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Abstract

In the first part of this thesis, we present the first non-trivial small value estimate that
applies to an algebraic group of dimension 2 and which involves large sets of points.
The algebraic group that we consider is the product C x C*, of the additive group C
by the multiplicative group C*. Our main result assumes the existence of a sequence
(Pp)p>1 of non-zero polynomials in Z[X;, X5] taking small absolute values at many
translates of a fixed point (£,7) in C x C* by consecutive multiples of a rational point
(r,s) € (Q*)* with s # +1. Under precise conditions on the size of the coefficients
of the polynomials Pp, the number of translates of (£,7) and the absolute values of
the polynomials Pp at these points, we conclude that both ¢ and n are algebraic
over Q. We also show that the conditions that we impose are close from being best
possible upon comparing them with what can be achieved through an application of
Dirichlet’s box principle.

In the second part of the thesis, we consider points of the form 6 = (1,04, ...,604_1,&)
where {1,6,...,04_1} is a basis of a real number field K of degree d > 2 over Q and
where ¢ is a real number not in K. Our main results provide sharp upper bounds
for the uniform exponent of approximation to 6 by rational points, denoted A(6),
and for its dual uniform exponent of approximation, denoted 7(6). For d = 2, these
estimates are best possible thanks to recent work of Roy. We do not know if they
are best possible for other values of d. However, in Chapter 2, we provide additional
information about rational approximations to such a point 8 assuming that its ex-
ponent 5\(0) achieves our upper bound. In the course of the proofs, we introduce
new constructions which are interesting by themselves and should be useful for future

research.
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Introduction

This thesis has two parts. In the first part, which is Chapter 1, we prove a new small
value estimate for the group C x C*. This result provides necessary conditions for
the existence of certain sequences of non-zero polynomials with integer coefficients
taking small absolute values at points of C x C*. In the second part, divided in two

chapters, we prove two new results of Diophantine approximation.

Part 1.

We present the first non-trivial small value estimate that applies to an algebraic group
of dimension 2 and which involves large sets of points. The algebraic group that we
consider here is the product C x C*. Our main result shows that if there exists a
sequence (Pp)p>1 of non-zero polynomials in Z[ X, X5] taking small absolute values
at many translates of a fixed point (£,7) in C x C* by multiples of a rational point
(r,s) € (Q*)* with s # 41, then both ¢ and 7 are algebraic over Q. More precisely,
for each integer D > 1, we request that Pp has degree at most D and norm at most
eP” for some fixed number 3 > 0. The translates at which we evaluate Pp are points
of the form v, = (£, n) +i(r, s) with 0 <i < 3|D”| where o > 1 is fixed. We request
that

Pol)l < e (0<i<3D7)) (1)
where v is fixed. The conclusion that £ and n are algebraic is then obtained by

assuming that the parameters 5,0 and v satisfy the conditions

(c—1)(2—0)
B—o+1

,a+2}. 2)

1<o<2, p[>0+1, 1/>max{ﬁ+2—a+



An application of Dirichlet’s Box principle shows that, given (£, 7), (r,s) € CxC*,
there always exists such a sequence (Pp)p>1 satisfying condition (1) if0 <o < 2, >
c+landrv<f+2—o0.

Since (0 —1)(2—0)/(B — o + 1) < 1/8, the main lower bound that we impose on
v is weaker than

y2(5+2—0)+é.

We do not know if the conditions (2) can be improved but this shows that if it is not
best possible, the largest saving that we could achieve is no more than 1/8. Therefore,
in a sense, it is close to be best possible.

We also show that, in order to reach the conclusion &, € Q, we need the param-
eter o to be at least 1. Assuming that ¢ < 1,3 > 20, we show the existence of a
point (&,n) with algebraically independent coordinates for which there is a sequence
(Pp)p>1 satisfying (1) for any v > 0. This is a consequence of a construction of
Khintchine—Philippon.

The proof of our main result is an adaption of the argument of D. Roy in [21]. In
this paper, the author proves a similar result. He also considers a sequence (Pp)p>1
of polynomials in Z[X;, X3 of degree < D and norm < eP” . The difference is that,
these polynomials Pp are assumed to have the absolute values at most e=?" at one
point (§,7n) in C x C* together with their derivatives with respect to the operator
D= 8LX1 —|—X28ix2 up to order 3| D™ | — 1, while in our work, the polynomials Pp have
absolute values at most e™P" at 3| D7 | translates of (§,7). The constraints on the
parameters 7, 3, in [21] are almost the same as (1) (where 7 replaces o and g > 7
replaces 8 > o + 1). In both cases, the conclusion is that &,7 € Q.

To prove our result, we apply elimination theory in the form developed by M. Lau-
rent and D. Roy in [14] in terms of height of a Q-cycle relative to a convex body.
More precisely, as in [19], we consider some homogenization of the polynomials Pp
and for each D > 1, we define an appropriate convex body Cp. Then using elimi-
nation theory, we obtain a zero-dimensional Q-subvariety Zp whose height he,(Zp)
relative to Cp is very small (negative). Up to this, the argument is very similar to
[21]. The rest of the proof is different since we deal with several points.

In order to reach the conclusion, we need to analyze the distance from the points

vi



of Zp and the points v, = (1,§ + ir,ns’) (i € Z). This analysis is complicated and
involves a new interpolation estimate as well as a diophantine analysis of the ideal
of homogeneous polynomials of C[X, X7, X5] vanishing on all the points 7; with
0 <i < |D?]. We refer readers to the precise outline of the proof given in Chapter
1. Despite this big difference in the proof of our main result, it is surprising that we
reach the same conclusion &,7 € Q by asking constraints on o, 3, v which are almost
the same as those in [21] for 7, 3, v.

In [17], D. Roy made a statement in the form of a small value estimate and
prove that it is equivalent to Schanuel’s conjecture, one of the main open problems in
transcendental number theory. In this paper, the author considers a certain sequence
(Qp)p>1 of polynomials in Z[X;, X5] with partial degree < D™ in X; and partial
degree < D% in X, and norm < e”. He requests that the polynomials Qp take
the absolute values < e~P" with their derivatives up to order D*! at all the points
mi Y1+ +mYy (0 <m; < D*?) where T; = (&,n;) (0 <i < /) are fixed points of
the algebraic group C x C* such that &,...,& are linearly independent over Q.

Assuming that

1
max{l,tl, 2t2} < min{sl, 282}, max{$1,52 —+ tg} <u< 5(1 + 1t + tz),

he shows that
tr'degQ(gla cee 7§fa m,... 77”) Z L.

Our present result implies that if tr.degg(£,7) > 1, then for each (r,s) € Q*? with
s # £1, and for each triple (o, 3, v) satisfying (2), there exist infinitely many integers
D for which any non-zero polynomial P of Z[ X7, X5] of degree < D and norm < P’
satisfies

P j >e D",
OgglgatgoH ((&m) +i(r,s))| > e

This is a modest step in the direction of the Schanuel conjecture, but it improves on

previously known results.
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Part 1I.

The second part of the thesis deals with the two most basic problems of Diophantine
approximation. One of them consists in finding good rational approximations to
a given real point (6;,...,0,). The other consists in finding small linear integral
combination of 1,6;,...,60,. In their precise form both problems request to solve

some systems of linear inequations. In the first case, we look for non-zero integral

solutions x = (zo, ..., x,) to the system
[wo| <X, |mobh — 1| < X7, L, |woln — x| < X (3)
where A > 0 is fixed and X goes to infinity. If x = (z,...,x,) is a solution of the
system with X large enough, then xy # 0 and the point (z1/zo, ..., x,/zo) provides
a rational approximation to (6q,...,6,). In the second case, we look for non-zero
integral solutions x = (xq, ..., x,) of the system
|x0—|—x161+---+xn9n|§X_T, |I1|§X7 tt |xn|§X (4)

where 7 > 0 is fixed and X goes to infinity. The two problems are dual of each other
and the geometry of numbers provides remarkable connections between them. In this
thesis, we are interested in the so-called uniform exponents of approximation attached
to each problem. Following a convention introduced by Bugeaud and Laurent in
2], we denote by A(1,61,...,6,) (resp. by 7(1,0y,...,6,)) the supremum of all real
numbers A > 0 (resp. 7 > 0) such that the system (3) (resp. (4)) has a non-zero
integer solution for each sufficiently large X. An application of Minkowski’s first
convex body theorem shows that, if @ := (1,6y,...,0,) has Q-linearly independent
coordinates, then A(6) > 1/n and 7(8) > n.

It came as a surprise when it was shown in [18], some ten years ago, that there
exist real points @ with coordinates in a field of transcendence degree 1 for which
at least one of these exponents (and in fact both of them) strictly exceed the above
lower bounds. In [2] and [22], Bugeaud, Laurent and Roy produced more examples
of such points. However, in all cases, these points lay on an algebraic curve in R3
defined by an irreducible homogeneous polynomial of Q[zg, z1,xs] of degree 2. For

transcendental points on algebraic curves of higher degree (defined over Q), we only
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have upper bounds on their exponents of approximation. For example, Davenport
and Schmidt showed in [6] that A(1,6,62,6%) < 1/2 for any real number 0 which is
not an algebraic number of degree < 3. This upper bound was improved by Roy to
about 0.4245 in [19], but at present an optimal upper bound is not known. More
recently Lozier and Roy showed in [15] that A(1,6,6%) < 2(9 4 v/11)/35 ~ 0.7038 for
any real number # such that 1,0, 0% are linearly independent over Q.

Let a be a quadratic real number. It is shown in [22] that, for any £ € R\ Q(«),
we have A\(1,a,&) < (V5 —1)/2 ~ 0.618, with equality for a countable set of real
numbers £. The proof of the upper bound in this case is simpler than the estimate
;\(1, ¢,€%) < (v/5—1)/2 proved by Davenport and Schmidt for non-quadratic irrational
real numbers ¢ in [6]. This motivated us to establish upper bounds for the uniform

exponents of approximation to points of the form

0= (1701, c. ,edfluf)

where {1,6,...,0,4_1} is a basis of a real number field K of degree d > 2 over Q and
where £ € R\ K. In a simplified form, our main result in Chapter 2 says that such a

point satisfies ) )
NCES) — )

where )4 is the unique positive real root of the polynomial (d—1)4"tz?+- - +(d—1)z%+
2 —1. This improves on the trivial upper bound A(8) < A(1,6y,...,04_1) = 1/(d—1).
Similarly, our main result in Chapter 3 is that

1+45
2

7(0) <74 : (d—1)+1. (6)

Following the pioneer work of Davenport and Schmidt in [6], the proofs of both results
are based on an analysis of the sequences of so-called minimal points attached to 0,
in relation to the problem under consideration.

Our main contribution in Chapter 2 is a careful study of the heights of the sub-
spaces spanned by consecutive minimal points. It leads to an inequality relating the
norms of properly chosen minimal points. It took us much work to discover and prove

this result but with its help, the proof of (5) goes relatively easily.
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Our analysis of the sequence of minimal points attached to the other problem
is quite different. In Chapter 3, we assume that @ = (1,q,...,a%" 1, £) where « is
a primitive element of the field K. Then we combine several linearly independent
minimal points to construct polynomials in o with small non-zero absolute values
and then we use Liouville’s inequality to bound from below these absolute values.
This yields inequalities relating the corresponding minimal points. These estimates
and others coming from geometry of numbers lead to the proof of (6).

A more complete outline of each proof is given in the corresponding chapter. In
both chapters we also give alternative proofs of some of our results when they are
obtained through non-explicit constructions based on Diriclet’s box principle or on
geometry of numbers. These alternative arguments are based on the construction of
explicit auxiliary polynomials adapted to our problem. In Chapter 2, we also present

the construction of a point (1, /2, V/4,£) with surprising Diophantine properties.
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Chapter 1

A new small value estimate for the

group C x C*

1.1 Introduction and results

The theory of transcendental numbers started with Liouville’s memoir of 1844. There,
he investigated a class of numbers z, now called Liouville numbers, for which there
exists a rational number p/q such that |x — p/q| < 1/¢™ for any positive integer n,
and showed that these are transcendental.

In 1873, Hermite showed that e is transcendental. This is the first number proven
transcendental but not constructed to be transcendental.

In 1882, Lindemann proved that e to any non-zero algebraic number power is
transcendental. As a consequence, 7 is transcendental. This yields the negative
answer for the squaring circle problem, proposed by ancient Greek geometers.

Generalizing the method of Lindemann, Weierstrass established a result, named
for both of them.

Theorem 1.1.1. (Lindemann-Weierstrass) If aq, . .., ay, are algebraic numbers which

(e79)

are linearly independent over Q then e*, ... e* are algebraically independent over

Q.



CHAPTER 1. A NEW SMALL VALUE ESTIMATE 2

In 1934, Gel’fond and Schneider proved independently that if o and g are alge-
braic numbers with « # 0 and § ¢ Q, then for any choice of loga # 0, the number

af = eflog ig transcendental.

A basis tool in transcendental number theory consists of the construction of aux-
iliary functions taking small values at many points of an algebraic group. If these
values are integers < 1, then they all vanish and we can apply a zero estimate to
conclude. If these values are algebraic, we can instead apply Liouville’s inequality
and hopefully conclude that these values are zero, such as in the proof of Gel’fond-
Schneider Theorem. When the field generated by these values has transcendence
degree 1 over QQ, a substitute for Liouville’s inequality is given by Gel’fond’s criterion
in [10]. When the transcendence degree of this field is higher, one can use Philippon’s

criterion (Theorem 2.11 of [16]). We recall these criterions below.

Gel’fond criterion. Let £ € C. Assume that there exist real numbers
B>1, v>pF+1
and a sequence of non-zero polynomials (Pp)p>1 C Z[X] such that
deg Pp < D, ||Pp] <™, |Pp()] <e™™

where ||Pp|| denotes the norm of polynomial Pp, i.e. the largest absolute value of its
coefficients. Then Pp(&) = 0 for all sufficiently large integers D > 1. In particular,
£eQ.

Philippon’s criterion. Let @ = (1,64,...,0,,) € C™"" let 6 denote the correspond-
ing point of P, (C), and let k be an integer with 0 < k < m. Moreover, let (D,)n>1
be a non-decreasing sequence of positive integers, and let (T,,)n>1 and (Vy,)n>1 be non-
decreasing sequences of positive real numbers such that

lim su Vn
1 _—
nine” (D, + T, DE

= 00.
Suppose also that for each n > 2 there exists a non-empty family F, consisting of
homogeneous polynomials in Z[Xo, X1, ..., X;n| which satisfy the following two prop-

erties.
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(i) For each P € F,, we have

deg(P) = D, W(P) < T, and |P(6)| < e P||[|0]|”".

(i) The polynomials of F,, have no common zero « in P™(C) with

dist(0,a) < e”'m-L.

Then we have k < m and the transcendence degree over Q of the field Q(01,...,0,)
is>k+1.

Using his criterion, Gel’fond proved in [9] the following result.

Theorem 1.1.2. If « and 3 are algebraic numbers with o # 0 and [Q(B) : Q] = 3,
then for any choice of loga # 0, the numbers e°'°¢% and ePlosa gre algebraically

independent over Q.
Applying Philippon’s criterion, G. Diaz established the following result in [§].

Theorem 1.1.3. Let « and (B be algebraic numbers with o # 0 and [Q(B) : Q] = d.
Then, for any choice of loga # 0, we have

_ d+1
tr.degoQ(e” o8 .. .,eﬁd 11Ogo‘) > {LJ )

2

For future progress in Transcendence and Algebraic Independence, it is desirable
to study situations where the values are not small enough so that we can apply
Philippon’s criterion.

D. Roy presented in [21] such a situation and showed an improvement on a di-
rect application of Philippon’s criterion. More precisely, he established the following

result.
Theorem 1.1.4. Let ({,n) € C x C* and let 7, B,v € R with

(r—1)(2—1)
f—1+1 7 T+2}'

1<7r<2, pB>r, V>max{ﬂ—|—2—7’—|—



CHAPTER 1. A NEW SMALL VALUE ESTIMATE 4

Suppose that, for each sufficiently large positive integer D, there exists a non-zero

polynomial Pp € Z[X1, Xs] of degree < D and norm < exp(D?) such that

. Y 0 0
DI P <e P h D= X .
ot [P PR WIS 0 where B =50+ Xa5%,

Then, we have &, € Q and moreover D'Pp(£,m) = 0 (0 < i < 3|D7|) for each
sufficiently large integer D.

In this chapter, we adapt the approach of D. Roy in [21] to establish the following

result.

Theorem 1.1.5. Let (§,n7) € C x C* and (r,s) € Q** with s # +1. Let 0,3, v € R
such that

1<o<2, p[>0+41, y>max{ﬁ+2—a+

(c—1)(2—0)
f—o+1 J+2}'

Suppose that, for each sufficiently large positive integer D, there exists a non-zero
polynomial Pp € 7] X1, Xs] such that

degPp < D, |[Ppl <€, max |Pp(&+irns) <e ™. (1.7)
0<i<3| D7

Then we have &,1 € Q.

For any (£,7),(r,s) € C2, Dirichlet’s Box principle ensures the existence of a
sequence of polynomials satisfying (3.3) when the condition
(c—1)(2—-0)
B—o+1

is replaced by v < f+ 2 — 0. So we are not able to conclude anything in this case.

v>max{f+2—o0+ o+ 2}

More precisely, we have the following result.

Proposition 1.1.6. Let (§,7),(r,s) € C*. Let 0,3,v € R such that
0<o<2, pB>0+1 v<f+2-o.

Then, for each D > 1, there exists 0 # Pp € Z[X1, Xs| such that

Pp <D, |Pp| <e” P ir,mst)| < e P,
deg Pp < D, |Pp| <e”, ogﬁ?ﬁgq‘ p(§+jrns’)| <e
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Proof. Fix a large integer D. Put S = 3| D?]. Let Up be the set of polynomials
in Z[X1, Xs]<p with non-negative integer coefficients and norm < eP” . Consider the

map
fTZ UD — RS
P+ (P(E+jr,ns’))o<j<s

D+2 1
CardUp > exp (Dﬁ ( ;_ )) > exp (§D’8+2) )

We have

Moreover, for each 0 < 7 < S, we have

) D +2
P(€ + jr,nsT)] < ( N

9 )eDBmax{l, 1€+ jr, |775j]}D < 4P’

. s
since > o + 1. So (P(& + jr,ns’))o<j<s belongs to S-cube [—e‘lDﬁ, €4Dﬂ} .

On the other hand, the interval [—ewﬂ, €4Dﬂ} can be covered by a union of at

most 1 + 2¢*P”+P” gubintervals of length e=2”. Hence the S-cube [—ewﬂ, 64Dﬂr is
covered by at most (3e*P°TP")S < exp(16D™*>F+1+7) smaller S-cubes of edges of
length e=P”. Since 0 < 2, and v < 8+ 2 — o, we find that Up has a cardinal greater
than the number of such small S-cubes.

By Dirichlet’s Box Principle, there exist two distinct polynomials Qp, @, in Up

mapping to the same small S-cube. This means that

(@b — @p) (& +jrns’)| < e

for all 0 < j < §. Since p and Qp have coefficients in [O,eDﬁ], the polynomial
Pp = Qp — Q' is non-zero and has norm || Pp|| < e?’. Thus it satisfies the required

properties. ]

The above Proposition implies that, we cannot reduce the lower bound on v in
Theorem 1.1.5 by more than
0-12-0) (¢=-1)2=0)
b—o+1 2

Now we will explain why we need ¢ > 1. This follows from a result of Khintchine

<

ool =

revisited by Philippon in [16, Appendix].
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Theorem 1.1.7. (Khintchine - Philippon) Let v : N — (0,1) be a decreasing
function. Then there exists (£,m) € R x R* with the following properties

e & and n are algebraically independent over Q,

e for each D > 1, there exists a non-zero linear form Lp € 7| X1, Xs] such that
ILpll <D, [Lp(&n)| < ¢(D).

Corollary 1.1.8. Let (r,s) € Q x Q*. Let o, 8,v € R such that
0<o<l, pB>20 v>0.

Then there ezists (£,m) € R x R* with the following properties
e &£ n are algebraically independent over Q,

e for each D > 1, there exists a non-zero polynomial Pp € Z[X1, Xs]<p such that

deg Pp < D, ||Pp| < e P ir,nst)| < e P
egPp <D, |Ppll <e™, Ogggﬁm| p(§+jrns’)| < e

Proof. From theorem 1.1.7, we deduce the existence of (£,7) € R x R* with the

following properties
e ¢ and n are algebraically independent over Q,

e for each D > 1, there exists a non-zero linear form Lp € Z[X;, X5] such that

ILoll < D, |Lp(&n)| < exp(=D" — D).

Set
Pp(X1,X) =[] dLo(Xi—jr,s7X,)
0<j<3|D7|
where d is a positive integer such that ds™',dr € Z. Assuming D large enough, we
have
deg Pp =3|D?] < D since o < 1.
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Moreover, we get

IPoll < 3% max ||d’Lp(Xy — jr, s Xo)[*Y”
0<j<8[D° |
< 307 (&P || Lp|| (1 + 3D%|r| + |7 PP7))
< BB DA+ |r| + s )*P7)*

< e’ (since B > 20),
and

[Po(€+jrns)| =" (Lo T 1o+ = Hrns’)]

J'#i
0<j'<3|D7]

20 _nv_ o _ o 3D
< e PP (Do) (14 1]+ 3D7 ] + Inl(s] + 1s~)*7) )

v - o\ 3D
< e PP PP (D (14 Jel+ Irl + (il + 1) (sl + 1s7) ™)
<e (since B > 20). O
This result shows that Theorem 1.1.5 does not hold if we replace the condition
1 <0 <2by0<o0 < 1. Indeed, for such o, the pair (£,7n) constructed by Corollary

1.1.8 satisfies all the hypotheses of the theorem (for any choice of 5 > ¢ 4+ 1 and

v > 0) but it does not satisfy the conclusion.

1.2 Preliminaries

In this section, we introduce the results of dimension theory and elimination theory

that we will need in the proof of our main result (Theorem 1.1.5).

Let m be a positive integer. We denote by C[X] the ring of polynomials in variables
Xo, ..., X with coefficients in C. For each integer D > 0, we denote by C[X]p its

homogeneous part of degree D.
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1.2.1 Dimension and degree of algebraic subsets of P (C)

Let S be a subset of C[X] consisting of homogeneous polynomials. We denote by
Z(5) the set of common zeros in P"*(C) of the polynomials of S. Then Z(S) = Z(I)
where [ is the homogeneous ideal generated by S.

Given a subset Z of P™(C), we say that Z is an algebraic subset of P (C) if
Z = Z(I) for some homogeneous ideal I of C[X]. If the corresponding ideal is prime,
we say that Z is an irreducible algebraic subset of P™(C).

By a Q-subvariety of P (C), we mean the zero set in P™(C) of a homogeneous
prime ideal of Q[Xy, X1,. .., X,,] distinct from the ideal (X, ..., X,,). Such a set is
non-empty but may not be irreducible as an algebraic subset of P"*(C).

Let Z be an algebraic subset of P™(C). We say that Z has dimension ¢ and write

dim(Z) = t if there exists a chain of irreducible algebraic subsets
0=20G & ZnCZ

but no longer chain.

Ezample 1.2.1. (i) dim(P™(C)) = m.
(i) dim(0) = —1.

(iii) dim(Z(P)) =m —1 if P is a non-zero homogeneous polynomial of C[X].

Fix an algebraic subset Z of P™(C) of dimension d. Denote by Z(Z) the ideal gen-
erated by all homogeneous polynomials of C[X] vanishing on Z. Then C[X]/Z(Z) is a
graded C[X]-module whose homogeneous part of degree ¢ is denoted by (C[X]/Z(Z)):.
It is well-known that there exists a polynomial Hz(t) € Q[t], called the Hilbert poly-
nomial of Z, such that

Hyz(t) = dime(C[X]/Z(Z)),

for each sufficiently large integer ¢. More precisely, Hz(t) is a polynomial of degree d

HZ@):aO(;) +a1<df1) +~~+ad<é>

of the form
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where ag, ay, ..., aq are integers.
If Z # (), we have d > 0, and we define the degree of Z to be deg(Z) = ap. This

is a positive integer.

Ezample 1.2.2. We have
; t+m
Hpn (o) (£) = dime(C[Xo, ..., X,uJs) = ( )

and so deg(P™(C)) = 1.

To establish our result, we will work with Q-subvarieties of P"*(C) of dimension
0. Note that, if Z is a Q-subvariety of P"(C) of dimension 0, then Z is finite,
more precisely, deg(Z) = |Z| and if (ag, 1, ..., qy,) is a representative in C™*1 of
a point of Z with at least one coordinate equal to 1, then Z consists of the points
(o(ag) : o(aq) = ... o(ay)) € P™(C) where ¢ runs through all embeddings of
Q(ap, . - ., ay,) into C.

1.2.2 Basic results in Elimination Theory

In our work, we will use consequences of the following result, which derives from [5,

Lemma 3].

Theorem 1.2.3. Assume that Z is an algebraic subset of P"(C) of dimension d > 1.
Let P be a non-constant homogeneous polynomial of C[X] such that Z(P) does not
contain any irreducible component of Z (over C). Then the intersection Z N Z(P)
has dimension d — 1 and degree at most deg(Z) - deg(P).

Moreover, if Z is d-equidimensional, i.e., if every component of its decomposition
into irreducible algebraic subsets of P™(C) has dimension d, then ZNZ(P) is (d—1)-

equidimensional.

