uOttawa

L'Universilé canadicenne
Canada's university



-

FACULTE DES ETUDES SUPERIEURES A FACULTY OF GRADUATE AND
ET POSTOCTORALES uOttawa POSDOCTORAL STUDIES

L'Université canadienne
Canada’s university

Latifa Zekaoui
AUTEUR DE LA THESE TAUTHOR OF THESIS

M.C.S.
GRADE / DEGREE

School of Information Technology and Engineering
FACULTE, ECOLE, DEPARTEMENT / FACULTY, SCHOOL, DEPARTMENT

Mixed Covering Arrays on Graphs and Tabu Search Algorithms

TITRE DE LA THESE / TITLE OF THESIS

Lucia Moura
DIRECTEUR (DIRECTRICE) DE LA THESE / THESIS SUPERVISOR

CO-DIRECTEUR (CO-DIRECTRICE) DE LA THESE / THESIS CO-SUPERVISOR

EXAMINATEURS (EXAMINATRICES) DE LA THESE / THESIS EXAMINERS

Alan Williams

Brett Stevens

Gary W. Slater

Le Doyen de la Faculté des études supérieures et postdoctorales / Dean of the Faculty of Graduate and Postdoctoral Studies




MIXED COVERING ARRAYS ON GRAPHS
AND
TABU SEARCH ALGORITHMS

Latifa Zekaoui
September 2006

A Theis submitted to the
Ottawa-Carleton Institute for Computer Science
At the University of Ottawa
In partial fulfillment of the requirements
For the degree of
Master of Computer Science

©Latifa Zekaoui, Ottawa, Canada, 2006



Library and
Archives Canada

Bibliothéque et
* Archives Canada
Direction du
Patrimoine de I'édition

Published Heritage
Branch

395 Wellington Street

395, rue Wellington
Ottawa ON K1A ON4

Ottawa ON K1A ON4

Canada Canada
Your file Votre référence
ISBN: 978-0-494-25846-0
Our file  Notre référence
ISBN: 978-0-494-25846-0
NOTICE: AVIS:

L'auteur a accordé une licence non exclusive
permettant a la Bibliotheque et Archives
Canada de reproduire, publier, archiver,
sauvegarder, conserver, transmettre au public
par télécommunication ou par I'Internet, préter,
distribuer et vendre des theses partout dans

le monde, a des fins commerciales ou autres,
sur support microforme, papier, électronique
et/ou autres formats.

The author has granted a non-
exclusive license allowing Library
and Archives Canada to reproduce,
publish, archive, preserve, conserve,
communicate to the public by
telecommunication or on the Internet,
loan, distribute and sell theses
worldwide, for commercial or non-
commercial purposes, in microform,
paper, electronic and/or any other
formats.

The author retains copyright
ownership and moral rights in
this thesis. Neither the thesis
nor substantial extracts from it
may be printed or otherwise
reproduced without the author's
permission.

L'auteur conserve la propriété du droit d'auteur
et des droits moraux qui protége cette these.
Ni la thése ni des extraits substantiels de
celle-ci ne doivent étre imprimés ou autrement
reproduits sans son autorisation.

In compliance with the Canadian
Privacy Act some supporting
forms may have been removed
from this thesis.

While these forms may be included
in the document page count,

their removal does not represent
any loss of content from the

thesis.

Canada

Conformément a la loi canadienne
sur la protection de la vie privée,
guelques formulaires secondaires
ont été enlevés de cette these.

Bien que ces formulaires
aient inclus dans la pagination,
il n'y aura aucun contenu manquant.



Abstract
Mixed covering arrays on graphs and tabu search algorithms
Latifa Zekaoui, Master’s 2006
Ottawa-Carleton Institute for Computer Science

University of Ottawa,

Covering arrays are combinatorial objects that have been successfully applied in
the design of test suits for testing software, networks and circuits. Mixed covering
arrays on graphs are new generalizations of both mixed covering arrays and covering
arrays on graphs.

In this thesis, we give new theoretical results and constructions for mixed covering
arrays on graphs. First, we extend to the mixed case the work done by Meagher
and Stevens [31], which uses graph homomorphisms for covering arrays on graphs.
Second, we study covering arrays on special classes of graphs. In particular, we solve
to optimality the case in which G is a tree, a cycle or a bipartite graph, as well as
give results for wheels and cubic graphs. We also provide general graph operations
that preserve the size of a balanced covering array.

In the second part of the thesis, we do a complete experimental study of two
tabu search algorithms for covering array construction. POT is a variation of the
algorithm given by Stardom [40] while PAT is an implementation of the algorithm
proposed by Nurmela [35]. We conclude that they provide effective methods for
constructing covering arrays of moderate size. In particular, POT and PAT improve

upper bounds for 18 sets of parameters for covering arrays.
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Chapter 1
Introduction

Covering arrays have been extensively studied and have been the topic of interest and
focus of many researchers. These interesting mathematical structures are generaliza-
tions of the well-known orthogonal arrays [25].

Let n, k, g be positive integers. A covering array, denoted by CA(n,k,g), is an
n X k array with entries from Z, such that every pair of columns has every possible
pair in Z, X Z, appearing in some row. The number of rows in such an array is called
its size. Given k and g, the covering array number, denoted by CAN(k, g), is the
minimum 7 for which there exists a CA(n, k,g). A CA(n, k, g) of size n = CAN(k, g)
is called optimal. The question one would like an answer for is “What is the smallest
n such that a CA(n, k, g) exists?”. Although, the question posed seems simple, it is
a very complicated and difficult problem to construct covering arrays of optimal size.

Covering arrays have applications in many areas. They are used for testing soft-
ware [6, 9, 16, 17], circuits [38] and networks [45]. They have also been applied to
problems in other domains, such as material science [2], genomics [39] and statistical
design of experiments [37].

Covering arrays are particularly useful in the design of test suites [6, 7, 20, 45, 46].
The testing application is based on the following translation. The system to be tested
has k parameters, each of which can take one out of g possible values. We wish to
build a test set that tests all pairwise interactions of parameters with the minimum

number n of tests. Exhaustively testing every possible parameter combination would
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be impossible due to time and cost constraints, as the number of possible combina-
tions is exponential in k. Covering arrays provide compact test suites that guarantee
pairwise coverage of parameters.

The main contributions of this thesis are a theoretical study of a new generaliza-
tion of covering arrays and an experimental study of two tabu search algorithms for
covering array construction. We outline each of these contributions in Sections 1.1

and 1.2, respectively, and give an overview of the thesis in Section 1.3.

1.1 Contributions on mixed covering arrays on graphs

Several generalizations of covering arrays have been proposed in order to address
different requirements of the testing application (see [11, 24]). Mized covering arrays
are a generalization of covering arrays that allows for different alphabets in different
columns. This meets the requirement that different parameters in the system may
take a different number of possible values. Constructions for mixed covering arrays
are given in [15, 33]. Another generalization of covering arrays are covering arrays on
graphs. In these arrays, only specified pairs of columns need to satisfy the pairwise
coverage requirements and these pairs are recorded in a graph structure [29, 31].
This is useful in situations in which some pairs of parameters do not interact; in these
cases, we do not insist that these interactions be tested, which allows reductions in
the number of required tests. This has been applied in the context of software testing
by observing that we only need to test interactions between parameters that jointly
affect one of the output values [4].

In the first part of the thesis, we study mixed covering arrays on graphs which
generalize both mixed covering arrays and covering arrays on graphs. The addition
of a graph structure to covering arrays makes it possible to use methods from graph
theory to study these structures. Covering arrays on graphs were first studied by
Serroussi and Bshouty [38], who showed that finding an optimal covering array on
a graph is NP-hard for the binary case. Only more recently, covering arrays on
general alphabets have been systematically studied. They were introduced in Steven’s

thesis [42] and Stevens and Meagher [29, 31] studied covering arrays on graphs in more
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detail and gave some powerful results.

