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systematlc band calculation.

Abstract

The LCAO method of energy band”theory is equivalent
to a linear variational method where atomic orbitals are
utilised in deflnlng a competitive Bloch wave function basis.
The LCAO method is developed as a general method of calcula-
tion in contrast to the ‘qualitative scheme of the traditional
tight- -binding approximation. . The practical limitations
1mposed by the efficiency of the computational techniques
applled are analysed with regard to the critical-convergence
in such a calculation. The crystal potential of the non-

1at1v1st1a.one—electron Hamlltonlan is carefully deflne& in

:the absence of a self—conSLStent calculation. "An effectlve

atomlc potentlal is employed in an overlapping atomic poten-

‘tial model lncorporatlng a free-electron exchange treatment

appropriate to the crystal lattice., The matrix elements of
the basis fynctions are reduced to a series of three—center
1ntegrals in this potentlal representation. The matrix ele-
ments are further reduced to a series of two-center integrals
on expandlng the lattice potentlal in a series of kubie har-

fmonlcs to seventh order. The relation of these 1ntegrals

through the symmetry of the lattlce group decreases the num—

~."ver of individual integrals requlred. The calculation of the

multi-center- integrals. presents a formidable computatlonal

- problem which requires extensive optlmlsatlon.‘ The diamend

gtructure is tightly bound such that many orders of neigh-.
bouring atoms interact. This prov1des a demandlng case stu-
dy requlrlng ‘an accurate potential representation: and conver-
gence over a subgtantial number of multi-center: integrals.
The results .of these calculations- are analysed for diamond
and a comparison is made with recent alternatives for a

T
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O
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-
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R&sumé

La m6thode LCAO de la théorie des bandes est compa-

rable 2 la méthode lingaire variationelle oll les ofbitales
atomiques d&finissent une base compététltlve de fonctions de
Bloch. La mé&thode 1CAO est utilisée comme mé&thode générale

. pour les calculs plutdt que 1 approxlmatlon qualitative des

1iaigons fortes dans son cadre gbnéral., Les llmltatlons pra-
tiques imposées par les techniques de calcul qui ont 8té
choisies sont analysées ainsi gque la convergence critique.

Le potentiel cristallin de 1 *hamiltonlien non relativiste est
soigneugement 38fini en 1l'absence de calcul self consistent.-
Un potentiel atomique effectif est utilisé dans un modele de
potentiel atomlque recouvrement tenant compte de l gchange dl
aux électrons llbres qul est approprié au réseau. Les gle-
ments de matrices des flonctions de la base sont réduits en
une série d'intégrales & trois centres dans ce potentlel.
Ensuite, les 8l8ments de matrices sont r&duits en une série
d'intégrales A deux centres en développant le potentiel cris-
tallin en série d'harmoniques crlthues poussée au septitme

ordre. Les relations de symmétrie impos&e par la structure

de groupe de réseau réduit le nombre d'8léments de matrices
nécessaires. Le calcul des 1ntégrales 3 plusieurs centres
présente de grands dlfflcultés et nécessite d'optimiser au

.maximum. La structure de ‘diamant est fortement lige ce qui

nécessite 1'utilisation dea\EE%:es voisins 2 plusieurs ordres,

par contraste avec 1'approximatlon traditionelle qui ne tlent
compte que des proches voisins. On doit donc introduire une
représentation du. potentlel gul est tres d6taillbe et on doit
g'assurer de la convergence en introduisant un grand nombre
d'int8grales & plusieurs centres. Les résultats sont parti-
culi®rement analysés pour le cas du diamant et des comparal-
sons sont faites avec d'autres m&thodes récentes.

-

T

s

g
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Chapter 1 ~

THE DEVELOPMENT' OF WHE LCAO METHOD

"o
ﬂl.l A Re&ieﬁ of Energy Band“;;Lory.

The energy band theory of electrons in solids is

a form of a general many-body problem of periedic struc-
tures whlch is_ far older than the quantum theory of solids

Although a great amount of work has been done on this

e general problem. the quantum{mechanlcal formulatlon of the

structure of solids represents a partlcularly difficult
system for solution. The separation of the electronlc

state and the lattice state of the system allowed by the

adiabatic principle reduces the complex problem of a solid

to that of a more general class of problems. (1,2) Although

solutiong for the three-dimensional wave equatlon with
periodic coefficients have wide appllcatlon, the practical

1imitations of the methods so far avallable are well real-

(3-5) N

ized in ‘energy band theory

(§-8) the general pro-

tions avallable in idealized cases,
gress made has arlsen largely from the analysis of the

symmetry of the problem where the earlier work concernlng
the translatlonal symmetry and the later work concerning

the point:symmetry are now combined in the application of

‘ the theory of space groups.(9)

1

Except for certain solu-

1




T : g / “+
. . r R

These remarks serve to indicate the sources of

gsevere limitation in the '‘methods available Wthh are
present in all level of attempts to formulate the, problem.-
The specialized field of energy band theory is normally
concerned with physically interesting solufions; the con-
sequent simplification possible is generally jnsufficient
to avercome the inherent complexity of any,adequafe model
retaining the significant features of the system.(lo'll)
The large number and. variety of the methods of solution
developed for:energy band problems reflects the nature of
the difficulty involved and the form of the approach
amenable to progress. It is not unusual to find good basis
for the belief that results may be fortuitous, even in thé_
‘case of thelmore successful methods of.ban& theory. In
view of this, the succesSs of any development'should be
judged wherevef possible from a direct undersgénding of

the extent to which the method agplies. It is therefore L
necessary never to lose sight of the fundamental pfoblem |

in any development of an energy band problem in order to

be able to appreclate the physical 81gn1flcance of any

‘solution. These elementary observations have 1nfluence on
the study undertaken here, and no further review of energy
pband theory will be glven unless of direct relevance or for

particular_illustration.



‘ h\\ The central

s

development of energy pand theory'

has been the applicatlon of the direct variational method

based on the concept of minimizing sequences. in the prac-

tiﬁal formulation of physical solutions many specilalized

" approaches are available which are directly equivalent to

this basic method. The Rayleigh- -Ritz method, domlnatlng

the modern approach, i

linear subspace of a ¢

s comprised of a sequence of a finite

omplete normed linear space of ‘func-

tions, and the variety of formulations available reflect

the necessary optimization of theffgze‘€§~33nve£§ence in a

practical method., . Alt
critical, the existenc
while achievement and
eral problem normally
where great care is ne

the solution. The ass

hough the problem of convergence 1is
e follows for a physical solution
assessment of convergence 1s a gen-
tackled in a direct caiculation and
cessary to ensure the validity‘of

ociated computational problems and

1imitations are strictly defined and the, advent of the

modern digital compute
of calculatlons possib

depends critically on

r has effectlvely increased the range

le.(lz) The rate of convergence

the choice of trial or competitive

functions approprlate “o the problem under golution. The

liheer combinations of atomlc orbitals or LCAO method

employs competitive functions appropriate to the so-called

tight-binding approx1matlon, where orlglnally an electron

was_considered strongl

y bound by the locallzed atomch



‘potentlals within the struciure. (13) A principa& aim of ‘the
present work is to explore the LCAO method as a general. \
quantitative scheme; that is to consider the practical
application and the correeponding limitatiOne of linear
combinafions'qf atomic brbitale.as competitive basis func-

- ¢ions in an extensive sense. "In order to make any progress
in such a study a method alloﬁing solution of the demand-
ing calculation implicit in the LCAQO method is necessary.
The employment of a set of atomic orbitals as competitive
functions has been liable to considera%ion.as generally
unsatisfactory, partlcularly in view of the suctess of the
methods incorporating a set of plane waves in the mlnlmlz-
ing sequence; while suggesting a convergence problem this
does not preclude the development of the quantitative LCAO

methOd .

1.2 A Development of~the Method of LCAO.

On appllcatlon of the standard adiabatic and
Hartree-Fock approxlmatlons the non-relativistic Schroedinger
equation for a crystal system is reduced to the form of a _
one-glectron problem‘for, the electronic states.(l’lh’) . : ‘
The complex structure of a crystal will not allow direct
solution of the resultiﬁé formulation as is possible in <
the case of an atomic structufe. The concept of a single

particle Hamiltonian H may be applied where the one-

\



electron crystal potential V  is no longer considered to

be defined by the original formulation and is developed

alongside a satisfactory physical model. The Hamiltonian is

expressed in a system of units whlch is closely related to
atomic units (a.u.); the unlt of length is the. Bohr radlus

(X /mé) and the um.t of energy is the Rydberg (meV22),
H = - V + V( ’:)

In an attempt to interpret the gimple LCAO
ascheme directly.in the'deyelopmeﬂt, the_oyerlaépi g atomic
potentlal or OAP is taken as the natural basis for the
crystal potential. The correspondlng potentlal ‘V(r) foﬁﬁ
an elemental solld formed from the atomic potent1a1 v}’
at the lattice p051t10n vectors Eg is uniquely defined
in é maﬁner which ensures the appropriate symmetfy of the
structure.(ls) |

Phe expression for the potential represents a general form

of reduction in the sense that an effective atomic potent-

sa1 ) may be considered for a general lattice potential.

The choice of an effective atomic_potential is therefore
equivalent to the crystal potential model; since a self-
consistent calculation is unfeasible Aere the form of this
potential ig-a critical faotor. Thé coﬁlomb and exchange

interactions con51dered here are 1nd§%porated in the

electrostatic central fleld and average free electron

-

O

Vi) = 2(&2) A (r-Ra) [:l-lj".

T

¢

‘;‘
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exchange terms employed in the construction of the poten-
tial. It is reasonable to-neglect furthe;!effects apart
from the inherent simplification in the crystal potential,
defined, as the tréétment of the exchange problem is |
already inédequate in the normal application. . 4
< 3 ‘ ‘
~1.3 - The Matrix Elements and the Crystal Potentlal. .
° The computational problem.is the’ calculatlon of
_the.matrix elements of atomic orbitals and the effective
atomic potentials distributed over the lattice points in
the, LCAO and "OAP formulations. A rigorous calculation is
carrled out over the finite range of the lattice defined ‘
by the most exten31ve orbltal applied in which "all the
'‘distinct elements are found. Although in practice 2a reduced v-»
range maye contain all the significant elements, in contrast
to the first and second nearest neighbours approximation in
the quantitative LCAO treatment for the present case of-dia-
mond a valence eleqtron will interact with 19 orders of neigh-
bours or 356 nearby atoms in an orbltal range of 15 a.u.
The free atomic potential in the (1s) (Zs) (Ep) configur-
ation will be. _applied with a _Simple modlflcation employed
in other calculatlons in order to fa0111tate comparlson.
The exchange potentlal applled can dominate the calculation

for the tail region of an atomic potential and this largely

determines the mean OT core-level potential in the QAP
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(16) The mean value of the crystal potential with

modeil .
the free atomié potential is approximately -9 Rydbergs and,
in calculating the atomic potential, the application of an
gxchange .potential z‘appropriafe’ to the crystal potential
requireﬁ increases this mean level to a realistic value
close to -3 Rydobergs. The approximate ranges of the pure'

and modified atomic potentlals are 12 a.u. and 7 a.u. res-
pectively, and their typlcal spheres of 1nfluence enclose’
275 and 35 atomlc sites in the lattice; these numbers indi-
cate the atomic potentials contrlbutlng to the crystal
po%ential at any point. The problem remains o calculate
the multicenter integrals defined by the matrix elements
of the single particle Hahiltonian with respect to the
electron wavefunctions. Tﬁe‘evaluation of the mat{ix.
elements formed from two LCAQ wave functions and an OAP
potential is equivalent to that ofra‘set of three-center
integrals in a finite ranée of the lattices; the general
form of function for triple integration is the product of
an atomic crbital, an effective atomic potential and an
atomic orbital centered on dlstlnct lattice p031t10ns.‘
The three-center 1ntegrals require an elaborate computatlon
which is generally less effective as the separ atlon-of the
centers increase and the nuéber is prohibitive to a dirgpt

calculation. The diamond gtructure has been selected as a

decisive case in view of- these problems as the extent of
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the atomic orbitals are large with respect to the primitive
cell of the lattice and the group of the lattice is non-
symmorphic representing the general symmetry form of a
crystal potential. The recent attempts %o overcome the
problems outllned have empha31zed methods to evaluate the
multidenter integrals efficiently as necessary for severe
‘cases such as diamond. , ' .

The development of the calculation concentrates

on an optlmum representatlon of the crystal potential in
the computatlggtx\Whlle the number of effective atomic
potentials in the region of 1ntegratlon 1llustrates the
problem it also suggests a simple representatlon of the
crystal potentlal may have 51gn1f1cance. The direct- cal-
culation is tackled for reference with the generation of
the OAP function defined and altnough this method allows
solution it is an extrenely arduoue form of the computation.
An alternative line of development considers an expansion
of the crystal. potential VQr 9,$) in the complete sequence
of spherical harmonics Y,.,,(G (ﬂ and the correspondlng gen-

eral radlal function @uwm{r)

Vir 9|¢) = 2 armlr) . Yom (€ 47)

[\

[ Vire,6) You @) 40 £
: S
The number of terms defining an OAP is therefore reduced

Apm

in a finite expansion providing a general representation

S



of the crystal potenfial: the expansion is related to
elementary‘ﬁhysical.descriptions capable ‘of Limited
application. The approximate number of free and modified
atomic potentlals defining the OAP function in the range

of finite 1ntegrat10n are 3000 and 1200 respectively in

the case of diamond. On application of the lattice symmetry,
the general expansion in sphqricﬁl harmenics may bes
expressed in a reduced sequence of kublc harmon%cs defined
as linear dombinations of the elements of the complete
sequence., The general form of the matrix relements is
reduced to a two-center integral when the crystal potential
‘ig expanded about the center of the atomic orbltals in the
lattice. A separable analytical form existis relative to

the axis defined by the two centers in this class of inte-
grals, allowing analytical integration over_the respective
ézimuthal coordinate. The choice of diamond may also have
signmflcance 1n developing the method as, fof example, the \\;
traditional choice of lithium with relatively extended

orbitals has a body-centered cubic gtructure of higher

symmetry more amenable to a kublc Qarmonic expansion. The
application of the representation outlined reduces the

computation by more than an order of magnitudé.in a‘simble -
direct calculation whereas the alternative methods currently

being exploited have a tendency to greater complexity and ‘

specialization.
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N
Tn the outline given a gimplicity in the general

approach has been preserved where the intention is for
progress to follow through the optlmlzatlon of the compu-
tational methods. Such ab initio calculatlons have advanced
rapidly lately in requiring specialized and complex treat-
ments; these methods normally employ aﬁ analytical develop-
ment of -the atomic structure functions allowing varying
simplifications of the computational problem. -As an alterna-
tive, the method undertaken here employs the atomic

structure functions directly and attemptis simplification

in a satlsfactory representatlon of the physical model. An
aim of the thesis is to examine the feasibility of this

development in comparison to the recent alternatlves (17)

r
e &

»..



Chapter 2

THE ANALYSIS OF THE LCAO METHOD

k)

2.1  The Lattice Symmetry and the Reduced Wavevector.

The consideration of the crystal symmetry allows
simplifigatioﬂ‘iQ\the calculation of the matrix elements
and the représentation of the overlapfing atomic potential
as well as the classificatig? of the electronic wave func-
tions. The.diamond gtructure consists of two face-centered
cubic lattices disPléced by a quarter of the body diagonal.
The primitive lattice is-generated by the fundamental trans-

lation vectors{guepaﬂ which are normally defined with

_respect to the axes of the cube of the associated Bravails

lattice of dimensions a 3 there are two identical atoms

~—

. L
per unit cell separated by a basis vector I .
Qs %(l"’o) a3 = %(o,l,l) as =.%C!f°f')
I’ %("ll"|)
The reciprocal lattice is body-centered cubic with basis
vectors { b, b, tn} and the first Brillouin zone is in the

3

form of a truncated octahedron.

