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Abstract

This study entails an investigation of a novel moment closure, originally constructed for

rarefied-gas prediction, to the modelling of inert, dilute, disperse, particle flows. Such flows

are important in many engineering situations. As one example, in internal-combustion en-

gines, fuel is often injected as a spray of tiny droplets and, during combustion, a cloud

of tiny soot particles can be formed. These particle phases are often difficult to model,

especially when particles display a range of velocities at each location in space. Lagrangian

methods are often too costly and many Eulerian field-based methods suffer from model

deficiencies and mathematical artifacts. Often, Eulerian formulations assume that all par-

ticles at a location and time have the same velocity. This assumption leads to nonphysical

results, including an inability to predict particle paths crossing and a limited number of

boundary conditions that can be applied.

The typical multi-phase situation of many particles is, in many ways, similar to that

of a gas compressed of a huge number of atoms or molecules. It is therefore expected that

powerful techniques from the kinetic theory of gases could be applied. This work explores

the advantages of using a modern fourteen-moment model, originally derived for rarefied

gases, to predict multi-phase flows. Details regarding the derivation, the mathematical

structure, and physical behaviour of the resulting model are explained. Finally, a numerical

implementation is presented and results for several flow problems that are designed to

demonstrate the fundamental behaviour of the models are presented. Comparisons are

made with other classical models.
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Chapter 1

Introduction

It is plainly apparent that human activities have undesired effects on the natural environ-

ment. It is highly desirable to minimize these effects by making technology as efficient and

clean as possible. For example, improved control of combustion in engines could reduce

pollution generation. To accomplish this, a sophisticated understanding of the multi-phase

flow occurring in the engine is necessary.

Multi-phase flows are omnipresent in numerous practical engineering situations. They

are defined as the concurrent flow of materials with diverse states or phases (i.e., gas, solid,

or liquid). Examples of such flows include: gas-liquid-solid flows in chemical reactors, solid-

gas flows in pneumatic conveying, and gas-liquid flows in evaporators and condensers. In

internal-combustion engines, fuel is often injected as a spray of tiny droplets and, during

combustion, a cloud of microscopic soot particles can be formed. The design of clean

and efficient combustion technologies rests on an ability to make accurate predictions and

analysis of these situation.

The description of such flows involves tracking or modelling the motions of a huge num-

ber of particle trajectories. Figure 1.1 illustrates some families of common techniques used
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Figure 1.1: Hierarchy of models for multi-phase flow prediction
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to model multi-phase flow. We start with the Lagrangian treatment. In this treatment, we

track the evolution of individual particles through the direct integration of Newton’s laws

of motion for each particle. This is conceptually simple, but computationally expensive,

as an immensely large number of particles are often present, even at dilute concentrations.

The other family of methods are referred to as Eulerian. In these methods the particle

phase is modelled as a continuum and partial differential equations (PDEs) are defined

that govern the evolution of field variables with position and time as independent vari-

ables. The most basic Eulerian formulation is simply a convection equation. It restricts

all particle velocities at a given position and time to be equal to that of the background

fluid. This method can work well for flows in which the particle phase is very close to an

equilibrium with the carrier phase. This is to say, when the particles all have a velocity

that is nearly identical to the carrier phase velocity. For flows in which this assumption is

not valid, a classical, single-velocity model is more flexible. It allows the particle velocity

to deviate from that of the gas, but restricts all particles at a location and time to have

the same velocity as each other. This classical, single-velocity model for particle flows is

standard and has been widely used [28, 26]. In many applications, this is an accuracy

model, especially in cases when drag forces between the gas and the particles are dominant

and particles tend to all have velocities that don’t deviate much from that of the gas. How-

ever, this is an invalid assumption in other cases and forcing all particles to have the same

velocity leads to artifacts in the model and causes it to produce completely nonphysical

predictions in some cases [28, 29]. As an example, this model cannot predict the crossing

of two beams of non-interacting particles.
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The physical situation of a huge number of independent, practically indistinguishable,

solid particles is very similar to the situation of a gas that is comprised of an enormous

number of identical atoms or molecules. It is therefore expected that the field of gaskinetic

theory can be used as a guide in this situation [7]. The technique of moment closures

from gaskinetic theory seems promising as a source of new models for multi-phase flows.

This technique leads to an expanded set of partial differential equations that describe the

evolution of statistical properties of the particle-velocity distributions. These equations

are in the form of a system of first-order hyperbolic balance laws that are amenable to

solution using standard numerical techniques. In general, the solution of these PDEs

promise enhanced physical accuracy while requiring considerably less effort than obtaining

solutions using a direct particle simulation.

Previous studies have had some success in applying techniques from kinetic theory to

multi-phase flow prediction. One technique allows particles at a location to have one of a

set of possible velocities. This can be accomplished by considering multi-velocity formula-

tions in which particles are grouped into families. However, these treatments often group

particles based on a predefined separation of velocity space, as was done by Sachdev [27].

All of the deficiencies of a single-velocity formulation can still be observed for cases that

are selected to illustrate the artifacts. Additionally, the resulting model equations are not

Galilean invariant as the segregation of velocity space is done in a fixed reference frame.

For example, DQMOM model of Desjardins et al. [23] is not invariant under rotation.

Another technique is to allow particles to have a continuous range of velocities. One

model in this family involves applying the compressible Euler equations to the particle

4



phase. This technique is commonly used and available in many multi-phase flow solvers.

Another model, originally derived by Levermore and Morokoff [2, 1, 18], admits 10 equa-

tions. The 10-moment Gaussian closure model is a moment closures and allows the stan-

dard deviation of particle velocities to be different in different directions [9, 17, 22]. This

model has been recently applied to particle flows by Vie et al. [30] in preliminary study. In

2013, a new moment closure of the Boltzmann equation was presented by McDonald and

Torrilhon [21]. It is based on an approximation of the maximum-entropy hierarchy. This

model allows the statistics describing particle velocities to be bi-model. It is expected that

this will greatly improve the accuracy of the predictions for multi-phase flow. Up to now,

this model has only been applied to pure gas flow. This work represents its first application

to multi-phase flow prediction.

1.1 Objectives and Relevance

The objective of the current study is to investigate new moment-closure models that might

alleviate the single-velocity model deficiencies and their mathematical artifacts [21]. We

investigate the modelling of inert, dilute, disperse, particle flows in challenging multi-

phase flow situations (e.g. particles-crossing). These particle flows are often difficult to

model, especially when particles display a range of velocities at each location in space.

Details regarding the derivation, the mathematical structure, and the physical behaviour

of the chosen models are explained. Finally a numerical implementation is presented and

results for several flow problems that are designed to demonstrate the fundamental and

limitations behaviour of each model are presented. It is demonstrated that the added
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physical accuracy of higher-order moment methods are Galilean invariant models which

allow particle crossing. It is through that this work represents the first even demonstration

of this.

1.2 Scope of Present Study

This current study reviews the derivation of several multi-velocity models for particle-laden

gas flows based on kinetic theory. The physical behaviour and limitations of each model

is demonstrated. Aspects of numerical implementation are presented. In Chapter 2, we

begin with a review of gaskinetic theory and the mathematical properties of the maximum-

entropy moment closures. Also in this chapter, we introduce practical difficulties of the

use of this maximum-entropy technique. In Chapter 3, we explain the construction of

several models: the single velocity model, the multi-velocity model, the Euler model and

the Gaussian model. The physical behaviour and limitations of the models are discussed.

In Chapter 4, we review the new fourteen-moment model [21] that was proposed for gas

flow prediction and show how it is modified to model multi-phase flow. In Chapter 5, a

numerical method for the solution of the resulting governing equations is presented. In

Chapter 6, results of numerical computation of several different problems, solved with

several models are shown. The particular cases are chosen to clearly demonstrate the

fundamental behaviour and limitations of each model. Finally, the last chapter concludes

with a summary of achievements and a view to future research.