Let G be a graph with & vertices vq,vs,...,vx with respective vertex weights
g1 < g2 < - < gk A mized covering array on G, denoted by CA(n, G, Hle gi), is
an n X k array such that column 7 corresponds to v;, cells in column ¢ are filled with
elements from Z,, and every pair of columns %,j corresponding to an edge {v;,v;}
in G has every possible pair from Z,, x Z,, appearing in some row. The number of
rows in such an array is called its size. Given a weighted graph G, a mixed covering
array on G with minimum size is called optimal. In this thesis, we extend the work
done by Meagher and Stevens [31] for covering arrays on graphs to the mixed case.
We define a weight-restricted graph homomorphism and use it to give bounds on the
mixed covering array number. We briefly define the special class of graphs called
the mixed qualitative independence graphs. We use them to relate the existence of
mixed covering arrays on graphs to the mixed qualitative independence graphs via
weight-restricted graph homomorphisms, which allows us to derive general bounds
for the mixed covering array number. In addition to generalizing the work in [31],
we study covering arrays on special classes of graphs. We give graph operations that
allow us to add vertices to a graph, while preserving the size of a balanced covering
array on the graph. If G is n-colourable, for n = 2,3, 4, 5, we show that in many cases
the product of the largest two alphabets is an upper bound on the mixed covering
array number. For the case in which G is a tree, a cycle or a bipartite graph, we get a
stronger result, namely that its mixed covering array number is the largest product of
alphabets connected by an edge. All the results mentioned up to this point appeared
in our paper [30]. In addition, we determine the covering array numbers for wheels
with uniform alphabet sizes and give an upper bound on the mixed covering array

number for cubic graphs.
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1.2 Contributions on tabu search algorithms for

covering arrays

In the second part of the thesis, we study and implement tabu search algorithms for
covering array construction. The tabu search algorithm is a metaheuristic method
that was proposed by Glover [21]; a detailed account is given by Glover and La-
guna [22]. Metaheuristic algorithms are capable of solving a wide range of combi-
natorial problems quickly and effectively, using generalized heuristics which can be
tailored to suit the problem at hand. Heuristic search algorithms try to find a certain
combinatorial structure or solve an optimization problem by the use of heuristics. A
heuristic search is a method of performing a minor modification of a given solution in
order to obtain a different solution. Some examples of heuristic search algorithms are
hill climbing, simulated annealing and tabu search. Different variations of the tabu
search algorithm have been proposed by Nurmela [35] and Stardom [40] in order to
obtain upper bounds on the size of covering arrays.

We implement two tabu search algorithms which we call the point tabu search
(POT) and the pair tabu search (PAT). POT algorithm is a variation of the tabu
search algorithm proposed by Stardom [40]; we call it point tabu search because the
basic‘ tabu move is to switch a point in the array. PAT is an implementation of the
algorithm proposed by Nurmela {35]; we call it pair tabu search because the basic
tabu move aims at covering a new pair in the array. The main objective of this part
of the thesis is to provide a detailed description of an efficient implementation of these
algorithms, and to perform a complete experimental analysis of these methods.

We give a description of POT and PAT that includes data structures used and
algorithm analysis which goes into much more detail than the original references. Our
POT algorithm runs in O(nk?g) per tabu move, while PAT runs in O(nk) per tabu
move.

The objective of the experimental study is to examine the algorithms’ behaviour
individually, to try to improve on the implementation efficiency by tuning up param-
eters, to perform a detailed comparison between POT and PAT and to determine

how they compare with other algorithms, and to find new upper bounds for covering
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array numbers. We tune up the input parameters for both POT and PAT using a test
bed of 30 test cases designed by us. We run our algorithms on a test bed acquired
from Cohen’s PhD thesis [9], which involves a comparison against many algorithms
found in the literature that were used in the construction of fixed and mixed covering
arrays. We also attempt to improve on upper bounds reported in recent tables by
Colbourn [10] that summarize the best known bounds for covering arrays using all
known constructions. We also report on a few new upper bounds for mixed covering
arrays with parameter values close to those of an orthogonal array. We conclude that
POT is comparable to PAT in terms of percentage success of finding covering arrays,
although PAT is substantially faster than POT for most of our test cases. POT and
PAT achieve most of the best known upper bounds reported in Cohen’s test bed and
even improve on 13 bounds from Colbourn’s tables; in addition, PAT improves on 5

mixed covering array bounds.

1.3 Overview of the thesis organization

In Chapter 2, we give the necessary background on covering arrays and discuss some
basic constructions as well as some generalizations. In particular, we discuss mixed
covering arrays, and covering arrays on graphs and their relation to graph homomor-
phism. In Chapter 3, we study mixed covering arrays on graphs which generalize
both mixed covering arrays and covering arrays on graphs. This chapter consists
of original contributions towards constructions of these objects, which appeared in
our paper [30]. As described previously, these contributions generalize the work of
Meagher and Stevens [31], and provide additional optimal constructions for covering
arrays on special classes of graphs. In Chapter 4, we discuss the two tabu search
methods that we implemented, namely POT and PAT. We introduce tabu search in
general, and give POT and PAT along with their pseudocode, data structures used
and complexity analysis. In Chapter 5, we conduct a thorough experimental analysis
of POT and PAT. We compare the effectiveness of each algorithm against one another
and against some other algorithms for which data is provided in the literature. We

also report on new improved upper bounds for covering array numbers found by our
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algorithms. Finally, in Chapter 6, we conclude by outlining the main findings in this
thesis and pointing out some future work. In the Appendix, we include tables of the

best known upper bounds on the size of covering arrays, as reported by Colbourn [10].



Chapter 2
Background on Covering Arrays

In this chapter, we review covering array definitions and basic constructions as well

as their associated generalizations.

2.1 Covering Arrays

Covering arrays have been studied extensively in the past few years [11] and their
primary application is in software [6, 14, 16, 17], hardware [14], network [39] and
circuit [33] testing.

Two length-n vectors z,y with entries from Z, and Z, respectively, are qualita-
tively independent if for any pair (a,b) € Z, x Z, there exists ¢ € {1,2,...,n} such
that (z;,4) = (a,b). Covering Arrays are arrays whose columns are qualitatively

independent.

Definition 2.1.1. (Covering Arrays) Let n,k,g be positive integers. A covering ar-
ray, denoted by CA(n, k,g), is ann x k array A with entries from Z, such that any

two distinct columns of A are qualitatively independent.

The parameter n is called the size of the array. Given k and g, the covering
array number, denoted by CAN(k,g), is the minimum n for which there exists a
CA(n,k,g). A CA(n,k,g) of size n = CAN(k, g) is called optimal. An obvious lower
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bound for the size of a covering array is ¢g* in order to guarantee that two of the

columns be qualitatively independent.

Example 2.1.2. The following array is an optimal C A(5,4,2):

0 00O
1110
1101
1011
| 01 1 1

Let us see a software application of covering arrays. The model most commonly
used is that of a computer program or little snippet of code. The program has k
input parameters and each can take one of g possible values. To perform a full
coverage of the parameter space, one would have to test every possible combination
of the input parameters. As g and k grow, the number of possible combinations g*
become infeasible to test. Cohen et al. [6] show by the use of empirical data that the
vast majority of defects are due to the interaction between two parameters. Using
covering arrays to build test suites ensures pairwise coverage and leads to quicker
testing methodologies.

A lot of research has been developed and is being conducted to determine the
minimum size of covering arrays for different parameter values as well as to develop
constructions to build these interesting mathematical structures. Although, the prob-
lem of finding CAN(k, g) for general k and g is not an easy problem, the determi-
nation of CAN(k,2) has been completely solved by Katona [26] and Kleitman and
Spencer [27], independently. The construction is very simple. It specifies that given
n, in order to build a CA(n, k,2) with maximum k, we form a matrix in which the
columns consist of all distinct binary n-tuples of weight [%] that have a 0 in the first
position. The next theorem guarantees that this is in indeed a covering array, and

gives a maximum k.

Theorem 2.1.3. (Katona [26], Kleitman & Spencer [27]) Let k be a positive integer,

then
CAN(k,2) = min {n: (”["“ 1) > k}

3]
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Another useful construction for covering arrays makes use of combinatorial designs
called orthogonal arrays. An orthogonal array, denoted OA(k, g), is a g* x k array,
A, with entries from a Z, such that any two distinct columns of A are qualitatively
independent. Orthogonal arrays yield optimal covering arrays, since they have g2
rows, which match the lower bound for CAN(k, g).

Proposition 2.1.4. If an OA(k, g) exists then CAN(k,g) = ¢°.

The following theorem ensures the existence of orthogonal arrays with g + 1

columns when g is a prime power.
Theorem 2.1.5. (Bush [1]) For a prime power g, there ezists an OA(g + 1, g).

The maximum number of columns possible in an orthogonal array is & = g + 1.
When covering arrays with larger k are needed, other constructions are required.

The blocksize recursive construction is a construction that concatenates copies
of existing smaller covering arrays to build a larger covering array with the same

alphabet size as can be seen in the next theorem.

Theorem 2.1.6. (Cohen & Fredman [8], Poljak & Tuza [36], Stevens & Mendel-
sohn [41], Williams [{6]) If there exists a CA(m,j,g) and a CA(n,k,g), then there
exists a CA(m + n, jk, g).

Sketch of the proof. Let A be a CA(m, j,g) and B be a CA(n, k, g). We build
C, a CA(m+n, jk, g). In order to build the first k& columns of C, the larger covering
array, we need to repeat the first column of A, k times, and concatenate each of these
columns with all the columns from the array B. Similarly, repeat each other column
of A, k times, and concatenate to it a full copy of B. It can be verified that this
constructs a CA(m + n, jk, g). O
For fixed g, CAN(k, g) has been asymptotically determined as k grows.

