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Abstract

This thesis introduces techniques of analysis of electromagnetic wave propagation
problems that can be used in the computation of near field using the Finite Element
Method. The techniques are usable in situations involving three-dimensional struc-
tures as well as those exhibiting axial symmetry. For three-dimensional structures
vector finite element formulation is employed for the computation of both magnetic
and electric field vectors. For the axisymmetric configurations nodal finite element
method has been implemented in modelling coaxially driven structures. The meth-
ods are used to model problem configurations involving structures of interest in the
field of EMI/EMC and antennas, such as a dielectric ring resonator antenna, coaxial
junctions and a cylindrical monopole antenna. The modelling is done in frequency
domain and the results of the modelled structures are provided. A neural network
approach to the solution of electromagnetic field problems is also introduced. The
results compare well with the published experimental as well as theoretical results

obtained on the same structures.
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Chapter 1

Introduction

1.1 Motivation

The finite element method (FEM) has been widely used, for a very long time in com-
putational electromagnetics. Several papers and books have been written detailing
the theory and application of the FEM in electrostatics, magnetostatics, and electro-
magnetic wave propagation problems. FEM is found handy for its ease in dealing with
strongly inhomogeneous problems and those configurations comprising structures of
irregular shapes.

Despite the FEM'’s popularity in electromagnetics, it is only closed boundary-value
problems that have been dealt with extensively. Problems that involve scattering and
radiation of electromagnetic fields have not been covered much owing to the difficulty
in accomodating the open boundaries which are often encountered while modelling
those types of problems. Moreover, while radiation problems have been attempted in
a few cases, the modelling of the excitation source in most cases has not been accurate
- approximate, non-practical feed models have been used.

The traditional FEM that uses nodal basis functions in many cases is known to
suffer from the problem of implementing correctly material interface boundary condi-
tions. As will be discussed in detail in Chapter 2, the most common way of assigning a
single value of the uknown field at all the nodes placed directly at the interface of two
different materials, only satisfies exactly the continuity of the tangential component

of the computed field but violates the continuity condition for the normal component



of the field. One is forced to use fine discretization [1] near the interface to alleviate
the problem.

If the problem geometry consists of sharp conducting and/or dielectric edges and
tips. the traditional node-based FEM suffers from the problem of singularity [2]-[3] of
the transverse field. Since some of the components of the field are infinite at the edges
and tips. it becomes impossible to implement boundary conditions associated with
those field componets. Without proper implementation of the boundary conditions
the solution cannot be unique. There are various techniques suggested to alleviate
this problem as discussed in greater details in Chapter 2, but the fact remains that
sharp edges and tips are not handled well with the traditional FEM.

Added to the above limitations and shortfalls, there has always been the problem
of spurious [6], non-physical solutions resulting from the implementation of nodal
FEM. Spurious solutions are discussed in greater details in Chapter 2, but in short.
they are explained to be a result of the failure of the nodal FEM formulation to satisy
the divergence condition: V - (uH) = 0 for the magnetic field'and ¥V - (¢E) = 0 for
the electric field, in a source free region.

Several approaches have been used to curb the problem of spurious solutions. from
the use of special interpolatory functions, to the use of penalty functions, both in the
nodal FEM formulation. Those approaches increase the complexity of the problems
and in most cases have been found not to serve the purpose.

The purpose of this work is to develop FEM modelling tools that do not suffer
from the above-mentioned shortfalls and yet covering a broad range of problems of
practical interest. A technique is developed for modelling radiation problems with
very correct models of the feeds in the way they are practically realized in many cases.
The work introduces a simple and accurate method of analysis of a class of microwave
structures that are coaxially-fed with emphasis put on driven antenna structures.

The problem of the implementation of boundary and material interface condi-
tions as well as that of spurious solutions is tackled by the use of the vector finite
element method (VFEM). A detailed three-dimensional vector finite element analysis
of scattering as well as radiation problems is covered in this work.

The prime motive is to devise a tool that would accurately model situations of

interest in the field of Electromagnetic Interference and Compatibility (EMI/EMC)



as well as in antennas. In this age where faster and faster high speed systems are
invented and widely used. the problem of EMI has never been more important and
especially right at the component level. The clock rates used and the high power
demand have outgrown and rendered useless the conventional ways of using circuit
models that were only useful in low frequencies. Now more and more designers rely
on full wave analysis and modelling of the systems and components involved. And
that is what makes this work very important to the task in question.

The second main motive, although somewhat related to the first, needs a sepa-
rate mention. There has been a great concern these days of the hazards associated
with electromagnetic waves especially in the near field. Measurements have shown
potential hazards associated with poor designs of hand-held mobile phones. It is
also known that in the proximity of high-powered broadcasting antennas. there exist
"hot spots” of very high field values especially on the nearby building structures. To
analyze all those cases one needs to obtain the near field solution which is not only
difficult but also requires a lot of computer resources. This work is intended to offer
an alternative to the computation of near field in an optimum usage of the computer

resources.

1.2 Thesis Organization

The thesis has five main chapters covering all the aspects of this work including the
underlying theory upon which it is based.

Chapter 1 of the thesis, briefly explains the motivation behind this work, the
organization of the thesis and the contributions made.

The finite element method as applied in electromagnetics is introduced in Chapter
2. First a brief introduction of the basic concepts and equations in electromagnetics
is provided. Emphasis has been put on the theories governing electromagnetic wave
propagation and Maxwell’s equations. A special section is included to cover various
boundary conditions frequently encountered in electromagnetics. Various aspects of
the implementation of the FEM in electromanetics are discussed in this chapter.
The problems arising from the implementation of the FEM in electromagnetics are

discussed in depth along with the ways to avoid them.



Chapter 3 of this thesis introduces frequency domain analysis of coaxially driven
axisvmmetric microwave structures. Discussion of the implementation of the nodal
FE)M to closed and open problems involving coaxial feeds is provided. Results are
provided from the implementation of the method to a dielectric resonator antenna.
A rigorous explanation is given for the accurate modelling of the coaxial feed and rhe
implementation of the radiation boundary conditions. The beginning of the chapter
reviews several works that attempt to solve the problem in question using various
techniques. This chapter includes the discussion on the implementation of neural
network techniques in typical electromagnetic field problems. As an example. the
implementation of neural networks in the design of a dielectric ring resonator antenna
is introduced and discussed.

Vector finite elements are introduced in Chapter 4 of this work. first the the-
ory and then the three-dimensional implementation in the solution of scattering and
radiation problems. Both the electric and magnetic field formulations are provided.
Computational results are provided for both scattering and radiation problems solved
using the vector finite element method. .

Chapter 5 of this work is the Conclusions in which a summary of the work done
is provided and recommendations for future work are given.

Appendix A describes the diagonally preconditioned biconjugate gradient method
used to solve sparse complex system of equations resulting from the three-dimensional

vector finite element formulation.

1.3 Contributions and Accomplishments

As mentioned earlier in this chapter, the main motive of this work was to realize an
electromagnetic field modelling tool that could be easily integrated with the avail-
able computer-aided design (CAD) tools that are presently incapable of solving very
high frequency problems. That task was successfully accomplished by providing a
three-dimensional electromagnetic field modelling tool that can solve both scattering
and radiation problems, as well as a specialized tool for geometries exhibiting axial
symmetry and driven by coaxial lines. The modelling tool is already being emploved

in the novel technique for field computation using neural networks. The modelling



tool provides the training data sets.
In the course of realizing the field modelling tools. the following contributions were

made:

e A novel technique to model accurately the coaxial feed in the finite element
frequency domain solution, is introduced. The feed model takes into account

the higher order modes that may be present due to discontinuities.

e With the new feed model and the application of absorbing boundary conditions.
a new technique is introduced for frequency domain modelling of coaxially driven
radiating microwave devices. New dielectric resonator antennas of novel shapes
and superior broadband characteristics are modeiled with this technique and

introduced for the first time in this work.

o Electromagnetic field solution that implements neural network techniques along

with the finite element method is introduced and shown to work very well.

e As far as I know this work is among a few in the literature that implements
vector (edge) finite element method (VFEM) not only to scattering problems
but also to driven antenna problems. Closed-form expressions for the resulting
integrals for almost all the cases of interest are provided for the first time in

this work. Those will be of great benefit to future researchers in that area.
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Chapter 2

The Finite Element Method in

Electromagnetics

For the sake of completeness, a brief review of the implementation of the finite element
method in the field of electromagnetics will be provided in this chapter. The first to
be discussed will be the most important concepts of electromagnetics. This is to
provide the reader with the background upon which this work is based on. The
emphasis will be put on the theories, equations and boundary conditions encountered
in electromagnetic analysis of the problems tackled in this work. In general. solution
of most problems of electromagnetics, involves the solution of the famous Maxwell's
equations. The Maxwell's equations and the way they are used to formulate boundary-
value problems ready to be solved using the finite element method [6], will be the

main subject of this chapter.

2.1 Maxwell’s Equations

Electromagnetic phenomena are governed at the macroscopic level by a set of funda-
mental equations called, Maxwell’s equations, named after James Clerk Maxwell who
published them in 1873. The equations relate various electric and magnetic quanti-
ties. In their point or differential form, the general time-varying Maxwell's equations

are written as follows:



VxE = —
X ot (2.1)
- -8D -
\vs H = — 4+ D) )
X ot (22)
V-D = (2.3)
V-B = (2.4)

All the electric and magnetic vector quantities are functions of space and time
and are defined as follows:
E is the electric field intensity, in volts/meter
H is the magnetic field intensity, in amperes/meter
D is the electric flux density, in coulombs/meter?
B is the magnetic flux density, in webers/meter?
J is the electric current density, in amperes/meter>
p is the electric charge density, in coulombs/meter3.
The equation of continuity is another fundamental equation and can be written

as:

The continuity equation specifies the conservation of charge.

Of the five equations above only three are independent. The remaining two can
actually be derived from the independent equations and are thus called auzilliary
equations. The independent equations are taken either to be 2.1, 2.2and 2.3 or 2.1. 2.2
and 2.5.

Equation 2.2 is actually derived from the Ampere’s law. The Ampere’s law relates
the line integral of the magnetic field vector H around a closed path to the enclosed

current I, and it is given as

ff?-dl‘: I (2.6)

Replacing the current I by the surface integral of the conduction-current density J
over an area bounded by the path of integration of H, and also adding a displacement-

current density %% (Maxwell’s addition) to make it more general, the Ampere’s law

7



now becomes

-~ - - dD -
H-dl:/ +—1-d 2.7
}{ 5<J 8t) S (2.7)

The above is the integral or mesh form of the Maxwell's equation derived from
the Ampere’s law. The differential or point form given in equation 2.2 is obtained by
applving Stoke’s theorem to 2.7.

Equation 2.1 is obtained in a similar way starting with the Faraday’s law relating
emf induced in a circuit to the time rate of change of the total magnetic flux linking
the circuit. Equations 2.3 is derived from Gauss’ law relating surface integral of the
electric flux density to the enclosed charge. When Gauss’ is applied to magnetic field
equation 2.4 is easily derived. Each of the Maxwell’s equation thus have integral as
well as differential forms.

When the field quantities are time-invariant, we do have a case of a static field.

In that case equations 2.1, 2.2 and 2.5 can be written as

VxE =0 (2.8)
VxH = J (2.9)
v-J =0 (2.10)

whereas equations 2.3 and 2.4 remain the same. It can be observed from the above
equations that in a static case there is no interaction of electric and magnetic fields and
we can separately have an electrostatic case described by 2.3 and 2.8 or a magnetostatic
case described by equations 2.4 and 2.9, with 2.10 being a natural consequence of
2.10 since vectorially divergence of a curl is always zero.

When the fields expressed in the Maxwell's equations are harmonically (sinu-
soidally) oscillating functions with a single frequency, we have a case of a time-
harmonic field. By using the phasor representation, the time derivative §/9t may
be replaced by the factor jw since de?*/dt = jwe’*. Hence the Maxwell's equa-
tions in a time-harmonic form or for a steady-state sinusoidal time dependence can

be written as:



VxH = juD=7T (2.12)
V-D = p (2.13)
V-B = 0 (2.14)

where the time convention e’** is used and suppressed.

2.2 Constitutive relations

The three independent Maxwell's equation decribed in the previous section have more
unknowns than the number of equations. Hence the equations are indefinite. To make
them definite the constitutive relations between the field quantities are specified. The
constitutive relations are the relationships of H to B and of D to E.

For a case of an electric field £ applied to a material body, the resulting electric

flux density can generally be written as:

D=eE+P : (2.15)

where P is the dipole moment per unit volume of the created electric dipoles and
€0 = 107%/367 farad/meter is the permittivity of vacuum. For linear media. the

dipole moment per unit volume can be written as

-

P = €oxeE (2.16)

where y. is a complex constant of proportionality called the electric susceptibility.