E.-&E(-I,',ﬂ o k=T -} b i-g}'(h'.-‘)
In ‘the case of diamond the space group CZ:I(FdBm) is non-
symmorphic. In general the group of primitive tranedations |
' is an invariant subgroup of the space group s .
Symbolically -
S = (M (SiIr) = (s (r) £2.0)

where the normal divisor ($i1) corresponds'to the factor
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group -of the space group with respect to the translatlon. .

_group. The’ complex of symmetry operations ($!r) form a o

factor group in which M corresponds to the identity opera-

tion. The complex of non-translational squetry operations .

& will not in general form a group. When the basis func-

tions considered contain the translational symmetry of 7

the functions forming the basis of.the factor group will

be generated. The representation of the complex & will

then correspond to a group. Therefore the complex &G may

be regardeq ae a group w1th respect to any basis invariant

unqer'the group I . The factor group £2L has 24 simple

and 24 complex eperators and is isomorphic to the complete

cubic symmetry group.(ls’ 19)
'On applying the Born-von Karman boundary condi-

tions the translational symmetry group M may be expressed

ag the direct product of fhe three cyclic abelian groups "

- generated by the fundamental translation vectors. Ap

abelian group of order N necessarily has N one- -dimensional

representations M since eadh_g;ement forms a class by

itself the number of 1rreduc1b1e representatlons equals

the order of the group. The elements of the translatlon

group F all commute with the crystal Hamiltonian and form

a group of the Schroedlnger equation. Therefore the set |

of bagic functions of the. group I" is comprised of N |

orthogonal non-degenerate functions corresponding’to d@stinc?



L . : . (20)

éne-dimen51onal irreducible representations.
Adoptlng the notation of Jones( 1) the form of
the Bloch wave functions Yeto) - is defined by the baé&s
functions of the translatlon group.
r"ﬁ’)(g;) - arp(ah BAS) = 24P i & & +%f_=*%’)‘1) .
%= 28 r s Ve s M e pad
A Bloch wave function ‘wkqn may be constructed from a linear

comblnatlon of the atomlc wave functlon @lr) located over

the prlmlt;ve‘lattlce 7y in a single periodicity region R; .
C mremetr k) = (E) o bbby, &t

where. k1 corresponds “to the basis vector of the orbltal
with respect to a general lattice indexed by m» .

')b(c;;) 2(1\,) 2% K. Anj’ % (- Ray) £1.7)
The infinite crystal approxlmatlon is valid alcng with the
pefiodic boundary conditions on considering the typical
number of atoms in a SOlld. The symmetry required of'a (
Bloch wave function is given directly W1th1n this approxi-
mation. ) | ‘

T e 7 XL E .

The generallty of the reduced wave vector representation
-which simplifies the analysis throughout derives from the
form of the LCAQO wave function where is a_re01procal

~

lattice vector.

K = nB ‘W,{.,_‘(r) * Z\("IILAL(A o ﬂg, ¥ (I A% = —V‘IE(':)
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It is convenient to define~the. LCAC wave functions in terms

of an independent lattice,

W - Ew gtE AT ¢,cf- Al +t))

2.2 . The Direct Variational method,
A Bloch wave function basis allows construction

of an apprekimate solution of 3chroedinger’s equation .

which is uniquelx,defined on applieation.of the linear

- i \
. yariational method,.

(Fiw) - () (M)
The energy eigenvalues ﬁ;are calculated directly from the
matrix elements of the crystal Hamiltonian and of unity
" with respect to the basms wave functlons. On applying the
translational symmetry, the matrlx elements tahe on the
fo;iowing form where H 8enotes the crystal Hamlltonlan and

T denotes the identity operator.

“\!"4: '-'-(( l’c‘.d'[H’lf,')‘): I‘?}';"-“') H(r) wd [r')cﬂr

‘-—w

T8 = ey mle > = [ W) Tie) Wiea
ol \;Li AN ANR (I

b = N 59,.,,m= ae). HH . Suee

Fp,_:a fﬁb FON.TUR H(r‘) ¢r(r AE; - An) A

(R SR VR W
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A | s
EETTEE K-k - K .
v =0 —~ E-rktl (2. 8)

The -delta function is defined essentially foy} the case of

.. bhe peduceﬁ wavevector and it expresses the//rreducible

reg?esentatioﬁ of .the translation.grbup with respect to
the TLCAC basis functions.,

On appiying the one-electiron érystal Hamiltonian
to the general formillation given a separation is possible-
‘into a kingtic energy and local potential operator and a
remaining crystal ﬁotential operator, - If the atomic eligen-
value EZ of an orbital p, is known, a further simplifica-
tion follows where ~(r) denotes the atomic potential

function.

H = —V1+VLr) = Mo ek

]

Mo = Sg e (- A'f!") (2.4)
phe independence of the wave functions associated with
different wavevectors has been giﬁen'and in the following
analysis the wavevector under consideration'need no longer
be specified‘ekpliciﬁly. The appearance of N in the expres-
sions has nd significa;ce; the q?rmalisétiéﬁ is arbitrary
and fhis common faétor may be ommitted throughout, The

revigsed expressions are given for reference.

-

S R T
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U . ""'
Hyy = 6{% T“\E Ao} 3 + _{;: ap (k- An). BT

o fa't"i(:-ﬂb‘)-H"c"-#(;-ng—_ﬂm)-d':'

I)" = £-ﬂ¢p(ﬁt Rn) 3"
HY = Z.uph'c Ac). g

Y

Hyy = EiI’,; . H')’) ' _ L2.t0) |

The atomic potentlal Art) and associated elgenvalue Eo
can be con51stently applled for either orbital ceg;gr.
The results of this section are developed in

Iabpendix 1.

2.3 The Factorization of the Secular Determinant..
The Rayleigh-Ritz direct variational method is
employed whereithe functional ¥ is the quantum mechanical - ;

expectation value and the finite minimizing sequence the -

L

set of linear combinations of the LCAO wave functions

(22)

considered.

. REHBa
'J-CTP;] - j:ﬁf? jg‘*T (zJu?

The solution for the minimal values E; of the extremum

reduces to a system of linear homogeneous equations; the
necessary and sufficient conditions for a non-trivial wave

function solution corresponds to the characteristic equa-

(23)

tion of the system.



(Yr) = (e (Vo) | Hyy - gzl.ﬁp 0 ([a.7)
The critical rate of convergence depends on the choic? of -
+he finite mlnimizing sequencefnmof order m and détermineé"
the practical limitation of the method., The LCAU wave |
function is.of'a'égperal form for the basis of the irredu-
cible representation of the translation group when the ‘
component function f} is no longer restricted to an atnmic
orbital. The variational formulation can therefore in
principle represent the wave function‘jf appropriate symmetry
to ‘any degreé”of accuracy through the ch01ce of the mini-
mizing sequence which‘is defined by the set of functions

ﬁf . The translational symmetxry alone has been considered
and further restrictions on the minimizing sequence arise
from the symmetry of the entire space group.
Adopting the convention of blater,-(19) fhefopera-
tions of the complex G may be expressed directly in terms

of an orthogonal transformation matrix R and a non-primi-

"~

G'(R,IX/'S{};SC;)= "P&_(ng}_—) \Dﬂ'ﬂ

On application of the alternative formulation of a Bloch

- tive translation vector T .

wave function and the invariance of a scalar product unger

an orthogonal transformatlpn it follows that the form of
the Bloch wave function is preserved under the operations

of the associated factor group.
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P Ap) wgtr) = vetr)

k. Rt = R, R'Rp: R'e.g 7
) !
G(R,T)Vew) = R BT G (Ree 1) = 2 * i (o)
M(Ag) uplr) = Reltr) [2.14)

The symmetry of the 1

ast expression is a natural consequence

of the lattice .invariance under the space group.

tions

The opera-

of the complex G- generate the star of the wavevector

such that at a symmetry

point in the zone there exists a

subgroup of operations leaving the wavevector invariant.

This subgroup is the group of the wavevector and the eigen-

functions of the Schroedinger equation correspond to the

basis functions of the 1rredu01ble representatlon of the

little group.
group 1is determined by the

the little group.

An 1rredu01ble representatlon of the: entlre

irreducible representation of

(24)

The analy31s of symmetry in the LCAO method

allows the factorizatlon of the secular determinant on

application of the group theoretical matrix‘elément theorem.

At a general point in the zone the number of wavevectors

in the star equals the order

of the complex and the little

group consists of the identity element; there are no further

symmetry requirements for the eigenfunctions and no possible

5
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factorization fof the se%glar determinant. At a symmetry

point in the zone the little group is nollonger trivial and
.the eigenfunctions form a basis of iréeduciblg representa- >
tions of the group of the wavevector. The'sypmetrizéd eigen-
functions. are found direétly on applying the elementary

theory of group representations; the decomposition-theorems

and the basis fdnctlon generatlng machinery are sufficient. (25)

The three non-equivalent symmelry p01nts =
)8 L_ 1n the notatlon of Bouckaert, smoluchowski and

wlgner (BSW) will be consxdered.(26)

The s and p (x,y,;)
orbitals centered .on the two face-centerbd cubic lattices
are employed in the competltlve Bloch wavefunctions. The
eight trial functions are 1ndexed w1th respect to the flrst

or second sublattices; the corresponding basis veglors are

~

/}’]8 = { 1525, "“31-""“>: l2x>, i\:!,'z; —

conveniently chosen as ¢ and T .
-]

g = (o,00) §_1=C'/4.,34.‘/~) (2.15) >
The group of the wégmvector af the " point contains the
entire complex of 48 operations. The general representa-
tion decomposes into two one-dimensional and two three-

dimensional representations. A% the X point the group of

the wavevector is of order 32 and the representation factors
intd four two-dlmen51onal irreducible representatlons.

There are-only 12 .elements in the wavevector group at the

’

[a

- 3
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. L p;int; there aré four one-dimensional and two two-

_dimensional irreducible representations in the general//' A
reprgsentation. The Simpiified secular determina?t factor-
izes into linear and quadratic terms and the corresponding
symmetrlzed eigenvectors and the associated matrix elements
are listed in fable 1 and table 2 ;espectlvely. the symme-
trical relations between the matrix elements of the LCAO
wave fuéetions will be given.later.(27f30)

The reéults of this section are considered in
appendix 2./

2,4 - The Matrlx Elements and the Crystal Potentlal.

A convenient representation of the crystal poten- : f
 tial in.%he calculatlon 1s given by a kubic harmonic expan-
Sioh. The kubic harmonics arJ;the-ba31s functions of the
representations of the éubic symmetry groupsSe. (3 »32) It is
gufficient to consider thé set of kubic harmonics k4é/(3 ﬁ)
which are invariant under the diambnd group; these are the
basis functions of the trivial one-dimensional representa-

(33-35)

tion.

V( F.8 ‘?) = 2 Agw (F) 71»\(91 3) =‘"§ Va(r) l(i'\(‘gr ¢)

acrd = J Kl V0 )4 - gy f Ko, p)-v(rc-wo;ﬂ
208

The 1ntegrals in the lattlce summation are reduced by a

transformation which is developed in appendlx 3. The
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Table 1

,‘ ‘ ‘ -

the Unitary Irreducible Representqjidns

at the Special Symmeiry Points.

3
]
.
-
2
“a

Point B.S.& W. Basis Functions
_l"'. %r(of 0,0} r‘, 1S + L5v)
i
r."l. Iy~ ).
) \
| "is 13 4 DGy, O E i, TR EIRY,
n. o - 136D, 1 =1 121D
x: 1§L|l°l°) X| |S|> + ’sl,)' 'xl> - ‘xﬁ-) .
Xy 12, + 12D 15 =150 .
TRy (1 +TEOY + (0 + 1)), Uup - L) e - )
Xy (Had + Bd)- () & 1200), (e - 13D (14 -122)
L: '?(}S|‘IL|VIJ L 157 + ﬂf‘h.rl.'n.') .
. L‘ (ht.)-rlh-)ﬂhs) -—é""‘b"rux-;)ﬁ-l&o «lad)
2 N
Y
by |h\“—£;ﬂ?}/u/$.
'-/—\ . “
I ‘\1\ \, wd.
La (lx-{f_ SRR L ) + £ {11 'i\‘n.')f'\‘l)).
LV (fXDJJ Iyd) + C-)t(llxﬁ "l"‘l\-)), ‘
3 {1 ‘l\'}fl‘u‘i-i.llu'i) f‘b'l (LA~ ROY=R R Y,
l.; {txd =) - e'm'I (%) -ivnd ‘),

(e ¥ tyated) = 28T () +tn>ahad)
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Table 2

The Independent hatrix Elements of

the symmetrised Basis Functions

B.3.&VW. Independent iatrix Elements
= : :
o, N H, = a (G053 T R €315 )
'Ir,"‘\;' Fy, = 2 € expnd £ Rexixd)
A% Hy = & (8% + RESIY)
My = 1) (2w 4 £510GY) ’
Han = A (4w + R ex, x> )
xhx; Hy, = +(Omhdfklmhb:R(mHD;R6MHﬂ
A, by = 2 endsd (RGO 4 92515>)
My = 3 (2R L5190 :&(-Ra.lxo+ 3 zs.lw;}))
Hun = 3 (2 o> 5 J’i:(-ﬁéz.l'xo-fjdx.lx{.ﬁ))
16 ( AR 3 A (-Round ¢ axtid))
by, by He =4 (6aixd - ROulond---

e iJ"'i (- R dx ad *Da’a.hro).-. .
. '3-4";_ {~ RO Iy +5 {x.(\,o))
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gimplified form requires a single one-dimensional integra-

tieon for each lattice

expressed in terms of

3
shell and the summation may be '

the indices j and k referring to

4
the order of the lattice shell and the members of that shell

respectively.

Vo) = 5 Kal 031 $). Spytr) = g_sn,,m %k.(s‘ik-(?ih)

$k

‘J‘M,,'.(.-m- ’-""f '\f(crhn't 1rRjt) ). PaledaE

In the computation an
original kubic harmon
‘with respect to © in

The kubic harmonics,

+1/

.13
equivalent transformation- of the

ic form was employed in an integration
the plane y=0 for practical reasons.

Legendre polynomials and the equivalent

tfangformatlons are given in table 3.

The matrix

elements for evaluation in equation

(a.t0) may be reduced to the follow1ng form where &J is the

difference of the position vectors of the atomic orbitals

jnvolved.

[Xa
i

E»» Lg.l) =

It remains to deduce

A+ tp-tm) w

= "i (&;) mp(.igg.g‘,).'.{:‘,.,,(&i)

f %ﬂﬂ Mie). poln-R l) A‘r .[i.l%']

that all the 1ndependent matrix ele-

ments are given through the restriction Eﬁ=2,1n which case

+

&; ranges over the lattice position vectorss the two basis

vectors have been defined as 2 add £ . It is convenient

i

..

DAY e

L
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-

the Transformations for the Kubic Harmonics.

Order

Kubic Harmonic

Legendre Form

Alternative Form

L
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L 1.
s (S¢e 1t)
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.

: ™ .
to index the vectors Rj.by the respective sublattices and
that the LCAO wavefunctions are easily expressed in terms

“f the lattice position vectors.

