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Abstract

Abstract

The steady state response of thin-walled members subjected to harmonic forces is
investigated in the present study. The governing differential equations of motion and
associated boundary conditions are derived from the Hamilton variational principle. The
harmonic form of the applied forces is exploited to eliminate the need to discretize the

problem in the time domain, resulting in computational efficiency.

The formulation is based on a generalization of the Timoshenko-Vlasov beam theory and
accounts for warping effects, shear deformation effects due to bending and non-uniform
warping, translational and rotary inertial effects and captures flexural-torsional coupling

arising in asymmetric cross-sections.

Six of the resulting seven field equations are observed to be fully coupled for asymmetric
cross-sections while the equation of longitudinal motion is observed to be uncoupled.
Separate closed form solutions are provided for the cases of (i) doubly symmetric cross
sections, (ii) monosymmetric cross-sections, and (iii) asymmetric cross-sections. The closed-

form solutions are provided for cantilever and simply-supported boundary conditions.

A family of shape functions is then developed based on the exact solution of the
homogeneous field equations and then used to formulate a series of super-convergent finite
beam elements. The resulting two-noded beam elements are shown to successfully capture
the static and dynamic responses of thin-walled members. The finite elements developed
involve no special discretization errors normally encountered in other finite element
formulations and provide results in excellent agreement with those based on other established
finite elements with a minimal number of degrees of freedom. The formulation is also

capable to predict the natural frequencies and mode-shapes of the structural members.

Comparisons with non-shear deformable beam solutions demonstrate the importance of shear

deformation effects within short-span members subjected to harmonic loads with higher
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exciting frequencies. Comparisons with shell element solution results demonstrate that

distortional effects are more pronounced in cantilevers with short spans.

A generalized stress extraction scheme from the finite element formulation is then developed.
Also, a generalization of the analysis procedure to accommodate multiple loads with distinct
exciting frequencies is established. The study is concluded with design examples which
illustrate the applicability of the formulation, in conjunction with established principles of
fatigue design, in determining the fatigue life of steel members subjected to multiple

harmonic forces.
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Chapter 1 - Introduction and Scope

1.1 Introduction and Motivation

Thin-walled members are structural components widely used in various engineering fields,
e.g., as stiffeners in aircraft structures, vehicles axles, compressor and turbine blades, ship
and marine structures, steel building structures, bridge decks, etc. In these applications, thin-
walled members are frequently subjected to cyclic loading (e.g. harmonic excitation) caused
by machinery, aerodynamics forces, wind loading, fluid flows, waves motion, etc. For
example, harmonic forces can arise from unbalance in rotating machinery and propellants,
and forces produced by reciprocating machines, traffic motion and hydrodynamic loads. In
such applications, members under harmonic loads are prone to fatigue failures. Therefore, the
steady state dynamic response of thin-walled members due to effect of repetitive harmonic
forces is of particular importance to fatigue design. In contrast, the transient component of
the response occurs initially and quickly dampens out and thus is of no importance in fatigue

design.

Under harmonic excitations, open thin-walled members can experience complex coupled
deformations, i.e. flexural deformation modes can be coupled with torsional modes. In order
to reliably predict the response of such members, the model needs to account for shear
deformation, warping and translational and rotary inertia effects. The neglect of any of these
aspects can lead to inaccurate results particularly when the structure is subjected to exciting

forces with high frequencies.

1.2 Objectives of the Research

In the above context, the present study aims at developing a theory capable of capturing shear
deformation and warping effects as well as in translational and rotational inertia effects and
at providing two types of solutions for the steady state response of thin-walled members

subject to harmonic forces:

(1) Determining analytical closed-form solutions for the problem to provide closed form

solutions for simple problems.
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(2) Developing a family of accurate and efficient finite elements to expand the solution for

more complex problems.

1.3 Outline of the Thesis

Chapter 2 provides a comprehensive review of common energy and variational principles in
elastodynamics analysis and dynamic analysis methods. A survey of the studies for free and
forced vibrations for thin-walled open members under general harmonic forces is also

provided.

In Chapter 3, the formulation of the governing field equations and possibly boundary

conditions derived based on the Hamiltonian variational principle is developed.

The first part of Chapter 4 starts with the governing differential equations and boundary
conditions derived in Chapter 3 and provides closed form solutions for the special case of
doubly symmetric sections. The complete steady state responses, homogeneous and
particular solutions, for longitudinal, transverse, lateral and torsional vibrations of the system
are obtained by exactly solving the coupled differential equations obtained. The second part
of Chapter 4 develops a finite element formulation for doubly symmetric sections under
general harmonic loads. The numerical solutions are presented and compared with closed-
form solutions and ABAQUS’s shell element in order to assess and demonstrate the validity

and accuracy of the present closed-form and finite element solutions.

In Chapter 5, closed form solutions of the governing coupled field equations are developed
for monosymmetric cross-sections. The solution successfully captures bending-torsional
coupling effects due to the cross-sectional monosymmetry. A finite element formulation is
then developed by adopting the shape functions which satisfy the homogeneous form of the

coupled field equations for monosymmetric sections.

In Chapter 6, the governing coupled field equations derived in Chapter 3 are exactly solved
for the cased of asymmetric cross-sections. A general closed-form solution was developed
for the triply coupled lateral-transverse-torsional-warping response of thin-walled members.

Closed-form solutions were obtained for cantilever and simply-supported boundary

3
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conditions. A family of shape functions was then developed based on the exact solution of

the coupled field equations and then used to formulate a super-convergent finite element.

Chapter 7 derives generalized normal and shearing stress expressions based on the theory and
finite element developed in Chapters (3-6). A procedure for generalizing the solutions
developed for the case of multiple applied harmonic forces with distinct exciting frequency is
also presented and compared to results of conventional transient analysis solutions. Design
techniques for fatigue design of steel structures are briefly reviewed and design examples are
then provided to illustrate the suitability of the finite element formulation in efficiently

predicting the fatigue life of steel structures under harmonic loads.
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Chapter 2 - Background and Literature Review

2.1 Introduction and Background

Dynamic response analysis of thin-walled open members has been extensively studied. Most
of studies are based on classical Bernoulli-Euler beam or the Timoshenko beam. A few
studies have taken into account rotary inertia. However, most of these studies deal with free
vibrations, and were aimed at determining the natural frequencies and mode shapes, while

only a few focused on forced vibration analysis under harmonic excitations.

Coupled bending-torsional free and forced vibrations of open cross-sections thin-walled
beams with various (doubly symmetric, monosymmetric and asymmetric) cross-sections have

been studied using a variety of approaches:

The exact dynamic stiffness matrix method,
The Rayleigh-Ritz method,

The dynamic transfer matrix method, and

Finite element method

Studies dealing with the dynamic behaviour of thin-walled beams with open cross-sections
were carried out in the early works of Vlasov (1961) and Timoshenko and Gere (1961). The
present review focuses on three aspects related to dynamic analysis of beams. These are (1)
Variational principles related to displacement formulations in dynamic analyses, (2)
Kinematic assumptions in thin-walled beam theories, and (3) Studies related to free and

forced vibrations of thin-walled beams.

2.2 Variational Principles in Elasto-dynamics

Variational principles are powerful tools for the analysis of elastic structures. The variational
principles are concerned with the stationary value of the integral function for the description
of the behaviour of dynamical systems. There are several variational principles in elasto-
dynamics that can be classified into two types, differential and integral variational principles.

The differential principles such as d’Alembert principle and Lagrange’s equations describe
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the motion at every time instant, while the integral principles such as Hamilton’s principle

describe the motion in a finite time interval [Tabarrok and Rimrott 1994].

Among various energy principles, two types of principles form the basis of variational
formulations. These principles are based on the variation of displacements which can lead to
theorem of stationary potential energy and the variation of stresses which can lead to theorem
of stationary complementary energy. The first type of principles deals with stresses or forces
undergoing virtual displacements. In the second set of principles, a system of virtual stresses

or forces undergoes displacements [Wallerstein 2002].

2.2.1 Hamilton’s Variational Principle

Hamilton’s principle is one of the most powerful variational principle techniques for deriving
the dynamic equations of motion and the associated boundary conditions for continuous
systems. Hamilton’s principle states that the sum of variations of the difference in kinetic and

potential energies over any time interval t; to t, is zero. Thus, the variational form of

Hamilton principle is given as [Humar 2002]:
2 S(T-1T)dt =[?8(T-U)dt+[26W dt =0 2.1
Ll(-H)t—Itl(- )t+jt1 t = (2.1)

where T is the total kinetic energy of the system, 77 =U -W is the total potential energy of
the system including the internal strain energy U and the work done W by external forces.
The difference between the kinetic and total potential energies is often called the Lagrangian

function and is denoted by L =T - /7.

2.2.2 Lagrange Equations
The equations of motion of a structural or mechanical system also called Lagrange’s

equations are expressed in terms of generalized coordinates @; ,q5 ,.....,q, . For a dynamic

system, the equations of motion are given as [e.g. Virgin 2007]:

d( oL oL — ]
—] —=|-—=0Q; , fori =1,2,3,....n 2.2
dt (acTi } oq; Qi (2:2)
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in which the Lagrange equations of motion are expressed in terms of the generalized

coordinates and their time derivatives. In Equation (2.2), §,are the generalized velocities and

Q, are the generalized forces. From a variational principle view point, the Lagrange

equations of motion arise as conditions of extremum from Hamilton’s principle.

2.3 Potential and Kinetic Energy Expressions

The total potential energy, i.e. internal strain energy and potential energy by external forces,
and kinetic energy expressions are used to derive the governing equations of motion and the
associated boundary conditions for conservative and nonconservative systems. These

expressions are:

2.3.1 Total Potential Energy

The total potential energy of the structural member 77 comprises of the internal strain energy
U and the potential energy gained by the external loads V and is given by:

II=uU+Vv (2.3)
In its most general form, the internal strain energy of a linear elastic system is expressed as
[Timoshenko and Goodier 1970];

U=

N |-

4
III:O-XX &xx T Oyy Eyy Y077 &7 T Txy Vxy T 0xz Vxz T 7yz Vyz ]dAdZ (2.4)
0A

The potential energy gained by the applied forces V is the negative of the work done W by

the external dynamic forces, i.e.

v:-W:-jqiu—idz-ZPiu—i (2.5)
¢ i=1

in which U; are the displacements through which are acting the distributed dynamic loads g,

and the concentrated dynamic loads P; .

2.3.2 Kinetic Energy
The kinetic energy is stored in the mass by virtue of its velocity. The kinetic energy T stored

in a linear elastic beam of length ( is given by [Craig and Kurdila 2006]:
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T = %j A[p[(u‘ )2 +(v’)2 + (W )z]dAdz (2.6)

where uU,v,w are displacements in the principal X.Y,Z directions, and p is the mass density

of the material per unit length and the dot represents the time derivative.

2.4 Dynamic Analysis Methods

The most commonly dynamic methods used to determine the dynamic characteristic (natural
frequencies, mode shapes, and transient and steady state responses) of structural members are:
(1) Modal Superposition Method (MSM), (2) Direct Integration Methods, (3) Finite Element
Method (FEM), (4) Dynamic Transfer Matrix Method (DTMM), and (5) Dynamic Stiffness
Matrix Method (DSMM). These methods are given in brief details.

2.4.1 Modal Superposition Method (MSM)

The modal superposition method (or normal mode method) is a general approach for
analyzing the dynamic response of linear multi-degree-of-freedom structural systems. It
describes the response of the system in terms of the modes of free vibration whose
orthogonality facilitates the solution [Humar 2002]. In this analytical approach, the orthogonal
modes can be used to uncouple the governing equations of motion. In other words, if the
orthogonal (natural) modes of the vibration for a Multi-Degree-Of-Freedom (MDOF) system
are used as generalized coordinates for defining the system response, the n coupled equations
of motion become uncoupled and can be solved independently as if each equation pertained to
an independent system with only a single degree of freedom [Humar 2002]. As a result, the
dynamic response of the MDOF system by mode superposition is defined as the summation of
the individual responses of the n uncoupled equations. The drawback of the solution is the
necessity of conducting a free vibration eigenvalue analysis to extract the natural modes of
vibration. The method is only valid for linear systems, and is applied to undamped systems or
systems where damping can be mathematically represented by a linear combination of scaled

mass and stiffness matrices [Dukkipati 2006].

The dynamic equations of motion for general forced vibrations of an n-degree freedom linear

system without considering damping effects can be written as:
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[M o U ) g+ [ T U O = {F O} 10 (2.7)

inwhich [k ] and [m] _are the stiffness and mass matrices for the system, {F (t)} _is the

applied force vector, {u (t)}nX1 and {U" (t )}nxlrefer to the displacement and acceleration

vectors of the system in original coordinates. The mode superposition method employed

uncouples the above differential equations by applying the linear transformation:

U) =@t O (2.8)

where (U (t ))Ln =(u; U, Ug ... un)lTxn, [@]nxn:[{qﬁ}l {¢}2 {¢}3 ...... {q)}n} is the modal

shape matrix consisting of n modal vectors {¢}n, and {Y (t)}nxlis the vector of orthogonal

coordinates.
From Equation (2.8), by substituting {U (t)}nxl and {U' (t)}nxlinto Equation (2.7), and pre-

-
multiplying by [ijnxn , the following system of uncoupled equations of motion is recovered:

M o) k] ol ={Fo) (2.9)

where the modal mass matrix is defined by [M} :[Q)J:xn[mlvn [@Jnxn, the modal

stiffness matrix is defined by [K | = [©]. [k].. [®],, and {If(t)}nxl =[o]' {F®} .

is the modal force vector.

Based on the orthogonality conditions, i.e. {¢}T [m]{¢}s = {q)}rT [k]{¢}s =0 for r#s.

r

Matrices [M | and [K | are diagonal matrices. Thus, the equations of motion in modal

nxn nxn

coordinates (2.9) can be written as N uncoupled (independent) equations, i.e.

M.d, (t)+K,q, (t)=P(t) , for r=123..,n (2.10)

10
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T

with M, =(g), [m]_ {#},. K, =(8), [K]. {8}, P (t)=(a), {F(t)} and dar(t)is

the response for the r - th mode in orthogonal coordinates and can be determined for general
time-dependent loads by one of the direct integration methods, for example the Duhamel
integral method [Humar 2002]. Finally, the dynamic response of the system in physical
coordinates is obtained by superimposing the individual modal solutions in normal

coordinates as:

n

{U (t )}r><1 = Z [(D]rxr {qr (t )}rxl (2'11)

r=1
A few studies are focused on the mode superposition to the dynamic analysis of thin-walled
beams. This includes Eslimy-Isfahany et al (1996a), who developed an analytical solution to
investigate the response of coupled bending—torsion behaviour of thin-walled beams subjected
to harmonic and random excitations using the normal mode method, in which the effects of
shear deformation, warping stiffness and rotary inertia were not included in the formulation.
Eslimy-Isfahany et al (1996b) extended their previous study in (1996a) to include the
influence of axial force on the dynamic response. Li et al (2004b) used the mode
superposition method to study the influence of axial loads and warping deformation on the
coupled flexural-torsional vibration of thin-walled members with monosymmetric open cross-
sections, in which the effects of shear deformation and rotary inertia were ignored in their

formulation.

2.4.2 Direct Time-Integration Methods

Several numerical direct integration methods are available to numerically integrate the
dynamic equations of motion of a structural system. The dynamic equations of motion are
integrated by using a step-by-step numerical procedure at discrete time intervals

At,2 At,3At,....,M At , in which the total time span T4 is divided into "n" equal time intervals,
i.e. At=T,/n. Direct integration methods widely used for linear and nonlinear dynamic
analyses can be classified as either implicit (e.g. Houbolt method, Wilson-8 method and
Newmark - £ method) or explicit schemes (e.g. central difference method, two cycle iteration

with trapezoidal rule and Runge-Kutta method). In implicit integration methods, the dynamic
difference equations are combined with the equations of motion, and the displacements are

11
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determined directly by solving the equations. In explicit approaches, the response is expressed
in terms of previously determined values of displacement, velocity and acceleration. The
stability and computational efficiency are the most important differences between the implicit
(unconditionally stable) and explicit integration (conditionally stable) schemes. When the
selected time step At is larger than the threshold value, explicit integration methods becomes
unstable. In other words, typically small time intervals are required to make the solution
useful in explicit methods, while in implicit methods the solution remains stable even with
large time steps At . Therefore, a proper time interval At is required to satisfy the conditional
stability of explicit methods. Detailed descriptions of these methods can be found in the texts
by Humar 2002, Craig and Kurdila 2006, and Chopra 2007. For example Chen and Tamma
(1994) used the finite element method in combination with an implicit self-starting method,
second-order accurate unconditionally stable, to analyze the dynamic forced response of open
thin-walled structures with arbitrary open cross-section subjected to transverse loads. The
formulation was based on Vlasov’s assumptions and both warping deformation and rotary
inertia effects were incorporated. Results obtained for cantilever and simply-supported beams
with asymmetric, monosymmetric and doubly symmetric cross-sections were used to
investigate the effects of various forms of coupling and rotary inertia on the dynamic

behaviour of thin-walled beams.

2.4.3 Finite Element Method

The finite element method is well recognized as a powerful numerical technique based on the
variational methods. It is used to solve problems that may be difficult to solve analytically.
The accuracy of the solution depends on the element size and the selected interpolation
functions. Three different types of variational principles can form the basis of finite element
formulations: displacement based, force based, and hybrid-mixed. Displacement-based finite
element solutions start with the Hamiltonian functional or the principle of virtual work, in
which the compatibility and geometric boundary conditions of the field are satisfied a-priori
while the equilibrium is satisfied in a weak sense. The principles of complementary energy or
complementary virtual work exactly satisfy the equilibrium equations and the force boundary
conditions a-priori, while in the case of hybrid-mixed principles are expressed in terms of

both displacements and stresses. Among the numerous mixed variational principles the one

12
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developed by Reissner is widely used. Reissner functional allows variations of both

displacements and stresses (Washizu 1982).

In the literature survey relating to the dynamic analysis of thin-walled members, Mei (1970)
developed a finite element for the coupled free vibrations analysis of thin-walled beams. The
formulation incorporated warping effects and was based on shape functions derived based on
the solution of static equilibrium equations. Hu et al. (1996) developed a finite element
formulation for the coupled bending-torsional dynamic behavior of thin-walled beams of
asymmetric cross-sections. The interpolation functions adopted were based on the
homogenous solutions of static differential equations of equilibrium and were used to derive

the stiffness and mass matrices of the beam element in the finite element formulation.

Chen and Tamma (1994) developed a finite element for the analysis of thin-walled open
members under constant transverse loads. Their formulation was based on assumed linear and
cubic displacement shape functions, in conjunction with an implicit self-starting
unconditionally stable integration scheme. Tanaka and Bercin (1997) developed a bending-
torsional coupled free vibration finite element for thin-walled members with asymmetric
cross-sections. Similar to the study by Chen and Tamma (1994), the stiffness and mass
matrices of the beam element were determined based on linear and cubic Hermitian shape
functions in which the warping stiffness and rotary inertia are included. Hashemi and Richard
(2000a and b) developed a dynamic finite element for the coupled bending-torsional
vibration analysis of thin-walled beams with/without axial loads effect. Their solution can be
regarded as an intermediate method between the finite element method and the dynamic
stiffness matrix method. The exact solutions of the governing dynamic equations of
equilibrium were obtained and subsequently frequency-dependent hyperbolic interpolation
functions were adopted to formulate the stiffness and mass matrices of the structure. Lee and
Kim (2002a,b) developed a finite element for the coupled free vibration of thin-walled
composite beams with doubly symmetric and channel-shaped cross-sections in which the
displacements are interpolated through linear shape functions for the longitudinal
displacement and cubic Hermitian functions for the lateral displacements and angle of twist.

Kim and Kim (2005) developed a finite element formulation for the coupled bending-

13
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torsional free vibration of asymmetric thin-walled shear deformable beams by using an

isoparametric beam element with two nodes and seven nodal degrees of freedom.

Voros (2008, 2009) formulated an element for the coupled bending-torsional free vibration
and mode shapes of thin-walled open members induced by lateral loads. Recently, Vo and
Lee (2009a,b,2010a,b), and Vo et al. (2009, 2010 and 2011) studied the coupled flexural-
torsional coupled free vibrations of thin-walled composite members including/excluding axial
loads and shear deformation effects. The finite element formulations were implemented via a
displacement-based one-dimensional beam element with two nodes and seven degrees of
freedom per node, i.e. the axial, vertical, lateral and rotational displacements are interpolated

using linear and cubic Hermite shape functions.

To date no publication exists in which the finite element formation based on the analytical
closed—form solutions of the dynamic field equation is used for investigating the dynamic
analysis of thin-walled open members under harmonic forces. The present study attempts to
fill this gap. A particular objective of the present study is to develop a finite element
formulation for steady state dynamic response of thin-walled open members with asymmetric
cross-sections under general harmonic excitations. The formulations will be based on a
generalized Vlasov-Timoshenko beam theory, in which the shear deformation, warping

deformation, and translational and rotary inertias are captured.

2.4.4 Dynamic Transfer Matrix Method (DTMM)

The dynamic transfer matrix method (DTMM) is a structural analysis technique which is
extensively used for one-dimensional structures. In this method, the structural member is
modeled by a series of elements linked together like a chain. Each element is considered as a
space beam. At each point along the beam, the state variables such as displacements,
rotations, shear forces and moments exist on each side of the element as shown in Figure
(2.1). The displacements and forces at both ends are transferred between two adjacent
elements by applying the force equilibrium equations and displacement compatibility across

the element interface [Harris 2002]. To derive dynamic transfer matrix for the entire beam
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structure, the beam is divided into m elements, as shown in Figure (2.1), the transfer matrix

for beam element "a" can be expressed as:

{ZZ }12><1 = [T_a ]12x]_2 {Zl}lle (2.12)

in which (;(1>1Tx12 = <Zd1 4, >T and (7, )lez = <;(d2 X, >1Tx12 are the state vectors at end 1

1x12
(or the left end of the beam denoted by subscript () and end 2 of beam element "a" , where
T

<ldi >L6=<ui Vi Wi b Oy 6 >L6’<Zfi >L6: xi Vyi Vi Mg My My, >1x6’ for

(i =1 and 2) . These vectors are composed of the displacements, rotations and forces at ends

of the element "a" , and [T_a] , Is the transfer matrix for beam element "a" .

12x1
Y
A
L R
1 a | b ¢ m=1m 2
A 2 3 4 r-2 r-1 4.
e L >
Y
) @ Y
6 sV A My A yl M Ay2
. Nttt g, %, 5 6, M, 2 SM,,
Xy~ ) "W »Z ﬂ#wz VX1 47%/’ —>Z ﬂ%vzz
“j/% 2k, f/'% ha My,
1 22 ¥ 1 X2 2
X

Figure (2.1): Schematic diagram for actual beam: (a) end displacements, (b) end forces
In a similar manner, the remaining elements transfer matrices at stations 2,3,4,.....,r are:
{753 }12x1 = [Tb ]12><12 {752 }12><1 :
{ Xa }12 e [TC ]12><12 { X3 }12><1 ) e ,and

{Z r }12><1 = [T_m :|12><12 {Z r-l }12x1 (2.13)

On substitution, the global dynamic transfer matrix for the entire system is given by:
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{l R }12><l - [T_G ]12x12 {7{ L }12x1 (2.14)

T

and (q Vpa, = (20, | 2, >1Tx12 are the state vectors

in which (7 )1, =(z, 2, e

1x12

composed of the displacements, rotations and forces at left and right ends of the entire beam,

T

T T T
where <75d1>1XG=<“J Vi Wi 6 O, HZJ>1x6’ <ij>1x6:<vxj Vyj Va; My My, MZJ’>

for (j=RandL), and [T_G ]12><12 = [T;][T_b ][T_C] ....... [T_m_lj[T_m] is the dynamic

transfer matrix for whole system. For dynamic analysis, the transfer matrix includes the

1)
1x6

elastic material properties, geometric and inertial properties of the structural system, and
exciting frequency £2. The natural frequencies of the system are those which satisfy Equation
(2.14) when the boundary conditions on the left and right boundaries are specified.

The dynamic transfer matrix method has many advantages; elements of the matrix are based
on the closed form solution of the governing differential equations of the structural member. It
is an efficient and easily computerized method. Also it provides a fast and practical solution
since the dimensions of the matrix for the elements of the system never change, i.e. the size of
the system of equations does not depend on the complexity of the structural system, but it is
related only to the number of displacements and forces on the boundaries of the structure. It
also provides better accuracy in the prediction of higher frequencies when compared with

classical finite element or other approximate methods [Li et al. 2004c].

Using the dynamic transfer matrix method, Ohga et al. (1995) studied the free vibration
analysis of thin-walled members with closed and open cross-sections. Li et al. (2004a)
employed the method to determine the natural frequencies and mode shapes of Euler-
Bernoulli members under the effect of axial force. Li et al. (2004c) improved the formulation
to include the effects of warping stiffness and axial forces on the coupled bending-torsional
natural frequencies and vibration mode shapes. The inclusion of shear deformation effect on
free vibration analysis of thin-walled members with monosymmetric cross-sections was also
investigated by Li et al. (2004e).

2.4.5 Dynamic Stiffness Matrix Method (DSMM)
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The dynamic stiffness matrix method (DSMM) is a powerful matrix method widely used for
studying the natural and forced vibrations of a structural member, i.e. used to compute the
natural frequencies and response analysis. The main idea is to adopt frequency dependent
shape functions based on the exact solution of the governing differential equations of the
system. The dynamic stiffness matrix eliminates the discretization errors in time and space
and is capable of predicting an infinite number of natural frequencies by means of an infinite
number of degrees of freedom [Leung 1991]. The dynamic stiffness matrix is derived for each

element in a discretized structure and then assembled into global dynamic stiffness matrix

D (£2)of the system. The dynamic stiffness matrix D (£2)of a harmonically vibrating
system at a frequency £2 relates the amplitudes of the response displacements {u_i }to those
of exciting forces {Q; } and is given by:

[0 (2)]im}={a] 2.15)
inwhich [D(£2)]|=[K (£2)]-2*[M (£2)], where [K (£)]and [ M (£2)]are the global
stiffness and mass matrices, and {U; } is the nodal displacement vector.

For free vibrations {Q_, } = 0 and one has:
[D(£2)J{m; } =10} (2.16)

Moreover, the dynamic stiffness matrix method in vibration analysis of structural members
has certain advantages over the conventional finite element method, especially when higher
frequencies and higher accuracy of results are desired. This is due to the fact that individual
stiffness matrices are derived based on approximate shape functions, while those based on the
dynamic stiffness matrix method are derived from the exact shape functions on the closed-
form solution of the governing differential equations of the system elements [Banerjee 1997].
The derivation of the dynamic stiffness matrix for coupled bending-torsion behaviour of
beams has been developed by several researchers. Friberg (1983) developed the exact
dynamic stiffness matrix to study the coupled bending-torsion vibrations of thin-walled open
Euler-Bernoulli beams. His solution neglects warping deformation. Later, Friberg (1985)

extended his previous work to modify the dynamic stiffness matrix to include the effects of
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warping deformation, rotary inertia and axial forces. Leung (1985) presented the dynamic
stiffness matrix method for damped and undamped structural members subjected to harmonic
excitations excluding the shear deformation, warping and rotary inertia effects. Based on
Vlasov beam theory, Leung (1991) developed the dynamic stiffness matrix of a thin-walled
open beam by neglecting the shear deformation effects. Leung (1992) expanded his previous
study for the dynamic stiffness matrix to take into account the effect of constant axial force
and moments about the strong axis. Banerjee (1989 and 1991) adopted the dynamic stiffness
matrices to investigate the free vibration characteristics of thin-walled composite beams
excluding the effects of shear deformation, warping stiffness as well as rotary inertia.
Banerjee and Williams (1992 and 1994) developed the analytical expressions for the coupled
bending-torsional dynamic stiffness matrix of thin-walled beam elements. Their solution
included shear deformation effects and investigated the effect of axial loads. Using power
series expressions for displacement fields, Bin and Leung (2006) formulated the dynamic
stiffness matrix including the effects of warping stiffness, rotary inertia and axial force on the
free vibration characteristics of thin-walled members using the power series expressions for
displacement fields. Kim et al. (2003a and 2007) developed a dynamic stiffness matrix for the
free vibration analysis of thin-walled members with asymmetric open cross-sections taking
into account the warping stiffness, rotary inertia and axial force effects. Their formulations,
i.e. equations of motion and force-deformation relations, are derived from the total potential
energy of the beam under initial stress resultants based on finite semitangential rotations and
semitangential moments. In a subsequent paper (Kim et al. 2003b), they extended their

formulation for the dynamic stiffness matrix to capture the effect of shear deformation.

2.5 Kinematics for Beams

The objective of this section is to review common flexural and torsional beam theories since
they form the foundation of the proposed research. Beam theories are based on kinematics
assumptions aimed at simplifying the 3D nature of the problem into a simplified one-
dimensional problem. Depending on the kinematics assumptions made, different levels of
approximations are achieved. This reviews key flexure theories (i.e. Euler-Bernoulli and
Timoshenko beam) and torsional theories for solid beam and thin-walled members. In the

following, emphasis is placed on the kinematics assumptions made in each theory.
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2.5.1 Beam Flexural Theories

In order to describe the kinematics of beam theories, a rectangular Cartesian coordinate

system (x,y,z) is chosen such that axes x and Yy coincide with the principal axes of the

cross-section, and the z axis coincides with the longitudinal centroidal axis of the member.
Displacement u acting along the x axis is the lateral displacement, displacement v , acting

along the Yy axis, is the transverse displacement, while displacement w oriented along the z
axis is the longitudinal displacement. Angles &, ,6, ,6, denote the angles of rotation of planes

about the XY ,Z axes, respectively.

2.5.1.1 Euler-Bernoulli Bending Beam Theory

The Euler-Bernoulli beam theory is based on the kinematics assumptions that (i) the cross
section of the beam (open or closed) remains undeformed in its own plane throughout
deformation, (ii) the cross-section is assumed to remain plane and normal to the centroidal
axis of the beam throughout deformation as illustrated in Figure (2.2). In other words, the
deformations associated with the transverse shear are neglected. Based on the normality

assumption, the cross-sectional rotation is equal to the derivative of the displacement, i.e.

6, =dv/dz .

T
e
X VoL 7 \‘
v
Y
Natural Axis & Deformed configuration
\ifr ‘
A
_yv

Figure (2.2): Deformation of Euler-Bernoulli Beam.
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Kinematics and Strains

The displacement components U,vw for any point p(x,y,z )of height y from the neutral

axis of the beam are given as [Bottega 2006]:

u(x,y,z,t) 0
V(X,y,z,t) p= 9 vy (zt) (2.17)

w(X,y,z,t) yvg(z.1)

where v, (Z,t) is the transverse displacement of the centroidal axis of the beam. The normal

strain &,, and shear strains y,, ,y,, are related to the displacements by:

Yo

2\ 0z 0ox 0
7/XZ
Vv ¢ = l ﬂ+ﬂ = 0 (218)
y 2\ oz oy ,
€n oW -yVO (Z’t)
o

where all primes denote differentiation with respectto z .

Moment-Stress Relations

The normal stresses 0,, acting at a point z on the cross-section is given as:
o, (2.t)=E¢, (z,t)=-Eyvy(z,t) (2.19)

The total bending moment M, is given by the area integral of the moments of the normal

stresses about the section centroid, i.e.,

M, (z.t) :j y o, (z,t)dA = —'f Ey ¥ (z,t)dA =—El v (z t) (2.20)
A A
From Equations (2.19) and (2.20), the bending stresses can be obtained as:
o, (2.t)=M(z2,t)y /I (2.21)
where E is modulus of elasticity and 1., = Iy 2dA is the moment of inertia about the X axis.
A
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Potential and Kinetic Energy Expressions

The strain energy U, of the whole beam due to bending is found by integrating the strain

energy density throughout the beam as:

4
u, =% [0 6 AV = %j o [Va(z2.)] a2 (2.22)
\ 0

where U, is the internal strain energy induced by the normal stress o, .

The work done W , by the applied distributed transverse force dy (Z ,t) is given by:

(

W, :qu (2.t (z,t)dz (2.23)
0

and, the total potential strain energy /7, is obtained by:
1 ( 2 {
1, =U, -W, = E.[EIXX [ve(z.t)] dz —.[qy (z,t)v,(z,t)dz (2.24)
0 0

The kinetic energy of the beam consists of two parts; one account for the motion due to the

transverse displacement v and the other one account for the longitudinal displacement w
induced by the rotation of the section. The kinetic energy T, for an Euler-Bernoulli beam is

then given by:
2 1% 2 1% 2
:_I([v z,t)] +|:w z,t)] )dV :EJpA[vO (z,t)]dz +§£p|XX [Vo(z.t)]dz  (225)
where A = L\ dA is the cross sectional area of the beam.
Equations of Motion for Euler-Bernoulli Beam
The detailed derivations for the Euler-Bernoulli beam can be found in Inman (2001), Rao
(2004), Thomson (2005) and Bottega (2006). The equation of motion can be either derived by

using Newton’s second law or the Hamilton’s variational principle. Using the variational form

of the Hamilton principle, one obtains:
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Ity

”[,oAv’0 (2,)V, (2,8)+pl Vi (z,t)ove (z,t)—El vl (z,t)ovl(z t)
oh (2.26)

+q, (z.t)dv, (z ,t)]dtdz =0

Integrating by parts, the governing differential equation of motion and the boundary

conditions are obtained as:
PAV, (z,t)- pl V7 (z,t)+ElL, vy (z,t)=q, (z.t) (2.27)

and the associated boundary conditions are:

[Elve(z.t)dvg(z.t)], =0

[ELave(z.t)dv, (z.1)] =0 (2.28)

Equations (2.28) provide the possible essential and natural boundary conditions for the

problem.

2.5.1.2 Timoshenko Beam Theory

The Timoshenko beam theory can be conceived as an extension of the Euler-Bernoulli beam
theory which captures the transverse shear deformation effects. The Timoshenko beam theory
retains the first Euler-Bernoulli assumption regarding planar deformation, while relaxing the
second one regarding the normality of the plane relative to the centroidal axis. The relaxation
of the second assumption allows for an angle of rotation of the plane &, that is distinct from

the slope of centreline dv /dz # 6, , and thus provides a nonzero transverse shear strain.

Kinematics and Strains

The kinematics of deformation of the Timoshenko beam is illustrated in Figure (2.3). As

shown, the cross-section remains planar but does not remain perpendicular to the centroidal

axis of the beam. This leads to an angle of rotation 8, (z ,t)of the cross section at z , which is

generally distinct from the slope, i.e., 6, (z,t)=v](z.t).
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The displacement components U,V,W are expressed as:

u(x,y,z,t) 0
V(X,y,z,t) p =1 vy (z.t)
w(x,y,z,t) y 6 (z.t)
q, (z.t
Y YYYYvvovy
¢ YvoP e
X 7 a—A' Q "t)ﬁ,,,,/// oh
VIR
Neutral Axis j/ -
( \\ '\'\""j |
.\.\ p\\s\i./é
Deformed configuration 5 — l ~

Figure (2.3): Timoshenko Beam Theory.

The corresponding strains field expressions are given by:
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Moment-Stress Relations

The bending moment M, (z,t ) and shear force V, (z,t) are:

M, (z.t)=[y o, (z,t)dA =El,, 6; (z,t) ,and

A

V, (z.t)= .[TZY (z,t)dA =GAy,, (z,t)=GA[v, (z.t)+6 (z.t) ]

where G is the shear rigidity.
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Potential and Kinetic Energy Expressions
The internal strain energy U, due to bending and shear deformations is given as:

14
:%IEUzszV +%IG7§de=2I Lo [0 (2,)] dz += jGA[v ((2,t)+6, (z,t)Tdz  (2.33)
\% \Y 0

For a beam under distributed transverse load g, (z,t), the work done by this force is given by

Equation (2.23). The kinetic energy T, of the Timoshenko beam is given as:

T, =%£pA [Vo (z,t)] dz + %Jplxx [dy (z.t)] dz (2.34)

where the first term in Equation (2.34) is the kinetic energy due to translation while the

second term is the rotary inertia.

Dynamic Equations of Motion for Timoshenko Beam

t2 .
Using the variational form of Hamilton principle; J-t o(T, - 11, )dt =0, one obtains:
t2 [

”{pAV’O (2,4)8V, (z.t)+plyy O (2,1)36, (2.1)-El, 6 (z,t)06; (z.t)-GA[v, (z,t)

0
+0, (z.,1) ]V (z,1)-GA[vg (z2,t)+6, (2.1)]66, (2.,1)+6, (2.t)dv, (z,t)}dzdt =0

Integrating by parts, the equations of motion are given as [Hurty 1964]:

PAV, (2,t)-GA[v/] (z.t)+6; (z.t)]=a, (z,t) (2.35)

Pl B (2.1)-ELy 67 (z,t)+GA[v/ (z.t)+q, (z,t)]=0 (2.36)

and the associated boundary conditions are obtained as:

, 14
El. & (z ,t) 6, (z,t)|,=0 (237)

GA[Vy (2.t)+6, (z.t)] v, (z.t) =0

It is possible to eliminate 6, (z ,t)from the two field equations (2.35) and (2.36) and obtain a

single equation in terms of the transverse deflection v (z ,t)and its derivatives as:
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oV, (z.t) N, (z.t) N, (z.t) pl, &
Bl —g PR (B Pl e oA e 4 ()

PPN NN A

(2.38)

at> GA ot? at>

2.5.2 Torsional Theories for Thin-walled Beams
Consider a uniform beam with open cross section subjected to torsional moments M, applied

at the ends of the beam as illustrated in Figure (2.4a). Under the applied torsional moments,
two types of deformations can take place, (1) uniform torsion (or Saint-Venant torsion) and
nonuniform torsion (or warping torsion). In uniform torsion, the rate of change of the angle of
twist (and thus the associated longitudinal warping deformations) is constant along the
member or (2) Non-uniform torsion, in which the rate of change of the angle of twist (and
thus the longitudinal warping deformations) varies along the member. If the structural
member is allowed to warp freely (i.e., longitudinal displacements are unrestrained), the
applied torsional moment is resisted only by the torsional shear stresses or St. Venant shearing
stresses. The analysis of non-uniform torsional deformation of thin-walled beams with open

cross-sections is presented in different theories such as Vlasov (1961) and Gjelsvik (1981).

Figure (2.4b) shows that the shear stress distribution across the thickness of the open section
is linear and the maximum stress is located at the edge and zero at the middle surface. On the

other hand, when the warping deformations are restrained, the torsion is non-uniform. In this

case, additional normal stresses o, are induced in addition to shear stress z, and the applied
torsion is resisted by two simultaneous actions: St. Venant action and the warping restraint

(Figure 2.5). Thus, the total twisting moment M, is the sum of the St. Venant torsion M 2oy

and the warping torsion M, ,ie., M, =M, +M

Zy
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Figure (2.4): (a) A thin-walled beam subjected to twisting moments
(b) Shear stress distribution
Several theories were devised to describe the static and dynamic torsional analysis of
members. Most common are the Saint-Venant torsion theory and the Vlasov theory. These are

reviewed in the following sections.

0,
V undeformed secti

NG —— \ deformed section

m (20" ]| x4

(@)

v
Y Y
Figure (2.5): (a) Twisted thin-walled I-beam, (b) warping deformation of the cross-section

2.5.2.1 Saint-Venant Torsion Theory

A thin-walled member of open cross section is assumed to be subjected to uniformly
distributed dynamic torsion m, (Z 1t ) in which both ends are assumed to warp freely (Figure

2.53). In St. Venant theory, the rate of angle of twist is assumed constant along the beam.

Kinematics and Strains
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The member cross section is assumed to rotate by a small angle 6, (z,t) about the Z-axis, as

illustrated in Figure (2.6). The corresponding small displacements u,v,w of a point p located

on the mid-surface of the section are given [Timoshenko 1970]:

u(x,y,zt) -(y-Ys)6, (z.t)
V(X,y,z,t) ;=4 (x-x4) 6, (z,1) (2.39)
w(X,y,z,t) -w(z,t)6; (z,t)

where (Xg,Ys ) are the coordinates of the shear centre and (x ,y ) is the warping function,

According to Saint-Venant assumptions, the warping function is constant along the

longitudinal axis and the twist rotation varies linearly along the beam, so that the rate of the

angle of twist is constant, i.e. &, (z,t) = constant.

(X'XS) Xs

e C

Ys

L0y)

Figure (2.6): Deformations of open thin-walled member.

The corresponding strain-displacement relations can be expressed as follows [Saade 2004]:

o

< oz 0
7z

= 6_U+% - - +a_a) 2
;xz “ 1% o Y-Ys x )7 (2.40)
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Moment-Stress Relations
For a homogeneous, isotropic and linearly elastic material, by applying the generalized

Hooke’s law the normal and shear stresses are expressed in terms of strains as:

07z E &, ° P
Txz (=1 Grxz (5176 ( Y =VYs +&J 0; (2.41)
Tyz G7/yz P
G| X —Xxg—— |6
e5)

The St. Venant twisting moment can be determined by integrating the moments of in-plane

shear stresses about the section shear centre:
M, (z.t)= I[ryz (X -Xg)-7¢z (Y- Vs )] dA =Gl 6; (z.,t) (2.42)
A

where the St. Venant Torsional Constant Jg, is defined as:

2 2 ow ow
Jsv =£{(X'Xs) +(y-ys) '(X'Xs)a"'(y'ys )&}dA (2.43)

Potential and Kinetic Energy Expressions
The increment of strain energy stored in an element dz of a twisted thin-walled member due

to Saint-VVenant torsion is:

dU, =2M,,,d6, (2.44)
. 1
inwhich d@, = (TM 2, 2 (2.45)

SV
From Equations (2.44) and (2.45), and integrating over the length gives the strain energy in

the entire member due to Saint-Venant torsion as:
17 2
Un = J G, [92 (2 t)} dz (2.46)

The work done by the distributed torsion m, (z,t) is:
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‘
Wy, = j m, (z,t)6, (z,t)dz (2.47)
0
and the total potential energy of the beam is:
1 , 2
11, =5 (63 [6 (2. 0)] - m, (2.0)6, (2 ¢ )|z (2.48)
0

By substituting Equation (2.39) into Equation (2.6) and by ignoring the second order terms,

then the kinetic energy T, can be expressed as:
17 : 2
T, = Egpro [02 (z t )} dz (2.49)

in which the polar moment of inertia is defined as r, = I[(x - X )2 +(y -y, )Z}dA :
A

Dynamic Equations of Torsional motion
The application of Hamilton’s variational principle; Ltzé'(TSV 11, )dt =0, yields:
1
t2 ¢ . .
[[[pr 6, (2.£)36, (2,1)- Gy, 6; (2,4)56; (z,t)+m, (2,)56, (2 ,t)]dzdt =0
t, 0
By integrating by parts, and noting thatd6, (z,t;)=0 anddb, (z,t,)=0, the dynamic

equation of motion of the torsion member is given as:
pry 6, (z,1)-Gg, ) (z,t)=m, (z,t) (2.50)

and the relevant boundary conditions are:

Glgy 6 (2.) 86, (z.1)], =0 (2.51)

2.5.2.2 Vlasov Non-Uniform Torsion Theory

When a thin-walled member with open cross-section is subjected to twisting moments, its

cross-sections undergo longitudinal displacements and a plane section before deformation
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generally does not remain plane (Figure 2.7a). This phenomenon is called warping. The Saint
Venant torsion theory assumes warping to be completely unrestrained. In reality, many
support details can prevent member ends from warping freely. This causes an increase of the
member torsional stiffness and introduces longitudinal stresses especially nearby the member
ends. These effects can be often ignored for solid and thin-wall closed sections, while these

effects can lead to significant longitudinal stresses for open sections restrained warping.

pjaa M, =M h=Pbh/4

(b)

Figure (2.7): (a) Warping deformation of cantilever I-beam, (b) Bimoment in I-section

Thin-walled beam theories which capture warping effects include the works of Vlasov (1961),
Timoshenko (1960) and Gjelsvik (1981). Vlasov (1961) suggests treating the cylindrical
shells as thin-walled beams when their dimensions satisfy the following relations; their
thickness to characteristic section width t; /d <0.1and when their section width to span
d/(<0.1 (Figure 2.8). He developed a general theory for isotropic thin-walled beams with
open and closed sections which captures warping effects. Compared to the typical convential
Euler-Bernoulli beam theory, the Vlasov theory introduced the rate of change of the angle of
twist as a measure of warping deformation, which leads to an additional straining action, the
bimoment B (Figure 2.7b). Timoshenko (1960) independently developed a similar theory for

isotropic beams with open cross-sections in which the primary warping effects are included.
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Gjelsvik (1981) extended the Vlasov’s theory to account for the additional through-thickness

secondary warping for beams with open and closed cross-sections.

The Vlasov theory is applicable for combined non-uniform torsion and flexure. His theory is
based on the following main assumptions: (i) the cross section does not deform in its own
plane. (ii) shear strains on the middle surface of the cross section are negligible. It implies that
the normal strain in the contour direction is small compared to the longitudinal strain in the

longitudinal direction.

t it i

X v |
X < C d d X C d
X < C t
—| [
E— —
v / M v
Y Y y Y
Monosymmetric cross-section Asymmetric cross-section Double symmetric cross section

Figure (2.8): Open Thin-walled Cross sections.

Kinematics and Strains

A thin-walled beam with arbitrary open cross section (Figure 2.9) has a fixed right-handed

Cartesian coordinate system (x,y,z ) with the z - axis parallel to the longitudinal axis of the

beam used to describe the geometry and displacements. In addition to the coordinate system

(x,y,z), a local coordinate system (n,s,z )is positioned on the contour. Coordinate s is

oriented along the tangent to the middle surface in a contour at a point of interest, while n is

the coordinate in the normal direction to the s coordinate with the origin of the (n,s)system

lying on the section contour at the point of interest, and s is oriented such that the axes system

(n,s,z)is aright-handed coordinate system.
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Figure (2.9): Geometry of a thin-walled Beam
According to the first Vlasov’s assumption, the cross-section is undeformed in its own plane
and the only possible motion of the section in its own plane is a rigid body motion (Figure

2.10) characterized by two orthogonal displacements u and v at an arbitrary point (selected as

the shear centre S_for mathematical convenience) and an angle of twist &, . This implies that
the horizontal and vertical displacements u, (z,s,t) and v, (z,s,t)of an arbitrary point
p(x,y)located on the mid-surface of the cross-section along the principal X and Y

directions can be described in terms of displacements u and v of the shear centre S_and the

angle of rotation 6, of the cross section about the shear centre.

Thus, for a small angle of twist, the displacement components u,,(z,s,t) and v ,(z,s,t)of

the arbitrary point p(x,y )are expressed as:
Up (z.s,t)=u(z,t)-[y(s)-ys 6 (z.t) (2.52)

Vp (z,5.6)=v (z,t)+][x(s)-Xs |6, (z.t) (2.53)
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Figure (2.10): Displacements in the Plane of the Cross-section.

The tangential and normal displacement components §(Z,S,t) and 77(2,3,'[) of a point p(x,y)
along s and n directions can be expressed in terms of transverse and lateral displacements

U, (z,s,t)and v, (z.5.t)of the point p(X, ) as:

§(z,st)=up (z,st)cosa(s)+v, (zst)sina(s) (2.54)
n(z,st)=vp (z,8t)cosa(s)-up (z,st)sina(s) (2.55)

in which &(S) is the angle between the tangent of the cross section at point p (x,y) and the

positive direction of the X axis, as illustrated in Figure (2.11). From Equations (2.52) and
(2.53), by substituting into Equations (2.54) and (2.55), one obtains:

£(z,st)

n(z,st)=v(z,s)cosa(s)-u(zs)sina(s)+r(s)6, (zt) (2.57)

u(z,s)cosa(s)+v(z,s)sina(s)+h(s)é, (zt) (2.56)

From Figure (2.11) it is seen that:

h(s)=[x(s)-xs Jsina(s)-[y (s)-ys Jcosa(s) (2.58)

r(s)=[x(s)-xs Jcosa(s)+[y (s)-ys Jsina(s) (2.59)
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Figure (2.11): Local Coordinate System and Displacement Components of

apoint p(x,y) on the Cross-section.

in which the geometric relations are considered: Cosa(s)=dx/ds and sina(s)=dy /ds,
where h (s )is the perpendicular distance from the shear centre to the mid-thickness tangent at
an arbitrary point p(x,y ), r(s)represents the magnitude of the perpendicular distance from

the shear centre to the normal of the profile line at point p(x,y ), ds is the arc element of the

profile line, and dx,dy are the projections of ds along the global Cartesian coordinates

corresponding to the arc element ds .

The longitudinal displacement w (z ,s,t)of point p located on the centreline of the open

cross-section can be described in terms of displacements &(z,s,t),7(z,s,t) and angle a(s).

Based on the second Vlasov’s assumption, the shear strain y,, vanishes at the middle surface
of the cross-section. i.e.,

ow O
= P +—2=0
s o

By integrating Equation (2.60) with respect to coordinate s and using Equations (2.56) and

(2.60)

(2.58), the longitudinal displacement w , (z ,s,t ) of point p(x,y )is:
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W, (z,8,t)=w (z,t)-x(s)u'(z,t)-y (s)v'(z.t)- ()6, (z ) (2.61)

in which w(zt) is an integration function that represents the average longitudinal
displacement and w(s)is the warping function (also termed as sectorial area) of the cross-

section and can be determined [Vlasov 1961] by:
S

o(s)=[h(s)ds (2.62)
0

The sectorial area at point p(x,y )is geometrically equal (Figure 2.11) to twice the area
enclosed between the arc p S, of the cross section and the two lines S; p and S,S, which join

the ends of the arc, i.e. @=2Area(S.pS, ). The sectorial area is taken positive when radius

h(s) rotates in the counter-clockwise direction. The sectorial origin S, is chosen so that the

sectorial statical moment S, vanishes, i.e.,

S, =[(s)dA=0 (2.63)
A

w=2Area(S; pS, )

Figure (2.11): Sectorial area.

The last term in Equation (2.61) is responsible for warping of the middle surface of the cross
section, also known as primary warping. In addition to primary warping, a secondary warping
(or through thickness warping) arises. Secondary warping is proportional to the normal

distance of a point from the corresponding point on the middle surface and thus gains
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significance for thicker sections. The additional effect due to through thickness warping is
accounted for in the theory of Gjelsvik (1981). The resulting governing differential equations
based on Vlasov and Gjelsvik theories are identical. The only difference between both

theories lies in the expressions of the warping constants.

Moment-Stress Relations

In Vlasov beam theory, three types of stresses are induced in the thin-walled member:

(1) longitudinal stresses o, due to bimoments, (ii) warping shear stress 7, due to bimoments

and (iii) St. Venant shear stress z,, due to twisting.

Longitudinal Normal Strain

The longitudinal normal strain at point p(x,y) is ¢, and can be obtained by differentiating

Equation (2.61) with respect to z , yields:

£y = Wy =w'(z,t)-x(s)u"(z,t)-y(s)v"(z.t)-w(s)6 (z.t) (2.64)

0z

Longitudinal Normal Stresses

The total normal stress 0y, (2,5,t) at the point p(X,y ) in the cross-section is given by:
0y, (2.51)=Egy, =E[w'(z,t)-x(s)u"(z.t)-y (s (z.t)-(s)6 (z.1)] (2.65)

From Vlasov’s beam theory (1961), the longitudinal stress oy (Z,S,t)induced by the
warping restraint is:

oy (2,5t)=—Ew(s)6; (z.t) (2.66)

These normal stresses lead to the generalized force commonly referred to as the “bimoment”

of the member [Vlasov 1961]:

(z.st)=—[ o, (z,5,t)o(s)dA =EC, &/ (z ) (2.67)
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in which the warping constant of the cross-section is defined as c,, :jA [w(s)]z dA .

Combining Equations (2.66) and (2.67), the warping normal stress o, is obtained as:

M, (z.t)o(s)
C

w

o, (2,5,t)=— (2.68)

The warping normal stress can be added to other stresses caused by shear forces and bending

moments about the principal axes of the section. Then the total normal stresses caused by

longitudinal force N, (z,t), bending moments M, (z,t),M, (z,t)aboutX and Y
principal axes and bimoments M, (z,t)at a point on the mid-line of the beam are:

N,(z.t) M, (z.1) M, (z.t) M, (z.t)

o, (z.5t)= PN x(s)—l—y(s)—c—w(s) (2.69)

yy XX w

which Nz(z,t)szaZZ (z,s,t)dA, Mx(z,t)z—.anZZ (z,s,t)y(s)dA,
My(z,t):—_[AaZz (z,s,t)x(s)dA, M, (z,t)=—_|.AaZZ (z,s.t)o(s)dA, and

I, = J'x 2dA is the second moment of inertia with respect to principal Y axis.
A

Orthogonality Conditions

In conventional solutions (e.g. Vlasov 1961), it is convenient to select an orthogonal system
of coordinates to simplify the solution by enforcing the following conditions or integrals to
zZero:

Sy 1Sy Sxy 1Sex Swy S

oy P o

- j[x (s),y(s).x(s)y(s).x(s)a(s),y (S)a)(s),a)(s)]dA -0 (2.70)

where the first three integrals for S, ,S, ,Sy, are zero when the origin of the coordinate

system is located at the centroid of the cross section and the axes OX and OY are the

principal axes. Integrals given by S, , S,y can be satisfied by selecting the arbitrary point

(pole) to be the shear centre of the cross-section. The sectorial origin S, can be selected so

that the last integral given by S, is satisfied. More details can be found in Erkmen (2006).
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Internal Strain Energy, Kinetic Energy and Load Potential Energy

The internal strain energy U, of the member has two contributions: one due to the normal

stresses o,, and the other are due to St. Venant torsional shear stress 7, , and it is given by:

U —le 2 dv +1fGJ[9'(zt)sz 2.71
v—2V €77 20 7 \4 (2.71)

By substituting the longitudinal strain expression in Equation (2.64) into Equation (2.71) and
enforcing the orthogonality conditions (represented by Equation 2.70), leads to:

€
&, = [Ew SN +EL y U"SU"+ED o v "3 +EC,, 02”592”}dz (2.72)
0

The variation of the work done by the applied distributed line loads per unit length acting

along the member, (i) a longitudinal load q, (z,t), (ii) a transverse force q, (z,t), (iii)
lateral force q, (z,t) and (iv) twisting moment m, (z ,t)is:

‘

oW, =I[Qz (z.t)ow (z,t)+ay (z.t)du(z,t)+qy (z.t)dv (z,t)+m, (z.t)d6, (z ,t)]dz (2.73)
0

Therefore, the total potential strain energy /7, is:

’

511, =[ [Ew'Sw ' +El ,u"Su" +El v "8 "+E C, 6/56] +GJ 0,60, -q, 5w
: (2.74)

-q, 8u-q, v - m, 56, |dz

The kinetic energy T, of the thin-walled member is given by:

T, = %I ] P[(cf)z () +(w, )2}0'/%0'2 (2.75)

A

Substituting Equations (2.56), (2.57) and (2.61 ) into the kinetic energy Equation (2.75) and

by performing the area integrals in the resulting equation and applying the orthogonality
conditions represented by Equation (2.70), the variation of kinetic energy T, is given as:
4
ST, =[ p[ AW S8 +1 U" 8" +1,,V'8/"4C, 0[5 6 +A(U +y,6, ) +A(V =X, 0, )
0 (2.76)
+A(y U =XV +126, )36, }dz
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| I
in which rozzij'A(h2+r2):lA=—( XXZ yy)+(x52+yf).

