-

1

uOttawa

L'Universit¢ canadienne
Canada’s university



P

FACULTE DES ETUDES SUPERIEURES juit} FACULTY OF GRADUATE AND

ET POSTOCTORALES uOttawa POSDOCTORAL STUDIES

1.'Université canadienne
Canada’s university

Abdelkrim El Basraoui

AUTEUR DE LA THESE / AUTHOR OF THESIS

M.Sc. (Mathematics)

GRADE / DEGREE

Department of Mathematics and Statistics
FACULTE, ECOLE, DEPARTEMENT / FACULTY, SCHOOL, DEPARTMENT

Modular Functions and Replicable Functions

TITRE DE LA THESE / TITLE OF THESIS

Abdellah Sebbar

DIRECTEUR (DIRECTRICE) DE LA THESE / THESIS SUPERVISOR

CO-DIRECTEUR (CO-DIRECTRICE) DE LA THESE / THESIS CO-SUPERVISOR

EXAMINATEURS (EXAMINATRICES) DE LA THESE / THESIS EXAMINERS

Daniel Daigle Damien Roy

Kenneth Williams

Gary W. Slater

LE DOYEN DE LA FACULTE DES ETUDES SUPERIEURES ET POSTDOCTORALES /
DEAN OF THE FACULTY OF GRADUATE AND POSTDOCORAL STUDIES




MODULAR FUNCTIONS
AND
REPLICABLE FUNCTIONS

By
Abdelkrim EL BASRAOUI
August 2005

A Thesis
submitted to the School of Graduate Studies and Research
in partial fulfillment of the requirements
for the degree of

Master of Science in Mathematics!

© Copyright 2005
by Abdelkrim EL BASRAOUI, Ottawa, Canada

!The M.Sc. Program is a joint program with Carleton University, administered by the Ottawa-
Carleton Institute of Mathematics and Statistics.



i~l

Library and Bibliothéque et

Archives Canada Archives Canada

Published Heritage Direction du

Branch Patrimoine de I'édition

395 Wellington Street 395, rue Wellington

Ottawa ON K1A ON4 Ottawa ON K1A ON4

Canada Canada
Your file Votre référence
ISBN: 978-0-494-16975-9
Our file  Notre référence
ISBN: 978-0-494-16975-9

NOTICE: AVIS:

The author has granted a non-
exclusive license allowing Library
and Archives Canada to reproduce,

publish, archive, preserve, conserve,

communicate to the public by

telecommunication or on the Internet,

loan, distribute and sell theses
worldwide, for commercial or non-
commercial purposes, in microform,
paper, electronic and/or any other
formats.

The author retains copyright
ownership and moral rights in
this thesis. Neither the thesis
nor substantial extracts from it
may be printed or otherwise
reproduced without the author's
permission.

L'auteur a accordé une licence non exclusive
permettant a la Bibliothéque et Archives
Canada de reproduire, publier, archiver,
sauvegarder, conserver, transmettre au public
par télécommunication ou par I'Internet, préter,
distribuer et vendre des theéses partout dans

le monde, a des fins commerciales ou autres,
sur support microforme, papier, électronique
et/ou autres formats.

L'auteur conserve la propriété du droit d'auteur
et des droits moraux qui protége cette these.
Ni la these ni des extraits substantiels de
celle-ci ne doivent étre imprimés ou autrement
reproduits sans son autorisation.

In compliance with the Canadian
Privacy Act some supporting
forms may have been removed
from this thesis.

While these forms may be included
in the document page count,

their removal does not represent
any loss of content from the

thesis.

Canada

Conformément a la loi canadienne
sur la protection de la vie privée,
quelques formulaires secondaires
ont eté enlevés de cette these.

Bien que ces formulaires
aient inclus dans la pagination,
il n'y aura aucun contenu manquant.



Contents

ACKNOWLEDGMENTS .. . . . .. e 3
INTRODUCTION .. . . .. . e e, 4

1 DISCRETE SUBGROUPS OF PSL,y(R)

1.1 MOBIUS TRANSFORMATIONS . . . . . ... .. ... .......
1.2 DISCRETE SUBGROUPS OF PSLyo(R) . . . ... ... ... ....
1.3 CONGRUENCE SUBGROUPS . . ... .. ... ... ........ 13
2 MODULAR FUNCTIONS 19
2.1 MODULAR FUNCTIONS . . . . .. ... ... . .. 19
2.2 SOME CLASSICAL MODULAR FUNCTIONS . .. ... ... ... 20
221 The j-function . . ... ... ... .. ... ... .. ... 21
2.2.2 The f-function . . ... ... ... ... ... ... 21
223 The Adfunction . . . ... ... 22
2.3 THE DEFINITION OF A HAUPTMODUL . ... ... ....... 22
24 FIELDS OF MODULAR FUNCTIONS . . . . . ... ... ...... 25
2.5 THE AUTOMORPHISMS OF THE MODULAR FUNCTION FIELD
SN 29
3 REPLICABLE FUNCTIONS 32
3.1 FINITE SIMPLE GROUPS . .. . ... ... ... ... . ...... 32
3.2 MONSTROUS MOONSHINE . . .. .. ... ... ... .. ..... 35
3.3 FABER POLYNOMIALS . .. .. ... ... ... .. .. ... ... 37
3.4 TRANSFORMATIONSOF ORDER~7 . . ... ... ... ...... 40



3.5 REPLICABLE FUNCTIONS . .. ... ... ... ... .. .... 43

4 REPLICABILITY OF HAUPMODULS 55
41 CONGRUENCE SUBGROUPS OF PSLy(R) . . . . . .. ..ot 55
42 REPLICABILITY OF HAUPTMODULS . . . . . .. ... ... ... 59
4.3 FURTHER DEVELOPMENTS . . . . ... ... 71

BIBLIOGRAPHY ... . ..ot 67



ACKNOWLEDGMENTS

I would like to thank warmly my supervisor Prof. Abdellah Sebbar for the many
precious things he did for me, for introducing me to this subject, for the valuable
suggestions he provided while reviewing this thesis, and for supporting me financially.
I also thank the Department of Mathematics and Statistics for the financial support.
A special thank go to my parents and family for their moral and financial support.

My thanks also go to my colleagues and friends.



To my Parents



INTRODUCTION

The theory of modular functions plays a central role in mathematics and particu-
lary in number theory. These functions are defined on the complex upper half-plane
H := {z € C| Sm(z) > 0} and are invariant under some subgroups of the group
SLo(R) consisting of the two by two matrices with real entries and determinant 1.
The most interesting subgroups of PSLy(R) are those commensurable with the modu-
lar group PSLo(Z) = SLy(Z)/{£I}. They give rise to various modular functions that
are connected with several fields of mathematics. One particular modular function,

the elliptic modular j-function, which was discovered by Dedekind in 1877, has a

Fourier expansion
1
j(z) = a + 196884q + 21493760¢> +---, g = exp(2miz), z € H.

It generates the field of modular functions for PSLy(Z); in other words it is a Haupt-
modul for the modular group PSLy(Z), and it also characterizes isomorphism classes
of elliptic curves over C and has other important aspects. However, one of the most
intriguing aspect is the connection with the so-called Moonshine theory. Indeed,
when the Monster simple group M was discovered over three decades ago, it has been
noted that its first non-trivial irreducible representation has dimension 196883, and

this lead John McKay to formulate his famous equation
196884 = 196883 + 1

suggesting that there is a certain connection between the Monster group M and the

j-function. Later, John Thompson provided similar equations linking coefficients of
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j with dimensions of representations of M from the character table of the Monster,
which were then used by Conway and Norton to formulate the theory of Moonshine
in their remarkable paper “Monstrous Moonshine“ [6]. In particular the Moonshine
conjecture states that there is a relationship between finite simple groups and modular
functions.
The Moonshine Conjecture:

To each conjugacy class of cyclic subgroups < g > of the Monster M, there corre-

sponds a series

+ i an(9)q"

n=1

fg(Q) =

Q=

such that:

1. Foralln >1, g a,(g) is a character of the Monster group.

2. As a function of z, z € H, where g = exp(2miz), f,(2) is modular function for
some genus zero subgroup G of PSLy(R) containing a T'o(N), for some N, with
finite index, and the transformations z — z + k if and only if k € Z.

This conjecture has now been proved by Borcherds [3]. In their paper, Conway and
Norton also conjectured that, for an element g € M, the functions fg~ associated to

powers of g are connected in the following way:

> i (E2) = Bl )

ad=n

where F, is a specific polynomial defined from f,. In fact, F, is the unique polynomial

such that F,, (f,(2)) —1/¢™ has no fractional terms in ¢. In particular,ifg=e, f; =

), (‘”j") = F ((2))

ad=n
o<b<d

characterizes the action of the Hecke operator on the j-function. One can extend the

then

formula (%) to a more formal setting, namely, let
1 oo
f(z) = p + Zaqu , q=exp(2miz), ax € C. (%%)
k=1
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We say that f is replicable if for each a > 1, there are functions f(* also of the form

(%%), such that, for each n > 1

»e (“j b) — F. (f(2)).

ad=n
0<b<d

In particular, using () we see that the Moonshine functions f;, g € M, are replicable.
In [20], Norton made the following conjecture:

Conjecture:

A function of the form (xx), with ay € Q is replicable if and only if either f(z) =

1/q + cq, or it is the Hauptmodul for a certain congruence group .

In [10], Cummins and Norton proved a part of this conjecture, namely that rational
Haupmoduls are replicable. The converse is not proved yet. The work by Martin [14]
establishing the Modularity of a subclass of replicable functions was widely known
since 1994 as the only verified case of the converse. However, my advisor and I have
discovered a flaw in the proof that renders his argument invalid.

The thesis is organized as follows:

In chapter 1, we introduce the Mobius group PSLs(Z) and its discrete subgroups.
We characterize in more details the congruence subgroups in algebraic and geometric
terms.

In chapter 2 we introduce the notion of modular functions and provide several
examples. We end the chapter with an emphasis on the field of modular functions for
certain congruence subgroups.

In chapter 3, we introduce the notion of replicable functions and its origin from
finite group theory and Moonshine theory. We then provide the replication of certain
classical modular functions using direct methods

In the last chapter, we review in details the proof by Cummins and Norton of the

replicability of the rational Haupmoduls.



Chapter 1

DISCRETE SUBGROUPS OF
PSLy(R)

In this chapter, we introduce the discrete subgroups of PSL;(R) acting on the
complex upper half-plane H := {z € C| Sm(z) > 0}, and study some properties of
the quotient spaces obtained by identifying equivalent points in H under the action
of these groups. We will also study a particular class of discrete subgroups, namely

the class of congruence groups.

1.1 MOBIUS TRANSFORMATIONS

The group SLy(R), consisting of 2 x 2 matrices of determinant 1 with real entries,

acts on the complex upper half plane H by

( a b > az+b

Lz = .
c d cz+d
In fact this is an action of PSLy(R) := SLy(R)/{£I} which extends to HUR U {o0}.

By the point at infinity in the above union, we mean the point icc.
The elements of SLy(R) are classified according to their traces. Let o € SLo(R) \

{1}, we have the following cases



e Tr(a) = +2 & « fixes one point on RU {0}, and « is called parabolic and the

fixed point is called a cusp.
o |Tr(a)| > 2 < « fixes two points on RU {oo}, and « is called hyberbolic.

e |Tr(a)| < 2 & « fixes one point on H, and « is called elliptic while the fixed

point is called an elliptic point.

The action of SLy(R) is transitive on H, since, for a >0, b € R
a2 g2\ .
0 g1 2= a1+ 0.

Theorem 1.1.1 ( [19]). The automorphism group of H is Aut(H) = PSLy(R).

Furthermore, we have

We are interested in the quotients G \ H*, where G is a subgroup of PSLy(R) and
H* is the union of H and the set of cusps of G, obtained by identifying G-equivalent
points in H* with the induced topology.

1.2 DISCRETE SUBGROUPS OF PSLy(R)

Definition 1.2.1. Let G be a subgroup of PSLy(R). Then G is called a discrete
subgroup of PSLy(R) if the induced topology on G is discrete.

