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Abstract

This study presents the reliability and availability analysis of three-state device systems
with common-cause failures. The effect of common-cause failures un different systems is
discussed. Different configurations are compared in order to obtain higher standby system
reliability. Mathematical expressions are developed for the system reliability, the mean
time to failure, the steady state availability and the time dependent availability of cold
standby systein, warm standby system, series system and parallel system. For system with
constant common-cause failure - ates, the Markov State Space approach is used to perform
reliability analysis. The Method of Stages approach is used to investigate systems with
non-constant common cause failure rates. Selected plots demonstrate the effect of the
varying common cause failure rate on system reliability, mean time to failure, steady state
availability and time dependent availability. This study clearly shows that the occurrence of
common-cause failure has a negative effect on standby system reliability parameters.
However, the system reliability, the mean time to failure, the steady state availability and
the time dependent availability increase as the number of standby devices in the three-state

device standby system increases.
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Chapter 1

Introduction

Often, engineering systems are composed of devices having only two states, i.e., normal
functioning state and failure state. There are other engineering systems however, which
are made up of three-state devices. A device is called a three-state device if it operates in
its normal mode but can fail in either of two mutually exclusive modes: open mode
failure and closed (shorted) mode failure. Typical examples of such devices are electrical
relays, electrical switches, fluid flow valves and sensors. For instance, if a fluid flow
valve remains in a closed position (i.e., it is stuck-closed and can not be opened), this
type of failure is called open mode failure. However, if it remains in open position (i.e., it
is stuck-open and can nct be closed) this type of failure is called closed (or shorted) mode
failure. One special characteristic of a three-state device is that it can not fail

simultaneously in both the open and shorted (closed) mode and thus, the failures are

mutually exclusive.

One application of reliability engineering is to increase system reliability given
the poor component reliability. To achieve this, in muny cases component redundancy is
employed. There are several types of redurtancies and one of those is known as the
standby redundancy where one unit operates and the rest are kept as standby. The standby
redundancy can be divided into two categories: cold standby and warm standby. In the
case of cold standby, the standby units are inactive, whereas in warm standby case, the
standby units are active but not operating. Figure 2.1 in Chapter 2 is a typical block

diagrarn of a standby configuration.



In a redundant system, the assumption of each redundant unit failing
independently can lead to an optimistic prediction in system reliability. But, this
assumption may not be valid because of the occurrence of common-cause failures. A
common cause failure is defined as any instance where multiple units or components fail
due to a single underlying effect. Some of the reasons for the occurrence of a common-
cause failures are design deficiencies, operation and maintenance error, extreme operating
condition such as abnormally high (or low) temperature and humidity, and external
catastrophe such as earthquakes, fires, floods, etc. This study considers the three-state

device system with common-cause failures.

1.1 The Specific Property of Three-State Device System

Three-state devices were first investigated by Moore and Shannon [64] in 1956. They
initially considered obtaining reliable circuits by using unreliable relays that can assume
two kinds of failures. The first kind of failure was the failure of a relay contact to close
which was defined as a closed mode failure. The second kind of failure was the failure of
contact to open, called an open mode failure. In the same year Creveling [18]
independently considered redundant circuits by analyzing the reliability of components
made up of diodes. He argued that there are three states for a diode: normal operation,
shorted-circuit and open-circuit. Creveling used a different method than that of Moore

and Shannon.

Redundancy usually is a dominant factor in increasing a system reliability for a
two-state device system without increasing the individual device reliability. However, for
a system containing three-state devices, the redundancy may either increase or decrease
the system reliability. This depends on the device’s dominant mode of failure, the number

of components in the system and the system configuration.



A three-state device system could be in various redundant configurations: serics,
parallel or standby and mixed arrangement such as series-parallel, parallel-series ctc. As

the complexity of configuration increases, the analysis become more difficult to perform,

For instance, a parallel system made up of two-state devices definitely has better
reliability than individual devices which form the system. This however, could not be true
for a three-state device system. In a parallel system containing three-state devices, one
device is required to keep the system functioning if all the other devices fail due 1o an
open mode failure. But if any of the devices fails due to a closed mode failure, the whole
system fails. In a series system, the system made up of two-state devices fails if any of
such devices fail. However, in a three-state device series systern, the system fails only if
all the devices fail due to a closed or shorted modz failure or jf any of the devices fails

due to an open mode failure.

1.2 Literature Review

In 1981, Dhillon [26] published a book containing a chapter on three state device systems
and listing published literature prior to 1980. In 1992, Lesanovsky [60] published a
review paper covering the same subject up to 1991. Thus, this review mainly covers
works cited in both these publications with emphasis on the period after 1981. In
addition, this review also covers published literature about multistate analysis. In real life
a system and its devices are capable of being in a range of states, varying from a perfect
functioning state through various levels of performance to complete failure. However, the

system or devices must be in one of those states, all of which are mutually exclusive.

As stated earlier, the reliability of systems comprised of three-state devices was

first studied by Moore and Shannon [64] and Creveling [18] in 1956. However, over the



last four decades, there has been a significant growth in published literature on the subject

that may be grouped into three categories:

(1) Multistate system definition and performance discussion - in this category,
multistate system definition and performance were discussed by extending the

concept of binary coherent systems to multistate systems.

(2) Reliability evaluation and optimization of the three-state device configurations -
in this category, the block diagram method was used to evaluate and optimize the

three-state system configurations.

(3) Analysis of three-state device system models - in this category, stochastic
processes theory was used to analyze system reliability by developing

mathematical models.

(1) Multistate system definition and the performance discussion.

Barlow and Proschan [6], in 1975, used the theory of coherent system to deal with the
multistate system of multistate component. In the same year, Murchland [58}, also

discussed multistate system.

Block and Savits [9] obtained a decomposition for multistate structure functions
and discussed the concepts of multistate importance and coherence. Natvig [67]
introduced two suggestions of how to define a multistate coherent system. Nadar [66]
introduced two types of a multistate coherent system and discussed relationship of

different definitions of three-state device systems.



Hudson and Kapur [44] and [45] illustrated the analysis approach by a simple
example, in which the system generally has various levels of operational performance and
hence the total system effectiveness measure should reflect all of these performance
levels and their reliability. They began by defining those functions and variables
necessary to formally establish a system model. The development was centered on the
structure function that given the system state as a function of component states and the
equivalence classes of component state vector generated by structure function. They also

discussed a variety of bounds on measure of system performance.

To clarify some of the confusion in multistate extensions to the concept of
coherent systems, Bendell and Ansell [8] discussed the importance of relevancy and
considered the generalization of properties of binary coherent systems to the various
types of multistate systems. Funnemark and Natvig [32] obtained a series of bounds for

the availability and unavailability in the fix time interval for a multistate system.

Xue [96] introduced the discrete function theory, which extended switching
function theory and multiple valued logic function theory into multistate system analysis.
Two approaches to compute the state probability of a multistate system were presented.

One is based on inclusion-exclusion and the other is based on enumeration.

Aven [5] presented two efficient algorithms for reliability evaluation of monotone
multistate systems with independent multistate components. The algorithms are based on
the Donlliez and Hamonlle decomposition method. Algorithm one requires the minimal
paths to be known. Algorithm two requires the minimal cut sets to be known (the state of

the system need not be specified for each vector of component states).



Wood [95] applied binary algorithms to multistate components and systems. This
paper showed how to model multistate components using binary variables. This modeling
technique allowed binary algorithms for block diagram and fault tree to be applied to
multistate systems. In this paper, several multistate examples are presented, and some

cases in which computational efficiency can be enhanced are discussed.

Abouammoh and Al-kadi [2] reviewed the existing relevancy conditions and
structure functions, investigated their interrelationship, and introduced a unified

relevancy condition.

(2) Reliability evaluation and optimization of the three-state device

configurations.

Proctor and Dhillon [78] illustrated a graphical technique to evaluate the reliability of any
combination of series and parallel configurations (for identical units only) up to a
maximum of fifteen elements per configuration. They also compared the numerical

results obtained from the derived formulas and grapnical techniques.

Dhillon [21] presented the delta-star transformation method. This method is very
simple and powerful. It can be used to evaluate complex configurations such as the
double bridge networks and a single-bridge network containing more than five elements.
With delta-star transformation method, the network is simply reduced to a series and
parallel combination. Dhillon and Rayapati [28] further developed the network reduction
technique to evaluate reliability of three-state component complex systems. This method
can be used in systems composed of series, parallel, series-parallel, parallel-series and

bridge configurations in any combination.



Page and Perry [71] considered three state networks having two nodes designated
as source and sink. Such a network is itself subject to each of the two failure modes, They
showed that the network reliability problem for a three-state device can easily be reduced
to a pair of problems involving a network made up of two-state devices. Consequently,

such problems can be solved using algorithms based on the factoring theorem.

Jenney and Sherwin [51] developed a method to find the most reliable physical
arrangement of 2, 3 and 4 units given the unit failure probability. They emphasized a
method for finding the best arrangement of a limited number of components. The number
can be limited by cost, space or weight considerations. Algorithms were developed for
finding the most reliable array design for a given limit on the number of items to be used
and minimum number of valid paths required. The problem of designing the most reliable
configuration of a given number of identical three-state units is treated by Page and Perry
[72]. They presented two simple algorithms for designing on optimal configuration and
by performing analysis of 6, 8 and 20 unit systems, and they illustrated the extent to
which other configurations can be more reliable than “series-parallel” or “parallel-series”
arrays. Also, they illustrated an alternative algorithm called "keep 3" for selecting near
optimized configurations for large systems. Malon (63] corrected an oversight in [51].
Malon pointed out that complicated structure such as those studied in [51] can allow
system to fail in both modes simultaneously even though individual component ¢can not,
thus he introduced a formula which take this into account. Page and Perry [73]
subsequently showed that the failure mode described by Malon does not affect the result
in [72].

Sah and Stiglitz [82] derived several properties of the optimal K-out-of-N system
which is subject to two kinds of failures. The characterization of the optimal K which
maximizes the mean system-profit was obtained (a special case of this optimization

criterion is the maximization of system reliability). They demonstrated how one can



predict, based directly on the parameters of the system, whether the optimal K is smaller
or larger than 1/2 N. The directions of change in the optimal K resulting from change in
System parameter are also ascertained. Sah [84] derived and analyzed an explicit closed-
form formula for the optimal K in K-out-of-N systems consisting of identical component
systems which can be in one of two possible modes with pre-specified probability, This
type component exhibits two failure modes. The cost of the two kinds of system failure is
generally not identical. Since the formula is explicit, it permits a calculation of the
optimal K directly in terms of the parameters of the system. In addition, it yields many
results concerning both the bounds of the optimal K and the effects of a change in the

parameters on the optimal K and on the optimized value of the systems expected profit,

Sharma, Panigrahi and Misra [88] considered multistate modelling of the network
elements. The states which permit a flow less than the maximum assigned capacity are
assumed as parallel and mutually exclusive in the network. A method is illustrated for the
reliability evaluation of a communication network element. In their paper, the important
criterion is taken care of by considering multistate modelling of branches as well as node.
Each branch or node may have different capacity and therefore different probabilities are
assigned for different capacities. Patra and Misra [76] present a simple method for
evaluating the reliability of a multistate flow network by using the state enumeration
technique. All successful states are obtained from the knowledge of the max-flow min-
cuts of system graph. The proposed method considers cutsets of the network and
examines their corresponding capacity vector for required flow capacity from the source
node to sink node. System reliability evaluated through enumeration of selective states

from enumerated capacity vectors.

Satoh, Sasaki, Yuge and Yanagi [85] considered three-state redundant systems in
which the system can fail in both modes (open mode and closed mode) simultaneously,

even though individual devices can not fail in this way. They defined system open mode



failure as if any of devices in the system fails due to an open mode failure and on the other
hand the system closed mode failure if any of the devices in the system fails due o closed
mode failure. They developed two formulas for calculating the reliability of parallel-series
or series-parallel systems which are formed from three-state devices and which may
require multiple paths to function. They also presented the effect of the dominant failure-
modes on the reliability of series and parallel systems and the reliability of parallel-series
and series-parallel systems. Yuge, Sasaki and Yanagi [97] presented two approaches’ a
combinatortal approach and a simulation approach for computing the reliability of complex
networks subject to two kinds of failure (open failure & shorted failure). They dealt mainly
with the networks subject to flow quantity constraints such as the one which is required to

control j or more separate paths.

Li and Chi [61] advanced a new algorithm to compute three-state device networks
reliability by using the minimal cut--minimal path method. With this method, both a
shorted mode failure probability and an open mode failure probability can be obtained

simuitaneously.

(3)  Analysis of three-state device system models.

Proctor and Dhillon [78] presented a Markov model in which a device has one good state
and two mutually exclusive failure modes, e.g., open and short modes. The failure and

repair rate are assumed constant. This model was used to obtain the system availability.

Dhillon [20] discussed a three-state system containing two types of components
(i.e,, with open and short mode failures) when repair follows a general distribution.
Expression for state probabilities and the availability function were obtained. The same

author in Ref [22], discussed a four unit redundant system with common cause failure in



which the units are subject to open mode failure and shorted mode failure. He developed
the Laplace transforms of the state probabilities, the mean time to failure of system and
the system reliability. Following year Dhillon [25] extended the model to the K-out-of-N

three-state device system.

Chung [15] and [16], based on Dhillon's work [22] [25], developed the steady
state probability and system availability equations. Further, the frequency of encountering
a state and the average duration of residence in a state were also explored. He assumed
[17] failed system repair times are arbitrarily distributed. Chung derived the Laplace
transforms of the state probabilities and the availability of system, in addition to

obtaining the steady-state availability.

Mahmond, Mokhles and Saleh [62] used the same model as Chung [15] but a
different repair policy. They obtained the Laplace transforms of the state probabilities, the
availability, the mean up times and down times as well as the steady-state probabilities

and the mean time to systemn failure (MTSF).

Dhitlon [21] presented a mathematical model representing a duplex unit system
with three-state devices. A Markov model is developed to represent (M+1) identical
duplex unit system. One of these duplex systems is operational and there are M on cold
standbys. The operational duplex system may fail due to common-cause failures. Laplace

transforms of state probability equations were developed.

Vaurio [94] derived the fundamental relations for the reliability, the availability
and the other failure and repair characteristics of components with multiple failed states.

These equations allow general failure and repair time distributions. Solution techniques

10



were introduced for the time dependent and the asymptotic state probabilities and the

failure and repair intensities.

Kumanoto, Ohrauk and Inoue {58] presented a formula to compute the figure of
merit that included expected number of normal trips, spurious trips and hazards for design
of prospective systems. They illustrated the 1-out-of-1:G, 1-out-of-2:G and 2-out-of-2:G

configurations of protective systems with scheduled and unscheduled maintenance.

Cafaro, Francesco. C. and Francesco. V [13] made use of the Kronecker sum of
the transition rate matrix of the component to analyze the structural properties of the
Markov model system. As a result an efficient use of the Markov system (method) is
possible by mapping the transition rates of the single components into the elements of the
system transition rate matrix. They explained how to use the Markov approach for
evaluating the availability and reliability of a system when the transition rates of each

component depend on the state of the system.

Gupta with Agarwal [36] [37], Kumar [38], Sharma [39] [40), Singhal and
Srivastava [41], and Sharma S. S. [42] developed a series of models based on Proctor
and Dhillon work [78]. They presented the cost analysis of a three-state repairable system
in which the units suffered partial and catastrophic failures. They discussed a one unit
system, a two units in parallel redundancy system, a two units (one cold standby
redundant) system and a system consisting of two subsystems connected in warm standby
redundancy which have non-identical units in series. In these models, the failure and
repair times for the systems follow exponential and general distributions respectively.
The Laplace transforms of various state probabilities of the systems have been derived
and steady state behavior of the system has also been examined. The time dependent
probabilities which determine the expected profit as well as the availability of the system

at any time were obtained for some models. Numerical examples were discussed.

11



Kececioglu and Jiang [52] analyzed a repairable standby system with imperfect
sensing and switching units. They derived explicitly the system reliability expression and
illustrated numerical examples. In addition, the effect of the sensing and switching unit’s

failure rates on the system reliabilities are discussed.

Tuteja, Arora and Taneja [92] presented three models for a two unit cold standby
system under the assumption that each unit attains partial and complete failure, Three
kinds of repair policy were used in the three models, In model one the repair man is
always with the system. In model two the repair man comes at the moment a unit fails. In
model three the repair man takes some random time in reaching the system. Formulas for
the mean time to failure and steady-state availability of the system were derived. Profit is

calculated for each model and a comparison of these profits was presented.

~

Guo and Cao [35] analyzed a multistate repairable system under a changing
environment subject to a Markov process with two states. They assumed that the system
has M types of failure under one environment and N types under another. By assuming
constant failure rates and general repair rates distribution, they obtained the system

availability, the frequency and the reliability functions.

Deng and Song [19] considered a system that operates in a randomly changing
environment, The change of environment level was described by a Markov process with a
finite state and the system consisted of several units and one repair facility. The repair
time of a failed unit had an arbitrary distribution. They obtained the system reliability

function, the availability, and the failure frequencies.

12



1.3 Objective

The main objective of this study is to analyze the effects of common-cause failures on a
system made up of three-state devices. This study basically investigates the reliability of
standby systems: cold and warm. Markov state space techniques were used in both
standby cases. In addition, the reliability and the mean time to failure for parallel, series,
and standby systems are compared with the presence of common-cause failures. The
performance expressions are obtained by considering constant and non-constant
common-cause failure rates. To analyze the case of non-constant common-cause fajlure
rate, the Method of Stages [89] and [90] was used. To improve the system reliability, the

system mean time to failure and the system availability, a new type of standby

configuration, in which there are two units in parallel with one unit on standby, was

studied.

The main difference between this study and those proposed by previous

researchers are as follows:

* The standby system models proposed by previous researchers is for systems

comprising of two-state devices only. In this study three-state device system are

investigated.

* The Method of Stages is used to investigate three-state device systems with non-
constant common-cause failure rates. Only the Markov state space method and the
supplementary variable method are used in the three-state device systems studied by

the previous researchers.

13



1.4 Organization of Study

This study is divided into six chapters:

Chapter 1 presents an introduction to three-state device systems and a literature review.

Chapter 2 presents a study of a cold standby system with two kinds of repair policies.
The system reliability, the mean time to failure (MTTF), the steady state availability and

the time dependent availability expressions are developed.

Chapter 3 presents a study of special cases for warm standby systems. The comparison is

made with special cases of Chapter 2 for the same values of system parameters.

Chapter 4 presents a two-unit system reliability comparison for different configurations:
parallel, series, and standby. To improve system reliability, a new type of standby
configuration, in which there are two units in parallel with one unit on standby, is also

presented.,

Chapter 5 deals with the non-constant common cause failure rate. A comparison is

performed for different configurations: parallel, series, and standby.

Chapter 6 discusses the results of the study and gives conclusions and recommendations.

14



Chapter 2

Three-State Device Cold Standby
System

This chapter presents mathematical models to perform reliability analysis of various types
of cold standby systems with common-cause failures. Three different situations of a cold
standby system are considered: without Repair, with Type 1 Repair and with Type II
Repair, The Markov processs and the Laplace transform method are used to obtain
expressions for the system reliability, the mean time to failure, the steady state

availability and the time dependent availability.

2.1 Three-state device cold standby system description

The block diagram of a cold standby system is shown in Figure 2.1. This type of
redundancy represents the system in which one unit is operating and the remaining n
units are on standby. When the operating unit fails, either due to an open mode failure or
a short (closed) mode failure, one of the standby units switches in to replace the failed
unit. All the units incorporated in this system are assumed to be identical and any

functional unit is capable of keeping the system operating successfully for a period.
Therefore, there are three kinds of system failures. The first is open mode failure

which means that the last unit in the system fails due to an open mode failure. The second

is short (closed) mode failure which means that the last unit in the system fails due to a

15
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Standby
units

Figure 2.1 Block diagram of a standby system
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short mode failure. Also, the system can fail due to a common-cause failure from any

operable states as long as there are at least two operable units in the system.

Description of the System State

Referring to Figure 2.2, the first state (at time t=0) of the system considered in this
chapter is defined as state 1, in which one unit is operating and the remaining n operable
units are on standby. When the first operating unit fails, one of the n standby units starts
operating and that leaves (2-I) units on standby in the system. In this case, there could be
two different possibilities: i. If the operating unit results in an open mode failure, the staie
of system is defined as state O1. ii. If the operating unit results in a short mode failure,
the state of system is defined as state S1. If two units have failed, there will be four
possible states of system. The Table 2.1 shows the relationship of the number of possible

states and the number of failed units as well as the number of units on standby.

Table 2.1 The relationship of the number of possible system states
with the number of failed units and standby units

No. of

failed 0 1 2 3 n-2 n-1 n
units

No. of
standby n n-1 n-2 n-3 2 1 0
units

No. of
system 1 2 2? 2} 202 | g 2"
states

Table 2.1 indicates that the total number of possible operating states in a three-
state unit standby system is 2" +2"V4 4+442+1=2""_1. To distinguish the

different states in this system, the expression of system state is made up of the numker of
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failed units and failure types of the failed units. For example, the state 0SO3 represents a
system with three failed units or n-3 units on standby at time t (the last number represents
the number of failed units in the system). The letter O represents a unit which failed due
to an open mode failure and S indicates a short mode failure. These letters make up
character sets which represent a sequence resulting in a failure. The first letter O means
that the first unit failed due to an open mode failure, The second letter S indicates that the
second unil is in a short mode failure. The third letter O means the third unit is in an open
mode failure. In addition, in situations where there are 3 failed units or n-3 units on
standby, the system could be in one of seven other states 0003, 0083, 0883, S003,
S083, SOS3 and SSS3.

Figure 2.2 is a state space diagram of a standby system without repair. In the first
State and the states where there is only one operabie unit, there are two possible failures:
open mode failure and short mode failure. In the other operating state, there are three
kinds of possible failures: open mode failure, short mode failure, and common-cause

failure,

In this standby system two types of repair policies are considered.

Type I Repair: This repair policy deals with the repair of a system only when the system
fails completely, either due to a common cause failure or to other types of failures (such
as an open mode or a short mode failure), and the failed system is restored back to its

initial state at time t=0.

Type 11 Repair: Unlike Type I Repair, Type II Repair only takes a partially failed system
into consideration. The repair is conducted if any of the system units fail and the system
is restored to its previous state. For instance, if any two units fail and the second standby
unit is operating, once repaired, the first standby unit is operable and n-1 units are on

standby.

18



Figure 2.3 is the state space diagram of a standby system with Type | Repair. The
system is repaired from its failure states to its initial state. Figure 2.4 represents the state
space diagram of a standby system with Type 1I Repair. The repair, when performed,

returns a system from its current operable state to its previous state operable state.

Assumptions

The following assumptions are associated with cold standby system models:

1. The system contains n+7 independent and identical units. Specifically, one
operating and » on standby.

2. A common cause failure can occur and trigger a whole system failure from any

operable state if there are at least two operable units in the system.

A common cause failure and other failures are statistically independent.

A common cause failure and other failure rates are constant.

The repair rates are constant,

The switching arrangement of the standby system is perfect.

The repaired unit and system are as good as new.

©® N o voA W

In the Type I Repair case, both the repair rate due to an open mode failure and due
to a short mode failure are the same.

