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ABSTRACT -

.€;. In this thesis , an énalysis is presented for predicting
the natural f;equencies of lateral vibratiop of elgstically supported beams.
A new parametgr 'support rigidity éoefficient q' analogous to the 'quality q'
of steam is introduced for this purﬁbse . Beams_with all possible end conditions
are considered except the ones with a §liding end which are not likely to be
encquntered very often by the practicing engineer .

Parameter q is varied from'0.0S t0 0.9 . For q =0 & 1.0,
the end condifions coincide with the classical boundary conditions , the
solution for which is readily available in the existing literature . Results
for any intermediate value of q between 0.0 &0.8 can be obtained by linear
interpolation . It is further shown that such interpolation is admissible

...and__yields an_ accuracy of 1.0 £ . for all cases except in the immediate
neighbourhood of zero natural frequency . For values of q between 0.8 & 1.0
where iinear interpolation is not used , a simple algebraic equation is
utilized which yields results accurate within 1% .
The computations were carried out on I.B.M.-360 digital

computef at the university of ottawa . The values of non-dimensionalised

" “system parameter X for various values of q for the first ten modes of

vibration are presented in chapter 6 of this thesis .




ACKNOWLEDGEMENT

.This work was carried out under the supervision of Dr.D,.J.Gorman
undervhom I .had the privilege of working as a graduate student towards my master's
degree at the University of Ottawa.. I am highly grateful to him for ghe encourage-
ment, many constructive suggestiong and countless hours he so willingly spent
discussing this proiect with me, |

T also gratefully acknowledge the finanpial support from the
National Research Council of Canada and the.Department of Mechanical Engineering,

Universgity of Ottawa.




- IIT -

TABIE OF CONTENTS

ABSTRACT
ACKNOWLEDGEMENT
TABLE OF CONTENTS -
LIST OF TABIES
INDEX OF FIGURES
NOMENCIATURE
CHAPTER 1 : INTRODUCTION AND GENERAL THEORY
1.1 ... Introduction
- Y Development of theory
1.3 Boundary conditions

1.4 Solution of the differential equation

CHAPTER 2 : BEAMS WITH LINEAR SPRINGS AS EIASTIC SUPPORTS
2.1 " The clamped - elastically supported beams
2.2 The pinned - elastically ‘supported beams
2.3 Beams with both ends elastically supported
CHAPTER 3 : BEAMS WITH TORSIONAL SFRINGS AS EILASTIC SUPl;ORTS

3.1 ' The clamped - partly clamped beams

3.2 fThe pinned - partly clamped beams
3.3 The partly clamped - free beams |
B.L Beams with ﬁoth ends partly clamped
" CHAPTER 4 : BEAMS WITH BOTH TORSIONAL Ai\.‘D LINEAR SPRINGS AS

EIASTIC SUPPORTS

Page

II
IIT

VI
Vil

® O N =

10
10
17
21

27
30
32
35

38



CHAPTER 5

CHAPTER 6
6.1
6.2
6.3
APPENDIX 1
APPENDIX 2
APPENDIX 3

APPENDIX 4

APPERDIX S

REFERENCES

- IV -

CIAMPED FREE BEAMS WITH A CONCENTRATED MASS
AT THE FREE END .
RESULTS AND DISCUSSIONS

Tabular presentation of results

Accuracy studies

Discussions and suggestions for further vork

DERIVATION OF EQUATION (2.11)

THE ITERATION TECHNIQUE

DERIVATION OF EQUATION (5.8)

DERIVATION OF EQUATION (6.5)

EXPERIMENTAL DEMONSTRATION

43
L7
47
47

112
113
116
118
120

125



Table
1.0
2.0
3.1 ~3.10
4.0
5.0
6.0
7.1~ 7.10
8.1~ 8.10

9.1~ 9.10

10.0

LIST OF TABILES

"q'mvs A, for clamped - elastically supported beams

q vs A, for pinned - elastically supported beams

qvs A4 for beams with both ends elastically supported
q vs Ag for clamped - partly clamped beams

q vs Ay for pinned - partly -clamped beams

q vs Ay for free - partly clamped beams

q vs ')\u for beams with both ends partly clamped

q vs A for hinged - free beams with a torsiénai spring
at the hinged end and a linear spi-ing at the free end
when ')\L > 7‘-{;

q vs )‘t for hinged - free beams with a torsional spring

‘at the hinged end and a linear spring at the free end ,

when ').t >7\L
qvs meor clamped - free beams with a concentrated
mass at the free end .

Eigenvalues 3 for first ten modes of vibration of

bea.ms with classical end conditions .

- Page

54,
55 —

56 ~ 65
66
67
68

69 ~ 78

79 ~ 88

89 ~ 98

99

1100



Figure

® ~N o0 W oW N

10
11
iz ~ 15
16

17

18

INDEX OF FIGURES

Clamped - elastically supported beam

Pinned ~ elastically supported beam
Beam with both ends elastically supported

Clamped - pértly clamped beam

Pinned - partly clampéa beam 3

Free - partly clamped beam
Beam with both ends partly clamped.

Hinged - free beam with a torsional spring at the
hinged end and a linear spring at the free end
Clamped - free beam with a concentrated mass at the
free end

ﬁ vs j\Li for the first two modes of vibration of
a beam with.both ends elastically'supported

P vs ?\L for first three modes of vibration of
a clamped - elasticallx supported beam

Accuracy checks for o on beams with bath ends
pa?tly clamped

The iteration technique

q vs 1/A for q between 0.8 and 1.0

A sketch of experimental rig

Page
101
101
102

102

"103
103
104

104

105

106

107

108 ~ 111

114
119

122



- VII -~

NOMENCLATURE

a Area of cross-section of the beam

A,B,C,D Constants in the general solution of the differential equation.

E Modulus of elasticity of beam material.
f ' Frequency

g Acceleration due to gravity.

1 Moment of inertia of beam cross-section.
K - Spring constanf.

L Length of the beam.

m Mass per unit length of the beam.

M Concentrated mass.

P(t) A function of time only.

"R(x) A function of x only.

t Instant of time,

V(x,t) Elastic line of beam deflection.

X,y Spatial coordinates.

‘Yn Function defined by equation (6.3)

Subscripts

L Linear spring

t Torsional spring .
n n-th tode of vibration.

cc Clamped-clamped

cF Clamped-free

cs Clamped-simple

FF . Free-frée

sF Simple-free"-

ss Simple-simple
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GREEK SYMBOLS

Of
A4

Mass per unit.voiume of the beam
Circular natural frequency

Non-dimensionalised spatial coordinate parameter

- Eigen-value parameter

Dimensionless system parameter associated with linear spring
Dimensionless system parameter associated with torsional spring
Dimensionless system parameter associated with concentrated mass
Ratio of two system parameters |

Percentage error in frequency

Error in q



CHAPTER 1

_ INTRODUCTTION AND GENERAL THEORY

o

1.1 INTRODUCTION

The natural frequencies a.nd modes of lateral vibration of
uniform beams with well defin_ed boundax;y conditions, for exémple » ¢lamped
hinged or free haﬁe Eeen known for many years and may be obtained from -
the existing literature ( 1,2 )*. But more often than not , a practicing
engineer finds that the structure of his intefest does not possess these
well defined boundary conditions. The option open to him is either to

settle for the classical boundary conditions which seem closest to those

of his problem, to attempt a time consuming analysis or resort to experiment.

The first alternative leads to a system design which may be too conservative,

or unsafe, while the second and third alternatives involve considerable
time, money and la.boﬁf. Very little work exists in the available literature
to help the practicing engineer confronted ﬁth such situations. Newmark
and Veletsos ( 3 ) developed an emperical equation for beams with

“partly clamped ends but the range of validity for the desired accuracy

~-————o0f-this-equation-is- too-narrow-to-be—of-much-use-to-the-practicing B

engineer. Besides, there is'a whole class of elastically supported beams

~ which has not been considered so far . bohed o 47

~— ———

#* Numbers in brackets refer to the references given at the end



In the present work a technique has been introduced which is
capable of providing readily available values for the frequencies and
modes of vibration of virtually any linear beam system whatéver. A number
of illustrative examples are utilized for clarification. Existing
solutions for classical boundary conditions are modified and are presented
in a manner suitable for immediate application by the practicing

engineer.

1.2 DEVEIOPVMENT OF THECRY

In a beam undergoing free vibrations, the only forces acting
are the inertia forces and the elastic restoring forces. This can be

stated as follows (4).