6



1.3 Statement of Contribution

During this work, I investigate the use of a fourteen-moment closure model that might

alleviate typical mathematical artifacts associated with multi-phase phenomena. For ex-

ample, in the case of two or more groups of intersecting particles, crossing is impossible

in common models. This work is the first application of the fourteen-moment model to

such multi-phase flows. Through the use of kinetic theory of gases, traditional models

are rederived for comparison to the new model. In all cases suitable acceleration terms

resulting from particle drag are derived. A new computer code is constracted and used to

compare all models.
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Chapter 2

Overview of Multi-Phase Flows and
Gaskinetic Theory

2.1 Multi-Phase Flow

The behaviours of multi-phase gas-particle flows can be characterized through the definition

of the Stokes number, St, for a particle in a background flow. It is defined as the ratio of

the characteristic time of a particle (or droplet) to a characteristic time of the flow [25, 31].

St =
τV0

l0
, (2.1)

where V0 is the fluid velocity of the flow well away from a particle, l0 is the characteristic

dimension of the particle, and τ is the relaxation time of the particle due to the effect

of the drag force on the particle velocity. For the current study, it is assumed that the

flow around each particle is well approximated by Stokes flow. The Stokes law can model

the drag between the particle and background fluid when the particle Reynolds number is

low. The acceleration of a particle due to drag, ad(t, x, v), is due to the velocity difference

between the particle phase and the background phase. For Stokes flow, it can be expressed

8



Table 2.1: Definition of several multi-phase flow regimes

St� 1 Particle velocity is nearly the same as the fluid velocity
St ≈ 1 Significant velocity difference are present
St� 1 Particles are very weakly influenced by the fluid

as

ad(t, x, v) =
ug(t, x)− v

τ
, (2.2)

with

τ =
ρpd

2
p

µg18
, (2.3)

where ug is the background velocity, µg is the dynamic viscosity, ρp is the material density of

the particle phase and dp is the particle diameter. This relation follows from the assumption

of Stokes flow.

The Stokes number can be used to define several regimes which characterize the im-

portance of particles drag in flow behaviour. This separation is shown in Table 2.1. When

St� 1, this regime indicates that the particle motion is tightly coupled to the fluid motion.

Simple models, which ensure that particles have the same velocity as the background fluid,

are the best models to use for this regime. When St ≈ 1, particles are still strongly affected

by the flow but can have significantly different velocities. When St� 1, particles are only

weakly influences by the fluid. Their response time is longer than the time the fluid has

to act on it and so the particle will pass through the flow without much deflection in its

initial trajectory. Traditionally, when the Stokes number becomes very large, the details

of gas-particle behaviours become vital in an understanding of the situation. In such situ-

ations, traditional fluid mechanics cannot be used to accurately describe multi-phase flows

behaviour. For such situations the development of new advanced methods is required to

9



make accurate predictions possible. In developing such models, it is thought that the field

of kinetic theory of gases can serve as a guide.

2.2 Kinetic Theory of Gases

The objective of the kinetic theory is to describe the macroscopic properties of gases (i.e

pressure, temperature) using classical mechanics and a statistical representation of particle

velocity distributions. The multi-phase physical situation of a huge number of independent,

practically indiscernible solid particles is, in many ways, similar to that of a gas composed

of a huge number of atoms or molecules. It is therefore expected that powerful techniques

from the kinetic theory of gases could be equally applied to multi-phase flows. Kinetic

theory describes the microscopic state of a gas through the definition of a probability

density functions, F(xi, vi, t). Here, F(xi, vi, t), is a function that describes the relative

likelihood for a gas particle have a given position, xi, with a velocity, vi, at time, t. An

illustration of a distribution function for a simple one-dimensional setting is shown in

Figure 2.1. This distribution describes all gas particles near a given point at a given time.

It can be seen that most particles have a velocity near zero, through a significant number

have a velocity near negative four.

Specifically, the distribution function is defined such that

Nxivi = F(xi, vi, t) dxidvi, (2.4)

where Nxivi gives the number of particles existing in a six-dimensional phase space with

velocities between the range of vi and vi + dvi located in a space interval of xi and xi + dxi

at time t, as shown in Figure 2.2. Integrating Equation (2.4) over all possible velocities

10



v
-4 -2 0 2

Figure 2.1: Illustration of a typical distribution function, F(xi, vi, t), at a fixed xi and t.

and locations gives the total number of particles composing a gas,

N =

∫
V

∫
X

F(xi, vi, t)dvidxi . (2.5)

2.2.1 The Boltzmann Equation

The Boltzmann equation describes the evolution of the probability density function, where

interactions are limited to binary collisions [4, 3, 7]. This is a high-dimensional integro-

differential equation for F having the form

∂F
∂t

+ vi
∂F
∂xi

+
∂aiF
∂vi

=
δF
δt

, (2.6)

where the term on the right hand side of the equation, δF
δt

, is the collision integral and

represents the time rate of change of the distribution function produced by inter-particle

collisions. Here, ai is the acceleration of particles due to external forces.
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Figure 2.2: Representation of the two-dimensional phase space and a differential cell of
phase space. Each dot represents the momentary state of one gas particle.
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2.2.2 Moments of Distribution Functions

In order to relate the macroscopic properties of a gas (i.e pressure, temperature, mass

density, velocity, etc) to a particular distribution function, F(xi, vi, t), velocity moments

must be taken. Macroscopic properties of the gas, at a particular location and time, are

obtained by taking appropriate velocity moments of F . This is done by integrating the

product of the distribution function and an appropriate velocity-dependent weight, W (vi),

over all velocity space,

〈WF〉 =

∫∫∫
∞
WF(xi, vi, t)d

3v . (2.7)

For example, the mass density, ρ, can be determined by taking the molecular mass, m,

of the gas as the weighting function,

ρ(xi, t) =

∫∫∫
∞
mF(xi, vi, t) d3vi = 〈mF〉 . (2.8)

Here the compact notation 〈F〉 is used to denote integration over all velocity space. It is

possible to separate the particle velocity, vi into two components: the bulk velocity, ui,

where ρui = 〈mviF〉, and the random velocity, ci, such that vi = ui+ci. Moments can also

be taken using weights dependent on the random component of particle velocity, W (ci).

For example, the second-order random moment of F is

Pij = 〈mcicjF〉 . (2.9)

Here, Pij is the anisotropic pressure tensor. This tensor is a combination of the traditional

fluid pressure and viscous stress. It is related to the thermodynamic pressure, p, through

p = Pii/3 . Similar to the pressure tensor, by integrating the product of the distribution

13



function F and an appropriate velocity-dependent weight W (vi), we define the following

notation for general velocity moments of F :

U0 = ρ =
∫∫∫
∞mF dvi = 〈mF〉

Ux = ρui = 〈mviF〉 ci = vi − ui

Uxy = 〈mvxvyF〉

Uxii = 〈mvxviviF〉

Pij = 〈mcicjF〉

Qijk = 〈mcicjckF〉

Rijkl = 〈mcicjckclF〉

Here, third- and fourth-order moments of the random velocity are given the symbols

Qijk and Rijkl. All higher-order moments of the full particle velocity, vi, are given the

symbol U . The number of times a coordinate appears in the subscript of the symbol U

denotes the number of times that velocity component appears in the generating weight.

Using this method, we can take the moments of arbitrarily high order, but as the order

of a moment becomes higher, its physical significance becomes less clear. The Einstein

summation convention is used for general indices (i, j, k, etc.), but not for specific Cartesian

directions (x, y, z). For example, vivi = v2
x + v2

y + v2
z , but Pxx refers to a single early in the

tensor, Pij.