In fact, Lemma 3 of [5] shows that deg(Z N Z(P)) = deg(Z) deg(P) if P has no
multiple factor so that the ideal (P) is reduced.
If Z = P"(C) then we have deg(P™(C)) = 1 and so, by the theorem, we get the

following result.
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Corollary 1.2.4. Let P be a non-constant homogeneous polynomial of C[X]. Then
deg(Z(P)) < deg(P).

If Z = Z(Q) where @ is a non-constant homogeneous polynomial of C[X], then
Z(Q) is (m — 1)-equidimensional. In particular, if P and @ belong to Q[X] and have
no common factor in Q[X], then they also have no common factor in C[X]. Therefore,

we obtain the following result.

Corollary 1.2.5. Assume that P and Q are non-zero homogeneous polynomials of
C[X] (resp. Q[X]) which have no common factor in C[X] (resp. Q[X]). Then Z(P,Q)
is (m — 2)-equidimensional and has degree deg(Z(P,Q)) < deg(P) deg(Q).

We now introduce the main tool used in our work, the Chow form of Q-subvarieties
Z of P"(C). We start with the definition of resultant, which is the Chow form of

P™(C) as we will see below.

Let D € N*. For each v = (1, ..., v,) € N we define X¥ = X°--- X/, Let

v .
Ui: E UZ’J,X, ZZO,...,m
veNT+l
lv|l=D
be m + 1 generic homogeneous forms in Xy, ..., X,, of degree D, i.e. homogeneous

forms in X with indeterminate coefficients.

As is well-known, there is a polynomial in w;, with integer coefficients, called the
resultant, denoted Resp(Uy, ..., U,,), such that

e Resp(Uy, . ..,Up,) is irreducible over C,

e Resp(Up, ..., Uy) is homogeneous of degree D™ in (u;y)p=p for each index
i=0,...,m and it has total degree (m + 1)D™,

e viewing the resultant as a polynomial map Resp : (C[X]}’)IJrl — C, we have
ReSD(P(),Pl,...,Pm) =0 iff Z(P(),...,Pm) %@

for any tuple (Py, Py, ..., Py) € CIX]7H.
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(See [23, Chapter XI] for more details.)

We now define the Chow form of Q-subvarieties of P™(C). Assume that Z is a
Q-subvariety of P™(C) of dimension ¢. The first section of [16] shows the existence of
a polynomial F'(Uy,...,U;) € Z[u; ;0 < i <t,|v| = D] with the following properties

o F(Uy,...,U,) is irreducible over Z,

e [ is homogeneous of degree D' deg(Z) in (u;u)jy)=p for each i =0,...,¢ and it
has total degree (t 4+ 1)D" deg(Z),

e viewing F'(Up, ..., U;) as a polynomial map F : C[X]:5! — C, we have

Z(F)={(Py,...,P) e CX]SY; Z(Py,...,P)NZ #(}.
For given Z and D, such a polynomial is unique up to multiplication by +1. We

call it the Chow form of Z in degree D.

We define the (logarithmic) height h(Z) of Z as the logarithm of norm of its Chow

form in degree 1.

By the definition, when Z = P™(C), the corresponding Chow form is simply the
resultant in the same degree. For D = 1, this is *det | (4;)o<i<m | which has

lv|l=D
non-zero coefficients £1. Thus we have h(P™(C)) = 0.
In the case where Z is a Q-subvariety of P"*(C) of dimension 0, the corresponding
Chow form F in degree 1 is a homogeneous polynomial of degree deg(Z) in m + 1

variables. Viewing it as a polynomial map F': C[X]; — C, we have
Z(F)={LeC[X];; Z(L)NZ # 0}.

Note that, for any point of such Z with representative o = (o, g, . . ., v, in P(C)

with at least one coordinate equal to 1, Z consists of the deg(Z) points
(o() :o(aq) ... o(ay)) € P™(C)

where o runs through all embeddings of Q(ay, ..., a,,) into C. Therefore, writing F
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as a polynomial in Xg, ..., X,,, F' has the form

d
CLH (O'Z‘(Oéo)Xg + O'Z'(Oél)Xl + -+ O'i(Oém)Xm), a € Z

=1

Let C be a compact subset of C[X]p with non-empty interior. We call it a convex
body of C[X]p if we have aP 4 b@Q € C for any P, () € C and for any a, b € C with
0 < |a|+|b] < 1. Then all the polynomials of C[X]p of norm < 1 form a convex body
of C[X]p. We call it the unit convex body of C[X]p.

For a Q-subvariety Z of P""(C) of dimension t and its corresponding Chow form
F in degree D, we define the height of Z relative to convex body C of C[X]p to be

he(Z) = he(F) = log || Flc

where ||F|lc = sup{|F(Fo,...,P)|; Po,..., P, € C}. We also use the same notation
| F'||e not only for the Chow form but also for any polynomial map F : C[X]}, — C
with ¢/ > 1.

Given t € {0,...,m}, we define a Q-cycle of dimension t in P™(C) to be a formal

linear combination of distinct Q-subvarieties Z1, ..., Z, of P™(C) of dimension ¢
Z:m1Z1+---+mSZS

for some positive integers my, ..., ms. Such Q-subvarieties 7, ..., Z, are called the
wrreducible components of Z.
We extend to cycles the notions of degree, height and height relative to a convex

body by writing
deg(Z) =Y mideg(Z), WZ)=> m;h(Z;)
i=1 =1

and

he(Z) =Y mihe(Z;)

where C stands for an arbitrary convex body of C[X]p for some D € N*.

By the definition, we get the following result.
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Corollary 1.2.6. Let Z be a Q-cycle of P™(C) and C be a convex body of C[X]p.
Assume that

he(Z) < ah(Z) + bdeg(2)

for some a,b € R. Then there exists an irreducible component Z' of Z such that
he(Z') < ah(Z') + bdeg(Z").

In the proof of our main result, we construct a certain Q-subvariety of dimension
0, obtained as an irreducible component of a certain Q-cycle of P*(C) of dimension
0. To derive estimates relative to such a QQ-subvariety, we use the following lemmas,
taken from the paper [21] of D. Roy (see also [5]).

The first lemma compares the height of a Q-cycle Z with its height relative to the
unit convex body of C[X]p.

Lemma 1.2.7. [19, Lemma 2.1] Let D be a positive integer and let B be the unit
convez body of C[X]p. Then, for any integer t € {0,1,...,m} and any Q-cycle Z of

P™(C) of dimension t, we have
\hs(Z) — D' h(Z)| < (t+4)(t + 1) log(m + 1) D" deg(Z).
In particular, we have hg(P™) < (m +4)(m + 1) log(m + 1) D™,

The second lemma provides estimates for the intersection of such a Q-cycle with

a certain type of hypersurface.

Lemma 1.2.8. [19, Proposition 2.2] Let D be a positive integer, let C be a conver
body of C[X|p, and let Z be a Q-subvariety of P™(C) of dimension t > 0. Suppose
that there exists a polynomial P € Z[X]|p N C such that Z(P) does not contain Z.
Then there ezists a Q-cycle Z' of P™(C) of dimension t — 1 which satisfies:

(i) deg(Z") = D deg(Z);
(i) h(Z') < Dh(Z) + deg(Z)log || P|| + 2(t + 5)(t + 1) log(m + 1) D deg(Z);

(iii) he(Z') < he(Z) + 2tlog(m + 1) D! deg(Z).
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The third lemma deals with the case where the Q-cycle Z has dimension 0.

Lemma 1.2.9. [19, Proposition 2.3] Let D be a positive integer, let C be a convex
body of C[X|p, and let Z be a Q-subvariety of P™(C) of dimension 0, and let Z be
a set of representatives of the points of Z by elements of C™*! of norm 1. Then, we

have

he(Z) — Dh(Z) =) logsup{|P(c)|; P € C}| < 9log(m + 1)D deg(Z).
acZ
Moreover, if there exists a polynomial P € Z[X]|p NC which does not belong to T(Z),
then we have he(Z) > 0 and
0 < Tlog(m + 1)D deg(Z) + Dh(Z) + » _ log|P(a).
acZ

We will also need the following result, which is a special case of Proposition 3.7
in [14].
Lemma 1.2.10. Let D, s € N*. Assume that Fy, ..., Fy are non-zero multi-homogeneous

polynomial maps from C[X]1* to C and that F = F\ - - - F, has multi-degree (dy, . .., dp,).
Let C be a convex body of C[X]|p. Then we have

: D+2
1Flle < TT 1] < ( T
=1

)

1.3 Notation

In this chapter, the letters i, 7, k always denote non-negative integers.
We fix (£,n7) € C x C* and (r, s) € Q*? with s # +1.
For each i, set 7, = (1 : £ +ir : ns') € P*(C), then v, = (1,£ +ir,ns') is a

representative of v; in C3. For each integer T, we put
ST:{’Yi; O§Z<T}

and

el T s <1,
IPIT + I8l ol if 1] > 1.
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So we have ||v,]| < Cr for 0 <i < T.

In this chapter, for any ring R, we denote by R[X] the polynomial ring in the
variables Xy, X1, Xy with coefficients in R. For any v = (v, 14,1») € N3, we denote
by X* the monomial X°X{* X5? and set |v| = vy + v + 15.

We define the norm || P|| of a polynomial P € C[X] as the largest absolute value
of its coefficients and define the length L(P) as the sum of all absolute values of its
coefficients.

Let 7 denote the map
7. ¢ —C
(z,y,2) — (z,y +ra, sz)

and let 7 denote the induced map from P?(C) to P?(C). Viewing C x C* as a subset of
P%(C) under the standard embedding mapping (y, z) to (1 : y : z), the map T restricts
to translation by (r,s) in the group C x C*.

Let ® denote the C—algebra isomorphism on C[X] which sends a homogeneous
polynomial P(Xy, X, X2) € C[X]p to P(Xo, X1 +7rXo,sXs) € C[X]p. Then we have

7 (P)(7'(z)) = ®"(P)(z) for all z e C>.

Now for each integer T > 0, we denote by I") the ideal of C[X] generated by

) its homo-

all homogeneous polynomials in C[X] vanishing on Sy and denote by I,(:)T
geneous part of degree D which consists of 0 and all polynomials in I™) which are
homogeneous of degree D. For any a € P?(C) with representative a in C3 of norm

1, we also define
15 o = sup{| P(ev)]; P e I3, | P|| <1},

For any subset W of P?(C), we write W to denote an arbitrary set of representa-

tives of points of W by points of C?* of norm 1.

1.4 Outline of the proof of Theorem 1.1.5

We provide here an outline of the proof of our main result. The strategy is similar
to the one of D. Roy in [21]. The difference is that, in [21], the author considers
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polynomials whose derivatives are small up to a large order at one point while in our
work, we consider polynomials taking small values at a large number of points which
are translates of a fixed point (£,7) by multiples of a rational point (r,s). Despite
this difference, it is surprising that we obtain a so similar looking result.

Arguing by contradiction, as in [21], we first replace Pp by an appropriate ho-
mogenization Pp of Pp such that Pp(y,) is equal to Pp(€ + ir,ns’) up to a product
of powers of n and s, and such that X, 1 ]5D, X 1 ]5D. The last condition ensures
that the polynomials ®/(Pp) with i € Z are relatively prime.

For each degree D > 1, we define a convex body Cp consisting of polynomi-
als of C[X]p of bounded norm taking small values at ~,...,¥y, where Tp =
| D?]. The precise condition defining Cp ensures that Cp contains all the polyno-
mials ¢2PT0®7(Pp) with 0 < j < 2T for an appropriate positive integer ¢’

The first crucial property which we prove is that the height hc, (P?*(C)) of P?(C)
relative to Cp is a very small negative number. Recall that this height is the logarithm
of the supremum of the absolute values of the resultant at triples of polynomials from
Cp. A result of [21] implies that the resultant vanishes up to order T at each triple of
homogeneous polynomials vanishing at all points 7; of Sy,,. The problem is that the
polynomials of Cp may not vanish on Sr,,. However, they take small values at each
point of Sp,. In Section 1.5, we prove an interpolation estimate which shows that,
for each polynomial of Cp, there exists a homogeneous polynomial of the same degree
and small norm which takes the same values at each point 7; of Sr,,. Therefore, each
triple of polynomials of Cp is close to a triple of polynomials vanishing on S7,,. As the
resultant vanishes at the modified triples up to a very large order, an application of
Schwarz’s lemma implies that the resultant takes very small absolute values at triples
in C3,. This means that h¢, (P?(C)) is a very small negative number.

Based on this, we adapt the argument in [21] to construct a Q-subvariety Zp of
dimension 0 contained in Z (CDj(PD); 0 < j < 2Tp) whose height he, (Zp) relative to
Cp is very small (negative). The existence of this Q-subvariety Zp is based on the
lemmas of Section 1.2 which are not proved in the thesis. However, for the convenience
of the reader, we give here some explanation on how Zp, is obtained (for details, see

[14] and [21]). First of all, we observe that the divisor of Pp is a Q-cycle of dimension
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1 whose height relative to Cp is very small (negative) since Pp € Cp and he, (P?(C))
is very small (negative). Then we choose an irreducible component Z’ of this Q-cycle
whose height relative to Cp is smallest compared to the standard height and degree
of Z'. Since Xyt Pp, Xy t Pp, there exists a polynomial ®(Pp) with 0 < i < D not
vanishing on Z’. The intersection of Z’ with the divisor of ®(Pp) is a Q-cycle of
dimension 0 whose height relative to Cp is very small (negative). Then, we take for
Zp an irreducible component of this Q-cycle in a similar fashion as we did for Z’.
The rest of the argument is new and differs a lot from the argument in [21]
although the same idea is to reach a contradiction by intersecting (a translate of) Zp
with the divisor of a polynomial of the form ®¢(Pp) for a smaller degree D’. Such a
descent argument is typical in algebraic independence and is crucial for example in the
proof of Philippon’s criterion for algebraic independence [16]. To put this in practice,
we first note that, by the penultimate lemma of Section 1.2, the height h¢, (Zp) is

essentially equal to

Z logsup{|P(ex)|; P € Cp},

where Z, denotes an arbitrary set of representatives of points of Zp by points of C3

of norm 1. We also note that
. (Tp)
sup{|P(a)|; P €Cp} > |I5" |a

for each o € Zp with representative o € C? of norm 1. We show in Section 1.7 that,

for each a € P?(C), we also have
: 2 (Tp)
log dist(cr, Sr,) < T +log |17 |a

for some constant ¢ > 0, where dist(a, Sr,,) denotes the smallest distance between «
and a point of Sy, (we use the projective distance defined in Section 1.7). Putting

all the estimates together, we conclude that

O = Z log dist(«v, St,)

an%

is small (negative), where Z9, is a subset of Zp obtained by extracting the points of

Zp which are far from any points of Sz, .
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For each a € ZY%, we choose an integer t, € {0,1,...,Tp — 1} for which v, € S,

is closest to «. Then we have

0= Z log dist(a, vz, )-

aEZ%

For each pair of integers (m,n) with 0 < m < n < Tp, we define

O(m,n) = Z log dist(a, vz, )-

aEZ%
m<to<n

We also define recursively a sequence of pair (my,n) with k& € N starting with

(mg,ng) = (0, Tp) such that ny — my, is essentially Tp /2%, and O (my,ny) is at most
Ng — Mg

s ©. We show that there exists a largest integer k£ such that
D

T (Zp) C Z(9Pp,); 0<i<2Tp,), (1.8)

where Dy, is the smallest integer satisfying ny —my < Tp,. We show that Dy, tends to
infinity with D. Based on (1.8), we deduce upper bounds for the degree and height of
77" (Zp) in terms of Dy. Similar upper bounds then follow for the degree and height
of Zp, = 77™+1(Z) because |my — my41| < Tp. Now we put D' = Dy11 where D4
is defined similarly as we did for Dj. Because of the choice of k, there exists an integer
io with 0 < i < 2T such that the polynomial P := ®(Pp,) does not vanish on Z4,.

Using a lemma of Section 1.2, this implies a lower bound for ) log|P(a)| in

acZp
terms of the height and degree of Z7,.

Define Wp to be the set of a« € Z% such that my < t, < gy, and for
each a € Wp, define o = 77™+1(«). Then we obtain a similar lower bound for
> acw,, log |P(e)| where o' denotes a representative in C* of .

For each o € Wp, the point o is close to 7™ +1 () = g, Where £, = t, — mpiq

is an integer in the range 0 < ¢, < ngp1 — my1 < Tp. Moreover, we have

P(a)] < \P (Hfjfa”)\ 1 DL(P) dist(al, )
Loy

< em3D" 4 D'L(P)dist(a,s,)-
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If, for some g € Wp, we have |P(af)| < 2e2P", then this is easily found

to contradict the lower bound for »_ . log|P(a’)|. We are thus reduced to the
case where |P(a’)| is essentially bounded above by dist(a/,v,,) or equivalently by

dist(cv, v, ). This give an upper bound for .y log|P(a’)] in terms of
Z log dist(av, V1) = O(Mp11, Nks1)-
acEWp

Again, this contradicts the lower bound on ;. log|P(a)].

1.5 An interpolation estimate for homogeneous poly-

nomials

In this section, we establish an upper bound for the length of an arbitrary homoge-
neous polynomial of C[X] in terms of the values which it takes at the points of Sy,
where M = (L;FQ). This implies that any polynomial in C[X],, is determined uniquely
by its values on &y;. We will use this result to construct interpolation polynomials in

the next section.

Lemma 1.5.1. Let L € N and put M = (L;FQ). Then there exists a constant ¢ =
c(r,s,&,m) > 3 such that any Q € C[X];, has length satisfying

o) < o max [Q(v)| if Is| > 1, o)
T max [Q(v)| if sl < L. |

0<i<M

Consequently, the linear map

¢: C[X], — CM
Q > (Q(7:))o<icm

18 bijective.

Proof. Note that the estimate (1.9) implies that the linear map ¢ is injective. Then,
since dim C[X], = dim C™, this yields that ¢ is bijective.
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It remains to show the first assertion. The result is clear for L = 0 since then
Q € C. Assume that L > 0. We note that, for each (j,k) € N? with j + k = L, the

polynomial

j—1
Qir(X) = Xg 7 [ [ (X1 = (e +ir)Xo)
i=0
has degree j in X;. Hence, for each k < L, the polynomials @);, with j =0,...,L—k

are linearly independent. This implies that the polynomials
(' X2)* Qe (k) €N?, j+k=1L)

are linearly independent, and so form a basis of C[X] since their cardinal is M =
Fix @ € C[X],. We write

for some ¢, € C. We have

L@ < D legl Inl” kH L+ [€] +ilr])

J+k<L
7—1
< O el InTF 1€l + D) TT i+ 1€1+ In)
J+E<ZL i=1
<oM { ; —k j.?}.
<2 max | [ei| |71+ €]+ [r]).g

To find an upper bound for |c;i|, we set P(X) = Q(Xo, X1 + {Xo,nX3). We have

P(X)= Y cpXy X (X = rXo) - (Xy — (= DrXo) X5
J+k<L
For each (i, k) € N? put
) { i(i—1)(i—j+ Dris* if j >0,
Uu =

i

stF it 7 =0,
and, for each, k € N define a sequence uV*) by 4k = (ugj’k))ieN. Set

u = Z cjku(j’k).

jHk<L



CHAPTER 1. A NEW SMALL VALUE ESTIMATE 21

Then
u; = Z cipu™ = P(1,ir,s') = Q(v,).

J+k<L
Let 7 denote the linear operator on CY which sends a sequence (z,,)nen to the shifted
sequence (Z,11)nen. For each (5, k') € N? satisfying j’ + k' < L, we will construct a

polynomial Fj s € C[T] of degree < M such that

0 else.

(ij,k,@)(u(j’“))o:{l (7K =6 (1.10)

If we take this for granted, then cj, = (ij(T)(u))o. Moreover, since deg Fj, < M,

we have

lejrl = [(Fir(T)(w)) | < LOFj) max{|(7"(u))o|; 0 <7< M}
L(Fj) max{|u;|; 0 <i< M}
L(Fy,) max{|Q(~,)]; 0 <i < M}

IN

IN

So we also need an upper bound for £(F};) to estimate |c;g|.

Fix (jo, ko) € N? such that jo+ ko < L. We now proceed to construct Fj,x,. We claim
that
, i(i—1)--- (5 —m+ 1) (rsF)ymud—mk if ;<
(7_ . Sk)m(u(j,k)) _ j(] ) (.] m )(TS ) u nmz=yj (111)
0 iftm >

Indeed, for m = 1, and 5 > 1, we have

(1 — )W)y = (i +1)i- (i — j+ 2)r7sEFE (G — 1) (i — j + 1) s HE

=(rs")((i+1) —(i—j+1))i--(i—j+2)r s

= (rs")jul "M,

)

So by induction on m, we find that (1.11) is true for m < j. Since uO) = gk e

also have (7 — s*)(u(®®) = 0. From this, we deduce that (2.30) is also true for m > j.

Now using (1.11) and u(()j’k) = dg;, we get

((7_ _ Sko)jo (u(j’kO)))O - (Tsko)joj()!(;joj. (1'12)
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In particular, we have
(1 — gho)Ekotl g lGoko)y — 0 since jo + ko < L.
Since this holds for any (jo, ko) with jo + ko < L, we deduce that

IT =" ") =0 whenk+#ko, j+k<L. (1.13)

By [19, Lemma 3.2], there exists a unique polynomial a;,x,(Y) € C[Y] of degree
< L — jo — ko such that

Y L—k'+1 o
aj(),k‘() (Y> H (]_ — m) =1 mOd YL jo—ko+1 (114)

and it satisfies

M —jo—1 1 L=jo=ko
L(a; < 1, —
(CLJOJCO) — <L _ j() _ k?o) ]ICI’lyéak}g { ) |Skl . Skol }
=0, L

IN

L
2MmaX{1,m} if ‘S|<1

< 2MeLif 5] > 1
Ml if s < 1
sl 1

and cg = ———
|s| =1 |s|(1—1s])

. Replacing Y by T — s in (1.14), we get

/

T N Sk L—FK'+1
@jo oo (T — ™) H (W) =1 mod (T — so)L—do=hotL, (1.15)

This yields the following congruence modulo (X — sko)L—ko+l

(T - SkO)Joan,ko (T - Sk0> H <Sko _Ssk’) = (T - SkO)JO'
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Now take
Fpua(T) (T~ oyoay (T — ) ] ( L=
ok = ———— (T — s™)°a, 4, (T — s _—
Jjo,ko (TSkO)jOJO! jo,ko i Sko —
k=0,...,L

Then F}, i, has degree < M and from (1.13) and (1.15) we get

0 if k £

F’jo,ko (7—) (u(j7k)) = . .
(7 — sko)io(ylko)) if k =

(rs%0)70 5!

By (1.12), we get (1.10) as required.

L(

Now, it remains to find an upper bound for L£(F}, ,). We have

1 . o
Fiuia) < i (U 1P £lagoas) (L4 [st) o (
Jo: -
k=0,...,.L
L(a; 1 k L—k+1
< o T ()
|rsko [0 jq ! I[s[F — [s[™]

-----

In the case where |s| > 1, we have

k07
ko.

1+ |s|*

ERED

L—k+1
L(Fop) < 2l (g]sfln)t 11 (—W >
0,~R0 — T —
|rsko |70 jg! i \slFH(sl = 1)
k=0,...,L
2MHLcp ko(L—ko—jo) H L—k+1
< _ |S| o(L—Kko—Jo (201) -
|
7|70 jio! it
:0 7777
(4 [s])MHE
|77 jo!

upon noting that ko(L — ko) < L?/4 < M.

23

L—k+1
Sk)

)L—k+1
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In the case where |s| < 1, we have

' 1 ko\L—ko 1 k L—k+1
ﬁ(Fjo,ko)SE(ajo’kO)( + [s|™) 11 ( + |s| )

rojol - JsfFotEkor — LL A [[sf* — |s]*]
=0,..., L

< 2Mc52ﬁ( 2 )Hﬂ

= rlegol 4 \ sl (1 = s])

4MC§(M+L) (202)4L3

’T’jOjO! - ’r|joj0['
Now we have
< oM 1 Il =" e,
£(Q) <2 mavs {1+ Il + )7l el

< 2 e {(1+1€] + 1Vl ECF) s, 1Q(7)

0<i<M

Take ¢ = 1+ S 4 1p)1=1 we get

Ir|

2M e (dey[s))MHE - max |Q(y,)] i s > 1,

0<i<M
L(Q) <
M L 4L3 | A :
2™ (2e)" - max Q(v,)|  if |s| <1.
We deduce that there exists ¢ = ¢(r, s,£,n) > 1 satisfying (1.9). O

Now we will give an example which shows that the estimate (1.9) established in

Lemma 1.5.1 is a good upper bound for £(Q).