Dynamic Equations of Motion for Vlasov Thin-walled Beam
After performing integration by parts, the governing differential equations for dynamic

equilibrium are obtained as:

EAW "- pAW =0, (z}t) (2.77)
El u"-pl Uu"+pAfu+y.q,]=q,(z.t) (2.78)
Elv"-pl V"+pAN-x.0,]|=q, (z.t) (2.79)
EC, 0} - fC, 0/-GI 6] + pA| y ii-x V' +120, |=m, (z,t) (2.80)
The associated boundary conditions are:

EAW'dw |, =0 (2.81)
El,u"su| =0 , El u"suf =0 (2.82)
El,v"&v| =0 , Elv"&| =0 (2.83)
EC,6, 80, =0 , (EC,6/-G1@,)s8,| =0 (2.84)

2.6 Review of Thin-walled Theories without Shear Deformation Effects

Friberg (1983) formulated the exact dynamic stiffness matrix finite element formulation of
thin-walled beams for angle-sections. The coupled bending-torsion vibrations are studied
under the effect of harmonic end excitation. The bending formulation used is based on Euler-
Bernoulli beam theory and the torsion theory is that of the Saint-Venant theory and thus the
warping of the cross-section is not considered in the analysis. Complex algebra is employed
for developing the exact expressions for the displacement fields. The eigenfrequencies were
developed for simply supported and clamped-clamped beams with an axis of symmetry, using
the Wittrick and Williams’s algorithm (1970). Leung (1985) applied the dynamic stiffness
method to analyze the damped and undamped structural members subjected to exponentially
varying harmonic excitations. In his formulation, single degree of freedom, i.e. flexural

displacement, of a damped and undamped Euler-Bernoulli beam member are used and solved
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to investigate the complete steady state response of nodal harmonically excited systems. The
forced dynamic total response is directly determined without the need to extract the natural
modes. Dokumaci (1987) derived the governing equations for free bending-torsion coupled
equations for thin-walled members with cross-sections having a single axis of symmetry. In
his study, he combined the flexural Euler-Bernoulli theory with the St. Venant torsional
theory. The coupled natural frequencies for cantilever beams were determined and the
influence of shear centre offset on natural frequencies and mode shapes were studied as well.
Banarjee (1989) studied the free vibration behaviour of the bending-torsional coupled beam
using the dynamic stiffness matrix method with focus on the behaviour of aircraft wings.
Their dynamic stiffness matrix did not include the effects of shear deformation, rotatory
inertia nor warping deformation. Their formulation is limited to monosymmetric sections. In a
subsequent study, Banarjee (1991) extended his work in (1991) to investigate the bending-
torsional coupled vibration for asymmetric thin-walled open beams. Based on his formulation,
Banerjee developed a FORTRAN subroutine for computing the dynamic stiffness matrix of
bending-torsion coupled beam. He used the subroutine to determine the natural frequencies
and mode shapes for a cantilever beam with substantial coupling between the bending and
torsional modes. Banarjee and Fisher (1992) extended the work of Banarjee (1989, 1991) to
incorporate the effect of axial forces on the natural frequencies and mode shapes. In their
study, the closed form explicit analytical expression for the dynamic stiffness matrix elements
of a bending-torsional coupled vibration were formulated by solving the governing
differential equations of motion. Numerical results were provided for examples of a cantilever
and simply-supported beams of monosymmetric semi-circular cross sections. They
investigated the influence of axial force on coupled bending-torsional frequencies of thin-
walled beams. Based on the dynamic transfer matrix method (DTMM) and a 2D assembly
model, Ohga et. al (1995) developed a procedure to predict the natural frequencies and mode
shapes of thin-walled members. They applied their study for C-sections, I-sections and box-
section. Eslimy-Isfahany et al. (1996a) and (1996b) developed a theory to investigate the
response of a torsional-flexural behaviour of beams under deterministic and random
excitations by using the normal mode method. The deterministic load on the beam was
assumed to vary harmonically, whereas the random load was assumed to be Gaussian with

stationary and ergodic properties. The effects of shear deformation, warping deformation and
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rotatory inertia were neglected in their analysis. The influence of axial load on the dynamic
response is taken into account in their first paper (1996a), while this effect is neglected in the
second paper (1996). The analysis was applied to a cantilever aircraft wing. Significant
coupling between bending and torsional modes of deformation was reported in their study.
Based on the formulations in Banarjee (1989) and (1991), Banerjee (1999) derived the exact
analytical expressions for the frequency equation and the corresponding mode shapes of
coupled bending-torsion beam with cantilever end conditions using a symbolic Algebraic
computation package “REDUCE”. The results based on explicit expressions based on the
Euler-Bernoulli beam hypothesis and St. Venant torsion theory are compared with the exact
published results to verify the exactness and accuracy of the expressions. A new Dynamic
Finite Element method (DFEM) for the free vibration analysis of coupled bending-torsional
vibrations was presented by Hashemi and Richard (2000a). In their approach, the classical
finite element method was combined with dynamic stiffness method to develop a superior
finite element model. Based on the Euler-Bernoulli and Saint-Venant beam theories, the exact
solutions of the governing differential equations of uncoupled motions were utilized to
formulate shape functions. The shape functions are frequency dependent and were employed
to evaluate the stiffness and mass matrices. The warping rigidity of the beam cross-section,
shear deformation, and rotary inertia are neglected in the analysis. The theory is applied to
free vibration analysis of members of open section and closed sections. The numerical results
obtained by using the dynamic finite element were in very good agreement with those
obtained in the literature by using the exact dynamic stiffness matrix approach. In a
subsequent paper, Hashemi and Richard (2000b) developed a dynamic finite element
formulation for coupled bending-torsional vibration of axially loaded members with
asymmetric cross-sections based on the Bernoulli-Euler and St. Venant beam theories. The
shear deformation and the warping stiffness of the beam cross section were neglected. Based
on the exact solution of the differential equations governing the uncoupled vibrations, they
formulated the frequency dependent shape functions. Consequently, exploiting the principle
of virtual work and interpolating the variables based on dynamic trigonometric shape
functions, the exact dynamic finite element formulations for uniform beams are derived. The
applicability of the DFEM is demonstrated for a beam with semi-circular cross- section. Also,

the effect of the axial force on the natural frequencies for coupled bending-torsional thin-
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walled beams is also studied in this paper. By using the dynamic stiffness matrix method,
Banerjee and Su (2006) analyzed the free vibration of coupled bending-torsional coupled
beams. The governing differential equations of motion for free vibration were derived based
on the Hamilton’s principle and then solved under the applicable boundary conditions to
obtain the analytical expressions for generalized displacements, internal forces, and moments,
which were obtained in exact sense. These expressions were then recast in the form of the

dynamic stiffness matrix.

Table (2.1) provides a comparative summary of free vibration of thin-walled beam theories
which do not include the effects of shear deformation, warping deformation and rotary inertia.
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Table (2.1): Summary of comparative review for studies of free vibration analysis of Euler-Bernoulli-St. Venant beam theories

which neglect shear deformation, warping and rotary inertia effects

Method of Solution
No | Author Cross . - Field Static Remarks
: Dynamic | Closed Finite :
Section . variables Load
stiffness form | element offect
matrix | solution | solution .
included
Hallauer Mono- . . I
L] b | gmme | V||| e |- |G e oo braton
(1982) Closed g
9 Friberg | Asymmetric J J i WV O i - Coupled bending-torsional vibration
(1983) L-shape T - Clamped and simply supported beams
. Mono- . . o
Dokumaci . i ) - Coupled bending-torsion vibration
3 (1987) symmetric X v V.6 - Clamped beam
Closed
4 Banerjee s I\r:(r)r?e?[;ic J J i V.0 i - Coupled bending-torsional vibration -
(1989) y e -Cantilever open box beam
Closed
5 Banerjee | Asymmetric J J i v.a i - Coupled bending-torsional vibration
(1991) C-shaped e - Cantilever wing beam
Banerjee Mono- _ -Coupled bending-torsion vibration
6 | and Fisher | symmetric \ \ - v,6, axial force _ _ _
(1992) Closed -Cantilever and hinged-hinged beams
Banerjee Doubly -Coupled extension-torsion vibration
7 | and Butler | symmetric \ N - w, 6, - - Composite beam theory
(1994) Closed - Cantilever box section beam
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Cont. Table (2.1): Summary of comparative review for studies of free vibration analysis of Euler-Bernoulli-St. Venant beam theories

which neglect shear deformation, warping and rotary inertia effects

Method of Solution
No | Author Cross Dynamic | Closed Finite Field Static Remarks
Section stiffness form | element | variables Load
matrix | solution | solution effect
included
. Mono- . i o
8 Banerjee symmetric i i v.a . -Coup_led bend_lng-torsmnal vibration
(1999) Closed e - Cantilever wing beam
Hashemi Mono- -Finite element method combined
9 and symmetric J J J V.0 i with dynamic stiffness method to
Richard Closed e develop a dynamic finite element
(2000a) -Cantilever beams
Hashgmi Mono- od bend ;
an . . -Coupled bending-torsion vibration
10 Richard sycr:r}metélc v v v V.0 axial force -Cantilever beams
(2000b) 0s€
Banerjee Asymmetric - Coupled bending-torsional vibration
11 | and Su Closed \ v X uy,6, - -Cantilever aircraft wings
(2006) - Wittrick-Williams algorithm.
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2.7 Review of Thin-Walled Theories with Shear Deformation Effects

Shear deformation plays an important factor in dynamic problems where higher modes of
vibrations are to be determined or where the beam is subjected to harmonic forces with high
frequencies. Because of this, the effect of shear deformation has been well studied in dynamic
analysis of beams. The Timoshenko beam theory [Timoshenko 1937] is based on the assumption
that the plane normal to the beam axis before deformation remains plane but not normal to the
beam axis after deformation. Thus, unlike the Euler-Bernoulli beam and the Vlasov theories, it
incorporates the effect of shear deformation. Banerjee and Williams (1992) derived the exact
dynamic stiffness matrix of a thin-walled beam element taking into account the effects of shear
deformation and rotary inertia, by solving the governing equations of motion of the free vibration
of the beam. The natural frequencies and mode shapes of the beam are numerically computed
based on the explicit expressions for the dynamic stiffness matrix. By incorporating the effect of
axial force on the free vibration, Banerjee and Williams (1994) formulated the analytical
expressions for coupled flexural-torsional dynamic stiffness matrix of an axially loaded uniform
Timoshenko beam based on the Hamilton variational principle. An exact solution of the
governing partial differential equations of motion was developed. The effect of warping
deformation was neglected in the formulation. Numerical results demonstrate the influences of
axial force, shear deformation and rotary inertia on the natural frequencies of the coupled
bending-torsion behaviour for cantilever beams with semi-circular thin-walled sections. Banerjee
(2000) derived the exact expressions for the frequency equation and mode shapes for coupled
bending and torsion vibrations of uniform Timoshenko beams with cantilever end conditions.
The effect of axial force together with the effect of shear deformation and rotary inertia was
taken into account in the formulation. The method is demonstrated by an illustrative example of
a coupled bending-torsion cantilever beam with semi-circular cross-section for which published
results are available [Friberg 1985]. The results for frequencies and mode shapes agreed well
with those published in Friberg (1985) and Banerjee and Williams (1994) based on the exact

dynamic stiffness matrix method.

A comparative summary for thin-walled beam theories including the shear deformation and

rotary inertia effects are presented in Table (2.2).
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Table (2.2): Summary of comparative review for studies of free vibration analysis of thin-walled beam theories

which include shear deformation and rotary inertia effects

Method of Solution
No. Author Cross Dynamic | Closed form | Static load Remarks
Section stiffness solution effect
matrix included
Banerjee Mono- -Coupled bending and torsional vibration
and . . .
1 - symmetric \ V - -Formulation captured shear deformation
Williams Closed due to bendin
(1992) g
Banerjee Mono- -Coupled bending and torsional vibration
and . . . ..
2 Williams symmetric \ v axial force | -Cantilever end conditions
(1994) Closed -Symbolic computing package REDUC
i -Bending-torsion coupled vibration
3 Banerjee T-section X \ axial force ) : P
(2000) -Cantilever beam
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2.8 Review of Thin-Walled Beam Theories involving Warping Deformation Effects

The torsional response of most thin-walled beams of open cross-sections is significantly
influenced by constraining the cross-section’s ability to warp. The warping deformation of thin-
walled open-sections generally consist of two parts; the contour or section profile warping (also
known as primary warping), and the through-thickness warping (called as the secondary
warping). Vlasov (1961) and many other authors considered only the contour warping

deformation, while Gjelsvik (1981) added the secondary warping function to the formulation.

2.8.1 Thin-Walled Beam Theories excluding Shear Deformation

The Vlasov thin-walled beam theory (Vlasov 1961) is based on two assumptions, these are; (i)
the cross section of a beam remains undeformed (or rigid) after deformation, and (ii) the shear
strain in the middle surface is neglected. In other words, Vlasov torsion theory for thin-walled
beams considers the warping stiffness of the beam cross section but neglects the shear
deformation effects at the middle surface. The theory formulated by Vlasov (1961) is
extensively used in the dynamic analysis of thin-walled, open section beams, as exemplified by
the studies of Friberg (1985), Leung (1991), Chen and Tamma (1994), and others, all discussed
in the following: Friberg (1985) formulated the exact dynamic stiffness matrix for a thin-walled
beam in coupled flexural and torsion vibrations. He accounted for the effects of warping
deformation, rotary inertia and axial load by using Vlasov’s theory and numerically developed
the 14x14 dynamic stiffness matrix. A FORTRAN program and a numerical example are
presented to evaluate the eigenfrequencies of a uniform beam with general open section and with
various boundary conditions. The eigenfrequencies results for a free-clamped beam with
semicircular cross section are evaluated by using the well-established Wittrick-Williams
algorithm [Wittrick and Williams 1971]. Bishop et al. (1989) extended the study of Dokumaci
(1987) by including the effect of warping of the beam cross section. They concluded that the
neglect of warping deformation effect can lead to significant errors in estimating the natural
frequencies of thin-walled members. Leung (1991) presented a numerical procedure for
developing the exact dynamic stiffness matrix of a thin-walled beam based on Vlasov theory.
The effect of shear deformation is neglected in the formulation, while the effects of warping
deformation and rotary inertia are taken into account. The homogeneous form of the governing

equations for static equilibrium were solved exactly and the transverse, lateral and rotational
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displacement functions, all coupled due to the presence of the axial force, were developed in the
study. Leung developed a Vlasov finite element based on the exact static shape functions. The
results were observed to rapidly converge to the eigen-frequencies in free vibration analysis. In a
subsequent study, Leung (1992) developed the dynamic stiffness matrix method (DSMM) to
analyze a thin-walled beam of open section subjected to constant axial compressive force and in-
plane moments. The dynamic stiffness matrix is formulated by frequency-dependent shape
functions which satisfy the exact solutions of the governing differential equations. The effects of
rotary inertia, warping stiffness and axial force are accounted for in the analysis. The dynamic
stiffness method is extended to analyze the lateral buckling of monosymmetric open thin-walled
beams under the influence of axial force and in-plane moments. Numerical results for a clamped-
free thin-walled beam representing a semi-circular tube are presented and demonstrated that the
constant in-plane moment softens the flexural modes while preventing the torsional modes. Chen
and Tamma (1994) employed the finite element method in conjunction with an implicit — starting
unconditionally stable numeric integration methodology for the coupled vibrations of an elastic
thin-walled member of arbitrary open cross-section subjected to constant axial force. The
governing equations of motion for thin-walled beam are derived using the principle of virtual
work. The formulations are based on Vlasov’s assumptions and rotary inertia effects were
included in the formulation. Three examples dealing with triple coupling (L-shaped cross-
section), double coupling (C-shaped cross section) and no coupling (I-shaped cross-section) were
provided to demonstrate the coupling effects and rotary inertia on the forced vibrations
characteristics of thin-walled beams. The dynamic response, displacements and rotation, of both
simply supported and cantilever beams with and without rotary inertia effects are obtained in
graphical forms. Numerical results indicated that, the effect of rotary inertia on displacement and
rotation angle is insignificant. Li and Smith (1994) formulated expressions for calculating the
torsional vibration frequencies and mode shapes of open thin-walled beams. The theoretical
expressions are obtained for three boundary conditions: clamped-clamped, hinged-hinged, and
free-free end conditions. The effect of warping rigidity on torsional natural frequencies for a
beam with I-shaped cross-section is demonstrated via numerical examples. Results for beams
with free-free and hinged-hinged end conditions showed that torsional natural frequencies of
beams with high width to depth ratio are more sensitive to the effects of warping rigidity.
Banerjee et. al (1996) extended the previous theory (Banerjee 1989) to develop the dynamic
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stiffness matrix of coupled bending-torsion beams with monosymmetric open cross-sections to
include the effect of warping deformation. They studied the effect of warping deformation on the
natural frequencies of thin-walled beams with monosymmetric C-sections and various boundary
conditions. Based on their results, the warping deformation has a profound significant influence
on the natural frequencies of the beam. They concluded that the warping deformation effect
induced large errors when ignored. By using the finite element method, Tanaka and Bercin
(1997) studied the coupled bending and torsional free vibration of thin-walled beams of
asymmetric open cross-section. The study accounts for the warping deformation and rotary
inertia effects. The stiffness and mass matrices for coupled bending-torsion beam elements were
determined by employing the linear interpolation for longitudinal displacements and cubic
Hermitian shape functions for transverse, lateral displacements and angle of twist. The coupled
natural frequencies for thin-walled open beam with asymmetric and mono-symmetric cross
sections are computed for various boundary conditions. Tanaka and Bercin (1999) studied the
triple coupling free vibration behaviour of thin-walled beam with asymmetric open sections. The
governing equations for the coupled bending and torsional vibrations of beams capturing the
warping deformation effects are solved in an exact sense. Results for free vibration of beams
with various boundary conditions were developed in the study. Arpaci and Bozdag (2002)
developed the governing differential equations of motion based on non-orthogonal coordinates
derived by Tanaka and Bercin (1999) by including the product of inertia terms in the formulation
of bending deformations. They investigated the triply coupled vibrations of thin-walled beams
with asymmetric open cross sections. The governing differential equations for coupled bending
and torsional vibrations are derived using the d’Alembert principle and solved exactly. The
natural frequencies and mode shapes of thin-walled beams with asymmetric channel and Z cross
sections are provided under various boundary conditions. Arpaci et. al (2003) extended their
work (Arpaci and Bozdag 2002) to include the effect of rotary inertia on the triply coupled
vibration analysis of thin-walled beams of open asymmetric cross section. They presented the
exact analytical solution of the system of equations for predicting the undamped natural
frequencies. The influences of rotary inertia and warping stiffness were included in the analysis.
Based on the results obtained, the effect of rotary inertia was observed to lead to the decrease of
the natural frequencies predicted. Kim et. al (2003a) conducted a free vibration analysis for the

flexural-torsional behaviour of uniform thin-walled beams with asymmetric sections under
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eccentric axial loads. The effect of rotary inertia was taken into account in the analysis. The
resulting high-order ordinary simultaneous differential equations were transformed into first-
order simultaneous differential equations by introducing a displacement state vector consisting of
14 displacement parameters. The associated linear eigen-value problem with non-symmetric
matrices was obtained. The displacement functions were exactly obtained and the dynamic exact
stiffness matrices evaluated using force-deformation relationships. Comparison with finite
element solutions using ABAQUS’s shell element were conducted. VVoros (2004) analyzed the
free coupled vibration of thin-walled beams with asymmetric open cross sections. The
formulation captured the warping deformation effect. In this study, 14-degrees of freedom finite
element model for the free vibration is developed, in which the kinetic energy expression is
obtained based on the lumped and consistent mass matrices. The derivation of the element
stiffness matrix, lumped and consistent mass matrices are based on the assumed linear
interpolation functions for longitudinal displacement and cubic interpolation functions for
transverse, lateral displacements and the angle of twist. The influence of warping stiffness and
the lumped mass matrix on the natural frequencies was investigated for cantilever and simply-
supported beams with | and U sections. Li et. al (2004a) derived the dynamic transfer matrix by
solving the governing differential equations of motion for coupled bending-torsion vibration for
uniform axially loaded members with mono-symmetric open cross sections. The method takes
into account the effects of axial load and warping deformation while neglecting the rotary inertia.
Numerical results of natural frequencies and mode shapes were presented and compared with the
available results in the literature. Using the modal superposition method (MSM), Li et al.
(2004b) investigated the dynamic flexure-torsion coupled vibrations of axially loaded mono-
symmetric thin-walled beams. The influence of axial force and cross-sectional warping
deformation on the coupled bending-torsional frequencies and mode shapes are studied. Li et al
(2004c) extended their previous work to develop the dynamic transfer matrix to compute the
natural frequencies and mode shapes of axially loaded thin-walled beams with asymmetric
opened cross sections, in which the effect of warping deformation of the cross section is
included. The transfer matrix is derived from the differential equations of motion for beams
under axial force using d’Alembert principle. The application of the dynamic transfer matrix is
illustrated by numerical results for natural frequencies and mode shapes of the beams with

various boundary conditions. The influences of axial force and warping stiffness on the coupled
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bending-torsional frequencies are also studied. Mohri et. al (2004) investigated the dynamic
behavior of pre-buckled and post-buckled thin-walled composite open sections. Using
Hamilton’s principle, they formulated the governing differential equations of motion based on
Vlasov’s assumptions and a non-linear model that accounts for the non-linear warping and
bending-torsion couplings. The Galerkin’s approach is employed to reduce the developed
differential equations to a non-linear coupled differential system in the time domain. The model
is used for the vibration analysis in pre-buckling and post-buckling analyses under axial
compression and transverse loads. Analytical solutions are derived for the eigen-frequencies of
doubly symmetric I-sections, and mono-symmetric T-sections are developed for general cross
sections. Numerical results are obtained for the free vibrations of pre-buckled and post-buckled
simply-supported thin-walled elements under axial and transverse loads for doubly symmetric
and monosymmetric sections. Prokic (2005) derived a system of equations for triply coupled free
vibrations of thin-walled beams with general open cross sections including the effects of rotary
inertia and warping deformation. The governing differential equations for coupled bending-
torsion vibrations are performed using the principle of virtual work. The closed-form solutions
are derived for the natural frequencies for free vibration of simply-supported thin-walled of
asymmetric cross-sections. Comparisons were made between solutions including and excluding
the warping deformations and rotary inertia effects. In Bin and Leung (2006), the dynamic
stiffness matrix of open thin-walled beams is explicitly derived by employing frequency
dependent shape functions obtained based on the exact solutions of the governing differential
equations for free vibration of beams. The effects of warping deformation, rotary inertia and
axial force were modelled using power series expansions. The influence of axial force on the
natural frequencies and flexural and torsional modes of the thin-walled beam was studied. Chen
and Hsiao (2007) analyzed the coupled axial-torsional vibration of the thin-walled beam of Z-
section. The governing differential equations for linear axial and torsional vibration of thin-
walled Z-section members based on Vlasov beam theory are derived using the d’Alembert
principle and the principle of virtual work. The natural frequencies of axial and torsional
vibration were obtained by solving the homogeneous equations using the bisection method. The
influence of the warping function is studied on the natural frequencies and mode shapes. Kim et.
al (2007) developed new static and dynamic stiffness matrices for spatially coupled flexural-

torsional stability analysis and free vibration analysis of thin-walled beam with asymmetric
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cross-section subjected to linearly varying axial force. Their theory is developed based on
Vlasov’s kinematics assumptions and the static and dynamic stiffness matrices are derived based
on the power series method. Additionally, the authors derived the static stiffness matrix for the
lateral buckling analysis of asymmetric thin-walled beams. The governing equations of motion
and force-deformation relations are derived from the principle of stationary total potential energy
by including in the formulation the second order terms of the rotations. Explicit expressions for
displacement parameters are derived based on power series expansions of the displacement
fields. The effects of constant and linearly variable axial compressive force on the buckling
behaviour and vibration response of asymmetric thin-walled beam are investigated. The accuracy
and validity of the proposed study are assessed via illustrative numerical examples and then
compared with the finite element solutions based on Hermtian interpolations and ABAQUS’s
shell solution. The numerical examples demonstrated that results based on their study using a
single element showed excellent agreement with the finite element solutions using multiple
Hermitian beam elements and ABAQUS’s shell solution. Voros (2008 and 2009) investigated
the bending-torsional coupled vibration of thin-walled beams of arbitrary open cross-section
subjected to vertical loads. In these papers, the formulation accounts for large rotations and is
based on Euler-Bernoulli beam theory for bending and Vlasov thin-walled beam theory for
torsion. The governing differential equations of motion are derived using the principle of virtual
work. The closed-form solutions for free vibration analysis were developed for the coupled
bending-torsional frequencies of thin-walled beams of doubly symmetric and monosymmetric |-
sections under uniform bending moment for simply-supported beams. In order to solve the
governing equations, a finite element with two nodes and fourteen degrees of freedom is
developed, in which the shape functions were linear and third-order Hermitian polynomials are
adopted to interpolate the displacements. Altintas (2010) derived the governing equations of
motion of asymmetric axially loaded thin-walled beam including the warping stiffness effect
using d’Alembert’s principle. The model solution of the field equations for the triply coupled
vibrations is based on the finite difference method. The effect of material properties (i.e. shear
modulus, elasticity modulus, Poisson’ ratio and mass density) on the coupled bending-torsion
natural frequencies of an unloaded beam are investigated. Further results illustrate the effect of
axial force on the natural frequencies. Lately, Prokic and Lukic (2012) studied the bending-

torsional coupled vibrations analysis of thin-walled beam of arbitrary open cross-section. Using
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the principle of virtual displacements, the governing field equations of motion based on Vlasov
beam theory were derived. The effects of axial force, warping deformation and rotary inertia
were incorporated in their formulation. The solution for the coupled natural frequencies of free
harmonic vibrations was derived and exactly solved for simply-supported thin-walled beams.
The summary of comparative review for studies of free vibration analysis of thin-walled theories
involving warping deformation effect and excluding the effect of shear deformation is provided
in Table (2.3).

2.8.2 Thin-walled Beam Theory Including Shear Deformation Effects

Although the Vlasov theory for thin-walled members of open cross-sections is well established,
it presents limitations in the dynamic analysis of thin-walled open members when the higher
natural frequencies are required or when the member is subject to high exciting frequencies. The
range of applicability of the Vlasov’s beam theory can be extended by taking into consideration
shear deformation effects. Towards this goal, a number of studies dealing with coupled
vibrations of thin-walled open members based on generalized Vlasov-Timoshenko beam theories
were developed. Rao (1974) studied the free torsional vibration of thin-walled open members of
doubly symmetric I-sections. His study incorporated the effects of longitudinal inertia and shear
deformation. The solutions of the frequency equations are numerically solved and the first two
torsional vibration modes for various boundary conditions are presented in his study. Bishop and
Price (1985) studied the free vibration of thin-walled members with channel sections using two
beam theories, the modified Timoshenko-Vlasov beam theory and the conventional VIasov beam
theory. A comparison of the mathematical models for both beam theories illustrates that both
theoretical models contain warping terms, but the modified Timoshenko model has extra shear
rigidity terms. Their predictions of the natural frequencies and mode shapes obtained under both
theories show that lower natural frequencies and modes of the beams for various end conditions
are generally in reasonable agreement with each other and with measured results. Laudiero and
Savoia (1991) studied the flexural-torsional vibrations of thin-walled beams with open and
closed cross-sections. Their study accounted for the effect of the shear strains due to non-
uniform bending and torsion. The effect of secondary warping deformation and shear lag are also
included in the formulation. By using the Hamilton variational principle, a system of nine

differential equations was derived for the dynamic equilibrium of the beam subjected to non-
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Table (2.3): Summary of comparative review for studies of free vibration analysis of thin-walled theories which capture

warping effect and ignore shear deformation effect

Method of Solution
No. | Author Cross Dynamic | Closed Finite Field Rotary Static Remarks
Section stiffness form element | variables | Inertia load
matrix | solution | solution effect effect
included | included
-Coupled bending-torsion vibration
: : : -FORTRAN program used to solve
1 zg’gesr? ACS:B_/;?QE;&'C N N - wuy,6, \ ':g;'cil the generalized linear eigen-value
P problem
-Clamped-free beam
Bishop Mono- -Coupled bending-torsion vibration
2 et. al symmetric - \ - v,6, - - -Closed form solution for beam
(1989) C-shaped with free-free end conditions
Zhang -Torsional vibraﬁion for thin-walled
and Doubly open/clo_sed_ sections
3 | Chen symmetric - \ <\ 6, - - -Dynamic finite element method
(1990) used based on the homogeneous
solution of the field equation
Leung | Asymmetric Axial -Finite eIer_nent formulation use_d
4 (1991) C.shaped - N N uv,, \ force | Shape functions based on the static
solution of the governing equations
Axial
5 (Ll%ugrg A(ssy_/;?]r:;et(rjlc \ N - uy,b, N fﬁ]rf:;;g: -Coupled bending-torsion vibration
moments
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Cont. Table (2.3): Summary of comparative review for studies of free vibration analysis of thin-walled theories which capture

warping effect and ignore shear deformation effect

Method of Solution
No. | Author Cross Field Rotary | Static Remarks
Section Dynamic | Closed Finite | variables | Inertia load
stiffness form element effect effect
matrix | solution | solution included
-Finite element formulation used in
Chen conjunction with an numerical
and Asymmetric implicit method

6 | Tamma Opened i i v WUy v i -General dynamic loads

(1994) -Dynamic response for simply-
supported and cantilever beams
Li et al Doubly_ -Torsional vibratior_l _

7 ' symmetric - \ - 6, - - -Closed form solutions obtained for

(1994) ) o
I-shaped various boundary conditions
Banerjee Mono- . i Q.

8 ot al symmetric J J i V.6, ) ) -i:/ou_pledbbendéng-tormg_n_wbratlon
(1996) C-section -Various boundary conditions
Tanaka -Finite element formulation based

9 and Asymmetric i i J uv.o J i on Hermite shape functions
Bercin opened ne -Coupled bending-torsion vibration
(1997) -Various boundary conditions
kaa Asymmetric -Closed form s_‘.o_lutions for various

10 | gerci - N - uy,g, \ - boundary conditions

ercin C-shaped . .
(1999) -Various boundary conditions
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Cont. Table (2.3): Summary of comparative review for studies of free vibration analysis of thin-walled theories which

capture warping effect and ignore shear deformation effect

Method of Solution
No. | Author Cross Dvnamic Closed Finite Field Rotary Static Remarks
Section st)i/ffness form element | variables | Inertia load
matrix solution | splytion effect effect
included | included
Arpaci . -Coupled bending-torsion equations
and Asymmetric )

11 - N - uv,, N - -General coordinate system
Bozdag | - C-shaped -Product of inertia included
(2002)

Arpaci

12 and Asymmetric i N i uv.o N i -Coupled bending-torsion vibrations
Bozdag | C-shaped me -Principal coordinate system
(2003)

Kimet. | Asvmmetric -Equations of motion and force-
' y W uv.,6, displacement relations based on
13 al Open \ \ - N - . . :
. semitangential rotations and
(2003a) section . .
semitangential moments.
Lietal Mono- Axial -Dynamic transfer matrix method

14 | symmetric - N - v,6, - -Coupled bending-torsional

(2004a) : force oo
C-section vibrations
-Consistent and lumped mass
Voros | Asymmetric matrices
15 (2004) Opened ) ) v WUy, v i -Hermitian functions used in the

finite element formulation
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Cont. Table (2.3): Summary of comparative review for studies of free vibration analysis of thin-walled theories which

capture warping effect and ignore shear deformation effect

Method of Solution

No. | Author Cross Dynamic | Closed Finite Field Rotary Static Remarks
Section stiffness form element | variables | Inertia load
matrix | solution | gglution effect effect

included | included

-Damping effect included

. Mono- -Forced dynamic bending-torsion
Lietal. . AR
16 (2004D) symmetric - \ - v,6, - - coupled vibrations
C-section -Normal mode method
-Monosymmetric cantilever beam
-Dynamic transfer matrix
17 Lietal. | Asymmetric i N i uv,é, i Axial -Coupled bending-torsional

(2004c) Opened force vibrations

-Asymmetric cantilever beam

Mohri et | Asvmmetric Axial and | -Large rotation
18 y - - - uy,d, N, in-plane | -The vibration behaviour of pre-

al. (2004) | Opened bending | and post-buckled

-Coupled bending-torsional
19 | Prokic | Asymmetric ) N ] wuv,6, J ) vibrations

(2005) Opened -Principle of virtual displacements
-Simply-supported beam

. Axial .
Bin and Asvmmetric force and -Power series used to solve the
20 | Leung ymn N \ - uy.6, N g governing coupled bending-torsion
section biaxial .
(2006) moments equations
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Cont. Table (2.3): Summary of comparative review for studies of free vibration analysis of thin-walled theories which

capture warping effect and ignore shear deformation effect

Method of Solution
No. | Author Cross Dynamic | Closed Finite Field Rotary | Type of Remarks
Section stiffness form element | variables | Inertia applied
matrix | solution | solution effect Load
included
Chen -Uncoupled longitudinal-torsional
21 and Asymmetric i J i wa i i vibrations
Hsiao Z-shaped i -d’Alembert and virtual work
(2007) principles
-Field equations and force-
displacement relations based on
Kim et Asymmetric semitangential rotations
22 al. \ \ \ uy,6, \ - -Closed form solution derived using
Opened .
(2007) power series
-Hermitian functions used for finite
element formulation
\Voros -Virtual work principle
23 (2008 | Asymmetric ) J J wuy,g, J Vertical | - Account for large rotations
and Opened force | -Hermitian functions used in finite
2009) element formulation
24 Altintas | Asymmetric i J i Uv.o i Axial | -Coupled bending-torsion vibration
(2010) Opened ne force | -Finite difference method
ss | Poe [agmmeric| [ T fwaa || | S e
(2012) Opened force

-Simply-supported beam
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uniform bending and torsion. The formulation retains the first Vlasov assumption while
incorporating shear deformation effects through a generalized Timoshenko hypothesis. A
discrete approach based on trigonometric series expansions was developed for the general of
coupled flexural-torsional vibrations of beams subject to general boundary conditions. The
coupled bending-torsion natural frequencies are obtained for simply supported and cantilever
beams and compared with previously published results. The study demonstrates the significant
influence of warping effect and shear lag on the behaviour of thin-walled beams. Hu et al (1996)
derived a fourth order governing equations for thin-walled beams with asymmetric sections
under coupled bending and torsion. The governing equations of motion are  formulated
according to the Vlasov assumption of rigid body cross-section and the Kollbrunner-Hajdin

assumption for the warping displacement, in which the axial displacement w due to warping of a

point within the cross-section is the product of the warping function 7(z )and the sectorial

coordinate w(s), i.e., w =—%(z )o(s), where a)(s):'f;[h(s)—(??/t )}13 and ¥ =r,t /G,

is the torsional function, which determines the distribution of Bredt stress over the cross-section
and is dependent only on the geometry of the cross-section. The stiffness matrix and consistent
mass matrix were developed based on interpolation functions based on the homogeneous
solutions to the fourth order governing differential equations. The shear deformation effect and
the coupling between bending and torsion are fully taken into account in the finite element
developed. Bercin and Tanaka (1997) studied the coupled flexural-torsional free vibrations of
thin-walled members of monosymmetric open cross-sections. The effects of warping stiffness,
shear deformation and rotatory inertia were taken into account in the formulations. The warping
and shear deformation effects on natural frequencies and mode shapes for cantilever beams were
reported in the study. Results obtained demonstrate that the natural frequencies increase when
warping effects are included and decrease if shear deformation effects are included. Tanaka and
Bercin (1998) employed the symbolic computation package “Mathematica” for the determination
of coupled frequencies of asymmetric cross-section thin-walled beams including the effects of
shear deformation, warping stiffness and rotary inertia. The natural frequencies of asymmetric
thin-walled beams are determined for a variety of boundary conditions. Kim et al. (2003b)
developed the theory by Kim et al (2003a) to obtain the exact dynamic and static stiffness
matrices for the free vibration and stability analysis of thin-walled shear-deformable beams with
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asymmetric cross-sections. Their study included shear deformation effects due to the shear forces
and the warping torsion and captures the coupled effects between both effects. Also incorporated
were the rotary inertia effects and the flexural-torsional coupling effects due to the asymmetry of
the cross-sections. Comparison were conducted for cantilever, simply supported, and fixed end
beams under an axial load against previous analytical results and finite element solutions using
thin-walled beam elements and ABAQUS’s shell element. The numerical results for spatially
coupled natural frequencies and buckling loads of thin-walled beam-columns have shown good
agreement with other numerical solutions available in the literature. The influences of the shear
deformation and axial load on the vibration behaviour and stability of asymmetric thin-walled
beams are investigated in the study. Referring to their previous studies [Li et al. 20044, b, c], Li
et. al (2004e) extended their study to improve the dynamic transfer matrix method for the
dynamic coupled vibrations of uniform shear deformable thin-walled beam with mono-
symmetric cross-section subjected to uniform axial force. The dynamic transfer method is
employed to evaluate the natural frequencies and mode shapes. Based on a continuous beam
model, the influences of shear deformation, warping deformation, rotary inertia, and axial force
are included in the formulation. The bending-torsion coupled differential equations of motion are
derived using d’Alembert principle and the dynamic transfer matrix is directly formulated by
solving these equations. The method is applied to a semi-circular and channel cross-sections and
the effects of bending-torsion coupling, axial force, shear deformation, warping deformation, and
rotary inertia is investigated. The numerical results obtained showed good agreement with the
results in Friberg (1985) and Bercin and Tanaka (1997). Based on their previous work (2003a,
b), Kim and Kim (2005) adopted an improved method to evaluate the exact static element
stiffness matrix for the flexural-torsional buckling analysis of asymmetric shear-deformable thin-
walled beams and exact dynamic stiffness matrix for flexural-torsional free vibration analysis. In
their analysis, they included the influence of: (i) shear deformations due to bending and warping
torsion, (i) coupled shear deformation (CSD) effects between shear forces and restrained
warping, (iii) rotary inertia and, (iii) the flexural-torsional coupling due to the cross-section
asymmetry. By applying the Hellinger-Reissner Principle, the governing equations of motion for
coupled vibration responses of thin-walled beams with asymmetric cross-sections and the force-
deformation relations are derived. They developed an isoparametric finite element with two-

nodes and seven nodal degrees of freedom per a node. Numerical results for frequencies and the

60



Chapter 2 Background and Literature Review

lateral-torsional displacements of thin-walled beams with open and closed cross-sections and
different boundary conditions are determined and compared with other analytical solutions
results available in the literature. Prokic (2006) analyzed the fivefold coupled vibration of thin-
walled beams of asymmetric open cross sections including the effects of shear deformation,
warping stiffness and rotary inertia. The governing differential equations of motions for coupled
bending-torsional-shearing vibrations are formulated using the virtual work principle. The
closed-form solutions for the natural frequencies of free harmonic vibrations are derived for
simply-supported thin-walled beams. The analytical expressions for natural frequencies are
determined using the symbolic computing package Mathcad. The natural frequencies of simply
supported asymmetric thin-walled beams with coupled deformation modes are computed for
various cross sections. Ambrosini (2009) presented a general theory of coupled flexure and
torsion free vibrations of thin-walled beams of asymmetric open cross sections. The governing
differential equations of motion derived are based on Vlasov’s thin-walled beam theory and are
modified to capture the effect of shear deformation. The free vibration results for asymmetric
thin-walled beams are numerically and experimentally obtained for various boundary conditions.
Comparison with the finite element solutions were also provided in the study. The experimental
studies showed very good agreement with the results obtained by the present theory. De Borbon
and Ambrosini (2010) extended the theory for coupled flexure and torsion vibrations of thin-
walled beams presented by Ambrosini (2009) to include influence of the axial forces. Numerical
results based on the system of equations developed are presented and the influence of the
constant axial force on the free vibration results is investigated. In Ambrosini (2010), an
experimental study for free vibration of thin-walled beams with asymmetric open cross section is
presented in order to provide experimental data to be used for checking the accuracy of different
theoretical approaches. In this study, the system of equations based on Vlasov’s theory of thin-
walled beams is modeled to capture the effects of rotary inertia and shear deformation.
Numerical results for natural frequencies of the open asymmetric thin-walled cantilever beams
based on theoretical solution are given for comparison with measured natural frequencies results
as well as those based on the finite element software SAP2000. Table (2.4) presents the summary
of comparative review for studies of free vibration analysis of thin-walled theories involving

warping deformation effect and shear deformation effect.
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Table (2.4): Summary of comparative review for studies of free vibration analysis of thin-walled theories which

capture warping and shear deformation effects

Method of Solution
No. Author Cross Dynamic | Closed Finite Field Rotary Static Remarks
Section stiffness form element | variables | inertia load
matrix | solution | solution effect effect
included | included
Rao et al I- Double ?Longltudmal inertia captured
1 . - N - 6, w - - in the formulation
(1974) symmetric . o .
- Torsional vibration analysis
. w,uy,6, -Coupled equations derived
Laudiero i ) T
and Asymmetric 0, .60, using Hamilton’s principle
2 . closed-open - - - y \ - -General dynamic forces
Savoia . Xx Xy 1 J i
section X 1Ay A0 -Formulation captured shear
(1991) .
lag and secondary warping
-Governing coupled equations
3 Kimet. al | Asymmetric ] N ] wuy,6 N i %222;1%? prir]::;(i)glle Hellinger-
(1994) Opened O 6 v -Formulation account for finite
rotation
Bzrrlcc:jm Mono- -Coupled bending-torsional
4 symmetric - N - v,6, ,6, N - vibrations
Tanaka C-shaped -Cantilever beam
(1997) P
-Closed form solutions derived
Tanaka using symbolic computational
and Asymmetric uy,6 g sy mp
5 ; - N - N - package Mathematica
Bercin C-shaped 0, .6, . .
y -Coupled bending-torsion
(1998) ~Oup
vibration
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Cont. Table (2.4): Summary of comparative review for studies of free vibration analysis of thin-walled theories which

capture warping and shear deformation effects

Method of Solution
No. Author Cross Dynamic | Closed Finite Field Rotary Static Remarks
Section stiffness form element | variables | inertia load
matrix | solution | solution effect effect
included | included
Cortinez -Coupled bending-torsional
. Wuv.6 . equations
6 _and Asymmetric - N - X \ Initial -Hellinger-Reissner principle
Piovan | Open-closed 6, .6, w stresses .
(2002) y "z -Secondary warping
-Composite beams
-Displacement field based on
. : wuy.a , semitangential rotations
7 K('ngoe;b? | Ascy)/merrr::érlc N N - 00 X N ':(‘));'Czl -Governing equations and
P y 2V force-displacement relations
derived from energy principle
Mono- -Dynamic transfer matrix
3 Lietal. svmmetric i N i va. o J i method
(2004¢) é/-sha od X -Bending-torsion coupled
P vibrations
Kimand | Asymmetric W.uv.0 Vertical -Helllnger-Rglssner principle
: UV, 0 -lsoparametric beam element
9 Kim Opened/ \ \ \ a a \ forceand | =t G element
(2005) Closed y 2V torque
procedure
(ATRY - Coupled bending-torsion
10 Prokic Asymmetric i J i Q. 0. o J i -Virtual work principle
(2006) Opened Xy -Shear deformation due to
warping not captured
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Cont. Table (2.4): Summary of comparative review for studies of free vibration analysis of thin-walled theories which

capture warping and shear deformation effects

Method of Solution
No. Author Cross Dynamic | Closed Finite Field Rotary Static Remarks
Section stiffness form element | variables | inertia load
matrix | solution | solution effect effect
included | included
-Formulation captured Initial
Asvmmetric deformation
Machado y WUV, 6 Initial | -Nonlinear filed equations
11 Opened- - \ - N . : U
(2007) 6, .0, v stresses | obtained using principle of
Closed y e )
virtual work
-Composite beam theory
--Coupled bending-torsion
vibrations
- Hamilton’s principle
1o | Voet al s [r)r:)rl:\t;![xr/ic ] ] J Wuy.6 J ] -Secondary warping included
(2009) y 6, .0, w -Composite beam theory.
Closed y e . i
-1D Lagrange interpolation
functions used in finite
element formulation
-Governing equations obtained
Vo and _ Axial from Hamilton s_pr1n_c1ple
Asymmetric w.uv.a -Secondary warping included
Lee . iV Ox force .
13 Composite - - \ \/ -Composite beam theory.
(20094, . 6, .6, w and end ) i
section y -1D Lagrange interpolation
2010Db) moment . AP
functions were used in finite
element formulation
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2.9 Thin-walled Solutions for Composite Members

Several investigations have been presented in the literature to study the free vibration analysis
of thin-walled composite members. Among them, Banerjee and Butler (1994) used the dynamic
composite beams. The exact expression for the dynamic stiffness matrix elements is derived
from the governing differential equations of motion. The derived dynamic stiffness matrix was
used to determine the natural frequencies of the coupled extensional-torsional vibrations of
composite beams. Banerjee and Williams (1996) developed the exact dynamic stiffness matrix
of composite beams. The formulation is then used to investigate the free vibration
characteristics taking into account the effects of shear deformation and rotary inertia. The
theory accounts for the bending-torsional coupling effects that arise from the ply orientation
and stacking sequence in laminated fibrous composites. Natural frequencies for the bending-
torsion coupled vibrations were computed by Wittrick and Williams (1971) algorithm. The free
vibration results including/excluding the effects of shear deformation and rotary inertia are
discussed and compared with published ones. Banerjee (1998) extended previous theories
(Banerjee and Williams 1996) to incorporate the effect of axial force. He developed the
dynamic stiffness matrices of composite beams with and without including shear deformation
effect. The governing partial differential equations of motion for the coupled bending-torsional
free vibration of axially loaded composite beam, which exhibits bending-torsion coupling, were
derived using the Hamilton variational principle. By ignoring the warping deformation effect,
the theory accounted for the effects of shear deformation, rotary inertia and axial force. Explicit
analytical expressions for the dynamic stiffness matrices are derived by applying symbolic
algebra. The dynamic stiffness matrix is then used in conjunction with the Wittrick-Williams
algorithm to determine the coupled bending-torsional natural frequencies and the corresponding
mode shapes of axially loaded composite beams. The effects of axial force, shear deformation
and rotatory inertia effects on the natural frequencies are investigated in the study. Kollar
(2001) presented the free vibration analysis of thin-walled open section composite beams. The
governing differential equations including both the transverse shear deformation and warping
deformation were developed. Closed-form solutions for the coupled flexural-torsional natural
frequencies were derived for simply-supported beams. Cortinez and Piovan (2002) developed a
linear theory for the dynamic and stability analyses of thin-walled composite beams of open

and closed cross-section with initial stresses. The governing differential equations were derived
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using the Hellinger-Reissner principle. In their study, the effects of shear deformations due to
bending and non-uniform warping were incorporated. The analytical solution of the present
governing equations is performed for thin-walled composite beams with simply-supported end
conditions. Numerical results are performed to study the effects of shear deformation on the
natural frequencies and buckling loads of the composite beams for various cross-sectional
shapes and laminate schemes. Lee and Kim (2002a) developed an analytical model to study the
coupled flexural-torsional free vibration of a thin-walled composite laminated beam of doubly
symmetric I-section. Starting from Vlasov beam theory, the governing differential equations of
motion are derived using the Hamilton’s principle. To formulate the problem, a one-
dimensional displacement-based finite element method is employed to predict the natural
frequencies and the corresponding vibration mode shapes for a thin-walled composite 1-beam.
The numerical results investigated the effects of coupling, fibre angle and modulus ratio on the
natural frequencies and mode shapes for thin-walled laminated composite beams with clamped
and simply-supported boundary conditions. Lee and Kim (2002b) extended their previous work
in Lee and Kim (2002a) to investigate the coupled flexural-torsional free vibrations for the thin-
walled composite laminated beams with channel cross-sections. The theory is based on the
classical lamination theory and neglected shear deformation and rotary inertia effects. The
coupling of flexural and torsional modes for arbitrary laminate stacking sequence configuration
is incorporated in the formulation. They developed a displacement-based one dimensional finite
element model for the free vibration analysis of channel-section composite beams based on
Vlasov’s thin-walled beam theory. In their study, the generalized displacements are expressed
over each element as a linear combination of one-dimensional Lagrange interpolation functions
for the longitudinal displacement and cubic Hermite interpolation functions for the lateral
displacements and angle of twist. Investigated in the study were the effects of fibre angle,
modulus ratio, and boundary conditions on the free vibration frequencies and mode shapes of
the thin-walled composites beams with channel-sections. Piovan and Cortinez (2005)
investigated the dynamic analysis of thin-walled composite beams with arbitrary open and
closed cross-sections. Their study incorporated the effect of shear deformation effects due to
bending and non-uniform warping. The governing differential equations of motion for thin-
walled composite beams were derived using the Hellinger-Reissner principle. The natural

frequencies for coupled flexural and torsional vibrations of thin-walled composite beams are
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obtained for simply-supported and cantilever boundary conditions. Machado and Cortinez
(2007) investigated the vibration analysis of thin-walled composite beams of doubly symmetric
I-section in which the effects of the initial deformations (induced by the action of static external
loads) and shear deformation are included. The formulations were based on a geometrically
non-linear shear deformable theory based on large displacements and rotations. The governing
differential equations of motion are derived using the virtual work principle. Ritz method is
employed to solve the governing differential equations by reducing the variational problem to
an algebraic equation to compute the free vibration characteristics. The natural frequencies of
thin-walled 1-beams subjected to concentrated and distributed vertical forces are evaluated for
cantilever and simply-supported boundary conditions. The effect of the initial deformations due
to geometric non-linearity on the dynamic response of thin-walled beams of doubly symmetric
I-sections subjected to concentrated forces, end moments or uniformly distributed loads is
investigated. The influence of shear deformation is studied as well for different load conditions
and stacking sequence. By using a geometrically higher-order non-linear beam theory,
Machado (2007) extended the previous work in Machado and Cortinez (2007) to investigate
analytically and numerically the effect of large rotation on the lateral buckling and free
vibration behaviour of thin-walled composite open beams subjected to static vertical loads. The
beam model is strictly valid for symmetrically balanced and orthotropic laminates and accounts
for the effects of shear deformation (bending and warping shear). The non-linear governing
differential equations were derived using the principle of virtual work and solved by employing
the Ritz variational approach in order to investigate the dynamic and buckling behaviours in
which the initial deformations were generated by the applied static loads. Numerical results
were obtained to study the effects of large rotations on the lateral buckling and free vibration
behaviour of the thin-walled composite beams. The buckling loads and natural frequencies of
composite I-beams subjected to constant concentrated and distributed vertical loads were
determined for cantilever and simply-supported boundary conditions. The numerical results
obtained were in good agreement when compared with those obtained by the Abaqus shell
finite element model. Vo and Lee (2009a) developed a general analytical method for the
dynamic and buckling analyses of thin-walled composite members of open cross-sections. The
formulation is based on shear-deformable beam theory, accounts for warping deformation,

rotary inertia and structural coupling due to material anisotropy. Using the Hamilton principle,
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the governing differential equations for the coupled flexural-torsional-shearing vibrations are
derived, and a one-dimensional finite element model is developed. Numerical results
investigated the influence of shear deformation and axial compressive force on the flexural-
torsional coupled natural frequencies and corresponding mode shapes. Load-frequency
interaction curves were presented graphically for various boundary conditions and fibre
orientations. In a subsequent study, Vo et. al (2009) extended the theory developed by Vo and
Lee (2009a) to study the coupled flexural-torsional free vibration of thin-walled composite box
beams with arbitrary laminate lay-ups. Starting with the Hamilton variational principle, the
seven differential equations of motion governing the axial-flexural-torsional shearing vibrations
of the thin-walled composite box beams are derived, which accounts for structural and material
coupling, shear deformation, warping deformation and rotary inertia effects. The influences of
including or excluding shear deformation and warping deformation are investigated on the
coupled natural frequencies and associating vibration mode shapes. Vo and Lee (2009b)
extended their previous works to study the flexural-torsional coupled vibration of thin-walled
composite closed members subjected to a constant axial force. Their formulation was based on
the classical lamination theory in which shear deformation is not included. The effects of axial
force on the flexural-torsional coupled natural frequencies and related mode shapes of thin-
walled composite box beams are presented in a graphical form for cantilever and simply-
supported end conditions. In another paper, Vo and Lee (2010) developed a general model to
analyze the flexural-torsional coupled free vibration and stability of thin-walled composite box
members subjected to constant axial loads and end moments. The explicit form of governing
equations of motion for flexural-torsional coupled vibration of the member is formulated using
the Hamilton principle, in which the shear deformation effects are not captured in the model.
The formulation is implemented using a displacement-based finite element model with seven
degrees of freedom at each node, a linear shape function for the axial displacement and
Hermite-cubic shape functions for lateral, transverse displacements and angle of twist. By
ignoring the effects of all the coupling of the material anisotropy, the analytical closed-form
solutions for flexural-torsional vibration and buckling under axial loads and equal end moments
are presented for doubly symmetric cross-sections. Numerical results investigated the effects of
axial forces, bending moments, fibre orientation and modulus ratio on the buckling loads,

natural frequencies, corresponding mode shapes and axial-moment-frequency interaction
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relations. Vo et. al (2010) studied the coupled flexural-torsional free vibration of thin-walled
open composite beams with arbitrary lay-ups subjected to constant axial compressive force
excluding shear deformation effects. The theory was based on classical lamination theory and
accounts for warping stiffness, rotary inertia and material anisotropy couplings. The dynamic
equations of motion governing the coupled flexural-torsional vibrations were derived from the
Hamilton principle. The resulting equations are implemented through a displacement-based
one-dimensional finite element with seven degrees of freedom, i.e. the axial displacement is
interpolated using linear shape functions while the transverse, lateral displacements and angle
of twist were interpolated using Hermite-cubic shape functions. Numerical results were
evaluated for thin-walled composites members for various boundary conditions to investigate
the effects of axial force, fiber orientations and modulus ratio on the free vibration frequencies
and corresponding vibration mode shapes. Load-frequency interaction curves were also
developed. Most recently, Vo et al. (2011) developed an analytical model to study the free
vibration analysis of thin-walled composite beams with I-cross-sections subjected to combined
constant axial forces and bending moments. This model is based on the classical lamination
theory and accounts for the material coupling for arbitrary laminate stacking sequence
configurations. A displacement-based one dimensional finite element model with seven degrees
of freedom is developed to predict the natural frequencies and corresponding vibration modes
for thin-walled composite I-beams with various boundary conditions. Numerical results
investigated the effects of axial forces, bending moments, fiber orientation on the natural
frequencies and corresponding vibration modes as well as the load-frequency interaction

curves.