14



2.2.3 Maxwells Equation of Change

In order to determine the time evolution of the macroscopic quantity associated with a

velocity weight, W (vi), we take moments of the Boltzmann equation. This gives

∂

∂t
〈WF〉+

∂

∂xi
〈viWF〉+

〈
∂

∂vi
aiWF

〉
=

〈
W
δF
δt

〉
. (2.10)

By introducing the notation: ∆[WF ] =
〈
W δF

δt

〉
, equation (2.10) can be re expressed as

∂

∂t
〈WF〉+

∂

∂xi
〈viWF〉+

〈
∂

∂vi
aiWF

〉
= ∆[WF ] . (2.11)

This is Maxwell’s equation of change written in conservative form. To define a set of

moment equations describing the evolution of multiple macroscopic quantities a vector of

velocity-dependent weights, W(vi)
(k), is used in place of an individual weight. The result

will be a coupled set of k moment equations describing the evolution of the corresponding

conserved moments, Uk =
〈
W(k)F

〉
,

∂

∂t

〈
W(k)F

〉
+

∂

∂xi

〈
viW

(k)F
〉

+

〈
∂

∂vi
aiW

(k)F
〉

= ∆[W(k)F ] , (2.12)

or

∂U(k)

∂t
+

∂

∂xi

〈
viW

(k)F
〉

+

〈
∂

∂vi
aiW

(k)F
〉

= ∆[W(k)F ] . (2.13)

At this point it is also convenient to introduce the notation F
(k)
i =

〈
viW(vi)

(k)F
〉

for the

flux corresponding to the conserved moment vector U(k).

2.2.4 Grad Closure Hierarchy

According to Equation (2.13), it is strikingly clear that the evolution of U is related to

Fi. Due to the structure of Equation (2.13), Fi will always include moments of one order
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higher than those in U. These moments are not known and the system is not closed.

In order to close this system of equations, one technique is to restrict the distribution

function, F , to have a prescribed form. This form should have the same number of free

parameters, α = [α1, α2, ..., αn]T , as the number of entries in the vector U. The value

of these parameters is chosen so that the moment relations are satisfied. Higher-order

moments, that appears only on the flux, can then be integrated directly and become

functions of known moment that are present in the solution vector.

In 1949, Grad [9] has proposed an assumed form for the distribution function to close

the moment system. This proposition use a polynomial expansion around the equilibrium

Maxwellian, M, with the same density, momentum, and energy,

FGrad =MαTφ . (2.14)

The Maxwellian distribution is the local equilibrium state of the gas. Inter-particle colli-

sions move any gas to this state. The vector, φ, includes monomials of the particle velocity

and α contains the closure coefficients. As αTφ is a polynomial, it is possible for it to

be negative. This means that theory would predict a negative number of particles at a

location with a certain velocity. This, obviously, has no physical meaning. Also, the flux

Jacobian of models of this type can develop complex eigenvalues. This results in a loss

of hyperbolicity of the resulting PDEs, leading to ill-posed problems. The applicability of

models in this family is obviously very limited.
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2.2.5 Maximum-Entropy Moment Closures

Following Grad’s proposition, a newer hierarchy of closures was proposed by assuming the

distribution function is that which maximizes the entropy while remains consistent with

moments present in the solution vector, U. Boltzmann proved that the entropy of a gas,

that may be out of equilibrium, is given by < −kF lnF >. Using the technique of Lagrange

multipliers, it can be shown that the assumed form of F that maximizes their entropy while

remaining consistent with the known moments in the solution vector has the form

FMaxEnt = e(αTφ) . (2.15)

As the polynomial, αTφ, is now in an exponential, the distribution function is positive

valued, and for specific generating velocity weights in φ, the distribution stays finite.

The maximum-entropy distribution is also statistically the most likely distribution that

is consistent with the known moments. Also, after reviewed the useful mathematical

properties of the maximum-entropy moment closures, it is clear that the resulting moment

equations are globally hyperbolic. There are two commonly used low-order members of

the maximum-entropy family. The first lowest-order member of this hierarchy is found

by taking the generating weight to be W = [m,mvi,mvivi]
T , which is known as the 5-

moment closure. This closure results in the traditional compressible Euler equations of

gas dynamics. The second lowest-order closure is derived from the maximum-entropy

hierarchy by taking W = [m,mvi,mvivj]
T . It is known as the 10-moment closures or the

Gaussian closure [17]. The Gaussian closure gives a strictly hyperbolic treatment for viscous

adiabatic gas flows. However, it does not have a treatment for heat flux. Unfortunately,
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the maximum-entropy hierarchy has several issues related to the higher-order members of

this maximum-entropy family. Firstly, for any moment systems that include third-order

or higher-order moments, the vector of generating weights, φ , contains super-quadratic

terms, moments of the distribution function cannot be expressed in closed form as the

necessary integrals cannot be evaluated analytically. Secondly, Junk [16] has shown that

there are physically realistic states for which closure coefficients that satisfy the moment

relations do not exist. Both of these issues are explained in further detail in Chapter 4.

2.2.6 Application of Moment Closures to Multi-Phase Flow

The typical multi-phase situation of many particles is, in many ways, similar to that of a gas

composed of a huge number of atoms or molecules. It is therefore expected that powerful

techniques from the kinetic theory of gases could be applied. In this work, we define, S
(k)
i ,

the source term due to the drag force between the fluid and particles. Equation(2.13) can

then be rewritten compactly as

∂U(k)

∂t
+
∂F

(k)
i

∂xi
+ S

(k)
i = ∆[W(k)F ] , (2.16)

where S
(k)
i =

〈
∂
∂vi
aiW

(k)F
〉

with the particle acceleration due to drag given by Equation

(2.2). To investigate the most difficult physical cases, we are assuming that we have no

collision operator. Equation (2.16) can then be given as

∂U(k)

∂t
+
∂F

(k)
i

∂xi
= −S

(k)
i . (2.17)
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Chapter 3

Review of Current Models For
Multi-phase Flow Prediction

As Lagrangian treatments are often too expensive for practical use, Eulerian models are

chosen. We start by reviewing the traditional single-velocity model. We show how this

model could have been derived in the framework of kinetic theory and moment closures.

We then show a range of other techniques and extensions, derived using this theory.

3.1 Single-Velocity Model

The traditional, single-velocity model assumes that; for a given position, xi, and time, t;

all particles have the same velocity. From the perspective of kinetic theory, this means the

distribution function is a delta function,

F1 = ω(xi, t) δ(vi − v̂P (xi, t)) , (3.1)

where ω(xi, t) and v̂P (xi, t) are closure coefficients that must be chosen to ensure consis-

tency with Equation (2.7), and δ is the Dirac delta function.

A graphical representation of this distribution function for one point in space and time
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is shown in Figure 3.1. All the particles are concentrated on one velocity. By substituting

Equation (3.1) into Equation (2.11), and choosing as velocity weights W1 = m, and W2 =

mvi, the distribution function has moments

ρ = 〈mF〉 ,

ρui = 〈mviF〉 .
(3.2)

The following conservation model for particle flow can be found:

∂U

∂t
+
∂Fk

∂xk
= S , (3.3)

with

U =

 ρ

ρui

 , Fk =

 ρuk

ρuiuk

 and S =

 0

(ρ/τ)(ugi − ui)

 . (3.4)

Where U and Fk are the solution vector and flux dyad respectively and S is a vector

denoting the source term due to the drag force between the fluid and particles. Here, ugi

is the background fluid velocity and the value of τ comes from the assumption of Stokes

flow, and has the value

τ =
ρpd

2
p

µg18
. (3.5)

This system comprises one scalar and one vector equation for the conservation of mass

and momentum of the particle phase. The single-velocity model forces all particles to have

the same velocity at a point in space, but allows it to be different than the background

fluid velocity. However, restricting all particles at one location to have the same velocity

obviously renders this model inappropriate when the situation comprises multiple particle

velocities at any point in the flow. Though this is the most commonly used model, it

suffers from several major disadvantages. For example, if there are two or more groups
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of intersecting particle flows, particle crossing is impossible. Also, only a limited number

of boundary conditions can be applied. For example, reflective boundary conditions are

impossible, as was proved by both Slater [29] and Sachdev [26].

