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STATEMENT OF ORIGINALITY

The following is the list of investigations made during the
course of this study which to the best of the author's knowledge

have not been previously undertaken.

(1) Comparison of the two different methods of obtaining the
asymmetry parameter,Y', occurring in the Davydov-Filippov model.
A correlation is established between the two parameters’(YyA and
App) of this model.

(2) Krutov's model calculations for.the rotational levels of
the ground-state bands of even-even nuclei and a comparative study
of the two asymmstric-rotor models, viz the Krutov model and
the Davydov-Filippov model, in the sense as to how well tﬂ%y
reproduce the energy levels upon evaluation of the asymmetry

parameters by the two different methods.

(3)' Extension of the Variable Moment-of- Inertia model by
introducing anharmonicity in the potential energy and application
of the proposed model , called VMI23, to the analysis of the

ground-state rotational bands of 122 even-even nuclei.

(4) Application of a six degree polynomial in (4-9) (where ¢
denotes the moment-of-inertia of the nucleus) to derive informations

on the potential energy surfaces of the "back-bending" nuclei.

(5) Proposition for an expression for the transition quadrupole
moment’in terms of the mass number and the moment-of-inertia. of
the initial and final states of the-rotational levels of even-

even nuclei as obtained from the variable-moment-of-inertia model.

(6) Application of the variable-moment-of-inertia model to the

odd—A‘nucléi which have rotationdl levels built on the K=1 band.

(7) Calculations-of the rotational levels of the ground-state

bands of deformed even-even nuclei using the Morinigo model.
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ABSTRACT

A brief outline of the present thesis is as follows. The phenomena
of collective motions in nuclei along‘With the important aspects of its
developments have been briefly described in Chapter I. This chapter also
contains a short overview of the Garious chapters in ‘this thesis which
are based on the study of the collective motions in deformed nuclei. The

various models that describe this collective behaviour among nucleons

have been briefly reviewed in Chapter II. The first part of this Chapter b
: o
deals with the phenomenological models and the second with the micrescopic ¢
v 3at

ones. :

In Cﬁapter III, the two methods of obtaining the asymmetry parameter, f
v , occurring in the Davydov-Filippov model have been compared and | ;;
}systematics of the two parameters, y and ADF’ of this model have been
investigated. A relation between (E2+)A and- vy, due to Sheline, have
been re-examined and a new correlation between y/A and ADF has been found.
In Chapter IV the rotational energy levels of the ground-state band
of a number of deformed even-even nuc]éi have been calculated using the two
asymmetric-rotor models, one proposed by Krutov and the other by Davydov
and Filippov. The parameters occurring in these models have been eva]uafed
by two différent methods (as in Chapter‘III) and the relative merits of the

two models have been discussed by comparing the calculated energy values

with the experimental ones.




In Chapter V, the Variable Moment-of-Inertia (VMI) model for the
ground-state rotational bands in even-even nuclei has been extended by
adding an anharmonic term to the potential eﬁergy. A detailed application
of this model, called VMI23, has been made to the ground-state bands of
122 even-even nuclei. It is shown that the inclusion of the anharmonic
term improves agreeﬁent with the experimenta] data in many cases and

provides a sensitive means of probing the potential energy surfaces of

nuclei. . .

Chapter VI deals with those nuclei that show anomalous moment-of- gg
ineftia at high spin-states (called ‘back-bending' nuclei). Informations | ;g
on potentia]_energy (PE) surfacés of such nuclei have been obtained by EE

employing a polynomial in (5-50) for the PE term in the VMI model. It is
found that the PE surfaces of these nuciei show an arch.type protuberance.
The energy levels calculated usfng this modified VMI model have been compared E{
with the expérimenta] values for eight back-bending nuclei.

In Chapter VII an expression'is proposed for the transition quadru-
pole moment in terms of the mass number and the moment-of-inertia of the
initial and final states as obtained from the VMI model.

Chapter VIII deals with the application of the VMI model to odd- A
‘nuclei having rotational ehergy'levelﬁ built on the K = 1/2 band. The
modified VMI energy equation, incorporating terms due to Coriolis interactions
and its first order correction, for the K = 1/2 bands, gives a very good

agreement of the energy values with the eiperimental ones.




Finally in Chapter IX, ca]cqlationé have been carried out for the
rotational levels of tﬂe ground-state bqnd of some even-even nuciei,
ranging from tﬁe soft ones (E4/Eé = 2.13) to the hard (E4/E2 = 3.33) ones
_using Morinigo's model. This model has been proposed in an attempt to
give theoretical justification to the VMI model. The merigg of Morinigo'é

model have been discussed and a critical analysis of the parameters .

occurring in it has been made.
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CHAPTER I

INTRODUCTION.

-

An important advance in our understanding of the nuclear structure
was made 'when Mayer (1948) and Haxel, Jensen and Suess (1949) successfully
explained the "magic numbers" on the basis of a Shell model. In this
model the correlation among individual nucleons is assumed to be small and
the central potential néeded for a shell configuration is generated by
the individual fields of the nucleons. The spin-orbit interaction term

and other residual interactions are added to the Hamiltonian to make the

T AN RS
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description complete. The Shell model has been very successful in corre-

ano 4 bl
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lating spins and parities of the ground-state bands of nuclei, in explain-
ing the magic number discontinuities in binding energies and the observed
islands of isomerism (Mayer and Jensen 1955). It has also very well _

‘J
explained the spins and parities of odd-A nuclei, the magnetic moments

:
<
b
3
.
¢

of odd.nuclei, alpha and beta decay systematics and severé] other nuclear
phenomena. .

In spite of the several accomplishments of the Shell model,
it has still exhibited many limitations. The phenomena of nuclear fission,
whose main feature$ can‘be successfully described in terms of the free
vibrations of a 'liquid-drop' in which the particles interact strongly
with each other, could not be accounted for by the Shell model. The .
experimentally observed nuclear quadrupole momeénts in most cases

are much larger than the Shell model predictions, especially




in the regions between two closed shells (Gordy 1949 and Townes
et al 1949). The transition probabilities of low lying states exceed
the single-pqrticle estimates very often by as much as two orders of
magnitude. The existence of typical rotational and vibrational band
spectra in deformed nuclei (similar to that in molecules) are not
easily accounted for by the Shell model. Finally the discovery of the
phenomenon called the photonuclear "giant resonances" (Bafdwin‘and

Klaiber 1947, 1948) which were observed as strong broad peaks in the

L aemls

photofission cross-section of the nuclei, gave impetus to the use of

i

models other than the Shell-model in the interpretation of the various
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nuclear properties.

- b raee

A1l of the above facts indicate the need for a new kind of mechanism

P

- Ta RAvIL.

in order to explain these nuclear properties. They can be well understood

if it is assumed that they arise due to the cooperative effect of the.

TMS AL, 00 o .
BN AR
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. motions of a large number of particles in thg nucleus. This has lead to

3
x

the new phenomenon - the collective motion - and the models which incorpo-

rate this mechanism are known as the “cpjlective models”.

The collective model had its early developments in the 1950's
with the pioneering work of Bohr (1952) and Bohr and Mottelson (1953). N
Since those initial advancesup to the present time, enormous amounts of .
experimental and theoretical work have been accomplished. During the
last twenty years various models have been proposed to promote{under-
_ standing in the mechanisms of the collective motions. ‘The present
thesis deals with a number of investigatidns on the cot]ective modé]s

for the nucleus. The contents of each chapter are discassed be]ow,

3




are

In Chapter II of this thesis we describe and review some of
the important collective models and their distfnguishing features:
various phenomenological models of the symmetric and asymmetric rotator
types have been surveyed followed by a brief discussion of some of the
microscopic models. . L -
A tremendous amount of development in the héévy jon excitation
methods along with the refinements in the detection techniques has

made available very precise experimental data on.level energies with

high anéular momenta. The collective electric quadrupole transition

e - d o P

rates have been very accurately measured using the techniques of

Coulomb excitations (Breit et al 1957, Greiner and Arenhovel 1968).

[ RZER BY W § b B S VIR WS 4 - 3
» . .
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The collective excitations in nuclei are, in broad sense,

e

classified into three groups: (1) those resulting from the rotatidn of

the permanently deformed nuclei, which are intrinsically not excited,

DONS NN
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(2) those resulting from the quadrupo]g vibrations of the nuclear
surface, and (3) those resulting from the octupole vibrations. The

first excited state that occursin the deformed even-even nuclei is the
ground-state rotational band. Rot&tiona] spectra are usually observed

in three regions of the periodic table: near A = 24, the rare earth
region, i.e. 150<A <190, and the actinide region (A> 220). For the
doubly even nuclei the spin and parity sequence of the ground-state
rotational levels are characterized as 0+, 2+, 4+, 6+ ... etc. Quadrupole
vibrations of the surface usually occur at higher excitation. These

states are classified as 8 and “y-vibrational states and correspond




to the vibrations which either preserve or destroy the assumed axial
symmetry of the nucleus. The g-vibrational band is characterized with
spin and parity sequence O+, 2+, 4+ etc, whereas the y-band has levels
with spins and périties 2+, 3+, 4+, 5+.. etc. The groups of energy |
levels which arise.due to octupole vibrations of the surface occur
at higher excitétion and are éharacterized as negative parity, odd-spin
states.

The tﬁeory of collective rotations in deformed nuclei yields a

simple expression for the energy as propoéed by Bohr and Mottelson (1953)

b

2 ¥

_ R ‘ 3

E(I) = — I(I+1) (1.1) 52

28 |

i

where I is the spin of the level and § is called the "momént-of-inertia" ;;
of the nucleus.Eq. (1.1) is in accord with the description of the §§
nucleus as a symmetric top (Bohr and Mottelson 1953, Kerman 1959). ;f
. i$

>

Since the real ndcieus does have intgrhal degrees of freedom, the levels
with internal modes of excitation aré'also-ﬁresent along with»the'putg
rotational ones. As mentioned earlier these are deséribed as either
deformation vibrations (g-vibration) or asymmetry -vibrations (y-vibration).
It is possible to have rotational states built on each of these vibrational
states. In reality the interaction between various modes of motion takes
place and experimentally no nucleus has been found to fo]]ow_the I(1+1)
Taw (Eq. (1.1)) strictly. These deviations have been attributed by

various authors, to be due to the rotation-vibration intéraction, the

centrifugal stretching of the nucleus, the breakdown of the pairing




due to Coriolis effect, the coupling of ground-state band with quasi-
particle levels, and pdssib]y other effects.

App]ying the techniques of perturbation theory Bohr and Mottelson
(1953) have arrived at an energy equation incorporating an additional
term to Eq. (1.1), proportional to 12(I+1)2. This correction term
is small in the strongly deformed regions of nuclei but becomes rather
large as one approaches the regions of transition to spherical nuclei.
Subsequent analysis of the energy spectrum (Scharff-Goldhaber et al

1958, Kane et al 1960, Bjerregard et al 1963) showed.that only a first

‘order correction is inadequate to describe the energy spectrum at

higher angular momentum. Various empirical studies (e.g. Stephens

LRI NP § 52 SRR WP VIS VIR oF v 3]
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et al 1959, Hansen et al 1963, Gupta and Sood 1966, Nathan and Nilsson

1965) stressed the importance of higher order terms. Later it was
shown (Stephens 1965) that, the comparison of the observed energies

with "such a power series energy equation in I(I+1)" would be meaning-

3
e
-
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less since a fitting would require almost as many terms as there are
points to be fitted. .It was further shown by Sood (1964), that the
convergence of the series is very podr or even breaks down for high
spin states of transitional and moderately deformed nuclei.

Other empiricial equations for energy as a function of angular
momentum were proposed by several authors with various degrees of

success in explaining the experimental data. Among these: Ejiri's




(1967) equation is written as

E(I) = aI(I+1) + pI (1.2)

where p is a parameter. Sood (1968) has suggested the following equation

for the ground bénd levels:

E(1) = A [LHODEAITA) 3 ppq) (1.3)
1+N(B/A)I(1+1) |

with N = 2.85 - 0.05I. A and B are the two parameters here. Varshni's

At mbit

(1968) equation is of the following form,

A YL

SYNIWPR

E; = al(I+1) + pI + qI%(1+1) (1.4)

b R W AGWELEXR

where the first term is a rotational term, the second a vibrational’

ERF & VIV VITTE S Ve

term and the third one is a cross term. a, p and q are the three parameters.

In the year 1958 Davydov and Filippov took another approach

CMAAN GO A0 ALUSHIAINGG
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towards explaining the collective motions in deformed even-even nuclei.

They assumed the nucleus to be an axially asymmetrical body. To describe
the shape of the nucleus two parameters were introduced: (1) the deformation
parameter 8 and (2) the nonaxiality parameter Yo+ In order to arrive

at an energy expression’for the nucleus undergoing collective motions,

they made two simplifying assumptions:. (1) that g o'and Y, remain fixed
during rotation i.e. the nucleus rotated without altering its shape, and ;:5
(2) they adopted a model dependent (Hvdrodynamical model) expression for e
the moment-of-inertia of the nucleus, which incorporated the same two

parameters, Bo and Yo Davydov'and Filippov have also derived




expressions for the transition probability for transitions between
various excited levels.’ )

1n Chapﬁer ITI we discuss some features of the Davydov-Fi]ippov
(DF) model. The two methods for calculating the parameters of this
model are examined in detail and a comparative study of these is
made. It has been found that the values of y obtained by using the
first excited 2+ and 4+ level energies are more appropriate in repro-

ducing the ground-state bands in this model as compared to the more

common method of using the first and second excited 2+ levels. We

have, in this Chapter, studied the systematics of the two parameters

PN SN AL

8o and Yo in detail. A relationship between parameters first pointed
out by Sheline (1962) has been re-examined and a new correlation -
between y/A and ADF (the other parameter in the DF model) has been
established.

Krutov (1968a,b) has adopted a different approach in describing
the nuclear collective motions as a change in the density distribution
of the nuclear matter with time. Assuming the nucleus to be deformed
and axially asymmetric, he has set up a Hamiltonian for rotational
motion as well as expressions for the moments-of-inertia . Krutov's
description also incorporates two parameters: the deformations in mass
and charge distributions are separately denoted by parameters g and

Be and similarly the nonaxiality parameters, by y and Yo respectively.




Krutov and Zackrevsky (1969 a, b) have, derived expressions for‘energy
levels and quadrupole transition branching ratios using the above
approach. ;

In Chapter IV the rotational energy levels with high angular
momentum for the ground-state bands of a number of deformed even-even
nuclei have been calculated.using Krutov's model, and also the Davydov-
Filippov model. The parameters occurring in these two models are

evaluated for each case utilising the methods described in.Chapter I1I

and a comparative study of these has been made. The merits of the

Krutov and the Davydov-Filippov models are compared and discussed in

detail in their ability to reproduce the experimental energy levels.

Since both are pure asymmetricirotator models the pattern of results

SSI LRE G W ARWLEIDRSS

Vo~

obtained s , relatively speaking, similar.

~~

In recent years there has been considerable interest in calcu-
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Tating the moment-of-inertia of high spin rotational states in
deformed even-even nuclei. These works were stimulated by the measure-
ments of Stephens, Lark and Diamond (1964), who succeeded in méasuring
energy values up to spin 18+ for some nuclei. Diamond et al (1964) have
discussed in detail the ré]ationship between moment-of-inertia and |
the deformation in nuclei. Since deformation, B8 changes with angular
momentum, the moment-of-inertia would a]so.vary accordingly. |

More recently, Mariscotti, Scharff-Goldhaber and Buck (1969)
have carried out an extensive analysis of the ground-state bands of

many even-even nuclei and have proposed an empirical model known as

‘




the "Variable Moment-of-Inertia" (VMI) model. Their simple two
parameter energy equation has been very successful in reproducing
‘the ground-sgate rotational and quasi-rotational ehergy levels for
a large number of even-even nuclei in various mass-regions. vThe

energy equation is written as

) = T e g g2 (1.5)

where ¢ and 50 are the two parameters.

The details of this model appear in Chapters II and V of this thesis.

the VMI model by adding an anharmonic term to the poteniia] energy.

A closer scrutiny of the VMI model energies revealed that for gbé

a goedlnumber of nuclei which are termed as "soft nuclei" (e.g. IZOXe, %g%
]22Xe, ]24Xe, ]26Xe, ]9005 etc.),the_agreement with the experimental Z%é
energies is not satisfactory. Such deviations could be accounted §§5
for if one uses an improved form of_the potential energy term in the f;é
VMI energy equation. In Chapter V of this thesis we have extended égf
e

A detailed application of this modei, called VMI23, has been made to
the gfound-state bands of 122 even-even nuclei. It is shdwn that the
inclusion of the anharmonic term improves agreement with the experiment
in many cases, and provides a sensitive means of probing the potentia]
energy gurfaces of nuclei. In this chapter we also discuss a new
" graphical method of comparing the enérgies calculated by various models
with the experimental one, which proved to be very sensitivé to even

the‘slightest disagreement between the two.




Recent]y some interesting experimental studies (Johnson et
al 197], 1972, Thieberger et al 1972, and Lieder et al 1972) on
the ground-state rotational band of even-even nuclei in the mass-
range A = 158-168 have revealed an énoma]ous behaviour of the mbment-
of-inertia at high spin states. If the experimental data are plotted
in the plane of the moment-of-inertia 25/h2 versus the square of
‘the nuclear rotational frequency (ﬁm)2 this‘singular feature shows up
with a typical "back-bending" of the curve, caused by a sharp sudden
increase in ¢ at a high angular momentum. The (S,m)2 plot looks like
an S shaped curve. Such anom&]ous behaviour in the rotational motion
has been interpreted by two majn theoretiéal models. The first type
(Mottelson and Valatin 1960, Krumlinde and Szymanski 1971) assumes a
phase transition from a superfluid to a normal state induced by the
Coriolis force,.taking place at some critical value of the angular -
momentum. The second type (Stephens and Simon 1972) is based on the
mixing of collective bands with different moments-of-inertia associated
with different qua§i-partic1e excitations. These two types of models
differ mainly in the effect of the Coriolis force that breaks or
perturbs the pairing interaction among the nucleons.

In Chapter VI of this thesis we investigate the potential energy
surfaces of the nuclei which show anomalous moment-of-inertia at high
spin states. A sixthdegree ’po‘!ynania'! in powers of (¢ -!o) has been
tested to derive informations about the potential energy surfaces of

such nuclei. Analysis of the experimental data has been carried out

10.

v
3
<
»
¢

o

T e

T4 A o = T
SO ARSI AINCY ‘W

e 1A G

TRCAMYREINTY  MEINEA

N AN AL
Seeglil, T




11.

using the new model, called VMI6P ('6P' for the sixthdegree polynomial
representing potential energy tefm). The calculated energy values are
alSo compared with the previously calculated values of Wahlborn and
Gupta (1972)‘wherever available, and of Molinari and Regge (1972) for

162Er. A detailed discussion on the forms of the potential

the nucleus
-energy surfaces that could shed some 1ight on the anomalous nature of
the rotational motion has also been included in this chapter.

In their original work on the VMI mode] Mariscotti, Scharff-
6oldhaber and Buck (1969) have introduced another empirical law showing
a relationship between intrinsic transition quadrupole moments QoZ

and the transition moment-of-inertia 502 for a transition between

0+ > 2+ states. The relationship is given by
g = x U .6)

where k is a constant and Qo2 are obtained from the experimental
B(E2) values. Such a relationship is found useful in pfedicting the
quadrupole moments of the deformed even-even nuclei. In Chapter VII
we suggest an alternative re]ationshjp between transition quadrupole
moments and the transition moments-of-inertia which provides a
better description than eq. (1.6) at high mass numbers and for tran-
sitions involving higher angular momenta.

Chapter VIII deé]s with the odd-A nuclei where the accurrence
of low lying rotational bands built on a particular intrinsic state

_has been a commonly observed phenomenon. Extension of the collective



12.

models to odd-A nuclei can be made by assuming the odd proton (or

neutron) coup]éd to the deformed even-even core. We extend the variable
moment-of-inertia model to the odd-A nuclei which have rotational

levels bui]tfon the K = 1/2 band. The energy equation also incorporates
the Coriolis antipairing term and its first order correction. It has
already been established (David;on and Feenberg 1953) that the Coriolis
@grm has strong effect on the level energies of the K = 1/2 band.

The energy equation, containing four parameters, is fitted using non-

linear least-squares procedure to the 34 K = 1/2 bands of odd-A nuclei.

i
The satisfactory agreement betweeﬁ the calculated and observed energy §§§
values prove the validity for the application of the VMI model to such ;§§
nuclear ﬁystems. A comharison_of the parameters with the corresponding §3§
parameters of the neighbouring even-even nuclei obtained from the VMI ?gg
model has also been madef gg?

The simplicity of the empirical VMI model and the fact that it

describes the rotational Igvels of nuclei over a wide range of the
periodic table with a remarkable success have led theorists to attemﬁi,
to provide a more theoretical basis to this model. One such attempt
is due to Morinigo (1970). He has reformulated the basic shell-model
Hamiltonian for a group of n identical particles in an oscillator well,
which can interact with each other by way of two body quadrupole

interactions. This Hamiltonian is then separated into two parts, one.

