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ABSTRACT

In thié work, the concept of the atta}nability function

F(Roxin, pp. 189-190) is extended in the case of stochastic
systems. In particular, the axioms for this function are
presented and its basic properties, useful in the theory
of optimal control, are investigated. Since these
properties are considered with respect to a certain metric
on the domain of F, a discussion on the properties of
this metric is included. Finally, the time optimal control
problem is formulated, using the concept of the attainability
function. The possibility of applications of the present
theory to practical problems is also discussed.

It should be noted that although one of the
two basic assumptions in Roxin's work, namely, that of
" completeness of the metric on the state space of the system,
has been removed, the properties of the function F are
proved to be valid. Moreover, the properties descrlbed

in theorems 2 and 3 are more general.
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1. INTRODUCTION

Given the initial condition (xo,to) of a
system, it is not always possible to determine uniquely
the state x of the systemat some timetzto. S;pending on
the factors affecting the system (e.g., control action),
we can only talk about the 'set A(t) of the states which
can be attained by the system at time t, otherwise called
the "set of attainable states'.

Let F be a éet-valued function which satisfies certain
axioms and which assigns to each triple (xo,to,t) the
corresponding set A(t). It is natural to call F the
'attainability function' of the system.

In order to extend the concept of the attainability
function to stochastic systems, we note that the state xt.of
theAsystem at time tzto is now a random variable and therefore,
each motion of the system is a stochastic process. Then,
instead of the initial state of the deterministic system, the
initial probability distribution function should be conéidered
(that is, the probability distribution function of the random
variable xto), while A(t) 1is now the set of probability
distribution functions of the random states x-that can be
attained by the system.at time t.

As an example consider the Itd stochastic-

differential equation:

dx(t) = F(t,x(t),u(t))dt + G(t,x(t),w(t),u(t)) dw(t)



where u is a control function from a set U of bounded -
measurable functions. Under certain conditions, the above
equation yields a unique probability density function
pu(x,t/xo,to) for each u. Given then the proéability
density function of the random variable x,, one can compute
the function pu(xt) and thus determine the set of attainable

probability density functions

A(t) = { p¥(x,) /ue U}

This procedure is made clear in an example given in the

last section. Observe that as far as we are in a position

to determine the set A(t), the attainability function of

the system is defined, no matter if the system can be
described by a set of differential equations or not.

This is exactly one of the advantages of the present approach
to problems concerning dynamical systems.

Now, it is clear that one can consider the
probability measures ug instead of the corresponding
probability density functions pu(xt), in which case A(t)
becomes the set of attainable probability measures for the
system at time tﬁzto. It is in the last form-that A(t)
will be used in the definition of the attainability function
for a stochastic system. Moreover, certain axioms will be
assumed for the function F. These axioms are in fact

common properties of large classes of systems which




motivate the introduction of the attainability function

in an ax1omat1c way. An example of these properties

can be found in the time-optimal control problem (La salle,
p. 107, theorem 20.1).

NOTE: In what follows, whenever we write 'measure' we

shall understand 'probability measure'.



2. THE AXIOMS OF THE ATTAINABILITY FUNCTION

~In this section, the concept of the attainability
function F for a stochastic system is defined. This is
done in definition 5. Certain concepts, which are needed
for the definition of F and later on when discussing its

properties, are defined in definitions 1-4.

‘As it was pointed out in the introduction, the
attainability function F is a set-valued function whose
range is contained in Pgﬂz), the family of all subsets of
a space of measures which is defined below.

Definition 1 Let M be the state space of the

system, A, a o-algebra on M and R* the set of non-negative

real numbers. Define,
’/ﬁe = {u:AM + RY / u is a probability measure on (M,AM)}

The concept of continuity will be used for F.
'This means that topologies should be defined on both the
domain and the range of F.

The domain 6f F is the set
Y = { (uo,to,t) e/cunRﬁR / tzt }

where R is the set of real numbers.

It will be assumed that Y is equipped with the topoiogy
induced by the product topology on/ﬂ;@R@R, with the
usual metric considered on ﬁ and a metric p og/ﬁz. The

nature of the metric p will be specified in the next section.



The range of F being the family Ksﬂz) of all
non-empty closed subsets of the metric space Sﬂe,p) (this
will be required in one of the axioms F shoulé’satisfy),
is assumed equipped with the Hausdorff metric. In order
to define this metric we need the concept of separation

(or divergence) of one set from another.

