l* ‘ Nétional Librar'y of Canada :

f R

Collections Development Branch

Canadian Theses on
Mictofiché Service sur microfiche -

n

NOTICE

N

1Y

- The quality of this microfiche is heavily dependent

upon the quality of the original thesis submitted for
microfilming. Every “effort :has been made to ensure

- the highest quality of reproduction possible.

If pages are missing, contact the un'iversity which -

. granted the degree.

-

¢

! So'me_ pages 'h1ay have indistinct print especially
-if the original pages were typed-with a poor typewriter
ribbon or if the university sent us a poor photocopy.

~ Al

Previously copyrighted materials (journal articles,
published tests, etc.) are not filmed,

Reproduction in fuil or in part of this film is gov-
erned by the Canadian Copyright Act, R.S.C. 1870,
c. C-3@. Please read the authorization forms which
accompany this thesis, '

.

"4 T

THIS DISSERTATION -
"HAS BEEN MICROFILMED
EXACTLY AS RECEIVED

Ottawa, Canada L
K1A ON4

Bibliothéque nationale du Canada o
Direction du développement des collections ' - . =
. X ‘ )

Service des théses canadiennes

AVIS

-

La qualité de-cette microfiche dépend grandement de
la qualit¢ de la thése soumise au microfilmage. Nous:

. avons tout fait pour assurer une qualité .supérieure
, de reproduction, :

- 8l manque des pages, veuillez communiquer

avec l'université qui a confér%le grade.

-La qualite d'impression de certaines pages peut
laisser & désirer, surtout si les pages originales ont été
dactylographiées & |'aide d'un ruban usé ou s I'univer-
sité nous a fait parVenir une photocopie de mauvaise
qualité, ) '

Les documents qui font déja l'objet d'un droit -
d’auteur {articles de revue, examens publiés, etc.) ne
sont pas microf{lmés. ; :

La reproduction, méme partielle, de ce microfilm
est soumise a 2 Loi canadienne sur le droit d’auteur,_1
SRC 1970, c. C-30. Veuillez prendre connaissance des
formules d’autorisation qui accompagnent cette thése.

LA THESE A ETE
MICROFILMEE TELLE QUE
NOUS L'AVONS RECUE

’
-

NL-339 (Raov. 5780)



=

THE TREATMENT OF DEFLECTION, VIERATION
AND STABILITY OF PLATES USING

THE COLLOCATION LEAST SQUARE METHOD

QE | , | { .

BY-

TUAN ANH SA

w

\ .
A thesis submitted to.the School of Graduate Studies

tﬁrough the Department of Civil Engineering in
partial fulfillment of the requirements for
the Degree of Master ;f Applied §cience
at the University of Ottawa

Ottawa, Canada

’ September, 1980

(::) T.A. Sa, Ottawa, Canada, 1981

-

L3




: -
. IR .
\ x L_;Q', I e '_ AT
Ti' - ,J" :
ABSTRACT..... RN UUET RS
ACKNOWLEDGMENTS R A
Eisr OF‘ﬁiGURES...{...,.;.f. ....... e PR ORTEY
LIST OF TABLES......:.. e e ivemereaieennenes
NOMENCLATURE .+ + v v evnesns ,;;...:.J;.. Ve Versaasd Citaeiensanaas
 CHAPTER I  ENTRODUCTION........ s e s e
) i.l General...ciceeen teer e eanaas e eas

1.2 Brief Discussipn ogtsame Numerical MethodS.........
. P o

- 1.3 ObjecﬁiVE.and Scope.%i... ...... A it tetraaene saesen
1.4 Outline of the Ehesig..;rj;.,........ ..... ceeeenen
CHAPTER II REVIEW.OF LITERATURES,.. 5 ..... ;..;...a ...... Ceeerieanne
CHAPTER III THE COLLOCATION LEAST SQUARE HETHOD......... rreienans :
3.1 General.. crareane REEERE ...:... ............ tesaans
3.2 The Collocation Method..; ...... _.,‘ ..... P teasaan
The Collocation Least Square’ﬁethod:

3.3 Boundary Value Pfoblems......,;.....f.. ...... asane

3.4 Eigen Value Problems.,......;.......,4..... cieas

CHAPTER IV DIFFERENTIAL EQUAQIONS OF PLATES.. l. . ceen cen
CHAPTER V  BENDING OF PLATES..... seetscerassarsssanas Cesrenatraenes
CHAPTER VI VIBRATION OF PLATES . e vvernenerencanransansnnnasnns ceeaen

page.

At -

iv

vii

ix

12

12

12

14
17
20
26

35

43

48

Sl A e o

PR Y

B g ol

. co e
b 8 o g et =

it e e e a AT K G T e



- ‘; )
e . | [
N s
~ ‘; ) - . . pa ge
L] s .
[rep———y \- e amrrar—— A_‘--———.:. .—v«-.—VJA——------——I‘—-———-——.-.---n ] . ‘

APPENDIX A FIGURES,.eivuuunsoeeeverserennnnnnnnsorenssosnnnnnsoee 50
0 L A "

"APPENDIX B TABLES....isioronensenennaesasassasnassnssessssnssssens 65

N B

3 T

R_EFERENCES.III.IIII.Il:lll-...“QIIl..lIC"lll‘.l.l.IA.Ill.l!l'l‘,-lln.lllliioul"l'l .’76

. 4
.

»

/e




.
'l.

T A _ a 111,

»

Error distribution principles have been widelf‘used in the

past for the solution of boundéry snd eigennvslue problem. Of all the
numerical schemes thaﬁ are based on the priciples of error distribution,

the collocation method is the most versatile and simple method However,
¥ r

the method is not very relisble since the solution can fluctuate greatly
L4

.

for arbitrary choices of collocation points. -

r

.

, In this study, the conventional Eollooation method 1s impr-
: S R

oved by a least square augmentation.” While retaining the simplicity of

collocation, the proposed method‘provides results that are“indepenoent

A .

of the choice and distribution of the collocstion points,

To demonstrate the simplicity and accuracy of the proposed

T

method typical ‘applied mechanics problems such as bending, buckling and
vibration of -plates are used as illustrative examples. The resylts obt-

ained;sre presented in tabular and graphical forms, and whenever possible,

are compared with existing solutions based on much‘more tedious and lengthy

methods, of analysis. The comparisons are generally.very favorable.
' \~
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of iéotropic‘maﬁerial

.
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-

rectangular Carteslian coordinates

.
-

displacemeht in the z-direction

deuli of eiastipity‘gnd shear modulus

of or;hotropiq‘hat;¥iali

modulus of elasticity and shear modulus
Poissoh's(fatio for isotropic material - 7; :
Poilsson's ratios for orthoérépic mat;¥1al

plate thickness

flexural rigidity of plates

bending and twisting stiffnesses of

orthotropic plates

médulus'of eléstic foundation
léteral load per unit area
bending and twisting moments o :

normal and shear forces per unit length,

=in'.t‘:he k—y plane

bending and shear stresses

N

time variable o,

time dependeﬁt displacement in the z-direction

circular frequency
masg per unit area of plate
plate dimensions in the x and y-directions

aspect ratio of plate, (é/bi
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W - . . o dimenaién];eg-s di'i;élal\deme.nt ‘11’1. ' the z-direction

',Iy,.' - diménsiqnl.e;s parameters of x'.and ¥ 'c_iirectibnalr s
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CHAPTER I

" INTRODUCTION o S |

et A ]

1.1 ngerai: ;- : - ‘ - Y% )
- F~governing differéﬁtiaf'equationsiof boundagy‘value problems
in applied mechanics are usuallyrather}complex;‘exac;vgplﬁtions to tﬁese
o ‘differeqtiﬁl equation; can Anly-bé obtéiped for a feﬁ ;imple céées. In
) ‘ the majority of cases, it is almost impossible to find a rg&atiﬁely simpld :
_function which would gsimultaneously satisfy botﬁ Ehe»governing differential - ’
equation_and'the boundary conditions. Sometimes, exaét‘solﬁﬁions are not
o posslble to obtain even for relativel& simgle cases, Con?ronted with these

t / . .
prdblemé, the researcher frequently has to resort to numerical methods

} ‘ to effect a solution. Numerical methods have frequently been used in the
past when rigorous mathematical solutions have failed. The real impetus

to their development, however, is the availabilitb of digitai éomputers

whichﬁsame into wide use in the last tyoldecadeéf

-—

)/ 2 Brief Discussion of Some Numerical Hethodsﬁ
/ ,The following is # brief discuséiQp of some of the more popular

| . . .
\\numerical techniques that have been applied successfully to various

-

-)problems in applied mechandcs.
- i
- ' . \ a) Ritz Method: The Ritz method is one of the energy methods.

- o . The method has found particular application in the analysis of very

complicated problems. The Ritz method 1s based on the principle of -

——
el

I
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minimum potential energy of a‘?yetem when it is in stable equilibrium. In .

‘applying this method to a particular problem, an assumed function with und—

)

etermined adjustable‘parametere, satisfying various eqsential boundery ‘cond-
3 ) o -h .. - ‘, * ,- fl ™ ) - ’ L4

itions 1is ghosen. The uhdetermihed parameters of the dssumed function can

be evaluated from the minimizing condition o%)the‘system.‘In using this

'Qmethod, the differential equations are not involved and hencé needl not be

-

‘known, Generally, this will save a considerable amount of ﬁat@ematicel

ﬁork. The use of the Ritz method is recommended when computers'ere_not

readily available and the solution must be obtafned by hand computations.

-Generall&, the Ritz solution overestimates the stiffness of the system

since the equilibrium differential equation is not directly satisfied.

Another drawback of the method is that the amount .of arithmetic work can

a

be formidable when the number of parameters in the assumed gsolution is

[

[
increased..

