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Tids thesis is conoerned with the relationship between
structure and behavior of aoqumti;l machines. Sequential machines
are introduced and the fundamentals of machines, partitions and set
systems are presented. A brief survey of structure theory is out-
lined, The problem of state assigments for combinational circuits
{s considered and an approach to the solution of the problem is de~
nonstrated, linear sequential machines are studied and methods are
given for determining whether or not & machine is realizable as &
linear machine. Shift registers are introduced and methods are pre-
sented for finding shift register realisaticas for given sequential
machines. The thesis concludes with a short outline of remaining
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Chapter 1

INTRODUCTION

This thesis considers the relationship between structure and
behavior of sequentisl machines. The results have application in the
synthesis of digital systems. In modern design and construction of
electronic systems, digital cirouits are playing an ever increasing
role. The use and application of digital circuits can be attributed
not only to advances in digital computing, tut also to the relative
ease by which digital circuits may be fabricated and used. The advent
of uodern electronic computers has revolutionized the field of informa-
tion handling and processing. Since we now have the ability of proces-
sing large amounts of data in very short periods of time, it is natural
that digital systems are used not only for final processing, but also
for the collection of data. In addition, this permits us now to do a
limited amount of preprocessing, in order to save costly computer time.
Increased speeds in digital circuits also permit them to compete effect-
ively against analogue circuits in the field of automatic control.



The over-all result of this increased use of digital circuits
has been that more and more people are synthesizing more and more systems.
This, in turn, has provided a greater impetus to the switching circuit
theorist to provide better and more complete algorithms for logical design.
One problem which has continued to plague both the logic designer and the
theorist is the problem of optimum synthesis. Synthesis is the process of
converting an abstract requirement, or behavior, into a working piece of
hardware, or structure, that uses a restricted set of devices. The
specification is usually nebulous, very often incomplete and possibly
contradictory. The first step in the process is to turn this requirement
into an unambigious mathematical specification. The second step is to
convert the mathematical specification into a hardware realization.

while, in general, for a given problem this may not be too difficult
since a brute force approach is usually available, trouble arises when one
tries to optimize the realization subject to physical restrictions. This
problem has recently become more important and apparent due to technologi-
cal changes, because structure is dependent on the actual circuits.used amd
hence technology dependent. This, however, introduces a difficulty, since if
synthesis techniques become too dependent on the circuits used, then they
will only be useful as long as that particular set of circuits is employed.
We therefore want to consider synthesis, and hence structure, in a sense
that is general enough to be adaptable to changes in technology, and yet

specific enough to be of practical use in a good many synthesis problems.
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It should be noted that it is doubtful that there ever will exist a
structure theory or synthesis procedure that is capable of handling all
structures.

The behavior of & sequential machine is the relaticnship be-
tween the inputs and the cutputs of the machine. The gtate behavior of a
sequential machine refers to the next-state transition function of the _
machine, The structure of a sequential machine is the composition of the
machine from its parts, i.e., the actual interconnections between building
blocks. At this point we should note that while the definitions of
structure and behavior in the literature [1,6,9,33,37,41,61,63] may not
seem to be consistent, they in effect are, because the differences are
only between the level at which the structure is considered. For example:
Structure as presented by Hartmands and Stearns (41] is the realization
from "sets of smaller component machines and how these component machines
have to be interconnected and how information flows in and between these
smaller machines". Yot structure, as presented by Brzozowski (6], refers
to the actual circult (idealized) of the machine. Now if a machine is
decamposed into two smaller submachines, then this is certainly structure
in the Hartmanis and Stearns sense; however, since nothing is said about
the circuit it would seem not to be structure in the Braozowski sense.
Nevertheless, if we consider circuits for both machines, i.s., structure
in the Brzozowski sense, then we notice that there is indeed a difference
in the structure of the two circuits. To summarize then, a structural
change in the Hartmanis and Stesrns sense did produce a structural change
in the Brzozowski sense without actually mentioning the circuit. We con-
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clude that there are various levels of structure that ars useful and that

all are interrelated. On the other hand, structurs has been used [25] to
dencte the next-state function. It is felt that this is actually a behavioral
desoription, and will be considered as such.

This thesis considers several structural problems. Following
this chapter, Chapter 2 briefly summarizes the current results in structure
of sequential machines, in an attempt to give the reader a perspective by
vhich he can adequately evaluate the remsining results.

Chapter 3 presents an approach to a problem on the structure of
combinational circuits in the output logic of a sequential machine. In
other words, given a sequential machine, is it possible to determine an
assigmment for the internsl varisbles, that minimizes the cutput logic.
Aurthermore, it is also shown that the same approach can also be applied
to the process of finding an internal variable assignment which mindmdizes
the combinational logic for the next state function.

In Chapter 4, methods are presented for realizing sequential
machines as linear machines. Existing methods are summarized in detail,
and their various differences and similarities are pointed out along with
their short-comings. A linearity algorithm is then presented for machines
having their output specified. Next, machines whose outputs are either
unspecified or are nonlinear are considered. These are initially treated
for one-to-one assignments and then the methods are extended to many-to-
one assignments.

Chapter 5, considers realizations of sequential machines using
shift registers. Initially the existing methods are cutlined with their




relative merits and failings. Single binary shift registers are then in-
vestigated and methods are given for determining shift register assign-
ments. It is proven that there exists a sequential machine that cannot
be realized by a single binary shift register of finite length. Methods
for determining the set systems necessary for a single shift register
assignment are given. For machines in which every state has two distinct
next states, a method is presented whereby & number of machines can be
eliminated as being not realizable as a single shift register. It is
then shown how this can be extended to all machines. Multiple shift
registers are then considered and techniques are presented for deter-
mining multiple shift register assignments. The chapter concludes with
a short exposition on logical design techniques for shift register assign-

ments.

1.1 Fundamentals
In this section the basic material that is common to all

chapters is presented. The reader is referred to (41,37,63) for addi-
tional details.

Definition 1.1: A gequential machine is a quintuple M = (S,I,0,6,*)
where S, I, O are respectively the non-void finite sets of internal
states, inputs and outputs: 6 ¢ S x I = S is the next-state function,
and »: S XI=0is the output function.

We restrict ourselves to seqential machines that are fixed,

finite, deterministic, discrete and synchronous.



Definition 1.2: A machine M' = (S*,I',0*,57,A?) 1s a submachdine of a
machine ¥ = (5,1,0,5,\) if, and only if S'cS, Icl, 0'c0 and §' = § re-
stricted to S' x I' - S', A? = ) restricted to S° x It - Ot,

Definition 1.3: A machine M' m (S*,I1,01,57,At) isa homomorphie
image of the machine M = (5,I,0,5,1) if, and only if there exist three
onto mappings

h1: S~ 8
h.zz I-.1
h3: 00t

such that
h((8,%)] = 6'(hy(5,), hy(x)]
hy[M(Sy,%)] = At[my(S,), hy(x)),
for all Sig S5, xeI.
M' is said to be isomorplhic to M (M' ¥ M) if, and only if M is & homo-
morphic image of M and hl, h2 and h3 are one-to-one mappings.
We say that a machine M realizes a reduced machine M' if and enly
if M' is the homomorphic image of a submachine of M,

Definition 1.4: A partition, P, over a set S, is a collection of
disjoint subsets of S, called blocks, such that their set wnion is §S.

Two states which appear in the same block of a partition P, are
said to be identified by P. We denote the trivial partition where sach
block contains a single state (no states are identified) by O, and the
trivial partition having a single block (all states are identified) by S.

Every homomorphism of M onto M' induces a congruence relation
or substitution property (S.P.) partition P on the set of states of M,
if we define

5 = SJ(P) if, and only if, h(5,) = hl(SJ).
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Conversely, overy S.P. partition defines a homomorphism of
M onto M' with

st = (b [b, € B,

5 for bJ such that

8(S,x) € b,, and S€ b,

8! (bi,x) =)

For obvious reasons, we restrict ourselves to binary realizat-
ions. e problem is one of finding an assignment for the internal states
of the given machine such that the resulting realization has the desired
struccure.

We consider two types of assigmments: The first is a one-to-
one assignment, where each internal state is assigned a unique binary
code. The second is a many-to-one assignuent where each internal state
can be assigned more than one binary cods. Clearly, the former is a
spscial case of the latter; however, because the treatment is considerably
simplified, we treat the two cases separately.

It has been shown [41] that one of the dangers of reducing the
flowtable of a sequential machine is that we can destroy some of the
structure that is exhibited by the behavior of the machine. While this
does not happen in every case, as will be demonstrated in latter chapters,
vhen it does occur we must be prepared. This means that, in order to
determine a realization for a machine, we must consider homomorphic image

machines, and hence many-to-one assignments.




1.1.1 Algebra of Partitions

¥We use the following notation for operations on sets: Given two
sets a and b, their unicy is denoted by (a + b), their gum (Modulo 2)
by (a®b), their product (intersection) by (ab), and the gomplenant of g
with respact to the universsl set I by 8. The empty set 1s denoted by ¢.

Definition 1.5: If Pl and P2 are partitions over S, then Pls P2

if, and only if, every block bli of P1 is contained in soms block sz '

of P2 (bli:bZJ)‘ Pl< P2 it Plst and Plf P2'

Definition 1.6: The proguct* of two partitions P = fbn; byoi eee3
blt] ad P, = (b5 LY b23} is a partition given by

P1P2 - bubzl; "11"22‘ cee} b]isz) .

We can now find the product of k part.it\i)ona, and it is easily
shown that the product operation is associative and commitative. Since
we are restricted t:0 binary assignments, we naturally consider binary
partitions.

Definition 1.7: A binary partitiion (bp), overa set S, isa
partition having two blocks, where S ={S; g} is considered to be the
trivial binary partition.

A binary partition is completely determined by one of its blocks
b, since the other block is aimply b, the complement of b with respect
to S. It is clear that the set B of all binary partition blocks over
a set S, forms a Boolean algebra under the operations of sum, product and

# called the g.1.b. by Hartmanis [41)
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complement and furthermors, P is isomorphic to the algebra of all
possible binary variables for S.

For minimal aseignments, where we are restricted to the amsllest
number of binary variables possible, we qualify the bp's that can be used.

Definition 1.8: A gualified binary partitjon (qbp), over a set S

containing q elements, is a binary partition P = {b;b)euch that # (;) <
2"'1, vhere n= [logzq] s : =borb, #b) represents the number of
elements in the block b, and [N) 1s the smallest integer 2 N.

Wo have defined those partitiions that can be used individually
in an assignment; we now consider those bp's that can be used togsther in

a valid assignment .

Definition 1.9: m bp's Pl, P2, ceny Pm over a set S containing g
elements, are said to be mtually congistent for a fixed n2 [logzq] if, and
only if,

#(;1;2 ;m) <
for all possible %J’ shere 1<m <n.
This definition is equivalent to saying that the mumber of states
in the largest block of P]_P:2 Pm is less than or equal to 2", We
now state the fundanental requirement of all valid assigments.

Theorem 1.1: An assignment of n2 [1og2q] binary variables Ty Ty
cees ¥y for a set S is valld if, and only if, each A defines a binary
partition 1°i over S such that the n bp's so defined are mtually con=
sistent.

Proof: [7].
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Since we are dealing with nonautonomous machines we must con=

sider total states, and coneoquentiy total state partitions.

Definition 1.10: A total state Silj (or Ijsi) is an internal

state Si and an input atate IJ.

Definition 1.11: The product of a set b of internal states and a
set c of input states is denoted by bc and is defined as the set of all

total states S;I, such that 5 €b,and I, €c,

J J

We now define two operators: o, the successor operator and T,

the predecessor operator.

Definition 1.12: The guccessor of a total state Sa.Ib is the next
internal state sk for the present internal state S‘ and present input
I,, and is dencted by o (S1,) = §,. Simlarly, the predecessor of the
internal state S, 1s the set B of all total atataé Sj.-IJ such that
o(silj) = 5, and is denoted TS = .

At this point, it should be pointed cut that o and § are
essentially identical, and the only reason for using both symbols is that
o is the generalized version of 8. In other words, vhen ¢ is used it
usually refers to sets of total states, while & usually refers to single

total states.

Definition 1.13: The successor of a set of total states is the union
of successors of each total state. Similarly, the predecessor of a set of
internal states is the union of predecessors of each internal state.

Definition 1.14: The successor of a partition R = {d; d} on the set

of total states is defined as a grouping (or arrangement) of sets of inter-

nal states
oR = {od; od }.




Obvicusly oR is a binary partition over S only if od =

Definition 1.15: The predecessor of an internal state partition
P = {b;b} is defined as the total state partition

TP={m;m} .

1.1.2 Algebra of Set Systems

Definition 1.16: A get gystem y={b] over a set S of states,
is a collection of subsets hk of S called blocks, such that their set
union is S.

Set systems differ from partitions in that they do not require
the blocks to be disjoint. In Chapter 3 set systems are used as an inter~
mediate representation of the desired partitions. Whereas in Chapters 4
and 5 by manipulating the overlapping blocks we can consider more states
(1.e., by state splitting [50]) and hence image machines of the given
machine. The set systems defined above differ slightly from those of
Hartmanis and Stearns [41]since they do not have the restriction that
Y C QB" G - Nge However, the Hartmanis and Stearns set systems are
clearly included in the above definition.

Definition 1.17: If g and , are two set systems over S, then
Y Sy if every block b]i of & is contained in scme block 1:2‘1 of
qz(bn = sz) , and #(Ql) 2 #(02), whore #(y) represents the number of

blocks in the set system .
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Definition 1.18: The product of two set systems
W = {by; Bypi ees sz}is a get system given by

Ae an 1llustration, congider S= {4, B, ..., K. Then Q=

(KC; B,1,7; ETF; B,C,0,0,K; E,F,GH7.K ) 1s a set systen, Whoress Q, =
f4,C,B,K; D,E,T,J,K; E,F,G,E,Kl is not becsuse B is not incluged in any
block of Qy. If Q= {KB,GEK; D,51,0,K C,F,68,K; 0.k ) then 00 =
RS GGBTLERL LR BGK 09% 0% OF IE E,J,K; F,G,5,K;
k1.

Definition 1.9: A binary set system (bem) is a set system having two
blocks.

e

Definition 1.20: A qualified binary set system (qsm), Q, is a binary
set system over a set S containing q states such that there exists an

assignment for the included states which is a qbp.

For exanple consider S =[A;B,...,G}. o =(%,5,6,5; DEFG)
is a qsm over S, where D is the only included state, since if we assign
D to either block of q), Q becomes a gbp. Q= {4,B; B,C,D,E,F,G } is
not a qsm, because if we assign the included state B to either block of

Qs Q, does not become a qbp.

Dofinition 1.21: m bsm's over a set S containing q elements are
sald to be mitually consistent, for a fixed n 2 [logzq] » if, and only if,
there exists an assignment for the included states such that the bp's

created by the assignment are mutually consistent for n.
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As an example, S ={A, B, ..., G}, Q= {A,B,D,E,F; B,C,F,G},
Q= {c,E,F,G; A,B,C,D,F,G} and 03 = {B,C,D,E,F,G; A,B,D}. It is seen

that Q) Q, and Q; are bam's. Now QQ, = {E,F; A,B,D,F; C,F,G; B,C,F,G },
and we see that it is possible to find an assignment such that the number of
states in any block of QIQ2 is < 2, hence Q and Q2 are mitually con=

sistent for n=3. However, QQ, = {c,E,F,G; B,C,D,F,G; A,B,D} and it is
impossible to find an assignment such that the number of states in any block
of QZQB is < 2, hence 0,2 and Q3 are not mutually consistent for

n=3,

Definition 1.22: oQ is any set system given by oQ >(abl; 0by; +ees
obx) where Q= fbl; by +ees br} is a set system.

Definition 1.23: If Q is a set system, then fQ is any set system
such that some o(nQ) = Q.
It should be noted that partitions are used for one-to-one assign-

ments and set systems for many-to-one assignments.




Chapter 2

A SURVEY OF CURRENT RESULTS

The purpose of this chapter is to survey the current results
in the field of structure theory for sequential machines. By structure
theory we mean the synthesis of a given fixed behavior by a specific
structure. While it is known that a machine with a given structure has
& fixed behavior, if the behavior is given then many different structures
can realize the same behavior. Significant advances have been made
recently on the synthesis of sequential machines, but they are in largely
uncorrelated form. This chapter attempts to provide a short compre-

hensive survey of the results.

Before we start to sumarize any actual results it will be worth-
while to also summarize the surveys. In other words, we start bf consider-
ing those papers that could, in some way or another, be called surveys
of structure theory, McNaughton [61], in a survey of automata, was one

of the first to point out the difference between structure and behaviour,

e
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and to define — even though somevhat loosely - switching theory. He
defines switching theory to be "the study of the structure and the re-
lationship between behavior and structure in fixed discrete automata®.
Other than pointing out the distinction between switching theory and
automata theory, including some rather subtle points, McNaughton dwells
mainly on the behavioral aspects of automata. Crowley {91, in an un-
published paper, presents the first real survey of state assignment
methods. This paper is an excellent survey of the early results on
structure theory, even though it is slightly out of date now. Glushkov m
(331, in a very general paper, presents a brief and somewhat superficial

picture of structure theory. He does, however, attempt to relate both

automata and switching theory to their applications. Armstrong [1],

in & short survey, classifies and lists a large number of papers on
structural properties of sequential circuits. He includes a wide range
of papers, but merely lists the papers and the significance without in-
cluding any of the details. Nelson (641, in a survey of automata, in-
cludes algebraic methods applied to structural properties such as de~
camposition and feedback. Brzozowski [6)and Hartmanis (39], in a pair
of complementary papers, present surveys directly related to structure
theory. Brzozowski discusses, without going into detail, the following
structures: feedback, linear machines, shift registers, realizations
using threshold logic and logic with inherent delays. Hartmanis, on

the other hand, discusses, also without going into detail, decomposition,
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loop-free structure, feedback and errors, and structure exhibited by the

semigroup of a machine.

Most of the papers written on the structure of sequential

D st G oo

machines are overlapping, as would be expscted; however, for the sake of
clarity they are classified into the following categories reflecting the
type of structure:
(a) Mnimal Assignments — includes papers having the
prime aim of obtaining a best (in & cost sense)

assignment, but excludes papers that attempt to
achieve this aim by considering a specific type

of structure, e.g., shift registers or decamposit-

ions.

(b) Decomposition — covers papers that attempt to
realize the machine by a number of smaller machines.

(c) Feedback ~ includes papers concerned with the
amount of feedback in the machine.

(d) ILinear -- covers those papers that attempt to
determine realizations using only delay elements and
exclusive or gates (Mod 2 adders).

(e) Shift Registers ~— includes papers having the aim
of determining realizations using shift registers,
and does not consider the amount of feedback.

(f) Other structures which assume specified building

blocks.
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Because categories (d) and (e) are covered in some detail in
Chapters 4 and 5 respectively, they will not be considered any further
in this chapter. Therefore, to achieve a comblete plcture on structure
theory, the interested reader is advised to read Chapter 2 and Sections
4.1 and 5.2 together. |

2.1 Minimal Assignments

A considerable amount of effort has been expended on the pro=
blen of obtaining the minimal (in some sense) structure. This problem
is usually referred to as 'the asiignment problem'; however, some of
the results are indirect approaches, i.e., the minimal structure is
found by decomposition. Since all structure problems are essentially
assignment problems, we will restrict ourselves in this section to those
whose prime aim is a minimal structure.