Definition 2 Let A and B by any two subsets

of a metric space (X,p#). The 'separation' of A from B

is defined by
s(A,B) = sup{d(a,B) /ac A}

where d(a,B) denotes the distance of a from B in the

metric p, that is, d(a,B) = inf{p(a,b)/beBl}.

NOTE: The separation of A from B is always considered with
respect to the metric on the set whose A and B are

subsets. However, whenever confusion might arise,

an index is used.

It is easy to see that s(A,B) is not necessarily
equal to s(B,A) as the following example shows. Let the
metric space (X,p,) be the set of points in R? with the

usual metric and let its subsets A and B be defined by

{ (x,y) / x=0, y>ol U {(x,y) / x>0, y=o}

>
]

=
"

{ (x,y) / x>0, y=*/x1}




Then, s(A,B) =vZ, while s(B,A) = 1. Therefore, s cannot

be considered as a metric on P(X). However, using s a
s

/

metric bH can be defined as follows:

Definition 3 Let K(X) be the family of all

non-empty closed subsets of the metric space (X,px). Then
the function

Py 4K(X) x K(X) + R such that

py (A,B) = max {s(A,B), s(B,A)} ,

(which is easily, verified to be a metric on K(X)) is called
the 'Hausdorff metric’.
NOTE: Observe that the metric PH restricted to the family

————

of compact elements of K(X) is finite.

Using now the concept of separation the concept

of upper quasicontinuity is defined.

Definition 4 Let (W,pw) and (Z,pz), be two metric

spaces and let P(W) and P(Z) denote the families of all

subsets of W and Z, respectively. Then, a function G : W~ P(Z)
is called 'upper quasicontinuous' at W€ W if for every €>o0
there exists a 6 >o such that s({w},{w }) <& implies that
s(G(w), G(wo))<e . Moreover, the function on P(W) defined

by G(A)=[_J{G(w)/ws A} is called upfer quasicontinuous at
AOC:W, if for every e>0 there exists a §&>0 such that s(A,A0)<6

implies that s(G(A), G(Ao))<e



NOTE: G is called simply upper quasicontinudus if it 1is

upper quasicontinuous at every woew.
/

7/

In defining below the attainability function and
studying later on its properties, we shall often be writing

F(uo,to,t) instead of F((uo,to,t)).

Definition 5 Let Y ='{(po,to,t);/&xm / tzt }.
Then, a function F : Y?-Pgﬂg) is called the 'attainability
function' of the system if it satisfies the following axioms.
(1) F(uo,to,t), the set of attainable measures for the
system at time t, is a closed subset of the metric space
S}h,p), for any uOi}b’ and‘to,t eR such that t_st.
(11)  Flug,tonty) = T} ~
(iii) For every ujﬂeand t,,teR such that t <t there exists
a uofﬂksuch that we F(ug,ty,t)-
(iv) Flu,t,,t)) = LHEG,t,t)) / ne Flugstyst)Y
for any t , t eR such that t <t .
1 2 1 2
(v) F is continuous in t, in the Hausdorff metric.

(vi) F is upper quasicontinuous in (uo,toj, for fixed t.

REMARK Since s(F(ua, ta,t’), F(“o’to‘t))s s(F(ua,t;,t’),
Fug,ty,t™) + pH(F(uo,to,tﬁ, F(u,,tyst)), it follows from

axioms (v) and (vi) that F is upper quasicontinucus.

" NOTE: Axiom (iii), which is assumed in Roxin's work, is

not used in the proof of the theorems to follow and, therefore,

it'can be omitted.



3. THE PROPERTIES OF THE ATTAINABILITY FUNCTION

In this section, the properties of’éhe attain-

ability function are investigated. This investigation is

based on the assumption that the metric p on the set)ﬂgis

such that the metric space (ﬂl,p) is locally compact. Certain

results concerning this metric space are presented in thenext section
In control ﬁroblems it is very important to

know whether the set of attainable measures F(uo,to,t) is

compact. This question is treated in theorem 1 below. In

érder to prove this theorem we need the following definition

and lemmas 1-4.

Definition 6 Let (X,px) be a metric space

and A CX. For every e>o, define
Se(A) = {xeX / d(x,A) <e}

NOTE It should be clear that the sgt Se(A) is always
considered with respect to the metric on the set
whose A is a subset. Moreover, observe that Se(A)
is an open set containing A. It is for this reason

that it is often referred to as an e-neighborhood of A.