9. Inthe Type II Repair case, all the repair rates are the same.

Notation

The following symbols are associated with this standby configuration:

n number of standby units
¢ time.
5 Laplace transform variable.
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Constant open-mode failure rate of an operating unit or device.
Constant short-mode failure rate of an operating unit or device.
Constant common-cause failure rate of the system.

Constant repair rate of a unit or the system.

T s >

K, Constant repair rate of the failed system from common-cause failure state to initial
state 1.

F,(t) Probability that the system is in state 1.

F,(t) Probability that the system failed due to an open mode failure.

F,(t) Probability that the system failed due to a short mode failure,

F.(¢) Probability that the system failed due to a common cause failure.

R(r}  System reliability.

AV (t) System time dependent availability.

MTTF System mean time to failure,

AV, System steady state availability.

2.2 Three-state device standby system without Repair

In this section, the general model and its three special cases are discussed. The system
considered in the special cases consists of one to three standby units. The systemn

reliability and mean time to failure are compared for all these models.

2.2.1 Standby system general model without Repair

Figure 2.1 shows a block diagram of the general model. The system of differential

equations associated with Figure 2.2 (state space diagram) is

dF,(t)

~ ===, +A, +A )R 0) (2.1)
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dﬂo;)ot ([)

dt = _(lo + A: + }E)PCO.J)Df (t) + }‘bP(o.r)k-l (t) (2'2)
dP(o.r):t (t)
T = —(Ab + As + Aw:)P(o.!).rk ([) + ;‘:rP(o.s)k-t (t) (23)

where (0,s)ok in Equation (2.2) represents the system states in which there are k units
failed and the last unit failed due to an open mode failure. (o,s)sk in Equation (2.3}
represents the system states in which the last unit failed due to a short mode failure.

k=1,2,....,(n-1). {0,s) in Equations (2.2) and (2.3) is the character set indicating that there

2(k-l)

are (k-1) characters O and S as well as possible combinations of open mode failure

and short mode failure, F_,),_, (¢} = P, (t) when k=1.

dP(o.s)an (t )
at

dP(o.r).m (t)
dt

where (o,s)on in Equation (2.4) represents the system states that have no units on

= —(Ab + AE)P(O,.T)OH (t) + )‘o‘P(o..r)n-l (t) (24)

= _(;\b + ;’t)ﬂo;)m (t) + )\t})(o.s)n—l (t) (25)

standby and only one unit operating as well as the last unit has failed due to an open
mode failure. (0,s)on in Equation (2.5) represents the system states that have no unit on
standby and only one unit is operating as well as the last unit has failed due to a short
mode failure. (0,s) in Equations (2.4} and (2.5) represents the character set where there
are (n-1) characters of O and S as well as 2" possible combination of open mode failure

and short mode failure. P, (t) = B (t) when n=1.

{os)n=1
dP
;f(t) = )\b ZID(DJ)H (t) (26)
dP
F 3P0 @)

where ZP(O . () in Equations (2.6) and (2.7) represents the sum of the probabilities of

all possible states in which » units have failed and only one unit is working.

dP.
(;t(t) = }\: [ﬁ (t) + tz P‘o.r)k (t)] for k=1,2,3,...,(ﬂ-1)- (28)
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where meu (¢) in Equation (2.8) represents the sum of the probabilities of all the
k

possibie states in which there is at least one unit on standby.

Attime ¢ =0, £,(0) =1, and all the other initial condition probabilities are equal to zero.

Taking Laplace transforms of Equations (2.1) - (2.8) and solving the resulting

equations, the Laplace transforms of the state probabilities are

1

F(s)= A Th A s (2.9)

P got (8) = ),,+_Afbfi\t_+§ﬁ“’**’ (s) for k=1,2,3,...(n-1) (2.10)
Py (8) =m)&+—}¥;1’m,m (s) for k=1,2,3,...(n-1) (2.11)
Py s30n () = mﬂwm-] (s) (2.12)
Faan ) = 555 P ) @.13)
B ()=, 2P, (s) (2.14)
BAS)= A Do Py () (2.15)
P(s)=A[P () + kZP;o_,,k ()] fork=1,2,...(n-1) (2.16)

By taking inverse Laplace transforms, the time dependent state probabilities can

be obtained. Thus, the system reliability is then given by

RO)=PO+ 2P, () fork=1,2,3,...n (2.17)
k

The system mean time to failure (MTTF) is

MTTF = lim[ R (s) + X B, ,, ()] fork=1,2,3,...n (2.18)
5 E

25



2.2.2 Standby system without Repair: one unit operating, the

other on standby

The system state space diagram is shown in Figure 2.5. By setting n=1 in Equations (2.1)-

(2.8), we obtain the following differential equations:

aR ()
dt
de

AG]
dt

E/A0)

dt
dP, (t)

—&;—=lo[ﬂ(1)+ﬂ(t)] (2.23)

db.(t) _
= A B () (2.24)

Attime ¢ =0, A (0) =1, and all the other initial condition probabilities are equal to zero.

=—(A, +A, +2,)B(t) (2.19)
—(A, +A B, () + A, B () (2.20)
=~{A, +A,) B, (t) +A, P () (2.21)

=M[5 )+ P (1)) (2.22)

By taking Laplace transforms of Equations (2.19) - (2.24) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follow:

1
P(s)= 2.25
() Ay tA +A +s (2.25)

A
P, = 2 2.26
) (g +A,+5) (A, +A, +A_+5) (2.26)
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The standby unit
operating, the
operating unit failed
due to a short mode

System failed due to
& common cause
failure

A

C

1 unit operating, 1
unit on standby
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operating, the
operating unit failed
due to an open

failure sl 1 mode failure ol
A Ao
System failed due to System failed due to
A a chort mode failure an open mode A
° failure i
S 0

Figure 2.5 System state space diagram without repair:
one unit operating, the other on standby
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A(A, +2,)

)= 2.2
Fls) s(h, +h, +5)(h, + A + A, +5) (2.28)
A (A +A)
= [4] a 3 2.2
£(s) s(h,+A, +s) A, +A, +A_+5) (2.29)
P(s)= s (2.30)

s(h,+A, +h, +s)

By taking inverse Laplace transforms of Equations (2.25) - (2.30) the following

time dependent state probabilities result:

1

F)= prERTwsT (2.31)
A, 1 1
F () 37[8(1,&,:: - Ot WY (2.32)
A, 1 1
Fy(t) = .}L—[e“"*""’ QPR ] (2.33)
A A AN, +A)
Ft)= = - L. - 0 s 2.34
ol (g A, +2.) ePomhiy ettty (3 L2 +2,) @34
A A Ay (A, +A)
Pt)= o - o + 2__o £ 2.35
o ( ) (Aa + A.s +Ac) e(’.,'l‘l,)fkc e(lo+1,+lc)rlc ()\‘o + ls +A,c) ( )
A, 1
}Jc (t) = (}\, +A +A ) - e(A,+}.,+AC)t ] (236)
The system reliability is given by
Riy=F(t)+F,(6)+ P, (r)
A +h, —
(A +A) oA A, 2.37)

BT W TP U T W W
e x Ac e e T hr A lc

The systern mean time to failure (MTTF) is expressed by

28



MTTF =1imR(s)

50

.—_Ei_r’]g[P] () + P, (s)+ P, (s)]

2

_ 2.38
(A, +A,+A,) (2.38)

where R(s) is the Laplace transform of the system reliability.

The system reliability given by Equation {2.37) is plotted in Figure 2.6 for
specified values of model parameters. The plots of Equations (2.31)-{ 2.36) are shown in
Figure 2.7. Figure 2.8 and 2.9 present the plots of Equation (2.38). These plots as well as

those of the other special cases are discussed at the end of Section 2.2.

2.2.3 Standby system without Repair: one unit operating, two

units on standby

The system state space diagram is shown in Figure 2.10. By substituting n=2 in

Equations (2.1) - (2.8), we obtain the following differential equations:

‘”:}:‘) ——(h, +A, +2)B(0) (2.39)
d_‘?&i‘l)_:-(xo-}-x,uc)a, () +A,P (1) (2.40)
%;“—)=—(AO+A,+AC)P:, @) +A,B () (2.41)
i{%@ ==, +A )P, () + 3P, (¢) (2.42)
) - 3,42, Ba 0 +1,2,00 (2.43)
E’.%ﬂ= —(, +A,) Py (1) 1P, (0) (2.44)
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Figure 2.6 The standby system without repair reliability plots:
one unit operating, the other on standby
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State Probability
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Figure 2.7 The standby system without repair state probability
plot: one unit operating, the other on standby
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Figure 2.8 MTTF vs common cause failure rate, A,

for the standby system (one unit operating,
the other on standby) without repair

32



MTTF

3000
2800
2600
2400
2200
2000
1800
1600
1400
1200
1000

800

- A,=0.0004

%,=0.0003

A,=0.0006

0 2.0x10® 104 1.5x104  2.0x10*  2.5x10+

Figure 2.9 MTTF vs common cause failure rate, A,
for the standby system (one unit operating,
the other on standby) without repair
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dPsoZ (t)

= =, +A )P, () +2, L, () (2.45)
%;(EL AP, (0 + B, () + Py (1) + P, ()] (2.46)
d—‘j;?‘fl= Ay )+ By () + P, () + P, (0)] (2.47)
i%%’:xc[ﬁ(tﬂg,(:)u’ﬂ ()] (2.48)

Attime =0, F(0) =1, and all the other initial condition probabilities are equal to zero.

By taking Laplace transforms of Equations (2.39) - (2.48) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follows:

1
Pls) = 2.49
1 (s) Ay+A, +A, +s (2.49)
A
P = < 2.50
O = T e (250
A
P = . 2.51
n(s) (A, +A, +A_+s)? 251)
)\’ 2
P = & 2.52
w2 (5) (A, +2, +8) (A, + 2, +A_ +5)? 252
l 2
P = . (2.53)
2 (5) (hy +A, +8) (A, +A, + A, +5)?
AA
P = e s (2.54
w2 () (hg +A,+5) (A, +A, +A_+5)? )
AA
P = ot 2.55)
2 (5) (A, +A, +5) (A, +2, +A_+5)? (
Ag(h, +4)?
P(s) = o s {2.56)
() S, 42, +8) A, +A, +A_+5)?
2
P(s)= %ol ) 257)

SO, +A +8) (A, +A, +4_+5)?
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N AL, +20 +A_+5)
Cs(h, H A +8) (A, HA, A, +5)°

P (s)

c

(2.58)

By taking inverse Laplace transforms of Equations (2.49) - (2.58) the following

time dependent state probabilities result:

1
F: (¢) = e(A"+A,+A‘): (259)
At
P,(t) =W (2.60)
At
=<5 (2.61)
Az Az A
£ 1) = ghevhiiy 2 _eu,u,»f;.,)rk P -e""'”\‘“‘“l (2.62)
[ c [4
A Az Al
PHZ (t) = e(A,H.,)!A 2 ue“‘”"'”‘"’}g z e“‘“*"'““"}\, (2-63)
A, A A, At
P‘”Z (t) = e(i.,,ﬂ,)th 2 _e““”'”“"?\ z e(A,+A,+A,JrA (264)
A, A, Akt
Rro.‘! ([) = e(J\,ﬁA,)!A 2 _e(A,+A,+A‘)rl 2 -eU\,+}.,+A,M}\‘ (2'65)
Py =_tPotd) A0, +2) LA G +A )G +A, +22,)
’ eI A )P BRI 200 g 4h)?
A (A, +A,)
R G ) {2.66)
P)=- A (A, +A,) + A (A, +24) . A A, +A )P +A, +22)
° e®IRE R, A+ MR 20 G A )P
A (A +A)%
21 2.67
e(A°+A,+l‘)tkc (A'a + A._' +A-,_-) ( )
P(z)=M2A”+2A*+Af)- A(2), 425 +24) _ A +A)
‘ A +A+X)T MG L 4 8)2 T eI LA +A)
(2.68)
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The system reliability is given by

RO)=RO+P,(0)+P, )+ P, (1) +E, )+ P () + P, (1)
I N R O e S (R 7 S [ W YR

(hg#Adeq 2 (Ag+d,+X )t 2 (hg+h,+A )t
e et A’c g et A kc e + ;\‘c

The systern mean time to failure (MTTE) is

MTTF =1imR(s)

s—0

= lsi_xgg[ﬂ (SY+B,(5)+ P (s)+ P, (s)+ P,(s)+P,,(s)+P

_ 3 +3h +A,
(A, +A, +2,)?

(2.69)

(2.70)

In order to make a comparison with the one unit on standby system, the same

values of parameters (i.e. as for Equations (2.31)-(2.38)) are chosen for the reliability

plots, the state probability plots, and the mean time to failure plots. The system reliability

given by Equation (2.69) is plotted in Figure 2.11. The time dependent state probabilities

plots are shown in Figure 2.12. The plots of Equation (2.70) are shown in Figure 2.13 and

Figure 2.14.
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Figure 2.11 The standby system without repair reliability plots:
one unit operating, two units on standby
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State Probability
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-Figure 2.12 The standby system without repair state probability
plots: one unit operating, two units on standby
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Figure 2.13 MTTF vs common cause failure rate, A,

for the standby system (one unit operating,
two units on standby) without repair
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Figure 2.14 MTTF vs common cause failure rate, A,
for the standby system (one unit operating,
two units on standby) without repair
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Figure 2.15 System state space diagram without repair:

one unit operating, three units on standby
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2.2.4 Standby system without Repair: one unit operating, three

units on standby

The system state space diagram is shown in Figure 2.15. By setting n=3 in Equations

(2.1) - (2.8), we obtain the following differential equations:

dF (¢

& &L

el (t)
dt

dF, ()
dt

dP, ,(¢)
dt

dP,, (t)
dt
db,, ()
dt
dP_, (t}

==, +A, +A) B ()

=—(A, +A, +A ) B, () +A P (r)
==(hy + A+ 1) B, () +4 B (e)
=—(A, +h, +A )P, () +2 P, (¢)
== +A,+A) B, () +2,P, (¢)

=—~(h, +A,+A) B, () + AP, (t)

So2 A/ =—()\»a +)\'; +A’c)P;oZ (t)+?\'oPsl (t)

at

dP, .. (t)
dt

db,..(t) _
dt

dPoso3 (t) =
dt
dP,.; (1)
at
deS (t )
dt
dP.noli (t) _
dt

—(A,+A DB, () + 2, P, (¢)
~(A, +A,)P () + AP (1)

—(A, +A) B, () +A P, ()

==(A, +A)} B (t)+A, P, (t)

_(A'o +A’:)Pm3 (t) +7\',Puz (t)

= ""(Ao +?\';)Pm13 (t) +A'OP::Z (t)

(2.71)

(2.72}

(2.73)

(2.74)

(2.75)

(2.76)

2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)
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ﬂistzi’lp(xo FA)P (O + AP () (2.84)

i’;;%(rl: "(}"a +}\'.|)P.:oa3 (t) +)"0P.roz (f) (2‘85)

dP (t)

o = Ml By (04 By (6 By (0 4 B (0 + Py () + Prg (0 + By (6) + Py (1]
(2.86)

dP, (¢)

= AlBroos @)+ By () + Py (1) + B (6) + Py (0) + Py () + Py () + P ()]
(2.87)

_—d":;f" =AIBO+B, () + By ()4 By (0) 4 By 0+ By () + B, (0] (2.89)

Attime ¢ =0, F(0) =1, and all the other initial condition probabilities are equal to zero.

By taking Laplace transforms of Equations (2.71) - (2.88) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follow:

1
E(s)= .
i(s) AgHh, +A, +s (2.89)
P, (s)= Ao (2.90)
°! (A, + A, +2, +5)* '
A
B, (s) = : .
3l (S) (A.o-i-?\.,-i-lc-}-s)z (2 91)
12
By (s) = : :
w2 (5) (A, +A, +A_ +s) (2.92)
AA
Pa(s) =Py (s) = s 2.
as2 (S) s02 (S) (A-o + A-, + )\c +S)3 ( 93)
}\.2
P = . 2.
22 ) (A, + A, +A, +s) (2.94)
3
P_(s)= A, (2.95)

T A A, A, A, +5)°



Aok,

P =P =P =
o3 (8) =B (s) =P, .(s) (Ao +A, +) (A, +A, +h_+5)°

Ao,
(A, +A, +8)(A, +A, +A_+5)?

sz (S) = Ps.mJ (S) = ‘Rm:(i (S) =

A 3
Py(s) = :
() (hy +A, +8) (A, + X, + A, +5)°
3
Pl = A (A, +2)

5

TS, FA 4, +A, + A +5)°

Ps)= A (a, +2)°
° S, +h, +8) (A, + A, +A +s)?

P(s)= ABA A, +2)2 430 (A, 1) +35(h, +2 )+ (A, +5)?]

s, +A, +1_+5)°

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)

(2.101)

By taking inverse Laplace transforms of Equations (2.89) - (2.101) the following

time dependent state probabilities result:

RO =y

F, UF;T}:::%,T

Pa(0 = ity

F,, (1) 25%1,7

B, (t) =P, (t) =§ﬁ%{t;ﬁ

P, (2) =?e%

Froes(t) = 2 a2 = i

e”"’“"'li e(}.o+?.,+l,)r}é e(l,+l,+?.,).r;\:1 28().,+.\,+J»,)!;\'c

(2.102)

(2.103)

(2.104)

(2.105)

(2.106)

(2.107)

(2.108)
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AZA A AENt
F)=PF () =P, ()= i) YW e M e W pehatry AT
o¥h, )\'c PG Ry ?\'c g'teT it e A'c

A et

T (2.109)
A A o A Akt
Fn(0)=F,;(t) = Folt) = PUNTRIPE _e(A,+A,+}.,)rA3 _etlu+l,+1,)rk3 -
A A2t
2 e thiAR Iy (2.110)
2 I3 Mt At
PmJ (t) =e(A,+A,)rA?; _eu”’"”""}\.i _e“‘“”“”"’li - 26“"”"“‘)'7\., (2'111)
i A, +A)? As(ko+ls)3[(AD+As)2+3AC(}LO+}k5)+3;\2c)]+
,\t)-— em,u,)ra‘i + eu.,u.,ﬂ‘)rxz (AO+AS+AC)3
A +20% A (A +A O +A, +20 ) A(h +2,)
(hg +A, +A)7  e®WRIRZQ 4 +1)7 T 2R (hp+A, +1,)
(2.112)
P = A (A, +A)? LA A VIO +A) 430 (A, +A )+3x’-)]
o)== e(A,+J\,)tA3; e“‘ +A,+h ")3 (}L +A +A )3
A (A, +A,) _I_AD(AO-:-A:) (Ay +A, +20 )t A h, +2,) 2
Ao+, +2,)7 - B M2 G 4h 447 20Ty (o +A,+A)
(2.113)
P = AL3Oh +A)2+30 (A +Ak)+7\§)[1_ 1 -
€ (Ab_}_ks_i_;\b)z e(),,+).,+),}t
2,2
(AD+A:)Ac(2AO+21s+AC)t A, +A )t (2.114)

e(A,,+A,+A,): (;\o +7\., +Ac)z ze(.‘k +A, 4R ) (7\. +J\. +A )
The system reliability is given by

R#Y=R@)+P,()+P,()+P w2 () + B (8) + B, () + B, 1)+ P, (t) + P 2 53 () +
Fos )+ By () + Py () + P () + P, (t) + P > 3 (2)
_,+2,) (o +A,0° -2, (A +A )R, +24,)*=A2)r

RotA )93~ (R 4k 4A a3 (o, +h,+A_ )14 3
gt ?\'c e g The A‘g o c A‘c

€
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(A +A )2+, =2 )}?
ze(Ln+}.,+A¢)zl

(2.115)

The system mean time to failure (MTTF) is

MTTF =limR(s)

$—0

=Um[P (s)+ B, (5)+ B, () + P, () + Py (s) + By (s) + Py (s) +

PooaJ (S) + Pom'J (S) + Pam?. (S) + Poss.'s (S) + Fs’oo:i (S) + Rmﬂ (S) + P:m:! (S) + P.us} (S)]

A +A ) H3A (A, +A) +A2
(A, +A,+21,)?

(2.116)

In order to make a comparison with the one unit on standby system, the same
values of parameters (i.e. as for Equations (2.31)-(2.38)) are chosen for the reliability
plots, the state probability plots, and the mean time to failure plots. The system reliability
given by Equation (2.115) is plotted in Figure 2.16. The time dependent state probability

plots are shown in Figure 2.17. The plots of Equation (2.116) are shown in F igure 2.18
and Figure 2.19.

The results of the analysis indicate that the reliability of the three-state device
standby system increases with the increasing number of standby units. The reliability
plots show that the system reliability decreases with increasing common cause failure
rate. Also, the system mean time to failure (MTTF) increases as the increasing number of

standby units but decreases as the common-cause failure rate increases.

From the time dependent state probability plots, it is evident that at any time t, the
sum of all state probabilities is equal to unity, It is also observed that the probability of a
system open mode failure state P, and a short mode failure state P, decreases as the
number of standby units increases and the probability of a common cause failure state P

increases with the increasing number of standby units.
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Figure 2.16 The standby system without repair reliability plots:
one unit operating, three units on standby
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Figure 2.18 MTTF vs common cause failure rate, A,
for the standby system (one unit operating,
three units on standby) without repair
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three units on standby) without repair
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2.3 Three-state device standby system with Type I

Repair

This repair policy is concerned with the repair of a total system failure due to common-
cause failure or other failures such as an open/short mode failures. The partially failed
system is not repaired. This is depicted in the state space diagram of general model in

Figure 2.3. The total failed system is restored back to its fully operating state.

2.3.1 Standby system general model with Type I Repair

The system of differential equations associated with Figure 2.3 is

dP,(t)
dt

dF; o (¢)
dt
APy 5t (1)
dt
where (0,5)ok and (o,s)sk in Equations (2.118) and (2.119) have the same meaning as in
Equations (2.2) and (2.3); k=1,2,3,.....(n-1). This is also applicable to {o0,s) and k=1

ﬁa.s)t-l (t) = 'Pl (t)'

== +A+3) RO+ pulP )+ P()]+ pn P () (2.117)
=_(Ab +A&+At)‘P(o.r)ok (t)+}‘bP(o..s)k-l (t) (2118)

=—(h + A +M)IP, 0 O+ AP, (2) (2.119)

d}::o..r)on (I)

7 =R AREF ., O+AF, () (2.120)
d[,(o.r).m (t)
B Oy + BBy )+ APy ) @121)

where (0,s)on and (0,s)sn in Equation (2.120) and (2.121) have the same meaning as in
Equation (2.4) and (2.5). This is also applicable to {0,s) and n=1 Fiport (&) = B (2).

dP
—jt(—t)"=—ue(r)+3.,ZP‘o_,,n ) (2.122)
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dP (¢)

5

dt

=—],LP,(I)+)\,ZP(“," {r) (2.123)

where ZP(., s () in Equations (2.122) and (2.123) represents the sum of the
probabilities of all the possible states in which n units have failed and only one unit is
working,.

dP.(¢)
dr

=—WRO+ABO)+ 2P, 0] fork=1.2,3,..,(n-1)  (2.124)
k

where ZP(,, s (8) in Equation (2.124) represents the sum of the probabilities of all the
k

possible states in which there is at least one unit on standby.

Attime t =0, P, (0) =1, and all the other initial condition probabilities are equal 10 zero.

