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Abstract

Conjugacy classes of nilpotent elements in complex semisimple Lie algebras are
classified using the Bala-Carter theory. In this theory, nilpotent orbits in g are
parametrized by the conjugacy classes of pairs ([, p;) of Levi subalgebras of g and
distinguished parabolic subalgebras of [,[]. In this thesis we present this theory
and use it to give a list of representatives for nilpotent orbits in s0(8) and from

there we give a partition-type parametrization of them.
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Résumé

Les classes de conjugaison des éléments nilpotents dans les algebres de Lie semisim-
ples complexes sont classifiées en utilisant la theorie de Bala-Carter. Dans cette
théorie, les orbites nilpotentes dans g sont paramétrées par les classes de conjugai-
son de paires (I, p;) de sous-algébres de Levi de g et de sous-algebres paraboliques
distinguées de [[,[]. Dans cette these, nous présentons cette théorie et 1'utilisons
pour donner une liste de représentants des orbites nilpotentes dans so(8) et a par-

tir de Ia nous leur donnons une paramétrisation de type partition.
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Chapter 1

Introduction

Nilpotent orbits in a complex semisimple Lie algebra g are used, in the Springer
correspondence, to produce representations of the Weyl group W of the Cartan
type of g, see Theorem [6, Theorem 10.1.4]. The irreducible representations of W,
in turn, are closely connected to the representations of g, via the theory of primitive
ideals of the universal enveloping algebra U(g). These are not the only motivations

to classify nilpotent orbits, but also the fact that they have a symplectic structure.

Dynkin and Kostant partially solved the problem by means of the weighted Dynkin
diagrams of the Cartan type of g and proved that there are only a finite number
of nilpotent orbits: each nilpotent orbit of g is uniquely labelled by a weighted
Dynkin diagram. However, not all weighted Dynkin diagrams are labels of a

nilpotent orbit.

On the other hand, using the theory of the Jordan canonical form, we know that
the nilpotent orbits in sl, are in bijection with the partitions of n. By using a re-
fined apparatus, Springer, Steinberg and Gerstenhaber described recipes to obtain

a partition-type classification of the nilpotent orbits of the classical simple Lie al-
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gebras over C.

It was not until Bala and Carter that a clear and complete parametrization of nilpo-
tent orbits of the exceptional algebras was obtained. Bala and Carter slightly mod-
ified a mysterious attempt of Dynkin of a classification making use of reductive
subalgebras of g, which nonetheless, but not without mistakes, gave the weighted
Dynkin diagrams of the exceptional orbits. In fact, the Bala-Carter theory of nilpo-

tent orbits applies for any complex semisimple Lie algebra.

However, the Bala-Carter classification, to the best of our knowledge, seems to
appeal substantially to some few fundamental properties of Lie algebras and en-
domorphisms over the complex field. What are the sinews of the proof of the Bala-
Carter theorem which make those properties necessary? And is the Bala-Carter
correspondence, which is very abstract, reasonably applicable to some concrete

case?

Obviously, one needs to have a fair knowledge and command of the general struc-
ture theory of semisimple Lie algebras, which is laid out in Chapter 2. This second
chapter is essentially an enumeration of the definitions and properties concerning
semisimple Lie algebras that we will use throughout the thesis. We give as well
just enough details about the construction of Chevalley groups in order to define

nilpotent orbits.

In Chapter 3, we deal with the representation theory of sl,. We have the impression
that the representations of sl, are always present in some sense in the proofs we

give in Chapter 4.

The fourth chapter will try to give an answer to our first question. We follow
closely the treatment of Collingwood and McGovern in [6, Chapter 8] in so doing.

Our humble contribution is to give the details of almost all the proofs in this chap-
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ter. General facts on toral subalgebras and their centralizers are stated and proved.
Then we give a proof of the Jacobson-Morozov theorem, which is different from
the book’s. In the last section of the chapter, we give all the necessary results, and

the proofs of most of them, which lead to Bala-Carter’s theorem, Theorem 4.3.12.

In the last chapter, we apply the Bala-Carter classification to the Lie algebra sog.
We give in the two first sections the basic structure theory of sog and a conjugation
theorem for Levi subalgebras, Theorem 5.2.1. The third section, applying Theorem
5.2.1, is mainly computational: we list the conjugacy classes of Levi subalgebras
of sog using a case-by-case treatment. In the fourth section, a detailed list of the
distinguished parabolic subalgebras for each conjugacy class of Levi is provided.
Three lemmas are therein stated, which are but particular cases of the fact that
the only distinguished parabolic of sl,, is the Borel subalgebra. The distinguished
parabolic subalgebras in [ = g are in the next section. In the last section are com-
puted the representatives of each nilpotent orbit and a partition classification of
these orbits is given, which turns out to be the same as the result by Springer and

Steinberg for our particular case.



Chapter 2

Preliminaries

Throughout this work, unless otherwise stated, k denotes a field of characteristic
zero; for some results, we additionally require k to be algebraically closed. Our
main references are [7] and [1]. The results cited here are those needed for subse-

quent chapters.

2.1 Lie algebras : definitions and key examples

Definition 2.1.1 (Lie algebra). A Lie algebra over k is a vector space g endowed with a

bilinear application

[, ltgxg—yg
(X,Y) - [X,Y]

with the following properties:

1. Forall X eg, [X,X]=0.
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2. Forall X,Y,Z €g

[X,[Y,Z]]+[Y,[Z,X]]+[Z,[X, Y]] =0.

Property 2 is called the Jacobi identity.

Example 2.1.2. Any vector space v over k can be made into a Lie algebra with the
Lie bracket defined by [X, Y] = 0 for all X and Y in v. We say that such a Lie bracket

is trivial. A Lie algebra whose Lie bracket is trivial is called abelian.

Example 2.1.3. The set of all n x n matrices over k together with the Lie bracket

defined by [X,Y] = XY — YX and denoted gl(#n) is a Lie algebra.

Example 2.1.4. Let sl(n) denote the subspace of gl(n) consisting of matrices M
whose trace Tr(M) is equal to zero. Endowed with the restriction of the Lie bracket

of gl(n), sl(n) is a Lie algebra.

Remark 2.1.5. Let V be a n—dimensional vector space over k and denote gl(V)
the set of all k—endomorphisms of V. Then we can identify gl(V) with gl(n) by
choosing a basis of V. We then define sI(V') as the subset of gl(V) consisting of all
the endomorphisms of V with trace equal to zero, and this subspace is obviously

isomorphic to sl(n).

The following definitions are from [7, p. 1] and [7, p. 6].

Definition 2.1.6 (Subalgebra and ideal). A subspace s of g is a subalgebra if [X,Y] € s
forall X,Y €s. Asubspaceiofgisanideal gif X e gand Y €itogether imply [X,Y] ei.

In addition to sl(n), the Lie algebra of principal interest to this thesis is the (spe-
cial) orthogonal Lie algebra of rank n, so(2n), which is defined as follows, using the

choices in [3, Ch.VIII, §13, no. 4].
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Let V denote a vector space over k, of dimension dimV = 2n. Let ] denote the

0 S,
]_[ J’
S, 0

where S, is the square matrix of order n with ones on the anti-diagonal and zeros

matrix

everywhere else. For example

0 01
S3=10 1 0f
1 00

Let i be the nondegenerate symmetric bilinear form on V defined by the ma-
trix J; that is, for all v,w € V, ¥(v,w) = v'Jw. By labeling the basis of V by
{er,ez,e3,-+ e, 0+ e_3,6_5,e_1}, we have P(e;, ej) = 6; _j, where 0,, =1 if a=1b

and 0 otherwise.
Remark 2.1.7. The above basis is called a Witt basis for V (associated to ).
Definition 2.1.8 (The Lie algebra so(2n)). The Lie algebra so(2n) is the Lie subalgebra

of gl(2n) consisting of all X € gl(2n) such that

Y(Xv,w)=-¢(v,Xw), forallv,weV.

To justify this definition, we need to prove that so(2n) is a Lie algebra with the Lie
bracket [, | defined by
[X,Y]=XY-YX.
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Namely, suppose X, Y € so(2n). Then, since

Y([X, Yr,w)=¢p(XYv-YXv,w) =p(X(Yv),w)- (Y (Xv),w)
=-P(Yv,Xw) - (—p(Xv, Yw)) = (v, YXw) - (v, XYw)
=¢(v,YXw-XYw)

==, [X, Y]w),

we have that [X, Y] € so(2n). Therefore so(2n) is a Lie subalgebra of gl(2n).

We claim that the algebra so(2n) is not an ideal of gl(2n). Namely, let H be the
linear transformation of V defined by He; = ¢; and He_; = —e_; forall 1 <i <n; we
see directly that H € so(2n) . Let Y € gl(2n) be defined by Ye; = e_;, and Ye; = 0
for all other elements of the Witt basis; then Y ¢ so(2n). We have that [H,Y] = 2Y,

which does not lie in so(2n1). So so(2n) is not an ideal of gl(2n).

Remark 2.1.9. In terms of matrices with respect to the Witt basis of V above, the

elements X of so(2n) satisfy the relation X'J = —JX. If we write X in block form as

A B

C D

then we easily compute that the four matrices A, B, C, D of order n satisfy the rela-
tions

s,C=-C'S,, S,B=-B'S,, and S,D=-A'S,.

In particular, the matrices B and C are antisymmetric with respect to the anti-
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diagonal; for example, if n = 3 such a matrix has the form

a b 0
c 0 =b
0 —¢c -a

Similarly, since D = -S,A'S,,, the pair (A, D) of matrices has the form (for n = 3)

a b c||-i -f -c
d e fl,)|-h —e -b
g h i)\-g —-d -a

2.2 Subalgebras of centralizers

Definition 2.2.1 (Center of a Lie algebra). Let g be a Lie algebra. Then the set
Z(g)={Xeg [X,Y]=0 forall Y eg}

is an ideal of g called the center of g.

Example 2.2.2. The center of gl(n) consists of all scalar matrices, and is an abelian
ideal. The center of sl(n) is trivial. If n > 2, then the center of so(2n) is also trivial;

but Z(s0(2)) = s0(2) since s0(2) is abelian.

Definition 2.2.3 (Centralizer and normalizer of a subset). Let s be subset of a Lie

algebra g. The centralizer of s in g is the subalgebra

g°:={Ae€qg: [AS]=0forall S € s},
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and the normalizer of s in g is the subalgebra
Ny(s):={N €g: [N,S]esforall S € s}.

Remark 2.2.4. That these two sets above are subalgebras of g is a consequence of

the Jacobi identity.

Remark 2.2.5. Instead of writing gX}, we write g¥.

2.3 Semisimple and reductive Lie algebras

Definition 2.3.1. A representation of a Lie algebra g is a linear map ¢: g — gl(V) for
some vector space V such that for all X,Y € g, [@(X), @(Y)] = @([X,Y]). The adjoint
representation is the map ad: g — gl(g) given on each X € g by (ad(X))(Y) = [X, Y] for
allY eg.

Remark 2.3.2. That ad is a representation of g is a restatement of the Jacobi identity

(Property 2).

The following definitions of a simple, semisimple, and reductive Lie algebra were

adapted from [1, §6, No. 14,6].

Definition 2.3.3 (Simple, semisimple, and reductive Lie algebras). A nonzero Lie
algebra g is simple if it is nonabelian and contains no nontrivial ideals. It is semisimple
if it is a direct sum of simple ideals; equivalently, if its only abelian ideal is the zero ideal 0.

A Lie algebra g is reductive if it is abelian or if ad(g) is semisimple.

Example 2.3.4. The Lie algebras sl(n) for n > 2 and so(2n), for n > 3, are simple,
and therefore semisimple and reductive. The Lie algebra gl(n) is reductive since

ad(gl(n)) is isomorphic to sl(n), but it is not semisimple since its center is nontrivial.
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Since [g,i] = i for any simple ideal i, it follows from this definition that if g is re-
ductive, then g = [g,g9] ® Z(g), with [g,g] semisimple. In fact, by [1, §6, No. 6], all

reductive Lie algebras have this form.

We end this section by giving a useful criterion to know whether a Lie algebra is
semisimple, or if a subalgebra is reductive. First we need to introduce a particular

bilinear form on a Lie algebra.

Definition 2.3.5 (The Killing form). The Killing form is the bilinear form x: gxg — k,
(X,Y)> x(X,Y):=Tr(ad XadY).

Lemma 2.3.6. The Killing form is ad(g)-invariant, that is, for all X, Y, Z € g, we have

k(ad(X)Y,Z)+x(Y,ad(X)Z) = 0.

Proof: Since ad is a representation of g, wehavead[X,Y]=[ad X,adY]=ad Xad Y-
ad Y ad X. Using also the property that Tr(AB) = Tr(BA) for two linear maps A and

B, we have

k(ad(X)Y,Z) =Tr(ad[X,Y]adZ) =Tr(ad XadYad Z —ad Yad Xad Z)
=Tr(adXadYadZ)-Tr(adYad Xad Z)
=Tr(adYadZad X)—Tr(ad Yad Xad Z)
=Tr(ad Y[ad Z,ad X]) = - Tr(ad Y ad(X)Z)
=—-«k(Y,ad(X)Z)

as required. i

The following is from [1, §6, No.1, Theorem 1].
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Theorem 2.3.7. A Lie algebra g is semisimple if and only if its Killing form « is nonde-

generate.

2.4 Nilpotent Lie algebras

Let g be a Lie algebra. Define the sequence of subalgebras {g"|n > 0} as follows.
Let g’ =g, and forall i > 0, g' = [g,g""!]. Then g’ is an ideal of g for all i > 0. This

sequence is called the descending central series of g.

Definition 2.4.1 (Nilpotent Lie algebra). A Lie algebra g is called nilpotent if in the

descending central series of g there exists some m > 0 such that g"" = 0.

Example 2.4.2. Any abelian Lie algebra is nilpotent. Let g be the Lie subalgebra of
gl(3) consisting of all strictly upper triangular matrices. Then g! = [g,g] consists of
all matrices which are zero except possibly in position (1,3) and g = [g,g'] = {0}.

Thus g is a nilpotent Lie algebra.

The next theorem is from [7, p. 12].

Theorem 2.4.3 (Engel). A Lie algebra is nilpotent if and only if ad X is a nilpotent endo-
morphism for all X € g.

2.5 The Jordan-Chevalley decomposition

There are nilpotent and semisimple Lie algebras; but there is a separate and dis-
tinct notion of nilpotent and semisimple elements of a reductive Lie algebra, which
we will use throughout this thesis. We begin with the Jordan-Chevalley decompo-

sition.
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The properties of the Jordan-Chevalley decomposition is used with efficacy in

many proofs hence we give here a minimal presentation of it.