Lemma 1 Let (X,px) be a metric space, AC X
a compact set and E(C X an open set containing A. Then,

there exists e>o such that Se(A)(: E.



Proof Let E® denote the complement of the set E and

consider the distance d(a,EC) as a function of a on the compact
set A. Since the distance is a continuous function, it attains
its infimum on A at some point a,c€ A. Since aj ¢ EC and E€ is a
closed set, it follows that d(ao,EC) = €>0. Then, for every
xeX such that d(x,A)<e , we have that x¢Ec or, equivalently,
that xeE. Therefore, SS(A)C_E, Q.E.D.

Lemma 2 Let (X,px) be a locally compact metric

space and ACX be any compact set. Then, there exists €>0

such that S_TKT is compact.
(TS_TIT'denotes the closure of the set S (A)).

Proof Since (x,px) is a locally compact metric space,

for every xeX there exists an open neighborhood Nx of x

such that N; is compact. On the other hand, since the

family of sets { Nx/xeA} is clearly an open cover of the

compact set A, we can find a finite number of points xl""’anA

such that ACN_ LJ---LJN . Since the set N, L_J---L_JN

is open, it follows from lemma 1, that there ex1sts some E

€>0 such that S (A)CN U---UN . This last relation
implies that S__(K)-CN U---UN .n Therefore 'S;m is

compact as a closed subset of the set NleJ--—LJNk which
n
is compact, as finite union of compact sets..
Lemma 3 Let (X,p,) be a metric space and A,BCX.

Then s(A,B)<e implies that A C S_(B).
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Proof Since s(A,B) = sup {d(a,B) / aeAl<e, it follows
that for every aecA, we have d(a,B)<e . Therefore,
a e{xeX / d(x,B)<el= Se(B) which implies A(:Se(B).

Lemma 4 Let (X,px) be a metric space, A C X
a closed set and {An} a sequence of closed non-empty sets
converging to the closed non-empty set Ao’ in the
Hausdorff metric. Then, if A_ is a subset ofIA, for
every n = 1,2,--- so is$ AO.'

Proof Suppose that A, is not a subset of A. Then there
exists a point xeAj such thatvx ¢A. Since A is closed,

it follows that d(x,A) = e>0. On the other hand, since
An*-Ao, there exists an integer n = no(e) such that
pH(An,Ao}<€/2 for every n>n,. This implies that s(Ao,An)< el2
for every n>n . It follows then from lemma 3, that

'Ao C Selz (An), for every n>no. Since each A, is a subset

of A, this last relation implies that Ao( Sg;,(A). This

is impossible because xer and d(x,A) = €>¢/, and the proof

is completed.

Theorem 1 Thg set F(uo,to,t) is a compact
subset of the metric space g&,p), for every uoijh, and t,,teR
such that t s<t.

Proof Since the space Sﬂh,p) is locally compact, for every

HoE there exists an el-neighborhood Se({“o} ) such that
1

Sel({"o} ) is compact. By definition 5(ii), F(uo,to,to) = {uo}

and therefore for every uoiﬂz, there exists e>o such that



- 11 -

SEI(F(“o’to’to)) is compact. On the other hand, upper
quasicontinuit& of F implies that, for the ¢ considered

1/
above, there exists a 51>o such that S(F(po,to,t),
F(po,fo,to))<a1 for |t—to|<61. It follows then from
lemma 3 that F(u,,t,,t) C SSI(F(uo,to,to)) C sel(F(uo,to,to))

for'lt—t0|<61; Therefore, F(uo,to,t) being a closéd subset

of ‘a compact set is compact, for every te [to,to+61). We
show next that F(uo,to,to+61) is also compact.To do this,.

consider a sequence'{tn} in the interval [t _,t +6l )} converging

o’ o

to t0+61. It follows then from continuity of F(uo,to, .)
that the sequence of non-empty closed sets F(uo,to,tn)
converges to the non-empty closed set F(po,to,tofél), while

each set in the sequence is a subset of the non-empty closed

set Se (F(uo,to,to)). It follows then from lemma 4, that
1

the closed set F(uo,to,to+61) is a subset of the compact

set S€ (F(po,to,to)) and therefore it is itself compact.