Example 1.5.2. Take r = 1,£ = 0,7 = 1. Since ¢ is an isomorphism, there exists
Q € C[X], such that (Q(1,14,5"))o<icar = (0,...,0,1).
Write
QX) =cor Xy + > Xy P TX(Xy = rXo) -+ (X7 — (j — 1)rXo) X5
J+k<L
k#L
Note that, in the proof of Lemma 1.5.1, if j + &k = L then we have a;;(X) = 1. Thus,

the polynomial
-1

T gk Rl
FOL(T) = H (SL —Sk>

k=0
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satisfies cor, = [FoL(7)(u)]o < L£(Q) where u; = 0foralli < M—1and up—1 = 1. Since
deg For, = Y p-a(L—k+1) =M —1 and (7%(u))o = 0 for i < M —1, [tM " (u)]p = 1,
we deduce that [For(7)(u)]o is exactly the leading coefficient of For(T'). So

[For(T)(u)]o = Ll—[_l (ﬁ) L_kﬂ.

k=0

Take s = 1/2, by induction on L, we can check

L-1 Lak N L—k+1
@@l =T (r—g) 227

k=0

So
265 < £(Q) < & = ¢ - max{|Q(,)],0 < i < M},

1.6 Decomposition of polynomials in (")

In general, given an arbitrary homogeneous ideal J in C[X], we cannot expect that
Jy C (Jp) when N > D where Jy, Jp denote the homogeneous parts of J of
respective degrees N, D. In this section, we consider the ideal 1) = Z(Sy), defined

in section 1.3. We will ShOW lhat
[T Z—T

when N > D and T" < (LD/ §J+2). More precisely, for any polynomial Q € [](VT), we
will prove that
Q=Y XQ

veN3
lv|=N-D

for some Q, € I,(jT) with an upper bound for > £(Q,). Assuming that N = T, this

will lead to an upper bound for |I§T)|a in terms of |Il()T)|a, valid for any a € P?(C).

Lemma 1.6.1. Let K, L, N,T € N such that

L+2
N+ L<2K<2N<3K+2, Tg(?)
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and let Q) € [](VT). Then we can write
2
Q=) X7"q
=0

for some Q; € II((T) satisfying

2 L3 KK :
3 T"LC <1,
ZE(Q]> S c LSITK (Q) Zf|8|
= 3" L(Q)  if|s| > 1
where ¢; = 1+ || + |n| + |r| + |s| and c is as in Lemma 1.5.1.
Proof. Since N > 3(N — K — 1), for each triple v in S := {v € N3, |v| = N}, there

exists at least one coordinate > N — K. For each t = 0,1, 2, set

Sy ={v = (vy,v1,1n) €S ; n>N—K}.

Then
S =SyUS1US,.
Fix Q = Z XY € I](\?). Then we have Q) = Z?:o XJN_KPJ- where
v 3
\u|:E]\I>I—D

VES)H 0
XV
Pl - E Cy N—K >
I/ESl\So 1
XV
P2 = E Cy N_K
UESQ\(S()USl) 2

are polynomials in C[X]x. We find that £(Q) = Z?:a L(P;).
Applying Lemma 1.5.1 with M = (L;FQ), we get that, for each 1 < j < 2, there
exists R; € C[X],, such that

Pi(v,) if0<i <T,

R‘ i) —
o) { 0 T <i<M.
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and

L3 ;
¢’ max |P;(v; if |s| <1,
cmy<] LRl i
ct maxo<i<r |Pj(v,)| if |s| > 1.

For each 0 <i < T, we have

|Pj(v:)] < L(P;) - max{L, € +ir["[ns']"*; t1 +to < K}

< cKTE . L(Py) if |s] <1,
K. L(p;) if|s| > 1.

Hence

L(R;) <

HFETE . L(P)  if |s| < 1,
KL L(Py) if |s| > 1.

Since 2K — L > N, and N > K > L, the polynomials
Qo= P+ X N(XYER + XJTRRy),
Q1 =P — X "Ry,
Q2 =P — X[ 'R,
belong to C[X]x. By construction, we have Q;, Qs € I™). Since Q = Z?’:o XJN’KQJ-
belongs to I, we deduce that XéV_KQO € 1D hence Q, € I™. Moreover we have

D L(Q)) S 2L(Ry) +2L(Ry) + > L(P;)

j=0 j=0

26 KTE . (L(P) 4 L(P)) + L(Q) if |s| <1,

2 TE L (L(P) + L(P)) + L(Q)  if |s| > 1.
3 KTEL(Q) if |s| < 1,
3 TEL(Q)  if |s| > 1.

N

IN

]

Proposition 1.6.2. Let D, N, T be positive integers with N > D and T < (LD/SHQ).
Then any @ € I](VT) can be written in the form
62:: EE: )(VCQV

veN?
lv|=N-D
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for a choice of polynomials Q,, € I,(DT) satisfying

> L) < (1.16)

veN?
lv|=N-D

MNENTN L LQ) if s <1,
NMENTLQ)  ifls| > 1,

where ¢y, c are as in Lemma 1.6.1 .

Proof. We will proceed by induction on N. The result is clear for N = D. When
N > D, we consider two cases.
Case 1: 2N < 3D

Take K =D and L =2D — N. Then we have

N+ L=2K <2N < 3K

and L > D/2 (since 2N < 3D), so
T < (LD/2J+2) < (L+2).

2 - 2
Lemma 1.6.1 ensures the existence of (g, Q1, Q2 € I](DT) such that Q = Z?:o X]N—DQJ.

and

2 3 .
3P TP . L(Q) if |s| < 1,
S LQ) < al (@) | 5]

3¢l - L(Q)  if [s| > 1,

J=0

and (1.16) is satisfied since D < N, L < N and ¢ > 3.

Case 2: 2N > 3D
Take K = N —|N/3|, L =|N/3]. Since N/3 > D/2, we have L > | D/2] and so

T < (LD/2J +2) < (L+2>_
2 2
On the other hand, we have

N+L=N+|[N/3] <N+ (N-2|N/3|)=2K
< 2N < 2N + (N — 3| N/3]) = 3K.
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Lemma 1.6.1 ensures the existence of (g, @1, Q2 € [g) such that Q) = Z?:o X]].V—KQj

and
3K TE . L(Q) if |s| < 1,

‘C(Q")S{ 3cCET . L(Q) i |s| > 1.

2
j=0
If K < D then (1.16) is satisfied since L, D < N. Otherwise, applying the induction
hypothesis, for each 0 < j < 2, we can write
Q= > X'Qu
v'eN3
|v|=K—-D

)

for a choice of polynomials @);,» € ]})T satisfying

S aQW>g{CK%“ﬂK¢W%>iﬂﬂ<L

SR L(Q,)  if |s| > 1.

v'eN?
|v/|=K-D
So
2
ooy Y X
J=0 v'eN?
|v'|=K-D
with
i Z L0 < HCEETE 3P K TR L L(Q) if |s| < 1,
S oo T AT T LQ) s> 1,
v'|=K-D
< NEANTN L L(Q) if |s] < 1,
B NENT . L(Q)  if|s| > 1,
using K? + L3 < (K+ L)*=N? K?*+ L?*<(K+ L)>=N?and ¢ > 3. O

Applying the above proposition with N = T', we obtain the following result.

Corollary 1.6.3. Let D, T be positive integers with D < T < (LD/§J+2). Let ¢ and

c1 be as in Lemma 1.6.1. For any o € P?(C) , we have

T .
oy, < [ AT AL il <1,
T PETP30 1D if s > 1.
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Proof. Let a € C? be a representative of a of norm 1 and let Q) € [:(FT) with ||Q| < 1.
Write ) = Z X", as in Proposition 1.6.2. Then

veN3
|v|=T—-D
T
Rl < D7 Q@< 37 1Rl 115
veN3 veN3
lv|=T—-D lv|=T—-D
T
< Y L@ 11y
veN?
lv|=T—-D
_ [ TTL@) - 1l sl < 1
TETLQ) - I, if|s| > 1.
The conclusion follows since £(Q) < 3P||Q|| < 3P and ¢ > 3. O

1.7 Distance

For any points u,v € P?(C) with representatives u = (ug, uy,us), v = (vg, v1, V)

in C?, we define the projective distance between v and v by

dist(u,v) = Junrvi :
[l v

This is independent of the choice of u and v. The projective distance from v to a
finite subset S of P?(C) is defined by

dist(v, §) = min{dist(v,y);y € S}.

Recall that ; is the point of P?(C) with homogeneous coordinates v, = (1,£ +
ir,ns') and that Sy is the set of points 4; with 0 <4 < T. Recall also that

el T s <
M7+ [s[Tllvoll it |s] > 1.

In this section, we establish some estimates for the projective distance which are

crucial for the proof of the main result.
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Lemma 1.7.1. Let a € P?(C) with representative ac = (ay, oy, o) of norm 1.

1 1
(i) If dist(«, v;) < —— for some i > 0, then |ag| > ——— .
(i) For any positive integer T | there exists at most one non-negative integeri < T

such that
7|

< —5.
1C2

Proof. (i) Assume that dist(a, ;) < 1/(2]]7,]]). Then we have

dist(a, ;)

max{|ao(§ +ir) — aul, [aons’ — asf} < la Ayl < 1/2.

This implies that
max{|ov |, [ao[} — 1/2

|l ,
vl
which yields the required estimate for aq since ||| = 1.
(i) Assume that dist(a, 7 |T—|f } < T'. Since Cp > ;
V) < 102 forsome i < T Since Or > max{|r|, |V}, we
T

find that dist(c,v;) < (2||l])~'. We conclude from part (i) that |ag| > (2]|v|) ™' >
(2C7)~!. For any integer j with j # 4, we have

e Al + [lae Al
Cr

> loe A (y; — 'Yj)”

> Cr

_ law(i =)

= Cr

o

—20%

dist(cv,y;) + dist(cr, ;) >

Using the assumption, we conclude that dist(a, ;) > |r|(4C%) 7" O

Proposition 1.7.2. Let D, T be as in Corollary 1.6.3. Then there exists a constant
ey = co(r,8,&,m) > 1 such that

AN i I8l <1,

2 1.17
A if |8l > 1 (117)

dist(a, St) < {

for any a € P*(C).
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Proof. Let a € P?(C) with representative a in C? of norm 1. Note that, for each i,

we have
dist(cv, vi) = max{|Li(a)], |Li()|, | L] ()|}

where
Li = |7l 71 (€ + ir) Xo — X1),
Ly = vl = (ns' Xo — X3),
L] = ”’Yz‘”il(WSin — (£ +1r)Xy).

Let M; € {L;, L, L} such that dist(«, ;) = M;(ea). Then we have ||[M;]| < 1 and
M;(,;) = 0. We conclude that the polynomial

~
_

Q=TI Mm

)

Il
o

belongs to Ig) and has length £(Q) < 2T. Applying Corollary 1.6.3, we get

A ATTET 1D if |8 < 1,

dist(ar, %) = [Q(e)] < LIQ)|I|a <
H (o, i) = |Q(er)| < L(Q)| 17| —{ CT2C%T26T.’[§)T)]Q if |s| > 1.

By Lemma 1.7.1 (ii), we also have
T—-1
I dist(e.v) > (4C3)"=" - |r|"" - dist(a, Sr).
=0

Hence

AT T 1), if s < 1,

cTQC%T262TC'¢2F(T_1) T |I,(:,T)|a if |s| > 1.

diSt(Oé, ST) S {

So there exists a constant ¢ > 1 which depends only on r, s, £, n and satisfies (1.19).
O

Proposition 1.7.3. Let p,a € P*(C) with representatives w, o of norm 1 and let
P e C[X]|p. Then
|P(a)| < [P(p)] + DL(P) dist(a, ).
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Proof. Without loss of generality, we can assume that g = (1, u1, p2). Write P(X) =
Zi+j§D Cz‘,jXé)_i_jX{'Xg. Then

D—i—j 4 %
P(a) - O'/ODP(“’) - Z Czy(ao ]OleéQ - a(?ﬂlﬂ%)

i+j<D
i
_ D—i—j+t—1 z t
= E:Cz‘,j E (a1 — aopr) oy Qq 2#1
i+j<D

t=1
J
i 1 i
+Z(a2 - CYOM?)O‘()D e az Ty
t=1
So

|P(a)| < |ad P(p)| + Z |lc; ;| D dist(a, p) < |P(w)| + DL(P) dist(a, p).

i+j<D
O

Recall that the map 7 : C* — C? sends (z,y, 2) to (z,y + rz,sz) and induces
7 : P*(C) — P?(C).

Lemma 1.7.4. Let o,y be points of P*(C) and t be an integer. Then there erists a

constant c3 which depends only on s and C[X] such that
|log dist(7"(), 7 (7)) — log dist(c,7)| < cslt]. (1.18)

Proof. Let o = (i, g, a9) and v = (79,71,72) be representatives of o and ~ in C?
of norm 1. We may assume that one of the coordinates of a is 1. We have

dist (v, v) = max{|a170 — a1l |aevo — aova|, Jaaye — aoml}

and

st (a). 7)) — [T () AT (V)]
dist(7"(ar), 7 (7)) 17 ()] - [|[7E ()]

where 7(a) = (g, a1 + ta, s'az) and 7(v) = (70,71 + t70, $'72). We find that

|7 () A 7' ()] = max {170 — aom, [(@270 — ao2)s'],
|(c1 + trag)ye — as(y1 + tryo)| - |s]t}.
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Since

|(a1 + trag)ye — aa(y1 + tryo)| < [(aey1 — aaye)| + [tr(aeyo — ap2)l,

we deduce that

dist(av, )

Pl Tl (1.19)

dist(r*(a), 8 (7)) < (1 + ([tr] + 1)s]")

Note that
(Jtr| + 1) - max{|ag|, 1 — |trao|}

max{|ao|, |1 + trag|} >

Y

ltr| + 1
_ max{[agl([tr] + 1), 1 + [tr[(1 — [ao|([tr] +1))}
[tr] + 1
1
> —
e+ 1

Since one of the coordinates of (ap, aq, as) is equal to 1, as we assumed before, then
we find that

174 ()] = max{|agl, |ay + tragl, |s'as|}

|Oéo| =1 if 040:1,
> max{|ag|, |1 + tragl} if a; =1,
’

‘8 if Qg = 1,

> min{|s|, (|tr| + 1)_1}.

and so
< max{|s”"|, [tr| + 1}.

1
17 ()]
Similarly,

1
———— < max{|s”"|, |tr| + 1}.
17 ()l

From (1.19), this yields the existence of ¢5 which only depends on |s| and |r| satisfying
(1.18). O
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1.8 Construction of QQ-subvarieties of dimension 0

In this section, we define a general convex body C of C[X]p which is adapted
to our problem. Then, we construct a Q-subvariety Z of P?(C) of dimension 0 and
provide estimates for he(Z),deg(Z), h(Z) (in this order).

We first recall the following result.

Theorem 1.8.1. [19, Theorem 5.6] Let ¥ be a non-empty finite subset of G = C x C*
and let S be a positive integer. Denote by I the ideal of C[X] generated by the homo-

geneous polynomials P satisfying
D'P(1,7) =0 for each vy €Y and eachi=0,...,S — 1. (1.20)
Suppose that there exists a finite subset X1 of G and an integer S; > 0 such that

D < (Sy + 1) min{|m (2,)], [m2(0)]}, (1.21)

<5+5m2+2ﬂ<(D;2) (1.22)

where X+ = {y+71; 7 € 8,7 € X1} denotes the sumset of ¥ and X1 in G. Then,

the resultant in degree D viewed as a polynomial map
Resp: C[X]3, — C
vanishes up to order S|X| at each point of (Ip)*.

Here, my : G — C and m : G — C* are the projections from G to its first and
second coordinates.

Let T" and D be positive integers. Set
Y ={(+irns); 0<i<T}, Iy ={(+irmns); 0<i< D}

and set S =1, S; = 0. Note that if 7 < ("), then the condition (1.21) and (1.22)
are satisfied because |m1(21)| = |m(X1)| = D + 1 and |X 4+ X1| = T + D. Moreover,
by definition, ™) is the ideal of C[X] generated by all the homogeneous polynomials
vanishing at all points (1,7) with v € ¥. Therefore, the above theorem has the fol-

lowing consequence.
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Lemma 1.8.2. Let T and D be positive integers such that T < (Dgl). Then the

resultant in degree D viewed as a polynomial map
Resp : C[X]3 — C
vanishes up to order T' at each triple (P, Q, R) of elements of [j(t)T).

We now introduce the convex body C that is relevant to our problem and estimate
the corresponding height of P?(C). Recall that, for any convex body C of C[X]p, the
height of P?(C) relative to C is

he(P?(C)) = he(Resp) = log ||Respl|e (1.23)
where ||Resp||c = sup{Resp(Py, P, P»); Po, P1, P, € C}.

Proposition 1.8.3. Let D, T be positive integers with T" < (Dzl) and let Y, U be

positive real numbers such that

y > 2T loge  if |s| > 1
3T%2loge if |s| < 1

with ¢ as in Lemma 1.5.1. Then, for the choice of convex body
_ . <Y , -U
C={P e CX]p; [Pl < e, max |P(7;)| <e ™},

we have
he(P?(C)) < —TU 4 3Y D? + 21 log(3)D?.

Proof. By Lemma 1.2.7, we get
hs(Resp) = h(P*(C)) < 181og(3)D? (1.24)

where B is the unit convex body of C[X]p.
As C is compact, there exist Py, Py, P, € C such that |Respl|c = |Resp(Fy, P, P)|
and so, by (1.23), we have

he(P?(C)) = log |Resp(Po, Pr, P)|.
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Let L denote the smallest non-negative integer such that 7' < (L';Q). Since

T< (D;ﬂ), we have L < D. Moreover, we have [? < 2(1:;1) < 2T, so L* < 3T%/2,

Set M = (L;Q). For each j = 0,1, 2, Lemma 1.5.1 ensures the existence of a unique

polynomial @); € C[X],, such that

Pi(v,) if 0<i<T
Qj(’)’i) = ’ ) .
0 if T<i<M

and

P maxocion |Qi(v:)| if [s| > 1

;I < £(@)) < ¢, .
¢’ - maxo<i<n |Qi ()| if [s] <1
e U if |s] > 1
ST U if 5] < 1

<e' Y,

We also have P; — X{*Q; € C[X]p, and (P; — X Q;)(v;) =0 for 0 < i < T.
Hence P; — XOD_LQj € ],(DT). According to Lemma 1.8.2, the polynomial

f(z) =Resp(Py— (1 — z)Xéj_LQo, o Py—(1— Z)XOD_LQQ) € C[7]

vanishes up to order at least T at z = 0. Then we can write f(z) = 27 g(2) for some

g(z) € C|z]. Using the Maximum Modulus Principle, we find that
FW =19 < llglr < BN ]I
for any R > 1. Choosing R = eV, we get
exp(he(Resp)) = [Resp(Po, Pr, Po)| = | f(D)] < e ™Y fllev (1.25)
Note that, since ||Q;|| < e¥~Y, for any |z| < eV, we get

|P; — (1= 2)XP7EQ,|| < |l + (1 + €)@yl < 3.
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Therefore, we have
[ fllev = sup{[f(2)]; 2] < e}
< sup {|Resp(Ro, R1, R2)|; R; € C[X]p, || R)|| <3e¥,0<j <2}
< (3¢")*”" sup {|Resp(Ro, By, Ro)|; B; € C[X]p, | R <1,0<j <2}
= (3¢Y)*P*exp(hs(Resp)). (1.26)

where the penultimate inequality follows from the fact that Resp is homogeneous of

total degree 3D?. Combining inequalities (1.24), (1.25) and (1.26), we get

exp(he(Resp)) < e "V (3¢")* exp(hs(Resp))

IA

6—TU(36Y)3D2318D3

< exp(=TU + 3Y D* 4 21 log(3)D?). O

Recall that

o: CX] — CX]
p(Xo,Xl,XQ) — P(XQ,Xl +7’X0,8X2)

is a C—algebra isomorphism which preserves homogeneity and degree of polynomials
of C[X].

The construction of Z needs the two following results.

Lemma 1.8.4. Let D € N, let i € Z and let P € Q[X]p be irreducible in Q[X].
Then ®(P) is also irreducible in Q[X]. Moreover, if i # 0, then P divides ®'(P) if

and only if P is a constant multiple of either Xq or Xs.

Proof. Fix 1 € Z. Let P € Q[X]p be irreducible in Q[X]. Since @' is a Q—algebra
isomorphism, it preserves irreducibility. So ®'(P) is irreducible in Q[X].

Now, suppose that ¢ # 0, we will prove the last statement.

Assume that P divides ®(P). We will show that P is a constant multiple of either

Xy or Xs. The converse is obvious.
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Since P is irreducible, it is enough to prove that P is divisible by either X, or Xj.
To this end, we assume that P is not divisible by Xy and show that P is divisible by
Xo.

Since deg P = deg ®'(P) and P|®‘(P), there exists a constant ¢ € Q such that
P =c®(P), i.e.

P(Xo,Xl,XQ) = CP(Xo,Xl + iTXo, SiXQ). (127)
. . D—j—k~j vk .- . . .
Write P(Xo, X1,X5) = Y i Xy 7 *X{X} with ¢;; € Q. Substituting X, = 0
j+k<D
into (1.27), we obtain
Z i XiXE=c Z cie X3 (s Xo)F = ¢ Z i 8T XX (1.28)
j+k=D j+k=D Jj+k=D

So cjr = ccjy, s for each (j, k) € N? with j+ &k = D. As Xy does not divide P, there
exists a pair (j, k) with j + k& = D such that ¢;;, # 0. Since s # £1, we deduce that
there exists a unique (jo, ko) € N* with jo + ko = D such that ¢,k # 0 and, for this
choice of (jo, ko), we have ¢ = s~ Now we have
P(Xo, X1,X2) = > Xy T TXIXS + ep_pon XTTOXS? (1.29)
j+k<D

In the case where kg # 0, substituting Xy = 0 into (1.27) and using (1.29), we

find
Y Xy X =¢ > Xy (X +irXo)
0<j<D 0<j<D

Suppose that there exists an integer j with 0 < j < D such that ¢jo # 0 and let j' be
the largest one. We deduce that

Dl < i Deil il
Cj’OXO J X{ = ch’OXO J X{ s

SO ¢jig = ccjrp. Since ¢ = s7%o £ 1, this is a contradiction. We conclude that cjo=10
for all j < D. Thus X, divides P.
In the case where ky = 0, we have ¢ = 1 and cpy # 0. Replacing X, by 0 into
(1.27) and using (1.29), we get
Z Cj()XOD_ij + CD()XID = Z CjoXOD_j(Xl + iTXo)j + CD()(Xl + iTXo)D

0<j<D 0<j<D



CHAPTER 1. A NEW SMALL VALUE ESTIMATE 40

Then
CD_L()X()XID_I = CD_L()X()XID_I + CDODiTXOXlD_l.

Since cpg # 0, this is a contradiction. O

Lemma 1.8.5. Let D be a positive integer and let P € Q[X]|p with Xy { P and
Xyt P. Then the polynomials P, ®(P), ..., ®(P) have no common irreducible factor
in Q[X]. Moreover, there ezist ay, . ..,ap € Z in the range 0 < a; < D which are not
all 0 and for which

D
Q=> a®(P)
i=1
1s relatively prime to P.

Proof. Write P = P{'--- P.* as a product of irreducible factors in Q[X]. Then
QI (P) = ®'(Py)° - - - (P, ) is also a decomposition of ®'(P) into irreducible factors.

Suppose that P, ®(P),...,®P(P) have a common irreducible factor, say P;. Then
for each ¢ € {0,..., D}, there exists j; € {1,...,k} such that P, and ®*(P;,) are con-
stant multiples of each other. Since D > k, then there exist two distinct indices
i1,i2 € {0,..., D} such that j;, = j;, =: j’. So both ®"(P;) = ®172(d2(P;)) and
®%2(P;) are constant multiples of P;, this mean that they divide each other. Lemma
1.8.4 implies that ®2(P;) is a constant multiple of either X, or X,. So P; is also a
constant multiple of either X or X,. This is a contradiction since Xyt P and X, 1 P.

We deduce that P, ®(P), ..., ®"(P) have no common irreducible factor in Q[X].

To prove the last statement, we fix &1, & € C which are algebraically independent

over Q and consider the canonical maps

pi: QX] — QX]/(F)
Q — Q:=Q+(P)
for i = 1,..., k. By Normalization Theory, for each i, there exist Y;, Y/ € Q[X]

algebraically independent over Q(P;) such that Q[X]/(F) is integral over Q [V, Y/].

Since &1,& € C are algebraically independent over Q, for each i, there exists an
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embedding ¢; of Q W“?z/] into C which sends Y; to & and sends ?Z’ to &. Since
Q[X]/(P) is integral over Q [Y;,Y/], there exists an embedding 7; of Q[X]/(F;) into
C which extends the embedding ¢;.

Let Uy, ...,Up be indeterminates over C. Set
D
R<U17 7UD) = H <Z Uj Pi ((pz (q)j<P)))>
i=1 \j=1

Then R(Uy,...,Up) is a homogeneous polynomial in Uy, ..., Up of degree k with
coefficients in C. We claim that R(Uj,...,Up) # 0. Otherwise, there exists ¢ with
1 <7 < k such that

ZUJ‘@(% (¢/(P))) = 0.

This implies that @; (@; (®7(P))) =0 for all j =1,..., D. Thus, p; ($/(P)) =0, i.e.,
P;|®(P) for all j = 1,..., D, which is impossible since P, ®(P),...,®"(P) have no
common factor.

Since R(Uy, . ..,Up) is a non-zero homogeneous polynomial in Uy, . .., Up of degree

k, there exist integers aq,...,ap € {0,1,...,k} such that

R(ay,az,...,ap) # 0.

