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ABSTRACT

The classical (proper) graph colouring problem asks for a colour-
ing of the vertices of a graph with the minimum number of
colours such that no two vertices with the same colour are adja-
cent. Equivalently the colouring is required to be such that the
graph induced by the vertices coloured the same colour has the
maximum degree equal to zero. The graph parameter associ-
ated with the minimum possible number of colours of a graph
is called chromatic number of that graph.

One generalization of this classical problem is to relax the
requirement that the maximum degree of the graph induced
by the vertices coloured the same colour be zero, and instead
allow it to be some integer d. For d = 0, we are back at the
classical proper colouring. For other values of d we say that the
colouring has defect d.

Another generalization of the classical graph colouring, is
list colouring and its associated parameters: choosability and
choice number.

The main result of this thesis is to show that every graph
G of Euler genus p is [2 + 1/3p+ 3]-choosable with defect 1
(equivalently, with clustering 2). Thus allowing any defect, even
1, reduces the choice number of surface embeddable graphs
below the chromatic number of the surface. For example, the
chromatic number of the family of toroidal graphs is known
to be 7. The bound above implies that toroidal graphs are 5-
choosable with defect 1. This strengthens the result of Cowen,
Goddard and Jesurum (1997) who showed that toroidal graphs
are 5-colourable with defect 1.

In a graph embedded in a surface, two faces that share an
edge are called adjacent. We improve the above bound for graphs
that have embeddings without adjacent triangles. In particular,
we show that every non-planar graph G that can be embed-
ded in a surface of Euler genus p without adjacent triangles, is
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[—SJ”/W W—choosable with defect 1. This result generalizes the

result of Xu and Zhang (2007) to all the surfaces. They proved
that toroidal graphs that have embeddings on the torus without
two adjacent triangles are 4-choosable with defect 1.
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INTRODUCTION AND RESULTS

1.1 INTRODUCTION

Graphs are used to model structural information arising from
many fields such as economics, engineering, social sciences, ge-
netics, mathematics and computer science. In chemistry, the
popular ball-and-stick model of a molecule is a graph. The
nodes are atoms and the edges correspond to molecular bonds.
In graph models of the world-wide web, nodes represent web
pages and edges represent hyper-links.

Graph theory is a computer science and mathematics disci-
pline that studies graphs and its applications. The origins of
graph theory are largely topological, the most famous exam-
ples being Euler’s “Bridges of Konigsberg” problem (1736) and
the 4-colour conjecture (1852). Both of these problems deal with
planar graphs; that is, graphs that can be drawn in the plane
without crossings. A generalization of planar graphs are graphs
that can be drawn (i.e. embedded) on higher surfaces without
edge crossings.

Graph colouring is a topic of central importance in graph the-
ory, both historically and in applications. A vertex colouring of
a graph G is an assignment of colors to the vertices of G. A
vertex colouring is proper if no two adjacent vertices have the
same color. The chromatic number of a graph G is the minimum
number, k, such that G has a proper vertex colouring with k
colours. Determining the chromatic number of a graph, or a
graph class, is the classical graph colouring problem. Proper
vertex colourings have been extensively studied. The most fa-
mous result in graph colouring is the four color theorem. It
states that every planar graph has proper vertex colouring with
at most 4 colours. The theorem was proved in 1976 by Appel
and Haken after many false proofs. The proof is complicated
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and computer added. Many improvements have been obtained
over the years, but no simple proof is known. One of the tech-
niques that the proof introduced is called discharging.

There are plethora of generalizations and variations of the
classical (proper) graph colouring problem. We study one such
generalization in this thesis. In particular, we will study defective
choosability of graphs embeddable on surfaces. Defective choos-
ability and other key notions for this thesis will be defined next

. Our proofs will use discharging technique.

1.2 DEFINITIONS OF MAIN CONCEPTS

In a vertex coloured graph, a monochromatic component is a con-
nected component of G where each vertex has the same colour.
Thus a vertex colouring is proper if every monochromatic com-
ponent has 1 vertex.

The following notion, introduced formally by Cowen, Cowen
and Woodall [7] and studied as early as 1966 by Lovasz [12],
generalizes proper vertex colourings. A graph G is k-colourable
with defect d, that is, (k, d)*—colourable, if the vertices of G can
be coloured with k colours such that the subgraph induced by
the vertices of each monochromatic component has maximum
degree d. Colourings with defect zero are thus proper, other-
wise they are called defective.

A surface X is a compact connected 2-manifold without bound-
ary. Surfaces are classified into two classes. Each orientable
(non-orientable) surface is homeomorphic to a sphere with g >
0 handles (h > 1 crosscaps) attached. For a surface Z, its Euler
genus, eg(X), is 2g if X is orientable and h if ¥ is non-orientable.

A list assignment for a graph G is a function L that assigns
a set L(v), also called a list L(v), of colours to each vertex v €
V(G). A list L(v) with |[L(v)| > k is a k-list. A list assignment
L is a k-list assignment if each vertex is assigned a k-list. For
a list assignment L, G is L-colourable with defect d if G can be
coloured such that each vertex v gets a colour from its list L(v)
and such that the defect is at most d. G is (k, d)*—choosable if
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for every k-list assignment L, G is L-colourable with defect d.
The choice-i number of a graph G is the minimum k such that G
is (k,1)*—choosable. The chromatic-i number of a graph G is the
minimum k such that G is (k,1)*—colourable. For proper (list)
colourings, i = 0 is omitted in this notation.

Defective choosability is a strengthening of defective colour-
ings. In particular, note that for every k and 1i, if a graph G is
(k,1)*—choosable then G is (k,i)*—colourable. Thus the choice-i
number of a graph G is greater than or equal to to the chromatic-
i number of G. The choice-i number can be arbitrarily larger
than chromatic-i number though. For example, for every t > 3
there is a graph a bipartite graphs (thus graphs with chromatic
number 2) whose choice number is at least t [10].

