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Abstract

This thesis provides adaptations of the algebraic and relational semantics of modal
logic to model J.-Y. Girard’s linear logic extended with general modalities. This work
extends the work of M. D’Agostino, D. Gabbay, and A. Russo on modalities in implica-
tion systems, which include a fragment of linear logic, and the work of J.-Y. Girard on
phase semantics for linear logic. We develop deductive systems based on the Gentzen-
style sequent calculi of Ohnishi and Matsumoto and the indexed sequents of Mints,
and prove cut-elimination properties. We show that semantics and deductive systems
that are equivalent for classical modal logic become nonequivalent when adapted to
linear logic. We also provide a semantics based on Girard’s phase semantics for the
fixpoint operators of the modal mu-calculus, developed by D. Kozen, E.A. Emerson,
E. Clarke, and others, in linear logic, and consider the translation of Y. Lafont’s
exponentials with the Free Storage rule into linear logic with fixpoint operators.
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Chapter 1

Introduction

Linear logic was introduced by Girard in 1987 [11] as a new tradition for logic com-
parable to intuitionistic or classical logic. Linear logic grew out of Girard’s work in
domain theory, in which the operations of linear logic were used as a simplification
and decomposition of the operations of intuitionistic logic. This semantics has been
developed into the semantics of coherent spaces, described by Girard in [12].

Linear logic can be thought of as a logic of resources, in which formulas are
consumed when they are used to deduce new formulas via rules such as modus po-
nens. Whereas classically a formula can be used as many times as it is needed,
in linear logic the ability to reuse a formula is controlled by connectives called the
exponentials, which are a kind of modality enriched with the structural rules of con-
traction and weakening.

Although the exponentials are a kind of modality, little research has been done
on modalities in linear logic in general. D’Agostino et al. [9] considered modalities in
general implication systems that include a variant of linear logic, and some work on
the exponentials by Martini and Masini [22] has involved the removal of structural
rules, thus causing the exponentials to resemble ordinary modalities.

The theory of modalities in classical logic is a very old subject, going back at least
as far as the work of Lewis in 1918. A good mathematical and historical introduction
to the subject is Blackburn et al. [2]. Modal logic has been studied from several
different perspectives. Originally it meant the logic of necessity and possibility, and
it was motivated in part by a dissatisfaction with the classical notion of implication
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which admits such seemingly absurd statements as “2 + 2 = 5 implies the Axiom of
Choice” which do not reflect any notion of causality. Much of the early research on
modal logic was focused on the syntactic study of various deductive systems.

More recent work on modal logic has centered on the relational semantics de-
veloped by Kripke in 1959-1963. Soundness and completeness theorems for various
deductive systems with respect to corresponding classes of models have been proven.
The failure of certain axioms to admit soundness and completeness for a class of
models has led to the development of an algebraic approach to modal logic, based
on Boolean algebras for classical logic. Proof theory has also been developed for
modal logic, such as the sequent systems of Ohnishi and Matsumoto [23, 24] which
satisfy cut-elimination theorems.

Fixpoint operators have been used to add expressive power to modal and temporal
logics since the work of Emerson and Clarke [10] and Kozen [17]. The multi-modal K
logic with fixpoint operators is known as the modal mu-calculus, and it has been used
primarily in model-checking applications (see, for example, [8]). More recently com-
pleteness of the axiomatization proposed by Kozen in [17] was proved by Walukiewicz
in [29]. Proof theory of modal mu-calculus is a relatively new subject, with the work of
Aldwinckle and Cockett [1] appearing to be the only work to consider cut-elimination
in deductive systems for modal mu-calculus.

We are interested in considering the theory of modal logic in linear logic, and de-
termining to what extent modalities behave similarly or differently in linear logic as
compared with classical logic. We develop a variety of systems for modal linear logic,
generalizing the algebraic semantics and the relational semantics of classical modal
logic. The algebraic semantics for modalities in linear logic builds on the earlier work
by D’Agostino et al. [9] and Martini and Masini [22], and the corresponding deduc-
tive system builds on the work of Ohnishi and Matsumoto {23, 24]. The relational
semantics, on the other hand, does not appear to have een considered previously in
linear logic in the form that we develop. The corresponding deductive system also
appears to be new, although it is based on the technique of indexed sequents which
has been used in classical modal logic, for instance by Braiiner [5].

We are also interested in the possibility of adding fixpoint operators to linear logic,
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whether with or without modalities. This does not appear to have been considered
before, although categorical semantics involving fixed points have been developed [18].
Together with modalities, fixpoint operators allow features of temporal logics to be
introduced into linear logic, creating a logic of resources and time. Even without the
use of modalities, fixpoint operators allow new possibilities for controlling the reuse
of formulas, since fixpoint formulas can translate the system of linear logic with free
storage described in Chapter 12 of Troelstra [28] and based on Lafont’s work in [18].
The work is divided into the following chapters:

Chapter 2: Linear Logic We discuss those aspects of the semantics and proof
theory of linear logic that are relevant for our development of modal and fixpoint
linear logics. The main topics are the sequent calculus and phase semantics for
linear logic, and the corresponding results of soundness, completeness, and cut-

elimination.

Chapter 3: Modal Logic We review those aspects of the theory of modal logic
that are to be adapted to the linear logic case. These consist of the Kripke
semantics, deductive systems (especially sequent calculi), algebraic semantics,
and soundness and completeness theorems. We also consider temporal logics as
a special case of modal logic.

Chapter 4: Modal Mu-Calculus We introduce the modal mu-calculus as an ex-
tension of modal and temporal logics, and describe its semantics, deductive
systems, and proof-theoretical properties of soundness, completeness, and cut-
elimination.

Chapter 5: Modal Linear Logic We construct our algebraic and relational se-
mantics for modal linear logic, together with corresponding deductive systems
that we prove sound and complete. We then compare the resulting logics and

prove that they define distinct linear logic versions of a single classical modal
logic, KD.

Chapter 6: Fixpoint Linear Logic We construct a semantics based on the phase

semantics for linear logic with fixpoint operators, and present a deductive system
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based on Kozen’s axiomatization for the modal mu-calculus. We then consider
proof-theoretical issues, and present a rewrite system that can translate the
cut-elimination of linear logic, although its normal forms are not entirely cut-
free and weak normalization remains an open question. Finally, we consider
translations of linear logic, with and without free storage, into linear logic with

fixpoint operators.

What we have achieved in this thesis is to develop in detail semantics and deductive
systems for modalities in linear logic, extending the work by D’Agostino et al. [9] and
Martini and Masini [22]. We have shown that the additional distinctions of linear
logic allow the possibility of distinct logics that correspond to a single classical modal
logic, while satisfying reasonable proof-theoretic properties.

We have also shown that the fixpoint operators of modal mu-calculus can be
interpreted in the phase semantics of linear logic in such a way that a sequent calculus
presentation of Kozen’s axioms for the the mu-calculus [17] is sound. We have shown
that it is possible to translate linear logic with the exponentials into linear logic with
fixpoint operators via linear logic with the Free Storage rule [18, 28], translating

formulas, proofs, and cut-elimination steps.



Chapter 2

Linear Logic

2.1 History and Motivation

Linear logic was developed by Jean-Yves Girard starting in 1986-1987 in response
to results obtained during the study of a model of intuitionistic logic, a variant of
Scott domains. It was developed as an “extension of usual logic” [12], by which it is
meant that linear logic should allow finer distinctions than classical or intuitionistic
logic, while allowing those logics to be recovered by translations. In this way it
follows in the tradition of intuitionistic logic, which allows us to make distinctions,
particularly between constructive and nonconstructive proof techniques, that are not
present in classical logic.

This chapter is based on [11, 12, 28]. Girard’s initial paper [11] on linear logic
describes the sequent calculus, phase semantics, and proof-nets for linear logic. Some
more recent developments are described in Girard’s paper [12], particularly coherent
spaces and an alternative formulation of the phase semantics for the exponentials.
The book [28] by Troelstra is a good survey of a variety of developments in linear
logic, including in particular categorical semantics.

The key feature of linear logic that distinguishes it from earlier logics is resource-
sensitivity: A formula no longer represents a stable fact or ‘situation’, but instead a
resource; and such a resource is consumed in an implication. That is, in linear logic,
if we have A together with A implies B, then we can conclude B, but both of the

original formulas are used up in the process and cannot be used again.
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Starting with the idea of resource-sensitivity and implication as consumption of
resources, we can determine how a sequent calculus for linear logic must differ from
one for classical logic. Suppose, for example, that a denotes a dollar and b denotes
a can of soda. We might have several dollars, which would be denoted by several
copies of a. A vendor might offer to sell us a can of soda for a dollar; this would be
denoted by the implication a — b. Again, there might be several such formulas, since
the vendor might have several cans of soda. Now the sequent a,a — b I b denotes
the transaction of purchasing a can of soda.

We find that some of the rules of classical sequent calculus no longer make sense
in this setting. For instance, if soda cost two dollars, we might have a,a, A F b for
some A; using the contraction rule, we could conclude a, A - b—we could get for
one dollar whatever we could get for two. Thus, the contraction rule clearly must
be discarded in a resource-sensitive logic.

The issue of weakening is a bit less clear. Weakening essentially amounts to being
able to ‘throw away’ resources. A logic could reasonably be considered resource-
sensitive while still allowing weakening. (Indeed, there are variants of linear logic
called affine logic that do just that.) However, another objective in developing linear
logic was to have an involutive negation, with A and —A representing, perhaps, the
two sides of a transaction; so if A represents a resource, then —A represents the
obligation to provide it, which we certainly should not be able to throw away! So
weakening must also be discarded.

The remaining structural rule, exchange, is also open to question. In usual linear
logic it is retained; the order of formulas in a sequent is not meaningful. However,
there are noncommutative linear logics that discard or restrict this rule.

Now that we have decided on the structural rules, we consider the logical rules.
Here we find that some care is required. For instance, there are two traditions for
the presentation of a sequent-calculus rule for conjunction in classical or intuition-

istic logic:

+FT,A FA,B FT,A +FI,B
Am and Aa
FT,AAAB FT,AAB
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These two rules are interderivable via weakening and contraction:

FT,A FT,B, FT,A . FAB L
I—I‘,I‘,A/\Bc_m FT,AA FT,AB,
FT,AAB FT,A,AAB *

On the other hand, in linear logic, they are not interderivable. So which should
we adopt? The solution adopted by Girard was to split the connective A itself into
two conjunctive connectives, the additive & (with) and the multiplicative ® (tensor),
corresponding to the two rules. Similarly there are two disjunctions, the additive &
(plus) and the multiplicative ’® (par). The constants T and L of classical logic are also
split into additive and multiplicative versions for similar reasons, and the implication
of linear logic is written with a different symbol — (linear implication).

Linear logic was not the first logic to be based on the idea of dumping structural
rules (such logics are called substructural logics). A summary of earlier such efforts can
be found in Troelstra [28], section 2.8. These include logics that discard weakening
only (relevance logics), logics that discard contraction only (BCK-logics), and logics
that discard all three structural rules (categorial logics).

Linear logic has found diverse applications, some of which are only remotely con-
nected to the idea of a resource-sensitive logic. Its phase space semantics, which is
an ordinary semantics of formulas, much like Boolean algebras, for which the logic
is sound and complete, has been useful primarily for theoretical applications such as
Yves Lafont’s proof of the finite model property for MALL [20].

The semantics of linear logic proofs called coherent spaces, on the other hand,
has led to interpretations of linear logic in several well-known categorical structures,
such as symmetric monoidal categories and *-autonomous categories, in which new
category-theoretic ideas and results have developed from the linear logic approach.

Linear logic also has (at least in the intuitionistic case) a lambda-calculus-like
semantics of proof terms, presented by Lafont in [18]. This semantics can in theory
be used to develop new functional programming languages. In practice, however,
research on programming languages based on linear logic has centered mainly on
logic programming languages such as Lolli, developed by Hodas and Miller [14], and
the related language Forum.
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2.2 Syntax

There are several alternative notations in use for linear logic. We use the nota-
tion of [11].

Definition 2.1 The formulas of propositional linear logic are defined by the following
Backus-Naur Form (BNF):

formula,A,B u= atom|atom™ |A®B|A®B|A&B|A®B
|1|L|T|o|ta]|?4

An involutive operation of negation * is defined by a** := a and de Morgan dualities
between ® and’®, & and ®, 1 and L, T and O, and ! and ?. (That is, (A® B)' :=
(AL) 52 (BY), 1% := L, and (1A)* := ?(AY); the other cases are similar.) An
operation of linear implication —o is defined by A — B := AL ’® B.

The connectives ®, 2, 1, and L are called the multiplicatives; &, ®, T, and O are
called the additives; and ! and 7 are called the ezponentials. Letters a, b, ... denote
atoms, and letters A, B, C, ... denote formulas. Atoms are taken from a set Atoms,
which is unspecified but sometimes assumed to be infinite.

Finite sequences of formulas, which may be empty, are denoted T', A, A, ....
Empty sequences are denoted by blank space, where it is clear that a sequence is
expected (i.e., in sequents). It will frequently be useful to apply a unary operation
componentwise to the formulas in a sequence, so if I' = A, As, ..., A, (this notation
will be used even when n = 0 and the sequence is empty), and ¢ is a unary operation,
then oI" denotes 0 A;,0 As, ..., o A,. For instance, ['* denotes the sequence consisting
of the negations of the formulas in I.

Convention 2.2 Negation is considered to bind tighter than the exponentials, which
in turn bind tighter than the binary connectives. Parentheses are used to override
these binding priorities.

Several fragments and extensions of propositional linear logic are also of interest:
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(Propositional) multiplicative-additive linear logic (MALL) is the fragment of
the logic excluding the exponentials.

o Multiplicative linear logic (MLL) is the fragment of MALL excluding also the
additives.

e Multiplicative-exponential linear logic (MELL) is the fragment of linear logic
excluding the additives.

e Any of these logics may be augmented with first-order or higher-order quan-
tifiers, or atoms may be excluded (constant-only logics), or constants may be

excluded.

On the other hand, sublogics excluding the multiplicatives have been less studied.
It seems likely that the reason for this is that in the sequent calculus, the commas
between formulas are interpreted by implicit multiplicatives (® on the left, ’® on the
right; and I is interpreted by —), so the meaning of the structural rules is in this way
dependent on the multiplicatives. The multiplicatives are also responsible for some
of linear logic’s most distinctive semantic features: informally, the ability to quantify

resources; formally, the monoid structure of the phase semantics.

Definition 2.3 A literal is an atom (a positive literal) or a negated atom (a negative
literal). The principal connective of a formula that is not a literal is the connective

occurring in the (uniqgue) BNF clause matching the formula.

Letters a, B, ... denote literals. Positive and negative literals can and will be
treated uniformly, except when interpreting formulas in a semantics where a choice
must be made for the base case.

Definition 2.4 An occurrence of a literal o in a formula s called a positive occurrence
of a or a negative occurrence of at. A formula A is called positive (resp. negative)
in a literal « if all occurrences of o in A are positive (negative). The set of atoms

occurring (positively or negatively) in a formula A is denoted At(A).
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Formulas are defined here in such a way that the negation symbol + occurs only
applied to atoms. Such formulas are said to be in positive normal form; it is clear
that formulas using negation as a connective can be translated into positive normal
form using the defined operation of negation. Working with positive normal form is
typical both in linear logic [11] and in modal mu-calculus [4]. It has the advantage
of simplifying deductive systems, cut-elimination proofs, etc. by not having to deal
with an explicit negation connective. Positive normal form can also be used for
classical logic, but not for intuitionistic logic due to that logic’s lack of involutive
negation and de Morgan laws.

2.3 Deductive Systems

Just as there are a variety of deductive systems for classical logic, various deductive
systems can be constructed for linear logic. Two such systems are of particular
interest for linear logic: sequent calculus and proof-nets. However, most of the other
traditions for deductive systems (such as Hilbert systems and natural deduction) can
be transferred to linear logic; see, for example, Troelstra [28].

The sequent calculus was historically the first to be developed, and it is the easiest
to compare with the corresponding system for classical logic, because the differences
consist of discarding structural rules.

Proof-nets were developed by Girard [11] as a linear analogue of classical natural
deduction. The intention was to obtain a confluent normalization (cut-elimination)
process by eliminating unnecessary sequencing of commuting rules. Proof-nets work
best for the multiplicative fragment: they have been defined for the full logic, but
many nice properties hold only for the multiplicative fragment and there has been
some uncertainty as to the best way to handle the rest of the logic. Proof-nets
remain a major area of linear logic research.

Only the sequent calculus will be considered here, because it is simple to define and
work with, it supports a notion of normalization (cut-elimination), and the advantages
of the other systems are not important here.
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Definition 2.5 Linear logic sequent calculus (LLSC) is a deductive system on se-
quents - I', where T’ is a sequence of formulas. Linear logic sequent calculus consists

of the following arioms and inference rules:

L
—_1d 4 FA ’ACut Fr Ex (o a permutation)
FA At FT,A Fo(l)
LA FI,B FT,A +I,B

& T & D2
FT,A&B FT,T +FT,A® B FT,A® B
FT,A l—A,B@ - FT,A B o T N
FT,AJA® B F1 +FT,A®B T, L

I—I",AD I—?I‘,AS FT W FI,?74,74
FT,74 =T, 1A FT,74 FT,74

For the additive rules, the contexts match for all the premises and the conclusion;
for the multiplicative rules, on the other hand, the contexts of the premises are
concatenated to form the context of the conclusion. This is a reasonable way to
define the terms ‘additive’ and ‘multiplicative’, although in some cases (%® vs. @)
there are other differences forced by duality.

The subscript on the @ rules will sometimes be dropped when it is clear which

rule is intended. However, the two rules are distinct.

Definition 2.6 An instance of the Cut rule as shown above is called a cut on A (or
on At). A premise formula of an inference rule that does not occur as a subformula
of the conclusion is called a cut formula; the only cut formulas in LLSC are A and A+

in the Cut rule.

Just as there are a number of variations on the definition of linear logic formulas,

there are several variants of linear logic sequent calculus:

e Sequent calculi for fragments of the logic: MALL sequent calculus, etc.

As a consequence of the cut-elimination theorem all provable sequents in such
a fragment have proofs entirely within the fragment. So it is enough to discard

the rules for connectives not occurring in the fragment.
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o Two-sided sequent calculus: Here sequents are of the form I' - A where I and A
are both sequences of formulas. Negation is treated as a connective with its own
introduction rules:

CLAFA | '-AA |
TFALA " T, Alra ©
Each connective rule is split into a right rule, which is the same as the one-sided
rule except for the possibility of contexts on both sides, and a left rule, which
behaves like the one-sided rule for the de Morgan dual connective. For instance,

the rules for ® are:

F'HFAA T"+B,A A, BFA
R = =

TTFA®B,AAN TARBFA "

The identity axiom and cut rule are also written differently in the two-sided

sequent calculus:

4 ['FAA F',AI—A’C
OLVEAA

ut

AFA

The exchange rule applies separate permutations on the left and the right.

Sequent calculi were originally developed by Gentzen in this two-sided form.
The one-sided sequent calculus is used as a notational convenience, together
with positive normal form. However, the one-sided calculus has the disadvan-
tage of sometimes obscuring the structure or significance of a derivation. (The
Identity and Cut rules are good examples.) This problem can often be avoided,
without sacrificing the convenience of one-sided sequents, by using I' F A sim-
ply as an alternate notation for  I't,; A. We will take this approach in the

following sections except where otherwise noted.

e Sequent calculi on multisets of formulas: A sequent F I' can be treated as a
multiset of formulas, rather than a sequence. This gives an equivalent deductive
system as a result of the Exchange rule, and that rule is no longer needed.
This approach is useful in the proof of completeness for phase semantics. It
does have disadvantages, however, notably the fact that it erases distinctions

between nonequivalent proofs when certain semantics of proofs are considered.
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In the following sections, the exchange rule will often be ignored, even when a

multiset formulation is not explicitly used.

e Noncommutative linear logic: There are several variants of linear logic that re-
strict or eliminate the exchange rule. This requires some care in writing the
rules, as equivalent ways of writing the LLSC rules become nonequivalent with-
out Exchange, much the same as equivalent ways of writing the classical sequent
calculus rules become nonequivalent without Weakening and Contraction. In
some cases this can lead to further splitting of connectives such as by having

two negations.

e Intuitionistic linear logic: The intuitionistic linear logic sequent calculus is a
two-sided sequent calculus in which at most one formula is permitted on the
right side of a sequent. The definition of formulas is also different: the connec-
tives of intuitionistic linear logic are ®, &, @, 1, T, 0, !, and linear implica-
tion —o; negation is not built in even for atoms. The constant L may also be
included, in which case negation can be defined by A+ := A — L, which is not
involutive. The connectives *® and 7, whose sequent rules depend critically on
the use of multiple formulas on the right, are omitted. The rules are the usual
two-sided rules plus the following rules for —o:

ILAFB _ THA ABFC
TFA—oB ° T,AA—-BFC

L

Unlike ordinary intuitionistic logic, intuitionistic linear logic does not gain in
constructiveness over classical linear logic, as the latter is already constructive;
but it does have some interesting semantics that do not extend to semantics for
classical linear logic [28]. It also collapses to intuitionistic rather than classical
logic if A, !A, and 7A are identified.