By setting the derivatives of Equaticns (2.117) - (2.124) equal to zero and by
making use of the relationship ZPI =1, where j denotes jth system state, the steady state

probability of being in each system state can be obtained.

The system steady state availability is

AV, =R = lims + B (s) (2.125)

where i denotes all of the operating states.
By taking Laplace transforms of Equations (2.117) - (2.124) and solving the

resulting equations, and then taking inverse Laplace transforms, the time dependent

system availability can be obtained as expressed below.

AV (@) = L2 ER$)] (2.126)

where i denotes all of the operating states,
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Figure 2.20 System state space diagram with Type I
Repair: one unit operating, the other on

standby
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2.3.2 Standby system with Type I Repair: one unit operating,

the ether on standby

The system state space diagram is shown in Figure 2.20. By setting n=1 in Equations

(2.117)-(2.124), we obtain the following differential equations:

%tit—)-=~(7\b +A MR @)+ ulP )+ PO+ p L) (2.127)
d_”;;ﬂﬂ = —(hy +A,) Py () + A, P (1) (2.128)
%ﬂz-—(xu +3,) P (0 + AR (0) (2.129)
L o wp 0 +1,BO+RO) (2.130)
%{‘ﬂbm 6+, [B,(t) + P,(1)) (2.131)
f;:ﬂ=—pcﬂ 1)+, () (2.132)

Attime ¢ =0, P (0) =1, and all the other initial condition probabilities are equal to zero.

The steady state probabilities can be obtained by setting the derivatives of above
Equations (2.127) - (2.132) equal to zero and utilizing the relationship ZPJ:I, j

represents all of the states in the system.

_ B
A=, nn, +2u, + h 2133
A, i,
= 134
Fo = O T i+ 2, O 4 R 7 B et ) @134
b, (2.135)

P
A a2, (O, + ) + ph, (3, +2,)
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A+,

B 0 e 2, Oy #1053 ) (2136
R T e O T 2137
k= m+m2uc+zhurf(;,,}%+)z>+uwo+x,) (2138)
The system steady state availability is given by
AV, =R +P,+P,
214, (2.139)

- (A, +Adu, +2up +A p

By taking Laplace transforms of Equations (2.127) - (2.132) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follows:

B(s) = P tA, +j)((;;;3)(“c *s) (2.140)
B, (s) =2 (“Ifz),(;“ +5) (2.141)
P, (s) =2 (”:3’(5 +s) (2.142)
p.(s) =2 +:(‘2T1‘;) (u+s) (2.145)

where A(2,1) is defined in Appendix 2.1.

The Laplace transform of the system availability is given by

56



Vis)=P(s)+ P, (s)+ P, (s)

_2h + 20 +5) (u+s)u, +5)
= 42D (2.146)

The time dependent system availability and the state probabilities can be obtained

by taking inverse Laplace transforms of Equation (2.146) and Equations (2.140)-(2.145).

The time dependent system availabilities are plotted in Figure 2.21 for specified
values of model parameters. Figure 2.22 presents the time dependent state probabilities.
The system steady state availability given by Equation (2.139) is plotted in Figure 2.23.

These plots as well as those of the other special cases are discussed at the end of Section
2.3.

2.3.3 Standby system with Type I Repair: one unit operating,

two units on standby

The system state space diagram is shown in Figure 2.24. By setting n=2 in Equations

(2.117)-(2.124), we obtain the following differential equations:

d_ﬁt“'_)=-(xo +hy 4 A B +ulP (1) + P ()14, P.(0) (2.147)
g%:—(ho+ks+lc)ﬁ,, ) +A, B {t) (2.148)
ﬂ;fﬂ= ~(h, + 2, AP, () + 1, (1) (2.149)
fﬁ(ﬁ—:—(xa AP, () +A P, (1) (2.150)
Foz) o3, 41, By 0 +1,8, 0 @151)
ﬂ;(_‘)h(xﬁx,),vm () +A,P, (1) (2.152)

57



System Availability

1.00

0.98

0.96

0.94

0.92 |

0.90

0.88

0.86 |-

0.84 |

0.82

0.80

1,=0.0006
2.=0.0004
u.=0.003
u=0.005

2,=0.000001

%,=0.00005

2,=0.00025

/

/

N/

O 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Time, t

Figure 2.21 The standby system with typelr

epair availability

plots: one unit operating, the other on standby
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Steady State Availability
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Lalll 0, 42,1250 +2,B,0) @153)
3

dP,(t)

——=—uh, O+ A (B, O+ Py () + P, (6)+ P, (1)] (2.154)
i‘.';[‘_"=_ppo<:)+xo[gaz () + By () + Py (1) + By (1)] (2.155)
———"’3:” = —u B O+ 1, [B(0) + B, (1) + P, (0] (2.156)

Attime ¢ =0, £ (0) =1, and all the other initial condition probabilities are equal to zero,

The steady state probabilities can be obtained by setting the derivatives of above

Equations (2.147)-(2.156) equal to zero and utilizing the relationship ZF}zl, j

represents all of the states in the system.

(A +2A +A Y pup,

i (A, + A% o+ 208 + X)) pd, + (32, +3A + A up, + A2 (2.157)
= A, UYL,
T AR, 20, A, + G 3 TR, T (2.158)
= A
570, +A)2 1, + 2, +A) ph, + (3X, + 3N + A ) p, + A p (2.159)
A, By,
Foor = (&, + A +2)% W+ A, + A @A, +3pp ) + A pu O + )] (2.160)
A, Bi
Fa= (O + WL, + 1) i, + (& + A2, + 30 + A g O+ ] (2.161)
POSZ =Rmz
_ A, gt 0162
T+ IO, AT, + B+ )R, 3 A At ] &
= % +A)Ap,
N AU+ 200 + A, + B, 3K +2) pp, + A (2.163)
ey (2.164)

SO AT B2, T A A+ G, + 3% A, AR
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(2N, + 2 + 2 ) ud,

P = 2.165
“ T+ A T 208, &) i, + O, 4 3% 4 A P 7 R (2169
The system steady state availability is given by
AV:;=I)1+R:I+P;1+PooZ+Pss2+Pa:2+Rsoz
3A + 3N +
3% + 3% + ) uh (2.166)

T O+ A) T, 20 +A) ik, + G, + 3% 4 ) pp + R

By taking Laplace transforms of Equations (2.147) - (2.156) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follows:

B(s)= (A + A +8)0hy HA +4 +5)(u +5) (1, +9)

G2 (2.167)
P = 2Bt +:)(‘(,_f;;’S)(“ *9) (2.168)
B, (s) =2 tA +,:)(.(2;;S)( e +5) (2.169)
P (5)= lf(“:fz),(;? +s) (2.170)
Fpls)= )’2(”;22;” +) 2.171)
P(s)= B,y (5) = 2B M At;)z()“ *9) (2.172)
B (s)= A, ”’Q;;NM +s) (2.173)
F(s)= bk H*);((;;)S)(“‘ +s) (2.174)
P(s)= ’&(7&,+%+S)(Zﬁa'22);+lt+s)(u+s) 2.175)

The Laplace transform of system availability is given by
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R(s)=B(s)+ By s)+ Py (s) + By () + Pys) + Py () + P, (5)

A(2,3)
=422 (2.176)

where A(2,2) and A(2,3) are defined in Appendix 2.1

The time dependent system availability and state probabilities can be developed

by taking inverse Laplace transforms of Equation (2.176) and Equations (2.167)- (2.175).

in order to make a comparison with the system in which one unit is operating and
the other is on standby, the same values of parameters (i.e. as for Equations (2.139)-
(2.146)) are chosen for the steady state availability plots, the state probabilities plots, and
the time dependent availability plots. The time dependent system availabilities are glotted
in Figure 2.25. Figure 2.22 is the time dependent state probabilities. The system steady

state availability given by Equation (2.166) is plotted in Figure 2.26.

2.3.4 Standby system with Type I Repair: one unit operating,

three units on standby

The system state space diagram is shown in Figure 2.28. By setting n=3 in Equations

(2.117)-(2.124), we obtain the following differential equations:

%‘*L_(A A AR +UlB 0+ P (0] + 1P () 2.177)
diz(t) =+ A, A )P (t) +A, B (1) (2.178)
"_"’;tﬁl =—(h, +A,+2 )P, () +1 B (¢) (2.179)
i%i‘—"m(xou,m) O +AP, () (2.180)
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Figure 2.25 The standby system with type | repair availability
plots: one unit operating, two units on standby
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SB=standby

Figure 2.28 System state space diagram with Type I Repair:
one unit operating, three units on standby
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dP_,(t) _

dt
%3;@=—(M + A, +A) By, (6) + AP, (1)
dPs;i(_” ==A, +A, +A )P, )+, P, (1)
dPo;ot:»__.(‘ ) =—(A,+A )P (&) +A B, (2)
E&“ﬁ:—(};o +;\._‘)Pm3(t) +)‘:P002 (t)
dt
Bl .0 12 )P, O+ 0, P(0)
dt
A0 =—(hy +A) P (1) +A P, (1)
dt
%(_‘l =~(A, +1,) Py (1) + A, P, (1)
%?E?_z _(}\'o +A’s)Ps.saS(t) +}"°P”Z (t)
df:;; (t) = _(?\'o +ls)Rm&'3 (‘t) +)\’sRmZ (t)
AP (t) _ ~(A, +A) B (6} + A, B, (¢)
dt
dP.
;i:(r) =—uE O +A[F 3 () + Py )+ Py () + B, () + Py (0 + P,
Psoo3 (t)]
dP
Zrt(t) == U, (1) 4 W[ By (1) + Py (1) + Poy (004 By (60 4 By (04 By (1) 4 By (6) +
P,..(t)]
dP
C;t(t) =—p'c19c(t)+)t[}pl (t)+ﬂ1(t)+P.¢1 (t)+sz(t)+Pa,z(t)+

(A, +A, +A )P, () +A P (t)

(2.181)

(2.182)

(2.183)

(2.184)

(2.185)

(2.186)

(2.187)

(2.188)

(2.189)

(2.190)

(2.191)

)+ P

sasl

() +

(2.192)

(2.193)

)+ P, ()]

(2.194)

At time £ =0, F,(0) =1, and all the other initial condition probabilities are equal to zero.
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The steady state probabilities can be obtained by setting the derivatives of above
Equations (2.177) - (2.194) equal to zero and utilizing the relationship ZR, =1, j

represents all of the states in the system.

P _+h +ﬁz;(:;,+l,)uuc (2.195)
P, = (%+&+?;)&4;LM% pu, (2.196)
P = (A, + 4, +?;)((21':)+3\3)?~,uuc 2.197)
o0z = mﬁ;gj‘; = (2.198)
wz = A’E(Aﬂ;“j‘; R (2.199)
Fo=PF,= A (},:(;,3) B (2.200)
0003 = %i—’) (2.201)
Frosy = Fogs = Fpp3 = %5‘— (2.202)
Pz =Py = Py = %%% (2.203)
o= B 2204
F A (A;?Zﬁf = (2.205)
F= AATAT Y, (Aﬂz};’)j e (2.206)
p= (A + A3, +&);(;i7;f(%+k)fh]ku 2.207)

where A(2,4) is defined in Appendix 2.1
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The system steady state availability is given by

AV:3=IJI+R:I+P:1+PMZ+PHZ+PNZ+
P

sas3

+F

_ Dot M40 +3) 434 Oy + 1) + A,

+P +P .+ P +P

3503

A(2,4)

(2.208)

so0d +

By taking Laplace transforms of Equations (2.177) - (2.195) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follows:

A(2,6)
B(s) = m
A(2,7)
Bl ==55)
A(2.8)
P_ﬂ (S) = A (2,5)
“_Aem
o02 s A(Z,S)
A(2,10)
Rl =B ) =00
A(2,11)
Rssz (S) = A (2,5)
A(2,12)
Pooa3 (S) - A (2.,5)
A4(2,13)
Frs8)= s (8) = Py ) = — 0
A(2,14)
B9 = By 5) = By ) =~ 05
()_AQJQ
5553 \S A(Z,S)

(2.209}

(2.210)

(2.211)

(2.212)

(2.213)

(2.214)

(2.215)

(2.216)

(2.217)

(2.218)
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A(2,16)

Pls)= 125 (2.219)
4217

RO ="00 (2.220)
4218

L0="ts 2220

where A(2,5), A(2,6), AQ2,7), A(2,8), A(2,9), A(2,10), A(2,11), A(2,12), A(2,13),
A(2,14), A(2,15), A(2,16), A(2,17) and A(2,1B) are defined in Appendix 2.1.

The Laplace transform of system availability is given by

AV ()= B(s)+ B, () + By (s) + Py (s)+ P, () + Py (8) + Py () + By (8) + B (s) +
Po.m} (S) + Pos:J (S) + PS (S) + }).;0.73 (S) + }?5103 (S) + I)ssﬁ (S)

_AR)19)
T AR2)5)

where A(2,19) is defined in Appendix 2.1.

003

(2.222)

The time dependent system availability and state probabilities can be developed

by taking inverse Laplace transforms of Equation (2.222) and Equations (2.209)-(2.221).

In order to make a comparison with the system in which one unit is operating and
the other is on standby, the same values of parameters (i.e. as for Equations (2.139)-
(2.146)) are chosen for the steady state availability plots, the state probabilities plots, and
the time dependent availability plots. The time dependent system availabilities are plc:ted
in Figure 2.29. Figure 2.30 is for the time dependent state probabilities. The system
steady state availability given by Equation (2.208) is plsiied in Figure 2.31.

The result of analysis indicate that the steady state availability of standby systems

increases with the increasing number of the standby units. Also, the steady state
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Figure 2.28 The standby system with type | repair availability
plots: one unit operating, three units on standby
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State probability
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Figure 2.30 The standby system with type | repair state probability
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Steady State Availability
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Figure 2.31 The standby system with type | repair steady state
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operating, three units on standby)

75



availability plots indicates that the system steady state availability decreases with

increasing common-cause failure rate,

For all of the special cases, the time dependent availability approaches to a
constant value as tirme become large. In fact, that constant value is the system steady state
availability. From time dependent probability plots, it is evident that at any time t, the
sum of all state probabilities equals unity. As time increases, all of the state probabilities

approach to steady state.
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2.4 Three-state device standby system with Type 11

Repair

Under this repair policy, the entire failed system is not considered repairable but only the
partially failed system. Therefore, for example, if the system failed due to the occurrence
of common-cause failure, there would be no repair action because it would result in total

system failure.

2.4.1 Standby system general model with Type II Repair

The system of differential equations associated with Figure 2.4 (state space diagram) is

—_dit(r) ==(A, + A, +A) B +ulP, (1) + P, ()] (2.223)

dP, o (1)

T_ = _(J\'O + ;\."- + A.,- + p')P(o.r)ok (t) + }"b}D(o.;)k—l (t) + p[P(u.s)oo(hlJ (t) + ID(o.llmuﬂ) (I)]
(2.224)

dID(o.s)st (t)

T = —(}\'0 + A's + }"c + “)‘P(o.r)sk (t) + A3P(o.s}lc—‘l (t) + "‘l[P(o..r}uo(kH) (t) + Ptﬂ-ﬂﬂ-'u”) (t)]
(2.225)

where (0,5)oo(k +1) in Equations (2.224) and (2.225) denotes the system states in which
there are (k+1) failed units and the last unit failed due to an open mode failure.
{0,s)os(k +1) in Equations (2.224) and (2.225) denotes the system states in which there
are (k+1) failed units and the last unit failed due to a short mode failure; k=1,2,3,....,(n-1).
The remaining symbols denote the same meaning as in Equations (2.2) and (2.3).

dP(o.rJan (t)

dr = _(?‘b + ‘:‘.\r + I“')ID(o.:)on (t) + )‘b‘P(o..s)n—l (t) (2'226)
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{t)
==y + A + WPy O+ AP, () (2.227)

Iu,s).sn

dt
where (0,5)on and (0,s)sn in Equations (2.226) and (2.227) have the same meaning as in

Equations (2.4) and (2.5). This is also applicable to (0,s) and at n=1 P, () =P ).

dP (t A'a Z (o.r)n (2'228)

dP, {
t) = A:Z Prosan () (2.229)

where ZF{U aa (&) in Equations (2.228) and (2.229) represents the sum of the

probabilities of all the possible states in which # units have failed, and only one unit is
working.

dP. (z)

{os)k t)] for k_lo‘-,3’ !(n 1) (2.230)

where ZP;““ (t) in Equation (2.230) represents the sum of the probabilities of all the
k

possible states in which there is at least one unit on standby.

Attime 7 =0, £ (0) =1, and ail the other initial condition probabilities are equal to zero.
By taking Laplace transforms of Equations (2.223) - (2.230) and solving the

resulting equations, and then taking inverse Laplace transforms, the following expression

for system reliability can be obtained.

RW) =L [D P(s)] (2.231)

where i denotes all operating states.

The system mean time to failure (MTTEF) is given by

MTTF =1limR(s) = Zlirrolﬁ. (s) (2.232)

where i denotes all operating states.
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Figure 2.32 System state space diagram with type

Il repair: one unit operating, the other
on standby
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2.4.2 Standby system with Type II Repair: one unit operating,

the other on standby

The system state space diagram is shown in Figure 2.32. By setting n=1 in Equations

(2.223)-(2.231), we obtain the following differential equations:

dP, {t)

o= =&, +A +2)P )+ ulP, (0) + P (0)] (2.333)
dP

20y WP 4R B0 (2334
dP.

20+ WP 0+ AR (2.335)
0 1,150+ BO) (2.336)
L) o3[m0 +BO] (2337
dr.(t) _ AB () (2.338)

dat

Attime ¢ =0, F,(0) =1, and all the other initial condition probabilities are equal to zero.

By taking Laplace transforms of Equations {2.333) - (2.338) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follows:

_ A+A+u+s
R = Oy + A2+ (0, + 1) + 25} + (u +5) (A, +5) (2.339)
A'0
Fals) = (b + X2+ () + A ) +25) +{p +5HA +5) (2.340)
_ A
Byl = (O + A2+ Gy + A MR +25) +H(u +5) (A, +5) (2.341)
Ps)= AUyt h) (2.342)

sLOy, + 1)+ (2, +2) (3, +28) + (p +5)(A, +5)]
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A Gy +A)
sl 4202+ (0, + 20, +25) + (u+5) (A, +5)]

P (s)= {2.343)

WAk A +p+s)
sl(h, + Ax)z + (A, + AR, +28) + (u +8) (A +5)]

P (s)= (2.344)

The Laplace transform of system reliability is given by

R(s)= X P;(s)
up

=P {(s)+ P, (s} + P,(s)

3 2h +2N +U+s
Ty F A H Oy + A +28) + (U +5) (R, +5)

(2.345)

The system mean time to failure (MTTF) is

MTTF = li_r'lgR(S)
= IEQ[R(S) + P, (s)+P,(s)]

N 2k, +2N +
T A+ AR+,

(2.346}

By taking inverse Laplace transforms of Equations (2.339) - (2.344) the state time
dependent probabilities can be obtained. Similarly, the time dependent system reliability

can be obtained by taking inverse Laplace transform of Equation (2.345).

The time dependent system reliabilities are plotted in Figure 2.33 for specified
values of model parameters. Figure 2.34 is the time dependent state probabilities. The
system mean time to failure given by Equation (2.346) is plotted in Figure 2.35. All these

plots as well as those of special cases are discussed at the end of Section 2.4.
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Figure 2.33 The standby system with type |l repair reliability
plots: one unit operating, the other on standby
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State Probability

1.0

0.9

0.8

0.7

0.6t

0.5+

0.4

0.3

0.2

0.1

0.0

0

e

N
OO0
o
S
S
iy

1=0.005

P.()

P.(t)

Pyt
Po‘l (t)

]

500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Time, t

Figure 2.34 The standby system with type Il repair state probability
plots: one unit operating, the other on standby
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2.4.3 Standby system with Type Il Repair: one unit eperating,

two units on standby

The system state space diagram is shown in Figure 2.36. By setting n=2 in Equations

(2.223)-(2.231), we obtain the following differential equatic.is:

di;fr) =—(h +A+R) B O+ ulP, () + P, ()]
dP;[(t) ==y + X+ X + WP )+ 2 B()+ ulP, 1)+ P, (1))
%‘[@?(P\,H\ + 2+ WP ) + AR + ul By, () + P, (0]
ﬁD‘;—i-Q:-—(}b'l‘)\s-i-}l)sz(l)'*‘}\gal(I)
ﬁ’s&[ﬂ ~Oy + 4+ WP, )+ AP, ()
i;([—)?*(% A+ WP, +A P, (1)

,;;(r) ~(y+ A+ WP, +AP, ()
d}:;[([)=l,{sz(t)+ 20+ B (0) 4+ £ (1]
d}:;:t) = holBy () + P (6)+ P, (1) + P, (1)]
L AR O+ B0+ B, 0)

(2.347)

(2.348)

(2.349)

(2.350)

(2.351)

(2.352)

(2.353}

(2.354)

(2.355)

(2.356)

Attime ¢t =0, F(0) =1, and al! the other initial condition probabilities are equal 10 zero.

By taking Laglace transforms of Equations (2.347) -

resulting equations, the Laplace transforms of the state probabilities are as follows:

(2.356) and solving the
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A(2,21)

ARG =G0
A, EA )
w] (S) - A (2.20)
ROy h A )
Fils) = A(2.20)
2
Fuz8) = 25550
N
P =700
A‘U‘A]
sz (S) = Psu?. (S) = A(Z,ZO)
A+
RO == 1z20
R0, +R)
E&) == 1z
A4(2.22)
FO=e20

The Laplace transform of system reliability is given by

R(s)= D P,(s)
&

= B(s)+ By () + Py (5)+ By () + Buy(s) + B, () + P, (5)

A(2,23)

T A(2,20)

where A(2,20), A(2,21), A(2,22) and A(2,23) are defined in Appendix 2.1.

The system mean time to failure (MTTF) is

MTTF =4imR(s)

s=

(2.357)

(2.358)

(2.359)

(2.360)

(2.361)

(2.362)

(2.363)

(2.364)

(2.365)

(2.366)



= llm[P )+ B (s)+ B(s)+ Py () + P, () + P () + P, (s)]

3h + )+ + AV +210) + (A + ) (3.357)
TR+ RV ARGy + R 200 + A Oy + ) -

By taking inverse Laplace transforms of Equations (2.357) - (2.365) the state time
dependent probabilities can be obtained. Also, an expression for the systems reliability can

be obtained by taking inverse Laplace transform of Equation (2.366).

In order to make a comparison with the system in which one unit is operating and
the other is on standby, the same values of parameters (i.e. as for Equations (2.339)-
(2.346)) are chosen for the reliability plots, the state probability piots, and the mean time
to failure plots. The time dependent system reliabilities are plotted in Figure 2.37. Figure

2.38 is for the time dependent state probabilities. The system mean time to failure given

by Equation (2.367) is plotted in Figure 2.39.

