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Abstract
The performance of parametric tests given data which are essentially normal but contain
outliers is largely unknown. In this Monte Carlo study the robustness of validity and efficiency for
‘the one-sample location problem are investigated. The Type I error rate and power of the one-
sample t test given a normal underlying population are compared with the performance of this test
given a systematic range of outlier contamination in tne underlying population. Sample sizes of 8,
18, 32, 64, and 128 are included in the design. The robustness of validity results are explored
using three sets of regression models. The first set of models is constructed using the parameters
of the contamination model and is intended t. inform the social science methodologist. The second
set of models is constructed using skewness and kurtosis values. A third set of models is
developed using an index of contamination proposed by Zumbo (1993). This set of models has
practical relevance to the data analyst confronted with outlier contaminated data. Robustness of
efficiency results are expressed using both power curves and a proposed fairly stringent criterion
for power. In general, the results indicate that the one-samplc t test demonstrates fairly sringent
robustness of validity for all thg symmetric contamination explored. When contamination is
asymmetric the Type I error rate becomes inflated as the proportion of contamination increases. If
robustness of validity is intact, power is not greatly affected when medium or large effect sizes are
examined. This is not necessarily true for small effect sizes and the problems are further

exacerbated when sample sizes are also small.
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Inroduction to the Problem

Parametric tests are some of the most frequently used statistical tocls in educational
research. The basic logic underlying these tests is that sample statistics can be used to estimate
unknown population parameters and test hypotheses provided that certain assumptions are met,
Two assumptions must be considered when using tests such as the z, tor F; the Sarnple
observations must be independently and identically distributed, and the underlying population
distribution must be normal. Optimal performance of these tests requires strict adherence to these
assumptions. The assumption of independence is often met by a randomization mechanism such
as random assignment. Satisfying the assumption of normality is generally more problematic
(Zumbo & Zimmerman, 1993). In most cases, the shape of the underlying distribution is not
known with any degree of ccnainty. In addition, there is considerable evidence which suggests
that nonnormality in one form or another is very common in educational research data sets
(Bradley, 1977; Micceri, 1989; Mosteller & Tukey, 1968; Rosenthal, 1978). When the
assumption of normality is violated the researcher cannot be certain that the results obtained from a
parametric test are accurate. |

A great deal of research has been conducted to determine the effect of violations of the
assumption of normality on vaﬁous parametric tests. This research can be divided into two distinct
groups. The first group of studies is concerned with what happens when samples from truly
nonnormal ﬁnderlying distributions are unwittingly subjected to parametric tests. Clearly, if a
researcher believes that the underlying population distribution is truly nonnormal then the
assumption of normality is not tenable and nonparametric methods should be used. For this
reason, while studies from this group are summarized in the literature review, they are not the main
focus of this thesis.

The type of nonnormality considered herein is one of an essentially normal distribution
which éontains outliers. Far less research has been conducted on the impact of this type of
violation than has been conducted with truly nonnormal distributions. Qutliers are c#t'mmely

common in social and behavioral science research (Mostelter & Tukey, 1968; Rosenthal,1978).
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Given this observation there is a pressing need for more systematic investigation of the impact of
outliers on the outcome of various parametric tests. The objective of this thesis is to examine the
effect of outlier contamination on the robustness of validity and efficiency of the one-sample t test.
One can demonstrate mathematically that the one-sample t test is robust to violations of normality at
infinitely large sample sizes (Bradley, 1980b). However, at sdme unknown finite sample size this
perfect robustness begins to break down when the underlying population distribution is not
perfectly normal. The one-sample t test was chosen because it is the simplest educational research
case, the univariate one-sample location problem. This test is-used in educational research to
calculate the confidence interval for a mean or to test the significance of a mean.

Researchers attempting to determine the robustness of a statistical test under violation of the
assumption of normality have generaily used one of two strategies. Mathematicians have relied
strongly on asymptotic theory and other analytical approaches to gain .infonnation about
robustness. Social science methodologists have conducted computer simulations or Monte Carlo
(MC) studies to ascertain the robustness of a procedure. The exclusive use of either theoretical
investigation or MC studies would, no doubt, result i a less than comprehensive examination of
robustness for a given test. In support of this argument, Zimmerman and Zumbo (1993) discuss
the derivation of power curves from asymptotic theory. They state that it is possible to derive
powei'-curves purely from theory and without need of computer simulation in some situations.
However, when nopnbrmal populations are combined with small sample sizes, or when
populations that do not have well-known, standard probability densities are being used computer
simulation is needed. The authors stress that these two situations occur frequently in social science

_research. While these statements are made with specific reference to the derivation of power
curves, they can quite reasonably be extended to include robustness studies in general.
“ Accordingly, Monte Carlo simulation techniques are used in this study.

This thes1s represents an expansnon into new territory on four fronts. First, the parameters

of this study have been chosen so that a systematic range of nonnormal populauon distributions are

gencrated' using a contamination iodel. Previous researchers have explored a very limited range
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of nonnormal distributions and have focused on either robustness of validity or robustness of
efficiency. Both types of robustess are examined for a wide range of nonnormal population
distributions. The second novel area presented in this thesis is the use of a contamination index
proposed by Zumbo (1993) as a measure of outlier contamination in a data set. The use of this
contamination index provides a means for the data analyst to determine the extent of contamination
which exists in a given data set. The third front which this thesis expands upon is in the
examination and expression of results. Previous Monte Carlo studies in this area have principally
relied upon tabulation and narrative description in the presentation of results. The results of the
robustness of validity portion of this MC study are examined using regression techniques as
suggested by Harwell (1992a & b, 1993). The modeling techniques are designed so that the
results wiil be useful both for dara analysts confronted with nonnormal data and for social science
methodologists seeking a better understanding of the robustness of the one-sample ttest. The
fourth new area explored in this study is the quantification of the concept of robustness of
efficiency. A fairly stringent criterion for this type of robusiness is suggested. Thus, it is hoped
that this thesis contributes to the field in both a practical and an epistemological way.

The thesis begins with a review of the literature pertaining to this problem. The purpose
and develoﬁment of the one-sample t test are reviewed with particular emphasis on the need for the
assumnption of normality. Population distributions are examined lo. clarify what is meant by the
expression 'nonnormal’. Relevant concepts and terminology from the robustness literature are
explored. Subsequgntly, methods for generating data in-Monte Carlo studies are reviewed and the
concept of contamination models is introduced. The derivation of the contamination index
proposed by Zumbo (1993) is explained. Finally, existing studies of the robustness of the one-
'sample t test are discussed. Following this review of the literature a detailed &escription of the
methodology of the swdy is presented. The final sections of this paper present the results obtained

in the study and discuss the implications of these results for educational researchers.
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Review of the Literature

The One-Sample t Test and the Assumption of Normality

The development of the t test is anributed to W.S. Gosset. As a chemist at Guiness
Breweries, Gosset was provided with smali samples for use in tests of product quality. He wanted
to find a probability distribution of the difference between means which would be accurate for
small samples (Ott, Larson, & Mendenhall, 1983). In Gosset's day researchers were using a
procedure equivalent to the z test to compare means for large samples. Using this procedure the
probability that the observed difference in means is due to chance, given the null hypothesis, can
readily be determined with reasonable accuracy. However, two problems are encountered when
the Z test procedure is used with small samples. First, the sample standard deviation is not an
accurate estimate of the standard deviation in the population when the sample is small. More
importantly, the ceniral limit theorem does not apply to small samples. This means that the use of
the standard normal distribution as a probability distribution is not justified. Mosteller and Tukey
(1968) indicate that prior to the developmentof the t test, many researchers used the z test for .
smaller samples and accepted their results with limited degrees of confidence. Gosset was not
satisfied with the precision of this procedure and he endeavored to ﬁlid a more accurate probability
distribution of the difference between means for small samples.

Ultimately, Gosset found the appropriate distribution for this sztuauon and he called it the t
distributioﬁ. He also develaped tables of the tail end values of this distribution which could be
used in setting confidence limits and making significance tests. Gosset published his results in
1908 under the pseudonym of ‘Student because of company policies restricting publication.
Thus, the statistical test which resulted from his work has come to be known as the Student’s t
test. The purpose of the one-sample ttestisto determine the probability that the mean of a sample
is drawn from an hypothesmd population with a specified mean and unknown variance.

Thet d.lSll'lbllthh is a unimodal, symmemc and bell shaped distribution wnh a graphical
form similar to the normal distribution. Like the standard normal distribution, the t distribution has

a mean of 0. However, there are some important differences between these two distributions
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which should not be overlooked (Hays, 1973). Most of the differences between these
distributions stem from the fact that the t distribution is actually a family of distributions with a
different member for each sample size. At infinite or large sample sizes the t distribution yields the
same probabilities as the normal distribution. In fact, the tables in most statistics textbooks indicate
that the probabilities for these two distributions are essentially equal for sample sizes greater than
120 (see for example Shavelson, 1988). However, for any finite sample size the researcher must
identify the exact t distribution to be used. This process is made simple by the use of degrees of
freedom. For applications of the t distribution involving a single group the degrees of freedom is
equal to N-1, where N denotes the sample size. In consulting tables of probabilities for the t
distribution it becomes apparent that as the sample size decreases the t disribution differs
considerably from the normal distribution. For smaller samples, the t distribution is flatter in the
central region, has a wider spread and has more values occurring in the tails of the distributicn
(Hays, 1973).

Gosset's development of the t distribution represents an important contribution to statistics
because it has enabled researchers to set confidence limits and make statistical significance
decisions with greater accuracy. However, the use of the t test is limited to situations in which the
underiying assumptions of mis."procedure are satisfied. The properties of the t test which
necessitate the normality assumption are described in greater detail to emphasize the danger -
inherent in ignoring this assumption. The mathematical derivation of the t value is intrinsically

linked to the normality assumption. The t value is calculated using

(M=p)

t=
s/NN =1

k4

where: M denotes the sample mean, [ denotes an hypothesized populanon mean, and s denotes’
the standard dewanon in the sample. The numerator of this ratio is a random variable whu:h
indicates the difference between an observed mean and an hypothesized mean. The denominator is

also a random variable. It is an estimate of the standard error of the mean based on the standard
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deviation in the sample. Clearly, a t value is a random variable. However, t values are not
estimates of a population value. Accordingly, they are referred to as test statistics rather than
sample statistics (Hays, 1973). Like sample statistics, test statistics have sampling distributions
which can be specified exacily using a density function. The sampling distribution of t has already
been described in the preceding section. However, the t distribution as derived by Gosset is very
difficult to specify unless the random variables in the numerator and denominator are statistically
independent. These random variables are statistically independent if the information contained in
the sample mean does not dictate the value of the sample standard deviation and vice versa. Thus,
the researcher must determine under what conditions the mean and standard deviation are
statistically independent. The following principle describes those conditions: "given random and
independent observations, the sample mean M and the sample variance s2 are independent if and
only if the population distribution is normal” (Hays, 1973, p.311). Since the sample standard
deviation is the square root of the sample variance, this principle applies directly to the calculation
of the t value. In summary, unless the population is normal the sample mean and standard
deviation are not independent across samples and the exact t distribution is very difficult to specify.
This is the main reason that the use of the t test rests on an assumption of normality. When this
assumption is violate'd the researcher cannot be sure that the t distribution is applicable to the data.

Unfortunately, this assumption will always be violated to some extent in any real data set.
Evidence of this statement can be found in introductory statistics textbooks. For example, |
Shavelson states "the normal distribution does not actually exist. It is not a fact of nature. Rather,
it is a mathematical model - an idealization - which can be used to represent data collected in .
behavioral research” (1988, p.109). Similarly, Mosteller and Tukey comment "so far as we kﬂpw
distributions that exactly fit this formula never occur in practice - not for individual observations,
not for sample means, not for other derived quantities“ (1968, p.87). Violations of the assumption
of nomahty occur routinely in the practical use of the t test because prec:sely normal distributions
exist only in theory. If the researcher mshes 10 contmue 10 use parametnc tests to gcnerate

accurate rcsults then the extent and nature of the violation must be defined and the effect on the
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outcome of the test must also be determined.
Two T f Nonnormali

The assumption of normality refers to the underlying population distribution from which
the sample is taken and not to the distribution observed in the sample. In some cases, particularly
in the physical sciences, the shape of the underlying population distribution is known. If itis
normal then the researcher proceeds with parametric tests. If the population is distinctly nonnormal
the researcher would generally proceed with the use of a nonparametric test. Alternatively, a
specific test procedure may be developed to deal with a known distinctly nonnormal population
distributicn. For the vast majority of cases in the social sciences the researcher is not able to
determine the shape of the underlying population witl"n any degree of certainty. In these situations
the researcher must make a judgment as to the likelithd that the population is distributed normally
and then proceed with the appropriate statistical test b;sed on this judgment.

The faith of the research community in the tendcncy of popuiations to be normally
distributed has waxed and waned ever since the develoPment of the normal distribution in the early
1800'3 Mosteller and Tukey (1968) state "the hnstory of statistics and data analysis is a messy
mixture of healthy skepticism and naive optimism about the exact shapes of the dlstnbuuons of
observations” (pp. 86-87). Itis beyond the scope of lhlS thesis to trace the historical development
of this arfument over the past two centuries but the mtcrcsted reader is ,dmectcd to Stigler (1973)
for a fascinating description. At present, the individugl researcher muét decide if the assumption
oi a normal underlying population distribution is tenabile for a given data set. One method
frequently used to shed light on the shape of undcrlying populations is to collect numerous samples
of data and compare the distributions observed in these 'samples to the normal distribution. Two
collections of data are discussed to 1llustrate this approach

Stigler (1977) collected 20 sets of data from 1761 determmauons of the parallax of the sun, -
from 1798 measurements of the mean density of the ea.nh and from circa 1880 measurements of
the speed of light. As mlght be expected, the dlstnbuuon? of these real data sets did not precisely

mirror the normal distribution. In general, Stigler found tﬁe sample distributions exhibited slightly
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heavier tails than the nommal distribution and most data sets contined a small number of outliers.
He concluded that the data sets were not so extremely nonnormal as to warrant the use of
nonparametric techniques and he proceeded to use these data sets to compare robust estimates of
the mean. Thus, Stigler's data may be described as essentially normal with outliers. A researcher
making a judgment about the shape of the underlying population disrribution from these samples
would likely conclude that the normality assumption is tenable.

