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Abstract

A~ book-embedding” of a graph G comprises of embedding the graph’s
nodes along the spine of a book. and embedding the edges on the pages so that the edges
embedded on the same page do not intersect. This is also referred to as the page model.

The “pagenumber” of a graph is the thickness of the smallest (in number of pages) book
into which (5 can be embedded.

A literature review of the one dimensional pagenumber problem is presented. and
several two dimensional pagenumber models are proposed. Evolutionary computing
methods on problems whose solution space comprises of permutations are reviewed.
Since the pagenumber problem is known to be NP-complete. we describe two solutions
using Hill Climbing methods and one solution using Genetic Algorithms for one and two-
dimensional models. Two two- dimensional models are considered namely the square and
rook models.

We have given a unified framework for all three pagenumber models. in which a
solution is a pair of two permutations (of nodes and edges). and which difter only by
criteria for edge intersections. Experimental results on several kinds of graphs are then
given.
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1. INTRODUCTION

1.1 The pagenumber problem

We commence with some important definitions: a graph G (V. E) comprises of a
set of vertices V. and a set of undirected edges £ connecting the vertices. A book consists
of a spine and some number of pages (each a half-plane with the spine as boundary). A
hook embedding of a graph is a linear ordering of the vertices along the spine of a book
and an assignment of edges to pages so that edges assigned to the same page can be
drawn on that page without crossing. The minimum number of pages in which a graph
can be embedded is its pagenumber.

The pagenumber problem is hard: that is. for a given linearization of the nodes of
a graph G. and a given integer 4. the problem of deciding if the linearization admits a k-
page book embedding of G is NP-complete [GJMP]. The problem is relevant in several
realms. some of which are described in section 1.2.

Consider a 2-D model for embedding the edges of a graph. Here. n nodes are
placed on a plane m. and each page corresponds to a planar graph. The problem is to
minimize the number of pages. This model has not been studied before.

1.2 Applications of pagenumber problem

Direct Interconnection Nerworks. The pagenumber problem is relevant in the
VLSI implementation of interconnection networks. in obtaining the optimal layout for
processors and wires to be interconnected. With respect to interconnection networks. the
vertices of a graph correspond to processors, while the edges between vertices correspond
to links between processors. The figure below shows a four-vertex graph and its

corresponding two-page embedding.

(3
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page 2

Fig. 1.1 Two page embedding of a square



The next figure shows a one-page embedding of the same graph by embedding a
different permutation of the vertices on the spine of the book:

2 4
q page 1
ANANVA o
1 2 4 3
1 3

Fig. 1.2 One page embedding of a square

Since the permutation of vertices (1243) yields a better (smaller) pagenumber as
compared to the permutation of vertices (1234). we can state that the permutation (1243)
is an optimal layout for the graph in figure 1.

Fault-tolerant processor arrays. Another application is in fault tolerant VLSI
design [CLR1]. [CLR2]. This application is referred to as DIOGENES. Processors are
arranged (physically or logically) on a line and bundles of wires with embedded switches
run parallel to the line of processors. Each bundle is capable of implementing a hardware
stack of connections among processors. Each connection occurs on exactly one hardware
stack (bundle). The line of processors is scanned from left to right and suppose that a
good processor # wants to communicate with another processor v to its right. Then. at u.
the connection (u. v) is pushed into one of the stack bundles. that is. (. v) occupies the
bottom of the stack bundle. while the other connections that are currently in this bundle
are shifted up one place. At v. the connection (u. v) is popped from the stack. The
problem is to realize the desired interconnection graph using the minimum number of
stack bundles. This is equivalent to the problem of embedding the graph in a book with
the minimum number of pages. The pages correspond to bundles. The constraint that
edges on the same page do not intersect corresponds to the LIFO property of stacks.

Sorting with parallel stacks. Even and Itai [EI] studied the problem of how to
realize fixed permutations of {l.....n} with non-communicating stacks. I[nitially. each
number is pushed in the order 1 to n. onto any one of the stacks. After ail the numbers are
on stacks. the stacks are popped to form the permutation. This problem can be formulated
as follows. Consider the bipartite graph G, with vertices {a....a,. b,.....b,} and edges
connecting each a; to b,. The problem of realizing the permutation 7 on{l.....n} with &
parallel stacks is equivalent to embedding G, in a k-page book. with its vertices
embedded in the order ay....au, b41)s. . ..Dan)-



Single-row routing. In an attempt to simplify the problem of routing multilayer
printed circuit boards (PCBs). H.C. So [S] decomposed the problem in the following
way. In his variant method. the circuit elements are arranged in a regular grid. with
wiring channels separating rows and columns of elements. The circuit’s net lists are then
decomposed (possibly by adding new dummy elements) so that every net connects
elements in a single row or in a single column. The PCB can now be routed by routing
each of its rows and each of its columns independently. The variant of this scenario that
does not allow a net to run from the top of a row around to its bottom nor to change
layers en route [RS] corresponds directly to the embedding problem applied to small-
valence graphs.

Ordered sets. In some instances. the underlying structure may be an ordered set
[NP]. For example. the vertices of the graph may represent steps in a calculation and the
edges may represent necessary inputs for that calculation to be executed. If the
calculation is done on a machine with a smgle processor. then each page represents a
stack. and the edges indicate the order in which the partial results are entered and
removed from the stack. The pagenumber is the smallest number of stacks required to
store data in order for the calculation to be carried out. As an example. consider the
ordered set represented by the graph in figure 1.3.

Fig. 1.3 Graph representing ordered set with its two-page embedding
The linear extensnon (12345678910) yields a pagenumber of 2. while the

linear extension (1 423 56 8 9 7 10) yields a pagenumber of 3. as shown in figures 1.3
and .4, respectively.

14 2 3 6 7 10

Fig. 1.4 Three page embedding of ordered set



This thesis however. does not view the vertices as an ordered set. In our case, for
n vertices of a graph. all of n! permutations can be considered.

1.3 Known Results

The pagenumber problem has been solved for several popular interconnection
networks. The upper bound for pagenumber of planar graphs is 4 [Y]. Some planar
graphs studied include square grids. X-trees. d-ary trees etc. Outerplanar graphs can be
embedded in 1 page [BK]. A boolean d-cube admits a (d-1)-page embedding [CLR2]. A
complete graph with » vertices can be embedded in #/2 pages [CLR2]. The optimal
book-embedding for the FFT. benes. and barrel-shifter networks is 3 [G]. Details about
the pagenumbers of these graphs are given in chapter 2.

1.4 Motivation

e Past research papers on the pagenumber problem do not propose any algorithm that
determines the pagenumber of an arbitrary graph.

¢ Embedding a graph in a two dimensional layout has not been considered so far.
1.5 Contributions

* A review of the pagenumber problem with respect to its origin. past contributions and
implementation is presented (chapter 2).

¢ Two two-dimensional pagenumber models (square and rook) for embedding graphs
are proposed (Chapter 3).

e Two solutions using Hill Climbing. and one solution using Genetic Algorithms are
described for the one and two-dimensional models. A unified framework for all three
models is presented. in which a solution comprises of two permutations (nodes and
edges). The three models differ by criteria for edge intersections (Chapter 5).

¢ Experimental results for several graphs. with respect to the one and two-dimensional
models are obtained (Chapter 6).

This thesis is a joint research with my supervisor, Professor Ivan Stojmenovic,
Professor Albert Zomaya (University of Western Australia), and Mark Russell, and
will be submitted for publication. Undergraduate student, Mark Russel implemented
an algorithm for finding graph bandwidth and its transformation into a pagenumber,
as part of a CSI 4900 project. He also provided experimental results for the 1-D
pagenumber model, using genetic algorithms.



2. LITERATURE REVIEW

2.1 Planar Graphs

The book embedding problem has been studied for a variety of graphs. This
section presents an overview of some known results for general types of graphs. and
some popular interconnection networks.

[n 1975. Bernhart and Kainen [BK] stated that

* the pagenumber of a graph G is 0 if and only if G is a path:

e the pagenumber is less than or equal to one. if and only if G is outerplanar.

* the pagenumber is less than or equal to two if and only if G is a subgraph of a
Hamiltonian planar graph.

A planar graph (tigure 2.1 a) is a graph that can be drawn such that none of the
edges intersect: that is. the edges only touch each other where they meet at vertices.

In outerplanar graphs (figure 2.1 b). the nodes may be placed on the
circumterence of the circle such that no chords (corresponding to edges) of the circle
intersect.

[f a graph G has a spanning cycle Z (that is. a closed path that passes through
every vertex exactly once). then G is called a Hamiltonian graph and Z a Hamiltonian
cycle. Planar Hamiltonian graphs (figure 2.1 c). are planar graphs with a Hamiltonian
cycle. Subhamiltonian planar graphs are subgraphs of planar Hamiltonian graphs.
Examples include square grids (figure 2.3) and X-trees (figure 2.5).

'l

a. b. c.

Fig. 2.1 a. Planar graph  b. OQuterplanar graph ¢. Planar Hamiitonian graph- Hamiltonian cycle is a-b-c-d-¢-f-g-h-a
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Theorem [BK]: A graph can be embedded in a one-page book if and only if. it is
outerplanar.

Proof: It G is outerplanar. and is laid out on a circle. then cutting the circle between any
two vertices and opening it out to form a line yields a one-page embedding of G [CLR2].
Conversely, given a one-page embedding of G, passing a line through the vertices of G in
their order in the embedding, and joining the ends of the line together to form a circle.
demonstrates G's outerplanarity. ¢

1 2
5 @
3 1 2 3 4 5
4

Fig. 2.2 Outerplanar graph and its one page embedding

As there exist planar graphs that are not Hamiltonian. it implies that there are planar
graphs that require at least three pages. [BK] suggested that planar graphs have
unbounded pagenumber. Buss and Shor [BS] then developed an algorithm to embed all
planar graphs in 9 pages. Heath [H] reduced the number to 7. Istrail [I] found a six-page
algorithm. followed by Yannakakis[Y] who showed that all planar graphs have an upper
and lower bound of four pages.

Theorem [BK]: A graph G admits a 2-page embedding if. and only if. it is
subhamiltonian. ie. a subgraph of a planar Hamiltonian graph.

Proof : A graph is subhamiltonian if it is embeddable in the plane so that its vertices lie
on a circle. and each of its edges lies either totally within the circle or totally outside it.
No edges cross in the layout. Given such a circular embedding of a subhamiltonian graph
G. cutting the circle between any two of G's vertices yields a planar embedding of G in a
line, with each edge lying either totally above the line (on page 1). or totally below it (on
page 2). Conversely, given a 2-page embedding of the graph G. we view this embedding
as placing G in a line with each edge lying totally above the line (page 1) or totaily below
it (page 2). and with no edges crossing. Pasting together the ends of the line containing
G’s vertices yields a circular embedding of G that witnesses G’s subhamiltonian
planarity. e



Square Grids (figure 2.3) comprise of a matrix of (nxn) nodes. They are planar
and subhamiltonian.

Fig 2.3 Square grid and Hamiltonian cycle formed by the grid

Since square grids are subhamiltonian. we know trom theorem 2 that they can be
embedded in two pages. The augmented hamiltonian path formed by row-by row
alternated east-to-west and west-to-east sweeps leads to a two page embedding [CLR2].
The figure below shows a 4x4 grid. with the bold lines representing the hamiltonian
cycle. All bold edges can be placed on page 1. As we traverse the hamiltonian cvcle
(obtained by adding an edge. e.g. dashed edge (1,13) in fig. 2.3) from node | to node 13.
along the Hamiltonian path (marked in bold). all edges to the right of the nodes can be
placed on page 2. while all edges to the left of the nodes can be placed on page 1. The
two page embedding of the above grid is shown in figure 2.4.

2w765 1 12 16 4 13

Fig. 2.4 Two page embedding of square grid



X-trees are defined as follows: The depth-d Y-tree X(d) (figure 2.3) is the edge
augmentation of the depth-d complete binary tree that adds edges going across each level
of the tree in left-to-right order. .{-trees are planar and subhamiltonian.

(=)
)
7

COKOLHHDH KK

Fig. 2.5 X-tree and Hamiltonian cycle formed by the X-tree

Thus they admit a two-page embedding (theorem 2). The two page embedding is
obtained from the cycle that runs across levels in alternating orders [CLR2]. The 2-page
embedding of the edge-augmented .Y-tree in figure 2.5 is shown in figure 2.6. We start
from node | and traverse the tree in the following order: 1-2-3-7-6-3-4-8-9-10-11-12-13-
[4-15. The bold edges are placed on page one, and while we traverse the path. all edges
to the right of the path are placed on page 1. while all edges on the left of the path are
placed on page two.

