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Abstract

Autonomous vehicles, from self driving cars to small sized unmanned aircraft, is a
hotly contested market experiencing significant growth. As a result, fundamental concepts
of autonomous vehicle navigation, such as simultaneous localisation and mapping (SLAM)
are very active fields of research garnering significant interest in the drive to improve
effectiveness.

Traditionally, SLAM has been performed by filtering methods but several improve-
ments have brought smoothing and mapping (SAM) based methods to the forefront of
SLAM research. Although recent works have made such methods incremental, they re-
tain some batch functionalities from their bundle-adjustment origins. More specifically,
relinearisation and column reordering still require the full re-computation of the solution.

In this thesis, the problem of re-computation after column reordering is addressed. A
novel method to reflect changes in ordering directly on the Cholesky factor, called Factor
Recovery, is proposed. Under the assumption that changes to the ordering are small
and localised, the proposed method can be executed faster than the re-computation of the
Cholesky factor. To define each method’s optimal region of operation, a function estimating
the computational cost of Factor Recovery is derived and compared with the known cost
of Cholesky factorisation obtained using experimental data. Combining Factor Recovery
and traditional Cholesky decomposition, the Hybrid Cholesky decomposition algorithm is
proposed. This novel algorithm attempts to select the most efficient algorithm to compute
the Cholesky factor based on an estimation of the work required.

To obtain experimental results, the Hybrid Cholesky decomposition algorithm was
integrated in the SLAM++ software and executed on popular datasets from the literature.
The proposed method yields an average reduction of 1.9% on the total execution time
with reductions of up to 31 % obtained in certain situations. When considering only the
time spend performing reordering and factorisation for batch steps, reductions of 18 % on
average and up to 78 % in certain situations are observed.
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Chapter 1

Introduction

The ability of unmanned vehicles to explore their environment is not only a prerequisite
for more complex tasks, but a valuable end product which has seen unmanned vehicles
gain a strong footing in the mapping industry. For example, underwater caves, which are
a serious hazard to all but the most experienced divers, can now be mapped by robots [1]
(Figure 1.1a). Mapping ground environments can also present safety challenges, during
armed conflict for example, where unmanned vehicles are used for applications such as
mine sweeping [2, 3] (Figure 1.1b), tunnel exploration [4] and intelligence gathering [5].
From a cost-benefit point of view, unmanned aerial systems (UAS) compare favourably to

aircraft as a complement to satellite imagery and are well within reach of small companies.

The use of unmanned vehicles in search and rescue also takes full advantage of their
ability to map and explore their environment. Due to their high mobility, UAS are of
particular interest for this application and have been used for disaster monitoring and post-
disaster information gathering operations [10, 11]. Small ground vehicles have also been
designed to explore rubble, unstable buildings or contaminated areas [12]. The research
interest in this field is such that multiple competitions have been organised to promote

innovation [13].



Figure 1.1: Example of unmanned vehicle uses: (a) underwater cave exploration [1] (Im-
age courtesy of Carnegie Mellon University/NASA), (b) mine sweeping [2, 3], (c) sheep
herding [6], (d) vineyard yield estimation [7], and (e) inspection of hydroelectric dams [8,
9].

Unmanned vehicles have also been designed with capabilities tailored to the needs of
various industrial sectors. In the farming industry, unmanned vehicles have been used
for tasks such as sheep herding [6] (Figure 1.1c) and estimating the yield of vineyards [7]
(Figure 1.1d). Companies in the fields of cargo shipping, off-shore petroleum exploitation
and hydroelectricity have also shown interest in using them for inspection and maintenance
tasks [8, 9] (Figure 1.1e). The healthcare sector is a large potential market for unmanned

vehicles where some are used for greeting and guiding patients arriving to the hospital

while others are being designed for elderly care [14].

Regardless of their type or purpose, most unmanned vehicles are confronted by the
same problems. One in particular, concerning the very nature of their autonomy, is how
such systems navigate their environment effectively or, as is often the case, navigate while
mapping their environment. In the literature, this problem is referred to as simultane-
ous localisation and mapping (SLAM). The field of SLAM is an active area of research
with many unsolved problems that stem from the increasingly demanding applications in

which unmanned vehicles are used. For example, once used only in small indoor areas,



unmanned vehicles are now expected to navigate large environments over a period of days
or weeks [15]. This represents a significant challenge as computation requirements increase
with the number of landmarks (Recognisable environment features saved). Moreover, the
miniaturisation trend seen in some applications limits the hardware available to small

autonomous vehicles. These vehicles stand to benefit most from such improvements.