The equation for D then becomes

,\
1§V
p—
il

~

D = eE+P=e(l+x.)E
= ¢E = ¢e,60E = (¢ — je"E (2.

i~
—
(9]
~—

where € = g(1 + x.) is called the permittivity, and e, = €/¢q, the dielectric constant
or relative permittivity of the medium.

The constitutive relation for a magnetic case is defined as

poH = B — poM (2.19)

9



where M is the magnetic dipole polarization per unit volume and pg = 47 x 107"
henrv/meter, is the permeability of vacuum. For most material. ) is linearly related

to H by the equation

M= vymH (2.20)

where xn is called the magnetic susceptibility. Using the above equation. the consti-

tutive relation now becomes

B = po(M + H) = po(l + xm)H = pH (2.21)
where 1 = pg(l + xm) is called the permeability of the medium which is complex in
the presence of damping forces just like permittivity in the electric case. Permittivity
and permeability for anisotropic materials are tensors rather than single numbers in
the case of linear isotropic materials.

Another constitutive relation relates the conduction current density J to electric
field £ as
J=0E (2.22)

\

where o is the electric conductivity of the medium.

2.3 Scalar and Vector Potentials

In a static electric case, it is seen from equation 2.8 that static electric field has a zero
curl. In vector algebra, then, the static electric field can be expressed as a gradient of
a scalar potential function ® since curl of a gradient of a scalar function is identically
zero. The electric field can thus be written as

P v £ (2.23)

—

Substituting 2.23 into 2.3 and substituting D =¢

ty,
a9
19
<
@



Equation 2.24 is the famous Poisson’s equation. When p = 0. Poisson’s equation

reduces to Laplace’s equation given as

Ve =0 (2.25)

Solution of electrostatic fields is most of the times facilitated by solving the Pois-
son's or Laplace’s equation for the potential function ¢ that satisfies the boundary
conditions of the problem.

In magnetostatic problems the idea of potential is also applied. Since according
to equation 2.4, the divergence of B is always zero, it can then be derived from the
curl of a vector potential A since the divergence of the curl of a vector is identically
zero. That is

B=VxA (2.26)

Making use of the constitutive relation B = pH and substituting 2.26 into 2.9 gives

UxpuH=VxB=VxVxdi=pul (2.27)

which by the use of the vector identity V x V x A=VV-A4-V24, and using the

gauge condition V - A =0, becomes

Vi =—uJ (2.28)

The above equation is a vector Poisson’s equation which can be decoupled into scalar

Poisson’s equation for the vector components only in a rectangular coordinate system.

2.4 Wave Equations

Using the costitutive relations discussed before, either electric field, E or magnetic
field, H can be eliminated from the Maxwell’s curl equations 2.1 and 2.2 to give rise
to a second order partial differential equation of only one unknown. For example.
when the current density, J, is assumed to be zero, the elimination of H from the

Maxwell's curl equations yields

11



VxVxE-= —#e%-tg (2.29)

Upon expanding V x V x E it becomes

VV -E-V?E = —pe— (2.30)

With the assumption that p = 0 and ¢ is constant; V - E = 0, and hence the above

equation becomes

25 O°E |
v E—uew=0 {2.31)

which is a three-dimensional wave equation. The velocity of propagation v is equal
to 1/ /pe. '
For a case of a field that changes harmonically with time, the wave equation

becomes

V2E +Kk2E =0 (2.32)

where k2 = w?pue, and k is the wave number. The above equation is also referred to
as the Helmhotz equation. The wave eqution in terms of the magnetic field, H.is of
the same form.

In a medium with finite conductivity, the conduction current density J = oE
exists and the corresponding wave equation in terms of the E field can be shown to
be

oE d%E

V2E - pgo— — — =0 (2.33
HoT o — Hof0 55 )

where it is assumed that the permittivity and permeability of the conducting medium
are eaqual to those of a free space. The above equation is also satisfied by the magnetic
field 4.

For the time-harmonic case, the Helmhotz equation in this case can be written as

V2E-: +w2,u0€0 (1 - ]_0’_> E =0 (234)

WEQ
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For good conductors such as metals, the conduction current oE is very much
larger than the displacement current weE and the latter can thus be safely neglected
to give rise to the following simplified diffusion equation

= oE

VzE - ,uoda—t =0 (235)

for the time-domain case and

V2E — jwpgoE =0 (2.36)

for the time-harmonic case.

2.5 Boundary conditions

A solution to an electromagnetic problem, just as is the case with any problem that
involves solution of differential equations, is unique only if the solution takes into
consideration the boundary conditions associated with the problem. The boundary
conditions describe the behaviour of the field around the boundary of the problem.
In numerical solution of differential equations such as using the finite element
method, boundaries are necessary to limit the size of the problem to make it solvable
in limited computer resources. Where a natural boundary does not exist, such as
in the solution of antenna problems, artificial (absorbing or radition) boundaries are
used to simulate propagation of waves to infinity. This section will discuss various

boundary conditions often encountered in solving electromagnetic problems.

2.5.1 Boundary at the interface of two dielectric media

Consider two media with parameters €, u; and ez, ug as shown in Figure 2.1(a). In
the absence of surface charge on the boundary placed in the middle of the coin-shaped
volume as depicted in Figure 2.1(b), the integral of the displacement flux, D. in the

limit as h tends to zero, is

lim fs B -dS = Dy AS — D1 AS =0 (2.37)

or
Don = Din=7-Da=7-D (2.38)

13
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Figure 2.1: Boundary at the interface of two media

where n denotes the normal component. What the above equation states is that the
electric flux linnes are continuous in the direction normal to the boundary. Similar

results hold for magnetic flux lines. That is,
Bop=Bin=1-Ba=7-B (2.39)

The boundary conditions for the tangential components of the electric field and
magnetic field are obtained by considering the integral of the electric and magnetic
field respectively over a contour C enclosing the boundary as depicted in Figure 2.1(c).
When the width A of the contour is made to approach zero, the magnetic flux flowing

through the contour must vanish,

umf E.dl= lim—ju/ B-d§ = ExAl— ExAl =0 (2.10)
h—0JC h—0 s

or
Ey = Ey (2.41)
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Likewise, as h — 0. the total displacement current vanishes.
hm}( f-dl = lim -Ja/ D -dS = HyAl — HyAl =0 (2.42)

or
Hiy = Hy, (2.43)

where t denotes the components tangential to the boundary surface. The above rela-
tions state that the tangential electric and magnetic field components are continuous
across the boundary. Mathematically, the boundary conditions above can be better

expressed as,

Ax(E;—E) = 0 (2.44)
A-(Da—=Dy) = 0 (2.45)
Ax(Ha—Hy) = 0 (2.46)
A-(B2—B1) = 0 (2.47)

where 7 is the unit vector normal to the surface pointing from medium 1 into medium
2.

In the above relations, the assumption was that neither surface currents nor surface
charges exist at the interface. In the presence of surface current density J, and surface

charge density p,, the boundary conditions can now be written as:

a-(Da—Dy) = ps (2.48)
Ax(Hy—H) = J, (2.49)

2.5.2 Boundary at a perfectly conducting surface

A perfect conductor is know to be not capable of sustaining any field inside. hence

on the surface of a perfect conductor, the field must vanish. That is

=1
3
"%
by
[
o o
I
(W] [}
— o
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where E and B are fields exterior to the conductor and 5 points away from the
conductor. This boundary can always support a surface current (J; =7 x A) and a

surface charge (p; = 7 - D)

2.5.3 Radiation conditions

For unbounded problems where the outer boundary is at infinity. a problem domain
is truncated using an artificial radiation boundary. The boundary conditions at the
radiation boundary are such as to simulate the propagation of waves to infinity. For
that reason, such an artificial boundary is also referred to as an "absorbing” boundary
since it "absorbs” the electromagnetic field waves incident on it.

The most simple radiation boundary is the one that satisfies the Sommerfeld

radiation condition [6], which for general three-dimensional fields can be written as

P ;
vx | E)sieix| Z )| =0 (2.52)
A A

where r = Vz2 + y2 + 22. This radiation condition can only be appliéd with the
assumption that the sources and the objects are all enclosed within the boundary
which itself should be in the far field.

To understand the derivation of the Sommerfeld radiation condition let us first

lim r
r=00

discuss a two-dimensional case. If a scatterer or radiator is within a finite distance
from the origin, the scattered/radiated field, ¢, in the far zone has the asymptotic
form [6]

N7
where p = VzZ + y2 and A(yp) is a function independent of p. The partial derivative

0% = A(y) (2.33)

of 4.33 with respect to p yields

do*° , 1 e~ke ( _ 1) g )
p—q —_— k._.—- ..l - -— k—- ——— oc 2. 4
% ( J zp) (#) 7 k=5 (2.54)

Equation 4.34 is the first-order absorbing boundary condition for a two-dimensional

case.
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In a general form, it can be shown (7] that the more accurate asymptotic expansion
of the Helmhotz equation for the scattered/radiated field satisfying the Sommerfeld

radiation condition is given by

2 > n <) 2 = nl+ -
op. o) = (k) 3. 2220 = 1(kp) Y 222 12.53)
n=0 n=0

2 ]

where H((,’) and H {') are the zeroth- and first-order hankel functions of the second
kind. respectively. Using the asymptotic form for Hg‘!) and H {2). equation 2.53 can
be written as

e 2 an(p)

3Jc n -
0% = (2.36)
VP Z:% "

which is the Wilcox expansion of the wave equation (8|. Taking partial derivative

of 2.56 with respect to p yields

do* - -—]IC _ _1_ d’sc _ e‘jkp i nan('{:) (-) 57)
ap 2p \/5 n=1 pn-t-l B

If the terms of order O(p~%2) or higher are neglected, the first order condition 4.34

results.

Accuracy and computational efficiency demand that the radiation boundary should
be placed much closer to the object to reduce the size of the problem domain while
at the same time limiting the reflection of the outgoing field back into the problem
domain. Higher-order radiation conditions, although more complex to implement.
become useful in that case.

For a three-dimensional case, it can be shown [9] that on a spherical surface en-
closing a radiating source, the electromagnetic fields satisfy the higher order radiation

condition,

E\ .
8m p ) =0(r~™ Y m=123,--- (2.58)

where O(r~2™"1) denotes terms of order —2m — 1 and the operator 3n is given by

BUE)=FxV xE - jkE, + (s — 1)V,E- (2.59)
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32(5-:) = fXVXé-_}két—m

x{V x [F(V x E)] = (5 = )VV - Et) = jk(2 = 5)V.E,} (2.60)
for m = 1.2. Neglecting O(r~>™~!). we obtain the approximate absorbing boundary
conditions, 3m(E) = 0. The first- and second-order absorbing boundary conditions
can readily be obtained by equating to zero the expressions given in equations refrdc
and refrdcl, respectively.

s is an arbitrary number which when set to 1, equation 2.59 reduces to the Som-
merfeld radiation condition. The optimum choice for s is shown to be s = 3 [6]. but
that leads to nonsymmetric system of equations when applied to the finite element
formulation as the first-order derivative (V.E€) is retained. Symmetric systems of
equations are desirable as they allow only upper or lower triangular matrices to be
stored in memory reducing considerably the computer memory requirement. For that
purpose a choice of s = 1, is a compromise for 2.59 and s = 2 is suitable for 2.60 [6].

The parameter s is generally set to simplify computational complexity while not
sacrificing the ability of the radiation boundary to simulate an infinite domain. The
subscript r denotes the radial component while subscript ¢ denotes the transverse

component with respect to 7, the outer vector normal to the boundary.

2.6 The Basics of the Finite Element Method

The finite element method, FEM, has been widely used in engineering and science in
the approximate solution of boundary-value problems that cannot be solved analyti-
cally. There are several references about finite element and its application the most
popular of which is the book written by Zienkiewicz and Taylor (10]. In this chapter
we will try to give a brief introduction to the finite element method with emphasis to
the way the method was used in this work.

There are two classical methods of solving boundary-value problems. namely.
Rayleigh-Ritz variational method and Galerkin's method. Those two classical meth-
ods form the basis of the finite element method as implemented today.

The Rayleigh-Ritz method is a variational approach to a solution of a differential
equation

Lo=f (2.61)
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in a problem domain 2, subject to boundary conditions on the boundarv. . L
above is a differential operator. f is the excitation function and ¢ is the unknown
variable. In electromagnetics. equations that take the form of equation 2.61. are
so many. For example. Poisson equation. Laplace equation, Helmhotz equation etc.
The boundary conditions of the problem range from simple Dirichlet (forced) and
Neumann boundary conditions, to complicated impedance and radiation boundary
conditions of different orders.