. b Foerier Series Method: The‘Fourier series method is eery'usefél
in the analytical treatment of many prohlems in the fielﬁ'of applied mech;
anics, such as the analysis of_plates._Once the governing differentiei
equation‘éf a problem is determined, a rigorous solution would involﬁe the
adjusting of certain cegﬁﬁants in order to satisfy the prescribed boundary '%

conditions. The qpthod has found application in numerous problems in struct-

_ ural mechanics because af 1ts ability to represent discontinous loading

functions; however, the convergence of the resulting series solution is gen-

erally slow.

’ ' ?
¢) Perturbation Method: This method has also foung important appl-

ication in various problems in applied mechanics. In applying this method,
L .

the solution of the problem is sought in the form of ascending powers of

F
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some arﬁitranysmall perturbgtion{baraﬁé;eil titen the'ofiginél p}gﬁlem is repl-__

aced by a sequence of pertarbed algebraic equations. This technique can .

“also be used -to replace a non-linear, problem by a set of linear perturbed

diiifrential‘equattops. Generally, the arithmetic work required to solve

( . . .
is, however, that the perturbation parameter should be kept sufficiently

small in order to obtain acceptable accuracy and maintain coﬁvergence of

1l

the series solution.

perturbed equations is very lengthy. The main drawback of perturbation

d) Finite Difference Method: The finite difference method 1s one '

of the most general numerical methods in the fiel& of‘applied mechanigs.
It can be effectively used to solve a wide variety of problems. Although
- . r

the method has been known for a long time, it has gained considerable

importance only after the invention of high-speed digital computers. In

\ applying this method, the governing differential equations {(and the

equatioﬁs of boundary conditions) are replaced ﬁy corrésponding finite

difference equations, wﬁich in tufn yiei& a system of simultaneous alg-

ebralc equations. The advantages of the gethod are: .

1. Simplicity in application.

2, Versatility.

3. The resulting numerical equations can be easily
programmed using desk-top calculators or digital.
computers. |

4. Acceptable accuracy for most technical purposes,

provided that a relatively fine mesh is used.




o

;.Unfortunéfe1y$ this method is chafécfeilzég (beyond a certain

mesh width) by slow convergence. Generally, a_relatively fine mesh is

" required to obtain an acceptable accuracy. The accuracy progressively -

deteriorates when the order of derivétiveqwis inctreased. anqequently,

the finite difference megthod 18 not recommended when higher than fourth

oqﬁer derivatives are involved or when high accuracy in the solution is

. required /38/. . _ ' .

e): The Finite Element Method: The recently developed finite

-element method has proved to be extremely powerful and versatile for the

analysis‘of a wide variety of sprﬁctural'ﬁfoblems._The most critical, and
simultang?uqlf thg most difficult, phase of Fhe*gﬂ$i§ﬂisvis the evaluat-
ion of the element-stiffness coefficients. Fo:tunatelyﬁ the stiffness .
properties of some of the more commomly used eléments, wPich yield suff-
icientlf:;ccurate résults, are‘Fgadiiy avaiiable. Once the element-
stiffﬁess coefficients have been determined, the analysis of the struct~
ural system follows the familiar procedure of matrix methods used in |

structural mechénics for which standard computer programs are available.

The most important advantages of the finite element method are

i
3

{38/:
1. The solution is bbtained without the use of the

L

governing differential equations, thus avoiding the
mathematical analysis of the problem.

2. Arbitrary boundary and loading conditions can be
handled with great ease. |

3. It permits the complete automation of all procedures.



i#

4, It permits the combination of wvarious strpctural elements, .

such as plates, ﬁeams and shells. ‘
) 5. It cahnbe‘ext;nded tg‘cééér‘vigtually allhﬁields of
| continuu; mechanics. |
.The major disadvantages are:
‘ l.%'It'requires thé use of electfonic-digital computers
"of considerable storage capacity. |
2. The paeéaration of data for each element can be time-

f

consuming énd 1s the mbst general source éf human error
inafhe solution. | e
3. Some problems may feqﬁiré sophisticated programming
techniques and hence the aid of computer spécialists.
4. When largé systems are analyzed, it is difficult to

ascertain the accuracy of the results.,

. f) .Error Distribution Methods: In the treatment of boundary
- 1

»

value problems, the problems are often solved by zesuming an approximate
solution to the differential equation; this approximate solution “is -~

usuélly in the form of‘aﬁ_arbitrary linear combination of a set of indep-

endent functlons and is dependent on a number of adjustable parameters

such that for arbitrary values of the parameters, - s

(1) the differential equation is satisfied exactly, but not the
" boundary conditions ('"boundary" method),
or (2) the boundary conditiqﬁs are gatisfited exactly, but not the
<+

differential equation ("interior'" method),

. or (3) the assumed solution satisfies neither the differential nor
\ .



“
s , - . l'k
-° " :
‘ | T
ﬁuufﬁe boundary conditions ("mixed" method). . ;r 3 J

If,'by.some numerital eohere;e;he undetefoined petemeters can
be obtained such that the assumed solution sa iefi%s
"~ in case (1) tboundaﬁ& meoood) the_boindary'exaotly, R
in case (2) (interior methodT/;he differentiallequation \3
exectly,h .I S .' : i' -
in case‘(g) (miied method) the boundEry'condft ns and the -

i -differential equation exactly, = Tﬁl .
.then no error would result if we substitute the assumed solution into
the governing differential equation. RLviously, this is rarely possible.

A variety of approximate methods falling into the categﬁry of
error distribution methods can be employed eo distribute the error as
uniformly as possible throughout the domein of the solution.

_Amoﬁg,these methods are: - . -

({} Collocation Hethodo‘ o .

(11) Least Squares Method. |

. (1i1) Least Squares wioo Weighting Functions.
(io) Partitioo Method.
' (v) Relaxation Method.

(vi) Galerkin Method. .

The ultimate aim of these methods is to determine the undet-
ermined parameters in such a manner that, throughout the éntire domain
ozﬁthe solution, the assumed solution satisfies the differentiél\equatibn ------ -
or the boundary conditions, or ooth the differential equation and the

boundary conditions as accurately as possible, i.e., the resulting error

e P



»

’ & pe clése to zero as pilsible.

. The methods mentioned above are sometimes referred to as methods

N

of weighted residuals. The majority of these methods, with the exception : J]
of céllocation and relaxation, involve tedious process of definite intergr~ '\\\\\\
<
ation over the region or boundary where'the problem is defined Hence), iﬁ'
terms of ease of computation, i.e., autoneted computation, these methods
should be‘.&avoidej, _whene\;etpossible.. . ) .
. The collocation method, tﬁ%ugh simple in application, suffers
from the drawback of uncertainty of results due to the nature of the
. , Da e - [
method. ) ‘ -

¢
‘

1.3 Objective and Scope:
’Ehe main objective of this thesis is to investigate a means of
improving the collocation method for the approximate ‘solution of boundary o
‘and' eigenvalue problems, The scope of this work covers the application
. of the modified form of the collocation method to typical plate problems
‘ ‘ such as bending, buckling and vibration. l
1.4 Outline of the Thesie:

Since the problems studied ig,rﬁg’:;esis are related to the static

and dynamic analyses of plates, existing literature relating to the topics

are briefly reviewed in Chapter 2. In Chapter 3, the interior collocation
method is augmented by the least gquare concept asg solutions to boundary
and eigenvalue problems. Chapter 4 presents the differential equations gov-

erning the bending, buckling and vioration of plates. Applications of the

.

A
J
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LN

modified method termed ‘the . collocation least square method are illustr-
N 3N

ated in Chapters 5 6 and 7. Chapter 5 i3 devoted to the analysis of unif-
ormly loaded clamped plaﬁes of rectangular, elliptical and rhombic planforms
resting on elaetic foundations. In Chapter 6, the collocation leaet square

‘methad is applied to the vibration of clamped plates 3§ isotropic and orth-

: otropic materials. Further applications of the proposed method to some
A

/g- L other eigen value problems, the buckling and vibratﬁon of clemped rectané—
ular platee squect to inplane forces, are illustrated in Chapter 7. ",
* > * In the final Chapter, the conclusions dre dtawn and summarized.

-

Numerical and gtaphical results of all the analyses are presented.

' Ao
Whenever possible, such results are compared with solutions obtained by

other Investigators.

(K
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& .  CHAPER II

b o REVIEW OF LITERATURE

-

heSler.c I

. . d T
"‘ T e:smail deflection thebry ofp;a:isiﬁfgenerally attributed q;
- ﬁav;:§, K.rchhoffia¥d Ldfe /38/. An attempt is made' here to review some i~.
.of the pr‘vious research w;rks which employed‘ﬁumerical schemes deacribédié?’
in Chapter I \s methods of soluf#on. _ o . !
a) Ritz Method: This methoé was use;'by Pikett /34/ for the
bénding problem of uniformly loadgg:clgmped rectangulq; plates. Maulb-
etsch /24/ and &imosheﬁko-/39/ applied the technique to-the.buckling
problems of clampea rectangular plates under compressivelfbrces. The Ritz
solution to the vibration-probiems was obtained by.YoQﬁg /45/ for square
plate with combinations of free and clamped édées, by§5un 737/“;0: clémpedf
-plates‘of various shaﬁes, and by Hegrmon /16/ for orthotropic rectangular
plates with simply supported and c¢lamped boundaries.