Theorem 2.1.7. (Gargano, Korner & Vaccaro [20]) Let g be a positive integer. The

following asymptotic result holds:

lim CAN(k, g) = -g—log2 k
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This result is not constructive, so it sheds no light on how to construct optimal
covering arrays. Several generalizations of covering arrays have been proposed in order
to address different requirements of the testing applications [11, 24]. In Section 2.2

and 2.3, we discuss two of these generalizations.

2.2 Mixed Covering Arrays

A mized covering array is a generalization of a covering array that allows for different
alphabets in different columns. This was introduced to remove the limitation that all
parameters had to have the same number of possible values since different parameters
in the system will often take on a different number of possible values . This is a more

realistic approach in a software application context.

Definition 2.2.1. (Mized Covering Array) Let n,k, g1, ..., g be positive integers. A
mixed covering array, denoted by C A(n, Hle 9:), of type Hle 9i, 18 ann x k array
A with entries from Zg, in column i, such that any two distinct columns of A are

qualitatively independent.

The parameter n is called the size of the array. Given k and g; for 1 < 7 < k,
the covering array number, denoted by CAN (Hf=1 g:), is the minimum n for which
there exists a CA(n,[1%., ¢:). A CA(n, I, ¢:) of size n = CAN(TTE, ¢:) is called
optimal. An obvious lower bound for the size of a covering array is g;g;, where g;
and g; are the largest two alphabets, in order to guarantee that the corresponding

columns be qualitatively independent.

Example 2.2.2. The following array is an optimal CA(6,4,233!).

—_ O = O = O
—_ O O = = O
S = O = = O
NN = = DO
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Constructions of mixed covering arrays are discussed in [15] and [33]. Next, we

list some results that are used in the thesis.

Theorem 2.2.3. (Moura et al. [33])(Increasing one of the alphabet sizes) Let e > 0,
1<i<k ag<gp< - <g,andk =mazr{j:1<j<kj#1i}. Then,
CAN(g192..-(gi+€)...95) < CAN(g192-..9x) + egp'-

Theorem 2.2.4. (Moura et al. [33])(Decreasing one of the alphabet sizes) Let € > 0
and 1 <1 < k. Then, CAN(g192-..(g: —€)...gx) < CAN(g192---Gi - 9k)-

Theorem 2.2.5. (Moura et al. [33]) Let gy < g2 < g3 < g4 < g5 and g; > 2. For
k < 4, we have C'AN(H?=1 9i) = gk—19% except in the following cases: CAN(24) =5
and CAN(6%) = 37. For k =5, if g4 # 6,10, then C’AN(H?=l gi) = gags except in
the following cases: CAN(2°) =6, CAN(3%) = 11 and CAN(2'3%) = 10.

2.3 Covering Arrays on Graphs and Graph Homo-
morphism

Covering arrays on graphs are generalizations of covering arrays that only require that
specified pairs of columns need to be qualitatively independent and these pairs are
recorded in a graph structure [29, 31]. This is useful in situations in which some pairs
of parameters do not interact; in these cases, we do not insist that these interactions
be tested, which allows reductions in the number of required tests. This has been
applied in the context of software testing by observing that we only need to test

interactions between parameters that jointly affect one of the output values [4].

Definition 2.3.1. (Covering Array on a Graph) Let n and g be positive integers
and G be a graph with k vertices. A covering array on G, denoted by CA(n,G,g),
is an n X k array with the following properties: 1) the cells in column i are filled
with elements from a g-ary alphabet, which is usually taken to be Zg; 2) column
1 corresponds to a vertex v; € V(G); and 3) pairs of columns that correspond to

adjacent vertices of G are qualitatively independent.
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Given a graph G and a positive integer g, the covering array number CAN(G, g)
is the minimum n for which there exists a CA(n,G,g). A CA(n,G,g) of size n =
CAN(G, g) is called optimal.

Example 2.3.2. The following is an optimal CA(4,4,2*) for the graph below. Since
vertices A and D are not adjacent in the graph, their corresponding columns need not

be qualitatively independent.

AB|C|D
A2 B:2

010|010

011110

1{01 11
C:2 D:2 111101

Before we discuss known results for covering arrays on graphs, we need to review
some graph theoretical definitions and results.

A mapping ¢ from V(G) to V(H) is a graph homomorphism from G to H (or simply
a homomorphism) if for all u,v € V(G), the vertices ¢(u) and ¢(v) are adjacent
in H whenever u and v are adjacent in G. For graphs G and H, if there exists a
homomorphism from G to H we write G — H.

The complete graph on n vertices, K, is the graph with n vertices and with an
edge between any two distinct vertices. A proper colouring of G with n colours is a
map from V(G) to a set of n colours such that no two adjacent vertices are mapped
to the same colour. A proper colouring of a graph G with n colours is equivalent to a
homomorphism from G to K,. The chromatic number of a graph G, denoted x(G),
is the smallest n such that G — K,,. A clique in a graph G is a set C of vertices
from V(G) such that any two distinct vertices in C' are adjacent in G. A clique of
cardinality n in G is equivalent to a homomorphism from K, to G. The clique number
of a graph G, denoted by w(G), is the largest n such that K, — G. For graphs G
and H, if there is a homomorphism G — H then x(G) < x(H) and w(G) < w(H).
Also, for all graphs G, w(G) < x(G).



CHAPTER 2. BACKGROUND ON COVERING ARRAYS 13

Next, we give some results by Meagher and Stevens [31] that relate graph homo-
morphisms with covering arrays on graphs. In section 3.2, we generalize these results

to mixed covering arrays on graphs.

Theorem 2.3.3. (Meagher and Stevens [31]) Let g be a positive integer and G and
H be graphs. If there exists a graph homomorphism ¢ : G — H, then

CAN(G,g) < CAN(H, g).
For any graph G, there are homomorphisms between the following graphs
Ko@) — G = Eyo)-
These homomorphisms can be used to find bounds on CAN(G, g).

Corollary 2.3.4. (Meagher and Stevens [31]) For all positive integers g and all graphs
G,
CAN(Ky ), 9) < CAN(G, g) < CAN(Ky ), 9)-

A k-partition of an m-set is a set of k disjoint non-empty classes whose union is
the n-set. Let P denote the set of all k-partitions of an n-set. We say that a vector

T € Zy corresponds to a g-partition P = {P;, P;,..., Py} of an n-set if
z;=cifandonlyifi € P,, forall1<i<n,1<a<g.

Throughout this thesis, we denote by z, the vector corresponding to partition P.
We say that partitions P and @ are qualitatively independent if their corresponding

vectors zp and z¢ are qualitatively independent.

Definition 2.3.5. (Qualitative Independence Graph) Let n and g be positive integers
with n > g*. Define the qualitative independence graph, QI(n,g), to be the graph
whose vertex set is the set of all g-partitions of an n-set with the property that every
class of the partition has size at least g. Vertices are adjacent if and only if the

corresponding partitions are qualitatively independent.

The next theorem relates the existence of covering arrays on graphs to the mixed

qualitative independence graphs via graph homomorphisms.



CHAPTER 2. BACKGROUND ON COVERING ARRAYS 14

Theorem 2.3.6. (Meagher and Stevens [81]) For a graph G and positive integers g
and n, there exists a CA(n, G, g) if and only if there exists a graph homomorphism

G — QI(n,g).
We can therefore rewrite the previous result in terms of covering array numbers.

Corollary 2.3.7. (Meagher and Stevens [31]) For any graph G, and any positive
inieger g,
CAN(G,g9) =min{n : G — QI(n,g)}.

Since a homomorphism G — H implies x(G) < x(H) and w(G) < w(H), the

following corollary is a direct consequence of Theorem 2.3.6.

Corollary 2.3.8. (Meagher and Stevens [31]) Let G be a graph and n, g be positive
integers. If there exists a CA(n,G,g), then

x(G) < x(QI(n,9)) and w(G) < w(QI(n,g)).



Chapter 3
Mixed Covering Arrays on Graphs

In this chapter, we study mixed covering arrays on graphs, which generalize both
covering arrays on graphs and mixed covering arrays.

We extend results given in Section 2.3 for covering arrays on graphs to the mixed
case. We give graph operations that allow us to add vertices to a graph, while
preserving the size of a balanced covering array on the graph. If G is n-colourable,
forn = 2, 3,4, 5, we show that in many cases the product of the largest two alphabets
is an upper bound on the mixed covering array number. For the case in which G is
a tree, a cycle or a bipartite graph, we get a stronger result, namely that its mixed
covering array number is the largest product of alphabets connected by an edge. The
contents of this chapter appear in our paper [30], except for extra results for wheels

and cubic graphs.