Micceri (1989) also conducted a study which used collections of sample data to shed light
on the shape of population distributions. This study has been cited frequently in recent educational
and psychological research because it represents the first major attempt w describe the underlying
population distribution of variables relevant to educatonal and psychological research. In this
study, 440 distributions of data containing achievement and psychometric measures were collected.
These data sets came from test results at the district, state and national level in the United States and
from a number of research studies. Almost 70% of the data sets in thi§ study contained 1,000 or
more subjects. Micceri examined these data sets to determine the extent to which they differed
from the normal. Specifically, he applied three measures of symmetry and two measures of tail
weight to the data sets and compared these results to the normal disribution. He concludcd that
only 4.3% of the distributions could be considered even reasonable approximations to the
Gaussian (p.164). Micceri particularly identified thé Jumpiness, multimodality and asymmetry of
these distributions as problems. Overall, approximately 70% of the disributions were asymmetric,
50% exhibited lumpiness and 30% were classified as either bimodal or multimodal. Micceri
concluded that "the current inquiry shows that even among the bounded measures of psychometry
and achievement, extremes of asymmetry and lumpiness are more the rule than the exception”
(p.161).

One potential difficulty with the approach used by Micceri to categorize these distributions
~.should be identified. Horswell and Looney (1993) mvesngaled the use of skewness coefficients in
assessmg departures from normahty They conclude that 1he use of skewness and kurtosis

coefficients, jointly, may provide a useful method of assessing normality. However, the use of
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skewness tests alone is problematic. The authors demonstrate that these tests do not possess good
specific diagnostic properties and therefore these tests do not reliably identify how a distribution
departs from normality. They summarize research from a number of sources which demonstrate
that some skewness coefficients have a high probability of misdiagnosing non-skewed distribution
as skewed. Micceri's (1989) results must be examined with caution in light of these observations.

Aside from this potential problem, what is not made clear in Micceri's conclusions, is the
manner in which the data analyst should proceed given data sets of the type he identified. Are the
sample distributions essentially normal with some aberrant points or do they reflect inherently
nonnormal underlying population distributions? In the former case, the researcher would most
likely proceed with parametric techniques. In the latter case, nonparametric procedures would be
required. In either case, a judgment is required and Micceri has not made his judgment clear.

The difference between the Stigler (1977) data sets and the Micceri (1989) data sets is
important. Stigler's data are essentially normal with heavy tails and some outliers. In conﬁﬁst.
Micceri's data descriptions suggest 2 more extreme nonnormality. Evidently, the meaning of the
term 'nonnormal’ varies among researchers. For the purposes of this thesis two types of
nonnormality are identified. Truly nonnormal data sets include those described by Micceri. The

expression ‘normal with outliers' is used to describe data sets such as those described by Stigler.
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Figure 1. Schema for nonnormality.

?
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Figure 1 illustrates the two types of nonnormality discussed in this thesis. As stated earlier
the resear;her must make a judgment about the type of nonnormality contained in a given data set.
This judgment is based on the available sample data and prior research in the field. The left side of
Figure 1 illustrates one judgment that a researcher may make, a truly nonnormal underlying
distribution exists. A clear example of this situation is the response time data collected by Bradley
(1977). Bradley's sample distribution is L-shaped in form and prior response time research
suggests that the distribution of this variable in the population may be truly nonnormal. Extensive
research has been conducted on the effects of using parametric tests with truly nonnormal
distributions. This research is summarized in this literature review. However, the effzct of muly
nonnormal population distributions on parametric tests is not the main concern of this thesis
because a researcher confronted with truly nonnormal data is generally advised to use
nonparametric tests. |

Tﬁc principle concern of this thesis is with the right side of the schema for nonnormality
(Figure 1). These distributions are esscntiélly normal but contain some outliers. Relatively few

studies which inves'tigatélhis type of nonnormality were located. Rosenthal (1978) has
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demonstrated that outliers are extremely common in social and behavioral science research. The
outliers identified by Rosenthal most commonly result from recording or data entry errors. Other
sources of aberrance include misclassified individuals or atypical subject responses which result
from factors such as fatigue, motivation or failure to understand the task or test item. The sampling
distributions which result from these errors deviate somewhat from a precisely normal model. The
tails of these distributions may be heavier than the normal distribution or in some cases where most
of the en;ors are located on one side of the mean, the tails may be asymmetric. Indeed, scientists
such as Simon Newcomb, Francis Galton, and Karl Pearson found a prevalence of these heavy
tailed distributions as early as the 1850's (Stigler, 1973). In addition, Mosteller and Tukey (1968)
identify this type of nonnormality as the most important because it is hard to detect, frequently
ignored and yet drastically effects the sample mean and variance. Therefore, the term 'nonnormal’
is used throughout this thesis to refer to these 'essentially normal with outlier' distributions. Given
the prevalence of these data sets in educational and psychological research settings and the limited
number of studies in this area, there is a pressing need for more systematic study of the impact of
these normal with outlier distributions on the performance of pardﬁaetric tests.

In addition to the presence of outliers in a data set, Wainer (1982) suggests that data
analysts should also be concerned with 'fringeliers’. He defines fringeliérs as data points that lie at
or about three standard deviations from the center of the disribution. These fringeliers can have a
strong influence on statistical procedures but are not as easily detected as outliers. Wainer states
"in education and social science applications, we are primarily concerned with fringeliers in
quantity or outliers in very s#nall amounts” (1982, p.189). For the purposes of this study,
fringeliers are included in the essentially normal with outlier distributions being investigated. A
separate investigation of the specific impact of fringeliers is an interesting but wholly separate

research problem.

Key Concepts in Robustness

'The term 'robust’ was introduced by Box in 1953 to refer to parametric tests which are not
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greatly affected by violations of their assumptions (Boneau, 1960). This basic concept has been
expanded in the past few decades. Researchers currently refer 10 two types of robustness,
robustness of validity and robustness of efficiency. In determining the effect of violations of the
assumption of normality on the one-sample t test both types of robustness must be considered.
Zimmerman and Zumbc; (1993) and Sawilowsky and Blair (1992) have stressed the importance of
considering both types of robustness in order to comprehensively describe a statistical test. In
addition, some researchers have begun to label statistical procedures not simply as tobust or
nonrobust, but also to provide a measure of the degree of each type of robustness associated with a
statistical procedure. These are the key concepts of robusiness which must be explored in order to
thoroughly examine the behavior of the one-sample t test in the presence of outliers.

Robustness of validity is said to occur if the accuracy or validity of a statement made from a
statistical procedure is not highly dependent on the assumptions of the underlying model being
perfectly met (Wainer,1982). The statements which are made based on a one-sample t test are
statements concerning the probability that the sample mean is drawn from a specified population
with a given mean. Thus, for the one-sample t test robustness of validity exists if the probability
statements made under violation of the assumption of normality are as accurate as those statements
made when samples are drawn from the normal population. This probability siatement is fnade in
terms of the Type [ error rate. To determine if robustness of validity exists for the one-sample t
test the Type I‘ error rate obtained under violation of the assumption of normality is compared with
the previously spcciﬁeci‘li ype | error rate. The researcher selects an alpha value to indicate the Type
I error rate considered acceptable. 'fhe robustness of validity issue can be stated in terms of the
alpha value a!'; follows: Is the alpha vaiue obtained from a one-sample t test when the assumption
of normality is violated the same as that obtained when this test is conducted from normal
distributions? The symbol used to represent the probability obtained under the nonnormal
distribution is p. Thus, the robustness of vahchty issue usually mvolves a comparison of the alpha
value with the p-value. |

A measure of the degree of robustness of validity must also be explored. Bradley (1978)
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discusses this issue at length and concludes that a quantitative definition of robustness of validity
can be achieved by stating, for a given alpha value, the range of p-values for which the test would
be considered robust. To exemplify this approach Bradley (1978,1980b) identifies three different
levels of robustness which he terms fairly stringent, moderate and very liberal. The fairly stringent
criterion is defined as the situation when the absolute value of p minus alpha is less than or equal 0
alpha divided by 10. Thus for an alpha level of .05, the fairly stringent criterion for robustness of
validity would require obtained values of p to lie between 045 and .055. The moderate criterion is
defined as the situation when the absolute value of p minus alpha is less than or equal to alpha
divided by 5. Accordingly, for an alpha level of .05, the moderate criterion would require the
obtained values of p to lie between .04 and .06. Bradley's very liberal criterion is defined as the
situation when the absolute value of p minus alpha is less than or equal to alpha divided by 2. For
an alpha level of .05 the very liberal criterion would require the obtained values of p to lie between
025 and .075. Bradley's criteria for robustness of validity are applied to the Type I error rates in
this study.

Robustness of efficiency refers to the ability of a statistical procedure to find significant
differenc_és when the underlying assumptions are violated. Essentially, robustness of efficiency is
said io exist when the power of a statistical procedure is the same under violation of the assumption
of normality as it would be when normal distributions are used. To determine robustness of
efficiency the power of the one-sample t test obtained when the sample is drawn from a nonnormal
population is compared with the power obtained when the sample is drawn from a normal
population. In order to determine power under these conditions the researcher must begin by
calculating the Type II error of the test. Type Il error is defined as failure to reject the null
hypothesﬁs when it is false, denoted as BETA. The value of BETA can be calculated once the
saniple siie, alpha value and effect size (ES) are specified. Power is then calculated as 1-BETA
and the obtained value is the probability Qf rejecting a false nul} hypothesis.

The sample size and alpha value can easily be speéiﬁgd in a Monte Carlo study. However,

the choice of an appropriate effect size is more problematic. In most research studies substantive -
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theory is used in determining the ES. However, ina Monte Carlo study the choice of ES is more
abstract. Useful guidelines for selecting effects sizes are provided by Cohen (1992). Small,
medium and large ES indices have been operationally defined for a number of different statistical
tests. For the independent samples t test the ES index is referred to as 'd’ and is calculated by
finding the difference between means and dividing by the within population standard deviation.
The same process can be applied to the one-sample t test using the sample mean and the |
hypothesized population mean. The resulting values are then classified as small (d=.20), medium
(d=. SO) and large (d=.80) effect sizes. Thc medium ES for the t test is equivalent to one half of a
standard deviation. The small and large ESs are equal distances above and below the medxum ES.
In this study the power of the one-sample t test for all three effect sizes is compared for samples
from normal and nonnormal population distributions.

No standard method of quantifying robustness of efficiency was evident in the literature.
For the purposes of this study a fairly stfingcnt level of robustness of efﬁc-iency is suggested. This
fairly stringent criterion is defined as a power difference of + or - 10% between the normal and
contamination populations. This criterion is similar to Bradley's criterion for robustness of validity

and is suggested as a useful starting point for quantifying robustness of efficiency.

Methods of Data G ion in Monte Carlo Studi

| Three forms of data generation have been employed in existing Monte Carlo (MC) studies
of robustness. Many early MC studies generated simulated data sets using specific mathemétical
functions such as the rectangular, logistic, exponential and Cauchy distributions (see for example
Boneau, 1960). Recently, researchers have advocated the use of real darta in MC studies (Bradiey,
~ 1977; Micceri, 1989; Stigler, 1977). Still more recent is the suggestion that the results from
existing MC 'studiesl be collected and used as the data set in a meta analysis examination of
robustness (Harwell, l992b Harwell, Rubinstein, Hayes & Olds, 1692). Each of these thrce
forms of data’ generanon has advantages and disadvantages 'I‘he early MC studies usmg specxﬁc
, '_ ~mathematical functions are useful in descnbmg how parametric procedures perform under these

conditions. Unfortunately, this approach to data generation may not reflect real data to any
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reasonable extent. For example, the dara sets collected by Micceri (1989) which were discussed
earlier demonstrated a distinct prevalence of asymmetric distributions. Many of the specific
mathematical functions selected for MC studies generate symmetric distributions of data. The
information in these smdies may be of considerable mathematical interest but these studies have
limited practical application for the data analyst. In addition, the use of specific mathematical
functions to generate data is clearly better suited to investigating the impact of truly nonnormal
distributions than to the study of the impact of outliers on a parametric test. Accordingly, this
method of data generation is not used in this study.

The meta analysis approach to robustness studies is perhaps most useful as a method of
summarizing existing research. However, there are some serious limitations to using this approach
as an alternative to other methods of data generation. Perhaps the most serious limitation is that the
meta analysis approach limits any new robustness inquiry to the range of conditions examined in
previous studies. In addition, the .meta analyst must be coﬁcemed with missing values, potentially
unequal cell sizes in the experimental design and a limited degree of information describing the
manner in which the original data were generated. Thus, while the meta analysis approach provides
information about the range of population distributions and sample sizes already studied for a given
statistical test, it is not conducive to providing a comprehensive examination of the one-sample t
test.