1 .
Therefore, for any “oiﬂﬂ and t eR there exists §, >0 such
that the theorem is true for any te [t ,t +6 1J. It is then

1
clear that if the above procedure is followed again, for
Hupl = F(uo,to+61, t0+61), a az>o can be found, such
that for any “05ﬂ£ and t e R the theorem is true for any
te [t.+6 » t +6 + & 1 . This implies that given any t2t
0’737 0 73 T2 _ Y
there exists an integer n and a corresponding Gn such that
the theorem is true for any uojﬂz, toeR and te[to,td+61+---+6n]

and this completes the proof.
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A compactness property is shown now in theorem 2.
In.order to pr;ve this theorem, we need an equivalent
definition of upper quasicontinuity. This definition is
given in lemma 5.

Lemma 5 Let (W,pw) and (Z,pz) be two metric
spaces and consider a function G : W->P(Z). Then the function
defined by G(A) = LJ{G(w) /weA} is upper quasicontinuous at
AOC:W, if and only if, for every Se(G(Ao)) there exists
SG(AQ) such that G(SG(AO))C:-Se(G(Ao))'

Proof  Suppose first that G is upper quasicontinuous at
AOC:W and consider any Se(G(Ao))' It follows from upper
quasicontinuity of G at AO, that for this particular e>0
there exists a 6° >0 such that s(A,Ao)<6’imp1ies s(G(A),
G(AO)) <e . Considering now any 8>o such that §<87,

we have that S(SS(AO)’AO)S §<s”. Then upper quasicontinuity
of G implies that s(G(SS(AO)), G(Ao))<e and it follows from
lemma 3 that G(Sg(A,)) (C S.(G(A)), Q.E.D.

We show next the "if" part. We have to show that for any e”>0
there exists &>o0 such that s(A,A0)<6 implies s(G(A),G(AO))<e’
For the given €”consider an € such that o<e<e”. Then there
exists a §>0 such that G(SG(AO))C::SE(G(AO))' Now, s(A,A )<$
implies that A(:SG(AO) and therefore, G(A) C G(SG(AO) . It
follows then that G(A) C Se(G(Ao)) énd this implies that

for every weG(A) we have d(w, G(Ao))<e . Therefore,

s(G(A), G(Ao))s e<e” , Q.E.D.
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Theorem 2 Let L be a non-empty compact subset

attainability function F and let
/

/7

of the domain of the

X = (uo,to,t). Then

F(L) = (J{F() / xel}

is upper quasicontinuous at L and the set F(L) is a compact

subset of the metric space S@,p)

NOTE: As an example of such a set L consider the case
L =AX [to,tlj X [t1’ t2]

‘where A is a non-empty compact subset of Sﬂg,p).

E;oof 1t follows from lemma 5, that in order to show upper

quasicontinuity it is enough to show that for every Se(F(L))

there exists an SG(L) such that F(SG(L))(:.SS(F(L)).

Upper quasicontinuity of F (definition 5, remark) implies

that for every Se(F(x)) there exists an 56

F(Sa,(x))<:>S€(F(x)). Now, the metric space Sﬁk,p) is
set L is clearly

.{x)} such that

locally compact and since its compact sub

a subset of the open set V = [ J{S5-(x) / X el} ,
re exists a 6>0 such that Sg Ly v.

it follows

from lemma 3 that the
This implies that

F(S4(L) CF(YV) F(J{85-(x) / xel})

L« F(SG,(X)) / xel}

C Uis_(F(x)) / xel}

and since each SE(F(x)) is clearly a subset of SE(F(L)),

we obtain that F(Sg(L)) CSE(F(L)), Q.E.D.
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Next, we show that the set F(L) is a compact
subset of the metric space Qﬂi’P)‘ Observe f%rst that
since, by theorem 1, F(x) is a compact subset of the locally
compact metric space Sﬂg,p) for every xeL, it follows from
lemma 2, that for every xeL, there exists an €= €(x) such
that g;TFTETT is compact. It follows then from upper
duasicontinuity of F and lemma 5 that, for this particular

= €(x) >0, there exists a 8= §(x) >0 such that F(Sé(x))C:.Se(F(X))-
Now, since the family of sets {Sa(x) / xeL} is clearly an
open cover of the compact set L, we can find a finite number
of points x ,---,X €L, such that: L(:S6 (xl)L)—-—LJSGH(xn).