3.1 Mixed covering arrays on graphs

Mixed covering arrays on graphs allow for different alphabets in different columns
as well as ensure that only specified pairs of columns need to be qualitatively inde-
pendent. The first property meets the requirement that different parameters in the
system may take a different number of possible values, while the second property is
useful in situations in which some pairs of parameters do not interact.

The parameters for mixed covering arrays on graphs are given by a vertex-weighted

15
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graph. A wvertex-weighted graph or simply a weighted graph is a graph with a weight
assigned to each vertex. A weighted graph is given by a triple (V(G), E(G), wg())
where V(G) is the vertex set, E(G) is the edge set and wg : V(G) — N7 is the
weight function. We assume that the vertices are labelled so that the weights are
nondecreasing, that is, wg(v;) < wg(v;), for all 1 <4 < j < |V(G)|. When there is

no ambiguity on which graph we are using, we can write w(-) in place of wg(-)-

Definition 3.1.1. (Mized Covering Array on a Graph) Let G be a weighted graph
with k vertices and weights g1 < g2 < -+ < gx, and let n be a positive integer. A
mixed covering array on G, denoted by CA(n, G’,Hf=1 gi), 18 an n x k array with
the following properties: 1) the cells in column i are filled with elements from a g;-
ary alphabet, which is usually taken to be Z,,; 2) column i corresponds to a vertex
v; € V(G) with wg(v;) = gi; and 8) pairs of columns that correspond to adjacent
vertices of G are qualitatively independent. Given a weighted graph G with weights
91,92, -- -, 9k, the mixed covering array number on G, denoted by CAN(G, Hf=1 9i),
is the minimum n for which there exists a CA(n, G, [, ¢;). A CA(n,G, [t ¢) of
size n = CAN(G, Hle g:) 1s called optimal.

A mixed covering array, denoted by C A(n, Hle 9:),isa CA(n, Ky, Hle gi), where
Ky is the complete graph on & vertices with weights ¢g;, for 1 < ¢ < k. A covering
array on a graph, denoted by CA(n, G, g), is a CA(n, G, g*) where k = |V(G)|.

Example 3.1.2. The following is an optimal C A(6,4,233") for the graph below.

A|B|C|D
A2 B:3

0101010

110111

011111
C:2 D:2 1111010

021110

1121011
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3.2 Weight-restricted graph homomorphisms

In this section, we generalize the results by Meagher and Stevens [31] given in sec-
tion 2.3.

Let G and H be weighted graphs. A mapping ¢ from V(G) to V(H) is a weight-
restricted graph homomorphism from G to H if ¢ is a graph homomorphism from G
to H such that wg(v) < wy(é(v)), for all v € V(G). For weighted graphs G and H,
if there exists a weight-restricted homomorphism from G to H then we write G = H.

In the next proof, we use the concept of dropping the alphabet size of a particular
column of a mixed covering array (from Theorem 2.2.4). Let h > g. To drop the
alphabet size from h to g in a column of a covering array, we replace all symbols
from Zy\Z, in the column by arbitrary symbols from Z,. Any pair of qualitatively
independent columns of the covering array prior to the dropping operation will remain

qualitatively independent.

Theorem 3.2.1. Let G and H be weighted graphs with weights gi,4go,...,gx and
hi,ha, ..., he, Tespectively. If there exists a weight-restricted graph homomorphism ¢
: G5 H then CAN(G,TIi, ¢:) < CAN(H,TT:_, hy).

Proof. Let CH be a CA(n, H, H§=1 h;). The covering array C¥ is used to construct
C%, a CA(n,G, 15, 9:). Leti € {1,2,...,k} be the index of a column of CC, and
let v; be the corresponding vertex in G. Column 4 of C¢ is constructed from the
column corresponding to ¢(v;) in C¥ by dropping its alphabet from wg(#(v;)) to
wg(v;). Now, for any edge {v;,v;} in G, the pair {¢(v;), ¢(v;)} is an edge in H and
columns of C¥ corresponding to ¢(v;) and ¢(v;) are qualitatively independent. Since
dropping the alphabet size preserves qualitative independence, columns i and j of C¢

are qualitatively independent. O

The weight-restricted homomorphism defined above gives more than just an upper
bound on the size of a mixed covering array on a graph, it also describes a construction
for the array.

The next corollary generalizes Corollary 2.3.4 to the mixed case. The complete

weighted graph on n vertices K,(¢1,...,gn) is a complete graph on n vertices with
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weights g1,...,9, on the vertices. For any graph G, there exist homomorphisms
between the following graphs K, ¢)—G-— K, ). These homomorphisms can be ex-

tended to weight-restricted homomorphisms and we get the following lower and upper
bounds on CAN (G, 1%, g:)-

Corollary 3.2.2. Let G be a weighted graph with k vertices and g1 < g2 < -+ < gk

be positive weights. Then,

w(G) k k
CAN(Kuc), [[ 9) < CAN(G, [[ 9;) < CAN(Kye), [ 90
i=1 j=1 =k—x(G)+1

Proof. Let G be a weighted graph with positive weights ¢; < go < --- < gg. From
Section 2.3, we know there exists a graph homomorphism ¢ : K, — G. Assign
weights g1,..., gue) to Kug) so that wg, g (u) < wk,,q (v) whenever we(p(u)) <
wg(¢(v)). Since the g;’s are ordered by weight, it is clear that ¢ is a weight-restricted
homomorphism. Similarly, from Section 2.3, there exists a graph homomorphism
¢ : G — Ky)- Assign weights gr_y)+15-- -, 9k t0 Kyg) so that wg ., (p(u)) <
WK, (p(v)) whenever wg(u) < wg(v). It is clear that ¢ is a weight-restricted

homomorphism. O

TI ::/§v.%

Figure 1: Illustrating the fact: Ku)(g1,-- -, gwi@) — G = Ky 6)(Gk—x(c)+1> - - - 9k)

Definition 3.2.3. (Mized Qualitative Independence Graph) Let n and g; < --- < ¢y
be positive integers. The mixed qualitative independence graph QI (n, Hle g:) 1s the
graph whose vertez set is P, U Py, U --- U Py and two vertices are adjacent if and

only if their corresponding partitions are qualitatively independent.
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Note that for all ¢ € {1,...,¢}, the graph QI(n,g;) is an induced subgraph of
QI(n, 1, 9:) and if £ =1 then QI(n,[I", ;) = QI(n, ).

Lemma 3.2.4. Let n and g1 < g2 < -+ < gy be positive integers and let r; = [Pyl
Then, CAN(QI(n, 1., 9:), [T'2, o) < n.

Proof. Build a CA(n,QI(n, Hle g,-),]_[f=1 g:'), by assigning to the column corre-

sponding to vertex v (partition P,), the vector zp,. O

The next theorem relates the existence of mixed covering arrays on graphs to the

mixed qualitative independence graphs via weight-restricted graph homomorphisms.

Theorem 3.2.5. For a weighted graph G and positive integers n and g1, 9s, . . ., Gk,
there exists a C’A(n,G,]—[f=1 9:) if and only if there exists a weight-restricted graph
homomorphism G = QI (n, Hle gi)-

Proof. Assume that there exists a CA(n, G, []~, ¢:); call it C. For any v in V(G),
denote by z, € Zj the column in C corresponding to v and by P, the partition
corresponding to z,. Consider a mapping ¢ : V(G) — V(QI(n, ]~ ¢:)) such that
¢(v) = P,. The map ¢ is a weight-restricted homomorphism. To see this, let v,u €
V(G) be adjacent vertices. Since C is a mixed covering array on G, columns z, and
z, are qualitatively independent, thus the corresponding partitions P, and P, are
qualitatively independent and adjacent in QI(n, Hle gi)-

Conversely, assume there is a weight-restricted graph homomorphism ¢ : G =
QI(n,TI, 9:)- We build C, a CA(n, G, [T, 9:), as follows. For each v € V(G), ¢(v)
corresponds to a partition FP,. Take the column corresponding to v to be zp,, the
vector corresponding to P,. If the vertices v,u € V(G) are adjacent in G then the
partitions P, = ¢(v), P, = ¢(u) are qualitatively independent, thus the corresponding

columns zp,, zp, are qualitatively independent. O

Corollary 3.2.6. Let G be a weighted graph with distinct weights g1, go, ..., gy, Te-

peated sy, Sa, ..., S, times, respectively. Then,

CAN(G, [] 9) = min{n : G % QI(n, [T 99)}-
=1 1

i=1
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The next corollary can be used to find a lower bound on the mixed covering array

number. Specifically, we conclude that CAN(G,T[;_; ¢;’) > n whenever w(G) >
w(QI(n, [Tizy 90) or x(G) > x(QI(n, [T;_, 9:))-

Corollary 3.2.7. Let n be a positive integer and let G be a weighted graph with
distinct weights g1, go, - - ., gr, Tepeated sy, Sa, . .., S, times, respectively. Then, if there
exists a CA(n, G, [, 9;°) then

x(G) < X(QI(R,HQZ-)) and w(G) < w(QI(n, Hgi))-

Proof. By Theorem 3.2.5, there exists a weight-restricted homomorphism from G to
QI(n,IT;_; 9:)- A weight-restricted homomorphism is a homomorphism, therefore we
get that x(G) < x(QI(n,[]i; 9:)) and w(G) < w(QI(n,[];_, ;) by the properties
of homomorphisms. (]

3.3 Optimal Mixed Covering Arrays on Graphs

In this section, we give constructions of mixed covering arrays on graphs, several of
which are optimal.