The choice of notation F for sequents is somewhat unfortunate. This symbol
is traditionally used in the meta-language to denote provability. However, there is
no universally accepted alternative symbol to separate the left and right sides of a
sequent (or to mark the start of a one-sided sequent): for instance, Troelstra [28] uses
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=, while Blackburn et al. [2] use —. Instead of using one of these notations, we
will use I for sequents and no special notation for provability.

2.4 Linear Logic as a Resource Logic

In this section we consider an informal semantics of linear logic, which illustrates in
what way it is a logic of resources. Most of these ideas are found in Girard [12]; many
others have used similar informal semantics in describing linear logic.

In classical and intuitionistic logics, a formula represents a proposition, a statement
that is in principle true or false. Deductive systems for these logics are concerned
with what propositions are necessarily true. The connective — allows us to consider
preservation of truth, i.e., truth under assumptions.

In linear logic, on the other hand, a formula represents a resource. This means,
in particular, that a formula cannot automatically be duplicated, as indicated by
the lack of an unrestricted Contraction rule. Linear logic also does not assume that
resources can be thrown away, which would correspond to unrestricted Weakening.
(That this can be the case in the real world is evident from such examples of ‘resources’
as garbage, debts, etc.) Deductive systems for linear logic are concerned with what
resources can be constructed ‘out of thin air’; for instance, a coupon to exchange a
resource for itself (we consider idealized coupons that require no resources except to
back up the offer). The connective —o, or its implicit sequent version F, allows us to
consider how resources can be transformed into other resources.

The roles of the intuitionistic linear logic connectives can be described in these
terms:

e A® B is the pair of resources A and B.

A & B is the choice of resource A or resource B.

A ® B is one of A or B, which one not being specified.

e A —o B is the ability (and obligation) to exchange one A for a B.

1 is nothing (the empty tuple of resources).
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e T is some unspecified collection of resources.
e 0 is a choice of any resources at all.
e !Ais an unlimited supply of A.

Atomic formulas represent arbitrary resources, the structure of which is not to be
modeled in linear logic. The interpretation of T is from its phase semantics interpre-
tation as the @ of everything, not from its role as the unit for & (although it clearly
does fulfill the latter role); O is treated similarly. A — B can be thought of as an ide-
alized coupon in the sense mentioned above, although it can also represent a debt (as
in @ —o 1 where a represents a dollar) since it cannot be thrown away unused. An ‘un-
limited supply’ is understood to be divisible, so that !A —!A®!A is valid. Then all
of the rules of intuitionistic linear logic are clearly sound for this informal semantics.
Classical linear logic is trickier. There are two problems: the constant L, which has
no obvious meaning, and the assumption of involutivity of negation ((A — L) —o
1) — A. One way to describe classical linear logic is to replace resources with
contracts, with rights and obligations for two parties, and to have negation represent
exchange of roles. This approach is similar to the one used in game semantics, and it
explains involutivity of negation quite nicely. It works best, for informal semantics at
least, if we require 1 = L. This is a stronger variant of the MIX rule AQ B+ A*® B;
linear logic with MIX and its variants has been studied extensively. Now we can

describe the classical linear logic connectives informally:

e A+ is A with roles reversed

A ® B is the pair of independent contracts A and B.

A’® B is the pair of possibly interdependent contracts A and B.

A & B is the choice of contract A or contract B.

A ® B is one of A or B, which one not being specified.

1 is nothing (a contract with no rights or obligations).
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e 0is a ‘blank cheque’, a contract with an arbitrary choice of terms.
e T is a contract where the other party chooses arbitrary terms.

e !A is a contract allowing the options to terminate it (Weakening), duplicate it
(Contraction), or convert it to A (Dereliction).

e ?A is a contract allowing the other party the options listed for ! above.

The notion of independent versus dependent contracts is key. We may obtain 419 4,
but not A+ ® A, by asking another party to act as an intermediary, satisfying our
rights under A (which are the intermediary’s obligations) from our corresponding
obligations under A+ and vice versa; this is what is meant by dependence of contracts.
The validity of the MIX rule represents the fact that we never insist that two contracts
are dependent, only that they are independent. The invalidity of its converse ensures
that circular dependencies cannot be created.

As for classical linear logic without MIX, it is difficult to give it an informal se-
mantics. The additional distinctions that this logic allows can be understood in terms
of the correctness conditions for proof-nets due to Danos and Regnier: switchings of
proof-nets must always be acyclic, which corresponds to prevention of circular depen-
dencies, but without MIX, they must also be connected. Unfortunately, connectedness

of switchings does not seem to have any simple informal meaning.

2.5 Syntactic Results

In this section we consider several results concerning the LLSC deductive system:

classical collapse, the substitution theorem, cut-elimination, and invertibility of rules.

Definition 2.7 The classical collapse of (an extension of ) linear logic is obtained by

adding the following aziom to the sequent calculus:

F1ALIA C

The classical collapse A€ of a formula A is defined inductively by o€ := a, (a1)€ :=
—-a, T¢=1°:=T,0°= 1% := 1, (A&B)° = (A® B)° := A° A B°, (A® B)® =
(A2 B)® := A°V B€, and (1A)€ = (24)€ = A°.
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The CC axiom does not allow Cut to be eliminated, but if the original sequent
calculus satisfies cut-elimination, then usually it is possible to axiomatize the resulting
logic by a sequent calculus that also satisfies cut-elimination.

As for classical collapse of formulas, it is clearly a surjective map.

Proposition 2.8 The following sequents are provable in the classical collapse of lin-
ear logic:
1A AF7A

A&B-1+ A®B
AeB--A®B

Furthermore, the classical collapse of linear logic induces, by classical collapse of
formulas, a well-defined logic on classical formulas which is equivalent to a version

(without implication or negation as connectives) of classical propositional logic.

Proof. The sequents for the exponentials follow from !A + A and A + ?A (proved
by Dereliction) and the CC axiom, using Cut. The remaining sequents follow from
(A& B) -+ A ® !B which is proved as follows [11]:

—_—1d Id 1d Id
AFA | BFrB | AFA_ BB _
A&BFA ~ _A&BFB lAFA_ BFB
(AaB)FA, (A&B)FB_ AIBFA AIBF-B_
(AeB)F!4” A&B)F'B_ 14,B-A&B _
(A& B),(A&B)FAQ!B _ I4,'BFY(4&B)
(A& B)FIAQ®!B IA® B+ (A& B)

Now we define A” for classical formulas A in such a way that (AL)€ = A4, by
(AL .= (A)*, (AAB): := AL & B, and (AV B)L := AL @ BL. A proof in
LLSC with CC corresponds under classical collapse (—)€ to a proof in a variant
of classical sequent calculus, whose rules are the rules of LLSC with all formulas
classically collapsed. On the other hand, a proof in this variant of classical sequent
calculus corresponds under (—)% to a proof using rules that are derivable in LLSC
with CC using the above equivalences. So LLSC with CC induces classical logic via
classical collapse of formulas, as was to be proven. O
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Another way to collapse linear logic into a classical logic is to add unrestricted Con-
traction and Weakening. This approach leaves the exponentials as classical modal-
ities. It is also possible to translate classical or intuitionistic logic into linear logic
without added axioms; see {12, 28].

Definition 2.9 The substitution of A; for o; (1 < i < n) in a formula B, denoted
BlA;1/a1, As]oa,. .., As/an), is defined inductively by

cxi[Al/al, Ag/ag, ey An/an] = Ai,
o [Ar /oy, Asf s, ..., Anf o] = AF,

preservation of all other literals, and distributivity over all the connectives. No atom
may be duplicated among the o;. Substitution eztends to sequences of formulas in the
obvious way.

The substitution of A; for o; (1 < i < n) in a proof w, denoted w[A;/a, As/ s,
...y An/ay), is obtained by performing the indicated substitution on each formula oc-
curring tn the proof. That the result is a well-formed LLSC proof is clear by inspection

of the rules: they are all closed under substitution instances.
Theorem 2.10 (Substitution) The following is a derivable rule in LLSC with the
Identity rule restricted to atomic formulas:

FAL AL R AG A e AL A
l—B-L[Al/al,Az/az,...,An/an],B[A’l/al, é/az,...,A;/Oln]

Proof. The substitution theorem follows by an easy induction using the following

st (B positive in o;)

derivations:
AL A I—BJ-,B'® AL A . +BL, B o FAL A
FALBLA®B | FALA®B FBLA®B AN A
FAL9 Bt A®B FAL& B+ A @B 1At 24"
k1 T
FL Tt FT.0

These derivations may be treated as derivable rules, denoted STg 5 etc. (or collec-
tively ST,), from which the general rule ST can be derived.
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The base case is when B is a literal; then the ST rule can be derived by its
i*" premise if B = a; for some %, or by the Identity rule on atoms otherwise; we cannot
have B = o;" by the positivity side condition. Otherwise one of the derived rules above
suffices to derive the ST rule from other ST rules on smaller formulas than B. O

Corollary 2.11 The Identity rule on arbitrary formulas is derivable in LLSC with

the Identity rule restricted to atomic formulas.
Proof. This is just the case n = 0 of the Substitution Theorem. O

Theorem 2.12 (Cut-Elimination) Every sequent that is provable in linear logic

sequent calculus is provable in LLSC without the Cut rule.

The proof of this theorem, for any logic, usually takes the form of a construction
of a weakly normalizing rewrite system on proofs having the property that normal
forms are cut-free. This is not the only way to prove cut-elimination: a semantic
proof is given by Okada [25] by proving completeness of the cut-free sequent calculus.
However, via the Curry-Howard isomorphism, the cut-elimination rewrite system cor-
responds to evaluation of terms, so the process itself is important as well as the actual
cut-elimination theorem. Further evidence for this comes from categorical semantics
of proofs, in which the cut-elimination rewrite rules are semantically sound (i.e., they
transform proofs into semantically equivalent proofs).

The proof of normalization has been well treated in the literature. A clear and
detailed treatment of cut-elimination in LLSC can be found in [21], and a treatment
using a strongly normalizing rewrite system is given in [26] (see also [28]). Girard [11]
gives a proof of cut-elimination for proof nets from which cut-elimination for LLSC
can be derived. The treatment followed here is based on [21].

The normalization procedure is simplified through the use of an extended version
of the Cut rule called Cut!:

FT,JA F(244)", A
FL,A

Cut!
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By convention, this rule will be used only for » > 1. This is a derivable rule us-
ing Cut and Contraction:
- (AN A
FT,'A F24A% A
FT,A

Some rewrite rules will introduce the Cut! rule where it did not occur in the original
proof, but the cut-elimination procedure will ultimately eliminate this rule as well as
the original Cut rule. This extended Cut rule, which is related to Gentzen’s Mix rule,
is widely used: three proofs of LLSC cut-elimination in [21, 26, 28] all make use of it.

Definition 2.13 A principal formula of a rule is a formula introduced by the rule
(i.e., not occurring as a subformula of the premises). By convention, we consider the
contracted formula in a Contraction rule to be principal, and we consider the formulas
other than T in the T rule to be non-principal. Thus, each non-principal formula
occurs ezactly once in each premise (additive rules) or in one premise (multiplicative

rules).

The definition of principal formula used here is different from the one in [21]. This
definition is more usual, except that the ? formulas in the conclusion of the Storage

rule are often considered principal as well.

Definition 2.14 The degree of an instance of Cut or Cut! is the number of atoms,
negated atoms, and connectives in the cut formulas. Since negation is not a connec-
tive, this number ts the same for both cut formulas.

The degree of a proof is the mazimum degree of its Cut and Cut! rules, or zero if

there are none.

Definition 2.15 The cut-elimination rewrite rules are presented in several groups of
related rules. The notation Cutx is used to denote either Cut or Cut!, and the
notation A* is used to denote one or more occurrences of A, with multiple occurrences
permitted only if the principal connective of A is 7.

Rewrite rules which apply to cuts on non-principal formulas:
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LA B FA™ BT A
m Cutx
FT, A" FAT A A
FT,AA

l

"ET, A+ TF AL BT A
72 Cut*
F A, B FT, B A
FT,A A

Cuts

Cutx

"FALAB F ALAC,
kT, A FAM A B&C
FT,A,B&C

l

T AT TF Ai*,A,BCW’”I— T.A* "FA™ AC
FT,A, B FT,AC,
FT,A,B&C

Cutx

m * 1% T T
P14 FA ’A’TCut* = T-A,_T.

FO,A, T
“F AL AB "FL,A "FAYAB
w1 =38 Cutx
FL, 4 FASABeC_ = FT,AB__
FT,A,BaC FTO,A,BeC
“FaAC "FT, A "FATAC
w1 *
FI,4° FA"ABeC_ = FT,AC
FT,A,B®C FT,A,BeC
) LA A B "3|-A,c® "ET A ”zf-Al*,A,ch i}
VT, A AT ANBRC - = FT,A, B *FAC

FLLAABQC FILALABQRC
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) " A% A B,C . "FT, At TF A" ABC_
LT, A FAY A B®C = FT,A,B,C
FT,A, A% B FT,A,B%C
AT A "FT, A TFAF A
T L1 Cutx*
FT, AT FAT AL = FT.A
FT,A, L FT,A, L
) “F @AD" 7A. B S "E A TF (AL, 7A, B o
"FIr,1A F (740", 7A,1B s = F0,?7A,B
- 7T, ?A, 1B FT,7A, 1B

Rewrite rules which apply to Cut! on non-principal formulas from more than one
premise of a multiplicative rule:
. “E(AO", A, B "F (AT BA
‘R4 F (PAY)m R A A
FLAA

l

Cutx

Cut!

"EMIA TF (AN A, B Cut,”‘l—?r, A TF(AD", B A,
T, A, B* ' ET,BMA L '
0, A A
F T, A A
. "FeAD™ AB °F (245" AC
F 7T, 1A F(AY™ A A B®C_
FT,AABQC '
TEor 4 L (24L)m e ™ T\n
FMA FeAD™AB "EM A “FEADNAC

F*T,A,B F,AC
FIT,%,A L, B®C ®
FT,AA,BQC
Rewrite rules which apply to cuts on principal formulas:

—_Id =
FAY, AT TFALT

FALT

o => FALT
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"FT,A "FAB_"FALBLA

FT.AA®B I—Al>s>Bi,AZut

FT,A A

7I’3‘l__—_

"FT,A mI—I‘,B& ALA

1

FT,A&B "AL@BL’ACM
FT,A

"FT,A "F0,B. "FBLA
FT,A&B FAte BL A

D2

Cut
FT,A
"FT
—1 L
1 LT
Cut
FT

" A TFa
S w
F0A FTATA
F T, A

t

"FL A TF AR A
S W
FIA- F(ADYIA
F T, A

t!

2

TEMLA T (A A
FI0,1A°  F (AL A
F 7T, A

Cutx

"F A TFALA
S D

FA F7ALA
FoT, A

t

-

==

-

=

=

Ed

Cut
FT,A
"FT
A
F 7T, A
"Fr, A .
AT CF (ADn A
Cutx
- T, A
“Eer. A
S m
FC AT TR AYTLA
F T, A ‘

"Fr, A ml—AJ-,./_\Cu
F T, A

t

23



CHAPTER 2. LINEAR LOGIC 24

"EMA,
”H—?P,As’”r— AL (AD A ) FIr 14 F AL, (24D A
FTIAT FRAY™LA = TEILA FALTLA
- T, A 70, A
F2r, A

Trivial variations, such as those obtained by exchanging the order of premises, are
also included. Ezchange of formulas is not considered at all: sequents are treated as
multisets.

We distinguish three relations on proofs. The Cut-reduction relation => is defined
by the rewrite rules shown above, and thus applies only to proofs ending in Cut.
The single-step reduction relation —» relates proofs which are identical ezcept for one
pair of corresponding subproofs related by the Cut-reduction relation. The multi-step
reduction relation —» is the reflerive-transitive closure of the single-step reduction

relation.

Lemma 2.16 The single-step reduction relation is weakly normalizing, or equiva-

lently, for every proof m there is a proof in normal form ©' such that @ —» 7.

Proof. First we claim that any proof ending with a Cutx* of degree d, with the proofs
of its premises having degree less than d, may be reduced to a proof of degree less
than d. This claim is proved by induction on the number of axioms and inference
rules in the proof. That some rewrite rule must apply is easily checked, by considering
cases for reductions on non-principal formulas and on principal formulas; the one
tricky case is the non-principal ? formulas of the Storage rule, but it is not possible
for both cut formulas to be of this form, and if the other cut formula is principal
then it is from another Storage rule and a rewrite rule applies for the non-principal
cut formula. Every rewrite rule replaces a proof ending in a Cut* of degree d with a
proof containing only Cutx rules of degree less than d, and Cutx rules of degree d that
conclude subproofs smaller than the original proof and containing no other cuts of
degree d or more. (In the case of the rewrite rule with two Cutx* rules, the upper one
must have degree less than d by assumption.) Thus the claim follows by induction.
Now by induction on the derivation, any proof of degree d > 0 may be reduced to
a proof of lower degree. By the induction hypothesis, we may assume that the proofs

Cutx
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of the premises of the last rule are so reduced, and then either the resulting proof is
of degree less than d, or it ends in a Cutx of degree d and the hypotheses of the claim
above are satisfied.

Finally, by induction on the degree, any proof may be reduced to a proof of
degree 0, which by definition is cut-free and thus a normal form. ]

Proof of Theorem 2.12 The theorem follows immediately from Lemma 2.16 since
the reduction relations preserve the conclusion of a proof, and any normal form

is cut-free. ]

Lemma 2.16 was stated separately because it is an important result on its own,

for the reasons mentioned earlier.

Corollary 2.17 Provability is equivalent to cut-free provability for MALL, MLL, and
MELL.

Corollary 2.18 (Subformula Property) FEvery provable sequent in LLSC has a

proof in which all the formulas that appear are subformulas of the conclusion.

Proof. Using Theorem 2.12, this is clear from a consideration of the rules excluding
Cut: every formula appearing in a premise of a rule is a subformula of the conclusion,

and the subformula relation is transitive. Q
Corollary 2.19 Provability in MALL sequent calculus is decidable.

Proof. Each premise of a rule other than Cut or Contraction contains strictly fewer
connectives and atoms than the conclusion, so the maximum depth of a cut-free
MALL proof is limited by the number of connectives and atoms in its conclusion.
The subformula property ensures that the set of atoms occurring in a cut-free proof
is the set of atoms occurring in its conclusion. Together, these facts imply that a
cut-free proof of a given sequent, if one exists, can certainly be found among a finite
set of pseudo-proofs (i.e., trees of sequents and rules, without regard for whether or
not the rules are correctly applied), and the enumeration of this set and testing for
a valid proof are clearly (by Church’s thesis) effective. Since provability is equivalent
to cut-free provability by Corollary 2.17, provability is decidable. O
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On the other hand, provability in full LLSC is undecidable [21]. The decidability
argument above fails because the premise of the Contraction rule contains a strictly
larger number of connectives and atoms than the conclusion. Although the subformuia
property limits the set of possible formulas in a cut-free proof to the finite set of
subformulas of the conclusion, the number of occurrences of a ? formula in a sequent
can become arbitrarily large in a cut-free proof using the Contraction rule. This
allows an undecidable problem to be encoded in terms of LL provability, as in [21].

Proposition 2.20 The introduction rules for %2, &, T, and L are invertible; that
is, any provable sequent containing a formula with principal connective among these

four has a proof whose last rule is the introduction rule for that connective.

Proof. Indeed, the case of T is trivial since its introduction rule is actually an axiom,

and the introduction rules for the other three connectives have inverses derivable using
Cut:

FALAC FBLB

—_1
FT,A%B FA'®@BLAB - FLL F1.,
Cut I—l"
FT,A B
1d Id
-t A ~BLB___
FT,A&B t—ALeaBl,Ac:t FT,A&B r—fﬂe}aBl,BC:t
FT,A FT,B

O

Proposition 2.21 None of the connective rules for ®, ®, 1, and 0 are invertible, that
18, for each of these connectives there is a provable sequent containing a formula with
that principal connective and for which there is no proof ending with the introduction
rule for that connective.

Proof. For @, consider the sequent - a* & b+, a @ b, which is provable by the iden-
tity rule. A proof ending with an introduction rule for @ must necessarily contain
a proof of F at & bt,a or F a' & b*,b, neither of which is provable. (This is
easily checked by assuming a cut-free proof and considering cases. Semantic coun-
terexamples can also be used.) The other cases are similar, 0 being trivial since it
has no introduction rule. m|
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The connectives ? and ! are trickier. The Dereliction rule, which is the modal
introduction rule for 7, is certainly not invertible by the argument above. The Weak-
ening rule is likewise not invertible, but the inverse of Contraction is a special case
of Weakening. The Storage rule, which is the modal introduction rule for !, is not
invertible, although the identity argument above fails: the sequent F ?at,a is prov-
able, but the sequent + ?at & ?at, la is provable and does not have a proof ending
with the Storage rule.

2.6 Phase Semantics

This section describes the algebraic semantics for linear logic, called phase spaces (for
MALL) or topolinear spaces (for full linear logic). The results are primarily from
Girard’s initial paper [11], while the notation is closer to [28].

