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Abstract

This thesis consists of two main areas: space-time coding for multiple-input multiple-
output (MIMO) wireless systems and group coding generated from affine reflection
groups.

MIMO systems, using multiple antennas at the transmitter and receiver, employ
multiplexing to increase the rate and diversity to improve the performance and spectral
efficiency of data transmission in wireless communications. Space-time coding has
been developed to achieve high data rate and reliability in MIMO wireless systems.
The research on space-time coding (in code designs, performance analysis, decoding
algorithms and its applications) has been growing rapidly in past decade.

We present systematic designs of full diversity unitary space-time codes with high
coding gain, using group codes (permutation codes variant II and finite reflection group
codes), the Bruhat decomposition and character tables of groups. We also analyze the
pairwise error probability of space-time codes in a keyhole channel, and develop a fast
optimization to the decision metric of multiple-symbol detection for differential unitary
space-time modulation using a stack algorithm.

Group codes generated from affine reflection group codes are related to high dimen-
sional constellations, that is, lattice codes. High dimensional constellations have been
studied widely for problems in communication systems, with priority on finding those
with good minimum nearest-neighbour distance and simple decoding algorithm.

We derive formulas for the initial vector and best minimum distance of affine reflec-
tion group codes of any rank. We also propose efficient decoding algorithms (from the
geometrical analysis of groups and from their trellis diagram representations). This
includes an original method to decode the codewords which lie outside the bounded
region. Finally, we investigate their applications to orthogonal frequency division mul-

tiplexing (OFDM) systems to reduce a peak-to-average power ratio.
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Chapter 1

Introduction

1.1 Motivation

In this thesis, we study problems.in two main areas:: space-time coding and group
coding. In the area of space-time coding, we construct new full diversity unitary space-
time codes with high coding gain, propose decoding schemes with low complexity and
investigate the code performance analysis. With regards to group coding, we present
the construction and fast decoding algorithms of group codes generated from affine
reflection groups. Furthermore we give an application of affine reflection group codes
using the proposed decoding algorithms to orthogonal frequency division multiplexing

systems.

1.1.1 Space-Time Coding

The challenges faced in the development of future fixed and mobile broadband wireless
communications lie in high rate, reliable data transmission, bandwidth efficiency, and a
good quality of service. Multiple-input multiple-output (MIMO) wireless systems, using
multiple antennas at the transmitter and receiver, can achieve these goals. MIMO
systems enhance the capacity and promise greater reliability of data transmission in a
wireless channel [18, 19, 94]. Space-time coding which employs space diversity (from
the correlation of signals across the different transmitter and receiver antennas) and
time diversity (from the retransmission of messages) has been developed for use in

MIMO systems to achieve high data rate and reliability.
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We want to improve the performance of space-time coding for MIMO wireless sys-

tems in three aspects: code designs, decoding schemes and the performance analysis.

Code Designs

The main rank and determinant criteria for the design of space-time codes (STC) was
first proposed in [93]. The paper also presented space-time trellis codes (STTC). The
disadvantage of STTC is its complexity which grows exponentially with the code rate
and the number of memory states. Then orthogonal space-time block codes (OSTBC)
were presented in [2, 91, 92]. The significant improvement of OSTBC is its simple
decoding, using a technique of signal combining and maximum-likelihood (ML) detec-
tion.

In practical situations and without imposing any training schemes, the fading co-
efficient of the channel is generally not known to the receiver. Differential unitary
space-time modulation (DUSTM) was presented for use in unknown fading channels
where neither the transmitter nor the receiver antennas know the fading coefficient of
the channel [35, 36, 41, 90]. The technique of DUSTM can be considered as an exten-
sion of differential detection of phase shift keying (PSK) modulation for single antenna
systems. The signal constellation used in DUSTM is called a unitary space-time code
(USTC). The measurement of full diversity and high coding gain of USTC is defined
from the diversity product and the diversity sum at high and low signal-to-noise ratio
(SNR) respectively [49, 80].

The problem of constructing USTC with high diversity product or diversity sum
has been studied in many prior works. For example, some of the group structures
proposed to represent USTC are cyclic and dicyclic groups [35, 36, 37], fixed-point free
groups [80], the compact symplectic group Sp(2) for four transmitter antennas [44] and
the special unitary group SU(3) for three transmitter antennas [45]. Some examples of
nongroup constellations include orthogonal designs [91, 97|, parametric codes [49] and
APSK Alamouti’s codes [86] for only 2 transmitter antennas, numerical methods [28],
the generalization and the product of fixed-point free groups [80] as well as Hamiltonian
and Product constellations [57, 65]. Furthermore, there are works of several authors
using ideas in number theory (particularly, division algebras and field extensions of
the rationals), to produce effective linear STC [21, 70, 71, 75], some of which may
be adapted to produce USTC using the Cayley transform [33] and threaded algebraic
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space time (TAST) codes [21].

With respect to the problem of designing of STC, we focus on developing new so-
lutions for the systematic construction of full diversity USTC with high coding gain.
The goal is to construct full diversity USTC to achieve a full rank criterion and max-
imize a determinant criterion as proposed in [93]. To this end, we pfesent two group
codes (permutation codes variant IT and finite reflection group codes) to construct full
diversity USTC with high diversity product for two transmitter antennas.

We also apply two mathematical methods (the Bruhat decomposition and character
tables from group theory) as new systematic approaches to constructing unitary group
STBCs for any number of transmitter antennas. The advantage of using the Bruhat
decomposition to construct a unitary group constellation is that it allows us to choose
disjoint non-overlapping cosets of a unitary diagonal subgroup in such a way that the
full diversity is preserved. The application of the Bruhat decomposition to the design of
full diversity USTC was first introduced in [47] for only 2 and 4 transmitter antennas.

The characteristic polynomial, which is derived from the character table of a group,
has been first proposed as a method to compute the diversity product of a unitary group
STBC in [79]. We also use a character table of a group to compute the diversity sum of
a unitary group STBC. Having chosen a high diversity sum unitary group constellation
from a character table, the superior performance in low SNR of the corresponding group

constellation may be predicted in advance.

Low Complexity Decoding Algorithm

Multiple-symbol detection (MSD) was first introduced for DUSTM with two transmit-
ter antennas in [17] to overcome the 3 dB loss in performance compared to coherent
detection. The decision metric of MSD was proposed in [22], for any number of trans-
mitter antennas. The complexity of the searching problem of the MSD decision metric
is O(LN¢) where L is the size of unitary signal constellation and N, is the number of
detected symbols. This exponential growth implies high complexity for large L and
Ny.

Many prior works have presented methods to reduce the complexity. For example,
the feedback and reduced search detections for two transmitter antennas [88], the (sub-
optimal) approximation of the MSD decision metric with the Per-Survivor Processing
(PSP) method [10], the bound-intersection detector (BID) method [15] which works
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only for diagonal USTC and the sphere and Fano detections in [72].

We present an optimal stack algorithm approach as a fast optimization of the MSD
decision metric for DUSTM. The proposed stack algorithm allows us to consider a
greater number of detected symbols which consequently increases the decoding perfor-

mance with low additional complexity.

Performance Analysis

Recently, the papers [11, 25, 52] have shown that zero or low correlation of fading
channel coefficients of a MIMO channel does not guarantee high channel capacity.
Keyholes, whose fading coefficients are uncorrelated, cause a rank deficiency of the
channel matrix. This degrades the channel capacity and the performance of STC over
the channel [11, 52, 77, 78]. One example of keyholes, in practical situations, is the
roof edge diffraction phenomenon, as explained in [11].

The symbol error rate (SER) performance of STBC in a keyhole channel was studied
in [78]. The proposed SERs in [78] which are derived from a Moment Generating
Function (MGF)-based approach to the conditional SER for a given instantaneous
SNR are exact, but apply only to STBC. More generally, the calculation of average
pairwise error proability (PEP) and a design criterion of STC in a keyhole channel
have been presented in [87] (it was also investigated in [56] for STTC but only for two
transmitter antennas and one receiver antenna). However when the eigenvalues of a
codeword pair difference are not distinct (for example, in the 2 x 2 OSTBC), the PEPs
proposed in [56, 87] do not apply.

We give an improvement of the tight upper bound on the average PEP of STC for
a keyhole channel. The proposed PEP is given in closed form using hypergeometric
functions. Furthermore it applies to all full rank STC (STBC and STTC) for any

number of antennas.

1.1.2 Group Coding

In addition to using the group codes (such as finite reflection groups and permuta-
tion code variant II) to design full diversity USTC with high coding gain as we have
mentioned above, we have also studied the problem of code construction and decoding

methods of group codes themselves. In particular, we consider group codes generated
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from affine reflection groups (ARG) which has not been solved in the literature.

Code Construction and Decoding Algorithms

Slepian [84] introduced group codes for the Gaussian channel whose codewords repre-
sent a finite set of signals combining coding and modulation. The codewords lie on a
sphere in n—dimensional Euclidean space R" with equal nearest-neighbour distances.
This gives congruent ML decoding regions, and hence equal error probability, for all
codewords. The set of codewords of group codes are generated by operating with each
element of the group on an optimal vector, called an initial vector. The initial vec-
tor problem is to choose a vector which maximizes the Euclidean distance between a
codeword and its nearest neighbour, over all codewords. The problem has not been
solved for general groups, but rather is known only for special cases such as for per-
mutation codes [83], for cyclic groups [6], for the full homogeneous representation and
the (n — 1)-dimensional representation of the symmetric groups of rank n [8] and for
finite reflection groups (FRG) [53, 54].

We consider a group code generated from ARGs [39]. More generally, a group may
act on R" via affine transformations (which include linear transformations as well as
translations). In this case, the codewords are not constrained to lie on a sphere. We
call a group code generated from ARG, an affine reflection group code (ARGC).

We present the construction of ARGCs. This includes the solution of the initial
vector problem and the nearest neighbour distance. We also propose an explicit method
to draw a trellis diagram representation of the codes and develop efficient decoding
methods for ARGCs of any rank.

Applications of Affine Reflection Group Codes To OFDM

We investigate the structure of ARGCs and conclude that they are cosets of the coroot
lattice [4, 13]. Thus one could use ARGC as a high spectral efficiency multi-dimensional

signal constellation in communication systems.
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A multi-carrier spread spectrum transmission method based on orthogonal fre-
quency division multiplexing (OFDM) enhances the capacity and performance of wire-
less communications on frequency-selective and time-variant channels [7, 32]. It com-
bats multipath delay spreads (which severely limit the transmission rate) without de-
creasing the bandwidth efficiency. The signal is divided into subcarriers (with orthog-
onal frequencies) and transmitted on frequency-flat subchannels where each subcarrier
signal is more immune against multipath fading. Inserting a guard interval (or a cyclic
prefix) between subcarriers can completely eliminate the intersymbol and intersubchan-
nel interference (ISI and ICI). This gives OFDM a simple implementation of equalizer
at the receiver.

OFDM has been chosen for several wireless standards [26, 32, 98], for example,
for digital audio/video broadcasting (DAB, DVB-T) in Europe, for wireless local area
network (WLAN) e.g. IEEE 802.11a, g and n or HIPERLAN/2, and also for high
speed digital subscriber line (DSL) modems.

One disadvantage of OFDM is high peak-to-average power ratio (PAPR). In prac-
tical situations, the operation of the power amplifier is nonlinear at high voltage (that
is, has distortion). Hence we would like to reduce PAPR in order for the power am-
plifier to operate in its linear range which has its maximum efficiency. Many prior
works have addressed the reduction of the PAPR of an OFDM transmitted signal. An
overview of PAPR reduction methods and their comparisons can be found in {31, 50].
These methods include amplitude clipping, partial transmit sequences (PTS), selected
mapping (SLM), constellation-trellis shaping and tone injection (TT).

We are interested in the TI method which was first presented in [95]. The TI
method is done by substituting a point from the original constellation into a new
(larger) constellation where one point could have more than one representation. This
substitution is equivalent to injecting a tone of appropriate frequency and phase of
the OFDM signal for the PAPR reduction. The advantages of TI method compared to
other PAPR reduction methods are: it has medium complexity, is distortionless, has no
loss in data rate and does not require the channel side information (CSI) between the
transmitter and receiver. The larger size of constellation (which increases the average
power transmission) is an disadvantage of TT method.

In particular interest, we consider the TI method from a hexagonal constellation

presented in [29]. We give an application of an ARGC A,, using the proposed decoding
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methods, as a TI constellation to reduce PAPR of an OFDM system.

1.2 Contributions

The summary of our original contributions (as well as the connections between prob-

lems) in this thesis is shown in Figure 1.1.

Contributions

USTCs Group Codes
Bruhat I
Full diversity l ’
Chapter 4 Code designs Permuation codes Affine reflection
High coding gain Finite reflection group codes
Character table Chapter3
Low SNR . R
Chapter 5 Decoding Algorithm ' | Code construction | |
MSD-DUSTM | Initial vector i
Chapter 6 E Chapper 8 i Application
1 :——.
E ' PAPR of OFDM
Performance ! | Decoding Algorithm| | Chapter 9
PEP in keyhole ! | Trellis diagram
H i
Chapter 7 : Chapter 8,9 '
) 1

Figure 1.1: A summary of our original contributions

The details on a summary of our contributions as shown in Figure 1.1 are given as

the following;:

e We present new full diversity USTCs based on group codes (permutation codes
variant II and FRGs) for two transmitter antennas. The proposed construction
is algorithmic and requires no optimization (searching) steps. The new USTCs
have excellent diversity products and also outperform other USTC designs in the

literature.
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This work is described in Chapter 3. It was presented at the IEEE Canadian
Conference in Electrical and Computer Engineering, CCECE 2004 [61] (for per-
mutation codes variant II) and at the Canadian Workshop in Information Theory,
CWIT 2005 [62] (for finite reflection group codes (FRGC)). The full paper was
published in the Journal on Designs, Codes and Cryptography in 2006 [63].

e We propose a new systematic design for constructing full diversity USTCs for
any number of transmitter antennas, using the Bruhat decomposition. We also
propose new full diversity Hamiltonian Bruhat USTCs (combining Hamiltonian
and Bruhat unitary constellation) for even numbers of transmitter antennas.
Our proposed Bruhat and Hamiltonian Bruhat USTCs perform well in unknown

channel environment and outperform other full diversity USTC designs.

The full diversity USTC constructed from Bruhat decomposition is presented
in Chapter 4. It was presented at the 22nd Biennial Symposium on Commu-
nications 2004 [60] (for prime numbers of transmitter antennas) and in IEEE
Information Theory Workshop, ITW 2004 [59] (for any number of transmitter
antennas). The full paper (along with Hamiltonian Bruhat USTC) was submit-
ted to IEEE Transactions on Information Theory in 2004 [58] (and remains in

active submission).

e We propose a new method to compute the diversity sum of a unitary group STBC
using a character table. We provide closed form formula to compute the diversity
sum of unitary group STBCs from cyclic groups, dicyclic groups and finite special
linear groups. We introduce the notion of a faithful unitary group STBC and

also show how to obtain one from any nontrivial character of a group.

The computation of the diversity sum from a group character table is presented
in Chapter 5 and was submitted as a correspondence to IEEE Transactions on

Information Theory in 2004 [69] (and remains in active submission).

Note: All of our proposed USTC presented in this thesis (from permutation codes
variant II, FRGCs, Bruhat decomposition as well as a character table method)

can be used for both known and unknown fading channels.

e We give a simple closed form solution for the average PEP of STC in a keyhole

channel. The proposed PEP is expressed as a hypergeometric function which
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works for any full rank STC and for any number of transmitter antennas. We
also correspondingly develop the design criterion for STC in a keyhole channel

from a computation of max-min eigenvalues.

The average PEP of STC in a keyhole channel is presented in Chapter 7 and was
published in JEE Proceedings on Communications in 2007 [64].

o We present a fast MSD for DUSTM for any number of transmitter antennas,
using a stack algorithm. The significant improvement from previous works in the
literature is our proposed stack algorithm can be used for any (diagonalizable
and nondiagonalizable) USTC and also without requiring any knowledge of their
code’s algebraic structure. Unlike most applications of using a stack algorithm,
which are suboptimal, Theorem 6.2.1 shows that the proposed stack algorithm is
equivalent to ML detection. The complexity required to maximize the decision
metric using the proposed stack algorithm is reduced from O(LY4N2) to O(LN?)
at high SNR. ‘

The proposed stack algorithm for optimizing the MSD decision metric is pre-
sented in Chapter 6, and it was accepted for presentation in the 24th Biennial

Symposium on Communications 2008 [68].

o We present a construction of ARGCs. The closed-form solution of an initial vec-
tor as well as the formula for the nearest-neighbour distance of the corresponding
ARGCs is given for all irreducible ARGs of any rank (and also for varying stabi-

lizer subgroups).

The summary of the solutions to the initial vector problem, together with the

corresponding nearest distance are given in Chapter 8.

e We also propose the fast and low complexity decoding algorithms of ARGCs.
The proposed decoding algorithm has 3 steps as shown in Figure 8.3. The step
1 and 2 are pioneering methods in the literature to decode the codewords which
lie outside the bounded region. The step 3 which works well for ARGs of rank 2

and 3 has less complexity compared to lattice decoding.

The construction and decoding algorithm of ARGCs are presented in Chapter 8.
It was published in IEEE Transactions on Information Theory in 2008 [66] and
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also was accepted for presentation in the 24nd Biennial Symposium on Commu-

nications 2008 [67] (for the implementation of rank 2).

e We present a new method to construct the trellis diagramv representation of
ARGCs of any rank and also develop two efficient decoding (hybrid and lattice

cosets) methods.

e We give the application of an ARGC of A, using the proposed decoding methods
to improve the PAPR reduction of OFDM systems. The two decoding methods
and the application of ARGC A, for OFDM systems are presented in Chapter 9.

1.3 The Outline of the Thesis

The content of this thesis is organized as follows. Chapter 2 contains the preliminaries
of this thesis. We briefly give an overview of DUSTM, the design criteria of STC for a
MIMO system, the diversity product and diversity sum, keyhole channel, MSD decision
metric for DUSTM, group codes (including permutation code variant II, FRGCs),
ARGs, lattices and their trellis diagram representation, OFDM system and PAPR.

Chapter 3 and 4 present the design of full diversity USTC with high diversity
product constructed from group codes (permutation codes variant IT and FRGCs) and
from Bruhat decomposition respectively. The condition of full diversity for an arbitrary
number of transmitter antennas and rate as well as the properties of diversity product
of proposed Bruhat USTC are also discussed in this chapter. The new approach to
the construction of unitary group STCs, with high diversity sum for low SNR using its
character table is presented in Chapter 5. In this chapter, we also introduce the notion
of faithful unitary group STC and give the example of PSL,. The low complexity ML
optimization of MSD decision metric for DUSTM using a stack algorithm is presented
in Chapter 6. The proposed closed form of average PEP and design criterion for STC
in keyhole channel are given in Chapter 7.

Chapter 8 presents the construction of ARGCs. We give the solution of optimal
initial vector and nearest neighbour distance problems and also present low complex-
ity decoding algorithms for ARG of low rank. The trellis diagram and two efficient
decoding methods for any rank of ARGs are given in Chapter 9. The application to
PAPR reduction of OFDM systems is also given in this chapter.
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The summary and possible extensions of the work of this thesis are discussed in
Chapter 10. Some mathematical background (on the Bruhat decomposition, represen-
tation theory, character tables of groups, MGF-based approach and hypergeometric
functions) is summarized in Appendix A. The computing of optimal initial vectors for
all irreducible ARGs listed in Table 8.1 is given in Appendix B. Appendix C lists our

publications related to this thesis.



Chapter 2
Preliminaries

Remark on notations: We use a bold uppercase V' to denote a matrix (in most chapters
of this thesis) or as a vector space (in Section 2.2 and in Chapter 9, or as we mention

in detail). A bold lowercase v denotes a vector.

2.1 MIMO Wireless System

Consider a multiple-input multiple-output (MIMO) wireless system, with ny transmit-
ter antennas and npg receiver antennas in a Rayleigh flat fading channel. Denote by
8¢ the transmitted signal at time ¢ on transmitter antenna 4, ¢ = 1,2,...,np. The

received signal z;; at time ¢ on a receiver antenna j is

nr
Tej = +/p Z hiij St + wyg, (2.1)

i=1
where p is the signal-to-noise ratio (SNR) at each receiver antenna, hy; is the fading
coeflicient at time ¢ from transmitter antenna i to receiver antenna j and wy; is the
additive noise on receiver antenna j at time t. We assume he; and wy; are independent
complex Gaussian variables with mean zero and variance one, that is, elements of
CN(0,1). At each time ¢, we normalize the expected value of the sum of all transmitted

signal powers is equal to one, that is E (3.7, |sim|?) = 1.

Generally the transmitted signals can be transmitted in a block length of T, and
we assume that the fading coefficients are constant within the block T' but vary from

block to block. Therefore from (2.1), a received signal Y, can be written in a matrix

12
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form by
Y'T‘ = \/ESTHT =+ WT (22)

where 7 = 0,1, ... is the index of the block. The sizes of the received signal matrix Y,
and the transmitted signal matrix S, are T' X ng and T X nr respectively. W, is the
T x ngr additive noise matrix and we call H, the nr X ng channel matriz.

Let a message sent to the space-time encoder be a sequence zg,2;,29... with
zr € {0,1,...L — 1}. Then the transmitted signal matrix S, is chosen from a sig-
nal constellation V = {Vl}lL;O1 by index z;. Equivalently S, = V, where V, is a
T x nr matrix. We call a signal constellation V transmitted in a block length T, a

space-time block code (STBC). The data rate (of space-time encoder) is

_log, L

B==7

bits/s. (2.3)

The received signal matrix is defined by (2.2). Using the maximum-likelihood (ML)

criterion, the receiver antenna will decode to a message 2, by

3, = arg lzorr}.i%_l Y, -V, H,|? (2.4)

where ||A||> = Tr(AA") = Tr(ATA) = > lai|% Tr denotes as the trace of a matrix

and T denotes as the conjugate transpose.

2.1.1 Differential Unitary Space-Time Modulation (DUSTM)

In practical applications and without imposing any training schemes, the fading coeffi-
cients of the channel are generally not known to the receiver antenna. Hughes [36] and
Hochwald et.al. [35] proposed differential unitary space-time modulation (DUSTM) for
multiple antennas with no knowledge of the channel information.

In DUSTM, the signal constellation ¥V = {V}£5} is nr x ny unitary (we choose
T = nr). The current transmitted signal S, is obtained by multiplication of the

previous signal S,_; with the element V; with index z,, that is,
S, =V, S8 (2.5)

with So = I,,,., the ny X ny identity matrix.
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Since the channel matrix H, is unknown, we have to modify the received signal
Y, of (2.2). We assume that the channel matrix H, is constant over two consecutive
time periods, H, ~ H,_; = H. From (2.2), we will have

YT—-I = \/EST—-lH + WT-17 (26)
Y, = JpS.H+W,. 2.7)

Substiting S, = VS, in (2.6), and then subtracting the resulting equation to
(2.7) gives
Y, =V, Y,  + W, -V, W,_,. (2.8)

Since additive noise is independent and invariant under multiplication with a uni-

tary matrix, then the received signal matrix of DUSTM is
Y,=V, Y. +V2W' (2.9)

where W is also an independent CN(0,1). Using the ML criterion, the receiver

antenna decodes the message as 2, to be

t =arg min Y, - VY. > (2.10)

2.1.2 Multiple Symbol Detection (MSD) For DUSTM

DUSTM in Section 2.1.1 assumes the channel matrix is constant over two consecu-
tive blocks, which allows the detection of one symbol for decoding. The performance
of DUSTM loses approximately 3 dB compared to coherent detection [36, 35, 80].
Multiple-symbol detection (MSD) was introduced for DUSTM to overcome this loss in
performance.

Consider DUSTM as explained in Section 2.1.1. Given N, detected symbols for
decoding, MSD assumes the channel matrix H is constant for Ny + 1 blocks at the
receiver. The general ML decision metric of MSD for DUSTM given in [22, 15] is

Ng Ng+1 T+i-1

Ery,=arg _min Y > [Veya—( [[ Vi)¥rual? (2.11)

TkSTH+Ng—1 4 — ‘
0<l,<L-1 =1 j=i+l k=T+j-2
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where ‘%TNd = (%7,2741-..,2r4nN,-1) is a decoded message of length N.

The decision metric shown in (2.11) is the sum of (Ng + 1)Ny/2 positive terms.
For a given signal constellation V of size L and N4 detected symbols, we can see that
the brute-force of the decision metric in (2.11) requires a minimization over all LN«
possible candidates {V 41, V,42,..., V,yn,}. Hence the complexity is O(L™¢) which
is high for large L and Nj.

2.1.3 Design Criteria of USTC

The pairwise error probability (PEP) that the receiver antenna decodes an error from
V to V' is approximated by [36, 35, 80]

2 —nRr

1 s P 2 !
< — — T — 212
r<;5l 1+ gtV - V) (212)
where o; denotes the i** singular value of (V - V).

At High SNR

At a high SNR, the upper bound of PEP in (2.12) can be estimated by

1 /8\""" N2
Pe < ‘2‘ *p- |det(V -V )l "R, (213)
It is well known that to minimize the PEP in (2.13) at a high SNR, we need to

maximize the diversity product defined as [80]

&= %Vr’x%/i},lev | det(V — V)| (2.14)

We say a constellation has full diversity if it has |det(V — V’)| > 0 for all distinct

V,V' € V. This requirement is called the (full) rank criterion in [93]. The design

criteria for a full diversity signal constellation V is to find a set V of ny X nr unitary

matrices which has ¢y # 0 defined in (2.14) as large as possible. This is called the
determinant criterion in [93].

Upper bounds of the possible values of diversity products for ny > 2 as given in [49]
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are

L

CV upper S m for 2 S L S 2”?/‘ + 1 (215)
1

< 7 for 2n% +1 < L < 4n. (2.16)

< % for L > 4n2. (2.17)

We call a signal constellation whose diversity product achieves the upper bound as
above, an optimal diversity product constellation. Furthermore, (2.15) is also the exact
value of optimal diversity product for L = 2 to 5 of any ny > 2 transmitter antennas.

Table 2.1 shows the largest possible Values of diversity product for L = 2 to 5.

L 2 3 4 5
gv:\/Q(LL—_U 1.0000 0.8660 0.8165 0.7906

Table 2.1: Optimal diversity product for L =2 to 5

At Low SNR

At alow SNR, using a first order approximation, the PEP in (2.12) can be approximated
by [49]

2 nR

1 p —
P,<- |14 —r 2V -V : 2.18
Thus in this case we want to minimize the PEP by maximizing the diversity sum which

is defined as [49]
13y

1
= min ||V — V| (2.19)
2N V Ve

Properties

When a unitary constellation V has zero diversity product, that is, when there exists
V # V' € V such that |det(V — V’)| = 0, then the upper bound on P, at high SNR as
estimated by the equation (2.13) tends to infinity which is meaningless. For the case of
low SNR, the upper bound on P, given by the equation (2.18) is always finite, because

i o2(V — V') is always greater than or equal to zero.
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2.1.4 Keyhole Channel

The model of a keyhole is shown in Figure 2.1. It is a screen with a small hole (called
a keyhole) between nr transmitter and npg receiver antennas in a Rayleigh-flat fading

channel.

N/
I N P

. Recetver
Transmitter

Screen

Figure 2.1: Keyhole channel

The transmitted signals can propagate to the receiver antennas only by pass-
ing through the keyhole. This situation is modelled by assuming that the fading
coefficients of the nr x nr channel matrix H are a product of two uncorrelated
Gaussian random variables. Specifically, set 8 € C"&*! = [B,fs,...,Ong)t and
a € C! = [m,az,...,0n,), where §; and a; are assumed to be independent
CN(0,1) random variables, representing scattering at the transmitter and receiver

antennas respectively. Then, by [11], the channel matrix is defined as
H = Ba. (2.20)

The rank of H is 1. In other words, a keyhole causes a rank deficiency of the
channel matrix H which degrades the channel capacity and the performance of STC
over the channel [11, 52, 77, 78].
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2.2 Groups

A summary of finite and affine reflection groups (and also related crystallographic finite
reflection groups, coroots and lattices) is given in this section. The finite and affine
reflection groups are used to generated group codes, called finite reflection and affine

reflection group codes respectively.

2.2.1 Finite Reflection Groups

Let G be a finite reflection group (FRG) which is generated by linear reflections. We
define a root system ® of a FRG G from a set of vectors in the vector space V such
that (R1) for all roots r € ®, tr € @ if and only if t = £1 and (R2) for all g € G,
g® C @, that is, the group préserves the set of roots. Then G is in fact generated from
the reflections Sy in the hyperplanes Hy, for r € ®. The reflection Sy € G of a vector
x € R™ is explicitly defined via [54]

Spx =2 — 22> p. (2.21)

- rer

Let H = {Hy,r € ®} be the set of all hyperplanes. The FRG G is irreducible
if there does not exist a partition of H into mutually orthogonal sets; equivalently, if
there does not exist a proper nonéero subspace of span ® which is preserved by all
reflections in G. The root systems of all irreducible FRGs are given in [54, Table II].
Figure 2.2 shows all roots (the solid lines) and hyperplanes (the dashed lines) of the
irreducible FRG As. , :

A simple system A which is a subset of a root system & satisfies (S1) span(A) =
span(®), (S2) A is linearly independent and (S3) every ' € ® is a linear combination
Z'r,-e A GiT such that either all c; are > 0 or all ¢; are < 0. That is to say, all roots
lie in the cone determined by the siinple roots. The rank of FRG is n, the number
of simple roots, and we write A = {ry,7rs,...,7,}. A root system has the property
that ® = ®* U —(®*) where the positive root system ®* is the set of roots which are
nonnegative linear combinations of elements of the simple system A. Tables of simple
system, of all roots, and of the cardinalities of the corresponding irreducible FRGs can
also be found in [5, Table 5.1 and 5.2] or in [54, Table I and II].
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Figure 2.2: All roots and hyperplanes of the irreducible finite reflection group A
We define a fundamental domain Da of G associated with a simple system A by [54]
Dp={xeR": (z,7) >0, Vr € A} (2.22)

The fundamental domain of FRG A; is shown in the shaded region in Figure 2.2.
Every element of a FRG can be written as a product of reflections corresponding
to simple roots; so instead of using all of a root system ® to generate G, it suffices to
take {Sy : 7 € A} [39]. One way to represent a FRG is its Cozeter graph T', using its
simple system as shown in [54, Figure 2| for all irreducible FRGs. The Coxeter graph
is obtained by making one vertex for each simple root and drawing an edge from ¢ to
j if r; and 7; are not orthogonal with the relation (Sp,Sp,;)™¢ = 1 where m;; is the
label on the edge from 7 to j. We label the edge with the number m;; > 3, and 7/m;;
is also the angle between Hy and Hyp+. The Coxeter graph, in turn, uniquely identifies

the group.
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2.2.2 Crystallographic Finite Reflection Groups

The root system ® of a crystallographic finite reflection group (or a finite Weyl group)
satisfies (R1),(R2) and also (R3) [39]

r-r

2 Z 2.2
rorC (223)

for all 7,7’ € ®. The condition (R3) is particularly relevant for us to study affine
reflection groups.

The highest long root p of G is a positive root p = >, a;r; which is defined by the
property that the sum of its coordinates ). ; a; with respect to the simple system A
is maximal among all roots. Furthermore, these coefficients a; are all strictly positive
integers. The simple systems and highest long roots of all irreducible finite Weyl groups
are also given in Table 2.2. We use {ej,es,...,e;} to denote the standard basis of
V = R*. Note that the roots ® of A,, & and &; are given so that span(®) is a proper

subspace of V; this is convention, see Section 8.1 for further discussion.

2.2.3 Coroots

For each root r, we define its coroot as
r=—, (2.24)

Given a crystallographic root system ® (that is, all » € ® satisfy (R1), (R2) and
(R3)), the coroot system ®V = {rV : r € ®} is also crystallographic. Furthermore if A

is a simple system for ® then AV is a simple system for ®¥ [39].

Example 2.2.1. From Table 2.2, the simple roots of A,, are
(17_1707"' )O)a"' 7(0707"' 70717_1)

(embedded in R™*1) then these all have length /2 so the coroots coincide exactly with

the roots.

Example 2.2.2. The simple roots of Ay given in Table 2.2 are (1,—1,0) and (0,1, —1).
To embed them in R?, we use the Gram-Schmidt method to give (1,0) and (—1/2,/3/2).
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Group | Simple system A Highest long root p
A, ri=(eq1—e€), 1<i<n Ti+Tyt 1T,
B, (n>2) | "1 = e, 2ri+2r9+ -+ 2r, 1+ 1,
ri=e—e_1,2<i1<n
Crn (n>3) | T1 = 2€y, ri+2ro+ -+ 2r,_1 + 27,
ri=e—e._1, 251<n
Dp n>4) | T1 = €1+ €3, Tyt rot -+ 2y o+ 2T+ Ty
ri=e€ —e€-1,2<1<n,n>4
Es r = % (el +eg — ZZ=2 ei) , 1+ 2r9 +2r3+ 3r4 + 215 + 1¢

o =e€1 + €9
T,=€_;—€_3 3<i<6

57 ry,...,Tg, T'7 = €5 — €5 27‘1+27’2+37‘3+4’I‘4+37"5+21’6
+7ry
gg ry,...,T7, 's = €7 — €4 27‘1+3’I"2+4’I"3+67‘4+57’5+4T6
+37‘7 + 27’8
Fy Ty =€y —e3, Ty = €3 — ey, 27y + 3ry +4r3 + 27y
T3 = €4
Ty =€ — %Z?:z €
G, |m=(1,0m=(-}%) 3ry + 27

Table 2.2: The simple systems and the highest long roots of the irreducible finite Weyl
groups [54, 39, 5]

Then since (r,r) = 1 for each simple root, we have that the scaling of going to ®V is

to double the lengths of all the roots. Thus the corresponding simple coroots are (2,0)

and (—1,V/3).

