T, , T, be continuous linear operators

F

¥ *
on A. If the operators Tl ,_T2 are represented by Fl > Fs
x% '

%
in A respectively, then T1T2 is represented by F.oF

1°F2 -
* ¥ '

%
Proof. Since Tl and T2 are represented by F.and F, in A ,

1 2
| by Lemma (1.2.7), Tl and T2 are right multipliers'on A. From
(4) in the proof of theorem (1.2.5), we obtain
Go(r*e) = (T**a)os
for each continuous right multiplier.T on A, ¢ € A* and

%%
G e A . Then

. [(F10F,)0814 = (F10F,)(209) = F(F,0(204))

R (T5(206)) = (T, F,)(%04) = ((T, F)o@)o

(F0(T50))6 = (T3(T58))¢ = ((T3T3)8)¢

*
for all ¢ € A, and ¢ € A . It follows that
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(Fl o F2)o¢ = (T;T;)Q (9 & A* ).

t 3K
That is, TlT2 is represented by F1°F2’

2%
We shall now characterize those F € A which are, in

the sense of (2) in Theorem (1.2.5), the conjugate operators

of continuous right multipliers on A.

’Theorem (1.2.9). If A is a Banach algebra, then the
Qperator represented by F € A** i1s, the conjugate operator
of a certain continuous right multiplier on A if and oﬁly
it is continuous in the A-topology on A*.
Proof. Let K be the operatof represented by F & A** . If
K = T* for some continuous rigbt multipliér on A, then by
Lemma (1.2.6), K is continuous in the A-topology on A*.
Con%ersely, if K is ~ontinuous in the A-topology on
.A*, then by Lemma (142.6), K = T* for some continuous linear
operator T on A. Hence
T (3) = K(¢) = F 0 o (€A ).

By Lemma (1.2.7), T is a right multiplier on A.



Chapter 2

Multipliers and K-toﬁologj

In this Chapter we shall give McKennonbg approach [10]
to thé represeﬁtation of multipliers on a normed algebra with
a minimal left approximate identity. Since he gives the theory
in terms of left multipliers and since we want to follow his
notation we shall thus assume that all multipliers in this

Chapter are continuous linear left multipliers,

g 1. K-topology.'

Let (A,+,:,]|]"]|) be a normed algebra which is left faithful,
that is, for each non-zero element a.é_A, there is some b € A
such that ab # 0.

For each a € A, let 2||]] be the semi-norm on A given by
211v]] = |lball, for all .a € A. Then for every subset B of A,
the family <{°]|

| : b € B} of semi-norms determines a locally
convex topology which is a coarsest topology on A compatible
with the algebraic structure in which each member of the family
|| : b € B} is continuous [13; p. 15, Theorem 31. We

denote this topology by K(A, B, |l|[|). Since A is left faithful,

K(A,A,|]s||) is Hausdorff. For any positive number r, let
AL = {x €A: |lx]| < r}. It follows from [10; P. 5, Lemma 1.3]
that K(A, B, |||]) and K(A, B, |}]]) coincide on A, for every r> 0,

where B denotes the closure of B in A in the norm topology. When
we consider A with the topology K(A, B,'lkll), we will write 1t

as (A, K(4, B, [[]])).

- 13 -
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Let X and Y be topological vector spaces over the same
field. A map f from a subset AC X into Y is said to be uni-

formly continuous if for every neighborhood (nhd.) W of 0 in Y

there exists a nhd. V of 0 in X such that X, V€A and x -y &V
implies £(x) - f(y) &€ W. If f is uniformly continuous on A then

it is continuous on A. A continuous linear map f on X into Y is

uniformly continuous since

£(x) - £(y) = £(x - y).
Lemma ( 2.1.1 ). Suppose that B is a'subalgebra of a normed
algebra (A,|[]]). Let r be any positive number and endow the

Cartesian product A, X A, with the relative topology induced by

KCA,B,| }1) x XK(a,B,]||]]|). Then the multiplication is uniformly

i A X A
continuous on r P

Proof. Let Xgs Yo be any elements in Ar’ Let € > 0, a € B

and let

U(xo) = { X=X x € A and ]l(x—xo)all < Efr}’
£
V(yg) =1 yevg i v e A and [[ovohal| < S

Then U(x0)+xo and V(yo)+y0 are nhds. of Xgs Ygs respectively.
Under the multiplication,

( U(xo)+xO s V(yo)+yO ) > U(XO)V(yO) + U(xo}yo +

XV (¥g) * Xg¥g

For U(xO)V(yO), we have




- 15 -
[ = %) = ypdal| = |[wva - xyga - xgya + xgyal |

<G = ydall Ul + gl < goor =%

For U(xo)yo, we have
€
[ (x - x)vgal | <=5 .

For xOV(yO), we have

m

1% - ypall <5 .
. Hence
U V() + Ulxy)yy + xoV(¥y) + x¥0) = x4l < €.

Thus the nhd. (U(xo) t Xgs V(yo) + yo) is mapped by the

product into the nhd. {w € A: ||(w - xoyo)a[[ < g} about x

A Y

0vo"
This means that the product is continuous, for if x & Ar such

that || (x - xo)all i-é—er-; and y & A, such that || (y - yo)all < 6—€—

-
then ||(xy - xoyo)all < g. It is easy to see that the product
is also uniformly continuous on Arx Ar' In fact, let

W= {w& A:-||wa]| < €} be any nhd. of 0 in A. For the nhd.