Definition 2.5.1 (Abstract Jordan-Chevalley decomposition). Let g be a Lie algebra
over a field k of characteristic 0. An element X of g is said to have an abstract Jordan-
Chevalley decomposition if there exists a unique couple (X, X,,) respectively of semi-
simple and nilpotent elements of g such that [X;, X,,] = 0, X = X, + X, and for any finite-
dimensional representation 1t of g, the Jordan-Chevalley decomposition of 1t(X) is 1t(Xs) +
11(X,,). The elements X and X,, are called respectively the semisimple and the nilpotent

parts of X.

In the case where k is a field of characteristic 0, which is general enough for our

purposes, Cagliero and Szechtman [4, Theorem 2] give the following result.

Theorem 2.5.2. Let k be a field of characteristic 0 and g be a Lie algebra over k. An
element X of g has an abstract Jordan-Chevalley decomposition if and only if X belongs to

the derived algebra [g,g], in which case the semisimple and nilpotent parts of X also belong

to [g, g].

Thus, for any semisimple Lie algebra, nilpotent and semisimple elements are well-
defined. For the purposes of this thesis, it is convenient to extend the notion of
nilpotent and semisimple elements to a reductive Lie algebra. The following is

from [6, Chapter.1, §1.1].

Definition 2.5.3 (Semisimple and Nilpotent elements for reductive Lie algebras).
Let g be a reductive Lie algebra. We define X € g to be semisimple if ad X is a semisimple
endomorphism of g, that is, diagonalizable over an algebraic closure of k. We say X is

nilpotent if X € [g,g] and ad X is a nilpotent endomorphism of g.

It is clear that this definition specializes to the one above if g is semisimple. More-

over, the only element which is at once semisimple and nilpotent under this def-
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inition is the zero element. Note that the elements of Z(g), which is the kernel of

ad, are defined to be semisimple, since for each X € Z(g).

The following example illustrates that the abstract Jordan decomposition does not

exist in a general reductive Lie algebra.

Example 2.5.4. Suppose g = k, an abelian Lie algebra. Then ¢; =id: k — gl(1)is a
representation of g such that ¢(X) is semisimple for each X € g. On the other hand,
the map ¢,: k — gl(2) given by

0 X
0 O

P2(X) =

is a representation with respect to which ¢,(X) is nilpotent for each X € g. There-

fore the elements of g do not have an abstract Jordan decomposition.

2.6 Cartan and toral subalgebras

We now define a class of subalgebras which are important to the structure theory
of reductive Lie algebras. The following definition is of [3, Chapter VII, §2, No.1,

Definition 1].

Definition 2.6.1 (Cartan subalgebras). A Cartan subalgebra of a Lie algebra g is a

subalgebra which is nilpotent and self-normalizing in g.

A Lie algebra g over k admits a nonzero Cartan subalgebra I. See [3, Chapter VII,
§2, No.3, Corollary 1]. For example, one can show that the abelian subalgebra of

diagonal matrices in gl(n) is its own normalizer, hence it is a Cartan subalgebra of

gl(n).
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In the particular case where g is nilpotent, we know from [3, Chapter VII, §2, No.1,

Example 1] that the only Cartan subalgebra of g is g itself.

Definition 2.6.2 (Toral subalgebras). Let g be a reductive Lie algebra. A toral subalge-

bra of g is a nonzero subalgebra which consists of semisimple elements.

The following elementary lemma is from [7, Chapter II, §8.1, Lemma], and will be
handy in future proofs. Even though the author specifies that the Lie algebra be
semisimple, our definition of a semisimple element allows us to extend his proof

in the reductive case.

Lemma 2.6.3. Let g be a reductive Lie algebra over an algebraically closed field k. Then a

toral subalgebra of g is abelian.

Example 2.6.4. The subalgebra Iy C sl(n) of diagonal matrices D such that Tr(D) = 0

is a toral subalgebra.

The following theorem is from [7, 15.3, Corollary and 8.1, Lemma].

Theorem 2.6.5. Let g be a semisimple Lie algebra over k. Then the Cartan subalgebras
of g are exactly the maximal toral subalgebras of g. In particular Cartan subalgebras are

abelian.

To extend this to the reductive case, first note the following lemma, from [3, Chap-

ter VII, §2, Proposition 2].

Lemma 2.6.6. Let (g;);c; be a finite family of Lie algebras over k and g = ®;c9;. The Car-

tan subalgebras of g are the subalgebras of the form I1;c;ly; where h; is a Cartan subalgebra

of g;.

Combining this result with the fact that g = [g,9] ® Z(g) when g is reductive and
knowing that Z(g) is the only Cartan subalgebra of the center of g, we have the

following result.
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Corollary 2.6.7. Let g be a reductive Lie algebra. Then the Cartan subalgebras of g are the
subalgebras of the form i ® Z(g), where Iy is a Cartan subalgebra of (g, g].

We now prove the following lemma.

Lemma 2.6.8. Suppose g is a reductive Lie algebra and t = Z(g)®h is a Cartan subalgebra
of g, where Iy is a Cartan subalgebra of [g,q]. Then t is a maximal toral subalgebra of g, and

all maximal toral subalgebras of g are of this form.

Proof: =~ With our definition of nilpotent and semisimple elements of a reductive
Lie algebra, elements of Z(g) are all semisimple. Thus since Iy is toral, t is an abelian

Lie algebra consisting of semisimple elements, that is, toral.

Suppose t is a maximal toral subalgebra of g. Then since Z(g) @t is a subalge-
bra consisting of semisimple elements, it is toral, so by maximality equals t. Thus
Z(g) Ct. Writeanelement T € Tas T = Z+Y for some Z € Z(g) and some Y € [g, g].
Then T-ZetsoY eh:=tN][g,g]. Thust = Z(g)+ . Now ki is maximal toral in

[g,g] since t is maximal toral in g, so I is a Cartan subalgebra of [g, g], as required.

We remark that maximal toral subalgebras of a non-reductive subalgebra r of g do
not need to coincide with Cartan subalgebras of r. For example, if r is an abelian
subalgebra consisting of nilpotent elements, then it is its own Cartan subalgebra

but has no toral subalgebras.

2.7 Structure of semisimple Lie algebras

Throughout this section, we assume g is a semisimple Lie algebra over k = C. The

results in this section are standard for semisimple Lie algebras and extend to the
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reductive case directly.

Fix a choice of Cartan subalgebra i1 of g. Then the elements of I acts semisim-
ply on g under the adjoint action. Since I is abelian, this action is simultaneously

diagonalizable. This leads to the following definition.

Definition 2.7.1 (roots, root space decomposition). Let I be a Cartan subalgebra of g.

For a € Iy*, let g,, be the subspace
{Xeg|[H,X]|=a(H)X forall Helh

and let @ be the subset of i* \ {0} such that g, is nonzero. The elements of ® are called the
roots of g relative to I, the spaces (g,),cq are the root spaces of g relative to . The

root space decomposition of g relative to I, or the Cartan decomposition of g is

gzhea@ga.

Remark 2.7.2. It is possible for a semisimple Lie algebra over a non-algebraically
closed field k to admit a Cartan decomposition; in this case, we say the Lie algebra

splits over k.

Example 2.7.3. Let g = sl(n) and fix Iy as the Cartan subalgebra of diagonal matrices
ing. For H =diag(Ay,---,A,) €y, let a; j(H) := (6; —€j)(H) = A; = A; for 1 <i,j <n.
The roots of sl(n) are exactly the a; ;’s for 1 <i # j < n and the root spaces are given
by g a;; = {AE; ;| € k}, where E; ; is the elementary nxn matrix having 1 at the entry

(i,7) and 0 elsewhere.

Definition 2.7.4 (simple and positive roots). [7, p.47] Given (g,li, @) as in 2.7.1, a
base is a subset A of @ such that:

* Ais a basis of span(P); and
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* any p € © can be written as a sum =) ,cpkoa such that k., € Z and moreover,

either all k, > 0 for all &« € A or else k, <0 forall a € A.

An element of A is called a simple root. A positive root is a p € ®@ such that all the
coefficients k, in the previous decomposition of p as sum of simple roots are positive; the

set of all such is denoted ®* and depends on the choice of A.

One can prove that base of simple roots exists, see for instance [7].

Example 2.7.5. Let g = sl(n), with hand @ ={«; ; = €; —€; | 1 <i # j < n} as before.
Then one can see directly that a base for @ is A = {«a; ;1 | 1 <i < n}, with respect to

which @ ={a; ;i =€;-€;|1 <i<j<n}

The sets @ arising from semisimple Lie algebras are examples of root systems, in the
following sense.
Definition 2.7.6 (Root sytem, Weyl group). [7, p.42] Given a real euclidean space
(E,(--)), a (crystallographic) root system in E is a subset ® of E satisfying:

1. @ is finite.

2. If a € D, the only multiples of a in ® are o and —a.

Il
=
|
g
=

3. If a € D, then @ is invariant by the reflection o, defined by o,(pB) :

4. If a,p € D, then 2((0’(3’“)0( eZ.

,Q)

The Weyl group of a root system @ is the subroup of GL(E) generated by the reflections

o, for a € ®.

This is related to root systems in Lie algebras as follows. Let Iy be a Cartan subalge-

bra of a semisimple Lie algebra g and let @ denote the root system of g relative to
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. By [7, §8.1, p.36, Corollary], the restriction of the Killing form to h is nondegen-
erate. Therefore the application r — i* defined by H +— «(H, ) is an isomorphism
of vector spaces. Given any two roots a, € @, we define (a, B) = x(T,, Tg), where
T, and Ty are respectively the inverse images of a and f via the aforementioned
isomorphism. Then the IR—vector space E = spang(®) C * endowed with (-,-) is an
euclidean space and @ is a root system in E. One can prove that the roots ® of a
semisimple Lie algebra relative to a Cartan subalgebra I spans h*, see [7, p.37, §8.3,

Proposition |, that is, span(E) = Ir".

Example 2.7.7. It can be shown by direct calculation that for g = sl(n), the Killing
formis given by (X, Y) = 2nTr(XY). It is more convenient to replace x by its scalar

multiple, the trace form; then setting H; ; to be the diagonal matrix E;;—E;;, we have

117
a; i(H) = Tr(H; ;H). (We would have To,; = %Hiy]-.) Under this identification, the
reflection 0;;,; acts on H € i1 by permuting the i and 7 + 1 entries; thus the Weyl
group is isomorphic to the symmetric group S,,.

Now let ngp = (f(ﬁa)—(ﬁ;;) = 4cos? 0qp, Where 6,5 is the angle between « and g for
a,p €A . Since n, pE Z, we can prove that n, p can only take the values 0, 1, 2, 3.
When 1,4 =1 then a and f have the same length. In the cases where 1,5 = 2 or 3,
one of @ and f is respectively V2 or V3 times longer than the other. When n,, g = 0,

nothing can be said about the proportions of the lengths of a and g.

Definition 2.7.8 (Dynkin diagram). The Dynkin diagram of a root system @ is a di-
rected graph with 1 = |A| nodes, each labelled by one simple root of O such that two nodes
a and B are connected by an edge of multiplicity ngg which, in the case that n,g > 1, is

directed toward the shorter root.

Example 2.7.9. Let g = sl(n), with A as above. If 1 <i <j < n, then we can see that

Tr(Hi,i+1Hj,j+l) = 51'_,_1]]‘ and Tr(Hi,i+1Hi,i+1) = 2, SO nai’ma = 61'_,_1’]‘. This ylelds the

Ji+l
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Dynkin diagram of sl(n) as follows, where the simple roots from left to right are

a1,2)-,Ay_1,n -
0(1’2 a2,3 an—Z,n—l an—l,n
o———O

Figure 2.1: Dynkin diagram of type A,

In fact, from the Dynkin diagram of a semisimple Lie algebra g over C one can
reconstruct g uniquely up to isomorphism. We direct the reader to [7, 8.5, Theorem

1,17, 11.4, Theorem] and [7, 12.1, Theorem)].

Remark 2.7.10. We will present the root system for the Lie algebra so(2n) in a later
chapter.

2.8 Parabolic and Levi subalgebras

In this section, we will define the most used subalgebras in this work: Borel, Levi,
and parabolic subalgebras. Those definitions are related. The following definition

is from [7, §16.3, p.83].

Definition 2.8.1 (Borel subalgebra). A Borel subalgebra in a Lie algebra g is a maximal

solvable subalgebra of g.

Definition 2.8.2 (Levi subalgebra and parabolic subalgebra). A Levi subalgebra of
g is a subalgebra | of g which contains a Cartan subalgebra Iy and such that there exists a

subset A" C A C @ of the simple roots of g relative to I satisfying

(=he P 9o,

ae(A)

where (A’) denotes the intersection of the Z—span of A" in ii* and P.
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A parabolic subalgebra p is a subalgebra of g such that there exists a Levi subalgebra
(A) = b® €D, (pn 9o of 9 for which

p=1e& GB Ja-

aed+\(A")

Alternately, parabolic subalgebras can be characterized as subalgebras which con-
tain a Borel subalgebra; they are proven to decompose as a direct sum of their
unipotent radical and a reductive subalgebra, which is a Levi subalgebra, see [6,

Chapter 3, §3.8, Lemma 3.8.1 (iv)]

Example 2.8.3. If g = sl(n), then with respect to our standard choices, we have
the Borel subalgebra b consisting of all upper triangular matrices in g, which is
also a parabolic subalgebra relative to A’ = 0. If n = 3 and A = {a; 5}, then the

corresponding standard Levi subalgebra and parabolic subalgebra are

a b 0 a b e
[=X|c¢c d 0 |a,b,c,dekycp=_|c d f |a,b,c,d,e, feky.
0 0 —a-d 0 0 —a-d

We note that one can parametrize the standard Levi subalgebras of g by colouring
the vertices of the Dynkin diagram corresponding to the simple roots in A’. For

example, the colored Dynkin diagram corresponding to the Levi subalgebra [ is

(&—eo
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2.9 Chevalley algebras and groups

The material of this section is mainly from [5]. We offer a short summary of how
to construct a matrix group over any field K from a given complex Lie algebra g,

called its Chevalley group.

Let g be a complex semisimple Lie algebra and let g = h & P be its Cartan

acd O
decomposition. For a € @, let T, € Ir such that a(H) = x(T,, H) for all H € Iy and let

H, = %T“T . It is a key result [5, p.56, Theorem 4.2.1] that there exists a choice of

1(To, Ty)

basis E, of each root space g, such that for all a, € @

[Ha,ng] = O,

[Hp, Eq] = MyapE, for some My € Z,

[Eou E—a] =H,,

[E. Egl=0ifa+f e,

[Ea,Egl = AapEqsp forsome Ay € Z,if a+ f € D.