- ’ b) Fourler Series Method: For rectangular plates with simply

——— _#

supported edges, the Fouriler series method proves to be véry powerful. In
- 1820, Navier presenteé to the Freﬁch Academy of Sciences on the solugibn
of ﬂending of simply supported‘kéctangular plates by .double Fourier seriés..
The Navier sofution to the free vibration of simply‘suppérted rectangular
plates was obtained by Timoshenko /41/ . iﬁ 1899, Levy /22/ introduced
) gingle Fourler series solution to the hending of rectangular plateé having

opposite edges simply supported ,and various boundary conditions®along the

remaining edges. Fletcher et al. /14/ applied this technique to the

e - ; . S



‘correspondipg vibration problems. ﬁﬁtenaions of Levy method by fieans of l

the superposition technique weve employed by Levy /23[ for the fuckling

of clamped rectaﬁgular plates'under uniaxial compression,uand‘by Claassen

-.\\g_—ﬁ\///dﬁd Ihorne“/7/ for the vibration of rectangular plates having combinations
of free and clamped edges. ) S ' i ) '

¢) Perturbation Method and S;ries Solutio;: This method hdh beeﬁ
employed to study the bending problems of a variety of uniformly'loaded
plates by Chan /5/ and Ng /29,30,31/. Bauer and Reiss /3/Iappliéd the method

to the vibration of clamped orthotropic rectangular plates, and Bassily and

Dickinson /2/ solved the vibration of clamped rectangular plates subject to
: . ! ' ’

‘variqus inplane loads.

d) Finite Difference Method: This method has been used by Barton \

/1/ and Jensen /17/ for the bending of unifomly loaded rectangular and

.skewéd'platgsﬁ Salvadori /36/, using this methbd, studied the buckling of

various polygonal ﬁlates‘under uniform compression. Nishimura /32/, among
others, appliedithe finite difference technique to the vibration of rect-
angular plates, Szilard /38/ goi;ed a variety of plates problems using
tﬂis method. He also has an exténSive disecussion of_thelmethod ag applied
to the static and dynamiq analyses of plates.

e) Finite Element Method: In the last ten years, due to improv-

ements in computing facilities, this method has been widely used to plate

problems. A variety of element stiffness matrices have been summarized by

Clough and Tocher /8/. Kapur and Hartz /18/, among others, used this

method to study the buékling of rectangular plates with clamped and simply:
. . 7 .
supported boundaries. In the application of the finite élement method to

-

1
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vibration groblems, Dawe /11/ solved the case of rectangular platés

g

hay?ng.various edge conditions, and Monforton 26/ ctamped skewd plates,

. - ' f) Error .Distribution Method:l The most qidely used e;roé distr-ﬁ
ibution methods“afg those of Galerkin anﬁ collocation. Walter /42/ and
Chan /6/ treated the 1a£ée defleétionlp:oblem of a %ariety of plates by
lmeans of the collocation method. éhé Galerkin method was applied to the
s - small defléction of clamp;d plates of vafiqus planforms on elastic found-
ations by Ng /30/, to the free vibration of féctanéular plates by Odiran

/31/ and to the vibration of clamped skewed plates by Durvasula /12/. .
: C _ L




s

T P

CHAPTER III

THE -COLLOCATION LEAST, SQUARE METHOD

3.1 ;General:.

0f°all thf nﬁmerical methods discussed in Chapter f,

the easiest but not the most elegant method is the collocation method.”

As an error distribution method, it has the adyantage of dealing
§ . ' . . .
directly with the governing differential equation rather, than an equi-~-

' valent variational probled. Apart from this,wthe collocation method
oniy involves the evaluation of function rather \than defintte inte-
. gration associatéd with the other eff@fwﬁistrib ion methods such as

the method of Galerkin.

. RS 4 s ' -
////’\\\\ Collocation was first systematically discussed 'in a

" report by Frazer ét.al./lé/ in 1937. The literal defipitién of the
word "collocation" is the actlofv$etting in place or position, which
is the fundamental of the method so named. There are three different
types of collocatign, viz., interior collocétion, boundary collocation

and mixed collocation. In this thesis, only the interior collocation

s
s

i will be discussed iq detail. "\

3.2 The Collocation Method:
/

I

To illustrate the method, consider the problem of
. ; . ‘ .
. determining a function W(x,¥) which satisfies a partial differential
equation: . '

v _
L (X’Y’wa’x’w’y""""") = f (3.2.1)

<@

e

12
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.and which satisfies the prescriﬁed boundary condi;ion:‘_‘

LT

LS(x.y,w,w,x,w,Q,......;..):=.0 o (3.2.2)

where L is a differe;tial operator,
V 1s the:region where the differential‘equatiqn 1s defined, -
é is the boundary adjoining'thh region V and |
f is a prescribed function.knowﬁ throughout V.
. For an interior method, an'approximéte solution of

Equation (3.2,1) can be assumed in tﬁe form:
W= ?(x,y,al,az,....;f.,an)  ' , (3.2.3)

where W represents an arbitrary linear combination of a set of independ-

.. ent functions, each one of which'satisfies Equation (3.2.2), and Byseeydy

. r . . : —"
arey undetermined adjustable parameters.

Substitution of Equatidn (3.2.3) into iEquation (3.2.1)

defines an error (or residual) function E of the fo
E(X3¥53,5s000058 ) = Lv(x'y W, LW, ,...)-f (3.2.4)
‘ ‘ 27> 1’ H n 3y "x’ ’Y., ..

The parémeters al,..;,an in the assymed sblution are then
de§ermined by setting the error E .to zero at n prior chosen points ?n
the region V. This is equivalent to forcing tﬁe diffé@ential equation to
be satisfied exactly at these n points., Such a proceduré will lead to n

linear equations for determining the n unknown parameters B1seeesd . l.e.,

E; (xi,yi,al,....,an) =0 (1=1,...,n) (3.2.5)

- R .
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.ocatton points.

I

. : .
In- practice, only a limited number of undetermined parameters

K

can’ be taken in the assumed solution. Hence, the error can only be set to

zero at a- 1imited number of points, and the magnitude of the error, at any

other points besides the n chosen points remains .unknown. Hopefully, it is

small Consequently, the approximate solution of any given problem depends,

-to,a‘greet extent, upon the choice\of collocation points. Crandall /11/

states that the choice of the pointa is arbitrary, but is usually such
that the region V is covered more or less uniformly in a simple pattern.
Collatz /9/ states that the choice of collocation points is a matter of
uncertainty, and the effect of the distrtbution of collocation points on
the results 1s unknowvm. For a limited number (six to nine) dfrﬁsdetermined
parameters, depending on the type of boundary value problem considered

the results can differ by as much as 100% for arbitrary choices of coll-
\

«

3.3 The Collocation Least Square Method in goundary Value Problems

From the discussion above, it seems logical that if the error

a

function E is forced to be zero at m points instead of n points, where
m>>n, and the undetermined parameters are evaluated in such a manner

that E be zero or as close to zero as possible at these m points, the
L

_'results obtained would certainly be improved, 'and such results will be

somewhat less dependent on the choice of collocation points. - '

However, by setting E to zero at m points, an over-determined
. ) . _ .
system-af linear simultaneous equations would result. These equations can

be expressed in matrix notations as: \

[c] {a} = (b} (3.3.1)

M,
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where-[C] is the.qxn coefficient matrix of the system of equations,

{a} is the nxl column vectsr of the undetermined parameters

Y-
1'%

and {blis the mxl.right hand side colﬁmn‘vectofg

Hayihg_generatedzm equatioﬁslin n unknowns, the n unkﬁo;né,
“viz., ai,. -»a are thén qplved“in a manner analogousato tpe fittiﬁg of
; a cﬁfﬁé'through a givenmget of aata points. To effect this, the least
s équare procedure, which is often used in statistics to produce a so-

called "best fitting cutve", is applied to the equations.

~

Consider Equétion (3.3.1). For any particular column.véctor

{a}, it is very unlikely that Equation (3.3.1) will be satisfied ident-

lcally. Let the errors associated wiéh the equations be expfessed by the
mxl column vector {e}. i.e.,

e e

fe} = [c] {a} - b}

- (3.3.2)
Expanding the above matrix equation, we have?

-

‘\\\\ . . . e

f

4
1 = C123 +C98 +eee+ o8, T by -
®2 T ©2131 +Cppfp +eoot Cpp%p T D
. ) . (3.3.3)
“a T °m?®1 *'9ﬁ£i2 Feret Cpp®p T b

m

According to the least squares method, the criterion for choosing

%2

the unddtermined parameters ai,...,an is such that the sum of the squares
' of the errors, i.e.,

' -2 2




%

"l

.
|

. Ee a minimum. Adopting the notation « > as a symbol of summation so th&ti,
c - éz + 2 2 [ — c,,C : '
{1 il> = .11 ch ten . cml’ <cilc12>\ = %1 12+ c‘21c22 tas cmlcmZ’

kY .
the sum S of the squares of the errors is then:

e.8., <C

L

. o 2 2 ) 2 . 2
‘iu ) § = <€41%41> 2 + <Cy9Cyp> By +<Cy3C 4> 85 ... +-"cinc,'in>. a,
. +2< c'ilciz:» 3182+.2 <cilc13 > a133 s +2 ¢ ci(n—l)cin> a_ 1%,
-2 <‘cilbi> 3y -.2 < ci2b1> 8y~ v = 2 < cinbi> an+ < bibi>
(3.3.5)
. In order .t‘:hat S 418 a minimum,. its derivatives with réépect
to a,,a,,. ..,a"'l must vanish., i.e., - _
. B . v
<€41%41> al + <c:l,lc12> a2 + <cﬂc13§ a3 Foae +<cilci.n> an = ?-Cilbi:'
“C11%127 ¥ F <@ypC04p> 3y * <Cyplyg> By hees #<CypCe> 8 = <cyoby>
\ . . ' : . PR
b - ) . a .
<cilcin> an+'-.....'..:..‘:-.‘..- ----- '..‘..+<cincin> an - '='<cinbi>‘
(3.3.6)
\ ' - It can be sken that the above equations are equivalent t? the
matrix equation:
\ _ - | -
[c]"[c] @) = [T 13 (3.3.7)
: \

Thus, m equations in n unknown%; may be reduced, in the least
squére sense, to n equations in nu’nknow.ﬁs by premultiplying the over-
\

A : .
determined system, Equation (3.3.1), by the transpose of its coefficient

.