Hence, for each 1 = 1,..., k, we get

(1 (w00 ) = S e i) 0

This means that ; <Zf:1 a; @j(P)> # 0 foralli=1,...,k So ZD a; ®I(P) is

j=1
relatively prime to P. Note that k < deg(P) = D so ay,...,ap < D as required. [

Let ¢ be the smallest positive integer such that ¢r,ds € Z. Then, for any
polynomial P € Z[X]p, we have ¢"P®*(P) € Z[X]p for all i € N. In the proof
of the main result, we use the following proposition to construct a Q-subvariety of

dimension 0 of small height relative to an appropriate convex body.
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Proposition 1.8.6. Let D, T.Y,U and C be as in Proposition 1.8.3 and set A =
TU/(D?*Y). Suppose that

5<A, D<2T, 25log(3)D <Y.

Suppose that there exists a non-zero polynomial P € Z[X]|pNC such that Xo1 P, X5 ¢
P and /"PO(P) € C foralli=1,...,2T — 1.
Then there exists a Q-subvariety Z C Z(®'(P);0 < i < 2T) of dimension 0 with

he(Z) < —A'(Dh(Z)+Y deg Z)
where A’ = (A —5)/6.

Proof. We have dim(P?(C)) = 2, deg(P?*(C)) =1, h(P?(C)) =0 and P € Z[X]p NC.
Applying Lemma 1.2.8 with Z = P?(C), we deduce that there exists a Q-cycle Z’ of
P?(C) of dimension 1 and degree D with

hZ') <Y + 42log(3)D < 3Y,
he(Z') < he(P*(C)) + 4log(3) D,

By Proposition 1.8.3, we get

he(Z)

IN

—~TU + 3D*Y + 25log(3)D?
—(A—4)D*Y

_% D(Dh(Z') + 3Y deg(Z")).

IN

IA

Lemma 1.2.6 ensures the existence of an irreducible component Z; of Z’ with

By Lemma 1.8.5, the polynomials P, ®(P),...,®”(P) have no common factor. We
deduce that there exists 0 < i < D such that ®(P) ¢ Z(Z;). Since "P®!(P) €
C N Z[X]p, Lemma 1.2.8 implies that there exists a Q-cycle Z” of dimension 0 and
degree D deg(Z;) satisfying

h(Z") < Dh(Z,) 4 deg(Z,) log ||"P &' (P)]|| + 241log(3)D deg(Z,)
< Dh(Zy) 4 2Y deg(Z1),
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and

he(Z") < he(Zy) + 21og(3) D? deg(Z:)

A—4 2
<= D(Dh(Zy) + 3Y deg(Zy)) + = DY deg(Z,)
= —% D(Dh(Zy) + 2Y deg(Z1)) — (% - %) DY deg(Z,)

A-5
< - -

(Dh(Z") +Y deg(Z")).

Similarly, by linearity of degree and height, we deduce that there exists a subvariety

Z C Z" such that A
he(Z) < _T_ (Dh(Z) +Y deg(2)).

So he(Z) < 0. From Lemma 1.2.8, we deduce that
I1(Z) > (CNZX]p) D {P¢/(P); 0 <j<2T}.
Therefore, Z C Z(¢’(P); 0 < j < 2T). O

In the proof of our main result, we need to consider translates of a Q-subvariety
of dimension 0 and we need to estimate their heights. The next proposition fulfills

this purpose.

Proposition 1.8.7. Let Z be a Q-subvariety of P*(C) of dimension 0 with Z ¢ Z(Xo)

and let t be an integer. Then
h(7'(2)) — MZ)| < [t| deg(Z)
where the constant involved in the symbol < depends only on r, s.

Proof. Let F and G be Chow forms of Z and 7/(Z) in degree 1. Since Z ¢ Z(X,),
the variety Z contains a point o € P?(C) with representative (1, a1, as) € @3. As Z

is a QQ-subvariety of dimension 0, we have

Z={1:0(a):0(a)); o€ B}
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where & is the set of all embeddings of Q(ay,as) into C (see the preliminaries in
Section 1.2). By definition of 7, this implies that

™Z)={(1:0(aq +tr) : o(s'ay)); o € B}.
Therefore, we have

F(X)=a H(Xo + o(a1) X1 + o(a2) Xa),

ced

G(X) =b [[(Xo+ (o(ar) + tr) X1 + s'o(a2) Xa),

oc®
where |a| and |b| are the smallest positive integers such that the above products belong

to Z[X]. Let ¢ be a common positive denominator of r, s and s~ and set
P(X) = F((Xy +trXy), d' Xy, st Xy).
Then P belongs to Z[X] and since deg F' = deg(Z), we get

P(X) = ac 95D TT(Xo + (o(a1) + tr) X1 + s'0(az) Xa).

oed
So P is a constant multiple of G. Since G is irreducible over Z, we deduce that G
divides P in Z[X]. Therefore, by the definition of P, we obtain

IGIF < IPI < 9= (|| + [tr] + DD FY < (c(ls] + [r] + 1) 4= F]).
Since h(Z) =log||F|| and h(7(Z)) = log||G||, this implies that
h(7'(2)) < W(Z) + c'|t] deg(Z)

where ¢ = log(c(|s| 4+ |r| + 1)). Since Z = 774(7%(Z)) and deg(Z) = deg(7(Z)), this
result applied with Z replaced by 7¢(Z) and ¢ replaced by —t implies in turn that

MZ)=hr " (7'(2))) < M7(Z)) + ¢|t| deg(Z).
The conclusion follows. O]

The last proposition provides upper bound estimates for the degree and the height
of Q-varieties of dimension 0 contained in the zero set of families of polynomials of
the form ®‘(P) with P € Z[X]p fixed.
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Proposition 1.8.8. Let D,T € N*. Let P € Z[X|p with Xot P and X5t P and let
Y € R. Suppose that

max {2510g(3)D,10g 1P|, log [|P*®(P)|,. .., log \|C/D2<1>D(p>||} <y

and that W = Z(®'(P);0 < i < T + D) is not empty. Then W has dimension 0.
Moreover, any Q-subvariety Z of P*(C) contained in W has dimension 0 with

2 T-1

D i
deg Z < T and ;h(r (Z)) < 3DY.

, DY
In particular, we have h(7'(Z)) < - T D? for each 0 <i < T.

Proof. Since Xy t P and X5 1 P, Lemma 1.8.5 implies that there exist integers
ai,...,ap not all 0, with 0 < a; < D, such that

D
Q=Y a(d”0'(P)) € Z[X]
i=1

is relatively prime to P. Then dim Z(P,Q) =0 and W C Z(P,Q). Since W # (), we
deduce that dim W = 0.

Let Z C W be an arbitrary Q-subvariety of P?(C), so dim Z = 0 and Z is finite.
Then, for each 0 < i < T and for each representative z in C? of a point z of Z, we
have

O (P)(7'(z)) = ®"(P)(z) = 0

when 0 < j < D since z € W = Z(®(P);0<i < T+ D), and so

D
Q(7'(2)) = 7"y i@ (P) (7'(2)) = 0.
j=1
Thus 7'(2) € Z(P,Q) for all i < T. Since Z is irreducible, so is 7/(Z) for all i < T
The above observation then implies that Z, 7(Z),...,71~(Z) are disjoint irreducible

components of Z(P, Q). Since they all have dimension 0 as Z(P, @), we have

T-1 T-1

Y deg(r'(2)) =Y |7(2)| < |2(P,Q)| = deg(2(P,Q)) < D? (1.30)

=0 =0
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where the last inequality follows from Corollary 1.2.5. Since deg(Z) = deg(7'(Z)) for

all 7, we deduce that
) D?
deg(7'(Z)) = deg Z < T (1.31)
Now we will prove that ZiT;Ol h(7(Z)) < 3DY.

Consider the polynomial map
F . C[X]D — C
L +— Resp(P,Q,L).

Since Resp is homogeneous of degree D? in each of its polynomial arguments, we
conclude that the polynomial underlying F is homogeneous of degree D?.
For each 0 < i < T, denote by F; a Chow form of the Q-subvariety 7/(Z) in degree

D (viewed as a polynomial map from C[X]p to C). We have
hs(t'(Z)) = hs(F;) = log sup{|Fi(L)|; L € B} (1.32)
where B = {R € C[X]p;||R|| < 1}. So, for such i, Lemma 1.2.7 gives

Dh(r'(Z)) < 410g(3) D deg(7'(Z)) + hs(7'(Z))
=4 log(3) D deg(Z) + hi(F;), (1.33)

using (1.32) and deg(7%(Z)) = deg(Z).

Since 74(Z) C Z(P,Q), we get Z(F;) C Z(F). So F|F for all i < T. Since
Z,7(Z),..., 7771 Z) are disjoint irreducible varieties, the polynomials Fy, ..., Fr_,
are non-associate irreducible polynomials. Hence H ' F; divides F as polynomials
over Q. Moreover, since F, F; have coefficients in Z and F; is irreducible over Z, we
deduce HT_l F; divides F' as polynomials over Z. Hence there exists a polynomial G
with coefficients in Z such that F = G[]_,' F;. Then we have 1 < ||G|| < ||G||s and
so hg(G) > 0. This implies that

T-1
ths ) < hi( )+ZhB(F
=0

< hg(F) +2D*log (

D+2
N > (by Lemma 1.2.10)

2
< hg(F) +2D%log(3). (1.34)
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Since Resp (P, @, L) is homogeneous of degree D? in both P and @ and since we have
|P|| < € and ||Q| < S22, D||¢P°®¥(P)|| < D%, we find that

Resp <|i, i, L) ‘ (eY)DQ(DQGY)D2

Resp(P,Q, L
|Resp(P, @, L)| < |P||" QI

for any L € C[X]p. Therefore, we get
hg(F) = logsup{|Resp(P,Q, L)|; ||L| < 1}

P
glogsup{ Resp (—,i,L) ; 1} +2D?*Y +2D?log D
[diitel
< hp(P?) + 2D?Y +2D? log D (since hp(PP?) = log ||[Resp||5)
< 18 log(3) D* + 2D*Y + 2D? log D (by Lemma 1.2.7)
<19 log(3)D® + 2D?Y. (1.35)

Since deg(7'(Z)) = deg(Z), it follows from (1.33) that
-1

DY h(r'(Z)) <4log(3) DT deg Z + Y _ hy(F})

< 41og(3) D* + (hs(F) + 2 log(3) D?) (using (1.34))
< 25log(3)D* + 2D?*Y (using (1.35))
< 3D?Y.

T-1

So we have Y~ h(7'(Z)) < 3DY.

=0
To show the last inequality, we note that, for each index 7 with 0 < 7 < T, we

have
YR (2) = Th(r(Z)) + 3 (h(7'(2)) - h(r(2).

This implies that

) < 5 | SR + ) - W(z);\)

i= =0

( Y + Z i — 7] deg(ﬂ(Z))) (by Proposition 1.8.7)

D

= (by (1.31)). O
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1.9 Proof of the main theorem 1.1.5

Proof. Suppose on the contrary that (1: & : ) ¢ P?(Q). We will show that this leads

to a contradiction.

Fix a positive integer D. In the computations below, we assume that D is suf-
ficiently large so that all the inequalities marked with a star (i.e. <* or >*) are

satisfied.
Step 0. Reduction to the case where |s| > 1.
Suppose that |s| < 1. We set

1 1
ﬂ/:ﬁ—i—ge, I/’:V—§€

Wheree:y—max{ﬁ+2—a+(U_D(Q_U), 0—1—2} so that
B—(oc-1)
1/>max{ﬁ’—|—2—a+(0_1)(2_0), 0—1—2} and ' >0+ 1.
f—(c—1)

Moreover, for each integer D, the polynomial
Ph(X1, Xy) = PO Pp(Xy + Thr, s'0Xy),  (with T, = 3| D7 | — 1)
belongs to Z[ X1, Xs]<p and satisfies

max {|Pp(E+i(—r),n(s™))} =  max {¢PTD|Pp(€ +ir,ns')|}

0<i<3| D7 | 0<i<3| D7 |
< C/3D1+06—D"
<* e—D”/
and
IPhIl < PTE3P|| Ppl|(1+ Tp|r|)” since |s| < 1
< PPTT3PEP (1 4 |r])3PT since || Pp|| < eP”

/31
<* P
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So if we replace 7 by —r, s by s7', v by v/, 8 by #, and Pp by P}, then all the
hypotheses of the theorem still hold. Therefore, it is enough to consider the case

where |s| > 1. We therefore assume from now on that |s| > 1.

Step 1. Construction of a convex body.
For each D € N, we put
Tp =|D°], Yp=2D°  Up=iD"
and define a convex body of C[X]p by

Cp ={Q € C[X]p; [IQIl < €', max |Q(1,&+ir,ns')| < e P}
0<i<Tp

We also denote by Pp the homogeneous polynomial of Z[X]p determined by the con-
dition

Pp(1, X1, Xo) = X{P X, P Pp(X1, Xa)
where bp stands for the largest integer b such that X3 divides Pp, and where ap =
D — deg(Pp) + bp. Then, by construction, Pp is not divisible by neither X, nor Xo,
moreover, ||Pp| = ||Pp].

By the definition of ¢’ given just before Proposition 1.8.6, we have
*PTodi(Pp) € Z[X]p
for any positive integer j < Tp. We claim that, for any sufficiently large D, we have
*PTo i (Pp) € Cp N Z[X]p

for all integers 5 with 0 < 7 < 2Tp. In particular, this means that

ij(pp) € CD

for all integers j with 0 < j < 2T since ¢ > 1.
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To prove the claim, fix an integer 7 with 0 < j < 2Tp. Since § > o + 1, we have

D+2 D VL oJ [t2
3 V1ol (4 L) 1)

< 2P7BPER” (1 4[] + )P
< 3D 2D DP (L+|r|+ |5|)2D”+1

<* D,

||C/2DTD(I)j<pD)|| < C/2DTD<

Moreover, for each 0 <7 < Tp, we have

2P0 I Py (1, € +ir,ns')| < 207 Py (1, &+ (i + j)r,ns'™)

= PPTUE A (i )] - s | Pp (€ + (i + f)rins™)|
= R D (RN ) Ul

since v > o + 1.

Step 2. Construction of a Q-subvariety of dimension 0.

Sincev >p—0c+2 1<0<2,and g > o, the hypotheses of Proposition 1.8.6
hold for T'=Tp, Y = Yp, U = Up and the convex body Cp for each sufficiently large
D. So there exists a Q-subvariety Zp of P?(C) contained in Z(®7(Pp); 0 <i < 21p)
with dim Zp = 0 and

1
he, (Zp) < —2—5D”‘/3+"‘2(2D5 deg(Zp) + Dh(Zp)).
By Lemma 1.2.9, we get

> log sup{|Q(@)|;Q € Cp} < he,(Zp) — Dh(Zp) + 9log(3) D deg(Zp)

acZp
< he,(Zp) + 9log(3)D deg(Zp) (since h(Zp) > 0)
1
< —2—5D”*5+"*2(D5 deg(Zp) + Dh(Zp)) (1.36)

since 9log(3)D <* (1/25)D"™°~2. For any a € P?*(C) with representative a € C? of

norm 1, we have

sup{|Q()[; Q € Cp} 2 sup{|Q()]:Q € 1™, Q] < 1} = 11,"]a
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since []()TD) C Cp. Proposition 1.7.2 gives
’[(DTD) ’a > C;T% diSt(a> STD) > C2_D2U diSt<a7 STD)' (137)
Put
7% = {a € Zp; dist(a, Sg,) < (4C7,) '}

where Cr, = |r|Tp + |s|2||y0]|- For a € Zp\Z%, we get

T _N20 1
1570 2 &7 75—

and so we have

0 <" log| 15| + log(2¢,) D*

because log Cr,, < Tp < D°. For the other points a € Z%, the inequality (1.37)
gives

log dist(a, St,,) < log |II(7TD)|Q +log(cy) D*.

We conclude that

Z log dist(«, Stp))

aEZ%

< Z <1og|lgD)|a+10g(CQ)D2"> + Z (10g|],(3TD)|a+log(2CQ)D2">
aeZ? aeZp\ZY,

< S 1og |15, + log(2¢,) D% deg(Zp)  (since | 2] < |Zp| = deg(Zp))
OZEZD

< 3" log sup{|Q(@)]; Q € Cp} + log(2¢) D* deg(Zp)

1
< —5 DD deg(Zp) + Dh(Zp)) + log(2¢2) D deg(Zp)

1
< —%DV—W—?(Dﬁ deg(Zp) + Dh(Zp)).
where the penultimate estimate uses (1.36) and the last estimate uses the fact that

v>o+2.

Step 3. Subsets of the Q-subvariety.

For each a € P%*(Q), we denote by t, the smallest non-negative integer with
0 < t, < Tp such that dist(a, Sr,) = dist(a, v, ).
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For each m,n € N with 0 < m <n < Tp, define

O(m,n) = Z log dist(c, 7, )-

a€Zd
m<ta<n

Step 2 provides an upper bound for ©(0,7p). Our goal is to construct subsums
of ©(0,Tp) of the form ©(m,n) which are small compared to the number n —m of
values of t, that they involve. In fact, we construct recursively a finite sequence of
subsums such that each subsum is computed over an interval that is essentially half
of the one of the preceding subsum. More precisely, it is its first half or its second half
of this interval depending on which gives the smaller subsum compared to its length
(which may vary by £1). Technically, we define recursively a finite sequence of pairs
(m;,n;) by putting

(mo,no) = (0, Tp)

and

(my, k) i O(my, k) < BEQ(my, ny),

— nj—my

Mjs1, Njr1) =
( j+1 ]+1) { (kj,nj) else,
where k; = [(m; +n;)/2] as long as n; —m; > 2.

When n; —m; > 2, we have m; < k; < n; and
©(mj, n;) = O(my, k;) + O(k;, ny).

We deduce that
M1 — My o

O(mj41,nj41) < n; —m;

mj,n;).

nj—mj

By induction, this yields ©(m;,n;) <
D
©(0,Tp) computed in Step 2, we deduce that

©(0,Tp). Using the upper bound for

n; —m

Da
< —% (D2 deg(Zp) + D' *"'h(Zp)) (1.38)

J

O(mj,n;) < 2.9(0,Tp)

for all pairs (m;,n;) of our sequence.
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Step 4. Selection of a particular subset
Define Dy = D and D; = [(n; — mj)ﬂ so that T, > n; —m; and thus

{70""7,}/nj—mj—1} C {707"%7TD].} :STDj (139)

Then by the hypothesis, the functions @iij with 0 <14 < 2Tp, take small absolute
values at those points .

Note that, since my = 0, we have
T (Zp) = Zp C Z(PPp,; 0 < i< 2Tp,).

So, for fixed D, there exists a largest non-negative integer k such that ny —my > 2

and
T (Zp) C Z(®'Pp,; 0 <i < 2Tp,). (1.40)

Note that the set Z(®Pp,; 0 < i < 2Tp,) is finite.
We claim that Dy goes to infinity with D.
Indeed, suppose on the contrary that Dy, is bounded above by some positive integer
D* independently of the choice of D. Then 77" (Zp) is contained in the set
D
U Z(@'Py,; 0<i<2Ty,),
N=1

which is finite and independent of D. By equation (1.38) and the fact that ©(my, ny)
involves at most deg(Zp) terms, there exists (for sufficiently large D) a point a € Z%,

with m, < t, < n, such that

N — Mk Dv—2 < _lDV*?

log dist < -

Then we find
log dist(77"* (), STy, ) < log dist(7™"* (), Sy, ) since Dy, < D*
<logdist(7™ " (), Vto—m,) by (1.39)
< logdist(c, v, ) + camy by Lemma 1.7.4
1
< ——D" 24 3D°

- 15
< —Dv7? since v > o + 2.
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Thus, as D goes to infinity, the distance between 7-™*(a) and Sr,. tends to
zero. However, it is not equal to zero since Sr,, N P*@Q) = 0. So the points
77" (o) make an infinite sequence in Upen 7™ (Zp). This contradicts the finite-

ness of Upen 7 " (Zp). Now the claim is verified.
Step 5. The conclusion
Put D' = Dy.y1. Since ng 1 — myyq X ng — my, we have

D' = ’_(nk—i—l - mk+1)l/a-‘ = !—(nk - mk)l/ﬂ = Dy,

and so D" and Tp < Tp, go to infinity with D.
Put
Zb = Tﬁkarl(ZD).

Note that, since Zp is a Q-subvariety of P?(C) of dimension 0, so is Z},. Set
Wp={a € Z); mps <to <npg1}
Since Wp C Z% C Zp, we have
[Wp| < |Zp| =deg(Zp), 7™+ (Wp) C Zp.
For any a € Wp, we set
o =17 (a) € 2,
bo 7= 1o — Mypy1,

then we have
(o', 72,) = (771 (@), 77 (), (1.41)

and
0< ga < Tp

since to, — M1 < Npyp — Mg < ((nkﬂ — mk+1)1/ﬂa. Note that, there is no reason
to conclude that ¢, = t,.

Consider

S = Z log dist(a/,ve,,).

aeWp
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We will find an upper bound and a lower bound for S in terms of h(Z},)) and deg(Zp).

This will lead to the desired contradiction.

By (1.41), Lemma 1.7.4 gives

S < O(Mpt1, Ngpy1) + 31 |Wh|
< O(Mig1, Nit1) + 3D deg(Zp)

since my41 < Tp < D7 and |Wp| < deg(Zp). Using (1.38), we find that

S < —%(m2 deg(Zp) + D""?"*h(Zp)) + 3 D7 deg(Zp).

Since D¥=2 > D° and since nj4; — my1 < D' goes to infinity with D, we deduce
that
S < =D (D" Ph(Zp) + D" *deg(Zp)).

By Proposition 1.8.7, there exists a constant ¢’ > 0 such that
hZp) > h(Zp) — "'myy1 deg(Zp) > h(Z)) — "D deg(Zp)
since my11 < Tp < D?. We conclude that

S <« —D' D" P W(Z),) — D (D2 — "D" P71 7) deg(Zp)

1
<* —D°D"PN(Z)) — §D"’D”‘2 deg(Zp)) (1.42)

where the last inequality follows from the fact that D=2 >* 2¢”D¥~P~1+7 gince
B > o + 1. This gives an upper bound for S in terms of h(Z},)) and deg(Zp). Now

we search for a lower bound.

By Step 4, D), goes to infinity with D, so we have n, —mj >* 2. By the choice of
k, we deduce that
Zh & Z(®'Ppi; 0<i<2Tp).

So there exists an integer ig with 0 < ¢y < 27 such that (DiOPD/ does not vanish

!
on Zp,.
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For any a € Wp, Proposition 1.7.3 gives
D% Por ()] < [, II77 [@7°(Ppr) (v, )| + D'L(P® (Pp)) dist(e, 7e,,)
< [ (Pp)(7y,)] + D27 | @ (Ppr)|| dist (e, 7e,,)

where o is a representative of o/ in C? of norm 1 and where the last inequality uses

el = 1.
By Step 1, we get
H(biopD/H S* €2D/B,

and
| B (Ppr) (v, )| <* e W2P”
since 0 </, < Tp,. This implies that
L w1 apy
| Py ()| <* e= /2P 4 563]35 dist(a’, ve,) (1.43)

for any o € Wp.

By Step 1 and the fact that 0 < iy < 2T/, we also have
P T oo (Pp,) € (Cp N ZIX\Z(Z)).
Applying Lemma 1.2.9 to this polynomial, we obtain

0 < 7log(3)D' deg(Z},) + D'h(Z},) + Z log |?P"Tor @0 (Pp,)(ax)

acZ,

Since |Z},| = deg(Z},) = deg(Zp), this implies that

> log |9 Pp(a)]

aEZ’D
> —Tlog(3)D' deg(Zp) — D'W(Z}) — 2log(d)D'Tp deg(Zp)
>* —D'h(Z}) — 3 log(c') D" deg(Zp),

using 7log(3) <* Tpr < D'. Since log | ®% Ppy|| < 2D, we find

log |9 Pp/ ()| < D'log(3) + log ||®® Py || < 4D
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for any e € C? of norm 1. Hence, for any non-empty subset W C Z',, we have

Z log | Py (ax)| > Z log |®% Ppy (x)| — 4D" deg(Zp)

acW aecZ’,
> —D'W(Z}) — 3 log(d) D™ deg(Zp) — 4D'P deg(Zp)
>* —D'h(Z},) — 507 deg(Zp) (1.44)

since D"® >* 3log(c') D'+,
By the choice of k, we have
Tﬁmk(ZD) C Z((I)lppk, 0<i< 2TDk>
C Z(®'Pp,; 0<i<Tp, + D)

Recall that, by construction, we have X t ]5Dk, Xo 1 J5Dk. Moreover, the estimates of

Step 1 give
max {25log(3)Dk, log || Pp, ||, log [|P% Pp, . . .., log ||c'Diq>Dk15Dk|\} < Yp, = 2D/

Applying Proposition 1.8.8 to 77" (Zp), we get

D2
deg Zp = deg(t~"™(Zp)) < =~
Tp,

= Dy 7 =< D*° (1.45)

and

DY)
h(r"(Zp)) < < P 4 D = D77 < Do
Dy,

since > o + 1. By Proposition 1.8.7, this implies that
WZp) = h(r™ " (77 (Zp)))
< (77" (Zp)) + (mgy1 — my) deg(Zp)
< D/ﬁfo'Jrl + TD/DQ*U
< Dot (1.46)

since 0 < myy —my <ng—my, <Tp, <Tp < D7 and >0+ 1.
Combining (1.44), (1.45) and (1.46), we obtain

3 log [0 Py (a)| > D77, (1.47)

acW
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For each a € Wp, applying the above inequality to W = {a’} where o’ is a

representative of o/ = 77" +1(a) in C? of norm 1, we get
|<I>i°PD/(a')| Z 26_(1/2)DIU

when D’ is sufficiently large, i.e., when D is sufficiently large, since v > g — o + 2.
By (1.43), we conclude that

—_

1

2¢737" < |00 Ppy (o) < e 4 - dist(o/,y,,)  when D> 1.