3 |

fw3- faf;5m123 a - 80

15 = ‘f_l@_‘,.‘) g"b' &)‘, ws L - 3_:), B ivf;in 4*'5".”‘(:- B._?);....
' : ‘ .1

The relations between the various matrix elements are found
on applying the symmetrical equivalence of the 1iwo dis-

placed sublattices and are listed in table #{ the Ix) ,

L]

14;5 andlid> eigenfunctions are symmetrically eq ivalent
and therefore interchangeable in the analysis. :;\;qbfe—
vious section the matrix elements were required foZ/&ﬁe

OAP with a potEnfial omitted at one of the atomic 'sites now
chosen at the lattice ori;in. ‘The elements Enps (&) then

reduce to a series of three-center integrals.

Rie) = VI(n o 4= £ (Re40) Vic-R) = £t (@)~ (e-Re)

! . ) . )

Enp (V)2 2 (e_ﬂfﬁhtz).ﬂr(z-&). o (L ~B)). 470
R C1.20)

There are symmetry relations between the components £ (R3)

in a given shell arising from the simple elemen?s of the
complex & ; theée are given‘by considering the symmetry
operations directly. An efficient development will allow
direct computation of the matrix elements 1in an ergy band
calculation and wiil also serve as a reference or\ compari-

gson with alternative formulations. The notation\o this
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Table & T
The Independent hatrix Elements of
the Bloch Wave Function Basis | - ‘\
Independent EZquivalent Definition of
Elements Elements Elements .
25, 1his D L5, 110152 _f(ﬁg)fib'@‘i.ﬁ'ss(l}:',) -" ,
“,,,.,,;Q' Lsyimi s> | 2(0g) 258 Foscal)
2, 1P1%d —-d;,“l Hlx-.;)‘ 2(@;') .e”’"gi . E,x(l_.j)
FERITIE S S gsal Hland <£(5) z“t‘p}. Esx(q))
=)D Ly L 1GD L (gj) z‘u‘g.nyl@;')
& THT D sl b Y T (e}) ‘;E'Q?Exx(ﬂﬂ
MY oty | X (8] SR Exy ¢2))
PR T TRVS 2y aminy | 2 (&) ‘*'e}'-Ew (&)
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sectlon lS based on the treatment of Slater and Koster.(jé)

The application of the kublc harmonlc expan31on
of the OAP 'v'tr;0,9) reduces the elements Enu(iJ'to a series
of two-center integrals. '

SVin e8) = Sin) V',\ (). EnlS) fﬂf‘

~

E,'ﬂ,(@_;) = St f P RIGE k.l9,¢) Bt ~Ri). &
5 : (2.21)

A separable analytlcal form exists relative to the axis
- along gj allowing analytical 1ntegratlon over the corres-
ponding azimuthal coordinate.(37l . The transformations of
the kubic and spherlcal harmonics in a general frame.of

(38)

reference are requlred The transformation analy31s

generates the form of the independent two- center integrals

in any lattice shell and the. component Epp may be
pressed in terms of the reduced 1ntegrals and the dlrec-

tion cos;ne (%kvmm'ﬁk) of the vector Rjk'» The transforma-

tion of the function and the analytical reduction of the
ntegratlon are outlined in appendix 4, A basic set of

the transformatlon for the first kubic harmonic is summar-:

jzed in table 5; the notation is borrowed from chemical

. ph351cs (39) _where the symbols o ,77, § ... refer to the

azimuthal component of angular momentum and the symbols

s.p 1 4 R\ refer to the orbitais contributing. This class

of 31mpler integrals corresponds to the traditional W0

" center tight-binding approx1matlon where the reduction may

b ]



Table 5

The_Trahsformation of the Simplest

Pwo-Center Integrals.

1

5

] rd
Component Transformation
E;;(E;Sk-) l.(;“’);
Egx ( Rin) Qe3P )
Exx L&ik) Gelpped, + (1~ Bic) oy
'E;n (Ryh) Sy My (195 )y - Lpx-myke LTy
) ‘
£x3 (L) e (pa0dy = Lak Ny (PP
. ,
wd
)
b
',P
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be applied 1o evaluate the more significant components of

the lattice series for the matrix elements exactly.

fa' o (o) . v L R}). $p LF-Rj) 4% [3.23]
The integration is then divided into two components cor-
responding to the atomlc potentlal'v(k)at the second cen-
ter R and the kubic harmonic expansion ‘Va(r; &) omitting
the contribution from. the atomic potential included
exaétly. The éxpansion coefficient for an incoﬁplete
lattxce may be defined rigourously in a generallexpansion;
‘however, in the present application the original crystal
kubic harmonic representation for the complete lattice is

extended to the incomplete lattice of lower symmetry.

V' (ro, g 85) = £ (Reso, ) vira) = S (R V&)

V'ir 0, $;R) = L V.te ai) koo d)
-(r ©, ¢, 4 N g D,,;fj

An analogous method applies when the significant-potent;al
terms are omitted in the OAP expan51on and evaluated
directly. The three—dmmensxonal three-center 1ntegrals
have therefore been replaced by two-dimensional two-center

integrals in the final analysis, If such a potential

expansion converges in a2 reasonable number of terms it w1ll

represent a significant efflclency 1n the calculatlon.
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Chapter 3
THE ENERGY BAND CALCULATION

3,1 The Numerical Analysis;

The basic computational problem in the scheme
outlined 1s the evaluation of the matrix elements, The
extensive calculations necessary generate an endless
variety of formulations which reflect the degree of opti-

mization necessary in any practical method. The numerical

_representation of the atomic structure functlons and the

direct numerical integration which are developed here rep-
resent a relative;y gimple approach in comparison to recent
alternatives, In such an attempt an emphasis will De
placed on the effectiveness of the numerical techniques
necessary to reduce the problem overall and allow progress,

The form of the effective atomic potential and the lattice

. parameter employed were taken to facilitate comparison with

an orthogonalized plane-wave method (40) and a tight-bind-

(51) available, ) : é

ing method
A typlcal three- _dimensional integration may

require the order of a million increments to achieve the

imately one hundred points per dimension represents a
reasonable sampling of the space. An efficient computation
requires the simplest representation of the function con-

sistent with the minimum number of increments necessary.

-
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A secondorder interpolation was found to represent the
atomié gtructure functions adequately.. The Lagrange inter-
polation formula applies defining the unique polynomial

ftx) of second order - through the three reference points

X and a3 S
F(,c) = Fx) (e -xy) (x-%) + flw) e-xy)Cx-7) 4 Erxyy (oe=2) (-3}
1%, - %3) (3 -D) (Xy= X3} Xam%,) {33230} (wyry)
- Fle) = axt +lbsx+c ;.0

At a general point ¢ the value of an atomic structure
function is given by the computétion of the quadratic
function flx) with the interpolation coefficients determined
by the three neighbouring reference points of »* . The
interpolatlon coefflclents given in table 6 are requlred
throughout the range of the atomic functions. The method
requires an efficient determination of the nelghbouring
reference points for the general point x , The functions
foo are generally evaluated at a sequence of poinis on
the integration mesh., In this application this suggests

a simple search Dby working away from the previous reference
‘points for the sequence. This technique was found to be

" as efficient as any of the more general coﬁplex methods -
developed. The numerical integra"tion of the functions ‘

required 18 carrled out by the simpson quadrature_formula.

x”-x X-X'-_-,,a’

kad

f fixydw = 1!\_(f-('x..) + 4 flr.) f(vt:.,.))
L | 3 _ C3.1)
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Table 6

The Lagrange Interpolation Coefficients.

sy, X, My )

)

o), f0a) , _EOO)
(x,-.x.\(x-,- ) {(¥a-%3) {23 - 21} (3= ) (g ~Xa)

b(xu""‘ 1%3)

] - E !ﬁ) Leair) + - ﬂﬂ'i-) {2,+%) + = E:(i'i)(ﬂg'l"x'a.!

(%2~ XD (X3~ X)) (% =3}y =) (- ) by - Xa)

c U"H"‘Mx‘!)

— flxdXa Xy Flxe) %32 4 _fFl5) X¥3 |

\(n-x.)(x;-x.) T (R X (X2 X) X (%)

.,'34
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The quadfature is equivalenf to an analytical integration

of the second-order polynomial passing through the points

%,y *o and.x“; The consistent degree of approximation in

the interpolation and quadrature reflects the efficiency of

the methOd.(uz) This method was found superior to several )\
alternative attempis: the simplicity‘is a factor determin-

ing an efficient computation.

3,2 The Effective Atomic Potential, i
u The atomic wave functions and energy levels were

employed from a Hartree self-consistent field calculation

for ‘the ground state (BP) of carbon by Jucy.(uj) The

atomic wave functions are applied in the chiculation of an

effective atomic potential function following 2 prescription

first suggested.by WOOdTUff.(uu'45) The construction of

the effective atomic potential in this.manher involves

various approximations that have been analysed by several

(50,46,57) The cohcept of an effective atomic po-

. *
tential is valid where the potential may be determined in

.authors,

principle by a full self-consistent salculation., The

alternéﬁive forms of effective atomic potential available

may gererate significant variations in the calculation.

In’ the present application the effective atomic potenfiél
elected can be jgsfified very Simply.- In the'oﬁter region

of the atomic potential the exchange«intera@tion in the

Slater approkimation dominates the coulomb interaction
) — .

|‘ | .- QL
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extending the range of the potential: An effective atomic
potential given by the truncation of the original etomic
potential at the range where ﬁhe exchange correction domin- .
ates ig similar to that proposed by Woodruff. The Woodruff
formulation considers a range for fhe gxchange potentia}
deflned by the’ radlus of the sphere whose volume equals
that of the unit ceil. The exchange contribution for the
valence electrons in the treatment of. Woodruff corresponds
to .that of a uniform charge distribution over the truncated
range. The effectlve atomic potential defines & reasonable
‘meqn crystal potential or cofe level with a considerable
' ghift from thae corresponding to the atomic potential.
calculeéed with the Slater exchange. The range of the
effective atomic potential developed will reduce the pot-
entlal overlap within the crystal and the associated error
in the treatment of the Slater exchange approximation.

Thé expressions defining the atomlc potential
are well known and are given in this section in the notation

(48,49) There is no

of Herman and Skillman or Slater.
significant difference between the absolute atomic units
and the practical atomlc units defined by the reduced mass
in such calculations.

(74 ) ). Rogtrh, @190, Fon#l = Epp- Realr). ©2nl®): Pulp) A

The atomlc potentlal function arlr) is defined-by the nuclear

coulomb. 1nner electron shleldlng, outer electron shielding

~




37

%

and free-electron exchange terms respectivelyt(so'sz)

r ] ' !
= =23 .3 - - . Vs
Vels -23 .Fj;fb)d.r 1}1 o) 4 "[,%;J""’]

' ' .9
aglr)= -4#!“;&} = ﬂfa,l) (A Y [f’ Rn.(rﬂt = ﬂ(qll) Wit [P“‘{,-ﬂl

where the summation extends over all the occupied states
withloccupation numbers wgg which are considered to be
spherically averaged in the gentral field approximation.

The atomic structure functibns ut¢) and Pyt are con%eniently
defined f;llOWing Herman and Skillman employing the Thomas-

Fermi parameter for tabulation.,

pe L (l}")"’, 3 o, 35534018 romx
[3.5)
Wirl= -% vir) P.u(-)= r Ru.(r)
= ‘ ,

In the present formulation the free-electron exchange .
potential is given by the modified charge distribution
defined in terms of the volume fL of the unit cell.
i rd: fa e L z:{t?“) 202+ By (r) W 2 T tvmence) Wt F& Ty
Y N D‘J
= *-'!,-r-mzcsmm_yn) Pz () o
The mean value of the crystal potential ~ 1is defined by %

the effective atomic potential and the volume “of the unit

" cell.

- -]
v :a.t__:;f: —[o ar{ry.r*. Arr L}:}.’]

The computations neg€ssary are not demanding and the
functions of the char ¢ densities may be -interpolated and
integrated by the methods outlinéd in the previous section.

The lattice parameter a=6,728a.u., was employed throughout.
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3,3 The Crystal -Lattice.

A nearest neighbour analysis of the diamond
1attice is regquired in several calcuiations: the lattice
position vectors &p; may be ordered with respect to the
lattice shell radius ﬁj. ‘A.simple generation of the
diamoﬁd jattice in terms of the primitive face—centered

cubic lattice is suff;cient for the present application,

(53)

the reference frame is defined by the axes of the conven--
tional cubic unit cell having dimensions of four arbitrary

units.

.[3-81

Ry = Amet = [* ° R\ [ B S [ R n) Y ¢
~ - a2 2 0 it & Llnem) s b : ;’
o 1 allm 0 A (nyaty) 4 b3 | )

The lattice vectors generated in this manner are organised

"

into sets of nearest neighbours., The final data set con-
tains-the'magnitude, the number and the coordinates of the
position vectors for every shell analysed. The main
consideration is the efficient flexible retrieval of the

information in the data set and the system developed gave

reference to any shell distance or to any number of sets
of nearest neighbours, The first 150 orderé of neighbour
with 8165 members within a shell radius of 25 arbitrary

units were generated.
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3.4 Th Representation of the Crystal Potential.
The crystal potential ‘defined by the OAP function

is required in the evaluation of the three-center integrals.

7 ':" ’ R’ r -
Vi S (Re) Ar(r-Re) [5.9]

The computation requires the determination of the function
over the set of points taken in the numerical integration.
There are apg?ax;mately 2X105 points over an adequate

integration &esh and this 1is necessafily fixed for all the

3

calculations, The construction of the crystal function

represents a massive computation requiring consideration of -

" .a11 the effective atomic potentials within a certain range-..-

for every point on the integration mesh, The process of
calculation is complex and iS-undértaken in stages. A
neighbouring lattice site Rj to the point ¢ is determined,
The nelghbourlng effective atomic potentlals convflbutlng
to the crystal potential at any point 5 can then be sys-
tematically considered. There is a significant number of
effective atomic potentials contributing to the crystal
potential at any point; a minimum number -of 35 potentials

with a range of 7 a,u, has been given as an example. In

[
L

the formulation developed it was necéssary to consider
aﬁproximately 150 effective atomic potentials for every.
point on the integration nesh. A data set containing the
neighbouring latticé point for all the points on the integ-

ration mesh is generated for reference. The nearest

el

.
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’
v
P




‘. _ ‘ 40
‘neighbour’ in the first face-centered cubic sublattice to a
general point r was con51dered for smmpllclty; the lattlce
generation with respect to any point of a primitive lattice
is frivial. The rhombohedral primitive cell, in which the
general point r is located, is given directly on facforing

the primitive translation vectors,

Pz 2xd ayy 4%k Rj = La, +wasd nag
r= (esar)a, -\(M'QS)A_I«-LD\‘(\')?} (ogr,s,t';fﬁi)
"~ (&ar) = i.(xm, ap) s = ) (31—1—::) (1/\4-&'} = }if‘\,‘{x—tj)

Gl

'The nearest of the eight neighbours bounding thls prlmltlve
cell may be found directly. The crystal potentlal may now
be calculated with contributions from the varlous orders of
nnelghbourlng shells corresponding to degrees of approx1matlon
in the computation., A flexible form of computatlon was
developed for the construction of the crystal potential
function," The main consideration is the efficient retrieval
:of the'crystal function required in the optimized compu- '
tation of the three-center 1ntegra15,

The caleulation of the kubic harmonic expansion
coeffic1ents is deflned by the reduced formulation of
equation f.4y. The expansion coefficients are required for
~ the radial coordinates of the integration mesh. The trans-
forﬁations generated may be employed directly in the cal-l
culation of the expansion coefficients and a¥so in the

representation of the’ crystal potential, The computation

FA
[P L
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can .be reduced by careful analysis of the calculation; in
the case of dlamond with the effective atOmlc potentlal
there are over 40 shells with over 1000 members in the OAP
expan510n region, A highly efficient computatlon has been
developed -to detefmine the feasibility of generating the

coefficients in higher order expansions,

3.5 The latrix Elements and the lulti-Center Integrals.
The two-center and three-éenter integrals have
the same form and differ only in the number of dimensions
for numerical integration. A general computational scheme
has been developed for such integrals on a given integration
mesh. AftertSOme‘experimentation. an integration mesh was.
selected with 200x30x30 increments for the variable- r, ©
and f respectively; the range of -+ was limited to%}} a,u,
A two-dimensional 1ntegratlon may be taken over any plane
on the integration mesh defined by a constant value'of ¢ .
The restriction o0 a fixed integration mesh arises for the
caleculations involving the crystal potential defined over
the mesh. A flexible and efficient computational .scheme
was developed allowing various combinations of the functions
available to be integrated; the radial wave functions, the
sphefical harmonic functions, the kubic narmonic expansion
functions and the crystal lattice functions are inter-

changeable in the computational scheme, The problem of

optimization of the three-center integrals was considered

N
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and after intensive development it was found that a limit
had been reached. It was conciuded that it was not pqss;ble.
to increase the efficiency of calculation of the three-
center integrals significantly without adopting a funda-
mentally different method. - ' ?