Eigenstructure for Two-Dimensional Flows

As with all models considered in this work, the resultant moment system takes the form

of first-order hyperbolic balance laws. The solution of such laws is in terms of waves that

are characterized by the eigenstructure of the flux Jacobians. For two space dimensions,

this model can be expressed in Cartesian coordinates as

∂U

∂t
+
∂Fx

∂x
+
∂Fy

∂y
= S , (3.6)

where again U is the vector of conserved variables which can be expressed as

U =


ρ

ρux

ρuy

 , (3.7)

The source vector, S, of Equation (3.6) has the form:

S =


0

ρ(ugx−ux)

τ

ρ(ugy−uy)

τ

 , (3.8)
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vx

vy

.

Figure 3.1: Example of a distribution function at one point in space corresponding to the
single-velocity model
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while Fx and Fy are x- and y-direction fluxes given by

Fx =


ρux

ρu2
x

ρuxuy

 , Fy =


ρuy

ρuxuy

ρu2
y

 . (3.9)

By making use of the flux-Jacobian matrices A = ∂Fx

∂U
and B = ∂Fy

∂U
, Equation (3.6) can

be rewritten as

∂U

∂t
+ A

∂U

∂x
+ B

∂U

∂y
= S , (3.10)

As this model is invariant under rotation, an investigation of the x-direction Jacobian

suffices to describe the system. This Jacobian is given as

A =


0 1 0

−u2
x 2ux 0

−uxuy uy ux

 . (3.11)

The eigenvalues for A are:

λ1−3 = ( ux, ux, ux ) .

The corresponding eigenvectors for the conserved variables are:

r1 =


0

0

1

 , r2 =


1
ux

1

0

 , r3 =


0

0

0

 ,

The speed of information propagation in hyperbolic systems is given by the eigenvalues

of A. It can be seen that, for this single-velocity system, all information moves with the

particle velocity, ui. The right eigenvectors are also listed as they are often important for
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the numerical solution of such systems.

3.1.1 Multi-Velocity Models

Once this classical model is seen through the lens of kinetic theory, it is natural to consider

extending the law by allowing multiple discrete velocities at any point in space [23, 5].

This is done by assuming F to be composed of multiple delta functions,

FM =
N∑
k=0

ω(k)(xi, t) δ(vi − v̂(k)
i (xi, t)) N ≥ 2. (3.12)

Figure (3.2), shows an illustration of how such a distribution function may appear. In

this case, it is assumed that, at any point in space and time, particles can have any of six

velocities. These six velocities need not be the same for every point in space.

It is often not possible to analytically determine the weights and locations of the delta

functions in the assumed distribution. Rather, a relatively expensive numerical inversion

algorithm must be used to determine the moment relation each time a flux evaluation is

needed. In order to render this inversion simpler, it is often assumed that the delta functions

must exist on a small number of lines in vx − vy space. The resulting models remain

numerically expensive and lose Galilean invariance. Such methods are not considered

further in this work.

3.2 Euler Model

Once the idea of multiple delta functions is abandoned, the next logical thought is to allow

the single delta function to expand to a continuous distribution. For this work, we do
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Figure 3.2: Illustration of a distribution function corresponding to the multi-velocity model
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this by following the maximum-entropy hierarchy, introduced in Section 2.2.5. As stated

earlier, the lowest-order member of this theory is a five-moment system that results in the

compressible Euler equations. The assumed distribution function is

M = FE =
ρ

m

√
ρ

2πp
exp

(
− ρ

2p
cici

)
. (3.13)

An illustration of this distribution function is shown in Figure 3.3. It can be seen that,

at a location, xi, there is a single particle velocity that most likely, but now there is a

significant standard deviation. This distribution function has moments:

ρ = 〈mF〉 ,

ρui = 〈mviF〉 ,

ρuiui
2

+
3p

2
=

〈
mviviF

2

〉
,

ρuiuj + δijp = 〈mvivjF〉 ,

ρuj(
5p

2
+
ρ(uiui)

2
) =

〈
mvjviviF

2

〉
.

(3.14)

If this equilibrium distribution function is substituted into Maxwell’s equation of change,

the result is a five-moment system that can be written as

∂ρ

∂t
+

∂

∂xi
(ρui) = 0 , (3.15)

∂

∂t
(ρui) +

∂

∂xj
(ρuiuj + δijp) =

ρ(ugi − ui)
τ

, (3.16)

∂

∂t
(
3p

2
+
ρ(uiui)

2
) +

∂

∂xj
(ρuj(

5p

2
+
ρ(uiui)

2
)) =

ρui(ugi − ui) + ρuj(ugj − uj)− 3p

τ
. .(3.17)

This is identical to the traditional compressible Euler-equations for a monatomic gas,

except there is now a source term that accounts for particle drag. The balance law can be
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expressed as

∂U

∂t
+
∂Fk

∂xk
= S (3.18)

Where

U =


ρ

ρui

3p
2

+ ρ(uiui)
2

 ; Fk =


ρui

ρuiuj + δijp

ρuj(
3p
2

+ ρ(uiui)
2

)

 and S =


0

ρ(ugi−ui)
τ

ρui(ugi−ui)+ρuj(ugj−uj)−3p)

τ

 .

(3.19)

Eigenstructure for Two-Dimensional Flows:

Again, in order to evaluate the wave behaviour of the Euler system, it is necessary to study

the eigenstructure of this model. We need to calculate the eigenvalues and eigenvectors for

the flux Jacobian. The system, expressed in two-dimensional Cartesian coordinates, is

∂U

∂t
+
∂Fx

∂x
+
∂Fy

∂y
= S . (3.20)

Where again U is the vector of conserved variables which can be expressed as:

U =



ρ

ρux

ρuy

3p
2

+
ρ(u2x+u2y)

2


, (3.21)
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The source vector S of equation. (3.20) has the form:

S =



0

ρ(Vx−ux)
τ

ρ(Vy−uy)

τ

ρux(Vx−ux)+ρuy(Vy−uy)−3p

τ


, (3.22)

While Fx is the x-direction flux, given by

Fx =



ρux

ρu2
x + p

ρuxuy

ux(
5p
2

+
ρ(u2x+u2y)

2
)


. (3.23)

By making use of the flux-Jacobian matrix: A = ∂Fx

∂U
and B = ∂Fy

∂U
, Equation (3.20) can

also be rewritten as

∂U

∂t
+ A

∂U

∂x
+ B

∂U

∂y
= S . (3.24)

The Jacobian A = ∂Fx

∂U
can be written as

A =



0 1 0 0

u2x( 5
3
−3)+(u2y)( 5

3
−1)

2
ux(3− 5

3
) uy(1− 5

3
) 5

3
− 1

−uxuy uy ux 0

ux(ρ(u2x+u2y)( 5
3

2−3 5
3

+2)−2 5
3
p

2ρ( 5
3
−1)

p

ρ( 5
3
−1)
− (u2x+u2y)

2
+ p

ρ
+ u2

x(
5
3
− 1) uxuy(1− 5

3
) ux

5
3


(3.25)

The eigenvalues of the matrix A in equation( 3.25) are u, u, u + a, and u − a . Here, a
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is the speed of sound, with a =
√

5p
3ρ

for a monatomic gas. The right eigenvectors of the

matrix are

V1 =



1

u− a

v

H − ua


, V2 =



1

u

v

(u2+v2)
2


, V3 =



0

0

1

v


, V4 =



1

u+ a

v

H + ua


,

with specific enthalpy

H =
(E + p)

ρ
, (3.26)

where E = 3p
2

+
ρ(u2x+u2y)

2
is the energy density.