Definition 2.22 A phase space X = (X, 1, X,1) consists of:
e a set X whose elements are called phases;
e a commutative and associative operation X on X, with unit 1;
e a set L C X of antiphases or orthogonal phases.

As in [11], the monoid (X, x,1) is written multiplicatively despite its commuta-

tivity, for notational consistency with noncommutative variants of linear logic.
Definition 2.23 Given F C X, its dual F* is defined by F* := {pe X |pF C L }.

Definition 2.24 A fact is a set F of phases such that F*+ = F. A fact F is called
valid if 1 € F.
The set of facts of a phase space X is also denoted X.

Lemma 2.25 The dual F* of a set of phases F satisfies
Ft=max{GCX|FGcl}

where the mazimum is simply the union with the side condition that it is already an
element of the set.
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Proposition 2.26 The following properties are true of sets of phases F' and G:
1. FCc F+
2. FCG—-GtcF+
3. Fis a fact iff F = H* for some HC X

Definition 2.27 In addition to 1, we define three additional constants T = X,
0:=T+ 1:=1+.

All of these are facts: T = @+ and L = {1}+. T is the greatest fact and
0 is the least fact.

Example 2.28 There are some small phase spaces in which the only facts are con-
stants. The three-constant phase space has X = {1,0}, L = {1}, with integer multi-
plication and unit. There are only three facts 0 C L=1C T.

The four-constant phase space has X = {1,0}, L = {0}, with px g:=p+q+1
(mod 2) and unit 1. There are four facts 0 = @, L = {0}, 1 = {1}, and T = {1, 0}.

Proposition 2.29 The following properties hold for sets of phases F, G, and F;:
o Nier Fit = (User Fi)‘L; thus, facts are closed under arbitrary intersections.
e Ffl=min{HeX|FCH}
e FoG=max{HCX|FHCG}
o (FHG@)t = (FG)* and (FFHLUG)t = (FUG)*

Now we are ready to define the connectives of linear logic on phase spaces. Con-

nectives will be operations on facts.

Definition 2.30 The connectives of linear logic on phase spaces are:
o F (nil or linear negation) as defined earlier (duality on facts)

e F®G := (FG)** (tensor)
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o F9G:=(F+*G*)* (par)

e F — G := (FG*)* (entails or linear implication)

e F&G:=FNG (with)

e FOG:=(FUG)*t (plus)

Proposition 2.31 The connectives and constants satisfy the following properties:

e de Morgan duality and alternate definition of —o:
FRG=(FteGHt F9G=(F+eGHt
F&G=(FtoGH)* FeG=(Ft&GhH)t
FRG=(F—GYHYt F9G=F'—G
F—-G=Fl%G F—-G=(F®G")*

e Associativity, commutativity, and neutral elements:

1@ F=F L9F=F

T&F=F 0&@F=F
(FRG)®H=FQ(G®H) (F9G)sH=F%(G®H)
(F&GQ)&H=F&(G&H) (FoG)oH=Feo (GoH)
FRG=GQ®F FeG=G®F
F&G=G&F FeG=GeF

o Distributivity:
FR(GoH)=(F®G)® (F® H) F0=0
F9(G&H)=(F®G)&(F* H) FoT=T

(F®G) oH=(F—-<H)&(G—H) 0—-oF=T
F—-o(G&H)=(F—-G)&(F—-H) F—-T=T
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o Half-distributivity:

FRG&H)C(F®G)&(F®H)
(FeG@)e(FeH) CF®(GaH)
(F—-H)®(G—-H)C(F&G)—H
(F—=G)®(F—H)CF — (G&H)

Example 2.32 A power set algebra is P(X) for some set X, with the classical con-
nectives interpreted in the usual way by set operations (viewing P(X) as a Boolean
algebra). We can construct a corresponding phase space X = (X', L, x,1) as follows:

o X'=XU{0,1} (we assume X N {0,1} = @)

e | ={0}

p ifp=gorg=1
'PXQ={q ifp=qorp=1
0 otherwise

e 1 as shown

We can now show a bijection between X and P(X) under which the interpretation of
the linear connectives corresponds to the interpretation of the corresponding classical
connectives. First, we claim that for any fact F e X,0€ F,and1e€ Fif X C F.
That 0 € F is clear since 0 € 0 = X't and 0 is the least fact. If 1 € F, then
{1}** =1 C F; but 1 = T since L x X’ C L. On the other hand, if X C F, then
no element of X can be in F'* since they are all idempotent and not in L; so F+ =0
andle T=F=F.

Thus the facts of X' are simply F'U {0} for F € P(X) not equal to X, together
with X U {0,1}. The necessary bijection ® : P(X) — X is given by &(F) = FL+,
with ®~1(F) = Fn X.

An element of P(X) is considered valid if it is X, while an element of X is
considered valid if it contains 1; so validity is preserved by &. F+ = (X \ F)t so

classical and linear negation correspond. The product and the intersection coincide
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for subsets of X’ containing 0 because of the definition of the product, so & and ®
correspond under P to classical conjunction; dually, & and *® correspond to classical

disjunction.

There are several ways to interpret the exponentials in phase semantics. Here we
consider Girard’s original approach from [11], topolinear spaces. The main alternative
is Girard’s more recent approach from [12], which amounts to defining one specific
topolinear structure on any phase space, in a way that still admits a completeness
theorem. That approach has the advantage of not requiring extra structure, but on
the other hand it is inconsistent with the treatment of the exponentials as modal
operators: it fails to extend to a model of LL with an additional pair of exponential

connectives ! and ?’, with the same rules as the usual exponentials.

Definition 2.33 A topolinear space X = (X,L,x,1,K) is a phase space X =
(X, 1, x,1) together with a set K C X called the closed facts, satisfying, for F, G,
and F; in K:

* s FieK

o Lk

e |l CF

s FpGek

e F9F=F

The set K+ := { FL | F € K} is called the set of open facts.

The properties listed are chosen to allow sound and complete interpretation of
the exponentials.

Definition 2.34 The ezponential connectives on topolinear spaces are:
o IF:=(U{GeKk*|GcF})*" (of course)

e ?F:=N{GeK|FcCG} (whynot)
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Since the closed facts are closed under arbitrary intersections, !F € K+ and 7F €
K.

Example 2.35 Given an arbitrary phase space X, we define the set of idempotents
of X, which need not be a fact, by J := {p € X | p X p=p }. Now we can define a
set of closed facts by
IC:={FJ'|FCI01}.

This defines a topolinear space based on X. It is easier to check the duals of the
conditions of Definition 2.33. Kt is closed under arbitrary & by Proposition 2.29 ex-
tended to arbitrary unions. 1 € K*sincel € INland 1= {1}*1. FC 1for F € K+
since F = G** for some G C 1. For F,G € K+, F® G = (FG)*t = (F'++G'+4)LH
for some F',G' C I N 1; but this is equal to (F'G')*+ by Proposition 2.29, and
F'G' ¢ INn1 since 1 is closed under product and the product of idempotents is
idempotent in a commutative monoid. Finally, for F € K+, F C 1,s0 L C F*.
Thus, given p € F, pF+ c L C F+; but then for p,q € F, pgF+ C pF+ C 1, so
pg € F++ = F. Thus, F is closed under product, and since each element of F is
idempotent, F® F = F.

Girard’s more recent work on the phase semantics [12] interprets the exponentials
in arbitrary phase spaces using this construction, and proves completeness for this
interpretation.

If we apply this construction to the phase space corresponding to a power set
algebra, we have 1 = T as shown before, and I = T since every phase is idempotent by
construction; so all facts are both open and closed, and !F = 7F = F for any fact F.
This means that all of the connectives including the exponentials are interpreted
classically.

2.7 Soundness and Completeness

The link between syntax and semantics, as is usual in logic, begins with soundness
and completeness theorems.

The possibilities do not end here: other links between syntax and semantics are
possible, particularly those theorems called full completeness theorems (such as that
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of Blute and Scott [3] for noncommutative linear logic), which are for semantics of
proofs what completeness theorems are for semantics of formulas.

We begin by interpreting sequents in the phase semantics.

Definition 2.36 A topolinear model M = (X, f) for linear logic consists of a topo-

linear space X and a function f: Atoms — X assigning facts to atoms.

Definition 2.37 The interpretation [A] of a formula A is defined inductively in the
obvious way, i.e., interpreting each connective of linear logic (including the constants)
by the corresponding connective on topolinear spaces. The base case is [a] := f(a).

The interpretation [I'] of a nonempty sequence of formulas T = A), Ao, ..., Ay is
the par of the interpretations of the formulas, ([A:]*[A2]*--- [[An]]l)l. The empty
sequence is interpreted by L.

Proposition 2.38 For any formula A, [A*+] = [A]*.

Proof. The result is clear from the fact that the negation of a formula is defined by
de Morgan dualities that hold in topolinear spaces. 0O

This result provides retrospective justification for the use of positive normal form

as a notational convenience.

Definition 2.39 We say T' is valid in M if 1 € [T']. We say T is a linear tautology
if it is valid in every topolinear model.

These definitions have obvious analogues for phase spaces; a phase model in-
terprets MALL formulas.
For the remainder of this section, we treat sequents as multisets. This causes no

trouble semantically because of the commutativity and associativity of *.

Theorem 2.40 (Soundness) Linear logic sequent calculus is sound with respect to

validity in topolinear models. That is, if =T is provable, then T is a linear tautology.
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Soundness is proved by induction on a derivation of + I'. The soundness of the
MALL rules follows from the properties of phase spaces, particularly those stated in
Propositions 2.29 and 2.31. The soundness of the exponential rules follows from the
properties imposed in Definition 2.33 for topolinear spaces.

In fact, a stronger result is usually proved: each rule of LLSC is sound in the
sense that validity of the premises implies validity of the conclusion, regardless of
provability.

Theorem 2.41 (Completeness) Linear logic sequent calculus is complete with re-
spect to validity in topolinear models. That is, if T is a linear tautology, then T is

provable.

Whereas soundness (in the stronger form mentioned above) is essentially a prop-
erty of one rule and one model, and extends to a set of rules (a deductive system) and
a set of models by universal quantification, completeness involves existential quantifi-
cation and thus it cannot be reduced to the case of one rule (or proof) or one model.
However, completeness for a set of models implies completeness for any larger set of
models. Here we prove completeness of LLSC for one model, the syntactic model,
and obtain completeness for the class of all topolinear models as a corollary. The
proof closely follows Girard [11].

Where the proof of soundness uses the definition of the sequent calculus and the
proof techniques of topolinear spaces, the proof of completeness does the reverse:
it uses the definition of topolinear spaces and the proof techniques of linear logic
sequent calculus.

Definition 2.42 For any formula A, we define Pr(A), the set of contexts proving A,
by:
Pr(A) := {T | T+ A is provable }

Definition 2.43 The syntactic model Mgy, for linear logic is defined as follows:

o X is the set of all multisets of formulas;
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L := Pr(L) is the set of those multisets of formulas T’ such that T = L, or
equivalently (by Proposition 2.20) T &, is provable;

X 15 concatenation of multisets;

1 is the empty multiset;

K is the set of arbitrary intersections of facts of the form Pr(?A);
e f(a) := Pr(a) for atoms a.

In the syntactic model, it is clear that Pr(4) = {A*}L.
The syntactic model is certainly a phase model, but to show that it is a topolinear

model, the conditions of Definition 2.33 must be verified.
Lemma 2.44 Pr(At)* = Pr(A) for all formulas A, and thus Pr(A) is a fact.

Proof. Suppose I' € Pr(A), i.e.,, I' - A is provable. Now for any sequence of for-
mulas A such that A At is provable, by the Cut rule I', A  is provable. Thus
[ € Pr(A*)*, so Pr(4) c Pr(4+)*.

Conversely, suppose I' € Pr(A+1)+. Then by the Identity rule, A* € Pr(4t), so
I, A+ - is provable. But this is the same as ' - A4, so I’ € Pr(A). Thus Pr(A4)* C
Pr(A), and combining the two inclusions gives the equality that was to be proven. O

We would like to conclude that Pr(A4) = [A] for all formulas A, and to do so it
is enough to show that Pr(A) satisfies the inductive definition of [A]. The base case
where A is a literal follows from the definition of My, and Lemma 2.44.

Lemma 2.45 Pr(l) = 1, Pr(A ® B) = Pr(A) ® Pr(B), and similarly for all the
other connectives of MALL.

Proof. The cases | and T follow from the definition of My, and the corresponding
rule and axiom. The case & follows from the fact that I' - A& B is provable if I' - A
and I' - B are both provable. The case ® follows from the rules ®, ’, and Cut and
properties of phase spaces. The other cases follow by duality using Lemma 2.44. O
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Lemma 2.46 My, is a topolinear model, i.e., it satisfies the conditions of Defini-
tion 2.35.

Proof. Consider the set K of facts of the form Pr(?A). By the Cut rule, if A+ B
then Pr(4) C Pr(B). Now since L 4+ 7?1, L = Pr(L) € K. Since L F 74,
1 =Pr(1l) C Pr(?A) so L is the least element of K. Since 7A® ?B -+ ?(A® B),
Pr(?A4)% Pr(?B) = Pr(?A%?B) = Pr(?(A®B)) € K. Finally, since 7(A® A) -+ 74,
Pr(?A4) »» Pr(?A) = Pr(?A). So K satisfies all of the conditions except closure under
arbitrary intersections.

Now K consists of arbitrary intersections of elements of K, so it is closed under
arbitrary intersections by construction. That L is the least element of K follows
from this property for K. The other two conditions for K are obtained from the
conditions for K by properties of phase spaces, notably distributivity of *® over ar-

bitrary intersections (i.e., &). ]
It remains only to extend Lemma 2.45 to the exponentials:
Lemma 2.47 Pr('A) =!Pr(A) end Pr(?A) = 7 Pr(A).
Proof. Indeed,
?Pr(4) = ){Pr(?B) | Pr(4) C Pr(?B) } = |{P:(?B) | A+ ?B is provable }

and by the Storage and Dereliction rules, A + ?B is provable iff 7A + ?B is provable,
in which case Pr(?A4) C Pr(?B). Thus ?Pr(A) = Pr(?A), and the other equality
follows by duality (Lemma 2.44). |

Proof of Theorem 2.41 (Completeness). An easy induction using Lemmas 2.45
and 2.47 shows that [A]a,,, = Pr(A4) for any formula A. Suppose A is a linear
tautology; then A is valid in Mgy, which means @ € [A]u4,,, = Pr(4), and thus
F A is provable.

Now if I is a linear tautology, then so is 2 I, since [I'] = [’® '] holds in topolinear
models; then 9 T is provable, or equivalently (by Proposition 2.20) I is provable.
Thus every linear tautology is provable, as was to be proven. 0O
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2.8 Free Storage

From the point of view of the informal semantics, the linear logic sequent calculus
is somewhat unsatisfactory. The problem is that the meaning of the exponentials is
too restricted. Certainly the storage rule is intuitively sound: if we can obtain one
copy of a resource, using only unlimited resources to do so, then we can obtain as
many as we want from the same resources.

On the other hand, suppose we assume that a particular resource, say a, can
be thrown away or duplicated as often as necessary, i.e., we assume !(a — 1) and
!(a — a® a). Then we should be able to obtain an unlimited supply of this resource
from one copy of it. That is, we should be able to prove !(a — 1),!(a — a®a),a - la.
However, it is easily checked that no matter what rules we apply, we will never be in
a position to apply the Storage rule to the right-hand formula unless we have already
thrown away the copy of a we started with, in which case we will never be able to
obtain another one. So this sequent, while intuitively valid, is not provable in LLSC.
In effect, this means that completeness fails for the informal semantics.

There is another, related potential flaw in the sequent rules for the exponentials.
If we add a second dual pair of connectives ' and ?' with the same rules as for the
usual exponentials, then we find that we are unable to prove !A F "A. The problem
is that the Storage’ rule does not apply because its premise would have to contain
the alternate exponential !" in place of the ! on the left. Thus, in the sense described
in [22], the rules for ! are not universal.

Although we expect such non-universality for modal connectives (indeed, it is nec-
essary for the construction of multi-modal logics), universality is generally considered
a good property of axiomatizations of logical connectives. Indeed, universality holds
for all of the connectives of classical, intuitionistic, and linear logic (even predicate
logic) in the usual sequent calculi, excluding the linear exponentials. The term ‘log-
ical’ here is intended as a generalization of ‘truth-functional’ in the classical case; in
linear logic, it refers to connectives that represent ways to build new resources from
existing ones without any assumptions about the nature of those resources.

These considerations suggest that the Storage rule may not be appropriate for
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some applications of linear logic. There is an alternative rule called Free Storage,
described by Troelstra [28] based on semantical developments by Yves Lafont [18],
which avoids these problems. One presentation of this rule is the following:
AF1 AFA®A Ai—BFs
ArR!'B
We can now check that the problems mentioned above are not present in linear logic

with free storage (denoted LLs; the ordinary Storage rule is discarded):

1d 1d
A-1A 1AFIA

—1r ®R Id
17 1A lAF14AQI4 AFA
AF1 ~ 1AFIA®A ~ TAFA

IARYA
For the proof of !(a — 1),!{(a — a ® a),a I !a we use some abbreviations: Aw =
a—o1, Ac=a—oa®a, =1Aw,!Ac,a, and A =!Aw ® !Ac ® a. We also indicate

multiple uses of a rule by *, and combine the Identity rule into the rules following it.

FI—A®R’M- N_—A®§,Id‘
TTFA®A ° .

o1 Aw 1 Aw. 1Ac, 1 Ac.a®@aFA®A ouid
a—01,af-1D !Aw,!Aw,!AC,!Ac,a—oa®a,ai—A®AD
Aw,ab1 |Aw, 'Aw,'Ac,'Ac,'Ac,aF AQ A . _

rk1 . THARA Tta,,
orgr AFL ¢ AFA®A " At—aFSL
TFA ™ Atla

'la—1),/(a <a®a),atla
We can also check that the usual Storage rule is derivable:

ep,ld” op.ld"

L T !I‘l—@!I‘®
T - 4R
F1,. TTF@eDe@®) . :
TH1 °© T+F@ID@®) @_L
oo ®TH1 QTN - Ik A
T ™ ®ITH!A
Cut
THIA
On the other hand, free storage has its own disadvantages. One major disadvan-
tage is that cut-elimination fails, as is illustrated by the derivations above. The sub-

stitution theorem also fails if the identity rule is not allowed for exponential formulas.
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An important result is that whichever rule we choose for !, the set of provable
MALL sequents is not affected.

Proposition 2.48 (Troelstra [28], corollary to Proposition 12.12) LLps is conser-
vative over MALL.

The linear logic sequent calculus with free storage will be useful because it allows
a natural translation of the exponentials into fixpoint linear logic. The free storage
exponentials can be interpreted in phase spaces using this translation. Free storage

also has a categorical interpretation using fixed points [18, 28].



Chapter 3
Modal Logic

3.1 Motivation

Traditionally, modal logic has meant ‘the logic of necessity and possibility’. However,
the subject has grown in so many different directions that it is difficult to find a
universally accepted definition. This section will attempt to present a reasonably
inclusive definition and describe what kinds of modal logic are of interest here.

Modal logics are extensions of classical logic (or some other logic, such as intu-
itionistic) to consider modes of truth. What is a mode of truth? In the most general
sense, it is a connective that is not truth-functional, i.e., for which the truth of a
formula with that principal connective is not simply a function of the truth values of
its immediate subformulas. Modes of truth are often used to express in logic frag-
ments of natural language that are themselves not truth-functional. Examples include
‘necessarily true’, ‘true in the future’, ‘known by agent A to be true’, etc.

However, much of the study of modal logics focuses on particular kinds of modal
connectives. The most commonly used simplification is to consider only those modal
logics that can be interpreted in terms of relational structures, which are also known
as Kripke structures. These logics, called normal modal logics, all satisfy a particular
axiom scheme called K, as well as several closure conditions. This ensures in particular
that it is possible to reason within a mode of truth: such modal connectives are
positive in all their arguments. Modal connectives are also often assumed to be
unary; most of the traditional applications (temporal logic, deontic logic, etc.) involve

40
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unary connectives. Dual pairs of unary modal connectives are traditionally denoted
O and <, or [z] and (z) when several are present simultaneously.

Modal logics are usually based on propositional logic, which means that they have
no variable binding whatsoever. In fact, this is sometimes considered a key property
of modal logics, and it can be a good reason to use them in preference to the first-
and second-order predicate logics into which they can be translated. However, much
research has been done on the subject of combining modal logics with first-order
quantification. A survey of this work can be found in Hughes and Cresswell [15].

in this chapter we will consider the formulas of basic modal logic, with one dual
pair of modal connectives O and <, and the semantics and deductive systems of
normal modal logics. This chapter is based on Chellas [6], Huth and Ryan [16],
and especially Blackburn, de Rijke, and Venema [2]. [6] is a well-known book on
modal logic, while the others are more modern treatments; [2] in particular is quite

comprehensive and inclusive.

3.2 Syntax
Definition 3.1 The formulas of basic modal logic are defined by the following BNF:
formula,A,B := atom|-A|AAB|AVB|A—B|0OA|CA

Letters a, b, ...denote atoms, and letters A, B, C, ...denote formulas. The set
of all formulas (with atoms from a set Atoms) is denoted ®(Atoms).