16
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matrixa This operation,,which can: be easily performed on a digital comp-

\ :
uter, assures that the "best fit" solution be obtained for the different—

ial equa;icn of_any given problem.

3.4 The Collocation Leaaﬁ-Squafe Method in Eigén Value Problems

For an eigEﬂvalue problem, the differential equation

(3.2, 1) is homogeneous i.e.,

L (xvy:wvwsx:w!'ys ""‘-'-’A) = 0 (3.4.1)
where )\ is the eigenvalue..’ ‘ : o F

Consequently, Equation (3.3.1) is also homogeneous, and

the sum S of the squares of the errors, Equation (3.3.4) becomes:

S = (e} (e} = {a}T[c]T[c] {a} (3.4.2)
The coefficient matrix [C] now has elements dependent on )

and;, for a“linear . eigenvalue problem, can be expressed as:

el - [® -] ‘\. o (3.4.3)

—

where [K] and [M] are the mxn mat}ices, and are often termed “the stiffness

and the mass matrices, respectively.

.. Letting [P] = [K]*[K], [R] = [M] [M] and [Q] (k" m+2" «];

Equation (3.4.2) can be rewritten as: . MT

§ = {a}T [P- 1Q+)\2 R] {a} (3.4.4)

There are two alternative least square procedures to minimize

N

the sum S of the errors.

17
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" problem of the standard form:

--4 PR

a) First Approach: The least séuaré scheme previously

hpplied to boundary value problems can’again be employed here. Differ-

entiating the sum S-of-the‘squares of the errors,‘Equation (3.4.4)

with respect to the parameters él,az,...;an would lead to the homogeneous:

1

form of Equation (3.3.7), which can be.rewritten as: .
. _ - .

Equation (3.4.5) can be transform to a linear eigenvalue

[b] v = W) e | (3.4.6)
by ietting : . R_l Q i R-—1 P - ~ ixa i
. v [D]: ———— . s {V} =
0 : I : a i

[0] and [Il ‘are respectively the zero and unity matrices of order nxn.

The elgenvalue A «can be determined from the characteristic

equation:

-~

[p-2r1] =0 . H ‘ (3.4.7)
o | . .

b} Second Approach: The alternatid‘ procedure begins with

imposing the normalization condition on the eigenvector {a} , which

corresponds to choosing the value of one parametér. e.g., a, = 1. Then,
-*

1

the error sum S is minimjzed with respect to the remaining n variables%\
: B
l.e.,

(tal, oy = (el el 0 (3.4.8)

where AJ represents the jth eigenvalue associated w{éh the jth eigenfunctien,




‘lanal minima each of which corresponds to a distinct eigenvalue Aj

-

which is approiimated.by “W(x,y,l,a%,ag,...ag).

-u

In this approach, the sum S of the squares of the errors is

treated ‘as a nonlinear function of the eigenvalue A, having multiple

>

Given a;=1 and a‘value fbrwAj, the corresponding, vector

.

{a} can be calculated from Equation (3 4.5), and § evaluated from Equation

-

(3.4, 4) By plotting S vs. Aj, the relative minima can be loeazé/

~

. Refined value of lj can be&\MICulated using the remaining h

-

condition:
) S, = 0 _ . ‘ ) -(3.4.“9) _
Subepituting Equation (3:4;4) into Equation (3.4.9) leads to:
E/ 2 Ai = ta}® [q] {;a} / (at’ [R] ta} - (3.4.10)-
The new value of AJ is then used to calcu;ate ae improved
{a}j, and the process can be repeated any desired accuracy.

(“i& the following Chapters, the success- of the collocation

least square method will be illustrated by applying it to some boundar§

and eigenvalue problems in applied mechanics.




CHAPTER IV

Vo . ' DIFFERENTIAL EQUATIONS OF PLATES

\ The differential equations‘governing the behaviofs of
thin elastic plates:undergoing small deflection,.are well known /38,39/.
For ease of computations, equations for the bending, buckling, and vibr-
ation of plates will be presented here in nondimensional forms. The basic
assumptions governing the validity of these equations are first briefly

stated . y

4.1 Basic Assumptions for the Small Deflection Plate Theorf:

‘ .
a) The slope of the the middle surface of the plate is

smal{ compared to unity..

b} The deformatiéns are such that straight lines, init-
"ially normal to the middle surface of the plate, remain stréight lines
and normal to the middle surface. ¥

c) The stresses normal to the'middle surface of the
plate produced by transversely applied loadings are of negligible magn-
‘itude in comparision with stresses in the plane of the plate.

d) . The stresses in the middle surface arising from the

deflection of the plate can be neglected; i.e., the midle surface can be

regarded as a2 neutral plane.

4,2 Bending of Plates on Elastic Foundations

Consider a thin eldstic plate of: an arbitrary planform,

let the plate rest on 2 Wrinkler type elastic foundation and possess

120
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rectilinear dfthotroﬁy. Adopting a rectangular Cartesian coordinate

.

‘system with the c&igin located at some arbitrary pdint in the middle

plane of the plaﬁe, let the axes of prircipal stiffness coincide with

the x and y-directions. Applying an arbitrary distributed loéd\q(x,y)

!
. i
acting normal to the plane of the plate will cause a displacement in
the z-direction which is denoted by w. Thé differential equation gov-
erning the out-of-plane displécement w can be expreassed as /38/: \
Dx v, + 2H W’xxyy'+ Dy w'yyyy'+ k w = q . (4.2.;)
where the comma notation signifies partial differentiation; k 18 the
foundation modulus and
D= ER/12(1-v_v.) | -
X x X'y . .
3, -
D = Eh /12(1-v v
y y /12( xy)
H= D'+ 2D )
xy J
D= vD = vD .
Xy yx ' i
_ 3
D = G_h/12
XY Xy
Ex = modulus of elasticity in tHe‘x—directioﬂ,
Ey-= " modulus of elésticity in the y-direction,
Gx§= shear modulus in the xy-plane,
%c= ratio of sfrain in the y-direction to strain in
the x-direction due to uniaxial strese in the
x-direction,
Uy = ratio of strain in the x-direction to strain in

_the y~direction due to uniaxial stress in the

y-direction.




R

F

¥

Internal forces of the plate are related to the transverse

displacement W by the follouing expressions'

-
X
I

" a) Streases:

S.= =z E'(w, +V w, )

x x 'xx' y yy
- .' '
S)r z Ey(w,yy+ Ve Vo)
S = =2z G- w
xy xy: . xy 9
where S, = normal stress in the x-direction
Sy = normal stress in the y-direction
sxy= shear. stress in the xy-plane
1 }—3 —
- Ex Ex/(l \Jx\)y)
TE' = E /f(1-v_ V)
7 Y ( X'y
A
b) Moments:
Mx = -Dx(w’xi+vy w’yy)
MY = —Dy (W,YY+ vx' w!}cx)
M = -2D w,
*£y Xy, Xy
where Mx = bending moment produced by Sx

M = bending moment produced by SY
' ¥

M = twisting moment produced by Sxy

(4.2.2)

(4.2.3)



4.3 Eqﬁation of Stébility of Plates

l'I'h'e diffefential-equation governing the buckling of -
elastic plates subject to'x}\’fbfces acting in the plane of t.‘;he pl'ate‘k can
be expressed as /38/:

. N
» : px Wy + 2H ‘.J’ + D w,

AXAX Y yyyy
=Nx Vs + 2Nky w’xy -i-Ny w’yy . 4.3) -
. where 'Nx = normal force in-the x—direction, per unit length; -
N}r = normal force in the y-direction, per unit length;
and ny= 'shegr force in the Xy-plane,’ per unit leangth.

4.4 FEquation of Vibration of Plates

The differential equation governing the free vibration
of p}ates can be expressed In the same rectangular Cartesian coordinate

system as /38/:

|

P ' 1 - ' o |
D:é wl 4 24 w! + Dy w! mw,. = 0 (4.4.1)
where m = mass per unlt area of the plate,
t = time variable,
and W= w'(x,y,t), the time dependent displacement functidn.

For free vibration, the motion of the plate is assumed to

be harmonic; 1.e.,

w'=  w(x,y) sin(ut) (4.4.2)

where W 1s the circular frequency of the motion.

o

23

T il M L .



b
Substitution of Equation (4.4;2) into Equation (4.4.1)

ylelds: A

v

o ) : \ 2
Dx.wfxxxx +2H w, +-DY w'yyyy = (mw ) = Q-

$

6.3

4.5 Non-Dimensional Forms of .the Differential Equations of Plates

For ease of computation, it is convenient to render the.
differential equations dimensionless. This is done by considering '"h" as
the plate thickness; "a" and "b" as two characteristic lengths of the

plate; and letting

: C "2 '
' = t— ' -

X x/a | W w/h Nx N a /DY

y' = yv/b | K = kaaln N' = N aZID
: Y- y Yy y.
R = a/b \ Q = anID h _ N' = N ale'
] . - Xy Xy ¥

and F = mzaacm/Dy)

|

Substitution of these above dimensionless ratios into
Equations (4.2.1),'(4.3) apd'(4.4.3) leads to the non-dimensional forms
of the equatiohs. Without causing any ambulgity, the primes in the dim-

ensionless quantities x', y', N;, N; and N;Y are omttted. Thus, :

for bending,

2 b
'(Dx/Dy) W, + (2R H/Dy) W,. + R W,

+ KW =@ . (4:5.1)

for buckling, v

.