3.3 Gaussian Model

The next lowest-order member of the maximum-entropy hierarchy is the Gaussian model.

In 1867, Maxwell [19] seems to have been the first researcher who inferred the Gaussian

distribution. After almost one hundred years, Holway [12, 13, 14, 15] and Schlüter [11, 24]

both rediscover it. For the Gaussian closure, the velocity distribution function is assumed

to have the form

FG =
ρ

m(2π)3/2(det Θij)1/2
e(−

1
2

Θ−1
ij cicj) . (3.27)

Where Θij = Pij/ρ is an anisotropic “temperature” tensor. An example of this distribu-

tion function is illustrated in Figure 3.4. It can be seen that it is similar to the Euler

distribution, except lines of constant probability are now stretched into ellipses. In other

words, the standard deviation of particle velocities is now different in different directions.

The moment equations corresponding to the Gaussian closure can be obtained by using
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the weights W (10) = {1, vi, vivj}. When the resulting distribution function, is used in

Maxwell’s equation of change, Equation (3.6), the result is a set of ten partial-differential

equations describing the transport of the macroscopic quantities ρ, ui, and Pij, which may

be expressed as

∂ρ

∂t
+

∂

∂xk
(ρuk) = 0 , (3.28)

∂

∂t
(ρui) +

∂

∂xk
(ρuiuk + Pik) = S2 , (3.29)

∂

∂t
(Pij + ρuiuj) +

∂

∂xk
(ρuiujuk + uiPjk + ujPik + ukPij) = S3 . (3.30)

Here, Equation (3.28) represents the continuity equation, Equation (3.29) represents the

momentum equation and Equation (3.30) is a tensor equation for a symmetric energy

tensor.

Eigenstructure for Two-Dimensional Flow:

Against the behaviours of the system is described by the eigenstructure of the flux Ja-

cobians. The balance laws are again expressed in two-dimensional Cartesian coordinates

as

∂U

∂t
+
∂Fx

∂x
+
∂Fy

∂y
= S , (3.31)
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where again U is the vector of conserved variables which can be expressed as

U =



ρ

ρux

ρuy

ρu2
x + Pxx

ρuxuy + Pxy

ρu2
y + Pyy

Pzz



, (3.32)

while Fx and Fy are x- and y-direction fluxes given by

Fx =



ρux

ρu2
x + Pxx

ρuxuy + Pxy

ρu3
x + 3uxPxx

ρu2
xuy + 2uxPxy + uyPxx

ρuxu
2
y + uxPyy + 2uyPxy

uxPzz



, Fy =



ρuy

ρuxuy + Pxy

ρu2
y + Pyy

ρu2
xuy + 2uxPxy + uyPxx

ρuxu
2
y + uxPyy + 2uyPxy

ρu3
y + 3uyPyy

uyPzz



. (3.33)
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The source vector, S,of Equation (3.31) has the form

S =



0

ρ
τ
(ugx − ux)

ρ
τ
(ugy − uy)

2
τ
(ρux(ugx − ux)− Pxx)

1
τ
(ρuy(ugx − ux) + ρux(ugy − uy)− 2Pxy)

2
τ
(ρuy(ugy − uy)− Pyy)

− 2
τ
Pzz



,

By again making use of the Jacobians A = ∂Fx

∂U
and B = ∂Fy

∂U
, Equation( 3.31) can also be

rewritten as

∂U

∂t
+ A

∂U

∂x
+ B

∂U

∂y
= S . (3.34)

The Jacobian A = ∂Fx

∂U
can be written as:

A =



0 1 0 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

−3uxc
2
xx + u3

x 3(c2
xx − u2

x) 0 3ux 0 0 0

(u2
xuy)−

Pyux+2uyPxy

ρ

−2Pxy

ρ
− 2uyux c2

xx − u2
x uy 2ux 0 0

(uxu
2
y)−

uxPyy−2uyPxy

ρ

Pyy

ρ
− u2

y
2Pxy

ρ
0 2uy ux 0

−Pzzux
ρ

Pzz

ρ
0 0 0 0 ux



. (3.35)

The eigenvalues and right and left eigenvectors must be determined for A. Using ρc2
xx =
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Pxx , the eight eigenvalues of A are

λ1−7 =
(
ux −

√
3cxx, ux − cxx, ux, ux, ux, ux + cxx, ux +

√
3cxx

)
.

These represent the wave speeds of the fundamental solution modes for the model. The

corresponding right eigenvectors are

rc1 =



1

ux −
√

3cxx

uy −
√

3Pxy

cxxρ

3c2
xx − 2

√
3uxcxx + ux

2

uxρuycxx−ux
√

3Pxy−
√

3c2xxρuy+3cxxPxy

cxxρ

ρ2u2yc
2
xx−2

√
3Pxycxxρuy+ρc2xxPyy+2P 2

xy

ρ2c2xx

Pzz

ρ



, rc2 =



0

0

1

0

ux − cxx

2
(
uy − Pxy

cxxρ

)
0



,

rc3 =



1

ux

uy

u2
x

uxuy

u2
y

0



, rc4 =



0

0

0

0

0

1

0



, rc5 =



0

0

0

0

0

0

1



,
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rc6 =



0

0

1

0

ux + cxx

2
(
uy + Pxy

cxxρ

)
0

0



, rc7 =



1

ux +
√

3cxx

uy +
√

3Pxy

cxxρ

3c2
xx + 2

√
3uxcxx + ux

2

uxρuycxx+ux
√

3Pxy+
√

3c2xxρuy+3cxxPxy

cxxρ

ρ2u2yc
2
xx+2

√
3Pxycxxρuy+ρc2xxPyy+2P 2

xy

ρ2c2xx

Pzz

ρ



.
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Figure 3.3: Illustration of a typical assumed distribution function for the Euler closure
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Figure 3.4: Illustration of a typical assumed distribution function for Gaussian closure
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Chapter 4

Fourteen-Moment Closure Model

4.1 Closed-Form Approximation to Maximum-Entropy

Closures

The success of the 5 and the 10-moment maximum-entropy closures to produce ever-more

flexible models gives confidence that higher-order models should be easily produced. Un-

fortunately, for the next member of the theory, a 14-moment closure, the two issues men-

tioned earlier become problematic. The vector of generating weights for this closure is

φ = [m,mvi,mvivj,mvivjvj,mvivivjvj]. This produces a quadratic polynomial, αTφ, in

the distribution function. Figure 4.1 shows an illustration of a general form that this

distribution can take. It can be seen that bi-modal distributions are now possible.

Evaluation the moments of this distribution would require integration functions of the

form ∫
F(xi, vi, t) =

∫
e(α0+α1v+α2v2+α3v3+α4v4)dv . (4.1)

A solution of such an integral is unknown. The result of this is that, given a set of

known moments, the corresponding closure coefficients, α, can only be found through an

expensive, poorly conditioned iterative process. Also, Junk has shown that these exist
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physically possible states for which no distribution with maximum entropy exists [20]. In

order to circumvent these issues, McDonald and Torrilhon have recently proposed a new

interpolative procedure that approximates the true closure [20]. The main points of this

new procedure are summarized here.