<
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describing the rotation and the other, the intrinsic motions. A semi-
classical argument shoﬁs that the energy equation from this Hamiltonian
can approximate to an équation identical to the one given in the VMI
model. “No energy calculations have been reported in Morinigo's paper.
In Chapter IX we have applied the Morinigo model to 12 representative
even-even nuclei which range from the "soft" (E4/E2_= 2.13) to the
“hard" (E4/E2 = 3.33) region. A.detailed analysis of the parameters
occurring in this modei has been made and the calculated energy values

are compared with the three parameter VMI23 model.
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CHAPTER I1

NUCLEAR COLLECTIVE MODELS

The collective phenomenon in nuclei including the various modes
of its excitatiohs have been described with the help of nuclear collec-
tivé models. In this chapter we shall review some of the important
models developed in this field of study over the past twenty years.
We have divided this chapter into two parts. Thé first part deals with
the phenomenological models and in the secohd, we briefly describe Some
of the microscopic models. The phenomeno]ogica] models have been arranged
into two sections, A and h. Section A deals with the "symmetric rotor"
type models and B, with those models which are termed as "ésymmetric

rotators”.

PART I. Phenomenological models

(A) Symmetric Rotor Type:

1) The_Bohr-Mottelson model

A significant shortcoming of the independent particle model was
its inability to explain the large electric quadrupole moment observed
in various nuclei. In order to explain this phenomenon it was earlier
postulated (Rainwater 1950) that the extra core nucleons might cause a
deformation in the nucleus which is considered to behave as an incompress-
ible "liquid-drop™. Boht (1952) and Bohr and Mottelson (1953) first

developed these fundamental ideas into a definite model. They considered
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the collective motions in nuclei as vibrations and rotations of the
“irrotational” liquid drop. In the following, we shall describe this
model in detail, since this is the basis of most of the other collect-
1§e models in this category.

The shape of the nucleus in a space-fixed coordinate system
can be described with the help of a set of shape-coordinates (Preéton

1963)

! @ A
R'56') =R [1+ X Y o y (6,4¢)] (2.1)
0 i | b
5 2%
where R0 is the radius of the spherical nucleus, ylu's are the spherical ,%52
' 273
harmonics andt!kl"s are the parameters that describe the shape of the 5%%
* ! o - > -:4‘:
nucleus at a particular instant. Since the radius R(e,¢) is real Yy

o = (-])ua

r (2.2)

Ay=u
Then for small surface oscillations the classical kinetic energy can be

expressed as

_ 1 - 2
T= % lEuB)‘ I, | (2.3)

w‘here‘Bl is a mass parameter, associated with a deformation of the order
e

The nuclear shape can also pe expressed in a body-fixed coordinate
system:

Rloa9) = Ry 13 20 2y yy(0:4)] (2.4)
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The alm's, analogous to aknls’ also satisfy the following condition

ag,-m = (O™, (2.5)

Expressions (2.1) and (2.4) are related to each other by a rotation of
the coordinate axes. We write the following transformation relations

~ (Rose 1957):

2*
Yon(®'56") = D Do)y, (0.0, (2.6)
m
| "
an = D D a . | (2.7a)
. 2 “n'm,
and
= 2 D;m' Ao (2.7b)
m'

where the Dém' are the e]ement$ of the D-matrix, which for each g,
constitute a (2¢ +1)-dimensional representation of the three dimensional
rotational group. ei's are three Euler angles (these are o, 8, and y in
Rose's notation) . We note here that the above transformations are unitary
in character and the D-functions are also eigenfunctions of the quantum
mechanical symmetric top. |

A satisfactory description of the shape of the nucleus, very
different from a spherg, would then require a large number of terms in a
series including higher order spherical harmonics. For a quadrupole
deformation A or ¢ = 2. In a body-fixed coordinate system when the

axes coincide with the principal axis of the deformed sphere we have

~
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the following conditions:

az,0 # 0; az,jj = 0; az’2 = az’_2 #0
that is, the shape of the nucleus, under these situations, can be
described by two independent parameters plus the threeEuler angles.

The kinetic energy for such a system can be written as:

T= T(az’m) + T(az’m, ei) (2.8)
vibration rotation §~%
! e
32y
In expanded form the vibrational kinetic energy for the quadrupole §§%
i 253
i 2P
case is, 53;
=<
1 2 2 2 ot
Tvib =7 87 ?,:,: Lo 780 gt 25 ) (2.9) T
o
From the mechanics of the rotating rigid body (Goldstein 1950) the kinetic é;f

Jps

energy for rotation of the nucleus in terms of the angular momentum can

be written as
21 2 | 0
Tt © Z}E‘QK wg (2.10)
with the moment-of-inertia 5K (for the K axis) defined as,
2
- ! ! 2.11
§y= 8, Ema 3 e <2MmI[2n’> (2.11)

and wK(= éK) being the components of the angular velocity in the body-




18.

fixed system (K = 1, 2, 3). IK's are the angular momentum operators.
The expectation value of these operators involves the normalized rotor

eigenfunctions |IMK> , which can be expressed in terms of the properly

symmetrized combination of the D-functions,

> = [ {24/

I 1.1
(og . + (-1)'Dy ) (2.12)
16n2(1+6K0) M.K M,-K

where I represents the total angular momentum of the nucleus, M, its

-

projection on the spacéfixed z-axis.and K, the projection on the body- 3;§r
' E
symetry axis. §§Q
S it
Bohr and Mottelson have introduced the deformation parameter 8 Eﬁg
f'<
and the non-axiality parameter y in the: following manner: ggg
e
-O§§

-4
= s = J— i 5?:"

3 0= B €OS v; 3 42 /2'8 sin v (2.13) :%
’ - ir.
Eq. (2.9) then becomes ' ;Lﬁ

I -2 2-2
Tyib = 7 By (87 +8%7) (2.14)

Upon evaluating the matrix elements (Eq. (2.11))explicitly, the expression

for the moment-of-inertia due to Bohr (1952), can be written as

o

( | . |
9y =% sin® (y- Zak); x=1,2,3 (2.15) -

Having obtained the classical kinetic energy, we shall now proceed

to quantize this. The procedure adopted is due to Pauli (1958), which
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essentially amounts to expressing the kinetic energy operator as

-5 VZ, in the given coordinate system (the mass parameter can be
absorbed in it). The details of mathematical procedure for obtaining
the operator V2 in any coordinate system can be found‘ih the text books
on tensor analysis e.g. ¥illis (1958).

The kinetic energy is expressed as the change in time of the "line

element". In a space with generalized coordinates Xs s the 1ine elemént

is written as

ds = [6, dx*dx* 72 (2.16) lﬁu

e a2

£2%

and the kinetic energy as, S’%i
' pYs
£33

=1 dsy2 _ 1 2 dx Yor
T=7@ = 7 26, & d& (2.17) . i

i O)

g X

45

where G)‘u is the covariant matric tensor and can be expressed as

‘ R, O ,
6, = 0 D, (2.18)

with D, representing the diagonal matrix associated with the vibrational

degrees of freedom and RA » the 3 x 3 rotational kinetic energy matrix:
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Expressing the angular velocity components Wes in terms of the_time

derivative of the Euler angles 6., in the matrix form,

g - r _ o - . - r i
wy | sin 6, cos 6,  sinog 0 e]]
Wy =| sin o, sin 0 cose, 0 é2 (2.19)
wg J cos 92 0 1 63

The Laplacian operator in the.genera]ized coordinate system, adopted here,

can be written as (Pauli 1958),

v o= L A (e eM iy (2.20)
VGAﬁ 3ax e ax¥

where GAu can be obtained from the determinant of Eq. (2.18) and G\*H

is its inverse. In the present problem the variables x* are: . Bs ¥»

815 0y and 85. In the case considered here (r=2), 6 y turns out to be

A

- pl 2 .:.2
Gku = B, 8 sin e2$‘14243 (2.21)

It is now a lengthy but straightforward calculation to obtain the quantum
mechanical operators of the vibrational as well as rotational kinetic
energies.Eq. (2.20) combined with Eqs. (2.14) and (2.21) yields

2 .

-h 1 2 45 ] ) . 9 (2 22)
T. = [ = &. (B Y o — (s]n 3y )] .
vib 82 L B4 28 28 . .BZSin3Y Y 3y
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The expression for Trot has the form of the rotational kinetic

energy operator for an ésymmetric top,

= — —-— ' ) . 2.23
rot T 27 &, (2.23)

with the moments-of-inertia jK given by Eq. (2.15).
The ideas outlined above, were first developed by Bohr and
Mottelson yielding a phenomenological description of the deformed nucleus.

In order to simplify the calculations they assumed the nucleus to be

axially symmetric (i.e. y = 0) and that in the zeroth order the nuclear

);l i

)=

, » 2
Hamiltonian can be written as a sum of two separate terms representing 35§2
| s+

rotational and intrinsic motions, In their "adiabatic approximation®, gggg'
<3

the rotational motion is assumed to be slow enough so that the intrinsic oo
: @

aw. . . . oA

structure is not disturbed. The complete Hamiltonian is then written ,wqi
' 33??

as TR
. 35%

= .+ ‘ . 300

H=Twt * Tyip*V (2.24) g

where V is the potential energy and for small oscillations, this has

the following form:

Ve bele-g)? (2.25)

where By is the equilibrium deformation and c is the restoring force .

parameter.
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. The Schrodinger équation can now be set up with this Hamiltonian
and the eigenfunctions (<nIMK|)-as given in Eq. (2.12), with an additional
quantum number n, to take into account the vibrational modes of excita-
tion. The quantum‘number n, is denoted as nB(=1) for the g-vibrational
state and as nY(=]) for the y-vibrational state in nuclei. The symmetfy'
requiremenfé of the wave function a]iow the following energy states to

- appear in the spectrum (see Fig. (2.1):

a) The ground-state with K=0,n_ =0, n =0, [ = 0+, 2+,

8 Y N

4+, 6+,... etc. 3;&%’

b) The g-vibrational state with K = 0, ng = 1, n, = 0, I= O+, ;:g;
2+, 4+,, .. etc. . %géi

c) For Y-vibrational state K =2,n, =0, noo=1,1=2+, . ES?;
3+, 4+, 5+, ... etc. (The + sign denotes the positive parity %E{g
states). .ig?i

i
: s

In the axially symetric case d = 94,=9-= 3B, 8° and §, = 0,
For the ground state (K

d) the energy equation is then written as

E; hﬁ 1(1+1) | (2.26)

There are experimental evidences for the existence of purely
' - ‘ 238
rotational spectra which satisfy the I(I+1) rule (Eq. 2.26), (e.g. Pu).
‘As the frequency of rotation increases with the higher angular momentum,

the centrifugal force distorts the nuclear shape and perturbations due
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6+
6+
!4. ) 8"" H+
Lt iy
o4 I:Z
3+ 25
0* iy
nB=l;ny= 0;K=0 . —s 23
B . g+ n -.O,nyfl,K—Z >
8-vibration band gvibration band ?7%
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g
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s T
2+
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npzo;ny=O;K=O .
ground-state rotational
band

Fig (2.1): Predicted energy level scheme of the Deformed

Even-Even Nucleus.
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to rotation-vibration interactions become prominent. Ca]ch]ations, using

the perturbation due to band-mixing, rotation-vibration interactions,

centrifugal stretching etc. haye been carried out by many workers

e.g. Hansen et al (1959), Nathan and Nilsson (1965), Bohr and Mottelson

(1953) and Marshalek (1967). Bohr ard Mottelson have shown that by

intfoducing the first order correction term to the energy equation it
becomes:

ne 2 2
Ef = 2g I(I#1) + BI® (1+1) (2.27) -
4t
where B is another parameter characterizing non-adiabaticity in the %g
rotafiona] mode. Limitations of (2.27) have been pointed out in Chapter ;;
e o
Nilsson (1955) has first .introduced the coupling of the ?é
nucleons in the outer shell (in the Shell mode]‘piqture) to the nucleons vg é
in the core causing deviations from spherical symwetry in the nucleus. :g z

The core, which in this model is spherically symmetric in the beginning,
becomes "polarized" by the external particles and this aSphericall
arrangement possesses an energy minimum.  Nilsson has set up a Hamiltonian
incorporating all these effects and the solution for each state for |
various values of deformation parameter has been shown 'in Nilsson-diagrams.
The nuclear wave-functions that are deduced from the Bohr-

Mottelson model calculations were used to calculate the transition pro-

babilities between various excited states. It turns out that the E(2)
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transitions that occur fn the first excited state and the g}ound-state
of even-even nucléi havé a shorter lifetime, by a factor up to ]0052
than the single-particle transitions of the same multipole character.
This coincided with the experimental values of large quadrupole moments

(or shorter. half-lives for transitions) found in the deformed nuclei.

2) Rotation-yibration Model

This model has been proposed by Faessler and Greiner (1964).
They have included the pertufbationé due to non-adiébaticity and band-
miking in thé Bohr-Mottelson model. Faessler and Greiner treated the
rotation-vibration interaction in an exact manner and have carried out
numerical diagonalization of the various matrix elements of the Hamiltonian
which inc]uded’these effects from the first principle consideration.
The four parameters occurring in their expression are : (i) the recipro-
cal moment-of-inertia (found from energy spacings in the ground-state
rotational band), (ii) the y-vibrational energy, . (iii) the
B-vibrational energy and (iv) the equilibrium deformation B, Tables
of Tevel enérgies ana amplitudes of wave functions for the various levels
of the ground-state, B8, and vy bands are given by Faessler, Greiner and
Sheline (1965). This model is reasonably successful for nuclei which

have the values of the energy ratio E4/E2.(=R4) in the range ~ 3 to 3.33.
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3) Harris Model

Harris (1964) hag proposed a new approach to the calculation of

~ the rotational bands of deformed even-even nuclei with observed high spin

states. Extending the cranking model* (Inglis 1954) to higher powers in

w (nuclear angular ve]ocity) and solving the equations by making use of

the perturbation theory Harris has given éxpression for energy which

contains two parameters ﬁ o and C:
h2

E= 2_5"-0 I(I+1) {1 - x + 4x

2 _oax3 ...} (2.28)

LTt

where x = 3—% I(I1+1). In the above equation if C =0 or if C # 0

but x very s%a]], one obtains the original Bohr-Mottelson equation;

if the terms upto x are retained,‘Eq. (2.28) resembles Bohr-Mottelson

v EREGY TN AR TLERS

TN L3 NLISMAAING |
AMWEILIM - M AIWA W77

I T

equation (Eq. (2.27)) which contains the first order correction term.
The two parameters,‘gO and C were fitted by least-squares procedure

for each nucleus.

-\th’,‘yr RN

In a subsequent paper Harris (1965), from the self-consistency

approach (Feyﬁman 1939), has given the following two equations for cal-

culating energies, which contain even higher order terms in w:

2 4 6 | .
Erot = —;— wz (ﬂo + 3Cw” + 5 Du’ + 7Fw +...) (2.29)
and [I(I+])]]/2 = m(f}o + 20 + 3wt + aF® +...) (2.30)

* The Cranking model has been described later in this chapter with

the microscopic models.




'E4IE2. The experimental points .-for rare-earth nuclei are found to lie
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where D and F are extra parameters. In principle w may be eliminated
from the above two equations leaving one equation for Erot as a function
of I. Harris has obtained better fit to the observed energy levels

using upto three parameters fn the Egs. (2.29) and (2.30).

4) Moszkowski's (1966) and Sood's (1968) models

Since both the above models are similar we describe them under
oné heading. Both have used the hydrodynamic assumption (as in the

Bohr-Mottelson model) in order to write the expression for the moment-

& NV AR

of-inertia, which assumes it to be proportional to 82. On applying

wl

A%

B 2L

S . dE | . . >0

the equilibrium condition ( T 0) the following two equations are a2

233

obtained: <3

ot

i

H  (-vZ EFi

| 3 i

and : {
1(1+1) = (2.32)

(1-v)*

where V is another parameter, which could be eliminated between these

two equations. The energy equation is used to plot EI/E2 versus

close to the theoretical curves in the region R4 = 3 to R4 = 3.33.
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5) Variable Moment-of-Inertia (VMI) model

Recently Mariscotti, Scharff-Goldhaber and Buck (MSB) (1969)
“have proposed a two parameter formula that gives a very good fit to the
rotational and quasirotational states of the ground-state band of deformed

even-even nuclei. Their energy expression is given by

E(dp) = 2c(d, -9.)2 + I;%‘—l | (2.33)
I

where ﬂI (in units of hz) is the moment-of-inertia for the spin I state

23 :

i
and is obtained from the equilibrium condition > 51
& 'L,u; 5
BE(d) . 25
3 =0 | (2.34) : 13
o
93
The two parameters, ¢ o and C, are defined as the "ground-state moment- 0 %
L ..{ f;
of-inertia" and the "stiffness parameter" respectively. The semiclas- g
a5
r" .

i
)

sical equation for energy in terms of the deformation 8 (Eq. (1) of
Diamond et al 1964) can be compared with Eq. (2.33). In the VMI model
the deformation parameter 8 is replaced by a general variable x and

it is assumed that the moment-of-inertia g = x".  MSB have found that
the best fits for strongly deformed nuclei as well as for the near
spherical nuclei, are obtained by putting n = 1. Mariscotti (1970) and
Scharff-Goldhaber and Goldhaber (1970) in their subsequent publicatidns
have allowed for the parameter -4 o to have negative values as well. '

This has exténded the lower limit of the range of applicability of
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the VMI model from Ry >.2.23 to Ry 2 1.82 and could include very "soft"

nuclei (vibrational nuclei) to be described within the VMI modé] frame-

work. For example, the nuclei nOSn, ]20']26Te, etc. for which R4 is

less than 2.23. A physical significance for negative 30 is given by
Scharff-Goldhaber and Goldhaber (1970), who have assumed a phase change
taking place in tﬁese nuclei above the spin 2+ level from a "supercon-
ducting" to a "normal" state. These autr;ors have associated this process
with the symmetry breaking effect in the pair excitation.

MSB have also shown mathematical equfva]ence of their model with

w4 Nl

wleobehT

the Harris model, although the latter does not allow for the negative g-%%?
values of the parameter 50. VMI model provides a simple empirical E%g
description of the ground-state bands for a wide range of even-even ? 25
nuclei. Attempts have also been made to construct microscopic models ’ §§
in support of the VMI model. da Providencia and Urbano (1970) have : ??g%

provided a theoretical foundation to the VMI model by proposing a new
method for the determination of the excited rotational states which
emerged out of a critical analysis 6f the Villars (1957) theory of
nuclear collective rotation. In a subsequent paper, the same authors
(1972) have proposed a theoretical justification to the.VﬂI model by
working out a theory based upon the generator coordinates method.

~ Thieberger (1970) has proposed a simple mechanical model as a classical
analog to the VMI mode] , which could also account for the negative values

of ¢ o- Das et al (1970) have proposed a theoretical interpretation and

extension of the VMI model. Their model was applied for a simultaneous
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analysis of the ground-state rotational and g

~vibrational or y-vibrational
bands.

Morinigo's (1970) attempt to derive the VMI énergy equation on

theoretical grounds have been described in Chapter IX. of this thesis.

-~ 6) Draper's model

Draper (1970) and McCauley and Draper (1971)have assumed a phenomenolo-

gical choice for the functional form of the moment-of—1nertfa. In terms’

of the deformation parameter B, it is written as

""“1"‘ R

LOA0 ALISMIAINALT .

25 i

9= " (2.35) §2L

253

p2

This approximates to a variety of physically reasonable shapes of the % 5
. o

nucleus. In eq. (2.35), n is any number-anda is a parameter. The case : @
AP

= 1 resembles the VMI model. The energy equation is given as ?

_ 1 2 I(1+1)
Ey = 7 G5 (8-8)° + =74

! (2.36)
ZaBn

where CB is another parameter and B, represents the ground-state defor-

mation. The equilibrium condition determining the energy minimum is
given by
: d3E/e8 =0 (2.37)

These authors- have carried out ‘a‘'least-squares‘fit to their energy equation

- for ~ 88 nuclei ranging from A = 96 to 248. The values for parameter

8 .
n, are found to be between 2.8 for 168Yb and 0.7 for 12 Ce. n is close

to 1 for nuclei near the magic mass number.
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7) Governor model

Trainor and Gupta (1971) have proposed this model which is based

on the following assumptions:

(a) The centrifugal stretching in the rotating nucleus is

controlled by harmonic restoring forces and

(b) there exists a rotationally invariant core in the deformed

nuclei.

Since this model uses dynamic nuclear stretching which. reduces the

_ nt7%

speed of rotation (and hence the rotational energy) for a given angular ;§§;§

3 &l

<. s 24

momentum, it is called the "governor model". The total energy is given E§E!§
Sl

" ’n -2

b EOR

y , 23%

ot

Eo= LAFDRT 1 0 12 (2.38) -3

I 24 2" s o {53

S - 43

where k is the (empirical) stiffness constant and ¢ > the moment-of- g

S o O

inertia for any stretching s, is given by PN

do= Em @@ +ab+bd (2.39)

where a and b are the semimajor and semiminor axes respectively of the
rotating deformed nuclei (assumed to be an ellipsoid). M, is the
effective mass of that portidn of the nucleus which is taking part in -

rotafion and is evaluated from the following equation

e b 2 (.. A 2.40
Mg = =3 pagp b° (a-b) | (2.40)
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with »p of the effective density, considgred’as one of the"parameters
of the equation. In Eq. (2.38), (rs-ro) is the disp]acemeﬁt from -
equilibrium of the mass centers of. the two parts of the effective mass
of the ellipsoidal nucleus which lies 'outside the non-rotating spherical
core. The gegree of stretching at any moment is given by the ratio,

(bo-b)/bo, with bo as the semimajor axis of the nucleus in the ground-
state.