2.10 Forced Vibrations of Thin-walled Open Members

A few studies dealing with coupled vibrations of thin-walled open members subjected to cyclic
(i.e., harmonic) loads were developed. Rao (1976) studied the forced torsional vibrations of
doubly symmetric beams of thin-walled open cross section for which the centroid and shear
centre coincide. The two coupled differential equations for torsional vibrations in terms of
twisting angle and warping deformation were derived. This study included the effects of
longitudinal inertia and shear deformation with viscous damping. The numerical results, natural

frequencies and mode shapes, are evaluated for a beam with both ends simply supported
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subjected to uniformly distributed torque over the span, which varies sinusoidally in time. The
amplitudes of torsional deformation obtained including both effects are found larger than those
based on the classical beam theory. Yaman (1997) investigated the triply coupled forced
vibration behaviour of thin-walled beams with open channel cross sections by using the wave
propagation approach. His formulation incorporates the effect of warping deformation of the
cross-section. The excitation source is taken as a single-point harmonic force. Various
frequency response curves, wave numbers and the mode shapes of coupled vibrations were
developed for structurally damped and undamped beams for a variety of different end boundary
conditions. Adam (1999) analyzed the coupled bending-torsional vibrations of open thin-walled
monosymmetric beams. The effect of warping deformation is included in the formulation. The

dynamic response of the governing coupled differential equations was assumed to consist of
two parts; quasi-static and complementary dynamic parts, i.e. U(z,t)=u (z,t)+u;(zt)and
6, (2t)=0, (zt) +6, (zt), where u(z,t) is the lateral displacement of the shear centre
axis and 6, (z,t) is the angle of twist of the cross-section. The quasi-static portion of the
solution denoted by a superscript S may contain singularities or discontinuities due to sudden

load changes whereas the complementary dynamic part, denoted by a superscript dﬂ, is non-
singular and can be approximated by a finite modal series for accelerated convergence. The
solution of the resulting generalized decoupled SDOF equations is given by the Duhamel’s
convolution integral. The results obtained by using Adam’s approach suggest a significant
improvement when compared to the classical modal analysis approach. Yaman (2002) extended
his work in Yaman (1997) to develop an exact analytical method for the determination of triply
coupled forced vibrations of elastically supported, single and multi-bay open cross-section. The
beam ends and the periodic intermediate supports are modeled as springs with finite flexural
and torsional stiffness. He also studied the effects of a variety of end conditions on the
vibration characteristics of a thin-walled beam.
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M (z:t)
M, (z.t)
m; (z.t)
M, (zt)

my (zt)

Cross-section area

List of Symbols

Length of i-th rectangular element

Centroid of the cross-section

Warping constant

Height of beam cross-section (see Figure 2.7)

Dynamic stiffness matrix

Modulus of elasticity

Force vector in original coordinates

Modal forces vector

Shear modulus

Normal distance between the shear centre and the tangent to mid-surface

Moment of inertia of the cross-section about the principal X and Y axes

Polar moment of inertia of the cross section

Torsional constant

Elastic stiffness matrix (nxn are the total degrees of freedom)

Global stiffness matrix
Modal stiffness matrix

Length of the member

Lagrangian function

Moments about X Y ,Z axes (where j=x,y,z)

Bimoment

Distributed dynamic moments about X Y ,Z axes (where j=x,y,z)

Saint-Venant twisting moment

Distributed warping twisting moment
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Mass matrix

Modal mass matrix

Global mass matrix

Axis along the normal direction at a point on the mid-surface
Equal time intervals

Local curvilinear coordinate system

Concentrated dynamic forces (for i =1,2,3,.....,n)
Generalized coordinates (for i =1,2,3,.....,n)

Generalized velocities (for 1 =1,2,3,.....,n)
Generalized forces (for i =1,2,3,.....,n)

Applied distributed dynamic forces along X Y ,Z directions

Nodal displacement vector

Response vector for the r-th mode

Nodal Force vector

Normal distance between the shear centre to the normal to mid-surface

Radius of gyration

Curvilinear coordinate along mid-surface of the section

Shear centre of the cross-section

Sectorial origin

First moments of the area of coordinates X,Y and @
Product moment of the area

Section products of inertia

Time in seconds

Time intervals

Time interval in seconds
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TT Kinetic energy

T..T, Kinetic energy

Ty Total time in seconds

Ty . T, Kinetic energy for St. Venant and Vlasov beam theories

T ]12><12 Transfer matrices for beam elements (for i =a,b,c,.....,m)

[T |,,.,,  Dynamic transfer matrix for whole member

u; Displacements (for i =1,2,3,.....,n)

u\v Displacements of the shear centre along the principal XY axes

u, v, w, Displacements of a point on the mid-surface of the section along XY, Z axes
u,v,w Velocities along the principal axes XY ,Z

u'viw’ Derivative of displacements u,v,w with respect to zZ

u'v’'w” Second derivative of displacements U,v,W with respect to Z

uu” Internal strain energy

U, .U, Internal strain energy for Euler-Bernoulli and Timoshenko beam theories
Uy .Uy Internal strain energy for St. Venant torsion and Vlasov beam theories
{0¢ },,  Nodal displacement vector (for k =1,2,3,.....,n)

{U (t )}n><l Displacement vector in original coordinates

{U" (t )}n><1 Acceleration vector in original coordinates

Vo Displacement of a point along Y axis and located on the centriodal axis
v, Velocity of a point along Y axis and located on the centriodal axis

vV Volume of the element

YAV Potential energy by the external forces

V, (z.t) Shear force along Y axis

w Average longitudinal displacement along Z axis

ww” Work done by applied forces
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W, W,
W Wy
XY,z
XY,z
X(s), y(s)

XS ’yS

{Y (t )}nX1

z

*

11,17
1,11,

e!

11

sV

é&in
0, .0, .0

x 'Yy Yz

Work done by applied forces for Euler-Bernoulli and Timoshenko theories

Work done by applied forces for St. Venant and Vlasov beam theories

Cartesian coordinate system

Principal coordinate system

Coordinate of arbitrary point on mid-surface of the contour along the principal

X andY axes
Coordinates of the shear centre along X and Y axes

Displacement vector in normal coordinates

Longitudinal coordinate

Total potential energy

Total potential energy for Euler-Bernoulli and Timoshenko beam theories
Total potential energy related to St. Venant torsion
Normal stresses (for 1 =X,y,z )

Warping normal stress due to bimoment

Shear stresses (for i, j =X,Y,Z2 )

Shear stress at the mid-surface of the cross-section
Shear stress due to Saint-Venant torsion

Warping shear stress due to bimoment

Bredt shear stress over the cross-section

Normal strains (for i =X,Yy,z)

Shear strains (for 1, j=X,y,z and i#j)

Shear strain at the mid-surface of the cross-section
Density of the material

Tangential and normal displacements of a point p along s and n directions

Rotations angles around the XY, Z axes
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&(s) Angle between the tangent to the cross-section and the principal X axis
w(zt) Warping deformation function

¥ Product of the warping function

0 Eigen-frequency

a)(s ) Warping function of the cross-section

[@] .. Modal shape matrix

{xi }12x1 State vector composed of displacements and forces at element ends

(for 1=1,2,3,...,1)

{;(dj } State vectors composed of displacements at element ends (for j =1,2)
12x1
{ a3 } State vectors composed of forces at element ends (for j=1,2)
12x1
{ = }12><1 Global state vector composed of forces at right end of the member
{0 Y1 Global state vector composed of forces at left end of the member
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Chapter 3- Analysis of Thin-walled Members
under Harmonic Forces

Formulating Field Equations

3.1 Introduction

This chapter deals with dynamic analysis of thin-walled beams of open cross-section
subjected to applied dynamic excitations. The derivation is based on a generalized
Timoshenko-Vlasov thin-walled beam theory. The Hamilton's variational principle is used to
formulate the governing differential coupled equations and associated boundary conditions.
The formulation incorporates shear deformation, warping deformation effects and the effects
of translational and rotary inertia.

3.2 Basic Assumptions

The basic assumptions used in the formulation are:

(1) The thin-walled beam is prismatic.

(2) Material is assumed to deform within the elastic range of the material.

(3) The cross-section of the thin-walled member is assumed to remain undistorted (rigid) in
its own plane (i.e. consistent with Vlasov’s first assumption) [Vlasov 1961]; but free to
undergo warping.

(4) The strains and rotations are assumed small.

(5) A planar cross-section originally normal to the centroidal axis is assumed, in general, not
remain perpendicular to the cross-section after deformation, i.e. the transverse shear
deformations of the middle-surface of the cross-section are incorporated in the assumed
kinematics (analogous to the Timoshenko beam theory). The assumption is further
generalized to warping deformation (i.e. the shear strains induced by warping at the
middle surface are non-zero and characterized by a generalized displacement function

multiplied by the sectorial coordinate).

The assumed kinematics can be conceived as a combination of Vlasov-Generalized and

Timoshenko theory. Similar kinematics have been assumed in Laudiero and Savoia (1991),
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Back and Will (1998), Cortinez and Piovan (2002), Li et. al (2004), Kim et. al (2003) , Kim
and Kim (2005), Prokic (2006), Machado and Cortinez (2007), Machado (2007), Vo and Lee
(2009) and (2011), and Liping and Mohareb (2011).

3.3 Displacement Fields For Thin-walled Member

According to the first VIasov assumption, the section is assumed un-deformable in its own
plane. As a result, the in-plane displacements U, (z,5,t) and v ,(z,8,t) of an arbitrary point
p(x (s).y (s))on the cross-section can be related to the displacement components of the
shear centre u(z ,t), v (z,t) and the angle of twist of the cross section 6, (z ,t) through:

up(z,sit)=u(z.t)-(y-ys)o, (z.t) (3.1)
vp(z,s,t):v (z,t)+(x —x5)6, (z.1) (3.2)

According to Timoshenko assumption (fourth assumption), the longitudinal displacement

w, (z,s,t)of the general point p(x,y )of the cross-section can be obtained as [e.g. Back
and Will 1998]:

W, (z,s,t)=w(z,t)—x (5)6?y (z,t)+y(s)6 (z.t)+w(s)w(z.t) (3.3)
inwhich 6, (z ,t)and 6, (z,t) denote the rotations of the cross-section about X andY axes,
respectively, the term (s )y (z ,t) represents the axial displacement of point p(x,y )due
to warping deformation, where y/(z ,t)is a function which characterizes the magnitude of

the warping deformation. Figure (3.1) shows the rotations 6, (z ,t)and 0, (z ,t) of the cross-

section about X and Y axes and their contribution to the longitudinal displacement.

3.4 Tangential and Normal Displacements
The tangential and normal displacements &(z ,s,t) and 7(z,s,t) of point p(x,y )along

the tangential t and normal n local coordinates are obtained as:

{é(z,s,t)}zldy/ds dx /ds Hv (z ,t)}+{h(s)ﬁz (z,t)} .
n(z,s.t)| [dx/ds —dy/ds|lu(z.t)] [r(s)6,(z.t) |

in which:
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n)=[x(6)x B )Ly (6)-v. ) 5 | @9
r(s)=[x()xs ) 5 o[y (9)-vs ] L @9)

(ii) Rotation of the Cross-Section about Y-Axis.

Figure (3.1): Rotations of the Cross-Section about X and Y Axes.

3.5 Linear Strain-Displacement Relations
Based on the small strain assumption (Assumption 4), the strains associated with the linear

small displacement theory of elasticity are adopted.

3.5.1 Longitudinal Normal Strain

The longitudinal normal strain ¢,, is:

ow p
¢ z? (3.7)

From equation (3.3) by substituting into equation (3.7), one obtains:
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2 =W (20X ()6 (2.0)+Y (58 (2. +ols )y (2 ) @9

3.5.2 Transverse Shear Strain

The transverse shear strain of the point p(x,y) is:

05 Wy
~95 0 3.9
Vzs o s (3.9)
From equations (3.3) and (3.4) by substituting into equation (3.9), one obtains
’ dy ’ dx ’ d
V2s =(V'+6, )_ds +(u -0, )_ds +(6; +1//)—dS (3.10)

3.6 Variational Formulation

In order to derive the equations of motion and the boundary conditions of a linear thin-walled

member, the variational form of Hamilton's variational principle is used as [e.g. Craig 1981]:
ts

S[(T—U +w )dt =0 (3.12)
5]

in which T is the kinetic energy, U is the internal strain energy and W is the virtual work

of the externally applied end and member traction loads.

3.6.1 Internal Strain Energy
The internal strain energy U is the sum of contributions of the normal stresses, associated

shear stresses and St. Venant stresses, and is given by:
17 17 17 2

U =>[[E&,dAdz + [ [GyhdAdz +2[GI (6] ) dz (3.12)
2 0A 2 0A 2 0

By substituting Equations (3.8) and (3.10) into Equation (3.12), one obtains:

oU = ij (W'+y @ —x 0, +oy’) (W '+y 80, -x 56} +wsy") dAdz
0A

£
( ! dy ’ dx 1 da) ! dy
+ G(v +6,)—+u'-6, |—+ 6'Z+z//—j(5v +00, )— (3.13)
g,u ( )ds ( y)ds ( )ds ( )ds

dw

: dx ,
+(ou'- 50, )E+(5QZ +OY) -

(/
jdAdz +[GJ6; 50, dz
0
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By performing the area integrals in equation (3.13) and recalling that the axes chosen are
principal centroidal, and that the pole is chosen to coincide with the shear centre and the

sectorial origin is principal, i.e. the following orthogonality conditions are satisfied

Sx:Sy Suy SexSay Sw

=[[x().y (s).x(s)y (s):x (s)eo(s)y (s)@(s). @(s)JdA =0 (14)

y 1 X ' wy

The internal strain energy U expression becomes

XX X yy oy

4
sU = j[EAw'aN'+ El,, 6, 50, +El 0, 50,+GJ 0, 50, +EC,, y/'Sy" |dz
0

+0jG[DXX(u'—6?y J+D,, (v'+0,)+D,, (0 +y)outtz (3.15)
+jG[DXy(u’-9y)+D (vV'+6,) 49’+W]5\/UZ

0
+jG[th (u'-8,)+D,, (v'+6,)+D,, (6 +y ]5‘92(12

0

i

+

D,, (u'-6,)+D,, (v'+6,)+D,, (6, +y)|56,dz

®
—1

1
Ot~ o
®

D, (u'-6,)+D,, (v'+6,)+D,, (¢ +1//)]56?de

+IG[ (u'-6,)+ Dy, (v'+6,)+D,, (6, +y)|sydz

in which the following cross section properties were defined:
b,.b,.D,,D,.,D,.D,,

xx 1 yy 1 xy ! hy 1

& @ EHEREE R =

Similar relations for section properties to the expressions given in equation (3.16) are

available in the literature by Laudiero and Savoia (1991).

3.6.2 Potential Energy for External Loads
A prismatic straight thin-walled member element of arbitrary open cross-section is

considered as shown in the Figure (3.2). The beam element is subjected to two kinds of

dynamic forces: (1) member surface tractions p, (z,s,t),p, (z,s,t) andp, (z,s,t) per unit
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area of the undeformed middle surface and acting along the X )Y and Z directions,
respectively, and (2) external applied tractions acting at the member ends. The normal stress

and shear resultants &, (0,s,t)=5, (0,s,n,t)and 7,(0,s,t)=7,(0,s,n,t)are acting at
member end z =0, &,((,s,t)=5, ({s,n,t)and7,((,s,t)=7,((s,n,t)are acting at the

other end z =( [Erkmen 2006]. The positive directions of stress and force resultants
N, VoV VoV, M, M, M _ M M, and M, are illustrated in

O-o'o-(’To’T(’Nzo’ z07" xo 'Y x(1  yor Tyl X0 ! x(? yo ! y(?

Figure (3.2).

The variation of the potential energy NV due to the external applied forces is obtained by

taking the external virtual work done W, due to the external applied tractions &,,5,,7, .7,
and the external virtual work done &W,induced by the member tractions p, (z,s.t),
p,(z,s.t) and p,(z,s,t) acting along X Y and Z axes, respectively [Erkmen 2006].
This yield:
SN =8N, +W, (3.17)
The external virtual work done 8V, due to applied end tractions is:
N, :-jEO(in (0,s,t)dA - J.fo cosa(s)su, (0,s,t)dA - _[fo sina(s) év, (0,s,t)dA

A A A

+I6[a/v o (4,s,t)dA +If(cos&(s)5up (£,s,t)dA +Iisind(s) &, (£,s,t)dA

A A A

By substituting the expressions for displacements, equations (3.1) to (3.3), and leads to:

= “0 (0,t)+y (s)o6, (0.t)-x(s)d8, (O,t)+a)(s)§w(0,t)]dA

(3.18)

5, (Lt )]dA

86, (L.t) |dA
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(b): Generalized Displacements
and Rotations

Figure (3.2): Thin-walled Beam Element Geometry [Erkmen 2006].

By regrouping terms, equation (3.18) takes the form:

W, =-N,(0,t)sw (0,t)-V, (0,t)6u(0,t)-V, (0,t)év (0,t)+M, (0,t)56, (0,t)
-M, (0,t)56, (0,t)-M, (0,t)56, (0,t)+M,, (0,t)Sw (0,t)+N, (£,t)dw (L,t)
+V (Cr)su(Le)+V, (L))o (L,1)-M ((,1)86, (L,t)+M, ((,1)60, ((,t)
+M, (£,1)86, ((,t)-M,, (L,t)dw(0t)

(3.19)

in which the energy conjugate stress resultants are defined by:

Nz(j,t)=IA5jdA, Vx(j,t)zj'A?j cosa(s)dA, Vy(j,t)szFjsin&(s)dA
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My (it)==[, &y (s)dA, My (it)=—] &x(s)dA, M, (jt)=-] & afs)dA
MZ(j,t):jA[—fj(j,s,t,n)cos&(s)(y(s)—y5)+fj(j,s,t,n)sin&(s)(x(s)—xs)]dA, for
j=0,¢.

where N, (z,t)is the normal force acting along the centroidal axis, V, (z,t)V, (z,t) are
the shear forces acting at the end shear centre, M, (z,t),M y (z,t)are the bending moments
about the principal axes acting at the end cross-sections and M, (z ,t ) is the bimoment, at the
end cross-sections, related to a Sectorial origin S, defined by the orthogonality condition

S,=0,and M, (z,t) is the twisting moment of the tractions tangent, all acting at the end

cross-sections z=0 and z=( .

The external virtual work done 3W, induced by the surface member tractions p, (z,s,t),

p, (z,s.t)and p, (z,s,t) is given as:
N, = jj[px (z,8t)du, (zst)+p, (z.st)d, (zst)+p, (zst)dw (2,5t )}dsdz (3.20)

Substituting the expressions for virtual displacementséu , (z,s,t), v, (z,s,t), ow, (z,s,t)

of the general point p(x,y )into equation (3.20), yields:

4
.= [ [0, (zt)su+a, (zt)d +q, (z.t)dw +m, (2,t)86, +m, (z,t)56,
0 (3.21)

m, (z,t)56, +m, (z,t)&//]dz
where the resultant forces and moments per unit length are defined, respectively, as:

A, (z.t).0, (z.1).0, (2.t)= [[p, (z.5.1),p, (z.5.1).p, (z.5.t)]ds

m, (z,t),m, (z,t),m, (z ,t)=.[pZ (zst)[y(s),—x(s),@(s)]ds
while the resultant twisting moments m, (z,t)per unit length induced by the action of
traction components p, (z,s,t), p, (z,s,t)acting in the plane of the cross-section about the

shear centre is given by:

91



Chapter 3-  Analysis of Thin-walled Members under Harmonic Forces — Formulating Field Equations

= [(py (2:5t)[x (5)-xs ]~ Py (zst)[¥ (5)-¥s ] s

S

Adding equations (3.19) and (3.21) to equation (3.15), the variation of the total potential
energy of/1 is expressed as:

ST =[N, (zt) dw (zt)], +[V, (zt)au(zt)] +[V, (zt)ov (z.t)],

t
-[M, (21)88, (zt)] +[M, (21)86, ()]

(
+[M, (z.t)d9, zt] (M, (zt)dy(zt)],

X

+JG[DXX(U' (V'+6,)+D,, (6 +vy) }Eu'dz
+[G [D,, (u' D,, (v'+6,)+D,, (] +v) |ovtz
0
+jG[D D,, (v'+6,)+D,, (6, +v) b0, dz
0
+[[D,, (v’ D,, (v'+6,)+D,, (6, +v) |66,dz
0
-6 D, ( D,, (v'+6,)+D,, (6} +y) |66,dz
0
+[G[ D, (u’ Dy, (v/+6,)+D,, (6, +y)|dydz
0
14
+| | EAw 'ow "+ El, 6,60, +El 6] 60, +GJ 0, 60, +EC oy |dz
6”: XX X yy -y wy lﬂ} (322)
J' Su+q, (zt)dv -q, (z,t)ow -m, (z,t)56, - m, (z t)56,
0
-m, (z,t)60, -m, (z ,t)&p}dz
3.6.3 The Kinetic Energy
The variation of the kinetic energy oT [e.g. Librescu and Song 2006] is:
C . -
T = [[ p(&s&+non+w, ow , )dAdz (3.23)
0A
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Substituting equations (3.3) and (3.4) into equation (3.23), and by performing the area
integrals in the resulting equation and applying the orthogonality conditions
Sy =Sy =S,y =S x =S,y =5,,=0, the variation of kinetic energy is expressed as:

0
ST =p6[ (Aw‘ dw +[(Dyy +Dyy ) +(Dpy -Dyy )6, }&j +[(Dyy +Dyy |V +{(Dny +Dry )6, }5\/' -

Hlyx G50 +1yy 6, 56, + [(th -Dyy )u"'(Dhy +Dry )V'+Ar025’z }59} +Cy 1/75!/'/sz

in which

Dyx ,Dyy =j{r (dxj,r(d—yﬂdA, rozzilf(hzﬂz)dA:—(IXX +Iyy)+(x52+y52) (3.25)

E ds
A

where I is the polar distance of arbitrary point p(x ,y) measured from the shear centre of

the cross-section (as shown in Fig. 2.11). Substituting expressions of h(s) and r(s)
represented in equations (3.5) and (3.6) into equation (3.24), the resulting equation is
simplified to:
€ . . . . . .
ST :pj(Aw' dw +A(U+ys6, Jou+A(V-xs0, )oV +1y 6,5 6 +1,,6,00,
0 (3.26)
+A[(y3u'-xsv')+r029Z ]59'2 +C, z/)&/))dz

where the following expressions are newly arising from the formulation as:

DhX - Dry :ySA and Dhy +DI’X :'XSA (327)

3.7 Dynamic Equations of Motion

The equations of motion are given by substituting the variational expressions for total
potential energy o6/7 and kinetic energy oT into Hamilton's principle, equation (3.11). After
performing integration by parts, governing differential equations for dynamic equilibrium are

recovered:

PAW -EAW "=q, (z}t) (3.28)
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pA[u."'yséz ]‘G [Dxx (u - 0); )+ ny (V "+, )+th (02”""//’)]:qx (Z ’t)

PA[V-x &, FG| Dyy (U6 J+Dyy (v "+6 )+ Dy (6 +v') |=ay (2t)

PA| (Y5 U-XV )+ 6, GIG-G| Dy (U™ )+Dpy & "+6; )+ Doy (6 +9) |=m, (2.1

pl, 0, -El,0/+G[D,(u'-6,)+D, (v'+6,)+D, (6 +y)]|=m, (zt)

P| 0 -El 0 -G |:Dx>< (U'- Hy )+ ny (V + ax )+ th (Hz, +l//)j|:my (Z ’t)

yy 7y oy
-PC +EC,y"-G[D,, (u'-6,)+ D, (v'+6,)+D,, (6 +y)|=m, (z.t)
The associated boundary conditions are

[EAW'(z,t)-N, (z.t) |ow (z,t )L; =0

¢

G{D, (u'-6,)+D,, (v'+6,)+D, (¢ +y)}-V, (2t )}5u (zt) =0

0

G (D, (u'-6, )+ D,, (v'+6,)+D,, (6 +v)}-V, (z1) | (1)

¢
=0

0

¢

G109, +G (D, (u'-6,)+D,, (v'+6,)+D,,, (6 +v)}-M, (2.t) |60, (z.1)

0

[
[EL.6, + M, (2,t)]56, (zt)] =0
[E1,,6,-M, (2.t)]86, (21)] =0

[EC,w'+M,, (zt)]ow(zt), =0

(3.29)

(3.30)

(3.31)
(3.32)
(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
(3.40)

(3.41)

The first equation represents the longitudinal displacement equilibrium equation and involves

a single field variable, the longitudinal displacement w . This equation is observed to be

uncoupled from the remaining differential equations, which are found to be coupled in the

field variables uv,6,,6,,6, v .

3.7.1 Special Case: Field Equations without Shear Deformations

When one ignores the shear deformation, i.e. by setting the shear strain expressed in equation

(3.10) to zero, the following conditions are obtained
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6, =~v', 0,=u" and y=-0 =—¢ (3.42)
Substituting equation (3.42) into equation (3.22), the governing differential equations
simplify to:

PAW -EAW "=q, (21t) (3.43)
iv e n i 7 amx (Z’t)

ElLv" - pl V"+ pA (V- x,8)=q, (z,t)-a—z (3.44)
iv wn . 7 amy (Z’t)

El u”-pl,u +,oA(u+ys¢):qX (z,t)+a—Z (3.45)
iv 7 4 as .. 2 amw (Z,t)

EC, 8" - iC,, §"-GI¢"+ pA(y U-x ¥ +r7¢)=m, (z,t)+a—z (3.46)

and the associated boundary conditions are

[EAW (2,t)-N, (z.t)]aw (zt), =0 (3.47)

[Pl 0"~ Elu"-V, (zt)]su(zt), =0 (3.48)

[Pl V- ELv "=V, (2.t)]ov (zt)] =0 (3.49)

[, #-EC,¢"+GI¢'-M, (z.t) |5p(z1)] =0 (3.50)

[ELY"-M, (zt)]ov'(zt)] =0 (3.51)

[ELU"-M, (zt)]ou(zt)] =0 (352)

[EC.4"-M,, (zt)]5¢ (zt) =0 (3.53)

The linear differential equations (3.43) to (3.46) with the boundary conditions (3.47) to
(3.53) governing the coupled flexural-torsional vibrations are the familiar Vlasov's dynamic

equations [Vlasov 1961].

3.7.2 Static Case: Including Shear Deformation Effects

To investigate the behaviour of the open thin-walled elastic beam subjected to static loads,
the terms derived from the kinetic energy expression cannot be included in the differential
equations (3.28) to (3.34) and the associated boundary conditions (3.35) to (3.41), i.e. the
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terms containing time derivation in the differential equations and the associated boundary
conditions can be omitted, then, the resulting differential equations governing the static

behaviour of the open thin-walled shear deformable member are given as:

EAW"=-q, (z,t) (3.54)
-G[D,, (u"-8,)+D,, (v'+6,)+D,, (& +v")]=q, (2.t (3.55)
-G[D,,(u"- 0))+D,, (v"+8)+D, (&/+vy')|=q, (zt) (3.56)
-GJ0/-G| D, (u"™6, +D,, (v"+6, }+D,,, (0/+y') |=m, (zt) (3.57)
“El, 0/ +G[D, (u"-6,)+D,, (v'+6,)+D, (6 +y)]|=m, (z 1) (3.58)
El,,6,-G|D,, (u'-6,)+D,, (v'+6,)+D,, (6 +y)|=m, (2 1) (3.59)
EC,y"-G|D,, (u™-6,)+D,, (v'+6,)+D,, (¢ +y)|=m, (z.t) (3.60)

Corresponding boundary conditions are:

[EAW'(2)-N, (z)]dw (z)], =0 (3.61)
:G {D, (u-6,)+D,, (v'+6,)+D, (¢ +v)}-V, (z )Jéu (z ): =0 (3.62)
:G {ny (u -0, )+ D, (v'+6,)+D, (& +¢//)}-Vy (z )}&/ (z ): =0 (3.63)

:GJ 0, +G D, (u'-6,)+D,, (v'+6,)+D,, (6 +v)}-M, (z )}5@2 (z ): =0 (3.64)
[E1,8+M,(2)]86,(z)], =0 (3.65)
[E1,,6,-M, (2)]68, (z) =0 (3.66)
[EC,¥'+M,, (z)]6y(z)], =0 (3.67)

The above differential equations (3.54) to (3.60) with the boundary conditions, equations
(3.61) to (3.67), are the general form linear differential equations governing the behaviour of
thin-walled shear deformable member of general open cross-section subjected to general

static loads.
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3.7.3 Static Solution - Ignoring Shear Deformation

The most comprehensive theory of combined flexure and torsion of thin-walled open
members was developed by Vlasov (1961) in which the shearing deformations of the middle
surface of the member were assumed to vanish (Vlasov assumption). Vlasov equations are
enforced by neglecting the shear deformations of the middle surface of the member in the
above differential equations (3.54) to (3.60) and the associated boundary conditions (3.61) to
(3.67), ie. 6 =~v', 6, =u'and y =—6, =—¢' (see Figure 3.1), which results in:

EAW "+q, (z)=0 (3.68)
=0y (2) amayz(z) (3.69)
El,v" =0, (z )_amax_z(z) (3.70)
EC, ¢ -GJ4"=m, (2 )+a"}3”2(z) (3.71)
According to Vasov beam theory, the associated boundary conditions are reduced to:
[EAW'(2)-N, (z )]a/v (z )\; =0 (3.72)
[El,u"+V, (z)]su(z), =0 (3.73)
[ElLv"+V, (z)]ov (z )|; =0 (3.74)
[EC,#"-Gl¢'+M, (z)]64(2 )], =0 (3.75)
[ELy"-M, (z)]ov'(z)] =0 (3.76)
[ELU"-M, (z)]ou'(z)] =0 (3.77)
[EC.#"- M, (z)]6#(z),=0 (3.78)

Equations (3.68) to (3.71) with the boundary conditions (3.72) to (3.78) governing the
behaviour of thin-walled open members of arbitrary sections without shear deformations are
identical to those of Vlasov (1961). It is noted that the seven differential equations are

reduced to four differential equations for the case of negligible shear deformations.
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3.8 Field Equations for General Cross-Section

The resulting field equations (3.37) to (3.43) are the general differential equations governing
the extension and coupled bending-torsion dynamic behaviour of thin-walled members of
arbitrary open sections, which incorporates shear deformation, warping deformation and
translational and rotary inertia effects, subjected to general dynamic excitations. The time

variable in equations (3.37-3.43) can be eliminated by assuming the solution to be harmonic.

3.8.1 Expressions for Applied Forces
The thin-walled member is assumed to be subjected to general applied harmonic forces

within the member;

q,(z.t).a,(z.t).q,(z,t),m(z,t),m (z,t),m, (z,t),m,(z.t)

R CHE)
=[q,(2).q,(2).0. (z).m, (z)m, (z).m,(z).m, (z)]e'
and the end harmonic forces are;
N, (z..0)V, (z.t)V, (Z.1)M, (z,.1).M, (z,.t),M, (z,.t),M, (z..1)
(3.80)

=I:I\Tz (Ze)'v_x (Ze)’v_y (Ze)’M_x (Ze)’my (Ze)’mz (Ze)'mw (Ze)]eiﬂt

in which 2 is the circular frequency of the applied loads, i= \/T is the imaginary constant,
Ay (zt), Ay (zt), a, (zt)are the distributed harmonic forces, m, (z,t), my (z,t),m, (zt)are
the distributed harmonic moments, m,, (z,t) is the distributed harmonic bimoment,
N, (Ze 1) , Vi (ze 1)V (2 t) are the longitudinal, transverse and lateral harmonic forces
at member ends (z, =0,(), M, (z¢ t),M y (ze t),M, (z¢ ,t)are the harmonic end moments

and M, (z, ,t) is the harmonic end bimoments. The applied forces are assumed to have the

same sign convention as those of the end displacement components (Figure 2.9).

3.8.2 Steady State Displacement Functions
Under the above applied harmonic forces, the steady state component of the response is
assumed to take the form:
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W (zt)u(zt)v(zt).6 (21).6, (21).6, (Z,t),l//(Z,t)
(2T (2) B (2), 2)5, 2 ) e

where W(z),0(z)¥(z).6(2).6, ()6, (z) and 7 (z ) are space functions for longitudinal

(3.81)

translation, bending translations, bending rotations, torsional rotation and warping
deformation, respectively. In line with the objective of the present study, the displacement
fields postulated in Equation (3.81) neglect the transient response.

3.8.3 Equilibrium Field Equations for Harmonic Vibration
Substituting equations (3.79) to (3.81) into governing field equations (3.37) to (3.43), gives

the seven differential equations for space functions W (z),0(z)¥(z).6,(z).6,(2).6,(z)

and 7 (z )as
(PA Q*+EAD* W (2 )=-0, (z) (3.82)
~(pA 2* +GD,, @ )a (z )-(GD,, ©* W (2 )-(GD,, D)8, (2) 683)
+(GD, D) 8, (2 )-(pAL%y, +GD,, D*)d, (2 )-(GD,, D)7 (2 ) =7, (2)
(-6D,, ") (2 )~(pA 2° +GD,, 0" 7(2)-(eD,, @)é (2) 60
+(GD,, D)8, (z)+(pA 2°x, ~GD,, D* )8, (2 )-(GD,, D )7 (z ) =q, (2 )
~(GD,, @)a(z)-(GD,, D )7 (z)+(pl,, £2°-GD,, +EI,, D*)d, (z) .55)
+GD,, 0, (z )(GD D)0, (2)-GD,,7(z)=m, (z)
(GD,, D)u (z )+(GD,, D )7 (z)+GD,, 8, (z)-(GD,, - pl,, 2° —El ,D*)8, (2) (3.86)
+(GD,, D)0, (2 )+GD,, w7 (z )=m, (z)
~(pAQ%y, +GD,, (Dz)u_(z )+(pA2°x, ~GD, D* IV (z )-(GD,, D), (2) 387

+(GD,, D)8, (2 )-[ pA2*r} +G (1 +D,,,)D’ |8, (z)-(GD,,, D) (z )=, (z)
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~(GD,, D) (z)—(GD,, D) (2 )-GD,, §, (z )+GD,, 8, (z)-(GD,,, D), (z )

(3.88)
+(,oCW 2*-GD,, +EC, @2)1/7(2 )=m, (z)

In the above equations, @ and D?denotes the first and second differentiation with respect to

z ,i.e. ®=d/dz and D?=d?/dz?.

The boundary conditions corresponding to the governing field equations in (3.82) to (3.88)
are adapted by substituting the expressions in (3.79) and (3.81) into equations (3.35) to
(3.41), give

[EAW'-N, (2)]6w (z ), =0 (3.89)
[GD,, (-8, )+GD,, (7' +8, )+GD,, (6, +7)-V, (z )]s (2 )], =0 (3.90)
[GD,, (08, )+GD,, (v +8, )+GD,, (& +7)-V, (z) |87 (2 )|, =0 (3.91)
[E1,, 8 +M,(2)]68, (z)], =0 (3.92)
[Elyy 8 -, (2)]68, (z)], =0 (3.93)

[GDhX (lT'- 0, )+GDhy (V' +6 )+GD,,, (6, +¥7)+Gl6; - M, (z )]552 (z )‘g =0 (3.94)

[ECy 7'+ M, (z)]67(z )], =0 (3.95)

The system of equations (3.82) to (3.88) and boundary conditions (3.89) to (3.95) are a set of
coupled partial differential equations in the variable z governing the behaviour of thin-walled
members of asymmetric open cross-section under applied harmonic loads. The coupled field

equations (3.82) to (3.88) are rewritten in matrix form as
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(oA _
0 0 0 0 0 0
+EAD?)
(pAQ? | (x,pAQ?
. -GD,® -GD,D*  GD,,D -GD,, D
+GD,, D*) -GD,,D?)
44444444444444444444444444444444444444444444444444444444444444 (pIQZ
-GD,,  -GD,,® %GDXy(D GD,, D -GD,,
+EL, D?) :
(pAQZ 44444444444444444444444444444444444444444444444 : (ypAQZ 444444444444444444444444444444444444444444
GD,,D . -GD, D
+GD,, D°) +GD,, D*)
4444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444 ( p1W92
Symm +El, D’ GD, D GD,,
GD,,)
| %-(pAero2 |
H -GDWW@
+G[I+D,,,]D*)
4444444444444444444444444444444444444444444444444444444444444444444444444444444444444 (chQZ
-GDWW
+EC,D*)
ﬂ _qz(z)
Vi | a2
e_x -I’T\X(Z)
U= qx(z)
3, |m@
0, m,(z)
v [m(2)
(3.96)

In the above field equations (3.96), the first equation represents the longitudinal response of

the system and it is uncoupled from the remaining set of equations. The remaining partition

consists of six coupled equations in the displacements (u‘,v‘,éy 0.0, ,1/7). For asymmetric

cross-sections, the 6x6 matrix of coefficients is full, signifying that the system is fully
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coupled. This system of equation is solved in Chapter (6) for the case of asymmetric sections.
In this case, the characteristic equation is observed to have twelve distinct roots. The solution

in chapter 6 is thus valid only if all roots are distinct.

For the cases of doubly symmetric and mono-symmetric sections, some of roots of the
characteristic polynomial will be repeated zeros and the solution in Chapter (6) cannot be
applied. A special treatment which accounts for repeated roots is thus provided in Chapter
(4) for the case of doubly symmetric sections. Also, for the case of mono-symmetric section
is treated separately in Chapter (5).

3.9 A comparative study between present theory and similar theories

Among the numerous studies presented in Chapter 2, two are particularly relevant to the
present research work (Table 3.1) and are given in more details in order to illustrate the
differences between their work and the present research work. The comparison focuses on
three main aspects: (i) method used to derive the governing equations of motion, (ii) the
analytical closed form solutions of these equations, and (iii) shape functions used to

formulate finite element formulations.

3.9.1 Theory Developed by Laudiero and Savoia (1991)

Laudiero and Savoia (1991) developed a dynamic analysis solution for thin-walled beams
with open and closed cross-sections under general dynamic forces. Their theory is based on
Vlasov-Timoshenko beam theory, i.e. it accounts for shear deformation, warping deformation
and rotary inertia effects. In addition, the influences of the shear lag in the closed section are
also included in the formulation. Based on Vlasov-Timoshenko assumptions, the in-plane

displacement components of a point p are:

up(z,sit)=u(z,t)-(y-ys)é, (z.t) (3.97)
vp(z,s,t)zv (z,t) +(x-x5)6, (z.1) (3.98)
The longitudinal displacement w | is expressed as:

w(z,s,t)=w(z,t)-y(s)8 (z,t)-x(s)6, (z.t)-a(s)w(z.t)

+ 2, (2w (8)+ 2, (20w, (s)+ 1 (Z.t)w, (5) (3.99)
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in which the terms , (z,t)w, (s), x, (z.t)w, (s) represent the warping deformation
related to shear strains induced by shear forces while y, (z,t)y,(s) represents the

secondary warping due to non-uniform torsion, the warping function @(s )for hybrid thin-

walled section is taken as a‘)(s):j; [h(s)—(fs/t (s))}js where fgis the shear flow

constant for each branch of the closed contour and t (s )is the wall thickness. Equations

(3.97) and (3.98) are identical to equations (3.1) and (3.2), whereas equation (3.99) is
different from equation (3.3) due to the last three warping terms presented in equation (3.99).
Laudiero and Savoia (1991) derived the equations of motion from the Hamilton variational

principle as:

pAV -EAW "-q, (2¢)=0 (3.100)

pA[ i +y,d, |-G [DXX (u”-;)+D,, (v"-6,)+D,, (6!- l//')]

' , ! (3.101)
-GD,,, 7.-GD,, x,-GD,, % =4, (z,t)
PA[V-x,0, |-G [ny (u"-¢;)+D,, (v"-6,)+D,, (&!- z//)] 5102
'GDWX Xx -GD)’V/y Z; 'GDy% X =q, (Z't) |
'OA[( ySU'—xSv")+ rozéz }_G‘] 92” -G |:th (U - 0); )+ Dhy (V - ‘9; )+ me (92”' l//')]
3.103
_GDWX I —GDWy )(; —GDWO)((; =m, (Z,t) ( )
Pl 0, —E1,0/-G[ D, (u'-6,)+D, (v'-6,)+D,, (6/-v)]
(3.104)
-GDWx X -GDWy Xy -GDW0 Yo =M, (Z,t)
pl, 6, ~El, 0/ -G|D,, (u'-6,)+D,, (v'-6,)+D, (6-v)] 105
-GD,,, x,-GD,, 7,-GD,, 7z, =m, (zt) '
-C,w+EC,v"+G| D, (u'-6,)+D, (v'-6,)+D,, (€ -v
(D (470, ) Dy, (v7-6,) D, (0¥ 6106

-GD,,, x,-GD,,, 7,-GD,, x, =0
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—pl, X +El, % -G [wax (U -6, )-‘_Dyv/X (V -6, )"'Daw/X (‘92”' V/,)]

(3.107)
'GDz//X 7 .GDW//y Zy -GDWX% X =0

-pl, ¥, +El, 7/ -G [Dwy (um-o;)+ D,, (v'-6)+D,, (6- (,/)} (3.108)
'GDwxv/y Ax -GD‘//y Ay -GD‘/’y%Z" =0

P, 7, +E1, 26D, (47-6))+D,,, v 6)4D,, (6] 109

_GDV/X%ZX _GDV/y%ly _GD% X% =0

where D; :IAS—IS—JdA,for I, =X,y 0w, v,,v,, the repeated subscripts are reported
s ds

dy, DS, dy do dy, DS, dx dy do

once only, —%= o — —Coy ———Cop——» = —¢,, ——C, ——C, —,
Y s C,t ds ¥ ds ds = ds .t ds Yds Y7ds
Dy"’y =_DXV’X =_D‘<"/’o =0, DXY :_DXV’y :_Dwx Do Z_DX% :_wax ’Dyw =_Dy% =_wa '
D,D S, S DD S,S D,D S,S
—_X W L _ oo xS o _ W oo yYo
o, =T jA—dtz A+D,, D, === e jA—dt2 A+D,, D, =—2 == jAt—sz+Dyw
XX Yy XX w yyow

and c;; are constants that can be determined by imposing the orthogonality conditions S, ,S,

represent the first area moments and S is the first sectorial moment.

It is noted that the governing field equations (3.28) to (3.34) derived in this study are a subset
of those of (3.100) to (3.109). The underlined terms capture the shear lag effects and
secondary warping effects. The study provided in the present research differs from that in

Laudiero and Savoia (1991) in several respects:

(1) Laudiero and Savoia (1991) formulations are more general than those presented in this
work. Their formulations accounted for shear lag effects and secondary warping. This

leads to the increase in the number of field variables from seven to ten variables.

(2) Laudiero and Savoia (1991) developed an approximate solution based on trigonometric
series expansions for the field equations. In contrast, the present theory explicitly solves

the coupled differential equations for general closed form solutions (Chapters 4-6).
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(3) Laudiero and Savoia (1991) investigated the free vibration analysis. In contrast, the
current developed theory provides the steady state dynamic response under general
harmonic forces. In addition, the present solution is able to predict the natural
frequencies, mode shapes and static response.

(4) In the current study, the closed form solutions derived are used to formulate exact shape
functions and to develop super-convergence finite elements, while Laudiero and Savoia

(1991) did not provide a finite element solution.

3.9.2 Theory Developed by Kim et al (2003, 2005)

Kim et al (2003) developed a general theory to investigate the exact dynamic and static
stiffness matrices for free vibration and stability analyses of asymmetric thin-walled open
members. The formulation accounts for the effects of shear deformation due to bending and
warping torsion and captures the coupled effects between them. Their theory is based on the
averaging concept of shear flows and coupled shear effects due to shear forces and warping
torsion. The inclusion of rotary inertia effect is also incorporated in their study. The
displacement fields including the high order terms of the finite semi-tangential rotation are
obtained. They derived the governing equations of motion and force-deformation relations by
introducing the displacement fields based on finite semi-tangential rotations and semi-
tangential moments and applying the variational principle of the total potential energy. The
second order simultaneous ordinary differential equations are transformed into simultaneous

first-order differential equations with constant coefficients by introducing a displacement

state vector consisting of 14 displacement parameters (W W', 0,a’,v.v’, 6,.6;, 9, .6, , 6,

yr Yz

0,, w,¥') to transform the system into a linear eigenvalue problem with non-symmetric

matrices. By solving the eigenvalue problem, the displacement functions are exactly derived
and the dynamic stiffness matrices are formulated using member force-displacement

relations.

In a subsequent study, Kim and Kim (2005) adopted the theory in Kim et al. (2003b) to
investigate the dynamic stiffness matrix element for the coupled flexural-torsion vibration

analysis of asymmetric thin-walled shear-deformable beams. For asymmetric thin-walled
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cross-section, the displacement components of an arbitrary point p on the middle-surface of
the section are determined in a manner similar to Equations (3.1) and (3.2), except that the
longitudinal displacement is based on a normalized warping function ¥ (x,y )defined at the
shear centre of the cross-section. The governing equations of motion and the force-
deformation relations considering the coupled shear deformation effect due to the

asymmetric cross-section are derived by applying the Hellinger-Reissner Principle for

general vibrating harmonic motion as:

PAPT+EAW"=0 (3.110)
PALL[T+y 0, [+Gkyy(0"- 8 )+Gkyo (V7 +8; )+Gky5(6) +#)=0 (3.111)
PALL[V X360, |+Gkyo(0"- 6, J+Gk o (7" +6; J+Gk p5(6) +#")=0 (3.112)
PAP| X -y T+156, |+GI ] +Gky3(T7 ) )+Gk 57" +8, J+Gkas(6 +¥)=0 (3.113)
plyy 226, +Elyy 6] +Gky; (U~ 6, }+Gky o (77 +6, J+Gky3(6; +#)=0 (3.114)
Pl 220 +E Ly G +GKyo(07- 0, )+GK o (77 +6, J+Gk p3(; +#)=0 (3.115)
PCu PP +EC, "Gy 3(U'- 6, )-Gk 37 +6 )—Gka3(6; +#)=0 (3.116)

These equations are similar to Equations (3.28-3.34) derived in this chapter. The difference

between both formulations lies in the definition of the cross-section constants k; for

1,j=1,2,3, which are given by:

kll klZ kl3 1!/A2 1/A23 ll/AZI'
k12 k22 k23 1/A23 1/A3 1/A3f :[I3]3><3 (3117)
le k23 k33 3x3 ]/AZI' 1/A3l' ]'V/Ar 3x3

where A,,A,are the effective shear areas due to shear forces, A,;,A,, A, are the effective
shear areas due to flexural-warping torsional coupling effects, A, is the effective shear area

due to restraint warping torsion, and [I3] is the 3x3identity matrix. The A ’s constants are

obtained from the following relations:
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(sj S2 52 S5, S8, SXSr]d_s

T2 12 1 2 1 ) )
1212°C2 1,0, 1,C, ' 1,.C ) t

t1 11 11 =
AZ ’AS 1Ar , A23 ’A2r 1A3r XX w xxlyy

S w

with the statical moments S, ,S of area about the X )Y axes and the statical warping

moment S, are definedas S, S, ,S, =L(x Y, o)tds .
In addition, they developed an approximate finite element model by using an isoparametric

beam element with two-nodes and seven nodal degrees of freedom per node.

Even though the coupled governing equations of motion were derived by considering the
effects of shear deformation due to bending and warping torsion, coupled shear deformation
effects between them and rotary inertia effect, and the analytical procedure developed to
obtain the exact displacement fields of the homogeneous field equations, the following
important points can be summarized to demonstrate the difference between the theory

developed in the present research and that of Kim et al. (2005):

1. Two different variational principles are used. Kim et al. applied the Hellinger-Reissner
principle to derive the equations of motion and force-displacement relations while in the
first part of the present study Hamilton variational principle is employed to derive the

governing equations of motion of the system.

2. In their numerical procedure, the second-order ordinary differential equations are
transformed to first-order simultaneous ordinary differential equations by introducing 14
displacement parameters in order to obtain a system of linear eigenvalue problem. In
contrast, the governing ordinary differential equations derived in the present study are
solved by introducing seven displacement functions in order to obtain a quadratic
eigenvalue problem which expands analytically to yield a generalized eigenvalue

expression.

3. Kim et al. (2005) and the present study developed the dynamic stiffness matrices based
on the exact displacement solutions of the governing differential equations. Kim et al.
(2005) developed the dynamic stiffness matrix using the force-displacement relationships

and it is only used for free vibration analysis in order to determine the natural frequencies
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Table (3.1): Summary of comparative review of the most relevant studies

Method of Solution Effect included
No. | Author Cross Dynamic | Closed Finite Shear Secondary Field Type of Remarks
Section stiffness form element | deformation warping variables | analysis
Type matrix solution | solution due to
warping
w.uv.o -Hamilton’s principle
Laudiero : X -Shear lag effects
and Asymmetric Oy .6y Free | -Trigonometric series
1 : combined \ \ \ TR Y
Savoia closed-open x 1 Xy Ko vibration | solution
(1991) P -Simply-supported and
cantilever beams
-Hellinger-Reissner
Kim et Principle
5 al. Asymmetric N N N N WUV, 6 Free | -Semi-tangential rotations
(2003b, Open 6?y ,0, .,y | vibration | and moments
2005) -Finite element based on
assumed shape functions
Steady | -Hamilton’s principle
5 | Present | Asymmetric N N N N WUV, 6 state | -Finite element based on
study Open Hy ,0, .,y | dynamic | Exact shape functions
response | -General harmonic loads
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and corresponding mode shapes of the system. In contrast, in the present solution, the
dynamic stiffness matrix formed by frequency-dependent shape functions (which are the
exact solutions of the field equations) captures forced vibration response under general
harmonic forces. Moreover, the current dynamic stiffness matrix is capable to predict the

natural frequencies and mode shapes of the structural member.

4. They developed a finite element formulation based on isoparametric beam element. In
contrast, in the present research study, the finite element is formulated based on exact

displacement functions of the homogeneous form of the governing differential equations.
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Cross-sectional properties defined by equation (3.35)
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(s) Normal distance between the shear centre and the tangent to mid-surface

| Moment of inertia of the cross-section about the principal X and Y axes

J Torsional constant
( Length of the member
k

K Shear factor coefficients

M (z,t)  Momentsabout X Y ,Z axes (where j=x,y.z)

M, (z,t)  Warping dynamic twisting moment

m; (z.t) Member dynamic moments about X Y ,Z axes (where j=x,y,z)
my (z,t) Member warping dynamic twisting moment

i(z,s,t)  Surface member tractions along X Y ,Z axes (where j=x,y,z)

(
q; (z,t) Applied distributed dynamic forces along X Y ,Z directions (where j=X,y,z)

r(s) Normal distance between the shear centre to the normal to mid-surface
r Radius of gyration

S Curvilinear coordinate along mid-surface of the section

S, S, S, First moments of the area of coordinates X,Y and «

Sy Product moment of the area

S0 ye Section products of inertia
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Variation of Kinetic energy
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Displacements of a point on the mid-surface of the section along X,Y,Z axes
Variation of internal strain energy

Shear force along X and Y axes (where i =X,y )

Average longitudinal displacement along Z axis
Variation of the work done by applied forces
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Principal coordinate system
Coordinate of arbitrary point p on mid-surface along the principal X andY axes

Coordinates of the shear centre along the principal X andY axes

Variation of the total potential energy

Normal stress in the longitudinal direction

Shear stress at the mid-surface of the cross-section

Normal strain in the longitudinal direction

Shear strain at the mid-surface of the cross-section

Density of the material

Tangential and normal displacements of a point p along s and n directions

Rotations angles around the X,Y,Z axes
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Warping deformation function
Eigen-frequency
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Chapter (4) - Analysis of Thin-walled Members of
Doubly Symmetric Cross-Sections

Closed-Form Solution and Finite Element Formulation

Abstract

This chapter investigates the dynamic behaviour of thin-walled members of open sections
with doubly symmetric cross-sections under external harmonic forces. The governing
equilibrium equations and associated boundary conditions for general cross-section
developed in Chapter 3 are specialized in this chapter for the case of doubly symmetric cross-
sections. In the first part of this chapter, the closed-form solutions are obtained. In the second
chapter, a finite element formulation based on exact shape functions is then formulated. The
exact shape functions developed are based on the closed form expressions obtained in the
first part for the displacement fields and are subsequently employed to derive the stiffness
and mass matrices of the element. The applicability of the present solutions is demonstrated
via several examples. In order to assess the validity of the solutions, comparisons are made
against other established beam and shell finite element solutions. Additional comparisons are
made against solutions based on non-shear deformable theories and the effect of shear
deformation is quantified.

4.1 Introduction and Scope

The present study aims at (1) developing an analytical solution for the analysis of thin-walled
open members subjected to harmonic excitations, in which the time dependency of the
response is eliminated. The analytical solution developed is obtained in a closed-form and,
unlike some conventional solutions; it eliminates the need of extracting the eigenmodes to
obtain the steady state response of the member. In addition, the current analytical method is
able to predict the natural frequencies and modes of the structural member. (2) Developing

an efficient finite element formulation. The closed form displacement expressions developed
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in the first part of the study are employed to formulate the stiffness and mass matrices as well
as the load potential vector.

4.2 Literature review on analytical solutions

The Vlasov theory (1961) is widely used in the analysis of thin-walled members of open
section. The Vlasov formulation is based on two kinematic assumptions; (i) the beam cross-
section is assumed to be rigid in its own plane, and (ii) the transverse shear strains along the
section mid-surface are neglected. Based on Vlasov theory, Friberg (1983), Leung (1991)
and (1992), Chen and Tamma (1994), Li et al. (2004a) and Kim et al. (2007) developed the
dynamic stiffness matrix of Vlasov beam in which shear deformation is entirely ignored.
Many researchers modified the Vlasov theory for the analysis of elastic thin-walled members
to capture the transverse shear deformations. Among them, Bercin and Tanaka (1997) studied
the coupled flexural-torsional free vibrations of monosymmetric beams. Cortinez and Piovan
(2002) developed an analytical solution for free vibration analysis of composite thin-walled
beams of open and closed cross-section. Using the dynamic transfer matrix method, Li et al.
(2004b) derived an analytical method for determining the coupled bending-torsion response
of thin-walled monosymmetric beams under external random excitations. Based on the
virtual work principle, Prokic (2006) derived the differential equations for the coupled
vibrations of members of general thin-walled cross-sections. The closed-form solution for the
natural frequencies was derived for the case of simply supported beams. Vo and Lee (2009)
developed a general analytical solution for the study of flexural-torsional buckling and
vibration analysis of open thin-walled composite beams. Features common to the above
studies are the fact they capture shear deformation effect, warping deformation and rotatory

inertia.

4.3 Literature review on finite element formulations

The current review focuses on the dynamic analysis of thin-walled members of open cross-
sections by applying finite element formulations. Among them, Mei (1970) employed a finite
element method to investigate the solution of the coupled vibrations of the thin-walled open
beams which included the effect of warping stiffness effects. Chen and Tamma (1994) used
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the finite element method in conjunction with an implicit-starting unconditionally stable
methodology for the dynamic analysis of thin-walled open members under deterministic
loads. Hu et al. (1996) derived the fourth order differential equations governing the coupled
bending-torsional dynamic behavior of thin-walled beams of asymmetric cross-sections. The
homogenous solutions of these fourth order equations in static state were used as the
interpolation functions in deriving the stiffness and mass matrices of the thin-walled beam
element. Voros (2008) analyzed the coupled bending-torsional free vibration and mode
shapes of thin-walled open members induced by steady state lateral loads using a finite
element formulation. The derivation of the stiffness matrices was based on assumed
displacement fields in which the linear interpolation and cubic Hermitian functions are
adopted for the axial and lateral displacements and twist. Vo and Lee (2009) developed an
analytical model based on shear deformable beam theory developed to study the flexural-
torsional coupled vibrations of thin-walled composite columns under compressive force.

Their finite element model was based on a one-dimensional Lagrange interpolation function.

4.4 Governing Field Equations for Doubly Symmetric Cross-Sections

The general field equations obtained in Egs. (3.82-3.88) governing the dynamic behaviour of
thin-walled member of arbitrary section can be specialized for the case of doubly

symmetrical cross-section. It is known that, for doubly symmetrical section such as the one

illustrated in Figure (4.1), that the shear centre S_ coincides with the centroid C , i.e.,

oY 0 4.)
Y Y
4 A
0 |;tf 5‘1‘(5 ) 2:18003 Upper flange
f T Web | &3 (S ) =90°
H
Ly
[ _ F,, | i _ Bottom flange
(a) b - o @(6)=0

Figure (4.1): Doubly Symmetric I-section

116



Chapter 4. Analysis of Thin-Walled Members with Doubly Symmetric Cross-Sections

The cross-sectional properties D,y ,Dyy ,Dyy Dy, ,Dyy and D, for doubly symmetric I-

section (Figure 4.1) can be determined from the following expressions

DXX=Z3: (dxds( JdA Z j [cosa (s) ] dA; =Aq (4.2)

Dy =i§:Ai (dxds( )j(dy ]dA % Aj cos; (s )sing; ()dA; =0 (4.4)
Diy :é Aj hi (5) dx(;s(s) oA, :é Aj hy (5 )cosé; (s )dA; =0 (4.5)
Dy =2A[ h (5) dyc‘IS(S) dA, =|§1Aj h (s)sing; (s )dA, =0 4.6)
wa=iZ: fines Pdn; =(H/2)A @7

in which, as illustrated from Figure (4.1b) that &, (s)=180"and h,(s)=C, for the top
flange, a,(s)=0"and h,(s)=—-C, for and bottom flange, while a;(s)=90"andh,(s)=0,

and A; =2bt; is the area of both flanges, A, =H{t, is the area of the web.

Introducing Equations (4.1) to (4.8) into the governing field equations of motion (3.82) to

(3.88), the uncoupled equations for doubly symmetric cross-section are then given in terms

of space displacement functions W(z) ,V(z), 6,(2),U(z).6,(2).6,(z) and i7(z)as
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+EAD?)
~(pnat
0 . —GA,D o 0 0 0
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0,(2) m, (z)
W(Z) ™ m, (Z) ™

The above partitioned system of equations consists of four systems. The first system

describes the longitudinal motion and consists of a single differential equation in the

longitudinal displacement w (z,t). The second system describes the transverse motion and
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consists of two coupled differential equations which involve the transverse motion v (z ,t)
and associated angle of rotation 6, (z,t). The third system describes the lateral motion
u(z,t)and related angle of rotation 6, (z,t), while the fourth system provides the torsional

motion 6, (z,t) and associated warping deformation y(z,t).

