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Abstract 

Let m > 1 be a positive integer, F be a field, K 2 m (F , t) be the subspace of 
M2m{F) of matrices skew-symmetric with respect to the transpose involution, and 
H2m{F,s) be the subspace of matrices symmetric with respect to the symplectic 
involution. We show that K2m(F,t) and H2m(F,s) both satisfy qm, a multilinear 
identity of degree 4m — 3. As corollaries we obtain both new proofs and refinements of 
theorems of Kostant and Rowen concerning S4m_2, a so-called "standard" polynomial 
identity for K2m{F,t) and H2m(F,s), and S4m_4, a "standard" polynomial identity 
for K2m-i(F,t). 
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1. Introduction 

1.1. General Introduction 

A polynomial identity (PI) for an associative algebra A over a field F is a polyno­
mial in a finite number of non-commuting variables (i.e., an element of the free asso­
ciative algebra on k generators, F(xi,X2, ...,#&)) that vanishes for all specializations 
of the variables to elements of A. Though we are interested in so-called ^-polynomial 
identities (identities in which the variables may appear with an involution *), it is 
natural to begin with Pis. 

There are two aspects to Pi-theory: structure-theoretic and combinatorial. In 
the structure-theoretic aspect one starts with an associative algebra, assumes that it 
satisfies some non-trivial PI, and then studies the structure of the resulting object (a 
Pi-algebra). In the combinatorial aspect we fix an associative algebra A and study 
the concrete Pis that it satisfies. This thesis will be concerned with the combinatorial 
aspect. 

It is generally agreed that the first major result in Pi-theory is 

Theorem 1.1.1 (Amitsur and Levitzki, [AL]). The standard polynomial of de­
gree 2n 

S2n(xi,...,X2n) = J Z (~lY X<y{t)Xv&) • • • X<r(2n), 

<res2n 

where S2n
 JS the symmetric group on 2n elements and (—1)° is the sign of the per­

mutation a, is a PI for the matrix algebra Mn(F), F a Geld. Mn(F) does not satisfy 
a PI of degree less than 2n, and if \F | > 2 or n > 2 then, up to scalar multiple, S2n 
is the unique PI of degree 2n satisfied by Mn(F). 

By degree of a polynomial is meant total degree, that is, the sum of the degrees of 
the polynomial's individual variables. We frequently work with multilinear (linear in 
all variables) polynomials, in this case the degree will equal the number of variables. 

This result has served as a template for later results in combinatorial Pi-theory. 
First, we would like to establish the minimal degree for a PI satisfied by a given 
algebra A (for Mn: 2n). Second, we would like to exhibit (and prove) a concrete PI 
with that degree (for Mn: S2n)- And third, we discuss any uniqueness properties that 
this PI may possess (for Mn: up to scalar multiple and given certain restrictions on 
characteristic, S2n is the unique PI of degree 2n). The results of this thesis will be 
mainly concerned with the existence of *-PIs for Mn; in our concluding chapter we 
will discuss open questions concerning minimal degree and uniqueness. 

Arbitrary Pis in several variables of varying degree are somewhat difficult to 
classify. The following proposition [DF, Proposition 1.2.8] allows us to narrow our 
focus. 
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Proposition 1.1.1. Let A be an associative algebra, f € F(x±, • • •, xi), and write 

d 

f(xlr--,xk) = ^2 ft, 

where fz is the homogeneous component of f of degree i in x\ (all monomials in f% 

are of degree i in x\). 

(i) If F has more than d elements then f is a PI for A if and only if every fz is a 
PI for A. 

(ii) If char(F) = 0 or char(F) > deg(f) then there exists a set of multilinear 
(linear in all variables) polynomials {h3} such that f is PI for A if and only if every 
hi is a PI for A. 

We give a brief discussion of the proof of (ii). First, this result makes use of 
the process of multilinearization. Given a polynomial g(yi, ...,yi) € F(yi, ...,yi), and 
assuming further that g is of degree r > 1 in y\, we may look instead at the polynomial 

g(x + y,y2, •••, yi) - g(x, y2, •••, yi) - g(y, 2/2, •••, yi). 

This is a polynomial in I + 1 variables with degree in x and y lower than the degree 
of g in y\. Continuing in this way we obtain a multilinear polynomial. 

Now (i) allows us to reduce to Pis homogeneous in all variables, the set {hi} is 
then obtained via multilinearization. The conditions on characteristic come into play 
in (ii) when we try to show that / follows from the set of multilinear polynomials 
{hi}. This cannot be avoided: the nonlinear identity 

xy3 + yxy2 + y2xy + y3x + xy2 + y2x 

is a PI for M2{Z2) that does not follow from any multilinear identity for M.2{Z2) 
([AL]). However, aside from these special cases in prime characteristic, the set of Pis 
for A is determined by the set of multilinear Pis for A, and we may restrict our 
attention to the latter. 

In the original proof of Theorem 1.1.1, Amitsur and Levitzki used an induction 
based on canonical matrix units. Our approach will be different, we will instead rely 
on trace polynomials. 

A trace polynomial is a polynomial in which we allow the coefficients to be poly­
nomials in traces, and with this in mind the notion of a trace-PI for Mn(F) is clear. 
A trace polynomial is pure-trace if none of its variables appear outside of traces. 
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E x a m p l e 1.1.1. Let char(F) = 0. The characteristic polynomial (and any lineariza­
tion) is a trace polynomial (as long as char(F) = 0, all coefficients may be expressed 
as polynomials in traces); it is also a trace-PI (for Mn(F)), but not a PI . 

We would like to be able to say, without ambiguity, tha t one PI (or trace-PI) 
is a consequence of another PI (or trace-PI). Define a T-ideal of F(x\, • • • ,Xk) to be 
an ideal of F{x\, • • • ,xk) tha t is invariant under all endomorphisms of F(xi, • • • ,Xk) 
(precisely: all maps of the form xl i->- wl € F(x%, • • • ,Xk), i = 1, • • • ,k). If / € 
F(xi, • • •, Xk), then the T-ideal generated by f is the smallest T-ideal containing / . If 
/ and g are both P i ' s for a given algebra A, we say that g is a consequence of / if g 
lies in the T-ideal generated by / . This notion extends to trace-Pis. In this case our 
T-ideal is an ideal of trace polynomials tha t is closed under both substitutions and 
application of the trace. 

Razmyslov [Raz] and Procesi [Prl], independently, have shown tha t all trace 
P i s (and hence all P is , as we will see) for Mn follow from (are consequences of) 
the characteristic polynomial. Razmyslov [Raz] also gave an alternate proof of the 
positive statement in the Amitsur-Levitzki Theorem showing explicitly tha t S2n is a 
consequence of Cayley-Hamilton. 

We will now change our focus somewhat and introduce an involution of the first 
kind *. Recall tha t an involution * on an algebra (or more generally, on a ring) is 
an anti-automorphism of degree 2. We say that an involution * on an algebra A is 
of the first kind if it fixes the centre of A elementwise (e.g. matrix transpose) and 
of the second kind if it acts as a non-trivial involution on the centre (e.g. X i—> Xt 

for matrices over the complexes with ~ the complex conjugate). Unless explicitly 
mentioned otherwise, we henceforth assume all involutions to be of the first kind. We 
define an algebra with involution (A, *) to be an associative algebra A over a field F 
together with an involution, *. 

We may also at tach an involution to F(x±, • • •, xk)- There are several ways to do 
this. For example, one may define x* — xz and obtain the so-called reversal involution; 
the anti-automorphic property is in this case a "reversal" of monomials: 

\XtlXl2 • • • Xl;( ) — xl} • • • xi2xZl. 

We instead proceed by simply extending the set of generators to obtain 

F{xi, • • •, Xk, Xi, • • •, xk) 

and call elements of this extended free algebra * -polynomials. A * -T-ideal is an ideal 
of F(xi, • • •, Xk,x*, • • •, x^} tha t is invariant under all endomorphisms of (the algebra 
with involution) 

(F(xi,---,xk,x*i,---,x*k),*). 
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Definition 1.1.1. Let (A, *) be an algebra with involution and let 

/ G F(xi,--- ,xk,x*i,---,x*k). 

f is *-P/for (A, *) if it vanishes for all specializations 

xx H-> Xt G A, x* ^ X* e A 

of the variables to elements of A. 

The definition of a *-trace-PI follows immediately. 

Assuming char(F) ^ 2, we have 

x = -{x + x*) + -{x - x*) (1) 

and 

x* = ^(x + x*)-^(x-x*). (2) 

Thus we may think of an arbitrary *-polynomial 

/ G F(xi,x2,--- ,xk,x\,x*2,--- ,x*k) 

as a polynomial in skew and symmetric variables and write it as 

J\Xi -\- Xi,- • • ,xk -\- Xk,Xi — Xi, • • • ,xk — xk). 

We may therefore consider polynomials f(xi,...,xr,yr+i,...,ys) with x% a "skew -
symmetric" variable for 1 < i < r, and y3 a "symmetric" variable for r < j < s; i.e., 
substitutions are made according to 

xt i->- a% G {a G A \ a = —a*} (3) 

and 
y3^b3e{beA\b = b*}. (4) 

As an example of how (1) and (2) are used in practice we note that (with these 
equations in hand and if char(F) ^ 2) the study of *-PIs for Mn(F) in strictly 
symmetric variables is equivalent to the study of Pis for 

Hn(F,t) = {X G Mn \X = Xf}. 

For (Mn ,*) there are two main cases: * = t, the usual matrix transpose, and 
* = s, the symplectic involution, the latter defined only when n = 2m by 

A BY _ ( Dl -Bl\ 
C D) ~ \-Cl A1 ) 
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where the matrix has been partitioned into m x m blocks. Our primary interest is in 
the spaces Kn(F, t) (nxn matrices skew with respect to the transpose) and H2m(F, s) 
(2m x 2m matrices symmetric with respect to the symplectic involution), but since 

x = X* ^ X = -X* 

in an arbitrary algebra with involution over a field of characteristic 2, we cannot (in 
characteristic 2) use (3) and (4) to define these spaces. We handle this difficulty in 
the following way. For char(F) / 2 we use the definitions (3) and (4) for Kn(F,t) 
and H2m(F,s), respectively, and these have vector space bases 

iei,j ~ eo,i '• 1 < * < 3 < n} ( 5 ) 

and 

{eM + e3+m!l+m :1 < i, j < m] U {ek+m,i - ei+m,k : 1 < I < k < m}U 
(b) 

{ek,i+m - ei,k+m :l<l<k< m } , 

respectively. In characteristic 2 we take 

Kn(F,t) := {X - X* | XeMn}. 

This ensures that (in characteristic 2) elements of Kn(F,t) have zeros along the di­
agonal, i.e., that 

dim{Kn{F,t)) = T ^ Y ^ . 

We also note that this definition coincides with (3) when char(F) ^ 2. We define the 
symplectic involution's symmetric space with 

H2m(F, s) := {X + Xs | X G M 2 m } . 

This ensures that in characteristic 2 elements of H2m(F, s) have upper right and lower 
left blocks that are m x m matrices with zeros along the diagonal, i.e., that (using 
(6)) 

,. /TT /T-, xx 9 ^/tni™ — l)x „ 9 2m(2m — 1) 
dim(H2m{F, s)) = m2 + 2(-~ -) = 2m2 - m = y— '-. 

This definition coincides with (4) when char(F) ^ 2. Finally, we note that (5) and (6) 
are bases for Kn(F, t) and H2m(F, s) irrespective of characteristic since the constituent 
matrices have only the entries 0 and ± 1 . 

To a great extent it suffices to consider * — t and * = s. We would like to make 
this statement more precise, and to do so we look at a more general setting. Consider 
a central simple algebra A with involution * over a field F where (for the moment) 
F = F, the algebraic closure of F. The involution * on A is the adjoint mapping 
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of some symmetric or skew-symmetric bilinear form, and this form is unique up to 
scalar multiple (see [KMRT, Theorem 1.4.2]). If the form is symmetric we say that * 
is of orthogonal type, and if the form is skew-symmetric we say that * is of symplectic 
type. 

Now the matrix transpose t on Mn is of orthogonal type, the symplectic involution 
s on Mn is of symplectic type, and returning to (A, *) over (now) an arbitrary field F 
we have the following: up to isomorphism, A (g> F is either (Mn(F),t) or (Mn(F), s), 
where in the latter case n must be even ([KMRT, Proposition 1.2.1]). Thus over an 
algebraically closed field it is enough to consider (Mn,t) and (Mn,s). 

This allows us to narrow our focus, but at the cost of certain restrictions on our 
underlying field F; however, our main results (existence of certain Pis for Kn(F,t) 
and/or H2m(F, s)) will be valid over arbitrary fields. We achieve this by first proving 
a given PI in characteristic 0 and then concluding that it holds for any substitution 
from the basis (5) (resp. (6)) (which is a basis for Kn(F,t) (resp. H2m(F,s)) in 
arbitrary characteristic). Finally we note that as our PI is multilinear and has integer 
coefficients it must hold for Kn(F,t) (resp. H2m(F,s)) over an arbitrary field F. 

We now list three lemmas. The first two will be useful later when we look closely 
at trace-polynomials, the third collects some essential facts concerning the standard 
polynomial. 

Lemma 1.1.1. Let f(xi, • • - ,xk) G F{xi, • • • ,xk), F a held, f is a PI for Mn(F) if 
and only if 

tr(f(x1,---,xk)xk+i) 

is a pure-trace PI for Mn(F). 

Proof. tr(AB) is a non-degenerate bilinear form on Mn(F). • 

So to study Pis for Mn we may instead study pure-trace Pis for Mn. 
Now identify Mn with V <S> V*, where V is an n-dimensional F-vector space 

and V* is the dual of V. We say a matrix Xx is decomposable if it may be written 
X% — u% (S> 4>i, ux G V, & G V*. For example, with V = Fn the canonical matrix units 
el3 are decomposable 

&ij = £i v9 6 . 

where et and e* are canonical basis vectors (for V and V*, respectively) in the obvious 
way. 
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L e m m a 1.1.2 ( [Pr2, p l 9 7 ] ) . Let Xi — ui <8>0i,X2 = u2 <8> </>2, • • •, Xt = ui <8) 4>i be 
decomposable matrices. Then 

i 

tr(XtlXt2 • • • Xlr)tr{X3lX32 • • • X3s) • • -tr(XklXk2 • • • Xkt) = f J ^ K w ) (7) 
i = i 

where a G Si with a decomposition into disjoint cycles 

a = (ii ••• ir)(ji ••• js)---(ki ••• kt). 

• 

This lemma may be proved by direct calculation, and it suffices to consider 
V = Fn. One begins by noting that 

(u (g> (f)).V = U-lfiY-V = 4>(v)u 

where [0] is <f> expressed as a (column) vector, and thus 

tr(u ® (f>) = 4>{u). 

Then 
(Ui <S> 4>l)-(u2 <8> 4>2)-V = (Ui <g) 4>l).(4>2(v)u2) = 01 (l*2)02(^)wi 

shows that 
ir((wi <8) 0 I ) . (M 2 <8 02)) = 0i(w2)^2(«i), 

and in general 

tr((ui <g) 0i) • • • (uk ® 0fc)) — 0i(u2) • • • 4>k-i{uk)4>k(ui). 

One can then extend to products of arbitrary multilinear traces to complete the proof. 

The canonical matrix units e%3 are decomposable and the left hand side of (7) 
is multilinear, thus Lemma 1.1.2 shows that we may equate the study of multilinear 
pure-trace Pis for Mn with the study of polynomial relations between the elements 
0i(i4j), u3 G V, 4>i G V*. We return to this in Section 1.2. 
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Lemma 1.1.3. Let I > 1 be a positive integer. The following is true over an arbitrary 
held F. 

a) S21 in arbitary matrix variables is traceless. 

b) With respect to * = t, both s^ and S4Z-1 in skew variables are symmetric. 

c) With respect to * = t, both S41-2 and s^s in skew variables are skew-
symmetric. 

d) With respect to* = tor* = s, S41-2 in symmetric variables is skew-symmetric. 

• 

Lemma 1.1.3 is easily proved by direct computation. For example in b) with 
skew variables x\ = —Xi : 

= 2_^ (~^YX<r(Al-l) ' " 'Xa{l) 
o-e54(_i 

= (-i)4'-1 E (-ir^(4t-i)•••^d) 

= ~ Y (-1)CT;M<y-i) •••x<7(i) 

and since the permutation 

1 <-> 41 - 1, 2 <-* Al - 2, • • •, 2 I - 1 « 2 I + 1 

is odd (odd number of transpositions) we arrive at 

^ ( - l ) ' T X C T ( i ) • • • X 0 - ( 4 Z _ i ) = S4Z-1-

<76<S4j_i 

This shows that (with respect to the transpose) S41-1 in skew variables is symmetric. 

From here on we split our investigation in two: the * = t case and the * = s case. 
We will begin with the transpose case, but first some notation. 

Notation 

We would like to take alternating sums and to do so we introduce: 
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Definition 1.1.2. Let n be a positive integer. Define a map 

0 : F(xi,...,xn,y) -> F(xi,... ,xn, y) 

f(xi,...,Xn,y) •->• ] T (~lYf(xa{l), • • • ,Xa{n),y). 
o-eSn 

Definition 2 extends to trace-polynomials, *-polynomials, and *-trace-polynomials in 
the obvious way. 

Example 1.1.2. Under this notation we have: 

sk(xi,x2,-- • ,xk) = 4>(xix2---xk-ixk). 

Notice that y need not appear in the polynomial to which we apply 0. 

Next, we introduce a convenient notation for polynomials that are almost stan­
dard, that is, alternating in all but one variable. 