€
W, = {w & A: ||wa]| <5} of 0, there exists U, = {x € A

£ . . .
leall i-é—r} such that (Ul, Ul) is mapped into W, by the product.
Let (u,v), (x,y) be ordered pairs in A,X A such that
(u,v) - (x,y) € QU U;). Then

[ [(uv - xy)al| < [luval] + [[xya]]| <
€ £

[ull1lvall + Hxilllvall < 30+ r 57<

Hence wuv - xy &€ W. Thus the product is unformly continuous

on ArX Ar'
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Lemma ( 2.1.2 ). Let X be a topological vector space, A a

subset of X and Y a completé Hausdorff topological vector space
oéer the same field as X. If £ is a uniformly continuous map
from A into Y, Then there exists a unique uniformly continuous
map T frem & , the closufé of A, into Y such that f(x) = £(x)
for all x'é A. Mbrever, if A is a subspace of X and f is linear,
then T is linear. |

For the proof of this lemma see tu].

Since the topological vector space (A,K(A,A,[[]])) is
Hausdorff, there exists a complete Haﬁsdorff topological vector
space AC containing A as a dense subspace and A® is unique to

within isomorphism [ '14; p. 17, Theorem 1.5 ]. For each

X
r

K _ K ' K .
A = AﬁLAr' It is easy to see that A" is a vector space. By

positive number r, let .A> Dbe the closure of Ar in A® ang 1let

Lemmas (2.1.1) and (2.1.2); for each r > 0, the multiplication
on Ar‘x A; into the complete Hausdorff topological vector space
Aé lis uniformly continuous, and hence can be extended uniquely
to a uniformly continuous function from AE)(A% into Aé, It is
easy to check that AK is an algebra containing A-as'a'subalgebral
Since A is left faithful, each a €A may be viewed as an
endomorphism of A by identifying it with La : A > A, where

La(x) = ax, x €A. For convenience, in the rest of this chapter
we shall assume that all élgebras A are such, that for each a € A,

lla] =11 Ly || , and hence that

(1) || 2] sup {|]| ab]|[: b € Ayllo]] <1},
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In particular if A contains an approximate identity {ea} s then

IILéII = ||all , for all a € A.
Definition (2.1.3). For each a ¢ AK, we define
[1al1® = snf {v> 0 : a € AL ).
Lemma ( 2.1.4 ). (i), For each a € A, ]]a||=||a]|K .
(ii) I].IIK is a norm on A" such thaé llxyllKillxllK]]yllK R
for all x,& € AK.
Proof. (1) Let a €A and let ||a||= r. Then a € A Q;Ai\,
and so ||a||Ki | |a]| - Suppose that [|a||K< |]a]|- Then there
exists a positive number p such that ||a]|K< p < |]al| - Then
a e Ai . Choose a net'f aa} in Ap such that lgm aa = a in
K(AA,|[-]])- Since |[al] = sup {|]ab]| = b €A, |[b]] < 1} ,
we may choose an element b € A, such that |[|ab][> p. we thus
have
o <llabi] = °[lal] = 2im °[ja ||= Lin [{ab]] <
ECRIENIRTUIRE ST

a contradiction. Hence B

K
ITall™ = Ilalls (a e 2).

(ii) (1) It is clear that ||x{‘K > 0 for each x ¢ AK, and

°

||x||K = 0 if and only if x = 0.

(2) Let x,y ¢ AK . Then x & Aﬁ and y €& Aﬁ for some ry o> 0 and

1 2
ry, > 0. Let {Xx4} and {ya} be nets in Arl and Ar2 respectively
such that lim x = x, 1lim ya =y in A° Since A® is a topo-

o % o)

logical vector space and 2K 2% we nave
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1ém ( Xy T Y, ) = x + y.

Moreover since Xy + Vo E'A§1+r2 and A§1+r2 is closed‘in,AC,
we have x + y é'A§1+r2 Hence |[]x + YIIK <r *tr,
fo? all ry > 0, r, > 0 such that x € Hil, y € AEZ,'énd consequently

_ Hx o+ gl < 1=+ 1y l®e
Thus, for any x, y G.AK, we have

i+ g% < 15+ -
(3) Let A bé any complex number and x € AK. Then x € A§ for.
séme r > 0. Choose a net {Xa} in Ar such that 1im Xy = X
’ o

in AC. B& the continuity of écalar multiplication in Ac,

1lim Axa = AX. _
Since Axa S Alllr for all a, we have Ax € A?A[r. Hence
1ax] ¥ < JA|lr for all r > 0 with x € Aﬁ ,and consequently
K K
Plax[ |7 < X[ =] ]7.

Replacing x by Ax and A by X~
1

1, we obtain

ISt e Al I TLNE SER

ENRTERER IR by
Hence ]IAXIIK = IAIIIXIIK for all x ¢ AX and complex number A .
(4) Let x,y ¢ A¥.  Then there exist ry > 0 and r, > 0 such that

X E-AK and y & AK , respectively. Choose a net {x_} in A
ry rs o ry

. . . c
and a net {ya} in A, such that 1am Xy & % 1ém Yo =V in A",
2

Thus (x,y)lbelongs to the closure of A X Ar in A® x A®. Therefore
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1

by the uniform continuity of multiplication on Ar X Ar and |
Lemma (2.1.2), we have x&ya + xy in the topology of A®. Since
K

c K
ryr, 1s closed in A, we have xy & A, .

K
xy, €A and A
a’a rr, 175

Hence l[xy[[K <r.r, for allr, >0, r, > 0 such that x & AK
» - 172 1l S2 ry

y € A§ . Consequently
2

IEOERRIEIRIE ( x, vy ea¥).

(1), (2), (3), and (4) together completes (ii).

Lemma (2.1.5). For each positive number r, AI;' = (AK)r, where

a5 = tx € 2% [[x]1¥ < 2},

Proof. Let x € As. Then by the definition of [|x]|%, [[x]]¥ < »,
and clearly x & AK. Hence x & (AK)r. Conversely, suppose

that x e;(AK)r. Then ||x||¥ < r. 1f ||x]|¥ < r, then clearly

x € AI;. ir lleK = v, then H%‘XHK = —]2=r-. Hence %‘x €A§.