W) 20t
BT V(x,t) — _pdVix,t
Py )

Where V(x,t) is the elastic line of the beam, EI is its

(1.1)

flexurel rigidityand m=g¢2 , @ being the mass of the material of

the beam per unit volume, a its cross sectional area,

The equation (1.1) is based upon the assumptions implied in

the elementary beam theory. These assumptions can be stated in brief



as follows (5).

(1) The material of the beam is homogeneous , isotropic and obeys Hooke's
law.

(2) The beam is straight and is of uniform cross section.

(3) Deflections are small.

(4) Each plane séction that is initially normal to the axis of the beam
remains plane and normal to the.axis.

(5) Cross sectional dimensions of the beam are small compared with its

length , consequently the effects of shear deformation are neglected.

(6) The effects of rotary inertia are neglacted. -

The partial differential equation (1.1) can be solved
by the method of 'geparation of variables'. Assuming that the solution of

(1.1) is separable in time and space and is of the following form.

v(x,i) = R(x).P(t) ' | (1.2)

Where R(x) is a function of x only and P(t) is a

N

function of t only. Substituting expression(1l.2) in (1.1) and dividing
through by m.R(x).P(t) , we obtain,

EI abR(x) 1 7 dF(t) |
= e (1.3)
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The left side of equation(1l.3) depends on x only and the right
"side depends on t only.Both x and t a&e independent variables , so equation
(1.3) has a solution only if both sides are constant . Let the consfant
be a pos:.t:.ve constant (D The equation(1.2) 1leads to two ordinary

dlfferent:.al equations.

2 .

d P(t) 2
cmgm + @ P(t) =0 SR (1.4)
dt.

b
dR
EI ...._...S{.Z -m (DZR(x) =0 (1.5)

d xl‘L
The choice of the sign of the constant is dictated by
physical considerations . Our system is conservative , so displacements
must remain finite as t increases . By choosing a positive constant
e obtain harinonic rather than an exponential solution of equation ’
(l.h) which is consistent with the fact that a conservative system

has constant total energy .

Non-dlmens:Lonallsn.ng the lateral displacement  and
spatial coordlnate with respect to beam length L equatlon (1.5) can be

re-z-mltten as i‘ollows .

h .
R(§ :
.E..é-l - grR(s) =0 (1.6)
dg 2 4
L mOL
where = e (1.7)
EIX

X - .
and %=(-—— ) is a non-dimensionalised spatial coordinate parameter.
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Equation (1.6) which is a fourth order homogeneous linear ordinary
differential eqﬁation s represents the shape of a uniform beam in lateral
vibration. This should be supplemented by four boundary conditions ,two
at each end. The problem of deﬁermining the values of the parameter B
for which a homogeneous linear differential equation of the type.(l.é).has
a non-trivial solution R({) ,satisfying homogeneo;s boundary conditions is
called the characteristic value or eigenvalue problem. Such values of the
parameter B arel called characteristic values or eigenvalues and the
associated non-trivial solutions R( §) ére called characteristic functions
or eigenfunctions. Equation (1.6) is a homogeneous differential equation .

so its solution can . not be determined uniquely except. for the shape.

The four boundary conditions determine uniquely the

‘shape of the solution, leaving the amplitude arbitrary and also yield a
characteristic equation or frequency equation which vhen solved gives the'
characteristic values of the problem. These freguency equations being
transcedental in nature yield a solution consisting of an infinite
sequence of discrete eigenvalues ﬁym'related to natural circular frequencies

d)n ( n=.l,2,.;.....£t0). The eigenvalues Pn for first ten modes of
bears with classical end conditions have been computed using an iteration
technique explained in appendix 2 . The modes R (%) and the associated
natural frequencies Wn( fn) evidently depend on the stiffness EI, mass m
and, of course, the four boundary conditions. In short they are a

characteristic of the system.
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1.3 BOUNDARY CONDITIONS

The boundary conditions encounteied in the lateral
vibration'of beams are either geometric boundary conditions or force
boundary conditions. The Soundary conditions resulting from pure geometric
compatability are called geometric boundary.conditions. In the pgrticular
case of flexural vibrations of beams , the geomet;ic boundary conditions
are concerned with the deflection or rotation at the boundary. In the cases
in which the geometry does not provide a sufficient number of boundary
conditions, the remaining conditions aré supplied by the moment or shear-
force balance. The boundary conditions resulting from moment or shear force
balance are called force boundary conditions.The geometric and force
boundary conditions supplement each other and add ﬁp to the correct number
of boundary conditions and their satisfaction ensures that the solution
of the differential equation is unique.

e’

The boundary conditions at either end , in fact ,could.

be any possible and permissible combination of R(E) , R'(5 )*, RII(E)

and R'''(§ ) where R(E) and R'( §) are the deflection and slope respectively
and R''(% ), R'''(§) are related to bending moment and shear force

respectively.

The mathematically possible ¢ombinations of boundary conditions at
either end are- :

(1) R(¢) and R'(§)

(2) R(g) and R'' ()
(3) R'(E) and R''1(E)
(4) R*(E) and R'''(8)

~

#* Superscript primes refer to differentiation with respect to g
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(5) R(E) and R'''(E) | | .
(6) R'(E) and R''(§) '
The combinations (5) and (6) are physically inadmissible
because deflection and shear force can not be prescribed simultaneously
and so also ;];ope and moment. ' |

In case of homogeneous boundary conditions tﬁe
combination (1) R(€)=R'(%) = O represents a clamped end , the combination
(2) R(§) =R''(%) =0, represents a pinned end , the combination (3)
R11(E) =R''"'(E) =0, represents 2 free end and finally the combination
() R'(g) =R**'(E) = O, represents a sliding end which could be
provic.led with rollers.

A1l these ends ﬁth the exception of a sliding end are
considered here. in combiﬁation with elastically supported ends. The rzason for
not cor;sidering a2 sliding end' is that it is seldom encountered in
| pracfice. '
The elastically supported end could either be a free
end with a linear spring or a pinned end with a torsional spring.
Furthermore , both ends of the beam could bé elastically supported .Beams
with all possible combinati'ons of classical ends and elastically supported

“ends have been analysed as an illustration of the new technique introduced

v

-4n-this work. ‘ S

A case of great- practical interest is a clamped- free
.. beam with a concentrated mass at the free énd . This class of beams has
also been considered .
The types of beg:ns.analysed in this thesis can be

broadly classified as follows .
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(1) Beams with linear springs as elastic supports

In this class , the following thfee types of beams are
considered .
(a) The clamped - elastically supported beams .( Fig. 1)
(b) The pinned - elastically supported beams. ( Fig. 2 )
(¢) Beams with both ends elastically supported. (- Fig. 3 )

(2) Beams with torsional springs as elastic supports

The elastic end in this case is a partly clamped end
i,e a simply supported end with a torsional spring '.The following
four classes of beams are considered under this heading.
- (2) The clamped - partly clamped veams.( Fig.k )
(b) The pinned - partly clamped beams. ( F{g.S)
(c) The free - partly clamped beams.( Fig.6 )
(d) Beams with both ends partly clamped.( Fig.7 )

(3) The hinged - free beams with torsional spring at the hinged end and a

linear spring at the free end.( Fig.8 )

(4) The clamped - free beams with a concentrated mass at the free end.(Fig.9)

1.L SOLUTION OF THE DIFFERENTIAL EQUATION

The general solution of the differential equation

(1.6) is given as follows (2). ..

R(E) = A Sin pg+ B Cos pg + C Sinh gg+ D Cosh p%, (1.8)
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. The successive derivatives of equation (1.8) are obtained

as follows

R'(‘;) = p (A Cospg - B Sinpg + C Cosh gE + D Sinh@g ) - (1.9)
R11(E) = £( - A Sinpg - B Cos pt + C Sinh B§ + D Cosh pE ) (1.10)
R111(§)=B ( -A Gospt + B Sinpg+ C Coshpg + D Sish pg)  (1.11)

RIV(%) =Pl*( A 8in pg + B Cos pg +C Sinh BE + D Cosh gt ) L
=g'R(E) | (1.12)
Equation (1.12) proves that equation (1.8) is the

solution of the differential equation (1.6). ,;,4&
)

The equations (1.8) through (1.11) are valid for all the
classes of beams considered in the present thesis and they will be

frequently utilizeq_in the subsequent chapters.
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CHAPTER 2

BEAMS WITH LINEAR SPRINGS AS EIASTIC SUPPORTS

The following three classes of beams are considered

in this chapter.
(a) c_lémped - elastically supported beams

(b) Pinned - elastically supported beams
. (c¢) Beams with both ends elastically supported
' It will be shown that the common feature of these three
classes of beams considered .in the present chapter is that their frequency

is characterised by a dimensionless system parameter - AL in each

case is expreséed as KL.LB/ EI.