An embedding of a graph G on a surface X is a representa-
tion/drawing of G on X where vertices of G are represented as
points on £ and edges of G are represented as simple arcs such
that: 1. the endpoints of the arc representing an edge, e, are the
points representing the end vertices of e; 2. no arc contains in
its interior a point representing a vertex; and, 3. no two arcs
representing edges cross other than in a common endpoint. If a
graph has an embedding in a surface, we say that the graph is
embeddable in that surface. A 2-cell embedding is an embedding
in which every face is homeomorphic to an open disk

Given a graph G, its Euler genus eg(G) is the minimum Euler
genus of a surface ~ where G can be embedded in.

The chromatic number of a surface ~ is the maximum chromatic
number of a graph embeddable in Z. The choice number of a sur-
face ¥ is the maximum choice number of a graph embeddable
in .

1.3 BACKGROUND AND RESULTS

In this thesis we are interested in defective colourings that are
as close as possible to being proper, that is, in colourings with
defect 1. In particular, we study such colourings for graphs on

surfaces. Typically, the goal of this line of research is to reduce
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the number of colours below the number required by proper
vetex colourings. For example, Voigt proved [15] that there are
planar graphs that are not 4-choosable, but Cushing and Kier-
stead [8] proved that planar graphs are 4-choosable if defect 1
is allowed, thereby answering an open problem posed by sev-
eral authors [19, 1, 16, 9]. For some classes of graphs, however,
allowing even arbitrarily big defect does not reduce the num-
ber of colours below the chromatic number of the class. For
example, the chromatic number of the class of series-parallel
graphs is 3. For some series-parallel graphs it is not possible
to reduce 3 to 2 irrespective of the defect. In particular, for any
d, there is a series-parallel graph that is not (2, d)*-colourable.
Let’s consider, for example a series-parallel graph that is not
(2, 1)*-colourable. One such example is a graph G obtained by
taking a path, P, on six vertices and adding another vertex v
adjacent to all six vertices of P. Such a graph G is a series par-
allel (planar) graph. Assume for the sake of contradiction that
G is (2, 1)*-colourable. First consider (2, 1)*-colouring of P. Let
the colours be denoted by c; and c;. It is not possible for ei-
ther ¢y or ¢, to appear at most once on P. Otherwise, there
would be a vertex on P coloured c; with its two neighbours in
P also coloured c;, resulting in defect 2. Thus each of c; and c;
appears at least two times on P. However, in that case vertex
v cannot be coloured ¢ or c; as otherwise v together with ei-
ther two vertices coloured c¢; or two vertices coloured c; on P
would result in defect 2. Thus the series parallel graph G is not
(2, 1)*-colourable.

Taking two copies of G and adding a vertex adjacent to all
the vertices in the two copies results in a planar graph (in fact
planar 3-tree) that is not (3, 1)*-colourable.

More generally, k-trees have chromatic number k + 1, and
yet for every d there is k-tree that is not (k, d)*—colourable. For
more on this topic see the (the standard example) in the survey
by Wood [17]).

A similar notion to that of defective colouring is clustered
colouring. A graph G is k-colourable with clustering c if the

vertices of G can be coloured with k colours such that each
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monochromatic component has at most ¢ vertices. Note that a
colouring of a graph has defect at most 1 if and only if it has
clustering at most 2. This is not the case for higher defect/clus-
tering values. Thus, our results also give colourings of graphs
on surfaces with clustering at most 2. There is a plethora of
recent work on the subject of clustered and defective graph
colourings/choosability. For an extensive coverage of the topic
see the recent survey by Wood [17] and Sections 3, 4 and 5 in
the survey by Woodall [18].

There is a rich history of various colouring problems on graphs
on surfaces. For the background, we only focus on the previous
work on colourings and choosability with defect 1. The goal
of this thesis is to show that for every surface (other than the
sphere) graphs embeddable in that surface have choice number
with defect 1 less than the chromatic number of that surface.

In their 1997 paper, Cowen, Goddard, and Jesurum [5, 6]
studied defective colouring of graphs on surfaces. They proved

that every graph G is (4 + H—Vzlfgw, 1)*—Colourable. In the
conclusions of that paper, they suggest a study of defective
choosability of graphs embeddable on surfaces. That is exactly
the focus of this thesis.

Defective choosability of planar graphs have first been stud-
ied by Eaton and Hull [9] and Skrekovski [16].

The following is the main result of this thesis.

THEOREM 1 .
Every graph G is ([2 +1/3eg(G) +3 -‘, 1) —choosable.

Cowen, Goddard and Jesurum [6, 5] proved that toroidal
graphs are (5,1)*—colourable. Theorem 1 implies that toroidal
graphs are, in fact, (5,1)*—choosable thus Theorem 1 consti-
tutes a strengthening of Cowen, Goddard, and Jesurum’s re-
sult. In addition, unlike the proof of Cowen, Goddard and Jesu-
rum [6, 5], our proof of Theorem 1 does not use the four-colour
theorem. That is always desirable given the difficulty of the
four-colour theorem proof.

Defective choosability of planar graphs have first been stud-
ied by Eaton and Hull [9] and Skrekovski [16]. For planar graphs,
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our theorem states that they are (4,1)*—choosable. This has
been proved by Cushing and Kierstead [8]. Our proof works
for (t,1)*—choosability where t > 5, thus it does not imply
Cushing and Kierstead'’s result.

It is well know that for all surfaces £ a graph embedded in

~ can be coloured with at most L”—szgwj colours. That
result was proved for all surfaces except the sphere by Hea-
wood in 1890 [11]. The bound is true for the sphere too, that
is for planar graphs, by the famous four colour theorem. In his
original paper Heawood conjecture that this upper bound is
in fact tight. In particular he conjectured that for every surface
X, except the Klein bottle, there is a graph (in fact a complete

graph) that embeds in that surface whose chromatic number

Thy/2eg(B)4] ”Zéfg(z)ﬂj. That conj

and Young [13]. Since this lower bound is achieved for complete

is exactly | ecture was proved by Ringel

graphs G, it follows that the choice number of such graphs is

> ]. Thus, Theorem 1 shows that for every
surface (except sphere), the choice-1 number of graphs embed-
dable in the surfaces can be reduced below what the chromatic
number of the surface allows.