In Section 1.1, the problems encountered in SLAM are presented. The objectives of
this thesis and contribution to the field are discussed in Section 1.2 and 1.3 respectively.

Section 1.4 concludes the chapter with an overview on the thesis structure.

1.1 Problems in SLAM

The increasing demand for longer missions and ability to explore large areas drive con-
stant improvements in SLAM algorithms [16] (Figure 1.3a). To put things in perspective,
the Victoria Park dataset of Figure 1.2 was obtained on a 4km path within a 300 x 300m
area. After a period of 25 minutes of navigating the environment, the dataset already
contained 151 landmarks. As the size of the area to be covered increases, SLAM algo-
rithms quickly become computationally intractable. While this has been mitigated by the
increasing performance of hardware in larger vehicles, the processing capacity of small
UAS remains limited [17, 18] (Figure 1.3b). Whether to increase flight time or to leave
more room for other instruments, there is a desire for navigation systems to be smaller
and lighter. This imposes space and power consumption constraints on the hardware and
is a driving force for the increase of algorithm efficiency beyond the existing desire for a
reduced execution time. Algorithms using approximations to boost efficiency have been
proposed and allow for larger maps and implementation on small size computers. In most
situations, however, compromising robustness and precision is not acceptable. In fact, the
demand for more accurate SLAM pushes the need for algorithms with a higher accuracy

and error robustness in a wide variety of environments. The need for efficiency with-
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Figure 1.2: Victoria Park dataset

out compromising accuracy has been met by increasingly efficient SLAM algorithms that
minimize the number of operations required or techniques dividing large areas into smaller
regions. Such division of the environment led to multiple vehicles used together in a col-
laborative mapping effort to explore different regions simultaneously [19] (Figure 1.3c).
This concept has gained traction in time sensitive applications such as search and res-
cue. To this end, recent research have pushed the boundaries of distributed algorithms
allowing the SLAM solutions of different platforms to be merged faster for a higher com-
bined efficiency. Autonomous vehicles involved in search and rescue and similar activities
have the added difficulty of evolving in dynamic environments. The dynamic nature
can be caused by anything from a collaborating vehicle to a lighting change. Additional
knowledge can be gained by including this information instead of discarding it. In most
SLAM algorithms however, moving objects are either rejected from the mapping or lead
to erroneous estimations. This is true as well for environmental changes in cases where the

mapping task is accomplished over multiple days or months. Recent research have been



pushing the boundaries to include methods able to recognise such changes but it is still an

open problem in SLAM.

Figure 1.3: Three of the five main problems encountered in SLAM: (a) large environ-
ments [16], (b) small platform [18], and (c) multi-vehicle collaboration [19]

1.2 Objectives

Autonomous vehicles are often used for exploration-related tasks due to their mobility,
storage convenience and affordability. Such vehicles, limited by the available computational
power and their small footprint, require efficient SLAM implementations, even more so
when used for long endurance missions such as mapping large areas. Recently, a class of
methods called smoothing and mapping (SAM) have been proposed to address this issue.
They use a smoothing based approach to SLAM and are able to incrementally update the

vehicle’s estimated position as it explores new areas.

Ever so often, these methods need to recompute the map and vehicle path from scratch
to maintain the numerical and time performance of the SLAM algorithm as the vehicle
explores the environment and the configuration of the problem changes. For example,
when a vehicle moves between various areas of an environment, it is more efficient that
the landmarks located in the current area be more readily accessible than the others.
The operation of recomputing the entire path and map in a single step is called a batch
operation. This is typically performed offline and requires significantly more time than

the typical incremental step. In this thesis, the issue of the batch step performance is



addressed. The objectives are to obtain a SAM algorithm to compute the batch solution

in a way that is:

e More computationally efficient: The proposed method should have a computational

cost lower than the batch operation.

o Equivalent: Any solution must be mathematically equivalent to that obtained by a
batch operation and have the same precision and robustness. To this end, the outcome

of a batch operation is considered as the ground truth.

e General: The methodology must be easy to integrate in any smoothing based SLAM
implementation and, if possible, extend beyond SLAM to dynamic problems in general

(e.g. factorising matrices of social network relations).