Example 2.2.3. From Table 2.2, the finite Weyl group B,, has the simple roots
(1,0,0,---,0),(-1,1,0,---,0),---,(0,0,---,0,—-1,1)

whose corresponding coroots are
(2,0,0,---,0),(-1,1,0,---,0),---,(0,0,---,0,-1,1)

which are ezactly the simple Toots of the root system for type C,. (Similarly the coroot

system of C,, 1is of type B,.)
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Example 2.2.4. From Table 2.2 , the simple roots of D, are
(1,1,0,---,0),(-1,1,0,---,0),---,(0,0,---,0,—1,1)

whose corresponding coroots are
(1,1,0,---,0),(-1,1,0,---,0),---,(0,0,--- ,0,—1,1)

that is, ® = @Y.

2.2.4 Lattices

A lattice is a group under addition (an additive group). A lattice A in R" is defined as
the set of all the possible integer combination of all basis vectors vy, v, ..., v,, that

is,
A= {Z a;v;, a; € Z} . (225)
i=1

The choice of basis vectors is not unique. The lattice vector & € A can be expressed
in matrix-form as [13]
z=Ga (2.26)

where we call G = [v; v2 -+ v,] a generator matriz of the lattice. A simple example
of a lattice is the integer lattice A = Z? whose basis vectors are (1,0) and (0, 1).

We define a root lattice spanned by a simple system A C P as

A((I)) = {Z a;T;, a; € Z, r; € A} . (227)

Moreover, given a coroot system ®V, the coroot lattice A(®V) is defined as the lattice
spanned by AY C ®V. If @ is crystallographic then @ C A(®) and @Y C A(®Y). The
root lattice A, is shown in Figure 2.3, where the lattice vectors are the intersections

of the hyperplanes.
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2.2.5 Affine Reflection Groups

An affine reflection group (ARG) G, (also known as an affine Weyl group) is a group
generated by reflections in certain affine hyperplanes of R™. More precisely, given a
crystallographic finite reflection group with a root system ®, we define the associated

ARG to the be the group generated by the reflections in all the affine hyperplanes
Hrpy={xeV:r.-x=k} (2.28)

forall r € ® and k € Z.
The affine reflection in the hyperplane of (2.28) is denoted Syj € G which is
calculated via [39)

Spre = ®¢—(x-r—k)- T—Q% (2.29)

Spax + 2kr" (2.30)

where Spx and vV are defined in (2.21) and (2.24) respectively. The group G, is
generated by the set of all affine reflections Sy x, and it is infinite. The simple roots

and 75 and hyperplanes of the affine Weyl group A, are shown in Figure 2.3.

Sk
o

Figure 2.3: Hyperplanes of the affine reflection group As
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It is proven in [39, Section 4.10] that all irreducible ARGs are generated by an
irreducible finite Weyl group, together with a single affine reflection. From (2.29) and
(2.30), we can see that Sp o = Sp is a linear reflection for each r. The subgroup of G,
generated by these linear reflections is the corresponding finite Weyl group G. A key
fact is that a minimal generating set for G, is 39, Prop. 4.3]

{S'r’()i rc A} U {Sp,l} (231)

where p is a highest long root.

On other hand, from (2.29), we can say that every element Sp; € G, can be
expressed as a linear reflection Sy (from the corresponding finite Weyl group G) followed
by a translation by an element krV, which is a vector in the coroot lattice, that is,
krY € A(®V). This claim leads us to Theorem 2.2.1.

Theorem 2.2.1. From [89, Prop 4.2], let G, be an ARG, G be the corresponding finite
reflection group and A(®V) be the coroot lattice. Then G, can be expressed by

Go=AD") %G (2.32)

where X denotes a semi-direct product.

Theorem 2.2.1 means every element (not just the affine reflections) of the affine
Weyl group G, can be expressed as the composition of an element of the finite Weyl

group G with the translation by a vector in the coroot lattice A(®V).

2.3 Group Codes

A thorough survey of group codes can be found in [40]. In this section, we first introduce
a basic group code, permutation code variant II, which can be obtained by simple
structures. Then the group codes generated from finite reflection and its decoding
method (the length reduction) are described.

2.3.1 Definition of Group Codes

An (L,n) group code is a set of L vectors (codewords) in the Euclidean space of di-

mension n, R™. Basically we can think that all L codewords are on the surface of unit
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sphere in n dimensional space, see Figure 2.4. Let {a;}/}

be codewords and assume
that all x; are equiprobable. This means that the distance from any codeword z; to
all nearest neighbours is the same as from codeword x;, to all nearest neighbours for

all ,k=0,1,...,L—1, or equivalently, all codewords have the same error probability.

Figure 2.4: Group code

Let G be a group such that |G| = L with a representation (action) on R", that is, an
orthogonal n x n matrix O, for each g € G, such that 0,0, = Oy, and O, = O,-1.
A group code generated from G is the set of all

z, = O,y (2.33)

for all g € G where @y = (z1,...,2,)" € R is called an initial vector. To be able to
generate L codewords, the initial vector xy cannot be an eigenvector of unit eigenvalue
of any O,. Otherwise, there will be L’ codewords and L' divides L. More precisely, let
H = {g € G|Ogz¢ = o}. Then H is a subgroup of G and the size of the group code
generated by xo is L' = |G|/|H]|.

The initial vector problem is to choose a vector @y which maximizes the Euclidean
distance between a codeword and its nearest neighbour, over all codewords. The prob-

lem has not been solved for general groups, but rather is known only for special cases
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such as for permutation codes [83], for cyclic groups [6], for the full homogeneous rep-
resentation and the (n—1)-dimensional representation of the symmetric groups of rank
n [8] and for FRGs [53, 54].

Furthermore, relaxing the requirement that the action of G on R"™ be linear gives
a large class of group codes, which include lattices (the translation of @y by G € Z*

acting from the translation by the basis vectors of lattice) and ARGCs.

2.3.2 Permutation Codes Variant 1II

Let u; appear m; times in a vector * € R® and n = my; + ma + ... + my. We call
m = (my, My, ..., my) the distribution of a vector . The codewords of a permutation

code variant II of order L are all of the form [83]

{:1:1; ';,L=_01 = (:t/'l’lv :t,u'la vy :tlula :t/'l’2> crey :l:/J’27 SRR :{:/'Lka RN iﬂk)P (234)

where {u;}*; € Rand 0 < p; < pg < ... < ug. Here ()P and % denote all possible
permutations and combinations of sign changes of the components in x; respectively.
(So here G is the group of all permutation and sign changes.) Thus the order of a
permutation code variant II is

(m1+mg+ -+ my)!

L = x QmiFmat-tmy (2.35)
m1!m2! mk' )

n!
- on. 2.36
il Mgl -l (2.36)

The first and the second terms in (2.35) and (2.36) are from possible permutations
and combinations of sign changes in @; respectively. The minimum square distance

between codewords can be computed from

onin = win{min 2(; — 115)*, 4u1} (2.37)
i#j
where ¢, j = 1,2,..., k. The term min,,; 2(u; — p;)? is from the nearest distance of two

different codewords, and the term 442 is from the same component codeword with one
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different sign at u;. The energy of each codeword is computed by
k
E = Zmi,uf. (2.38)
i=1

2.3.3 Finite Reflection Group Codes (FRGC)

Given G, ®, A, V =span(A) and dim V = n as in Section 2.2.1, we can define a
reflection group code. The n-dimensional FRG codewords are generated from G by

setting O, = g, that is, for any € R", we define
g:xr—g-x (2.39)

Given an initial vector xg in the fundamental domain D, we define the corre-

sponding passive simple system as [54]
Ap = {’l"i SAN S'riiro = wo}. (240)

Let H be the subgroup of G generated by the reflections in the simple roots of A;
then the size of the group code derived from G and @y is L = |G|/|H|. This relationship
of passive simple roots to the simple system can be described most succinctly in terms of
a Coxeter graph I" of G. Each subgraph {I';}}_; (denoting a subgraph with ! connected
components) corresponds to a choice of passive simple system A, = U2=1 A,,. In this

case
H = gF1 X gr‘z X e X gFU (2.41)

where Gr, is an irreducible FRG corresponding to the subgraph I’;.

Given a passive simple system A,, an optimal initial vector xg is given by [54]

g =

17l y .
Lriema, ,'f (2.42)
21 A

” Z"""GA\AP u

where A; is a dual basis vector of »;, that is, A\; - r; = §;; for all ¢, 5 € {1,2,...,n}.
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The minimum distance between two codewords is given by [54]

4
d2, = : 2.43)
Yoreana, 2oreana, UITill - llrilDAi - Ay (

A FRG can be decoded using the length-reduction algorithm [53] or the permutation-
decoding algorithm [54]. The permutation-decoding algorithm has less complexity
however it requires more knowledge of group structure. For example, the permutation-
decoding algorithm was proposed for & in [54], which used the existence of a per-
mutation subgroup and knowledge of its index. On other hand, the length-reduction
algorithm is more general which works well for any FRGs without the knowledge of
group structure. In this thesis, we use the length-reduction algorithm [53] to decode a

FRGC in Chapter 8 and use it in our complexity comparison in Chapter 9.

Length-Reduction Algorithm

For a given received vector y € R", we summarize the length-reduction algorithm as

follows:
1. Set P = ), an empty array.
2. Compute @ ={r; € A: r;-y <0}
3. If @ =0 go to (4), else choose any 7; € Q and store the index ¢ in P. Then set

y-r

y = S’r,y =Y - 2”7.‘”27.1:
and go to (2).
4. From P = {iy,4s,...,%}, we decode
Tr= S'ril Slri2 e Sfrilm(). (244)

To analyze the complexity of this algorithm, note that, the maximum size of the
array P is called the length of the FRG G which is |®*| = %l where @ and ®* are the
root and the positive root system of G respectively [39)].

The step (2) of the length-reduction method needs n comparisons, n? multiplica-

tions and n(n — 1) additions'. Assume ||7;]|> = 1 for all 4, then the step (3) has n

!The number of additions given in [53] is n? which is the upper bound.
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multiplications and n additions (the value of y - r; was stored from the step (2)). As
we have mentioned, the step (2) and (3) will repeat no more than the length of G
times, that is, Liﬂ. Consequently we need no more than J%Jn comparisons, lf;ﬂ(n2 +n)
multiplications and |—‘}'(n(n — 1) +n) additions to obtain the set P with [ indices. The
step (4) needs no more than %[271 multiplications and j%[(Qn — 1) additions.

The summary of the decoding complexity of the length-reduction method is given
in Table 2.3.

Comparisons | Multiplications Additions
<Blp [ <Blm2+3n) [ <Bln2+2n-1)

Table 2.3: Decoding complexity of the length-reduction method

2.4 Trellis Diagram of a Lattice

A lattice (and also an ARGC) can be represented by a trellis diagram and decoded
using the Viterbi algorithm. In this section, we summarize the method to construct a
trellis diagram of lattice proposed in [24, 4]. We also illustrate the construction of the
trellis diagram with the root lattices Az, A3 and Bs.

2.4.1 Construction of a Trellis Diagram

A trellis diagram of a lattice A C R™ is described as a nested sequence of vector spaces,
{0}=V0CV1C"'CVn=Rn (245)

where the dimension of V; is i. Let W ; be the orthogonal complement of V';,_; in V; for
1 <1i < n and the dimension of W, is 1. Let W, =span (w;). We call the vectors w;
the trellis coordinate system of the lattice A for its corresponding trellis diagram. The
two components of a trellis diagram are nodes (or state space) and branches (connected
from node to node). Note that the structure (the number of nodes and branches) of a
trellis diagram depends on the choice of V; and W/,.

We denote the projection and the intersection of a lattice A on the vector space V;

as Py =) ProjVi(A) and Ay £ ANV, respectively; AV,- is a subgroup of Py .. A
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node or state space at level 4, £;(A), i =0,1,...,n is an element of the quotient
Zi(A) = Py /Ay . (2.46)

The number of nodes at each level 7 is |;(A)].
We also write Py = Projyy.(A) and Ay, £ AN W,. The label of a branch at

level i, 7 =1,2,...,n, is computed from the the quotient

Gi(A) = Py Ay (2.47)

Similarly, AWi is a subgroup of PWz-’ and the number of branches at level ¢ is
|Gi(A)]. The label appearing in a trellis diagram is with respect to the trellis coordinate
vector w;. This means that the label of a lattice vector y € A at level 7 is the equivalence

class modulo AW¢ of

(Iﬁfl)l;) (2.48)

foralli=1,2,...,n. Thatis, if Ay, = Z - rw; then the modulus (or repeat) is rZ.

The path corresponding to all zero labels gives elements of the rectangular sublattice
AL = Aw1 X e X Awn (249)

of A. Thus each path corresponds to a coset & + Ay of this rectangular sublattice.
We illustrate with the examples of constructing the trellis diagram from the root
lattices Az, A3z and Bs.

Example 2.4.1. From Ezample 2.2.2, the simple system (in 2 dimensions) of the
crystallographic FRG Ay is vy = (1,0) and vy = (=1/2,+/3/2). Thus the generator

matriz of the root lattice Ay is

G=[—_i ig} (2.50)
2 2

a;(1,0) + a9 (——%, ?) = (al — %, a2;/§> (2.51)
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where ay, a9 € Z.

From the generator matriz G in (2.50), we can set Vo = 0, V; = ((1,0)) and
Vy = ((1,0),(=1/2,4/3/2)) = R2. The orthogonal complement of these vector spaces
are W1 = (w; = (1,0)) and Wy = (wy = (0,1)) respectively. We now begin to
compute the nodes and the labels of the branches at each level:

At level 0: It is straightforward to see that Xo(A) = 1 from Vo = 0. It has one
(starting) node.

At level 1:

Node 1: To compute Py , the projection of lattice to V1 = {(1,0)), from (2.51), we
are interested in only the first coordinate so Py, = {a1—a2/2,0la1, a2 € Z} = (Z/2,0).
For the intersection of lattice to V1, from (2.51), we need the second coordinate to be 0,
that is, a3v/3/2 =0 = ay = 0. Hence Ay = {a1 +0/2,0) = (a1,0)|a; € Z} = (Z,0).
Consequently the quotient £,(A) = Py, /Ay, = {0,1/2} which gives 2 nodes.

Branch 1: Same as Node 1 since W, = V1 = ((1,0)). Therefore Gi(A) has 2
branches with the label {Z,7 + 1/2}.

At level 2:

Node 2: Py, and AV2 are L itself, that is, Py, = FPp = A and AV2 = ANR? = A.
Thus Xo(A) = A/A =1 which has 1 (ending) node.

Branch 2: For the projection of lattice to Wy = ((0,1)), we are interested in only for
the second coordinate of (2.51). Therefore Py = {0, aaV/3/2)|ay € Z} = (0,2+/3/2).
To compute ANW o, we want the first coordinate of (2.51) to be 0, that is, a; —as/2 =
0 = ay = 2a1 or ay € 2Z since a1 € Z. This gives Ay = (0,2Z+/3/2) = (0,V/3Z).
The quotient Go(A) = Py /Ay, has 2 branches with the label {V3Z,\/3Z+/3/2}.

The trellis diagram of the root lattice Az is drawn in Figure 2.5.

z V3Z
Z+} V3Z+ %2

Figure 2.5: The trellis diagram of the root lattice A,

Example 2.4.2. Consider the coroot lattice of Ay in Example 2.4.1. The coroot lattice
has the same shape as the root lattice Ay with all roots doubled, see Figure 2.6. The
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solid circles represent the codewords of the coroot lattice. Now the simple roots are
r1=(2,0) and r5 = (—1,4/3). The generator of the new coroot lattice A(®V) is

2 0
G:[_l \/g] (2.52)

We set Vo = 0, Vi = {(2,0)) and V5 = {(2,0),(—1,v3)). The orthogonal com-
plement of these vectors are W1 = (w1 = (2,0)) and Wy = (ws = (0,2)). Using the
similar calculation explained in Example 2.4.1, we find that the trellis diagram of the
coroot lattice of Ay is same as that of the root lattice Ay (Figure 2.5). This happens
because we doubled the length of the trellis coordinate system as well as the roots, so
the quotient (2.48) is the same.

Figure 2.6: The coroot lattice A,

Example 2.4.3. From the simple system listed in Table 2.2, a generator matriz of the

root lattice Az is

1 0 0
G=|-1 ¥ o]. (2.53)
1 2
0 - /2

To get the minimum number of paths of trellis diagram, we use the permutation
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(1,3,2) of the rows of G as suggested in Table 5.2 in [4]. Thus the new generator

matric is
1 0 0
G = 0 —% % ) (2.54)
B Y
2 2

The lattice codewords are the vectors

a a V3 2
(al - ?37 '"7—% + CL3“‘§", G’Z\/_B_-) (255)

where a1, as,a3 € Z. From (2.54), we set

V() = O, Wl = (wl = (170a0)>1
Vi = (v = (1,0,0)), W= (w; = (0,-35,1/2)),
V2 = <'017v2 = (03“%7 %))7 W3 = <'LU3 = (07 \/g’ %))’

V3 = (vy,v,, (—%,@,0)).

Then a similar calculation as that described in Exvample 2.4.1 gives the trellis diagram

of the root lattice Az shown in Figure 2.7.

Z
Z V22
Z+1 V2Lt
Z+3

Figure 2.7: The trellis diagram of the root lattice A3

Example 2.4.4. Consider the root lattice By whose generator matriz is (from Ta-

ble 2.2)
10
e[ 0] s

The lattice codewords are the vectors

a1(1,0) + a2(—1,1) = (a1 — ag,a2) (2.57)
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where ay,ay € Z. We set Vo =0, Vi = ((1,0)), Vo = ((1,0),(-1,1)), and W, =
(wy; = (1,0)) W4 = (wy = (0,1)). Following a similar calculation, we get the trellis
diagram of the root lattice By as shown in Figure 2.8 which is just the integer lattice
72,

® vy >0
@ >0 e d

Z Z

Figure 2.8: The trellis diagram of the root lattice B,

Example 2.4.5. Now consider the coroot lattice of By. Use the formula of coroot in
(2.24) on (2.56), the generator matriz of the coroot lattice of By is

20
G = 2.58
[*1 1] 258)
whose lattice codewords are the vectors
CL1(2, 0) -+ (12(—-1, 1) = (2&1 - Qg, CLQ). (259)

Settz’ng Vo = O, V1 = <(2,0)>, V2 = <(2,0), (—1, 1) and W1 = <’LU1 = (1,0)> W2 =
(wy = (0,1)) gives the trellis diagram of the coroot lattice By in Figure 2.9.

27 27

2741 2741

Figure 2.9: The trellis diagram of the coroot lattice of B,, with respect to w; = (1,0)
and w, = (0,1)

Example 2.4.6. Same as Ezample 2.4.5, but now we use the permutation (2,1) on
the rows of G. So we set Vo =0, V = ((—1,1)), V, = ((-1,1),(2,0)) and W, =
(w; = (=1,1)) Wy = (wy = (1,1)). The trellis diagram of the coroot lattice of B,
with respect to wy = (—1,1) and wy = (1,1) is shown in Figure 2.10. It has only one
path, and so this choice of trellis coordinate system gives a minimal trellis diagram (as

opposed in Example 2.4.5).
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®- @ >0
L4 e d e d

Z Z

Figure 2.10: The trellis diagram of the coroot lattice of B, with respect to wy; = (—1,1)
and ws = (1,1)

2.4.2 Decoding Complexity of a Trellis Diagram

The coding gain ~y of a lattice A € R™ is defined from [4, 3] as
v = A2 det(A)_% (2.60)

where A is the length of the shortest nonzero vector in A and
det(A) = det(GGY)? (2.61)

where G is a generator matrix of A.

The complexity of decoding from a trellis diagram is determined from the number
of distinct paths (N,) appearing in the diagram [4, 3]. In general, a lower bound of IV,
for the trellis diagram representing a lattice A € R™ is [3]

N, > [#] (2.62)

where [t] denotes a higher integer closest to t.
We can also compute the number of distinct paths N, by considering the rectangular
sublattice Az (see (2.49)), via [3]

. det(AL)
"~ det(A)

N, (2.63)

The calculation of N, from (2.63) is exact since N, is the number of distinct cosets
of Az in A. However the computation of (2.63) is not easy in practise. One can only use
(2.63) if one has chosen Ay and identified a generator matrix, which is almost equivalent
to construct the trellis diagram. On other hand, the approximation of N, from (2.62)
is simpler and requires little knowledge of the lattice structure. The minimal trellis
diagram as well as the value of distinct paths N, and [y2] of many root lattice A(®)

are given in [4, 3].
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Decoding

As mentioned previously, the trellis diagram decomposes a lattice into a union of cosets
of a rectangular sublattice A (corresponding to the path with all zero labels). The
number of cosets is IV,. For example, from Figure 2.5, the root lattice A; is the union
of 2 cosets (has N, = 2) of the rectangular sublattices, Aq, X Aqw, Which is spanned by
(1,0) and (0,/3). We use the Viterbi algorithm to decode a trellis diagram where the
decoding for each rectangular coset can be done easily by rounding off at each label.
Let al(.j)Z + b?), az(.j) > 0 be the label of a trellis diagram of path j at level i,
7 - 1,...,N, and ¢ = 1,...,n. For a given received vector y (which is given in
coordinates with respect tb a trellis coordinate system w;), we compute the decision

metric of path j at level ¢ via

G)
, vi—=b" | & .6
yz - ([ a(-j) ‘! ai + bi

where we denote [t as the closest integer to t. The decision metric of path j is

2

_ 07

2

DY) = (2.64)

yi — b [yi - b(j)J

o0 gD

>y D@(,f). Then the decoded message is chosen from
min _;_ D). 2.65

The decision metric in (2.64) has 3 multiplications and 2 additions (if agj ) =1, the
complexity of the decision metric (2.64) is reduced to 1 multiplication and 2 additions).
Thus the decoding complexity of a trellis diagram with N, distinct paths and n levels,
using a Brute-force minimization (search all paths) on (2.65), has N, — 1 comparisons,
3nN, multiplications and (2n + (n — 1))N, = (3n — 1) N, additions.

2.5 OFDM

An excellent summary of orthogonal frequency division multiplexing (OFDM) can be
found in [32, 7, 26]. OFDM is a technique of multicarrier transmission for a high
data rate wireless communication to mitigate the effect of delay spread in a frequency-
selective fading channel. The delay spread causes intersymbol-interference (ISI) at the

receiver resulting in an irreducible error rate (or error floor) in performance. Let B,
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be the bandwidth of a channel and B, be the bandwidth of a signal. Then B; > B,
in a frequency-selective fading channel.

The idea of OFDM transmission is to divide the main (signal) stream into N,
substreams, as in Figure 2.11. Each substream uses a frequency which is orthogonal
to those of the other subcarriers?, that is, f, = nAf where n = 0,1,...,N, — 1.
Here Af is a frequency spacing where Af = ﬁ and T, is the duration time of each
subchannel. Then the bandwidth of each subchannel is B, = 1-1\3;: < B, so that now the
bandwidth of each subchannel is less than the bandwidth of a channel. This makes the
channel become less flat to the subchannel. When we choose sufficient large N, such
that B, < B, so T, = B%L > BLC ~ T; where T; is the time delay of a channel; T, > T;
means a subchannel has small ISI degradation.

The parallel OFDM modulations are implemented from inverse discrete Fourier
transform (IDFT) and discrete discrete Fourier transmform (DFT) at the transmitter
and receiver respectively. Furthermore, by inserting a guard interval (or a cyclic prefiz

(CP)), it completely eliminates ISI without the requirement of an equalizer at the

receiver.
Tx
5(0) 5(0)
S(1) s(1)
Serial—to—paralle 8g
Spn — IDFT Add cyclic prefix
converter
S(N.—1) s(Ne — 1)
Rx
y(0) Y(0)
y(1) Y (1)
Yy
Remove CP DFT P/S Converter —— Y,
y(Ne — 1) Y(N.-1)

Figure 2.11: OFDM system

2Some papers call these tones or frequency bins.
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2.5.1 OFDM Transmission

Let S, be an input sequence, {5(0),S(1),...,S(N, — 1)}, chosen from QAM signal
constellation. The transmitted OFDM signal is the IDFT of the input sequence, given
by

Ne—1

1 . 2kt
Y S(k)eFE:, 0 <t < NT. (2.66)
k=0

VN,
Here N_T,, is the duration time of an OFDM data block. Let h. be the channel

response at time 7, defined by

s(t) = IDFT{S,} =

L.-1

he =Y h(D)8(r — ) (2.67)

where h(l) is the channel coeflicient at the path [ and we assume the h(l)’s are complex
Gaussian random variables with zero mean and normalized so that Ef__f; HR(D)]2 = 1.
We call L. the length of a channel where h(l) = 0 when [ > L.. Recall 7; is the time
delay at the path [ so 7, _; is the time delay of the channel.

From Figure 2.11, the output sequence from the IDFT is considered from (2.66) at

time ¢t = nT,,, that is,

Ne—1
]_ ° s2nnk
s(n) = S(k)e’ ne 2.68)
)= 73 S (
where n = 0,1,..., N, — 1. (Note: we can consider S(n) and s(n) in frequency and

time domains respectively where s(n) = IDFT{S(n)}.)
After IDFT, we add a CP of length G (generally G > L, and less than 10% of
N, [32]), using the last G bits of s,, = (s(0), s(1),...,s(N.—1)) so we have an OFDM

sequence with the CP as
8g=(s(N.—G),...,s(N.—1),5(0),s(1),...,s(N. = 1)). (2.69)
We can see that s, has a circular convolution, that is,
sg(n) = sg(n — N,) (2.70)

where n = N....,N.+ G + 1. The property of this circular convolution will give a

simple equation of the OFDM channel model as we will express later in (2.74).
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At the receiver, the received sequence is
Yg(n) = sg(n) x hr 4+ w(n) (2.71)

where n = 0,1,..., N.+G+1, x denotes the convolution operation and w(n) represents
complex Gaussian noise at the receiver. We remove the first G bits of the sequence y,,,
that is, the output is

y(n) = yy(n + G), (2.72)

n=0,1,..., N, — 1. Then the received sequence is

Y (n) = DFT{y(n)} Zy(k Je iR (2.73)
\/_c pord

The Fourier transform of a convolution in the time domain is a multiplication in
the frequency domain. Hence, applying this property to the circular convolution in

(2.71), we can simply write the received sequence after removing the CP as [51]

Y(n) = H(n)S(n) + W(n) (2.74)
where n = 0,1,..., N, — 1 and H(n) is the DFT of the channel impulse response at
the n-th subcarrier, that is,

Le-1

H(n) =Y h(l)e . (2.75)

=0

We can see that now the received sequence in an OFDM system as expressed in
(2.74) has the same format as a typical received signal in a Rayleigh fading channel
where H(n) is a complex fading coefficient of the subcarrier n. The equivalent OFDM
channel model in (2.74) is useful for simulation (and for quick analysis) since we can
avoid the steps which require the IDFT and DFT.

Using the ML criterion, we decode a message of the n-th subcarrier by min ||Y (n) —
H(n)S||? for all § € QAM. We use the OFDM representation given in (2.74) for
the simulation of symbol error rate (SER) performance of our proposed OFDM in
Section 9.4.
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2.5.2 Peak-to-Average Power Ratio (PAPR)

The peak-to-average power ratio (PAPR) of an OFDM transmitted signal is computed
via

2
oJBax, |s(t)]

YN [ ()Pt
where s(t) is the transmitted OFDM signal defined in (2.66). A large value of PAPR

indicates that the average and peak values are far apart.

PAPR (2.76)

The PAPR in (2.76) is calculated from a continuous-time signal s(t). However, in
practical situations, we measure and compute the PAPR from the discrete time signals
of s(t), by a sampling method. We sample the transmitted OFDM signal s(t) by a

sampling factor W. The discrete time signal at the sampling time ¢t = n/ T# is

Ne—1
1 < 2nkn’
s(n') = S(k)e New (2.77)
VoD
where n’ = 0,1,..., NJW — 1. It is clear that if we choose a sampling factor W = 1,
(2.77) is the same as (2.68). It has been shown in [96] that W = 4 is sufficient to
capture the peaks of the signal and gives an accurate PAPR. Hence, the PAPR from
the sampling signals of factor W is

Nni2
ocnax, |s(n)]

AR = TP

(2.78)

where s(n’) is defined in (2.77) and E|s(n’)|* denotes the expectation of |s(n')|2. We
use the formula (2.78) and the sampling factor W = 4 to compute the PAPR, of our
proposed OFDM system in Chapter 9.

In particular interest, we consider a PAPR reduction method using the tone injec-
tion (TI) on a hexagonal constellation introduced in [29]. The improvement of PAPR
reduction comes from the large degree of freedom of a hexagonal constellation (which
is more dense compared to QAM for given the same minimum distance). In [29], the
authors use the (suboptimal) technique of partial transmit sequence (PTS) introduced
in [46] to map from the input sequence S, chosen from QAM to the hexagonal con-
stellation. They show that this does not increase signal power nor increase data rate

loss. Moreover, the subcarrier frequency from a hexagonal constellation is shown to be
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detected and synchronized easily at the receiver [99].
The ARGC A, is related to hexagonal constellations, as we will show in Chapter 8,
and we will use it to further reduce the PAPR of an OFDM system in Section 9.4.
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USTC From Group Codes

In this chapter, we present new full diversity space-time constellations for DUSTM
with two transmitter antennas. The proposed constellations are based on permutation
codes variant II and finite reflection group codes (FRGCs) as explained in Section 2.3.2
and 2.3.3 respectively. The constellations themselves are not groups, but belong to the
larger class of nongroup constellations. An advantage of using group codes to con-
struct USTC in this way is that the problem of finding the best initial vector, and the
value of the nearest distance, has been solved for permutation code variant II and for
all irreducible FRGs in [83] and [54] respectively. Consequently, the performance of
the USTC constructed from these group codes may be predicted in advance. Having
chosen a high-performance group code, the construction of the corresponding USTC is
algorithmic and requires no optimization steps. The proposed constellations have ex-
cellent diversity products. Simulations show that they outperform other USTC designs

in the literature.

3.1 USTC From Permutation Codes Variant II

Define a 2 x 2 full diversity unitary space-time constellation for two transmitter anten-
nas via
T+ jrs —(T3 — jT4)

: . (3.1)
T3+ )Ty Ty — ]2

V(xh T3, T3, .’L'4) =

Here @ = (21,22, 23,24) € X, where X is a four-dimensional permutation code

42
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variant II of order L normalized by its codeword’s energy v'E, that is

1
X = —{z;}" 3.2
\/E{ 1=0 ( )
The codeword’s energy E is computed by (2.38). The order of the unitary constellation
in (3.1) is equal to L defined in (2.36).
For the given dimension n = 21;1 m; = 4, we maximize the diversity product of

this constellation by choosing the distributions m as

and also setting .
= —=+1—1. 3.4
Hi = 75 (3.4)
This condition on yx; makes the minimum square distance of codewords d2;, in
(2.37) equal to 2.
Theorem 3.1.1. The diversity product of the proposed USTC in (3.1) is
= (35)
YT VRE '
Proof. From the definition of diversity product given in (2.14), we have
. 1 L
¢y = min =|det(V —V’)|z
V.Viey2
i
1 (@1 — 27) + j(wz — 25) —((zs — 25) — j(za — b)) ||
= min _ {det . _
TT'ex 2 (w3 — %) +j(wa —xy) (21— 2h) — j(z2 — 23)
. 1
= min sl —a) + (@2 = 2)" + (23— 75)" + (24 — 7))
1 d?nin
= s\ B> from (3.2) (3.6)
1 /2 " .
= 5\ % from the condition of y; in (3.4)
_ 1
V2E
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Our proposed unitary constellations with their distributions, orders and diversity
products are listed in Table 3.1. They are found by all combinations of the condition
n=my+ms+...+m,=41in (3.3).

m L Cv
4 16 0.5000
(3,1) 64 0.3367 Figure 3.1
(2,2) 96 02706
(2,1,1) 192 02109 Figure 3.2
(1,1,1,1) 384 0.1429

Table 3.1: Our proposed USTC from permutation codes variant II and their diversity
products

We illustrate two examples of constructing proposed USTCs from permutation
codes variant II as listed in Table 3.1 at the date rate R = 3.00 and 4.00 bits/s.
R = 3.00 bits/s
From Table 3.1, our proposed USTC at L = 64 and R = 3.00 bits/s has the distribution

= (3,1). Hence the energy is

E=3x (\1[) +1x (7— L1)2 = 44142, (3.7)

This implies the alphabet of this unitary constellation is

1 1 1 1 1 P
=8 —— [+ +—— +—— F+(—=+1 . 3.8
{\/4.4142( V2 V2TV (ﬁ )) } (38)
From 3.5, the diversity product is
Gy = ! = (.3366 (3.9)
VT axddiar '

which is the largest diversity product among different 2 x 2 USTC at the same rate
R = 3.00 bit/s as shown in Table 3.2.

The performance of our proposed USTCs is done from Monte-Carlo simulation in
MATLAB. The code performance is considered by plotting the block error rate (BLER)
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against SNR in dB. All plots are considered in an unknown Rayleigh flat fading channel
using DUSTM and the ML criterion in (2.10) for decoding as explained in Section 2.1.1.
The fading coefficients and additive noise are independent complex Gaussian variables
with mean zero and variance one CA(0,1) and the channel matrix is assumed to be
constant within two consecutive time periods.

Figure 3.1 shows the BLER performance of our proposed USTC with m = (3,1)
and R = 3.00 bits/s for two receiver antennas ny = 2. We can see that our proposed

USTC performs very well for high SNR, and outperforms the other four designs.