. ~ where K, = Spring constant of the linear spring

I, = length of the beam
EI = Flexural rigidity of the beam

2.1 CIAMPED - EIASTICALLY SUPPORTED BEAMS ( FIG.1 )

of the linear spring determines the.

Stiffness KL
rigidity of the elastically supported end. An infinitely stiff spring

-1 make the end behave as a pinned end. Therefore the two limiting cases

of this class of beams are , .
(1) Clamped - free beams with K, = 0
(2) Clamped - pinned beams with KL = o0
It is quite logical ., therefore , to conclude that

natural frequencies of a beam of this class , for c_iifi‘erent modes of vibration

N
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will lie between those of the same beam with clamped - free and clamped -

hinged end conditions for corresponding modes of vibration.

| At this stage , the parameter q referred to as
support rigidity coefficient is introduced . It should be noted that
parameter q has no physical definition or significance . It is raﬁhef
a mathematical tool introduced for the sake of .convenience and expediency .

However , it may be thought of as analogous to the 'quality q' of steam .

The natural frequency of this class of beams may be

expressed in the following form .

P = f + £ - _=-f 2.1
(n) cF(n) 1 ( es(n)  cF(n) (2:2)
where 'f(n) = Natural frequency of clamped - elastically supported

beam in nth mode of vibration where n = 1,2......10

ch(n) = Natural frequency of the same beam in the same mode
with clamped - free end conditions .
fcs(n) = Natural frequency of the same beam in the same mode

with clamped - simple end conditions .

The parameter q as defined in équation (2.1) is obviously a measure of

how far the actual beam frequency lies along the path between the two limits.

N
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Equation (2.1) can be re-written as follows

£ £
(n) = 14qf B (2.2)
ch(n).__-" _ ch(n)

From equation (l 7) it is seen that frequencies (& or f )

are propor’cional to the square of eigenvalues p . Hence the frequency ratio

of the two beams will be equal to the square of their eigenvalue ratio .

Expressing this in equation form , we have ,

£ ny - _Ecm _ )2' ' . (2.3)'
fpny .\ Perm ~
and ' |
: 2
fosmm  _ _.ff.s.fr_‘) | | (2.)
for (n) ’ PCF n

Substitution of equations (2.3) and (2.4) in (2.2)

yields the following equation.

Pcm = ﬁcF(n) -1 (2.5)

Equation (2.5) is used to determine the eigenvalues f

mode of vibration.o'i‘ clamped ~ elastically supported beams for
and

for nth

different values of the parameter q .. The eigen values ﬁcF(n)

?CS( N can be computed from the frequency equation of clamped - free
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and clamped - simple beams which are readilj available in the existing
literature (2) and are included here on page 100,Table 11.
The frequency equations for clamped free and clamped -
simble beams when the beam deflection and spatial coordinates are non-

dimensionalised with respect to beam length L , can be expressed as follows .
1 + Cos PLF(n) Cosh ﬁcF(n) = 0 (2.6)

Cos pcstn) Sinh ﬁcs(n) - Sin Bogny Cosh Besmy =° (2.7)

Equations (2.6) and (2.7) have been obtained by
substituting the appropfiate boundary conditioné for clamped - free and
clamped - simple beams in equation (1.8) - and using the condition for a
non-trivial solution for the constants of equation (1.8) .

Equations (2.6) and (2.7) yield an infinity of solutions

Beriny 204 Bes(ny +The first ten values of Pyp(my and @cs(n) have been
computed numerically using an iteration technique , on the digital computer
( I.B.M.~ 360). These values are presented in the tables of results

in chapter 6 . The iteration technique has been explained briefly in
appendix 2 . A print - out of the computer program utilizing this technique
also appears in appendix 2 .

The appropriate boundary conditions for +the beam under

study are ,

(1) On the fixed end where ?,= 0, the geometry of the end provides the

necessary two boundary conditions.
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The deflection R(0) =0 (2.8)

The slope R'(0) =0 ‘ : (2.9)

(2) On the elastically supported end where % =1 , we have two force
boundary conditions namely bending moment should be zero and shear force

should be balanced by the spring force .

R'1(1) =0 : ' ' (2.10)

KL.L3

Rlll(l) = em—— R(l)
EI
= AL.R(QD) ' ‘ (2.11)
| | KT .
where ".)\L e is the dimensionless system
EI E
parameter.

Boundary condition (2.11) has been derived in appendix 1 .
Substitution of (2.9) and (2.10) in equations (1.8) and (1.9)
yield;.s , |
B=-D and A =-C . i (2.12)
Utilizing (2.12) and substituting boundary conditioné (2.10)

and (2.11) in equations (1.10) and (1.11),we obtain the following .

¢ ( Sinhp+ Sin p)+D( Cosp+t Cosh P ) =0 '(2.13)

~

C [Cosp+ Coshp + -?-—\; ( sinpg~- Sinh p )]

2\ ,
D [Slnh@—SlnF-i-—-; (CosP—Coshp ] - =0 (2.14)
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Existence of a non-trivial solution for C and D requires

the determinant of their coefficient matrix to vanish . So we should have ,

Sin p+ Sinh f Cosg + Cosh f
Mor s o . L =0 (2.15)
Cos p+ Cosh g+ -é—S(Sln(B -Sinhf ) Sinhg -Sinp + é—B-(CosP -Cosh )

Expanding the determinant and simplifying equation (2.15)

we obtain the following expression for-the system parameter XL .

3
(1 + Cosp CoshB ) ,
= P s Con? (2.16)

(Cosp Sinh g - Sinp Cosh )

We note that values of p whlch perm:.t vanishing of the
determinant are completely characterised by the dimensionless systen
parameter >\L .

Tt is interesting to note that for )‘L =0 , equation
(2.16) yields , 1 + Cos F,VCoshp = 0 , which is the frequency equation
of clamped - free beams and for )\L = oo, equation (2.16) gives ,
Cosp Sinhp - Sinp Coshp = 0, which.is the frequency equation of clamped-
simply supported beams . .
Values oi‘ system parameter >‘L has been computed for
various values of g varying from 0.05 to 0.9 in steps of .05, .1; o2,
.3 , ....etc.by using equations (2.5) and (2.16) .For g=0Oandq =1,
the bean becomes a clamped ~ free and clamped - simp}.e respectively , ‘

the solution for which is well known .The results.are presented in the i

tabular form in chapter 6 . - |
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The use of these tables can best be demohst.rated by

working out an illustrative example .

Example = 1

Dg‘l;ermine the first mode natural frequency of a rectangular
aluminum bea'm with one end fixed and the other supported by a2 linear
elastic spring of stiffness 8.2 1b./in. .The beam is 29.5 in. long ,

1 in. wide and 0.25 in. deep.

Solution .
The ﬁtoment of inertia of the beam , I = === .1.(.25)3
12
= 0.0013 in
 For aluminum , E =10.5 x 106 psi
P = 0.0965 1b./in?
By = 1875 2 Besyy = 3-92 (From table 11 )
. .
. _ ( ch(l)) El.g
ety TR A ga
(2.875)2 10.5x100x386 x .0013 [Z
= = 9‘,‘— HOI'bZ.
2 7t x (29.5)2 0.0965 x .25 S
’ 2
T "'Pcs(l)
fes(ly © fer |
| | BereDd
- 3.926 2
=9.5 (——-—-—-—- ) = 1.7 Hz
S TN 1,875

. .System parameter A Ki, I.? / E1

8.2 x (29.5) .

= A = 15.4
- 10.5 x 107 x .0013

-
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For 7\1- =154 ,q= 0.38 ( From table 1 )
The value of q has been obtained by interpolation and it will be

shovm in chapter 6 that the interpolation is accurate within 1Z .