The first approach to this problem, by Hartmanis and Stearns
(41], was to look for assignments that reduce the dependence between
the internal state variables. This has been further advanced by Curtis,
Karp (See [1]), Friedes [27])and Zahle [89].

The second approach, by Armstrong, et al., (see Crowley [91
for a more complete description) is to look for adjacencies between
internal states, and to find an assignment which incorporates as many
adjacencies as possible. This approach has the distinct advantage of
having been programmed; however, it has the disadvantage of being in-

exact.
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Haring (371 studied the bounds on the amount of combinational
logic required by sequential machines. This permits the designer to
evaluate an assignment.

Dolotta and McCluskey (23], in a slightly different approach,
examine all binary partitions and by a rather complex system of weights
attempt to find a minimal assignment. While this approach does have
its merits, the sheer number of partitions for large machines is suffi-

cient to restrict its use to machines with few states.

2.2 Decomposition

By a decomi;oeition of & sequential machine we mean a realiza-
tion of the machine from smaller machines. In general this is usually
a loop-free decomposition, i.e., machines in parallei, cascade or both,
The big advantage of decomposition is that a large machine, which may
be too large to be handled by a minimal assignment algorithm, may be
decomposed into several smaller machines, each of which may be small
enough to permit the use of the algorithm. Decomposition also has
the effect of reducing the dependence between the internal variables.

The problem of finding loop-free decompositions, for one-to-
one assignments, can be considered essentially solved by Hartmanis and
Stearns [41], Yoeli [85,86], and Griffiths [34]. The same problem,
for many-to-one assignments, has been approached by Kohavi [50],
Hartmanis and Stearns [41], Yoeli [87], and Kchavi and Smith [51],
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with the result that, while advances have besn msde, an algoritm is

as yet wavailable. Kromn and Rhodes [52] and Zeiger [90,91] have shown
that by considering the semigroup of a machine it is poseible to de-
compose any machine into permutation-reset machines, It has also been

shoun that & machine whose semigroup is simple cannot be decomposed.
Nichols [67] , on the other hand, considers the problem of

modular decamposition, i.e., where we are given a set of fixed modules,

and must determine how to realize the given machine using this set of *
devices, The results, unfortunately, are not in a usable form, as yet. ;“L
2.3 Peedback

Feedback is studied in sequential machines because of, among
other things, its relationship to reliability and the propagation of
orrors as shown by Hartmanis and Stearns [41]. Sequential machines can
be classified, with respsct to feedback, into two categories: a) de-
finite event machines, and b) fesdback macidnes. A definite event
machine is a machine that is realizable without fesdback, and a variety
of methods [4] are available for testing if a machine is definite or
not, With regard to feedback machines, Friedman [28,29] has shown
that every feedback machine is realizable with a single binary feed-
back loop. Brsozowski [5] has also developed methods for finding
single-loop realizations, Since every feedback machine is reali-
zable with one feedback loop, we can say that every sequential



machine is decomposable into a loop-free connection of & definite event
machine and a single binary feedback shift register. It has been shown
[13] that some machines, but not all are realizable as single binary
feedback shift registers. Therefore we can further classify feedback
machines into: a) single binary feedback shift register machines, and
b) combination machines, i.e., a loop free connection of & definite
event machine and a single binary feedback shift register.

It should be noted that a single-loop machine may be uneco-
nomical in components, hence if econamy is a criterion then a method for

evaluating costs is necessary.

2.4, Miscellaneous Results

In addition to the results sumarized in the preceding
sections, there are a number of additional results which should be
mentioned.

Iterative or cellular circuits have been studied in mamr forms
and various configurations including infinite arrays; While not every
form is applicable to the present survey, what is pertinent is the fact
that sequential machines are realizable with a repetitive or iterative
module. The value of this type of structure is that it is very amen-
able to the rapidly advancing technology of microcircuits and inte-
grated circuits.

The structure is essentially fixed in a one or two dimensional

planar array, with varistions permitted by changing the orientation of the

A



cell, or by altering the output function, as in a cutpoint cell., In
short: 1iterative circuits have been studied by Hennie [44]; by Kilmer
(46,47,48); by Maitra [57], wnder the title of cascaded switching net-
works; by Sklansky [75], who called them tributary switching networks;
by Minnick (62], using the title cutpoint cellular logic; by Stone and
Korenjak [78], who used cellular cascades; Yooli [88]; and Haring [37].
Sequential circuit realisations using thrashold logic have been
considered by Gustafson, et al [35]. Here it is shown how to realige

counters for any period using one threshold element for each memory w
element. Hadlock and Coates [36] and Masters and Mattson [59] also |

study realizations using threshold elements.

Since the reliability of a sequential circuit is a function
of the structure of the circuit, smme (certainly not all) of the re=
cent work in this area should be mentioned. Winograd [82) and Harri-
son [38] have studied the error correcting capability of sequential
machines. Russo [72] shows how to synthesize comnters which are
tolerant of single bit errors. Russots technique has the distinction
that the redundancy is inherent in the design of the circuit. Frank
and Yau [2,] have also considered error-correcting state assigmments.

In conclusion, we have briefly summarized the current results
in structure theory for sequential machines. We have covered techni-
ques for finding minimal assigments, decomposition, and feedback, plus
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& number of miscellaneous methods. Before proceeding to linear machines
and shift registers, in Chapters 4 and 5 respectively, we consider state

assignments for combinational circuits in the next chapter.
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Chapter 3

CQMBINATIONAL LOGIC ASSIGNMENTS

In this chapter the relationship between the internal state
assignment and the complexity of the combinational logic is considered.
Initially, we present an approach for finding a state assignment which
minimizes the combinational circuitry necessary to realize a set of
glven output functions. It is then shown how the same approach can be
used in minimizing the combinational logic realizing the nextestate
funetions.

A solution to these problems can be applied to other pro-
blems of & similar nature: One such problem could occur in a computer
(151, where the outputs of the order code decoder, i.e., the control
signals necessary to operate the various functions, registers, peri-
pheral equimment, etc., are already determined by the design of the
remainder of the computer, and it is desired to make an optimal order

code assigmment to provide a minimal structure in the order code de-




coder. Another case could be an n bit register, whose outputs are
used directly in another application; however, only q < 2"‘1 of the
possible states of the register occur. Therefore, it is necessary to
know the minimal cost to save k memory elements, and use an (n<k)

*

bit register, whers " Q. e therefore consider the following

generalized problem [18]:

Given q states, and r output functions, determine an
assignment of n binary variables to the q states where n é[logzq]
such that the logical network needed to realize the r functions is
the minimum neéessary.

This problem has been considered pfeviously by Dolottg and
McCluskey [21) and by Dolotta [20]; however, their results were mainly
the derivation of methods for simplifying incompletely specified |
tables. The present chapter does consider incompletely specified
tables, but the primary result establishes a new approach to the solut-
ion of the main problem (i.e., the input code assignment).

Since the number of distinct assignments [60), as tabulated
in Table 3.1, becomes quite large for more than four states, it is
impossible, in any practical problem, to consider all possible assign=-
ments, even with a high-speed digital computer. Hence, it is a de=
cided advantage to have a method for restricting the set of all
possible assignments to a subset with a manageable number of elements.
The proposed approach is to first consider configurations that provide
the pogsibility of a minimal realization and then, by using this con-

figuration as a stendard, to examine the remaining configurations in
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a tree search, to either prove that no smaller realization exists, or to

find a smaller realization.

Table 3.1

Numher of possible assignments of n varisbles for q states

No. of States No. of Variables No. of Distinct Assignments

1 0 1
2 1 1
3 2 3
L 2 3
5 3 140
6 3 ' 420
7 3 810
8 3 810
9 ) 10,810,800
q n = (log,q] _Ghy
(2"g)t nt

The output functions will be given by a table, called the out=

t table, as shown in Table 3.2.
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Table 3.2

Example 1
rm———
S| f f o
Al oo o g ¢ !
B |1 o 1 g o
C 0 1 1 L )
D | 1 g 0o o 0
E|] 1 o f ¢
F 1 0 il 0 0
¢ | 1 6 0 0 0
H 1 1 0 ¢ 1
If{1 1 0 g o

In this example there are 9 states to be coded, 4, B, ..., I, and 5 out~
put functions fl, f2, cooy f5. An output teble is called incompletely
specified if it contains 'don't cares! (f's}, otherwise it is called
completely specified. Initially only completely specified tables are
congidered, and later the method is generalized, to include incompletely
spacified tables.

In the following treatment only assigrments whare n = [logij
are considered; however, the extension to larger n's is obvious and will

be amitted. Furthermore, 2 level unshared diode logic is used ('andt



plus for! gates), the number of gates or the number of diodes determines
the expense factor, and the complements of the assigned variables are
assumed to be availsble.

3.1 Minimal Functiong

To appropriately define the difference between a good realiza-
tion and & poor realization (i.e., number of gates or diodes necessary)

some of the basic properties of bp's and bp blocks are now established.

Definition 3.1: The union bk = b1 + b2 + o0 # bi is irredundant
if and only if bk#bl+b2+ ...+bJ_l+bJ+1+ ceo+ by for any
J = 1, 2’ .'., i.
In other words, an irredundant union is & union in which all

terms are essential. A union which is not irredundant is called redun=
dant.,

Lemma 3.1: The union bk = bl + b2 4 cee bi i8 irredundant if

and only if there exists at least one state A€ b, such that A€ bs

3
m=l’ 2’ .", J'-l’ j+l’ ...’ ifor all le, 2’ ..1’ i.

Definition 3.2: An irredundant union bk = b11 + bzl + eeo + bil
is minimal if and only if there does not exist a smaller (j <i) sub-

set of blocks such that bk =b1,2+b + eeet b,pe

22 32
As an example consider {A, B, ..., I} and Py Py P3, Ph’ and
P5 given by b,, by b3, bh, b5 = (A,B,C,D,E); (A,B,D); (B,C,E,F,G);

(B,F,H); (B,C,E,F,G,H). It is easily shown that by=b +b,+b

1t byt by s




redundant for b7 = bl + b3. It can also be shown that b8 &= b2 + b3 + bh
is both irredundant and non-minimal for b8 = bl + b5. Using the prin=-
ciple of duality, similar definitions and lemmas about irredundant pro=-

ducts can be stated.

Definition 3.3: The minimum gate realization number g(f;), of an
output function fi, is the minimun number of gates necessary to realize

fjs for any assigment y,, Yo vees ¥y osuch that f, # T2 Voo eees Yo

Definition 3.4: The minimum diode realization number d(f;), of an

output function fi, is the minimum number of diodes necessary to realize

fy, for any assigment yj, Ypreees ¥p» such that £ # Y1o Tpseees Yoo

In other words, for an output function f, g(f), (or d(f)) is
the non-zero number of gates (diodes) necessary to realize f in the
minimal mapping of f into an n-cube. In a general solution to the pro=-
blem under consideration, it will be necessary to be able to determine
g(f) or d(f) forany f and q. An enumeration method for solving
this problen was given by Dolotta [20], and by Dolotta and McCluskey [22).
However, for the purpose of this thesis, this is considered to be a
separate problem. Hence, the major problem is approached on the assump-
tion that g(f) or d(f) can be determined. In Table 3.3, g(f)'s
end d(f)'s are tabulated for q =3, 4, ..., 16; the table was obtained
by cut and try methods. For example, consider the case where q = 6,
n=3 and #(b)=3. Here, 6 specified entries on the n-cube are given,
and it is necessary to determine the minimal function distinguishing 3
of the entries. The unspecified entries can be divided so that in the

completely specified case it is possible to distinguish 3, L, or 5 ele~
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ments. A single two input gate will distinguish either 2 (for an AND gate)

or 6(for an OR gate) elements; however, & pair of two input gates in the

form of yl(y2 + y3) or y) + 7,3 can distinguish 3 or 5 elements. There-

fore d{f) = 4 and g(f) = 2.
Table 3.3
g(f) and d(f) for q=3, Ly ees, 16

g n #(b) #®) af) g2 q n #b) #b) a(f) glr)
3 2 1 2 2 1 2 L 1 1 2 1
0 2 1
4 1 3 2 1 2
3 9 2 1
2 2 6 3 o8 2 1
5 3 1 L 2 1 5 7 L 2
2 3 2 1 6 6 L, 2
13 L 1 12 2 1
S A S > n a2 1
3 3 4 2 310 2 1
L ) 2 1
7 3 1 6 2 1 5 8 L 2
2 5 2 1 | 6 1 4 2
A S S Lok 1 B 3 1
g 3 1 T 3 1 2 12 2 1
2 6 2 1 3 11 2 1
3 5 4 2 L1021
A A 6 3 5 9 L 2
& 8 L 2
9 | 1 8 2 i 7 7 6 3
§ Z g 1 B4 1 113* g ' i
2
b5 2 1 3 12 2 1
04 1 9 2 1 L1 2 1
> 8 2 1 510 4 2
3 7 2 1 6 ¢ 4 2
k 6 12: 25 7T 8 5 2
5 5
TR S R a— % L 1 1B L 1
2 L 3 1
2 9 2 1
3 13 5 2
Z f; g i L 12 2 1
5 11 7 3
5 6 b2 & 10 L 2
7T 9 5 2
g8 8 6 3
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3.2 Campletely Specified Case

As en example of the completely specified case, consider Ex-

ample 2 given in Table 3.4. Here q =7, hence n = 3.

Table 3.1

Example 2
S fl f2 .f;_ fb
A 0 1 0 1
B 1 0 1 0
c o1 1 1 0
D 1 0 1 1
E 0 1 0 0
F 0 1 1 0
G 0 0 0 0

An assignment of 3 binary variables to the 7 states is to be
determined, such that, the logical network realizing the 4 output functions
is minimal. An example of an assignment for Fxample 2, not necessarily

minimal , is given in Table 3.5.
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Table 3.5

Assignment A for Example 2

5 oYy T
A 0 0 0
B 0 0 1
c 0 1 0
D 0 1 1
E 1 0 0
F 1 0 1
G 1 1 0

The functions necessary to realize the outputs (considering
don't care states, and both sum of products and product of sums form)

for agsigment A of Example 2 are therefors:

fl = 5’1(}'3 + yz),
fz = yByl + yzyl,

fa = yB + yz-y.l’

B, =¥g¥y ¥ I
The expense factor for assignment A for Example 2 is therefore 10 gates
or 21 diodes. Now consider the systematic method.
First determine which outputs define & gbp over the set of
all states. Then enumerate the sets of output qbp's which are mutually

consistent. For example, it is easily shown that in Example 2, fl’ f?
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and f3

qbp's that are mutuslly consistent. Therefore 5 possible approaches are

define qbp's Pl, Pz, P3 respectively and P2, P3 are the only

possible, celled agsigomant schemes

for finding & minimal assignment,

These are:

Sl: P2, P3 and PS, vhere P_P.P, = Q.

2F3fs
82: Pl’ PS and P6, where P1P5P6 = 0,

Py P, and Fy, where P2P5P6 =0, and Pg, Py # P3.

Py, Py and By, where PPPc = 0, and Py, P, #P,.

S¢ By, Py and Py, where P;PcP, = 0, and Pg,Py,P, # PP,

53:
Sh:
,P3.
Since only valid minimal assignments are considered, when indi-
tating an assignment scheme, it is natural to asmume that the product of
the qbp's is equal to zero. Furthermore to indicate the gbp determined
by an output ri, uge Pi, and to indicate those gbp's not determined by
P

an output use P From Tables 3.3 and 3.4, it is ssen that

w1 Tregr e
g(fl), g(i‘2), g(fB) and g(fh) are 2,2,2, and 1 respectively and that

d(fy), d(fy),  d(f,) and d(f)) are 4,4,4 and 2 respectively.

Definition 3.,5: The minimum realization sum, m(S J) , of an assignment
scheme Sj , is the sum of g(fl) , or d(fi) , for those output functions
f, which do not determine & gbp used in the scheme, i.e., m(f) isa
lower bound for the realization cost.

For example, consider Sl for Example 2, and & minimal diode
realization. Since F, and P, are used in the scheme, m(Sl) =
d(fl) + d(fh) = 6, Similarly, it is seen that m(S2), m(SB), m(sh) and

m(S5) equal 10, 10, 10, and 14 respectively.
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Once m(S) has been found for each scheme S, consider &
gcheme having the smallest m(S). It is clear that if it can be shown
that & scheme having the smallest mn(S) is realizable with that number
of diodes, then the problem is solved, since no smaller realization exists.
This is not usually the case, and, in general, a tree search is used to
obtain the minimal realization. The search terminates when an assignment
is found suck that the number of diodes used in the realization is less
than or equal to any of the other alternatives, It may seem, at this
point, that an exhaustive search could become quite extensive, due to the
number of possible assignments involved. In practice this turns out to
be false, and indeed only those assignments which have the possibility
of providing a minimal realization are considered.

To demonstrate, consider Example 2. 5 assignment schemes are
possible, but since m(Sl) is smallest S, is evaluated first. S, uses

35
ing the above requirements is to be found, such that the realizations of

P2, P3, defined by fz, f., and P5, such that P2P P.=0. A P5 satisfy~

f, and fh are ninimal. Hence:
p, = [L,C,EF; B,D,0)
5= (B,CD,F R,E,G)
PF, = {C,F; B,D; A,E; Gl.
Therefore P5 must separate each of the pairs CF, BD and AE in order that

P

P2P3P5 =0, e now consider the additional constraints imposed upon P5’

by the functions realizing fl and fh’ fl and fh datermine the binary

partitions:
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P, = {B,C,D; ALE,F,0) .
— an
B, = {A,D; B,C,E,F,G.
Hence, it is desired to determine the blocks by = (B(D) and b, = (4D},

First, consider bl’ and the following two forms:

bl " giGj"'gk) or (3.1)
by = By + by, (3.2)

where i, J and k are all different. The first of these implies that
bi =) bl, and the second that b1 o bi' bl o) bi is not satisfied by b,
or b3, and cannot be satisfied by b5 since both B and D cannot be in
the same block of P;. However, by Cb, and B, D€ 52. Hence, if
CE€ b5 and F€ b5 then b1-b3(b2+b5). But, C and P must be
separated by P5, hence any Ps such that PZPBPS =0 will provide a
realization of fl using 4 diodes. Now, consider bh’ and initially a

2 diode realization in the form:

b, = byd,, 14 3. (3.3)
Tids implies that b, c by, SJ. But note that b ¢, 33. Hence, a 2
diode realization of fh is impossible with S1 Furthsrmore a 3 dicde

realization must identify 1 or 6 states and no others, hence the next best
is a 4 diode realization in the form of (3.1) or (3.2). Clearly,

b, ¢ by,by and by P by)by hance either b, C b or b O bs. Kow, b, ? b,
since ths minimun number of states in B'5 is 3. Therefors, for a 4 diode
realization the form by = b5(§2 +by), where b, Cb, and b c (32 +by)

must be used. The only two possibilities for b, + 33 are b, +b, and
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‘62 + 63; ‘For b,+ by, AD mist be contained in one block of Py, while

% BCEF are contained in the other. However, C and F camot be containe
‘ f@ ed in the same block of P5 and still satisfy P2P3P5 = 0. Hence,
g b, + by will not work. Now consider the other alternstive b, + b, =

(ABDEG). In this case AD must be contained in one block of P., while

5)
BEG are contained in the other, Hence,

By = {A,C,D; B,E,F,G} or {A,D,F; B,C,E,G)

will satisfy the requirements and fh is realizable with /4 diodes. Assign-
ment B for Example 2 is shown in Table 3.6.