Fig. 2.6 Two page embedding of X-tree



A d-ary tree is a tree in which each node has at most d successors or child nodes.
Every n-vertex d-ary tree can be embedded in a book having one page [CLR2]. The tree
is laid out in preorder (root-left branch-right branch), and the edges are connected from
left to right (Diogenes approach) in order to yield a one-page book embedding. Figure
2.7 shows a binary tree and its one page embedding.

o
/m// A
ofoYo

Fig. 2.7 Binary tree and its one page embedding

2.2 Hypercubes

A boolean d-cube C(d) has as vertices the set of all binary strings of length .
The edges of C(d) connect string-vertices x and y just when x and y are unit Hamming
distance apart; that is. when there exist binary strings . of collective length n-1. such
that {x.y}={a0p. al B}. For a dimension d. the number of nodes is n =2¢.

0 /?// )

Fig. 2.8 4-dimensional hypercube

The boolean d-cube C (d) for d > 2. admits a (d-1)-page embedding. The efficient
hypercube layout [CLR2] comprises of processors ordered along the edge of the book in
Gray code order.

For a one-dimensional cube (d¢=1), the Gray code order is (0 1). For ¢=2, the
Gray code order is obtained by making a mirror image of the Gray code order of the one-
dimensional cube, and adding a “0” to the left of the digits in the left mirror image, and
17 to the left of the digits in the right mirror image. The mirror image for ¢=1 is (0 1 1
0). Now we add “0” to the left of 0 and 1 (the first two digits), in order to obtain 00 and
01. Next, we add a “1” to the left of 1 and 0 in order to obtain 11 and 10. Hence, for d=2,

14



the gray code order is (00 01 11 10). Similarly. for ¢=3. the Gray code order is (000
001 Ot1 010 110 111 101 100).

The figure 2.9 shows the 3-page layout for the 4-dimensional hypercube of
fig.2.8. Each 3-D cube (with 8 nodes) can be embedded in two pages. The links (edges)
that connect the two 3-D cubes to form a 4-D cube. are embedded in the third page
(represented by the dashed lines in figure 2.9). Thus a 4-D cube can be embedded in 3
pages. Similarly. a d-dimension cube can be embedded in d-1 pages. For each new
dimension. one additional page is needed. Two copies of (d-1)-dimensiona! hypercube
may use the same pages. with second copy placed as a mirror image of the first copy. All
additional edges between the two copies. which complete the d-dimension hypercube can
be placed on one additional page.

........

. ot
""""
........

.
ot
"""""
---------

ot
et
......
........

%

. .
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...........
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. .
......
"""""
-----------

Fig 2.9 Gray code layout for 4-dimensional hypercube.
2.3 Complete Graphs

A complete graph (figure 2.10) is a graph in which every pair of vertices is
adjacent. A complete graph with n nodes is referred to as K,,.

3

Fig. 2.10 Complete graph with 4 vertices

We can show that this graph can be embedded in n-1 pages by stating that for
each vertex i, 1< i < n-1, all edges incident to i can be placed on the i-th page. However,
fewer pages may suffice.



The complete graph K, is embeddable in n/2 pages [CLR2]. To show that an n/2
page embedding is possible. consider the following way to layout K, . Place the vertices
0.1,...n-1 evenly spaced on a circle. For each vertex v, 0 < v <n/2, draw the line-graph L,
as indicated in the following illustration, in which all arithmetic is modulo # and in which
double dashes ( ==) denote edges of the line:

v == vtl==v-|==v+2==y-2==_  =v+(n/2)-1=v-(n/2)+ 1 ==v+(n/2).

Clearly, each such line is composed of non-crossing chords of the circle; hence. it is
embeddable on a single page. Next. every edge of K, appears in precisely one line (no
edge is “forgotten’). To verify this. note that each vertex w is an endpoint of (hence has
valence 1) precisely one line in the circle. namely. L, mod »~ - and has valence 2 in all
other lines. so that in all. we have 2((n/2) —1)+1 = n-1 edges that leave w. Thus all edges
from each node are placed on a page. Finally. no two lines have any common edge.
Hence. if we snip the circle between any two vertices, thereby laying K, out in a line. and
if we color the edges of K|, according to which line L, they line in. then we obtain an
embedding of K, in a n/2-page book. As an example. consider the complete graph shown
in figure 2.11.

5 4
Fig 2.11 Complete graph with n=6

The non-crossing chords of the circle and a three page embedding of the above
graph are shown in figure 2.12.

Fig. 2.12 non-crossing chords of the circle



2.4 Pagenumbers of other graphs

A complete bipartite graph can be partitioned into two subsets of nodes such that
each node is joined to every node in the other subset.
The fast fourier transform graph (FFT) F (V) is defined as follows: Let NV be a power of
2. The N-input FFT network F() is defined inductively as follows:

e F(2)is the complete bipartite graph K> > on two input vertices i 5 ;. i 5> and two output
vertices 0 1.1, 0 2.

e F(V). N>2. is obtained from two copies of F(V/2) and V new input vertices i v . i
va.....d vy Foreach a € {1.2.....V/2}. edges creating one copy of K > with “inputs”
i vgand i veyv2y and “outputs™ i vp, and i’ y», are added (primed vertices come
from the second copy of F(V/2)).

The Benes graph B(n) is defined like the FFT network. along with the addition of
N new output Vertices o yvi. 0 ya..... o v at each step For each u €{1.2....V/2}. edges
creating one copy ot K31 with “inputs™ o vn,and o v, and “outputs”™ o v, and o Nt (V)
are added.

The barrel shifier graph is defined as follows: For V a power of 2. the V-input
(log V)-stage barrel shifter S(V) has vertices {(a. 5):0 < « < log V. 0< h<V). and edges
that connect vertex (a. ). 0 < a < log N. 0 < b<N to vertex (u+1.h) and to vertex
(a+1.6+2% (mod .V)). The input vertices have a=0 and the output vertices have « =log V.

Games[G] proposed an optimal 3-page book embedding for the FFT. Benes. and
the barrel-shifter networks. Since all three networks are nonplanar. they require three
pages [BK].

The vertices of the deBruijn graph [SI) D(m.k) are all (k.m)-variations. that is. all
variations dd...dy such that d, €(0.1.....m-1) for 1< i < k. Thus the number of nodes is
n=m". Two variations (nodes) are connected by an edge if and only if they are obtained
from each other by a shift for one position to the left or right and appending an arbitrary
element to the position that becomes empty by shifting.

001 011

000 010 101 111

100 110
Fig. 2.13 deBruijn graph

The deBruijn graph can also be defined as follows [dB] : The order-n deBruijn graph

17



n n-1
D(n) has node - set Z> : given y € Z». two arcs are incident out of each node fv: the
shuffle arc that leads to y/f and the shuffle-exchange arc that leads to v .
The order-n shuffle-exchange graph S(n) has node-set Z : given y € Z and f
Z2, the shuffle arc leads node Ay 1o node v4 and the exchange arc leads node v/ to node
yfF .The shuffle-exchange graph S(») is a subgraph of deBruijn graph.

Obrenic [O]. presented a construction for embedding deBruijn and shutfle-
exchange graphs in five pages. No efficient book-embeddings have been found so far for
shuffle-like networks (deBruijn and shuffle-exchange graphs). The very weak upper
bound for the much broader class of bounded-degree graphs applies. but is non-
constructive. so it follows from [CLR2] that there exist book-embeddings of N-node
deBruijn (shutfle-exchange) graphs with pagenumber O(Vn).The best known lower

bound on the pagenumber of deBruijn and shutfle-exchange graphs remains 3. which
follows from the graphs” nonplanarity.

Heath and Istrail [HI] proved that genus g graphs could be embedded in O (g)
pages. A lower bound Q(sqrt (g)) was also derived.

A k-tree is defined inductively in the following way: -
e The k-vertex complete graph K; is a k-tree.
e [fGis ak-tree. then adding a new vertex to G that is adjacent to & vertices that induce
a Ky in G results in a k-tree. Figure 2.14 shows a 2-tree.

Fig. 2.13 2-tree

Recently, Ganley and Heath [GH] proved that the pagenumber of a &-tree is at most
k+1, and that there exist k-trees that require k pages. The 2-tree in figure 2.13 has a
pagenumber of at most 3.



2.5 Bandwidth and Pagenumber

Let @ be the permutation (layout) of nodes of a graph G. The bandwidth sw
(G, D) of G is bw (G. D)= max{ | Au)-d(v)| (u. v) €G}. In words, the bandwidth is the
length of the longest edge in the layout. Figure 2.14 shows a graph and its corresponding
embedding. The longest edge is (1.4). and hence the bandwidth for the above graph is 3
(for the layout @ = (1234)).

I 2

Fig. 2.14 Graph and its embedding

The bandwidth bw () of G is hw(()= min bw (G. @). In words. the bandwidth of’
G is the smallest bandwidth of any of its layouts.

A graph with bandwidth & is called a bandwidth-k graph. The maximal
bandwidth—k graph G on n vertices is the graph with vertex set v={ 1.2....n} and edge set
E={(i. ) | £|i-j| £ k}. Any bandwidth-k graph having n vertices is a subgraph ot G.

Swaminathan. Giriraj. and Bhatia [SGB] showed that bandwidth-k graphs could
be embedded in k-1 pages with respect to a linear ordering of its vertices. The ordering of
vertices is not the same one used to define the bandwidth. We have simplified the
algorithm [SGB] that embeds bandwidth-4 graph into 4-1 pages.

The pagenumber solutions obtained after determining the bandwidth of graphs
may be used as initial solutions in our evolutionary computing algorithms for computing
pagenumber. The bandwidth of an arbitrary graph can also be found by applying
evolutionary computing techniques.

19



The following algorithm gives a (k-1)-page embedding for one particular layout
of a bandwidth-k graph:

Algorithm: (£-1)-page embedding.

Input: the maximal bandwidth- graph. G on r vertices for k22 and n>k.
Output: a layout ¢ of G and a (k-1)-page embedding of (G. ¢).

Begin
fori:=1tondo
begin
if ({ mod 2 =1)
then i) :=(idiv2)+1;
else ¢i): =n—(idiv2)+1:
end;

fori:=1tondo
begin

J o =({-1)mod (k-1) ) +1

for p: = i+1 to i+k do

ifp<=n
then place edge (i.p) on page j
end
End.

2.6 Related Layouts

We have discussed only graphs and their layouts with respect to the book model.
There exist other VLSI layout models for graphs. Yeh and Parhami [YP] have studied
other layouts for complete and star graphs. One such layout is the grid model [T]. The
network is viewed as a graph whose nodes correspond to processing elements and edges
to wires. The graph is then embedded in a 2D grid. where wires have unit width and a
node of degree d occupies a square of side d. Wires can run either horizontally or
vertically along grid lines. The area of a layout is the area of smallest rectangle that
contains all nodes and wires. Another layout for complete graphs. called the colinear
layout, makes use of tracks to place links between nodes.

To obtain a 1-dimensional colinear layout, the nodes. labeled | through n are
placed along a row. A link is of type-i if it connects two nodes whose addresses differ by
i. The n(n-1)/2 links in a complete graph. K, can be classified into types 1.2...n-1. and
there are n-i type-i links. To embed the edges of K, all type-1 links are placed in one
track, and all type-2 links in two tracks, where links connecting nodes with odd addresses
are put in one track and links connecting nodes with even addresses in the other. All type-
i links are placed in min(i, n-i) tracks, for i = 3.4,.n-1. In other words. type-i links are
placed in 7 tracks if i < n/2, where links are put in the same track if the remainders of their
node-addresses modulo i are the same. and each of the n-i type-i links is placed in a
different track if i > n/2. Figure 2.15 shows an embedding for a X, graph in four tracks.
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Fig. 2.15 Embedding tor a complete graph with tour vertices
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3. 2-D PAGENUMBER PROBLEM

We introduce a new 2-D model for embedding graphs. The nodes of the graph are
placed anywhere on the plane. Edges of the graph are then added by joining
corresponding nodes in an arbitrary way. Each edge is placed on a page. such that each
page is a planar graph. The problem is to determine the minimum number of pages
needed to embed the graph. As it is difficult to design any general algorithm with this
unrestricted algorithm. we restrict to several models for which we propose evolutionary
computing solutions.