This implies that '

FL) CFesy (x )L ---UJSs ()
1
= F(Saltxl))u-"UF(San(xn))

Cs, (F(xl))u—--Usen (B(x,))
1

(s, FexnU---UJ S, (Flx))
1

and therefore F(L) is a subset of a coﬁpact set (any finite
union of compact sets is a compact set). Then, in order to
show that F(L) is compact, it is enough to show that F(L)

is closed. To do this, we suppose that a sequence {un} in

F(L) converges to some point Uiﬂk. and we show that ue F(L).
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Observe that for each uneF(L) there exists x = (uon,ton,tn)eL

such thatuneF(xn) and since L is compact theré exists a
sgbsequence {xni} converging to some point xeL. It should
be then enough to show that peF(x). Since F is upper
quasicontinuous (defihition 5, remark)lit follows from
lemma 5 that for every SS(F(X)) there exists SG(X) such
that F(Sg(x)) ¢ S_(F(x)). On the other hand, since S;(x)

is a neighborhood of X, there exists an integer1n=m(35(x))

such that xp; € Sg(x) for every n; >m. This implies that

hn. aF(Sa(x))(:_Se(F(x)) and therefore d(“n-’ F(x))<e
i i
for every n,>m. Since F(x) is compact, this last relation

implies that for every My, there exists a v, € F(x) such
i i

that p(u vn_)<e for every n;>m. Then, the relation
i

n.’
i
p(vni, u) < p(vni,uni)4-p(uni,u) implies immediately that

V. TH and since each v_. belongs to the compact set F(x)
i i _

it follows that ueF(x), Q.E.D.

 Using the results qf the previous two theorems
a continuity property is shown next.

Theorem 3 Let D be any non-empty compact subset
of the space/ﬂaxR and define F(Dx{t}) =LJ{P(uo,to,f) / (ny,ty)eD}.
Then the function F(D,.) is continuous whenever it is defined
(thaf is, for every t which is equal to or greater than tys

for every (uo,to)e D).
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gglg: As an example of such a set D consider the set

| D= A® [t1’ tz] ’ where%A is a.non-empty compact
subset of the metric'space (lasp)-
Proof Since D ® {t} is a nonrempty compact subset of the
domain of F, it follows from th?orem 2 that the function
F(D,.) is upper quasicontinuou%. Therefore, we only have
to show that for every €>0 there exists a 6>0 such that
|t-t| <6 implies s(F(De{t} ), ﬁ(Da{T}))<e . Suppose this
is not true; then for every e>& and for every §>o the relation
|t-t| <6 implies that there exfsts'ue F(D®{t}) such that
d(u,F(D@{t}))2e . Let now {Tni be a sequence converging to
t and con51der the correspondiﬁg, by the previous relation,
sequence {u } of points of the set F(D®{t}). Since, by
theorem 2, the set F(D®{t}) 1s|compact there exists a
subsequence {u . } converging to some point woe F(DB&{t}).
Considering then the correspondlng sequence {Tnl} it
follows that d(uni, F(Da{rni} %) ze for every n;> ng = n,(s).
On the other hand, we have that

G, » PR, 3)) < iy > 1) ¥ 00, F(BLT, 1)
1

and since u, u° it is enough to show that there exists
i |
some integer m = m, (6§) such that d(uo,F(DQ{Tn_}))< e/2
1
for every n;>m,. To do this we consider the following three

cases.
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a. If T,.>t, then consider a point v, € F(uo,t,Tn )
i ' i i

-

C B(Dx{T_ }). Then d(u®,F(Dx{t, 1)) 4
i i

< d(uO,F(0,t,7, ) = pg(u®}, F(u®,t,7,.0).
1

It follows from definition 5(ii) that pH({uo}, F(uo,t,rn }) =
i

= pH(F(uo,t,t), F(uo,t,Tni)) and then continuity of

F in t yields the desired result.

'_t_)_._ If ’[n- = t, then d(uo,F(DX{Tn.})) = PH(F(UO’t9t),
i i
F(Dx{t})) = O.
c. If t  <t, it follows from definition 5(iv) and the

i

fact that p°eF(Dx{t}), that we can consider a point

: ~ o
vﬁis F(Dx{Tni} ) such that u eF(vni,Tni, t). Then

continuity of F in t implies that, as 7, ~ t,

1

pH(F(vn.,Tn_,Tn-), F(v, s Tn.,t)) < s/2 " for every n; which
i i i i i
is greater than some integer m = m, (e) and, since

HOEF(vn.’Tni’t)’ it follows that p(uo,v n-)< e/z, which
i i

implies that d(uo,F(Dx{Tni}))< e/z, for n;> m, Q.E.D.
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Another property of the attainability function is shown
in theorem 4, whose proof requires the following two
lemmas.