Example 1.2.1. One of the most important and intensively studied discrete subgroup

of PSLs(R) is the modular group

where SLy(Z) is the group of 2 x 2 matrices of determinant 1 with entries in Z.
The set of cusps of PSLo(Z) is Q U {oo}. To see this, first note that oo is fixed

by the parabolic transformation T : z — 2z + 1 of PSLy(Z), so oo is a cusp. Now,



b
let s be a cusp of PSLy(Z), s # oo, and let ¢ J ) € SLy(Z) be the parabolic
c

element that fixes s so that (as +b)/(cs+d) = s € Q, and so s = (a — d)/2c.
Conversely, if s € Q, write s = p/q, with (p,q) = 1, so that there exists r,t € Z

such that v = ( P Z ) € SLy(Z) and v - 0o = p/q which is also a cusp, since oo is.
q

Therefore, the set of cusps of PSLy(Z) is QU {oo}, and all the cusps are equivalent
under PSLy(Z). Similarly, one can prove that the elliptic elements of PSLy(Z) are
either of order 2 or 3 and the set of elliptic points is represented by the two points
i and p = exp(27i/3), i.e. any elliptic point is PSLy(Z)-equivalent to one of these
two points. The elliptic point 7 is fixed by the transformation S : z — —1/z while p
is fixed by ST. It is known that PSLy(Z) = (S,T) and PSLy(Z) is the free product
(S) % (ST).

We shall now give some properties that characterize discrete subgroups of PSLy(R)

and that generalize the case of PSLy(Z).

Proposition 1.2.1 ( [19], Proposition 2.5). Let G be a discrete subgroup of a
locally compact group F acting on a topological space S such that for any s € S the
stabilizer {g € G| g.s = s} is compact. Then

1. Forany s € S, {g € G| g.s = s} is finite.

2. Foranys € S, there is a neighborhood U of s such that, ifg € G and UNgU # 0,

then g.s = s.

3. For any two G-nonequivalent points s,s' € S, there exist neighborhoods U of s
and V' of ' such that gUNV =0 for allg € G.

Corollary 1.2.2. Let G be a discrete subgroup of PSLy(R). If z € H is an elliptic
point then G, = {v € G| vz = 2z} is finite.

Keeping the same notations and conditions as in the above corollary, we have

Proposition 1.2.3 ( [28], Proposition 1.16). G, is a finite, cyclic group.
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Let us now fix a discrete subgroup G of PSLy(R), and let us denote, as above, the
union of H and the cusps of G by H*. Notice that H* depends on G, and H* = H if

G has no cusps.
For the purpose of characterizing the quotient G \ H* we first define a topology
on H*. For z € H, as a fundamental system of neighborhoods of z we take the usual

one. If ¢ # oo is a cusp, a fundamental system is given by
{c} U {the interior of the circle tangent to the real axis at c}.

For co we take {oo} U {z € H| Sm(z) > k} for all positive integers k.

Theorem 1.2.4 ( [28], Theorem 1.28). The quotient space G\H*, with the quotient
topology induced by H*, is Hausdorff.

Proposition 1.2.5 ( [28], Proposition 1.32). If the quotient space G \ H* is

compact, then the number of inequivalent cusps (respectively elliptic points) is finite.

It may happen that G \ H is compact, in this case G has no parabolic elements.

Ezample 1.2.2. If G = PSL,y(Z) then the quotient space PSLy(Z) \ H* is the sphere,

so it is compact (see Example 1.2.3 below).

Now, with the above properties, we can define a structure of Riemann surface, i.e.
a one dimensional connected complex analytic manifold, on the quotient G \ H* as
follows.

If 2 is neither elliptic nor a cusp, then we can choose a neighborhood U of z, such
that the projection map p : H* — G \ H* induces a homeomorphism from U to
G\ U. We take as a local coordinate (p(U),p™1).

If 2o is an elliptic, let G, 1= G,o.{£I}/{£I} where G., = {y € G| vz = 2}.
Let ¢ be an isomorphism of H onto the unit disc such that 1(z) = 0, for example
Y1z (2—2)/(z+2). If G,, has order n, then ¥/G,,1~! consists of transformations
v &z, 0 < k < n, & = exp(2mi/n). Let U be a neighborhood z such that
G ={y € G| YUNU # 0}, define a map ¢ : G, \ U — C by p(p(2)) = ¢(2),
then ¢ is a homeomorphism onto an open subset of C. As a local coordinate for z
we take (G, \ U, ¢).

11



Finally, when z; is a cusp, let a € SLy(R) such that azg = oo. Then

aG o {£I} = {i ( (1) }lz > | m e Z},

for some positive A. Then, we can define a homeomorphism ¢ of G,, \ U, where U
is as in the elliptic case, into an open subset of C by ¢(p(2)) = exp(2micz/h). The

local coordinate for z is then given by (G, \ U, ¢).
Thus, we have been able to define a structure of a Riemann surface on G \ H*.

Definition 1.2.2. If the Riemann surface G \ H* is compact, then G is called a
Fucshian group of the first kind. In this case, we define the genus of G to be the

genus of the compact Riemann surface G \ H*.

Let R, R be two compact Riemann surfaces, and f : " — R a holomorphic
mapping. Then f is either surjective or constant. Suppose that f is non-constant.
Then (R, f) is called a covering of R and f is a covering map. Moreover, there exists
an integer n called the degree of the covering (R, f) of R, known to ben = e;+- - - +e,
for some h, where e; is the ramification index of the covering (R, f) at some point
2o € R, i.e. the multiplicity of f(zo) in the fiber of f. It is known that the degree
of the covering is independent of the choice of zp, and that the number of points 2
such that e,, > 1 is finite. Now, if g and ¢’ are the genera of ® and R’ respectively,
then they are connected by the following formula

29’ —2=n(2g-2) + Z(ez - 1)
zER!
where e, is the ramification index at 2. This formula is known as the Riemann-
Hurwitz formula.
For some subgroups F' of PSLy(R) it is sometimes easy to recognize the structure

of F\ H* by constructing what we call the fundamental region for F.

Definition 1.2.3. Let G be a discrete subgroup of PSLy(R). A fundamental region
for G is a connected subspace, say Dg, of H such that no two points in the interior
of the closure of D¢ are equivalent under a transformation of G and every point of H

is equivalent to some point of Dg under G.

12



Ezample 1.2.3. When G = PSLy(Z), the fundamental region D for PSLy(Z) is
given be D; = {z € H| —1/2 < Re(z) <0, |2] 2 1} U{z € H| 0 < Re(2) <
1/2, |z| > 1}, see figure 1. If we identify the equivalent points in the closure D; of
D, we get a punctured sphere. Hence, as stated above, we recognize the structure of

the quotient PSLy(Z) \ H* from the fundamental region D; of PSLy(Z).

It can be shown that any discrete subgroup G of PSLy(R) has a fundamental

region, however, an explicit construction of a fundamental domain is not easy.

1.3 CONGRUENCE SUBGROUPS

Definition 1.3.1. Let H;, Hy be subgroups of a group F'. Then H; and H, are said
to be commensurable if H; N H, is of finite index in both H; and H,.

Note that the notion of commensurability is an equivalence relation. This notion

allows us to deduce some common properties between the concerned groups.

Proposition 1.3.1 ( [28], Proposition 1.11,(2)). Let Hy, Hy be commensurable
subgroups of a topological group F. If Hy is discrete, then Hy is discrete.

Proposition 1.3.2 ( [28], Proposition 1.30). Let G1,Gy be commensurable sub-
groups of PSLy(R) . Then G; and Gy have the same set of cusps.

Proposition 1.3.3 ( [28], Proposition 1.31, 1.32). Let G1,G> be as in the above
proposition. Then Gy \ H* is compact if and only if Go \ H* is compact. If G1 \ H* is

compact then the set of G1-inequivalent cusps (resp. elliptics) is finite.

We will be mainly interested in groups G that are commensurable with PSLy(Z).
It follows in this case that G is a discrete subgroup of PSLy(R) and the set of cusps
of G is QU {oo}. Examples of such groups are defined as follows.

13



Let N be a positive integer, the principal congruence subgroup I'(N) of PSLy(Z)
is defined by

F(N)={’y=<a 2>|a5d51( mod N), b=c=0( modN)}.

c

It is of finite index in PSLy(Z), for N > 3
N3 1
u(N) = [PSLa(2) : T(N)] = =] (1 _ _2> |

while [PSLs(Z): T'(2)] = 6.
In fact, we have the following exact sequence
0 — I(N) — PSLy(Z) — PSLo(Z/NZ) — 0,

where PSLy(Z/NZ) = SLy(Z/NZ)/{£I} and SLy(Z/NZ) is the group of matrices
of determinant 1 and with entries in Z/NZ. Clearly, I'(N) is the kernel of the map
PSLy(Z) — PSLy(Z/NZ), so it is normal in PSLy(Z).

It is easy to see that, for N > 2, I'(IV) has no elliptic points.

Definition 1.3.2. Let N be a positive integer. A subgroup G of PSLy(Z) is called
a congruence subgroup if it contains a I'(V), and it is called of level N if N is the

smallest integer such that I'(V) is in G.

Ezxzample 1.3.1. The groups

+1 %

0 41 ) ( mod N)}/{if},

Fl(N) = {O& € PSLQ(Z)I o= <

C

o(N) = {( ¢ Z ) € PSLy(Z)| b=0( mod N)} H{£I}

which clearly are congruence subgroups of level N. Notice that I'1(N) = (I'(N), T).

An other important example of congruence subgroups, is the subgroups
b
To(N) = {( ¢ , ) € PSLy(Z)] c = 0( mod N)} J{&I}.
c

14



Clearly, T'o(N) is a congruence subgroup of level N and is conjugate to the subgroup
I'°(N) by the transformation z — Nz.
The index po(N), the numbers v, and v of elliptic points of order two and three

respectively, and the number v, of cusp points are given by (see for example [28],

=

Proposition 1.43)

po(N) = [PSLy(Z) : To(N)] = N. |

pIN
0, if4 | N;
Vy = leN <1 + (:pi)) , otherwise.
0, if9|N;
V3 = HP!N <1 + (—?3>> , otherwise.

veo = Y ¢l(d, N/d))

dN

where ¢ is the Euler’s function and (;) the quadratic residue symbol given by

( 0, ifp=2;
<;p1_> =4¢ 1, ifp=1( mod4);
| L if p=3( mod 4).

(0, ifp=3;
<_?3> =<¢ 1, ifp=1( mod 3);
-1, ifp=2( mod 3).

\

To illustrate some of the properties mentioned at the end of the previous section

we draw the fundamental region for the groups I'(2), I'0(2), and I'g(4), and give the

generators of these groups (see figures 2, 3 and 4 respectively).
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r(2) = (S, 7%)
[o(2) = (52, T)
Lo(4) = (84, T)
where T is as before, Sy : 2z — 2/(22+ 1), and Sy : 2z +— z/(4z + 1).

In particular, I'(N) and (V) are commensurable with PSLy(Z), so they have
QU {oo} as their set of cusps.

Let G be a subgroup of PSLy(Z) of genus g, let v be the number of inequivalent
cusps, and let 7 be the number of inequivalent elliptic points. Let myq,...,m, be the
orders of the stabilizer of all conjugacy classes of elliptic points. Then we say that
G has signature (g; my,...,my; Vs). The algebraic structure of the group can be
determined by its signature. In fact, the group has a presentation:

generators :
Al, Bg,..., Ag, Bg; El,..., ET; Pl,..., Pyoo

relations :

EM=.=E"= ﬁRﬁEiﬁAiBiAlei‘l.
=1 i=1 i=1

The generators P; are parabolic, the E; are elliptic, and the A; and B; are hyperbolic.

Now, denote by v, 3 the numbers of G-inequivalent elliptic points of order 2 and
3 respectively, and p the index of G in PSLy(Z). The Riemann-Hurwitz formula
yields

Proposition 1.3.4. If G is a subgroup of PSLy(Z), then

122 1] Vs Voo
= — == — 1
9=ty 17373 (W
Remark 1.3.1. e We can use the above proposition, noting that
p(N)
(D)) = B2,
oo (T(V)) = £

to prove that I'(V) has genus zero if and only if 1 < N <5.

16



e In [22] Ogg noticed that the number of the integers N such that I'g(V) is of genus
zeros is finite, namely for the following values of N = 1,2, 3,4,5,6,7,8,9, 10, 12,
13,16, 18, and 25.

e It has been shown [16] that I'o(/V) has no elliptics of order 2 if —1 is not a
square mod N, and has no elliptics of order 3 if —3 is not a square mod N.
Therefore, the values of N for which I'o(NV) is genus O and torsion free are
N =4, 6,8, 9, 12, 16, 18, 25. Also, we note that I'((N?) and TI'(N) are
conjugate for N =2, 3, 4, 6, however I'4(36) is no longer of genus 0.

Table 1 illustrates the index, and the signature for I'o(/N) for these values of N

stated in the previous remark.