Definition 1.1.3. For i = 1, 2 , . . . , n, let 

K : = 0 ( x i • • • Xl^XyXl • • • Xn-i) = Y ( _ 1 ) a a j a ( l ) • • • Xa(i-l)yXa(i) • • • Z«r (n-1) , 

c £ S „ _ i 

the alternating sum of all monomials of degree n having y in position i. We generalize 
and define A™ : the alternating sum of all monomials of degree n that have a y 
in positions ii,i2, • • • ,ik-

Example 1.1.3. Using this notation we have: 

S2n(y,Xi,...,X2n-l) = ~ Y (~lY X<r(l)X*(2) • • • X<r(2n) \x2n=y 

CES2n 
\2n \2n , A2n \2n , . A^n A^n 

— fi-l / 1 2 "I" ^ 1 3 Si-4 -|- . . . . -t- / l 2 n - l A2n 
2n 
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1.2. Introduction: The Transpose Case 

For this section we assume * = t. We consider first *-PIs for (Mn,t) in which 
all variables are symmetric, or equivalently, P is for Hn(F,t). Of course, by Amitsur-
Levitzki, S2n is a PI for Hn(F,t), but more can be said. It has been found [SL] that 
the minimal degree of a PI for Hn(F,t) is 2n (the same as for a PI for Mn), and 
further, Ma and Racine have given a full characterization of identities at this degree: 

T h e o r e m 1.2.1 ( [MR]) . If char (F) does not divide 2[(n + l ) /2] and \F\ > 2n, then 
for n / 3 all identities for Hn(F, t) of degree 2n are consequences of 

E2n(x1,.. .,x2n-i;y) : = A2n- A2n + A2n-A2n + ---
2n 

= Y (-i)1"1 -̂
i = l , 2 ( m o d 4) 

l < i < 2 n 

We note here that the authors have achieved for Hn(F,t) all tha t Amitsur and 
Levitzki achieved for Mn, namely: existence (E2n), minimality (degree 2n), and 
uniqueness (all identities are consequences of E2n)-

For the case of strictly skew variables (Pis for Kn(F, t)) an answer as complete as 
Amitsur-Levitzki has not yet been found. Significant progress was made by Kostant 
in a theorem that bears his name 

T h e o r e m 1.2.2 ( [ K o s l ] ) . Let F be a held. S2n-2 is a PI for Kn(F,t) if n is even. 

Next, Rowen strengthened this result and proved sharpness 

T h e o r e m 1.2.3 ( [ R o w l ] ) . Let F be a Geld. s2n-2 is a PI for Kn(F,t) if n is odd. 
If char(F) — 0 and k < 2n — 2, sk is not a PI for Kn(F, t), n arbitrary. 

Further sharpness results are found in [Rowl] for the prime characteristic case. 
For example, in characteristic 2, it was found that sk is a PI for Kn(F,t) if and only 
if k > n. For another reference on sharpness in this context, see [Be]. 

In [Rowl] Rowen also obtains an alternate proof of Kostant 's theorem (as a 
corollary to Theorem 1.2.3) and the following concerning standard identities in mixed 
variables: 

T h e o r e m 1.2.4 ( [ R o w l ] ) . Let F be a held. For all n, S2n-i in one symmetric 
variable and 2n — 2 skew variables is a *-PI for (Mn,t). For n odd, «2n-2 in one 
symmetric variable and 2n — 3 skew variables is a *-PI for (Mn,t). 

Finally, Racine and D'Amour have described all *-PI's of minimal degree for 
(Mn,t),n<5: 
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Theorem 1.2.5 ([DR1]). Let \F\ > 2, and put 

{x y z} := xyz + zyx, xDy,z := {x y z} - {x z y}, xoy := xy + yx. 

Any *-PI of minimal degree (2) for (M2,t) is a consequence of s2{x\ — x\,x2 — x2). 
Any *-PI for (M3, t) of minimal degree (4) is a consequence of 

p(xi -x*i,x2 - xl,x3 - x\,x4 -xl), q(xi - x\,x2 -x2,x3 - x\,x4 -x\), 

r(xi -x\,x2 -x*2,Xz-x*z,Xi±xl), g(xi - x\,x2 - x*2,x3 - x*3,x4 + x\), 

where 
p(xi,X2,X3,X4) = Y ( x i tx2,^4] ^3}, 

( 1 2 3 ) 

q(xi,X2,X3,X4) = Y {Xl [X2,^3] ^4} + Y {Xl [X2,^4] ^3}, 
( 1 2 3 ) ( 1 2 4 ) 

+ 2([xi,x3]DX2tX4 + [xi,X4]DX2>X3 

- [x2,x3]DXltX4 - [x2,x4]Dxi,x3), 

r(xi,x2,x3,x4) = [s3(xi,x2,x3),x4], 

g(Xi,X2,X3,X4) = Y (~lY{Xa(l) Xa{2) (X3OX4)}. 

Any *-PI of minimal degree (5) for (M4, t) is a consequence of 

K(XI -X*I,X2 -x2,x3 ~x*3,y-y*) 

where 
hz(xi,x2,x3,y) = s4(xi,x2,x3,y

2) - y o s4(xi,x2,x3,y). 

With Amitsur and Levitzki's template in mind, we see that though we have 
various existence results for *-PIs for Mn, the uniqueness and minimality results are 
still lacking for n > 4. What we do know is that s2n-2 is of minimal degree among 
standard *-PIs for Mn in skew variables, and that E2n is of minimal degree among 
*-PIs for Mn in symmetric variables. Thus it appears as though some of the *-PIs of 
minimal degree will have all variables skew, and for this reason we focus on Pis for 
Kn(F,t). 

We are now ready to investigate the transpose case, and our main tool will be a 
certain set of *-trace-polynomials discovered by Procesi. 

Procesi ' s Polynomials 

Recall that Razmyslov and Procesi, independently, proved that all trace Pis for 
Mn follow from (lie in the T-ideal generated by) the characteristic polynomial. Procesi 
[Pr2] later took this further, obtaining an analogous result for the case of *-PIs. For 
the case * = t Procesi obtained: 

11 



Theorem 1.2.6 ([Pr2]). Let F be a Geld of characteristic 0. All *-PI's for (Mn (F), t) 
are consequences of (lie in the *-T-ideal generated by) a set of n + 1 *-trace-PFs of 
degree n. 

In this section we outline the proof of this result. Though explicit formulae for 
the n + 1 *-trace-PI's are not given in Procesi's proof, it nonetheless serves as a 
starting point for our computations. 

We would like to study *-identities, that is, we would like to allow variables that 
appear with a *. Procesi achieves this by modifying Lemma 1.1.2, in particular: the 
equation 

tr(XtlXta • • • Xlr)tr(X3lX32 • • • X3a) • --tr{XklXk2 • • • Xkt) = JJ^K(O)- (L1-7) 
i = i 

First, if Mn(F) is equipped with the transpose involution, then there exists a 
non-degenerate symmetric bilinear form on V, say (•,•), and the transpose is the 
involution of adjunction with respect to this form: 

(AX,Y) = {X,AlY). 

The form (•, •) is defined only up to non-zero scalar multiple, but we can normalize 
it by picking a basis B for V, and imposing a projection on V. Let 

(nv =) 7T : V -> V 

be a projection onto v G B, defined by 

7r(w) = (w,v)v and n2 = n, 

where w G V. We have both 

n(ir(w)) — n(w) = {w,v)v 

and 
7r(7r(u>)) = ir((w,v)v) = (w,v)(v,v)v. 

By non-degeneracy of (•, •) there exists w G V such that (w,v) ^ 0. So to satisfy 
7r2 = 7r we need (v, v) — 1. If (v, v) ^ 1, we normalize by replacing (•, •) with T^T(• , •) 
((v,v) is non-zero since n / 0 ) . 

V is canonically isomorphic to its dual V* via 

V = V* 

« ! - > ( • ,V). 
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With this in mind we take Mn(F) = V® V* £* V <g> V and thus if V = Fn, e, ®e* 
becomes e% ® e3 (or the matrix eZJ) and <$>%{u3) in (1.1.7) becomes (u3,vt). 

Now, if we replace a variable in the left hand side of (1.1.7) with its transpose, 
say Xx h-» Xi , then since 

\e% o*) e 3 j
 =z e%3

 = c3i — e3 (X) el 

says (by linearity) that 

Xl
t = (ttz <g> w2)* = vt (8) u l , M J ^ J G V 

we see that ux and u? are transposed in the right hand side of (1.1.7). This yields the 
following modified version of Lemma 1.1.2: 

P r o p o s i t i o n 1.2.1 ( [Pr2, p l 9 7 - 1 9 8 ] ) . Let Xx = m <g> vuX2 = u2 <g> v2, • • •, Xt = 
ui ®vi be decomposable matrices. There exists a one-to-one correspondence (equality) 
between the degree I multilinear expressions 

tr(UtlUl2 • • • UXr)tr(U3lU32 •••U3s)- ••tr(UklUk2 •••Ukt) 

where Ul = X% or Xl, and a G Si with a cyclic decomposition 

a = (h,- • • ,ir)(ji,- • • ,js) • • • (ki,- • • ,kt) 

and multilinear (linear in all ut 's and all v3 's) products of I scalars, each scalar being 

of the form (uz,v3), (ul,vl), (uz,u3), or (vl,v3), l<i^j<l. • 

It is possible to make this more explicit, but for the moment we merely note that 
this proposition allows us to equate the study of multilinear *-trace-identies to the 
study of multilinear polynomial relations between the scalars {ut,v3), (ux,vx), (u%, u3), 
and {vx,v3), 1 < i ^ j < I. 

Procesi's next step is to take n+1 arbitrary i^'s and n + 1 arbitrary v3 's (all viewed 
as row vectors in V) and to form the product of the two matrices (size (2n + 2) x n 
and n x (2n + 2), respectively) 

and (u[ u\ ••• < + 1 v[ v\ ••• vn+i). 

Vn+1 / 
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This is the (2n + 2) x (2n + 2) symmetric matrix 

/ ( U l , « l ) (Wl ,«2> - - - ( u i , U n + l ) ( « l , f l ) (UI,V2) • • • (ui,Vn + 1) \ 

( t t 2 , « l ) (u2,U2) • • • (u2,Un + 1) {u2,Vl) (U2,V2} • • " {u2,Vn+1) 

\ { v n + 1,U1) (vn + l,U2) ••• (vn + 1,Un + 1) (vn+1,V1) (vn + l,V2) ••• (vn+l,Vn + l) / 

where, since rank(AB) < min{rank(A),rank(B)}, we have rank < n. Call this last 
matrix Y = (yZJ), 1 < i,j < 2n + 2. It is clear that all n + 1 x n + 1 minors of Y are 
zero, consider those that are multilinear, i.e., those in which we choose n + 1 distinct 
rows with indices 

{ r i , - - - , r n + 1 } , 1 < r i < r 2 < ••• < r n + i < 2n + 2 

and n + 1 distinct columns with indices 

{ c i , - - - , C n + i } , 1 < ci < c2 < ••• < cn+i < 2n + 2 

such that 

{n,- • • ,rn+i} n {ci, • • • ,cn+i} = 0. 

These correspond, via the correspondence of Proposition 1.2.1, to *-trace Pis for Mn. 
In fact, Procesi is able to prove ([Pr2, pl98]) that all *-trace identities for (Mn,t) 
arise in this way, and that the set of all *-trace identities for (Mn,t) follow from a 
certain set of n + 1 multilinear minors of Y. Procesi gives these n + 1 minors explicitly, 
but not the corresponding n + 1 *-trace-PIs. 

The degree n characteristic polynomial is a *-trace-PI for (Mn,t), thus it must 
follow from Procesi's n + 1 minors. As an example we now investigate this connection. 

E x a m p l e 1.2.1 (Characteris t ic P o l y n o m i a l ) . Consider the minor obtained by 
taking the n + 1 rows of Y — (yl3) with indices 

1, 2 ,3 , ••• n , n + 1 

and the n + 1 columns with indices 

n + 2, n + 3, n + 4, • • •, 2n + 2. 

Using the determinant formula for n + 1 x n + 1 matrix A — (al3) 

n+1 

det{A)= Y ( - i r l l ^ w 
< j £ 5 n + i 1 = 1 
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we get the polynomial (in commuting variables ytJ) 

/ J (-l)C T?/lcr(n+2)?/2C T(n+3) • • -2/(n)CT(2n+l)2/n+lCT(2n+2)- (1) 

We will need some definitions and a lemma before we continue. 

Definition 1.2.1. Let r G <S2m+i, and let (ii %2 • • • ir)(ji h • • • ji) • • • {ki k2 • • • ks) 
be r in terms of disjoint cycles. Define: 

TT := tr(XtlX%2 • • • Xlr)tr(X3lX32 • • • X3l) • .-tr(XklXk2 • • -Xka). 

Definition 1.2.2. Let i be a positive integer. We denote by 

i £ { l ,2 , - - - ,2m + l} 

the representative of the class of i modulo 2m + 1. 

Following Procesi we use the formulae: 

P I . u(v, w) = (u <8> v).w 

P2. (u,v) = tr(u®v) 

P3. u%®vx = X%. 

The first is an easy calculation, the second follows from Lemma 1.1.2, and the third 
is merely notation. We now reformulate Lemma 1.1.2: 

Lemma 1.2.1. Consider 

y*1 = 2/l7(2m+2)2/27(2m+3) ' " " y(2m+l)-y(4m+2), 

7 a permutation of {2m + 2,2m + 3, • • •, 4m + 2}. This term is precisely T^-i, where 

7 _ 1 is the permutation of {1,2, • • • ,2m + 1} deGned by 7 - 1 ( i ) = -y~x(i + 2m + 1). 

Proof. We use 
7(i) = 7(i + 2m + 1), 1 < i < 2m + 1 

and 
yl3 = (uz,v-), 

l<i<2m + l, 2m + 2 < j < Am + 2, 
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and compute 

2m+l 

2/7 = 2/l7(2m+2)?/27(2m+3) " " ' ?/(2m+l)7(4m+2) = _[ J_ (ui,vy(i)) 
i=l 

2m+l 

t=l 

Under the identification V = V* (vt i-> (•, v%) =: 0j) this is 

2m+l 

II ^("r'w) 
1 = 1 

and now applying Lemma 1.1.2 we obtain T^-i. • 

In view of Lemma 1.2.1 our minor (1) becomes 

Y (~lYT^. 
a£Sn+i 

For n = 2 the symmetric group is 

S3 = {(1)(2)(3), (12)(3), (13)(2), (1)(23), (123), (132)} 

and this yields 

tr(Xi)tr(X2)tr(X3) - tr(X1X2)tr(X3) - tr(XiX3)tr(X2) 

- tr(Xi)tr(X2X3) + tr(XiX3X2) + tr(XiX2X3) 

= tr(tr(Xi)tr(X2)X3) - tr(tr(XiX2)X3) - tr(tr(X2)XiX3) 

- tr(tr(Xi)X2X3) + tr(X2XiX3) + tr(XiX2X3) 

= tr((tr(Xi)tr(X2) - tr(XiX2) - tr{X2)Xi - tr(Xi)X2 + X2Xi + XiX2)X3). 

Notice that none of the variables appear with a transpose; for a different choice of 
minor this will not be the case. Applying Lemma 1.1.1 we see that 

tr(Xi)tr(X2) - tr(XiX2) - tr{X2)X1 - tr{Xi)X2 + X2XX + XXX2 

is a trace-PI for Mn. Now equating Xi = X2 = X we obtain 

2X2 - 2tr(X)X + tr(X)2 - tr{X2) = 2{X2 - tr(X)X + det(X)) 

(twice the characteristic polynomial) where we have used the formula for 2 x 2 matrices 
det(X) = \(tr(X)2 — tr{X2)). Thus the 2 x 2 characteristic polynomial follows from 
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the upper right 3 x 3 minor of Y. We omit the calculation, but this holds in general: 
the n x n characteristic polynomial follows from the upper right n + 1 x n + 1 minor 
of Y. This concludes our example. 

Our main interest is in a slight variation of the minor just computed: the minor 
obtained by taking the n + 1 rows with indices 

l ,2 ,3,---2m,2m + 2 

of Y and the n + 1 columns with indices 

2m + 1, 2m + 3, 2m + 4, • • •, 4m + 2 

of Y when n = 2m. This is precisely 

/ J (~1)<Tyio-(2m+l)?/2CT(2m+3)?/3CT(2m+4) 2/(2m-l) cr(4m)?/2m a(4m+l)?/(2m+2)(T(4m+2) • 

(2) 
This is the starting point for our proofs in Chapter 2. 
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1.3. Introduction: The Symplectic Case 

For this section we assume * = s, the symplectic involution. We will primarily 
be interested in *-PIs for M 2 m in which all variables are symmetric, or, equivalently, 
P i s for H2m(F, s). First, Amitsur-Levitzki says tha t s4m is an identity for H2m(F, s), 
but Rowen has improved on this result with: 

T h e o r e m 1.3.1 ( [Row3]) . Let m be a positive integer. S4m-2 is a polynomial 
identity for H2m{F, s). 

For sharpness, it has been shown for m = 1 (trivial), m = 2 [Row3], and m = 3, 4 
[A] that B.2m{F, s) does not satisfy s4m^3. The m > 4 case is still open. 

Next the cases m = 1,2 were dealt with in detail. D'Amour and Racine [DR2] 
obtained a full characterization of the *-PIs of minimal degree for (M 2 , s) and (M4, s). 
The minimal degrees were found to be 2 and 5, respectively. Among their results is 
the following, though under a milder restriction on char(F) than we have stated here: 

T h e o r e m 1.3.2 ( [DR2]) . Let char(F) = 0 and 

[a;, y}=xy-yx, x o y = xy + yx = xVy = yVx. 

s2(x, y) — [x, y] is a PI for H2(F, s), H2(F, s) does not satisfy a PI of degree less than 
2, and any PI of degree 2 is a consequence of [x,y\. 

P4(X1,X2,X3,X4,X5) = [[xi,X2] O [x3,X4] + [XI,XA] O [X3,X2],X5], 

r5(xi,x2,x3,x4,x5) = (x4 o x5)s3(VXl,VX2,VX3) - (x4s3(VXl, VX2, VX3)) o x5 

- (x5s3(VXl,VX2,VX3)) o x 4 . 

are PFs for H4(F, s). H4(F, s) does not satisfy a PI of degree less than 5, and any PI 
for H4(F, s) of degree 5 is a consequence of the set {p4, r 5 } . 

The identies hold in general, but a restriction on characteristic is needed for the 
uniqueness results. While the proof of the m = 1 case is straightforward, the proof 
of the case m = 2 depends largely on the fact that H4(F,s) is a Jordan algebra of 
degree 2 with respect to the Pfaffian (which in this case is a quadratic form). In the 
same paper the mixed identities of minimal degree for m < 3 were also described and 
proven. 

. The final theorems we would like to recall concern the case m = 3. Racine 
interpreted HQ(F, s) as a Jordan algebra of degree 3 and obtained 

T h e o r e m 1.3.3 ([Rac]) . The polynomial 

s3([x3,y],[x2,y},[x,y]) 

is a PI for H6(F,s) of degree 9. 

Then Rashkova proved minimality: 
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Theorem 1.3.4 ([Ras]). There is no PI of degree less than 9 for H&(F, s). 

In her paper Rashkova also gave an alternate proof of Racine's result. 
In our results for the symplectic case we will follow the method used by Rowen 

in his proof of Theorem 1.3.1. In this the so-called characteristic Pfaffian is central. 

The Characteristic Pfaffian 

Like the *-PI transpose case, in the *-PI symplectic case there exists an analogue 
of the characteristic polynomial; however, unlike the transpose case, where there are 
n + 1 *-trace-PI generators for the *-T-ideal of *-PIs for (Mn,t), there exists for the 
symplectic case a single generator called the characteristic Pfaffian (this is an example 
of what Jacobson calls a generic minimum polynomial, see [Jac, Chapter VI]). 