' . ) ' 2 , .
(Dxlny) W,mx + (2R H/DY) W,““!,!, + R H,

It

. : \- . 2 .
N W, 2R DR + (R W, A 5.
« Wogye + (2F ny) 'xy ( Ny) vy (4.5.2)

)
and' for vibration,
(/D) W, +.(2R2H/D YW, o +nl' W,
Xy ARXK Yy . OXXyy yyyy

< FW =0 | | L (h.5.3)

For homogeneous 1sotropic plates, Ex w Ey = E, V.= vy:‘
and ny‘=-E/2(l+v); consequently, D_= Dyr: H=0D= Eh3/l2(1—v 2). Hence,
Equations (4.5.1) to (4.5.3) can.be rewritten as: '

w' + 232 W + R w + KW o Q O (4.5.4)
X030 XXYY. *YYYY . :

, .
W, +2ROW, 4+ RV,

2

W, s2®PwW, e R'W, - FW = 0 (4.5.6)

' Similar "'c\:hanges of the material constants can be made‘ in

“

the equations relating stresses and moments to displacements; i.e.,

‘Equations (4.2.2) and (4.3.3).
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. CHAPTER V

BENDING OF PLATES = - \

\. . . ) ’ : Ay
In this chapter, the collocation least square scheme

formulated in section 3.3 is applied;to the ahalysis of uniformly loadéd

_iJGCrbpic plates resting on elastic foundatioms. The governing differ-

entlal equation (4.5.1).15 to be solved for, rectangular, elliptical ‘and

rhombic .plates with clamped edge;.

5.1 -Rectangular Plates on Elastic Foundations
R "\}\

The coordinate system fbr the rectangular geometry 1s shown

"in Figure 1. As can be ‘seen in the figure, the plate possesses mutually

perpendicular axes of symmetry, resulting in quadrant symmetry in the
out-of-plane displacement pattern. In view of this and the boundary cond--

itions, a suitable approximation can be ehosen in the form /29/ :
2.2 2 .
W= v ey (5.1.1)

where the function fl is defined by:

2 - 2 4 22 . 4
E1Y) = AggtAygX +Ag Y + Ay X Ay XTY A Ag,y
) 4 4

24
FALR Y+ By XY+ Ay

and Aij are the undetermined coefficients. The asscciated boundary cond-

itions for the problem are: g

=
i
=
it
=]
o]
(2l
n

+1 (5.1.2)

(5.1.3)

=
o
il
=
i
(=)
Y]
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It cén be easily verified that‘Equatioﬁks.l.i)satiﬂfies the

above baunda:y conditions.. | .
: Solugiéns are obtéined by holding the half-breadth "a"

éons;ant. yhiie varying the distance "b". The asﬁgct ratig R= a/b has

values between % and

increased from 0 to 200.
For the case of zer) foundation modulus, Equation (4.5.1)

1s solved using 25, 50 and 100 collocation points. The distribution of

-

t

these collocation points is analogous to the pattern shown in Figure é.q.
\ lTable 1 shows the results obtained by ;his investigation.

Comparisons are mAAe @itb those results obtained by Timoshenko /39/,

Hwhere much more laborious computations are used to analyse the same problem.

As seen in the table, the present solutions are in excellent agreement . |

with the accuraté values r?ported by refefence /39/.

The effect on results due to the numberlof collocation points
used 1s very minor. From Table 1, it is seen that solutions obtaiﬁed by
using 25 and 50 collocation;points deviated less than 0.2% from those |
obtained.by using 100 collocation points. Consequentyy, the problem.of
regtangular plates on elastic foundatdions is solved u;ing 100 collocation
‘péints, These collocation points are digtributed as shown in Figure 2.a.

The results of the analysis for plates'on elastic foundations
are tabulated in“fable 2, Plots of maximum deflection and moments vs,
aspect ratic for various foundation moduli are shown in Figures 3 and 4.
Results obtained by Ng./29/ and Timoshenko /39/ are also plotte&.in Fig- ;

ure 3 for comparison. From the figure, the present results are slightly

above those obtained by Ng /39/, as also noted in the case of zero



A
P

. — . L o
foundation modulus. This slight over-estimation of the plate stiffness

oo

may be due to the limited number of undetermined coefficients in the
polynomial displacement function uaed by Ng /29/.

.~ From this in vestigation'the following results were
observed:l o

1) 1In analyzing the. betiding problem of rectangular plates

" the éollocation.leest square method provides~results which are compar-

*

able to those 'obtained by lengthy computational methods..Though the .
investigation 1s carried out by using 100 collocation points, it seems
that the number of'collocation points required td yleld sufficiently
accurate answer is about two to three times the number of unknown
parameters, provided‘that-these‘collocation points are distributed in
a fairly nniform manner.

2) For a given aspect ratio R, the maximum center deflection

.

. of the plate decreaseeﬁgith increasing values of the foundation modulus.

This should be expected since the object of the elastic foundation is to
redu;e the lateral pressure. ‘ | R 4

3) The effectiveness of the elastic foundation in reduciné
the maximum center deflection of the plate is more pronounced for small
aspect retids‘than it is for_aspect matios approachinélunity. For insfance,
with the foundatdon modulus increasing from 0 to 200, the decrease in
the maximum deflection for.a plate of aspect ratio of. % ig 836.67; while
for a plate of aspect ratio of 1, the corresponding decrease is only
23.8%Z. This is so because tne deflection.of:a small aspect ratio is
greater than that of a plate of aspeet ratio approaching one; end’sinee

the foundation reaction is proportional to the deflection; hence, the

]

~TTN

=
!
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“réduction in deflections due to an increase inzihe dimEnsionless foundation

modulus K; will be more significant for long rectangular plates than for_

o

plates approaching square planform. P

4) The maximum bendipg moment occurring at the g&d-pqint of
‘the longer eéde of the piate s mucﬂ greater than the“haximum bending ‘
moment occueeiné at Ehe center of_the plate.

5) Due to the presence of the elastic foundetion, the'momenes
of the plate are reduced. This reduction is more pronounced at tﬂe center
of the plate than at the edge. For example;mfor a square plate, an increase
of the foundation modulus K from 0 to 200 caugses a decrease of 62.67 in
;he maximum edge moment; whereas, the coEfesponding decrease in the maximum

center moment is 82.3%. N o ‘

- 5.2 Elliptiecal and Circular Plates on Elastic Foundations

For the clamped, isotropic elliptical plate with the coordinate
. ‘ system as shown In Figure 1, the governing differential eqdation for the
displacement is identical to that of the rectangular plate, viz., Equation

\ £4.5.1), and the associated boundary conditions are!
. ' 2. 2 . '
W=W, =W, =208 at x+y =1 (5.2.1)

In order to satisfy these boundary conditions, the solution is -

. !
taken in the form™/31/: e

W ==(1—x2-y2)2 fl(x,y). . (5.2.2)

where the function fl is as deffned in the previous problem,

For comperisbn of results, solutions are obtained for plates

with aspect ratios between 1 and 2. For R=1, the elliptical plate becomes

a circuier plate. The value of t e:dimensionless foundation modulus K is

N \ e,
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) varied from 0 to 200.

The effect of the numbér:of,collocat%on‘points on the
solution is againlinVestigated by solviné the case offK = 0 with 25:'50
and 100 collocation points: Theﬂexact $olution/39/ was obtained regard-
less of the'colldcation ﬁoints and the numbér of uﬂheterﬁ&ned parameters
used. In all cases, the polynomial f1 retained only the first 9oeffigient
AOO’ and the remaining'undegéfminéd coefficients turned out,goﬁge ze%o.

For the analysis of plates on elastic foundations, all results are

Y

obtained'ﬁy using 100 collocation points. The distribution of these

collocation points is shown as_in Figure 2.b.

1

The results of the analysis of elliptical plates on

elastic foundations are shown. in Tgble 3. Comparison of these results

' ~

are made with results obtained by Ng /31/. The agreement is excellent
with the maximum error not exceeding 1.5%.

From the comparisons of results for rectangular and ellip-

tical plates, it is-observed tﬁat the agreement is Slfghtly better in

_the case of elliptical plates than it is with rectangular plates. This

is to be expected since, unlike the assumed solution for rectangular
plétes, the assumed solution for circular-and elliptical plates takes on
the exact mathematical expressibn of a circular or elliptical boundary.
P;éts of the maximum centre deflection vs. aspect ratio
and ‘for various foundatjon.moduli are shown in Figufe 5. From the results
for moments for elliptical plates, it is observed that the maximum moment
occurs at the end of the minor axis. As shown in Figure 6, this edge
momentAis of greater magnitude than the positive moment at the centre

of the plate.

30
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The effect;pf the elastic support in reducing\the geflec:

: : s - o
tions énd moments is seen to be:more significant for plates of aspect_ 
ratios approaching one than it is. for pla;es of greater aspect ratios.
For example, fo§ an aspect ratio df.one;'by inéreaSing K from .0 to 200,
the‘décreaselin.the central-defléction is 68.1%; however, the correspondiﬁg_
decrease %s only 22.5% for plates of aspect ratio of two: This finding
seems to be contradictory to the results of rectangular plates; However,
7fecalling the dimensionless form adopted for the‘foundation médulus,
Giz., K éikaA/D, and the variatién of the1aspect r;ti; of this prdblem,
viz., a/b =1 to a/b = 2, it can be seen that by increasing the aspect
lratig, viz., holding "b" cdnétant and increasing "a'", the actual founda-
tion modulus K is increased by a faector of aA. Consequently, for a
certain value of K, say k = 80, taking the semi-minor axis "b" as unity,
when a/b = 1, k hés a value of 40D, whereas when a/b = 2, k becomes 5D.
Héncé, it can be observed that for a given change in’ the’plate aspect
ratio, the increase in deflectiomn as the plate appro;ches an infinite
strip, is not enough fo offset the decrease ofzthe actual foundation
modulus k. Apart from this, all the other findings in this problem are
identical to those of reétangular plates.