2.4.4 Staudby system with Type II Repair: one unit operating,

three units on standby

The sysitem state space diagram is shown in Figure 2.40, By setting n=3 in Equations

(2.224)-(2.231), we obtain the following differential equations:

dlzt([) =~(h + A +X)B )+ uiP, )+ P, ()] (2.368)
iP;'[i) ==y 2 A+ WP ()42, B0 + Py () + Py (0] (2.369)
d @) — ==t A+ A+ WP )+ AP + ulP,, )+ P, ()] (2.370)
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Figure 2.37 The standby system with type Il repair reliability
plots: one unit operating, two units on standby
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State Probability
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dP_,(t)

—-?——— ==+ A+ + WP, () +) P (t)+ plP ;) + B, (t)] (2.371)
dP
=2 ©_ o th+h+ WP, O+AR, O+ ulB (0 + P 0] (2372)
dP,
a Doty 4 44+ WO+ LB O+ (B O+ By] 2373
dRmZ (!)
T =—(lo +Ak +AI: + ]J.)sz ([) +;\be1 (f)'l' I‘I‘[Rrooli (t)'i‘P_ms;; (t)] (2374)
dF,, (1)
==+ A R B, () + 4, By () (2.375)
dP,_,(t)
=, A+ W) Py () + AP, () (2.376)
P
o t) j;(’) ==y + A+ 1) By () + A4 P, (1) (2.377)
dP.
Faa QA+ WBL 4B (2.378)
dpP.
‘—%=—(%+&+P)Pm3(t)+)spu2(t) (2.379)
dP.
_-%(’L_u,, SN+ WP (O +A Py (1) (2.380)
dP.
s;;(t) =—(}\, +A}+p)ew3(t)+}\;&oz(“’) (2.381)
dP
Tl o444+ W Bs 0 +A R 0 (2.382)
dP,(t)
dt = ?\-,[Pw,s(t) +Pocu'3(t) +Pos03(t) +Pam (t)+Pm3(t)+Pss03(t)+PsasS(t)+P.wo3(t)]
(2.383)
dP, (r)
o = M P )+ P (0 4 B (0 4 P (004 Py (0 4 Py (0) + By (6) + Py ()]
(2.384)
dP. (1)
T =ALB )+ B, (t)+ Py () + P, (1) + B, (6) + P, (1) + P, (r)] (2.385)

Attime =0, F{0) =1, and all the other initial condition probabilities are equal to zero.
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By taking Laplace transforms of Equations (2.368) - (2.385) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follows:

= 4228 386
P, ()= %ﬁf—%l (2.387)
P(s)= %%) (2.388)
P ()=2 “";(’2*; - +s) (2.389)
Py(5) = B y(s) = 22 (qu?z),&z:)u +s) (2.390)
P, (s) = A:(A":é*,;‘)‘ +s) (2.391)
Prooy(8) = (;"32 5 (2.392)
Pos§)=P (=P, ,(s)= A)(\i,;ii) (2.393)
B ()= By (5) = By (s) = I(% (2.394)
Poy(s)=— (;*;4) (2.395)
P(s)= % (2.396)
E(s)= % (2.397)
P(s)= S—ij((zz—i% (2.398)

The Laplace transform of system reliability is given by
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R(s)= D P, (s)
up

=R+ P (s} + P (s)+ P, (s)+ P, (8)+ P (s)+ P, (s)+ P

552 502 000

&)+ P (s) +

PamJ (S) + Po.uJ (S) + P:ooB (S) + Rxm.’i (S) + P.ua3 (S) + Pm:i (S)

_A(2,28)

= 2220 (2.399)

The system mean time to failure (MTTF) is

MTTF =1limR(s)

50

= ling[P, )+ B, () +Py(s)+ P, (s} + P, (s)+ B,(s}+P,,(s)+

PoooS (S) + PoosS (-S') + PnsoS (S) + Pos:3 (S) + Rvoo?a (S) + ‘Psos3 (S) + Psso! (S) + Rssﬂ (S)]

_A22,30
T A4(2,29)

(2.400)

By taking inverse Laplace transforms of Equations {2.386) - (2.398) the state time
dependent probabilities can be obtained. Also, an expression for the system reliability can

be obtained by taking inverse Laplace transforms of Equation (2.399).

In order to make a comparison with the system in which one unit is operating and
the other is on standby, the same values of parameters (i.e. as for Equations (2.339)-
(2.346)} are chosen for the system reliability plots, the state probability plots, and the
mean time to failure plots. The time dependent system reliabilities are plotted in Figure
2.41. Figure 2.42 is for the time dependent state probabilities. The system mean time to

failure given by Equation (2.400) is plotted in Figure 2.43.
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Figure 2.41 The standby system with type Il repair reliability
plots: one unit operating, three units on standby
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The analysis performed in this section demonstrates basically the same result as
for the standby system without repair: system reliability increases with increasing number
of the standby units ai:J decreases with an increase in value of common-cause failure rate.

In addition, the repair action increases the system reliability dramatically.

From the system mean time to failure (MTTF) plots, it is noted that common-
cause failure has significant affect on MTTF when Type II Repair is performed. The
system mean time to failure (MTTF) increases as the number of standby units increase

and decreases as the common-cause failure rate increases.

From the time dependent probability plots, it is evident that the probability of
F (¢) decreases slower than without repair action. It is also observed that the probability
F, and F, of system open mode failure state and short mode failure state, respectively,
decrease with an increase in the number of standby units but the probability £, of failure
due to the occurrence of common-cause failure increase as the number of standby units

increase.
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Chapter 3

Three-State device Warm Standby
System: Special Cases

In the previous Chapter we discussed the cold standby system, in which the standby unit
is not active. However, this is not generally case in practice since warm standby systems
are more common. This Chapter discusses the warm standby system with common cause
failure. Because the warm standby system has more system states than the cold standby
system, the calculations are more cumbersome. Thus, we have only considered special
cases. The configurations of the system are the same as the configurations in the Chapter
2. The system reliability, the mean time to failure, the steady state availability and the
time dependent availability are obtained. In order to make comparisons with the cold
standby systems, the same values of the parameters as in Chapter 2 are chosen. The
assumptions associated with the warm standby system are the same as with the cold

standby system.

3.1 Warm standby system: one unit operating, the

other one on standby
By setting n=1 in Figure 2.1, the configuration of a one unit on warm standby system can

be obtained. In this system three cases are considerded: Without Repair, With Type I

Repair and With Type II Repair ( repair polcies are the same as described previously).
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Notation

S>>

T >

H,

P
P, ()

Pe)
P (0
B )
P(r)
P

P.(t)
R(t)

The following symbols are associated with this model;

Time.

Laplace transform variable.

Constant open-mode failure rate of an operating unit or device.

Constant short-mode failure rate of an operating unit or device.

Constant open-mode failure rate of a standby unit or device.

Constant short-mode failure rate of a standby unit or device.

Constant common-cause failure rate of the system.

Constant repair rate of a unit or the systemn.

Constant repair rate of the failed system from common-cause failure state to initial
state 1.

Probability that the system is in state 1.

Probability of the state in which one operating unit failed due to an open mode
failure, the standby unit starts working.

Probability of the state in which one operating unit failed due to a short mode
failure, the standby unit starts working.

Probability of the state in which one unit is operating and the standby unit failed
due to an open mode failure.

Probability of the state in which one unit is operating and the standby unit failed
due to a short mode failure.

Probability of the state that the system failed due to a short mode failure.
Probability of the state that the system failed due to an open mode failure,
Probability of the state that the system failed due to a common-cause failure.

Reliability of system in [0,t].

MTTF System mean time to failure.

AV,

Steady state system availability.

AV (t) Time dependent system availability.
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System failed due to
an open mode
failure

1 unit operating, the
operating unit failed
due to an open
mode failure, no
unit on standby 2
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standby unit failed
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due to a short mode
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a short mede failure
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operating unit failed
due 1o a short mode
failure, no unit on

standby 3

Figure 3.1 System state space diagram without repair: one
unit operating, the other on warmi standby
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3.1.1 Warm standby system without Repair

The system state space diagram is shown in Figure 3.1. The following differential

equations are associated with this system.

dpR, (1)
dt
dP, (t)
de
dP,(r)
dr
dP,(t)
dt
dF,(t)

dt
dP (

-;;[t—) = AP} + B ) + P (e) + B(e)] (3.6)

dfzt(l) :AU[ID?.(I)+B;(!)+R(‘)+&(I)] 3.7

P
d c;f‘) “\B() (3.8)

Attime r =0, P, (0) =1, and all the other initial condition probabilities are equal to zero.

==+ A, + A +A, +R)R () (3.1)

=0y + A+ A B () + A R () (3.2)

=—(W+A+X)P )+ AP () (3.3)

=—(A+A+A)P, (1) + A B ) (3.4)

== + A+ AR+ 0, P(1) 3.5)

By taking Laplace transforms of Equations (3.1) - (3.8) and solving the resulting

equations, the Laplace transforms of the state probabilities are as follows:

1
A W W ey 39
) A
PZ(S)*(?g+)g+s)(2\,+2g+)\m+k_‘+)g+s) (.10
P,(s)= A (3.11)

A+ A+ +A + A, +A, +A +5)
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Ps)=
F(s)=
P(s)=

3

P(s)=

o

P (s)=

Ao
(A +X+8) + A+ A, +A, +A +5)

A
AW+ A+, + X+ X, +A, +A +5)
AR AR +A)
SO AR+ + A +A, +A, + A +5)
AGy+A+A, +3,)
SO, +A+SHA + X+ X, + A, + A +5)
A
s(h+N+A,+A, +A +5)

The Laplace transform of the system reliability is given by

R(s) = B (s)+ Py{s) + P (s} + P, (s) + B,(s)

2h +2N + N + A +s

(A +A+sHA+A+A, +A, +A +5)

dependent state probabilities are as follows:

F)=

P t) =

B =

F(t)=

F )=

F @)=

1

e(lb+l,+i,°+&,+l,)r
A 1 1

N, A A [eﬂw.n e ey
A 1 1

7\0 +Ax: -H\.‘ [eu,,q,)r - eu,wgu”n,m):]
A, | 1

)&o +}§;+At [e(A,+Ml ne(&,+l,+1n+)~,,+l\,):]
A, 1 1

R A, O g

A tA+h,+d)
Oy +2)(, + A, + X, +A, +4,)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

3.21)

(3.22)

By taking inverse Laplace transforms of Equations (3.9) - (3.17), the time
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},(},,+}\,+?&"+}\3)[ 1 ~ 1 )
)\’u+}h+}\t el),,*'l,ll (}\b'*'A}) e(),,+},+),‘,+)u+1,)r (}‘b+}\3+%o+}\"+}§:)

(3.23)
WGy FA A A
O O e e, o o)
MGy +h A, +1,) 1 1 :
AtA R TeTO HR) @B TR LA A, A+ )
(3.24)
_ A !
P:: (0) = (}‘u +}3 +)&D + )&, + A{-) (1- e(ibﬁ,ﬂw-r:i”u,):] (3.25)
The system reliability is given by
R() = 2 P(O)
=R+ P} + P() + P () + B(r)
1 (A +A+A +X) (A —-A+2A)
Wy A 2»(%+i¥)' A +e(,ﬁ‘$&f,§,,] (3.26)
The system mean time to failure (MTTEF) is
M?‘]‘F:lingR(s)
=ling[P,(s)+1-"’2(s)+1%(s)+ﬂ(s) + By (s)]
= thrZhrh, + A, (3.27)
T Oyt R A A, A +A) '

The same values of model parameters corresponding to the cold standby system

without repair {one unit operating, the other one on standby) as well as the failure rate of

the standby unit are used in following figures. The system reliability given by Equation

(3.26) is plotted in Figure 3.2. It is evident that the reliability of the warm standby system

is lower than that of the cold standby system. The plots of Equation (3.18) - (3.25) are
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Figure 3.2 The warm standby system without repair reliability
plots: one unit operating, the other on warm standby
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State Probability
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Figure 3.3 The warm standby system without repair state probability
plots: one unit operating, the other on warm standby
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Figure 3.4 MTTF vs common cause failure rate, A
for warm standby system (one unit operating,
the other on warm standby) without repair
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Figure 3.5 MTTF vs common cause failure rate, A,
for warm standby system (one unit operating,
the other on warm standby) without repair
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1 unit operating,
standby unit failed
due to an open
mode failure

System failed due to
an open mode
Mfailure

1 unit operating, 1
unit on standby

1 unit operating, the
operating unit failed
due to an open
mode failure, no
unit on standby 2

System failed due 1o
a common cause
failure

System failed due to
a short mode failure

-~

1 unit operating,
standby unit failed
due to a short mode
failure

5

1 unit operating, the
operating unit failed
due to a short mode
failure, no unit on

standby 3

Figure 3.6 System state space diagram with Type I Repair:

one unit operating, the other on warm standby
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shown in Figure 3.3. The failure state probabilities P,(¢t) and P, () in Figure 3.3 are
higher than P, (¢) and F, (¢) in Figure 2.6. It shows that the failure states of warm standby
system contribute more probability than those of the cold standby system. Figure 3.4 and

Figure 3.5. present the plots of Equation (3.27).

3.1.2 Warm standby system with Type I Repair

The system state space diagram is shown in Figure 3.6. The following differential

equations are associated with this system.

d’l"); —y + A, +h A+ AR + plP, () + B (0)]+ p, B.() (3.28)
B o, A+ MO AR (3.29)
%“-’-:_m FA AP +AR () (3.30)
%ﬂh(xb +A+A) PO+, B ) (3.31)
5‘37("=_ub FA+RBO+AB () (3.32)
d’:;t(’) =P+ L [P,(0) + P,(t) + P, (1) + B, (1) (3.33)
dlzt(t) =—pP, (1) + A[P, (0) + P(e) + P, (1) + B (1)] 3.34)
d’:;t(‘ ) WP O+AR ) (3.35)

Attime ¢ =0, F {0} =1, and all the other initial condition probabilities are equal to zero.

The steady state probabilities can be obtained by setting derivatives of above
Equations (3.28) - (3.35) equal to zero and utilizing the relationship EP}.=1, j

represents all of the states in the system.
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= b (3.36)
b= i‘;éfii &30
P, = i‘—é’lé% (3.38)

= A;(;‘:‘) (3.39)
e
PS=M3\°+&A"('§I;+7\M)PC (3.41)
p =t thth 52
pt (%;(21;5) i (3.43)

The system steady state availability is given by

_ (2 + 20 + R, A pp,
AV, = 403D (3.44)

where A(3,1) is defined in Appendix 3.1

By taking the Laplace transforms of Equations (3.28) - (3.35) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follows:

A+ (n+s)(u, +5)
B (s)= 4(2) (3.45)
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_ A (u+s)(p, +s)

e Ter) (3.46)

ps) = 2B ;g‘z‘)‘ +s) (3.47)

P, (s) = e “;(‘*3);‘)‘ +s) (3.48)

B(s) =2 (“;8;';‘“ +s) (3.49)

Py =2 thY AA?B,;)&)(HC +5) (3.50)
The Laplace transforms of system availability is given by

av(s)=Chth i bt +5)(p +5)( +9) (3.53)

A(3,2)

where A(3,2) is defined in Appendix 3.1

The time dependent system availability and state probabilities can be obtained by

taking inverse of the Laplace transforms of Equation (3.53) and Equations (3.45)-(3.52).

The same values of model parameters corresponding to the cold standby system
with type I repair {one unit operating, the other one on standby) as well as the failure rate
of the standby unit are used in the following figure. The time dependent system
availabilities are plotted in Figure 3.7. Comparing with Figure 2.21, it can be observed
that the system availability of the warm standby system at any time is lower than that of

the cold standby system. The steady state availability given by Equation (3.44) is plotted
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Figure 3.7 The warm standby system with type | repair availability
plots: one unit operating, the other on warm standby
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Figure 3.9 The warm standby system with type | repair steady
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unit operating, the other on warm standby)
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Figure 3.10  System state space diagram with Type II Repair:

one unit operating, the other on warm standby

117



in Figure 3.9. The same result is observed for both the time dependent availability and for

the steady state availability. The time dependent state probabilities are presented in
Figure 3.8.

3.1.3 Warm standby system with Type II Repair

The system state space diagram is shown in Figure 3.10. The following differential

equations are associated with this system.

%{)_2 =y A, + A+ A HRPR O+ RO+ PO+ PO +PB]  (3.54)
dl:‘;t(t) =—(h +A +A + WP @)+ P @) (3.55)
il’};,37&)=-—(7\.‘, +h+ A+ )P () + LB (1) (3.56)
df;t(t) ==y + X + X+ WP O A P (0) (3.57)
dl:;:t) ==, +X + A+ WPBE) + 2, P ) (3.58)
dZ(r) =A[B @) +BE)+ P,y + P1)] (3.59)
dr, =MB @)+ Be) + P () + B()] (3.60)
aE t) ——= AP (3.61)

Attime ¢ =0, £, (0) =1, and all the other initial condition probabilities are equal to zero.

By taking the Laplace transforms of Equations (3.54) - (3.61) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follows:

(A, +A +u+s)
A(3,3)

B(s)= (3.62)
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A
R =753

A
R =733

A}D
4(33

ﬂm:Agm

A A +HA +A)
Es)= sA(3,3)

_AFA+A+A)
Ko ="""733

_ A +A+u+s)
Fls)= sA(3,3)

where A(3,3) is defined in Appendix 3.1

F(s) =

The Laplace transform of system reliability is given by

R(s) = B (s) + P,(s) + P,(s) + P, (s} + B,(5)

@A AZNENFA U +s)
- A(33)

The system mean time to failure (MTTF) is

MITF = IingR(s)

_ Zh +2A A A+
SR AR A A, A + A

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

The system reliability and time dependent state probabilities can be obtained by

taking the inverse Laplace transforms of Equation (3.70) and Equations (3.62)-(3.69).
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Figure 3.11 The warm standby system with type |l repair reliability
plots: one unit operating, the other on warm standby
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Figure 3.13 MTTF vs common cause failure rate, A for
warm standby system (one unit operating,
the other on warm standby) with type I
repair
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The same values of model parameters corresponding to the cold standby system
with type I repair (one unit operating, the other one on standby) as well as the failure rate
of the standby unit are used in the following figures. The system reliabilities are plotted
in Figure 3.11. Comparing with Figure 2.33, it is evident that the reliability of the warm
standby system is lower than that of the cold standby system. Figure 3.12 is the time
dependent state probability plots. The system mean time to failure (MTTF) plots given by
Equation (3.71) are plotted in Figure 3.13. Comparing with Figure 2.35, it is noted that
MTTF of the warm standby system is less than that of the cold standby system.

123



3.2 Warm standby system: one unit operating, two

units on standby

By setting n=2 in Figure 2.1, the configuration consist of two units on warm standby
mode can be obtained. In this system three cases are considerded: Without Repair, With

Type 1 Repair and With Type II Repair (repair policies are the same as described

previously).
Notation

The following symbols are associated with this model:

t time.

s Laplace transform variable,

A, Constant open-mode failure rate of an operating unit or device.
A Constant short-mode failure rate of an operating unit or device.
Ao Constant open-mode failure rate of a standby unit or device.

A, Constant short-mode failure rate of a standby unit or device.

A, Constant common-cause failure rate of system or device.

il Constant repair rate of a unit or the system.

.  Constant repair rate of the failed system from common-cause failure state to initial

state 1.

F(t) Probability that the system is in state 1.

F,(t) Probability of the system state in which one operating unit failed due to an open
mode failure, one of the standby units starts working. The other one is still on

warm standby.
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P ()

P, ()

F,(z)

Py

P, (1)

Py, (¢)

P, (1)

P, (1)

Py, ()

Py, (1)

Probability of the system state in which one operating unit failed due to a short
mode failure, one of the standby units starts working. The other one is still on
warm standby.

Probability of the system state in which one unit is operating and the one of
standby units failed due to an open mode failure. The other one is still on warm
standby.

Probability of the system state in which ;:)ne unit is operating and the one of
standby units failed due to a short mode failure. The other one is still on warm
standby.

Probability of the system state in which two units failed due to an open mode
failure. Only one unit is operating,.

Probability of the system state in which the first unit failed due to an open mode
failure and the second one failed due to a short mode failure. Only one unit is
operating.

Probability of the system state in which the first operating unit failed due to an
open mode failure and one of the standby units failed due to an open mode failure.
Only one unit is operating,.

Probability of the system state in which the first operating unit failed due to an
open mode failure and one of the standby units failed due to a short mode failure.
Only one unit is operating.

Probability of the system state in which the first operating unit failed due to a
short mode failure and the second one failed due to an open mode failure. Only
one is operating.

Probability of system state in which two units failed due to a short mode failure.
Only one unit is operating.

Probability of system state in which the first operating unit failed due to a short
mode failure and one of the standby units failed due to an open mode failure. Only

one unit is operating,

125



Pt}

P,(©)

P, ()

P,(t)

E, (@)

B, 0)

B, ()

P (t)
P, )
P.(¢)
R@)

Probability of system state in which the first operating unit failed due to a short
mode failure and one of the standby units failed due to a short mode failure. Only
one is operating.

Probability of the system state in which one of the standby units failed due to an
open mode failure and the first operating unit failed due to an open mode failure.
Only one unit is operating,

Probability of the system state in which one of the standby units failed due to an
open mode failure and the first operating unit failed due to a short mode failure,
Only one unit is operating.

Probability of the system state in which two standby units failed due to an open
mode failure. Only one unit is operating.

Probability of the system state in which one standby unit failed due to an open
mode failure and the other standby unit failed due to a short mode failure. Only
one unit is operating.

Probability of the systern state in which one standby unit failed due to a short
mode failure and the first operating unit failed due to an open mode failure. Only
one unit is operating.

Probability of the system state in which one standby unit failed due to a short
mode failure and the first operating unit failed due to a short mode failure. Only
one unit is operating,.

Probability of the system state in which one standby unit failed due to a short
mode failure and the other standby unit failed due to an open mode failure. Only
one unit is operating.

Probability of the system state in which one standby unit failed due to a short
mode failure and the other standby unit failed due to a short mode failure. Only
one unit is operating.

Probability of state in which the system failed due to a short mode failure.
Probability of state in which the system failed due to an open mode failure.
Probability of state in which the system failed due to a common-cause failure.

Reliability of the system in [0,t).
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MTTF System mean time to failure.
AV, Steady state system availability.

AV {¢) Time dependent system availability.

3.2.1 Warm standby system without Repair

The system state space diagram is shown in Figure 3.14. The following differential

equations are associated with this system.

dZ;’) =, + A A, + A+ AP (@)
dP(‘ A=, + A+ A, A +A) B+ AR ()
dP(f ~(y+ A+ A, + A+ R B () +A B (1)
g%”: (A + X +A, +A, + AP () +2, B ()
“"';r(t)=_(;\b+}\,+x3 +A AP+ AP ()
i’%L_(;bH&)gi(r)HbPz(r)
iff%?(% +A) Py (6)+ A By ()

d?t(” ==& + ) B () + A, B, (1)

dpzt(‘) =~ +A) B, (1) + A B, (1)
%‘_‘L_m + APy (1) + A, By (6)
i%ﬂb(;&, +X) P, () + AP, (2)
E’P;_sfl=_(;\,, FR)B () + A, Py (0)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)
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dpP,, (t)

—a =—(h +A) P, () + A, P, (t) (3.84)

dp:;t(‘ L +0)B O+ A P.(0) (3.85)

3’%{—"1 Oy +A) Py () + AP, () (3.86)

%(-t-)-=—(zb + APy () + A, P, (2) (3.87)

%ﬁ”:_(;\b FR)PL O+ AP, () (3.83)

%(i)f“(}» +A) Py () + X, B () (3.89)

Bl o+ AP0+ LB (3.90)

%:—(& +A) B @)+ A P (1) (3.91)

%9-:_(;&, +R) B O+ A, B () (3.92)

dP,(t)

= AR )+ Py () + Py () + B (6) + P, (0) + Py (6) + Py (0) + B, O+P )+ P, )+
Put)+ Py @)+ By () + B, (t) + Py () + B, ()] (3.93)

dgt(t) = ME ) + By (1) + Py (1) + By, (0) + Py, (1) + P, )+ Py()+ Py (1) + Py () + P, (1) +
Pu@)+ Pt} + By () + P, (1) + B, (1) + B, ()] (3.94)

%p: AR @) + P} +B)+ () + B(1)] (3.95)

Attime ¢ =0, £(0) =1, and all the other initial condition probabilities are equal to zero.
By taking the Laplace transforms of Equations (3.72) - (3.95) and solving the
resulting equations, and then taking inverse Laplace transforms, the state probabilities can

be obtained.