Given the limitations of generating data using specific mathematical functions and the
problems inherent in the meta analysis approach, it would seem that the use of real data in MC
studies is advisable. As discussed earlier, Stigler (1977) used real data sets of astronomical
measures in his study of robust estimates of the mean. Similarly, Bradley's (1977) response time
data were collected by Conducting 2,520 trials of the time required to reach up from a fixed position
arid operate a push button. He described the distribution for this data set as L-shaped and he used
this distribution in 2 number of robustness studies which are discussed later in this literature
review. Bradley also identified 2 number of otﬁer practical research settings which generate a

similar L-shaped distribution. Clearly, there was some support ‘tl'or the use of real ddta in MC
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studies even before the publication of Micceri's 1989 article. Since the publication of this artcle an
increasing number of researchers have adopted this approach. For example, Sawilowsky and Blair
(1992) conducted a MC study of the robustness of the independent samples t test using eight
distributions of real data identified by Micceri as commonly occurring. Similarly, Sawilowsky and
Hillman (1992) investigated the power and Type I error of the independent samples t test under a
distribution described as discrete mass at zero with gap. This distribution frequently occurs with
first use or onset variables such as the age when a subject first began smoking. In both of these
studies the authors have defended their choice of distributions as being more representative of the
types of distributions encountered in educational and psychological research settings.

While the use of real data sets arguably provides more meaningful information than the
mathematical functions applied in earlier MC studies, there are some drawbacks to the real data
strategy. EsSenrially. the use of a real data set in a MC study provides only a snapshot of the
robustness of the test under any given distribution. To illustrate this point consider the
Sawilowsky and Blair (1992) study cited above. While eight different distributions are exarmined,
only a snapshot of each condition is provided. With reference to asymmetry the authors include
one real data set which is positively skewed and extremely asymmetric and another distribution
which is negatively skewed arid_exn'cm'ely asymmetric. Thus, the results indicate how the
: ihdépendent samples t test performs under two conditions of extreme asymmetry. Indeed, this
degree of asymmetry might prompt a researcher to conclude that the normality assumption is not
tenable for this data set and to abandon the use of parametric methods. A‘rnore comprehensive
approach is to provide a panoramic view of how the robusmeés of the t test changeé as a function
- of varying degrees of asymmetry. Thus, extreme asymmetry would be investigated as well as the
less extreme asymmetric tails which may result from the presence of outliers or aberrant points.

This panoramic view is difficult to obtain using real data sets. .

A viable alternative to the use of real data sets is to generate artificial data using
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contamination models. A contamination model, also known as a mixed normal distribution, is
created by drawing the majority of data points from a parent distribution, denoted Pp and the
remainder from a contamination distribution, denoted Pc.  Pp is normmal with ameanofOand a
standard deviation of 1. Pc may have the same mean but a different standard deviation than Pp. In
this case the contamination is symmetric. Alternatively, Pc may have a different mean and standard
deviation than Pp. In this case the contamination is asymmerric. Increasing the difference between
the mean of Pp and P creates increasing degrees of asymmetric outlier contamination. In addition,
greater degrees of outlier contamination can be created by increasing the proportion of sampling
from Pc. '

From this description of a contamination model, three parameters of contamination can be
defined. The first parameter is simply the proportion of sampling from Pc. The second pammetef
is termed the mean shift and refers to the difference between the mean of Pp and the mean of Pc.
The third parameter is the standard deviation of Pc. These three parameters are independent
variables in the design of this study and are selected to create a systematic range of symmetric and
asymmetric contamination.

The notation used to describe contamination distributions is outlined by Mosteller and
Tukey (1968). For example, if a parent distribution with a mean of 0 and a standard deviation of 5
is used for 90% of the sample values, it is denoted as N(0,5), p=-9. The contamination
distribution with a mean of 1 and a standard deviation of 15 would be denoted N(1,15), 1-p=.1. A
note of caution should be exercised when reading this notation in published studies. Some
researchers use the second value in the parentheses to refer to the variance in the contamination
distribution rather than the standard deviation. This can create confusion when reviewing these
studies.

The importance of contamination models or mixed normal distributions as population
models in educational risearch, as well as a number of other research domains, is discussed by
Blair and I—ﬁggins (1980). These authors also point out that mathematical statisticians have

suggested mixed normal distributions as a modet for outliers as they may occur in various research
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domains. Thus, the use of a contamination model is consistent with the type of nonnormality
being explored in this thesis. In addition, the use of a contamination model provides a panoramic
view of the performance of the t test because a continuous range of nonnorma! distributions can be

generated by changing the parameters of the contamination distribution discussed above.

Previous Evidence of Robustness for the t Test

While a large number of studies have been published for the independent samples t test,
there are relatively few studies in which the one-sample t test is examined. Those studies which
could be located are divided into two groups in this literature review; those in which robustness to
truly nonnormal distributions is explored and those in which robustness to outliers is explored. By
far the majoﬁty of studies belong to the former group. Studies of robustness to truly nonnormal
distributions are reviewed because they provide some insight into the factors which should be
included in the design of a study of robustness to outliers. |

The most extensive series of studies in this first group is the work of Bradley (1978
1980a, 198Cb, 1980c) using the response time data described earlier in this thesis. Bradley
conducted a number of different simulations in which the performance of both the one-sample and
the independent samples t test is investigated. In these sifnulations Bradley compared the
performance of the t test when sampling from his L-shaped distribution with the performance when
sampling from a bell-shaped (essentially normal) distribution. He identifies four factors as
important in investigations of the one-sample t test: the size of alpha, the locanon of the rejection
region, sample size, and the shape of the population from which the sample was drawn (Bradley,
1978). All of these factors are manipulated in each of the studies Bradley conducted and a
summary of the results associated with each factor is provided. |

With reference to alpha values, Bradley (1978) demonstrated that the left tailed one-sample
ttest did not meet the liberal criterion for robustness of validity untit N=256 at an alpha of .05 and
did not meet this same liberal cntenon at any N less than 1024 at alphas of 01 or .001. Asthe

alpha value is decreased from .05 to .001 the robustness of the one-sample t test dxmlmshes
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Similar results were obtained for the L-shaped distribution under various conditions ia the Bradley
1980b and 1980c¢ studies. These results prompted Bradley to conclude that an alpha value of .05 is
the most robustness conducive alpha value. With reference 1o the location of the rejection region,
Bradley investigated three situations in his studies: left-tailed, right-tailed and two-tailed rejection
regions. He concludes that for the symmetric bell shaped distribution robustness is worse for two-
tailed than for one-tailed t tests. However, for the L-shaped distribution robustness for a two-tailed
test is either superior 10 or intermediate between the robustness of right-tailed and left-tailed tests at
the same alpha level. Bradley's results with reference to rejection region may be highly specific to
the L-shaped distribution he explored. However, it is important to note that when a distribution is
markedly skewed the location of the rejectién region may be an important factor in establishing the
robustness of the t test.

Bradley's studies investigate sample sizes of 2, 4, 8, 32, 64, 128, 256, 512, and 1,024
In general he concludes that no N value below 512 ever brought the p-valu.e to within 10% of the
alpha value for any combination of rejection regions and alpha values when sampling from the L-
shaped population (Bradley 1980a). In addition, a sample size as great as 128 was required t0
bring the deviation of the p-value from alpha to within 50% of alpha for the two-tailed test atan
alpha of .05. He stﬁtes "it clearly was not typical for the true probability of a Type [ error te
become statistically indistinguishable from alpha at small or moderate N values” (1980b, p.335).
Furthermore, the obtained p-values did not always deviate from the proposed alpha valuesina |
conservative manner, as was observed by Boneau (1960) for the independent samples t test when
sampling from the exponential distribution. Rather, Bradley found that the p-values were
sometimes far greatef than the alpha value and sometimes far smaller.

The fourth factor identified by Bradley as important in robustness studies of the t test is the
shape of the population from which the sample is drawn: Thc only nonnormal shape which he has
investigated is the L-shaped dlsmbunon He concludes that the t test is nonrobust under all
circumstances when samplmg from this distribution unless sample sizes are quite largc Bradley's

results clearly indicate that very libera! definitions of robustness are obtained with this distribution

f
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only when sample sizes exceed 128 and are never achieved under some combinations of conditions
with samples as large as 1024. There is some suggestion in his conclusions that these nonrobust
results are largely the result of the highly skewed nature of the L-shaped distribution. In support
of this contention, Sawilowsky and Blair (1992) have demonstrated that while the independent
samples t test is reasonably robust for a number of nonnormal distributions, decidedly nonrobust
results were obtained when distributions with extreme skew were used. This situation may also
apply to the one-sample t test.

Two general conclusions about the robustness of the t test are made by Bradley as a result
of this series of studies. First, Bradley states that "robustness was strongly influenced by all of the
factors investigated, and interactions among the influencing factors were often strong and
complex” (1980b, p.333). This conclusion can only be applied to the L-shaped population which
Bradley explored. The second general conclusion made by Bradley is that any statement
concerning the robustness of a statistical test must be highly qualified and include the precise
conditions under which the robust results were obtained. This seems like prudent advice in light of
the varied results obtained under each of the conditions in Bradley's studies.

While Bradley's series of studies is arguably the most thorough exploration of the
robustness of the one-sample t test, there are still two important limitations. First, the only
nonnormal population he has considered is tﬁc L-shaped distribution. This distribution is clearly a
truly nonnormal distribution and a researcher confronted with such a distribution would generally
be advxsed 10 use nonparamctnc procedures The second limitation of this study is that Bradley
has examined only lhe Type I error rate for each of the samples. As stated earlier, a thorough
examination of the robustness of parametric tests must include a discussion of the robustness of
efficiency of the test through an examination of power under various conditions of violation.

The second group of studies;, those exploring robustness of the t test to the presence of
" outliers is of greater relevance to this thesis. Unfortunately, no systematic studies of this type of
nonnormahty were located for the one- sample ttest. Indeed, the absence of studles of the one-

sample locanon problem is further test:mony 1o the need for this sludy However. a number of
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simulation studies of the robustness of the independent samples t test to the presence of outliers
have been located and are summarized. These studies are reviewed because they provide some
insight into the factors which should be considered in the design of a study of robustness 10
outliers.

Rasmussen (1985) conducted a simulation study in which sampling was 5% from a
contamination model with a mean of 33 and a standard deviation of 10 (given a normal parent
distribution with mean of 0 and standard deviation of 1). The parameters of this contamination
model indicate that the robustness of the independent samples t test to asymmetric outlier
contamination is being investigated. He found the Type 1 error rate to be 'in line' with the nominal
values and examination of his tabled results indicates that the t test functioned ina conservative
manner for most conditions. This means that the independent samples t test demonstrates
remarkable robustness of validity given this degree of outlier contamination. In terms of
robustness of efficiency, Rasmussen found that the power of the independent samples t test is
greatly diminished when extreme outlier contamination is present in the underlying population
distribution. Two general conclusions can be taken from Rasmussen's study; robustness of
validity to a rather extreme degree of outlier contamination is demonstrated but robustness of
efficiency is severely comprorﬁised.

Zimmerman and Zumbo (1993) investigated the power of the independent samples t test
using a number of specific mathematical functions as well as a mixed normal model. Of particular
interest to this study is the mixed normal model they investigated. In this model 15% of the
sampled values were from a contamination distribution with a mean of 0 and a standard deviation
of 25 (given a normal parent with a mean of 0 and standard deviation of 1), The parameters of this
mixed normal model indicate that the power of the independent samples t test is being explored
given the presence of symmetric outlier contamination. The results of this study indicate that the
power of the t test is improved if outliers are @moved from the data prior to the analysis. These

ll'esult's are in keeﬁing with those obtained by Rasmussen (1985) for asymmetric contamination.

Finally, Blair and Higgins (1980.1981) conducted a series of studies which examined the
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power of the independent samples t test under a systematic range of contamination distributions.
The percentages of contamination included in their design were 5%, 10%, 30% and 50%.

Asymmetric contamination was investigated in varying degrees by increasing the mean shift

between Pp and Pc. Mean shifts of 1,2,3,5, and 10 are reported. The standard deviation of Peis
varied to include 0.5, 1.0, 2.0, 4.0, and 8.0 (given Pp with a standard deviation of 1). While
these studies are quite comprehensive and systematic, their purpose was 1o determine the
asymptotic relative efficiency of the independent samples t test compared to nonparametric
procedures. Thus, the results are expressed as asymptotic relative efficiencies and are of no use
for this study. However, the systematic range of contamination models devised by Blair and

Higgins (1981) is the basis for the experimental design used in this thesis.

The C ination Ind

When using contamination models in a simulation study an awkward situation arises. The
three parameters of contamination (mean shift, standard deviation of P¢, and proportion of
contamination) are well suited to creating a systematic range of outlier contamination. However,
these parameters are of no practical use for the data analyst confronted with a data set containing an
unknown degree of contamination. That is, a data analyst has no way of knowing the values for
any of these parameters for a given data set. Thus, the parameters of contamination are useful
variables for the methodologist seeking a better understanding of the robustness of a test but they
have no relevance for data analysts.

A solution to this situation may be found in thel contamination index proposed by Zumbo
(1993). This index is based on a general procedure ‘for using robust statistics in practical
applications which is outlined by Hogg (1977) and Tukey (1977). This procedure is summarized
by Lind and‘Zumbo (1993) and involves four steps. First, the usual analysi; of the data is

performed using classical staﬁstiéal methods. This analyéis is followed by an analysis of the data

‘usi'ng robust methods. If the classical analysis results agree with the robust results then the

classical analysis results are reported in the usual manner. However, if the robust results fail to

{
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agree with the classical methods then the data should be re-examined for the presence of errors. A
decision can then be made as to the reatment of these errors. The proposed contamination index is
based upon the same general principle of examining the difference between robust and classical

statistics.