USTC designs Cy
Dicyclic group Qs [36] 0.0980
Cyclic group v = (1,19) [35] 0.1985
Orthogonal with 8-roots of unity [90] 0.2706
Parametric code, k£ = (7,10,0) [49] 0.3070
N ical

0.3090

Table 3.2: Comparison of different 2 x 2 USTC designs for R = 3.00 bits/s. Our
proposed constellation is highlighted in grey.

R ~ 4.00 bits/s
From Table 3.1, the distribution of proposed USTC at L = 192, R = 3.79 bit/s/Hz is
m = (2,1,1). Hence the energy is

1 2 1 2 1 2 _
E=2x(ﬁ) +1><(-\/—_2_—i—1) +1x(~\/§+2) = 11.2426. (3.10)

This constellation has the alphabet

1 1 1 1 1 F
X=d— [+, =, (—=+ 1), £(—=+ 2 (3.11
{\/11.2426 ( ot m g )) } 310)
with the diversity product

1

= /2 % 11.24%6

= 0.2109. (3.12)
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ble
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-8 orthogonal
- p ic

0 5 10 15 20 25
SNRindB

Figure 3.1: BLER performance of different USTCs for ny = 2, ng = 2 at R = 3.00
bits/s. Our proposed constellation is permutation code variant II with m = (3, 1).

We give a comparison of the diversity products of this proposed unitary constellation
with different 2 x 2 unitary designs at the same data rate R = 4.00 bits/s in Ta-
ble 3.3. We can see that the proposed USTC from permutation code variant II has the
largest diversity product, and also outperforms the other three designs as displayed in

Figure 3.2, with one receiver antenna, ng = 1.

USTC designs R Cy
Dicyclic group @ [36] 4.00 0.0245
Cyclic group v = (1,151) [35] 3.95 0.1045

Orthogonal 16™-roots of unity [90] 4.00 0.1379

Table 3.3: Comparison of different 2 x 2 USTC designs for R =~ 4.00 bits/s. Our
proposed constellation is highlighted in grey.
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—%¥~ cyclic
-+ dicyclic
*1- 8- orthogonal

10"‘ 1 | | | |
0 5 10 15 20 25 30

Figure 3.2: BLER performance of different USTCs for ny = 2, ng = 1 at R = 4.00
bits/s. Our proposed constellation is permutation code variant II with m = (2,1,1).

3.2 USTC From Finite Reflection Group Codes

Consider an irreducible FRG G of rank n = 4, such as B4, Z, and F; in Section 2.3.3.
Choose a normalized initial vector ||zo|| = 1, 2o € R* from (2.42). The proposed 2 X 2
full diversity USTC obtained from these FRGCs X consist of V(z1, 22, 3, z4) defined
in (3.1) where = = (2,22, 23,24) € X.

Let an initial vector be xo = (o1, Toz2, Tos, Toa) and r = (ry,72,73,74) be a simple
root of an irreducible FRG G. We compute the 4-dimensional orthogorial reflection
matrix Sy of G of rank 4, as follows. From (2.21), the FRG codeword generated from

the reflection Sy € G to x¢ is computed via

Lo T
S'rwo = T — 2 r (313)
r
— 211\ _ 2zopra _ 2moari __ 2zoqry
Zo1 T1 o1 (1 r-'r) r.T T T
2x0172 2rg 2z0372 220472
_ To2 2330 U I T T To2 (1 - 'r-'r) ~—rr T Trry
T-T _ 2xgiry _ 2xmoar3 _ 2r3\ _ 2xp4r3
Zo3 T3 rr o T Zo3 (1 r-'r') rTr
_2zqurq _ 2xepry _ 2woary _ 2r4
Zo4 T4 T T 7+ zoa (1— 75)

(3.14)
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Hence, for a given simple root r = (ry,rs,73,74), the 4-dimensional orthogonal

reflection matrix is

[ 1—pir1  —piry —pirs —pirs |
—par1 1 —pory  —por —Por.
Sp = PaT1 Dara Par3 D27y (3.15)
—p3ry  —psre 1 —psr3  —psry
| —PaTi —paT2 —par3 1 —pary |
where )
T
;= z, ,=1,2,3,4. 3.16
pi= s (3.16)

The codewords & obtained from the FRGC (and hence, via the formula (3.1), the

elements of the proposed unitary constellation V) are thus obtained from xq by

X = HS'rijwo (317)

where the indices ¢; € {1,2, 3,4} are determined by the presentation of the FRG (using,
for example, [1]), and Sp, is defined in (3.15).

The data rate of the proposed USTC from FRG is R = log, L/2 bits/s where
L = |G|/|H| and H is the subgroup of G generated from the reflections of the passive
simple system A,

Since we set an initial vector |jxo|| = 1, the energy E = 1 for all FRG codewords
(all codewords lie on a unit sphere). Thus, from (3.6), the diversity product is dmin/2.
Finally, from (2.43), the diversity product of the proposed USTC obtained from irre-
ducible FRGCs as defined in (3.1) is

Do > vt limilAs - A

TiEA\A, THEA\D,

v = (3.18)

where A and A, are the simple and passive simple systems of FRG G respectively, and

A; is the dual vector to the simple root ;.
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O O O O
L T2 T3 74

Figure 3.3: The Coxeter graph of the irreducible FRG Z,

Proposed USTC From Z,

We give an example of constructing a full diversity USTC based on the irreducible
FRG Z,;. The Coxeter graph of Z, is shown in Figure 3.3. From [54, Table I], the

simple system A = {71, 72,713,174} of 7, consists of the 4 simple roots:

2
cos —51(2 cos = +1,1,—2cos _7_r_7 0),

T = 5
T = COS g(—QCOS% —1,1,2cos Z,O),
T3 = COS 2—573(200sg,——2cos§ -1,1,0),
2m ™ s
= cos —(—2cos—,0,—2cos — — 1,1).
T4 cos 5( cos5,0, cos ¢ 1,1)

From Section 2.2.1, we can express the presentation of Z, from its Coxeter graph

in Figure 3.3 as

I4 = <ST19‘S"I°278’I'3>S7'4|S’12"1 = S’?"z = S’?‘:; = 5%4 = (S"'ls’l'z)s = (S'T']_S’l"g)z =
('5”1"1‘5”1"4)2 = (Sr25r3)3 = (51”25"°4)2 = (57'35”'4)3 =1I) (3.19)

where I denotes the identity matrix. The order is |Z4| = 14400. Using the formula
given in (3.15), the 4-dimensional orthogonal reflection matrices of these simple roots

71, T2, T3 and 74 are

_ 2 1 s _ 2n 1 by
cos 3 CoS £ 0 cos % 5 Cos £ 0
1 s P 1 us _ 27
S = -3 COS§ COS - 0 Sp. = 5 COS cos 0
1 s 2 1 A T _ apg 2T 1 ’
cos§  cos ¥ 3 0 cos % cos % 3 0
0 0 0 1 0 0 0 1
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: cos T cos %” 0 % 0 —cosf cos?t
s cosF —cosZE 4 0 5 0 1 0 0
T3 = 27 1 pis ) Ty = T 2n 1
—COo8 3 cos ¥ 0 —Cos ¥ 0 —cos < 3
2 1 T
i 0 0 0 1 | cosF 0 5 cos ¥ |
respectively.

Choose the initial vector g = (0, 0,0, 1) which corresponds to the passive simple
system A, = {r1, 72,73} since Sp,xo = g for all i = 1,2 and 3. This gives a unitary
constellation® of order L = 14400/120 = 120 which has the data rate R = log, 120/2 ~
3.45 bits/s. The comparison of this proposed USTC with different 2 x 2 USTC designs
at the same data rate R = 3.45 bits/s is given in Table 3.4. We can see that our
proposed USTC has the highest diversity product ¢, = 0.3090 which equals that of the
excellent USTC obtained from a fixed-point free group SLy(F5) presented in [80].

USTC designs L R ¢y

Dicyclic group Qs [36] 128 3.50 0.0491

Cyclic group v = (1,43) [35] 120 3.45 0.1353

Orthogonal 11%B-roots of unity [2, 91] 121 346 0.1992

SLy(Fs) [80] 120 3.45 0.3090
_Pro .

Table 3.4: Comparison of different 2 x 2 USTC designs for R ~ 3.45 bits/s. Our
proposed constellation is highlighted in grey.

Figure 3.4 shows the BLER performance of this proposed USTC from Z; when
A, = {r1, 72,73} compared to different 2 x 2 USTC designs at the same data rate R ~
3.45 with ng = 1 receiver antenna. We can see that the proposed USTC outperforms

the dicyclic, cyclic and orthogonal designs.

Proposed USTC From B,

From Table 2.2, the 4 simple roots of the irreducible FRG By are r; = (1,0,0,0),
ry = (-1,1,0,0), rs = (0,-1,1,0) and r4 = (0,0,—1,1). The Coxeter graph of B,

is given in Figure 3.5. The 4-dimensional orthogonal reflection matrices Sy, of these

1We have used GAP [1] to determine the indices i; in (3.17) to generate these codewords.
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Block error rate

--| —&— dicyclic
| —8— cyclic .
*'| —#&—orthogonal |-
..... proposed I, i

SNRin dB

Figure 3.4: BLER performance of different USTCs for ng = 1 at R = 3.45 bits/s. Our
proposed constellation is Zy when A, = {ry, 72,73}

4
O O O O

™1 T2 T3 T

Figure 3.5: The Coxeter graph of the irreducible FRG B,

simple roots are also computed from (3.15) as

1000 0100
0 100 1000

SZ ,S: 3

"1 0 010 71001 0
| 0 00 1] (000 1]
0100 1000
1000 0100

Sp = . Sp, =

T lo010 71000 1
000 1 0010
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From its Coxeter graph in Figure 3.5, we can write the presentation of B, as

By = (Sry,Sry, Sry, SrylSpy = Sy, = Spy = Spy = (SrySr,)* = (Sry Srs)” =
(S'I‘ls"“4)2 = (57‘287‘3)3 = (57‘25”'4)2 = (ST3S7'4)3 =1I) (3.20)

with its order |B,| = 384.

Choose the initial vector

1 1 1 1 1
To=——=7 ——,"—>-‘—,1+——“>
(3+2)2 (\/5 V2 V2T V2
corresponding to the passive simple system A, = {rz,r3}. Hence the proposed con-
stellation has L = 384/6 = 64 giving the data rate R = log,64/2 = 3.00 bits/s.

This proposed unitary constellation B; has the highest diversity product compared to
different 2 x 2 USTC designs at the same data rate R = 3.00 as listed in Table 3.5.

Unitary space-time constellation designs L = 64, R = 3.00 Cy

Dicyclic group @5 [36] 0.0980
Cyclic group v = (1,19) [35] and Ggq1 [80] 0.1985
'Orthogonal 8th_roots of unity {2, 91] 0.2706

Table 3.5: Comparison of different 2 x 2 USTC designs for R = 3.00 bits/s. Our
proposed constellation is highlighted in grey.

The BLER performance of the proposed USTC obtained from By when A, =
{r2,73} compared to different 2 x 2 USTC designs at the same data rate R = 3.00
bits/s/Hz is shown in Figure 3.6, for ngp = 2 receiver antennas. We can see that the

proposed USTC outperforms the dicyclic, cyclic and orthogonal constellation designs.

Other Examples

We also give several other examples of the proposed USTCs obtained from irreducible
FRGs of rank 4 (B, 4 and Z;) with their best diversity products in Table 3.6.
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:| —©— dicyclic

‘1 —8— cydlic
-| —#— orthogonal
‘| —p— proposedB,|

- ; ; ; :
1] 5 10 15 20 25
SNRin dB

Figure 3.6: BLER performance of different USTCs for ng = 2 at R = 3.00 bits/s. Our
proposed constellation is By when A, = {r3,73}.

Irreducible finite reflection groups of rank 4 L R Cy

Fi, Dp={ry,r2,7rs} 24 2.29 0.5000
By, Ap={r1,rs} 96 3.29 0.2861
.7:4, Ap = {'I"l, T2, 7‘4} 96 3.29 0.2887
.7:4, Ap = {7‘2, 1“3} 144 3.59 0.2706
Fu, Ap={ry,r2} . 192 3.79 0.1890
Fu, Ap={ri,rs} 288 4.09 0.1913
Fu, Ap={ra} 576 4.59 0.1429
Iy, Ap={ra,rs,r4} 600 4.61 0.1350
I4, Ap = {’I"1, T2, 'I"4} 720 4.75 0.1625
Fu, A, ={0} 1152 5.09 0.0967
14, Ap = {7’1, T3, 7‘4} 1200 5.11 0.1102
Iy, Op={ry,ra} 1440 5.25 0:1077
Iy, Ap={rs,rs} 2400 5.61 0.0955
Iy, Ap={ry,rs} 3600 5.91 0.0823
Iy, Ap={ra} 7200 6.41 0.0604
Iy, A, = {0} 14400 6.91 0.0391

Table 3.6: Some examples of USTCs from irreducible finite reflection groups of rank 4
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Full Diversity USTC From Bruhat

Decomposition

In this chapter, we present a new Bruhat decomposition design for constructing full
diversity USTC for any number of transmitter antennas. The Bruhat decomposition!
allows us to choose nr disjoint non-overlapping cosets of a unitary diagonal subgroup
D in such a way that full diversity is preserved.

Let V = {Vl}g":"ol be a set of nr x nr unitary matrices called a signal constellation
where nr is the number of transmitter antennas. The design problem of DUSTM is to

maximize the minimum value of the distance
d(l,") = |det(V; — V)| > 0, (4.1)

for all distinct V', Vy € V. A constellation V for which d(I,1") > 0 for all ] # [’ is said
to have full diversity. It has been shown that the finite simple unitary groups having
full diversity are the fized-point free groups [80]. It has also been proven that U(1) and
SU(2) are the only two infinite full diversity unitary groups [34]. The application of the
Bruhat decomposition to the design of full diversity unitary subgroup constellations of
U(2) and U(4) was first introduced in [47] using a method which was developed for 2
and 4 transmitter antennas respectively, but which is not applicable to an odd number

of transmitter antennas.

1Some background on the Bruhat decomposition is given in Appendix A.3

o4
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The diversity product defined in (2.14) can be written in the terms of d({,!’) as

G = 5 mind(, 1), (4:2)

N =

We will construct a unitary (non-diagonal) constellation V as a union of cosets of
diagonal unitary matrices D (see (4.3)). Then the diversity product of our proposed
unitary constellation using Bruhat decomposition will be the lesser of the diversity
product of D and a constant nonzero value coming from the calculation of d(l,!’) for
V, and V in distinct cosets of D. The proposed full diversity USTC using Bruhat
decomposition, denoted as V, is presented in Section 4.1. The properties on the condi-
tion of full diversity and some examples of V are discussed in Sections 4.1.1 and 4.1.2
respectively.

In Section 4.2, for the case where nyp is even, we consider an extension of these con-
stellation designs using a Hamiltonian constellation {57] in place of D. The resulting
constellation is called Hamiltonian Bruhat USTC, and is denoted as B. This approach
gives a constellation with higher diversity product. Although our proposed constella-
tions are not groups, we show that they are extremely symmetric in that the minimum
value of d(l,1') can be determined by checking only L — 1 distinct elements in V.

We consider the performance of both Bruhat designs in Section 4.3. Simulations
show that our proposed constellations perform well in unknown Rayleigh flat fading

channel, and also outperform other full diversity USTC designs.

4.1 Bruhat Constellation

We develop the design of a full diversity unitary Bruhat constellation V for any number
of transmitter antennas using Bruhat decomposition as explained in Appendix A.3.
Let w be an ny X ny matrix representing the full permutation (123---nr) in the
natural representation. Following from (A.22), this cycle has the property that neither
w, nor any power of w (up to w"? = I), has any fixed points. Consequently, the
positions of the nonzero entries in w?, or equivalently, in w?7, are entirely disjoint from
those for w’ for any i # j where 7 is a subgroup of all unitary matrices in the group
of all invertible upper triangular matrices. (This property makes the computation of

the distance between distinct cosets more accessible to theoretical analysis because the
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permutation w® allows us to have a possible nonzero determinant of a difference of two
distinct nonoverlapping cosets). From (A.24), this subgroup does not have full diversity
since 7 itself does not. Thus to obtain a full diversity constellation, we restrict to a
full diversity subgroup of 7 and then construct our (nongroup) constellation from its
cosets.

Choose a finite full diversity subgroup D of diagonal unitary matrices having deter-
minant equal to 1 (more precise conditions to be specified in (4.9)). Set X = 2™/t
Our proposed unitary Bruhat constellation V is a subset of S,, x 7, given by the disjoint
union of sets of unitary matrices defined by

np—1
V=] Nu'D. (4.3)
i=0

Write D € D as D = diag(di,ds, . ..,dn,), then |d;| = 1 V5 and didy---dp, = 1.
Hence

det(\'w'D) = £e?™i/nr (4.4)

foralli =0,1,...,nr—1. In order for V to be a full diversity constellation, we need to

have d(l,1') > 0 (see the equation (4.1)). This problem can be broken into two cases:

i) Same Coset (sc) Case

Suppose V;, Vi € V lie in the same coset Mw*D. Then we can write V; = Xw'D and
Vi = Mw!D' for some D, D' € D. We compute the distance between these codewords

as

dse(1,V) = |det(V,— V)|

= |det(\M'w'D — N'w'D')|

= |det(\'w")||det(D — D’)]

= |det(D — D’)|, since |det(\'w')| = 1. (4.5)

Thus the minimum value of ds(/,!') equals the minimum distance between two
elements of D. Hence, in order to have ds(I,I') > 0, it suffices to require the full

diversity of the subgroup constellation D.



Chapter 4. Full Diversity USTC From Bruhat Decomposition 57

ii) Distinct Coset (dc) Case

Suppose now that V;,V, € V lie in distinct cosets; say V; = M\wkD and Vy =
NwiD', k < j for some D,D’ € D. Then as above, we may restrict ourselves to the
case where V; € D and Vi € Aw'D, since

|det(\fw* D—Nw! D')| = | det(\ew®)|| det(D—N"*w/~*D")| = | det(D—N"*wi=*D")|.
(4.6)
To compute dg. explicitly, we proceed follows. Recall the decomposition of w? into
disjoint cycles given in (A.22), w* = 01 03---0,. Let S; be the set of all possible
permutations which can be formed from the set of disjoint cycles {01, 09, ...,0,} using
each cycle at most once. For example, in the symmetric group Sg with 7 = 2, we have
w? = (135)(246) so Si— = {I,(135), (246), (135)(246)}. Consequently, |S;| = 29. For
o€ S'i, write fo for the number of disjoint cycles occuring in o, and let b represent the

period of o, which in this case equals the length of any of its cycles, and b = N;/g.
Theorem 4.1.1. The distance between V; and V' in the distinct coset (dc) case is
. o
dae(l, 1) = | Y (1) N T 7] (4.7)
O‘GS.',' Jj=1
where we define df to be equal to d; if o(j) = j and d; if o(j) # 3.
Proof. 1t is well known that for any ny x nr matrix A = (a;):
nr
det(4) = Y (1)@ [] aj00 (4.8)
0ESnp j=1

where H;";_"l Ajo(j) = G10(1)320(2) * * * Onpo(ng)- 1N the case under consideration, A = D —
XNw'D' where D, D’ are diagonal matrices, \ is a scalar and w is the full permutation
(12-.-M). Then we can see that

apj # 04 either j = k in which case ag, = dj,

orj = w'(k) in which case Apwri(ky = (_1))\id:ui(k)-

Thus the only permutations o € S,, for which all axexy 7# 0 are those for which



Chapter 4. Full Diversity USTC From Bruhat Decomposition 58

either o(k) = k or o(k) = wi(k) for all k = 1,..., M; that is, for ¢ € S;. Then since
each disjoint cycle of w® (and thus of o) has period b, we get sgn(c) = #o(b—1). Also,
for each o, the total number of elements ay, (k) for o(k) # k is fiob. Thus

nr
1)sgn(a) Haja(j) — ( )ﬂa(b 1) )\z tob Hdo'
j=1

_ o(2b—1 oib o
= (—1)lo@-1) de

i=1
nr
ib
= (_1)ﬁ0)\ﬁm Hd;r
j=1
as required. From we have
[Max ] 4=11¢
some J other j J

since we have just permuted the indices with o. a

We note that the term corresponding to o = 1 is simply det(D) = 1, and the one
corresponding to 0 = w' is (—1)I\9? det(D’) = (—1)I\""T. We need to ensure that the
distance dg.(1,1") of (4.7) is strictly nonzero. For simplicity, we impose the condition
that each D = diag(d;,ds,...,d,,) satisfies

dr - drgi - drg2i - drgyp—1yi = 1 (4.9)

for each 1 < r < g. Here @ denotes an additional modulo nr. This ensures that the

term [[7Z, d7 =1forall o € S;. Hence (4.7) simplifies to

dac(1,1) =1 (- ﬁ‘uﬂ‘”b| (4.10)

aeSi

For each value of k, 0 < k < g, there are ({) elements o € S; with o = k. Thus
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to evaluate this expression,we may sum over k, to yield

dae(L,V) = l}g’:(i)(—l)’“kk""l (4.11)
= [(=1)°(\* = 1)*] (4.12)
= |\ -1, (4.13)

Since i < nr and b = nr/g < ny, we have that ib < n2. Hence A\® # 1 for any i,
and thus dg.({,1") # 0.

Example 4.1.1. Set the number of transmitter antennas nr = 9 and A = e2™/8, Con-
sider 1 = 3: the permutation w?® = (147)(258)(369) = 0,0203 with ¢ = gcd(3,9) = 3
and b = 9/3 = 3. We choose a subgroup D to consist of diagonal matrices D =
diag(dy, ds, ds, d4, ds, dg, dy, dg, dg) which satisfy didyd; = dodsds = dsdedg = 1 (follow-
ing from (4.9)). Clearly det(D) = 1 and from (4.18) we have the distance between any
2 elements of the distinct cosets D and w3X\3D is dg(1,') = |A\? — 1|3 = 0.3201.

Theorem 4.1.2. Suppose the number of transmitter antennas ny is prime. Then the
choice of A\ = e*™/"t mazimizes the minimum value of dg.(1,1'), and D may be taken
to be any full-diversity subgroup such that det D =1 for oll D € D.

Proof: When the number of transmitter antennas ny is prime, we have g = ged (i, nr)
lforalli=1,2,...,nr—1, s0 b= ny. Hence from (4.13), we have dg.(I,I') = |\ —1|.
This value is equal to the Euclidean distance between two points on a unit circle. It
follows that the chosen value of A = e2"//"* maximizes the minimum value of dg(l, )
in this case, by ensuring the ny points A7 are equally spaced along the unit circle.
Moreover, since the permutation w’ is a single cycle for each ¢, the equation (4.9)

simplifies to nothing more than the requirement that det D = 1. O

Summary of Design Criterion (DC) of Full Diversity Bruhat Constellation

We now summarize the design criterion of a full diversity unitary Bruhat constellation

V for any nr transmitter antennas as follows:
DC1) Set A = e2/nz,
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DC2) Choose D to be a unitary cyclic diagonal subgroup {D;}2%™", such that
D, = diag(dy, ds, . . ., dyn,) = diag(e??™t/Lp ei?mual/lp  ei2munpl/Lp) (4.14)
where the values of {u;};%, € {1,2,...,Lp — 1} must be chosen so that (DC2a) D,
satisfies (4.9) for each i = 1,2,...,nr — 1, and also (DC2b) so that the minimum value
of the distance dy.(,1') = | det(D; — Dy)| is maximized.
In practice, when determining the constraints on a subgroup D imposed by (DC2a),

one only needs to consider a very few values of ¢, by the following proposition.

Proposition 4.1.1. Let {p1,ps, ..., Pn} be the set of distinct primes dividing nr. Then
a subgroup D will satisfy the conditions of equation (4.9) for everyi € {1,2,...,nr—1}
if and only if it satisfies those conditions for i € {nr/p1,nr/pe,...,nr/Pn}.

Proof: We first prove that it suffices to consider values ¢ which divide ny, as follows.
Choose any i and set g = ged(i,nr), b = nr/g. Note that g is also the number of cycles
in w'. We claim that the set {,21,...,(b—1)i}, which certainly consists of multiples of
g, modulo ny, is in fact the set of ALL multiples of ¢, modulo ny. For suppose it was
not. Then for some 1 < k <[ < b, we would have ki = li mod np. Dividing through
by g and using that i/g is relatively prime to b = np/g, we deduce that b divides k —I;
impossible. Consequently, for each k € {1,2,..., g}, the sets of indices

(bk®gkd2g,....k®(b—1)g} (4.15)

and
{k,koi,kd2i,....,kd(b— 1)} (4.16)

are identical. This shows that the conditions imposed by equation (4.9) for w* are
identical to those for w?. The set of all such elements g is the set of all divisors of ny.

Next, we show that if ¢ divides 7 and j divides nr, then the conditions imposed by
(4.9) corresponding to w’ force those corresponding to w’ to hold automatically. This
would in turn imply that it suffices to choose the largest divisors in any such chain of
divisors, which is the statement of the theorem. So write j = ni, with j dividing ny.

Then (4.9) implies for this power j that

dkdkeaj e dke})(%@—l)j =1 (4.17)
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for each 1 < k < 5. Now note that

I1 dika; * ** ko (nr/i-1); = Do * - dignr/i-1)i (4.18)
ke {ll+4,l42i,...,l+(n—1)i}

whence the conclusion follows. O

For (DC2b) note that in particular each u; must be relatively prime to Lp. If
not, then for some power, 0 < | < Lp, we would have d; = 1, which coincides with
a diagonal element of I,.. This, in turn, implies d(l,!') = 0 (for I’ = 0) so the

constellation D, and hence V fails to have full diversity.

Example 4.1.2. When the number of transmatter antennas nr = 3, we must choose
D, = diag(dy, dy, d7'dy?) = diag(e?? /I ei?mual/Lp g=ilm(mtu)l/Lpy — (419)

This will give a full diversity constellation only if uy, us and u; + uy are relatively

prime to Lp. For example, we can choose Lp to be prime.

Subject to these constraints (DC2a) and (DC2b), one chooses the values of u; and

ug by exhausive search to maximize the minimum value of dg.(, ).

Theorem 4.1.3. If nr has an odd prime factor, then the Bruhat constellation V has
full diversity only if Lp is odd.

Proof: Recall that we use the symbol & for addition modulo nr. Suppose p is an
odd prime factor of nr. Taking ¢ = nr/p in (4.9) as in Proposition 4.1.1, we see that

each element D = diag(dy,ds, . .., dn,) of the subgroup D must satisfy
djdjgidje -+ * djep-1yi = 1 (4.20)

for each 1 < j < 4. Writing each dj, = €*™%/Lp for some integer uy, we may rephrase

equation (4.20) as the condition
Uy -+ Uji + -4 Ujg(p—1)i =0 mod LD (421)

for all 7. In order to achieve full diversity, each u; must be relatively prime to Lp.

However, if Lp is even, then the equation (4.21) is an odd number of terms adding up
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to an even number, implying that at least one of the terms is even, and consequently

not relatively prime to Lp. (]

A partial converse to Theorem 4.1.3, about the existence of full diversity Bruhat

constellations, is the following.

Theorem 4.1.4. Suppose nr is power of a prime number p. If p # 2, assume that Lp
is relatively prime to np — 1. Then there exists a full diversity Bruhat constellation of

order ntLp.

Proof: Write nr = p™ is the power of a prime number. Then Proposition 4.1.1
implies that the constraint imposed by (4.9) for all ¢ < nr is satisfied if we take

i =ng/p=p"!. In terms of the parameters u;, what we require is
’LL] + Uj+pn—1 + A '+‘ Uj+(p_1)pn—1 = 0 mOd LD (4.22)

for each j < p"~!, with each u; relatively prime to Lp. This may be satisfied as follows.
If p=2, take u; = 1 and w;4pn,/2 = Lp — 1.
If p > 2, we may by hypothesis choose K < Lp, K > 0 such that K = —(p — 1)
mod Lp. Then take

Uj = Ujypn—1 = =+ = Ujq(p—2)pn—1 = 1, Ujp(p—1)pn—1 = K. (423)

Since (nr — 1) and Lp are relatively prime, so are K and Lp; since np —1=p"* -1 =
P-DE"+--+p+1). O

4.1.1 Properties of Bruhat constellation

The order and the rate of the Bruhat constellation V are Lpny and logy(Lpnr)/2
bit/s, respectively. The following theorem gives a closed formula for the value of its

diversity product in terms of the value of the diversity product of the subgroup D.

Theorem 4.1.5. Ifny # 4, and p is the smallest prime divisor of ny, then the diversity

product of the Bruhat constellation is given by

1
¢y = min {gp, % (2 sin %) p} : (4.24)
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where (p denotes the diversity product of the constellation consisting only of the sub-

group D. When nr = 4, one has instead the formula
(v = min {(p, 2778} (4.25)

Proof: Recall that for each ¢ we define ¢ = ged(i,nr) and b = ny/g. From Sec- -

tion 4.1, we know that the diversity product of our constellation is computed as

& = %nll}p(dsc(z,l'),ddc(z,z'))# (4.26)
= min (gp,-;-wb—u#). (4.27)

From \ = e/2"/"t one can simplify

1,.. 1 o
5!)\%_1',‘%—, — §|1_e]21rzb/n%|g%
1 -4
1 2mib\ 2|"7T ,
= = (Q—QCOSL;> , from e/® = cosf + jsin 6
2 ni
1L
1 b\ 2| "7 1
= = (élsin2 %) , from sin?z = =(1 — cos 2z)
2 ny 2
1 ( . m’b)ﬁqf
= - |2sin— .
2 ny

Now note that if & is the integer such that ¢ = kg, then ib = kny. Consequently, for
each fixed value of ¢ dividing nr, the term in parentheses achieves its minimum value

when £ = 1, and that minimum value is 2 sin ;”;, independent of g. Thus we have

1 wib\ T 1 m\ T
min - | 2sin —- = min = | 2sin — (4.28)
i 2 ns 9 2 nr

where now we are taking the minimum over all ¢ which divide nr.

If np > 6, then 2sin ;’ET- < 1, and so this minimum occurs for the largest value of g,
that is, when g = nr/p, with p the least prime dividing nr. Since then g/ny = 1/p,
the theorem is proven in this case.

If np < 5, then 2sin n—’;; > 1, so the minimum occurs instead when g = 1. However,
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since 2, 3 and 5 are prime, the formula is unchanged; in the case of nr = 4, one has

1 o \YM 1/ 1\
- in — =-[(2— —9~7/8 4.2
2(251nnT> 2( \/§> 2 (4.29)

as required. O

The methods of the proof of this theorem lead us to the following corollary.

Corollary 4.1.1. A lower bound on the value of {p, when a full diversity subgroup

subject to the constraints of (17) exists, is

(p 2 sin Z% (4.30)

Proof: The term (p may be computed explicitly in terms of the parameters u;

defining the diagonal elements of D € D as

L. ron 1 1
CD - 2 I;I!);}’I} dsC(l )l ) T = "2"' OSll<IlII];{<_I]LD_1 | detr(Dll Dl//)l T R Dl’7 Dl” e D
1 . » N
B §ogz'<rzrf}lsnLD-1{‘det Dy||det(I — Dy~ Dyr)|}»r
1 . L . —1
= L _min|det(ly ~ D)|F, since Dj'Dy = Dy €D
= 1 min | det(diag(1 — e?rut/io 1 — gimalilo || _ gidnungl/Lo) i
2 1<I<Lp-1 ) ) )
1 nr nr
= — 1 1 _ j2mul/Lp
| | LGl gl
1
o il [T
=  min sin ——| , from the same argument as above. (4.31)
1<I<Lp~1|4- D

If D has full diversity, then u;l is never 0 modulo Lp for I € {1,2,...,Lp — 1}. Thus
each term of the product in (4.31) is at least sin(7/Lp). O
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4.1.2 Examples of Bruhat Constellation
ny = 2 Transmitter Antennas

From (4.3), the Bruhat constellation for two transmitter antennas is

Vs = DU D (4.32)
where A = e/>"/* and
01
w = . 4.33
H (439
Using (4.13), we have dg.(I,l') = [\ — 1] = |—-1—1] =2 > 0. The elements

D, = diag(dy, d3) € D must satisfy dy = d;! by (4.9). Write d; = €*™*1/LD then this

constellation is

; 27 0 1

V, = DuUeT D (4.34)
10

2rugl Lp-1 _2mugt | Lol
e’ Io 0 , 0 e’p 135
= U U L ATU .
- Nem o (439
1=0 1=0
where the value of v = {1,2,...,Lp — 1} is chosen to maximize d,(l,!) for a given

Lp. The order of this constellation is 2Lp. (We note that our constellation in (4.35)

is equivalent to the optimal dicyclic group constellation [37] for ny = 2.)

nr = 3 Transmitter Antennas

Our Bruhat constellation for three transmitter antennas is

Vs = DUMwD U Nw?D (4.36)
with A = €727/9 and
010
w=|00 1 (4.37)
1 00

Using (4.13) with ¢ = 1 and b = 3, the distance dy.(I,{’) may be computed as:
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for i = 1, w = (123), we have dg. = |\3 — 1| = 1.7321 > 0; for i = 2, w? = (132),
we have dg. = [A\® — 1] = 1.7321 > 0. Each D; € D must have det(D;) = 1; so set
D, = diag(dy, ds, d; 'd;*). To obtain a cyclic subgroup, set each d; = e/?V/Ip j =1 2
for some parameters u; € {1,2,..Lp — 1} which are chosen to maximize the value of

ds.(1,1') for a given Lp. Consequently, the constellation of order 3Lp is

0 e 0 0 0 e/
Vs=DU 0 0 €29 | DU | &4/9 0 |D. (4.38)
e]'2‘11'/9 0 0 0 ej47r/9 0

nr = 4 Transmitter Antennas

For four transmitter antennas, our proposéd Bruhat constellation of order 4L is

Vi =D UMD U Nw?D U Nw’D. (4.39)
where \ = /27/16 and i i
0100
0010
w = (4.40)
0001
(1000

For i = 1, w = (1234), we have dg, = |\* — 1| whenever det(D;) = 1. For i = 2,
w? = (13)(24), g = ged(2,4) = 2, b = 4/2 = 2; from (4.13), we can have dg. = |\* — 1/
by setting dids = dady = 1. For i = 3, w® = (1432), we have dg. = |\!2 — 1|. Thus the

unitary diagonal matrices ID; can be chosen by

Dl — diag(dl,dz,dl_l,dgl) — diag(ej%rull/LD’€j27ru2l/LD,e—j27ru1l/LD,e—j21ru2l/LD)‘
(4.41)

The values of uy, us = {1,2,..., Lp—1} are chosen to maximize d,(l,!") for each given
Lp.