1
B0 = oo (3.96)
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At

R = m—
1210 =mif§ﬂr
ﬂm=m#%ﬁw
A0 =Eﬁ%ﬁ
P ()= % (A )0

( ) e
BRI () ) Ty )

P)_z(t) =}D31 (t)

A"’Ak (N +h+ i )t

= e(),+)g+?\,,+?«,,+}r): (At + }‘3 + l‘“)z [e
Pyt) =P, ()
AA,

= g+t Je
(gt dytdog g+l )t 2 [8 -
e ;‘n ,k (A‘c + AIm + A.L\')

Py (1) = R, 1)
A,

~ (A +A, +A)e—1]

(A +A, +A, ) =1]

(A, + A, +A,)e=1]

= g \hoththothth)e O, +A, + ;\”)z [¢berhurhde (A +2A, +4, )—1]

2
R.,z (t) = A: (o +hy+hde _

e(}b+?s,+),o+},+),)r (At + A: + A“)2 [e
Pss(t) = Py )
A,

(A +A, +A,)—1]

= g TESWTNE [herhushir _ (N +A, +4)e-1]

B (t)=P,(t)
Ad,

erres wru A

A
e ththath il (A +A, + A,)
P44 (t) = P53 (69]

Rﬂ(t)=

Aok

Fle® b 4a A )e-1]

AR () A A ) [ 3 _ (4 p +A)e—1]

(3.97)

(3.98)

(3.99)

{3.100)

(3.101)

(3.102)

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)
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A,

P54 (t)=e(3b+),+?\w+i‘,+l,)t ()t+&ﬂ+)\“)z [e(&”\”“""—(k +Ah+%‘)t'—ll (3110)
P A AT A AN 1 . 1 -
N S I S Y W W Y ar y

AOHA+h, tA) 0, $A42R 420, 42)
R N N W S TR YWY
Ayt At hy A

e A, 4RI +A+ A H K, 4 )

A AR TR 1 . I .
(o ¥h) O A SR FA AR e (A TR

MOy th 4k, )70+, 424 420, +2h)

PRI by + RO A Ak +h, TR

Ay +A +A, +A)%

(3.111)

P ()=

e(%+?,+k,.,+l\,+h)f(%+}&o+&)(}b+)&+h+}%‘,+&) (3.112)
--At(sz+213+}\'c+2?\ka+2%5)[ 1 ]_
R = (A, +A + &, +A, +1)? T g Poththothy i)t
AR At AN (3.113)

S IR (y +h, R+, 4 1,)
The system reliability is given by

R(t) =Y, P(r)
= P](t)-i-Pz(t)+PJ(t)+ﬁ(t)+Ps(t)+P2!(t)+Pzz(t)+Pz3(t)+Rd(t)+Pal(t)+

Pyt + Py (0) + P () + Py () + Py (1) + Py (1) + Fu@)+ Py (e)+ Py, (t) + B () +

P, ()

S Ah A AT R R A EA R R H2A, +20)
—e(%”‘);()\t_{_}w_}_}\n)z e(A,+),+Aw+A,,+),,)r (;\z:+lxo+}‘k:)z

(A=A +2)(, +A +A, +A,)t

e()‘,+l,+).”+)~,,+},)r (}‘t + Axo + A}_{)

(3.114)

The system mean time to failure (MTTF) is



MTTF =1limR(s)

=0

=li_1"13[P|(S)+}’2(S)+1%(s)+ﬂ(s)+P_,,(s)+Pz,(t)+Pzz(s)+Pz3(s)+Pz4(s)+F§,(s)+

By (s)+ Pys) + B (s) + Fo () + Pp(s)+ Pyis) + B, (s) + F\(s)+ B, (s)+ B, (s) +
P, (s)]

_3 AP+ (L FA) (O + 40, +4A )+ (A, +A.)?
N Ry + XA, + 2+ A, + A, +2,)7

(3.115)

The same values of model parameters corresponding to the cold standby system
without repair (one unit operating, two units on standby) as well as the failure rate of the
standby unit are used in the following Plots. The system reliability given by Equation
(3.114) is shown in Figure 3.15. It can be observed that the reliability of warm standby
system is lower than that of cold standby system. The plots of Equations (3.96)-(3.113)
are shown in Figure 3.16. It is noted that the failure states F,(t) and £,(r) in Figure 3.16
are higher than F, () and P,(t) in Figure 2.12 (cold standby system). It represents that
failure states of the warm standby system contribute more probability than those of the

cold standby system. Figure 3.4 and Fi gure 3.5 present Equation (3.115) plots.
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Figure 3.15 The warm standby system without repair reliability
plots: one unit operating, two units on warm standby
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State Probability
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Figure 3.17 MTTF vs common cause failure rate, A,
for warm standby system (one unit operating,
two units on warm standby) without repair
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Figure 3.18 MTTF vs common cause failure rate,
for warm standby system (one unit operating,
two units on warm standby) without repair
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3.2.2 Warm standby system with Type I Repair

The system state space diagram is shown in Figure 3.19. The following differential

equations are associated with this system.

P,

ddt(t)——mm FAFAARIB @+ IR @+ P 0]+ P, (
dP( ===+ A +A, + A +A) B () +AB (1)

dP(:)

o ==y A A, A +A)Py(e) + A B ()

dI;(t)-——(?a,"'A:"')\x +h + AP () + A, B (r)
dl;(t)—-—(%Jr&”& +A + A B + A, B
d_”;t(ﬁ=_(xb+ag)al(z)+z,,@(t)
5‘%2=_(;\b+;3)z°22(t)+w(r)
ol 0 B0+ B

der( =—(&, +N) P, (€} + A, B, (¢)
d—ﬁ't(ﬁb(xa +A) By (0) + A, By (2)

dP;zt(t) =—(h, +A) Py () + AP, (1)
fgﬂ=-(x‘,+pa,(ﬂ+haf’s(t)
2,1,(_)“_0" + APy (e} + A, Py(r)

.“_'%(_.)_ ==(A, +A) Py () + AP, ()

(3.116)

(3.117)

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)

(3.124)

(3.125)

(3.126)

(3.127)

(3.128)

(3.129)
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dP,, (t)

R RIS AGEIN AT (3.130)
Fol) o6+ MR 041,20 G.131)
5%#:4),, + APy (0 + 2, P, () (3.132)
%1,&):"0% +A) P, (6) + 4, By (¢) (3.133)
Bal) WP 041 B0 (3134
FoE AR 0+ A B0 (.13
%-91:_(% + AR, )+ AP (t) (3.136)
.‘."f;_:ﬂ:_pg(;) AL @)+ Py () + Py () + Py (0) + Py (1) + Py (1) + Py (0) + Py (0) +

EBy@)+ Puy(6)+ Pye) + Py (e} + By (0) + Py () + P,(®)+ P, ()1 (3.137)
5'%@=~pg(:) +h [P () + Py () + Py (1) + By, (6) + P, () + Py, () + Py (£) + P (£) +

By + Py} + Py (@) + Py () + By (6} + Py (1) + P,@)+ P, ()] (3.138)
g%‘tﬁ)w—uc&(r) + X [P(6) + B, (t) + P (e) + P, (1) + B (0)] (3.139)

Attime ¢ =0, F,(0) =1, and all the other initial condition probabilities are equal to zero.

The steady state probabilities can be obtained by setting the derivatives of above
Equations (3.116) - (3.139) equal to zero and utilizing the relationship Z P=1,j

represents all of the states in the system.

p = (A + A, +A + A, +A, + 2 ),
e A(34)

PRGN
27 AGA

(3.140)

(3.141)
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ARG A,
T AG4)

A GG+ A ),
B A(34)

p oA +h)pp,
ST AG4)

P,

_hup,
T A(34)

PZ]

A(3,4)
R,
b= A(34)
Pu= By~ Dbl
Ay,
Fou= A(G4
p Oyt +A AN
° A(3,4)
p A0kt 4R
f A(34)

p= AR +A) (2, +2K +20, +2A, +A) p

A(3,4)

(3.142)

(3.143)

(3.144)

(3.145)

(3.146)

(3.147)

(3.148)

(3.149)

(3.150)

(3.151)

(3.152)

(3.153)

(3.154)

(3.155)

(3.156)

(3.157)
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The system steady state availability is given by

A(35)
AV = A(34)

where A(3,4) and A(3,5) are defined in Appendix 3.1.

(3.158)

By taking the Laplace transforms of Equations (3.116) - (3.139) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follows:

(A + A+ + A+ A, + A, + A +s)(p+s)(p, +5)

F (s} =

A(3,6)
p(s) =t A ) ) +5)
A(3,6)
P =2 tA +:>((3; ;'S)(u,_. +s)
Ps) = Ao (B + X +:2§’:)+S)(uc s)
Pls) = A+ A +:i;;)+s)(uc )
=
Py(s) =Py ()= Mmﬂ;ﬁf‘ +3)
Py(s) = Py (s) = A”K"(*L‘:;L()uc +s)
P (s) =B, (s) = %k(uAﬁ:;)(s()pc +5)
P,(s)= A (u:f;,(é';‘ +5)
Py(s)=P,(s) = A (HAJE;ZS()HC +5)

(3.159)

(3.160)

(3.161)

(3.162)

(3.163)

(3.164)

(3.165)

(3.166)

(3.167)

(3.168)

(3.169)
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(U+8)(u,+s)

BL(s) = By (5) =

166 (3.170)
Pyls) = l’z"(“:g'g; *5) (3.171)
P, (s)=P,(s) = Aok Z-{;; b +s) (3.172)
By(s) = A*z(“;g;‘)‘ +s) (3.173)
P ()= 2B th +§23T6;)\h)2( e +5) (3.174)
B(s)= )‘(A"”*J“;‘z;é})“)z(“‘“) (3.175)
P(s)= Ay + X +5)(2A, +2?\&A-|(-§go +2A, + A+ +5) (3.176)
The Laplace transform of system availability is given by
AV ()= jg:g (3.177)

where A(3,6) and A(3,7) are defined in Appendix 3.1.

The time dependent system availability and state probabilities can be obtained by

taking the inverse Laplace transform of Equation (3.177) and Equations (3.159)-(3.176).

The same values of model parameters corresponding to the cold standby system
with Type I Repair (one unit operating, two units on standby) as well as the failure rate of
standby unit are used in the following plots. The time dependent system availabilities are
plotted in Figure 3.20. Comparing with Figure 2.25, it can be observed that system
availability of warm standby system is lower than that of the cold standby system. The
steady state availability given by Equation (3.158) is plotted in Figure 3.21. The same
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Figure 3.20 The warm standby system with type | repair availability
plots: one unit operating, two units on warm standby
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State Probability
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Figure 3.21 The warm standby system with type | repair state
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Steady State Availability
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Figure 3.22 The warm standby system with type | repair steady
state availability vs cause failure rate, A _ plots (one
unit operating, two units on warm standby)
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result is observed both for the time dependent availability and for the steady state

availability. The time dependent state probabilities are presented in Figure 3.22,

3.2.3 Warm standby system with Type II Repair

The system state space diagram is shown in Figure 3.23. The following differential

equations are associated with this system.

dP,
0, +A A, RO WA+ RO+ RO+ RO] G179
,‘;m ==yt A+ A + A+ A+ WP O AP + ulBy (1) + Py () + By (1) + By (0]
(3.179)
dpP,(t)
g =T AR A A+ PP AR ) + plBy, () + Py (6) + Py (1) + Py (1))
(3.180)
dP, (t)
4 ==, +A+A, +A + A+ WP )+, P )+ HlP () + Py () + Py () + P (1))
(3.181)
dP,(t)
Tar TR AN A A A RO+ AR O + ulB (0 + Py () + By () + By (1)
(3.182)
dP, (t
——fj;u= ~(h, + A + WP () + 2, By 0) (3.183)
dP,
;ft(r) ==(h +A +u)P, () +A P, (1) (3.184)
dP,
::(t) == + & + W) Py (1) + A, P, (¢) (3.185)
dP,
;‘:(I) =—(A +A + )P, (1) + AP, (¢) (3.186)
dP,
Bl 44+ DB OB (3.187)

147



=t A+ )P (0 + AR () (3.188)
i%‘ri)p-(}ﬁ)\ﬁ WB, () + A, B (r) (3.189)
i%"t(—r)=—(%+}\t+ WP (6} + A, P(r) (3.190)
g%‘t(ﬂ-_-—m + A+ 1) By () + AP, (0) (3.191)
Fal e A+ R0 +AR0 3.192)
f:%h(% FA+ PO 44, P, (1) (3.193)
Tl o+ A+ B0+ R0 G.194
Bl o+ n+ B O+RB0 (3.195)
‘—if;_(”:.h(%w&a-p)gz(zn)\,&(z) (3.196)
Bl O A+ B0 A RO 3197
Bl o Oy A+ B0 A,R0 (3.198)
dP.(¢)
;t =J\S[PZl(t)+P22(t)+P23(t)+Pz4(t)+P_.ﬂ(t)+P_,.2(t)+P33(t)+Pu(t)+ﬂ,(t)+ﬁ,z(t)+
P()+ Py(e) + By (0) + By () + By () + Py (1)] (3.199)
d}:;t(” = KB 0+ P (0 + By(e) + B (1) + P, (1) + B, () + Py () + P, O+ Py () + P,y (1) +
Pyu(t)+ Py(@) + By () + By () + By () + B ()] (3.200)
-‘%—ff)—ﬁ*[a(:)+R,_(t)+P;(r)+a(r)+Ps(r)] (3.201)

Attime ¢ = 0, B (0) =1, and all the other initial condition probabilities are equal to zero.

By taking the Laplace transforms of Equations (3.178) - (3.201) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follows:
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P s) =

P,(s) =

Py(s) =

P {s)=

B (s) =

Py (s) =

Pzz(s)=

P,(s) =

P, (s) =

Py (s)=

Py(s) = P,

Py(s)

Pyls) =

P, (s)

P“(S)-‘:

A(39)
A(3,8)

Ao, +A +u+s)
A(3,8)
AG,+) +p+s)
A(3,8)

Ay (A, + N+ +s)
A(3.8)

A +X +p+s)
A(38)

I

A(38)

Y

BTy

Py ls) =

Py (s) =
X
A(3,8)

__AA
(s)= 4G8)

___.Psz(s)z_;ﬂt.s__

A(3,8)

A
A(38)

= PSJ(S) = A!o}‘&s

A(338)

A,
A(38)

ARy +A+A, +2,)°

P(s)=

sA(3,8)

(3.202)

(3.203)

(3.204)

(3.205)

(3.206)

(4.207)

(3.208)

(3.209)

(3.210)

(3.211)

(3.212)

(3.213)

(3.214)

(3.215)

(3.216)

(3.217)
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p o hAEA A +A)?

> GE (3.218)
A(3,10)
R=10 (3.219)

where A(3,8), A(3,9) and A(3,10) are defined in Appendix 3.1

The Laplace transform of system reliability is given by

_A(31D
T A(38)

where A(3,11) is defined in Appendix 3.1.

R(s) (3.220)

The system mean time (o failure (MTTF) is

MTTF =1imR(s)

530
_AG12)
T A(313)

where A(3,12) and A(3,13) are defined in Appendix 3.1.

(3.221)

The system reliability and the time dependent state probabilities can be obtained
by taking the inverse Laplace transforms of Equation (3.220) and Equations (3.202)-
(3.219).

The same values of model parameters corresponding to the cold standby system
without repair (one unit operating, two units on standby) as well as the failure rate of the
standby units are used in the following figures. The system reliabilities are plotted in
Figure 3.24. Comparing with Figure 2.37, it is evident that the reliability of warm standby
system is lower than that of the cold standby system. Figure 3.25 is the time dependent
state probabilities. The plots of system mean time to failure given by Equation (3.221) are
shown in Figure 3.26. Comparing with Figure 2.39, it is noted that MTTF of warm
standby system is less than that of the cold standby system.
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Figure 3.24 The warm standby system with type |l repair reliability
plots: one unit operating, two units on warm standby
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State Probability
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Figure 3.25 The warm standby system with type Il repair
state probability plots: one unit operating, two
units on warm standby
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units warm standby system with type Il repair
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By comparing the cold standby system and warm standby system, the following
conclusion can be made. When the same number of standby units and the same repair
policy are considered, the system reliability, the mean time to failure, the steady state
availability and the time dependent availability in the warm standby system are lower
than these parameters in the cold standby system. Therefore, in real life, overlooking the

possibility of standby unit failure can lead to overestimates of the system reliability and

other parameters.
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Chapter 4

System Reliability Comparison and
Improvement

This chapter compares two identical three-state device systems with different
configurations including parallel, series and standby. To improve the reliability of the
standby system, a new kind of standby configuration, in which there are two units in
parallel with one unit on standby, is introduced. The system reliability, the mean time to
failure, the steady state availability and the time dependant availability for this

configuration are obtained.

4.1 Comparison of the standby system, the parailel

system, and the series system

There are three different configurations (Figure 4.1 for the standby, Figure 4.2 for the
parallel and Figure 4.3 for the series) which are made up of two identical three-state
devices. In this section, the reliability, the mean time to failure and the availability for

three different configurations are discussed and compared.

Notation:

The following symbols are associated with these models:
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time.
Constant open-mode failure rate of an operating unit or device.
Constant short-mode failure rate of an operating unit or device.

Constant common-cause failure rate of the system.

T ST

Constant repair rate for failed system due to an open or a short mode failure.
. Constant repair rate for failed system due to a common-causefailure rate.
F,(¢) Probability that the system is in first state.

F.(¢) Probability that the sy:tem is in the failed state due to a short mode failure.
F,(t) Probability that the system is in the failed state due to an open mode failure.
F,(6) Probability that the system is in the failed state due to a common-cause failure.
R @)  Reliability of the parallel system in [0,1],

R®  Reliability of the series system in [0,1).

R,©)  Reliability of the standby system in [0,1].

MTTF, Mean time to failure of the parallel system.

MTTF, Mean time to failure of the series system.

MTTF,, Mean time to failure of the standby system.

AV,  Steady state availability of parallel system.

AV,  Steady state availability of series system.

AV, Steady state availability of standby system.

| L , — |
Figure 4.1 Standby system Figure 4.2 Parallel system

—

Figure 4.3 Series system
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4.1.1 System Reliability and MTTF comparison without
Repair

The state space diagram for the parallel and the series systems are shown in Figures 4.4

and 4.5 respectively.

: Une of the
Two units . .
are operating 2A, units failed dug
to an open
1 mode failure2
A
2A § Ao
Systemn failed System failed System failed
duetoa due to a short due to an open
commeon-cause mode failure mode failure
failure C

Figure 4.4 The state space diagram for a two unit

in parallel system without repair

Two units are 2) One of the
operating Junits failed due
to a short
1 mode failureZ
A
27, A, A,
System failed System failed System failed
duetoa due to an open due fo a short
common-cause mode failure mode failure
failure C

Figure 4.5 The state space diagram for a two unit

in series system without repair
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The system of differential equations associated with Figure 4.4 is as follows:

d":‘ﬂ(‘) =—(2), +2h +A) P {0) (4.1)
dlzjr(t) ——(), + M) P, (1) +2A P (&) (4.2)
g%::_)z A[2R () + B ()] (4.3)
dfz,r t(c) —AP() (4.4)
dfzt(r) _AP () (4.5)

Attime £ =0, £, (0) =1, and all the other initial condition probabilities are equal to zero.

P, (¢} is the probability that one unit failed due to an open mode failure.

The system of differential equations associated with Figure 4.5 is as follows:

d}:;[(’) = =(2), + 24 + 1) P (1) 4.6)
dP (t) =—0y +A) B, (1) +2XB (1) (@.7)
‘”; Y A2BO+B)] (4.8)
dP L _AB() (4.9)
‘”;(” “AR() (4.10)

Attime r =0, £(0) =1, and all the other initial condition probabilities are equal to zero.

P, (¢) is the probability that one unit failed due to a short mode failure.
The state space diagram of standby system is shown in Figure 2.6. The differential

equations associated with this model are given by (2.19) - (2.25). Attime ¢t =0, P (0) =1,

and all the other initial condition probabilities are equal to zero.
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Case I: Open/Short mode failure without common-cause failure

In this case common-cause failures are not considered. The reliability and mean time to

railure (MTTF) for three different configurations are compared.

Setting A.=0 in Equations (4.1)-(4.5) and solving these equations with the same
method used as in the previous chapters, the reliability and the mean time to failure

(MTTEF) of the parallel system are given by

R ()= F{)+ R ()
1 22, (=&, +2)

= A+ A [e!hﬁ:)r + JREPSTY ] 4.11)
A A
MTTF, = 200, +A,)° (4.12)

Setting A,=0 in Equations (4.6)-(4.10) and solving these equations with the same
method used as in the previous chapters, the reliability and the mean time to failure

(MTTF) of the series system are given by

RAt)=PR()+ P ()

1 2h, (A, -2A)
= A +A JESNT +e}(\:;\,+ziku] (4.13)
+3
MTTF, =2—(%:£k)—2 (4.14)

Setting A,=0 in Equations (2.19)-(2.25) and solving these equations with the same
method used as in the previous chapters, the reliability and the mean time to failure

(MTTF) of the standby system are
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(A, + A

R,()= EEpRTe N (4.15)
2
MITR, =3 (4.16)

The reliability difference AR(r) between the standby system and the parallel

system is

e (A ) 2+ [eMHR (A~ 1)

A-R(I) =Rsb(t)_RP(t) = e(z;,,+a),): ()\' +A3-)

(4.17)

At time t=0, AR(s) in Equation (4.17) equals to zero, however, AR(t) will be
greater than zero with the progression in time which indicates that the reliability of the
standby system is higher than the reliability of the parallel system. This trend is proofed

and discussed in detail in Appendix 4.1-(i).

The MTTF (mean time to failure) difference between the standby system and the

parallel system is

AMTTF = MTTF,,— MTTF, = HF (4.18)

Comparing the MTTF of the two system in Equation (4.18), it is evident that the
standby system has higher MTTF than the parallel system.

Similarly, the reliability difference between the standby system and the series

system AR(¢) is

e(ﬁ.ﬂ,): (Ab +}&)2t+[em+m: —1]()\,, __)‘k)
e(ZI.,+u,)r (}"o +A.5)

AR(t) =R, (1) =R (1) = {4.19)
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The MTTF (mean time to failure) difference between the standby system and the

series system is

3h, + A

4,
203, +1)? (4.20

AMTTF = MTTF,, ~ MTTF, =

With the same analogy, it can be proved that AR(t) and AMTTF in Equations
(4.19} and (4.20) are greater than zero, thus, the standby system has higher reliability and

MTTF than the series system. The detailed proof is in Appendix 4.1-(ii).