The remaining calculations of the matrix elements
and the eigenvalues are straiéhtﬂorward. The details of
the proérams developed to perform‘tﬂe bomputationé are

outlined in appendix 5
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Chapter 4
\  [HE RESULT OF THE ENERGY BAND CALCULATION
k,1 The Numerical Analysis.
In the development of the computational scheme
an apcuracy3corresponding to three significaht'figures
wag attained at every stage of the cohputation. This
was determined partly by the accuracy of the atomic struc-
ture functions employedi although the atomic wave functions
defined the general basis functions, tﬂe representation
in. the computatlon is only accurate to three significant
figures, The number of computations involved in a typxcal
calculation is so great that it is difficult to assess
. directly the overall accuracy in any coqputation. An
jndirect assessment involving considerable experimentation
was developed in order %o optimise the efficiency of
- the calculation, The principal result employed in thla
‘development is the normalisatlon of the atomic structure
functions; the normalisation integrals were computed in

order to test the accuracy of the calculation.

[ -t gt D
~ The Bimplest normalisation integration corresponding to
two atomic wave fuictions at the origin of_the integration
meoh where 5}— o does not give a vory criticol toat; it
represents an extremely symmetric integral concentrated

heavily around the origin. The normalisation integration

[
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"corresponding ro two'atomic wave functions et the center
of the 1attioe cuoe where S, e-'i-ﬁ;“l' gives a more severe
test; the lattice origin is at the _origin of the'iniegra- .
4ion mesh, The computed values “of theee normalieatlon o
integrals for the 2s and the 2p orbitals in diamond weriﬂ
0,985 and 1.033 raespectively, suggesting an accuracy to /
within apﬁroximately 3%. It was found by/thie technique
that an iotegration mesh as fine as 500x50x100 increments
gave no Bign;ficaﬁt'increaee in accuracy. The bontrlbu-
tions to the integrals from the extreme inner and outer
ranges of the atomic etruoture functions were investi-
gated. The representation of the atomlc structure
" functions for these epecial reglions was found to be'
-sufficient and no further considerations were neceeear&.

An analysis of the symmetrlcally equivalent , i
matrix elemente indicetes that the preclgion of the tri- |
ple numerical integration is of the order of 0.001 Ryd-

.bergse; a comparison of the three-dimeneional integrations

"employing the crystal potential function is neceseary.
The results of_the ‘calculations required for such numeri-
cal.comparieone are found later in the chapter. The
degree 0of accuracy indicated in this analysis is consis~ -
tently within the theoretical and experimental estimates
for the computatione involved in a three-dimensional

nnmerical integration.
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.,2° The Effectigﬁ Atomic Potential. i
The effective atomic potential function Uer)

was calculated directly as outlined and is given in
table 73 the X tabulation.refers-to the method of Herman
and Skillman (48) of defining a tabulation net employing
%he Thomas-Ferml scaling parameter s, . The first poten—
£ial function is calculated with the Slater exchange
treatment following Herman and Skillman, The second
potential function is cﬁlculated iﬁ the present treatment
;ith the modified exchange potential outlined; an irregu-
lar effect arising froﬁ the artificial exchange prescrip- -~
tion may be easily detected in the tabulation, The mean
values for the crystal potential with the Slater and the

present exchange potentials are =9,09 Rydbergs and -3.12 .t

b

Rydbergs reépectively.

The electr?n'energies of the atomic ground
sfate of carbon for the és-orbitals and 2p-orbitals are
1.4126 Rydbergs and 0.8632 Rydbergs respectivelys the
energy band levels will be convenientlg considered
‘relative to the 23-orbita1,énergy as gny determination
of the absolute energy levels ig difficult to Jjustify.

4,3 The Crystal Lattice.

The results of the nearest n ighbour analysis
for the diamond lattice are summarised in table 8 for
the first twenty orders of neighbours, The table illus-

trates the rapid rate of increase of the total number of



Table 7
The Effective Atomic Potential -
X Slater © Present
Tabulation Exchange Exchange
0.00 1.0000 1.0000°
0.01 - 0.9954 0.9953
0,02 0.9887 0.9886
0.03 0.9818 0.9816
0,04 0.9749 0.9746 .
0,05 0.9680 0.9676
0.06 0.9612 | 0.9608
0.07 0.9545 0.9540
0.08 0.9479 0.9473
0.09 0.9412 0.940
0.10 0.9344 0.9337
0.12 0.9206 0.9198
0.14 0.%070 0.9061
0.16 0.8936 0.8926
0.18 0.8804- 0.8793
0.20 0.8674. 0.8663
0.22 0.8547 0.8535
0.24 - 0.8422 0.8411
0.26 " 0.8301 0,8290
0.28 0.8183 0.8172
0.30 0.8069 0.8057
0.34 0.7847 0,7836
0.38 0.7638 0.7627
0.42 0.7438 0.7428
0.46 0.7247 0.,7238
0.54 0.6895 0.6888
0,58 0.6728 0.6723
0.62 0.6565 0.6561
0.66 0.6409 0.6406
0.70° 0.6259 0.6256
0.78 0.5973 0.5969
0.86 0.5705 0.5696
0.9% 0.5455 0.5436
l1.02 0.5225 0,5190
1.10 0.5017 0.4960
1.18 0.4829 0.4743
-1.26 0.4660 0.4545
1.34 0.4506 Oy, 4362
1.42 0.4367 0.4195

16




© pable 71 continued
1.50 0.4239 04044
1.66 0.4005 0.3779
1,82 0.3791 0.3557
1.98 - 0,3592 0.3368
2.14 053408, 0.3209
- 2.30 0.,3234 0.3074
2.46 0,3071 0.2962
2.62 0,2919 0.2870
2.78 0.2777 0.2797
2.94 0.2644 0,2742
3.10 10,2522 0.2703
3.2 0.2300 0.2668
3. 74 0.2108 0,2680
.06 0.1940 0.2730
4.38 0.1792 0.1476
4,70 0.,1660 0.0253
5,02 0.1543 0.,0194
5,34 0.1436 0.0148
5,66 0,1339 0.0114
5,98 0.1249 0.0088
6.30 0.1165 0.0068
6.94 0.1018 0.0041
7.58 0.,0888 0.0026
8.22 0.0775 0,0018
8,86 0.0688 0.0013
9.50 0.0573 - ‘0.0011
10,14 0.0376 0,0010
10.78. 0.0374 0.0009
11.42 0,0396 0.0008
12,06 0.0356 0.0008
12.70 0.0287° 0.0008
13.9 0,0210 \0,0008
15.2€ 0.0Y60--— -] - 10,0000
16-54 0-0123 o 000000
17.82 0.0095 0.0000
19.10 0.0062 0.0000
20,38 0.0049 0.0000
21.66 0.0045 0.0000
22.94 0.0034 0.0000
2,22 0.0018 0.0000
25450 0.,0000 0.0000
28,06 " 0.,0000 0,0000
30,62 0.0000 00000
33.18 0.0000 0.,0000
35,74 0.0000 0.0000

L7




Table é'

ANALYSIS OF NEIGHBOURING POINTS
IN FINITE DIAMOND LATTICE

,‘Order | Number . Distance Total Number
0 1 0.000000 1
1 L 1.732051 5
2 12 2.828427 17
3 12 3.316625 29
I 6 4,000000 35
5 12 4,358899 L7
6 24 4,898979 71,
7 16 5.196152 87
8 12 5.656854 99

-9 24 5.916080 123
10 24 6.324555 147
11 12 6.557439 159
12 8 6.928203 167
13 2k 7.141428 191
14 48 7.483315 239
15 36 7.,681146 275
16 6 8.000000 281
17 12 8,185353 293
18 36 8.485281 329
19 28 8.660254 357

The reference frame ig de
cubic unit cell having

fined by the axes of the conventional

48

dimensions of four arbitrary units.
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neighbours enclosed within ‘the distance consldered.

TPhe distance covered by the table correaponds to the
_range of atomic wave functione in the calculation; this
defines the limiting distance of interaction for the two
wave functions in the multicenter 1ntegrals.- |

L4 The'RepreBentation of the Crystal Potential.

The QAP crystél potential function,was-calcu-
lated where a data set was generated for the points on
the inﬁegratio; mesh, The informaiion'évailéble is
sufficient to determine the potential at any point in
the crystal directly.

The kubic harmonic expansion coefficients
V ty) were calculated for the redial coordinates of the
integration meshj the representation of the crystal po-

ential is retrieved from a data set containlng the
expangion coefficients, The modified expanslon coeffl

cients Vm(r) form= 0,3, 4,6,7 are sketched in fig

1 to figure 5 respectively. The particular functlons V,trt
considered are normalised in order to facilitate compari-
son of the contributlonﬁhfrom different order& of the .

kubic harmonic expansion‘defineg in table 31

V“tr) = J;l;; V'\(',-) ) [1-.;]- .

The higher order expans%on coefficients are rapidly

oscillating.functions of'tha radial coordinate. The
kubic harmonic expansion coefficients were considered for

! &}
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THE ZERO-ORDER EXPANSION COEFFICIENTS
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Figure 3 :
f THE SEVENTH- -ORDER EXPANSION COEFFICIENTS
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differing atomic potentiéls in order to asseBs the sig- '
nificance of the choice of the effective atomic poten-
tial, The difference betweeh the coefficients with the
Siéter excﬁange ﬁotential and the present exchange
potential was in the shift of the zeroth-order compo-. . .
nent; the higher order components did not vary signi-
',ficantly.\ This suggests that the higher-order expansion
coefficients are determined largely by the inner_region

,of'thé effective atomic pdtential as expected.

4,5 The Matrix Elements and thé Multicenter.lntegrals.
The independent forms of the, three-center

integrals for the first few orders of nearest neighbours
were calcuiated employing the crystal potential function

V'(r,6,4) 1 they are gi§en in table 9 along with the
corrasponding two-center integrals for comparison ?
employing- the zeroth-order harmonié potential represen-
tation Votr), A number of integrals listed in the table
are equivalent and are calculated for comparison. The
three-center integrals for the s-orbitals were evalua- ‘
ted for all the neighbours employing the crystal poten-
tial function. In the two-center integ;'di formulation ' ‘
the matrix elemente for the s-orbitala were calculated '
with the kubic-harmonic expansion of the crystal poten-
tial. The matrix elements were also calculated in the

zeroth-order poténtial represeniation for all orbitals;



Table G
oy

The lulti-center Integrals for the Nearer Neighbours

56

vulti-center

Three~center

Two=center

Integration Representation Representation
Fax (1,1,1) -0.3709 ~0.3355
Erx(1,1,1) " -0.1912 -0,2562
5;3(1.1.1) \0.3&15 0.3049
€0(2,2,0) x - _0.2254 -0.,2155
Evx(2,2,0) 0.1575 0.1258
£5(2,2,0) 10,2927 " 0,291k
£ (0,2,2}) 0,0469 0.0

£l (0,242) -0,1807 -0.1655
£,,(0,2,2) 0, 0564 0,0
£y (2,0,2) -0,2254 -0,2155
€ (2,0,2) 0,1598 0.1258
e%(z,o,z) -0,0564 0.0

e (31,1 0.1539 0.1740
e (3,1,1) 0,1805 0.2222
E;s(jlirI) 0.0775 0.1035
£.(1,3,1) 0.0522 0,0580
€ (1,3,1) -0,0561 -0,0549
c;,(I.B,I) 0,081k 0.1035
£, (1,1,3) 0.0490 0.0580
. (1,1,3) ~0,0612 -0,0549
£y(T1,1,3) 0.0434 0,03k45




Table 91+ continued
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E'gx(u'!olo)

£y (4,0,0)
€4y (4,0,0)
€ (0,4,0)
. 5,:1“(0.“',0)
£y (0,4,0)
€, (0,0,4)
B (050, 4)

gﬁ(o,o,u)

Er (1,3+3)
E'“(l'B’.B)
5:.3(1:3!3)
£ (3,1,3)

Eh(311t3)7

6!,)(33103)
F":(313:1)
E(3:3+1)
E¥3(3l3s1)

-

~0,0782
0.1310
0.0
0.0010
-0, 040k
-0,0006
-0.0004
-0,0380
-0,0003

-0.0150
-0,0141

0.0233 "

-0, 0416
0, Oll1
0,025%

=0,0413
0. 0442

0.0629

~0.0894

0.1560
0.0
0.0

-0 ] 0370 ‘

-0.,0
0.0

-0,0370
0.0

~0.0131
-0,0157
0,0205
-0,0393
0,0389
0.0205
-0.0393

0.0615

B4

f

The components ofhthe lattice vector defining
the multi-center 1ntegratlon are expressed in
the arbitrary units deflned in table 8,
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this involves the evalﬁﬁéion oflthe ($so{;tspr),fppc0'
and(ppw) types of integrale. The complefe set of two- .
center integrale was calculated with the simplest harmonic. ﬁ'
representation VQCP) , and with the atomic potential
A (&) at, the second center included exactly and a

zero-ordel potential repreeentationw/vg_(r R, ) omitting
the contribution from that center, The corresponding

- overlap and energy integral fhmmatione over each 1attice \\\i\

ghell are summarised in table 10 for the elements of the
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carried out for the entire twenty orders of racting
.ehelle.
| The final energy eigenvalues conputed are given
"in table 11j-~the crystal potential representatione
employed in;i;e calculation are indicated by the corres-
ponding symbols. In the second part of the table the
energy eigenvaluee are shifted by 1.,4713 Rydbergs to
facilitate comparison with the reeulte of other studies
~ (41,54) given therej the valence (V) and conduction (c)

bande are indicated The values for the atomic energy

i
il
]

levels employed in the calculation have considerable

LI

epo% to different symmetry types.