In other words there exists a basis of g such that the structure constants of g ac-
cording to that basis are all integers. Such a basis C = {H,,a € A;E B B € D} is called
a Chevalley basis of g. Now, given a Chevalley basis C of g as above let g5 be the
Z-module with basis C. If K is an arbitrary field, then gx := K ®7 gz is a vector

space over K with basis C' = {lx ® Hy, @ € A;1x ® E, p € D}

In turn we endow gy with the bilinear operator [, | defined by [1x ® X,1x ® Y] =
1x ® [X,Y] for all X,Y in C, which when extended linearly makes gx into a Lie
algebra over K, called a Chevalley algebra.
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On the other hand, since ad E, is a nilpotent derivation of g (see [5, §4.3] for a detail

of the proof) for each a € @, for any t € K the exponential map

= (tadE,)"
X, (t) :=exp(tadE,) = Z(T“)
n=0
is a finite sum, hence a well-defined endomorphism of g. One proves that its in-
verse is X,(—t), and that it is an automorphism of g, see [5, §4.3, Lemma 4.3.1.].
Moreover, it is shown that the image of an element of the Chevalley basis by X, ()

is a linear combination of elements of the basis with coefficients in K.

Remark 2.9.1. In fact, this also works if K is a field of characteristic p. Let X,(t)
be the endomorphism of gx whose matrix with respect to the basis C’ is obtained
from the matrix of X,(t) (with respect to C) by reducing modulo the prime field
of K its coefficients. It is proven in [5, §4.4, Proposition 4.4.2] that X,(t) is a

K—automorphism of the Lie algebra gx for all @ € ® and t € K.

Definition 2.9.2. The Chevalley group of g over K is the subgroup G,4(K) of the
K—automorphisms of gx generated by the elements X, (t) forall t € K and a € P.

As one might expect, the group G,4(K) is uniquely determined up to isomorphism
by the Lie algebra g and the field K, see [5, §4.4, Proposition 4.4.3]. If g is a Lie
algebra over K, the Chevalley group of g over K will be simply denoted G,q.

If we fix @ € ® then the one-parameter subgroup U, = {X,(t) | t € K} is called a root
subgroup of G,4. There exists also a subgroup H of G4, called the Cartan subgroup
corresponding to I1, whose action on gg preserves the Cartan decomposition of gi.

For more details, the reader may see [5, Chapters 5, 7].

Let us apply the notations of Section 2.8. Then the subgroup B generated by H
together with the root subgroups U,, for a € @, is the Borel subgroup of G4
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corresponding to b, and we may similarly define L = (H,U, | a € (A’)) the Levi
subgroup of G,4 corresponding to [, and P = (L, B) as the parabolic subgroup cor-

responding to p.

Finally, if g is a semisimple Lie algebra and G,4 its adjoint Chevalley group, we
define the adjoint representation of G,q4 to be the natural action of elements of G,4 on

g, expressed as

Ad: G,q — Aut(g)
g—Ad(g): X—g-X.

Remark 2.9.3. Aut(g) can be identified as a quotient of a subgroup of GL(n?) if

g C gl(n), and in this case, g- X is g- X - ¢~! where - is here matrix multiplication.

The following theorem defines the key relationship between g and G,q when k = C.

It is proven, for example, in [7, §16].

Proposition 2.9.4 (G,4—Conjugacy of some subalgebras of g over an algebraically
closed field). Let g be a semisimple Lie algebra over C with associated Chevalley group
Ga.g, which acts on g via Ad. Then all Cartan subalgebras of g are conjugate via Ad.
Moreover, all Borel subalgebras, Levi subalgebras, and parabolic subalgebras are conjugate

via Ad to standard such subalgebras.

Now we can define the central theme of this work.

Definition 2.9.5 (Nilpotent orbit). Let g be a semisimple Lie algebra over k and G,q its
adjoint group (over k). A nilpotent orbit in g is a subset of g of the form G,q - X, where X
is a nilpotent element of g and G,q - X = {Ad(g)X | g € G,q}.
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We denote by Oy the set G4 - X.

Finally, when g is a complex semisimple Lie algebra, we have the following conju-

gacy theorem, from [7, p. 84, 16.4, Theorem].

Theorem 2.9.6. Let g be a complex semisimple Lie algebra. A Borel subalgebra b is
Gaq—conjugated to the standard Borel subalgebra

where 1 is a Cartan subalgebra of g and ®* is a choice of positive roots of I.



Chapter 3

Representation theory of sl,(k)

The purpose of this chapter is to give a brief summary of some necessary results
regarding finite-dimensional sl,(k)-modules, also called representations of sl,(k)
over k. We classify the irreducible modules and prove that for any positive integer
n, we can construct an irreducible representation of dimension n. At the same
time, we give an explicit basis for each irreducible representation which is opposite
to the one usually given in the literature, but which is more convenient for our

purposes. Our main reference is [7]; the choice of basis proven here is also used in

[6].

3.1 The Lie algebra sl,(k)

In this section we give some basic facts about the Lie algebra sl,(k). Let k be a field

of characteristic zero. Recall that sl,(k) is the Lie algebra of 2 x 2 matrices over k

25
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with trace 0. A basis for sl,(k) is given by {X, H, Y}, where
1 0 0 1 0 0
H = , X= , Y=
0 -1 0 0 10

satisfying the relations
[H,X]=2X, [HY]=-2Y, and [X,Y]=H. (3.1.1)

More generally, in a Lie algebra g, any three elements H,X,Y € g satisfying the
above relations are called an sl,—triple, and they span a subalgebra isomorphic to

Lemma 3.1.1. In the Lie algebra sl,(k), H is semisimple, and X, Y are nilpotent.

Proof: = We apply Definition 2.5.3 to these elements of the simple, hence reduc-
tive, Lie algebra sl,(k). The matrices of ad H, ad X and ad Y with respect to the
basis {X, H, Y} are respectively

2 0 0 020 0 00
00 O |00 1} (-1 O O}
0 0 -2 0 0O 0 20

Since the matrix of ad H is diagonal, H is semisimple. The matrices of ad X and
adY are nilpotent; furthermore, from the relations [%H ,X] =X and [—%H Y=Y,
we deduce that X and Y are in [s[,(k), sl,(k)] = sl,(k). Therefore they are nilpotent

elements of sl, (k). i

As remarked in Section 2.5 this result implies that the image of H in any represen-
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tation of sl,(k) is also semisimple.

In this chapter, we are interested in representations of sl,(k) over k. Such a rep-
resentation is a vector space V over k equipped with an action of sl,(k), in other

words a Lie algebra homomorphism

¢:slyk) = gl(V), A ¢pA): V-V, visA-vi=¢(A)w.

More precisely, for any A € sl,(k), we have a linear map

V-V

vV A

such that [A,B]-v=A-(B-v)—B-(A-v) forall ve V and A, B € sl,(k).

Two representations V and W of sl,(k) are isomorphic if there exists an isomor-
phism T: V — W of vector spaces such that for each A € sl,(k) and every v € V,
we have

A-T(v)=T(A-v).
We can also say that T intertwines the action of A on the two modules.

We state a key result of the representation theory of semisimple Lie algebras, with-

out proof; see for example [7, p. 28, §6.3, Theorem].

Theorem 3.1.2 (Weyl’s Theorem). Let g be a semisimple Lie algebra over a field k of
characteristic zero. Then every finite-dimensional module of g over k decomposes as a

direct sum of simple modules.

Therefore, it suffices to classify the simple modules, also called irreducible repre-

sentations, of sl (k).
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3.2 Simple sl,(k)-modules

Let V be a finite-dimensional representation of sl,(k) over k; then as remarked, the

image of H in gl(V) is semisimple.

Suppose first that all the eigenvalues A of H lie in k. Then V can be written as the

direct sum of the eigenspaces V), under the action of H, that is

v=EFHv
A

where V), = {v € V| H-v = Av}. The eigenvalues of the action of H are called
the weights of H. When V) is not zero, then it is called a weight space and nonzero

element of V), is called a weight vector (of weight 1).

Lemma 3.2.1. If v € V is a vector of weight A then X - v is a vector of weight A + 2 and
Y - v is a vector of weight A — 2.

Proof: WehaveH - (X-v)=[H,X]-v+X-H-v=2X-v+X-(Av)=(1+2)X-v.

The same argument gives H - (Y - v) = (A - 2)v. |

Since V is a direct sum of a finite number of weight spaces, it follows from 3.2.1
that there exists a weight A and a nonzero wy € V), such that Y - wy = 0. Such an

element w is called a lowest weight vector of V.

Proposition 3.2.2. Suppose that V is an sl,(k)-module such that all the weights of H lie
in k. Let wy be a lowest weight vector of weight —A. Set w; = X - w;_y for i > 1. Then the

span of {wg, w,...} is invariant under the action of sl,(k), with action given by

1. H-w; =(=A+2i)w; forall i > 0;
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2. Y -w; = pjw;_y, where y; = i(A—i+1), forall i > 0; and

3. X-w; =wj,q, forall i >0.

Furthermore, if V is irreducible and finite-dimensional, then dim(V') = A+1; in particular,

A € N and all the weights of H on V are integers.

Proof: = Showing that the three formulae hold will imply that the span of these
vectors is invariant under the action of sl,(k). The formula (3) is by definition, and
the formula (1) follows from Lemma 3.2.1, as follows. Since the weight of w is —A,
Lemma 3.2.1 implies that the weight of wy is (-~ + 2). Thus by induction, we have
that the weight of w; is —A + 2i for all i > 0. Hence H - w; = (A + 2i)w;, for all i > 0.

We prove formula (2) by induction. Since 0(A-0+1) =0 and Y -w, = 0, it holds for

i = 0. Now assume it is true for some i > 0. We have

Y wi1=Y X w;
=X-Y-w—-[X,Y] w
=X (i(A-i+1))w;_; —H-w;, by the inductive hypothesis
=i(A—i+1)w; — (-1 + 2i)w;, using formulae (1) and (3)
=(i+1)(A-i)w;,

as required. Thus the formula (2) holds for all i > 0.

Now suppose that V is irreducible and finite-dimensional. If each w; were nonzero,
then the infinite set {wy, wy,...} would be linearly independent, since it consists
of eigenvectors of the action of H corresponding to distinct eigenvalues; this is
impossible. Therefore there exists a minimal m € IN such that w,,,; = 0. By (2),
0=Y- -wy1 = pmp1 Wy, since w, = 0, we must have 0 = y,,, .1 = (m+1)(A—m),

which implies (since m > 0) that A = m € IN. Moreover, since V is irreducible, the
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submodule {wy, w1, -, w,,} must equal all of V, whence dim(V) =m+1 =A1+1.

The rest of the proposition follows. ]

Lemma 3.2.3. If V is an irreducible finite-dimensional sl,(k)-module over k, then all of
the eigenvalues of the action of H on V lie in k, so V has the form given in the previous

lemma.

Proof:  Since H is semisimple, construct a finite extension field k’ of k containing
the eigenvalues A = {11, A,,---,1,} the action of H on V. Set Vj» = V ® k’. Con-
cretely, if {vy,...,v,} is any basis of V, then {vqg®1,...,v, ® 1} is a basis of V} over
k’; therefore we can and do identify these two bases. Similarly, we can identify the

basis {H, X, Y} of sl,(k) with thebasis { H® 1,X®1,Y ® 1} of sl,(k) = sl,(k) ® k’.

The sl;(k)-module structure on V uniquely defines an sl,(k’)-module structure on

Vi, as follows. For each A € sl,(k), ve V and s,t € k/, set

(A®t)-(v®s)=(A-v)®ts

and extend this to Vj by linearity.

Now suppose V is an irreducible finite-dimensional sl,(k) module. Then V} is a
finite-dimensional sl,(k’) module, hence completely reducible by Weyl’s theorem.
Each submodule of V} is invariant under H, hence is a direct sum of weight spaces;
by construction these weights lie in A C k’. Thus Proposition 3.2.2 applies over k’,
and implies that all the weights of these submodules are in fact integers. Thus

ACZCk. |

Lemma 3.2.4. There exists an irreducible sl,(k) module of dimension n, for every positive
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integer n, and it is unique up to isomorphism of modules.

Proof:  To prove existence, we verify that if one sets A = m = n—1 and chooses
a basis {wg, wy,---,w,,} of k", then the formulae (1), (2), (3) define a Lie algebra
homomorphism of sl,(k) into gl(#n, k). It suffices by linearity to verify that for each

i€{0,1,...,m}, and for each pair U, U’ in a basis of sl,(k), that

[U,U’]-wi:U-U’-wi—U’-U-wi.

We must thus show that the relations of (3.1.1) are preserved under this action.
These are straightforward to show and so we show only one. For example, if i > 0
then

XY w-Y- -Xcotw; = X - (pjw;_1) =Y - (wiy1) = (4i — piv1)Wwi.

Since p; — piy1 =i(A—i+1)—(i+1)(A—i)=i—(A—-1i)=2i— A, we conclude that

X-Y-wi—Y-Xcotwi:(2i—/\)wi:H-wi:[X,Y]-wl-

as required. If i =0, then Y -wy =0, and Y - (X - wy) = Y - w; = Awy, so again the

equality is seen to follow.

If V and W are two irreducible representations of sl,(k) over k of the same dimen-
sion n > 1, then by Proposition 3.2.2, they each admit a basis of weight vectors
satisfying the relations (1), (2), (3), and therefore the linear isomorphism identify-

ing these bases intertwines the two representations of sl (k). ]

These propositions give us a very explicit realization of the simple modules of V.
In the next section, we derive some minor results about this realization that we can

use later to quickly decompose an sl;(k)-module into simple modules.
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3.3 Decompositions of sl,(k)-modules

Suppose V is an sl;(k)-module of dimension n and choose bases for its simple
submodules as per Proposition 3.2.2. Then we note that the matrix of the action
of X is the Jordan canonical form of a nilpotent element in gl(n, k), with partitions
corresponding to the dimensions of the simple submodules. For example, if V =

W e W’ with dim(W) = 3 and dim(W’) = 2, then

01 00O
001 00O
X=[0 0 0 0 O}
0 0001
0 00 00O

Moreover, the matrix of H is diagonal, with entries decreasing in steps of 2 and
symmetric about zero on each simple summand. In the above example, the diago-

nal entries of H would be (2,0,-2,1,-1).

We can infer much more about the decomposition of V into irreducible subrepre-

sentations from consideration of these weights.
Lemma 3.3.1. Let V be a finite-dimensional irreducible representation of sl,(k) and let
V) denote the A-weight space of V, so that V =&, V,. Then

1. the number of irreducible summands of V is dim(V})) + dim(Vy);

2. if dim(Vy) = 0, then all submodules of V have odd dimension;

3. if dim(Vy) = dim(V,) then V does not contain the trivial (1-dimensional) module

as a submodule;
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4. if m> 2, then X: V,,_, — V,, is a surjective map which is a bijection if and only if

V does not contain any submodules of dimension m — 1.