Convention 3.2 The modal connectives O and < have the same binding priority as

negation, i.e., bind tighter than the binary connectives.

Traditionally, O denotes necessity and < denotes possibility.

Generalized modal connectives of arity greater than one are sometimes denoted
V and A, corresponding to O and < respectively. They will not be considered here,
but [2] describes most aspects of the theory of modal logics in this generality.
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3.3 Semantics

Definition 3.3 A frame (or Kripke structure) F = (W, R) consists of a nonempty
set W of worlds (or states; other terms are also used) and a relation RC W x W.

For basic modal logic, frames are simply directed graphs. When more compli-
cated modal languages are considered, frames are generalized to include relations
corresponding to each of the modal connectives, each with arity one greater than

that of the corresponding connective.

Example 3.4 A labeled transition system F = (W, X, R) consists of a nonempty
set W and a relation R C W x X x W, for some set X of labels.

A labeled transition system may be viewed as a set W together with relations R,
for z € X defined by w R, w' iff (w,z,w') € R. Labeled transition systems can be
used to interpret multi-modal logic with modalities [z] and (z) for each z € X.

Definition 3.5 A model (or Kripke model) M = (W, R, L) consists of a frame F =
(W, R) together with a labeling L C W x Atoms. The model M is said to be based
on the frame F.

Definition 3.6 The satisfaction relation I C W x ®(Atoms) is defined inductively
by:

e witaiff (w,a) € L;

o wit AAB iff wik A and wit B, and similarly for the other classical connec-

tives;
o wlFOA iff w' - A for all w' such that w Rw';
o wiFOA iff w' Ik A for some w' such that w Rw'.

If the model is not clear from contezt, we may write wlFp A or M,wl- A. We
may also write [A], = T for w - A, and [A], = F for w ¥ A, and say that a
formula is true or false at a world.
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Definition 3.7 A formula A is globally true or valid in a model M, denoted M F A,
if M,wlF A for all worlds w. A is satisfiable in M if M, w |- A for some world w.

A formula A is valid in a class of models M, written M E A, if it is globally true
in every model of M.

Instead of interpreting a formula at a particular world, we may also interpret a

formula by the set of worlds satisfying it.
Definition 3.8 The interpretation [A] of a formula A in a model M is
[A]l ={weW]|wlA}
This way of describing the semantics is sometimes more convenient than the sat-

isfaction relation, particularly for the modal mu-calculus to be described later.

3.4 Deductive Systems

Deductive systems for modal logic are traditionally presented in Hilbert style, al-
though sequent calculi and natural deduction systems exist; those systems unfor-
tunately do not satisfy all of the nice properties of such systems for propositional
and predicate logics.

Definition 3.9 A normal modal logic A is a set of formulas satisfying the following

conditions for all formulas A and B and atoms a:
e O0/O duality: -0A & O-A €A

o Aziom K: O(A— B) - (DA—0OB) €A

If A is a propositional tautology, then A € A

Modus ponens: if A€ Aand A— B€EA, then BeE A

Rule of necessitation, or generalization: if A€ A, then DA€ A

Substitution closure: if A € A, then A[B/a] € A
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A Hilbert-style axiomatization of classical propositional logic together with the
rule of necessitation, axiom K, the duality axiom, and arbitrary other axioms clearly
defines a normal modal logic, called the normal modal logic generated by the addi-
tional axioms. With no additional axioms we obtain the modal logic K, which is the
smallest normal modal logic. This logic has some applications, but in many applica-
tions a logic that validates additional principles is desired. Thus, additional axioms

are often added. Some of the best-known ones are (see [6, 16]):
e Axiom D: 0OA — OA
e Axiom T: 0A — A

Axiom B: A - 0OCA

Axiom 4: OA — OOA

Axiom 5: CA — OCA

Not all of these axioms are independent. For instance, axiom D is derivable
from axiom T. According to [6], there are exactly 15 distinct normal modal logics
among those generated by the 32 possible choices of a subset of these five axioms.
Some of the best-known ones are K (K), KD (KD), T (KT), B (KB), S4 (KT4),
and S5 (KT45 or KTB4).

For later sections which will combine modal logic and linear logic, it is useful
to have sequent calculus presentations for certain normal modal logics. These can
be found in Ohnishi and Matsumoto [23, 24]. They are all obtained by augmenting
classical sequent calculus with rules for the modalities. We will use the version of
classical sequent calculus obtained by classical collapse from LLSC, omitting the
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redundant Dereliction and Storage rules. The rules for the modalities are:

FT,A

K: LA
For,OA ™
FT, A Y
KD: ———f o
For, 04 *® For
FT,A T, A
T: _ 2
FOT.OA * FT,04 T
Sa: For,4 | FhA

FOL,O4 — FT,0A

The OOk rule is perhaps clearer in two-sided form:

'-A
—_— 0%
or-oA

K

Cut-elimination theorems for these sequent calculi were proved by Ohnishi and Mat-
sumoto. On the other hand, the modal logic S5 has an equally simple sequent presen-

tation, but it does not satisfy cut-elimination (a counterexample can be found in [5]):

+ O, 0A, A FT,A

S5:
FOL.OA0A > FT,0A

Oss

It is possible to use various technical devices to obtain a sequent calculus for S5
that satisfies cut-elimination. One such approach, using a notion of dependency
between formulas in a sequent proof, is given by Braiiner [5]. Braiiner defines a
sequent calculus with the rule

FT,A
FI0,04 °°

in place of Ogs. This sequent calculus has an obvious cut-elimination procedure, but
it is not sound for S5. Soundness is restored by a global correctness criterion on
sequent proofs, which is preserved by cut-elimination steps. This approach has the
advantage that the sequent rules cleanly introduce the modal connectives, without
conditions on non-principal formulas, multiple principal formulas, or use of both
0O and < in the conclusion.
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The sequent rules for S4 are identical to the Storage and Dereliction rules for
linear logic. Adding unrestricted Contraction and Weakening to linear logic recovers,
under a translation similar to classical collapse, the classical S4 sequent calculus. It

is for this reason that ! and ? of linear logic are sometimes called modalities.

3.5 Soundness

The presentation of the well-known results in the following three sections closely fol-
lows Blackburn et al. [2], chapters 3-5, in which the theory of modal logic is presented
in considerable detail and with historical information.

To obtain sound and complete semantics for the various normal modal logics,
the relational semantics on particular classes of models will be used. The particular

classes of models that are of interest are those that are defined by properties of frames.

Definition 3.10 A formula A is valid at a world w in a frame F = (W, R), written
F,wlik A, if M,wl- A for every model M based on F. A is valid on F, written
F F A, if it is valid at every world in F, or equivalently, if it is globally true in every
model based on F. A is valid on a class of frames F, denoted FE A, if it is valid on

each frame in F.

By convention, a class of frames may be viewed also as a class of models, specif-
ically those models based on frames from that class.

Definition 3.11 A formula A defines a class of frames F if for any frame F, we
have F € F iff F E A.

The notion of a formula defining a class of frames can be used to characterize the
axioms D, T, B, 4, and 5 semantically.

Proposition 3.12 The azioms D, T, B, 4, and 5 (on particular atoms) define the
following classes of frames:

e Aziom D (Oa — <Oa): serial frames
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o Aziom T (Ba — a): reflexive frames

o Aziom B (a — OOa): symmetric frames
e Aziom 4 (Oa — OD8a): transitive frames
e Aziom 5 (Ca — O0Ca): Euclidean frames

The classes of reflezive, symmetric and transitive frames consist of those frames
whose relation R has the corresponding property. A frame is called serial (or right-
unbounded) if for every world w, there is a world w' such that w R w'. A frame is
called Euclidean if, for worlds w1, wa, and ws, w; R we and wy R w3 tmply we R ws.
(See [16], section 5.3.2.)

Proof. The proofs are similar for each of these cases. We consider Axiom B and
symmetric frames. If a given frame F is symmetric, then we consider any model M
based on F. Suppose for some world w, we have w I+ a, and consider any world w'
such that w R w'. Then by symmetry, w’ R w, so w' IF $a. Since w' was arbitrary,
w IF OCa. Now we have shown that w IF a implies w IF O¥a, i.e., that w Ik a = OCa.
So a — O<a is globally true in M, and it is valid in F.

Conversely, if a given frame F is not symmetric, then there exist worlds w; and w
such that w; R w, but not we R w;. We define a model M based on F by L =
{(w;,a)}. We have M, w IF a iff w = w;, and thus M,w I+ Ca iff w R w); so
M, wo ¥ Oa. But since w; R wo, we have M, w; }¥ OOq; and finally, we conclude
M,w; ¥ a - O0Ca. So F ¥ a — OCa. Thus, Axiom B defines the class of

symmetric frames, as was to be proven. w]

Corollary 3.13 (Soundness) FEach of the azioms D, T, B, 4, and 5 is sound with
respect to the class of frames that it defines (or any smaller class). Furthermore, the
normal modal logic generated by any subset of these azioms is sound with respect to

the intersection of the classes of frames corresponding to those azioms.

Proof. The soundness of the axioms is an immediate consequence of Proposition 3.12.

The soundness of the generated normal modal logics follows from the soundness of
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axiom K, propositional tautologies, and the rules of inference specified for normal

modal logics, on any frame. O

On the other hand, completeness does not follow at once. The fact that a for-
mula A defines a class of frames is not enough to conclude that every formula vali-
dated by that class of frames is derivable in the normal modal logic generated by A.
In fact there exist formulas for which there is no sound and complete class of frames
(see [2], section 4.4). However, completeness for the usual normal modal logics can

be proven using canonical models.

3.6 Completeness

Definition 3.14 Given a logic A, we say that a formula A is A-deducible from a set
of formulas T if ByABasA---AB, = A € A for some finite subset {B;, Bo, ..., B}
of T.

A set of formulas T is called A-consistent if L is not A-deducible from I

Definition 3.15 A logic A is strongly complete with respect to a class of models M if
for any set of formulas T’ and formula A, if T FEy A, then A is A-deducible from L.
(The notation T Fy A, called the semantic consequence relation, means M E A where
M :={MeM|MEB jforal BeT}.) A is weakly complete with respect to M
if for any formula A such that MFE A, A€ A.

Strong completeness implies weak completeness by taking I' = @. Weak com-
pleteness does not in general imply strong completeness. However, in a logic such as
S4 (or linear logic), which includes a modality O (! in linear logic) such that JA — B
holds iff B is a global semantic consequence of A, weak completeness does imply fi-
nite strong completeness, i.e., strong completeness for finite sets of formulas I'. In
other sections, particularly those that discuss linear logic, the term ‘completeness’
always refers to weak completeness.

Definition 3.16 A set of formulas " is called maximal A-consistent if it is A-consis-

tent and no proper superset is A-consistent. Such a set is called an A-MCS.
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Lemma 3.17 (Lindenbaum’s Lemma) Every A-consistent set of jormulas is a
subset of some A-MCS.

Proof. [2]|, Lemma 4.17. Essentially, we can enumerate the set of all formulas, and
starting with an A-consistent set I', add A or —A for each formula A, whichever
preserves A-consistency; by the Law of the Excluded Middle, at least one of these
formulas can be added to any A-consistent set while preserving consistency. a

Definition 3.18 The canonical model for a normal modal logic A is the model My =
(Wa, Ra, Lp) where W)y, is the set of all A-MCSs, w Ry w' iff OA € w implies A € w'
for all formulas A, and Ly = { (w,a) € W) x Atoms | a € w }.

Lemma 3.19 In the canonical model for A, w Ry w' iff A € w' implies CA € w for
all formulas A.

Proof. [2], Lemma 4.19 (we have exchanged definition and lemma). O

Theorem 3.20 (Canonical Model Theorem) Any normal modal logic is strongly

complete with respect to its canonical model.
Proof. [2], Theorem 4.22. |

This theorem is what is needed to prove completeness for the usual normal modal
logics.

Definition 3.21 A formula A is canonical for a property P of frames if the canonical

frame for any normal modal logic containing A has property P, and A is sound for
frames with property P.

Clearly, by the Canonical Model Theorem, a normal modal logic generated by
a set of formulas A; that are canonical for properties P; respectively is sound and
complete for the class of frames satisfying all the properties P;.

Proposition 3.22 The azioms D, T, B, 4, and 5 are canonical for seriality, reflez-

wity, symmetry, transitivity, and the Euclidean property of frames respectively.
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Proof. By Proposition 3.12 these axioms are sound for frames with the corresponding
properties. It remains to prove that the presence of these axioms forces canonical
frames to satisfy the corresponding properties. We consider the axiom 5; the other
cases are similar and are proved in [2], Theorems 4.27 and 4.28.

Suppose w;, ws, and w3 are A-MCSs for some normal modal logic A containing
Axiom 5, and w, Ry wp and wy Rp ws. We must show that wo Ry ws. Suppose
A € ws. Then by Lemma 3.19, CA € w;. Since w; is an A-MCS, and OCA is
A-deducible from ¢ A using the axiom 5, OCA € w;. Thus by the definition of Rj,
OA € ws. Using Lemma 3.19 again, we have shown that w, Ry ws. So the canonical
frame for A is Euclidean, as was to be proven. g

Corollary 3.23 (Completeness) The normal modal logic generated by any subset
of the azioms D, T, B, 4, and 5 is complete with respect to the class of frames with

the corresponding properties as in Proposition 3.22.

On the other hand, there are some axioms that are not canonical for any prop-
erty of frames. A good discussion of this, with examples of such axioms, can be
found in [2], section 4.4.

3.7 Algebraic Semantics

Definition 3.24 A Boolean algebra X = (X,—,A, T) consists of a set X together
with a function A : X x X = X, a function - : X — X, and an element T € X,
satisfying the following properties for p,q,7 € X (we write pV q for ~(=p A —gq), and
L for =T):

o Involutivity of negation: ——p=0p

Commutativity and associativity of A (and dually V)

Unit laws: pA T =p,pVL1=p

Absorption laws: pAL=1,pvT =T

Distributivity: pA(gVr)=@AqQ V(pAT),pV(gAT)=(pVqg)A(pVT)
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e Law of the Ezcluded Middle: pV —p=T

A Boolean algebra with operator (BAO) X = (X,—,A, T, g) consists of a Boolean
algebra (X,=,A, T) together with a function g : X — X satisfying the following
additional property:

e Distributivity of g over finite conjunctions: g(T) =T, glp Ag) = g(p) A g{q)

As is usual with definitions of algebraic structures, there are some arbitrary choices
to be made in the definition which have no effect on the structure defined, such as
whether to make A, V, or both primitive, and which of a set of redundant condi-

tions to impose.

Definition 3.25 A homomorphism of Boolean algebras, or Boolean algebras with op-
erators, is defined in the usual way: a function preserving the operations. An isomor-

phism is a bijective homomorphism.

Boolean algebras with operators can be defined with several operators like g, as
well as with operators of arity greater than one. Such algebras are used to model

more complicated modal logics.

Definition 3.26 A power set algebra P(X), for a set X, is the Boolean algebra with
X = P(X) the set of subsets of X, pAg=pNg, -p=X\p, and T = X. (All of the
properties required for a Boolean algebra are familiar properties of the set operations.)

A set algebra is a subalgebra of a power set algebra, i.e., a subset of a power set

algebra closed under the Boolean algebra operations A, -, and T.

The simplest nontrivial power set algebra is P({*}), which is isomorphic to {T, F}
with the usual truth tables.

An important result is the Stone Representation Theorem ([2], Theorem 5.16)
which states that any Boolean algebra is isomorphic to a set algebra. The proof of

this theorem is nonconstructive, using Zorn’s Lemma.
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Definition 3.27 An assignment on a BAO X is a function f : Atoms — X.
The interpretation [A] of a basic modal logic formula A under an assignment f
is defined by interpreting each connective by the corresponding operation, where p —

qg=-pVgq, Op=g(p), and Op = —g(—p), and interpreting atoms by [a] = f(a).

Definition 3.28 The (full) complex algebra of a frame (W, R) is the power set alge-
bra P(W) with operator

gp)={weW |wRuw' impliesw €p}.

Proposition 3.29 The interpretation of a formula A in a model M = (W,R, L)
is equal to the interpretation of A in the full complez algebra of (W, R) under the
assignment f(a) :=={w €W | (w,a) € L}.

Proof. The result follows immediately from the definitions of the interpretations. O

Thus frames and models may be viewed as special cases of boolean algebras with
operators and assignments.

Theorem 3.30 Every normal modal logic A is sound and complete for the class of
BAOs validating its formulas.

Proof. Soundness is immediate; completeness follows from completeness for the
Lindenbaum-Tarski algebra ([2], Theorem 5.32). This algebra is the Boolean algebra
with operators on the set of equivalence classes of formulas under provable equivalence
in A, with the operations defined by the corresponding connectives on representatives.
It must be checked that the Lindenbaum-Tarski algebra is in fact a member of the
specified class of BAOs ([2], Theorem 5.33). O

It can be shown that a BAO validating a set of axioms validates the normal
modal logic generated by those axioms; indeed, the conditions on a BAO validate
the axioms and inference rules from the definition of a normal modal logic. Thus,
the normal modal logic generated by a set of axioms is sound and complete for the
class of BAOs validating the axioms.
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The algebraic semantics is used in studying the problem of completeness for classes
of frames, via the Jonsson-Tarski Theorem ([2], Theorem 5.43) which is the equiv-
alent of the Stone Representation Theorem for BAOs: it states that every BAO
is isomorphic to a subalgebra of the full complex algebra of some frame (called a

complez algebra).

3.8 Temporal Logic

Temporal logics are a special case of modal logics in which formulas are considered
to represent time-dependent properties, and modalities to represent the temporal
relationships among such properties. The basic temporal modalities are F (‘true at
some time in the future’) and P (‘true at some time in the past’); these have de Morgan
duals G (‘always true in the future’) and H (‘always true in the past’) respectively.

From here there are a number of variations in use (see, for instance, [2, 4, 16]):

Unidirectional vs. bidirectional. Unidirectional temporal logics contain only mo-
dalities that refer to the future; a property at a given time cannot depend
on things that occurred in the past. (The modalities could equivalently be
considered to refer only to the past.) Bidirectional temporal logics contain both
past and future connectives. Most of the other variations are independent of

this choice, so we will discuss them only for unidirectional temporal logics.

Linear time vs. branching time. Linear time temporal logics refer to a single
timeline: they can be modeled by assigning valuations to elements of a lin-
ear order. Branching time temporal logics refer to many possible futures; in
this way they incorporate both temporal modalities and the traditional modal-
ities of necessity and possibility. These two kinds of modalities may be repre-
sented by separate connectives, as in CTL* (which is sometimes called a mized
branching-time/linear-time logic), or by connectives combining both temporal

and traditional modal features (‘necessarily always true in the future’, etc.), as
in CTL.

Discrete time vs. continuous time. Discrete time temporal logics refer to time
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as a sequence of discrete points, like the clock cycles of a computer. Continuous
time temporal logics refer to time as a real-valued (or sometimes rational-valued)
quantity. Discrete-time temporal logics normally provide an additional modality
X, ‘true in the next time step’. Continuous-time temporal logics do not have
such a modality, or have a modality X;, ‘true ¢ units of time from now’, where

t is continuous-valued. Such logics are sometimes called ¢imed logics.

Untils. In addition to the usual temporal modalities, connectives with the meaning
“A remains true until some time when B is true” are often considered. These
connectives have little additional cost in model-checking applications, and they
are very useful in practice to express meaningful properties. They also admit

some expressive completeness results (see [2], section 7.2).

Fixpoints. Fixpoint operators are the characteristic feature of modal mu-calculi,
which will be discussed in the next section. They allow recovery of the usual
temporal operators including untils, as well as considerable additional expressive

power, starting with just a next-time modality.

There are also more trivial variations, such as whether the future includes the
present and whether we accept the D axiom G A — F A in branching-time logics.

Many temporal logics do not have good deductive systems, and the applications
of temporal logic consist primarily of model-checking techniques, in which a system is
modeled by a (usually finite) relational model for a suitable temporal logic, and desired
properties are checked by evaluating the interpretations of corresponding formulas.
In this way temporal logics are used quite differently from usual modal logics. The
study of proof theory of temporal logics is largely confined to the modal mu-calculus,
which will be described in the next chapter.

We consider here an example of a logic that is widely used in applications [8],
and that can be characterized as a discrete unidirectional branching-time temporal
logic with untils. This is the logic CTL developed by Clarke and Emerson [7]; we
use the formulation from Huth and Ryan [16]. This choice of properties is well-
adapted to modeling of computer systems: synchronous computers are inherently
discrete time systems; the properties of interest describe what a program will do
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after some initial state, so a unidirectional logic is sufficient; and nondeterminism

can be modeled by branching.