Theorem 1.3.5 ([Pr2]). All *-PI's for (Mn, s) are consequences of (lie in the *-T-
ideai generated by) the characteristic PfafGan. 

Procesi derives this trace polyomial from Lemma 1.1.2 (in a manner similar to 
the transpose case handled above), but we will instead give a derivation based on 
[Row2]. 

The characteristic Pfaffian may be obtained from a square root of det(A) (the 
Pfaffian), where A G K2m(F,t), in a way analogous to the way in which the charac­
teristic polynomial is obtained from the determinant of an arbitrary matrix. 

Proposition 1.3.1 ([Row2, Proposition 2.5.8]). For r G K2m(F[X],t), X an in­
determinate, det(r) is a perfect square in F[X\. 

Definition 1.3.1. For r G K2m(F[X],t), define Pf(r) to be the square root of det(r) 
satisfying Pf(6)=l with 

The following result (which appears in Rowen's book) completes our derivation. 
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Theorem 1.3.6 ([Row2, Theorem 2.5.10]). Let X G H2m(F,s) and put 

m 

i = l 

Then (A - X)b G K2m(F[X],t) and the polynomial p(X) := P/((A - X)b) G F[X] has 
X as a root. D 

Following Procesi we call p(A) the characteristic Pfaffian. One may compute this 
in a way analogous to the computation of the characteristic polynomial to obtain the 
recursive formula 

p(x) = xm + Y(-1)k^xm-k, 
k=l 

k 

u0 = 1, fc/xfc = J](-l)l-Vfe-lT(Al), T = Ur. 
i=i 

For alternate derivations of the characteristic Pfaffian (generic minimum polyno­
mial) see [Jac, Chapter VI] and [Pr2]. 
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2. The Transpose Case 

In Section 1.2 we saw that S2n-2 is a PI for Kn(F,t) and that, at least in char­
acteristic 0, sk is not a PI for k < 2n — 2. In this chapter we will construct a family 
of identities for Kn(F,t), n even, of degree 2n — 3 showing that, for n even at least, 
2n — 2 is not the minimal degree of a *-PI for (Mn(F),t). We will prove 

Theorem 2.1. Let F be a Geld, and m > 1 be a positive integer. Then 

qm(x1,...,x4rn-4;y) :=(m 

=(m 

is a polynomial identity for K2m(F, t) of degree 4m — 3. 

Note that since a prime p cannot divide both m and m — 1, qm is not the zero 
polynomial over any field. As a corollary, qm provides us with a new proof for Theorem 
1.2.2 and for Theorem 1.2.3 (positive results): 

Corollary 2.1. Let F be a Geld, n > 1 an integer. Then S2n-2 is an identity for 
Kn(F,t). 

We will also show that qm gives a refinement of Theorem 1.2.2, that is, that 
S4m-2 is itself a sum of two Pis for K2m(F, t): 

Corollary 2.2. Let F be a Geld, m > 1 a positive integer. Then the polynomials 

E4rn-2(xi, • • • ,X4m-3',y) 

and 

E^m-^Xi,- • • ,X4m-3;y) 

m m — 1 

-i)E<n-33-™E<^3 

i = i i=i 

- l)A\m-3 - mA4™'3 + (m - l )A^m" 3 - m ^ m ~ 3 + 

" mAtZ-3 + (m - 1)A4ZZ3
3 

At 4 m - 2 A 4 m - 2 A4m-2 
^ 5 

( 4 m - 2 

+ ••• + j 4 m - 2 
M m - 3 A 

4 m - 2 
4 m - 2 

= Y ("1)I-14 4 m - 2 

i = l , 2 ( m o d 4) 
K i < 4 r o — 2 

i 4 m - 2 A^m-z _ A 
Si3 / i 4 

4 m - 2 + A* 4 m - 2 ( 4 m - 2 

E (-D 
i i_ A^rn-2 

i — l \1m — 2 

A 4 m - 2 
4 m - 4 

i = 0 , 3 ( m o d 4) 
K i < 4 m - 2 
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with sum 
E4ra-2 + E4rn_2 = S^m-2{y, Xi, • • • , X4m-3), 

are polynomial identities for K2m(F, t). 

This shows that for n even S2n-2 does not generate the Pis for Kn(F, t) of degree 
2n — 2. For the odd case we obtain a similar refinement (of Theorem 1.2.3): 

Corollary 2.3. Let F be a Geld, m > 1 a positive integer. Then the polynomials 

p / „ „ \ i 4 m - 4 /(4m—4 , Aim — 4 Aim—A 
ti-4m—4{xl, ' ' ' ,x4m-5,y) • — -tt-l A4 "T ^ 5 ^ig 

, , < 4 m - 4 4 4 m - 4 
T " ' ~+~ ^ M m - 7 ^ M m - 4 

= Y (-i)*-1^ < 4 m - 4 

i = 0 , l ( m o d 4) 
1 < z < 4 m — 4 

and 

i 4 m - 4 £*' ( r , ••• T„ c-oA • — — A4rn~4 + A4m~4 — A4m~4 + A4 

j 4 m - 4 _|_ y |4m-4 
— ' " ' ^Am-6 ' A4m-b 

= Y (-ir1^ i — 1 \Am—4 

i = 2 ,3 (mod 4) 
1 < i < 4 m - 4 

with sum 
-»Mm —4 + -"-4m—4 = s 4m-4( l / ) 2̂ 1 > • • • , X4m—3), 

are polynomial identities for K2m-i(F, t). 

This shows that for n odd S2n-2 does not generate the Pis for Kn(F, t) of degree 
2 n - 2 . 
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Proof of Theorem 2.1 

We recall results from Section 1.2. Theorem 1.2.6 gives us n + 1 trace-Pis from 
which all trace-Pis for (Mn, t) follow, and these are obtained by taking certain n + l x 
n + 1 minors of the 2n + 2 x 2n + 2 (symmetric) matrix Y = (yl3)- In example 1.2.1 
we computed the most obvious of these (the upper right hand n + 1 x n + 1 minor 
of the matrix Y) and found that this (using Lemma 1.2.1) yields the characteristic 
polynomial. We will now consider a slightly different minor for the case n = 2m, 
the minor obtained by taking the rows 1, 2, 3, • • •, 2m, 2m + 2 and the columns 2m + 
1,2m + 3, 2m + 4, • • •, 4m + 2. 

We begin our proof with this minor (equation 1.2.2) which we rename (#) : 

Y (-irj/o- := 

/ J (-1)C TZ/la(2m+l)2/2cr(2m+3)y3CT(2m+4)-"J/(2m-l)cr(4m)?/2m<T(4m+l)l/(2m+2)CT(4m-|-2) 

CTEiS2m + l 

( # ) 

where we recall that Y — (ylJ) is 

/ (ui ,Ul) (UI,U2) ••• (u1,Un+1) (U!,Vl) (Ul,-U2> • ' • (« l ,"n + l ) \ 

(u2,Ul) (U2,U2) • • • (u2,Un + i) (u2,Vi) (u2,V2} " ' - (u2,Vn + 1 ) 

At this point an outline of our proof will be useful. As noted in Section 1.1, we 
need only prove the case char(F) = 0. By proposition 1.2.1 it must be possible to 
write (#) as a multilinear pure-trace *-PI (which we call h) that holds for decompos­
able matrices Xi,X2, • • • ,X2m+i. As the canonical matrix units are decomposable 
and form a basis for Mn(F), multilinearity says that h must hold for arbitrary ma­
trices. We would like to find an explicit formula for h (this formula is summarized in 
proposition 2.1 below) by applying Lemma 1.2.1. For quick reference we will restate 
this lemma, but first we recall 

Definition 1.1.1 Let r G c>2m+i, and let (ii %2 • • • ir)(ji J2 • • • ji) • • • (ki k2 • • • ks) 
be r in terms of disjoint cycles. Define: 

TT := tr(XnXl2 • • • Xtr)tr(X3lX32 • • • X3l) • --tr(XklXk2 • --Xks). 
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Lemma 2.1 (Lemma 1.2.1). Consider 

y-y — y i7(2m+2)2/27(2m+3) " " " 2 / (2m+l)7(4m+2) , 

7 a permutation of {2m + 2,2m + 3, • • •, 4m + 2}. This term is precisely T^-i, where 
7 _ 1 is the permutation of {1, 2, • • •, 2m + 1} obtained by taking 7 - 1 (777.0̂  2m + 1) 
in accordance with deGnition 1.2.2, that is, 

~-i 7 _ i ( i ) = 7 - i ( i ) , 2m + 2<i<4m + 2. 

Once we have /i explicitly (see proposition 2.1 below) we will apply the non-
degeneracy of the trace form (Lemma 1.1.1) to remove the traces and obtain the PI 
gm (a trace-free polynomial, i.e., coefficients in F). 

Having outlined the proof, we are ready to proceed. We first observe that, unfor­
tunately, very few terms in (#) satisfy the hypothesis of Lemma 2.1, so we will have 
to do some work. 

Definition 2.1. We say that a term yixny%232 •"' yikjk *s m standard form if it satisfies 
the hypothesis of Lemma 2.1, i.e., it is of the form 

Z/l7(2m+2)y27(2m+3) ' ' ' 2 /(2m)7(4m+l)2/(2m+l)7(4m+2) ) 

with 7 a permutation of {2m + 2, 2m + 3, • • •, 4m + l, 4m + 2} and modulo the relations 
yab = yba and yabycd = ycdyab (these relations follow from the definition of the scalars 
yab'. entries in the symmetric matrix Y, see 1.2). We say that a term is in ff-form if 
it appears in (if). 

Again, Lemma 2.1 applies to terms in standard form, but not, in general, to terms 
in #-form. As we are interested in Pis for K2rn(F,t), we will simplify h (remove the 
transposes on the variables) by assuming that all XL, • • •, X2m+i are skew (as noted 
above, h exists and is valid for arbitrary matrices and hence skew matrices), that is, 
that Xj* = — Xi. With this assumption the following lemma allows us to bring a term 
in #-form to a term in standard form. 

Lemma 2.2. Assume that all variables Xi , • • • ,X2m + i are skew, 

a) In 

y<r = 2/l<r(2m+l)?/2o-(2m+3)y3a(2m+4) " " ' Z/2ma(4m+l)2/(2m+2)(7(4m+2) 

we may make any one of the exchanges 

l H 2 m + 2 ,2f>2m + 3 , - - ' , 2 m H 4 m + l,2m + l o 4 m + 2, 
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but for each exchange we must multiply our resulting term by —I. 

b) Using these exchanges, any 

ya — yia(2m+l)y2a(2m+3)y3 a (2m+4) " " ' 2/2m <r(4m+l)2/(2m+2)a(4m+2) 

appearing in (if) may be brought to a ±y7 , where y7 is in standard form 

Z/l7(2m+2)2/27(2m+3) " " " 2 / (2m+l)7(4m+2) , 

7 some permutation of 

{2m + 2, 2m + 3, • • •, 4m + 1, 4m + 2}. 

c) Ifya may be brought via exchanges to both ±j/7 l and ±yl2 (terms in standard 
form) then 72 = 71 or 7^ . 

d) Ifya may be brought to y^ via two distinct sequences of exchanges, with total 
exchanges ea and da, respectively, then (—l)da = (—l)£a. 

Proof, a) We saw in 1.2 that an exchange of indices a •«-»• a in ya corresponds to 
applying a transpose to the variable X^ in the corresponding trace term. If we assume 
skew variables, then X-1 becomes - X j . 

b) We start with 

ya = yia(2m+l)y2a(2m+3)y3 a(2m+4) ' ' ' 2/2m <r(4m+l)2/(2m+2)(r(4m+2) , 

which we would like to bring to standard form. We note that the only factors not in 
standard form (factors that cannot appear in a term in standard form) are the factor 
involving 2m + 1 (not displayed) and the factor involving 2m + 2. It is possible (if 
cr(4m + 2) = 2m + 1) that these coincide. 

If <r(4m + 2) = 2m + 1, then y(2m+2)(2m+i) is the last factor in ya. Since we are 
working modulo yab = yba, ya is in standard form: 

Z/l<T(2m+l)Z/2o-(2m+3)2/3o-(2m-|-4) ' ' - ?/2mCT(4m-|-l)2/(2m-|-l)(2m+2) 

with 
7 = (4m + 2 2m + 2 cr(2m + 1) • • • ) • • • . 

If a(2m + 1) = 2m + 1, then 

Va = 2/l(2m+l)?/2cr(2m+3)y3CT(2m+4) " " " 2/2m cr(4m+l)2/(2m-|-2)cr(4m-|-2) 
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and 1 <-> 2m + 2 brings us to standard form 

?/lcr(4m+2)y2<7(2m+3)y3<T(2m+4) ' ' ,2/2m<7(4m+l)2/(2m+2)(2m+l) 

i.e., y7 with 

7 = (4m + 2 2m + 2 a ( 4 m + 2) • • • ) • • • . 

Now we consider the case <r(4m + 2) / 2m + 1 and a(2m + 1) ^ 2m + 1. 
We would like to list yCT's factors in a specific order. First, we list the factor 

involving 2m + 1. Since cr(2m + 1) ^ 2m + 1 and cr(4m + 2) ^ 2m + 1 we may assume 
that 2m + 1 does not appear in yia(2m+i) or ?/(2m+2)a(4m+2)- Namely it appears in 
some 

^I7(2m+l) 

where 2m + 2 < %i < 4m + 2 : it is one of the two factors in ya not in s tandard form. 
Next we list the factor involving ii = ii + 2m + 1, say 

y ai± • 

If this factor is not in standard form (a > 2m + 1), we stop. Otherwise, put i2 = a 
and list the factor involving i2, say 

ybi2 

If this factor is not in s tandard form (b > 2 m + l ) , stop. If it is, put i3 = b and continue. 
We would like to show tha t this list terminates, i.e., tha t we must eventually arrive at 
a factor that is not in standard form. There are a finite number of factors in s tandard 
form, so any infinite list would have to involve a repetition of factors. 

Assume this is the case, say, y— appears twice. By construction, the factor 

preceding this second appearance of y^-% must be y~t—% . S o y-%—% also appears 

twice. But if we continue we see that y- must appear twice as well, and so on. 

This shows that , in our list, 2/w2m+i) m u s t be the first factor to appear twice. But 
this says tha t our list stops at this second appearance (we have reached a factor not 
in s tandard form) and contradicts our assumption (that our list is infinite). 

So we must eventually arrive at a factor that is not in standard form. This is 
either y—(2m+n ° r y(2m+2)cr(4m+2)- It cannot be the former as, by construction, our 
list proceeds from a term involving, say, is to a term involving is, i.e., the "next" 
factor chosen always involves a subscript greater than 2m + 1. So our list terminates 
at 2/(2m+2)<r(4m+2), or say yr2m+2)tr where our list is 

^iT(2m+l)' y^i! ' ' ' ' ^ C v - i ' y(2m+2)ir • 

We may now rearrange ya according to our list to get 

y° ~ ^ 7 ( 2 m + l ) ^ i i y ^ t 2 ' " ' ^ t r _ i^ (2m+2) l r 
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The non-standard factors in ya are precisely y^(2m+i) an(^ y(2m+2)ir- If we now 
apply the exchanges 

i3 <-> i0, 1 < j ' < r 

we get 

(-i)ryii(2m+i)yl2^7 • • • ylr^z^y(2m+2w *'' 

(note that 2m + 2 is not among the i3, thus it is not changed by this sequence of 
exchanges). Thus all factors are now standard and (reordering factors) we see that 
we are in standard form 

(—l) r?/l7(2m+2)?/27(2m+3) ' " " 2/(2m+l)7(4m+2) 

with 
7 = (4m + 2 ii i2 • • • ir-i ir 2m + 2 • • •). 

c) We need to show that if a ya may be brought (via exchanges) to both ±y7 l 

and ±y72 (terms in standard form) then 72 = 7 1 or 7 ^ . 
For quick reference: 

y^ = l/l7l(2m+2)?/27l(2m+3) ' ' " !/(2m+l)7,(4m+2), Z = 1, 2. 

In this case y7l and yl2 must be related by a sequence of exchanges. But as they are 
both in standard form, the only possible sequence of exchanges is the null set or the 
sequence of all exchanges (applied, possibly, a multiple number of times) 

1 ^ 2 m + 2 ,2f>2m + 3 , - - ' , 2 m + l o 4 m + 2 

since any other sequence of exchanges will create non-standard factors. Thus 72 = 71 
or ii1. 

d) Consider a set of ea exhanges such that 

(-iyVa M. (-iy(-iy°yi. 

In fact, we have equality 

{-i)av* = (-m-iy-vy 

(the 1—> is used only to emphasize that we are performing exchanges). Thus if we 
consider a distinct set of exchanges, say da exhanges, that brings about (—l)aya

 |—> 
(~iy(-l)d°y7, then 

(_i)-(-i)«s7 = (-in-ir^7, 
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and hence (—l)d<T = (—l)e<T since y7 is not identically zero. 

• 
So we will perform a number of exchanges on a term in (#) in order to obtain a 

term in standard form, and then we will apply Lemma 2.1. We can diagram this as 
follows 

(-iyVa ^ (-iy(-iy°yi _• (-iy(-\y°T--, 

where eCT is the number of exchanges required to take ya to y1. 
Upon applying Lemmas 2.1 and 2.2 to (if) we obtain a trace-PI of the form 

h(Xi,X2, • • • ,X 2 m+i) = 2_^ a 7 - iT 7 - i , a7- i G Z. (# i ) 
7~ ES2m+i 

The properties of determinants give us the following information about h. 

Lemma 2.3. The pure-trace polynomial h(Xi, X2, • • •, X2m+i) is symmetric in the 
variables X2, X3, • • •, X2m and alternating in Xi, X2m+i-

Proof. A transposition 

X 5 ^ % , 2m + 2 < a, b < Am + 2, 

in h corresponds to the permutation 

a <-> b, a ^b 

in (if) which we restate 

/ ,, (-1)CTZ/la(2m+l)?/2CT(2m+3)y3cr(2m-(-4)---?/(2m-l)CT(4m)2/2mCT(4m+l)?/(2m-|-2)a(4m-|-2)-
a'es2m+l 

( # ) 
Let a, b G {2, • • •, 2m} be distinct. Recall that (#) is a minor of the matrix Y of 1.2 
in which we have chosen the rows 1, 2, • • •, 2m, 2m + 2 and the columns 2m + 1, 2m + 
3, 2m + 4, • • •, 4m + 2. The transposition a-H-6in (#) is a transposition of rows in the 
minor with indices a and b, and thus applying this to (if) yields — (#) (though we 
take minors to be determinants and not submatrices, the meaning of "transposition 
of rows in the minor" is clear) . If we now apply a -H- b (an odd permutation of 
{2m + 3,2m + 4- • • ,4m + l}) to - ( # ) , the "sign" coefficients (-l)a show that we get 
(#) . Thus (if) is invariant under 

I j H l j , 2m + 3 < a, b < 4m + 1. 
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For the alternating property note that 1 <-»• 2m + 1 is not a transposition of rows in 
the minor. We instead prove 

h(X2m+i i^2m > " " " > X2 , X i ) = h(Xi,X2, • • • , X 2 m , X 2 m + l ) 

which proves the alternating property since the left hand side 

^(X2m+l , X 2 m , • • • , X2 , X i ) = —h(X2m+l,X2m, • • • , X2, X i ) 

and this (by the symmetry property of h proven above) is 

_ M X 2 m + i , X2, X3, • • • , X 2 m _ i , X 2 m , X i ) . 