5.3 Rhombic Plates of Elastic Foundations:

For the clamped, isptropic'rhombic ﬁiate with co-ordinate

system as shown in Figure 1, the boundary conditions for the transverse

displacement are:

W=W, =W, =0 along the boundary of |x| + |y| = 1
(5.3.1)°
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An approximate solution satisfying the above-ﬁqpndary cond-~
W . . ) ’ . .

itions can be taken in the form: | . _ ‘ \

- RE Q+x+9)2U+x-9)2G-x+9) 20 =x~y)2 fl(x,j})

- S ereemes (5.3.2)

where the function f1 is as defined iﬁ‘Equation.(S.I.l). .

When analysing the rhombic geometry, it is often convenient
to intraduce an dngle a to measure the skew of the plate, rather than

to continue using‘the aspect ratio R. From Figure 1, it can be seen that:

a = tan-l(R) = tanhl(a/b).

Cdﬁpared'to the rectangular and elliptical plates,; the stress

analysis of the rhombic plates is complicated by the following conditions:

a) The x and y-axes are no longer the principal stress

directions. The ﬁrin;ipal stresses can be calculated from the knowﬁ.formula:‘

‘ = l::(sxau'sy) i_[lz(sx-sy):2 52 :l% ' (5l3.3)

Smax,min Xy

b) The coordinates locating the Points of critical bending

stress at the edge of the plate, (x*,y*), vary with the skew angle.

Equation (4.5.1) is solved for values of the dimensionless
foundation modulus K ranging from 0 to 200, using 100 collocation points..

The distribution of these collocation points is as shown in Figure 2.c.

Before presenting the results of the analysis of plates on

elastic foundations, the values of central deflection in the case of

> ¥




zero foundation modulus
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‘Morley /28/.....c..

Present Anal&sis...

)

are compared with the ﬁalues obtained by Morley

"

L NS 2
yalués of wmax in (qa /D) {10)

[o] : o) o) o o .

45 40 37.5 3530
0.703 + 0.818 .  0.943  1.230
0.503  0.706  0.833 - 0.987

1.382

" From the above table, the percentage differences in the

values of wmax are larger for smaller values of the skew angle aj however,

the errors are conservative. i.e., the central deflection is overestimated

as the aspect ratio decreases.

Results of the analysis of rhombic plates on elastic found-

ations are tabulated in Table 4. The accuracy of the results can be verified

for the case of square geometry (u==45°) since a comparision can be made

with the solution previously obtained for tﬁe plate whose boundary is

defined by the lines.x=

1 and y=*I1. Several results %rom‘Table 2 are also

1
shown in Table 4. The agreement is good for this case.

Based on the preceding investigations of rectangular and

elliptical plates, and the comparision with the solution of Moxley 128/ ;

it is felt that if the results obtained for a less than 45° are in error

at all, this error is on the safe side.

Plots of central deflection ahd maximum bending moments vs.

skew angle for various foundation moduli are shown in Figures 7 and 8,

respectively. Also shown in Figure 8 are values of the dimensionless

coordinates (x*.y*) which locate the point of maximum edge moment. This

point was determined by comparing the_momenﬁ magnitudes at various locations
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 §1ong the bodnéary of the plate. As a_decreases, thé point (x*,y*) is

" displaced toward the'ogtuse corner of ‘the rhomﬂus.:However, the location df
this point is almost insensitive to any increase of the di?ehsidnless found- .
tion modulus K. "\. o ‘\

From Figure 7 and“B, it is again seéﬁ that, under the bresence
of elastic Suﬁport, the ﬁaximq@ldefleetion and moments are reduced{‘However,'
this effect is much less significant for the:rhombic plates than it is for
the':ectangqlar and elliptical plates. For instance, for an aépect ratio of
0.58 (u=¥30°l, by‘increasing K fgom 0 to éOO,‘the.decrease in the central
deflection of the rectangular plate is 85.4%; whereas, the corresponding
decrease of the rhombic plate is only 64;2%. This is due to the fact that
the rhombus is much stiffer than the rectangle, and since the foundation is

e ——

proportional to the deflection, hence the reduction in the deflection of

r .

From the various problems demonstrafed in this Chapter, the

i

the rhombic plgfe is smaller.

collocation least square method, though simple in its mathematical concept, -
~ proves to be gﬁ extremel§ valuable tool-%éf the solu;ion of boundary value
problems. Such problems'as deflection of plates on elastic foundations were
" handled with great ease. The results of the problems considered in this

Chapter were obtained with acceptable accuracy, and if the results are in

error at all, the error are generally on the conservative side.
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CHAPTER VI

VIBRATION OF PLATES

In this Chapter, the ﬁroblems;oﬁ vibration of plaﬁes are
investigated using the collocation least square schemes formulated ip
Section 3.4. As a methoq of so;ution_to éigenvalue.problems, the colloc~
ation least square meﬁhod possesses two élternative least square procedures.
Tﬁg first approach of the method is fo be applied to the vibration of
isotropic plates of the three planforms previously considered, and the

second approach to the vibration of orthotropic rectangular plates.

6.1 Vibration of Rectangular Plates

For a clamped isotroplc rectangular plate with the coord-
inate system shown in Figure 1, én approximate solution to Equation
(4.5.6), satisfying the boundary conditions (5.1.2) and (5.1.3), can

be'takqp in the form:

W = (1-11:2)2(1--y2)2 £,.(x,¥) (6.1.1) -

" where fk is a polynomial function which describes the mode shape of

the plate.

(A) For vibration modes which are symmetric about both

the x and y-axes,

2 2 4 2.2 4
fl(x,y) = A00+ Azox +A02y +A40x +A22x y +A04y

§ 4 2 2 4 4 4
+-A&2x v +-A24x Yy +=A44x vy

(6.1.2)




uThe above expresaion for fk has been employed in previous

problems to approximate the deflection of pldtes under

- - uniform loads.

(B) For vibration modes which are symmetric about the x-axis

and antisymmetric about the y-axis,

3 2 5 32 4
£ (x,y) = A x+A30x + A XY+ A X7y + A32x y +A14xy

52 34 5 4
+ AgpXTy +A34" Y + 45Xy

) (6.1.3)

(C) For vibration modes which are aﬁtiﬁymmetric about the

x~axls and symmetric about the y-axis,

2 3 4 23 5
fagx,y) = Ay Y +A,x y+ A5y 4-§41x‘y4-A23x YT+ Apsy
4.3 2.5 45
4-A43x Y -+A25x y 4-A45x ¥y .
. | (6.1.4)

Expressions (B) and (€) are equivalent when the aspect

*

ratio a/b = 1.

(D) For vibration modes which are antisymmetric about both

the x and y-axes,

. 3., 3., .5 3.3 5
fl}(x,y)‘— A XY+ AL Xy + A Xy tAg XY FAL X y + A, gxy
53 3.5 55

+-A53x ¥y -+A35x ¥y -+A55x vy
[ ‘ (6.1.5)

Solutions are obtained for values of the aspect ratio R=a/b
ranging from 1 to 2, AIl results are calculated using 100 collocation
o
points. The distribution of these collocation points is shown in Figure

Ll

2.a.
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Results of the analysis ‘of rectangular plates for 16 modes of
vibration are tabdlated in Table 5. The modes are numbered in ascendzng
order of frequencies! and the eymmerry group to which they belong is also
indicated. Cogparisone”ef results ere made wiﬁe the.results reported by
Odman /33/ and Young /45/. As can be seen in Table 5, the values ob;eined*
bj the'ereeeht analysis are in excellent agreemenr with thoee values
obtained by the other investigators. From the comparisons maée, all errors

are within 1%. /,.J

Plots of frequencies vs. aspect ratio are shown in Figure 9.

\

Typical nodal patterns are also shown in the figure as miniatures. These
nodal patterns were obtained by evaluating éor each mode the deflectioe‘
at 100 points in one-quarter of-the'plate.

) In Figure 9, the ﬁodes labeled 2 and 3 are degenerate modes;
i. e., they have the same frequency f =18.362 in the case of square plate.
As the aspect ratio R deviates from one, this degeneracy disappears, and
they become modes with distinet frequencies. Other paire of degenerate
modes are modes‘(7,8), (9,10}, and (14,15).

Modes 5 and 6 are'not degenerare:modes‘when R=1, but they
Lave_frequencies which are very close;.i.e., 32.841 and 33.020. As the
plate becomes square, the nodal patterﬁs of these modes no. longer consist
of lines parallel to the sides of the platei mode 5 now has nodal lines

coinciding with the diagonals of the square, and mode 6 has a nodal circle.

This change-over in nodal pattern which is characteristic of rectangular

“wﬁlates as- the aspect ratio R approaches one, occurs in modes having the

~ numbers of nodal lines in the x and y-directions which are unequal and

both are either even or odd /43/. The nodal patterns of these modés for




}‘Q R,

the square plate caﬁ be obfaingd by adding or subétracting ﬁhe relevant
n?dallpatterns for rectangular plates. As expected, modes 12 and 13 also
assume dis;inct nodal patterns at Rt:l.