Proof: = Decompose V as a direct sum of irreducible subrepresentations. If W is

one such, then by Proposition 3.2.2 it is a direct sum

W—m @ W—m+2 b Wm—Z @ Wm

of weight spaces, corresponding to the weights w = {-m,-m + 2,---,m — 2, m}, for
some m > 0. Since all pairs of weights in W differ by an even integer, not both of
0 and 1 can occur in w. If m is even, then 0 € w; if m is odd, then 1 € w. Therefore

dim(Wy) + dim(W;) = 1.
Adding these over all irreducible summands of V yields the first two statements.

The third statement is a special case of the last. We note that if m > 2 occurs as a
weight in w for a simple submodule W, then m —2 > 0 and so in particular also
lies in w. Any m-weight vector in W is therefore the image under X of an m — 2-
weight vector in W. The surjectivity of the map now follows by linearity. Suppose
now that W is a simple submodule containing a vector of weight m — 2. Then
if m — 2 is not a highest weight of w, X maps this m — 2 weight space bijectively
onto the m-weight space; but if m — 2 is a highest weight space, then X acts by 0.
Therefore the map is bijective if and only if there are no highest weight vectors in

V of weight m—2, that is, if V contains no simple submodules of dimension m—1. 1

We use these ideas in Chapter 5 to infer the decomposition into irreducible sub-
representations of sl,(k), based largely on the action of the element H of an sl, (k)

triple.



Chapter 4

Bala-Carter classification of nilpotent

orbits

In this chapter we will give an exposé of the Bala-Carter method for the classifica-
tion of nilpotent orbits of a semisimple Lie algebra g over an algebraically closed

field k of characteristic 0.

4.1 Centralizers of toral and Levi subalgebras.

We will give some general facts relating to toral subalgebras and Levi subalgebras.
The following results are about the centre of Levi subalgebras and the centralizers
of Levi and toral subalgebras. Throughout, i will denote a Cartan sublgebra of a
g and @ the associated root system with basis A. Let a be a subalgebra of a Lie
algebra g and let

g?:={Beg: [A B]=0forall A€ a}

34
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denote the centralizer of a in g and let Z(a) denote the center of a. Using the Jacobi
identity;, it is easy to prove that the bracket of two elements of g? is still an element
of g%, so it is easily seen that g® is a subalgebra of g. Let us start with an elementary

observation.

Lemma 4.1.1. We have a C g?% and Z(a) C g*.

Proof:  These inclusions are immediate applications of the definitions. ]

We will prove that in the case where a is a Levi subalgebra, these inclusions become

equalities. For that end, we need the following proposition and lemma.

Proposition 4.1.2. Let [ = b® ) ,e(ary0a be a Levi subalgebra. Then the center of [ is
given by

In particular, the center of a Levi subalgebra is a toral subalgebra.

Proof: Indeed, let C € Z(I). Then [C,H] = 0 for all H € h. Therefore C € g". But
we know that the centralizer of I in g is a subalgebra of its normalizer in g, which
is Iy itself, since I is a Cartan subalgebra. We deduce that C € . Next note that
[C,1] = 0. In particular, [C,X,] =0 =a(C)X, forall X, € g, and for all « € A’. Thus

we see that a(C) =0 for all @« € A” and

For the inverse inclusion, let X € () ,cp’ ker a. Since we have

mkeraghgl

aeN
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and [ is abelian, therefore [X,h1] = 0 and [X, X,] = a(X)X, = 0 for all « € (A”) and
for all X, € g,. Hence X € Z(1). i

Lemma 4.1.3. Let V be a finite-dimensional vector space over a field k and let R be a
finite subset of V*, the space of linear forms on V, such that ¢ = Nyegkera = 0. For all

nontrivial p € V*\ span(R) there exists a X € ¢ such that (X) = 0.

Proof: =~ We can assume without loss of generality that R is linearly independent.
Thenlet R = {e,---, ¥} and complete Rby e**1,.--  ¢" to form a basis B’ = {e', -+, ¢"}
of V*. Let B ={ey,--,e,} be the dual basis to B’. Since g € V*\ span(B’), we can
write g =) 1, b;e', such that there exists some index iy > k such that b;, # 0. Set
X =¢;,. Then B(X) = b;, # 0. Moreover, for each 1 <i <k, we have e'(X) =0, so

X er. |

Lemma 4.1.4. Let a be a subalgebra of 1. Then g* is h—invariant (under the adjoint

representation).

Proof: Let C g and H € 1. We need to prove that [H,C] € g*. In other words,
we need to show that

[[H,C],D]=0

for all D € a. On the one hand, we have [C,D] = 0 for all C € g and for all D € a.
On the other hand, [D,H] =0 forall D € aand all H € hi since a C I and fi is abelian.
Finally by the Jacobi identity, we have [[H,C],D]+[H,[C,D]]|+[C,[D,H]] = 0, thus

the equality we needed to prove. ]
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In particular, this lemma implies that when a C Ir then g? admits a root space de-
composition relative to ad(ly). Since l is abelian it is contained in g*. Moreover,

since g is semisimple, each root space is one-dimensional. So this decomposition

g =h€9Zga

a€es

has the form

for some subset S C .

As promised, we will now observe that there is a “double commutant law”, via the

“centralizer operator” between a Levi subalgebra and its center.

Proposition 4.1.5. Let [ = b® ) eay0a be a Levi subalgebra and c its center. Then we
have

=1 and g'=c.

Proof: For the first equality, since ¢ is the centre of [, thus we have [ C g-,
by Lemma 4.1.1. Now, by Proposition 4.1.2, ¢ is a subalgebra of . Thus by
Lemma 4.1.4, g° is an h—submodule of g. But [ is also h—invariant. So if [ # g°,

we can write

for some subset S” C @\ (A’).

Let p € ®\(A’). Thus € *. Applying Lemma 4.1.3to R =A"and V = I, we deduce
there exists a C € ¢ = Nyep kera such that B(C) = 0. Let X € ggNg°. Then [C,X] =0
since X € g°. On the other hand

[C, X]=B(C)X

since X € gg. Since B(C) # 0 we have X = 0. We deduce that gg N g° = 0 for all
B €D\ (A’). Therefore S’ =0 and g° = L.
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For the second equality, we have ¢ C [, therefore g' C g°. And g° = [, by the first
equality. Therefore, g' consists of all elements of [ which commute with [, that is

the center of [. So g' = c.

Now we shall prove that the centralizer in a Lie algebra g of a toral subalgebra t
is a Levi subalgebra of g. The following proposition is a key to the proof, from [2,

Chapter VI, §1, Proposition 24].

Lemma 4.1.6. Let ® be a root system of a vector space V, @’ the intersection of O with
a subspace of V, so that @’ is a root system in the subspace span{®’}. Let A’ be a basis of
D’

* There exists a basis of @ containing A’.

o @’ s the set of the elements of ® which are linear combinations of the elements of A’.

Then we have the desired result.

Proposition 4.1.7. Let t be a toral subalgebra of a semisimple Lie algebra g. Then the

centralizer g* of t is a Levi subalgebra of g.

Proof: There exists a maximal toral subalgebra ki of g which contains t, hence
by Theorem 2.6.5, Iy is a Cartan subalgebra. Let ® be the root system associated to
i and denote ®(t) the subset of ® which consists of all a satisfying t C kera. By

Lemma 4.1.4, we have the following root space decomposition:

o' =he P ga. (4.1.1)
)

aed(t
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By Lemma 4.1.6, given a basis A" of ®(t) there is a basis A of ® which contains A’.
Hence

g =he ) ga. (412)
ae(A)

Therefore g is a Levi subalgebra of g, which is standard relative to the potentially

different choice of basis A. |

Lemma 4.1.8. Let g be a Lie algebra, t and s subalgebras of g such that t C s. Then we

have

g°cq.

Proof: Indeed, let A € g°. Thus, [A,S]=0forall S € s. In particular, the previous
identity is true for all T € t. Hence, A € g'. ]

Corollary 4.1.9. Let g be a semismiple Lie algebra and X an element of g. The map

t— gt
is a decreasing map from the set of toral subalgebras of g* and the set of Levi subalgebras

of g containing X.

Proof:  First we show this map is well defined. By the previous proposition,
g' is indeed a Levi subalgebra of g. Moreover, if t C g¥ it is obvious that X € g.

Secondly, the previous lemma shows it is a decreasing map. ]

Lemma 4.1.10. Let g be a semisimple Lie algebra and suppose X € g. If s is a maximal

toral subalgebra of g* then we have s = Z(g°%).
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Proof: Let s be a maximal toral subalgebra of gX . Since s is abelian, s C g°. Now

let Z € g°. Then for all S € s we have [S,Z] =0, s0 s C Z(g°).

By Proposition 4.1.7, g° is a Levi subalgebra, and thus by Proposition 4.1.2, Z(g®) is
a toral subalgebra. Since s C g%, we have X € g%, so in particular everything in the
center of g° commutes with X, so Z(g°) C g¥X. By the maximality of 5, we conclude

that s = Z(g®). i

The following is a key result which describes the set of minimal Levi subalgebras

containing X.

Corollary 4.1.11. Let g be a semisimple Lie algebra and X a nilpotent element in g. There
is a one-to-one correspondence between the set of maximal toral subalgebras of g% and the

set of minimal Levi subalgebras of g containing X given by
t— g, (4.1.3)
and the inverse application of (4.1.3) is given by

L Z(1). (4.1.4)

Proof:  Surjectivity. Let [ be a minimal Levi subalgebra of g such that X € [. Let
¢ = Z(I). Then we know that ¢ is a toral subalgebra, by Proposition 4.1.2. And
¢ C g¥ since [X,c] = 0. Let t be a maximal toral subalgebra of g* containing c.
Then by Lemma 4.1.8 we have that g* C g°. By Proposition 4.1.5, g* = [ and, by
Proposition 4.1.7, g* is a Levi subalgebra. Since t C g*, we have X € g'. Therefore
by minimality of [, g* = [. Thus we have shown that there exists a maximal toral

subalgebra of g%, t, such that g* = .
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Injectivity. Let s and t be two maximal toral subalgebras of g* such that g° = g".
Thus we have Z(g°) = Z(g') and, according to Lemma 4.1.10, we have s = t. We
have thus shown that the map (4.1.3) is a bijection. Moreover, we have shown in
proving the injectivity that the map (4.1.4) is a left inverse of the map (4.1.3), thus

these two maps are inverses of one another. ]

Next we want to show that maximal toral subalgebras of a Lie algebra g are conju-

gate under the Lie group of g.

Lemma 4.1.12. If t is a maximal toral subalgebra of a Lie algebra v and if Z € t* admits

an abstract Jordan composition Z = Z;+ Z,,, then the semisimple part Z of Z belongs to t.

Proof:  Since Z commutes with t, by the abstract Jordan decomposition we know
that its semisimple part Z; also commutes with t. Hence the subspace t + (Z;) is a
subalgebra of r and its elements are semisimple, thus it is a toral subalgebra of r

containing t. By maximality of t, we deduce t + (Z;) = t, therefore Z; € t. i

Corollary 4.1.13. Let r be subalgebra of g and let t be a maximal toral subalgebra of r.

Then t* is a nilpotent subalgebra.

Proof: Let Z = Z;+ Z, be the abstract Jordan decoposition of Z € mathfrakr*.
Since Z commutes with t, so does Z,,, and so Z,, € mathfrakr'. The adjoint action of
t on ' is trivial. By Lemma 4.1.12, Z; e t so adz, = 0 on r*. Therefore on r* we have
ady = ady . By definition of a nilpotent element of a reductive Lie algebra, ad Z,, is
a nilpotent endomorphism of t*. Therefore, ady is a nilpotent endomorphism of t*

for all Z e 1*. By Engel’s theorem, 1" is nilpotent. ]
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Lemma 4.1.14. Let v be a subalgebra of g and let t be a maximal toral subalgebra of r.

Then t* is a Cartan subalgebra of v, and t consists exactly of the semisimple elements in t".

Proof: By Corollary 4.1.13, we know 1" is nilpotent. Let us show that 1* is self-
normalizing in r. Let n = {Z € r | [Z,1"] C 1"} denote the normalizer of t' in r.
This algebra is stable by the adjoint action of t, therefore it is the direct sum of the
t—weight spaces under the adjoint representation, and r' is exactly the 0-weight

space.

Suppose to the contrary that there exists Z € n, T € t and a nonzero A € C such that

[T,Z]=AZ.Then [t,Z] #0,s0 Z ¢t'. But Z = [T, Z] € [r}, Z] C 1!, a contradiction.

Therefore n =1 and 1' is a Cartan subalgebra of r. By Lemma 4.1.12,if Z = Z, is a

semisimple element of 1*, then Z; € . ]

Proposition 4.1.15. Let m and n be two subalgebras of g. If g € G,q satisfies Ad(g)m = n
then Ad(g)g™ =g".

Proof: Let Z € g". Then [Z,N] = 0 for all N € n. But each N € n can be
writen as Ad(g)M for some M € m. Thus [Z,Ad(g)M] = 0 for all M € m. Equiv-
alently, Ad(g)[Ad(g™!)Z, M] = 0, which is equivalent to [Ad(g™')Z, M] = 0, for all
M € m. We deduce that Z € g" if and only if Ad(g™!)Z € g™, and this implies that
g" = Ad(g)g™. i

We note that since 1 is not a semisimple Lie subalgebra of g, the Cartan subalgebras
and toral subalgebras of r need not coincide; in fact, Lemma 4.1.14 shows how they
may differ. The following results show that they are nonetheless conjugate by an

element of the adjoint group of r.
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Corollary 4.1.16. In the setting of Lemma 4.1.14, let R be the subgroup of G,q4 generated
by {exp(ad(Z)) | Z e t}. Then R acts transitively on the set of all maximal toral subalgebras

of 1.

Proof: By [7, §16], all Cartan subalgebras of a Lie algebra r are conjugate via
elements of R. Therefore if s and t are two maximal toral subalgebras of r, then
by Lemma 4.1.14, r° and 1* are Cartan subalgebras of r, thus conjugate by some
element g € R. Since R acts by automorphisms of g, it preserves the abstract Jordan
decomposition. Since by Lemma 4.1.14 we can recover s and t as the semisimple

elements of r* and 1, respectively, it follows that s and t are conjugate by g. ]

Theorem 4.1.17. Let X be a nilpotent element of g. Then two minimal Levi subalgebras

containing X are fod —conjugate.

Proof: Ifk and [ are two minimal Levi subalgebras containing X, then by Corol-
lary 4.1.11, m = Z(k) and n = Z(1) are two maximal toral subalgebras of g*, which,
by Corollary 4.1.16, are conjugate by an element g € G = {g € G,q | §- X = X}. By
Corollary 4.1.11, we have g™ = k and g" = [. Therefore, applying Proposition 4.1.15
to Z(k) and Z(I), we have that k and [ are conjugate by g.