The moments that fill the solution vector for this model are

ρ = 〈mF〉 , ui =
〈mviF〉

ρ
, Pij = 〈mcicjF〉 , Qijj =

〈
mcic

2F
〉
, Riijj =

〈
mc4F

〉
,

where, Qijj is the heat flux vector and Riijj is a forth-order moment. The resulting system

of moment equations is:

∂ρ

∂t
+

∂

∂xi
(ρui) = 0

∂

∂t
(ρui) +

∂

∂xj
(ρujui + Pij) = S2

∂

∂t
(ρuiuj + Pij) +

∂

∂xk
(ρujuiuk + Pjkui + ujPik + ukPij +Qijk) = S3

∂

∂t
(ρuiujuj + uiPjj + 2ujPij +Qijj) +

∂

∂xk
(ρuiukujuj + Pjjuiuk+

2uiujPjk + 2ujukPij + ujujPik + uiQkjj + ukQijj + 2ujQijk +Rikjj) = S4

∂

∂t
(ρuiuiujuj + 2uiuiPjj + 4uiujPij + 4uiQijj +Riijj)+

∂

∂xk
(ρukuiuiujuj + 2ukuiuiPjj + 4uiuiujPjk + 4uiujukPij + 2uiuiQkjj+

4uiukQijj + 4uiujQijk + 4uiRikjj + ukRiijj + Skiijj) = S5 .

To close this system of PDEs, we must find expression for moments which appear only in

the flux dyad. These are

Sijjkk =
〈
mcic

4F
〉
, Rijkk =

〈
mcicjc

2F
〉
, and Qijk = 〈mcicjckF〉 ,
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vy

Figure 4.1: Illustrative representation of a Fourteen-moment maximum-entropy distribution
function
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The closing procedure proposed by McDonald and Torrilhon is based on an interpolation

procedure between limits of realizability. There are two limits of realizability for this

closure. First, there are limits to physical realizable. Just as density and pressure can

never be negative in reality, it can be shown that the forth moment, Riijjj cannot be less

than QijjP
−1
ik Qkll +

PiiPjj

ρ
, a quadratic function of Qijj. For the maximum-entropy theory,

there is another limit. It represents the region of physically possible states for which the

entropy maximization problem has no solution. This limit is all states for which Qxii = 0

and Riijj >
2PjiPij+PiiPjj

ρ
. The states where

Riijj =
2PjiPij + PiiPjj

ρ

correspond to the 10-moment Gaussian closure. So, if there is no heat flux, the fourth

moment cannot be higher than that predicted by the 10-moment model. A simplified

illustration of these two limits is shown in Figure 4.2. On both of these realizable limits,

it is possible to gain knowledge about the missing terms in the flux dyad. By defining

an interpolation coefficient, σ, McDonald and Torrilhon used this boundary knowledge to

propose approximation to the missing terms. The coefficient σ is defined as

σ =
[2PijPji + PiiPjj − ρRiijj] +

√
([2PijPji + PiiPjj − ρRiijj]2 + 8ρPmnPnmQkii(P−1)klQljj)

4PijPji

(4.2)

This has value zero on the Junk region where

Qxii = 0 and Riijj >
2PjiPij + PiiPjj

ρ

and value one on the limit of physical realizability. The postulated closing moment relations
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Figure 4.2: Illustrative representation of the realizability region
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have the form

Qijk = KijkmQmnn , (4.3)

with

Kijkm =
∂Qijk

∂Qmnn

= [2PilP
2
jk + 2PklP

2
ij + 2PjlP

2
ik]B

−1
lm , (4.4)

and

Blm = 2Plm(P 2
αα) + 4(P 3

lm) , (4.5)

Rijkk =
1

σ
Qijl(P

−1)lmQmkk +
2(1− σ)PikPkj + PijPkk

ρ
, (4.6)

and

Sijjkk =
1

σ2
P−1
kn P

−1
lm QnppQmjjQikl + 2σ

1
2
PjjQikk

ρ
+ (1− σ

1
2 )WimQmnn , (4.7)

with

Wim =

(
1

ρ

)
[2Pil (Pαα)3 + 12Pil

(
P 3
)
αα

+

14
(
P 2
)
αα

(
P 2
)
il

+ 20
(
P 3
)
il
Pαα+

20
(
P 4
)
il
− 2

(
P 2
)
αα

(P )ββ (P )il−

6 (P )2
αα

(
P 2
)
il
]B−1

lm

The resulting system of PDEs is very complex. It would be extremely difficult to evaluate

the flux Jacobians. Certainly, no details of the eigenstructure of these matrices is known.
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Chapter 5

Numerical Method

In this chapter, we present the details of the proposed method developed for the numeri-

cal computation of the solution of the governing partial differential equations outlined in

Chapter 3 and 4. Section 5.1 describes the development of a Godunov-type finite-volume

schemes. Section 5.2, reviews the Riemann problem and how to determine an approximate

solution. This is used for inter-cellular flux evaluations. In Section 5.3, a brief review is

given of the HLL approximate Riemann solver [10].

5.1 Godunov-Type Finite-Volume Methods

The numerical method used in the current study is based on Godunovs scheme [6], which

has been considered by many scientists. Godunovs scheme can be derived from the integral

form of the hyperbolic moment equations, which involve only first-order derivatives. The

first step is to integrate the system of PDEs over an arbitrary cell in a computational mesh

∫∫∫
Vi

[∂U

∂t
+ ~∇ · F

]
dV =

∫∫∫
Vi

SdV . (5.1)

Where U is the conserved solution vector, F is the flux dyad and S is the source vector.
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First, we separate the integral into two components, exchange the order of operations on

the first term, and make use of the divergence theorem. Equation (5.1) can be rewritten,

for the ith cell, as

d

dt

∫∫∫
Vi

UdV +

∫∫
Si

i F · n̂dS =

∫∫∫
Vi

S . (5.2)

It is now clear that the rate of change of the conserved quantities, U, in a control volume

is dictated by the flux, F, through the surface of the control volume and generation or

destruction by the source vector. By realizing that 1
Vi

∫∫∫
Vi

UdV = Ū is the average value

of the conserved quantities in the control volume, Equation (5.2) can be rewritten as:

dŪ

dt
= − 1

Vi

∫∫
Si

i F · n̂dS +
1

Vi

∫∫∫
Vi

S . (5.3)

When applied to a two-dimensional control volume in a mesh of quadrilaterals (as seen

in Figure 5.1), and making use of explicit Euler time integration, Equation.(5.3) can be

rewritten as:

Ūn+1
i = Ūn

i −
∆t

Ai

(∑
k

(Fk · nk ∆`)nk

)
+ ∆t S̄ni , (5.4)

where Ai is the control volume area, n̂ is the outward-forcing unit normal to the kth cell

face and ∆` is the length of the kth cell face. The superscript represents the index of the

time step. The numerical fluxes at the faces of each cell, (Fk · nk ∆`), are determined

from the approximate solution of a Riemann problem. For this work, this is done using

the HLL (Harten-Lax-van Leer) flux function. The distinguishing feature of Godunovs

technique comes from the method through which the inter-cellular fluxes are determined.

This is done through the solution of a Riemann problem, which automatically adds enough

numerical dissipation to stabilize the scheme.
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Figure 5.1: Two-dimensional quadrilateral cell and inter-cellular fluxes
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Figure 5.2: Riemann Problem

5.2 The Riemann Problem

The Riemann problem is a one-dimensional problem that demonstrates a hyperbolic sys-

tems response to a discontinuity. When formulated along the x axis, it has the following

piece-wise constant initial data for the left and right states given by

U =


UL if x < x0

UR if x ≥ x0

As shown in Figure (5.2), for hyperbolic systems, this problem will have a self-similar

solution and results in the generation of waves separating piecewise constant states. In

Godunovs method the determination of the solution state at the cell interface is used to

determine the flux between cells. For relatively simple equation sets, such as the Euler

equations, exact Riemann solvers, such as the one proposed by Groth and Gottlieb [8], can

be used. However, for more complicated systems, an exact solution is not available and

approximate Riemann solvers must be used. In this work, the HLL approximate Riemann

solver is used [10].
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Figure 5.3: Illustration of HLL approximate Riemann Solver