Definition 3.31 The formulas of Computation Tree Logic (CTL) are defined by the
following BNF:

formula, A, B := atomlﬂAlA/\BlAvBlAﬁB
] AX A | AGA | AF A I A[AU B]
| EX A | EF A [ EGA | E[AU B]

Definition 3.32 We interpret CTL in a right-unbounded Kripke model, with the
notation AX for O and EX for O, and eztend the definition of the satisfaction

relation with the following clauses:

o M,wl- AG A if we have M,w' |+ A for every world w' reachable by finitely
many steps of R from w;

e M, w ik AF A if on every infinite path w = wo R wy R wy - - -, we have M, w; I+
A for some i € N;

e M,w Ik A[AU B] if on every infinite path w = wo R w; R ws---, we have
M, w; I+ B for some i €N, and M,w; - A for 0< j <i;

e M,w I+ EF A if we have M,w' I+ A for some world w' reachable by finitely
many steps of R from w;

e M,w |- EG A if there is an infinite path w = wg R wy R wo---, such that
M,w;lF A foralli e N;

e M,w I+ E[AU B] if there is an infinite path w = wo R wy R wy -+, such that
M, w; IF B for some i €N, and M, w;IF A for 0< j <.

Thus A represents ‘necessarily true’, in the sense of ‘true in every possible future’,
and E represents ‘possibly true’. These must be combined with one of the temporal
modalities X (‘true in the next time’), F (‘true at some time in the future’), G (‘always
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true in the future’) or the binary modality A U B (‘A remains true until some future
time when B is true’). In CTL, the future is taken to include the present. The
term ‘states’ is usually used instead of ‘worlds’, reflecting the main application area
in verification of computer-based systems.

Other related systems (see, for example, [16]) include LTL, which is a linear-time
logic with connectives X, G, F, and U, and CTL*, which is a two-sorted logic that
allows the temporal modalities to be separated from necessity/possibility modalities.

Example 3.33 Some typical properties that can be expressed in CTL:

e It is not possible for a request to remain continuously asserted indefinitely with-
out being granted:
AG-EG(a A -b)

where a denotes assertion of the request and b granting of the request.

o After a piece of data is written to a queue (of length one), the data is read

before any more data is written:
AG(a = A[-aUbA —a])
where a denotes writing of data and & denotes reading of data.

On the other hand, a typical property that cannot be expressed in CTL is “It is
possible for a system to stop processing transactions indefinitely”, i.e., some formula

is true only finitely often along some path. (For a proof see [7].)



Chapter 4
Modal Mu-Calculus

4.1 Motivation

The modal mu-calculus is a logic that combines many of the best features of basic
modal logic and temporal logics such as CTL. It includes most of the usual temporal
logics as sublogics, while remaining finitary and having a reasonable semantics and a
sound and complete deductive system satisfying a cut-elimination property. Although
model-checking for modal mu-calculus is harder than for usual temporal logics in the
worst case, in practice model checking is efficient for the kinds of formulas that arise in
practice, including, in particular, translations of usual temporal logic formulas [4, 8].

The modal mu-calculus was introduced by Kozen [17], who also proposed an ax-
iomatization but did not prove its completeness. Fixpoint operators had been pre-
viously used in temporal logics, such as by Emerson and Clarke {10]. Completeness
remained an open problem until Walukiewicz proved it more than ten years later [29].
Other (mostly more complicated) complete axiomatizations exist, for some of which
completeness was known earlier than for Kozen’s axiomatization.

Cut-elimination has only recently been considered; Aldwinckle and Cockett [1]
introduced a new deductive system that is equivalent to Kozen’s axiomatization and
satisfies a cut-elimination property. This result is much better than anything that is
available from a proof-theoretical point of view for usual temporal logics such as CTL.

This chapter follows primarily Stirling and Bradfield [4], which is an excellent

introduction to the modal mu-calculus. Model checking in the modal mu-calculus

37
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and many other temporal logics is discussed in Clarke, Grumberg, and Peled [8].
Huth and Ryan [16] discuss fixed point interpretations for CTL.

The main idea of modal mu-calculus is that formulas such as EG A of CTL, “it
is possible that A always holds in the future”, can be interpreted in terms of pre-
fixed points and post-fixed points. If EG A is true at some state, then A is true
at that state and EG A is true at some successor state. This can be written as
EGA - AANEXEGA. Now suppose we replace EG A with an atom a. We get
a =+ AAEXa. In a given model, a set of states that can be assigned to a (replacing
the previous interpretation of a) and validate this formula is called a post-fized point
of Aa. A AEXc. In the modal mu-calculus, we can define EG A to be the greatest
post-fixed point of Aa. AAEX ¢, denoted va. ANEX a. That it is indeed the greatest
post-fixed point that is needed can be seen from the fact that if a is interpreted by
any post-fixed point, then ¢ — EG A should hold.

Dually, for a formula AF A, meaning “it is necessary that A holds at some time
in the future”, we have AV AX AF A — AF A. A set of worlds that can be assigned
to a and satisfy the corresponding formula AV AXa — a with AF A replaced by a
is called a pre-fized point of Aa. AV AX o. The modal mu-calculus allows the least
such pre-fixed point to be specified by a formula pa. AV AX o. It turns out that the
modal mu-calculus can translate all of CTL using just the modalities AX and EX.
(See {4, 8] and section 3.9 of [16].)

The least pre-fixed point and greatest post-fixed point are often called the least
fixed point and greatest fixed point, respectively, since they are in fact fixed points.
Determining which fixpoint operator to use to express a particular property can be
difficult; Stirling and Bradfield [4] describe some techniques that can be used for
this purpose.

In the modal mu-calculus, it is usual to work with multiple modalities, often
infinitely many. That is, modal mu-calculus is defined as Hennessy-Milner logic, with
modal operators [z] and (z) for z in some set X, augmented with fixpoint operators.
A typical use for such a logic is to use the modalities to represent actions of a process;
so (z) T would mean ‘the process can do an z action’ and veo.(z)o means ‘the process

can do infinitely many successive z-actions’. The subject of such process logics has
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been extensively studied.

4.2 Syntax

Definition 4.1 The formulas of modal mu-calculus are defined by the following BNF:

formula,A,B = atom|-A|AAB|AVB|A—B
| [label]A | (label)A | patom.A | vatom.A

We additionally require that in formulas of the form pa. A or va. A, the atom o

occurs only positively in A.

Letters a, b, ...denote atoms, and letters A, B, C, ...denote formulas. Letters
o, B, ...are used to denote bound atoms. Letters z, y, ...denote labels. It is not
always assumed that there is an infinite set of labels; if there is only one label, then
the modal connectives may be denoted O and <.

The quantifiers uc. and va. are called fizpoint operators.

Convention 4.2 The unary connectives excluding firpoint operators have the highest
binding priority, followed by the binary connectives and finally the firpoint operators.
(In general, unary quantifiers are suffized with a dot as a notational convention to

indicate that they have low precedence.)

A convention is also required for bound atoms. We would like to regard formulas
that differ only in the names of bound atoms as identical. More precisely, given a
formula such as pa. uB.a Aa A (vB. @V ), we may replace each bound occurrence of
an atom o« by an integer specifying the number of quantifiers whose scopes contain
the occurrence of « and are strictly contained in the scope of the quantifier binding o.
In this example, we obtain pa. uB.a A1 A (v5.2V 0). We then remove the atoms
from the quantifiers to obtain p.u.a A1 A (v.2 V 0), and regard two formulas as
equal if their translations are identical. Such translations can be used as an alternate
representation for formulas, and integers used in this way are known as de Bruijn
indices. Replacement of one formula by an equivalent formula with bound variables

renamed is known as alpha-conversion.
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Convention 4.3 Formulas are always considered up to alpha-conversion, although
representatives are chosen for notational purposes. When induction on formulas is
used, representatives are chosen in such a way that bound atoms are all distinct and

do not occur freely in any formula under consideration.

The latter convention is known as Barendregt’s convention. It ensures, for in-
stance, that in the usual definition of the substitution A[B/a] by distributivity over
all connectives including quantifiers, free variables in B do not become bound by
quantifiers in A.

To use Barendregt’s convention, we must ensure that we will always be able to
choose a fresh atom. We will never consider infinitely many formulas at once, so it

is enough to assume that the set Atoms is infinite.

4.3 Semantics

We consider here only the interpretation of modal mu-calculus with a single pair of
modal connectives; interpretation of multi-modal mu-calculus is similar.

The modal mu-calculus is most easily interpreted using the set-of-worlds inter-
pretation of formulas in the relational semantics. First it is necessary to define an

operation of substitution on models:

Definition 4.4 If M = (W, R, L) is a Kripke model and X C W, then M[X/qa] is
the model based on the frame (W, R), with labeling L' defined by

L= (L\ (W x {a})) U (X x {a})

Definition 4.5 A lambda-abstraction or context is of the form Aa. A where o is an
atom and A is a formula.

Definition 4.6 The interpretation of formulas A by sets of worlds [A], and of con-
texts Aa. A by functions [Aa. A] from sets of worlds to sets of worlds, in a model M
is defined inductively by:

o [a] :={w| (w,a)eL}
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o [~A] =W\ [A]

o [AAB]:=[A]N[B]

e [AV B]:=[A]JU[B]

o [A— Bl:=(W\[A]) U[B]

o [0A] := {w | for all w' such that w R, w € [A] }

o [OA] :={w| there ezists w' such that w Rw' and w € [A] }
o P AI(X) = [ALugxra

o e Al =N{XcW|DaA(X)C X}

o o Al :=U{X cW| X C[re A](X)}

Note that because of the presence of bound variables, the inductive definition

does not stay within one model.

Definition 4.7 A set X C W is called a pre-fixed point of Aa.A in a model M
if [Da.A}(X) C X, a post-fixed point if [Aa. A}(X) D X, and o fixed point if
[he. A](X) = X.

Proposition 4.8 [uo. A] and [va. A] are fized points of Aa. A.

Proof. It is easily checked that the function [Aa. A] is monotone (increasing) in X for
A positive in . Thus, the property of being a pre-fixed point (resp. post-fixed point)
of Aa. A is preserved by intersections (unions), so the interpretation of a p-formula
(v-formula) is indeed the least pre-fixed point (greatest post-fixed point).

Now suppose X is the least pre-fixed point of Aa. A. By monotonicity, [Ac. A](X)
is also a pre-fixed point of Aa. A; and if it were strictly smaller than X, that would con-
tradict minimality of X, so it must be equal to X and X is a fixed point. Similarly the
greatest post-fixed point must be a fixed point to avoid contradicting maximality. O

Because of this property, the least pre-fixed point is often called the least fixed
point, and similarly the greatest post-fixed point is called the greatest fixed point.
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4.4 Deductive Systems

There is a simple axiomatization of the modal mu-calculus, called Kozen’s aziom-
atization [17] (see also [4]). It adds to multi-modal K logic one axiom and one

inference rule:
e Axiom: Afua. A/a] = pa. A
e Inference rule: If B — A[B/a], then B — va. A.

Soundness of the axiom follows from the fact that the interpretation of uc. A is a
(pre-)fixed point of Aa. A, while soundness of the inference rule follows from the fact
that validity of B — A[B/a] implies that [B] is a post-fixed point of Ac. A, and
va. A is interpreted by the greatest post-fixed point.

On the other hand, completeness remained an open question for more than ten
years [4]. It was finally proven by Igor Walukiewicz in [29].

This deductive system can be written in sequent calculus form; the rules consist
of the rules of classical sequent calculus together with the following rules, shown

in two-sided form:

LFAA LLAFA
GICF @A AT [ @A (@A
' A, Alpa. A/a] [, Alva. A/ajF A
TFA A T T,oa.AF A
Bt A[B/d],_ AlB/dJ+ B
BFuva. A ua. AFB

The equivalence between classical sequent calculus and the classical Hilbert system
is easily extended to the mu-calculus, showing that this sequent calculus is sound and
complete for the semantics.

More recent work by Aldwinckle and Cockett [1] considers an alternative deductive
system that allows cut-elimination, using what are called the circular proof rules. To
prove I' + A,va. A (v-introduction on the right), the sequent I' F A, A is proved
with assumption I' - A, a, where o does not occur freely (including in outstanding
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assumptions) except in A. (The use of sequents as assumptions that can be discharged
is analogous to such use of formulas in natural deduction systems.) Also, to prove
a sequent I' = A, o where there is an open assumption corresponding to va. A, a
fresh atom B and a new assumption ' F A, 8 can be introduced and the sequent
[ + A, A[B/a] proved; this rule is known as regeneration. When regeneration is used,
any assumptions involving a are duplicated with « replaced with 3. p on the left
is handled dually. In [1], the cut-elimination property, soundness and completeness,

and equivalence with Kozen’s axiomatization are proven.



Chapter 5

Modal Linear Logic

5.1 Motivation

In this chapter we will consider possible ways of combining linear logic and modal
logic. There are several reasons that we might want to do so. One reason is simply
to see if the additional distinctions of linear logic have any effect on the theory of
modalities. Also, modalities might be useful in applications of linear logic. One way
to use modalities in linear logic is that some traditional modalities, such as temporal
connectives, can apply to resources as well as to facts.

It is also possible to use modalities in linear logic in ways that do not apply to
usual logics. The best-known example of modalities specific to linear logic is the expo-
nentials, which have been part of linear logic since its introduction by Girard in [11].
Modalities might also be used to describe incidental information about resources. For
instance, in modeling a computer system, [z]a might mean that a process z controls a
resource a, while the formula a on its own might mean that the resource a is available
to be allocated. While such information can be maintained by means of predicates
in classical logic, using linear logic has the advantage of intrinsically being able to
describe various combinations of resources using the linear connectives.

Two approaches to obtaining modal linear logics will be considered. One is to
construct a deductive system based on a classical deductive system for K or one of
the other well-known modal logics, specifically those from [23, 24]. This approach

builds on earlier work such as Martini and Masini’s work on ‘linear exponentials’ [22]

64
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and D’Agostino et al.’s work on modalities in general implication systems including a
fragment of linear logic [9], although the details of the algebraic semantics appear to be
new (except for the similarity between S4 and the linear exponentials). Soundness
and completeness are proved using the techniques of Girard’s proofs of soundness
and completeness for LLSC [11, 12].

The other approach is to generalize the relational semantics of modal logic to
apply to linear logic. This is done in a way that does not appear to have been
previously considered, using phase spaces together with Kripke frames. A deductive
system is developed which also appears to be new, although the general technique of
indexed sequents used in its definition is well-known {5]. Soundness and completeness
theorems are proved, and the resulting logic is compared with that obtained by the
first approach. It is proved that the two logics are distinct, while being conservative

over linear logic and corresponding to the same classical modal logic KD.

5.2 Syntax

Definition 5.1 The formulas of (basic) modal linear logic are defined by the following
BNF:

formula, A,B == atom|atom"‘[A®B|A’9B[A&B|A€BB
|1]L]|T|o[tA|?4|TA]| oA
We extend the negation of linear logic with (DA)L := O(AL) and (CA)* := O(44).

Convention 5.2 The unary connectives have the highest binding priority, followed
by the binary connectives.

Fragments of modal linear logic can be defined in the same way as for plain
linear logic. Of particular interest is modal MALL, obtained by dropping the expo-
nentials ! and 7. Multi-modal linear logic is also possible, replacing O and < with
[z] and (z) for z in some set X.
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5.3 Modal Axiomatics in Linear Logic

The syntactic approach to modal linear logics is straightforward: We simply consider
LLSC extended with sequent rules for the modal connectives. We recall the sequent

rules from the classical case:

K: _F0A
For.0A
FT, A - T
kp: L4

For. 04 *® For
T, A FT, A

— 2 _popr —2_op

- oT, 0A FT,0A

FOILA FI,A

S4: ——— 1 _Og,
O, 0A FT,0A

Osq

None of these rules involve any of the classical connectives, except for those implicit
in the sequent formalism, so there are no choices to be made in translating them to
linear logic; they can be used as they are. Corresponding to each of these modal
logics there is a linear equivalent: Kj,, KDy, etc.

This approach has been used in almost all prior work on modalities in linear logic.
Martini and Masini [22] considered LL sequent calculus with the Contraction and
Weakening rules dropped, which is identical to MALL with an S4 modality !, and
proved a cut-elimination theorem. D’Agostino, Gabbay, and Russo [9] defined syntax
and quantale-based semantics for (a fragment of) linear logic with modalities, in a
general way that applies also to intuitionistic and classical logic.

The definition of a normal modal logic generalizes naturally to linear logic. How-
ever, since we are interested in cut-elimination, the sequent presentation is more use-
ful.

From a syntactic point of view, it is important to verify that the usual results
continue to hold: the substitution theorem and cut-elimination.

Proposition 5.3 (Substitution) The following is a derivable rule in LL sequent

calculus with any of the four sets of modal sequent rules and with the Identity rule
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restricted to atomic formulas:

FAL A FAL A - FALA
~ B-L[Al/al, Ag/az, ceey An/an], B[ ’1/01, '2/02, ey A;/an]
Proof. We consider the derived rules from the proof of Theorem 2.10 with one ad-

st (B positive in o;),

ditional rule STg o, derivable in all four logics:

F AL A

FAL A ———T—— s
——_L—, OK/KD/T AL OA
FOA- CA _——E—DA-'-,OA’ sa
Now the inductive argument from the proof of Theorem 2.10 holds. a

Proposition 5.4 (Cut-Elimination) Any sequent provable in LL sequent calculus

with one of the four sets of modal rules is provable without the Cut rule.

Proof. The proof is the same as for Theorem 2.12, with the following additional
rewrite rules (which are the same as in the classical case proved by Ohnishi and
Matsumoto [23, 24]) depending on which rules are used for the modalities:

"FT,A "L AL A B “ET. A TF AL AB_
- OL,0A CR/MDIT AT OA, DB Cx/eo/T FT,A,B
- OT, OA, OB - OT,OA,0B Cxrxeo/T
“FT,A i TEAL A “"FT. A "ﬂ—AL,ACm
FOL,04  F OALOA ;‘t" = FT,A
- OT, OA FOT,0A
T, A o AL A “"ET.,A "FALA N
FOr,04 = F OAL, ACTt => FT,A
FOT, A FOLLA *
. AT A B "ET. A TF AL A,B
FT,A* AL A OB T’f‘ = FT,A,B
FT,A,OB FT,A,OB Ox/s4
I—OI‘A i—AlA - 72
FOTLA FALA
1 3 9
FOr.OA ™ F o4 /_\. - = T A Cut

FOLA
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“F0AL0A B _ "FOr,O0A FOAL OA.B o
‘For,04 F oAl OA,OB Cst = FOT,0A,B _
- OT,OA, 0B FOr,0A, 0B

All of these cut-elimination rules satisfy the necessary condition on cut degrees,
and they cover all of the additional cases both for principal and non-principal formulas
that arise with modal connectives. For S4, as for the linear exponentials which are
based on this modality, there are certain cases where a non-principal reduction cannot

be applied on one side but some reduction must apply on the other. O

All of the results above generalize easily to the case of multiple modal connectives.
Indeed, full LL with an added modality already has two independent modalities, since

the exponentials are treated as modalities.

5.4 Algebraic Semantics

As shown in the previous subsection, extending modal inference rules to linear logic
is straightforward. The next question to ask is whether or not it is possible to define
an equally simple semantics. Indeed, this can be done by extending the algebraic
semantics of modal logic.

Definition 5.5 A K-modal topolinear space X = (X, 1,x,1,K,g) is a topolinear
space X = (X, 1, x,1,K) together with a function g : X — X satisfying the following
properties for F,G € X.

o I C G implies g(F) C g(G) (monotonicity)
o 1 C g(1) (half-distributivity over 1)
e g(F) ® g(G) C g(F ® G) (half-distributivity over tensor)

As in the case of open facts in topolinear spaces, the properties of g are chosen to
build soundness of the deductive system into the models. In fact, for completeness
it will suffice to consider the case where g(F) = (h(F))‘t where h is a monoid
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endomorphism on (X, x,1). However, in the tradition of algebraic semantics, only
those conditions required to guarantee soundness are built in.

Similarly, we can define models for other modal linear logics.
Definition 5.6 A K-modal topolinear space X is called:
e a KD-modal topolinear space if g(L) C L
e a T-modal topolinear space if g(F) C F forall F e X
e an S4-modal topolinear space if g(F) = (FNY)*t for a submonoid Y of X

The term ‘modal topolinear space’ is used to refer to any of these possibilities ambigu-

ously.

Clearly, a T-modal topolinear space is a KD-modal topolinear space, and an
S4-modal topolinear space is a T-modal topolinear space.

The modal connectives have corresponding operations on modal topolinear spaces.

Definition 5.7 The connectives O and < are defined on modal topolinear spaces as

follows:
e OF :=¢(F)

o OF := (g(F4)*

So a modal connective O is simply interpreted by a function on facts satisfying
certain properties, and < is interpreted by duality. This is analogous to BAOs for
the classical case.

Definition 5.8 A modal topolinear model M = (X, f) is defined analogously to a

topolinear model: X is a modal topolinear space and f is a function Atoms — X.

The interpretation of formulas and sequences of formulas is defined in a manner
exactly analogous to interpretation in topolinear models: connectives are interpreted

by the corresponding operations.
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Proposition 5.9 (Soundness) If - T is provable in K-modal LLSC, then 1 € [I']
in every K-modal topolinear model M (and similarly for KD, T, and S4).

Proof. The proof is by induction on a derivation of - I, and it is enough to verify
those cases that do not occur in usual LLSC.