Lemma 6 Let (X, Fx) be a metric space, B a
disconnected subset of X and Fl, F2 two non-empty closed
and disjoint subsets of B such that Fll_JF2 = B. Then,
if E is a connected subset of B we necessarily have
either IE.CF1 or E CFz'

Proof We prove this lemma by contradiction. Suppose
that EnF1 # ¢ and ENF_#£¢. Since (ENF ) (Y(ENF))
= Ef\FlﬁF2 = EN¢ = ¢, it follows that Ef\F1 and EN F,
are two non-empty, closed and disjoint subsets of E such
that (Ef\Fl)U(Ef\Fz) = En(FIUFz) - ENB= E.
This contradicts our assumption that E is connected.
Therefore, either Ef\F1 = ¢ or Ef\F2 = ¢ and this
proves the lemma.

Lemma 7 Let C Eﬂg) be the family of all non-
empty compact subsets of the metric space (}z,p) and consider
a continuous function £ : I = [to,t1]-> C (/01) such that
£(ty) is a connected subset of/@. Then the set

H= J{f(t) / t eI} is a compact and connected subset of/Qp,.
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Proof We show first that H is compact. Since H is a
subset of a metric space, it is enough to show that for
every sequence {un} of points of the set H there exists

a subsequence converging to some point in H. It follows
from the definition of H that for every u.e H there exists

t, el such that unef(tn). Since I is compact the

sequence {t_ } contains a subsequence {t_  } converging to
: i
some point t%1. Consider now, in the sequence {un},

the subsequence {u _} corresponding to the sequence {t 1.
i i

As th.” t°, it follows from continuity of f at t° that,
i
for every e>o0 there exists §>0 such that the relation

o = .
pH(f(tni), £(t9))< e/ holds for every ni>nio = nlo(a).
Since uy ef(tn ), for every i = 1,2,---, it follows that
d(unl, f(t ))< e/ for every ni>nio and since £(t%) is
a compact subset of the metric space ({e,p) there exists

o

On the other hand, the sequence {vn.} contains a subsequence
i

{vnik} converging to some point vosf(to). Considering

o
vnief(t ) such that p(uni,vni)< e/z, for every n;>n;

then the corresponding sequence {u 'k} it follows from
nj

the relation p(unik ,vo) p(u ) +p (Vg k,vo) that

nig’ i
Hnj, *VoE H, Q.E.D. '

We show next that H is a connected subset of
the metric space SﬂL,p). Define first, for each teI, the
set function H(t) = LJ{f(1) /t¢ [to,gl} and observe that

it is a non-decreasing function of t. Moreover, the

function H(t) is continuous. This follows easily from
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continuity of f and the following relations.

a. For t”2t we have:

oy (H(E"), H(£)) = py(H(t") NH(t), H(E))

= pH(LJ{f(T) / t<T<t”}, H(t))

= py(£(T,), £(£))

where T  is an appropriate point in the interval [t,t7].

b. For t“<t we have:

oy (H(£),H(t7)) = p (HO\H(E), H(t ) = pg(ULE(T) /t7sT=td, H(t"))

= oy (£(T,), £(t))

where T is an appropriate point in the interval [t~, t].
Suppose now that H is not connected. Then we can find
two non-empty, closed and disjoint subsets F1 and F2 of
H such that F1L'J F2 - H. Since the function H(t) 1is
non-decreasing, the set f(to) = H(to) is a subset of the
set H = H(t1)' Moreover, the set f(to) is connected
by assumption. It follows then from lemma 6 that f(to) is
a subset of either F1 or Fz. Without loss of generality
we assume that f(to)C:Fl. Define now the set A = {teI/H(t) Fl}.