4.2 The Jacobson-Morozov theorem

In this section, we just need a field k of characteristic zero.
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Definition 4.2.1 (Standard triple). A standard triple (or a sl,—triple) in a Lie algebra
g is a triple (H, X, Y) which generates a subalgebra a of g isomorphic to sl,. The elements
H,X,Y are called respectively the neutral, nilpositive, and nilnegative elements of the

triple.

We will prove in this section that if X is a nilpotent element in a semisimple Lie
algebra g, then there exist H, Y € g such that (H, X, Y) is a standard triple in which
X is the nilpositive element. The lemmas and the theorems of this section are from

[3, Chapter VIII, §11, No. 2], unless otherwise stated.

Let a be an associative algebra over k, such as the algebra of endomorphisms of
a finite-dimensional vector space. One can define on a a Lie algebra structure by

setting [A, B] := AB—BA for all A and Bin a.

Lemma 4.2.2. Let V be a finite-dimensional vector space over k and let A and B be endo-

morphisms of V. Suppose A is nilpotent and [A,[A, B]] = 0. Then AB is nilpotent.

Proof:  Denote C = [A, B]. Then [A,C] =0, so AC = CA. We prove by induction
that [A, BCP] = CP*! for all p > 0. Suppose p > 0 and that [A, BCP~!] = CP. Then

[A,BCP] = ABCP —BCPA
= ABCP™'C-BCPlAC since AC = CA
= (ABCP! —BCP1A)C
=[A,BCP7C
=CFC by induction

— Cp+l

Therefore for each p > 1, CP can be written as a commutator. Since Tr(ab) = Tr(ba)

this gives that Tr(CP) = 0 for all p > 1. Thus all eigenvalues of C are 0 and C is
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nilpotent.

Let us now prove that for all positive integers p, we have [B, AP] = p[B, A]JAP~!. This
is true for p = 0. Let p > 1 and assume the result to be true with p replaced by p—1.

But then we have, forp > 1,

[B,AP] = BAP — APB
= BAAP™' — ABAP~! + ABAP~! — APB

= [B,A]AP~! + A[B,AP7!]

= [B,A]JAP™t + A((p - 1)[B,A]AP7?) by induction
= [B,A]JAP™! + (p—1)[B,A]AP~! since [A,[A,B]] =0
= p[B,A]APL,

Now let k be an algebraic closure of k and let ) € k be any eigenvalue of AB. Let
x € V ® k be such that ABx = Ax and x # 0. By hypothesis A is nilpotent. Let r be

the least positive integer satisfying A"x = 0. We have
A" lx = A"'ABx = A"Bx = BA"x — [B,A"]x = —r[B,A]A" 'x.

Since A"'x # 0 and r > 0 this shows A" !x is an eigenvector of [B, A] with eigen-
value A/(-r). Since [B,A] is nilpotent, we deduce that A = 0. Therefore, all the

eigenvalues of AB are equal to zero, thus AB is nilpotent. ]

The following lemma is technical but is a classic computation on associative alge-

bras.

Lemma 4.2.3. From [3, Chapter VIII, § 1, No. 1, Lemma 1] Let a be an associative algebra
over k. Let H,X and Z be elements of a such that [H,X]| = 2X and [Z,X] = H. Then we
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have

(Z, X" =nX" Y H+n-1)=nH-n+1)X"" forallneN, (4.2.1)

where we abbreviate H + n—1 = H + (n—1)I, where I is the identity element of a.

Proof:  Let us first show by induction that
[Z, X" =nX"Y(H+n-1)foralln>1. (4.2.2)

For n = 1, (4.2.2) is valid since we have [Z,X] = H. Suppose (4.2.2) holds with
n=p>1;then

[Z,XPH] = zxPH1 _xPtlz
= (ZXP)X - X(XPZ)
= (XPZ +[Z,XP])X - X(XPZ)
= XPZX - X(XPZ)+[Z,XP]X

= XP(ZX)- XP(XZ)+[Z,XP]X

= XP[Z,X]+ (pXPH (H+p-1))X by induction
= XPH + pXPL(HX + pX - X) since [Z,X]=H
= XPH + pXP71(2X + XH + pX - X) since [H, X] = 2X]

=(p+1)XP(H +p),

hence the result. Secondly, we need to prove that

X"(H+n)=(H-n)X" forall n> 0. (4.2.3)

The equality is obviously true for n = 0. Furthermore, if X?(H + p) = (H — p)X? for
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some p > 0, then

XP*YH + p) = (XH - pX)XP
= (HX - 2X - pX)XP

= (H—-(p+2)Xxr*!

Therefore, XP*Y(H+p+1) = (H —p - 1)XP*!. Thus we have (4.2.1). i

Now we return to the setting that g is a semisimple Lie algebra over k, and X € g.

Lemma 4.2.4. Let H,X € g such that X is nilpotent, [H,X]| = 2X and H € [X,g]. Then
there exists Y € g such that (H, X, Y) is either (0,0,0) or an sl,—triple.

Proof: Suppose X # 0. Let n := ker(ady X). First, since ad: g — gl(g) is a Lie
algebra homomorphism, and since [H, X| = 2X, we have that [ad H,ad X] = 2ad X.
Hence ad X cad H(n) =ad H oad X(n) — 2ad X(n) = 0. We deduce that ad H(n) C n.

Now, let Z € g such that H = —[X, Z]. Our strategy will be to find some Z’ € n such
thatad H(Z'-Z) = -2(Z'-Z);then Y = Z'-Z will also satisfy [X,Y] = [X,-Z]=H,

as required.

We have [adZ,ad X] = ad H. By Lemma 4.2.3, applied to the images under ad of

H,Z, and X in the associative algebra End(g), we have
[ad Z,(ad X)"] = n(ad H — n+ 1)(ad X)"7!, for all n > 1.

Let g, := (ad X)"(g) foralln e N. Letn > 1. If U € g,,_;, then there exists U’ € g such
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that U = (ad X)""!(U’), and thus [ad Z, (ad X)"|(U’) = n(ad H — n + 1)(U).Thus
adZ o (adX)"(U’) - (ad X)" 0ad Z(U’) = n(ad H — n + 1)(U)
or, equivalently,
adZ oad X(U) - (ad X)"(ad Z(U’)) = n(ad H — n + 1)(U).

Hence we have (adH - n+1)(U) e adZ oad X(U) + g, for all U € g,,_;. Moreover,
if adX(U) = 0, meaning U € nNg,_1, then (adH —n+ 1)(U) € g,. Thus, since

ad H(n) C n, we have

(adH-n+1)(nNg,_;)CcnnNg, foralln>1. (4.2.4)

We next show that -2 is not an eigenvalue of ad H acting on n, as follows. Since
ad X is nilpotent, we can find N € IN such that gy_; # 0 and gy = 0. Suppose A € k
is an eigenvalue of ad H on n and let V € n be an eigenvector. According to (4.2.4),
we have ad H(V) ennNg;. Hence AV e nNyg;. Applying the same relation for AV,
we have A(1 -1)V € nNg,. Iterating the same argument for n = 3,---,N, we have
that A(A-1)(A-2)---(A-N+1)V =0, since gy = 0. We deduce that A € IN. Therefore

-2 is not an eigenvalue of ad H in n.

Hence (ad H + 2) is invertible in End(n). Moreover

(X,[H,Z]+2Z] = [X,[H,Z]] + 2[X, Z]
= [[X,H], 2]+ [H,[X,2]] + 2[X, Z]
= [-2X,Z]+[H,~-H]+2[X,Z]

=0.
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We deduce that [H,Z] + 2Z € n. By invertibility, there exists Z’ € n such that
(adH + 2)(Z’) = [H,Z] + 2Z. So we have [H,Z’|+2Z’ = [H,Z] + 2Z, which im-
plies [H,Z'—Z] = -2(Z’' - Z). Therefore if weset Y = Z’ - Z, we have [H,Y]| = -2Y
and [X,Y]=[X,Z']-[X,Z] = H. I

Theorem 4.2.5 (Jacobson-Morozov theorem). Let g be a semisimple Lie algebra. Let X
be a nonzero nilpotent element in g. Then there exists H,Y € g such that (H,X,Y) is a

sly—triple.

Proof: Letn = ker(ad X)2. If Z € n, we have [X,[X,Z]] = 0, and so, as we have
argued in the proof of Lemma 4.2.4, [ad X,[ad X,ad Z]] = 0. Since ad X is nilpotent,
we have by Lemma 4.2.2, that ad X o ad Z is nilpotent. Hence 0 = Tr(ad X cad Z) =
k(X,Z), for all Z € n, where « is the (nondegenerate) Killing form of g. Thus X e nt
belongs to the orthogonal complement of n with respect to x. In particular, n = g

so (ad X)? = 0.

Now let Y be a nonzero vector in g such that Y = (ad X)?Y’ for some Y’ € g. For all

Z € n we have, by the invariance property of the Killing form, that
x(Y,Z)=x((ad)?Y’, Z) = x(Y’,(ad X)*Z) = x(Y’,0) = 0.

Therefore Y € n' (and so in particular, Y ¢ n) for all nonzero Y € (ad X)?g. Now
by the rank-nullity theorem applied to the endomorphism (ad X)? on g, we have
that dim((ad X)?g) + dim(n) = dim(g), so the fact that (ad X)?g C n* implies that
nt = (ad X)%g.

Thus since X € n+, there exists Y” in g such that X = (ad X)?Y”. Set H = -2[X, Y"].
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We have

[H,X]=[-2[X,Y"],X]==-2[[X,Y"], X]=2[X,[X,Y"]] = 2X,

and H € (ad X)g.

We conclude the existence of a Yj such that (H, X, Y))) is a standard triple in g by
applying Lemma 4.2.4. ]

We end this section by mentioning important and useful results on conjugacy of
standard triples and the subalgebras in g they generate. The first theorem is from

[6, §3.4, Theorem 3.4.10].

Theorem 4.2.6 (Kostant). Let {H,X,Y} and {H',X,Y’} be two standard triples in g,
over an algebraically closed field k, with the same nilpositive element X. Then there exists
x€Gyysuchthatx-H=H',x-X=Xandx-Y =Y".

The second result is from [3, Chapter VIII, §11, Proposition 1]

Proposition 4.2.7. Let A be a group of automorphims of g containing G,q. Let (H,X,Y)
and (H’,X’,Y’) be standard triples in g. Moreover, let a = kH + kX + kY and a’ = kH’ +
kX" +kY’. Consider the following conditions:

* X and X’ are A—conjugates.

* (H,X,Y)and (H',X',Y’) are A—conjugates: there exists a g € A such that g-H =
H,g-X=X'andg-Y=Y"

* aand a’ are A—conjugates.

Then the first two conditions are equivalent and the second implies the third in general.

When the base field k is algebraically closed, then the three conditions are equivalent.
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These results establish that, for k = C, the classification of G,4-nilpotent orbits of g

is equivalent to the classification of G,4-conjugacy classes of sl,(k)-triples in g.

4.3 Distinguished orbits and Jacobson-Morozov

parabolic subalgebras.

We have concluded in Section 4.1 that to each nilpotent element X we can assign
a unique G,q—conjugacy class [[] of minimal Levi subalgebras containing X. It
follows that X € [[,[] so we can talk of the nilpotent orbit of X in the semisimple
Lie algebra [[,[]. Our basic strategy in this section is to produce a nilpotent orbit in
g from a nilpotent orbit in [[,[] C [. Furthermore the minimal Levi subalgebra of [

containing X is [ itself, whence we have a motivation for the following definition.

Definition 4.3.1 (Distinguished nilpotent element and orbit). From [6, § 8.2, p. 121].
Let g be a reductive Lie algebra. A nilpotent element X € g is distinguished if the minimal
Levi subalgebra of g containing X is g. A nilpotent orbit Oy is called distinguished if it
is the orbit of a distinguished nilpotent element X.

There is a device to characterize distinguished orbits in terms of the dimensions
of some subalgebras attached to them, which is rather combinatorial. Recall that
when X is a nilpotent element of a semisimple Lie algebra of g, then, by the Jacobson-
Morozov theorem, there exists a sl,—triple in g having X as its nilpositive element.
In other words, there exists H, Y € g such that (H, X, Y) forms a basis of subalgebra
a of g isomorphic to sl,. We know from the representation theory of sl, that the

weights of g as a—module are all integers and that g is the direct sum of the weight
spaces of H: g = ., 9;.

Definition 4.3.2 (Jacobson-Morozov parabolic subalgebra of a nilpotent element).
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With the previous notations, the Jacobson-Morozov parabolic algebra of the nilpotent

element X is the subalgebra p = 691'20 g;.

That p is parabolic follows from the fact that we can choose a Cartan subalgebra
i containing H and a set of positive roots ®* such that a(H) is a nonnegative
integer for all @ € ®*. Hence p contains a Borel subalgebra. We know also that
go is a Levi subalgebra by using Proposition 4.1.7, since g, is the centralizer of
the toral subalgebra kH. Thus @i>0 g; is the nilradical of p. We will denote them

respectively by [x and ux.

Now we know that the centralizer g* of X is adj; —stable, by using the Jacobi iden-

" =P,

i€EZ

tity. Therefore we have

where ng := g¥ N g;. Moreover, a vector V in g killed by X is a linear combination
of maximal weight vectors of each irreducible representation in the decomposition

of g, thus V has a nonnegative weight. Hence

" =P

i>0

We want to give one more result concerning the structure of the centralizer in g
of a nonzero nilpotent element X, in terms of the centralizer of the Lie algebra
a=kH+kX+kY. We need the following lemma, from [6, Chapter 3, §3.4, Lemma
3.4.5].

Lemma 4.3.3. Let X be a nonzero nilpotent element of a semisimple Lie algebra g. Then

uX = gX N [g, X] is an ad H-invariant nilpotent ideal of g*. Moreover, we have

uX = @gf

i>0
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Proof:  The proof is a rather instructive and interesting application of the repre-

sentation theory of sl;.

Since [H, X] = 2X, then by the Jacobi identity we can see that both g* and [g, X] are

ad H-invariant subalgebras of g. We now show that their intersection is an ideal of

g¥.

Let Z e uX and A € g¥X. We have [X,[A,Z]] = [[Z,X],A] + [[X,A], Z] = 0 because Z
and A are in g¥. Furthermore, there exists some Z’ € g such that Z = [Z’,X], so
[A,Z] =[A,[Z2,X]] = [[A, Z'], X]+ [[X,A],Z'] = [[A, Z'], X] € [g, X]. Therefore, u* is

an ad H-invariant ideal of g¥.