Also, the reliability difference between the parallel system and the series system
is
(2, =22) 1 1

A + A [etl.,u,n "e(z;,,+z;,)r] (4.21)

AR() =R, ()~ R, (1) =

The MTTF (mean time to failure) difference between the parallel system and the

series system is

AMTTF = MTTF, — MTTF, = ﬁ;{ 4.22)

Equations (4.21} and (4.22) indicate that if the open mode failure rate is greater
than the short mode failure rate, the parallel system will have higher reliability and higher

MTTF than the series system and vice versa.

Case II: Open/Short mode failure with common-cause failure

This case considers open/short mode failures with constant common-cause failure rate,
and compares the reliability and the mean time to failure for three different

configurations.
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The reliability and the mean time 1o failure (MTTF) of the paratlel system are

given by solving Equations (4.1} - {4.5).

R (1) =B()+ B (r)
1 2h, A +A+R)

= P IS + JRCIRETeTNT ] (4.23)

T
MITE, = o T + 28+ )

(4.24)

The reliability and the mean time to failure (MTTF) of the series system are given

by solving Equations {4.6) - (4.10).

R =R +A)

1 2 (A, —A+A) |
= 7‘1. +)\) + A [e(%ﬁ,)r + ‘,z\?zm)?;,u‘)t ] (4.25)

MTTF, = A+ 3 (4,26)
T (0, +A)2A +2K + 1) ’

The reliability and the mean time to failure (MTTF) for the standby system are
given by Equations (2.38) and (2.39). Thus, from Equations (2.38) and (4.23), the

reliability difference AR(z) between the standby system and the parallel system is

AR(@) =R, (t)-R, ()

(Ab +)\3)2[e(k+7\,+l‘)r __e(l.+3\,)r]+ ()\, _ ;\b)lc[eﬂﬂ),mn _1]+}\'cz (e(i,,+3,): -1
= JREDEETRTNT (A + A+ A‘c))\'c

(4.27)

At time t=0, AR(#) in Equation {4.27) equals to zero, however, AR(t) will be

greater than zero with progression in time which indicates that that the reliability of
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standby system is higher than that of the parallel system. This trend is proofed and

discussed in detail in Appendix 4.1-(jii).

The MTTF difference between the standby system and the parallel system can be
obtained by using Equations (2.39) and (4.24).

M =R+ A0+ 3N AN
Mmr,,,—MTTF,,..(%+A)(%+&+&)(Z%+2%+M (4.28)

Since the open mode failure rate is greater than the common-cause failure rate,
(usually common-cause failure is 196-30% of component’ failure rate) the solution of
Equation (4.28) is greater than zero. Thus, the MTTF of the standby system is higher than

that of the parallel system.

Similarly, from Equations (2.38) and (4.25) the reliability difference AR(r)

between the standby system and the series §) stem is

AR(t) =R, (t}-R ()

_ (Ab+}&)2[e(%+h+)\.)r_e(%H.,)r]_l_(}b_)&))t[e(},ﬂ,-e-),)r+1]+h2(e(?,+3,)1__1)
- e(ZJ,,+21,+},)r (Ab+lx+lt)3t

(4.29)
At time t=0, AR(r) in Equation (4.29) equals to zero, and for ¢ > 0, AR(#) > 0.
This indicates that the standby system has 2 better reliability than the parallel system. The

detail proof and discussion are in Appendix 4.1-(iv).

The MTTF difference between the standby system and the series system can be

obtained by using Equations (2.39) and (4.26).
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_ A=A+ 4RA + 3R+ AN
MTTF,, — MTIF, = (O, +2) Oy + X +A) (2N, + 2 +X)

(4.30)

Since the short mode failure rate is greater than the common-cause failure rate,
(usually common-cause failure is 19%-30% of component’ failure rate) the solution of
Equation (4.30) is greater than zero. Thus, the MTTF of the standby system is higher than

that of the series system.

From Equations (4.23) and (4.25), the reliability difference between the parallel

and the series systems is

_@hp-23) . 1 1

Rp (t)_Rs (6) = )\b +As +)‘t {e()\,,+.l,)r - e(z}ﬂz},-ﬂ,):] (4.31)

The MTTF difference between the standby system and the series systent can be
obtained by using Equations (4.24) and (4.26).

_ _ _ 23, —2h
AMTTF = MTTF, - MTTF, = TSI Ty (4.32)

Equations (4.31) and (4.32) indicate that if the open mode failure rate is greater
than the stort mode failure rate, then a parallel system will have higher reliability and

higher MTTF than a series system and vice versa.
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4.1.2 System availability comparison with Type I Repair

Figure 4.6 and Figure 4.7 are state space diagrams for the parallel and the series system

with Type I Repair respectively.

dF, (1)

dt
dPp, (t)
dar
dP, (t)
dar
dP, (1)
dt
dP, (t)
dt

Systemn failed
due to common-
cause failure

C

L

22,

Two units are
operating
1
2A, M

Systern fatled
due to a short
mode failure

S

One of the units
"|failed due to an

open mode

failure

2

System failed

mode failure

due to an open

0

Figure 4.6 The state space diagram for a two unit

=-u ) +)A)

—WP, () + 2 P, (t)

=~(&, +A)P,(t) + 2% P (r)

=—uP, () + A 2R () + P,(1)]

=22, + 20 + AR () + ulP () + P (N + P (1)

in paralle! system with Type I Repair

The following differential equations are associated wit’; the model in Figure 4.6

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

Attime r =0, P, (0) =1, and all the other initial condition probabilities are equal to zero.
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mode failure
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One of the units
yfailed due to a
short mode
failure 2

A

S

System failed
due to a short
mede failure

S

Figure 4.7 The state space diagram for a two unit
in series system with Type I Repair

The following differential equations are associated with the model in Figure 4.7

di’:’) =2k, +2h + X)) B () + ulP, () + P00+ u, £, ) 4.38)
d}zt(t) ——(, + 1) P} +2A R 2) (4.39)
dl:;t(t) =—uP, () + A [2P () + P, (1)] (4.40)
PO 0o p0 “.41)
dIZ :(t) o n PR (4.42)

Attime ¢ = 0, £ (0) =1, and all the other initial condition probabilities are equal to zero.
The state space diagram of the standby system with Type I Repair is shown in

Figure 2.20. The differential equations are given by (2.128) - (2.133). At time ¢ =0,

P (0) =1, and all other initial condition probabilities are equal to zero,

166



Case I: Open/Short mode failure without common-cause failure

In this case, common-cause failure is not considered. Both steady state availability and

time dependent availability are compared.

Setting A;=0 and p =0 in Equations (4.33) - (4.37) and by using the same method
as in the previous chapter, the numerical examples of time dependent availability for the
parallel system can be obtained. Also, the parallel system steady state availability can be

obtained.

AV = (3A, +A)u
P2 AL +2K +3h p+ A

(4.43)

Setting A.=0 and u.=0 in Equations (4.38) - (4.42) and by using the same method
as in the previous chapter, the numerical examples of time dependent availability for the
series system can be obtained. Also, the series system steady state availability can be

obtained.

(A, +30)u
AV, = 2
20 + 40N + 2K + A+ 3A

(4.44)

Setting A.=0 and p =0 in Equations (2.128) - (2.133) and by using the same
method as in the previous chapter, the numerical examples of time dependent availability
for the standby system can be obtained. Also, the standby system steady state availability

can be obtained.

Zp

gehreern

S

(4.45)
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From Equations (4.45} and (4.43), the steady state availability difference between

the standby system and the parallel system is given by

(A, + 30 (A, +A )

AV, -4V, = Oy + A +20)2A2 + 40N + 207 + 32 p + A )

(4.46)

Similarly, from Equations (4.45) and (4.44), the steady state availability

difference between the standby system and the series system is given by

GA, + M), +2)u
(A, + X #2023 + 4R + 202 + A p+ 30 1)

AV, — AV, = (4.47)

Also, from Equations (4.43) and (4.44), the steady state availability difference

between the parallel system and the series system is given by

40, =R, + 1)
(232 + 4R D + 20 + 30, o+ &, ) (2A2 + 4, A, + 2K + A, 1+ 3h, )
(4.48)

AV - AV, =

From Equations (4.46) and (4.47), it is evident that the standby system has higher
steady state availability than the parallel and the series systems. Equation (4.48) indicates
that if the open mode failure rate of unit is higher than the short mode failure rate, then a

parallel system has better steady state availability than a series system.
The comparison plots of the time dependent availability for the parallel, series and

standby systems are shown in Figure 4.8. It can be observed that at any time the standby

systemn has higher availability than the parallel and the series systems.
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Figure 4.8 Avaliability comparison plots for the
standby, parallel and series systems

without common cause failure
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Case I1: Open/Short mode failure with common-cause failure

This case considers an open/short mode failure with common-cause failure and compares

the steady state availability and the time dependent availability.

Solving Equations (4.33) - (4.37) by using the same method as in the previous
chapter, the numerical examples of the time dependent availability for the parallel system

can be obtained. The parallel system steady state availability is as follows:

AV - G, +A)pu,
P20, + A ) pp, + Oy + AR u+ (A, +A) pp
0 5 [ (] C“’ [ c

(4.49}

Solving Equations (4.38) - (4.42) by using the same method as in the previous
chapter, the numerical examples of the time dependent availability for the series system

can be obtained. The series system steady state availability is as follows:

AV = (%, + 3K pu,
T 20 A0 o+ O+ A)A O +30) pp,

(4.50)

The standby system steady state availability is given by Equation (2.140). Using
Equations (4.49) and (2.140), the steady state availability difference between the standby

system and the parallel system is given by

Aok ATu 4 372 +(4h p, -
AV,,,—AVP=(A““ o e 30 podpp, + (4A P — A ) (4.51)

A(4,))

where

AGD =20, + 1) up, + B + ) A+ Gh + A up IO, +A) 1, + 2, + A ]

Similarly, using Equations (4.50) and (2.140), the steady state availability

difference between the standby system and the series system is given by
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(A + 3k, + A7 ) + (@h = A ) pp,
A(4,2)

AV, -4V, = (4.52)

where

A4,2) =28 + 1) pp + By + A0+ (3, +30) pp G, +4) p, + 2y, + A4 p]

Since in practice, the value of the common-cause failure rate lies within the range
of 19%-30% component’s failure rate and the system repair rate for a common-cause
failure is within the same range of system repair rates as for an open/short mode failure.
Thus, in Equation (4.51), 4\ p -A pn 20 which indicates that the steady state
availability of the standby system is higher than that of the parallel system. Using the
same analogy, from Equation (4.52), it is evident that the steady state availability of the

standby system is higher than that of the series system.,

Also, comparing the Equations (4.49) and (4.50), the steady state availability

difference between the parallel and the series systems is

20 = X)(Ap+2% 1, +20 1) py,
A(4,3)

AV, - AV, = (4.53)

where
A3 =120, +2) pp, + ) +2) A+ (O, + 33, ) pu ] e
208 + ) pp, + O, +A) A+ (3K, + 4 pp, ]

Equation (4.53) indicates that if the open mode failure rate of a unit is higher than
the short mode failure rate, then the steady state availabilitv of the parallel system is

higher than that of series system and vice versa.
The comparison plots of the time dependent availability for the parallel, series and

standby systems are shown in Figure 4.9. It can be observed that at any time the standby

system has higher availability than the paraliel or series systems.
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The results of analysis in this section indicate that for a two three-state device
system, standby configuration can attain the highest system reliability, MTTF and
availability. If the open mode failure rate of a device is higher than a short mode failure

rate, the parallel configuration has higher reliability, MTTF and availability than the

series configuration and vice versa.
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4.2 Standby system reliability improvement

Under the conditions when the open mode failure rate of a unit is greater than its short
mode failure rate, two units arranged in parallel would offer a higher reliability than a
single unit (all units are identical). This is examined in Appendix 4.2. In order to improve
the standby system reliability, the new configuration is introduced as shown in Figure
4.10. In Figure 4.10, there are two units in parallel with one unit on standby (all units are
identical). As long as one of the two units fails due to a short mode failure or both units

fail due to an open mode failure, the standby unit starts to operate.

Figure 4.10 Block diagram of two units in parallel
with one unit on standby system

Notation:

The following symbols are associated with the system of two units in paralle] with one

unit on standby.

t time.

s Laglace transform variable

A, Constant open-mode failure rate of an operating unit.
A Constant short-mode failure rate of an operating unit.

174



System failed due to
a short mode failure

The standby unit
operating, both
operating units
failed due to a shon
mode failure 3

2A,

A,

System failed due o
an open mode
fajlure

Two units operating,

2A,

The standby unit
operating, two units
failed due 1o a open

mode failure
4

Ao

lunit on standby

A

System failed due to
a common cause
failure

1 unit operating, 1
unit failed due to an
open mode failure, 1
unit on standby

2

Ay

The standby unit
operating, two units
failed due 10 a open
mode and a short

mode failure 5

A, 3

¥ ]

Figure 4,11 System state space diagram without Repair:
two units in paralle! with one unit on standby
system

175



Me
F ()

P, (1)

B(t)

P, (1)

F 0

R()

Constant common-cause failure rate of system.

Constant repair rate for failed system due to an open or a short mode failure.
Constant repair rate for failed system due to a common-cause failure rate.
Probability that the system is in the state 1.

Probability of state that one of the operating units failed due to an open mode
failure.

Probability of state that the standby unit is operating and both operating units
failed due to a short mode failure.

Probability of state that the standby unit is operating and two operating units
failed due to an open mode failure.

Probability of state that standby unit is operating and two operating units failed
due to an open mode failure and a short mode faiture respectively.
Probability that the system is in the failed state due to a short mode f ailure,
Probability that the system is in the failed state due to an open mode failure.

Probability that the system is in the failed state due to a common-cause failure.

System reliability.

AV{e) System availability.

MTTF System mean time to failure.

AV,

System steady state availability.

4.2.1 Two units in parallel with one unit on standby system

without Repair

Figure 4.11 is state space diagram of the two units in parallel with one unit on standby

system without repair. The system of differential equations associated with Figure 4.11 is

as follows:
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dR (1)

” ==~2h,+2%,+A )P () (4.54)
5%’:4)-.--(;% + A + NP, (6) + 25 P (r) (4.55)
d":;:’) =~(3, + A) P, () + 2A, P, () (4.56)
d}::,t([) == +A)P (1} + 2 P, (1) (4.57)
df:jt(’) =~(}, + L)) + AP, (1) (4.58)
d}:;t(l) = AP @) + P (1) + B ()] (4.59)
Ll o MB 0+ R0+ A (4.60
0 o Bw+ RO (4.61)

Attime =0, F (0} =1, and all the other initial condition probabilities are equal to zero.

By taking Laplace transforms of Equations (4.54)-(4.61) and solving the resulting
equations, we can obtained the Laplace transforms of the state probabilities. Inverting

these Laplace transforms of the state probabilities, the time dependent state probabilities

result:

1
F@)= JRETeETwTnT (4.62)

2h 1 1

Pz(f) = (7\0 +A3) [e“"”‘”’)’ = e(21,+21-,+>=):] (4.63)

23, 1 1 .
BO=GT ) oo ~ mmonn) (464
P,(t) ~2%, + 24, + 2,

Y T eI G LN, | e P B O LG + A + ) eI LR+ )N
(4.65)
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=252, 25k 23,
- —— + :
PS(I) el’f!"vf‘A'."” (}-,,""';-5)}-,_. elZf +2h 40 )t (, _*_}‘3)(}.0_‘_}‘: +}\'c) e(’h+',)[(;“o+;‘s+}"c))'c
(4.66)
P 22,2, 2h (=X, + 1)
: [)_e“""“"“ (0, +2 + X )k PR (2, + 2, +2 )20 +2) + 1, )T
=20 (A2 + A2 + AR} 2h (32 #2200 + N+ 0 A
f“”W%+%+&N%+hN~ 2A+¢4+ANA+&+ANA+A)
(4.67)
P ) = 2% 2%, (=3, + ) .
0 l)"‘e(},,ﬂ,d,?l (}‘b'*'}‘:;'*')\c)}\c +e(2.i,+2),+lrjr (}L +}~ +}\.)(2)\0+2)\3+}»)
—2}},(A2+A}L+}&A) 2M, (}2+2Al+),+A,A)
eP M+ A+ A, + A A (2} +2A + A0 + A +A ) +A)
(4.68)
_ Zh A AG,=A)
E([)_ U,,+},+),}£( + (21l +2h 40
e h+A+R)0, +4) (3, + A ) ZAb+2}}+)%)
34 +A +
AGh+A4+2) (4.69)
X, +2N +2)0, + X +3,)

The system reliability is given by

Ry=R@+ P, @)+ P )+ P, (1) + B ()
206, + AN +AK)  2p (<A -2 +A)

Alf_)kz_kalr-’-)‘?)“c

TG E A+ AR, T e G

The system mean time to failure (MTTEF) is
MITF = lirrol R(s)
= B (s)+ B, (s} + By(s) + P, (s) + P, (s)

__ (5K +8AA + 3N + A4 +3A4)
TCAHZA A A+, +A)

(4.70)

(4.71}

e(2.\,+2),+3,)r (Ab + )& + }‘c)(}\'a + A:r)

178



Comparing with the system in which one unit operating and the other one on
standby, the reliability difference between the system r presented by Equations (4.70)

and the system represented by Equation (2.37) is as follows:

208 +AA AR pPhEh mheh) o = A = AA AN
TP A RN eI G e~‘2’»*”~+’r’r A, + A +3)0, + 1)
(A, +A) A +A A

Optdybt g Ug+h+d )t ]
e Al ehrhehin

_ Oy = M)Oy =W (4 2) <N G 4 40 +4]
) e PB4 )0y T A,

(4.72)

Since ™™ (G +A)—e" N (3 + A +A)+A 20, the proof is shown in
Appendix 4.1-(v), and A, +X 2 &, so if A A, AR >0 which indicates the reliability of
two units in parallel with one unit on standby system is higher than that of the one unit on

standby system.

Further considering the mean time to failure (MTTF) of the two system, the
difference in the MTTF between system represented by Equation (4.71) and system

represented by Equation (2.38) is as follows:

(S +80 A +3A2 + A2, +34 1) 2
@k, + 2N + XY + A +2) 0y +X) T A +A +4
(A=A, +2,~1)
T @, +2h+ ) (h + A+ AR +A)

AMTTF =

(4.73)

Equation (4.73} indicates that if the open mode failure rate of a unit is greater than
its short mode failure rate, AMTTF > 0. Since the common-cause failure rate is much less
than the open failure rate or the short mode failure rate. Thus, the MTTF of the two units
in parallel with one unit on standby system is higher than the MTTF of the one unit on

standby system.
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Figure 4.12 The standby system without repair reliability
plots: two units in parallel with one unit on standby
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Figure 4.13 The standby system without repair state probability
plots: two units in parallel with one unit on standby
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In order to make a comparison with the one unit on standby system, the same

values of parameters (i.e. as for Equations (2.31)-(2.38)) are chosen for the reliability

plots, the state probability plots, and the mean time to failure plots. The system reliability

given by Equation (4.70) is plotted in Figure 4.12. The time dependent state probabilities

plots are shown in Figure 4.13. The plots of Equation (4.72) are shown in Figure 4.14 and

Figure 4.15.

4.2.2 Two units in parallel with one unit on standby system

with Type I Repair

Figure 4.16 is the state space diagram of the two units in parallel with one unit on standby

system with Type I Repair. The system of differential equations associated with Figure

4.16 is as follows:

‘”;(" =~(24, + 20+ X) B ) + ulP, (1) + P.(O]+ w, P. ()
diz,t(” ==& + A +X)P,(6) +2), P, ()

d‘l:;t(”) =~ + A)P,() + 24 P, (1)

d“(’;{“’ =—(h +A) P (1) + & P, (0)

""':;[(‘) =—(, + M) B0 + AP, ()

d’:;:" =P, (O)+ A[B () + P,(0) + B, ()]
9-'}:‘;—:”~=—uﬁ,(t)+lb[P3(t)+R,(t)+P5(l‘)]

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80}
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dP (1)

dt

=y PA)+ 1P+ Py(0)]

(4.81)

Attime ¢t =0, A(0) =1, and all the other initial condition probabilities are equal to zero.

The steady state probabilities can be obtained by setting the derivatives of above

Equations (4.74)-(4.81) equal to zero and utilizing the relationship Z P =1, j represents

all of the states in the system.

A

P, =

3

P

[’5_

£

P

a

P

[

AN A+ A )
h A(4,4)

24,y A +h)
A({4,4)

_ 2N+ A+ A ) pp,
B A(4,4)

_ 2K,
A(4,4)

_ 2}?1& p‘“c
A(4,4)

2hp [ +A) + A4 ]
A(4,4)

_ 2hu [, + A +AN]
B A(4,4)

CAGHA)GA +A +A)u
B A(4,4)

The system steady state availability is then given by

AV =R +P+P+P +P

_ {5k +BAA +3X + AN +3AA ) up,
B A4,4)

where A(4,4) is defined in Appendix 4.3.

(4.82)

(4.83)

(4.84)

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)

(4,90)
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By taking Laplace transforms of Equations (2.127) - (2.132) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follows:

P](S)z (A,+}\3+S)()},+)\s+)¥ +S)(H+S)(HF+S)

445 {4.91)
A LR ST o
B =2AthtAt A‘AJ(:L()“ + 5, +) (4.93)
p ()= 22 A"L(z);)“ *s) (4.94)
B(s) = 2}")\’(';::;”‘ +s) (4.95)
P,(s)=2A’(“°+S)[(};;g;2+)‘m”)] (4.96)
PO(S)=27\,,(uc+s)[('j;2))2+7g(?g+s)l (4.97)
p(s)=2lhths) (33’(:,;’)““ A Aol (u ) (4.98)
The Laplace transform of the system availability is given by
AV (s) = R(s) + B (s) + Py(s) + P,(s) + B,(s)
s

where A(4,5) and A(4,6) are defined in Appendix 4.3.

The time dependent availability and the state probabilities can be obtained by

taking the inverse Laplace transforms of Equations (4.99) and Equations (4.91)-(4.98).
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Figure 4.17 The standby system with type | repair availability
plots: two units in parallel and one unit on standby
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State Probability
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Figure 4.18 The standby system with type | repair state probability
plots: two units in parallel with one unit on standby
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Steady State Availability
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In order to make a comparison with the one unit on standby system (Type I Repair
is performed), the same values of parameters (i.e. as for Equations (2.139}-(2.146)) are
chosen for the steady state availability plots, the state probabilities plots, and the time
dependent availability plots. The time dependent system availabilities are plotted in
Figure 4.17. Figure 4.18 is for the time dependent state probabilities. The system steady

state availability given by Equation (4.90) is plotted in Figure 4.19.

4.2.3 Two units in parallel with one unit on standby system

with Type II Repair

Figure 4.20 is the state space diagram of the two units in parallel with one unit on standby
system with Type II Repair. The system of differential equations associated with Figure

4.20 is as follows:

P,
4Rt ;t‘" ——@N, +2 + 3P0+ ul, () + P(0)] (4.100)
dpP,(t)
--;t—=_()\b +A+ A+ RIB()+23, B+ ul B () + B ()] (4.101)
d—‘?jf—t)=-(ab+ig+p)g(t)+2)}ﬁ(z) (4.102)
BY oA+ WRO+B0 (4.103)
-‘%"l=_u,, FA+WEROFARO (4.104)
daP.