Frequeﬁc& crossing is aléo ;n‘impo;atant feature observed in

Figure 9. It appears that, for a éiven mode of vibration.theféreater number

" of nodal linés in the direction of‘thellong slide of the plate the mode

possesses the more rapidly‘its freqﬁency iﬁcfeasesnas ;he aspect ratio R
increases. Hence, higher modes héve'greater tendency for frequency crossing,
For example, mode 3 crosses modes 5 dnd.9 at values of R ,of about 1.5

énd 2.0, whiie mqﬁe 6 crosses modes 7, 9 and 12 at valu§s of R of about 1.2,

1.3 and 1.6, recpectively. o

6.2 Vibration of £1liptical and Circular Plates

For a clamped isotrapic elliptical pléte with the coordinate

sfstem shovn in Figure 1, a solution to Equatioh (4.5.6), satisfying the

boundary condition (5.2.1), can be taken in the form:
2
W= Ay ? £ Gy (6.2)

where the function fk is as defined in the previous problem.
Solutions' are obtained for values of‘the aspect ratio R
rangigé between 1 and 2. All results are calculated using LOO collocation
points. The dist?ibution of these collocation points is shown in Figure 2.b.
‘Results of the analysis of elliptical and circular plates are
tabulated in Table 6. Results obtained by Carrington /4/. and Sun /37/ are
also shown in the table for comparion. The agreement is good with the

maximum error not exceeding 27.

From the comparison of results &f circular plate for which

38
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the exact solution in polar coogdinate'system was obtained by Car ington
/4/,ithe polynomia;,approximatioﬁé, viz, tﬁéfpresen; solution and the Ritz
solution of Sun /37/ , prove ‘to be highly accurate. Furthermore, as also

noted in the case of elliptical plates, the collocation least square sol-

ution with on}xmgxgdjustable pérameteré yields results which are very

-

[

‘compatible with thos;H}esults obtained by the Ritz-soiutioﬁ having as mény

as 21 adjustable parameters /1371, e A

1

Plot;‘of-freqﬁencies vs. aspect ratio fér elliptical plates’
.areﬂsﬁqwh in E&gure-lOJ‘Featurés such as frequency crossing and degeneracy
of modes are also observed in the case of elliptical plates. A8 shown in’

Figure 10, pairs of modes (2,3), (4,5), (7,8) and (9,10) are degenerate

modes.

6.3 Vibration of Rhombic Plates

\ For a clamped isotropic rhombic plate with the coordinate
system shown in Figure 1, a solution to Equation (4.5.6), satisfying the

boundary condition (5.3.1), can be taken in the form:

Wos Qaxtn?Usx-n?a-xepia-x-n? £ 6o

T eereeaaes (6.3)

where the function fk is as defined in Equation (6.1.1).

Solutions afe obtained for wvalues of the skew angle a
ranging between 45° and 30°. All results are calculated using 100
collocation points. The distribution of these collocation points is

showvm in Figure 2.c.

A
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have much less tendency for frequency crossing. For the range of the skew

40
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Resﬁitg of the analysis of rhambic plates are?tabulated in
Table 7. Compérisons:ofre;;lts are made with‘the'resuits:obtained b&_
Durvasula /12/ and Sgn /37/. From the comparisons made, again, fhe
agreement is good with the maxiﬁum error not exceeding 27.

| Elot; of‘frequencies vs. aspect rati& for rhoﬁbic plates

are shown in Figure 11. From the figurs, pairs of modes (2,3),'(7,8) .

.and (9,10) are'degenerate modes. Modes 5 and 6 are not degenerate modes

when a.= 450; they are identical to those modes also labeled 5 and 6 of

the square plate defined by the lines x=+1 and y=+1.

As 1n the cases of rectangular and“eliiptical plates, most

. changes in nodal patterns of rhombic plates occur as the aspect‘ra;io R

\l
deviates from one. However, mode 8 only begins té assume a different

nodal pattern at the skew angle a,=3§?. During this transition stage,:
the two nodal curves in the filament direction, approach each other at
the center of the plate before changing over into the transverse direction.

Compared to plates of the ather two geometfies, rhombic plates

- angle o considered, only one frequency crossing is observed in Figure 11;

i.e., mode 6 crosses mode 7 at a=34.3".

6.4 Vibration of Orthotropic Rectangular Plates

For a clamped rectangular plate of orthotropic material

having the axes of principal stiffness coinciding with the x and y-axes

'of the coordinate system shown in Figure 1, the differential equation

(4 5.3) 1s to be solved for two speclal cases of orthotropy.
’Fée materials considered here are Afara 3-ply and Maple 5-ply

whose elé%f&c constants have been accurately determined by Hearmon and



_ Adaus /17/ as follows:

4

Material \ Ex,psi _ E ,psil G_ ,psij] YJE EI:
Afara 3-ply 1.96x16°  0.165x10°  0.110x10°  0.26  0.022

: N
6 6

Maple 5-ply  1.87x10 0.60x1qi/' 0.159x10 0.12  0.039

Isotropic . E E %6 0.30. 0.30

As can be seen from the above table, Afara wood possesses.

‘stronger material orthotropy than Maple wood, viz., having higher ratio
Ex/Ey. r

Here, the second approach of tﬁe,collpcation least square
L}

.

method, formulaﬁed in section 3.4.b, 'is employed to calculate the fundam-
ental frequency of clamped orthotrople rectangular platés. The iteration
" scheme using Equations (3.4.5) and (3.4.10), begins with F=0 and ceases

when the following condition 1s satisfied:

F,-F _,|/|F )= 107 O (6.4)

where én is value of F after n c¢ycles of iteration. ' '

;The boundary conditions for this problem are identical to
those of the rectangular isotropic pla?es. Thus, the assumed displacement
function for that problem can be taken f;r the solution of the present
problem. To approximate the fungggﬁﬂtal_mode of vibration, the sghape
function fk in Equation (6.1.1) will be assumed in the form of Expression
(6.1.2). - | .

Solutions are obtained for values of the aspect ratio R

ranging between 1 and 2. All results are calculated using 100Icollocation‘

poiﬁts; The distribution of these collocation points is identical to

a1
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known to be accurate.

that of the isotropic rectangular plates, In all cases, the accuracy

\\\_

.condition (6.4) is reached within 4 cypfles.

Results of the analyis of orthotropic rEctaﬁgular plates are

tabulated in Table 8. Comparisionslof gesult are made with the results

\ - .
‘obtained by Hearmon /16/ and Lekhniskii /21/. From Table 8, the agreement

is seen to be excellent. o

qgiots of frequencies vs. aspect ratio for the two orthotropic

materials are shown in Figure 12,

L

rectangular plates are also presented here for comparision. As can bc seen

from Figure 12, the frequency parametér f increased*with the degree of

. material ortﬁotropy. However, this effect disminishes as the aspect ratio

R increases; frequencies of orthotropic platse converge to that of isotr-
opic plates. This is so because, recalling the governing differential

equatigh (4.5.3), the contribution of the first two térms which account

for material orthtropy becomes répidlj less significant as the aspect ratio

R increases from omne.
] 4 -

‘From the various problems considerediin this Chapter, the
collocation least square method pro#cs to be a powerful meaﬁs,fdr the,

.

solution, of eigen value problems in applied mechanics. Such problems as

vibration of plates of isotropic and orthotropic materials were handled

h ]

with great ease. The results obtained by using the two distinct approaches

+0f the method are in good agréement with existing solutions which are,

42
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CHAPTER VII ~ . \

 BUCKLING AND VIBRATION OF

. v RECTANGULAR PLATES UNDER INPLANE FORGES

To further demonstrate the versafility of the collocation
. N 1‘ :
least square method, the problems of buckliné and vibration of clamped

rectangular plates under actions of inplane normal loads are investig-

\

ated in this’Chapter..

7.1 Buckling of Rectangular Plat'es

For a clamped, isotropic rectangular plate with the coordinate
system shown in Figure 1, subjected to inplane compressive forces in the

-x and y directions, the governing differential equation (4.5.5) is to be .

salved for'various‘combinations_of Nx and Ny' Since shear forces are not

considered{ ﬁxyuis set to zero in the equation.

Solutions fre obtained for' values of the aspect ratio R
ranging between 1 and 2. All results are calculated using.loo collocation
soinss, and the gistribution of the pointslis as shown in figure 2.a.

. . RET
The boundary conditions here are identical to those of the

ectangular plates in the previous vibration problems. Thus, the assumed

digplacement function for the present problem can be taken in the form
of Equation (6.1.1).'Under actions of biaxial compressions, the square

plate is assumed to bucklé in one half-wave in both the x and y directions.

ate continue -

]

As the aspect ratio R increases from one, the rectangulsd

buckling in one half-wave in the short y-direction, but it buckle
- -

.

Y



in several helf—waves in the long x—direction. Hence, to approximate

these buckled shapes of the plate, Expreesions (6.1.2) and (6 1.4) are

chosen for the function fk in Equation (6.1.1). The actual solution to

the problem is the one of. theee two exnressions which yields lower values

- for N and N. . g
¥y

-

: For_tnie problem; only the lowest eigenvalue of Equetion
(4.5.5), which corresponds to the critical load, is nf:interest. Thus,
the collocation least square scheme which was formuleted in section 3.4.b
and has Enccessfully'been applied to the preblem of vibration of orth-

otropic rectangular plates, 1is conveniently employed here. The iteration

. process begins with N= Nx= rNy= 0, where r is a given ratio Nx/Ny’ and

ceases when :

N - N [/|8 =107 | 7.1
where Nn is the eigenvalue after n ¢ycles of iterations.In all cases,
this accnrécy 18 reached within 5 iteratioms. \
Results of the amalysis are tabulated in Table 9. Comparisons
of results are made with values obtained by Timoshenko /40/ for the case
of biaxfai compressions, 'and by Levy /23/ and Maulbetsch /24/ for the case
of uniaxial compression. As can be seen in Table 9, the present results
are in excellent agreement with the accurate Fourler series solution rep-

orted by Levy /23/. The Ritz solutions reportqgd by Maulbetsch /24/ and

Timoshenko /40/ appear to be upper bounds; the maximum percentage diff-

.erence betweenthese values and the present results is less than 2.5%.