The contamination index (Cl) is calcutated using

_ W(Mean: — Mean-)

Smed

cl , (1)

where: Mean: denotes the classical mean; Mean- denotes the robust mean; and sw denotes the
median absolute deviation. The numerator of this formula is the absolute value of the difference
between the classical arithmetic mean and a robust estimate of the mean. The robust estimate of the
mean which is suggested by Zumbo (1993) is the biweight. The denominator of this formula is the
median absolute deviation. The median absolute deviation is a robust estimate of the standard

deviation which is calculated using

Smed = medi xi — medixd
0.6745

, 2

where: med: denotes the median of a sample; X denbtes a score in. tﬁe sample; and 0.6745 is the
constant value required to make the smes unbiased (Huber, 1981). Thus, the median absolute
deviation is the median value of the deviation of each score from the median of the sample. The
median absolute deviation is frequently used as a robust estimate of the standard deviation.

The contamination index provides & measure of the extent to which the classical mean of a
sample deviates from a robust estimate of the mean. This difference is standardized by taking into
account the variability in the sample. As shown in the above formula, the measure of variability
used in the contamination index is the median absolute deviation. Because the contamination index
is standardized in this manner, a researcher can compare the index from one salﬁplc of data to

another. The larger the magriitude of the index of contamination the greater the degree of outlier
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contamination.

The index of contamination may appear somewhat complex to calculate at first glance.
However, it can easily be calculated using a standard statistics package such as SPSS or SAS.
Both the classical mean and the biweight are available options in these packages. The median
absolute deviation is easily calculated by applying a few simple mathematical procedures to the
median which is already generated by SPSS or SAS. Therefore, the index of contamination
provides the data analyst with a single number representing the degree of contamination present in
a given data set. This single number may be a more efficient method of characterizing the
nonnommality present in a sample than the use of measures such as skewness and kurtosis. A
complete discussion of the rationale and derivation of the index of contamination is provided in

Zumbo (1993).

Research Questions
The specific research questions which are ‘addressed in this thesis emanate from the
' literature review and are described in terms of the independent and dependent variables in the
design. There are four dependent variables in the study: Type I error rate (i.e. robustness of
validity), and three levels of power (i.e. robustness of efficiency) corresponding to the small,
medium, and large effect sizes discussed earlier. There are four independent variables in the study.
The first three independent variables are parameters of the contamination model. They were
described in the literature review and are known as the proportion of contamination, the mean shift
and the standard deviation of the contamination distribution, The values of these three variables are
selected to create varying degrees of outlier contamination. There are thrée levels of each of these
independent variables. The fourth independent variable is sample size. Sample sizes of 8, 16,32,
64, and 128 are included in the design.
_ From the research design, three research questions are addressed. (1) How is the
robusmesﬁ of validity value (Type I error) affected by variations in the parameters of the

contamination distribution? (2) What variables are best suited to build a useful model of Type 1
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error for data analysts confronted with outlier contaminated data? (3) How are the robustness of
efficiency (power) values affected by variations in the parameters of the contamination distribution?
The answers to the first two research questions are expressed using Bradley's criterion for
robustness of validity followed by response curve modeling (Rawlings, 1988) which in our
context is equivalent to fixed effects regression modeling. Harwell (1992a, 1992b) suggests that
the results of MC studies can be more readily understood by the use of regression techniques. He
points out that numerous tables of values are difficult to synthesize in a meaningful manner. Inl
- addition, the use of narrative description can result in vague or ambiguous conclusions and
misinterpretation of the results. He states "the problem is one of correctly modeling variation in the
empirical Type I error rates and power values as a function of study characteristics. Educational
and psychological researchers would be well served by summaries of the effects of assumption
violations for a test that would result from such modeling” (1992, p.300). The use of logistic
regression techniques has also been suggested for the analysis of MC study results. However,
Harwell (1992a, 1992b) has shown that the use of logistic regression techniques provides very
similar results to the fixed effects regression models. Since fixed effects regression techniques are
more widely understood than logistic regression techniques, these methods are used in this study.
The use of fixed effects regression models for the analysis of power (research question three) is
problematic and is discussed in greater detail when the results are presented. Answers to the third
research question are obtained more clearly through the derivation of power curves and by using a
fairly stringent criterion for robustness of efficiency. In the next section of this thesis the

methodology used to obtain the Type I error and power values for these models is explained.

. Methodology
The first‘phase of the design of this swdy was the selection of the values for the parameters
of the. contamination dlsmbutmn 'I’he goal was to select these values so that a range of outher ‘

contamination in the sample would result. The selection of the values was gulded by previous
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studies in which contamination models were used. The values selected by Rasmussen (1985)
which included a mean shift of 33, a standard deviation of 10 for the P and a 5% proportion of
sampling from P¢ were considered too extreme to have reasonable practical application in
educational research settings. Mosteller and Tukey (1968) provide an example of a distribution

~ which is sampled at 1% from a contamination distribution with a mean of 0 and a standard
deviation of 3 (relative to the parent with a mean of 0 and standard deviation of 1). This
contarnination model is used by the authors to determine the relative efficiency of some statistical
procedures. Mosteller and Tukey describe this example of contamination as 'extreme’ within the
context of their example. Given this wide range of 'extreme’ degrees of contamination, it was
difficult to choose the values of the parameters for this study. Ultimately, the parameter values
“used by Blair and Higgins (1981) were selected and then slightly modified to create equal intervals
between the levels of each parameter. | _

As a result of this process three levels of each of the parameters of contamination were
chosen. For proportion of sampling from the contamination distribution, values of 1% (.01), 8%
(.08) and 15% (.15) were selected. For mean shift, values qf 0, 1.5 and 3.0 were selected. The
mean shift value of 0 indicates_symmetric contamination. The other two mean shift values
represent increasing degrees of asymmetric contamination. For standard deviation of the
' co_ntamination distribution values of 0.5, 1.75 and 3.0 were chosen. The standard deviation of 0.5
for P is actually less than the standard deviation of 1.0 in the parent distribution. This means that
the spread of the contamination distribution is actually less than the spread of the parent
distribution. Very few outliers are likely to occur in this sitwation. The standard deviations of 1.75
and 3.0 for P are greater than the standard deviation in the parent distribution and have the effect
of introducing increasing degrees of outlier contaminétion into the distribution. The values selected
for the parameters of the contamination model are shown in Table 1.
Table 1 establishes; the basic design of this study. Each numbered box in the table

| represents a disﬁnct population with a specific combination of parameters of com‘arhi.naﬁon.

Therefore, a total of 27 different degrees of outlier contamination have been generated in the design
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of this study. Each contaminated population can be described in terms of the parameters associated
with that population. For example, population 2 is a distribution which has a proportion of
sampling from the contamination distribution of .01 or 1%. The mean shift for this cell is zero so
the contamination is symmetric. Finally, the standard deviation of the contamination distribution is
1.75 relative to the parent distribution with a standard deviation of 1. In contrast, population 27 is
a distribution which has a proportion of sampling from the contamination distribution of .15 or
15%. The mean shift for this population is 3.0 so the contamiriation is asymmerric. The standard
deviation of the contamination distribution is 3.0. The degree of contamination increases from
population 1 through to population 27 which contains the most extreme degree of outlier
contamination explored in this stady. For each of the 27 populations, five cells are included. Each
cell represents one of the five sample sizes in the design.

In addition to these 27 contaminated populations, a normally distributed population is
included in the design. The performance of each of the 27 contaminated populations is compared

to the performance of the normal population throughout the design.
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Table 1 Parameter Values and Resulting Population Distributions Used in the Study

28

Standard Deviation of P¢

Proportion

Mean1 Shift

0.3

1.75

3.0

.01

0

16
32

128

1.5

16
32

128

3.0

16
32

128

.08

16
32

128

10

11 .

12

1.5

16
32
64
128

13

14

15

3.0

16
32

128

16

17

18

15

16
32

128

19

20

21

1.5

16
32

128

22

23

24

3.0

16
32

128

25

26

27
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Generation of the Data

The logical foundation to a Monte Carlo study is the generation of random numbers.
Strictly speaking, compuiers do not generate random numbers but they can generate a series of
numbers which meet accepted requirements for randomness. These numbers are more accurately
called pseudo random numbers. One of the commonly available methods for generating these
pseudo random numbers is termed a multiplicative congruential generator and this is the method
employed in this thesis. The basic process is outlined in easily understood terms by Lehman
(1977) and is based on principles first proposed by Lehmer in 1951, The process can be
_ summarized as follows: the generator takes a starting value or seed from the computer's real time
clock: this seed value is then multiplied by a constant and a modulo operation is performed using
‘the word length of the computer in bits. This process generates a series of numbers in the range of
0-1, known as the unit rectangular distribution. The pseudo random gcnera.tor has been tested to
ensure that the series of numbers is of sufficient iéngth so that sampling does not cycle through the
series. The testing process has also determined that the distribution originally generated is indeed
rectangular, that sequences within the series are independent and that runs and gaps of an
unacceptable nature do not exist in the series.

The unit rectangular distribution created by the pseudo random number generator was
transformed to a normal distribution using the Box-Muller method (1958). Each of the 27
contaminated populations was created by applying a transformation to the normal distribution.
This transformation has the effect of applying the mean shift and standard deviation of the specific
contamination distribution to the normal distribution for the appropriate proportion of sampling
from Pc (i.e. _.01, .08, or .15). The accuracy of this ‘method was tested by generating 15,000
cases for each of the 27 contaminated distributions and fof the normal distribution. The mean,
skewness and kurtosis were calculated for each of the populations from these 15,000 valuﬁs. ln‘
addition, stem and leaf diagrams were plotted using SPSS. The hardware which was used for the

simulation was unable to generate stem and leaf diagrams for samples greater than 15,000.
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Undoubtedly even greater accuracy would be demonstrated if larger sample sizes were used. This
procedure generates a list of outliers for each stem and leaf diagram. Outliers or exreme values are
identified, arbitrarily, in this program as beyond about 2.7 standard deviatons from the mean.

Evidence that the Box-Muller transformation is functioning as expected can be found in the
values obtained for the normal distribution. The mean, skewness, and kurtosis values for the
normal distribution in theory should be close to zero. The values obtained fora sample size of
15,000 in the simulation were .0110, -.0253, and -.0119 respectvely. The expected number of
outliers (arbitrarily set at points beyond 2.7 standard deviations) for a sample size of 15,000 would
be about 104. The number of outliers for the normai population in the simulation was 99.

Evidence that the proportion of contamination was increasing as expected in the study can
be found by comparing the total number of outliers for populations 5, 14, and 23. Population 5 is
contaminated at 1% and contains 146 outliers. Population 14 is contaminated at 8% and contains
282 outliers. Population 23 is contaminated at 15% and contains 443 outliers. These three
populations have the same values for all of the parameters except proportion of contamination.
Thus, the number of outlies increases as the proportion of contamination increases. However, it
must be noted that the number of outliers contained in contaminated distributions can only be used
as a crude indication of this type of ﬁonnormality. The difficulty arises from the fact that outliers
are identified by SPSS as data points beyond 2.7 standard deviations from the mean. The standard
deviation is positively biased (i.e. inflated) when contaminated populations are being explored;
therefore, the number of outliers is underestimated. .I

Evidence that the mean shift parameter is functioning in the specified manner can be found
by comparing thé mean values for populations 20, 23 and 26. For population 20 the mean shift is
0 and the obtained mean is -.0053. For population 23 the mean shift is 1.5 and the obtained mean
is .2183. For population 26 the mean shift is 3.0 and the obtained mean is .4638. Clearly, as the
mean shift increases the value obtained .t'or the mean also increases. Since the effect of increasing
the mean shift is to cr;zﬁe asymmetry, the-number of outliers in each tail of the distribution is

another useful method of a_ssessing the effectiveness of the algorithm. For population 20 the mean
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shift is 0 indicating symmetric contamination. This population has 76 outliers in the left tail and
134 in the right tail. For population 23 the mean shift is 1.5 and 48 outliers are found in the left
tail versus 395 in the right tail. For population 26 the mean shift is 3.0 and 12 outliers are found in
the left tail versus 1017 in the right tail. Populations 20, 23, and 26 are identical for every
parameter except the mean shift. Once again, it must be noted that the number of outliers contained
in contaminated distributions can only be used as a crude indication of this type of nonnormality.
Despite this limitation, increasing degrees of asymmetric contamination are evident when
comparing these three populations. These values indicate that the method of generating symmetric
and asymmetric contamination is functioning as intended. Additional support for the methods used
1o generate the contamination models in this swdy is found in Tukey (1960) who demonstrated the
analytical accuracy of these models of contamination. Having established that the method of data

generation is sound the next step in the methodology is to determine the Type [ error rates.

Determining Type | Error Rates
In order to determine the Type 1 error rates of the one-sample t test for the normal

distribution and the 27 contam?nated distributions, the value of the hypothesized population mean,
I, is set at zero. In this case any differences which are found to be significant represent Type [
errors. To clarify, the purpose of the one-sample t test is to determine if an observed sample mean, .
M, is different from an hypothesized population mean, {1 In this simulation study this difference
is set at zero. If the results of the t test indicate a significant difference then a Type I error has been
_ made. The actual mean of each of the 27 contaminated distributions was dalculated from a sample

of 30,000 observations for each populaﬁon. The mean of each population was set to zero.

Following this step the t test was performed.

At the beginning of the computer program which conducts the ttesta counte;r variable is

created and set at zero. This counter keeps track of the number of Type I error;s. The critical

values for the two-tailed t test were entered into the program for each of the five sam.l‘)le sizes at an

alpha value of .05. A two-tailed test was chosen because the use of such a test allows the
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researcher in a practical application to identify a significant result in either direction. When a one-
wailed test is used the results indicate either a significant result in the expected direction or in the
case of non significance a lack of support for the research hyporhesis. Less information is
available to the researcher with the use of a one-tailed hypothesis test. In addition, the use of a
one-tailed test enhances the power of the test. While this may be desirable toa researcher looking
for significance, it is not advantageous in this simulation study. The arguments in support of the
use of two-tailed hypothesis testing for educational and psychological research settings are clearly
outlined by Pillemer (1991).