For K, there is only the OOk rule. Suppose we have a proof ending in this rule.
We write it in two-sided form (left-hand formulas just stand in for their negations on
the right):

A, Ao, A FB
0A4,,0A,,...,04,+0OB

where ' = A;, Ay, ..., A,. Now we have

K

[0A ® 04, ®---® DA.] = g([A]) ® 9([42]) ® -~ @ g([4n])-

By repeated application of half-distributivity of g over tensor (or over 1 if n = 0), we
obtain

g(TA]) ® g([42]) ® -+ ® g([4n]) C g([A] ® [42] ® --- ® [Ax]).

Now by the induction hypothesis, 1 € [[+, B] = [(®T+)® B] = ([Ai] ® [42] ®
-+ ® [A4,]) — [B], and by Proposition 2.29,

[A] ® [42] ® --- ® [A4.] C [B].
Now by monotonicity of g,
g([m] 4] ® - & [4.])  g(IB]) = [OB]-
Combining the above inclusions by transitivity, we obtain
[0A; ® 04, ® ---® 0OA,] C [OB].

Again using Proposition 2.29, this gives 1 € [0A4; ® 04, ®---® OA,] — [OB], and
rewriting this by the definition of interpretation and duality, we obtain 1 € [¢I't, OB]
as required.
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For KD, we also have the Okp rule. Suppose we have a proof ending in this rule:

=T
FOor

Okp

By the induction hypothesis, 1 € [['] = [[']*®? L = [T, L]. By soundness of the K-rule
as shown above, 1 € [OT,01] = [OI']® [OL]. Finally, since [OL1] =g(L) C L, we
get 1 € [OT'] as required.

For T, we also have the O rule. Soundness of this rule, however, is clear from
[A] c [©A], which follows from F C (g(F“'))‘L which follows in turn from the
condition g(F) C F for all F.

For S4, we also have the Os4 rule. Suppose we have a proof ending in this rule:

04,04p,...,04,F B _
0OA4,,04,,... .04, F0B

where I' = A;, A,,..., A,. Now we have
[04; ® 04, ® - -- ® OA,] = g([A1]) ® g([42]) ® - - - ® g([Ax])-
Using the condition on g and Proposition 2.29, we obtain
[04:®04, 8+ ®04.] = ([4]NY) ([4lNY) -+~ ([4a] N Y))“ o

where F = ([4]NnY)([42] NY)---([Ax] NY). But since ¥ is a submonoid,
FcVY. Now Fit = (FnY) ¢ (FH Y)Y, and (FHNnY) € FH s0
Fii = (FtLnY)tt = OF*L. By the induction hypothesis, 1 € [OI't,B] =
[(# OT+)®» B] = F**+ — [B], and by Proposition 2.29, F++ C [B]. Now

[oB] = ([B]nY)it o (F++nY)Ht =F+,

so again by Proposition 2.29, 1 € F++ — [OB] = [OI'*, OB] as required.
The appropriate cases above, together with the usual cases for linear logic, com-
plete the induction and the proof of soundness for all four logics. O

Proposition 5.10 (Completeness) If 1 € [I'] in every K-modal topolinear model
M, then F T is provable in K-modal LLSC, and similarly for KD, T, and S4.
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Proof. To prove completeness, we must extend the syntactic topolinear model for
LLSC to a syntactic modal topolinear model Msy,. Recall that

Pr(4) := {T | T+ Ais provable },

X = Pr(T) is the set of multisets of formulas, 1 = Pr(L) is the set of multisets of
formulas provable as sequents, x is concatenation of multisets, and 1 is the empty
multiset. The function g : X — X is defined by g(F) := (h(F))"", where h : X — X
is defined by A([) := OT.

First we check that g satisfies the necessary conditions. Since A is clearly a monoid
homomorphism, the conditions for a K-modal topolinear space are immediate. If we
are considering KD, g(1) = {0l | T + is provable }1+ C L by the Okp rule
and Proposition 2.29. If we are considering T, g(F) = { 0T | T € F }** C F since
provability of I'; A F implies provability of OI', A F by repeated application of the
O rule.

Finally, if we are considering S4, we let ¥ be the set of multisets of formulas
with principal connective O, which is clearly a submonoid of X. We show that
h(F) and F NY have the same negation. Indeed, as we have seen for T, ' € F
implies OI" € F, so h(F) C FNY and (h(F))‘L D (FNY)*. For the other inclusion,
suppose I € (h(F))'L, i.e., [',0A F is provable for all A € F. Now if OA € F,
then I', BOA + is provable, and since OA F OOA is provable for any formula A
by the rules Id and Ogg4, I', OA + is provable using Cut. Thus I' € (FNY)+. So
(h(F))J‘ =(FNY)! and g(F) = (h(F))J'J' = (FNY)** as required.

Now only one thing remains to be proved to make the completeness argument for
topolinear models work, and that is that Pr(0A4) = OPr(A); then Pr(CA) = O Pr(A)
by duality (Lemma 2.44) and the proof goes through.

By the OOk-rule (which is derivable in the other logics), h(Pr(4)) C Pr(CA), and
since Pr(30A) is a fact by Lemma, 2.44, by Proposition 2.29 we obtain (h(Pr(A)))J"L C
Pr(0OA), or OPr(A) C Pr(0A).

For the other inclusion, we need Pr(0A4) C (h(Pr(A)))‘LJ‘, or by Lemma 2.25,
Pr(0A) (h(Pr(4)))" C L. Suppose T € Pr(04) and A € (h(Pr(A)))*. ThenT + DA
is provable, and A, OA F L is provable for all A such that A - A. In particular, take



CHAPTER 5. MODAL LINEAR LOGIC 73

A = A, then A,04 L is provable, and by the Cut rule, I', A I L is provable,
so ', A € L. Since I and A were arbitrary, the inclusion Pr(0A) (h(Pr(A)))'L cl
follows. Thus, Pr(0A) = OPr(A) and the proof of completeness goes through. O

This proof of completeness treats the modal connectives very similarly to the
exponential connectives ! and ?. This is not especially surprising, since the expo-
nentials in LLSC (without free storage) are treated as a special kind of modality,
and the non-structural rules for the exponentials, Dereliction and Storage, are the
same as the rules for S4.

It should also be noted that the proof of completeness generalizes easily to the
case of multiple modal connectives.

None of the results for modal axiomatics and algebraic semantics in linear logic are
particularly different from known results in classical modal logic and linear logic with
exponential modalities. This is in contrast to the relational semantics to be considered

next, which does not agree with the classically corresponding algebraic semantics.

5.5 Relational Semantics

A second approach to constructing a modal linear logic is to generalize the relational
semantics of modal logic, which have almost come to define modal logic. This ap-
proach is not quite so straightforward. In fact, the usual presentation of relational
structures makes use of the Boolean truth values {T, F}, for which there is no linear
logic analogue. However, the truth values of classical relational semantics can be

replaced with power set algebras while preserving soundness and completeness.

Definition 5.11 A powerset Kripke model M = (F, X, f) consists of a frame F =
(W,R), a set X, and a labeling f : W x Atoms — P(X).

The interpretation of a modal formula A at a world w in a powerset Kripke
model M is a subset of X defined by [al, = f(w,a), [DAlw = Nyrw[Alw:
[©A]w := Uyrw [Alw, and the usual Boolean algebra interpretation for the classical
connectives.

A modal formula A is valid in a powerset Kripke model M if [A], = X at all

worlds w. It is valid if it is valid in all power set algebra relational models.
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Proposition 5.12 Validity in the class of powerset Kripke models based on a class

of frames F is equivalent to validity in the class of (usual) Kripke models based on F.

Proof. It is clear that validity in a powerset Kripke model M = (F, X, f) is equiv-
alent to validity in the set of Kripke models {MI =(F,L;) l zeX }, where L, C
W x Atoms is defined by (w,a) € L, iff z € f(w, a); the result follows trivially. O

As we have seen, power set algebras are a special case of phase spaces; so we can

attempt to generalize this variant of the classical modal semantics to linear logic.

Definition 5.13 A topolinear Kripke model M = (F, X, f) consists of a frame F =
(W, R), a topolinear space X = (X, L1, %,1,K), and a labeling f : W x Atoms — X.

Definition 5.14 The interpretation [A],, of a formula A at a world w in a topolinear
Kripke model M is defined inductively by:

o [a]u := f(w,0)
o [A® B], :=[A]w ® [B]w and similarly for the other linear logic connectives
e [04]w :=N{[Alw |wRw'}

Ly
o [04] = (U{[4lw | wRw'})
The interpretation of a sequence of formulas I is defined as for topolinear models,

i.e., by par.

These definitions also are straightforward generalizations of the classical case.
However, we will see that the algebraic and relational semantics defined here in fact
determine different logics.

5.6 A Deductive System for the Relational Seman-
tics

The search for a straightforward axiomatization of the relational semantics on usual

sequents appeared to lead nowhere. However, a sequent calculus for the relational
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semantics can be constructed by the use of sequents with additional structure, called
indezed sequents. This technique has been used for classical modal logic, such as by
Braiiner (5] to obtain cut-elimination for S5, and in earlier work by M. Fitting and
by G. Mints. We consider KD modal logic because there is a problem with using K,
which will be considered later.

Definition 5.15 An indexed formula is of the form [s] A where A is a formula and
s € N*. An indexed sequent is of the form + I' where ' is a sequence of indezed

formulas. If s is empty, the indered formula [s] A may be abbreviated A.

Here N* denotes the set of finite sequences of natural numbers. Sequences are
denoted s, t, .... Concatenation of sequences is written *, and the empty sequence is
written €. If s = t*¢' then we say that t is an initial subsequence of s, even if t' =¢.

Sequences of indexed formulas are denoted I', A, .... It will be specified whether
or not a particular sequence consists of indexed formulas, when it is not clear from con-
text.

Definition 5.16 The set of indices of a sequence of indezed formulas I', denoted

Ind(T"), is the set of initial subsequences of indices occurring in I'. If T is empty we
define Ind(T") = {e}. If Ind(T') = {e} then we say T is closed.

Definition 5.17 The KD,-modal linear logic sequent calculus is defined on indezed
sequents F I by the following rules:

FT,[s]A I—[.S]A-'-,ACu FT

F 1A, [s] AL FT, A "R
FT,[sJA +T,[s]B T, [s] A -T,[s] B
& T e g
FT,[s]A& B FT,[S)T FT,[s|lA@ B FT,[s)A@ B
FT,[s] A I—A,[s]B® ; I-I",[s]A,[s]B? kT
FT,A[s]A® B F[s]1 FT,[s]A%® B FT,[s] L
i—I‘,[s]AD l—?]f‘,[s]As FT l—I",[s]?A,[s]?AC
FT,[s]7A  F,[s)!A  FTL,[s]74 FT,[5]7A
FT,[s*i A (s i ¢ Ind(T)) l--l",[s:a:i]Ao

o
FT,[s]0A FT,[s]0A
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In the case of the Storage rule, 7T means to apply 7 to each of the formulas in T,

leaving the indices untouched.

In this sequent calculus O and < play the role of quantifiers, and indices act as free
variables. However, as in usual modal logics, there is no need for a notion of bound
variables in formulas, as they are implicit in the modal connectives. On the other
hand, as in classical predicate logic, there is a notion of bound variables in proofs: the
index sx1 (or rather, its final element 7) in the O rule is effectively bound by that rule.

Again we check that the usual syntactic results hold. The use of indexed formulas
requires the Substitution Theorem to be stated somewhat differently.

Definition 5.18 An occurrence of a literal o in a formula A is said to have (modal)
depth d if it is in the scope of d modal connectives.
The set of depths at which a literal & occurs in a formula A is denoted Dy(A).

Proposition 5.19 (Substitution) The following is a derivable rule in KD,-modal

LLSC with the Identity rule restricted to atomic formulas:

F [s % 09 Af, [s * 09] A
F [s] BE[A1/ a1, Az/ 0, - . ., Anjan), [s] B[4}/, Ab /s, . .., AL o]

ST

where B is positive in oy, and there is a premise & [s* 0% Af, [s * 04 A} for each
i€{1,2,...,n} and each d € D,,(B).

Proof. We consider the derived rules from the proof for LLSC, extended with indices
s on all formulas, with one additional rule STy o:

F [s * 0] AL, [s*O]A’o
F [s % 0] AL, [s] O A 0
F[s]0AL, [s] oA

Now the inductive argument from the proof of Theorem 2.10 holds. The defini-
tion of depth ensures that if B = «;, then there is a premise with indices s, and
that in the inductive cases, the premises needed for the smaller instances of ST
are among those supplied. 0
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The requirement to provide premises with different indices for occurrences at
different depths is a result of the way indices are used. However, it is not a major
problem, since provability is invariant under common prefixes on indices. This will

be proven later using cut-elimination.

Definition 5.20 Given a proof w, the substitution of j for i under s in 7, denoted
7[s * (j/i)], is defined by replacing every initial subsequence s * i of an indez in m
with s x j. We require for the moment that s* j not occur in the set of indices of any
sequent in 7; thus, it is clear that the side condition on the O rule is preserved and

the result is a well-formed proof.

In the case where a proof ends in a O rule, a substitution in the proof of the premise
for the natural number i eliminated by the rule is analogous to alpha-conversion for
formulas with quantifiers. We may thus apply Barendregt’s convention to proofs;
however, only one case is important, and that is for the process of substitution just
defined. By using alpha-conversion, we can relax the requirement that s * j does not

occur in 7 to a requirement that s * j ¢ Ind(I'), where I is the conclusion of .

Proposition 5.21 (Cut-Elimination) Any sequent provable in KD.-modal LLSC

is provable without the Cut rule.

Proof. The proof is similar to that of Theorem 2.12, but it is necessary to describe
how the LLSC rewrite rules are to be interpreted on indexed sequents. For rewrite
rules for non-principal cut formulas, the cut formulas are given an index s and the
principal formula an index t¢; for rewrite rules for principal cut formulas, the cut
formulas are given an index s. All other formulas appearing in the rewrite rules
are either premises whose indices are determined by the rules, or part of arbitrary
sequences of formulas which now become arbitrary sequences of indexed formulas.
The Cut! rule on indexed sequents is written here for clarity:
FT,[s|!A F([s]?244)™, A
FT,A

The indices on all the cut formulas must match; this is consistent with the fact that

Cut!

the indices on cut formulas in a Cut rule and contracted formulas in a Contraction
rule must match.
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With the conventions above for indices, the LLSC rewrite rules handle all the
cases not involving the modal connectives. For those connectives, three new rewrite

rules are needed:

“ETsxAWB "FLE*iAMB FEBYA
T, [s] 04, [¢] B* Fi Bt A = FT, A [sxdA
FT, A, [s]CA FT,A,[s] CA
"FTsrdAMB . m T A CFEBTLA
FT,[s]04, 8B F[B7A = FT,A [s*j1A_
FT,A, [s]O0A FT,A,[s]OA
TFTls*dA_Fls*jANA m[sx(i/)]

t

- 2 T
FT,[s]0A Fs]oAt A T = FT,[sxj]4 Fls*jlAhA
FLLA Cut FT,A

In the case of the second rule, we choose j such that s * j does not occur in
Ind(T') or Ind(A), or as an initial subsequence of ¢{. These rules handle the two
non-principal formula cases and one principal formula case that are new in KD,-
modal LLSC. The last two rewrite rules make use of substitution for indices in proofs.
Furthermore, the conclusions of the reducts are indeed as shown because of the free

variable condition on the O rule. |

Proposition 5.22 The sequent = [sx ;] A1, [s *to] Ao, .. ., [s % ts] Ap is provable iff
the sequent & [t1] Ay, [t2] Az, - - ., [tn] An is provable.

Proof. A cut-free proof of one sequent can be transformed into a proof of the other
by uniformly adding or deleting a common prefix on all indices. It is easily checked
that the premises of any rule (except Cut) must share any common prefix of the
indices in the conclusion, and that the correctness of rule applications is not affected
by such common prefixes. a

Thus provability is invariant under common prefixes of indices. We can therefore
consider KD,-modal LLSC with non-logical axioms not using indices, by allowing

an arbitrary common index on the formulas of each axiom. This must be done if
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the non-logical axioms are intended to be globally true, as otherwise they cannot

be used under modal connectives.

5.7 Soundness and Completeness

For the proof of soundness and completeness, it will be necessary to interpret open
sequents. In order to do so, we need a notion of environment similar to what is

used in predicate logic.

Definition 5.23 An environment E in a topolinear Kripke model M is a function E :
V — W where V is a nonempty subset of N* that is closed under initial subsequences,
satisfying E(s) R E(s x 1) whenever sxi € V.

Definition 5.24 A sequence of indezed formulas T' is interpretable in an environ-
ment E if Ind(I") C dom(E).

Definition 5.25 The interpretation of a sequence of indezed formulas I' in an envi-

ronment E in which it is interpretable is given by

[[s1] A1, [s2] Az, .-, [52] An] 5 = z_i[[A,-]]E(S,.).

Definition 5.26 Given an environment E with s € dom(E), a natural number i,
and a world w such that E(s) R w, we define an environment E[sx(w/i)] : V' = W,
where V' = {t € dom(E) ] t#£s*i*xr forany r € N"‘}U{s*i}, by

w ift=sx%1
E(t) otherwise.

Es * (w/i)](t) == {

It is clear that E[s = (w/i)] satisfies the condition on environments, and that
if T is interpretable in E and s * i ¢ T, then I is interpretable in E[s x (w/3)]
and IIF]]E[s*(w/i)] = l[F]]E

Proposition 5.27 (Soundness) If T is provable in KD,-modal LLSC, then 1 €

[Tlg for every topolinear Kripke model M on a right-unbounded frame and every
environment E in which T’ is interpretable.
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Proof. The proof is by induction on a derivation of - I, for each particular model M
and for all environments E. The only two cases that differ from the proof for LLSC
are when the last rule is one of the modal rules.
If the last rule is O, we have a proof of the form
AFfsxi] A .
At [s]OA
where s xi ¢ A. We assume 1 € [A*,[sxi] A]_ for all environments E, and we

must prove 1 € [A',[s]DA] ; for all environments E (subject to conditions of inter-

pretability). But this can be shown by direct reasoning:

[a%.s]B4], = [A']e® [OAls
= [a4e% ({4 | EGs) Rw})
= ({[a*le®[4l. | B(s) Rw}
(by distributivity of *® over ()
= ({12 et ® [ls * 1 Al grouiuyy | E() R}
= n { [[AJ', [s % 1] A]]E[s‘(w/i)] l E(s)Rw}
But by the induction hypothesis 1 € [A*, [s 7] A] ,, for all environments E' subject

to interpretability, so 1 € ‘IA-L, [s] DA]]  @s required.
If the last rule is ©, we have a proof of the form
AlF[s*xi] A o
At [s]CA

where s x¢ € A. We assume 1 € [[A‘L, [s%1] A]] p for all environments E, and we
must prove 1 € [AL, [s] OA] g for all environments E (subject to conditions of in-
terpretability). This time there are two cases. If s*i € A, then we let E' = E.
Otherwise, we let E' = Els x (w/)], where w is a world such that E(s) R w, which
exists by right-unboundedness. Now we proceed by direct reasoning:

[at[s]o4], = [Ate?[CAlgy
= [Al]z® (U { [A]w | E(s) Rw }).L_L
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> [At]e ® [Ales
= [at[s*i] 4],

But by the induction hypothesis 1 € [AL, [s x ] A] g for all environments E’ subject
to interpretability, so 1 € [A*,[s] ©A]  as required. O

Proposition 5.28 (Completeness) If 1 € [['|g for every topolinear Kripke model
M on a right-unbounded frame and every environment E in which I is interpretable,
then T is provable in KD;-modal LLSC.

To avoid problems with the exponentials, we follow the approach of [12] using
Example 2.35 to present it in terms of topolinear spaces.

Definition 5.29 The syntactic topolinear Kripke model M, is based on the topolin-
ear space X = (X, L, x,1,K), where X is the set of multisets of indezed formulas
where we ignore the multiplicity of formulas with principal connective ! (this can be
achieved by taking a quotient of the monoid of multisets), X is concatenation of mul-
tisets, 1 is the empty multiset, L := Pr.(L), and K := { F* | FcInl} esin
Ezample 2.35, where

Pry(A) := {T | T+ [s] A is provable in KD;-modal LLSC'}.

Here the set of idempotents I is the set of multisets of indezed formulas with principal
connective |. We take W :=N', R:={(s,s%1) | s € N" }, and f(s,a) := Pr,(a).
The syntactic environment Esy, is the identity function on N*.

It was shown in Example 2.35 that the conditions on K are satisfied.
Due to the invertibility of the rule for L,

L ={T| Tt is provable in KD;-modal LLSC }.
so in fact L = Pry(L) not just for s = ¢, but for all indices s.

Proof of Proposition 5.28 The usual completeness argument will hold if it can
be shown that [A]; = Prs(A) for arbitrary formulas A. Only two inductive steps
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differ from the plain linear logic case with arbitrary indices added: those for the
exponentials and the modal connectives.

For the exponentials, we have
?Pr,(4) = (Pr,(A1) NIN1)*.

We must show that this is equal to Pry(?A4). Suppose I' € Prs(?4), i.e., I' - [s]7A
is provable. Then if A € Pry(A%) NI N1, we have that A+ [s] A is provable, and
A is composed of ! formulas. Thus by the Storage rule, A - [s]!A* is provable, and
by the Cut rule, I', A I is provable. Thus we have shown Prs(?4) C 7Prs(A).