K _ 1 1 1.K 1, _ ,K K
Since A, is convex, X = 3X + 5X € §Arj + 5A, = A, 1l.e. x€ A
K _ K
Thus Ar = (A )r‘
Lemma (2.1.6). The topologles K(A,A,|}|]) ana x(a¥,a,| || 1%)

.coincide on Ar, for each positi\(e number r.

Proof. 1In order to show that the topologies coincide on Ar,‘
by [20; p.146, Cor. 2 1, we have to show that they have the
same convergent nets on Ar. Let'{a&} be ény net in Ar which g
K(4,4,] || |)-converges to some element a €A . For any b& A,

we have -
b K . K
im llagy - al | = lém (e, - a)o||

lém Il(aa - a)b]|

]

0.
. _ K K

It follows that lim a, = a in K(A ALY .

. o

of
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Hence K(A,A,][[]) D K(AK,A,ILIIK) on A,. Similarly we have
K(AA,1 1) C:K(AK,A,|P|lK) on A . Consequently

K(a,4,] 1= ka8, [F[1%) on a,.

Corollary ( 2.1.7 ).  For each r > 0, AL = the K(a%,a, [} [%)-

closure of Ar in AK.

A collection {ea: a € Q} of elements of a normed algebra
k,where the index § is a directed set, is called a minimal

approximate identity for A if the following two conditions

are satisfied : llea||i 1, for eéch o, and lim eax = 1lim Xe
o o
= X,for each x &€ A. i

Theorem (2.1.8 ). The following statements hold
K
| = 1lall™ ;

'] |¥) constitutes a.Banach algebra;

(1) for each a € A, we have ||a]

(11) the guadruple CAK,+,.,
(111) for each r >0, the topologies K(A,A,|kI]) ana k(a%,a,| %)
coincide on Ar; | 3

(iv) ‘the [PllK—closure A of A in AK is a left ideal in AK;,
(v) AK'is commutative if A is commutative; . .

(vi) a necessary and sufficient condition for AK to have a

left idenﬁity element is for A to possess a minimal 1eft

approximate identity.

Proof. (i) This follows from the proof of Lemma (2.1.4).

. (1i) We have shown that AK is an'associétive algebra ~ontaining
A as a subalgebra and (AK;IIJIK) is a normeéd algebra. We

now show that (AKQILIIK) i; comblete. Let T. be thelLI]K—

1

topology and T ,the K(AK,A,ILI[K)—topology'on A%, Then Ty
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is finer than 1, since every semi-norm a[LIIK for each a € A

is continuous in Ty- Both (AK, Tl) and (AK, 12) are topolo-

2N

gical linear spaces. The family {AK : n is a positive integer}

is a’ O-nhd. base in (AK,’tl). since Ak = thehtz-closure of

¥

-A. , by Corollary (2.1.7), Ai/ is complete in t,, for each
n

Y

positive integer n. Hence, by [1l4; Chapter 1, 1.6], (AK

> Tl)

is t1,-complete, i.e., (AK,ILIIK) is a Banach algebra.

(iii) This is proved in Lemma (2.1.6).

(iv) By [10; p. 5, Lemma 1.3] and Lemma (2.1.5) the topolo-
gies K(AK,"K, ]F||K) and K(AK, A, |L||K) coincide on A? for
each r > 0.

Since & (T AK,.Kf C::(AK)P. By Lemma (2.1.5), we have

= K
A, C R, A, (r>0).
since kK(&%, &, [|11%) ana k(a¥, &, [}11%) coincide on A%,
the K(AK, A, [h]]K)—closure of K, = the k(ak, a, ]L[{K)-
closure of Kr. We denote them by Ki. Since A, CC Kr and
k2%, &, |[]1%)-closure of a_ = A%, 1t follows that A = A,
- Hence X -, K
U - U AR

r>0 r>0

and consequently

W
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Thus we can assume in the rest of the proof that (A, |[]]) is

complete.

Let x &€ AK, then x & Af, for some r > 0. -~Choose a net

{x,} in A such that 15&m Xy = X in A°®.  Then {x,} 1s a
K(A,A,|||])-Cauchy net in A.  For each a € A, {x a2l is a

| || |-Cauchy net in A.  Since (A,|}|]|) is complete, there exists
ar; element y & A such that llxaa - yl| »o. However,

0 = lim 2] |xa - x||K= lgm [Ixaa - xa| |¥ Since ||xa - y| IK_<_
lxa - x 2] | K+ leaa -vyll, llxa - ¥ leay be arbitrarily small.
It follows that lllxa - vl |K= 0. Therefore xa =y, i.e.,
xa € A, for all x & A and a € A. '

Let x € AK, b & E. Choose a net {b,} in A such that
o, - bl |K - 0. By the continuity of multiplication, we have

[l = x][¥ > 0.

Since Xba € A for each a , we have that xb € A. Hence & is a

left ideal in AF.

~

(v) Let x,y & Ak, Then there exists r > 0 such that x € AII{‘

and y & AIIS. We have xy & AKZ. Choose nets'{xa} and {ya} in
r
A, such that x > x and y >y 1in K(AK,A, | 1l 'K) Since

the multiplication on Arx Ar into AK2 is uniformly continuous,,

r
it is continuous on ArX L Now (~xa,ya) + (x,y) in
K T .
kA%, 8, 1115 X k5,8, 1415, By temma (2.1.1), x5, > w

K).

in K(AK,A,I I<| Similarly y x, = ¥yX in K(AK,A,[ l<] IK) .
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Suppose that A is commutative, then xay =y X for all o .
. o o a
Since the topology K(AK,A,l I IK) is Hausdorff, we have xy = yx

for all x,y & AK, i.e. AK is commutative.