From - equation (2.1) with n =1 we have ,
£1) = fepyt 2 ( fesn) ~ fermy)

=9.5 + 0.38 ( 41.7 - 9.5 ) = 21.7 Hz

2.2 PINNED EIASTICALLY SUPPORTED BEAMS _(FIG.2)
The two limiting cases of this class of beams are ,
(1) Pinned - free beams with K; =0
(2) . Pinned - pinned beams with. K, = 00
Tn terms of parameter q , the frequency of such beams
can be gxﬁressed as follows
£ny = fsrmt 4 ( fssqny = fop(my) (2.17)
’ /
where f(n) = Natural frequency of pimnned - elastically supported beam

in nth mode of vibration .

fSF(n) = Natural frequency of the same beam in the same mode with
simple -free end conditions
£ = Natural frequency of the same beam in the same mode with
ss(n)

simpie - simple end conditions
Since the first mode frequency of simple - free beams

is zero , the equation (2.17) can be written down as follows for the

first mode .
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, Equations (2.18) and (2.17) can be expressed in terms
of eigen-values as follows . :

By = Posy /@ (2.19)
| - 2
ﬁ(n) - ﬁsF(n)fl +q [( gss(n) /@SF(n) ) - l] (2.20)

where n>1 .

ﬁss(m and F’sF (m 30 be computed from the relevant frequency
equations which are given below (2) .
Sin ﬁSsm) =0 (2.21)

Sin Popny Cosh BsFemy = €08 Pop(mSioh Boremy = O - (2.22)

The first ten values of Fss(m and PsF(n):‘have been computed
and are presented in the tables of results in chapter 6 .
The appropriate boundary conditions at the two ends are as
follows .
(1) At simply supported end where §= 0 , we have ,
R(0) =0 | | - (2.23)
R11(0) = 0 - (2.24)

(2) At elastically supported end where €= 1, we have ,

R! '(l) = .0 ’ (2.25)
Ky . I
R11I(L) = e—me—m R(1)
EI
= g RQ) ‘ (2.26)

Substituting boundary conditions (2.23) and (2.24) in

equations (1.8) and (1.10) , we-obtain ,

B=D=0 . (2.27)
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Utilizing (2.27) and substituting boundary conditions (2.;25)

and (2.26) in equations (1.10) and (1.11),we obtain ,

. A Sinp+ CSinhf =0 : (2.28)
A P sinp+ Cosp) +&(2% Sinhp - Coshp) = 0 (2.29)
? -

_ The condition for non-triviality of the solution for
B and D in (2.28) and (2.29) yields ,
L . Sinh

Sin F’ F’ .0 (2.30)
AL ; Y Sinhft - Cosh ¢ '
AL ginp+ Cos P -5 §

3 P _
P
Expanding and simplifying (2.30) we obtain ,

p> ( SinpCoshp - Cosp Sinhp )

X -

(2.31)

2 Sinp Sinhp

Tt can be noted that for )\L = 0 , equation (2.31) yields
the frequency equation for pi}med - free beams and for .)‘L =09, it gives
the frequency equation for simply supported-beams.

Using equations (2.19) , (2.20) and (2.31) , the

system parameter ’>\L can be determined for any value of q for any mode n .
The values of Ap forq= .05, .1, .2, 3, seseses 9. and n=1,2,
3yee0e.10 have been computed and are presented 1in the‘ tables of results

in chapter 6 . The following example is presented by way of illustration .

|
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Example - 2

Determine the .na"cural frequencies of the first two modes'
of vibration for the beam system described in example-l1 , with one end

hinged instead of fixed .

Solution
From table 11 : - PSF(].) =0 , PsF(2)= 3.926
Pss(l) =3.11, Pss(2)= 6.283

for )~ ©

- ( psl“ 2 )2 EL g =11.7 H
fsr(2) o 12 a = b7 e
2
( ) El g
£ = Pes 1y = 26.6 Hz.
ss(1) 2 L2 Qa o

= 106.4 Hz.

f35(2) =1L fss(l) _
System parameter kL = 15.4 ( Same as in example -1)

For this XL , from table 2 , we obtain ,
q = 0.595 for mode 1 .

=0,0875 for mode 2 .
From equation(z.lf) .
oy T s

= .595 x 26.6 = 15.8 Hz.
From equation (2.17),
fey © fsr(2yt 4 ( £55¢ fsr(2) )

= 11.7 + .0875 (106.4 = 41.7 ) .

= )7.L Hz.
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2.3 BEAMS WITH BOTH ENDS EIASTICALLY SUPPORTED (_ F16.3)

The two limiting cases of this class of beams are ,
. . . B
(1) Free - free beams with Kp; = KLg =0

(2) simple - simple beams with Kpy = Kpp = O
Where subscripts 1 & 2 refer to left end and right end respectively.

In terms of parameter q , the frequency equation is written

down as follows.

f o = frrn-1) T 90 Egg(ny” frF(n-1) ) | (2.32)

Where symbpls used have their usual.meaning.

Since the frequency equation of free ~ free beams has a '
double root at P = 0 , there are two modes for zero eigenvalue , one of
translation and the other of rotation about the centre and both have an
infinite period . Therefore the frequency'for the first two modes of free -
free beéms is zero and the equation (2;32) assumes the following form for

these two modes .

£y =@ fss(ns where n = l.and 2. '\_(2-33)

In terms of eigen-values , equations (2.33) and (2.32) are

written down as follows .

: P(n) - F’ss(m F where n =1 & 2 . (2.34)

A N
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5 .
Py = Prren-gy [ 1l+gq P;E.‘.‘.’!.) - 1]
| FF(n-1)

where n>2

(2.35)

F’s's"c';l) and &FF " ma.re calculated from the cdrresponding frequency

equations which are as follows (2) .

Sin Fss(n;

1 - Cos fpr(m Cosh pFF(n) =0

(2.36)

(2.37) |

They are computed using the iteration techm.que explained

in appendix 2 and are presented in chapter 6.

" The proper boundary conditions for this class of beams are ,

(1) At the end where € =0 , we have ,

R”(O) =0
~ 13
Ky .5
L RUI(0) = - ——— R(0)
S o =
= - A4y R(O)
(2) At the end where ¢ =1, we have ,
R''(Q) =0
Kyo.I?
R11'(1) = -———- R(1)
- - EI
= ).12 R(l) }

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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Utilizing (2.42) and substituting boundary conditions (240 ) ,
(2.39) and (2.41) in equations (1.10) and (1.11) yield the following three

equations in A , B and C . In the Eollowingpmﬁs replaced byfgwhich should

not be confused with equation (1.7)

-ASinp+B(Coshp—Cos(é)+CSinh§ =0 (2.43)
2N
- A +B et +C =0 (2.44)
B |

‘ O
-A( Qos p+ -F;;’?'- Sinp) + B[Sinp-%-.SinhP - }32 ( Cosp+ Coshp )]

{Lc(Cosh - M2 Ssinhg) =0 : (2.45)
e F .

For a non-trivial solution for A , B and C in the above

three equations , we should have ,

- Sin p Coshp ~Cosp Sinhp -
2 )
-1 -E)“E- 1 = 0 (2.46)
)‘12 . . . N2 s
- ( Cosp+ -};3-- sinp )  Sinp+Sinhp (Coshp - ;5— Sinhp)
- f;é?-( Cosp-'i-_ Coshp )

Expanding the determinant in equation (2.46) and simplifying

we obtain ,

2 N
. ___}é%.}g Sinh P Sinp+ %—-3-1"-2- ( Cos p Sihhp - Sinp Cosh p ) - ;g}- Sin FvCosh ?

+% Cosp Sinhgt 1 - CoshpCosp =0 : (2.47)

| N
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Now another parameteroe(is introduced which is defined as the ratio of
the smaller system parameter j\Lz_to the larger system parameter?XLi , SO

that o{ is always = 71.0 wherej&Li has been assumed to be greater than TXLz

of = k2 (2.48)

Because of similarity of end conditions , it is always
possible to choose )q_[ greater than iKLz, and this does not restrict the
theory in any way. In terms of parameter ={., equation (2.47) can be expressed

as follows.

2 5 (1+X) CosBSmhﬁ- Sm‘;Coshﬁ
1t t '";Q'""' ToTmessossossomooTomEeoT 7KL1 + \
2 Sinh‘fsSm:p ¥
¢ ~ §
(1 - CosfsCoshp) . :
-ﬁ ------------- Q ----- E-— =0 (2.49) i
A 2 Sinhp Sin ﬁ i
The values of')L1for various values of n, o/ and q are ~° ﬁ

presented in the tables of results in chapter 6 . The parameter { has been
. varied from 0.1 to 1.0 in steps of 0.1 and n and q are varied as in the earlier
cases.
Equation (2.49) being quadrétié in A1 yields two values
for every value of ﬁ, out of which oﬁe being negativ? is discarded. However
in certain ranges of frequency, there are two positive roots of Eqn. (2.49)
because the beams of this class are capable of vibrating WICh the same
frequency either in symmetric or in anti-symmetrib modes in these ranges of

frequency. To illustrate this, a plot of)hjvs p for the first two modes is

presented in Fig.10.It can be seen from the figure that in the frequency

range, 0 € ﬁ'< 7t , both symmetric and anti-symmetric modes are present.
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Similarly, there are other ranges of frequency also in which both- symmetri
and anti-symmetric modes are present . These ranges are : 4.730<:ﬁ-< 6.283,
7.853<{?,< 9,424 , 10.995<p < 12.566 , 14.137< B < 15.707 , 17.278<p < 18.859,

20.420<p< 21.991 , 23f561<g;< 25.132 and 26.703< f3< 28.274.

