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Abstract

Shallow water equations are widely used to model water flows in the field of hydro-
dynamics and civil engineering. They are complex, and except for some simplified
cases, no analytical solution exists for them. Therefore, the partial differential equa-
tions of the shallow water system have been the subject of various numerical analyses
and studies in past decades. In this study, we construct a stable and robust finite vol-
ume scheme for the shallow water equations over quadtree grids. Quadtree grids are
two-dimensional semi-structured Cartesian grids that have different applications in
several fields of engineering, such as computational fluid dynamics. Quadtree grids
refine or coarsen where it is required in the computational domain, which gives the
advantage of reducing the computational cost in some problems.

Numerical schemes on quadtree grids have different properties. An accurate and
robust numerical scheme is able to provide a balance between the flux and source
terms, preserve the positivity of the water height and water surface, and is capable
of regenerating the grid with respect to different conditions of the problem and
computed solution. The proposed scheme uses a piecewise constant approximation
and employs a high-order Runge-Kutta method to be able to make the solution
high-order in space and time. Hence, in this thesis, we develop an adaptive well-
balanced positivity preserving scheme for the shallow water system over quadtree
grids utilizing different techniques. We demonstrate the formulations of the proposed
scheme over one of the different configurations of quadtree cells. Six numerical
benchmark tests confirm the ability of the scheme to accurately solve the problems
and to capture small perturbations.

Furthermore, we extend the proposed scheme to the coupled variable density
shallow water flows and establish an extended method where we focus on elimi-
nating nonphysical oscillations, as well as well-balanced, positivity preserving, and
adaptivity properties of the scheme. Four different numerical benchmark tests show
that the proposed extension of the scheme is accurate, stable, and robust.
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Chapter 1
Introduction

Modelling and simulation are major areas of interest in the field of hydrodynamics,

oceanography, and atmospheric sciences. Mathematical models can represent differ-

ent phenomena in hydrodynamics. The Saint Venant system or the shallow water

equations (SWE) are one of the most important classical models that describe and

predict water flows in lakes, rivers, coastal areas, reservoirs, and also hazardous phe-

nomena such as tsunamis (see Chapter 3). The SWE are utilized in flood prediction

as well as hydraulic and civil engineering to be able to design, develop, and protect

harbour, urban, and coastal areas.

The shallow water equations are partial differential equations (PDE) and form a

nonlinear hyperbolic system of conservation laws. This system admits complex and

non-smooth solutions that may contain shocks and rarefaction waves. The system

can also admit contact discontinuity when the bottom topography is discontinuous.

The SWE have to be solved numerically since there is no analytical solution avail-

able (except for very simple initial data, boundary conditions, and geometries) [42].

Therefore, designing a proper method is an important task to achieve an accurate

and stable solution.

Many research works have been conducted on efficient solutions of homogeneous

and non-homogeneous systems of conservation laws. The main focus of these works

are developing schemes to capture shock waves in gases (e.g., the Burgers, and Euler

equations) or hydraulic jumps in shallow flows (e.g., the shallow water equations).

One of the most popular schemes are called Godunov-type upwind finite volume

schemes in which Riemann problems are solved at cell interfaces [89]. Exact and

1
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approximate Riemann solvers for shallow water flows are given in [23]. Note that the

exact solutions of the Riemann problem are more expensive than the approximate

ones. For more complex shallow water flows, the use of nonlinear Riemann solvers

is recommended; e.g., Roe’s Riemann solver in [76]

The upwind schemes are able to address propagation information along the char-

acteristic surfaces. The original Godunov scheme is the first upwind scheme which

approximates the solution using a piecewise constant function [29]. One of the draw-

backs of the Godunov-type schemes is that they are complicated and can be compu-

tationally expensive. To address these issues, Riemann-problem-solver-free central

schemes such as Lax–Friedrichs scheme can be utilized [25, 51]. A disadvantage of

central schemes is their numerical dissipation that can be lessened by considering

the local speeds of propagation, which results in another class of numerical schemes

called central-upwind [45, 48].

Since the shallow water system is a system of conservation laws, the balance

between the flux and source terms must be considered (i.e., the numerical method

should be able to exactly preserve the initial data for steady state solutions). Such

numerical methods are called well-balanced. The difference between well-balanced

and non-well-balanced schemes can be seen for constant initial data with a nonflat

bottom topography for a steady state solution; nonphysical oscillations come up

which do not represent this steady state solution. Another example is in small

perturbations of steady state solutions. The truncation error magnitude of the non-

well-balanced scheme may become larger than the magnitude of perturbations waves

[42, 46].

Another important property of stable and accurate numerical schemes is called

positivity preserving, meaning that the scheme guarantees the positivity of computed

primitive scalar variables, such as the water depth in the shallow water flows, or the

density in the Euler’s equations.

Numerous finite volume methods have been developed to solve the Saint Venant

system. In Chapter 2, we present a review of schemes with different properties

on the SWE such as well-balanced and positivity preserving properties as well as

accuracy and adaptivity of numerical schemes.
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1.1 Objectives

The primary objective of this thesis is to construct a central-upwind scheme to solve

the shallow water equations. The proposed method is adaptive based on quadtree

grids, well-balanced, capable of preserving positivity of the water depth and water

surface, and is able to solve the system on irregular bottom topography. To achieve

this goal the following procedure applies to construct the scheme:

– Generating a non-regularized quadtree grid with regards to the initial data

and boundary conditions of the problem.

– Regularizing the non-regularized quadtree grid.

– Constructing the point values of the bottom topography and conservative

quantities using piecewise polynomial reconstructions.

– Constructing the local speeds of propagation and central-upwind numerical

fluxes in different cell configuration in quadtree grids.

– Constructing the conditions that preserve positivity of the water depth and

the water surface.

– Constructing the well-balanced discretization of the source terms.

– Constructing the local gradients to be able to generate the quadtree for the

next timestep.

– Constructing the velocities and water surface values that will be used in a new

quadtree grid for the next timestep.

The above-mentioned numerical analysis steps are implemented on C++ program-

ming language to be able to analyse the scheme. It should be mentioned that the

current source code of the scheme contains more than 6000 lines. Pursuing the main

objective of this thesis, the proposed scheme is extended to the coupled variable den-

sity SWE. Furthermore, in the main objectives, we study the scheme:

– To validate the numerical model and investigate the accuracy, performance,

and robustness using benchmark tests for shallow water flows.
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– To verify the numerical scheme for the variable density shallow water flows to

analyse the scheme using benchmark tests under constant-density and variable

density conditions.

1.2 Contributions and novelty

We would like to first emphasize that the proposed scheme is the first of its kind

to use a central-upwind method over quadtree grids. This thesis focuses on the

performance of the proposed scheme by testing it on different benchmarks based on

the objectives of this study. The proposed scheme is able to reduce computational

cost in some problems (i.e, quadtree grids have fewer computational cells in com-

parison to ones in corresponding Cartesian or unstructured grids). In addition, the

well-balanced property eliminates nonphysical oscillations; thus it is more accurate

and efficient in comparison to non-well-balanced ones as well. Furthermore, the

scheme is capable of eliminating the nonphysical oscillations caused by the density

equation as well as reconstruction of the bottom topography over quadtree grids.

The reconstruction of the bottom topography makes the scheme capable of solving

problems with discontinuous bottom topography. Finally, we emphasize that the

proposed scheme is positivity preserving where the scalar variables always remain

positive.

The shallow water and variable density models offers a way to perceive the

physical behavior of shallow water flows. The proposed scheme could eventually

be used in different areas of hydrodynamics to be able to help engineers to study,

model, and simulate various problems such as debris flows.

1.3 Thesis organization

The thesis is based on two technical papers and is divided into a literature review

chapter and two paper-based chapters:
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Chapter 3. An adaptive well-balanced positivity preserving

central-upwind scheme on quadtree grids for shallow water

equations

We present an adaptive well-balanced positivity preserving central-upwind scheme

on quadtree grids for shallow water equations. The use of quadtree grids results in

a robust, efficient and highly accurate numerical method. The quadtree model is

developed based on the well-balanced positivity preserving central-upwind scheme

proposed in [A. Kurganov and G. Petrova, Commun. Math. Sci., 5 (2007),

pp. 133–160, 46]. The designed scheme is well-balanced in the sense that it is

capable of exactly preserving “lake-at-rest” steady states. In order to achieve this

as well as to preserve positivity of water depth, a continuous piecewise bilinear

interpolation of the bottom topography function is utilized. This makes the proposed

scheme capable of modelling flows over discontinuous bottom topography. Local

gradients are examined to determine new seeding points in grid refinement for the

next timestep. Numerical examples demonstrate the promising performance of the

central-upwind quadtree scheme.

Chapter 4. An adaptive well-balanced positivity preserving

central-upwind scheme on quadtree grids for variable density

shallow water equations

Minimizing computational cost is one of the major challenges in the modelling and

numerical analysis of hydrodynamics. The use of quadtree grids results in a robust,

efficient and highly accurate numerical method as well as lower computational cost.

In this paper, we present an adaptive well-balanced positivity preserving scheme

on quadtree grids for variable density shallow water equations. The scheme for

the coupled system is developed based on the well-balanced positivity preserving

central-upwind scheme proposed in [28]. The scheme is capable of exactly pre-

serving “lake-at-rest” steady states; this is called the “well-balanced” property. A

continuous piecewise bi-linear interpolation of the bottom topography function is

utilized to achieve higher-orders in space and to preserve the positivity of water

depth. Necessary conditions are checked to be able to preserve positivity of water
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depth and density, and to ensure the achievement of a stable numerical scheme. At

each timestep, local gradients are examined to find new seeding points in quadtree

grid generation. Numerical examples demonstrate the promising performance of the

proposed quadtree scheme.

1.4 Publications

1. M. A. Ghazizadeh, A. Mohammadian, and A. Kurganov. An adaptive well-

balanced positivity preserving central-upwind scheme on quadtree grids for

shallow water equations, Computers & Fluids, under revision, 2020.

2. M. A. Ghazizadeh and A. Mohammadian. An adaptive well-balanced posi-

tivity preserving central-upwind scheme on quadtree grids for variable density

shallow water equations. Numerische Mathematik, under review, 2020.



Chapter 2
Literature review

2.1 The shallow water equations

The shallow water equations are derived from the Navier-Stokes equations with the

assumption that the ratio of the vertical length to the horizontal length is small. The

shallow water system describes the evolution of a hydrostatic homogeneous (with

constant density), incompressible, and inviscid flow. The SWE are widely used in

different scientific fields such as oceanography, hydrodynamics, civil engineering,

risk assessment, etc.

The shallow water equations are PDE of conservation laws. The 2-D shallow

water equations with the bottom topography source terms in the matrix form, read

[43]

Ut + F (U , B)x + G(U , B)y = S(U , B), (2.1.1)

where conservative quantities, water surface (w) and the unit discharges (hu and

hv) are

U := (w, hu, hv)⊤,

and the fluxes and source term are:

F (U , B) =

(︃
hu,

(hu)2

w −B
+

g

2
(w −B)2,

(hu)(hv)

w −B

)︃⊤

, (2.1.2)

G(U , B) =

(︃
hv,

(hu)(hv)

w −B
,

(hv)2

w −B
+

g

2
(w −B)2

)︃⊤

, (2.1.3)

7
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S(U , B) = (0,−g(w −B)Bx,−g(w −B)By)
⊤ , (2.1.4)

where t is time, g is the gravitational constant u(x, y, t) and v(x, y, t) are the water

velocities in the x- and y-directions, respectively, B(x, y) is the bottom topography,

and h(x, y, t) is the water depth. In Figure 2.1, an example of one-dimensional (1-D)

shallow water flows is shown.

Figure 2.1: Example of 1-D shallow water flows over irregular bottom topography.

The proposed scheme has different properties such as, well-balanced, positivity

preserving, adaptivity, and is implemented on quadtree grids. In what follows, a

review of these properties is presented.

2.2 Well-balanced property

In well-balanced schemes on conservation laws, the flux gradients are exactly bal-

anced by source terms. Different techniques have been introduced in order to add

the well-balanced property. In [55], as one of the first well-balanced schemes for

the SWE, a well-balanced wave propagation method over an arbitrary bottom to-

pography is conducted by the use of a Riemann problem. In [39], a well-balanced

numerical method to solve the steady state solution was presented, where the cell

interface values were used. The scheme applies to Godunov or Roe-type upwind

methods but no change is needed on the Riemann solver. In addition, [43] presents

one- and two-dimensional well-balanced central-upwind methods for the shallow wa-

ter equations with the source terms. This scheme is robust, capable of capturing
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small perturbations, and a black-box solver for systems of nonlinear hyperbolic or-

dinary differential equations (ODE).

A generalization of the hydrostatic reconstruction technique in [3] for the shallow

water system was introduced in [18]. The main goal of this study was to compare the

well-balanced scheme to the scheme in [68]. Furthermore, an approximate Riemann

problem solver SWE scheme in a one-dimensional framework using topography ap-

proximation by a piecewise function based on [34], which is an exact Riemann prob-

lem scheme, was constructed in [27]. In [56], the generalized Riemann problem (see

[6]) of the SWE with bottom topography was extended. The use of the midpoint

values at each cell interface helps the bottom topography effect to be included in

numerical fluxes. The source term is discretized with an interface method, which

makes the scheme well-balanced. More well-balanced schemes have been constructed

recently, such as the schemes in [67, 78].

2.3 Positivity preserving property

Positivity preserving is the ability of the scheme to maintain positivity (or non-

negativity) of scalar variables in different solutions of systems of conservation laws.

In the case of the shallow water flows, a positivity preserving scheme should be able

to compute and maintain the solution in the computational domain where water

depth is zero (dry) or very small (almost dry). In addition, for the coupled variable

density SWE, the scheme has to be capable of preserving positivity of the density.

Several positivity preserving methods for the SWE have been proposed. For

example, in [3] a general well-balanced technique for any homogeneous problem

solver based on a local primitive variables reconstruction is considered. This scheme

is first- and second-order and satisfies the positivity condition of the water depth,

and maintain a semi-discrete entropy inequality. A 1-D well-balanced and positivity

preserving scheme for the SWE with a special reconstruction of the flow variables

in wet–dry location was constructed [11]. In addition, in [12], a well-balanced Finite

Volume Evolution Galerkin (FVEG) scheme based on [64] was presented, which is

positivity preserving by limiting fluxes, where non-negativity happens, and able to

manage dry boundaries.

Central-upwind methods have been popular in the past couple of decades. A



Chapter 2. Literature review 10

second-order well-balanced positivity preserving central-upwind method was con-

ducted in [15]. A similar positivity preserving scheme with a new piecewise linear

approximation of the bottom topography and a reconstruction with no oscillations

was introduced in [5]. For further studies, we refer the reader to [26, 62, 85].

2.4 Accuracy

In order to increase the accuracy of the scheme, one can use a very fine computa-

tional grid; however, this increases the computational cost, which is a disadvantage

for both the Godunov and Lax–Friedrichs schemes. These schemes are first-order ac-

curate. Sharp approximated solutions can be achieved using high-order finite volume

schemes [42]. One of the most popular high-order schemes are second-order schemes.

The piecewise constant approximation requires replacement with a piecewise poly-

nomial one to be able to develop a spatially second-order scheme. This makes the

solution more accurate but also more complex and sometimes adds nonphysical os-

cillations [91]. In order to eliminate the nonphysical oscillations one should utilize

nonlinear limiters (see e.g. [7, 9, 21, 36, 50, 60, 88] for the limiters that can be used

in the second-order spatial reconstructions).

The shallow water system is an ODE system. The proposed scheme needs an

appropriate ODE solver. Runge-Kutta methods are one of the best ODE solvers.

We specifically focus on a three-stage third-order SSP Runge–Kutta method in our

proposed scheme as follows [86, 87]:

U (1) = Un + ∆tF (Un, B) + ∆tG (Un, B) ,

U (2) =
3

4
Un +

1

4

[︂
U (1) + ∆tF

(︁
U (1), B

)︁
+ ∆tG

(︁
U (1), B

)︁ ]︂
,

Un+1 =
1

3
Un +

2

3

[︂
U (2) + ∆tF

(︁
U (2), B

)︁
+ ∆tG

(︁
U (2), B

)︁ ]︂
, (2.4.1)

where ∆t is the timestep, and n is the timestep indicator. The proposed scheme is

explicit. Note that, a potentially inefficient way of increasing the accuracy of any

numerical scheme is refining its computational grid. This technique, however, expo-

nentially increases the computational cost. Thus, quadtree grids become important.
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2.5 Quadtree grids and adaptivity

Different types of computational grids are utilized in numerical analysis and mod-

elling. The most common grids are structured, specifically Cartesian grids (see

[61] for an example of SWE schemes on structured non-Cartesian grids). Cartesian

grids are structured and simple. In finite volume, Cartesian grids keep equations

and numerical models simple. Several studies have been conducted on the SWE

on Cartesian grids such as, [19, 43, 46, 38, 50, 55]. Cartesian grids are not able to

adequately capture complex boundaries in finite volume methods. This may lead

to inaccurate and oscillatory schemes. This is where unstructured grids (especially

triangular girds) show their advantage compared to Cartesian grids.

Unstructured grids are extensively used in hydrodynamics and civil engineering.