The simplest way to explain the program which conducts the t test is to describe the process
for one cell in the design. Let's begin with a sample size of eight and population 1. One sample of
8 values is drawn using the contamination model. A ttest is calculated to determine if the mean of
this sample differs from the population mean (set at 0). If the sample mean differs significantly
then a Type I error has occurred and the counter is incremented by one. This process is repeated
2000 times for sample size 8 from population 1. The total number of Type 1 errors on the counter
aftter the 2000 replications have been completed is then divided by the number of replications to
provide the probability of a Type [ error. This number is recorded as one data point for that cell in
the design. A total of 15 data points for each cell in the design are computed in the program.
Thus, tht? Type 1 error rate obtained for each cell in the design is based on 15 batches of 2000
feplica_tibns of the t test. The 15 data points were created for each cell in order to facilitate
regression modeling of the results. |

' 'fhe accuracj{ of the t test program for Type [ error was tested by examining the results for
the normal population. The Tyj:e [ error rate-was close to the expected value of .05 in all cases.

“This indicates that the t test program functioned as intended for the simulation.
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Determining Power Values

Power values were calculated for three effect sizes: small (d=.20), medium (d=.50), and
" large (d=.80). The effect sizes were introduced into the program by offsetting each sample value
by the amount of the effect size. Conceptually, a difference between the sample meaﬁ and the
hypothesized mean is created. The size of this difference is equal to the effect size being
investigated. As in the Type I error program, a counter is created at the outset and set to zero. The
t test is then conducted. A significant result indicates that the difference has been detected and the
counter is incremented by one. The power of the test to detect a given effect size is determined by
dividing the number on the counter by the number of replications in the design. As with the Type [
error program, 15 batches of 2000 replications were conducted for each cell in the design. In fact,
the Type I error program and the three effect size programs were combined into one simulation
algorithm to increase efficiency.

The accuracy of the simulation algorithm for power was tested using the values obtained
with the normal population. The expected powei- values for the one-sample t test were calculated
using the method outlined in Cohen (1977, pp. 46-48). This method provides an expected power
value for each sample size at each of the three effect sizes being investigated assuming that the
underlying population is normally distributed. In all cases the power value obtained for tﬁe normal
population in the simulation was within rounding error of the expected value calculated from
Cohen. This indicates that the power portion of the simulation algorithm functioned as intended
for the simulation.

The simulation algorithm is expressed as a flow chart in Figure 2. Each step of the
algorithm has been described in the preceding section and the flow chart is included as a method of

summarizing the program used in this study.
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Figure 2. Flow chart of the simulation algorithm.
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ini lation Values for the Contamination Index

The previous sections of the methodology have described how the Type I error and power
values were obtained in the study. It was also necessary 10 cbtain a value for the contamination
index for each of the .27 populations in the study. These population analog values were obtained
qsing samples of 30,000 values for each of the 27 contaminated populations as well as the normal
population. To calculate the population analog values the median absolute deviation was
dcteﬁnined for each population in the design by applying Equation (2) to the median value
computed from a sample of 30,000 values. The classical mean for each of the populations was
obtained as well as the robust mean (biweight with a weighting constant set to 4.685) using SPSS.
These values were then entered into fhe formula for the index of contamination, Equation (1). The
result of this ﬁro;css.is asingle number. the contamination ihdex, which indicates the degree of

outlier contamination present in each of the populations. These values are provided as Table 2.
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Table 2
h ntamination Index, Skewness and Kurtosi
Population Contamination Index Skewness - Kurtosis
1 0.000899333 .0035 -.0073
2 0.005081167 -0297 1810
3 0.002490768 -.0709 9547
4 0.007505417 0235 -0920
5 0.012509570 .1232 4473 |
6 0.099360828 1.2168 6.3921
7 0.033476657 .1940 3057
8 0.028204539 3923 1.5040
9 0.022417496 .1682 5.4638
10 0.006383231 -0366 2639
11 0.000678376 0139 4733
12 0.006388022 1354 5.4500
13 0.001822973 -0214 -.2901
14 0.071743140 ~.5299 1.4138
15 0.093086676 1.2596 6.8248
16 0.178228205 5610 3626
17 0.190677675 1.2486 3.2055
18 0.197227215 2.0290 8.7364
19 0.001563411 .0037 3052
20 0.003823077 -.0030 376
21 0.002630132 0041 4.8745
22 0.015724013 -1027 -.3356
23 0.121087101 .7088 1.5650__ |
24 0.168975390 1.2283 5.0908
25 0.217835562_ 5146 -2602
26 0.297612716 1.2162 21692
27 0.341866350 1.8664 5.6331
normal 0.002831484 -.0253 -.0119

The skewness and kurtosis values obtained for samples of 15,000 values are also shown in

Table 2.. The accuracy of the method for calculating the contamination index was further tested in

two ways. First, the obtained population analog values should increase as the degree of outlier

contamination in the population is increased. This was found to occur. Second, the contamination-
index was calculated for the norma! distribution. The expected value of the index for the normal

distribution should be very close to zero. This was found to occur. This provides evidence that

the program for calculating the CI vaiues functioned as intended in the study. |
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Results and Conclusions

For clarity, the results of this study are presented according to each research queston.

Research Question (1)
How is the robustness of validity value (Type I error) affected by variations in the parameters of
the contamination distribution?

The Type I error rates are shown in Table 3. Each tabled value is the mean of the 15 data
points collected for that cell. Therefore, each value in the table represents a total of 15 batches of
2000 replications of the t test (i.e. a total of 30,000 replications). These results are examined
initially by applying Bradley's criterion and then using regression techniques. Bradley's fairly
stringent criterion for robustness of validity requires Type I error values to lie between .045 and
055. Values which are in this range are indicated in Table 3 in plain type. - The moderate criterion
fcquires values to fall between .04 and .06. Values which are in this range but fail to satisfy the
fairly stringent criterion are indicated in Table 3 using the symbol +. The very liberal criterion
requires values to lie between .025 and .075. Values which are in this range but fail to satisfy the
moderate criterion are indicated in the table with an asterisk (*). Values which fail to meeteven the
very liberal criterion are indicaied with a double asterisk (**).
| The vast majority of Type 1 error values (75.5%) in Table 3 meet the fairly stringent
criterion established by Bradley. An additional 14.8% of the values meet the moderate criterion
while the very liberal criterion accounts for an another 6.67% of the Type 1 error values. A small
proportion of the values (2.96%) fail to meet even the very iiberal criterion. With the exception of
two borderline values for samples of size 8, the robustness of validity of the one sample t test does

not begin 1o deviate from the fairly strict criterion until population 17 in tl_le design. This |
population has 8% asymmetric contamination with 2 mean difference of 3.0 -and a standard
deviation of 1.75. Syfnmetric contamination at 15% results in the fairly stringent criterion being
.met with the exception of sample sizes of 8 and 16 which meet the moderate criterion. The Type [

error rate does not encounter serious.inflation until the final two populations in the design. These
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Table 3 Tvpe ! Error Rates for Each Popuiation Distribution Under Study
Standard Deviation of Pc
Proportion | Mean Shift n 0.5 1.75 3.0
01 0 8 054633 053733 0565337
16 051433 051300 .048600
32 047733 049567 050467
64 050267 .049967 050567
128 051267 .051900 049500
1.5 8 054567 052567 052633
16 052900 051333 050700
32 047800 051767 047867
64 049167 .049033 049533
128 051267 051400 047333
3.0 8 052833 052967 052900
16 050700 052867 047333
32 .048600 049767 050400
64 047500 051200 049500
_ 128 051133 050933 049133
.08 0 8 054100 053167 04
16 049400 047967 .048467
32 049267 048867 047000
64 048933 051200 050167
128 050367 050933 051033
1.5 8 .056033F 051400 052967
16 051200 051500 .052500
32 050000 051700 053733
64 .049433 049167 053100
128 047733 049100 054933
3.0 8 0586677 | .063233% [ .
16 0566001 | .063500* | .068167*
32 051433 0584001 | .063800*
64 050467 056867+ | .058233%
_ 128 050567 056600% 054167 -} .
15 0 3 053967 051467 | .044
16 051200 052333 .043700%
32 049800 047867 .045933
64 049967 050333 051533
_ 128 049833 051467 051800
1.5 8 054667 0 054
16 052533 0554671 | .0588671
32 050100 053667 057267¢%
64 050667 053933 ,0556001
128 052800 055100t | .055067%
3.0 8 070533% |. . .
16 059433+ | .072800* |.090067**
32 052367 .061400* |.073967**
64 052533 0583001 | .064967*
128 052367 054867 0555331
plain type-fairly stringent T-moderate **_ beyond very liberal

*-very liberal
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populations have asymmetric contamination at a rate of 15%. This effect is reduced for sample
sizes of 64 and 128.

These results indicate that the Type [ error rate is quite stable for most of the degrees of
contamination investigated in this study. Further, only asymmetric contamination creates a serious
change in Type I error rate. When the Type [ error rate is affected it tends to be inflated. This is
not the 'conservative' effect reported in much of the literature for the independent samples t test.
The use of Bradley's criterion for robustness of validity is useful as a first step in the analysis of
the results of this MC study. However, it is difficult to form any conclusions concerning the
specific impact of each of the parameters of the contamination model (and their interactions) from
Table 3. In order to fully answer the first research question with reference to variations in the
parameters of the contamination model regression modeling techniques are used.

In the first set of regression models the Type I error rate (TYPE I} is the outcome variable
and the parameters of the contamination model along with sample size (N) are the predictor
variables. These parameters are proportion of contamination (% CONTAM), mean shift (MEAN
SHIFT) and sténdard deviation of Pc (STD DEV P¢). The regression equations explored were of
the form: |

TYPEI = %CONTAM + MEAN SHIFT + STD DEV PC +N.
Since the predictor variables are uncorrelated, an examination of the correlation matrix is all thatis
necessary to determine the direction and magnitude of the relationship between Type [ error rate
and each predictor variable (Budescu, 1993). An examination of the correlation matrix (Table 4)
allows for the ordering of the predictor variables in terms of their influence on Type 1 error rates.
In order to create more parsilﬁonious models, variables were selected according to two statistical
criteria. First, those variables for whicﬁ the b-weight was not statistically significant were
removed from the model. Secoqd. variables which had a sigrificant b-weight but which accounted

for less than 1% of the variance in Type I error rates were also removed.
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Table 4
Correlation Matrix for Type I Error and the Parameters of the Contamingtion Model
Variable STDDEV PC % CONTAM MEAN SHIFT" N
TYPE I ERROR 139 282 377 -.178
STDDEV PC - .000 .000 .000
% CONTAM - 000 .000
MEAN SHIFT - .000
N -

Clearly, the variable which correlates most highly with Type I error rate is MEAN SHIFT.
The correlation is positive which indicates that increases in MEAN SHIFT are associated with
increases in Type 1 error rate. The second largest correlation is between % CONTAM and Type |
error rate. This correlation (.282) indicates that an increase in the % CONTAM is aSsociated with
an increase in Type | error rate. The third most important variable is sample size. The negative
comelation between sample size and Type 1 error rate indicates that as N increases the Type I error
rate decreasés. This is the expected direction of relationship between these two variables. The
STD DEV Pg is the least important variable among the parameters of the cohtaminaﬁon model.

The complete regression model including the three parameters of contamination and sample
size accounts for 27.3% of the variance in Type I error rate. The addition of the six two-way
interactions results in an increase of 20.8% in the variance explained. While the addition of the
four three-way interactions results in an increase of 7. 1% in the variance explained. The four-way
interaction resulted in a smail increase (1%) in the variance explained. Therefore, the model
including the three-way interaction terms is preferred over the model including the four-way term
and accounts for 55.2% of the varigncc in Type I error rates.

‘Striving for the most parsimonious model, the three-way interactions were examined to
determine if any were statistically non-significant. By examining the t values which test the
significance of each variable in the model, the interaction of N*% CONTAM*STD DEV P¢ was

not statistically significant and was not included in the final model. The b-weights and their
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associated standard errors for this final model are shown in Table 5.
Table 5
B-Weights and Their Standard Errors for the Regression of the Parameters of Contamination
Mcadel on Type | Error
ariable b-weight Standard Ervor
constant .0541 00095
MEAN SHIFT -.0018 00046
1D DEV Pe -0011 00045
% CONTAM -.0241 00918
N -.00006 .00001
N*3TD DEV P¢ 000025 000006
"N*% CONTAM 00053 ~00012
N*MEAN SHIFT .000036 000006
STD DEV Pc* % CONTAM -.0081 .0043
S1D DEV Pc*MEAN SHIFT 00048 00021
% CONTAM*MEAN SHIFT 0292 0042
% CONTAM*STD DEV Pc*MEAN SHIFT 10202 0018
N*S1D DEV Pc *MEAN SHIFT -.000016 000002
N*% CONTAM * MEAN SHIFT -.0005 . 00004

As an indicator of the appropriateness of the model the value of the constant is reasonably close to.
the expected value of .05, It should also be noted that the value of the b-weights is scale bound.
This means that the units of each variable must be considered when interpreting these values
(Darlmgton. 1990). |

“‘The values of the b-weights must be interpreted carefully when interaction terms are
included in the regression model. According to Darlington (1990) a two-way interaction means
" that the size of a con_ditional effect changes with a'nothef variable. A three-way interaction means
 that the size of a two-way interaction changes with another variable. For this reason ;all of the two-

way interactions (as well as the main effects) must be maintained when the three-way interactions

- areincluded in the model. A three-way interaction can also be defined as the change in a two-way

interaction associated with a 1-unit change in a third variable.