17



Table 1.1.

N | Index | Signature
1 1 (0;2,2;1)
2| 3 | (02,02
3| 4 | (0:032)
4| 6 (0:0,0:3)
51 6 |(0:22332)
6 12 (0;0,0;4)
7 8 (0;0,3,3;6)
8 12 (0;0,0;4)
9 12 (0;0,0;4)
10} 18 (0;2,2,0;4)
12| 24 (0;0,0;6)
13| 14 |(0;2,2,3,3;2)
16| 24 (0;0,0;6)
18] 36 | (0:0,0:8)
25| 30 | (0:2,2,0:6)
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Chapter 2

MODULAR FUNCTIONS

In this chapter, we introduce the notion of modular functions and Hauptmoduln
for discrete subgroups of PSLy(R). We study their properties and the function field

of related Riemann surfaces.

2.1 MODULAR FUNCTIONS

Let G be a group commensurable with PSLy(Z). Recall that the quotient space

G \ H* has a structure of Riemann surface inherited from H.
Definition 2.1.1. A modular function for G is a meromorphic function f: H — C

b
>€Gandz€H
c d

az+b
F(E5) =@,
and such that f is meromorphic at the cusps. To say that f is meromorphic at the

cusps means that for any a € PSLy(Z) the function f(az) has a Fourier expansion,

a
invariant under the action of G, i.e. for any (

also called g-expansion, of the form

flaz) = i brg"/ e

k=—00
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for some b% and N, depending also on « with b7 = 0 for all but finitely many negative

k, where ¢ = exp(27iz) and z € H.

Remark 2.1.1. For convenience, when the meaning is clear, we refer to the transfor-
a b

mation z — (az + b)/(cz + d) by the corresponding matrix g > in SLy(Z), as

we did in the above definition.

A modular function, in fact, defines a meromorphic function on the Riemann

surface G \ H*.
Modular functions have interesting properties, we state some of them in the fol-

lowing theorem
Theorem 2.1.1 ([2], Theorem 2.4, 2.6).

1. If f is modular and not identically 0, then the number of zeros of f is equal to

the number of poles of f in the closure of the fundamental region.

2. If f is a modular function and bounded on H then f is constant.

2.2 SOME CLASSICAL MODULAR FUNCTIONS

The functions in this section can all be expressed in terms of the classical Jacobi

Theta functions defined by

f2(2) = ZP(M—%)Q, bs(2) = ZP"2> 04(2) = Z(—l)npn27

where p = exp(miz) and z € H, which behave under the generators T : z — z+1 and
S :z+— —1/z and of PSLy(Z) as follows

(T2) = exp(Ta(2), 65(T2) = 6a(2), 6u(T2) = s(2)

02(Sz) = (—i2)204(2), 03(Sz) = (—i2)263(2), 04(Sz) = (—i2)26y(2)
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and which satisfy the fundamental relation (see for example [25], for more other

relations)
05 + 05 = 63.

2.2.1 The j-function

When G = PSLy(Z), the classical elliptic function

3
j(z) = 1728%22 = % + 744 + 196884g + 21493760¢ + - - - ,

where g, is the Eisenstein series and A is the discriminant function defined by

g2(2z) = 60 Z (—1)4, and g3(z) =140 Z m

m,n=-—00 m + nz mn=—co

(mn)#(0,0) (mn)#(0,0)
o

A(2) = g3(2) — 27g3(2) = (2m)2q [ [ (1 = ¢,
n=1

is invariant under PSLy(Z). It takes the values 0, 1, and oo on the points p, 4, and

oo respectively. It is known that ([16])

j(2) + 744 = 28 (03(2) + 63(2) + 02(;;))3.

03(2)05(2)65 (=)
2.2.2 The S-function
The B-function is defined by
_ B3(2)* N2 AN — 1 _ 2
Bz) = (1657 i~ 8 0= - 2760 2043¢" -

The facts that (3 is invariant under I'g(2) and has a ¢-expansion as in the definition
follow from the properties of Jacobi Theta functions. Recall that 85(c0) = 0, so the

B-function has a simple zero at infinity. Some special values of 3 are

ﬂ(_l;i) =-40, B0)=24, B(oo0) =00
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2.2.3 The A-function
We define a modular function for I'g(4), which we call the
A-function, by

(63(2) + 63(2))*
63(2)

1
AMz) =16 —8=E+20q—62q3+216q5—---.

It takes the values —8, 8, and oo at the three inequivalent cusps —1,0, and oo respec-

tively.

2.3 THE DEFINITION OF A HAUPTMODUL

Considerable interest has been shown in genus zero subgroups of PSLy(R), since
the advent of “Moonshine*, especially to those subgroups commensurable with PSLy(Z),

mainly, because of the following property.
When the genus of G is 0, any nonconstant function giving an isomorphism from

the compact Riemann surface G \ H* onto C U {co} generates the field of modular

functions for G.

Definition 2.3.1. Let G be commensurable with PSLy(Z) of genus zero. Let f be
an isomorphism from G \ H* onto CU {co}. Then f is called a Hauptmodul for the
genus zero group G if f maps oo to oo; it is unique up to multiplication by a nonzero
constant and addition of a constant.

If, in addition, the g-expansion of f has the form
1 o
f(z) = Y + Z arg™/N (2)
k=1

for some positive integer N, where ¢ = exp(2miz) and z € H, then we say that f is

the normalized Hauptmodul at infinity for G. The normalized Hauptmodul is unique.

Throughout this work, by Hauptmodul we mean the unique normalized Haupt-
modul for G.
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Exzample 2.3.1. 1. The j-function induces an isomorphism from G \ H* onto
C U {oo}, and has g-expansion of the form (3) (N = 1). Therefore it is a
Hauptmodul for the modular group PSLy(Z).

2. The S-function is a Hauptmodul for the genus zero group ['4(2). One can, using
only properties of Jacobi Theta functions to prove that
(8- 232)3
(6—24)*
3. For T'p(4), the Hauptmodul is given by the A-function. Similarly, as in the
previous example, the A-function is connected to the j-function and to the (-

function by the following

M2 4 240X + 2112)° 256
j= OB
(A+8)(\—8)¢ A48

10
Remark 2.3.1. Tx(4) is conjugate to I'(2) by the matrix ( 09 ) therefore, one

can easily check that A(z/2) is a Hauptmodul for I'(2). More generally, recall the
result of [16], the values of N for which T'(V) is conjugate to Io(N?) and ['o(N?)

is genus zero are exactly N = 1,2,3,4 and they are the only ones, the matrix of
1 0
conjugation being o N/ In these cases, if fy(z) is a Hauptmodul for [o(N?)

then fx(z/N) is a Hauptmodul for ['(N).
Also, one can express all the Hauptmoduls in terms of the Dedekind Eta function,

defined as follows -
n(z) = ¢/ J[(1-¢"),
k=1

where ¢ is as usual, and satisfies
n(Tz) = exp(2m1/24)n(z),

n(Sz) = v =iz n(z).
In table 2.1, we give the expression of the Haupmoduls for I'o(/N) in terms of the
Dedekind Eta function, for those values of N such that I'g(N) is genus zero (see [6]).
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Table 2.1.

2IZ

n*4(2)

5
n'2(z)

n'2(32)

n'%(4z)
n*(22)n°(8z)

n*(42)n*(62)

n?(2z)n*(122)

n%(2)n(82)
n(2z)n*(16z)

n(62)n>(92)
n(32)n°(18z)

N | Hauptmodul for I'g(V)

10
12
13
16
18
25
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2.4 FIELDS OF MODULAR FUNCTIONS

Let N be a positive integer, and denote by Fnc the field of modular functions
of level N over C, i.e. the field of modular functions invariant under I'(N) whose
g-expansions have coefficients in C. The group PSLj(Z) operates as a group of auto-
morphisms of §yc by f— foa, a € PSLy(Z). Indeed, let o € PSLy(Z), v € T'(N),
and f € nc. Then flayz) = f(7'az) = f(az), since I'(N) is normal in PSLy(Z).
Therefore, f o o is invariant under I'(IV), and clearly meromorphic on H.

We shall now find generators for §x ¢, which behave nicely under the transforma-
tions of PSLy(Z).

Definition 2.4.1. Let N be an integer > 1, for r, s € Z not both divisible by NV, we
define functions fi.q) by fes)(2) = f((rz 4+ s)/N; z), where

f(w;z)=%p(w;z,l), ze€H, weC,
where the g;(1 = 2,3) the classical Eisenstein series, A the discriminant modular

function, and p the Weierstrass p-function associated to the lattice L = Z + 2Z

defined as ) . )
p(w;z,1) = ;4'2((2—_?)5—&}—5) :

weL
w#0

is the so called first Weber function.
If (r,5,N) =1, fu,s is called primitive of level N.

Now, since the p-function is periodic, it follows that f.,) depends only on the
residue classes of r and s mod N, that means that
firs) = fir,#) whenever r = 7' mod N and s = §/( mod N). Thus, we make the
following notation which may exhibit more this property. Let (a1,a2) = a € Q? but
not in Z2, and we write f,(z) = f(a1z + ag; 2). Such functions are called the Fricke

functions.
If a € PSLy(Z), since Z + 2Z = Z + azZ, we have

fa o a(z) = faa(z) = fa(az)'
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Note that —I acts trivially, since the p-function is an even function. Hence,

the action of PSLy(Z) is well defined. Here also, we denote a transformation z —

b
> in SLy(Z). We also notice
c

(az + b)/(cz + d) by its corresponding matrix ( ¢
that, by definition, the f, are holomorphic on H.
Remark 2.4.1. The Fricke functions are modular of level N, because if

a € I'(N), then aa = a( mod N) and hence, from the comments above, fuo = fa

and so foa(2) = folaz) = fo(2), for every a € T'(N).

If f, is primitive of level NV, then so is f,, for every o € SLy(Z).
Indeed, let a = (r/N,s/N) such that f, = f(,,) is primitive,

b
a = < a4 J ) € PSLy(Z) and e, g, h € Z such that
c

re+sf+Ng=1(r,s,N)=1). Set ¢ =ed—gb, ¢ = —ec+ ga, b’ = h, then
e(ar+bs)+g'(cr+ds) + WN =1, i.e. (ar+cs,br+ds,N) =1, 80 f,, is primitive.

Hence PSL;(Z) permutes the primitive Fricke functions of level N among them-

selves.

Theorem 2.4.1 ( [13], Theorem 2, p. 65). For every positive integer
N > 1, we have
Snvec =C(j, f.] Na € (Z/NZ)? a #0).

Furthermore, the Galois group of §nc over C(j) ,
Gal(Snc/C(j)) = PSLy(Z/NZ)

acts as fo = foa, @ € PSLy(Z/NZ).

Next, let G be a congruence subgroup of the modular group PSLy(Z) of level N,
so that I'(N) € G C PSLy(Z). If f is invariant under G, then f is also modular for
[I'(N). Therefore, the field of modular functions for G is a subfield of the field F NC
of modular functions of level N.

The following result characterizes the field of modular functions for the special
case when G = I'g(N).
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Theorem 2.4.2 ( [19], Theorem 6.1). The field, say C(I'o(N)), of modular func-
tions for To(N) is generated over C by j(z) and j(Nz).

Remark 2.4.2. When the genus of T'o(N) is zero, namely for the following values of
N=1 2 34,5 6,7 8,9, 10, 12, 13, 16, 18, 25, C(I'4(N)) = C(fn) where fx
is the unique Hauptmodul for I'g(V). Therefore, fy can be expressed as a rational

fraction of j(z) and j(Nz), and also j(z) and j(Nz) can be expressed as a rational

fractions of f.

Our next goal is to compute the field of modular functions over Q. Let fi.,) be
as in the previous section. For a fixed integer N > 1, we form a polynomial in X by

the product
PX)= I (X~fes).

(r,s)€(Z/NZ)?
Notice that the functions in the product may all be primitive of level N.
The coefficients of this polynomial are invariant under SLy(Z), since SLy(Z) permutes
the f(,¢). Hence, these coefficients are modular functions for SLy(Z), holomorphic on

H, therefore they are polynomials in j. The g-expansion of f, ) is given by

12q’/N£s
rey(2) = =277878(1 4 ——24
+12 > ng™ ("N + Ve - 2)), (3)
m,n>1
where &y = exp(2mi/N). Therefore, these polynomials have their coefficients in the

field Q(£).
Denote by F = Q(]v fal Na € (Z/NZ)27 a 74 (070))7 QN = Q(&V)a and SN the
field of modular functions of level N over Q. We have the following

Theorem 2.4.3 ( [13], [28]). We have
1. Iy =F.
2. The Galois group of n over Q(j) is
PGLy(Z/NZ) = GLo(Z/NZ)/{£I}.
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If a € GLy(Z/NZ), then the automorphism induced by o on Qn 1is given by the
determinant, i.e. if we denote by o(«) the induced automorphism by o on Qn
then

o(a)(En) = &V
3. The Galois group of n over Qn(j) is PSLy(Z/NZ).