-

The stretching parameter- Sp corresponding to angular momentum I,

is then given by the minimization condition %c
3z
aEI/ar =0 . (2.41) =25
S B2
Eq. (2.38) of this model bears some resemblance to the energy equation ,95
. ’ : )
of the VMI model. .9 §
N _,‘

Trainor and Gupta have obtained good agreement with experiment :;

i>-

for those nuclei, which fall in the'category of "rigid-rotators” and also

for some neutron deficient nuclei..

(B) Asymmetric-Rotor Models:

General remarks:

Marty (1956 , 1957) in his investigations on the collective
excitations of nuclei has -shown that all nuclei cannot be considered

io be purely axially symmetric; more real'istical’ly, asymmetry in the
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shape should be taken into consideration (from the first principle)
" while describing nuclear collective motions. In this section we shall
describe some of the asymmetric rotator models in which the nucleus is no

longer assumed to be symmetric about the body fixed symmetry axis and

the moment-of-inertia about each axis is different. A general description

of the nuclear collective motions has been given in the previous section

under Bohr-Mottelson model.

From equations (2.22) to (2.25) a general form of the Hamiltonian

for nuclear collective motion can be written as %C

25

SA<

SZP

. 2

I T U N U
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L2 k3 +1 ces)?+dctvr )2 (2.42) iZ0
8% k1 2, 2 2 ot T Z %o iz

The Schrodinger equation can then be formed with the above
Hamiltonian and the eigenfunctions given in Eq. (2.26). The solution
to this equation is quite complicated. Different models use different

approximations to solve this Schrodinger equation.

1) Davydov-Filippov model

Davydoy and Filippoy (1958) have assumed fixed values of g and
y for the rotating nucleus, that is the intrinsic structure of the nucleus

remained unchanged during rotation (called the “adiabatic approximation®).

/"‘I
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The Schrodinger equation in this case can be written as

1 ¢ =Ev (2.43)

here, k denctes the nuclear fixed axis (1, 2, 3). For the asymmetric-
rotor K is not a good quantum number. :The eigenfunctions can then be

written as a sum over the various values of K,

by = DG () KD | (2.44)
K

where gKi(y)'s are the various amplitudes. For a given I, K runs over

cew LREGY TVAAVR

MMYLLO 40 ALISHIAING

all even integers less than or equal to I, except for the odd I, where

=Y

K =0 is excluded. Consequently, there are no I = 1 states and I =3

T RMYHEI . NAINYR

i

has a fixed value for K, namely 2. The subscript i indicates that for

other values of 1 there are more than one states, corresponding to

. .:u's;h‘,i: ie e

different allowed values of K. Thus, there is one 0+ state, two
2+ states, one 3+ state, three 4+ states, two 5+ states, and so on.
Solving for the angular momentum matrix elements in explicit

form the following equation arises and its solutions give the energies
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for the various states:'
o> (§,-4,) ¢ L (I-K) (IK-1) k+2)11/2
Ixs2 (o= %) § SL(I-K) (T-K-1)(I+Kk+1) (1+K+2)]
+ gy [2(9)+9,) 9 (IP+1-68) + 29,92 - 8 (399,93]

* 0o Gp9) 5L (k1) (k1) (1-k2) 12 =  (2.45)

- Veerd
i LA

—

TRMVERI MRINYA T

where ¢ 1° 9 » and q 3 represent the moments-of-inertia for the three
axes. The determinant of the coefficients of gK's must be zero for a

solution. For I = 2, the foﬂowing equation emerges which has two

. I & s .
v a0y TV ARY

COMANLLO SO ALSHIAINGY

roots giving two energies for this spin value,

.
.
3
A
1

(E—z 2 -2 (-f?) ;' +95 +5h + 3 297+ 66195
+8 (1 +9;hd31=0 (2.46)

Fig. (2-2) shows the various values for energies for different
states as a function of v from 0° to 30° (taken from Davydov-Filippov
(1958)). v = 0, corresponds to the axially symmetric case and 51 =f2 =y
and g3 = 0 for this calse.The roots of Eq. (2.46) for this situation
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Fig (2.2) Energy levels of the Adiabatic Asymmétric—Rotor

as a functiogzof tBe asymmetry ‘parameter y. The energies are
in units of h /L2B° and vin degrees. The spin value of each
level is indicated at the right hand side.
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turns out to be of the form:

2 ' -
h™
EI = 79 I(1+41) for K = 0.

Further details of this model appear in Chapter'III'. Davydov-
Filippov (1958) and Davydov and Rostovsky (1959) have given expressions
for the reduced transition probabilities for the various quadrupole

transitions between the levels of the asymmetric rotator.

2) Davydov-Chaban model

| iy

In 1960 Davydov and Chaban proposed to modify the previous 52%

: =

model of Davydov and Filippov by letting the deformation parameter g z jg
vary with the angular momentum. That is, the effective value of B %‘g;
. Mot

in the Davydov-Chaban model is different for each excited state but the : :*{ﬁ
. S
parameter y remains fixed throughout. In this case the Hamiltonian YE

from Eq. (2.42) is of the following form:

2
H = ﬁ[l_*’_(‘ﬁa—)-_‘_ J IKZ
2B " g3 98 3T T 2 o sin® (y- 5 k)
L c(g-g )2 2.47
+ 5 C(8-8,) . , , (2.47)

Davydoy and Chaban showed that the energy of the collective nuclear

excitations which are described by the operator (2.47) is determined
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from the following expression.

172
- 3,1 4 - 1, n,2
EIT\) = hwo { (\"" 1/2) []+ ? (q) | ET(IH"' Z (EI—T) ET(I)
2 -
+ 2pp, NE2 | (2.48)
where wo.(= YC/B) and n are the new parameters of this theory; E_(I)

are the rotational state energies (in units of ﬁ2/(4BB§)) of the adijabatic

theory of non-axial nuclei (Davydov-Filippov mdde]).' Py, is determined

for each value of the quantum numbers I and t from the solution of the I g;?g
g2y
equation ; m ‘-§;;
= U?Z
235
‘ 3 1.4 ' | o
' ‘ - a2
e
Thus Pic " depends on the value of the parameters u and y; v is one of é E

Ao 0
e

the roots (vo, Vis v2...) of the transcendental equation

Hy (7Tpp 14 - 3/pp 1) =0 (2.50)

where

- Yy 1)k k k-v
0 = otmy - 2 G- (@) i)

is of the form of Hermite function for noh-integra] values of v,
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Detailed tables of the Davydov-Chaban model parameters and energy

ratios corresponding to- these parameters were compiled by Day et al

(1960). Willijams and Davidson (1962) have given general methods for calculating

energy ratios as well as transition probabilities for the quadrupole

and the octupole vibrations in the framework of Davydov-Chaban model.

3) Davydov, Rostovsky and Chaban model

A general phenomenological theory of quadrupole excitations would

be complete if both 8 and v vibrations are simultaneously included in the

S ¥

energy calculation. The separation of variables required to solve this %51
problem becomes a compl icated affair. Davydov (1961) and Davydov, § 5;
Rostovsky and Chaban (1961) have introduced approximations in solving % % 5
such a Hamiltonian. They have first separated the g and y variables l-c,r;:;
in the Hamiltonian (2.42) without including the potential energy due to % %

* y-vibrations. Then the y-dependent potential energy in its modified ;g
form, 2

BC, 4 2 :
Viv) = 2 B, (v-v,) B (2.51)

is added to the equation. Later Davydov and Rostovsky (1964), following
a similar method, have treated the problem in a more exact manner.

Expressions for monopole matrix elements are also given by these authors.




4) Krutov's model

Krutov (1968a,b) has presented a new approach to the description of
the collective motion of deformed ﬁuclei in terms of the change in the
density distribution of ' the nuclear matter with time. The Hamiltonian
for the rotational motion has been written by assuming the nucleus to

behave as an axially asymmetric body. From the ordinary formulas of

rigid body mechanics it is written as

sy

2 e 12
H = Ly v | (2.52)
rot 2 ;&T 3,

where v indicates the three body-fixed axis, and's;, the moment-of-inertia

Vo bR N ALY

about the v-axis. Assuming a uniform density distribution, the moment-

AR

of-inertia has been computed. For v = 3 axis it is written as

VMVLLO. A AISHINING
T RUYHBEY  WHINYA

Midear e

53 ok [ (15 V2 s (1-% > B+ ..., ) (2.53)

where B and y are the two parameters, defined as the total mass defor-
mation and non-axiality parameters respectively, (similar in some
respects with those used in the Davydov-Fi]ippov model) and Srs is the

g ARZ). Krutov and Krutov

moment-of-lnert1a of the rigid sphere ( g
and Zackrevsky (1969a,b) have computed expressions for level eneraies and
also expressions for é(EZ) values for. transitions between varfous Tow
iying ﬁot?tiona] states in the non-axial nuclei. The details of this

model appear in Chapter IV of this thesis.
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PART II. Microscopic Models -

General remarks:

The models discussed in Part A are all macroscopic in nature.
From the micrescopic point of view the nucleus is a many body system
and hence the many body theory as applied to atomic physics, solid-
.State physics, elementary particle physics etc, has also been applied
in the study of the collective excitations in nuclei; for exémp]e;
the Hartree-fock theory of atomic physics, the pairing force theory for
superconductivity in solid-state physics, the ideas of superfluidity
from the theory of liquid helium and the field quantization methods
from the elementary particle theory.

The importance of pairing force for the description of the
deformed nuclei has been shown in many ways. Bohr, Mottelson and
Pines (1958) were the first to draw attention to the fact that the
methods of superconductivity and superfluidity could be applied to study
the properties of nuclear matter. The experimentally observed energy
gap, the lowering of the effective moment-of-inertia below thé rigid-

rotator value and the spherical shapes of the closed shell nuclei are

the outcome of the pairing correlation that exists between the nucleons. '

The coriolis force acts in a direction which tends to decouple the .
pairing correlation. This causes a decrease in the energy gap parame-

ter, A. The effective moment-of-inertia increases in this process and

el var]
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a correction to the energy equation becomes necessary. At high rota-
tidna] frequencies the coriolis force becomes comparable in magnitude
to the pairing force and eventually destroys this. This brings a change'-
in the phase of the nucleus from the superfluid to fhe normal state.
Mottelson and Valatin (]9§0) have worked out the above theory which was
later experimentally verified by Johnson et al (1971). 1In Chapter VI
we have further discussed this process.

Many.different models have been developed from the basic assumptions

of pairing and multipole-multipole type of interactions in nuclei. 1In

the -following we describe some of the microscopic models.

P R e g
W hndee?

@ﬁhﬂQ’&USHBAHﬂI;Q: <m“,f1fﬁ3;@ ;“ff:ff1m:;g e

T RUYEEN T HAINYA T

1)  The Superfluid model

o oo
LN R V{1

Applying the mathematical methods developed by Bogolyubov (1958 a,b)

for the superfluidity and superconductivity theories, Belyaev (1959) and

-
&

3
-
:
<
»

Solov'ev (1958) elaborated a model for the nucleus called the “super-

fluid" model. In these approaches a refinement in the shell model is

introduced by taking into account the residual interactions leading to
pair correlations of the superconducting type and mh]tipo]e-mu]tipo]e

interactions, whereby it becomes possible to describe states in nuclei
Which were formerly described phenomenologically as nuclear surface

oscillations. The interaction Hamiltonian is written as a sum of three

separate terms

H = H_+H + H

. (2.54)
ay' pair

coll

where H . is the seif-consistent field of the nucleus, H

pair is for the
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pairing'interactions and HCon represents the mu]tipo]e-mu]tipp]e type
interactions. In so]vihg this Belyaev has used the technique of cano-
nical transformations and Solov'ev the variational principles proposed
by Bogolyubov.
From 1963 onwards Solov'ev and his coworkers have done a series
of calculations for the even-even nuclei, by taking into account the
- long range quadrupole-quadrupole forces and short range pairing interac-.

tions and have interpreted the non-rotational collective excitations as

quadrupole and octupole vibrational states. The details of these

investigations are given in a review article by Solov'ev (1965).

re . e e .
VIVE,VIW T

_Thé weaknesses of this model 1ie in the use of a crude and oversimplified

R R

Hamiltonian and a large number of parameters . considered to be constants
e.g. the pairing interaction constants for neutrons and protons, quadru-
pole-quadrupole interaction constants and the énergies of many single-

nucleon states. i ?;ji

2) The Quasiparticle model of Migdal

Migdal (1965) has introduced another trend in the microscopic theory
of nuclei. Hé has considered the nucleus as a gas composed of two types
of interacting quasiparticles situated in a potential well. The effective
interaction between these quasiparticle is characterized by several
constants, which are considered to Be the same for all the intermediate
and Heavy nuclei. The quasiparticles have certain effective mass and

momentum corresponding to the elementary low energy excitations.
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' This effective mass is getermined by compairing theory with the experi-
ment. In order to describe the eicitations of this sysfem, the other
paraméters required are related to the effective potential well in
which these quasiparticles move. For a system which can be described
by short range forces, the above mentioned parameters are: the shape
of the.nucleus, the depth of the potentiaT well and the width of the
layer through which the density of the nuclear matter passes from its

value inside the nucleus to zero outside. Although these parameters

PR )
bl . . - -
. e e . e .

vary from nucleus to nucleus, they are chosen as approximately constant

> =
for a comparatively large group of nuclei. 2 §,<
. e
Migdal's theory predicts the frequencies and intensities of 13 g%
transitions, the magnetic and electric quadrupole moments of nuclei to z%agg
e
¢

an accuracy of 10-20% when compared-with their observed values. 3 3:5
: A

I

P2

3) Marshalek's model

Marshalek (1967):has assumed the pairing plus quadrupole forces
-in order to set up the nuclear Hamiltonian, and using‘the technique of
Hartree-Fock-Bogolyubov (HFB) he has derived expression for the moment-
of-inertia. He has then soived the time dependent HFB equation taking
the coriolis force as perturbation and has obtained expression for -
the ground-state band level energies, (similar to the Bohr-Mottg]son
Eq. (2;27)), upto thelsécond order term in I(I+1). Marshalek has shown
that the coefficient of the I2(1+1)% term (denoted as 'B' in the Bohr-
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Mottelson case) contains contributions from the following (a) the
~centrifugal stretching of the self-consistent quadrupole field

( B, and BY), (b) the changes in pairing correlation (B,),

(c) the coriolis force contribution (Bc), and (d) the condition requir-

ed to correct the number of particles (Bl). Thus B is written as

B=BB+BY+BA+BA+BC (2.55)

We may note here that this B coefficient in Bohr-Mottelson equation ;: 2
represents a correction due to rotation-vibration interaction. Marshalek's i:ég
calcu]ations‘show.that Bc term is much greater than the BB term (indicat- ?giéi
ing centrifugal stretching ). . :;
Marshalek has also evaluated the E2 transition probabilities i é;i‘

among members of the 8 and y vibrational bands. He has given numerical

estimates of ;he band-mixing parameters and branching ratios.

Marshalek's model is a kind of microscopic analog to the classical
macroscopic model formulated by Diamond et al (1964) and Moszkowski (1966)
where the adthors consider the phenomenon of nuclear centrifugal stretch-

ing as the main perturbing factor.

4) Bes' Model

In the previous model Marshalek has solved the time dependent HFB
equations using "adiabatic approximation" of slow, large amplitude

vibrations. Bes (1963) has carried out calculations in the non-adiabatic
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limit by making use of the mathematical technique called the random-
phase approximation (RPA). Here the amplitude is considered small for
harmonic collective vibrations. In another publication Bes et al (1965)
have calculated properties of y-vibrational states including band-
mixing effects and coriolis interaction of second-order.

Bes , Landowne, and Mariscotti (1968) have carried out calculations
for the energies of the ground-state rotational 1e9els. Their Hémiltoniéﬁ

has again been set up with quadrupole force fields and pairing-interact-

ion. The energy equation for calculating rotational energy has the

following form

. et
W AN S

e L

2
- AI(I+1) 'z
E = Eair (85 8ps an) + E g (B) + 5 o, ) (2.56) :
where Epair is the ground-state pairing energy, Ecoul is the Coulomb

energy and § is the moment-of-inertia expressed as a function of the
deformation B and the pairing gap parameters Ap and an.The energy
equation has been minimized for each value of the angular momentum with
respect to the parameters 8, Ap and An and the enerQy value is norma-
lized to the experimental energy of the first 2+ state. -This model is,
in a sense, an extension of the classical ceﬁtrifuga] stretching-mode!
of Diamond et al (1964). In Bes' model the expression for moment-of-
inertia is a function of the gab parameter whereas Diamond et al take

it to be =3BBZ.
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5) Cranking Model

First suggested By Inglis (1954) this microscopic model is most
often applied to large deformed nuclgi. In this thesis we have referred
to the Cranking model before and we shall now describe it to some
extent.

Inglis has assumed that the nucleons are moving in a deformed
averdge fie]d,' U, and also have some residual interaction V. The

Schrodinger equation for such a system 1is therefore

BLE
3 g;ff-;f
Hy(o) = E(o) (o) (2.57a) e
>0
. T om
or E(o) = <yp(o)|H]u(0)>  (2.57Db) 233
oo
Toapd
, :.5”§J
The Hamiltonian according to Inglis is written as .§£§ §%
t 3
Ifi 2.58) 57
H = 2m+};,u1.+ iZ(jjvij (2.

If we suppose that due to some external cranking the deformed field
rotates -around some axis, (x-axis), with an angular velocity w, the

Hamiltonian, H and the Schrodinger equation become time dependent

e-i/ﬁ Jdyot H ei/ﬁ Jdyut

H' = (2.59)

and
= ¢ = H's (2.60)
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The energy for this rotafing system becomes

E= <o|H'|a> | (2.61)

and the rotational energy is defined as the difference between this

rotating energy (Eq. (2.61)) and the energy of the stationary system
(Eq. (2.57b))

Enotle) = <e[H'[e> - <y(o) [H]y(0)> (2.62)

s

Cied bR CVAAWLLG

Eq. (2.60) can be reduced to a stationary system if the laboratory frame

of reference is transformed to a frame of reference which rotates

around the x axis with the same w. We then have the following trans-

formation relations:

¢ » plw,t) = o1/l Jxut, (2.63a)
“and . .

On substituting the above equations to Eq. (2.60) the Schrodinger

equation in the final form can be written as

if i‘%%ﬂ = (H - wly) ¥(w,t) " (2.64)
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Since in the above equation (H - wl, ) is stationary, Wlost) = e /M E(w)tw(w) .

The cranking model formula is then expressed as

(- o) v(o) = E(uly(u) (2.65)

In the above equation we recognize w.J as the coriolis term resulting

from the introduction of the rotating frame of reference.

Next we proceed to write the rotational energy expression for an

5 1
arbitrary value of w from Eq. (2.62), 3
B
2
Erot(0) = <v(w)[Hl9(w)> - <p(0) [H[u(0)> (2.66) £
‘ :
In order to compare the theoretical values with the experimental :
ones, Inglis has given a semiclassical relation between the angu]af

MYLLO A0 AUSMIAING ;,§1 ,*' . ;-<;;;“

momentum I and o,

<W(w)d Jolw)> = VTI(TH) (2.67)

The moment-of-inertia can then be written using Eq. (2.67) and

Eq. (2.26) as follows

<o(0)]9, [u(wp?

(2.68)
2 ' E ot (w)
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The observed spacings between rotational energy levels, when
compafed with the crankfng model equations, were found to lie between
the cranking model values and that ofrthe rigid-rotator. Harris (1964)
has extended the cranking model by considering higher orders of .

The Harris modé] has already been described in the first part of this

chapter.

’.
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CHAPTER III

SOME FEATURES OF THE DAVYDOV-FILIPPOV MODEL

ABOUT THE MODEL

Within its limited range of app]1cab111ty the Davydov-Filippov
(1958) model is one of the more successful models for deformed even

? nuclei. As described in Chapter II the Hamiltonian for the rotational

E . motion in the framework of Davydov-Filippov model is written as

2
2 3 I
h A
rot 2 = 27
8BB o rp B sin’ (g 2

S LG T ARV LT

CVMVLLO A0  ALISHEAINGS -

where x= 1, 2, 3 refer to the three nuclear axes and Beff and Yofs dre

the two parameters referring to the effective values for g and v

[P

respectively. The expressions for the moment-of-inertia (4)

are written as

= AR . 2 _ 2m 3.2
95 = app off SiN (Yeff ) (3.2)

' . \ 2 .
If the energies are now written in the units of h2/4BB of the rotational

Hamiltonian can be expanded as follows

- 2
Hrop = 3 [1%-121 + S 12 + 30 12,1  (3.3)
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where

a”l = sin? (4- 2—g ), b1 = sinl(y + 3% ), and ¢'= sin? y (3.4)

and also y = Yoff* The angular momentum operators I]’ Iz, and I3 satisfy

the following commutation relation’

[I], Iz] = 1'13 ‘(3.5)

The wave function for the rotational Hamiltonian (3.]) is

_Written as

K's are the projection quantum numbers of I on the 3-axis of the nucleus

X ) )?‘\v
- I 1 ..

o) = T Mo AL (3.6) 45

: ‘ >0
where |IMK>'s are the eigenfunctions of a symmetric top and AK's are the = o
' ‘ T 9
coefficients of expansion depending upon the asymmetry parameter v. 3: I

(Davidson 1968). For even I, K takes on even values as 0, 2, 4,.. upto
I and for odd I, it takes values as 2, 4, 65... up to (I-1). M represents
the quantum numbers associated with the projection of I on the z-axis.
The |IMK>'s can again be expressed in terms of the familiar D-functions,
which belong to the completely symmetric representation of group

D, (Rose 1957) | |

V2 *

2141, o} "('”IDrIa.-K} (3.7)

[IMK> = ( M
: 16n (1+6°K)

* The Kronecker & appears because both parts of the wave function are

the same for K = 0.~
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. The rotational energies, E(I) and the wave functions (3.6) are de-

termined from a solution of the system of equations

%o (<MK [H o, [ TMK> = E(T) 803 Ay = O (3.8)

The following interesting features of Eq. (3.8) which arise due
to the symmetry properties of the wave function are very useful in writing

out the explicit forms for the rotational energy for various states:

(a) The matrix é]ements occurringin (3.8) connect states differing

VL :

]
in values of K by zero and two units, ;
<IMK[H o [ = 22 (1) - k% 4] ok
" [Hyg | b g+ (ls, ) L
<IMK{H IMK+2> = + (-1)°¢ X <
. rot | §7713;E7 oK™ *

L (1-K) (1-K-1) (I+k+1) (1+k+2) 1 /2

(b) Williams (1965) has shown that sum of all the roots ET(I)
of Eq. (3.8) satisfies the following simple sum rule for a fixed value

of I:

12 gif (I+2)(a+b+¢) if I is even,
Ty & B =) (1-1) (atbrc) if I is odd.