3.1 Square Model

In order to design an algorithm for an arbitrary graph. it is necessary to include
some restrictions on nodes and edges. The first layout model that is considered is the 2-D
square model. where nodes are arranged so as to form a square grid. A graph with »
nodes is embedded in a grid with [Va] rows and [Vn] columns. Each node is placed on a
separate grid point. Node placement is specified by their permutation. Nodes are placed
in row majer order. without skipping any position. For a given graph G (V. E). we
introduce two methods for embedding its edges.

Straight-line method: In this method. edges are embedded by joining nodes with straight-
line segments. However. if a straight line passes through another node. a line that avoids
these nodes replaces it.

As an example. consider the 2-D embedding of a cube. in two pages. Nodes are
placed on a grid. and the edges are embedded as indicated.

0
Page I: Embedded edges are (0.1). (0.2), (0.4).
3 (1.3). (3.7). (4.3).
(3.7.(6.7)
6 .

Page 2: Embedded edges are (1.3). (2.3). (2.6).
(4.6)

Fig 3.1 2 —page embedding of cube



Horizontal-vertical method: In this method. edges are embedded by using horizontal and
vertical line segments only. However, in most cases there will be intermediate nodes that
should be avoided. Thus they are replaced by nearby lines on one of two possible sides.
For example. edge (1.6) in figure 3.2 consists of a horizontal segment 0-1 and a vertical
segment 0-3-6. and is replaced by a dashed line outside (alternative inside line may also
be used).

0 ) 2e
3 4o Se
Ge T e °

Fig. 3.2 Horizontal-vertical method

As an example. consider the 2-D embedding of a cube. in two pages.

0 T+ 2e
Page 1: Embedded edges are (0.1).
R 4 o—35— (0.2),(1.3)(3.7).(4.5).(5.1.(6.7)

Qo " Lo 2e Page 1: Embedded edges are
(0.4).(1.5%2.3).(2.6).(4.6)

Fig. 3.3 Two page embedding ot a cube
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Figure 3.4 shows a two-dimensional embedding of a four-dimensional hypercube.
which is an example for both the straight-line and horizontal-vertical methods. The
square model with respect to the straight-line method is described further in sections 3.4
and 3.5.

40  S5e\ 7 6o <4—— page2
12e¢ 130/ 15 14 e
8¢ Yo 11 10e
Fig. 3.4 2-D embedding of a 4-D hypercube

3.2 Rook Model

Suppose that n nodes are placed in a plane. If any two nodes are on the same
horizontal or vertical line, slightly rotate the plane so that this is no longer the case. This
process does not affect the pagenumber. Thus we may assume that nodes are located on
separate vertical and separate horizontal lines. We can further transform the embedding
by translating nodes one by one. into discrete horizontal or vertical line positions.
respecting their mutual order in both directions. This transformation also does not affect
pagenumber, since non-intersecting edges will be transformed into corresponding non-
intersecting edges (if straight method is applied). Thus position of nodes can be specified
by two permutations. one for the horizontal. and the other for the vertical direction. For
example. figure 3.4 can be characterized by two permutations 62734051 and 02134657.
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..... - intersection
5 =F
4 S Embedded edges are:
i = (0.1)40.2).(0.H.(1.3).(1.3),
3 | =f—  2ICOCHUNEE.
(3.71.(6.7)
2 —F
1 )
1 2 3 4 5 k 7 8

Fig. 3.4 Embedding of a cube with two edge intersections

Edges can be inserted using the straight-line method or horizontal-vertical
method. In both cases. in order to present a general algorithm. we decided to restrict the
ways edges are embedded. For instance. figure 3.4 shows a cube embedding. with edges
drawn horizontally and then vertically (horizontal-vertical method). We assume that
edges are recorded as (a. b) with a<b. For example. edge (3.7) in figure 3.4 is drawn
horizontally. and then vertically. Edges can also be connected by drawing the vertical line
first. and then the horizontal line. However. we have chosen the former method.

There are two edge intersections in figure 3.4. and thus two pages may be needed.
Vertical or horizontal line segments having a common node. n. do not intersect. as each
can be placed on a different track that originates from n. For example. the edges (1.5) and
(4.3) have a common node. 5. The vertical line connecting (1.5). and the vertical line
connecting (4.5) are placed on different tracks. Figure 3.5 shows a node » which is
common to three edges (a.n). (b.n). (c.n). The bold lines show the line segments on
different tracks.

c

Fig. 3.5 three non-intersecting line segments



3.3 Edge intersections in 1-D

[n both the one and two-dimensional models. intersection of edges is determined
based on certain criteria. Let us first consider the 1-D pagenumber model. We can
determine if two edges ab and cd intersect. based on the positions @' b". ¢ . and d". of a.
b. c. and d. respectively. in the permutation of nodes. P. The positions can be treated as x-
coordinates of nodes.

(U9}
i
—
——
|98}
-
W

¢ b d a
Fig. 3.6 intersection of two edges

The edge ab=(3.1) intersects with edge cd=(2.4) (tigure 3.6) because ¢’ =2
(which is the position of ¢ in the permutation P) is positioned in between a =1 and b '=.
and d'=3 is positioned after 5'. The permutation containing the positions a' b’ ¢ d’ is
called the inverse permutation of P. and is used to determine whether or not edges ab and
cd intersect.
The function Intersect-1-D is used to check if an edge a b’ crosses with an edge ¢ .
where a . b’ ¢, d’ are positions (or. alternatively. x-coordinates) of end points.

Function /ntersect-1-D(a’. b'. ¢’ d’ : integer ) : boolean;
Begin
Ifa' <bh’
then
begin
min-ab : =a': max-ab: = b’
end;
else
begin
min-ab: = b’ max-ab: =a’
end;
Ifc' <d’
then
begin
min-cd :=c¢'; max-cd:=d’
end;
else
begin
min-cd : =d’' ; max-cd:=c¢’
end;
Intersect-1-D : = false;
If min-ab < min-cd AND min-cd < max-ab AND max-ab < max-cd
then [ntersect-1-D : = true;
If min-cd < min-ab AND min-ab < max-cd AND max-cd < max-ab



then Intersect-1-D : = true:
End.

An inverse permutation. /P stores the positions of each node in P. [P is formed by
placing at each position i. 1< /i <n (n corresponds to the maximum number in the
permutation) the position of element i in P. The algorithm for computing /P of a
permutation P is described below.

Procedure Inverse-Permutation (P: array[1..n] of integer : var /P: array{!..n] of
integer);
{Input: an array P which consists of a permutation of vertices.
Output: the inverse permutation [P of P.}
Begin
Fori:=1tondo
IP [P[i]] : =1
End.

For example. if the permutation P = (3 2 5 | 4). then the first element of /P is 4
because the number 1 is in position 4. in P. Similarly. the number 2 is in position 2 (thus
the second element of /P is 2). number 3 is in position . number 4 is in position 3. and
number 35 is in position 3. Hence. [P=(4 21 5 3).

The tunction [ntersect-1-Dim is used to check if for a graph. G(V.E). edge ab
intersects with edge cd.

Function /ntersect-1-Dim (a.b,c.d: integer ; P: array[l..n| of integer) :boolean;
Begin

Inverse-Permutation (P. IP);

Intersect-1-Dim: = Intersect-1-D (/P[a], IP[b]. IP[c]. IP[d])
End.

3.4 Edge Intersections in 2-D

This section discusses the straight-line method for edge embedding in the 2-D
model. We make use of equations of lines in order to determine whether or not two line
segments (edges) intersect. Consider the two line segments shown below.

A3 (x3,y3) A2 (x2,y2)

Ad (x4,y4)
Al (x1,yl)

Fig 3.7 Intersection of two lines



Two vectors. P/ and P2 give the direction of edges. P/ = 42-4/= (x2-x]. v2-vI)
and P2 = 4+4-A3 = (x4-x3. y4-y'3).
The equations for the two lines are .X= {/+uP/ and X= A3 + vP2
The two lines intersect if the following condition holds: A /+uPl = A3 +v P2
Substituting for A/, 43. P/ and P2. we have
(xlyl) + u( x2-x1. y2-yl) = (x333) +v(x4-x3. v4-v3)
Therefore.
x! +u(x2-x1) = x3 + v(x4-x3). and

yi+u(y2-y1) = y3 + v(y4-y3).

These equations can be represented as au + bv = ¢ and du+ev=f. where.
a= x2-xI; b= x3-x4: = x3-xl: d=y2-yl: e= y3-y4. f= v3-vl.

Solving the simultaneous equations. we get u = (ce-bf) / (ae-bd) and v = (af-cd) / (ue-bd)

The conditions for the two line segments to intersect are given by 0 <u <l and 0 <v < I.
[f either of these two conditions is not true. then the line segments do not intersect.

Special Cases

Case 1: The two lines are parallel if (ae-bd)=0 and (af-cd) = 0. Hence. the lines do not
intersect.

Fig. 3.8 parallel lines

Case 2: The two lines overlap if (@e-bd)=0 and (af-cd) = 0.

Fig. 3.9 overlapping lines

The function Intersect-1-D (xl,x2,x3,x4) is called when yl=y2=y3=y4. or when lines
overlap on a diagonal.
The function /ntersect-1-D (v1,y2,y3.y4) is called when x1=x2=x3=x4.



Case 3: This case occurs when # =0 or 1 or v=0 or 1. This case may be divided into two
cases:

(a) End point of one edge lies on other edge (but not on the end point of the other edge).
[ ] [ J [ ] o

Al o o . o A2
T\S

®Ad

Fig. 3.10 end point on another edge

(b) End point of one edge coincides with end point of other. In this case. there is no
intersection.

Fig. 3.11 two edges with common end point

Let us look at case 3(a) in more detail. If an edge passes through several
intermediate nodes. it is replaced by an edge that avoids these nodes. We will refer to
such an edge as a curved edge. It edge 4142 is a curved edge. then it will be "skewed" at
the same side as the normal to A/A2. Such a decision is taken to reduce the search space
in algorithms that search for the pagenumber. Figure 3.12 shows a curved edge 4/42,
skewed in the same side as the normal to it.

Given two end points of an edge. 4/(x/.y/) and A2(x2.y2). we define. vector
P = (x2-xl y2-vl), and vector n”” = (y/-y2. x2-x/), which is normal vector to p". That
is, the dot product n”".p~" = 0.

Al (LD

Fig. 3.12 edge A1 A2 and its normal



The normal will always be to the left of an edge A/42. If an end point A3 or A4
(say 43) of another edge lies on the line 4742 (in which case =0 or 1. or v=0 or 1). then
if A4 and the normal to 4/42 are on the same side. the edges will intersect. On the other
hand. it they are on opposite sides. the edges will not intersect. These situations are
depicted by figure 3.13a and 3.13b.

Fig. 3.13 edge intersection when end point of one edge lies on other edge

Given two lines. 4/42 and 4344, if n”" is the normal to 4/A42. and point A3 lies on
AlA42. then.
e the dot product n. 4244 >0 implies n and 44 are on the same side
e thedot productn. 4244 <0 implies n and .4+ are on opposite sides
where A 244 = (x4-x2.y4-y2) (4] may be used in the calculation. instead of 42).

This function is called Same-Side. and is defined as follows. for the case v = 0. in
figure 3.13.

Function Same-Side (x3.y3.x4.y4.x1.y1.x2.y2: integer):boolean:
Begin

{determine normal}

ne: =yl-y2. ny: = x2-x1;

{determine A2A4}
vectorx: = x4-x2; vectory: = y4-y2.

if (nx* vectorx + ny *vectory) >0 {dot product }
then Same-Side : = true;
else Same-Side: = false;
End.



There are three more cases to be considered when the end point of an edge lies inside
another edge. Figure 3.14 shows the three cases. where u=0. u=1. and v=1.

Ad(x4,y4) Ad(x4,y4) A2(x2.,y2)

Al(xLyl) u=0 A2(x2,y2) u=l Ad(x4,y4) =1

A3(x3,y3)

AJ(x3,y3) Al(xLyl)

AL(xLyl)

A2(x2,y2) A3(x3,y3)

Fig. 3.14 cases u=0. u=1.v=|

The function Same-Side( x1,y1.x2.y2.x3.y3.x4.v4) is called to determine whether or not
A2 is on the same side as the normal to 344 (for u=0). Similarly. the functions Sume-
Side(x2,y2.x1.yl.x3.y3.x4.y4) and Same-Side( x4.y4.x3.v3.x1,v1.x2.y2) are called for cases
u=1 and v=I. respectively.

The function Int-Edges checks whether the edges A/(x/.v/). A2(x2.y2) and A3(x3y3).
A4(x4.y4) cross.