1.3 Thesis Contribution

The thesis proposes a novel SLAM technique to perform the same function as a batch step
but, in some conditions encountered in SLAM, it does so in a more efficient manner by
reusing previously calculated results. The contributions satisfying the objectives presented

in Section 1.2 can be divided as follows:

o Factor Recovery algorithm: When a vehicle evolving in an environment requires a
batch step, this innovative algorithm allows the current map, path and intermediate
results to be reused in the computation of the new map and path. This may lead
to significant improvements on the computational complexity of batch steps and allow
results to be obtained faster. The Factor Recovery algorithm is also applicable beyond

SLAM to any similar problem whose dynamics vary with time.

o Threshold Selection: Depending on the environment, the Factor Recovery algorithm

is not always more efficient than a batch step. This contribution aims to detect such



situations, in which case the traditional batch method is applied. This is done using
information about the current map and path that are accessible to the vehicle during

the mission.

« The Hybrid Cholesky algorithm: This algorithm consists of the integration of the
two previous contributions onto an existing SLAM platform. The result is a SLAM
implementation that allows a vehicle exploring an environment to forego batch oper-
ations by using Factor Recovery instead of traditional Cholesky decomposition when
a threshold is satisfied. Experimental results of SLAM++ [20] with and without the
Hybrid Cholesky algorithm are provided to characterise the efficiency of these contribu-
tions. They are executed on popular datasets and cover a variety of indoor and outdoor

environments from real and simulated data.

1.4 Thesis Organisation/Outline

The thesis is organized as follows:

In Chapter 2, mathematical concepts necessary for the understanding of the thesis
are presented. The chapter begins with a brief introduction of SLAM to set the context,
followed by a description of the important datasets used in examples throughout the thesis.
A detailed formal explanation of SLAM from both the probabilistic and graphical point
of view is then presented after which Cholesky factorisation, elimination trees and sparse

Cholesky factorisation are discussed.

In Chapter 3, a survey of the work done in the field of SLAM is presented. For each
basic SLAM method, a mathematical description is provided followed by a brief overview of
some important work related to the method in question. In general, the works discussed are
presented in chronological order and divided on whether it relates to fundamental research

or experimental implementations. Extensions to these methods addressing typical problems



encountered in SLAM are then presented. The chapter concludes with a comparison of the

various basic methods and their extensions in a table format.

In Chapter 4, the contributions of the thesis are presented in detail. The chapter starts
with a comparison a various SAM methods and a justification for selecting SLAM++ as
a basis for this work. This is followed by background information regarding the chosen
algorithm. The core of the chapter contains theoretical calculations supported by case

studies detailing the contributions of the thesis.

In Chapter 5, simulation results for the algorithms derived in Chapter 4 are presented
using datasets from the literature. The results are discussed and recommendations are

made to the reader regarding usage and performance.

In Chapter 6, the thesis outcome and contributions are reiterated. A few possible future

research avenues are suggested.



Chapter 2

Background

In this chapter, the necessary background information for a better understanding of the
thesis is presented. Readers familiar with the topic at hand may choose to read only

Section 2.2 regarding the datasets used and refer to the rest of the chapter as needed.

In Section 2.1, a brief introduction to SLAM is provided. The example datasets (Vic-
toria_ Park_7119, Victoria_ Park_500 and Artificial _11) are introduced in Section 2.2,

along with their content and scope.

The mathematical formulation of SLAM is discussed in Section 2.3, starting with the
various types of graphical representations in Section 2.3.1. Particular attention is given
to the Markov random field (MRF) since it is the graph type that is used throughout
the thesis. The information matrix associated with a MRF is presented and, from this,
sparse matrices are introduced. Important concepts of graph theory relating a MRF to a
probability density and the concept of marginalisation are also discussed. The probabilistic
representation of SLAM is then presented (Section 2.3.2), starting with the basic concepts
such as data association and measurement probabilities, which are linked to MRFs. The

two possible SLAM formulations, Classical SLAM and full SLAM, are then discussed.