Proposition 4.1.2. Our proposed Bruhat constellations are superior to the optimal

dicyclic group constellations [37] for large L and nr = 4.

Proof: We prove that the minimum value of d(l,{') of our Bruhat constellation is

higher than for constellation obtained from a dicyclic group when ny = 4. The optimal
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dicyclic group constellation [37] of order Lp M and nr even is defined as

Ga={GLGT: 0<l< Lpny/2; m=0,1} (4.42)
where Gy = diag(g1, 92, - - - , Gny) = diag(e™u1/Lonr edmjva/Lonr edmjvnp/LpnT) and
e

I,/ 0

We can see that the structure of an optimal dicyclic group constellation is also
generated from the Bruhat decomposition of a unitary diagonal subgroup Gy of order
Lpnr/2 with 2 distinct nonoverlapping cosets, I, and G; respectively. To achieve
a full diversity dicyclic group constellation in (5.10), the elements of Gy must satisfy
equations analogous of (4.9), with ¢ = nr/2.

When nr = 4, these conditions on Gy coincide exactly with all the conditions (4.9)
imposed upon the subgroup D of the proposed constellation. For both constellations,
the distance between distinct cosets, dg. is a constant, whereas the distance in the same
coset dg. varies inversely with L. Hence, when L is sufficiently large, the diversity prod-
uct of each constellation depends only on ds.(I,!'), and may be compared directly, as
follows. For the optimal dicyclic group constellation, the distance within the subgroup

Gy is given by

G, _ 5 v,
Ao = s, nfgjr; . H sin Tons / 5 (4.43)
The d,. of proposed Bruhat constellation is
mu;l
dse = I 21’111’1L1D . HZsm (4.44)
Since Lp < Lpnr/2, the d,. of Bruhat constellation is larger than the dgo. (|

nr = 5 Transmitter Antennas

A Bruhat constellation for five transmitter antennas is

Vs = DU MwD U Nw?D U XD UMD (4.45)
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where A\ = €/2"/25, For this case, we have g = ged(i,5) = 1 for all i = 1,2,3,4. The
choice of a subgroup of unitary diagonal matrices D = {D; = diag(d,, da, d3, d4, d5|d1d>
d3dsds = 1} can be made by

D, = diag(dy, da, ds, dy, d7 ' dy  d3 ) (4.46)

where d; = e/2™%!/Lp 4 =1 2,3,4. The values of u; = {1,2,..., Lp — 1} are chosen to

maximize dy.(l,!') for a given Lp. The order of this constellation is 5Lp.

ny = 6 Transmitter Antennas

For six transmitter antennas, our proposed constellation is
Vs = D UMD U N?D U NPWD U MWD U XD (4.47)

where \ = €/2"/36, For i = 1 and 5, g = ged(4,6) = 1, the condition of (4.9) on the
unitary diagonal matrix D, is simply dydadsdsdsdeg = 1. For i = 2, 3,4, the conditions

on D; are listed below:

dge Constraint on D,
XS — 1|2 didzds = dadads = 1
XN — 113 didy = dods = d3dg = 1
A2 — 12 didsds = dadydg = 1

=W N S

Consequently we may choose a subgroup D = { D, = diag(dy, ds, d3,dy, ds,dg)} by
Dl = diag(dla d27 di—ld27 dfla dgla dldé—l) (448)

where d; = e/2™ul/lp gnd d, = e/?™2/Lp The values of u; and u, are chosen to

maximize dg(l,!') for a given Lp. Here 6Lp is the order of this constellation.

4.2 Hamiltonian Bruhat Constellations

We improve the diversity product of a Bruhat constellation V in (4.3) for a case where
the number of transmitter antennas is even by replacing the unitary cyclic diagonal

subgroup D by a finite set of ny x nr block diagonal matrices, consisting of the direct
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sum of ny/2 particularly suitable matrices of SU(2): a Hamiltonian constellation H =

{H}A7 of order Ly as proposed in [57).

4.2.1 Hamiltonian Constellation

Let ny be even. An nr x ny Hamiltonian space-time constellation can be constructed
as the direct sum of 2 x 2 Hamiltonian matrices, Hnpxny = {Ji} 4 . Each J; has the

block diagonal form
J; = diag(H ke frbske  priom—1hery (4.49)

where H f’”’k" is defined as

27

Kk \/”5_16_”H o _\/Eej%lkn
H™"™ = (4.50)

2

—j 21k j 27 1k
JTae e pie e

where 71 + 2o = 1 and z, 29 > 0.

. Kok - k
Note we can write HF™" in terms of HI™* = Hy as

2nlkm k

Hjmk = ¢ tu” Rfm™* Ho Ty (4.51)

where
—j%}’l{-lkm 0 _
RFmkn — € ) H,y = V1 V2
1 - 2T Ik 3 -
0 e 7Ty VT2 /71
—itgm g
0 ej%;‘;lkn

e
and Tfm"“" = [

4.2.2 Construction of Hamiltonian Bruhat Constellation

The idea of constructing the new proposed Hamiltonian Bruhat constellation B is to

replace the nonzero elements in the matrices w® and D of (4.3) by 2 x 2 matrices, that
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is, an identity matrix I, and H;""respectively. For example, we replace

0 1] [o 1
w=(12)=[1 NI 02:|=p (4.52)
2
d 0] [ HP 0
Dl p—t 1 “— ¢ k3 k4 = I (453)
0 d2 i i O Hl ’

Consequently the new proposed constellation is applicable when the number of
transmitter antennas nr is even and greater than 2. More specifically, define the
matrices J; as the direct sum (as in (4.53)) of ny/2 copies of HF™*" (with k,, and k,
varying). Setting J = {J;}[24 !, we define our Hamiltonian Bruhat constellation (for

nr even and np > 4) by
nr/2-1

B= |J +vo'J (4.54)

i=0
where we choose y = €2™/(1/2* and p is the ny X ng permutation matrix obtained
from w = (12---(M/2)) by replacing each entry with a 2 X 2 identity matrix as in
(4.52). The order of Hamiltonian Bruhat constellation is L = Lgny/2. The values of

z; and {k;};7, are chosen to maximize the diversity product

1 .
CB = min det Bl - Blr nr 4.55
Bl,B,/eB| ( )| (4.55)
Since a Hamiltonian Bruhat constellation B does not form a group, the optimization
of the diversity product in (4.55) would in general require checking L(L — 1) pairs of
matrices By, By € B. The following lemma gives a condition on {k;}}.7; which reduces
the number of comparisons required to optimize (4.55) to L — 1 pairs — comparable

with a group constellation.

Lemma 4.2.1. Choose {k;}.7, so that

(kl - k)g) == (kg - k4) == (knT—l — knT)~ (456)

Then
= min det(Bg — B))|/"T 4.57
€ B,eB,B,;eBo| (Bo — By)| (4.57)

where By = Jy is a direct sum of nr/2 copies of Hy.
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Proof: We prove that to compute the diversity product in (4.55) it suffices to fix
B; = By and let By range over all other matrices in the constellation. The proof uses
the property given in (4.51), and is shown only for the case of ny = 4. The case of
general nr follows immediately.

Define

21rl

M1, k;, k;) = diag(1, ¢’ ’,1,6 Lk,

Then we have |det(B; — By)| =

= |det(y'p’Ji — ¥ 0’ Iv)|
= |det(J; — v*p*Jy)|, wherek=j—i
= |det (M, ky — ka, ks — ka) JoTy — v*p* MU', key — ko, ks — ka) JoTv)]|
= |det (Jo— ’“M( U ky — ko, ks —k4)p’“M(l',k1 — ka, k3 — k) JoTw_y)|
(
(

= |det (Jo — Y*P"M (=1, ks — kg, k1 — ko) MU', k1 — ko, ks — k4)JOTl'—l)'
= !det Jo—7 pkM U—1,ky — ko, ks — k4)JoTl:_l)! , assuming k; — kg = k3 — ky4
= |det(Jo —~*p*Jv_y)|

a
We give examples of constructing Hamiltonian Bruhat constellations for ny = 4 and 6
as follows:

nr = 4 Transmitter Antennas

For ny = 4 transmitter antennas, we have

ks Ly-1
T=H oH, = [ l Hks,;m] (4.58)
! 1=0
Then the representation p of order 4/2 = 2 is

0010

0 001
Zl1000 (4.59)

0100
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Therefore this constellation of order 2Ly has a form as

; [0 0 1 0]
-1
B, = Hfl’kz ! Ue2rile 0 001 H;“’kz
H™ | 1000
010 0]

k31k4

72

Lpg-1

=0

(4.60)

The values of z; and k = (ki1, ks, k3, ks) € {1,2,..., Ly — 1} satisfying Lemma 4.2.1

are chosen to maximize the diversity product.

ny = 6 Transmitter Antennas

For ny = 6 transmitter antennas, we have

Hfl,kz La—1
T=Hi®Hs D Hs = H;ca’k‘l
ks k
Hl 5,K6 1o
The representation p which has the order 6/2 = 3 is
0 I, 0 0 0 I,
p=|0 0 I,| andp’=|I, 0 O
I2 0 0 0 I2 0

The Hamiltonian Bruhat constellation of order 3Ly is

Bs=J UMpT UNP2T

(4.61)

(4.62)

(4.63)

where A = €™/°. The values of x; and k = (ki, ko, k3, ks, ks, k¢) € {1,2,..., Ly — 1}

satisfying Lemma 4.2.1 are chosen to maximize the diversity product.
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4.3 Results and Performance

Results

Table 4.1 shows some of the proposed constellations ¥V and B with their best diversity
products compared with different full diversity USTC designs from the literature. We
can see that our proposed constellations have diversity products higher than constella-
tions obtained from cyclic groups. Many of the proposed constellations have excellent
diversity products; for example, for ny = 4 the Hamiltonian Bruhat constellation B has
(s = 0.5151 which is higher than Konishi’s constellation G, [47] at the same R = 1.50
bits/s. Also for nr = 6 the Hamiltonian Bruhat constellation B at R ~ 1.09 bits/s has
good diversity product (g = 0.5120.

Our proposed Bruhat space-time constellation design has a simple structure for a
case where the number of transmitter antennas is prime. Although our Bruhat con-
stellation is not a group, we show that it is extremely symmetric in that the minimum
value of d(I,!') can be determined by checking only L — 1 distinct elements in V which
is comparable to a group constellation. Furthermore, the optimization of the diversity
product is not computationally intensive when the number of transmitters is a com-
posite number, for example, when ny = 6, since there are only two parameter values

(u1 and uy) for searching, see (4.48).

Performance

The performance is considered by plotting the BLER against SNR in unknown Rayleigh
flat fading channels, using DUSTM explained in Section 2.1. The fading coefficients
and additive noise are independent CN(0, 1), and the channel matrix is assumed to be
constant within two consecutive time periods. The ML decoder is used for decoding.

Figure 4.1 displays the BLER performance of our 3 x 3 Bruhat constellation V with
u; = 1,up = 4 at R = 2.04 bits/s compared with the cyclic group u = (1,11,27) at
R = 2.00 bits/s as given in Table 4.1 with the number of receiver antenna, np = 1.
We can see that the proposed constellation outperforms the cyclic group. The gain
improvement is ~ 2 dB.

Figure 4.2 shows the BLER performance of a 4 x 4 proposed Bruhat constel-
lation V (with w3 = 1, up = 7) and a Hamiltonian Bruhat constellation B (with

k = (1,27,21,13)) compared with the Konishi unitary constellation [47] as given in
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np L R Cy Unitary space-time designs
0.6004 fixed-point free group Gy,1 [80]

0.4845 nongroup Si93, U

g“’;

A

(1,7, 1) 80

AT

cyclic group v = (1,17, 26) [36]
fixed-point free group Gay 4 [80

S

Pu

S

cyclic group u
nongroup Sii3 U
i TP

Table 4.1: Comparison of different USTC designs. Our proposed designs are high-
lighted in grey.

Table 4.1 at the same rate R = 1.50 bits/s with ng = 1 receiver antenna.

Figure 4.3 shows the BLER of our 5 x 5 Bruhat constellation V with u; = 1,uy =
l,us = 2 at R = 1.03 bits/s compared with the cyclic group v = (1,5,7,9,11) at
R = 1.00 bits/s and the nongroup 833 at R = 1.01 bits/s as given in Table 4.1 with

the number of receiver antenna, ng = 1. We can see that our Bruhat constellation
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]
18 20

1

2 14
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6 8  snRthap 7

Figure 4.1: BLER performance for ny = 3,ng = 1 at R = 2.00 bits/s of a Bruhat

constellation V and a cyclic group constellation

10°

bler

-©- proposed code B
""" —b- proposed code V :
-+ _Konishi : :
107 L ! I 1
2 4 6 8 10 12
SNRindb

Figure 4.2: BLER performance for nyr = 4,ng = 1 at R = 1.50 bits/s of our proposed
constellation B and V, and Konishi constellation

outperforms the cyclic group and compares well with the nongroup constellation.
Figure 4.4 displays the BLER performance of our 6 X6 proposed constellation V with
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T

=% cyclic . ; . . ; . : .
,,,,, - 8- _nongroup L

-5 ! I L 1 1 1 L

0 2 4 &  snRlnao

Figure 4.3: BLER performance for ny = 5,ng = 1 at R ~ 1.00 bit/s of our Bruhat
constellation V, cyclic group and nongroup

u; = 1,up = 3 at R = 1.01 bits/s and B at R = 1.09 bits/s with k = (1,14,11,24,6,19)
compared with the cyclic group u = (1,7,15,23,25,31) at R = 1.00 bits/s as given in
Table 4.1 with the number of receiver antenna, N = 1. We can see that our proposed
constellations } and B again outperform the cyclic group with ~ 1 and ~ 1.8 dB gain

improvement respectively.
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"""" ~b— proposed code V : : : :
....... —)k-—cyclic

-4 L

0 2

e

6 SNR in db 8 10 12 14

Figure 4.4: BLER performance for ny = 6,75 = 1 at R &~ 1.00 bit/s of our proposed
constellation B and V, and cyclic group



Chapter 5

Calculating the Diversity Sum
From a Character Table

The finite simple unitary groups having full diversity (nonzero diversity product) are
called fized-point free groups, and have been classified in [80]. Fixed-point free group
constellations with the best known diversity products were found by a computer search
in [80]. Recently, Shokrollahi [79] has proposed a method to compute the diversity
product of a unitary group constellation, using a characteristic polynomial which is
derived from the character table! of the group.

In this chapter, we propose a method to compute the diversity sum of a unitary
group constellation using a character table. The diversity sum, defined in (2.19), is
calculated from the norm of the difference of two distinct elements in a signal constel-
lation. It is the significant parameter to predict a USTC having a good performance
in low SNR. We give some examples of using our method for different unitary groups:
cyclic groups, dicyclic groups and the finite special linear groups. We also introduce
the notion of a faithful group constellation, that is, one whose diversity sum is greater
than 0. Faithful group constellations may be obtained from any nontrivial character of
a group. We present in this chapter as an example the finite projective special linear
group PSL,.

We will call the unitary space-time group constellations having &, > 0, faithful
group constellations, following the notion of faithful representations (as explained in

Appendix A.2). Furthermore, we demonstrate with an example (the special linear group

1A review of group representations and character tables is summarized in Appendix A.2.

78
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SLy(F,)) how a constellation which is not faithful for a given group can be made into
a faithful constellation for a quotient group (in this case, the projective special linear
group PSLy(F,)). We then show that non full diversity group constellations with high
diversity sum outperform full diversity group constellations with low diversity sum in

a specific range of low SNR.

5.1 Computing a Diversity Sum From Character
Table

Let V be a unitary group constellation arising form an np-dimensional representation
p of an abstract group G. That is, V is a group of unitary n; X nr matrices representing
the elements of G. Let the character of p be x (see the equation (A.4)). Recall the

diversity sum is calculated via

min ||V - V/|. 5.1
~ o V-V 6.

We simplify the term ||V — V”|| of the diversity sum &y in (5.1) as follows:

IV -V'I? = (V-V} (V -V
= Tr(vv’r VVT VvV vV
= Tr(I - —(VV'HY* + 1) since VVi=1
(
[

il
=

I-V'-V'T4+ D) fromVVi=V"ey

= Tx[(/ - V") + (I - V")]

= Te(I — V") +tr(I — V")t

= 2Re{tr(I — V")}

= 2Re{tr] — trV"}

= 2(nr — Re{x(V")}) (5.2)
where Re{z} denotes the real part of the complex number z.

Let’s say a group G has h conjugacy classes {C;}*_,. From Appendix A.2, we know

that the character is constant on conjugacy class. Consequently we can define the
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diversity sum in (5.1) in the terms of a character as

1 )
& = o én;le% vnr — Re{xe,} (5.3)

where x¢, = x(g) for any g € C;. Using the formula for the diversity sum given in (5.3),

we now can choose a high performance group constellation at low SNR for any group

by simply looking at its character table.
Proposition 5.1.1. The value of a diversity sum is 0 < &, < 1.

Proof: From Appendix A.2, we know that |x¢| < x(e) = n where n is the degree of
the representation; here n = ny. Thus —nr < Re{x¢} < nr. Substituting this value

in (5.3) completes the proof. O
Theorem 5.1.1. If x. # xc, for any C; # {e} then & > 0.

Proof: From the property of a character, we know that x. = x(e) = n = ngp. Our
hypothesis is that xc, # xe for any C; # {e}. This implies x¢, can not equal ny. Hence,
following the proof of Proposition 1, the right hand side of equation (5.3) can never be
0, and so the diversity sum &y is always greater than zero. (i

Remark: If xc = x. = nr when C # {e} then & = 0. Moreover if x¢ = nr then
necessarily p(g) = I, = p(e) for all g € C, so we see that the representation associated
to x is not faithful. In particularly, since p : G — U(C™) is not injective so p(G) =V
and |V| < |G].

In particular, if G is not faithful then it is certainly not fixed-point free. This gives
us the classification of all unitary group constellations based on the zero and nonzero
terms of diversity product and diversity sum as shown in Figure 5.1. We can see that
fixed-point free groups are a subset of the nonzero diversity sum groups, and some

nonzero diversity sum groups do not have full diversity (the shaded area).

5.2 Faithful Unitary Group Constellation

Definition 5.2.1. We say a finite unitary group constellation V is a faithful group

constellation if it has &, > 0.
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Finite unitary groups

zero (y and &y

¢y: Fixed-point free group

Figure 5.1: Classification of finite unitary groups

Example 5.2.1. Consider the special linear group SLo(Fs) over the finite field with
5 elements. The group SLy(Fs) has 9 conjugacy classes which we denote by e =
I,B,Cy,Dy,Dy, E\,E_1,Fy and F_1, and 9 irreducible characters {x;}_, (follow-
ing [79]). Its character table is given in Table 5.1. The irreducible characters x2, X3, X5, X6
and x9 do not correspond to faithful representations because their xg = x1. The faith-
ful constellations of SLs(Fs) are x1, x4, X7 and xs. We note that, from computing the
characteristic polynomials in [79], only the irreducible characters x7 and xs correspond
to fized-point free groups (¢y > 0). Hence the irreducible characters x1 and x4 corre-
spond to faithful constellations without full diversity which are in the shaded area in
Figure 5.1.

From Example 5.2.1, we see that the irreducible characters x2, x3, X5 and xg do not
give rise to faithful constellations. (We do not consider xo because xg is the trivial
representation of degree 1, that is, xo(g) = 1 for all g € G.) We deduce that the kernels
of these unfaithful representations consist of all elements in the conjugacy classes I and
B. The conjugacy class of B consists of exact one element of SLy(Fs), namely —1I.
Hence to obtain a new faithful constellation, by group theory, we consider the quotient
group

PSLy(Fs) = SLy(Fs)/ {1}, (5.4)
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[ [IIBG[D D] B [ By [ B[ Fy |
X1 |[6]-6]0]0]0 1 1 1 1

x2 |55 1 [-1]-1 0 0 0 5
sl|l4]4]0 11 -1 1 1 1
xs||4(-4] 0 -1 1 -1 -1 1 1

xs 3|3 ]-1]0]0 |-G zois | _CLVe) [ -Logvs
xe [|[3]3|-1]0 |0 | =i _<—1+2N5> SN T
x7 12201 ]-1 _(—1—23\/5) =LV —1—2]'\/3 _(_1.,_2]\/5)
xs|[2]-2] 0] 1 || 25 | e | _ClYE) [ Lgys
xo || 1] 11 1 1 1 1 1 1

Table 5.1: The character table of SLy(Fs5)

called the projective special linear group. These four representations will factor through
PSLy(F5), giving faithful representations of PSLy(F5). Basically PSLy(F5) are the
group of cosets of =1 in SLy(Fs), with |PSLy(F5)| = 3|SLy(Fs)|. More properties of
PSLy(F,) for an odd prime ¢ are summarized in Appendix A.2.1.

Example 5.2.2. We construct an irreducible faithful representation of PSLa(F5) from
the irreducible character x3 of SLo(F5) (which corresponded to unfaithful constellation
in Table 5.1). The group PSLy(Fs5) has 5 conjugacy classes and 120/2 = 60 elements.
The value of the faithful character x3 of PSLa(F5) can be read from Table 5.2. From

(5.8), the diversity sum of this new 4-dimensional representation of PSLy(Fs) is

£y = \/%\/4 —1=06124. (5.5)

The faithful PSLy(F5) constellation obtained from x2, x5 and xe can be analyzed sim-
arly.

5.3 Examples and Performance

We give some examples of computing the diversity sum using the character tables
of different unitary groups. The performance is considered by plotting the BLER
against SNR in dB, using DUSTM explained in Section 2.1. The fading coefficients
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[ I=B[C D=0, Bi=h B, =F,]

%] 5 |1 1 0 0
X5 4 |0 1 1 1
X 3 |-l 0 |-G ‘1';'"/;
X6 | 3 |- 0 slo/s | Ele)

Table 5.2: The character table of PSLy(F5)

and additive noise are independent CN (0, 1), and the channel matrix is assumed to be

constant within two consecutive time periods. The ML criterion is used for decoding.

5.3.1 Cyclic Group

An nr x nr cyclic group constellation of order L, V = {V}/2} is defined as [35, 36]
Vl — diag(ejQﬂ'kﬂ/L, ej27rk:2l/L, L ’ejZWknTl/L) (56)

where k; € {1,2,...,L — 1}. The character of this cyclic group constellation is

nr
le — 26.727716#/[/. (57)
i=1 :
Therefore
Re{xy } = nZT cos 2mhil (5.8)
Xv,t = 2 7 )

The L conjugacy classes of a cyclic group each consist of only one element. Thus

the diversity sum of a cyclic group of order L is

y = —2’]’LT 121’211"1'1"1’1[1_1 nr 2 COS I . .

5.3.2 Dicyclic Group

The dicyclic group constellation [37] of order L and even nr is defined as

V={Vivr": 0<l<L/2; m=0,1} (5.10)
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where

0 I

Vo = diag(e/™ /L grdmka/L eidmhnr /Ly and V) =
Lz s2 0

} (5.11)

and k; € {1,2,...,L — 1}. The character of {V{V,} is 0 for every = 0,1,...,np/2.
So to compute a diversity sum, it is enough to consider only {V7§ anTO/ 2. Using a
computation similar to the one in Section 5.3.1, the diversity sum of a dicyclic group

of order L is

5 ) ‘ nr S 4drk;l (5 12)
— n - E : ’ .
v 2nr l=1,r£...,L/2 " i=1 “ L

5.3.3 Performance of SL;(F,) For Odd Prime ¢

The character table of SLy(F,) for an odd prime g is given in Table II [79], so we
can use the equation (5.3) to compute the diversity sum very easily. We give some
examples for the group SLo(Fs), and also show that their faithful non full diversity
constellations outperform full diversity constellations in a specific range of low SNR.

Note: x7 is a fixed-point free group [80].

The Group SLy(Fs): V,, vs. Vy,ex,» nr = 4 transmitter antennas

The formulas to compute the 4-dimensional representation of irreducible character x4
(setting a(2") = €™™?) and the 2-dimensional representation of irreducible character
X7 are given in Appendix A.2.2.

To compute the diversity sum in the equation (5.3), it is enough to consider only
the term nr — Re{xc} = 4 — Re{xc}. Table 5.3 shows the values of 4 — Re{xc} of x4
and x7 D x7. We note that the character of x7 & x7 = x7 + x7 from Section 5.2. We
can see that the minimum values of 4 — Re{x}, over the conjugacy classes C; # I, of x4
and x7 @ x7 are 3 and 2 respectively. Thus one can predict that the constellation V,,
should outperform the constellation V,,g,, at a low SNR. Simulation shows that this
is true in the range of low SNR = 0-17 dB as shown in Figure 5.2 with the number of

receiver antenna ng = 1.
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L [I[B[C[D|D ]| E E R F,
X4 41-41 0 -1 1 -1 -1 1 1
4 —Re{xa} 0845 |3 5 5 3 3

X7 ® X7 41-4{0] 221455144V -1—-5V5[1-35V5
4—Re{xr@x:t [0 84 [ 2] 6 3 5 5 3

Figure 5.2: BLER performance of x4 vs. x7® x7. nr = 4,ng =1 and R = 1.73 bits/s

The Group SLy(Fs5): Vi,ax, VS-Vyrexrexss nr = 6 Transmitter antennas

The values of ny — Re{xc} = 6 — Re{xc} for x4 ® x7 and x7 ® x7 © x7 are given
in Table 5.4. Their minimum values are 5.5 and 3, respectively. From the simulation
shown in Figure 5.3, we can see that the constellation V,,q,, performs very well at low

SNR 0-20 dB. It outperforms the constellation Vy,gy,ex, by = 3 dB.

5.3.4 Performance of PSL,(F,) For Odd Prime ¢

The group PSLy(Fs5): x3, M =4 Transmitter Antennas

From Example 5.2.1, the constellation obtained from the irreducible character yz of
PSLy(F5) has & = 0.6124. The rate is R = log,(60)/4 = 1.48 bits/s, using for 4
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| [ I|B|G|D|D,| B2 | B4 | B | F, |
X4 D Xr 66| 0] 0|0 |=td| 35| 1ovs | 304V8
6 — Re{x4 ® x7} 012 616 |6 ] 65 75 5.5 45
X7 D X7 D X7 6|60 3 |-3| 25 |36 | 308 [ 345
6—Re{x7@x7®x7} |0]12| 6 | 3 | 9 | 45 75 75 45

Table 5.4: Comparison of x4 & x7 and x7 & x7 D X7

0 2 4 6 8 10 12 14 16 18 20
SNRin db

Figure 5.3: BLER performance of x4 @ x7 vs. x7® x7 ®© x7. nr = 6,ng = 1 and
R = 1.15 bits/s

transmitter antennas. The 60 faithful representation matrices of PSLy(F5) can be
generated from (PQ)’X where j = 0,1,2,3,4 (see Appendix A.2.2, using a(2") =
e™"). Figure 5.4 shows the block error rate perfromance of Vy, for ng = 1,2, 3 receiver
antennas. We can see that the performance is improved by increasing the number of

receiver antennas.

The Group PSLy(F7), M = 4 Transmitter Antennas

From (A.7), the group PSLy(F7) has

- -1
oo [0 [ o1 o9
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SNRin db

Figure 5.4: BLER performance of PSLs(Fs)

[ [A=B[Ci=Cy[Di=D, | D3 [Ex=F_, | E =F |

X1 8 -1 0 0 1 1
X2 7 1 -1 -1 0 0
X3 6 0 0 2 -1 -1
Y 3 0 1 -1 —1—29\/7 —14—29\/7
Xs || 3 0 1 N
Xs 1 1 1 1 1 1

Table 5.5: The character table of PSLy(F7)

conjugacy classes with 7(72 — 1)/2 = 168 elements. The character table of PSLy(Fy),
as computed from Table A.1 (see also in [42, pp.314]) is shown in Table 5.5. Con-
sider the irreducible character yy, using for 3 transmitter antennas with the rate
R = log,(168)/3 = 2.46 bits/s. The value of diversity sum is

&y = \/%_3\/3 —1=0.557. (5.14)

The main contribution of this chapter is to consider those nonzero diversity sum

groups which have good performance at low SNR, as predicted by the upper bound



Chapter 5. Calculating the Diversity Sum From a Character Table 88

on P, in the equation (2.18). The advantage of using a character table to choose a
good performance group constellation is that the character tables of finite groups are
readily available, whereas their actual representations (that is, the constellations) are
complicated and time-consuming to compute. Hence, using a character table, we can
predict a good performance group constellation, and then compute its representation.

Another advantage of our proposed method is its fast computation of the diversity
sum (2.19). While this would nominally require calculating the norms of V| — 1
matrices, our method computes &, from h—1 values, where h is the number of conjugacy
classes of a group G; thus h < |G| = |V|. For example, the group SL,(F;) is of order
120 = |V| yet to compute its diversity sum &, we need to check only 8 values from
its character table. Finally, in contrast to the case of computing the diversity product
in [79], our method is very simple because it does not require the computation of
characteristic polynomials, but only the values of the characters from the character
table.



Chapter 6

Fast MSD for DUSTM Using a
Stack Algorithm

This chapter presents a stack algorithm approach as a fast optimization of the MSD
decision metric for DUSTM for any number of transmitter antennas. The proposed
algorithm can be considered as the extension work of [10] as we use a stack to reduce
the complexity for a large constellation of size L and the number of detected symbols
Ng4. The proposed stack algorithm can be used for any (diagonalizable and nondiago-
nalizable) USTC, and without requiring any knowledge of its algebraic structure.

Unlike most applications of using a stack algorithm [43] to reduce the complexity
of a decoding problem (i.e. convolutional code), which are suboptimal, Theorem 6.2.1
shows that the proposed stack algorithm is equivalent to ML detection. Moreover, it
has especially low complexity at high SNR, as shown in simulations. The complexity
required to maximize the decision metric using the proposed stack algorithm is reduced
from O(LN¢N2) to O(LN?) at high SNR.

6.1 Literature Review

We give a summary of the literature on the use of MSD for DUSTM and also discuss

their advantages and disadvantages as follows:

e The MSD was first presented for two transmitter antennas in [17], which allowed
for the detection of two symbols by considering three consecutive blocks at the

receiver.

89
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e The decision metric of MSD for DUSTM was proposed in [22], for any number
of transmitter antennas and any Ny (relating to Ny + 1 blocks, for the detection
of Ny symbols). It further showed that the performance of MSD with 8 blocks
gains approximately 1.5 dB compared to a conventional DUSTM in (35, 36] with
two transmitter and one receiver antennas using BPSK. The complexity of the

ML detection increases exponentially with Ny.

e Two reduced complexity MSD were presented in [88]: the feedback and reduced
search detections. The paper derived the decision metric for a 2 x 2 OSTBC for
two transmitter antennas [2]. The number of comparisons needed to optimize
the decision metric using the reduced search detection is LN, + 22N¢ where L is

the size of a unitary space-time constellation.

e The approximation of a decision metric of general MSD for DUSTM was derived
in [10]. This metric can be optimized using the Viterbi algorthm. The author uses
a Per-Survivor Processing (PSP) method proposed in [74], which is suboptimal,
to reduce the complexity of Viterbi decoding algorithm.

e Four reduced complexity detection algorithms for diagonal constellations, called
bound-intersection detector (BID), were developed to optimize the decision met-
ric of MSD in [15]. The first two are ML detections; the third is suboptimal
and the fourth uses feedback detection. These algorithms have exceptionally low
complexity, but do not apply to non-diagonalizable constellations. This paper
pointed out that the BID algorithm can apply to signal constellations which are
obtained from cyclic diagonal constellations by conjugation, meaning those of
the form UV, U for = 0,1,--- , L — 1 where {Vy,...,V_;} is a cyclic group
of diagonal matrices. Since this group is abelian, so is any such non-diagonal
constellation; it follows that any nonabelian fixed point free group [80], or any

(nongroup) orthogonal constellation [91] does not fall into this category.

e The suboptimal MSD for DUSTM using a Fano algorithm was presented in [73].
The proposed on-demand bi-Fano algorithm has 3 dB degradation in power effi-

ciency compared to the optimal sphere decoding but it has less complexity.

e The paper [72] presented three (outer) decoders, based on sphere decoding and
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Fano algorithms, to reduce the complexity in N of MSD for DUSTM, in conjunc-
tion with another (inner) decoder, based on the algebraic structure of the given
code, to reduce its complexity in L. Examples of this decoding scheme were given
for 2x2 orthogonal and diagonal signal constellations. However, applying this in-
ner decoding algorithm implies algebraically tailoring it to a given constellation,

and it is not apparent that this is possible in general.