The general boundary conditions in Eq. (3.89-3.95) are adapted for the case of doubly

symmetric cross sections by setting X, =y, =0 and D, =D, =D, =0. The resulting

boundary conditions related to the longitudinal dynamic response are
[EAW'-N, (z)]a (2)] =0 (4.9)
those related to the transverse motion are

[GA, (7'+8,)-V, (z)]87(2)] =0 (4.10)
[E1, 8, +M, (2)]68, (z)], =, (4.12)
those related to lateral motion are

[GA, (17-8,)-V, (z)]ou(z)], =0 (4.12)

‘C

[Elyy 8, -M, (2)]68, (2)|, =0 (4.13)

and those related to the torsional-warping motion are

| GA (H/2) (8 +7)+GI8,- M, (z) |68, (2)], =0 (4.14)
[EC, 7'+M, (z)]67(z)], =0 (4.15)
4.5 Homogeneous Solutions for the Field Equations

The homogeneous part of the solution for the governing differential equations (4.8) can be
obtained by setting the right hand side of the field equations to zero. The solutions of the

unknown displacement functions (Us (z )>L7=<vv(z) V(z) &) uz) &(2) &() vz )>L7are

then assumed to take the exponential form
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(U (2)) =(A) e™ for i=123,..7 (4.16)

in which {Uy (z )}h1 is the space displacement vector, and {A, }, is the vector of unknown

integration constants. The resulting closed form steady state solutions are provided in Section

(4.6) while a finite element formulation for the problem is provided in Section (4.7).

4.6 Closed Form Solutions

In the following sub-section (4.6.1) provides the solution for longitudinal displacement. Sub-
sections (4.6.2) and (4.6.3) provide the steady state solutions of the transverse displacement
and associated rotation and lateral displacements and associate rotation, respectively. The

solution for twist and warping is provided in Sub-section (4.6.4).

4.6.1 Solution for Longitudinal displacement

The first uncoupled equation in Eq. (4.8) governing the longitudinal response of thin-walled

member of double symmetric section is

PA QW (2)+EAW "(z)=7, (2) (4.17)

4.6.1.1 General Solution for Longitudinal Displacement

The general steady state solution for the longitudinal equation (4.17) is obtained as the sum

of the homogeneous and particular solutions, i.e.,

W, (2)=W,, (2)+W, (2)=A, 6% +A,,e™ -ﬁ (4.18)

in which ﬂ_,l,zzii«/p.oz/E are the roots obtained from the characteristic equation

PAL2* +EAmM? =0, where i=4/—1 is the imaginary constant, and A, A, , are the unknown
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integration constants to be determined from the problem boundary conditions.
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4.6.1.2 Example - Cantilever under uniform axial load and end load
For a cantilever beam fixed at the end z=0 and subjected to a uniform distributed

longitudinal ~harmonic  force g, (z,t)=d,e'*and concentrated harmonic  force

N, (£t)=N, (¢)e'* atthe free end z=¢ (Figure 4.2).

Figure (4.2): Cantilever member of doubly symmetric I-section subjected to

longitudinal compressive harmonic forces

Noting that the cantilever boundary conditions are:
W (0)=0, and EAW'(0)=N, (¢) (4.19)
The unknown integration constants A, and A, ,can determined by enforcing the boundary

conditions in (4.19) yielding

q,
o 1 1 T 2 -
V‘Tt(z):<ellz eAZZ>T Tokl T okl p—AQ - 2 (4.20)
v2| ye  L,e | [N, (0) PAQ
EA Joa

4.6.2 Solution for Transverse Displacement

In this section, the general solution of the governing transverse equations (i.e., second system
of equations in 4.8) for a thin-walled member of double symmetric section subjected to
iOt iot iS

transverse harmonic force qy(z ,t):q_ye and bending moment m, (z,t)=m,e

determined.
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4.6.2.1 Homogeneous Solution

The homogeneous form of the field equations for transverse response is obtained by setting

the applied harmonic forces gy (z )=m, (z )=0 in the second set of equations in (4.8) yielding

—pA QAT (2)-GANV"(z)-GA, 6, (2)=0 (4.21)
~GAV"(z)+(pl,, 2° -GA, )0, (2)+EI, 8/ (z)=0 (4.22)
Assuming exponential solution for the displacement functions V(z) and 6, (z)in Eq. (4.16)

yields

_(pAQ2+ GANmiz) - GA,m; {Am} oM
_GAM (p1,0" -GA, +ELM) | Al

The non-trivial solution of the above equation can be solved by setting the determinant of the

=0

unknown coefficients to zero, yielding the following characteristic equation

2 2 2
mé+ 2PN EA gz PAT] Plaf2 g (4.23)
E |GA, El GA,

The roots of equation (4.30) are
2
_ 02 2 2 2
S 1) -2p[ EA | | 2p[ EA || A4pAQ" (| pl,Q2
’ ' 2 E GD E (GD El,, GD,,

2
— 2 2 2 2
M, =B, =i LR EA L | e[ BA || L AALY Pl
, : 2| E |GD E |GD, El, GD,,

vy

It is noted that, the four roots are distinct and the homogeneous solutions for in-plane

transverse deformation functions V, (z) and 6, (z) are obtained as
4 h ] ] ] ]

v, (Z): Z A e’ = Az,leﬂlz +A,, e’ + 'A‘2,3eﬂ3Z +A, e/t (4.24)
i

4 ] i ) _ h
6, (2)= ZAs,i e/t =A; o +A 0% +A; 27 +A; 0 (4.25)
1
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The displacement functions ¥, (z) and 6y (z) provided in equations (4.31) and (4.32) are

only valid if roots [;’i for i =1,2,3,4 are distinct. It is observed that the roots are not distinct

2 —~ —
when pE/TQ {1—(pIXXQZ/GDyy):|=O, ie., pB=p,=0, this leads to the condition

XX

0= [GA, /pl, - Thus, only for the case where the exciting frequency is ©= fGAN /ol 4

the equations given in this study become invalid.

To obtain the homogeneous solution of in-plane transverse displacement functions Vv, (z)
and éxh (z), it is necessary to reduce the eight unknown integration constants A,;and Aq; for

i=1,2,3,4 to four independent integration constants. By substituting the displacement

expressions in Equations (4.24) and (4.25) into Equations (4.20) and (4.21), and solving for

unknown constants (see appendix 4.A for more details), one obtains
4 i ; _ _ _
v, (z)= Z A e =A P 1A e 1A 0P+ A e (4.26)
— 4 — ~ — ~ —_ ~ — ~ — ~
0, (2)= 2 A A" =, APt + A, APt +A AR + A AR (427)

where A, =- GAWL4PAQY | _ GA. | fori=1,23,4,
GA, b Pl QZ_GA\N +El ﬂiz

The homogeneous solution for displacement and rotation functions ¥, (z) and éxh (z)can be

rewritten in matrix form as

Vo (@), =L LB (D], A (2)},, (4.28)

where (7, (2], =07 (2) 8, ()], [Ler[}l 5 A /:j |
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Equation (4.28) represents the homogenous solution of the space component of the

displacement V, (z)and rotation 6, (z) functions undergoing transverse bending. The

N
unknown integration constants <A2i> ,fori =1,2,3,4can be evaluated by enforcing the
"1 1x4

boundary conditions associated with the problem.

4.6.2.2 Particular Solution for Uniform Loads

For a member under uniform transverse load and uniform moment

[qy(z)’ n_%((zﬂ et :(C_Iy ,mx) Ql2t

The corresponding particular solution for the transverse response equations can be evaluated

by considering the inplane displacement functions as
Vo (z)=Ag+Az and 6, (z)=B, +B,,2 (4.29)

From Eq. (4.29), by substituting into the second system of equations in Eqg. (4.8), the

unknown constants are obtained as: Ay =-—qy /,oA_Q2 B = —My /(pIXXQ2 -GA, )

A,» =B,,=0. Consequently, one obtains

(\/‘p>2x1=<v—p §Xp>2x1:<—q_y/pA_(22 _rﬁx/(pIXXQZ_GA\N» (4.30)

2x1

The complete steady state solution (\71,(z)>T =(v(z) @

T f t .
o X(z)>lx2 or transverse response is

obtained by adding the homogeneous solution (4.28) to the particular solution (4.30), i.e.,

{V_b (Z )}2><1 =[Lb ]2x4 [Eb (Z ):|4x4{ Az }4><1 +{V_P }2><1 (4.31)

Equation (4.31) represents the complete steady state solution of inplane transverse
displacements for thin-walled beam of doubly symmetric sections under uniformly
distributed harmonic forces. Again, the integration constants {AZ’i }4  are determined from the

relevant boundary conditions.
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4.6.2.3 Example - Cantilever under Transverse Forces
A thin walled cantilever of doubly symmetric open section (Figure 4.3) is subjected to

uniformly distributed harmonic force @, (z)e'™, concentrated harmonic vertical load

V, (£)e"" and bending moment M, (¢)e'™, both acting at the free end (z =¢) of the

cantilever beam.

S T vy ()Y (o
R = :>u
; M (g t) |\/_| |.Qt

Figure (4.3): Cantilever I1-beam under Inplane harmonic forces

Knowing that the boundary conditions at the fixed end z =0 are

v(0)=0, 6,(0)=0 (4.32-33)
and at the free end z =0 one has

GA, [V'(0)+8, (¢)]=V, (¢) and EL, 0, (¢)+M, (£)=0 (4.34-35)
and substituting Equation (4.31) into Equations (4.32) to (4.35), the unknown integration

constants {AZ’i }4  are then obtained as

{Agi }yy =[P 1 (Q b (4.36)
i 1 1 1 1 ]
A A, A, A,
where [P )= (B4 R)er (B +R)eH (R+A)e* (B +A) e
BACY B A pAe™ PR,

1x4
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From Eq. (4.36), by substituting into Eq. (4.31), the closed-form solution of the displacement

and rotation functions V(z) and rotation 6, (z) for transverse response are determined as:

Ve (@)}, =[LLu[E(@)],., [8]. Q) + V)., (437)

4.6.2.4 Example - Simply Supported Beam under Transverse Forces

This section formulates the displacement field functions for a simply-supported doubly

symmetric I-beam subjected to inplane transverse harmonic forces. A simply supported beam

with doubly symmetric cross-section under distributed transverse force g, (z ,t)=cTyemt

and bending moments M, (z, t)=M, (z, Je'* at both ends(ze :O,K) is considered (Figure 4.4).

Figure (4.4): Simply supported I-beam under inplane transverse harmonic forces

The fork supports allow the beam end-sections to warp freely and to rotate about X andY

axes. Then, the following simply supported boundary conditions at beam ends z =0 and

z=/are:
v(0)=0, Ely&; (0)=-M, (0) , and (4.38-39)
V(0)=0, El 6 (0)=M, () (4.40-41)

By substituting the transverse displacement and related rotation in equation (4.37) into
equations (4.39) to (4.42), the general steady state solution for simply supported I-beam

under transverse harmonic loads is determined from
{V_S (Z )}le = [Lb ]2)<4 I:Eb (Z ):|4><4 [@S ];i4 {Q_S }4><1 +{V_p }le (442)
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in which the unknown integration constants {AZi }“are obtained from the above set of

boundary conditions, where

i 1 1 1 1 ]
'A_\lﬂl 'A_\Zﬁz 'A_\3ﬁ3 A_4ﬂ4
[25],.= Y o fut o Al Y , and
_Blp_‘le/}l( Bz A_‘z e’ ﬁ3A_\3e/}3[ ﬁ4p_‘4eﬁ4( daxa

<Q_ >T _ dy -M, (0) qy M, (1) '
* pAQ%  El pAQ*  El '

XX 14

4.6.3 Solution for Lateral Displacement
The coupled field equations that govern the lateral response of thin-walled beam of doubly

symmetric cross-section subjected to distributed lateral harmonic force q, (Z t ) :q‘xeiQt and

bending moment m, (z t ) =m, e'™are represented by the third system of equations in (4.8)
as

—pA T (2)-GA 0"(z )+GA; 0, (2)=0, () (4.43)

GAU'(2)—(GA —pl,, 2°)8, (2)+El,, 0; (z)=m, (z) (4.44)

And the relevant boundary conditions are given as:
[GA, (-, )-V, (z)]o(z)], =0 (4.45)

[El,, 8, -M (2)]80, (z), =0 (4.46)

4.6.3.1 Homogeneous Solution

The homogeneous solutions for lateral displacement and related rotation are evaluated by
using two steps; (i) substituting the lateral displacement Uh(z) and rotation éy(z)

expressions in equation (4.16) into the homogeneous form of equations (4.43) and (4.44), one

obtains
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Uh(z)zzéllAA'i e and @h(z)ziﬁg'i e | for i=1,2,34 (4.47)

inwhich 7. for i=1,2,3 4 are the distinct roots of the quartic algebraic equation given as:
1 @*p( EA @p(Ern | apae? Wk
n,=t |=|- P +1|+ P 11| + 22 1- L
’ 2 E | GA E | GA El, GA,

12
2 2 2 |, °
i L 2p[ EA L) || 2p[ EA | 4pAQY ) Pl
' 2| E |GA, E |GA El, GA,

(ii) the eight integration constants A,;and A are reduced to only four constants by

substituting Eq. (4.47) into the homogeneous form of Eqgs. (4.43) and (4.44) to approach the

homogenous solution for the lateral bending vibration of the member

{U_h (Z )}le :[LC ]2><4 I:EK (Z )]4x4 {A4,i }4X1 (4-48)

inwhich (T, (2)),, = (6, (2) 4, ()., [E(2)],, ~diag[e” e e e]

1 1 1 1
[L€]2x4=[ } ' <A4,i >L4:<A4,1 Agr Ay A4,4>L4, where
2x4

B B, By B
2 -2 =

B, z[/’A Q4 ?Af i J: GA ;7' —- |, for i =1,2,3,4 is an expression
GA; 7 GA; —ply, Q°— Eln

obtained by using the same procedures given in Appendix (4.A) used for reducing the

integration constants A, ;and A;, i.e., Ag; =|§iA4,i , for i =1,2,3/4.

4.6.3.2 Particular Solution for Uniform Lateral Forces

In a similar way, the particular solution for lateral bending vibration equations (4.43) and

(4.44) is obtained as

Ol =0/ or2?) -, flon -1, 27)), (4.49)
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The complete solution is obtained by adding Equation (4.48) to Equation (4.49), yields

U (2)}, =Ll (B (@) ] 1A, + U (2], (450)

Equation (4.50) represents the complete steady state solution for the lateral bending vibration

of thin-walled doubly symmetric members under lateral harmonic loads. By imposing the

problem boundary conditions, the vector of unknown integration constants {A4’i }4 _can be

evaluated.

4.6.3.3 Example - Cantilever Beam under Lateral Forces
A Cantilever thin walled I-section member subjected to lateral harmonic loads, uniformly

distributed load ¢, (z )e‘m, end moment I\Zy(ﬁ)eigt about Y axis and end lateral load

V, (f)eiQt at the free end (z = (), as shown in Figure (4.5), is considered.

Figure (4.5): Cantilever beam with doubly symmetric I-section under lateral forces

The cantilever boundary conditions at fixed (z =0) and free ends(z = () are given as:
0(0)=0, 6,(0)=0 and GA, [T(¢)-0,(¢)]=V,(¢), El,0,({)=M, () (4.51-54)

From Equation (4.50), by substituting into Equations (4.51) to (4.54), leads to

{A‘U }2><1 :[@f ]4x4 {Qf}m (4.55)
where <Q( >I = qx > n_’]y Vx ([) My (ﬁ) and
O\ pAQ" (GA -pl 2%) GA.  El, y
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1 1 1 !
B_1 B_z §3 B_4
[¢|—]4><4 = (ﬁl_B_l)em( (ﬁz _B_z)enz( (ﬁa —B_s)e'iaf (774 —B_4)ei74(
o B e e 7, _2 gt s B_3e t M4 B_4'3 " 4x4

From Eq. (4.55), by substituting into Eq. (4.50), the complete steady state lateral response is

then evaluated as:

{U(Z)}le :[Lf ]2x4 I:EC (Z)]4x4 [@( ];izl {Qf}zm + {Up (Z)}zn (4.56)

4.6.4 Solution for Torsion and Warping

The governing differential equations provided in the fourth partition in Equation (4.8) and the

associated boundary equations in (4.14) and (4.15) are

~pA 2120, (2)-|GI +GA; (H/2)" |07 (2)-GA; (H/2) 7'(z)=mm, (2) (4.57)

~GA7; (2)+] PCy 22 ~GA; (H/2) |7(2)+EC, 7'(2)=mm, ()
(4.58)

and the boundary conditions are

(63408, (H/2)°) (2)+GA, (H/2 7(2)- M, (2)] 6B, (2 )], =0 (4.59)

[EC., 7'(2)+M,, (2)]67(2 ), =0 (4.60)

In a similar manner to the lateral displacement solution, the solution for the coupled

torsional-warping equations is the sum of the homogeneous and particular solutions, i.e.,

{ 6, (z )}M =[Lr L [Er (2 )]4x4 {AG,i }M +{ ). }le (4.61)

)
where (7, (2)),,=(B:(2) 7@y, <5zp>1xz=<rz;,2}22 (i gz_rgw(H 127 A )> |
0 w 1x2
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In Equation (4.61), matrices [E; (z)],,and [Ly ],,are similar to those of [Ej(z)],,,and
[Lp ],4Can be obtained by replacing the set of constants A_\i and ,Bi (for i =12,3,4) by
constants Ci and 4; , in which £; are determined by replacing g;and g, by @, and «, in the

pa'C, | EAL? +GI +GA, (H/2)° |-G%A, (H /2)’

expression for ,Bi , Where o = 5 and
EC, G (3 +A, (H/2))
pAQ%r2 (GAf (H/2)’- pC,, _(22)
a,= > , and the constants
EC,G (I+A, (H/2)")

—[ GJ +GA, (H/2)} ﬁ-2+pA_(22r2} ”

C = ( f )2IA . ZGAf (H/2) Z‘ — are obtained
GA, (H/2)*7 (pCW.Q —GA (H/2)’ +EC, 7 )

by using the same procedures given in Appendix (4.A) to reduce the unknown integration

constants, i.e., A,; =C,A;, , for i =1,2,34.

4.6.4.1 Example - Cantilever under Torsion and Bimoments
In a similar way, the general solution for a cantilever subjected to harmonic forces (i)

uniformly distributed torsion m, (z Je'*, bimoment m, (z )eigt , (i) end twisting moment

M, (£)e" and end bimoment M, (¢)e' is obtained (Figure 4.6) by:

{ éZT (Z )}2x1 - [LT ]2x4 [ET (Z )]4x4 [(‘Dr ];114 {QT }4x1 + {6_?ZP }2x1 (4.62)

Figure (4.6): Cantilever 1-beam under distributed harmonic torsion and bimoment
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In Equation (4.61), the integration constants {Aﬁli }Mare evaluated by enforcing the

cantilever boundary conditions at both ends;
6,(0)=0, w(0)=0
G| (A (H/2)' +3)8 (¢)+A (H/2) 7(0) |=M, (¢), EC,#(0)=M, ()

where

1 1 1 1
[@r ]4X4 Gs, Gs, Gsga Gaq4 ’

[ pAOP2+G(I A (H/2) )i 2
G, =- ( fz( ) ) - GA (H/2) A , for i1=1,2,3,4 and
GA; (H/2) 4 PCy ¥ ~GA; (H /2)" +EC,, &
:
(Qr ) = - m, M. () m, M, (1)

* oAl (pcwgz-c;Af (H/Z)Z) GA, (H/2)? (pCWQZ-GAf (H/2)2) EC,, .
4.7 Finite Element Formulation

The finite element to be derived has two nodes and seven degrees of freedom per node. The
exact homogeneous displacement fields are used to formulate the exact stiffness and mass

matrices as well as the load potential vector.

4.7.1 Displacement Fields in Terms of Nodal Displacements

The displacement fields (Us (z)), . =(w, (z) Vi (z) 8, (z) 0n(2) 8, (z) &, (z) 7 (2 )y

which exactly satisfy the homogeneous solution of the uncoupled field equations derived in

this study can be expressed as
{U_S (Z )}7><1 :[ ;_( ]7><14 [E (Z )]14><14 {Ai }14><1 (463)

132



Chapter 4. Analysis of Thin-Walled Members with Doubly Symmetric Cross-Sections

In Equation (4.63), (A >1><4 (AL Ay Ag ... A14>L4 is the vector of unknown integration

constants, [ 7 Is the matrix of eigenvectors of the homogeneous solution of the governing

]7><14

field equations’ [E (Z ) =diag |:em12 g M2z g M2z g M3z g Maz ........ e M4z :| and

]14><14 14x14

m; (for i =1,2,3,....,.14) are the roots of the characteristic polynomial equations for
longitudinal, transverse, lateral and torsional-warping responses (i.e., m,, =/le2, ms, 2,31,2,
56 :,33,4 Mg =70, Mgyg =705, My, =44, and my,,, = i, ). In the present formulation,

the vector of nodal displacements {U } , can be written as

14x1
<UN >I><14:<W1 Vi exl Uy eh %021 YW, Y, §9x1 Uy §9y2 %922 §W2>M4
— T - T\ 4.64
:<<U5 (O)>1><7 <U5 (U)>1><7>1X14 ( )

From Equation (4.63), one obtains

{ Un }14><1 - [_]7><l4|:E([):|14x14 {A}14x1 :[@]14@4 {A}l4x1 (4.65)

14x14

From Equations (4.64) and (4.65), the displacement functions are written in terms of nodal

displacements as

{ }m _I: :|7><14 }14><1 (4.66)

in which [H (z)] [2),..[E(2) ], .[® ]1114 is the matrix of exact shape functions,

7 ><l4

and

[H ]14x7 [{ 1»1(2)}14X1 {sz(z )}M {H3J(Z )}M {HM(Z )}14><l
{Hs'j(z )}l4xl {He'j(z )}l4><l {HH(Z )}14X1:|I4x7

It is noted that the interpolation shape functions provided in Equation (4.66) exactly satisfy

the homogeneous form of the governing field Equations.
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4.7.2 Energy Expressions in Terms of Nodal Displacements

From the forces and displacements expressions presented in (3.80) to (3.81), by substituting
into the energy expressions (3.15), (3.17) and (3.21) and by adapting the resulting equations

to the case of doubly symmetric section (i.e., setting X, =y, =0 and the section properties

D, Du, D,, are vanished), the variations of the energy equations are then obtained in

Xy !

terms of nodal degrees of freedom by using Equation (4.66).

4.7.2.1 Discretization of kinetic energy

The variation of the kinetic energy ST "is written in terms of nodal displacements as:
k- Ly - T - _
5T = (.QZK&JS (2)) [Xul.{Us(2)] a Je'ﬂ dt
t 0
t p T i
:_I[QZ.R&J N >L14 I:H (Z ):|14><7 [X m ]7x7 [H (Z ):17><l4 {U N }14x1dz }e “dt (4'67)

t 0
in which [X ], =diag [pA PA ply pA pl, i pAr? C, ]m, r, is the polar
radius of the gyration and is defined in the case of doubly symmetric cross-section by

Ay A (L,

4.7.2.2 Discretization of Internal Strain Energy

The variation of the internal stain energy U ~for doubly symmetric thin-walled member is:

= G Réu— (@), 12,1, 002, +(80, (2)),,[24],.. 0u 2 )}M}dz }e B

[ LW L 2] R ), 0 (0
+[<&J N >L14[H d (Z ):E4x7 [Zd ]7x7 [H d (Z ):|7><14 {U N }14X1:|d2 jeigtdt
where
[Za]7x7 = EI{Ym}7x1<Ym >l<7dA +GJ =diag [EA 0 Elxx 0 El vy GJ ECW ]7x7’
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T

inwhich (v )/ =(1 0 y(s) 0 —x(s) 0 a(s)),_,

0 O 0 0 0 0 0
Gb, GD, 0 0 0 0
GD,, 0 0 0 0
.
[Zd ]7x7 :G I{YS }7><]_ <Y S >1x7 dA = GDXX _GDXX O O !
A Symm GD,, 0 0
Gb,, GD,,
L GDMU_?X?

[Hd (Z ):II‘W :[{H“(Z )}14><1 {H 2 (Z )}14><1 {H3J (Z )}14x1 {H 4 (Z )}l4><l
{Hs’j (Z )}l4xl {H é*i (Z )}14><1 {H 7 (Z )}14><l:|14><7l

4.7.2.3 Work Done by External Harmonic Forces

The variation of the work done N ~due to applied harmonic forces is obtained:

o= 1 (6001 ], P08 (0 0] 1 0, (0 O RO e

t1\0

= Jg<5u N >?|_—><14 {J.[H (Z )]-|1-4><7 {FT(Z )}7X1dz +[H (g)]-ll-4><7 { F_[ ([)}7><1 - [H (0)]-1r4><7 { F_O (O)}7><1]ei Q[dt

t1 0

(4.69)

T

inwhich (P(z2)), _=(q, (z) q,(z) m(z) & (z) my(z) m,(z) m,(z)) and

T

(F (), =(N. () Vy (i) M (i) Vie(i) My (i) M, (i) My (i), for z,=0.c.

4.7.2.4 Finite Element Formulation of Dynamic Field Equations

Substituting the energy expressions (4.67) to (4.69) into the variational form of Hamilton’s
principle, J‘:Z(&'*—éU*Jr&N*)dt =0, leads to the finite element model of a typical

element as
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( [Ke ]14><14 =k [M e ]14><14 )14X14 {U N }l4><l - {Fe }l4><1 (4.70)

in which [Ke ]14)(14 =J.O((|:H '(Z )]1T4x7 [ Za]7x7|:H ’(Z ):|7x14 +|:Hd (Z ):|1T4x7 [Zd ]7><7|:Hd (Z )]7x14)dz

T

is the element stiffness matrix, [Me]MxM:L([H ()], XuloH ()] dzis the

Ax7
element mass matrix, evaluated by considering the combination effects of translational and

rotational inertias, and

(7. () [ ([ )L P ) o +TH (O, (F (O [H O, IR0}, the

element load vector of the harmonic forces.

For a thin-walled structural beam consisting of n nodes, the total number of degrees of
freedom is7n, i.e., each node has seven degrees of freedom. Figure (4.7) shows the degrees
of freedom for the present finite beam element. The stiffness, mass matrices and load vector

are evaluated by using the exact interpolation shape functions.

Figure (4.7): Degrees of freedom for present finite beam element.

4.8 Numerical Examples and Discussion

The analytical solutions developed in the current study are applied to compute the dynamic

response of cantilever thin-walled members of doubly symmetric I-section subjected to
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harmonic excitations, i.e., concentrated and distributed loads. For each problem, one

numerical example with two loading cases will demonstrate the validity and accuracy of the

present solutions, closed-form and finite element formulation using a single beam element.

The results based on the present formulations are compared against the following solutions:

(1) Euler-Bernoulli beam solution which neglects the shear deformation effects due to
bending and restrained warping torsion, and distortional effects as well.

(2) A Vlasov beam theory solution which ignores shear deformation and distortional effects.

(3) An Abaqus two-noded B310S beam element (Figure 4.8a) with seven degrees of
freedom per node (i.e. three translations, three rotations and warping deformation) which
(i) captures only the shear deformations due to bending but ignores these effects due to
restrained warping, and (ii) omits the distortional effects of the cross-section.

(4) An Abaqus S4R shell element solution (shell element with four nodes with six degrees of

freedom per node (Figure 4.8b), i.e., three translation and three rotations, and reduced

integration) which captures the shear deformation and distortional effects.

(a) Beam B310S element

Figure (4.8): Abaqus beam B310S and shell S4R elements

The S4R shell element with reduced integration and large strain formulation is sufficient and
consistent and widely used by many authors to model steel structural members [e.g. Mohareb
and Dabbas (2003), Zinoviev and Mohareb (2004)]. The advantages of the reduced
integration are; (1) it avoids shear locking and (2) it makes the solution computationally less
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expensive and reduces the CPU time compared to fully integrated elements. Previous studies
Mohareb and Dabbas (2003) demonstrated that the S4R element yields most accurate results
In the Abaqus shell element model solutions, a total of 3,120 S4R shell elements are used for
the analysis of transverse bending response (Example 1). The member is subdivided into 120

when the element aspect ratio is close to unity.

8 elements per each flange and

shell S4R elements along the longitudinal axis of the beam

10 elements along the web height. In the case of torsional response analysis (Example 2) and
in-plane transverse response (Example 3) for short beams, the number of elements along the

, i.e., a 1,300 shell element is used for transverse and

member axis is 50 shell S4R elements

walled member with doubly symmetric I-section. In the Abaqus beam

torsional models. Figure (4.9) illustrates the Abaqus finite shell S4R element model mesh

adopted for the thin

In Abaqus

B310S element models, 100 elements are used to approach the accurate results.

8 elements along flange
10 elements along web

solutions, the bending and torsional displacements are interpolated using linear and cubic
Hermite shape functions. In contrast, the present study develops an efficient finite element

120 elements along the beam

Abaqus shell S4R element model (3,120 elements)

Figure (4.9): View for uniform Abaqus shell S4R element mesh adopted

for doubly symmetric thin-walled I-beam
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based on the exact shape functions that exactly satisfy the homogeneous form of the resulting
coupled differential equations of motion. The new two-noded beam element is free from
shear locking and converges to the exact result with a minimal number of degrees of
freedom. The exact shape functions developed are dependent on (1) the exciting frequency,
(2) type of response (longitudinal, transverse, lateral or torsional/warping), (3) sectional

properties, and (4) the length of the element.

4.8.1 Example 1- Transverse Displacement

A cantilever thin-walled doubly symmetric I-beam of a 4m span is considered as shown in

Figure (4.10). It is required to determine the static and dynamic responses of the beam under

the given vertical harmonic loads: (a) concentrated P, (L’,t):l0.0eithN and (b) distributed
g, (z,t)=5.0e"”'kN /m loads. Two values of exciting frequencies are used; (i) £2=0.01,
to capture the static response and (ii) £2=1.80a, to establish the dynamic response.

(2 t)=50e" kN / m

P, (4m,t)=10.0e kN

€:40m ,,,,,:,,,ffff,,,:f,,,,f,,,,,,;.‘

Figure (4.10): Cantilever I-beam under inplane transverse harmonic forces

The material and geometric properties for I-beam (W250x58) are used in all examples;
E =200GPa, G =77GPa, p=7800kg /m®, width of each flange b =203mm, height of

middle surface H =238.5mm , flange thickness t, =13.5mm and web thickness t, =8mm,

while the cross-sectional properties for the doubly symmetric section are: A =7420mm?,

|, =87.30x10°mm*, I, =18.80x10°mm*, J =409.0x10°mm*, C, =268.0x10°mm?®,

D,, =54.81x10*'mm?, D, =19.08x10'mm?and D, =77.94x10°mm*.
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4.8.1.1 Static Solution

In order to approach the static response, the exciting frequency (2 should be taken

significantly lower than the first eigen-frequency of the system. Since the first natural

frequency of 4.0m cantilever I-beam is @ =55.37rad /sec. The harmonic forces with
exciting frequency of (2=0.01w, ~0.554rad /sec should approach that of the static response

of the beam. The static results for maximum transverse displacement v, and related rotation

6,

X max

of the cantilever under transverse harmonic loads are given in Table (4.1).

Table (4.1): Static Analysis results for cantilever I-beam under transverse harmonic loads

Type of Load Variable Agjgls Present ;2?((1;153 Bfrgﬁilli Present B310S EB
y Solution Solution So]urion Solution Difference | Difference | Difference
2 ; =[1-2]/1 =[1-3}/1 =[1-4]/1
Py Y max 12.55 12.53 12.33 12.26 0.16% 1.75% 2.31%
(mm)
e
[=4m xglﬂx -4.599 -4.598 -4.598 -4.598 0.02% 0.02% 0.02%
(10~rad)
q__»H — Y max 9.486 9.469 0282 9.197 0.18% 2.15% 3.05%
YYYYYY YYV.Z (lml-l)
»@ e
{=4m : s -3.073 -3.069 -3.070 -3.066 0.13% 0.10% 0.23%
(10~rad)

In the present finite element solution, the results obtained using only single beam element
based on the exact shape functions related to the transverse response. Figures (4.11a-b)
demonstrates the exact shape functions used to capture the transverse static response of the
cantilever doubly symmetric I-beam. The static results obtained for two loading cases
demonstrated that, although the maximum rotation angle exactly match in all four solutions,
the maximum transverse displacement based on the present study is greater than the one
based on non-shear deformable beam theory but agrees well with Abaqus beam B310S and
shell S4R model solutions. The difference between the present closed-form solution and
Bernoulli-Euler beam theory is due to the transverse shear deformation effects which are

captured in the present solution.
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Figure (4.11): Exact shape functions for the static and dynamic transverse responses of

cantilever I-beam under end concentrated transverse harmonic force

4.8.1.2 Dynamic Analysis

The amplitudes of steady state responses for transverse displacement V(z)and rotation angle

§X (z )under given end concentrated and distributed harmonic loads with exciting frequency

02=1.80m, ~99.67rad /sec are shown in Figures (4.12a-d). Results obtained by the present

closed-form solution and finite element formulation, using one element based on the exact

shape functions illustrated in Figure (4.12c and 4.12d), are in excellent agreement with those

based on Abaqus shell S4R and beam B310S solutions, while, due to shear deformation

effects, the displacements and rotations based on the present formulation are higher than

those based on Bernoulli-Euler solution.
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Figure (4.12): Dynamic transverse response of cantilever I-beam under concentrated

and distributed transverse harmonic forces.

4.8.2 Example 2 - Torsional analysis

A 1.0m span cantilever with the same cross-section as given in Example 1 is subjected to two

harmonic torsional loading cases; (a) concentrated torsion M, (1.0m,t)=1.50ei“thNm at

the free end, and (b) uniformly distributed torsion m, (z ,t):2.0eithNm /'m as illustrated

in Figure (4.13). In order to validate the computed results, Example 2 is solved for two

values of exciting frequencies (2=0.0lg,and2=0.80@,. Results are compared with

Vlasov beam theory and Abaqus beam B310S and shell S4R solutions. The first torsional

natural frequency of the cantilever I-beam of 1.0m span isa =135.4Hz.
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m, (z,t)=2.0e""kNm/m

M, (¢,t)=1.50€""kNm

Figure (4.13): Cantilever I-beam under concentrated and distributed harmonic torsion

4.8.2.1 Static torsional response

Figures (4.14a-b) and (4.15c-d) are plotted for static torsional analysis of the cantilever beam

under effects of the end concentrated torsion M, (1.0m,t)=1.50e'*kNmand uniformly

distributed torsion m, (z,t)=2.0e'®kNm /m, respectively, where the exciting frequency
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Figure (4.14): Torsional static analysis of cantilever I-beam under concentrated and

distributed harmonic twisting moments.

143



Chapter 4: Analysis of Thin-Walled Members with Doubly Symmetric Cross-Sections

ratio is /@, =0.001. It is noted that, the twist angle &, (z)and warping deformation (z )

results based on the present solutions (closed-form solution and finite element formulation

using one element with four degrees of freedom) are in excellent agreement with those based
on Vlasov beam theory and Abaqus beam model but slightly deviates from those based on
the Abaqus shell solution. The difference between them is due to the distortional effects

which are captured in the Abaqus shell model solution but not in the present solution.

For comparison, the static response of the cantilever doubly symmetric I-beam under
torsional loading is depicted in Figure (4.15). Figure (4.15a) shows the deformed
configuration based on the Abaqus shell S4R model which captures distortional effect while
Figure (4.15b) illustrates the deformed configuration based on the present solution which
does not capture distortional effects.

(a) Abaqus shell S4R model

Distortional
effect

(b) Present solution model

No Distortional
effect

Figure (4.15): Distortional effect of the torsional response of the cantilever I-beam

4.8.2.2 Dynamic torsional steady state response

The steady state amplitudes 6, (z) and (z) of the torsional vibration, as given by Equation

(4.53), of a cantilever I-beam under end concentrated torsion M, (£,t)=1.50e""kNm and
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distributed twisting moment m, (z,t)=2.0e"*kNm/m, in which the exciting frequency is

taken as Q=0.80m ~108.3rad /secare calculated. The distributions of angle of twist

6_’Z (z)and warping deformation 1/7(z)along the beam span are plotted in Figures (4.16a,

4.16b) and (4.16¢, 4.16d) for concentrated and distributed harmonic torsion, respectively. It

is observed that, the angle of twist and warping deformation based on the current study are

smaller than that based on Abaqus shell model solution but agrees well with the Vlasov beam

solution and Abaqus beam model. The difference between the present and Abaqus solutions

is likely introduced by distortional effects of the cross-section as in case of static response. It

is noted that the Vlasov solution neglects shear deformation effects and this provides a less

flexible solution than the present formulation study which includes shear deformation effects.

0.018

o
o
=
3

0.012

0.009

0.006

Angle of Twist 6,(z) (rad)

o
o
o
w

0.000
(@)

0.000
-0.005
-0.010
-0.015

-0.020

Warping deformation y(z) (rad/m)

-0.025

(b)

0.010
_ m(z)
he]
€ 0008
S
0.006
B
2 0.004
Viasov Soluti G o Vlasov Solution
o asov sSolution [ g
+ Abaqus-B310S | ©0.002 > Abagqus-B310S
« Present Solution | < x Present Solution
— . —Abaqus-S4R
Abaqus-S4R 0.000 s q
0.0 02 04 06 08 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Z coordinate axis (m) (c) Z coordinate axis (m)
= 0.000
S m;(z.t)
© =
£ 0.003 i’%%%&%
~N \4 1
— > o e ii,i ryrieye’
& /=1.0m = v 7=1.0m
& y - c - &
g 0.006 2 Y
i Y S &
\J g 988232
g
*gg 5 -0.009 Sgﬁggggg%oo%o
> Viasov Solution gz g © Vlasov Solution A 2027222920999
| #32g = s Abaqus-B310S
+ Abaqus-B310S R%2852 0000 2.0.012
x Present Solution ARRRER528%88 B x Present Solution
—Abagus-S4R s 0015 — Abaqus-S4R
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Z coordinate axis (m) (d) Z coordinate axis (m)

Figure (4.16): Torsional steady state response of cantilever I-beam under concentrated

and distributed harmonic twisting moments.
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4.8.2.3 Extraction of natural frequencies and modes

The steady state dynamic responses for the transverse and torsional vibrations of 4m
cantilever I-beam with the same cross-section properties as given in example 1 are shown in

Figure (4.17) for different values of ratio of the applied load frequency to the first natural

frequency (.Q, /a_)l) i.e., varied from 0.0 to 35.0Hz, where the first exciting frequency is

8.812Hz. Under concentrated transverse harmonic load Py (f,t):lo.OeithN acting at the

cantilever tip, the natural frequencies related to in-plane transverse vibration, transverse
displacement V_(z)and bending rotation angle 6_?)( (z) are provided in Figures (4.17a-b).

Figures (4.17e-f) represent the steady state transverse response of a cantilever I-beam
subjected to given transverse harmonic load for four values of exciting frequencies,
=060, =660, K=14.6mand (2 =32.6a, which are indicated on curves by
numbers 1,2,3 and 4, respectively. Similar curves for torsional response, angle of twist

6, (z)and warping deformation function #(z), of the cantilever I-beam under end

harmonic twisting moment M, (f,t):l.SOeithNm are plotted in Figures (4.17c), (4.17d),
(4.179) and (4.17h) for frequencies €2=0.6ay, (2 =4.6ay, £23=8.6; and (2, =20.6a,

respectively. The variations of angle of twist and warping deformation against the exciting

frequencies are depicted in Figures (4.17g-€), respectively.

Figures (4.17a-b) and (4.17c-d) show the frequency-response curves obtained by analyzing
the cantilever I-beam subjected to concentrated transverse and torsional harmonic loads,
respectively. The steady state inplane transverse and torsional response curves are similar,
both having three peaks, but the relative heights and locations of the peaks are different. Each
peak is being at the natural frequency of a vibrational mode of the member. In other words,
the three peaks in Figures (4.17a-b) are labeled as the first three natural frequencies for
transverse vibration while Figures (4.17c-d) present the first three torsional natural
frequencies at the peaks of the response curves. Table (4.2) presents the first three transverse
and torsional natural frequencies values extracted from the steady state response of the
cantilever I-beam subjected to given harmonic forces. In addition, a comparison of the

natural frequency predictions obtained by the present solution, and those obtained based on
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Figure (4.17): Natural frequencies, transverse and torsional responses for cantilever I-beam
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Vlasov beam theory and Abaqus beam and shell models is presented in Table (4.2). It is
noded that, close agreement is obtained between all four solutions especially at the lower
natural frequencies. Moreover, the transverse and torsional frequencies predicted by the
present solution provide the closest agreement with the Abaqus shell model solution. Due to
the inclusion of shear deformation and distortional effects, Abaqus shell S4R model solution
provides the most flexible solution. In contrast, the Euler - Bernoulli beam and Vlasov beam
theories, in which the shear deformation and distortional effects are ignored, predict the
highest transverse and torsional frequencies, respectively, and then both theories provide the
stiffest representation of the cantilever beam. Moreover, the frequencies obtained by Abaqus
beam B310S element, in which the shear deformation due to bending is only captured,
predicts the frequency results greater than the results based on the present solution but less
than the Euler-Bernoulli and Vlasov beam solutions. It is seen that the effects of shear
deformation on the transverse and torsional natural frequencies are significant, particularly at
the higher transverse natural frequencies. The percentage differences due to omission of

shear deformation effects are shown in columns seven and eight in Table (4.2).

Table (4.2): Transverse and torsional Natural frequencies of cantilever I-beam

Abaqus | Present | Abaqus | Vlasov | Present B310S Vlasov
No | S4R | solution | B310S | Solution | Difference | Difference | Difference Mode Type
[1] [2] [3] [4] =[1-2]1 =[1-3]/1 =[1-4])/1
1 18.85 18.86 19.10 19.22 -0.05% -1.33% -1.96% | Transverse mode 1
2 106.4 107.1 115.6 119.8 -0.66% -8.65% | -12.59% | Transverse mode 2
3 259.8 265.6 295.6 331.6 -2.23% | -13.78% | -27.64% | Transverse mode 3
1 16.92 17.23 17.24 17.27 -1.83% -1.89% -2.07% | Torsional mode 1
2 67.73 69.04 69.24 69.64 -1.93% -2.23% -2.82% | Torsional mode 2
3 162.7 165.2 166.4 168.7 -1.54% -2.2T% -3.69% | Torsional mode 3

Figures (4.18a) through (4.18d) show the first three transverse and torsional vibration

eigenmodes of doubly symmetric cantilever I-beam obtained by the present solution.
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Figure (4.18): The first three transverse and torsional mode shapes for cantilever 1-beam

4.8.3 Example 3 — Effect of shear deformation

A doubly symmetric cantilever I-beam of short span (¢=1.0m) with the same cross-section

as given in Example (1) subjected to concentrated transverse harmonic force
Py (ﬂ,t)=80.0ei'qu is analyzed to study the influence of shear deformation as illustrated

in Figure (4.19).

P, (1.0m,t)=80.0e'“*kN

________ >z

v
Y

Figure (4.19): Cantilever I-beam subjected to end transverse harmonic force
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An exciting frequency 2=1.20, of the harmonic force is given for the steady state
dynamic analysis, where the first natural frequency of the beam isa;=135.4Hz . The
response curves of the transverse displacement V(z ) and related bending rotation 6, (z ) are
plotted against the beam axis z as shown in Figures (4.20a) and (4.20b), respectively. It is
observed that the maximum transverse displacement and bending rotation obtained from the
present formulation are 42.16% and 19.39% greater than those based on the Euler-Bernoulli
beam theory. The differences are due to the effect of shear deformation, which is captured in

the present closed-form and finite element solutions, in which the finite element formulation
is based on nine beam elements with eighteen degrees of freedom, but it is not captured in

Euler-Bernoulli beam theory.

0.0040 — 0.0000
= Present finite element

0.0032 |~ Euler-Bernoulli solution -0.0008

—Present Closed-form solution

0.0024

-0.0016

Bz

-0.0024

0.0016 |

= Present finite element

Transverse displacement v(z) (m)
Bending rotation 6,(z) (rad)

0.0008 -0.0032 | —«Euler-Bernoulli solution
—Present closed-form solution
0.0000 -0.0040
0.0 0.2 0.4 0.6 0.8 1.0 () 0.0 0.2 04 0.6 0.8 1.0
@ Beam axis Z (m) Beam axis Z (m)

Figure (4.20): Transverse displacement and rotation angle for short cantilever I-beam

4.8.4 Example 4 -Three-span continuous beam - Finite Element Solution
In this example, a three-span continuous beam with doubly symmetric section subjected to
transverse harmonic forces Py1(2m ,t)=10.0eithN and Py, (10m ,t):lo.OeiQt kN is

considered as shown in Figure (4.21). The geometric and material properties of the doubly

symmetric I-section are identical to Example 1.
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P, (2.0m t)=10.0e' *kN

;

P (10.0m t)=10.0e'* kN

o S 1 L 2 *3 3 *4 4 o5 LYt 1>~6 ~~~~~~~~~~~~~~~ »7
@)
4.0m 4.0m 2.0m
v
Y

Figure (4.21): Continuous Beam under concentrated transverse harmonic loads

Given that the previous three examples have shown that Abaqus S4R solution and Abaqus
B310S solution and present solution provide results in excellent agreement for large spans,

comparisons of the present solution in this example are limited to Abaqus S4R shell solution.
The vertical displacement v_(z )and associated rotation angle 67x (z) are plotted in Figures
(4.22a) and (4.22b), in which the static response is captured by using a very low exciting
frequency compared to the first natural frequency, i.e., £2=0.01ley, and the steady state
dynamic response is given for exciting frequency (2=1.825a, ~200.0rad /sec, where the
first natural frequency for the beam is @ =109.6rad /sec. It is noted that the current finite

element formulation (FES) results based on five elements with ten degrees of freedom are
very close to those obtained by using Abaqus shell model using 4,000 shell S4R elements,
i.e., six elements per upper and bottom flanges, eight elements along web height and 200

elements along 10m beam.

0.020 - 0.004
G - - -Abaqus- Static R
= — Abaqus- SSD ® 0.002
~ 0.015 &
o o FES- Static ~ _ | A e
> « FES- SSD = 0.000 #e_-___-
g 0.010 =*-0.002
@ K) -
& 0.005 2 -0.004
& <
S 0,000 § -0.006 :
3 5 - - - Abaqus- Static
3 S -0.008 Abaqus-SSD
é -0.005 0.010 o FES- Static
£ x FES- SSD
-0.010 0.012
0.0 2.0 4.0 6.0 8.0 10.( b 0.0 2.0 4.0 6.0 8.0
@ Beam axis Z (m) (b) Beam axis Z (m)

Figure (4.22): Transverse displacement and rotation angle for three-Span I-beam
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4.9 Summary and conclusions

The governing differential dynamic equations based on a generalized Vlasov-Timoshenko
beam theory derived in Chapter 3 were specialized for the case of doubly symmetric cross-
sections in this chapter. The system of equations shows that the longitudinal, transverse,
lateral and torsional motions are uncoupled. Closed-form and finite element solutions for the
longitudinal, transverse, lateral and torsional steady state dynamic responses were developed.
The finite element derived is based on shape functions which exactly satisfy the
homogeneous form of the field equations. The finite element formulation developed does not
involve time discretization and thus eliminates the need to extract eigenmodes as in other
methods based on mode superposition. Closed-form solutions for transverse and torsional
were derived for clamped end and simply supported conditions. Numerical results were
presented and compared with the analytical solutions and Abaqus shell and beam element
solutions. The comparison demonstrates that the present closed-form solutions are in close
agreement with other established solutions, and the new finite element gives excellent
agreement with Abaqus beam and shell models while keeping the number of DOFs to a
minimum. In addition, the new finite element efficiently and accurately predicts results at a
fraction of the computational and modeling costs. The modelling effort involved in the present

solution is also significantly smaller than that needed in Abaqus shell solution.
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Appendix (4A): Reducing Unknown Integration Constants for Transverse

Response of Doubly Symmetric Thin-walled Members

The homogeneous solutions for transverse response, transverse displacement Vh(z)and
bending rotation éxh (z) given by equations (4.24) and (4.25) have eight unknown integration
constants A,,and A, for i=12,3,4, but only four boundary conditions related to V, (z)and

0, (z)which are provided in equations (4.10) and (4.11). It is thus necessary to reduce the

Xp
integration constants to only eight independent integration constants which can be obtained
from the eight boundary conditions. In this appendix, the two sets of integration constants

A, and Ag;can be related to reduce to the number of constants to four. These integration

constants can then be determined from the four boundary conditions.

Substituting the transverse displacement and bending rotation ¥, (z)and 6, (z) in equations

(4.24) and (4.25) into equations (4.21) and (4.22), yields
|(PAQ? +GA, M2 A, +GA, Ay, B™ 4] (PAQ? +GA, ME A, , +GA, myA; , B

+ (PAQP+GA, M3 A, 1 4GA, oAy 3 BMF +| (pAQ +GA, A, 4 1GA, M A, , ™ =0

(4A.1)
Equation (4A.1) must be applicable for any value of variable z leading to
(PAQ*+GA, M)A, +GA, M Ag; =0 , fori=12,3,4 (4A.2)
The constant set A, ; can be expressed in terms of Agjas
~ pACO? +GA, m?
A, = ( A ')A2i , fori=1,2,3,4 (4A.3)
1 GA\N mI )

Performing a similar substitution into equation (4.28) for A,;, given by equation (4A.3), one

obtains

Asi = Sl A

i for i =1, 2,3, 4 (4A.4)
Y (:lex§22 _GA\N +E|xx miz)
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The two expressions given in equations (4A.3) and (4A.4) are used as a check for the four

roots obtained from equations (4.30). By equating both equations one obtains
(PAQ? + GA,m?)| Pl @ ~GA, +El,m |+G°AZm? =0 (4A5)

Expanding equation (4A.5) one obtains to the fourth-order algebraic equation

2 2 2
mé+ PE[ EA g2 PA ALY 4 (4A.6)
E |GA, El,, | GA,

Equation (4A.6) is identical to equation (4.23), and thus will yield the same expressions for
the four roots. Therefore, both equations (4A.3) and (4A.4) are valid relationships between

Ayi and A; . The eight integration constants are reduced to four independent integration

constants by using

As; =AA,,; , fori=1234 (4A.7)
_ , ol O*-GA, +El ,m?
in which A =——>rw ™, =( al? Ay +Ela '),fori=1,2,3,4.
(PAQ?+GA, m?) GA, M,

Finally, the homogeneous solutions for the transverse displacement \Th(z)and bending

rotation and éxh (z)given in equations (4.26) and (4.27) are obtained by substituting equation

(4A.7) into equations (4.24) and (4.25).
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List of Symbols

A Cross-sectional area

A A, Areas of flanges and web

b Length of the flange

C Centroid of the cross-section

C., Warping constant

Dyx \Dyy

Dyy :Dnx Section properties defined by Equations (4.2-7)

Dy :Dow

E Modulus of elasticity

G Shear modulus

h (s) Normal distance between the shear centre and the tangent to mid-surface
H Height of beam cross-section from the flanges mid-surfaces

o1y Moment of inertias of the cross-section about the principal X andY axes
J Torsional constant

( Length of the member

i (z ,t) Concentrated harmonic moment about j -th direction (for j =x,y,z)
M, (z.t)  Concentrated bimoment

m, (z ,t) Distributed harmonic moments about j -th direction (for j =x,y,z )
m, (z 1) Distributed harmonic bimoment

N, (z ,t) Concentrated harmonic end forces along longitudinal axis

n,s,z Local curvilinear coordinate system

q;(z 1) Distributed harmonic forces along X,y ,z directions (for j =x,y,z )

S Curvilinear coordinate along mid-surface of the section

S, Shear centre of the cross-section

t Time in seconds
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Vi(z.t)

X,¥,Z

XY .z
X(s)y (s)

Xs1Ys

Time intervals

Flange and web thicknesses

Kinetic energy

Displacements of the shear centre along the principal X Y axes
Displacements of a point p on the mid-surface of the section along X Y ,Z
axes

Internal strain energy

Shear forces along X,y axes (for j=x,y)

Average longitudinal displacement along the Z axis

Work done by applied forces

Cartesian coordinate system

Principal coordinate system

Coordinate of arbitrary point on mid-surface of the section
Coordinates of the shear centre

Longitudinal coordinate

Density of the material
Polar radius of gyration

Rotation angles around the X Y ,Z axes, respectively
Angle between the tangent to the cross-section and the principal X axis

Warping deformation function
Exciting frequency

Warping function of the cross-section
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CHAPTER (5)

ANALYSIS OF THIN-WALLED MEMBERS
WITH MONOSYMMETRIC CROSS-SECTIONS
UNDER HARMONIC FORCES

Analytical Solution and Finite Element Formulation
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Chapter (5) - Analysis of Thin-walled Members
with Monosymmetric Sections under

Harmonic Forces

Abstract

Starting with Hamilton’s variational principle, the governing field equations for the
steady state response of thin-walled beams under harmonic forces are derived. The
formulation captures shear deformation effects due to bending and warping, translational
and rotary inertia effects and as well as torsional flexural coupling effects due to the cross
section mono-symmetry. The equations of motion consist of four coupled differential
equations in the unknown displacement field variables. A general closed form solution is
then developed for the coupled system of equations. The solution is subsequently used to
develop a family of shape functions which exactly satisfy the homogeneous form of the
governing field equations. A super-convergent finite element is then formulated based on
the exact shape functions. Key features of the element developed include its ability to (a)
isolate the steady state response component of the response to make the solution
amenable to fatigue design, (b) capture coupling effects arising as a result of section
mono-symmetry, (c) eliminate spatial discretization arising in commonly used finite
elements, (d) avoiding shear locking phenomena, and (e) eliminate the need for time
discretization. The results based on the present solution are found to be in excellent
agreement with those based on finite element solutions at a small fraction of the

computational and modelling cost involved.

5.1 Introduction and Scope

Thin-walled structural members are used as stiffeners in aircraft structures, propellant and
turbine blades, steel structures, ships, marine structures and vehicle axles. In these
applications, they are commonly subjected to harmonic loading. Sources of harmonic
loads include aerodynamics forces, hydro-dynamic wave motion and forces arising from
unbalance in rotating machinery, propellants and reciprocating machines. In such
applications, thin-walled members are prone to fatigue failures. Under harmonic forces,

member response has two components; (1) a transient component which is induced at the
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beginning of the excitation, and (2) a steady state component which is sustained for a long
time. The transient response attenuates quickly due to damping and is thus of no
importance for fatigue design. In contrast, the sustained steady state component of the

response is of key for fatigue design, and is the prime focus of the present study.

Thus, the present study aims at developing an efficient solution which isolates the steady
state response of thin-walled beams when subjected to harmonic forces. For doubly-
symmetric cross-sections, the longitudinal, transverse, lateral and torsional vibrations are
uncoupled and have resolved recently [e.g., Hjaji and Mohareb (2011a, b)]. In contrast,
for mono-symmetric cross-sections (e.g., I-section with unequal flanges, channel section),
the flexural response in the direction normal to the axis of symmetry is found to be
coupled with the torsional response. The challenges associated with coupling are resolved
in the present work while developing an efficient finite element for the analysis of beams

of mono-symmetric sections under harmonic forces.

5.2 Literature review

Methods of analysis of thin walled beams under dynamic loads consist of analytical
solutions and summarized in Section (5.2.1) and those based on finite element analysis as

summarized in Section (5.2.2).