From the above equations there follows another important sum rule for
the rotational energies of the nucleus, which makes it possible to

connect the sum of the energies of levels having even spin with the
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sum of the energies of levels with the subsequent odd spin.

¢
t

" - M o
X_Z] E(D) = X E(141) (1-even)

In particular, for example,

£ (2) + Ey(2) = E(3).

We may note here that the above sum rules do not depend upon the values

3

of a, b, and ¢ :3,
(c) A relationship between a, b, and ¢ can be written as §§

atb+c =' abtbctac _ abc _ 1 3%_

9 2 18 sinl(3y) -

The solutions of Eq. (3.8) can be analytically expressed as

follows:

For I=2, we have two levels, denoted by subscript r(=T,2);

3[3 + (-1)T/-52;-8 sin“(3y)] © (3.9)
Sin (3y)

Er(z).=

For I = 3 and 5 the energy equations are

18 ' | “(3.10)

3 T o=
=3) Sin“(3v)

* A - - - - -
In this work we have only considered levels with positive parity.
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and

E (5) = 9[5 + (-1)" /o-8 Sin2(37)]

|
Sinz(&) . (3.11)

where 1= 1,2.

For I = 4, 6,and 8, analytical forms of the energy equations
cannot be obtained, instead, numerical values of energies are obtained
by solving third, fourth and fifth dégree algebraic equations respect-

ivély. For example the three spin 4. - energy levels are the roots of the

following equation:

[E@1 - —— [E@I12+ —B (27426 sin(3y)}E(8)]

Sin“(3y) Sin (3y)
- —20 12747 $in(3v)} = 0 (3.12)
Sin"(3y) '

The equations for obtaining energy values of levels with higher
spins are quite lengthy and involved.andsince we do not need them here
for our purpose, . they are not presented. In fig. (2.2) we have
reproduced the graph of energy values as function of the pﬁrameter
Y for various spins, shown in order. We note here that for y= 0 the
energy spectrum is identical to that of an axially-symmetric nucleus.

Tiie energy spectrum of tvhe asymmetric rotor has been calculated
by various workers including Davydov and Rostovsky (1959), DeMille
et al (1959), and Moore and White (1960) up to levels with spin 24‘and
more for the range of v between 0% and 30°. (The nucleus is considered

symmetric between these two limits),

-
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Davydov-FIIIppov model thus involves two parameters, ADF
(= h/4Be ) and vy in the calculations of energy spectra . The parameter
'y is essentially a measure of the deviation of the shape of the nucleus
from axial symmetry and g8 is the.aefbrmation from the spherical shape.
While ca]cy]ating energies the simplifying assumption in this model is
that the parameterss and y do not vary during rotation i.e. the

nucleus rotates without altering its shape ("adiabatic approximation®).

THE PRESENT WORK

In this chapter we have carried out the following investigations:

(a) Compared two methods of obtaining the asymmetry parameter v,
(b) presented systematics of y and ADF’

’I""!-_a’{v lﬁl,’ ”VI'V‘_-‘V‘_.L.L.‘ a

(c) re-examined a relationship for v proposed by Sheline (1962)

and

RIS IS T

(d) proposed a new correlation between v/A and Apg-

COMPARISON OF TWO METHODS FOR OBTAINING v

There are two methods for obtaining the parameter v:

(i) From the ratio R (2), where

E,(2+) _3x /o-gsin®(3r) (3.13)
Re(2) = E@Y) 3 i)

and the quantity EY(2+) represents the energy of the 2+ state 1in the

y-vibration band; frequently this is identified with the second 2+ state.

*  The quantity is usﬁa]]y denoted by A; to differentiate it from the
mass number we have added the subscript DF.
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As vy varies from 30° to 0° this ratio varies from 2 to infinity.

(ii) From the ratio R(4) = E,(4+)/E,(2+), where E (4+) is

the first 4+ excited state. This ratio varies from lg-at Y= 0°

3
to $at v = 30°. |
- Method (i) has been frequently used by workers in this field
(Dav}dov and Filippov 1958, Sheline 1962, Hiura and Suekane 1960,
Davydov 1968) presumably because it is simpler of the two. Eq. (3.13)

can be easily solved for y. On the other hand the use of method (ii)

Erary L) VAV daAAr

involves solution of a cubic equation (3.12) for E](4+). Tables for
R(4) exist (Moore and White 1960) but their use requires interpolation
and hence are not very reliable. Consequently method(ii) has been

seldom employed. However, method (i) has one important shortcoming.

There are many nuclei for which R(4) <%-though RY(2)> 2. For such
nuclei Eq. (3.13) would still give é real vy, though strictly speaking
such nuclei are outside the range of applicability of the Davydov-
Filippov (DF) model. The DF model has been compared with experimental
data by Van Patter (1959/60) and Grigorev and Avotina (1960) amongst
others. An inspection of the figures given in these two references
shows that”a great majority of nuclei which fall far from DF predictions
have R(4) <§-. We conclude that the DF model should be applied to only
such nuclei for which R(4) lies between lg- and %-(such nuclei would be
called DF nuclei). We emphasize this point here because sometimes it
is not fully apéreciated [e.g. Petry et al 1968].

In addition there is the problem of the proper identification of

tHe correct 2+ state to Be used. The Davydov-Fillipov mode] does not
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account for the beta-vibraticnal band. In those few nuclei for which
beta and gamma bands have been identified, the 2+ state of beta band
lies below the 2+ state of gamma band; but it is by no means a general
rule and for a nucleus for which beta ana gamma bands have not been
identified, one cannot be certain as to which is the proper 2+ state of
the gamma band. .

Even when the correct identification is available, the results
obtained Tor other energy levels are ﬁot altogether satisfactory. We

1544 for which beta and gamma bands have

illustrate this point with

Coew RGOV AL

been identified. In fig. (3.1), on the extreme left we show the

experimental energy levels as recently obtained by Yarnell et al (1969).

The quantity y was obtained from E7(2+)/E](2+) and the other levels were cal-
culated and are shown in the middle of fig. (3.1). It would be noticed

that the calculated values for other energy levels, both for the ground

band and for the gamma band are not in very good agreement with the
experiment. Mallmann and Kerman (1960) have attempted to explain such
discrepancies by taking into account the interaction of the rotation with
beta—viﬁration. It can be shown that when rotation-vibration intergction

is takeﬁ into account, in first order approximation the energy of the

rotational states is given by:

By ("Lv.8) = Ap[e("Ly) - ble("L,1)1] (3.14)
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where b is a constant and (" I,v) are eigenvalues in units of ADF for
the DF model w1thout the interaction. However,such a correction would

not work for 154

Gd. We notice that the discrepancies between calculated
‘and observed values are in opposite directions for 3+ and 4+ states
of the gamma-band while the above équation implies that the deviations
should be in the same direction for all the energy levels. Of course
one can think of adding another term, a cubic in e("I,y), to the right
hand side of Eq. (3.14). But in view of the fact that the effect of
beta vibration has been incorporated iﬁ‘a better way in the model of
Davydov and Chaban (1960) the addition of a cubic does not seem to be.
worthwhile. On the extreme right.we §how the energy levels for the ground
state obtained by using values of vy calculated from R(4). We find that
the calculated values thus obtained are in better agreement with the
experimental values than those obtained‘previous]y. |

In Table (3.I) we show values of y determined by the two methods
for DF nuclei. iThe values of v recqyded in column 6 were obtained from
R(4) disregardingbthe experimental uncertainties.h The ranges shown in
column 7 were obtained from extreme values of R(4) when experimental
uncertainties are taken into account. Using method (i) y was obtained
from both the second and the third 2+ excited states; the y values thus
obtained are seen to be not too different. Further it would be noticed
that for a great number of nuclei there is an appreciable difference
between the y.values determined by the two methods. This difference is
quite often‘]arger than the experimental uncertainty. Values by method
(i) are usually smaller than thége by method (ii). We infer that

method (ii) should be preferred over method (i) if one wishes to seek

good agreement with the gfound state band.
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SYSTEMATICS OF y AND ADF

The quantity ADF was calculated using the value of vy obtained by
method (ii). In figs. (3.2) and (3.3), v and ADF are shown as functions
of the neutron numbers N. Systematics of y were studied several years

ago by Hiura and Suekane (1960), however they determined y by the
method (i) and were led to include many non-DF nuclei in their study.
Also during the last few years a lof of new experimental data have
become available, which are incorporated in fig. (3.2). It would be
. noticed that the behaviour of vy and ADF is somewhat similar. For a given
element both‘show a regular variation with N. In some cases there are
some erratic“points, but these could be due to uncertainties in the

energy levels. Away from the closed shells, these systematics could be

222Ra,

used for interpolation and extrapolation purposes. For example, for
we find vy = 250;'combined with the éxperimenta] value of E}(2+) = 111.2 keV,
this gives E](4+) = 315 keV, E](6+) = 594 keV, etc. We can also surmise
.that vy for E2(2+) would be somewhat smaller, say v=22°

corresponding to this value for vy, we estimate E2(2+) = 3471 keV. ¥e

may add here that E2(2+) is very sensitive to small changes in vy and

the estimated value of 52(2+) here is subject to much greater uncertainties

than the ones for the ground state band.

SHELINE'S RELATIGH
A few years ago Sheline (1962) plotted the product of the mass

number A and the energy of the first 2+ excited state of even nuclei
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against the parameter y; y being apparently determined by the method
(i). He found an approximately linear relationship for y<24°. Ffor
v > 24° most of the nuclei fell far from the linear relation. On
examination we found that practically all of the nuclei which belong to
this category have R(4) <§-. This suggested that if one were to restrict
oneself to DF nuclei (-]%>R(4)>g- ),.probab]y a linear relationship will
hold. Also a lot of new.experimenfa] data had become available.
So a re-examination of Sheline's relation was congidered worthwhile.

In fig. (3.4) we show (E2+)A versus y for all such DF nuclei.
The areé enclosed in the small rectangle is shown on an enlarged scale
in fig. (3.5). To avoid confusion; experimental uncertaintiesAhave
not been shown. Near R(4) = 10/3, vy is very sensitive to small changes
in R(4) and the points having y =10° have considerable uncertainties.

It would be noticed from fig. (3.4) that there is a broad band
(width =8°) of linear correlation* between (E2+) A and vy though one

cannot speak of a linear relation between the two.

A NEW CORRELATION

We have plotted y/A versus ADF in fig. (3.6). The points are

seen to fall in a band of linear correlation*.

* After the publication (Varshni and Bose 1970) of the above work Abecasis
and Femenia (197]) have reexamined these correlations and have analysed
them from a statistical point of view. The parameters were ‘obtained by
an overall least-squares fitting procedure. They found the above relation-
ships to be equivalent at a 95% level of significancg.which led them
to assume that there exists a strong linear dependence between the variables
considered-in Sheline's relationship as well as between +y/A and ADF‘
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CHAPTER IV
ON THE KRUTOV MODEL FOR DEFORMED EVEN-EVEN NUCLEI

ABOUT THE MODEL

The starting point of the Bohr-Mottelson (1953) description of
the collective motion in nuclei is its analogy with the dynamics of
the "Tiquid drop". Davydov and Filippov (1959) have adopted the same
analogy to obtain the Hamiltonian for the rotational motion of the
deformed even-even nuclei. There are other groups of models (Inglis
1954, Belyaev 1959, Migdal 1959, Nilsson and Prior 1961) which start
with Inglis' approach that the change in the intrinsic energy of the
nucleus due to the rotation of the non-spherical potential is just.its
rotational énergy. Recently Krutov (1968 a,b) has suggested a new
approach t6 describe the rotational Hamiltonian of the deformed nucleus.
He describes the collective motions in nuclei as the change in the
density distribution of the nuclear mafter with time. |

Krutov (1968) and Krutov and Zackrevsky (1969 a,b) have applied
this approach to nuclei having a non-axial equilibrium shape. Krutov
limits himself to the case when the coupling between the rotation and
intrinsic motion can be nég]ected,_i.e. an asymmetric rotator. The
rotational Hamiltonian of the non-axial nucleus is then equal to

3

2 I
Heot = 3 Z

V:]

«nN

(4.

-

1 4
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where Iv is the angular momentum pfojection on the v axis bf the
nucleus-fixed system; F = 1is the effective moment of inertia under the
rotation around the v axis.

According to the model suggested by Krutov

F, = jav trf - (x )% dre ' (4.2a)
and
o, (r)= olr') - oo (r')} (4.2b)

where c(r') is the nuclear mass density distribution, {p (r')}v

is the minimum density at the point *' under the rotation of the nucleus

min

around ‘the v axis, r'or Xx . represents the coordinates in

the nucleus-fixed system.
Assuming a uniform distribution of the density e(r') and using

equations (4.2) Krutov obtains

e 3EV2an . EEVE L2, 1, ()

F rs 7 5 717 5

1,2

_ e (15172 4 (5172 .
F3=Fo (7Bl 1 -7 (7T 8. (4.30)
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where 8 is the total deformation parameter of the nucleus, y is the
non-axiality parameter and’Frg is ‘the moment of inertia of a rigid

sphere possessing the nuclear mass and radius (Frs = g-M RZ’

5 A
R= 1.216 A1/3fm). Higher order terms in the expansion (4.3a) and
(4.3b) were neglected, since the values of g and y for most of the
nuclei considered in this model, render this to be a valid approximation.
It is to be noted here tbqt F3 is a function of y whereas in the Davydov-
Filippov model, it is a function of y2(See Eq. (3.4)). Such functional

relationship in the Davydov-Filippov description arises due to their

ALIR% VX T2

basic assumption in treating the nuclear motions analogous to the

vy

‘surface oscillations of the "Tiquid drop".

Like the Davydov-Filippov (DF) (1968) model, Krutov's model
also gives rise to a ground state band with spin sequence I = 0+,2+,4+,6+ etc.,
énd 5 gamma band with the spin sequence 2+, 3+, 4+, 5+,..etc.. For the
Hamiltonian (4.1) it is possible td obtain analytical expressions for
E;(2+) and E_(2+) in terms of Fy, Fz, F- As mentioned in Chapter III
E;(2+) is the energy of the 2+ level of the ground state band and

EY(2+) that of the 2+ level in the gamma band. Krutov and Zackrevsky

H
t
:
H
!
1

(1969 a,b) have used the experimental values of the two 2+ states to
calculate the pérameters g and y for 23 even-even nuclei. They
restricted themselves to such even-even nuclei for which the following

're]ation is closely satisfied:

Ej(2+) +E (2¢) =E,(34) | (4.4)
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For an asymmetric rotator, equation (4.4) is exactly satisfied
(Davidson 1968). The degree to which this relation is satisfied
can be uséd as a criterion for ignoring the coupling between tﬁe rotation
and intrinsic motion.

Krutov and Zackrevsky (1969 a,b) have also calculated the redﬁced
probabi]ities of E2 transitions between two rotational levels of the non-
axial nucleus, the mégnetic moments of the lowest rotational states and |
the probabilities of magnetic dipole transitions between these states.
These results are expressed in terms of Be (the parameter of total charge
deformation) and Yo (the charge non-axiality parameter). Because of the
difference between the mass and the charge distributions, these two
pafameters are different* from g8 and y. The ca]culated values of the
transition probabilities and gyromagnetic factors are in reasonable
accord with the experimental values, lending support to the applicability
of Krutov's model to such nuclei. These results show the consistency of
the assumptions involved in the parameters Ba and Yoo but do not say.

anything about 8 and .

OUTLINE OF THE PRESENT PROJECT

A satisfactory nuclear model should also be able to reproduce the
observed energy levels. In the present chapfer we have obtained the energies
- of the levels of the ground-state band of the doubly even nuclei applying
Krutov's model. There are certain #imi]arities between the DF  and the

Krutov models. Both are asymmetric rotor models, both disregard the

* The separation of charge and mass parameters requires a renormalization

of the moment of inertia expressions in terms of 8, and v,-
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vibration - rotation 1nteract1on and both have two parameters ;nvo]ved
in the calculation of energy Tevels. A compar1son of the two is thought
to be appropriate. Here, we have also obtained the ground band energies
for the DF model and the calculated values from the two models have

been compared with the experimental values.

PROCEDURE FOR THE CALCULATION OF ENERGY LEVELS

In chapter III we have given expressions for the Hamiltonian of
nuclear rotational motion and the energy levels for spin I = 2+, 3+, 4+
and 5+ for the DF model. Similar analytical expressions for energies
Ean be written in the case of Krutov's model. The on]y‘difference lies
in the form of the moment of inertia used in the above two cases. For
Krutov's model, Eqs. (4.3a) and (4.3b) are in the form of a series
in terms of the parameters‘s and y and hence the analytical form of the
energy equations are quite lengthy to handle. Nevertheless for lower
spin values we have used the analytical forms for calculating the level
energy. For example the energy equation for the 2+ levels in terms of
the moments-of-inertia F], F2, and F3 is given by

’ 3
; 9> 2+ 3 ————% 1721 (a.5)

v=1'v V=1"v Cw<k Fy k

ﬂq-a

Mw

£y (24) - K[

where the negative sign gives the 2+ level for the ground state band

and the positive sign is for the same level in the gamma band.
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Even for the DF model, the expressions for level energy beyond
the 4+ level become quite complicated (see Ch. III). 1In ordef-to obtain
the numerical values for level energies with higher spins, we have
adopted a procedurel analogous to the one used in the calculations of
energy spectrum of the asymmetric top molecules.. A

| Fairly elaborate calculations have been carried out by various
authors (Witmer 1927, Wang 1929, Kramers and Ittmann 1929, K]e}n 1929,
Ray 1932) to obtain the energy spectrum of the asymmetric top molecules.
The method we have used here has been suggested by Ray (1932) and
extensively used by King, Hainer and Cross (1943). Following their
notation the energy expression for the level with spin I can be written
as ’

E(I) = 3 (AC)I(I+1) + 3 (A<C) E_(x) (4.6)

where x is defined as the asymmetry parameter and is a function of
A, B, and C;-

2[B - ‘5 (A+0)]

o = e (4.7)

here A, B, and C are the reciprocals of the moments-of-inertia;

N
=~
N
™N

N . = Ao
A= gr 3 B= 355 072

N
w

and t is a number which has (2I+1) values for a fixed value of the spin I.

1
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The parameter « has values between -1 and +1 which correspohd to
the prolate and. the ob]ate.shgpes‘of the nucleus respectively. Day and
Mallmann (1960) have published tables for various values of « each
corresponding to a value of y (the DF asymmetry parameter)

In Eq. (4.6), ET(K) is the quantity that- replaces the term

2 in the case of a symmetric rotor. The procedure of calculating

with K
ET(K).has been discussed by Allen and Cross (1963) and it was also

followed here

RESULTS
In the case of fhe asymmetric’rotor two-parameter models, the values
of the parameters may be obtained by either of the following two methods,
as described fn the previous chapter
(1) From E](2+) and Ey(2+).‘ For Krutov's model, Krutov and
. Zackrevsky (i969) have calculated B and y by this method and these are
reproduced in Table (4.;). To compare the results obtained from these
parameters with those of the DF model, the pafaﬁeter YDF* occuring in the
OF mode] was also calculated from E1(2+) and EY(2+) and the resulting
194

| values are shown in Table (4.II). No value is shown for Pt, as for

this nucleus EY(2+)/E1(2+) is less than 2, which is below the DF range.
The experimental data employed in these calculations are shown in Table

(4-111;). The values of the energy levels tbr the ground state band of these.

23 nuclei as calculated by using the DF as well as theAKrufov model

* To distinguish between the two y's a subscript DF has been added to
the vy values for the DF model. S




Table (4-1)

‘Parameters of Krutov's model as calculated by methods ($) and (ii).

82.