Function Int-Edges (x/.y/.x2,y2.x3.y3.x4.y4 : integer):boolean:

var
a b.c d e f:integer; u.v: real:

begin

ar=x2-xl; b:=x3-xd; c:=x3-xl: d: = y2-yl: e: = y3-ypdi f = y3-yl:

if ae-bd =0

then if af-cd = 0 {overlapping lines}
then if x/=x2
then /ni-Edges: = Intersect-1-D (y1.y2.y3.y4):
else /nt-Edges: = [ntersect-1-D (x/.x2.x3.x4);
else /nr-Edges: = false: {parallel lines}
else begin
u: = (ce-hf)/(ae-bd); v: = (af-cd)/(ae-bd);
if u<0 OR u>1 OR v<0 OR v>1 then /nt-Edges: = false
if >0 AND u<1 AND v>0 AND v<1 then /n-Edges: = true:fintersecting lines}
if (=0 OR »=1) AND (v=0 OR v=1) then /n-Edges: = false: {common end point}
if =0 AND v>0 AND v<I then /nt-Edges: = Same-Side(x/,y/.x2.y2.x3,y3,x4, y4):
if =1 AND v>0 AND v<1 then /nr-Edges: = Same-Side(x2.y2.x/,y1,x3. y3,.x4.y4).
if v=0 AND >0 AND u<I then /nt-Edges: = Same-Side(x3,y3, x4, y4.x1, yvi1.x2,y2);
if v=1 AND >0 AND u<I then /nt-Edges: = Same-Side(x+,y4.x3.y3.x1,y1,x2,y2);
end
end;



3.5 Edge Intersections in Rook Model

[n this model. no two nodes can be placed in the same row or column. Edges can
be embedded using either straight-line or horizontal-vertical method. Figure 3.4. given
earlier. shows a 2-dimensional rook model with seven nodes. A grid is used to place all
the nodes.

The solution space comprises of a permutation of nodes Px. in the .Y —axis. a
permutation of nodes Py. in the Y-axis, and a permutation of edges. The table below
shows each node and its location. which is represented by Px and Py. For example. the
coordinates ot node 1 are (8. 3).

+~

| NODES 0 |1 |23 |4 1516 |7
Px 6 |8 1214157711 I3
Py 1L (3 (2415707 |6 18

Figure 3.15 shows a two-page edge embedding of a cube. with respect to the straight-line
method.

6 Page I: embedded edges are
(0.1).(0.2).(0.4).(1.5).(2.3).
(2.6).3.(H3)5.7)(6.7)

ol
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Page 2: embedded edges are

6 \ ( l '3)’ (4~6)
4

5

4 \
1

3

2 2

1 o0

1 2 3 4 5 6 7 8
Fig. 3.15 2-page embedding of cube with straight-line method

The tunction Straight-Line-Rook checks whether an edge A1A2 intersects with an edge
A3Ad4. in the straight-line method of edge embedding. Al. A2. A3. A4 are four elements
from a permutation of nodes.

:boolean
Begin

{obtain coordinates of edges AIA2 and A3A4}
xl:=Px[Al]. vl: =Py [Al];

x2:= Px[A2]. y2: = Py [A2];

x3:= Px [A3]: y3: =Py [A3]:

x4:= Px [A4]: v4: = Pv[A4].

Straight-Line-Rook : =Int-Edges (x/.y/,x2,y2,x3.y3.x4.y4):

End.



Figure 3.16 shows an edge (4/.42) intersecting with edge (43.44). with respect
to the horizontal-vertical method. In order to determine whether the edges intersect. we
consider the coordinates of the vertical line A+, and the horizontal line 4/ (shown in
bold). These correspond to the coordinates (x4.y4).(x+4.y3) and (x/ y1).(x2.v]).

o7

A3 (x3.y¥3)

6 .6 ‘ ..............

o} (x4 ¥3)

1 A2(x2.y2)

2 - v (x2.v1)

Al (xlLyl) | |
: bO0 Ad(xdyd) .

1 2 3 4 5 6 7 8
Fig. 3.16 horizontal line at Al intersects with vertical line at A4
There are two cases to be considered here:

Case 1: Horizontal line of .4/.12 intersects with vertical line of 43A44. This is represented
by figure 3.16.

Case 2: Horizontal line of {344 intersects with vertical line of A4 /A2. This is represented
by figure 3.17.
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[[ Ad (x4.y4)

2 sl

{ Al (xl.yl) 0

1 2 3 4 5 6 7 8

Fig. 3.17 horizontal line at A3 intersects with vertical line at A2

The following function checks whether an edge /42 intersects with edge A344. with
respect to the vertical-horizontal method.

Function Hor-Vert-Rook (4/..42,.43.-44: integer: Px. Py :array[l..n] of integer)
:boolean
Begin
{obtain coordinates of edges A1A2 and A3A4}
xl:=Px[Al]; yl:=Pyv[Al]:
x2: = Px [A2]; y2:=Py[A2];
x3: = Px [A3]; y3:= Py [A3]:
x4:= Px [A4]; y4:= Py [A4]:

Hor-Vert-Rook: =false:

if (MIN (x/x2) <x+4 AND x4 < MAX(x/.x2)) AND
(MIN(y3.y4) <yl AND yI<MAX(3p4))
then Hor-Vert-Rook: = true: {fcase I}

if (MIN(x3 x+#) <x2 AND x2 < MAX(x3.x4)) AND
(MIN(y! y2) <y3 AND y3 < MAX (yl.y2))
then Hor-Vert-Rook: =true; fcase 2}
End.

(9%)
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3.6 Edge Intersections in Square Model

A square model for n processors is a (k x &) grid. with k&< Vi | . Let the permutation
of nodes be P =4.7.2.5.10.1.8.3.9.6. The 4 x 4 square grid is shown in figure 3.17.

1 2 3 4
b =

4 7 2 5
2

10 1 8 3
3

9 6
4

Fig. 3.18 4x4 grid

The table below shows the .Y and Y coordinates for the nodes represented by the index
A

| 1 2 3 |4 5 6 7 8 9 10
X 2 1 2 1 l 3 l 2 3 2
Y 2 3 4 1 4 2 2 3 11 l
P 4 7 2 |5 10 |1 8 3 9 6
Ip 6 3 8 1 4 10 2 7 9 5

Fig. 3.19 Coordinates and permutations of nodes

The location for P [/] on the square grid is determined by the equations row = [ div k+1.
and column = [( [-1) mod k] +1

From the table. the inverse permutation /P of Pis [P=6.3.8.1.4.10.2.7.9. 5.

Now. the .X.Y coordinates for the edges can be determined by the following equations:

XU = (P[] div k) + 1;
Y] = (IP[[] - | mod k) +1

For example. for the edge (2,9).

The x-coordinate of 2 is (3 div 4) +1 = 1
The y-coordinate of 2 is (2 mod 4)+ 1 =3
The x-coordinate of 9 is (9 div 4) +1=3
The y-coordinate of 9 is (8 mod 4)+1 =1



Hence. (x/.y/) = (1.3) and (x2.y2) = (3.1). These coordinates are used to determine
whether or not two edges intersect. in the straight-line model for edge embedding.

The procedure ConvertToCoordinates converts the edges 4/42 and 4344 to
cartesion coordinates.

Procedure ConvertToCoordinates (41,42, 43.44: integer; var x1.v1.x2,v2.x3.y3.x4.y4:
integer; P: array[l..n] of integer):.
begin

InversePermutation (P, [P):

xl:=P[A1]div k)+1:
yl:=({P[A]] -1 mod k)+1:

x2: = (IP[42] div k)+1;
y2:=(P[42] -1 mod k)+1:

x3:=([P[A3] div k)+1:
v3:=(P[A3]-1 mod k)+1:

G,

x4 = (IP[A4] div k)+1;
v =(IP[44] -1 mod k)+1:

end.

The tunction Straight-Line-Square checks whether or not two edges A /42 and A34+4
(wWhere A /.42.43 .14 correspond to nodes) in the straight-line method ot edge embedding.

Function Straight-Line-Square (/. 42. A3, A4 : integer : P: array[l..n| of
integer): boolean
begin
ConvertToCoordinates (41,42, 43. 44, x1.y1,x2.y2.x3.y3.x4.y4.P):
Straight-Line-Square : = Int-Edges (x/, y/, x2. y2, X3, 3. x4. v4):
end.

The horizontal-vertical method for edge embedding in the square model is not
discussed in this thesis. Details of this model are left for future work.



4. HEURISTIC TECHNIQUES

In order to obtain experimental data about the pagenumber of an arbitrary graph.
we use various heuristic techniques. Heuristics are criteria. methods. or principles for
deciding which among several alternative courses of action promises to be the most
effective in achieving a particular goal. Heuristic search methods are used to determine
solutions that take an infinite or very long time to compute. These methods might not
always find the best solution. but are guaranteed to find a good solution in reasonable
time. Two search methods. namely. Hill Climbing and Genetic Algorithms. are discussed.

4.1 Operators for permutations

The various heuristic methods make use of certain operators that are mandatory in
creating robust search and optimization procedures that search for a global maximum or
minimum. This section describes a few such operators for permutation oriented problems:

1. Selection : This operator selects permutations in the population for reproduction. The
fitter the permutation. the higher its probability to be selected and reproduce.

PERMUTATION | FITNESS
A 1234 2
B 3214 1
C 4132 3

As permutation (" has the maximum fitness. it has the highest probability to be
selected.

2. Crossover : This operator randomly chooses a locus and exchanges the subsequences
before and after the locus between two permutations to create two offspring. Some
types of crossover are:

a.  PMX (partially matched crossover): Given two parent permutations. £/ and P2. two
child permutations are created by dividing the two permutations into sections that
define mappings between Pland P2 (marked by |)). exchanging one section. and then
fixing the rest of each permutation by replacing corresponding elements. For
example, let

Pl =(jhd || efi || gcha)
P2 =(hge || bej || iadf)

Using the mid-section of P/ and P2 as a mapping (midsection of P/ = efi and
midsection of P2 = b¢j ), replace efi in P/ by bcj and bcj in P2 by efi. we get

Pl’=(jhd || bcj || gcba)
P2’=(hge || efi || iadf)



Replacing the extra cities b.cj in P/’ ( in positions 9. 8 and 1 ) by e. fand |
respectively,

PI17=(ihd || bej || gfea ).

and similarly,

P2"=(hgb || eff | jadc).

b. CX (cycle crossover): In cycle crossover. new strings are generated by finding
cycles in the permutation formed by the two strings.

Consider the permutations:

Pl=jhdefigcba
P2=hgebcjiadf

P1’is constructed by selecting the first element in permutation P/
P1'=(j*********):

In the permutation. we see that / maps to 4. and 4 maps to g. and g maps to i. and i
maps to the first element /. completing a cycle. So all these are added to P1°. resulting
in

Pl'= (jh***ig***)

The empty slots (*) are filled in by the elements of P2 at the corresponding positions.
Thus.

Pl'=(jhebcigadf). Similarly, P2’ =(hgdefjicha).

c. Edge recombination operator : For each pair of individuals to be crossed. it (1)
constructs a table of adjacencies in the parents. and (2). constructs one new permutation
by combining information from the two parents:
® Select one parent at random and assign the first element in its permutation
to be the first one in the child.
¢ Select the second element for the child. as follows: (a) if there is an
adjacency common to both parents, then choose that element to be the
next one in the child’s permutation: (b) if there is an unused adjacency
available from one parent. choose it; or if (a) and (b) fail, make a random
selection.
¢ Select the remaining elements in order by repeating step 2.



For example. let the original individuals be 362145 and 521364.
The adjacency list is :

KEY ADJACENT KEYS
1 223534

2 1.1.5.6

3 1.6,6

4 1.5.6

5 2.4

6 2334

Using the above algorithm. the new individual will be 364125.

3. Mutation: This operator rearranges randomly picked elements in a permutation.
Some types of mutation are:

swap
This mutation chooses two elements and swaps them.

For example. in the permutation 1234, if the elements 2 and 3 were selected. then
the new permutation would be 1324.

move block

This mutation chooses a random block of elements and moves it to a point within
the permutation,

For example. for the permutation 1234, if the block is 34 and the position is 1.
then the new permutation is 3412.

swap blocks

This mutation chooses two blocks and swaps them.

For example for the permutation 12345, if the blocks were 12 and 45, then the
new permutation would be 45312.

insert

Selects one element and inserts it at some other position in the permutation.

For example, if the permutation is 34567 and the no 4 is selected with position 3.
then the new permutation would be 35674.

2-opt

Selects 2 points along a string, then reverses the segment between the points.