6.2 Proposed MSD Using a Stack Algorithm

We begin by rewriting the decision metric in (2.11) of MSD for DUSTM to detect Ny
symbols with Ny + 1 blocks at the receiver to allow the best application of the stack
algorithm. First note that the MSD decision metric (2.11) is the sum of terms of the
form |Y, — UY||?, with U a unitary matrix. Since U is unitary, we can multiply
through by U™! = U to get

Vi = UY|? = [UY, = Yi* = |YVil? - 20U, Yo) + [Yol* - (6.1)

where (A, B) =tr(B'A) is the inner product of A and B. Minimizing this value, for

fixed Y and Y, over a selection of unitary matrices U is equivalent to maximizing
1Ykl +2(UY %, Y) + [V = [UTY, + Yi|* = |V + UY|. (6.2)

This is equally true of any sum of such terms, so it follows that the minimization

problem of the decision metric in (2.11) is equivalent to the maximization problem

Ng Ng+1 T+j-2
N j : j : I I 2
Brvg =8 4O, 14 £ ¥ e : V;[’“)YTH—IH ' (©6.3)
o<l <L—1 =1 j=i+l k=1+i~1

For the purposes of our stack algorithm, we change the order of summation of MSD
in (6.3) to obtain the equivalent expression

Ng+1 j—1 T4j—2

2 = T 2
By, =g _max > Yo+ ( J[ VIYrual® 64
0<[<L-1 Jj=2 =l k=r+i—1
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Note that when N; = 1 (single symbol detection), the decision metric in (6.4)
reduces to
2, = arg ,_pax Y, + VY, (6.5)

which is the same decision metric for a conventional DUSTM (where the channel matrix
is assumed constant over two consecutive blocks) as given in (21) in [35].

For the proposed stack algorithm, for each j we define the term

T+j—2
D‘r(lﬂ e T+] 2 Z ”YT-H 1 + H Vzk)Y‘r+j—1||2 (6-6)

k=7+i—1
hence the decision metric of MSD for DUSTM given in (6.4) can be rewritten as

Ng+1
fzmd = arg max Z DLz, lryjea). (6.7)

T<kLT4+Nyg—1 £
o<l <L-1 j=2

Furthermore, we define
j-1
D =1) =Y (1Y rgicall + Y rgsa)* (6.8)
i=1

Proposed Stack Algorithm

We are now ready to describe the proposed MSD algorithm using a stack as follows:
1. For each 7, collect the Ny + 1 received signal matrices Y, Y 41, , Y 4w,

2. Compute D.(I;) = ||Y, + VLYT+1H2, for all V. € V; store these L values in a
stack. Sort the stack.

3. Let’s say that [, = j corresponds to the maximum metric D;. Compute D; +
D:(j,1r41) for all V', € V and store these in the stack, replacing D;. To every
other element of the stack, add D’;(3). Sort the stack.

4. If the maximal element is some D;; = D; + D,(j, k), then proceed to the next
index. In general terms, if the maximal element is of the form Dy, j, .. j
Dj, iayejees T D7 (J1, -+, jr), then replace Dj, j, .. ;, with the L terms D;, ;, .. ;. +
D, (41,72, 3k, 1), as V| runs through V, and add D' (k + 1) to the rest.
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Stack Metric

1.V, Y7 + VY
Vs 1Y+ VY | ?

Vi ”YT + VIYT-H”Q

2. V3 Y.+ VY, 4|2+ D(r+1)

VLV, Y+ VY a2+ 1Y+ VIVIY |2+ |V e + VIV )2
VoVs 1Y+ VYol + Y, + VLVLYTHHZ + 1Y 71 + Vg;Yr+2||2
VoV, 1Y+ VIV Gl + 1Y + VIVIY 2+ [V + VY o2
v, Y, + VY |2+ D'(r+1)

3. VsV, “YT + V:JQYT—HHZ + ”YT + V;riV;YT-F?IIZ + ”Yf-f—l + VEYT+2H2
ViV ”YT + Vg;YT+l||2 + ”YT + VI’)V:];YTH”Z + ||YT+1 + V£Y7+2”2
V3V, 1Y+ VIY a2+ 1Y, + VIVIY )2+ [V + VY 0l
V2V1 “YT + VEYTHH2 + ||Y7 + V£V1Y7+2”2 + ||YT+1 + VJ{YT+2”2
VoV Y+ VY a4+ Y, + VIVIY |2 + [V + VY o2
VoV 1Y+ VIY |2+ |V, + VIVIY ] + [V g + VY 2
v, Y, + VIV, |?+ D' +1)

Table 6.1: Proposed MSD algorithm using a stack in Example 6.2.1

5. If instead the maximal element corresponds to some D.(j')+ D’,(2), then replace
this element with the L terms D.(j') + D,(j',1), as V runs through V. More

generally, replace D', (k) with the corresponding D, (ji,- -+ , jk-1,1).

stack.

Sort the

6. Repeat the last two steps. Since the last step may be repeated at most L times,

the algorithm will terminate. At that point, the top of the stack will be equal to

the maximum decision metric for the received signals Y., Y 14, -+, Y 4 n,.

Example 6.2.1. We illustrate the proposed MSD algorithm using a stack in Table 6.1.

Let the unitary space-time constellation be V = {V1,V 3, V3} and L = 3. We consider
at Ng+ 1 = 3 blocks which detect Ny = 2 symbols at the receiver. The top of stack has

the mazimum decision metric. Note that after Iteration 1, Step (3) of the algorithm

was applied, whereas after Iteration 2, Step (5) was invoked. The final decoded message

is z, = arg(V3, Va).

Theorem 6.2.1. The proposed stack algorithm to optimize the decision metric of MSD

1s equivalent to ML detection.
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Proof. Let Y, and V', be the received and transmitted signal matrices at time 7,
respectively. For simplicity, we consider the case of detecting Ny = 2 symbols with
Ny + 1 = 3 blocks; the proof generalizes to any Ny > 2.

The received signal matrices are Y., Y ;43 and Y, 5. From (6.4), the ML decision

metric is
”Y'r + VI-YTH”? + ”YT + V1V1+1Y'r+2”2 + ”YT+1 + ‘/i+1},‘r+2”2 (6-9)

which can also be written as D (7) + D.(7,7 + 1).
The Step (2) of the stack algorithm is to compute D,(7) = ||Y,; + V1Y ||? for
all V. € V. If V; gives the maximum value, then the Step (3) has to compute

D;()+D:(j, 7+1) = IY AV IY ra P+ Y 4+ VIV Y o P4 Y a4 VL Y ol
(6.10)
for all V.11 € V, and to compare these values with the rest of the stack, whose entries

are given as
D, (8)+D'7(3) = Yo+ VY ra [P+ (1Yl + [V i)+ (1Y il + [V rsall)® (6.12)

with ¢ # j.

Therefore to prove Theorem 6.2.1, we need to show that if (6.10)(5) >(6.11)(3) for
some % 3 j, then (6.10)(j) >(6.10)(¢) as well, that is, V; cannot give a larger decision
metric in place of V;, for any choice of V ;4.

Applying the Cauchy-Schwarz inequality [48] to the term D, (i,7 + 1) in (6.10)(3),

and using that each V', is unitary, gives

D:(ir+1) = Y, +VIVI Y 0P+ [V + VLY 0l
< YA+ IVIVILY ral)? + (1Y | + VLY i)
(Y A+ 1Y rial)? + (1Y raa ]| + 1Y 72a]])? since V' are unitary

D', (3). (6.12)

I

i

Thus we have shown that this stack algorithm will produce the maximum metric. O
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6.3 Simulation Results and Complexity Analysis

We discuss the complexity of the proposed stack algorithm, as compared to the brute-
force maximization of the decision metric of MSD in (6.4). Simulation is done in
MATLAB, using the DUSTM as explained in Section 2.1.1, where we assume the
channel matrix is constant over Ny+ 1 = 4 blocks and detect Ny = 3 decoded symbols.
We consider the USTC from the cyclic group in [35, 36} at the data rate R = 1.00
bit/s with nr = 4 transmitter antennas and ng = 1 receiver antenna. The average
number of flops per block of using the proposed stack algorithm to maximize the MSD
decision metric compared to the brute-force method is given in Table 6.2. The brute-
force maximization has 3.17 x 10°% average flops per block for all SNR. It is clear that
the stack algorithm has far lower complexity.

SNR (in dB) 0 5 10 15 | 20

Flops of brute force x10° | 3.17 | 3.17 |3.17 | 3.17 | 3.17
Flops of stack x103 724.25 | 174.64 | 6.92 | 6.92 | 6.92

Table 6.2: The average number of flops per block at np =4,ng=1and Ng=3

Complexity at High SNR

One interesting result from Table 6.2 is the number of average flops per block using
the proposed stack algorithm is constant (=~ 6.92 x 10?) at high SNR > 10 dB. The
number of stack comparisons needed to maximize the decision metric is constant at
high SNR. This implies that the Step (5) never happens in the stack algorithm.

At high SNR, the Step 4 is executed N, times. At each iteration n, 1 < n < Ny,
one needs to calculate D, (jy,- -, 1), which involves n norm calculations, L times, and
D! (n) once. Assuming that the operation of calculating the square norm of a matrix
is the most costly, and that one precomputes the norms of the N received signal
matrices the cost of D/ (n) becomes negligible. Hence the complexity of the proposed
algorithm at high SNR is O(LN?). On the other hand, a brute force algorithm implies
calculating Ny(N4z+1)/2 matrix norms for each of L"¢ possible combinations, implying
a complexity of approximately O(N2LM¢).

Thus we reduce the number of comparisons required to maximize the decision metric
from LM¢ candidates to LNy + (L — 1)Nyg(Ny — 1)/2.



Chapter 7

PEP of STC for a Keyhole Channel

In this chapter, we derive a tight upper bound on the average pairwise error probability
(PEP) of full rank STCs for a keyhole channel, using a Moment Generating Function
(MGF)-based approach. To obtain this upper bound, we use two closed-form upper
bounds, denoted @), and Q5 in (7.3) and (7.4) respectively, of the Q-function, which is
used in the exact conditional PEP for given fading channel coefficients as given in [89].
The two upper bounds are applicable everywhere but are especially tight in low and
high SNR respectively.

The symbol error rate (SER) performance of STBC in a keyhole channel was studied
in [78], using a MGF-based approach! to the conditional SER for a given instantaneous
SNR. The proposed SERs in [78] are exact, but apply only to space-time block codes.
More generally, the calculation of average PEP and a design criterion of STC in a
keyhole channel have been presented in [87] (also in [56] for STTC only for two trans-
mitter antennas and one receiver antenna). However when the (square moduli of the)
eigenvalues of a codeword pair difference are not distinct, the PEPs proposed in [56, 87]
do not apply; for example, in the 2 x 2 OSTBC in [90].

The advantage of our proposed bound on PEP is its closed form solution using
hypergeometric functions?, and its dependence only on the minimum eigenvalue of a
codeword pair difference. This, in turn, implies a simple max-min eigenvalue compu-
tation which can be done by a power method [20].

Our proposed PEP applies more generally than does the SER of [78]; for example,

1We give a summary of the MGF-based approach in Appendix A.5.
2The definition of hypergeometric functions is given in Appendix A.4.
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to STTC presented in [93]. Furthermore, our proposed PEP offers an improvement
over the one suggested in [87], as it applies to all full rank STC for any number of

antennas.

7.1 Proposed PEP for a Keyhole Channel

Consider a MIMO system with ny transmitter and ng receiver antennas in a Rayleigh

flat fading channel with fading coefficients {ﬁiaj}fjl”le. Let H = Ba' denote the

corresponding keyhole channel matrix (as explained in Section 2.1.4). Further, recall
that the Q-function is defined by

> 1 22

Qlz) = / o (7.1)

Then the exact conditional PEP that the receiver antennas erroneously decodes e

from a codeword c is given by [89]

Pras(e = elfiay) = @ (/21 Blc, ) B, ) ) (72)

where B(c,e) = e — ¢ is defined as the difference matrix of the codewords ¢ and e.
Here, p is the SNR at each receiver antenna, and we assume that the expected value
of the sum of all transmitted signal powers equals to one.

The STC achieves a rank criterion proposed in [93] if it has full rank, that is,
rank(B(c, e)) = ny for each codeword pair (c, e). Since the codewords are in general
nr X | matrices, where [ is the length of the codeword sequence, we must have | > np
for any full rank code.

To bound the value of Ppgp in (7.2), we define the two upper bounds of Q(z) in
(7.1) from

22

Q(z) Qi(z) = e~ 7, (7.3)
1 o2

Qz) < Qq(x) = e 2. (7.4)

2nx

IN
[N

We plot Q(x) compared with @;(z) and Q2(z) in Figure 7.1. It is clear that when
z < \/g , @1(x) gives the better upper bound of Q(x), whereas when z > \/g, Q2(x)
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gives the better upper bound. Hence we can approximate the Q-function by
(7.5)

Q(z) = min(Q1(z), @a(z))-

10log

Figure 7.1: The Q-function

7.1.1 Using the Upper Bound Q;(z)

Using the upper bound Q;(z) given in (7.3), the exact PEP in (7.2) is bounded by
1 p t t
Prgr (€ — €|f;a;) < 3€XP (—ZTr(HB(c, e)B(c,e)'H )) . (7.6)

Recall that the ny x ny matrix B(c,e)B(c,e)! is hermitian and positive semi-

definite. Hence it admits a singular value decomposition
(7.7)

B(c,e)B(c,e)t = UDUT,
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where U is an np Xng unitary matrix whose columns are eigenvectors of B(c, e)B(c, €)',
and D = diag(A1, Az, ..., Any) is an ny X nr diagonal matrix whose diagonal entries,
which are listed in decreasing order, are the corresponding eigenvalues of B(c, e)B(c, e)?.
In what follows, we will assume that the code is full rank, so that rank(B(c, e)) = nr
and thus B(c, e)B(c, €)' is positive definite (not just positive semi-definite). It follows
that A; > 0 for all 7 [93].

Consider now the specific case of a keyhole channel. Substituting H = Bat and
B(c,e)B(c,e)! = UDU in (7.6) gives

Pegp1(c — €|fiay) < 1exp (-—gTr(‘,BatUDUT(ﬂat)*)) )

< 3 |
1
= Zexp (—gTr(ﬁ(atUDUT(at)f)ﬁ*)) . (7.8)
Set v = &'U = [v1,72,--,Vny); since U is unitary, it follows that ||v]| = ||a]|.
Then we may write
UDUN ) =4 D) = M + Aalvel + - + Aap|Tnp | (7.9)

Recalling that \y > Ay > ... > A, > 0, we may further simplify the above

expression to deduce that

AL A2 | o 2
o /\nTIVzI + o Yagl

> Mgl + 10l + -+ e )
= Angll7I?
= Aarllel? (7.10)

min

a'UDU ()t = A,,T( 7al? +

where we have defined A\ = \,,,., the minimum eigenvalue of the matrix B(c, e)B(c, e)'.

min
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It now follows that the conditional PEP in the equation (7.8) is

1
Prars(c = elfiay) < sexp (~2(Tr(BAGE]ol?8)

1
= o (—EgellalP(Tr(8A")

1 _Pycep 2113112
= o (~ESllalPleR)

= Zexp (—g)\ﬁi‘j}f) , (7.11)
where we recall that Y = UV = ||a||?||8]|?, from Appendix A.5. .

We note that the bound on conditional PEP determined in (7.11) has the form
ke=*Y, with k = 1/2 and s = g)\ﬁf, and Y = UV with U, V Chi-square random
variables with 2nr and 2ng degrees of freedom, respectively. It follows that we may
apply an MGF-based approach to bound the average probability of error. That is, we
deduce from (A.29) through (A.33) that the average probability of error for STC on a

keyhole channel is bounded by

Pogp: < kMY("S)

1
= —2- 2F0 (nT, nR;; —g)\gﬁ) (712)

= %()\ﬁ’iﬁ)_w (Z‘)_nT w (TLT, nr—ng+1 (§A$}§> —1> : (7.13)

7.1.2 Using the Upper Bound (Q(z)

Using the upper bound Q»(z) as given in (7.4) to bound the exact conditional PEP in
(7.2) gives the bound

exp (—2Tx(HB(c,e)B(c,e) H'))
\/27r - 8Tr(HB(c,e)B(c, e)THT) |

PPEP(C - e|ﬁz’aj) < (7.14)

Repeating the argument of the preceding section, with H = Ba’, we deduce that

Tx(HB(c,e)B(c,e) H') = a'UDU' (o) Tx(86") 2 AZ5llelIBI%.  (7.15)

min

Hence we may bound the numerator of (7.14) from above and the denominator of
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(7.14) from below to obtain

exp( 2XEEY) _exp(— BAceY)

PEP(C R €|sz,3] mmc = . emm
\/ 27 - pY}‘mm 7rp/\m’in VY

Recall that Y is defined as Y = UV = ||a|?||B||? with U and V Chi-square random

variables with 2ny and 2ng degrees of freedom respectively. Hence to compute the

(7.16)

average probability of error from the bound on condition PEP given in (7.16), we
define a new term called the modified MGF of Y as

py (y)dy. (7.17)

M) 2 5|

e—sYi| 0 o—sy
0

VY VY

Using the pdf of Y given in (A.31), the modified MGF of Y can be computed by

oo thT—nR— 1 (s+t)yynR—%
dtd
/ / [(nr)T(nr) Y

= TSNS grr=5=(nr=3) g~te=(s+1)v nr=3 dtdy
F(WP)F(TLR)/O /o y

X 4n -3 _
B 1 / i lnn—3)

i

My (s)

L(nr)T(ng) tnR=3 (s+ 1)”1%—%

from [~ z"e % dx = F(Zill), n>—1and a>0
_ I -3) /°° eTE
— T(ng)T(nr) Jo (1+ st)""—2

OO

wp-\

r _ 1 oo ,—% (u\"T—3
(s — 3) ) du from setting u = st — du = sdt
[(ng)I'(nr) Jo (1 + u)nR-

_ F(nR_ %) —(nr-3%) F(n %) = v (nr-3%)- (np—np+1)—(nr—3)-1 u
- —F(nR)F(nT)S (v %) /0 e 1 +w) d
_ Te—3)T(nr—3) _(np-2 1 o

N ['(ng)T(nr) 3 )\Il(nT— §’nT—nR+1’S )
(- (ar-b) L

= F(ni{)I‘(nT) 25, Fy (TLT — 5 MR~ 55 —5> :

Hence, using the modified MGF computed in (7.18) and the conditional PEP in
-1
(7.16), that is, setting k = <\/ 7rp)\mm> and s = EASIS, we deduce that the average

(7.18)
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PEP of STC using the upper bound @5 is

% exp(—LY \&E 1
Prgp, < / ( Ze mm) : pY(y)dy = —CeM{,(g/\gﬁ
0 7rp)‘m)in ’ \/? V Wp)‘m,in
1 Ting — HT(np— L 1 1
= (= 3) T(nr — 5) 2 Fy(ngr — 5 MR 55 _EAﬁ’iﬁ)'(’?'lg)

Jrmags T T

It is also written in the terms of the degenerate hypergeometric function as

1 F(’I’LR - l) F(TLT - l)
Prors < NG P(nR)2 F(nT)2

4 4
(7.20)

Consequently, we can summarize our proposed bound on the average PEP of erro-

. . .
oaD(3) e (”T ~ sonr = na+1; (2A5E) )

neously decoding e for ¢ over a keyhole channel as
Pogp = min(Pogp 1, Prge 2) (7.21)

where Ppgp, and Ppgp , are as defined in (7.12) and (7.19) respectively.

7.2 BLER and Union Bound Performance

Let V be a signal constellation, V = {V,} !, where the number of columns of V
is equal to np, the number of transmitter antennas. The average PEP for a given

transmitted V] is
L1

PPEP'W S Z PpEp(l7 l,) (7.22)
1'=0,1#1

where Prgp(l,!') is defined in (7.21). We may assume that all codewords occur with
the same probability, hence, the BLER of STC of order L for a keyhole channel is

computed by
L-1 L-1 L-1

1 1
Powon = 7 Z;PPEPM <720 D Bl (7.23)

1=0 I'=0,1'#l

In the case that V is suitably symmetric, e.g. V is a unitary group constellation,
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the BLER given in (7.23) is reduced to

t

-1
Poren < ) Pose(1,0). (7.24)
=1

We note that a union bound on the block error rate of STC of order L can be
approximated by
PUger < (L — 1) Pegp(L,1). (7.25)

C€ — Apin = min(A\: ) for all 1, = {0,1,...,L — 1}

min min

where [,I’ are chosen so that A
and | # 1.

7.2.1 Simulation

We compare simulation results with the analytical BLER performance from (7.23)
using the proposed bound on PEPs in (7.21), for a 2 x 2 OSTBC in {90]. Since this
code is a group (in fact a subgroup of the special unitary group of rank 2, SU(2)),
we can compute its BLER using (7.24). The eigenvalues of a codeword pair difference
of 2 x 2 OSTBC are not distinct so the PEP and the rank and determinant design
criterion of the equation (11) and (12) in [87] can not be applied.

The performance is considered by plotting BLER against SNR in dB, using the
assumption of a keyhole channel described in Section 2.1.4. Figure 7.2 shows the
BLER performance of 2 x 2 OSTBC using BPSK (which has L = 4 so the data rate
is R = 1.00 bit/s) for ng = 1, 2 and 3 receiver antennas. The analytical curves in
Figure 7.2 are the function min(Pegp 1, Pegp 2), as defined in (7.12) and (7.19). The
generalized hypergeometric function ,Fy(a,b;; —2) is computed using the MATLAB
with the built-in command hypergeom([a,b], [1,-z).

Using the upper bounds of the @)-function which arises in the expression for the
exact conditional PEP yields a gap between the analytical curves and the simulations.
However we can see that the proposed PEP will give a particularly tight upper bound
on the simulation at high SNR.
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)| —%— N=1 simulation
| = © — N=2 analytical |
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Block error rate

SNRindB

Figure 7.2: BLER performance of 2 x 2 OSTBC at R = 1.00 bit/s for ng = 1, 2 and 3



Chapter 8

Affine Reflection Group Codes

This chapter presents a construction of affine reflection group codes (ARGCs). The
solution to the nitial vector xy and the nearest-neighbour distance d;, problem is
presented for all irreducible affine reflection groups of rank n > 2, for varying stabilizer
subgroups. Theorem 8.1.1 gives a closed-form solution for xy as well as a formula
for dyn of the corresponding ARGCs. In Corollary 8.1.1, we solve the initial vector
problem also for the case that the stabilizer subgroup of xg is nontrivial. The solutions
to the initial vector problem, together with the corresponding nearest distance, for the
corresponding irreducible affine reflection groups are summarized in Table 8.1.

In Section 8.2.1 we define the bounded codeword regions. These are designed to
be maximally symmetric. We give examples of the size of these codes for irreducible
affine reflection groups with bounded codeword regions in Table 8.2, together with
the data relevant to their construction. We use a detailed analysis of the geometry
of affine reflection groups to produce a decoding algorithm which is equivalent to the
ML decoder, yet whose complexity depends only on the dimension of the vector space
containing the codewords, and not on the number of codewords.

We note that other group codes have provided alternatives to ML decoders. In
particular, the length-reduction algorithm which is proposed in [563, Section IV] for
finite reflection groups can be adapted directly for use with ARGCs, but it would have
high complexity for the case that the group code is large, or when the received vector
lies very far from the fundamental domain.

A decoding algorithm for the corresponding group code is proposed in Section 8.2.2.

The complexity of the proposed decoding algorithm depends only the rank n of the

105
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ARG(that is, on the dimension of the space spanned by the roots), and not on the
size L of the group code; this is in sharp contrast with the ML decoder. Consequently,
when L is large relative to n, our decoding algorithm is more efficient.

We summarize the decoding algorithm briefly in Section 8.2.2 and Figure 8.3, show-
ing how to efficiently reduce the decoding of a distant vector to one adjacent to the ori-
gin, where decoding techniques for finite reflection groups, such as the length-reduction
algorithm of [53] may be applied effectively. We then proceed to describe the algorithm
in detail, including proofs of correctness, in Section 8.2.2. The final step of the algo-
rithm is illustrated in detail for the irreducible affine reflection groups A,, B> and Ajs;
in the first two of these we further optimize the algorithm by exploiting the many
Symmetries of the rank 2 groups.

We then illustrate the complete algorithm with several examples from A, and B,
in Section 8.3, it may be further streamlined by exploiting additional symmetries of
the group. The ARGCs presented in this thesis are in general not lattices, since the
zero vector is not a codeword. They are however intimately related to the root lattices
discussed in {13]. Namely, our ARGCs are certain unions of cosets of the corresponding
coroot lattice, where the number of these cosets is at most the number of elements of
the corresponding finite reflection group. This perspective offers yet another approach
to the decoding problem considered in this paper. We compare our approach to this
one in Section 8.3.4.

We let G, be an (infinite) irreducible ARG of rank n > 2, which has a natural irre-
ducible action on R™ by orthogonal affine transformations. The action of G, restricted
to any bounded portion of R” (a codeword region) may be considered a nonlinear
Slepian group code, in the sense that: the group acts by isometries; the codewords are
generated by acting on &y with the elements of the group; and, for a suitable choice of

o, they satisfy the nearest-neighbour equidistance property.

8.1 An Initial Vector and Nearest Distance

For a given irreducible ARG G, of rank n with the simple system A = {ry,7s,...,7,}
and highest long root p = > a;7; (see Section 2.2), we define the fundamental
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domain Da of ARGC associated to the simple system A as
D={zeR":x-r;>0forallr; € A, and - p < 1}. (8.1)

This is a compact region of R, consisting of exactly one representative of each orbit
of the action of G, on R™. The boundary of the fundamental domain Dx is formed by
the linear hyperplanes Hp, o, 7 = 1,...,n, corresponding to the simple roots, together
with the affine hyperplane Hp;. The image of the fundamental domain under any
element of the group is called a chamber; by construction, the chambers tessellate R”.
Geometrically, each chamber is the closure of a connected component of the set obtained
from R™ by deleting all the reflection hyperplanes, that is, of R" \ Upcs, kezHr r Where
® is a root system of G,.

We next prove that the nearest neighbours in the orbit of a vector @ € D under

G, are those in directly adjacent chambers.

Lemma 8.1.1. Let * € Dp and consider the set V = {gx: g € G,}. The nearest
neighbours in V to x are in the set {Sp 2} U {Sr ox: r; € D}.

Proof. Since {Sro: 7 € A} U {Sp,} is a generating set of G,, every g € G, can be
written as a word in these generators (not necessarily uniquely). Choose a reduced
expression for g (that is, a word of minimal length representing g); write it as ¢ = s¢g’
for some s in the generating set and an element ¢’ = s™'¢g € G, of shorter length.
We shall prove that ||z — gz|| > || — ¢'z||, from which the desired result follows by
induction.

If ¢’ = 1 there is nothing to show; assume then that ¢’ # 1. Since g has a reduced
expression g = sg’ beginning with s, it follows from [39, Theorem 4.5] that the vectors
x and ¢’z lie on the same side of the hyperplane H, corresponding to the reflection
s, with their images under s (that is, sz and gx) symmetrically opposite. These four
points form a nondegenerate trapezoid. The sides joining ¢’z to g, and x to sz, are

orthogonal to H; and are bisected by H,. The other two sides are congruent since
sz — gz|| = [|s(z — g'z)|| = |z — g'z||.

As at least one of the interior angles opposite the diagonal from & to gx is obtuse,

it follows by the law of cosines that the congruent sides are shorter than this diagonal.
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This is the desired inequality ||z — gz| > ||z — ¢'z||. O

Let us now derive a formula for the best initial vector &g € Da. Set {A;}2; to be
the dual basis to A, defined by A; - r; = d;;. Then any initial vector @y which lies in
the fundamental domain D can be expressed in coordinates with respect to {A;}%,

as

i=1

where, by (8.1), we have b; > 0 for each i € {1,2,...,n} and >, a;b; < 1. Using
the affine reflection defined in (2.29), the distance between the initial vector xy and its

(affine) reflection Sy ;o can be computed via

d(xo, Srrxo) = |0 — Sp pxoll
2r

(r,7)

H

= llzo = {zo = (=0, ) — k)

e 2||r
= |(;bi>‘i,r)—k|(%%
- ﬁﬂlei(Ai,r)—k|. (8:3)

Now if  is the simple root 7;, and k¥ = 0, then since A; - r; = 0 unless ¢ = j, and

Ai - r; = 1, the distance computed in (8.3) reduces to

2,
B e K

(8.4)

fori=1,2,...,n. On the other hand, if r = p =) _,_, a;r;, the highest long root, and
k =1, then we have
2 n
iong = 7 [ 1= aibi | . (8.5)
ol P
The optimal initial vector is the point in the fundamental domain Da for which all

nearest neighbours are equidistant. By Lemma 8.1.1 we deduce it is a vector for which
di =+ =dp = diong = d. (8.6)

We consequently have, from (8.4) and (8.5), n + 1 linear equations in the n + 1
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unknowns by,...,b,,d. The system is consistent, and solving it yields the following

theorem.

Theorem 8.1.1. Let G, be an irreducible ARG with simple roots {r;}?_, and highest
long root p =Y . | a;r;. Set

2
d= = ; (8.7)
lell + Ei:l ai|rill
then
i d T :
zo=) yxi (8.8)

i=1
is the optimal initial vector for the ARGC for G,. The resulting nearest neighbour

distance is d.

Proof: The proof follows from (8.4) and (8.5), setting of (8.6). This gives

2 —~ d|lril
d = 2 [1-3" g4l
ol ( 2 2

i=1

2 d —
T T ai||7;
ol ™ Tl 2 @l

Sy 2
d(” o ) I

leoll + 220 adllrll

The initial vector @, is then found by substituting (8.4), b; = d||r;||/2, in (8.2). O

Theorem 8.1.1 addresses the case that the stabilizer of x is trivial. More generally,

xy could be chosen to lie on one or more of the walls of the fundamental domain,
and thus be stabilized by the subgroup of G, generated by the reflections in the cor-
responding hyperplanes; in Corollary 8.1.1 below, we give the solution to the initial
vector problem, and calculate dy;,, in this more general case as well. We first require
some notation.

Let A, C AU {p}; we call A, a set of passive roots, following the terminology of
[54]. An initial vector for G, with passive roots A, is a vector xo in the fundamental
domain such that for all 7, € A, Sp, oo = x if and only if r; € A,, and such that

Spxo = o if and only if p € A,. In other words, the stabilizer of ¢ is generated by
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the reflections (in the walls of the fundamental domain) corresponding to the roots in
Ap. Denote by A\ A, = {r € A: r ¢ A,} the complement of A, in A.

Corollary 8.1.1. The solution to the initial vector problem for a given set A, C

AU{p} of passive roots is

_ d||ri
To= 5 A (8.9)

'riEA\AP

where the minimum distance d is given by

-1
2(Il6ll+ Lreas, aillrsll)  if o & Ay

d= -1
2(Cr.cara, ailimil) ifpen,

Proof. This is obtained by setting d; = 0 if »; € Ay, and djong = 0 if p € Ay, and then
equating the remaining distance values, as in the proof of Theorem 8.1.1. Note that in
the special case A, = A, we have £y = 0 and the codewords are generated by strictly
affine reflections of 0; these points form the coroot lattice of G, [39, Prop 4.2]. 0

Example 8.1.1. Consider the irreducible ARG By. From Table 2.2, the simple roots
are r1 = (1,0), ro = (=1,1) and the highest long root is p = (1,1) = 2r; + ra.
Consequently the fundamental domain Da is the shaded region shown in Figure 8.1.

From Theorem 8.1.1 we calculate the nearest distance to be

d= : (8.10)

Thus we have b; = 2+;—\/§ and by = ﬁ\/i The dual basis to {ry,re} is {1 =

(1,1), 22 = (0,1)}. Hence we conclude from (8.2) that the best initial vector is

1 1 1 1
D 0= (rovez) 6

This vector points to the interior of the shaded region in Figure 8.1.

Lo = blAl + bgAQ =

Example 8.1.2. Consider By as in Example 8.1.1, but now A, = {r1}. By Corol-

lary 8.1.1, the minimum distance is

2 1

d= 7= (8.12)
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H.
"'1,0 Hrz’o

H7'1+7'2,0

H27'1+7'2,1

Figure 8.1: Hyperplanes and chambers of the ARG code B;. Each line is orthogonal
to the corresponding root. The horizontal and vertical lines are at unit intervals.
The shaded region is the fundamental domain; the heavy outline corresponds to the
bounded codeword region R, of Section 8.3.1.

and the optimal initial vector is
1
Tg = (O, 5) € Hfrl,() N Da. (813)

Example 8.1.3. Consider By as in the preceding example, but now A, = {p}. From

Corollary 8.1.1, we have the minimum distance

2 2
d= = 8.14
2l + 10l ~ 252 (8:14)
and the optimal initial vector is
d d 2 V2
Lo = §A1 -+ 5\/§A2 = (1 - -—\g——-, £), (815)
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which 1s the point on Hp, such that the line from the origin to @y bisects the angle

between the two linear hyperplanes Hy o and Hp, .

Example 8.1.4. Consider the irreducible ARG G,. From Table 2.2, the simple roots of
Gy are 71 = (1,0) and ry = (-2, @) Its highest long root is p = 37y + 2r, = (0,/3).
The hyperplanes and chambers are illustrated in Figure 8.2. (Note how the geometry of
the hyperplanes and chambers is obtained from the root diagram: the short roots have
length 1 so the corresponding hyperplanes Hy 1 contain the endpoint of v (and have r

as normal vector); since the long roots have length V3, their corresponding hyperplanes

Hy . are at a distance of (v/3)™! apart.)

7

/X7

/

Figure 8.2: Hyperplanes and chambers for G,. The vertical lines are at unit intervals;
the horizontal lines are 1/4/3 units apart. The shaded region is the fundamental
domain.

Using Theorem 8.1.1, we find the nearest distance is

2 2
dz\/§+(3x1+2x\/§)=3(\/§+1)' (8.16)

Hence we have by = and by = 7‘511_3 The dual basis to 1 and ry are

1
3(V3+1)
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= (1,v/3) and Xy = (0,2/+/3). Therefore the best initial vector is

1 1 2
w = 3 m Yt s (“’ 73:)

1 V342
(3(x/§+ 1) 3(V3+ 1)) ' (8.17)

A summary of the best initial vectors and the minimum distance d;, for each of the

irreducible affine reflection groups is given in Table 8.1. The details of the remaining

calculations are included in Appendix B.