Conversely, suppose I' € ?Prs(4) = (Prs(A+) NI N1)*. Now [s]!At € Pry(4t)
by the Identity and Dereliction rules, [s]!A+ € I by the definition of X and x,
and [s]!A € 1 = L* since provability of I" - implies provability of T, [s]!A F by
the Weakening rule. So T,[s]!At F, or equivalently I' - [s] 7A, is provable. Thus
I' € Pry(?A). So we have shown ? Pry(A4) = Pr,(?A) and the analogous result for !
follows by Lemma 2.44.

For the modal connectives, we consider O, and again the other case follows by
duality (Lemma 2.44).

We must show that Pry(0A) = (;cy Presi(A). Suppose I' € ;e Prosi(A4). Then
we may take k£ ¢ I, and then ' € Prsi(A4). So T F [s*k] A, and by the O rule,
'+ [s]0A, and ' € Pry(0A).

Conversely, suppose ' € Prs(0A). Then I' - [s] OA is provable. We construct a
proof of T' - [s 7] A for arbitrary i:

d
[s*i] AF [s*3]A_
I'+[s|0A [s]OAF [sxi]A
TH[s*i] A
Thus T € ();en Proxi(4). So Prg(0A) = ;cn Prsxi(A), and by an inductive argument
similar to that of the usual LL completeness proof, [A]s = Pr;(A) for all A.

Cut

Now it is not enough to prove completeness for single formulas and extend to
sequents by par, because the rule for *® does not apply to formulas with differing
indices. Instead, suppose

1 € [[[31] A17 [32] Az’ Tt [Sn] An‘]] Msyn,Esyn
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= ([Ad[Al - [4aD5)"
((Prs; (A1) (Pro (A2))* - - - (Prs, (Al))'L)-L

Now [s;] A+ € (Pr,(A;))* since ' - [s;] A; is provable iff T, [s;] A;- - is provable, so
[s1] AT, [s2] A7, .. -, [3n) Ay € (Prs, (A1) (Prsy (A2)) " - - (Pr; (A1)
and by the definition of negation in phase spaces,
1 x ([s1] AT, [s2] A7, ..., [sa] A7) € L,
which means [s;] AT, [s2] A, .., [sa] A4 I is provable, or equivalently,
F [s1] A1, [s2) A2, - - -, [$n) An

is provable. Since the sequence of indexed formulas was arbitrary, this proves com-

pleteness. o

It seems reasonable to expect that similar techniques will work for other modal
logics such as S5, since indexed sequents have been used in the classical case at least
for S5 [5]. However, a problem arises if we attempt to adapt the linear relational
semantics to model a linear logic version of K.

In the case of sequent calculi for classical first-order logic, it is sometimes possible
to remove the requirement that models be nonempty sets by imposing the opposite
of the free variable condition for V on 3: we require that the quantified variable
does occur in the context. This requires a modification to the Cut rule, since the
presence of a variable, regardless of its position in the sequent, now involves an implicit
assumption that the domain of interpretation is nonempty. The restriction is that a
closed sequent cannot be obtained from an open sequent by Cut. Such a restriction
may be questionable, but at least there is no restriction on Cut with only closed
sequents, which are often the only sequents that we are really interested in.

A similar attempt can be made with KD,-modal linear logic, imposing a free
variable condition on the < rule. Here it is quite clear that the intent is to construct

a deductive system for closed sequents, so the restriction on Cut is not a major



CHAPTER 5. MODAL LINEAR LOGIC 84

problem. The cut-elimination property continues to hold. The sequent Oa F <a (the
D axiom), which is not valid in topolinear Kripke semantics without the condition of
right-unboundedness, is not provable. However, a sequent such as ¢a&0bF Ca&<Ob
is also not provable, but it is valid: when interpreted at a world with no successor,
both sides are 0. Thus, completeness fails. This seems to be a result of the fact that
existence or nonexistence of worlds is treated classically; perhaps in this sense the
topolinear Kripke semantics is a hybrid of linear and classical semantics. It is not
clear whether or not either the semantics or the deductive system can be modified
to achieve completeness, but the fact that the ‘obvious’ generalizations to K (which
do work for classical logic) fail suggests that perhaps neither would be satisfactory
even if it were possible.

5.8 Comparison of Algebraic and Relational Se-
mantics

In this section we compare the algebraic and relational semantics, primarily via their
sound and complete deductive systems, KD-modal and KD,-modal LLSC.

Proposition 5.30 The rules of KD-modal LLSC are derivable in KD,-modal linear

logic, if we annotate sequents with arbitrary common indices. Thus KDy, is included
i KD,.

Proof. The necessary derivations are:

}—[s*i]F,[s*i]Ao_ i
b [s]OF, [s*4] A I;—['[SST]I‘FO-
F [s] O, [s] OA

O

Next we consider distributivity and half-distributivity properties for the modal
connectives over the linear logic connectives.

Proposition 5.31 The following half-distributivity properties are provable in the in-
dicated logics.
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e Provaeble in KD-modal linear logic:

DAQOBFO(A®B) OA®OBFO(A®B) D(A&B)FDA&OB
(A9 B)FOA9OB O(A&B)FOA&OB OCA®OBFO(A®B)
OA®OBFO(A®B) 1+0O1 1FC1  0FO0 0RO
O(A49B)F0A%0OB ©L+L OLFL1 OTFT OTFT

e Provable in KD,-modal but not KD-modal linear logic:

OC(A® B) - CA®OB 0OA&KUOBFO(A&B)
OA®OBFDOA®B) <O(A®B)FOA®OB
O1F1  ©1F1 O0FO <OO0FO
lFOL 1+OL THOT THOT

e Not provable in KD,-modal linear logic:
DOA®B)FOA®OB 0O(A®B)FOA®0B OA®B)FOA®OB
OAPOBFO(A9B) CA®OBFO(A®B) OCA&OBF (A& B)

0(A®B)+04AQ<CB 0O(A®B)+OA® OB
OA® OB <O(A®B) OA&CB-<C(A&B)

(Here -+ is used to indicate that neither direction is provable; it is just short-
hand for two sequents.)

Proof. For KD, we consider the following proof-trees:

Id Id Id Id
AFA BFB AF A BF B
ABr4A®B . AFAGB BrAeB _
0OA,0B - O(A® B) ®:‘° DAFO(A®B) = DBI—D(AEBB)@LKD
DAQ OB+ O(AQ® B) CA® OB O(A® B)
l—llzoxn oL
For 0+ 00
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It is clear that as far as cut-free proofs of half-distributivities in KDD-modal linear
logic are concerned, the only thing that can be changed (aside from the choice of
two-sided presentations of the sequents) is the placement of boxes and diamonds in
the modal rules. This allows both the provability and unprovability claims for KD
to be quickly verified.

As for KD,-modal linear logic, it is clear from the semantics that the constants are
invariant under the modal connectives. The following derivations prove the additional

half-distributivities valid in this logic:

O AF 04 OBF0B. OAr[OA. [BFOEB,
OAF[0]A OBF[0]B OAF[0]A =~ OBF[0)B -
OAOBF[0JA" DA&DBF[OB OA%OBF[0[A[0B_
0A8OBF[0]A&B ? DA’?DBI—[O]A’?BD:
0A& OB+ 0O(A & B) OA» OB O(A%» B)

Again there are few possibilities for cut-free proofs of half-distributivities, and the
claims of unprovability can be easily checked. (A semantic proof using counter-

models would work as well.) g

It is clear why certain sequents are provable in KD,-modal but not KD-modal
linear logic: in constructing a proof of one of these sequents from the bottom up, the
instance of the linear logic connective inside the modality must be eliminated before
the one outside. But the KD modal rule can only be applied to remove the enclos-
ing modality once all formulas have modal principal connectives. The KD, modal
rule, on the other hand, can be applied in a situation where not all of the con-
text formulas are modal.

Unlike in classical modal logic where, for instance, O distributes over A, there are
no full distributivities whatsoever for the modal connectives in KID-modal linear logic.

Considering the informal semantics of Section 2.4, if we view formulas as rep-
resenting resources available on a specified day and OA as a coupon to obtain A
tomorrow, then a sequent 0A ® OB F 0O(A ® B), valid in both logics, would mean
that if we have two coupons valid tomorrow then we can treat them as a single coupon

for two things, valid tomorrow; the converse, valid in neither logic, would not hold
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informally since a coupon generally cannot be divided. O(A & B) - 0A & OB, valid
in both logics, would mean that if we have a coupon for a choice of items tomorrow,
we can make the choice today and treat the coupon as being for only one of the items.
The converse is valid in KD,-modal but not KD-modal linear logic. It would mean
that if we have a choice of two coupons today, then we can defer that choice to to-
morrow; this should not hold in general. Thus, for this informal temporal semantics,
KD-modal linear logic would seem to be the better choice. On the other hand, if
O is to represent a modality that should be independent of the notion of a choice
represented by &, then KD;-modal linear logic might be the better alternative. No

such modality is immediately apparent, however.

Proposition 5.32 The algebraic and relational semantics define distinct logics, con-
servative over linear logic, which collapse to identical logics when the classical collapse

aziom (or its analogue with an arbitrary common indez, as appropriate) is added.

Proof. Distinctness of the KID-modal and KD,-modal logics follows from the exis-
tence of sequents provable in one but not the other, as shown above. Conservativity
over LL follows from the cut-elimination theorems for the two logics.

As for classical collapse, the results of Proposition 2.8 hold here as well; so the
deductive systems with the CC axiom induce well-defined deductive systems on se-
quents of the same form but with classical rather than linear connectives. The induced
deductive system for KD-modal linear logic is clearly equivalent to the usual classical
sequent calculus for KD; so since KD-modal linear logic is included in KD,-modal
linear logic, it is enough to prove soundness of the induced deductive system for KD,-
modal linear logic for the classical relational semantics on right-unbounded frames,
for which KD-modal classical logic is sound and complete.

Using the technique of Examples 2.32 and 2.35, we can view the power set algebra
P({*}) = {T,F} as a topolinear space. Now for any classical model M we may
construct a modal topolinear model M’ on the same frame as M, with the topolinear
space corresponding to {T, F} and a labeling corresponding to the one from M. If we
identify the facts of the topolinear space with the corresponding classical truth values,

we have [AC]x = [A]amr for any formula A, as is easily checked. Now soundness of
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KD,-modal linear logic for modal topolinear models, together with soundness of
the CC axiom in this particular topolinear space, imply soundness of the induced

deductive system for the classical relational semantics, and the result follows. O

This is an interesting result, because it indicates that despite the fact that their
axioms do not use any of the classical connectives except implication, it is possible
to adapt some modal logics to linear logic in more than one way.

On the other hand, the relational semantics has serious deficiencies in the linear
logic setting, particularly its inability to interpret a logic corresponding to classical
K modal logic. Thus it is not clear whether or not this semantics should be accepted

in a general notion of modal linear logics.



Chapter 6

Fixpoint Linear Logic

6.1 Motivation

In this chapter we will consider a combination of modal mu-calculus with linear logic
called fizpoint linear logic, based on the algebraic semantics of K-modal linear logic.
Again there are several reasons why one might want to use such a system. One reason
is simply to extend the expressive power of modal linear logics. In particular, the use
of fixpoint operators allows the connectives of usual temporal logics such as CTL to
be recovered, as in the case of classical logic.

There is another reason to study fixpoint operators in linear logic, and that is
because they give an alternative interpretation for the exponentials, based on the
Free Storage rule and corresponding categorical semantics described in [18, 28]. If a
satisfactory proof theory can be obtained for fixpoint linear logic, it could become a
viable alternative to the usual linear logic with modal exponentials for applications
of linear logic as a resource logic. As mentioned in Section 2.8, the Free Storage
rule validates principles that are informally sound in a logic of resources but not
sound in LL sequent calculus.

We consider first the algebraic semantics of fixpoint linear logic based on phase
spaces, then a deductive system based on Kozen’s axiomatization for the modal mu-
calculus [17]. There does not appear to be any prior work on explicit fixpoint operators
in linear logic, although certain categorical semantics such as that of Lafont [18] have
made use of fixed points. We show the deductive system to be sound for the algebraic

89
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semantics and thus conservative over MALL. We then consider the syntactic (more
precisely, proof-theoretical) issues of substitution and cut-elimination theorems. A
rewrite system is proposed for partial cut-elimination in this system, and transla-
tions of LLSC with and without free storage into fixpoint linear logic are considered.
Finally, several open problems regarding this logic are discussed, particularly com-

pleteness and weak normalization of the rewrite system.

6.2 Syntax

Definition 6.1 The formulas of fixpoint linear logic are defined by the following BNF,

with the added restriction that in va. A or pua. A, A must be positive in a:

formula, A,B = atom|atom | A®B|A®B|A&B|A®B
|1]L]|T|0]|!A]?4] [label]A | (label)A
| pliteral A | vliteral .A

We extend the definition of negation with ([z]A)* := (z)(4%), ((z)A)* = [z](4Y),
(vo. A)* == pot.(AY), and (po. A)* := vat.(A1).

Convention 6.2 As in the case of the classical modal mu-calculus, we constder for-
mulas up to alpha-conversion and choose representatives according to Barendregt’s
convention. Here we may use both positive and negative literals in quantifiers; where
convenient, we will assume without loss of generality that positive literals are used.

Binding priorities are the same as in the classical modal mu-calculus case.

When the set of labels consists of one element z, we write O for [z] and < for (z).

6.3 Semantics

We again consider only the case of a single pair of modal connectives, and the multi-
modal case is similar.

We use the algebraic semantics corresponding to Axiom K since the fixpoint oper-
ations take a particularly simple form in this semantics. The definitions are similar to
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the classical case. Fixpoints can also be defined in the relational semantics, with for-
mulas being interpreted by functions from worlds to facts; this approach will not

be considered here.

Definition 6.3 If M = (X, f) is a modal topolinear model and F € X, then
M(F/c] is the modal topolinear model on the modal topolinear space X with labeling
F ifa=«
F/ol(a) =
fIF/e)(a) {f(a) otherwise
Definition 6.4 A lambda-abstraction or context is of the form Aa. A where a is an
atom and A is a formula. Lambda-abstractions on negative literals are defined ac-

cording to the usual convention.

Definition 6.5 The interpretation of formulas A by facts [A] € X, and of con-
texts Aa. A by functions [Aa. A] : X — X, in a modal topolinear model M is de-
fined inductively in the usual way with the following additional definitions for fizpoint

formulas:
. [[)\a. A]](F) = {[AHM[F/QI
o [ua. Al :=N{FeXx|[a.Al(F)CF}
Ll
o [va. A] = (U{F € X | F c [\a. A(F) })
where we assume that quantified literals are positive.

Definition 6.6 A fact F € X is called a pre-fixed point of Aa.A in a model M
if [Ma.AJ(F) C F, a post-fixed point if [Aa. AJ(F) D F, and a fixed point if
[ha.AJ(F)=F.

Lemma 6.7 [Aa. A] is monotone increasing for A positive in o.

Proof. The proof is by induction on A. The base case is when A = ¢, in which case
[Aa. A] is the identity function, or when A is a literal distinct from & and o™, in
which case it is a constant function. Otherwise, we consider cases for A’s principal

connective:
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e If A= B®C, then by the induction hypothesis Aa. B and Aa. C are monotone
increasing. Then if F' C G, we have

Pa.AlF) = (Do BlI(F)eCIE)*™
c (Do BlGDeClG)
= e A]G).

The other cases of MALL connectives and exponentials are similar.

o If A= pup. B, then if S is o or o, we have a constant function. Otherwise, we
have [AJpm = N {F € X | [Blmr/g C F }. For any F € X, we have

Do Alu(F) = [AlmiF/a
= ({HeX|[Blmprojus C H}
= N{He x| Do Bluma(F) CH}.

Now suppose F' C G. Then,
. Blmae)(F) € Mo Blagase)(G)
by the induction hypothesis,
{HeX|[M.Blmmps(G)CcH}C {HeX|[MaBlmusg(F) C H}
since the first condition implies the second, and
({H e X | e Blmug(F) c H} c(){H € X | o Blamua(G) C H}

since the intersection of a larger set is smaller. Thus we have [Aa. AJm(F) C
[Ma. AJm(G) as required.

o The case A = vf. B is similar, or we can proceed by duality since
[v8.B] (U {FeX|FcDaeAlF) })Ll
= (ﬂ{FeX][[AaJ-.A‘L]](F) CF})L
= (8B

where the second step is justified as in the proof of the proposition below. 0O
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Proposition 6.8 [ua. A] and [va. A] are fized points of Aa. A.

Proof. By Lemma 6.7, the function [Aa. A] is monotone increasing for A positive
in a. Thus, the property of being a pre-fixed point of Ac. A is preserved by inter-
sections, so the interpretation of ua. A is the least pre-fixed point of Aa. A. As for
v-formulas, F is a post-fixed point of Ac. A iff

F C [Da. AJ(F).
Since negation is monotone decreasing, this is true iff
(e AJ(F))* c F*.
But using the definition of [Aa. A], we can rewrite this as
[Aat. AYJ(F) c FE,

which means that FL is a pre-fixed point of Aa*. A*. Thus, the interpretation of a
v-formula is the greatest post-fixed point of the corresponding context by duality.
Now suppose F is the least pre-fixed point of Aa.. A. By monotonicity, [Aa. A](F')
is also a pre-fixed point of Aa. A; and if it were strictly smaller than F', that would con-
tradict minimality of F, so it must be equal to F and F' is a fixed point. Similarly ihe
greatest post-fixed point must be a fixed point to avoid contradicting maximality. O

Corollary 6.9 [va. Al = J{F € X | F C [Ao. A](F) }; that is, the double nega-
tion in the definition was redundant.

Proof. Since [va. A] is a fixed point of Aa. A, it occurs in the set on the right-hand
side and the union is already a fact. g
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6.4 Deductive System

A deductive system for fixpoint linear logic (LL,) can be constructed by using Kozen’s

axiomatization. The rules (in the case of a single dual pair of modalities) are:

FT,A ALY A T
Cut

— Ex
FAAL" FT.A Fo(T)
F0,A FT,B, . FD,A F0,B__
FT,A&B FT,T FT,A®@B  FL,A®B
FLLA FAB FD,AB FT
FT,AA®B -1 FT,A% B FT, L
FT,A F T, Alpa. A/o] | - B A[B/o]
FOT, 04 FT,pa. A Bt va. A

We can verify soundness at once using a straightforward lemma.
Lemma 6.10 [A[B/a]] ,, = [Aa. AJm([Blm)-
Proof. The result follows by an easy induction on A. a

Proposition 6.11 (Soundness) The sequent calculus above is sound for the seman-

tics of the previous section.

Proof. Soundness of the LL proof rules is the same as in LL, except for Cut and
Identity; it must be shown that [A*] = [A]*. This is proved by induction on A, with
the only case differing from K-modal LL being fixpoint formulas, for which a proof
was given in the proof of Lemma 6.7. Soundness of the u-rule now follows from the
fact that pa. A is a (pre-)fixed point of Aa. A, and soundness of the v-rule from the
fact that va. A is the greatest post-fixed point of Aa. A, using Lemma 6.10. O

Corollary 6.12 LL, is conservative over MALL.

Proof. Any MALL sequent provable in LL, sequent calculus is valid in phase spaces
by soundness, since the interpretation of MALL connectives is unchanged; then it is
provable in MALL sequent calculus by completeness of that deductive system. m]
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Completeness of LL,, sequent calculus is more difficult, and remains an open ques-
tion.

The usual syntactic results, the substitution theorem and cut-elimination, fail to
hold for this sequent calculus. However, we can try to recover certain special cases,

thus localizing the failure.

Definition 6.13 An occurrence of a literal o in a formula A is said to have (fixpoint)
depth d if it is in the scope of d fizpoint quantifiers.

Proposition 6.14 (Substitution) The following is a derivable rule in LL,, with the
Identity rule restricted to atomic and fizpoint formulas:

I—AiL,A'1 I-A:O_L,A'z !—A;’;,A;,
l_B'L[Al/a]_,Ag/ag,...,An/an],B[All/a]_, é/ag,...,A;/an]

Proof. We consider the derived rules from the proof for K-modal linear logic with

st (B positive in o),

one additional rule ST, ,:

F At{pat. At/at], A'va. Afo] .
F pat. AL, A'lva. A/a]
F pot. At vo. A

The proof is by induction on the maximum depth of occurrences of ¢; in B, and

v

the size of B. The base case is when B is a literal, or a fixpoint formula where the
maximum depth is zero; then either B = a; for some ¢, and the conclusion matches
one of the premises, or none of the o; or o5 occur in B and the restricted Identity rule
applies. The induction cases from the proofs of Theorem 2.10 and Proposition 5.3 do
not increase the maximum fixpoint depth, so they apply here as well. The remaining
case is when B is a fixpoint formula, such as B = va. B’ (the other case is similar);
but then the derived rule ST, , derives the given instance of ST from an instance
of ST with lower maximum fixpoint depth:
FAL AL AR AL, - AL AL
- B'L[C/al[A1/ch, As/ .., An/cl), BICIallAL [, Apf s -, A ]
F pat. B A /ou, Ao/ oo, . . ., Anfan],va. B'[A} Jau, Ab[as, - . ., AL [an)

where C = va. B'[A; /oy, Aa/ 0, ..., Ap/an], B" = B'[a}/w;], and the a are distinct
atoms not occurring in C. m]

ST
STu.w
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When the proof of Proposition 6.14 is applied with n = 0 and B = va. B,
the resulting derivation is the Identity rule on B. We could instead try to use the

induction case, and we would get the following result:

+ B'"*[uat. B /ot], B'[va. B' /o]
F pa*. B, B'lva. B'/a] ,
F pot. Bt va. B

1d
u

Reducing this identity rule to identity rules on atoms and fixpoint formulas will, in
general, produce copies of the identity rule on B. So we obtain a nonterminating

recursive expansion for the Identity rule on fixpoint formulas.