_ Each of the three-way mteracnons are discussed separately. The % CONTAM* STD DEV
Pc* MEAN SHIFT interaction has a b-welght of .0202. This b-weight indicates thc extent of the

change in _the two-way interaciion of % CONTAM*STD DEV Pc associated with a 1-unit change

’
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in MEAN SHIFT. Specifically, a 1-unit increase in MEAN SHIFT results in an increase in the
effect of % CONTAM * STD DEV P¢ on the Type I error rate. More simply, the effect of the

two-way interaction of % CONTAM * STD DEV P is less when the MEAN SHIFT is smali than’
when the MEAN SHIFT is large. This interaction is best described by referring to Table 3
wherein it can be seen that when the MEAN SHIFT is zero increases in the STD DEV P do not
have an effect on the Type I error rate even when the proportion of sampling from coniamination
increases. However, when the MEAN SHIFT is 3.0, increases in the STD DEV P¢ do result in
an increase in the Type I error rate for the 8% and 15% proportions of contamination.

A similar approach can be used to interpret the other two three-way interactions. The
N*STD DEV P, *MEAN SHIFT can be interpreted to mean that when the MEAN SHIFT is zero,
increases in the STD DEV Pc do not have an effect on Type I error rates as the sample size
decreases. When the mean shift is 3.0, increases in the STD DEV P¢ do result in an increase in the
Type [ error rate as the sample size decreaseé. This effect can be seen cleafly in the 8% and 15%
proportions of contamination. The N*% CONTAM*MEAN SHIFT interaction can be interpreted
to mean that when the mean shift is zero, increases in the % CONTAM do not have an effect on
Type 1 error rates as the sample size decreuses. When the mean shift is 3.0, increases in the %
CONTAM result in an increase in the Type | error rate as the sample size decreases. For example,
the Type I error values from Table 3 for population 27 are more inflated for the sample size of 8
(.0905) than for the sample size of 128 (.0555).

The residuals from these regression models were examined using scatterplots to determine
if there was an obvious presence of asymmetry or outliers. The scatterplots did not reveal any
obvious trends. This finding suggests that the use of linear regression techniques is appropriate
for this data set. However, since the Type [ error rates have been recorded.as proportions over
batches of 2000 rephcanons, there is some concern that a transformation of the data valucs mlght
result in more meaningful results. The most appropriate transformation for this suuanon as
suggested by Darlington (1990) is the logit transformation. 'I‘he utility of the logit transformation

for this data set was examined by transforming all of the Type I error values and then running the
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same sets of regression models discussed above. The results obiained using the logit
transformation are very close to the results obtained without the transformation. The R2 values
tended 1o be slightly lower (approximately 1-2%) using the logit values. Since all of the results
were very similar there was no real evidence that the logit transformation was advantageous.
‘Given that the ransformed values are more difficult to interpret the remainder of the results have
been expressed using only the untransformed values. Some specific comments concerning the

application of logit transformations in the regression models for power are made later in the thesis.

Research Question 3)
What variables are best suited to build a useful model of Type [ error for data analysts confronted
with outlier contaminated data?

The set of regression models reported in the previous section does not address the second
research question because a data analyst confronted with data containing outliers would have no
means of determining the parameters of contamination for the data set. For this reason two
additional sets of regression models have been created. The second set of regression models uses
skewness and kurtosis values as the predictor variables. Skewness and kurtosis values are readily
available on statistics packages and provide one method for the data analyst to characterize outlier
contaminated values. Sample size was also used in this set of models. Since skewness and
kurtosis are correlated the correlation matrix for these variables does not provide a good indication
of the ordering of these variables in u;.rms of importance. For thi§ reason, all possible subsets of
this régrcssion model were calculated. Table 6 contains those models which are of interest to the
data analyst. Only those models from the all possible subsets regression which include sample size
as a variable have been reported. Sample size is always included in the model because this variable
| éf-concepmal importance to the data analyst in addition to the demonstrated correlation between

this variable and the Type I error rate (as shown in Table 4).
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Table 6

R-squared Values for the Regression of Skewness and Kurtosis on Type [ Error

Model RZ

Type [ = n+ constant 0318
Type I = n + skew + constant 3095
Type I = n + kurt + constant .0865
Type I = n + skew + kurt + consiant .3593

The R2 values for these models can be used to determine both variable ordering and the model
which would be most useful for the data analyst. .The single most important variable accounting
for variance in Type ! error in these models is skewness. Kurtosis contributes little to the overall
variance explained in the model. A data analyst could potentially account for about 30% of the
variance in Type I error rate using only skewness and sample size. However, given the difficulties
in using skewness coefficients which were identified by Horswell and Looney (1993) and
discussed earlier in this thesis, this model is not recommended. These authors show that skewness
and kurtosis coefficients when used jointly may provide a better method of assessing normality. In
any case kurtosis values are available at no additional cost and without additional effort on the part
of the data analyst. Accordingly, while there is no cost for including kurtosis in the model there
may be a considerable cost for omitting this variable. For this reason, the full model accounung
for 35.93% of the variance in Type I error rates is the preferred choice from this set of regression
models. This mode! is expressed conceptually and with b-weights as follows. The standard error

associated with each b-weight is shown in brackets below each variable.

TYPEl= . CONSTANT + SKEW + KURT + N

TYPE I = .0526 + .0107*SKEW -.0011*KURT - .000035*N
(.00027) (.00036) (.000087)  (.000003)

The two-way interactions for this set of models have also been examined. The omnibus

model including skewness, kurtosis, sample size and the three two-way interactions which result
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from these variables accounts for 43.1% of the variance in Type I error rates. The interaction
terms account for an increase of 7.2% in variance explained. The ¢ test of these interactions
indicates that the SKEW*KURT interaction is not significant so this interaction was dropped from
the model. The N*KURT interaction was shown to account for less than 1% of the variance and
was also dropped from the model. Only the interaction of N*SKEW need be included in the model
as it accounts for about 5% of the total variance. 1t should be noted that the three-way interaction
of N*SKEW*KURT resulted in an R2 change of less than 0.5% of the variance in Type I error;
therefore the three-way interaction was not included in the model.

The complete model is shown conceptually and with b-weights as follows. The standard
error of the b-weights is shown in brackets below each variable.
TYPE | = CONSTANT + SKEW + KURT + N + N*SKEW

TYPE I = .0509 + .0142*SKEW - .0011*KURT - .0000004*N - .00007(N*SKEW)
(.0003) (.0004) (.00008) (.000004) (.000005)

Once again, the b-weights must be interpreted with care when interaction terms are included in the
model. The b-weight for skewness (.0142) indicates the estimated conditional effect of skewness
on Type | error rates when all other regressors are zero. The b-weight for the interaction of
N*SKEW (-.00007) indicates that the conditional effect of skewness on Type I error rates changes
with changing levels of sample size. Specifically, decreasing the sample size increases the effect of
skewness on Type | error rates. Furthermore, this model with the two-way interaction term
accounts for approximately 41% of the variance and may be of use to the data analyst.

A third set of models was computed for the Type I error values. This set of models used
the contamination index (CI) value asa predictor variable along with the sample size. This model
is expressed as TYPE I = CONSTANT + N + ClL. Since the values of CI and N are uncorrelated
the magnitude of the b-weighté can be used directly to indicate the variable ordering (Darlington,
1990). The b-weights could ndt be used for the skewness and kurtosis values because these
variables are correlated.. The model which results is expressed as

TYPE I =.0512 -.00003*N + .0530*ClI
(.00025) (.000003) (.0015)
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The R2 value which results from this equation is .4042. Therefore, this third set of models using
the contamination index accounts for about 40% of the variance in Type I error rate. It should also
be noted that the value of the constant at .0312 is the value which would be expected for Type |
error given a contamination index of 0. This is close to the nominal value of .05 given a normal
distribution and provides further evidence that the simulation algorithm and population analog
values for CI are functioning as intended. The use of the contamination index accounts fora
greater amount of variance in Type 1 error rates than does the use of skewness and kurtosis in the
previous set of models.

As with the previous two scts of models, the interaction of the Cland N variables was
examined. This two-way interaction results in an R2 change of .0822 over the model with no
interaction term. Since this value indicates that over 8% additional variance is accounted for by the
interaction between sample size and CI, the interaction term should be included in any model used
by data analysts. The b-weights and associated standard errors for this model are shown as
follows, |
TYPE=.0489 + 00001*N + .0813*CI - .00057(N*CI)

(.0003) (.000004) (.0021) (.00003)
These b-weights are interpreted in the sume manner as the previous sets of models. Forexample
the b-weight .0813 for Cl indicates the estimated conditional effect of the contamination index on
Type I error rate when all the other regressors are zero The interaction term N*CI has a b-weight
of -.00057. This indicates that the conditional effeCt of Cl on Type I error rate changes with
changing levels of sample size. Specifically, the effect of CI on Type | error rate increases as the

sample size decreases.

Research Question (3)

How are the robustness of efficiency (power) values affected by variations in lhe parameters of the
contammanon distribution?

‘The results from the power portion of the simulation are recorded in Tables 7, 8,and 9.

Power values are only reported for cells in the design whxch satisfy the fairly stringent criterion for
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robustness of validity. When robustness of validity is not intacs, the Type I error rate is not
protected and the obtained values cannot be interpreted as ue power values. A dash (-) is used to
indicate these cells in the tables. The values for these cells are shown in Appendix A but should be
interpreted with caution. The calculation of regression models for power is seriously hindered by
these empty cells in the data set. Regression models using the paramelers of contamination as
predictor variables would have been very difticult to interpret because of the empty cells in the data
set. In addition, odd interactions may have shown up as a result of the pattern of empty cells.
These interactions would be difficult to interpret. For these reasons, the first two sets of
regression models which were created for Type I error (the parameters of contarnination model and

the skewness and kurtosis model) were not computed for the power results.
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Table 7 Power Values for Each Population Distribution Under Study (Small Effect Size)

Standard Deviation of P¢
Proportion | Mean Shitt n 0.5 1.75 3.0
.01 0 3 085333 087367 -
16 .119400 125233 .127900
32 .198000 209167 .214333*
64 355067 375933 374767
128 622433 | 652233 648667
1.5 3 084967 079500 081200
16 118067 113733 117300
32 .194933 187267 202000
64 348933 332800 .365900
128 610800 590400 633167
3.0 3 079733 0749337 079167
16 120500 L.105200% 118700
32 198700 .1693337% .200600
64 .369033 3107001 371033
. 128 .64171.3 560033 654100
08 0 8 084667 030933 | 089767 |
16 111533 .131733* | .132200*
32 .186067 .217700* | .213267*
64 329800 .396733* 372200
128 584400 668433 614967
1.5 8 - . .
16 112367 .105533% | .094800%
32 .186633 187267 1696677
64 340833 352600 .329533
128 594733 637333 605533
3.0 8 - - -
16 - - .
32 177833 - -
64 355467 - -
ITZS .638867 - .640433
15 0 3 1086700 1082500 -
16 121567 120667 -
32 200667 189567 199133
64 351567 344000 335300
128 614700 598000 573133
1.5 g 085133 - 0533007
16 118033 - -
32 .194467 .158667%" -
64 .348900 .304333% .
128 .605233 - -
3.0 8 - - -
16 - - -
32 1641671 - -
64 326433 - ‘ -
128 . .597233 . | .606600 -

~power is above normal by > 10%

¥ - power is below normal by >10%



One-Sample Robusiness
48

Table 8 Power Values for Each Population Distribution Under Study (Large Effect Size)

Standard Deviaton of Pe
Proportion | Mean Skift n 0.5 1.75 3.0
01 ¥ 8 .249500 252867 -
16 468900 483567 492800
32 .784400 797600 796633
64 975933 982000 977533
128 999933 .999900 999700
1.5 ] 245667 239400 254767
16 465733 458867 486767
32 779633 775500 800700
64 974867 975133 979233
128 999833 999800 999933
3.0 3 .240867 236367 255767
16 484200 455967 498100
32 - 792000 778233 815700
64 981267 974533 984267
_ 128 999867 .999833 999900
.08 ] 3 247160 271033 .299867*
16 462400 501967 .528567*
32 767533 804100 785033
64 973300 981667 967367
128 999867 1.00000 999467
1.5 8 - 234433 - .251500
16 456733 473067 508833
32 774133 803967 822600
64 975100 982967 985800
128 999967 999933 999867
3.0 8 - - - -
. 16 - - -
32 815867 - -
64 985867 - -
__ 128 1.00000 - 1.00000
15 0 3 260867 255667 -
16 A74667 475733 -
32 786067 774233 768133
64 976700 972333 961600
128 999900 999800 999633
1.5 8 238500 - 251767
16 459200 - -
32 776067 798433 -
64 975167 983600 -
128 999867 - -
3.0 8 - - -
- 16 . . -
32 | .803167 - -
- 64 986033 - -
F ‘ 128 999967 1.00000 | -

~power is above normal by > 10% T - power is below normal by >10%
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Table & Power Values for Each Population Distribution Under Study (Large Effect Size)

Standard Dewviation of P
Proportion | Mean Shift n 0.5 1.75 3.0
.0 0 8 521733 526967 -
16 .849400 860900 .863900
32 991967 993367 988300
64 1.00000 .599967 999967
128 1.00000 1.00000 1.00000
1.5 8 515600 512233 533467
16 .847067 .848833 .862633
32 991467 991767 992500
64 999900 1.00000 1.00000
128 1.00000 1.00000 1.00000
3.0 8 517633 518067 549200
16 867533 854467 881967
32 993600 993567 996167
64 1.00000 1.00000 1.00000
128 1.00000 1.00000 1.00000
.08 0 8 515700 548000 | .605367%
16 .846100 864467 852867
32 990700 992267 978067
64 1.00000 |- 1.00000 999800
128 1.00000 1.00000 1.0000
1.5 8 - 529067 .
16 848267 874133 .895467
32 991600 995500 994400
64 1.00000 1.00000 1.00000
128 1.00000 . 1.00000 1.00000
3.0 8 - - -
16 - -
32 997300 - -
64 1.00000 - -
128 1.00000 1.00000
15 ) 8 531733 535033 .
16 850533 846800 -
32 991467 990167 978267
64 1.00000 1.00000 999767
128 1.00000 1.00G00 1.00000
1.5 8 504833 - .610100*
16 843500 - -
32 992100 996167 -
64 1.00000 1.00000 -
. 128 1 00000 - -
3.0 8 - -
16 - -
32 998100 - -
64 1.00000 - -
128 1.00000 1.00000 -

¥ power is above normal by > 10%

T~ power is below normal by >10%
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Table 10

Tvpe | Error and Power Values for the Normal Distribution

n Type | Error Power - Small | Power - Medium | Power - Large
3 054900 .083033 .246567 519067
16 051067 118600 474567 .853233
32 050167 193567 180767 992067
64 049900 351200 975867 1.00000
128 048700 614467 999867 1.00000

However, one set of regression models was investigated for the power results. This set of
models used the contamination index and sample size as the predictor variables. To avoid the
difficulties created by inflated Type | error rates, this set of models included power values from
populations with a Cl value less than 0.20. Therefore, populations 25, 26 and 27 were not
included in the regression models. The CI value of 0.20 was chosen by examining Tables 2 and 3
concurrently. It was noted that Type [ error rates are inflated beyond Bradley's very liberal
criterion for populations with a CI greater than 0.20. Interestingly, populations 16, 17, and 13
have CI values close to 0.20 and the Type I error rates for these populations satisfy only the very
liberal criterion for robustness of validity. The skewness and kurtosis values did not lend
themselves to such a clear demarcation. Therefore, power models were not developed using
skewness and kurtosis values.