Unstructured grids make formulation of numerical schemes more complicated; how-

ever, they sufficiently represent boundaries of complex geometries. Some examples

of SWE methods on unstructured grids are given in [3, 4, 15, 16, 37, 63].

Hierarchical data structures such as quadtree are extensively utilized techniques

in the fields of computer science, e.g., image processing, computer graphics, compu-

tational geometry, robotics, video games, and computational fluid dynamics (CFD).

In quadtree, each node has exactly four children. The tree starts with the first level

on the root as a parent with four children. Each child can have four children as a

parent on the next level. This algorithm recurses until the tree reaches the maxi-

mum level of quadtree. Nodes that have no children are called leaf nodes. Figure 2.2

demonstrates an example of quadtree data structure.

Quadtree grids imply recursive spatial decomposition on the domain of the prob-

lem. In many CFD problems, a square quadtree can be used instead of unstructured

mesh generation technique; as its characteristics make the solution easier. Figure 2.2

also shows the maximum number of cells that each node in that level can have. Note

that we choose the maximum level of quadtree refinement (m) based on the accu-

racy that we are looking for. Increasing m leads to higher accuracy but it increases

the computational cost. In addition, we recommend using higher values of m where

the problem leads to higher values of propagation speed. This helps to properly

capture hydraulic jumps. Furthermore, we recommend a grid refinement where the

boundaries are complex.
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Figure 2.2: Example of quadtree data structure.

In what follows, a number of quadtree grids features are described. We also refer

the reader to Chapter 3 for more information regarding quadtree generation.

2.5.1 Boundaries in quadtree grids

To be able to define boundaries in quadtree grids, a set of (seeding) points are

defined. If the quadtree cells are within the boundaries of the set of boundary

points, the scheme keeps those cell for the required computations. Otherwise, that

cell is not required. It is also possible to refine the grid near boundaries. This

depends on the problem and accuracy. We recommend refining the quadtree grid

where boundaries are complex. This helps to capture and represent the actual

boundaries of the domain in the computational grid.

2.5.2 Numbering system in quadtree grids

In quadtree grids, each cell gets a unique identification number (ID) based on its

position in the tree as the tree proceeds. The ID has 2×m digits. At any level, the

corresponding ID generates from the corresponding quadrants of its parent cell as
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follows:

� north-west = 11

� north-east = 21

� south-west = 12

� south-east = 22

Pursuing zeroes are added to the ID to make sure each ID has the same length

of 2 ×m. The center coordinates of each cell can be computed from⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
x = 0.5 +

l∑︂
i=1

1

2m+1
(2im − 3), im ∈ O,

y = 0.5 −
l∑︂

i=1

1

2m+1
(2im − 3), im ∈ E,

where l is the current cell level and im are the successive odd (O) or even (E) digits

of the cell ID. Note that the origin of this system locates at the south-west corner

of the root square [14].

2.5.3 Regularized quadtree grids

A quadtree grid that is generated only by its seeding points is called a non-regularized

grid. To enhance the stability, reduce oscillations, and to have a less complicated

formulation in the proposed numerical method, no cell can have both an adjacent

neighbouring cell and a diagonally neighbouring cell with a refinement level differ-

ence greater than one [14, 33, 70, 71]. The quadtree grid becomes regularized with

this condition. Figure 2.3 (left) represents a quadtree grid based on the quadtree

data structure in Figure 2.2 (with two seeding points), as well as the regularized

grid on the right.

2.5.4 Adaptivity

Quadtree grids employ adaptivity to numerical methods. An adaptive scheme is

able to refine or coarsen the computational grid where it is needed. Several studies
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Figure 2.3: Examples of non-regularized (left) and regularized (right) quadtree grids.

have been conducted on quadtree grids. For example, an adaptive quadtree method

for simulating fluid flows with moving interfaces [33], adaptive quadtree methods

for the shallow water flows [13, 77], an adaptive model for the incompressible Euler

equations in complex geometries [70], an adaptive spectral wave model [71], adaptive

tsunami and ocean models [72, 73], an adaptive model of water-borne pollutant dis-

persion [14], an adaptive quadtree model of SWE with wet–dry fronts over complex

topography [58], an adaptive scheme for the two-layer SWE [52], and SWE model

over quadtree cut cell grids [2] have been introduced in the recent years. These

mentioned studies show the importance of quadtree and adaptive schemes.

In this thesis, the scheme refines or coarsens the grid based on the gradient of

scalar variables water surface (w) and density (ρ); wherever the absolute values of

the these gradients are higher than a constant, the scheme adds a seeding point to

refine the grid in that specific coordinate. In cases of having no seeding point, the

scheme refines the grid with respect to minimum level of quadtree. The minimum

level in a quadtree grid defines the maximum cell size. We choose the minimum

level of the tree through trial and error. Increasing the minimum level of the tree

increases the computational cost. In the following section, we briefly address the

computational cost of the proposed scheme.



Chapter 2. Literature review 15

2.6 Computational cost

The focus of this work is to implement the central-upwind scheme that was intro-

duced in [46] on quadtree grids. In the following chapters, it will be shown that

the well-balanced scheme is more efficient compared to the non-well-balanced one

due to having fewer computational cells in its computational grids. This work can

also be extended to static grids. Static grids are very popular in computational

hydrodynamics where the computational domains are often very large. Note that

the adaptive quadtree scheme can be computationally expensive in oscillatory prob-

lems; the quadtree becomes close to a Cartesian grid. Therefore, adaptivity becomes

redundant. The computational cost is also exponentially related to the level of re-

finement. One can reduce the computational cost by using smaller m. The drawback

of this is dissipation and, therefore, accuracy is decreased.

In this work, the criteria that is chosen to apply seeding points to quadtree

grids is investigating the local gradients. We use the local gradient of the water

surface and the density for both the shallow water and variable density systems. The

chosen constant to compare the local gradients with is different in each problem.

The constant can be chosen with trial and error. Note that using the ratio of wave

heights (can be guessed approximately) and the smallest cell length in the grid helps

to find a good place to start finding the constant for the case of SWE.



Chapter 3
An adaptive well-balanced positivity
preserving central-upwind scheme on
quadtree grids for shallow water equations
1

3.1 Introduction

Quadtree grids (Figure 3.1), which are two-dimensional (2-D) semi-structured Carte-

sian grids, are based on hierarchical data structures, which are widely used in the

fields of computer science (e.g., image processing and computer graphics), computa-

tional geometry, robotics, video games, and computational fluid dynamics; see, e.g.,

[81, 92]. Several studies have been conducted on how to generate quadtree grids;

see, e.g., [1, 14, 32, 69, 71, 80, 82].

Cartesian grids are common in CFD problems because of their efficiency and

ability to maintain the simplicity of discretized equations, which reduces computa-

tional cost in comparison to unstructured grids. One of the benefits of quadtree

grids over structured grids is grid coarsening: while the accuracy is maintained, the

grid can be coarsened wherever no refinement is needed and thus, the computational

cost is reduced. Note that a disadvantage of Cartesian grids is their inability to ad-

1M. A. Ghazizadeh, A.Mohammadian, and A. Kurganov. An adaptive well-balanced positivity
preserving central-upwind scheme on quadtree grids for shallow water equations, Computers &
Fluids, under revision, 2020.

16
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equately represent complex shapes. In such situations, cut-cell grids become useful;

see, e.g., [2]. This paper will only focus on quadtree grids.

C

Figure 3.1: Example of quadtree cells with different level neighbouring cell sizes.

The main goal of this paper is to develop an adaptive well-balanced positivity

preserving scheme on quadtree grids for the Saint-Venant system of shallow water

equations. This system was first proposed in [20], but is still extensively used to

model flows in rivers, lakes, coastal areas and estuaries [20]. In the 2-D case, the

SWE can be written in terms of the water surface (w) and the unit discharges (hu

and hv) as follows [16]:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

wt + (hu)x + (hv)y = 0,

(hu)t +

[︃
(hu)2

w −B
+

g

2
(w −B)2

]︃
x

+

[︃
(hu)(hv)

w −B

]︃
y

= −g (w −B)Bx,

(hv)t +

[︃
(hu)(hv)

w −B

]︃
x

+

[︃
(hv)2

w −B
+

g

2
(w −B)2

]︃
y

= −g (w −B)By,

(3.1.1)

where t is time, g is the gravitational constant, x and y are the directions in the 2-D

Cartesian coordinate system, u(x, y, t) and v(x, y, t) are the water velocities in the

x- and y-directions, respectively, B(x, y) is the bottom topography, and h(x, y, t) =

w(x, y, t) −B(x, y) is the water depth.

The system (3.1.1) admits “lake-at-rest” steady state solutions,

w ≡ Const, u = v ≡ 0, (3.1.2)
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which are of great practical importance as many waves to be captured are, in fact,

small perturbations of these steady states. We would like to stress that good numer-

ical methods should be able of exactly preserving “lake-at-rest” steady states—such

methods are called well-balanced. Another important property a good numerical

method should possess is its ability to preserve non-negativity of water depth h—

such methods are called positivity preserving. We refer the reader to, e.g., a recent

review paper [42] for an extensive discussion on these matters.

Several numerical methods on quadtree grids for SWE have been developed dur-

ing the past two decades. For example, an adaptive well-balanced second-order

Godunov-type scheme was proposed in [77]. This scheme is able to solve the shal-

low water system with discontinuous bottom topography. A well-balanced scheme

on quadtree-cut-cell grids was proposed in [2]. This scheme is based on the hydro-

static reconstruction from [4]. In addition, an adaptive quadtree Roe-type scheme for

the 2-D two-layer SWE was introduced in [52]. Furthermore, an adaptive quadtree

scheme with wet-dry fronts was studied [58, 57]. For further studies on SWE over

quadtree grids, we refer the reader to [13, 14, 40, 59, 65]. Besides the aforementioned

numerical methods, several well-balanced positivity preserving schemes have been

proposed in the past years; see, e.g., [3, 4, 5, 10, 11, 12, 15, 26, 43, 46, 62, 74, 85],

but none of them has been extended to quadtree grids.

In this paper, we present a quadtree scheme which is based on the central-

upwind scheme from [46]. Central-upwind schemes are Godunov-type Riemann-

problem-solver-free finite-volume methods, which were proposed in [44, 45, 47, 48]

as a “black-box” solvers for general multidimensional systems of hyperbolic systems

of conservation laws. Central-upwind schemes were extended to shallow water mod-

els in [43] and many subsequent works; see, e.g., the recent review paper [42] and

references therein. The scheme from [46] is the first well-balanced and at the same

time positivity preserving central-upwind scheme, which is simple, efficient and ro-

bust: this is the reason why it was taken as the main building block of the proposed

quadtree scheme.

The paper is organized as follows. In §3.2, we briefly describe a quadtree grid

generation algorithm. In §3.3, we develop a well-balanced positivity preserving

central-upwind quadtree scheme. The developed scheme is tested on three numerical

example in §3.4.
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3.2 Quadtree grids

Quadtree grids imply recursive spatial decomposition of the computational domain;

see Figure 3.1 for an example of a quadtree cell C with different level neighbouring

cells. Quadtree grids can be generated according to the following algorithm (see

[14, 32]):

Step 1. Choose a domain and generate a set of seeding points considering features of

the problem, boundary conditions, flow characteristics, local gradients and governing

equations.

Step 2. Fit the domain within a unit square (root square) by adjusting the size of

the square.

Step 3. Determine the level of refinement (m) of the quadtree (the size of the

smallest cell of the grid is inversely proportional to m).

Step 4. Divide the domain square into four sub-squares. Each sub-square is called

a cell (that is, the first level of the quadtree).

Step 5. Continue dividing each cell into four sub-cells if it contains a seeding point

until the maximum refinement level is reached. If a cell does not include any seeding

points, move to the next cell and again implement Step 5.

We note that in order to prevent complicated formulations and enhance the

stability of the overall method, no cell can have both an adjacent neighbouring cell

and a diagonally neighbouring cell with a refinement level difference greater than

one; see [14, 32, 70]. This condition is satisfied provided the quadtree is regularized;

several regularization algorithms can be found in [8, 66, 79, 83, 84, 90]. Examples

of non-regularized and regularized quadtree grids are shown in Figure 3.2.
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Figure 3.2: Examples of non-regularized (left) and regularized (right) quadtree grids.

3.3 Adaptive well-balanced semi-discrete central-

upwind scheme

In this section, we present an adaptive well-balanced semi-discrete central-upwind

scheme for the system (3.1.1), which can be written in the following vector form:

Ut + F (U , B)x + G(U , B)y = S(U , B), (3.3.1)

where

U := (w, hu, hv)⊤,

and the fluxes and source term are:

F (U , B) =

(︃
hu,

(hu)2

w −B
+

g

2
(w −B)2,

(hu)(hv)

w −B

)︃⊤

, (3.3.2)

G(U , B) =

(︃
hv,

(hu)(hv)

w −B
,

(hv)2

w −B
+

g

2
(w −B)2

)︃⊤

, (3.3.3)

S(U , B) = (0,−g(w −B)Bx,−g(w −B)By)
⊤ . (3.3.4)

The central-upwind quadtree scheme will be designed according to the following

algorithm:
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Step 1. Generate a non-regularized grid with the seeding points (§3.2).

Step 2. Regularize the non-regularized grid (§3.2).

Step 3. Perform piecewise polynomial reconstructions and obtain the required point

values of the bottom topography B (§3.3.2) and conservative quantities U (§3.3.3).

Step 4. Calculate the local speeds (§3.3.4) and central-upwind numerical fluxes

(§3.3.5).

Step 5. Calculate the well-balanced discrete source term (§3.3.6).

Step 6. Calculate the size of timestep, which can guarantee the positivity and

stability (§3.3.7).

Step 7. Calculate local gradients in each cell, which are needed to determine the

seeding points at the next timestep (§3.3.8).

Step 8. Calculate current conservative quantities, which are going to be used as

previous timestep data in the construction of the new quadtree grid (§3.3.8).

Step 9. Evolve the solution by solving the time-dependent system of ODE, obtained

after the semi-discretization of the studied SWE over the quadtree grid.

3.3.1 Finite-volume semi-discretization over quadtree grids

Let us consider a typical finite-volume Cartesian cell Cj,k of size ∆xj,k × ∆yj,k cen-

tered at (xj,k, yj,k). We assume that at a certain time level t, the computed solution

is available and represented in terms of its cell averages:

Uj,k(t) ≈ 1

∆xj,k∆yj,k

x
j+1

2∫︂
x
j− 1

2

y
k+1

2∫︂
y
k− 1

2

U(x, y, t) dy dx, (3.3.5)

where xj± 1
2

:= xj,k ± ∆xj,k/2 and yk± 1
2

:= yj,k ± ∆yj,k/2.

Considering the right and left neighbours of cell Cj,k, there exist nine different

permutations of those neighbouring cells; see Figure 3.3. We note, however, that

only eight of them (configurations (a)–(h) in Figure 3.3) are possible in the proposed

regularized quadtree grid. Similar cases are to be considered with respect to the

neighbouring cells on the top and bottom.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.3: Permutations of neighbouring cells of Cj,k in the x-direction: (a)–(h) Possible
configurations in regularized quadtree grids; (i) An impossible configuration in regularized
quadtree grids.

For the sake of brevity, we only present the quadtree scheme for configuration (b)

in Figure 3.3 as an example of a quadtree cell (other configurations can be treated

in a similar manner). We denote left-neighbouring cells of Cj,k by I and II. These

two cells centered at (xj,k − 3∆xj,k/4, yj,k ± ∆yj,k/4) are of size ∆xj,k/2 × ∆yj,k/2.

The cell averages Uj,k are evolved in time by solving the following system of

time-dependent ODE:

d

dt
Uj,k = −

Hx
j+ 1

2
,k
−

Hx
j− 1

2
,k− 1

4

+ Hx
j− 1

2
,k+ 1

4

2
∆xj,k

−
Hy

j,k+ 1
2

−Hy

j,k− 1
2

∆yj,k
+ Sj,k, (3.3.6)
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obtained after the semi-discretization of the system (3.3.1)–(3.3.4). In (3.3.6),

Hx
j+ 1

2
,k

, Hx
j− 1

2
,k± 1

4

, Hy

j,k+ 1
2

and Hy

j,k− 1
2

are the numerical fluxes, which, in general,

are

Hx
α,β = Hx(U−

α,β,U
+
α,β;Bα,β) and Hy

γ,δ = Hy(U−
γ,δ,U

+
γ,δ;Bγ,δ) (3.3.7)

where

U±
α,β = lim

x→xα±0

˜︁U (x, yβ) and U±
γ,δ = lim

y→yδ±0

˜︁U(xγ, y), (3.3.8)

and ˜︁U is a piecewise polynomial interpolation. Second-order schemes employ piece-

wise linear interpolations,

˜︁U(x, y) = (Ux)j,k[x− xj] + (Uy)j,k[y − yk], (x, y) ∈ Cj,k, (3.3.9)

where the slopes (Ux)j,k and (Uy)j,k are yet to be determined; see §3.3.3 below.

Finally, Sj,k is a cell average of the source term:

Sj,k ≈
1

∆xj,k∆yj,k

x
j+1

2∫︂
x
j− 1

2

y
k+1

2∫︂
y
k− 1

2

S(U , B) dy dx. (3.3.10)

We note that all of the indexed quantities in (3.3.6)–(3.3.10) are time-dependent,

but from now on we omit this dependence for the sake of brevity.