Nucleus

Method (i}

Method (ii)

Y B -y
(degrees) (degrees)

150, 0.239 3.567 0.2210 29.08

152 f - ,
Sm 0.221 3.167 0.2351 29.04

134, 0.331 1.783 0.3402 17.20

154g4 0.218 4.000 0.2273 28.61

19654 0.298 2.450 0.3069 18.14
1584 0.327 2.117 0.3336 14.46
16054 0.338 2.333 0.3459 15.30
160py 0.293 2.867 0.2997 16.02
162

Dy 0.308 2.884 0.3147 13.72
164 : ‘

Dy 0.349 2.884 0.3387 13.23
164, 0.229 4.567 0.2732 15.46
166, 0.286 3.383 0.3025 14.56
168, 0.293 3.100 0.2975 11.93
170, 0.289 2.717 0.2950 12.56
]7?Yb 0.285 1.683 0.2899 11.93
76y, 0.263 2.050 0.2682 14.20
182, 0.202 2.633 0.2059 13.78
186, 0.158 5583 0.1618 16.39
1 ' - -

88 0s 0.123 8.467 0.1262 . 25.09
190 |
Os 0.100 12.0
192 ‘
0s 0.089 14.834
194 |
Rt 0.055 21.0
232, 0.272 2.017 0.2804 15.65



Parameters of the Davydov-Filippov model as

 TABLE (4.1I)

calculated by methods (i)

83.

10.03

and (i)
e Meth$d’ (i) | !‘d_etde (1)
DF .-DF
(degrees) (degrees)

150y, 13.91 22.15
152, 13.23 22.13
54 9.54 15.87
1¥4gq 13.84 22.00
15654 11.05 16.62
1584 10.33 14.07
16064 10.87 14.60
160y, 11.90 15.22
162y, 11.94 13.53
164y 12.30 S 13.1
164, 12.88 14.93
166¢,. 12.67 14.18
168, 12.35 12.29
170, 11.58 12.76
172, 9.26 12.37
76y, 10.15 14.04
182, 1.8 13.89
186, 16.03 15.84
188, 19.16 20.75
190, 2928 23.39
1920$ 25 19 25.33 |
194, '

22, 15.03

)
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TABLE (4.1171)

Experimental data employed in the determination of parameters. Most of the data
are from the compilations of Lederer et al. (1967) and Mariscotti et al. (1969).
6round state band values for ]60D_y and 162D,y are from Ewan and Andersson (1968).

For purposes of identification,E_(2+) was taken to be the energy of that 2+ state

which most closely satisfies relation [4.4]

Mucleus AE](z+)' E,(44) _E_(24) y 100 5
(keV) (keV) lkev) |
f
By 32 397 1060 0.326
1525, 121.78 = .05 366.4 + .3 1087 0.325 -2.17
Blo 8199 = .05 267 + 1 440 0.077 -0.13
14y 123.07 = .05 371.2 = .2 999 0.317 -6.80
Vbg4 88‘.967 + .005 288.16 =+ .05 1154 0.094 - -06.65
1584 79.51 = .01 261.45 + .05 1185 0.045 -0.28
e 75.3: .5 | 247 + 2 1010 0.053
160py 86.8 283.8 - 966.1  0.064 +0.35
167y, 80.6 . 265.6 - 890 0.038
| mDy 73.39 = .05 242.2 =+ 1 761.8  0.033 +0.84
164, 91 = 1 : 298 + 3 - 858 0.059 - ‘ +0.32
166y 80.6 = .05 . 264.9 + .2 ‘ 787 0.047 0.88
e 0.8« .5 264 & .5 g22  0.025  +0.53
0, 79 £ 5 . 261 =2 - £930 0.055
2y, 78.7 = .5 260.3 + 1 1468 0.026 0.2
T, g1 : .5 270 = 3 1270 0.085 |
e’ 100.1 ¢ .05 329.4 + .05 1222 0.043 -6.67
sy 122.5 399 730 0076 . |
s ssea 0 &1 633 0.0 0%

(cont'd ..)

AR e »

\.Lt LCE A

10 A P <
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Table (4.1I1) cont...

—_— . e

Kucleus E](2+) . 51(4"') E_(2+) '-y i 100 o
(keV) (keV) {kev)

1905 186.7 = .1  547.8 = .1 557.9 0.399 -1.53

9205 205.79 580.4 489.1 0.513 +0.65

94, 328.5 1 811.1 + 2 | 622.1 0.864

232 £ .1 163 = 1 788 © 0.060

Th 49.8
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are compared with the experimental values. in figures (4.1a) and (4.1b).
(i1) From E;(2+) and E,(4+). In chapter III we have discussed
that for the DF model this method gives better results for the ground
state bands of a number of nuclei than those obtained by the method (i).
The parameter Ype in the DF model was determined from the ratio R(4)=E,(4+)/E(2+)
and the values obtained are shown in Table (4.11). No value is shown

194Pt as for this nucleus R(4)<§- (the 1imiting value for the

against
DF model). The paraﬁeters g8 and y for the Krutov model were also deter-
mined from E](2+) and E](4+) by an iterative process with the constraints
0<8<1 and 0<y<30°. The calculated values thus obtained are shown in

Table (4.1). For 1%%s, 19205 anda 194

Pt, values of 8 and y could not
be obtained within the stipulated ranges.

Using these parameters, energy levels for the ground-state band
were again calculated for the two models and the results are shown, along

with the experimental values, in figures (4.2a) and (4.2b).

ANALYSIS OF THE RESULTS

a) Results by method (i)
Generally speaking, results by both the models are poor, the Davydov-

Filippov ones being the better of the two. We may note here that the
calculated values of 2+ levels of '°ONd and 164y by the Krutov model

do not coincide with the observed ones; presumably Krutov and Zackrevsky
used experimental values for these two energy levels different from

those given in Table (4.III).
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The pattern of results obtained by the two models is similar;
if for a nucleus the DF model gives, relatively speaking,'gooé resuits,
so does the Krutov model. Similarly if the DF model gives very poor
results for some nuc1eus; so does the Krutov one. This can be
attributed to the fact that both are pure rotator models and the degree
of agreement would depend on how closely a given nucleus cofresponds
to this pictﬁre. |

For a rigid symmetric rotator, the following ratio (Davidson

1968) should be equal to zero:

_ E](2+) + Ey(2+) - EY(3+)
e = E,(2F) + E_(ZF)

(4.8)

The degree of deviaiion of this ratio from zero can give an idea

of the influence of the rotation-vibration interaction. In column 6

of fable (4.111) we have recorded the values of 100p for such nuclei

for which data are available for the three energy levels. By definition
ﬁe have considered here only such nuclei which closely satisfy equation
(4.4), consequently, even small uncertainties in the individual energy
levels lead to a very large percentage uncertainty (sometimes of the
order of 100%) in the Qa]ue of p. This makes a corfe]ation of this

rétio with the results of figures (4.1a) and (4.1b) somewhat difficult
and inconclusive. |

He can, however, turn to another criterion, which is based on

the Bohr-Mottelson model. For a rigid axially symmetric rotator, the
fo]iowing quantity i E
' 10 1

= (4.9)
y= 3 - 5E0



may be considered to be an approximate measure of the strength of

the rotation-vibration ‘interaction. This quahtity is tabulated in

column 5 of Table (4.I1I).A perusal of Table (4.I11 ) and figures (4.1a)
and (4.1b) shows that the‘degree of agreement betweenltheory and
experiment is closely correlated with the value of y. As an illustration

we may quote here three cases:

164

Dy agreement good, y = 0.033
]525m agreement poor, y = 0.325
194Pt no agreément, y = 0.864

Thus it appears highly 1likely that the differences between the
observed and the calculated values are due to neglect of the s-vibration
in the two models. For the DavydoV-Filippov case, an improved model
. which incorporates the g-vibration does exist - the Davydov-Chaban (1960)
model, For the Krutov model, to a first degree of approximation the
effect of g-vibration can be allowed by expressing the energy of a
level as
E(1) = E (1) - bE(D)Y (4.10)
where EK(I) represents the energy of the level given by the Krutov
hodel for the rigid—fotator case, and b is a parameter .

(b) Results by method (ii)

At first sight it may appear that this method would almost
certainly lead to an 1mprovement in the calculated values. This however

is not necessar11y so in all cases. As an ’]1ustrat1on, in figure (4.3)
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2500

.2+
12+
2000~
10+
10 +
1500+
8+
8+
1000
6+ 8+ .
6+
e 1O
500~ 4+
4+ 4+
2+ 2+ 2+
Experiment A - B

Fig.(4 3) Energy levels of 154g4. A, Parameters of
the Bohr-Mottelson model determined from El(2+) and
Ey(2+). B, Parameters determined from El(2+) and

By (b+).
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we show the results obtained from a two pafameter Bohr-Mottelson

equation:

E = AI(I+1) + BIZ(1+1)2 | (4.11)

In the case indicated in figure (4.3) A, and B were obtained from E;(2+)

and Ey(2+) (contribution of E_ to B was not taken into account).

8
In the second case, figure (4.3)B, A and B were determined from

E](2+) and E](4+). It would be noticed that in B the agreement has
lessened.

The results shown in figures (4.2a) and(4.2b) for Krutov and
DF models show a very marked improvement over those obtained by
method (i). For 6+ and 8+ levels, the results by both the models
are of comparable agreement with the experimental data. However, for
higher spin levels, i.e. 10+ and 12+, the Davydov-Filippov model gives
better results than the Krutov one.

A comparison of the results by the two methods for the DF modal
shows an interesting feature. In method (i) we find that the differences
between the observed and thé calculated energy levels areAin the same
direction. In method'(if), by determining the parameters from E](2+)
and E](4+) one is sort of partially correcting‘for the rotation-
vibration interaction. In figures (4.2a) and (4.2b) it should be noticed
that in several cases the sign of the (ca1culéted—observed) tends to

154
change as one goes to higher spin levels, ]SZSm and Gd are good examples.




A comparison of vy, and y (method (i)) as determined by_Krutov
and Zackrevsky (1969) indicates that the charge distribution is more
asymetric than the mass distribution in most of the nuclei considered

here. However, if we compare y. and y (method (ii)), the reverse

e
appears to be the case. We mist add here though, that the latter
comparison i§ not very meaningful because Yo wa§ obtained by a method
which would correspond to method (i). It would, of course, be better
to compare v(ii) with y, obtained from the ground state transition
probabilities, however, no such calculations are available.

For the Krutov model (Table (4.I)), it would be noticed that
the values of g obtained by the two methods are very close, but Fhe
vy values are véry different, being rather large and somewhat unrealistic
in the second case.

The difference between the Ypg @S obtained by the two methods
are usually much less than those for the y of the Krutov model. On
intuitive grounds, the behéviour of ypp appears to be closer to the
physical situation; the rotation-vibration interaction is after all

not very large and it should not drastically change the asymmetry of the

nucleus.

95.
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CHAPTER V
HIGHER-ORDER TERMS IN THE VARIABLE MOMENT-OF-INERTIA MODEL

ABOUT THE VMI MODEL

In chapter II of this thesis we have briefly described the
"Variable Momentfof-Inertia"(VMI) model proposed by Mariscotti,
Scharff—Go]dhéber and Buck (1969). The energy expression in this
model is given as a sum of a kinetic and a potential energy term

written as

§=1%?L-+%cm1-%ﬁ, (5.1)

where C is called the reétoring force constant and 50 is the ground
state moment-of-inertia. The equilibrium condition which determines.
the moment-of-inertia 51 (in units of hz) for a state with spin I is

given by

—%%}il- =0 | (5.2)

Eq. (5.1) combined with Eq. (5.2) yields the following equation

e, = [1(1+1)/24,] (1 + [1(+0)aCHD (5.3)

The two parameters 40 and C characterize each nucleus defining -
its moment-of-inertia and energy for each state with angular momentum
I for the ground-state rotational band. vBoth'EI and 51 are increasing
functions of I. The "softness" je. the re]étive increase of the moment-

of-inertia with the angular momentum I (defined by Morinaga (1966)
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as E éi-) can be expressed as
4 Al .

5'](d9/d1) = [(21+1)/2C 2(3!-2.40)] (5.45

and for the particular case I = 0,

3
2c5o

o = [§Nadan)l; o= L=
where o is the "softness parameter® which characterizes the nucleus
into various categoriés depending upon its value for the particular
nucleus. o = 0 represents a hard nucleus and sets the "adiabatic limit"
for the rotating motion whereas for those nuclei which are very soft
c+m..within'these two 1imits the VMI model gives the range for
R4(= E4/E2) between 3.33 and 2.23 respectively which determines the
limits of validity of this model. It was further shown by MSB that
these two parameters vary‘smoothly with N and Z numbers of the nucleus:
g, reaches highest and o the lowest values at the stability line for
nuclei farthest removed from magic proton and neutron numbers .

An interesting'feéture of the VMI model is its mathematical
equivalence with the Harris (1965) model. Harris has shown that an ex-
tension of the cranking model to the next order of perturbation theory
in the angular velocity o ]eads.to a very good agréement with the
experimental data on rotational bands of even-even nuclei in the

rare-earth region. This model is based on the two following eauations

[ - 1, 2 ] ' 2 (5'5a)
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and

(114112 = u(gy + 2¢'?) (5.5b)

Here the parameters are jé and C'. By eliminating » from the above
two equatiq?s an energy expression iq terms of,ja and C' can be derived.
As “Mariscotti et al (1969) have pointed out ,~  if the moment of
inertia ¢ is defined as

9; = @12y, | (5.6)

one obtains, from Eq. (5.5a)

9;=9,+ 2c*u? = d; +2c'[1(1+1)/$§] . (5.7)
If the parameters C and 56 of the VMI model-are made equal to

3%7- and 36 respectively of the Harris model, one obtains by using

Eq. (5.7) the energy Ei written as

A , 2
EI— Zw (91+Cm)

Substituting w from Eq. (5.6), one obtains

m
]

1 ' 2 2
1= 7 {4 + C'[1(1+1)/47] H1(1+1)/81]
or 5 |
I(I+]),’251 {1+ C'[I(I+l)/51]} (5.8)

[
it
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Although the two paramgter Hdrris model and the VMI description appear
to be completely unrelated, both lead, surprisingly to the same energy
expression (Eqs. (5.8) and (5.3)).

MSB have compared the experimental and theoretica]ivalues for a .
large number (-88) of even-even nuclei and have shown that the
agreement between the two is quite good. However, a closer analysis

of the available data shows that in quite a few cases (E.g.IZOXe,

122Xe’ ]24Xe, ]26Xe, ]9005 etc.) the rms percent deviation of the VMI

calculated energies from the experimental ones are substantially greater

than the experimental uncertainties.

IN THIS PROJECT: INTRODUCTION

Here we wish to show that the deviations between the VMI cal-
culated and the experimental energies can arise from the higher order
terms in the potential energy component (%— cd -40)2) of Eq. (5.1).

We have extended the VMI energy equation by adding an anharmonic term

to the potentiaT energy. We have»then applied this new model, called
VMI23; to calculate the ground-state bands of 122 even-even nuclei..

We have shown thai the inclusion of the anharmonic term improves agreement
with the experimental data in many cases and provides a sensitive means

of probing the potential energy surfaces of nuclei.
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ANALYSIS OF THE POTENTIAL ENERGY SURFACES

In fig. (5.1a) we have sketched the potential energy as a function
of the deformation g. The general shape of éhe curve was first
discussed by Alder et al (1956)..Be1yaev (1958) and Szymanski (1970) have
shown that such a potential surface.can be obtained from the superfluid
model of the nucleus. Myers and Swiatecki (1966) have proposed the
following analytical form for V(B) from a semi-empirical theory of nuclear
masses and.deformations:

2 3 —d82
v(s) = A - Bg~ + Se (5.9)
where A, B, S, and d are parameters. Any expression representing
V{(8) can be expanded about the equilibrium value By by Taylor's theorem

as follows:

-, | ;
v(8) = V(Bo) + V"(Bo)_igzgfl—-+ V' ' (Bo) Lﬁggﬂl—

4
+ V]V(BO) -LEZ%QQ—- + ... etc. (5.10)

We have examined the behaviour of the.potential energy surface for a
Jarge number of even-even nuclei using Myers-Swiatecki parameters. It
was found that in those cases (-110) where the resulting curve is of
the "conventional" form, by which we mean the type of j:he curve shown
by solid line in fig. (5-1a), the nuclei can be classified into three
broad categories with regard to the effect of the higher order terms.

These categories are based on the behaviour of the curve in the
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V(B

‘Fig (5.1a,b,c). Realistic potential energy surfaces and the VMI
approximation. Three different situations as explained in the text,
are shown. The solid line curves were obtained from Eq.(5.9); the

broken line curves represent the contribution of the first two terms

in Eq.(5.10).
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region 8 >8 and are shown schematically in Figs.(5-1(a), 1(b) and ](c))
The broken 1ine curves refer to Eq. (5.10) with only the first two
terms taken into account; with the identification@ﬂ, these correspond
to-the VMI model. In the region B8 < B there are variations from these
three types, but these are not of interest here, because the VMI model
probes.the region B > Bo only. The characteristics of these three
types for B > Bo.are described below together with some examp]es
of representative nuclei.

(a) The VMI curve lies above the Myers-Swiatecki (MS) curve.
Usually both V"'(Bo) and Viv(so) are negative. In some cases Viv(Bo)

is positive but small. About 75 cases were found; some examples are

154 160 164 184

Gd, Er Yb, and

(b) Initially the MS curve is above the VMI curve, but there is

a crossover at a certain value of 8 and VMI goes above the MS curve,

122 124

V"'(B ) is positive but Viv(eo) is negative. Examples: Xe, Xe,

134Ce 190

0s (~ 30 cases). _
1 iv
(c) The MS curve lies above the VMI curve. V' (so) and V -(60)

' - : 108 128
are both positive. Only two cases were encountered: Cd and Xe.

VMI23 MODEL

In the present investigation, for the ground-state rotational

bands in even-even nuclei, we study Ehe effect of the addition of the

first order anharmonic term in thg potential energy of the VMI modg].

The expression for energy in this model, called VMI23, can be
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written as

Eﬁh=%wﬁ$%ﬁ+%mgm%ﬁ;l%§L- (5.11)

»

where Cys C3» and 90 are the parameters; the condition for equilibrium
being the same as in Eq. (5.2). Making use of Eq. (5.2) and (5.11),

we derive the following relations.

rg - (2 - ay/0,) rf + (1-0g/0,) r% o I(IH1)=0  (5.12)
and
| 2 3
(r.-1) (r.-1)
B (9) = —L1—+ + 1) (5.13)
0 402 _ 603 ZrI

where ry = 51/40 and the quantities o, and og are defined as

-"___J____ 5.14
%2~ 2¢.,9 3 ( )
270
and
A oy = ‘4 (5.15)
c3d,

The "softness" measure, can be‘derived from Eq. (5.12) and
is found to be equal to o,. It is of interest to note that it is
independent of o3-

For positive go, the jimiting eﬁergy ratios that are obtained
from this model are the same as those from the VMI model, i.e.

2/3
Ry (<E{/E,) can vary between [I(I+1)/6] and [1(1+1)/6]7 7. Here we
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have considered the case of positive 50 only. Assumption of a negative
2/3

4, can generate R; below [I(I+1)/6]°/~ as is the case for the VMI model

(Scharff-Goldhaber and Goldhaber 1970).

CALCULATIONS AND RESULTS

A least-squares fit was performed, using Egs. (5.12) and (5.13),
to obtain the parameters for 122 even-even nuclei. Each energy value
was weighted by the square of its inverse. Eq. (5.11) and (5.13) are,
as such, non-linear and the determination of Cos t3 and 50 is quite
involved. Eq. (5.12) admits of at least two real roots for all
positive values of Co and C3- However,iwhén C3 is negative care has
to be exercised; if C3 becomes too large, all the four roots become
complex. From the theory of equations it may 6; shown that the limiting

value of c, for a given value of c, may be obtained from the following

3
equation

3(03/62)3 - 8(03/02)2 + 8(04/0,)
+ 640,1(I+1) =0 (5.16)

In the‘computer program a constraint to this effect was incorporated.
In order to compare our results with those obtained from the -

VMI model, ca]éu]ations were also carried out for the VMI model.