For example, if the permutation is 12345, and the two points are 2 and 4. then the
new permutation will be 14325.

scramble
Selects two points, and randomly reorders.
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For example. Considering the permutation 12345 and the points 2and 4. the new
permutation could be reordered as 13423.

We shall now describe a simple algorithm to generate a random permutation. It uses a
function RANDOM( ) which returns a real number in the range [0.1]. selected at random.
The selects one of first / elements at random and exchanges it with the i-th element. for i
=n.n-1.....1.

Procedure Random-Perm( var Perm: array|1..n] of integer):
begin
Fori=1tondo
Perm [i] = i:
Fori=n downto | do
Begin
J:=trunc( 1* RANDOM( ))+1;
Temp: = Perm(i]:
Perm [i]: = Perm [J].
Perm [j]: = temp:
End

4.2 Hill Climbing

The Hill climbing problem solving technique is to evaluate the current solution
and then move to a better solution closer to the goal. To determine whether another
solution is better. some type of evaluation or reward function is needed. The solution is
reached when the evaluation function is minimal. The evaluation function is usually
referred to as the fitness function.

At first. we define an initial solution. say Sy. and calculate the fitness of Spy. The
next step is to define one. few, or all neighbors of S, A neighbor of a permutation is
obtained by applying any of the evolutionary computing operators on a candidate
permutation. For example. if the initial solution Sy = 1234. and the operator SWAP is
applied at positions 2 and 4. then S; = 1432 will be the resulting neighbor. Hence.
manipulating solutions with various evolutionary computing operators results in
neighbors of the solution on which the operators were applied. We shall consider two
instances of the Hill Climbing procedure.

[n the first instance [WH], [P], a sample of neighbors of S, are generated (if the
graph is relatively small. all neighbors may be generated). The fitness of all the neighbors
is computed (each neighbor is evaluated), and the best neighbor (S”) is determined. A
move from Sj to S”is then made. In the next iteration. a sample of neighbors of S’ will be
generated. This iterative procedure will continue till no better solution, compared to the
current solution. can be found.
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The algorithm is described below:

Choose an initial solution s in .Y
stop : =false
While srop =false do
Generate a sample 1™ of solutions in N(s) {N(s) is the neighborhood of s!
Find the best s "in I™* {evaluate each neighbor and tind s “such that
Fitness (s')=minimum among all neighbors}
if Fitness(s ) > = Fitness(s)
then stop:= true
elses:=s"
end while

[n the second instance [G1] . a single neighbor (s') is generated in each iteration.
and the fitness is computed. If s’ is better than s, it becomes the next candidate
permutation (a move from sy to s “is made). and in the next iteration. the neighbors of s~
are generated. On the other hand. if the fitness is worse. then s’ is ignored and another
neighbor of sy is generated. A neighbor of a permutation is obtained by applying to the
candidate permutation. one or more of the operators discussed in section 4.1. The process
halts when no improvement is noticed.

So: = initial solution:
BestSolution: = S,;
Fitnessl: = F (Sy):
ir=0:
repeat
C: = next neighbor (S,) {one neighbor!}
Fitness2: = F(C):
if fitness2 < fitness|
then
begin
BestSolution : = C;
S i+1 1= Cu it =i+l fitness | : =fitness2;
end.
else
begin
Sicr:=8, i =i+l;
end
until /=max OR §; has no more neighbors

These procedures are used to look for the optimal solution in an optimization
problem, but there is no guarantee that this is a global minimum.

Hill Climbing can be similarly used to search for the maximum (instead of
minimum) in an optimization problem. It suffices to consider the additive or
multiplicative inverse of the fitness function (that is, -fitness or 1/fitness).



4.3 Genetic Algorithms

The Genetic Algorithm refers to a model introduced and investigated by John
Holland [H]. and his students.

GA is a family of computational models inspired by evolution. These algorithms
encode a potential solution to a specific problem on a simple chromosome-like data
structure and apply recombination operators to these structures so as to preserve critical
information.

An implementation of a GA begins with a population of (typically random)
chromosomes. One then ecvaluates these structures and allocates reproductive
opportunities in such a way that those chromosomes. which represent a better solution to
the target problem. are given more chances to “reproduce™ than those chromosomes.
which are poorer solutions.

In a broader usage of the term. a genetic algorithm is any population-based model
that uses selection and recombination operators to generate new sample points in a search
space. A simple GA is described below [SKM]:

Generate initial population P;
Evaluate (P):
While (not finished) do
If ( SelectOperator = mutation)
then
Parent = SelectForMutation (P):
Child := ReplicateAndMutate(parent):
else
**SelectOperator =crossover**
(father,mother):= SelectForCrossover(P):
child = crossover (father.mother):
endif
Evaluate (child):
Dead : = SelectDead (P):
P(dead) := child.
Endwhile
Result := BestOf(P);

SelectForMutation randomly selects 2 different individuals from the population and
returns the fittest. (This amounts to a selection pressure equal to a linear fitness ranking
procedure, where the best individual has twice the probability to be selected. compared to
the medium individual and the worst individual has zero probability.

SelectForCrossover selects at random 4 different individuals from the population,
returning the 2 fittest for crossover.



SelectDead selects at random 3 different individuals and returns the least fit individual.
This automatically creates an elite of two.

The various crossover and mutation operators on permutations have been described
earlier.
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S. EVOLUTIONARY COMPUTING FOR PAGENUMBER
5.1 Construction of pages

We consider the following four cases for embedding graphs:
Case I: 1-D model
Case 2: 2-D grid model with the straight-line method of edge embedding
Case 3: 2-D rook model with the straight-line method of edge embedding
Case 4: 2-D rook model with the horizontal-vertical method of edge embedding

The solution space in cases | and 2 consist of a permutation of nodes V and an order of
edges £. while cases 3 and 4 require a permutation of nodes .Vy (in the .Y-direction). a
permutation of nodes Ny (in the Y- direction). and an order of edges £. in order to
compute the pagenumber. The pair V = (Vy. Vy) of two permutation of nodes Ny and Ny
is considered as one permutation. Thus. a pair of permutations is simply called a
permutation in order to provide uniform treatment for all four cases. The neighbors of
N=(Ny. Ny) are N'=(N'y. Vy) and N'" = (NVy, N'y). where Ny is a neighbor of Ny and Ny’
is neighbor of Ny. The algorithm that searches for a page to place an edge remains the
same for all four cases. however the condition that determines whether or not two edges
cross changes.

The pagenumber of a graph may depend on the order in which the edges are
selected to be placed on the pages: that is. they can be selected in lexicographic or
random order. [t is necessary to test both ways so as to ensure a minimal pagenumber.

For example. consider the (4x4) grid below:

I 2
3 6

TOI
213 I4 s

Fig. 5.1 4x4 grid

) U

It the initial permutation of nodes, V=( 012345678910 111213 14 15).
and the edges are selected in lexicographic order. then the pagenumber for the above
permutation of nodes is 4.
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PAGE 2

PAGE 3

0 1 f/3’i:\;\7?/;/:::;\NT/TT’;;\T;\T4 15

Fig. 5.2 4 page embedding

[f the edges are selected in the following random order. then the pagenumber for
the permutation .V will be 3:
1(6.7)(4.3).(9.13)(7.11).(4.8).(2.3).(10. 1 1)1 1.15).(2.6).(5.9).(8.12).(12.13).(9.10).(5.6).
(6.10).(8.9).(0.1).(1.5).(3.7).(13.14).(0.4).(14.15).(1.2).(10.14)}.

PAGE 2
PAGE 3

0 23 15 6 7 0 11 12 13 T4 15
~ 0 PAGE 4

PAGE 5
0 1 2 3 4 5 6 7 89 10 11 12 13 14 15

Fig. 5.3 5 page embedding

We shall now elaborate the function used to place edges on pages. The fitness
function Pagenumber (N) is the minimal pagenumber for a given permutation of nodes.
N. over all possible order of edges. However, it is not practical to test all orders of edges.
Therefore Pagenumber (N) is approximated by testing a few edge orders, using a function
Pagenumber (N,E) which finds pagenumber for node order N using edge order £. The
pagenumber function is described briefly.

Function PN (V,E)
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Begin
PageNo: = 1 (* initialize page number*)
For each edge ¢ do
begin
i:=0:
repeat
i:=itl:
until ¢ can be placed on the i-th page;
if i:== PageNo+1 then PageNo: =PageNo+1
end:
End;

A (no_of edges x 2) array. E stores the permutation of edges of the graph. and array N

stores the permutation of nodes. E[i.1] and £]i.2] are end points of i-th edge. | <i <
no_of edges. The function Pagenumber(N.E) is specified next.

Function Pagenumber ( V:array[l..no_of nodes] of integer. E:
array[l..no_of edges.1..2] of integer): integer:
Begin
Pagenumber: = 1.
Initialize P, with E[1.1] and E[1.2]: {first edge in E is embedded in page 1}
fori:=2to no_of edges do

begin
a. = E[i.1]: b: = E[i.2]: {take next edge to be embedded}
J:=0:
repeat
cross: =false:
J:=J+1: {go to next page}
while (NOT cross AND there are more edges in P,) do
begin
(c.d): = next edge in P;;
cross: = Intersect-1-Dim(a.b,¢.d N):
end
until (NOT cross OR j = Pagenumber)
if cross
then
begin
Pagenumber: = Pagenumber+1,
Jj: = Pagenumber;
add edge (a.b) to P;; {create new page}.
end
else
add edge (a.b) to P;
end

End;
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The line cross: = Intersect-1-Dim(a, b, c. d. N) in the above function will be replaced
by the following lines. in order to find the pagenumber of a graph using the 2-D models:

 cross: = Straight-Line-Square(a, b, ¢. d. N). for the square model using the straight
line method.

® cross: = Straight-Line-Rook (a. b, c. d. Px.Py). for the rook model using the straight
line method.

¢ cross: = Hor-Vert-Rook (a. b. ¢, d. Px. Py). for the rook model using the horizontal-
vertical method.

The above algorithm searches each page in order to determine if an edge (¢.5) can
be placed on that page. The edge will be placed if there occurs no crossing between («.h)
and any of the other edges already embedded in that page. However. if embedding the
edge in every existing page results in a crossing. then a new page is created for it.

A linked list stores the pagenumber and the edges in each page. The linked list
structure is defined as:
node = record
PageNo : integer: PageNo | nodel | node2 | link
nodel : integer:
node? : integer:
link: *node:,
end:

As an example. consider the graph in figure 5.4:

4

19
L2

Fig. 5.4 graph with 4 vertices

Also. let us consider the candidate permutation to be NV =1234. It is required to find the
pagenumber of V. The nx2 (where » is the number of edges) array E. stores the edges of
the graph in figure 5.4.

L1 || e
du =] 10

Fig. 5.5 array £

The first edge (1,2) is selected and placed on the first page. A corresponding entry is
made in the linked list.
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2]

NULL

Fig 5.6 linked list with edge (1.2) on page |

The first number in the linked list represents the page and the next two numbers represent
the edge. In figure 5.6. edge (1.2) is placed on the first page.

The second edge (1.3) is selected. and it is determined whether it can be placed on
the first page. without it crossing with the edge (1.2). As there is no crossing, (1.3) is
placed in the first page.

NULL

Fig 5.7 linked list with edge (1.3) on page |
The next edge is (2.4). If we place it on the first page. there will be a crossing between
(2.4) and (1.3). Therefore. (2.4) is placed on the next page.

e

12]2 [4

\4
NULL
Fig 5.8 linked list with edge (2.4) on page 2

The last edge (3,4) can be placed on the first page. and so a node containing the edge and
pagenumber is inserted after the edges (1,3) on page 1.
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H
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NULL
Fig 5.9 linked list with edge (3.4) on page |

We will now elaborate on the Pagenumber tunction by referring to the linked list
data structure. The function PageCross returns true if an edge (u.5) crosses with any edge
in page P,. The procedure NewPage creates a new page to embed an edge (a.h) which
crosses in all existing pages. The procedure AddEdge adds an edge (a.b) to a page P,



Function Pagenumber ( V:array[l..no_of nodes] of integer: E:
array[l..no_of Edges.1..2] of integer): integer:

var pir. newnode, head : * node:
Begin
ptr: = nil: newnode: =nil:
Pagenumber: = 1:
new ( head):
head™.PageNo: = |;
head”.nodel: = E[1.1]:
head”.node?2: = E[1.2]: {first edge in E is embedded in page 1}
head” Jink: =nil:
for i: =2 to no_of edges do

begin
a: =E[i.1]: b: =E[i.2]; {take next edge to be embedded)}
J:=0:
ptr: =head:
repeat
cross: =false:
J:=J+1. {go to next page}
while (pir*. pageno< >j) do
ptr . = ptrink:
while (prr<>nil AND pir pageno = j AND NOT cross ) do
begin
c:=ptrinodel:
d: = ptr.node2:
cross: = Intersect-1-Dim (a, b.¢,d, N):
pir: = ptr link:
end
until (NOT cross OR j = Pagenumber)
new(newnode):

newnode”™.nodel: = a
newnode”™.node?2: = b:
if cross then
begin
Pagenumber: = Pagenumber + 1.
J: = Pagenumber:
newnode”.PageNo: = J;
NewPage(head.newnode);, {insert newnode at end of list}
end
else
begin
newnode”.PageNo: =,
AddEdge(j, head, newnode, pagenumber);
end
end



dispose(head): dispose(newnode):
End;
The procedures NewPage and AddEdge are defined below.