=0 B0+ R0 + B O] (4.105)
dP
‘“j,('t‘)‘ = AP, () + P, (t) + P(0)] (4.106)

192



LD o tro+ RO (4.107)

Attime t =0, B, (0) = I and all other initial condition probabilities are equal to zero,

By taking Laplace transforms of Equations (4.100) - (4.107) and solving the

resulting equations, the Laplace transforms of the state probabilities are as follows:

B (s) = %ﬁ:,‘—g; (4.108)
P,(s) = jzjﬁ; (4.109)
P, (s)= i(&,l'io)) (4.110)
a(g:-‘i%’%)- (4.111)
B(s) = i((t:,l”f)) (4.112)
P(s) = il(al,;’; (4.113)
F(s)= f ;?":,;)) (4.114)
P(s)= ;(?i?; (4.115)

where A(4,7), A4,8), A(4,9), A(4,10), A(4,11), A(4,12), A(4,13), A(4,14) and A(4,15)
are defined in Appendix 4.3,

The Laplace transform of system reliability is then given by

R(s) = B,(s) + B, (s) + P,(s) + P,(s) + B, (s)

_A(416)
T A7)

where A(4,16) is defined in Appendix 4.3.

(4.116}
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The sysiem mean time to failure (MTTF) is

MTTF = lirrol R(s)
= lirg[P1 (8} + P, (s) + Py(s) + P, (s) + B, (s))

_A(417)
T A(4,18)

wherz A(4.17) and A(4.18) are defined in Appendix 4.3.

(4.117)

By taking inverse Laplace transforms of Equations (4.108) - (4.115) the state time
dependent probabilities can be obtained. Similarly, the time dependent system reliability

can be obtained by taking inverse Laplace transform of Equation (4.116).

In order to make a comparison with the one unit on standby system (Type II
Repair is performed), the same values of parameters (i.e. as for Equations (2.339)-
(2.346)) are chosen for the reliability plots, the state probability plots, and the mean time
to failure plots. The time dependent system reliabilities are plotted in Figure 4.21. Figure
4.22 is for the time dependent state probabilities. The system mean time to failure given

by Equation (4.117) is plotted in Figure 4.23.

The results of analysis in Section 4.2 indicated that the reliability, the mean time
to failure, the steady state availability and the time dependent availability for the two
units in parallel with one unit on standby system are higher than that of the one unit
standby system, under the condition that the open mode failure rate of unit is greater than
its short mode failure rate. Therefore, under this condition the two units in parallel with

one unit on standby system can be used to improve the system reliability.
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Chapter 5

Reliability Comparison for Systems
with Constant and Nonconstant
Commeon-Cause Failure Rates

In the previous chapters the common-cause failure was assumed to be constant. This
chapter presents models with non-constant common-cause failure rates for different
configurations such as parallel, series and standby systems. For a nonconstant common-
cause failure rate, the failure density function doesn’t follow an exponential distribution,
thus, the process is non-Markovian. The Merhod of Stages can be used to develop an
expression for a system with non-constant failure rates. The Method of Stages is

described in detail in Appendix 1.2,

3.1 Reliability comparison between parallel, series and
standby systems with non-constant common-cause

failure rates

Chapter 4 presented the reliability evaluations and comparisons for parallel, series and
standby systems with constant common-cause failure rates. The analysis in this section
includes a reliability and availability comparison for three different configurations with

non-constant commeon-cause failure rate and constant open/short mode failure rates,
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Notation;

-: n>’ b.>) °>" -

P (e)
P, ()
P.(r)
B (z)

P ()

RO
R®)

R0
AV,

AV

5

AV,

The following symbols are associated with all of the models in this section.

time.

Constant open-mode failure rate of an operating unit.

Constant short-mode failure rate of an operating unit.

Constant common-cause failure rate of system.

Constant repair rate for failed system due 1o an open or a short mode failure.
Constant repair rate for failed system due to a common-cause failure rate.
Constant transition rate associated with common-cause failures from initial
condition to dummy state,

Constant transition rate associated with common-cause failures from dummy state
to failed state.

Probability that the system is in state 1.

Probability of dummy state.

Probability that the system is in the failed state due to a short mode failure.
Probability that the system is in the faiied state due to an open mode failure.
Probability that the system is in the failed state due to common-cause failure.
Reliability of parallel systemn in {0,t].

Reliability of series system in [0,t].

Reliability of standby system in [0,t].

Steady state availability of parallel system.

Steady state availability of series system.

Steady state availability of standby system.
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Case I: Reliability comparison of parallel, series and standby systems

without Repair

Figures 5.1 and 5.2 and 5.3 are state space diagrams for parallel, series and standby

systems respectively. The system of differential equations associated with Fi gure 5.1 is

P
d—c‘;[-)—=w(2},,+27\ +a )R (1) (5.1)
d—‘zg—)-m—(}\b +A)P () + 23, P (1) (5.2)
P
d;:” =—a,P,(t) +a,P.(0) (5.3)
dP (
;{” = LI2B(1) + P, (1)] 5.4)
dP
s b (5.5)
dr
dP (1)
T e, P () (5.6)
dr

Attime 1 =0, /(0) =1, and all the other initial condition probabilities are equal to zero.

P, (r) Probability that in the system one unit failed due to an open mode failure.

The system of differential equations associated with Figure 5.2 is

%%:42;& +22, +a ) B () 5.7)
db, (¢)

22 ==y +A) B0+ 24, B () (5.8)
dP
j:,t(—t) =, F, () +a,B () (5.9)
dP (1)

;t(" =A[2B() + P, ()] (5.10)
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;t =AP ) (5.11)
d}:;f” —a,P, (1) (5.12)

Attime r =0, £ (0) =1, and all the other initial condition probabilities are equal to zero.

£, () Probability that in the system one unit failed due to a short mode faiture.
The system of differential equations associated with Figure 5.3 is

B o, +h,+a )P0 (5.13)
ar :

dP,
Tl o0, 4R, 04 AR 519

dF, (1)

==, +A)B () +A P (1) (5.15)
dt

——=—q,P,(t) +a,P(t) (5.16)

%}(i) =MIP, (1) + P, (0] (5.17)

i’%ﬁlzaoml(m& ©] (5.18)

dB.(1)
dt

Attime ¢ =0, £ (0) =1, and all the other initial condition probabilities are equal to zero.

=a,P, (1) (5.19)

Setting o,=a,=a in Equations (5.1) - (5.19), the reliabilities of parallel, series

and standby systems are given by

R,(O)=R@}+F )+ P, ()

) 23, « 2K +2K + (4 +N)a —a?
e A a) 267 (O, 4 k) T 26 O, 1, vy 4 )

(5.20)
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R (t)=F )+ F(t)+ P ()

2, a 28 -2X +(, +A)a -a?
U+Hr()\’+)&+a) Zem}%-[-li) 28(2;"*2’*““(}5'!‘}\3'*&)}54‘}\)

(5.21)

R, ()=F)+P,(t)+ P, (t)+P,(t)

L s S - —(, + A+, +A ) —a?
‘%“ H e (}\a + 7&) + e(h,hk-m)ta (Ab +7\,) (5.22)

By using Equations (5.22) and (5.20), the reliability difference AR(z) between the

standby systermn and the parallel system is

V2
AR() =R, (1) - R, (¢) ——ﬁ% (5.23)

where
A(51) =26 Bl () AN, + A +a)
A(5,2) = 2(, +}3)3{e(%+1.+a)r _e(?.,+i‘,)r]__2(}\: ~ o fe e _ 1y

(}\, + A:)a Z[ez(%w‘,)r _1]+a 3[6“"“’}' _112

By using Equations (5.20) and (5.21), the reliability difference between the

parallel and the series systems is

AR() =R, (t) — R, (¢)

2Bk _ (3, —A)
T e PR () ra)

(5.24)

AGY) =2e"¥ g (A + A ) (A, +A +a) is greater than zero. At time t=0,
A(5,2) equals to zero, however, A(5,2) will be greater than zero with progression at time.
The proof is shown in Appendix 5.1. Thus, AR{(t) =0 which indicates that the reliability
of the standby system is higher than that of the parallel system. With the same analogy,
using Equations (5.22) and (5.21), it can be proven that the reliability of the standby

system is higher than that of the series system. From Equation (5.24), it is evident that if
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the open mode failure rate of a unit is greater than its short mode failure rate, the parallel

system has higher reliability than the series system.

Case I1: Availability comparison of parallel, series and standby

systems with Repair

This case considers Type I Repair. Figures 5.4, 5.5 and 5.6 are state space diagrams for

parallel, series and standby systems respectively. The system of differential equations

associated with Figure 5.4 is

dPp, (¢)
dt
-c% =—(A, + )P, (¢} + 2) P, (¢) (5.26)
dP, (¢)
dt
dP, (1)

T:—p}’j(t)+7\.ﬁ[2ﬁ([)+g([)] (5.28)

13(’) =—uP, (1) + A P, (1 (5.29)

dP.(t)
dt

Attimer=0, B, (0) =1, and all the other initial condition probabilities are equal to zero.

=—(24, +2) +a) P (6) + p[P (2} + P, ()] + u PA) (5.25)

=-aF, (t) +ab (¢ (5.27)

o,

|

=—u P () +aP, 1) (5.30)

- The system of differential equations associated with Figure 5.5 is

d};(:) =—(2& +2X +a}R )+ ulB () + B (O)])+ pu 2.(r) (5.31)
%zmh“b +A)B O +20F () (5.32)
d_i:r(—t)="“a(‘)+“’°1(” (5.33)
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dpP, (1)

L5 =~ P, () + 1, [2R,0) + B, (0] (5.34)

{
g%ji)‘=—]-lﬂ(t)+lopz(t) (5.35)
EIE’TO):—LJ.CPC(I)ﬁ-OLE,(t) (5.36)

Attime ¢ =0, F(0) =1 and all other initial condition probabilities are equal to zero.

The system of differential equations associated with Figure 5.6 is

= —(h +A+a) RO+ ulP )+ P+ 1 P () (5.37)
‘—‘%—@bm + M) B () + A P (1) (5.38)
ﬂ’:}';(ﬁl?(xo F1)P, () + 1B () (5.39)
dlzt(r) = —aP, () +aB (1) (5.40)
LY o pp©+41BO+RO) (5.41)
LY o pp 0+ B0+ RO (5.42)
d}:;:‘) =—p.P()+aP, (t) (5.43)

Attime ¢ =0, F(0) =1, and all the other initial condition probabilities are equal to zero.

Setting ay=a,=a in Equations (5.25)-(5.30) and setting the derivatives of
Equations (5.25)-(5.30) equal to zero as well as utilizing the relationship ZPJ =1, j
represents all of the states in the system, the steady state probabilities can be obtained.

Thus, the steady state availability of the parallel system is given by

AV = (4x, + 22 )apu,
P 200 A Y ap, + O +A)a 2+ (A, + 22 oy

(5.44)
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Similarly, solving Equations (5.31)-(5.36) the steady state availability of the series

system can be obtained.

AV - (2X, + 47 dapy,
TU200 + A ap, + (h + A )ty + (2, +4), Jaup

(5.45)

Also, solving Equations (5.37) and (5.43) the steady state availability of standby

system can be obtained.

3(&, + A Japy,

V., =
AV (7\.0+As)2apc+(}»o+2\})a2p+3(ko+7\s)app.

(5.46)

By using Equations (5.46) and (5.44), the difference the steady state availability
AAV between the standby system and the parallel system is

A4
AAVzAV,b—AVF=?((5—3;— (5.47)

where
A&$=H%+&hu+m+3quHﬂ%+&Vuu%&+&hp+@h+2&MmJ
AGA) =}, @k u, —au) + A2 +6M A p +4232 0,

By using Equations (5.44) and (5.45), the steady state availability difference

between the parallel system and the series system is

A(5,6)
AV, - AV, =25 (5.48)

where
AGS) =[2(, + 1) ap, + (3, +4)a >y + (4h, + 22 Jopp]
2(h, +A)ap, + (G + A a2 p+ A + 42 Jauu]
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A(5,6) =200 = W H2h, 1, +2h 1, +ap) py,

In Equation (5.47), A(5,3) is greater than zero. Appendix 1.2 indicates that if

o=y, limA(t)=c. This means that the non-constant common-cause failure rate
F—ypon

becomes constant value as time approaches infinity, and the constant value is equal to
parameter a. In practice, the value of the common-cause failure rate lies within the range
1%-30% of a component’s failure rate. This indicates that parameter « lies within the
range 1%-30% of a component’s failure rate. The system repair rate after a common-
cause failure is within the same range of system repair rate after an open or a short mode
failure. Thus, we can derive that (24, n, —ap) 2 0. If (A u, —ap) 20, then A(5,4) is
greater than zero. This indicates that the standby system has a higher steady state
availability than the parallel system. Using the same analogy, we can prove that the

standby system has a higher steady state availability than the series system.

In Equation (5,48), A(5,5) is also greater than zero. It is evident that if the open
mode failure rate of a unit is higher than its short mode failure rate, then A(5,6) is greater
than zero. This indicates that the parallel system has a higher steady state availability than

the series system.

Figure 5.7 is time dependent availability for the standby, parallel and series

systems. It can be observed that the standby system has the highest availability,
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5.2 Reliability evaluation of parallel, series and standby

systems with and without common-cause failures

This section presents a reliability evaluation of systems with and without common-cause
failure rates. Comparisons are made for systems without common-cause failure rates,
with constant common-cause failure rates and with non-constant common-cause failure
rates. In the following discussion, an assumption is made that as time progresses, non-
constant common-cause failure rates approach a steady state, and this steady state of
common-cause failure rate A(t) equals the value of the constant common-cause failure
rate A.. In Appendix 1.2, it is indicated that the steady state non-constant failure rate
equals the parameter a, thus, the parameter a equals the constant common-cause failure

rate A..

Standby System:

Using Equations (2,38) and (5,22), for A =a , the reliability difference of the standby
system with a constant common-cause failure rate and with a non-constant common-

cause failure rate is given by

A +A) A +h-h

e“\,”s)!lc - e(’h“ﬂ?ﬂflc

A'Rsb([)=
A +A L@ ~(L, +A)+ (0 +A ) —a
e™*Mig e (), +2) e g (B + )

(1—eMrhsiingy
= e(;D+)\,+Ar)t ()\b + Ax)

- ]

(5.49)
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From Equation (5.49), it is noted that the standby system with a non-constant

common-cause failure rate has a higher reliability than the standby system with a constant

common-cause failure rate.

Using Equations (4,15) and (5,22), the reliability difference of the standby system
without a common-cause failure rate and with a non-constant common-cause failure rate

is expressed as

1+, +A) A +)\k a -, +A)+ (A + 0o —a’
gthothi ~[ (A,,d-m: (A +N) e(k,ﬂ,*u)ra(l +As) ]

AR.sb (t) =

O, F A (M Hore® —e®) + (0 + A )a (e —1) +a 2 (1—e™)
=3 e(&,"-?,){ (Ao'{"ls)a

(5.50)

It is not obvious to determine AR, (t) from Equation (5.50), by using Equation
(4.15) and (5.22), the standby system reliabilities are plotted in Figure 5.8 for the

specified value of c.

Parallel System:

By using Equation (4,23) and (5,20), for A, =a, the reliability difference of the parallel
system with a constant common-cause failure rate and with a non-constant commaon-

cause failure rate is given by

1 2h, (A X +A)

= WA A, e [ o uth1s + JACTEETRTNr ]

2A, a 22 +20 + (A, + W )a —a’
"'[e(l,,,ﬁ,)r(}\b_}_k_'_a)'{'zem (}b_*.}& 26(21.,4-21,%:).- (i\b+?\,+a)(lo+l,)
(1“8(2;"+ZA')')}\.C
= 26(27\,+2A,+M: (Ab +)&)

]

{5.51)
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Equation (5.51) indicated that the parallel system with a non-constant common-
cause failure rate has 2 higher reliability than the parallel system with a constant

common-cause failure rate.

By utilizing Equations (4,11} and (5,20), the reliability difference of the standby
system without a common-cause failure rate and with a non-constant common-cause

failure rate is expressed as

(A, +A)
r }\' +A. [eU\,-ﬂ,)! e(23v+2},)t ]
o 22, A, ~2A 2K+ (A + M)A, - A
U +3 )r(A +)‘3-+}") Ze}ur(}\b+}\k)+ze(2%+2h+~)r(%+;\k+lﬁ ()\. +A:-)
(5.52)

It is not obvious to determine AR, (¢) from Equation (5.52), by using Equations

(4.11) and (5.20), the parallel system reliabilities are plotted in Figure 5.9 for the

specified value of a.
Series System:

By using Equation (4,25) and (5,21), for A =a, the reliability difference of the parallel
system with a constant common-cause failure rate and with a non-constant common-

cause failure rate is given by

L 2h  h=A+R)

] }b+)‘x+3t e A,‘ﬂ,)l (2754-2%,4-),)!

; 23 a 28 <20+ (), +N)a —a 2 |
(&,-n\,)r(%_*_&_'_a) zem(;\)_{_}s) 26(2?\,1»2%-*0):()\0_'_)3 +a)(Ab +}&)

(1 e(ZL-er,)r)lc
28(2?\,+2?«,+l,)f (Ab +)})

]

(5.53)
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Equation (5.53) indicated that the series system with a non-constant common-
cause failure rate has a higher reliability than the series system with a constant common-

cause failure rate.

By utilizing Equations (4,13) and (5,21), the reliability difference of the standby
system without a common-cause failure rate and with a non-consiant common-cause

failure rate is expressed as

R - S S

s = A+ [e“‘**”" +e(z>,,+zJ,n]

p 25 M 2R-2R+ O AN - ]
e(;bu,)r (;\;+As+)\d) Ze?u:()\b_*_}&) Ze(Z?\,+2?\,+-‘u)r(% +)&+}‘u)(}\) +)\S)
(5.54)

It is not obvious to determine AR, (¢) from Equation (5.54), by using Equations
(4.13) and (5.21), the series system reliabilities are plotted in Figure 5.10 for the specified

value of .

According to the above discussion, based on the assumption that steady state of
the non-constant common-cause failure rate A(t) equals the constani-common-cause
failure rate A, for the same configuration, it is noted that the system reliability with a
non-constant common-cause failure rate is higher than that with a constant-failure rate.
The system reliability with a non-constant common-cause failure rate is lower than that

without common-cause failure.
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Chapter 6

Conclusions and Recommendations

6.1 Conclusions

This study develops generalized expressions for the system reliability, the mean time to
failure (MTTF) and the steady state availability with constant failure rates. In the cold
standby system, it is shown that the system performance indices such as the reliability, the
MTTF, the steady state availability and the time dependent availability increase as the
number of devices in the system increases, regardless whether the repairs are performed or
not. Hovsever, a decrease in the performance indices is revealed with the progression of
time and an increase in the common-cause failure rate. The same trend is observed for the
warm standby system. However, the reliability, the MTTF, the steady state availability and
the time dependent availability of the warm standby system are lower than values obtained
for the cold standby system. Thus, it is concluded that the reliability analysis of the standby
system without taking into consideration the occurrence of a standby device failure or a

common-cause failure would lead to an overestimation of the reliability parameters.

The Method of Stages can be used as a good approximation to analyze systems
with non-constant failure rates. For a two three-state device system, it is concluded that
the highest reliability and availability can be obtained with a standby configuration,
regardless whether the common-cause rate is constant or non-constant. If the open mode
failure rate of a device is greater than its short mode failure rate, the parallel configuration
is better than the series configuration in term of reliability and availability, or vice versa. In
addition, the two devices in pai'allel with one device on standby configuration has higher

reliability and availability than the one device on standby configuration,
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6.2 Recommendations

For all of the models in this study an assumption is made that the repair rate is constant.
This study can be extended to include both the time dependent repair rate as well as more
general failure rates. Because the three-state device system has more system states than
the two-state device system for the same number of devices, the calculations are more
cumbersome, especially for the warm standby system. When the Lapalce transforms
method is used, the inversion of the resulting Laplace transforms expression from s-
domain to t-domain is very difficult, and the analytical expressions for the time dependent
availability could not be developed. Future study could be conducted to develop

techniques to overcome this difficulty.
The Method of Stages should be further studied in different systems. Because its

accuracy of results obtained through its usage vary under certain conditions, thus its scope

of application should be verified with a strict mathematical proof,
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Appendix 1.1
Reliability Characteristics

The following four functions are commonly used in reliability analysis:

f(t)--probability density function (pdf) of failure time distribution

dF(¢)
dt

f)=

* F(t)-- cumulative failure function (failure probability at time ¢}

Fo)=[7 @)

R({t)--reliability function (cumuiative unfailing probability at time t)

Rit)=1-F()

A(t)--hazard function (failure rate at time 1)

Ale) Va0l

- RG)

The relationships between four functions are

dF (¢) dR(t) i
FO =" === = 00 expl-[r e )

x(;)_f(‘)_ f@ 1 dF(Z)__d[lnR(t)]
_R(t)—l—,[;f(:)dt_l—F(t) dt dt

P =1-R0) = [ €t =1-expl-[A )]
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Rty =1-F(@)=1- I;/ (t)dr = exp[—J:?»(E g ]
There is a basic parameter that can be used to describe a probability distribution expected

value. In reliability analysis, the expected value is known as the mean time to failure or

simply MTTF. MTTF mathematically is the first moment of failure time distribution.

MTTF = Et} = Ef (t)dt

Alternatively, MTTF can be expressed in various different forms:

MITF = [if e = [ 1rte) expl-[ )t

MTTF = [Ridt = [[ expl-[r e ) 1
MTTF = li_l;lgR(S)

where the R(s) is the Lapalce transform of system reliability.
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Appendix 1.2
Description of Method of Stages

In a system combining two or more units with a constant failure rate in parallel or series
configuration, the system failure density function is not an exponential distribution even
if those of the individual unit are exponential. The reverse also is true. When we analyze
non-constant failure rates, they can be divided into several sub-states (dummy states)
each of which is exponentially distributed. In the following illustration with one dummy
state is presented as an example. In this case, it means the non-constant failure rate is
A(t). The constant failure transition rate between the up state and the dummy state is a,

and the constant failure transition rate between the dummy state and the down state is a, .

| Jdmmy ) @, [down

1 2 3
! Alt)

Figure 1 Modeling a nonconstant failure rate using a dummy state
The following differential equations are associated with Figure 1.

dP, (t)

Cdr

ap;(t)
dt

Attime =0, B{)=1B(t)=P,@t) =0.