The bound in Theorem 1 is surely not tight. The only lower
bound available however, follows from the fact that having choice-
1 number at most p implies having a chromatic number at most
2p. Thus the above 3.5+ y/6eg(X) +0.25] lower bound on the
chromatic number implies that for every surface Z, except the
Klein bottle, there is a graph that embeds in that surface whose
choice-1 number is at least [1.75+ \/1.5eg(G) + 1/16]. For ex-

ample, this lower bound and Theorem 1 imply that the cor-

rect bound on choice-1 number of toroidal graphs is either 4
or 5, leading to an open question of whether toroidal graphs
are (4,1)*—choosable. Unfortunately it is still not even known
if toroidal graphs are (4, 1)*—colourable, which is an open ques-
tion from 1997 by Cowen, Goddard, and Jesurum [5, 6].
Even the question on weather all planar graphs are (4, 1)*—choosable

has been open until recently. The question, which received con-
siderably attention, was asked in several articles over the years
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[19, 1, 16, 9] and was finally settled in the positive by Cush-
ing and Kierstead [8]. A well-known result by Voigt states that
there are planar graphs that are not 4-choosable [15]. A famous
result by Thomassen [14] states that every planar graph is 5-
choosable. Cowen, Cowen and Woodall [7] proved that there
are planar graphs that are not (3, 1)*—colourable and thus they
are not (3,1)*—choosable. Thus the (4,1)*—choosability result
by Cushing and Kierstead [8] is best possible for colouring pla-
nar graphs with defect 1.

Cowen, Goddard, and Jesurum [6] show that testing if a pla-

7

nar graphis (2, 1)*—colourable or (3, 1)*—colourable is NP-complete.

The hardness of (2, 1)*—colourability remains unchanged even
for planar graphs with maximum degree 4, as proved by Cor-
réa, Havet and Sereni [3]. For more on the complexity of de-
fective colouring problems, see the recent results by Belmonte,
Lampis and Mitsou [2].

Note that the above negative result on (3, 1)*—colourability
of planar graphs implies that the aforementioned lower bound,
[1.75+ /1.5eg(G) +1/16], on chromatic-1 and choice-1 num-
ber is not tight, in fact it is off by 2 for planar graphs. Thus,

the lower bound is possibly quite weak for choice-1 number
for graphs on surfaces. We conclude this part by asking for im-
provements on the lower and upper bound on choice-1 number
of such graphs, starting with the question of whether toroidal
graphs are (4,1)*—choosable or (4, 1)*—colourable.

In a graph embedded in a surface, a triangle is a face that
forms a cycle of length 3. Two triangles in an embedding are
considered adjacent if they share an edge. The following theo-
rem provides a better upper bound for graphs that have em-
beddings with no adjacent triangles. For example, the theo-
rem states that graphs that can be embedded into a torus are
(4, 1)*—choosable. The fact that toroidal graphs embeddable
without two adjacent triangles are (4, 1)*—choosable has been

known already due to of [20].
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THEOREM 2
Every non-planar graph G embeddable on surface of Euler genus

eg(G) with no adjacent triangles is ( [w W , 1) *—choosable.

1.4 ORGANIZATION OF THE THESIS

Chapter 2 is divided into four sections. We start by presenting
some definitions in Section 2.1. In Section 2.2 we prove The-
orem 1 for toroidal graphs as a way of introducing the tech-
niques we use, in particular the discharging technique. In Sec-
tion 2.3 we prove two lemmas that will be used both in the
proof of Theorem 1 and in the proof of Theorem 2. In Sec-
tion 2.4 we prove Theorem 1. Chapter 3 is dedicated to proving
Theorem 2. We conclude with summary and open problems in

Chapter 4.



GRAPHS ON SURFACES

2.1 PRELIMINARIES

We will need the following definitions.

Consider an undirected graph G = (V,E) with vertex set
V(G) and edge set E(G). The number of vertices is denoted
by n = [V(G)| and the number of edges by m = |[E(G)|. For a
set S C V(G), G[S] denotes the subgraph of G induced by the
vertices of S and G — S denotes the subgraph G[V(G) \ S]. If S is
comprised of one vertex, v, then G —v denotes G —{v}. For ev-
ery v € V, let N(v) denote the set of neighbours of v. The degree
of v is degg(v) = N(v)|. A vertex of degree d is called degree—d
vertex. The minimum and maximum vertex degree in G are de-
noted respectively by §(G), and A(G). We omit “G” from this
notation whenever the graph is clear from the context.

In a vertex colouring of a graph, a vertex v is proper if none
of its neighbours have the same colour as v.

A k-cycle in a graph, is a cycle of length k (that is, a cycle
comprised of k vertices and k edges). A graph is simple if it has
no loops (that is, 1-cycles) nor parallel edges (that is, 2-cycles).

Recall the definitions of embedding and 2-cell embedding
from Section 1.2. Let the set of faces of an embedded graph G
be denoted by F(G). An embedding is simple if the underlying
graph is simple. In a 2-cell embedded graph, a face bounded
by a 3-cycle is called a triangle. A 2-cell embedding of a graph
in a surface is a triangulation if every face of the embedding is a
triangle. It is known that for every n > 3, every n-vertex simple
planar graph is a subgraph of some n-vertex simple triangu-
lation in the plane. However the same is not true for higher
surfaces. For example, there are toroidal graphs for which each
of their embeddings on the torus has a face with at least 4
edges and adding any edge to the embedding either introduces
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a parallel edge, a loop or an edge crossing. Thus such toroidal
graphs are not subgraphs of simple toroidal triangulations. That
motivates the following definition.