Proof. 1. Obviously F C n C §nvc. Next, we have to show that F' and C are
linearly disjoint over Qu. (Recall that two subfields E and F of a field L, both
containing a field K, are said to be linearly disjoint over K if every subset of £
(respectively F') linearly independent over K is also linearly independent over
F (respectively over E)). It will follow, since C(F) = Fn ¢, that F = Fn.

Let py,..,ur € C be linearly independent over Q. Suppose Ei;l pigi = 0,
g € F. Let g; = > ¢;ng™N with ¢;,, € Q. Then we get Zf=1 picin = 0 for
every n > 1, so, since the yu; are linearly independent over Qu, ¢;,, = 0 for every

¢ and n. Therefore g; = 0 for every i. Hence F' and C are linearly independent

over Qu.

2. First, by Theorem 3.1, we see that the Galois group of Fn over Q(j) contains
PSLy(Z/N7Z).

10
Set Gy = { 0 4 ,d € (Z/NZ)*}. Then every element of GLy(Z/NZ)

decomposes uniquely into the product of an element in Gx by an element

b
of SLy(Z/NZ). Indeed, let a = (a d> € GLy(Z/NZ). Hf deta =k €

« (10 a b wi a b
(Z/NZ)*, then a = ( 0k > ( ok dfk >, th ( ok dJk ) € SLy(Z/NZ).

Next, we shall prove Gy C Gal(Fn/Q(j)). We see, from expression (3), that
fo = fir) is in the field of power series Qn((¢*")). For d € (Z/NZ)*, let o4
be the automorphism of Qun((¢'/")) obtained by extending the automorphism
¥ En — €4 of Qn to Qu((¢H™)) as follows 3 ¢, X™ — > 9(c,)X™ Then
J, g2, and g3 are fixed by this automorphism, since their g-expansion is in Q((g)).
On the other hand, we see, by (3) that 04 : fi.5)(2) — firsa)(2), i.e. 04 defines
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10
an element of Gal(Fn/Q(j)), o4 is represented by the matrix ( 0 ), and
hence Gy C Gal(Fn/Q(j)). However, from the comments at the beginning
of the proof of (2), and noting that I acts trivially, we get PGLy(Z/NZ) =
Gal(Fn/Q(J))-

Moreover, if « € GLy(Z/NZ), then the automorphism induced by o on Qy is
given by the determinant, since the decomposition of elements of GLy(Z/NZ).

3. Follows from above.
O

10
If a = 0k € Gy, the automorphism in the Galois group PGLy(Z/NZ)

induced by a will be denoted by xk, and write f % k for the image of f under that
automorphism. This action is, in fact, an action of the corresponding automorphism
o(a) € Gal(Qn/Q) on the coefficients in the g-expansion of f. As an immediate
consequence, we have

Corollary 2.4.4. Let G be a genus zero congruence subgroup, of level N, and a
Hauptmodul f. Denote by G x k the fizing group of the image f x k. Then G xk also
contains T(N).

Remark 2.4.3. One is now able to prove, using theorem 3.3, that
Q(j(2),j(Nz)) is the subfield of the function field Fy fixed by T'o(N).

2.5 THE AUTOMORPHISMS OF THE MODU-
LAR FUNCTION FIELD §y

In this section we discuss briefly some results concerning the automorphisms of
the function field §n of modular functions of level V over Q.

Now, consider the group

U =[] GLa(Z,) x GL (R),
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where GLy(Z,) is the group of invertible matrices with entries in the ring of p-adic
integers, and GL3 (R) is the group of real invertible matrices with positive determi-
nant.

The next result characterizes the action of U on §x.

Proposition 2.5.1 ([28], Proposition 6.21). For everyu € U and every N, there
exists o« € Mo(Z) N GLF(Q) such that u, = o mod (N.My(Zy)) for every prime p.
Then au = aa for every Na € (Z/NZ)?, a # (0,0). Therefore, fo = fou = faa
defines an element of Gal(Fn/C(4)). Call it o(u), and write h°® for the image of
h € §n under that automorphism. Moreover, h?) = h o~ for every h € §y and
v € SLy(Z).

Theorem 2.5.2 ( [28], Proposition 6.22).
1. For every a € GL3 (Q) and h € Fn, ho o € Fnr for some integer N'.

2. For all o,8 € GLF(Q), u,v € U such that au = v83, we have
(] o a)a(U) =jof, and (fa o a)a(u) = f,u00
for all Na € (Z/NZ)?, a # (0,0).

For o € GL$(Q), we define similarly o(u) by h°(®) = h o « for every h € Fn.
We conclude this chapter by a corollary which is an immediate consequence of the

above result and which we will use in chapter 4.

Corollary 2.5.3 ([10]). Let h € 3, o € GLy(Q) N My(Z). Set k = det(q).
Then hoa € Fin.

Proof. First note that, by Theorem 2.5.2, 1., if f, € §n, then f, o a € Fn- for some
N’

Now, let v € I'(kN), write v = I + kNB. Define v/ = aya™! = I + kNaBa™".
)

z
fa('az) = fo(az), so that f, o« is invariant under I'(kN). Now, by Proposition 3.4.1

Note that @ Ba~! has the form 1/k < ": . Therefore v/ € T'(N). Hence f,(ayz) =
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a b
of chapter 3, o is equivalent to a triangular matrix o/ = < 0 4 ) with ad = k,0 <

b < d, i.e. there exists v € SLy(Z) such that @ = ya’. However, since f, o o =
faoya' = foy 0 and foy € Fn, fo 0 a has an expansion with respect to g/*N with
coefficients in Q(exp(2niz/kN)), therefore f, o o € Fin.

Similarly, keeping the same notions as above, for j, we have joa = joya/ = jor/,
which is clearly an element of Fn. Finally, since §n is generated by the f, and j,

the result follows.
O
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Chapter 3

REPLICABLE FUNCTIONS

In this chapter, we introduce the notion of replicable functions, and provide some

of their basic properties.

3.1 FINITE SIMPLE GROUPS

In studying finite group theory, interest is focussed on simple groups, i.e. those
groups whose only normal subgroups are the trivial ones or the groups themselves.
The importance of finite simple groups lies in the fact that any finite group can be
constructed from a sequence of finite simple groups.

The classification of all finite simple groups has now been completed. It is one of
the important accomplishments of the end of the twentieth century. The list of finite

simple groups is composed of the following four families.

1. The cyclic groups C, = Z/pZ, p prime.
2. The alternating groups 4,, n > 5.
3. The 16 infinite families of lie type groups, for example the projective special

linear group PSL,(F,) := SL,(F,)/{al}, a € F, such that o™ = 1 where
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SL,(F,) is the group of n X n matrices with entries from the finite field F}, and
determinant 1, except for PSLy(Z/2Z) = Ss and PSLy(Z/3Z) = As.

4. The family of the 26 sporadic simple groups given by Table 1 .

The Monster, or Friendly-Giant, was discovered independently in 1973 by Fischer
and Griess and is by definition the largest of these 26 sporadic groups. It has order

M| = 2%°.3%0.5°76.112.13%.17.19.23.29.31.41.47.59.71 ~ 8.10°.

The name “Monster“ was invented by Conway, referring to its gigantic order.
It has been noticed that even with that gigantic order, the largest order of an element
of M is 119, the number of conjugacy classes is 193, and the number of conjugacy
classes of cyclic groups is 172.

In the following table, we give the explicit list of all sporadic groups (see [5]).
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Table 3.1. The sporadic groups

Group | Order Investigators
My | 2432511 Mathieu
Mo 2633511 Mathieu
Moo 27.325.7.11 Mathieu
Mas | 27.32.5.7.11.23 Mathieu
Moy 21033 5.7.11.23 Mathieu
Ja 2733527 Hall,Janko
Suz | 213.37.52.7.11.13 Suzuki
HS |2°325%7.11 Higman, Sims
MecL | 27.38.53.7.11 McLaughlin
Cos | 219.37.537.11.23 Conway
Coy | 218.36,5%.7.11.23 Conway
Co; | 2%1.3°.54.72.11.13.23 Conway, Leech
He | 210337527317 Held/Higman, McKay
Figy | 217.3952.7.11.13 Fischer
Fisg 218 313 52 7.11.13.17.23 Fischer
Fiy, | 221.31652.73.11.13.17.23.29 Fischer
HN | 2143%56.7.11.19 Harada, Norton/Smith
Th | 215.3105%72.13.19.31 Thompson/Smith
B | 241.313.56.72.11.13.17.10.23 Fischer/Sims, Leon
.31.47
M 245 320 59 76 112.133.17.19 Fischer, Griess
.23.29.31.41.47.59.71
Ji 23.3.5.7.11.19 Janko
O'N | 2°.345.73.11.19.31 O’Nan/Sims
J3 27.35.5.17.19 Janko/Higman, McKay
Ly | 28.37.5%.7.11.31.37.67 Lyons/Sims
Ru | 214.3%.5%.7.13.29 Rudvalis/Conway, Wales
Jy 221 33 5.7.11%.23.29.31.37.43 Janko/Norton, Parker, Benson,

Conway, Thackray
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It has often happened that the existance of a sporadic group was predicted some
time before its construction. In such cases, to illustrate this phenomenon, the slash in
table 3.1 separates names of people who were mainly concerned with the prediction,
before it, and those mainly concerned with the construction, after it, while the comma
means that independent investigators were involved. For more details see [5].

Many properties of the monster have been established even before Griess proved,
in 1981, its existence, such as the entire character table which was computed by
Fischer, Livingstone, and Thorne.

It turned out that the first non-trivial irreducible representation has dimension
196883.

Recall that a group representation of a finite group G is a group action on a K-vector
space V, K a field, by invertible linear maps. So a representation group is a group
homomorphism ¢ : G — GL(V). A representation is said to be irreducible if it has no
nontrivial invariant space. If ¢ is a group representation of GG, we define the character

x of ¢ by
xX:G— K

g+ x(g) =Tr(¢(9))

where Tr(¢(g)) is the trace of the matrix ¢(g), when the dimension of the vector

space V is finite.

3.2 MONSTROUS MOONSHINE

Since the discovery of the Monster M, many surprising and important connections
to several fields have been reached, for instance to the theory of modular functions.

In 1978 John McKay, observed that
196884 = 1 + 196883,

where 196884 is the coefficient of ¢ in the ¢g-expansion of the j-function, and 196883

is the dimension of the first non-trivial irreducible representation of the Monster M,
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and thus suggesting a connection between number theory and the representations of
the Monster M. Another mathematician, John Thompson, decided to take McKay's
observation further, and pointed out that the next few coefficients of the elliptic
modular j-function were also simple linear combinations of dimensions of irreducible
representations of the Monster M; for example 2149376 = 21296876 + 196883 +
1. He suggested to replace the coefficients of the j-function by the traces of the
corresponding representations ¢, on different elements g of M. Conway and Norton
followed up Thompson’s suggestion, and they found by calculating the first few terms

that the resulting series, known as the Thompson-McKay series,

o
f() = 2 + 3 Trielo))d
7 =
are all Hauptmoduls for some genus zero subgroup of PSLy(Z).

In their remarkable paper [6] they proposed ideas to explain this unexpectedly re-
lationship between finite group theory and number theory, resulting in a new, beauti-
ful, and sophisticated theory, known as Moonshine theory. In 1979, they conjectured
what is known as the Moonshine conjecture.

The Moonshine conjecture:
To each conjugacy class of cyclic subgroups < g > of the Monster M, there corre-

sponds a series
1 x
HD =2+ an@r
n=1
such that:

1. Foralln > 1, g+ an(g) is a character of the Monster group.

2. As a function of z, z € H, where q = exp(27iz), f,(2) is modular function for
some genus zero subgroup G of PSLy(R) containing a T'o(N), for some N, with
finite index, and the transformations z — z + k if and only if k € Z.