The next three sections present key mathematical concepts that are fundamental to the
thesis. In Section 2.4, a refresher on the Cholesky decomposition is presented, followed by
an overview of the elimination tree and its properties in Section 2.5. Section 2.6 introduces

sparse Cholesky factorisation as well as factor modification and column ordering operations.

Finally, Section 2.7 concludes the chapter with a summary of the concepts presented.

2.1 Simultaneous Localisation and Mapping (SLAM)

Simultaneous localisation and mapping is the process of recursively building a map of
the world explored by a vehicle and, using this map, to estimate the vehicle’s position.
Typically, the relative motion of the vehicle from one time instant to another is captured
with a dead reckoning sensor, defined as any sensor that integrates state changes over
time to find a current state. These relative motion measurements are called odometry
measurements. In Figure 2.1a, an example of a dead reckoning trajectory with three poses
is displayed. In the example and throughout this thesis, vehicle poses are represented by a
blue diamond-shaped outline centred at the vehicle’s position and oriented such that the
coloured tip of the diamond indicates the forward direction. An odometry measurement
takes the form of a relative displacement vector from an initial position and is represented
by a blue line between the original and final positions. A GPS position measurement takes

the form of a relative displacement vector between the vehicle and a fixed reference frame.

Landmarks are observed and often consist of notable features of the environment ex-
tracted from camera or laser data. The position of these landmarks with regards to the
current vehicle position is called a telemetry measurement or an observation. In a process
called data association (DA), a database of known landmarks is searched to find if the
landmark was already observed. The decision of whether or not a landmark is already in
the landmark database is based on the position of the vehicle, the telemetry measurement

obtained as well as the characteristics of the landmark itself. While data association is

10
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Figure 2.1: An autonomous vehicle navigates three poses using dead reckoning (Figure
2.1a) and a landmark is observed (Figure 2.1b). It then navigates to another pose and
observes the same landmark (Figure 2.1c¢). Vehicle poses are represented by a diamond
outline centred at the x — y coordinate of the vehicle and oriented such that the coloured
tip represents the forward facing direction. Odometry measurements are represented by
blue lines while telemetry measurements are red lines. Landmarks are represented by red
circles centred at the landmark’s position.

closely coupled with SLAM, it is usually treated as a separate problem to reduce complex-
ity. Further discussion on data association and the coupling between it and SLAM will be

discussed in Sections 2.3.1 and 2.3.2.1 respectively.

In the case where the landmark has not been previously observed, it is added to the land-
mark database. In Figure 2.1b, a landmark /; has been added to the example. Throughout
this thesis, landmarks are represented by a red circle centred at the landmark’s position.
A telemetry measurement, represented by a red line, is a relative position vector between
a vehicle position and a landmark. A practical example of such a measurement would be

an object observed by a laser range-finder. Note that although telemetry and odometry

11



are both relative position measurements, telemetry is obtained from a single pose by ob-
serving the environment while odometry is obtained by monitoring the vehicle’s position

as it travels between two poses.

In cases where the landmark already exists in the database, an observation is added
linking it to the current vehicle pose. An example of such as case is displayed in Figure
2.1c, where a new vehicle pose and a landmark observation have been added to the previous
example. Mathematically, this addition introduces a loop in the diagram since it is possible
to go from sz to sy using two different paths: using the telemetry measurements (red
edges) involving [; and using the odometry measurement (blue edge) between sy and ss.
In the field of SLAM, this is called loop closing and it is a fundamental concept as this
redundant information can be merged to obtain a more precise estimate of the relative

position between landmarks or vehicle poses (in our case, sy and s3).

The SLAM algorithm combines the odometry and telemetry measurements to form a
map of the environment travelled by the vehicle. A block diagram of how SLAM integrates
with the various components of a navigation system is shown in Figure 2.2 for a vehicle
equipped with GPS, inertial navigation system (INS), laser scanner and camera. In a typ-
ical unmanned vehicle, sensor data is preprocessed to remove noise from high rate sensors
or identify areas of interest in environment sensors (camera, laser). For environment sensor
information, data association is then performed to convert areas of interest to landmarks
(Im), which are used by SLAM to track what is being observed. The SLAM module takes
inputs from the sensor preprocessors and data association module. This information is
used to maintain the landmark database and return an accurate estimate of the vehicle’s
position (pos) and position of landmarks (map) to the path planner. SLAM modules do
not necessarily maintain an image of the map for the user. In many cases, only a descriptor

(visual fingerprint) of each landmark is stored.