"inflyshce oh the relative levels of the eigenvaluee
corggp

-
rad




Table 10

The Overlap‘a.nd Energy Elements
Summed Over the Individual Shells

59

Shell ' ' ‘ve )
Order I v Vo Ve v
0 1.0000 | -1.2758 | -1.2758 | -1,2758 | 0.0
1 1.4266 | -2.4300 | -2,6116 | -2,1213 | -1,9320
2 1,031 | -2.1628 | -2,6007 | =2.5299 -0,8378
3 0.5513 | -1.1881 | -1.k031 | -1.3833 =0,3350
4 0.0983 | =0.2425 -0,2658 | -0.2640 -0,0428
5 0.1121 | -0.2926 | -0,3084 -0.3069. | -0,0302
6 0.0945 | -0.2585 | -0,2655 | -0.2647 | -0,0119
7 0.0389 | -0.1071 | -0,1103 | -0.1101 ~0,0036
8 0,0136 | -0,0376 | -0,0391 | -0.0390 -0,0010
9 0.0174 | -0.0486 | =0.0506 -0,0505 | -0.0002
10 0.0083 | -0,0236 | -0.0247 | ~0.0247 -0,0000
11 0,0027 | ~0,0077 | -0.0081 | -0,0081
12 0.0009 | -0,0025 -0,0027 | ~0.,0027
13 0,0017 | -0.0049 | =0.0053 ~-0,0053
14 0.0017 | =0.,0049 | -0,0054 -0,0054
15 0.0009 | -0.0025 | -0,0027 | -0.,0027
-
. R
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Table 103 continued
Shell \ \ , , ,
Order Ve Vs Ve Ve Ve
0 -1,2758 0.0 0.0 0.0 0,0
1 _2.6116 | -0.5355 | -0.,1016 0.Q508 0.0490
2 -2,6007 0.0 -0,0935 | -0.,1079 | "0,0 |
3 -1,4031 0.9765 0,0350 0.0092 | -0,0593
I ~0,2658 0,0 0,0142 0.0127 0.0
5 -0.3084 | =-0,0077 | -0,0037 | -0,0058 )} -0.0003
6 -0,2655 0.0 -0,0017 0,0025-| 0.0
7 -0,1103 0,0005 0,0010 0,0009 0,0020
8 -0,0391 0.0 -0,0003 | -0,0003 0,0
9 -0,0506 0,0002 | -0,0001 | =0,0002 | . 0.000Q4
10 -0,0247 0,0 0,0002 0,0000
11 -0,0081 | ~0,0002 | -0,0001 | ~0,0001
12 ~0,0027 0,0 0.0001 [, 0.0000
13 | .-0.,0053 | -0.0000 | -0,0001
14 . =0,0054 0.0000
15 -0.0027

.-.‘-,‘.'.—4':...'._-.‘\;_
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Table 11

The Energy Eigenvalues at tht Symmétry Points

~ . , ' v
-

1, 7 and [} Symmetry Eigenvalues.
t

61

Symmetry | . V' Yo Vo Ve | Vo tVe | YorM | Voro- VAN
N -1,809 | -2,008 |-2.112 2,146 |-2.154 |-2,156
n o.427 | 0,119 | 2.873 | 2.804 | 1.930 1,980

2, M,X andl Point Eigenvalues,

Symmetry Type_ Chaney et al Painter et al Vo
n v -1,480 -1,441 -1,949
N v " 0.000 0.000 0.000
r c 0.460 0.441 -0.003
r C 0,988 0.794 0.178|
X, v -0.870 ~0.853 ~1.054
%o, v -0.408 ~0,390 ~0.520
%y c 0,622 0.463 ~-0,.264
Xy c 1,190 1.051 0.409
G v -1,098 ~1,066 21,217] .
Ly v -0.848 -0.860 -1.318
L v ~0.190 -0.176 -0,202
i c 0.742 0.603 -0.072
Ly ¢ 0,782 0.654 0,160
£ c 1,316 o 0.151

P S SL P JUUCL PR UL SRP S S, S T vl
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Chapter 5

A DISCUSSION OF THE LCAO METHOD
: N
5.1 The Application of the Nethod of 1CAC.”

_Ehe method of LCAC was applied in the early
developme;t of quantitative energy band cgiculatlons within -
the limits of the traditional tight-binding approx1matlon.
Such a calculation may be valid for the simple jonic crystals

exempllfled by the alkali halides; in particular, there are

geveral calculations for NaCl and an accurate calculatlon

for KC1 has been available for some time (55). An 1nslght
into the validity of the Q?AO method is given by analysis of
~ “the atomic and crystal structure parameters for the dlfferent
crystal types listed in table 12, The quantitles in the
table are considered follow1ng blater ﬁ 9); the outer shell
radiug is defined as the maximum radial charge density for
the'approprlate atonmic or ionic orbltal and the bond distance
is dgfined as the separatlon of the nearest nelghbours in

the crystal 1attiée. ‘Phere is a simple relatlonshlp between
the elementary crystal bondlng types and the amenabllity of
the correspondlng crystal wave functions ?o a representatlon
as a l;near combination of atomic orbltalé. It is. interest-
ing to realxse that,. in such a qualitative analysis, sodium
1ies somewhere between llthlum and dlamond in terms of the

degree of atomic overlap and the assocmated free-electron-

1ike behaviour, This 18 in contrast to the accepted nature

g
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i
Table 12 :
. /
T~ The Parameters of Four C‘ﬁfystal $tructures
Crystal Paramet‘ers in a.u, AtOmic/IBnic Parameters in a.u.
Lattice Lattice| Bond  Empirical {uter-shell
Structure Size bistance_ Radius .|kadius and Orbital
Li; bee . ’ -
(hetallie) | ©+©3 5.74 2,74 3.00 Li(2s)
| Nag bee . '
(hetallic) 8,09 7,00 3,40 3,38 na(3s)
3
C; dmd - ) _
(Covalent) 6.73 2..91 | 1,32 1,17 C(2s)
NaCl; foc ' | 179 0.60 na*(2s)
(Ionic) 10.66 | 5.3 3.42 1.38 C17(3p)
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of energy levels which place sodlum as the . extreme case of
a free- electron-llke gtructure, The exten51on of the atomlc
orbitals of lithium through the crystal lattlce represents
'an extreme degree of atomic overlap in the crystal. The
variation in this effect may be appreciated by con31der1ng
the typical number of atoms within .the range of an outer
atomic orbital within the crystal; fhe 30 orders of neafest
neighbours with 645 members for iithium compare to the 19
orders of nearest neighbours with 357 members in diamond.
The analysis of the localisation of electrons in solids has
gained significance in recent yearé (56) and supports the
gsimple claim that the :;riation of the electron localisa-
. tion between metallic and covalent systems does notl require
alternative representations for the diéfgrent crystal types.
Further, if the crystal wave functions may"be expressed in
terms of the wave functlons of the constltuent atoms, it
should be possible o make a more dlrect correlation between
the properties of crystals and those of free atoms on both
the qualita%ive and quantitative level.

Tt has been established in the theory of band
structure that a given LCAU representation of the one-
electron waye functions is adequate in an accurate calcula-

tion of the energy levels of lithium (57) (41)

(41)

, sodium , and

diamond There are several factors in the problem of
‘an accurate calculation apart from the representation of the

electgon wave functions., The representation of the crystal
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potential is equally important and this-is a more critical
problem for covalent structures than for metallic structufes;
this has been referred to already in terms of the lower
symmetry of the non-symmorphic diamond lattice,

These remarks serve to indicate.the range of

validity of the LCAC representation in view of the recent

develbpments of the general theory of solids.

-5.2 The Develbpment of.the i.ethod of LCAU,

An earlier calculation of the energy bgnd struc-
ture of diamond by ﬁassani'and Yoshimine (40) employing the
orthogonalised-plane-wave (UPW) method, has several features
in common with the present calculation and provides a useful
comparison.. The 1attice constant and atomic wave1fuhctioqs
are identical and an analysis following Woodruff of the
core-level shift problem reduces the potential space average
to a free parameter in the Fourier expansion of the crystal

,potentlal The energy pand structure is found to be inde-
pendent of the space average potentlal over the range of |

values in any practical calculatlon. The convergence of the

calculation is inferred frOm other calculations and the plane-

wave function basis, which is thoroughly discussed, therefore
remains a questionable representation, The slater exchange
treatment is claimed as a major‘source of error in this
calculation; this statément is justified by the incorrect
application of the free-eleciron excﬁgnge potential to the

individual atomic charge densiti%i_igther than to the total

-
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crystal charge density. The effect of taking the atomic
wave functions as an initial approxﬁﬁation to the crystal
ﬁfoblﬁy igs considered and it‘is claimed that a more accurate
répresentation of the crystal potential and the associated’
core wave functions is necessary in such an GP# calculation.

A further attempt at an accurate calculation of
the energy band structure of diamond was made by neoWh (58)
applying the augmented-plane-wave (APW) method, Although
this calculation has been conside;ed.as an accurate reference,
it should be realised that the general validity of the method
may be limited Dby the restrictiQé form of the mﬁffin-tin
representation of the crystal potentiai.

Thé alternative development of the LCAC method Dby
Lafon, Lin and bhaney, referred to previously, represents a
complex development in which the atomic wave functions are
expressed in simple analytical formé (slater-type orbitals)
and the lattice potential repreéented by a Fourier series,
The matrix elements are then computed following an analytical
reduction involving the Laplace transformation of the €xponen-
tial components of the anaiyticél wave functions, The

1

accurate calculation of the matrix elements rema;ns the prin-a

ciplé problem of the tight-binding
devélopment is applied in which the atqmid wave funttions are
‘%fpresented in an.alternaﬁivg\anﬁlytical form (Gaussian-type
orbital). The variational nature of the calculation is |

emphasized and the optimum form'of the finite minimising

< B
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sequence is considered. It is established that there ig no
particular -advantage in taking free-atomic orbitals as basis
functions while the 1s,28 and 2p orbitals provide a satisfac-
 tory representation for an accurate calculation; the results
'for this simple basis set were given in table 11, The alter-
native crystal potentlal models employed correspond to an
CAP and a muffin-tin formulatlon following Bassani and Yosh-
imine and Keown respectively, The’ analytlcal atomlc wave
functions are a representation. of the valence state of carbon
cemputed by Jucy (59) whereas the lattice potenﬁlal‘ls con-
structed.froQ the ground state wave functions employed in the
presegt calculation, |

An analysis of the efféct of introducing intermedi-.
ate and extended orbitals as further basis functions illust-
ratee that the critical degrees of fréedom correspond to
varlatlons of the ba81e functlons within 2 region with %}men-
sions of the atomic spac{ng of the crystal. In view of these.
results, the advantages of Gtaussian-type orbitals far out-
weigh theilr unfamiliar appearance in this appllcatlon. The
results of the computation compare well with the earlier
calculations they are related to, having an estimated error

of approximately 0,02 Rydbergs. The discrepancy with the .
CPW method is.attributed %o the 1n00mplete ‘convergence in
. that calculationj this is verifie8 in the case of silicon.
Apart from the good agreement with the APW method, particu-

larly as the number of basis functions is increased, the
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significant_superiority in the répré%entation of thé'bAP
» model over the muffin-tin model 1is estgblished. Although

there are no considerations of self;consistency. there is
close agreement with a self- consisfent field calculétion by
Herman (69, 61) whlch is adjusted to agree with experlmental
values. .

A review of the work of Lafon,Lin and‘Cﬁéney is
given because of the significance in understanding the gen-
}eral validity of the so-called tight-binding method; that 1s

the linear variational method employing orbital basis func-

The tendency to standardise the crystal potential in
éb-initio calculations allows the direct COmpafison of results

where the lowest eigenvalues attained in any variational for- : -
ulation are necessarily the closest approximation .to the

ion of that problem. .

An alternatlve development of the LCAC method by

Pai T, ElllS and Lublnsky (54,62,63) called the dlscrete

variational method (DVN) verifies the results and conclu51ans
of Lafon, Lin and Chaney. The matrlx elements, assocmated .
w1th the Bloch wave function basis, are calculated directly

F
w1thout the usual decopposition into the multi-center com-

poﬁent elements which ¢ aracterises the tight-binding method.
'The lattice symmetry mé be applied 4o reduce the necessary
computatlan significantly; the drawback to this formulation

is that ‘an independent ¢ culatlon is required at every

point in the Brillouin zon The~inadequacy of the muffin-
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"tin potential is verified by calculation and the CAP poten-
tial employed differs in the .lattice parameter, the atomic
wave functions and the exchange treatment from that of the
present calculation. The exact form of the free-eleciron
exchange treétment‘is épplied with the exchange scaling paras=
meter adjusted to an intermediate value (0.76) between the
kohn-Sham (0.66) and nlater (1.00) exchange parameters, The
results of the calculation with a basis formed from 26 compo-
nents of Slater—type orbitals are summarised in table 11l.

The close agreement with a calculation by Chaney employing
20 similar basis functions, omitting the compact components
of the 3s and 3p orbitals, -is in contrast to the signifi-
cance of the outer orbitals in the convergence of the DVl
calculation, The superlor form of the components of the

3later-type orbitals over the complete atomic~g¥bitals is -

explained- by the greater freedom glven to th p081tlons of

the nodes in thé-crystal wave functions ¥s corresponds to.

" the expansion anld contraction of the
undergoing.crystal formation. The uracy claimed compares

favourably with that of Chaney's tight-binding calculation.

An extensive analysis of the UAP crystal potentlal iliust-~

rateg that the calculation is already close to a self-

Acon51stent solution.

The developments outlined define .the present limits

of the LCAO method although a full self-consistent treatment

now seems feasible in a first- principles calculation, A
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fundamental understanding of the problem has not developed

PRSI B S A

alongside the recent progress in computational methods in
which the statistical exchange treatment appears satisfactory

and indicates that the correlation effects are cancelling -out
1 (17,64) - .

<

in the one-electron mode

5.3 The Campafison of the Results,

There remains little débbt that the form of.the
préseht calculation is sufficient f&r an accurate calculation
of fhe enérgy ievels of diamond; This is a definite conclu-
sion of the analysis giveﬁ in the previous section and the
discrepancy in the compariéon. summarised in table 11, there-
fore arises from the computational method., The principle
sources of error are detected directly in the calculation and
are evident from a simple analysis of the conclusions of
Chaney and Painter. The representation of tﬁ; crystal poten-
‘tial as a spherical harmonic expansion is inadequate in the

caiculation;'the expression is slowly convergeni and many

higher order ‘terms are clearly required, A kubic harmonic

expansion of low orders provides.an approximate regresentation
where an accurate crystal potential repgesentation‘is neces-
“sary in an energylband calculation. The problem of numerical
errbr‘dominates the entire calculation. The calculation of
the ‘three-center integrals is insufficiently accurate and
requires extensive optimisations this problem_is compounded

| by the number of three-center integrals jnvolved in the cal-

culation of a simple matrix element of a crystal wave function,
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The accuracy of a three-dimensional integration in the DVM

calculation is comparable while the number of such calcula-’
] ' - A |-

tions requlred is relatlvely small. A calculation with the
lagylce potentlal function is capable of good results for the
valence bands but the accuracy is reduced for the conduction
‘bands which are associated with the.antibbnding wave functions
(39) The problem of a reduced symmetry ariseé when the
more significant effectlve atomlc potentlals are considered

1nd1v1dually and the remalnlng lattlce potential is repres-

PR T I, VR

ented by a harmgnlc exp;n51on: thlg is dlscussed in segtlon
2.4, The inadequacy of the ku%icﬁharmbnic expansion for an g
incomplétg lattice is critical in the preseht calculation; >‘ é
the results of table 10 verify the consiétent overesfimati&n o ;‘S
of the lattlce potential 1ntroduced by such a treatment. This
hybrid formulation reverts to a three center calculatloﬁ

. before sufficient accuracy-is achleved. The 1mprOVemen£\of'
the results is not stressgﬁ'gs the present development is

' clea?ly inadequate for an_exaét calculation.