We may note here that for some 60 nuclei we have taken the data from

MSB and results from the VMI model are available for these nuc]gi in
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“their paper. However, we also wanted to calculate the rms deviations,
and for the sake of uniformity, a recalculation for these nuclei was
considered worthwhile. In Table (5.1) we have recorded the parameters
for the VMI and VMI23 models together with the values of oy and o3-
Though the same symbol, ¢ 0® has been used for the ground state
moment-of-inertia in the two models, it is not 'expected to cause any
confusion. For three nuclei C3 is practically zero, and for 25 others
its value is very small and an accurate determination of its value for
these cases is not feasible with the present data. Quantitatively for
such nuclei, the ratio of the cubic to the square term, i.e.
c3(d-9.)/3c,< 1 X 107°

in parentheses and these are to be considered as approximate estimates

for 2+ levels. These small values are shown

only; in some cases the uncertainty may be as high as a factor of 100.
The results are presented in Table (5.11). For each nucleus
the first row shows the experimental energies with the reported errors.
The values shown in pareﬁtheses jndicate values reported as doubtful
and not taken into account, except when they refer fo 4+ and 6+ levels,
in the least-squares fit and in calculating rms% deviations. An
asterisk following a value indicates that the spin of the level is
uncertain. The rms deviation in the first row, if shown, refers to
the + uncertainties in the experimental values. The second and third
rows give the energies calculated from the VMI and VMIZ3 models,
respectively. In the case of the VMIZ23 model, when c5 is negative,
Such‘1evels are

the energies become complex beyond a certain level.

shown by four asterisks in the third row.
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DISCUSSION

A. ANALYSIS OF RESULTS

It will be noticed from Table (5-II) that for all nuclei,
the rms% deviations from the VMI23 modei are either less than or
equal to those obtained from the VMI model. In quite a few cases
(e.qg. 120Xe, ]22Xe, ]24Xe, ]ZGXe, ?ZGBa, ]34Ce, and Pt isotopes).,
the improvement is quite substantial. However, one can argue that this
alone is nbt enough to indicate that the ) term is necessary. After
all, by increasing the number of parameters, one expects to obtain
a better fit to the experimental data. To examine this point, a
more demanding criterion due to Gauss (Worthing and Geffner 1960) can
be employed. This criterion which depends on the number of parameters

can be expressed for our case as follows:

2

| E 4 .-E ) )

Q = - E ( calc_obs = minimum (5.17)
n-m E2

obs |

where n fs the number of points and m the number of free parameters.
Those nuclei for which ¢4 is zero or else very small can

clearly be left out of consideration. In these cases the rms%

deviations by the two models are more Or less the same and the inclusion

of the cubic term is not essential. We also have to_leave out those.

nuclei for which only three levels are available, because the Gauss

criterion can not be used when n = m. The problem of fitting 3 levejs

to a three-parameter model is, however, non-trivial; for a given value

NIRITS I 5
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of R4, the VMI23 model admits of only a harrow range for Rs; unless

R6 lies in this range it is not possible to obtain an exact Fit.

For the remaining nuclei, in Table (5-III), we show the values of 2 far

the two models. Except for the following 10 nuclei: 76 102

128xe’ ]SGGd, ]58Dy, ]64Yb, 174 ]76Hf, 238Pu, 244Cm, the VMIZ23

Se, Ru,
Yb,
Q's are seen to be better than the VMI @'s for the nuclei listed in

the table. It will also be noticed that for the 10 exceptions, VMI

Q's are only slightly less than those for VMI23 , but amongst the other
50 nuclei there are many cases for which Q(VM123) js smaller that 2(¥MI)
by veryylarge factors. We believe this test establishes that for these
50 nuclei the inclusion of the cubic term is essential.

Amongst these 50 nuclei, there are many cases for which there
are marked differences between the VMI and VMI23 predictions at high
spin levels. The measurement of these levels would be of considgrab]e
interest. It is quite likely that the effect of other higher terms
will show up.

In the VMI23 model, when C3 is negative the energies become
complex beyond a certain level. Thié result, howeVer, does not take
into.account the effect of quartic and other higher terms. The same
result would be ob;ained, though, if the net effect of cubic and other

higher order terms is negative. This would provide a natural cut-

off to the rotational band.

<
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TABLE (5-II1) The Gauss criterion sum, €, eq. (5.17), for the-
VMI and VMI23 models. The values have been
multiplied by 106.

. Nucleus ' a x 10° a x 10°
VMI YNI23 -
model model .
24 Mg 368.29 132.5 ﬁ;;ﬂ
76 Se ' 12.63 17.88 I s
102 Ru 2748 45.48 3 5
108 Cd 24.98 13.96 15
120 Xe 229.12 19.41 =
122 Xe 266.01 31.11 L
124 Xe 415.69 48.37
126 Xe 165.29 9.21
128 Xe 4.72 8.16
126 Ba 4.5 64.02
130 Ba 137.83 2.83
144 Ba ' 158.82 -2.67
128 Ce 76.59 | N7
130 ce 126.47 11.94
132 Ce -  55.84 . 10.83
138 ce e 3.46

150 Ce 673 . 0.47




TABLE (5-1I11) (cont'd)

Nucleus QX '|06 Q X 10°
VMI VMI23

: - - model model
134 Nd 16.95 5.05
152 Nd 117.49 24.28
154 Nd » 57 .65 15.07
152 Sm | 74.83 - 30.75
154 Sm 94.46 73.02
158 Sm 2.74 0.14
154 Gd # 85.73 1.48
156 Gd 1.45- 2.15
160 Gd 24.55 8.57
156 Dy 128.15 0.04
158 Dy 1.38 1.96
156 Er . 44.25 0.02
158 Er 71.86 62.00
162 Er 32.63 2.81
164 Er 8.76 1.01
160 Yb 83.25 10.37
164 Yb  3.53 5.04
166 Yb 6.02 0.39
168 Yb 5.24 0.18
174 Yb 9.70 13.67

131.
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TABLE (5-III). (cont'd)

Nucleus a x 108 » a x 108

) | vMI VMIZ3

model ' model . ..

176 Hf | 3.04 3.51
180 Hf 0.27 0.8 {
172 W 67.39 1.60 o
VL 144,97 78.01 '?‘
182 W 0.91 0.07 i
176 0s 19.32 0.64 f
178.0s a0 1.2 .

" 182 0s 57.88 17.73 -
184 Os 17.18 0.67 :
186 Os | 31.94 | 2.50
188 0s ' , 49.36 5.03

. 190 Os 140.53 | 7.75
182 Pt 430.79 S 17.32
184 Pt 233.33 34.69
186 Pt 374.84 . 33.49

190 Pt 125.94 130.27
192 Pt 168.39 | 66.80

194 Pt _ 70.60 - 3.55
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" TABLE (5-11T)  (cont'd)

Nucleus QX 106 QX 106.
VML VMI23
model model .
232 Th 9.96 417
238 U : 1.23 " 0.75
238 Pu 0.03 0.04
242 Pu 0.08 | 0.02
244 Cm 0.25 | 0.48

Y
=
=
i
=
C e
T A3m
32
=g




134.

Myers and Swiatecki (1966) have determined the parameters occurring .
in their mass equation.’ The.parameters A, B, S, and d can be‘éxpressed f~
in terms of these. Myers and Swiatecki have estimated the accuracy of
their shell-correction parameters to be approximately 10% - 20%. From
this the uncertainty in A, B, S, and d comes out to be 20% - 40%.
Admittedly, one cannot expect to obtain accurate results for individual
nuclei from the parameters given by Myers and Swiatecki. It would
hardly be fafr to expect any sort of numerical agreement between V"'(so)

calculated from the MS equation and 3 obtained here. However, we thought

R
RN TIEN

R 1 SR

it would be of some interest to compare the signs of the two. For the 34
nuclei 1listed in Table (SfIII), it was'found that in 29 cases the signs 2

of V"'(Bo) and cy are the same, while in 30 cases they are opposite; ' ?’
one case, 24Mg, {s outside the app]i;abi]ity of the MS eqqation.

B. LIMITING CASES

When c, = 0, Eq. (5.11), ofcourse, reduces to the energy equation
for the VMI model. The other limiting case, C; = 0, is also of considerable

/

interest. Eq. (5.11) can then be written as (Varshni 1971)
'] 3 I(I+1) 5.18
EI (9) = g C3 (9 "50) + — 29 ( )

The model represented by this equation shall be called the VMI3

model. Combined with the equilibrium condition (5.2), Eq. (5.18) leads
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to an analytical expressioh for the energy,

E, = (p/34,)[-p-3y + (p+2y) (1+2y/p)' /%] (5.19)

where [I(I+])]]/2 and p = }2 ]/2/2.
As we have_mentioned before that the energy equations of the

VMI model and that of the Harris (1965) model were shown to be equi-

valent by MSB, we shall also show here that an energy expression

equivalent to Eq. (5.19) can be obtained from a Harris type of approach,

but with a different type of dependénce of the energy and angular

momentum on the angular velocity.

We write the energy in the laboratory system in the form

(varshni 1971a)

= E(o) +-;—m2 ( Z a, mn) | (5-20)__

n=0

and the angular momentum as

<¢]Jxl¢> = ( z b ® ) | (5.2])

n=0

Here o is the nuclear angular velocity and n is an integer. an'§ and
b,'s are parameters. In equations (5.20) and (5.21) we differ from
Harris (1964 and 1965) in an important respect: here n can be both,
odd or éven. Harris considered the case of n even only because higher
order corrections to the crank1ng model lead to an express1on for E

in even powers of w. However, here, we have adopted the phi]OSOPhy

e
EER T




that equations (5.20) and (5.21) express the dependence of the moment-
of-inertia on the degree of rotation in general térms, provided these .
are self-consistent. We also recognize that Egs. (5.20) and (5.21) are
non-invariant with respect to time-reversal;. such a situation, though
inelegant, is, however, not impossible. Bryan and Gersten (1971) have
discussed the possibility of time-reversal non-invariance in nuclear
forces. |

Making use of the Hellmann-Feymman theores (Qe'l]mann 1937,

Feynman 1939) and the self-consistency reguirement, we obtain

—3 1 2 x :\2 h\3 -‘4
E=E(0) + 7 @ (50 + e + 6ryu ¥ Brga” + 102 42 +...) (5.22)
H H ) ~ P 2 3 . 4 ) - 5‘23)
<¢;Jx§¢> = m(go*l' 3).]:;3 + 4).2:3 + 5135 +_614u: +...) (5.

Here So’ 2ys Ap--s etc. are parameters. 50 may be considered to be
the moment-of-inertia in the ground state. Here we restrict ourselves
to the first two (n = 0 and 1) terms. Then we have

_1.2 } | 5.24
E =59 ($o+4).]..:) ( )

1

EnIV2 = o, + 3qe)- | (5.25)

The parameter , may be eliminated from these, leading to the following

equation for the energy E;:
=g {y* (2 120 sy (520
o .

1he
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where p = Si/GA] and y = [I(I-l-])]]/z.‘ Eq. (5.26) is seen to be identical
with Eq. (5.19). The solution with the + sign before the square root
spans the region R, = 2.467 to R, = 3.333. With the negative sign before
the square root, one has to assume that jo is negative (Scharff-soidhaber
and Goldhaber 1970). Ej is different from zero in this case and the
level energy is E; = EI - Eo. The range of this solution is between

1
R. = 1.826 and R, = 2.467. As is the case with the VMI model (Scharff-

4 4
Goldhaber and Goldhaber 1970, Mariscotti 1970) the VHI3 model has a
natural 1imit at R, = 1.826.

For five nuclei, namely, 102Zr, mﬁﬂo, 106Ru, ]545111, and 236U,
the paraméter <, js almost zero and in these cases the VMI3 medel is
‘apph'cab'le. It appears that the potenﬁal energy surface of these nuclei
is so steep, that the 3 term, instead of bein§ Just a correction term,
becomes the major term. It may be pointed out that the VMI model or

its extensions only probe the region § > | o and consequently the negative

behaviour of the Cc3 term for § <5° does not create any problem.

GRAPHICAL COMPARISON |
Several years ago it was shown by Mallmann (1959) with the then
available data, that the energy ratios Rg and Rg, plotted against R4s

lie on two "universal® curves. In those cases, where the energy levels

are a function of two parameters, such a plot of Ry and R, is a convenient

method for comparing theory wi th experiment and has been freguently

er“lﬂﬁye‘d (Sood 1967, 1968 Stephens et al 1968, Kold 1969, Scharff-

Goldhaber and Goldhaber 1970, Mariscotti 1970).

o
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Such a plot is, however, not very sensitive to small differences;

it would be difficult to discern a difference of < 1% in the energy in

such a plot of convenient size. Varshni (1971b) has suggested another

plot which is very sensitive to small differences in the region

1.826 < R, < 3.333. It employs either of the following functions
(Varshni 1968):

' 4
. E./I - E,/2
6 = /! - & (5.27)
Eg/4 - Ep/2

or

E./ 7/ I(IH1) - EZ/J'E
Ga, = I

| (5.28)
I Ey// 20 - E,/7E

The 6 function is convenienf when a theoretical expression gives
the behaviour E-I in the vibrational region while the Ga function is
useful if E- [I(I-H)]U2 jn the vibrational region. Here we shall employ
the Ga function.

In fig. (5-2) we show a plof of Gag versus Ry- Theoretica1'curves
obtained from the VMI and YMI3 models are shown together with the |
experimental points. To orientate the reader, we 2iso show the results
obtained from the two-parameter Bohr-Motteison (1953) and those from the
Davydov-Filippov model (1958). 6ag becomes increasingly sensitive as

w2 go from R4 = 10/3 to R4 = 7.826. A 1% uncertainty in each of EZ’
E, and Eg can lead to - 3.5% uncertainty in 6ag at R, = 3.33, and 1o

~ -4

b}uncertaiﬁty'at R, - 2.4. On a 25cm x 23cm version of Fig. (5-2),
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Experimental values for each nucleus are shown by dots .which are
:dentified by the last.two digits of the mass-number and the chemical
symbol. Near R, = 3.333 there is much overlapping of the experimental
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one can compare experiment and theory to ~0.1%. This method is essentially
equivalent to fixing the two barameters in the theoretical expressioﬁ
from E2 and E4 and then comparing the observed and calculated values of
EI‘ In some ways it is a more critical test than the numerical least-
squares fit discussed earlier, which it complements.

To ;inimize confusion, the er;or bars for the experimental
points are not shown in fig. (5-2). However, even if we allow for the
maximum errors; jt is not possible to have a single curve passing
through all thé points. As a matter of fact, from fig. (5-2), in

conjunction with the experimental errors given in Table (5-II), we can

QVA"‘;fﬁ*

estimate that in the region 2.23< R4 <3.333, the best theoretical two- =

' : i
parameter expression cannot give a fit better than 0.5% for all of the : ::
nuclei. If we require a fit better than 0.5% for all the nuclei having ég
R =

g >2.23, we certainly need a third parameter.

1t wiil be noticed from fig. (5-2) that in the‘peighbourhood of
R, = 3.333, a good number of points lie on the VMI curve or very close
to it. This accounts for the spectacular success of the VMI model for
such nuclei. As we go away from the R4 = 10/3, there is an increasing
Spfead in the experimental points. The effect of adding the cy term
can now be discussed, assuming that the fit is being made with just
three levels namely the 2+, 4+ and 6+ levels. Nuclei having C3
positive lie abové the VMI curve, and those having C3 negative lie below
it. The VMI3 curve sets the limit up to which an exact fit can be
made for positive c;. If a nuc]éﬁslies above the VMI3 curve it is not

possible to obtain an exact fit for the yMI23 model though there are
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three parameters to be determined from 3 levels, For negative C3 it
is not possib]e to draw a similar limiting curve. because the limiting
value of c, depends on the value of c, (see eq. (5.16)). However, an
approximate measure of the extent of negative C3 region caﬁ be given.
Its boundary lies approximately the same distance below the VMI curve
as the VMI3 curve lies above the VMI curve. This statement is based
on the data for nuclei which have R, > 2.25, and which 1ie below the
- VMI curve.
In the foregoing we have discussed the (Ga6, R4) plot only.
Broadly speaking similar patterns in ihe distribution of points are
seen in the (Ga8, R4), (Galo, R4) and (Ga]z, R4) nlots also. There
are, however, differences in details which appear to be due to the

quartic'and other higher order terms in eq. (5.10).

CONCLUSTIONS

In conclusion, we have shown that the inclusion of the (5-90)3
term leads to a better description of the rotational and quasi-rotational
ground state bands of even-even nuclei. The present analysis prqvides
a sensitive means of obtaining information a?out the shape of the po-
tential energy surfaces of nuclei. The ¢4 values determined here
represent the first reliable estimates of the magnitudes of the anharmonic

terns in the potential energy.
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CHAPTER VI

POTENTIAL ENERGY SURFACES OF "BACK-BENDING"™ NUCLEI

INTRODUCTION

Recently, Johnson, Ryde and Sztarkier (1971) observed an
interesting and anomalous feature in the ground-state rotational band

of ]GODy. On plotting the nuclear moment-of-inertia defined by

2412 = [dE/dI(1+1)]7  (6.1)

as a function of the square of the rotational frequency, w; they

found a sharp sudden increase of § at higher anguiar momenta states.

Here v is defined by
fw = dE/d VI(I+1) | (6.2)

Subsequent invesfigations by the Stockholm group (Johnson et al 1972)

and by others (Thieberger et al 1972, Lieder et ai 1972, Beuscher et al
1972, and Taras et al 1972), have confirmed and extended these observations
to other ﬁuc]ei. It has been found that Sesides the sudden increase

in g in the (9,;2)‘p1ot, sometimes there is a back-bending behaviour
resulting in an S-shaped curve. This behaviour is often referred to as
"baék-bending" in the literature on this subject. For information retrie-

val purposes, we feel -that a more scientific 1ooking name is called for.

142.
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We propose to call it the "S effect” after the S-shaped ﬁurve in the
(Q,uz) plot. )

The S e%fect is also seen quite readily in a plot of the
transition energy (EI—EI_Z) versus I. Such a plot for a number of nuclei
js shown in Figs. (6.1a) and (6.1b) The qualitative behaviour of
the curve for a nucleus on such a plot.is similar to the corresponding
curve for that nucleus on an (mz,S) plot; the effect is, however, more
pronounced in the latter plot.

A possible explanation of the S effect is the Coriolis anti-

3 ;‘:—-"

pairing (CAP) effect, first predicted by Mottelson and Valatin (1961).
These authors pointed'out that because of the CAP effect the strengﬂj
of the pairing force will become progressively weaker with increasing
rotational frequency and at a critical value of the spin, Ic, these

pairing correlations will disappear. Above IC, the moment-of-inertia

is expected to approach the rigid rotor value. Subsequent investications

]

(Chan andValatin 1966, Krumlinde 1968), showed that the transition may

take place in two stages, since the transition frequency for neutrons

and protons may be different.

Recently, several new theoretical attempts to explain the S effect

have appeared. Krumlinde and Szymanski (1971) have examined a model of

a rotor coupled to valence particles which are distributed over iwo

degenerate levels and jnteract through a pairing force. An alternative

interpretation has been proposed by Stephens and Simon (1972) , who

investigate the Coriolis effects at high angular momentum on particles in
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various j-shells, principally the i]3/2 shell, in a rotational nucleus.
They find that at moderately high values of the spin (I> 10) a pair of
these particles tend to decouple from the core and align their angular
momenta, 2j-1, with the rotational éngular momentﬁm of the core. The
resulting quasi-particle states mix with the aground-state band and this
Jeads to an S effect in the ground band. Both of the investications are
model investigations and so far have not been applied to any real nucleus.

Molinari and Regge (1972) have taken the viewpoint that the

iia
é g

observed experimental effects are due to the hybridization of bands and

have carried out caiculations on IszEr. For best results they need to N
. =
mix three bands (=0, K=2 and K=3). We also note here a phenomenological =
attempt due to Wahlborn and Supta (1972) to represent S-shaped curves in ;r_
,.2) plots by a formula. | :;"i

"

The nuclear potential energy Surface js a subject of considerable
interest for maﬁy{nuc]ear processes. It plays a vital role for collective
states and for the fission reaction. A better determination of the sur-
face would not 6n1y improve our understanding of these processes; but
also provide a fest of the theoretical models which attempt to calculate
the surface.

In a previous study (Ch. ¥ of this thesis ) we have extended the
variable moment-of-inertia (VHI) model of Mariscotti, Schgrff—soldhaber
and Buck (1969) for the ground state rotational bands in even-even nuclei
by adding an anharmonic term to the potential emergy. It was shown that

. e oord i 1
thg inclusion of the anharmonic terd jmproves agreement with the experimeni2
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data in many cases, and_provides é sensitive means of probing the
potential energy surfaces of nuclei. In this-chapter we investigate
the behaviour of the potential energy surface of nuclei which show the
S-effect by employing a polynomial in (4-§°) for the potential energy.
In the VMI model the énergy is expressed as the sum of the
potential energy and the kinetic energy. We represent the potential

energy by the following expression.

Vg = Lo, @-90% + Loy 0-9)% + fp e 9-4)"

s Lo @- 405+ L o (4 9)° (6.3)
120 720

where 56 is the ground-state momeqt-of—inertia and ¢,, C35 C4> Cg and

Cg are parameters. Thus the total energy for a state with spin 1 is

given by

E; () a+) 17‘:2 (5..50)2 + ]E cq 4-4)°

24 °

v Lo @-4)" v o5 G4

755 Celd- 5) | (6.4)
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The condition for equilibrium which determines the moment-of-inertia

QI (in units of h2) for each state is given by

oE;(4)
—5g— -0 | (6.5)

Conditien (6.5) yields the following relation for'the ratio.r1(= 51/36)

_1(s1)/2r 2 + (r=1)py + (e /g + (1170

4 5 .
+ (ry-1)7/pg * (r;=1)"/pg = 0 (6.6)
3
where py = llczﬂo .
) 4 -
P3 ~ 2/‘:350 ?
Pg = ©/C43 >
6
p5 = 24/(:550 s
7
and Pg = 120/cd,

In terms of ris the expression for the energy may be more conveniently

written as

13
g £;(9) = 1(1+1)/2ry + (r-1)2/2p, + (r=1)°/3p;

. . . |
+ (rI-1)4/4p4 + (rI—1)5/5p5 + (rp=1)°/6p;. (5,7)
We shall call.this model the VMI6P model (6P for the sixth

degree polynomial). ' ) o
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CALCULATIONS AND RESULTS

In this study we have considered the following nuclei: 1320e,

1580y, ISODy’ ]SBEF, ]GZEr, 164Yb, ]66Yb, ]68Yb, 170Yb ]68Hf and

]72Hf. In eight of these, namely 132Ce, ]58Dy, ]GODy, ]58Er, 162Er

164Yb, ]66Yb and ]68Hf, the S-effect has been observed. High precision
results on the other three nuclei have become ﬁvai]ab]e recently and
these were included here for comparison purposes and to show the behaviour
of a series of Yb-isotopes.