5.3 The HLL Approximate Riemann Solver

In the approximate Riemann solver proposed by Harten, Lax and van Leer [10], the ap-

proximate Riemann solver can be derived from the one-dimensional conservation form of

a hyperbolic set of equations (Greens theorem has been applied):

∫
S

g(Udx− Fdt) = 0 . (5.5)

As shown in Figure (5.3) it is assumed that, after the decay of the initial discontinuity

of the local Riemann problem, only two waves propagate in two opposite directions with

velocities λL and λR, generating a single state between them. Here, λL and λR are estimates

of the smallest and the largest of the signal speeds arising from the solution of the Riemann

problem. If a time step of ∆t is taken, the left and right waves will have moved a distance
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λL∆t and λR∆t respectively. Evaluating the path integral in Equation (5.5) gives:

−ULλL∆t+ URλR∆t− FR∆t−Um(λR − λL)∆t+ FL∆t = 0 . (5.6)

Where where FL and FR are the Flux vectors evaluated at UL and UR. This can be

rearranged to give:

Um =
URλR −ULλL − (FR − FL)

λR − λL
. (5.7)

The goal of this approximate solver is to determine the flux at x = 0, or Fm. Simply

evaluating the flux at state Um, F(Um), will lead to a non-conservative scheme as Rankine-

Hugoniot condition, ∆F = λ∆U , will not be satisfied. The solution is to perform one more

path integral. The new path integral comprises either the portion of the previous domain

that is to the left or right of the x = 0 vertical line. If the left portion is chosen, this new

integral yields:

−ULλL∆t− Fm∆t+ UmλL∆t+ FL∆t = 0 . (5.8)

This can be rearranged to give:

Fm = FL + λL(Um −UL) , (5.9)

by substituting this in Equation (5.8), we have

Fm =
FLλR − FRλL + (UR −UL)(λRλL)

λR − λL
. (5.10)

Evaluating a path around the right-hand portion of the region will yield an identical result.

Lastly, the two wave speeds must be determined. The wave speed λR is taken to be the

maximum wave speed of UR, and λL is the minimum wave speed of UL. The final HLL
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flux function is given by:

F =


FL if λL > 0

Fm if λL < 0 & λR > 0

FR if λR < 0

5.4 Explicit-Euler time marching

As stated earlier, the explicit Euler time marching scheme has been used in this work..

This time-marching method is widely used for solving steady and unsteady flows problems

in computational fluid dynamics. It tend to be easy to implement and code. Explicit

methods use the state of the system at the current time in order to calculate an update to

find the state of the system at a later time as given:

Un+1 = Un +4tRn , (5.11)

where R = dU
dt

.

In order to ensure stability of this explicit method, the time step can be no longer than

∆t =
∆x

max(|λ|)
,

where ∆x is the grid spacing and max(|λ|) is the largest absolute value of any wave speed.

A CFL (Courant-Friedrich-Lavy) number is defined as a safety factor such that the actual

time step used is

∆t = CFL
∆x

max(|λ|)
.
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Chapter 6

Results

Three situations are chosen that demonstrate the advantages of a fourteen moment descrip-

tion as compared to previous methods. For each situation, we try to solve the problem

using each of the models discussed in the previous chapters. First, we consider two crossing

beams of non-interacting particles. Single-velocity descriptions are incapable of describing

such crossing of particle trajectories. Second, a situation of one group of fast-moving par-

ticles which overtakes and passes through a group of slower particles is considered. Third,

two crossing beams of non-interacting particles with a background acceleration field, meant

to represent a drag force, is treated. In all these cases, much of the domain contains no par-

ticles. Numerical errors can result in some areas developing non-physical states especially

for the fourteen moment description. For example, in some regions, where the density

should be zero, numerical errors can result in a very small negative value. It is therefore

necessary to ensure the state in each cell is realizable after each time step. For any cells

that have states that are slightly out of a realizable state, one simply moves back to the

boundary of realizability before the next time step. A CFL number of 0.5 was used in all

cases.
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6.1 Crossing Beams

In order to verify and explore the accuracy of the different models, the first case considered

is that of two crossing jets of particles in a vacuum. For this case, a mesh of 600 by 600 cells

is used. This yields meshes of 360,000 equally sized cells. The domain is 0.0 m < x < 2.0 m

and −1.0 m < y < 1.0 m. The boundary conditions are transmissive everywhere except

on the left boundary, where two jets of particles enter. If −0.8 m < y < −0.6 m on this

wall, a jet of particles, all with ρ = 1 kg/m3, ux = 1 m/s, and uy = 1 m/s, enters. If

0.6 m < y < 0.8 m another jet of particles with ρ = 1 kg/m3, ux = 1 m/s, and uy = −1 m/s

enters. Solutions were advanced in time until steady-state was reliably achieved. As the

particles are assumed not to interact with each other, the exact solution is that the two

beams should continue in straight lines and exit the domain, as shown in Figure 6.1.

Computed solutions for particle density when a single-velocity model is used are shown

in Figures 6.2, the beams cannot cross and the particles simply clump together along the

symmetry line. This popular method is completely inappropriate for this situation. In the

Euler-model solutions, shown in Figures 6.3, the beams cannot cross and we can see the

presence of shock waves after the intersection point. A dispense cloud of particles expands

into the vacuum. For the Gaussian model solutions, shown in Figures 6.4, the beams do

appears to start crossing each other. However, the results are not very clear. The fourteen

moment solutions, shown in Figures 6.5, correctly allows the beams to cross. However,

following the crossing, the beams expand and dissipate. It is thought that this is largely

due to numerical dissipation. Certainly, no model is able to reproduce the exact solution

to high accuracy. It is clear that each time the complexity of the model is increased, the
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quality of solution improves.

Figure 6.1: Illustration of the exact solution, crossing beams

6.2 Superimposed Families of Particles

The second case considered is that of one family of non-interacting particles overtaking

another. For this case, a mesh of 600 by 600 cells is used. This yields meshes of 360,000

equally sized cells. In this case, at time zero, one family of particles with ρ = 1 kg/m3

and ux = 1 m/s spans the region 1.0 m < x < 1.4 m and 0.5 m < y < 1.5 m. A second

family with ρ = 1 kg/m3 and ux = 6.0 m/s spans the region 0.4 m < x < 0.6 m and

0.8 m < y < 1.2 m. Results at t = 0s, t = 0.1 s, t = 0.2 s, t = 0.3 s, t = 0.4 s and t = 0.6 s

are shown in Figure 6.6. Again, the exact solution should show the faster family of particles

simply passing through the slower one, completely unaffected. As shown in Figure 6.7, it

can again be seen that the single-velocity model is wholly unable to predict this effect as

particles again collect in a concentrated region. Similarly, in the Euler model solutions,
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Figure 6.2: Solution for case of two crossing beams of non-interacting particles, computed
using the single-velocity model.

shown in Figures 6.8, the faster family of particles is unable to keep its shape after moving

through the second family. For the Gaussian model solutions, shown in Figures 6.9, we

have better results than the two previous models. However, the particles from the region of

interaction quickly dissipate. The results for the fourteen-moment formulation, as shown

in Figure 6.10 are not much better. It can be seen that the faster particles do pass through

the slower group, however, there is a noticeable interaction. It is thought at this time

that this is largely due to numerical errors incurred when the two families initially come in

contact with each other. It is possible that this due to our choice of the numerical method.

Further study of this process is needed.
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Figure 6.3: Solutions for case of two crossing beams of non-interacting particles, computed
using the Euler model

6.3 Crossing Beams with Acceleration Field

The final case considered is that of two jets of particles in an imposed background flow

field. Specifically, the domain stretches from 0.0 m < x < 3.0 m and −0.75 m < y < 0.75 m.