We again use the properties of determinants. / i ( X 2 m + i
t , X 2 m

t , • • • , X 2 t , X i t ) is 
obtained by first applying to ( # ) = h(Xi, • • •, X2 m +i) the transpositions 

1 <-> 2m + 2, 2 o 2m + 3, • • •, 2m + 1 «-> 4m + 2 

to get a t (matrix transpose) on each variable Xi in h, and then applying the trans­
positions 

l o 2 m + l , 2 m + 2 f > 4 m + 2 

2 <-»• 2m, 2m + 3 <H> 4m + 1 

m -H> m + 2, 3m + 1 <->• 3m + 2 

to reverse the variables in h. Composing these two sets of permutations we get the 
permutat ion 

1 H 4m + 2, 2 H 4m + 1, • • •, 2m ^ 2m + 3,2m + 1 f> 2m + 2. 

In the usual notation for permutations this is the product of transpositions 

(1 4m + 2)(2 4m + 1) • • • (2m 2m + 3)(2m + 1 2m + 2) 

(though in this case our factors commute, let us agree on the convention tha t in a 
product of permutations the rightmost permutation is applied first). We may write 
this (by decomposing the first and last factors) as 

(1 2m + l ) (2m + 2 4m + 2)(2 4m + 1) • • • (2m 2m + 3)(2m + 1 4m + 2)(1 2m + 2). 

We would like to use properties of the determinant to show tha t this permutation 
fixes (if), a minor obtained by taking the rows 1, 2, • • •, 2m, 2m + 2 and the columns 
2 m + l , 2 m + 3 , • • • 4 m + 2 of Y. (1 2 m + 2 ) exhanges the first and last rows of our minor, 
(2m + 1 4m + 2) exchanges the first and last columns of our minor, so (combined) 
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these two transpositions leave invariant the minor ( # ) . The remaining factors may 
be rearranged to get 

(2m + 2 4m + 2)(2m 2m + 3) • • • (3 4m)(2 4m + 1)(1 2m + 1) . 

If we read this permutation from right to left we see that it exhanges the first row 
(of the minor) with the first column, exchanges the second row with the second last 
column, exchanges the third row with the third last column, and so on until the 
second last row (index 2m) is exchanged with the second column (index 2 m + 3). The 
last transposition (2m + 2 4m + 2) exhanges the last row with the last column. Thus 
the "remaining factors" permutation differs from a matrix transpose (of our minor) 
by an even number (2 x (m — 1)) of row and column exchanges. This shows tha t these 
remaining factors do not affect (if) and that h satisfies the alternating property. 

• 
Consider the permutations in <S2m,+i which have the following form when ex­

pressed as products of disjoint cycles: 1 and 2 m + 1 appear in the same cycle, this cycle 
has odd length, all remaining cycles have even length. We give the name Q C S2m+i 
to this set of permutations and show that h may be taken to be a sum over Q: 

L e m m a 2.4. 

a) If 7 _ 1 ^ Q, then we may assume that a 7 - i , the coefficient of T 7 - i , is zero. 

b) For all 7 - 1 G Q, there exists a ya in ( # ) which may be brought to y 7 by a 
sequence of exchanges from 1 <->• 2m + 2, • • •, 2m + l f > 4m + 2. 

Proof. 

a) Let (2m + 2 i2 i3 • • • ir)(ji J2 • • • ji) • • • (ki k2 • • • ks) be a decomposition of 
7 in terms of disjoint cycles. We would first like to show that 4m + 2 G {i2, • • •, ir}-
This follows immediately from the proof of Lemma 2.2b: in all cases ya 1—>• y7 where 
ya is in ( # ) and y1 is in standard form, 4m + 2 and 2m + 2 appear in the same cycle 
in 7. 

This proves that T^-i only appears in h if 1 and 2m + 1 are in the same cycle 
in 7 _ 1 . Consider the case where this cycle is of even length. Our trace polynomial 
is alternating in X i , X2 m +i and symmetric in the remaining variables, so if this term 
appears, say 

tr(- • • X i • • • X2 m +i •••)• '•> 

then the term 

tr(- • • X2m+i ••• X i • • • ) • • • 

(reverse the variables in the trace) will appear as well but with the opposite sign. 
Now all of our variables are skew-symmetric, and there is an even number of them in 
the trace, so we have the relation 

tr((- • • Xi • • • X 2 m + i • • •)*) = tr(- • • X 2 m + i • • • X i • • •)• 
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This relation says that the terms appearing with opposite signs 

±tr(- • • Xi • • • X 2 m + i • • •) + tr(- • • X2m+i • • • X i • • •) 

amount to ± the trace of a skew symmetric matrix, so together these terms are zero. 
Thus all of these terms (involving 1 and 2m + 1 in a trace of even length) appear in 
cancelling pairs, and we may thus take a=-\ = 0 for these terms. 

Next consider the case where at least one of the remaining cycles in 7 " 1 is of odd 
length, say, without loss of generality, 

• ••tr(X2- • • ) • • • • 

Again, our trace polynomial is symmetric in all the variables in the displayed trace, 
thus 

•••tr(---X2)---

appears as well (we have reversed the variables in the displayed trace), and with the 
same sign. But 

±..-tr(X2---)---±---tr(---X2)---

is ± the trace of the skew-symmetric matrix 

( x 2 - . . ) - ( x 2 •••)«, 

so as above these terms cancel and we may take a 7 -1 = 0. 

b) We write 
7 = (2m + 2 %i i2- • -if)- • • 

where 1 < r < 2m. We will work backwards via exchanges and find a corresponding 
ya in (if). Since 7 _ 1 G Q we know that 4m + 2 G {ii , • • • , i f} , say is = Am + 2. 

2/7 = 2/l7(2m+2)y27(2m+3) ' ' ' y(2m+l)7(4m+2) 

= y^iU^[i21K^t3 ' ' ' 2/i s_1(4m+2)^(2m+l)! s + i!/s s + 1 i s + 2 ' " ' l / i r_ 1 i r2C(2m+2) 

If ir = 4m + 2 then this is an element of (if). Otherwise, only the factors y(2m+i)is+1 

and y^~/2m-i-2) a r e n ° t m #-form. Performing the r — s exchanges 

ii -H- ii, s + 1 < I < r 

we obtain 

^l»i?/^" l2?/^ l3 ' ' ' ?/i s_1(4m+2)^(2m+l)iI+T^ s+ii s+2 ' ' ' ^ t r _ i v ^ - - ( 2 m + 2 ) 

This is an element in (if). 
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We will now obtain some additional information about h from ya := (#1) and 
the corresponding y7. We would like to show that the sign of a7- i in h depends only 
on the relative positions of 2m + 2 and 4m + 2 in a decomposition of 7 into disjoint 
cycles. 

Assume for the moment that ir 7̂  4m + 2, and consider ya> obtained from ya by 
the exchange 4m + 2f> 7(4m + 2) = is+i (but not 2m + 1 <->• is+i)- Since ya is in 
(#) , so isya>: 

ya' — yuiy^l2y^t3 • • • yT~[is+1 ^(2m+l) i7+72/(4m-|-2)is+2 " ' ' ^ i r - i ^ ^ r ( 2 m + 2 ) 

We will now move this back to standard form. Apply the exhange 2m + 1 f> 4m + 2 
and the exchanges 

~%i -B- ii, s + 2 <l <r 

(a total of r — s exhanges) to obtain 

2/1*12^7i22/^3 ' ' " 2/ts_ l ! s + 12/(4m+2)is+1?/(2m+l)js+2 ' " ' 2/ir_llT.2^7(2m-|-2) 

This is in standard form, say 

yY — 2/l7'(2m+2)2/27'(2m+3) " " " !/(2m+l)7'(4m-|-2) 

where 
7' = (2m + 2 ii i2 • • • zs_i is+i Am+ 2 is+2 is+3 ---ir)-

We have shown that if 
(-iyVa - • ( - l ) C T ( - i r - s y 7 , 

then 
(-ifya' = - ( - 1 ) ' ^ ^ - ( - l ) C T ( - l ) r - S t / y 

as long as ir 7̂  Am + 2. Turning to the special case ir = 4m + 2 we see that 

ya = yuiy^l2y^2't3 • • • 2/ir._1(2m+l)2/(4m+2)(2m+2) 

So we apply 4m + 2 <H- 7(4m + 2) = 2m + 2 to get 

ya' = yuiy^l2
,y^2'l3 • • • yir._1(2m+i)y(2m+2)(4m+2) • • • • 

ya and ya> are in both standard and #-form, so no exhanges are necessary to move 
them to standard form. So for this special case we have shown that if 

(-iyya ^ (-iy(-iy-s
y, = (-iyVl, 

then 

(-ifya' = ~(-iyya' H. -(-iy(-iy-syy/ = - ( - i r ^ . 
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This proves 

Lemma 2.5. Let 7 ,7 ' G Q. Assume further that 

7 = (2m + 2 • • • 4m + 2 7(4m + 2) • • •) 

7' = (2m + 2 • • • 7(4m + 2) 4m + 2 • • •) 

where all undisplayed entries are equal and we allow the possibilities j(2m + 2) = 
4m + 2 and 7(4m + 2) = 2m + 2. Let ya and yG' be terms appearing in (# ) . If there 
exist sequences of exchanges 

(~iyya H. ( - in - i ) e ^ 7 

and 

(-irv^(-ir'(-i)e-y7' 
then 

(-iy'(-iy°' = -(-iy(-iy°. 
• 

Here we would like to show that there are no cancelling terms: 

Lemma 2.6. Let T"^1 G Q. Let (—\)°ya and (—1)CT ya> be two terms in (#) that 
can be brought to standard forms (—1)CT(—1)6CTJ/7 and (—1)CT (—l)eCT'y7 (respectively). 
Then ( - l ) C T ' ( - l ) e - ' = ( - l ) C T ( - l ) e - . 

Proof. Assume (—l)aya ^ (—1)CT(— )̂e<yy-y Obtain from ya the terms yai,ya2,ya3 

via the exchanges 

2 m + 1 o 4 m + 2 (yai), 1 O 2m + 2 (yCT2), 

and 
1 -B- 2m + 2, 2m + 1 B- 4m + 2 (yCT3). 

Since ya appears in (if), ya% does as well, i = 1,2, or 3. Now the first two may be 
moved to y-y in one more move than it takes ya (2m + 1 •<-> 4m + 2 and 1 -B- 2m + 2, 
respectively), and the last takes two more moves (2m + 1 -H- 4m + 2,1 B- 2m + 2). 
This shows that 

( - 1 ) ^ ' = - ( - l ) e -

for a' = o"i, 02 and that 
(-i)e<,' = (-iy° 
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for a' = a3. But it is clear that (-l)a' = - ( - 1 ) C T for a' = ai,or2 and tha t (-\)a' = 
(-l)a for a' = a3, so in all three cases ( - l ) C T ' ( - l ) e - ' = ( - l ) C T ( - l ) e - . 

It remains to show that these are the only terms in (ff) which can be brought to 
y1. Any term (—l)a ya> in ( # ) that can be brought to yy can also be brought to ya, 
so ya and ya' are related by a combination of the exchanges 1 -B 2m + 2, 2 B- 2m + 
3, • •• ,2m + 1 B- 4 m + 2. If we apply any of 2 B- 2 m + 3 , 3 B- 2 m + 4 , • • •, 2m B- 4 m + l 
to ya', then we leave ( # ) . But the exchanges 1 B- 2m + 2, 2 B- 2m + 3, • • •, 2m + 1 B-
Am + 2 commute, so we will stay in (if) if and only if we restrict ourselves to 1 -B 
2m + 2 and 2m + 1 B- 4m + 2. 

• 

So for each j / 7 , 7 - 1 G Q, there are four terms of the form (—l)aya in ( # ) which 
may be brought to y1 via a sequence of exchanges. But these four ya may also be 
brought to y 7 - i : 

(-iyya -• (-iy(-iy°yi -• - ( - i n - i ) e - i , 7 - i 

where the last transition is obtained by applying all possible exchanges (an odd num­
ber) 

1 <-> 2m + 2, 2 <B 2m + 3, • • •, 2m + 1 <-» 4m + 2. 

Thus it appears as though for each y7 we must make a choice between y1 and y 7 - i . 
We choose instead to send two yCT's to each of y7 and y 7 - i . This says that in our 
polynomial 

h(Xi,X2, • • • ,X2m+i) = 2_^ fty-iT^-i 

7 _ 1 e Q 

each T—— appears with a coefficient ± 2 , and each T 7 appears with a coefficient +2 . 

We may now apply Lemma 2.5 to h. We send two j/CT's to j / 7 , say 

(- lr^.c- ir^ -• (-ir(-i)e'iy7 

where the coefficient (—l)CTl (—l)e<ri is common to both by Lemma 2.6. By Lemma 
2.5 the two y a ' ' s we send to y^> 

(-iyiya,,(-iy'2ya, _> ( - l ) ^ ( _ l ) e - i y y 

have 

( - l ) a i ( - l )X = -(-l)C T l(-l)e^. 

This shows that if T—— appears with a ± 2 then T-JZY appears with a +2 . As we are 

in characteristic 0, h may be replaced with | / i (which we will still call h) to obtain 
coefficients ± 1 . The following proposition summarizes our results. 
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P r o p o s i t i o n 2 .1 . Let Q be the set containing the permutations of 

{2m + 2, 2m + 3, • • •, 4m + 2} 

that , when written as products of disjoint cycles, have precisely one factor of odd 
length which contains both 2m + 2 and 4m + 2. Let 7 , 7 ' G Q be 

7 = (2m + 2 • • • 4m + 2 7(4m + 2) • • • ) • • • 

7 ' = (2m + 2 • • • 7(4m + 2) 4m + 2 • • • ) • • • 

and 

Then 

7 = (2m + 2 • • • 4m + 2 7(4m + 2) • • • ) • • • 

= (1 • • • 2m + 1 (7(4m + 2) - (2m + 1)) • • •) 

h(Xi,X2, • • •, X 2 m + i ) = 2_^ a7"̂ -F f̂-1 

7 _ 1 e Q 

is a multilinear pure-trace PI for K2m(F, t) with the properties 

HI. 

H2. 

H3. 

a 7 - i = ± 1 

a 7 = —Cky-i 

ci—-i = — a — - 1 . 
7 7 

a 

This defines h up to scalar multiple ± 1 ; we will soon make a choice between these 
two options, but first we write h in terms of the multilinear pure-trace polynomials 
(which we now define) 

P2m+i '•= 2_^ t r (XiX C T ( 2 ) • • • X C T ( 2 m )X 2 m - | - i ) — tr(XiXa{2) •" • X 2 m + i X C T ( 2 m ) ) + 
aES2m-\ 

• • • — tr(XiX2m+lXa(2) • ' • ^ff(2m))i 

^ 2 m - l , 2 : = 2_^i i r ( ^ l ^ ( 2 ) • • • ^ f f ( 2 m - 2 ) ^ 2 m + l ) f r ( ^ ( j ( 2 m - l ) ^ ( 2 m ) ) 

a(zS2m~i 

— tr(XiXa{2) • • • X2m+lX(T(2rn-2))tr(Xl7(2m-l)X(T(2m)) + 

• • • — t r ( X i X 2 m + l X C T ( 2 ) • • • X ( T ( 2 m _ 2 ) ) ^ ( X a ( 2 m _ i ) X ( T ( 2 m ) ) , 

where the sums are over all permutations of {2, 3, • • •, 2m}, and where the subscripts 
on P denote the lengths of the traces. Since the trace is invariant under cyclic 
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permutations of its arguments, we may assume tha t X i appears first (in the trace in 
which it appears). Note also that in these sums the sign of each term is determined 
entirely by the position of X2 m +i relative to X i . It is now clear how to define a 
general 

p 

where ii + i2 + • • • + ir — 2m + 1, ii is odd, and the remaining indices are even and 
in non-increasing order. 

h(Xi,X2, • • •, X2m+i) is a linear combination of the P l l ) 2 2 ) . . . ) l r (Proposition 2.1), 
and as all coefficients are ± 1 we may without loss of generality assume tha t P2m+i 
appears with a coefficient + 1 . Consider 

4>(h(xi,y,y,y, [£2,2:3], [x4,x5],- • •, [x4m-8,x4m-7], [x4rn-6,x4m-5])) 

where <f> induces the alternating sum in the x3 (definition 1.1.2). We would like to 
show that only P2m+i (terms with exactly one trace) survives this application of (p. 

L e m m a 2.7. If ii < 2m + 1 then 

(t)(Pt1,l2,...,tr(xi,y,y,y, [x2,x3], [x4, x 5 ] , • • •, [x4m-8,x4m-7], [x 4 m _ 6 , x4m^])) = 0. 

Proof. Let ii < 2m + 1 and consider 

Pn,i2,-,ir(
xiiyiy,y, [^2,^3], [x4,x5],- • • ,{x4m-8,x4m-7}, [x4m-e,x4m-b]). 

Each term in this sum has exactly one trace of odd length, we divide into cases based 
on how many t/'s are in this trace. First, look at terms in which the trace of odd length 
(if) does not contain a y. This means that there are an even number of commutators 
in the trace, together with x\. Now f> kills this term since a s tandard polynomial 
of degree 1 (mod A) is skew-symmetric when all of its variables are skew-symmetric 
(Lemma 1.1.3c). 

Next consider a term whose trace of odd length contains precisely one y, say 

tr(xi •••y---). 

So there are an odd number of commutators in the trace. If we permute variables 
cyclically under the trace to obtain 

tr(y---xi •••) 

we see that <fi kills this term since a standard polynomial of degree 3 (mod A) is 
symmetric when all of its variables are skew (Lemma 1.1.3b), y is skew, and the trace 
of a symmetric times a skew is zero. 
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Next consider a term whose trace of odd length contains precisely two y's, say 

tr(xi---y---y---). 