A 2-cell embedded graph is nearly simple if it has no loops
nor faces bounded by a 2-cycle. Note that, unlike simple graphs,
nearly simple embedded graphs can have parallel edge but two
parallel edges are not allowed to bound the same face. A 2-
cell embedded graph is edge maximal if every face is a triangle.
This definition is the same as our definition of triangulation
above. We choose to used “edge maximal” in this thesis since
in the literature triangulation is often assumed to be simple
and planar. Note that adding an edge to a nearly simple edge
maximal 2-cell embedded graph, results in introducing an edge

crossing, or introducing a face of size 2, or introducing a loop.

2.2 TOROIDAL GRAPHS

To introduce the discharging technique we first prove Theo-
rem 1 for toroidal graphs, that is graphs of Euler genus 2.
By Heawood result and 4-colour theorem, for all surfaces Z, a

7+\/24eg():)+1j
2

colours. Thus the chromatic number of toroidal graphs is at

graph embedded in X can be coloured with at most |

most 7. In fact toroidal graphs are 7-choosable, as is well known
and as is argued in the next paragraph.

Euler formula for connected toroidal graphs states that [V(G)|+
IF(G)| —|E(G)| = 0. In a nearly simple connected toroidal graph
on at least 3 vertices, each face has at least three edges and thus
IF(G)| < 2|E(G)|/3. That in turn implies that every simple con-
nected toroidal graph has at most 3n edges and thus it has a
vertex of degree at most 6. Thus the greedy colouring implies
that toroidal graphs are not only 7-colourable but in fact they
are 7-choosable.

By the Ringel and Young’s theorem [13] (discussed in the
introduction), the bound 7 cannot be improved. In particular
there are toroidal graphs that are not 6-colourable and thus

they are not 6-choosable.

10
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We now consider if the bound 7 can be reduced if we al-
low defect 1. First, it is easy to argue that toroidal graphs are
(6,1)*— choosable. Namely, any vertex minimal counter exam-
ple G would have to have the minimum degree at least 6. Oth-
erwise delete the vertex v of minimum degree at most 5. By
vertex minimality, G —v is (6, 1)*— choosable. That 6-colouring
of G —v can be extended to 6-colouring of G by assigning to
v one of the colours from its list of 6 colours that is not used
by its at most 5 neighbours. In the resulting colouring of G, v is
proper thus the colouring has defect 1. Furthermore, as implied
by Lovasz’ result [12] (see Lemma 2.3.1 in the next section), ev-
ery graph with maximum degree 11 is (6, 1)*— choosable. Thus
the maximum degree of G is at least 12. Having the minimum
degree at least 6 and the maximum degree at least 12 implies
that G has strictly more than 3n edges which contradicts the
Euler formula (see the earlier discussion).

Cowen et al. [4] showed that toroidal graphs are (5,1)*—
colourable. The rest of this section is dedicated to giving a sim-
ple proof of the strengthening of that result. Moreover, unlike

the proof in [4], our proof does not use the four colour theorem.
LEMMA 2.2.1. Toroidal graphs are (5,1)*— choosable.

Proof. Let G be a vertex minimal counter example to the state-
ment of the lemma. That is, for every v € V(G), G—vis (5,1)*—
choosable, and G is not (5, 1)*— choosable. We may assume that
G is nearly simple edge maximal graph embedded on the torus,
since every simple toroidal graph is a subgraph of such a graph.

It is well known that a nearly simple toroidal graph can have
at most 3n edges (see the discussion from the beginning of this
section for the reasons why). Thus 2m < 6n, which together
with the fact that 2m = Zvie v(c) deg(vi) gives the following

inequality:

> (deg(vi)—6) <0 (2.1)

Vi€ V(G)

11
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For each v € V(G) let its charge be w(v) = deg(v). Thus, by
inequality 2.1, Zvie vig)(w(vi) —6) < 0. We will move these
charges from one vertex to another such that the overall sum
Zvie V(G)(W(Vi) — 6) remains unchanged. We move the vertex

charges based on only one discharging rule:

(x) Each vertex v € V(G) such that deg(v) > 7 sends
the charge of % to each degree—5 vertex in N(v).

To derive the contradiction, it suffices to show that the new
charge of each vertex is at least 6 and that there is at least one
vertex that has the charge strictly greater than 6.

It is simple to verify that 5(G) > 5 and that no two degree-5
vertices can be adjacent in G (see Lemma 2.3.2 2.a for the for-
mal proof). For each vertex v € V(G) consider a cyclic ordering
of vertices in N(v) as determined by the embedding. Any two
consecutive vertices in that ordering have to be adjacent in G
otherwise we can add that edge to the embedding without cre-
ating a crossing or creating a loop or a face with 2 edges, thus
contradicting the fact that G is edge maximal. Together with the
fact that no two degree—5 vertices are adjacent that implies that
each vertex v € V(G), has at most L@j degree-5 neighbours.
Thus each vertex v € V(G) with deg(v) > 7 has the new charge
w(v) > deg(v) — %L@J > 6 with equality possible only for
degree—7 vertices.

Since the charge of degree—6 vertices remains unchanged, it
remains to consider the new charges of degree—5 vertices.

Consider a degree-5 vertex v € V(G). By the above obser-
vation each vertex in N(v) has degree at least 6. Assume that
there are two vertices x,y € N(v) such that deg(x) = deg(y) =6
and xy € E(G). By the vertex minimality of G, the graph G’ =
G —{v,x,y}is (5,1)*— choosable. This 5-colouring with defect 1
of G’ can be extended to 5-colouring of G as follows. Vertices x
and y have each exactly 4 neighbours in G’ thus they each have
one colour in their lists that is not used in G’. In G, let x and y
each receive their one remaining colour. By the same argument
v has 2 colours in L(v) that are not used in G'. If x and y are

coloured with a same colour q then v chooses the colour dis-

12
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tinct from ¢ from its remaining 2-list, otherwise v chooses any
of its two remaining colours. Clearly, the resulting 5-colouring
of G has defect 1. Thus no two adjacent neighbours of a degree—
5 vertex have both degree 6. By the edge maximality of G that
implies that each degree—5 vertex has three or more neighbours
of degree at least 7. Thus the new charge of each degree—5 ver-
tex vis w(v) > deg(v) + 3% > 6, and therefore every vertex in G
has charge at least 6.