12
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Figure 2.2: Diagram of navigation software. The SLAM module is coloured in blue.

2.2 Demonstration Datasets

In this section, the datasets used to explain concepts and illustrate algorithms are intro-

duced. They are presented in decreasing order of complexity and summarised in Table 2.1.

Table 2.1: Example Datasets

Dataset Name Number of Poses Number of Landmarks
Victoria_ Park 7119 6968 151
Victoria_ Park 500 312 29
Artificial 11 9 2

Real and artificial datasets used to evaluate the performance of the contribution will

be presented later in Section 5.1.1.

2.2.1 Victoria _Park 7119

Due to its popularity in the field and widespread availability, the Victoria Park dataset
has been selected for the purpose of explaining SLAM concepts. This dataset is also
well suited as a benchmark since it consists of experimentally obtained sensor information

from an outdoor trajectory, which is representative of the need to map large areas with
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sensor uncertainty. The dataset has been obtained using a vehicle mounted with a dead
reckoning sensor, GPS and laser scanner. The dead reckoning sensor consists of a steering
angle encoder and velocity encoder, recording the vehicle’s speed and change in heading at
40 Hz. The SICK laser sensor has a range of 80 m and scans the environment every 214 ms.
Each scan consists of 361 individual range measurements at 0.5° intervals over a 180° arc
centred in front of the sensor. The vehicle followed a 4 km path in Victoria Park and the
lightly wooded area provided multiple landmarks detectable with the laser scanner. The
set contains a total of 4466 GPS points, 61945 steering angle and velocity samples and

7249 laser scans.

To remove the effect of feature detection and data association from the navigation and
mapping problem and focus on the SLAM algorithm, a processed version of the original
dataset is used. The set has been modified such that landmark observations are given by
landmark IDs and do not require processing the laser scans. Furthermore, consecutive dead
reckoning points were combined to reduce the size of the dataset and GPS data points were
omitted. A typical odometry and landmark observation found in the modified dataset file

consists of:

ODOMETRY 3 4 0.0640488 -2.22135e-06 -8.11689¢-05 100 0 0 500 0 500
LANDMARK 4 5 11.5387 -3.2007 1.581139 0 1.581139

where the first entry identifies the type of measurement, the second and third identify
the nodes involved, and the following information is the measurement data. For exam-
ple, in the case of the landmark observation, node 5 (Landmark) is located at (11.5387,

-3.2007) when observed from node 4. The other values give the upper diagonal entries of

14



the precision matrix as follows

the importance of which will be discussed later.

1.581139

The modified dataset, Victoria_ Park 7119, has 6968 poses and 151 landmarks for a

total of 7119 points and is displayed in Figure 2.3. The dataset contains 10608 observations,

of which 151 are new landmark observations, 3489 are loop closings and 6968 are odometry

measurements.
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Figure 2.3:  Victoria_Park 7119 dataset.

ria_ Park 500 as described in Section 2.2.2.

15

The framed section

represents Victo-



2.2.2 Victoria__Park_ 500

Due to the large amount of data it contains, only a subsection of Victoria Park 7119
is used to illustrate the theory. This reduced dataset consists of the first 500 poses and
landmarks, along with their associated observations. This subsection of the dataset can be

seen in Figure 2.4.

0 | - L o
B ' =\
D . . .
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Figure 2.4: Victoria_ Park_ 500 is a subset of Victoria_ Park 7119 used for explanations.

2.2.3 Artificial 11

Finally, in sections where equations are supported by illustrative examples, the artificial
dataset shown in Figure 2.5 is used. It consists of nine vehicle poses and five telemetry

observations, three of which are loop closings.
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Figure 2.5: Artificial 11 dataset. Used for visualising calculations.
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2.3 Mathematical Formulation

In this section, the mathematical formulation of SLAM is introduced. First, the SLAM
problem is represented using graphical models since graphs can be drawn without in-depth
knowledge of statistics and these models can be intuitively related to the practical aspects

of mapping.