5.4 An Interpretatlon of the Results. .

The convergence over the- succe351ve nelghbours

commences around the 15th order while the convergence with

respect to the kubic harm;nlc expan31on ig rapid for all but
the-first few shells. The contrlbutlon from the flrst shgll
ig critical to the convergence of the kubic harmonic expans-

jon; +the seventh-order- expansion is therefore inadequate for
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. inated by. the component of v(k)at the flrst shell and the
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‘the calculatlon of the conductlon levels., The approximation‘
to the energy levels in the calculatlon employing the loweet -
order potential representation \/tﬂ was analysed in terms of ff\\\\

the average effect of the cryetal'potentlal over a range of

the lattlce. It is found that the ratio'giltgi energy ele—

ments and aesoc1ated overlap elements. listed +in table 10,

is fairly'conetant and approaches the average value of thngV
crystal potential after_the first-few shells; this is pantlcua
larly\yalid for the matrix elements defin ' “ ne representa- F
tion involving Vi ;8 and'v(Rd After/t;eﬁfirst few shells, i
the energy elements defined by the different potential repre-
sentat}ons approach each other rapldly; in partlcular, the %
component of ﬂI(Rﬂ becomes . negllglble lndlcatlng that the : E
pr1n01ple contrlbution comes from-the 1ntermed1ate region ]
between the “two atoms deflnlnghthe energy lntegral; At tne

other extreme, the contrlbutlon to the energy element is dom~

complete conveﬁgence of the expansion 1is ev1dent on compar-

ison with the exact 1ntegral employing Vi . Thehproblem
encountered in the calculatlon of the conductlon levels arises
from the antibonding nature of the associated wave functldhs.
The caleulatlon of the final matrix element?'lnvol s a sum-
matlon of the "enersy elements over the dlfferent lattice:
shells These, contrlbutlons generally-add for the valence
“states while they alternate in sign for the conduction statess’
thls-process generates a significantly larger fractlonal error

E
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in the matrix elements defining the coﬁduction levels, The
error introduced by the two-center reduction of an eneréy
integral is of fhe\order of 0,02.Rydbergs while the eetimated“

error for a three-center integration is 0.004 Rydbergs;. a

more accurate computation is necessary for a reliable calcu-

\ 1ation of the conduction levels. ' )
A simple analytlcal development may be considered

for a qualitative analy51e of the convergenoe of the kubic

harmonic expansion and the associated energy elements. The

atomic structure functlons are represented as square well

functions of characterlstlc radii and severe approximations

Aada \_./",'Lii\lu.ﬂ- A

are introduced to facxl;tate the evaluation of the expan51on

coefficients and the energy 1ntegral§w\ﬁhese involve the '

i il Lm e

assumptlons that the spherlcal harmonic expanSLOn is domlnated

‘by the nearest neighbour shells and that the. expan51on coeffl-

et MUAT P DN E

01ents a constant over the range of atomic overlap. An

ly€is over a range of the crystal parameters illustrates

anal l_/

the extreme nature of dlamond 1n the present calculation,

IR TP E o, 1Y O

The

general conclusions .of the numerlcal calculation are verified

whlle the awkward behaviour ‘of the expansion arising from- the

flrst shell is well predlcted Although the validity of the, ’
3

approxlmatlons breaks down as the range of thelatomlc struc-

vmdes ‘considerable

oture functxons*&ncreases. the analy51s pro ‘
insight into the problems of any calculatlon. A more reliable |
analysms 1s given from a studyxof flgures 1o~ 5 f 5) . &/,/’f
l' . : “
,._/ ) L
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5.5 The Pcssibi}ities‘of Any Further Developmente.

The limit of the present calbu}ation is defined by
“the aecufacy and efficiency of the numerical methods ihvalved.
A considerable degree of improvement is required in ‘the numeri-
‘cal analysms although the potential of the various methods
avallable is by no means clear. It was felt that the main al-
ternative lles between an analytlcal or a computatlonal devel-
“opment and that any such formulatlons would be closely related

to those of Chzhey and Painter respecfively. The present cal-

 culation represents;a'distinct formulation of the LCACG method

which remains to be developed to the level of these recent

v

A novel method has been considered for computing the

alternatives.

~ three-dimensional integrals which appears promising and re-
quires further. development. The atomic and crystal wave func-
+ions 'are first tabulated at the points of a slmple cubic. lat—

tice whlch lncludes the crystal lattice p01nts. An 1ntegra-

bion is then defined by the relative displacement of the three .

1attices which represent the functions involved., The princi-

—_— L e—

ple advantage of this nethod” is that the functlons rejuired

are calculated once in a single cartesian coordinate/system

for all the matrix elements. | .
The problem arising from the error of numerica{

‘integration may be redubed by employing a spline quadrature f

whlc has been recently developed (66). The method emplgzi%a‘\
.a spline 1nterpolatlon which generates a superlour represen

]
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tion without the traditional restriction'to analytical func-
t+ions, A cubical spline quadrature, where rhe spline is de-
fined by the set*of twice- dlfferentlable functions 02 is
closely related to the Simpson quadrature which is based on
a polynomial interpolation., The performance -of the spllne is
£ar more accurate than a comparable blmpson quadrature. An
improvement of an order of magnitude in the basic quadrature
would provide a significani reduction in the problem of com-
puting a two—dlmen51onal integration,

A general analysis for an analytical reduction of

"the various energy elements con81dered has not been given, The

transformation of the integral elements has been carried out

w1th explicit reference to the 1attice structure in order %o

]

illustrate the nature of the symmetry in the problem. A

general 1ntegral form corresponds to a product of three spher-i

scal harmonic functions which may‘be reduced in terms of a
standard representatlon employing the Clebsch—Gordan coeffi-
.cients and the generalised gpherical functlons or Wigner D-
functions (67'69). ) )

Finally, although the absolute accuracy of the pre-
sent calculation has beén stressed throughout, it should be
realised that the development has a coneiderable range cf
application, In particular, 1t extends directly to the anal-

ysis of t¥e band gtructure of complicated compounds,
) :

et
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Appendix 1
THE BLOCH WAVE FUNCTICON BASIS

The form of the Bloch wave function mey be derived

from that of the basis-functions forming a representation
of the translational symmetry group-.('?o),. The derivation
| outlined in section 2.1 is developed here to determihe the
structure of the basis functions. The elements of the
abelian translation group " all commute with the erye'tal
Hamiltonian H ; they form a cyclic abelian- group of the
Schroedinger equation whose representation decomproseé‘ in't:o'_
N one-dlmens:t.onal irreducible represen‘ta‘tlons. The -
lattlce translation vectors may be J.ndexed by the vector
s (1) w:.thln the range of the perlodlc boundary conditions

d where N=NMNWN,; that is, {tw(m), 12 Ms Nz} The

lattice tra don operators are then defined as follows in

the notation glven.(zl) . ' . - N

F‘(A-n) r‘(ﬂ,a.) I‘"(n,m) r"(n,q;) 7L Eﬁ(,_,)-] [_F\ I.l]

ARl

Similarly, the N irreducible representa‘t:ions r J may be
referenced by the'vector k={¥) and the associated elements
f“‘(ﬂﬂ) are defined by cons:.der:l.ng the perlodlc boundary
condit&ons wh;ch correspond to the periods of the component

cyclic groups.

: 3 Dm
PE(Rn) = A?{- L% @)

R =
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[p"'(gp.):] = 1 =
| Adry - )
NE (ax) = -“’"P(zw E).-— Mp("-” Ari)
: ~
ot Rige (Ni-1) gz A
-, ) N [A'-IJ

Therefore, the N irreducible representations are indexed by

the row vector 4 : (&) and it remains to express k in terms
of A .. The conventional choice of *the reduced wave vector
k. is defined in terms of the reciprocal lattice vectors
{'.’.',b.l;'.-'!!.}- | .0

a, . by = 2.8

BA: 2-“‘1

A= ‘(Et,.!_‘l.f‘_'l)

g= (b :
&
5 : |
bie 2 ba sdaby ’
Ni . ] ~ y
kz kiaba 2Ky ‘é> E = .&_ 8 . Eﬂ_l.g]

~

The elements of gthe representation are easily defined in the

notation given. -

NE (As) -

x

- ~ .
f-‘rf(ih-gs)] = Axp ('211;2 v-,i{j_.)-
= F) £z Mi .

f

»

% .
. r"fl(ﬂ:}) . awp (» & BAw) = .o,,a};().g. Rr_\‘)
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4 result of group theory states, that the ,e/igenfunptions

\.ch;)- of the Hamiltonian H will form basis ftin_ctions of the
-irreducible representations of .any group " of the Schroed-
inger equation, and thg.t guch basis functions Wy(r) of the
distinct irreducible representations ME are orthogonal.

The representations Y (- generate a particular. representa-

tion ME of the group of Schroedinger equation corresponding

to each ei'.genvaié E of the Hamiltonian.

P (A n) Wtz Pl reAn) PE(An) Peio = il - P (2)
(A6

The eigenfunctions ¥ () of the Hamiltonian are d_there'fore ,p)

‘orthogonal non-degenerate basis functions WYk (r) of the T

translation group .

f%mr) Wep (e) d 3r ¢ 6‘.?/6” [ 6]
Al b

‘A d{generacy may arise on con31deratlon of a.ny._further

- LY

symmetry the Hamiltonlan may contain. These statements

are a dlreC’t consequence of the symmetry of the Ham11ton1an
and aré related to the theorems on the representatlons of
‘commutlng operators., However, although the operators " and

H commute, M is clearly not Hermitian since'the eigenvalue

spéetrum {an"%} is complex.

The\result of the analysis g:.ven may be expreesed

in the follow:Lng equivalent form and is generally known asg--

Bloch 8 ‘theorem.'

-
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P (An) Y C2) < L;‘E.'Aa Y ()

a3
The theorem may be derived in a number of ways which range
from a variety of intuitive physical formulations to the

classiéﬁﬁ proof of F%é;uet's thEOrem(é'?'ls).

given here develops the exact result in an elegant manner.

The proof

It remains to verify that the LCAO wave functlons ‘fof’ are

Bloch wave functions. ' yﬂ<

W e D) 2t i (- RY)

W (e Am) = £ (AnY. P )

- 2(.\,) PR ﬂm' }p, (c R(g\v‘-m))
R .
/ P ,E(&J) PR 'A%"y) (- AL)
(4= 9-*)
‘}’g (r +Am) = PR '-f’g ey EAI.8]

The Bloch wave functlions 91!uﬂ'ére chosen as a minimising

sequence in a variational calculation since they are formed

from the linear combination of an atomic wave.function of
~ each lattice site. Incidentally,®if the atomic orbitals

ﬁ,q,hg) at each lattise site are chosén as a minimising
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sequen%?, the Bloch wéVe function ﬁﬂfts) will be derived as

the extremising function in a variational calculation. 1In

a general calculation, the -functions fﬂb(c) may be freeiy -

chosen and this is illustrated by the fact that it is:

immaterial how a minimising sequence is constructed.

-

Y;‘ tr) = (“‘i)' ( t}’g f!:))-

’)V;(,_-) = )Z oy Z:f‘b}) ﬂib Ay lef— Ani)

H

Z () ™5 T ¢y (£ - Amsry)

oY Ztu)ztp'“j(r)

3w Doy b, (i- At as))
(

The functlons fwruqinmy be estlmated to any degree ogp
éqiuracy by considering a complete set of functions f ¢(r)}
de 1n}ng a minimising sequence for all orders of calcula-
tion. .

| The matrix elements of the Bloch wave funétions
arégreduced in section 2.2 on consideration of the trans-
lational symmetry of the lattice.

HE‘{- : Z Ena’l.l Hi E}) = f \F:g" (e}, Fide). ‘f”(r). d'."l'
' [}

J . ‘
Q (%f'-ﬁ(“*h)) “‘E‘AEJ PJ(L-A('L\M:j)))'
» .- . |
| l’/ ._

N
[Aar.a)

/
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A transfqrtﬁation of the lattice origin where r%:(cAn) may be

applied and the difference vector m= (a-a) then generates the
*'\

entire lattice‘/‘”ith respect to the origin considered at
A"'_\‘ .
H;i = 7 ap (itk-k). An) %Mp(ib‘-ﬂm) %}*

.

)

[ 4 le-Ag) . He. o lr-AG-Am) dor
R : : '

( & n,;ag)) = ¢;,(-;~-Ah,-\), H(e) ‘Hce),-,gz_r-As—As,)= ¢ (- A -Aw))
’ (A1)

The infinite crystal approximation is valid hére since the
selection@aﬁoﬁlic wave functions” $j () reduces the
range of ovérlap defining ﬁ{f to the order of the lattice

parametex. The translational symetry allows a further '

B 3 (vee) ’ ‘
2 MP(A -kt ) An) = . 5 2ap (zrms 25 - %Y %g )
" Azl a0 A
_ g »o
_ .. 7;_ - 1~ &rp (:.m.g,a,-..eh‘)
. FEN i - =p (eri.pf-l:))
. M
) .
= ° (£a- 20 F i
~ . o B f‘/ﬁ CALIY)

,*  The remaining case corresponds to an indeterminate
D)

formw’rher@ is any integer: this may be evaluated by the -

Hog-pj‘:hal; ' * : : CF
. | ) . A +

method.of
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3 ‘
Lim T A= p (AMEL2E4)) ‘
(Biet ) Smgnz T (‘"“'L———J‘Lf“ ) |

— M 7} LN "’(1"':('2"*‘{‘)—) = MALNy = N
- B Y splams (8- 2e1) )
(L5 - €YD waz N I
' (a1.173)
The 1limiting condition is related to the fact that the wave
vector k for any Bloch wave function is undefined to within
o : - \ .
a reciprocal lattice vectar ff . The final result may be
expressed in terms of a delta function &ne where fpp=1 i

k.e= K, and, & =0 otherwise.

(o)

%
AR NS &p(ﬂs-ﬁm)-.#g- e |
o >, - (a1.14]
The delta function given. may also be derived from a result
of group theory which states that thé matrix elements vanish
between‘functions bélonging to different irredusible repre-
sentations. . The unity opera'boeray be substituted within
the expressions developed as it contains the syrmnet'ry of the
Hamiltonian. - _
The notation of section 2.2 defimes H' as a \

* Hamiltonian where the contribution of a single atomic

potential function v(r) is omitted; the missing potential "

function may be conveniently cHosen at either orbital er. .
defining a matrix element. -~
. . "_ . :| : o ) . l‘.: }-'—'V{ -—‘AE'
L Hyys BT My, Myt R oAy
- [AL18)

Ehgl analogous expression for the alternative orbital center
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is given by transforming #),.{ through application of the '
’cranslafional symmetr:.‘r.
' \] : »
#l - ~£ Pri(c-Ay + Aw). ). Lo -A k). O
. - ‘.' - ' = - v - At.
Hpy = E2 Iy tHyy Hyy Ho vl AL)
- EA"'I.I.E»-')
. <
t
;
’ 3
3 )i‘.l
~
!
a" - '
& e
Al ‘ "
-’ i ) F
. . -
c SN
¢ T . .’ )
R | '
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Appendlx 2

THE FACTORISATION OF THE SECULAR DETERMINANT

The Bloch wave function basis may be employed as a

minimising sequence in a linear variational method.