5.2.1 Literature Review on Analytical Solutions

The classical thin-walled beam theory developed by Vlasov (1961) assumes that the beam
cross-section does not deform in its own plane, and the transverse shear strains at the
middle surface are negligible. The theory has been extensively used in dynamic analysis
of thin-walled beams as exemplified by the studies of Friberg(1985), Bishop et al. (1989),
Leung (1991), Chen and Tamma (1994), Banerjee et al. (1996), Li et al. (2004a) and Kim
et al. (2007). Bishop and Price (1985) studied the free vibration of thin-walled members
with channel-shaped sections. More advanced theories capturing shear deformation
effects were also developed by several authors. This includes the work of Dokumaci
(1987) who studied the coupled flexural—torsional vibration of thin-walled beams whose
study captured warping effects. Tanaka and Bercin (1997) studied the coupled flexural-
torsional free vibrations of thin-walled open members. Their solution captured rotatory

inertia effects. Using the dynamic transfer matrix method, and the mode superposition
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technique, Li et al. (2004a) formulated a solution for determining the coupled bending-
torsion response of thin-walled beams under external random excitations. Their solution
accounts for warping and rotary inertia. In a subsequent study, Li et al. (2004b) extended
their formulations to include the influence of uniform axial forces. Laudiero and Savoia
(1991) studied the flexural-torsional vibrations of thin-walled beams with open and
closed cross-sections. Their study accounted for the effect of bending and non-uniform
torsion, secondary warping and shear lag effects. Tanaka and Bercin (1998) extended
their former work (Tanaka and Bercin 1997) to asymmetric sections. Kollar (2001)
developed a theory of free vibration analysis of thin-walled open section composite
beams including closed-form solutions for the coupled flexural-torsional natural
frequencies for simply-supported beams. Cortinez and Piovan (2001) developed an
analytical solution for the free vibration analysis of composite thin-walled beams of open
and closed cross-sections. Kim et al. (2003) formulated the exact dynamic and static
stiffness matrices for the free vibration and stability analysis of thin-walled beams. Their
theory accounts for shear deformation effects due to bending and warping torsion and
captures the coupling effects between both effects. Also, they incorporated the rotary
inertia effects and the flexural-torsional coupling effects due to the asymmetry of the
cross-sections. In a subsequent study, Kim and Kim (2005) adopted the theory in Kim et
al. (2003) to develop the dynamic stiffness matrix element for the flexural-torsional free
vibration of asymmetric thin-walled beams. By applying the Hellinger-Reissner
variational principle, the governing equations of motion were derived for the coupled
vibration response of thin-walled beams with asymmetric cross-sections and the force-
deformation relations. Using the principle of virtual work, Prokic (2006) derived the
differential equations for the coupled vibrations of a general thin-walled beam theory
capturing shear deformation effects due to bending based on multiple degrees of freedom
to express the warping deformation. Closed-form solution for the natural frequencies was
derived for the case of simply supported beams. Vo and Lee (2009b) developed a solution
based on a shear deformable beam theory for the study of flexural-torsional buckling and
vibration analysis of open thin-walled composite beams. Based on a modified Vlasov
theory which accounts for shear deformation, Ambrosini (2004) presented a general
theory for the coupled flexural-torsional vibration of thin-walled beams of open cross-
sections. De Borbon and Ambrosini (2010) extended the theory of Ambrosini (2004) to
incorporate the effect of the axial forces.
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5.2.2 Literature Review on Finite Element Formulations

Most finite elements for the dynamic analysis of thin-walled members are based on two
approaches. In the first approach, formulations are based on approximate shape functions
such as the work of Tanaka and Bercin (1997), Lee and Kim (2002a, b) and Voros (2008,
2009), etc. In the second approach, shape functions are based on the solution of the
homogeneous solution of the static equilibrium equations, such as the work of Mei
(1970), Chen and Tamma (1994) and Hu et al. (1996). Finite element formulations which
omit shear deformation effects includes the work of Mei (1970), Chen and Tamma
(1994), Hu et al. (1996), Tanaka and Bercin (1998), Hashemi and Richard (2000a, b), Lee
and Kim (2002a, b), Voros (2008, 2009). Based on exact shape functions, Mei (1970)
developed a finite element for the coupled free vibration analysis of thin-walled beams
which incorporated warping effects. Chen and Tamma (1994) formulated a finite element
to study the dynamic coupled vibrations of thin-walled open members with arbitrary
cross-sections including the influence of constant transverse loads. Their formulation was
based on assumed linear and cubic displacement shape functions in conjunction with an
implicit self-starting unconditionally stable integration scheme. Hu et al. (1996) studied
the coupled bending-torsional dynamic behavior of thin-walled beams of asymmetric
cross-sections. The shear deformation and bending-torsional coupling effects due to the
cross-section non-symmetry were fully incorporated in the solution. Hashemi and Richard
(2000a) studied the coupled bending—torsional vibration analysis of thin-walled beams by
developing a dynamic finite element. The exact solutions of the governing dynamic
equations of equilibrium were obtained and, subsequently, frequency-dependent
hyperbolic interpolation functions were adopted to formulate the stiffness and mass
matrices of the structure. Later on, Hashemi and Richard (2000b) extended their work to
include the effect of axial force. By using linear and cubic Hermitian shape functions, Lee
and Kim (2002a, b) investigated the coupled free vibration of thin-walled composite
beams with doubly symmetric and channel-shaped cross-sections. The influence of lateral
forces on the coupled bending-torsional free vibration of thin-walled open members was
studied by Voros (2008, 2009) who formulated a two-noded beam element with fourteen

degrees of freedom. Recently, Vo and Lee (2009a, 2010) and Vo et al. (2010, 2011)
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studied the coupled flexural-torsional free vibration of thin-walled open composite beams
under constant axial forces and end moments by developing a displacement-based one
dimensional finite element model. Finite element formulations including shear
deformation effects include the work of Kim and Kim (2005) who formulated an
isoparametric element to capture the coupled flexural-torsional free vibration of
asymmetric thin-walled shear deformable beams. Recently, Vo and Lee (2009c), and Vo
et al. (2009) extended their previous studies for the coupled flexural-torsional coupled
composite members to incorporate the shear deformation effects in the finite element
formulation developed based on a displacement-based one-dimensional shear-deformable

finite beam element using linear and cubic Hermite shape functions.

A feature common to the above studies is use of approximate shape functions involving
spatial discretization errors, and thus requiring fine meshes to converge to the actual
solution. In contrast, the present study avoids discretization errors by formulating shape
functions which exactly satisfy the homogeneous form of the dynamic equilibrium
equations. Another commonality between the above studies is the fact they focus on
extracting the free vibration characteristics including extracting the natural frequencies
and mode shapes. In contrast, the present study aims at directly extracting the steady state

response without the need to extracting the natural frequencies and mode shapes.

5.3 Field Differential Equations for Mono-symmetric Sections

For a mono-symmetric channel-section shown in Figure (5.1), it is found that, the shear

centre coordinate normal to axis of symmetry is zero, i.e.,
ys =0 (5.1)

The section properties D

XX ?

D,y .Dyy Dn Dy and D, for mono-symmetric cross-
sections are determined from the expressions given in Equation (3.16). From Figure

(5.1), it can be shown that, [cose;(s), singy(s)]=(10), hy(s)=C, at the top flange,
[cosa,(s).sina,(s)]|=(-10), h,(s)=—C,at the bottom flange. For the web,

[ cosa,(s).sinas(s)]=(0,1) and hy(s)=—(C, +Xx). Thus, one has
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Bottom flange PTH Bottom flange &ZTS ) — 0
Figure (5.1): Mono-symmetric channel-section
3. ofdX, (s ’ 3 _ 2
D, :Zl'[[ ds( )] dA. ZZI[COSai (s)]dA, =A, +A, =A, (5.2)
i=lp i=1A
3 o(dy,(s) ’ S TR
D,, :;J( - ] dA, Z;A, [sing; (s) ] dA, =A, (5.3)

ny:Dyy:Za:A[ dx(;(s)j(dya(s JdA chos,a )sing; (s)dA, =0 (5.4)

D, =i h, (s )(dxéf jdA 23: j h, (s)cosa (s )dA, =0 (5.5)

Dy, :Zgljh,( )(dy JdA Zslj'h, s)sing; (s)dA; =—(C, +x,)A, (5.6)

D, = i][h (s)]'dA; =C2A; +(C, +x,)°A, (5.7)
i:lAi

in which the area of the two flanges A; =A; +A; is the sum of the area of the top flange
A;; =b,t; and that of the bottom flange A, =b,t; . The area A, =Ht, is that of the web.
It is found that the properties D, and Dy, for thin-walled members of monosymmetric

channel-section, in which X is the axis of symmetry, vanish, i.e.,

D,, =Dy, =0 (5.8)
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Similar results for the sectional properties of a mono-symmetric | section are provided in
appendix (5B). From Equations (5.1) and (5.8), by substituting into governing field
equations (3.82) to (3.88) and into relevant boundary conditions (3.89) to (3.95), then the
governing differential equations for monosymmetric thin-walled beams under dynamic

loads are considerably simplified as:

PAAT (2)+EAW (2 )=—1, () (5.9)
~pAQ*T(2)-GD,, [u"(2)+6,(z)]=4q, (2) (5.10)
-pl,, 2°0,(z)-El 0] (z)+GD,, [u—'(z )+0, (z )]:rﬁy (z) (5.11)
~pAP[7(2)-%:8, (2)}-G(Dy, ["(2) -8, (z) [+Dny [8 (2 )+7'2) )= (2) (5.12)

Plex 26, (2)-E, 8 (2)-G(D,, [v—'(z )-6,(z)]+Dy, [éz' (2)+(2)])=riy (2) (5.13)
~pAQ? X7 (2) 4158, (2) |-G [ Dy (7(2)-5; (2))

(5.14)

~ACy 27(2)-EC, #'(2 4G Dy [7'(2) -8, (2) [+ D & (2)+7(2 )]} =M (2) (5.15)

The related boundary conditions are

[EAW(2)-N, (2)Jow(z), =0 (516)
(60u[(2)+8, (1)} % (2)ou(z), =0 (5.17)
[Elyyéxz)my(z)]aéy(zxf)=o (5.18)
(6D [7(2)-8,(2)+ Gy [B(2)+#(2) ]V (2))ov (2], =0 (5.19)
[Eladi(2)-M, ()66 (2), =0 (5.20)
(6D [¥(2)-(2)}+GD, [ () +i(2)]+ 638 (2)- W, (1), (2 =0 (:21)
[EC7(2)+My(2) 672}, =0 (5.22)

The seven linear differential equations (5.5) to (5.15) for space displacement functions

W(z),0(z), éy(z),v(z) ,0,(2),6,(z) and (z) are rewritten in matrix form as
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[Z“]M 4444444 [O]M 444444444 " [O]M 44444 [ _ 1(2)}M {_1(2)}M

[0]“ 4444444 [2_22]22[0]24 {_Z(Z)}u - {_2(2)}21 (5.23-25)
i [0]4><1 [0]4><2 %[2_33]4“_ {U_3(Z )}4X1 {_3(2 )}4X1

where

(G .0) Ue) =) 0e) ,6)76) G() a() i),
() Q) @) =E0)660) m@)6eE)-me)meE)me),

[Z_Ml)d=[pA.(22—EA@2] [Z_ZZLXZZ (PA.Q +GD,, D ) GD,, D

-GD,,®  (El,, 2°-GD,, +El,, ®?)|

and
-pAQ*-GD,D* -GD,® = pA@Q*,-GD,,®* | -GD,D |
Pl *GD,
Pt =5 -GD,, D -
_ . +El,,D A
7] = z z z
2l ~symm —pAQ*2-G(3+D,,)D* -GD,,D
 +EC, D?
(5.26)

Equation (5.23) provides the governing equation for longitudinal deformation of the
member, which is uncoupled from the remaining field equations and can be solved
independently. Equation (5.24) governs the lateral deflection and associated angle of
rotation while Equation (5.25) consists of four coupled equation which govern torsional-
flexural response and associated angle of rotation and warping deformations. Equations
(5.23) and (5.24) are observed to be identical to those of the case of doubly symmetric
section presented in chapter 4 and the reader is referred to chapter 4 for the solution of
such systems. The present study focuses on developing the solution for response

governed by the four coupled torsional-flexural equations provided in Equation (5.25)

[Zss JUs(2)=1Qs(2)}
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5.4 Closed Form Solution

5.4.1 Homogeneous Solution

The homogeneous solution of the system [Z, [{U5(z )}=1{Qa(z )} is obtained by setting
the right hand side to zero, i.e., {Q_g(z )}:{O} The homogeneous solution of the space

displacement functions {J3H (z )} Is then assumed to take the exponential form

Vi(2) b,

- _ Brn Z) b, m;z

U (2)}= 2. (2)( b, e (5.27)
Wh(z) b4 i

From Equation (5.27), by substituting into [2_33]4X4{U_3H (z)},,={0},, one obtains

Ha

—pAQ*-GD,m’  -GD,m, ~ pAQ’X,~GD,m}  —GDym |
|, 2?-GD,,
P Y ~GDy, m, -GD,, b
+El,, m,2 e
_ 44444 A_erz 44444444444444444444444444444444444444444444444444444444444444444 b2 _{0}
Symm PRET , . —GD,,m [P ~
-G(J+D,,, )m; no
44444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444444 4 i
/X:W Qz_GDa)a)
+EC,, m?

(5.28)
in which (b)T =(b, b, by by,) isa vector of unknown constants corresponding to
root m; . For a non-trivial solution {b}., the determinant of the bracketed matrix in

Equation (5.28) is set to vanish leading to the bi-quartic equation of the form
8 6 4 2 —
P,M; +PsMy + p,M;" +p;m{” +py =0 (5.29)

in which p, through p,are constants arising from the expansion of the determinant of the

4x4 matrix in Equation (5.28) and depend upon cross-sectional properties, material

constants, and the exciting frequency and are

p4=E ?1,,C,G?D,, (3+D,,)-D3, |
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p3=[G (9+D,,,)E1 @D, (£C,, 2*-GD,, J+E1,,G?DE, |+EG D, (1, DZ,+C, DE, )
+pQ%ElC,, {EAG(rOZDyy +2x,Dy, }+(GD,, +EA)} ,

XX =W

~EG D}, {6(Dyxx Cu Dy )+201,,Coy 27}

p,=GD,, [(pCW 0*-GD,,, [ PAQUZEL, +G(1+4D,, )Pl 2°-GD,, )
+G’(D,,3+D,, D, }-pl, 2°(Dy, /Dy, J(GDy, —2EAX, )}
+(pl, 27-GD,, )l pAQ*r2EC, +G °D2, }+G *DZ (D,,,~) )}
+(pl2°-GD,, | G°D, (3-D,,, )+2pA2°X,EC,GD,, |
+pA_(22[G (94D, ){El s (€, 226D, J+EC, (1, 2 -GD, ) |
+EG?{1,,D,+C, D |+pAQ°E 1, C,, (17 —x?)
+EG?r (1, Dy +C, Dy J+2X,EG Dy, (C,y Dy +1, D, )|

+G"D,, [G “Dy, D, +2Dy, (G *{-D,,}-EC, )}

p,= pAQZMGDyy Z{(p),, 226D, )(C,, 2*-GD,, }-G D |
+G 2Dy, {ZXS(GDW D,,,+Diy )+2GDy, (K2D,, XDy, )}
+[(ch Q?-GD,,, )| PAD%EL, (Z-X2}+G (3 +D,,)(pl  2°-GD,, )
4G 2DZ (r2+1)+2x,G D, Dy, } +(p1 22 -GD, ffpA*rZEC, +G D2}

46D} (D,,,~3)+(pl x £2°-GD,, (176G *Dyy +p2°C,, X (26D, ~EAX, )}]]

and p, =(pAQ?) (12 -x2) (1, 22-GD,, |(C,, 2*-GD,,,}-G?D, | (5.30a-¢)

The above characteristic equation has eight distinct roots m; (i =1,2,3,.....,8) . For each

root m; , there corresponds a set of constants (b): =(b, b, b, b4): . By back-substitution

i
into the original system of equations| Z, |, {Usy ()}, ,={0},,. one can relate constants
(by b, b3). to constant b,; through

b,

G,
b, ¢ = G:z by (5.31)
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in which

G, =%[G ?Dy, m¥(Dy, D,,,~DZ }-Dy, (Pl 2*+EL, m?)

(5.32)
+(:0AQZXS _GDhy mi2 )(DW wa_EI XX wamiz_Gpl XX waQZ _GDth )i|
Gy, =%[(PAQZXS ~GD,, m?)(Dy, +Gm Dy, +D,,D,,, | (5.33)
46Dy, D,,,m’(pA2?4GD,, m?)-pA2°D,, 4 | |
Gs; =%[G 2Dyy miZ(Dth —Dyy Dwa))_(pA“Qz *GD,, miz)(D“""ﬂo +GDth ) (5.34)
~Diy (1 2°+E1 M7 ) oA 27X, ~GDy m?) |
where

By =pl, Q*+El,m?-GD,, , B =pA’r}+G(I+D,,)m? , and
B =(PAQ, ~GDy, (26 °Dy,, D,y m{~ 3, pAL2*X +G 3, Dy, m/ )

+(pA2?+GD,, m? |G 2D, mZ+ 4, 4, |+ 4,(GD,,m, )
Equation (5.31) reduces the number of unknown constants from 32 to 8 independent

constants. From Equation (5.31) by substituting into Equation (5.27), the homogeneous
solution is obtained as

{U_3H (Z )}4><1 ZI:G_:|4><8 [E(Z ):|8><8 {g}m - [Z (Z ):|4><8 {§}8x1 (5.35)

in which
Ci_l,l Ci_l,Z ci_l,s’ :1,8
6], = {3a) [Gea [Gasl Gael |
4x8 (G
31 : 3,2 : 3,3 3.8
1 4x1 1 4x1 1 4x1 1 4x1 48

matrix [E(z )] is a diagonal matrix consisting of the exponential functions e™’
8

8x

determined from the boundary conditions of the problem, and the matrix

[;g(z)]4x8=[6]4xs[g(z)]88relating the homogeneous solution to the integration

constants has been introduced.
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5.4.2 Special Case: Particular Solution for Uniform Member Loads

For a member under uniform distributed loads,
[cTy (z).M(z),m,(z).m, (z )]emt =[q‘y L ,m,m ]eim , the corresponding particular
solution U (2)}, is given as

rq, +X M,
pA_QZ(xSZ—rz)

0

(eC, 2°-GD,,, )i, GDy, i,

V_p
U= G| _|6°Dn (Pl 2*-GD, |, 2*-GD,,,) (5.36)
Pisa . B X q, +m |
Zp sy z
W 44 'OA“QZ<X32_r°2)

GDyy My -( ol 2°~GD,, ),
G?Dpy ~(pl 4 2°-GD, )(C, 2°-GD,,,)

4x1

5.4.3 Total Solution for Uniform Member Loads

The total steady state response is obtained by adding the homogeneous solution in
Equation (5.35) to the particular solution in Equation (5.36), yielding

Us2)},,=[2(2)],s 1B}, U0} (5.37)

Integration constants {ET} appearing in Equation (5.37) are determined from the boundary
conditions leading to the closed-form solutions. Two examples of closed-form solutions
are provided in the following sections for a cantilever and simply-supported beams. The
above treatment provides a formulized closed-form solution for thin-walled members of
monosymmetric cross-sections under harmonic loads. Closed-form solutions for
displacement fields are applicable for general harmonic loads and cantilever and simply-
supported boundary conditions (closed-form solutions for members with different
boundary conditions can be derived). Although the formulations are developed towards
determining the steady state response, they are able to capture the static response and
natural frequencies. In addition, closed-form solutions can be developed for members of

multiple spans.
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5.4.4 Example-Cantilever under Member and End Forces

A cantilever beam with monosymmetric section subjected to: (1) distributed harmonic
forces: transverse force @, (z )e'”, bending moment m, (z)e'”, twisting moment
M, (z )e'“and bimoment m, (z)e'*, (2) concentrated harmonic forces: transverse
force P, ({)e'”, bending moment M, ({)e'*, twisting moment M, (()e'”and

bimoment M, (£)e'“ is considered as illustrated in Figure (5.2).

R, (41)
Gy (2) Pyl(é,t) qyy(z,tl N
Vrrvrirr vir!rw M. (7t mz(Z,t)
Nl ol e L Ll Lol (bl L Somm vz 50 )| corx
bmb%\fm\fmbmbmb%b%bbb M, (41) ’
n’lN(Z’t)/ f rnZ(Z’t) A MZ (g,t) |

Figure (5.2): Cantilever C-beam under general harmonic forces

It is required to determine the integration constants {B_}8xl from the associated boundary
conditions. At the fixed end z =0, the boundary conditions are given as
v (0)=6, (0)= 4, (0)=w(0)=0 (5.38-41)

and at the free end z=¢

GD,, [V'(0)+ 8, (¢) |+ GDy, [ 6, (£)+w(()]=V, (¢) (5.42)
El,, & (¢) =M, (0) (5.43)
GD,, [v'(¢)+6, (£)]+(GD,,,+GJ) &, (£)+GD,,,7(()=M, (£) (5.44)
EC,, ¥'(()=M,, () (5.45)

Substituting the expressions for displacement fields presented in Equation (5.37) into

above boundary conditions (5.38) to (5.45), one obtains

Baito, =[ 2 hal Ol (5.46)

From Equation (5.46) and by substituting into Equation (5.37), the total steady state

solution is then obtained as

{ } _[Z :|4><8 { QC} { 3p }4X1 (5.47)
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where

T

(280~ Guita Gailys Goilyn Moo Euily Borlys Bl Euilya L,

T 0 [P~ (D)o | M (0
<QC>>< :<_Vp§_9x _02 _l//p|: ! +9x e l//p X
v A [GDy, 7" Dy GDyy
[Mz(f)+§ _[ijﬂ Mw(f>>
X
GD,, P | Dy Pl EC, e

_ - - D _ ;= _ :
El,izl:mi 1,i_G2,i+i(miG3,i+l)j|emi£, E,;i=m;G,e™’

— - - D,,+J - : - 0 .
Es; {mi Li—@ﬁwm-em+B“’“’}emi“and E,;=mie™’, (for i=1,23,..8).
hy hy

5.4.5 Example- Simply-supported under Member and End Forces
A simply supported beam of monosymmetric cross-section under general distributed
it

harmonic forces; transverse force q, (z )e', twisting moment mm, (z )e'™, bending

moment i, (z )e'*, bimoment i, (z Je'™, and concentrated harmonic forces: bending

moments M, (z, )e' and bimoments M,, (z, )e'*" at both ends(z, =0,¢)as shown in

Figure (5.3).

,(z1) 6@t v

T e N
m, (24) m,(z) . | ]

“ (a) ! | ®)

Figure (5.3): Simply-supported C-beam under general harmonic forces (a) elevation,

and (b) cross-section at the support

The fork support keeps the end-sections free to warp and to rotate about x and y axes.

Imposing the following simply supported boundary conditions at member both ends

z =0 and z=/ yields
v(0)=0, El& (0)=-M,(0) (5.48-49)
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6,(0)=0, EC, #'(0)=M,, (0) (5.50-51)
V(0)=0, El, 8 (0)=M,(0) (5.52-53)
6,()=0, EC, w'(0)=-M,, (¢) (5.54-55)

The general steady state solution for simply supported monosymmetric beam under is

obtained as
{U_3s (z )}m :[l (2 )]m[ P ];8 {Q_s }M +{U_3p} ™ (5.56)

in which the unknown integration constants {ET}M:[(DS ];8{(55}8><l are determined from

the set of boundary conditions in Equations (5.48) to (5.55), yielding

T

[ ;‘8 - [{ _“ }8><1 {C_l' }8><1 g{G_svi}le {m' }8><1 {C_Z' }8x1 {C_su }M {Cm }M {C_5| }SXJng’
<ds >T <—V_ -M, (0) _5 M, (0) _ M, (0) g ~M,, (C)>T

: : PV = =
" El,, " EC, " El, " EC

w

XX w

1x8

iGoi Cz,i:c;l,iemiﬁ’ C3,i:miGZ,iemi[’ C4,i:C1,iemif,and

eM’  fori=1,2,3,...8.

5.5 Finite Element Formulation

The finite element sought has two nodes with four degrees of freedom per node as

illustrated in Fig. (5.4). Displacement fields (U, (z )>T =(74(2) 64 (2) O (2) (2 )>L4

x4
are thus to be expressed in terms of nodal displacements

<UN>Lg:<V1 §9x1 6, 4 vV, §‘9x2 §6’z2 V/2>L8'

5.5.1 Formulating Shape Functions
Shape functions which exactly satisfy the homogeneous part of the coupled field
equations are formulated through

U_3H (O) ax1 [ (0)] 4x8 | (= —
(U Jo = ﬁu—m(u)i“} - [“[;‘(z‘)j‘;;]{B o = Lo B, (5.57)

Equation (5.57) is solved for vector {I?T}le and then substituted into Eq. (5.37), yielding
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{ U_3H (Z )}4><1 =[Z(Z )]4><8[L ];Lx8{ Un }8><l =[ H(z) ]4><8{ Uy }m (5.58)

in which [H (z )]M =[x(@)],¢[L ];;3 is a matrix of shape functions which exactly

satisfy the homogeneous form of the equilibrium equations. Such shape functions will be
shown to avoid mesh discretization errors appearing in most finite elements. Also, it

yields an element that is free of shear locking.

Figure (5.4): Thin-walled two-noded C-beam element

5.5.2 Dynamic Equilibrium Equations of Motion

From the steady state displacements and forces in Equations (3.79) to (3.81), substituting
into displacement expressions in Equations (3.1) to (3.4), and then substituting the
resulting expressions with Equations (3.8) and (3.10) are then substituted into the energy
expressions (given in Chapter 3 as Equations 3.15, 3.22 and 3.26), the resulting energy

equations are substituted into the wvariational form of Hamilton’s principle,
jt25(T* ~U" )t +ftzéw*dt —0. By (1) imposing the orthogonality conditions and
4 4

performing integration by parts with respect to t , (2) evoking the stationary condition of

the Hamilton’s functional, and by (3) noting that all the variations of the coefficients at

the time limits t,and t,are zero, i.e., &/(zt)\:f =0, &0, (zt)\;2 =0,60, (zt)\;2 =0,

&,u(z t )‘:2 =0, one recovers the discretized form of the equilibrium equation
1
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t; L0

T - T

-4 <éU_3 (Z )>1x4 [X m ]4x4 {U_3 (Z )}4><1 +<6U 3 (Z )>
()L R ()] | fo -0

in which the variation of kinetic energy is given as

Tﬁf dt =T{—sz<éu‘ (2 [X ]y 10s(2)), , 02 }ei‘th

ty t 0
A0 K 0]
where [X ]4x4 — szln:;]p:roz 444444444 8 44444
L PG laxa

The variation of the internal strain energy is

e e L5 0 0L L ) o

<]

0

where
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5.5.3 Matrix Formulation

Equation (5.59) can now be rewritten leading to the following discrete form for the finite

beam element
([Ke ]SXB_QZ[ME]BxS){UN }8x1={Fe }8><1 (560)

in which the element stiffness matrix [K, ], . is given by:

KeJoo =y ([ @)l aloa [H ()] #[Hs (@) Lo [Hs ()], )02

where

T

[H @)= [ @)y Hes@y Moy Has(@)lg ], a0

T

[Hs (Z )];m = [{Hllyj (Z )}8><1 {HZJ (Z )}gx]_ {H?:J (Z )}le {H“J (Z )}8><1:|8x4'

Also, in Equation (5.60), the element mass matrix [M, ]  that is determined by

considering the translational and rotational inertias is given by

8x8 = I [H 8><4 m ]4><4[H (Z ) 4><8dZ

and the energy equivalent element load vector {Fe (z )}8><1 is given by:

e 8><1_J. [ 8><4 Q3 )}4x1

For a thin-walled structural beam consisting of n nodes, the total number of degrees of
freedom is 4n, i.e., each node has four degrees of freedom for coupled transverse-
torsional deformation problems,

<[KG ]4nx4n -° [M G ]4nx4n ){U Ng }4n><1 - {FG }4nx1 (561)

in which the global stiffness matrix [Kg ] global mass matrix [Mg ], , and global

4nx4n’

load vector {FG} are computed by using the exact shape functions. Even though the

4nx1
finite element formulation developed in this study is applied to determine the steady state
dynamic response of thin-walled members of monosymmetric cross-sections under
harmonic excitations, the static response for the system under harmonic excitations can be
approached by using very low exciting frequency compared to the first natural frequency
of the system. Also the present formulation can predict the natural frequencies and mode
shapes of the structural member.
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5.6 Examples and Discussion

While the above closed-form and finite element formulations provide the response under
harmonic loads, it can also approach the response under static loads when adopting a very

low exciting frequency (2 compared to the first natural frequency @, of the system (i.e.,

02~0.01@,). In order to demonstrate the validity, accuracy and applicability of the

present closed-form solution and finite element formulation, several examples are
conducted for monosymmetric beams with a variety of cross-sections, loading and
boundary conditions. Material is assumed to be steel with E =200GPa ,G =77GPa and
p=7850kg /m?3. The finite element solution developed in the present study based on the
exact shape functions which exactly satisfy the homogeneous form of the governing field
coupled equations are conducted using a finite beam element with four degrees of
freedom per node. This treatment eliminates mesh discretization errors in conventional
finite element solutions based on polynomial shape functions. As a result, it was observed
that solutions based on a single finite element per span yielded results which exactly
matched those based on closed-from solution up to five significant digits. Additional

solutions were provided for comparison. These solutions are:

(1) A Vlasov beam theory solution (Appendix 5C formulates the closed-form solution
for Vlasov beam theory), which neglects shear deformation and distortional effects,

(2) An Abaqus two-noded B310OS beam element with seven degrees of freedom per
node (i.e. three translation, three rotations and warping deformation) which accounts
for shear deformation for only bending but omits (a) shear deformation effects due to
warping deformation and (b) distortional effects, and

(3) An Abaqus S4R shell element solution (shell element with four nodes with six
degrees of freedom per node, i.e., three translation and three rotations, and reduced

integration) which captures for shear deformation and distortional effects.

5.6.1 Example 1- Long cantilever under Uniformly Distributed Torsion
A 4m span cantilever beam with monosymmetric I-section is subjected to uniformly

distributed harmonic torsion m, (z)=1.80e'“*kNm/m is considered (Figure 5.5). The
dimensions of the cross-section are; flange thickness t; =20mm, web thickness

t, =15mm , upper flange width b, =100mm, lower flange width b,=200mm and a
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middle surface height H =200mm . It is required to (a) conduct a steady state analysis
and extract the natural frequencies, (b) conduct a quasi-state analysis by adopting an

exciting frequency Q~0.01w, =0.4415rad /sec, and (c) conducting a steady state

dynamic response Q=1.423, ~62.83rad /sec.

i XSIS .T

Monosymmetrlc I-section

Figure (5.5): Cantilever mono-symmetric I-section under distributed harmonic torsion

The shear centre S_coordinate along the axis of symmetry is X, =-55.56mm, and the
coordinate of the centroid C in the direction of the principle axis of symmetry is
C,=77.78mm . The sectional properties are; A=0.56x10*mm?, 1 =15.0x10°mm*,

,y =65.56x10°mm*,J =1.0256x10°mm*,C,, =59.26x10°mm®, D, =0.30x10mm?,

D,, = 0.60x10°mm?, D, = 26.67x10°mm®and D, = 65.19x10°mm*.

In the Abaqus shell model (Figure 5.6), a total of 3,520 S4R shell elements (=22,200
degrees of freedom) are used (i.e., 4 elements per upper flange, 8 elements per bottom
flange, 10 elements along the web height and 160 elements along the longitudinal axis),
while in the case of Abaqus B310OS beam element, a total of 100 elements (700 degrees
of freedom) along the cantilever axis are used to achieve the accuracy in this example. In
contrast, the present finite element uses a single beam element with eight degrees of

freedom to capture the exact solution.
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4 elements per top flange
8 elements per bottom flange
10 elements per web height

Number of elements = 3,520
Number of DOFs ~ 22,200
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Figure (5.6): Finite element Abaqus model for monosymmetric

I-beam using shell S4R element

5.6.1.1 Extracting Natural Frequencies

Under uniformly distributed harmonic twisting moment, m, (z,t)= 1.80e"*kNm/ m,
the natural frequencies related to coupled lateral-torsional response can be extracted from
the steady state response analysis as illustrated in Figures (5.7a-d). Figures (5.7a-d) show
the peak lateral displacement V-, related bending moment @, , angle of twist and warping
deformation at the cantilever tip as a function of the exciting frequency. The solution is
based on the element developed in the present study. Overlaid on the same plots are
solutions based on (1) the Vlasov beam theory, (2) Abagus B310OS beam element using

100 elements and (3) Abaqus S4R shell element using 3,520 elements for comparison.

The exciting frequency (2 was varied from nearly zero to 200Hz. Peaks on both
diagrams indicate resonance and are thus indicators of the natural frequencies of the
beam. It is noted that lateral displacement, bending angle peaks are synchronized with the
twist angle @, and warping deformation ¢ peaks indicating that the mode shapes are

indeed coupled lateral-torsional. Excellent agreement is obtained between all solutions.
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Figure (5.7): Natural frequencies of monosymmetric cantilever under member torsion

Table (5.1) provides the first seven natural frequencies extracted from the steady state
response analysis of the cantilever under distributed harmonic torsion. Close agreement is
observed between all four solutions, particularly at lower natural frequencies. For higher
natural frequencies, predictions by the Vlasov closed form solution were the highest
followed by the B310S solution, followed by the present solution, while the frequencies
predicted by the Abaqus shell S4R element were the lowest. This is a natural outcome of
the fact that the VIasov beams provides the stiffest representation of the beam (since it
ignores shear deformation and distortional effects) while that based on ABAQUS shell
analysis provides the most flexible one. The frequencies predicted by the present solution
differed from 0.58% to 2.43% from those based on Abaqus shell element and the present

solution provides the closest agreement with the shell solution.

Figure (5.8) shows the first six mode shapes of the response of cantilever with mono-
symmetric I-section under distributed harmonic torsion m, (z,t)=1.80e'*kNm/ m.

These modes obtained using the present solution are (normalized to be one at their
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maximums) plotted using magnification scale factor=0.5 for different exciting frequencies
(i.e., at peaks as illustrated in Figure 5.7); 7.082Hz ,24.69Hz , 42.28Hz , 81.50Hz ,
105.2Hz and 165.8Hz , respectively.

Table (5.1): Natural frequencies of cantilever beam of monosymmetric I-section

Present Vlasov Present
A .. A . . VI
baqus Finite baqus Solution Finite B310S as_o v
S4R B310S . solution
element [4] element | Difference | _.
Mode [1] [3] . Difference
(22,200D0F) [2] (700DOF) (Closed- | Difference | =[1-3]/1 ~[1-4]/1
’ (8DOF) form) =[1-2]/1 -
1 7.041 7.082 7.093 7.098 -0.58% -0.74% -0.81%
2 24.02 24.69 24.70 24.73 -2.79% -2.83% -2.96%
3 41.95 42.28 42.56 42.69 -0.79% -1.45% -1.76%
4 79.93 81.51 81.70 82.05 -1.98% -2.21% -2.65%
5 103.1 105.2 105.7 106.5 -2.04% -2.52% -3.30%
6 164.0 165.8 167.1 168.8 -1.10% -1.89% -2.93%
7 181.4 185.8 186.5 188.6 -2.43% -2.81% -3.97%

In generating the 3D deformed configuration in Figure (5.8), the deformed coordinates of
the structure were calculated based on the displacement fields (u‘ v, 6, ) as computed by
the FORTRAN program developed in the present study. The displacement components at
a point son the contour are then calculated from Equations (3.1) and (3.2). The
procedure is implemented for a rectangular mesh on the web and flanges and the
deformed nodal coordinates at the mesh points were computed, and input into Abaqus.
Connectivity between the various nodes was also defined in order to build a model within
Abaqus which represents the deformed configuration as predicted by the FORTRAN
program implemented in the present study. This allowed the use of Abaqus features

displaying the 3D deformed shape as predicted by the present formulation.
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Mode 1

Qi=7.082Hz Mode 2

Q2=24.69Hz

Mode 3
Q3=42.28Hz

Mode 5
Q5=105.2Hz

Mode 6
Q6=165.8Hz

Figure (5.8): The first six steady state mode shapes based on present solution.

5.6.1.2 Quasi-Static Solution
Table (5.2) shows the quasi-static response results for maximum lateral displacement v,
of point A (Figure 5.5), twist angle 6, and the warping deformation function ¥ . Due to

the mono-symmetry of the cross-section, the lateral response '(z)and®, (z)is fully

coupled with torsional-warping response 8, (z )and (z )but in the case of quasi-static
response, it is observed that the bending rotation 67y (z ) vanishes in all four solutions (see

Appendix 5A for more details). This leads to conclude that the coupling terms in quasi-
static response become weak couplings. Results are based on (a) the solutions (closed
form and finite element) developed in the present study, (b) Vlasov beam theory and (c)
Abaqus B310S-beam and S4R-shell elements. Results based on the present study are
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observed to nearly coincide with those based on the Vlasov beam theory and Abaqus

B310S beam element, but slightly depart from the Abaqus shell element. The lateral

displacement v, , and twist angle &, were respectively found 5.82% , 4.96% lower than

those based on Abaqus S4R-shell model. The differences are attributed to distortional

effects of the cross-section, as illustrated in Figure (5.9), which are captured in Abaqus

shell element solution but not in the other three solutions.

Table (5.2): Quasi-static analysis of cantilever with monosymmetric I-section

. Abaqus | Present Abaqus Vlasov Present B310S Vlasov
Variable S4R Solution | B310S | Solution | Difference | Difference | Difference

[1] [2] [3] [4] =[1-2]/1 =[1-3]/1 =[1-4]/1

V', (mm) -28.53 | -26.87 -26.85 -26.77 5.82% 5.89% 6.17%

52 (10°rad) 159.3 151.4 151.2 150.1 4.96% 5.08% 5.78%
¥ (10 rad/mm) 11.03 9.061 8.954 8.796 17.85% 18.82% | 20.25%

Distortional
effect

e

undeformed section

Deformed section

Figure (5.9): Distortional effect of monosymmetric I-section in Abaqus shell model

In order to extract the bending rotation 6, (z)and warping deformation y7(z) from the
finite shell model at a given section z , the top flange rotation ét (z )and bottom flange
rotation 6 (z )about the X axis were extracted from the model. Equation (3.3) is then

applied at the bottom flange (by settingx =h,, h, being the distance from the shear

centre to the bottom flange), leading to
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Wy (z,y t)=w (z t)+y 6 (z t)-h, 6, (z t)+hyyw(z t) . Equation (3.81) is then used to
express the steady state component of the displacement response leading to
W (z,x)=W(z)+y6x (z)—h, 0y (z)+hyy w(z). The rotation of the bottom
flange is then obtained by differentiation with respect to coordinate y yielding
Ob(z)=0W /oy =0x (2 )+hyw(z). A similar treatment for the top flange yields
60t (z)=0wW, /ox =0 (z)-h 7(z), h being the distance from the shear centre to the top

flange. Knowing 6 (z )and Bh (z ) from the finite element model and the distances h,

and h, , one can calculate the angle of rotation 6x(z) and the warping deformation #(2)

for the section of interest z as predicted by finite element.

The above procedure has led to the warping deformation entry in the last row of
column [1] which is subsequently used as a basis to compare the warping deformations
obtained in other beam solutions. Again, the closest prediction is that based on the present
study which underestimated the warping deformation y with 17.85%. This compares to
20.25% for the Vlasov theory. Under the applied quasi-static loading, 6, (z) was

observed to vanish in all four solution solutions.

Under the Vlasov and the B310OS solutions subject to static twisting moments, E’x(z) are
expected to vanish since there is no coupling between the flexural and twisting mode.
Under the present theory, the presence of non-zero terms on the off-diagonal terms of the
field equations (Equation 5.28) suggest that, in principle, coupling should exist between
twist and lateral deformation. The coupling is due to two factors: (1) shear deformation
effects (evidence by the presence of the term GD,, in the off-diagonal term), and (2) the
presence of harmonic forces (given the dependence of the off-diagonal terms on the
exciting frequency). As a general observation, the present solution is successful at

capturing the static response of the system.
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5.6.1.3 Steady State Dynamic Response

For the exciting frequency (2=1.423@, ~62.83rad / sec, Figures (5.10a-d) show the

lateral displacement V5 (z ), associated bending rotation 6 (z), angle of twist &, (z)

and warping deformation gﬁ(z ) Results are in excellent agreement with the Vlasov beam

theory and Abaqus B310S but slightly differ from Abaqus S4R shell model which

exhibits a slightly more flexible response. Again the difference is attributed to cross-

sectional distortional effects.
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Figure (5.10): Steady state response for cantilever monosymmetric I-section under

distributed harmonic torsion

The peak displacement responses corresponding to three frequencies €; =1.10a,

Q, =05 (o +@,) and Q; =1.10®, are plotted in Figure (5.11). Given the proximity of

the exciting frequencies Q,to the first natural frequency and Qjto the third natural

frequency, the corresponding deformation responses assume a shape close to the first two

natural modes of vibration. The exciting frequency Q, =0.5 (@, + ®,) lies between both
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natural frequencies. Thus, the corresponding deformation response can be conceived as a

linear combination of the first and second modes of vibrations. Also, since the exciting
frequency Q,is far from both natural frequencies @, , @,, resonance does not take place
and the magnitude of the displacements are generally smaller than those based on the

exciting frequencies ; =1.10@,and Q; =1.10w, .
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Figure (5.11): (a) Lateral displacement, (b) bending rotation, (c) twist angle, (d) warping

deformation responses for cantilever monosymmetric I-section

5.6.2 Example 2 - Effect of Shear Deformation

The purpose of this example is to illustrate the ability of the element developed in the
present study to capture shear deformation effects on the coupled lateral-torsional
behavior of short cantilever spanning 0.8m. The cantilever has the same cross-section as
that given in Example 1 and is subjected to a uniformly distributed harmonic torsion

m, (z ,t)=15.0eiﬂ kNm /m acting along the beam axis as shown in Figure (5.12).
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m, (z,t)=15.0¢'“* kNm/ m
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Figure (5.12): Cantilever with monosymmetric I-section under member torsion

Two exciting frequencies Q=0.001m, rad /secand 2=1.37 @, rad / sec are considered

to investigate the quasi-static and steady state dynamic analyses of the short beam. The

first natural frequency of the short cantilever is @, =131.4Hz . In order to validate the

validity of the present solutions (i.e. closed-form solution and finite element formulation
based on a single element), Abaqus model solutions based on B310S-beam and S4R-
shell elements are presented while the influence of shear deformation is exhibited by

comparison with classical Vlasov beam solution.

5.6.2.1 Natural Frequency Extraction

A steady state analysis is conducted based on the present solution (with a single element).
Results based on Vlasov theory, the Abaqus B310S model (with 40 beam elements) and
shell element (with 880 S4R elements) are provided for comparison. It is known that, due
to the monosymmetry of the cross-section, the bending deformation response in the
perpendicular direction to the axis of symmetry is coupled with the torsional response of
the beam. Therefore, the variations of lateral displacement and twist angle with the

exciting frequency Q are presented to demonstrate the influence of the shear deformation

on the coupled response of the cantilever. The lateral displacement U, at the cantilever tip

is plotted versus the exciting frequency Q in Figure (5.13a). Also, the angle of twist 4,

versus the exciting frequency is plotted in Figure (5.13b). Again, since the response is
coupled, the peak lateral displacements are observed to be synchronized with those of
values at the natural frequencies of the structure (Table 5.3). All four solutions closely
predict the location the first peak corresponding to the fundamental frequency. For higher
frequencies, some discrepancy in the location of the peak response becomes apparent
between the four solutions. For the third mode of vibration, the Abaqus shell model

predicts the lowest natural frequency, followed by the present solution, followed by
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Abaqus B310S while the highest frequency is predicted by Vlasov solution. This is

expected since (a) for higher modes, shear deformation is known to have a higher

influence [Chen and Lui 2005], and (b) distortional effects become more prominent.

Compared to the shell solution, the present solution overpredicts the third natural

frequency by 7.59%, followed by B310S by 9.54% since both do not capture distortional

effects, while the Vlasov solution overpredicts the solution by 12.91% since it captures

neither distortion nor shear deformation.
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Figure (5.13): Natural frequency analysis of short cantilever monosymmetric

I-section; (a) Lateral displacement T, and (b) angle of twist 6, .

Table (5.3): Natural frequencies of cantilever monosymmetric I-section under torsion

Abaqus | Present | Abaqus | Vlasov Present B310S Vlasov
Mode S4R | Solutions | B310S | Solution | Difference | Difference | Difference
[1] [2] [3] [4] =[1-2]/1 =[1-3]/1 =[1-4]/1
1 131.4 136.6 137.3 138.5 -3.96% -4.49% -5.40%
2 229.3 230.1 236.5 244.6 -0.35% -3.14% -6.67%
3 602.5 648.2 660.0 680.3 -7.59% -9.54% -12.91%

5.6.2.2 Comparison of Displacement Responses

A comparison between the displacement responses of all four solutions is provided in

Table (5.4) for the quasi-static case and Table (5.5) for the dynamic case. In both cases,

the best agreement with the Abaqus shell solution is obtained in the case of the present

solution. For the static case, the difference is 12.15% for the lateral displacement, 4.86%

for the angle of twist, and 5.43% for the warping deformation. Again, the bending

rotation 67y nearly vanished in all four solutions.
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For the steady state dynamic case, the present study predicts displacement o, , bending
rotation §y , angle of twist @, and warping deformation i that are respectively 3.09%,

0.36%, 5.09% and 3.97% lower than those based on the Abaqus shell element model.
These percentages respectively correspond to 17.00%, 8.08%, 18.64% and 24.09% for the
Vlasov theory (as listed in the last column of the table). Thus, the present theory provides
a significantly more accurate response compared to that of Abaqus. The differences are
due to the effects of shear deformation which are incorporated in the present theory but
not in Vlasov theory. The results provided in Tables (5.4) and (5.5) show that shear
deformation effects are more important in the steady state dynamic response analysis than
they are for static analysis.

Table (5.4): Static response of short cantilever monosymmetric I-section under torsion

Abaqus Present | Abaqus | Vlasov Present B310S Vlasov

Variable S4R solution B310S | solution | Difference | Difference | Difference
[1] [2] [3] [4] =[1-2]/1 =[1-3]/1 =[1-4]/1
lTA (mm) 5.299 4.655 4557 4,462 12.15% 14.00% 15.80%

0, (10°rad) 2715 | 2597 | 25.77 | 25.19 | 4.86% 5.08% 7.26%

¥ (10°rad/mm) | 3572 | 33.78 33.85 | 33.34 5.43% 5.24% 6.66%

Table (5.5): Steady State Response of cantilever monosymmetric I-section under

Abaqus | Present | Abaqus | Vlasov Present B310S Vlasov

Variable S4R solution | B310S | solution | Difference | Difference | Difference
[1] [2] [3] [4] =[1-2]/1 =[1-3]/1 =[1-4]/1
a, (mm) 5.784 5.605 5.421 4.801 3.09% 6.28% 17.00%

6_?y (10° rad) 8.995 8.963 8.822 8.268 0.36% 1.92% 8.08%

0, (10°rad) | 4.693 | 4454 | 4375 | 3.818 5.09% 6.78% | 18.64%

61//(10 -6.406 | -6.152 | -5.470 | -4.863 3.97% 14.61% | 24.09%
rad/mm)

Figure (5.14) shows the displacement response for the case of harmonic loading. The
present theory/finite element is observed to be in excellent agreement with the Abaqus
S4R shell solution. The omission of shear deformation effects in the other two solutions
(either fully in the Vlasov theory or partially in the Abaqus B310S) results in some
discrepancy in the predicted displacement response. This was observed to particularly be

the case of short beams under harmonic forces.
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Figure (5.14): Dynamic analysis of short cantilever under harmonic torsion; (a) lateral
displacement, (b) bending rotation, (c) twist angle, and (d) warping deformation.

5.6.3 Example 3 — Distortional effects

In order to study the influence of the cross-sectional distortion on the static and steady
state dynamic responses, a 1.0m cantilever thin-walled beam with monosymmetric

channel cross-section as illustrated in Figure (5.15) is analyzed. The cantilever is

subjected to transverse harmonic force P, = 40.0€**kN acting at the corner point A at the

tip. Two values of exciting frequencies 2=0.001m, and 2=1.803a@, are considered to

investigate the quasi-static response and steady state response, respectively, where the

first transverse-torsional natural frequency for the cantilever channel-section is

@ =77.65Hz .

The dimensions of the channel section are t, =12mm, t, =8mm, b =80mm and
H =200mm . The coordinates of the centroid are C, =21.82mm , C, =100mm and the

coordinate of the shear centre along the axis of symmetry is X, =-53.12mm . The section

properties are provided in Table (5.6).
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Figure (5.15): Cantilever monosymmetric C-section under transverse harmonic load

Table (5.6): Sectional properties for monosymmetric Channel-section

A =35.2x10°mm? J=0.1263x10°mm* Dyy =0.16x10*mm?
I =24.53x10°mm* Cy =16.92x10°mm°® Dpy =5.10x10"mm*®
Iy =2.420x10°mm* Dyy =0.192x10*mm? D e =20.77x10°mm*

The static and dynamic results for coupled transverse-torsional dynamic response, i.e., the

transverse displacement v, (z ), bending rotation &, (z ), twist angle 8, (z ) and warping
deformation (z ), computed by the present solution are compared with the Abaqus

beam and shell element solutions. In the Abaqus shell model, the cantilever beam of 1.0m
span is subdivided into 50 shell elements along the longitudinal direction, 5 elements per
flange and 10 elements along the web height. Thus a total of 1,000 shell S4R elements are
used to conduct the analysis (Fig. 5.16). In the Abagqus beam element model, a total of
100 beam B310S element is used.

0 elements | |

Abaqus shell element model
1.000 shell SAR elements (=12.850 DOF)

5 elements

Figure (5.16): Abaqus shell element model for monosymmetric C-section
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5.6.3.1 Static Analysis

The static response results based on an exciting frequency ratio QO/@, = 0.001are provided
in Table (5.7). Results based on the present closed-form and finite element solutions
based on a single beam element with four degrees of freedom per node, are in excellent
agreements with those obtained by Abaqus B310S-beam model but slightly differ from
those based on Abaqus S4R shell element due to distortional effects of the cross-section
(Figure 5.17) that are captured in shell element solution but not in other beam solutions.
The results for transverse displacement, related rotation and angle of twist based on
Abaqus shell element are 6.95%, 2.42% and 4.24% higher than those obtained by the
present study, while the percentage difference in the warping deformation caused by

distortional effects of the cross-section is 16.43%.

Table (5.7): Static Analysis of Cantilever C-beam under end transverse harmonic load

| PSR | Jreent | e | e | gatos
vale | m G | Py | oifence | ifference
DOF) (8DOF) (700DOF)
Vi, (10°m) -5.221 -4.858 -4.706 6.95% 9.86%
6, (10°rad) 4177 4.076 4.076 2.42% 2.42%
6, . (10°rad) -59.88 -57.61 -57.34 3.79% 4.24%
Vex (10°radim) | 99.78 83.39 83.70 16.43% 16.12%

In order to demonstrate the cross-sectional distortion of the beam, Figure (5.17) illustrates
the cross-sectional distortion deformation for static response. A comparison with the
Abaqus shell is also provided in Figure (5.17). It is observed from the Abagqus model
deformed configuration depicted in the upper part of the diagram that it exhibits some
distortional deformation while in the case of the present solution model depicted in the

lower part of the diagram, this deformational effect is not captured.
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(a) Abaqus shell model

deformed
configuration

Cross-sectional
distortion

undeformed
configuration

(b) Present solution model

deformed
configuration

undeformed )
configuration No cross-sectional

distortion

Figure (5.17): Cross-sectional distortion of cantilever monosymmetric channel-section

under concentrated transverse harmonic force - Static response

5.6.3.2 Steady State Response

The steady state results are provided in Table (5.8). Excellent agreement is observed
based on the formulations developed in the present study with those based on the Abaqus
B310S-beam model. The transverse displacement and associated rotation based on the
present solutions agree to a lesser extent with those based on the Abaqus S4R-shell

solution which is 4.18% higher than those based on the present solution.

Table (5.8): Steady state response of monosymmetric cantilever under transverse load

Qf;q[ul? Szﬁ?:rtls Abaqus Present B310S
Variable (=12,850 2] B310S [3] | Difference | Difference
DOF) (8DOF) (700DOF) | =[1-2]/1 =[1-3]/1

Va,, (10°m) -1.752 -1.606 | -1.575 8.33% 10.10%
6, (10°rad) 4.317 4219 | 4100 2.27% 5.03%
6, . (10°rad) 52.83 50.78 | 50.40 3.88% 4.60%
Ve (107 rad/m) -51.01 -48.88 -43.19 4.18% 15.33%
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Again, the difference is attributed to distortional effects (Figure 5.18).

Tables (5.7) and (5.8) suggest that distortional effects for transverse-torsional coupled

deformation in static response are more significant than for the case of dynamic response.

(a) Abaqus shell model

Cross-sectional distortion

undeformed deformed
configuration  ¢onfiguration

(b) Present solution model

No cross-sectional distortion

Figure (5.18): Cross-sectional distortion of cantilever monosymmetric C-section

under concentrated transverse harmonic force — dynamic response

5.6.5 Example 5 — Three-span continuous beam

A three-span continuous beam with channel-section subjected to three harmonic forces;

distributed transverse force q, (z,t)=8.0e"”kN /m, concentrated twisting moment

M, (6m,t)=15.4e'®kNm and concentrated transverse force P, (10m,t)=16.0e’*kN

and is considered as shown in Figure (5.19).

The dimensions of the channel section the cross-sectional properties are: flange thickness

t; =20mm , web thickness t, =12mm, flange width b =80mm , middle surface height

H =200mm, coordinate of shear centre along axis of symmetry x, =-54.86mm,
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coordinates of centroid along the principle axes C, =22.86mm , C  =100mm, while the
C-section properties are: A =0.56x10'mm?, I, =40.0x10°mm*, 1, =3.90x10°mm*,
J =054x10°mm*, C, =27.31x10°mm°®, D, =0.32x10*mm? D, =0.24x10‘mm?,

D,, =76.60x10°mm® and D,,, =34.46x10°mm*.

P, (10m,t)
. 16 (pi 2
a (2,t)=802kN / m - By om =160 ;qy(z’t)
M, (6m,t)=15.4¢"'“KkNm
Y VYV V.V Y /N ‘e MZ(6m,t)
O @ 1 Oy ®@ x ® r >z x«C
A A5 7
Ml Pl ple————» [
4.0m 2.0m 2.0m 2.0m v
Y

Figure (5.19): Continuous beam with channel-section under harmonic forces

The exciting frequency is assumed to take two values = 0.001le, (quasi-static) and
Q=2.38am,, where the first natural frequency for the three-span continuous beam is

@, =58.06rad /secin the present problem. It is required to compare the static and steady

state dynamic responses based on the finite element with the beam solution.

In order to demonstrate the validity and capability of the present finite element that
captures the shear deformation effects, the nodal degrees of freedom results for static
response (SR) and steady state dynamic response (SSR) are obtained and compared
against the results based on established finite element Abaqus. Under the present finite
element solution, five elements with twenty degrees of freedom are used while in Abaqus
analysis, the model is consisted of one-hundred beam B310S elements with seven-

hundred degrees of freedom along the beam axis.

This example is presented in order to demonstrate the capability and the accuracy of the

present finite element formulation that captures the shear deformation effects due to

bending and warping. The transverse displacement v"(z ), relevant rotation 6, (z ), twist
angle 6, (z) and warping deformation function y(z )are plotted against the coordinate

axis z as shown in Figures (5.20a-d), in which the static response (SR) is captured by
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using a very low exciting frequency compared to the first natural frequency, i.e.,

Q~0.001m1, and the steady state response (SSR) is given for exciting frequency

Q=2.38w;. It is observed that the developed finite element formulation results based on

five elements shows excellent agreement with those based on the Abaqus solution using

one-hundred beam elements.
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Figure (5.20): Static and Steady state dynamic analysis of three-span channel-shaped

beam under harmonic forces

5.7 Summary and Conclusions

The main conclusions provided from this chapter can be summarized as follows:

1. A super-convergent finite element formulation has been developed for beams with

monosymmetric sections. The element is based on shape functions which exactly

satisfy the homogeneous form of the equilibrium equations and thus eliminates the

discretization errors encountered under other interpolation schemes. The solution

captures shear deformation effects, warping, translational and rotary inertial effects.
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2. The solution is able to efficiently capture the static and steady state response of beams
under harmonic loads. The steady state response is obtained without the need to
extract the eigen-modes. The solution is also able to capture the eigen-frequencies and
eigen-modes, when needed.