[\]

So, for such points, when D is large, we have
v 1 7
e 2P < e3P dist (o, e,
and thus
1% Py ()] < P dist (o, y,).
This means that
log dist(a/, 7, ) > log |®® Ppi ()| — 3D
for any o € Wp. This yields that

S = Z log dist(a',7,,,) > Z log "I)iOPD’(a/)‘ - z)’D/BWVD‘

acEWp acWp

> Z log |®° Pp/ ()| — 3D deg(Zp).

aeWp
Applying (1.44) to W = 7="™+1(Wp) C Z},, we obtain
N log [0 Poy(a)| = —D'h(Zp) — 5D deg(Zp).
aceWp
So we conclude that
S > —D'hZ}) — 8D deg(Zp).

We just found a lower bound for S in the term of h(Z},) and deg(Zp). Combining
it with the upper bound given by (1.42), we get

1
D'h(Z},) +8D" deg(Zp) > A (D"’D“ﬁlh(zb) + 5D’”DH deg(ZD))
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for some constant A\ > 0 which is independent of the choice of D. This implies that
A
(D' — )\D“’D”*B*l)h(Z})) > (§D’UD”2 — 8D/’8> deg(Zp)

A o
>* ZD’ D" ?deg(Zp) > 0

where the last estimate follows from the fact that

EDIUDV_2 Z gD/G‘FV—Q 2* 8Dlﬁ

since v > max{f + (2 — o), 2}. Note that
0 < h(Zy) < DP~ot and deg(Zp) > 1.

We conclude that
D' >* \D'"? pr—8-1

and
D/ODV—Q < D/h(ZID) < D/B_O—+2.

This implies that
D' <« DPYY and D" < DPTRT2 (1.48)

Since o > 1, this implies that

D21 o pA-20+2)(0-1) D(6+1—V)(6—20+2)’

and thus
(v=2)(c—1)<(B+1-v)(B—20+2).
This means that
(c—1)(2—0)
B—(o—1)
which contradicts the hypothesis on v. We conclude that &,7 € Q. O

v<p[B+2—0+



Chapter 2

On approximation by rational

points

2.1 Introduction

2.1.1 Statement of the results

Let 8 = (1,60,...,0;) € R We say that a real number A\ > 0 is a uniform

exponent of approzimation to 6 if there exists a constant ¢ = ¢(@) > 0 such that
70| < X, max |zob; — i < X (2.1)
1<i<d

admits a non-zero solution (zg,x1,...,74) € Z4! for each X > 1. We denote by

A(0) the supremum of all these exponents.

Note that for 8 € C4!\ R4+ this definition would give A(@) = 0. Indeed,
WLOG, suppose that Im(6;) # 0. Then |z, — x1| > |Im(6;)| > 0 for any integer
1o # 0. Hence, if (wg,21,...,24) € Z%* is a solution of (2.1) with X large enough
and some fixed A > 0 then the inequality |zof; — z1| < ¢X ™ implies that xq = 0,

and so we have z; = 0 for all 7 < d. This is impossible.

The following lemma gathers several properties of the exponent A

60
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Lemma 2.1.1. Let 0 = (1,0,,...,0,) € R
(i) We have A(1,01,...,0m) > A\(0) if m < d.

(i) Let {1,ey,...,e.} be a basis of the vector space (1,61,...,604)0. Then X is a
uniform exponent of approximation to @ if and only if X is a uniform exponent

of approzimation to (1,eq,...,¢e;). In particular, we have

~

M1 er,...,e) = A6).

Proof. The assertion (i) is clear from the definition.
Assume that ) is a uniform exponent of approximation to 8’ = (1,ey,...,¢), i.e.

that there exists a constant ¢ > 0 such that the inequalities
<X = x| < eX A 2.2
20| < X, {2?; |zoes — x| < ¢ (2.2)

admit a solution in Z'*!\ {0} for any sufficiently large value of X.

We will show that A is also a uniform exponent of approximation to 6.

Let M € Mat(Q) be the (t + 1) x (d 4+ 1) matrix with coefficients in Q such that
0 = 6'M. The first column of M is ?(1,0...,0). Let m € N such that mM € Mat(Z).
Suppose that x € Z!* is a solution of (2.2) for some X > 1. Then the point y = mxM

belongs to Z4™! and upon writing y = (yo, . . ., ¥a), we have

lyo| = |mao| < mX,
max |yof; — yi| = [[mxe@' M — mxM|| < ||z00" — x|| < X

1<i<d
with implied constants depending on M. Thus A is also a uniform exponent of
approximation to 6.

Conversely, assume that A is a uniform exponent of approximation to 8. WLOG,
we may assume that {1,0y,...,6,} is a basis of (1,6,...,04)0 = (1,e1,...,€1)q. It
follows from the definition that A is also a uniform exponent of approximation to
(1,04, ...,0;) and so, by the above, it is also a uniform exponent of approximation to

(1,eq,...,e) since {1,6,...,6;} is a basis of (1,e1,...,e)q. O

Throughout this chapter, we restrict to points 8 = (1,0y,...,04) € R™! with

Q-linearly independent coordinates.
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Lemma 2.1.2. Let 0 = (1,0y,...,04) € R with Q-linearly independent coordi-

nates. Then
(i) A0) > 1/d;
(ii) M0) =1/d if 01, ...,04 are algebraic over Q.

Proof.

(i) If A = 1/d and ¢ = 1, then the volume of the convex body defined by (2.1) is
24+1 for any X > 0. From Minkowski’s First Convex Body Theorem, it follows that
for any X > 0, this convex body contains a non-zero point of Z4*!. This shows that
1/d is a uniform exponent of approximation to 6 and so A\(8) > 1/d.

(i) Suppose that A(0) # 1/d. From (i), we have A\(8) > 1/d, i.e., there exist ¢ > 0
and ¢ > 0 such that the inequalities

20| < X, max |zof; — x| < eX V4

1<i<d
have a non-zero solution x = (xg, ..., x4) in Z4*! for each X > 1. This in turn implies
the existence of ¢ > 0 such that

max |zof; — x| < ||x|| 7/
1<i<d

admits a non-zero solution x € Z%*! for each X > 1. Such solution x satisfies
| Mo(x) My (x) - - My(x)| < [|x]| =

where My(x) = g, M1(x) = 201 — 1, . .., Mg(x) = 2001 — 24 are Q-linearly indepen-
dent linear forms with algebraic coefficients. By Schmidt’s Subspace Theorem, these
points lie in a finite number of proper subspaces of R4™! defined over Q. However,
these points converge to @ projectively as X goes to infinity. So @ must belong to
one of these proper subspaces. This is impossible since @ has linearly independent
coordinates.

m
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The following are results that apply to points of the form 8 = (1,6, ... ,69) where
6 is either transcendental or algebraic of degree > d.

It is well-known that A(1,6) = 1.

In 1969, H. Davenport and W. M. Schmidt proved in [6] that

1/y~0618 ifd=2,
A1,6,...,0%) << 1/2 if d =3,
1d/2)~" if d > 4,

1++/5
where v =

In the case d = 2, it is shown in [18, 2004] that the above upper bound is best

denotes the golden ratio.

possible. More precisely, there exist real non-quadratic irrational numbers 6 such that
1/ is a uniform exponent of approximation to (1,6, 6?). Any such 6 is transcendental
over @, and the set of these numbers is countable.

Nevertheless, no optimal upper bound for A\(1,46,...,69) is known for d > 3 when
6 is transcendental. Note that, when 6 is algebraic of degree > d, then it follows from
Lemma 2.1.2 that A(1,6,...,60%) = 1/d.

In [13, 2003], M. Laurent proved that A(1,0,...,6%) < [d/2]"" if d > 3 which
improves the result of H. Davenport and W. M. Schmidt for odd d > 5.

In [19, 2008], D. Roy sharpened the estimate in case d = 3, by showing that

< 1
MN1.60.6%.0%) <= (2 — 2 ~ (.4245.
0.0.0) < 5 (24 V5 - \T4205) = 0205

In this chapter, we will consider points of the form @ = (1,6,,...,0,_1,§) where
{1,01,...,04_1} is a basis of a real field extension K of Q of degree d > 2 and £ € R\ K.
These conditions ensure that the coordinates of 8 are QQ-linearly independent. By
noting that K = Q(«) for some algebraic number o € R of degree d, we deduce from

Lemma 2.1.1 (ii) that

MN1,01, . 00-1,6) = A1, e, ..., 0% €).
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From the two previous lemmas , we deduce that
L<MO) <Aa et = (2.3)
In the case d = 2, it is shown in [22] that 1/ is an optimal upper bound for
5\(1, a,§). More precisely, D. Roy proved in [22] that this value is the largest exponent
of approximation achieved by points with Q-linearly independent coordinates on any
real conic defined over Q.
The main result of this chapter applies to any integer d > 2. We establish a
general upper bound for A() which reduces to 1/y when d = 2. Moreover, this
upper bound is strictly smaller than p + = = L _ , which is a notable

2 d—1 &d-1)

improvement on (2.3).

Theorem 2.1.3. Let K be a real number field of degree d > 2 with basis {1,01,...,04_1}
over Q and let £ € R\ K. Let ¢ and X be positive real numbers. Suppose that for any
sufficiently large value of X, the inequalities

(2o < X
|ZL‘0€1 — J]1| < cX
(2.4)
120041 — Tg—1| < X
\ |w0€ — 24| < X
admit a non-zero solution x = (xg,1,...,2q) € Z¥. Then X < \g where \g is the
unique positive real root of the equation
e+ (d—1Da® +--+(d— 1)1z = 1. (2.5)

The following corollary provides an estimate for A\;. However, we do not know if

our upper bound )4 is optimal for d > 3.

Corollary 2.1.4. Under the notation of Theorem 2.1.3, we have

1/~ ifd=2,
AL, 01, .., 00-1,6) < A ~ 0.40527 ifd=3,
N< -y fd>2
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Applying the main result of Y. Bugeaud and M. Laurent in [3] to our main result,

we obtain the following consequence.

Corollary 2.1.5. Let the notation be as in Theorem 2.1.3. Assume that X > A\g.
Then, for any n € R, there are arbitrarily large values of X such that the inequalties

lzo + 21601 + -+ + g 1041 + 246 + 1] < XA
x| < X

(2.6)

have a solution x = (g, ..., xq) in Z41L.

The proof of our main theorem follows the approach of Davenport and Schmidt
in [6]. Its details occupy four sections. In the notation of the theorem, let 6 =
(1,61,...,04-1,€). In Section 2.2, we construct a canonical sequence of primitive
integer points (X;);en converging to @ projectively. We call it a sequence of minimal
points for @ and establish some basic properties of this sequence, similarly as it is done
in [6]. Section 2.3 however is novel and provides the key to the proof of our theorem.
In this section, we look at subspaces of R4*! spanned by consecutive minimal points
and study how their dimension varies with the length of the sequence, i.e. as a
function of the first and last minimal point in the spanning set. In this way, based on
the choice of a fixed “initial” minimal point x;,, we construct, for each k =1,...,d,
families of subspaces (UF)x_1<t<4_1 of dimension k and (VF k—1<t<d—1 of dimension
k 4+ 1. Based on properties of these spaces under sum and intersection, we obtain
some strong inequality linking their heights. This is done by descending induction
on k, using a theorem of Schmidt. Then, our key inequality is obtained by taking
k = 1. The latter relates the heights of some explicit set of minimal points associated
with the choice of x;,. Section 2.4 provides the last tool that we need, a very general
upper bound for the norm of any minimal point in terms of the norm of the next
minimal point. It is obtained through geometry of numbers, by observing that the
first d coordinates of any minimal point provide a good rational approximation to
the point (1,6q,...,04-1). The proof of Theorem 2.1.3 is presented in Section 2.5,
based on all these estimates. Thus, we have ;\(9) < A\g. In the same section, we also

consider the hypothetical situation where 5\(0) = )\g is precisely the uniform exponent
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of approximation to €. In that case, we show that there exists a subsequence (y;)ien
of the sequence of minimal points which satisfies very rigid growth estimates and
which “explains” the fact that 5\(0) = A¢. Moreover, any d + 1 consecutive points in
this sequence are linearly independent and their determinant is bounded from above.
This situation is very similar to that of the extremal numbers in [18], except that
here we don’t know if extremal points @ exist. The precise construction is delicate
and obtained by “pasting” together the finite sequences of minimal points defined in
Section 2.3.

Section 2.6 provides an alternative proof of the main estimate of Section 4. In
this section, we construct a multi-linear symmetric polynomial map ® from (R4+1)2
to R defined over QQ, whose restriction ¢(x) = ®(x,...,x) to the diagonal is closely
connected to the norm map from K to Q. Looking at the values of ¢ at minimal
points and showing that they are non-zero, we obtain an alternative proof for the
main estimate of Section 2.4. In Section 2.7, we use ® to construct a polynomial map
U (RTHE — R4 Then, we study its properties and use them to provide algebraic
relations between the points of the sequence (y;);en constructed in Section 2.5 in the
case where A\(8) = A\;. We view U as an analog of the bracket operator of [18, §2].
We were not able to go further on these lines of investigation but hope that the above
mentioned result will be useful for further study in this topic.

The last section of this chapter derives from several unsuccesful trials to construct
points @ of the above form, for which the uniform exponent of approximation 5\(0)
is greater than the trivial lower bound 1/d provided by the box principle. In this
section, we fix d = 3, set a = /2, and construct a transcendental number ¢ € R
such that 5\(1,04,042,5) > 1/3. However, the sequence of minimal points attached
to (1,a,a?,€) have their norms growing in the fastest possible way, something that

cannot be achieved by an application of the box principle.

2.1.2 Proofs of the corollaries

Proof of Corollary 2.1.4. By direct computation, we get Ay = 1/ and A3 ~ 0.40527.

We will verify that Ay < €5 for d > 2. Set y = (d — 1)z. The equation (2.5) is
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equivalent to

y+y2+---+yd:d—1.
Set f(y)=1+y+y>+---+y?—d. Then f(y) is an increasing function on R*. We
need to prove that the unique positive real zero of f is less than yo = (d* — 1)/d?. Tt
is enough to show that f(yo) > 0.

We have . i
1—yy" 2 2 (-1
=—— —d=d*—-—d—-d

The inequality f(yo) > 0 is equivalent to

2 d+1
d2—d>d2(dd2l> 5
which is equivalent to
d \° 441\
@) > (5r)
4 \¢
This is true since the function (ﬁ) is decreasing for d > 1. m

The proof of Corollary 2.1.5 is based on the main result of Y. Bugeaud and M.
Laurent in [3]. In order to state this result, we first introduce the following notation.

For any positive integer n, and for any point x € R", we denote by
X} = min ||x —
{x} = min x — v
the distance from x to a closest integer point.
Let A be a real n x m matrix. For any columm vector n in R", we denote by

w(A,n) the supremum of the real numbers w for which, for arbitrarily large real

numbers X, the inequalities
(A-xtn) <X |x|<X (2.7)

have a non-zero solution x = (zo,...,x4) in Z™. We denote by w(A,n) the supre-
mum of the real numbers w for which, for all sufficiently large real numbers X, the
inequalities (2.7) have a solution x in Z™. We define furthermore two homogeneous
exponents w(A) and w(A) by setting w(A) := w(A,0) and w(A) := w(A,0).

The main result in [3] is reads as follows.
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Theorem 2.1.6 (Y. Bugeaud, M. Laurent, 2005). For any real n X m matriz A, and

any column vector n € R", we have the lower bounds

1 1
" >
S(AY and w(A,m) > (AT

w(A,n) > (2.8)

with equality in (2.8) for almost all n with respect to the Lebesque measure on R™.

Based on this, we can now prove Corollary 2.1.5.

Proof of Corollary 2.1.5. Set @ = (1,0y,...,04_1,&), n = (n,0,...,0) € R*! and set

0 0, ... 6o, ¢
O -1 ... 0 0
Ay =
-1 0
0 -1
Then, for any x € Z%*!, we have
Afgxt = (0, 1'0(91 — T1y... ,l‘oed,l — Td—1, 3305 — $d)t

and

{Aq - x' + nt} ={z10; + - + 241041 + s + n}.
From definition, we conclude that A\(0) = &(A5). By (2.8), we get

1 1 1
> = 2
w(Ap)  AO) T A

w(Ag,m)

Since A > A4, this implies that w(Ag,n) > 1/A. This means that there are arbitrarily

large real numbers X such that the system
{2161 + -+ Tg_1ba1 + s + 0} < XV |Ix| < X/2

has a solution in x = (g, ...,z4) € Z4T. If X is large enough then the system (2.6)

also has a solution in Z2t!, |
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2.1.3 Notation

In this chapter, for any point x in R%*!, we denote by x~ the point of R? whose
coordinates are the first d coordinates of x.

For any point 8 = (6y,01,...,04) in R4 we define the function Lg : R4 — R
by

Lg(x) = max |x08; — Oo;]

for each x = (zg,...,z4) € R

2.2 Construction of minimal points

In this section, we fix a point 8 = (1,0,...,60,) € R with Q-linearly indepen-
dent coordinates.

To study the problem of uniform aproximation to @, we follow the approach of
Davenport and Schmidt in [6] by first defining a certain sequence of primitive points
(Xi)ien in Z4HL called minimal points, which converges projectively to .

First of all, for each real X > 1, we consider the set of integer points x =

(xo,...,xq) With
1 1
]—S'Z.OS ||X|| §X7 |$091—$1|§§7 ey |I09d_$d|§§-
Since 1,6,...,0; are linearly independent over @, there is a unique point among

them for which Lg(x) has its least value, and we call this point the minimal point
corresponding to X.

It is clear that the minimal points are primitive. Moreover, if x is the minimal
point corresponding both to X’ and to X", it is also the minimal point corresponding
to any X between X’ and X”. Hence there is a sequence of integers X; < X < ...
such that the same minimal point x; corresponds to all X in the range X; < X < X4
but to no X outside this range.

So for fixed 6, the sequences of minimal points (X;);ey are uniquely determined

up to the choice of their first points.
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Now fix such a sequence (x;);eny. Then (X;);en has the following properties

(a) x; is primitive for each i,

(b) the norms X; = ||x;|| form a strictly increasing sequence,

(c) the positive real numbers L; = Lg(x;) form a strictly decreasing sequence,
(d) if a non-zero point x € Z*! satisfies Lo(x) < L; for some i > 1 then

x| > Xt

The following lemma shows that one can compute 5\(9) directly from a sequence

of minimal points.

Lemma 2.2.1. A positive real number X is a uniform exponent of approximation to

0 if and only if L; < X;Al for each index 1.

Proof. Assume that A is a uniform exponent of approximation to 6, i.e. that there

exists a constant ¢ = ¢(f) > 0 such that
lzo] < X, Lg(x) <cX (2.9)

admits a non-zero solution x = (zg,z1,...,zq) € Z! for each X > 1. Then there

exists a constant ¢ = ¢/(€) > 0 such that any such solution x satisfies
[zo| < [Ix| < ¢lol-

Now fix a sufficiently large index ¢ so that ¢~1X;; > 1. For any real number X with
1< X <™ 1X;,, asolution x € Z4! to (2.9) satisfies

x| < d|wo| < Xip1, Lo(x) <cX
From the property (d), we deduce that
Li < Lg(x) < X
Since we can choose X arbitrarily close to ¢~1X; ., we conclude that
Li < (™' X)) ™M

The reverse implication is easy to prove. O]
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We also note that, any two consecutive minimal points x;,x;,; are Q-linearly
independent since they are primitive and distinct with positive first coordinates. We
have the following estimate for the height of the vector spaces generated by two such

points.
Lemma 2.2.2. Let V; be the R-vector space generated by x; and x;11. Then, we have
‘/i N Zd+1 = <Xi>Xi+1>Z and H(‘/;) = XZ'+1L1'.

Proof. Assume that V;NZ3*! #£ (x;,%;41)z. Then there exist r, v’ € R with |r], |r/| <
1 such that
z = rx; +1'x;41 € 27\ {0}.

So we get

2] < [rfllxll + |7 [lxia || < Xita,
LQ(Z) S |T’|LZ + |’I“/|LZ‘+1 < Lz

This is a contradiction.
So V; N Z%! = (x;,X;41)z and thus

Indeed, it is obvious that ||x; A x;41|| < X;11L;. We will clarify that

||Xi A Xi+1|| > Xi+1Li- (210)
Set u = x; —x; 00 and v = X; 41 —2;41,00. Write u = (ug, ..., uq) and v = (vg, ..., vq).
Then L; = |u,| for some positive integer 1 < ¢ < d. Moreover, there exists 0 < < d
such that |u; —v| = |[u—v|| = Lg(x;41 — x;) > L; since ||x;1 — x;|| < X;41. We have

|%: A X1l > |ziove — Tigr0ue] > @ig10Li — xioLivs > (Tiv10 — Tipo) L.
In the other hand, we have
”Xi A Xi+1|| > |Iz',ovl - ZE2‘+1,0U1| = |$i,0(Ul - Uz) + Ul(xi,o - $i+1,0)|
> xi0Li — Li(Tiz1,0 — Tip)-
This yields
3||xi A X1 || > ioLi + (Tig1,0 — Tio)Li = Tiy1,0Ls.

so we get (2.10). O
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In the proof of Theorem 2.1.3, we will need another property of the above sequence

of vector spaces (V;);en. We state it below in a very general form.

Lemma 2.2.3. Let (V;)en be a sequence of subspaces of R¥Y of dimension t < d
defined over Q. Suppose that the union of these spaces contains a sequence of non-
zero points (y;)ien in R converging to @ = (1,0y,...,04) projectively. Then the

sequence (V;)ien contains infinitely many distinct vector spaces.

Proof. Assume by contradiction that there exist only finitely many distinct vector
spaces among the sequence (V;);en. Then there exists one of them V;, containing an
infinite subsequence (z,)nen Of (¥i)ien. Since (y;)en converges to € projectively, so
does any of its subsequences. We deduce that 8 € V.

Since the vector space V;, is defined over Q and dim V;, < d, there exists a non-
zero vector u = (ug, ..., ug) € Q4! orthogonal to Vj,. So it is also orthogonal to 6.
Then we have

Uy + w10y + - -+ ughy = 0.

This contradicts the hypothesis that 1, 64,..., 60, are linearly independent over Q. [

For the last result of this section, we drop the condition that @ = (1,64,...,6y)
has Q—linearly independent coordinates. In fact, this result provides a criterion for

the coordinates of 8 to be linearly independent over Q.

Lemma 2.2.4. Let @ = (1,01,...,0,) be an arbitrary point in R, Assume that

there exists a sequence of points Y, = (Ynos - - -, Yna) i Z with n € N* such that
(1) det(¥n, Ynats- - Ynra) 7 0 for infinitely many integers n,
(13) lim,, o Lo(yn) = 0.

Then 1,04, ...,0, are Q-linearly independent.

Proof. Assume on the contrary that 1,6, ...,0,; are Q-linearly dependent. WLOG,

we may write 03 = ag + a101 + ...+ ag_104_1 for some ag, ay,...,aq_1 in Q.
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For each n € N, we have

Tnobd — Tna = Tnolao + 161 + -+ ag—164-1) — Tna

= a1(Tnobh — Tp1) + -+ aa—1(Tn00i—1 — Tna—1) + R(n)

where

R(n) = AoTpo + A1Tp1 + -+ A4—1Tnd—1 — Tnd-

Then we get

|R(n)| < |@no0d — Tnal + a1 (Xnob1 — 2n1)| + - - + |@a—1(Tn 0041 — Tnd—1)|

< Lg(Xn).

Since Lg(x,) converges to 0 when n tends to infinity, so does R(n). Since R(n) €
Zlag, a1, ... ,aq-1] with a; € Q for all i = 1,...,d — 1, we deduce that R(n) = 0,
namely

Tpd = AQpTp,o + A1Tp1 + -+ Ag—1Tp,d—1,

when n is sufficiently large. This implies that det(X,, X, 11, Xn12, Xn13) = 0 when n is
sufficiently large. This is a contradiction. So 1,6y, ...,60; are Q-linearly independent.

[]

2.3 Construction of sequences of vector spaces

In this section, we fix a point of @ = (1,6y,...,6;) € R*! with Q-linearly inde-
pendent coordinates and fix a sequence of minimal points (x;);>1 attached to 6. Let
the notation X; and L; be as in Section 2.2.

Let ig be a positive integer. For each t =1,...,d — 1, we denote by i; the largest
integer such that

dim<XiO,Xi0+1,...,Xit>R =t+1. (211)

The existence of i; follows from Lemma 2.2.3. Clearly, the property (2.11) also holds

for t = 0. Moreover, we have

(i)i0<i1<...<id_1,
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(i) dim(x;,, Xjg11,-- -, Xijpr1)r =t + 2 for 0 <t <d—1,
(i) X441 & (Kigs Xig+1, - - -, Xip)r for 0 <t <d —1.
By comparing dimensions, we deduce that
(iv) R = (X0, Xigt1s - - - » Xiy ,+1)R)
(V) (Kigy Xigt1y - -+ s Xiy 1 4+1)R = (Xigy Xigt1, - - - » X4y )r for 0 <t < d — 1.