- The
variational coefficients o are complex in the general case.

ﬂ;‘;(‘g) = (a.J)-. ( ’Y’(':J tc))
Ergle kBTN

2T 2

The Hamiltonian H defines a real expectation value & which

may be extremised in a variatig%al analysis.

Iy = fg vy T ;-;”= J; n,u):H\plo\’l‘

L

£Q Z a,:)' LAz IJJ = 2 ﬂ,., _.) J‘l
Wy

[Ar.2)

The complex variational coefflc;ents a; contain two lndepen-
dent variational parameters.

Although the complex function
Eten,oh)

q
is not analytlc, a requirement for. an extremum may

be derived dlrectly from thé condltlon&that tﬂr dlfferentlal
\‘r

vanish.

‘ # .
Etx ), '7_-=:¢::3-:> El(r.,v)
ldE:i*"_a_g A + _Qf- 4;‘- =

LAY TRY aE 35 idy
o FE 1y . dz~ ) ( 4
p—

T dE=0 =7 ')£=d,___E = O .
[ ‘5; aaﬁ. . .

—
e

E

s Sl b b e
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The standard result follows immediately on differentiating
the’ expreesmn def:.m.ng E w1th/respec‘c to )y . o’

P.E 2 a,,)ncx,‘J I“. +£ I.‘a” JJ' = 201) H)J

30:3 . PO

Eg =0 =2 . 2 (H)‘d -E -I&\J)-Ai)
, .

QG:L : EA 1. 4) .

r

* 7 fThe system of linear homogeneous equations] defining o

have a non-trivia;_solution if and only if the secular

- determinant vanishes. . o o

Hpy - ELy ) = © T
L bRy BTyl = Y
~/-“U,;$ follows from-the variational principle that the lowest

root of the polynomial in E will exceed the ground state '

eigenvalue of the syétem. In, order to estimate amyg higher

:
b
1
x
4
3

elgenvalue the varlatlonal theorems requlre that fR&)mini- - /
mising sequence is orthogonal to the lower elgensﬁa es of

the system. The exact eigenstates may not be derlvl in a

varlatlonal calculation .and consequently“mhe variational = v
results are frequently employed as a valld approxlmatlon to -
“the elgenstates in this case., It is generally accepted that
- the remaining roots of the secular de?egglnant are generally

less good approxlmatlons to the,higher energy levels-of the

system. ThlS aefzzjlmatlon would be Justlfled if the mlnl—

mlslng sequence covered an adequate range of functlons.
7

‘This can be understood by ‘considering.a 1im1t1ng case ef an

‘> orthogonal sequence whlch genérates the related gecular. - ~
- f : equatlonéirlslng in eithéy thid correspondlng perturbatlon L
G :l‘ ' . . - . ' ) . B ’ - T ot ) l
.‘ ' ’a ’ L ' i o ' . ’
y - o “\
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theory or the diagonalisation which defines-the energy repfe-‘
sentation. Clearly, the ‘variational principle may be applled
to any set of functlons which is orthogonal to the remalnlng

» functions of the mlnlmlslng sequence in the present applica-

Aglon. the minimising s quence may be divided into guch ortho-

. - The little group corresponding to the group of the

h wave vector is introduced in sectlon 2.3 . The l{ttle group"

ig developed as a agbgroup of__be factor group deflnlng a ray

. representatlon withih the Bloch wave function ba31s. A ray
representatlon may be deflned as a representation where the
bagis functions are considered equivalent although they dif-'
fer by a'phase factor. The general gignificancedof this ex-
‘tended c&f@ept ig immediately. apparent for the state vectors
‘of a Hilbert space. The operatlons of the complex G(R,T
on any Bloch wave function will generate alternatlve.Bloch

wave functlons;\the wave Vecto!' k of the 6rigina1 wave func-
tion, is related to the wave vector of the transformed func-

tion by the rotation transformatlon R.employed. These results
are expressed in equatlon 2. lh and may be restated as.follows;

- the prime notation allows a distinction in the.case where

E = k and ‘-Pa 1; \#&"K .
S r o
G G (R, ©) Wetn = Yo tr)
A R—' .*f |. y . . .
'\})L-‘E (C) = f 3 » t M‘A-\ELE) , u'n:lt l':) - Q‘b 1‘5&'(“]:_*,?)

[Ax.6]
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The wave wector £ jndexing the irreducible represenfations
of the translation group is defined to.within a reciprbcal
lattlce vector as explalned in appendix 1. The-group of a
wave vector is defined as,the collection of operatlons whlch
leave the wave vector invariant. These operatlons form a
subgroup of the factor group as they include the elements of
identity and inversion and"tlosure is clearly required. The
wave functions {t4 ;,Esﬂtf form an invariant subspace
under the group of the wave vector k& and therefore define a
set of basis functions for a representation of the group.
Consequently, a set of wave functions [+E] may bé uniquely
defined as the basis functions of the unitary irreducible
represeﬁ%aéfan of the‘group of the wave vector K . These
Bloch wave functio are therefore defined as the basis func-
tlons of 1rreduc1ble representations where the functions
belonging to different representations or dlfférent rows of'
the same unitéry_represéntations (partners) are opthogoﬁal.
The group of the wave vector at a symmetry po@né in the Bril-
louin zone may-aontain several irreduciblé feﬁresentations
lwhich wi}}_g}&gw_ggnéi@é{gple-faétorisation of the secular
- determinant in é variational calculation.

An arbltrary function Y may be symmetrlsed to
form a basis functlon %*” of the irreducible representation
» through the application of a projection operator P

PMQJ'—' pho B oy

The orthogonality felations of representation theory allow
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the definition of ?V' in terms of the- characters (&) of
the representation. The 1rredu01ble representatlon has order

»wm. and the group has order-g .

-

"’\'_,_\"" R p o= *_;;-"‘"5_\, -)f""(_e). & < [rr-8)
- Gr :

The relatlonshlp between the order of a group and thé order
of the irreducible representations is given as follows:

g {: “r}' : — [Ar.9]
The elements of any given class have a common character and’
the number of classes equals the number of irreducible
representationg., The symmetrlsed ba51s functions requlred
in the present'calculatlon are given in the literature and

(18,21,36)

are not derived here. The multiplication and char-

acter tables of the 1r;educ1ble representations required are
given elsewhere. (71-73) - . " -

The dlmen31ons of the irreducible represeﬁi;Lions
of the group of the wave vector may be easily derlved from
the previous statements., The group o; the wave vector of
the point nis of order uq and contalns 10.classes. The
group therefore contains 10 lrredu01ble representatlons and
the dimensions are given from the _soXution of equation AZ.9 .
The corresponding results for the three gymmetry points r,
Y anda L are summarised ;n the following jdentities; the

groups” of the wave vector contain 10, 14 and 6 classes res-

pectively.

. Nl VAR E e

IR
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gir)= 48= 4.e 2.274 4.33

5—- 90}
9 (VY

EXY

1. = 4.\5* ‘1-1;7‘ (A2 18]

. . b
The basis functions of the irreducible representations

W

g:.1ry 6.2°

"

employed'in the calculation are given in table 1. Tﬁe
orthogonallty relat:.ons for the bas:t.s functions may be’
derived directly on conmdera‘tlon of the lattice :anersmn'
qymmetry; for example, consider the two basis functions ¥

"and % from alternative rows of the X, representation.

: E - *
¥ o= 18Oy I‘(Kj TR S L 5, 1y o= & D R4TREIR =G D
~ .

44*.’!\»&.:— L5, %> + £51 S - LS00 ~Z 5 iRaD=0
(ALl 7~
The matrix elements of the Hamiltonian are derived analo-

gous].3r and the group-theoretical matrlx-elemen‘l: theorem may

be verlfled directly; for example consmder the dlagonal

matrix element of the basis function ¥ of the L. represen-

tation.
. . . . *
= 1>¢ ST s G160 - LD (5,15 5 £
S .
_ . . ~Eer
E- ‘{L“kl"l—u‘!\—) r -I = a ( ho"ﬁ-.v") 7 & - . J?: (Irx)
R —Ak. b
Fy = 29 1HIgD = £5add 5l v 2 BT 26055 1= Zsals>

. Hus 22885 ¢ L (- Reesisn>) + §eesasy)
(A1)
The non-vanishing matrix elements are given in table 2. The

Asymmetry relations of the matrix elements are defined in

appendix 4 and gspecified in table 4.




Appendix 3
THE EXPANSION OF THE LATTICE POTENTIAL

-

The kubic harmonics were introduced in section 2.4
as the.basis functions of the irreducible representations of
the 1ayfice point group. (7 ) The 24 simple operations out-
lined' in section 2.1 deflne the p01nt group -of the dlamond
la ttlce.(l ) the operatlons of a p01nt group involve rotation
and inversion at a 1attlce point. The basis functlons may be
‘ ggne;atéd as outlined in appendix 2 and the required results
are available in the literature.(Bl) The.spherical harmonics

Yo (4 correspond to the basis functions for the (22+1)-

13

dimensional irreduciblé representatlons of the three -dimen-.

(24 75)

_sional rotation groug. A.general point group is a
_,finife gubgroup of the group formed by t@g product of the full
rotation group an@ the inversion group of order 2; The spher-
ical harmonics V. (e, are defined with ; definite parity
(_1)2 such that they form the basis functions for the repre-
sentation of this product group: consequently the functions
of a given representa%ion form an invariant subspace .with |
respect to any lattice point group. Tﬁe kubic harmonics of
lower order may therefore be found directly by inspection.
‘The relatlon between a thlrd-order kubic harmonlc and the
assoclated spherical Marmonic basis is glVen in the following
example- the normalisation is verified dlrectly.

ia,(amb)f\_,—-(‘t1 -Yy) = 2R

%2 Fa-B s , 9= risd g, e b

P ”
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- - J
[¥3 an L?Ef'v:-“ﬁcoslgi‘atg‘ fs-:.‘e-uoedu
.

- ’orf"'“ ) wsﬂrp)df‘f'(.vx'lr'*.‘)&) Ay = {_9_5.’ . 271 r_v‘ojs_ =1 o)
Thls kubic harmonic forms a ba31s function for the trivial
one-dimensional representatlonnof the point group of the dia-
mond 1att1ce. The representation is trivial i; the sense that
the operatxpns are all equivalent to the 1dent1ty operatlon
within this representatlon. The ba31s functions of all such
representatlons w1ll form the complete set of orthonormal

functions deflnlng a general expansion—of -the lattlce poten-

tial function. ‘
V("', 9/1 ¢) = 2/ Vi (") k (9 )] f_p,'; 2]
The kubic harmonics deflnlng the lower order terms of this

expan ion are given in table 3 The kubic harmonics were
.flrst derived by von der Lage and Bethe(Bu) for the full
cubic symmetry group of order 48; the behaviour of the basis
‘functions under the 10 distinct classes of operatlons is
summarlsed in this reference. . The diamond symmetry group is
a subgroup of this cubic symmetry group. The diamond point

group has flve classes and 1rredu01ble representatlons, the

orders of the representations may be derived from equation

)

A2.9 .
3— T4 = ;ll-"-r'll—l'-'].'.{:l Cﬂj-’}‘)

The 1rredu01b1e representatlons of the dlamond point group
are therefore contained in the irreducible representations of
the  cubic symmetry group and may be derived w1th1n such

representations,.
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The kubic harmonic expansion coefficients v, tr) are

. gefined in equation 2.16 -
Vi o9} = 2 (&) v (x- &)

Vatr) = PAREY th(G. ¢).v(s-'g;)d\_n_
| [a3.4]

The integrals defined in the previous eipression are not in-
dependenf ;Ence_they are relateq through the fransformations
which connect the lattice points Ri where the spherically-
symmetrlc atomlc potential functlons +{r-Rx) are located.
These integrals are invariani under the_operations of the
lattlce p01nt group; the lattice vectors R which are equiva-
'lent under the operatlons of the point group -will clearly
deflne eP identical 1ntegratlon. However, there are other
cases where‘;;e required integrals are related; for exemﬁle.
the lattice points related by the inversion operation will

generate integrals which differ only in sign dependlng on ‘the

parity of the kubic harmonic involved. The study of these

symmetry relations is Facilitated by considering the indivi-
dual integrals. in a coordinate system which.is defined rela-
tive to the position of the assgciated.potential function. A
general coordinate transformatioﬁ may be defined which allows
the systematlc evaluation of the 1ntegrals required. The "”“pﬂ
transformatlon may be expressed in terms of the conventional .

Euler angles (¢, 8,¥) . (76) unique transformatlon $ which._

' . aligns the k axis along the position vactor R; of an atomic

potential function is defined by-the foljowing equation; the



F——

position vector R: may be expressed in spherical polar coor-
: ‘ ‘

dinates (R:'®:, &),

R_;~= R: (L}_ﬁ-ﬂ‘}*“‘_‘,) R:

= 1R R = &k
= - - &) s pz m 1—4): 2
(e wnth (414 VR
o= -8f s 9. W cop= - letawt)'h
. = © ' ws g L, w0
. 1 A .
k) wA, - e 0
e - Sc ' [ Lt he LaTat)'y
S alseg)= 2w M . -QQ‘-m’l}'
- = ?l"\ .(1-"--\“\)'& (2 M)A
L. . " .

T M)
The relation between the integrals in any lattice shell may

therefore be .evaluated directly; i'}., “‘_»‘-'=R] defines the mem-

- F

bers of the shell of radlus R .

S (o » o) AR = f [ I"u "¢ )M']’T(U‘*ﬂ-“-hf‘iﬂ”‘)dt
M. €Y
The 'tsorrespondlng results are easily der:l.ved for the case of

.

the third kupic harmonic expansion coefficients.

Koy » = Jug xaa

r)

ur .
NG
T 3 '- _Q T o 9 _5* .'m' \ ]
w5 . L [Qwan ft‘ dp’ = _Kwn Jx'\rrw PP S LS § THOA fwa.ow
L?” T-‘ [ ke . ‘ Tavamt J ({u.h:q‘h )o
o : ' {av.?)
wWhile there are ten distinct terms in the transformed har-

fonic k{(ﬂ‘ #), the ‘t‘.hree termg given in the previous equa‘t::l.on
.are the remaining terms whlch contribute 't:o the 1ntegra1 Tre-

quired. » This number may be further reduced on integration of
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the remaining terms defined in equation A3.7 .

1w ’ v, . 17
j 2'3 4 f' = AT wi e f il}' d f" = f Y:-E. abl = W-"“-"‘IQ‘- Los Dl
* 0 re» b r’ '] r3

P

.
fr,(o. Nvi-Klaa = /!95 ﬁm. [.L (3-3xma). v(trw& LTS SR WV
K [A3:8])

The general case may be expressed in terms of an alternative
form. of the kubic harmonic kule.® ; the alternative forms for

the" lower order kubic harmonics are defined in table 3.

ffn(Ouh)'v-(c-&)d.n. ~ ko O4, ¢;)fl=-:(°'.4‘) wric- Ri) AN
_ ‘ ' LAava)
. The final result requires a single integration within each

lattice. shell of radius R where R : Rae'c Ry
Vot = 2 () kalor, f;:tco‘. ). vig-a:) an

. (a3 0]
Although the development of this transformation is quite

general, a manual calculation of the alternative form of the
kubic harmonics become prohlbltlve at higher orders.