(vi) Suppose that A possesses a minimal left approximate
identity {ay}. Then ||a x - x|]| 0 for all x € A. It
follows that;{a&} is a K(A,A,|]]])-Cauchy net in A. There
exists an element e & A® such that 1im aa‘ = e in Ac. Since
Ilaal.[' <1 for all q¢ , it follows that e & AI]{_. For each
b € A, we have
K _ ==, K
[|eb - b}[™ = 1im ||eb - a b + a b - b||™ <
o s ] a -—
b
[

m °|le - a ||%+ Tim ||ab - o] |¥ = 0.
] o o a

Thus eb = b for all b &€ A. Let b & AF. ThenbeAf,for

some r > 0. Letb > b, b &€ A_. Since eb =D and

o o r 1 o o
multiplication is continuous in AK, 1t follows that eb, + eb
and so eb = b. This shows that e is a left identity in AK.

On the other hand, suppose AK contains a left identity e.
Since (AK,l I [K) is a Banach ‘al'gebra, HeHK =1 and so e € Ali.

There exists a net'{ad} in Al such that 1im .aa = e in
o

K K . _ _
KA, 8,1 1), Since [|aa[| < 1 for all o and 1§m a,X = ex = X
for all x € A, the net {aa} is a minimal left approximate identity

in A.

§ 2. The algebra AF and multipliers on A.

Theorem (2.2.1). Suppose that the normed algebra A has a minimal




Y

left approximate identity and let h be any continuous linear
left multiplier on A. Then there exists an element a.éAK

such that h(x) = ax for all x € A. .

Proof. Let {Xa} be any net in A such that X, * X € A in

K(A, A, ||-]]). For each y € A, we have
lim yllh(xa - x)|| = 1lim [|(h(x_ - x))y}|]| =
a a o
Tim ||a((x, - ©09) || < IR |[n][|(x, - 0y]] =
a T a «
|In]f2im Y] |z, - x| = O.
a .
. a .
—y o _
Hence lim [Ih(xa - x)|] = 0. Thq; lim y][h(xa -x)]] =0

and, since h is linear, we have h(xa) + h(x) which implies

that h is K(A, A, |[|]|)-continuous on A. Since [|a|| = ||a||¥
for each a € A, K(A, A, ||]||)-continuity of h on A implies the
K(AK, A, |L||K)-continuity of h on A. Since A, A,
K K Ky 4 2 K
A, C the K(A", A, []|]|7)-closure of A, and so A" (T the
kX, 2 Ky - ' ~ K

> Ay ||| )-closure of A. Hence A is dense in A”. By
Lemma (2.1.2), there exists a unique K(a%, a, |L||K)—continuous

K

linear extension h to all of A",

To show that h is a multiplier on AK, let x, y§y &€ AKL
Then there exists a positive number r such that x, y'éiAE.

Choose nets {Xa} and {ya} in A, such that X, > X and Vo > 9
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K 4
in kA%, A, [11%). Then (x5 ¥4) + (x,¥) in
K K
K(A™, A, M) X K(AK, A, IlllK). By the uniform continuity
of multiplication operator of Ar'X'Ar into AK2, we have
: r
X V. * Xy in k(a%, a ILIIK)
aY o 3 3 hd
Hence
= = K K
Ch(xyyy) > h(xy)  in K(AT, A, [
_ - - - K K
Since h(x,y,) = h(x )y , and h(x )y, > h(x)y in K(A", A, [[[]™),
Blxgyy) » By in ka5, 2, [H15).

Thus clearly h(xy) = h(x)y for all x, y € AKX, This shows

‘that & 1s a left multiplier on AY. Since A has a minimal left
approximate identity, by Theorem (2.1.8) (vi), AK possesses a
left identity e. Let a = h(e). Then for each element x € A,

h(x) = h(x) = h(ex) = h(e)x = ax. ‘This completes the proof.

.



Chapter 3

' %
‘Multipliers on B -algebras.

The purpose of this chapter is to give a characteri-
) % ‘ ]
zation of the dual B--algebra and the algebra of bounded

linear operators on Hilbert space in terms of their multi-

pliers.

§ 1. Some definitions.

A Banach algebra A with involution ¥ is called a

% .
Banach -algebra . If the involution in A is continuous
with respect to the given norm ||]]|, it is easy to show
. c
that there exists an equivalent norm ||:|| on A such that
*¥ ./ "4 ¥
[1x || = Ilx|]] [ 11; page 180 ]. A B -algebra A is a
Banach*-algebra in which the involution ¥ and the norm
s
|I']| satisfy the condition |[|xx [| = || x ||2 for all
% *
x € A . Thus in a B -algebra A,||x || =]}lx]]| for all x & A.

*
Let A be a Banach -algebra with continuous involutlon.

% * % %
For each £ € A , let f be defined by f (x) = £(x ), x € A;

£71s called the adjoint functional of f . It 1s easy to

% % ¥ - % % ¥
see that £ €A , (Af) = Af and (f ) =f for all compleX

*
numoer A and £ €A,

For any Hilbert space H, L(H) will denote the algebra
of all continuous linear operators on H with the usual
operator bound norm, LC(H) the subalgebra of L(H) consis-

ting of all compact linear operators on H, and tc(H) the
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subalgebra of trace class operators on H. We shall denote
the trace function on Tc(Hj by tr(-) and the trace norm by
T(+) which are defined as follows : Let { ¢a} be a complete
orthornormal'sét in H then tr(T) = g(T¢a,¢a) and

©o(T) = tr((T*T)%) for ali T & 1c(H). | The value tr(T) is
independent of the set {¢a} [ 15; p.37, Lemma 11 J]. |

. L(H) and LC(H) are B*-algebras in which the involution is
given by taking the adjoint T* for every T € L(H). Undér

% %
this involution tc(H) is a Banach -algebra with (T ) =1t(T).

Let {A,: A € A} be a family of Banach algebras, and
let :zAA be the set of functions on A such that £(Xi) é.AA,
for each A , and such that ||f|] = s%p.llf(x)ll < =, Under
the usual operations for functions and the norm| |||, A,

is a Banach algebra. It is called the normed full direct

sum of the algebras A, [1l; P. 77].. Let ) (za,), be

the subset of ZAl consisting of all f such that, for every

.