So there are an even number of commutators in the trace. Now permute variables 
cylically under the trace to obtain 

tr(y---y---xi •••), 

and assume first that there are an even number of commutators between the y's. 
Taking a partial alternating sum (over only those indices that appear between the 
y's) of y • • • y, we obtain ys4iy, a symmetric matrix (since S41 is symmetric by Lemma 
1.1.3 and y is skew). Taking a partial alternating sum of • • • xi • • • (over the remaining 
indices) we obtain a standard polynomial of degree 1 (mod A), a skew matrix (Lemma 
1.1.3). So applying these two partial alternating sums to 

tr(y---y---xi •••), 

gives the trace of a symmetric element times a skew element, i.e., zero. This shows 
that <f kills this term: as functions on the free associative algebra, applying these 
partial alternating sums and then applying (f is equivalent to applying some positive 
integer multiple of <j>. 

If instead there are an odd number of commutators between the y's then apply­
ing an appropriate partial alternating sum to y---y will yield ys4i+2V (skew), and 
applying an appropriate partial alternating sum to • • • xi • • • will yield a standard 
polynomial of degree 3 (mod A) (symmetric). So again (j) kills this term. 

Finally, consider a term whose trace of odd length contains three y's. This means 
that this term has a trace of even length containing only commutators. Thus 4> kills 
this term since the trace of a standard polynomial of even degree is zero. 

• 

Recall the definition (definition 1.1.3) of the A^~2: the alternating sum of degree 
4m — 2 except with a y in positions i,j and k. 

Lemma 2.8. Applying an alternating sum (<f) to h gives 

(j)(h(xi,y, y, y, [x2,x3], [x4, x5], • • •, [x4m-6, x^m-5])) = A Y a u f c t r ( ^ 5 ~ 2 ) ' 

where X is a positive integer, the sum is over all2<i<j<k< Am — 2, i even, j 
odd, k even, and 

x + j + f c - l 

o-ijk = ( - 1 ) 2 
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Proof. For all terms in 

h(xi,y, y, y, [x2, x3],[x4, x5], • • •, [x4m_6, x4m_5]) 

= + tr(xiyyy[x2,X3] ••• [x4m-8^4m-7][^4m-6^4m-5]) 

- tr(xiyyy[x2,X3] • • • [x4rn-6,X4nl-5}[x4m-8,X4m-7}) ( i) 

- tr(xi[x4rn^6,X4rn-5][x4m^8,X4rn-7} • ' • [x2,X3]yyy), 

xi appears first and then some product of three y's and 2m — 3 commutators. This 
shows that when 0 is applied to (1) we obtain a linear combination of the tr(A ™~ ) 
where 2<i<j<k< Am — 2 and where i is even, j is odd, k is even. 

We now consider the coefficients aljk. We will use repeatedly the fact that the 
sign of each term in (1) is determined by the position of [x4rn-e, x4m-5], and that (1) 
is symmetric in the remaining commutators (Lemma 2.5, Lemma 2.3, respectively). 

If we apply (f> to the first term in (1) we obtain 

+22m~3tr(A%i
nf2), 

where 2 2 m _ 3 appears since there are 2m — 3 commutators. Now consider all terms 
in (1) which contribute to tr(A^~ ), and apply <f> to these terms. We obtain the 
alternating expression 

+ 22m~3(2m - A)\tr(A2%'2) - 22 m"3(2m - 4)!tr(A4™<y2) + ••• 

+ 22m~3(2m - 4)! tr(A^~2) - 22m'3(2m - A)\ tr(A^~2) 

+ 2 2 m - 3 ( 2 m - 4 ) ! i r ( A ^ - 2 ) , 

where the first term here is the contribution made by terms in (1) that have the 
commutator [£4m-6,2:4m-5] at the extreme right, and the last term here is the con­
tribution made by terms in (1) that have [x4rn-Q,x4m,-f\ at the extreme left. The 
sign of each contribution is determined by the position of [x4rn-Q, x4m^^\ in the corre­
sponding terms in (1), and there are (2m — 4)! terms for each of the 2m — 3 positions 
that [x4rn-Q,x4rn-.^\ may take. This alternating expression simplifies to 

+ 2 2 m - 3 ( 2 m - 4 ) ! t r ( A ^ " 2 ) , 

since there is an odd number (2m — 3) of terms and the non-cancelling term appears 
with a +. 

Now note that the sign in this last expression depends on the distribution of the 
y's in the contributing terms. Because all y's were at the extreme left, the contribu­
tions to ^234 2 appear first with a + ([x4rn-G,x4m-f\ in the extreme right position), 
and then appear with alternating signs without interruption as [x4m-Q,x4rn-^\ moves 
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from right to left. So A2™4
 2 appears with a + , but if we now consider the coefficient 

of A23
n

6~
2 (the last y has moved one position to the right), the sign changes: 

- 2 2 m - 3 ( 2 m - 4 ) ! A ^ 6 - 2 . 

This is because the contributions are no longer alternating in sign, i.e., 

but alternating only until the last term (there is now an interruption): 

The formula for aljk may now be deduced. We would like aljk to switch signs 
every time a y is moved one position to the right or left (i.e., when i,j or k goes up or 
down by 2, subject t o 2 < i < j < f c < 4m — 2), and we would like to have 0234 = + 1 . 
Thus 

aljk = ( - 1 ) 2 

will suffice. 
It is clear that the coefficient 2 2 m _ 3 ( 2 m — 4)! is common to all terms, so A = 

2 2 m " 3 ( 2 m - 4 ) ! . • 

Now multilinearize each A*™'2 = A4™k~
2(y) in y to get A*%-2(yuy2,y3). 

L e m m a 2.9. We have 

^r(Ajfc (Z> y^> V)) ~ ^ *r((-4(I^-2)-(fc-i),(4m-2)-(fe-j) + ^fc-,,(4m-2)-(j-,) + A - i,fc -» ) Z) 

where A4™~3 = Af.™~3(y) is as in deGnition 1.1.3 (the comma is present only to 
separate indices). 

Proof. In tr(A^~2(z,y,y)), z is in position i,j or k. We would like to move this 
z all the way to the right by applying cyclic permutations of the variables under the 
trace. If z is in position i, the term is 

2 t r ( J ^ ( - l ) a x a ( i ) • • • £ a ( l _ i ) z x a ( l ) • • • xa{j_2}yxa^_i) • • • xa(k_3)yxa(k^2) • • •) 

(the 2 appears since A^~2(yi,y2,y3) is symmetric in y2,y3). Moving z all the way 
to the right we get 

2tr(Y(~lYXoc{i) • • • Xa(j-2)yXa(j-i) • • • £Q(fc-3)Z/Za(fc-2) - ' - Xa(l) ' • • Xa{l_i)Z), 
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which is -\-2tr(Anf~k_lz). To see that this appears with a + and not a —, note first 
tha t there are an odd number ((4m — 2) — 3) of x%

>s. This ensures the difference 
between the ordered sets 

{ ^ ( l ) ) " " " > xa(i-l), xa{i)i ' ' ' i xa((4m-2)-3)} 

and 

{Xa(i), ' ' ' , Xa((4m-2)-3),xa(l), " " " > xa(i-l)} 

is an even permutation of the xl
,s, and thus our new alternating sum appears with a 

+. 
If z is in position j the term is 

2 tr(Y(~lYX<*(l) • • • y • • • Xab_2)Z
x

a(j-l) • • • 3/ • • •)• 

Moving z all the way to the right we obtain 

2 trCY^~lYxol{j-i) • • • y • • • xafi) • • • y • • • X Q ( J _ 2 ) 2 ) 

which is +2tr(Ap-f^m_2)_{3_t)z). 

Finally, if z is in position k the term is 

2 fr(5^(-l)aZa(l) • • • J/ • • • J/ • • • £ a ( fc-3)^ a ( f c_ 2 ) • • •)• 

Moving 2 all the way to the right we obtain 

2tr(Y^~1YXa(k-2) •••Xa(i) •••y---y---Xark_3)Z), 

whichis+2tr(Af™~3 ,. w . _. ,, . z ) . D 
V (4m — 2) — (ft — i),(4m — 2) — (fc—j) / 

Now multilinearize each Af™~3 = ^™~ 3 ( j / ) in y to obtain A4™~3(yi,y2). 

L e m m a 2 .10 . Making the replacements yi t—>• y, y2 i—>• x4rn~4 and applying <f> gives 

<P(A4m
s~

3(y,x4m-4)) = (4m - 5 ) ! ( ( - l ) ' + 1 4 m " 3 + ( - 1 ) ^ — 3 ) . 

Proof. In Af.™~3(y,X4m-4), y is in position r or s. If it is in position r , the term is 

• • • y • • • i 4 m - 4 

Applying 0 gives ± ( 4 m — 5)! A4m~3 where the sign is determined by s: the position 
of X4m_4 in the above term. The above term is alternating in xi, X2, • • •, x4rn-<~>. We 
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count the number of transpositions x4Tn-4 B> xl, i = 1, 2, • • •, 4m — 5, it takes to move 
x4m-4 all the way to the right. If this number is odd, then — is our sign, otherwise 
it is +. The number of moves required is (4m — 3) — s, thus the sign is ( —l)(4 m _ 3)~ s 

or ( - l ) s + 1 . 
If y is in position s, then the term is 

' X4rn^4 • • • y • • • • 

Applying (f) gives ±(4m — 5)! A4m 3. To move X4m-4 all the way to the right requires 
(4m — 3) — r — 1 transpositions x4m-4 B- x%, so the sign is (—l)(4m_3)~ r~1 or (—l)r. 
• 

We now apply Lemmas 2.8, 2.9, and 2.10 to h, a pure trace PI for K2m(F,t). 
At each step in the following we start with a (trace) PI, apply a lemma, and end up 
with a PI, so after these three applications (and some additional work) we will have 
some (trace) PI for K2m(F,t). We show that this final PI is a multiple of qm, the 
polynomial that we are trying to prove is an identity. 

Lemma 2.8 applied to the trace-PI h gives 

Y a^tr(AtT2) 
2 < K j < K 4 m - 2 \^) 

z ,k even 
j odd 

where we have ignored the scalar multiple A (this is a valid simplification as char(F) = 
0). We will ignore scalar multiples in all that follows. Applying Lemma 2.9 to (2) we 
obtain: 

7 , a U ^ r ( ( j 4 ( 4 m - 2 ) - ( ) c - ! ) , ( 4 m - 2 ) - ( l f e - j ) + ^ f c - j , ( 4 m - 2 ) - ( j - i ) + ^j-t,k-i)Z) ( 3 ) 

Applying Lemma 2.10 to (3) we obtain: 

l 4 m - 3 
7 > a y ^ r ( ( ^ 4 m - 2 - ( ) c - ! ) + ^ 4 m - 2 - ( f c - 3 ) + \ - j 

| 4 m - 3 _ _ 
4m—2 — (j — i) ^J—i 'rLk — i 

where the inner bracket (reordered) is 

/ y i 4 m - 3 A4m—3\ , / \4m — 3 , \4m—3\ / \4m—3 , \4m — 3\ 
\J±4m-2-{k-i) ^-k-i > "•" \/i4m-2-(k-j) ^ Ak-j ) \/i4m-2-(j-i) "^ ^J-i >' 

A4m—3 /\4m — 3 /j4m — 3\ \ 
J±4ra-2-(i~i.'] A1-i ^k-i Sz)-> 

The first bracket here is symmetric and the remaining brackets are skew since we have 
(the easily verified) 

(A$m~3Y = -AiZll.r, 1 < r < Am - 3. 
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We may remove the symmetric bracket (trace of a symmetric times a skew (z) is 
zero) as well as the trace and the z (non-degeneracy of the trace on the space of skew 
elements) to obtain the following PI for K2m(F, t): 

ai3k\\A
4rn-2-(k~])+ -^k-3 I \A4m-2-{3-i)^ J-* >> ( ., 

= / ,a^k(A
4Z,-2-(k~i) + ^ f c - 7 ) ~ Z ^ a y f c ( ^ 4 m - 2 - 0 - l ) + Aj-i )• 

These two sums may be reduced to a single sum as follows. Compare the term 

n , (A4m~3 4- 44 m-3^ 

appearing in the first sum with the term 

i \4m-3 , \4m-3\ 
«4m-J:,4m-j,4m-!l/14m-2-(fc-3) _t" ^k-j ) 

which appears in the second sum. This second term's coefficient is 

(4m — fc) + (4m — j)- t-(4m — i) — 1 

^4m-fc,4m-],4m-i — v / 
— I — 7 — fc — 1 

= ( -1)—*— 
- ( , + j + f c - l ) - 2 

= ("I) 
t + J + f c - l 

= -(-1) 2 

This establishes a one-to-one correspondence between the terms in the first sum and 
the terms in the second sum. From this we see that the difference of these two sums 
is just double the first sum, so (4) becomes 

2 Y ayfc(^4m-2-(fc-j) + Ak-3 ) 

and we restrict our attention to this single sum. Our degree is fixed from here on, so 
we drop the superscript 4m — 3 (and the coefficient 2): 

/ „ az:)k(Ak-j + A4rn_2-(k-j))-
2 < K j < K 4 m - 2 

z,k even 
J odd 

Putting I = k — j we see that this sum may be written over 

1 < I < 4m - 5 

/ + 3 < & < 4 m - 2 

2 < i<k-l-1 
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that is, 
4 m - 5 4m—2 k — l — 1 

Y Y E a*3k(Al + A4m^2-l)-

But 

1 = 1 k = l + 3 1 = 2 
I odd k even z even 

, + j + f c - l . + ( f c - l )+ fc - l 1 + 2 f c - i - l 

atJfc = ( - l ) 2 =(-1) 2 = ( - 1 ) 2 = ( - 1 ) 

so the sum becomes 

4 m - 5 4m—2 ft — I — 1 

Y E Ec-in^+^^-i) 
1 = 1 k = l+3 z = 2 

I odd k even % even 

or 
4m—5 4m—2 k — l — 1 

i — i - i 

Now consider 

k-l-l 

Y(Ai+A4^-i) Y E (-1' 
1 = 1 k = l + 3 1 = 2 

I odd k even i even. 

a - t - 1 , - i + 1 , -1+3 , -i + (fc-i-l)-l 

S(-l)^=(-l)^ + ( - l )^+. . . + (-!) 
i = 2 

i even 

s - i + 1 , „ -1+3 , „ fc-2i 

(-1)~5- + (-I)"*" + • • • + (~1)~ 
k-l-3 , 

= ( - l ) T - ( i _ i + i _ . . . + ( _ i ) ^ r - ) . 

One can verify that this is —1 when (k,l) — (2,3) (mod 4), +1 when (k, I) = (0,1) 
(mod A), and 0 otherwise. Breaking the sum over I into a part over I — 1 (mod A) 
and a part over 1 = 3 (mod A) we obtain: 

4m —5 4m —2 4m—5 4m —2 

Y (A + A4m-2-l) Y ( + 1 ) + E (Al+A4m-2-l) Y ( - 1 ) -
1 = 1 k = l+3 1=3 k = l+3 

l = l(mod 4) k=0(mod 4) l=3(mod 4) k=2(mod 4) 

To calculate 
4m-2 

E (+D 
k=l+3 

fc=0(mod 4) 

we ask: if k = 0 (mod 4) and / = 1 (mod A), how many fc's are there between I + 3 
and 4m — 2 (inclusive)? The appropriate fc's are I + 3,1 + 7, • • •, 4m — 4, a total of 
4m-( ! ± 3)_ g o 

4m-2 , „ . „x / + 3 

m •— 

4f (+1) = =zM±*> 
k=l+3 

k=0(mod 4) 
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and a similar calculation yields 

4 g 2
 (_1) = j4n, + 2)-( i + 3 ) = ( m _ i + 1 ) 

k = l+3 
k = 2(mod 4) 

Applying these formulas to our overall sum we get 

4 m - 5 . „ 4 m - 5 , -. 

Y (At + A4m-2-i)(m — ) + Y (Ai + A4m-2-i)(-(m —)). 
( = 1 ( = 3 

l = l(mod 4) l=3(mod 4) 

The first sum is 

+(m - l)(Ai + A4 m_3) + (m - 2)(A5 + A4m_7) + • • • + ( l)(A4 m-7 + M) 

the second is 

- ( m - 1)(A3 + A4 m_5) - (m - 2)(A7 + A4 m_9) ( l)(^4m-5 + A3), 

and adding these together we obtain the identity 

(m - l)Ai - mA3 + (m - 1)A5 - mA7 mA4m^5 + (m - l )A4 m_3 , 

which is qm, thus proving Theorem 2.1. • 
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Proof of Corollary 2.1 

In this section we prove 

Corollary 2.1. Let F be a Geld, n > 1 an integer. S2n-2 is an identity for Kn(F,t). 

We will need this result to prove Corollaries 2.2 and 2.3 below, thus it is appro­
priate to show how it follows from qm, n = 2m. As in the proof of the theorem, we 
may work in characteristic 0 and yet obtain the result in arbitrary characteristic. 

We begin with a useful technical lemma. 

Lemma 2.11. Let k > 2 be an integer. Embed Mk^i(F) in the upper left hand 
corner of Mk(F) and let A e Mfc_i(F) C Mk(F). If for all i = 1, 2, • • •, k - 1 

A(elk - ekl) + (elk - ekl)A
l = 0 

or for all i = 1,2, • • •, k — 1 

A(elk - ekl) - (elk - e^A1 = 0 

then A = 0. 

Proof. We put A = ^ r s arsers, 1 < r, s < k — 1, and calculate 

0 = A(elk - ekl) ± (elk - ekl)A
t = A(elk - ekl) + (A(elk - ek%)y 

= \ / ; arsers)\eik ~ &ki) + ((/ J
(^rse-rs)\^-ik ~ eki)) 

r,s r,s 

~ \ 7 j ^rz^-rk) + \ 7 j Qri^rk) 

l<r<k-l l<r<k-l 

— 7 j O^riKfirk + &kr)-

l<r<k-l 

This final expression is a zero matrix except for the last row 

[+on + a 2 j ••• =|=a(fc-i)i 0] 

and the last column 
[aii a2i • • -a(fe-i)i 0] . 

Thus column i of A is zero, and as i is arbitrary with 1 < i < k 1 we see that A = 0. 

• 
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We restate our PI qm (a PI for Kn(F, t), n = 2m > 4): 

qm = (m- I)Af™~3 - mAim-3 + (m - l ) ^ 3 mA^-l + (m - 1 ) ^ = 3 -

Assume tha t the x3, j = 1,2, • • •, 4m — 4, are variables from K2m-\ where we canon-
ically embed .K^m-i in the upper left corner of K2m. Replace y with 

y '•= ei(2m) - e(2ffl)„ 1 < i < 2m - 1. 