For each (t,k) e N2 with 0 <t <d—1and 1<k <t+1,let s(t,k) be the largest
integer < 7; + 1 such that

dim (Xt k) > Xs(t )41 - - > Xt 1)r = b+ L.
Then we get
s(t, 1) =14, > s(t,2) > ... > s(t,t+1) > g
Now we set
VtkH = <Xs(t,k); Xs(t,k)+1y - - - 7Xit+1>lR>
UF = (Xs(te)s Xs(t ) 415 - - - » Xiy )R-

By definition, we have
dm V™ =k+1, UFcVFL

Moreover, for such (¢, k), we have UF C (x;, Xiy11, - - -, Xi,)r. 1t follows from (iii)
that x;, 11 ¢ UF. We deduce that

dim Uf = k.
On the other hand, we have x;,,1 € V¥ by the definition. Thus,
Vit =l + v (2.12)

is the sum of two distinct k-dimensional vector spaces.
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For0<t<d-—1and 2 <k <t+1,itis clear from the definition that Utk_1 is a
(k — 1)-dimensional subspace of the two distinct k-dimensional vector spaces UF and

Vik. Hence, for such (t, k), we have
Ut =UFn vk (2.13)

For t > 1, note that U/™" is by definition a (¢ + 1)-dimensional subspace of

(Xigy Xigt1, - - - X3, )R- Since the latter has dimension ¢+ 1 by the choice of i;, they coin-

cide. Similarly, V%! is a (¢ + 1)-dimensional subspace of (X;,, Xy +1, - - -, Xi, 1 +1)R =
(Xig, Xig+1s - - - » X4y )R SO they coincide. Hence we have
t+1 oy st+1
Ut - <Xio’ Xig41y - - - 7Xiz—1+1>R - ‘/;5_1 . (214)

The following lemma relates the heights of (U f) k<j<d—1 and of (V}’”l) k—1<j<d—1-
Lemma 2.3.1. For each k € N with 1 < k <d — 1, we have
H(URH(UE,) - H(Uf ) < HVEDHVES) - H(V (2.15)

Proof. We proceed by descending induction on k.
By (iv), (2.12), and (2.14), we get

R = V¢id—+11 =Ugy + Vs

By (2.13), we have
Uc(li—_ll - Ufiiﬂ N leil'

So it follows from Schmidt’s inequality [24, Chap. 1, Lemma 8A] that
H(UGZ)) < H(UG_ ) H(ViL).

By (2.14), we have H(U4 |) = H(V{ ). Thus,
H(U§Z)) < H(VEL,)H(VLy).

So (2.15) holds for k =d — 1.
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Assume that (2.15) is true for some k with 1 < k& < d — 1. For each index
t=k—1,...,d—1, by (2.12) and (2.13), we have

‘/thrl — Utk 4+ ‘/tk’ Utk N ‘/;k — Utkfl.

Then, it follows from Schmidt’s inequality that

() < 2D

foreacht =%k —1,...,d — 1. Combining this with the induction hypothesis, we get
HWUE DHWVE)  HUS )HVE)
H(U) H(U;)

HUR)---HUj ) <
This leads to
H(Ullj—_ll) e H(U5:11) < H(Ulf—l)H(ka—l) T H(‘/dk—l)‘

By (2.14), we have Uf | = V¥ ,, we conclude that (2.15) is true with k replaced by
k — 1. By the induction principle, (2.15) is true for all k =1,...,d — 1. ]

Proposition 2.3.2. Suppose that X\ > 0 is an exponent of approrimation to 6. Then

we have
X’L P Xid—l << (XZ()+1X21+1 tet Xid_1+1)1_>\'

Recall that X; = ||x;|| for each i > 1.
Proof. From the above lemma applied with k£ = 1, we get
H(UNH(Uy) - H(Ujy) < HVG)H(V?) - H(VEy)

where V2 = (x;,,X;,+1)r and U} = (x;,)g for t =0,...,d — 1.
Fort=0,...,d — 1, we have
HU}) = |Ixi, | = X,
It follows from Lemma 2.2.1 and Lemma 2.2.2 that
H(V?) = [Ixi, Axipn | =< X1 Li, < X2

This yields the required inequality. O]
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2.4 On the norms of minimal points

In this section, we fix a real number field K of degree d > 2 with basis {1,0y,...,6,_1}
over Q and fix { € R\ K. Set 0 = (1,6,,...,0,1,§). We work with the two functions
L' :RY — R and L : R¥™! — R defined by

L'(y) = Lg-(y) for eachy € R?,
L(x) = Lg(x)  for each x € Rt

We fix a sequence of minimal points (x;);en attached to 8. By construction, the
norms X; = ||x;|| form a strictly increasing sequence while the values L(x;) form a
strictly decreasing sequence (see Section 2.2).

In this section, we will show that if A\ is a uniform exponent of approximation to

0, then there exists a constant ¢ > 0 such that
1
X <X/ forallieN. (2.16)
To verify this, we first establish the following estimate.
Proposition 2.4.1. For any x € Z\ {0}, we have
L/(x) > ||| "7
Proof. Fix a real number X > 1. Consider the convex body

|wo + 2161 + -+ + 2g—10a_1| < X7
Cxi
|l‘1|, ey |£L'd_1| S X

and its polar reciprocal parallelepiped

|z < X471
Cx: .
max |zof; — z;| < X .
1<i<d
Suppose first that vCx contains a non-zero integer point x' = (zf, ..., ;) in Z4,

for some v > 0. Then we have

IX'[| <vCX  with C=1+61]+ -+ [04_1]
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Write
y=axo+ 2100 + -+ 2y 001

Since 1,64, ... ,60,; are Q-linearly independent, we have y # 0. Upon choosing m € N*
such that mf; € Og fori=1,...,d—1, we get my € Ok \ {0} and so Nk g(my) €
Z\ {0}. Let 0y,..., 04 denote the d distinct embeddings of K into C, ordered so that
o is the inclusion of K into R. We find

d
[Nk jo(my)| = de v + 2103 (01) + - + 2 0i(0a-1)|
=1
d
<my X VTT(C + [oi(00)] + - + |os(Baa) v X
i=2
< (C'mwv)*

where Cl = IIlaXQSZ'Sd(C + |0'Z(01)| + -+ |O'Z'(6)d_1)|). Since NK/Q(my) e 7 \ {O}, we
conclude that
1< C'mv

and so v > (C'm)~!. This shows that p;(Cx) > (C'm)~".
By Theorem B.4 in [4, Appendix], we have 1, (Cx) - pna(C%) =< 1. This implies that

1a(Cx) < 1.

On the other hand, since vol(C%) = 2%, it follows from Minkowski’s Second Convex
Body Theorem that

1 * *
a < m(Cx) - pma(Cx) < 1.
Since 11 (C%) < p2(C%) < -+ < pa(C%), we deduce that

1

N> -
A (G

for some constant ¢ that is independent of X, with 0 < ¢ < 1.

Now let x = (g, ...,24.1) € Z*\ {0}. We have

o] < [[x]| = X with X = (¢7|x])) 7.
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Since 11 (C%) > ¢, the point x does not belong to ¢C% and so
L'(x) > cX ' = ca1|x||"&T. O
Corollary 2.4.2. Let A € R be a uniform exponent of approximation to 8. We have
Xin < Xiﬁ for all i e N.
Proof. Fix an index 7. Applying the above proposition to a minimal point x;, we get
Lix) 2 L) > 777 = X, 7
From Lemma 2.2.1, we have L(x;) < X;;}. Thus we get
X, = < X,
from which the result follows. O

The previous corollary provides a constraint on the norms of (x;);ey which holds
for any uniform exponent A\ of approximation to 0. In the special case where A = \;

is assumed to be an exponent of approximation to 6, we have the following result.

Theorem 2.4.3. Let the notation be as in Theorem 2.1.3. Assume that g is a uni-
form exponent of approzimation to @ = (1,0y,...,04-1,€). Let (X;)ien be a sequence
of minimal points attached to 6. Then this sequence admits a subsequence (Y )nen-
such that, for each n € N,

(i) | det (Yot - ymsa)| = 1,

(i1) [yl = [[ynra][ 4702,

(iii) L(yn) = L'(y;) = [yl 7/,

This is a consequence of Theorem 2.1.3 and will be proved in the next section.

2.5 Proof of the main theorems

2.5.1 Proof of Theorem 2.1.3

Fix a sequence of minimal points (x;);>1 in Z¢~! attached to @ = (1,01,0,,...,04_1,&).
For each i > 1, we define X; = ||x;|| and L; = Lg(x;) according to the general

convention explained in Section 2.2.
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Fix an arbitrary large integer 75. For each t = 1,...,d — 1, we denote by #; the

largest integer > 7y such that
dim(x;,, Xig 11, - - -, Xip)r =t + 1.
By Proposition 2.3.2, we get
Xiy - Xiy, < (Xig1 Xipg1 - 'Xid_1+1)1_>\'
.. from this equality.

The idea is to eliminate successively X; 11, X, Xi, 41, Xi

Since ig + 1 < 49, we first have X;,11 < X;,, hence the above inequality implies
that

1 29 °

Xiy o Xiy, < (Xoy Xipar - Xy ) (2.17)

which is equivalent to
A 1-)
XilXiZ T Xid71 < (Xi1+1 e Xid,lJrl) .

By Corollary 2.4.2, we have X;, > XD, Using this to eliminate X;,, we get

i1+1
Xi(flJ:ll)/\QXi s Xy, < (X 'Xid,1+1)17)\- (2.18)

Assume that
Xi(tcizizlk2+---+(d71)t—lktXl-t e X << (X .Xl,d71+1)1fA (2.19)

for some t with 1 <t < d. We just proved (2.19) for ¢t = 2. We will prove that (2.19)
still holds when we replace t by ¢ + 1.
The inequality (2.19) is equivalent to

LRI X € (K X )T (220)
- 1
Upon noting that A < \(07) = 1 (by Lemmas 2.1.1 and 2.1.2), we get
t
~1+A+(@d=DN+- -+ (d=1D)"N < -1+ ——<0. (2.21)

d—1"7—
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So we can use the inequality X;, 11 < Xj, to eliminate X;, |41 from (2.20). This
gives

A (d—1)A2 4 (d—1)E 1N _
Xit+( JAZ4-+(d—1) X, < (Xipq1 - 'Xid,1+1)1 A
Since X;, > XZ( +1) we obtain

d—1)A2 4 (d—1)EAEFT —
Xi(t—&—l ) (d-1) Xz't+1 X K (Xl.tJrl .. ‘Xid,1+1)1 A

as required. By the induction principle, we deduce that the inequality (2.19) holds
for all t = 2,...,d. Applying (2.19) with ¢t = d, we get

d—1)A2 44 (d—1 d*b\d
XTI X (2.22)

This implies that A\ satisfies
A (d=DN 4+ 4+ (d-D"N <1

Since f(A\) = A+ (d— 1A+ -+ + (d — 1)471\? is an increasing function on RT, we
deduce that A < \y.

2.5.2 Proof of Theorem 2.4.3

Note that if there exists a subsequence (y,)nen+ Of (X;)ien in which any d + 1 consec-
utive points are linearly independent and if this sequence satisfies the properties (ii),

(iii) of Theorem 2.4.3 for any n € N then we have

1 < |det(YnaYn+1a v 7Yn+d)| < ||Yn+d||L(Yn) e L<yn+d 1)
€ gl

so the property (i) holds.
Therefore it is enough to establish the existence of a subsequence (y,,)nen in which
any d + 1 consecutive points are linearly independent and for which the properties

(ii) and (iii) hold. We start with two general observations.
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a) Consider an arbitrarily large integer ¢. For each ¢t = 0,...,d — 1, let i; be the

largest integer > ¢ such that
dim(xi,xiﬂ, N 7Xit>R =t+ 1.
In particular, we note that ¢y = i. We will show that

X1 = X = XM Lx) =< L(x;) =< X, T (2.23)

fort=1,...,d—1.

To this end, consider the proof of Theorem 2.1.3. In our case where A = \;, we get
an equality in (2.22). Therefore, throughout the proof, we can replace all symbols <
and > by <. Otherwise, if in some inequality, one side is much larger than the other,
this would carry to all subsequent estimates, and so we could not have an equality in
(2.22). This uses the fact that for A = Ay, the first inequality in (2.21) is strict for
t=1,...,d—1. We conclude that

Xion = X, = XM forall e =1,...,d—1 (2.24)

where the implied constants do not depend on the choice of ¢ made at the beginning
of Step 1.

Since (d — 1)A\; < 1, this means that, for each ¢ = 1,...,d — 1, the numbers
Xiy 141, X4y 142, - - -, X;, are about the same size while X;,; is much larger. More
precisely, there exists a constant ¢ > 1, independent of the choice of i, such that, if ¢

is large enough, then

11 = Hlll’l{k € N, k > 10, Xk+1 > CXk},

ip = min{k € N; k> iy, X1 > cXil, (2.25)

lg_1 = mln{k c N; k > Td—2, Xk+1 > CXk}.

Moreover, going back to the proof of Corollary 2.4.2, the estimates (2.24) imply that

L(x;,) < L'(X;) = X;H
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for all t = 1,...,d — 1, where the implied constants are again independent of the

choice of the initial integer 1.

b) With the above notation, take j = i;. For each t = 0,...,d — 1, let j; be the

largest integer such that
dim(xj,xj+1, c. ,th>R =t+ 1.

We will show that j; = i;49 for ¢ =0,...,d — 2 provided that ¢ is large enough. This
is true for t = 0 since jo = j = i1. Assume that jo = 7y,..., 75,1 = i; for some t with

1 <t<d-1. By part a) and the induction hypothesis, we have

jt = mm{k € N, k> jt—l; Xk-i—l > CXk}
=min{k €N; k>, Xpi1 > X},

and so j; = i;41. By the induction principle, we get
Jt = 411 for t=0,...,d—2.
Set 1g = jq—1. Then we have
ig=Ja1 =min{k € N; k> js o, Xp11 > cXi}
=min{k € N; k>4, Xy > Xy} (2.26)

We claim that the point x;, is R-linearly independent from the d points x;,, x;,, ..., X;,.

To verify this, we first note that

d+1 _
RY = (Xig, Xig 1, -+ +» Xig_, +1)R
- <Xi07 Xi0+17 o 7Xi1>R + <Xi17xi1+17 o 7Xid,1+1>R-
Since (X;,, Xig+1, - - - » Xi; )R has dimension 2, and since the two points x;,, x;, are prim-

itive with unequal norms, we get
(Xig, Xigt1, - -+ Xiy )R = (Xig, Xi; )R-
Moreover, since #;11 = j; for all t =0,...,d — 1, we also have

<Xi17Xi1+17 s ’Xid—1+1>R = <Xj07 Xjo+1y - - 7de—2+1>R'
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By definition of j;_», this vector space has dimension d. By definition of j;_1, we also

have

<Xj0’ Xjo+1y - - - 7de—2+1>R = <Xj07 Xjo+1y - - - ’de—1>R

= <Xi1axi1+17 e ,Xidm.
Therefore, the (d + 1)-dimensional vector space

Rd‘H = <Xi07 XZ‘1>R + <Xi17Xi1+1a s 7Xid>R

= <XiQ>R + <Xi17Xi1+17 s 7Xid>R

is the sum of a 1-dimensional vector space and a d—dimensional vector space. We

deduce that x;, ¢ (x;,,X;,41,.-.,X;,)r. A fortiori, this proves the claim.

c¢) Construction of (y,).en: Let the constant ¢ be as in part a), and let ky € N
be sufficiently large so that (2.25) holds for any choice of i with ¢ > k. Define

recursively an increasing sequence of integers (k;)nen by
kni1 =min{k € N; k> k,, Xp1 > X},

and put
Yrn = Xg,

for each n € N.

If we apply the construction of parts a) and b) with ¢ = k,, for some n > 0, then
the integers ig, i1, . . . , ig become ky, kpi1, .- ., knyq because of (2.25) and (2.26). Note
that the estimates (2.23) of part a) not only hold for ¢t = 1,...,d — 1, but also for
t = d because of the construction of i, in part b). Considering the cases ¢ = 1 and
t = 2, we have

- y(@=DA -
an+1 - an+1+1> an+1+1 ~ Xk’n+27

and

L(xk,,,) =< L'(x;,,,) < XY@,

kn41
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So we have

¥l = [ Ynr2 M, Liyns) < Ly, 1) = [y ||~/

for all n > 0, showing that the sequence (y,)nen+ fulfills the properties (ii) and (iii)
of Theorem 2.4.3.

Finally, if we again choose i = k,, in part a), then the main result of part b) states
that y,, is R-linearly independent of the d successors y, 11, Yni2,---,Yniq- Lhis being
true for all n > 0, it shows that any d+ 1 consecutive points of the sequence (y,,)nen

are linearly independent. So (y,)nen+ fulfills all the required properties.

2.6 The polynomials ¢ and ¢

Fix a real number field K of degree d > 2. Then there exists an algebraic integer «
of degree d such that K = Q(a). Then {1,c,...,a% '} is a basis of K over Q. Set
0= (1,a,...,a%1).

Using geometry of numbers, we proved in Proposition 2.4.1 that for any x € Z¢,

we have
Lo(x) > [|x[|"7. (2.27)

In this section, we provide an algebraic proof of this result based on properties of
a symmetric d-linear form ®(Xy,...,X,) € Z[Xy,...,X ] which we will construct
below, where X; = (Xj,...,X,a-1) is a d—tuple of variables for j =1,...,d.

Firstly, we need an auxiliary lemma.

Lemma 2.6.1. There exists a unique choice of ag,aq,...,aq—1 tn K with ag_1 = 1

such that every embedding T : K — C distinct from the inclusion map satisfies
7(ag) + 1(a1)a + -+ 1(ag_)a’t = 0. (2.28)
These numbers ag, ay . ..,aq_1 are Q-linearly independent algebraic integers.

Proof. Let F' be a normal closure of K over Q. Set G = Gal(F/Q) and H =
Gal(F/K). Any embedding 7 of K into C such that 7 # Idg can be extended
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to an automorphism 7 of F' and then 7 € G'\ H. Conversely, the restriction to K
of any element o of G\ H yields an embedding from K into C distinct from the

inclusion. Therefore, condition (2.28) for all 7 # Idk is equivalent to
o(ag) +o(a)a+ - +o(ag_1)a™ =0 foralloc e G\ H. (2.29)

Since H is a subgroup of G, we have 0 € G\ H if and only if 0= € G\ H. Applying

o~ ! to both sides of the equation associated o, it becomes
ap +aio () + - +ag 0 (2 =0 foralloc G\ H,
and thus the conditions (2.29) are equivalent to
ap + aro(a) 4+ -+ ag_1(c()t =0 forallo € G\ H (2.30)

By definition of G and H, the set of numbers 7(a)) with 7 € G\ H consists of all the
conjugates of a but a. Therefore, condition (2.30) is equivalent to asking that the
polynomial

p(T) =ao+a T+ -+ ag T+ T

has roots ay,...,aq4_1 where aq,...,aq_1 denote all the conjugates of a which are

different from «. Namely, it asks that

P(T) = (T = ) (T = as) -+ (T — cvg_y) = w (2.31)
Since a € Ok, we can write
min(o, Q) =T + ty_ T+ -+ 1
for some integers tg, ...,t4—1. Then (2.31) is equivalent to the following equation

(T 4 ag_oT 2+ fag)(T —a) =T+t T+ -+ 1.
By comparing coefficients on both sides, we get

ti = a;,_1 — aq;x for i=1,...,d—1,
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and so
ag—2 = tg—1 + @,
aqg—3 = tqg—o +ago0x =130+ tg_100 + aQ,
(2.32)
ap =t +tra+ - +a®t
This proves the existence and unicity of ao, ..., a1 in Q(«) satisfying (2.28). Since

a € Ok and ty,...,tq1 € Z, we get a; € O for all i = 0,...,d — 2. On the other
hand, since a has degree d, the elements 1,c,...,a%"! form a basis of Q(a) over
Q. Moreover, the above formulas show that each a; with ¢ = 0,...,d — 1 is a monic
polynomial in « of degree d — i — 1. Hence the elements ay,...,a4_1 form another

basis of Q(«) over Q. In particular, they are Q—linearly independent. n

Proposition 2.6.2. Let ag,...,aq_1 be as in the above lemma. There exists a sym-
metric d-linear form ®(Xy,...,X,) € Z[Xy,...,Xq4] such that
(i) (0,0,Xs,...,Xy) =0,

1
(i) the polynomial p(X;) = E(D(Xl’ ..., Xy) satisfies

o(x) = Nijglaozo + - - + ag_174-1) € Z \ {0}
for all x = (xg,...,xq_1) € Z%\ {0}.
Proof.
(i) Let F be a normal closure of K/Q and set G = Gal(F/Q). Then G acts on

F[Xl)"'axd] by
o (Z aih...,idXif o -Xif) = Z o(ai, .. 5,) X0 - -Xild for o € G,

i . 10 Td—1 s . d
where X} denotes the monomial X3 --- X;% ", for each i = (ig,...,iq-1) € N

Let 71,...,74 be all the d embeddings of K into C ordered so that 7, = Idg. Set
KJ(X) = Tj(ao)Xo —+ 4 Tj(ad—l)Xd—l fOl" j = 1, e ,d,

and set
(X, Xg) = > Ly (Xe) - Loy (Xa).

VESy
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It is clear that ® is a symmetric d-linear form. By the previous lemma, we have
a; € Ok for all i = 0,...,d — 1, and so ® € Op[Xy,...,Xy]. Moreover, we have
o(P(Xy,...,Xy)) = (Xy,...,Xy) for any 0 € G since o permutes {q,...,¢;. We
deduce that
€ O%X,,..., Xy = Z[X ... X4

By the same lemma, we have ¢;(@) =0 for j =1,...,d — 1. This implies that
l,1)(0) - £,2)(0) =0
for all v € Sy, so we get (i).
(ii) Since ay, ..., aq-1 are Q- linearly independent algebraic integers, we have
apTo+ -+ ag_1xq41 € Ok \ {0}

for all x = (zg,...,7q_1) € Z¢\ {0}. For those points, we conclude that
d
p(x) = H Ti(aoTo + ... + ag-174-1)
i=1

:NK/Q(CI,Q$0 + ...+ ad_lxd_l)
is a non-zero integer. 0

Now we are able to give an alternative proof of Proposition 2.4.1.

Proof of Proposition 2.4.1. Fix x = (xg,...,24-1) € Z%\ {0} and write this point in
the form x = 200 + A with A € R%. Then we have Lg(x) = ||A|. With ® and ¢ as
in Proposition 2.6.2, we find

1
p(x) = E@(IOO + A, ... 100 + A)

1
:a(

since ®(10, 700, A,...,A) = 229(0,0,A,...,A) = 0. Since p(x) € Z\ {0}, we

conclude that

O(A,...,A) +dzo®(6, A, ..., A))

1 < [o(x)| < x| - Lo(x)"" (2.33)
and so Lg(x) > ||x||71/@-D, O
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2.7 The morphism WV

As we said before, we don’t know if there exists a point @ € R%*! as in Theorem
2.1.3 such that ;\(0) = N\g. However, if such @ exists, then there exists a sequence
of primitve points (y,)nen+ satisfying conditions (i)—(iii) of Theorem 2.4.3 for each
n > 0. In this section, we construct explicit algebraic relations between the points of
such a sequence. We hope that these relations will be useful for further study of this
topic.

Let the notation d, K, o, ¢ and ® be as in Section 2.6. We fix £ € R\ Q(«) and
set = (1,a,...,a% 1 ¢).

For any x,y € R we define
U(x,y) =ox )y — mq’(x_, X,y )x € RTL
and set L(x) = Lg(x).

Theorem 2.7.1. Suppose that there exists a sequence of primitive points (¥, )nen-
satisfying conditions (i)-(iii) of Theorem 2.4.3 for each n. Set z, = V(Ynid, Ynids+1)
for each n € N*. Then we have

(i) (d— 1)z, € Z¥1\ {0} for each n >0,
g dr o d_
(i0) [1znll < [[ynsall =7, L(2n) < [[yntal"™ 7 = L(y:) for each n >0,

(171) det(Yn, Yoty - s Yard1s Y (Ynrds Ynrar1)) = 0 when n is sufficiently large.

Condition (i) of Theorem 2.4.3 implies that any d+1 consecutive points of (y,,)nen=
form a basis of R4*!. Therefore, each point y,qs1 with n > 0 is a linear combination
of its d + 1 predecessors y,, ..., ¥niq. The following corollary provides us with the

coefficient of y, 4 in such a linear combination.

Corollary 2.7.2. Let the assumption and the notation be as in the Theorem 2.7.1.
We have

_ 1 _ _ _
@(yn+d)}’n+d+1 - mq)(y%d, s Yontd yn+d+1)Yn+d € <Yn, e ayn+d71>R-
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To prove Theorem 2.7.1, we establish the following result.

Proposition 2.7.3. Let x,y € R such that
L(y) < L(x) < [|x[| < |lyll- (2.34)
Then we have
(i) L(¥(x,y)) < [yl L)%,

(it) @, y)]| < [X[PL(x)*2L(y) + Iy [ Z(x)*.

Proof. Write x~ = 00~ + Ax. Then we have
|Ax|| < Lg-(x7) < L(x).