Table 3.6

Assignment B for Example 2

§ N p) 73
A 1 0 1
B 0 1 0
c 1 1 1
D 0 1 1
3 1 0 0
F 1 1 0
G 0 0 - 0

The resulting output functions are:
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fl = yz(;l + Y3)’
fz = yll
fB = yz.‘

4 = y3(y1+ Yz)‘
The realization uses 8 diodes, and since 8 < m(Sz), m(SB),
m(Sh), and m(SS), the realization is minimal, As a further example, con-

sider Ixample 3 shown in Table 3.7.

Table 3.7
Example 3
=== e

S fl f2 f3 fh fS
A 0 1 1 0 1
B 0 1 0 1 0
e 0 0 0 0 0
D 1 1 1 0 1
E 0 1 0 0 0
F 0 1 1 1 0
G 0 1 1 0 0
H 0 1 0 0 1
I 0 1 1 0 1
d 1 1 1 0 0

Ta

It can be shown, using the same approach, that the assignment shown in

Teble 3.8 is ninimel and uses 6 diodes.
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Table 3.8

Assignment for Example 3

s So e e
S iU, ¥y,
A 1 1 1 1
B 0 0 0 1
C 0 0 1 0
D 1 1 0 0
E 0 0 0 0
F 1 0 1 1
G 1 0 0
H 0 1 0
I 1 1 1 0
J 1 0 0 0

It is clear that in any problem having a large number of assignment

schemes it is not necessary to emumerate all the schemes. For example,

consider Example 2, where . g(f) and d(f) are given in Table 3.9.
Table 3.9

g(f) and d(f) for Example 2

g(£) 2 2 2 1
d(£) I A I 2




-38 -

Since P2 and P3 are the only qbp's that are mutuslly consistent, it is
clear from the table that. the smallest m(Sj) will be m(Sl) given pre-
viously. Now it is not necessary to congider the remaining schemes until
it is determined that the actual mumber of gates or diodes is greater than
the next smallest m(SJ).

3.3 Simplification of Inc tely Specified Tables

A procedure for the simplification of incampletely specified
tables has been given by Dolotte and McCluskey [21], and again by Dolotta
(20]. This method is slightly modified and restated in two parts. The
first part, the elimination of state redundancies, is optional, since
there are ceses where it is necessary to vhave a valid assignment for all
states regardless of whether any states have the same output functions
or not,

A row (or column) is gquivalent to another row (or colwmn) if
and only if identical outputs are equal, A row (or colwmn) R, is
govered by another row (or colunn) R,, denoted R, C Ryy if Ry is equal
to Ri for every specified entry of R,, and RJ is said to covep Ri‘

The intersection Ri of two rows (or columns) Ri and R, is that row

J J

{or column) which agrees with both R, and R;j whenever either is
specified and contains @ everywhere else. Clearly, the intersection -
exists for every pair of rows (or columns) which don't disagree. Inter-

sections can obviously be extended to any number of rows (or columns). A
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maximal intersection is a largest possible intersection, i.e., fi. 3 is
a maximal intersection if and only if there does not exist an fk such
that fi.j.k exists. The inverse -fk of a column f, 1is the column
obtained by inverting all specified entries of fi,- The inverse of & row
certainly exists; however, since it is of no use it is not considered.
Colunn inverses can be used, for if two outputs are given such that one

is the inverse of the other, then if one of the outputs is used to deter=-
mine one variable in the assignment, the other output is also available
directly. On the other hand however, if neither output determines a vari-
able in the assignment, then either both outputs are obtained independent=-
ly or an inverter must be used to obtain the second output. Covers and
intersections can be found using inverses. In the following procedure
inverses will be considered in the column reduction procedure, but not in
the row reduction procedure. As an illustration, consider the example

given in Table 3.10,

Rows G and K are equivalent, BD G, the intersection of

A and D is givenby 1 ¢#f g1 0000410, and Fl'; S8,
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Table 3.10

Example 4

g 4 ¢4 1

g

p ¢ 4 o ¢

g

g

1
g

g

o 4 ¢ ¢

g

g ¢ ¢
g ¢

g

N

Eliminate all state redundancies (Optional):

l.

a) Discard all equivalent rows (i.e., represent each set of states

having equivalent rows by a single row).

b) Discard all rows that cover another row.




c) With the remaining rows form the set of maximal intersections.

i B
F=9
o

Select & minimel set of rows that cover all rows, where if any

o

£ i35

choice exists select the row having the largest number of don't

cares.

2. Eliminate all column redundancies.

a) Discard any trivial colums, ie., any column containing no 0's
. (or 11s).

b) Discard any column that covers another colum.

¢) List all inclusions of the type £, 2 f, for which f, deter-

J J
mines & qam.

d) Form all maximal intersections that contain no primes or deter=

mine & qam.

e) Select a minimal set of columns that cover all colwms.

To illustrate the reduction procedure, consider Example 4 given

SRR Ml b e

in Tgble 3.10, where it is assumed that state reduction is permitted.
Apply 1. a) and b) to find that B, F, K and M can be discarded since

G=K,M=H,BOG and FDON. Form the set of maximal intersections:

ADEL: 1 0 0 1 1 0 0 0 0 g g1 o0

CJ: 01 0 g g1 g 1 g og¢py
DN: 1 #1010 0 0 ¢ g101
EG: 1 100 0 ¢ 00 g11o0

ER 1 # 1 ¢ 0 0 f 0 0 0010
Then select the row reduced table given in Table 3.11 covering the original

table.




Teble 3.11
i‘§ Row reduced table covering Lixample /
§ ~ ]y 5y B L B L g B9 gy fy £, 1
WEL | 1 0 0 1 1 0 0 0 0 ¢ 10
w o 1 0 § g 1 g 1 g o0 g g 4
BGk 1 ¢ 1 0 o0 ¢ g o0 o g 1 ¢ ¢
M| 1 # 1 f o g g o o o o0 g ¢
ri1 ¢ ¢ g o g g F 1 0 o § 4
W1 ¢ 1 0 1 g 0 o0 g g 1 0 1

Now apply part 2. &) and b) of the procedurs and find that flO and i‘7 are !

5

trivial, f,=f(, 2,38, £,Df;, £,,21. Applying 2. c) obtain:

T of

4 3
From 2. d) find:
1., f5.9
1 0
¢ 1
O G
1 )




st it ik 1AM
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Applying 2. ¢) produces the reduced table given in Table 3.12.

Table 3.12
Reduced table for Example 4

R ——
S o fE, B & &
A 0 1 1 0 1
¢ 1 g o o ¢
B 0 0 1 1 o0
i 0 1 1 1 o0
I 1 1 g 0
F 0 0 1 1 2

#l!
N 3}

Note that if T L is not used to define & variable in the assignment k!

then both fll and fh must be obtained independently.

3.4 Approach for Incompletely Specified Tables

For incompletely specified tables, first reduce the table with
the procedure given in the preceeding section, and then apply the techni-
ques for completely specified tables using gsm's. As an example, consider
Table 3.12. It is easily seen that f8.9’ fl—l-. L f3 and f5 define qsm's
Pl’ P2, P3 and Ph respectively. Furthermore, P2, PB’ Ph and Pl’ P2,
Pl, are the only groups of 3 qam's that are mutually consistent for n = 3.



Srerennai g

b5

st

S

SR ST R YRR e
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Clearly, the two essignment schemes having the smallest minimum realiza-
tion sums are:

Sl: P2, P3, Ph’

82:
where m(Sl) = m(Sz) = 2.

Pl’ Pz’ P ]

Consider Sl, where
P2 = {A’C,H,I; C,B,F}’
P3 = [B,H,1,F; A,C,I},

P, = {A,C,F; CyB,H,1}.

A
For the output functions, it is necessary to realize f8.9 and fl given
by by = (cI1) and b5 = (ABE[F) respectively. Clearly, if 33 = (ACI)
and b, = (CBHI) then By = bb,. Sinilarly, if b= (AHL) then

b5 = b2 + b3. This provides en assigmment such that the cambinatorial
circuits re'quire 2 gates, and since no sualler realization exists it is a

minimal assignment. The complete assigmment is ghown in Table 3.13.

The output functions are then given by:
fl = Yz"" y3s
By 2
f3 = Y3:




s
~ 4 4 0o 0o 4 HHO O OO O Mo —
m. )
} 99
S © H O OO0 A MO O H O ~H
' = & 5 )
A w»
w\
-+ o 5
1 ..mm
- c - O O H 41 O O H H O O H + O
o TS B e N
R GG Y N 3
e L L e U b=
i n n a4 a3 a # (] i 1]
(] N ™ o
fhf5f6f7f8f9flfnflfl . | < M O O M BB I o e M s =
-

R R AR e A B A D S R




3.5 Application in Minimizing Next-State Logic

while this approach can also be used to determine internel state
assignments that minimize the combinatorial circuits realizing the outputs
of a sequentiel machine, same of the ideas can also be applied to minimiz=-
ing the circuits that realize the next-state functions. Consider & se-
quential machine, where it is desired to evaluste various internal state
veriables in a manner anslogous to those given by Dolotta [20] and by
Dolotta and McCluskey [23]. For any single internal state variable given
by & binary partition, by conaidering its predecessors and the techniques
presented herein, & 1ower bound is established on the realization of its
next-state function, For example, coneider the sequential machine given
in Teble 3.1, and the gbp Py, determined by b = (DE). If the pre=
decessor of an internal state SJ, denoted by ﬂ(SJ) is the set of totel
states that have s, 888 guccesgor and 7(b) is the union of the pre-

decessors of the states of b, then:
n(bl) = 1(ACD) + 2(BE)

Table 30111»
A sequential machine

S 1 2 Z
A E B 0
B A E 1
c D A 1
D E C 0
E c E 1
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Mow, it 1s necessary to evaluate Pl in terms of the minimum amount of
combinatorial. circuits necessary to realize the next-state funetion, It
ig seen that the minimum would exist if the partition P2 glven by

b2 = (BE) was available. Since P1 and P2 are mutually consistent for
n = 3, both can be used as internal state variables, snd hence the lower
bound to realize the next-state function of P1 is 3 gates or 6 diodes.

In a similar manner P2 can be evaluated and in turn each of the other

internal state partitions.

3.6 Conclusion

In this chapter, the relationship between the internal state
essizmment and the complexity of the combinational logic has been consider~

ed. In particular, a new approach is presented for sssigning & binary in-

put code that is optimal in the sense that it requires the minimum number
of gates or diodes necessary to realize the given output functions. A m

number of additional problems will have to be solved, however, before a {

complete solution is available:

SF L RIME TR A TR IS

a) A nonenumerative method for obtaining minimum realization
numbers.

b) An algorithm for detemmining the actual realization cost
of a given assignment scheme.

¢) A computer program to handle larpe tables,

In eddition, it is noted that Nichols and Berstein [68] have

considered the inverse to the problem considered here. In other words,
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numbers.
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of a given assignment scheme,

¢) ‘A computer program to handle large tables.

In eddition, it is noted that Nichols and Berstein [68] have

congsidered the inverse to the problem consideéred here. In other words,
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Low does one find en eutput code which minimizes the combinational circuits

realizing the outputs, when the inputs are given,
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Chapter 4

LINEAR SEQUENTIAL MACHINES

Linear sequential machines are & proper subset (10] of the set
of all sequential machines. Their importance is due, not only to their
wide application in coding, decoding and sequence generation for communi-
cations, but also to their mathematical properties such as canonical
forms and transfer functions. Significant advances have been made re-
cently on the problem of determining whether a given sequential machine
is realizable as & linear machine or not. We begin by swmmarizing the
Known methods for solving this problem. Given & sequential machine M:

1. If the output of M is given, then an algoritmm 11]

exists for determining whether or not M is realizable

as & linear machine.
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2. For any single column of M containing " states,
a method [24,32] is available for determining whether
or not there exists an autonamous linear assignment,
using n internal variables, for that column. Once
& linear assignment has been obtainsd for any single
columr* it is easily determined {19,11] whether or not

the assignment is also linear for the remaining columns.

3. If only the next-state behavior is given (or considered)

and M:

a) contains unit-period states,

b) contains 2 unit~period inputs, for w > 0,

¢) is strongly connected,

d) is nonautonomous, i.e., has more than one in-
put column,

e) 1is a permutation machine, i.e., each state appears
in every column of the machine, then an algori-
thm {76,77] is available for determining one~to-

one linear state assignments.

L. If only the next-state behavior is given (or considered),

then two algorithms {40] exist to determmine whether or

~

Tt is easily shown that every autonomous machine is trivially linear,
by using a unit delay element for each internal state.
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not ) is realizable (one-to-one assignment) as a
single binary feedback shift register having a linear

feedback i‘unct_ion.

Sections 4.2 and 4.3 the following additional results are

If the output is given, then & simplified algorithm is
given for determining whether or not a linear realizat-

ion exists for L.

If ¥ 1is e permutation machine, and only the next-state
behavior is given (or considered), then two methods are
given for detemmining whether or not there exists a one=-

to-one linear state assignment for M.

If ¥ is either a nonpermutation machine or a nonlinear
permutation machine then methods are given for deter-
mining whether or not M is realizsble as a linear

machine.

4.1 Summary of Previous Results
5 In this Section existing methods for synthesizing linear machines
are sumnarized. 'hile the synthesis technique does not constitute a

linearity test in every case, they are all included for campleteness.

Definition 4.1: A sequential machine } is said to be linear (over

a field of two elements), if and only if there exists a one-to-one state
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-1
5= {(}'1’ y2’ cevy yn)}’ 2n < Isl s 2n:
for which

a) The next-state varisbles are linear functions of the

input and present state variables

n

' =)

yi zaijyj @ bix @ ¢
J=1

for
i = 1, 2, evey n’

or in matrix notation
Y'* = YA+XB+C,

b) The outputs are also linear functions of the input and

present state variables.
Z = YD+XE+F.

It should be noted that the constant inputs C and F above
may be removed with the addition of enother internal variable Vs such

that y' = (for complete details see [11]).
k

Ruffman, in his original paper [45], presents techniques for
finding a realization for a linear machine whose transfer function is given.
Fsgsentially, the result is this: Given a transfer function of the form:

2 n
P(D) _ 8, @a1D @ a,D .. & 8D

o(p) ~ ‘ 2 @ n
bo @le @ b2D @®.. @ an
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where it is easily shovn that every transfer function can be converted to
this form, the linear sequential machine realizing the transfer function‘

is shown in Fig. 4.1,

Elspas (2], and subsequently Gill and Tan [32], present methods
for finding linear realizations for autoncmous permutation machines con-
taining 2" states. The machine is expressed as a cycle set, and is linear
if, and only if, the cycle set is expressible us a product of canonical
linear c}cle sets. This method suffers from two major drawbacks, the
first of which is the fact that the method is restricted to machines have
ing 2n gtates, and the second is that machines having non-zero constant
inputs [7] are not considered.

Gill [30,31] has studied the problem of synthesis of singular
autonomous linear machines. He presents a synthesis technique for auto-
nomous state graphs containing 2" states. |

Srinivasan [76,77) investigated the problem of determining
whether or not & given state diagram can be realized by a linear machine.
The resulting algorithm will determine a linear assignment for those
machines whose state diagram:

a) contains unit-period states, i.e., states §; such that

there exists an input 13., called & unit-period input,

and 6 (5, I,) =$;.

b) contains 2" unit-period inputs, for w> 0.




¢) 1is not disjoint.

d) is a nonautonomous, permutation machine.

Briefly the algorithm has the following ateps:

1. Code the unit-period inputs.

2. Construct all well-formed sequences of length r, where
a well-formed sequence is a sequence beginning with & unit-
period input,

rsw < r+l, and =g

3. Choose arbitrarily a unit-period state 8, of S, and form
a subget F(r,0) = G(so, x"o). Choose & unit-period state
s; £ F(r,0), if one exists, as the initial state and forn

another subset F(r,i) = a(si,x’i). Repeat until all unite

period states are exhausted.

L. If the set of states obtained in 3 doss not contain all
the states of S, then this set is extended. The process
is rather lengthy and will not be explained in detail here.

5. Code the states.

As an illustration, consider machine !i4.1 given in Tgble 4.1.
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Table 4.1

M-achine ¥4.1

<o B <> B> BN > I = B > T - - - <4
MmO QQ Q@ Y3 W = o>» |O
= > U W Q O o oo -

Here w=1, n=3, therefore r=3. All well-formed sequences of

length 3 are:

000
001
010
011
100
101

110
111

Starting with the unit-period state A, and applying the first

four well-formed sequences we have:

6(A,000) = A
6(4,001) =D
6(A,010) = F
6(A,011) = G




-5 <

Since we have not exhausted all the unit-period states, we select
¢ and apply the last four sequences to produce:

6(C,100) = E
6(C,101) = H
6(C,110) = B
6(C,111) = ¢

This last step exhausted all the states, and we are left to code
the states, producing the following linear assigmment:

000
110
111
001
100
010
0l1
101

MO W g QW

The next-state equations are therefore:

o=

V' = 1 €7,00,,

'y = 75,8 x

Cohn and Even [11] studied linear machines and present an identi-

fication technique that is unique in the sense that very few restrictions
are imposed on the machine. This algorithm begins by ensuring that the
machine is minimal. Then, starting with the outputs of the set of states
for the minimized machine, find the outputs of their successor states under

a single input, i.e., as an autonomous machine. This step is repeated until
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linear dependence is reached among all the new output vectors. The set of
independent output vectors provides a linear state assignment, iflit exists,
for the autonamous machine. The algorithm then checks to ensure that the
assignment holds for the remaining inputs. This algorithm represents a
significant advance in that it is a linearity test for all machines whose
outputs are given. Furthermore, it is shown that state-splitting does not
help, i.e., if tho;e reduced machine is non-linear with & one=-to-one assign-
ment then there does not exist a larger linear machine realizing the miven
machine., On the negative side there exist two disadvantages: Firstly,
the algorithm may be lengthy, in that one finds successive states and then
their outputs. Secondly, if the particular cdlumn‘ chosen is linear, and
all sutonamous machines are linear, then a negative reply could involve a
considerable amount of work.

As an example, consider machine }4.2 given in Table 4.2.