Since K2m-iyK2m-i — {0}, all summands in qm but the first and last are 0 and we 
obtain 

(m - l)(ys4m-4 + s 4 m _ 4 y) . 

S4m-4 is symmetric with respect to the transpose (Lemma 1.1.3) thus (dividing by 
771—1) 

S4m-4y + ys4m-4 

is zero for any substitution (from K2m-i) for the x3, j = 1,2, • • • , 4 m — 4. By 
Lemma 2.11 we conclude that s4m-4 is an identity for K2m-i. This proves the odd 
case: s4rn-4 = s2(2m-i)-2 is a PI for i ^ m - i - For the even case, we follow methods 
found in [Rowl] to go down in polynomial degree again. 

Starting with 
* 4 m - 4 = S4m—4\Xi, • • • , X4rn—4), 

which we have just shown to be a PI for K2m-1, assume that the x3, j = 1, • • •, 4m — 5 
are variables from K2m-2 (canonically embedded in i^2m-i)) and replace £4 m -4 with 

e t(2m-i) - e(2m-i)t, 1 < z < 2m - 2. 

x4m—4^4m — 5 + S4m—5X4m—4 

^ 2 m - 2 ( e j ( 2 m - l ) — ^(2m-l)i)K2m-2 = { 0 } . 

•54m-5* (Lemma 1.1.3) so 

^4m — 5x4m — 4 x4m — 4S4m—5 

is zero for any substitution (from i^2m-2) for the x3, j = 1, 2, • • •, 4m — 5. Applying 
Lemma 2.11 we see that s 4 m _ 5 is an identity for K2m^2 (recall: m > 1). 

We may again reduce the degree by one to reach our goal: to prove tha t s 4 m - 6 = 
s2(2m-2)-2 is a PI for K2m-2- Consider i r ( s 4 m _ 5 ) , a pure-trace PI for K2m,-2- Per­
muting cyclically under the trace, we would like to move x 4 m _5 to the extreme right 
in all terms. This yields 

(4m - 5)£r(s 4 m _ 6 2: 4 m -5) . 

This yields 

since 

Now s 4 m _ 5 
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To see this, it suffices to consider a term in t r ( s 4 m _ s ) with a;4m_5 in position k, say 

(-l){Arn~5)~ktr(xiX2 • • • xk-ix4m-5xkxk+i • • • x4m-e) 

and to ask what happens when x 4 m _5 is moved to the right. Moving x 4 m _5 to the 
right in this term gives 

(-l){4rn~5)~ktr(xkxk+i • • • x4rn-e
xix2 • • • xk-ix4m-s). 

Now a permutation with sign (—l) fc+1 of the indices in 

xkXk+l • • • X4m-6X1X2 • • • xk-l 

gives 
XiX2 • • • Xk-iXkXk+i • • • X4m-6 

(for example, if k is odd, an even number of indices are moving from right to left via 
an even number of transpositions). Thus if we now take all terms in £r(s 4 m_5) with 
x4m-5 in position k and move 2:4^-5 to the right (under the trace, in all terms), we 
get 

( _ l ) ( 4 m - 5 ) - f t ( _ l ) f t + l i r ( s 4 m _ 6 a : 4 m _ 5 ) = i r ( S 4 m _ 6 X 4 m _ 5 ) . 

There are are 4m — 5 positions options for k, so 

tr(s4m-5) — (Am - 5)tr(s4m-6x4m-5). 

Thus tr(s4m-QX4rn^5) is a pure-trace PI for i^2m-2- But S4m_6 is skew with 
respect to the transpose involution (Lemma 1.1.3), so non-degeneracy of the trace 
says tha t s4 m_6 = s2(2m-2)-2 is a PI for i^2m-2- This proves the even case of 
Corollary 2.1. 

• 

47 



Proof of Corollary 2.2 

In this section we prove 

Corollary 2.2. Let F be a Geld, m > 1 a positive integer. Then the polynomials 

E4m-2(xi,.. .,x4m„3-y) : = A\m~2 - A4
2
m~2 + AJm~2 - A4™~2 

, , /j4m — 2 ,j4m —2 

= E (-ir1^ 
4 m - 3 / 1 4 m - 2 

4 m - 2 

i = l , 2 ( m o d 4) 
Ki<im-2 

and 

J?' Irn „ . „,\ . — A4m—2 *4m—2, \4m — 2 \4m — 2 
£J4m-2\xir " " ,x4m-3;y) : = A3 - A4 + A7 - A8 

i4m —2 /i4m — 2 n-4m-^ / 1 4 m - 4 

= Y (-i)I-14 4 m - 2 

i=0,3(mod 4) 
l < t < 4 m - 2 

with sum 
E4rn-2 + E4m_2 = S 4 m - 2 ( y , 2 : i , • • • ,X4m-3)> 

are polynomial identities for K2m(F, t). 

We have already obtained a different proof of this result [JDH]; here we give a 
proof based on qm. As in the proof of the theorem, we may work in characteristic 0 
and yet obtain the result in arbitrary characteristic. We would like to compute 

m m—1 

0([9m,x4m-3]) = 0 ( ( m - l ) ^ [ ^ - 3 , x 4 m _ 3 ] - m Y[Ai7-~i3,x*m-3}). (3) 
i = l i=l 

First we compute 

0([4m"3 ,2:4 m_3]) = <M4m-3X4m-3 ~ ^ m - S ^ ™ " 3 ) 

= (Am-2)\(Atn~2-Atli2). 

To see this, note that each of the two sums A^m~3 and A^™^3 have (4m — 2)! terms. 
S ° (4m^2)l(3) i S 

m m—1 

(™ -1) E^r-'s2 - Atr--2
2) - m Y (^Ci2 - 4 r 2 ) w 

i = i i = i 

48 



Now, Corollary 2.1 (Theorem 1.2.2) says that s4m~2, written as (see example 1.1.3 
above) 

*4m—2 A4m—2 . i4m — 2 \4m — 2 , , \4m — 2 \4m — 2 
*4m-2 — -H-i ST-2 ' A 3 A 4 "t" . . . . "t" •^•4rn-3

 / 1 4 m - 2 

m m —1 

E / /j4m—2 i 4 m - 2 \ , \ V /(4m—2 j 4 m - 2 \ 

^ 4 i - 3 ~ ^4i -2 / "t" 2 ^ ^ 4*-l 4 l ' 
i=l i= l 

is an identity for K2m(F, t). Taking (3') + m(4) we obtain 

(2m-l)Y(AlT--32-A4T--22), 

(4) 

i = i 

and this proves that E4m^2 is a PI for i^2m- The equation 

E4m-2 + E4rn_2 = S4m-2 

proves that E'Am_2 is also a PI for K2m. • 
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Proof of Corollary 2.3. 

In this section we prove 

Corol lary 2 .3 . Let F be a Geld, m > 1 a positive integer. Then the polynomials 

i4m—4 A4m — 4 , A4m — 4 \4m—4 Ft. J T l . . . r , r . ,,\ . — A^m-4 _ 4 « - 4 , n m - 4 _ A 
fL4m-4\xl, ,x4m-5, y) • — -tt-l A4 + ^ 5 J i 

, _i_ A4m — 4 y\4m—4 
i " ' ' i A 4 m - 7 / 1 4 m - 4 

= ^ (-irM i —1 A4m—4 
i 

l = 0,l(mod 4) 
K i < 4 m —4 

and 

4 m —4 , 44m—4 / i4m — 4 , / i4m—4 
JX4m-4\xl, ,x4m-b,y) • — ^ 2 + ^ 3 ^ 6 + ^ - 7 

4 m —4 1 4 4 m — 4 4 4 m - 4 , 4 
4m—& ' 4 m —5 

= £ ( -1)-^ i —1 j\4m—4 
1 ' 

l = 2 ,3 (mod 4) 
1 < i < 4 m —4 

with sum 

-*Mm—4 + J^4m—4 = s 4 m - 4 ( j / > 2^1, • • • , X 4 m — 3 ) , 

are polynomial identities for K2m-i(F, t). 

We begin with qm(xi, • • •, 2:4m_4,y), an identity for i^2m- Consider K2m-i as 
the upper left hand corner of -K2m> thus K2m-\ C -fGm- Our first step will be to 
assume tha t the variables 2:1, • • • ,2:4m_3, and y are variables from .R^m-i, and then 
to perform the substitution 

2:4m-4 := e l ( 2 m) - e ( 2 m ) l , 1 < i < 2m - 1. 

Now 

^ 2 m - 1 ^ 4 m - 4 ^ 2 m - l = {0}, 

so the only surviving terms in qm are those in which x4m-4 is at the extreme left or 
extreme right: 

A4m-3 _ A4m-4 
S±i — /Xi X4rn—4 

/i2r+l — / 1 2 r + l • l 4 m - 4 X4rn—4-f±2r ' 1 — ' — ZdUl 

A4m-3 _ _ A4m-4 
A 4 m - 3 — 2 4 m _ 4 / l 4 m _ 4 , 

and that the overall effect on qm — qm(xi,- • •,x4m-4,y) is 
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qm = (m- l)A\m~3 - mAf1-3 + (m - 1)A4™~3 mA 4 ™! 3 + (m - l ) ^ ! 3 

= (m - l ) ^ m " 4 2 ; 4 m - 4 - m ( A ^ - 4 2 : 4 m - 4 - x4m-4A4
2

m~4) 

+ (m - l)(A4™-4X4m-4 - X 4 m - 4 A 4 m - 4 ) - • • • 

— m[AArn—5x4m-4 ~ x4m—4A4m — %) "I" (TO — *-)\ x4m—4^4m_4)-

This is (dropping the superscript as our degree will remain at 4m — 4): 

((m - 1)A1 - mA3 + (m - l)A5 \- (m - l ) A 4 m _ 7 - m A 4 m _ 5 ) x 4 m _ 4 

+ x4m-4(mA2 - (m - 1)A4 + mA6 - h m A 4 m _ 6 - (m - l ) A 4 m _ 4 ) 

= ((m - l )A i - mA3 + (m - 1)A5 h (m - l)A4m-7 - mA4m-5)x4m-4 

- x4m-4((m - l )Ai - mA 3 + (m - 1)A5 h (m - l ) A 4 m _ 7 - m A 4 m - 5 ) t , 

where we have used the formula (easily verified): 

Aim —'• Al = ~^4m-3-l • 

Making the definition 

A := ((m - l)Ai - mA3 + (m - 1)A5 \- (m - l)A4m-7 - mA4m-5) 

this may be written 
Ax4m — 4 ~ X4m — 4A . 

We now apply Lemma 2.11 to conclude tha t A = A(xi, • • • , x 4 m - 5 , y ) is a PI for 
K2m-i- Thus A + At is a PI for K2m-i : 

A + At = (m - l)Ai + mA2 - mA3 - (m - 1)A4 

+ (m - 1)A5 + m i 6 - mA7 - (m - 1)A8 H 

+ (m - l ) A 4 m _ 7 + mA4m-e ~ mA4m-5 - (m - l ) A 4 m _ 4 , 

and (by Theorem 1.2.3) s2(2m-i)-2 = s4m-4 is also a PI here: 

S4m-4 = Ai - A2 + A3 - A4 

+ A5-A6 + A7-A8 + ---

+ A4m — 7 — A4rn — 6 + A4rn — § ~~ A4m—4-

Taking ms4m_4 + (A + A*) we obtain 

(2m - l ) (Ai - A4 + A5 - A8 + • • • + A4m-5 - 4 4 m _ 4 ) . 
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This is precisely (2m — l)Rm- So Rm is an identity for ^ m - i , and Rm + R'm
 = s4m-4 

proves that R'm is also an identity for i ^ m - i -
• 

A pair of remarks concerning the transpose case: 

1. It is important to emphasize that the difference between the even and the odd 
case (Corollaries 2.2 and 2.3) is more than just apparent. As we have just seen, 

E4m-2 = Y ( - i r 1 ^ 2 

i=l,2(mod 4) 
K l < 4 m - 2 

is a PI for K2m and 

i*4m-4 = Y (-lY-1^-4 

i = 0 , l ( m o d 4) 
l < i < 4 m - 4 

is a PI for K2m.-i- However, we have performed computer-aided computations which 
show that, for m = 3, 

E8:= Y (-ly-^-^Al-Al + Al-A* 
x=l,2(mod 4) 

1 < I < 4 T 7 I - 4 

is not a PI for K2m-i and that for m = 2 

R6:= Y (-l)i~1Alm-2 = A6
1-Al + Al 

i = 0 , l ( m o d 4) 
K i < 4 r a - 2 

is not a PI for K2m-
In particular, we have performed computer-aided computations which show the 

following. For the case of Pis alternating in all but one variable, K4(F,tys space of 
Pis of degree 4 is null, its space of Pis of degree 5 is spanned by q2 = A\ — 2A\ + A\, 
and its space of degree 6 is spanned by 

K , A*-2A* + A«, A*-2Al + A%}, 

where E'6 = A% — A\ (one can check that RG is not in this space); K5(F,i)'s space of 
degree 7 is null, and its space of degree 8 is spanned by 

{R8, 2A\ - 2>A\ + 2A\ - 3A%, 2A\ - 3A^ + 2A8
5 - 3A|} 

(one can check that E8 is not in this space). 

2. Our methods beg the question: can Corollaries 2.1 or 2.2 be proven by looking only 
at the T-ideal generated by qm7 In other words, are any of s4m_2, E4m-2, F\rn_2 in 
this T-ideal? We do not have a proof either way, but based on computer calculations 
the answer appears to be no. 
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3. The Symplectic Case 

In Section 1.3 we saw that the standard polynomial s4m-2 is a PI for H2m(F, s) 
and that at least for m = 2,3,4, S4m_3 is not a PI. In this chapter we will prove that 
the polynomial qm, in addition to being a PI for K2m(F, t), is also a PI for H2m(F, s), 
thus showing that Am — 2 is not the minimal degree of a *-PI for (M.2m(F), s). 

Theorem 3,1, Let F be a Geld and m > 1 a positive integer, and let s be the 
symplectic involution on 2m x 2m matrices over F. Then 

m m — 1 

Qm(xi,..., x4m-4, y) : = (m - 1) Y AtT-f -™Y AtT-~i3 

1=1 t=l 

= (m - l)A4 m"3 - mA4™"3 + (m - l)A4 m"3 - mA4m"3+ 

• • • " < 1 + (m - l)A\Zl\ 

is a polynomial identity for H2m(F, s) of degree Am — 3. 

Note that since a prime p cannot divide both m and m — 1, qm is not the zero 
polynomial over any field. We also show that Theorem 3.1 yields Theorem 1.3.1 as a 
corollary. This result will be essential in our proof of Corollary 3.2, a refinement of 
Theorem 1.3.1. 

Corollary 3.1 (Theorem 1.3.1). Let F be a Geld, m > 0 an integer. s4rn-2 is an 
identity for K2m(F, t). 

Corollary 3.2. Let F be a Geld, m > 1 a positive integer. Then the polynomials 

E4m-2(X1, • • .,X4m-3-,y) : = A4m~2 - A ^ 2 + A ^ 2 - A^~2 

i | ^j4m —2 /(4m—2 

= Y (-ir1^ 
4 m - 3 ^ m - 2 

4 m - 2 

and 

i=l,2(mod 4) 
K l < 4 m - 2 

4 m - 2 /\4m—2 , \4m — 2 44m —2 E'4m_2(xi,.. .,X4m-3;y) : = A4
3
m~2 - A4™-2 + A4m~2 - A 

4m —2 A4m — 2 , Aim-z _ A 
4m —b 4 m - 4 

E (-ir1^ 4 m - 2 

i = 0 , 3 ( m o d 4) 
K i < 4 m - 2 

with sum 
E4m-2 + E4m-2 = ^ 4 m - 2 ( y , 2^1, . . . , X 4 m _ 3 ) 

are poiynomiai identities for H2m(F, s). 

Thus even at degree 4m — 2, s4m_2 does not generate the Pis for H2m(F, s). 
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Proof of Theorem 3.1 

As always we may work in characteristic 0. Having proven this special case, we 
may, in arbitrary characteristic, conclude that the polynomials vanish for all substi­
tutions taken from some basis of H2m(F, s), say, the basis given by (6) in Section 1.1 
(note that since only 0 and ±1 appear as entries, this is a basis of H2m(F, s) irrespec­
tive of characteristic). As our polynomials are multilinear, this proves the theorem in 
arbitrary characteristic. We handle the general case first and then (for extra detail) 
the sample case m = 3. 

We begin with the characteristic Pfaffian (or generic minimum polynomial for 
H2m(F,s)) from Section 1.3: 

m 

x m + ^(-i)Vft*m~fc, 
fc=i 

u0 = i, k\ik = ^ ( - l r V f t ^ r p r ) , 
1=1 

where T = ^tr. Multilinearizing in X gives 

E X<r{i)X<r{2) • • • Xa{m) + (a trace part). 
<j£Sm 

We now replace Xi with {y,X2,x3} = yx2X3 + x3X2y, X2 with x\, and Xt (i > 2) 
w i t h Qx \— 2(x4(yX-2)x4{i-2) + lx4{i-2)+2x4(i-2)+3+x4{%-2)+3x4(i-2)+2X4{i-2) + lX4{i-2)) 
to get 

{y,x2,x3}xiQ3Q4...Qm + ••• + Qm • • -Q4Q3xi{y,x2,x3} + (a trace part). (0) 

This is a trace identity for H2m(F, s). We will consider the trace-free part of this poly­
nomial and the trace part separately. Our goal will be to use the trace-free part of this 
equation to generate (in the sense of T-ideals) the polynomial qm(xi, • • • ,x4m-4',y), 
and then we will prove that the corresponding trace part (which accompanies this 
generation) is 0. The following two lemmas will aid us in "killing" this trace part. 
The key idea in both is that the trace of a monomial is fixed under cyclic permutations 
of the variables, and thus cancellations occur when we take alternating sums. 

Lemma 3.1. Let <fi be the alternating sum in the x3 's (deGnition 1.1.2). Then 

cf)(T({y,X2,x3}) = 0 = (f}(T({y,x2,x3}xll ...xtk)) 

where k is a positive integer and (ii,..., ik) is a permutation of (1, 4, 5, 6, . . ., k). 

Proof. It is enough to calculate 

T({y,x2,x3}xll ...xlk) = T(yx2x3xtl ...xlk + x3x2yxZl ...xlk) 

= T(yx2x3xtl ...xlk+ yxn ... xlkx3x2)' 
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and this is sent to 0 by 0 since the signatures of 

id : (2,3,h,i2, • • • ,ik) M- (2, 3,ii,i2, • • • ,ik) 

and 
(2,3,ii,i2,- • • ,ik) >->• (h,i2,- ••,**;, 3, 2) 

have opposite signs. D 

L e m m a 3.2 ( L e m m a 1.1.3a). Let r > 0 be an integer. Then 

T(s2r(
xl,---,x2r)) = 0 . 