From the comparisons made, again, it is felt that 1f the present solution
is in error at all, the error 1is on the safe side.
Figure 13 shows plots of simultaneous critical buckling loads

N, and Ny for values of the aspect ratio R= a/b ranging from 1 to 2. These



~ curves éfe often termed interaction curves. It gah be éeén in Figure 1§
-tﬁaé the point of 1nterséction of an interactién curve with thé x-axis
_ glves the critical value-of N¥‘for‘fhe-case where N&::O. The intersection
of the same curve with the y-axis givéé the critical value of N_ when
Nxé=0. For the case Nx==Ny==No, thé éritical buckling load NOA}S determ—
ined by the intersection of these curveé'with the line which goﬁs‘through
the origine O of the coordinate system and makes an.angle of 45° with
the horizontal axis. | \

The buckled shape of the plate under a givén éombination of
N_ and Ny faf a particular value of a/b is also indicated in Figure 13,
_where m iélthe number of hélf-ﬁaves in the xfd;rection and n 1s the number
of half-waves in the v direct;on. As shown in the figure, the number of
buckles in the x-direction increases as the critical load Nx and thé.length
nan in that direction increase. For the case N&f=0’ m= 2 for a rectangular

\ . \ 3
plate of R=1.5,and m=3 for a rectangular plate of R= 2.

7.2 Vibration of Rectangular Plates Subjected to Inplane Loads

As a final illustration of the validity of the collocation
least square method, the problem of vibration of clamped rectangular plates

under the influence of hydrostatic compressive and tensile forces is inv-

1

estigated in this sectien.

The governing differential equation for this problem can be

obtained by combining Bguations (3.5.5)'and (3.5.6);and letting N==Nx=rN

and N__ =0, 1i.e.,
xy .

W, + 2sz, C R"w, ~ P
XXXX XXyy . xoox

—t— - 2 . -
= N (W, +R W,W) . (7.2)



The boundary conditions here are identical to those in the
case of vibration of rectangular plates free of inplane forces. Thus,lthe
‘assumed'displacement function of that problem, Equation (6.1.1},‘can be
-+ taken for the solutlon of the present'ptoblem.

For comparision of results; solutions are obtalned'fcr values
of N(Za)th D varying between the negative compressive load N*(2a) /n D, at
which F=0, and N(2a) /H D=0. All results are calculated using 100 colloc-
ation points. The distrlpution of these collocation points is ldentical to
that in the case of‘uibratiuh of rectangular plates.without‘inplane_forces.

N lhe collocation least square scheme which was successfully
applied to the previous problem 1s again employed here to determiue the
three lowest frequencies of the square plate. The iteration prccedure form-
ulateu in section 3.4.b begins with F= 0 and ceases when the accuracy cond-
itiou (6.4) is satisfied. In all cases, this accuracy is reached within 4
cycles of iteration. ‘

Results of the analysis are tabulated in Table 10. Results
obtained by Bassily /2/ and Weinstein /44/ are also shown in the table.
From‘the comparisions made, again, the agreement is favorsble. The present
results agree better with Weinstein's Ritz solution than with Bassily' s
perturbation series which beéins to diverge at N(2a)2/ﬂ2D==50,

Plots of frequencies vs. Inplane forces for clamped square
~plate are shown in Figure 14. These curves indicate that frequencies vary
with dinplane loads in a quadratic manner, decreasing with compressions end

increasing with tensions.

For eigenvalue problems with only the lowest eigen walue

being of interest, the second approach of the collocation least square method.
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clearly has the agvantége of being shorter to apply. From the two illustr-
@tive prbblemé solved here, again, it can be seen that-the collocation
1eas£.squﬁre method provides efficient and accurafe solutions to typical

eiéen value.problems of ﬁpplied mechanics.

)
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\ | CHAPTER VITI - ‘ B :

CONCLUDING REMARKS ON

THE COLLOCATION LEAST SQUARE METHOD

~ ' ‘ _ . ®

1) By the app@#ication of thémLeast square concept, the accuracy
of the conventional collocation method can belgreatly improved.

2) Although the problem of selecting ' correct" locations for the
collocation pointe is avoided by the use of 1arge number of collocation
points, these collocation points mustnhoweyer be distributed in a sensibly
uniform manner over.Ehe entire regioh of the problem under consideration:
Accurate results cannot be expected if all the collocation points are unr-
eaeonably crowded into g particular area of the regilon. Furthermore, for
an ﬁinterior method", the results would not be-as accurate if some of the
collocation points fall on the boundary.

3) The collocation leest square technique.propesed here 1is a simple
yet powerful tool for the static and dynamic analysis of plates. Thejvers—

atility and simplicity of this method was demonstrated by solving a wide _

. variety of problems of significant complexity in applied mechanics.

4} 1In the majoritj of cases, results q}tained by the use of this
method are in favorable agreement with thoge obtained by much\m;re rigorous
but Iengthier approaches. It also appears that if the proposed solution is
in error at all, the error is on the conservative side.

5) The collocation least square method represents a great saving
in heman and machine efforts as a results of its simple mathematical concept

and the relatively small amount of computer time and storage space required

for a solution. All results were obtained from essentially one computer

}
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_ program written in FORTRAN IV for an IBM 360/65 computer. It is noted

that the computer program involved basically three items:

(2)' A main program to. evaluate sums and producte of alg-

ebraic functions at a number of points in the plate to yield m -equations

in n ‘unknowns.

(b)- A least square subroutine to reduce the above set of

3

equations to ap, nxn set.

(c) A simultaneoua equations subroutine (or a eigenvalue

subroutine) to solve the resulting set of equatioms.

Applicaggon of the collocation least square method to

other plate problems including many engineering interedts such as var+

3.

iable rigidity, gpecial type of anisotropy or thermal benaing, is also
feasible. - '
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Figure 1 - Rectangular, Elliptical and Rhombic Geometries
Defined by a Common Rectangular Cartesian

Coordinate System.
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. ﬁi?i’f NO. OF COLLOCATION POINTS USED ' TIMOSHENKO
: | REF. /39/
R=a/b 25 “50 . 100 \
1 2.0243 £2.0221 2.0201 2.016
3/4 3.1470 3.1422 N o3.1412 -—
| 2/3 3.5139 3.5090 3.5090 - 3,520
1/2 4.0510 4.0510 4.0545 4,064

Table 1 - Variation of the Maximum Deflection Coefficient C

)

7

W 50 (eat/m) a0

max |,

l.‘ with

the Number of Collocation Points iised in the Solution

for Clamped Rectangular Plates.

¥

\

el R R L e L B AT AR Tt AR A [



€

{

A

DIMENSTIONLESS ASPECT RATIO R = a/b
FOUNDATION ‘ _
~ MODULUS K 1 4/5 2/3 1/2
0 2.6201 g.@oés' 3.5090—] 4.0545
iq : 1.6033 . 2.1072 2.3807 “2.5525
20 1.3245 1.6409 1.7840 1.8411
60 11713 | 1.3369° 1.4167 1.4307
- 0.975 " | 1.1233 1.1689 1.1656
100 0.859% | " 0.9655 0.9910 0.9812
120 0.7665 0.8442 0.8575 0.8459
140 0.6907 0.7483 0.7540 . 0.7427
160 0.6277 1 0.6707 0.6713 0.6616
180 0.5745 0.6066 0.6041 0.5963
200 0.5291 0.5530 0.5484 0.5425
W= G (@a’/m) @™
Table 2 - Variation of the M;ximum Deflection Coefficien£ Cl of Clamped

Rectangular Plates with the Dimensionless Foundatton Modulus K
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-Table 4 - Variation of ﬁhe Maxfmum.De

W
ma

\

fiection Coeffidien; c.

1

1

o ) \‘.‘ _2
TG Gtm o an

Y

of blamped
Rhohbiq'Plates with the Dimenéionles%_Foundation'Modulus K

DIMENSIONLESS

Y

1 - 1 ) .
Skew Angl =t b
FOUNDATION. o Angle o = tam ~ a/b)
MODULUS K 45° 40° 37.5° 35° 30°
0 0.5034 0.7059 0.8325 10,9831 1.3824
“ 0.5050%
20 0.47275 0.6474 0.7530 - | 0.8750 1.1811
. | \ H
40 0.4455 0.5976 0.6869 0.7876 " 1.0295
60 0.4211 0.5547 0.6310 0.7154 0v9112
80 0.3991 0.5172 0.5832" | 0.6549 0.8163
0.4008% ‘
100 0.3793° 0.4843 0.5418 0.6034 0.7387 -
120 0.3612 0.4552 0.5057 0.5590 0.6739
140 0.3447 0.4292 0.4738 0.5205 0.6191
160 0.3296 0,4058 0.4456 0.4866 0.5721
0.3311* : . \
180 0.3156 0.3848 0.4203 0.4546 0.5315
200 0.3028 0.3657 0.3976 0.4301 0.4959

. - ., 4""‘-"0-
* .Table,3_tab?1atesg§£ax(sin"r(45 )

et}

for K ain4 (450)
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Table 8 - Variatiqn of the Fundamental Frequency Parameter £

of Clamped Orthotropic Rectangular Plates

i

 w = (f/a ).(D/m)i R = a/b
ASPECT A N
g ~ MAPLE  5-PLY AFARA  3-PLY
" PRESENT | HEARMON | LEKHNISKII | PRESENT | HEARMON | LEKHNISKIT
SOLUTION | REF. /16/{ REF. /21/ | SOLUTION | REF, /16/ | REF.. /21/
1.0 11.8714 | 11.883 . 11.890 20.7889 | 20.8102 | * 20.832
1.25 13.8873 | 13.901 13,904 22.2256 | 22.2505 22.258
1.50 16.8284 | 16.845 16.850 24.4209 | 24.4500 |- 24.446
1.75.7|  20.6895 ( 20.690 20.721 27.4865 | 27.5200 27.509
2.0 125.4268 | 25.450 25.473 314709 | 31.509Q, | 31,497
- } i\‘]
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