Table 4.2

L achine k4.2

0 1 2
A H D 0
B E c 0
C B A 0
D G F 1
E G F 0
F E c 1
G H D 1
H B A 1
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Applying the Cohn and Even method we produce:

A B C D E F G H
200l 0o o 0o 1 0o 1 1 1/
(002 o o 1 1 o0 1 0/
22 0 0o 1 1 1 o0 o0V
33 0 11 0 0 1 0 1 X

Ye have determined the following assignment:

010
001
000
111
011
101
110
H 100

@ = = o o W >

After checking the remaining column for consistency, the assign-
ment produces the following next-state and output equations:
A =T
y3=vy38x,
yj' =7, €x@®1l,
z =¥y
Hartmanis (4O) presents two tests for determining the linearity
of single binary shift registers. ‘Te first test assumes that the machine
has a transfer function of the form P/Q where the order of Q is greater
then or equal to the order of P. If this condition is not satisfied then

the machine may be decomposed into a feedback free tail machine (41] and a




nachine !_, vhere 7 =1"(0) =1(0), (+}(0), is a partition obtained
tron 171(0) by identifying those blocks having the same next state rows,
and 1'°(0) = 0), and ¥ satisfies the requirement.
The test is:
1. There must exist exactly two unit-period (stationary)
states.
2. Find a shortest transfer sequence XyXp oo xn' between
the two states and compute:
AD) =10 (x Fx, 0@ ... © (x & x 0" o 0,
Check if the state behavior of M is isomorphic to the
state behavior of 1 Q (i.e., the machine whose trans-
fer function is 1/Q(D)).

3. If Y &) then ) has a linear next-state relation.

/e
If an output is given for I, we check if it is & linear

function of the input and state variables.

The second test is almost identical to that given in Section
5.2.1, with the exception that the feedback function f must be a linear
canbination of the input and state variables, and therefore will not be re-
peated here. Both of these tests are useful, but only consider & re-
stricted class of linear machines.

As an illustration we will apply the first test to machine F4.3
given in Table 4.3.

Step 1 of the test is satisfied, since F and H are the only

unit-period states. The shortest transfer sequence from F to H is
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110, and Q(D) =1€ () @)D @ (x, ;5)1)2@03-_-1@ e, Itis
easily shown that the next-state behavior of l'4.3 is isomorphic to that of
- Table 4.3

liachine ¥4.3

e —

0 | 1
A D €
B c D
c A G
D F E
E G A
F F B
G B F
H E H

This campletes the first test.

Pugsley [70,71] considers the synthesis of linear sequ‘ential
functions with unit delays and exclusive or gates which involve unit de-
lays, i.6., the unit delay is physically part of the gate. He then proves
that every linear sequential function that is retrospective, i.e., not de-
pendent on future values of the input, is realizable with some delay using
two-input e:xclusiw}e or delay gates, and unit delays. A problem occurs,
however, vwhen one tries to realize the function with minimum input/
output delay.

Yau and Wang [84] have also studied linear machines and present

6 test for the linearity of machines, The major portion of their paper is




-62 -

restricted to machines with 2" states, and furthermore the linearity test -
is merely & reiteration of Elspas's [2,] test for nonsingular autonomous
machines and Gill's [30,31] techniques for singular sutonomous machines
extended to nonautonamous machines. In other words, the machine is tested
as an sutonomous machine for a single input column and the assignment
checked to ensure that the same assignment holds for the other input
columns. The authors were apparently not aware of Gill and Ten's [32] work
and hence propagate the erronecus assumption that cycle set factorization
is unique. lhen extending the process to machines not having " states,
the authors state the rather obvious conclusion that a machine is
linear only if there exists a way of spscifying the remainder of the
machine so that it is realizable as a linear machine with 2" states.
Nothing is said about how one finds a way of specifying the remainder of
the machine. As 8 result, the paper provides very little except for come-
pletely specified machines with 2" states, and n-variable realizations

without non-zero constant inputs.

4.2 Linear Output Machines

In this section we investigate machines with given output and
give & deteiled algorithm for establishing whether the machine is linear
or not. It will be shown that the algorithm is applicable to one-to-one
assignments. It is known [11,31a) that the extension to many-to-one
essirmments will not help, In other words, if a machine is non-lineer,
then by splitting states one cannot make it linear. The algorithm is an

extension of & previously presented method.,
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The following theorem will permit us to reject by inspection

certain flow tables as not having a linear assigmment.

Theorem 4.1: For every linear sequential machine N having n
delay elements and & characteristic matrix A of rank e, where n2e 20,
the flow tsble containing q < v distinct states has:

1. In any single input colwmn:
a) d distinct next states, where d € 2°, and
b) each next state cannot be repeated more than e
times.
2. a symmetric one-to-one correspondence between next states
of any two input columns of the flow table, such that if
eny single state corresponds to itself, then the two columns

are identical.,
Proof: The theorem has been proved in [19].

Definition 4.2: The sum of two bp's Py = {blzt-:l} end P, = f bzzgz} ,

is defined by:

We can similarly find the sum of k bp's, and it is essily shovm

that the sum operation is associative and cammutative.

Definition 4.3: Let Pl, P2, cony Pk be k bp's. Then

Pys Pos eees B, are (1inesrly) independent if, snd only if
k

§ 8F = 0,
1=1




implies that &, = O for all i, where O is the zero partition [f;s},

y € fo,1}, OP; =0, 1F; =P,.

Definition 4.4: The sum of a set ¢ of input states and a set b of
internal states is a set of total states defined by
b © ¢ = be+ be,
where b is the complement of b with respect to S, and ¢ is the come

plement of ¢ with respect to I.

Definition 4.5: The sun of an input partition Q =fc:c) and a state
partition P = (bsb} is defined as the total state partition

PO® Q=1{bO®c¢; b0 ¢}

Lenma L4.1: For every linear sequential machine, each binary output
defines a bp R on the total states andi R= P @ Q, where P isa bp

on 5 and Q ise bp on I.
Proof: Every binary output 2z is given by & function of the form
z‘ﬂY:Y:NUY: ’x,""x)-
1* 92 n 2 T

Now, since each ¥y defines a bp on S and each Xy defines a bp on
I, and the bp's so defined are independent, 2z must define & bp on the

total states and R=P @ Q,

Definition 4.6: An S/I k~tuple, denoted T = Pl/Ql, P2/Q2, cens Pk/Q,k,
where Pl and Q1 are state bp's and input bp's respectively, is an

ordered k~tuple of bp's such that Pl’ P2, ceey 1’k are linearly independent,
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nPi = Pi-l @ Qi.-l for 1i=2,3,...,k, and ﬂPl is a linear cambination

of Pl’Pz"‘"Pk’Ql”QZ’.“"%e We now define independence among k.i-tuples. '

Definition 4.7: m-S/I k-tuples TysTppeee, T are linearly independ-

ent if and only if the klkz"‘km state bp's are independent.

Lemma 4.2: If Tl,'rz,.;.,'I“j are independent and Pi is a state
bp that is dependent, then T, (i.e., the s/1 k;=tuple containing Pi) is

also dependent.

Theorem 4.2: For every linear sequential machine M, there exist

r>0 /I k,~tuples.

Proof: Every linear sequentisl machine is realizable in canonicsl
form, i.e,, either companion matrix or rational canonical form depending

on whether the characteristic matrix is non-derogatory or derogatory. In

either case the realization is in the form of a number of parailel shift
registers where
YI = f(yl’yZ""’yk) + fl(xl’xZ"”’xr)’ ,
yi' = yi.l ® fi (xl’x2’000,xr), for im 2,3,oco’ko
Since each ¥ defines an internal state bp, Pi’ and each

fi(xl,xz,...,xr) defines an input bp, Q;, there exist r>0 S/1 k-tuples

R POy eees B4
Ye now apply this theorem to the problem of determining whether

or not, a given machine is linear or not, and produce the algorithm shown in

Fig. L.2.
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To justify the algorithm, i.e., to prove that the answer produced

is correct, we have the following theorem,

Theorem 4.3: If Tl’Tz""’TJ are ; independent S/I ktuples that
have been obtained from the output of a sequential machine M, and each
output is & linear combination of the bp's contained in the T's then

Tl,Tz,..‘;,TJ provides & valid linear assignment for X,

Proof: Let P,P,...,B bethe n state bp's contained in
Tl’Tz"“’TJ‘ Since each output can be expressed as & function of
Pl’Pz""’Pn and the input bp's, the outputs must be constant in each
block of the product P1P2...Pn. Hence, if Pl, P2, coey Pn do not pro-
vide a valid assignmment for the states of M, then M is not reduced,
since Plel...P n is an S.P. partition that is output consistent. The
assigmment is linear from the definition of the k<tuples.

To illustrate, consider Mi.4 given in Table 4.i.

Table L.4
Machine M4.4

~ 2 3]
A E B C| O
B B E A} O
c B E A} 1l
D A C B} 1
E E B C| 1
F B E A O

Applying the algorithm we get:
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=
—
«Q
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~

n

1 (AE) + 2 (BCDF) + 3 (AE)
(AE) @ (2)

1 (ADE) + 2 (BCF) + 3 (BCF)
(ADE) @ (23)

1 (ADE) + 2 (BCF) + 3 (BCF) .
(ADE) € (23).

=1
—
&
~—

n

b~}
—
-3

5
~

4]

The bp's produce the following assignment:

© F + 1 o o«
© r o o o K«
© r H O o Hlw

0 M O Q W o>

From the assignment we note that B and F have the same
assignment, and upon checking Table 4.4 we find, indeed, thet B and F

can be merged,

k.3 Hext-State Behavior

In this section we investigate machines whose outputs are either
not given or are nonlinear. In other words, we are considering only the
next-state behavior of the machine. We initially consider linear permu-
tation* machines and then extend the scope to include all machines reali-
zable as linear machines, i.e., hamomorphic image machines of linear
machines.

# 1 machine M is a permitation machine if, and only if, every input

permytes the set of states, that is, every next-state column contains
all states of M.
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43.1 Iinear Permutetion Machines

Given a permutation machine we want to determine whether or not
there exists a linear assigment for the machine, i.e., is the machine
linear? |

Definjtion 4.8: Two distinct states S, and .3‘1 will be called a

prinary corresponding pair (pep), denoted [S;S,], under inputs I, and
I, if and only if there exists a state 5, such that either, o(s‘ga) =
S, and o(§1,) = Sy» or o(52,) = S, and o(8I,) = §.

Obviously a pep is independent of the order in which the states
are listed, i.e., [Si:SJ]- [SJ: :l.]'

Leoma L.3: In a linear sequential machine (singular or nonsingular)
any two distinct pop's under inputs Ia and Ib are disjoint.

Proof: The proof follows from Theorem 4.l.

Lemma L.h: For every pair of distinct inputs I, and I, ina
flow table of a nonsingular linear sequential machine M comtaining q
states, there exist q/2 distinct pep's.

Proof: There are q pep's [o(S;I ): °(siIb)] for 4=1,2,.0.,q;
however, M is nonsingular hence o(SIa) = o(SIb) = S and each of the q
states appears twice. Since two distinct pep's are disjoint, there are
exactly /2 pep's.

Obviously, from the above lemma, g i3 necessarily an even mumber
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It is also a consequence of the lerma that for any Sg of a
nonsingular machine and any two inputs Ia and Ib the states
o(Sgla) =5 and a(SgIb) - SJ are distinct internal states, and that
thers exists a state 5. such that a(shza) =85 ad o(8Ip) = 8
i.e., the flow table has pattern shown in Table 4.5.

Table 4.5
Flow Table Pattern

B e
I‘ cos Ib

58 Si (R} SJ

S| 8 &

This leads to the following definition:

Definition 4.9: Two states Sg and 5 are called a gecondary
corresponding pair (scp) denoted <S8 + §> under inputs I, and Iy
if and only if there exists a pop (S, SJ] under I and I, such
that a(Sgla) - o(Sth) =5 and °(shIa) = °(Sg1b) - SJ.

Baving defined corresponding pairs (cp's) and proved scms of
their elementary properties, we can now state their use in finding a
linear assignment.

Reorem L.4: For every linear sequential machine M, and any two
distinct inputs Ia and Ib' there exists a bp, Pc’ which can be used
to define a variable ,?c in a valid linear assigmment for M, and which
separates all cp's under I, and L.

Proof: See [19].
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This now permits us to generalize the previocusly presented
algorithm [19], which was restricted to minims) assignments. The com-
plete algorithm will not be repeated; howsver, a brief summary follows:

1. Select any two inputs, and find all cp's.

2. Find a distinct bp, denoted P, separating all cp's.

3. Is P contained in an S/I k-tuple? If not return to
step 2; otherwlse continue to step l,

4. If the state bp's contained in the k-tuples do not pro-
vide a valid assigmment for the internal states, then
find an S/I k-tuple independent from those already found.

This procedure suffers fram the fault that a search may be re-
quired. We therefore take a slightly different approach to one-to-one
assignments, and restrict the machines under consideration to strongly
connected machines. A machine is gtrongly connected if, and only if,
for every S1 and 32 in S there exists an input sequence x in I
vhich maps S onto 82,

6(31, x) = Sy

vhere the next-state function is extended, by induction [64], to input
sequences x in I*, the set of all sequences camposed of elements in
I. Since for a permutation machine the parts that are not strongly con-
nected are disjoint, it is sufficient, when considering any permutation
machine, to show that eack strongly connected submachine is linear.

A machine is uniformly connected if, and only if there exists

a positive integer p such that for every Sl and S, in S there

2




-T2 =

exists an inpu£ sequence of length p which maps Sl onto Sz'

Llemma 4.5: If M is a linear machine and for some a in I

6(51,3)-6(52,t) then G(Sl,x)-b(sz,x) for all x in I.
Furthermore, if for same Sl in §

6(51,0)-6(81,1) then s(si,o)-o(si,l) for all 5, in S.

Thus a linear machins is either a permutation machine or it
has identical next-state rows in its flow table.

Lema 4.6: A uniformly connected, linear permutation machine M

has 2n states.

Proof: Consider s linear assigmment containing Y = (00 ... 0),
and let the matrix period for the characteristic matrix be k. Since
M is uniformly connected, every state can be reached from every other
state in kr steps. Hence if !o is mapped onto Y; by an input
sequence X of length kr, we have

kr
!; - IOA ® Kx’
where Kx is a constant determined by X. Since Akr =1, we have
RN
K the set of sll possible Kx mist equal Y the set of all m-tuples
for M, because every state can be reached from Io in kr steps. Further-
more, for any Il and Izn in T we have

vhere 12310 @ Kio
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Hence Y is closed under ©, and is a subgroup of the set of all
binary m-tuples. Hence, since the order of Y must divide v » M must
contain 2" states for soms n < m.

Fron the sbove proof, it is clear that for a linear permuta-
tion machine that is uniformly connected there exists a linear assign-

ment of order n.

Lepg 4.7: A linear permutation machine whose A matrix is de-
rogatory is not strongly connected.

Proof: Every machine with a derogatory A matrix is realizable i
as a mmber of k > 1 parallel shift registers. Therefore, if we can
prove that the lemma holds for two fsr's, it can be extended to k

parallel fsrfs. Suppose that the machine is realizable as two pérallel
fsrts. Since A is derogatory [24] the characteristic polynamial of |
one of the far's, Hl, must divide the characteristic polynamiel of the
other fsr, M, 3

Since the characteristic polynamial of M, is factorable,

2
M2 can be reslized by two fsr's in cascade, the first of which is iso-
morphic to Hl. Now since Ml and the initial portion of H2 are iso-
morphic and both dependent on the input, the over-all machine is not ‘
strongly connected, since if we start in a state where the internal ‘
variasbles of the isamorphic machines are equal we can never get to a

state where the varisbles are unequel. , i

We now show the distinction between strongly connected and
uniformly connected machines.




- -

Lema L.8: Every strongly comected, linear permutation machine M
that is not uniformly comnected, contains an autonomous submachine.

Proof: Starting with any state Si of 3 and applying the set of
all sequences of length k (sufficiently large) we must reach scme subset
bk of S. bk is a nontrivial subset of S because M is not uniformly
comnected. Now consider the sequences of length k + 1, and sgain we
reach some nontrivial subset, bk+1’ of S. If we continue, at some
length k + r we must reach bk again. Therefore, since the bj" for
k < J <ktr contain all states of S, and the transition between the b's
is independent of the input, M mist contain an sutonamous submachine
(1.e., clock [41,83]).

We now use the results of this lemma in an attempt to simplify

the means of determining linear assigmments for permmtation machines.

Theorem 4.5: Every strongly connected, linear permutation machine
M with a single binary input is reslizable as an autonmmous machine,
which may be trivial, and a nontrivial single binary fsr, which is linear.

Proof: To prove the theorem, it is necessary to prove that every
linear permutation machine that is uniformly connected, and whose
characteristic matrix A is nonderogatory is realizable as a single binary
fsr. Starting fram any state Si of S and applying the set of all
input sequences of length k, denoted Ik, we must reach the set of all
states, i.e., o(Si,Ik) =S5, Clearly n <k, since if n>k same

states must have more than two successors. Now suppose n <k, which
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means that by applying the set of all sequences of length n, fram S
we mst reach <2° states. Hence there mist exist at least two sequences
X, # X! of length n which have the same next state. Hemce
5= 5470 (1B O™ @ (B0 CW2 0 ... 0 (x,,BOCA@xBOCS
5470 (BEN @ (x,080 A" 20 ... 0 (x BOCHOX BOC,
And
(1, ® xR © (x, 0 B2 0 ... © (x, ;) © 51 )B4 © (x, @ x,1)B = 0.
This is a contradiction, because if A is nonderogatory there cannot
exist a polynomial in A, of degree < n, which is equal to zero. Hence
n=k, Since there are 2° states and n binary variebles there exists
s state S_ = (00,..0). Furthermore, there exists a sequence X, of
length n such that S, = 6(5,X ). Hemce
5,= 5% @ (Bo O @ (xBe c™e... 0 (x BOCHOXBEC
And
(rpe oW o (xBec™2e ... © (x, jBOChExBEC = O
Since A is nonderogatory

11368-0 for i=1,2 eeey Do
Therefore

S°=S°A®x B®C,
for sane x.

We now assign to each state S, = (ylyz...yn) that n-tuple

(%)Sl'l...x'l) such that
8; = 6(5,,%) and

= lxlxzc . -%.

i

i
i
!
|
i
|
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It is easily seen that this assigmuent is linear and is a single binary
fsr aseigmment for M.

This means that to find a linear assigmment for a permutation
machine we need only find the autonomous submachine and the remainder
mist be a single binary shift register, which is coversd in Chapter 5.

To illustrate this approach, consider M4.6 given in Table 4.5

Table 4.6
Machine M4.5

|

b o = N o a w >
> n5 o O WM o =®]o
w O @ = > o -

It can be shown that the autonamous submachine of Mi.5 is given by

P = {A,B,C,F; D,E,G,H}. Furthermore, the single binary fsr is given by

P, = {A,C,E,C; B,D,F,H,

Py = [C,E,F,E; A,B,0,C}.
4.3.2 Many-to-One Asimpente

In this section we investigate homomorphisms of the state be-
havior of linear machines in order to characterize those nonlinear machines

whose state behavior can be realized by larger linear machines. Stated




differently, we are investigating those non-linear machines whose state
behavior can be linearized by many-to-cne assigmuents (i.e., with state-
splitting).

It will be shown that for every machine M there exists a unique
machine M, (to be defined) such that M is linearly realizable if, and
only if M is a linearly realizable permmtation machine. TMis means
that if M is not a permutation machine, then M is not realizable as a
linear machine.