Solution of equation 2.61 by Rayleigh-Ritz method relies on the computation of
the functional associated with the problem. The solution is given by the values of
the unknown variables that minimize the functional. If the operator L is self-adjoint.

that is,

(Lo.v) = (0. Lw) (2.62)
and positive definite, that is,
>0 0#0
Lo, o : (2.63)
( ) { =0 0=0

then the solution to 2.61 can be obtained by minimizing the functional {11]
- 1, - - 1,- 1, - '
F(9) = 5(Lo.0) = 5{0.f) = 5(f.0) (2.64)

with respect to 6, where ¢ denotes the trial function. The angle brackets () denote

inner product which is defined as
(0.8) = /Qow‘dQ (2.65)

The trial function is given as
N

0 =Y civ;={c}T{v} = {v}T{c} (2.66)
=1

where v; are the expansion functions and c; are constant undetermined coefficients.
When the trial function is substituted in 2.64 the partial derivatives with respect

to c; should vanish at minimum F (0), that is

oF = iic-/(v[,v -’.—ULUl')dQ—/U,‘fdQ 12.67)
dc; 25 Y Q

=0 i=123.---.¥ E

!\J
N
(¢ 4]
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The resulting system of algebraic equations is of the form

(SHc} = {b} (2.69)

which when solved the values of ¢, would reflect the approximate solution of the
differential equation.
Now. let us discuss the underlying theory behind the Galerkin's method.
Suppose o is an approximate solution to equation 2.61, the residual. r is defined
as,

r=Lo~f#0 (2.70)

The best approximation for o is the one that minimizes the residual. By the Galerkin's

method, same as other weighted residual methods, the following condition is enforced:
R = /Q wir dQ =0 (2.71)

where R; is the weighted residual and w; is the weighting function.
The Galerkin's method differs from other weighted residual methods by choosing
the weighting functions w; same as the expansion functions v;. Thus, the residual

then becomes,
Ri=/(;(UiL{U}’T{C}-Uif)dQ=O i=1,23:--,¥V (2_‘_2)

which leads to a system of algebraic equations as in the Ritz method.

Both Ritz and Galerkin methods requires one to find a suitable trial function
defined over the entire domain of the problem. For some complex two- and three-
dimensional problems, that is a formidable task. To alleviate that problem. the
problem domain is discretized into smaller subdomains (elements), and trial solutions
are found for those elements. That simplifies the process considerably.

For example, in a one-dimensional case, the line joining the first point (node) with
the last point can be divided into subsections. Assuming the line to be stretching

along the z-axis, the trial solution, assumed linear, can be written as

0=+ P ———— (2.73)
Ti+l — Ti Ti+l1 — Ti
forz, <z <rigqandi=123---.N. Where Visthe number of nodes on the line.
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When boundarv conditions are applied. the unknowns can be computed using the
Ritz or Galerkin's method.

The technique mentioned above is known as the finite element method. FEM.
The FEM solution procedure that uses the Ritz method is known as the variational
finite element method while the one that employs the Galerkin's method is known
as the Galerkin finite element method. Furthermore. the traditional FEM at-
taches the degrees of freedom on the nodes making up the elements hence it is also
known as the nodal finite element method. The FEM solution that attaches the
degrees of freedom to the edges of the elements is known as the edge finite element
method or vector finite element method.

The FEM trial solution can be linear or of higher order. The higher the order the
better the accuracy of the solution. While for one-dimensional problems the elements
are line segments, for two-dimensional problems, triangular or rectangular elements
are often used. However, triangular elements are better in modelling irregular geome-
tries. For three-dimensional problems tetrahedra, triangular prisms or rectangular
bricks are used to discretize the geometry. The general rule of thumb is, the finer the
elements the higher the accuracy.

The trial function for an element is defined as

n

0t =3 NfoS (2.74)
=

where n is the number of nodes in the element, o5 is the value of ¢ at node of the
element, and N J‘ is the FEM interpolation function which is also known as the basis
or expansion function. N is such that it is nonzero only within element e. For a

triangular element, the linear nodal interpolation function can be written as.

Ni(z.y) = 2ie(aj +biz +cjy) j=123 (2.75)
where
af = z5y5 — y3z%5; bi=y3 — 5 cl=713-13
0§ = 55 - viah W= uf - cf =i -7
a§ = z{y5 — yfzs; by =ui- g § =128z
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and the area of the eth element is given as.

a1}

— =
3]

[T, I RT ST Y
o O

W tom r—m

Af = (h3c§ — b3cl)

| o—
o) —

3]
[~

z$ and y; denote the coordinates of the jth node of the eth element.
The interpolation functions have the property that,
1 i=j
,\/'e(xe ye) = (51-- = (2 1-6)
: . ] o, L=
ASFAR S 0 i#)
and hence at node i, 0® assumes the nodal value of.
For a three-dimensional tetrahedral element, the linear nodal interpolation func-

tion is written as,

Ni(z,y, 2) (af + bz + cfy +diz) (2.77)

1
6V
where the coeffients af, b, c¢ and d§ can be generally expressed as:

1 1 1 1 o y

a® = (=)' [zin1(yivazies) = ziravies) + Tiva(Yir32Ziv1) — ZiesYiet)

+ Tiv3(Yiv12iv2) — zt+1yi+2)] (2.78)
bf = ("";)i(yi+lzi+2 — Zix1Yi+2 T Yi+2%i43 — Z14+2Yi+3

+ Yi+3Zis1 — Zi+3Yi+1) (2.79)
¢ = (-i)i+1(ri+lzi+2 = Z;41Ti42 T Ti+22i+3 — Zi+2Ti43

+ Ti432Zi41 — Zi43Ti+1) (2.830)
d; = ("i)i(zi+1yi+2 = Yi+1Ti+2 T Tip2¥i+3 = Yir2Tis3

+ TipaYirl = Yi+3Tiv1) (2.81)

where i proceeds modulo 4 and represents tetrahedron node numbers. The volume of

the element is given as,

1 1 1 1

e _L|at 5o
61yt vs v§ us
25 2§z



Same as the two-dimensional case. the interpolation function have the property that.

. 1
‘\'f(rj! y;':;) = 5:] = {
l

J
0 J

BN

In this work, the Galerkin finite element method is used through out.

2.7 Problems of applying the finite element method

in electromagnetics

Although the traditional node-based finite element method is known to work well
in modelling many problems of interest in electromagnetics, it is known to suffer
from some limitations and shortfalls. We will discuss in this section the most serious

problems encountered.

2.7.1 Implementation of interface boundary conditions

As mentioned in the previous sections, the FEM solution is only unique when appro-
priate boundary and material interface conditions are included into the formulation.
At the interface between two different media, the following continuity conditions need

to be enforced explicitly:

xEY = AaxE” (2.83)

1}

13
X
8]
|
[0 4]
=

x H* =

&)

The above conditions can also be written as

—1:7“1 x(VxEY) = —ltr"z x (Vx E7) (2.85)
7 Hr
L (Vx HY) = Lax (Vx H7) (2.86)
er €7

When the continuity conditions 2.83 and 2.84 are imposed the natural condi-
tions 2.85 and 2.86 are automatically satisfied. The imposition of the continuity

conditions at the interface is normally done by assigning single value of the unknown
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field at each node placed right on the interface. By doing so. the continuity of the
tangential components of the field is appropriately enforced but unfortunately so is
the continuity of the normal components of the field. That is in conflict with the

actual conditions for the normal field component on the interface given as

[ RV
(9]

-1

1

n-(eET) =

A-(prHT) =

(e, E7) {
(psHT) (2.

8
w
o

=

But looking closely, we see that conditions 2.87 and 2.88 have the same form as the
natural conditions 2.85 and 2.86. Since the latter get satisfied automatically it is
reasonable to assume that the former also get satisfied to some degree. The best
way to ensure that, is to use fine discretization at the interface. That technique
was suggested and tested by Ferrari and Naidu (1] and it was found that with fine
discretization, the normal component of the field changes rapidly across the interface
just as demanded by 2.87 and 2.88. The only drawback of this technique is that with
fine discretization, the number of unknowns increases considerably thereby increasing
the computer storage requirement as well as the time required to obtain the solution.

Another approach which is a little more difficult to implement is to introduce
two nodes, side by side, at the interface, and impose explicitly ail the continuity
conditions for the tangential as well as the normal field components on either side of

the boundary.

2.7.2 Field singularities on sharp edges and tips

Practical problems of interest in electromagnetics in most cases consist of sharp con-
ducting and/or material edges and tips. It has been shown {2]-[5] that some of the
field components assume infinite values at sharp edges and tips. In that situation it
becomes impossible to specify the boundary conditions at the tip and that causes a
problem in field modelling using the node-based FEM.

To have a better understanding of the problem of field singularities on edges and
tips, take an example of a conducting wedge of angle . The behaviour of the field

around the edge can be described same as for the case of a static field where the



electric field can be expressed as £ = —Vo. where o denotes the electric scalar

potential satisfying the Poisson equation

19 ( do 1 9% ,
;g’; (P?);) -+ ;5—-; =0 (2.39)
whose solution is given by
o= ApYsinv(e + 2o) (2.90)

where A4, v, and g are the constants to be determined. p is the radial distance from
the tip of the wedge, and ; is the azimuthal angle measured from one side of the

wedge. The electric field can then be expressed as
E = —Avp" psinv(» + wo) + S cosv(p + o)l (2.91)

Using the fact that the tangential electric field iz zero on the conducting surface. the

costants are determined as

Yo = —a
T

2r —

and the corresponding magnetic field is then given as
H, = jweAp“cosv(p — a) (2.93)

The analysis is similar if we start with the magnetic field expressed as H=-Vu.v
being the magnetic potential satisying 2.89.

From equation 2.91, it is clear that when the wedge angle is less than =, v is less
than 1, and therefore the transverse components of E and H are singular at the edge
although the field components tangential to the edge remain finite.

The singularity problem is also seen to occur with dielectric edges [3]. In that
case the degree of singularity is dependent on the permittivity for the electric field
and on the permeability for the magnetic field. In other words, electric field is never
singular on a magnetic edge, nor is the magnetic field on an dielectric edge.

As it has been already evident, one of the solution around the singularity problem
discussed above is to use electric field formulation where there are magnetic edges

and magnetic field formulation in a situation involving dielectric edges. The other
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solution used is to round off the edges and tips so that sharp edges are eliminated. This
approximates the edges and it is expected that the error introduced by slight round off
will be negligible. The other approach is to use special interpolation functions based
on the known behaviour of the field around the edges and tips. But that complicates

the formulation.

2.7.3 Problem with spurious solutions

As pointed out earlier, one of the major problems encountered with the traditional
node-based FEM is the emergence of spurious non-physical solutions. The cause of
the spurious solutions is the failure of the node-based FEM solutions to staisfy the
divergence condition: V - (uf) = 0 for the magnetic field and V - (¢£) = =V - J/)
for the electric field, which reduces to V - (¢£) = 0 in the source free region.

In the derivation of the vector Helmhotz equation for the time-harmonic field. the
divergence conditions are implicitly satisfied but the problem arises in the choice of
the interpolatory functions used with node-based FEM. For the divergence condition
to be satisfied, the interpolatory functions need to be doubly defferentiable. That is.
the interpolatory functions and their derivatives have to be continuous. But that is
not the case.

In the FEM solution only the interpolatory functions are required to be continuous
but their derivatives are not required to be continuous. The solution so obtained
therefore only satisfies the governing differential equations in a weak sense and it is
therefore just a weak solution. For that reason, the solution may well fail to satisfy
the divergence condition and in that case the solution is termed as spurious or non-
physical solution.

Several approaches have been tried to avoid spurious solutions, such as the use of
interpolatory functions that have continuos derivatives, and the use of a penalty term
that exclusively enforces the divergence condition. The above methods complicates
the solution and they are not suitable in most cases.

One of the simplest techniques to avoid the problem of spurious solutions is to first
compute the electric field and then compute the magnetic field using the Maxwell's
equations and vice versa. In this way, even though the first computed field may be cor-

rupted with spurious solutions, the field computed using the Maxwell’s equations will
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be guaranteed to satisfv the divergence condition. The most appropriate technique
to avoid the problem of spurious solutions is to use a different kind of basis functions.
called vector (or edge) basis functions. The discussion of the implementation of the

vector basis functions is discussed in Chapter 4.
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Chapter 3

Frequency Domain Analysis of
Coaxially Driven Axisymmetric

Microwave Structures

The literature is full of frequency domain analyses of microwave structures for both
closed and open problems. However, analyses of microwave structures that are driven
through coaxial cables has never been complete and accurate enough to faithfully
model them in the way they are practically realized.