We show next that the set A is closed. Since A clearly contains

t jt is enough to show that A is an interval containing

o’
its supremum. That A is an interval can be easily seen
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from the fact that for any T;’TzeA with T <T, and any tel
such that tl<r<3f we have that H(t) (: H(12)<: Fl, which
implies that teA. On the other hand, let t* - sup A

and consider a sequence {en} of positive numbers such that
€,> 0 and t*-en>to. Since (T*-en)eA, it follows that
H(T*-en)(:'Fl, for every n = 1,2,--- and since F is closed,

it follows from lemma 4.

lin H(t*-e;) = H(lim (1*-e))) = Ht*) CF,

N> N>

which implies that t*cA. Hence the set A is closed.
Similarly one can show that its complement A€ is also
closed. Since F1’F2 are non-empty sets with FIL)F2 = H,
it follows that A and A® are also non-empty which, along
with the fact that A and A€ are closed sets such that
AU A® = I, implies that the interval I is not connected.
This is a contradiction.

Theorem 4 If A is a non-empty compact and
connected subset of the metric space Sﬂ;,p) then so is the
set '

F(Aa{to} ® [to,tlfl ) :U{F(uo,to,t) / u EA, te[to,tll}

for every tlzto.
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Proof:  Since the set A x {t } x [t ,t ] is a non-empty compact
subset of the domain of F as a product of compact sets,

it follows from theorem 2 that the set F(A x f%o}x[to,tll)

is a compact subset of the metric space Eﬂz,p). Moreover,
since D = AX{to} is a non-empty compact subset of the
spacefex R, it follows from theorem 3 that the function

F(D,.) is a continuous function of t on the interval [to,tlj.
Finally, since F(D,to) = A is a connected subset of the

metric space Sﬂg,p), the proof of the theorem follows

immediately from lemma 7.
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4. THE METRIC SPACE Eﬁh »P)

-

/

4

On the sef}k,of measures various metrics can be
defined so that it becomes a metric space. Two exXamples

of such metrics are given below.

1. The Prohorov Metric Consider the function

o) /Zzyz+ R such that p (4 ,1,)

- = max {812, €211}

where,
€, * inf {e /ul(A)< M, (S, (A))+e, for every closed set Al
€,, = inf {¢ /uz(A)< M (SE(A))+s, for every closed set A}

The function pp as defined above, is a metric on/ﬂg , called

the 'Prohorov metric' (Billingsley, p. 238)

2. The w* - metric on (g Let M be the
7

state space of the system and C (M,R) the set of all

continuous and bounded real-valued functions on M. For

every point gjﬂaconsider the family of subsets of/QL.of the

form
N = N(fl,-f-,fk,el,—-~,ek)
= {\)%g,/lfhlfid\) - 'erid“l<€i, i= 1,___,k
where fl,'--,fk are elements of C(M,R) and € ,==",€y are

positive numbers. The family of sets N which results if we
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vary k, fl,---,fk,el,---,ek, satisfies the axioms of a
neighborhood basis for each ue . Therefore it defines
a topology on/ﬂL which is called the 'w*-topology' on//ia.

NOTE: Observe that a sequence'{un} of points of the set

/ﬂﬂ converges to a point uiﬂain the w*-topology, if and
only if, ifdun -+ {Edu, for every fe c (M,R).

We show next that the w*-topology on/ﬁﬂ , as
defined above, can be metrized, under certain conditions
on the state space of the system. The properties of the
resulting metric on/ﬂz are presented in theorem 5.whose
proof requires the following lemmas.

Lemma 8 The set/ﬂz with the w*-topology can
be metrized as a separable metric space, if and only if,
M is a separable metric space.

Proof (Parthasarathy, p. 43, theorem 6.2).

Lemma 9 The se?/ﬁa with the w*-topology is a
compact metric space, if and only if, M is a compact
metric space. .

Proof (Parthasarathy, p. 45, theorem 6.4).

Lemma 10 If M is a separable metric space,
then the se?/ﬂz with the w*-topology is complete, if and
only if, M is a complete metric space.

Ezggf (Parthasarathy, p. 46, theorem 6.5).
In view of the previous lemmas 8, 9 and 10, the proof of

the following theorem is obvious.
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Theorem 5 If the state space M of the system

is a separable and compact metric space, then the set /ﬂz
equipped with the w*-topology can be metrized as a complete
and compact metric space.