This conjecture has been proved by Borcherds [3] in 1992.
Furthermore, Conway and Norton observed that, for a given g € M, the McKay-
Thompson series f,x attached to powers of g are connected in a special way. Indeed,

these series satisfy the relation
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S i (EE2) = R, ()

where F, is a specific polynomial depending only on n and f,, this will be subject of
later section. For example if f = j the j-function, then the n-th action of the classical

Hecke operator, given by

DT () = ¥ j (“Z; b) , (5)

ad=n
0<bd

is in fact a polynomial in j, and that polynomial satisfies certain properties, for

instance it is such that

(6)

3
a3
[
O
]
I
+
[~]s
SO
S
Q
By

n
q k=1

by the notation c,(c"), we mean just that the coefficients in the above expansion depends

on the coefficients of the j-function.

3.3 FABER POLYNOMIALS

Let f be a function with a formal g-expansion given by

f(2) = 3 +S (7)

where a;, € C, ¢ = exp(27iz), and z € H. Then, for each n € N, there exists a unique
monic polynomial of degree n, denoted by F or just by F, if there is no confusion,

such that

Fu(f(2) = qi +3 ot ®)
k=1

i.e. the only term of negative power is 1/¢™.
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This polynomial F, is called the Faber polynomial of f. They were introduced by
Faber in 1903 in the study of approximation theory of analytic functions.

Example 3.3.1. 1. If f is the j-function, then the n-th associated Faber polyno-
mial is nothing else but the n-th Hecke operator. (Proof, see Proposition 3.5.2,
1.).

2. If f(z) = 1/q, then for each n € N, F,(X) = X™
Now, let f be a function given by (7) which we thought of as a function in ¢. We

now write f(q) instead of f(z), and consider the derived function

_ a.f'(g)
9:(q) = P (9)

from f. The derivative is derived with respect to g.

Using expression (7) of f, we have

1— OC_J_ kaqu+l
gI(Q) = Zk_l &3] k+1 ’
1—Q($—Zk=1akq )

so in a neighborhood of ¢ = 0, the Taylor expansion of g,(g) is a power series in g.

Write its g-expansion as

= Z Qu(z)q". (10)

Then, by substituting (7) and (10) in (9), we obtain

k>1 k>1
Identifying the coefficients of powers of ¢, we get
Qo(z) =1, Q1(z) =z and for n > 2

Qni1(z) = 2Qn(x Zan £Qi(z) — (n+ Da, (11)

Ezample 3.3.2. Qo(z) =1; Qh(z) = x; Qg(a:) = 72 — 2ay;
Qs(z) = 2 — 3ayz — 3as.
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Proposition 3.3.1. For each n € N, Q, is the n-th Faber polynomial associated to
f.
Proof. We have

(o) = 28 = Y- aute)e

Write the last equality as

A

Integrating with respect to g, we get

—log(f(q) — ) = log(g) + > Qkk(w g
k=1

so that
~log(f(q) - () — log(q) Z &ls )

However, we can write log(f(g) — f(p)) as follows

log(f(q) — f(p)) = log (1 ~1h > ar(d" - p’“))

1 1 k pk
=log(|l-—=)+log|1l+pg)> a
(5 3) e Z)
(22 2) e 5
km>1

Therefore,

—log<f<q>—f<p>>—1og<q>=1og(1 ) > humdp”

km>1



So, the coefficient of ¢* in the above equation is

1 1)
— himp™.
:l’u‘pk+z=1 k;mP

The corresponding coefficient from (*) is 1/kQx(f(p)), and therefore the result follows.
(]
Example 3.3.3. From (11), if f(2) = 1/q + cg, with ¢ € C — {0}, then for n > 1

Fu(e) = sy l@ = (22 = 49Y2)" + (2 + (& = 46)172)

This follows from the recurrence relation and the fact that all the coefficients of f are

zero except a_; = 1 and a; = c.
In particular, if ¢ = 1, then F,(z) = T,(2z), where T, is the Chebyshev polynomial

of degree n.

3.4 TRANSFORMATIONS OF ORDER n

The result of this section will be useful in order to establish the replication of
some important examples and also to derive some partial results in the next chapter.

Let n be a fixed positive integer, and let

Aln) = {A: <a 2) € My(Z)| det(A) =ad—bc=n}.

c

Obviously A(1) = SLy(Z).

Then one defines a relation on A(n) as follows:
We say that two elements A; and A, of A(n) are equivalent if and only if there exists
an element B € SLy(Z) such that A; = BA,. Clearly this is an equivalence relation.
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Proposition 3.4.1. A complete system of nonequivalent representatives of the equiv-

alence classes in A(n) is given by the set

s=d[ % ) jadeno<b<db
0 d

Moreover, if Ay € S and By € SLy(Z), then there exist Ay € S and By € SLy(Z)
such that AlBl = BQAQ.

b 1 k
Proof. Let A = ¢ J > € A(n). If ¢ = 0, multiplying if necessary by ( ),
c

01
for some k € Z, we may assume 0 < b < d, i.e A € S. Therefore we may suppose
c # 0. Next, reduce the fraction a/c in lowest terms, i.e. a/c = —r/s with (r,s) =1,
so that B = ( b1 ) € SLy(Z) with p, g are integers such that ps — gr = 1. Clearly
ros

pa+ gc pb+ qd

. Hence A is equivalent to an
0 rb+ sd

B € SLy(Z) is such that BA = <
: . e 1 k
upper-triangular matrix. Multiplying if necessary by ( - ) € SLy(Z), for some

a b
integer k, we may suppose that A is equivalent to an element 0 d ) of . To
complete the proof of the first statement we need only to verify that if two elements

b b
Ay = ( Cz)l dl > and A, = ( C(L; 2 > of S are equivalent then A; = A,. Suppose
1 2

r s
Equating entries, we find r = 0, and ps = 1 since B € SLy(Z), therefore p = s = £1.

that A; and A, are equivalent, so there is B = b ) € SLy(Z) such Ay = BA;.

Replacing B by —B if necessary, we may assume p = s = 1. Therefore, we get
a; = ag,d; = dy and by = by (since by = by + qd;,0 < by < dy = dy, s0 ¢ = 0). This
completes the proof of the first statement.

The second statement is now straightforward since det(A;B;) = n. O

For the remaining of this section, we investigate A(n) in connection with I'y(2)
and T'o(4).
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b
Corollary 3.4.2. Let A; = o €S, B = @ € To(2) and let
0 dl r Ss1

Ay, By as in Proposition 3.4.1, write

b
Ay = K ), then, independently of the choice of n:

0 do

1. If ay is odd, then so is ay, and in this case By € ['g(2).
2. If a; is even, ap is also even.
Proof. Equating entries in A; By = By Ay, we get

aipr + riby = asps (%)
diry = agry (%)

1. If a1 is odd, we get from () that asp, is odd, since A; € ['o(2) so p; is odd.
Therefore ay and py are odd. However, from (%) we have 2]asry, and so 2|rs,

ie. By € Fo(z)

2. If a; is even, (x) implies that 2|asps, hence 2|as or 2|py. If 2|as, we are done. If
not, then 2|ps. Since det(B;) = 1, we find that r; is odd, then from (xx), we

get 2|agry, and therefore ay is even.

d

Corollary 3.4.3. Let A; € S, B; € I't(4), and let A3, Bs be as in Proposition 3.4.1,

then we have:
1. If a; is odd, so is ay, and in this case By € Ty(4).
2. If a; = 2( mod 4), then so is ag, and we have By € T'g(2).
3. If a = 0( mod 4), then a; = 0( mod 4).

Proof. We proceed similarly as in Corollary 3.4.2, so we get

a1p1 + borg = agpa (%)
dim1 = agre (%x)
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1. If a; is odd, similarly as above we get that ay and p, are odd, and from (xx) we

get 4|agre, and so 4|rq, i.e. By € Tg(4).

2. Ifa; = 2( mod 4). From (x) we have 2|asps, so 2|as or 2|ps. If 2|ps, det(B;) =1
implies that 7o is odd. Hence from (%) we get 4|a;, a contradiction. Therefore
2|as. Note that a; = 2( mod 4) because if not, by (x) we will have that 4|a,
since p; is odd. Thus, by (%) we have 4|agre, and hence 2|rq, i.e. By € ['g(2)

as needed.

3. For the last case, a; = 0( mod 4), we have by (x) agp2 = 0( mod 4), so if p,
is odd then we are done. If py is even, by (%) we get 4|agr, but det(B;) = 1

therefore r5 is odd, and hence 4|as.

g

3.5 REPLICABLE FUNCTIONS

We define replicable functions formally, as follows:

Definition 3.5.1. A function f of the form (4) is said to be a replicable function, if
for each positive integer a, a > 1, there are functions f(* also of the form (7), called

replicates of f, such that, for each positive integer n, n > 1,

> 19 (£52) = s, (12)

ad=n
0<b<d

where F,, is the n-th Faber polynomial associated with f.

Lemma 3.5.1. Let {f@},5; be a sequence of functions with g-expansion given by
1 X0
f(“)(z) =4 Zal(:)qk'
7 =

Then for every n > 1, the sum

(a) az+b>_i
> (5) -7
0<b<d
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has no fractional term in q. Furthermore, this sum is equal

where

Proof. First, note that

Zf az+b

ad=n
0<b<d

has a term 1/q", exactly when a = n.

Now, we can write this sum as

Z Z fn/d) (nz—i-bd) Z Z exp (=2mi(nz + bd) /d?)

djn 0<b<d djn 0<b<d

+ Z a{™? exp (2mizk(nz + bd) /d?))

= exp (—2mi(nz + bd)/d?)

+Z ,(C/)exp(fzmknz/d Z exp(2mikb/d).
k=1 djn 0<b<d

The first sum, in the last equality is equal to 1/¢™ while the sum on b is equal to d if

d|k and is 0 otherwise. Hence

Z Z F/d) (nz hi bd) L ZZda exp (2miknz/d?).

djn 0<b<d k=1 djn
dlk

Writing & = ld, and replacing d by n/d we get

bd 1 <
Z Z fn/d <nz+ >=—ﬁ_ Zdzz'g l/dq

djn 0<b<d
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Finally, replacing again [ by k/d, we get

> @ (az; b) = LS e,

ad=n qn k=1
0<b<d
where )
(d)
Y(n)=n Qs
d|(k,n) d &

O

Exzample 3.5.1. If f(z) = 1/q, then f is replicable with f(®(z) = 1/g, for every
a > 1. This is consequence of the property of the sum of the d-th roots of unity

Z exp(—2m’§) =0.

0<b<d
Replication of the Moonshine functions follows from Borcherds’ proof. Here we

establish replication of a few of them in an elementary way.
Proposition 3.5.2.
1. The j-function is replicable, and it replicates itself.
2. The B-function is replicable. The replicates of B are defined as follows

J, if ais even,

B, if a is odd.

ﬁ(a) —

3. The A-function. We define the replicates of A as follows
A, ifa is odd,
2@ = B, ifa=2( mod 4),
J,ifa=0( mod4).
Proof. 1. Recall the n-th Hecke operator action given by (5), is in fact a modular
function for PSLy(Z), so it is a rational function of j, since j generates the
field of modular functions for PSLy(Z). Now, since the right hand side of (1) is

holomorphic on H, therefore it is a polynomial in j. It remains to prove that

this polynomial has the form (8), but this is a consequence of Lemma 3.5.1.
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2. Indeed, to prove that, for n > 1

3 892 = F(5(2)

ad=n
o<bd

is equivalent to prove that the left hand side of the above sum is invariant under
the action of 'g(2) and has the form 1/¢™ + Y oo, cxg®. In case, since the 3 is
an Hauptmodul for I'g(2), it follows that this sum is a rational fraction of g,
and since each one of its members is holomorphic on H, this fraction is, in fact,
a polynomial of 3.

Now, to prove that this sum is invariant under the action of I'g(2) is equivalent

b
to prove I'g(2) permutes the elements ( g g > of the set

b
S = { < g J ) lad =n,0<b< d}, and preserves the parity of a, as follow-
ing:
b
Let A; = ( aol 1 > €S, B, = (pl q1 > € T'0(2), so that according to

1 r s

b b
Proposition 3.4.1, there are Ay = a2 b2 €S, By = 2 %2 € SLy(Z),
0 d2 0 d2

such that B1A; = Ay B,. Equating entries in the previous equality, we get

a1py + r1b1 = agpy (%)
d17"1 = Q979 (**)

Then, if a; is odd, since By € I'q(2), we have 2|r; and 2 1 p; (since det B; = 1).