~

€ >0, the set {1 : [[fQ)|| > €} 4is finite. Then (Z4&)),

is a closed subalgebra of ZAA [11; p. 107 1.

For any set S in a Banach algebra A, let .2(S) and
r(S) be the left and right annihilators of S, respectively.
A is called dual if 2(r(J))=J and r(2(R)) = R for every

closed left ideal J and every cloéed right ideal R of A.

Let A be a Banach'algebra with an approximate identity.
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For every a € A, let Ta be the right multiplication opefator

on A. Then T, is a right multiplier and I, = { T, : a €A}

a closed left ideal of M(A), the algebra of &1l bounded right
multipliers on A. Hence the mapping a - Ta’ a €A, is an
isometric anti-isomorphism of A onto I,-

.8 2. Multipliers on LC(H).

As a'Banach space TC(H) can be identified with the
conjugate space of LC(H) in the following way: For each
contlnuous linear functlonal f on LC(H) there exlsts a unique
T in tc(H) such that £(S) = tr(ST) for all S ¢ LC(H) and |
11£]] = ©(T) [15; p.46, Theorem 1]. -Similarly the conju-
gate space of Te(H) can be identified with L(H) [15; p.47,
Theorem 2]. Thus as a Banach space L(H) can be identified
with the second conjugate space of.LC(H). We now show that
this identification is.gctually a *—isomorphism between “the
B*-algebra L(H) and the second conjugate space of LC(H) con-
sidered as a B*—algebra with Arens product. That A @ is a

% .
B -algebra with Arens product is given in [2; p.869, Th. 7.1].

. %%
Lemma (3.2.1). Let A = LC(H) and denote the elements of A

* : % %
by F.G ete. Considering A as the algebra tc(H), let F ,G

denote the adjoint functionals of F,G over tc(H). Then the

: - , % ¥
isometric isomorphism which identifies A with L(H) is a

% ¥ ,
¥_isomorphism between the B -algebra A  ( with Arens product)

: %
and the B -algebra L(H) ; that is, if the .operators T,U in
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L(H) correspond through this isomorphiém_respectively té the
¥ %
linear functionals F,G in A , then FoG corresponds to TU

% %
and F to T . : . -

Proof. For each f GAA*; let Tf be the corresponding opera-

tor in tc(H). Then F(S) = tr(ST) = tr(TS) and F*(S) =

¥ E3
F(S ) = tr(S T) for all S € tc(H). Let {¢a} be a complete

. —_— —
orthonormal set in H. Then tr(S T) = g(s T¢a’¢a) =

'g(T%’S%)
*
Thus F (8)

5 (S6,.T0,):

% %
tr(ST ) for all S € tc(H) and hence F corresponds

* ¥ - *
g(T s¢a,¢a) = tr (T S8) = tr(ST ).

]

to T*. ([15; p. 45, Lemma 1]).
It remains to show that FOG corrésponds to TU. Now,
for Q,R € A and f éA*, we have
(foQ)R = £(QR) = tr(TfQR)
which shows that foQ is given by the operator TfQ. Hencg
(Gof)Q = G(£oQ) = tr(T,QU) = tr(UT,Q). :
Thus be is given by the operator UTf and- consequéntly
(FoG)f = F(Gof) = tr(UTfT) = tr(TUTf)

%
for all £ € A . Hence FoG corresponds to the prodiuct TU.

Theorem (3.2.2). To each right multiplier T on the algebra'

LC(H) there corresponds a unique element an in L(H) such that
T(s) = sap for all s & LC(H); |]T]]| = IlaTll. Thus the mapping

T > a

T is an isometric anti;isomorbhism of M(LC{H)) onto L(H).

¥
Proof. Let A = LC(H) and let T & M(4). Since the B -algebra
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A has an approximate identity [11; p.245. Theorem (4.8.14)],
' - * %

by Theorem (1.2.5), there exists a unique element F € A

~ such that

(1) (Fof)s = £(T(s)) (s€ A, £ EA).

‘ . .
For s_é A and f € A, let t, and t,  be the elements of

Tc(H) such that f(a) =tr(atf) and (fos)a = tr(atfoS) for
*all a € A. ( See [15; p.46, Theorem 1 J). Since

tr(tgsa) = f(sa) = (fos)a = tr(t..  a) (a€d),

fos
[ 12; p.45, Lemma 1] shows that '

(2) toos = TpS A (s €, £ ea).
. Thus ' ' |
(3) (Fof)s = F(fos) = tr(ty  tp) = tr(testy)

*®

(s eA, f €A ) wnere ty is the unique element in L(H)
' *

such that F(f) = tr(t ty) for all f € A'. ( See [ 15;

‘p.47, Theorem 2 j ). But f(T(s)) =.tr(th(s)). Hence

LY

from (1) and (3) it follows that

tr(th(s)) = tr(tpsty) (f €A,

Recalling [ 15; p.45; Lemma 1 ], we see that T(s) = stg

for all s € A. Taking a, = t

7 F? T(s) = sa

T for all s &€ A.

¥ ¥

We now show that [[|T|| =[[|ag|] . Since F =T I,

where I is an identity in A**, ( see (5) in the proof of
: x* ¥ %
Theorem (1.2.5) ), we have ||F|| = ||T || < |lT "|Illz]]
= ||7|}]. Thus [|F|[] < ]IT]| . On the other hand, for
¥

all £ € A, s ¢ Awith |[|f]] =1, ||s]] = 1, we have
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LHEIL > [[F(fos)|| = || (Fof)s|]| = |I£(T(s)D[] »

: %
and so, |[F]| > sup { [|£(T(s))]| : £ €A, sed, |Iff] =1
lIsl] =13}, That is, ||F|] > {|7]] . Thus [[F|| = ]|TIl].
‘By [15; p.U47,Theorem 2], ||F|| = ||tF||. Since agp = tg
we have ||T|| = [|agp/[. This completes the proof.
Corollary (3.2.3). Let A = LC(H). Then there exists an

*%
isometric anti-isomorphism ¢ of M(A) onto A such that

%%
¢(IA) = 7(A), where 7(A) is the canonical image of A in A .