2.3.1 Graphical Representation of SLAM

Graphical models are useful tools for representing probabilistic problems in terms of the
conditional dependence between variables. They consist of using the advantages of graph
theory to represent complex interactions between variables and provide rigorous methods
to solve the problems they represent. Depending on the characteristics of the graph used,
the resulting model is referred to as a Bayesian network (BN), Factor graph (FG) or Markov
random field (MRF).

2.3.1.1 Bayesian network

The Bayesian network representation of statistical problems can be obtained by represent-
ing each variable and constraint of the problem as a node in a graph and tracing edges
from each node to the nodes that depend on it. For the SLAM problem, drawing one
node for each variable (poses, landmarks) or constraint (measurements) will yield a graph
containing k& odometry measurement nodes (u), n, telemetry measurement nodes (z), n

landmark nodes (1) and £ + 1 pose nodes (s).

Each pose node depends on the previous pose and the odometry measurement of the
relative displacement between them. Following this rule, two edges are directed towards
each pose node: one from the previous position and one from the odometry measurement.

In the simple case where data association is known, each telemetry measurement depends
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on the observed landmark and the vehicle pose it was observed from. This introduces two
incident edges to the telemetry measurement node: One from the vehicle pose and one

from the observed landmark.

Using the Artificial 11 dataset of Figure 2.5, the BN representation illustrated in Fig-
ure 2.6 is obtained. The Bayesian network is required to be a directed acyclic graph (DAG),
which means that it is not possible, from any given node, to follow the edges along the
designated direction and return to said node. BN are thus unable to represent cases where
data association is not known since in such case, the data association and telemetry mea-
surement are interdependent as illustrated in Figure 2.7. In this Figure, the telemetry
measurement z depends on which landmark is observed (n) but obtaining n requires that
the current measurement (z) be compared with what would be measured if the existing

landmark (1) was observed at the current vehicle pose (s). This is discussed further in
Subsection 2.3.2.

999
O OO

G/

Figure 2.6: Example of a SLAM problem as a Bayes network

odometry measurements

vehicle poses

telemetry measurements

Q landmarks
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odometry measurements
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telemetry measurements

data associations

landmarks

Figure 2.7: Graph of Artificial 11 with unknown data association. Due to the cycle
introduced between n and z, this graph is no longer a BN.

2.3.1.2 Factor Graph

The factor graph is another way of representing statistical problems and offers additional
tools for efficient computation of results but requires the graph to be bipartite: the nodes
of the graph must be dividable in two groups such that any given node is only connected
to nodes of the other group. The SLAM problem with known data association is one such

problem.

Using the Artificial 11 Dataset, the FG representation of Figure 2.8 is obtained. The
odometry (u) and telemetry (z) measurements are constraint nodes, drawn as dark squares,
that are used to link vehicle poses (s) or a vehicle pose and a landmark (1). Note that an
extra constraint node is present at the beginning of the path to represent the constraint of
the initial position. As with the BN, the FG can not represent unknown data association

since the resulting graph will no longer be bipartite.
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Figure 2.8: Example of a SLAM problem as a factor graph. Constraint nodes are drawn
as dark squares while variable nodes are drawn as circles.

2.3.1.3 Markov Random Fields

Markov random fields are also popular for representing statistical problems. The MRF
representation of a statistical problem can be obtained by representing each variable of the
problem as a node of a graph. For a SLAM problem, drawing one node for each variable
yields a graph containing n landmark nodes (1) and & + 1 pose nodes (s). The constraints
between the nodes, represented by the edges, are obtained from the measurement functions.

Namely, for the odometry measurement function,
Sp, = Sp_1 +u, (2.1)

indicates how any given pose is related to the previous one. For the telemetry measurement
function,

lk =S, + Zn 1 (22)

indicates that a landmark is related to the pose from which it was observed. Applying
this method to the Artificial 11 dataset, the MRF representation illustrated in Figure 2.9
is obtained. Note that the cause-effect relationship given by the directions of the edges
in Figure 2.6 is not present in the graph. Contrary to the BN and factor graph, a MRF
contains only the variables of the problem (s and 1) and allows for the representation of

cycles.
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Figure 2.9: Example of a SLAM problem as a Markov random field

The MRF representation will be used throughout the remainder of this thesis to illus-

trate the theory and examples.