Similarly, write y~ = yo0~ + Ay and so ||Ay| < L(y).
Using the multilinearity of ® and Proposition 2.6.2 (i), we find that

O(x7,...,x,y )= D(xg0 + AX,..., 200" + Ax,yo0 + Ay)
= (d—1)ze®(0, Ax, ..., Ax, Ay)
+ 9P (0, Ax,...,Ax) + O(Ax,...,Ax, Ay). (2.35)

We deduce from (2.34) that

[D(x7,...,x7,y )| <[XIL(x) 2 L(y) + [ly[IL(x)*" + L(x)*" L(y)
< |lyllL(x)*. (2.36)

On the other hand, using the definition of ¢ in Proposition 2.6.2 (ii), we find that

p(x7) = %(I)(X_, LX) = d _1 1)!x0(1>(0_, Ax, ..., Ax) + ¢(Ax), (2.37)

and so, by (2.34), we get
o) < x| L(x)*. (2.38)
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It follows from the definition of ¥ and equalities (2.35), (2.37) that

U(x,¥)o =y p(x") — (d_l 0 a:OCI)( X LY )

1
= 10 p(Ax) — = w%@(@ Ax, ..., Ax, Ay)

1
S (d-1)!

2)!
xOCD(A A, Ay).

Thus we get

(%, y)ol < [YILG)" + [Ix[*L(x)"*L(y) + [/ L(x)" " L(y)
< Y lIZG)* + [Ix[*L(x) > L(y)

since ||x|| > L(x).
On the other hand, we deduce from the inequalities (2.36) and (2.38) that

L0 y) = £ (DY = @ x Ty x)
< el L) + 196, 5,y L)
< XL L) + [y G0

< lyllL(x)%,
Therefore, we obtain

W (x,y)ll = [[W(x,5)00 + (¥(x,y) — ¥(x,¥)00))|
< JU(x,y)ol + L(¥(x,y))
< xIPL)* 2 Ly) + Iyl L(2)*. O

Proof of Theorem 2.7.1. (i) By definition of ¥, we have (d — 1)! z, € Z*™! for all
n. Since any two consecutive minimal points are linearly independent and since
O(Yn+a) # 0 for each n > 1 (by Proposition 2.6.2 (ii)), we deduce that z, # 0.

(ii) For any n € N*, the conditions (ii) and (iii) of Theorem 2.4.3 give

[neal = yall™s Lya) <yl Y,



CHAPTER 2. ON APPROXIMATION BY RATIONAL POINTS 92

with 7 = 1/((d — 1)\g).
Fix a large integer n. We deduce from Proposition 2.7.3 that

d

r——4 r——4_)p
L(z,) < ||Yn+d+1||L(Yn+d)d < || yngal T < ||Yn||( =),

Since Ay is a positive root of (2.5), we get

1 1
r r
and so
drt=d—1)rf+rt=14r+ -+ 4l (2.39)

Thus we have

(T—L>rd:L((d—l)rd+1—(1+7“—|—---+rd))

= ﬁ(—1+r((d— 1)rd — (1+r+--~+rd‘1))>
_ -
d—1
This leads to
L(20) < [Yoral ™77 < [yall 71 < Liya). (2.40)

By Proposition 2.7.3 (ii), we get

||Zn|| < ||Yn+d||2L(Yn+d)d_2L(Yn+d+1) + ||Yn+d+1||L(Yn+d)d

_d=2_ __d_
= ||yu+d||2 1T + HYn—l-dHT 4=t

We deduce from the estimates (2.40) that ||yn+d||’"7dfd1 converges to 0 as n tends to

oo, and since ||z, || > 1, we obtain

M
12| < lynall 77
(iii) Set D,, = det(yn, Ynit,-- - Ynid—1,%,) for each n > 0.
By part (i), we get (d — 1)! D,, € Z for all n > 0. So, it is enough to prove that

D,, converges to 0 when n tends to infinity.
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From part (ii), we deduce that

D < lynta-1llL(Yn) - - L(Ynta—2) L(2n) + || 2n] [ L(yn) - - - L(Ynta-1)
< L(yn) - L(Ynta2)([ynra-a ] L(2n) + |12n]| L(Ynta-1))

_ 1 1yp__d d—r__1_
< (Iyall - Iymeaal) 25 (Iymsall 27 + el 57
< flyall7E Ty
< [y’
where
g(r)=————(1+r+-+r2) +r L
d—1 d—1
By (2.39), we get
g(r) = o ((d=1)r? = v 4 (97 4 — 4 rd
d—1 d—1

2d —1 d
_d-1 (2
=T <7’ d—1r+d—1)'

Note that 1/d < Ay <1/(d—1) and so 1 <r < d/(d —1). We deduce that g(r) < 0.

Since ||y, || grows very fast, D,, converges to 0 when n tends to infinity. O]

2.8 An explicit construction of a point with expo-

nent of approximation > 1/3

It would be nice to know if the exponent \; given by Theorem 2.1.3 is optimal for
some integer d > 3, namely if there exists a real algebraic number « of degree d and a
real number & ¢ Q(«) such that A(1,a,...,a% ! &) = Ay If such numbers exist, then
Theorem 2.4.3 provides us with a sequence of primitive points X, = (Zn,0,- - -, Tnd—1)
in Z*! satisfying

(1) |det(Xn, Xnt1s - - -y Xntd)| < 1,

(i) ol = [all” with 7 = 1/((d — 1)Aa),

(i) L(xa) < L'(x;,) = |37/,
where 8 = (1,a,...,a% 1 &) and L = Lg, L' = Ly-.
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Then by (2.33), the property L'(x,) < [|x,| /Y implies that

(iv) [o(x,)] < 1
where ¢ is the polynomial associated to « defined in Section 2.6.

In this section, we choose d = 3 and a = v/2 and prove the following result.

Theorem 2.8.1. There exist a real number & ¢ Q(a) and a sequence of primitive
points (X, )nen= in Z* satisfying

(Z)’ det(x’m Xn+1) Xn+25 Xn+3) 7é 07

(i6) % | = [l ]2,

(iii)" L' () < ||| 772 and L(x,) < x| 712,

() (x,) =1,
where ¢ = 180000 and L = Lg, L' = Lg- with 0 = (1, ,a?,§).

It is interesting to compare the conditions (i)’—(iv)’ with the conditions (i)—(iv)
for d = 3.

The condition (iv)’ is very restrictive because, as we will see below, it implies that
xmoa? + Zp100+ Ty 2 is a unit of Z]a], and these units are sparse since the unit group
of Z[a] has rank 1. However, it is not much more restrictive than condition (iv) which
requests the norm of x, oo + x, 1a+ 2, 2 to be bounded. So conditions (iv) and (iv)’
are essentially the same.

Consider condition (iii)’. We deduce from the condition (ii)’ on the growth of

|x,|| that, for each € > 0, there exists an integer ng such that
" < ||xal¢ for all n > ny.

Therefore, conditions (iii)’ and (iii) for d = 3 are also essentially the same. The
condition (i)’ is much weaker than (i) but strong enough to yield that £ ¢ Q(«) as
we will see below.

The main difference is condition (ii)” which shows that ||x,| grows much faster

than we would like in comparison with (ii) because for d = 3, we have r ~ 1.234.
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Now let £ and (x;,)nen+ be as in Theorem 2.8.1. Fix ¢ € R with 0 < € < 1/6. For
each sufficiently large value of X, condition (ii)’ ensures the existence of a positive

integer n such that

el < X < llxniall, e < x|
Then for x = x,, we have ||x|| < X, moreover, it follows from conditions (ii)’ and

(iii)” that
Lo(x) < CnHXnHﬂ/Q = CnHXnH“fl/?) < HXnHHf(l—e)/?) < x-(1-9/3

Therefore, A = (1 — €)/3 is a uniform exponent of approximation to 8 = (1, a, a?, ).
Since € > 0 can be choosen arbitrarily small, we deduce that A(@) > 1/3, a result
which is true for any £ by the box principle (see Lemma 2.1.2 (i)).

On the other hand, if X is sufficiently large and satisfies

Ben | < X < [l [

for some n, then we have

1—¢

Lo(x) < [Xnya |70/ < X315,

This is meaningful because > 1/3 and so we cannot construct such a point by

1—e¢
3(1—2¢)
the box principle.
One more thing significant here is that if we could improve the condition (ii)’ and

get ||Xpi1]| < ||xn||” with 1/2 < r < 3/2, then by condition (iii)’, this would give
n -1 - N _1 ,(L,E)
Lo(xn) < "[[xnl|72 = e[| 720 <l |70

for any fixed € > 0. Then A = 1/(2r) — € would be a uniform exponent of approxi-

mation to @ for any € > 0 and so

- 1
> — .
AO) = o= > 1/3
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In order to prove Theorem 2.8.1, we will construct a number ¢ and a sequence
(X )nen+ satisfying all the conditions required in the theorem. To do this, we start
with the following observations.

Assume that points x, = (T,0,...,%n3) € Z* satisfy the condition (iv)’. By

Proposition 2.6.2, it implies that
NK/Q(CLoﬁﬂn,o + a1y + asx,0) =1

with ag, ar,as € Q(a) given by (2.32) in Lemma 2.6.1. Since min(a, Q) = T — 2, we
get

ap=0a? a1 =a, ay=1.

So we find

2
ATy + 0Ty + Tpo € O.

Since K has one real embedding and two complex conjugate embeddings into C,

it follows from Dirichlet’s Unit Theorem that O}, has rank 1. One can show that
Ok ={£e™, meZ}
where ¢ = a? + o + 1. So for each n € N, we have
2

A Tpo+ aTp g + Tpo = £

for some s,, € Z.

Note that for each n € Z, there exists a unique triple (ay,, b,, c,) in Z* such that
" = a,a® + bya + ¢,
Therefore, the points x,, must have the form
x, = (A, Bn, Cr, Yn) (2.41)

for some y, € Z and A,, = ay,, B,, = bs,,C,, = cs,,.
We need more information about the powers of . To derive them, we denote the

three conjugates of o by

o, ) = p\?’/i, g = (] = p2\3/§.
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where p = . Hence the three conjugates of €" are

2 2
e, el = apo] +byay o, €5 = a,05 + byos + ¢

Moreover, we have
1y 1
g1 =¢c7 26", gy =c72e7%

with ¢ ~ —0.5899.

Proposition 2.8.2. For any n € N*, the number " has the following properties:

(i) Noyo(e™) =1, ged(an, by, c,) = 1,

n 3 n
(i1) |ana — b, <e72, a0 —c,| < 55_5,
1 1
i) —e" < a, < €.
(131) 5 an < 3

Proof. The property (i) follows immediately from the fact that € is a unit of Z[a] of
norm 1.
(ii) We have
el — el = ay(af — a3) + by(a; — a)
= (g — o) (apa — by).

So

_lpoel e

e =] T e —an| T

B

|, — by
For the second inequality, we use
el e = an(ad + a3) + by + az) + 2¢,
= —a,a® = b,a+ 2¢,

=2(c, — ana2) — a(b, — aya),
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(iii) We have

" = a0 + bya+ ¢,

= 3a,0* + a(b, — a,a) + (¢, — a,0?).

It is clear by definition that a, > 0 for all n > 0. From (ii), we deduce that

" e"—(a+3)e? e+ (a+ 32z e
E< 52 <a, < 52 <§ for n > 1.
.. 1 1
When n = 1, we have a,, = 1 so it is clear that 68 <a, < 55. ]

For each n > 1, we request that s, > 0. Since x, has form (2.41), the above

proposition gives

px) =1 lIxll = An=e™, L(x,) <e™?= x| (2.42)
By Proposition 2.4.1, we get L'(x,) > ||x;; ||~/ and so

L(x,) = [I; 772,

nl
Hence (x,,)nen+ satisfies the condition (iv)” and half of (iii)” in Theorem 2.8.1 for any
choice of y, and s, > 0. We have the freedom of choosing ¥, and s, such that the
remaining conditions are fulfilled.

Since we want the first coordinate of x, to be positive, we will assume that in
(2.41) we have the sign + so that x,, = (A, Bn, Cn, Yn)

Note that

L(Xn) = maX{L,(X;)v |An§ - yn|}

holds for any choice of y,, and £&. Moreover, we have
L'(x,) < [l |72
So asking that L(x,) < c¢"||x,||~/? is equivalent to asking that

[Ané — yal < Cn”Xn”_l/Qa
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which leads to
‘5 _ Ul AT, (2.43)
A
Set
£, =2 forne N,
Ay
Then the conditioon (2.43) implies that
|£n - gn—l‘ < |£n - §| + |£n71 o 6‘
< CnAr_LS/Q + Cn_lA;E/f
< AR (2.44)
To utilise this, we introduce some new notation.
For each n € N*, we denote by [€"] = (a,,b,,c,)T the coordinates of € in the

basis {1, o, a*} of Ok-.

For each n > 4, we also denote by D,, the determinant of the matrix

M, = (XZ XZ—l XZ—2 Xg—g)

and denote by D, ; the determinant of the matrix obtained by removing the last row

and the (i + 1)-th column from matrix M,, for each i =0,1,2,3.
We have

[e™] e [e*=] [e7=]

D, =
Yn — gn—lAn 0 Yn—2 — fn—lAn—Q Yn—-3 — Sn—lAn—S

- (gn - gn—l)AnDn,O + (&1—2 - fn—l)An—QDnQ + (gn—?) - gn—l)An—BDn,S-

Suppose that x,,_1,X,_2,X,_3 have been constructed and that D,, o # 0. We get

|Dn| + ’(gn—Q — gn—l)An—2Dn,2’ + |(€n—3 - gn—l)An—3Dn,3|

- <

(2.45)

We want [£, — &1 < c"_lAi/lz. However, as we will see below, for any positive

integers m, n,p with m < n < p, we have

]_ p— mé&»n

< —¢ ,
T V3

|det ([™]" ["]" ["]")]
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which is an optimal upper bound. Therefore, we want |D,, | as large as possible and
want |D,| as small as possible, but not zero (because of (i)’).
We find a case where |det ([e™]" [e"]" [1]7)] =< ol

ensures the existence of m,n, p in this case.

m+n

2. The following lemma

Lemma 2.8.3. Among any two consecutive integers, there is one integer n for which
sin(n¢)| > 1/4.

Proof. Assume that |sin(n¢)| < 1/4. We will show that [sin((n+1)¢)| > 1/4. Indeed,
by noting that |cos(n()| > @, we have
Isin((n + 1)¢)| = [sin({)cos(n¢) + cos(¢)sin(nd)|

> |sin(¢)cos(nq)| — |cos(¢)sin(ng)|
V15

1
> 1 |sin| — Z|COSC|
>1/4
where the last inequality is a direct computation using ¢ ~ —0.5899 [

Lemma 2.8.4. Let K = Q(«). Let m,n,p be integers such that 1 <m < n < p and
sin(n — m)¢| > 1/4.

Then we have

361\@5?—"‘5* 2 < Jdet([e™], [, [])] < %ﬁ—’"? > (2.46)

Proof. Let 0y, 01,09 be all the embeddings of K into C ordered so that

oo(a) = a, oi(a) =ay, oo(a)= as.
Consider the canonical embedding

f: K —C?

x+—> (o¢(xz), 01(x), 0o()).
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For each = € K, we have f(z)T = M|[z] where

1 a o
M=11 o o
1 oy ol

and where [z] denotes the coordinates of z in the basis {1, a, a?}.

So, for any z,y, 2z € K, we have

[ det(f(2)", f(y)", f(2)")] = |det(M)det ([z], [y], [2])]

= 6v/3 | det([z], [y], [2])].

In particular, we deduce that
_ 1Al

| det([e™], "), (") = ¢ 73

where
gm et €P
A=det (f(e™), f(MT, f(eNT) = |e &b £,
€y &) &
. 1
Since |e1]| = |eo] =72 and m < n < p, we get

+n

Al < 6lePefey’| < 672,

101

which proves the upper bound for the absolute value of the determinant in (2.46).

Now for the lower bound, we use

|A| > |eP(e]'ey — efel’)| — |e™(efel — elel)| — |e™ (ehey — eTeh)|
> |(ePep) (e — )| — 2n gt
> P2 Im (el )| — 26" - 2™
> 2 [sin((n — m)C)|eP~ 5" — 2en " _ gemenit

Since |sin(n —m)¢| > 1/4 and p > n > m, we obtain that

|A¢>6V”?”(%—2{3@ﬂ”—2g€@ﬂm>

m+n
> Zebm "

Y

|

so this completes the proof of (2.46).
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In view of the above lemma, we ask that
sin((s, — $,-1)C)| > 1/4 (2.47)

for all n > 1 in order to make D, o large.
Note that condition (iii)” implies that ||x,|| < ||x;,|| < °». Hence condition (ii)’
requires

sri1 = ;sn +00). (2.48)

As we will see below, it is easy to construct a sequence (s, )nen+ for which conditions
(2.47) and (2.48) are satisfied.
To construct y,,, we consider D,, as a linear form in y,. Since the coefficient of y,

is D, 0, as we will see below, we can choose y,, € Z such that

Now we give the details.

Proof of Theorem 2.8.1. We construct the sequence (X, )nen+ and the number £ so
that they satisfy all the required conditions.

Step 1. We construct recursively a sequence of positive integers (s, )nen:-

Set s; = 1. For n > 1, we assume that s,_; is constructed and choose s, to be

one of the two consecutive integers |(3/2)"] and [(3/2)™] for which

Isin((s, — $p—1)C)| > 1/4

is satisfied (see (2.47)). This is possible because of Lemma 2.8.3. Then, for each

n > 1, we find
3 n+1
Sn+1 — (5)

(The condition (2.48) is therefore fulfilled.)
Set

<

5
< —. 2.50
: (2.50)

Sp+1 — isn

x; = [¢]"  for each n > 1.

n
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Then, from the previous discussion, we deduce that, for each n > 0, we have
p(x) =1, L(x;) =[xl 772,
g1 ]| = Angr = e = AV = [lx,, |72,
and

1 \ 1 1
gintmalnatens) <D o < ——gtnotmalineatins)if s g 2.51
361/3 < |Puol = 75 (251)

Step 2. We construct recursively a sequence of integers (Y )nen+-

For n = 1,2,3, we set y, = A,,. Assume that v, 1, yn_2,yn_3 have been choosen

for some n > 3. Let t be a real number such that D,,(t) = 0 where

D= [0 <x;_11> <><;_22> <xy>

= - 75Dn,0 + yn—an,l - yn—QDn,Q + yn—3Dn,3‘
Set
t+1 ifteZ,
|t] ifté¢Z.
Then we obtain that 0 # |D,| < |D,, | for all n > 3.

For each n > 0, we define

Yn =

Xn = (X, Yn)-
Step 3. We construct £ ¢ Q(a) and show that the sequence (x;,),en+ has all the
required properties.
Set &, = yn /A, for each n > 1.
We first prove by induction that the sequence (&, )nen+ satisfies

(€0 — Ena| < TTA (2.52)

for all n > 1.

This is true when n = 2 or 3 since £ = & = & = 1. Assume that

ny — €| S T2APY (€00 — Ens] < ITEAY (2.53)

n—2 9
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for some n > 3. We will show that
€0 = Gl < " TIAY
Note that, by Proposition 2.8.2 (iii), we get
éssm <A, < %537" for any m € N*. (2.54)
Since s,_9 > S,_3, this implies that
A, 1

> =273 s g /2
AnfS

By the assumption (2.53), this leads to

\)

163 — &n1] < |&n—s — Ena| + [En—2 — &1

1 A\ 32
= ns c * An—3
< TRAE (2.55)

By the choice of y,,, we have 0 # |D,, o| < |D,|. So it follows from the main inequality
(2.45) that

|Dn,0’ + ’(67172 - fnfl)AanDn,Zy + ’(gnfi’) - fnfl)AnfSDn,Z}'

— &1 <
It follows from (2.50) and (2.54) that
Ly L, s 1 3/2 L 3/
A, > 66 > 682 2 > W(E‘An,l) > 514”_1.

So we deduce that

‘fn . fnfﬂ < 351473/12 (1 + |<§n—2 - gn—l)An—2Dn,2| + |(§n—3 - gn—l)An—3Dn,3|) '

|Dn,0|
Applying Lemma 2.8.4 together wit the estimates (2.53), (2.54), we find

_ 1
|(§n—2 - fn—l)An—2Dn,2| S Cn_QA 1/2— Sn_é(s"71+8"73)

_ £
n2\/§

~1/2
< 2 <153n2) igsn_%(sn—l“l‘snfl’))
6

< /92 C”*283n*%(sn—1+5n—2+5n—3)
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Similarly, using (2.55), we also find
[(6n—3 — &n-1)An—3Dn3| < V2 2gsnma(snoatenatn)

Substituting the estimates in the upper bound for |, — &,_1] and using the lower

bound for D, o given by (2.51), we deduce that

|§7L - fn—1| S 3514_3{[2(1 —|— 72\/6 Cn_268n—%sn,1)

n

< (354 6173252 A% (by (2.48))

n

< TIAR? (since ¢ = 180000).

By the induction principle, we conclude that (2.52) holds for any integer n > 1.

This result shows that (&, ).en+ is a Cauchy sequence, so it converges. Set
¢ = lim &,.
n—oo
By (2.44), we deduce that, for any n € N*, we have
|§n - §| < CRA;3/27

and thus
AuE = ya| < A,V (2.56)

By Step 1, this implies that
¢35 M1l =l 1772 = a2,
and that
L(xp) = max{L'(x;), [An€ = ynl} < A2 <" [fca ]| 72

Note that lim,, o, L(x,) = 0 and D,, # 0 for all n > 3. By Lemma 2.2.4, this implies
that £ ¢ Q(«). So & and (x,)nen+ satisfy all the required conditions. O

Remark 2.8.5. If we replace 3/2 by a real number r with 1 < r < 3/2 in the
construction of (s, ),en+ in Step 1 and argue as Steps 2, 3, then we obtain a sequence

(Xp)nen+ in Z* and a number ¢ ¢ Q(a) satisfying
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(1) det(xy,...,Xut+3) # 0,
(ii)

(iii)” L'(x;

n

Tl = (%l

) = g 772 and L(x,) < A7 < @, [0,
()" o) =1,

where the constant ¢ only depends on 7.

The property (iii)” derives from

_ _3 _
+Cln 255" 28n1> < Anih

—r (| Dn
o= 6ol < 427 (|

Dy

s much smaller than 1 for some

using |D,,| < |Dy,|. Therefore, if we could make ‘

r < 3/2, then we could improve on (iii)” or (iii)’.



Chapter 3

On the dual Diophantine problem

3.1 Introduction

Let @ = (1,01,...,04) € R We denote by 7(0) the supremum of the real numbers

7 for which there exists a constant ¢ > 0 such that the convex body

|z + 2101 + -+ 240y < X7
CX,T: (31)
‘x1|7"'7|‘rd’ <X

contains a non-zero point (xg, x1, ..., xq) € Z* for any sufficiently large value of X.
Note that

vol(Clx ) = 2™ X

By Minkowski’s First Convex Body Theorem, we deduce that if 7 = d and ¢ = 1,
then the convex body C} y . contains a non-zero point in Z4*! for each X > 0. This
implies that

7(0) > d.

The main goal of this chapter is to prove the following result.

Theorem 3.1.1. Let a be an algebraic number of degree d > 2 and let § € R\ Q(«).

107
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Let 7,¢ > 0. Suppose that the inequalities

To+ T+ F rgat F gl < eXTT
| + 21 -1 a€| (3.2)
lz1], .oy |mg) < X

admit a solution x = (zq, ..., xq) € Z41\ {0} for any sufficiently large value of X.

1+45
2

Then we have

T< 74 (d—1)+1.

In the notation introduced above, this means that
#(0) <714 where = (1,a,...,a%1¢).

In fact, when d = 2, the estimate 7(1, o, &) < 75 = % can be deduced from the upper
bound 5\(17 a,&) < Ay = 1/ from Chapter 2. Indeed, Jarnik’s transference principle

([11]) gives
1 1 ,

_1—X@a@)§1—U7_7'

Moreover, it is shown in [22] that, given a quadratic number «, there exists & €
R\ Q(a) such that A(1,c, &) = 1/v and so 7(1,a,&) = ~2. Therefore, the estimate
7(0) < 14 is optimal for d = 2. We don’t know if it is best possible for d > 3.

7(1, 0, €)

Based on the main result of Y. Bugeaud and M. Laurent in [3], arguing as in

Section 3.2, we obtain the following result.

Corollary 3.1.2. Let the notation be as in Theorem 3.1.1. Assume that T > 74.
Then, for any m = (no,...,nq) € R there are arbitrarily large real numbers X

such that the inequalities

|z —m; —ms| < XY™ (1 <i<d),
T — xq — ma| < X7,
Ix|] < X

have a non-zero solution x = (x, ..., 1q) in Z+
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To prove our main result, we start, as in Chapter 2, with the construction of a
sequence of minimal points (x;);en attached to the point @ = (1,a,...,a% 1 €) or
more precisely to its associated map Tp(x) = |x - 8| for each x € Z4*1. We then
establish some basic properties of this sequence, assuming that the system (3.2) has
a non-zero integer solution for each sufficiently large real number X and some fixed
7 > 0. This is similar to [6] and occupies Section 3.2. However, by contrast to [6],
it is not so easy to show there exist infinitely many indices ¢ € N such that x;, x;41
and x;,9 are linearly independent over Q. To prove this, we require that 7 > 1. Then
we denote by [ the infinite set of all those indices i, and endow it with the natural
ordering of integers.