3. The formulation successfully captures the coupled lateral-torsional response of
monosymmetric cross-sections.

4. It was shown that shear deformation effects are influential when predicting the
response of short span cantilevers. They were also found to be important when
predicting the response under steady state analyses.

5. The solution provides excellent agreement with shell finite elements at a fraction of the

computational and modeling cost.

6. The finite element provides superior response predictions to Abaqus B310S and

Vlasov solution with a significantly smaller number of degrees of freedom.
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Appendix (5A): Proof that Bending Rotation vanishes for a Cantilever under
Concentrated End Forces

When no distributed lateral force g, nor distributed moment m, are applied, the right

hand side of the following two static equilibrium equations (Equations 5.12 and 5.13)

vanish, i.e.,

G(Dyy [V'(2)-8, (2)]-Dy [& (2)+37(z) ) =0 (5A.1)
Bl 6 (2)+G (Dyy [7'(2 )~ (2) [+Dpy [ (2)+i7(z)])=0 (5A.2)
Subject to the relevant boundary conditions

(64 [71(2)-4, (2)}+GDy [ 8 (2) 72 )]V, (2))ov (2 )| =0 (5A.3)
(€108 (2)-M, (2)}68, (2 }, =0 (5A.4)

For simplicity, the bracket in Equation (5A.1), G(Dyy V'(2)-6,(2)]-Dny |8 (2)+i(z )])

can be written as £'(z ), which allowing to re-write the simplified equation (5A.1) as:

¢'(z)=0 gives ¢(z)=C, (5A.5)
Then, Equation (5A.2) is written as:

Ely & (z)+¢(z)=0 (5A.6)
For the cantilever problem with no external forces, at the cantilever root (z =0):

v (0)=0 and 6, (0)=0 (5A.7)

and at the cantilever tip (z = (), noting that no external bending moments nor shears are

applied, one has:

(GDyy [V'(0)-8, () [+GDy, [ 6 (0)+37()])=0 (5A.8)
Ely & (0)=0 (5A.9)
From Equation (5A.8), the above equation can be written simply as:

£(0)=0 (5A.10)
From Equation (5A.5), one can conclude that:

¢(z)=¢(t)=|C,=0] (5A.11)

Now integrating Equation (5A.6) to have:
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6,(z)=C,z +C, (5A.12)
Enforcing the boundary condition in Equation (5A.7)
g,(0)=C,(0+C,=0 = |C,=0 (5A.13)

Enforcing the boundary condition in Equation (5A.9):
g, (1)=C,(=0 = |C,=0 (5A.14)

In summary, by substituting Equations (5A.13) and (5A.14) into Eq. (5A.12), leads to:

(z)=0 (5A.15)

6,

X

Equation (5A.15) shows that in the case of quasi-static response, the bending rotation for
a cantilever beam with no external forces is vanished. This leads to conclude that the

coupling terms are weak in quasi-static response of the cantilever monosymmetric beam.
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Appendix (5B): Section properties for monosymmetric I-section

The section properties D,, ,D,, ,D,, Dy, ,Dy, and D, for mono-symmetric I-section are
obtained as:
X X
A
+a +a
| bt N &l S)= 900
Top flange = o — Top flan(ge) a
— .B’V 2 (s) = web
web %(s) = h.(s)
hy(s) =
u " 5 "
A\ Xsl C Yo% X,
. SC CX Cx Y
Bottom flange Bottom flange h, (s)
tf [ ¥ JJL R - A4
te by g a,(s)=270°

Figure (5B): Mono-symmetric I-section

From Figure (5B), it can be illustrated that, the angles between the X axis and the mid-

surface at top, bottom flanges and web are (s)=90°, a,(s)=270"and a,(s)=0°,
while the distances from the shear centre to the mid-surfaces of upper, bottom flanges and

web are h(s)=(H -C, )—X,, h,(s)=—(C, +x,)and h;(s)=0. Then, one obtains

=.231:in [ cosg (s )TdAi =A, (5B.1)
=Z;1: J,, [sin ()T dA; =A; +Ay =A, (5B.2)
Z_Z;:IA. cosa (s )sing (s)dA; =0 (5B.3)
Z j )cosa; (s)dA; =0 (5B.4)
Zj s)sing; (s )dA; =HA; —(C, +X, )(Ag Ay ) (5B.5)

=ZIAi[hi(s)] dA, =[(H -C, ] +(Cy +%4 (5B.6)

in which A; =A; +Ay; is the area of the two flanges, where A;; =Dbt; is the area of the

top flange, A,; =byt; is the area of the bottom flange, and A, =Ht,, is the web area.
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Appendix (5C): Closed Form Solution of Coupled Transverse-Torsional

Equations for Monosymmetric Thin-walled Vlasov Beam

5C.1 General

This appendix formulates the general closed-form solutions for thin-walled Vlasov beams
of monosymmetric cross-sections subjected to general harmonic forces. Based on the
Vlasov beam theory in which the shear deformation is not captured, the coupled field
equations presented by equations (3.43) to (3.46) in Chapter 3 (Section 3.7.1) for

asymmetric cross-sections are simplified by setting y, =0 (i.e.,, X is the axis of

symmetry) to govern the coupling transverse-torsional response of thin-walled

monosymmetric sections as:

El V" - pliV"+ pA(V-xs) =0, (21) (5C.1)
EC, 4" —C,, ¢"-GJ ¢"—pA(xSV'—r02¢'5):mz (zt) (5C.2)
The associated boundary conditions are:

[Elv ™V, (1) o (2t ), =0 (5C.3)
[ECy #"-GI¢'-M, (z})]54(z 1), =0 (5C.4)
[Elv"-M, (z.t)]év'(z.t)|, =0 (5C.5)
[ECy¢"- My, (2t)]5¢'(2.t)|, =0 (5C.6)

5C.2 Field Equations for Harmonic Loading

The member is assumed to be subjected to applied harmonic forces within the member

[qy(z,t),mz(Z,t)}{qy(z),mz(z)}eim (5C.7)

and the end harmonic forces

[Vy(z,t),MZ (z,t), Mw(z,t)] =[Vy(z), M, (2), I\ﬁw(z)]ei‘@t (5C.8)

where 2 is the circular frequency of the applied forces, i =+/—1is the imaginary

constant, q, (z.t)is the distributed transverse harmonic force, m, (z,t)is the distributed

harmonic twisting moment, V, (zt) is the concentrated transverse harmonic force,
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M, (z.t)is the concentrated harmonic twisting moment and M,, (z,t)is the concentrated

harmonic bimoment.

Under the above applied harmonic forces, the steady state components v (z,t)and #(z,t)

of the response are assumed to take the form:
[v(z,t),gé(z,t)]=[\7(z),g/;(z)]ei'(‘2t (5C.9)

where V' (z)and ¢(z)are unknown space functions for transverse deflection and

torsional rotation, respectively. By substituting the displacement and forces expressions
presented by equations (5C.7) to (5C.9) into the governing differential equations (5C.1)
and (5C.2) and boundary conditions (5C.3) to (5C.6), yields:

ElLo V" +pl o = pA AT + pAX PP =0, (2) (5C.10)
PAX QAT +EC,, ¢ +(pCW P-GJ )g?”+ PALZPF=mm, (z) (5C.11)
the relevant boundary conditions are:

[ELa7"V, (2) |67 (2 ), =0 (5C.12)
[EC, #"-GIF-M, (2) J54(2), =0 (5C.13)
[EL"-M, (z)]67(2), =0 (5C.14)
[EC, #"-M,, (2)]534(2)], =0 (5C.15)

5C.3 Homogeneous Solution of Field Equations
The solution of the homogeneous part of the governing coupled transverse-torsional

equations is obtained by setting the right hand of the differential equations (5C.10) and

(5C.11) to zero, i.e., 0, (z,t)=m, (z,t)=0. The homogeneous solution of the unknown

space displacement functions V(z))LZ:(v (z) q?(z))ins assumed to take the

following form:
@), =(A ), ,e™m fori =12 (5.C16)

inwhich (A;),,=(A A,)L,.
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Substituting the space displacement functions in (5C.16) into equations (5C.10) and
(5C.11), one obtains:

(Elxx mi4+:0-(22|xx miz'pQZA) ,OA_QZXS eMiz A1
= { 0}2x1
) X 2%2 2x1

PAX, (EC,, m*-Gam? +pA 2%t 0 e™ | |A,
(5C.17)

The non-trivial solution of equation (5C.17) can be obtained by setting the determinant of

the unknown amplitude coefficients A and A,to zero, yielding

My +0,my +0,m;’ +g5m?+q, =0 (5C.18)
where g :L[pgzcw 6] qzzp—gz[EA(l -Gy )Gl }

1 EC,, E2|XXCW xx lo XX
q3—p—[pQZIXXr§+GJ} , and q4=—p—[r02+x52}

T2
ECu lxx

Equation (5C.18) is analytically solved to determine the eight roots m; (for i =1,2,3,....,8)
of the equation. The homogeneous solutions for the transverse displacement V- (z )and

angle of twist ¢ (z ) are:

{V_h (Z )}2><1 = [A]2x8 {E (Z )}SXl (5C19)
where [AJ A A A Ay As Ag Ay A g

28 Aoy iAoy Aoz Aoy Ags Mg Agg Agg e ’
<E (Z )>L8 :<emlz e M2Z g MaZ e MaZ g MsZ e MeZ eM72 o MsZ >1X8.

In Equation (5C.19), 16 integration constants appear in the homogenous solution of
V,(z) and 4 (z), namely A;; and A, for i=1,2,3,....,8, but only eight boundary

conditions are provided in Equations (5C.12) to (5C.15). It is thus necessary to reduce the

two sets of unknown integration constants A,; and A, ; to eight independent boundary

conditions by writing one set of constants in terms of the constants of the other set

208



Chapter 5: Analysis of Thin-walled Members with Monosymmetric Sections under Harmonic Forces

Substituting displacement functions in equation (5C.12) into the homogeneous form of
equation (5C.10), yields

— pAX. :
A = PR Ay, for i=123..8 (5C.20)

(Bl i+l 2°mi - pALP)

By performing a similar substitution into Equation (5C.11) to check the expression
obtained for A ; , given by Equation (5C.20). Another expression for A ; is obtained as:
—[ECW mZ+(Cyy 22-GI Jm? + pA rozgz}

. = A, fori=123...8 (5C.21)
A1,| pAXSQZ 2,1

Thus, both expressions in equations (5C.20) and (5C.21) are valid relationships between
A and A,; for i=123,.....8, i.e., the two expressions are identical, and
B oAx 2 —[ECW mi+( oy 22-GI Jm? +pA rozgz}

A - _ _ (5C.22)
(e mi*+pl o _sziz—pA_Qz) PAX 2

The homogeneous solutions for transverse displacement V, (z )and twist angle é (z)

presented in equation (5C.12) are reduced to the following matrix form:

{V_h (z )}2x1 - [F_]zxa [E (z )]8><8 {AZJ }8><]_ (5C.23)

where

ARAARRAA

_di Mz i aMZ [ aM3Z [ Mgz [ M5Z | MgZ |  M7Z  MgZ
[Eg(z)]%_dlag[e g™ gMs? @Mz M5z  gMeZ M2 g ]%,and

T

T H H H H H H H
<A2,i>1xa=<A2,1 %Az,z §A2,3 §A2,4 §A2,5 %Az,e §A2,7 §A2,8>1x8-

5C.4 Particular Solution of Field Equations

For constant m, and q, , the particular solution for Equations (5C.10) and (5C.11) can be
determined by assuming the functions for transverse displacement V', (z )and angle of

twist ¢, () to take the form

V,(z)=C1+Cyz and ¢,(2)=C3+C, 2 (5C.24)
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Substituting the expressions for V', (z )and ¢7p (z )into equations (5C.10) and (5C.11), the

unknown constants are obtained as:

C,=C,=0, C,= 21 — [xsrﬁZ —rozq_y]and
PAQ (xs +r0)
1
C3: I’ﬁ +X q_
pA.QZ(XSZH’OZ)[ £ y]
and as a result, the particular solutions are given as:
, T
_\T T XM, —r;q, m, +X.0,
&p>1x2:<vp ¢p>1x2= S ; 20 qy2 Zz ;qy 2 (5C.25)
pA (xZ2+17)  pAL* (X +17)
1x2

5C.5 General Solution
The complete solution is obtained by adding the homogeneous solution in equation

(5C.23) to the particular solution in equation (5C.25), leading to

V(@)1 =[F Lug[E (2) |6 12 fo + Vo (2}, (5C.26)

Equation (5C.26) represents the complete steady state solution of coupled transverse-
torsional vibration for thin-walled member of monosymmetric sections under harmonic

forces, in which the related boundary conditions are used to obtain the of unknown

constants {A,; }. -

5C.6 Example 1: Cantilever under Member and End Forces

A cantilever beam with monosymmetric cross-section subjected to concentrated or

distributed harmonic forces; concentrated transverse force P_y (1?)ei“0t , bending moment
M, (0)e'? twisting moment M, (f)eigtand bimoment M,, (K)emt applied at the
beam free end, uniformly distributed transverse force q, (z )e”zt and twisting moment

m, (z )eiQt is considered for analysis as shown in Figure (5C.1).
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R, (4
o, G qy(ztt
IEEEEEEEEEEEREEEREE G m, (z.)
o — — = = — == »7 D x<7c GSC
’ ( > | M
\ ;

Figure (5C.1): Cantilever beam of monosymmetric C-section under harmonic forces

The cantilever boundary conditions at the fixed end z =0 are
SV (0)=35¢(0)=8v"(0)=5¢'(0)=0 (5C.27-30)

At the free end of the beam z =/(, the boundary conditions are

El V" (£)=Py (£) (5C.31)
EC, #"(0)-GJI4'(0)=M, () (5C.32)
El, 7" (£)=M, () (5C.33)
EC,, ¢"(¢)=M,, (0) (5C.34)

Substituting the expressions for displacement functions presented in equations (5C.26)
into above boundary conditions (5C.27) to (5C.30), one obtains:

{V_ ( }2><1 I:F ]ZXS [E :|8><8 [cD ]8><8{ c }8x1 {\/ p (Z )}le (5C-35)

11 444444444444444444 11 444444 1111 44444

where [5]_ | o2 BT T T My
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{Q_C}gxlz 444444444444444444444444444444 - , Gl,i :'&i mi3emi[ ,

8x1
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5C.7 Example 2: Simply-supported under member and end forces

Consider a simply-supported beam with monosymmetric cross-section under distributed
harmonic forces; transverse force q, (z,t)=@,e'”, bending moment m, (z,t)=m,e"*
and twisting moment m,(z,t)=m,e'"*, and concentrated bending moment
M, (z..t)=M,e"*and bimoment M, (z,,t)=M, e"* applied at both ends (z, =0,¢)

as illustrated Figure (5C.2). The fork end supports allow the end-sections free to warp and
rotate about X andY axes.

4, 2)
o, @ | i
MO)Y v v Vv v v v v v v v v v v vy vy M@
»Z X4 C GSC
M, (01) M, (41)
f | ! rnZ(Zit)
v A
v ;

Figure (5C.2): Cantilever beam of monosymmetric C-section under harmonic forces

The boundary conditions at both endsz =0and z =( are

SV (0)=3¢(0)=0 (5C.36-37)
&7 (0) =—M, (0)/El (5C.38)
§¢"(0)=-M,, (0)/EC,, (5C.39)
SV (£)=58¢4(()=0 (5C.40-41)
(L) =M, (€)/El (5C.42)
8¢"(0)=M,, (¢)/EC,, (5C.43)
Then, the general closed-form solution is then

Ve () =[F La [ B (0 g [B ()1 (9 o 175 0 (5C.4)

in which the unknown integration constants {szi }Mare obtained from the above

boundary conditions (5C.36) to (5C.43). In Equation (5C.44), one has
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List of Symbols

Cross-sectional area
Flange width
Centroid of the cross-section

Coordinates of centroid along the principal X Y axes

Warping constant

Height of beam cross-section

Section properties defined in Equations (5.2-5.7)

Modulus of elasticity

Shear modulus

Normal distance between the shear centre and the tangent to mid-surface

Height of beam cross-section from the flanges mid-surfaces

Moment of inertias of the cross-section about the principal X )Y axes

Saint-Venant torsional constant
Member span

Concentrated harmonic moment about X )Y ,Z direction (for j =x,y,z)
Concentrated bimoment

Distributed harmonic moments about X )Y ,Z direction (for j =x,y,z)
Distributed harmonic bimoment

Axis along the normal direction at a point on the mid-surface

Local curvilinear coordinate system

Concentrated end forces along longitudinal axis

Distributed harmonic forces along X Y ,Z directions (for j =x,y,z)
Normal distance between the shear centre S to the normal to mid-surface

Curvilinear coordinate along mid-surface of the section

Shear centre of the cross-section

Time in seconds

Time intervals
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axes

Kinetic energy

Displacements of the shear centre S_along the principal X )Y axes
Displacements of a point p on the mid-surface along X )Y ,Z axes
Internal strain energy

Shear forces along X )Y axes (for j =x,y)

Average longitudinal displacement along the z axis

Work done by applied forces

Cartesian coordinate system
Principal coordinate system

Coordinate of arbitrary point on mid-surface of the section along X )Y

Coordinate of the shear centre S_along the axis of symmetry

Density of the material

Polar radius of gyration

Tangential and normal displacements of a point p along X andY axes
Rotations angles around the X )Y ,Z axes (for j =x,y,z)

Angle between the tangent to the cross-section and the principal X axis
Warping deformation function

Exciting frequency

Warping function of the cross-section
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CHAPTER (6)

DYNAMIC ANALYSIS OF ASYMMETRIC
THIN-WALLED MEMBERS UNDER
HARMONIC FORCES

Analytical Solution and Finite Element Formulation
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Chapter (6) - Dynamic Analysis of Asymmetric

Thin-walled Members under Harmonic Forces

Abstract

In this study, the closed-form solution and a finite element formulation are developed for
the dynamic analysis of thin-walled members with asymmetric open sections subjected to
harmonic forces. The dynamic equations of motion and associated boundary conditions
are derived from Hamilton’s principle. The formulation is based on a generalized Vlasov-
Timoshenko beam theory and accounts for the effects of shear deformation due to
bending and warping, translational and rotary inertia effects, and also captures the effects
of flexural—torsional coupling due to cross section asymmetry. Closed-form solutions are
obtained for cantilever and simply-supported boundary conditions. A family of shape
functions is then developed based on the exact solution of the coupled field equations and
then used to formulate a beam finite element. The new element has two nodes and six
degrees of freedom per node and captures the coupled bending-torsional static and
dynamic responses of asymmetric thin-walled members under harmonic forces. Results
based on the closed-form solution and finite element formulation are assessed and

validated against other well established finite element solutions.

6.1 Introduction and Scope

Thin-walled members are used widely in the design of many structural components in
aerospace structures, steel building construction, steel bridges, ship and marine structural
frames, etc. In some application, thin-walled members are subjected to harmonic
excitations caused by machinery, aerodynamic forces, traffic loads, wave motion, etc.
Also, harmonic forces can be induced from unbalance in rotating machinery and
propellants and reciprocating machines. Under harmonic forces, the steady state
component of the response of the structural member is sustained for a long time and is
thus of particular importance in fatigue design. In contrast, the transient component
response of the system which is induced at the beginning of the excitation tends to
dampen out quickly and is thus of little or no importance in fatigue design. Within this

context, the present study aims at developing an accurate and efficient solution which
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captures the steady state response component of thin-walled members of asymmetric

sections subjected to general harmonic forces.

6.2 Literature Review

6.2.1 General

The classical thin-walled beam theory developed by Vlasov (1961) is widely used for the
analysis of members with open cross-sections. The theory was based on two kinematics
assumptions: (i) the beam cross-section is assumed to be rigid (undeformed) in its own
plane, and (ii) the transverse shear deformations within the section mid-surface are
considered negligible. The second assumption signifies that, within the Vlasov theory,
warping deformation is captured while shear deformations are omitted. Given the vast
literature on the subject, the present literature survey focuses on the dynamic analysis of
thin-walled members with asymmetric cross-sections, i.e., members with doubly
symmetric and monosymmetric cross-sections are not included in the present survey. The
interested reader is referred to our previous work in Chapters 4 and 5 for a review on

doubly symmetric and monosymmetric sections.

6.2.2 Review of Analytical Solutions

6.2.2.1 Formulations Excluding Shear Deformation Effects

Friberg (1985) numerically developed the exact dynamic stiffness matrix for a thin-
walled beam in coupled flexural and torsion vibrations. Leung (1991) numerically
developed the exact dynamic stiffness matrix of a thin-walled beam based on Vlasov
theory. His solution incorporates coupling effects due to axial force. In a subsequent
study, Leung (1992) developed the dynamic stiffness matrix solution which incorporated
coupling effects due to axial compressive force and strong-axis moments. Frequency-
dependent shape functions based on the exact solutions of the governing differential
equations were obtained and then used to formulate the dynamic stiffness matrix. Using
the principle of virtual work, Chen and Tamma (1994) employed the finite element
method in conjunction with an implicit-starting unconditionally stable numeric
integration methodology for vibration analysis of thin-walled members subjected to
constant axial force. Tanaka and Bercin (1997) investigated the coupled flexural-torsional
free vibration analysis of thin-walled beams of asymmetric open cross-section using finite
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element method. Based on d’Alembert principle, Tanaka and Bercin (1999) formulated
the governing differential equations of motion for triply coupled vibrations based on non-
orthogonal coordinates. The governing field equations were included the product of
moment of inertia term. The system of equations was later on solved in an exact sense by
Arpaci and Bozdag (2002). Arpaci et al. (2003) extended their work to include the effect
of rotary inertia and developed an analytical solution for predicting the undamped natural
frequencies. Kim et al. (2003a) conducted a free vibration analysis for the flexural—-
torsional behaviour of thin-walled beams with asymmetric sections under eccentric axial
loads. The displacement functions were obtained and the exact dynamic stiffness matrices
evaluated using force-deformation relationships. VVoros (2004) analyzed the free coupled
vibration of thin-walled beams with asymmetric open cross sections in which the warping
deformation effect is incorporated. Using d’Alembert’s principle, Li et al (2004c)
formulated the equations of motions and the dynamic transfer matrix to compute the
natural frequencies and mode shapes of axially loaded thin-walled beams. Using
Hamilton’s principle, Mohri et al. (2004) formulated the governing equations for pre-
buckling and post-buckling dynamic behaviors in thin-walled composite members under
compressive forces and transverse forces. Their solution captures non-linear warping and
bending-torsion coupling. Based on Galerkin’s approach, the governing partial
differential equations were reduced to non-linear coupled differential equation system
only in time. Using the principle of virtual work, Prokic (2005) derived a system of
equations for triply coupled free vibrations of thin-walled beams. Closed-form solutions
were obtained for the natural frequencies of simply-supported thin-walled of asymmetric
cross-sections. Bin and Leung (2006) formulated the dynamic stiffness matrix for open
thin-walled beams by employing frequency dependent shape functions which exactly
satisfy the governing differential equations for free vibration. Based on Hamilton’s
principle, Vo et al. (2010) studied the coupled flexural-torsional free vibration for thin-
walled open composite beams with arbitrary lay-ups subjected to constant axial
compressive force. The theory was based on classical lamination theory and accounts for

material anisotropy couplings.

The majority of the above studies were based on Vlasov beam theory and thus account for
warping, rotary inertia and axial force effects except for the studies of Chen and Tamma
(1994), Tanaka and Bercin (1997, 1999), Arpaci et al. (2003), Kim et al. (2003a), VVoros
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(2004), Prokic (2005) and Vo et al. (2010) who omitted the axial force effects and Li et
al. (2004a) who omitted the rotary inertia effects.

Using d’Alembert’s principle and the principle of virtual work, Chen and Hsiao (2007)
formulated the governing equations for the coupled axial-torsional vibration response of
the thin-walled beam of Z cross-sections. The coupled axial-torsional natural frequencies
were obtained by solving the equations of motion. Kim et al. (2007) developed the static
and dynamic stiffness matrices for coupled flexural-torsional stability and free vibration
analyses for thin-walled beam subjected to linearly varying axial force. Their solution
was based on Vlasov’s kinematics and the static and dynamic stiffness matrices were
derived based on the power series method. In their equations of motion and force-
deformation relations they retained second order terms of the rotations. Explicit
expressions for displacement fields were obtained in the form of power series. Using the
principle of virtual work, Voros (2008 and 2009) formulated the governing field
equations for bending-torsional coupled vibration of thin-walled beams subjected to
longitudinal loads. The formulations account for large rotations. Using d’Alembert
principle, Altintas (2010) derived the governing equations of motion for axially loaded
thin-walled members. The field equations were discretized using the finite difference
method. Their solution investigated the effects of material properties and axial force level

on the natural frequencies.

6.2.2.2 Formulations Including Shear Deformation Effects

Shear deformation plays an important factor in dynamic problems where higher modes of
vibrations are required or where the beam is subjected to harmonic forces with high
frequencies. Therefore, modified versions of the Vlasov theory were developed by many
researchers in order to capture the transverse shear deformation effects. Laudiero and
Savoia (1991) studied the flexural-torsional vibrations of thin-walled beams with open
and closed cross-sections. Secondary warping and shear lag effects were also included in
their formulation. Bercin and Tanaka (1997) studied the coupled flexural-torsional free
vibrations of thin-walled members of asymmetric open C-sections. Kollar (2001)
developed a theory of free vibration analysis of thin-walled open section composite
beams. He developed closed-form solutions for the coupled flexural-torsional natural

frequencies for simply-supported beams. Cortinez and Piovan (2002) developed an
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analytical solution for the free vibration analysis of composite thin-walled beams of open
and closed cross-sections. Kim et al. (2003) formulated the exact dynamic and static
stiffness matrices for the free vibration and stability analysis of thin-walled shear-
deformable beams. Also, they incorporated flexural-torsional coupling effects due to the
asymmetry of the cross-sections. In a subsequent study, Kim and Kim (2005) adopted the
theory in Kim et al. (2003) to formulate the dynamic stiffness matrix element for the
flexural-torsional free vibration of asymmetric shear-deformable thin-walled beams. By
applying the Hellinger-Reissner variational principle, the governing equations of motion
were derived for the coupled vibration response as well as the force-deformation
relations. Using the virtual work principle, Prokic (2006) derived the differential
equations for the coupled vibrations for thin-walled beams capturing shear deformation
effects due to bending. The closed-form solution for the natural frequencies was derived
for the case of simply supported beams. Vo and Lee (2009) presented a general analytical
solution based on shear deformable beam theory for the study of flexural-torsional
buckling and vibration analysis of open thin-walled composite beams. Ambrosini (2009)
developed a general theory for coupled flexural-torsional free vibrations for thin-walled
beams of open cross-sections. De Borbon and Ambrosini (2010) extended the theory for
coupled flexure and torsion vibrations of thin-walled beams to incorporating the influence
of the axial forces. In Ambrosini (2010), an experimental study for the free vibration of
thin-walled beams with asymmetric open cross section was conducted and the results
were used to assess the accuracy of various theoretical solutions. The above studies
accounts for the effects of shear deformation, warping and rotary inertia.

6.2.3 Literature Review on Finite Element Formulations

This part of literature focuses on finite element formulations for the dynamic analysis of
open thin-walled members. In general, finite element are based one on three types of
shape functions; (1) approximate polynomial interpolation functions, (2) shape functions
based on the exact solution of the static equilibrium equations, and (3) shape functions
based on exact solution of the dynamic equations of motion. Formulations based on the
approximate shape functions are most common and include the in work of Chen and
Tamma (1994), Hashemi and Richard (2000a and 2000b), Lee and Kim (2002a and b),
Kim and Kim (2005), Voros (2008, 2009), Vo and Lee (2009a, 2009b, 2010) and Vo et
al. (2009, 2010, 2011). Solutions based on the exact solution for static equilibrium
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equations include the work of Mei (1970) and Hu et al. (1996). They have the advantage
of avoiding locking problems which could arise in some of the solutions based on
polynomial interpolation. Finite element solutions based on exact solution of the dynamic
equations of motion include the work of Hjaji and Mohareb (2011b) and offer two
advantages: (1) they eliminate discretization errors arising in conventional interpolation
schemes and they thus converge to the solution using a minimum number of degrees of
freedom, and (2) they lead to elements that are free from shear locking arising from the

approximate interpolation functions.

Within the above context, this chapter aims at developing a closed-form solution and
finite element formulation for dynamic steady state analysis of thin-walled open members
with asymmetric open sections. The finite element formulation sought is based on exact
shape functions which exactly satisfy the homogeneous solution of the couple field
equations, and captures shear deformation effects due to bending and warping,
translational and rotary inertias and bending-torsional coupling effects due to the cross-

section asymmetry.

6.3 Dynamic Equilibrium Equations for Asymmetric Cross-sections

According to the theory developed in chapter 3, the governing equations for a thin-walled
beam with asymmetric section under harmonic forces are given in terms of space

displacement functions w (z ),a(z ).V (z).6,(2).6,(2).6,(z).w(z)as

(PAQ*+EAD* W (2)=-0, (2) (6.1)

(pA2*+ GD,, D)0 (z)-(GD,, D* IV (z)-(GD,, D)8, (2 )+(GD,, D) b, (z) 62)
(pAy £2* +GD,, D*) 6, (z) -(GD,, D) 7 (2 )=q, (2)

-(GD,, @*)u(z )-(pA 2° +GD,, ®* )V (z) -(GD,, D)8, (z)+(GD,,D) 0, (2 ©3)
+(pAx, 2° - GD,, D*)0, (2 )-(GD,, D) (z )=, (z)

~(GD,, D) (z )-(GD,, D V(2 )+(pl,, £2° ~GD,, +EI,, D), (2) 6.4

+GD,, 0, (2)~(GDy, D) &, (2)-D,,i7(z)=m, (z) |
(GD,, D)a(z)+(GD,,® \ (z)+GD,, 0, (z)-(GD,, —pl,, 2° —El  D*)0, (z) ©5)

+(GD,, D)6, (z)+GD,, 7 (z)="m, (z)
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Chapter 6:
~(pAy,2° +GD,, D*)a (z ) +( pAX,2° ~GD, D* W (z )~(GD,, D)0, (2 )
(6.6)
+(GD,, D)0, (z)-( pAI} 2*+G(I +D,,)D’ )b, (2)-(GD,,, D)y (z )=mm, (z)
~(GD,,D)u (z ) -(GD,, DI (2 )-GD,, 6, (z )+GD,, 6, (z )-(GD,,, D)8, (z)
(6.7)
+(,oCW 2°*-GD,, +EC, (1)2)1/7(2 )=m, (z)
The associated boundary condition terms for asymmetric sections are:
[EAW'-N, (z)]6w(z ), =0 (6.8)
(6D, [0"-8, ]+GD,, [v'+6, ]+GD,, [4 +7 ]V, (2 ))u(z )li -0 (6.9)
(GD,,["-8, ]+GD,, [+, ]+GD,, [ +7 |V, (2))67 (z )}: -0 (6.10)
(E1, 8 +M, (2))68, ()], =0 (6.12)
(E1,,8,-M,(2))58,(2)] =0 (6.12)
(6D, [1"-8, ]+GD,, [v'+0, ]+GD,,[8, +7 [+GI 8 —M, (2))50, (z )lz -0 (6.13)
(EC,#7'+M, (2))57(z )], =0 (6.14)
Equations (6.1) to (6.7) can be rewritten in matrix form as:
7, (0] U, o)
le 444444 <_>6X1 _(Z) ““““ _ _Q(Z) 444444 (6.15)
0L, [Z]] [0 @ @@k
in which
Zy, = pAQ* +EAD?,
(U.0) [0 @), ) =w@)|a@) ve) 6.6) 0,6) 6k) 7@),
(@)@ @), ) =@@)]6e) 6k ne) n@) @) m,e),
and
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(A2 , (PAL?y,
-GD,, »* -GD,,® GD,, D —GD,, D
2 2
46Dy D) +GDy, 7|
(pAQ2 (pA_QZXS
-GD,,® GD,, D -GD;,, D
+GD,, D’ ~GDy, D7)
(plxx @
GD,, = GD,, -GD;, D ~GD,
+El D)
I:ZS :|6><6 - 2
(pl yy €2
—GD,, GD,, D GDy,
2
+El,, D°)
—[pA.ero2
Symm ) -GD,,,, D
4G (D, +3 )07 |
(pr -QZ _GDa)co
+EC,, @2)
L J6x6

where r? :(]/A)_[A(h2 +r7)dA =xZ+y 2+ (1, +1,, )/A is the polar radius of gyration.

The first partition in Equation (6.15) and related boundary conditions (6.8) provides the
governing equation for longitudinal deformation of the member, which is uncoupled from
the remaining field equations and was solved independently in chapter 4. The second
partition with associated boundary conditions (6.9) to (6.14) governs the solution for the
coupled system biaxial bending-torsional response of the member. Due to the shear

deformation effects and the nonsymmetry of the cross-section, the system of equations in

space variables U (z )V (z).6,(2).6,(z).0,(z).w(z)is fully coupled. The present

X y z

study thus focuses only on the solution of the coupled system of equations:

[Zs ], 105 (2)},, =1Qs (2)},., (6.16)
inwhich (Qs (2)). . =(a, (z) &,(z) M (z) m,(z) m,(z) m,(z)), and

T

U.@0)L=6@) V@) 8@) 8@) a@) we),.

N—"
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Section Properties for Asymmetric Channel and J-Sections

The section properties D, ,D, ,D, ,D,,,D,, ,D,, for asymmetric channel and J-sections

illustrated in Figure (6.1) are provided in Table (6.1).

! > Top flange

\  Principal axes

SC.\‘ — //)(S/ Cy tW CX Cy
¥ ¢ tf .

vt
Bottom flange ‘\ b, *ﬂ Bottom flange ‘ b f

Figure (6.1): Asymmetric channel and J-sections

Table (6.1): Section properties for asymmetric C and J cross-sections

Expression Asymmetric C and J-sections
—_ 2 —_ —_ —
D, = _[(coswi (s)) dA, A, cos@, +A,, cosa, +A, Cosa,
i:3/.\i
D,, =>_ | (sing; (s)) dA, A sing, +A, sina, +A, sina,

D, =, jcos&i (s)sing, (s A, | A sing, cosa, +A, sing, cosa, +A, sing, cosa,
A

D, =D, | h; (s)cose; (s)dA, A h, cosa, +A, h, cosg, +A,h, cosa,
i:3Ai
Dy, = [ (s)sing; (s)dA, A h sing, +A, h, sina, +Ah, sina,
i:3Ai
D,,=>{[h (s)] dA h2A, +hZA, +h2A,
i=3A
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in which the areas are A, =bt,, A =bt,, A, =Ht,, the angles are &, =180° —a,
a, =270° —a, a, =—a, while the distances h,,h, ,h, can be obtained for each section

from the Figure (6.2).

y y
Y,
T T }/ ’\&t =180° -«
A
Top flange -
1 . ] " \ . v X
7, =270° —a ta
hy J e - “Ver
h H/2 TS " > X ,
! WJL. C &b = —&
3 > X
h,, h, |
J H/2 " C, C,
hy X
b o

Bottom flange Bottom flange

Figure (6.2): Dimensions of asymmetric channel and J-sections

6.4 Closed-form Solution for Coupled Field Equations

The total solution of the governing field equations is the summation of the homogeneous

solution and particular solution, i.e.,

(U (2)},, ={U;, (@)}, +{05, ()] (6.17)

where {U_SH (z )}Mis the homogeneous solution and {U_SP (z )}Mis the particular solution.

6.4.1 Homogeneous Solution for Coupled Field Equations
The exact solution of the homogeneous part of the governing field equations

[Zs |, {Us (2)}.,={Qs (z)},is obtained by setting the loading terms in the field
equations to zero, i.e., {Q_5 (z )}6Xl =0. The homogeneous solution of the displacement

functions {U_SH (z )}Mis then assumed to take the following exponential form:

<U_SH (Z )>1><6 :<_(Z ) V_(Z ) X (Z ) y (Z ) A (Z )1/7(2 )>1X6
6 (6.18)
" <a1a2a3a4a5a6>-:—1xsem'z

i=1
From the space displacements postulated in Equation (6.18), by substituting into Equation
(6.16), one obtains:
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Vs ] solEs Jos )

i 6><l

6><l

(6.19)

in which (a) =(a, 'a, ia, ‘a ia a),,is the vector of unknown integration
constants, | E; ] _=diag [e mz lgMz [gMi @Mz [gM | oM ]6 _and [Y_S ]M is a
symmetric matrix given by:
_—(pAQZ ~(pA?y, |
2 _Gny m; _Gnymi GDxxmi 2 _Gthmi
+GDxx m; ) +Gth m; )
—(pAQ2 (A%,
~GDyym; - GDyy my ) —GDy,y m;
+GD,, m ) ~GDpy m; )
(plxx @
—GDyy GDXy _GDhymi —GDhy
+Elym?)
[YS ]6><6 - 2
(plyy'Q
_GDxx Gthmi Gth
+Elyym?)
A
Symm -GD,,,m;
+G (D, +J )miz] o
(pCW QZ _GDwa}
+ECy m?)
L -6x6

The nontrivial solution of Equation (6.19) is obtained by setting the determinant of matrix

[\75 ]6 , fo zero. One obtains the quadratic eigen-value problem:

(MM Lo+ mi[C ] +[K ], A a =

where vectors {af,

(6.20)

,are the eigenvectors corresponding to eigenvalues m;, and the

matrices [M |, [C'] and [K]__are defined by:

6x6
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GD,, 0 0 -GD,, 0
T El,, O 0 0
(M= El,, 0 o |
Symm 6(D,,+3) 0
: : ‘ : : EC,
L : _16x6
[ 0 0 _Gny GDxx 0 H _GDhX |
0 -Gb, GD, 0 -GD,
c 0 0 -GD,, 0
[ Le_ 0 GD,, 0 ,and
Symm o  GDb,,
0
L _16x6

GD,, 0
e P 00) B s
K], - L2y e,
oD,
T e
(Cu
L : : : : : 16x6

The quadratic 6x6 eigenvalue problem in Equation (6.20) can be transformed into the

equivalent 12x12 unsymmetric linear right-handed eigenvalue form [e.g., Saad 1992] as:

[I n ]6><6 [0]6><6 [O]6X6 [I n ]6><6 {a}l ,6x1

mi 444444444444444444444 _ 4444444444444444444444444444444444444 — {0}12X1 (621)

[0]6><6 I:N_I:Iexe ) I:_K_:Iexe [_C ]6x6 m; {a i,6x1

12x12 12x1

which is then solved for the 12 eigen-pairs m, and {a}, .

The eigen-solution of Eg. (6.21) gives the eigenvalues and the corresponding
eigenvectors of the system. The solution of Equation (6.21) is to be numerically
determined. For an asymmetric section, it is observed that all twelve roots are non-zero

and distinct. Thus, the homogeneous solution of system of Equation (6.20) takes the form:

{U_SH (Z )}6><1 - ':A_]6x12 {S_(Z )}12><1
=|:{a}l {a}z {8}3 {8}4 g{a}lzlmz {S_(Z )}12><1

(6.22)
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where <S (z )>T =<ele Mt M M M >T and matrix [A_\]Bﬂzcontains

(6.21). In Equation (6.22), matrix [A_\]Mzhas 72 unknown integration constants of which

only twelve should be independent. The reduction of the number of constants is

accomplished by relating the five terms of the eigenvector (a, a, a, a, a;) to the

sixth term <a6>i . In a partitioned form, Equation (6.16) can be re-written as:

&
. a2
[T5]i 5x5 {TZ}i 5x1 a3
T 4444444444 _ {0} ) (6.23)
<TZ>i,1x5 [Tl]i,lxl _ ?‘fﬁ o
: i ,6x6
a’S
aG i,6x1
where
I [ PAQ? ) A%y,
_GDXymi _GDXXmi GDXX m;
2 2
+G'Dxxmi -I-GDthi :|
A’ [ PAO,
-GD,,, m; GD.. m:
yy ol xy "
+GDyy miz] —GDhymiz]
Pl £2°-GD,,
[T5]i 5x5 [ ) GD,, ~GDy,, M;
+Elym? |
. [pl yy 22 —GD,,
ymm
+Elyym?]
- pAQE
I 4G (D +I)mf |
rrl]i Ix1 Z:fﬁw QZ _GDa)a)+ECW mi2:|i WL and

By expanding the upper portion of the partitioned system in Equation (6.23), the five sets

of unknown integration constants {a,}..{a,}..{a.}..{a,}. .{a}. are expressed in terms of the

set {a,}, as:
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9 _Q11 O12 Q13 G14 15 El'
a o O22 23 Y24 25 F_Zl
a Z—[Ts]i ,5><5{T2}i 15x1a6,i = Q33 U34 U35 {Tz}i ,5><1a6" = 'ie»n 8,
% Symm - dag Qs Faji
E
a5 54 i Uss |, 5s 5,i 54

(6.24)

where

-1

_ (@1 92 93 k4 Qk5>T1><5
_ ‘[q] LS T, 5 Tor k=1,2,3,4,5 and [q]i ’5X5=—[T5]
i ,5x5

i i ,5x5 ’
From Equation (6.24), by substituting into Equation (6.26), the homogeneous solution is

then given by:

[Fa R Ry Fol ]
P P P2 P
0, (2)) - Dl Rl Telog o 1Bel o ) is)
B e e B A N 1P e 71 o
B Fs2 Fos o
1 11 1 11
L 6x1 i 6x1 i 6x1 i i 6x1 ex12
- [F_:|6><12 [diag <A6:i >T lmz {S_(Z )}12x1 (6.25)
= [F_lmz |:diag <S_(Z )>T :|12X12 {Aﬁvi }12><1 = [Z(Z )](;XIZ {Aﬁ:i }12><l
Fa| |Faa| | P Fary
o= Rl R JRe| P
nwhich [F],,, - Ful [Fe| |Fsl 77 L e
Faa| [Fsz|  |Fs | Fsz
1 1] |1
L d6x12
[;?(Z ):|6><12 =|:F_]6x12 |:diag <S_(Z )>T llez and <A6’i >L12 =<a‘6,1 B2 Bga i B >L12'

Equation (6.25) provides the homogeneous solution for the space displacement functions
0(z)V(2).8,(z).8,(z).8 (z).¥(z)of the coupled system of equations in (6.26),
which contain only twelve independent integration constants {AG,i }12X1. For a given

problem, these constants are determined from the related boundary conditions.
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6.4.2 Particular Solution for Uniform Member Forces

Consider a member under uniform distributed forces

[qx (Z )’qy (Z )!qz (Z ),mx (Z ),my (z ),mZ (Z )'mw (Z )] ol 2

(6.26)
=[x .dy T, »

m

3

= = i
X 1 ’mz’mw]e

y

the corresponding particular solution {U_Sp (z )} of the field equations is assumed as:
6x1

s, @), =5, v, 8,8, 8, 7))
Sp\ e NP R T Ty Y2 Vg 6.27)
=(A;+Bz A, +B,z Aj+Byz A;+B,z Ag+Bsz Ag+Bgz >L6
From Equations (6.26) and (6.27), by substituting into Equation (6.16), yields:
|:Sl:|6><6 {A}le +|:82:|6><6 |:d|ag |:Z :HGXG {B }le (6 28)
:[Sllsxe {A}Bxl +|:82:|6><6 [diag [B HM{ ° }6x1 - {Qf 6x1
—pAQ? o | 0 0 —pA Q%Y. 0 |
—pA_QZ 4444444444444 L . KT
| GD,, 0  -GD,
4444444444444444444444444444444444444444444444444444444 L0 T R
3 2 i
where [S,] = §('0|W“Q . oD,
e e & —pA.erOZO 4444444444
(e
I | | | | ~GD..) |
—pAQ 0 GD, GD,  -pARly, 6D,
GD, = pAQ’x, -GD,
GDb,  -GD, = —GD,
N s e P R——
[Se)es g g R B
E E _GDxx )
(AL
D,
L 16x6
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1x6

<Z_>T =<z ziziz iz §Z>T

0 /1x6 1x6

From Eqg. (6.28), coefficients are equal, yielding:

Bl @0 5L, 629

From Eq. (6.29), by substituting into Eq. (6.27), one obtains:

0o, ), 0 v B, B, 2, ), ([0 6.0

1x6

By adding the homogeneous solution in Eq. (6.25) to the particular solution in Eq. (6.30),

the total steady state solution is then obtained:

-1

{U_S (Z )}6><]_ ={U_Sh (Z )}6><1+{U_S p (Z )}le =[;? (Z )}mz {AG" }12x1+|:s_1:|6><6 {df }6><1 (6.31)

to be determined from the boundary conditions. Equation (6.31) presents the total closed-
form solution for thin-walled members of asymmetric open section subjected to general

harmonic forces.

6.4.3 Example- Solution for Cantilever under Member and End Forces

A cantilever beam with asymmetric cross-section subjected to (1) member harmonic
forces; distributed transverse force q,(z)e'“, distributed lateral force @ (z)e'“,
distributed bending moments m, (z)e'*and m, (z)e' about X and Y axes, distributed

torsional moment 1, (z e’ and distributed bimoment m, (z ', and (2) end harmonic
forces; transverse force P, (()e'”, lateral force P, (¢)e'*, bending moments M, (()e'
M, (0)e'"™, twisting moment M, (¢)e'”and bimoment M, (¢)e'™is considered as

shown in Figure (6.3).
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Figure (6.3): Cantilever of asymmetric section under general harmonic forces

It is required to obtain the unknown integration constants {AG’i }12 1from the boundary

conditions presented in Equations (6.9-6.14). At the fixed end z =0, the boundary
conditions for this problem are given as:

5u—(o)=&/—(o)=5éx (o)=567y (o):a@Z (0)=51/7(0)=0 (6.32-37)
and at freeend z =¢:

GD,, [(£)-8, (¢)]+GD,, [V"(£)+8, (£)]+GD, [@ ()+7()]=V, (¢)  (638)
GD,, [0'(¢)-8, (£)|+GD,, [V'(£)+6, (¢)]+GD,, [ & (£)+w(£)]=V, (¢) (6.39)
El,y & (0)=—M, (¢) (6.40)
El,, 6, (0)=M, (¢) (6.41)
GD,, [0"(¢)-6, (ﬂ)]_+GDhy E/_’(f)+6_?x (0)]+GD,,[ & (0)+w(()] 6.4

+GIF (£)=M, (¢)
EC, ¥'(0)=—M,, (¥) (6.43)

Substituting Equation (6.31) into Equations (6.32-6.43), the resulting equations are

written in matrix form:

[QC :|12x12{A6'i }12x1 Z{Q_C }12><1 (6.44)

in which
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[@C ]11-2><12 :[{F_l’j}lle {F_Z’J'}lle {lz_:”'j}lle {lz_‘"j}lle {F_S'j}lel {1}12><1
.

{lej}lle {C;_Z’j}lle {_B'j}12x1 {(§4'j}12x1 {G_5vj}12x1 {G_G'j}lle}llez

@ =(0 v, -0, -6, -8, -7, [R()-6(D,8, -D.b, +Du7,)]

N _ _ C T
|:M z (ﬁ)_G (Dhy pr _th gyp +Da)a)l/7p ):| _Mw (K)>

1x12
where

G_lyj

G (Dxx I:lfl,jmj _Ifll,j:'_'_DXy I:F_Z,J'mj +F_3yj:|+DhX I:F_S,jmj +1])emll,

Ga, ZG(DXV [Fuim; —Faj ]+ Dy [Foym; +Fy |+ Dy [Foym; +1])emi‘,

Gs;

_ = m; ( ~ — m; (
VJ_EIXXF&jmje , G4J_Elny4yjmje ,

Gs; =G (th [Iflvjmj —IfM]+Dhy [Ifzyjmj +|53'J-]+D£M)[I55yj-mj +1}+J Fm; )e""‘,

and G;; =EC,m,e™"  for i =1,2,3,4,.....,12.

From Equation (6.44), by substituting into Equation (6.31), the solution for the bending-

torsional coupled response is obtained as:

{U_Sc ( )}le - [7? (z )]6><12 [@C ( )];21x12 {Q_C }12><1 + [S_l];xle {Q_f }6><1 (6.45)

Equation (6.45) represents the general steady state dynamic response for cantilever thin-

walled members of asymmetric sections under general harmonic forces.

6.4.4 Example- Solution for Simply-Supported Beam under Harmonic Forces
A simply supported beam with asymmetric section under general (1) distributed harmonic
forces; lateral and transverse forces @;(z)e"*, bending moments M, (z)e'*, (for

j=x,y)about X andY axes, respectively, twisting moment m, (z )e'* , and bimoment

m, (z)e"*, (2) end harmonic forces: bending moments M, (z,)e'*and M, (z,)e'”

w

about X and Y axes, and bimoments M, (z, )" at both ends (z, =0,¢) is considered as

illustrated in Figure (6.4).
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— =M, (0})

\ QMz(o,t)
T (0

My (2D D
\4

Y

Figure (6.4): Simply-supported member of asymmetric cross-section under

general harmonic forces

The restraints leave the end-sections free to warp and to rotate about X and Y axes.
Imposing the following simply supported boundary conditions at both member ends

z=0and z =¢:

T(0)=0, v(0)=0, Ely 8 (0)=M, (0) (6.46-48)
Ely, 8, (0)=-M, (0), &(0)=0, EC,#'(0)=M, (0) (6.49-51)
T(£)=0, Vv (£)=0, El,8 (t)=-M,(¢) (6.52-54)
Ely & (1)=My (£), 6,(£)=0, EC,w'()=-M,, (¢) (6.55-57)

Substituting the expressions for displacement functions (6.31) into the above boundary

conditions (6.46) to (6.57), the obtained expressions are provided in matrix form as:

(D5 ] (A} =1Q5 |0 (6.58)

in which
[(DS ]12x12 :[{lflyi}lle {lfzxj}lzn {F_3:iml' }12><1 {F_‘Umi }12><1 {F_5:J'}12x1 {mi }12)(1
.

{E_l’j}ﬂxl {E_ZJ'}lle {E3'jmi }12x1 {E_“:J'mj }12x1 {E_S*j}lbd {E_G*j}12><1:|12x12

<C53 >T _<_u_p Vo Mx (O)/Elxx _My (O)/Elyy _gzp IVI_W (O)/ECW U,

w2
T

¥, M, (0)/EL, M ()L, -8, -, (0)/EC,)

112

where E,; =Fe™, E;, =m;e™, for k =1,2,3,4,5 and j =1,2,3,....,12.
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From Equation (6.58), by substituting into Equation (6.46), the solution for the bending-

torsional coupled deformation is obtained as:

s, @), =[2(2)] [ T 16 L +[S1 ) 19 o (6.59)

The above formulation represents the general steady state dynamic response solution of

simply-supported asymmetric members under general harmonic excitations.

6.5 Finite Element Solution

This section formulates a two-noded finite element with six degrees of freedom per node.
The element is based on a family of shape functions which exactly satisfy the dynamic
equilibrium equations. Figure (6.5) shows a two-noded finite asymmetric channel-beam

element with six degrees of freedom at each node.

Figure (6.5): Thin-walled two-noded asymmetric channel-beam element

6.5.1 Variational Formulation
From the Hamilton’s variational principle expressed by J-:z ) (T U *)dt +f2 SN "dt =0,

by substituting the displacements and forces expressions presented in Equations (3.79) to
(3.81) into kinetic energy expression T, internal strain energy U “and the external work

of the applied forces on the system W “presented by Equations (3.13), (3.21) and (3.35),
and by enforcing the orthogonality conditions; performing integration by parts with

respect to time t : and noting that all the variations of the coefficients at time limits t, and

t, are zero, i.e, OU(t)=d80(,)=0, & (t,)=67(t,)=0, &G (t;)=66,(t,)=0,
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30, (t,)=30, (t,)=0, &6, (t;)=56, (t,)=0, and &y (t,)=s6w(t,)=0, the variations of the
energy expressions are then obtained in terms of nodal degrees of freedom, in which the

variation of kinetic energy oT " is given as:

Jrom de= [0 (00 @ [ T 06 ()}, (00, ()X, (), o ek (6.60)

inwhich [ X, ] _=diag[ pA pA pl, pl, pA pC,]

T

<U_r(z)>L3 <u‘(z) v (z) <§Z(z)>1x3 and

(X, (z )>L3=<pAyS§Z(z) —pAx,0, (z) pA[y.T(2)-x7 (2)])

1x3

The variation of the internal strain energy sU " is:
Jrawa =[] (003 ()[R 1, 102 0, (003 ) 1K 0 04 2] o [t 8.61)

in which [X, ] =diag[0:0 El,, 'El  GJEC, ]

6x6

'GD,, | GD,, (GD,, | -GD, | GD, : GD,,
¢Gb,, GDb, -GD, GD, : GD,
[X_] _ GD,, | -GD,, A GD,, : GD,
® Joxe GD,, ' GD,, ' GD,,
Symm Gb,, : GD,,
GD,,

L 16x6

and (U, (2)),, =(0"(z) 7'(2) 8.(2) G,(2) B(z) w(z)),.

and the work done W ~ by the applied harmonic forces is:
2 * 2| ! — — i
:1 M dt = J: UO <éUS (Z )>L6 {P (Z )}ledz Je A gt (6.62)
. . = T _ - - - - -
inwhich (P(z)),, =(a, () @, (z) m,(z) m,(z) m,(z) m,(2)),.

From Equations (6.60) to (6.62), by substituting into variational form of Hamilton’s

principle, one recovers:

ﬂ [QZ (<éU_S (Z )>Ls [X_S ]exa {U_S (Z )}6><1 +<6U r (Z )>L3 {X_r (Z )}3x1)_(<éu_ (Z )>L5 [X_a :'6><6 {U_SI (Z )}le
{00 () [ X, 1, 00 ()} =005 () (P (2], Joz -0

w <

(6.63)
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6.5.3 Formulating Exact Shape Functions

In the present study, the vector of unknown integration constants {AG,i }m1 is expressed in

terms of the nodal displacements by enforcing the conditions: T(0)=u,, V' (0)=v,,

6, (0)=6,., 6,(00=0,,0,(0=6,, w(0)=y; and T(f)=u,, V(£)=v,, 6(/)=6,,,

yi'7z

g,(0)=0, , 6,

y Y2 ! z

(0)=e,

.+ W(0)=v,. The displacement field functions (U (2)), are

expressed in terms of nodal displacements

T T : : : : : : : : : : : T - H
U (@)=l Ve 6, 6, 6 vt Vo G, 6, 6, W), yielding:

) Us )] [[2(0)],,
{UN (Z )}12><1_{{ s f }6X1} {D{ ¢ ]6xl2

From Eq. (6.64), by substituting into the homogeneous part of Eq. (6.31), noting that the

:I{AG' }12 1 [R ]12><12 {A6,i }12X1 (664)

particular part is vanished in the finite element formulation, one obtains:

{US (z )}6><1 - [Z(Z )]6x12 R ]1_21x12 {U_N (z )}12><1 - [H (z )]6><12 {U_N (z )}12><1 (6.65)

in which matrix [H (z)] ,, [I(Z)]exlz[R] is a matrix of shape functions. It is noted

12x12
that the interpolation shape functions provided in Equation (6.65) exactly satisfy the

homogeneous solution of the field coupled equations.

6.5.4 Finite element formulation

From Equation (6.65), by substituting into the vectors for space displacements and forces

represented in the governing differential equation (6.63), one obtains:

([Ke hioaz =42 ’ Melioao )12X12 {U_N }12x1 = {'fe }12X1 (6.66)
where [Ke], Io([H :|12><6[ a}em[H @ ):|le2 +[Hd (z )]-]I:ZXG [X_b :'6x6|:Hd (2 ):|6x12)dz Is

the element sfiffness matrix, (e, =[[H(2 )] o[Xs | [H (2] 4[He (2] 02 s

the element mass matrix and the element load vector of applied harmonic forces is given

by 12x1_.[[ 12><6 3 Z } 1dZ, where
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T

[He () = ({10 @)y {Has()y M@y M@y 8@y (Hes))a )

T

yS’OA<H5vJ(Z )>1x12

[ H, <Z ):|12x12 :[{HU (Z )}12><1 {H 24(2 )}12><1 {H5v1<2 >}12><1:|12X3 X, PA <H5vi(z )>L12

T

A e o e

L A3x12

The present finite element formulation is used to capture the coupled bending-torsional-
warping dynamic response for asymmetric cross-sections under general harmonic forces.
The stiffness, mass matrices and the load vector are obtained by using the exact shape

functions developed in this formulation.