3.3.2 Piecewise bilinear reconstruction of B

The quadtree grid consist of cells of different sizes: ∆x×∆y, ∆x
2
×∆y

2
, . . . , ∆x

2m−1× ∆y
2m−1 .

We denote the set of cells of the corresponding size by C (ℓ), that is, C (ℓ) = {Cj,k :

|Cj,k| = ∆x
2ℓ−1 × ∆y

2ℓ−1}.

We follow the lines of [46] and use a continuous piecewise bilinear reconstruction

of the bottom topography ˜︁B(x, y). We note that on a quadtree grid, the approach

from [46] does not directly apply to a quadtree grid since it contains cells, whose

vertex is a midpoint of the edge of the neighbouring cell as point 5 in the configura-

tion considered in Figure 3.3 (b). We therefore propose the following algorithm for

constructing ˜︁B.
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Step 1. Set ℓ := 1.

Step 2. Reconstruct bilinear pieces ˜︁B for all (j, k) such that Cj,k ∈ C (ℓ). This is

done as follows.

We first obtain the point values of B at the vertices of Cj,k. If one of them lies

on the edge of a larger neighbouring cell (which belongs to the set C (ℓ−1) where the

bilinear piece has already been constructed), then there are two possibilities:

(i) either this vertex coincides with a vertex of the neighbouring cell and then

the point value of B has been already computed there;

(ii) or this vertex is a midpoint of the edge of the neighbouring cell and then

the point value of B at this vertex is an average of the point values of B at those

two vertices of the neighbouring cell that lie on the same edge (for example, in the

configuration considered in Figure 3.3 (b), the value of B at point 5 will be equal

to the average of the values of B at points 1 and 4).

Otherwise, we proceed as in [46] and set

Bj± 1
2
,k± 1

2
:=

1

2

(︂
max

ξ2+η2=1
lim

ℓx,ℓy→0
B(xj± 1

2
+ ℓxξ, yk± 1

2
+ ℓyη)

+ min
ξ2+η2=1

lim
ℓx,ℓy→0

B(xj± 1
2

+ ℓxξ, yk± 1
2

+ ℓyη)
)︂
,

which reduces to Bj± 1
2
,k± 1

2
= B(xj± 1

2
, yk± 1

2
) if the function B is continuous at

(xj± 1
2
, yk± 1

2
).

Equipped with the point values Bj± 1
2
,k± 1

2
, we construct the following bilinear

piece in cell Cj,k ∈ C (ℓ):

˜︁B(x, y) =Bj− 1
2
,k− 1

2
+ (Bj+ 1

2
,k− 1

2
−Bj− 1

2
,k− 1

2
)
x− xj− 1

2

∆x/2ℓ−1

+(Bj− 1
2
,k+ 1

2
−Bj− 1

2
,k− 1

2
)
y − yk− 1

2

∆y/2ℓ−1

+ (Bj+ 1
2
,k+ 1

2
−Bj+ 1

2
,k− 1

2
−Bj− 1

2
,k+ 1

2
+ Bj− 1

2
,k− 1

2
)
x− xj− 1

2

∆x/2ℓ−1
·
y − yk− 1

2

∆y/2ℓ−1
,

(x, y) ∈ Cj,k.

Step 3. Set ℓ := ℓ + 1.

Step 4. If ℓ ≤ m, then go to Step 2.
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Note that the restriction of the interpolant ˜︁B along each of the cell is a linear

function and the cell average of ˜︁B over the cell Cj,k is equal to its value at the center

of the cell and is also equal to the average of the values of ˜︁B at the midpoints of the

edges of Cj,k, namely, we have

Bj,k := ˜︁B(xj, yk) =
1

∆xj,k∆yj,k

∫︂∫︂
Cj,k

˜︁B(x, y) dx dy

=
Bj+ 1

2
,k + Bj− 1

2
,k + Bj,k+ 1

2
+ Bj,k− 1

2

4
, (3.3.11)

where

Bj± 1
2
,k := ˜︁B(xj± 1

2
, yk) =

1

2

(︂
Bj± 1

2
,k+ 1

2
+ Bj± 1

2
,k− 1

2

)︂
, (3.3.12)

and

Bj,k± 1
2

:= ˜︁B(xj, yk± 1
2
) =

1

2

(︂
Bj+ 1

2
,k± 1

2
+ Bj− 1

2
,k± 1

2

)︂
. (3.3.13)

We also note that the values of B at the midpoints of the right edges of cells I and

II in configuration considered in Figure 3.3 (b) can be obtained in a similar way:

Bj− 1
2
,k± 1

4
:= ˜︁B(xj− 1

2
, yk± 1

4
) =

1

2

(︂
Bj− 1

2
,k + Bj− 1

2
,k± 1

2

)︂
. (3.3.14)

Formulae (3.3.11)–(3.3.14) are crucial for the proof of the positivity preserving

property of our well-balanced quadtree central-upwind scheme; see §3.3.7.

Remark. We note that the proposed piecewise bilinear reconstruction can be

applied to discontinuous bottom functions B(x, y).

3.3.3 Piecewise linear reconstruction of U

In this paper, we design a second-order scheme, which employs a piecewise linear

reconstruction ˜︁U in each cell. We then obtain the point values of U (required in

(3.3.7)) using (3.3.8), (3.3.9), which for cell Cj,k from Figure 3.3 (b) results in

U+
j+ 1

2
,k

= Uj+1,k −
∆xj+1,k

2
(Ux)j+1,k

U−
j+ 1

2
,k

= Uj,k +
∆xj,k

2
(Ux)j,k ,
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U+
j− 1

2
,k± 1

4

= Uj,k −
∆xj,k

2
(Ux)j,k ±

∆yj,k
2

(Uy)j,k ,

U−
j− 1

2
,k± 1

4

= Uj− 1
4
,k± 1

4
+

∆xj,k

4
(Ux)j− 1

4
,k± 1

4
(3.3.15)

where Uj− 1
4
,k− 1

4
and Uj− 1

4
,k+ 1

4
denote the cell averages of U over the cells I and II,

respectively.

In order to achieve the formal second order of accuracy, the slopes (Ux) and

(Uy) in (3.3.15) are to be at least first-order approximations of the corresponding

derivatives. In order to minimize oscillations, we compute the slopes using the

minmod limiter (see, e.g., [7, 50, 88]), which is implemented in the following way:

(Ux)j,k = minmod

(︄
Uj,k − Uj− 1

4
,k− 1

4

3∆xj,k/4
,
Uj,k − Uj− 1

4
,k+ 1

4

3∆xj,k/4
,
Uj+1,k − Uj,k

∆xj,k

)︄
,

(Uy)j,k = minmod

(︃
Uj,k − Uj,k−1

∆yj,k
,
Uj,k+1 − Uj,k

∆yj,k

)︃
(3.3.16)

where the minmod function is defined by

min{z1, z2, ...} :=

⎧⎪⎪⎨⎪⎪⎩
minj{zj}, if zj > 0 ∀j,

maxj{zj}, if zj < 0 ∀j,

0, otherwise.

3.3.3.1 Positivity preserving correction of w

The piecewise linear reconstruction (3.3.16) cannot guarantee the non-negativity of

˜︁h(x, y) := ˜︁w(x, y) − ˜︁B(x, y).

In fact, for the configuration considered in Figure 3.3 (b), we only need the following

five inequalities to be satisfied:

h+
j− 1

2
,k± 1

4

= w+
j− 1

2
,k± 1

4

−Bj− 1
2
,k± 1

4
≥ 0, h−

j+ 1
2
,k

= w−
j+ 1

2
,k
−Bj+ 1

2
,k ≥ 0,

h+
j,k− 1

2

= w+
j,k− 1

2

−Bj,k− 1
2
≥ 0, and h−

j,k+ 1
2

= w−
j,k+ 1

2

−Bj,k+ 1
2
≥ 0.
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If at least one of these inequalities is not satisfied, we need to correct ˜︁w in the cell

Cj,k. We note that the correction used in [46] will not in general work on quadtree

grids. We therefore propose an alternative correction procedure and replace the

linear pieces in the problematic cells with the bilinear one denoted by ẘ(x, y) and

constructed as follows. Let us denote by

wNE
j,k := ˜︁w(xj+ 1

2
− 0, yk+ 1

2
− 0), wSE

j,k := ˜︁w(xj+ 1
2
− 0, yk− 1

2
+ 0),

wNW
j,k := ˜︁w(xj− 1

2
+ 0, yk+ 1

2
− 0), wSW

j,k := ˜︁w(xj− 1
2

+ 0, yk− 1
2

+ 0)

the four corner point values of the linear piece of ˜︁w over the cell Cj,k. If

wNE
j,k ≥ Bj+ 1

2
,k+ 1

2
, wSE

j,k ≥ Bj+ 1
2
,k− 1

2
,

wNW
j,k ≥ Bj− 1

2
,k+ 1

2
and wSW

j,k ≥ Bj− 1
2
,k− 1

2
, (3.3.17)

then we set

ẘ(x, y) =wSW
j,k + (wSE

j,k − wSW
j,k )

x− xj− 1
2

∆xj,k

+ (wNW
j,k − wSW

j,k )
y − yk− 1

2

∆yj,k

+ (wNE
j,k − wSE

j,k − wNW
j,k + wSW

j,k )
x− xj− 1

2

∆xj,k

·
y − yk− 1

2

∆yj,k
, (x, y) ∈ Cj,k. (3.3.18)

If at least one of the inequalities in (3.3.17) is not satisfied, we would first need

to correct the point values of w at the vertices of Cj,k. There are three different

cases to be considered.

Case 1: only one of the inequalities in (3.3.17) is not satisfied. Without loss of

generality, we assume that wNE
j,k < Bj+ 1

2
,k+ 1

2
. We then replace the point values of w

at the vertices of Cj,k with

ẘNE
j,k = Bj+ 1

2
,k+ 1

2
, ẘSE

j,k = Bj+ 1
2
,k− 1

2
+

4

3
(wj,k −Bj,k),

ẘNW
j,k = Bj− 1

2
,k+ 1

2
+

4

3
(wj,k −Bj,k), ẘSW

j,k = Bj− 1
2
,k− 1

2
+

4

3
(wj,k −Bj,k).

Case 2: only two of the inequalities in (3.3.17) are not satisfied. Without loss of

generality, we assume that wNE
j,k < Bj+ 1

2
,k+ 1

2
and wSE

j,k < Bj+ 1
2
,k− 1

2
. We then replace
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the point values of w at the vertices of Cj,k with

ẘNE
j,k = Bj+ 1

2
,k+ 1

2
, ẘSE

j,k = Bj+ 1
2
,k− 1

2
,

ẘNW
j,k = Bj− 1

2
,k+ 1

2
+ 2(wj,k −Bj,k), ẘSW

j,k = Bj− 1
2
,k− 1

2
+ 2(wj,k −Bj,k).

Case 3: only three of the inequalities in (3.3.17) are not satisfied. Without loss of

generality, we assume that wNE
j,k < Bj+ 1

2
,k+ 1

2
, wSE

j,k < Bj+ 1
2
,k− 1

2
and wNW

j,k < Bj− 1
2
,k+ 1

2
.

We then replace the point values of w at the vertices of Cj,k with

ẘNE
j,k = Bj+ 1

2
,k+ 1

2
, ẘSE

j,k = Bj+ 1
2
,k− 1

2
, ẘNW

j,k = Bj− 1
2
,k+ 1

2
,

ẘSW
j,k = 4wj,k −Bj+ 1

2
,k+ 1

2
−Bj+ 1

2
,k− 1

2
−Bj− 1

2
,k+ 1

2
.

In all of the above three cases, we use the corrected point values ẘNE
j,k , ẘSE

j,k, ẘNW
j,k

and ẘSW
j,k to construct the corrected bilinear approximant (compare with (3.3.18))

ẘ(x, y) = ẘSW
j,k + (ẘSE

j,k − ẘSW
j,k )

x− xj− 1
2

∆xj,k

+ (ẘNW
j,k − ẘSW

j,k )
y − yk− 1

2

∆yj,k

+ (ẘNE
j,k − ẘSE

j,k − ẘNW
j,k + ẘSW

j,k )
x− xj− 1

2

∆xj,k

·
y − yk− 1

2

∆yj,k
, (x, y) ∈ Cj,k.

It is easy to show that the constructed bilinear piece ẘ(x, y) is conservative, that

is,
1

∆xj,k∆yj,k

∫︂
Cj,k

ẘ(x, y) dy dx = wj,k,

and positivity preserving, that is,

ẘ(x, y) ≥ ˜︁B(x, y), (x, y) ∈ Cj,k.

We also notice that the point values of w (required in (3.3.7)) at the cell Cj,k from

Figure 3.3 (b) are

w+
j− 1

2
,k± 1

4

= ẘ(xj− 1
2

+ 0, yk± 1
4
), w−

j+ 1
2
,k

= ẘ(xj+ 1
2
− 0, yk),

w+
j,k− 1

2

= ẘ(xj, yk− 1
2

+ 0), w−
j,k+ 1

2

= ẘ(xj, yk+ 1
2
− 0)
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and thus the corresponding corrected values of h,

h+
j− 1

2
,k± 1

4

= w+
j− 1

2
,k± 1

4

−Bj− 1
2
,k± 1

4
, h−

j+ 1
2
,k

= w−
j+ 1

2
,k
−Bj+ 1

2
,k,

h+
j,k− 1

2

= w+
j,k− 1

2

−Bj,k− 1
2
, h−

j,k+ 1
2

= w−
j,k+ 1

2

−Bj,k+ 1
2
,

are nonnegative.

Finally, we would like to point out that the values of h at the boundaries of cell

Cj,k may be very small or even zero. This will require the computation of the corre-

sponding point values of u and v to be desingularized. We use the desingularization

approach from [46]:

u :=

√
2h(hu)√︁

h4 + max{h4, ε}
, v :=

√
2h(hv)√︁

h4 + max{h4, ε}
,

where we take ε = max{minj,k{(∆xj,k)4},minj,k{(∆yj,k)4}}. After recomputing the

point values of h, u and v, the x- and y-discharges are also recalculated by setting:

(hu) := h · u, (hv) := h · v.

Note that in the above two equations, we have omitted all of the indices for the sake

of brevity.

3.3.4 Local speeds

The one-sided local speeds of propagation, denoted at the corresponding cell inter-

faces by a±α,β and b±γ,δ, are calculated using the largest and smallest eigenvalues of

the Jacobian matrices ∂F
∂U

and ∂G
∂U

and can be estimated by

a+α,β = max
{︂
u+
α,β +

√︂
gh+

α,β, u
−
α,β +

√︂
gh−

α,β, 0
}︂
,

a−α,β = min
{︂
u+
α,β −

√︂
gh+

α,β, u
−
α,β −

√︂
gh−

α,β, 0
}︂
,

b+γ,δ = max
{︂
v+γ,δ +

√︂
gh+

γ,δ, v
−
γ,δ +

√︂
gh−

γ,δ, 0
}︂
,

b−γ,δ = min
{︂
v+γ,δ −

√︂
gh+

γ,δ, v
−
γ,δ −

√︂
gh−

γ,δ, 0
}︂
. (3.3.19)
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3.3.5 Central-upwind numerical fluxes

We use the central-upwind fluxes from [46], originally derived in [49]:

Hx
α,β =

a+α,βF (U−
α,β, Bα,β) − a−α,βF (U+

α,β, Bα,β)

a+α,β − a−α,β

+
a+α,βa

−
α,β

a+α,β − a−α,β

[︁
U+

α,β −U−
α,β

]︁
,

Hy
γ,δ =

b+γ,δG(U−
γ,δ, Bγ,δ) − b−γ,δG(U+

γ,δ, Bγ,δ)

b+γ,δ − b−γ,δ

+
b+γ,δb

−
γ,δ

b+γ,δ − b−γ,δ

[︁
U+

γ,δ −U−
γ,δ

]︁
, (3.3.20)

where

(α, β) ∈
{︁

(j − 1

2
, k − 1

4
), (j − 1

2
, k +

1

4
), (j +

1

2
, k)
}︁

and

(γ, δ) ∈
{︁

(j, k − 1

2
), (j, k +

1

2
)
}︁

in the configuration considered in Figure 3.3 (b).

3.3.6 Well-balanced discretization of the source term

A numerical scheme is well-balanced when the discretized cell average of the source

term, Sj,k =
(︁
0, S

(2)

j,k , S
(3)

j,k

)︁⊤
, exactly balances the numerical fluxes in equation

(3.3.6) at the “lake-at-rest” steady state (3.1.2), that is, when the right-hand side

(RHS) of (3.3.6) vanishes as long as Uj,k ≡ ( ˆ︁w, 0, 0)⊤ for all (j, k), where ˆ︁w is a

constant.