Therefore, from (*) and (%x), we get

a;r = ap1 = agpg( mod 2)
agry = 0( mod 2)

Hence, a1 is odd and 2|ry, i.e. By € [g(2).
Now, if a; is even, (x) implies that 2|asps, so either 2|ay or 2|pe. If 2|as, we
are done. If not, then 2|p;,. However, det B, = 1, therefore ry is odd, and

then, from (%), we have 2|asrg, so that 2|as. Thus, we have proved that the
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sum is invariant under I'g(2). Also, we obtain from this that I'o(2) preserve the

replication power (3(®) = 3(32) whenever a; = as( mod 2)) of 3. The fact that

1 o
ST ad
q k=1

the sum has the form

follows from Lemma 3.5.1.

3. Similarly, as in the previous example, but this time using Corollary 3.4.3, we

get that A is a replicable function.
O

Norton gave an equivalent definition for replicable function as follows. This defi-
nition is more convenient for numerical calculation.

Now, define coefficients h,, , by

Fo(f(2)) = qin +1 > PAmng™ (13)

In fact, as we are going to see in the following remark, are the same as in the
proof of Proposition 3.3.1.
Remark 3.5.1. The function g,(g) in (10) is connected to the A, ,, since the Faber

polynomials F), are. If we differentiate

f'(q) 1
- ¢ <!

but this time with respect to p, and from the proof of Proposition 3.3.1, we get

—/"(9)f'(p) 1 et
<f<p>—f<q>)2+<p_q)2—m% Ponnp™ "

The left hand side is symmetric in p and g, therefore A, , = Ay, m,, for every m,n > 1.
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Proposition 3.5.3 ( [1]).
Let f be a function of the form f(q) = 1/q+ > 5o, axq®. Then f is replicable if

and only if hmn = hrs whenever lem(m,n) = lem(r,s), and (m,n) = (r,s), where
Py 18 as in (13).

Proof. The proof is based on the Mobius inversion formula. Suppose that f is such

that hpn = hrs whenever mn =rs, and (m,n) = (r, s), then set

Y (14)
q k=
where
al(ca) =a Z :u(d)ha/d,daky (15)
dla

and p is the Mdbius function defined by

For a positive integer n

1, ifn=1:
L=< 0, if p?|n for some prime p ;
(-1)7, if n=TI_,p: , where the p; are distinct primes.

It follows that f&) = f, and therefore h;, = hn,; = a,. Now, by the Mobius

1
Z a((lczlk/dz - ha,aka
dla

inversion formula, we have

and by hypothesis, with @ = (m,n) and k = mn/a?, we get

Z d mn/d2 h(m,n),mn/(m,n) = hm)n' (16)

d|(m,n)
Therefore, by Lemma 3.5.1, we have

S @ (‘”*b) Fulf(2)).

ad=n
0<b<d
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Conversely, if f has replicates of the form (14), with coefficients as in (15), it
follows from Lemma 3.5.1 that the A, , in (13) satisfy (16). Therefore, Amn = hrs

whenever lem(m,n) = lem(r, s), and (m,n) = (r, s). O

Replicable functions have important properties. In fact, we have the following

results.

Proposition 3.5.4 ( [8]). The only replicable functions with a finite number of terms

in their q-expansion are the trivial functions 1/q + cq.

Proof. Set f(z) =1/q+a1q+..... + ang™ If n =0 or 1, then we are done, so we may

assume n > 2, and a, # 0.
First, note that a,_; must be zero. To see this, consider the second replication formula

for f, so we have

F(f(2)) = £(2)" — 2a1 = fO22) + F(5) + ).

Substituting f in the above equation, we obtain

R1(E) = 102) + 7 (3) + 7 (5] = 1902) + Hana + -+ o),

where
. k, if n is even,
k-1, ifnisodd.
But, the coefficient of ¢**~! on the left hand side of the above formula is 2a,_;a,.
However, f@(z) = 1/q + power series in q, therefore a,_1a, = 0, and hence a,_1 = 0

(since a,, # 0). Thus, we may consider
1 n—k n
f(Z)=E+a1q+---+an_kq + ang

with2 <k <n,and ap_g41 = - =an_1 =0and a,_r # 0.
Next, we are going to prove, first that f has the form f(z) = 1/¢ + ang", and

second that n must be 1.
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Now, consider the (k + 1)-st replication formula

For(F(2) = FE((k +1)2) + Z /f(a) <aza-lf— b) |

ad=k+1
0<b<d

where the superscript in the sum, on the right hand side, means just that it is taken
over a # k+1. We have (k+1)a,_zafg**)"=* is the term with second largest degree
on the left hand side of the above formula, and the corresponding contribution to
that power of ¢ from f(® on the right hand side, according to Lemma 3.5.1, is given
by

Voesmor(b+1) = (k+1) %CLEZLl)((kH)n—k)/ﬁ = (k+1)age+1)(w+1n—r) =0,

d|((k+1)n—k,k+1)
since, by hypothesis, a(k4+1)((k+1)n—k) = 0. Therefore, (k + 1)a,_xa® = 0, a contradic-

tion. Therefore, f must have the form
1
f(z) = p + cq™.

Now, let k be such that (k,n(n+1))=1and k >n+1.
Write
Fi(f(2)) = f(2)" + b2f (2)"72 + .. + b1 f(2) + bn
= lk + o Gl ok g™ by f(2) R 4 4 b f(2) + by
q

The terms in the above sum that may have a term of degree —k+n+1 are ", by f*72, ...,

bi_nf™. However, the coefficient of g~**"*! in this sum is bx_n_1 + kc. Therefore, by

definition of Faber polynomials, we have by_,_1 + kc =by = ... = by, = 0.
Therefore, the coeficient of ¢*="~1" is ¢*="(CF~" — k). However, the correspond-

Z /f(“) (az;— b)

ad=k
0<b<d

is once again by Lemma 3.5.1, is given by

ing term in

1 @
Vo-n-vn(k) =k Y Eal(cn)(k-—n—l)/d? = kagn(k—n-1) = 0,
dl((k—n—1)n %)

since, by hypothesis, agnx-n—1) = 0. Therefore, cF="(CF™ — k) = 0, and therefore

Cf~™™ — k = 0. Hence, n = 1. This completes the proof. O
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The next proposition characterizes replicable functions in terms of their first 23

coefficients. The proof of this proposition is based on the following lemma.

Lemma 3.5.5. For N > 1, there exists m,n,m',n’ > 1 such that m+n = N,
(m,n) = (m/,n'), mn =m'n', andm/+n' < m+n exactly when N # 1,2,3,4,5,6,8,9,
10,12, 18,20, and 24.

Proof. First, note that if the lemma holds for N, by taking km, kn, km/, kn’ instead

of m, n, m’, n/, for k > 1, it holds for kN. We consider the following cases:

1. N = 2% except for N = 2,4 or 8. From the remark above, we then obtain all
higher powers of 2 as multiple of 16. For N = 16, take m = 1,n = 15, m’ = 3,

and n’ = 5.

2.N=22+1,a>4 Takem=2-2n=3m =291 ~1,and n' = 6. We
have (m,n) = 3orl. If (m,n) = 3, i.e. 3|m = 2m/, then (m/,n’) = 3, since m’ is
odd. If (m,n) = 1, we must have (m/,n’) = 1, because if not, 3|m’ so 3|m, i..

(m,n) = 3, a contradiction. Clearly, mn =m'n’ and m’ +n' <m +n.

3. N odd, but N — 1 is not a power of 2. In this case, let 2% be the exact power
of 2 which divides N — 1, and take m = N —1,n = 1,m' = 27¢(N — 1), and
n' = 2°. Note that (m,n) = (m’,n/) and 2° < N — 1,50 N(2¢ = 1) > 2% — 1,

and so N > 27%(N — 1), i.e. m,n,m’,n satisfy the conditions of the lemma.

4. N even, not a power of 2. Then N must be a product of 2,4 or 8 with 3,5
or 9, since all other possibilities are multiples of the above cases, except for
N = 40,36 or 72, since N # 6, 10,12, 18, 20, and 24.

o For N =40, take m = 1,n = 39,m' = 3,and n’ = 13.

e For N=36, m=1,n=35m'=5, and n' =7 is a solution.

e The case N = 72 follows from the case N = 36 and the first remark with
k=2

Now, for N # 1,2,3,5,4,6,8,9,10,12, 18, 20, and 24, we can verify case by case that

no solution m,n, m’,n’ exists, and the lemma follows. O
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Proposition 3.5.6 ( [8]). A replicable function f, of the form (7), is deter-
mined by only 12 of its first 23 coefficients. Namely, with the following coefficients

ay, a2, as, G4, G5, A7, Gg, Qg9, G11, G17, G19, AN Gs3.

Proof. Lemma 3.5.5 implies, if k+1 # 2,3,4,5,6,8,9,10, 12,18, 20, and 24, that there
exist m,n,m’,n’ > 0 such that m+n =k + 1, hypn = A (since f is replicable),
and m' +n' <m+n.

Now, from (13) the leading term of A, ,, viewed as a polynomial in the a;’s, is
Gm+n—1 = ag. Therefore solving Am n = hpy o for ai, we can express ax as a polynomial
in ay,..., ap—1. Iterating this process we can express all the coefficients of f as

polynomials in a1, ag, as, a4, as, ar, as, ag, a11, 17, G19, and asgs. O

The functions j, 3, and A are all both Hauptmoduls and replicable. Therefore an
immediate question is the following.

What is the relationship between Hauptmoduls and replicable functions?

A complete answer to this question is still not found, however we have the following
conjecture on the concept of modularity of replicable functions made by Norton [20].

Conjecture:

A function of the form f(q) = 1/q+ Y e, arq®, with ax € Q, is replicable if and
only if either f is trivial, i.e. f(z) = 1/q+ cq, or it is the Hauptmodul for some
genus zero congruence subgroup of PSLy(R) containing a T'o(N), for some N € Z,
with finite index, and z — z + k if and only if k € Z.

This conjecture will be studied in a later chapter.

We end this chapter with the following Maple procedure, given in [11], to compute
ay = hg1, and the h,,, for a replicable function with integer coeflicients in terms of
the 12 of its first 23 coeflicients mentioned in Proposition 4.3.

Procedure:

H := proc(r,s)

Local vr, vs, vrs, mr, ms, grs, Irs, k, q, m, 1, t ;
option remember;

vr 1= max(r,s) ; vs := min(r,s) ; Vs 1= VI + vs;

if vs = 1 and remember(vr,[1,2,3,4,5,7,8,9,11,13,17,19,23]) then
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RETURN({a[vr])

elsif vs = 1 then

mr := vr; vr ;= vr+1;

ms = vs; Vs := vs-1;

while mr+ms > vr+vs do

vr = vr-1;

vs 1= vs+1;

Irs := ilem(vr,vs); mr := Irs;

grs := iged(vr,vs); ms := grs;

for k from grs by grs to Irs do

if irem(Irs,k) = 0 then

q := iquo(vr*vs,k);

if iged(k,q) = grs then

if k+q | mr+ms then

mr := k;

ms = q;

fi

fi

fi

od

od; fifmr*ms = r*s, (mr,ms) = (r,s)4f
t := vrs*H(mr,ms); fmr+msjr+sfit
for m from 1 to vr-1 do

for n from 1 to vs-1 do

t:=t - (m+n)*H(m,n)*H(vrs-m-n-1,1)
od

od ;

RETURN(t/vrs)

else

t := vrs*H(vrs-1,1);

for m from 1 to vr-1 do
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for n from 1 to vs-1 do

t :=t + (m+n)*H(mn)*H(vrs-m-n-1,1)
od

od ;

fi

end :
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Chapter 4

REPLICABILITY OF
HAUPMODULS

The aim of this chapter is to discuss Norton’s conjecture [20] relating replicable
function with modular functions. We will explain the proof by Cummins and Norton

on how modular functions are replicable.

4.1 CONGRUENCE SUBGROUPS OF PSLs(R)

In this subsection we further extend the notion of congruence subgroup, presented
in chapter 2, to subgroups of PGLJ (R) = GL3(R)/{R*I}, where the subscript +
denotes positive determinant, and we characterize the elements of such groups.

Let T'(N) be the principal congruence subgroup of PSLy(Z). Consider the follow-

ing diagram

SLy(Z) — SLa(R)

| l
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Then we see we may consider PSLy(Z) as a subgroup of PSLy(R). The group
PGL; (Q) = GLF(Q)/{Q*I} is a subgroup of PGLI(R) = GLj(R)/{R*I}. How-
ever PSLy(R) & PGL;(R). Thus we may consider the subgroups of PGL(Q) as
subgroups of PSLy(R). We identify PSLy(Z) and its subgroups with their images in

PSLy(R).