2.3.1.4 Markov Random Fields: Sparse Matrices

Since there is an equation of the form of (2.1) or (2.2) associated with each edge, they form

a system of equations that can be represented in the form
Ax+b =0, (2.3)

where x is a vector of the pose and landmark nodes (s and 1), b is a vector of the mea-
surements (z and u) and A is a Jacobian matrix. For the graph of Figure 2.9, the terms
of (2.3) are represented in matrix form in Figure 2.10. The dark entries represent non-zero
values and e refers to the edge number while s, [, v and 2z are the corresponding nodes in

Figure 2.9.

In the case of a MRF, it is desired to represent how nodes relate to one another rather
than the individual constraints. To do so, the normal equation of (2.3) is considered. The

new system obtained is

Cx=—-A"b (2.4)

where C = AT A is, by definition, a real positive definite matrix. The matrix C, called the

information matrix, is shown in Figure 2.11.
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Figure 2.10: Matrices of (2.3) for the MRF representation of Artificial 11

Note that because of the lack of directionality in the MRF compared to the BN of
Figure 2.6, the edge between two nodes is the same regardless of direction and thus the
matrix is symmetric. Due to the simple nature of the equations relating the nodes, the
information matrix contains many zero values. Such matrices are called sparse matrices
and the low density of non-zero values may be leveraged to greatly reduce the memory
required to store them. To do so, the zero entries are omitted and the values are stored
sequentially, column by column. A list of column boundaries and element row indices
are also stored to keep track of where the values are in the matrix. These matrices are
thus represented as sets, where each column entry contains a list of values and associated
indexes. As such, matrices expressed in this form will be represented by cursive letter of

the set notation such as A for Figure 2.10 or C in the case of Figure 2.11.
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Figure 2.11: Matrix C = AT A of (2.4) for the MRF representation of Artificial_ 11
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2.3.1.5 Markov Random Fields: Graph Theory

Before going into more details, several graph concepts must be introduced. More specifi-
cally, the concept of complete graph and cliques, followed by the equation for calculating

the probability of a certain graph configuration.

Complete graphs are graphs where any given node is connected to any other node in the

graph. An example of a graph that is non-complete and one that is complete is illustrated

0.0, O
9,0 5

(a) (b)

Figure 2.12: (a) a non-complete graph example; (b) a complete graph example.

in Figure 2.12

A Clique is a subset of nodes of a graph that form a complete subgraph. A clique is
called a maximal clique when it is not possible to include neighbours of clique nodes in the
subset without making the resulting subgraph non-complete. In the MRF representation
of Artificial 11 displayed in Figure 2.13, the nodes in red and blue are examples of cliques.

It can be seen that the clique formed by the blue nodes is a maximal clique since the
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addition of any neighbour node (s, s4 or s7) makes the resulting subgraph non-complete
and thus no longer a clique. The nodes s5 and [; form a two node clique similar to the red
clique. The red clique however, is a maximal clique while node s¢ can be added to node

s5 and [ to form a larger clique (in blue).
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Figure 2.13: Two examples of maximal cliques (in blue and red) in the MRF of Artifi-
cial 11.

Due to the constraints of the SLAM problem, only successive poses are connected and
landmarks are not connected to each other. As such, cliques in a MRF representing a
SLAM problem can be formed of two or three nodes. As illustrated in Figure 2.14, the

possible cliques encountered in SLAM are

« Two pose nodes that do not share a landmark

e A pose node and a landmark node that has not been observed at the previous or

next pose

e A landmark and two consecutive poses from which it was observed

00 00 TFC

Figure 2.14: In SLAM, the cliques can consist of (a) two consecutive pose nodes, (b) a
pose and a landmark node or (c) two consecutive pose nodes and one landmark node
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Identifying the cliques of a graph is an essential aspect of graph theory as it is used
to calculate the probability of the graph’s random variables taking a given set of values,
referred to as a graph configuration. In the case of SLAM, this corresponds to the proba-
bility that given values X = {sq.x, 111} are the vehicle poses and landmark positions. The

probability that a MRF has configuration X is given by

P = T @dx) 2.5
Cecl(G)

where

z Cec(Q)
C' is the index variable for the cliques of graph G, X, represents the graph nodes that are
in clique C and ®.(X,) is called the clique potential, which can be any positive function of

the variables in the clique. This is discussed further in Section 2.3.2.2.