Group | x d
1 1 .
Az (5 ﬁ) 3
Ay | 1(1,v3,L00) .

X An (nzz) (nﬁ)g ('—1, _1, 3 -"'1, n) e Rn+1 ;l%

11 )

B 2+2v2° 5) 73
B 1 14v2 1 1

3 274v3’ 2+4v2’ 2 7

1 1

1
Co 023 | 3r0eD 75 f)(l 1+\/‘ 1+2f 1+ (n—1V2) | smiws
D, 1(0 1,2,3) 7
Dn (n>4) 2(n 1) (O, 1, 2 ,n— 1) m
1
Ty e (3f+ 5,2¢§+ 1,vV2+1,1) T
G 1 V342 ) 2
2 3(V3+1)’ 3(v3+1) 3(V3+1)
* & $5(0,1,2,3,4,—4,-4,4) 61?
* & ?(0,1,2 3,4,5, —5—2%) 33
s 4(0,1,2,3,4,5,6,23) v

Table 8.1: Initial vector and nearest distance of ARGCs. Here, * indicates that the
initial vector is given in coordinates with respect to the ambient space used for the
definition of the root vectors; see also the remarks preceding Table 2.2.
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8.2 Decoding Algorithm

8.2.1 Bounded Codeword Regions

If no bounds are imposed, an infinite ARG will generate an infinite number of code-
words. Thus, to restrict to the case of a finite set of codewords, we will define a bounded
codeword region as follows.

Choose a root in the root system ®. For [ € R, such that 3r € ® and ||r|| =, let
®(l) = {r*,72,...,7F} C ® denote the set of all roots of length I. In particular, for
any r € ®(l), it follows that —r € ®(l) as well.! Choose a positive integer M; then we
define the codeword region R = Ry, of radius? M by

R={zeR":r'.z<MVie{l,2,...,k}}. (8.18)

Several examples are given in Table 8.2, together with the number of codewords in
Rur. This number is calculated by noting that in the region of radius M = 1 for the
long roots, the number of chambers equals the order of the corresponding Weyl group;
as M increases, the volume of the region (and consequently the number of chambers,

and hence codewords) increases by the factor M™, where n is the rank of the group.

Group | Root Length I | # ®(I) | Number of codewords in R,
A, 1 n(n+1) (n+ D! M"
B, V2 2n(n — 1) 2nn ! M™
Cn 2 2n 2nn\ M™
D, V2 2n(n —1) 2=l M
Es V2 72 51840 M°
F4 V2 24 11520
Ga 1 6 3602
G V3 6 12M2

Table 8.2: Some sample ARGCs with the number of codewords in a bounded codeword
region R ;.

LConsequently, for implementation purposes of the algorithm in Section 8.2.2, it suffices to consider
®(I) N ®* and then keep track of signs.
2The term “radius” is a misnomer in the case that ! 1, but we hope it will not cause confusion.



Chapter 8. Affine Reflection Group Codes 115

8.2.2 Proposed Decoding Algorithm

For a given received vector y and group code C, the problem of decoding is to search
for the codeword vector ¢ € C which gives the closest distance ||y — ¢|| over all c € C.
This is the ML decoder. Consider now a group code generated from an ARG via

cy = g for all g € G,.

Lemma 8.2.1. The mazimum-likelihood decoder is equivalent to finding the codeword

vector ¢4 in the chamber containing the recewed vector y.

Proof. First note that since each chamber contains exactly one representative of each
orbit of the group acting on R”, each chamber contains exactly one codeword. This
codeword lies in the interior of the chamber, unless the stabilizer (and A,) is nontrivial,
in which case it lies on the boundary of the chamber.

The same geometric argument as was used in the proof of Lemma 8.1.1 now applies.
Namely, given any codeword c, if there exists some hyperplane H separating y and
¢, then by the law of cosines, y is closer to the reflection ¢’ of ¢ in H than to ¢; by
construction, ¢’ is another codeword. Consequently the closest codeword must be the

unique codeword in the same chamber as y. a

Summary of the Decoding Algorithm

The proposed decoding algorithm described in Figure 8.3 works as follows. If the
codeword region R is all of R™, then Steps 1 and 2 are ignored. Let us assume that
A, = 0, for simplicity.

Step 1 consists of checking if the received vector y is outside of the bounds deter-
mined by R. If so, then we find the closest point to y on the boundary of the region
R using Proposition 8.2.1, and use this to identify a point u on the boundary of the
chamber closest to y, using Proposition 8.2.2. We then rename y = u.

Step 2 checks to see if y is exactly on the boundary of R. If so, then using
Proposition 8.2.3 it is scaled so that it lies on the interior of the corresponding chamber.

Finally, given a point y in the interior of R, lying in a chamber D’, Step 3 decodes
to the codeword on the interior of D’ as follows. First identify a vertex v € D’ which is
of the same type as the origin, that is, for which translation Ty by v is an isometry of the
tessalated space. Then T(_U)D’ is a chamber adjacent to the origin. If the codeword

it contains is ¢, then the closest codeword to y is Ty (c); this is Proposition 8.2.4.
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To find the codeword ¢, one may apply decoding algorithms from the corresponding
finite reflection group, such as the length reduction algorithm of [53], or the permuta-
tion decoding algorithms of [54]. Alternatively, where the the geometry of the group
is well understood (for example, in low rank cases) one can set up a decision tree.
This latter novel method is illustrated in detail in Sections 8.2.3 and 8.2.4, below; the
complete Step 3 is illustrated in Sections 8.2.3 through 8.2.6.

Proposed Decoding Algorithm
Input

Denote the received vector by y € R™. Recall the set of roots of length [ was ®(I) =
{rl,...,r*} and the codeword region R = R, is defined as in (8.18).

Step 1: Is y out of bounds?

Lr2.y=ad?...,r*. y = a*. If each o' satisfies a’ < M, then the

Evaluate r' -y = a
received vector y is already in the interior of the codeword region; go to Step 3. If
a' = M for some 4, and @’ < M for all j, then y is on the boundary; proceed to Step
2. But if any a* > M, then y is out of bounds; we correct it as follows.

We first remark that if R were an n-dimensional ball of radius M, then the clos-
est point in R to y would be (M/||y||)y. However, the codeword region R is an
n-dimensional convex “polygon”, so the closest point is found instead using the or-
thogonal projection of y onto the boundary of R.

To simplify the notation, write H; = Hyp:,y, for each ¢ € {1,2,...,k}, for the
boundary hyperplanes of R, and let H;;,. ;. = H;, N H,, N...N H; . Then by con-
struction, the intersections R N H; are nonempty; these are the faces of the boundary
of R. For each ji,j2, - , jm such that RN H;j,..;,. # 0, we have that RN H;j,...j,, is a
corner on the boundary of the i*" face R N H;, of dimension at least n — (m + 1).

The point of R closest to y will be a point on some R N H,,..;,,. To find it we

proceed as follows.

Lemma 8.2.2. Find i € {1,2,---,k} so that v -y is mazimal. Then the i" face
R N H; is the one closest to y.

Proof. Set t = r* - y. By the maximality of ¢ > M, we know that %y satisfies
ri - My < M for all j € {1,2,...,k}; hence My € RN H;. The maximality of ¢
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A received vector y

117

Lemma 2
Find the closest wall

on R toy

r*y is maximal

Propositon 1

Find the closest

point w to ¥

w = projry

Proposition 2

Disambiguate w

w = e(w — Y

3
i

y=u

Yes
Is y out of R 7
No
Step 2
Yes
Is ¢y on the
R 7
No
Move just inside
the boundary
{(compute s in (15))
w = sy
v=w
Step 3
Decoding

A decoded message ®

Figure 8.3: Proposed decoding algorithm
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furthermore ensures that sy ¢ R for all s > % We claim that this implies that y is
itself closest to the ith face, as follows.

For any j # 14, consider the linear hyperplane H; defined by (r* —77) -z = 0.
Since ||7¢|| = ||r7||, we have that (ri — i) - v = ||ri||? — 7' -1/ = —(r* — r?) - I, We
conclude that H;f bisects the angle between H; and Hj; it also contains H;;. Hence,
H J’ divides R™ into those points closer to the ith face and those closer to the jth face.
Since the line through y and the origin cannot meet the linear hyperplane HJ’: unless
it is contained in it, we conclude that y and %y lie on the same side of Hj, and thus
are both closer to R N H;. O

We can now state the algorithm.

Proposition 8.2.1. Identify i, the index of the closest face, from Lemma 8.2.2. Cal-
culate projy.y. If this is in R, then w = projy. y. Otherwise, proceed inductively with
m > 1: given that projy.

Wi tm—

Y &R for all m — 1-element subsets {r,,..., T, _,} C
®(1), calculate projy,, ... Y for every m-element subset {ris...,7i .} € ®(). If any
of these projections is in R, then the closest such is w; otherwise, proceed to m + 1.

This algorithm yields w, the closest point on the boundary of R to y.

Proof. We first note that the process described in the Proposition will terminate after
at most n steps, since any vertex v of RN H; arises as H;j,...;,_, = {v} for some choice

of ji,...Jn-1 € {1,2,...,k}, and the projection projy

i1 dn—

Y gives v € R, which is
in range.

Furthermore, since U C V implies that the distance between a vector y and the
subset U is greater than or equal to the distance between y and V, and that the
orthogonal projection identifies these closest points, we conclude that the inductive

nature of this algorithm will correctly identify w. [

Remark 8.2.1. Since any corner of the ith face is defined by intersections of higher-

dimensional corners, the calculations of Proposition 8.2.1 can be limited to those iy, 12, . . .1

i

such that i; # i and H; N Hy; N R # 0, that is, to those i; which define the n — 2-

dimensional corners of the ith face.

Remark 8.2.2. To apply the Proposition more concretely, given an orthonormal basis

{a1, @2, ..., } of the linear subspace parallel to H;,,..,,, and numbers My, Ms, ..., M,
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such that
Hilizmim = {il'! € R"™: Q- = MZ)Z € {1a 2) s >m}}> (819)

we calculate the orthogonal projection of y onto Hy ..., via

Projy y=y-— Z(ai Yy — Mo, (8.20)

1142 tm
i=1

In general the roots in ®(l) are not themselves orthogonal, and hence cannot be used

for this formula. An important exception follows below.

Corollary 8.2.1. If G, = B, with | = 1 and the bounded codeword region R = Ry,
or if G, = C, with | = 2 and the bounded codeword region R = R, then the closest
point on the boundary of R to the received word y = (y1,Ya, -+ ,Yn) 18

where for each i € {1,2,...,n} we define

Ys if —M <y, < M,
yi=sM ify, > M, (8.22)

Proof. In B, ®(1) consists of the orthonormal standard basis of R™, so orthogonal
projection, as per Remark 8.2.2, amounts to independently projecting each coordinate
to the interval [— M, M]. The case for C, is similar, where ®(2) consists of the standard

basis vectors scaled by a factor of 2. [

Now Proposition 8.2.1 gives the point w on R closest to y; but unless w is simply
equal to projg,y, (in which case, decoding w yields the codeword closest to y), our
construction has chosen w on a corner, and hence on the boundary of at least one
other hyperplane, and thus chamber, which is not the closest.

To disambiguate w, we recall that the closest chamber meets the i** face R N H;.
Thus translating w a small amount in the direction of the point of intersection Ry N

H, = -,,%y € H; will identify the correct chamber to decode to, as in the following
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proposition. Let [a] denote the least integer greater than or equal to a; we also later

use |a] to denote the greatest integer less than or equal to a.

Proposition 8.2.2. Let R N H; be the closest face to y and set t = v -y (as in
Lemma 8.2.2) and w as in Proposition 8.2.1. Define the direction vector d = w — 2y.

Let @y be the set of all root vectors r € © with the property that r-d > 0. Then define

1 . r-w-—[r-w]+1
5=§mm{< —r ):r€<1>y}>0 (8.23)

and set
u=w—ed. (8.24)

This is a vector on the boundary of R which will decode to the closest codeword to y.

Proof. Note that the direction vector d lies parallel to H;. Recall from Lemma 8.2.2
that %’I—y lies in some H;; if and only if y is equidistant from both the sth and jth faces.
Hence when i is unique (the generic case), —d points towards the interior of the ith
face, thus choosing the side on which lies the chamber closest to y.

More precisely, let us first verify that w shares a chamber in common with w. We
need to show that for every root r € ®, u and w lie between the same pair of walls
defined by 7; or in other words, that the numbers r - u and r - w lie between the same
pair of consecutive integers.

For each r € ®, one of two cases holds:

e First case: one of £ lies in ®y. Without loss of generality, suppose it is 7. Then

7 -u < 7 -w by the definition of ®y and

ru = r-w-—¢e(r-d)

1
> T'w—g(T"w—ﬁ'"w]""l)

1
§(r«w+fr-uf|—-1)

> [r-w] -1

Thus [r-w] > 7-w >7r-u > [r-w|—1 which implies that w and w lie on the

same side of each hyperplane Hp;, | € Z.
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e Second case: r-d=0,so0r-w=r- (Atiy) In this case, the vector d is parallel
to the walls Hp, so u and w will lie between the same pairs of walls, whatever

the value of ¢.

Now suppose that w was on a corner H;; of the ith face but that —I‘tiy was not.
Then we have r; - w =M > r; - (%y), which implies r; - d > 0 and r; - u < M, by
construction. Thus w is not on the corner of the ¢ face.

Hence we have shown that € is an amount sufficient to remove the ambiguity of w

but not large enough to allow u to cross any interior walls of R. O

We rename y = wu, and continue.

Step 2: Is y on the boundary of R?

Now, given a vector y on the boundary of the codeword region R (in particular, as
arises from the result of Step 1) we would be equally likely to decode inside as outside
the region. Hence we scale the vector by a factor of 0 < s < 1 to put it in the interior
of R. As in Proposition 8.2.2, the scaling factor s must be chosen carefully so that y
and w = sy lie on the same side of all internal walls of the codeword region, that is,

in the same chamber, and hence decode to the same element.

Proposition 8.2.3. For each root r in ®t, set ap = r -y and define

-1
s = %max{ [lar]] |—Z |c|zq~| credt ap # 0} <L (8.25)
T

Then w = sy s a vector in the same chamber as y and in the interior of the bounded

codeword region R.

Proof. Since for a > 0, 3([a] +a — 1)
that ap # O that [|ar|] > |ar| > s|ar]

sar = r - w, we conclude that w and y lie between the same two adjacent affine

> [a] — 1, we have for each 7 € &% such
>

[lar|] — 1. Noting that ap = r -y and

hyperplanes corresponding to . On the other hand, if ap = 0, then y € Hp o, which
is a linear subspace, and so sy € Hp g as well. We conclude that w and y lie in the
same chamber; moreover, if ¥y was on the boundary of the codeword region R then,

since s < 1, we have that w is in its interior. O

We rename y = w, and continue.
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Step 3: Decoder for elements on the interior of the codeword region

Now suppose (by renaming as necessary) that y is a received codeword on the interior
of the codeword region. For each root r € ®*, define ap = r - y. Then the chamber
containing y is uniquely identified as the set of points x such that for all » € &+, |ap | <
r-x < |ar| + 1, since the chambers are defined by the hyperplanes Hp j with k € Z.
To decode y, we need to find the codeword in this chamber. We present the general
solution first, and then illustrate it, together with some decision tree optimizations of
it, below.

We first note that if r(1),---,r(n) are n linearly independent roots and p =
[p1 P2 ... pa]T € Z", then the intersection of the n corresponding hyperplanes consists

of a single point, a vertex of a chamber

Hyayp, N Hr@)p, N0 Hemyp, = {v},

whose coordinates are given by
v=Plp, (8.26)

where P is the matrix with row vectors r(1), r(2), ..., r(n).

Now suppose that we choose a vertex v of the chamber containing y which has the
property that translation by v is an element of the ARG G,; it then clearly induces an
isometry on the tessalated space®. Such a vertex v may be determined as follows.

The translations contained in the ARG G, are generated by elements of the form

Sy 15y with 7 € A, which act on € R” via the translation:
Sp1Sr(x) = x + 2 T
PP (T) = =T,
712

Hence the vertices in question are those of the form

v = Z W'r (8.27)

for some ¢; € Z, 1 <i < n,and r; € A. From Chapter 2, we can see that this is the

coroot lattice. We note also that while some vertices of the chambers may be defined by

3Such vectors are elements of the coroot lattice of G,; more generally one may use any vertex
belonging to the coweight lattice [39, Prop 4.2].
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the intersection of hyperplanes corresponding to only a subset of the positive roots (as
occurs in By, for example; see Figure 8.1), those vertices of the same type as the origin
are defined by common intersections of linear hyperplanes corresponding to every one
of the roots.

Since, by transitivity, every chamber contains a vertex of the same type as the origin,
there must be at least one choice of values p = (pr)res, with pr € {|ar], lar| + 1},
such that the corresponding vertex v as determined by (8.26) satisfies (8.27) for some

choice of ¢; € Z.

Proposition 8.2.4. Given a received vector y € Dy and a vertex v of Dy of the same
type as the origin, as above, the vector y — v lies in a chamber Dy adjacent to the

origin. If ' is the codeword in D,, then x = &' 4+ v is the codeword in D;.

Proof. These statements follow from the choice of v € Dy such that translation by v

is an element of G,,. O

The decoding to ' may be done using any number of fast decoding techniques
(including the length-reduction algorithm of [53]), and may often be simplified by
exploiting the geometry of the tessalation generated by the affine reflection group.
Note that the number of chambers adjacent to the origin is the order of the finite Weyl
group, which depends on the dimension n (see Table 8.2), and is independent of the
radius M of R.

Let us now illustrate Step 3 with a number of varied examples.

8.2.3 Step 3 for A,

Let G, = A,. Following the calculation in the Appendix, the simple roots are given by
ry = (1,0) and r; = (-3, 325), as vectors in R?; see Figure 8.4. Set r3 = ry + v for
ease of notation. Given the initial vector @9 = (3, 75) (from Table 8.1), we calculate
T, = Sp, Ty = (—%, %) Then, as can be seen from the symmetry of Figure 8.4, and
the corresponding tessalation of R? in Figure 8.5, all codewords are given by adding
either @y or ; to a vertex of the tessalation. |

Choosing 73 and 73 as the linearly independent roots, it follows from (8.26) that

v(p2, p3) = [_11 }} {p 2} (8.28)
Vi vl Lps

for any ps,ps € Z,
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T r1+7o

Ty T2 ' -T2

Figure 8.4: The set ® of all roots of Ay

is a vector pointing to the vertex Hp,p, N Hp,p,. In particular, let y be a received
codeword, and for each i € {1,2,3}, set p; = |7; - y]. Then the lower corner of the
simplex containing y is exactly v(ps, p3).

If p; + p» = p3, then we are the on the right side of the corner, and we decode

v(p2,p3) + o (8.29)

whereas if p; + ps < p3 then we are on the left side and should instead decode

'v(pg,pg) + . (8.30)

8.2.4 Step 3 for B
Recall that our irreducible ARG B, has simple roots r; = (1,0) and ro = (—1,1); see
Figure 8.1. Set (1) = 2ry + 73 and r(2) = r;, and calculate

p1 = [(2r1 4+ 72) - y] and  ps= |72 Y] (8.31)

Then the vector

v = P—lp = %(27’1 -+ ’I"Q) -+ p2—2’l°2 (832)
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points to the bottom corner of the unit square containing y, while the vector
, 1
v =v+ 372 (8.33)

points to the left corner of that square. Exactly one of these is a vertex of the same
type as the origin; which one depends on the relative parity of p; and ps. In each square

there are two chambers, separated by H,. _p,) In the first case and Hp 4 p, L(p1+pa+1)

1
1,3
in the second. Translating this to the origin yields the following decision tree for the
decoding of Bs:

e if p; — po is even then

- if 2|7y - y| = p1 — P2, then decode & = v + xy;

— else decode & = v + Sp, xy;
o else

— if 2[(ry +72) - y| = p1 + p2 + 1, then decode & = v' + Sp,xy;

— else decode & = v’ + Sp,Spr, xo.

8.2.5 Step 3 for G,

From Table 2.2, the simple roots are 71 = (1,0) and rp = (-3, —‘é—g) Set 73 = (0,v3) =

3r1+2r0, 74 = (2,L) = 3r +ryand @y = (3(\%“), 3(\‘/%121)). We compute p; = |7;-y|

foralli=1,2,3,4.

o if p, +ps =0 mod 3 then v = (=3ps + 5P3, — Jzpa).

e elseif py+p3 =1 mod 3 then v = (—3(p2 + 1) + 5(ps + 1), —%(pg +1)).
e elseif p; + ps =0 mod 3 then v = (3py — §ps, :%p?,).

o else v = (3(pa+1) — 5(ps +1), 75(ps + 1)).

Then we compute

w = (wy,ws) = y — v and A = diag(sgn(w, ), sgn(w,)). (8.34)



Chapter 8. Affine Reflection Group Codes 126

o if \%’ > /3 then decode & = v + Axy.

o elseif \/ig < |§f‘ < /3 then decode = v + ASp,x.

e else decode ¢ = v + ASyp 1, Sr, .

8.2.6 Step 3 for A;

Here, each chamber is a 3-dimensional irregular tetrahedron. There are fewer symme-
tries to exploit, so we apply Step 3 directly.

From Appendix B, we have that vy = (1,0,0), 7o = (-3, 32@,0), and r3 =
(O,——%, \/g) The remaining positive roots are ry = ry + ry, 75 = T2 + T3, and
r¢ = p =11+ 12+ 3. We note that each root has length 1.

If p1,p2, p3 € Z, then we may calculate explicitly that the vertex Hy ,, N Hyp,p, N
Hyp, p, is equal to v = 2¢,71+2com2+2c373 (from (8.27)) for some choice of ¢y, ¢3, ¢c3 € Z

if and only if
1 1 1
Co =Py + 5(171 +p3); a= 5(2?1 +c); 3= 5(193 + ¢2), (8.35)

and if it is also in the intersection Hyp, p, N Hyp; ps N Hyg 5, Where

Pa=p1+pP2; Ps=Dp2+Dp3s; Pe=p1+Dp2+Ds. (8.36)

Define a; = 7r; -y, for 1 < 7 < 6. Then a vertex of the chamber containing y of
the same type as the origin is defined by a set of choices of p; € {|ai], |ai] + 1}. Solve
(8.35) and (8.36) from among these available choices. Since each chamber contains a
vertex of the same type as the origin (since all chambers are obtained by group actions
on the fundamental chamber), this system is consistent. For .Aj3, the solution is unique.
It follows that the vertex v corresponding to this solution is of the same type as the
origin, so that translation by v is an isometry of the chambers. Consequently y — v is
in a chamber adjacent to the origin; there are |W| = 24 of these, which is a number
independent of the radius of R. We find the closest codeword ¢ to y — v using a lookup
table (on parities of the values | (y — ¢) - r;], for example) or with the length-reduction
algorithm of [53], which now applies since we have reduced the problem to the finite

reflection group case. Finally, we decode to v + c.
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8.3 Examples and Performance

We now illustrate the steps of this algorithm with a variety of examples.

8.3.1 Affine Reflection Group Code B,

The root system for B, was explored in Example 8.1.1. The best initial vector is
zo = (5 \/% 5 1) = (0.207,0.5), from Table 8.1. Consider the codeword region with 32
codewords defined by the root vectors of length v/2 and M = 2:

R={|rs-z| <2and |p-z| <2} (8.37)

This is represented with the solid line in Figure 8.1.

Example 8.3.1. Consider the received vector y = B = (0.95,0.25) in Figure 8.1.
This lies in R, so we proceed to apply Step 3 (as described in Section 8.2.4) to B. We
evaluate (2r1 + 13) -y = 1.2 and ro - y = —0.7. Thus we have p1 = 1 and p; = —1.
The difference p; — p, = 2 is even, from which we deduce that the chamber containing
y = B is oriented with its long side parallel to (0,1). Now calculate 2ry -y = 1.9 < 2;

we are thus in the second of the four cases. We have

1 11 1
v= 5(2'r1 +73) — o2 = 5(1a 1) — 5(—1, 1) = (1,0).

Thus the decoded word is

a::'v-!—Srl:co:(l,O)-f—( ! 1>=<2\/§+1 L

AT AT 5) = (0.793,0.5).

Example 8.3.2. Consider the received vector y = C = (1.75,0.05) in Figure 8.1; this
again lies inside R, so we proceed directly to Step 8. We evaluate (2r; +r2) -y = 1.8
and ro -y = —1.7. Hence py = 1 and py = —2, so py — py = 3 is odd, which indicates
that the chamber containing y = C is oriented with long side parallel to (0,1). Since
2(r1+73) -y = 0.1 > 1+(—2)+1 = 0, we are in the third of four cases of Section 8.2.4.
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Thus we should decode

x = v+ Sp,x

1 -2+1 27y -
= (5(21'1‘}")"2)'1' 2+ T2>+<w0— T2 wo’l’z)

T2 Ty

= (1,0) + xo — (12 xo)72

3 1
= (2, ——— ) =(1.5,0.207).
(2 2\/'2'+2) ( )

Example 8.3.3. Now let us illustrate Steps 1 and 2. Consider the received vector
y = A= (-0.75,1.8). By Step 1, we compute ro-y = 255> 2 and p-y = 1.05 < 2;
note that this implies also that (—r3) -y = —2.55 < 2 and (—p)-y = —1.05 < 2. Thus
y & R, and the closest face (by Lemma 8.2.2) is the one corresponding to r,. We

compute

~ (=0.75,18) — 0—';39(—1, 1)

= (—0.475,1.525).

Since this point is in range by the conditions (8.37), we conclude that it is the closest
projection to y = A. Since we did not proceed to a further intersection of boundary
hyperplanes (that is, to corners), we do not need to disambiguate w.

As w is by construction on the boundary of R, we apply Step 2 to shrink w inside the
region; compute the factor s as follows. We have r1-w = —0.475, (ri+r3)-w = 1.525,
ro-w =2 and (2r; + r2) - w = 1.05. Thus

1 { 2.525 3 2.05

5= g MAX 1Y 152572 1.05

5 } = 0.976,

hence we take z = 0.976(—0.475, 1.525) = (—0.464, 1.488) which is now on the interior
of the codeword region, and in the same chamber as w.
Finally, for Step 3, we evaluate py = [(2r1 +72) - 2] =1 and ps = |r2- 2| = L.

The difference py — pa = 0 is even, and 2|r, - 2] = —2 < 0 = p; — py, S0 we are in the
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second case of Section 8.2.4. We have that v =11+ 13 = (0,1) and hence the decoded

message s
TrT=v+ S'rla':() = (—0207, 15)

8.3.2 Affine Reflection Group Code A,

Take the root system A, with simple roots r; = (1,0) and ry = (-3, —?) The long
root is 73 = r1 + 75 = (1,%). The best initial root vector is o = (3) %), from
Table 8.1.

Consider the codeword region defined by
R=Rs={z:|r1 x| <3,|jry-x| <3,|r3 x| <3} (8.38)

This region is indicated by a solid line in Figure 8.5; the shaded region represents the
fundamental chamber. It contains 6(3)? = 54 codewords, by Table 8.2.

MAQAW
\VAVAVAVAVAVAVAV
INONINININN NN

Figure 8.5: Hyperplanes and chambers for A;. The fundamental domain is shaded,
and the outline defines the bounded codeword region Rg3; see Section 8.3.2.
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Example 8.3.4. Consider the received vector y = E = (5,0). By Step 1, we calculate
ri-y=>5 ro-y=-25 13 -y=25

considering these values (and also their negatives), we conclude that y ¢ R and that
the closest face, by Lemma 8.2.2, is the one contained in Hy, 3. The projection of y
onto Hy, 3 is
w=y-—(ri-y—3)r =(3,0),
which already lies on the boundary of R; hence we proceed to Step 2.
We compute: r1-w =3, ro-w = —% and p-w = % Thus the scaling factor s
defined in (8.25) is
1 5 25 2.5 5}
s = —max{g, ﬁ’ﬁ} =5
s0 z = sw = (2,0).
Finally, to decode z using Step 3, we note that py = 2, po = —2 and p3 = 1, so
1+ p2 # p3 and we decode

8
T = ’U(——Q, 1) + Sp,xg = (g, 0)
Example 8.3.5. Consider the received vector y = F = (5,2). Then by Step 1, we
calculate:

rL-yYy=09, ro-y=-—0768 1r3-y=4.232;
thus y ¢ R and by Lemma 8.2.2, the closest wall is the one contained in Hyp,3. The
first projection is
proju, Y=y —(ri-y—3)r=(3,2),
which this time is not in R since rs - (3,2) = 3.232 > 3. Thus we proceed as per

Proposition 8.2.1, computing the projections onto the boundaries of the closest face. In

this case, the boundaries are
prl’3 M H/r3’3 = (3, \/g) and H’l'1,3 N H_r2’3 = (3, —\/g)

Since these are points, the projection of y onto each is just the point, and both are in

R. The closest is w = (3, \/§) Since w is the projection of y onto the intersection of
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two walls, not both equally close to y, we must disambiguate w using Proposition 8.2.2.
We have 5
d=(3,V3) - £(5,2) = (0,0.532)

50 Oy = {re,r3}. Since ro-w =0 and r3 - w = 3, we calculate

e=Ltmin{( 0-0+1 Rk -2 | QU
) 0-3(-0.768) ) '\3—2(4232)) ) T

We conclude that w = w — ed = (3,1.155) is a point on the face of the chamber in R

closest to y.

This point is by construction on the boundary of R. Since ri-u =3, ro-u=—-0.5
and r3 - u = 2.5, the scaling factor s of (8.25) is s = smax{2,1,32} = 0.9. Hence
Step 2 applied to u yields z = su = (2.7,1.0395), which lies in the interior of R.

We are finally in Step 3; since p; = |r1-w| = 2, po = —1 and p3 = 2, our codeword
18

x =v(—1,2) + Sp,xo = (2.667,1.155).

8.3.3 Performance

We further illustrate the correctness of our proposed decoding algorithm, as compared
to the ML decoder, in Figures 8.6 and 8.7, for some ARGCs of dimension n = 2,3
and 4. The simulation was done by plotting symbol error rate (SER) versus SNR in
dB, under the assumption that the noise is Gaussian distributed with zero mean. We
applied the proposed decoding algorithm in Section 8.2.2 for decoding.

Figure 8.6 shows the SER performance of ARGC Az for the codeword regions of
radius M = 1 and M = 2; the length-reduction method in [53] was applied in Step
3 for this case. Figure 8.7 shows the SER performance of the affine reflection groups
B, of rank n = 2,3 and 4 at the same radius M = 1. We use the proposed Step 3
described in Section 8.2.4 to decode By and the length-reduction method to decode Bs
and By.

We can see that the proposed algorithm achieves the same correctness as the ML
decoder. We claim that for cases in which n is small relative to M, our decoding
algorithm is more efficient. Namely, the ML decoder must compare the received vector

y with each of the L codewords, where L is as in Table 8.2. This is at least exponential
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in n and is polynomial in M. For our algorithm, the complexity in n will also be
at least exponential (due to the iterative procedure in Step 1, as well as in some
cases the decoding in Step 3); it will vary depending on the group chosen and the
implementation used. That said, significant gains are made in that the complexity of

our decoding algorithm is independent of M.

10°

g

Symbol Error Rate
5

| = — = Proposed M=1
O MLM=2
Proposed M=2) :

-4 I 1 L 1
0 5 10 15 20 25
SNRindb

Figure 8.6: SER performance of As for M =1 and 2

8.3.4 Comparison with Lattice Decoding

In the context of lattice (as in Section 2.2.4), we consider an unbounded codeword
region and compare Step 3 of our proposed algorithm of ARGC A, and A3 against the
coset decoding method [23].

The coroot lattices of Ay and A; are each two cosets of rectangular lattices [3, 13].
The ARGC A3 is in turn given as the union of two cosets of this lattice (represented by
@y and x; as in Section 8.2.3), giving a total of 4 iterations of the fast trellis decoding

algorithm of [3].
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Symbol Error Rate

Proposed 82
o MLB, RS

i~ — ~Proposed By|--
........ v MLB4

— . —~ . Proposed B4 }

0 2 4 6 8 10 12 14 16 18 20
Figure 8.7: SER performance of B, of rankn =2,3and 4 at M =1
Consider 4 cosets (C1,Cy, C3 and C,) as shown in Figure 8.8, we can express

Ay = {xo+A}U{zo+2+ AL U{zi +AL}U{z1 +2+AL} (8.39)
= CiUCUC3UCy (840)

where xo = (3, %) and @1 = (-3, %) and Ay is a rectangular lattice. Hence we have
4 candidate vectors (one from each coset). We use the algorithm of finding the closest
point for an integer lattice as described in Section III [12] to compute the candidate
vector from each coset. Then we choose one vector which is closest to the received
vector.

On the other hand, the ARG A3 has far less symmetrical chambers, with the result
that this group code is 24 (= 4!) distinct cosets of the coroot lattice, giving a total of
48 iterations of the trellis decoding algorithm.

In Table 8.3, we compare our algorithm (as specified for A4, in Section 8.2.3, and
for Az in Section 8.2.6, choosing a table lookup for the final step) against this coset
decoding algorithm. The performance is considered by counting the average number of
flops per symbol using MATLAB. We can see that the proposed algorithms outperform

the coset decoding in these cases.
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:
:

-

N/

Figure 8.8: The 4 cosets of A;

Algorithm Ay | Aj
Proposed decision tree | 16 | 186
Coset decoding 52 | 1104

Table 8.3: The comparison of average number of flops per symbol

134



Chapter 9

Trellis Representation and
Decoding Methods

Decoding algorithms of some ARGCs have been proposed in the step 3 in Section
8.3, using the analysis of the geometry of the affine reflection group. These decision
trees have been shown to have less complexity and be faster compared to the lattice
decoding. However these decision trees are provided only for some affine reflection
groups and for low dimension, i.e. Aj, By, G, and A;. Moreover the geometry of affine
reflection groups is not easy to analyze for high dimensions, that is, n > 3.