Procedure NewPage (var head: “node: newnode: *node):
var hptr: “node:
Begin

hptr: = head.

while ( hptr” .link<nil) do

hptr: = hptr® link.

newnode” . link: =nil:

hptr™.link: = newnode:
end;

Procedure AddEdge(j:integer: var head:*node: newnode: *node: Pagenumber:integer):
var hptr. pres:*node:
Begin
hptr: = head.
if (j = Pagenumber) {edge has to be inserted in the last page}
then
begin
while (hptr”.Jink<>nil)
hptr: = hptr™ link.
newnode”.link = nil:
hptr*.link=node:

end
else
begin
while (hptr*.PageNo< j+1) do
begin
pres: = hptr.
hptr: = hptr” link;
end

newnode”.link: = pres®.link:
pres”.link: = newnode:
end
End;
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5.2 Direct Hill Climbing

Direct Hill climbing involves searching for a solution to the pagenumber problem.
using the algorithms discussed in section 4.2. The solution space comprises of a
permutation of nodes N, and an order of edges E. For the graph in figure 5.4. a solution.
(M.E) canbe (1 23 4.(1.2) (1.3) (2.4) (3.4) ). where (1 2 3 4) is the permutation of nodes.
N.and ((1.2) (1.3) (2.4) (3.4)) is the permutation of edges. E. Neighbors of the solution (
N, E) are ( N, E) and ( N. E"). where N is a neighbor of N and E’ is a neighbor of E.
The algorithm HillClimbing from section 4.2 is defined next. with respect to the
Pagenumber function. This algorithm checks neighbors of N for a fixed order of edges E.
until an improvement is noticed. If there is an improvement. the algorithm continues to
evolve the new neighbor of N. The algorithm then checks all neighbors of E. The
function NextNeighborN generates a neighbor of N. by using a mutation operator
discussed in chapter 4. For example. one neighbor of (V.E) is (V.E) = (1 3 2 4. (1.2)
(1.3) (2.4) (3.4) ). where 2 and 3 in N have been swapped. Similarly. the function
NextNeighborE generates a neighbor of E. For example. a neighbor of (N.E) is (N.E") =
(1234.(1.2) (2.4) (1.3) (3.4) ). where (1.3) and (2.4) in E have been swapped.

(7]
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Procedure HillClimbing:
Begin
Np: = initial permutation of nodes:
Ey: = initial permutation of edges;
PN, = Pagenumber (Ny, Ey);
BestSolution: = (Ny, Ey);
i =0:
N_Improvement: = false:
repeat
=i+l
/N;'. Ey: = NextNeighborN (BestSolution) {determine next neighbor of N}
PN-: = pagenumber(N; " E);
if PN> < PN,
then
begin
BestSolution : = (N, . E)):
PN1:=PN2:
N_Improvement: =true:
end;
until no N_Improvement OR no more neighbors ot vV
i =0;
E Improvement : = false:
repeat
ir=i+l;
(N, E,’): = NextNeighborE (BestSolution) {determine a neighbor of E}
PN>: = pagenumber(N, E .

if PN-< PN,
then
begin
BestSolution : = (N, E,):
PN1: =PN2:
E_Improvement: =true:
end;

until no £_/mprovement OR no more neighbors of £

end;



5.3 Modified Hill Climbing

[n Moditied Hill Climbing, the solution also comprises of a permutation of nodes.
NV as well as an order of edges. E. The neighbor of a solution is obtained by evolving
either the permutation of nodes or the permutation of edges. For example. for the graph in
figure 5.4. an initial solution S could be (1234. {(1.2). (1.3). (2.4). (3.4)}). Examples of
neighbors of S are  {(2143. {(1.2), (1.3). (24). G.4)}). (1234, {(1.3). (2.4). (1.2). (3.4)}.
(1234, {(2.4). (1.3).(1.2), (3.4)} ) }. etc.. where either V or £ has evolved.

The Hill Climbing algorithm MC computes the pagenumber for each N'. with
respect to a fixed order. £ and random order. R of edges. It continues evolving N until
there is no improvement or all neighbors of N have been checked. It then checks all
neighbors of £. The tunction SwapNodes swaps elements / and j of V. Similarly. the
function SwapEdges swaps elements p and ¢ of E. The function SwapNodes and
SwapEdges can be replaced with functions which make use of the other mutation
operators discussed in chapter 4.

w
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Algorithm MC
Begin
N: = initial permutation of nodes; £ : = initial permutation of edges :
PNUM= PN(N.E):
Repeat
BETTER-FOUND: = FALSE: NO-MIORE-NEIGHBORS-N: =FALSE:
NO-MORE-NEIGHBORS-E: = FALSE:
i:=l:j:=1: {initialize elements to be swapped}
Repeat
.X: = SwapNodes (N.i.j. NO-MORE-NEIGHBORS-NY:
PNXE: = PN(X.E);
If PNYE <PNUM then
Begin
BETTER-FOUND: = TRUE:
PNUM: = PNXE:
N=X
End:
R: = random order of edges:
PNXR: =PN(Y.R):
If PNXR < PNUM then
Begin
BETTER-FOUND: = TRUE:
PNUM: = PNXR:
E:=R:
End;
Until BETTER-FOUND OR NO-MORE-NEIGHBORS-N
BETTER: = FALSE:
p:=l.q:=1:
Repeat
¥: = SwapEdges(E. p. q. NO-MORE-NEIGHBORS-E);
PNNY: = PN(V.Y):
If PNNY < PNUM then

Begin
PNUM : = PNNY.
E:=T

BETTER: = TRUE:
BETTER-FOUND: = TRUE:
End;
Until BETTER OR NO-MORE-NEIGHBORS-E
Until NO BETTER-FOUND
End.

Other operators like insert and 2-op can also be applied to the nodes. In that case,
we will call the functions InsertNodes (V) and 2-opNodes(V) to create neighbors of V.



We will use the swap operator only. in order to create neighbors of £. The functions

SwapNodes (,/,/) and SwapEdges(E.p.r) are defined next.
Function SwapNodes( V: array[1..m] of integer: var i, j : integer ; var no-neighbor-
n:boolean): array[l..m] of integer:

begin
if (/ < m) then
begin
Jr+l
temp: = N[i].
N[i]: =NU1;
Nj1: = temp:
SwapNodes: = V-
end
else
begin
if (i<om) then
begin
i =i+1;
Ji =1
temp: = NV[i]:
Ni]: =N/
NU]: = temp:
SwapNodes: = .V:
end
else
no-neighbor-n: =true;
end
end;

Function SwapEdges(£: array([1..n.1..2] of integer: var p.q:integer: var no-neighbor-
¢:boolean): array[l..n.1..2] of integer:
begin
if (g <n) then
begin
q:=q+1:
templ: = E[p.1]; temp2: =E[p.2]:
Elp.1]: =E[q.1]; E[p.2]: =E[q.2];
Elq.1): =templ; E[q.2]: = temp2.
SwapEdges: = £;

end
else
begin
if (p<>n) then
begin
p:=ptl;
q:=1;



end;

templ:=E[p.1]: temp2: =E[p.2];
Elp.1]: =E[q.1]: E[p.2]: =E[q.2]:

Elg.l}: =templ: E[q.2]: = temp2:

SwapEdges: = E:
end
else
no-neighbor-e: = true;
end



5.4 Pagenumber by Genetic Algorithms

In the case of genetic algorithms, a solution will also comprise of a permutation of
nodes V and an order of edges £. However. in this case both the order of edges £ and the
permutation of nodes VN are evolved simultaneously by an operator. For a solution S(NV.E)
= (123 4.(1.2). (1.3). (24). (3.4) ). a neighbor is created by evolving both V and £ :
SINVEY=(3124.(1.3).2.9.(1.2).(3.4)).

We begin by randomly creating a population P of solutions. where each solution
Si = (N.E). In each generation. these solutions are evaluated. by calling the function
Pagenumber (V.£)). described in section 5.1. Since the problem is to minimize the
function pagenumber. we will consider the additive inverse. - pugenumber. Assuming
that the function pagenumber takes positive values on its domain. we will add a positive
constant C (the worst pagenumber in the population). that is. a solution S; is evaluated as
(= Pagenumber (N, E) + C). A new population is selected with respect to the probability
distribution based on pagenumber values. and mutation and crossover operators are used
to alter the solutions in the new population. After some number of generations. when no
further improvement is observed. the best S(Vi, E)) in P represents an optimal solution.

For the selection process (selection of a new population with respect to the
probability distributions based on the pagenumber values). the roulette wheel concept is
used. Each individual (solution) in the population is given a slice of a circular roulette
wheel that is inversely proportional in area to the individual's pagenumber (since the
pagenumber is a minimization problem). The roulette wheel is constructed as follows:

¢ Find the total pagenumber of the population.
k
tot-pageno = 3. (- Pagenumber (N, E,) + (), where k= number of individuals in P.
I:
¢ Calculate the probability of selection. ps;
ps, = (= Pagenumber (N, E)) + C) / tot-pageno, for all solutions S; in P.
¢ Calculate the cumulative probability. g,. for all solutions S; in P.

Selection is based on spinning the roulette wheel population-size times. and
generating a random number r between 0 and 1. [f  is less than g;. then the first solution
(S1) in P is selected. otherwise the i-th solution (S)) is selected such that gt <r < q.
Obviously. some solutions would be selected more than once. The best solutions get
more copies, the average stay even, and the worst die off.

Once the new populaton has been selected. crossover is performed to a number of
individuals that are selected with a probability of crossover. pc. This probability gives us
the expected number (pc * population-size) of individuals which undergo the crossover
operation. A typical value for pc is 0.25 (25% of the individuals will undergo crossover).
For each individual in the new population, we generate a random number r between 0 and
L. If r is less than pc, the given individual is selected for crossover. Next, the selected
individuals are mated by picking father and mother pairs (in case the number of selected



individuals is odd. we can remove one extra individual. so that the remaining even
individuals can be paired for crossover). Each pair of individuals yields two offspring.
The parent individuals are replaced with the offspring, in the new population. P.

The next operator. mutation. is performed on an element-by-element basis. The
total number of elements in a solution are no-of-nodes + no-of-edges. The probability of
mutation. pm. gives us the expected number of mutated elements (pm * m * population-
size). A typical value for pm is 0.01. For each individual (an individual comprises of N
and E) in the current population. and for each element within the individual. we generate
a random number. r. between 0 and 1. [f r is less than pm. then that element is mutated
with another randomly selected element in the same individual. For example. consider the
individual S;=( 1 3 4 2. (1.2), (1.3), (2.4). (3.4) ). The procedurs SwapN ( V,j.4 ). and SwapE
( EJjik) are called to swap elements j and k in N or E. If the element j=3 is selected. then the
element 4 in V will be swapped with a random generated emement £. 1< k < no-of-nodes.
The function random (1.no-of-nodes) generates a random number between | and no-of-
nodes. After swapping. we could get S;'=(1 4 3 2. (1.2).(1.3).(2.4).(3.4) )as a neighbor of
Si. On the other hand. if the element j = 5 was selected. then (1.2) in £ would be swapped
with a randomly selected edge in position 4. and we could get S; =(1 3 4 2. (1.3), (1.2).
(2.4). (3.4) ). The function random(1. no-of-edges) generates a random number between | and
no-of-ecdges.