6.6 Examples and Discussion

In this section, a set of examples for thin-walled open beams of asymmetric cross-sections
subjected to general harmonic forces and various boundary conditions are presented to
assess the validity, accuracy and applicability of the present closed-form and finite
element solutions (using a single two-noded beam element having twelve degrees of
freedom). Provided are comparisons with results based on other established available

solutions for static and steady state responses. The static response can be approached by

using very low exciting frequency 2 compared to the first natural frequency @, of the
system, i.e., £2=0.01le,. The material properties used in all examples are E =200GPa,

G =77GPaand p=7850.0kg/m*®. Three solutions are provided for comparison. These

are:

(i) A solution based on the Vlasov beam theory (appendix 6B provides the closed-form
solution of coupled bending-torsional response for thin-walled Vlasov beam) which
neglects shear deformation and distortional effects,

(i1) A solution based on Abaqus two-noded B310S beam element with seven degrees of
freedom per node (i.e., three translations, three rotations and warping deformation)
which accounts for shear deformation only for bending but ignores (a) shear
deformation due to warping deformation and (b) distortional effects, and

(iii) A solution based on Abaqus S4R shell element (four-noded doubly curved shell

element with six degrees of freedom per node, i.e., three translations and three
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rotations) which captures shear deformation and distortional effects of the cross-

section.

6.6.1 Example 1- Long cantilever under member twisting moment

A 4.0m span cantilever has a thin-walled asymmetric channel-section of unequal flanges

as shown in Figure (6.6), and it is subjected to uniformly distributed twisting moment

0.40e'™kNm/m . The channel-section has an upper flange width b =40mm, lower
flange width b, =80mm, and mid-surface height H=100mm, flange thicknesses are

t, =10mm and web thickness is t, =8mm.

@m

m, (z t)=0.40¢'“ kNm/m
m@zt) | v

F T o

RAVAVAVAVAVAVAVAVAVAVAVAVAVAY, *S
/=4.0m

< J 2 P

Figure (6.6): Cantilever asymmetric C-section under distributed twisting moment

It is required to (1) extract the natural frequencies from a steady state dynamic analysis,
and (2) determine the quasi-static response by adopting a very low exciting frequency,

i.e.,, Q=0.01m =~0.2312rad /sec, and (3) determine the steady state dynamic response for
an exciting frequency Q=1.356m ~31.42rad/sec. (As observed under the results of item

1, the first natural frequency is @ =23.12rad /sec).

The sectional properties for the channel-section with respect to the XCY principal

coordinate system through the centroid C are A=0.20x10*mm?, I, =3.723x10°mm*,
l,, =0.878x10°mm*, J =0571x10°mm*, C, =0.861x10°mm°®. The principal

coordinates are inclined through an angle B=17.14° (Fig. 6.4). The centroidal coordinates

in the global coordinate system are (C, C, )=(20mm,60mm) while the coordinates of the

shear centre S_ in the principal direction are (X . Y . )=(-42.83mm,-10.29mm) .
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In the Abaqus shell model, the cantilever is subdivided into 200 S4R shell elements along
the longitudinal axis of the member, four elements along the top flange, eight elements
along the bottom flange, and ten elements along the web height, i.e., the Abaqus shell
model consists of 4,400 S4R-elements (Figure 6.7) with approximately 27,740 degrees of
freedom. In the case of the Abaqus beam model, a total of 200 B310S-beam elements
with 1,400 degrees of freedom were needed to achieve convergence, while the finite
element solution developed in the present study is based on exact shape functions and are
conducted using a single finite element with two nodes and six degrees of freedom per
node and was observed to give results exactly matching those based on the closed-form
solution developed in this study up to five significant digits.

4 elements along top flange
8 elements along bottom flange

4,400 shell S4R elements

Figure (6.7): Shell S4R meshing of long cantilever asymmetric channel-section

6.6.1.1 Steady state dynamic analysis

The steady state response analysis under distributed twisting moments 0.40e'® kNm/m

is performed multiple times for an exciting frequency (2 varying from nearly zero to

100Hz. The natural frequencies are then extracted from the peaks of the displacement-

frequency relationships. The lateral displacementU,, transverse displacementv,,
bending rotations 6, §y , twist angle @, and warping deformation 7 at the cantilever tip

(Fig. 6.6) against the exciting frequency «2 are depicted in Figures (6.8a, 6.8c, 6.8e, 6.89,
6.8i and 6.8k), respectively. The solutions based on Vlasov beam theory, Abaqus B310S
and Abaqus shell solutions are overlaid on the same diagrams for comparison. Each peak

indicates resonance and thus identifies natural frequencies of the beam. Thus, the first
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seven natural frequencies were extracted from the peaks of Figures (6.8b, 6.8d, 6.8f, 6.8,
6.8 j and 6.8I).

In the shell FEA model, the rotation angles 4, , e‘y and warping deformation y for a
given section z;are determined from the Abaqus shell model by extracting the
longitudinal displacements at section z, at the four corner points of the cross-sections
(Fig. 6.6). Equation (3.3) is then used to express the longitudinal displacements leading to
four equations of the form W (z,s;)=W (2 )+Y (s;)6, (z)-x(s;), (z)+e(s; )7 (z), where
X;,Y; (for i =1,2,3,4) are the coordinates of the four corner points along the principal
directions (XY ), and @, (for i =1,2,3,4) are the corresponding warping function

values. This leads to the system of equations:

W (z,s,) 1 y(sy) —x(s;) ofs))| [wW(z)

Wzs)| |1 y(s) () ofs)| |AG) -
W (z,5;) 1 y(ss) —x(s5) ofss)| |6,(z)

W (z,5,) ! y(ss) —Xx(s4) “’(54)_4X4 v(z) o

which is then solved for the vector of generalized space displacements
W(z) 6,(z) 6,(z) y7(z)>L4.The resulting warping values for (z ) are depicted in

Figures (6.8k and 6.8l).

Table (6.2) provides the first eight natural frequencies as extracted from the steady state
response analyses based on all four solutions. As a general observation, the present
solution predicts frequencies in excellent agreement with those based on Vlasov closed-
form and Abaqus beam and shell solutions. This is particularly the case for the lower
eigen-frequencies. The agreement is observed to slightly deteriorate for higher frequency
modes, although remaining close. At the eighth eigen-frequency predictions of all four

solutions agree within a few percents.

Frequencies predicted by the Vlasov solution are the highest (since the solution neglects
shear deformation and distortion effects, and thus provides the stiffest representation of
the structure) while Abaqus shell solution has the lowest values (since it incorporates

shear deformation and distortional effects, and thus provides the most flexible and most
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Figure (6.8): Natural frequencies and modes extracted from steady state response of

cantilever asymmetric C-section under distributed harmonic torsion.

Table (6.2): Bending-torsional coupled natural frequencies for cantilever asymmetric

channel-section under distributed harmonic torsion

Abaqus Present Abaqus Vlasov
S4R Solution B310S Solution Present B310S Vlasov
No. [1] 2] [3] [4] Difference | Difference | Difference
(27,750 | 1,55k (1,400 | (closed- | =[1-2/1 | =[1-3)/1 | =[1-4]/1
por) | ( )| DOF) | form)
1 3.679 3.680 3.686 3.687 -0.03% -0.19% -0.22%
2 7.251 7.265 7.269 7.280 -0.19% -0.25% -0.40%
3 22.05 22.35 22.46 22.48 -1.36% -1.86% -1.95%
4 23.45 23.75 23.78 23.81 -1.28% -1.41% -1.54%
5 39.82 40.37 40.45 40.68 -1.38% -1.58% -2.16%
6 62.59 62.82 63.11 63.32 -0.29% -0.75% -1.09%
7 72.83 73.86 74.03 74.32 -1.41% -1.65% -2.05%
8 92.91 95.07 95.31 95.78 -2.32% -2.58% -3.09%
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accurate representation of the structure). The eigen-frequencies predicted by the Abaqus
shell model differ from those based on the present finite element solution by 2.32%, from
the B310S solution by 2.58%, and from the Vlasov solution by 3.09%. In other words,
the present theory provides the best agreement with the shell solution. From a
computational viewpoint, the present solution provides by far the most efficient solution.
Using a single finite element with twelve degrees of freedom gives results in excellent
agreement with Abaqus shell model with 27,750 degrees of freedom and Abaqus B310S

model with 1,400 degrees of freedom.

6.6.1.2 Quasi-static analysis

The quasi-static coupled response is approached by setting a very low value for the
exciting frequency Q=0.01m ~0.2312rad/sec. Given the non-symmetry of the cross-
section, the entries in the matrix of coefficients in Equation (6.16) suggest that, in general,
all six displacement fields are fully coupled. However, in the quasi-static results of the
present problem, it is observed that the rotation angles ,(z,) and g, (z,) for all values of
z; vanish in all four solutions. Appendix (6-A) provides a mathematical proof that indeed
this should be the case under the present formulation. The lateral displacement U, ,
transverse displacement v, , angle of twist &, and warping deformation i are presented
in Table (6.3) along with comparisons with other solutions. A comparison of the
deformed configurations is presented in Figures (6.9a-d). The present closed-form and
finite element solutions are observed to be in excellent agreement with those obtained by

Vlasov beam theory, Abaqus B310S-beam and S4R-shell models. At the cantilever tip,

Table (6.3): Comparison of deformation values at cantilever tip

Abaqus | Present | Abaqus | Vlasov Present B310S Vlasov

Variable S4R Solution | B310S | Solution | Difference | Difference | Difference
[1] [2] [3] [4] =[1-2]/1 =[1-3]/1 =[1-4]/1

ua (mm) -14.82 | -14.62 | -14.56 | -14.55 1.35% 1.75% 1.82%

Va (mm) 7.933 7.918 7.887 7.877 0.19% 0.58% 0.71%

6, (10°rad) 673.3 | 662.1 | 661.1 | 660.4 1.66% 1.81% 1.92%

w (10 rad/mm) | -23.96 | -19.25 | -19.00 | -18.07 | 19.66% | 20.70% | 24.58%
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the warping deformation  deviates from the results based on the Abaqus shell model by
19.66%. This is slightly better than the B310S solution which differs by 20.70% and the
Vlasov theory by 24.58%. The differences are predominantly due to distortional effects
which are only captured in the shell element model but not in the other three solutions. In
spite of this difference at the cantilever tip, the warping deformation within the span is
found to be in excellent agreement with the shell FEA solution as evidenced by the

comparison provided in Figure (6.9d).
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Figure (6.9): Static response of cantilever asymmetric C-section under harmonic torsion

6.6.1.3 Steady state dynamic response

The steady state results for an exciting frequency Q=1.356@, ~31.42 rad/sec are
illustrated in Figure (6.10a-f). It is observed that the steady state amplitudes for the lateral

displacement U, (z), transverse displacement V,(z), bending rotations &, (z),8,(z),

angle of twist &, (z) and warping deformation (z ) based on the present formulations are

in excellent agreement with the results obtained by Vlasov beam theory and Abaqus beam
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and shell models. This signifies that shear deformation and distortional effects play a

rather minor role on the steady state response for such a long-span cantilever.
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Figure (6.10): Steady state responses for cantilever asymmetric C-section under torsion

The steady state amplitude responses for lateral displacement u‘A(z), transverse

displacement V,(z ), bending rotations &, (z)and &, (z), twist angle &,(z)and warping

deformation function ¥(z )for the given cantilever beam are illustrated in Figures (6.11)

for four values of the exciting frequency; Q, =110, Q,=(@+®,)/2, Q,=1.100,

and Q,=(®,+®,)/2, where @,,®,,®,are the first three natural frequencies.

248



Chapter 6:  Dynamic Analysis of Asymmetric Thin-walled Members under Harmonic Force

0.012 0.005
£ 0.000 ssmesasgamgg = 0.000 BERRO000 00
= ‘7 = Doy ﬁﬁéxxgxxxxxxx’wxxxxxxxxxxxxxxxxxxxx
—r Ap
= -0.012 N -0.005 AAAAAAAAA
= = A58ER,
2 seotafesgasssnssy
§ -0.024 £ -0.010
=] _ %o,
B o =110 |0 antm e,
2 -0.036 =y 0. _ O,
3 — o — of _
< & Q=(B+d,)/2 5 s 09 (fwf&)u
3 gs | * 2,=1103, 3 000 * =103
—

0,=(,+3,)/2 0 0, =(d,+8,)/2

\
-0.060 < -0.025
0.0 0.8 1.6 24 32 4.0 0.0 0.8 1.6 24 32 4.0
(a) . . (b) _ .
Z coordinate axis (m) Z coordinate axis (m)
0.25 0.000
o 2=1105 . X 96 ﬁﬁ
— _ _ XXX . x AAAAAAAAAAA
£ 0.20 & 0 =(B+>,)/2 Xx" 2 -0.017 % Bog, AAAAL\AAAAAAAAAAAAAAAAAAAAAAAA b
S x 02,=1.108 . = . 00,
N 3 = 1. p X X Do,
= X — X DDDDDDDD
= 0.15 — (P 45 ol N x 0000000000000
§ 0 L2 =(@,+d,)/2 xxxx & -0.034 Xx
E xxx % xx
2 010 o = x,
& o oo 2 0051 o Q=108 .
oo = s
S 005 o pone™” ) %
E ’ Xxxx ZZAAAAAAAAAAAAAA -'E & Q=(a+3,)/2
A
g @EQEEEEAAAA&‘??“??,,‘,,,_,,,..,.,.,u -------- 20068 | x 2=1.10@, o
g 0.00 zmwuuﬁﬁéwww@@@@@ ****** - 2 3 p oy
= x
= 0 0 =(@,+d;)/2 XXXXXXXXxxxxxxxxx
0.05 -0.085
0.0 0.8 1.6 2.4 32 10 ) 0.0 0.8 1.6 2.4 32 4.0
© Z coordinate axis (m) Z coordinate axis (m)
1.20 0.00
o =110 - a
=
_E- 100 2 0 =(m+a,)/2 puoaEananng E -0.09
= x £, =110, e -
N 0.80 i annd X
= 0 Q,=(a,+d,)/2 L MMMMM“ 2 018
< u] AA _§
Z 060 o AAAAA““ : g
b =7 astto” S 027 o,
o 0.40 o 5 22, _
BB o7, 8% RO ":D o & 0 =(d+a,)/2
z O e ~1.105
020 Dnggee o 036 x 2,=1.10a,
4" X < — —
Eggw" = 0 0 =(a,+3,)/2
0.00 i -0.45
@) 0.0 0.8 1.6 2.4 32 4.0 0.0 0.8 1.6 2.4 32 4.0
Z coordinate axis (m) ® Z coordinate axis (m)

Figure (6.11): Steady state response for cantilever asymmetric channel-section under

distributed harmonic torsion

6.6.2 Example 2 — Shear deformation effect

To illustrate the shear deformation effects, a short 1.0m span cantilever is considered.

Cross-section is taken identical to Example 1. The member is subjected to a uniformly
distributed harmonic twisting moment 8.0e'™ kNm/m as illustrated in Figure (6.12). It is

required to (1) conduct a steady state dynamic analysis and extract the natural frequencies

of the beam, (2) capture the quasi-static response by applying a very low exciting
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Figure (6.12): Short cantilever asymmetric C-section under member harmonic torsion

In the Abaqus shell solution (Figure 6.13), the cantilever is subdivided into 100 elements

in the longitudinal direction, and like Example 1, eight and four elements along the width

of top and bottom flanges, and ten elements through the web height. The Abaqus shell
model thus consists of 2,200 S4R shell elements. For the B310S solution model, a total

of 100 beam elements are used.

10 elements

? elements

Figure (6.13): Shell S4R meshing of short cantilever asymmetric channel-section
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6.6.2.1 Shear Deformation Effects on Natural Frequencies

The steady state response is illustrated in Figures (6.14a-b) over an exciting frequency
range from nearly zero to 700Hz . To illustrate the influence of shear deformation on the

natural frequencies, plots representing the amplitudes of the lateral displacement U, and

angle of twist 4, at the cantilever tip versus the exciting frequency are provided in (Fig.

6.14a-b). These curves exhibit six peaks which correspond to the first six natural
frequencies of the member. For the lower frequencies, all four solutions closely predict
the location of peaks associated with the first three natural frequencies. For higher
frequencies, deviations in the locations of the peaks are observed between all four
solutions. The Abaqus shell model predicts the lowest values of eigen-frequencies while
the Vlasov beam theory predicts the highest values. The present solution yields slightly
higher values than those based on the shell model. This suggests that for the present
beam, the effects of distortion are minor while the shear deformation effects gain
significance for higher frequencies. A similar observation was reported in the work of
Bercin and Tanaka (1997).

0.10 ! — —Vlasov solution 1.20 ;’ — —Vlasov solution
G ! i —-Abaqus-B3108 o i —--Abaqus-B3108
\_; 0.08 :: i — Present solution 8 1.00 — Present solution
> ! { i Abaqus-S4R. I O | I A R A | Abaqus-S4R
5 i i il | =080 i T
5} i H i i H i
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g 5 i y il | 2 060 i
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Figure (6.14): Natural frequency analysis of short cantilever asymmetric C-section

(a) lateral displacement T, , and (b) angle of twist 6, .

Table (6.4) shows the comparison of the first six natural frequencies. As a general
observation, the results show very good agreement between all four solutions. For higher
frequencies, the present formulation (capturing the shear deformation effects) over-
predicts the frequencies by less than 2.0% while the Vlasov beam theory which does not

capture the shear deformation effects over-predicts the corresponding frequencies by
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5.28-8.44% compared to the Abaqus shell element model. It is observed that shear

deformation effects are prominent in short span beams and for higher eigen-frequencies.

Table (6.4): Coupled bending-torsional natural frequencies for short cantilever

asymmetric channel-section under member harmonic torsion

Abaqus Present Abaqus Viasov
S4R Solution B310S Solution Present B310S Vlasov
No. [1] 2] 3] [4] Difference | Difference | Difference
(=13,900 (closed- =[1-2]/1 =[1-3]/1 =[1-4]/1
DOF) (12DOF) | (700DOF) form)
1 57.20 57.34 57.96 58.18 -0.24% -1.33% -1.71%
2 72.32 73.76 74.23 74.60 -1.99% -2.64% -3.15%
3 172.9 174.8 175.5 180.3 -1.10% -1.50% -4.28%
4 264.1 265.9 276.6 278.7 -0.68% -4.73% -5.53%
5 358.2 361.8 368.8 377.1 -1.01% -2.96% -5.28%
6 550.7 559.4 592.3 597.2 -1.58% -7.55% -8.44%

6.6.2.2 Shear deformation effects on displacement responses

The quasi-static and steady state displacement amplitudes at the cantilever tip subjected to
exciting frequency €2=0.001m ~0.3594rad/sec and €=0.84@ ~31.42rad/sec are
provided in Table (6.5) and Table (6.6), respectively. In both cases, the displacements and
rotations predicted by the present study are in excellent agreement with those of Abaqus
S4R shell element model. For quasi-static loading (Table 6.5), the warping deformation
w at the cantilever tip as predicted by the Abaqus shell element model is observed to
depart from the present solution by 18.12%, by 19.01% from the B310S solution, and by
19.51% from the Vlasov solution. For the steady state response, it departs from the
present solution by 18.12% from the present solution, by 19.01% from the B310S
solution (Table 6.6), and by 19.51% from the Vlasov solution. Again, the difference is
attributed to the localized distortion effects at the cantilever tip, which are captured only

in the shell model (Fig. 6.15).
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(a) Abaqus shell model (b) Present solution model

deformed configuration

undeformed configuration

Cross-sectional distortion No cross-sectional distortion

Figure (6.15): Cross-sectional distortional comparison of finite shell model and present

solution model for cantilever asymmetric C-section under member torsion
!I_H

Figure (6.16): Comparison of Abaqus shell model and present model

(@) Abaqus shell model

(b) Present solution model
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Table (6.5): Static response of short cantilever asymmetric C-section under distributed

harmonic twisting moment

Abaqus Present Abaqus Viasov
S4R Solution 831((138 Solution Present B310S Vlasov
Variable [1] 2] 3] [4] Difference | Difference | Difference
(:éggg)o (12DOF) | (700DOF) (IC;Lc;iiaj- =[1-2]/1 =[1-3]/1 =[1-4]/1
Ua (mm) -14.44 -14.25 -14.16 -13.57 1.32% 1.94% 6.02%
Vi (mm) 7.635 7.591 7.647 7.348 0.58% -0.16% 3.76%

0, (10°rad) 635.5 629.6 624.7 615.9 0.93% 1.70% 3.08%

¥ (10°rad/mm) | -417.3 | -348.8 | -345.0 | -3429 | 18.12% | 19.01% | 19.51%

Table (6.6): Steady state response of short cantilever asymmetric C-section under

distributed harmonic twisting moment

Abaqus Present Abaqus Viasov
S4R Solution B31%)S Solution Present B310S Vlasov
Variable [1] 2] [3] [4] Difference | Difference | Difference
(=13,900 (Closed- =[1-2]/1 =[1-3]/1 =[1-4])/1
DOF) (12DOF) | (700DOF) Form)
Uy (mm) 4.315 4.170 3.111 2.728 3.36% | 27.90% | 36.78%
Vi, (mm) 24.73 23.47 22.48 21.87 5.10% 9.10% 11.56%

0, (10°rad) -14.84 | -14.17 -13.59 | -13.23 | 4.51% 8.42% | 10.85%

éy (10°%rad) 39.70 38.91 36.79 35.32 1.99% 7.33% | 11.03%

0, (10°rad) 1121 1076 1043 1020 4.01% 6.96% 9.01%

¥ (10°rad/mm) | -755.8 | -620.2 -611.7 | -603.1 | 17.94% | 19.07% | 20.20%

The amplitude responses for lateral displacement 0, (z ), transverse displacement v, (z ),

angles of rotations &, (z), 8, (z), angle of twist g, (z)and warping deformation (2 )
are plotted in Figures (6.17a-f), respectively under the exciting frequency
Q=0.84w, = 31.42rad/sec. Results based on the present solution are observed to be in

excellent agreement with those of the Abaqus shell element solution. Due to the omission
of the shear deformation fully in Vlasov beam theory and partially in Abaqus beam model
(since B310OS does not capture shear deformation due to warping), the predicted results
obtained by these two solutions show some deviation from the Abaqus shell model
results. This leads to conclude that the shear deformation effects become important for
short beams under harmonic forces. In contrast, the present solution provides very good

agreement with shell model results.
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Figure (6.17): Steady state response for cantilever asymmetric C-section under distributed

harmonic twisting moment

6.6.3 Example 3 — Three-Span Continuous beam
A three-span continuous beam has an asymmetric section (Fig. 6.18) is subjected to three

harmonic forces; uniformly distributed transverse force 12.0e'* kN / m , concentrated
twisting moment 8.0e'* KNm and concentrated transverse force 24.0e'* kN . Section
dimensions are b, =160mm ,b, =80mm, t, =20mm, t, =15mmand H =200mm . The

coordinates of the centroid C are C, =8.205mm, C, =120.5mm and the coordinates of

255



Chapter 6:  Dynamic Analysis of Asymmetric Thin-walled Members under Harmonic Force

the shear centre S, along the principal coordinates are X =-23.89mm , Y =42.24mm,
the orientation of principal direction is 5 =9.46", and the properties of cross-section are;

A =0.78x10*mm?, |, =56.16x10°mm*, I =8.489x10°mm*, J =0.8650x10°mm*,
C, =57.0x10°mm°®, D, =47.51x10°mm? D, =30.49x10°‘mm* D, =-2.918x10'‘mm?,

D,, =1.296x10'mm’, D, =-3.705x10°‘mm?®, D, =47.14x10°mm®.

M, =8.0“°TkNm 'y
BEEEE R
1 @ ) @ 2 @ l{ 4 @ 5 @7..4’2 H
) 2 A O
% D> S — N >
40m 20m  20m W by by
= pl

Figure (6.18): Three-span continuous beam with asymmetric J-section

It is required to assess the accuracy and efficiency of the present finite element

formulation, in (1) predicting the quasi-static response corresponding to exciting

frequency (2=0.01lmw, =0.7138rad/sec, and (2) determining the steady state dynamic
response under an exciting frequency (2=1.74m, ~124.2 rad/sec, where the first natural

frequency of the three-span beam is @, =11.36Hz .

Three solutions are provided for the problem. These are:

(1) In the Abaqus shell model, the three-span beam is subdivided into 400 shell S4R
elements along the longitudinal direction, 10 elements along height of the web, 8 and 4
elements along the width of the upper and lower flanges, respectively. The model thus
consists of 8,800 shell S4R elements with six degrees of freedom per node which leads to
about 55,000 degrees of freedom.

(2) In the case of Abaqus finite beam model, 200 beam B310S elements in which a total
of 1,400 degrees of freedom were needed to attain the required accuracy.

(3) In the present solution, the member is subdivided into only five beam elements along
the member span, i.e., the model has only thirty degrees of freedom.
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6.6.3.1 Comparison of displacement responses
The displacement functions a(z)v(z).6,(z).6,(z).6,(z)and (z )are provided in
Figures (6.19) and (6.20), for quasi-static analysis case (2 =0.01e, =0.714rad/sec), and

steady state dynamic response case (2 =1.74m, ~124.2 rad/sec), respectively. The two sets

of figures show excellent agreement between the nodal displacement functions predicted
by the present finite element model (using 30 degrees of freedom) and the Abaqus finite
element models, shell model (using 55,000 degrees of freedom) and beam
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Figure (6.19): Quasi-static analysis of three-span continuous beam under harmonic forces
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model (using 1,400 degrees of freedom). In the quasi-static case, it is also observed that

the angle of rotation §y (z) vanishes in all three solutions. The computational effort in

the present solution is several orders of magnitudes less than that of other solutions. This

is a natural outcome of the fact that the present finite element is based on the shape

functions which exactly satisfy the homogeneous form of the equations of motion, which

in turn eliminates discretization errors encountered in finite element formulations.
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Figure (6.20): Steady state analysis of three-span beam under general harmonic forces
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6.7 Summary and Conclusions

1. The equations of motion and related boundary conditions are derived for thin-walled

members with asymmetric open cross-sections under general harmonic forces. The

formulation captures shear deformation effects due to bending and warping, translational
and rotary inertia effects and the bending-torsional coupling effects due to the
nonsymmetry of the cross-section.

2. Closed-form solutions are formulated for the resulting coupled system of equations.

3. A family of shape functions is derived based on the exact homogeneous solution of the
governing field equations.

4. A super-convergent finite element based on the exact shape functions is then
formulated.

5. The new element involves no discretization errors and generally provides excellent
results with a minimal number of degrees of freedom.

6. The present solution is capable of efficiently capturing the static and steady state
responses of members under harmonic forces. It is also able to predict the natural
frequencies and mode-shapes of the system.

7. The solution successfully captures the coupled bending-torsional response of
asymmetric cross-sections under harmonic forces.

8. Comparisons with Vlasov beam theory solution demonstrates the importance of shear
deformation effects on short-span thin-walled members under higher exciting
frequencies.

9. Comparisons with shell element solutions show that the distortional effects are more

pronounced in cantilevers with shorter spans rather than longer spans.
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Appendix (6A): Proof that bending rotations 6, (z) and 6, (z) vanish
for a cantilever with no external forces

It is required to formulate the expression for the rotation angles 6, (z )and 6, (z )for a
cantilever beam with no externally distributed lateral force @, (z )and bending moment

m, (Z ) By setting the right hand side of the static equilibrium equations related to lateral

response (Equations 3.55 and 3.59, chapter 3) equal to zero, one obtains:
-G [DXX (u'-6,)+D,, (v'+6,)+D,, (&, +1//)]’ =0 (6A.1)
~El,, 6/ ~G[D,, (u'~6,)+D,, (v'+6,)+Dy, (¢ +y)]=0 (6A.2)

and the related boundary conditions are:

[G {DXX (u’- 0, )+ D,, (v'+6,)+D, (6 + 1,//)}-VX (z )]éu (z ): =0 (6A.3)
[E1,,6,-M, (z)]68, ()], =0 (6A.4)
For simplicity, Eq. (6A.1) can be re-write as:

7(2)=-6[D,, (u"-6,)+D, (v'+6,)+D,, (¢ +y)] =0 (6A.5)
Integrating Eq. (6A.5) with respect to z , leads to:

x(2)=-G [Dxx (u -0, )+ D, (V'+6,)+D,, (6 + W)] =C, (6A.6)
From Eg. (6A.6), by substituting into Eg. (6A.2), one obtains:

-El,,6)(z)-x(2)=0 (6A.7)
For the cantilever beam, the boundary conditions at the fixed end z =0:

u(0)=0 and 6,(0)=0 (6A.8)

and at the cantilever free end z = ¢, noting that no external bending moment M (£) nor

shear force V, (ﬁ)are applied, Egs. (6A.3) and (6A.4) are:

El, 0 ()=0 (6A.9)
G| D, (U'-8, )+ Dy (v'+6,)+ Dy, (6 +v) | =0 (6A.10)

From Eqg. (6A.6), by substituting into Eg. (6A.10), one obtains:
z2(0)=0 (6A.11)
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From Equation (6A.6), one obtains
2(2)=2(1)=0 (6A.12)
or C,=0. From Eq. (6A.12) by substituting into Eq. (6A.7), and by integrating the

resulting equation, one obtains

6,(z)=C,z+C, (6A.13)
Imposing the boundary conditions in Equations (6A.8) and (6A.9) into Eq. (6A.13),
yields

C,=C,=0 (6A.14)

From Eq. (6A.14), by substituting into Eq. (6A.13), leads to conclude that the bending

rotation about Y axis is vanished, i.e.,
0, (2)=0 (6A.15)

In a similar manner, the other rotation angle 6, (z )is also found to vanish, i.e.,
6,(2)=0 (6A.16)
In summary, for the special case of quasi-static response of a cantilever beam with
asymmetric section, the bending rotations 6, (z ) and 6, (z) for the member are shown to

vanish.
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Appendix (6B): Closed-Form Solutions for Governing Field

Equations of thin-walled asymmetric Vlasov beam

6B.1 General

This appendix derives the general closed-form solution for the thin-walled Vlasov beams
with asymmetric cross-sections subjected to general harmonic excitations. When one
ignores the shear deformation which is not captured by Vlasov beam theory, the field
equations governing the coupled lateral-transverse-torsional-warping response presented
in equations (3.44) to (3.46) become

Elyyu™—ply, 0"+ pA(0+ys§)=0y (z 1) (6B.1)
Elv ™ =l V "+ AW —X5 $)=0y (2 1) (6B.2)
EC, ¢" —C, ' ~GI '+ pA(ySU'—xSV"+ 2 ;b'):mz (1) (6B.3)
The related boundary conditions are

[Elyu"=M, (z.t)]ou’(z.t)], =0 (6B.4)
[Elyv"=M, (z.t)]ov'(z t)]; =0 (6B.5)
[El,yuV, (2 1)]ou(z ), =0 (6B.6)
[Elov ™V, (2 1)]ov (2 ), =0 (6B.7)
[EC, ¢"-GI¢'—M, (z})]54(z 1))y =0 (6B.8)
[ECy ¢"~M,, (z.t)]8¢'(z.), =0 (6B.9)

6B.2 Field Equations for Harmonic Forces

The asymmetric thin-walled member is assumed to be subjected to general harmonic

forces within the member
O (z.t),0y (z.t).my (2 £).my (zt).m, (z.t).m, (z ,t):[q‘x,qy,rﬁx,my,rﬁz,rﬁw ]eim (6B.10)

and end harmonic forces

(6B.11)
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in which g, (z ,t),qy(z t)are the distributed harmonic forces, m,(z t), my(z t),m,(zt)
are the distributed harmonic moments, m, (z t) is the distributed harmonic bimoment,
V. (z,t)V,(z.t) are the transverse and lateral forces applied at the member ends
(z.=0,0),M,(z,1),M(z,1),M,(z, t)are the harmonic end moments and M, (z, t)is
the harmonic end bimoments, Q is the circular frequency of the applied forces and

i =J—1 is the imaginary constant.

Under the above harmonic forces, the displacement fields corresponding to the steady

state response are also harmonic, i.e.,
v(z.t)u(zt), 4z ,t)=[v_(z ).0(z).4(z )]ei“ot (6B.12)

in which @(z),v(z) and ¢(z) are space functions for lateral, transverse and torsional

rotation. By substituting the force and displacement expressions in equations (6B.10) to
(6B.12) into coupled field equations (6B.1) to (6B.3) and boundary conditions (6B.4) to
(6B.9), leads to

[El,0"+pl,, 92@2§ . TN oy,
PAZ]
[E1, 0+ pl,, Q20> T %
, PA %X Vi =40,
~pAQ ~ i
i ] ¢ sa Mz )3q
[EC, D' -pAQ"; (6B.13)
Symm
+(eC, 2°-G1)0’]
L H : 13x3
and the associated boundary conditions are:
[El, 0", (z)]ar(z)|, =0 (6B.14)
[ELo7" M, (2)]67(2)], =0 (6B.15)
[E1y, 0"V, () Joir(z ), =0 (6B.16)
[EL, 7"V, (2)]67(2 ), =0 (6B.17)
[EC, #"-GIF-M, (2)]64(z)|,=0 (6B.18)
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[EC,#-M,, (2)]34(2)], =0 (6B.19)

6B.3 Homogeneous Solution of Coupled Field Equations
The homogeneous solution of the system of equations in (6B.13) is obtained by setting
the right hand side to zero, i.e., 4, =, =m, =0. The unknown displacement functions
T, (2)7, (2 ).4, (z ) are then assumed to take the following form:

T

(Cii C, Cyy), ™ (6B.20)

1x3

T

<U_h (Z )>1x3 - <u_h (Z ) Vi (Z ) ¢7h (Z )>1><3

Substituting equation (6B.20) into homogeneous part of equations (6B.13), one obtains

6
i=1

B 4
[El,m' ]
+pl,, Q2°me 0 - SPALYy,
—pA.QZ] A
I:Elxxmi4 g M 0 0 Cl,i
ol 2°ml PALX 0 e™ 0| C,r ={0},,
_pA-QZ] 0 0 e@ 33 Cai 3d
‘ [EC,m-pAQr]
Symm
o+, 2 -e)m]
L J3><3

(6B.21)

A non-trivial solution of resulting equation (6B.21) is can be determined by setting the

determinant of the unknown coefficients C,; C,; C,; to zero, one obtains

qlmi12 +q2mi10 +Q3mi8 + (:14mi6 +q5mi4 + %miz +0,=0 (6B.22)
. . 3 =2 2

inwhich g, =E°C, I, 1,,, d, =E’l, 1, (3p02°C, -GJ)

0, = pQ°E [lxxlyy (3062°C, - 263 )~EA(C, [1,, +1, ]+|Xxlyyrjﬂ

a. =p.(22[(pQZCW G ){pQZIXX 1, ~EA(1, +1,, )}—pA.QZE {2|XX 1y 124G, (1, +,, )ﬂ

268



Chapter 6:  Dynamic Analysis of Asymmetric Thin-walled Members under Harmonic Force

0s = pA2? [A.eroz(El y — PR JHEpAQP(C, —1 X241, (r2-y2)]
—p2* (p2°C,, — GI)(1,, +1,y )]
q6=(pA_QZ)2[p_QZr02(IXX #ly )= p? (1, x2 41, y2)+(p’C, -GJ )} ,and
G, =(pA2?) [x24y2r?].
Equation (6B.22) is solved analytically to obtain the roots (m; fori=1,23,...12) of the

equation. When all twelve roots are distinct (i.e., M; #m; fori #j ), the homogenous

solution for the space functions takes the form

{Uh(2)}54 =[C g {E12(2)} g (6B.23)

T : : : : ; : T
in which <E12(z)> :<emlZ gM2? M3z gMaZ ‘oMz . ;em122> and
1x12

— : : T .
[C ]1sz3 = [{Clyi }12><1 {Cli }12x1 {C3qi}12x1i|12x3 ,fori =1,2,3,4,....,12.

In equation (6B.23), thirty six integration constants appear in the homogenous solution of

space functions @, (z ), v, (z )and ¢ (z ), namely Cy ;, C,;and Cy;for i =1,2,3,...12,
but only twelve boundary conditions related to the displacements @}, (z ), Vi, (z )and
gZ(Z )are provided in Equations (6B.14) to (6B.19). It is thus required to reduce the three

sets of unknown integration constants C, ;,C,;jand Cj; to twelve independent boundary

conditions by writing two sets of constants in terms of the constants of the other set.
Equations (6B.23) are substituted into homogeneous form of equations in (6B.13). The

resulting equations must be applicable for any value of variable z , leads to
(E1,m!+p2%l, m—pAQ?) C,,—(pAR%Y,)Cy; =0 (6B.24)
(ELom/ +p2°1,,m? — pAQ*)C,, —( pAL X, )Cq; =0 (6B.25)
(PAL%y,)Cy;—(PAX, )C,; | EC, mi +(p2°C,, —GI)M? - pAQ°r] [C,; =0

(6B.26)
From equations (6B.24) and (6B.24), obtains
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(pAL2%y,) - _
Cy= —— —C,,=G,C,,; , fori=123..12. (6B.27)
(El,,m/ +p2*l, m? - pA2?)

— H i O I [ Ad AARRS ] . "
2, 3, ( )

¢ (BN e M —pA?)

2,

From equations (6B.27) and (6B.28), by substituting into equation (6B.23), the

homogeneous solution for @, (z ), V7, (), 4, (z ) is then reduced to the following form

{U_h (Z )}3><1 - I:G_:|3x12 [E (Z ):|12><12 {C 3 }12><1 (68.29)

inwhich [G . =16, Gulpy W] . fori=123..12

<C3,i >L12 = <C3,1 C3,2 C3,3 C3,4 C3,5 """" C3,l2 >;12 and
[E (Z )]lelZ =diag I:emlz e e™ em e™ e ]12x12'

6B.4 Particular Solution for Uniform Member Forces

For a thin-walled member under uniform distributed forces
d@,(2).4,(@).m,(2).m,@).m,@2)m,@z)e'"qq, a m m,m,.m, ',

the corresponding particular solution{U_P (z )}Mof the field coupled equations (6B.13) is
assumed to take the form

U,@), =1, v, &) =(A+Bz A, +B,z A, +B,z), (6B.30)

From expressions in equation (6B.30), by substituting into equation (6B.13), leads to

Ys (XSCTy +m, )_q_x (roz_xsz)

Up Xs (VT —M, )-ay (ré-y 2

{JP}3x1: V_p =7 2 : y( ° S) (6B.31)
J P2 (1ex+1yy )
¢p 3x1
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6B.5 General Solution
The complete solution for the system of coupled equations is then obtained by adding the

homogeneous part in equation (6B.30) to particular part in equation (6B.31), one obtains

U (@)} =[6 L[ ()] ot} +Us () (68.32)

where the unknown integration constants {C&‘}lz 1(for i =1,2,3,....,12) in equation (6B.32)

are determined from the related boundary conditions leading to closed-form solution.

6B.6 Solution for cantilever member under member harmonic forces

A cantilever beam of asymmetric cross-section subjected to (i) concentrated end

harmonic forces; lateral force P (()e'™, transverse force P, (()e'™, end moments

M, (0)e'* M, (¢)e"", twisting moment M, (¢)e'™, bimoment M, (¢)e'™, and (ii)

distributed harmonic forces; lateral force @, e'®, transverse force qye‘m, bending

Ot iot s

iot and bimoment m,e""is

moments m,e'“and m e’ twisting moment m,e

considered as shown in Figure (6B.1). Note that, the forces are applied in the direction of

the principal axes.

g, (2.1) Py (1) y EA{ ()
G [TTTT T T LI T T e -

‘///////////////////P[t‘/

b LR LR ]

my (2. , m M, (49) x4

>
~<
<
=
:@ i
S
vc
N
>
A
o)
(@]
w

~—

Figure (6B.1): Cantilever of asymmetric section under general harmonic forces

Imposing the following cantilever boundary conditions at beam both ends, i.e., z =0and

z=1(
o (0)=67(0)=5¢(0)=060"(0)=67"(0)=05¢4'(0)=0 (6B.32-37)
El,0"(0))=M,(0), EL"(()=M,(0), El,0"(0)="P,(0) (6B.38-40)
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EIV"(0)=P, ((),EC,¢"(0)-GIF ({) =M, (¢) and EC,#"(()=M,, ()  (6B.40-43)

Substituting the expressions for displacement functions in Equations (6B.36) into above
boundary conditions (6B.32) to (6B.43), one obtains

{ }3><1 [ :|3x12|: :|12><12 ZC 1_21x12 {df }12)(]_ +{U_p (Z )}M (68-44)

in which

[IC ]1TZX12 :[{G_li }12><1 {C:Z»i}lle {1}12x1 {m G }12x1 { G_ }12><1 {mi }12><1

m,
AmiG g™} {miG,e™ ) {mFemtf  {miGe™} , and

12x1 i 12x1 i

{miSG_ine mi[}lle {[miz_ (GJ/ECW )}mie mi(}llellez
o - <(qx<r:xs>ys<xsay+mz >Hq () (v >]

[qu_y +m, _ysqx] A
| pQZ(Ixx-Hyy) |

OM () M, (0) M, (K)P(E)P(f)lvl(f)
- El, EI, EC, El, El, EC, .

vy i XX

6B.7 Solution for Simply-supported Beam under Member Harmonic Forces

A simply supported beam with asymmetric section subjected to (1) distributed harmonic

forces: lateral force @, ', transverse force @, e’ , bending moments m, e, m e,

twisting moment 1, e’ and bimoment m_ e'*, and (2) end harmonic forces: bending
moments M, (z,)e'"", M, (z,)e""and bimoment M, (z,)e'"at beam both ends

(z, =0,()is considered as shown in Figure (6B.2). Knowing that, all the forces are applied

in the direction of the principal axes.

R Y
zt Bzt
Ay (zt) qy( ) A/qX((ZZt))
moy, S LIV Tl T D e .
M(O,t) ///////////////////////'\Mw(glt)
W{@ C a YN aNaEe NN, S »7 X« C
M. O bb&bbbgbbbb&b@bbb@bb’b A W) .4 o5,
X 2 m 20 7 —
r/ g > v ‘Yn}(Z’t)

Figure (6B.2): Simply-supported beam of asymmetric section under harmonic forces
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The members are restrained at their ends by fork supports in which the boundary
conditions are the same as for a simply supported beams, i.e., the fork end restraints allow

the end-sections free to warp and to rotate about x and y axes. The boundary conditions
of the member at end z =0 are
S0 (0)=37(0)=38¢(0)=0 (6B.45-47)

El,,0"(0)=-M, (0), El,,v"(0)=-M, (0), EC,#"(0)=-M,, (0) (6B.48-50)

and attheend z =¢
3T () =8V (£)=25¢(()=0 (6B.51-53)
El,,a"(¢)=M, ({) El,V"(£)=M, (£)and EC, ¢"(()=M,, () (6B.54-56)

From equation (6B.32), by substituting into the above boundary conditions (6B.45) to

(6B.56), the general solution is obtained as:
{U_S (Z )}3><1 - ':G_]axu I:E (Z )]12x12 [ZS ]_112x12 { (55 }12x1 + {U_P }3x1 (68.57)
in which
[ZS ]1T2X12 :[{Gl’i}lbd é{ézyi}lle §{1}1le é{mizG_lvi}lm é{miZG_Zvi}lm {m'z }12x1 {G_l'e " }12x1§
T

Goem™),, ™, miG.em ) (miG,em ) fmzem) ]
: ’ 12x1: 12x1: ’ 12x1: ’ 12x1: 12x1_112x12

S \T _ q_x(rOZ—XSZ)—yS(XSq_y -Hﬁl)%qy(roz_ysz)_xs(ysq_x _rﬁz)

<QS >1x12_ 2 > :
pQ (Ixx+|yy) pQ (Ixx+|yy)

_N_Iy (O) _N_lx (0) _Mx (0) CTX (rOZ_XSZ)_yS(XsCTy 'Hﬁz)

Elyy Elxx Elxx pQZ(Ixx_Hyy) :

(v )y M) (18, M, -y, ] VL0 0 W, 0
A pQZ(IXXHW) 'DQZ(IXXHW) El, El EC,

1x12
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List of Symbols

The following list of symbols are given

A Cross-sectional area
b Length of the flange
C Centroid of the cross-section
C, Warping constant
d Height of beam cross-section
Dyx :Dyy
Dyy :Dnx Section properties
Dhy :Dow
Modulus of elasticity
G Shear modulus
h(s) Normal distance between the shear centre and the tangent to mid-surface
H Height of beam cross-section from the flanges mid-surfaces
I I Moment of inertias of the cross-section about the principal X andY axes
J Torsional constant
( Length of the member
M, (z) Concentrated moment about j-th direction (for j =x,y,z )
M, (2) Concentrated bimoment
m, (z) Distributed moments about j-th direction (for j =x,y,z )
m, (z) Distributed bimoment
n,s,z Local curvilinear coordinate system
N, Concentrated end forces along longitudinal axis
q; (z) Distributed forces along x,y,z directions (for j =x,y,z )
S Curvilinear coordinate along mid-surface of the section
S, Shear centre of the cross-section
t Time in seconds
UL, Time intervals
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g

Kinetic energy

Displacements of the shear centre along the principal X Y axes
Internal strain energy
Shear forces along x,y axes (for j =x,y )

Average longitudinal displacement along the Z axis

Work done by applied forces

Cartesian coordinate system
Principal coordinate system
Coordinates of arbitrary point on mid-surface of the section along X and

Y axes
Coordinates of the shear centre along the principal directions

Longitudinal coordinate

Density of the material
Polar radius of gyration

Rotations angles around the X Y ,Z axes, respectively

Angle between the tangent to the cross-section and the principal X axis

Warping deformation function
Exciting frequency

Warping function of the cross-section
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Chapter (7) - Fatigue Analysis and Design of Thin-walled

Members under Multiple Harmonic Forces

7.1 Introduction and Scope

A key objective of the present study was to provide an effective tool to predict the fatigue life
of thin walled members subject to harmonic forces. The mechanistic aspects of the solutions
including closed form and finite element solutions have already been discussed in Chapters
3-6. The present chapter complements the previous work by

(a) Devising a technique to predict the stresses within thin walled members under multiple
harmonic forces with different exciting frequencies (Section 7.3),

(b) Reviewing present design methodologies for predicting fatigue life (Section 7.4), and

(c) Combining the stress histories generated from steps (a) and (b) with established design
methodologies to predict the lifespan of thin-walled members under the effect of multiple

harmonic forces (Section 7.6).

7.2 Response under Multiple Harmonic Forces with Distinct Frequencies

Closed form and finite element solutions were developed for members subject to harmonic
forces applied with identical exciting frequencies. The adoption of this assumption has
successfully eliminated the need for time discretization in the solution of the governing
equations. In real life applications, it is conceivable to have multiple exciting forces with
different exciting frequencies. It is thus desirable to extend the capabilities of the model to
accommodate such cases. Within this context, this section proposes a methodology for
constructing the response of a member under multiple harmonic forces with different exciting
frequencies, starting with the individual steady state responses for each individual harmonic

force.

7.3 Formulating Expressions for Stresses

A thin-walled member of general cross-section (Fig. 7.1a) is assumed to be subjected to

concentrated and distributed harmonic excitations as
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9, (2 )0, (2 t)a, @ )m, @.)m, (z.t)m, (z.t)m, (z.1)
=14, (2).4, (2).4, (2).m, (2).m, (2).m, (z)m, (z)]sinex
N, (Z )V, (z)V, (Z.)M, ()M, (Z )M,z )M, (z1)
[N, (2)V, (2 )V, (2)M, (2 )M, (2) M, (2).M,, (z) Jsin

where q, (z,t),N,(z.t) are the longitudinal member and point force, distributed and

N
—

(7.1)

concentrated shear forces q, (z.t),q,(z,t)andV, (z.,t), V,(z.t), applied along the
principal axes X and Y , m, (z,t), m (z,t)and M, (z,t), M, (z,t)are distributed and
concentrated bending moments, respectively, m, (z,t),M, (z,t) are the distributed and

point torsion, and m,, (z,t),M,, (z ,t )are the member and concentrated bimoments.

Under the above applied harmonic forces, the response is assumed to take the following form

w(ztu(zt)v(z.t).6 (z.t)6,(z1)6,(zt)w(zt)
72T} ()8, (), ()4 (2)7(2 ) Jsin ez

It is required to derive an expression for normal and shear stresses in terms of stress

(7.2)

resultants.

Figure (7.1): An arbitrary thin-walled member under longitudinal and shear forces

7.3.1 Normal Stresses

The normal stress o, (z,5,t)is related to the longitudinal strain &,, (z,S,t)through the

Hook’s law as
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o, (2,5t)=Eg, (z.51) (7.3)
in which the longitudinal strain &, (z,S,t)is expressed in terms of the longitudinal

displacement W(z,s,t). Substituting the longitudinal displacement expression given in

Equation (3.3) and Equation (7.2) into Equation (3.7), yields

&, =W '(z,t)+y (s)0; (z.t)-x(s)6; (z.t)+a(z)y'(z 1)

T (- _ T - _ (7.4)
=1 y(s) x(s) @s)),,{UaC@)}, sinx=(X,) {Us(2)}, sinex
where (U, (z)) =(w'(z) 8 (z) 8 (z) #'(z))., and
(X =t ¥() x(s) @(o)),
From Equation (7.4), substituting into Equation (7.3), yields
o, (2.5t)=Ee, =E(X,) {Uy(z)}, sincx (7.5)

7.3.2 Normal Stresses in terms of Stress Resultants

The internal forces induced by the normal stresses at a given arbitrary cross-section are given

by
(N.(@1) M (z0) M,(z1) M, (20),

:£<GH (z,st) —y(s)o, (z,5.t) —x(s)o, (z,5t) @(s)o, (2,5t )>L4dA (79)

From Equation (7.5), by substituting into Equation (7.6) and enforcing the orthogonality
conditions, [ [ (s),y (s).x (s)y (s).x (s)eo(s),y (s )@(s ),eo(s ) JdA =(0,0,0,0,0,0), one

obtains

N, (z.t) N, (z) A0 0 O Ww'(z)
Mx (Z ’t) _ I\ﬂx (Z) sint =E _Ixx 0 0 % (Z) sin Ot (7.7)
m, @) TN ) 0 1, 0| |86)
M, (z.t) s My (z) e 0 O 0 Cy v'(z) L
in which the section properties (A,1,,,1,,.C,, )=, (Ly?x? o" JdA were defined.

Equation (7.7) is inverted to relate the derivatives of the displacement expressions as
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-1

w'(z) A 0 0 0T (N,(2)
_ Jé(z)| 1|0 -1, 0 0 M, (z)
{ a ( )}m_ 6, (z) "E|O0 0 l, O M, (z) (7.8)
1/7'(2) it 0 0 0 Cy |4 MW (Z) ot

From Equation (7.8), by substituting into Equation (7.5), the normal stresses

-1

A 0 0 0T (N,(z)
a0, 0 of M. (2) .
o, (z,s,t)=<xs>1X4 0 éy L0 M (2) sin 2t (7.9)

o 0 0 C,]l,., MW(Z)4X1

The normal stress expression given by Equation (7.9) is simplified to

A I C

XX yy w

o, (2 ,s,t)=(|\TZ (Z)— M, (2 )y (s)+Mx (s)+Ma}(s)Jsin_Qt (7.10)

Equation (7.10) presents the total normal stresses caused by longitudinal, shear forces,

bending moments about the principal axes and bimoment.

The stress resultants, N,(z),M, (z),M,(z),M,, (z)at a given section z =z, are
determined by conducting a steady state analysis for the problem, extracting the nodal

displacements for one of the two elements connected to the section of interest, z =z, and
pre-multiplying the element dynamic stiffness matrix by the nodal displacements as extracted

from the finite element solution. This yields 14 stress resultants N, (z), V, (2).V y (z),

M, (z), M, (z),M,(z) and M,, (z )at both ends of the element.

7.3.3 Shear Stresses
The shear stress distribution in a thin-walled arbitrary section is illustrated in Figure (7.1b).

The shear stress 7,, (2,5, )can be determined as

o0& ow
7,0 (2,5,t) =Gy, =G (§+Ej (7.11)

Substituting Equations (3.10) and (7.2) into Equation (7.11), yields
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(“_'_gy )

Y (+8, ) sinex (7.12)

775 (2,8.t)=G (cosa(s) sina(s) h(s)), ,
(22 +7) 3

7.3.4 Stress Resultants in terms of Shear Stresses
The shear forces V, (z,t), V, (z,t)in the direction of principal X and Y axes and the

warping torsion M, (z,t)are determined as

V, (z1t) cosa(s)
Vy(zt) ¢ =[{sina(s)} r,5dA
M. (Z ,t) 31 A h(S) 3l

i [cos&(s)]2 sina(s)cosa(s) h(s)cos&(s)_ (-8, )

:GI sina(s)cosa(s) [sin&(s)]2 h(s)sina(s)| dA (v‘_’+67x) sin
] h(s)cosa(s)  h(s)sina(s) [h(s)]2 |y (@ +7) .
Dxx ny th (_'_gy)
=G|D,, D,, Dy, | {("+6,); sinex (7.13)

Dix Dhy Doo |y, (52' +y7)
in which the cross-sectional properties D,, :_[A[cos&(s)]ZdA, D,, :'[A[sino?(s)]sz,
D, =fAsin&(s)cos&(s)dA, Dy =jAh(s)cos&(s)ciA, D, =IAh(s)sin07(s)dA

and D, = IA[h (s )]ZdA were defined.

From Equation (7.13), by substituting into Equation (7.12), the new expression of the

transverse shear stress 7 (z ,S,t) in terms of force resultants and section properties is

determined as

Dyx ny Dy V_x (Z )
7,5 (2.5 t)=(cosa(s) sina(s) h(s)) | Dy Dy, Dy | 1V, (z) t sinx (7.14)
th Dhy Da)a) 33 Iv_lzw (Z) 3
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7.3.5 Shear Stress Due to Saint-Venant Torsion
When the thin-walled member is subjected to uniform twisting moment, i.e., Saint Venant

torsion M, (z,t), the cross-section rotates through an angle @, (z,t)as shown in Figure

(7.2). If the warping is completely unrestrained, the St. Venant torsional moment M, (Z ,t)

resisted by the cross-section is given by

Mg (z,t)=GJ6; (z,t)=Gl 6, (z)sincx (7.15)

N

(b) St Venant Shear Stress
(a) Thin-walled beam under St. Venant Torsion distribution

Figure (7.2): Thin-walled member under St. Venant Torsion

The shear stress 7, (,r,t)due to Saint Venant torsion is given as

7 (2.11)=M,, (z ,t)JL:Gréz'(z)sith (7.16)
where r is the wall thickness and J :%Zbitf is the Saint-Venant torsional constant.

i=1
The total shear stress 7, (z,S,t)is obtained by adding the expression in Equation (7.14) to

the St. Venant torsion shear stress given in Equation (7.16) which varies linearly through the
wall thickness (Fig. 7.2b) as

-1

Dyx ny Dy V_X
7,5 =| {cosa(s) sina(s) h(s)), ,| Dy Dyy Diy V, t +Gré(z) sinx (7.17)
D hx D hy Da)a) 233 M w J 3
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In Equation (7.17), V, (z )and V_y (z )are known from the end force reactions as described at
the end of Section (7.2.2), while the terms M, and &, (z) are not directly available. The
following procedure outlines a procedure to determine M, and 6, (z). The total torsion
M, (known from the end reactions) is the sum of the warping torsion and St. Venant torsion,
i.e, M, =M,, +M,, . Also, the St. Venant torsion is related to the derivative of the angle
of twist through M, =GJ @, . These relations allow the expression of the warping torsion as
M, =M, —GJ @, . By substituting into Equation (7.13), one obtains

V_x Dyx ny Dy (u_’_gy)

Vv, =G|D,, Dy, Dy, | (+6,) (7.18)

I\Zz _G‘]gz’ 3x1 th Dhy Da)w 33 (_ZI +lﬁ) -

In Equation (7.18), one recalls that the stress resultants V_ , V_y and M, are determined from

the member end reaction (as described in Section 7.2.5) and 6, , H_y and y are known from

the nodal displacements. The system of equations can be solved for the three unknowns a”,

v’ and @,. Once @, is known, the St. Venant torsion is determined from My, =GJ 6, and

the warping torsion can be determined from M,,, =M, -GJ g, .