Thus, as discussed above, to complete the proof we need
to find one vertex that has charge strictly greater than 6. By
Lemma 2.3.1, A(G) > 10, thus G has a vertex v of degree
greater than 7, and therefore the charge of that vertex is w(v) >
deg(v) — 1| %8M | > 6. 0

Having the choice-1 number at most p implies having the
chromatic number at most 2p, thus toroidal graphs are not
(3, 1)*— choosable. The right upper bound for the choice-1 num-
ber of toroidal graphs is thus either 4 or 5.

Open Problem 1. Are toroidal graphs (4,1)*— choosable?

Unfortunately, there is a weaker statement in the literature
not known to be true. Specifically, Cowen et al. [4] ask the fol-
lowing question which is still open

Open Problem 2. [4] Are toroidal graphs (4,1)*— colourable?

2.3 USEFUL LEMMAS

The following two lemmas will be used in proofs of both Theo-
rem 1 and Theorem 2.

We start with a useful observation. Lovasz’ [12] proof for de-
fective colouring of graphs of maximum degree A extends eas-
ily to choosability. We include the proof for completeness.

LEMMA 2.3.1. [12] For every integer k > 0, every graph G with
maximum degree A is (k, L%j )*— choosable. In fact, G is k-choosable
such that each vertex v € V(G) has at most Ldik(v)J neighbours with

the same colour as v.

13
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Proof. For a k-list assignment L of G consider an L—colouring
of G that minimizes the number of monochromatic edges. As-
sume, for the sake of contradiction, that this colouring does
not meet the conditions of the lemma. Let V7, V,... V| (g) de-
note the resulting colour classes (some possibly empty), where
L(G) = U{L(v)lv € V(G)}. Assume that there is a vertex v €
V(G) coloured ¢ € L(v) such that there are at least L@J +1
neighbours of v in the colour class V.. In that case, there is a
colour class Vj,, p € L(v) such that the number of neighbours
of v in L, is at most [@J. Changing the colour of v from
c to p reduces the number of monochromatic edges, thus the

contradiction. O

The proof of Theorem 1 uses the discharging technique. The
following lemma provides some key observations that will be
used for discharging rules.

LEMMA 2.3.2. Let G be a vertex minimal graph such that G is not
(t, 1)*—choosable, 3 > t € IN. By vertex minimal, we mean that
for every v € V(G), G —v is (t,1)*—choosable but G itself is not
(t,1)*—choosable. Then G has the following properties.
1. a) The minimum degree, §(G), of G is at least t
b) The maximum degree, A(G), of G is at least 2t
c) The number of vertices in G is at least 2t + 1.
2. a) The set of degree-t vertices of G forms an independent set
in G.
b) If G is a 2-cell embedded graph in a surface of Euler genus
eg(G) that is nearly simple and edge maximal then the
following is true: Each vertex v of G has at most L@j
degree-t neighbours.
3. a) There is no 3-cycle v,w,u in G such that deg(v) = t,
deg(w) =t+ 1 and deg(u) =t+1.

b) If G is a 2-cell embedded graph in a surface of Euler genus
eg(G) that is nearly simple and edge maximal then the
following is true: Each degree-t vertex v of G, has at least
[5] degree-d, d > t + 2, neighbours.

4. If G is a 2-cell embedded graph in a surface of Euler genus
eg(G) that is nearly simple and edge maximal then the follow-

14



2.3 USEFUL LEMMAS

ing is true: If t is even and a degree—t vertex v has exactly 5
degree-d, d > t + 2, neighbours, then at least one of them has
degree at least t + 3.

Proof. By the assumptions of the lemma there is a t-list assign-
ment L such that G is not L-colourable.

1a. Assume on the contrary that G has a vertex v of degree
at most t — 1. Then G —v is a nonempty graph and thus by the
vertex minimality of G it is L-colourable with defect 1. Since
IN(v)] < t—1, there is a colour in the t-list L(v) that is not used
by any vertex in [N(v)|, thus the L-colouring of G —v can be
extended to L-clouring of G, giving the contradiction.

1b. If A(G) < 2t, then 28} | = 1 and thus G is (t, 1)*—choosable
by Lemma 2.3.1, thus contradicting the assumptions of the lemma.

1c. Follows from 1b.

2a. Assume on the contrary that G has two degree-t vertices,
v and w, that are adjacent. Then G —{v, w} is a nonempty graph
and thus by the vertex minimality of G it is L-colourable with
defect 1. Since {N(v) —w}| < t—1 and {N(w) —v}| < t—1,
there is a colour ¢ in the t-list L(v) and c; in the t-list L(w)
such that no vertex in {N(v) —w} is coloured ¢; and no vertex
in {N(w) —v} is coloured c; in the L-colouring of G — {v, w}.
Thus, assigning colour ¢ to v and c; to w gives L-colouring of
G with defect 1 (even if ¢; = ¢)).

2b. Consider the cyclic ordering of edges around v in the em-
bedding. By edge maximality of G, for any pair of consecutive
edges vw and vy around v, we have that x and y are adjacent.
Thus, by 1a and 2a, x or y must have degree at least t + 1, im-
plying the claim.

3a. G —{v,w,u} is a nonempty graph and thus by the vertex
minimality, G it is L-colourable with defect 1. Since {N(w) —
{v,ul}l <t—1and {N(u) —{v,w}}| < t—1, there is a colour c;
in the t-list L(w) and c; in the t-list L(u) such that no vertex in
{N(w) —{v,u}} is coloured c; and no vertex in {N(u) —{v, w}} is
coloured c; in the L-colouring of G —{v, w, u}. Assign colour c;
to w and c, to u. That gives L-colouring of G —v with defect
1. If there is a colour c in the t-list L(v) such that no vertex in
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N(v) is coloured c in that L-colouring of G — v, then assigning
colour c to v gives L-colouring of G with defect 1. Otherwise,
c; € L(v) and ¢ € L(v) and ¢ # c;. In that case, both w and u
are proper in the L-colouring of G —v and thus assigning colour
c1 to v gives L-colouring of G with defect 1.