A similar reduction for the expansion of the lat-
tice potential may be developed directly in terms of harmonic
functions defined on the sphere. The kubic harmonic func-
tioﬁs (e, ) correspond to a complete get of orthonormal A ‘
real-valued functions over the sphere; they may be defined as
'i:he unitary transforma‘cien of the spherical harmonic functions

Ve (o, » within their 1nd1v1dua1 irreducible - represen'ta‘tlons.

25009 = 2 At Yo (o0 ® ~_

Mz

4

J.i':-l‘(ﬂab) 2?{9’ &)A_j\_ = (j A‘_h A'-l.u—-) J;.l ! e z J.-Ug' J.m'.,_‘ i .
[T Eﬂ’{ll-] .

A
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The atomlc potential function ‘\r(r R.) may be expanded about

Mthe 1a'tt1ce origin ,&g\a\serles of .Legendre polynomials Rlosys)

which are‘functions of the angle 3;. between the vectors r’

and k. .

. \‘

. oo R )
Aarlre- ﬂ_. E l‘l'«‘.v\} . S,‘;_ . PQ (usdu‘.), -
. 2> '

o

' -
tos gi * fe_,'. = tot B to3 0L + -’...:.-Ss;e;..ws(f-¢i)

= a(c-8). P . A (weya
f- c B). Py lsy (e0s)3) #3)

The Legendre polynomial Feluespd may be expanded inthe lattice
frame in a series of-kubic harmonics, 2e. ® . The expansion
required'corresponds to the addition theorem for kI;bic har- .

monics which may be?derlved in the manner of the analogous

(77)

theorem for spherical harmom.cs

Fe (Los g) = 2 2 A&- v (6, 0. 22 (e, §)

Cﬂu.-E',

Rl g = AT . -’-‘:‘(Bir W) - g
[2.04v) .

P leos 3s) z (o,,wle (0,4
. Sferd (?:.«\) -Lz-x f Az}

The lattice potential function may therefore be expanded in

termd of the 'comp.'l.:e't'é get of kubic har\monic functions. - ‘

Vcr. e, 9 = E u.\ ar (e -1 2 Vo tr) I:.A(a-. )

o0 ]
vie o e 2y Y (D) S, 200, 0) 26,0

toe wneR 3020 BN
The expansion coefficients V.tr) are defined by equating the

two equivalent c_axpansions in the kubic harmonic functions.
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: } .
The coefficients are necessarily gzero for the harmonics
which :do not correspond to an identity represerita‘tion of the
cubic group. ' -

. : ./
Vi = 1 1 Sni K 02, 03) s

The coefficient Sw. is invariant for the members {t_;; beat =R}

of -a latticé shell of radius R ; this may be derived by con-
v

sidering the transformation developed in the previous section.

Phe final result defined in equatio( 2,17 follows immediately

¢ N
from these observatlons. The Legefdre functions Palt) of order

» are readily derlved and the formswpf the lower order poly- '

nomials are de_flned in table 3.

The. two forms of the expansion developed are
'clearly-equivalent and may be diregctly related‘in the fol-
1ow1ng sense;’ for example. consider thé expansion coefficient
- of the third kubic harmonié function k& é).

Vit - Z(M ky 03, 93) fk.\(a o v le-8) A

= Wl (k) kj(e_, $3) f.l. ($e>- -;;,) ar (o er 'z.rm)"t) 4k

-

= )3(5:) ks (05, 83) f'lr( r- 2. 0y (ee5pi)- A (wa35):)

Consequently, the alternatlve form of a kubic harmonic k.(e. o)
“may be' defived from the Legendre form of the polynomlal Palt)

and vice versa.

-y



° Appendlx ~y
THE. TRANSFORMATION OF THE MATRIX ELEMENTS

' he matrix elements <¢mmmp>of the crys‘cal‘ Hamil-

" tonian H and the Bloch wave functlon bas:.s | were reduced

id sectlon 2.4 %o a series of three-cen‘ter 1ntegrals defined
in equatlon 2.20. The reduction is def:Lned in equajion 2. 18

and the correspondlng results are summarised in table l+.. The

" +

derlvd‘t:l.on of equation 2,18 is deVeloped here from the analy-

sis of section 2.2 a result of equation 2.8 may be redefined

in the following form.. : ! . -7

- ¢(AIHIP> = —‘z'*Pf""‘b'T*) aup G '1)) Z(R)W(’E ) E, M3y (r

S, (8): [ # e Hl:) 015 R) AT

(R=Awn,T Aeﬁ,r‘, ALy ) ‘," A+

The translatlon and inversion symmetry of the diamond lattice

are ﬁeflned by the follow:.ng express:.ons; the cen‘ber of in-
~
version symmetry is given by the position vector ¥ , -
_H(.[)'- H(tsB) = Hi-p+1) ‘ [A.q._-:]

The iden‘tit\of inversion symmetry may be derived by trans-

\/
- lating and 1nver'b1ng the lat"l::.ce frame at a gymmetry center.

- ch) ch:h) »H{e2) = HEE +m ) = R a-:t) #+ )
The atomic wave functions Yuls) defining the Bloch wave func-

tion basis Ju> have a definite parlty e under J.nversn.on.

Yo ( ‘f)‘ Yo - %) ) 9,,-tl . [Aa41
. The components () of the matrix' elements are 1n't:erre1ated

through the, symm:Me Hamiltonian; a simple relation

¢
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follows from con31dera.tlon of ?e translatiohal symmetry.'-

Fr

*

,,,},,(M = f,,;(r ) REY P, (r- R ’r-(f Pl I ") Hic) W (e~ T *ﬁ)aﬂr )
- Ep (8) = e -8) RN CLLE
A ft'zr‘t‘.'her relation may be derlved on applylng the 1nver31on .

-

symmetry of :l:he"la‘ctice. . . .

E;a‘ te) - IP,-(*-*) "‘lc) pull-5 &)ﬂr -fP,, e+ - "‘-)Hl:))ﬂp(-re‘r 1,‘!)43,

r

= ‘]Mppf }5;(:-.:‘-'_3) Hte) )&'C,’:'I)"E)‘“"J _ ) 5;"‘-!== t-te -

Epiny (&)= grow - ER 5 (1) (a2

1 N .

The results _of equations Al4.5 and Ak4. 6 are easily v:.suallsed
al:though the no‘ta't:i.ori may appear confusing. The expre531ons
defined in tuble ¥ may be demved directly on application of
thd, relatlons given; the Ham:.ltonlan nature of H may also be

verlfled expl.lca.tly. : .
a;n-\rx.. * (T D ;‘Wp,‘,u.)) = .z‘“—’ -2 E(e)j A4 E:r,t'E)

PR TE -4) s"‘ & ﬁ;x.t-ﬁ) - PO D () 2 B ): G THIRS

. . "CA®T)
& further relation for the matrix element &niHisd may be de-

»

termined. - L,
Cx IHV s = 2_*“‘1’2(3),@ 4 E,, ‘\_(R) "B-"-AET E(ﬂ) JAE& Ex,s,(-;‘_)'

Ll

A ALIER - a2 PYOR i Em(n) | (Aes)

The final expressions are-partlcularly s:.mple in the case

where “the atomic wave functions are chosen ‘as real—valued

o

functlons. . . ,
) p,(r) ) P () = Py Lr) = E;xxf-l}) S g (R)

<5 [HIxd == &% THISLS == zs;lHlx ¥ [4-+.é]’

‘The - J.ndependent matrix elements. of table 4 are derived 5_1"1

this ma.nner, the present nota.tlon may be. reduced to the form

f1]
= *
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o

employed in section 2 L. N
E,..Iu, (R) = E.HP (.R. ) Epun (8)= Eprs €eh) (A4.107)
The application of the lattice pofential expansion reduces
- the components (k) to a series of two-center integrals in
equatlon 2,21 . A simple calculation may be developed by

considering the lowest order potentlal expan31on which in-

volves-only the zero-order kubic harmonic term Ke(8, &)

k. (s, ¥)= \F}JTT . .
E‘b) - Vo t) r - Aodr
(4:) f J'ﬂﬂ.)ymc &y A (A4

The integral may be reduce& t*rough appllcatlon of the trans-
formation defined in equation A3.5 .

[G)]
E,, (&)= v"“) Spp\(r')\ﬂ (" 3;‘)&.‘.\‘&1' H‘?lf]
l J—_- ‘ p

A reduction follows from an analytlcal 1ntegratlon over the
a21muthal coordinate as outlined in appendix 3. The trans-

formatlons of the components Eﬁvtg) may he con81dered indi-

v1dually, for example, the component tiﬁ(m) may be reduceé&\)ﬁﬁ/

as follows. ' ) . "-'“;-h‘_
Pt _{..‘Eﬁ. T I S wylr-e)= L fToppte). h-r'?’; \‘\)

e - &

) Bi': R; &' (X;"—-Yl"o, 2= A =7ilw~)

f. PLl) p, (-2i) 4 = /v

\ -
an

3 , p' { '). {H' --'M ’_nd 'y ,Qu.\“l \{' A ] & QW\ ;(%1 }‘\ d |
r ro g [A‘Q._ n’]
There are three terms which contribute to the integral and

‘P% two of these remaining terms are eguivalent;under integration.

-

<
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T A o m .,
J' wiad = S 7“:!( - nr"c--‘b J 2 - age: 17wt (¢ wsel- T)
, v

'_ ~ " (44 14)
The final ’cransformation may be expregéed in the notation of
gection 2.4 . | '

(ppodi= V[J"’%"T;_').j‘ﬁ,f'.‘)p;u'-manm-' (pp% = J‘v. ), [pite) ot g;‘)d-ﬂ.‘dr’

EQUL \__ Lo UP"')‘ - Mon U!"'n)ﬁ Cﬂ":\"s-j

The two- center integrals () and (ppm) may be reduced to two-

dlmergsmnal 1‘n'tegrals as outlined and. are 1nvar1ant in anyx
lattice shell {‘ lna]:al of radius R . he components ELD
defined in *table 5 may be transformed in this manner.

A general a.nalys:.s is” required for the higher-order
components fuﬂ(a,) and thls may be developed through the
methods :Lntroduced in appendlx 3. '

The application of +the symmetry relatlons of the
matrix elements may be illus;cra'ted‘ by calcula.'tlng the eJ.gen—
values of the .’ and r‘1:-'1::_<=:pr<=3sen‘l‘.a.i:icmfs; these eigenvalues
are denoted £, and £. respectivély; -

£y = £f-lH|h5‘1’-.(-f. PR LD
L0050 2 L5, 15y [A4 6]

It is emphas:.sed that the symmetry relations are defined in

this appendix for the crystal . Hamiltonian H . 'Alternatively,

the result may be expressed in terms of the reduced Hamilton-

ol

Le RS> T Lt IHY D
F4 R 245,152

CHHarRY Ey = €5 ¢

. LA4&A])
The last expression incorporates the result developed in

equation 2.10 . -

~
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Appendix 5

LY

THE CALCULATION OF THE MATRIX ELEMENTS

This appendix describes the gtructure and charac-
.teristics of the computéprrograms developed to. perform the
calculationé. The computations were carried out by Foriran
pgggrams-using an IBM Systém 360 model 65 computer. Although
éreat emphasis was placed on optimisation during program de-
vgiopmgﬁf, the progfams generated are-cohpriéed of practicai .
general purposé routines offering maximum utility and conven-
jence. A general programing‘system was designed for maximum
flexibility by adapting a s?:ucfure closely related to the
mathematical expressions'under evaluation; this assists de-

. velopment considerably by fgéilitating adaption to the varlety
of computations required. The programs were generally run iﬁ
source forﬁ as the éomputétional scheme was under cohtinuous
devalopmént and the estimates given exclude the associated
Fortran H compilation offering maximum optimisation. The pro-
grams generaliy required less %han 200K bytes of core stérage
ineluding compilation. The larger storage’requirements of the
data generatéd were handled by sequential adcess recor@s on |
magnetic disc and tape devices. The program estimates are
approximate and are’ given asfgeneral information for guldance
and .should not be interpreted as- significant lower limits.

The calculaﬁiggggf the effective afomic potential

function presents 1ittle difficulty and ig carried out accur-

y )
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ately in 5 seconds of computiﬁg time. ‘The contfibutioﬁ of
the Coulomb terms ig calculated efficiently by theq§pbroutine
APFC. f%e inner and outer electron shielding tefms are eval-
uated by a systematic outward and jnward integration over the
rangeaof the atomic structure. The contrlbutlon of the ex-
change term was computed seperately by the gubroutine APFE
in order to facilitate comparison of the various exchange F/
" treatments. Thé calculatlon of the mean value of the crystab
potential js carried out by the program NIsSQl and corresponds
to an efficient Simpson quadrature. The atomic wave functions
are evéluated in these éalculationé by the general optimised
subprograms developed for the calculatlon of the multi-center.'
integrals. The Lagrange interpolation coefflclents are com-
puted over, the range of the tabulated atomic structure func—'
tions by the subroutine LAICZ. The atomic wave functions are
then defined in the computation by the assoc1ated subprograms
deéignated ASFL.

The nearest neighbour analysis of the finite diamond
lattice is carried out directly by the subroutines FCCPCM,
FDSORT, SGROUP and FCCCVN, ‘The program is simple and empha-
sis is placed.on developing the subroutines FCCREF’ and FCCDIS
which store, retrieve and display any data set required. A
sin generatlon of the data set NNADMD for'150 érders of
neig bours requires geveral minutes of computlng time, while
' the corxegponding data may be retrieved from disc in an in-

significant'amount of time. 1 ‘

s,
e A
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The calculatioh of the lattice-potentiaIJfunction- . (¢
at erery point of the integration mesh requires a lengthy
computation which is divided into several convenlent program
steps. The data set NLVXYZ containing the nelghbourlng latt-
ice polnt for every p01nt on the 1ntegratlon mesh is generated
by subroutines NLVXYZ, NLVFCC and NLVDIS. The data set is-
.stored on magnetic tape. The 1attice potential is evaluated
at any point of the mesh by summing the contributions of ev-
ery atomic potentlal overlapping that point. The~subroutines'
LPFS, LPFNNA and LPFDIS trace. the nearest lattice p01nt in
the data set NLVXYZ and sum the contrlbutlons from all the
nelghbourlng 1attlce points. The programs available requlre
more than an hour of computer time for the generation of the
associated data set CLFPTR although this may be reduced cons-
iderably by further "development. In the present application,
the emphasis is placed on the efflclent retrieval of the seq-
uential data set CLFPTR from dlSC by the subroutine APFLPF.
The kubic harmonlc expansion coefflclents for the 1attice
potential are calculated by the subroutlnes SHEKHA and RITFMN
which employ the function subroutines FN and CHANOP for the
Nth order ‘term. The‘program ig well structured and optimised
and'requires 150 seconds of computihg time to calculate each
set of coefficients for the 201 points on the integration
mesh. The potential representatlon in a kublc harmonic ex-

pansion is " defined for any order in a series of’ subroutlnes

APFSHE. N |
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The calculation of the multi-center integrals is
carried out by the subroutines NISRT and NISPTR for the two-
dlmen31onal and three- dlmenSLOnal cases respectively. The

various functions requlred are calculated by the individual

subroutlnes ASFL, APFLPF and APFSHE already outllned and by

atogic wave functions. The functions for é pérticula
are combined in the subroutin;s INTE which characterise the
general classes of calculafion. The two-center and three-
center integrals require 5 seconds and 120 -seconds of comp-
utlng tlme respectively. | - ‘
Finally, the matrlx and overlap elements are calc-
.:ﬁlated for the_different-wavevectors by the e?lmentary sub-

routines ASUMOP, SPHASE and SUMMEC .

(RS
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