We note that at the “lake-at-rest data”, all of the reconstructed point values are

w± = ˜︁w and u± = v± = 0 and thus, a+α,β = −a−α,β, ∀(α, β), b+γ,δ = −b−γ,δ ∀(γ, δ), and

the numerical fluxes (3.3.20) reduce to

Hx
α,β =

(︂
0,

g

2
( ˆ︁w −Bα,β)2 , 0

)︂⊤
, Hy

γ,δ =
(︂

0, 0,
g

2
( ˆ︁w −Bγ,δ)

2
)︂⊤

,



Chapter 3. A central-upwind scheme on quadtree grids for SWEs 31

and the flux terms on the RHS of (3.3.6) then become

−
Hx

j+ 1
2
,k
−

Hx
j− 1

2
,k− 1

4

+ Hx
j− 1

2
,k+ 1

4

2
∆xj,k

−
Hy

j,k+ 1
2

−Hy

j,k− 1
2

∆yj,k

= −g

2

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0(︂ˆ︁w −Bj+ 1
2
,k

)︂2
∆xj,k

−

(︂ˆ︁w −Bj− 1
2
,k− 1

4

)︂2
2∆xj,k

−

(︂ˆ︁w −Bj− 1
2
,k+ 1

4

)︂2
2∆xj,k(︂ˆ︁w −Bj,k+ 1

2

)︂2
∆yj,k

−

(︂ˆ︁w −Bj,k− 1
2

)︂2
∆yj,k

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (3.3.21)

We now need to approximate the source term in (3.3.6) in such a way that Sj,k

would cancel (3.3.21) at the “lake-at-rest” steady states. To this end, we first notice

that (at least for smooth solutions)

−g(w −B)Bx = g(w −B)(w −B)x − g(w −B)wx

=
g

2

[︁
(w −B)2

]︁
x
− g(w −B)wx,

−g(w −B)By = g(w −B)(w −B)y − g(w −B)wy

=
g

2

[︁
(w −B)2

]︁
y
− g(w −B)wy,

and rewrite the cell averages of the second and third components of the integral in

(3.3.10) as

g

2

y
k+1

2∫︂
y
k− 1

2

[︄
(w −B)2

⃓⃓⃓
x=x

j+1
2

− (w −B)2
⃓⃓⃓
x=x

j− 1
2

]︄
dy−

g

x
j+1

2∫︂
x
j− 1

2

y
k+1

2∫︂
y
k− 1

2

(w −B)wx dy dx (3.3.22)
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and

g

2

x
j+1

2∫︂
x
j− 1

2

[︄
(w −B)2

⃓⃓⃓
y=y

k+1
2

− (w −B)2
⃓⃓⃓
y=y

k− 1
2

]︄
dx−

g

x
j+1

2∫︂
x
j− 1

2

y
k+1

2∫︂
y
k− 1

2

(w −B)wy dy dx, (3.3.23)

respectively. We then approximate the integrals in (3.3.22) and (3.3.23) using the

second-order midpoint rule (for the configuration in Figure 3.3 (b), the integral along

the left edge of Cj,k is approximated using the composite midpoint rule as Cj,k has

two neighbouring cells on the left), which results in the following quadrature for the

second and third components of the source term:

S
(2)

j,k ≈ g

2∆xj,k

[︄(︂
w−

j+ 1
2
,k
−Bj+ 1

2
,k

)︂2
−

(︂
w+

j− 1
2
,k− 1

4

−Bj− 1
2
,k− 1

4

)︂2
2

−

(︂
w+

j− 1
2
,k+ 1

4

−Bj− 1
2
,k+ 1

4

)︂2
2

]︄
− g(wx)j,k (wj,k −Bj,k) ,

S
(3)

j,k ≈ g

2∆yj,k

[︃(︂
w−

j,k+ 1
2

−Bj,k+ 1
2

)︂2
−
(︂
w+

j,k− 1
2

−Bj,k− 1
2

)︂2 ]︃
− g(wy)j,k (wj,k −Bj,k) . (3.3.24)

We finally note that at the “lake-at-rest” data, (wx)j,k = (wy)j,k ≡ 0, ∀(j, k) and

thus (3.3.21) and (3.3.24) imply that the RHS of (3.3.6) vanishes and the resulting

scheme is well-balanced.

3.3.7 Positivity preserving property and time discretization

One of the main advantages of the central-upwind scheme is its ability to preserve

the positivity of h; see [42, 46]. In this section, we extend the positivity proof from

[46] to the proposed quadtree scheme. To this end, we integrate equation (3.3.6) in
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time using a forward Euler method. For the first component, this results in

wn+1
j,k = wn

j,k − λn
j,k

⎛⎝H
x,(1)

j+ 1
2
,k
−

H
x,(1)

j− 1
2
,k− 1

4

+ H
x,(1)

j− 1
2
,k+ 1

4

2

⎞⎠
− µn

j,k

(︂
H

y,(1)

j,k+ 1
2

−H
y,(1)

j,k− 1
2

)︂
, (3.3.25)

where wn
j,k := wj,k(tn) and wn+1

j,k := wj,k(tn+1) with tn+1 = tn + ∆tn, λn
j,k :=

∆tn/∆xj,k, µn
j,k := ∆tn/∆yj,k, and the numerical fluxes on the RHS are evaluated

at time level t = tn using (3.3.20):

H
x,(1)
α,β =

a+α,β(hu)−α,β − a−α,β(hu)+α,β
a+α,β − a−α,β

+
a+α,βa

−
α,β

a+α,β − a−α,β

[︁
w+

α,β − w−
α,β

]︁
,

H
y,(1)
γ,δ =

b+γ,δ(hv)−γ,δ − b−γ,δ(hv)+γ,δ
b+γ,δ − b−γ,δ

+
b+γ,δb

−
γ,δ

b+γ,δ − b−γ,δ

[︁
w+

γ,δ − w−
γ,δ

]︁
, (3.3.26)

where, as before,

(α, β) ∈
{︁

(j − 1

2
, k − 1

4
), (j − 1

2
, k +

1

4
), (j +

1

2
, k)
}︁

and

(γ, δ) ∈
{︁

(j, k − 1

2
), (j, k +

1

2
)
}︁

in the configuration considered in Figure 3.3 (b).

If h
n

j,k ≥ 0 for all (j, k), then the point values of h computed using piecewise

linear/bilinear reconstructions of w and B presented in §3.3.2 and §3.3.3, are non-

negative. Moreover, using (3.3.11)–(3.3.14) and the similar relationships for the

reconstructed point values of w, we have

h
n

j,k =
1

4

(︄
h+
j− 1

2
,k− 1

4

+ h+
j− 1

2
,k+ 1

4

2
+ h−

j+ 1
2
,k

+ h+
j,k− 1

2

+ h−
j,k+ 1

2

)︄
(3.3.27)

for the configuration considered in Figure 3.3 (b).

We now subtract Bj,k from both sides of (3.3.25) and use (3.3.26) and (3.3.27)
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to rewrite (3.3.25) as follows:

h
n+1

j,k = −λn
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−
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·
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j+ 1
2
,k

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

]︄
h−
j+ 1

2
,k

+
λn
j,ka

+
j− 1

2
,k− 1

4

2
·
u−
j− 1

2
,k− 1

4

− a−
j− 1

2
,k− 1

4

a+
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2

]︄
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2
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4
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2
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2
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j,k− 1

2
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h+
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2

.

This shows that the cell averages of h at the new time level can be written as

a linear combination of the reconstructed nonnegative point values of h. Therefore,

h
n+1

j,k ≥ 0 provided all of the coefficients in this linear combination are nonnegative,

which is, using the definition of the local speeds of propagation in (3.3.19), true

provided the following CFL-type condition are satisfied:

∆t ≤
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1

4
min

⎡⎣min
j,k

⎧⎨⎩ ∆xj,k

max
(α,β)

[︁
max

{︁
a+α,β,−a−α,β

}︁]︁
⎫⎬⎭ , min

j,k

⎧⎨⎩ ∆yj,k

max
(γ,δ)

[︁
max

{︁
b+γ,δ,−b−γ,δ

}︁]︁
⎫⎬⎭
⎤⎦ .

where, as before,

(α, β) ∈
{︁

(j − 1

2
, k − 1

4
), (j − 1

2
, k +

1

4
), (j +

1

2
, k)
}︁

and

(γ, δ) ∈
{︁

(j, k − 1

2
), (j, k +

1

2
)
}︁

in the configuration considered in Figure 3.3 (b).

It should be observed that the above positivity preserving proof is valid not only

for the forward Euler time discretization, but for any strong stability preserving

(SSP) ODE solver (see, e.g., [30, 31]) as well. In all of our numerical experiments,

we have used the three-stage third-order SSP Runge-Kutta solver.

3.3.8 Quadtree grid adaptivity

After evolving the solution to the new time level t = tn+1 the quadtree grid should

be adapted (locally either refined or coarsened) to the new solution structure. To

this end, we first compute the slopes {(wx)n+1
j,k } and {(wy)

n+1
j,k } on the old grid (which

we denote by {Cold
j,k }) according to §3.3.3 and then select the centers of those cells

Cold
j,k , at which either

(wx)n+1
j,k ≥ Cseed or (wy)

n+1
j,k ≥ Cseed, (3.3.28)

to be the seeding points needed to generate the new grid, which we denote by {Cnew
j,k }.

In (3.3.28), Cseed is a constant that depends on the problem at hand, that is, on

such factors as the Froude number, bottom topography function and/or boundary

conditions.

When the mesh is locally refined or coarsened, the solution realized at the end

of the evolution step in terms of the computed cell averages
{︁(︁

U
n+1

j,k

)︁
old

}︁
over the

grid {Cold
j,k }, should be projected onto the new grid {Cnew

j,k } in a conservative manner

according to the following three possible cases.
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Case 1: If Cnew
j,k = Cold

j′,k′ for some (j′, k′), that is, if the cell Cold
j′,k′ does not need

to be refined/coarsened, then

(︁
U

n+1

j,k

)︁
new

=
(︁
U

n+1

j′,k′

)︁
old
.

Case 2: If Cnew
j,k ∈ C ℓ+p is a “child” cell of Cold

j′,k′ ∈ C ℓ for some j′, k′ and p > 0

(that is, if the cell Cold
j′,k′ was refined and Cnew

j,k ⊂ Cold
j′,k′), then

(︁
U

n+1

j,k

)︁
new

=
(︁
U

n+1

j′,k′

)︁
old

+
(︁
(Ux)n+1

j′,k′

)︁
old

[︁
xnew
j − xold

j′

]︁
+
(︁
(Uy)

n+1
j′,k′

)︁
old

[︁
ynewk − yoldk′

]︁
.

Case 3: If Cnew
j,k ∈ C ℓ−p is a “parent” cell of Cold

j′,k′ ∈ C ℓ for some j′, k′ and p > 0

(that is, if the cell Cold
j′,k′ was coarsened and Cnew

j,k ⊃ Cold
j′,k′), then

(︁
U

n+1

j,k

)︁
new

=
1

4p

∑︂∑︂
j′′,k′′:Cold

j′′,k′′⊂Cnew
j,k

(︁
U

n+1

j′′,k′′

)︁
old
.

3.4 Numerical experiments

In this section, we present six numerical examples in which the central-upwind

quadtree scheme is tested. In all of the examples (except for Example 5), we take

g = 1 and obtain the point values of B at the vertices of Cj,k using the bottom

topography function with ℓ := 5 (§3.3.2).

3.4.1 Example 1. Accuracy test

In this benchmark, the accuracy of the proposed scheme is tested. We set the

computational domain [0, 2] × [0, 1] with a zero-order extrapolation at all of the

boundaries. The following initial data and the bottom topography function are

imposed:

w(x, y, 0) ≡ 1, u(x, y, 0) ≡ 0.3, v(x, y, 0) ≡ 0,

B(x, y) = 0.5e−25(x−1)2−50(y−0.5)2 .

We generate a structured Cartesian grid [512 × 256] for the reference solution. The

solution converges to a steady state solution by t = 0.07. The L1- and L∞-errors for
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m = 5, 6, 7, and 8 for Cseed = 0.0005 are presented in Table 3.1. The obtained errors

are similar to the ones reported in [15, 46, 85]. The steady state solution computed

with m = 7 and the corresponding quadtree grid are shown in Figure 3.4.

Table 3.1: Example 1: L1- and L∞- errors and numerical orders of accuracy.

Quadtree level L1-error Order L∞-error Order

m = 5 8.97e− 04 − 5.14e− 03 −
m = 6 4.35e− 04 1.05 3.22e− 03 0.67
m = 7 2.80e− 04 1.68 2.90e− 03 0.83
m = 8 2.32e− 04 1.95 2.18e− 03 1.24

0 0.5 1 1.5 2
0

0.5

1

Figure 3.4: Example 1: Computed water surface w(x, y, 0.07) for m = 7 (left) and its
corresponding quadtree grid (right).

3.4.2 Example 2. Circular dam break

In this example, we demonstrate the ability of the proposed central-upwind quadtree

scheme to preserve the positivity of the water surface and to maintain symmetry.

A circular water column, where w = 1, collapses on a horizontal plane (similar

examples were considered in [4, 61, 77, 75]), namely,

w(x, y, 0) =

{︄
1, (x− 1)2 + (y − 1)2 < 0.25,

10−16, otherwise,
u(x, y, 0) = v(x, y, 0) ≡ 0.

We take the computational domain [0, 2]× [0, 2] and impose zero-order extrapolated

boundary conditions at its boundary. In this example, we take m = 8 and m = 9

refinement levels of the quadtree grid and set Cseed = 0.1 in (3.3.28). The initial

quadtree grids are shown in Figure 3.5.
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Figure 3.5: Example 2: Initial quadtree grids for m = 8 (left) and m = 9 (right).

We compute the solution until the final time t = 0.2 and plot the obtained water

surface contours in Figure 3.6. As one can see, the central-upwind quadtree scheme

maintains symmetry and preserves positivity. By changing the refinement level from

m = 8 to m = 9, the computational cost increases (for m = 8, the quadtree grid

starts with 1852 cells and ends with 12556 cells, whereas for m = 9, the grid starts

with 3616 cells and ends with 56272 cells), but the results obtained with m = 9 are

clearly sharper and more accurate.

Figure 3.6: Example 2: Computed water surface w(x, y, 0.2) for m = 8 (left) and m = 9
(right).
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3.4.3 Example 3. Small perturbations of a stationary steady

state solution

This numerical example is based on the benchmark, which was proposed in [55] to

test the ability of studied schemes to accurately capture small perturbations of a

steady state solution (similar examples were considered in, e.g., [15, 16, 43, 63]).

The computational domain is [0, 2] × [0, 1], the initial conditions are

w(x, y, 0) =

{︄
1.01, 0.05 < x < 0.15,

1, otherwise,
u(x, y, 0) = v(x, y, 0) ≡ 0,

and the bottom topography is given by

B(x, y) = 0.8e−5(x−0.9)2−50(y−0.5)2 .

A solid wall boundary condition is used at the top and bottom boundaries and

zero-order extrapolation is implemented at the left and right ones. We first consider

a very small value ε = 10−14 to verify the well-balanced property of the proposed

quadtree scheme. The solution is solved with a coarse quadtree grid for m = 5. In

Figure 3.7, we plot max
x,y

(w − 1) as a function of time until t = 0.6. As one can see,

the proposed scheme is stable and the fluxes and source terms balance each other.

0.0 0.1 0.2 0.3 0.4 0.5 0.6
t

0.0

0.2

0.4

0.6

0.8

1.0

m
ax

(w
1)

1e 14

Figure 3.7: Example 3: Computed max
x,y

w(x, y, t) as a function of t for m = 5.

We then take ε = 0.01 and m = 8 refinement levels of the quadtree grid and

set small Cseed = 0.02 in (3.3.28) in order to accurately resolve small features of the
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computed solution.

We compute the solution until the final time t = 1.8 and plot the snapshots of

w at times t = 0.6, 0.9, 1.2, 1.5 and 1.8 in Figure 3.8 (left). The quadtree grid

starts with 1970 cells and reaches a maximum number of 7268 cells during the time

evolution. Figure 3.8 (left) clearly demonstrate that the proposed well-balanced

central-upwind quadtree scheme accurately captures a small perturbation of the

“lake-at-rest” steady state and that the symmetry of the solution is preserved. The

ability of the scheme to refine grids where local gradients are sharp can be seen in

Figure 3.8 (right), where the quadtree grids at the same times t = 0.6, 0.9, 1.2, 1.5

and 1.8 are presented.

We also solve this initial-boundary value problem using a non-well-balanced

central-upwind quadtree scheme to stress the importance of the well-balanced prop-

erty. In order to design a non-well-balanced scheme, we replace the well-balanced

numerical source terms S
(2)

j,k and S
(3)

j,k given by (3.3.24) with the source terms ob-

tained by a straightforward midpoint rule quadrature. For the configuration con-

sidered in Figure 3.3 (b), the non-well-balanced source term approximations read

as

S
(2)

j,k = −g(wj,k −Bj,k)

∆xj,k

[︄
Bj+ 1

2
,k+ 1

2
+ Bj+ 1

2
,k− 1

2

2
−

Bj− 1
2
,k+ 1

2
+ Bj− 1

2
,k− 1

2

2

]︄
,

S
(3)

j,k = −g(wj,k −Bj,k)

∆xj,k

[︄
Bj+ 1

2
,k+ 1

2
+ Bj+ 1

2
,k− 1

2

2
−

Bj− 1
2
,k+ 1

2
+ Bj− 1

2
,k− 1

2

2

]︄
.

Figure 3.9 shows the the snapshots of w at times t = 0.6, 0.9, 1.2, 1.5 and 1.8 and the

corresponding quadtree grids obtained using the non-well-balanced computations.