We begin by considering permutation machines, and will show

that a linearly realizable permutation machine mist contain an autoncmous
submachine, and there must exist a one-to-one correspondence between any
two next-state colums. We first show that uniformly connected linear
permitation machines can only have linear image machines.

Theorem 4.6: If M is & uniformly comnected, linear permutation
machine, then all its homomorphic images HP are linear.

Proof: Consider a linear assigmment for M which contains
(0,0y4..,0) = Y, and let the matrix period for this realization be k.
Since M is uniformly comnected, every state can be reached from every
other state in km steps. Thus if Y is mapped onto Y' by an input
string x of length lm, 1(x) = lkm, we have

" =1 A\kll @ Kx’
vhere Kx is a constant determined by x. Since

Pl

we have
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! = .
Y Y@Kx

Consider the block b of P which contains T, and let
¢ = {K | 8(bx)=band1(z) =km, n=1,2,...)

Then for all !J in b and ch in C there exists a I:I. in b such
that
IJ ® Ky = L.
Since all the states in b can be reached from !o in lm steps, we
conclude that

b = (.

Purthermore, if &‘ and IS areinCand Y inb then

Y'=I®Kx®xyiainb
and therefore there is a Kz in C such that

K @ K = K.
This implies that C is a linear subspace of the set of all n-tuples of
M.
Consider any other block bl of P. This block can be
reached fram b in lm steps and therefore there exists a K! such
that for any Y, in b and any !1.1. in bl

J
YJ®KX-I11'
But then
Yn@KanIJQKx@Ku-!j.G)waIu

and we conclude that C is the set of vectors that leave the blocks of
P invariant.
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Since C 1is a linear subspace we map by & non-singular linear
transformation C onto the last B varisbles. In this new linear assign-
ment for M the first G - § variables are comstant in each block of P
and different for different blocks of P. Thus the first ¢ -f vari-
ables yield a one-to-one state assigmment for l&’ Furthermore, this is -
a linear assignment for Hp, since P has the substitution property and
therefore the input and the first ¢ - B varisbles uniquely determine
the first & - B varisbles for the next state of M+ Thus by Just re-
moving the last B variables from the linear realization of Nwe get a
linear realization of l(p |

The previous theorem can be sharpened and we show next that
even if a linear permutation machine is not uniforaly connected its uni-
fornly connected image machines are linear.

Theopen 4.7: If M is a linear permatstion machine and its hamo-
morphic image HP is uniformly comnected then HP in linear.

Proof: If M does not contain a clock it is uniformly connected, and
by Theorea 4.6 the image machine I is linear.
If M is not uniformly comnected then there exists an r such

that the sets of states which can be reached from Si in rl, rt2,

esey 4D steps

bey1? Brygr *+0s by

are the blocks of an S.P. partition Pc. Purthermore, the image machine

K

¢

is the largest autonomous image of M.




Consider now a linear assignment for M which contains the code
T, mdlet T, be containedin b of P '
Let the matrix period be k and let

C = {E [6(bx) =band 1x) =k, m=1,2, ...}

Since every state of b can be reached fyom !o in Im steps we con-

clude that |
C=1b

and that b is a linear subspace which leaves the blocks of Pc in-

variant, i.e., for !i € bi and TED

(Yi ®Y) € bi'

We will now show that if Hp is a unifornly connected image
machine of M then HP is linear.
Ist d be the block of P which contains !o and let

6t = {E [8(Tyx) €d md LUx)=im, m=1,2, ...}

Then C' is & linear subspace, for every d1 of P, and !Jeai
KIGC' we have

1y @ &) €4
C'cd and C'cd (of Pc).

By a non-singular linear transformation we now obtain a new
linear assignment in which C=b 4is mapped onto the first B variables
and C' is mapped onto the last 1T variables of these first §
varisbles. We will show that the first B - 17 variables of this new




assignment form a linear assigmment for “P To do this we have to show
that the first B -7 varlables are constant in the blocks of P and
have different values for different blocks of P. By construction C!

is the largest subspace of b which leaves the blocks of P invariant.
Therefors the first B -7 varisbles (are not affected by C' and) stay
constant in the blocks of P. To see that the first B -7 variables
are different in different blocks ve recall that M, s unifornly comnect-
ed and therefore every block of P can be reached from 31 inr, ml, ...
steps. This implies that if Y isind of P, then d contains all the
states of M whose codes differ from Y only in the clock variables.

The same is true for the last 7 varisbles of the first P varisbles.
Thus the states in different blocks of P mmst differ in the first B - 1)
variables, and we have a one-to-one assigment. Since P has S.P. and
since first P ~ 17 variables come from a linear assignment we conclude
that ¥, is a linear machine.

The next example shows that a linear permutation machine which
is not uniformly cormected can have non-linear image machines. Machine
M,.6, given in Table 4.7, is easily shown to be a linear machine. On
the other hand, the S.P. partition

P = (0,1; 2,3; L,5; 6,7 )
= (B¢ D) |
defines the image machine Mi.6p shown in Table 4.8.




Table 4.7
Machine M,.6
M

0o 1
0 L 6
1 6
2 5 17
3 7 5
b 2 0
5 0 2
6 3 1
7 1 3

Table 4.8
Machine M4.6p
m

0o 1
A c D
B D C
H A A
D B B

Since 6(C,0) = 6(C,1) and &(B,0) # 8(B,1) machine Mk.bp is not linear
because of Leama 4.5.

We therefore need a method for determining whether a nonlinear
permtation machine is the image machine of a linear machine.

Corollary L.l: A nonlinear permutation machine M is the homomorphic
image of a linear machine if, and omly if:
(a) there exists a non-trivial S.P. partition P such that
¥, 1s autonamous.
(b) there exists a symmetric one-to-one correspondence between next
states in any two input colums of M.




(c) there exists a linear machine Hl/P’ such that M is an
inmage machine of the serial conmection [41] of M, and
M fpe

Parts (a) and (b) pdqit the elimination of a mumber of per-
mutation machines as not being linearly realizsble. The problem now
occurs, howsver, if a nonlinear machine satisfies parts (a) and (b) to
determine if part (c) is satisfied. This problem, unfortunately, has
not yet been campletely solved.

We have considered permutation machines, and given the proper-
ties necessary to realize o permutation machine as a linear permutation
machine, we now relate these results to the class of all sequential
machines.

Lewma 4.9: Every linear machine may be decamposed into a parallel
connection [41] of a linear permutation machine and a linear definite
machine (i), )

Eroof: See Crowell [8].

The next example shows that a linear definite machine which
is strongly connected can have non-linear ma.ge machines. Machine Mj.7,
given in Table 4.9 is a two stage binary shift regleter and thus a
linear definite machine. On the other hand, the S.P. partition

P=(01;23)=(K5BC],

defines the image machine M4.7p shown in Table 4.10.




Table 4.9

Machine M,.7
————r—————

WD O
HFHFOO JO
Ww Lot

Table 4.10

Machine Mj.7p
RN TN

OQwWw | nd

w
= | O

Since
6(A,0) = &(B,0) and &(A,1) # &(5,1)

machine Ms.Tp is not linear by Lemma 4.5.

Our next result shows that such machines will always have non-
linear image machines. We first show that any machine, like Mi.7p, which
has n states and n-l different next state rows is not linear.

lemma 4.]0: A strongly connected n state machine, for n 2 3, with
exactly n-l distinct next state rows is not linear.

Proof: Since two distinot states of M are mapped onto the same
state the matrix for the linear assignment must be singular. Terefore,
we can transform this assigmsent by a non-singular linear transformstion




onto another assigmment in which the last variable ¥, does not depend
on the previous state. But them all the states in 4(S,0) have the
sane last variable, say Yo = 0. Since M is strngly connected and one
state is missing rrm 8(s,0) this state must appear in 4(S,1) and
furthernore it must have y, =1. But them all states in §(S,1) mst
have Vo= 1, which leads to a contradiction, since anly cne state can
have y, =1. Thus M is not linear.

Copollary 4.2: Let M be a strongly connected machine with more than
two states and at least two identical next-state rows (i.e., M is not a
permutation machine). Then M has a non-linear hamomorphic image machine. |

Proof: Our proof shows that any machine satisfying the hypothesis
of the theoren can be mapped hamomorphically omto a machine with more
then two states and with exactly two identical next state rows, which by

the proceeding lemua is non-linear.

If M has exactly two identical next state rows (and more than
two states), then it is not linear. If M has more than two identical
next state rows, then let P be a partition which identifies all but two
of the identical next state rows. The partition P defines a homomorphism
of M onto HP Clearly M, mst have at least three states and if it has
exactly three states, then it has exactly two identical next state rows
(otherwise it is not strongly comnected and therefore M is not strongly
comnected) and is not linear. If Mo has more than two identical next

state rows, then it has more than three states and we repest the process




of taking its homomorphic images as above and by induction in a finite
musber of steps, we obtain a non-linear image machine.

In the preceding proof we cbtained the non-linear image
mmo by partially collapsing the feedback-free part. If the homomor-
phism identifies all the states with identical next-state rows of a
linear machine then the image is again linear. To make this precise we
introduce scme notation.

Lt M(0) = v, be the partition n S of M which is obtained by
identifying all states with 1dont31caJ. next state rows, that is

31"3,1(‘1) if, and omly if, for a1l x in I
6(Si,x) = 6(SJ ,x). This partition has the substitution property and

dofines an image machine HT:I. It H’l has identical next-state rows
we can repeat this process and arrive, in a finite mmber of steps, at
the largest homomorphic image machine Gll,r, which has no identical next-
state rows. The S.P, partition r in the notation of (k1] is given by

r= ¥(0) for k such that M5(0) = ¥(0).

Note that any machine M can be realized by a serial comnection of M
to a feedback-free tail machine [41].

.
Leoma 4.11: If M is @ linear machine then M is also linear.

Proof: If M has identical next-state rows then the matrix is singular
and by a linear transformation we can obtain & new linear assigneent in
which the variables of the new state do not depend on the last B ,

B 21, varisbles of the old state. Thus we can remove the § variables




and obtain a linear image machine. By repeating this process a finite
mmber of times e arrive at the linear image nmachine L

Combining the results with Theorem 4.7 we obtain the next

theoren.

Thcores .8: If Mis a Linear machine and its inage M, is uni-
foruly connected and has no idemtical next-state rows then ¥, is linear.

We now consider the problem of recognizing when a nonlinear |
|
machine is a homamorphic image of a linear machine. 1

Tieopsn 4.9: Every hamorghic inags nachine M of a linear machine
Mt is such that H_r is a linearly realizable permtation machine.

Proof: Since M is an image machine of M', thers exists an S.P.

partition P such that M= H'P. Furthermoro, let 7' be that 8.P.
partition on M! such that H'T, is the largest image machine having no
identical next-state rows. If Ps«' or P2 1' then the theorem
obviously holds. Suppose P £ 1!, P £ 1!, and that the first o
variables of the linear assignment for M! define the linear permutation
and the last n - o variebles define a feedback free
machine. Since the first o variables are independent of the last

n -6 varisbles, any S.P. partition on the states of M! must map the
first o variables onto a linearly realizable permutation machine (the
argument is similar to the proofs of Theoreas k.6 and 4.7). In addition,
since M is not a permutation machine, M must have identical next-state .
rows (1.e., the feedback free porticn is not completely collapsed).




Hence, by identifying all identical next-state rows of M to produce HT
we conclude that H-r is a linearly realizable permitation machine.

We can now cambine these results with the ocbservation that any
feodback-free machine is realizable as a linsar machine, producing the

Corollary &e3: A nonlinear machine N is the homomorphic image of
a linear machine if and only if HT is a linearly roaii.zablo permutat-
ion machine.

This result shows that the non-linear machines which can be
realized by larger linear machines are exactly those machines which are
obtained by a serial comection of a linearly realizable permtation
machine to a fesd-back-free machine. If all the non-linearity of the
machine is not in its feedback-free tail part, then l(1 mst contain
a nm-trivial clock or else no linear machine can be used to realize it.

We can make another observation;

Corollary Lihi: If Mis not a permutation machine and has no identi-

cal next-state rows then M is not a homemorphic image of a linear machine.

This result permits us to construct large classes of machines
which are not homamorphic images of linear machines. For example, any
machine which has no identical next state rows, but which has some input
which maps two states onto identical next states, is not an image of a
linear machine.

An interesting by-product of the above results for linear
machines is a result for logic-free machines. Brzozowski (5], has shown




that the state behavior of every definite machine is realizable without
logic. Braozovekl and Buvtrey (Talccnsider logic-fres reslizations in
general and present a method for finding logic-free assignments. Since a
logic-free machine is trivially linear, and it can be shown that a per-
mutation machine ie realizable without logic if and only if it is auto-

nomous we have:

Corollary 4.5: A machine M is realizable uithoﬁt. logic if, and
only if H¢ is autonomous.

heb Conclugion

In sumary we have:

For autonomous machines with the ocutput specified, we have the
Cokn and Even (1l]algorithm and the algorithm presented in Section 4.2,
each of which covers all cases. For autonomous machines where we are only
{nterested in the next-state behavior, we have the methods of Elspas [24],
Gi1l and Tan [32] and G111 [30,31]. These, however, are restricted to
machines having 2" states and realizations using n memory elements. It
is easily shown that the next-state behavior of every autonmmous se-
quential machine is realizeble as a linear machine. In addition, it can
also be shown that there exist sutoncmous machines with 2" states that
are not vealizable as linear mechines with n memory elements. A method
has been presented, Brzozoveki and Davis (7], for detersining minimm
linear assignments for autonomous machines. This method, however, suffers
from the unfortunate fact that a search—- whick could prove to be ex-
tensive—is required.
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We conclude therefore that the problem of determining the minimum linear
realization for the next-state behavior of a given nntomompus machine has
not been solved by any of the previously memtioned work.

For nonautonomous machines with the cutput specified, again the
Cohn and Even (11] algorithm and the algorithm in Section 4.2 cover all
cases. ‘ith respect to the next-state behavior, the work of Srinivasan
(76,77], Bartmanis 040) and Yau and Wang (84] covers only a restricted
class of machines, for one-to-one assignments. Section 4.3 covers all
cases, but does not produce an easy method for nonlinear machines having
~ an autonomous image machine and a symmetric one-to-cne correspondence

between any two input columns. \
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‘Chapter 5

SHIFT REGISTER REALIZATIONS

In this chapter we consider the problem of determining shift

register realizations for & given sequential machine. It is clear (3,53]
that every seguential machine having q internal states is trivially
realizable as n = [1ogzq] shift registers of length 1. It will be
proven in Section 5.3 that there exists a machine that is not realizable
as & single binary shift register. Therefore, for & given machine, the
problem is to determine how few shift registers are necessary to realize

the machine.
We now summarize the existing methods, which are presented in

Section 5.2, for solving this problem. Given an arbitrary sequential

machine M:
1. A test exists [53,55] that will determine whether or not
M is realizable (one-to-one assigrment) as a multi-level

ghift register of length k> 1.
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2. It is possible to determine (80] whether or not M is
realizable (one~to-one assignment) as a mumber of variable
length shift registers (also multi~level).

3. An algorithm [37] is available which will find a single
binary shift register realization for any single column
of M.

L. Several algorithms [66,79] exist that will determine whether
ornot M is realizable (one-to-one assigmuent) as a single
binary shift register.

5. An algorithm exists [65,66] for finding minimsl one<to-one

assigments for multiple binary shift registers of varying
lengths.

In Sections 5.3, 5.4 and 5.5 the following results are presented.
Given an arbitrary sequential machine M:

1, A simple straightforward way of determining the existence
of a one~to-one single, binary, shift register assigsmment
for ¥ (without transient states).

2. A method (nonalgorithmic) for finding a single binary shift
register realization for M.

3. If every state of M has two distinct next states, a
method is presented for determining if M is not realizable
as a single binary shift register.

L. An approach is presented for finding multiple shift register

assignments (one-to-one) for M.
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5. A logical design procedure is presented, using a general-
ized model, for determining shift register realizations.

5.1 Shift Regigter Properties
A gingle feedback shift register (fsr) of order n, having a

single input x, will be considered to be in the form shown in Figure 5.1,
The shift register is binary, since we have restricted ourselves to binary
realizations. thile other forms of fsr's have been considered, [58,80],
we will restrict this discussion to the form shown.

The next state equations of a single fsr are given by:

yi_*‘l = yi’ for 1 = 1, 2, toey n‘l’

Yi = f(y1: }’2, veey yn’ x):

where f is termed the feedback function. If f is a function of only the
input (i.e., & trivial function of the internal state variables yl,yz,...,yn),
the shift register is not a feedback shift register in the strict sense.
However, since the following treatment holds for either cese, we will not
distinguish between the two and consider both as fsr's.

Any output of an fsr is given by:

2 = gy Ty eees ¥ X,
vhere g 1s termed the output function. It is clear that, if we cen
realize ths internal state behavior of a sequential machine as an fsr such
that each internal state is identified uniquely, then the realizatiom of

the output becames a combinatorial problem, since the output is simply a
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FIG. 5.1 - A SINGLE FEEDBACK SHIFT REGISTER




Boolean function of the internal state variables and the input variable.
We therefore cmit the ocutput fram the flow tables under consideration, and
restrict ourselves to the internal state behavior of the machine.
The following properties have not only been proved [56] previously
for single fsr's, but the proofs follow fram the next state equations,
and hence are amitted for the sake of brevity.
1. Fach intor'nal state J can have only two possible
successors called W-(p«:p's) and
denoted [A:Bj where A # B,
2. If [A:B]and [C:D) are two pcp's and A = C, then B = D,
3. Each internal state J can have only two possible pre- ‘
decessors called gecondery corpesponding pairs (scp's) end
denoted <A:BE>» where A ¥ B.
L. If <A:E>and <:I> are two scp's and A = C, then B=D,
5. Each variable ¥y 1 <1 < n, must identify all scp's.

6. Each variable Yy 1< 3 <n, mst identify all pep's.

It is clear fram the last two properties that every variable yl't

inan fsr, k=2, 3, ..., nl, mst identify all corresponding pairs (cp's).

Theorem 5.1: For every fsr where y{ =¥y for i=2,3, ..., n,
and yj = f(yl, Yor +e0s Vs x), the bp's PJ, determined by the variable
Yy for j=1, 2, ..., n, must have the following properties:

1) P, must separate all pep's and identify all scp's.
2) Poy Pyy eesy Py must identify all cp's.

%

3) Pn must identify all pcp's and separate all scp's. /
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;) The blocks bJ and 33 are ordered so that ﬂbj =b

for 3j=2, 3 ..., n where T is the union of the

3=

predecessors of the states of b,

Proof: The theorem follows directly from the definition and properties

of an fsr.

Definition 5.1: The n-tuple of bp's Pl, P2, vooy Pn, such that
h, = b, for i=2,3, ..., n, representing a valid assignment for an
fsr is called a bp n-tuple.