7.3.6 Shear Stresses for Doubly symmetric cross-section

For doubly symmetric sections, the section properties D, D, ,D, are vanished. Then the

shear resultants given by Equation (7.13) are simplified to

V, (2 11) o, o o] |@-&)
Vy(zt) =G| 0 D, O ('+6y )p  sinex (7.19)
M, (z)-Gé&; |, 0 0 Dyylys|(6 +7)

31

From Equation (7.17), the shear stress z, (z,s,t)is given as
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Dl 0 0
XX V—X (Z)
135 =| {cosa(s) sina(s) h(3)>L3 0 Di 0 Vy(z) +Gro; (z) [sinex
i M, (2)-GJ&; (z)
1 31
0 0 —
L Da)a)_gxg
(7.20)

7.3.7 Shear Stresses for Mono-symmetric cross-section

In the case of mono-symmetric cross-sections, in which the X axis is the axis of symmetry,

the section properties D, ,D, are zero. Substituting the sectional properties D,, =Dy, =0

into Equation (7.13), yields

V, (z11) b, o o] |@-&)
Vy(zt) =G| 0 Dy, Dy, | {(7+6); sinex (7.21)
M, (z)-GJé; |, 0 Diy Dun | (8 +7)]

and the shear stress expression in (7.17) is reduced to

VX
7,5 =| (cosa(s) sina(s) h(s)>IX3 Vv, +Gro; (z) [sinsx
0 Dhy LM, (z GJ 7.,

(7.22)
When the structural member is subjected to k sets of harmonic loads, each set with a

harmonic frequency 2, (for i =1k ), a number of k steady state problems can be solved for

each set of exciting frequencies 2. separately and the corresponding normal Oy, (z ,s,t)

and shearing stresses 7, (z,s.t) can be obtained from Equations (7.10) and (7.17).

The total stresses o, (z,s,t) and 7, (z,s,t)is given by summation, i.e.,

{o‘zz (z.5t )}zi{fai (z ,5)}Sin at (7.23)

ns(zst)] 3 Tzs; (z:s)
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7.4 Review of Key Concepts in Fatigue Design

7.4.1 Classification of Fatigue Failures

Fatigue failures are generally classified into two types; (1) low-cycle fatigue (LCF) and (2)

high-cycle fatigue (HCF). During low-cycle fatigue, the number of loading cycles is small

(1<N <103cycles)and the level of stress is high, i.e., the stresses are commonly high

enough to induce plastic deformation. In the high cyclic fatigue, a large number of cycles

(N >1O5cycles) at low applied stress levels take place and the deformation is primarily

elastic [Liu 2005]. A comparison between low-cycle and high-cycle fatigue is provided in
Table (7.1).

Table (7.1): A comparison between fatigue types

Subject

Low-Cycle Fatigue
(LCF)

High-Cycle Fatigue
(HCF)

Service life

Short

Long

Number of cycles

Low number of cycles
1<N <10°cycles

High number of cycles
N >10°cycles

Loading

High cyclic loads

Low cyclic loads

Deformation

Plastic range

Elastic range

Approach

Strain-based method

Stress-based method

7.4.2 Fatigue Life Analysis

Generally, there are three main methods to predict fatigue life: stress-life, strain-life and
linear elastic fracture mechanics. Stress-based analysis is based on stress levels in which the
stresses always remain elastic. Under this approach, the stress-life (S-N curves, i.e.,
magnitude of a cyclic stress against the number of cycles to failure) is mainly applicable for
long fatigue life estimation (i.e., high-cycle fatigue typically involving millions of cycles).
The strain-life method is widely used for fatigue crack initiation life calculation in which
plastic deformations that may occur at localized regions is considered. This method is used
for low-cycle fatigue applications in which the stresses are high enough to induce plastic

deformation [Bhandari 2010]. The linear elastic fracture mechanics approach is based on the
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existence of an initial crack. In other words, this approach is used to predict the crack growth
under repeated or cyclic loading [Tawancy et al 2004]. Since the main focus of this study is
to estimate the fatigue life of the structural steel members in which the stresses must be based
on elastic analysis, the stress-based approach is used in this study of fatigue life predictions.

7.4.3 Types of Fatigue Loading

Structural members are subjected to two kinds of fatigue loading cycles; constant-amplitude
and variable amplitude loading. In reality, very few structural members are actually subjected
to constant amplitude loading during their service life. Figure (7.3a) shows the constant-
amplitude cyclic stress. This type of loading normally occurs in machinery parts under
harmonic excitations. Constant amplitude loading is defined by the following terms [Liu
2005]:

1. The stress range Ao is the algebraic difference between the maximum stress o, and
minimum stress o, inacycle, i.e.,

Ac =0, —Omin (7.24)

2. The mean stress o, is the algebraic average of maximum and minimum stresses in the
cycle, i.e.,

o, = %(amax + O in ) (7.25)

3. The stress amplitude o, is the one-half the stress range in the cycle, i.e.,

o, =47 _(On =On) (7.26)
2 2

4. Stress ratio R is defined as the ratio of the minimum stress o, to maximum stress o,

inacycle, i.e.,
R = Zmin (7.27)
O

max

The above parameters are important for fatigue life prediction.

In practice, structural members or components subjected to variable cyclic loading exhibit
complex variable amplitude stress cycles (Figure 7.3b). This type of response is experienced
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by many structural members, such as aircraft structural wings under aerodynamic forces,

wave loading on ship and marine structures, and truck loading on steel bridges.

Umax

Stress (o)

Number of cycles (N)

(a) Constant amplitude loading

Peak ——

i /\/\A
IRATRI v

Valley

Stress (o)

[‘

Number of cycles (N)

(b) Variable amplitude loading

Figure (7.3): Types of fatigue loading cycles [Liu 2005]: (a) Constant amplitude cycles
of loading, (b) Variable amplitude loading cycles

The design fatigue life of structural members under complex stress histories can be evaluated

by using the following steps [Collins et al 2010]:

(1) Using the rainflow cycle counting method to reduce the complex loading to a series of
equivalent constant amplitude cycles.

(2) Creating a histogram of stress cycles from the rainflow analysis to form a fatigue
damage spectrum,

(3) Calculating the fatigue damage for each stress range level Ag; in the loading history, and

(4) Combining the fatigue damage for all the cycles in loading history using Palmgren-

Miners linear cumulative-damage rule in order to obtain the fatigue damage D, ., of the

total

whole loading history [Collins et al 2010].
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Figure (7.4) shows the main procedure used to predict the fatigue life of the structural

member under variable amplitude loading.

General Procedures for Fatigue Life Estimation

Structural member model

|

Stress-time history for available
amplitude loading

Rainflow cycle counting method

Stress-range histogram

Palmgren-Miner Linear Damage
Accumulation Role

Fatigue Life for structural model

Figure (7.4): Flow chart for general procedures used for fatigue life estimation of structural

member under variable amplitude loading (adapted from [Collins 1993])

7.4.4 The Rainflow cycles counting method

The rainflow cycle counting approach is commonly used to identify and count the fatigue
cycles from the stress-time history. Using rainflow counting, the stress-time history is used to
convert complex variable stress-time history into equivalent stress sets of constant amplitude
blocks.

The irregular stress cycles are transformed to a set of peaks (tensile stresses) and valleys
(compressive stresses) as illustrated in Figure (7.5a). In the rain-flow counting method, the

peaks and valleys in the stress-time history are numbered and then plotted such that the time
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axis is oriented downward (Fig.7.5b). At peaks and valleys, a rain-flow is assumed to drop

down the resulting pagoda roof based on the following three rules [Suresh 1998]:

(i) the rain-flow initiates at each peak (or valley), but a new rain-flow does not start while
the present rain-flow is flowing down,

(if) arain-flow starts down from a peak (or valley), continues to flow down and stops at the
valley (or peak) when the magnitude of the following opposite peak (or valley) has a
higher magnitude than the one from which it starts. For example, a rain-flow started
from valley 1 stopped at peak 4 because the magnitude of the following opposite peak 5
is greater than that of peak 1, and

(iii) a new rain-flow must stop when it encounters a previous rain-flow trajectory. For

example, during the rain-flow from valley 3 to peak 4, the rain-flow starts from valley 3

and stops at point 2a, since it encounters the previous rain-flow at that point.

Note that, (1) every part of the stress-time history is counted once and only once, and (2)
every rain-flow stress range, from its start (such as peak 8) to its finish (valley 9) is counted

as a half stress cycle.

80
50 60
/\ 20
// v -15 /

-10 \/ Time

-40 -40
-65

Stress

Stress

-100

(a) Variable amplitude stress

(b) Rainflow counting cycles

Figure (7.5): Rainflow counting cycles Method [adapted from Ref. Suresh 1998]

The rain-flow counting analysis for the stress-time history in Figure (7.5a) is provided in
Table (7.2).
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Table (7.2): Rainflow counting data for one block of stress-time pattern

Stress value o Stress value o, Half cycle
Peak/Valley . ! At the end of stress range
number At |r(1;\t/:laala§)omt trajectory Ao, =0,-0,
(MPa) (MPa)
1 -40 80 -120
2 50 -10 60
3 -10 50 -60
4 80 -100 180
5 -65 -15 -50
6 -15 -65 50
7 -100 60 -160
8 60 -40 100
9 -40 20 -60
10 20 - -

Table (7.3) provides the stress ranges for a single stress-time history event which pairs the
positive and negative half-cycles of identical magnitudes to count the number of complete

cycles.

Table (7.3): Number of cycles and half cycles for one stress event

Half cycles
0

Stress range |o; — o, | in (MPa)
50
60
100
120
160
180

Whole cycles

OO O |O|kF, |k

1
1
1
1
1

If the stress event described in Figure (7.5) is repeated 5x10° times, a stress range histogram
can be calculated by multiplying the number of cycles and half cycles by 5x10° and a stress
range histogram is generated. Therefore, the stress range histogram in Figure (7.6) consists of

six constant stress range blocks in which each block is characterized by its stress range Ao,
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and number of cycles n, . In Figure (7.6), the stress histogram having stress range blocks
Ao, =180MPa, Ao, =160MPa, Ao, =120MPa, Ao, =100MPa, Ao, =60MPa,
Ao, =50MPa and the corresponding number of cycles n, =n, =n, =n, = 250x10°cycles ,
n, =750x10°cycles and n, =1,250x10°%cycles are ranked in decreasing magnitudes of the

stress range. It is noted that the ordering of the different stress range blocks does not make a
difference since the damage calculations are based on the linear cumulative damage
Palmgren-Miner method.

200 Ac,

[Eny
(o]
o

Ao,

o]
o

Acs

Stress range Ac; (MPa)
5

N
o

‘nl‘ nzu n3“ n4“ Ng 1 Ng |

o

0 250 500 750 1,000 1,250 1,500 1,750 2,000 2,250
Number of cycles n; (1><103)

Figure (7.6): Stress range histogram

The fatigue strength of a structural member can be provided from the S-N curves (defined as
Wohler S-N curve). These curves are based on experimental investigations applying to a
typical detail category. Each curve is a plot of alternating stresses o versus number of cycles
to failure N (a log scale is used for N).

7.4.5 Palmgren-Miner’s Rule

The cumulative damage fatigue life analysis is generally based on Palmgren-Miner’s method.
Under variable amplitude loading, the fatigue life can be estimated by (1) calculating the
partial damage by each stress range loading block in the stress histogram, and (2)
determining the total cumulative fatigue damage by linearly summing the damage cyclic

ratios for the different stress range blocks. According to Palmgren-Miner’s Rule, total
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damage D, will occur when the sum of partial damages D, reaches unity [Collins et al
2010] i.e.,
k
Dy =.D; =1.0 (7.28)
i=1

in which D, =(ni /N i) is the partial damage ratio at i -thstress range level Ao, n,is the
number of cycles at constant stress range Ao, . For a number f of repeated stress events,
each containing m, stress cycles, the total number of stress cycles is n, = gm,. Also, in
Equation (7.27), N, is the total number of cycles to failure corresponding to constant stress
range Ao, . Figure (7.7) shows the total number of cycles to failure for each stress range

level Ao, plotted for the previous example.

250
— Design S-N based on Linear
< 200 .
o O3 cumulative damage rule
\2_/ Og
b 150
wn Oq
]
= Os
¢ 100
o, o,
50
0 le >l I J ] ¢ >l
n;  Ng n; Ng n, Ny !
N; Ng N; Ng N, N,

Number of cycles (N)

Figure (7.7): Design S-N curve based on linear cumulative fatigue rule

7.5 Fatigue Design Criteria in the Canadian Code CSA S16-09

In general, structural steel members subjected to fatigue loads need to be designed and
fabricated in order to minimize stress concentrations in the cross-sections. In most cases, the
elastic analysis based on principles of mechanics of materials is applicable to evaluate the
stresses in the member. For the present problem, this task has been accomplished from the

formulations developed in Chapters 3-6 and the associated stress expressions for multiple
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harmonic forces that were developed in Section (7.2). Fatigue life calculations are required
only in the locations of applied tensile stress while stress ranges that are completely
associated with compressive stresses are not accounted for in fatigue analysis [Kulak and
Grondin 2010].

The number of cycles to failure corresponding to a stress range Ao; is given by:

yAo, = for Ao, 2 Aoy
N, = (7.29)

y'Ac,” for Ao, < Ao,

in which y,y" are the fatigue life constants, and Aoy is the constant amplitude threshold

stress range (endurance limit for constant amplitude stress ranges only), which is stress range
below which a crack will not grow. In other words, when the stress range is always less than
this value, it can be expected that growth of the fatigue crack will not take place. When the

stress ranges Ao are less than the constant amplitude fatigue limit Ag, , the fatigue life
constant y' is used [Kulak and Grondin 2010]. Fatigue constants y,»"and Ao, are defined

in Table (7.4) and illustrated in Figure (7.8) for different detail categories in the Canadian
Standards. The detail categories are described and tabulated in Clause 26 of CSA S16-09
[Ref. 7.2].

The values given in Table (7.4) can be graphically determined from a series of straight lines
in S-N curves presented in Figure (7.8). Each line in the S-N curves is established from a
series of constant amplitude fatigue tests for different detail categories.

7.6 Numerical Examples

The aim of fatigue life calculations is to ensure that the thin-walled steel members under
effect of multiple harmonic forces with different exciting frequencies have sufficient fatigue
life. Two examples, simply-supported and cantilever members of doubly symmetric cross-
sections, are investigated for fatigue life analysis in order to demonstrate the application of
the finite element formulation developed in this study. In both examples, the material is
350W, i.e., the yielding strength is F, =350MPa . The modulus of elasticity is E =200GPa,

the Poisson’s ratio IS v = 0.3and the corresponding shear modulus is G = 77GPa..
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Table (7.4): Fatigue constants for various detail categories [Ref. 7.2]

Detail Fatigue life Fatigue life Constant amplitude
Catggacl)r Constant y constant y' threshold stress range Ao,
y (MPa) (MPa) (MPa)
A 8190x10° 223x10%° 165
B 3930x10° 47.6x10%° 110
B1 2000x10° 13.8x10%° 83
C 1440x10° 6.86x10% 69
C1 1440x10° 9.92x10% 83
D 721x10° 1.66x10%° 48
E 361x10° 0.347x10% 31
El 128x10° 0.0415x10% 18
1000
— A AG,;
g lB\ ti
S N (MPa)
= %\B‘T\ T
< \D C.I‘\\\\""n._‘ o | e o o o [y SN 5 -l A
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Figure (7.8): Characteristics S-N curves for various detail categories

According to CAN/CSA S16-06 [Ref. 7.2]
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7.6.1 Example (1) — Stress Calculations

A cantilever beam has a span 2.0m and a monosymmetric channel section. The cantilever is
subjected to a transverse harmonic load P, (2.0m t ) =5.0e' kN acting at the corner point at
the tip as illustrated in Figure (7.9). The dimensions of the channel section are; flange
thickness t, =20.0mm, web thickness t, =15.0mm, flange width b =80.0mmand the

middle surface height h =200.0mm . The exciting frequency of value Q=24Hz is
considered in order to calculate the normal and shear stresses distributions over the cross-

section. The first natural frequency for the cantilever channel-section is @, =18.38Hz .

P Y
) y A
P, =5.0e' kN ¢
2P 1
o () >
1 - 2 2 g "z 5 ||Cr X
- 10m—
< > 3:4
2.0m

Figure (7.9): Cantilever C-beam under concentrated end harmonic force

The coordinate of the centroid in the direction of principle axis of symmetry is

C, =20.65mmand the shear centre coordinate along the axis of symmetry is
X, =-51.12mm. The section properties are A =6.20x10°mm?, |, =42.0x10°mm?*,
l,, =4.184x10°mm*, J =0.650x10°mm*, C, =29.26x10°mm°®, D, =0.32x10'mm?,
D,, =0.30x10°mm?, D,, =9.143x10°mm®and D,,, =34.79x10°mm*. This example aims

at verifying the accuracy of the present formulations. It is required to conduct the steady
state dynamic analysis (exciting frequency Q=24.0Hz ) in order to calculate the normal and
shear stresses distributions over the cross-section. The results obtained based on the present
formulations are compared with the Abaqus shell element and Vlasov beam solutions.

For an orthogonal system of coordinates, (i) the original O of the coordinate system is

located at the centroid C of the section and the axes OX and OY are the principal axes, i.e.,
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_[A[x .y, Xy JdA =0, and (ii) the pole and the sectorial origin S, are placed at the shear centre

S i.e.,IA[x a),ya),a)] dA =0. The vy principal coordinate and @ sectorial coordinate

c!?
distributions on the channel cross-section are illustrated in Figure (7.10).

Y Y

<

@, =-3048mm*
+s s=0 100mm +

{ 2 1 2 -

H——»

1

+ - +

@, =4952mm*

200mm

5.0 c X o ————X 0

i /e )"

30.4gmm| °L-12mm o, =—4952mm?
J - _ -100mm 13 -

4
0.0 3 4 , =3048mm? | *

X

(a) Cross-section (b) y coordinate diagram (b) ® coordinate diagram

Figure (7.10): Diagrams for y principal coordinate and @ sectorial coordinate

Distributions over the channel-section

7.6.1.1 Finite Element Meshing

In the Abaqus shell model, the cantilever beam is subdivided into 200 shell S4R elements
along the longitudinal direction, 10 elements along height of the web, and 5 elements along
the width of the flange. The model thus consists of 4,000 shell S4R elements with six degrees
of freedom per node which leads to about 50,650 degrees of freedom. In the present solution,
the member is divided into only two beam elements along the beam span, i.e., the model has
only twelve degrees of freedom. It is evident that the stress results obtained based on the
present closed-form solution are found identical to those obtained from the present finite

element formulation using only two noded-beam elements.

7.6.1.2 Calculation of Normal and Shear Stresses

The normal o, (z,t)and shear stresses z,, (z,t)for a monosymmetric channel-section are
determined using the expressions derived in Equations (7.10) and (7.22), respectively, where

the vector of the nodal internal forces <Fe )Lg is obtained from Equation (5.67) by pre-
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multiplying the nodal displacement vector(UN )LS by the element dynamic stiffness matrix
I:D (Q)]sxs’ i'e" {Fe }8><l - I:D (Q):|8x8 {Ue }8><1 :([Ke ]SXS _Qz [M e ]axs){ue }8><1’ in which the
nodal displacement vector (U )LS element stiffness matrix [K, ], ., element mass matrix
[M, ]ng and the nodal internal forces vector ( F, )LS are defined previously in section (5.5.3) in

Chapter 5. The nodal internal forces (F, )LS are then substituted into the stress-stress resultant

expressions. Then, the distributions of the normal stress (at the mid-surface) caused by the

shearing force and non-uniform torsional moment are shown in Figures (7.11). Based on the

60

O Abaqus Solution
- = = Present Solution

40
—— Vlasov Solution

20

Normal stresss o, (5) (MPa)
o

20 40 60 80

Top fl
20 op flange s (m)

60
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40

£ 20
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o
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-20
-40
Webs (m)
-60
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g
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~ 0
\"-’: 20 40 60 80
&
[72]
g -20
=
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o .
4 - = = Present Solution
—— Vlasov Solution
-60

Figure (7.11): Normal stress distributions at the mid-surface over channel-section
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present formulations, the stress values determined at the joints (1,2,3,4) are obtained from
Equation (7.10), while the normal stresses between the joints are computed by considering

the linear distribution of the normal stresses at each segment.

Table (7.5): Comparisons of Normal Stresses at the joints (corner points)

Abaqus Present Vlasov
Joint Solution Solution Solution Difference Difference
om [1] [2] [3] =[1-2)/1 | =[1-3]1
o,, (MPa) o,, (MPa) o,, (MPa)
1 -17.39 -15.98 -15.43 8.11% 11.27%
2 43.82 43.35 42.79 1.07% 2.35%
3 -43.82 -43.35 -42.79 1.07% 2.35%
4 17.39 15.98 15.43 8.11% 11.27%

The shear stress expression according to VIasov beam theory is given as [Erkmen 2006]:

£ (5,2)E(5) =7, (5342 )t (510 )_Mv‘y (z )_w% (2) (7.30)

xx w
in which 7, (s, z)is the shear stress at a point s and 7, (s,,z) is the shear stresses at the
beginning point s, of segment k , t(s, ),t(s) are the thickness at the beginning of the plate
and at location s respectively, S, and S, are the first moments of area of coordinates y and

o for segments k =1,2,3 at a the section of interest denoted by coordinate S, are given by

S (7.31)
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— S S

@(s,,5)t, (s)ds =t, (s)_[ w(s,,s)ds

S (S)ZI .

S1k

=t, [ {wlk [1—hij+a)2k (hij ds (7.32)
1k K k)]
w, —w, |S° @, —@, \S;
=t | w, s +| 2—% j—}—t @, S +(—2" 1k Ji}
k|: 1k [ hk 2 k I 1k Y1k hk 2

in which y, .y, and o, , o, (for k =1,2,3) are obtained from the y and @ coordinate

diagrams at the beginning and end points of the segments (e.g., Fig. 7.10), and h, are the
segments widths. For the top flange segment (s=0 for top right corner point, Fig. 7.10a), the
underlined terms vanishes, while for the web segment, the underlined terms come from S
and S, values at the end point of the previous segment (left point of the top flange, Fig.
7.10a) given the continuity of shear flow across the joint. Based on the vy principal

coordinate and @ sectorial coordinate diagrams as illustrated in Figure (7.12), the first

moments of area for flanges and web segments are provided in Table (7.6).

Table (7.6): Expressions for moment of areas S, ,S_, for flanges and web segments

Domain of ~ . — .
Segment applicability S, expression S, expression
2 2
Top 0< S, < hl t|Y,S + (M]S_l t,| s, +[CU21 wy, ]S_l
flange h, 2 h, 2

Web OSSZShZ
t{

— 32
e[ )e]

Bottom | 0<s,<h, _ts[y13(h1+h2) —1 |:a)13(h1+h2)

flange , ,
+ y23_y13 (hl+h2) + 6023—0)13 (hl+h2)
h, 2 h, 2
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For the given section, the distributions of the functions S, ,S,, over the channel-section are

displayed in Figure (7.12), where the S, .S, (for k =1,2,3) values at the joints (1,2,3,4) are

wk

also provided in the diagrams.

1.524x10°m*

-1.60x10"m3 1.60x10%m?
\ 2/ 5 /
1 1
1.524x105m* /W
2.452x106m?
8.50x104m>” | E\ -7.619x107m?
-O. X
L 2.452x10°5m?
N a > 4
i s 3/ 3 1.524x106m* 3
1.60>10°m 1.60x10%m?3 1.524x106m?
(@) S, (s) diagram (b) S, (s)diagram

Figure (7.12): Moments of the area S, (s)and S (s )diagrams

The internal forces V, (z =0)and M, (z =0) as obtained from the present finite element

solution and the values of S, ,S_ (provided in Fig. 7.12) into Equation (7.30) in order to

wk

obtain the shear stress based on the Vlasov theory. Figure (7.13) shows the resulting shear
stresses at the middle surface of the cross section. The shear stresses due to Saint-Venant

torsion vanishes at the cantilever fixed end.

-1.381MPa 0.393MPa -1.090MPa
0.291MPa
\2 / 2
2 7L§/ 1 1
1.842MPa 2.235MPa
0.475MPa
+ N =

™~ -0.197MPa <— 0.782MPa

~~ 0.978MPa

1.842MPa 2.235MPa
3
4 4 3
3 4
0.295MPa '\
-1.090MPa
1381MPa 0.393MPa
(a) Shear stress due to shear force 1,4,  (b) Shear stress due to warping ., (c) Total shear stress T,

Figure (7.13): Shear stress distributions over the C-section (Vlasov shear stress equations)
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Figure (7.14) provides comparisons of the shear stress distributions over the given cross-
section for the three solutions; (i) Abaqus shell S4R element model extracted at the Gauss
points, (ii) based on the present solution as described in (section 7.3.7) and (iii) Vlasov
solution as provided by Equation (7.30). It is observed that, the shear stress values obtained

are very small (i.e., 7, .., <2.5MPa) compared to the normal stresses (i.e., o,, .., =44.0MPa).
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e / ) [e)
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Figure (7.14): Total shear stresses distributions
It is observed that both methods for calculating shear stresses deviate from the stresses

obtained based on the shell finite element. Possible reasons include the fact the shell solution

is the only solution that captures distortional effects. It is noted that the shear stresses
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calculated based on Equation (7.22) provides an average value of the shear stress within each
of the flanges and the web. Equation (7.30) provides a closer trend to the shear distribution as
predicted by FEA.

7.6.2 Example (2): Simply support I-beam under transverse harmonic forces

A cantilever beam is made of a symmetric I-section and has 7.0m span. The selected cross-
section is W200x27 (depth d =207mm, flange width b =133mm, flange thickness

t, =8.4mm, web thickness t, =5.8mm, elastic section modulus S, =249x10°mm?®, strong-
axis moment of inertia 1, =25.8x10°mm*, Saint-Venant torsional constant
J =71.3x10°mm*, and warping constant C,, =32.5x10°mm®). The cantilever is subjected

to two concentrated transverse harmonic forces; (1) P, =4.0e"*kN (Q, =8.0Hz ) applied

at z=1.4mfrom the left support and (2) P, =5.0e" kN (€2, =18.0Hz ) applied at
z =2.8m from the right support as illustrated in Figure (7.15). The first transverse natural
frequency of the simply supported beam is @ =14.03Hz . It is required to estimate the

fatigue life of the given steel member subjected to variable amplitude stresses induced from

the application of given harmonic forces.

F’y1 B
l M,
C;I1 D7 (D05 (D 4 (D5 (57
A (
a=1.4m B b =28m
) (=70m

-
«

Y (a) 1-beam elevation view (b) Cross-section at B-B

Figure (7.15): Simply supported I-beam under concentrated transverse harmonic forces

A preliminary static analysis and design is conducted for the given structural member

according to Canadian standard CSA S16-09 as presented in Appendix (7.A).
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7.6.2.1 Dynamic Analysis

Two types of analysis are conducted. The first one is based on a modification of the present
formulation to account for multiple loads with distinct exciting frequencies and the other one
is based on ABAQUS shell model. Both methods are then compared to establish the validity

of the modification proposed to account for loads with distinct exciting frequencies.

Since the beam is subjected to two harmonic forces P, =4.0e'*kN and P, =5.0e'2kN

with different exciting frequencies and the formulation is restricted to harmonic forces with a
single frequency, the principle of superposition is evoked to separate the problem into two

separate problems, each with a single frequency <2 (where i =1,2) as shown in Fig. (7.16).

Y Y p
A R/l A

o) » 7
‘

0
\
e 1.4m BOER 2.8m
e £=1.0m B /=7.0m k

P

Figure (7.16): Simply supported I-beams under single harmonic force

Under the present formulation, the problem was analyzed based on five finite elements as
shown in Figure (7.15). Assuming section B-B to correspond to the maximum normal
stresses, the stresses at section B-B can be determined by obtaining the internal forces of
member 3 by post-multiplying the stiffness matrix of element 3 by the element nodal

displacement.

The superposition method is then used to evaluate the stresses at the point of interest

A(s,.z,)(where s, denotes the tangential coordinate at the bottom flange) induced due to

both harmonic forces from the equation
0, (5020 t)=—(M, (24)/1 ) ¥ (32)sin (2t)~(M,, (24)/1.2 ) ¥ (54 )sin(£21)

in which Mxl (z,) and sz (z , ) are the steady state bending moments corresponding to the

two problems identified in Figure (7.16).
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In the Abaqus shell S4R model, the beam is subdivided into 160 elements in the longitudinal
direction, 10 elements along height of the web, and 10 elements along the width of each
flange. The beam is then modeled using 4,800 S4R shell elements corresponding to a total of
52,450DOFs.

In the Abaqus shell model solution, the implicit dynamic direct integration analysis was used
to calculate the total time history response, i.e., the transient and the sum of the steady state
responses were obtained and depicted on Figure (7.17). The implicit dynamic analysis
procedure is performed for a total time of 2.0 sec and a time increments At =0.0001sec. A
damping ratio of 5.0% is used in the analysis. The present solution takes a few seconds to
perform the analysis. Using the Abaqus implicit solver, the total CPU time takes over 19
hours on a Pentium Dual-Core CPU T4400 @ 2.20GHz.

The numerical results for the longitudinal stresses at the bottom flange at section
o, (SA, zA,t)at section B-B (Fig. 7.15) obtained from the present solution are then compared

with those based on the Abaqus S4R shell model solution. It is emphasized that the shell
analysis in Abaqus captures the initial transient and steady state response, while the present
solution based on the summation of the steady state responses of the problems defined in
Figure (7.17) captures only the steady state response. This difference is responsible for the
discrepancy between both solutions in the initial response (Fig. 7.17). After the initial stage
however, the transient component of the response dampens out and both solutions show
excellent agreement. This is illustrated by the block termed “typical stress event” in Figure
(7.17). The initial part of the response which is missed in the present formulation occurs only
once and does not influence the fatigue life of the structure. Conversely, the typical stress
events which are efficiently captured by the present formulation are repeated frequently and

dictate the fatigue life of the structure.

7.6.2.2 Fatigue Life Calculation

Under the action of the two harmonic loads applied, stress magnitudes &, , were determined

7zA
at point A located at section B-B. The maximum shear stresses are found negligible
compared to normal stresses, and thus they are omitted. The stress-time history

corresponding to normal stresses based on the present calculations is presented in Fig. (7.18).
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Figure (7.18): Stress-time history of simply-supported beam under harmonic forces
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It is observed that the stresses due to the loading event has a repetitive stress pattern, i.e., the
block of stress cycles for one stress event is repeated periodically. Figure (7.19) presents the

stress values at the peaks for one stress cycles block based on a single stress event.

In order to perform a rain-flow counting analysis, the stress peaks and valleys for a single
stress event (i.e., one typical stress range event) illustrated in Figure (7.19a) are numbered
and then rotated 90 degrees as illustrated in Figure (7.19b). The stress values of these peaks

and valleys are provided in Table (7.4a).
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3 1
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Assingle stress event

Time

(b) Peaks and valleys numbered for
a single stress event

Figure (7.19): Stress peaks and valleys numbered for a single repeated stress event

The rain-flow counting method is then used to count the half cycles in the single repeated
stress-time event plotted in Figure (7.19b). The results of cycles and half cycles obtained are

presented in Table (7.7).

According to the S16-09 Standard, the present simply-supported beam is classified as a detail
category B [Ref. 7.2]. For Category B detail, the threshold stress as read from Figure (7.8) or
obtained directly from Table (7.4) is Ao, =110MPa. It is noted that, all the stress ranges

given in the last column of Table (7.7) are smaller than the constant amplitude fatigue limit
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Ao,; =110MPa for detail category B. Therefore, Equation (7.29) is used (with an exponent

1/5 and a fatigue life constant »'=47.6x10"as provided in Table (7.4) to evaluate the

number of fatigue stress cycles N, values as tabulated in the third column of Table (7.8).

Table (7.7): Values of stress peaks and valleys for single typical stress block event

Stress value Stresz;/alue Half cycle stress
range
Per?tg/t?élrey at initi(;ll point ai:;igg?; f Ao, = 31 —0,

(MPa) (MPa) (MPa)

1 90.33 -3.490 93.82
2 8.496 88.04 -79.54
3 61.10 8.496 52.60
4 6.267 61.10 -54.83
5 88.04 6.267 81.77
6 21.49 60.73 -39.24
7 60.73 21.49 39.24
8 1.676 81.05 -79.37
9 81.05 1.676 79.37
10 26.22 72.78 -46.56
11 72.78 26.22 46.56
12 -3.490 81.76 -85.25
13 7141 26.22 45.19
14 26.22 71.41 -45.19
15 81.76 1.431 80.33
16 1.431 90.33 -88.90
17 60.89 18.72 42.17
18 18.72 60.89 -42.17

The fatigue damage due to a single stress event results in the third column are obtained from
the fact that, the stress block event is repeated as observed in Figure (7.18) due to the

application of multiple harmonic forces, i.e.,
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=~

Dtotal :Z(ni/Ni):ﬂZ(mi/Ni):l

i=l

Kk

i=1

in which £ is the total number of stress events.

(7.33)

Table (7.8): Fatigue damage estimation for a single stress event

Number of cycles | Fatigue Resistance Damage due to a single
stress range , s
|40, | (MPa) per siress event Ni =7'(4e) stress event [ﬂ]
m; (number of cycles) N;

93.82 0.5 6.548x10° 7.636x10°®

79.54 0.5 1.495x10’ 3.344x10°®

52.6 0.5 1.182x10° 4.230x107

54.83 0.5 9.605x10’ 5.205x10°

81.77 0.5 1.302x10’ 3.840x10°®

39.24 1.0 5.116x10° 1.955x10°

79.37 1.0 1.511x10’ 6.617x10°®

46.56 1.0 2.175x10® 4.597x10”

85.25 0.5 1.057x10’ 4.730x10°

45.19 1.0 2.526x10° 3.959x10°

80.33 0.5 1.423x10’ 3.514x10°®

88.90 0.5 8.572x10° 5.833x10°®

42.17 1.0 3.569x10° 2.802x107

Sum ] _kZlNi —1.636x10° _kzl(mi /N, )=3.779x10"

The fatigue damage results due to a single stress event (i.e., stress block) provided in the

above table are obtained. Based on linear cumulative Palmgren-Miner’s rule, the total

number of stress events S that would induce fatigue failure can be determined from

Equation (7.33) as:

p=1 ikzl(mi/Ni)

= 2.65x10° events

Therefore, the total number of stress events [ that can be safely applied to the beam is

[ =2.65x10° prior the beam undergoing a fatigue failure.
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7.6.3 Example 3: Cantilever I-beam under lateral harmonic forces
A cantilever beam of a doubly symmetric I-cross section (W200x22) has a span

(=2,500mm as illustrated in Figure (7.20). The beam is subjected to two concentrated

lateral harmonic forces; P, =0.15e"*kN with exciting frequency £ =7.0Hz applied at

X

z =1.5m from the fixed end and P, =0.20e" kN with exciting frequency 2, =15.0Hz
acting at the cantilever tip. The dimensions of the cross-section are as follows: flange
thickness t, =8.0mm , web thickness t, =6.2mm, flange width b =102mm and a middle
surface height H =198.0mm , while the properties of the doubly symmetric cross section are
given in Table (7.9). The first lateral natural frequency for the cantilever is @, =9.928Hz . It

is required to determine the service life of the beam.

Py, P,

A A¢ |
Y — — : ——y
Cl" 3: T

7 2 5 G
. asm A iom

v

(@) 1-beam elevation view (b) Cross-section at A-A

Figure (7.20): Cantilever I-beam under lateral harmonic forces

Table (7.9): Cross-sectional properties for Cross-section W200x27

A = 2680x10*mm? l,, =1.420x10°mm* J =56.60x10°mm*
C, =13.90x10°mm® S, =27.80x10°mm° Z, =43.70x10°mm?

D,, =0.1632x10°mm? | D, =0.1278x10°mm? | D, =16.00x10°mm*

A preliminary static analysis and design for the given cantilever beam of doubly symmetric
section (W200x22) according to Canadian standard CSA S16-09 is provided in Appendix
(7B).

In the shell finite element model, the cantilever beam is subdivided into 100 elements along
the longitudinal direction, 6 elements along the width of each flange, and 8 elements along
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height of the web. The model thus consists of 2,000 S4R elements. The fixed end is modeled
by restraining all six degrees of freedom at all nodes at the fixed end of the cantilever. In the

present finite element solution, five beam elements along the member are taken (Fig. 7.20).

Fatigue life Calculation

In the Abaqus shell model, the implicit dynamic analysis response of the cantilever is
performed for 5.0 sec using time increment as 0.00025 and by using damping ratio of 5%. It
is noted from Figure (7.21) that, Abaqus model captures the transient and steady state
components of the response while the present solution captures only the steady state
response. The maximum tensile stress-time history (at point A located at the fixed end as
shown in Fig. 7.20) induced due to the given lateral harmonic forces is displayed in Fig.

(7.21).

. 60 —— Abaqus S4R shell solution ——Present finite element solution
£
2 40

3

bN

g 20

L
&H

g 0

o
= Asingle repeated stress event

-20
0.0 1.0 2.0 3.0 4.0 5.0

Time (sec)
(a) Stress-time history

(b) A single repeated stress block event

Figure (7.21): Stress-time history for cantilever I-beam under multiple lateral forces
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The stress results associated with steady state response obtained using the present finite
element formulation show excellent agreement with those results obtained by the Abaqus
shell model. Noting that the shear stresses are very small compared to the normal stresses,

the analysis focuses on normal stresses.

It is noted that the normal stresses exhibit a repeated pattern of stress range blocks as
observed in Figure (7.22a). The rainflow counting approach is used to count the number of
cycles and half cycles in one repeated stress block event (Fig. 7.22a).

Stress G,,, (MPa)
-20 0 20 40 60

60 4
4599 49:32 49.77 4873 . o0 5
g 7 8
S % .
5 11
b 20 12
2 Bl 14
et 15—
n 16
0 17 18
19
20
20 41 22
0.6 0.8 1.0 12 14 16 23 "
Time (sec) . g P
- - - 28
(a) Stress-time history of a single repeated 29 30
stress block event 1
Time

(b) Peaks and valleys numbered for
a single stress block event

Figure (7.22): Peaks and valleys numbered for one stress block event

The half-cycle calculations due to a single repeated stress event illustrated in Figure (7.22b)
are provided in Table (7.10).

According to the S16-09 Standard, the cantilever beam is a detail category B, in which the

threshold stress is Ao, =110MPa . It is noted that all the stress ranges Ao, presented in the

last column of Table (7.10) fall below the constant amplitude fatigue Ao, =110MPa for
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detail category B. Therefore, the number of fatigue stress cycles N, given in Table (7.11) is

obtained using Eq. (7.29) with an exponent 1/5 and a fatigue life constant »’' = 47.6x10" as

provided in Table (7.4). The fatigue damage calculations due to a single repeated stress event
(as illustrated in Fig. 7.21) are provided in Table (7.11).

Table (7.10): Rainflow counting cycles for a single repeated stress event

Stress value Stress value Half Cycle
Peak/Valley - o, stress
NUMDET | initial point (MPg) | 2ttheendofthe | 4% =0i =0,

P trajectory (MPa) (MPa)

1 -6.78 49.77 -56.55
2 36.70 19.69 17.01
3 19.69 36.70 -17.01
4 42.07 -5.29 47.36
5 -5.29 42.07 -47.36
6 32.56 15.82 16.74
7 15.82 32.56 -16.74
8 45.99 -0.840 46.83
9 -0.840 45.99 -46.83
10 27.33 11.42 15.91
11 11.42 27.33 -15.91
12 49.32 1.780 47.54
13 1.780 49.32 -47.54
14 24.94 6.68 18.26
15 6.680 24.94 -18.26
16 49.77 -5.100 54.87
17 6.860 25.43 -18.57
18 25.43 6.860 18.57
19 1.550 48.73 -47.18
20 48.73 1.550 47.18
21 12.14 27.84 -15.70
22 27.84 12.14 15.70
23 -2.62 46.08 -48.70
24 46.08 -2.620 48.70
25 16.29 32.15 -15.86
26 32.15 16.29 15.86
27 -5.100 4191 -47.01
28 41.91 -6.780 48.69
29 18.77 37.43 -18.66
30 37.43 18.77 18.66
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Table (7.11): Fatigue damage estimation for one repeated stress block event

Half-cycle Number of . . Damage due to a single

stress range cycles per stress Fatigue reS|stan_cse repeated stress event
ElA event Ni =7'(40;) m;
(MPa) (cycles) (N_J

m;

56.55 0.5 8.231x10’ 6.075x10°
17.01 1.0 3.343x10% 2.992x10™
47.36 1.0 1.998x10° 5.006x107
16.74 1.0 3.621x10" 2.762x10™
46.83 1.0 2.113x10° 4.732x10°
15.91 1.0 4.669x10" 2.142x10™
47.54 1.0 1.960x10° 5.101x10°
18.26 1.0 2.345x10" 4.265x10™
54.87 05 9.570x10’ 5.224x107
18.57 1.0 2.155x10" 4.639x10™
47.18 1.0 2.036x10° 4.911x10°
15.70 1.0 4.990%x10" 2.004x10™
48.70 1.0 1.738x10° 5.755x107
15.86 1.0 4.743x10" 2.108x10™
47.01 0.5 2.073x10° 2.412x107
48.69 0.5 1.739x10° 2.874x107
18.66 1.0 2.104x10" 4.753x10™
Sum i kz N, =2.813x10" _kzl(mi /N, )= 4.235x10°

The total number of stress events $ is evaluated from Equation (7.33) as:
K

B=1/>(m;/N;)=236x10"events
i=1

Therefore, the total number of stress block events f that can be safely applied to the

cantilever beam is S =2.36x10" events prior the cantilever undergoing a fatigue failure.

Given that the duration of a single event as determined in Figure (7.22a) is 1.14sec, this
corresponds to a service life of 7,400 hours.
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7.7 Conclusion

This chapter has provided a technique to generalize the solutions developed in Chapters 3-6
for problems with multiple harmonic loads with distinct exciting frequencies. A general
expression for extracting the resulting stresses from the present formulation was proposed
and assessed against shell finite element solutions. Established fatigue design procedures
were reviewed and the present formulation was used in conjunction with fatigue design

procedures to establish the fatigue life in practical design situations.
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Appendix (7A): Preliminary Static Analysis and Design for Example 2
This appendix performs a preliminary analysis and design for Example 1 which omits inertia
effects. A more thorough analysis which incorporates dynamic effects is given in Chapter 7.

7A.1 Cross-Section Classification Limits

The flange slenderness is calculated by

i = ﬁ =7.92
2t, 2(84)

The threshold for class 1 flanges is
145 145

——=——==1.75

JF, /350

The threshold for class 2 flanges is
170 _ 9.09

\iFY

Since

145 b 170

Flange class is 2.

The web slenderness is calculated by

h 1902
t, 58

W

=32.79

Threshold for class 2 web

1700 =90.87

\/350

Based on the above calculations, the web meets class 2 requirements and section class is 2.

7A.2 Check of Member Capacity

Although member is Class 2, the yield moment will be calculated as M | :

M, =S,F, =249.0x10° x350x10° =87.15kN .m
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The factored moment resistance is then given by:

M, =¢M , =78.44kNm

where the resistance factor is taken as 0.9.
Omitting dynamic effects, the maximum bending moment can be calculated from Figure
(TA1) as:

P,ab+P, b((-b)
M. =Reb =—t—— =10.6MNm

Xmax

The maximum moment in the beam is significantly lower than the yield moment. This
margin of safety provides some room of dynamic amplification caused by the proximity of

the exciting frequency to the natural frequency of the structure.

The corresponding maximum bending stress o, ., IS:

Z max "

M,y
o = Imx = 40.95MPa

ZZ max
XX

1 Vi R 2 /
VA
Rl + PYl

P - Ry

Figure (7A.1): Bending moment diagram for the simply supported beam

7A.3 Deflection Calculations

The vertical deflection v (z ) of the simply supported is given by:
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El,, 0 6 6

v()-t HF’yl(f—a)+Pyzb}z3 P, (z-a)

(TA.1)

+{Zy2 [(ﬁ—a)s—ﬁz(f—a)}r%(bz—52)}2} , for a<z <(/-b)

The maximum deflection v (z )can be evaluated when the slope is zero, i.e., v'(z)=0.

Differentiating Equation (7A.1) with respect to z and then solving for z, the location of the
maximum deflection is obtained as
2
P,a \/(ZaPyl) —4(R1—Py1)(2C3 —Pylaz)

= + =3.510m (7TA.2)
(R,-P,) 2(R,-P, )

The maximum deflection v, is then determined as

Vi =V, =9.68mm

max

The corresponding span to deflection ratio is

C_ 7000.0 _ 73

4  9.68

The above ratio is high and suggests there is enough margin for dynamic amplification once

inertia effects are incorporated into the analysis.

7A.4 Normal and Shear Stresses distribution

The expressions for the normal and shear stresses in terms of stresses resultants as derived in
Section (7.2) are

M, (2)
|

\%
y(s) and 7,(z ,s,t):ﬁ
XX Yy

o,(z,5)=- sina(s) (TA3)

The normal and shear stress distributions displayed in Figure (7A.2) are obtained at
maximum bending moment and shear stress distributions illustrated in Figure (7A.1). In

generating the stress distributions in Figure (7A.2), the maximum bending moment

M, ex =10.64kNm and the maximum shear force V, =R, =5.20kN were used. It is noted

X

shear stresses are one order of magnitude less than the normal stresses. Therefore, focus in

the dynamic analysis will be placed on normal stresses.
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o,, =+40.95MPa
+
4 5 3]

1 2 3

o,, =—40.95MPa

(@) Normal Stress (MPa)

4 6
7,, =—4.522MPa
1 3
(b) Shear Stress (MPa)

Figure (7A.2): Normal and shear stresses distribution
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Appendix (7B): Preliminary Static Analysis and Design for Example 3

In this appendix, the preliminary static analysis and design for example 2 which ignores the
inertia force effects. A more detailed analysis of the cantilever beam under dynamic forces is
investigated in Chapter 7.

7B.1 Determination of the Cross-section Class

In a similar manner to Example 1, the flange slenderness is evaluated as
b 102

— =6.40
2 2(8)
The threshold for class 1 flanges is
145 185 S g9
,/Fy V350
The threshold for class 2 flanges is
170 _ 1710 409
,/Fy V350
. 145 b 170
Since

\/ Fy th \/ Fy
The flange class isl.

The web slenderness is obtained by

n _190_ 30.6
t 6.2

W

Threshold for class 2 web

1,700 1,700
S = === =90.87
JF, 350

Based on the above calculation, the web meets class 2 requirements and the section class is 1.

7B.2 Weak-axis Bending Strength

Although the proposed cross-section is class 1, the design of the cantilever beam requires to

be based on elastic response. The yield moment M about the weak-axis is obtained as:
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M, =S F = 27.8x107° x350 =9.730kNm

The corresponding maximum weak-axis bending stress can be evaluated as:

o Me_ 9.730x10° x51x10°°
‘o 1.42x10°°

vy

=349.5MPa

The factored moment resistance M . is then given by:
M, =¢M  =0.9x9.730 =8.757kNm

Ignoring the inertia forces, the maximum weak-axis bending moment can be evaluated from
Figure (7B.1) as:
M, =P a+P,(=150x15+200x2.5=0.725kNm

Y m
It is noted that the maximum bending moment in the cantilever beam is significantly smaller
than the yield bending moment. This margin of safety suggests enough space of dynamic
amplification caused by inertia effects incorporated in the analysis.

The corresponding maximum bending stress o, ... IS obtained as:

Z max

o M, C 0.725x10°x51x10°
e 1.42x10°°

vy

=26.04MPa

Py,

max

M, =P a+P, ¢

Figure (7B.1): Shear force and bending moment diagrams for the cantilever I-beam
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7B.3 Lateral Deflection Limit

Using (/200 as the criterion limit, the maximum allowable lateral deflection of the cantilever
under given static lateral forces is 12.5mm.

The maximum lateral deflection of the cantilever beam is obtained as:

2.5°
48x200x10° x1.42x10°°

()3
Unex = 757 (5P, +16P,, )=

yy

[5x150+16%200] = 4.527mm

The corresponding span to deflection ratio is

L2500 .,
u 4,527

max

The above ratio is significantly high and provides there is enough margin of safety for

dynamic amplification once inertia force effects are included into the analysis.

7B.4 Normal and Shear Stresses Distribution

Due to the given applied forces, the normal and shear stresses expressions in terms of stress

resultants for doubly symmetric sections are presented by Equations (7.10) and (7.20) as:

o, (z,s):My—(Z)x(s) , and

Vy ()

yy

7,5 (2,8)= cosa(s)

The maximum normal and shear stresses results, at the fixed end of the cantilever (z =0),
obtained from the above stress expressions are provided in Table (7B.1) and illustrated in

Figure (7B.1). Knowing that the maximum bending moment is M =0.725MPaand the

maximum shear force is V, ., =0.350kN , and the angles a(s)=0°,90",180"for lower

flange, web and upper flange, respectively. It is observed that the shear stresses are
significantly lower than the normal stresses. Therefore, the shear stresses will be neglected in

the fatigue life calculation.
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Table (7B.1): Results of normal and shear stresses

) Normal stress Shear stress
Point number o (MPa) z.. (MPa)
1 -26.04 -0.2145
2 0.0 -0.2145
3 26.04 -0.2145
4 -26.04 +0.2145
5 0.0 +0.2145
6 26.04 +0.2145
Oy, = -26.04 Oy, = -26.04 7, =—0.2145
w11 - 4 1 4
2 5 | 5
I 6L 3 6
o, =+2604 o, =+26.04 ., =+0.2145
(a) Normal Stress (MPa) (b) Shear Stress (MPa)

Figure (7B.2): Normal and shear stresses distribution
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List of Symbols

The following list of symbols is given:

A Cross-sectional area

b Flange width

C, Warping constant

d Cross-section height

D, Partial damage ratio at i -th stress range level

Diotal Total fatigue damage

Oxc Dy Dy Cross-section properties

Dhx :Dhy Do

E Modulus of elasticity

Ao Fatigue stress range

Aoy Constant amplitude threshold stress range

G Shear modulus

h(s) Normal distance between the shear centre and the tangent to mid-surface
Lo 1y Moment of inertias of the cross-section about the principal x and v axes
J Saint-Venant torsional constant

( Member span

I\ﬁj Concentrated moment about j-th direction (for j =x,y,z )
M, Concentrated bimoment

m,(z) Member moments about j-th direction (for j =x,y,z )

M, (z) Member bimoment

N, Concentrated end forces along longitudinal axis

N; Number of cycles to failure

n, Number of stress cycles at constant stress range

m; Number of stress cycles per stress event
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p Total number of stress events

q;(z) Member forces along X,y ,z directions (for j =x,y,z )

S, Shear centre of the cross-section

t Time in seconds

ayv Displacements of the shear centre along the principal X Y axes
_J- (Z) Shear forces along X,y axes (for j =x,y )

W Average longitudinal displacement along the z axis

X,Y,Z Cartesian coordinate system

XY .z Principal coordinate system

X (s),y (S) Coordinates of a point on mid-surface of the section along X and Y axes

X<,V Coordinates of the shear centre along the principal directions
p Density of the material

r, Polar radius of gyration

0, éy 0, Rotations angles around the X Y ,Z axes, respectively

&(s) Angle between the tangent to the cross-section and the principal X axis
v (2) Warping deformation

0, Exciting frequency

o(s) Warping function of the cross-section

Ao Stress range level

o Normal stress

T, Shear stress due to Saint-Venant torsion

T, Total transverse shear stress

7,7 Fatigue life constants
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CHAPTER (8)
SUMMARY AND CONCLUSIONS
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Chapter (8) - Summary and Conclusions

8.1 Summary

Starting with the variational form of the Hamiltonian functional, the governing differential
equations of motion and the corresponding boundary conditions were formulated for thin-
walled members of arbitrary open cross-sections under general harmonic forces (Chapter 3).
The various aspects of the study are summarized in the following;

(1) The behaviour of thin-walled members subjected to various harmonic excitations was
investigated. The general closed-form solutions and finite element formulations for the
steady state dynamic analyses of thin-walled members with doubly symmetric,

monosymmetric and asymmetric cross-sections were developed.

(2) The present formulations efficiently and accurately capture the shear deformation effects
due to bending and non-uniform warping and translational and rotary inertia effects. Also
the formulations incorporate the coupling flexural-torsional effects due to the non-

symmetry of the cross-sections.

(3) The analytical closed-form solutions derived were successfully used to formulate a
family of exact shape functions. These shape functions were derived based on the exact
homogeneous solution of the governing coupled field equations and then used to
formulate a series of super-convergent finite element for the cases of doubly symmetric,
mono-symmetric, and asymmetric cross-sections. The resulting elements have two nodes

and seven degrees of freedom per node.

(4) The finite element formulation was successfully in capturing the coupled bending-
torsional dynamic response of thin-walled members under a variety of harmonic forces

and boundary conditions.

(5) Several programs were coded under FORTRAN and MAPLE platforms in order to
implement the formulations developed in this study, for the following analyses:
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(@) The static and steady state dynamic analyses for thin-walled members of doubly

symmetric cross-sections under harmonic forces based on the formulations in Chapter 4.

(b) The coupled bending-torsional static and steady state responses for monosymmetric thin-

walled members based on the finite element formulations developed in Chapter 5.

(c) The static and steady state dynamic responses were implemented for thin-walled
members of asymmetric cross-sections which coupled flexural-lateral-torsional-warping

response formulations derived in Chapter 6.

(d) Closed form solutions of non-shear deformable thin-walled members (classical Vlasov
and Euler-Bernoulli beam theories) for doubly symmetric, monosymmetric and

asymmetric cross sections (for comparison to those based on the present theory).

(6) Generalized expressions for predicting normal and shear stresses based on the theories
developed in this study were formulated and used for predicting the fatigue life of thin-

walled members under multiple harmonic forces with distinct frequencies.

8.2 Conclusions

From the various examples conducted throughout the thesis, the following remarks can be

made:

(1) The present analytical closed-form and finite element formulations are capable to
efficiently capture the static and steady state responses of thin-walled beams under
harmonic forces. Furthermore, they are able to extract the eigen-frequencies and eigen-

modes of the system from the steady state response analyses.

(2) Shear deformation effects are important when predicting the response for short span

cantilevers under higher exciting frequencies.

(3) With only a few degrees of freedom, the solutions developed in the present study reliably
predict the response of thin walled members under harmonic forces when compared to (a)
Abaqus shell element model with thousands of degrees o freedom and (b) Abaqus beam

element model with hundreds of B310S beam elements.
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(4) The finite element formulations based on this study achieve computational efficiency on
two fronts: (a) on the use of exact shape functions keeps the number of degrees of
freedom to a minimum, and (b) the elimination of time discretization eliminates the need

to conduct incremental analysis.

Further, the procedure attains the steady state response of the structure without the need
to extract eigenmodes as in other methods based on mode superposition.

(5) Comparisons with Abaqus shell element solutions demonstrate that distortional effects
captured by the shell element model, but not in the present study, were more pronounced

in cantilevers with shorter spans.

(6) The formulation isolates the steady state response, a desirable feature when conducting
fatigue analysis (since the transient response occurs rarely throughout the life time of the
structure and thus plays no role in the fatigue life of the structure). Thus the present

formulation is recommended for fatigue life computations.

8.3 Proposed Future Developments
(1) The proposed generalized Vlasov-Timoshenko beam theory can be modified to capture

the distortional effects of the cross-sections.

(2) Possible extension of the analysis to include the effect of adding static forces, bending
and twisting moments on the steady state response of thin-walled members under

harmonic forces.

(3) The methodology developed can be extended to capture the static and dynamic analyses

of composite thin-walled open members under harmonic loads.

(4) The proposed formulations can be extended to capture the static and steady state

responses of thin-walled curved members.
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