NOTE: Under the conditions of theorem 5, the metric space
(/ﬂc,p) becomeé a complete and compact metric space.
However, theorems 1-4, in previous section, require only
-that gﬂz ,p) be locally compact. Therefore, it would be
interesting to investigate for weaker conditions on M

so that g/ﬂb,p) becomes only locally compact (and not

compact and complete).
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5. EXAMPLES

,

The study of questions concerning §tochastic
systems, using their attainability functions, prescnts
tﬁe advantage of viewing the problems in a natural geometric
way which, sometimes, suggests a method of solution.

Consider as an example, the case of two stochastic
syétems described by their attainability functions F1 and F2
with initial conditions (“of tOI) and (poitoz)’ respectively.
Moreover, suppose that F is a pursuing system and that
‘we wish to reach the target F2, in minimum time. If
Fx(uo1’to1’t) ='{uu(u01,t°1,t) / u ¢B}, where B is a set
of bounded measurable functions, then the whole problem
can be viewed in the following way. Let,

Q(t) = Fl((HOI’tOI, t)) m Fz((u“ st ,t))

01

and consider the following two cases:
(i) Suppose that there exists a time t >max {to1’toz}
such that Q(t) £ ¢. Then, if I = {t/Q(t) #¢} and t* = inf I,
one is interested to know the conditions under which t* eI,
that is, the conditions under which Q(t*) # ¢. It is clear
then, that these conditions will ensure the existence of

an admissible control, yielding an optimal time solution to

- the problemn.

Aﬂi’



(ii) Suppose next that for every t>max {tOI, tcz},

we have Q(t) = ¢. Then, letting

//

g(t) = A(F ((u ,t, »)), F(Qu ot »t)))
(the distance between the sets of attainable measures, at
time t) it is natural to ask if there exists an infimum,
for the values of g and under what conditions this infimum
is one of the values of g. It is then clear that these
conditions would ensure the existence of a time and a
corresponding admissible control, which would be the
approximate solution to the problem. (e.g., if g is a
real-valued continuous function on a compact set, then its
infimum is finite and belongs to its range).

As it was indicated in the previous example,
useful qualitative information can be obtained, from an
attainability function formulation of the problem.

Let us now see an example of how the attainability

function of a stochastic system is identified.

Consider the system

dx = udt + u dw
1 . 2
where, the admissible controls u = (ul, u2) are bounded

measurable functions such that

-1 < ul(s) <+1 , -1 =x uz(s) < +1
and w is the Wé&ner process.
The conditional probability density function p(x/xo) of

the system satisfies the equation,
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p(x/xy)  _  Ap(x/x) o 3%p(x/x,)
2
ot ‘ oxX ax?

whose solution is (Takacs, pp. 103-104)
| |
!

(x—xo-a('r)2

p-[' (x/xo) = 1 | e . 2A(T)
| ZnAlT
where
' T : T
a(t) = [ ul(s) ds |, A (1) = J (Zuz(s))zds
) 1 0o

|
Supposing now that the initial probability density function
is Gaussian with variance Oy and mean m,, we obtain the
following expression for the total probability density

function of the system:

(x-mo-a(T))z

2(a2 + (1))

P, (X) = 1
VIR (G2 FA(T))

€
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Since A(t) and a(t) are functions of the control u,
considering all admissible controls we obtain the set

of attainable probability density functions and hence the
corresponding set of attainable measures for the system at
time 1. The question which now arises is to find an
admissible control u = (ul, u2) such that pT(x) is a given
desired function. It is clear that unless the given
function belongs to the attainaBle set at time T, such a
control does not exist. However, in this case, one is
interested to know if a control exists such that the
corresponding probability function pT(x) has a minimum
distance from the given function. The existence of such

a control depends on the attainable set being compact and
compactness of the attainable set is ensured by the

conditions given in theorem 1.
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6. CONCLUSION

-

/

/

In the present work , the concept of the
attainability function was extended to stochastic
systems. As made clear in the given examples,
an approach to the problems through the attainability
functions of the systems presents the advantage of
viewing the probiems in a natural geometric setting.

The properties of the attainability function
were studied with the only assumption that the metric
space Sﬂe,p) is locally compact, while the additional
assumption of completeness which was made in previous works,
was found to be unnecessary. In order to apply these
properties in a particular system, after identifying the
attainability function of the system, one should verify
its axioms and define ogjk.a proper metric p so that the
space Sﬂz »p) becomes locally compact.

In conclusion we should point out that the
present theory, providing mostly qualitative information
about the system, should be complemenfed by a computational
procedure. We believe that it is in this direction where

much effort should be devoted.
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