Ve will consider only machines with a binary input (i.e., two
column machines) since the generalization to the multiple input case is
straightforward. To illustrate, suppose we have a multiple input machine,
If any state of the machine has more than two distinct successors then we
cen immediately say that the machine is not realizable as & single binary
shift register (Property 1). If, however, no state of the multiple input
machine has more than two distinct successors then we can find @ binary
input machine which is related to the given machine such that if the binary
input machine is realizable as an fsr then both machines are realizable.
Furthermore both machines will have the same state assigmnment, but differ-
ent feedback functions. The related machine is merely that machine ob-
tained by listing the two or less distinct successors of each state, Note
that this property was used by Sheng (73] where he interchanged next-states

until the machine became definite, i.e., made the feedback function trivial.




5.1.1 Properties of Multiple fsr's

In a multiple fsr the number of shift registers is termed the
nultiplicity of the fer. In the multiple fsr shown in Fig. 5.2 the multi-
plicity is p, where the orders of the shift registers sre Nys Mgy eoes np
respectively. It is clear that we can extend the properties previously

given for aingle fsr's to multiple fsr's. We have:

1, Each internal state J of a multiple fer with muitiplicity
p, can have 2 possible successors, called the primary corres-
ponding set (pes).

2, Each internsl state J of a multiple fsr can have 2P
possible predecessors, called the secondary corresponding
set (scs).

In the multiple far case, since we consider & pes to be the set
of states having a cammon predecessor and an scs to be the set of states
having a common successor, then properties 5 and 6 must aleo hold. The
proof follows directly from the proof for a single fsr and the definition
of a mltiple fsr, and will not be repeeted. Furthermore, Theoram 5.1 also
holds for the multiple fsr, but for a clearer understending we restate the

theorem for this case:
Theorem 5.2: For every multiple far where

Ty = Vi) o

7{1 = fi(yll’ y12’ veey ypnp’ x)s

fori=), 2, ..., p and J = 2, 3, ..., ng the bp's Pkr
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determined by the variables Ve for kw1, 2, ..., p and r= 1,.’2,...,nk
must have the following properties:

1) (Pupzl"‘Ppl) must separate all pes's.
2) Pu, P12’ ooy Pl (nl-l)’ le, 200y Pp (n -1) mat identify
P
8ll scs's, for ny >1.
3) Pyos Pyas ooy Py oy Popy ouuy P must identify sll pes's.
3 In)’ "22 Py

L) (Plana‘Z...Pmp) must separate all scs's.
5) The blocks b, and Skr are ordered, so that nbkru bk(r-l)

fO!‘ k = l, 2, ee0ey p and P- 2, 3’ eeey niO

Proof: Again the proof of the theorem follows directly fram the definit-

ions and properties.

The definition of & bp k=tuple also applies to multiple fsr's with

the proviso that there exist p k-tuples of orders Ny Rgy seey M respect-

P
ively, and the h = Ryt et np bp's represent a valid assignment

for the entire machine,

5.2 Summary of Previous Results

C.L. Iiu [53,55,79] was one of the first to publish any results on
the problem of realizing sequentisl machines as shift registers. He
initially (53,55] considers one-to-one aqsigmnents sn? p-nary shift registers.
Pl is defined to be the trivisl O partition, where no states are identi-

fied, P

" for k>1 4is defined as follows: Define a relstion T,, for




k=2,3,... over the Pk-l classes: for any Pll‘_1 and Pljt-l among the

i 3 i
Py clesses, B, T Py if both Pk-l and Pljc-l can be reached
from states that are in one P, , class after one transition. Let R, be

the relation that is the transitive extension of Tk' Let Pk be the parti-

tion over the P, , classes induced by R . In (53] he proves:

(a) A sequential machine is realizable as a shift register of
length 2 if, and only if, any two states in the same P2
class enter different P2 classes after one step of tran-

sition corresponding to all input symbols.

(b) A sequentisl machine is realizable as a shift register of
length 3 if

1) it is realizable as a shift register of lensth 2, and
ii) in the listing of P3 classes, any two P, classes
in the same P3 class enter different P3 classes

after one step of transition.

In [55] Liu extends, without proof, the above to reslizations for
shift registers of length k: A sequential machine is realizable as an fsr

of length k if, and only if,

(a) the machine is reelizable as a shift register of length
k-1, and

(b) any two Pk-l classes in one Pk class go to different

P

k classes after one step of transition.

To illustrate, consider the sequential machine M5.1 given in

- mvisdotman e o s o B L S e, it e g g S g e it o e R

Teble 5.1,
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Teble 5.1
Machine ¥5.1

H o O W
o0 O o o = 1o
O QA w O > |

It is seen that P, = A,E; B; C; D)}, and since A and E both enter
different P2 classes after one step of transition, we can state that

M5.1 1s realizable as & shift register of length 2. Again, P, = {1,D,E; BiC }
and the P2 classes AE end D go to different P3 classes after one step
of transition, and M5.1 is realizable as a shift register of length 3. Least-
ly, P = (X,C,D,E: B} and the Py classes AIE and C go to different

B

register of length 4.
Once the Pl'Pz""’Pk partitions are found to satisfy the neces-

classes after one step of transition end M5.1 is realizable as a shift

sary and sufficient conditions, an assigmnment procedure is presented, but
will not be repeated. Liu then proceeds [55] to extend this method to
many-to-one assigmments by creating equivalent states, i.e., whenever the
requirements fail, an equivalent machine is created, by adding states, that
satisfies the requirement. Since liu's procedure is rather long and non-

algorithmic, we will not attempt to summarize it here.
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In [79] Liu attempts to overcome the difficulties encountered,
by giving an assignment procedure for varying length registers. GCiven the
series of partitions Pl, P2, esey P, not all satisfying the necessary
on sufficient conditions, the 'genera;ized aseigmment proceﬁure' will be:

(2) Assign s distinct integer to each B,  class.

(b) Following the assigrment procedure, a:aign to each state
an ordered kr-tuple.

(¢) Suppose that P, 1is the highest level partition that does
not satisfy the necessary and sufficient condition. Then
there must be states that are in different Pk + 1

(r-1)
class @ distinct integer.

(d) Again, following the sssigmuent procedure given above,

assign to each state an ordered kr_l-tuple.

(¢) Repeat (c) and (d) for the next highest level partition
that does not satisfy the necessary and sufficient condit-
ions until every state can be identified by the ordered

kr-tuple, ordered kr_l-tuple, etc. assigned to it.

To 11lustrate, consider machine M5.2 given in Table 5.2. We have

P, = (KECDE FEET; KL )
It can be shown that P3 does not satisfy the requirements, and following
steps (a) and (b) of the procedure, we produce the following sssignuent for

the states of ¥5.2
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12
123

121
123 ;
22 |

231
233
;m
312
3l
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Table 5.2
Machine M5.2 j

g
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Continuing with step (c), we see that P, classes (AB) and (DE) do not

satisfy the necessary and sufficient conditions; we therefore assign the




integers 1 and 2 respectively, producing the assignment:

b
12

2
A
2
11

12
i
2
12
12
pa

R S H I QOO OWw

This concludes the process and produces a realization having one ternary
ghift register of length 3, and one binary register of length 2.

Iiu [79] then considers the problem of finding binary assigrments
for sequential machines satisfying the requirements for realization as a
shift register of length k. The procedure presented, however, is cumber-
some and not particularly effective.

Haring, [37,79], begins by considering sutonamous (i.e., single
colunn) mechines. Here he proves that an arbitrary sutonomous machine is
realizable as a single binary fsr. lhile the procedure does not necessarily
determine a minimal machine, an attempt is made to keep the machine as
small as possible. The main problem in an fsr realization for an sutono-
mous machine is to determine Pl (i.e., the first binary partition in the

n-tuple Py, Py, ooy Pn). He first considers permutation machines*, which

* Brzozowski [ 5] has also shown that every autonamous permutstion mechine
can be realized as a single binary far.




are characterized by a set of disjoint cycles. Starting with any state

Si of a single cycle, we partition the states in the cycle by putting 8
in by, S0 and S, dn by, S, 8, Si450 1 by, etc. (where

o S'j - SJ+1)' If the machine has two or more cycles, and none of the cycle
lengths are equal, then we consider each cycle seperately with the preceed-
ing procedure, making an attempt to distribute the number of states as evenly
as possible between the two blocks. Haring has proved [37,79] that this pro-
cedure will produce an {sr realization for any sutonamous permutation

machine that does not have two cycle lengths that are equal. For cycles

of equal length, there is ancther consideration since in an fsr of length

n, 12(1)* is the maximm mumber of equal length cycles that can occur.
Incidentally, the maximum occurs when n =) - 1, We can overcame this re-
striction by adding equivalent states to increase a cycle of length > to

a cycle of length k., where k=2, 3, ... .

As an exampls, consider machine M5.3 in Table 5.3, In 5.3 we
have cycles of length 4,3,3,3 and 6. Since 12(3) = 2, we vill have to
expand one of the cycles of length 3. Let the expanded cycle be

E,F,G,E',F!,G',E,... as shown in Table 5.4. Starting off with the binary
partition Py glven by by = (a,D,E,E!,G',H,K,M,0.P) we find that it is
necessary to have a shift register at length 7 to realize M5.3. The
assigment found is given in Table 5.5. We now turn to autonomous machines
containing transient states, i.e., nonpermutation machines. For non-
permutation machines, the procedure is chenged somewhat in that instead

of finding P, first, we start by finding P.n, i.e., the last partition

1
of the shift register.

¥ Where L.(.) 15 the mumber of irreducible (Modulo 2) polynemials of
degree £ 1,m)
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Table 5.4
Machine M5,3°

S_ABCDEFGNUFMHIJKLMNOPQRS

Table 5.3
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Table 5.5
Shift Register Assigmment for 15.3¢

I

NHOVORTHACHUQAIEQOTIHO O W™
HHHFOOFOHOHHOOOOHMMOORNKHO
HHOOHHHOOHOKHOOHMHOOHKFOO
HOOFHHHOOHOHHOHNRMFOOOHOO
COHHKHIMHOFROHHOHHOOOO O O I s
OHHFIRPHOHOOHRONFHOOOOHOKKHO
HPHHOOOOHOHMHOOOOKHHKHHOO
HHEHFOOFOHONMHOOOORKHOHOO

The procedure first assigns the non-transient states (ie., the
conteined permutation machine) to P» using the procedure given prev-
icusly for permutation machines. If no state has more than two predeces-
sorg, then all that is nec;eury is that Pn separate all states having
camon successors,

For example, consider ¥5.4 given in Table 5.6, If P5 given
by bs = (A,D,F,H,J,L) then we have an fsr realization of length 4 given
by Pl,Pz,PB,Ph,PS where bl,bz,bB,bh = (4,C,6,J,K,L), (B,D,E,F,H,I,K,L),
(,C,G,H,1,d), (B,F,G,d,K,L). For nonpermutation machines containing a

state having more than two predecessors, then it is agein necessary to split




states, i.e., find an equivelent machine guch that no state has more than
two predecessors.
Table 5.6
Machine 5.4

|

:n;u-uomvzx::—oow>uq|<2

lt"?ﬁ"—‘l—imﬁﬂjmoowblm

To i1lustrate, we have machine M5.5 given in Table 5.7.

Table 5.7
Machine K5.5

l"—cHNO"‘!HUOCﬂ?Dlm

States C and I both have more than two predecessors, hence we must

split both, One possibility is M5.5' given in Table 5.8.



Table 5.8
Machine }5.5¢

S
S St
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It is easily seen that ¥5.5 1s an image machine of ¥5.5'. Furthermore,
since no state of M5.5' has more than two predecessors, it is possible to
obtain a shift register assigmment with the preceeding method. This come
pletes the procedure for finding a single binary fsr realization for any
sutonamous sequential machine.

Haring then attempts to generalize this procedure to non-suto-
nomous (i.e., multi-column) machines. He has the following procedure for

determining all one-to-one fsr assigrments for binary input machines:

1. Derive the 4 column machine M+ with columns xl'lxz,

- -1 -1
X, Y B, and 0XH tron H, where:
-1
4
state of Sk under Xi is §

means the inverse under Xi, i.e., if the next
3° then the next state
of S, under Xi'l is §. J{l"lx2 is equivalent to

applying Xl'l and then X,

\



2, Calculate all binary S.P. partitions of M+,
3. Select one of the S.P. partitions P from 2, that:

8) P2M+(0) + m*(I) where m*(I) is that
partition on S obtained by identifying al1
states having a common predecessor under any
input, and M+(0) is that pertition on $
obtained by identifying all states having a
cammon successor under any input.

b) P is not an S.P, partition of M.

c) The states of the contained permutation machines
of both inputs must form appropriate Pl-type
partitions.

d) If the largest block of P contains
P2 states, then in order to have
& valid assignment there must be at lesst j-3
other binary S.P. partitions of ¥t satisfying
8,b and c and not used for a different far assign-
ment.

L. Using Pk obtained in 3 above, find Pl’Pz'""Pk-l
such that PP,...B = 0,
To illustrate, consider 5.6 given in Table 5.9,
Applying step 1 of the procedurs, we cbtain the machine ¥5.6"

given in Table 5.10.,
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Table 5.9
Machine ¥5.6

DO O >

BMEHOQWUOUO» |[O
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Figure 5.10

Machine ¥5.6" \

p— e
b b ol gt

A B - - D
B] B AB B B
c] C - F
D| E - AD D
E| E DE E E
F| F F CF F
G| G G G G

We find the following binary S.P, partitions on it

P

), = (KBCD,EF,; O

P2 = {A,B,D,E; C,F,G}
P3 = {A,B,D,E,G; aﬂ
From step 3 we find:

n(0) = (KD B; C,F; E; G
m(1) = {&,B; C; D,E; F; G)

¥(0) + m*(1) = [A,B,D,E; C,F; G)




It is easily verified that neither Pl’ P2 nor P3 are 5.P. partitions
on M5.6. If we consider the contained permutation machines, ve see that
the cycls BCD under input O bis identified by P,, hence Pl is re-

jected under 3 ¢)., Fram step 4 we eliminate P3’ and find that P, is

2
acceptable and produces the following assignment:
A 0 0 O
B 1 0 O
c 0 1 o0
Db 0 0 1
E 1 0 1
F 0 1 1
G 1 1 0

Nichols [65,66] considers the problem of finding multiple shift
register realizations for sequential mechines. Although his procedure is
restricted to one-to-one assigmments, it is the only existing algorithm
that determines minimal assigrments for multiple shift registers. Further-
more, it has been programmed on a digital computer. The slgorithm,

sbreviated becsuse the camplete version [65] is too long,is:

1. Find P, B and PP, where P, is that partition
obtained by identifying a1l states having common pre-
decessors, and Pc is that partition obtained by identi-
fying all states having common successors. (Note that
all states having no predecessors or no successors are
eliminated.)

2, Find all possible binary partitions P, such that

P, <P, and n(P) € L,




3. For each P, found in 2, find & partition P!, vhere
Pr < P!, and the blocks of P! are the successors
of the blocks of P, Omit all P such that
a(pt) s L,

L. Dencte the partitions cbtained in 2 and 3 by [F*3).

5, Find (Pml} from (PL} where Pl*l-Pi' . Pi' and the
following conditions are satisfied:

a) P SE €(PY,
b) Every block of PI.' maps under I into, at most,

one block of - PL and every block of P% is mapped

b)
into by, at most, one block of Pi‘.

¢) n(P™) « AL,
d) #(PM) 2 M ang P ¢ (P} for k<1, and

#(P) is the mmber of blocks in the partition P,

6. Repeat 5 until s {FY) is found in which there is no P
such that PE2P. For L2, {F] will be the set of
all acceptable shift register partitions (SRP's) of minimal
length L.

7. The last step of the algorithm is, in effect, an exhasust-
jve examination of those SRP's that can be used together

for & minimal aseigrment.

As an aid to understanding, we now apply the algorithm to 5.6,

given in Table 5.9, assuming that n = 3,




1. P, = {&D; B C,F; E; G
P, = (&5 C; 5 F; G
PP, = O,

2. P = {A,8,0; C,E,F,G}
P, = {K3,0,F; C,F,0)
Py = [A,,D,G; C,EF)
B, = [LCD,F; BEG)
P, = (LD,E; B,C,F,6)
By = (A,D,EG; B,C,F)
B, = (AD,6; B,C,EF)

3. B' ={ L5,; D,EF,0
P,* = { A,B,C,6; D,E,F)
' = { K,5B,C,F; D,E,G)
' = { §,B,0,E; C,F,0)
P! = { K,5,G; C,D,EF)
Bt = KB,F,G: C,0,E)

P,' ={ A,B,F; C,D,E,G}

7
L [P (Ply Py eees Py BTy ooy Bl

5. P2 = BByt = (BB; TG DE: )
P2 = PRyt = (KB OF: DG B
Pg = r.p = (KD BE GF: @
P = PRt = (K 55 OF; 5B
Pg = PPt = {A,G; B,F; C; DB
PZ = p.pt = (L 5T CF 08




1’

P e, =0

1 371

(P} = (2},

0 1is an SRP of length 3, hence }5.6 is reslizable as a single binary far

(P = (¥, P, .., BD)

of length 3.

Sheng (73,74] in a pair of repor‘os‘ also considers fsr's under
the title SLYCD machines. The technique of interchanging next-states
until the machine is definite is novel, but is shown not to hold for every
case. Sheng also presents an algebraic technique for‘i'inding fsr assign-
ments.

Martin and Susskind in Chapter IV of [80] consider the synthesis
of sequential machines using'two slightly different shift register models:
bidirectional feedback shift registers and mult ishift feedback shift re-
glsters. Even though only one-to-cne assignments are considered, the work
involved in constructing the ne;ceasary partitions is prohibitive. Further-
more, the advantages gained by using these models may be disputed, since
most of the reasons for studying shift registers in the first place are not

necessarily applicable to the new models.

5.3 Single Binary fsr Realizations

In this section we consider the problem of reslizing a given

sequential machine as a single binary shift register.

N\



5.3.1 One=to-One Aspiepmentg

We are concerned with the problem of obtaining an fsr assign-
ment for a given sequential machine, or determining thet such an assign~
ment does not exist. Furthermore, the assignment must be one-to=one, i.e.,
stete splitting is not allowed. Since the methods to be explained do not
accamodate initial transient states, (i.e., states not appearing in any
cycle), all tables will be assumed not to contain initial transient states.
However, at the end of the section a method will be given for determining
an assigmment for initial transient states. Since we are restricted to
one-to-one assigrments, we use bp's and look for bp ktuples,

If a sequential machine can be realized as & single binary far,
then it must sstisfy properties 1, 2, 3 and 4, and there must exist a

bp n-tuple, where n 2 [log2q] and q is the number of internal states.

Definition 5.2: If P = {byj by «eoj bJ 1s an internal state parti-
tion and ob is the union of all successors of the states of b, then
oP is that partition obtained from {obl, Obys +eej Ob } by identifying
and ob

any blocks ob that are chain connected [41].

i J

Lemma 5.1: For every nonautonomous single far of order n
0<00<0%0 < ...<dWss
where O is the trivial partition having no states identified.
Proof: 60 is clearly that partition that identifies only the pep's,
Since the fsr is nonsutonamous, 0 < ¢0, Suppose i <n and ciO =
o # S. Now each block of -0 can be uniquely represented by an

n-tuple.
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% P2 oot WTyalyyg o0 Iy
where same of the ¢'s are 'don't cares and represent the variables which
identify the states within the block. Take any pep [A:B] and a state J
such that o(J) = (AB). Now the it successors oi(A) and oi(B) of A |
end B must be identified by 3'*'10; however oi(A) and oi(B) differ in

)Bt

the (1 + 1)°" variable, since A and B differ in the first variable,.