3b. The edge maximality of G implies that every pair of con-
secutive edges vx and vw around v, defines a 3-cycle v, %,y in
G. Then 3a and the fact that deg(v) = t imply the claim.

4. Assume for the sake of contradiction that all the neigh-
bours of v have degree at most t +2. Let H = G[N(v)] and
H’ = G[vUN(v)]. Consider vertices in N(v) in the cyclic order,
V1,V2 ...V, around v as determined by the embedding and start-
ing with a degree—(t + 2) vertex v;. By the edge maximality of G,
C =v1,..., Vv,V is a cycle (non necessarily induced) in G. Then
the degrees in G of vertices in N(v) are as follows deg(vi) =t+2
fori= (1 mod 2) and deg(v;) =t+ 1 fori= (0 mod 2). (The
fact that the degrees alternate, between t + 1 and t + 2, along
C is the consequence of Property 2a, Property 3a and the as-
sumption that v has exactly 5 degree-(t + 2) neighbours). Thus,
since t is even, for each degree-(t + 2) vertex in C its two neigh-
bours along C are degree-(t+ 1) vertices. G’ = G —{vUN(v)}
has Euler genus at most p and it is not an empty graph by
Property 1c and the fact that v UN(v)| =t+1, and t > 0. Thus,
G’ is L-clourable with defect 1. This list colouring of G’ can be
extended to a L-colouring of G with defect 1 as follows.

Define the list assignment L’ of H’ (and H) as follows. For
every w € V(H’) the list L'(w) is equal to the list L(w) mi-
nus the colours used by the neighbours of w in L-colouring
of G'. Clearly any L’-list colouring of H" with defect 1, ex-
tends the colouring of G’ to L-colouring of G with defect 1.
By considering degrees in G of vertices in H' we get, |[L'(v)| =
ILV)I, IL'(w)l > degyys(vi) =2 for i = (1 mod 2) and |L'(vi)| >
degy/(vi) — 1 for i = (0 mod 2). Moreover, in H, [L'(v;)| >
degy(vi) —1fori= (1 mod 2) and |L'(v;)| > deg}(vi) fori= (0
mod 2). Let S = {Uvi |1 = (0 mod 2)}. By the above observation,
each vertex v;, i = (1 mod 2), is adjacent to at least 2 vertices

of S (its neighbours along C), thus degy(vi) > degy_g(vi) + 2.

16
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Thus, in H—S, |[L’'(v;)| > degy_s(vi) + 1 for all i = (1 mod 2).
Therefore, each vertex x in H — S has smaller degree in H — S
than the number of colours in its list as determined by L’ list
assignment, that is, degy_s(x) < [L'(x)|. The greedy colouring
then implies that H — S has L’-colouring where every vertex in
H — S is proper.

By property 3a, S forms an independent set in H. Thus, all of
degy (vi) neighbours of vertex v; € S in H arein V(H) —S. Let A
denote the vertex set comprised of the vertices vi € S whose
neighbours in H—S use at most [L'(vi)| —1 > degy(vi) — 1
colours. Let B = S — A. Since |L'(v;)| > degy(v;) for each ver-
tex v; € S, each vertex in v; € A can choose a colour from its
list L'(v;) such that v; is proper in L’-colouring of H— B (and
in H as will be seen later). Then H — B is L’-coloured such that
every vertex of H — B is proper. For each vertex v; € B, each of
its colours in L’(v;) is used by exactly one of its neighbours in
H, and each of its neighbours in H uses actually one colour in
L’(v;). Thus, giving each such vertex v; the colour equal to the
colour of its first counterclockwise neighbour along C defines
L’-colouring of H. It remains to show that this L’-colouring of
H has defect at most 1. Clearly, the vertices of A are proper in
the colouring of H. Vertices of H— S are proper in the colouring
of H— B, thus all the monochromatic edges have one endpoint
in B and the other in V(H) —S. Assume a vertex w € B has
two neighbours in V(H) — S coloured with the same colour as
w. That implies that the number of colours used by the neigh-
bours of w € V(H) —S is at most degy(w) — 1 thus w € A,
contradiction. Finally, assume a vertex w € V(H) — S has two
neighbours x and y in B coloured with the same colour as w.
That implies that w is the first counter clockwise neighbour on
C of both x and y, which is impossible since no pair of vertices
of S are adjacent. Thus, we have an L’-colouring of H with de-
fect 1. Recall that [L’(v)| = t. In H’, if the vertices in H do not
use all the colours in L’(v), then v can be coloured such that it is
proper in L’-colouring of H’, thus resulting in the L’-colouring
of H' with defect at most one. Otherwise, each colour in L’ (v)

is used by exactly one vertex in H and each vertex in H uses

17



2.4 PROOF OF THEOREM 1

exactly one colour in L'(v). Therefore, the L'—colouring of H is
proper and no two neighbours of v use the same colour. Thus,
v can use any colour in L’(v) and the resulting L’-colouring of
H’ has defect at most one.

By the choice of L' the resulting L’-colouring of H" with de-
fect 1 extends the L-colouring of G’ to give L-colouring of G

with defect 1, which is a desired contradiction. O

2.4 PROOF OF THEOREM 1

Let u = eg(G) and t := {2—}— V3u+3 w If G is planar, the
statement of the theorem is true by the result of Cushing and
Kierstead[8]. Thus, we may assume that G is not planar, that
is u > 0. Thus, t > 5. Assume for the sake of contradiction
that the statement of the theorem is false. We may assume that
G is a vertex minimal, that is, G is not (t,1)*—choosable but
for every v € V(G), G —v is (t,1)*—choosable. Furthermore we
may assume that G is a connected nearly simple edge maximal
graph with a 2-cell embedding on a surface of Euler genus p.
Thus G meets all the conditions of Lemma 2.3.2.