As one can see, the use of non-well-balanced numerical source term leads to the

appearance of not small “parasitic” waves. Even though these waves are not as large

as in the non-well-balanced results presented in, e.g., [15] or [63], the unphysical

oscillations caused by the non-well-balanced discretization of the source term are

attenuated by adding more seeding points as the quadtree grid reaches a maximum

number of 8900 cells during the time evolution. This demonstrates the importance

of the well-balanced property, which eventually reduces the computational cost.
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Figure 3.8: Example 3: Computed water surface w(x, y, t) (left column) and the cor-
responding quadtree grids (right column) for t = 0.6, 0.9, 1.2, 1.5 and 1.8 (from top to
down) obtained using the well-balanced central-upwind quadtree scheme.
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Figure 3.9: Example 3: Computed water surface w(x, y, t) (left column) and the cor-
responding quadtree grids (right column) for t = 0.6, 0.9, 1.2, 1.5 and 1.8 (from top to
down) obtained using the non-well-balanced central-upwind quadtree scheme.
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3.4.4 Example 4. Small perturbations over a flat plateau

In this example, which is similar to the examples considered in [15, 85], we study

small perturbations over a submerged flat plateau. The computational domain is

[0, 1]× [0, 1]. A solid wall boundary condition is used at the top and bottom bound-

aries and zero-order extrapolation is implemented at the left and right ones. The

bottom topography function is given by

B(x, y) =

⎧⎪⎨⎪⎩
1 − 2ε, r ≤ 0.1,

10(1 − 2ε)(0.2 − r), 0.1 ≤ r ≤ 0.2,

0, otherwise,

where ε = 10−4 and r =
√︁

(x− 0.5)2 + (y − 0.5)2. The following initial data are

imposed:

w(x, y, 0) =

{︄
1 + ε, 0.1 ≤ x ≤ 0.2,

1, otherwise,
u(x, y, 0) = v(x, y, 0) ≡ 0.

We compute both well-balanced and non-well-balanced solutions with m = 8 and

Cseed = 0.0002. The obtained w (left column) and the corresponding quadtree grids

(right column) at t = 0.2, 0.35, 0.5, and 0.65 are shown in Figures 3.10 and 3.11. We

note that the number of cells in the well-balanced computation varies from 3712 to

13384, while in the non-well-balanced one it goes up to a much larger maximum of

34126 cells. However, this level of refinement is apparently not enough to suppress

the non-physical parasitic waves, which propagate all over the computational do-

main; see Figure 3.11. On the contrary, the well-balanced solution is oscillation-free

as one can clearly see in Figure 3.10.
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Figure 3.10: Example 4: Computed water surface w(x, y, t) (left column) and the corre-
sponding quadtree grids (right column) for t = 0.2, 0.35, 0.5, and 0.65 (from top to down)
obtained using the well-balanced central-upwind quadtree scheme.
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Figure 3.11: Example 4: Computed water surface w(x, y, t) (left column) and the corre-
sponding quadtree grids (right column) for t = 0.2, 0.35, 0.5, and 0.65 (from top to down)
obtained using the non-well-balanced central-upwind quadtree scheme.
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3.4.5 Example 5. Cylindrical dam break over a step

In this example, we demonstrate the capability of the proposed scheme to solve prob-

lems with discontinuous bottom topography. From [22], we consider the following

initial condition

Q(x, y, 0) =

{︄
Qi, r ≤ 1,

Qo, r > 1,

where r2 = (x− 2)2 + (y − 2)2 and Q = (u, v, h, B). The computational domain is

[0, 4]× [0, 4]. We choose the inner and the outer states to be Qi = (0, 0, 1,−0.2) and

Qo = (0, 0, 0.5, 0) respectively. We first, take g = 9.8 and obtain the point values of

B at the vertices of Cj,k using the bottom topography function with ℓ = 6 (§3.3.2).

The problem is solved with Cseed = 0.1 and m = 8 until t = 0.2. Figure 3.12 shows

the computed solution of w at t = 0.05, 0.1, 0.15, and 0.2 and their corresponding

quadtree grids. The solution starts with a minimum of 6172 cells and reaches a

maximum of 12508 cells. As one can see, the proposed scheme is able to solve such

a problem with discontinuous bottom topography.
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Figure 3.12: Example 5: Computed water surface w(x, y, t) (left column) and the corre-
sponding quadtree grids (right column) for t = 0.05, 0.1, 0.15, and 0.2 (from top to down)
obtained using the well-balanced central-upwind quadtree scheme for m = 8.
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3.4.6 Example 6. Sudden contraction

The last example is a modification of the benchmark in [37]; also see [16, 15].

The purpose of this example is twofold: to show the ability of the central-upwind

quadtree scheme to capture shocks and sharp waves in supercritical flows and to

demonstrate the positivity preserving property of the proposed scheme.

We consider an open channel with a sudden contraction. The geometry of the

channel is established on its contraction, where

yb(x) =

{︄
0.5, x ≤ 1,

0.4, otherwise.

The computational domain is [0, 3] × [0.5 − yb(x), 0.5 + yb(x)]. Solid wall boundary

conditions are imposed at all of the boundaries except for the left (inflow boundary

with u(0, y, t) ≡ 2) and right (zero-order extrapolation) ones. The following initial

conditions are prescribed:

w(x, y, 0) ≡ 1, u(x, y, 0) ≡ 2, v(x, y, 0) ≡ 0.

In this example, we take m = 8 and m = 9 refinement levels of the quadtree grid

and set Cseed = 2 in (3.3.28). This value of Cseed is greater than the ones used in

Examples 1 and 2 since this numerical experiment focuses on capturing sharp waves

and thus choosing small values of Cseed would have increased the computational cost

as the local gradients are relatively large in most parts of the computational domain.

The solution is computed twice: first, the flat bottom topography B(x, y) ≡ 0 is

used in order to demonstrate the ability of the scheme to capture hydraulic jumps

and sharp waves, and second, we use the bottom topography given by

B(x, y) = 0.95
[︂
e−10(x−1.9)2−50(y−0.7)2 + e−20(x−2.2)2−50(y−0.3)2

]︂
and shown in Figure 3.13 together with the initial quadtree grid for m = 9 (notice

that the grid is refined near the boundaries at the contraction to improve accuracy).

In the nonflat bottom topography case, the water at the top of the humps is quite

shallow (that is why this is a good example to test the positivity preserving property)

and the Froude number there is initially about 2.
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We compute the solution until the final time t = 2 in order to simulate a transient

flow state. We plot the snapshots of w at times t = 0.5, 1, 1.5 and 2 in Figures 3.14

and 3.15 for the flat and nonflat bottom topographies, respectively. As one can see,

the proposed central-upwind quadtree scheme preserves positivity of the computed

water depth and is able to capture hydraulic jumps. Increasing m from 8 to 9 clearly

improves the accuracy and resolution of the hydraulic jumps. Finally, in Table 3.2,

we present the minimum and maximum number of cells during the time evolution

for different quadtree levels and topographies.

0 1 2 3
0

0.5

1

Figure 3.13: Example 6: Bottom topography (left) and initial quadtree grid with m = 9
(right).

Table 3.2: Example 6: Minimum and maximum number of cells for each of the four
solutions.

Quadtree level m = 8 m = 9

min max min max
B(x, y) ≡ 0 298 3154 436 10954
B(x, y) ̸= 0 298 5140 436 21340
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Figure 3.14: Example 6: Computed water surface w(x, y, t) for t = 0.5, 1, 1.5 and 2
(from top to down) obtained using the flat bottom topography for m = 8 (left column)
and m = 9 (right column).
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Figure 3.15: Example 6: Computed water surface w(x, y, t) for t = 0.5, 1, 1.5 and 2
(from top to down) obtained using the nonflat bottom topography for m = 8 (left column)
and m = 9 (right column).



Chapter 4
An adaptive well-balanced positivity
preserving central-upwind scheme on
quadtree grids for variable density shallow
water equations

2

4.1 Introduction

Quadtree grids are two-dimensional semi-structured Cartesian grids that are utilized

in the field of computational hydrodynamics. The use of quadtree grids can be

very accommodating in various problems. One of the advantages of quadtree grids

over structured and unstructured grids is grid coarsening/refining. The accuracy

is increased/maintained while the grid refines/coarsens wherever it is needed and

thus, the computational cost is reduced. There are a number of studies on how to

generate quadtree grids; see, e.g., [1, 14, 32, 69, 71, 80, 82].

Using quadtree grids has advantages; however, they are incapable of representing

complex geometries adequately. In such situations, quadtree-cut-cell grids become

useful; see, e.g., [2]. In this paper, we only focus on quadtree grids.

The main goal of this paper is to develop an adaptive well-balanced positivity

preserving central-upwind scheme on quadtree grids for the coupled variable density

2M. A. Ghazizadeh and A. Mohammadian. An adaptive well-balanced positivity preserving
central-upwind scheme on quadtree grids for variable density shallow water equations, Numerische
Mathematik, under review, 2020.

52
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Saint-Venant system of shallow water equations. The variable density SWE in 2-D

can be written in terms of conservative variables w (water surface), hu and hv (the

unit discharges), and hρ:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

wt + (hu)x + (hv)y = 0,

(hu)t +
(︁
hu2 +

g

2ρ◦
h2ρ
)︁
x

+ (huv)y = − g

ρ◦
hρBx,

(hv)t + (huv)x +
(︁
hv2 +

g

2ρ◦
h2ρ
)︁
y

= − g

ρ◦
hρBy,

(hρ)t + (huρ)x + (hvρ)y = 0,

(4.1.1)

where t is time, g is the gravitational constant, x and y are the directions in the

2-D Cartesian coordinate system, u(x, y, t) and v(x, y, t) are the water velocities in

the x- and y-directions, respectively, B(x, y) is the bottom topography, h(x, y, t) =

w(x, y, t)−B(x, y) is the water depth, ρ is the density, and ρ◦ is the reference density.

The system (4.1.1) admits “lake-at-rest” steady tate solutions,

ρ ≡ Const, w ≡ Const, B ≡ Const, u = v ≡ 0, (4.1.2)

which can be obtained from (4.1.1) [19]. The following quadtree scheme is capable

of exactly preserving “lake-at-rest” steady states, which is called well-balanced prop-

erty. Another important attribute of the following method is its ability to preserve

non-negativity of h and ρ, which is called positivity preserving property (see [42] for

an extensive review on these subjects).

A number of numerical schemes on quadtree grids for the SWE system have

been introduced in recent years. For example, an adaptive well-balanced positivity

preserving central-upwind high-order scheme on quadtree grids was proposed in [28].

In addition, a well-balanced scheme on quadtree-cut-cell grids was proposed in [2].

This scheme is based on the hydrostatic reconstruction from [4]. Furthermore, an

adaptive second-order Roe-type scheme was proposed in [77]. An adaptive well-

balanced Godunov-type scheme for the shallow water for the wet-dry over complex

topography in [58] and an adaptive quadtree Roe-type scheme for a 2-D two-layer

SWE in [52] were introduced, as well.
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Besides the aforementioned numerical methods, several well-balanced positivity

preserving schemes for the shallow water equations have been proposed in the past

years; see, e.g., [3, 4, 5, 10, 11, 12, 15, 26, 43, 46, 62, 74, 85], but none of these

methods has been extended to the coupled variable density SWE over quadtree

grids.

In [38] the coupled variable density SWE was studied with a Godunov-type HLLC

approximate Riemann solver. There are other studies that have been conducted

on variable density SWE system and variable horizontal temperature SWE (which

has mathematically similar properties) with different numerical schemes; see, e.g.

[19, 35, 41, 54].

In this paper, we propose a central-upwind quadtree scheme which is based on the

one from [28]. Central-upwind schemes are finite-volume methods that are Godunov-

type Riemann-problem-solver-free [44, 45, 47, 48]. Central-upwind schemes were

referred as “black-box” solvers for general multidimensional systems of hyperbolic

systems of conservation laws and were extended to shallow water models [42]. The

proposed scheme is the first well-balanced and positivity preserving central-upwind

scheme for the variable density SWE over quadtree grids. This method is simple,

efficient and robust.

The paper is organized as follows. In §4.2, we briefly describe a quadtree grid

generation terminology. In §4.3, we construct a central-upwind quadtree scheme for

the variable density SWE with the mentioned features and test it on four different

numerical examples in §4.4.

4.2 Quadtree grids

Quadtree grids present a recursive spatial decomposition of the computational do-

main. For the sake of brevity we only mention the terminology on how to generate

quadtree grids (see [28, 14, 32, 70]):

Seeding points: A set of points considering features of the problem, boundary

conditions, flow characteristics, local gradients and governing equations.

Level of refinement: Level of quadtree, in which the size of the smallest cell is

inversely proportional to the maximum level of m.
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Regularized quadtree grid: In a regularized grid no cell can have both an ad-

jacent neighbouring cell and a diagonally neighbouring cell with a refinement level

difference greater than one (Figure 4.1). The proposed scheme is based on regular-

ized quadtree grids to prevent complicated formulations and improve stability.

Figure 4.1: Examples of non-regularized (left) and regularized (right) quadtree grids.

4.3 Adaptive well-balanced semi-discrete central-

upwind scheme

System (4.1.1) can be written in the following vector form:

Ut + F (U , B)x + G(U , B)y = S(U , B), (4.3.1)

where

U := (w, hu, hv, hρ)⊤,

and the fluxes and source term are:

F (U , B) =

(︃
hu,

(hu)2

w −B
+

g

2ρ◦
ρ (w −B)2,

(hu)(hv)

w −B
, huρ

)︃⊤

, (4.3.2)

G(U , B) =

(︃
hv,

(hu)(hv)

w −B
,

(hv)2

w −B
+

g

2ρ◦
ρ (w −B)2, hvρ

)︃⊤

, (4.3.3)
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S(U , B) =

(︃
0,− g

ρ◦
ρ (w −B)Bx,−

g

ρ◦
ρ (w −B)By, 0

)︃⊤

. (4.3.4)

In what follows, an adaptive well-balanced semi-discrete central-upwind scheme

for (4.3.1) is presented. The central-upwind quadtree scheme will be designed ac-

cording to the algorithm in [28]:

4.3.1 Finite-volume semi-discretization over quadtree grids

Let us represent each cell Cj,k of size ∆xj,k × ∆yj,k centered at (xj,k, yj,k) as a finite

volume quadtree cell in the proposed scheme. The approximate averages of the cell

read as:

Uj,k(t) ≈ 1

∆xj,k∆yj,k

x
j+1

2∫︂
x
j− 1

2

y
k+1

2∫︂
y
k− 1

2

U(x, y, t) dy dx, (4.3.5)

where xj± 1
2

:= xj,k ± ∆xj,k/2 and yk± 1
2

:= yj,k ± ∆yj,k/2.

Let us consider only the right and left neighbouring cells of Cj,k. Eight different

possible permutations of neighbouring cells in the x-direction exist [28]. This can

also be extended for the neighbouring cells on the top and bottom in the y-direction.

For the sake of brevity, the quadtree scheme is only presented for the permutation in

Figure 4.2 (which is one of the 8+8 possible configurations in regularized quadtree

grids). Note that the following scheme can be implemented to the other possible

configurations.

Figure 4.2: A possible configuration of neighbouring cells of Cj,k in the x-direction in
regularized quadtree grids.
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The left-neighbouring cells of Cj,k are denoted by I and II which are centered

at (xj,k − 3∆xj,k/4, yj,k ± ∆yj,k/4) with size of ∆xj,k/2 × ∆yj,k/2.

The evolution of time-dependant cell averages Uj,k, which are obtained after

the semi-discretization of the system (4.3.1)–(4.3.4), are computed by solving the

following system of ODE:

d

dt
Uj,k = −

Hx
j+ 1

2
,k
−

Hx
j− 1

2
,k− 1

4

+ Hx
j− 1

2
,k+ 1

4

2
∆xj,k

−
Hy

j,k+ 1
2

−Hy

j,k− 1
2

∆yj,k
+ Sj,k. (4.3.6)

In (4.3.6), Hx
j+ 1

2
,k

, Hx
j− 1

2
,k± 1

4

, Hy

j,k+ 1
2

and Hy

j,k− 1
2

are the numerical fluxes, and

Sj,k is a cell average of the source term:

Sj,k ≈
1

∆xj,k∆yj,k

x
j+1

2∫︂
x
j− 1

2

y
k+1

2∫︂
y
k− 1

2

S(U , B) dy dx. (4.3.7)

For the sake of brevity, in what follows, we omit all of the time-dependent indexed

quantities in (4.3.6)–(4.3.7).

4.3.2 Piecewise bilinear reconstruction of B

Cells of different sizes ∆x×∆y, ∆x
2
× ∆y

2
, . . . , ∆x

2m−1 × ∆y
2m−1 exist in the quadtree grid.

The set of cells of the corresponding size is indicated by C (ℓ), that is, C (ℓ) = {Cj,k :

|Cj,k| = ∆x
2ℓ−1 × ∆y

2ℓ−1}.

Based on [28], a continuous piecewise bilinear reconstruction of the continuous

bottom topography ˜︁B(x, y) is used according to the following algorithm.

Step 1. Set ℓ := 1.

Step 2. Reconstruct bilinear pieces ˜︁B for all (j, k) such that Cj,k ∈ C (ℓ).