The proof of the theorem itself uses three main estimates. Two of them are
obtained in a similar way, by working with several linearly independent minimal
points to produce a polynomial in o with small non-zero absolute value and then
by using Liouville’s inequality to bound from below this absolute value. For two
points, this is done in Section 3.2 through an explicit construction. The result is
an upper bound for the norm of any minimal point in terms of the norm of the
preceding point. For three points however, our construction is not explicit as we
obtain it through an application of Dirichlet’s box principle. The resulting estimate
is established in Section 3.3. The triples of points that we use for this purpose are
of the form (x;41,X;j41,X;j42) for consecutive elements ¢ < j in I, such triples being
linearly independent. The last ingredient that we need uses the fact that, for such
pairs (7,7), we have (X;+1, X;42)z = (Xj,X;j41)z and 80 [|X;41 AXito|| = [|X; AXj11]]. A
useful inequality then follows by estimating these norms.

The estimates obtained in Section 3.2 already imply a first upper bound for 7(8),
namely 7(0) < 2d — 1. Combining the estimates of Section 3.2 with those of Section
3.3, we prove in Section 3.4 the stronger estimate 7(6) < 74 of Theorem 3.1.1.

In the last section, we obtain one more general estimate through the construction
of explicit non-zero polynomial maps from (Q?*1) to @ which do not vanish simulta-
neously on any triple of linearly independent points in Q¢ x {0}. Using this estimate
(in place of an estimate constructed in Section 3.3), we obtain an alternative proof

for Theorem 3.1.1 in the case where d = 3.
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Notation. For any x = (x¢, 21, ...,2q) in R we define x~ = (zg,..., T4 1)
and x* = (z1,...,24). For each point @ = (fy,...,0,;) in R¥! we define a function
To : R — R by

Tg(X) = ’X . 9’ = ‘1‘090 + 1'191 +---+ xded\.

3.2 Sequences of minimal points associated to Ty

Fix a point 8 = (1,6;,...,0;) of R4 with Q-linearly independent coordinates.
Replacing Lg by Ty in the construction of minimal points in section 2 of chapter 2,

we obtain a sequence of points (x;);ey C Z3*! such that
(a) x; is primitive for each i € N,
(b) the norms X; = ||x;|| form a strictly increasing sequence,
(c) the positive real numbers T; = Ty(x;) form a strictly decreasing sequence,
(d) if anon-zero point x € Z4 satisfies Tp(x) < T; for some i > 1 then ||x| > X ;.

The sequences of minimal points associated to Ty are uniquely determined up
to the choice of their first points. We fix such a sequence (x;);eny and denote by
(xi0,...,2;q4) the coordinates of x; for each i.

Arguing as Daverport and Schmidt in [7, Lemma 2], we also find that, for each
1, the points x;,x;,1 constitute an integral basis for all integer points in the plane

through the origin and these two points. More precisely, we have the following result.

Lemma 3.2.1. For each index i, the two points x; and x; 1 are R-linearly independent
and satisfy

<Xi> Xi+1>R Nz = <Xi> Xi+1>Z-

Proof. Since x; and x;,; are primitive integer points with different norms, they are

R-linearly independent.
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Assume that (x;,X;;1)r N Z%! # (x;,%;41)z. Then there exists a point of the
form y = rx; + sx;11 € (X;, X;41)r N Z3 for some (r,s) € R\ {0} with |r|,|s| < 1/2.
This implies that

Iyl < 171X + [8[ X1 < Xiw,  Toly) < |r|Ti + |s|Tia < T,
which is impossible because of property (d) of the sequence (X;);en- O
The next lemma is also a basic result to which we will refer repeatedly in the

following.

Lemma 3.2.2. Let the notation be as above and let 7,¢ > 0. Assume that the system

|z + 2101 + -+ + 240 < X7 (3.3)
|z1], .. gl < X
admits a solution X = (xq,...,xq) € Z1\ {0} for any sufficiently large value of X.
(i) We have
T, < X[, foralli>1.

(i) If T > 1, then there exist infinitely many integers i such that the three points
X;, X;11, X;40 are linearly independent over R.
As we will see below, the proof of part (i) is quite standard following for example

6, page 399]. The proof of part (ii) however is more delicate.

Proof. (i) Set ¢o = 61| + -+ + 04| + ¢+ 1, and choose Xy such that system (3.3) has
a non-zero solution in Z! for each X > X,.

Fix an index ¢ and a real number X with Xy, < X < calXiH. Let x =
(zo,...,7q) € Z¥\ {0} be a solution to (3.3). Then we have

|1, .. g < X, To(x) < cX 7,
and so

||X|| = maX{|IO|7 |ZE1|, BRI |$d|}
< max{|z101]| + - - + |x4ba| + X7, X}

<X < X1
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Since the sequence (X;);en has property (d) , we deduce that
T, <Tp(x) <cX .

Since we can choose X arbitrarily close to ¢y 1Xi+1, we conclude that
T; < cley Xig1) 7.

(ii) Assume on the contrary that there exists an integer n such that x;, X;,1, X; 2 are
R-linearly dependent for all ¢ > n.

For each i > n, set V; = (x;,X;41,X;12)r. Then we have
dimp V; < 2 for i > n.

Since any two consecutive points of the sequence (x;);en are R-linearly independent,
we deduce that

Vi = (Xiy1,Xig2)r = Vi for i > n.

So we find
Vn:Vn+1:Vn+2:"'

There exists a vector y € V,, \ {0} such that y - & = 0. Since 6 has Q-linearly
independent coordinates, we deduce that y ¢ (x,)r and thus {y,x,} is a basis of V.

Fix an index ¢ > n. Since x; € V; = V,,, we can write
X; = a;y + bix,

for some a;,b; € R with
max{|a;|, [b;]} = ||xi]| = X;

where the implied constants only depend on y and x,,. Then we get

a; b;
X AXi1=| C(y Axyp).

Q41 bi+1

Moreover, we have

T; = |x; - 0] = |ai(y - 0) + bi(xy, - 0)] < |bs].
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We deduce that
I < 1% A X || < aigrbs — aibir| < X Ty + XiTipn < Xin 15

Since T; < X7, we get 1 < X, 77. This is impossible if 7 > 1 and if ¢ is large
enough. This shows that there exist infinitely many ¢ such that x;,x;,1,X;10 are

linearly independent over R. [

Considering pairs of consecutive points of (x;);en and applying Liouville’s inequal-

ity, we get the following result.

Lemma 3.2.3. Suppose that 8 = (1,q,...,a% 1 &) where « is an algebraic number
of degree d > 2 and where £ € R\ Q(«). Let ¢ > 0 and 7 > d — 1. Assume that the
system

[To + T+ -+ x0T 4zl <X,

|z, g < X
admits a solution x = (g, ...,xq) € Z41\ {0} for any sufficiently large value of X.
Then we have T < 2d — 1 and x; # 0, x;4 # 0 for each sufficiently large index 1.
Moreover, if T > d, then we have X; 11 < XZ-%.

Proof. We first note, by Lemma 3.2.2 (i), that there exists a constant ¢; = ¢;(«, &) > 0
such that

To(x;) = ‘Iz’,O + T+ -+ xi,d_lozd_l + xi7d§| < Cle‘:LT1
forall7 e N. If Xi_ = O’ we find
gl = X, |7iaé] < a X,

and so ¢ is bounded from above. Hence, there exists an integer N such that x; # 0
for all # > N. By Liouville’s inequality, there exists a constant ¢y = ¢o(a) > 0 such

that

[2i0+ Tiga 4o+ w0 2 el TN 2 aXT Y foriz N
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Therefore, for any sufficiently large integer i > N, we get

|z5a€| > |Tio + xinae+ -+ + $z‘,d—1ad_1| —|zio+ T+ -+ ﬂﬁi,d—lad_l + ;. 4€]|

> CQX;(dil) — ClX;'_Tl >0

since 7 > d — 1 and X; < X;;1. This means that z; 4 # 0 when i is sufficiently large.
We deduce that there exists an integer N, such that

x, #0, z,4#0 for each i > Nj.

Fix an index i > Ny. We have x;7 # 0, 2,4 # 0 and x;_ | # 0, 2;114 # 0. Since
X;, Xi41 are linearly independent , we deduce that x4 4%; — 4%, # 0.
Set

Di = (vip1,a%; — TiaX;yq) 0.
Then

d—1
D; = (Tit1,4%i0 — Tia%it10) + - + (Tit1.4%id—1 — TidTit1,d—1)

is a non-zero polynomial in o with integer coefficients of absolute value < X; X;;.

Applying Liouville’s inequality, we then deduce that
D] > (Xi X;) Y.
On the other hand, we have
|Ds| = [2iy1,a(xi - 0) = wia(Xit1 - 0)| < Ti Xy + T Xy < T Xy

Therefore, we get
(X Xi) ) <« T X0 < Xi:r(lT_l)v

using Lemma 3.2.2 (i), and so
X< X

Since X;,1 > X, this implies that 7 —d < d — 1, i.e., 7 < 2d — 1. In particular, if
7> d, then X;,q < XD/, 0
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3.3 The set [

Fix an integer d > 2 and a point @ = (6, ..., 0;) in R4 with Q-linearly independent
coordinates. We fix a sequence of minimal points (x;);en attached to Ty with norms

X; and T; = Tp(x;)(see section 2). Let 7 > 1, and ¢ > 0. Assume that the system

’l’o + 2101 + -+ $d9d| <ceXTT
’xlyw T |xd’ < X
admits a solution x = (g, ...,z4) € Z*1\ {0} for any sufficiently large value of X.
Then it follows from Lemma 3.2.2 (ii) that the set
I ={i eN; x;,X;11,X;12 are R-linearly independent }
is infinite.
We endow I with the natural ordering of integers. Let ¢ < j be consecutive ele-
ments in /. For each index ¢ with i+1 < ¢ < 7, the points x;, X;11, X;12 are R-linearly

dependent. Since any two distinct points of (x;);en are R-linearly independent, for
such t, we find that

<Xt> Xt+1>R = <Xt+1, Xt+2>]R-

This means that

(Xit1, Xi2)r = -+ = (X}, Xj41)R- (3.4)
Then, Lemma 3.2.1 gives that

(Xip1, Xi2)z =+ = <Xj,Xj+1>Z-
On the other hand, it follows from (3.4) that

(Xig1, - Xjp1)r = (Xe, X0 )R (3.5)
for any ¢, ¢ € N such that i+1 < ¢ < ¢/ < j+1. We deduce that x;, x,, X, are linearly
independent and so are x;, Xy, X, 4o for any ¢,¢' € Nsuch that i +1 < ¢ < ' < j+1.
The following lemma allows us to exploit the properties (3.5).

Lemma 3.3.1. Let y,,y2,y3, ¥4 be primitive points in Z4' and let n > 1 such that
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(i) nllyll < lly2ll < llysll < [lyll,
(i) |y1-0] > |y2-0] > |ys- 6] > |ys- 6,

(i11) (y1,¥2)z = (Y3, Ya)z-

Then we have

y2lllyr - 0] < [|yalllys - 0.

Proof. Since yi,y2 are primitive and have distinct norms, they are R-linearly inde-

pendent. So it follows from condition (iii) that

Yuy2)r = (y3,ya4)r = V

has dimension 2. Then there exists a point y € V such that y - @ = 0. Since @ has
Q-linearly independent coordinates, we get y; - @ # 0 and so y ¢ (y1)r. This shows
that

V= <Y7 yl)]R-
For each t = 2, 3,4, we write
Yt = @y + by

for some a;, b; € R. Then we get

Y 0 = bt(y1 : 0)»

and so

|Yt'9|
b| = . 3.6
|t y1 0] (3.6)

Since |y - 0] > |y, - 6|, we get |by| < 1 and thus ||by1|| < [|y1]] < [ly¢ll- So we get

1
L= [yell < lyell = llyall < llaey ] < llyell + [yl < 2/ly:|

and therefore, we find

[yl
lag| =< : (3.7)
Tyl

Since <Y17 y2>Z - <y37 y4>Za we have

ly1 Ayall = llys A yall.
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We also have

YiAY2 = Y1 A (a2y + bay1) = as(y1 Ay).

and
az b3
Y3ANys=— (yiAy)
as by
This implies that
|as| = |asbs — asbs| < |asbs| + asbs|.

Using (3.6) and (3.7), we deduce that

) . 0 .- 0
Iyall o Ivall e 0]yl lvs-6l _ Il Iys-6]
il S el T8l Ty 60 =l Ty 6l

which proves the required inequality. O

The following lemma provides an estimate which can be applied to any triple of

linearly independent points of (X;);en-

Lemma 3.3.2. Suppose that @ = (1,c,...,a% 1 €) where o is an algebraic number
of degree d and € ¢ Q(«). Let x,y,z be linearly independent points in Z4Tt. Assume
that
x| < llyll < |zl
x- 6| >|y-6]=]z-6]
Then we have
el << (Ul - Nyl - 11202 | - 6.

Proof. Put M = 9(||x|| - |ly|| - ||z]|)"/2. We consider the set

S:{(a,b,c)€Z3;0§a§i,ogbgi,ogcg M }

3|x]] 3yl 3||]]

Its cardinality is

= () ) Clan) +) (o] +2)

M3
> .
27|l - [yl - [|=]
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For each (a,b,c) € S, we have
axqg+bys+czg €W ={-M,-M+1,..., M}.
Consider the map

f.08 — W

(a,b,c) — axq+ byg + czq.

Since M = 9(||x| - Iyl - |zl])!/?, we have
3

15| > —3M >2M +1=|W|.
27|l -y [l - [|]

We deduce that there exist at least two points of S, (a/,, ) and (a”,b”, "), which

have the same image under f. Set
(a,b,c) = (d',b,c) — (a", V", ") € Z*\ {0}.

Then we find
azrq + byg + czg = 0. (3.8)

Since x,y, z are linearly independent, we observe that
ax~ +by +cz” #0.

Set
P(T) = (axo + byo + cz0) + - -+ + (axq_1 + byg—1 + czq_1) T .

Then we get P € Z[T]<q-1 \ {0}. Since 0 < o', a” < M/(3]|x]|), we obtain that

la| = la' — d"| < ——.
31|l
Similarly, we also get
M M
b < zi—r s el < :
3yl 3|

This implies that
|P|| = |lax™ + by +cz || < M.
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Applying Liouville’s inequality to P(«), we deduce that
M~4=D <« |P(a)).
On the other hand, using (3.8), we get

|P(a)| = [(ax™ +by” +cz7) -0 + (axq + byq + czq)&|
= la(x-0)+b(y - 0) +c(z~0)|

M
< SO Tt Ol gy
< ﬁfx - 0.
Il
So we conclude that
M~ « W|X 0|,
which leads to
x| < MJx - 0] = (||| - [ly]| - l12])**|x - 6]. O

Applying the above lemmas to points of our sequence (X;);en, we obtain the fol-
lowing result which summarizes the crucial properties that we need for the proof of
Theorem 3.1.1.

Proposition 3.3.3. Suppose that @ = (1,a,...,a% 1 &) where a is an algebraic
number of degree d and £ ¢ Q(«). Let i < j be two consecutive indices in I. Then we

have
(i) Xiv1 < (Xip1Xi12Xj12)7?Tii,
(i) XipoTipr < X Ty if 7> (3/2)d —
Proof. Since © < j are consecutive indices in I, we have
(it Xipo)r =+ = (x5, X50)r =V (see (3.4)).

Moreover, X;,X;41,X;+2 are R-linearly independent and thus x;41,X;12, X412 are R-

linearly independent. Applying Lemma 3.3.2 to X;41, X2, Xj42, we get (i).
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To prove assertion (ii), we first note that
VNZT = (X1, Xig2)z = (X5, X541)2,

according to Lemma 3.2.1. Now, suppose that there exist infinitely many ¢ € I such
that
Xipo < 2X541.

Then, for such 7, applying Lemma 3.3.2 to the R-linearly independent points x;, X;11, X; 12

and using X; < X;11,T; < X7}, we get

d/2—1 < d)2 <rd/2 —1—74(3/2)d
IS Xi/ Xz'-{l Xitoli < X1 B2

Since this holds for infinitely many i, we deduce that 7 < (3/2)d — 1. So if 7 >
(3/2)d — 1, we get X;1o > 2X;,; for each sufficiently large ¢ € I. Then we may
apply Lemma 3.3.1 to X;11, X492, X;, X;j41 with 7 = 2 and this yields the inequality in
(ii). O

3.4 Proof of Theorem 3.1.1

Assume that 7 > (3/2)d — 1. We will show that 7 < 7.
First of all, we fix a sequence of minimal points (x;);ey in Z%*! attached to Tp.

We know that the corresponding set I is infinite. Set
p=inf{r > 1; X;1», < X/, for all sufficiently large i € I'}.

Lemma 3.2.3 gives
Xipn < Xi(d_l)/(T_d) for each 7 € N.

So we find

T—d
Now fix a real number ¢ with 0 < € < p. Then by the definition of p, there exist

l<p< (3.9)

infinitely many ¢ € I such that
Xiyo > X207 (3.10)
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Fix such an index ¢ and let j be the next element in I. By the definition of p, we get
Xjap < XPH (3.11)

if 7 is large enough. Combining Proposition 3.3.3 with the above two inequalities, we

get
1< X XX T
< XWX AP X (X Ti)
« XL eet) a2 (¢ )
< Xi(i/22—1)(1/(p—e)+1) Xj(i/12)(p+e)+1—r (using Tj < X;7),
thus

X]T;l*(d/2)(ﬂ+€) < Xi(i/;*l)(l/(P*E)H)‘

This holds for infinitely many ¢ € I. Since (X;);es is strictly increasing and since

j+1<i+ 2, we deduce that

r—1—§(p+e)§ (g—l) (pi€+1).

Since € can be chosen arbitrarily small, we conclude that

d d 1
—l—cp<(==1)(=+1).
-0 (51) G

_dd (4 )1
TT9 =T P

Noting that p belongs to [1, (d—1)/(7 — d)] and that the right hand side of the above

This implies that

estimate is an increasing function of p on [1,00), we get
d _d(d-1) d T—d
B g P | .
! 2_2(T—d)+<2 )
Since 7 > (3/2)d — 1 > d, this yields

7 —(d+1)7—d*+3d—-1<0,

which implies that 7 < 7.
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3.5 Alternative approach using polynomials

Let a be an algebraic integer of degree d > 3 and let £ € R\ Q(a). Set 8 =
(1,c,...,a% 1 €). We fix a sequence of minimal points (x;);ey attached to Ty and
set X; = [|x;]| and T; = Tp(x;).

Recall that, in Section 3.3, we defined the set

I ={ieN; x;,X;11,X;12 are linearly independent}.

We showed that this set is infinite if 7(6) > 1 (Lemma 3.2.2). Moreover, by using
Dirichlet’s Box principle, we proved that

Xiv1 < (Xit1 Xip2 Xju2) " Tiy (3.12)

for any consecutive elements ¢ < j in /. This was the crucial estimate in the proof of
Theorem 3.1.1.

In this section, we construct non-zero polynomial maps from (Q4™!)3 to Q which
are defined over Z and do not simultaneously vanish on any triple of linearly indepen-
dent points of Q9x{0}. Looking at the values of these polynomials at (X; 41, X;+2, X;j42)

where 7, j are consecutive elements of I, we will show that
1 < XIPXTH X o T

Using this estimate instead of (3.12), we will then provide an alternative proof for

Theorem 3.1.1 in the case where d = 3.

To construct the polynomial maps, we first note that, for each j € N, and each
y € Q¢ x {0}, we have
o(y - 0) € Qo).
Fix j € N. Since {1,q,...,a% 1} is a basis of Q(«), there exists a unique point
y; € Q% x {0} such that
a(y-0)=y;- 0.

In particular, if y € Z% x {0}, then

Ad(y-0)c(l,a,...,a% ",
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since « is an algebraic integer, and so y; € Z% x {0}.

To estimate the norm of y;, we consider the map
T Q' x {0} — Q' x {0}
y—Y;
Since this is a bijective linear map, there exist constants c;, c;- > ( such that
Gyl < llyill = 1Tl < ¢sllyll - for each y € Q7 x {0}

Then, for any y € Q% x {0} and any j € {0,...,d — 1}, we have

Iyl < llysll < eyl
where ¢ = max{co,...,c4-1} and ¢ = min{¢, ..., ¢, ;} depend only on «a.
We can now construct the desired polynomial maps. They are the determinants
given in the following proposition.

Proposition 3.5.1. Let x,y,z € Z%" be linearly independent. Assume that the last

coordinates x4 and yq of x and'y (respectively) are not both zero. Set
Ey=x5y —ysx and E; =T (Ey) for i=1,...,d—1.
For each j = 0,1, put

D. — det<X7 Yz, E1+j> Zf d= 37
’ det(x, v,z, Fy,...,E4_3, Ed,QJrj) Zf d> 3.

Then, Dy and Dy are not both zero. Moreover, if
x| <yl < llzl] and |x-6]=]y-6]>|z-0|,

then we have
1< =" ly 14|zl |x - 6] (3.13)
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Proof. Set

(x,y,2,F1,...,Eq_3)¢ if d>3.
Then dimg V' < d. Assume on contrary that Dy = D; = 0. This implies that E;_

V:{ (x,¥,2)0 if d=3,

and E; o are contained in V. By definition, we have
Eo S <X,y>@ N (@d X {0}) cVn (@d X {O}) .

We conclude that
U :=(Ey,...Eq_1)g C VN (Q%x {0}). (3.14)

Since x,y are linearly independent and x4, y; are not both zero, we get Ey # 0. Note
that 0 = (1,,...,a%" ! £) has Q-linearly independent coordinates. This implies that

Ey - 0 # 0, and moreover,
E[) . 0, (]./(E() : 0), ceey O[d_l(E() : 0)

are Q-linearly independent. As a'(Ey-0) = E;-0 for each i = 1,...,d—1, we deduce
that Ey, ..., E4_; are also linearly independent. Hence, we get dimg U = d > dimg V.
By (3.14), this implies that

U=V=0Q"x{0}.

Hence we get x,y € Q¢ x {0}, which is impossible as x4 and y4 are not both zero.

This contradiction shows that Dy and D; are not both 0.

Now assume that
Ix]| <[lyll <llz]| and |x-0]>|y-0|> |z-6].

By definition, we have

0 v-0 - Er o -6
Dy=det |~ 7 42+ (j=0,1).
xt oyt e B,

By the construction, we get

IE:l = I Ti(Eo)ll = | Eoll < [Ix[lly|
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and

|E; - 0] = |’ (Eo - 0)] < [Ix[| |y - 6] + [ly]| |x - ]
<|lyllx- 6]

forall i =0,...,d — 1. Combining the above estimates, we find that

Dy << Iy Iz [y 1D Cly 1 - 61) + | - 0y [zl (1< ly )~
< [y 1 1zl - 6]

On the other hand, as « is an algebraic integer, we have E; € Z*for each i =
1,...,d —1, and thus Dy, D; € Z. Since Dy and D, are not both zero, we get
1 < max{|Dol, [ D1} < [Ix]| 2 [ly[|*~" |z |x - 6] O

As we discussed in Section 3.3, if ¢ < j are consecutive elements of I, then the
points X; 41, X;42,X;j42 are linearly independent. On the other hand, if the hypothesis
of Lemma 3.2.3 are satisfied, then, for each sufficiently large index ¢, the last coordi-
nate of x; is not zero. Therefore, we deduce from the above proposition the following

result.

Corollary 3.5.2. Let ¢ > 0 and 7 > d — 1. Assume that the system
[To + x4 -+ xg0®T x| <X,
|z ],y g < X

admits a solution x = (g, ...,x4) € Z41\ {0} for any sufficiently large value of X.

Then, for any consecutive indices 1 < j of I, we have
1 < XIPXTH X T

We now provide an alternative proof of Theorem 3.1.1 in the case where d = 3.
The argument is the same as the one of the proof in Section 3.4. The difference is

that we use the estimate given in Corollary 3.5.2 instead of Proposition 3.3.3 (i).
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Alternative proof of Theorem 3.1.1 in the case where d = 3.

Let (x;)ien, I, p be as in the proof of Theorem 3.1.1 in Section 3.4 for d = 3. Assume
that 7 > (3/2)d — 1 = 7/2. We show that 7 < 73 = 2 4 /5. Fix a real number ¢ with
0 < e < p. As in the proof of Section 3.4, there exist infinitely many ¢ € I satisfying
(3.10). Fix such an index i and let j be the next element in I. Then, if 7 is sufficiently
large, the inequality (3.11) holds for this pair (7, 7). We now apply Corollary 3.5.2 (in
place of Proposition 3.3.3 (i)) and get

1 < X X@+2 Xjr2 T
= Xir1Xivo Xjio (Xip2 Tiga)
< XU X (X0 T)) by (3.10) and Proposition 3.3.3 (i)

< XZ}F/Q’) e)+1) X](ﬁe)H_T (using T < X7} and (3.11)).

We conclude that

Xj7—+11 p—e <<X1/(.0+6)

holds for infinitely many ¢ € I for each 0 < € < p. So we deduce that
1
T—1—p<—+1.
p

This implies that
1
T<—+p+2
p

Since 1 < p < % = % and since the right hand side of the above estimate is an

increasing function of p on [1,00), we get

<7’—3+
-
- 2 T—3

+ 2,

which implies 7 < 73 = 2 4+ /5.
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