Definition 4.1.1. A subgroup G of PSLy(R) is called a congruence group if G con-
tains a I'(V) with finite index.

Remark 4.1.1. A congruence subgroup of PSLy(R) is commensurable with PSLy(Z)

therefore it is discrete and its set of cusps is Q U {oo}.

Ezample 4.1.1. The normalizer of I'o(N) inside PSLy(R) is described in [6] as
follows. Let h be the largest divisor of 24 for which h?|N, and set N = hn. The
ae b/N
cn  de
e > 0, where e is an exact divisor of n/h, i.e. e|n/h and (n/h,n/he) = 1. (If
e is an exact divisor of k we write e||k). The normalizer can also be described in

terms of the Atkin-Lehner involutions that are defined as follows: Let A be as above,

normalizer of T'o(/V) consists of the transformations of determinant

b/h
N = hn. The set of matrices < ¢ 2 ) of determinant 1 form a group, say
cn
. h 0 :
Lo(n|h), conjugate to I'g(n/h) by the element 01 ) The set W, of all matrices

b
of the form ( ae J ), where ¢||N, and determinant e is a single coset of I'o(V).
c e

A representative w, of this coset in quotient of the normalizer by I'o(NV) is called an

Atkin-Lehner involution. For the special case e = N, a representative is given by

0 -1
Wy = < N which is known as the Fricke involution.

The full normalizer of T'o(N) in PSLy(R) is obtained by adjoining to the group
Io(n|h) its Atkin-Lehner involution (which are conjugate to those of I'g(n/h) by
h 0

0 ). Following Conway and Norton, we denote the normalizer of T'o(N) by
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Lo(nlh) + e, f,g..., where the subscript +e, f, g... means that the Atkin-Lehner invo-
lutions w,, wy, wy,... are present. We shall actually abbreviate this notation and
denote the normalizer by I'g(n|h)+ when all the Atkin-Lehner involutions are present.
For example, if N is square free then T'o(N)+ = (To(N), wy).

Obviously, I'g(n|h)+ contains I'g(/V) with finite index, and therefore is a congru-
ence subgroup of PSLy(R).
Remark 4.1.2. Another unexpected property of the Monster is the following. In
[23], Ogg also noticed that the 15 primes dividing the order of the Monster, namely
p=2,3,5 7, 11, 13, 17, 19, 23, 29, 31, 41, 47, 59, 71, are exactly the values of
p for which T'o(p)+ is of genus zero.

Lemma 4.1.1. Let G be a congruence subgroup of PSLy(R). Then every element

a € G is represented by a matriz with rational entries.

b
Proof. Let v = ¢ g € G. Since, if s € QU {oo} is a cusp for G, then so is 7 s.
c

Therefore v-0=0b/d € QU {o0} and v- 00 € QU {o0}.
t
Ifv-0=00,50d=0,b#0, c#0. Set s=a/ce€ Q. Then,weseeyr-c(i O)
wheret=v-1—s.
n m
If v-00=00,50 ¢c=0,a# 0,d # 0, and similarly v = d 0 1 where b = dm,
and n = v -1 —m. Therefore we may assume «- 0 # oo and - o0 # 0o. In this case
v-00=afc, v-0="b/darein Q, say b = rd, a = tc for some r,t € Q. Now, let p € Q
t —
such that v-p = o0, so that cp+d =0, ie. d = —cp. Hence v =c¢ rp> as

I -p
needed. d

This lemma implies that a congruence subgroup G of PSLy(R) is, in fact, a sub-
group of PGLF(Q).
In the rest of this section, G will be a genus zero congruence subgroup of PSLy(R)
containing a I'g(N) with finite index and the transformation z — z + k if and only if

k € Z and with Hauptmodul f. Such a group will said to be of Moonshine type.
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Definition 4.1.2. Let v € G. We say that « is written in lowest terms over Z if

a b
is represented by a matrix with entries in Z such that (a,b,¢,d) = 1. If
c

the meaning is clear, we omit the term over Z. In this case we define |vy| to be the

b
determinant of < a4 )
c d

Lemma 4.1.2 ([21], Lemma 1). Let v € G. Then any prime p dividing |v| also
divides N.

Now, let G be a group of Moonshine type, and recall the action of the Galois

1 0
automorphism *k of Fy induced by the element o = 0k > € GLy(Z/NZ), so

(k,N) = 1. If we denote by G x k, as in Corollary 2.4.4 of chapter 2, the fixing group
of the image f*k of f under that automorphism, then G*k contains I'(N). Moreover,

we have

Lemma 4.1.3 ([9], Corollary 6.6, b). The group G * k also contains T'o(N).

b b/k
Proof. First, note that if v = a4 € To(N), then aya™! = a b ’
c d ke d

therefore, mod (N), aya~! € To(N), i.e. « normalizes I'o(N) mod (N), and
so there is v € [o(NN) such that oy = v’ mod N). Now, since the j-function
has rational integer coefficients, so (j xk)oy = joy =7 = (jov) *k, and for
any Na € (Z/NZ)?* a # (0,0), we have (foxk)oy = (fao ) xk = fuxk
Therefore, since Fy is generated over Q by the f, and j and f € Fn, we have
(fxk)oy=(foy)xk=fxk, and the result follows. O

ka b
Proposition 4.1.4 ([10]). Let k and G be as above. If v = < ¢ g ) €Gis
c

b
written in lowest terms, then 8 = < ¢ Ld ) € Gx*k.
c

Proof. Define two elements v = (..., up, ...), v = (..., Up,...) € U, where U is as defined
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in §2.5 of chapter 2, by

(
10
, if p|V;
up=4 0 k
\ G, if pt N and p = oo.
and .
k0O
, if p|NV;
Up = < 0 1
~, if pt N and p = oc.

\
The elements u, and v are well-defined since, by Lemma 4.1.2 det § = det~y divides

N, therefore 8, v € GLy(Z,). Now, recall the action of the group U on Fn given
in Proposition 2.5.1 of chapter 2. If N’ is an integer dividing N, and since u, =

0
hxk. In particular, for any Na € (Z/NZ)?, a # (0,0), we have (f,07)°® = (f,07)xk,
since by Corollary 2.5.3 of chapter 2 f, 07 € F(ndet 5), and so by Lemma 4.1.1 we still

10
( L ) mod (N'.My(Z,)) for all primes p, we have that if A € Fy/ then h°®) =

10
have u, = mod ((N det).M(Z,)) for all primes p. Next, let § € T'g(N)
P O k P

k—l

such that § = (
0

0
L ) ( mod N), then for any Na € (Z/NZ)?, a # (0,0), we

have foy, 08 = fas 00718 = (fax k) o613, since v,6 = < (1) 2 ) mod (N.M(Z,)).

Therefore, by Theorem 2.5.2, (2) of chapter 2, we have (f,0 8) xk = (fox k) 0 §718.
Similarly, we have (jo8)xk = (j*k)od™13 = joé13, and hence for any h € F,, we
have in particular fxk = (fo8)xk = (fxk)o 718, and so 6713 € G * k. Finally,
by Lemma 4.1.3, we have 8 € G * k. O

4.2 REPLICABILITY OF HAUPTMODULS

The goal of this section is to prove that Haupmoduls with rational coefficients are

replicable. The idea of the proof is to construct iteratively the replicates f™ of the
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Haupmodul f.

We suppose G is a genus zero subgroup of PSLy(R) containing a I'o(N) and the
transformation z — z+k if and only if z € Z and with a Hauptmodul f with rational
coefficients. We adopt the notation a(t) = b(¢) + o(1) to say that the difference

between a(t) and b(¢) is bounded as ¢ tends to 0 along the imaginary axis.

Lemma 4.2.1. For any positive integers m and L there exists a non-zero integer s
such that (1 4+ sm,L) =1 and (s,L) = (2,L)/ ((2,L), m).

Proof. Let m" =m/((2,L),m) and take s = k(2,L)/((2, L), m) where

1( mod p) if p|L, plm, and p # 2;
k=4 -2/m'(2,L)( modp), if p|L,ptm,and p#2;
1( mod (2,L))
Then s satisfies the required properties. O

Proposition 4.2.2.

1. If f is singular at r/m, where (r,m) = 1, then there exists M € G of the form

d e
when written in lowest terms such that
=Im lIr

f(r/m+t) = exp(2mid/Im) exp(2miD/tm21%) + o(1)

where D = |M].

2. Also, for any integer k with (k,lm) =1,
f (kr/m + t) = exp(2midk’ /lm) exp(2miD/tm21%) + o(1),

where kk' = 1( mod Im).
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3. Moreover, when written in lowest terms over Z, M has the form

< VA e )

M =

—YApr Ao

where (6, ¢v) = (a,yv) = (¥, ¢) = 1, and (2,v)Y¢|2. Also, if 2|1d then 2|A.

Proof. (1) Since f is singular at r/m, there exists M € G such that Mr/m = co. Set

d
M= ® ) when written in lowest terms, then wr/m +xz =0, dr/m +e # 0,
w T
and so w = —ml, z = [r, for some [ € Z. Now, f is invariant under M, so
dr+em d
frjme+t) = fOtr/mo+ ) = £ (-LEEE - L)

D d
=1 <‘m - %) |
As t — 0 the results follows.

(2) Let k € Z, (k,lm) = 1, then there are integers u, v such that ku + vim = 1.

1 d dkk’ €
Let A = v , the element B = AM = ¢ belongs to G, where
0 1 —Iim Ir

dk ¢
kk' = 1 — Ilmv. Therefore, by Proposition 4.1.4, C = ¢ €eGxk=0G.
—Im kir
Similarly, using
dk’ D
flkr/m+1t) = f(C(rk/m +1)) = f(—% - W)

the result follows as ¢t — 0.
(3) We will prove this part in two steps.
STEP 1:
In this step, we prove that if M is written in lowest terms, then {| (2/(2,m),)d.

We consider the following cases.
If m =0, s0or =1 and by [28], Proposition 1.17 all elements of G that fix oo are

either parabolic or the identity and therefore [ = d.
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11

01/

If mr # 0, by the previous lemma there exists an integer s # 0 such that (1 +
sm,Im) = 1 and (s,!) divides (2,im)/((2,im), m) which divides 2/(2,m), and so
(s,0) | (2/(2,m),1). Let k be such that k(1 + sm) = 1( mod lm). Therefore, by (1)

and (2),
f (%-f—t) =f (—7% +t> = exp <2;id> exp (%) + o(1)

_ 2mid(1 + sm) 2miD
= exp (T) exp (tm2l2> + o(1).
Hence ! | sd and so [ | (s,1)d.

STEP 2:
b
In this step we prove (3). Write M = < ¢ Pk and let A = ((a,¢),(d,c)), ¢ =

If r =0, then we take instead M the translation T = (

c
(a,c)/A, and ¢ = (d,c)/\ so that (¢,¢) =1 and so Mg | c. Set v = —¢/ o, a =
d/(d,c), and § = a/(a,c). Then M has the required form with (6, ¢v) = (a,vv) = 1.
Now, to show that (2,v)y¢ | 2, M~ € G, applying step 1 to both M and M™!, we
have ¢ | 2/(2,v) and ¢ | 2/(2,v), and therefore (2,v)¢¢ | 2.
Finally, if for example ¢ = 2, then ¢ = 1 and (2,v) = (2,0) = 1. Hence M =

Ad A
( :Z/)}/\fb )\; ) - ( 0 (6) > ( mod 2), and 2 | [M], so by similar argument as in
— oAby \oa

[21], lemma 1.
Suppose to the contrary that 2 { A. Then, M has rank 1 in GL(Z/2Z) since € is odd,

and so I'(A\) projects onto the whole of PSLy(Z/27Z), so

(10

Then the powers of M will also be congruent to this matrix modulo 2. However
2 | |M?| for every i. Therefore, the cosets {M|i > 0} are all distinct and so the
index of I'(A) in G is infinite, a contradiction, since in particular I'()) is a subgroup
of G of finite index. Therefore, 2 | A\. A similar argument gives the result in the case
Y =2, O
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Before proceeding to the main theorem of this section, we give a definition and

some results on sums of roots of unity using modular functions.

Definition 4.2.1. For r/m € Q, define 7(r,m) = z/m’ for some z such that zr’ = 1(
mod m’) and z = 1( mod 2), where m' = m/(m,r),

r'=r/(m,r).

We define £(m) = {

and

exp(2mid/¢v), if 1/m is G-equivalent to oo ;

0, otherwise.