Obtain the point values of B at the vertices of Cj,k. There are two possibilities

if one of the places is on the edge of a larger neighbouring cell:

(i) the point value of B has already been calculated if this vertex coincides with

a vertex of the neighbouring cell;

(ii) or the point value of B at this vertex is an average of the point values of B



Chapter 4. The quadtree scheme for variable density SWEs 58

at those two vertices of the neighbouring cell that lie on the same edge if this vertex

is a midpoint of the edge of the neighbouring cell.

Otherwise, we continue and set

Bj± 1
2
,k± 1

2
:=

1

2

(︂
max

ξ2+η2=1
lim

ℓx,ℓy→0
B(xj± 1

2
+ ℓxξ, yk± 1

2
+ ℓyη)

+ min
ξ2+η2=1

lim
ℓx,ℓy→0

B(xj± 1
2

+ ℓxξ, yk± 1
2

+ ℓyη)
)︂
.

The following bilinear piece in cell Cj,k ∈ C (ℓ) can be constructed with the point

values Bj± 1
2
,k± 1

2
:

˜︁B(x, y) =Bj− 1
2
,k− 1

2
+ (Bj+ 1

2
,k− 1

2
−Bj− 1

2
,k− 1

2
)
x− xj− 1

2

∆x/2ℓ−1

+(Bj− 1
2
,k+ 1

2
−Bj− 1

2
,k− 1

2
)
y − yk− 1

2

∆y/2ℓ−1

+ (Bj+ 1
2
,k+ 1

2
−Bj+ 1

2
,k− 1

2
−Bj− 1

2
,k+ 1

2
+ Bj− 1

2
,k− 1

2
)
x− xj− 1

2

∆x/2ℓ−1
·
y − yk− 1

2

∆y/2ℓ−1
,

(x, y) ∈ Cj,k.

Step 3. Set ℓ := ℓ + 1.

Step 4. If ℓ ≤ m, then go to Step 2.

The cell average of ˜︁B over the cell Cj,k is equal to its value at the center, that is

Bj,k := ˜︁B(xj, yk) =
1

∆xj,k∆yj,k

∫︂∫︂
Cj,k

˜︁B(x, y) dx dy

=
Bj+ 1

2
,k + Bj− 1

2
,k + Bj,k+ 1

2
+ Bj,k− 1

2

4
, (4.3.8)

where

Bj± 1
2
,k := ˜︁B(xj± 1

2
, yk) =

1

2

(︂
Bj± 1

2
,k+ 1

2
+ Bj± 1

2
,k− 1

2

)︂
, (4.3.9)

and

Bj,k± 1
2

:= ˜︁B(xj, yk± 1
2
) =

1

2

(︂
Bj+ 1

2
,k± 1

2
+ Bj− 1

2
,k± 1

2

)︂
. (4.3.10)



Chapter 4. The quadtree scheme for variable density SWEs 59

4.3.3 Piecewise linear reconstructions

In this section, we construct a spatial second-order scheme, which employs a piece-

wise polynomial interpolation ˜︁U , where

˜︁U(x, y) = (Ux)j,k[x− xj] + (Uy)j,k[y − yk], (x, y) ∈ Cj,k. (4.3.11)

Note that such a reconstruction makes it impossible to develop a non-oscillatory

scheme. Thus, instead of reconstructing conservative variables in U , we reform

U := (w, hu, hv, ρ)⊤ and then obtain the point values of U for the cell Cj,k from

Figure 4.2 which results in

U +
j+ 1

2
,k

= U j+1,k −
∆xj+1,k

2
(U x)j+1,k ,

U −
j+ 1

2
,k

= U j,k +
∆xj,k

2
(U x)j,k ,

U +
j− 1

2
,k± 1

4

= U j,k −
∆xj,k

2
(U x)j,k ±

∆yj,k
2

(U y)j,k ,

U −
j− 1

2
,k± 1

4

= U j− 1
4
,k± 1

4
+

∆xj,k

4
(U x)j− 1

4
,k± 1

4
, (4.3.12)

where U j− 1
4
,k− 1

4
and U j− 1

4
,k+ 1

4
denote the cell averages of U over the cells I and

II, respectively.

Note that in (4.3.12) the density variable ρj,k is computed as

ρj,k :=
(hρ)j,k

hj,k
, hj,k := wj,k −Bj,k, (4.3.13)

and the point values of h and hρ read as

h+
j− 1

2
,k± 1

4

= w+
j− 1

2
,k± 1

4

−Bj− 1
2
,k± 1

4
, h−

j+ 1
2
,k

= w−
j+ 1

2
,k
−Bj+ 1

2
,k,

h+
j,k− 1

2

= w+
j,k− 1

2

−Bj,k− 1
2
, and h−

j,k+ 1
2

= w−
j,k+ 1

2

−Bj,k+ 1
2
,

and

(hρ)+
j− 1

2
,k± 1

4

= h+
j− 1

2
,k± 1

4

· ρ+
j− 1

2
,k± 1

4

, (hρ)−
j+ 1

2
,k

= h−
j+ 1

2
,k
· ρ−

j+ 1
2
,k
,

(hρ)+
j,k− 1

2

= h+
j,k− 1

2

· ρ+
j,k− 1

2

, and (hρ)−
j,k+ 1

2

= h−
j,k+ 1

2

· ρ−
j,k+ 1

2

.
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We compute the slopes (U x) and (U y) using the minmod limiter to be able to

minimize oscillations (see, e.g., [7, 50, 88]):

(U x)j,k = minmod

(︄
U j,k − U j− 1

4
,k− 1

4

3∆xj,k/4
,

U j,k − U j− 1
4
,k+ 1

4

3∆xj,k/4
,

U j+1,k − U j,k

∆xj,k

)︄
,

(U y)j,k = minmod

(︄
U j,k − U j,k−1

∆yj,k
,

U j,k+1 − U j,k

∆yj,k

)︄
(4.3.14)

where the minmod function is defined by

min{z1, z2, ...} :=

⎧⎪⎪⎨⎪⎪⎩
minj{zj}, if zj > 0 ∀j,

maxj{zj}, if zj < 0 ∀j,

0, otherwise.

Note that employing the minmod limiter (4.3.14) guarantees positivity of the

point values of ρ [19]. Therefore, we only address the positivity preserving correction

of w in the following section.

4.3.3.1 Positivity preserving correction of w

The piecewise linear reconstruction (4.3.14) cannot guarantee the non-negativity of

˜︁h(x, y) := ˜︁w(x, y) − ˜︁B(x, y).

The following inequalities must be satisfied specifically for the configuration in Fig-

ure 4.2 [28]:

h+
j− 1

2
,k± 1

4

= w+
j− 1

2
,k± 1

4

−Bj− 1
2
,k± 1

4
≥ 0, h−

j+ 1
2
,k

= w−
j+ 1

2
,k
−Bj+ 1

2
,k ≥ 0,

h+
j,k− 1

2

= w+
j,k− 1

2

−Bj,k− 1
2
≥ 0, and h−

j,k+ 1
2

= w−
j,k+ 1

2

−Bj,k+ 1
2
≥ 0.

˜︁w would need correction if at least one of these inequalities is not satisfied in the

cell Cj,k. We denote the four corner point values of ˜︁w over the cell Cj,k by

wNE
j,k := ˜︁w(xj+ 1

2
− 0, yk+ 1

2
− 0), wSE

j,k := ˜︁w(xj+ 1
2
− 0, yk− 1

2
+ 0),
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wNW
j,k := ˜︁w(xj− 1

2
+ 0, yk+ 1

2
− 0), wSW

j,k := ˜︁w(xj− 1
2

+ 0, yk− 1
2

+ 0).

If,

wNE
j,k ≥ Bj+ 1

2
,k+ 1

2
, wSE

j,k ≥ Bj+ 1
2
,k− 1

2
,

wNW
j,k ≥ Bj− 1

2
,k+ 1

2
and wSW

j,k ≥ Bj− 1
2
,k− 1

2
, (4.3.15)

then we set

ẘ(x, y) =wSW
j,k + (wSE

j,k − wSW
j,k )

x− xj− 1
2

∆xj,k

+ (wNW
j,k − wSW

j,k )
y − yk− 1

2

∆yj,k

+ (wNE
j,k − wSE

j,k − wNW
j,k + wSW

j,k )
x− xj− 1

2

∆xj,k

·
y − yk− 1

2

∆yj,k
, (x, y) ∈ Cj,k. (4.3.16)

If at least one of the inequalities in (4.3.15) is not satisfied, correction for the

point values of w at the vertices of Cj,k should be implemented. There are three

different cases to be considered.

Case 1: only one of the inequalities in (4.3.15) is not satisfied. We assume that

wNE
j,k < Bj+ 1

2
,k+ 1

2
and perform

ẘNE
j,k = Bj+ 1

2
,k+ 1

2
, ẘSE

j,k = Bj+ 1
2
,k− 1

2
+

4

3
(wj,k −Bj,k),

ẘNW
j,k = Bj− 1

2
,k+ 1

2
+

4

3
(wj,k −Bj,k), ẘSW

j,k = Bj− 1
2
,k− 1

2
+

4

3
(wj,k −Bj,k).

Case 2: only two of the inequalities in (4.3.15) are not satisfied. We assume that

wNE
j,k < Bj+ 1

2
,k+ 1

2
and wSE

j,k < Bj+ 1
2
,k− 1

2
and perform

ẘNE
j,k = Bj+ 1

2
,k+ 1

2
, ẘSE

j,k = Bj+ 1
2
,k− 1

2
,

ẘNW
j,k = Bj− 1

2
,k+ 1

2
+ 2(wj,k −Bj,k), ẘSW

j,k = Bj− 1
2
,k− 1

2
+ 2(wj,k −Bj,k).

Case 3: only three of the inequalities in (4.3.15) are not satisfied. We assume

that wNE
j,k < Bj+ 1

2
,k+ 1

2
, wSE

j,k < Bj+ 1
2
,k− 1

2
and wNW

j,k < Bj− 1
2
,k+ 1

2
and perform

ẘNE
j,k = Bj+ 1

2
,k+ 1

2
, ẘSE

j,k = Bj+ 1
2
,k− 1

2
, ẘNW

j,k = Bj− 1
2
,k+ 1

2
,
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ẘSW
j,k = 4wj,k −Bj+ 1

2
,k+ 1

2
−Bj+ 1

2
,k− 1

2
−Bj− 1

2
,k+ 1

2
.

We use the corrected point values ẘNE
j,k , ẘSE

j,k, ẘNW
j,k and ẘSW

j,k in the above three

cases to construct the corrected bilinear approximant

ẘ(x, y) = ẘSW
j,k + (ẘSE

j,k − ẘSW
j,k )

x− xj− 1
2

∆xj,k

+ (ẘNW
j,k − ẘSW

j,k )
y − yk− 1

2

∆yj,k

+ (ẘNE
j,k − ẘSE

j,k − ẘNW
j,k + ẘSW

j,k )
x− xj− 1

2

∆xj,k

·
y − yk− 1

2

∆yj,k
, (x, y) ∈ Cj,k.

The constructed bilinear piece ẘ(x, y) is positivity preserving and conservative.

The point values of w at the cell Cj,k in Figure 4.2 are

w+
j− 1

2
,k± 1

4

= ẘ(xj− 1
2

+ 0, yk± 1
4
), w−

j+ 1
2
,k

= ẘ(xj+ 1
2
− 0, yk),

w+
j,k− 1

2

= ẘ(xj, yk− 1
2

+ 0), w−
j,k+ 1

2

= ẘ(xj, yk+ 1
2
− 0)

and therefore the corresponding corrected values of h,

h+
j− 1

2
,k± 1

4

= w+
j− 1

2
,k± 1

4

−Bj− 1
2
,k± 1

4
, h−

j+ 1
2
,k

= w−
j+ 1

2
,k
−Bj+ 1

2
,k,

h+
j,k− 1

2

= w+
j,k− 1

2

−Bj,k− 1
2
, h−

j,k+ 1
2

= w−
j,k+ 1

2

−Bj,k+ 1
2
,

are nonnegative.

To prevent very small or even zero values of cell averages h, h, ρ, and ρ at the

boundaries of cell Cj,k, the computation of the corresponding point values of u, v,

and ρ is required as follows [19, 28, 46]:

u :=

√
2h(hu)√︁

h4 + max{h4, ε}
, v :=

√
2h(hv)√︁

h4 + max{h4, ε}
, ρ :=

√
2h(hρ)√︁

h4 + max{h4, ε}
,

where we choose ε = max{minj,k{(∆xj,k)4},minj,k{(∆yj,k)4}}. The conservative

variables recalculation is done by setting:

(hu) := h · u, (hv) := h · v, (hρ) := h · ρ.
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Note that for the sake of brevity, in the above equations we have omitted all of

the indices.

4.3.4 Local speeds

The one-sided local speeds of propagation, denoted at the corresponding cell inter-

faces by a±α,β and b±γ,δ can be estimated by

a+α,β = max

{︃
u+
α,β +

√︃
g

ρ◦
h+
α,β ρ

+
α,β, u

−
α,β +

√︃
g

ρ◦
h−
α,β ρ

−
α,β, 0

}︃
,

a−α,β = min

{︃
u+
α,β −

√︃
g

ρ◦
h+
α,β ρ

+
α,β, u

−
α,β −

√︃
g

ρ◦
h−
α,β ρ

−
α,β, 0

}︃
,

b+γ,δ = max

{︃
v+γ,δ +

√︃
g

ρ◦
h+
γ,δ ρ

+
γ,δ, v

−
γ,δ +

√︃
g

ρ◦
h−
γ,δ ρ

−
γ,δ, 0

}︃
,

b−γ,δ = min

{︃
v+γ,δ −

√︃
g

ρ◦
h+
γ,δ ρ

+
γ,δ, v

−
γ,δ −

√︃
g

ρ◦
h−
γ,δ ρ

−
γ,δ, 0

}︃
, (4.3.17)

where

(α, β) ∈
{︁

(j − 1

2
, k − 1

4
), (j − 1

2
, k +

1

4
), (j +

1

2
, k)
}︁

and

(γ, δ) ∈
{︁

(j, k − 1

2
), (j, k +

1

2
)
}︁

in the configuration considered in Figure 4.2.

4.3.5 Central-upwind numerical fluxes

We use the central-upwind fluxes from [46], originally derived in [49]:

Hx
α,β =

a+α,βF (U−
α,β, Bα,β) − a−α,βF (U+

α,β, Bα,β)

a+α,β − a−α,β

+
a+α,βa

−
α,β

a+α,β − a−α,β

[︁
U+

α,β −U−
α,β

]︁
,

Hy
γ,δ =

b+γ,δG(U−
γ,δ, Bγ,δ) − b−γ,δG(U+

γ,δ, Bγ,δ)

b+γ,δ − b−γ,δ
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+
b+γ,δb

−
γ,δ

b+γ,δ − b−γ,δ

[︁
U+

γ,δ −U−
γ,δ

]︁
, (4.3.18)

where (α, β) and (γ, δ) are same as before.

4.3.6 Well-balanced discretization of the source term

A numerical scheme is well-balanced when the discretized cell average of the source

term, Sj,k =
(︁
0, S

(2)

j,k , S
(3)

j,k , 0
)︁⊤

, exactly balances the numerical fluxes in equation

(4.3.6) at the “lake-at-rest” steady state (4.1.2), that is, when the right-hand side

of (4.3.6) vanishes as long as U j,k ≡ ( ˆ︁w, 0, 0, ˆ︁ρ)⊤ for all (j, k), where ˆ︁w and ˆ︁ρ are

constants.