Recall from Lemma 3.3.1 that if i > 0 then [g;_,, X] = g;. If i = 0, then gé( consists of
all the highest weight vectors of g with respect to (H, X, Y) of highest weight zero,
that is, it is a direct sum of all the copies of the trivial representation inside of g. In

particular, gé( N[g, X] = {0}. We deduce that uX = g¥ N [g,X] = ®i>0 ng'

Finally, and again, from the representation theory of sl, we have [glx , g]X ]C gfi j for

all i,j € Z. Since g is finite dimensional, for a large i, we have ng = 0. Hence the de-

scending central series of u¥ is 0 for a large i and we conclude that u* is nilpotent. I

Keeping with the previous notations, let ¢: sl, — g be the Lie algebra homomor-
phism sending the standard basis of s, to the standard triple (H,X,Y). The cen-
tralizer of the subalgebra a = kH + kX + kY is therefore the centralizer of the image
of sl, by ¢, so we can denote g* by g? interchangeably. We appeal once more to
the representation theory of sl, to establish the structure of gX. We know ¢(sl,) is
an irreducible representation of sl, of highest weight 2, that g* = €D, <0 g/, where,

as before, le =g¥ Nyg; and that g/’ = gy. Hence g¢ is a submodule of gé( N gg, on



4. BALA-CARTER CLASSIFICATION OF NILPOTENT ORBITS 54

which sl, acts trivially and irreducibly. Thus g? = g¥ Nng¥ = g and

g =¥ @g?. (4.3.1)

Finally, we will prove the following lemma.

Lemma 4.3.4. With the above notations, g® is a reductive Lie algebra.

Proof: ~ We claim that the restriction of the Killing form of g on g? is nondegen-
erate, which is enough to prove that g¢ is reductive according to Theorem 2.3.7.
Here again, we use the fact that the Killing form is an invariant bilinear form on
g: we have x(Z,[B, X]) = «([Z,B], X) for all B,X,Z in g. In particular, if Z € gX, we
have x(Z,[B,X]) = -«(Z,[X, B]) = —x([Z, X], B) = 0. And since g is semisimple, the
Killing form is nondegenerate, and so, as we have already argued before, that the
orthogonal complement of g is [g, X] with respect to x. Hence we have that « re-
stricts to a nondegenerate bilinear form on g*/(g* N[g, X]) = g*/u*X, which module,

according to equation (4.3.1), is isomorphic to g¢. ]

The following definitions are given here because they can be used to realize the
Bala-Carter correspondence; they are used in proofs that we do not include here,

and we refer to them in the statement of Theorem 4.3.12.

Definition 4.3.5 (Induced nilpotent orbit, Richardson orbit). Let g be a reductive Lie
algebra and let | be Levi subalgebra of g. Let p be a parabolic subalgebra of g such that
p=L1len If O is a nilpotent orbit in |, the nilpotent orbit of g induced from O,
denoted Indj(0y), is the unique orbit O, which intersects O + 1 in an open dense set. A

Richardson orbit of g is a nilpotent orbit induced from the zero orbit of a Levi subalgebra.

The reader interested in the proof of the existence and the uniqueness of Ind[g((’)[)

might consult [6, Chapter 7, §7.1, Theorem 7.1.1]. It is mentioned there that Oy N
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(O +n) is a single P,y—orbit, P,q being the adjoint group of the parabolic p having [
as a factor. Furthermore, it is proved in [6, Chapter 7, §7.1, Theorem 7.1.3] that two
parabolic subalgebras of g with the same Levi subalgebra [ will induce the same

nilpotent orbit from O,.

Our aim now is to prove that when X is distinguished then g,;,1; = 0 for all k > 0.
This of course is equivalent to the fact that g,;,; = 0 for all k in Z, by application of
the representation theory of sl,, which, in turn, is equivalent to saying that g; = 0.

This motivates the following definition.

Definition 4.3.6 (Even nilpotent element and orbit, even standard triple). Let X be
a nilpotent element of a reductive Lie algebra g, (H, X, Y) a standard triple in g containing

X, generating a subalgebra a of g, and let Ox be the orbit of X in g. If P is the

iz 9i
the decomposition of g as a a—module, we say that X, Ox, (H,X,Y) respectively are even

nilpotent element, even nilpotent orbit and even standard triple if g; = 0.

Proposition 4.3.7. Let X be a nilpotent element of g and p = @izogi its Jacobson-
Morozov parabolic subalgebra. Then X is distinguished if and only if dim gy = dim g,.

Proof:  First assume dimg, = dimg,. By Lemma 3.3.1, we therefore know that

X

g has no trivial sl,—submodules. Hence, from (4.3.1), we have g¥X = u¥, since g?

is the sum of all trivial subrepresentations of sl, in g. Therefore by Lemma 4.3.3,

X is nilpotent and moreover g = [g,g]. Hence g* has no nonzero semisimple el-

g
ements, hence no nonzero toral subalgebras, and so the minimal Levi subalgebra

containing X is g according to Corollary 4.1.11.

Conversely, assume X is distinguished, so that the minimal Levi subalgebra con-
taining X is g. By Corollary 4.1.11 again, g* contains no nonzero toral subalgebras.
Therefore in particular g? contains no nonzero semisimple elements. But g? is re-

ductive, so its center consists of semisimple elements; we conclude that Z (94’) =0,
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so that g? is in fact a semisimple Lie algebra, which cannot consist entirely of nilpo-
tent elements unless it is zero. Thus g? = {0}. Therefore g contains no trivial sub-

modules, and so dim(gg) = dim(g,) by Lemma 3.3.1. i

In fact, in [6, Chapter 8, §8.2, Theorem 8.2.3], Collingwood and McGovern prove
that every distinguished nilpotent orbit is even. The proof of this result uses the
fact that if Q is the subgroup of G,q corresponding to a parabolic subalgebra g =
[®u of g, and the orbit Q - Z is dense in u for some Z, then [g,Z] = u, which is
beyond the scope of this thesis.

Thus it remains only to discern distinguished orbits among even ones. The follow-

ing theorem is from [6, Chapter 8, §8.2, Theorem 8.2.6].

Theorem 4.3.8. An even nilpotent orbit Oy is distinguished if and only if its Jacobson-

Morozov parabolic subalgebra p = [x @ 1y satisfies dim [y = dimuy/[uy, 1x].

Proof: Let Ox be an even nilpotent orbit. Let u’ := @iz 4 9i (using the previous
notations). By definition of an even orbit, we have that g; = 0, whence g3 = 0 as
well by sl, theory. Therefore we have gy = [y and since ux = (P,,,9;, we have
dimg, = dimuy —dimu’. Moreover, 1y = 691'22 g; implies [uy,uyx] € u’. Since
X € uy, this map is surjective by Lemma 3.3.1 and equality holds. Hence, dimg, =

dimuy/[uy, ty].

It now follows that dimgy = dimg, if and only if dim[yx = dimuy/[uyx,ux]. By

Proposition 4.3.7, this holds if and only if X is distinguished. ]

We call a parabolic subalgebra of g satisfying the conditions in Theorem 4.3.8 about

the dimensions of its Levi subalgebra and its nilradical a distinguished parabolic
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subalgebra.

Example 4.3.9. Consider the Borel subalgebra b = h @ n. Then n/[n,n] is spanned
by the images of the simple root vectors. Since g is semisimple, the dimension of
its Cartan subalgebra is equal to the number of simple roots, so it follows that the

Borel subalgebra is distinguished.

The Borel subalgebra is moreover the Jacobson-Morozov parabolic subalgebra cor-
responding to X =} ,.A X,, Wwhere X, € g, \ {0} for each a € A. To see this, choose
H € Iy such that [H, X] = 2X and complete this to an sl,(k) triple. Then [H,X,]> 0

for each simple root «, so it follows that gy = h and n = ®;(g;, as required.

Our final intermediate result, whose proof again uses a relationship between the
adjoint group and the Lie algebra which is deeper than the scope of this thesis,
states that this example is representative of the general case. It is from [6, Chapter

8, §8.2, Theorem 8.2.2].

Theorem 4.3.10. Any distinguished parabolic subalgebra p = [@®u is the Jacobson-Morozov

parabolic subalgebra of a distinguished nilptotent element X. In particular, the map

Ox = [p]

from the set of distinguished orbits in g to the set of G,q—conjugacy classes of distinguished
parabolic subalgebras of g, where [q] is the conjugacy class of the Jacobson-Morozov parabolic

subalgebras of X, is bijective. Moreover, the orbit Oy is the Richardson orbit attached to p.

Before the final theorem of this chapter, we want to prove the following lemma,

which will be used in the proof of the theorem of Bala-Carter.

Lemma 4.3.11. Let X be a nilpotent element of a semisimple Lie algebra g and let [ be a
Levi subalgebra of g. Then X is distinguished in [L,1] if and only if [ is a minimal Levi
subalgebra of g containing X.
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Proof:  Suppose first that [; and [, are two Levi subalgebras of g. Each is a Levi
subalgebra of a parabolic subalgebra, and all parabolic subalgebras are conjugate

to standard parabolic subalgebras, so we may assume that

for some subsets A; € A. Considering the finite list of possibilities, we conclude

that [; €[, if and only if Ay CA,, and [; C [, if and only if Ay C A,.

Notice also that if [; is as above, then

[l;,l;]=span{H, |a € A;} ® @ Oq-
ag(A;)

Therefore if [; C [, then [[,[;] € [[5,[;], and the subalgebra
m =span{H, |a € Ay \ A} @[y, 1]

is a standard Levi subalgebra of [[,,[,] with respect to its Cartan subalgebra I, =

span{H, | @ € A,} and the root system @, = (A;). Notice that

where at each inclusion we may be increasing the dimension of the algebra, but

strictly by adding more vectors from .

Conversely, suppose that m is a Levi subalgebra of [[,,[,]. Conjugating by an ele-

ment of the adjoint group of [[,,[,] as necessary, we may assume that m is a stan-
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dard Levi subalgebra, hence of the form

m= [12 D @ [[2; [2]a

ag(Ar)

for some Ay C A,. The spaces [[,[,],, being one-dimensional and non-zero by

construction, are equal to g, for each a € @,. It follows that
[; =span{H, |a e A\ Ay}®&m

is equal to

whence it is a standard Levi of g. Moreover, since m C [[,,[,] C [, and i C [,, we

have that [; C [,.

Therefore there is a one-to-one correspondence between standard Levi subalgebras

m of [[,,[;] and standard Levi subalgebras [; contained in ;.

Now suppose that X is a nilpotent element of g. Without loss of generality assume
it is part of a standard triple {H, X, Y} such that H € I. Let [, be a minimal standard
Levi subalgebra containing X. Then X = [H, X] € [[,,[,] and ad(X) is nilpotent on g
hence on [[,[,], so X is nilpotent in both [, and its derived algebra.

If X were not distinguished in [[,,[,] then there would be a Levi subalgebra m of
[[5,[;] containing X, which up to conjugacy by an element of the subgroup of G,
generated by the roots in [, (which is the adjoint group of [[,,[,]) we may assume
is a standard Levi. Then the associated standard Levi [; is a strictly smaller Levi
subalgebra of g, since it has a smaller root system. Since X € m C [;, this is a

contradiction.

Conversely, if X € [[,,[,] is nilpotent, then by the abstract Jordan decomposition



4. BALA-CARTER CLASSIFICATION OF NILPOTENT ORBITS 60

it is nilpotent in any representation, in particular, the adjoint representation on g.
Thus X is nilpotent in g.

Suppose that X is a distinguished nilpotent element of [[,, [;], meaning that it does
not lie in any proper Levi subalgebra m of [[,,[,]. By the above correspondence of
Levi subalgebras, it therefore cannot Lie in any [, where [; is a standard proper
Levi subalgebra of g contained in [,. So [, is a minimal standard Levi subalgebra

containing X.

Therefore [, is a minimal standard Levi subalgebra containing X if and only if X
is a distinguished nilpotent element of [[,,[,]. Replacing [, by a Gfd—conjugate as

necessary, we infer the general result. ]

We are now able to give a parametrization of the nilpotent orbits of a reductive Lie
algebra g over C in terms of its Levi subalgebras and the distinguished parabolic
subalgebras of each of them. This theorem is rephrased from a pair of results which

can be found in [6, §8.2, page 125, Theorem 8.2.12].

Theorem 4.3.12 (Bala-Carter). Let X be a nilpotent element of g, distinguished in a Levi
subalgebra [ and let p be the Jacobson-Morozov parabolic subalgebra in [1,1] corresponding

to a standard triple containing X. The map
Ox = [(Lpy)] (4.3.2)

between the nilpotent G,q—orbits of g and the G,q—conjugacy classes of pairs (L,p;) is a

bijection whose inverse is

[(Lp)] = Guq - Indj, (0). (4.3.3)

Proof: =~ We need first to prove that the map (4.3.2) is well defined. Let X and X’ be

nilpotent elements of g that are G,g—conjugate, in other words Ox = Ox,. We want
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to prove that the pairs ([, p;) and (I, py/) corresponding to X and X’ respectively via
(4.3.2) are G,q—conjugate. Since X’ € Oy, there exists g € G,4 such that g- X’ = X.
Then g - " is a minimal Levi subalgebra containing g- X" = X. Hence g- 1" and [
are conjugate by an element g’ of Gfd by Theorem 4.1.17. Therefore g’g - py is the
Jacobson-Morozov parabolic of ¢’¢- X’ = X in [¢’g-1',g’¢ - '] = [,1]. By Theorem
4.3.10, they are G,q—conjugate. Hence the map (4.3.2) is well defined.

The map (4.3.2) is injective by Theorem 4.3.10. To show surjectivity, let (L, p;) be a
pair of Levi subalgebra of g and a distinguished parabolic subalgebra of [[,[]. Then
py is the Jacobson-Morozov parabolic subalgebra of a distinguished nilpotent ele-
ment X of [[,[]. Since [[,[] is semisimple and X is nilpotent in [[, ], its image in g by
the canonical injection is also nilpotent. Moreover [ is a minimal Levi subalgebra

in g which contains X. Therefore X is distinguished in L. ]



Chapter 5

Nilpotent orbits of s0(8)

5.1 Basic structure of so(2n)

Let n > 2. We use our notation for the matrix form of the Lie algebra g = so(2n) over
the field k = C as defined in Section 2.1. In this section we provide the necessary
details of its structure theory to allow us to elaborate on the Bala-Carter classifi-
cation of its nilpotent orbits in the case that n = 4. These results are standard; for

example, see [3, Ch.VIII, §13, no. 4].

A Cartan subalgebra I of g is the subalgebra of diagonal matrices
b ={H =diag(ay,a,---,a,,—a,,—a,_1,---,—ay) | a; € C}.

Given 1 <i <, define ¢; € i* by ¢;(H) = a; for H € I as above. Then the roots of g
with respect to I are

q):{ié‘iit‘]'llﬁiijﬁﬂ}.