Analysis was made separately for symmetric and anti—symmetri§ modés .
As the system parameter .)11 ‘varies from 0.0 toce, the s&mmetric rodes
of free -free beams degenerate into syﬁmetric modes of simple - simple
beams and anti-symmetric modes of free-free beams degenerate into anti-
synmetric modes of simple - simple beams .

The existence of both types of modes in certain ranges
of frequency can bevfurther demonstrated by working éut the following
example .

Example - 3
Determine the first two mode frequencies of the beam system &
described in example 1 when two ends of the beam are supported by linear

springs of constants 8.2 1b/in. and 2.46 1b./in.

Solution
A= e = 0.3
8.2

= = Q
frr1) = TFF(0)
26.6 Hz. ( As calculated in example 2 )

i

fesqa)
106.4 Hz.( Please see example 2 )

fss(2) :
System parameter"kil = 15., ( same as in example 1 )

From table 3.3 , we have ,

q = 0.3 ( For first mode which is éyﬁmetric )

=0.1975 «( Forbsecond mode which is anti-symmetric )

\ N
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Therefore , f(13 =q sz(]_) A
= 0.34 x 26.6 = 9.C Hz.

and f(2)= q fss(2)
= 0.1975 x 106.4 = 21.0 Hz.
'I‘his example illustrates that the frequency 21.0 Hz. though

lying in the range of symmetric mode (0.0 to 26.6 Hz. ) actually belongs

to anti - symmetric mode .
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CHAPTER 3

BEAMS WITH TORSIONAL SPRINGS AS EIASTIC SUPPORTS

In this case the elgstically supported end is a partly clamped
end provided by a torsional spring attached to a simply supported end .The
following four classes of beams are considered in this chapter .

(1) The clamped - partly clamped beams .
'(2)_ The pinned - partly clamped beams .
(3) The free - partly clamped beams .
(l..) Beams with both ends partly - clamped.
It will be shown that the dimensionless frequency

parameter )Lt has the form lt = K;.L / EI in all the classes of beams

considered in this chapter .

3,1 THE CIAMPED - PARTIY CLAMPED BEAMS ( FIG.L)

The two limiting cases . of this class of beams are ,
(1) Clamped - simple beams with Ky =0
(2) Clamped ~ clamped beams with K =2

The natural frequency in terms of q can be expressed as

follows .

£

finy T tesm

—iheré symbols used have their usual meaning as j
. )

_ _explained in the _preceding chapter .

Equation (3.1) can be re-written in terms of eigenvalues

as follows .
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. | 2,. .
l+q (-EEE&E’) -1 . (3.2)

F’(n) - ch(n) ,
cs(n)

‘ Pes a 204 Boceny con be comput.ed from the relevant
frequency equations which are as follows (2) .
1l - Cos Pcc(n) Cosh Pcc(n) =0 (3.3)

Cos ch(m Sinh @csm) - 5in Bog Cosh Pcs(n) =0 (3.4)

The first ten values of P, m and Pc ey 38 presented

in chapter 6 .

The appropriate boundary conditions for this class of

beanm are ,

(1) AtE =0, ve have , |
R(0) =0 (.5)
RY(0) =0 (3.6)

(2) At § =1, we have ,
R(1) =0 " (3.7)

R''(1) = - -EE:- R'(1)
=- A R : (3.8)

From substitution of boundary conditions (3.5) and (3.6) in

~me———eqiigtions (1.8) and (1.9 ) , we obtain’,

B=-~D and A=-C (3.9)
Using (3.9) and substituting boundary conditions (3.7) and

" (3.8) in (1.8) and (1.10) , we obtain/
¢ ( sirhp-sinp) +D( Coshp - Cos p) = 0 . (3.20)
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) . h
C ( sinp+ Sinhp - 5 ( Coshp - Cos g)) +

D ( Cos p+ Cosh p - —-1-;1 ( sinp+ Sinhp)) =0 . (3.13)

For a non-trivial solution for C and D in (3.10) and

(3.11) , we must obtain ,

Sinhp- Sin g | Cosh p - Cosp
. ) t e =0 (3.12)
Sin p+ Slnhp—,-’-a-(CoshP ~Cosp )  Cosp+ Coshp - —é-(Sin pisinhp )
Expanding and simplifying (3.12) ,
p ( SinpCoshp - Sinhp Cosp )
A = (3.13)

(1- CospCoshp)
Here again , we note that the values of dimensionless system
parameter ’Xt are completely characterised by the eigen values thich in N
turn are related to q by equation (3.2).It may be noted that equation (3-13)
degenerates into the frequency equations of clamped - simple beams for
}\t =0 , and of clamped - clamped beams for lt =00,
Valués of '}\t for various values of q ( .05 ,.1,.2,.3... .9)

are presented in the tables of results inlc’hapter 6 .
Example =L '

Determine the first mode frequency of the beam system
described in example - 1 when one end of the beam is clamped and the other

end is partlyclamped with a torsional spring of stiffness 1500 1b.in. /fad.

Solution
Kti.
System parameter )‘t = et = 3,20

EI -

| N
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fosy™ 1.7 ( From example 1 ) . o

= }.730
?)cc(l) 4.730 ( From table 11)
P ( pcc(l) )
cc(l) 2 K12
For Ay = 3.2, , g = 0.328 ( From table L) ' —
~ Hence ,

f(1) = fce:(l) +aq( i‘cc(l) - fcs(l) )

= 1.7 + 0.328 (61.0 - 41.7 ) = 48.0 Hz.
3.2 PINNED PARTLY CLAMPED BEAMS ( FIG.5)

The two limiting cases of this class of beams are ’
(1) simple - simple beams with K =0
(2) simple - clamped beams with Ky = &
Natural frequency of this type of beams can be expressed as

follows in terms of q .

£, =f +q (¢ -f ) (3.14)

(n) ss(n) sc(n) ss(n)

Equation(3.14) can be written down in terms of eigen values

as follows .

B 2
sc
F’(m Psscn) ("“"”- e (65)
ss(n)
Eigenvalues Pss @ and Py, my °n be obtained from the

relevant frequency equations which have already appeared earlier .The first
ten values are presented in chapter 6 -
- The proper boundary conditions for this class of bea.ms

are expressed as follows .

|
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(1) 'At the pinned end where 'c:, = 0 , we have , .
R(0) =0 - (3.16)
RIYO) =0 | - Gan
(2) At partly cla:‘nped end where € =1, we have ,
"~ Ra) =0 | | (3.18)

KL '
R“(l) = - --R'(l) .
EI - -

| =- A B'(1) , (3.19)
From boundary conditions (3.16) and (3.17) , it follows that ,
B=D=0 : . ' (3.20)

Utilizing (3.20) and boundary conditions (3.18) and (3.19) we

obtain ,
At : . I3 N
A (-—5_ Cosp - sinp) + C ( sinhp+ 3 Coshp) =0 (3.21)
Asinp . *Gswhp o TO .22)

For a non-trivial solution for A and € in (3.21) and

(3.22) we should have ,

M ' | nhp + At h
_.E. Cosp - Sinp _ Sinhp —-P- Cos F’
| - =0 (3.23)
——— Sin p )
which on simplification yields ,
( 2 Sinp Sinhp)
i s (3.24)

A =

Cos p Sinhp ~ Sinp Cosh p
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For )‘t =0 , equation (3.24) degenerates intQ the frequency
_equation of simply - supported beams and for l‘b = 02 it yields the
frequency equation of clamped - simple beams as one wouid expect .
Utilizing (3.24) & (3.15) , the values of )"t are

calculated for various values oi" q for the first ten modes of vibration

and are presented in chapter 6 .

Example =5

’ Determine the third mode frequency of the beam described

in example-4 when one end of the beam is hinged instead of clamped .