Fence o™(A) and o~(B) must be ssparated by i

0. This is a contradict-
ion, unless i =n,
The relation 0< 00< 0%0<...<c%0 <8 is illustrated by

an example, Consider ¥5.7 given in Table 5.10.

Table 5.10
Machine M5.7

eI QOO EOOW >
Hs oSS oOoEsow o
mMEowssSSHQE@EQOQW |

X = (KB CDEF: G AL TN,

020 = {K,B,C,D; H,1,9; E,F,6; K },

0= (EB,0,0,5F,G I,0,K ]},
o"Or- S.




Definition 5.3: The composition tree of a sequential machine is a
directed graph of 0, o0, 020, ceny a0 whers the nodes are the blocks
and the branches indicate the transitions between the blocks of successive
partitions.
To illustrate, the camposition tree for M5.7 is shown in Fig. 5.3,
Lenmp 5.2: A machine M is realizable (one-to-one assigmnent) as an
fsr of order n if and only if there exists a binary partition P 2 Lo

such that 'nn'lP, Tln-ZP, cesy P 1is a bp n-tuple.

Proof: If ﬂn'lP, “n-zp’ «ees P is 8 bp n-tuple then ¥ is clearly
reslizable as an fsr of order n, If ! is an fer then there exist n
binary partitions satisfying the requirements of Theorem 5.1. Now
00, 620, ..., ™10 must identify all pep's. Furthemmore, o s p
is a binary partition, namely that one determined by y, . Now
ﬂn'lP, ﬂn'ZP, 11"'31’, vse, TP, must identify all scp's, and

Alp o2 ..., P is a bp n-tuple for M.

For exanple, consider ¥5.7 Py = 050 = {,B,C,D,E,F,0; B,1,3,K}

P

P
3
P = 113P1 = (L,C.E,F,8,0,k; B,D,F,1)

= "Pl = {A,B,C,D,H,I,J; E,F,G’K}

- n2P1= (A,B,E,G,H,LK; C,D,G,0)

It is easily shown that Ph’ P3, P2, and P1 are mutually consistent. A
resulting fsr assignment for M5.7 is given in Tsble 5.1l.
The next state equations for this assignment for M5.7 are therefore:

y' = Yo

1 2

Yé = y3»
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ABCDEFG

O
HIJ
G~ /
K S

F16. 5.3 - COMPOSITION TREE OF ¥5.7




Y; = yh’

Table 5.11

Fsr Assignment for 1i5.7

A~
o
S
T

RUHODO@mEOOW >
HHOMFEFEFOHOHO W
HOHHOHKHOOK K
OHHFMHOOOH MM
COOCOH I H P 3

The procedure for all cases may not be éuite as easy as that
illustrated by ¥5.7.

For example, consider machine )5.8 given in Table 5.12.

Table 5.12

Machine }5.8

m
: 0 1
A E A
B c C
C B B
D C c
E D D

115.8 has five distinct states, hence we initially consider a
realization for n=3= [log2 5]. The composition tree for n=3 of

5.8 is shown in Fig. 5.4.
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FIG. 5.4 - COMPOSITION TREE, FOR n = 3, OF M5.8

FIG. 5.5 - COMPOSITION TREE, FOR n = 4, OF M5.8




There are clearly three possibilities for P 2 020, vhich are:
Py Py Py givealy by, by, b, = (ADE), (A BDE), (ACDE) respect~
ively. It is easily seen that P, aP), P, are not mrtually consistent,
furthernore, nelther are 12, 1B, By, or 1Py, 10y, Py, Ve concluls
therefore, that M5.8 is not realiszable with a cne-to-one assigment as an
for of order 3. We can therefore consider a realization of order 4, and
the composition tree of M5.8 for n= 4 is shown in Mg. 5.5. Since
0 1s a bp, we have no cholos for P, and it is easily shown that
P, P, w, P (given by (C,8), (8,0), (C), (B) respectively) is an for
sssigment for M5.8. An algorithm for deterwining ome-to-one assigments
for nonautoncmous sequential machines without initial trensient states is
shown in Mg. 5.6.

We now turn to the problem of assigments for initial trensiemt
states. Consider a transient state st, of a machine M, such that
o(S,) = (3, Sy), vhere S, and 8, are not necessarily distinct. 8,
and sb are cbviously a pop, if they are distinct, and hence will be
identified by Pz, P3, sy Pn of the bp n-tuple for M. Kow if we add
st to those blocks bi of l’1 in the n-tuple for i=1, 2, ..., 0=l
such that 8‘ and Sb are contained in c:l»1 we will have a proper
assigment. Furthermore, to add 3t to Pn we merely ensure that the
sssigment is valid.

To illustrate, consider M5.9 given in Table 5.13. We proceed
exactly as if there vere no transient states, but remesber that o'0 is
not a partition in the required sense, but can be camploted using the
above procedure. As an example, the ccmposition tree for ¥5.9 is shonm
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No Are the pcp's and scp's disjoint?

Yes

Let[n = T0gyq]

Determine CT for n<

)
No 1-1 J
fsr No,, I 0 < 00 < of 0 cooocal 0587
Assignment :
YES

r
Find a bp P :c“'l 0 ¢

)
Does P generate a bp n-tuple?

fsr VoS oo
Assignment N
0

Have all bp's > a0 _____ No |
been checked?

1 Yes

ntl—en

FIG. 5.6 - A ONE-TO-ONE SINGLE fsr ASSIGNMENT ALGORITHM FOR
NONAUTONOMOUS MACHINES




in Fig. 5.7. The incomplete bp 3-tuple cbtained from the composition
tree is therefore: {by; By}, (b5 bl (by B} = (RC08: B05F },
(86D 5 LEF,G), (LED; BF,G). Now  doss not appear n Py, and since
D, a successor of H, appears in b,, H must be contained in by, It ehould
now be noted that C is also a successor of B, and therefore C siould also
boccntdnodinb3. H does not appear in P,, ndainco#(bB)-l., e Ob-
viously must add H to b3. The resulting camplete n-tuple is:

(AC,6E; B,D,E R, (BCD,E LELG, (LG5 5,68,

Table 5.13
Machine M5.9
L

0 1
A B B
B E A
c D D
D A ¥
B G F
P F G
G B B
H| D C.

Weo first characterize far's in teras of set systems. Obviocusly,
if a sequential machine N 1s realizable as an for, then there exiots a
machine M' that is reqlizable as an fer with a cne-to-one assigment, and
furthermore M is an image machine of M'.

Definition 5.4: A bas n-tuple for a Machine M is an ordered n-tuple
ban's Qy, Qy «+ey Q such that oGy = Q, for i=1, 2, «¢cpn-l and
Ql, Qz, eor Qn are mutually consistent.
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FIG. 5.7 - COMPOSITION TREE WITH TRANSIENT STATES FOR M5.9




lamma 5.3: Yor every machine M realizabls as a single binary for of
order i, there exists a bam n-tuple.

Proof: M 4is realissble as a single binary fer, hence there exists
a machine N, such that M' is realizable as an for with an ome-to-
one assigment and M is an image machine of M'. Therefore, there must
exist & bp n-tuple for M'. If we apply the mapping, uhting the states
of M' to M to the bp n-tuple, we obrlm]y got an n-tuple of bam's.
Mm, this is a bmm n-tuple since there exists a valid assigment
for the included states.

As an example, consider M5.10 and M5.11 given in Tables 5.1

and 5.15. |

Table 5.1k
Machine ¥5.10

QUWOoOREKODUW |- "

RO OO >
QA> QW™ > IO

The bp 3-tuple for M5.10 is clearly {A,F,G,H; B,C,D,E},
(x,B,C,G; D,E,F,B, {A,B,D,F; C,E,G,H}. To illustrate bp (and bem)
n-tuples we will use the following notatiom:




(arca)
(BcoE)

(ABCG) ——————— (ABIF) (
(oxr) — (cBm),

The partitions are arranged in a column with the arrows indicating the
transitions between blocks under the operator o. If we apply the mapping
given by the S.P. partition P={4,F,0; B,C; D; E; B (1; 2 35 4; 8),
we produce the following bmm 3-tuple for N5.11

(15) — (12) (123)
(234) (1345) (125) 2
Table 5.15
Machine ¥5.11

o

HW»EWwWND -

WP W N =
N I=\n =

Given an n-tuple of bmm's for a sequential machine X, how do
ve deterxine the machime M!, if it exists, such that M? is realisable,
vithaan-to-mud.w, a8 a single binary fer? There are two
slightly different approaches to the problem: | }

1. For esch state determined the possible n-tuples, or as an
altermative, list states with n-tuples.

2. Starting with amtohlm&odmllmupood-
bilities, detersine whether its successors are consistent,




i.e., have an adnissible assigment. As ve assign the ;

successors, we then mist check thelr successors, etc.

3. The process contimues until either a consistent assign-
mont is obtained or else it is determined that no con-
sistent assigment is possible.

As an example, consider N5.12 given in Table 5.16, and the bam

) -(AzB) (ACTE) ————(ABC1)
(318) ———(c1E) (ABGD) ———(ABCE)

Table 5.16

Hachine M5.12

m
—_—

MO OW>
€ 0t >
oOQ>™ i

The possible A-tuples for the states are therefore (using O for top blocks
and 1 for bottam blocks):

A: 0000

0101
0110
01l
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1100
110

1000
1001
1100
1101

Since B has only two possibilities and furthermore each possibility has
the same successors, we shall start with B. Since o(B) = B, we know

that there must be an assigmmnt for E of the form ¢l0l where ¢ re-

presents either O or 1. From the possibilities for E we see that there

mst exist an B, = 1101, Now o(E) = (C,D) therefor. C and D must

be of the fora ll0. Again, from the list of possibilities for C and
D, we sos that we must have 01-0110 and Dl-lllo. By contiming the
process, we produce the following tabulation:

L}

[ )

. O
193]

101 4
0110
110
01
0011
0111
0001
1001

1000
1100
0100
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Al“- 0010
32 = 1010

v

We therefore have M5.13 in Table 5.17 and it is easily seen that M5.12
is an image machine of M5.13 and M5.13 is realizable as an fsr with a one-
to-one assigment.
Table 5.17
Machine ¥5.13

(=]
-

As a further illustration, we may ask whether M5.12 is realizable
as an for of order 3, using the bem 3-tuple:

(ac) (ABE) (ACDE)
(BDE) — (CDE) — (ABCD)




Using the same technique we have

A:

Weo start vith B since no choice exists. Therefore, we must have:

31-
Dl-
01-

Al-

At this point, we can stop since the process has produced both an E
a D with the 3=tuple 110. Therefore the given bam 3-tuple does not

000
001

101

010
on

110
i

100
10

110
301
on

001
10

8

100
10
010

aduit a consistent assigment.

-13]1 -

and

To illustrate the alternative approach, again comsider M5.12
glven in Table 5.15 and the bam 3-tuple:



-132 -

(ARE) (ACDE) (ABCDB)
(cox) (ABCD) —{ABCE)

W have the following 3-tuples with their respective possible states:
000

001
010
on
100
100
10
ml

° 88 8EEE &

Again wo start with B gince only two possibilities exist and they both

have the same successors. We have:
31. = 101.

Now the possible successors of El are 010 and 110, furthermore C must
be assigned one and D the other; however, neither C and D are ad-
missible states for 010. Eence, the given bam 3-tuple does not admit a
consistent assigmment.

We now consider the problem of deterwining, for a given se-
quential machine, whether or not there exists a bam n-tuple. While this
problem is not campletely solved, a mmber of techniques are available.

We begin by showing that not every sequential machine is realizsble as a single

binary fer.

N



Theorss 5.3: There axists a sequentiel machine M5.1, which is not
realizable as a single binary fer.

Proof: Let M5.14 be given by the flow table div@able 5.18, -

Table 5.18
Machine M5.1;
_l o1
Al B ¢
B| ¢ A
¢c| A B

Suppose that M5.1; is rodiublo as a single binary fer M! of
order n. ‘Therefore thers exists three nonempty sets of states {a}, {b}
and {e} of M? that correspond (ome-to-ons) to A, B, and C respective-
1y of M5.14. We nate that the next-states of any state of M5.1 are
distinet, 1.e., under input O the next-state of A 1s B and under input
1 the next state of A is C, and furthermore B and C are distinet.
Hence, 1f we start machine M' in any single state and apply the set of all
input sequencss of length 1, in turm, we must exhaust all 2° possible

states of N'. Therefore, becauss M5.1, and hence M are strongly comnect-
od, all 2 possible states of M! must be contained in the sets {a], (b}
and {c)]. Howsver, the state 00...0 can have cnly two possible successors,
nanely 10...0 and itself, which means that one of the sets {a}, (b} and
{c} of M! must have itself as a next state. This is an obvicus comtredict-
iom and therefore M', and hence M5.14 is not Mnblo a8 a single binary

far. .



To obtain the bam n-tuples, we procesd in a mammer quite analo-
gous to one-to-one assigments, but samewhat heuristically. It is clear,
from the previous discussion, that for every sequential machine realizable

as a single binary fer of order n

05005605 ...500s8,
\dere 0, 0 are set systems. W then find a bem Q 2 0™0 such that
M, P, ..., O 1is a bem n-tuple. We can also illustrate 0, o0, ...,
ay by a campogition tree; however, since the camposition tree is not
unique, we present a few general rules to assist in its preparation:

a) In the image machine M', there can exist only two distinct
internal states 5, such that 5 € o, (56]. Purthermore,
both states mst be separated by Pl of the bp n-tuple for
M'. This means that if there exist k> 2 states 5, sch

that 8, € o8, then 2 states wust be separsted by @ of
the bem n-tuple and the remaining k-2 mst be contained |
in both blocks of Q.
b) A1l pop's of M must be separsted by Q.
¢) hy state S, of Msuch that S, €%, wd § € of
must be separated by Q fras the intermediate state Sy
vhere SJ € °SJ'
To illustrate the techniques we will consider a mmber of exanples.
First consider ¥5.11 given in Table 5.15 shose camposition tree is straight-
forvard and 1s given in Fig. 5.8. It 1s easily seen that the bem 3-tuple
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FIG. 5.8 - COMPOSITION TREE FOR M5.11



previcusly given for M5.11 can be obtained from Fig. 5.8. As ancther
example, consider M5.15 given in Teble 5.19.

Table 5.19

Machine M5.15 1

T
J

A B B

B] ¢ C

C|l D B

Dl B A

E| A C

We obtain composition tres A given in Fig. 5.9. From Fig.

5.9 we note that A and C will not be separated by Ql’ furthernore
A and B plus C and B must be separated by Q;. Two alternatives

exist and they are given in Fig. 5.10 and Fig. 5.11. It can be ehown
that a bem 3-tuple camnot be obtained from Fig. 5.10 for Mj.15. It can
also be shown that we can obtain the following bem 3-tuple for M5.15

M nso 50110
(acD) — (ABDE) —~ (ABC)
(ABB) — (ABC) (BCDE)

As & further method, it is possible, using an algebreic
technique presented by Brsosowski (5] to find the set of all bm's hich
separate the set of all popfs. To illustrate, for ¥5.15 the pop's are
(D:E}, [A:B] and [A:C). Fram (5], the set of desired ben's are given by:



FIG. 5.9 - COMPOSITION TREE A FOR M5.15

ABC
€ s E—"
¢ -»DE -+ ABC
B \.
0 o0 0’0 |

F1G. 5.10 - COMPOSITION TREE B FOR M5.15

A

D::::::::AB"~.~\‘\‘
ABC

C-——-—-uDE”'————_.

B\.

—p
e BDE
A »B +(

0 o0 £0

FiG. 5.11 - COMPOSITION TREE C FOR M5.15
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(o/B) (a/B) (A/C)
= (AD/BE + AR/ED) (A/C)
= AD/BCE + ACD/ABE + AR/BCD + ACR/ABD.

5.3.3 Necensary Conditions fop fop Reslizatiogs

In this section we establish necessary and sufficient conditions
for the realization of sequential machines as single binary farts, wvhich

i
[
|
|
i
|

enadble us to discard, as not realizable, a mmber of flow tables. Since
the one-to-one assignment case was easily solved, using partitions, we
only consider many-to-one auigimts.

Definition 5.5: A next-state distinct (nsd) machine M, is a sequential
machine such that for distinet inmtsI‘ and I’b’ and every state

33 ¢M we have oS,, I) AolS,, T).

The following holds for any mumber of inputs, but for simplicity
ve will restrict ourselves to binary imput machines.

Definition 5.6: The successor tree Zn (S,), of & sequential machine
is an n level tree of successors of internal state 81, vhere the Oth
level consists of S, the lst level contains S, €o(s,), vhere 5, #8,,
and the ith level, i =2, 3, ..., consists of all the successors of the
(1-1)st level.

To illustrate, the successor tree Z A (A) glven in Mg. 5.12
is for machine M5.16 given in Table 5.20.

2



"0 ~— ~N o -
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Table 5.20
Machine M5.16

—————

OO (=]
>t | F

A
B
c

lomma 5.4 OGiven an nsd machine that is realizable as a single
binary far of order n where the state Si has the trivial assigment

00...0 or 1l...l, then:

(a) z (5;) must contan 2" distinct states.

()

(¢)

Broof:
(a)

the (n + 1)st level of L (31) must contain 2°
distinct states.
the states in (a) and (b) are identical.

Let S, be assigned the n-tuple 00...0 (s similar argu-
ment will hold for 11...1, and will not be repeated). Since
ws are restricted to ned machines ofS;) must consist of
two (2) distinct states, namely 10...0 and 00...0. Further-
more, 00...0 is the Oth level and 10...0 is the lst level.
The second level must also consist of 010...0 and 110...0.
If the kth level consists of k states, the (k + 1)“‘

level must comtain 2k states, for k=1, 2, ... .

Since the lst level contains 1 state, the kth level must

contain 2k - states. Since the first level comsists of




the n-tuple 10,..0, the kth level, k=1, 2, ..., n

must conaist of n-tuples of the form XX 1...X,10...0,
wiere x; =0,1. Therefors, any state in the kth level,
k=1, 2, ..o, n, cannot have the same n-tuple as a state
in the jth, for J <k, level. Hence Zn(_si) mst con-
tain 2" distinct states.

(b) the nth level of Zh(si) ccnetsts of 22 distinet
states having n-tuples of the fom x ;X ,.-X;1, there-
fore the (n + 1)st level of Zﬂ(si) mist consist of
2" distinct states.

(c) Since an far of order n can have only 2" distinct in-
ternal states, the states in (a) and (b) must be identical.

