Solvable vs. unsolvable

Recursion theory is the study of functions over the
natural numbers N={0,1,2,...} and subsets of N.
Turing machines are idealized computation machines

that input and output natural numbers. A tunction
is called computable when there exists a Turing ma-
chine that will give the same output as the function
for each input. Since computations need not halt on
every input, computable functions are generally par-
tial, in the sense that their domain of definition is a
subset of N,

A subset A C N can be thought of as a problem:
oiven , is ¢ € N. duch a problem is called solvable if
there exists a Turing machine (algorithm) for solving
it, and is called unsolvable otherwise. It turns out
that many interesting problems can be coded into the

natural numbers.

Example of an unsolvable problem

Let P(z,y) be a two variable polynomial (with co-
efficients in N). Given y, does there exist ann € N
such that P(n,y) =07 This problem corresponds

to the set U = {y | 3z.P(z,y) = 0}. We attempt
to solve it by trying the following:

n=0, P(0,y)=07
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yelU Does P(n41,y)=07
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Replace n by n+1

yel

This algorithm will either eventually halt at certain
n or continue indefinitely. Since there is no way of
knowing atter long period of time which will be the
case, we cannot solve every instance of the problem.

First level of unsolvable problems

We define our first class of unsolvable problems as
follows: A set A is called recursively enumerable or
R.E. if there exists a computable function
f N — N for which:

dom(f)=A
[n other words, there exists an algorithm which will
terminate on an input which is in A, but which never

terminates on inputs not in A. For this reason, R.E.
sets are also called semi-decidable.

Hierarchy of unsolvable problems
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Arithmetical Hierarchy

Some unsolvable problems are more unsolvable then others. We can then classify unsolvable problems based on

the complexity of their logical description.
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Main Objective

[n modern mathematics, we typically aren't interested
In studying isolated objects but rather in the connec-
tions between objects. This is achieved by organizing
a collection of objects and the connections or maps be-
tween them into what is called a category. We know
how to do this at the base levels of the arithmetical hi-
erarchy; in particular, it is very fruittul to study X; as
a category (see below). Our goal is therefore to inves-
tigate the higher levels of the arithmetical hierarchy

from a categorical point of view.

.1 Category

We can form a category, [, from Xy as follows:
» Objects: Yy sets
» Maps: (Partial) computable functions

f: A— Bwith dom(f) C A

Description of the levels

« Lt IV Qe P(T Y132, n), Where @, is
Jiinisodd and Vif n1s even and P is a

computable set.
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computable set.
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Can we make ), into a category?

Our objective is to see if we can form a category with
Y, sets as objects. The question is: what are the maps
that connect the %, sets? We propose the tollowing:

)., Category

» Objects: Y, sets
« Maps: functions f : A — B with X, graphs,
Gr(f)e ¥, where we define the graph of f as

Gr{f)={lz.y) | flz) =y}

[t turns out, in fact that this does make a category.
Below is the most interesting part of the proof, namely
that the composition of two maps in the category
again has a ), graph.

Proof that the composition of functions with Y, graphs have a )., graph

Let f and g have %, graphs.
(xy)€ Grigo f) & y.|(z.y) € Gr(f) Ay,

& Jy. [ FoVuy...Quu,. Pz, y, 01, 19, ...,
& JyFviFwy|Yos... Q. P, y, v1, 19, ..,
& JyFv Fw Yoo Yuws... Qv Quwn | P2, y, vr, v, ...,
=gof has a L,graph

2) € Gr(g)]
Un) A leva...ann.R<fE, Y, Wy, Wy, ... wn)]
V) A Vws...Quwn. R(x, y, wy, wy, ..., wy )|

Un) A\ R<$, Y, Wy, W, ..., wn)]

Example of a [l problem

A function f : A — B is total if for every z € A
there is a y € B such that f(z) = y. Over the
natural numbers we can ask the following question:
s a function f : A C N — N a total function?
We want to check whether f belongs to the set of
all total functions:

feTOT ={f | Vzdy.f(x) =y}

The logical description of TOT' is VA= TOT € 11,
making this problem a 11 unsolvable problem.

Conclusion and further results

We have been able to make a category out ot 2,. This
means that we can now study the various connections

between unsolvable problems of the same level. From
here we can compare other known categorical prop-
erties of Yy to X, Examples ot these include: re-

striction structure (which captures the partiality of

the maps), Turing structure (which describes the phe-
nomenon in recursion theory that computable maps
can be effectively enumerated and that there exists a
universal Turing machine which can simulate all other

machines), and further categorical structure such as

products and coproducts.

We have been able to prove that Y, is a restriction
category and admits a universal relation, which can
be regarded as a weak form of Turing structure. In
the future, we hope to establish (or refute!) that ¥,
also admits a genuine Turing structure.
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