A(m) = 2mi| M| /4N ¢*V?,

M=< VA € )
—YAgy  A¢

is the element of G that maps 1/m to oco.

where m = ¢ and

Note that 7(r, m) changes by an integer for different choices of z, which does not

change exp(2miT(r,m)), as we require.

Lemma 4.2.3. We have

Z exp (2mit(ar 4+ bm,dm))

ad=n
0<b<d

{ exp (2mit(r,m)), if g=n(r,m);

otherwise.

9

where g = (ar + bm,dm).

Proof. Since the j-function is replicable, it satisfies the identity

>3 (E52) = R e

ad=n
0<b<d

y

m

M(r/m+t) and taking ¢ to 0, we get

Let M = € PSLy(Z) that maps r/m to oo. Evaluating both sides at

o GO +-) = exp 2rin s (2T 1o
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— exp (2rint(r,m)) exp (23(:;——;)2") +o(1)

with z/m' = 7(r, m), since F, the n-th Faber polynomial associated with j. Similarly

for (ar + bm)/dm, we have

(ar+bm at 27mig?
Z J < I + ) Z exp (2miT(ar + bm,dm)) exp (tnm2> + o(1).

ad=n ad=n
0<b<d o<bd

By comparing the coefficients, we have the two possibilities ¢ = n(m,r) or g #

n(m,r), hence the result follows. O

Lemma 4.2.4. Let
s(n,g) =Y _(-1)"*u(d/g),n, g €N
dln

where p(x) is the Mébius function, defined to be zero for non-integral values x. Then

s(n,g) = —0n g + 20,24, where &, is the Kronecker delta.

Proof. We have
s(n,g) = > _(=1)"u(d/g),

din
gld

put d = d'g 50 5(n,g) = Xy (~1"490(d) = s(n/g, 1)
Therefore it suffices to compute s(k,1). We distinguish the following cases.

o If kis odd, s(k,1) = 3"y (=1)*u(d) = = gy p(d) = —6n,1.

e k£ =0( mod 4). In this case we have

S(k‘, 1) — Z k/d + Z k/d

dlk dik
44d 4|d

= ud)+0=> u(d) =
dlk dlk

4td
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e If k =2( mod 4), we have

s(k,1) = Y (=DMu(d) + Y (~1)*u(d)

dik dlk

2td 2ld

=D pld) = > _u(d)
dlk/2 dlk

2ld
= 02,1 — (Ok,1 — 0k/2,1)

= 205/2,1 = 2012

Lemma 4.2.5.

1. The function

is invariant under ['o(2).
2. Moreover, as z —
hn(z) = (=1)"exp(2minz) + o(1),

and as z — 0

holz) =4{ exp(2min/z) + o(1), if n is odd;
)=y exp(2min/z) + 2exp(min/2z) + o(1), if n is even.

Proof. 1. The invariance of h,, under I'g(2) follows from Corollary 3.4.2 of chapter
3 (see also the proof of Proposition 3.5.2, (2)).

2. For fixed a and d,

so that the only non negative exponent in the g-expansion occurs ford =1, a =

n and k = —1 (see Lemma 3.5.1 of chapter 3). Therefore, as z — oo the result
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follows.
For the second equality, as in the previous lemma, but this time applied to b/d,

we have, as z — 0

j <“Z + b) = exp(2miT(b, d)) exp(2mi(b, d)2/nz) + o(1).

d
Therefore,
ha(2) = Y (—1)"exp(2mit(b, d)) exp(2mi(b, d)?/nz) + o(1)
=> (- ( > exp(2nir (b, d)) exp(2mi(b, d)2/nz)> + o(1)
dn 0<b<d

=> (-1 ( > exp(27rir(b,d))> exp(2mik? /nz) + o(1)

k| 0<b<d

n
din

=> (Z u(d/g)) exp(2mik? /nz) + o(1),

kin din

where k£ = (b,d). By the previous lemma, the result follows.

Lemma 4.2.6.
1. If m’ is odd and n is even, m’ = m/(m,r), then

—exp(2minT(r,m)), if g=n(r,m);
Z (=1)*exp(2mit(ar + bm,dm)) = § 2exp(mwiknr(r,m)), if g=n(m,r)/2;

oSy 0, otherwise.
where g = (ar 4+ bm,dm), and 2k = 1( mod m/).

2. If m' and n are even, then

> (=1)*exp(2mir(ar + bm, dm)) =

ad=n
0<b<d

— exp(2rint(r,m)), if g=n(r,m);
0, otherwise.

where also g = (ar + bm, dm).
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Proof. 1. Since m is odd, m’ = m/(m,r) is also odd, so there are integers z, y

such that m'y +2r'z =1, =r/(m,r), i.e.

A= <m - )ero(z).
2z vy

Therefore, by the previous lemma, we get

ho(r/m+t) = hy (A(r'/m' + 1)) = h, <ﬁ;@)

= — exp(4mizn/m) exp(2min/m't)

+2 exp(rzn/m’) exp(min/2m?t) + o(1),

and )
o, fOr+om at
h(r/m + 1) = ;(-1) j< — d)
o<b<d
= Z exp(2miT(ar + bm,dm)) exp(2mig? /tnm?) + o(1)
ad=n
o<b<d

where g = (ar + bm,dm). The result follows by comparing the coefficients.

T
2. Similarly, asin (1) and since m' is even there exist z, y € Z so that ) y, ) €
-m' r

I'o(2). Once again, the result follows by computing h,(r'/m’ + t) in two ways,

as we did for (1).
O

Lemma 4.2.7. Foranyr, m, n € Z, m,n > 0, and a positive divisor k of n, there

<o)

with ad =n, 0<b < d such that
(ar + bm,dm) = k(m,r).

exists a matriz
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Proof. Let ui, ug, v1, and vy be such that m = uin + vy, r = ugn + vy so that
muy/(v1,va) — ugven/ (v, v2) = lem(vy, v2) = rv1/(v1, v2) — ugvin/(vy, va).

Set e = v1/(v1,v9) and f = —va/(v1,va), so that (e, f) = 1. Thus, there are integers

k
g, h such that ¢ f € SLy(Z). Next, let S’ = n/k 0 e J , and
g h 0 k g h

S’ < " > = < P ) Then, (p,q) = k(m,r). Finally, by Proposition 3.4.1 in chapter

m q

3, there exists B € SLy(Z) such that S = BS’ is upper triangular. O
Now, we proceed to the main theorem of this section.

Theorem 4.2.8. If f is a Haupmodul with rational coefficients for a subgroup G
of PSLy(R) such that G has genus zero, contains a [o(N) with finite index, and the
transformations z — z + k if and only if k € Z, i.e. G is of Moonshine type, then f

is replicable.

Proof. We will prove by induction on n that the n-th replicate f™ of f exists, has
no singularities in the upper half plane, and is invariant for ['(KX), for some M, and

also that f(™ satisfies
FO(r/m +t) = E(nm’)"" "™ exp(A(nm/)n?/t) + o(1)

where £ is as in definition 4.2.1.
For n =1, f( = f, so we only need to verify the property

Flr/m+t) = &(m')" "™ exp(A(m') /t) + o(1).
We distinguish the following cases, according to Proposition 4.2.2, (3).

- If £(m’) is a primitive m/-th root of unity, this is the case ¥ = ¢ = 1, then the

result follows from Proposition 4.2.2, (2).

- If ¢ = 2, then ¢ = 1 and £(m/) is a primitive m’/2-th root of unity. Once again,
by Proposition 4.2.2, (2), the result follows.
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- If ¢ = 2, then ¢ = 1 and £(m’) is a primitive 2m/-th root of unity, and the
result follows from Proposition 4.2.2; (2), except if m’ is odd. However, in this

case, by Proposition 4.2.2, (2), we have
flr/m+1t) = f(r'/m' +t) = exp(dmidk/2v) exp(A(m/)/t) + o(1),

where k is an integer such that k7’ = 1( mod Am’) and £ = 1 mod (2). We

take 7(r,m) = k/m/, then the result follows (recall our definition of 7(r,m)).

Now, assume the result true for all a < n, in fact we need only that it holds for

all proper divisors a of n and let us prove the result for ™. Let

) = Rl - L' (Z52), (7

ad=n
0<b<d

We have to show that Qn(z + 1/n) = Qn(2) so f™(z) = Qn.(2/n) has integral ¢-

expansion, i.e. f( exists. From above we have
Fo(f(r/n +1)) = £m)™ 0™ exp(A(m')n/t) + o(1).
By the induction hypothesis, we have

S F@) (I 4 5 = S e g) T exp(Almn g)n )

ad=n ad=n
0<b<d 0<b<d

—&(nm/(m, nr))mm/mamr(mrm) exn(A(nm/(m, nr))n/t) + o(1).

As for f1), we have the following cases

- If &(nm/g) is a primitive nm/g-th root of 1, we have by Lemma 4.2.7 there are

integers @/, ', d' such that (a'r + b'm,d'm) = n(m,r), and so by Lemma 4.2.3

Y E(nm/g)tmr/orTer+tmim) exp(A(mn/g)n/t)

ad=n
0<bgd

— €(m/)m'r(a’r+b’m,d’m) exp(A(m’)n/t).
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Therefore, applying a Galois automorphism, namely the one that maps
é-(m/)m'T(a’r-{-b’m,d’m) t0 é-(Tn,/)7'm’/‘r'(r,7‘r1)7

Z £(nm/g)(mn/g)r(ar+bm,dm) exp(A(mn/g)n/t)

ad=n
o<b<d

= &(m/)"™ 7™ exp(A(m/)n/t)
and the result follows.

If £&(nm/g) is a 2nm/g-th or nm/2g-th root of 1. In this case —&(nm/g)
is a primitive nm/g-th root of 1, similarly as above, by Lemma 4.2.7 and

Lemma 4.2.6, (2), we obtain

Y Enm/g)tmr/omlertimdm) exp(A(mn/g)n/t)

ad=n
o<bd

— g(m/)m’r(a/r-i-b’m,d’m) eXp(A(m’)n/t),

except in the case that n is even and m’ is odd. However in this case, by

Lemma 4.2.7, and Lemma 4.2.6, (1), we have

S &(m/g)m/aiersimam) exp(A(mn /g 1)

ad=n
0<b<d

= —§(m’)”mlr(r’m) exp(A(m/)n/t) — 2{(2m’)h”m/7(”m) exp(A(2m')n/t),

where 2h = 1( mod m’). However,

200 €
—22xm’

is a matrix that maps 2m’ to oo, so £(2m') = —exp(27id/m’) and A(2m') =
A(m'). Once again, we find
D E(nm/g) e bmAm) exp(A(mn/g)n/t) = £(m/)"™ "™ exp(A(m')n /t)
ad=n

o<b<d

and the result follows.
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Therefore,
Qn(r/m+t) = &(nm/(nr, m))rm/mmr)rinrm) exn(A(nm/ (nr, m)) /t) + o(1).

Now, since the above expression is invariant under the substitution r — rn +

Qu(r/m+1t) — Qu(r/m+1/n+1t) = o(1).

Hence, this difference is bounded on Q. At infinity
Qn(z) = exp(—2minz) 4+ o(1)

and so the difference is bounded at infinity.

Now, by hypothesis the right hand side of equation (4) is holomorphic on H, @,(2)
is holomorphic too. Also Q,(z) is invariant under the intersection of the fixing group
of each term on the right hand side each of of which contain a principal congruence
group, say I'(M), for some M. Thus Q,(z) — Qn(2 + 1/n) is invariant under I'(n?M),
bounded on a fundamental domain, so by Theorem 2.1.1 of chapter 2 this difference
is constant, and the constant equals zero.

Finally, take f™ = Q,(2/n), then f™ verifies the property

F™(r/m +1t) = E(nm/)"" ™™ exp(A(nm/)n?/t) + o(1)

also 7 is a modular function with no poles on the upper half plane H. a

4.3 FURTHER DEVELOPMENTS

The question on whether replicable functions are modular seems to be a difficult one.
If we are provided with a specific replicable function, then it is not difficult to check
its modularity because of the dependence of both types of functions on the first few
coefficients. In 1994, Y. Martin provided a proof of the modularity of the completely
replicable functions, which has been widely cited in the literature. However, while we
were reviewing the details of the proof during the preparation of this thesis, my advisor

and I noticed that Proposition 16 in [14] on which the final argument relies entirely
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is completely false. This leaves the converse of Norton’s conjecture completely open.
We are trying to develop further techniques from the theory of differential equations

to try to prove this conjecture.
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