=--a2Pz(t) +Q'.l}31(t)

=a, b ()
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The reliability is given by

~Q gl -,
e "a, e 'a,

@,-a,) (@,-a,)

R(t)= P )+ P (t)= @, #a,)

The systern time dependent failure rate A(t) from the up state to the down state is

dR(t) aa,(e™ ~e™)
R(t) ~ e*a, —-eg,

Ale) =- @, 2a,)

a, and a, are parameters of the non-constant failure rate A(t). If ay=a,=a the
failure density function with the time dependnet failure rate A(t) becomes a gamma

distribution. Thus, we have

R(it)=(+ast)e™

dR() «a *t
R(t)  1+a’t

Ale) =

Figure 2 is the time dependent failure rate plot with a=c;=a. It is found that A(t)

reaches steady state as time t approaches infinity, i.e.,limA(f) =c .
t=poe
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Time dependent failure rate, A(t)

4x104

3x104

2x104

104

=0.0004

104 2x104 3x104 4x104

Time, t

Figure 2 Nonconstant failure rate A(t) plots
for different values of the parameter «

5x104
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Appendix 2.1

AR =sh A p+A A p+Aiu, +20 A +230, + 20 pp, + 25 up + A5+ 23 A s+
Ms+AAS+A A S +2h s+ 2h 05+ A s+ 24 1S +2A 1 5 +Up S + 24 5% +
205+ st +us® +u st +57)

AQ2) =s@Nhp + A A +2KA pu+ AR p+ AR+ X+ 3NN B+ 3R N e+
KU, + 30 p, + 6 A pu, + 3N ppr, + A uit, + A pp + Ks + 3345 + 33 Ns +
Ns+2RK s+ 4 AAs+2RAs + A Ns+ A Ns + 337 s + 63 A ps + 307 s +
A s+ A0, s+ K s 3 s+ A s+ 3R s+ AN s+ Ad s+
3 U S+ 3A P s + A i s + 30 s% + M, As? + 3Ns% + 4) A s + AANST + WP +
3k, us+ A us+ 24 us® + 3h p.s? + 3A 5% + A st + pp st + 34,87+ 3087 +
2As° + ps’ + u s® +57)

A(23) = (30 +6AA +30 + A A +AA +3A5+3A5+As+5T)(p +5)(p, +8)

ACA =30 1+ O AA W+ 9N AT A W+ 300 % 1+ 32N 1+ 6A A AR 1+ 3AZAZ 1 +

AR UHAR N+ AN U+ N [ + 40N, + A, + 43y, +
2AA p, + 123, up, + 4N e, + 300, i, +6A, A, pid + 3N A pp, +

MWK + AN pp,

AQRS) =sOGRKA U +INAN p+ AN A 1 +30A 1+ 300+ 6A A2 L+ 3AAZ p +

AR AR W+ N, + AN p, + 6N 1, + 40N, + A, + 48, +
ZRA pu + 120K g, + 4 up o+ 3K pu, + 68 A i, + 3AA e, +

WA, + AN pp .+ Ms + AR s + 632N s + 42 Mls + As 4 30 A s + 38N 3s +

WAS+ A NS + 40 s +12A0A pis + 128, A7 s -+ 44 ps + ONZA, us + 18X, A A, ps +

ON A, s+ 62, X7 pis -+ GA K ps + &) ps + 4K s + 12004 p s + 123 K p s +

AN S+ 3A U s +OMAA 1S+ INA P s+ AN ps + AN U s HAN s+

635 S+ 122K upa s + 6K ppa s+ SA, A, (it S +SA A uia s + A i s + 43057 +
2RAS +120, M7 +4Ns% + I A% + 18N AAS® +ONAS? + 62, As? +6AN2s® +
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Ks® +6hgps® +12A4 s + 6K ps® + ON A us? + O pas? + 302 us? + 6X2 2 +
2h A Ues® 6K ST +5MA s+ 5N WS+ R st A, pps? + 4N s +
2% i s” + 6Xs” + 120, As” + 6X5° + 9A, As® + OA S’ + 3N + A, ps? +4) ps® +
25 us® + p8” + A5 +AAs* 4 3As* + pst + ps? +55)
A2,6) = (d, + A +5) (0 + X + A, +5) (m +5) (. +5)
AR =k (A +A+8)(A +X +A +5)(p +s5)(u, +5)
ARRB) =X+ A +5) (A +X + A +5)(u +5)(u, +5)
AR =R (A + A+ pu+5)(u, +5)
AR10) = AN, + X +5) (@ +8)(, +5)
A211) = R (A + A +s)(w +s)(p, +5)
A212) =1 (u+s)(p, +5)
A(2,13) = A (p+s)(p, +5)
A(214) = AR +5) (1, +5)
A215) =N (n+s)M{p, +5)
A(2,16) = A (A, +4) (1, +5)
ARIT) =2 (3 + ) (u, +5)
A@R18) =k (A + A+ (R +5)[3(, +A)2 +3(h, +A) (R +8) + (A, +5)7]
A(219) = (u+s)(p, +8) 40, + ) +30, +4)2 (A, +25) + (A, + A A +5)(A +45) +
s(h +5)%]

A(2.20) = (3 +3KN + 30K + K + 2% + AR KA + 2NA + A+ AN +2A A p+ 2A A +
N u+hp 4385 +6MAs+3Ns +4A A s+ 4AAS + N5 + 2, s+ 22 ps+ 3A, ps +
pls+3hs% +3As? +248% + 3ps® +5°%)

A22D =+ X)) + Oy + A) O + u+25) + (p +5) (A + p +5)

A(2,22) = A[20, +X)* + Oy + A +2p +38) + (U +8) (3, + p +9)]

A2 =30 + A+ Oy +A) (A +2p +36) + (U +5) (A + p+5)

AQ,24) = I + AN + 6N + 40K + 3 +4NA +9INXAA +94 A2A, + 3NN, + 32 +
ONAN + 3N+ 0,0 + AN + 3N A+ 60 AR 1+ 3N A p+ 40, K+
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AN WA+ W +2H A p® + 20 A u? 2 1%+ A’ AN + 120005 +
2h s+ ANs + N NS + 18K L A5+ 9MZD s + 63 A5+ 6AAZs + Als + 30 pas +
63,2, s + 3 ps + 104, A, s + 10A A, s + 532 ps+ 2, p 25 + 24 p 25+ 5A_p 25 +
RIS +ONS® +12K A 5%+ 6M]s® + 9% A s? + 9N As? + 302s® + 6A, s? + 6, pus? +
Th us? +3u%s? + 44 57 +4hs® +3A.57 + 3ps® +5°
A(2.25) = I +3Xh + 30K + K + 2020, + 4N A + 203 + AR + AN + W2 +2AAS+
KNu+3hAu+3hAu+ R p+hut +Ap? +2h p?+ p® + 305+ 63, As +
3)\fs+43b)~bs+47\,)\ts+7\:s+4}bps+4)gps+4ktps+3pzs+37\bsz+3?\352+
2As* +3ust +s°
A2,26) =N +20A + K+ AN+ A + A U+ AU+ A+ U2+ 2A5+2A5+ As+2 s+
AQR27) = A BN +9MA +INN +3X +3X2A, + 63, AN, +3N2A, + AN + AN + 3K +
Y N LY NTE Y TR T TLES T NTLES ) NIRRT L
27\,,7\ts+6}\fs+57\b)ts+5?g?\ts+?:S+6%ps+6)\rps+47\tps+3uzs+47\bsz+
4As® +2057 +3us? +5°)
A(2,28) = AN +12W% + 124, A + 4N + 3823, + 63 A, +3NA, + AN AN+ 30+
EAMR+IN U+ AR A U+ AR U+ R U+ 2h, u 2+ 20 02 42 uP o+ P+ s+
2RAS+ 6N +5h A5 +5AAS + Ms+ 6}, s+ 64 us +4A, s+ 3p s+ 42 6% +
4As® +2hs% +3ps? +5°
A(2,29) = K+ AN + 6N + 40, + A +4N0H + IR, +ORNA + 3NN + 3NN +
RAN +INA + AR+ AN +300%, p+ 6A A D 1 + 302 + 40 W g
KU +RU+20 A p2 +2AA %+ 20 2 + A
A(2,30) = 4K +120 ) + 120, + 4N +3X%, + 6} A A, +3NA, + AN +ANE+3N 0+
ORAR+IN U+ AR +AAR o+ R+ 2k P+ 20 p2 420 pt 4
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Appendix 3.1

AGD =Gy + 1) p+ A+ AR+ Oy + R, + A 1, + (24, + 24 + A, + A, ) py,

AG2) =shhp +AAu+Rp +20A 0+ K p + A 1+ AR, 1+ A A i+
Ao e + 20 U + 20 g, + Ay i, + A ppt + N5+ 23 A5+ Ms+ A A s +
AAS+RAS +AAS+ X AoS + AN+ 2h s+ 2A s+ A s+ A, us + A, s+
SR USTZA S+ D, oS+ A 1S+ P s + 2,57 + 2A s  + A st + A s + A ST+
us® + p 5% +5°)

ABI =K +20 A+ X + R +hh + R A, + AA, +AA + AN, + A+ 25+ 2hs+
AS+h, S+ A5+ ps+s?

ABA) = 2K Kt +AAAR p+ 2N A+ AN+ AR+ 20 A A i+ 2AA A, 1+
ZR AN 2R NI o+ R+ 3NN U + IR, + R+ 202A 1, + AR AR, U +
RN, W+ RN U ARG e+ 28N+ AN i+ 2R 1, + 2R A, +
ZhhohgHe + RAg e+ AR, 1+ 3K i, + 60 A g, + 332y, + A Ay, +
Ak pp, + DA, pp + AN A pp + AR e+ AWK pp + 20 A p +
A He

ABS) = G + 60,3 +30 + AN +AA +4A A, +4AN, + A +4AA, +AMN, + 20,0, +
A)uu,

AB6) =s@Ih u+ANAA U+ 2KA AN U+ AN L+ 20 A A, 1+ 2AAA 1+
2h WA A AN AR + 3N+ 3W N, + A+ 2NEA 1, + AR A, ., +
2N ARG B+ AR, b+ 2R i+ AR AR, 20, p o+ 2R A e, +
2AAA e+ AN I H AN o+ 3K i+ 60D g, + 3 pp + A A s, +
A pu, + 4R A, + AN, pu + N, P + 40 i + AR, pp, + 200 A, p, +
xf,ppc+7\3s+3z,32\,s+3Abxjs+Ajs+zx;,’-2ts+4x,,ms+zafxts+),,xfs+ws+
2h NS+ ANAAS+ 2NN S+ 2H AN, S+ 2NN K5+ A NS + AN s+ 2N 5+
AN+ 2K+ 2R RAS+ 2ARA S+ 2A A5+ 2NN A s+ A A s + KM s +
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Bhy s+ 63, A s + 3K s + 4R, pis + 4R K, ps + A s +Ad A, s+ AN, s +
2h, A, us+ K, s+ Ah b s + AR A s + 2R A s + 20 A, s+ A s+ 3N s +
Ak s+ NS+ A A S+ AR S+ dD A WS+ AN, s + K, s+ AR A, s +
ANN S+ 2R A s+ X s + 3, i s + BN s + A, s + 2, it s +
23, upt s+ 3R5% + 6, \s” + N5 + Ah A s® -+ AAAS + Ns? + AN A 57 + 4D 5% +
2h A S®+ I8+ Al A St HANASE + 20,57 + 20 AS® + ALSE + 30, us® + 34 ps? +
2 us® + 2A, us” + 2R, pis® + 3, 87 + IR s+ A 8T+ 2, 8T+ 2A, s +
i s® + 34,87 + 218 + 20,57 + 20 50+ 20 87 + ps® + p st +5Y)

A7) = (3 +6h A + 30 + A A + A A, +4A A, +4A A, + A2 + 4N A, +4AA, +
2h, A + AL + 30,5+ 3h s+ A5+ 2A 5+ 2X,5+5) (U + sy, +5)

AGB) =&+ 3K + 30N + A + 200 + 40N +2A2 0, + A AR +AAD +2M20 +
AhAhoe + 2N, + 20 A A, +2h A A, + AL AN, + 202N, +AA AR, +
2Nk + 2R A, +H2A A, + 2A AN + 2A A M+ A AL + 20 A i+
AN AR AR, WA AN U+ A 0P 430 s+ 6X A s+ 3M2s + 4A A s +
NS+ K5+ AN, S+ 4NN s+ 2N s+ N s+ 4N A s+ 4NN S +2M A s+
2ho NS+ Aes + 20 us + 2N s + 3h pus + A, us + s+ 3M, 8% + 3082 +

208 +20 5%+ 20 5% + 2 pus? + 5

ABI) =K +20A + K+ A +Ah +AA, +AA, + R A, + AN + A u+ A p+Ap+

pl+2As+2AS+AS+A S+A S+2us +5°

AB10) = A, 2K +4hA + 28 + A A + Ak + 2R A, +2AA, + 20 A, +2A A, +2A 1 +

Shp+Ap+r u+ A u+ p? #3085+ 3A s+ As+2A, 5+ 20,5+ 2 s +5°

AGB1D = 3)§+67\b3\, +3?\f +AN FAN +4ANA, HANA +7\fo +4M A, +4AA, +
oA + AL +2A WA 2A A U+ A u A u+ uP 30 s +3A s+ A+
20,5 +2A 5+ 2ps +5°

A(312) = 3K + 60 A +3K + AN + AN +4M A +AAA, + 22 +4A A +4AA +

2N RN TR TR TR ST W T
AB1Y = K +3KN +30K + K + 28N + MK +200 0 + AN + A0 +2320, + 4\ AN, +
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2&2)‘30 +2}bAt'}\o +2A&o}‘b}!a + }‘b}&za + A!Afu +2}§s& +4;\JA3)&: +2At2)\s +2%K&t +
2Ah Dy + 2h A+ ZANA AR AR+ 2R A U+ ZAR e+ K+ AN b+
Ahp+hpt
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Appendix 4.1

(i) The reliability comparison between the standby system and the parallel system is

given by

e(’u+"|)s’ (?\b +Ak)2t+[e“\n+3:“ _1](}} _;\b)
e(ZJg,-orz.\,)t (}b +7\k)

AL=0, £(0) =™ (0, +4) e+ e —10(A, - 2,) =0
If ) =e® (0 + X)) e+ [P —11(A —2) 20, thus R,(6)20.

R,()=R,()-R, ()= (4.17)

Taking derivative of f(¢) with respect o ¢

gj;_j_ffl=eu\,+w[(3b +AY 20 20, 4]20

Here, f(t) is a mono-increasing function. Because of f(0) =0, the expression

S@=e® 0+ ) 2+ —1](A, - 4.) 20, thus R, (t) 20 is proved.

(i)  The reliability comparison between the standby system and the series system is

given by

e® M+ A) e+ [e™ Z1](, — A)
JAET N (A, +A)

The same method used in section (i) above can also be used to prove that equation

R,(O=R,(t)-R,(1) = (4.19)

(4.19) is not less than zero.

(iii) The reliability difference R, (t) between the standby system and the parallel system
with common cause failure is given by
R, ()=R,()-R,()

_ ()\b +As)2[e(%+h+k)f __e(A,+A,)-']+ (& _Ab))\r[e(l,,ﬂﬁh)f __1]+ Atz (e(i,,ﬂ,)r -1)
- 8(2%‘*2}‘*%)'(&4—}‘:'{')\&)%&

(4.27)
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Using the same method as in section (i)

F0= 0, + B[ < ghhi ]y (= IR [N 1] 3 (e

df (¢) 2
% = (Ab +)g)3{€“"+)\'“"h —6“"+A‘“]+[2&2 + Ao (2)\: _ )%)])rel%ﬂ,w\)r + (}\b + }&)Ke(.\,w,),)t
Since the common cause failure rate lies within 1%-30% of the component failure
df (¢) .
rate, so that (2A-A)20, therefore = 20. Because of time (=0,

R,(t)=R,()~R () =0, thus R, (1) 20.

(iv) The reliability difference between the standby system and the series system R_(t) is
R, ()=R,(t)~R (1)

~ (AJ+)\$)2[6(’*’“'+""—e“““‘"]-&-()b-—)&)Ab[e“*’”'”f"+1]+7\f(e“‘”'"—1)
- JRCINSTRNT ()b_i_&_*_;\c))\c

(4.29)
The same method as section (iii) above can also be used to prove that equation

(4.29) is not less than zero.

{vi) The reliability difference between the two units in parallel with one unit on standby
system and the one unit operating with one unit on standby system is
AR=R,{(t)-R, (1)

(A A AR =AM ) ~e ™R A +A) + A
- A S T S IV T S TN

(4.72)
Let f(e) =[e™™**" (4 +4)—eorhh (d +X +2)+ A1
df (t)

d
thus f (1) 20. If A 2} and (h +A4 ~X) 20, AR =R, (1) — R, () 2 0

By + X)) + 4 + 2 ) [ePH* _ b)) >0 and £(0) =0,
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Appendix 4.2

There is no consideration of common cause failure in the following discussion. The

single unit system and the two units in parallel system are discussed and compared.

Figure 3 State space diagram of single unit system

short A’s system A’D
mode operating
failure S 1

open
mode
failure O

Figure 3 is the state space diagram of the single unit system. The following

differential equations are associated with Figure 3.

iIﬁ)-z--(ku +A) B ()
dt

AL AB ()
dt

dP. (r)
dt

Attime t=0, P,(0) = P, (0) = 0.

=AA()

Solving the above differntial equations, we get

P (t) - e—(l,+k,}r
1 =

—- Ab ol Al
P ()= S [1-e ]

[ 3

P(6) == [1- g A1)

A+ A

[4]

The system reliability R, (¢) is the same as B (¢), thus R, () = e~*»»
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Solving the differential equations (4.1)-(4.5) in section 4.1 with A.=0, the state
probabilities of the two units in parallel system without common cause failure arc as

follows.

P (t) _e—(210+2).,,)r
d =

Pz([) = Ab +A’s [e—(kﬂ‘,)r _e-(Z;b.‘,z;h),]
Pt)= Aoy - 2k, A _ A, . A . A
R N L NP S Ea ETVEAE WY
2 s ,
P ()= A 2% x

- +
P eI LA T e )T (3, + 47

Reliability of the two units in parallel system R, (¢) Ry () =R (t)+ P, (1)

22, A=A
= 0 =+ 1 5 {2k +20k
R, () }LO_”\Se +Ao+}§e

The difference between R, (1) and R, (1): R, (1) = R,(r) - R, (¢)

% _At —(h+i e —(2h,+23, )1
Rm(t)—‘}\b_l_?‘? [e —€ ]

=g+,

Because of e et 20, A, 2 A, Ry 20. It indicates that R, (1) 2 R (1).

Therefore at any time, for a system, if the open mode failure rate of a unit is
higher than its short mode failure rate, the reliability of the two units in parallel system

will be greater than that of a single unit.

245



Appendix 4.3

A(4,4) =3h 1+ A+ KA+ AN L AN 1+ 28, + 6K A, +6A, A, +
2N+ 2h AU, + 2N A + 50y, +BAA ppk + 3N i, + A A i, + 3MA

A(45) =sGEA u+ANAN P+ KA p+ RN R+ AR p+2K 0, + 6 A, +6M, 0 +
20 U, + 2 A A e + 2K A, + 52 pia, + 8 A i + 337 i+ A pp + A pp,
2K + 6N NS+ 6h N5+ 2Ks + 3N A5+ 6A AAs + 3R As + A AZs ++ A Als + 57 s +
81, s+ 3 s+ 53, pis -+ SA A s + R s+ 5K s + 104 ) s + 537 u s+
hyhy oS+ 30D s+ 4R, P s +4h ups + A up s + 5hs” + 104, As® +5Ns” +
50 hs? +50NS% + Ns? +4X us® + 4 s + 22 ps® +4h 5% + A s+ A st +
Mps® + 40 + 405+ 208% + ps® + p s® 4 5%)

A(4,6) = (1] +8MA +3N + A A +3AA, +4As+4As+As+52) (U +8)(u, +5)

A(47) =20 +8ND, + 12K +8M, A0 + 2K + 333N, + ONZA A, +9W A2, + 3ATA, + AZAZ +
ZAAK KK 42000 + O A U+ 6N W+ 2K 1+ 6N A 1 +10AA A+ AN A +
2R R+ 2AR o+ 2R A P+ 20+ AR A P+ 2R R+ T A+ TR +
215 s+ 210, N5+ TN + 8N A +16A, A5 +8M A5+ 23 As + 2\ Ais + BAZ s +

62 A s+ 8N ps + TIA A, ps + OA A, ps+ 237 ps+ 43 u s +4h u2s+4h p2s+

Wis+9Ns? +18AAs® +9Ns? + TA As® + TAAS® + N2s? 492, s? + 9 s’ +
54 ps® + 3p2s% +50,5° +5A,5% + 2A,8° + 3ps’ + 5

AAB) = (A + A+ p+) (A +20A + X +AA AN +A R+ A p+A u+p2 +2h s+
2As+As+2us+5°)

A(4,9) =2M (A, + A + p +5)?

A(410) =20, (O + 20 A + X + A A +AA + A U +Ap+A p+ p2 +2A s+ 2As+As+
2us +52)

A1) =202\ +A +u+s)

A(412) =200 (4, + A + p +5)
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A413) =28 (R + 3N + 3N + K + QAN + N4 + N+ 20 A p FNUAAR L+ AT+
RS +3hAs+ 2N s+ AAs+2A ps + As?)
A(4.14>=2%(7€+33§7s+3%7\f+7¢+mh+3§k+3§u+2%hu+7§u+hhu+Mﬁ+
K5+ 3hAs+2X s+ A5+ 2A pus + As?)
A(15) =) (A, +2 + M)A +4R A + N + A A +AA +3Ru AU +HAp+ p?+dhs+
2AS+As+2us+5%)
A(4,16) = 5K + 130N + 114,02 + 38 + ), + 44 AA +3NA + BN U+ 12A A + 4N +
SAAUHARD L AN PP AR p i+ A ut p3+9)fs+16)\b2\,p+7)fs+2%)\tp +
MK+ s + 9D s+ 22, s+ 3p s+ 5h 52 + 5057 + As? + 3ps? +5°
A7) =53 + 13N A + 113,02 + 31 + A2A, + 44 A, +3NA +8A 12 A 1 +4A p +
Zhhutahh 4k u® +4hpd +hut 4 p® + 905 +16M A p
A(4,18) = 28 +8A0A + 12K +8X 37 +22¢ + 3101, +9NAA +OAAA + 3NN + ATAZ +
2R AN NN+ 2R+ 6N A U +OMN U+ 2K+ 6N A 1 +TOAA M, p+
A2 N W ZAM + 2R A 2R+ A A 2+ 2t 4 AR 4
A’
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Appendix 5.1

(i) The reliability difference between the standby system and the parallel system

with a nonconstant common cause failure rate is given by:

A(5,2)

AR() =R, (O =R, () =~

(5.23)

where
AG52) =20, + AP [e% — 0] 20, G = et b 1]
}‘b +7&)[ez(%+?\.)r "'1]+C(. 3[8“"“"" _1]2

A5,1) = 2¢*2 g () + A ), + A +a)

It is obvious that 4(5,1) is not less zero. Thus, we let
Sy =20k + 1) [ehrhralt _gehl]_ oy (7\: - Af)[e“"”‘*“" -1]+

(&, +A)[* > ~ 1] ? 4t *[e*4) ~q]?

df(‘) =203, +2,) [e™har _ e™* M 1+ [ + 200 (32, —a )+ 6 ha lehrhiek

2022, + 1) 22BN 4 20 3 ( 4 ), )[ePRRY g thea]

Appendix 1.2 indicates that if a,=a;,, limA{f) =ct. This means that the non-
pp 2z im

constant common-cause failure rate becomes constant as time approaches infinity. This
constant value equals a. In practice, the value of the common cause failure rate lies
within the range 1%-30% of a component’s failure rate. It indicates that parameter ¢ lies
within the range 1%-30% of a component’s failure rate. So that (3 -a) 20, then

df (¢) A(5,2)
" 2 0, and as a consequence AR(t) = R,, (¢) -R, ()= 46D = 0.
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