Solution ' | |
The sy§foem parameter lt = 3.2, ( Same as in exa.mple ...h)
Fss(B) = 9-h2h & Pes 3y = 10-210 ( From table 11 )
. £ .= 239.4Hz. & £ = 282.0 Hz.
v fss(B) 239.4 Ha cs(3) . 2

For\, = 3.2 , @ = 0.175 ( From table 5 , third mode )
,f(B) = fss(33+ a ( fcs(3) '_':fss(B)_) | R

= 239.4 + 0.175 ( 282.0 - 239.4) = 246.8 Hz.

PARTLY cmmn - FREE BEAHS ( FI1G.6)

The two limiting cases of this class are ,
(1) S:unple - free beams with X; = 0
(2) Clamped - free beams with K—h oo

" The natural frequency of this class of beams is expressed as follows .

- Emy = fepemy ¥ 2 ( Lepem™ Lsrem) ) (3.25)
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Since the first mode frequency of simple -free beams is zero,

the equation (3.25) takes the following form for first mode .

fa1y = a feF(ly (3.26)

Equat.idns (3.26) and (3.25) assume the following form when

expressed in terms of eigen values .

fy = PcF(D\F;— ' . (3.27)

' Peram 3 -
F)SF(n) 1+ a 1 (3.28)
Al ?sF(n) ’ -

;-\U)
3
-~

|

where n >1

PcF ¢y and PSF(I‘\) are calculated from the pertinent frequency

equations which have already appeared in the preceding pages .

The appropriate boundary conditions for this problem

are ,

(1) At partly clamped end where §= 0 , we have ,

R(0) = 0 : (3.29)
L
rR''(0) = -&-- R'(0)
FI '
=2, RO (3-30)
(2) At free end where %= 1 ,we have ,
R''(1) =0 (3.31)
R1'1(1) =0 (3.32)
The boundary condition (3.29) gives ,
B =-D (3.33)

Utilizing (3.33) and boundary conditions (3.30) , (3.31) and

(3.32) , we obtain the followWing .

e .




Ay

S

| - 3L -
= A Sing-B ( Cosp+ Coshp) +C Sinhp =0
- ACosp+B ( Sinp— Sinhp) +C Coshp =0
o | A
A= +2B 40—t =0
p 4 S

S

above equations , we should have ,

- Sinp -( Cosp-!-'CoshP)
- Cosp' (Sinp-Sinhp)
At ; |
> 2

which on expansion and simplification yields ,

B ( Sin p.Coshp -; Sinhp Cosp )

X‘ "~ Cosp CoshF+ 1

We note that for )‘t. = 0 , equatlon 3. 38) y:.elds the

Sinh p
Cosh P
At

P

frequency equation of simple - free beams and for )‘t = 0, it yields t.he

frequency equation of clamped free beams . It can be- further noted that

the values of F which permit vanishing of the determinant are completely -

characterised by the dimensionless system parameter A N

)\b for various values of g (.05,.1,.2,.3;,000000000

_,fiz:sj;_t.enjnoc'ies are_presented_in_chapter 6. .

Example - 6 -

For a non-zero .. solution of A ,B and C in the

0

. Values of

(3.34)
(3.35)

(3.36)

( 3.37)

PRPRPN

(3.38)

.9 ) for the

___ Determine the first mode frecj_uency of the beam system described

in example -5 when one end of the beam is free instead of hinged .

Solution

sF(l) 0 Jz,

£ cF(1) = 9.5 Hz. ( As already calculaté_d. in example -1)

\
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System parameter )‘t = 3.2,
For this 'Kt , q = 0.659 (From table 6)

fy = i

0.659 x 9.5 = 6.3 Hz.

3, BEAMS WITH BCTH ENDS PARTLY CIAMPED (FIG.7)

The two limiting cases of this class of beams are ,

. L] - * — —
(1) Simple - Simple beams with K., = Ktz 0

il - }) ] H i = = 0o
(2) Cl@ped . clamped beams with K K'b2

The natural frequency of this type of beam is given by the

following equation .

£ = Tosmy T3 feem ™ Fesem (3.39)

The above eguation can be re-written in terms of eigenvalues

as follows .

1+q| (-5

Pss m)

B 2
cc(m
F’(n) = Fss(n) ) -1 (3.40)

Pss o & ?cc (m can be computed from the relevant

frequency equations as explained already . The first ten values are

'presented in chapter 6 .

The appropriate boundary conditions for this problem

are as follows .
(1) At “5 = 0 we have ,
rR(0) =0 (3.42)

XK., L
R”(O) = —E{——-—‘R'(.O) =Rt1 R'(O) (3.1;2)
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(2) At £ =1, we have , .
R(1) = . _ (3.43)

L
R1'(1) = - ft‘.?.__ R'(1)
E1
‘.;.- = - ltz R'(l) " (B'M)
From boundary condition (3.41) , it fof!.lowsﬁ that ,
= -» (3.45)

Utilizing (3.45) and boundary conditions (3.42) , (3.43)

hS

and (3.44) , we obtain ,

A Sinp+B ( Cosp- Coshp) + C Sinhp =0 (3.46)
A)-\:;-l- + 2 e 2‘%1— =0 . (347

A( .-f\.g.g Cos'gi— SinF) +B (- }-g'-z- ( Sinp+Sinhp) - Cosp - Coshp)

A2 g’ -
+c( --F;-- Cosh p+ Sinhg ) | =0 (3.48)

For a non-trivial solution for A , B and C in (3.46) ,
(3.47) and (3.48) , the determinant of their coefficient matrix must

vanish . On expanding and simplifying the determinant and introducing
0<-=At2/}\.t1, we get , '

(1) £,(p)
X e --—1,01-—*4-»_.2.?.._ =0 (3.49)
where

(1~ CospCoshp)
fl(p) = - - (3'50)
. - p (sinpCoshp~ CospSinhp)




S

| B (2 sinp sinhg ).

f2(p)-= (3.51)

( Sinp Cosh p - Cos g Sinhp )
The parameter « is defined as the ratio of smaller
system parame‘fér )‘tz to the larger system paré.meter _ (th , so that
ol is always <= 1.0 . Here again , because of similarity of
end conditions , the natural frequenéies are insensitive to the fact as to’
which one of )\tl and ')‘tz is. greater .
Equation (3.49) being quadratic in nature yields
two values of th for every.value_ of P , but one being negative is
physically inadmissible and hence discarded .
Values of ')\ 1 for first ten modes for variéus velues

of ol ( .1,.2;.30000051.0) and q ( .05,.1,.2,:3,0000005 .9) have been

_computed and are presented in chapter 6.

Example -7

Determine the fﬁﬁ&iﬁiéﬁﬁﬁi';ﬁtu;al frequency of the beam
described in example — 4 when both ends of the beam are partly clamped

with two torsional springs of stiffnesses 1500 lb.in./rad. each .

Solution N
K =1.0 |
4 = 26.6 Hz. ( As already calculated in example - 2)
- - "‘_'"“83(1) - . . . -
£ = 61.0 Hz. ( As calculated in example - L)

cc@@)
For & =1.0 and A q = 3.24 , we have q = 0.325 ( From table 7.10)

fay = fssqy * 2 fee ~ Fosin) )
= 26.6 + 0.325 ( 61.0 - 26.6 )

"= 37.8 Hz.
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CHAPTER 4

BEAMS WITH BOTH TORSIONAL AND LINEAR SPRINGS AS EIASTIC SUPPOTRS ( FIG.8)

Beams of this class have a torsional spring on the hinged
end and a 1inea.1f spring on the free end so that one end becomes a partly ’
clamped end and the other end becomes -- partly supported . The two limiting
cases of this class of bea.ms' are ,' : |

3
(1) simple - free beams with K, =K; = 0

t L
(2) Clamped - simple beams with K = KL =
Natural frequency of this type of beams can be expressed as

follows .

(¢ ) (4.1)

= + -
f(1’!) fSF(n) 4 cs(n) st(n)

'Since st(l) =0 , equation (L,.l) can be re-written as
follows for the first mode .
£y = 9 fes(1 (4.2)

" Expressing equations (4.2) and (4.1) in terms of eigenvalues

.

. —we-obtain ,

) p(l) = PCS(I)F : (4.3)

B 2
1+q (—-f-s-i‘-")- 1 (hob)

sF(n)

P Psrem

- where n > 1

The appropriate boundary conditions for this class of beams are

ag follows . L ‘
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(1) At & =0, we have ,

R(0) =0 (4.5)
L
R'(0) = 2w (o)
EI
= Ay R(0) - (4.6)
(2) At § = 1, we have ,
R''(1) =0 ' (4.7)
3 .
» K;L
R111(L) = —=-- B(1)
: . EI
= A} rQ) (4.8)

From boundary condition (4.5) it follows that , |
B=-D | - (4-9)
Utilizing (4.9) and boundary conditions (4.6) ,(4.7) and (4.8)

we obtain the following three equations in A , B and C .