We now consider the consequences of this lemma. Comsider 2 ’.(A)
for ¥5.16 given in Plg. 5.12. If M5.16 is realizable as an fsr of order
3, then the states A appearing in the Oth, 2nd and 3rd level must be
distinct. This means there must exist i distinct states A, 3 distinct
stetes B and 1 distinct state C in the far assigment of M5.16. Now,
tron part (b) we ses that the Ath level of Z(A) consists of 4 distinct
states A, 2 distinct states B and 2 distinct states C. We therefore con-
clude that Z,(A) is not identical to the 4th level of L(A) and part
(c) of the lemma is not satisfied. Hence M5.16 is not realizable as an

fsr of order 3.
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Definition 5.7: The canonical successor tree for an fsr of order n
is given by Fig. 5.13 where the ith node represents the state having the

binary n=tuple Yon-1'* ¥y whose numerical value is i.

Note that Fig. 5.13 is essentially an unfolded version of Good's
diagran (65], where each state appears twice, once in levels O to n and
again in level n + 1.

We now state a theorem relating the canonical successor tree to
the states of any machine realizable as a single binary fsr.

Theopem 5.4: A sequential machine M is realizable as a single binary
fer of order n, if and only if, there exists a mapping that preserves the successor
relation from a subset of the nodes of the canonical successor tree onto the
states of M.

Proof: The proof of the theoren is obvious. Zh(si) is a graphical
representation of the states of an fsr, but we can also have an analytical 1‘
representation. Let T (the trapsition matrix) be a (q x q) square
matrix of a machine representing the transitions, (vhere q is the number

of distinct internal states in the flow table), 't,i‘1 = 1 if state S; has
a successor state SJ otherwise 0. For example, T for ¥5.16 is glven by
110 |
T={101
110

The level vector of a successor tree 1s a row vector V; = (nlnz...nq)

where n is a non-negative integer representing the nunber of occurrences

of state Si i{n the kth level of the tree.
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F1G. 5.13 - CANONICAL SUCCESSOR TREE




Theorsp 5.5: If M is an nsd machine that is realizable as a single
binary for then:

1
2.
3.

b

2.

S, the set of internal states of M, contains all n-tuples.
There exists at least one tn-l, for i=1,2, .0sy Q.
M is strongly comnected which implies that there exists at
least one 1 in each column.

VI - 21) = 0, for scme V= (0...010...0), L.e., the

i‘l’h com-l’ 1-1, 2’ oco’q Iﬂ tn.lo

T 4is singular.

Starting at any state sie S and applying any sequence of
length n, we arrive at same state 3, € S. Furthermore,
because every state has two distinct next states, for every
distinct input sequence of length < n, we arrive at a dis-
tinct state. Now, since there are 2° distinct input n-tuples
of length n, S must contain 2* distinct states.

The n-tuples 00...0 and 11...1 can have only two possible
successors, one of which must be themselves, hence since S
consists of all states and all states have two distinct
successors, there must exist a state of M which is its om
successor, i.e., ti.i =],

From 1. we note that fram any state, we can get to any other
state, hence M is strongly connected. Now, if M is
strongly connected, then each state must have at loast one




ke

v

predecessor vhich means that there is at least one 1 in
each column,

V= (0...,010...0), i.e., a row vector with a single 1
in the ith column and O's everywhere else.

Vy = V(7 = 1)

V, = VT= V(- 1)

AL T,(®°-1)

v, - (T - -l

Fron Lagma 5.kt

5.

\/

n’_l-V°+Vl+72+...+Vn

=Vo+ V(T =1)+ vo(T2 =T+ o0 # Vo(l"n -7
™

0
Ty = Vo™ - )
V. T - )

vor“('r -2)=0

V(1 - A)" =0

Bance, VoI = 271"

If T is nonsingular 1™l exists, und is unique [ 2.
PR - g

VT = A,

Since V, has a single 1 in the ith position.
Vol = the ith row of T# X,

EREEe ] |

T TR o




Hence, T is singular, which campletes the proof of the theorem. To
illustrate the application of the theoram, consider M5.17 given in Teble
5.2,
Table 5.21
Machine M5.17

11

>t |

QoW >
o3 < >

It is easily sesn that M5.17 is an nsd machine, and from the matrix T
below, parts 2, 3 and 5 of the theorem are satisfied.
110
T = ( 101 )
110
The only t’ﬁ. =1, is for 1 =1, hence V, mst satisfy part 4. PFurther-

more,

-1 10
1 =21
1 1 -2

T-2=

Now, in order to satisfy part 4 of the theorem, and if we let
Vo‘l'n - (al 8 a3) then we have:
8§ = 8ytay
2a2 =+ 2
233 = 8,
VO'I‘u is then of the form k(3 2 1) where k > 0. Ue will use the follow-

ing notation:
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n n n

th bt

o 4B n .n
™ ty by ty

n n n
b Y by

hence,
no_ . n-l n-1
ty = byt Yy oty
n _ .0 no_ 0
th =ttt " 2
Now tgz is even for n =1 and will always be even for n> 1. Further-

more, t‘1‘2 is odd for n =1, and will alvays be odd for n> 1, since it

is the sum of an even and an odd mmber.

n .
Vo= (4 b, t‘l‘a), and since ty, is odd for 2> O, Ag
can never be of the form k(3 2 1). Bence, part 4 of the theorem can never
be satisfied and we conclude that M5.17 is not realizeble as a single binary

{ar.

5.3.4 Hon-JSD Machines
The preceeding section was restricted to machines whose internal

states have two distinct successors; however, not all sequential machines

satisfy this requirement. We therefore consider this class of machine (i.e.,
non-nsd machines). In this case the successor tree merely indicates the

possible successors for each state and doss not require that both be imple-
mented (1.e., that the actual transitions exist). Furthermore, it is
sasily shown that sll n-tuples do not necessarily appear as states in the

assigmaent .

!




 lems 5.5: For every sequential machine M, realizsble as a single
binary fsr, of order n, there exists a machine M+, such thet S+ con-
tainsallznbimryn-tuphsmd M 1is an image machine of M.

Proof: M is realizable as a single binary far, hence there exists
& machine M!, such that M? is realizable as an fsr or order n
\ith & one-to-ons assigment. If S' comtains all ntuples then the
lems is proved, and M+ = M?. Suppose that S' does not contain all n-
tuples. We now construct M+ from MN',by assigning to each n-tuple
T £ S that state S, € S',such that Y, (the n-tuple assigned to S,)
is the n-tuple that agrees with ’k in the longest initial portion of
the n-tuple. In other words, !1 is the n-tuple in S' such that T
and Y, have the longest initial sequence of identical bits. We now
have to show that Y, and Y, ave indeed equivalent states. Suppose
that Y end !1 agroe in the first h bits of the n-tuples. Now Y
and YT, have jdentical possible next states after any input sequence of
length n-h. Hence Y and Y, are not equivalent states if and only if
there exists an input sequence X, of length x <n-h such that X,
vhen spplied to T, and T, results in two different states Y. # Ty
Suppose Y4 € 81 therefore there axists a state !B’ namely the xth
predecessor of ka such that Ik and !B agree in the first n-x bits.
This is a contradiction, since n-x <h. Suppose Y. gStthen I "
is not equivalent to !n if and only if there exists a state !5 such
thet Y, and T, agree in the first g h + x bits. This implies,
however, thst there exists a state S €St euch that Y, and S agree

\
!

i
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in the first g-x > n bits. Again this is a contradiction, and the
leoma is proved.

We can now consider the consequences of this lemma in deter-
mining vhether or not there exist fer realizations for non-nsd machines.
To 11lustrate the approach, comsider nachine ¥5.18 given in Table 5.22.

Table 5.22
Machine M5.18

OO |O
o>

A
B
c

As a consequence of the lemma, we lmow that if M5.18 is fsr realizable,
then a realization exists where one of the states A, B, or C is assigned
the trivial n-tuple (00...0). Clearly, the only state of ¥5.18 which
could possibly be assigned this n-tuple is state C. Consider a realizat-
jon for n =3, and hence Z(C) for M5.18 given in Fig. 5.1k, We note
that state C also appears in the 24 and 3™ levels of Z(c). Further-
more, the C's in the Oth to 3rd levels are distinct. From the lemma we
Inow that two distinct possible succeseors of each state exist. We have i
indicated the other possible transitions in the tree by dashed lines and
a circle indicating the state. In Fig. 5.1, there exists only one un-
assigned n-tuple in the tree (C), and there exists two distinct states
A in the Lthhvel of E‘(C) and only one state A in L(C). Hence, from
lemma 5.4, if M5.18 is realizable as en fsr of length 3, we know that the :
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single unassigned state must be A. By comtimuing the argument, we com-
plete the tree, as shown in Fig. 5.1;. Now, lemmas 5.4 and 5.5 are satis-
fied, and we need only satisfy Theorem 5.4. It is easily shown that
Theoren 5.4 camnot be satisfied, hence, we can conclude that M5.18 is not
realizable by an fsr of length 3. Ve can contimue the argument for fsr's
of length 4, 5, ...} however, for the case of non-nsd machines we do not
obtain an easy method for eliminating machines as non-fsr realizable.

In this section we extend some of the concepts developed for
single binary fsrfs to multiple far's. Here the object is to realize a
given machine with as few shift registers as possible. MWe naturally
assume that the machine is to be realized with at least two binary fert's.
In other words, either the machine is not realizable as a single binary
tor or else we have found a single binary fer realization and would like
to campare it with a multiple fsr realization.

5.4.1 One-to-One Apsigmuents
Fron propertdes 1 and 2, given in Section 5.1, we seo that if

n is the maximm muber of predecessors or successors for any state of a
given machine, then the miltiplicity of the machine for an fsr realizat-

ionis p 2 (lognl.

< ry
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Lama 5.6 Por every mitiple for of order m = max (n,n,,.+,ny)
0< 00<00<... <d0<I

Proof: m is the length of the longest shift register, hence the
lemma follows directly from Lems 5.1.

Lewa 5.7: A machine M is realizable (one-to-cne aseigment) as
a mltiple fer of mitiplicity p and orders By, Ry ooy qp respect-
ively, if and only if there exist binaty partitions P;, for 1 =1,2,...,p
such that o470 < P, and

ﬂ'll’i, 1'&'2P1, ooy By 1o a bp ng-tuple.

Proof: The proof of the lama follows directly fra the proof of
Lemmma 5.2. |
The problem of determining maltiple for assigments is more com- \
plicated than that for single fer assigments; however, we can use the
sane method by comsidering the miltiple far ss several single farts. To
illustrate, consider machine ¥5.19 given in Tsble 5.23, and its com-
position tree in Fig. 5.15.

M5.19 clearly has a multiplicdty 2 2. BHence, if we initially
consider & minimal reslization wo are restricted to elther a) one far
of order 3 and the second of order 1 or b) two fer's of order 2. Upon
checking the camposition tree for M5.19 we find that there does not exist
abp P2020 such that ﬂzP, 7P, P are mitually consistent for n=4
We are therefore limited to considering two fsr's, each of order 2, for &
minimal realization. It can be showm, that there does not exist a valid
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one-to-one assignment for M5.19 of 2 farts of order 2. We therefore
must consider a realization for r = 5. From the composition tree we
note that we cannot realisze M5.19 as 2 far's of order 4 and 1, we there-
fore consider orders 3 and 2. It is easily seen that the bp 3-tuple
given by
bsby,b, = (ABDFEK), (BCGEMI), (BRGHL),

is mutually consistent for n = 5. Therefore, in order to complete the
realization we must find a bp 2-tuple such that the 5 bp's are mutually
consistent. It can be shown that one bp 2-tuple satisfying this require-
ment is given by b,*,b5 = (ABCEFEKN), (ABCGHIJ). A resulting assignment
is given below:

Table 5.23 !

‘a '

HMECR“HOQTEKOOW >
“EHUOOErHrORODEZEHOO O
NSO EROERORESQW =
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h N ¥ 5 Y
A o 1 1 0 0
B 6 o 1 0 0
c 1 o 1 o0 o0
D °o 1 1 1 1
E 1 1 o0 o0 1
7 °o 1 o o 1
¢ 1 o o 1 0
B °o o 0 0 o0
1 1 1 o0 1 0
] c 1 o 1 o0
X o 1 1 o 1
L T 1 1 1 1
" 1 o 1 1 1
N Y o 1 o 1

It is apparent, from the preceeding sections, that a considerable
aount of effort has been expended, with varying dogrees of success, on
the problem of finding shift register assigments for sequentisl machines.
There is, however, an inconsistency betwesn the theoretical results and

what happens in actual practice. The purpose of this section is to point
out this inconsistency and to provide an actual design technique that will

overcase the problem.

A synchronous shift register is generally considered to be in
the form shown in Fig. 5.1, vhere it is assumed that the delay elements

N
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are aynéhronized by a common clock signal. If it is assumed that Fig.
5.1 s the form of the realization under consideration, then it can be
shown, using the methods given in Section 5.3.3, ‘that the sequential
machine M5.20, given in Table 5.2, is not realizable as a single binary
fer.
Table 5.2
Machine M5.20

Qw>
ow»> |o
=aw |+~

Under certain assumptions, however, it is posible to realize M5.20 using
a single binary shift register of length 2. For example, the circuit
shown in Fig. 5.16 is a realization of ¥5.20 ud.ng a shift register of

length 2.
In this realization the feedback function is given by

t =y @7y,
where @ represents the exclusive or operation and the shift signal is
glven by

S = X.(clock).
This realization vas brought about by gating the clock signal with the in-
put signal to provide the common shift signal to the memory elements. This
may, or may not, be possible in every case; however, if it is possible we
must consider a new model, and its attendant consequences, during the pro-
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cess of logical design. This more realistic model, shich includes the
ability to gate th§ shift signal is shown in Pig. 5.17.

This improved shift register model now increases our logical
design capability using shift registers. The question now oceurs, by how
mch? Note that in an fer with an ungated shift aignal (i.e., Fig. 5.1)
at each clock signal the contents of the register are shifted one place to
the right, and this occurs irrespective of the contents of the register.
Now, by providing the sbility to gate the clock signal, the shift signal
can be interrupted at any tims, depending on the state of the register and
the input. Furthermore, vhen the shift signal is interrupted, the shift
register does nothing, 1.0., each memory element stays in its original
state. Since the shift signal is common to all memory elements, whenever
the signal is interrupted the state of the register does not change. Hence,
any state of the shift register can be succeeded by itself under any in-
put. We next consider this increased capability with respect to a logical

design procedure..

5.5.2 Logical Design Procedure
To determine an fsr realization, using the new model, for a

sequential machine, given by its flow teble, we use the following pro-

cedure:
1. Replace, in the table, each next state, vhich is the

same as the present state, by a don't care.
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2. Find an fsr realization for the incazpletely specified
machine, resulting from 1, using the methods given
previously in this chapter.

3. Add the gating necessary to interrupt the shift signal
for all those states that were removed fram the table
in 1.

To 11lustrate the procedurs, we will apply it to M5.21 given in

Table 5.25.
Table 5.25
Machine M5.21

\

»mo>»w | o
HEoO> | -

[ E-N<N-- R g

The first step of the procedure results in the incompletely specified
machine, dencted M5.21, given in Table 5.26,

Table 5.26

Machine M5.21'
=

[

>3 1 >0 |O

=HOOW >
1t msoal




Now, using the methods previously given in the chapter we
produce the following assigmment for M5.21'.

A: 001

010
B: 100

101
C: 110
D: 111
EE 011

The feedback function for this assigmaent is therefare

7 = Tyt IR Ty

We now produce the function for the shift .signal sh which must produce
an output 1 for every specified entry in the next state table and a O every-

vhere else. The truth table for the shift signal is given by:

gBAC

ABED

nlo101
7,|0011
ys[0000

0101
0011
1111

o[#1r10
. #

It is easily chown that

1(fL01

1110
0101

Sh = ;1; + ;2; + ¥y

In conclusion, an inadequacy in the present techniques of logical
design of using synchronous shift registers has been presented. The cam-
plete capability of synchronous shift registers are exsmined and a logical

design teshnique is presented for using this inherent capability.

-
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5.6 Conclusion

In suwmary, we have: For autonomous machines, Haring's
algoritim (37] which determines a single binary shift register realisa-
tion for every autonomous sequential machine. For nonautonmmous machines
the results are varied, Liu (53] has & method for multi-level shift

registers, that he attempts to extend [55,79] , with very little success,
to variable length shift registers and also to binary shift registers,

For single binary shift register the algoritims of Haring [37], Nichols
[65,66] and Seotion 5.3.1 all produce cne=to-one assigments, if they
exist, For sultiple binary registers Niochols [65] has the only complete
algoritim, again for one=towone assigmemts, but the methods presented
in Section 5.4.1 could be used to effectively simplify Nichols algoritim,
Many-to-one assigmuents are treated by Liu [79] , Haring (37] and in
Section 5.3.2, but none of these methods produce anything like an effect-
ive procedure. The results of Section 5.3.3 do permit, however, ihe
elimination of a large class of machines as being not realisable as a
single binary fsr. FNothing has been produced on minimal shift register
realisations (many-to-one assigments). A generalized logical design
procedure is presented in Section 5.5.

U —

e e
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Chapter 6

CONCLUSION AND FURTHER PROBLEMS |

In conclusion, the structure of sequential pmachines has been ;

studied fron several different points of viev. Initially, & brief
survey of structure theory was presented. State assigments for com- ii
binational circuits were examined, with the object of applying the re- \
sults to the problem of determining a state assigment producing the

pinimam output logic. It was then shown how the same methods conld be

applied to the problen of finding an assigmuent minimising the com=

binstional logic realising the next-state functions. Linear sequent~

1a] machdnes were considered and nethods were presented for determining ‘
whether or not & machine is realisable as a linear machine. Feedback {
shift registers were also studied, and methods were presented for

deternining shift register realizations for sequential machines.
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All of the problems that were considered in this thesis heve
not been campletely solved; however, these and other synthesis problems

are left as problems for further research:

1., Most of the work on the gynthesis of digital systems 1is
concerned with the process of converting the mathematical
specification of & pachine, i.8., & flow tabls, into &
logic circuit realising the machine., Very little (see
Armstrong [1] ) has been done on the problem of convert-
vorting the inftial vord stateusnt into the mathmatical
specification, A solution to this problem, however, would
provide a glant step fomard in the problem of synthesiz-
ing digital systems. Furthermore, if the approach was
programmed on & digital camputer, then the application of

guch a result could revolutionise logical design. \

2. The problem of the relationship between assigments and
cobinational circuits 1s still not fully understood. A
formal treatment of adjacency techniques would sem to be
a good way to start, since adjacency has been shown to
yield reasonable results for some cases, In addition,
the approach presented in Chapter 3 could be further ampli-
fied and possibly related adjacency methods, since the

two clearly have something in common.

3. Vith respect o linear mackines, the last reusining eyn-
thesis problem is to determine whather or not a machdne



k.

5

6.

which satisfies parts a) and b) of Corollary 4.1 also
satisfies part ¢) of the same theorem.

For shift registers, many problems still remain. The
most obvious one is many-to-one assignments. No satis-
factory method exists for determining the minimm shift
register realisation for a given machine.

Modular synthesis is another area whers much remains to
be dome. In other words, given a set of modules, is it
possible to determine the simplest reslization using the
given modules.

Many~to-cne assigments bave not been exploited to any
degros with respect to the minimisation of ths combinat-
jonal logic in a sequential machine. It would seem that
thilconldmomntobotrnitMmatomw.

l
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