Proof. For each a € A, the right multiplication opérator Ta
is a right multiplier on A. Hence by Theorem (3.2.2), there
exists b e L(H) such that Tax = xb for all x € A. .But this
means that xa =xb, for all x € A, which clearly implies that

a = b. Let ¢4 be the mapping T -+ an of M(A) onto L(H) given
in Theorem (3.2.2),€heﬁ ¢1(Ta) = a for all a € A. Let ¢,

be the mapping a > Fa which identifies L(H) with A**; 5y
Lemma (3.2.1) ¢2is an isometric ¥*-isomorphism of L(H) onto

2%
A . Let ¢ = ¢2o¢1. Then ¢. is an ispmetric anti-isomor-.

%%
phism of M(A) onto A . We show that ¢(IA) = 7(A). Since
; ¥
Fa(f) = tr(tfa) = f(a) = (n(a))f for each a € A and f € A ,
we have Fa = m(a) for all a € A. Hence
¢(Ta) = ¢20¢1(Ta) = ¢2(¢1(Ta)) =.¢2(a) = Fa = w(a)
for each a € A, and so ¢(I,) = m(A). This completes the

proof.
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§ 3. Some useful lemmas.

Lemma (3.3.1). Let {A,: A€ A} be a family of semi-
simple Banach aigebras ahd let A = (ZAA)O."-For each A € A,
let I, = {f €A : f(u) = 0 if u ¥ A} and B, =1{f ea:
f(A) = 0}. Then -
(1) I,NB, = (0) and I, + B, = A. .
(11) 2(1)\4) = r(I,) = BA. and %(B,) = r(B)) = I, .
Proof. (i) If f € I,/\B,, then £(u) = 0 for all we A,

This shows that £ = O and so 1,MVB, = (0) . We now show
that IA + BA = A for each A eAA. 'It is clear that Ik + BAQ;AJ

On the other hand, for any element f € A, we define two

functions on A such that

f(u) 1ifp =2
£a(w) =

00 if w f A

-0 if u = A
g0 = o

L f(g) ifuf A .

Then fléI)\ s fzéBA R andf'=f‘1+f‘2 . Hence Ag_IA+B

Consequently A = IA+ BA'

3

(1i) It is easy to see that the semi-simplicity for each AA

Implies semi-simplicity for (Z AA)O = A, and so A is an anni-
hilator algebra (11; p. 107). -Since IA is' a two-sided ideal
in A, ka\ﬁ(Ik) = (0) and z(IA) = r(IA) (11; p. 99; Lemma 2.8.10).

Following (1), we have 2(I,)C B Con.ver'sely, let f EBA‘ For

3

any g €I, fe(u) = f(w)g(u) = 0 for all w € A . Hence
fg = 0. Hence f é_l(IA) and so By C Z(IA).
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Consequently 2(IA) = BA' ‘Similarly we can show that

r(I,) ='B)L and L(B,) = r(BA) =_IA'

Lemma (3.3.2). Let A, Ik and Bxbe as in Lemma (3.3.1).
Let T € M(A4). Then

(1) T leaves I, invariant, i.e. T(Ix)gg I, s
(1) 1ir TA denotes the restriction of T to I
Tl = sy 1Ty

Proof. (i) Let x € B

X ° then

N and y e_IA . Then xy = 0 and 0 =

T(xy) = xT(y). This shows that Ty € r(BA) = I, by Lemma

(3.3.1). © Hence T(I,) € I,.
(11) sinde TA is theé restriction of T to IA R

[T 1] <1IT|| for all A . Let € >0 be given. Then there

exists £ € A, ||f||= 1, such that ||T|| - € ¢ ||Tf]]. Since
A= (2 Ax)o’ there exists Al, 12? Ry . in A such that

’ € €
[Iep > —TTETT'and [1£x) |} < 7T for X ¥ Xy

i=1,2,3, ..., n . Let g & A be such tha? ghy) = £(ay)
and g(A) = 0 for A § Ay 1= 1,2,...,0. Then clearly

[1£1] = [lsll ana |ITel] = sy [1Te001] = syo |73

= syp NN (g(A))|]. We now show that |[Tf[] = ||Tg|lr_
1<ign 1

It is clear that ||Tg|| < ||Tf||. On the other hand, since
Tf € A, there exist‘ui,uz, eee s Uy in A such that

][Tf(uj)ll >e and - ||TfW)|| < e foru ¥ My 5 d = 1,..0ke

Then for each J = 1,2,...,K, = A .for some 1 = 1,...,n.

Uj i
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Suppose not. There is some J such that'uJ + Ai for all

i1=1,2,...,n. Then e < lle(uJ)ll < ||T||-||f(pj)|| <

€

< |lT]] [TT]] = ©» @ contradiction. Hence {uy,...,n,} &=

{A{5:-.52,} and so ||Tf]] = sup [|TE@)|] = sup Ile(uJ)||=

= 1<j<k

sup [T (FQ,N[] < sup [|T, (FO D] =suwp ||T, (g(r,))
ek By 9T Tacaen Ay TR <icn g1 .
= {iTel| < []Tf]]. Consequently ||Tf|| = ||Tg||=

sup ||T, (84|, so that [jT£]]| = |[|T, (g N|| for

1<i<n i 1, O

some 1,5, 1 < i, < n. Since [T, (g8(xy ))|'| <z 1] )

. i 0 - 71
0 0.
we have ||T|]] - ¢ < ||TA' [l Hence ||T|| = sup IITAII
- i A

. 0
Lemma (3.3.3). Let {A;: A € A} be a family of semi-simple

Banach algebras and let A = (ZA Then M(A) is isome-

A)o'
trically isomorphic to the normed full direct sum of the
algebras M(AA)