Following selection. crossover. and mutation. the new population is ready for its next

evaluation. The rest of the evolution is just cyclic repetition of selection. crossover.
mutation. and evaluation. The genetic algorithm is defined next.
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Generate initial population P:
m:=0;
For i:= 1 to population-size do
page-no;: = — Pagenumber (N E) + C
while (m< max-iterations) do
begin
m: =m+1
{construct roulette wheel}
tot-pages: = 0:
qu-=
for i: = | to population-size do
totul-pages: = total-pages + page-no, -
for i = 1 to populution-size do

begin
ps, : = page-no, | otul-pages: { compute probability of selection}
4= T ps.
end

{spin roulette wheel to create new population P’}
for i : = | to populution-size do
begin
r . =random( ): { generates real number between 0 and 1}
ifr < o
then P,’: = P,
else
begin
k=1
repeat
k:=k+1:
until ¢, ., <r AND r <= ¢, OR k> population-size
P ' =P k
end
end
1 =0:
{select individuals for crossover}
for i: = | to population-size do
begin
r: =random ( ):
if r <pc
then begin
=t+1:Cr= P, {select P; for crossover }
end
end
{ select father and mother pairs in sequential order}
k=l
while £ <t do
begin
Sather: =Cy; mother. =Cy.,; k: =k+2;
( child!.child?) : = crossover (father, mother);
P’( father ) : = childl; {replace parents by children}
P’ mother): =child 2;
end



{perform mutation}
for i: = | to population-size do
for j: = | to (no-of-nodes + no-of-edges) do
begin
r: =random( ):
if » <pm then

begin
if j <=no-of-nodes then
begin
k: = random(1.no-of-nodes)
swapN ( Vj.k)
end:
else
begin
k: = random( l.no-of-edges):
swapE (£, j - no-of-nodes, k)
end
end
end
P:=P"

For i: =1 to population-size do
page-no,: = (- Pagenumber (N, E) + C); { evaluate P}
end;



6. EXPERIMENTAL RESULTS
6.1 Some GA results

Mark Russell. undergraduate student at the University of Ottawa. conducted
experiments for determining the pagenumber of several graphs. using genetic algorithms
and the 1-D model for embedding edges. The initial population of solutions is generated
either randomly or heuristically. The algorithm is terminated if the best fitness has not
been surpassed for a given number of generations.

The graph types tested are shown in the left column. The next two columns give the
number of nodes and edges of the graph being tested. The last column contains the
pagenumber obtained for the graph with respect to the various crossover or mutation
operators.

The tables 6.1 and 6.2 show the results obtained by using different embedding
techniques. The embedding techniques embed the edges in different orders. often
resulting in different pagenumbers. The orders used were:

e graphs are embedded by node - for each node in the graph. all edges incident to that
node are embedded:

* graphs are embedded by path - from a randomly selected initial edge. edges are
selected as much as possible to form a path:

e graphs are embedded randomly - the order in which edges are embedded is
determined randomly:

e graphs are embedded by the three previous methods (node. path. and random) - the
best book generated among these methods is selected.

The crossover operators. cyclic crossover (CX). edge recombination (ER). and partially
matched crossover (PMX) are tested.

Table 6.1 shows the results obtained by using the insert operator for mutation. and
the node embedding method. The population was randomly initialized.

Graph Nodes Edges Pagenumber Best Lower
Pagenumber | Bound
Known

Outerplanar 10 17 l 1 1

Square Grid 9 12 2 2 2

X-tree 15 25 2 2 2

(depth =4)

D-ary tree 13 12 | 1 1

(D=3)




Hypercube 16 32 3 3 d-1
(d=4)

Complete 10 45 8 5 n/2
FFT 12 16 2 3 3
(d=2)

Benes 16 24 2 3 3
(d=2)

Barrel Shifter | 12 16 2 3 3
(d=2)

Table 6.1

Table 6.2 shows the results obtained by using the insert operator for mutation. and

the path embedding method. The population was randomly initialized.

Graph Nodes | Edges | Pagenumber | Best Lower
Pagenumber | Bound
Known
Outerplanar | 10 17 1 ] 1
Square Grid | 16 24 2 2 2
X-tree 15 25 2 2 2
(depth = 4)
D-ary tree 13 12 1 1 1
(D=23)
Hypercube | 16 32 3 3 d-1
(d=4)
Complete 10 45 5 5 n/2
FFT 12 16 2 3 3
(d=2)
Benes 16 24 2 3 3
(d=12)
Barrel 12 16 2 3 3
Shitter
(d=12)
Table 6.2
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The same results are obtained by (i) using the insert operator tor mutation. with
the random embedding method. and (ii) using the insert operator for mutation. with the
node. path. random embedding method. The population was randomly initialized. In
these tests. the PMX crossover method provided the best overall results.

Table 6.3 is obtained by changing the initial generation of the population from
random to heuristic. The heuristic method attempts to create a path between all adjacent
nodes in the layout. The ER and PMX operators are tested.

Graph Nodes Edges | Pagenumber Best Lower
Pagenumber | Bound
Known
Outerplanar | 10 17 1 1 1
Square Grid | 16 24 2 2 2
X-tree 15 25 2 2 2
(depth = 4)
D-ary tree 13 12 1 l 1
(D =3)
Hypercube 16 32 3 3 d-1
d=4)
Complete 10 45 b 5 n/2
DeBruijn 16 29 3 3 3
(m=2k=
4)
FFT 12 16 2 3 3
(d=2)
Benes 16 24 2 3 3
(d=2)
Barrel Shifter | 12 16 2 3 3
(d=2)
Table 6.3

Tables 6.4 and 6.5 show the results obtained with different mutation probabilities and
mutation operators. and the CX operator. Table 6.4 shows the results for the insert
operator with mutation probability of 20%. The same result is obtained with the scramble
operator and mutation probability 40%.



Graph Nodes | Edges | Pagenumber | Best Lower
Pagenumber Bound
Known

D-ary tree | 40 39 3 1 1

(D=3)

Hypercube | 32 80 5 4 d-1

(d=5)

Table 6.4

Table 6.5 shows the results for the scramble operator with mutation probability of
20%. The same result is obtained with the insert operator and mutation probability 40%.

Graph Nodes | Edges | Pagenumber | Best Lower
Pagenumber | Bound
Known
D-ary tree | 40 39 3 1 1
(D=3)
Hypercube | 32 80 6 4 d-1
(d=3%)
Table 6.5

The above tables prove that the genetic algorithm is a reasonably good heuristic
method for optimization problems. Optimal pagenumbers for outerplanar. square grids.
and X-trees. Benes. FFT. and Barrel Shifter graphs were obtained in almost all tests.
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6.2 1-D Results

The following tables comprise of the results obtained from testing the various algorithms
and embedding techniques described in chapters 3. 4. and 5. Each table is characterized
by the following attributes:

e Algorithm
- Direct Hill Climbing ( DC)
- Modified Hill Climbing (MC)
- Genetic Algorithm (GA)

o Model
- 1-D
- Square
- Rook

¢ Embedding method
- straight-line
- horizontal-vertical

Table 6.6 shows the best known pagenumbers for graphs.

BEST
GRAPH NODES EDGES | PAGENUMBER LOWER
n e KNOWN BOUND
Planar 4 4
Outerplanar 1 l
Square grid 2 2
X-tree 2 2
D-ary tree (D=2) 7 6 | 1
D-ary tree (D=3) 13 12 I 1
d-dimension hypercube | 8 12 2 d-1
(d=3)
d-dimension hypercube | 16 32 3 d-1
(d=4)
Complete graph 6 15 3 n/2
Table 6.6

The following tables show the results obtained for the 1-D model. The first
column is the name of the graph being tested. The second column shows the number of
nodes in each graph. The rest of the columns show the optimal pagenumbers (they are in
bold if they correspond to the best pagenumbers) obtained by the various mutation or
Crossover operators.
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Algorithm: DC

Model:1-D
GRAPH NUMBER | SWAP | INSERT | 2-OPT
OF
NODES
Planar 10 2 2 2
Outerplanar 8 1 1 1
Square grid 9 2 2 2
Square grid 16 4 4 4
X-tree 15 3 3 3
Binary tree 15 2 2 3 J
Hypercube (3-D) | 8 2 2 2
Hypercube (4-D) | 16 4 4 35
Hypercube (3-D) | 32 7 7 9
Complete graph | 6 3 3 3
DeBruijn graph | 8 2 2 2
Table 6.7
Algorithm: MC
Model:1-D
GRAPH NUMBER SWAP | INSERT | 2-0PT
OoF
NODES
Planar 10 2 2 2
Outerplanar 8 1 1 1
Square grid 9 2 2 2
Square grid 16 4 4 4
X-tree 15 3 3 3
Binary tree 15 2 3 3
Hypercube (3-D) | 8 2 2 2
Hypercube (4-D) | 16 4 4 4
Hypercube (5-D) | 32 9 9 8
Complete graph | 6 3 3 3
DeBruijn graph | 8 2 2 2
Table 6.8

Tables 6.7 and 6.8 show optimal results for outerplanar, square grid (n=9), 3-d
hypercube, and the complete graph (n=6). All three operators performed equally well, in
most cases, except in algorithm DC, where the swap and insert operators provided better
results, and in the algorithm MC, where the 2-opt operator provided the best result for the
5-d hypercube.
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Algorithm: GA
Model:1-D

Mutation Operator: Swap

Probability of mutation Py,: 0.2
Probability of Crossover Pc =0.1. 0.2, 0.3
m

GRAPH NUMBER CcX PMX
OF
NODES Pe=0.1 | Pc=0.2 | Pc=0.3 | Pc=0.1 | Pc=0.2 | Pc=0.3
Planar 10 2 2 2 2 2 2
Outerplanar 8 1 1 1 1 1 1
Square grid 9 2 2 2 2 2 2
Square grid 16 4 4 4 4 4 4
X-tree 15 4 4 4 4 4 4
Binary tree 15 3 3 3 3 2 3
Hypercube (3-D) | 8 2 2 2 2 2 2
Hypercube (4-D) | 16 5 h} 5 5 5 5
Hypercube (5-D) | 32 11 10 11 10 10 10
Complete graph | 6 3 3 3 3 3 3
DeBruijn graph | 8 3 2 2 2 i 3 3
Table 6.9
Algorithm: GA
Model:1-D
Mutation Operator: Insert
Probability of mutation P,: 0.2
Probability of Crossover Pc =0.1, 0.2, 0.3
GRAPH NUMBER CX PMX
OF
NODES | Pc=0.1 | Pc=0.2 | Pc=0.3 | Pc=0.1 | Pc=0.2 | Pc=0.3

Planar 10 2 2 2 2 2 2
QOuterplanar 8 1 1 1 1 1 1
Square grid 9 2 2 2 2 2 2
Square grid 16 4 4 4 4 4 4
X-tree 15 4 4 4 4 4 4
Binary tree 15 3 3 3 2 3 2
Hypercube (3-D) | 8 2 2 2 2 2 2
Hypercube (4-D) | 16 5 5 5 5 hJ 5
Hypercube (5-D) | 32 10 9 10 10 9 10
Complete graph | 6 3 3 3 3 3 3
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| DeBruijn graph

IB

|2

[2 [2

12

Table 6.10

The genetic algorithm did not perform as well as expected in the case of the 5-D
hypercube. However. it showed the same minimal pagenumbers for the other graphs. as
in the case of the DC and MC algorithms. There was no difference between the

performance of the CX and PMX operators- both produced similar results.

6.3 2-D Results

The following tables show the results obtained from testing the grid and rook
models and the two methods of edge embedding.