In this chapter, we show that ARGCs are also generalizations of lattice codes [13]
and use this to produce two efficient decoding methods. From Theorem 2.2.1 given
in Section 2.2.5, for a given initial vector xy, every element of an ARGC G,z can be
obtained by applying some elements in crystallographic finite reflection group G and

then translating by a coroot lattice vector v € A(®V), that is,

Gomo = | J (90 + A(Y)). (9.1)

g€g
Thus if Ay is a rectangular sublattice of A(®V), with quotient @ = A(®Y)/AL, then
the ARGC G,X¢ is a union of cosets of Ay given by

GoXo = U (9xo +Vv+AyL). (9.2)

geG,vEQ

There is a well known method to represent a lattice by a trellis diagram and to

135
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decode it using the Viterbi algorithm [4, 24], which we recalled in Section 2.4.2. Thus
we can use the idea of trellis diagram representations as a possible solution to the
problem of decoding ARGCs. This leads us to develop two efficient decoding methods
for any ARGC in any dimension. (We note that the conventional derivation of the
trellis diagram of a lattice, as originally proposed in [24], does not apply to ARGCs
since these codes do not have an additive group structure.)

Section 9.1 presents the first proposed decoding method which is developed from
the fact that affine reflection groups are infinite groups given by combining crystallo-
graphic finite reflection groups and their coroot lattices in a semi-direct product, see
(2.2.1). Decoding Method I (hybrid) combines the Viterbi algorithm on the trellis
diagram of the coroot lattice A(®V) and the length-reduction method as explained in
Section 2.3.3 (or the fast permutation-decoding algorithm [54]) on the crystallographic
finite reflection group G.

The second proposed decoding method is given in Section 9.2. In Decoding Method
IT (lattice cosets), we consider an ARGC as itself a union of cosets of the coroot lattice.
The comparison in decoding complexity as well as the trade-off of these two decoding
methods are discussed in Section 9.3.

We conclude in Section 9.4 with an application of ARGCs, with the proposed
decoding methods, as a tone injection constellation to improve an PAPR reduction
of OFDM system.

9.1 Decoding Method I: Hybrid

The proposed Decoding Method I is developed from Theorem 2.2.1 as mentioned above.
We summarize the decoding algorithm as follows:

1. For a given ARG G, with root system ® (listed in Table 2.2), consider the coroot
lattice A(®V). (The definitions of coroots and the coroot lattice are given in (2.24) and
in Section 2.2.4 respectively.)

2. Compute the closest coroot lattice vector v € A(®Y) to the received vector y,
using the Viterbi algorithm on the trellis diagram of A(®Y). We do this as follows.
Since the trellis coordinate system of the trellis diagram of the coroot lattice A(®V) is

w;, = 1,2,...,n (see Section 2.4), we need to transform the received vector y into
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coordinates with respect to w; via

y/ _ <(y7w1) (y,'l.UQ) L (yawn)) ) (93)
[wif? " [|we|l? [lwnl|?
Using the Viterbi algorithm on y’ gives v/ = (v{,v,...,v)), the coordinates of v

with respect to w;. (The decision metric for the Viterbi algorithm to decode y' is given

in Section 2.4.2.) Then v can be computed from
v = vjw; + vwy + - - + VW, (9.4)

3. Translate the received vector y to the first shell! of ARG G, by y — v.
4. Apply the length reduction algorithm in Section 2.3.3 (or fast permutation-
decoding algorithm) on y — v (relative to the group code {gxo, g € G}) which gives

zr,. Then the decoded message is
T=xR, +v. (9.5)

We illustrate Decoding Method I for the ARGC A; in Example 9.1.1 and Figure 9.1.

Example 9.1.1. Consider the coroot lattice A, with its trellis diagram in Figure 2.6
(as explained in Example 2.4.2). Let y be the received codeword. See Figure 9.1. The
solid circles represent the coroot lattice. From step 2 in Decoding Method I, using the
Viterbi algorithm on its trellis diagram gives the closet coroot lattice vector v € A(®V).
We translate this received vector y to the first shell (the bold line in the same figure)
by y — v. Let’s say we get xr, from the decoding the vector y — v using the length
reduction algorithm (or this can also be done by the decision tree of Ay explained in

Section 8.2.3) then the decoded message is & = xr, + v.

9.2 Decoding Method II: Lattice Cosets

For the proposed Decoding Method II, we first compute the trellis diagram representing
a given ARG G, and then use the Viterbi algorithm on this trellis diagram for decoding.

1The region of the first shell is defined from |J geg{gD} where D is a fundamental domain for G,;
as defined in Section 8.2.1



Chapter 9. Trellis Representation and Decoding Methods 138

Figure 9.1: Decoding method I of the ARGC A,

NAVAVAVAVAVAV/

Hence the main work in Decoding Method II lie in computing the trellis diagram for a
given G,.

The result from Theorem 2.2.1, as expressed in (9.1), implies that G,x, is the union
of cosets of A(®Y). The trellis diagram for A(®") expresses A(®V) as a union of cosets
of a rectangular sublattice A;. So G,xq is the union of cosets of Ay as well and each
coset (of Ar) corresponds to a path on the trellis diagram of G,.

We present the method to compute the trellis diagram of any ARGC as follows:

1. For a given ARG G, with root system &, consider the trellis diagram of the coroot
lattice A(®V) with the trellis coordinate system w;, i = 1,2,...,n. Let vo,v1,...,vn,-1
be the path labels where vy is the label of the lattice vector at the origin and N, is the
number of paths of the trellis diagram.

2. Generate the finite reflection group codewords in the first shell (R;); these are
just the vectors in Gxy. Label them {xo, @y, ..., Zr,—1}, where Ry = |G|. The number
of codewords in the first shell R; is given in Table 9.1.

3. Calculate the path labels (coordinates) for these first shell codewords with respect
to w; by

2! = ((fﬂbwl) (21, ws) (wlawn)> (9.6)

o> 7 flawal* T [Jwal?

foralli=0,1,...,R; — 1.
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Group | Ry
An n“+n | (n+1)
B, 2n? 2"n!
D, |2n(n—-1)| 2~ !n!
Ee 72 51840
Fa 48 27 . 32
Go 12 36

Table 9.1: The order of the root systems and R; of affine reflection groups [54, Table
1)

4. The complete set of path labels is
{z;+wv;|i=0,....,Ri—1, j=0,...,N, = 1} (9.7)

which corresponds to R; /N, paths.

5. To draw the trellis diagram, we rearrange and regroup the path labels in (9.7)
by the same repeat, that is, modulo Ay as described in Section 2.4. This gives the
trellis diagram representing the ARGC. We note that the labels of the resulting trellis
diagram depend on the choice of w;.

We illustrate the Decoding Method II for the different ARGCs as followings:

Example 9.2.1. From Ezample 2.4.2, the generator matriz of the coroot lattice As is

o { 2 0 } |
-1 \/3'
and its trellis diagram representation is shown in Figure 2.6 which is with respect to
the trellis coordinate system wy = (2,0) and we = (0, 2).

The siz codewords in the first shell of the ARG are &g = (2/3,0), x; = (1/3,1/V3),
zy = (—1/3,1/V3), @3 = (—2/3,0), @4 = (=1/3,-1/V3) and x5 = (1/3,~1/V3)
(we compute these codewords from Section 8.3, using the simple roots vy = (1,0) and
ry = (=1/2,4/3/2)). From (9.6), computing the path labels of these codewords with
respect to wy = (2,0) and w, = (0,2) gives =) = (1/3,0), =} = (1/6,1/2/3), x} =
(-1/6,1/2v/3), xf = (=1/3,0), =, = (~1/6,—1/2V/3) and = = (1/6,—1/2/3).

From its trellis diagram shown in Figure 2.6, we know that it has N, = 2 paths.
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Therefore we need to generate another 6 x (2 — 1) = 6 label paths by adding the vector
vy = (1/2,v/3/2) corresponding to the nontrivial path in Figure 2.6, that is,

Thus, writing &} ¢ = x; + vy fori=0,1,...,5, the complete 12 path labels are

' _ (1 r {1 _1 r__ (1 _1 x = __1.
wo*‘(390)) Ty 6’2\/37)’ Lo = 672\/?_,)7 T3 = 370)
r (1 _ 1 r— (1 __1_ » (5 V3 ol = (2 2
Ly=\T6 zﬁ) » Ts 6 2¢§>’ e =\ 2 ) L7 = (3 f)
r= (1 2 r— (1 V3 ' 11 ! 2 1
ms* 3 ‘/g)} wg 6° 2); wlO (3 \/?_,)7 l (3 )

From Figure 2.6, we also know that the first and the second coordinate repeat at 1
(or mod Z) and at /3 (or mod +/3Z) respectively. Now we note additional symmetry,
which allows us to collapse the trellis diagram further. For example, consider xy, Ty
and x},. These 3 path labels share the same first coordinate, that is, % mod Z, and

theiwr second coordinate are

{0-—\%%} mod V/3Z = {%\% %} mod V/3Z = 0 mod %.

The other triplet path labels ({x}, xzk, xh}, {@h, ), xg} and {xh, x4, i }) can be

proceeded in the same manner, by using

12 1
{_5’5} mod Z = —3 mod 7Z,

15 1
{—6,6} mod Z = ~5 mod Z,

{2\1/?_2\1/5’2?/5} mod \/525{2\7@23?2\3@} mod V3L = medT

This gives the minimal trellis diagram shown in Figure 9.2, where now the repeat on
the second coordinate is more dense than for the coroot lattice, due to the symmetry of
the group. The trellis diagram of ARGC Aj in Figure 9.2 is with respect to wy = (2,0)
and wy = (0,2) and has 4 paths.
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Z+3 z
T e T
Z-3
7+t z 1
:ﬁ Btas
Z—3

Figure 9.2: The trellis diagram of the ARGC A,

Example 9.2.2. From Example 2.4.3, the generator matriz of the coroot lattice As is

2 0 0
G=| 0 -2 2\@ . (9.8)
-1 V3 0

The trellis diagram of the coroot lattice Az is shown in Figure 2.7 which is with respect
to wy = (2,0,0), wy = (o, —%,2\@) and w3 = (0,2 2 %)
The 24 codewords in the first shell of an ARG Az are shown in Table 9.2. These

codewords are computed from Section 8.8 using the simple roots r1 = (1,0,0), ry =
(—=1/2,4/3/2,0) and r5 = (0,—1//3,1/2/3)).

(—0.6768,—0.1021, 0.2340), (—0.2500,—0.4330, 0.5227), (0.2500,—0.4330, 0.5227)
(—0.6768, 0.1866,—0.1742), (—0.2500, 0.3485,—0.5825), (0.2500, 0.4330, 0.5227)
(—0.5000, 0.0000, 0.5227), (—0.1768,—0.6794,—0.1742), (0.4268,—0.5351, 0.2340)
(—=0.5000, 0.4928,—0.1742), (—0.1768,—0.3907,—0.5825), (0.4268, 0.0423,—0.5825)
(—0.4268,—0.5351, 0.2340),  (0.1768,—0.3907,—0.5825), (0.5000, 0.0000, 0.5227)
(—0.4268, 0.0423,-0.5825),  (0.1768,—0.6794,~0.1742), (0.5000, 0.4928,—0.1742)
(—0.2500, 0.4330, 0.5227),  (0.2500, 0.6371, 0.2340), (0.6768,—0.1021, 0.2340)
(—0.2500, 0.6371, 0.2340),  (0.2500, 0.3485,—0.5825), (0.6768, 0.1866,—0.1742)

Table 9.2: The 24 codeword from the first shell of the ARG A3

The path labels of these codewords with respect to w;, i = 1,2,3 using the formula
in (9.6) are listed in Table 9.3.

The trellis diagram of the coroot lattice shown in Figure 2.7 has N, = 2 paths (cosets
of Ap) thus we need to generate another (2 — 1) x 24 = 24 path labels, by adding the
vector (1/2,1/2,1/+/2) corresponding the bottom path of the same figure. This gives a
total of 48 codewords, and we rearrange these path labels by mod Z, mod Z and mod
V2 for the first, second and third coordinates respectively. We list the complete 48
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(—0.3384, 0.1250, 0.0259), (—0.1250, 0.3384,-0.0259), (0.1250, 0.3384,—0.0259)
(—0.3384,~0.1250, 0.0259), (—0.1250,—0.3384,—0.0259), (0.1250, 0.0884, 0.3277)
(—0.2500, 0.2134, 0.1509), (—0.0884, 0.1250,—0.3277), (0.2134, 0.2500,—0.1509)
(—0.2500,-0.2134, 0.1509), (—0.0884,—0.1250,—0.3277), (0.2134,—0.2500,—0.1509)
(—0.2134, 0.2500,—0.1509),  (0.0884,—0.1250,—0.3277), (0.2500, 0.2134, 0.1509)
(—0.2134,-0.2500,—0.1509),  (0.0884, 0.1250,—0.3277), (0.2500,—0.2134, 0.1509)
(—0.1250, 0.0884, 0.3277),  (0.1250,—0.0884, 0.3276), (0.3384, 0.1250, 0.0259)
(—0.1250,~0.0884, 0.3276),  (0.1250,—0.3384,~0.0259), (0.3384,—0.1250, 0.0259)

Table 9.3: The 24 path labels from the first shell of the ARG A3, respected to {w;}3_,

(0.1616, 0.3750,—0.6812), (0.3750, 0.4116,—0.3795), (—0.2134,-0.2500,—0.1509)

)
(-0.1616, 0.3750,—0.6812), (—0.3750, 0.4116,—0.3795),  (0.2134,—0.2500,—0.1509)
(0.1616,—0.3750,—0.6812),  (0.3750,—0.4116,~0.3795), (—0.2134, 0.2500,—0.1509)
(—0.1616,—0.3750,—0.6812), (—0.3750,—0.4116,—0.3795),  (0.2134, 0.2500,—0.1509)
(0.2500, 0.2866,—0.5560), (—0.0884,—0.1250,—0.3277), (—0.1250,—0.3384,—0.0259)
(—0.2500, 0.2866,—0.5560),  (0.0884,—-0.1250,—0.3277),  (0.1250,—0.3384,—0.0259)
(0.2500,~0.2866,—0.5560), (—0.0884, 0.1250,—0.3277), (—0.1250, 0.3384,—0.0259)
(—0.2500,—0.2866,—0.5560),  (0.0884, 0.1250,—0.3277),  (0.1250, 0.3384,—0.0259)
(—0.3384,~0.1250, 0.0259), (—0.1250,—0.0884, 0.3276),  (0.2866, 0.2500, 0.5562)
(0.3384,—0.1250, 0.0259),  (0.1250,—0.0884, 0.3276), (—0.2866, 0.2500, 0.5562)
(—0.3384, 0.1250, 0.0259), (—0.1250, 0.0884, 0.3277),  (0.2866,—0.2500, 0.5562)
(0.3384, 0.1250, 0.0259),  (0.1250, 0.0884, 0.3277), (—0.2866,—0.2500, 0.5562)
(—0.2500,—0.2134, 0.1509),  (0.4116, 0.3750, 0.3795),  (0.3750, 0.1616, 0.6812)
(0.2500,—0.2134, 0.1509), (—0.4116, 0.3750, 0.3795), (—0.3750, 0.1616, 0.6812)
(—0.2500, 0.2134, 0.1509),  (0.4116,-0.3750, 0.3795),  (0.3750,—0.1616, 0.6812)
(0.2500, 0.2134, 0.1509), (—0.4116,—0.3750, 0.3795), (—0.3750,—0.1616, 0.6812)

Table 9.4: The 48 path lables of the ARGC A3, with respect to {w;}3_;

path labels in Table 9.4. Consequently, the trellis diagram of ARGC Ajz is shown in
Figure 9.3.

Example 9.2.3. From Example 2.4.6, the trellis diagram of the coroot lattice of Bs

is shown in Figure 2.10 which is with respect to wy = (—1,1) and we = (1,1). The

8 codewords in the first shell of the ARG B, using the simple roots 1 = (1,0) and
= (—1,1), are given in Table 9.5. (Note that 0.2071 = 1/(2 + 2v/2)).

The path labels from these codewords with respect to wy = (—1,1) and w, = (1,1)
are listed in Table 9.6. Since the trellis diagram in Figure 2.10 has only one path,
these 8 path labels in Table 9.6 are also the complete path labels of ARGC Bs.
Figure 2.10, we know that these 8 path labels are repeated at mod Z for both coordinates.
In this case, each trellis diagram of the ARGC By is shown in Figure 9.4, it has 8 paths

with 2 subtrellises.

From
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7+-0.0834

Z+0.125

V22-0.3277

7—0.0884 Z-0.125

Z+0.125 Z+0.0884 V2Z4+0.3277

Z-0.125 2—0.0884

Z+0.125 7+0.3384 V2200259
S = *

Z—-0.125 7—0.3384

7+0.3384 Z+0.125 V2240.0259
T e e

7—0.3384 2-0.125

Z+0.2134 Z+0.25 V2Z~0.1509
T e T *

7-0.2134 Z2-0.25

Z+0.25 7+0.2134 V2Z+0.1509
e o *

Z-0.25 Z—0.2134

2+0.375 Z+0.4116 V2Z-0.3795

Z—0.375 Z—-0.4116

Z+0.4116 Z+0.375 V2ZA+0.3795

Z—0.4116 Z-0.375

7+0.25 Z+0.2866 V/37—0.5562
e o *

7—-0.25 Z—0.2866

Z+0.2866 2+0.25 V2ZA40.5562
e

7.—0.2866 Z-0.25

Z+0.1616 Z+0.375 VIZ-0.6812

Z—0.1616 Z-0.375

Z+0.375 Z+0.1616 VIZH0.6812

2—0.375 7~0.1616

Figure 9.3: The trellis diagram of the ARGC A3

(—0.2071,—0.5000)
(—0.5000,—0.2071)

(0.2071,0.5000),
(0.5000,0.2071),

Table 9.5: The 8 codewords from the first shell of the ARG B,

(0.2071,—0.5000),
(0.5000,—0.2071),

(—0.2071,0.5000),
(~0.5000,0.2071),

Example 9.2.4. From Table 2.2, the simple roots of Dy (which coincide with the simple
coroots, by Example 2.2.4), are vy = (1,1,0,0), r» = (-=1,1,0,0), r3 = (0,—1,1,0)
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(0.1464,0.3536), (—0.3536,—0.1465), (0.3536, 0.1465), (—0.1464,—0.3536)
(—0.1464,0.3536), (—0.3536, 0.1465), (0.3536,—-0.1465),  (0.1465,—0.3536)

Table 9.6: The 8 path labels of ARGC B,, with respect to w; = (—1,1) and wy = (1,1)

Z+0.1464 Z+-0.3536
Z—0.1464 Z—0.3536
Z+-0.3536 . Z+0.1464
Z—0.3536 Z—0.1464

Figure 9.4: The trellis diagram of the ARGC B,, with respect to w; = (=1,1) and
wy = (1, 1)

and ry = (0,0,—1,1), on these simple roots to choose the generator matriz of A(DV)

as
1 1 00
1 1 00
G = (9.9)
0 0 -1 1
0 -1 10

Follow the well known method in [24, 3], the trellis diagram of the root lattice Dy

s shown in Figure 9.5 with respect to the trellis coordinate system

wy = (1,1,0,0),ws = (—1,1,0,0),ws = (0,0,—1,1),ws = (0,0,1,1).  (9.10)

Z+3 Z+3
Z+%  Z+

(ST

Figure 9.5: The trellis diagram of the root lattice Dy

1. From Figure 9.5, the (co)root lattice Dy has N, = 2 distinct paths. It is clear

from the label paths on the trellis diagram that representatives for the two cosets are
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vo = (0,0,0,0) and vy = (3,3, 5,3)-
2. From Table 9.1, the FRG of Dy has 241 - 4! = 192 codewords at the first shell
Riy. Let X = {xg,...,x191} be these 192 codewords.

3. Calculate X', that is, X with respect to the trellis coordinate system w; via

o = ((mj,'wl) (@), wa) (%, ws) (%‘aw4)> (9.11)
! lwil? 7 flwell? 7 Jlws]* * [lwal®

for all 5 =0,1,...,191 and {w;}}_, are defined in (9.10).
4. Then the complete set of label paths of the trellis diagram of ARGC of Dy is

1111
! ! - - - =
(o (LLLI)) o
which have 192 x 2 = 384 label paths.
5. Using the knowledge from the trellis diagram of the root lattice Dy in Figure 9.5,
we can see that all coordinates repeat at 1 (mod Z). We rearrange and group these label
paths.

This gives 24 subtrellis diagrams. Each subtrellis diagram has 16 paths (so 24x16 =
384 label paths). The 24 subtrellis diagrams are

(£0.4167,40.0834, +-0.0834, £0.0834)", (£0.0834,+0.4167, +0.4167, £0.4167, )",
(£0.4167, +0.2500, £0.2500, £0.2500)"  (£0.0834, +0.2500, £0.2500, £0.2500, )",

(£0.3334, £0.1667, +:0.1667, 0.1667)", (&0.1667, +:0.3334, £0.3334, £0.3334, )",
(9.13)

where w denotes the set of all possible permutations. For example,
(£0.4167,+0.0834, +0.0834, +0.0834)™ = {(£0.4167, £0.0834, +0.0834, +-0.0834),

(£0.0834, £0.4167, +0.0834, £0.0834), (£0.0834, +:0.0834, £0.4167, +:0.0834),
(:£0.0834, +:0.0834, £0.0834, :0.4167)}.

The trellis diagram of (£0.4167,+0.0834, £0.0834, £0.0834) which has 16 paths is
shown in Figure 9.6. The remaining 28 subtrellis diagrams also have the same trellis

diagram as shown in Figure 9.6 with the different path labels given in (9.13).
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7+4-0.4167 Z+0.0834 Z+0.0834 Z+-0.0834

Z—0.4167 Z—0.0834 7—-0.0834 Z~0.0834

Figure 9.6: One of 24 subtrellis diagrams of ARGC D,

9.3 Discussion of Complexity

In this section, we compare the complexity of Decoding Methods I and II. The result

gives us the trade-off to choose the appropriate decoding algorithm with low complexity
for general ARGC.

9.3.1 Complexity of Proposed Trellis Diagram

An upper bound of the number of paths N, of a trellis diagram representing an ARGC
using the Decoding Method II in Section 9.2 is

Npa S Rle (914)

where R; is the number of the codewords in the first shell related to G and N, is the
number of distinct paths in the trellis diagram of the coroot lattice A(®V).

When the trellis coordinate system is chosen so that for ¢ = 1,...,7 < n, w;
coincides, up to scaling, with a root r; € ®, then the first r coordinates of the ARGC
label paths will arise in &+ pairs. This happens because the reflection in w; is the same
as that in 7;, and so permutes the codewords, but simply changes the sign of the ith
coordinate.

Since the label paths occur in + pairs, this reduces the number of survivor paths
for the Viterbi algorithm by a factor of 2", so we deduce that

N, Ry N,
N, < 2 < L
P = Tor = " or

(9.15)

However, note that since the w; are orthogonal, r is at most the maximum number
of mutually orthogonal roots in ®. From [39], one knows that there are at least n/2
mutually orthogonal simple roots, we deduce that in general n/2 < r < n. Conse-
quently, we can predict the number of distinct paths N, and the number of survivor
paths N, of the trellis diagram of an ARGC, using the value of R; = |G| listed in



Chapter 9. Trellis Representation and Decoding Methods 147

Table 9.1, the number of N, given in [4, 3], and the maximum number of mutually

orthogonal roots.

Example 9.3.1. From Ezample 9.2.4, the trellis diagram of ARGC of Dy has 24
subtrellis diagrams (one of them is shown in Figure 9.6). Each subtrellis diagram
corresponds to one survivor path in the Viterbi algorithm. To compare with the upper
bound given in (9.15), note that for the ARGC Dy, we have Ry = 192, N, = 2 and
r =4 hence

192 -2
=24 (9.16)

which shows our upper bound in (9.15) is tight.

N, =24 <

9.3.2 Comparison of Decoding Complexity

The decoding complexity of the length-reduction and Viterbi algorithms are summa-
rized in Section 2.3.3 and 2.4.2. For the length-reduction algorithm of FRGC, the
number of iterations required in the algorithm depends on the location of the received
codeword, but in the worst case, the inner loop will repeat no more than |®|/2 times
(corresponding to the number of reflections for the furthest element). Thus on average,
one expect |®|/4 iterations.

The comparison of the decoding complexity of the Decoding Methods I and II of
general ARGC of dimension n is given in Table 9.7. For Decoding Method I, the num-
bers of theoretical complexity are from the Viterbi algorithm and the length-reduction
method (where the number of iterations for the worst and the best case are |®|/2
and 1 respectively). For Decoding Method II, we may relate the number of survivor
paths N, to the number of paths N, of the trellis diagram of the coroot lattice and
Ry, the number of codewords in the first shell, using (9.15), knowing that in general
n/2 < r < n. And we assume that £ pairs occur for all coordinate as discussed in
Section 9.3.1.

The comparison of the decoding complexity of the two proposed decoding methods
on the ARGC D, is shown in Table 9.8. The theoretical complexity is computed from
Table 9.7 where R; = 192, |®| = 24 N, = 2 and N, = 24. Note: the complexity is
given for both general a and for a = 1, where the decision metric in (20) is significantly

simpler to compute (it has just 1 multiplication and 2 additions).
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Method. Comparisons Multiplications
I n+ N, to En + N, | n? 4+ 3n(1 + N,) to Z1(n? + 3n) + 3nN,
IT TLNsp + Nsp 6n]\]'sp
Method Additions
I [ n2+nBN,+2)— (N, +1) to 2(n? +2n - 1) + 3n = )N,
11 (5n — 1)N,,

Table 9.7: Decoding (theoretical) complexity of Decoding Methods I and II for general
ARGCs

The decoding algorithms were also implemented in MATLAB, where simulation
results were used to determine their actual average decoding complexity. For simulation
decoding complexity, we use MATLAB for implementations. We can see that the
decoding complexity of Decoding Method II is higher than the complexity of Decoding
Method I. However, the 24 subtrellis diagrams have the permutation structure as shown
in (9.13) which can reduce the overall complexity as shown in the last row (highlighted
in grey) in the same table.

The optimization based on the permutation structure can be done as follows. For
example, first we compute +0.4167 and +0.0834 for all 4 coordinates. This gives
8 comparisons, 16 multiplications and 32 additions. Then the 4 candidates from
(£0.4167, +:0.0834, +-0.0834, +0.0834)™ need only 12 more additions. Since +0.4167
and +0.0834 are computed before for all 4 coordinates, the 4 candidates from (£0.0834,
+0.4167,+0.4167, £0.4167)" also need 12 additions only. We can see that we reduce
the number of multiplications, which have high cost in hardware implementations,
from 192 to 64. This is a great improvement over Decoding Method I; furthermore,
the number of comparisons and additions required for the optimized Method II remain
comparable to Method I.

9.3.3 Summary of Three Decoding Methods

We can conclude the use and the tradeoff of three decoding methods as follows:

1. For ARGCs of low rank (e.g. As,Bs,Gy and Aj3), we choose the decision tree
presented in Chapter 8 for decoding.
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Method Comparisons | Multiplications | Additions

I (theoretical, a) 6 to 50 52 to 360 47 to 298

I (theoretical, a = 1) 6 to 50 36 to 342 47 to 298
I (simulation) 28 190 171
IT (theoretical, a) 216 576 456
I (theoretical, a = 1) 120 192 456
II (simulation) 120 192 456
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Table 9.8: The comparison of complexity of two decoding methods on the ARGC of

D,

2. In general, the Decoding Method I which combines two decoding algorithms

(trellis decoding and the length-reduction method) has less complexity than the

Decoding Method II since R; > |®| for large n. However the number of survivor
paths from Decoding Method II can be reduced by a factor of 2" from (9.15).

Furthermore, it is well-known that all the finite reflection groups which arise in

affine reflection groups have a permutation structure, like the structure in Dy.

Hence similar optimization methods as those employed for D4 could be applied
to reduce the complexity of Decoding Method II for any ARGC.

3. The advantage of Decoding Method II is its simple implementation because it

uses only one decoding algorithm (trellis decoding).

9.4 Application to PAPR Reduction of an OFDM

system

Lattices (or high dimensional constellations) with good minimum nearest-neighbour

distance and low decoding complexity have been studied widely for problems in com-

munication systems. From Chapter 8, we showed that ARGCs are cosets of (coroot)

lattice codes and also have good performance in a Gaussian channel with low complexity

in decoding. In this section, we give an application of ARGCs with the proposed de-

coding methods as a signal constellation of OFDM system. We apply a TT method [95]

on an affine reflection .4, constellation to reduce the PAPR.

As we mentioned in Section 2.5.2, the improvement of PAPR reduction of the TI



Chapter 9. Trellis Representation and Decoding Methods 150

method comes from the large degree of freedom of a new (larger) constellation. The TI
method on a hexagonal (HEX) constellation (the root lattice of A;) was first introduced
in [29]. It also illustrates the example of T1 signal mapping for a 91-HEX with 64 signals
(at M = 5). The advantages of ARGC A, over the hexagonal constellation are:

e For a given (same) radius M, the number of signal points of A, and the hexagonal
constellation are 6M2 and 3M (M + 1) + 1 respectively. Hence the ARGC of A,
is more dense and consequently has more degrees of freedom to allow the TI
method to reduce the PAPR.

e The ARGC of A, has a low complexity ML decoding algorithm. Although a fast
decoding algorithm of a hexagonal constellation was provided in [30, Appendix], it
cannot decode any received vectors which are outside the bounds of constellation
and therefore is not ML. The algorithm also cannot work with the Modified 73-
HEX in [29]. On other hand, the Step 1 and 2 of ARGC’s decoding algorithm in
Chapter 8 are specifically proposed to solve this problem.

Let K be the number of points in ¢-QAM which have more than one representation.
The TI mapping from ¢-QAM to an ARGC of rank 2 at radius M with L codewords
(¢ < L) is done as follows. For ¢ = 1 to L — 2K, we map a codeword vector x;
of an ARGC by f(x;) = ¢; where ¢; = 1,2,...,L — 2K € QAM. For the remaining
vectors, we map f(x;) = ¢A and f(—z;) = ¢;B (notation as Figure 9.7) where ¢ =
L —2K +1,...,q. This symmetric mapping allows one to use the TI efficiently to
reduce the PAPR and total power of the system. We note that this TI mapping can

be easily modified if we have more than two representations for some points.

Example 9.4.1. Figure 9.7 shows the TI signal mapping from 64-QAM to the ARGC
Ay with L = 96 (at the radius M = 4). Here we set K = 32. Then the 32 points
in 64-QAM have one representation and the remain 32 points in 64-QAM have two
representations (A and B). For example, the 44th point of 64-QAM can be chosen from
either the vector x;=44A or —x;=44B in Figure 9.7 to transmit. Also, at the receiver,
both the received vectors 44A and 44B are decoded as the same symbol. We note that
the power |x;|? = | — x!|? for all i = 33,34,...,64.

We use a (suboptimal) reduced complexity algorithm [46] to search appropriate tx;

to reduce the PAPR of a TI signal constellation. This searching algorithm reduces the
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64B
62B| 63A
60B| 61A 43B
58B| 59A 41B| 42A 50A
< 57A > 39B| 40A 2 é
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<53\A 35B | 19 4 5513->
4 34A 18 | 17 56A
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48B| 47A 29
46B| 457
44B

Figure 9.7: The TI method on an ARG A, with 64 signal points

complexity from (Ny)’ (for the optimal searching algorithm) to N, J where N is the
number of subcarriers whose signals have more than one representation and J is the
number of representations (for example, J = 2 in Example 9.4.1). A summary of the
reduced complexity searching algorithm [46] is given as follows.

1. Given a symbol q. Let I = {4;,4s,...} be the subcarrier indices such that ¢(i;)
has more than one representation. Start j = 0, compute the PAPR from the first
representation for all subcarriers in 1.

2. Increase j by 1. At the subcarrier i;, calculate the PAPR of the remaining
J — 1 representation and choose that representation which gives the lowest PAPR. (We
note that we can skip the first representation in J since since its PAPR was already
computed in Step 1.)

3. If j < |I|, go to Step 2. Otherwise terminate.

The complementary cumulative density function (CCDF) of PAPR from the TI
signal constellation of the ARGC A, with 64 signals in Example 9.4.1 is shown in
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Figure 9.8. We compare it with the 91-HEX constellation [29] and the (square) 64-
QAM at the same N, = 64 subcarriers of OFDM system. The CCDF simulation is done
with 10,000 random OFDM blocks with the sampling factor W = 4 (see Section 2.5.2).
We can see that our ARG A, improves the PAPR reduction. For example, we improve
~ 3.5 dB and = 0.2 dB over the 64-QAM and the 91-HEX at the same PAPR of 0.01%.
The reason is our ARGC A, has more two representations (more degrees of freedom)
than the 91-HEX; we have 32 points with two representations and the 91-HEX has 27

points with two representations.
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Figure 9.8: The PAPR comparison of 96-A4,, 91-HEX and 64-QAM for an OFDM
system with N, = 64 subscarriers

Figure 9.9 shows the SER performance of an OFDM system with N, = 64 subcar-
riers in a Rayleigh fading channel, using the 96-A, (in Example 9.4.1) and 64-QAM
constellations. The simulation is done from (2.74). We can see that the SER perfor-
mance of our proposed 96-A4, is inferior to 64-QAM = 2 dB however the significant
improvement over the 64-QAM is a huge PAPR reduction as shown in Figure 9.8.
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Figure 9.9: The SER performance of an OFDM system with N, = 96 subcarriers in a
Rayleigh fading channel
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Conclusion

10.1 Summary

We have presented designs of full diversity USTCs with high coding gain, using group
codes generated from permutation codes variant II and finite reflection group codes
for two transmitter antennas, and using the Bruhat decomposition for any number of
transmitter antennas. We have shown that our proposed constellations have excellent
diversity products and, from simulations, they perform well without the information
of channel, and outperform some designs in literature. We have introduced the notion
of a faithful unitary space-time group constellation, as one which has a diversity sum
greater than zero, and have also presented a method to compute the diversity sum of
a group constellation from its character table.