Frequency domain analysis of the coaxial feed itself as well as coaxial disconti-
nuities has been attempted by many researchers [12]-[15]. Their analysis, however.
would only apply to cases where the input and output ports of the driven structures
are adapted for coaxial line connection. In other words, it would not apply to general
coaxial antenna structures radiating in an open region with only one coaxial input
port.

Analyses like in [16] dealing with radiating structures in frequency domain are
many. The major shortcoming of those studies is the use of approximated feeds such
as delta gap voltage or field functions or TEM frill generators, rather than the actual
coaxial feed as is practically realized.

This chapter is devoted to the implementation of the nodal finite element method
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(FEM), in the frequency domain analysis of axisymmetric coaxial microwave struc-
tures of various output configurations. The analysis sets out to overcome the above-
mentioned shortcomings by introducing a way of dealing with open boundaries and
accurately modelling the coaxial feed.

Although here the nodal FEM is used, the choice of the method of formularion
using the azimuthal component of the magnetic field does not suffer from the prob-
lem of not treating well the material interface boundary conditions described in the
previous chapter. The computed magnetic field component is always tangential to
the material interfaces and due to axial symmetry and the method of excitation the
magnetic field component normal to the field is always zero and we need not bother
about it. Moreover, the choice of using magnetic field (as explained in the previous
chapter) has the advantage of avoiding singularities on sharp dielectric edges and tips
and it is also easy to implement boundary conditions especially on the conducting
edges using the tangential electric field. _

Coaxial microwave devices represent a very large class of structures of immense use
in microwave engineering. Hence, this analysis may be found useful in many practical
situations. Examples of the application of this analysis to practical problems are also

provided in this chapter.

3.1 The Method

The method employed is as provided in our paper [17]. Consider an axisymmetric
problem configuration in the sense that the geometry exhibits cylindrical symmetry
in the azimuthal (¢) direction and the excitation is coaxial. The field in such a
configuration may only vary in the radial (r) and axial (z) directions but must be
independent of ¢, i.e a% =0.

The field around such a geometry is governed by the Maxwell’s equations:

VxH = (0+jwe)E (3.1)
VxE = —jwpH (3.2)

where the usual notation applies.

When electric field, E, is eliminated from the two Maxwell's curl equations. the

29



following vector equation results:
VxVxH=—juu(c+jue)H (3.3)

For this tvpe of problem configuration we prefer to use cylindrical coordinates.
With the assumptions made above, the field components A, and H, are all zero and
thus equation 3.3 simplifies to a scalar form as:

8 (8H 8 (18
T 8z ( a;) o (‘T‘(rHo)> = —jwp(o + jwe)Hy (3.4)

Letting Y = (0 + jwe)~! and Z = jwyu, equation 3.4 can be written as,

a (0H,\ a (18 )
y [_8—2 ( = ) -5 (:a—r(rHc,))] +ZH,=0 (3.5)

Now equation 3.5 is to be solved for H, in the problem domain subject to the

boundary conditions of the problem. Direct solution of H4 is to be made in this
case.Thorough investigation of the method introduced in [16] has shown that there
are more advantages gained in solving for the magnetic field, H, rather than r#,. The
H, formulation simplifies a lot the working out of the associated integrals compared
to the method that solves for rH4. The H, formulation used, further makes it possible
to go around the singularity at r = 0, which was unavoidable in the rH, formulation
used in [16]. The H, formulation used does not preserve the symmetry of the system
matrix, a factor that is not so important if in solving the system of equations. one
uses sparse matrix routines that do not care about the symmetry of the system.
Using the finite element, Galerkin formulation, equation 3.5 is discretized by first

assuming a trial solution for Hy for the kth element consisting of n nodes, as:

n
k .
Hé, ) ZuJNJ(k)(r, z) = UM(r, 2) (3.6)
j=1
where u; are unknown complex constants, .V; are real-valued FEM interpolatory
functions, and U represents the approximate nodal values of the H4. The definition
of N; makes it possible for the undetermined coefficients, u;, to reflect values of U

when solved.
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By the Galerkin formulation. the expansion and testing of equation 3.5 is carried

out using equation 3.6 to vield.

9N, U k) N U
//(k)[yd oU +Y6 ,oU

or Or dz 09z
Y OV,
+ —é——U‘“ +ZNU®| drdz
r or
i 3.7)
y 9 (ru® ‘~
_ }( _._(___)msa(k)
(k) | r or
U
+Y cos,3<’=>] Nydl i=1.2..... n
oz ]

After some manipulations as discussed in [16], equation 3.7 reduces to,

s ON;ON; ON;8N;
> u; Y ——2 + -
= uJ//(k)[ ar OJr Y 8z 0z
N :
+ ZZl—N,- + Zlvilv,v] drdz (3.8)
r or

k .
= }gk) E® comyMedl i=1,2,...,n

where Eyn(ccw) is the tangential, counterclockwise, component of the electric field
on element sides.

Equation 3.8 constitutes the FEM discretization of equation 3.5 for one element
of the problem domain. When evaluated, equation 3.8 gives rise to a subsystem of n
linear algebraic equations. Individual element subsystems are assembled for all the
elements forming the problem domain to result into a big system of linear complex
equations to be solved for undetermined coefficients u; which reflect the values of U

(the approximate values of H,) at the elemental nodes.

3.2 Boundary Conditions

For a solution to be unique, boundary conditions of the problem need to be in-
corporated into the formulation. To better explain the implementation of different
boundary conditions, a problem configuration consisting of a cylindrical monopole
antenna above a perfect ground plane, will be considered. The antenna driven by a

coaxial line is as depicted in Figure 3.1.
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Figure 3.1: A cylindrical monopole antenna above a perfect ground plane driven by
a coaxial line.

Most of the boundary conditions are easily introduced into the problem formula-
tion by specifying the appropriate values for the tangential boundary electric field,
Etan(ccw), in equation 3.8. Over all perfectly conducting boundaries, such as the
coaxial line conductor surfaces, antenna surfaces and the perfect ground plane, the
tangential electric field is zero by virtue of the continuity requirement of the tangential
electric field.

Because of axial symmetry, and for computational efficiency, only half of a problem
domain needs to be computed. But that is possible if an artificial boundary is placed
at the axis of symmetry. If the axis of symmetry passes through a conductor the

Etan(ccw) = 0 condition will be used. However, there are cases, such as with antennas,
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whereby a nonconducting boundary would be required along the axis of symmetry.
In that case, it is only useful to remember that along such a boundary, H, is equally
zero and needs not to be computed. In other words, one can safely eliminate the rows
of the system matrix corresponding to the nodes falling on the nonconducting part
of the axis of symmetry before embarking on the solution of the system of algebraic
equations.

Treatment of an open boundary, when present, or any matched output termina-
tion, coaxial or otherwise, is done by assuming a plane wave propagation. In that
case, assuming the termination or the outer boundary is far from the discontinuities
by a measure dependent on the physical dimensions of the structures involved, the

electric field at the boundary can be expressed in terms of the unknown magnetic

field using,
. AxE
H= (3.9)
n
where n = ;J;_“-;ﬁ—e is the intrinsic impedance of the medium assumed homogeneous

at the point where the boundary is located.
In terms of the tangential electric field in a counter-clockwise direction, equa-
tion 3.9 can be written as,
Juwp
o + Jwe

Etaniccwy = —nHg = —qU = — (3.10)

Equation 3.10 can be expanded using the trial solution given in equation 3.6 to yield,

| Jwp & k
Etanicow) = — ;—;]—we‘z ule]( )(r, z) (3.11)
=1

For elements with a side on the outer boundary or matched termination the appro-
priate substitution for the Einiccw) in equation 3.8 is obtained from equation 3.11.
This particular boundary condition adds a term into the system of equation and

modifies equation 3.8 to,

i ' // Y 8N,8NJ~+6N,-8N,-
j=1u_, (k) Jr or 0z Oz

) + ZN,—N,] drdz+ +1 }gk) NiN, dl} =0 i=12,...,n

(3.12)
aN,; le'
4 ————

or r

As mentioned above, the appropriate position for the outer or termination bound-

ary depends upon the physical dimensions of the structure under consideration. For

33



radiating structures such as antennas and apertures, the far field conditions are ful-
filled when both of the following conditions are fulfilled: r > %2- and r > A. where
r is the distance to a far field point, D is the largest dimension of the radiating struc-
ture and A is the wavelength of the exciting signal. For the most part. in addition
to following the above rule of thumb, a trial and error method may be used whereby
several positions of the termination boundary may be used while observing the con-
vergence of the results. The appropriate distance is the one that gives same results
as its neighbouring positions.

The most challenging boundary is the one associated with the coaxial feed. It
is certainly wrong to assume a fixed delta-gap field function at the feed point to
represent a coaxial feed. For one thing, if it is intended to have a boundary. (which
will be called a feed boundary from here on) at a section of a coaxial line, the total field
there is unknown as it is made up of the incident (known) and reflected (unknown)
parts. Some researchers [19] use TEM magnetic frill generators right at the coaxial
junction to simulate a coaxial feed. As it is well known that aﬁerture (junction) field
is not purely TEM, then the magnetic frill generator technique is also mot accurate
as it neglects the existence of evanescent higher order modes.

The technique that models best the coaxial feeding process relies on transmission
line theory. The total azimuthal magnetic field propagating in the positive z-direction
at a point inside a coaxial line and far from the discontinuities can be expressed as
follows:

Hy = Hie 7%* — Hpel*= (3.13)
where H e 7%* is the incident magnetic field propagating in the positive z-direction.
Hge’** is the reflected magnetic field propagating in the negative z-direction and
k = w,/p€ is the wave number.

The partial derivative of equation 3.13 with respect to z yields,

%"-’ = —jkH e %" — jkHpel* (3.14)
Z
Substituting for Hre?** in equation 3.14 using equation 3.13 yields,
0H, = —jk(2H e 7% — Hy) (3.13)
dz
which in terms of the approximate value of the magnetic field, U, can be written as.
%—({= —jk(2|H e % - U) (3.16)
A
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The boundary conditions at the coaxial feed can be effectively and accurately imple-
mented by substituting the derivative of U’ with respect to z on the right-hand side of
equation 3.7 using equation 3.16. Moreover, for the assumed propagation directions.
the direction cosines of an outer vector normal to the feed boundary, cosa and cos 3
are respectively specified as 0 and -1.

Observe that the above implementation of the feed boundary conditions does
not essentially disregard the existence of higher order modes at the coaxial junction.
neither does it fix a delta-gap field. The fact that the field at any point inside a coaxial
line is the sum of incident and reflected fields is duly considered in this formulation.
Since the boundary field is assumed to be purely TEM, it is important to place the
boundary far from discontinuities where only the TEM mode propagates. A rule of
thumb [18] as to the appropriate position of the boundary field is at r > 3(b — a).
where a is the radius of the inner conductor of the coaxial line and & the radius of
the outer conductor of the coaxial line.

The merit of this new technique of modelling the coaxial feed is confirmed in
Figure 3.2. The comparison is made between this new technique, the technique that
assumes a TEM coaxial arperture field and the analytical technique introduced in
[20]. The test problem solved consists of an open-ended coaxial line radiating in a
half-space. The dielectric constant in the coaxial line and in the half-space is taken as
2.08. The coaxial line dimensions were taken as a = 1.4264 mm and b = 4.7250 mm,
and the computation using this new feed model was undertaken using the discussed
FEM technique. The results show clearly that this new feed model is much more

accurate compared to the TEM aperture field model.

3.3 Computational Results

The formulation discussed in the preceding section can be used successfully in analysing
various axisymmetric microwave structures of interest such as cylindrical and conical
monopole antennas, coaxial junctions, dielectric resonators, all driven through coaxial
lines. The method can generate various outputs such as transfer characteristics and
nodal magnetic field values. The near-field values calculated for antenna cases may

be transformed to far-field by well known near-to-far field transfromation algorithms
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Figure 3.2: Input reflection coefficient of an open-ended coaxial line obtained with
different feed models.
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available in the literature.

3.3.1 A cylindrical dielectric ring resonator antenna

The method was tested for a problem consisting of a newly introduced, dielectric
ring resonator antenna [21]. The finite element mesh used for that problem is as
depicted in Figure 3.3, which consisted of 3111 triangular elements made up of 1682
nodes. The elements were dense around the coaxial feed and the dielectric ring where
the field concentration is expected. A rule of thumb used to decide on the mesh
size is Al = Amin/20, where Al is the element edge length, and A, is the smallest
wavelength in the considered frequency range.