• 

Recall that A2} is an alternating sum of degree 21 with a y in position k (definition 
1.3). 

Lemma 3.3. Let I and k, I > 0, 0 < k < 21, be integers. Then 

1 f A 2
k

l + 1 + A2
k
l+l k even 

a)
 W^Wk{*u--.,*»-i,Voxa))=^ _A»+i_A»+i kodd 

b) j 2 n j ! ^ ? ( x i , • •, x2i-i, y) o x2I) = A2<+1 - A*'*1. 

Proof. Calculate 

1 
(j)(Ak (xi,...,x2i-i,yox2i)) 

(21-1)1 

= ,2l_ xy(f>( Y (-lYXo{l)---X°{k-l){y°x2l)xa(k)---Xa{2l-l))-

Under 0 we may move 2:2; all the way to the right to get 

(21-iy.^i Y ( _ 1 ) C T ^ ( l ) • • • X<T(k-l)(y°Xa(k))Xa(k+l) • • • Xa(2l-l)X2l(-l)2l~1~(k~1))-
0&S21-1 

We performed 21 — 1 — (k — 1) transpositions to move x2i, so the (—l)2'~1~(fe_1) 
appears under <f>. This equals (—l)fc, so we obtain 

(-1) 

CES21-1 
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which is 

j0^_(2l - l)KAll+1 + A*$) = (-Dk(All+1 + A»£). 

This proves the first part of the lemma. For the second part we calculate 

——-(j)(A2
k
l(xl,...,x2i-i,y)ox2i) 

— j T j ^ E (-1)<T(X<r(l)---Xa(k-l)yxa(k)---Xa(2l-l))°X2l) (21 - 1) 
ff£52i_i 

r W ^ ( E i~l)a(yXo{l) •••xo{k-l)yxa{k) •••Xa(2l-l)x2l (2/ - 1). 

+ £2*2V(i) . . . XCT(fc_i)yXCT(fe) . . . XCT(2Z_l))) 

= (2l_ ^H Y (-l)a(Xa(l)---Xa(k-l)yXa(k)---xa(2l-l)x2l 
CES21-1 

+ (-l)2 '"1xCT(i)a;CT(2) . . . xa(k)yxa{k+i) ... xa{2i-i)X2i)) 

(we performed 21 — 1 transpositions) 

= (2T^ ( ( 2 |-1 ) ! (^+ 1-A^1 ) ) 

_ 42/+1 A21 + 1 
— Ak ~ Ak+1 • 

L e m m a 3 .4 . Let I and k, I > 0, 0 < k < 21 + 1 be integers. Then 

^ 1
 ,,A21+U ^ \ ~All+2 - Al+1 k e v e n 

a) WHAk ( x i , . . . , ^ , y o , 2 m ) ) = | A2l+2+A2l:2 k o M 

b) ^ ( A k + 1 ( x ^ - • -^V) ° *2/+i) = A2
k
l+2 + A2

k
l+2. 

Proof. This is identical to the proof of Lemma 3.3 except for the following 
differences. In the first calculation a (—l)2/~(fc_1) = (—l) fc_1 appears, and in 
second calculation a (—l)2 ' = 1 appears. 

Now consider the trace free part of (0) 

{y, 2:2,2:3}x1Q3Q4 . . . Qm + . . . + Qm . . • Q4Q3xi{y, 2:2, 2:3} 

and apply 0. This yields 

(m - 2)!(m - l ) ( A 4 m " 4 - A4rn~4) + (m - 2 ) ! ( l ) (A 4 m " 4 - A 4 m " 4 ) + 

+ (m - 2)!(m - 2 ) ( A 4 m " 4 - A4m~4) + (m - 2)!(2)(A4 m~4 - A 4 m " 4 ) 

+ ... + (m - 2)\(l)(A4Zl7 - A4Zzi) + (m- 2)!(m - 1)(A4™:4 - A4™!4), 
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or 
m — 1 

(m-2)\Y (("» " r)(A4™Zt)+l - <I? ) + 3 ) + r(A%ZA
1)+2 " < l t ) + 4 ) ) - (*) 

r = l 

To see this, consider for example the coefficient of the (A4™-4 — Agm~4) term. We 
look at only those permutations of {y, X2, x3}, xi, and the Q^'s which have {y, X2, x3} 
in the third position and xi to the left of {y,2:2,2:3}. Now apply (f) to these terms. 
The (m — 2)! that appears is due to the permutations of the m — 2 factors Q3, 
and the (2) appears because there are 2 position possibilities for xi to the left of 
{y, x2, x3}. Finally, we note that a permutation of Qi,..., Qm and xi corresponds to 
a permutation of (1, 4, 5, 6 , . . . , 4m — 5) with positive signature, thus the only negative 
sign that is introduced due to signatures is from {y, £2,2:3} and appears in front of 
the A4™'4 term. 

Now we will transform (*) in two ways. First, replace y with yox4m-4 and apply 
(4m

1_5y4>- Using Lemma 3.3a we get 

II) 

(2) 

771—1 

(m - 2)! Y ((- - 0 ( - < : 3
) + 1 - < : 3

) + 2 + < : 3
) + 3 + ^:? ) + 4 ) 

r=l 

-L r( A4m~3 _i_ A4m~3 — A4m~3 — A4m~3 \\ 
"T ' ^ 4 ( r - l ) + 2 "+" / 1 4 ( r - l ) + 3 ^ 4 ( r - l ) + 4 ^ 4 ( r - l ) + 5 ^ -

Next we take (*) o x4m-4 and apply (-4m
1_5^,0. Using Lemma 3.3b we get 

m—1 

(m - 2)! Y ((- - 0 ( < : 3
) + 1 - Atr~-l)+2 - < : 3

) + 3 + < : 3 ) + 4 ) 
r = l 

4- r( A4m~3 — A4rn~3 — A4m~3 -I- A4m~3 ~\\ 
~^ ' \^4(r-l)+2 ^ 4 ( r - l ) + 3 y l 4 ( r - l ) + 4 ^ ^ 4 ( r - l ) + 5 ^ -

Now (2) - (1) is 

771—1 

(m - 2)! Y ((m - r ) (2^ :
3

) + 1 - 2A4-3
)+3) + r(-2A4-3

)+3 + 2^- 3
) + 5 ) ) 

r = l 

which becomes 

771—1 

2(m - 2)! Y «™ - r)A4™z\)+i - m ^ I 3
) + 3 + r ^ I 3

) + 5 ) 
r = l 

= 2(m - 2)!((m - l)A4m-3 - mA4™'3 + (l)A4m"3 + (m - 2)A4 T O"3 - mA4m~3 

+ 2A4m-3 + (m - 3)Atr~3 -...) 

= 2(m - 2)!((m - l )A 4 m " 3 - mA4™'3 + (m - l)A4m-3 - mA4rn-3 

+ ----mAtZZ3
5 + (m-l)A4ZZ3

3), 
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and this is a scalar multiple of the polynomial we were trying to generate. 
We now turn to the trace parts corresponding to (1) and (2) which we denote 

(1)' and (2)'. To obtain these we will have to consider the trace part corresponding 
to (*), and this we denote (*)'. At this point we know that 

(2) - (1) + (2)' - (1)' 

is a trace identity for H2m(F, s), so our goal is show that 

( 2 ) ' - ( l ) ' = 0. 

Now, consider the trace part of the multilinearized characteristic pfaffian (generic 
minimum polynomial), that is, the multilinearization of 

771 

£(-l)*/i fc*m-*, 
ft=l 

ft 

u0 = 1, ku.k = ^ ( - l ^ - V f c - i T f X * ) , 
i=i 

where T = \tr. Expanding out and ignoring coefficients, we see that an arbitrary 
term has the form 

T ( / i ( X i , . . . ,Xm))T(f2(Xi,..., Xm))... T(f3(Xi,..., Xm))g(Xu ...,Xm) 

where j is a strictly positive integer, and the fk and g are multilinear polynomials. 
To obtain (*)' from this trace part, we proceed as we did for (*) and replace X\ with 
{y, 22,2:3}, X2 with xi, and Xi (i > 2) with Qi and apply </>. In view of Lemmas 3.1 
and 3.2, the only terms surviving are those in which there is precisely one trace, x\ 
appears in that trace, and {y,X2,x3} does not appear in that trace: if there is more 
than one trace, Lemma 3.1 or Lemma 3.2 applies to one of these traces (Lemma 3.1 
if -^,£2,2:3} is in a trace, Lemma 3.2 otherwise), so the term is sent to zero by <j>; if 
the trace does not contain £1 or does contain {y,£2,£3} then again it is sent to zero 
by Lemma 3.2 or Lemma 3.1 (respectively). 

This shows that (*)' consists of terms of the form 

T(s4i+i)A4
r
m-4-(4l+1) = T ( s 4 m ) ^ ( m ~ ° ~ 5 

where I and r are positive integers, and r is odd since £1 is in the trace and {y, £2, £3} 
is not. But if we transform (*)' in two ways to get (1)' and (2)' as we transformed 
(*) to get (1) and (2), we see that, in view of Lemma 3.4, both transformations map 
these remaining terms (terms of the form T(s4i+i)Ar~ ) to the same image, and 
therefore 

(2)' - (1)' = 0. 
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This shows that 
(2) - (1), 

is a PI for H2m(F, s) and hence that qm is a PI for H2m(F, s). 

Example: m = 3 

In order to shed some light on the general case, we now show that 

q3(xu ...,x8;y) := 2A\ - 3A9
3 + 2A% - 3Ag

7 + 2A% 

is a PI for H6(F,s). 
We begin with the characteristic Pfaffian for HQ(F, S) 

x3 + Y(-i)k^x 

where u,k is obtained inductively by 

3-ft 
— A.) fJ,kSL 

fc=i 

fc 

U0 = 1, kfik = Y(^T~1^-rT(Xl). 

1 = 1 

Explicitly: 

X3 - T(X)X2 + \(T(X)2 - T(X2))X 
Li 

- \(-(T(X)2 - T(X2))T(X) - T(X)T(X2) + T(X3)) 

which is 
X3 - T(X)X2 + -(T(X)2 - T(X2))X 

- \T(X)3 + \T(X2)T(X) - \T(X3). 
6 2 3 

Multilinearizing in X gives 

Y x°(i)x°(2)x<r(3) + (a trace part). 
a£S3 

We now replace Xi with {y, 2:2,£3} = yx2x3 + x3x2y, X2 with x\, and 
Q3 := ^(x4X5X6X7 + £7£6£5£4) to get 

{y, x2,x3}xiQ3 + . . . + Q3xi{y, x2,x3} + (a trace part). 
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We will consider the trace-free part of this polynomial and the trace part separately. 
Our goal will be to use the trace-free part of this equation to generate the polynomial 
q3(xi,..., x8; y), and then we will prove that the corresponding trace part (which 
accompanies this generation) is 0. 

Now consider the trace free part of (0) 

{y, x2,x3}xiQ3 + {y, x2,x3}Q3xi + xi{y, x2,x3}Q3 

+ xlQ3{y, x2,x3} + Q3{y, x2,x3}xx + Q3XX{y, X2,X3} 

and apply </>. This yields 

2(A\ - A\) + (A* - A\) + (Al - A8
7) + 2(A* - A%). (*) 

To see this, consider, for example, the coefficient of the (A% — A%) term. From the trace 
free part of (0), we look at the position of the "y" and see that the only contributing 
terms are the fourth and the sixth. There is a Q3 = \(x4X^x§x7 + £7£6£5£4) in 
both terms, so we in fact have four terms to consider. But in all four terms the £i's 
appear in an "even" permutation of {£i,£2 ,£3,£4,£5,£6,£7}, so there are 4 terms 
contributing a + | ( A | - Af). 

Now we will transform (*) in two ways, but first we restate Lemma 3.3 for quick 
reference: 

Lemma 3.3 (I = A). Let Ak = Ak(xi,... ,x7,y) be as usual. Then 

\ 1 ±t A%I ^ iAk + Al+i k even 
a) ^ ( A « ( £ i , . . . , £ 7 , y o £ 8 ) ) = | _ ^ _ ^ k o M 

b) Y^(AI(XI, ...,x7,y)o x8) =A%- A9
k+1. 

Now replace y with y o £8 in (*) and apply ^0. Using Lemma 3.3a we get 

(1) 
2(-A\ -A» + A% + A\) + (Al + A%-A\- A\) 

+ (-Al -A° + A$ + Al) + 2(Al + A9
7-Al- A*). 

Next we take (*) o x8 and apply jj(p. Using Lemma 3.3b we get 

2(A»-Al-Al + A*) + (A9 -Al-Al + Al) 

+(Al -A*-A° + A9) + 2(A% - A* -Al + A*). 

Now (2) - (1) is 
2(2A9 - 2A%) + (-2A\ + 2A9

5) 

+(2A9 - 2A9) + 2(-2A9
7 + 2A9) 

(2) 
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which becomes 

2(2A9 - 3A9 + 2A9 - 3A9
7 + 2A%), 

and this is exactly twice what we were trying to generate. 
We now turn to the trace parts corresponding to (1) and (2) which we denote 

(1)' and (2)'. To obtain these we will have to consider the trace part corresponding 
to (*), and this we denote (*)'. At this point we know tha t 

(2) - (1) + (2)' - (1)' 

is a trace identity, so our goal is to show tha t 

(2)' - (1)' = 0. 

Now, consider the trace part of the multilinearized characteristic pfaffian (generic 
minimum polynomial). Expanding out and ignoring coefficients, we see that an arbi­
t rary term has the form 

T(fi(Xi,X2,X3))T(f2(Xi,X2,X3))...T(fJ(Xi,X2,X3))g(Xi,X2,X3) 

where j = 1,2 or 3, and the fk and g are multilinear polynomials. To obtain (*)' 
from this trace part , we proceed as we did for (*) and replace Xi with {y ,£2,£3}, 
X2 with xi, and X3 with Q3. Next we will apply 0, but first we would like to show 
tha t the only terms surviving this application of 0 are those with exactly one trace, 
{y ,£ 2 , £3} outside the trace, xi inside the trace. 

There are at most three traces. If a term has three traces, then T(Q3) appears, 
and this term vanishes under 0 by Lemma 3.2. If a term has two traces, then either 
{y ,£ 2 , £3} is in one of the traces, or not. If it is, then the term vanishes under 0 
by Lemma 3.1. If not, then T(Q3) appears, and the term again vanishes under 0 by 
Lemma 3.2. 

So there is exactly one trace. If {y, £ 2 , £3} is in the trace, then the term vanishes 
under 0 by Lemma 1. So {y ,£ 2 ,£3} is outside of the trace. Finally, if £1 is outside 
the trace, then T(Q3) appears and the term vanishes under 0. 

Thus (*)' consists of terms of the form 

T(s5)(A
3_ - Al) (Q3 in the trace) 

and 

T(si)(Al - Al + A\ - Al) (Q3 not in the trace). 

But if we transform (*)' in two ways to get (1)' and (2)' as we transformed (*) to get 
(1) and (2), we see that since k is odd, in view of Lemma 4, both transformations 
map these remaining terms to the same image: 
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Lemma 3.4 (restated). Let I and k be integers, I > 0, 0 < k < 21 + 1. Then 

a ) 7^l^^Ak (xi,---,x2i,y°x2i+i)) 

_A2l+2_A2l+2 k £ v e n 

b) (27)!0 ( i 4*+ 1 ( X 1 > ' • ' ' l 2''y) ° X2/+l) = A*+2 + A™ 

Thus 
(2)' - (1)' = 0. 

So (2) - (1), and hence q3, is a PI for H6(F, s). • 

62 



Proof of Corollary 3.1 

In this section we prove 

Corollary 3.1. Let F be a Geld, m > 0 an integer. Then s4 m_2 is an identity for 
H2m(F,s). 

We will need this result below in our proof of Corollary 3.2, thus it is appropriate 
to show that it follows from qm, our PI for H2m(F,s). In particular, we will start 
with qm and go down in both matrix size (by 2) and degree (by 3) to show that 
S4m-6 = «2(2m-2)-2 is a PI for H2m-2(F, s). First, we need to embed H2m-2(F, s) in 
H2m(F,s). 