The Euler formula for connected graphs states |F(G)| = [E(G)|
[V(G)|+ 2 — . Each face in an embedding of the edge maximal
graph has size at most 3, and each edge is in at most 2 faces,
thus |F(G)| < %G)l

For each v € V(G) let its charge w(v) := deg(v). Since 2|[E(G)| =
2 vie v(c) deg(vi), the Euler formula and the above inequality

give

D> (wvi)—6) <6u—12. (2.2)
vie V(G)

We will move these charges from one vertex to another such
that the overall sum Zvie v(G)(W(Vi) — 6) remains unchanged.
We move the vertex charges according to the following dis-
charging rules:

18
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(x1) Each degree—(t + 2) vertex v sends the charge of LL}—H to
2
each degree—t vertex in N(v).

(x2) If t is odd, each degree-d vertex v, d > t + 3, sends the

charge of —— - to each degree—t vertex in N(v).

L J
(x3) If t is even, each degree—d vertex v, d > t + 3, sends the

ti 7 to each degree—t vertex in N(v).

2

charge of

After above discharging rules are applied to all the vertices
in G, their new charges are as follows. The charges of degree-
(t 4 1) vertices remain unchanged.

Consider now the new charge of a degree-t vertex v. By prop-
erty 3b in Lemma 2.3.2, v has at least [$] degree-d, d > t+2
neighbours. Thus, if t is odd, each degree-t vertex v has new
charge w(v) > t+[]tj+]:t+t‘£1t21 - =t+1.1f tis even,
we have two cases to consider. First consider the case that v
has at last 5 + 1 degree-d, d >t + 2 neighbours. Then the new
charge of vis w(v) > t+( +1)

=1t -+ 1. The second case to

t+<|
consider is that v has exactly 5 degree-d, d > t + 2 neighbours,

in which case by property 4 in Lemma 2.3.2, one of the neigh-

bours if v has degree at least t 4 3. Then by the rule (x3), the
: t 1 2 _

new charge of v is w(v) > t+(2—])@+z_+1 =t+1.

19

Since the minimum degree in G is t, by Property 1a of Lemma 2.3.2,

it remains to consider the charges of the degree-d, d > t 42
vertices. By property 2b in Lemma 2.3.2, each degree-(t + 2)
vertex has at most LHZJ degree-t neighbours. The rule (x1) ap-
plies to each such vertex v and thus its new charges is w(v) >
t+2— |52 L%J]H =t+1 (both when t is odd and even).

Consider now a degree-d vertex v, d > t+ 3. If t is odd, then

the rule (x2) applies and by property 2b in Lemma 2.3.2, the

new charge of vis w(v) > LdJ t >t+1 (That is because,
2
d 1 d 1 _ d d
d_LZJL%J-H >d_ft51+] —d—m Now d—m>t+1

whenever d > t+ 2+ % Since t > 1, that is our case.)
If t is even, then the rule (x3) applies and by property 2b

in Lemma 2.3.2, the new charge of v is w(v) > d — L%J 11. If

d = t+ 3, then d is odd and thus w(v) > t+3 — t+2 *2 —

t+1
t+1.Elsed > t+4, and w(v) > d — L%j — > t+ 1. (That is
2

+1
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because, d — L%Jﬁ >d— tzfz Now d — t2+dz > t + 1 whenever

d>t+3+ % Since t > 2, that is our case.)

Therefore, after discharging every vertex has charge at least
t + 1. Finally, we show that there is at least one vertex with the
charge greater than t + 1. By the above arguments each degree
d, d>t+4, vertex v has charge wv) >d— d1 when t is odd,
and charge w(v) >d—y +2 when t is even. Thus, in either case,

w(v) > 4 By Lemma 2.3.1, G has a vertex v of degree at least

t+2
2t. Since t > 4, 2t > t + 4. Therefore, G has a vertex v with
dt 22
charge w(v) > {5 2 &5
The new charge and the inequality 2.2 give
Swiv)—6) = (n—1)(t+1—6)+25—6
= (n+Dt-5+

> (n+1)(t—>5).

By Property ic of Lemma 2.3.2, n > 2t 4+ 1, and with t > 5

and inequality 2.2 we get

2t+2)(t—5) < YN —6) <6u—12

The inequality (2t +2)(t —5) < 6p— 12 is only true for t <
2++/3u+ 3 thus for t = {2 +3u+3 W we get a contradiction
thereby completing the proof.

]
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GRAPHS ON SURFACES WITH NO TWO
ADJACENT TRIANGLES

3.1 PROOF OF THEOREM 2

Let u:=eg(G) and t := {w W Since G is not planar,

eg(G) > 1 and thus t > 4.

Assume for the sake of contradiction that the statement of
the theorem is false. We may assume that G is a connected ver-
tex minimal graph contradicting the statement of the theorem.
That is, G is non-planar graph that has an embedding with-
out adjacent triangles in a surface of Euler genus eg(G), such
that G is not (t, 1)*—choosable but for every v € V(G), G —v is
(t, 1)*—choosable.

We start as in the proof of Theorem 1.

Since G is connected we can apply the Euler formula. When
multiplied by 4, the Euler formula can be written as:

4E(G)—4V(G)| —4[F(G) =4u—38

Since 2[E(G)| = )_,cv(g) deg(v), this can be rewritten as:
Z (deg(v )+ Z (deg(f =4u—38
veV(G) feF(G

For each vertex, v € V(G), let the charge of v be w(v) =
deg(v) —4, and for each face, f € F(G) let the charge of f be
w(f) := deg(f) —4. Then

Z v) + Z w(f (3.1)

veV(G) feF(G

We will move these charges from a vertex to its incident faces
such that the overall sum } ,cy(g) ) + 2_ter(g) W(f) remains
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3.1 PROOF OF THEOREM 2

unchanged. We move the vertex charges according to the fol-
lowing simple discharging rule:

(x) Each each degree—d vertex v such that d > t+ 1, sends
the charge of 1/2 to each of its incident faces of size exactly 3

(that is, to each of its incident triangles).

After the above discharging rule is applied to all the vertices
in G, the new charges of vertices and faces of G are as follows.