Only half of the problem geometry was modelled taking advantage of the symme-
try. Figure 3.4 shows the geometrical dimensions of the antenna and a plot of the
input reflection coefficient, (Sy;) results which took about 1 sec CPU time to obtain
on a Sun SPARCstation 10. It can be seen that the FEM results compare very well
with the experimental results reported in (21].

The dielectric ring resonator antenna modelled is seen to resonate at around
5.95GHz instead of around 6.0GHz, found in [21]. The difference is primarily due
to the fact that there may be slight differences in the modelled problem dimensions
compared to those used in the experiment. For example, the width of the ground
plane is only assumed to be of typical value, ¢t = 1.67 mm, and the diameter of the
ground plane aperture is assumed to be the same as that of the center hole of the
cylindrical dielectric resonator ring, i.e., 2b. These dimensions are critical in fixing
the resonant frequency of the resonator as they decide the value of the frequency-
dependent capacitance of the aperture. All the other dimensions were taken same
as those provided in [21]. That is, 2¢ = 11.95 mm, d = 5.4 mm, b/a = 0.17, probe
length, A = 5.0 mm and ¢, = 36.2.

The dielectric ring resonator antenna was modelled again for different geometrical
parameters and different dielectric constants of the ring. It was interesting to observe
the variation of the input reflection coefficient response as a function of frequency,
dielectric constant of the ring and ring dimensions. That was a good indication of how
useful this modelling technique could be to designers of microwave devices. Depicted

in Figure 3.5 is the plot for a geometry with dimensions, a = 7.4286 mm, d =5.1429
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Figure 3.3: The finite element mesh for the dielectric ring resonator antenna
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Figure 3.4: Measured and numerical results for the input return loss of a cylindrical
dielectric ring resonator antenna.

mm, b = 1.01575 mm. The curves correspond to ¢, values of 20, 21, 22, and 23,

respectively in the order of their appearance from left to right.

3.3.2 Broadband dielectric antennas

To exploit the capabilities of this method, three new dielectric antennas were modelled
and were found to give new insight into the characteristic of dielectric antennas.
Different feed probe models and different dielectric shapes were investigated. The
investigation was very easily done with this modelling method. It would be very
difficult and costly to carry out the investigations experimentally. And that is one

major advantage of using numerical modelling techniques.
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Figure 3.5: The finite element results for the input reflection coefficient of a dielectric
ring resonator antenna for different values of the dielectric constant of the ring.
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in Figure 3.7.
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coaxial line
—» 44— 1.37mm

Figure 3.6: A truncated cone-shaped dielectric antenna

The first antenna geometry investigated is shown in Figure 3.6 along with its
dimensions. The computation was carried out for the dielectric constant values of 10

to 15 in unit steps and for frequencies between 9 and 13 GHz. The results are shown

An interesting thing to observe here is that the bandwidth of the antenna is very
wide in most cases. The antenna presented in [21] had a 10 dB return loss bandwidth
of only 10 percent while this new antenna has a 10 dB return loss bandwidth of over
22 percent at 11.6 GHz for ¢, = 11. The plot of the magnetic field distribution in
the near-field for the antenna of Figure 3.6 at 11.6 GHz and for ¢, = L1 is shown in
Figure 3.8.

The second antenna geometry investigated is shown in Figure 3.9 along with its
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Figure 3.7: Input return loss characteristics of truncated cone-shaped dielectric an-
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Figure 3.9: A truncated V-shaped dielectric antenna

dimensions. The antenna is excited with a conically-shaped probe. It is an attempt to
exploit the broadband feature of probes of that shape. The computation was carried
out for the dielectric constant values of 15 to 35 in unit steps and for frequencies
between 8 and 14 GHz. The results are shown in Figure 3.10.

This antenna provides very wide bandwidth with almost flat return loss charac-
terictics for some values of the dielectric constant. This is a very good design feature.
This V-shaped antenna has a 10 dB return loss bandwidth of over 25 percent at 11.6
GHz for ¢, = 19. The plot of the magnetic field distribution in the near-field for the
antenna of Figure 3.9 at 11.6 GHz and for ¢, = 11 is shown in Figure 3.11.

The third antenna geometry investigated is shown in Figure 3.12 along with its

dimensions. The computation was carried out for the dielectric constant values of 15

- 44
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Figure 3.10: Input return loss characteristics of truncated V-shaped dielectric antenna
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Figure 3.11: Magnetic field (4/m?) distribution around a truncated V-shaped dielec-

tric antenna, f = 11.6 GHz, ¢, = 19.
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Figure 3.12: A truncated bowl-shaped dielectric antenna

to 25 in unit steps and for frequencies between 6 and 11 GHz. The results are shown
in Figure 3.13.

This bowl-shaped antenna was not seen to offer considerable improvements in
bandwidth and the return loss characteristics were not very good compared to the
previously discussed antennas. The 10 dB return loss bandwidth was seen to be 13.5
percent at 8.1 GHz for ¢, = 16.

3.3.3 A radial-line to coaxial-line junction

To demonstrate the ability of the formulation to model complex situations. results
are given in Figure 3.14 for the phase of the reflection coefficient at the input port of

a coaxial to radial line junction [22] shown in the same figure. The material inside the
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coaxial line is air. The magnitude of the reflection coefficient was found to be of value
1.0 throughout the range of frequencies considered. The dimensions of the junction
are: ¢ = 1.55 mm. b = 3.48 mm. ¢ = 24.25 mm, d = 40.77 mm. and A = 150.0 mm.

As seen in the figure. FEM results compare well with the measured results.

3.4 Neural Network Approach

It has been seen in the previous sections of this chapter, that the FEM can be suc-
cessfully used to model various electromagnetic (EM) field problems. In typical EM
field problems the solution by numerical techniques generally involves three stages.
The first stage is the problem formulation which mainly involves the writing up of the
system of equations to be solved. The second stage is the creation of the geometry
that describes the problem and the necessary discretization of the problem domain
into smaller elements. The third stage is the solution of the system of equations using
any method of choice.

There are various situations where repeatitive computation of EM field is required.
such as in optimization of the problem geometry for optimum outputs. As a mat-
ter of fact, such a need arises in several computer-aided design (CAD) tools used in
microwave circuit design. A minor change in the problem geometry would require a
different discretization of the problem domain, which is itself a time consuming exer-
cise. In addition, the solution of the system of equations takes a lot of computer time
depending on the complexity of the problem and the resulting number of equations.

Due to above shortcomings, numerical techniques such as FEM, may not be quite
appropriate to be integrated with existing CAD packages such as SPICE and Libra
owing to their inherent limitation of taking so much time to deliver requested outputs
from them.

In this section, a new approach using neural network (NN) techniques is intro-
duced. Using NN techniques, the outputs are readily available to be used by other
CAD tools. As an example of the NN implementation, a dielectric-ring resonator

antenna is modelled.
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3.4.1 Dielectric-ring Resonator Antenna Modelled Using

Neural Network Techniques

Consider the design of a dielectric-ring resonator antenna [23| shown in Figure 3.15
in which the design parameter of interest is the input reflection coefficient. Sy;. which
is a function of two variables. r| and r». representing the frequency of operation and

the dielectric constant of the dielectric-ring. That is,
Su = g(z1. 12) (3.17)

where ¢ is a continuous function of all its arguments as evidenced in Figure 3.16
Suppose that G(z,,z,) is the approximator of the function g(z;.z2). and it is

expressed as a linear combination of other functions as follows:

M 2
G(zry, z2) = Zai-,a(z wi; T — 6;) (3.18)
=1

i=l

Equation 3.18 represents the output of a multilayer feedforward neural network
that has 2 input nodes, (in this case frequency and dielectric constant), denoted by
Iy, T9; and a single hidden layer consisting of M neurons. Each neuron : has synaptic
weights w;;, w2, and threshold ;. The network output is a linear combination of the
hidden neurons, with ay, ..., ayr as the coefficients of that combination.

According to the universal approzimation theorem [24, 25, 26, 27|, a single hidden
layer is sufficient for a multilayer perceptron to compute a uniform € approzimation
to a given training set represented by the set of inputs zi,.. ..z, and a desired (target)
output g(zy,...,Zp)-

To satisfy the conditions of the theorem, the activation function , has to be
nonconstant, bounded, and monotone-increasing continuous. The common choice for
it is the hyperbolic tangent function:

1 — exp(—2v)
#(v) = 1 + exp(—2v)

The derivative of p(v) with respect to its argument can be expressed as a function of

2(v) as: p'(v) = 1—p2(v). ) ‘
Free neural network parameters are considered as the coordinates of vector § € RE,

where L is the number of parameters. The best # has to be found in terms of least

squares, that is:
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Figure 3.15: Dielectric ring resonator antenna.

f(z.0) —min ©€ RE (3.19)
N
f(z,8) = Ze,-(z:, 8)? = e(z,0)Te(z,6) (3.20)

=1

where e(z, §) is the error vector:
e(z.8) = t(z) — a(z,8)
t(z) is the desirable NN output (target) and
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a(r.9) is the NN output as a function of the input zr and the NN parameter vector 4.

N in 3.20 stands for the number of input-output pairs used in the training process.

Derivation of the Basic Algorithm

Consider the general unconstrained optimization problem [28. 29|:

— 1 L
f(8) rg}elg ©€ERr

Suppose that f(8) is two-times differentiable on O, that is, can be represenred in

the form:

f(@+h)—f(8)=(Vf(9).h)+ %(H(B)h,h) +o(h), (3.21)

where o(h)/||h]|? — O,
V f(8) is the gradient and H(8) is the Hessian.
Necessary condition of the minimum f(8*) (Fermat conditién) is Vf(6*) =0 and

the corresponding method is called gradient method:

gle+1) — gk) _ /\Vf(G(k)) (3.22)

Expressing the increment 3.21 by its linear part only and taking into account 3.22

we obtain:

FOED) = £(69) = (VF(69), 80D = 69) + (9 - 69)
—/\|Vf(6(k))|2 + o(g(k+1) - g(k))

To define the best A*) consider f(6**+V) for the fixed value of 8 as a function
of A only:

FO) = £(8%) = AV £(6®)?

then the best value for A is:

=AW = in f(A
A=A arg min f(})
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In this case the iteration process 3.22 is called the steepest descent method [28. 29).
If 8" is a local minimum, © is a neighbourhood of *, H(8*) > 0 and H(f) >
0. V8 € O then the convergency speed of the gradient method is determined by the

inequality:

16" —6°| < Cq®. O<qg<l. n=1.2..... (3.23)

The Hessian H(6") is positive definite symmetric matrix: A = H*. H > 0.

Therefore its eigenvalues satisfy an inequality:

O0< A <. A,

The coefficient x = A,/A; > 1 determines the shape of level curves of f(8), 76 € ©
(a neighbourhocd of 8*). In the case of a 'valley’ shape of level curves the method 3.22
almost does not work. Introduction of the new scalar product (6, y)a = (A6.y) with
a new gradient and Hessian AV f(8), AH(8) respectively gives an effect like 'space

expansion’. The best choice for A is:

A=H@)E,

and level curves have a shape of concentric circles and the iteration process becomes:

glk+) = g(k) _ 5(6) g (k) )=17 £(5(k)) (3.24)

If p®) =1, Wk =1,2... then the process 3.24 is called Newton method [28. 29].

Its convergency speed is:

6™ - 6% < Cq*, 0<q<l, n=12....

which is much faster than 3.23.

The Levenberg-Marquardt Method and Back Propagation

Some characteristics of the least-squares minimization problem 3.19, 3.20 can be
exploited to improve the iterative procedure.
Substituting the expression for the residuals e(z,8), 3.19, 3.20 can be rewritten

as:



F8) = |lt —a(®))? — min. O ¢ Rt (3.25)

The gradient and the Hessian in the Newton method 3.24 as obtained from 3.25.

have special structures:

d N Qa(r,.6
V§ie) = 8—£ = —ZZe,% = g(#). (3.26)
=1
e, =t; —a(r,.0)
a2f N a'za,
H, = = -2 : .
a3 56,963 ; 56,005
Al da, da;
+ 2 —_—
= 00, 083

As 6 approaches 8" the residuals e; approaches 0. Therefore, the Hessian in the
Newton method 3.24, can be approximated as follows: '

Y da; Oa;

H = Ga‘, = 2 —
o4 J ; 86, 863

T
da da
= —_— — 397
G 2(69) (36)20 (3.27)

Such modification of the Newton method is called the Gauss-Newton method [28. 29.
30, 31].
To derive the iteration direction in the problem 3.25 let us expand a(z, 8) in Taylor

where,

series:

o(2,0) = a(z.6) + 2| (-0 4.,

9=6(k)
Denote the sum of the first two members of the expansion as {(#). Then the next

direction can be found as:

9
argmin |1t — 1(0)|12 = ||t — a(z.8") - 5;-(0 IONE (3.28)

Denote the 3th component of the gradient as gg. According to 3.26:

(V]]
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gg = =2 Z _(t - a,) (3.29)

Comparing 3.28 and 3.29 and using 3.27 it can be seen that the solution providing

the minimum 3.28 satisfies the equation:

da da da
(ae)( )(e e(k))"(a_e) (t — a(z.8%))

This is the same solution, as in the Gauss-Newton method:

§-0" = —G=1(6%g(8™), G >0

Instead of G we can make use of G + AP:

G+AP >0, A>0.P>0. (3.30)

It is possible to put P = I, I being a unit matrix (Levenberg’s option).
Denoting the N x L Jacobian matrix of e(§) as J(8). the search direction on the
kth iteration as d(®), (d'® = # — #¥)) and taking into account modification 3.30 one

obtains the linear set of equations (30, 31}:

(7(6®)T1(8R) + AW ) d® = —J(6*)e(6™), (3.31)

The above is called the Levenberg-Marquardt Method. The scalar A% in 3.31
controls both the magnitude and the direction of d*). When A) is zero, the direction
d®) is identical to that of the Gauss-Newton method. As A¥) tends to infinity. d'¥)
tends towards a vector of zeros and a steepest descent direction (see 3.22).