Proof. For each A é.A,_ let I, = {f ¢ A : f(u) = 0 if u £ Al

and, for each T ¢ M(A), let Ti be the restriction of T to

A 3 Tlis a right multiplier on IA'
trically isomorphic to Ik , each T

I . Since AA is isome-

A may be identified as

an element of M(Ak) with the same norm. This isomorphism

L€ I, such that X, = 0 for u 4+ A and X, = X for u = A.

p is given as follows: For each x € A

Now for T € M(IA) , define gn on A, by the relation

A
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ET(X) = w_;(T(xu)), where ¥ (x) = (xu); Then ET is'a right

‘multiplier on AA and T ~» gT is an isometric isomorphism

-

into M(AA). To see that it 1s onto, let £ € M(4,) and

define T on IA by the relation T(xu) = y(E(x)). Then T

is a riéht multiplier on I, and such that w-l(T(xu)) = g(x).
Thus T > E; 1is onto. '

For T €.M(A), let N be the function on A such that

nT(A) = TA' By Lemma (3.3.2), Ny is an element of the
normed full direct sum I M(4,) with llﬂTll = ||T||. For

each element T &€ M(A), define the mapping ¢: T - ngp of

M(A) into Z M(AA). This mapping ¢ is an isometric isomor-
phism of M(A) into & M(Ak)’ To show that this mapping ¢

is onto, let n € 2 M(AA) and let T be a mapping on A such
that (T£)(A) = n(A)£(A). Sinece (T(£g))r = n(A)(fg(X)) =
TA)(n(W)e)) = £A)(Tg)(A) = (£(Tg))A for all £, g A,

and A€ A, and so T & M(A). Moreover,n = and

n
T
[IT]] = [Ingpl| imply that [1T|| = |Inll. Thus the mapping -

¢ is an isometric isomorphism of M(A) onto I M(Ax) and this

completes the proof.

' *
8 4. Multipliers and the duality in B -algebras.

Let {HA: » € A} be a family of Hilbert spaces H, and
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let (2 'rc(H)\))1 denote the family of all functions f
defined on A such that £(A) € TC(HA) for all A and éuch
that ¢ ||f(A)|| < ». It follows that (I TedH, ) 1is a
Banach algebra under the norm ||f|| =2 |[|£(A)]], and
the usual operations for functions. It is clearly a

¥_subalgebra of (I LC(HA))O'

Lemma (3.4.1). As a Banach space, (I TC(HA))l is isome-

trically isomorphic to the conjugate space of (I LC(HA))Q'

Proof. See [18; p. 45, Theorem (4.1.1)].

Lemma (3.4.2). Let A = (2 LC(HA))O' As a Banach space,

the normed full direct sum % L(HA) is isometrically iso-

¥ %
morphic to the second conjugate space A  of A.

Proof. See [18; p. 51; Theorem (4.2.1)1.

%
Theorem (3.4.3). Let A be a B -algebra. Then A is a dual

algebra if and only if there exists an isometric anti-

%%
isomorphism ¢ of M(A) onto A  such that ¢(IA) = w(A).

Proof. Suppose that A is dual. Then there exists a family
of Hilbert spaces {HA: A € A} such that A is ¥-isomorphic

to (I LC(H,)), [6; p. 221, Lemma 2.3]. By Lemmas (3.4.1)
and (3.4.2),A* is isometrically isomorphic to (I TC(HA))l

the Ll—direct sum of the algebras TC(HA) and that in turn
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A** is isometrically isomorphic to the normed full direct
sum I L(HA) of the algebras L(HA)‘ Letting LC(HA) = AA
and identifying A with (g AA)O’ Lemma (3.3.3.) shows that
M(A) is isometrically isomorphic to the norméd full direct
sum of the algebras M(AA). But, by Corollary (3.2.3), M(Ak)
is isometrically anti-isomorphic to L(HA) for each A. Hence
* M(A) is isometrically anti-isomorphic to % L(HA)' Since

)X L(HA) is *—isdmorphic to A**, it follows that M(A) is

issmetrically anti-isomorphic to %%, Let ¢, be the iso-
morphism of M(A) onto % L(Hk) and let ¢1§ = ¢q M(Al)’ the
restriction of ¢, to M(Ax). Let T € M(A), then T = (Tk)
_where TA G_M(AA) for each A, and so ¢1(T) = ¢l((TA)) =
(¢1ATA) = (aT ), where an is an element in L(HA) corres-

A A

ponding to T, through the isomorphism ¢lk for each A. Since

A
sgp IIaTAII = |IT]| , it follows that the element a; = (aTA)
belongs. to I L(HA)‘ It is clear that ¢1(Ta) = a, for each

a & A. Let ¢2 be the mapping a » Fa which identifies % L(HA)
with A**, where a = (al) with axéé L(H,). Then ¢, is an iso-

%%
metric ¥-isomorphism of I L(HA) onto A . It is easy to see

%% . o . : %%
that Fa € A can be written in the form Fa (Fa ) with Fa é AA .

A A
95(6, (T )) = ¢5(a)
* -
=F,, i.e., ¢(Ta) =F,. Let f € A and let fk be the restric-
tion of f to LcKHA) for each ). (We identify LC(HA) as a sub-

Let ¢ = ¢,0¢;. Then, for each a € A, ¢(Ta)
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. ¥ |
algebra of A). Then each fké LC(HA) and f = (fk)‘ Hence

Fu () =(F, (5)) = (brlty 2)) = (&) =

(v (a,)f,) = n(a)f. -
Hence Fa = w(a) for each a ¢ A. Consequently ¢(Ta) = 7 (a)
for each a € A.  This shows that ¢(I,) = m(A).