Notice that at the “lake-at-rest” all of the reconstructed point values are w± = ˜︁w,

u± = v± = 0 and ρ± = ˜︁ρ, and thus, a+α,β = −a−α,β, ∀(α, β), b+γ,δ = −b−γ,δ ∀(γ, δ), and

the numerical fluxes (4.3.18) reduce to

Hx
α,β =

(︃
0,

g

2ρ◦
ˆ︁ρ ( ˆ︁w −Bα,β)2 , 0, 0

)︃⊤

,Hy
γ,δ =

(︃
0, 0,

g

2ρ◦
ˆ︁ρ ( ˆ︁w −Bγ,δ)

2 , 0

)︃⊤

,

and the flux terms on the RHS of (4.3.6) then become

−
Hx

j+ 1
2
,k
−

Hx
j− 1

2
,k− 1

4

+ Hx
j− 1

2
,k+ 1

4

2
∆xj,k

−
Hy

j,k+ 1
2

−Hy

j,k− 1
2

∆yj,k

= − g

2ρ◦
ˆ︁ρ
⎛⎜⎜⎜⎜⎜⎜⎜⎝

0(︂ˆ︁w −Bj+ 1
2
,k

)︂2
∆xj,k

−

(︂ˆ︁w −Bj− 1
2
,k− 1

4

)︂2
2∆xj,k

−

(︂ˆ︁w −Bj− 1
2
,k+ 1

4

)︂2
2∆xj,k(︂ˆ︁w −Bj,k+ 1

2

)︂2
∆yj,k

−

(︂ˆ︁w −Bj,k− 1
2

)︂2
∆yj,k

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (4.3.19)

By applying the Green’s theorem, the source term in 4.3.6 can be approximated

by

− g

2ρ◦
ρ (w −B)Bx =

g

2ρ◦

[︁
ρ (w −B)2

]︁
x
− g

ρ◦
ρ (w −B)wx,

− g

2ρ◦
ρ (w −B)By =

g

2ρ◦

[︁
ρ (w −B)2

]︁
y
− g

ρ◦
ρ (w −B)wy.
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We now rewrite the cell averages of the second and third components of the

integral in (4.3.7)

g

2ρ◦

y
k+1

2∫︂
y
k− 1

2

[︄
ρ (w −B)2

⃓⃓⃓
x=x

j+1
2

− ρ (w −B)2
⃓⃓⃓
x=x

j− 1
2

]︄
dy

− g

ρ◦

x
j+1

2∫︂
x
j− 1

2

y
k+1

2∫︂
y
k− 1

2

ρ (w −B)wx dy dx, (4.3.20)

and

g

2ρ◦

x
j+1

2∫︂
x
j− 1

2

[︄
ρ (w −B)2

⃓⃓⃓
y=y

k+1
2

− ρ (w −B)2
⃓⃓⃓
y=y

k− 1
2

]︄
dx

− g

ρ◦

x
j+1

2∫︂
x
j− 1

2

y
k+1

2∫︂
y
k− 1

2

ρ (w −B)wy dy dx, (4.3.21)

We then approximate the integrals in (4.3.20) and (4.3.21), which results in the

following quadrature for the second and third components of the source term [28]:

S
(2)

j,k ≈ g

2ρ◦∆xj,k

[︄
ρ−
j+ 1

2
,k

(︂
w−

j+ 1
2
,k
−Bj+ 1

2
,k

)︂2

−
ρ+
j− 1

2
,k− 1

4

(︂
w+

j− 1
2
,k− 1

4

−Bj− 1
2
,k− 1

4

)︂2
2

−
ρ+
j− 1

2
,k+ 1

4

(︂
w+

j− 1
2
,k+ 1

4

−Bj− 1
2
,k+ 1

4

)︂2
2

]︄
− g

ρ◦
ρj,k(wx)j,k (wj,k −Bj,k) ,

S
(3)

j,k ≈ g

2ρ◦∆yj,k

[︃
ρ−
j,k+ 1

2

(︂
w−

j,k+ 1
2

−Bj,k+ 1
2

)︂2
− ρ+

j,k− 1
2

(︂
w+

j,k− 1
2

−Bj,k− 1
2

)︂2 ]︃
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− g

ρ◦
ρj,k(wy)j,k (wj,k −Bj,k) . (4.3.22)

We finally note that the scheme now preserves the solution at “lake-at-rest”

where, (wx)j,k = (wy)j,k ≡ 0, ∀(j, k) and thus (4.3.19) and (4.3.22) express that the

RHS of (4.3.6) vanishes and therefore, the scheme is well-balanced.

4.3.7 Positivity preserving property and time discretization

The central-upwind scheme is able to preserve the positivity of h and ρ; see [28, 42,

46]. In this section, we extend the positivity proof from [28] to implement on the

coupled variable density system. To this end, we integrate equation (4.3.6) in time

using a forward Euler method. For the first component, this results in

wn+1
j,k =wn

j,k − λn
j,k

⎛⎝H
x,(1)

j+ 1
2
,k
−

H
x,(1)

j− 1
2
,k− 1

4

+ H
x,(1)

j− 1
2
,k+ 1

4

2

⎞⎠
− µn

j,k

(︂
H

y,(1)

j,k+ 1
2

−H
y,(1)

j,k− 1
2

)︂
, (4.3.23)

(hρ)
n+1

j,k =(hρ)
n

j,k − λn
j,k

⎛⎝H
x,(4)

j+ 1
2
,k
−

H
x,(4)

j− 1
2
,k− 1

4

+ H
x,(4)

j− 1
2
,k+ 1

4

2

⎞⎠
− µn

j,k

(︂
H

y,(4)

j,k+ 1
2

−H
y,(4)

j,k− 1
2

)︂
, (4.3.24)

where wn
j,k := wj,k(tn), wn+1

j,k := wj,k(tn+1), (hρ)
n

j,k := (hρ)j,k(tn), and (hρ)
n+1

j,k :=

(hρ)j,k(tn+1) with tn+1 = tn + ∆tn, λn
j,k := ∆tn/∆xj,k, µn

j,k := ∆tn/∆yj,k, and the

numerical fluxes on the RHS are evaluated at time level t = tn using (4.3.18):

H
x,(1)
α,β =

a+α,β(hu)−α,β − a−α,β(hu)+α,β
a+α,β − a−α,β

+
a+α,βa

−
α,β

a+α,β − a−α,β

[︁
w+

α,β − w−
α,β

]︁
,

H
y,(1)
γ,δ =

b+γ,δ(hv)−γ,δ − b−γ,δ(hv)+γ,δ
b+γ,δ − b−γ,δ

+
b+γ,δb

−
γ,δ

b+γ,δ − b−γ,δ

[︁
w+

γ,δ − w−
γ,δ

]︁
, (4.3.25)
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and

H
x,(4)
α,β =

a+α,β ρ
−
α,β(hu)−α,β − a−α,β ρ

+
α,β(hu)+α,β

a+α,β − a−α,β

+
a+α,βa

−
α,β

a+α,β − a−α,β

[︂
(hρ)+α,β − (hρ)−α,β

]︂
,

H
y,(4)
γ,δ =

b+γ,δ ρ
−
γ,δ(hv)−γ,δ − b−γ,δ ρ

+
γ,δ(hv)+γ,δ

b+γ,δ − b−γ,δ

+
b+γ,δb

−
γ,δ

b+γ,δ − b−γ,δ

[︂
(hρ)+γ,δ − (hρ)−γ,δ

]︂
, (4.3.26)

where (hρ)±α,β = h±
α,β · ρ

±
α,β and (hρ)±γ,δ = h±

γ,δ · ρ
±
γ,δ, and

(α, β) ∈
{︁

(j − 1

2
, k − 1

4
), (j − 1

2
, k +

1

4
), (j +

1

2
, k)
}︁

and

(γ, δ) ∈
{︁

(j, k − 1

2
), (j, k +

1

2
)
}︁

for the configuration considered in Figure 4.2.

If h
n

j,k ≥ 0 for all (j, k), then the point values of h computed using piecewise

linear/bilinear reconstructions of w and B presented in §4.3.2 and §4.3.3, are non-

negative. Moreover, using (4.3.8)–(4.3.10) and the similar relationships for the re-

constructed point values of w, we have

h
n

j,k =
1

4

(︄
h+
j− 1

2
,k− 1

4

+ h+
j− 1

2
,k+ 1

4

2
+ h−

j+ 1
2
,k

+ h+
j,k− 1

2

+ h−
j,k+ 1

2

)︄
(4.3.27)

for the configuration considered in Figure 4.2.

We now subtract Bj,k from both sides of (4.3.23) and use (4.3.25) and (4.3.27)

to rewrite (4.3.23) as follows:

h
n+1

j,k = − λn
j,ka

−
j+ 1

2
,k
·
a+
j+ 1

2
,k
− u+

j+ 1
2
,k

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

· h+
j+ 1

2
,k

+

[︄
1

4
− λn

j,ka
+
j+ 1

2
,k
·
u−
j+ 1

2
,k
− a−

j+ 1
2
,k

a+
j+ 1

2
,k
− a−

j+ 1
2
,k

]︄
h−
j+ 1

2
,k
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+
λn
j,ka

+
j− 1

2
,k− 1

4

2
·
u−
j− 1

2
,k− 1

4

− a−
j− 1

2
,k− 1

4

a+
j− 1

2
,k− 1

4

− a−
j− 1

2
,k− 1

4

· h+
j− 1

2
,k− 1

4

+
1

2

[︄
1

4
− λn

j,ka
−
j− 1

2
,k− 1

4

·
a+
j− 1

2
,k− 1

4

− u+
j− 1

2
,k− 1

4

a+
j− 1

2
,k− 1

4

− a−
j− 1

2
,k− 1

4

]︄
h+
j− 1

2
,k− 1

4

+
λn
j,ka

+
j− 1

2
,k+ 1

4

2
·
u−
j− 1

2
,k+ 1

4

− a−
j− 1

2
,k+ 1

4

a+
j− 1

2
,k+ 1

4

− a−
j− 1

2
,k+ 1

4

· h+
j− 1

2
,k+ 1

4

+
1

2

[︄
1

4
− λn

j,ka
−
j− 1

2
,k+ 1

4

·
a+
j− 1

2
,k+ 1

4

− u+
j− 1

2
,k+ 1

4

a+
j− 1

2
,k+ 1

4

− a−
j− 1

2
,k+ 1

4

]︄
h+
j− 1

2
,k+ 1

4

− µn
j,kb

−
j,k+ 1

2

·
b+
j,k+ 1

2

− v+
j,k+ 1

2

b+
j,k+ 1

2

− b−
j,k+ 1

2

· h+
j,k+ 1

2

+

[︄
1

4
− µn

j,kb
+
j,k+ 1

2

·
v−
j,k+ 1

2

− b−
j,k+ 1

2

b+
j,k+ 1

2

− b−
j,k+ 1

2

]︄
h−
j,k+ 1

2

+ µn
j,kb

+
j,k− 1

2

·
v−
j,k− 1

2

− b−
j,k− 1

2

b+
j,k− 1

2

− b−
j,k− 1

2

· h−
j,k− 1

2

+

[︄
1

4
+ µn

j,kb
−
j,k− 1

2

·
b+
j,k− 1

2

− v+
j,k− 1

2

b+
j,k− 1

2

− b−
j,k− 1

2

]︄
h+
j,k− 1

2

. (4.3.28)

This shows that the cell averages of h are linear combinations of the reconstructed

nonnegative point values of h. Thus, h
n+1

j,k ≥ 0 provided all of the coefficients in

this linear combination are nonnegative.

One can obtain a similar proof for positivity of (hρ)
n+1

j,k by using the following

statements [19],

hj,k =
h−
j+ 1

2
,k

+
h+
j− 1

2
,k− 1

4

+ h+
j− 1

2
,k+ 1

4

2
2

,

ρj,k =
ρ−
j+ 1

2
,k

+
ρ+
j− 1

2
,k− 1

4

+ ρ+
j− 1

2
,k+ 1

4

2
2

, (4.3.29)
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and therefore, utilizing (4.3.13), one obtains

(hρ)
n

j,k =
1

4

[︄
h−
j+ 1

2
,k
ρ−
j+ 1

2
,k

+
h+
j− 1

2
,k− 1

4

ρ+
j− 1

2
,k− 1

4

+ h+
j− 1

2
,k+ 1

4

ρ+
j− 1

2
,k+ 1

4

2

]︄

+
1

4

[︄
h−
j+ 1

2
,k
ρ+
j− 1

2
,k− 1

4

+ h−
j+ 1

2
,k
ρ+
j− 1

2
,k+ 1

4

2

]︄

+
1

4

[︄
h+
j− 1

2
,k− 1

4

ρ−
j+ 1

2
,k

+ h+
j− 1

2
,k+ 1

4

ρ−
j+ 1

2
,k

2

]︄

+
1

4

[︄
h+
j− 1

2
,k− 1

4

ρ+
j− 1

2
,k+ 1

4

+ h+
j− 1

2
,k+ 1

4

ρ+
j− 1

2
,k− 1

4

4

]︄
. (4.3.30)

Similarly, it can be shown that

(hρ)
n
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. (4.3.31)

Finally, from (4.3.30) and (4.3.31) we have
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. (4.3.32)
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We rewrite (4.3.24) as follows:
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From (4.3.12) and §4.3.3.1 which guarantee the positivity of the reconstructed

point values of h and ρ at the boundaries, the last two terms in (4.3.33) are nonneg-

ative. The other terms are also nonnegative similar to those in (4.3.28). Since both

hn+1
j,k and (hρ)

n+1

j,k are nonnegative, thus ρn+1
j,k = (hρ)

n+1

j,k /hn+1
j,k is nonnegative as well.

We use the definition of the local speeds of propagation in (4.3.17), to satisfy the

following CFL-type condition:

∆t ≤

1

8
min
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4
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4
), (j +
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2
, k)
}︁

and

(γ, δ) ∈
{︁

(j, k − 1

2
), (j, k +

1

2
)
}︁

for the configuration considered in Figure 4.2.

In all of our numerical experiments, we have used the three-stage third-order

SSP Runge-Kutta solver. Note that the above positivity preserving proof is valid not

only for the forward Euler time discretization, but for any strong stability preserving

ODE solver (see, e.g., [30, 31]) as well.

4.3.8 Quadtree grid adaptivity

At the new time level t = tn+1 the quadtree grid should be locally either refined or

coarsened for the next timestep. To this end, we first compute the slopes {(wx)n+1
j,k }

and {(wy)
n+1
j,k }, and {(ρx)n+1

j,k } and {(ρy)
n+1
j,k } on the old grid (which we denote by

{Cold
j,k }) according to §4.3.3 and then select the centers of those cells Cold

j,k , at which

(see [28]),

(wx)n+1
j,k ≥ Cw, seed or (wy)

n+1
j,k ≥ Cw, seed, (4.3.34)

and

(ρx)n+1
j,k ≥ Cρ, seed or (ρy)

n+1
j,k ≥ Cρ, seed. (4.3.35)
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We denote the required seeding points to generate the new grid by {Cnew
j,k }. In

(4.3.34) and (4.3.35), Cw, seed and Cρ, seed are constants that depend on the problem

at hand, that is, on such factors as the maximum level of quadtree, Froude number,

bottom topography function and/or boundary conditions.

When the mesh is locally refined or coarsened, the solution realized at the end

of the evolution step in terms of the computed cell averages
{︁(︁

U
n+1

j,k

)︁
old

}︁
over the

grid {Cold
j,k }, should be projected onto the new grid {Cnew

j,k } in a conservative manner

according to the following three possible cases.

Case 1: If Cnew
j,k = Cold

j′,k′ for some (j′, k′), that is, if the cell Cold
j′,k′ does not need

to be refined/coarsened, then

(︁
U

n+1

j,k

)︁
new

=
(︁
U

n+1

j′,k′

)︁
old
.

Case 2: If Cnew
j,k ∈ C ℓ+p is a “child” cell of Cold

j′,k′ ∈ C ℓ for some j′, k′ and p > 0

(that is, if the cell Cold
j′,k′ was refined and Cnew

j,k ⊂ Cold
j′,k′), then

(︁
U

n+1

j,k

)︁
new

=
(︁
U

n+1

j′,k′

)︁
old

+
(︁
(U x)n+1

j′,k′

)︁
old

[︁
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j′

]︁
+
(︁
(U y)

n+1
j′,k′

)︁
old

[︁
ynewk − yoldk′

]︁
.

Case 3: If Cnew
j,k ∈ C ℓ−p is a “parent” cell of Cold

j′,k′ ∈ C ℓ for some j′, k′ and p > 0

(that is, if the cell Cold
j′,k′ was coarsened and Cnew

j,k ⊃ Cold
j′,k′), then

(︁
U

n+1

j,k

)︁
new

=
1

4p

∑︂∑︂
j′′,k′′:Cold

j′′,k′′⊂Cnew
j,k

(︁
U

n+1

j′′,k′′

)︁
old
.

4.4 Numerical experiments

In this section, we present four numerical examples in which the proposed scheme

is tested. In all of the examples, we take g = 1 and ρ◦ = 997.

4.4.1 Example 1. Circular dam break with constant density

In this example, we demonstrate the ability of the proposed central-upwind quadtree

scheme to generate adaptive grids at each timestep and maintain symmetry. A

circular water column collapses on a horizontal flat bottom topography 40 × 40
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dimensions plane [24, 38], where,

w(x, y, 0) =

{︄
2.5, (x− 20)2 + (y − 20)2 < 2.52,

0.5, otherwise,

u(x, y, 0) = v(x, y, 0) ≡ 0, ρ(x, y, 0) ≡ ρ◦.

Furthermore, we take m = 9 refinement levels of the quadtree grid and set

Cw, seed = 5 × 10−4 in (4.3.34). The solution runs until the final time t ≈ 1.5. We

compare the water surface elevations at t ≈ 0.4 and t ≈ 0.7 with the computed

solution from [24] in Figure 4.3. Water surface contours and the respective quadtree

grids are illustrated in Figure 4.4. The quadtree grid starts with 2134 cells and ends

with 42604 cells at t ≈ 1.5. The results in Figure 4.4 show that the solution follows

the same evolution in comparison with the obtained ones in [24, 38].

Figure 4.3: Example 1: Computed water surface w(x, y, t) at t ≈ 0.4 (left) and t ≈ 0.7
(right) and comparison with the solution from [24].
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Figure 4.4: Example 1: Initial and computed water surface w(x, y, t) (left column) and
the corresponding quadtree grids (right column) for t = 0, and t ≈ 0.5, 1 and 1.5 (from
top to down) obtained using the well-balanced central-upwind quadtree scheme.
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4.4.2 Example 2. Dam break with density discontinuity

over a hump

This example is similar to the benchmark in [17, 38]. We show the capability of the

central-upwind quadtree scheme to maintain the well-balanced property, symmetry,

and to generate adaptive grids. We consider the computational domain to be [0, 2]×
[0, 1] with the following initial conditions:

ρ(x, y, 0) =

{︄
997, x < 1,

1200, x ≥ 1,
u(x, y, 0) = v(x, y, 0) ≡ 0, w(x, y, 0) ≡ 1,

and the given bottom topography

B(x, y) = 0.8e−5(x−0.9)2−50(y−0.5)2 .