The complete algorithm is as follows:

1. Create an initial parameter vector 8 and an initial value A? (e.g. A(¥ =0.01

)-

Determine the search direction d® from 3.31. -

[SV]

If f(6%+D) < £(8®) then A+D) is reduced (e.g. AV = A(¥)/10) otherwise it

is increased. Here f(f) is a functional 3.25.

had
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4. Check the stop criterion. If it is satisfied. then * = %) and stop. else go to
2. Stop criterion: error goal is met. A\ becomes too large (in this case A~'JTe
approaches zero and no learning takes place, (see 3.31). or the maximum number

of iterations (epochs) has been reached.

The back-propagation algorithm applies a correction Aw,, to the synaptic weight
w;, connecting the output of neuron : to the input of neuron ;. When applied to multi-
element network, the back-propagation technique adjusts the weights in the direction
opposite to the instantaneous gradient dei/dw;; of the sum square error in weight
space [27]. where e} is the instantaneous sum of squared errors of the multi-output

network given as:

2 1 2
ek =32k (3.32)

where index k corresponds to the kth pattern (input-output pair) of the training set,
index j corresponds to the jth output neuron and the set C includes all the neurons
in the output layer of the network.

The derivatives of a network’s sum squared error with respect to a layver's net
input are called delta. Let us notice however that the Jacobian in 3.31 represents a
matrix of partial derivatives of e (not €2 as in 3.32) with respect to network weights

wag. Therefore in this case delta has a different meaning:

aejk - aejk a‘UJ' =6k avj (333)
dw;i  Ovj dwj Owj;
where 5
€k
ik = i L
8v,~
v; is the activation function associated with neuron j:
vy = Z WiiYi (334)
{4

where T is a set of layer’s inputs and y; is the output of neuron i (see fig.3.17).

Taking into account 3.34 one obtains from 3.33:

()
~!



8ejk
du,,

The delta vector of an output laver can be derived from the network error vector

= kY, (3.35)

(see fig.3.17) according to the chain rule :

9ex 94,

O = —— 3.36)
2k ay} avj ( 36)

€k =t — y; (3.37)

t,« represents desirable NN output (target) and y, is the output of neuron .

Taking into account 3.37 one obtains from 3.36:

6]1( = _"?93(0))

The delta vector for each hidden layer can be calculated from the next laver's

delta vector according to the §-rule [27]:

8k = 05(vj) D_ Suewi;
1€0

where O is a set of layer’s output.
Finally the elements of the Jacobian corresponding to the mth layer of the network
and the kth pattern (input-output pair) are as given by 3.35:
Jkdjm) = 5,(’:)y§-?)

where yﬁm) is the mth layer’s input vector of the network.

Neural Network Design Models

The network design was perfomed by using MATLAB M-scripts and special NN
toolboxes (32, 33]. All the programs were run on Sun SPARCstation 10 under UNIX
operating system.

Half of the available data was chosen for training while another half was reserved

for the validation of the models.
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The first model was for a NN approximator of the reflection coefficient of a dielec-
tric ring resonator antenna as a function of frequency and dielectric constant. Figure
3.18 depicts 3 layer NN which consists of two input neurons. one hidden laver of
10 neurons with hyperbolic tangent activation function, and one output linear neu-
ron. Positive weights are represented by a solid line while a dashed line represents a
negative weight. A bias is represented by a vertical line through the neuron.

Free NN parameters to determine during the training process are: a 10 x 3 weight
matrix of hidden layer and a 1 x 11 weight matrix of output layer. Input data was
scaled before training to zero mean and variance 1. Initial values of weights were
randomized between 0 and 1.

Training process with Levenberg-Marquardt algorithm took approximately 180
seconds of CPU time. Then the model was validated on the data different from the
training set (fig.3.19). Table (3.1) compares NN modeling and classical numerical
analysis (finite element method).

The second model was a NN approximator of the reflection coefficient of a dielec-
tric ring resonator antenna as a function of ring radius and dielectric constant. A 3D
plot of numerical analysis results is presented in figure 3.20. The attempts to design
a NN model based on the use of only one hidden layer architecture did not bring any
stable appropriate results. According to [27, 25] neurons in a single hidden layer net-
work tend to interact with each other globally. In complex situations this interaction
makes it difficult to improve the approximation at one point without worsening it
at some other point. On the other hand, with two hidden layers the approximation

process becomes more manageable. In particular [25]:

e Local features are extracted in the first hidden layer. Specifically, some neurons
in the first hidden layer are used to partition the input space into regions. and

other neurons in that layer learn the local features characterizing those regions.

e Global features are extracted in the second hidden layer. Specifically, a neuron
in the second hidden layer combines the outputs of neurons in the first hidden
layer operating on a particular region of the input space, and thereby learns the

global features for that region and outputs zero elsewhere.
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Therefore the two hidden laver network model was implemented. Each hidden
layer consists of 5 neurons with hyperbolic tangent activation function. and the output
is a linear neuron. Weight matrices to determine are: w; of size 5 x 3, w» of size 53 x 6
and w3 of size 1 x 6. As in the first model. initial data was scaled before training and
weigts were randomized between 0 and 1.

Training process with Levenberg-Marquardt algorithm took approximately 35 sec-
onds of CPU time or 200 iterations (see fig.3.21). Testing of the model on the dara
different from the training set showed sufficient performance of the network (see
fig.3.22). Figure 3.23 showes a 3D plot of the simulated surface. It took abour 0.5

seconds of CPU time to get values for 5000 points of the surface.
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Figure 3.16: Input reflection coefficient of a dielectric-ring resonator antenna as a
function of frequency and dielectric constant; a = d =5.14 mm
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Figure 3.17: Output layer of the network
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2D NN Simulator
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Figure 3.18: Model architecture: two input neurons, one hidden layer of 10 neurons.
one output neuron.
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Figure 3.19: Validation of the neural network model: two input neurons, one hidden

layer of 10 neurons, one output neuron.
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Figure 3.20: The output surface of numerical simulation: reflection coefficient of a

dielectric ring resonator antenna as a function of ring radius and dielectric constant.
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Figure 3.21: Neural network training process: two input neurons, two hidden layers

(5 neurons each), one output neuron.
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2D NN simulator: 2 hidden layers with 5+5 neurons
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Figure 3.22: Validation of the neural network model: two input neurons, two hidden
layers (5 neurons each), one output neuron.
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Simulation CPU time on SPARCstation 10: 0.467 seconds

-60 <

=50 4

dB

= =404 Frequency is 7 GHz

~-30 4 Ring height is 4 cm

~20 4

Reflection Coefficien

AR
o o
Z ya

Dielectric Constant

Ring Radius, cm

Figure 3.23: Simulation results of a multilayer network: two input neurons. two
hidden layers (5 neurons each), one output neuron.
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3.5 Conclusion

An accurate method of analysis for coaxially-driven, axisvmmetric microwave struc-
tures has been presented. The method accurately models both the coaxial feeds and
open boundaries, hence fixing the shortcomings of those available methods that only
treat well one, but not both, of the above boundaries. The method has been shown to
work very well with various coaxially-driven axisymmetric structures. [t can indeed
be used to model monopole antennas of various shapes, dielectric resonators. cavities.
filters, coaxial connectors, and virtually all geometries that exhibit axisymmetry.

The method introduced implements a simple absorbing boundary condition for
open boundaries, which works very well especially in lossy media where the field
decays very fast with distance. One may wish to use better absorbing boundary
conditions to have the boundary much closer to the discontinuities thereby reducing
the mesh size and hence increasing the efficiency of the method.

Neural network techniques have been implemented along side the finite element
method and found to be very well suited in saving computer memory as well as
improving interactibility with other CAD tools used by providing high computational

speed.
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Simnulation Training Storage
CPU Time CPU Time | requirement Data representation
(seconds) (seconds) (bytes)
Classical )
Numerical 1.3x10° N/A 1,032,657 Discrete
Analysis (FEA)
Neural Network 2.0x 10! 1.8 x 10? 378 Continuous

Table 3.1: Performance estimate of a 2D NN simulator: two input neurons. one
hidden layer of 10 neurons, one output neuron.



Chapter 4

Three-Dimensional Field

Computation Using Vector Finite
Element Method

The traditional node-based FEM has been widely and very successfully used in the
literature. Its main drawback, however, is its incapability to model sharp corners. as
well as its tendency to give spurious, non-physical solutions. This has been considered
to be a result of its failure to model properly the continuity of the fields between finite
elements and the lack of proper enforcement of the divergence condition.

Not long ago [34], what is known as the vector finite element method, VFEM. has
been used to overcome the problems inherent in the node-based FEM. In [34] VFEM
is used to solve eddy current problems. VFEM makes it easy to impose edge and
material-interface boundary conditions and does not suffer from spurious solutions.
Moreover, VFEM treats well conducting and dielectric edges and corners whose field
singularities are a major problem encountered in node-based FEM. In VFEM the
degrees of freedom are assigned to the edges rather than the nodes of the elements.
For this reason, vector finite elements are also known as edge elements. The two
names will be used arbitrarily.

In the foregoing sections a detailed description of the way VFEM is used in mod-
elling general electromagnetic wave propagation problems, will be provided. Two

formulations will be discussed: one based on the magnetic, H, field and the other



that involves direct computation of the electric. E. field. Both two formulations are
based on the material provided in [6]. Before presenting the formulations. the general

review of vector finite elements is provided below.

4.1 Vector Finite Elements

The concept behind vector elements, owe its origin from the so called Whitney ele-
ments described by Whitney (35] as early as 1957. Following the Nedelec's paper in
1980 [36] that described the construction of edge elements in tetrahedra and rectan-
gular bricks, it did not take long before their use in electromagnetics.

Researchers in the field of magnetics were among the first to use them in the solu-
tion of three-dimensional eddy current problems [34],[37]. Independently. and about
the same time, Hano [38] used edge elements to analyse dielectric-loaded waveguides.
In late 1985, Mur [39] tackled a problem of general nature to demonstrate the ap-
plication of edge elements for the computation of three-dimensional electromagnetic
fields in a highly inhomogeneous media. Barton and Cendes recently were successful
in using tetrahedral edge elements for three-dimensional magnetic field computations
[40]. More recently, Crowley [41] developed a more sophisticated element type. what
he called covariant projection elements, which permits elements with curved edges.

Several works have been carried out in the analysis of electromagnetic problems
using edge elements as well as an extensive discussion of their importance and ap-
parent problems encountered in using them. Most of them ventured to solve closed
boundary-value problems and little has been done in demonstrating the suitability of
the method in solving electromagnetic scattering problems and those involving open
boundaries as in radiation problems. It is the main purpose of this work to fill up
that gap. But first, the scratch details of the theory behind the three-dimensional
tetrahedral edge elements (used in this work) is provided below.

4.1.1 -Three-Dimensional Tetrahedral Edge Elements

Tetrahedral edge elements are quite suitable in modelling three-dimensional geome-
tries especially those with irregular shapes since they can easily made to fit in virtually

any arbitrary shape. Tetrahedral element is as illustrated in Figure 4.1. There are
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Figure 4.1: The tetrahedral element showing the node and edge numbering.

Edjej Nodejl Node j2

[« IS RSN U U
W o N = -
N W oA W

Table 4.1: Edge numbering order on a tetrahedral element

varying ways of defining edge numbering and directions. The only thing important
is consistency. That is, for one problem all the elements should have to adopi same

mode of edge definition. The edge definition used in this work is as shown in Table 4.1.