Conversely, suppose that there exists an isometric
anti-isomorphism of M(A) onto A**such that ¢(IA) = w(A).
Since I, is a closed left ideal of M(A), it follows that
w(A) is a closed right ideal of.A**. But 7(A) is a
¥_subalgebra of A**. Hence m(A) is a closed two- sided
ideal of A**. Therefore, by [19; p.533, Theorem 5.1j,

A is dual. This completes the proof.

. * ’
Corollary (3.4.4). A B -algebra A is dual if and only if

every multiplier on n(A) is given by the restriction to w(A)

¥%

of the right multiplication operator T, ,for some a € A .

.a?’

§ 5. Multipliers and the characterization of L(H).

Theorem(3.5.1). Let A be a B*falgebra containing minimal
left ideals. Let I be a minimal left ideal of A, M is

the closed two—sided ideal generated by I and M** the

second conjugate space of M. Then A is ¥-isomorphic to
L(H), for some Hilbert space H, if and only 1f A 1is ¥_isomor-

¥¥

% ¥ *
phic to M when M is considered as a B -algebra with

Arens product.
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Proof. Suppose that A is *—isomorphin to L(H). Identif&
A with L(H). Since I is a minimal left ideal of L(H), I
consists of elements of rank one, and so I C-LC(H). Since
M is the smallest closed -two-sided ideal containing I,
MC LC(H?. However, LC(H) is a simple B*—algebra ,E18j
p. 11, Theorem(1l.2.5)]. Consequently M = LC(H). By
Lemma (3.2.1), M** is ¥-isomorphic to L(H).

Conversely, suppose that A is ¥-isomorphic to M** .
Since A is a B*-algebra containing minimal left ideals,
the socie Sy of A is defined [1l1; p. 261, Theorem(4.10.2)].
Let B be the closure of SA' Since every minimal left (right)
ideal of A is of the form Ae (eA), where e is a self-adjoint
minimal idempotent [11; p. 261, Theorem (4.10.1)], it
follows that every minimal left (right) ideal of A is élso a mini-
mal left (right) ideal of B. Thus B is a B*-algebra'with dense
socle and conseguently is dual by [6; p. 222, Theorem 2.1].
Hence the closed two-sided idedl M generated by I is a minimal
closed two-sided ideal of B [1; p. 158, Theorem 5]. As
B is dual, M is *—isomnrphic to.iC(H) for some Hilbert space
H [11; p. 269, Corollary (4.10.20)]. Hence M**is ¥_iso-
morphic to L(H) by Lemma (3.2.1), and so A is ¥-isomorphic
to L(H). This completes the proof.

We remark that a B*—algebra A contains minimal left
ideals if and only if it contains minimal right ideals. This

easily follows from the continuity of the involution and

"[11; p. 261, Lemma (4.10.1)]. Thus Theorem(3.5.1) can



- 40 <«

also be stated in terms of'right ideals. We also observe

that the Hilbert space H in Theorem (3.5.1) is essentially

unique. For if L(Hl) is ¥-isomorphic to L(H2) then H, is

1
isometrically isomorphic to H2. (See [ 21; p.538 1).



10.

11.

Bibliography

F. F. Bonsall and A. W. Goldie, Annihilator algebras,
Proc. Lond. Math. Soc. (3) 4 (1954), 154 - 167.

P. Civin and B. Yood, The sécond conjugate space of a
Banach algebra as an algebra, Pac. J. Méth. 11 (1961),
847 - 870.

N. Dunford and J. Schwartz, Linear Operators Part I,
Interscience Publishers Inc. New York (1958).

J. Horvath, Topological Vector Spaces and Distribu-
tions,-Vol. I. '

B. E. Johnéon, An introduction to the theory of centra-
lizers, Proc. Lond. Math. Soc., 14 (1964), 299 - 320.
I. Kaplansy, The structure of certain operator algebras,
Trans. Amer. Math. Soc. 70 (1951), 219 - 255.

P. Koosis, Sur un théordme de Paul Cohn, C. R. Acad.
Sei.Paris, 259 (1964), 1380 - 1382,

B. D. Malviya and B. J. Tomiuk, Multiplier operators
on B*—algebras, to appear in Proc. Amer. Math. Soc.

L. Mété, Embedding multiplier operators of a Banach
algebra B in@o its second conjugate space B**, Bull.
Ac. Pol. 13 (1965), 809 - 812.

K. Mckennon, Multipliers, positive functionals, posi-
tive-definite functions, and Fourier-Stieltjes trans-
forms, Memoir Amer. Math. Society, No. 111, 1971.

C. E. Rickart, General Theory of Banach Algebras, Van

Nostrand, 1960.



l12.

13.
14,
15.

16.
17.

18.

19.

20.

‘21.

- 42 _

Marc A. Rieffel, On the continuity of oertain inter-

twining operators, centralizers, and positive linear -

functions, Prcc. Amer. Math Soc., To appear.

A. P. Robertson and W, Robertson Topologlcal‘vector
Spaces, Camb. Unlv. Press,(1906).

H. H. Schaefer,_Topological Vector Speces, Macmillan,

1966.

R. Schatten, Norm Ideals of Completely Continuous

Operators, Springer-Verlag (1960).

J. D. Stafney,.Pac. J. Math. 14 (1964), 1423 - 1448,

A. G. Taylor, Introduction to Functional Analysis,

Wiley, New York (1958).

S. L. Tan , Some characterizations of duality in

¥
B -algebras, M. Sc. thesis, Univ. of Ottawa, 1970.
B. J. Tomiuk and Pak-Ken Wong, The Arens product and

¥ :
duality in B -algebras, Proc. Amer. Math. Soc. 25

~

(1970), 529-535. ' .

Albert Wilansky, Functional Analysis, Blaisdell,. New
York‘(l964). _ - A L. S -:':“ P
K. G. Wolfson, The algebra of bounded operators on

Hilbert space, Duke Math. J. 20 (19535, 533 - 538.

3 .