One set of models was created for each effect size value investigated in the study (i.e.

small, medium, and large). The R2 values are summarized in Table 11.
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Table 11

R-squared Values for the Regression of the Contamination Index on Power at Small. Medium. and

Large Effect Sizes

Model RZ

Power Small ES = Constant + CI + N 9885
Power Small ES = Constant + N 0359
Power Medium ES = Constant + CI + N .6579
Power Medium ES = Constant + N .6578
Power Large ES = Constant + CI + N 3744
Power Large ES = Constant + N .3726

Two interesting results are found in Table 11. First, itis clear from the comparison of R2
values for the models which contain only the constant and N, that sample size is the variable which
accounts for almost all of the variance in power in these models. The CI viriable was insignificant
when included in the model on its own. This is true for all three effect sizes. The CI accounts for
very little variance in the power values when Type [ error is protected. This regression model is of
no practical use since the influence of sample size on power is well known and documented (e.g.
Cohen, 1977). The second interesting result shown in Table 11 is the decrease in R2 values as the
effect size value increases. This result is easily explained by a quick examination of the tabled
power values. As the effect size increases, the number of tabled power values which approach or
actually reach 1.0 increases. This trend is logically consistent with the nature of power and effect
sizes. That is, the power to detect a large effect size should be considerably greater than the power
to detect smaller effect sizes. The effect of this trend on the regression model is to reduce the R2
value because the amount of variability in the results is considerably reduced. This is why the R2
values for the regression model decrease as the effect size increases.

As with the earlier regression models for Type I error, a logit transformation of the power
- values was conducted and regression models for these transforméd values were calculated. The

trend of decreasing R2 values as effect size increases was not observed for the logit power models.
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The reason for this is clear. The logit transformation process effectively stretches the scale of the
power values. The power values in Tables 7, 8, and 9 are all in the interval of O to 1. As the effect
size increases, many of the tabled values approach or equal 1.0. As stated earlier this effectively
reduces the variability in the results and lower R2 values are found for the regression models. This
problem does not occur for the logit transformed values. The scale is stretched beyond 1.0 and
greater variability in the resulis is permited. The observed R2 values for the ransformed power
results were all .95 or greater. However, as noted for the untransformed power models, sample
size accounted for almost all of the variance in power values at all three effect sizes.

In conclusion, regression modeling of the power values is not a satisfactory method of
analysis. The only variable which is shown to be important is sampte size. The relationship
between sample size and power is already well known and documented. For this reason, the
analysis of power results was undertaken using a method similar to Bradley's robustness of
validity criterion and then using power curves.

A fairly stringent criterion for robustness of efficiency can be devised by applying the same
criterion as Bradley suggested for the Type [ error rate. Therefore, power values which fall
beyond + or - 10% of the power values actually obtained for the normal distribution are highlighted
in Tables 7, 8, and 9. An asterisk (*) indicates that the power value for the contaminated
population exceeded the normal value by more than 10%. A (+) symbol indicates the power value
for the contaminated population was below the normal value by more than 10%.

An examination of Tables 7, 8, and 9 reveals a number of interesting trends.’ For the small
effect size (Table 7) the power of contaminated populations is sometimes less than the power of the
normal and sometimes greater than the power of the normal (shown in Table 10). Symmetric
contamination results in a power advantage over the normal distribution. Asymmetric
contamination results in a power loss relative to the normal distribution. For the medium effeét
size (Table 8) only two cells are beyond the fairly stringent criterion for robustness of efficiency. -
This means that robustness of efficiency is greater for medium effect sizes than for small effect

sizes. Both of the cells in the medium effect size table which do not meet the fairly stringent "
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criterion involve symmetric contamination and result in an increase in the power value relative to
the normal distribution. In addition, both of these cells reflect a standard deviation of P of 3.0.
The sample sizes for these cells are 8 and 16 resl:;ectively. For t- large effect size (Table 9) three
cells lie beyond the fairly stringent criterion for robustness of efficiency. All of these cells are for
sample sizes of 8 and have a standard deviation of P¢ of 3.0.

The results is Tables 7, 8, and 9 can be summarized with a few general statements. The
robustness of efficiency of the one-sample 1 test decreases as the effect size becomes smaller. At
small effect sizes asymmetric contamination results in a power loss. Paradoxically, symmetric
contamination results in a power advantage. For the medium and large effect sizes power
differences are only noted for small samples sizes (i.e.. 8 and 16). For these sample sizes the
power of the contaminated distributions exceeded the normal. Therefore, researchers should be
aware that power differences for contaminated distributions will be most noticeable at small effect
sizes or when small sample sizes are being used for medium and large effect sizes.

WEer v

A third form of analysis was applied to the power data in order to better understand the
resuits. The power values have been converted into power curves using the program MacCurveFit
(Raner, 1993). Only those cell's in the design which satisfied the fairly stringent criterion for Type
I error rate were included in the calculation of power curves. The reason for this decision, as
stated earlier, is that when the Type 1 error rate is not maintained the obtained values are not
actually power values. The first step in calculating these power curves was to enter the Typel.
error rate and the power values for the smail, medium and large effect sizés (from Tables 3,7, 8,
& 9) into the MacCurvefit program. These values were plotted on the Y axis with the effect size
plotted on the X axis. A second order polynomial curve was fit to the data values usiﬁg the
equaﬁon Y= ax2 + bx +c. The program calculates an R2 value 1o show the degree of model fit
between the second order polynomial and the data values. In all cases this value excceded 94 and
in the majonty of cases the R value was .99. These R2 values provide evidence that a second

order polynomial is thc appropnate funcuon to describe the power curves in this study.
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A power curve for each cell was plotted on one graph together with the normal power curve
for the same sample size. Figure 3 is an example of one pair of power curves for population 12 at
a sample size of 8.

Figure 3, Normal and contaminated power curves for population 12 (n=8).

Power Curve for Population 12 (n=8)

0.66
0.6
0.54
0.48
0.42
0,36
0.3
0.24
.18
0.12
0.06
0 -

power

| 1 | I
0 - 0.2 0.4 0.6 0.8

effect size

The curve denoted by squares is for the contaminated distribution. The curve denoted by circles is
for the normal distribution at a sample size of 8. The advantage of plotiing the two curves together
on one graph is that it permits an immediate compaﬁson of the power under normal and
contaminated populations. For this example the contaminated distribution has a power advantage
at every effect size beyond approximately 0.1.

A visual inspection of these graphs provides some insight into how the power values for
the contaminated distributions compare to the normal. However, it is more useful to find a means
of quannfymg this difference. The polynomml expression Y= ax2 + bx + ¢ can be used to quantify
the power difference. The a, b, and ¢ values t‘rom the polynomial expression were recorded for
each con;aminated cell in the design. The values for the normal distribution are refem:d toasd,e,

and f, respectively. The area bethéen the power curve for the contaminated population (a,b.c) and
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the power curve for the normal population (d,e.f) for a given sample size is then calculated. The

calculation of this atea is achieved by determining the integral of the two functions using formula

(3).

0g
g(x}= Jr(.r) = n{.x)dx
0

0.8
= j(af +hx+¢)—(de +ex + fdx
1]

=__-(";‘i)().8’ +Q;—(3)0.82 +(c-08  (3)

-

This integral is evaluated for the interval from 0 t0 0.8 because this is the range of effect sizes for
which power values were obtained in the study. For example, for population 12 at a sample size
of 8 the values for a, b, and ¢ obtained from the MacCurv‘eFit program are 705536, .139940, and
0446441 respectively. The values for d, e, and f refer to the obtained values for the normal
distribution at a sample size of 8 and are .681490, .0392235, and .0527365 respectively. By
substituting these values into equation (3) the area between the two power curves is determined.
For this example the area is .02985921.

This method is demonstrated by Keller-McNulty and Higgins (1987) using values from a
study of robust permutation tests for location. These authors report the area between the two
power curves directly. However, the magnitude of these area values is not easily interpreted. For
this reason the ratio of the area between the normal and contaminated power curves is compared to
the total area below the normal power curve and then expressed as a percent. These values are
shown in Table 12. Positive values represent a gain in pdwer for the contaminated population over

the normal distribution. Negative values represent a power loss.
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Tabls 12 Power Difference Relative to the Normal Distribution Expressed as a Percentage

Standard Deviation of P¢
Proportion | Mean Shift n 0.5 1.75 3.0
01 0 8 1.13 2.46 -
16 -0.72 1.96 3.35
32 0.53 2.33 2.46
64 0.20 1.50 1.29
128 0.38 1.68 1.49
1.5 g 0.11 257 224
16 -1.28 -2.45 1.65
32 -0.05 -0.80 2.08
64 -0.19 -0.98 0.94
128 -0.14 -1.03 0.81
3.0 8 ~1.86 -3.52 3.17
16 1.84 -3.33 3.77
32 1.22 -1.69 3.30
64 1.21 -2.10 1.52
. 128 1.22 -2.36 1.74
.08 0 8 0.12 8.00 17.46
16 -2.38 478 7.49
32 -1.56 3.34 1.17
64 -1.24 2.66 0.52
128 -1.30 2.39 0.02
1.5 8 - 440 2.59
16 -2.85 -0.58 3.42
32 -0.97 1.67 1.90
64 -0.57 0.51 -0.43
128 -0.87 1.01 -0.33
3.0 8 - - :
16 - - -
32 1.93 - -
64 0.85 . -
__ _ 128 1.09 - 1.20
.15 0 8 4.30 2.70 -
16 0.19 0.11 -
32 0.84 -0.85 -1.06
64 0.07 -0.58 -1.68
128 0.02 -0.70 -1.79
1.5 8 -2.25 . 2.59
16 2,19 - .
32 -0.31 -0.65 -
64 -0.15 -1.82 -
128 -0.36 - -
3.0 ] - - -
-- 16 . - -
. 32 0.10 . -
64 -0.57 - -
128 -0.71 -0.28 -,

+ values indicate power advantage

- values indicate a power loss
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One minor difficuity was experienced in the calculation of the integrals whenever the two
power curves crossed. The area between the curves which is outside the point of crossing is
subiracted from the area between the curves. This may alter the accuracy of the power difference
being calculated. Since the power curves in this study cross in less than 10% of the cases and the
area beyond the point of crossing is typically very small, this difficulty is noted but is of no major
conce.... Keller-McNulty and Higgins (1987) also show crossed power curves in their study.
However, they do not discuss what procedure, if any, was used to address this problem.

An examination of Table 12 can lead to some general conclusions. In only one cell is a
power advantage greater than 10% noticed. This cell is population 12 at a sample size of 8. Most
of the remaining cells in the table reflect differences of less than + or - 2%. The limitation inherent
in the use of power curves to analyze robustness of efficiency lies in the fact that the importance of
effect size as a variable cannot be determined. Table 12 does not indicate the effect sizes. The
examination of power curves such as Figure 3 allows only 2 rough visual examination of the
power differences at each effect size. This is unsatisfactory given the importance of considering
effect size for the data analyst. For this reason the analysis of the power values through tabulation
of the results and application of the fairly stringent criterion is preferable in determining how power

values are affected by variations in the parameters of contamination.
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Discussion

In the introducticn to this thesis four aspects of the present Monte Carlo study were
described as expansions into new territory. The results concerning the robustness of validity and
efficiency of the one-sample t test are discussed within the framework of these four novel areas.
The first novel area introduced in this thesis is the systematic range of nonnormal populations
which were generated using the contamination model. Previous researchers explored a very
limited range of nonnormal distributions and focused on either mbustnes$ of validity or robustness
of efficiency. These researchers typic;tliy- used methods of data generation which are more relevant
to investigations of truly nonnormal underlying population distributions. The use of contamination
models in the present study allowed for a much more panorarnic view of the factors which
influence the robustness of the one-sample t test to outlier contamination.