4.2 Magnetic Field Formulation

4.2.1 The Method

Electromagnetic wave propagation phenomenon is generally expressed by the famous
Maxwell's equations 3.1 and 3.2

Eliminating £ from equations 3.1 and 3.2, yields the vector (curl-curl) wave equa-
tion. In a region V, making up thé problem domain, the wave equation expressed in

terms of the magnetic, H, field vector is.



VxVxH-kH=0 (4.1)
where k = w\/ue. v = 27 f. and f is the frequency.
In the VFEM implementation. the problem domain, V. is subdivided into tetra-
hedral subdomains (elements). V*. The three-dimensional edge-based. vector basis
functions, WJ“'. are defined in the tetrahedrons as.

Wy =6(L5 VL — L5VLS)) (4.2)

where L, are three-dimensional, linear, nodal finite element interpolatory functions
discussed in the previous Chapter 3. ¢, is the length of a tetrahedron edge. The edge
and node numbering used for this analysis is shown in the Figure 4.1 and Table 4.1.

Over each tetrahedron, the H-field is expressed in terms of the linear vector basis

functions as,
6 _
H=Y H:W; (4.3)
=1

where H; represents the edge values of the H-field.

Applying the Galerkin’s, weighted residual method on equation 4.1 using the
expansion given in equation 4.3, converts equation 4.1 into the weak form. This weak
form, using the first vector Green'’s theorem and other appropriate vector identities

can be written as a 6 x 6 matrix equation for a single element as,
{{PMe) - RFMe)} [H] = [R] (4.4)

where the respective matrix elements are:

PMG = [ (VxWE)-( x WS)av (4.5)

FM§ = [ We-Wrdv (4.6)
Ve

R} = ¢ We-(Ax VxH)dS (4.7)

where V¢ is the elemental volume, S¢ is the elemental surface, and n is the outer
vector normal to $¢. [H®] is the coefficient vector of the six edge basis functions which
represents the tangential A fields on the element edges in the local directions given
in Figure 4.1. Indices i and j vary from 1 to 6 for tetrahedral elements corresponding

to the tetrahedron edges.



The elemental matrices are evaluated and assembled in a way that will maintain
tha global direction of the edge fields. The evaluation of the integrals in equations 1.5
- 4.7 and the implementation of various boundary conditions is not so simple. That

will be discussed in the following sub-section.

4.2.2 Evaluation of the Integrals
Evaluation of the P\ Integral

The matrix contributions, PV, are given in equation 4.5. Using the expression for i
as given in equation 4.2, we know that the linear, finite element, nodal interpolatory
functions (using simplex coordinates) for a tetrahedral element are given as.

1
i

6Ve

Li(z.y,2) = (af +biz + cly +diz) (4.8)

3

where the coeffients af, b, ¢f and d can be generally expressed as:

a? = (=) i1 (Yis22ies) — zieayied) + Tir2(YiraZiv1) = 2ie3Yir1)

+ Tip3(Yir12ie2) — Zis1¥is2)] (+.9)
bf = (_i)i(yi+lzi+2 = Zir1Yi+2 ¥ Yi+23:43 — Sie2lie3

+ Yir3Ziv1 — ZiedYi+1) (4.10)
¢ = (=i)YZis12i42 — Zis1Tir2 + Tie2Zie3 — Zis2Tit3

+ Tiy3Zip1 — 2i+3Ti+1) (+.11)
d® = (=i)(Tis1¥is2 — Yir1Tis2 + Lir2¥ie3 = Yir2Tis3

+ TipaYirl — YitdZit1) (4.12)

where i proceeds modulo 4 and represents tetrahedron node numbers.

Using equations 4.2 and 4.8, it can be shown that,

Vx WE = 20(VLE x VLS)
208 ) o |
= _—(GV;)z [(c5d5 — d8ic5)E + (d5b%5 — b%d%)d (4.13)

+ (bfyeq2 — Cflbfz)é]



Substituting equation 4.13 in equation 1.5 and integrating, gives:
16765V
(6Ve)d
+ (b8 — biyd%) (d515 — b51d%) A

2 (BE. A8 fE BEN(HE B _ A& e
: (bzlcx‘l Cllbl?.)(bjlc]2 C]lb]?.)]

PMij¢ =

[(ctrdsy — diicta)(udsy — d2ict)

Evaluation of the F ./ Integral

The elemental contribution, F .M, is as shown in equation 4.6. Again. using equa-

tion 4.2, it can be shown that,

e e
e W) = ot (L fae - LLafian L)
= LHLS fayz + LHLS fun)
where
fm= B (419

Since fpq is constant, the expressions for the integral F M can be easily found

using the formula,

/w L,L,dV = goi(l + 6p0) (4.17)
where p, q are tetrahedron node numbers, §,q = 1 for p = q and 6, = 0 otherwise.
Therefore,
FMS: = 56 (f . — i L
My = 790V 12]2(1+61111) fz2]1(1+61112) (1.18)

~ faja(l + 6i2,1) + fir (1 + i22)]

Evaluation of the R{ Integral

This integral is only evaluated on the boundary, S, of the problem domain. On a

perfectly conducting surface the integral vanishes since,
AxVxH=(o+jwe)(t x E)= (0 + jwe)E, (4.19)

and a tangential E-field, E; = 0 on a perfectly conducting boundary surface.
On a surface where the tangential electric field, defined as E,=hx E. (where E

is the boundary electric field), is constant and non-zero, Rf, using equation 4.7 and

)



1.19. can be expressed as.
Rt = fs (o + juwe)EE-WEdS (4.20)
Now if the tangential. boundary electric field is given as.
Ef=ELt+Efy~+EL: (4.21)

Using equations 4.2, 4.20 and 4.21, it can be easily shown that,

ZCAS
18Vve

R® = (0 + juwe) [ES(bia — ba) + Efy(ci2 — cu) + Efi(dia = da)| (4.22)

where AS is the area of the element lying on the boundary.

On an absorbing boundary placed far from the inhomogeneities to terminate the
problem domain, first order absorbing boundary condition (ABC) for scattered H-
field is,

AxVx H®=—jk(hxnx %) (4.23)

For antenna problems, the scattered field at the external boundary is the same as the

total field and equation 4.23 can be written as,
AxVxH=—jk(hxnxH) (4.24)
Substituting equation 4.24 in equation 4.7 gives,
RS = -jk}{s We. (7 x 7 x H)dS (4.25)
This can be expanded using equations 4.2 and 4.3 to yield,
6 - e
R = k3 Hj § We- (3 xax W))ds (4.26)
i=1 )

where & = jk, (j = V=1, k is the propagation constant), has deliberately been
introduced here to avoid the confusion between the j used in this case and the one
used as a tetrahedron edge index.
Evaluation of equation 4.26 is a bit involved. It can be deduced that,
e - (AxaxWe) = -ij—[r Lal
i j (6V¢)2 BEIT T T3
— Tuj,2Luljs — TiajiLaly + Tejelel)

7



where,

qu = n,ny(bp:cqz + Cplbql) + n,n:(bﬂdq: + dplb,,l) - nyn:(cp:dq' -~ dp/C,r')

2, 2 2, .2 2 _ 2 (4.28)
— (ny -+ n:)bpzbq: —_ (n: -+~ nr_)cp’cq’ - (nr -— ny)dp’dq'

and when p = :1, p’ = :2 and vice versa: and when q = j1. ¢ = ;2 and vice versa.
ne. n,, and n. are the components of the unit normal vector, n.

R;, can now be evaluated on the absorbing boundary surface and sent to the left-
hand side (LHS) of equation 4.4 with the help of equations 4.26 and 4.28 along with

the integral,
\S

A
/S LpLqdS = To(1 + &) (4.29)

p. q are for node numbers.
For a plane wave excitation, equation 4.23 can be written in terms of the incident

and the total magnetic field as,
Ax (Vx H)=—jkit x (2 x H)+7 x (Vx B™) + jki x (A x H™)  (4.30)
and when the above is substituted into equation 4.7 and expanding as usual. vields.

6
Ry = —xY Hi§ (ixixWe)ds |
j=1 s (1.31)
- }{S [3 x (V x B7) + jki x (3 x H)] - WedS

The first integral in equation 4.31 has been worked out already above and con-
tributes to the LHS of the elemental matrix equation. To evaluate the second integral.

we let the plane wave excitation be expressed as,
A" = jelk= (4.32)

assuming the wave is propagating along the negative x-axis with the A -field having

a y component only. It can then be easily shown that,
A x (V x H") = jke* [n i — n,j] (4.33)
and

A x (A x H™) =e** [n,_.nyi: —(n2+ndg+ nyn,_é] (4.34)
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Equations 4.33 and 4.34 when substituted into the the second integral of equation 4.31

vield the right-hand side (RHS) of the elemental matix equation as.

L
RiS: = —jkem § fere [0y + nany)(Laba - Labu)
— (nz +n} +n?)(Laca - Laca) (4.35)

-+ nyn:(Lzldz2 - Lz'ldtl)]} s

If e’** is assumed to have a constant value over a triangular surface of a boundary
element, given by its value at the centroid of the triangle, it can be taken out of the
integral in equation 4.35. While this is just an approximation, it works fine for small
triangular surfaces and reduces the analytical complexity of the integral in question.

Using the generic integral,

AS
L,dS = — 1.36
[ Lods =5 (1.36)
the RHS. for a given plane wave case, can now be written as,
) ffAsejkzc
RHS; = —jk=—————[(ny + nzny)(biz — ba1)

18Ve (4.37)

- (n,, + ni + nf)(c,—z - Ci]_) ~+ nynz(d,g — dil)]

where the centroid x-coordinate, z. = ';‘Z?=1 z;, and i represents a triangular surface
node number.

Elemental matrix equations as given by equation 4.4 whose components are com-
puted as discussed above, are assembled in a manner that respects the global direc-
tions of the edge fields to give rise to a large complex sparse matrix equations for the
whole computation domain. One of the many ways of fixing the global edge directions
and edge numbers is to go through all the elements, one after another and fix edge
numbers while noting the global node numbers that define the edge. If an already
assigned edge is encountered in an element it is first checked the way it is regarded
positive locally: if it is in the same sense as the previously assigned edge then the
contributions of that edge to the global system of matrix will be possitive, otherwise
the contributions should be multiplied by -1.

Solution to the system of equations is efficiently solved using sparse matrix rou-
tines. For reduced memory storage requirements, iterative solvers {42] are strongly

recommended. A diagonally pre-conditioned biconjugate gradient method was used
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to solve the system of equations in this work. Discussion of the technique is discussed
in Appendix A. [terative solvers are suitable when one is having limited computer
storage capacities. however they may prove to be slow for some problems. The con-
vergence of the iterative relies verv much on the nature of the problem and the initial
assummed solution.

Solution to the system of equations directly gives the edge H-fields. H-field at any
point in a given element can be computed through the edge fields using equation 4.3.

From the Maxwell’s curl equation 3.1. it can be easily shown that the electric field.

E. is related to the magnetic field as.
13

E=——(V x H) (4.38)
(o + jwe)

Substituting equation 4.3 in equation 4.38 yields,

1 8 -
—_— HI(V x W§) (4.39)
(o + jwe) ;

Now using equation 4.13, equation 4.39 can be written as,
- 1 2

6
T (o + jwe) (6Ve)? ; EH (ehdly — dich)?

+ (dfi b5 — b51d5) g + (b5 — c5b%) 2]

E=

(4.40)

Note that, owing to the linear vector basis functions used to approximate the edge
H-field, the E-field is constant over each tetrahedron.

The power density or the Poynting vector is computed as,

Power Density = él-IRe (E X ﬁ‘) (4.41)

The current distribution over a perfectly conducting surface is computed as.

—

Js=nx H (1.42)

where 7t is the outer vector normal to the surface.

4.3 Electric Field Formulation

4.3.1 The Method

The electric field formulation is quite similar to the magnetic field formulation dis-

cussed in the previous section, but for the sake of completeness, its details will be
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provided below.
The vector wave equation in this case is obtained by eliminating # from the

Maxwell's curl equations 3.1 and 3.2, to vield.
VxVxE-kKE=0 (4.43)

where k = w\/ue. o = 27 f, and f is the frequency.
Over each tetrahedral element of the problem domain, V', the E-field is expressed

in terms of the linear basis functions as,
- 6 -
_ err-e
E=) 1: ESW (4.44)
J:

where E, represents the edge values of the E-field.
The Galerkin's method implemented on equation 4.43 using equation 4.14 gives

rise to the following complex matrix equation,

{(PMe - R*[FM}[ES] = [RT] (4.45)
where
PM{ = g (V x WE) - (V x Wf)dV (4.46)
FMS = We-Wrdv (4.47)
Ve
Rf = ¢ We - (AxV x E)dS (4.48)

where V¢ is the elemental volume, S¢ is the elemental surface, and n is the outer
vector normal to S°. [E®] is the coefficient vector of the six edge basis functions
which represents the tangential £ fields on the element edges in the local directions

given in Figure 4.1 and Table 4.1.