The six pafameters entering in our model were determined by
means of a least squares fitting procedure jnvolving all the experimentally
known level enérgies. A1l energies were given the same weight. The
difference on this point from our previous study (Varshni and Bose 1972)

may be noted here. The parameters thus determined are shown in Tab1e (6.1).

The calculated level energies are compared with the observed ones in

Table (6-11). The first line against each nucleus shows the exper1menta1
values, the second, the experimental errors; the rms experimental error

js shown in the last column of the second line. The third line gives the’
calculated values and the fourth one, the difference between the calculated
and experimental values, the rms dev1at1on between the two values is shown

in the last column of the fourth line. Exper1menta1 errors in the Tevel

2
energies were not available for ]70Yb and 17 Hf For six of the nuclei

158 ]60Dy, 162 168Yb 170y and 172Hf

under consideration, namely Dy,

Wahlborn ahd Gupta (1972) have fitted their formula; results obtained by
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TABLE (6-I) Values of the parameters occurring in thé VMI6P model obtained v

from the least-squares fit.

Source of 4o €2 3 % Cs s
Nucleus EXPL- Data. (107271 acfke? ) (ofker?)  (10%er®) (1073l (10" ker’)
: No.
132, a- | o.754248  9.44513  -16.3741  51.4670- -9.42462  66.1149
158y b 3.02176  3.70676  -2.58828  5.19155  -1.17119  10.4485
160p, c 3.42633  3.91554  2.94421 17.2056 2.69192  -16.6799
158, d 0.979774" 1.6500x10°° 279919~ -0.320868 -0.324238 2.0767
. o | . =
162gy. c 200725 3.82001  3.20769  -15.3910 1.993%4 -10.000 =
. =
. . . :'9:‘
164y, e - 35151  2.44600 ' 3.13863  -7.57962 0.53877  -0.99%50 =
166yp d 562031  4.85175  -2.86589  3.77042  -1.0000 - 8.83055 =
188y, c 330458  4.33041 -2.39242  -1.50826 0.510069 -3.44354
oy, o f 3.54329  6.01786  5.87050 300875 -4.99057  354.34T
168y¢ e 0. 32280  2.15720  2.75129 _5.05600 0.392000  -0.778904
R f 3.11671  .3.85632  1.347% -10.4211  1.82001 -13.7026

a . Taras et al (1972), b Thieberger et al (1972), c¢ Johnson et al (1972) -
d Beuscher et al (1972), e Lieder et al (1972), f Wahlborn and Gupta (1972).
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them are shown in fifth line aééinst the respectfve nucleus. Molinari
and Regge's (1972) results on ]62Er are given in the sixth line against .
this nucleus. Though calculated values by the VMI6P model are shown up
to 22+ state in all cases, the reliability of these values rapidly
decreases as one goes farther from the Jhighest observed level.

A 11m1tat1on of the po]ynomlal expression for the potential
enefgy may be noted here. The region that we are exp]orlng is far away
from the fission hump and one expects, that, except for local irregula-
rities, the potential energy.should continue to rise with Bupto the
fission hump. This asymptotic condition is not bui]p into. the poly-
nomial expréssibn‘and for.rI greater_than that for the highest observed
level it is'not satisfactory for extrapolation purposes. For examp]e,‘
for ]GODy, the potential energy surface shows‘an inflexion point after
the 18+ level and after réaching a low maximum the energy begins to go
down. . Consequently no positive solution for r{ could be obtained for

162 ]72Hf. Such ievels are

I>18. A similar situation occurs for Er and
1nd1cated by two asterisks in Table (6-1I).

The expression for the potential energy, eq. (6 3), looks like
a Taylor expansion. A word of caution regarding the significance of the
parameters is neceséary. In the course of least-squares fitting it was

‘ 168 170

found that for most of the nuclei (the exceptions being Yb and Yb)
in our list, for high spin levels, (rI—1)->1. Consequently the reader
is warned that for such nuclei the h 's in eq. (6. 3) should not be inter-

preted.as, or compared with, derivatives of the potential energy surface.

151.
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A difference on this point with a previous investigation made in Chapter V
of this thesis , is empﬁasize ; in that study it was legitimate to
consider c4 as a derivative for most of the nuclei.

At this point the reader may well ask why a sixth degree polyno-
mial was chosen, why not fifth, seventh or for that matter any other
degree. In making this choice we have been governed by making a compro-
mise between obtaining agreement with the experimental data on one hand
and computational problems on the other. Too few terms lead to poor
agreement with experimental data, too many lead to computational
difficulties fn the non-linear least-squares fitting. There are large
cancellations between contributions from the different terms in Eq. (6.6)
and unless the parameters are kept undér certain constraints, it is not

possible to find meaningful solutions for rlc This- difficulty is in

o RUVEELT WA

addition te other wef] known difficulties associated with non-linear

least-squares fits which are discussed in books on computer methods and

numerical analysis. As 'discussed below, with the sixth-degree polynomial | Lii
we have been able to obtain reasonable results for all nuclei in our list

except one.

DISCUSSION

A comparison of the rms experimental. errors and the rms deviations

of the calculated values from the experimental ones shows that the agree-

- : - “for 1°8p
ment between the calculated and observed values is excellent for - Ly,

1600y, ]62Er, ]64Yb, ]68Yb, ]70Yb, 168Hf and ]72Hf, reasonable for ]58Er
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and ]66Yb, and very poor for 132¢e.  The degree of agreement appears

to depend on the s rength of the dip in ' the plot of transition energies
versus.I. A satisfactory representation of the potential energy
surface of ]32Ce will clearly require more than six parameters if a
polynomial expression in (ﬂ-do) is used. |

The rms deviations, howeVer,”do’not tell the whole story. A
study of the differences between the observed and calculated values
for ]58Er and ]66Yb shows that the maximum differences occur in the
S effect region; for low values of the angular momentum, the agreement

is quite satisfactory.

For ]GzEr, we note that our calculated values with six-para-

%

ey gk

meters are in slightly better agreement with the experimental data than
those by Molinari and Regge (1972) with seven parameters. The empirica]
expression of Wah]bonn and Gupta (1972) uses a total of five parameters.
In all cases the results obtained in this study are better than those
obtained by Wahlborn and Gupta, specially for those nuclei which show the
S effect.

Another way to compare experiment and theory i; through the
(gswz) plot. This is shown for three nuclei in Fig. (6.3). In making
this plot we have used the expression for fw as given by Johnson et al
(1972). The expression for fiw given by Thieberger et al (1972) gives
slightly different results. The agreement between the experimental

points and theoretical curves is seen to be satisfactory in Fig. (§°3)'
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The gradual change in the behaviour of the isotopes of Yb may be

‘seen in Fig. (6.1b). The curyature in the region before the onset of the

S effect is seen to decrease as we go from ]64Yb to ]70Yb. A similar

behaviour can also be noticed in 168Hf and ]72Hf. For the few nuclei

in which the S effect has been so far observed, the following rule appears
~ to be followed: InAa series of isotopes, the softer the nucleus, the more
pronounced is the effect. ' ’
The potentia] energy suvfaces obtained from the derived parame-
ters are shown in Fig. (6.2a) and (6. 2b). The VMI model only probes
the region 9> sb hence only this reg1on has been shown. A compar1son

of the surfaces for "normal® nuclei (168

b, 170vy, and ]72Hf) with those
for S effect nuclei shows that in the latter there is an arch like |
protuberance. In a sense the obtained potential energy surfaces are
"experimental™ ones and it would be of interest to compare these with
those calculated from theory. In recent years there have been a number
of attempts to calculate the potential energy surfaces of nuclei to
varying degrees of sophistication. A sem1emp1r1ca1 method for describing
the inf]uénce of single-particle shell effects on nuclear ground-state
masses and deformat1ons was introduced a few years ago by Myers and
Swiatecki (1967) and they suggested an analytical formula for the nuclear
POtentiai energy surface. Soon after this development Strutinsky (1967,
1968) took an important step and proposed a general method of calculating
the nuclear potential energy surface. This method is sometimes denoted

the Strutinsky prescr1pt1on ‘or shell-correction methodd Strutinsky

calculated the n1croscop1c contribution using s1ngle-partiC1e levels

S }(HVHH ﬂlijh\!b’/\
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obtained from a one-body potential. The difference between the sum of
the e;act sing]e-partic]e energies and an integral over an é;eiage density
of levels is considered to be the shell-correction term. This is then
added to the appropriate liquid-drop model energy. A foundation to the
shell correction approach has been recently presented by Bunatian,
Kolomietz and Strutinsky (1972). A good number of calculations on the
potential energy surfaces of nuclei have been carried out in recent |
years (Nilsson et al 1969, Johansson et al 1970, Metag et al 1971,

ﬁose] and Scharnweber 1970, Mosel and Schmitt 1971, Brack et al 1972,
Gotz et al 1972, Mo]]eﬁ]972 and Bolsterli et al 1972), using the
Strutinsky prescription. However, most 6f them are on heavy nuclei;

no results are available for nuclei which have been considered in this
study. We may note here that the aforesaid jnvestigations do not take
into account any Coriolis effects in the calculation of the nuclear
potential energy surface. It would be of interest, even in a model
calculation, to see if the inclusion of Coriolis effects leads to the
type of protuberance thaf vie havevfound.

| A suggestion due to Taras et al (1972) may also be discussed here:
THeSé authors have'plotted the level excitation energy as a function of
1(1+1) for S effect nuclei. These authors claim that the points fall on
two intersecting straight lines. If this suggestion were correct to the
degree of accuracy of the experimental data, one would expect that in the
plot of transition energy versus I, the points should fall on two lines
except for one point near-the intersection of the two lines. As can be
readily noticed from Figs. (6.1a) and (6.1b), this is not true. He

conclude that the suggested relation is very,approximqte.

LB T
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Fig. 6.1a Transition energy (EI-EI_Z) as a function. of I. To avoid overlapping
points for various.nuclci have been shif ted upwards omn the energy

iggle by the following amounts (in keV): .
8 py(500), 160py(600), 15Sgr(800) and 162g, (10000 .
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ig. 6.1b Transition energy (EI—EI_Z) as a function of I. To avoid'overlappin%
points for .various nuclei have been shifted upwards on the energy

i%%le by following anounts (in keV):
Yb(100), 16SYb(250), 17°Yb(350),,163Hf(450),_172Hf(600).
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6.2a Potentiai energy surfaces calculated from the
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in Table 6.I. To avoid overlapping, curves for various nuclei :

have been shif ted upwards on the_cnergy sca%c by the fo}%guing
e ants (in keY): 190Dy(20Q)4 625y (500), 18%Yp(1000), Yb(1200),

168yp(1400), L70Vb(1600), R (2000), =and 172HF(2200) . Only
the region 423, js shown. The position of the highest observed
jevel has been jndicated by an arrow; the nunber below the

arrow gives the spin.
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CHAPTER VII

TRANSITION QUADRUPOLE MOMENTS AND THE VMI
MODEL FOR EVEN-EVEN NUCLEI

INTRODUCTION

The Variable-Moment-of-Inertia (VMI) model, proposed by |
Mariscotti, Scharff-Goldhaber and Buck (MSB) (1969) has been described
in Chapters II and V of this thesis. The VMI model suggests that;the
intrinsic quadrupo]é moment of the higher spih states of deformed
even-even nuclei may be larger than that of fhe ground-state. WMSB
have also found an empiriéa1 re]afionship between the transition

quadrupole moment Qo2 and the transition moment-of-inertia,'foz,

defined by them as

= 1 7.1
Joo= 7 o *92) (7.1)
Their ﬁroposed relation is
1/2
N (7.2)

where k is a constant.
The transition quadrupole moments, Q02 are qbtained from the reduced
transition probability, B(E2), and fora transition between 0+>2+ jt

is:

2 _ 16w ] + ‘ (7.3)
Q5, = ~a- B(E2; 02 )

161.




. 162.

Here, we have suggested an alternative expression for the
transition quadrupole moment in terms of the mass number and the
moments of inertia of the initial and final states. Experimental

results for the transitions O+ <> 2+, 2+ <> 4+, 4+ <> 6+ and 6+ «— 8+

are comparéd with those obtained from the proposed relation.

FORMULATION

. We write the transition moment-of-inertia (!I,$I+2) in

the following form:
2 _ (42 2
I1 ez = U1 +312)72 (7.4)

and the proposed expression for the transition quadrupole moment

aS - E
18 41/2 |
O 4y = KA 1,142 (7.8)

where K is a constant. The introduction of mass number is not completely
arbitrary. Some justification of the mass number dependence can be.

obtained from the Bohr-Mottelson model. If we combine the following two

equations
: 9 srrot - B AMROB [0.89 + 9(3,)] (
and '
0 = ZRE | (7.7)
we obtain

12y 4172 (7.8)
Qo = (ZRQ/A / ) j iirot (7.8)
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which suggests the possibility of using a factor A". Trial and error

showed n -0.25 and this value was adopted.

RESULTS

In fig. (7.1) we have shown Q, versus A1/%§ozfor 52 nuclei;
the smooth curve represents relation (7.5) with K = 10.5 x10'24cm2keV]/2.
Thé,data employed are the same as that used by MSB except for the

following changes and additions:

]gth: A more recent value (Schwarzchild 1966) for'QO2 has been
shown.

]SZSm, ]72Yb, ]74Yb, and 176Yb: 002 values obtained from the
recent measurements of Diamond et al (1969a) and Sayer et al (1970)
have also been shown in addition to those given by MSB.

]56Er, ]SBEr, and ]GOEr: QO2 data have now become available

.. (Diamond et al ]969b) for these nuclei, and these are jnclyded in

fig. (7.1). o

' DISCUSSION

It would be noticed from fig. (7.1) that Eq. (7.5) is in satis-
factory accord with the experimental data. ‘Further a comparison of this
figure with fig. 9 of MSB shows that the relation proposed here gives a
betfer agreement with the experimental Qpy values for heavy nuclei

than the one proposed by MSB. For the others, the agreement is compa-

rable.

g b,




Qgz (in units of 16%%cm?) .

o 2 1 ) 1 1 '] 2 1 'l 1

o C.l 0.2 . 03 0.4 0.5 0.6 0.7 0.8 - 0.9 LO L1
[} . .
7/ -
A2d,,  (kev)

) 2 ‘
Fig. (7-1) Transition quadrupole moment 002 versus A / 502. The curve

represents eq. (7.5).
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N
-

Grpups of investigators at Berkeley and at Oak Ridge have
recenf]y succeeded in obtaining B(E2) values fo; transitfons between
levels having 132 in a number of even-even nuclei. Dijamond et al
(1969a ahd 1969b) have measured the half-lives of several transitions

160 158 156 52

‘ A : 1
in the ground-state collective bands of Er, Er, Er, and "~Sm

and thus obtained B(E2; I+2-I) for I as high as 8. Sayer et al (1970)

152 ]§6Er,

have obtained B(E2; I-I+2) for a number of states of Sm,
and 172, 174, 176Yb from multiple Coulomb excitations. -

In order to examine the validity of Eq. (7.5) for 2+ <4+
and higher transitions, QI,I+2 values were obtained from the above’

mentioned B(E2)'va]ués using the following relationships between

QI,I+2 and B(E2) for the rotational model:
15 2.2 (1+41) (1+2)
B(E2; I+142) = 55— e Q (7.9)
( | 32 L2 (5141)(2143)

and for transitions I+2»I it is : N\

: 15 - 2.2 ©(141)(1+2)
Bez; Te2oD) = = €0 e ey 1O

These Q; 149 values are plotted versus AIIZSI,IJ‘—Z in fig. (7.2).

The curve represents Eq. (7.5) with the same value for X as in fig. (7.1)-

e A R T T T e . P
Tei o o 3 >

-}
It will be noticed, that if we make full allowance for

" experimental ﬁncertainties, the proposed relation js in actord with the

‘experimental points to about the same degree as in fig. (7.1). More

careful scrutiny, however, shows that all the six points for 6+ «> 8+

e
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transitions lie below the curve, on the average, by -~ 8%. A similar

result has been found by Scharff-Goldhaber and éggdhaber (1970) for

the expression proposed by MSB; the calculated values being too high:

by -~ 15%.

In conclusion we find that for nuclei which can be described

by the VMI model, the relation (7.5) can be used for correlating and

predicting QI 142 values for I = 0, 2, 4, and 6.
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CHAPTER VIII .

' VMI MODEL FOR ODD NUCLEI BANDS WITH K = 1/2

INTRODUCTION

The occurrence of low-lying rotational bands w{th~eech band being
built on a particular intrinsic configuration.is a well known characteristic
- feature of the deformed odd-A nuclei. The extension of the collective
¥models to the odd-A nuclear Systems can be made by assuming that the
odd-proton (er'neutron)-is coupled to the even-even core, whfch may be
considered to be deformed and‘dxia]]y symmetric in its simplest form.

The internal motion of the nucleons in such axiaﬁj symnetric core can be

“RUYBIY A

characferized by a projection of the total angular'momenfum on the symmetry

-axie'of the nucleus and is denoted by K. Due to the interaction of the

rotation with internal motion, K is not a good quantum number in .

general. when‘the rotetional energy levels are much lower than the energy

difference between single-particle levels, the influence of the rotation

on the single particle motion can be neglected (Bohr and Hptte]son 1953).
Volkov (1972) has developed and theoretically justified a form of

fhe VMI energy equation which is applicable to the odd-A nuclei when

coriolis coupling effects are considered to be small. Gregory and Tay]or(igzz)

have applied Volkov's equat1on to calcu]ate the rotat1ona1 energy levels

of the 7/2 + [404] band of '/'Lu and 11/2 - [505] band of '°%Gd and have

found a sat1sfactory agreement w1th the observed values. In th1s

chapter we have studied the app]1cab111ty of the VMI model in ca]cu]at1ng _ ‘?f
rotational energy levels of the K = 1/2 band pf ogd-A nuclej. An energy
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,;/”#équation has been formulated under.the VMI model framework.

Calculations for 34 bands of odd-A nuclei with

K =1/2 have been carried out and the calculated values are compared :

with the exprimental ones. | . -

| For K = 1/2'band.fhe matrix element for the rotation and partic1e 'g

coupling Hamiltonian has non-vanishing diagonal terms (Davidson and ‘

Feenberg 1953). The reason for considering these bands alone is to y %

include ‘in our study the effect of such coupling terms in the framework

of the VMI model treatment of the energy spectrdm. We have elaborated

this point later in this study.

FORMULATIONS

If the nucleus is symwetric, it is reasonable to suppose that the

Al g

core will be too and therefore will behava as a symmetrically deformed
even-even nucleus. The rotational energy operator, in the symmetric
rotor model (Bohr and Mottelson 1953), in terms of the moment-of-inertia
§ and rotational angular momentum R is simply written as
oL = A2 32 (8.1)
rot 23
The odd particle with its angular_momentum‘j couples with the .%

rotational angular momentum R, of the core to form the total angular
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-momentum, I(= R + j). The rotational Hamiltonian then becomes

2 2 2 2 .
_n N2 _ RS 2 RS ... R .2
Hrot' .-2-5» ,(I-q) = 73 I --Z?(I.J + 3.1) +ﬂ‘]
or
mo= T ) - 2 g e ) < T (1 g
rot = 29 - el T 28 Vo 3Tl

AT
tag (33,43,30) N (8.2)

Here the operators IZ and jz may be fep1aced with.their eigenvalues
which are usually assumed equaT and denoted witH” K. Furthermore, the
last term in Eq. (8.2) is small and depends only on the intrinsic codrdinates,
hence it can be incorporated in the intrinsic Hamiltonian. The second -
term on the-right hand side of Eq. (8.2) is of the form(w . j)that classi-
cally would give rise to the Coriolis forces, hence it is called the
Coriolis term. Here this term arises due to the part?a] decoup]ing'of
the intrihsic motion from the jnstantaneous collective field caused by
the rotation of the nuclear symmetry axis: The Coriolis term has diagonal
matrix elements for the case where K = 1/2 (Davidson and Feenberg 1953).
This follows from the fact that the Coriolis term which connects only
collective states for which K-values differ by one and_since the nuclear

wave function contains states with both + K, it directly contributes to

i
&

<z
5=
=
3
=3
=
=3
=3
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the energy states with K = 1/2, only. The éigenvalue for this term is
written as

2
3 | R
~Heorioris™ = <I-2g IIFLID]
B 141/2, ..
= 23 a(-1) (1+1/2) (8.3)

where a is called the 'decoupling parameter'. The decoupling parameter

can have very strong influence on the level order of the K = 1/2 band.
The Coriolis term has been studied in detail by Several workers
(Ni1sson 1955, Prior 1958, Mottelson andiNi]sson 1959, Kerman 1958,
Feifrlik 1966, and Dzhelepov and Dranitsyna 1967).
Thus in the simplest rotor model (Bohr and Mottelson 1953)
assuming the nuclear moment-of-inertia to be constant, the energy of

nuclear states for the odd-A, axially symmetric nucleus can be written as

(8.4)
where € is the intrinsic energy.
We see therefore, that a rotational band is built on each particle
state; furthermore, K is entirely due to the particle angular momentu?

since collective angular momentum has no component on the body symmetry

axis.