We set Cw, seed = 10−2 and Cρ, seed = 10 in (4.3.34) and (4.3.35), and m = 8. A

solid wall boundary condition is used at the top and bottom boundaries. For the

sake of simplicity, we set the left and the right boundaries to Dirichlet boundary

conditions. We run the solution up to the final time t ≈ 0.8 with the non-well-

balanced and well-balanced schemes. For the non-well-balanced scheme, the source

approximations read as:

S
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2
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2
,k− 1

2
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,
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2
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2
,k− 1

2

2
−

Bj− 1
2
,k+ 1

2
+ Bj− 1

2
,k− 1

2

2

]︄
.

Water surface contours and the respective quadtree grids of the solution of the

non-well-balanced scheme are demonstrated in Figure 4.5. The quadtree grid starts

with 1184 cells and ends with 27749 cells at t ≈ 0.8. The well-balanced solution is

presented in Figure 4.6 where the quadtree has a minimum of 1184 and a maximum

of 18497 cells. Utilizing the well-balanced scheme reduces the number of cells in

the quadtree grid; therefore, the computational cost is reduced and the nonphysical

oscillations are eliminated.
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Figure 4.5: Example 2: Computed water surface w(x, y, t) (left column) and the cor-
responding quadtree grids (right column) for t ≈ 0.1, 0.2, 0.4, 0.6 and 0.8 (from top to
down) obtained using the non-well-balanced central-upwind quadtree scheme.
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Figure 4.6: Example 2: Computed water surface w(x, y, t) (left column) and the cor-
responding quadtree grids (right column) for t ≈ 0.1, 0.2, 0.4, 0.6 and 0.8 (from top to
down) obtained using the well-balanced central-upwind quadtree scheme.
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4.4.3 Example 3. Small perturbations of a stationary steady

state solution

This numerical example tests the capability of the proposed scheme to capture

small perturbations of a steady state solution [15, 16, 28, 43, 55, 63]. We choose a

computational domain [−2, 2] × [0, 1] to prevent complicated boundary conditions.

The initial conditions are

w(x, y, 0) =

{︄
1.01, 0.05 < x < 0.15,

1, otherwise,
u(x, y, 0) = v(x, y, 0) ≡ 0,

ρ(x, y, 0) =

{︄
1007, 0.05 < x < 0.15,

ρ◦, otherwise,

and the given bottom topography in Example 2.

We set similar boundary conditions of Example 2 for this test. m = 9 is taken

and we set Cw, seed = 10−2 and Cρ, seed = 10 in (4.3.34) and (4.3.35). The non-well-

balanced solution is computed until the final time t = 1.8 and plot the snapshots

of w (left) and the quadtree grids (right) at times t = 0.6, 0.9, 1.2, 1.5 and 1.8

in the domain of [0, 2] × [0, 1] in Figure 4.7. The quadtree grid starts with 2530

cells and reaches a maximum number of 13804 cells during the time evolution. The-

well-balanced solution is illustrated in Figure 4.8, respectively. In this solution the

number of cells reaches the maximum of 10222. Figure 4.8 demonstrates that the

proposed well-balanced central-upwind quadtree scheme accurately captures a small

perturbation of the “lake-at-rest” steady state and that the symmetry of the solution

is preserved (see Figure B.6 for the computed solution of ρ(x, y, t)).
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Figure 4.7: Example 3: Computed water surface w(x, y, t) (left column) and the cor-
responding quadtree grids (right column) for t = 0.6, 0.9, 1.2, 1.5 and 1.8 (from top to
down) obtained using the non-well-balanced central-upwind quadtree scheme.
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Figure 4.8: Example 3: Computed water surface w(x, y, t) (left column) and the cor-
responding quadtree grids (right column) for t = 0.6, 0.9, 1.2, 1.5 and 1.8 (from top to
down) obtained using the well-balanced central-upwind quadtree scheme.



Chapter 4. The quadtree scheme for variable density SWEs 81

4.4.4 Example 4. Sudden contraction with variable density

inflow

The last example is a modification of the benchmark in [28, 37]; also see [16, 15].

The purpose of this example is to demonstrate the positivity preserving property of

the proposed scheme.

We consider an open channel with a sudden contraction. The geometry of the

channel is established on its contraction, where

yb(x) =

{︄
0.5, x ≤ 1,

0.4, otherwise.

The computational domain is [0, 3] × [0.5 − yb(x), 0.5 + yb(x)]. Solid wall boundary

conditions are imposed at all of the boundaries except for part of the left inflow

boundary with u(0, yi, t) ≡ 2 and ρ(0, yi, t) ≡ 1007, where yi ∈ [0.4, 0.6]. In addition

the right boundary is a zero-order extrapolation one. The following initial conditions

are prescribed:

w(x, y, 0) ≡ 1, u(x, y, 0) = v(x, y, 0) ≡ 0, ρ(x, y, 0) ≡ ρ◦.

In this example, we take m = 8 refinement levels of the quadtree grid and set

Cw, seed = 2 and Cρ, seed = 20 in (4.3.34) and (4.3.35). We compute the solution with

the bottom topography given in the Example 2, where the water height at the top

of the humps is quite shallow which makes it a good example to test the positivity

preserving property.

We compute the solution until the final time t = 1.9 and plot the evolution of w

and ρ at times t ≈ 0.4, 0.8, 1.2, 1.6 and 1.9 in Figures 4.9. The quadtree grid in this

solution starts with a minimum of m = 298 and reaches a maximum of 9928 cells.

As one can see, the proposed central-upwind quadtree scheme preserves positivity

of the computed water depth and density.
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Figure 4.9: Example 4: Evolution of water surface w(x, y, t) (left column) and density
(right column) for t ≈ 0.4, 0.8, 1.2, 1.6 and 1.9 (from top to down) obtained using the
well-balanced central-upwind quadtree scheme.



Chapter 5
Summary and conclusion

The shallow water system is one of the most important systems of equations in

the field of hydrodynamics. In this study, a robust and efficient central-upwind

scheme over quadtree grids that balances the fluxes and the source terms has been

constructed. The advantage of the proposed well-balanced scheme is its capability

to reduce the computational cost. Furthermore, the proposed scheme is positivity

preserving, capable of solving the shallow water equation on an irregular bottom

topography.

In this thesis, the level of refinement was chosen separately for each benchmark

test. The computational cost was increased where m was increased. The minimum

level of quadtree can also be chosen based on the desired accuracy and computational

cost. The constants Cw, seed and Cρ, seed were found from trial and error. Although

for the case of Cw, seed, the ratio of wave heights and smallest cell length can be

utilized to find the best constant value.

In Chapter 3, an adaptive, well-balanced, positivity preserving central-upwind

scheme over quadtree grids for the shallow water equations over irregular bottom

topography has been presented. Six numerical experiments have been performed

in order to verify the accuracy and robustness of the proposed scheme. The first

numerical benchmark test has addressed the accuracy of the scheme. The second

numerical example has focused on the positivity and symmetry preserving as well as

adaptability of the scheme. The third and fourth numerical examples have demon-

strated the well-balanced property, symmetry preserving and adaptability features

of the proposed method. The fifth test has focused on the capability of the scheme

83



Chapter 5. Summary and conclusion 84

to model flows over a discontinuous bottom topography. The last numerical ex-

ample has demonstrated the positivity preserving and shock-capturing features of

the method. The obtained results show that the proposed central-upwind quadtree

scheme can improve the performance and efficiency of calculations compared with

regular Cartesian grids.

In Chapter 4, we extend the proposed scheme, where an adaptive, well-balanced,

positivity preserving central-upwind scheme for variable density shallow water equa-

tions over quadtree grids and irregular bottom topography has been presented. We

study different aspects of the scheme with regards to the water surface and the

water depth, the velocities, and the density. In addition, the scheme is able to

eliminate nonphysical oscillations that arise from one of the conservative variables.

Four numerical examples have been performed in order to verify the robustness

and accuracy of the proposed scheme. The benchmarks show symmetry preserving,

well-balanced property, positivity preserving, adaptability of the coupled system

as well as the capability of the scheme to capture small perturbations. Similar to

Chapter 3, the obtained results show that the proposed central-upwind quadtree

scheme can improve the performance and efficiency of calculations in comparison to

non-well-balanced schemes and regular Cartesian grids.

5.1 Suggestions for future works

Several future works can be suggested based on this work. In order to improve

the proposed scheme and address the inability of quadtree grids to properly model

curvilinear boundaries, this work can be extended to enhanced quadtree grids with

cut-cell boundary control volumes. Moreover, the system can be coupled to other

equations such as sediment transport equations. Other source terms such as friction

can be added to the current source terms in order to increase the applications of the

proposed scheme. Furthermore, other properties such as dry and wet/dry properties

can also be added to the proposed scheme.
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[27] Thierry Gallouët, Jean Marc Hérard, and Nicolas Seguin. Some approximate

godunov schemes to compute shallow-water equations with topography. Com-

puters and Fluids, 32(4):479–513, 2003.



Bibliography 88

[28] M. A. Ghazizadeh, A. Mohammadian, and A. Kurganov. An adaptive well-

balanced positivity preserving central-upwind scheme on quadtree grids for

shallow water equations. Preprint January 2020, Ready for publication, 2020.

[29] S. K. Godunov. A difference method for numerical calculation of discontinuous

solutions of the equations of hydrodynamics. Mat. Sb. (N.S.), 47(89):271–306,

1959.

[30] S. Gottlieb, D. Ketcheson, and C.-W. Shu. Strong stability preserving Runge-

Kutta and multistep time discretizations. World Scientific Publishing Co. Pte.

Ltd., Hackensack, NJ, 2011.

[31] S. Gottlieb, C.-W. Shu, and E. Tadmor. Strong stability-preserving high-order

time discretization methods. SIAM Rev., 43(1):89–112, 2001.

[32] D. M. Greaves and A. G. L. Borthwick. On the use of adaptive hierarchi-

cal meshes for numerical simulation of separated flows. Internat. J. Numer.

Methods Fluids, 26(3):303–322, 1998.

[33] Deborah Greaves. A quadtree adaptive method for simulating fluid flows with

moving interfaces. Journal of Computational Physics, 194(1):35–56, 2004.

[34] J. M. Greenberg and A. Y. Leroux. A well-balanced scheme for the numerical

processing of source terms in hyperbolic equations. SIAM Journal on Numerical

Analysis, 33(1):1–16, 1996.

[35] Jian Guo and Alistair G L Borthwick. Fluids Lattice Boltzmann method for

variable density shallow water equations. Computers and Fluids, 49(1):146–149,

2011.

[36] Charles Hirsch. General Properties and High-Resolution Numerical Schemes.

In Numerical Computation of Internal and External Flows, pages 337–409. El-

sevier, 2007.

[37] M. E. Hubbard. On the accuracy of one-dimensional models of steady con-

verging/diverging open channel flows. Internat. J. Numer. Methods Fluids,

35:785–808, 2001.



Bibliography 89

[38] Long Jiang, Alistair G.L. Borthwick, Tamás Krámer, and János Józsa. Vari-
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Appendix A
Finding neighbours in quadtree grids

In order to regularize a non-regularized quadtree grid we need to find those cells

that have adjacent cells with a level difference of greater than one to cell C. The

algorithm below shows how to find the adjacent neighbouring cells of C (x and y

are the central coordinate of cell C):

Step 1. Find cell C with the level of lc = m (maximum level in the quadtree).

Step 2. Create a set of cells (called S) without cell C. Remove cells from S that

ls ≥ lc − 1.

Step 3. To find the northern neighbour,

⋆ Remove the cells from S with y < yc.

⋆ Remove the cells from S with x < xc − 1
2ls+1 or x < xc + 1

2ls+1 .

Step 4. To find the eastern neighbour,

⋆ Remove the cells from S (from Step 2) with x < xc.

⋆ Remove the cells from S (from Step 2) with y > yc − 1
2ls+1 or y < yc + 1

2ls+1 .

Step 5. To find the southern neighbour,

⋆ Remove the cells from S (from Step 2) with y > yc.

⋆ Remove the cells from S (from Step 2) with x < xc − 1
2ls+1 or x > xc + 1

2ls+1 .

Step 6. To find the western neighbour,

⋆ Remove the cells from S (from Step 2) with x > xc.

⋆ Remove the cells from S (from Step 2) with y > yc − 1
2ls+1 or y < yc + 1

2ls+1 .

Step 7. Repeat all the steps with quadtree level of lc − 1.
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A similar algorithm is employed to find the diagonally neighbouring cells. We

need to mention that this algorithm may not be the best and the most efficient way

to find the neighbouring cells. The algorithm was chosen as it was the fastest and

easiest one to implement. The focus of this thesis is not how to efficiently generate

quadtree grids.



Appendix B
Extra benchmark tests and figures

In this appendix an extra benchmark test and some figures from other studies are

presented.

Example 1. Flows in a converging-diverging channel

This example is based on the benchmark in [37]. The purpose of this example

is to show the ability of the adaptive quadtree scheme to capture the shocks in

supercritical flows (see [16, 15]). We apply the proposed scheme in a converging-

diverging open channel. The geometry of the channel is established on its breadth

where

w(x, y, 0) =

{︄
0.5 − 0.5(1 − d) cos2(π(x− 1.5)), |x− 1.5| ≤ 0.5,

0.5, otherwise,

and d = 0.9, which is the minimum channel breadth. The computational domain is

[0, 3] × [−yb(x) + 0.5, yb(x) + 0.5]. We utilize the following initial condition

w(x, y, 0) = 1, u(x, y, 0) = 2, v(x, y, 0) = 0.

Both the top and the bottom boundaries are solid walls and the left x-boundary

is an inflow boundary with u(0, y, t) = 2, and the right boundary is a zero-order

outflow one. We compute the solution with a flat topography up to t = 2 where the

flow almost reaches to steady-state. Figure B.1 shows the initial quadtree grid. The
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grid is refined on the breadth to properly represent the boundaries. We choose the

level of the quadtree to be m = 9. The grid starts with 1044 cells. In addition, we

consider |(wx)j,k| ≥ 0.1 and |(wy)j,k| ≥ 0.1. Figure B.2 (left) shows the computed

solution for water surface w(x, y, t) and quadtree grid (right) at t = 0.5, 1, 1.5 and 2

for a flat bottom topography.

0 1 2 3
0

0.5

1

Figure B.1: Example 1: Initial quadtree grid for m = 9.

Quadtree grids, and in general, Cartesian grids are not the best grids to solve nu-

merical schemes over domains with curved or complex boundaries; especially when

the flow is supercritical. This can lead to some oscillations and spikes near bound-

aries, which can be seen in Figure B.2.
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Figure B.2: Example 1: Computed water surface w(x, y, t) for t = 0.5, 1, 1.5 and 2
(from top to down) obtained using the flat bottom topography for m = 9 (left column)
and corresponding quadtree grid (right column).
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Example 2. Riemann problem with discontinuous bottom

topography

In this example, we demonstrate the capability of the proposed scheme to to solve

problems with discontinuous bottom topography. From [9], we consider the following

Riemann problem for system (3.1.1)

B(x, y) =

{︄
1.1, x ≤ 0.5,

1, x > 0.5,
h(x, y, 0) =

{︄
1, x ≤ 0.5,

0.8, x > 0.5,

u(x, y, 0) =

{︄
2, x ≤ 0.5,

4, x > 0.5,
v(x, y, 0) ≡ 0.

We first, take g = 9.8 and obtain the point values of B at the vertices of Cj,k using

the bottom topography function with ℓ = 6. A fine Cartesian grid with m = 11 is

used for the reference solution and solve the Riemann problem with the proposed

scheme for m = 8 and 9 until t = 0.03. Figure B.3 shows the convergence of h and u

towards the reference solution, which agrees well with the exact solution from [53].

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
x

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

1.00

h

m = 8
m = 9
Reference

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
x

2.00

2.25

2.50

2.75

3.00

3.25

3.50

3.75

4.00

u

m = 8
m = 9
Reference

Figure B.3: Example 2: Solution (h on the left and u on the right) computed using
m = 8 and 9 and compared with the reference solution.
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Extra figures for §3.4.3 (Example 3)

Figure B.4: w component of the solution computed by the well-balanced (left column)
and non well-balanced (right column) central-upwind schemes on triangular grid [15].
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Figure B.5: w component of the solution computed by the well-balanced (left column)
and non well-balanced (right column) central-upwind schemes on unstructured quadrilat-
eral grid [85].
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Extra figures for §4.4.3 (Example 3)

Figure B.6 shows the density field and the corresponding quadtree grid in 2-D. The

initial condition of this benchmark test starts with no velocity. Therefore, the part

of the flow with higher density mixes very slowly with the lower density water. It

can also be seen from Figure 4.8 that where the flow has higher density it has slightly

lower water surface compared to the other parts of the computational domain (this

is a similar phenomena that causes a dam break with density discontinuity).
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0 0.5 1 1.5 2
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Figure B.6: Example 3: Computed density ρ(x, y, t) (left column) and the corresponding
quadtree grids (right column) for t = 0.6, 0.9, 1.2, 1.5 and 1.8 (from top to down) obtained
using the well-balanced central-upwind quadtree scheme.
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