4.3.2 Evaluation of the Integrals

The evaluation of the integrals given in equations 4.46 and 4.47 has already been
discussed in the previous section. The only integral whose evaluation is discussed
below is the one given in equation 4.48, that is, the R integral.

The R¢ integral is only evaluated on the boundary surface, S, of the problem

domain. On a perfect conducting surface the tangential (edge) E-field is known to
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vanish. (E, = 0). hence tetrahedron edges on perfect conducting boundaries do not
contribute at all to the system of equations. In other words. they can be safely
eliminated.

On a surface where the tangential E-field is constant and non-zero. the usual
FEM treatment of inhomogeneous Dirichlet boundary conditions can be used where
those edges only modify the RHS of the system of equations. To be precise. the
matrix contributions corresponding to the inhomogeneous Dirichlet boundary edges
are pre-multiplied with the non-zero E-field values and subtracted from the RHS of
the corresponding edge matrix rows.

On a surface where the magnetic field is constant and non-zero, using equation 4.43

and the fact that
AXxVxE=—juuln x HY = —jwpH, = —juwpd, (1.49)

where H, is the tangential magnetic field on the boundary and J, is the induced surface
current density if the boundary is a perfect conductor. R{ can then be expressed.
using 4.49, as

Rf=—jwuﬁeﬁt-widS:—jwufSeJ:-W,dS (1.50)

If the boundary is a perfect conductor, it is essential to adopt the following expansions
for H, or J:

6
=Y HWe (4.51)
j=1
- 6 e
Jy =Y JEWE (4.52)
)=t

Since the expansions involve all the six edges of the boundary tetrahedral elements.
the effect of the boundary condition will remain in the system of equations even if the
rows corresponding to boundary edges (known to have zero tangential electric field)

are eliminated. Substituting 4.51 in 4.50 yields
6 el -
RS = —jwz:l HE, }{5 We . Weds (4.53)
- )=

which can be shown to simplify as
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6£A5

R¢ = HE —L— 22(l +6; — Jio + b6, 0
5 MLZ o BAVE 5 [fr 2l i1,1) = fopn(l =8 j2) (134)

- fxl]“(l"“st” ) fxl]l(]-“'ét’f’)]
where f,, are as defined in 4.16.

The obtain the corresponding expression where J, is specified just substitute fsj
in place of ¢; in the above equation +4.54. If the absolute element boundary current.
[ is specified and if it is assumed to flow in one particular direction across the element
surface, the corresponding, J;, in that direction can be easily computed as Jy =125
where AS is the element surface area.

Note that the induced surface current density, J, discussed above is not the same as
an impressed surface current density, J*"P. The former is just the effect of the presence
of electromagnetic field while the latter excites electromagnetic field. To include into
the formulation the impressed current, one has to start with the generalised vector

wave equation of the form:
VxVxE-—k*E + jupJ™ =0 (4.33)

which when discretized as before using the Galerkin's method, yields a matrix equa-

tion of the form:
{{Pae] = K [FMCI} [ES] + juwn(F M) = (RY] (4.56)

where the previous used notation applies and {J™™P] is a vector of the components of
the impressed current density along the element edges. Since these are known. they
will directly contribute to the RHS of the equation to effectively implement injected
(impressed) current boundary conditions that are important in implementing VFEM
along with other circuit analysis tools.

On an absorbing boundary placed far from the inhomogeneities to terminate the

problem domain, first order absorbing boundary condition for scattered E -field is.
AxV xE*=—jk(h xaxE*) (4.57)

But as in the case of H-field, for antenna problems, the scattered field at the external

boundary is the same as the total field and equation 4.57 can be written as.
AxVxE=-jk(hxnxE) (438)
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Substituting equation 4.58 in equation 4.48 gives.

Rf:—;k}ge We- (A xnxE)dS (4.59)
This can be expanded using equations 4.2 and 4.44 to yield.

= AZ ES w ¢ (AxaxWr)dS (4.60)

again here < = jk has been lntroduced to avoid the confusion with the edge index
j- R§; can be evaluated fully on the absorbing boundary surface and sent to the
left-hand side (LHS) of equation 4.45 with the help of equations 4.60, 4.28 and 4.29.

For a plane wave case, the same procedure applies as in the H-field formulation
and would thus be skipped here for brevity. In short, the right-hand side contributions
in the E-field formulation is given by.

_ e - ~ Te
= nJ;E f (A x A x WE)dS o)
= ¢ [3x (V% B7) + jki x (3 x A7)] - Weds

The first integral of equation 4.61 contributes to the LHS of the system of equations
and the remaining integrals give rise to the RHS contribution same as the one given
in equation 4.37 if the incident E-field is assumed as, E™e = jel** and the field is
assumed constant over a triangular surface.

Solution to the assembled system of complex equations directly gives the edge
E-field. E-field at any point in a given element can be computed through the edge
fields using equation 4.44.

Computation of the magnetic field is carried out using the following relation ob-

tained from the two Maxwell's curl equation:

F=-2(vxE) (1.62)
W
Substituting equation 4.44 in equation 4.62 yields,
.6
A =-L3 BV x W) (4.63)
YH =1

Now using equation 4.13, equation 4.63 can be written as,

H = du(sve Zzese[(c — dc%,)2

+ (d5,b52 — bf1d ) + (b1l — cqy b5)Z]

(4.64)
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Note that, owing to the linear vector basis functions used to approximate the edge

E-field, the H-field is constant over each tetrahedron.

4.4 Computational Results

4.4.1 A Parallel-Plate Waveguide

To test the formulation discussed in the preceding sections, we first solve the problem
shown in Figure 4.2 that consists of a parallel-plate waveguide short-circuited on
one end. The problem essentially consists of six square faces or boundaries. whose
sides are quarter of wavelength, (A/4), long. Let the boundary conditions be fixed as
follows: On the face ABC D, the tangential electric field, E, = Egy; on faces AFED
and BCHG, the tangential electric field is given as, E, = Egcos %\’ﬁrg; faces ABGF.
EFGH, and CDEH are perfect conductors on which the tangential electric field.
E, = 0. The value of Ey is taken as 1 volt/meter and the solution is made at 1GHz.

It is desired in this problem to find the electric field distribution along a line in the
middle of the waveguide and parallel to the z-axis. Theoretically the field distribution
must follow the cosine function. The comparison of the threoretical and numerical

results are shown in Figure 4.3.

4.4.2 A Cylindrical Monopole Antenna above a Perfect Ground

Plane

As a further test to the formulation, a cylindrical monopole antenna above a per-
fectly conducting ground plane was modelled. The antenna dimensions were chosen
arbitrarily as: height = 250 mm, diameter = 50.8 mm. An air gap of width = 5 mm
was placed between the base of the monopole and the ground plane thus making the
conducting length of the antenna as 245 mm.

The complete domain of computation was taken to be an imaginary cylinder of
height above ground = 500 mm and diameter = 500 mm as shown in Figure 1.1.
The problem domain was discretized into 7188 tetrahedral elements made up of 1466
nodes.

For simplicity an approximate delta-gap excitation was used by letting the E-field
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Figure 4.2: A short-circuited parallel-plate waveguide.
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Figure 4.3: Electric field distribution along z-axis in the middle of a terminated
parallel-plate waveguide
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Figure 4.4: Problem geometry for the modelling of a cylindrical monopole antenna
above a perfect ground plane

in the air gap just below the antenna to assume a constant value of 1 V/m and
directed towards the positive y-axis i.e from the ground to the base of the monopole
antenna. First order absorbing boundary condition (ABC) is implemented on the
outer boundary of the problem domain. The computation was made at 300 MHz
frequency.

The results for a cylindrical monopole antenna above a perfectly conducting

ground plane are given in Figure 4.5 for the E-field distribution around the antenna.

4.4.3 Conclusion

A method of analysis of three-dimensional electromagnetic wave propagation prob-
lems has been discussed. The method implements the vector finite element method to

model closed as well as open boundary problems. Thorough discussion of the electric
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Figure 4.5: Electric field (V/m) distribution around a monopole antenna above a
perfectly conducting ground plane in the z = 0 plane.
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field as well as magnetic field formulations for various situations of interest has been
provided along with the closed-form expressions for all the integrals involved. The
method has been implemented to a parallel-plate waveguide and a monopole antenna.
in both cases vielding excellent results. It is thus evident that the method can be
applied to model radiation, scatterring as well as closed problems of interest in the

field of electromagnetics.
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Chapter 5

Conclusion

5.1 Summary of the Thesis Research

This work set out to achieve two main things. The first thing was to realize a tool for
accurate frequency domain modelling of microwave structures that are driven through
coaxial lines. Nodal finite element method was found handy for such a task. A major
class of microwave structures targetted for that tool are those exhibiting axisymmetry
in geometry and excitation. The tool realized has been found to work well in modelling
such structures as dielectric ring resonator antennas, complex coaxial junctions and
simple monopole antennas. A novel technique to model the coaxial feed using the
finite elernent method is introduced in this work.

The second thing was to come up with a tool that could model fully, in the
frequency domain, three-dimensional microwave structures especially in radiation and
scattering problems. The method employed, uses vector finite element method for
both electric field and magnetic field formulations. Vector finite element not only
provides an easy way of implementing material and interface boundary conditions.
but also does not suffer from the problems encountered in nodal finite element method
such as spurious solutions, and singularities on sharp edges and tips.

A great deal of work has been done in deriving closed-form expressions for all the
integrals involved for different cases of interest. That is by itself a very important
contribution provided by this work, that will be of great benefit to future researchers

in that area. The tool realized has been shown to work well in radiation and scattering
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problems. Results for parallel-plate waveguide and a cylindrical monopole antenna

above a perfect ground plane have been presented and both agree well with the theory.

5.2 Future Work

At this time when electronic and microwave engineers are designing high speed devices
and systems, transient modelling of the structures involved is necessary. That calls
for the need to extend this work to be able to perfom time domain modelling of both
axisymmetrical as well as three dimensional structures using both, the nodal and
vector finite element methods.

Since only a few cases have been modelled in this work, it is desirable to apply it
to other problems of interest, such as in the design of shields against EMI and their
effectiveness, optimization of various kinds of dielectric resonator antennas and other
types of antennas, modelling of cross-talk in printed circuit boards, optimization of
heatsinks used in PCBs, determination of electrical properties of different materials,
and field computation in a region surrounding high power (e.g broadcasting) antennas
in close proximity to large conducting structures.

The vector finite element, electric field formulation presented in this work can
very easily be integrated with circuit analysis CAD software to make them handle
well high frequency situations. For example, the method presented in this work can
successfully be implemented in finding characteristics of very high speed interconnects
in printed circuit boards through a full-wave analysis of those interconnects.

Since in all the cases dealt in this work, only the nearfield is computed in the
problem domain, a way could be found to integrate this work to other near-to-far
field transformation algorithms already in the literature so as to make the tools more
versatile. That would also go along creating better and easier graphical user interfaces

to the tools.
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Appendix A

Preconditioned Biconjugate
Gradient Method

To solve a system of linear complex equations of the type Ax = b using iterative
methods saves a lot of computer memory and CPU time. This way, makes it possible
to solve very large problems that would be impossible to solve with direct matrix
solution methods even those that tend to reduce the matrix fill-ins during LU decom-
positions. A diagonally preconditioned biconjugate gradient method [42] was found
to be quite appropriate and was used in this work.

The complex matrix equation to be solved is,
[Allx] = [b] (A1)

where [A ] is n x n complex coefficient matrix.
[b ] is n x 1 complex vector which is known.
[x ] is n x 1 complex vector to be determined.
To solve the equation the following steps are followed:
Assign an initial guess for the solution vector x. In the absence of any intelligent
guess it suffices to start with x = 0 guess.

Compute:
] = [b] - (A][x]
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anum = (r.r)

where

n

r.ry=[]"[r] = Yo r(i)r(e)

1=1

Repeat until: either error < tolerance

or  number of iterations = marimum number fired

Do iter = 1,niter

[al = [A][b]
a = anum/(q,p)
x] = [x]-elp]
[F] = [r] - elq]
[Cl.cn = diag[A] preconditioning matrix
[@l = [C]7"[r]

Compute error:

e} = (A]lx]-[b]

2 n
error = ,’%-mo%; where [le[|? = 3 _|e(i)}?
=1

if error < tolerance then STOP

else continue:

3 = (q,p)/anum
[Pl = [qa] +3[p]
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