<2
5
=
=
-
=3
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‘Subsequent investigations and analysis show that Eq. (8.4)

is not adequate to explain the rotational spectrum of odd-A nuclei.
The perturbations caused by vibration-rotation interaction and band-
mixing, affect the energy level spacings. Furthermore the decoupling

parameter has also been found to vary with the spin and its values are
| gfgnificantly diffe;ént formthé one and the same band in different
nuclei. The inclusion of higher order terms in angular momentum
becomes necessary to include éhe above mentioned effects in the : _%
. energy equation. S ) i

In the VMI model the energy 6f a level is expre§sed as a sum of

the kinetic and the potentdal energy terms . Thus in the case of odd-A %3;
,a‘
nuclei for the K = 1/2 band, the simple VMI energy equation can be :3 
written as 3
=0
1,2 141/2 =
= _— 1) - 2(3)% + a(-1 1+1/2)) e

By = Eyyz * 79 (1(1+1) - 2(3) (1)

1,2 1 2

where E1/2 is the energy of I =v1/2 level on which the particuTar rotation-
al band is built, and the last term is the potential energy part. ¢
is again the restoring force constant andS]/2 the momentfof-inertia of
the I ; 1/2 state. The equi]ibrihm condition which determines the moment-
of-inert'ia.sI (in units of 52) for any state ’wjth spin I is giyen by

' 3E |

1 (8.6)
a—s—' =0 .
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Subsequent analysis of the observed rotational bands‘ of odd-A nuclei with
Eq. (8.6) ‘shm‘ved that it is necessary to take into account the dependence | ,
of the decoupling parameter on the spin. As a first approximation, we 1
tal;é this dependence to be of the same form as in the Bohr-Mottelson .
‘model. The final expression for the energy can be written as . i

o2 I1+1/2
1/2 251 [.1(1+1) 2k + a(-) (1+1/2)

ST RITIEAE

* ble 1)“‘/21(1+1)(1+1/2)J - [2 & +1) - 2(5)°

-a- 361+ gl 90 @

where b is another parameter jncorporating the higher order correction to

<
R
A
=
=3
e 5
XX
.

the Coriolis term.

CALCULATIONS AND RESULTS

The application of the equilibrium condition (8.6) on the energy

equation (8.7) gives the following relation in terms of ry (= ‘;II/,‘]V?_) |

B2 Lo i) - Fr a2

rp -
b(-) /21 (141)(1+41/2)1 = © (.8)
_ 1 | ' (8.9)
where s = 3 ‘
ZCQ]/Z

is céﬂed the "softness parameter". The cubic equation (8."8) has one real(

root for any finite positive value ofd,,, and c. The eriergy, Eq. (8.7)
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can also be,writtén‘in terms of ryt

4172 [EEy 0] = 3 [1(1+1) -3 ia(- )1+‘/2(1+1/2)

£ b(=)1121(141) (141/2)]
e + ———— -5 (x-a-3%b) .
The abové equation invo]ves four parameters which can be fitted
by 1east-squares procedure As such equation (8. 10) is non-linear and
f1tt1ng g 1/2° a, b, and o is quite 1nv01ved The parameters are Tisted

in Table (8-I), and in Table (8-II) we compare the observed and calcu-

lated energies. T >

DISCUSSION:

The rms percentage deviation between observed and calculated values

of energies, reported in Table (8-II), show the over-all fit by Eq. (8.10)
is satisfactofy Out of the 34 bands of odd-A nuclei, studied here, the
following seven cases have high rms percentage deviation (between 1 and 3%):
15515217, 157ars211, V7ovbrs211, S%alss0], 12 0s[510], 223pa[640],
and '8ue[ 2 1.

" For some cases the poor fit to the energy levels may be due to two
main Timitations. Firstly for many bands only four observed levels are
available; since each energy value. is weighted by the square of its inverse,

an uncertainty-in the lower observed level can easily disturb the four
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parameter least-squares fitting. Secondly there is a built-in limitation
of the VMI model calculation. Unless the value of T for a particular
nucleus lies within a certain range, no acceptable solution can be obtained
from eq. (8.8) [e.g. see discussion in Chapter V and VI].

For some’' of the nuclei, the sbfthessibarameter, 6, 15 very low
(e.g. "sm[5211, '%76d[5211, 1°%udr6601, '8%0s[510], and '8ur[ 2 1)
indicating thereby that the variation in the moment-ofeihertia with fhe angu-
lar momentum is insignificant. For the.majority of baﬁds in this‘study no
information is available about the errors in the experimental data. .Hence
a comparison of the rms % deviation in the experimentél uncertainties
cannot be made with the rms % deviation between calculated and observed
values of energies. S

In Table (8-I) we have also shown, Qhere évai]ab]e, the values of
the parameters go and ¢ for the neighbouring even-even nuclei (Varshni
and Bose 1972). It is to be noticed here that such comparison can only
be made'for the ground-state bands, since ¢ o and ¢ for the‘ neighbouring
nuciei are only for this state. The 5]/2 values for odd-A nuclei are
seen to be all Iargér than the corresponding value of the even-even nuclei.
This is in agreement with'the previous discussion of this problem. (Prior
1958, Mottelson and Nilsson 1959). The correction to the moment-of-inertia
due to the last odd particle comes from the second order of the Coriolis
force. The values of the parameter, C for the following three bands

are rather large as compared to the respective neighbouring nucleus:

183yr5107, 18%s[510], and 22Yc[620].
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At presentrye do not have a plausible explanation for this large value.

In the VMI model the variation in the ﬁoment:of—inértié-implies
the variation of the deformation which in turn will lead to a change
in the strength of the interaction between the valence particle and the
rotating deformed core. For K = 1/2 bands such changes are considerable
and the Coriolis forces cannot be adequately represented by one term alone.
It can be noticed in Table (8-1) that both the parameters a and b contri-

bute significéntly to the calculation of the energy values.
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CHAPTER IX

APPLICATION OF MORINIGSO'S MODEL TC THE GROUND-STATE

§

BANDS OF EVER-EVEH NUCLEI

>

INTRODUCTION

The remarkable success of the empirical 'Variable ?’oment—of—lnerﬁa'
(VHI) model proposed by Mariscotti, Scharff-Goldhaber, and Buck (1969),
in the prediction of rotational energy levels of the ground-state bands
of even-even nuclei, has led theoretical physicists to attempt to )
provide a more fundamental basis to this model. One such attempt is
due to Morinigo (1970). He has suggested the use of the elements of the

mass quadrupole tensor,mQ , as the nonredundant generalized coordinates

-
b4
£
¥
-

for. the collective description of the nucleus.

ABOUT HMORINIGOS MODEL

Morinigo (1970) has defined Q as a product of the 3 x n order
mtrix of X and its transpose, iT which are constructed from the Cartesian
components (xi, Ys» Zi) of the position vectors ry for the ith partig]e
jn a nuclear system of n particles each having the same mass m. The
potential energy, V, i‘n terms of the above defined quanﬁties is 'l;hen
Hritten as .
V= —]z—mmzii (x]g + _y]g + z_'g) = —;-muz Tr {LX__T} (9.1)

where it has been assumed that the pari:ic‘l’es are placed in a harmonic-
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ogci]]ator well such tﬁat thé classical frequency of oscillations. is

w. (The symbol Tr denotes the trace of the matrix) ) \
Morinigo has fu;ther, taken into account the perturbation in

the nuclear system caused by the two-body'¥orces'associated with the

quadrupole potentials V', writteh as

-]

a Tr {_)_(_Tz} Tr {_)LTL} - %a Tr{iTl(_ _)LT

V! = }

-~
(Vo]
.
N
Sy

1
2

The expression for the kinetic energy, T, as derived by

Morinigo, is,

I..-M..) .
kLl K21+ Tr Ry R} (9.3)

1 -1 22
T=—§,[(I--) J5 +
CE L i i o

»
s
P
»
-
-
3
-

. e e +
where I.; are the diagonal elements of the moment-of-inertia tensor, J,

denotes the ith component of the total angular momentum and similarly
Fi is the intrinsic angular momentum component.

The quantities My are defined as follows,

My = Ipq - (- I33)%/Iy; (123 eyclic) (9.4)

and ﬁ js the time derivative of the diagonal matrix whose elements
-0 A
are the square roots of the diagonal quadrupole tensor Q,- The complete

Hamiltonian for the nuc]éus is then written as

+aX o2 o2 - 33p7] (9.5)
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In eq. (9.5) the three diagonal elements of R jare denoted by the symbols

(p],pz,p3) and the momentum operators conjugate to them by (w{; Tos n3);
Iii and Fii are functions of the coordinates o; only.

In order to obtain the expectation value for the Hamiltonian
(9.5), Morinigo has made the following propositions: |
- a) The f1rst two terms on the right hand side in Eq. (9. 5) arequite
large comparedtomerest and hence a perturbation treatment is in order.’
. b) The quantum numbers assoc1ated with the P; descr1pt1on
are'large enough that a c]ass1ca1 qgscr1pt1on is a meaningful approxi-

mation.

He then arrives at the following energy expression:

2 9n%x (1-1 )
K3 (J+1
E(J) - E(o) = ;‘n ) + 1(41-310)(31o =21)

-

% (11,2 (9.6)

3
2
3

. , 2
where h22 represents the expectation value of the operator (Fz-k3) and

the last term on the right hand side appears due to V' defined by

Eq. (9.2). The quantity I, is defined as: I = (15 + 1+ Igg) 7
and I = I]] = I22 in the case of a symmetric-rotor. The best value
for the level energy is then given by Eq. (9.6) evaluated at the value

of I for which E(J) i$ a minimum,

. (9.7)

! aE(J) =0
Y
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The physicai]y meaningful values of I must in all cases lie
in the range between 0.7510 and 1.510, which correspond to the extremes
of a flat disc nucleus and a line nucleus, respectively. Morinigo
has shown that under certain.approximations, the energy eXpressioﬁ (9.6)

can reduce to the VMI model energy expression.

It is of interest to examine the applicability of expression

(9.6) itself to the level energies of the ground-state bands of even-

-

even nuclei. ‘In the present chapter we report results of such an

investigation.

CALCULATIONS

We sha]i measure I in units of hz, and jntroduce three auxiliary

parameters as follows

t = 02 | (9.82)
- gant | |
A= a2 _ , (9.8b)
] . B
and s = Ali Ayp(9.8c)

For the ratio r; = /1,5 the equilibrium condition (9.7) yields the

following equation

r] [-2565] + e [1408s1 + r3 [-3024s]

continued......

»
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+ r] [3168s + 16t - 643(3+1)]
+ 1] [-1620s - 64t + 288 J(3+1)]
¥ 2 [328s + 102t - 4681 (3+1)] i

try [-72t + 324 J9(3+1)] + 18t - 81J(J+1) = O (9.9) b

In terms of rJ}the.energy can be written as

IE@) = LB L t - s1(r;-1)2 . (9.10)

2r 3 2 L
Jd (—8rJ + '181"_J - QrJ) | D

To initiate a non-linear least-squares calculation, one needs to

3
}:
27

know the approximate values of the parameters. The calculations carried
out towards this end, yielded some interesting results concerning the
signs of the parameters in the Morinigo theory. We summarize these

findings here.

L. LS om
113

At the .st instance, it is natural to assume that s and t

are both positive. However, it was found that this assumption generates

%

Ry

combinations of s and t were tried. 1In Table (9-1) we Tist and Tabel

values which are always greater than 10/3. Consequently other sign

some typical combinations. Thus A type of combinations refer to s and t

bdth positive, B combinations have s negative but t positive,
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C have both s and t negative, and D have s positive and t negative.

In Figs. (9-1a) énd (9-1b) we show R, as a function of t for A and B
types of comb1nat10ns respectively; similarly Figs (9-2a) and (9- 2b)
show R, as funct1on of (-t) for C and D types of combinations. Thg
curves shown in Figs. (9-1a), (9-1b), (9-2a) and (9-2b) are of course
only for a Certain range of ya]ués of s and t; éXtension of these
ranges does not change the qualitative behaviour of these batterns.

For the purpose o% broad.conc1usioﬁs that we shall draw here, these
figures are quite adequate. It wj]] be noticed from Figs. (9-1a) and .
(9-1b) thgt the ratio R, js always > 3.333 while for real nuclei

R4 <3.333; thus A and B types of combinations have to be ruled out for
fitting the Morinigo model to real nuclei. Figs. (9-2a) and}(9-2b) '
show that if t is negative, it is possible to generate 'R, 5_3.333. _ '?ﬂ

SN

Tb determine whether one or both of C and D types of combinations are
applicable, the results obtained ffom a few such combinations were
plotted on a Ma]]maﬁn p]bt (R6 Vs R4). It was found that D tyPes of
combinations give curves vhich are top 1ow-as compared to the experi-
mental points except in the vicinity of R4 = 3.333. C types'of combina-

tions gave reasonable results and in sub§equent ana]ysis only such

combinations were used. ' | ‘ -
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Table (9-I) Some typical combinations (A, B, C, and D types)

between the parameters s and t.

Type of combination s t
Al 1x 108 1x10° to1 x 108
A2 1x 10° 1x10° to 1 x 10°
A3 1x 10° 1x10° to 1 x 108
BT -1 x 1070 1x103 to 1 x 108
B2 -1 x 10° 1x 103 to 1 x 108
B3 -1 x 10° 1x10% to 1 x 108
c1 ax10® 1x10% to -1 x 108 |
c2 -1 x10° -1 x 10° to -1 x 10° :
3 1 x 10° -1 x 10° to -1 x 10°
D1 ' 1x10°° -1 x 10° to -1 x 10°
D2 . 1 x 10° 1 x 103 to -1 x 10°
D3 | 1 x10° 21 x 103 to -1 x 10°
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50

Fig. (9-1a) R, as a function of t for positive values of s (A-type combinations

as discussed in the text). Al, A2, and A3 are exp]ained in
Table (9-I). |
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Fig. (9-1b) Ry as a function of t for negative“va1ues of s (B-type
combinations as discussed in text). B, B2, and B3 are

explained in Table (9-1).
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|
10

-t

as a function of (-t) for negative values of s (C-type combinations

Fig.(9-2a) Ry
as discussed in the text). C1, C2,.and C3 are explained in

Table (9-1)
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_.F19 (9-2b) R, as a funct1on of (- t) for p051t1ve values of s (D-type

4
comb1nat1ons as ‘discussed in the text).

exp1a1ned in Table (9-1).

D1, DZ and D3 are
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RESULTS

In Table (9-II)‘we give the parameters for 12 representative
nuclei determined by non-lineer least-squares method: 'Eech energy‘
value was weighted by the square of its inverse. The nué]ef"1n
Table (9-11I) represent the whole range of pattern of energy Tevels -
from very soft nuc]e1 to very hard nuclei. The ratio R4 varies mono-'
tonically with the nuclear softness. As co]umn 3 of Table (9-1I)
shows, the selected nuclei have the1r R4 va]ues more or less. even]y
distributed between the interval =2.1 to =3.33. Attempt was made
to select such nuclei for which a good number of levels are evailablei

The results are shown in Table (9-{11). The Morinigo model_dnd '
the VMIé3 nodel are both three-parameter models and a comparison'.. |
between the results from the two was considered appropriate. Ageinst s
each nucleus, the first line shows the experimental values, the second ‘
the ca]cu]ated values from the Mor1n1go mode] and the third, ca]culated

100 152

Pd and

values from the VMI23 model' Fo Gd, R4 is less than'

2.23 and no resu]ts are shown for. the VM123 model for these two nuc1e1.

-

-

DISCUSSION , T |
For the VMI model, for.R4< 2.23, it.becomes necessaﬁy to assume

v

that the parameter 5 (defined as the ground-state moment-ofeinertia) is

Y

negative (Scharff—Go]dhaber and Gaﬂdhaber 1970). Howeven, for. the’,- -

Morinigo model, we. notlce from Table (9-11) that I; (ana]ogous to g

of VMI model) remains pos1t1ve even below’ R4 = 2.23. The negeh1ve ’

o~

'
. .
* .
> . o [
- . . ‘ 3 .
: "’
. . . ) s
. .
"
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values for A and tlare however not satfsfactory and their justification
is an open questibn.

It will be noticed from Table (9-III) that the VMI23. results
are better than the Morinigo results except in the region near the rigid
rotor 1imit, where the reﬁu]ts by the two models are comparable.

In conclusion we find that subject to a justification for negative

~ ‘A and t, the Morinigo model can be app]ied.to the ground-state bands

of even-even nuclei, but it is less gatisfactory than the VMI23 model.
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Table (9-I1) The parameters occurring in the Morinigo model (redefined
as in eqs. (9-8a), (9-8b), and (9-8c)) obtained from the least-
squares fit. The calculated energies depend on differences of
large terms involving s and t, consequently Iy, t and A are
given to six-significant figures to ensure reproducibility of
results given in Table (9-I1I). :

Nucleus .| oxpti. detd  Ra (10';OkeV']) (1;6 ) (1011Aéev3) >
10054 a 2.129 0.765569 -0.485197 | -11.5569
15264 b 2.194%  1.36886 -0.441670 | - 1.83726
128ye ¢ |2.332| - 0.954640 -0.497368 | - 6.04860
12650 c 2.424 1.09537 -0.816920 | - 6.51884
186p, d 2.562 2.05370 -1.04537 | -'1.25587
184p, 4 |2.682 2.21883 -1.08923 | - 1.03239
130¢, e 2.803 1.29281 -1.00929 | - 4.81280
17605 f 2.925 2.32752 -1.22500 | - 0.996042
154¢4 d 3.016 2.49462 -1.85500 | - 1.21828
168y d 3.107 2.36025 -2.00959 | - 1.54843
166y, ¢ |3.239 |  2.90375 | 414801 | - 1.62349
242p, 9 5.309 |  6.719% | -20.9596 | -0.664301

Sakai, M., 1970, Nuclear Data Tables. A8, 323.

Bowman, W.W., Sugihara, T.T., and Hamiter, F.R., 1971, Phys.

] 69
.Bergstrom, I., Herrlander, C.J., Kercek, A., and Luukko, A., 1969,

Nucl. Phys., Al23,-99.°
M.A.J., Scharff-Goldhaber, G., and Buck, B., 1969, Phys.
Rev., 178, 1864. »
- cr 1y 1548.

Smith, G.L., and Draper, J.E.} 1970, P?ys. Rev. .
| ' F.S., -and Diamond, R.M., 1969, UCRL' Report no.

Mariscotti,

Leigh, J.R., Stephens, ' 2 »
.elg T 6CRL—§§530 ‘(unpublished) p.-33..

-~ r - ) Y - 9 1
Eichler E Jom‘son, N’R‘.,' Bernis, C.E:., and sayer, R.O ,' | 7 r

[4 =
’ BIIllQ Aln. Ph; s. Soc- r 16' 494.

Rev. C, 3, 1275.,
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POST ORAL DISCUSSION

-

The following points which emerged from the oral examination are

noteworthy:

(1) In Chapter II: It was pointed out by Professor Y. Nogami that the
equation (2.39) as used by Trainor and Gupta (1971) in their calculation
for the moment-of-inertia of the nucleus, is in error. The correct

expression is as follows
9 =-]§- Mg (a® + ab + 2b7)

(2) In Chapters ‘}V‘émd VI: Some doybtﬁ were raised regarding the equivalence
of the potential energy (P.E.) surfaces as obtained from the VMI model energy
equation and those obtained from the deformation energy considerations
(e.g. Myers and Swiatecki (1967), Strutinsk;/ (1967), Krum]'inde (1968),
Hose"l and Scharnweber (1970)‘, and Moller (1972)). .

If‘ one follows the assumptlion. 9- 8, within the framewori( of the /\
VMI model, it can then be argued 'that the equ}‘bvalence of the above two are
Justified in representing the true nuclear de_fonnation energy. On the other
hand if the moment-of-inertia, § , depends, in general, a]so:%ther nuclear
properties, such as, pairing, coriolis effect, etc., the gquiva]ence of

the two P.E. surfaces seems to bé doubtful and the VMI P.E. surface may

-
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not be the true representafion of the deformation energy. Neverthe]ess,-
there is little doubt that there is an intimate connection between the two
P.E. surfaces: ‘ ’ '
- (3). In Chapter VII: Recent observations of the Tifetimes of levels upto
spin 18+ of the nuc]eus 158Er by Ward et al* (1973) shows that their results are
consistent with the rotat1ona] model description inspite of the severe
"back bending" phenomenon (see ch. VI) observed in this nucleus. The ques;ioﬁ
was raised whether the felationships between transition quadrupole moment
and the moment-of-inertia as proposed by Mariscotti et al (1969)'[Eq (7. 2)1
and the alternative expression [Eq. (7. 5)] as suggested by us, are able to
: g1ve sat1sfactory values of quadrupo]e moments in this case.

We have carried out calculations using the quadrupole moments observed
by Ward et al (1973). Our resu]ts show that the above two relations [Egs. (7.2)
and (7.5)] are not sat1sfactory for th15 nucleus for transitions 1nvo]v1ng levels
beyond spin 10+. This is due to the fact that the VMI model descr1pt1on involves .
large changes in the values of the moment-of-1nert1a w1th spin whereas the
observations of Ward et al (1973) for ]58Er indicate very little variation in

it (since it fits the rotational model descrfption).

* Ward, D., Andrews, H.R. Geiger, J.S., Graham, R.L. and Sharpey-Schafer,

e .

X J.F., 1973, Phys. Rev. Letters, 30, 493.
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