Recall our definition of H2m(F, s) in characteristic not 2, 

H2m(F, s) := {XeM2m\X = Xs} 

where we divide X into four m x m blocks and put 

S / - i T>t 
Ys_ A BY / D* -B 

A - \c D) — y-c* A' 

Thus H2m(F, s) is the space of matrices of the form 

A B 

C A1 

where A e M m and B,C e Km(F,t) := {X e Mm | X = -X1}. We embed 
H2m-2(F,s) C H2m(F,s) by starting with 

(c A*) eH^(F,s) 

and setting to zero the rows m and 2m, and setting to zero the columns m and 2m. 
We thus obtain matrices of the form 

A' B' 
C (A'Y 

where 
A' e Mm-l C Mm, B',C G Km-i(F,t) C Km(F,t) 

(upper left embeddings). It is clear that this space is isomorphic to H2m_2(F,s). In 
the same way, we embed M 2 m _ 2 C M2m by making zero both the mth and 2mth rows 
and columns. 
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We now return to qm = Qm(xi, • • •, x4m-4', y), a PI for H2m(F, s). Replace both 
y and £ 4 m _ 4 with 

emm + e(2m)(2m) £ H2m(F, s) \ H2m-2(F, s), 

x4m-b With 

e l m + e m l + e^+m)2m + e2m(i+m) £ H2m(F, s) \ H2m-2(F, s), 1 < l < TU — 1, 

and assume tha t the remaining variables come from H.2m^2(F,s) C H2m(F,s). Our 
goal is to show that s 4 m _ 6 = S2(2m-2)-2 is a PI for H2m-2(F,s), so we would like 
this polynomial to appear once we have made this substitution into qm-

Now since 

H2m-2(F, s)(emm + 6(2m)(2m)) = {0} = (e m m + e(2m)(2m))H2m-2(F, s) 

the only surviving terms in qm(xi, • • • ,x4m-4',y) are those in which y£4m-42:4m-5 
appears at the extreme left or £4m-52:4m-4y appears at the extreme right, since 
neither y nor £ 4 m_ 4 can be beside £;, 1 < I < Am — 5. Hence in qm, which equals 

( m - l ) A { m - 3 - m ^ 3
 + (m-l)^3-m^3 + . . - m ^ + ( m - l ) ^ , 

only the first (A4rn~3) and last term (A4™!3) contribute, and we obtain 

- ( m - l )y£ 4 m-42:4m-5S4m-6(2 : i , - • • , X 4 m _ 6 ) 

+ (m - l)s4m-6(xi, •• , X4m-%)X4m-bX4m-4y-

To clarify, we compute as an example (m — l)A\m~3 under this substitution: 

( m - l)A4m~3 = (m - 1 ) ? / S 4 m _ 4 ( £ i , • • • , £ 4 m - 4 ) 

= - ( m - l)yx4m-4x4m-5S4m-6(xi, " " " , 2 : 4 m _ 6 ) 

where the negative appears since for any a G S4m-6 

{ 4 m _ 4, Am - 5, a(l), a(2), •••, a(Am - 6)} 

and 
{cr(l), a(2), • • •, a(Am - 6), 4m - 5,4m - 4} 

differ by an odd permutation. 
Returning to (3) we see that it may be written 

(m - l ) ( s 4 m _ 6 £ 4 T n _5£4 m _4y) S 

+ (m - l)s4 m_6£4m-5^4m-42/ 

(3) 

(3') 
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since s4m-6s = ~ s 4 m -6 (Lemma 1.1.3), and y,£4m-4, and x4m-5 are symmetric with 
respect to s. Computing £4m-52:4m-4y we obtain 

X4m — 5x4m—4y = \fiim ' &mi ~r e(i+m)2m ' e2m(i+m))\emm + e(27n)(2m)J 

= \^im + 67777 + 6(j_|_m)2m 1 &2m(i+m) )\&mm + ^(2m)(2m)) 

= eim + 6(i+m)2m-

Again, our goal is to show that S4m-6 = ^2(2m-2)-2 is a PI for H2m-2(F, s). To 
achieve this we put G := S4m_6(2:i, • • • ,£4m-6) £ M2 m-2 and show that since (3') is 
zero for all substitutions (for £1, • • • ,2;4m_6) from i?2m-2, G must be 0. That is, we 
will show that since 

(G(elm + e{i+m)2m)Y + G(elm + 6(7+m)2m) 

is zero for all substitutions, G = 0. Computing with G := ^ K M O ™ gkieki-
k,l^m,2m, 

((Y^9kiekl)(elm + e(7+m)2m))S + (Y9klekl)(^im + Z(i+m)2m) 

= (Y9kiekm + 9k(i+m)ek{2m)Y + (/_^9ki&km + 9k(i+m)ek(2m)) 
ft ft 

= Y^9k^ekm + ^ ^ + £ft(7+m)(eft(2m) + efc(2m)))-
ft 

In order to apply the involutions to the matrix units, we break this sum into two 
parts over k: 

771—1 

Y (9ki(ekm + eS
km) + 9k(i+m)(ek(2m) + ek(2m))) 

2m-1 

+ Y (fc(efcm + e L ) + 9fc(»+m)(̂ (2m) + efc(2m)))' 

ft=l 
2 m - 1 

ft = 771+l 

Applying the involutions we obtain 

777—1 

/ J (9ki(ekm + e(2m)(k+m)) + 9k(i+m)(ek(2m) ~ em(fc+m))) 

2m-l 

+ E (9ki(£km - e.{2m){k-m)) + 9k(i+m)(ek(2m) + em(k-m)))-

ft=l 
2m-l (4) 

ft = 777-|-l 

To see this, refer the definition of the symplectic involution 

s / -nt nt 
Y ' - ( A BY - D ~B 

A - \ C D i - I -C* A* ' ' 
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where X is in m x m blocks. 

Now since k ^ m, 2m, no matrix unit appears twice in (4), and we thus conclude, 
by linear independence of the matrix units, that both gki and gk(i+m) are zero for 
all 1 < k < 2m, k ^ m,2m and (since i is arbitrary) all 1 < i < m — 1. That 
is, G G M 2 m_ 2 C M-2m is zero. This shows that s4m-e = s2(2m-2)-2 is a PI for 
H2m-2(F,s), m > 1, and thus proves the corollary. • 
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Proof of Corollary 3.2 

In this section we prove 

Corol lary 3 .2 . Let F be a Geld, m > 1 a positive integer. Then the polynomials 

E4m-2(xi,..., £ 4 m - 3 ; y) : = A\m~2 - A4m~2 + A 4 — 2 - A 4 — 2 

I I A 4m — 2 ^4777 — 2 

= Y (-ir1^ 
4m-3 ^ 4 m - 2 

4m-2 

: = l , 2 ( m o d 4) 
K t < 4 m - 2 

and 

T?' I ̂  „, . nt\ . — A4m —2 \4m—2 . \4m-2 A4m — 2 
E4m-2\XlT • • ,x4m-3,y) • — A

3 ~ A4 + A l ~ A8 
i | A4m—2 A4m — 2 

-I- • • • -I- ^ 4 m _ 5 /i4m-4 

= Y (-l),-14 i4m-2 

i=0,3(mod 4) 
K i < 4 m - 2 

with sum 

E4m-2 + E4m-2 = s4m-2(y,xl, • • • ,x4m-3), 

are polynomial identities for H2m(F, s). 

The proof is almost identical to the proof of Corollary 2.2, but for completeness 
we present it in its entirety. As always, we work in characteristic 0 yet obtain the 
result in arbitrary characteristic. We would like to compute 

777 777—1 

0([4m, Xtm-sl) = H(m ~ 1) E ^ 4 ^ 3 : *4m-3] ~ ™ E [Ai™^3 ,XAm-3]). (5) 
7 = 1 7 = 1 

First we compute 

0 ( L 4 4 ^ 3 , £ 4 m - 3 ] ) = 0(A 4 ™- 3 £ 4 m-3 - £4m-3A 4 m " 3 ) 

= ( 4 m - 2 ) ! ( A 4 - 2 - A 4 — 2 ) . 

To see this, note that each of the two sums A 4 ™ - 3 and A 4 /^" 3 have (4m — 2)! terms. 
S ° (4m^2)T(3) i s 

771 777—1 

(m - 1) J > 4 r _ 3 2 - A 4 - 2 ) - m Y (At?-~i2 ~ At~2) (5') 
7 = 1 7 = 1 
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Now, Corollary 3.1 (Theorem 1.3.1) says that S4m-2, written as (see example 
above) 

, j4m—2 A4m—2 , , j 4m —2 / t4m — 2 , . A4m—2 A4m — 2 
$4m-2 — -H-i / i 2 -t- si3 ^ 4 i " • • • • "I" -^-4m-3 / 1 4 m - 2 

777 777—1 

E / \4m — 2 A4m — 2\ . \ A / i 4 m - 2 / j4m —2\ 

1^47-3 — ^47-2 J "•" 2 - A A 4 i - 1 A4i I 
7 = 1 7 = 1 

is an identity for H2m(F, s). Taking (5') + m(6) we obtain 

777 

(2m - l ) £ ( A f c 2 - A f e 2 ) , 
7 = 1 

and this proves that E4m-2 is a PI for H2m(F, s). The equation 

E4m~2 + E4m-2 = S4m-2 

proves that -E4m_2 is also a PI for H2m(F, s). 
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4. Conclusion 

The results of Kostant-Rowen (s2n-2 is a PI for Kn(F,t) and, if n is even, 
Hn(F, s)) and D'Amour-Racine (*-PIs of minimal degree for (Mn, *), n < 5, * = s, t) 
stated in the introduction indicate that at least some *-PIs of minimal degree will 
be Pis of Kn(F,t) when * is the transpose involution and Pis of H2m(F,s) when 
* is symplectic. For this reason we worked almost exclusively in these two matrix 
subspaces, and the main result of these endeavours was the polynomial qm '• 

777 777 — 1 

qm(xi,..., X4777-4; y) := (m-l)Y AtT-~3
3 ~ ™ Y ^ - ^ 

7 = 1 7 = 1 

= (m - l )A 4 m " 3 - mA4™'3 + (m - l )A 4 m " 3 - mA4m-3+ 

•••-mAtZZ3
5 + (m-l)AZzl 

where 
A* = Y <y-lYXa{l)---Xa{z-l)yXa{i)---

xa(k-l)-

We showed that qm is a PI for both K2m(F, t) (Chapter 2) and H2m(F, s) (Chap­
ter 3), and showed also that qm gives information, in both cases, about the standard 
identity sk for matrix sizes less than 2m. In the transpose case qm yielded a new 
proof that s2 n_2 is a PI for Kn(F,t), n > 0 an arbitrary integer, and it also gave 
refinements of this result in the form of two non-trivial Pis which have s2n-2 as their 
sum (Chapter 2). In the symplectic case qm yielded a similar result: a new proof 
that S2n-2 is a PI for Hn(F,s) together with a refinement of this result, but only 
for n = 2m since the symplectic involution is defined only for even-sized matrices 
(Chapter 3). 

Our results hold more generally. Consider Mn(R) the nxn matrices with entries 
in R, a commutative associative ring with 1. The matrix units e%3 are an i?-basis of 
Mn(R). One can consider the transpose involution t and, if n = 2m, the symplectic in­
volution s. The bases given in 1.1.5 (respectively 1.1.6) make sense in Mn(R) and are 
R bases for the skew elements Kn(R, t) (respectively H2m(R, s)). Since the polynomi­
als sk, qm, E4m-2, E'4m-2, R4m-4, R4m-4 have integer coefficients, they make sense in 
R(xi,... ,xk) and one can easily check that they are non-zero. Since they are multi­
linear and evaluate to zero on the appropriate spanning sets 1.1.5 or 1.1.6 as the case 
may be, we see that Theorem 2.1 and its corollaries hold for Kn(R,t) while Theorem 
3.1 and its corollaries hold for H2m(R, s). 

The original formulation of these results was aided in large part by computer 
calculations. For my M.Sc. thesis we performed calculations in K$(F,t), and these 
showed that there are no Pis of degree 7, and that at degree 8 there are a great many. 
More precisely, we looked at multilinear polynomials of degree 8 (in characteristic 0 
it is enough to consider the multilinear Pis, see proposition 1.1.1) and found that the 
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set of multilinear Pis for K$(F,t) has vector space dimension 1756. This space is an 
c>8-module (a permutation acts on a polynomial by permuting the variables), and we 
computed its character: 

X =X3 + %5 + Xe + Xs + 2x9 + 4xio + 4x i i + 3xi2 + Xi3 + Xi4 + 3xi5 

+ 4xie + 4xi7 + Xis + 3xi9 + 2x20 + 2x2i + X22, 

where the Xi's are the irreducible characters of S8 (xi the trivial character, X22 the 
alternating character) as found in [JK, p351]. 

Working next in K$(F,t), we began by looking at an established PL S2n-2 — S10 
(Theorem 1.2.2). Being alternating in all variables, SIQ is in some sense the simplest 
of polynomials at degree 10 (next to x10, of course), thus it was natural to compute 
the next simplest case: polynomials alternating in all but one variable, that is, linear 
combinations of the Ak°, 1 < k < 10. Unfortunately, degree 10 was out of the reach 
of our computing power, so we considered degree 9 and in this way found q3 (a PI of 
degree 4m - 3 = 4(3) - 3 = 9). 

The formulation of the refinements (s2n-2 is a sum of two non-trivial Pis for 
Kn(F,t)) proceeded in a different fashion. By Amitsur-Levitzki S2n is a PI for 
Hn(F,t), and Ma and Racine refined this by showing that 

E2n(xu .. .,x2n^;y) : = A2n - A2n + A2n - A2n + • • • 
277 

= Y Mr1^ 
i = l , 2 ( m o d 4) 

K i < 4 m - 2 

is a PI for Hn(F,t) (Theorem 1.2.1). As neither E2n nor its complement with respect 
to s2n, E2n, are trivial, we see that Ma-Racine is indeed a refinement of Amitsur-
Levitki for the case Hn(F,t). It was thus natural to ask whether a similar refinement 
could be achieved in the case Kn(F,t), that is, could we express s2 n_2 (a PI for 
Kn(F,t)) as a sum of two non-trivial Pis. In this way we discovered the refinements 
for the transpose case. These we originally proved for the case n = 2m ([JDH]) using 
a pre-established trace PI (not h from Chapter 2); however, it was preferable for the 
present thesis to show how the refinements in both the odd and even cases follow from 

<7m-

For the parallel results in the symplectic case, we were motivated by the fact 
that s277-2 is an identity for both Kn(F,t) and Hn(F,s), n even ([Kosl],[Row3]). 
Given this, it was natural to ask whether any given PI for K2m(F,t) is also a PI for 
H2m(F,s). 

From these formulations (based on computations in low degrees), we were able to 
first formulate the general case, and then construct proofs independent of computer 
calculations; these proofs, along with their introductory materials, form this thesis. 

Some unanswered questions: 
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1. What is the minimal degree of a *-PI for (Mn, *), * = s,tl Giambruno [G] has 
shown that in general this must be > n and the Kostant-Rowen results (s2n_2) show 
that it must be < 2n — 1. The D'Amour-Racine results for the case n < 5 (Theorems 
1.2.5 and 1.3.2) suggest minimal degrees of 2n — 2 (n odd) and 2n — 3 (n even), and 
Racine-Rashkova (Theorem 1.3.3 and 1.3.4) confirm this for n = 6, * = s. This thesis 
makes some further progress for the case n = 2m with qm, a PI of degree 2n — 3, 
showing that this minimal degree is < 2n — 2, * = t, s. 

2. What is the connection between the space of multilinear Pis for K2m(F, t) and the 
space of multilinear Pis for H2m(F,s)? Even though S4m-2,Qm, and E4m-2 are Pis 
for both K2m(F, t) and H2m(F, s), the two PI spaces do not coincide. 

Example. Theorem 1.3.3 says that 

s3([x3,y],[x2,y],[x,y}) 

is a PI for HQ(F, S). We have performed computer-aided calculations which show that 
this polynomial evaluates to —5(ei5 — e$i) when 

x = - (e i3 - e3i) - (e36 - e63) + (e46 - e64), y - -(e34 - e43) e K6(F,t). 

This example notwithstanding, the similarities between the two PI spaces war­
rant further investigation into the structure of the corresponding matrix subspaces. 
Perhaps there exist structures (a specialized multiplication?) that one can impose on 
these two subspaces which explains some of these similarities/differences. One struc­
tural similarity arises when one interprets these two spaces as Jordan triple systems. 
One can show that K2m(F,t) equipped with the triple product XYX is isomorphic 
(as a Jordan triple system) to H2m(F,s) with XYtX, but this approach has yet to 
yield any tangible results. 

3. In the transpose case, why is there a difference between odd and even matrix sizes? 
In this thesis we have seen a difference with E4m-2 and R4m-4 in Corollaries 2.2 and 
2.3: 

-£4777-2(2:1,... ,x4m-3;y) = A\ 4 m - 2 i 4 m - 2 + A 4 m - 2 i 4 m - 2 

+ 
j\4m — 2 

A 4 m - 3 
A 4m—2 

/ 1 4 m - 2 

£ (-1)" 7 — 1 A4m—2 

i=l,2(mod 4) 
l<z<4m-2 
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/ ? , , f n . . . TA e-iA • — A4m~4 - A4m~4 -+• A4m~4 — A4m~4 Jri4m—4\Xl, • • • , 2,4m — 5, yJ • — -^ i ^ 4 i ^ 5 -^g 

, , A4m—4 /j4777—4 

"t" " " " "I" / 1 4 m - 7 / i 4 m - 4 

= E (-lr^4™-4 

i = 0 , l ( r o o d 4) 
1 < Z < 4 T 7 I — 4 

Recall also that E^ is not a PI for K$(F,t) and that R& is not a PI for K4 (we 
have computer-aided calculations to support these assertions), thus this difference is 
more than just apparent. 

Another difference occurs when we consider minimal degree. We have computer 
calculations that show that K$(F, t) does not satisfy a PI of degree 2n — 3 = 7; on the 
other hand, K2m(F, t) satisfies qm, a PI of degree 2n — 3 = 4m — 3. It is possible that 
Kn(F,t), n > 5, odd, satisfies a PI of degree 2n —3, but we are inclined to believe that 
the situation at matrix order 5 is enough to predict the general odd (matrix size) case. 
Of course Kn(F, t) as a Lie algebra is of classical type B or D depending on the parity 
of n, and also the Pis satisfied by Kn(F,t) are invariants of the orthogonal groups 
of type B or D (again, depending on parity of n), so these differences are perhaps 
not surprising (for completeness: Pis satisfied by H2m(F,s) are invariants of groups 
of type C); however, it would be interesting to gain a more precise understanding of 
these discrepancies. 

4. This question concerns Procesi's *-trace-PIs. Procesi [Pr2] has shown that all 
*-trace-PIs (and as we have seen with Lemma 1.1.1, all *-PIs) for (Mn(F),t) are 
consequences of a certain set of n + 1 *-trace-PIs, but this proof is not constructive. 
It would be interesting to obtain explicit formulae for these *-trace-PIs. One could 
follow the methods of Chapter 2 (recall, however, that we assumed skew variables), 
though it is our hope that a more efficient method will emerge. 

5. We define a Lie (Jordan) polynomial to be an element of the Lie (Jordan) algebra 
F(y, xi, • • •, Xk) with the usual product [x, y] = xy — yx (x o y = xy + yx). q2 is both 
a Lie polynomial and a Jordan polynomial. 

q2 = A5i-2A5
3+Al 

= Y (~iy(yXo{l)xa{2)Xa{3)xa{4) ~ ^xa{l)xa{2)yXa{3)Xa{4) 
< T G 5 4 

+ Z<7(l)Z<7(2)Z<7(3)Z<7(4)y) 

= 4 Et - 1)^'^1)'^2)^'^3)'^4)^ 
o-e<s4 

Thus g2 is Lie, and to see that it is also Jordan we apply (the easily verified) 

[y, [xa, xb]} = (y o xa) oxb- (yo xb) o xa 
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twice: 

0.2 = ^ Y ( - 1 ) C T [^> [Xa{l),xa{2)]], [xa(3),x<T(4)}} 
a£S4 

= ^ E (~lY[(y ° X^(l)) ° X^(2) ~(y° X*(2)) ° Xa(l), [x<j(3),xa(4)}] 

= J Y (_1)CT((Z ° X°(3)) ° X°(4) ~(ZO X°W) ° X^(3)) 
<7€<S4 

where z := (y o xa{x)) o £CT(2) - (y o £C T ( 2)) O £CT(1). 

So q2 is both Lie and Jordan. Is this true for gm, m > 2? 

6. A final question concerns the structure of spaces of *-PIs. For an arbitrary algebra 
with involution (of the first kind) (A, *) over a field F, consider T((A, *)), the T-ideal 
of *-PIs satisfied by (A,*). In the case of algebras A without involution, the Specht 
problem asks: is 1~(A) finitely generated? This question was answered recently, but in 
two separate parts. First, it was found by Kemer [Kem] in 1987 that in characteristic 0 
the answer is yes, but then in 1999 it was found that in prime characteristic the answer 
is no (counterexamples were produced, see [B],[Gr],[Shc]). It would be interesting to 
answer this question for algebras with involution. 
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