6.5 Partial Cut-Elimination

A rewrite system can be defined which transforms proofs in fixpoint LL sequent cal-
culus using the Cut rule, in such a way that at least some instances of that rule
can be eliminated.

Since there is an alternate sequent formulation of the mu-calculus that supports
cut-elimination [1], it would perhaps be a better idea to adapt that system to linear
logic and attempt to prove a (full) cut-elimination theorem. However, the author
became aware of this work only after the results of this section had been developed.
We are not aware of any work extending the work in [1] to linear logic. The question
of partial cut-elimination with Kozen’s axiomatization may still be of some interest,
particularly for its connection to LLrs, although less so for the purpose of obtaining
a proof theory of fixpoint linear logic.

As in the LL case where the extended rule Cut! was used, the rewrite system here
requires an extension of the deductive system with derived rules. In this case the
ST rule justified by the Substitution Theorem is used.

While it would be simpler to use the ST, rules from the proof of the substitution
theorem, this causes problems because the ST, , rule is not an instance of ST. A cut
of ST against p or v can be eliminated very cleanly, while a cut of ST, , against a
fixpoint rule cannot. So we must work with ST itself and we will need a lemma to

deal with cuts of ST against ST. First we make some definitions.
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Definition 6.15 A substitution is a function o : Atoms — & where ® is the set of
all formulas.

The support of a substitution o is
supp(c) := { a € Atoms | o(a) # a }.

Substitutions will be assumed to have finite support; this assumption is made, among
other reasons, to ensure that alpha-conversion can be used where needed.

The application of a substitution o to a formula A, denoted Alo], is defined by
alo] = o(a), atfo] = (0(a))™, and distributivity over all the connectives; in the case
of firpoint quantifiers, this distributivity is of the form pa. Alo] = pa.(Alo]) where it
is assumed by alpha-conversion that o does not occur in either supp(o) or Alo].

We say o is a substitution from A to B, denoted A <> Boro:A— B, if
supp(c) C FA(A) and Alo] = B. We say o is a positive substitution from A to B,
denoted A —i-) Boro:A— B, ifitisa substitution from A to B and A is positive
in the atoms of supp(c).

It is easily checked that a substitution from A to B is unique if it exists. Thus
the category Sub with formulas (up to alpha-conversion) as objects and substitu-
tions from A to B as Hom(A, B) is a poset. Similarly there is a poset category
Sub™ with formulas as objects and positive substitutions from one formula to an-
other as morphisms.

The notation A/a will sometimes be used to write substitutions explicitly, or
0, A/a to modify o at one point a (normally one not already in the support of o).
Substitutions on negative literals are defined by A*/a* = A/a.

A form of alpha-conversion applies to the ST rule. This is based on the fact that
in the usual presentation of this rule,

FAF A FAF AL, - FAL AL
F B[A1/au, Asfon,. .., An/on), BlA Jan, AS/ o, . .., AL [ o)

ST,

the formula B and literals ¢; are not uniquely determined by the premises and the
conclusion. Specifically, a literal o; can be replaced with another literal 8 which
does not occur in B, and B replaced with B[3/¢;], while preserving correctness of
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the rule. We adopt the same conventions as for alpha-conversion of formulas: ST
rules are defined up to this notion of alpha-conversion, and representatives are chosen
using Barendregt’s convention.

An instance of the ST rule may be written in the form

to(a:)*, 7(a:)

- AL[o], A[7] —sT

where A — Alo] and A — A[7], and a; ranges over supp(c) U supp(7). Alpha-
conversion is needed to ensure that the literals for which formulas are substituted
are positive; and alpha-conversion (on the atoms in supp(c) Usupp(7)) continues to
apply to this modified version of the rule. We may assume that A is not a literal,
since we could otherwise replace the ST rule with one of its premises or an Identity

rule on atoms as in the base case of the Substitution Theorem.

Lemma 6.16 Given substitutions o1 : A, — B and op : A — B, there ezist a
formula C and substitutions 7, : C — A and 7 : C — Az such that o101 =

02 0 Ty, and for every atom a, at least one of m1(a) and m2(a) is an atom.

Proof. The proof is by induction on A; and A;. We prove a slightly different state-
ment: We drop the requirement ¢, 073 = 0207, because it is trivial in a poset category
(although it will be useful later), and we prove that C, 7, and 7, can be chosen in
such a way that supp(7;) U supp(r2) € S for an arbitrary set S C Atoms that is
neither finite nor cofinite (in Atoms) and that does not include any atom occurring
in one of the given formulas.

We consider cases for A; and As.

o If at least one is a literal, say A; = «, then we take C = a if « is positive, a*
otherwise, for arbitrary a € S. We set 1, = A;/C and 7 = Ay/C. 7i(a) is

a or o, whichever is an atom, and 71(b) = b for any other atom b.

o If A; and A, have differing principal connectives, we obtain a contradiction
from A;[o1] = Az[02).
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e If A, and A, have a principal connective that is not a fixpoint operator, all
of the cases are similar so we consider only ® We have A; = A;; ® A;2 and
As = A1 ® Az 2, and by the definition of substitution we also have B = B, ® B,
and 0; : A;; — Bj for i,j € {1,2}. By the induction hypothesis there exist
formulas C; and substitutions 7; : C; — Ay; and 7, : C; —> Ap; fori €
{1,2}, with supp(7;1) C S1 and supp(7j2) C S. for j € {1,2} where S; and S,
are disjoint infinite subsets of S. Now we take C = C; ® Co and 3, = 1310 Ti2
for i € {1,2}. That we have 1; : C — A; as a consequence of the disjointness
of S; and S, and the fact that those sets do not include any atom occurring in
one of the given formulas (we use here the fact that substitutions with disjoint
support commute). Finally, the condition on 7(a) and 72(a) follows from the
induction hypothesis since the supports of 71 ; and 7»; are disjoint for ¢ € {1,2}.

e If A; and A, have a fixpoint principal connective, we may apply the same rea-
soning as above if we choose the quantified literal according to Barendregt’s

convention. O

This lemma can be modified to construct C in such a way that C is a substitution
instance of any other formula C’ that satisfies the stated properties (with its own
substitutions 7{ and 73) excluding the condition on atoms. From a category-theoretic
point of view, this means that the category Sub™ has pullbacks. The same result
can be proven for the category Sub. These results, however, will not be needed: the

condition on atoms is what we will use, not the universal property of pullbacks.

Definition 6.17 The partial cut-elimination rewrite system consists of the MALL cut-
elimination rewrite system together with the following rewrite rules for the modal and
fizpoint connectives:
"FT. A Y _FALAB o FT,A ”ﬂ—AL,A,Bm
FOT,0A FOAL, OA,OB ut = FT,A,B 0o
O, OA,O0B FOT,OA,OB

1

w1

"F B, Alua. A/ , FT,B F B, Alua. Ao
FT,B _ FBluaa_ ' = - T, Afuo. Ala]
FT,pa A FTpa A

71

Cut
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"FT, Alua. A/q] . “FAlB/o',B
FT,pa A Fvat. AL, B
FT,B

l

"F AL [BL/ol], B
. Fvat. AL B ! -
FT, Alua. AJa] + At[vat. At/at], A[B/a] Cat
F T, A[B/q] + At[Bt/at], B
+T,B

Cut

Cut

"FT. Al "FABl] - Fola)tr(e) -
FT,A, A® B[d] - At® B0}, A® B[]
FT,A, A® B[r]

l

Fofa)t as) - - Fo(a)t T(e)

"FT, Afo] - Aol A[] "“F A, Blo] F BL[o], B
F T, Al7] FA, B
T, A, A® Bl7]

T] Cut

"FT, Alo, pa. Alo]/a] . Fo(a;)t, 7(a;)
F T, po. Alo] Fva. At[o], po. Al7] ut
F T, po. Al7]

l
- - o(a:)t, 7(a:) ST
FT, Alo, pa. Alo]/a] F At[va. A*/at[o], Alua. A/a]l7] cut
F T, Aluc. Afo][7] ’
F T, pa. Al7] g

100

ST
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"F BT, Alo, B/d] oo Fofa)tir(e) -
Bt va. Alo] F po. Atfo], va. AlT] Cut
F B, va. Al7]

l

Fo(a;)t, 7(a;)
"FBL, Al0,B/a] F AL[BY/a (o], A[B/c][7]
+ B+, Alr, B/q]
F Bt va. Al7]

In the latter two cases, o is chosen according to Barendregt’s convention. The

Cut

v

correctness of the reducts requires rewriting substituted formulas to bring certain sub-
stitutions to the outside, which is justified by the choice of a. In the final case, the
atoms in the support of o and T are also chosen according to Barendregt’s convention,
using alpha-conversior. on ST rules.
The rules for cuts of principal formulas of ST against the other MALL connectives
are similar to the case for ® and are not shown.
We also define a cut-elimination rewrite rule to apply to the following proof:
Fo(a)t,op(a) -+ o En(b)tm(b)
F Aol Al F BL[r], B[]
F At[oy], Blr)
Since Aloq] = B[m] from correctness of the Cut rule, by Lemma 6.16, we let C be a
formula and p1 : C — A and p, : C — B be substitutions such that g20p; = 110p,,

ST

Cut

and such that at least one of p;(a) and po(a) is an atom for any atom a.

Now we write the reduct as

ST
F C*oy 0 p1], C72 0 po]

but we must fill in the premises. For each atom a occurring in C, (at least) one of
pi(a) or pa(a) is atomic; we assume it is the former, the other case being similar.
Then let b = pi(a) and D = py(a). We must include the premise + b*[oy], D7)
This premise is proved by

ST
Cut

 bto1],bloe] + Di[m], D[r]
F b4[01], D[]
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where blos] = a[os 0 p1] = a1 0 po] = D[] as required. Finally, the first premise
of the Cut rule was one of the original premises, and the premises required for the

ST rule are a subset of the original premises as D is a subformula of B.

The reduction for ST is rather complicated, but it does achieve its purpose: the
Cut on ST and ST is reduced to cuts that, a priori, have ST rules on only one side;
and in the process, no new rules other than Cut and ST are introduced.

Rewriting of ST rules has the effect of performing substitutions in proofs, which
preserves validity until an Identity rule is reached at which point the substituted

sequent must be proved using one of the premises of the ST rule.

Proposition 6.18 A normal form for the partial cut-elimination rewrite system can
be translated into a cut-free proof in LLSC,, which is LLSC, with the v rule replaced

with the rule
FT,B_+ B, AB/d]
FI,va. A ’

(Since the means of translation is not specified, this proposition is actually only

about provability.)

Proof. We consider the following additional rewrite rule:

Mg —rmeee—eeo—————

- B, A[B/o] n —

"FTB_ Bloea, — LB _TB.ABN,
FT,va. A Ve

It can be checked that a normal form for the rewrite system including this addi-
tional rule does not use the Cut rule. (There are many cases but the general principle
is the same as for LLSC: reductions for non-principal formulas and for principal for-
mulas.) This rule does not introduce additional redexes, so it can clearly be used
to obtain a normal form for the extended rewrite system from a normal form for
the original one. Instances of the ST rule can be eliminated by the Substitution
Theorem, leaving a cut-free proof in LLSC,,. |

In particular, a cut-free proof in LLSC,, of a sequent not containing any positive oc-

currence of v is a cut-free proof in LLSC,,, and thus satisfies the subformula property.
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It remains to determine whether or not the rewrite system is weakly normalizing.
This is currently an open question. We consider next some possible ways to simplify
the problem and apply it to the more familiar setting of linear logic with exponentials,

whether with free storage or usual storage.

6.6 Free Storage in Fixpoint Linear Logic

We now return to the Free Storage rule considered in Section 2.8, and consider how it
can be translated into LL, (in fact, into the fragment of LL, without the modal

connectives).

Definition 6.19 The translation A of a linear logic formula A is the fizpoint linear

logic formula defined inductively by preservation of literals,

= val&A&(@®a),
= po.l®AS(a®a),

NN

and distributivity over the other connectives. The atom o is chosen not to occur in A.

Proposition 6.20 The translation defined above is a sound translation of LLgs into

LL,, that is, it preserves provability.

Proof. We must derive the Weakening, Contraction, Dereliction, and Free Storage
rules for the translated exponentials. Indeed, the derivations follow:

=T

FT, L FI,A o
W: R L D =
F,.L@A@(?Avg?A)e F,.L@z:?s._AA’S’.A)“
FT,74 )7
FT,74,7A _
FT.7A974° B-1 B-4 B+-B®B
C: I-E..‘l’_?_-A_@- FS: Br1&A& (B B) &3
I LoA®(?A874) —_ "
FT,74 ¥ !
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We now consider partial cut-elimination, and attempt to define an induced rewrite
system on proofs in LLSCrs. For a cut against the side formula of a Free Storage
rule, no rewrite rule will apply: this corresponds to the case of a cut against the
side formula of a v rule. The non-principal formula rewrite rules for Weakening,
Dereliction, and Contraction are the obvious ones (the same as in usual LLSC). The
case of a cut of the principal formula of one of these rules against the principal

formula of Free Storage is the remaining one.

Proposition 6.21 Each of the following rewrite rules corresponds, under the trans-

lation, to a sequence of rewrite steps in the partial cut-elimination rewrite system:

"Br1i "BrFrB®B  BrA_ FT “FT
FS w Y e 1L
BF 1A IAFT. = "BF1 1FT
Cut ———————Cut
BFT BFT
™1 To w3 T4
BF1 B+-B®B BFA AFT 73 74
BrIA £ !Ar—rzt — B"‘;HA"FCM
BFT

m 73

BrF1 'BrFrB®B BI-AFS’”!A,!Ar—rC
BF 1A IAFT
Cut
BFT
T3

BF1 'BFB®B BFA

Br1 "BrB@B "BFA_ BFIA © MAAFT
Br A BIAFT __ *

. BBFT _

BFrBgB B@BFT..

BET

w1

w1

Proof. The rewrite sequences are rather long; we present the steps for the Contrac-
tion case only. We also abbreviate 1 & A & (C ® C) as F(C) for formulas C.
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1A I-f@
_— -_— —_— -_— —_— —_— = —— — YL
Brl Br4d BrB®B_ TAQ A o
Br1&A&(B®B) R 1&2&(!A®'A)}—1‘:
BFr1A TA-T
e Cut
B+T
Br1 BFA Et—"B'@E&_
BHF(B), : T‘,ﬁ}-f®L
BriA o1 !_®'_|—f&_
Br1 B+A BFB®B . F(B)-F(4) FIA+T -
= — &R — — Cut
B+ F(B) FB)FT
B+T
B+1 B+A B+FB®B _
— — &R
BFF(B)
Br14 TATAFT
== ST =————————oxQL
BeBr'A®lA IAQIAFT
Br1 B+A 'Ei—?@E&_ 'E@E}—f&_
B+ F(B) ? FB)FT *
BFT
Br1 B+A B+BQ®B .

— = &R

B+ F(B)

Brl14 TATAFT
==———-—8T —————=@L
BeBrlAgldA 14®lAFT

B+-B®B B®BFT
B+T

(_.
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B+1 BrA 'E}—E@E&_
Br1 B+A B+B®B, BF1&A&(B®B), :

R

Fl—lag&_(—B@F)u B4 _ _!_,!-Zl—fcut
BF1A _ B,!Al—]."cut
_ B,BFL
B+-B®B _ B BI—I‘cut
B+T

a

Thus we have a partial cut-elimination rewrite system for LL sequent calculus
with free storage. Since none of these rewrite rules introduce ST, we can do away
with that rule and its added complexity. However, weak normalization even here
remains an open problem.

We can go one step further in our translation, and consider what happens if
we translate LLSC with the usual Storage rule into LLSCgs using the derivation
of Storage given in Section 2.8. It turns out that the usual cut-elimination rewrite
rules for LLSC, with the exception of the rewrite rule for non-principal formulas
of Storage, correspond to multiple steps under this translation. Furthermore, since
the cut-elimination rewrite system in LLSC, with certain restrictions, is strongly
normalizing [26, 28], it remains weakly normalizing with the rewrite rule for non-
principal formulas of Storage omitted. (This requires checking that the restrictions
do not prevent reaching a normal form for the system without them. The usual
restrictions prevent commuting one cut through another; to avoid problems, such
cut-commutations must be allowed when the upper instance of Cut is one that will
never be reduced. This can be done without seriously affecting the proof of strong
normalization; we define the complexity of such a non-reducible cut to be zero.) So
in this particular special case, we do have weak normalization for the partial cut-
elimination rewrite rules.

The fact that full cut-elimination holds for LLSC depends on an essentially modal
property of the usual linear exponentials: the fact that ! can be introduced only in
a context consisting entirely of ? formulas. An alternate approach to cut-elimination
may be possible by treating the exponentials not as modalities, but as fixpoints. For
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applications where ‘completeness’ for the informal semantics of Section 2.4 is impor-
tant, this approach may be more appropriate than the usual linear logic approach
for the reasons described in Section 2.8.

The fact that there is an alternate deductive system for modal mu-calculus that
satisfies full cut-elimination [1] suggests that if that result can be transferred to fix-
point linear logic, perhaps an alternate deductive system for LLgs can be found that
also satisfies cut-elimination.

6.7 Open Questions
There remain some significant open questions in fixpoint linear logic.
Conjecture 6.22 (Completeness) LLSC, is complete for the algebraic semantics.

Completeness is an important property, but proving it is likely to be a difficult
problem; indeed, completeness of Kozen’s axiomatization in the classical case was
eventually proved by Igor Walukiewicz [29], but not for more than a decade after the
axiomatization was first proposed (see [4]). On the other hand, perhaps only minor
changes to the proof for the classical case would be required.

Conjecture 6.23 (Weak Normalization) The partial cut-elimination rewrite sys-

tem is weakly normalizing.

This property holds for the usual LLSC cut-elimination process, but the techniques
used in that proof are insufficient to prove the result for fixpoint linear logic. The
translation of cut-elimination rewrite rules for LLSC into rewrite sequences in LLSC,
provides some evidence that the rewrite system is formulated correctly (although
the use of ST is not fully tested), but there is no a priori reason to believe that
it is weakly normalizing.

This conjecture loses much of its significance due to [1].

Conjecture 6.24 LLSC, is conservative over the translation of LLSCrs into fizpoint

formulas, and LLSCrg is conservative over LL excluding ! but not 7.
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This problem also remains open. The usual conservativity-by-cut-elimination ar-
gument fails for LLSC, over LLSCrs even assuming weak normalization because the
remaining cuts (or ' rules) may use fixpoint formulas that are not the translations
of linear logic formulas as their cut formulas.

On the other hand, conservativity for sequents not using v, over both LLps and

usual linear logic, would follow from weak normalization.

Conjecture 6.25 There are deductive systems for LL, and LLps that admit cut-

elimination theorems.

It is hoped that the deductive system and proof of cut-elimination of Aldwinckle
and Cockett for the classical modal mu-calculus [1] will transfer relatively easily to
the linear case. Such a result would likely allow the conservativity results to be es-
tablished easily, and may be useful in proving completeness and even in deciding
the status of weak normalization of the partial cut-elimination rewrite system for
Kozen’s axiomatization.

At least some of these conjectures must be resolved to obtain a reasonable proof

theory of fixpoint linear logic.



Chapter 7

Conclusion

It is apparent from our comparison of the two kinds of modal linear logics that we
consider that there are some choices to be made in adding modalities to linear logic,
which do not arise for classical logic. Specifically, the algebraic and relational seman-
tics, whose equivalence for many well-known classical modal logics has been the basis
of much work in modal logic, are no longer equivalent when adapted to linear logic.

The modal and fixpoint linear logics that we have developed may be useful both
in applications of linear logic, where modalities may be used to represent peripheral
information about resources such as control of resources by various processes in a
computer system, and in applications of temporal logics and mu-calculi, where the
ability to describe resources directly may lead to more natural ways to represent
certain computer-based systems.

There are a number of directions in which modal linear logic could be further
developed. Onme is to extend the deductive system for the relational semantics to
correspond to other modal logics than KD. Another is to consider whether alternative
techniques that have been used for modal sequent calculi, such as Braiiner’s notion
of dependency and connections between formulas [5], can be adapted to model the
linear relational semantics.

Although we have not made much progress in developing the proof theory of
fixpoint linear logic, our translations of the usual and free storage exponentials into
this logic show the potential for using fixpoint operators to control reuse of resources
in linear logic. The results of [1] suggest that an interesting approach for future work

109
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would be to attempt to adapt the circular proof rules for the fixpoint operators to
linear logic, which might result in a sequent calculus with cut-elimination not only

for fixpoint linear logic, but also for linear logic with free storage.
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