We have also developed a fast algorithm to optimize the decision metric of MSD
for DUSTM, using a stack. This allows us to consider a greater number of blocks, and
consequently to increase the decoding performance, with low additional complexity.
The proposed algorithm is equivalent to the ML detection and can be used for any
USTC and for any number of transmitter antennas.

We have derived a simple closed form solution for the average PEP of space-time
codes over a keyhole channel, which applies to all full rank constellations. We have
shown that the BLER performance obtained from our proposed PEP gives a good tight
upper bound compared to simulation.

For the problem of affine reflection group codes, we have derived a formula for

its best initial vector, as well as for its best nearest-neighbour distance, for group

154
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codes generated from irreducible affine reflection groups of any rank. We have also
proposed a general decoding algorithm (from the analysis of group’s geometry) for all
irreducible affine reflection groups which is equivalent to the ML decoder and which is
more efficient than ML when the rank of the group is low and the number of codewords
is large, that is, for low rank but large boundary region.

We have also presented Decoding Method I (hybrid) and II (lattice cosets) as well
as a method to draw the trellis diagram of affine reflection group code of any rank. The
decoding complexity of the proposed algorithms has been analyzed so one could choose
the proper decoding algorithm with fast and low complexity for a given group. Finally,
we have given an application of affine reflection group code of A, using the proposed

decoding methods as an OFDM signal constellation for improved PAPR reduction.

10.2 Discussion of Future Work

We discuss the possible work and development of this thesis in this section.

Bit-Mapping Assignment of USTC

In this thesis, we assign the bit-mapping (from a message 2; to a matrix V; of the
signal constellation V) of USTC randomly. No computer search (by the optimization
of bit error rate (BER)) was done. The efficient and systematic bit mapping could
be applied to the proposed USTC from finite reflection groups in Chapter 3. A gray
code mapping for finite reflection groups has been presented in [14]. This systematical
mapping method could improve the BER performance of proposed USTC, without a

computer search.

Bruhat USTCs

n

e We have given the condition of {d;};Z; for a full diversity Bruhat constellation
V (see (4.9)), but not given how to make the right choice of d; for a given nr
and Lp. We have shown only for a case of an odd prime ny. Therefore the case

where nr is a general number is an open problem.

e The analysis of the choice of parameters {k;};2, for a full diversity Hamiltonian

Bruhat constellation B can be considered as an another possible extension work.
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Pursuing this could give us a better understanding of the structure of these

constellations, and also give fast optimization methods.

PEP of STC in a Keyhole Channel

e The key upper bound (7.10) would not be tight in the case that there is a large
disparity in the sizes of the eigenvalues. Hence future work should consider

tightening the bound in this case, as well as extending to rank deficient codes.

e From the proposed average PEPs presented in (7.12) and (7.19) and given that
the generalized hypergeometric function o Fp is an increasing function, a design
criterion of robust codes for a keyhole channel might be to maximize the Apin of
B(c,e)B(c, €)' for all distinct codewords ¢ and e. An extension work would be
to find a method to construct space-time codes which meet this design criterion;

this is a max-min eigenvalue problem that can be done by the power method
using the POWER software [20].

e The same analysis of PEP, using a MGF-based approach and geometric functions
can be extended to a case of keyhole channel with non-identical m distribution
Nakagami fading [55, 100].

Fast MSD for MS-DUSTM

The BID algorithm in [15] has far less complexity, on diagonal constellations in Chap-
ter 6, than our proposed stack algorithm. Hence a possible extension work of this
paper is to find a reduced complexity MSD for general (nondiagonal) constellations
by combining the BID and stack algorithms. Moreover, it would be also interesting
to explore applying the ideas of outer decoder in [72] to see if it can help to further

optimize the stack algorithm in the general case.

Affine Reflection Group Codes

e Step 1 in Section 8.2.2 can be made more efficient, but suboptimal, by replacing
Step 1 with the simple scaling w = (M/t)y (notation as in Proposition 8.2.2);
the resulting decoding fails to be ML because R s is not spherical.
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e Linear programming can be considered as another possible approach to approxi-
mating the projection onto the boundary to optimize the inner product with the

receiver vector subject to the constraints of code region.

o Affine reflection group codes of rank 2 can be used as a signal constellation of
quasi-OSTBC, with no requirement of rotation [16, 76, 85].

The lines of enquiry in this doctoral work have included all aspects of the design
and analysis of space-time codes and affine reflection group codes. In addition to the
extensions of this work discussed over the preceding paragraphs, this work opens up a
number of exéiting new directions of research— from implementation of the proposed
systems, to the analysis of new communications paradigms (for improved error rate
performance and decoding complexity), to the further application of group and repre-

sentation theory to the development of these systems.



Appendix A

Mathematical Background

A.1 Semi-Direct Product

We use a semi-direct product to express an affine reflection group in (2.32) and a
Bruhat decomposition in (A.24). Let G and H be groups. We define a semi-direct
product G X H as the set of all pairs (g, h), from g € G and h € H with multiplication
defined as

(9.h) - (¢, 1) = (99, (¢ hg')R™") (A.1)

for all g,¢’ € G and h,h' € H.

A.2 Representation Theory and Character Table

An excellent reference on groups, representation theory and character tables can be
found on [42]. They are used in Chapters 3 and 5.

Let G be a group. A representation ¢ of a group G is a group homomorphism
¢ : G — GL,(C) where GL,(C) is the general linear group consisting of n x n
invertible matrices with complex entries. We call n the degree of the representation. A
representation is irreducible if the only subspaces of C" preserved by all ¢(g), g € G,
are the zero subspace and C" itself; it is reducible otherwise. Define the direct sum of

two representations ¢ and ¢, of degrees n and n/, respectively, to be the representation
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0® ¢ G — GLpw(C) given by

(o 9o = [ 9 0 ] (A2
0 ¢(9)
for each g € G. It has been proven that any reducible representation of a finite group
may be written as a direct sum of two or more irreducible representations (with respect
to a suitable choice of basis of C").
The character y of representation ¢ of a group G is a mapping x : G — C defined

as
x(g) = tr p(g) = Z/\ (A3)

where A\i, Ag, ..., A, are the eigenvalues of ¢(g). We call x an irreducible character or
a reducible character if ¢ is an irreducible or a reducible representation respectively.
We also call n the degree of x. Let ¢ and ¢’ be two representations of a group G with
characters x and ’, respectively. Then the character of ¢ @ ¢’ is the function x + x'.
This allows us to easily compute the character of a new reducible group constellation
which is constructed by a direct sum of irreducible representations.

Two elements g, € G are conjugate if there is an element h € G such that
g = hg'h~!. It follows that if x is a character of G, then x(¢) = x(g') whenever g and
g are conjugate. The conjugacy class of g is the set of all elements in G which are
conjugate to g. It has been shown that the number of irreducible representations of a
group G equals the number of conjugacy classes of G. Hence the set of all irreducible
characters can be described by an h x h matrix called a character table where h is a
number of conjugacy classes of a group G. The rows represent irreducible characters
{xi},, and the columns represent the values of these characters on elements of the
distinct conjugacy classes {C;}2 ;. Let the first column correspond to the conjugacy
class {e} of the identity element of G. Note that for any irreducible character of G,
x(e) = degree of ¢ = n and |x(g)| < x(e) for all g € G. Moreover |G| = Zle xi(e)?
and x;(e) divides |G| [42].

We let n = np be the number of transmitter antennas, and we consider only unitary
representations, that is, representation ¢ such that ¢(g)p(9)* = I, forallg € G. (This
is no restriction, since all representations of a finite group are unitary with respect to a

suitable choice of basis.) We say that a group constellation V, coming from a unitary
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representation ¢, is a set of unitary representation matrices ¢(g) for all g € G:
YV ={p(g) forall g € G}. (A.4)

We say o is a faithful representation if ¢ is a one-to-one mapping between g and
¢(g) for all g € G. Thus if there exist g # h € G such that ¢(g) = ©(h) then ¢ is
not faithful. We use this to define a nonzero diversity sum unitary constellation in
Definition 5.2.1.

A.2.1 The Group PSLy(F;) For Odd Prime ¢

We use the description of the group SLy(F,), for odd prime g, given in [79]. Let us
summarize the number and the sizes of the conjugacy classes and the character table
of PSLy(F,) for an odd prime g below.

Let ¢ denote a representation of SLy(F,). If ¢(I) = ¢(—I) then by the group
homomorphism property, ¢(g) = ¢(—g) for all g € SLy(F,). Hence ¢ may be thought
of as a representation of PSLy(F,) = SLy(F,)/{£I}, denoted ¢ for clarity. The order
of PSLy(F,) is one half of the order of SLy(F,) (where |SLy(F,)| = q(¢* — 1)), that is

IPSLa(F,)| = 346" 1) (A5)

The group S L (F,) has g+4 conjugacy classes which are denoted A, B, Ct,. .., C—3)/2,
Dy,...,D-1y/2, E1,E_1,Fy and F_;. Since we are quotienting out by the center of
SLy(F,), the conjugacy classes of PSLy(IF,) are formed by taking the union of conju-
gacy classes of SLy(F,). Namely, if g € C; and —g € C; then C; U C; lifts to a single
conjugacy class of PSLy(F,). It can be shown that the conjugacy classes of SLy(IF,)



Chapter A. Mathematical Background 161
lift as follows to form conjugacy classes of PSLy(IF,):

A
Cy = Cy,C3=Cy,...,Cy-3)2-1 = Cg—3)2 if (¢ —3)/2 is an even number or
{ C1 = C5,C3=Cy,...,Cly-3)2 if (g—3)/2 is an odd number

Dy = Dy,Ds = Dy, ...,Dg-1)2-1 = Dg-1),2 if (¢ —1)/2 is an even number or
{ Dy = Dy, D3 = Dy,...,D_1)p2 if (¢ —1) is an odd number

Ey

(A.6)
Consequently the number of conjugacy classes of the group PSLy(F,) is

i) [

where | | denotes the upper floor integer. The sizes of those conjugacy classes in
PSLy(F,) are

|[Al=|B|=1

|Cil = ¢(g+1) , and |Cy—3)2| = q(q+ 1)/2 if (¢ — 3)/2 is an odd number

|D;| = q(g — 1) , and |D(g—1y/2| = q(g — 1)/2 if (¢ — 1)/2 is an odd number  (A.8)
|Er| = |Fa] = (6" - 1)/2

|E_1| = |F| = (q2 —1)/2.

The character table of PSLs(F,) can then be computed from the character table
of SLy(F,) (Table II in [79]). For example, the irreducible character x = Rf(a) of
SLy(F,) has x(A) = ¢+ 1 and x(B) = a(—1)(¢g+ 1). Hence to have x(A) = x(B) and
hence a representation of PSL,(F,), we need to restrict to the case a(—1) = 1. The
remaining irreducible characters can be defined in the same way. The character table
of PSL,(F,) is given in Table A.1 where w is a generator of F; and ¢ is a primitive
(g + 1)st root of unity over F,2. The o and 8 are multiplicative mappings from Fy
and F,2 to complex numbers respectively (a homomorphism from Fy or F, to C is also
called a character). We define ag and fy by mapping squares in their fields to 1, and

nonsquares to -1.
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 [AF1 o 1 b [E=F.[E.=A]
Id 1 1 1 1 1
R%(a) g+1 |a()+aw™) 0 1 1
St q 1 -1 0 0
RE(B) || ¢-1 0 —p(9") — B0~ -1 -1
X | @+1)/2] o) 0 i
Xeﬁo (q _ l)/2 0 _ﬁo(ez) ‘1"'2]'\/5 "1—21\/‘3

Table A.1: The character table of the group PSLy(F,)

A.2.2 Explicit 4-Dimensional Representations of SLy(Fs)

We compute some 4-dimensional representations of SLy(F5) following the construction
in [81]. We first choose an additive character ® of Fs via ®(u) = €*™5 for u €
{0,1,2,3,4}. Secondly we choose a multiplicative character a of Fy, from among four
possible choices:

i) a(z) =1 for all z € {1, 2,3,4}, the trivial character.

i) (1) = a(2?) = 1, a(2) = a(2®) = —-1.

iii) a(1) = 1, a(2) = j,a(4) = -1, a(3) = —3.

iv) a(1) = 1,a(2) = —j,a(4) = —1,a(3) = j.

We note that (iii) and (iv) are inverses of one another. Thirdly, consider the field
Fos = F5(v/2) = {c+ dv2|c,d € Fs}. Fj; is cyclic, with generator € = 2 + 44/2. We
choose a character II of F;; there are 24 = |F3;| possible choices.

To get discrete series representations (such as xs, see Table 5.1 in Chapter 5)
however, there is a condition. Let N' denote those elements in F3; whose norm is
equal to 1. The norm of an element of Fi is defined by N(c+ dv/2) = (c+ dv2)(c —
dv2) = ¢® — 2d%. From direct calculations, we deduce that N' = {1,€!,¢%, ..., €}
The condition on II is that its restriction to N! is not allowed to be trivial. Moreover,
if two choices of II give the same restriction to N', or restrictions to N* which are
exactly inverses of each other, then the resulting discrete series representations will be
the same.

Finally, there is a condition relating IT and . Namely, one must have I1(2) = «(2)
(so that IT and o agree on F). Since 2 = €5, this implies we have the following choices:

i) H(e”) — e'/rjn/l?) a(Qn) = ™in/2,

i) TI(e") = e™™8, a(2") = e™".
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i) TI(e”) = e™n/4, a(2") = e™3/2,

The first two will give irreducible discrete series (characters x4 and X3, respectively)
and the last will be reducible, with two inequivalent 2-dimensional components.

We need one technical definition, which will simplify the notation in what follows.
For each n € {0,1,...,23}, write € = ¢, + d,v/2 with ¢,,d, € {0,1,2,3,4}. Thus,
for example, cg = 1, ¢1 = 2, co = 1, 3 = 0, ¢4 = 3, ¢5 = 2. Since multiplication by
€% is multiplication by a number in F}, we deduce that cs1n = 2¢p, C124n = 4c, and
Cis+n = 3¢y, and so the rest are easily computed. For each N € {0,1,2,3}, define a

complex number F(N) as follows:

F(N) = > TI(e")®(2c,).

0<n<23,n=N mod 4

. . | ,
So for example, for x4, if N = 0 and we take II{¢") = €™"/12 then F(0) = e*/5 +
-4 -1 . 8 :4 212 .8 ;16 24 .20 6

eZW]ﬁEZﬂJE + e27r3ﬁe27r]3 + 627"-7'23@2'”-73 + 6271'_7516277]3 + 6217‘77462‘“5.

Each element of SL,(F5) is either of the form

a 0 1 u a au
[0 a‘l} [O 1] - I:O a‘l} (A.9)

with a € F% = {1,2,3,4} and v € F5s = {0, 1,2, 3,4}, or of the form

1 w0 1]fa O 1 u|  |-av —auv +a~t
0 1] -1 0|0 atf|0 1 —a —au

with a € F%, and u,v € F5. Thus there are 20 elements of the first kind and 100 of the

(A.10)

second kind.
For elements in g of the first kind (A.9), the (¢, k)th element of the representation
matrix ¢(g) is given by

©(9)igx = a(a)®(ku) if ki™t =a® (A.11)

and is zero otherwise. The formula for the (i, k)th matrix coefficient of ¢(g), when g
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is of the form (A.10), is
o(9)ir = —%(D(i’v + ku)o(ai ™) F(log,(ika™?)) (A.12)

where N = log,(ika~2) € {0,1,2,3} is the number so that 2~ = ika™ mod 5.

The group SLy(Fs) has two generators P and @ [80]. The 120 elements are given by
(PQY X, wherej =0,1,...,9and X runs over {I;, P,Q,QP,QPQ,QPQP, QPQ?,
QPQPQ,QPQPQ* QPQPQR*P,QPQPQ’PQ,QPQPQ*PQP}. We deduce
from calculations that the two generators P and @ belong to elements of the second
kind (A.10), namely

0 1
P = whena=1,u=0,v=0
10

and

0 1
Q=[ ) 1} whena=1,u=—-1,v=0.

(Note that (PQ)® = I, which shows that PSLy(F,) is generated using only j €
{0,1,2, 3,4}, above.) Using the formula (A.12), the 4-dimensional representation cor-
responding to x4 of P is

o(P)s = ~ali™) Fllogy(ik) (A.13)

for i,k =1,2,3,4. This gives

F(0

1| —jF(1

) FQ) F@3) F(2)
)
P)=—-
o(P) )
)

—jF(2) —jF(0) —jF(3)
JF@O)  JF(2) JF(1)
_F(3) -F(1) -F(0)

, A.l4
5| re (A.14)

_F(2
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where
;2 4 il i 8 4 j12 i8 ;16 i4 i 20 19

F(O) — e21r35+e21r]24627u5 _+_627r324e‘27rjs +627r124627r15 +62m2462m5-1-62”32462”‘7%4&.15)
.1 -4 .5 -4 .9 .13 .8 .17 .6 .21

F(l) — 627r3-2—362ﬂ33+627r]ﬂ-e27r33 +62M§Z +e21r15621rjg +e27rJ§Z627r]§ +627r]ﬂ ’ (A16)
P2 ;2 ; 6 i4 10 i2 j14 i8 ;18 ;8 j22 i8

F(2) — 62ﬂ32462m5+62m24€2m5 +e27rj24e21735 +62M24€2M5 —}—627”24627”5 +627r]24621r35

(A.17)

i3 i ;8 i 11 i8 ;15 ;19 P2 ;23 ;2

F(3) — e27r_724+e27r324627ry5+€27r324627735 _|_e27r324+e271_724821r]5_|_e27r_724€21r]5. (A].S)

The 4-dimensional representation corresponding to x4 of @ (also using a formula
(A.12)) is
| — . _onik
Q)i = = e ™ Pa(i™) Flogy(ik)) = e ¥ ¢(P) (A.19)

for i,k = 1,2,3,4. This gives

e2tp(0) e ?iR(1) e IFE) e 2WiR(2) ]
1| —jetIF(1) —jeRF(2) —je 2iF(0) —je ™ F(3)
p(Q)=~-¢ jeiRE3)  jetER(0)  jeiF(2)  jeWEF(1) |
—e2EF(Q2) —e?iF(3) —eWEF(1) —e ?¥5F(0) |

(A.20)

For the 2-dimensional representations (7), we have more directly from [80] that

1| =7 n—n' 1 [n-7" n°-1
e(P) = — [ . Q) =—= (A.21)
n—n* n*—n? 501—-n% npt—1n

where 7 = eI27/5,

A.3 Bruhat Decomposition

One excellent reference on Bruhat decomposition is [9]. The purpose of using Bruhat
decomposition is to construct a set of unitary matrices in Chapter 4. Let Sy denote
the symmetric group of order M, that is, the group consisting of all permutations of
M elements. We use the notation (123) to denote the cycle sending 1 — 2 — 3 — 1;
every element of S); may be decomposed uniquely into a product of disjoint cycles. Of

particular interest is cycle w = (12---M). For i > 1, the permutation w* =w - --- - w
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(4 times) need not be a single cycle. Set g = ged(i, M) and b = M/g. Then we may
decompose

W'=0y 0370, (A.22)

where o, is the cycle (r, r®i,r®2i,- - - ,7®(b—1)i) where we write r®k for the result of
adding k to r mod M. For example, if w = (123456) and 7 = 4, then g = ged(4,6) = 2
and b = 6/2 = 3. So we have w* = (153)(264) is a product of 2 disjoint cycles of length
3.

The group Sy has a natural representation on C¥, called the permutation rep-
resentation, in which each element 7 € Sy, is realized as the M x M matrix of the
linear transformation which permutes the standard basis vectors ey, e, ... ey of cM
according to 7. For example, in S3, the permutation 7 = (123) sends e; to e, e; to e3
and e3 to e;. Hence under the natural representation, we identify 7 with the (unitary)

matrix

ﬂ

Il
- O O
o o =
o = O

The symmetric group has a special relationship with the general linear group
GL(M) (that is, the group of all invertible M x M matrices) defined by the Bruhat
decomposition. The Bruhat decomposition of GL{M) is the disjoint union of double
cosets

GL(M)= | B7B (A.23)

TESM
where B denotes the subgroup of all invertible upper triangular matrices, and T is
written in its natural representation. More generally, any reductive Lie group admits a
Bruhat decomposition, relative to a Borel subgroup B and its Weyl group W (in place
of Su).

Since the group B in (A.23) is not unitary, we need to consider a subgroup of B,
the diagonal unitary matrices 7 where 7 is the subgroup of all unitary matrices in B.
A quick calculation reveals that the double coset 777 is equal to the left coset 77
for any 7 € Sp. Restricting to 7 in equation (A.23) defines a unitary subgroup of
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GL(M). This defines an infinite unitary subgroup of GL(M) as:

SuxT= ) 7r7= ] =T, (A.24)

TESM TESM

The multiplication in this group respects this decomposition, and is given by (7it1) -

(Tata) = (m72) - [(15 Ht1m2)ta].

A.4 Hypergeometric Functions

All definitions of hypergeometric functions are from [27]. We use the hypergeometric
functions to express the closed form PEP of STC in keyhole channel in Chapter 7. The

generalized hypergeometric function is given by

oot @ 2
oy, .. ap; by, bgs 2) = Z (al)k(az)k“.( ”)kf (A.25)

where (a); = ala+1)---(a+k — 1) is called a rising factorial.

The degenerate hypergeometric function is defined as
1 oo
U(a,b;z) = ———/ e #t 1 (1 + )72 1dt, Refa} >0 (A.26)
I'(a) Jo
where I'(+) denotes a gamma function. Of particular interest, we define

2Fy(a,by;—271) = 2*U(a,a — b+ 15 2). (A.27)

A.5 Moment Generating Function (MGF)-Based Ap-

proach

In this appendix, we give necessary background on probability density functions (pdfs)
which is used in Chapter 7 to analyze the average PEP starting from the conditional
PEP, starting with a given product of two random variables; see (7.11). The reference
of pdf and Moment Generating Function (MGF)-based approach is from [82].

Let P(E|Y = y) be the conditional probability of error for a given nonnegative
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random variable Y, and let py(y) be the probability density function (pdf) of Y. The
average probability of error is computed by P(E) = [;° P(E|Y = y)py(y)dy, whereas
the MGF of Y is defined as

My (s) = B[] = / " ey (y)dy. (A.28)

Suppose the conditional probability of error for a given Y is of the form P(E|Y =
y) = ke~% where k and s are positive constants. Then the average probability of error

is computed as
P(E) = / ke~ *¥py (y)dy = kMy (—s). (A.29)
0

Now consider a keyhole channel whose channel matrix is H = Ba® and set Y =
||H||?>. Then Y = ||H|]®> = |||]}||B]]*> = UV, where now U and V' are Chi-square
random variables with 2M and 2N degrees of freedom respectively. For y > 0, the pdf
of Y = UV is computed by [78]

py(y) = /_ ) ﬁpa(U)pv (%) du (A.30)
B o] tM_N_le_t—}tin—l
= /0 TN dt (A.31)

where I'(+) is the gamma function.

To express its MGF, we recall the degenerate hypergeometric function ¥(a, b; 2)
and the generalized hypergeometric function ,F, in Appendix A.4. It is shown in [7§]
that the MGF of Y = UV is given by

My(s) = sMUY(M,M~ N +1;s71) (A.32)
= 2Fy(M,N;;—s). (A.33)
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Computation of Initial Vectors

Recall from Theorem 8.1.1 that the nearest distance between codewords in affine re-

flection group code is computed from

2

d= ; (B.1)
lpll + 2 iy aillril|
and the initial vector is
- d r;
zo= Y M&- (B.2)
=1

where A = {r;} is the simple system, {\;} is the dual basis of A and p = Y7, a;r;
is the highest long root, see Table 2.2. In the following, we compute the values in
Table 8.1.

For A,

The two 3-dimensional simple roots of A, are r; = %(—1, 1,0) and ry = %(O, -1,1).
Using the Gram-Schmidt method to obtain an orthonormal basis for the space spanned
by these roots yields coordinates for these simple roots in 2 dimensional space as
r;=(1,0) and ry = (—%, ?) The highest long root is p = r1+7 = (%, @) Hence
the nearest distance is ) )

=T aFn "3 (B:3)

169
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The dual basis to the simple roots is the set

A= (1%) and Ap = (0%)
:

Since —ﬂg—lﬂ = % for all 7 = 1,2, we have the initial vector

zo = % (1, \/3") . (B.4)

For A;

The three 4-dimensional simple roots of A3 are r; = %(—1, 1,0,0),7, = %(0, -1,1,0)
and r3 = %(0,0, —1,1). Using the Gram-Schmidt method to obtain an orthonormal
basis for the space spanned by these roots yields coordinates for these simple roots in

3 dimensional space as

T = (1;070),?"2 = (—%,?,O) and r3 = (0,_%’\/%) )

The highest long root is
=ri1+r2+r3= l —1— \/5
pP=T1 2 3= 272\/§1 3 .

Hence the nearest distance is

2 1
T1+ (14141 2 (B.5)

The dual basis to the simple roots is the set

A = (1%%) g = (o%\/g) and Ag = (o,o, ‘?) :

Since é“%“ = 3‘; for all 7 = 1,2, 3, we have the initial vector

Ty = i (1, V'3, M) . (B.6)
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For A,
Since ||p|| = ||r;|]| =1 for all i = 1,2,...,n, we have

2 2
d= - . B.7
1+>0,(1) n+1l (B.7)

The n-dimensional subspace of R**! spanned by the simple roots r; = %(ei —€-1),
2 < i < n, of A, is the hyperplane orthogonal to the vector (1,1,...,1). Hence, using

the coordinates of the ambient space R**!, we have that the dual basis is given by, for

1<1<n,
V2
= J§¢iej—nei )

1

It now follows that

Ty = (n\—{él (nen+1 Ze,). (B.8)

For B3

The simple roots are r; = (1,0,0),79 = (—1,1,0) and r3 = (0,—1,1). The highest
long root is
p=2r;+2r,+r;=(0,1,1).

So the nearest distance is

2 1
T V2t (2+2v2+42) 1422

(B.9)

The dual basis to the basis of simple roots is the set of vectors A; = (1,1,1), Ay =
(0,1,1) and A3 = (0,0,1). Hence the initial vector is

w:( 1 1++2 1+2ﬁ)

, , B.10
2442 2442 2+ 42 (B.10)

For B,

From Table 2.2, we deduce that ||7;|| is 1 if ¢ = 1 and v/2 otherwise. Since all roots are

obtained from the simple roots by orthogonal reflections, we deduce that the highest
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long root has length ||p|| = v/2 as well. Hence

2 1
V2+2+ 300 2V24v2 1+ (n—1)V2

(B.11)

The dual basis to the simple root basis is given by A; = E;;z e;. Thus

d n
To = 3 > il
=1

= g(Al—l-\/i;)\i)
1
= 2(1+(n_1)ﬁ)(1,1+¢§,1+2¢§,...,1+(n—1)\/5). (B.12)

For C,

From Table 2.2, we deduce that ||| is 2 if s = 1 and +/2 otherwise. Since all roots are
obtained from the simple roots by orthogonal reflections, we deduce that the highest
long root has length ||p|| = 2 as well. Hence

2 1
d= = :
242+30.,2v2 24+ (n—1)V2

(B.13)

n
j=i

The dual basis to the simple root basis is given by Ay = 337 e; and Ay = 377_; €;

for 2 <7 < n. Thus

d n
To = 3 > il
=1

d n
= SN+ «/522; )

1
N 2(2+(n—1)\/5)(1’1—*_\/5’1—1_2\/57""1‘*’(n—1)\/5). (B.14)

For D,

The simple roots are r; = (1,1,0,0),72 = (—1,1,0,0),73 = (0,—1,1,0) and r4 =
(0,0,—1,1). The highest long root is p = 71 + 72 + 2r3 + r4 = (0,0,1,1). The
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minimum distance is

d= 2 — (B.15)
V2+(V2+1V2+2v2+v2) 32 '
The dual basis are A\; = (1/2,1/2,1/2,1/2), Ay = (-1/2,1/2,1/2,1/2), A = (0,0,1,1)

and Ay = (0,0,0,1). From i”_';_'iﬂ = % for all i = 1,2,3,4 so we have

2 = %(0, 1,2,3). (B.16)

For D,
Each root has length 1/2, and so it follows that

2 1
= VIV 22vE (n—1)V2

(B.17)

As the roots are given by 71 = e; +e3 and r; = e; —e;1 for ¢ > 2, we see that the dual

basis is given by A; = 137 e, Ay = $(D00 € —e1), and Ay = 307 ej. It follows

that

dvV2 1
@0 =52 A= gy O L2 = D) (B.18)
=1

For F,

The simple roots of F; are r; = (0,1,~1,0), 7, = (0,0,1,-1), 73 = (0,0,0,1) and
rs = 5(1,—1,—1,—1). The highest long root is p = 2r; +3ry +4r;+2ry = (1,1,0,0).
The nearest distance is

2 1

dzx/i+(2\/§+3x/§+4+2)=3(1+x/§)' (B.19)

The dual basis vectors are A; = (1,1,0,0), As = (2,1,1,0), A3 = (3,1,1,1) and
Az = (2,0,0,0). So the initial vector is
1

o = m(3\/§+ 5,2\/§+ 1,\/§+ 1,1) (BQO)
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For &

The simple roots of & are

= %(1, C1-1,-1,-1,~1,-1,1),
rs = (=1,1,0,0,0,0,0,0),
rs = (0,0,-1,1,0,0,0,0),
rs = (0,0,0,0,~1,1,0,0),

ro = (1,1,0,0,0,0,0,0),

re = (0,—-1,1,0,0,0,0,0),
r¢ = (0,0,0,-1,1,0,0,0),
rs ={0,0,0,0,0,—1,1,0).

174

(B.21)

The highest long root of & is p = 2ry + 3ry + 4rs + 614 + 575 + 416 + 377 + 27y =
(0,0,0,0,0,0,1,1). Each root has length V2, so it follows that the nearest distance is

d 2

1

The dual basis is

A1 = (0)0>0107070a07 2)7
1
= 5(-1,1,1,1,1,1,1,7),

As = (0,0,0,1,1,1,1,4),
A7 = (O>O)O7070> 17 112):

V2T, a2 15V2

1
A2 = 5(1a 17 1a 1, 17 1a 17 5)7

A4 = (Oa 07 17 1, 17 17 17 5)7

A6 = (07Oa0a07 ]-7 17 173)7
As = (0,0,0,0,0,0,1,1).

Since ﬂ%ﬂ = & for all 4 =1,2,...,8, the best initial vector of & is

1
= —(0,1 4 .
o 30 (07 72737 75,6723)

For 87

The 7 simple roots of £ in R® are A = {ry, 7y, ..

(B.22)

(B.23)

., 77} of (B.21); the span of these roots

is the 7-dimensional subspace Wy upon which &; acts irreducibly by affine reflections.
Each root has length /2 and, by Table 2.2, the highest long root is p = 27y + 2r; +
3rg+4rs+3rs+2rs+r7 = (0,0,0,0,0,0,—1,1). Hence the optimal nearest neighbour

distance is
2

1

d

V2 Y a2 92

(B.24)
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From [38, Table 13.1], we have that the dual basis to A, that is, the set of vectors
;i € Wy C R® with the property that X;-r; = d;; for all 4,5 € {1,2,...,7}, is given by

1
>‘1 = (anaoa 07 Oa 07 _1a 1)7 A2 = 5(1> 17 17 1; ]-7 1) _2, 2),
1
A3 = 5(—1, 1,1,1,1,1,-3,3), Ay =1(0,0,1,1,1,1,-2,2),
1
A5 = _2'(0307072a 27 2, _3a3): AG = (0707())07 17 17 _1a 1)a

1
A7 =2(0,0,0,0,0,2,~1,1).

It now follows from (8.8) that the best initial vector is

1 17 17
o 18(0,1’2,3) 357 2 3 2 )7 (B 25)
which is in the subspace W as well.
Note that to realize Wy directly one should apply Gram-Schmidt to A to find an
orthonormal basis B of W, and then express A, the A;s, and @, in coordinates relative
to B. (An orthonormal basis is required in order to preserve the geometry of the

reflection group.)

For &

The 6 simple roots of & in R® are A = {r1,7,,...,76} of (B.21); the span of these roots
is the 6-dimensional subspace Wg upon which & acts irreducibly by affine reflections.
Each root has length v/2 and, by Table 2.2, the highest long root is p = r; + 275 +
2r3+3ry+2r5+16 = %(1, 1,1,1,1,—-1,—1,1). The optimal nearest neighbour distance

(8.7) is
2

1
V2T a2 6V2
From [38, Table 13.1], we have that the dual basis to A in Ws is given by

d (B.26)

1
AL = ?3;(070)07 0, 01 -1, -1, 1)7 Ag = 5(17 LL,1, 17 _1’ -1, 1)7

1
A3 = 'é(_?’; 373a373a _57 _57 5)7 A4 = (0707 17 17 1> _]-a _1a 1)’

1 1
AB = -3-(07 07 0)37 37 _27 —272)7 AG = g(()? 0’070737 _17 _17 1).
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It now follows from (8.8) that the best initial vector is
1
2o = 75(0,1,2,3,4,—4,~4,4), (B.27)

which is in the subspace Wy as well.
As noted above, one may realize A and &g as vectors with 6 coordinates by choosing

an isometry Ws ~ RS.
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11, pp. 5203-5210, Nov 2008.
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