Specifically, the results indicated that the one-sample t test satisfies a fairly stringent
criterion for robustness of vatidity for most of the degrees of contamination examined in this study.
Robustness of validity is only seriously compromised when contamination is asymmetric and the
proportion of contaﬁninution is 15%. The effect of contamination on robustness of validity in this
study is to increase the Type I error rates. This finding is contrary to the conservative effect noted
by Boneau (1960), Rasmussen (1985), and others, for the independent samples t test. Bradley
(1980a, 1980b, 1980c) found the Type 1 ei.or rates were sometimes far greater and sometimes far
less than the nominal rates for the one-sample t test when sampling from the L-shaped distribution.
The results from the present study indicate that an inflation of Type I error occurs quite consistently
when contamination is asymmetric and the proportion of contamination is 15%.

With reference to robustness of efficiency, the results of this study indicate that when
robustness of validity is inflated, the power of the one-sample t test cannot be determined. If
robustness of validity is intact then power values are maintained When ;nedium and large effect
sizes are examined. This means that given prbtected Type | error rates, the power values are also

reasonably close to the expected normal values for medium and large effect sizes. For medium and
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large effect sizes power ditferences are noted only for sample sizes of 8 and 16. However, when
small effect sizes are being investigated. the power values are not as expected. Specifically, at
small effect sizes, asymmetric contamination results in a power loss. Again, paradoxically,
symmetric contamination results in a power advantage over the normal distribution for these small
affect sizes. These effects are exacerbated when sample sizes are small. These reéults differ from
the reduced power noted by Rasmussen {1985) and Zimmerman and Zumbo (1993} for the
independent samples t test. Both of these studies showed that power is improved when outliers are
removed from the data set. Clearly, the inclusion of effect sizes in Monte Carlo studies of
robustness of efficiency is an important factor in developing a full understanding of these
relationships.

Contamination models provide an excellent method for investigating robustness in Monte
Carlo studies. Both symmetric and asymmetric contamination of varying degrees can be readily
simulated. This is an important asset of this methodology in light of the results observed for the
one-sample t test. That is, both robustness of validity and robustness of efficiency functioned
differently under conditions of symmetric versus asymmetric contamination. In addition, the
identification of complex interglctions is made possible using the parameters of the contamination
model. This advantage is more thoroughly examined in the discussion of the fixed effects
regression modeling techniques. One final advantage 10 the use of contamination models should be
mentioned; these models facilitate the replication of Monte Carlo studies and also provide a |
framework for future research. Specificaily, the expansion of the parameters of the contamination
model would permit a researcher to examine different degrees of outlier contamination.

The second novel area presented in this thesis is the use of a contamination index proposed
by Zumbo (1993). Thie use of the Cl enables a data analyst confronted with outlier contaminated
data to quantify the degree of contamination present. In addition, the robustness of validity of the
one-sample t test can be modeled effectively using this index. The use of the CI together with
sample size accounted f‘of about 40% of the variance in Type | error rates. The addition of the

CI*N interaction results in a total of about 48% of the variance being accounted for. The CI model
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hzs three advantages over the model using skewness and kurtosis. First, a greater proportion of
variance in Type | error rate is accounted for using CI. Second, since CI and sample size are
uncorrelated the model can be more easily interpreted than the skewness and kurtosis model. The
third advantage is that CI is conceptually linked to the presence of outliers. Skewness and kurtosis
are more appropriutc when true nonrormality is being considered. The advantages of the ClI model
lend support for the continued application of this proposed method for quantifying contamination.

For the educational researcher the results of the robustress of validity portion of this study
indicate that a data set with a CI beyond about 0.20 will result in an unacceptable infladon in the
Type 1 error rate. This effect is most serious when small samples (i.e.. n < 16) are being used.
This observation can be clearly demonstrited by inserting the values for the ClI located in Table 2
into the regression model. For example, the Cl value for population 1 is 0.0009. Given the
equation TYPE 1=.0489 + .000C1*N + .0813*CI - .00057(N*CI) and a sample size of 8, the
Type I error for this cell would be .0490. In comparison, for population 27 the Cl is .3419 and
‘the Type I error rate which would be associated with this degree of contamination for a sample size
of 8, according to the model would be .(0752. Interestingly, for this sample size and a CI value of
0.20 the resulting Type 1 error rate predicted by the model is .0714. The considerable inflation in
Type [ error rates for values beyond a Cl of 0.20) is unacceptable because it can result in false
claims of statistical significance. The values from the regression m&el using CI are intuitively
comect. That is, population 1 is characterized by 1% symmetric contamination and results in litte
change in Type I error rate. By contrast, populationlz.z'? is characterized by 15% asymmetric
contamination and results in a serious inflation of Type I error rate. This consistency in the results
lends further support for the continued development of the Clasa useful measure of |
contamination.

The third front which this thesis expands upon is in the examination and expression of
results through regression modeling (i.e. response curve modéling). hevioﬁs Monte Carlo studies
in this area have principally relied upon tabulation and narrative description in the presentation of -

results. The results of this thesis were analyzed extensively using regression. Regression
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modeling is of limited use in the analysis of robustness of efficiency for two reasons. First,
regression modeling could not be used with the parameters of the contamination model or with the
skewness and kurtosis values because of the existence of a large number of empty cells in the
design. These empty cells are the result of inflated Type I error rates. If regression modeling is
attempted with these empty cells included in the design, the resulis are difficult to interpret. In an
atternpt to overcome this ditficulty, regression models for power were examined using the
contamination index. The empty cells were removed from the design by including only those
populations with a CI value less than 0.20. The results of these regression models demonstrated
that sample size accounted for nearly all of variance in power values. If an impact of contamination
on power values exists, it could not be discerned. This is the second problem encountered when
regression techniques are used for the analysis of power values. The relationship between sample
size and power is already well known and documented. Thus, the use of regression modeling for
power results does not contribute any new information to the field of robus‘mess.

Regression modeling was much more useful in the examination of the robustaess of
vatidity results in this study. The criterion for robustness of validity introduced by Bradley
provides a useful starting point for examining the Type 1 error rates. However, this criterion
cannot be used to investigate the complex interactions among the variables which influence Type 1
error rates. Regression models of the parameters of contamination indicate that mean shift and
proportion of contamination account for the greatest portion of variance in Type I error rate.
Sample size is negatively correlated with Type | error rate. As the sample size decreases the Type 1
error rate increases. The real benefit of applying regression techniques to this Monte Carlo study is
that the models guided our interpretation of Type i error rates. Clearly, the three-way interactions
which became evident through modeling were not readily discernible from the tabled values and
their narrative description. d

Thc regress:on model which resulted from this process is informative for social science
methodologists seeking a better understanding of the performance of the onc-sample t test.

However, this model is of little use to data analysts confronted with outlier contaminated data

"
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because the parameters of contamination cannot be determined. Two sets of models of practical
relevance to data analysts were explored: the skewness and kurtosis moﬂels and the contamination
index models. The use of the CI model is recommended and the reasons for ...is choice have
already been outlined.

One limitation of the use of regression models for the analysis of Type I error results must
be discussed. The use of R2 values as a method of assessing these models is somewhat
problematic for two reasons. First, the R2 values have a slight positive bias (Darlington, 1990).
The second difficulty with the use of these R2 values is that there is not much variance in the
results of this Monte Carlo study. This may be true in other Monte Caflo studies. When very little
variability exists in the results a large proportion of the variability may be due to sampling
variability and not to any of the variables under investigation. When regression modeling is used
for these results most of the variance is due to sampling or error variability and the R2 value is
attenuated. Therefore it is difficult to assess the appropriateness of these models. For example the
CI model including interaction terms accounts for about 48% of the variance observed. Itis
difficult to determine the meanir'{gfulness of this amount of variance.

The fourth new area explored in this study is the quantification of the concept of robustness
of efficiency. Since no methoa of quantifying robustﬁc:s:sfgf efficiency was evident in the
literature, a criterion for robustness of efficiency similar tc the Bradley criterion for robustness of
validity is proposed in this tt\ié’éis. This criterion provided the most useful method of summarizing
the power results in this study. The limitations of regression modeling of the results for power
have already been discussed. Power curves have been used in some of the published Monte Carlo
 studies reviewed in this thesis. However, the use of power curvéé as a method of summarizing
results is problematic becausé the importance of effect size in assessing power cannot be discerned
from these curves. The fairly stringent criterion for robustness of efficiency proposed in this thesis
requires the power difference between the contaminated pdpulation and the normal populaﬁon to be
within + or - 10% of the normal value. ‘

This study provides further support for the apparent sensitivity of normat theory tests to the
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asymmetry of the distribution. Harwell and Serlin (1989) state that there is a difficulty in checking
the normality assumption of normal theory tests. However, herein is presented a possible route to
alleviate this difficulty, the contamination index. The chatlenge is to conduct further research

investigating the performance of this index.
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Standard Deviation of P¢

Proportion | Mean Shitt n 0.5 1.75 3.0
.01 0 3 085333 087367 092833
16 119400 125233 127900
32 198000 209167 214333*
64 .355067 .375933 374767
128 .622433 .652233 .648667
1.5 8 084967 079500 081200
16 .118067 113733 117300
32 .194933 187267 202000
64 .348933 332800 .365900
128 .610800 .590400 .633167
3.0 8 079733 .0749337 079167
6 120500 .105200% 118700
32 .198700 .1693337% .200600
64 .369033 3107001 371033
128 641733 | 560033 654100
.08 0 8 084667 080933 089767
16 111533 L131733* | .132200*
32 186067 .217700% | .213267*
64 329800 |-.396733* 372200
128 .584400 668433 .614967
1.5 8 082600 0677337 | 0646677
16 112367 .1055331 | .094800%
32 186633 187267 1696671
64 .340833 352600 .329533
128 594733 .637333 605533
3.0 8 063533 050533 049500
16 097400 079700 072533
32 177833 148367 142433
64 355467 317167 328900
) 128 638867 599900 .640433
.15 0 8 086700 082500 085433
16 121567 120667 129167
32 .200667 189567 199133
64 351567 .344000 335300
128 .614700 598000 573133
13 8 085133 060100 | 0553007
16 118033 086200 084300
32 194467 .158667% 161667
64 .348900 .304333¢ 330967
128 605233 | 570767 611033
3.0 8 059367 051033 040933
16 089100 072267 059033
32 1641677 145900 129567
64 326433 312433 313800
128 597233 .606600 628067

¥ _power is above normal by > 10%

T - power is below normal by >10%
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Table 14 Complete Power Table for Medium Effect Size
Standard Deviation of Pg
Proportion [ Mean Shift n 0.5 1.75 3.0
.01 0 8 249500 252867 262833
16 468900 483567 492800
32 784400 797600 796633
64 975933 980000 977533
128 999933 999900 999700
1.5 8 245667 .239400 254767
16 465733 458867 486767
32 .779633 775500 800700
64 974867 975133 979233
128 999833 .999800 999933
3.0 8 .240867 236367 255767
16 484200 455967 498100
32 792000 J78233 815700
64 981267 974533 984267
. 128 i99867 999833 999900
08 0 ] 247100 371033 | .299867* |
16 462400 501967 .528567*
32 767533 804100 785033
64 973300 981667 967367
128 999867 1.00000 999467
1.5 8 238700 234433 251500
16 456733 473067 508833
32 774133 803967 822600
64 975100 982967 985800
128 999967 999933 999867
3.0 b 211067 ..208200 234133
16 466133 475633 505333
32 815867 831200 864833
&4 985867 - 989400 994467
128 1.00000 1.00000 1.00000
15 0 8 260367 255667 315600
16 474667 475733 526933
32 785067 174233 768133
64 976700 972333 961600
) 128 999900 .2?9800 999633
1.5 ] 238500 214933 251767 |
16 459200 456700 516200
32 776067 798433 835367
64 975167 983600 986033
128 999867 999900 1.00000
3.0 ] J90633 187433 .
- 16 446633 - 461367 503567
32 803167 835333 877667
64 986033 991633 995833
128 " 999967 1.00000 1.00000

¥ power 1s above normal by > 10%

¥ - power is below normal by >10%
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Standard Deviation of P
Proportion | Mean Shift n 0.5 1.75 3.0
.01 0 8 21733 326967 542233
16 .849400 .860900 .863900
32 991967 993367 988300
64 1.00000 999967 999967
128 1.00000 1.00000 1.00000 |
1.3 8 S15600 512233 533467 |
16 847067 848833 | .862633
32 991467 991767 992500
64 599900 1.00000 1.00000
128 1.00000 1.00000 1.00000
3.0 & 517633 518067 549200
16 .867533 .854467 881967
32 993600 993567 996167
64 1.00000 1.00000 1.00000
. 128 1.00000 1.00000 1.00000
08 0 8 515700 548900 .605367°
16 .846100 864467 852867
32 990700 992267 978067
64 1.00000 1.00000 999800
128 1.00000 1.00000 1.0000
1.5 8 510267 .529067 .588733°
16 .848267 .874133 .895467
32 991600 995500 994400
64 1.00000 1.00000 1.00000
128 1.00000 1.00000 1.00000
3.0 8 533833 549067 004233
16 892233 914733 931933
32 997300 999100 999133
64 1.00000 1.00000 1.00000
_ 128 1.000G0 1.00000 1.00000
A5 0 8 331733 535033 618300
16 .850533 .846800 838433
32 991467 950167 978267
64 1.00000 1.00000 999767
_ 128 1.00000 1.00000 1.00000
1.5 8 504833 529867 .610100"
16 .843500 884533 899967
32 992100 996167 995033
64 1.00000 1.00000 999967
128 1.00000 1.00000 1.00000 .
3.0 8 303900 547567 629967
16 891500 | 928233 952833
32 998100 999433 - 999767
64 1.00000 1.00000 1.00000
128 1.00000 1.00000 1.00000

¥ power is above normal by > 10%

T - power is below normal by >10%