On the left boundary, when −0.6 m < y < −0.4 m or 0.4 m < y < 0.6 m , particles enter

with ρ = 1 kg/m3, ux = 0.2 m/s, and uy = 0.0 m/s. For this case, we fix τ = 8.0 s. There

exists an imposed velocity of a background fluid of the form
ugx = 0.2 m/s

ugy = −εy


Here, ε is taken to be 2.5 s−1. This situation is similar to one studied previously [30] and

is chosen because an exact solution can be constructed.
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Figure 6.4: Solution for case of two crossing beams of non-interacting particles, computed
using the Gaussian model.

6.3.1 Exact solution

The exact solution can be obtained by integrating the Lagrangian equations for any parti-

cle, starting at x = 0 with velocity upx = 0.2 m/s and upy = 0 m/s. The ordinary differential

equations describing this situation are

dyp
dt

= uy,
duy
dt

=
−1

τp
(uy − vg(y)) =

−1

τp
(up + εy)

where yP is the y coordinate of the particle. Combining the Lagrangian equations yields a

scalar second order equation that describes the y motion in a frame that moves along the

x axis with the particle’s x-direction velocity, ux,

dy2

dt2
+

1

τ

dy

dt
+
ε

τp
y = 0

Assuming a Stokes flow, we define a Stokes number St = ετp and ω2 = 1
4
| 1
τ2p
− 4ε

τ2p
|. This
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Figure 6.5: Solution for case of two crossing beams of non-interacting particles, computed
using the Fourteen-moment model.

system has a critical Stokes number, Stc = 1
4
, above which the solution is oscillatory.

Yp(t) = y0 exp(− 1

2τp

) =


exp(−ωt) if St < 1

4

cos(−ωt) + 1
2ωτp

sin(−2ωt) Otherwise

This is shown graphically in Figure 6.11.

6.3.2 Eulerian Model Solutions

In this final case, we have two crossing beams of non-interacting particles with an imposed

background velocity field that generates a drag force. For this case, a mesh of 1000 by

200 cells is used. This yields meshes of 200,000 equally sized cells. In this case, the

domain is 0.0 m < x < 3.0 m and −0.75 m < y < 0.75 m. The boundary conditions are

transmissive everywhere except on the left boundary, where two jets of particles enter. If

−0.6 m < y < −0.4 m on this wall, a jet of particles, all with ρ = 1.0 kg/m3, ux = 0.2 m/s,
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and uy = 0.0 m/s, enters. If 0.4 m < y < 0.6 m another jet of particles with ρ = 1.0 kg/m3,

ux = 0.2 m/s, and uy = 0.0 m/s enters. Results obtained using the single-velocity model

are shown in Figures 6.12, again the beams cannot cross. For the Euler model solutions,

shown in Figures 6.13, the beams cannot cross and we can see the presence of a shock

wave after the intersection point. This leads to a complex structure in the model solution

that is very different from the true solution. For the Gaussian model solutions, shown in

Figures 6.14, the particle beams do cross. This is surprising, as this case was previously

investigated by Vie et al. [30] using the Gaussian model, and no crossing was observed. A

different numerical method was used in their case, and the current results seem far closer

to the desired solution. For the 14-moment model, shown in Figure 6.15, the jets also

cross once. The results are very similar to the 10-moment case. This is surprising, as it

was expected that the bi-modal distribution of the 14-moment model would be needed to

achieve such a crossing.
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(a) Exact solution, t = 0.0 s (b) Exact solution, t = 0.1 s

(c) Exact solution, t = 0.2 s (d) Exact solution, t = 0.30 s

(e) Exact solution, t = 0.40 s (f) Exact solution, t = 0.6 s

Figure 6.6: Solutions for case of one family of non-interacting particles overtaking another,
Exact solution.
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(a) Single-velocity model, t = 0.0 s (b) Single-velocity model, t = 0.1 s

(c) Single-velocity model, t = 0.2 s (d) Single-velocity model, t = 0.30 s

(e) Single-velocity model, t = 0.40 s (f) Single-velocity model, t = 0.6 s

Figure 6.7: Solutions for case of one family of non-interacting particles overtaking another,
computed using single-velocity model.
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(a) Euler model, t = 0.0 s (b) Euler model, t = 0.1 s

(c) Euler model, t = 0.20 s (d) Euler model, t = 0.30 s

(e) Euler model, t = 0.40 s (f) Euler model, t = 0.6 s

Figure 6.8: Solutions for case of one family of non-interacting particles overtaking another,
computed using Euler model.
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(a) Gaussian model, t = 0.0 s (b) Gaussian model, t = 0.1 s

(c) Gaussian model, t = 0.20 s (d) Gaussian model, t = 0.30 s

(e) Gaussian model, t = 0.40 s (f) Gaussian model, t = 0.6 s

Figure 6.9: Solutions for case of one family of non-interacting particles overtaking another,
computed using Gaussian model.
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(a) Fourteen-moment model, t = 0.0 s (b) Fourteen-moment model, t = 0.1 s

(c) Fourteen-moment model, t = 0.2 s (d) Fourteen-moment model, t = 0.30 s

(e) Fourteen-moment model, t = 0.40 s (f) Fourteen moment model, t = 0.6 s

Figure 6.10: Solutions for case of one family of non-interacting particles overtaking an-
other, computed using the fourteen-moment model.
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Figure 6.11: Steady solution of two inertial particle jets (St = 8.0) injected in a compressive
velocity field: particle number density

Figure 6.12: Single-velocity model, particle density
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Figure 6.13: Euler model, particle density

Figure 6.14: Gaussian model, particle density
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Figure 6.15: Fourteen-moment model, particle density
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Chapter 7

Conclusions

This research entailed the investigation of novel models for an inert, dilute, disperse, par-

ticle flow, possibly coupled to a background fluid flow. Such flows are important in many

engineering situations. Particle phases are often difficult to model, as Lagrangian methods

can be too costly and many Eulerian methods suffer from severe model deficiencies and

mathematical artifacts. This work examines and compares several multi-velocity formula-

tions for the prediction of gas-particle flows. In a quest for new multi-velocity treatments

for particle-gas flows that eliminate some or all of the artifacts of previous treatments while

maintaining desirable mathematical structures (such as Galilean invariance), it has been

demonstrated that the higher-order moment-closure-based model offers many advantages

when compared to the single-velocity, or five-moment treatments. The use of such mod-

els has shown to provide Eulerian models with the potential for the prediction of crossing

streams of particles. If there are two or more groups of intersecting particles, particle cross-

ing is impossible in the single-velocity, or Euler model. Thus, higher-order models have the

promise of being more physically accurate in situations when particles at a given location

and time do not all have the same (or nearly the same) velocity. It is hoped that these mod-
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els provide a good balance of improved physical accuracy over the standard, single-velocity

treatment, while remaining less costly than the more expensive multi-velocity treatments

where the distribution of particle velocities must be computed using a costly algorithm

for every flux evaluation. The goal of this work that should be taken from this study

into higher-order moment systems is that there do exist higher-order moment closures and

techniques that can be used to obtain a closed system for highly non-equilibrium flow

problems, such as the crossing beams case. It was shown that the fourteen-moment model

produce superior results for coupling of the particle model to a fluid model for a background

gas flow. The field of gaskinetic theory provides a framework for this coupling through

the acceleration term. Finally, numerical solutions for several canonical and traditionally

difficult flow situations was shown for each method and comparisons was made.

7.1 Suggestion and Future Work

It is clearly demonstrated that the idea of using the fourteen moment model to solve the

multi-phase problems is better than the other models. The numerical methods used in

this thesis were only first-order accurate. Higher-order methods should allow a higher

resolution of solution details and may reveal previously unseen effects. Non-interacting

particles were used in this work, as this is the most difficult case to model. Real particles,

however, do interact. For the application of these models to real situations, an appropriate

collision operator is needed. Once again, gaskinetic theory offers a mature theory for this,

but the details of construction remain to be worked out and likely depend on the situation.
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