A length-n vector with alphabet size g is balanced if each symbol occurs |[n/g|
or [n/g] times. A balanced covering array is a covering array in which every row is
balanced. Balanced covering arrays are of special interest, as Meagher [29] conjectures
that there always exists an optimal covering array that is balanced and proves that

this is true for g = 2.

Lemma 3.3.1. For a balanced length-n vector x on Zy and for any h < -;ﬁ there exists

a balanced length-n vector y on Zy, such that x and y are qualitatively independent.

Proof. Let n = gq + r, with 0 < r < g. Since z is balanced, we assume w.l.o.g. that
the first g — r symbols each occur ¢ times in z and the last r symbols occur g -+ 1
times. Further, we assume w.l.o.g. that the letters occur in their natural order. That

is,
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1'J for 0 <i<(g—r)g,
z(1) = ;1+(y—r) ;
_WJ for (9 —r)g<i<n.

Let y € Zj be the vector such that y(i) = ¢ mod A, for all i € [0,n — 1]. Clearly,
y is balanced. We will now show that z and y are qualitatively independent. For
s €{0,1,...,9—1}, there exists some j € [0,n— 1] such that z(j) = z(j+1)=... =
z(j+qg—1)=s. Since h < 2, we have ¢ > h. Thus, all symbols in Z; occur among
y(3),yG +1),..,y(j +q ~ 1). Therefore, {(z(i),y(i)) : j < i < j+q—1} = {(5,8) :
t € Zp}. Since we can do this for all s € {0,1,...,g — 1}, all pairs from Z, x Z; are

covered by some common coordinate of z and y. ]

Lemma 3.3.2. Let 21 € Zj, and zo € Z, be balanced vectors, then for any h such
that hgy < n and hg, < n, there exists a balanced vector y € Z} such that x; and y

are qualitatively independent and x3 and y are qualitatively independent.

Proof. Define a bipartite multi-graph H as follows: H has g, vertices in the first part,
P C V(H) and g vertices in the second part @ C V(H). Let P, = {i : z1(i) = a},
fora = 1,..., 9, be the vertices of P, while Q, = {¢ : 25(i) = b}, for b=1,..., 9o,
be the vertices of Q. We also have that |P,| > [Z%J and |Qy] > [;‘—2J since the
vectors are balanced. For each i = 1,...,n there exists exactly one P, € P with
i € P, and exactly one @, € @ with i € Q,. For each such 4, add an edge between
vertices corresponding to P, and @), and label it ¢. Since |F,| > L%J and |Qp] >

[EJ, the minimum degree of a vertex in H is § = min{ lflJ , l—”—J} By a dual of
g2 g1 g2

Konig’s theorem, there are min{ *_gﬂl} , L)%J } classes of edge-disjoint vertex covers. In
particular, since h < min{ [gﬂlJ ) L?%J }, we have h edge-disjoint vertex covers. These
h edge-disjoint vertex covers form a partition R of [1,n], which we use to build a
balanced vector y € Z}. Each edge-disjoint vertex cover corresponds to a symbol in
Zp, and each edge corresponds to an index from [1,n]. For each edge 7 in an edge-
disjoint vertex cover associated with a € Zj, define y(i) = a. Fill the remaining
positions in the vector y in such a way that y remains balanced. Next, we need to
show that the partitions P and R are qualitatively independent. For any ¢ € Z,

the class R, corresponds to an edge-disjoint vertex cover of H, this means that for
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any a € Z,,, there exists an edge ¢ in the edge-disjoint vertex cover incident to F,.
By the definition of R, we have i € R.. Since the edge labelled ¢ is incident with
the vertex corresponding to P,, we also know that ¢ € P,. This means that for any
a € Zg,,c € Ly, there exists an ¢ € [1,n] such that ¢ € P, and i € R, or in other
words, z1(7) = a and y(i) = ¢. So, x; and y are qualitatively independent. Similarly,

we can show that z» and y are qualitatively independent. (]

3.3.1 Basic Graph Operations

Let G be a weighted multigraph with k vertices. Label the vertices vg,v1,..., V-1
and for each vertex v; the associated weight is denoted by wg(v;). Let the prod-
uct weight of G, denoted PW(G), be PW(G) = max{wg(v;) we(vy) : {v;,v;} €
E(G)}. All the definitions for graphs extend naturally to multigraphs. Note that
CAN(G,TIE, we(v)) > PW(G).

We define three graph operations: one-verter edge hooking, edge duplication and
wetght-restricted edge subdivision. A one-verter edge hooking in a multigraph G is
the operation that inserts a new edge where one end is in V(G) and the other is a
new vertex. An edge duplication involves the creation of an edge that is parallel to
an existing edge in G, that is, we are creating a multigraph with an existing edge
appearing twice. An edge subdivision is the operation that replaces an edge by a path
with two edges. A weight-restricted edge subdivision is an edge subdivision such that
if v is the new vertex in G adjacent to vertices s and ¢ then wg(v)wg(s) < PW(G)
and we(v)we(t) < PW(G).

Proposition 3.3.3. (One-vertex Edge Hooking) Let n be a positive integer and G
be a weighted multigraph with k vertices. Let G’ be the weighted multigraph obtained
from G by a one-vertex edge hooking of a new vertex v with a new edge {u,v}, and
w(v) such that w(uw)w(v) < n. Then, there exists a balanced C A(n, G, Hle gi) if and
only if there exists a balanced CA(n,G',w(v) Hle g:)-

Proof. The direct implication is the only non-trivial one. Let C¢ be a balanced
CA(n,G, 1., g:). The balanced covering array C€ will be used to construct a C¢,
a balanced CA(n, G',w(v) [[~_, g;). Using Lemma 3.3.1, we know that we can build
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a balanced length-n vector, call it z, corresponding to vertex v such that x is quali-
tatively independent with the length-n vector y corresponding to vertex u in G. The
array C¢ is built by appending column z to C¢. Since the only new edge is {u,v},
and z and y are qualitatively independent, C¢" is a balanced mixed covering array
on G'. O

Proposition 3.3.4. (Edge Duplication) Let G be a weighted graph with k vertices
and let G' be the weighted multigraph obtained from G by duplicating one of its edges.
Then, there exists a balanced CA(n,G, Hle 9:) if and only if there exists a balanced
CA(n, G\ TIE, 93)-

Proof. The extension of the definition of mixed covering arrays on graphs to mixed
covering arrays on multigraphs does not affect the size of a mixed covering array
obtained by duplicating edges. The balanced mixed covering array on G is the same

balanced mixed covering array on G'. O

Proposition 3.3.5. (Weight-Restricted Edge Subdivision) Let G be a weighted multi-
graph with k vertices. Let G' be the weighted multigraph obtained from G by a weight-
restricted edge subdivision creating the new vertex v that is adjacent to vertices s and
t in G, with w(v) such that max{w(v)w(s), w(v)w(t)} < n. If there exists a balanced
CA(n,G, Hle g:) then there exists a balanced CA(n, G',w(v) [T, ¢:).

Proof. Let C® be a balanced CA(n, G, Hle g;). The balanced covering array C¢
is used to construct C¢, a balanced CA(n, &', w(v) Hle g:). By Lemma 3.3.2, we
know that we can build a balanced length-n vector, call it z, corresponding to vertex
v such that z is qualitatively independent with the length-n vector y corresponding
to vertex s in G and with the length-n vector z corresponding to vertex t in G. C%
is built by appending column z to C¢. Since {v,s} and {v,t} are the only new edges
and z and y are qualitatively independent and = and z are qualitatively independent,

C¢' is a balanced mixed covering array on G. O

The next theorem can be used to derive an algorithm that reverses the basic
operations on a graph, obtaining a simpler graph to be used in a covering array

construction.
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Theorem 3.3.6. Let G be a weighted multigraph and G' a weighted multigraph ob-
tained from G via a sequence of weight-restricted edge subdivisions, one-vertexr edge
hooking and edge duplication. Letvgy1,Vkaa,- - -, Ve be the vertices in V(G )\V(G) with
weights Gr+1, Gk+2, - - - » e, Tespectively. If there exists a balanced CA(n, G, HLI 9i)
then there exists o balanced CA(n,G', Hle 9:)-

Proof. The result is derived by iterating the three previous propositions. O

3.3.2 n-chromatic graphs for n = 2,3,4,5.