A |
A)-\-E +2B+c-F-)E =0 (4.10)
A sinp+B (Cospt Coshp ) f.c ( - simhp) =0 (4.11)

A (——g Sinp+ C'OS?).'FB (}-P%- ( Cosp- Coshp) - ( Sing - Sinhp ))
+ ¢ ( —‘—5%— Sinh p - Coshp) =0 (4.12)

The condition for non-triviality of solution for A , B and C in

equations (4.10) , (4.11) and (4.12) yields ,



o
L pES

Sin p ( Cos p+ Cosh e) - Sinh @ 0 (4.13)

—-;-SinF-i- Cos p -l;%—( Cosp — Coshp ) }:-Ig' SinhF ~ Coshp

P

- ( Sinib-SinhP)

Here , unlike the case in which both ends have similar
.sp:pings , either torsional or linear , the frequencies are not insensitive
to the fact-that which one of )\t and <>\L is larger .Therefore there are
two cases to be con'sidered here .

Case-1 when "N\t is larger than \L .

AL ,
Introducing X = --- , so that’ « is always less than 1.0

t
and expanding the determinant of equation (4.13) , we obtain the following

eciuation in 7\ .

=0 (4.1)

. 3 .
2 ~i pSinpSinhp = ( 2¢/x) (1+CospCoshp) ph
')\t + k‘b - - ”
2 Cospsinhp— 2 Sianoshf.’:
Equation (L.14) being quadratic yields two values of )&.t

for every value of F} bﬁt one being negative is discarded . The values of
)\t calculated for this case for various vaiues of and g for the first ten
modes are presented in chapter 6 .

Case - 2 Wwhen ‘AL is larger than )\t .

In this case K = At yptilizing « and expanding

Py

the determinant of equation (4.13) , we ob%ain the following quadratic

equation in >\L .




-

2 ((-4p Sinpsinhp) /) =2 ¢ (1+CospCoshp)y gh
>\L + )\L )_ - 0
2 Cosp Sirhp -~ 2 Sinp Cosh p % (4.15)
_Here again , one value of lL being negative is discarded .
The values oi‘h. )\_L for various values of o( and q , for first ten
modes of vibration are presented in tabular form in chapter 6 .
S5
The following two examples are given to illustrate

these two cases .,

Example - 8(a)

Determine the first mode frequency of the beam described
in example~l when one end of the beam is partly clamped with a torsional
spring of stiffness 1500 1b.in. /raql. and.the other end is partly supported
with a linear spring of stiffness 8.2 1b/1n
Solution

' lt = 3.2 and ’.)‘-L - =15.4 ( As calculated in previous examples)
In this case
3.2,
15.4
For (= 0.21 and Ap =15.h , -q = 0.142 ( From tables 8.2 & 8.3 )

= 0.21

This value of q has been obtained by linear interpolation and it will
-be shovm in chapter 6 that linear interpolation yields results accurate

within the desired accuracy .

fray © ¢ fesy = §1.7 ( From example -1 ° )
£y~ 2 Les

= 0.142 x 11.7 "= 18.5 Hz.
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Example = 8(b)
. Determine the first mode frequency of the beam system
deseribed in example -~ £(a) when system parameter jxt = 15.4 and
lL = 3.44. .

Solution

A = 0.21 as before
Here )t> )\L , hence g is sbtained from tables §.2 &9.3 .

q=0.3
Hence f( l\‘ =

q f'cs(l)"
0.3 x 1.7 = 12.5 Hz .

Il

b2
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CHAPTER 5

CIAMPED - FREE BEAMS WITH A CONCENTRATED MASS AT THE FREE END (FIG.9)

As the concentrated mass at the free end of a cantilever
beam approaches infinit.y , the behavioq’r of the s&stem approaches to that
of a simple spring - mass system and as such its first mode frequency
app;'oaches zero . As tﬁe concentrated mass is made smaller and smaller ,
the first mode frequency increases , reaching to a value correspoﬁding to
clamped - freé end conditions . Therefore the two limiting cases for the
first mode of this class of beams are ,

(1) Simple spring - mass system with M =00
(2) Clamped - free beams with M =0
___The first mode natural frequency of such beams can be

expressed as follows .

fe1y T @ for1) (5.1)

'In higher modes of vibration , the end-with the concentrated

mass beéomes"a nodal point and behaves as a simply supported. end when the

concentrated mass approaches infinity . Therefore Tor higher modes ,the two

limiting cases are , .
~-----+(1) Clamped - simple beams with M= 00
. _(2) Clamped ~ free beams with M= 0

The higher mode natural frequencies can be expressed as

follows .

N




-, -

f(n) - fCS(n'-l) tq (ch(n) - fCS(n _ 1) ) V ) (5'2)
where n>1 |

Equations (5.1) and (5.2) can be written down in terms of eigenvalues

as follows .

Pay= Brayda | | (53)

Peny= Besingy / 10 <“E§£§L> -1 | (5.4)

where n > 1

The appropriate boundary conditions for this elass of
beams are as follows .

(1) &t § =0, we have ,

R(0) =0 (5.5)
R(0) =0 | (5.6)
(2) At & =1, we have ,
R'1(1) =0 (5.7)
I
pr(a) = - £ R - (5.8)
An
: La
where system parameter ’)\m = -S-r .s where Q

is ma.sé of beam per unit volume , L is the length of the beam , 2 is area
of cross-section and M is the coricentrated mass at the free end .
The boundary condition (5.8) has been derived in

appendix 3 . .
' System parameter —)\ni varies from O too? as M varies

from coto 0 .-~
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From boundary conditions (5.5) & (5.6) it follows that ,
B=-D and A=-C (5.9
Utilizing (5.9) and boundary conditions (5.7) and (5.8) we

obtain the following two equations in C and D .

C ( sinp+ Sinhp) + D ( Cosp+ Cosh p) =6 . | (5.10)

C ( Cosp+ Coshp- -?-?- ( Sinp - sinhp ))
m

+D ( Sinhp- Sinp- -)%—(Cosp-Coshp))=0 | (5.11)
m
. For a non-trivial solution for C and D in equations

(5.10) and (5.11) , the determinant of their coefficient matrix must vanish .

~

Sinp+ Sinh p : Cos  + Cosh p
B : . 8 " (5.12)
- “Ct..':s.P+Co?hF -'-:)-t-;(smp -Sichp) Sinhp -Sinp - -?T;(Cosp ~Coshp )
Expanding the determinant and simplifying , we get ,
}\m _ p( SinpCoshp~ Sinhp COSP‘) (5.13)

(1+ CospCoshp)

We note here that the sy#tem parameter ?\m which is
the ratio of the mass of the beam to the concentrated mass is completely

' characterised by p-. It is further observed that for A m = 0 ,equation
(5.13) yields the frequency equation of clamped simple beams and for
' )\-m= oo, it gives the frequency equation of clamped free beams which is

.anticipated o
The values of )\m for various values of q for first

ten modes are presented in chapter 6 .. The following example.is given by

way of illustration .

\
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. MEle -9 "
Determine the first mode frequency of the beam described
in example - 1 , when the free end of the beam carries a concentrated mass
of 0.25 lb.
Solution
Mass of the beam = falL

= 0.0965 x 0.25 x 29.5

= 0,71 1b.
0.7x |
System parameter ?\m = mm——— = 2,85 ~
0.25

For )\m =2.85 , q = 0.635 ( From table 10)

Hence , f1y =4 fep(1)
| =0.635 x 9.5 = 6.0 Hz.
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CHAPTER 6

RESULTS AND DISCUSSIONS

6.1 TABULAR PRESENTATION OF RESULTS

The tables of results appear at the end of this.chapter .
Tt is felt that graphical presentation of results is not very effective
particularly for higher modes . Td éhow this , the graphs are'presentea
for the first three modes of vibration of clamped - elastically supported
beams in figure 11 . It will be'noﬁiced that for higher modes ; the variation
of system parameter :\L Becomes too high to be presented graphically
.with reasonable accuraéy . This is also true for the rest of the beams
considered in this thesis . It ig for this reason that tabular presentation ;}

of results has been preferred to the graphical presentation .