Given a € @, one can check that a basis for the corresponding root space g, C g is

62
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given by X,, where X, is given in matrix form by

Eij-E j-i ifa=¢-¢j;
Xo = E, j-E;j; ifa=¢+ej; (5.1.1)
Ejj-E. i ifa=-¢-¢j

foreach1 <i=j<n.

A choice of positive system is " = {¢; +¢; | 1 <i < j < n}, with respect to which the
Borel subalgebra is the subalgebra of all upper triangular matrices of g. A simple
system is

A={e1—€p =63, €p 2= En 1, En1 H € Ep1 HE1}
when needed, we abbreviate these roots, in order, as aq, ay, -+, a,,.

To each simple root @ we attach a basis element of Iy by setting
Hy = [Xo X 4.
This is given by

H - Eii = Ejs1iv1 = Eoimi + E_(i1),~(i41) ifl<i<n (5.1.2)

En—l,n—l + En,n - E—(n—l),—(n—l) - E—n,—n ifi =n.

Then for each a € A, {H,, X,, X_,} is an sl(2)—triple.
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5.2 The Lie algebra so(8)

Let us now specialize to the case that n = 4, so that g = s0(8). Then |A| = 4 and
dim(g) = 16.

It is useful to note the following relations, which also suffice to prove that A is a

simple system for @ in this case:

a1 =& —& Or+ g =E&E)+¢&y
Oy =&p)—E€3 a1+ a)+a3=§&1— &4
a3 =&E3— &4 aj+ar,+ag=¢€1+¢&4 (5.2.1)
ayp=&3+¢&4 Ay + 03+ 04 =E)+E&3
a1 +a)=8& —&3 a1 t+artazt+ag =& +&3
ar+asz=¢Er+¢&y a1 +2ar+az+ag=¢€1+¢

We note that this set is preserved under any permutation of the roots {ay, a3, a4}

(but is asymmetric with respect to a,).

The inner product on " induced by the Killing form restricted to 1 is proportional

to the form satisfying (¢;, ¢;) = 6;;, whence it follows that the Dynkin diagram for g

—

In [7, §12.1], it is shown that the Weyl group of so(8) is generated by the set of

is

permutations on the symbols

{611 €2,€3, 54}
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together with an even number of sign changes, that is, maps of the form

(51,62, €3, 54) = (_51'_521 €3, 84)-

One can verify that @ is preserved under these transformations. The following

general theorem is stated in [6, Lemma 3.8.1].

Theorem 5.2.1. Let g be a semisimple Lie algebra and let VW denote its Weyl group. Then
two Levi subalgebras |y and U defined respectively by the subsets of simple roots A and A’
are G,q—conjugate if and only if A and A" are WW—conjugate.

The Bala-Carter theorem states that the nilpotent orbits of g under G,4 are in one-
to-one correspondence with G,4-conjugacy classes of pairs (L, p;), where [ is a Levi
subalgebra of g and p; is a distinguished parabolic subalgebra of the semisimple

Lie algebra [L,1].

Therefore, to enumerate the nilpotent orbits of G,4 in g, using the Bala-Carter
theorem, we first need to generate a list of all Levi subalgebras of g up to Guq4-
conjugacy. By Proposition 2.9.4, it suffices to enumerate the Levi subalgebras of
standard parabolic subalgebras of g (see Section 5.7) and then determine, using

Theorem 5.2.1, which of these are G,4 conjugate. We do so in Section 5.3.

Moreover, for each conjugacy class of Levi subalgebras, we will determine the iso-
morphism class of the derived algebra [[,[]. We will see that, except for the Levi
subalgebra [ = g, the derived algebra is isomorphic to one of sl(4), sl(3), or a direct
sum of copies of sl(2). We will prove in Section 5.4 that the only distinguished

parabolic subalgebra of such a Lie algebra is the Borel subalgebra.

When [ = [[,[] = g, however, the situation is more interesting. Therefore, at the
same time that we enumerate the Levi subalgebras of g in Section 5.3, we also test

the corresponding parabolic subalgebras of g to identify those which are distin-
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guished. Again by Proposition 2.9.4, this will allow us to subsequently enumerate

all the Bala-Carter pairs of the form (g, py), up to G,4-conjugacy.

5.3 Levisubalgebras of s0(8)

Using our standard notation, we write p = [@ u for the Levi decomposition of a
standard parabolic subalgebra. If the parabolic subalgebra p is defined by the a set
of simple roots A’ and the positive roots ®*, we let S = ®*\ (A’). Let S’ C S be
the subset of roots of S which cannot be written as a sum of two roots in S; then
dim(u/[u,u]) = |S’|. Therefore, the parabolic subalgebra p is distinguished if and
only if dim(l) =[S’|.

In the following, we enumerate all standard Levi and parabolic subalgebras by

enumerating all possible subsets A’ of A.

5.3.1 Cases: |A’|=0o0r|A’|=4

If A’ = 0, then [ is equal to B, the Cartan subalgebra, whose derived algebra [[,1] =
{0}. The associated standard parabolic subalgebra p is the Borel subalgebra b =
B ®Dyep+9,- Thus all simple roots lie in S = @+ \ A’ = @7, and by definition these
are the only positive roots which cannot be written as a sum of two other roots
in ®*, so S” = A. Therefore dimu/[u, u] = |A] = 4 = dim([), so p is a distinguished
parabolic subalgebra of g.

At the other extreme, if A’ = A, then [ = g, which is equal to its derived algebra.
The associated parabolic subalgebra is p = [ and so u = {0}. It follows that p is not

distinguished in g.
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Each of these two Levi subalgebras represent a unique G,4-conjugacy class of Levi
subalgebras of g. They are identified by the following Dynkin diagrams, respec-
tively:

as

a ap
ay

53.2 Case: |A'|=1

There are four distinct standard parabolic subalgebras of g, each corresponding to

a choice of simple root a. In each case, we have
(=09, D94

so that dim(l) = 6 and [[,[] = s[(2).

To determine which of these are G,4-conjugate, we note that a standard result
about root systems is that all long roots are conjugate via the Weyl group (see,
for example, [7, §10 Lemma C]). In g, all roots have the same length; therefore
by Theorem 5.2.1, all Levi subalgebras of rank 1 are G,4 conjugate. Thus for the
purposes of the Bala-Carter theorem, it suffices to consider the Levi subalgebra

corresponding to A’ = {a;}, whose Dynkin diagram is as follows:
%H<:

The parabolic subalgebras corresponding to different choices of A" are not con-

jugate; each is a standard parabolic subalgebra. We wish to determine which of
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them, if any, are distinguished.

Let A’ = {a}, and consider S = ®* \ {a;}. Using (5.2.1), we see that the set of roots
in S which cannot be written as a sum of two other roots in S is " = {a,, a3, a4, a; +

a5}, so dim(u/[u, u]) = 4 = dim(l), and p = [®u is not distinguished.

By symmetry of the set of roots under a cyclic permutation of the set {a1, a3, a4},
we infer that the parabolic subalgebras corresponding to A’ = {a3} and A" = {ay}

are also not distinguished.

If A’ = {a;}, on the other hand, then the subset of S = ®* \ {a,} which cannot be
written as a sum of elements of S is S” = {ay, a3, ay, a1 + @y, ay + a3, ay + ay}, which

has order 6. It follows that dim(u/[u,1t]) = 6 = dimI[ and thus that this parabolic

._og<:

subalgebra is distinguished:

5.3.3 Case: [A'|=2

4
There are [
2

each in turn, and then establish which corresponding Levi subalgebras are conju-

] = 6 choices of subset A’ = A; ; of A with two elements. We consider

gate.
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5.3.3.1 Subcase: A'€{A], A} 3, A )
When A, ; = {a;, a3}, we have (A 5) = {xay, ay, +(a; + ay)}. Therefore

[ = h @ ®C¥€<A1_2>ga

has dimension 4 = 6 = 10, and [[,[] = s[(3). Its Dynkin diagram is
aq a% :

In this case, S = ©*\ (A’) has 9 elements, most of which cannot be written as a sum

of elements of S, namely
S ={az, ag, ar +az,ar + g, a1 + Ay + az,ap + Ay + ayl.

Therefore dim(ut/[u, u]) = 6 < dim(l) = 10, and the associated parabolic subalgebra

is not distinguished.

By the symmetry of the roots under cyclical permutation of the subset {a1, a3, a4},
we deduce that the parabolic subalgebras corresponding to A, ; and to A, 4 are

also not distinguished.

Lemma 5.3.1. The subsets of ® generated by Ay ,, Ay 3 and A, 4 are conjugate by the
Weyl group.

Proof: = The permutation
(e1,€2,€3,€4) > (€4, €2, €3, €1)

lies in the Weyl group and sends (A ;) = {£(e1 —¢€3), £(e2 —€3), £(1 —€3)} to (Ap3) =
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{£(e4 —€3), £(e2 — €3), (€4 — €3)}. On the other hand, the signed permutation
(€1,€2,€3,€4) > (€1, €2,€3,—€4)

sends (Aj3) = {+(ex—€3), £(e3—€4), (62 —€4)} t0 (Ag 4) = {F(e7 —€3), H(e3+€4), £(€2 +

€4)}- |

It follows from this lemma, by Theorem 5.2.1, the corresponding Levi subalgebras

are G,q conjugate.

5.3.3.2 Subcase: A’ € {A;3,A1 4,A34}

Now consider the three remaining standard parabolic subalgebras corresponding

to Ay 3, A 4 and Aj 4. In all three cases, we have that

(A j) = {xa;, *a;}

since a; + a; is not a root. Therefore [ = h & Daelra;a;)la is a Levi subalgebra of
dimension 4 + 4 = 8. The derived algebra in each case is isomorphic to two copies

of sl(2).

Consider now the case that A’ = A 3, whose Dynkin diagram we picture as fol-
1,3 y g p

lows:

as
%—‘<.f

Then S = ®* \ {a1, @3} and so the only roots in S which are not sums of other roots
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of S are

S ={ay, a4, a1 + ay,ay + az).

Therefore dim(u/[u,1]) = 4 < dim(I) = 8, and the corresponding parabolic subalge-

bra is not distinguished.

Using the symmetry of ®* under the cyclical permutation of the set {¢}, €3, &4}, we

conclude that none of these three parabolic subalgebras are distinguished.

We next claim that the three Levi subalgebras are not conjugate under G,4. We first

prove the following lemma.

Lemma 5.3.2. The sets (A1 3),{A1,4) and (A3 4) lie in distinct orbits under the action of
the Weyl group.

Proof: The three sets of roots are

(A13) = {x(e1 —&2), x(e3 — €4)}
(Asz4) = {£(e3 — €4), £(€3 + €4)}

(A1,4) = {£(&1 — €2), (€3 + €4)}.

First note that applying any signed permutation in the Weyl group to the set (A3 1)
would again give a set of four roots which are linear combinations of only two
basis elements {¢;, ¢;}. So this set is not conjugate to either of the two others via the

Weyl group.

Now we show there cannot exist an element of the Weyl group sending (A 3) to
(A1,4). If we apply an unsigned permutation, or a permutation changing all four
signs, to (A; 3), then both ¢; —¢; and &3 — ¢4 are sent to roots of the form ¢; —¢;;
therefore no such transformation can take (A; 3) to (A 4). If we apply a signed

permutation that changes exactly two signs, then it either sends both ¢; — ¢, and
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€3 — &4 to roots of the form ¢; — ¢;, or else sends both to roots of the form +(¢; + ¢;).

In either case, the image cannot be (A 4). Therefore none of these three subroot-

systems are conjugate under the Weyl group. ]

It now follows from Theorem 5.2.1 that the Levi subalgebras corresponding to

A1 3,A3 4 and Ay 4 are all non-conjugate under G,q4.

5.3.4 Case|A'|=3

It remains to consider the four possible Levi subalgebras of rank 3.

5.3.4.1 A= {al,az,a3}
aq a% :f

The first corresponds to A" = {a, ay, a3}. Here, (A’) = {e;—¢; |1 <i# j < 4}, whichis
the root system for s[(4). It follows that [ = h®&®,¢(a/y9, has dimension 4+6+6 = 16,
and that the derived algebra [[,[] is isomorphic to sl(4).

We have § = @7\ (A') = {¢; +¢; | 1 <i <j < 4}, none of which can be written as
a sum of other roots in S, so S’ = S. Therefore dim(1/[i,u]) = 6 < dim(l), so the

corresponding parabolic subalgebra is not distinguished.
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53.4.2 A ={aj,a, a4}

ay

The next corresponds to A’ = {a1, a;, a4}. Here,

(A') = {x(e;—¢j), x(ej +e4) [ 1 <i#j<3),
which as a root system is the set {+a, +a, +ay, +(a; + ay), H(ar + ay), (a1 +ar +a+
4)}. Thus this root system is abstractly isomorphic to that of sl(4).

It follows that the corresponding Levi subalgebra is 4+ 6+ 6 = 16-dimensional, and

that the derived algebra [[,[] = sl(4).

Theset S =®*\ (A')is
{as,ar +az, a1 +ar+az,ar+azs+a+4,a1+ar+az+ay,a; + o)+ asz+ay;

since this set is characterized as the set of all positive roots whose expression
as a linear combination of simple roots contains a3 with coefficient equal to 1,
none of these are linear combinations of the others, and again S = S’. Therefore
dim(u/[u,u]) = 6 and again the corresponding parabolic subalgebra is not distin-

guished.

5343 A= {az, 0(3,0(4}

as
aj
ay
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We now consider A’ = {a;, a3, @4}. The subrootsystem it generates is
(A')y={xe;+ej|2<izj<4)
which is the root system of so(6). It can also be characterized as the set
{xas, tag, tay, H(as + ay), H(ay + ag), £(as + ay + ay))

whence it is also the root system of sl(4). From either point of view, we see that
[ = h®®ye(ay is 16-dimensional, with derived algebra isomorphic to s0(6) = s1(4).
By similar arguments to the preceding, we can show that the associated parabolic

subalgebra is not distinguished.

At this point, we note that the arguments of Lemma 5.3.2 can be applied to show
that these three subrootsystems of the subcases 5.3.4.1, 5.3.4.2, and 5.3.4.3 cannot
be conjugate via an element of the Weyl group, and therefore that these three Levi

subalgebras are not conjugate via G,q.

53.44 A ={ay,asz, a4}

aq
ay

The final Levi subalgebra of rank 3 to consider is generated by A’ = {ay, a3, ay}.

Then

(A') = {1 — &2), +(e3 — £4), +(£5 + £4)}

is a subrootsystem with only six elements, so that the associated Levi subalgebra

has dim([) = 4+ 6 = 10. It follows that [ is not isomorphic to any of the three pre-
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ceding Levi subalgebras of rank 3, and therefore in particular is not G,4-conjugate

to any of them.