Combining Corollary 3.2.2 with Theorem 2.2.5, we get the following theorem.

Theorem 3.3.7. Let G be a weighted graph with k vertices with weights g3 < g2 <
... < gk If one of the following holds:

1) x(G) =2,3,

2) x(C) =4 and [T,y 0: ¢ {24,6"}, or

3) x(G) =5 and [15-_, 0: ¢ {2°,3°%,23%} and gey ¢ {4,6,10},

then CAN(G, Hle 9:) < Gr-19k-

Proof. Let G be a weighted graph with & vertices. Then by Corollary 3.2.2, we have
CAN(G,TIE,9) < CAN(KX(G)7Hf=k~x(G)+1 a1). Moreover, by Theorem 2.2.5 for
p=23%p=4and [[*, .0 ¢ {2%,6*}; orp="5and [[°,_, 0 ¢ {2° 3% 234} and
gk—1 ¢ {4,6,10}, we have CAN(K,, Hf:k—p—l—l 91) = Gk—19k- O

3.3.3 Trees

Theorem 3.3.8. Let T be a weighted tree with k vertices with weights g1, 9a, .. -, gk-
Then, CAN(T, [1t., ¢:) = PW(T).

Proof. We can build T by starting with an edge {v;,v;} such that PW(T) = g; x g;,
and by applying successive one-vertex edge hooking in the proper order so as to obtain

T. Since, the covering array number on the first edge is PW(T’), and it continues to
be the same at each new edge, we have CAN (T, T[], ¢:) = PW(T). O
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3.3.4 Cycles

In this section, we solve the problem for cycles. Let C be a cycle with two largest
weights gx—1 and g. Note that if PW(C) = gx-19s, since cycles are 3-colourable, The-
orem 3.3.7 solves the problem via the colouring construction (graph homomorphism
to K3). So, the non-trivial case we solve in this section is when PW(C) < gx_19s-
We give two proofs. The first one uses the alternate construction and the second

one uses graph operations introduced in section 3.3.1.

Theorem 3.3.9. Let C be a weighted cycle of length k. There ezists a balanced mized
covering array CA(n,C,[I, we(v;)) with n = PW(C). Moreover, this covering

array s optimal.

Proof. 1: Alternate construction

Let C be a weighted cycle with k vertices. Label the vertices vy, v,,...,v; and for
each vertex v; the associated weight is denoted by wg(v;). Set n = PW(C). We
will give a construction for A4, a CA(n,C, Hle we(v;)). Consider the path vy to vg_y.
Pick node v; to be the root. Let the column in C corresponding to v; to be a balanced
vector of length n with weight we(vy). For 2 < ¢ < k — 1, v; is the adjacent vertex
to v;_1; then by Lemma 3.3.1, there exists a balanced length-n vector with weight
we(v;) which is qualitatively independent with v;_; since we(v;)we(vi—y) < n. This
vector will be the column corresponding to v; in A. Finally, from Lemma 3.3.2, it
is possible to construct a vector which is qualitatively independent with both vectors

v; and vg_;. We use this vector to be the column corresponding to vy, in A. O

Proof. 2: Construction using graph operations

Let {vx_1,vx} be an edge in C with w(vg_;)w(vy) = PW(C). Note that in this proof
we do not assume that w(vg_1) and w(vx) are the two largest weights. We build a
balanced CA(n, C, [I*_, wo(w:)) with n = PW(C) using the basic graph operations
from Section 3.3.1. Let G; be the weighted graph with the single weighted edge
{vk-1,vc}. From Lemma 3.3.1, there exists a balanced CA(n, Gy, w(vg_1)w(vy)). Let
G be the graph obtained from G; by edge duplication. From Proposition 3.3.4 there
exists a balanced CA(n, GQ,Hf=k_1 we(v;)). For 3 < j < k, let G; be the graph
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obtained from G;_; by applying a weight-restricted edge subdivision with vertex
vj—2, & minimum-weight vertex among the remaining vertices, and inserting v;_o
in the appropriate position based on the original cycle configuration. Note that
Gy = C. From Proposition 3.3.5, for all j = 3,...,k, if PW(G;) < PW(C), then
there exists a balanced CA(PW (C), G;, we(ve—1)weo(vk) [TZ7 we(vs)). In particular,
there exists a balanced CA(PW (C), C, T, we(v:)). All we need to prove is that
PW(G;) < PW(C) for all j € {3,...,k}.

To prove this we assume by contradiction that for some j € {3,...,k}, PW(G;) >
PW(C). Thus, at some intermediate step, we have an edge {u, v} in the cycle we are
building with w(u) = g and the w(v) = h where gh > PW(C). We know from the
definition of PW(C) that the vertices u, v are not adjacent in the original cycle. Let
up1p2 - - - p;v be the path in the original cycle that connects u to v and does not contain
the edge {vi_1,vx}. Then, the vertex p; is not in the cycle G; we are constructing.
Since gw(p:) < PW(C) < gh, we have w(p;) < h. This is a contradiction since we
have inserted the vertices with the smallest weight first.

This covering array is optimal since PW(C) is a lower bound for the size of a

covering array on C. O

3.3.5 Bipartite Graphs

In this section, we give a construction for optimal mixed covering arrays on bipartite
graphs. A bipartite graph is one whose vertex set can be partitioned into two sets
A and B, so that each edge has one end in A and one end in B. Note that if the
two largest alphabets in the bipartite graph, denoted by gy and gy, are connected
by an edge, then we can build an optimal mixed covering array of size gpgr_1 via
a weight-restricted homomorphism to K5. The non-trivial case solved by the next

theorem is when PW(G) < gxgr-1-

Theorem 3.3.10. Let G be a weighted bipartite graph with k vertices. Then, there
exists a balanced CA(n, G, [I, wa(v:)) with n = PW(G). Moreover, this covering

array is optimal.

Proof. Let G be a bipartite graph with bipartitions A and B. Denote the vertices of



CHAPTER 3. MIXED COVERING ARRAYS ON GRAPHS 27

Aby ay,a,...,0a4 and their corresponding weights by wg(a;) wheres € {1,...,|A|}.
Similarly, denote the vertices of B by by, b, ..., b5 and their corresponding weights
by weg(b;) where ¢ € {1,...,|B|}. Set n = PW(G). We give a construction for a
CA(n, G, [I~., we(v;)) and call this covering array C.

For all vertices a; € A, where i € {1,...,|A]}, let z,, be the column in C cor-
responding to a;. Set the j** entry of z,, to be equivalent to j mod wg(a;). For a
vertex b; € B, where i € {1,...,|B|}, let x;, be the column in C corresponding to b;.
Set the j®* entry of zs, to be

: if 0 <j<we(b) |21,
(1) = hma%sJJ J <wal )[wc(bz)J

j mod wg(b;) otherwise.

We will now show that for any two adjacent vertices a and b that the columns
z, and zp in C corresponding to a and b are qualitatively independent. Since G
is bipartite, we can assume that a € A and b € B. Further, wg(a)wg(b) < n.

Thus [#@J > we(a). For s € {0,1,...,we(b) — 1}, s occurs in positions j, ..., 5 +

L_wg(b)J — 1 of zp, for some j € [0,we(bi) [#&)J] The entries of x, in positions
te{j,....5+ h—é—n@jj — 1} are £ mod wg(a). Since {

the alphabet corresponding to a will occur in these \_'JGE(T)J positions. This means we

;U—G"(—b)J > wg(a), all symbols in
cover all possible pairs with s. Since we can do this for all s € {0,1,...,wg(b) — 1},
all pairs are covered between z, and z;.

This covering array is optimal, since PW(G) is a lower bound on the size of a

covering array on G. il

3.3.6 Wheels

In this section, we determine the covering array numbers for wheels with uniform
alphabet sizes and give an upper bound in the mixed case. Let ¢t > 3. A t—wheel,
denoted by W;, has t vertices forming a cycle in addition to one more vertex in the
centre that is adjacent to every other vertex in the cycle. A t—wheel is odd if ¢ is odd
and even if ¢ is even. It is easy to see that the x(W;) = 3, for t even and x(W;) = 4,
for t odd.



CHAPTER 3. MIXED COVERING ARRAYS ON GRAPHS 28

We first look at the most difficult special cases of g = 6 and g = 2. Meagher and
Stevens [31] found a C'A(36, W;,6°) by computer, given next.

Example 3.3.11. The following is the transpose of C A(36, Ws, 65)

00000011111122222288383383834444445555585
0123450128456012345012345012345012345
0521344258101432053014522105483534021
0214352514083205314125304015342501423
0241854302151402532510842834150251084
041523258301443562015124830104352320145

Lemma 3.3.12. Lett > 5, t odd. Then, there exists a graph homomorphism ¢ :
Wt had W5.