We first consider the new charges of faces of G. G satisfies the
conditions in Lemma 2.3.2, property 2a. Thus by that property
no two vertices of degree-t are adjacent in G. Thus each triangle
f in F(G) has on its boundary at least two vertices of degree d
such that d > t+ 1. Thus after applying rule (x) each such
triangle face receives charge 1 from its neighbouring vertices
and thus its new charge is non-negative. The remaining faces
have at least four edges on its boundary, thus their charge too
is nonnegative. Thus after discharging, } pg)w(f) > 0. That
and equality 3.1 give the following inequality:

Z w(v) <4up-—38. (3.2)

veV(G)

Observe that if there is a triangle in G such that each of its
three end-vertices has the degree at least t 4 1, then the above
inequality is strict. That fact will be useful later.

We now consider the new charges of vertices of G. G satisfies
the conditions in Lemma 2.3.2, property 1a. Thus by that prop-
erty, the minimum degree in G is at least t. The charge of each
degree-t vertex remains unchanged, that is, the new charge is
again t —4. In addition, the new charge is non-negative since
t>4.

Since G has no adjacent triangles, each degree-d vertex, is
adjacent to at most |d/2] triangle faces. Thus after applying
rule (x) each vertex of degree d at least t 4+ 1, has new charge
at least d —4 — % : L%J For d even, that amounts to charge of at
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least 3d/4—4 > 3(t+1)/4—4 =3/4-t—13/4. Furthermore for
even d, we know that d > 6, since d > t+ 1 and t > 4. Thus the
new charge is non- negatlve since 3d/4 —4 > O for all d > 6.

For dodd,d—4— L | amounts to charge of at least d —4 —
1ol =34/4 - 15/4 > 3(t+1)/4—15/4 = 3/4 -t — 3. Further-
more for odd d, we know thatd > 5,sinced >t+1and t >4
Thus the new charge is non-negative since 3d/4 —15/4 > 0 for
all d > 5.

G satisfies the conditions in Lemma 2.3.2, property 1b. Thus
by that property, the maximum degree in G is at least 2t. Thus
by the arguments from the previous paragraph, a vertex of max-
imum degree in G has new charge at least 3t/2 —4.

Sincet>4,t—4>3/4-t—3(and t—4 >3/4-t—13/4), the
lower bounds on the new charges from the previous paragraph
also apply to the vertices of degree d = t.

Let u be a vertex of G of maximum degree. All the vertices
of G have the new charge at least as large at the new charge
we deduced above for vertices of degree d = t 4 1. When such
a (degree-(t + 1)) vertex has odd degree, t is even and when
it has an even degree t is odd. Thus the new charges deduced

above and the inequality 3.2 give the following for t even

3t/2—4+3 ,evig)-u(3/4-t—3) <4p—38
3t/2—44+(3/4-t—3)- (n—1) <4u-38,

and the following for t odd

3t/2—4+ Y ovig)u(3/4-t—13/4) <4p—8
3t/2— 44 (3/4-t—13/4) - (n—1) <4p—8.

To get our result we will need these two inequality to be
strict, both when t is odd and when t is even. The follow-
ing arguments apply in both cases. As observed earlier, if G
has a triangle all of whose end-vertices have degree at least
t + 1 then we already have strict inequality. Otherwise, we now
show that G has at least one vertex with degree at least t + 2,
other than u. That is enough as it implies that 3 _,.yg)_, W(v) >
2 vev(G)—u(3/4-t—3) when tis evenand that 3 ,cy(g)_ W(V) >
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3.1 PROOF OF THEOREM 2 24

Zvev(G)_u(SM -t—13/4) when t is odd. Assume on the con-
trary that the only vertex of degree greater than t+ 1 is u.
Then G —u has the maximum degree at most t + 1 and thus
by Lemma 2.3.1, G—uis (t—1, H%” )*—choosable. Since t > 4,
L%j =1 and thus G —uis (t — 1, 1)*—choosable. That defect-1
(t — 1)-colouring of G —u can be extended to t-colouring of G,
by assigning to u an unused colour from its list of t colours. In
the resulting colouring of G, u is proper and thus the colour-
ing of G has defect at most 1. Thus we get the following strict

inequality for t even
3t/2—4+(3/4-1t—-3)-(n—1) <4u-3§,
and the following for t odd
3t/2—-44(3/4-t—13/4) - (n—1) <4p-—38.

Since t > 4, 3/4 -t — 3 is non-negative for all even t. Similarly,
since t > 4, 3/4-t—13/4 is non-negative for all odd t. Thus in
both cases we can replace n by its lower bound. By property
1c of Lemma 2.3.2, n > 2t 4 1. That implies the following for t

even
3t/2—4+(3/4-t—3)-2t <4u-—38,
and the following for t odd

3t/2—4+4+(3/4-t—13/4) -2t <4p—38.

The first inequality is true only for t < ;—’ + —W thus for
t even we get a contradiction when t := B + —W -‘ .

The second inequality is true only for t < %4— —VZ?’L] thus
for t odd we get a contradiction when t := F”L— V234“+1 -‘ Since,
B + —W W < PJ“— Vz;‘““ W for all p > 0 that completes the
proof.



SUMMARY AND OPEN PROBLEMS

The choice number of a surface X, other than the sphere, is

74++/24eg(X)+1
2

number of a surface can be improved when we allow the mini-

known to be | |. In this thesis we study if the choice
mum non-trivial defect, that is defect 1. The main result of this
thesis is to show that the answer to that question is positive,
specifically to show that every graph G that can be embedded
in a surface £ is ([2+ \/3eg(Z) + 3],1)*—choosable. If in addi-
tion G is non-planar and has a 2-cell embedding in X without

5+4/24eg(X)+1 —‘ 1)
3 ’

The main remaining open problem is to determine a tight

adjacent triangles then G is ( { *—choosable.
bound for the choice-1 number of graphs on surfaces. The first
step would be to determine if the choice-1 number of toroidal
graphs is 4 or 5. However it is not even know if chromatic-1
number of toroidal graphs is 4. (See open problems 1 and 2).
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