6.2 THE ACCURACY STUDIES

The parameter q has been varied from 0.1 to 0.9 and A has been
varied from 0.1 to 1.0 in steps of 0.1, Results for intermediate values of =
and CL are obtained by linear'interpolatibn.Accuracy tests were
introduced at spécific values (0.15,0.25,..etc) ofl and g and it was observed
that results are accurate within 1% except in the immediate neighbourgood of
a zero natural frequency where the error tends to be infinite but however this
reéion of uncertainty is small and linear interpolation yields accuracy within
3% from q=0.05 to §=0.2 , and beyoﬁd-q=0.2 , they yield better accuracies.The

fractional frequency error introduced by the uncertainty in beam properties

also tends to be infinite in the immediate neighbourhood of zero natural frequenr

.
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The figure of 1 % for the desired accuracy has been
chosen because generally the uncertainty in besm properties is of the same

order,

Accuracy tests were conducted by pomparing the interpolated
results with computed results for specific values of q and " viz: 0.05,0.15,

-------- 0 95. Some illustrative accuracy checks on clamped-elastically s

supported beams are presented below. ‘ ) o

Iet us assume that the linear interpolation gives an error
Aq in g .This error can be expressed as a percentage error in frequency

as follows .

1004g ( fogny 'ch(m ) ' (6.1) :

¢ error in frequency , [Sf(n) :
' (f +q(f - f ))
cF(n) es(my  ~cF)

where the symbols used ‘have their usuel meaning .

Equation (6.1) can be re-written in terms of eigenvalues

as follows
100 Aa
Af = .
m B
q+ < : 3 .
( Pesemy / Percny -1
100 Aq
2 crea——————— (6.2)
qt+t¥,
» '
where Y = -3 (6.3)
. n Y2 -1 .-

( PCS,(H) / PCF(D) ‘



T

The values of Yn for the first ten modes are given below .
n 1 2 3 L 5 6 7 8 9 10

Y, 0.294 0.780 1.h5 2.08 2.63 3.49 L4.17 L.5, 5.55 6.13

n

Sihce In goes on incre;sing for higher modes , the
percentage frequency error Af for the same error Aq in q ,goes on
diminishing .

In cases of beams wﬁere the first mode starts with
zero frequency , equation (6.2) assumes the following form .

100 Agq

By = e - (6.4)
(D a

which tends to infinity as q approacheé zero . However this region of

uncertainty is small and beyond this region the accuracy is good .

As an example , the calculations for accuracy checks

. applied for the first mode frequencies of clamped - elastically supported

beams at q = .35 , k5 , .55 , are produced below .
The values of :\L for q = .35, .45 & .55 obtained

by direct computation are given below .

q 0.35 0.45 0.55
13.41 20.37 30.02
. _._)LL 3
‘The values of q obtained for these values of )\L

by linear interpolation are 0.347 , 0.445 and 0.543 as against the exact
values of 0.35 , 0.45 & 0.55 respectively . The error introduced by linear
interpolation is 0.003 for q = 0.35 , 0.005 for q = 0.45 and 0.007 for q =0.55

which when reduced to percentage frequency error using equation (6.2) comes

out to be less than 1 % in each case e

A
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The linear interpolation becomes impossible bétween
q = 0.9 and 1.0 because system parameter }\L becomes infinite at q = 1.0 .
Therefore a simple algebraic equation is utilized for determining the values
of q for all such system parameters assoclated with this range of q . The

equation utilized is given below .

. 0.2\ | —

q= 1= —mmeman? (6.5)

) | ¥

vhere ‘>\o-3 = System parameter at q = 0.8 thained from tables of results.
?\ = System parameter of interest .

The derivation of equation (6.5) appears in appendix 4 .

Tt is noticed that equation (6.5) gives values of q which
give frequencies accurate within l% . As an example , the calculations
Eonducted for the second mode of clamped elastically supported beams are 1
presén‘bed . The values of )‘L obtained for q = 0.80, 0.85, 0.90, and 0.95

by direc;c, computation are given below .

aQ 0.80 0.85 0.90 0.95
£492.0 652.0 961.5 1868.0

The vaiues of q obtained for the last three values of ')‘L
by using equation (6.5) are 0.849, 0.898 & 0.948 as against the exact
“ valueé of C-):SS;-"OF.‘)O. & 0.95 respectively .This shows that the use of
equation (6.5) is consistent with the desired accuracy of 1% in frequency .
The accuracy checks for < were conducted by comparing the
computed results with the ones obtained by interpolation . The gré.phs for
checks for & = 0.15 and 0.35 , for beams with both ends pa.rt]:y

two such

clamped are presented in figures 12, 13, 14 and 15 by way of illustration .

-
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The point of interest in each case is marked as P and
the points between which it is interpolated are marked P, and P, . The exact
‘value of q at P is compared with the interpolated value of q at P .The

interpolated value of q at P is obtained by the following equation .

Q= = (6.6)

where q and q, are the values of q at Pl and P2 respectively . The sample :’; |

calculations are shown below .
For X = 0,15
At q = 0.35 , Aq = 0.002 -
q = 0.73L, Aq = 0.002 where Aq is the difference of exact and inter-
polated values of q . |
The percentage frequency error for this Aq is determined
using equation (6.2) and is found to be less than 3.

For & = 0.35

CUTTTTTTAE T E0.3 ;T AG="0.002

and at q=0.65, Aq=0.003.
And the percentage fréquency error in both these cases
using equation (6.2) is found to be less than g .

6.3 DISCUSSIONS AND SUGGESTIONS FOR FURTHER WORK

. Results presented in this thesis have been arrlved

at by us:mg the exact solution based on elementary beam theory . 'i?hey;‘t;herefore_W

should be used judiciously and not without regard to the limitations imposed /

by the aseumptions jmplied . For example the assumption of neglecting the
-effects of shear deformation may not remein valid at higher modes . Because

a beam vibrating in higher modes has meny nodes formed on its axis ,and the

.
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the length between the two consective nodes goes on diminishing with higher
modes and as such the_assumption that cross sec£ional dimensions of the beam
are small compared to its length may no longer remain valid in higher modes .
The number of digits required after the decimal point
goes on reducing as the system parameter A varies from 0.0 to =@ for a
certain desired‘accuracy . For a desired accuracy of 1% , we.should have
four correct digits after the decimal place for a value of A =0.01
which is always the case in the presgnt thesis . However for A =100.0 , i
we simply don't need any digit aftér the decimal place for 1% accuraéy .
Results presented in the exponential format of fprtran IV language takes
care of this requirement . . .
| Since the frequencies are proportional to the square of "
.corresponding eigenvalﬁes , an accuracy of 1% in frequency requires eigen-
values to be accurate within 0.5% . Therefore eigenvalues are presented i
correct upto three decimal tlaces .
The eigenvalues for modes higher than 6th are not readily
.available in the existing literature but sometimes the knowledge of higher
modes is necessary,for example , to determine whether or not rotating
machinery will c&use vibration problems . A step in this direction has been

taken by considering the first ten modes of vibration .

The eigehvalues for the first ten modes are presented in table 11.

Due care should be exercised in determining whether rotary inertia and shear

deformation ferms are predominant because in that case, the table 11 will give
inaccurate results For modes higher than tenth the eigenvalues almost coincide

with each other because 2 beam vibrating with many nodes is almost insensitive

to the end conditions.

The present work also yields an alternate method of determinin

the spring stiffness. | ?
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In case of free - free beams with linear springs at both
ends , it is seen that.in certain ranges of frequency , both symmetric and
anti-symmetric modes are present at the samé frequency . The designer should
therefore ,exercise caution tha{ in trying to avoid the resonance at this -
frequency ,the Qhanged system parameter does not hit the other mode which
again has the same frequency . In figure 10 , the system parameters Ay and

‘3\2 has the same frequency . Therefore to avoid resonance A: should not

ve changed toA,and vice-versa .

The results presented provide the necessary information for
irmediate establishment of the first ten modes of vibration frequencies for
any uniform elastically supported beams . It is hoped that these tables

will save considerable time and labour to the designers and engineers
dealing with elastically supported beams .
We have considered hare beams on two ..

supports only. Tn further work, it is suggested,that this technicue

‘be extended  to the contineous beams with elastic supports . This technique

‘can also be applied to the vibrations of plates ‘and shells with elastie

boundary conditions as' well as tapered beams , ‘beams with section disconti-

miities , or masses located anywhere on the beam .
it may have been possible to give tables of N\ vs ﬁ

instead of A Vs q , but the method adopted in this thesis has the obvious

advantage that q varies from 0.0 to 1.0 between the two limiting cases

whereas ﬁ varies between two irrational numbers between the two limiting cases.

Besides, the frequencies are given at regularly spaced intervals between the

limiting cases.
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