Proof. Label the middle vertex of Wy, wy and the vertices along the cycle wy, ws, . . ., ws.
Also, label the middle vertex of W;, vy and the vertices along the cycle vy, v, ..., v;.

Define ¢ as follows:

w; f0<i<5,
dv;)) =< w; ifievenand 6<i<t,
wy ifioddand 6 <7<t

It is easy to verify that ¢ is indeed a graph homomorphism. O

The next theorem solves the case of g = 6.

Theorem 3.3.13.
37 ift=3,

CAN(W,, 6+ =
36 ift>4

Proof. For t = 3, W3 = Ky, so CAN(W,,6%) = CAN(4,6) = 37 (see [33]). For
t >4 and evén, x(W;) = 3, so there exists a graph homomorphism to K3. Then,
CAN(W,,6"1) < CAN(K3,6%) = 36. By Lemma 3.3.12 there exists a ¢ : W, — Wj
graph homomorphism for ¢ > 5 and odd and by Example 3.3.11, CAN (W5, 6°) = 36.
Thus, for ¢t > 5 and odd, CAN (W, 6t*1) < CAN (W3, 6%) = 36. O
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Next, we analyze the case for g = 2.

Theorem 3.3.14.

5 ift>3,todd

CAN(Wt, 2t+1) =
4 ft>4,t even.

Proof. We have that QI(4,2) is the even wheel, W, which has x(QI(4,2)) = 3. We
can thus deduce using Theorem 2.3.6 and Corollary 2.3.8 that there does not exist a
CA(4,W,,2t11) for t > 3 and ¢ odd since x(W,) = 4 in this case and we can not have
a graph homomorphism from W; to QI(4,2). Hence, CAN(W;,2!*1) > 4 for t > 3
and t odd. For t = 3, W3 = K4, so CAN(W3,2%) = CAN(4,2) = 5. There exists a
graph homomorphism ¢ : W, — Wj for t > 3 and odd. Hence, 4 < CAN(W,,2*1) <
CAN(W;5,2*) =5 for t > 3 and t odd. For ¢t > 4 and ¢ even, there exists a graph
homomorphism ¢ : Wy — K. Therefore, CAN(W,,2") < CAN(Kj3,23) = 4 for
t > 4 and t even. O

Theorem 3.3.15. Let W, be a weighted wheel with t+1 vertices with weights 1 < g; <
92 <+ < geyr- Then, CAN(W,, TT2] 9:) < 919041 except for [Ti1) gi & {6*TU {241
t>3,t odd}.

Proof. We will look at five different cases.

Case 1: Let us look at the largest four alphabets, g:119:9:-1g:—2 & {2%,6*}. We have
that if ¢ is even then the wheel is 3—chromatic and if ¢ is odd then it is 4—chromatic.
By parts 1 and 2 of Theorem 3.3.7, we get that the CAN(W;, [[:21 9:) < 9egs41-
Case 2: Let us look at the case when [[7] g; € {61 : t > 4}. By Theorem 3.3.13,
we have that CAN (W, 671) = 36. Thus, CAN(W;, [1:41 ;) < 919041

Case: 3: Let us look at the case when [[1]g; € {2*! : t > 4,¢ even}. By Theo-
rem 3.3.14, we have that CAN (W, 2t71) = 4 < g,g;41.

Case 4: We will now discuss the first exception where Hfii g; € {6*}. The colouring
construction of the 3—wheel leads to a homomorphism to Ky. It is a well-known fact
that CAN(K,,6%) = 37. The covering array number can not be 36 because there
exists no orthogonal latin squares of order 6. Thus, CAN (W3, 6*) = 37.

Case 5: Finally, we will discuss that second exception where Hf_ij g €{2t:¢>3,¢



CHAPTER 3. MIXED COVERING ARRAYS ON GRAPHS 30

odd}. This is a direct result of Theorem 3.3.14. Thus, CAN (W, 2*1) =5 for t > 3
and ¢ odd. i

The next corollary summarizes the result for the wheel.
Corollary 3.3.16.

g +1, if(g=6,t=23) or(g=2, t odd),

2

CAN(Wt, gt+1) = .
g9, otherwise

3.3.7 Cubic Graphs

In this section, we give an upper bound on the covering array number for mixed
cubic graphs. Cubic graphs are connected graphs having the property that each node
has degree exactly three. We give a well-known colouring result for cubic graphs
and then the corollary that results immediately from that theorem combined with
Theorem 3.3.7.

Theorem 3.3.17. [23] Every cubic graph is vertex colourable with three colors, except

for the tetrahedron that requires four colors.

Corollary 3.3.18. Let G be a weighted cubic graph with k vertices with weights
1<g1 <go << gy Then, C’AN(G,H;L1 9:) < gr-19k ezcept for the tetrahedron
when [T, g € {2*} U {6%}. Moreover, CAN(G,2*) =5 and CAN(G,6*) = 37.



Chapter 4

Tabu Search Methods for Covering
Arrays

In this section, we describe the general tabu search framework, as well as the point
and pair tabu algorithms that we implemented to find covering arrays. These are
implementations of methods by Stardom [40] and Nurmela [35], respectively. We
provide a detailed description of the algorithm and data structures, as well as their

asymptotic running times.

4.1 General Tabu Algorithm

The tabu search algorithm (TS), as originally proposed by Glover [21], is a meta-
heuristic method belonging to the class of local search techniques. Tabu search is an
algorithm that tries to find a certain combinatorial structure by the use of a heuris-
tic. A heuristic method performs a minor modification, which for the tabu search
we call a tabu move, of a given solution in order to obtain a different solution. The
actual modifications involves a search of the neighborhood space. A fitness function
is used to evaluate a solution and the objective is to explore the search space to find
as fit a solution as possible. Nurmela [35] and Stardom [40] have both successfully
implemented different variations of this algorithm in order to find new upper bounds

for covering arrays.

31
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Next, we define some notation to properly give an overview of the tabu search
algorithm as described in [28]. Let X be a specified finite set, usually called the
universe. An element X € X is said to be a feasible solution if certain constraints
are satisfied. If X is any object in the search space, then the set of states which can
be obtained by applying a particular move from a given set of moves to the state X
is called the neighborhood, N(X), of X. By repeating this process for a succession of
objects, a search algorithm is capable of examining a large number of states in the
search space. We consider a minimization problem. Therefore, a fittest solution is a
feasible solution X for which the cost, denoted C(X), is as small as possible.

The algorithm GENERICTABUSEARCH gives the main steps for the general TS
algorithm. The heuristic of the TS algorithm is to replace X with an element Y €
N(X)\{X} such that Y is feasible, and C(Y) is minimum among all feasible elements
in N(X)\{X}. In this way, C(X) decreases throughout the search whenever possible,
but the TS allows us to escape from a local minimum by selecting a less fit neighbour.
However, this introduces the risk of cycling, for instance by going back to the local
minimum in the next step. To avoid cycling recent moves are declared “tabu”. The
tabu list is used to ensure that a move that is performed is not undone at the next
iterations in order to avoid cycling. Let us define the function change(Y, X) which
specifies the changes that are made to a feasible solution X in order to obtain a
feasible solution Y. Thus, after any move X — Y, change(Y, X) is designated as
forbidden and added to the tabu list. Changes that are in the tabu list remain
prohibited for some time, known as the tabu lifetime. Therefore, the heuristic will
only choose elements that are not in the tabu list. The algorithm will typically
run until either a minimum solution has been reached or a predetermined maximum
number of iterations has been exceeded or we can not move anymore because the
neighborhood is empty.

The TS algorithm has 2 input parameters, I and L. The parameter I is used to
specify the maximum number of iterations that are performed in the algorithm, while
L is the tabu lifetime. Optionally, a lower bound, 1b, on C(.) could be provided, for
detecting optimality. In GENERICTABUSEARCH, we chose to provide a lower bound

for the cost function as a third stopping criteria.
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Algorithm: GENERICTABUSEARCH(Z, L, [b)
tter «— 1
Randomly select a solution X € X.
Xbest — X
if (C(X) ==1b)
return (X, 0)
while (iter < I){
N — (NX)\{X}) \ {F : change(X, F) € TabuList[d},iter — L < d < iter — 1}
for each (Y € N)
if (Y is infeasible)
N — N\ {Y}
if (N =0) '
return (Xpes:, iter)
find Y € N such that C(Y) is minimum among elements in N
TabuList[iter] — change(Y, X)
XY
if (C(X) < O(Xbest)){
Xbest — X
if (C(X)==1b)
return (X, iter)
}
iter+-+

}

return (Xpest, iter)

4.2 Data structures and basic procedures

In this section, we discuss the basic data structures that are common to both our
implementations of the tabu algorithms that we later call POT and PAT. A covering
array is represented by a k x n array X storing the transpose of the actual covering
array. We store the alphabet size for each row of X in a one-dimensional array,
denoted alphabet(r], where 0 < r < k — 1. So, X[r][c] € {0,1,...,alphabet|r] — 1}.
The cost of X is the number of uncovered pairs in X. When the cost becomes zero,
we have a covering array, since all the pairs are covered. We utilize a 4-dimensional

array, coverage, to effectively represent the pair coverage of our current array X. The
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element coverageli][][a][b] specifies the number of times the pair (a,b) is covered at
rows (%, j) for some column in X.