In fact, each pair of roots above generates a subalgebra isomorphic to sl(2) inside
[, and it follows that
(L1 = sl(2) @sl(2) ®sl(2).

The set S = ®* \ (A’) can be characterized as the subset of all positive roots which
when expressed as a linear combination of simple roots, include a, with a positive
coefficient. Of the nine such roots, only one can be written as a linear combina-
tion of the other two, hence dim(u/[u,u]) = 8 < dim([), and so the corresponding

parabolic subalgebra is not distinguished.

5.4 Distinguished parabolic subalgebras of [[,[| when
=g
Our goal in this section is to enumerate all possible distinguished parabolic subal-

gebras of a Lie algebra of one of the following types, which represent the isomor-

phism classes of proper Levi subalgebras of g:
sl(2), sl(2) @ sl(2), sl(2) @ sl(2) ®sl(2), sl(3), sl(4). (5.4.1)

We saw that the Borel subalgebra is always a distinguished parabolic subalgebra,
and that g is not distinguished in itself. Therefore for the Lie algebra sl(2) there is
nothing left to prove, since it has only two parabolic subalgebras, the Borel subal-

gebra and itself.

Lemma 5.4.1. The only distinguished parabolic subalgebra of a direct sum of copies of
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sl(2) is the Borel subalgebra.

Proof:  The root system for a direct sum of k > 2 copies of sl(2) has the form

O ={+p1,+pp,..., P},

with A = ®* = {B; | 1 <i < k}. Since no positive roots are sums of other positive
roots, it follows that for any A’ c A, S” = ®* \ A’. Therefore |S’| = k —|A’|. On the
other hand, dim(l,/) = dim(k) + [(A”)|, which is equal to k + 2|A’|. Therefore the
parabolic is distinguished if and only if A’ = @, which corresponds to the Borel

subalgebra. i

Lemma 5.4.2. The only distinguished parabolic subalgebra of s1(3) is the Borel subalgebra
(up to conjugacy).

Proof: = The Lie algebra sl(3) has a two-dimensional Cartan subalgebra i and a

root system of the form @ = {+f;,+f,,+(B;1 + f2)} where A = {1, B,}.

If A’ ={B;}, then S = ®*\{B;} has only 2 elements, so it follows trivially that S’ = S.
Therefore dim(u/[u,ut]) = 2, whereas dim(l) = dim(h) + [{£f;}| = 4. Therefore the

corresponding parabolic subalgebra is not distinguished.

The case for A’ = {f,} is equivalent, by the symmetry of the root system, and the
cases A’ = 0 and A’ = A were treated above. Therefore, the Borel subalgebra is the

only distinguished parabolic subalgebra of sl(3). i

Lemma 5.4.3. The only distinguished parabolic subalgebra of sl(4) is the Borel subalgebra
(up to conjugacy).
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Proof:  The Lie algebra sl(4) has a three-dimensional Cartan subalgebra h and a

root system with positive roots of the form

D" =By, B2, B3, P1 + P2, B2+ B3 P1 + P2 + P3)

corresponding to A = {B1, B2, B3}. Eliminating A" = @ (which gives the distinguished
Borel subalgebra) and A’ = A (which gives sl(4), which is not distinguished) leaves

the following cases.

If A" = {1} then the subset of S = ®*\ A’ consisting of elements that are not sums
of elements of S is S’ = {ay, a3, a1 + @y}. Thus dim(1/[u,u]) = 3 whereas dim([) =
dim(lr) + 2 = 5, so the corresponding parabolic subalgebra is not distinguished. By

symmetry, the same result holds for A’ = {$5}.

If A’ ={B,}, then S = {B, B3, B1 + P2, B2+ B3, B1 + B2+ B3} has five elements and we see
that S” = S\{B1 + B2+ B3} has four elements. Thus dim(1t/[1, 1]) = 4 whereas dim([) =

dim(k) + 2 = 5. So the corresponding parabolic subalgebra is not distinguished.

If A” = {1, B2}, then [(A)| = 6, so then dim(l) = dim(h) + 6 = 9. Since this is larger
than [©F| (and S’ € @), we immediately deduce that the corresponding parabolic

subalgebra is not distinguished. By symmetry, the same holds for A" = {$,, 83}

Finally, if A" = {B;, B3} then |[(A”)| = 4 so dim([) = 7, which again exceeds |D*|, so the

corresponding parabolic subalgebra is not distinguished. ]
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5.5 Summary

In Section 5.3, we saw that in all, there are 11 conjugacy classes of Levi subalgebras

of g, enumerated in Figure 5.1. When [ is a proper Levi subalgebra, we have that

S L
S

Figure 5.1: Representatives of the 11 G,4-conjugacy classes of Levi subal-
gebras of s0(8).

[[,[] is one of the subalgebras from the list (5.4.1), and we showed in Lemmas 5.4.1,
5.4.2, and 5.4.3 that each of these contain a unique distinguished parabolic subal-
gebra, which is the Borel subalgebra.

Therefore, to each proper Levi subalgebra we attach exactly one pair ([,p;) up to

G,g—conjugacy in the Bala-Carter Theorem.

When [ = g, then [ has exactly two distinguished standard parabolic subalgebras:
the Borel subalgebra p = b, and the parabolic subalgebra corresponding to A" =

{a,}, which we can denote p,,. Therefore to [ we attach two pairs

(g,b) and (g,pa,)

in the Bala-Carter classification.

Therefore, by the Bala-Carter Theorem, there are a total of 12 nilpotent G,4—orbits

in g.
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In the next section, we use the Bala-Carter theory to produce representatives of
each of these orbits and compare these with the Steinberg classification of nilpotent

orbits by partitions of 8.

5.6 Representatives of Nilpotent Orbits of so(8)

We saw that if the distinguished parabolic subalgebra p is the Borel subalgebra,
then a representative for the distinguished nilpotent orbit whose Jacobson-Morozov

parabolic is givenby X =) A X,.

For each of the 11 Bala-Carter pairs (I, p) determined above such that p is a Borel
subalgebra, we determine an element H € Iy N [,[] such that [H,X] = 2X. Then
by the Jacobson-Morozov theorem 4.2.5, there exists Y € g such that {H,X,Y} is
an sl(2)—triple. The eigenvalues of the action of H on the standard representation
V = C? then determine its decomposition into irreducible subrepresentations. The

resulting decomposition defines a partition of 8, which we record.

A" =0: X =0. This is the degenerate case of the zero orbit, to which we attach the

trivial partition [18].

AN ={a1}: X =X,, and H = H,,. Since H,, = Ey1 —Ey;—E_; _; +E_, _, is a diagonal
matrix, we see that its eigenvalues, counted with multiplicity, are (1,-1,0,0,0,0,1,-1).
These are the eigenvalues of the decomposition of V into two copies of the ir-
reducible subrepresentation of dimension 2, and four copies of the irreducible

subrepresentation of dimension 1. Therefore, we attach to this orbit the partition

[22,14].
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AN ={ay,az}: X = X, + X,,. A diagonal element
H =diag(ay,a,,as,a4,—a4,—as,—a,,—ay)

acts on X by [H, X] = a;(H)X,, + ay(H)X,,. We require that [H, X] = 2X, whence
ay—ap = 2 and a; —az = 2. Moreover, H € [[,[] implies that H € span{H, , H,,}. This

leads to the choice
H =2H,, +2H,, = diag(2,0,-2,0,0,2,0,-2).

These are the weights of a direct sum of two copies of a three-dimensional repre-

sentation, and two copies of a trivial representation, so the associated partition is
[32,17].
AN ={ay, a3} : X = X, + X,,. Since ai(Ha].) =0 for {i,j} = {1, 3}, we can take

H = H,, +H,, = diag(1,-1,1,-1,1,-1,1,-1)

whence the weights are those of four copies of a 2-dimensional irreducible repre-

sentation, whence the partition is [24].

AN ={ay, a4} X = X, + X,,- As above, we can take
H =H,, +H,, = diag(1,-1,1,1,-1,-1,1,-1)

which gives the same partition [24].

AN ={az, a4} X = X, + X,,- As above, we can take

H = H,, + H,, = diag(0,0,2,0,0,-2,0,0)
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which corresponds to the partition [3,1°].
N ={ay,az,a3}: X = X4, + Xq, + Xq,- Since for an
H =diag(ay,a;,a3,a4,—a4,—as,—a,,—ay)
we have
[H, X] = (a; —a3)Xq, +(a, —a3) X, + (a3 —ag)X,,
it follows that we should choose a; —a, = a, — a3 = az — a4 = 2. With this condition
and H € span{H, | @ € A"}, we have

H=3H, ., +4H,, ., +3H,, ., =diag(3,1,-1,-3,3,1,-1,-3).

Thus the corresponding partition is [42].

N ={ay,ar,a4): X =X, + X4, +X,,. Since for an arbitrary H € Ir as above we have
[H, X] = (a1 —a3)Xq, + (a2 —a3)Xo, + (a3 +ag)X,,

weneed a;—a, = ar,—as = az+ay = 2, when (ay, a,, as, aq) = (a+4,a+2,a,2—a) for some
choice of a = a;. Since H should lie in the span of {H, | a € A’}, it follows that the
vector (a+4,a+2,a,2—a) should be in the span of the vectors (1,-1,0,0), (0,1,-1,0),
and (0,0,1,1) (which correspond to Hg ., Hq, and H, . respectively). This yields
a=-1,or

H = 3H,, +4H,, +3H,, = diag(3,1,-1,3,-3,1,-1,-3)
which again corresponds to the partition [42].

N ={ay az, a4} 1 X = X, + Xo, + Xq,- Then the condition that a(H) = 2 for each

a €N givesay—az =2and a3 +ay = 2. Thus ay = 0,a; = 2 and a, = 4. We have that
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a; = 0 since H € [[,[]. Therefore,
H = diag(0,4,2,0,0,-2,—4,0) = 4H,_ +3H,, + 3H,,

which gives the partition [5,1°].

N ={ay,a3,a4): X = X4, + X, + Xq,- Here, [H, X] = 2 implies that a; —a, = 2 while
az+ay = 2. This yields a4 = 0 and a3 = 2. The condition that H € [[,[] gives a; = —a,,
whence

H = diag(1,-1,2,0,0,-2,1,~1) = H,, + H,, + H,,
and the partition is [3,22,1].
N =A: X=Xy +Xg, + Xo, + Xq,, the sum of all the simple root vectors. The
relation [H, X] = 2X implies
ay—ay=2,ay—az=2,a3—ag=2,a3+ay, =2
whence

H = diag(6,4,2,0,0,~2,—4,~6) = 6H,, + 10H,, + 6H,, + 6H,,

which corresponds to the partition [7,1].

Finally, we need to determine a representative for the nilpotent orbit correspond-
ing to the pair (g,p,,). This orbit is characterized as the one which is even and
whose corresponding Jacobson-Morozov parabolic subalgebra is p,,. If {Y, H, X} is

an sl(2)—triple for this orbit, then we may deduce the following properties.

To be an even orbit implies that a(H) is even for all a € ®. Since all roots are sums

or differences of pairs of elements on the diagonal of H, we deduce that all the
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diagonal elements of H are even. Decomposing g as a direct sum of weight spaces
g; under H, we have [ = 1 = gy, hence a; > 2 for each simple root «a;. The set g, is
the complement of [1, u] in 1. Recall by our calculations in Section 5.3 that the set
S§"={ay, a3, a4, a1 + ay, ) + a3, a, + ay} parametrizes a basis for u/[u, ], hence g,.

The constraint that «(H) = 2 for each a € S” uniquely determines H:

H = diag(4,2,2,0,0,-2,-2,~4) = 4H,, + 6H,, +4H,, + 4H,, (5.6.1)

and thus the partition [5, 3].

Determining a choice of X is more difficult. By the statement of Theorem 4.3.12,
and in particular the definition of an induced orbit, there is a dense set of repre-
sentatives of this orbit in g,, but this is insufficient information to choose a repre-

sentative. Instead we consider the following.

Since p is the Jacobson-Morozov parabolic subalgebra corresponding to the sl,—triple
{H,X,Y}, we have X € g; and Y € g_,. Furthermore, these two elements satisfy
[X,Y] = H. Conversely, given {H, X, Y} satisfying these three conditions, it fol-
lows that {H, X, Y} is an sl,—triple and its Jacobson-Morozov parabolic subalgebra,

which is determined by H, is equal to p.

So consider X =)  cqcoXy and Y =) oo dy X . Using the explicit matrix ex-
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pressions (5.1.1) for these root vectors, we compute

[Xr Y] = (_Ca1+a2da1 + Ca2+a3da3 + Ca2+a4da4)Xa2
+ (_Ca1 da1+a2 + Ca3da2+a3 + Ca4da2+a4)X—a2
+ (Ca1 doq + Ca1+a2da1+a2)Ha1
+ (Ca1+a2da1+a2 + Coytas da2+a3 + Ca2+a4da2+a4)Ha2
+ (Ca3 da3 T Caytas da2+a3)Ha3

+ (Ca4da4 + Ca2+a4da2+a4)Ha4-

Comparing this with (5.6.1) gives an underdetermined system of six quadratic
equations in the twelve variables {c,, d, | @ € S’}, whose solution set is the dense set
of orbit representatives. To choose one such solution, we observe that the system
remains consistent if one of (¢a,+a; day+ay) OF (Cayray day+ay) 1 the zero vector, in
which case each choice of (¢4,,Ca;) Cayr Cay+a,) determines a unique solution. Thus

one choice of orbit representative is
X =Xo, +Xoy +2Xo, + X 40, — Xayray
and the corresponding element Y completing the sl,—triple is

Y =-2X_ o +4X 4, +2X 4, +6X_ 4,0, +6X_ 4, ;-

Summary

In the previous section, we explicitly established the case corresponding to so(8) of
the following theorem due to Springer and Steinberg, using the Bala-Carter classi-

fication [6, Theorem 5.1.4].
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Theorem 5.6.1 (Springer and Steinberg). The G,q nilpotent orbits of so(2n) are parame-
trized by partitions of 2n in which even parts occur with even multiplicity, with the ex-
ception that to each partition which is composed only of even parts there correspond two

distinct orbits.

In the case that n = 4, this theorem gives the parametrizing set
[7,1], [5,3], [5,1°%], [4%]x 2, [3%,12%], [3,2%,1], [3,1°], [2%] x 2, [2%,1%], [18],

which is exactly the collection of partitions obtained in the previous section.
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5.7 Dynkin diagrams of the Levi subalgebras of so(8)

AN =0
A'l=1
as
ag 49
ay
Al =2
as as as
a,  ap aq aq 49 49
ay ay ay
A'1=3
as as as
a, ap a ap aq aj
ay ay ay
A" =4

as
ap a
ay
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