For PAT, we also have a list data structure that keeps track of all the pairs of the
covering array that are still uncovered. The element (i, 7, a, b) in this list indicates that
the pair (a, b) at rows (%, 7) is not covered in any column of X . This list is implemented
as an array UncoveredList of size (’2“) x g* that stores elements of the form (i, j, a, b)
in positions 0,1,...,u — 1, where u is the current number of uncovered pairs. Along
with the uncovered list data structure, we also have a reverse index structure. The
entry indexOnUncoveredList[i][j][a][b] gives the position in UncoveredList where
(¢,7,a,b) can be found or -1 if not uncovered. This data structure allows for addition
and removal of an uncovered pair to be done in constant time.

In POT and PAT algorithms, change(X,Y’) corresponds to the unique position
(r,¢) such that X|[r][c] # Y|r]|c]. For the TS algorithm, we need to consult the tabu
list at each step to ensure a change is not tabu. In order to efficiently use it, we have 2
data structures to represent the tabu list. The first is a linked list, tabuList, of size L,
storing the pairs (r, ¢) of forbidden positions in the array. At each iteration, one more
is added to the end of tabuList, and one is deleted from the beginning of tabuList
provided it has been in the list for L iterations. We also have a 2-dimensional array,
TABU|r|[c], which is a k x n array. The element TABU]|r|[c] = 1, if (r,¢) is in the
tabulList, and O otherwise. This data structure allows checking whether a move is
tabu or not to be done in constant time.

Next, we describe auxiliary procedures that use the data described in order to
implement basic operations used in PAT and POT. Procedure EvalChange(s, ¢, a)
evaluates the change in cost of changing a single element of the array X[i][c] < a,
while EvalChangePair(, j, ¢, a, b) evaluates the change in cost of changing the pair
Xi][c] < a and X[j][c] < b. Uncovering a pair in our array yields a plus one change
in the cost while covering a new pair yields a minus one change. Both procedures

have running time O(k).
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Procedure 1: EvalChange(i,c,a)
global: k, X, coverage

effect = 0
for (int 2 =0, z < k, z++)
if (2! =1)
if (coverage[z][i][ X [2][c]}[X[i][c]] == 1) ** Uncover a pair **
effect++
if (coveragelz][t][X[z][c]][a] == 0) ** Cover a new pair **
effect- -

return effect

Procedure 2: EvalChangePair(i, j, ¢, a,b)
global: k, X, coverage

effect = 0
for (int z =0, z < k, 2++)
if (2! =1) and (2! = j)

if (coverage[z}{i][X[#][c]][X[i][c]] == 1) ** Uncover a pair in row i **
effect++

if (coverage[z]{j][X[2][c])][X [s]lc]] == 1) ** Uncover a pair in row j **
effect++

if (coveragelz|[i]{X[7][c]][a] == 0) ** Cover a new pair using row i **
effect- -

if (coverage[z][j][X[2][c]][b)] == 0) ** Cover a new pair using row j **
effect- -

if (coverageli][7}][X[¢][c]][X[j][c]] == 1) ** Uncover a pair in row i and j **
effect++

if (coverageli][j][a][b] == 0) ** Cover a new pair using rows i and j **
effect- -

return effect
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Procedure MakeChange(i, ¢, a) performs the change X[i][c] « a, while proce-
dure MakeChangePair(3, j, ¢, a, b) performs the changes X{i][c] < a and X{[j][c] —
b. They also update the corresponding data structures, such as coverage, UncoveredList
and indexOnUncoveredList. Updates on the last two structures are done via calls to
procedures addUncovered and removeUncovered; each of these procedures run
in constant time. MakeChange(i,c,a) and MakeChangePair (3, 7, ¢,a,b) run in
O(k). It is easy to check this, since each operation on their main loop runs in constant
time.
Procedure 3: MakeChange(i,c, a)
global: &, X, coverage

for (int 2 =0, z < k, z++){
if (2! = i){

if (coveragel2A[i][ X [2][]][X[d][c]] == 1)
addUncovered(z, 7, X [2][c], X [¢][c])

coveragelz][¢][X [][c][X i) [c]] - -

coverage[z][1][ X [2][c]][a] ++

if (coverage[z][i][X[7][c]][a] == 1) {
removeUncovered(z, i, X[z][c], a)

}

}
X[ilc] « a

Procedure 4: MakeChangePair(i,j,c,a,b)
global: k, X, coverage

for(int 2 =0, z < k, z++){
if (2! =) and (2! = j){
if (coverage(z][i}[X[2][c]][X[i][c]] == 1)
addUncovered(z, 3, X [2][c], X [i][c])
if (coverage[2][][X[2][c]][ X [7][c]] == 1)
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addUncovered(z, j, X|z][c], X [j][c])
coveragelz] (][ X [2][d]][X[i][c]] - -
coveragelA[]X )X [7)e] - -
coveragelz][i][ X [z][c]][a] ++
coverage(z][5][ X [2][c]][b] ++
if (coverage[z][i][X[2][¢]][a] == 1)

removeUncovered(z, 1, X[z][c], a)
i (coveragelAX[Z]i]}) == 1)

removeUncovered(z, 7, X[2][c], b)

}

}

if (coverageld)[}[X[d)[c]][X[s]lc]] == 1)
addUncovered(, j, X[i][c], X|7][c])

coverageli[1LX [ X [le] - -

coverageli][7][a][b] ++

if (coverage[i][j][a][b] == 1)
removeUncovered(i, j, a, b)

Xi][¢] < a

X[ille] <o

Procedure 5: addUncovered(z,y, a,b)

global: UncoveredList, indexOnUncoveredList, u

UncoveredListlu] < (z,y,a,b)
indexOnUncoveredList(z][y][a][b] «+ u
U+ -+

Procedure 6: removeUncovered(z, y, a, b)

global: UncoveredList, indexOnUncoveredList,u

p « indexOnUncoveredList|z][y]|a][b]

37
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UncoveredList[p] < UncoveredListu — 1]
(@,y,d, V) « UncoveredList[p]

°u— —

indexOnUncoveredList[z][y][a][b] — —1
indexOnUncoveredList[z'][y'][a'|[V'] < p

The next two procedures perform the updates in the two tabu list data structures.
They add the move to tabulList and remove the move that has been there more than
L (tabu lifetime) updates. In the case that we make two simultaneous changes in the
array, we must add two moves to the tabu list and therefore we randomly pick which
move goes first to the list. Both UpdateTabu(r,c) and UpdateTabuPair(s, 7, ¢)
run in O(1).

Procedure 7: UpdateTabu(r,c)
global: tabuList, TABU, L

Add (r,¢) to the tail of tabuList

TABU|r][c] — 1

if (Length(tabuList) > L)
Remove (z,y) from the head of the tabuList
TABU|z]ly] < 0

Procedure 8: UpdateTabuPair(s, j,c)
global: tabulList, TABU, L

Generate a random real value a € [0, 1]
if (a < 0.5){
Add (¢, ¢) to the tail of tabuList
Add (4, ¢) to the tail of tabuList
}

else {



CHAPTER 4. TABU SEARCH METHODS FOR COVERING ARRAYS 39

Add (4, ¢) to the tail of tabuList
Add (i, ¢) to the tail of tabuList
}
if (Length(tabuList) > L)
Remove (w, z) from the head of tabulList
if (Length(tabuList) > L)
Remove (y,z) from the head of tabulList
TABUJi|[c] — 1
TABUJj[c] «+ 1
TABUw|[z] «— 0
TABU[yl[z] — 0

4.3 Point Tabu Search (POT)

The point tabu search (POT) algorithm is a variation of the algorithm proposed by
Stardom [40]. We call it point tabu search because the basic move is to switch a point
in the array. Stardom’s algorithm implements the tabu search algorithm as described
in Section 4.1 with the neighborhood of a particular array being all possible arrays
having one entry different. In effect, Stardom’s algorithm exhaustively searches the
neighborhood for the fittest solution, ensuring that the state chosen at each step is the
best neighboring option possible. The algorithm terminates when it finds a covering
array of cost zero or reaches the maximum number of iterations.

The POT algorithm (see pseudocode below) substitutes exhaustive neighborhood
search by inspecting