Algorithm: DC
Model: Square

Embedding method: straight-line

GRAPH NUMBER | SWAP | INSERT | 2-OPT
OF
NODES
Planar 10 2 2 2
Outerplanar 8 2 2 2
Square grid 9 1 l 1
Square grid 16 | l 1
X-tree 15 3 2 3
Binary tree 15 2 2 2
Hypercube (3-D) | 8 2 2 2
Hypercube (4-D) | 16 3 3 3
Hypercube (5-D) | 32 5 5 6
Complete graph | 6 3 3 3
DeBruijn graph | 8 2 2 2
Table 6.11
Algorithm: DC
Model: Rook
Embedding method: straight-line
GRAPH NUMBER | SWAP | INSERT | 2-OPT
OF
NODES
Planar 10 2 2 2
QOuterplanar 8 1 1 1
Square grid 9 2 2 2
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Square grid 16 4 4 4
X-tree 15 3 3 3
Binary tree 15 2 2 3
Hypercube (3-D) | 8 2 2 2
Hypercube (4-D) | 16 4 4 5
Hypercube (5-D) | 32 8 8 9
Complete graph | 6 3 3 3
DeBruijn graph | 8 2 2 2
Table 6.12
Algorithm: DC
Model: Rook
Embedding method: horizontal-vertical
GRAPH NUMBER | SWAP | INSERT | 2-OPT
OF
NODES
Planar 10 2 2 2
Outerplanar 8 l 1 1
Square grid 9 2 2 2
Square grid 16 4 4 4
X-tree 15 2 2 3
Binary tree 15 2 2 3
Hypercube (3-D) | 8 2 2 2
Hypercube (4-D) | 16 3 4 4
Hypercube (5-D) | 32 6 8 8
Complete graph | 6 2 2 2
DeBruijn graph | 8 2 2 2
Table 6.13

As in the case of 1-D. there are several cases shown in the tables where the swap
and insert operators proved to be more effective compared to the 2-opt operator. The
straight —line square method gave the best results for the square grid graph and the 3-d
hypercube. The optimal embedding in the case of the square grid graph will always be
one. This is due to the fact that the embedding model was the same as the graph-both
were square grids. The two rook models gave a better result compared to the square
model for the outerplanar graph. and the horizontal-vertical rook model gave the best
result for the complete graph. The results of other graphs were similar for al! three

models.
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Algorithm: MC

Model: Square
Embedding method: straight-line
GRAPH NUMBER | SWAP | INSERT | 2-OPT
OF
NODES
Planar 10 2 2 2
QOuterplanar 8 2 2 2
Square grid 9 ] 1 |
Square grid 16 ! 1 |
X-tree 15 3 2 3
Binary tree 15 2 2 3
Hypercube (3-D) | 8 2 2 2
Hypercube (4-D) | 16 3 3 3
Hypercube (5-D) | 32 5 5 6
Complete graph | 6 3 3 3
DeBruijn graph | 8 2 2 2
Table 6.14
Algorithm: MC
Model: Rook
Embedding method: straight-line
GRAPH NUMBER | SWAP | INSERT | 2-OPT
OF
NODES
Planar 10 2 2 2
Outerplanar 8 1 1 |
Square grid 9 2 2 2
Square grid 16 4 4 4
X-tree 15 3 3 3
Binary tree 15 3 3 3
Hypercube (3-D) | 8 2 2 2
Hypercube (4-D) | 8 4 4 5
Hypercube (5-D) | 32 8 8 8
Complete graph | 6 3 3 3
DeBruijn graph | 8 2 2 2
Table 6.15



Algorithm: MC
Model: Rook
Embedding method: horizontal-vertical

GRAPH NUMBER | SWAP | INSERT | 2-OPT
OF
NODES
Planar 10 2 2 2
Outerplanar 8 1 l 1
Square grid 9 2 2 2
Square grid 16 4 4 4
X-tree 15 2 3 3
Binary tree 15 2 2 3
Hypercube (3-D) | 8 2 2 2
Hypercube (4-D) | 16 3 4 4
Hypercube (3-D) | 32 6 8 7
Complete graph | 6 2 2 2
DeBruijn graph | 8 2 2 2

Table 6.16

Both the DC and MC algorithms gave the same result for the lowest pagenumber
determined for all graphs. for example. both the algorithms vielded a pagenumber of 5 for
the 5-dim hypercube (from the straight-line square model). Other results were similar to
the DC algorithm.

[n the case of the genetic algorithm. much of the result depended on the luck of
the draw. after spinning the roulette wheel. Besides this. the other factors that affected the
pagenumber were the crossover operators, mutation operators. and the two probabilities.
pe and pm. All populations were randomly initialized. and the algorithm maintained a
population size of 30 individuals. The following tables show the results from the genetic
algorithm. The bold pagenumbers represent the minimum determined by the genetic
algorithm, for a given method of edge embedding.



Algorithm: GA

Model: Square

Embedding method: straight-line
Mutation Operator: Swap
Probability of mutation Py,: 0.2

Probability of Crossover Pc =0.1. 0.2. 0.3

GRAPH NUMBER CX PMX
OF
NODES Pc=0.1 | Pe=0.2 | Pc=0.3 Pc=0.1 | Pc=0.2 | Pc=0.3
Planar 10 3 2 2 2 2 3
Outerplanar 8 2 2 2 2 2 2
Square grid 9 1 1 1 1 1 1
Square grid 16 1 1 1 1 1 1
X-tree 15 3 3 3 3 3 3
Binary tree 15 2 2 2 3 2 2
Hypercube (3-D) | 8 2 2 2 2 2 2
Hypercube (4-D) | 16 4 4 4 4 4 4
Hypercube (3-D) | 32 6 6 6 6 6 6
Complete graph | 6 3 3 3 3 3 3
DeBruijn graph | 8 2 2 2 2 2 2
Table 6.17
Algorithm: GA
Model: Square
Embedding method: straight-line
Mutation Operator: Swap
Probability of mutation P,,: 0.4
Probability of Crossover Pc =0.1. 0.2. 0.3
GRAPH NUMBER CX PMX
OF
NODES Pc=0.1 | Pc=0.2 | Pe=0.3 Pc=0.1 | Pc=0.2 | Pc=0.3
Planar 10 3 3 3 3 3 3
Outerplanar 8 2 2 2 2 2 2
Square grid 9 1 1 1 1 1 1
Square grid 16 1 1 1 1 1 1
X-tree 15 3 3 4 4 4 4
Binary tree 15 2 2 2 2 2 2
Hypercube (3-D) | 8 2 2 2 2 2 2
Hypercube (4-D) | 16 4 4 4 4 4 4
Hypercube (5-D) | 32 6 6 6 6 6 6
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Complete graph | 6 3 3 3 3 3 3
DeBruijn graph | 8 2 2 2 2 2 2
Table 6.18
Algorithm: GA
Model: Square
Embedding method: straight-line
Mutation Operator: [nsert
Probability of mutation P,,: 0.2
Probability ot Crossover Pc =0.1. 0.2, 0.3
GRAPH NUMBER CX PMX
OF
NODES Pc=0.1 | Pc=0.2 | Pc=0.3 Pe=0.1 | Pc=0.2 | Pc=0.3
Planar 10 2 3 2 3 2 2
Outerpianar 8 2 2 2 2 2 2
Square grid 9 1 1 1 1 1 1
Square grid 16 1 1 1 1 1 1
X-tree 15 4 3 3 3 3 4
Binary tree 15 2 3 2 2 2 2
Hypercube (3-D) | 8 2 2 2 2 2 2
Hypercube (4-D) | 16 4 4 4 4 4 4
Hypercube (5-D) | 32 6 6 6 6 6 6
Complete graph | 6 3 3 3 3 3 3
DeBruijn graph | 8 2 2 2 2 2 2
Table 6.19



Algorithm: GA

Model: Square

Embedding method: straight-line
Mutation Operator: Insert

Probability of mutation Py: 0.4
Probability of Crossover Pc =0.1. 0.2. 0.3

GRAPH NUMBER CX PMX
OF
NODES | Pc=0.1 | Pc=0.2 | Pc=0.3 | Pc=0.1 | Pc=0.2 | Pc=0.3
Planar 10 2 2 2 2 2 2
Outerplanar 8 2 2 2 2 2 2
Square grid 9 1 1 1 1 1 1
Square grid 16 1 1 1 1 1 1
X-tree 15 4 3 2 3 3 4
Binary tree 15 2 2 3 3 2 3
Hypercube (3-D) | 8 2 2 2 2 2 2
Hypercube (4-D) | 16 4 4 4 4 4 4
Hypercube (5-D) | 32 6 6 6 6 6 6
Complete graph | 6 3 3 3 3 3 3
DeBruijn graph | 8 2 2 2 2 2 2
Table 6.20

Table 6.20 shows that the combination of the insert mutation operator (pm=0.4)
and the CX crossover operator (pc=0.3) gave the best result for the X-tree graph. with
respect to the square straight-line method of edge embedding. For the rest of the graphs.

these operators produced similar results.

Algorithm: GA

Model: Rook

Embedding method: straight-line
Mutation Operator: Swap

Probability of mutation Py: 0.2
Probability of Crossover Pc =0.1. 0.2. 0.3

—

GRAPH NUMBER CX PMX
OF
NODES Pc=0.1 | Pc=0.2 | Pc=0.3 | Pc=0.1 | Pc=0.2 | Pc=0.3
Planar 10 2 2 2 2 2 2
Outerplanar 1 1 1 1 1 1
Square grid 2 2 2 2 3 3
Square grid 16 4 4 4 4 4 4
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X-tree 15 3 4 4 3 4 4
Binary tree 15 3 3 3 3 3 3
Hypercube (3-D) | 8 2 2 2 2 2 2
Hypercube (4-D) | 16 5 5 5 5 5 5
Hypercube (5-D) | 32 8 10 10 10 9 10
Complete graph | 6 3 3 3 3 3 3
DeBruijn graph | 8 2 2 2 2 2 3
Table 6.21
Algorithm: GA
Model: Rook
Embedding method: straight-line
Mutation Operator: Swap
Probability of mutation Py: 0.4
Probability of Crossover Pc =0.1.0.2. 0.3
GRAPH NUMBER CX PMX
OF
NODES Pc=0.1 | Pc=0.2 | Pc=0.3 | Pc=0.1 | Pc=0.2 | Pc=0.3
Planar 10 2 2 2 2 2 2
Quterplanar 8 1 1 1 1 1 1
Square grid 9 3 3 2 3 3 3
Square grid 16 4 4 4 4 4 4
X-tree 15 4 4 3 4 3 4
Binary tree 15 2 3 3 3 3 3
Hypercube (3-D) | 8 3 2 2 2 2 3
Hypercube (4-D) | 16 5 5 5 5 6 5
Hypercube (5-D) | 32 10 9 10 9 10 10
Complete graph | 6 3 3 3 3 3 3
DeBruijn graph | 8 2 2 3 2 2 2

Table 6.22




Algorithm: GA

Model: Rook

Embedding method: straight-line
Mutation Operator: Insert

Probability of mutation P,: 0.2
Probability of Crossover Pc =0.1.0.2. 0.3

D S
GRAPH NUMBER CX PMX
OF
NODES Pc=0.1 | Pe=0.2 | Pc=0.3 | Pc=0.1 | Pc=0.2 | Pc=0.3
Planar 10 2 2 2 2 2 2
Outerplanar 8 1 1 1 1 1 1
Square grid 9 2 3 2 3 2 2
Square grid 16 4 4 4 4 4 4
X-tree 135 4 4 3 4 4 4
Binary tree 15 3 3 3 3 3 3
Hypercube (3-D) | 8 2 2 2 3 3 2
Hypercube (4-D) | 16 5 5 5 5 5 6
Hypercube (5-D) | 32 10 10 10 10 10 10
Complete graph | 6 3 3 3 3 3 3
DeBruijn graph | 8 2 2 2 3 2 2
Table 6.23
Algorithm: GA
Model: Rook
Embedding method: straight-line
Mutation Operator: Insert
Probability of mutation P,: 0.4
Probability of Crossover Pc =0.1. 0.2. 0.3
GRAPH NUMBER CX PMX
OF
NODES Pe=0.1 | Pc=0.2 | Pc=0.3 Pe=0.1 | Pc=0.2 | Pc=0.3

Planar 10 2 2 2 2 2 2
Outerplanar 8 1 1 1 1 1 1
Square grid 9 3 3 3 3 2 3
Square grid 16 4 4 4 4 4 4
X-tree 15 3 4 3 3 4 4
Binary tree 15 3 3 2 3 2 3
Hypercube (3-D) | 8 2 3 2 2 3 3
Hypercube (4-D) | 16 5 5 5 5 4 5
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Hypercube (3-D) | 32 9 10 10 10 10 10

Complete graph | 6 3 3 3 3 3 3

DeBruijn graph | 8 2 2 2 2 2 2
Table 6.24

Table 6.22 and 6.24 show that the best pagenumber obtained for the binary tree is
2. Table 6.24 shows a pagenumber of 4 for the 4-D hypercube. The operator and
probability combinations in the rest of the tables do not produce a lower or equivalent
pagenumber for these two graphs.

Algorithm: GA
Model: Rook

Embedding method: horizontal-vertical
Mutation Operator:
Probability of mutation P,,: 0.2

Probability of Crossover Pc =0.1.0.2. 0.3

Swap

GRAPH NUMBER CX PMX
OF
NODES Pc=0.1 | Pc=0.2 | Pc=0.3 | Pc=0.1 | Pc=0.2 | Pc=0.3
Planar 10 2 2 2 2 2 2
Outerplanar 8 1 1 1 1 1 1
Square grid 9 2 2 2 2 2 2
Square grid 16 3 3 3 3 3 3
X-tree 15 3 3 3 3 3 3
Binary tree 15 2 2 3 2 2 2
Hypercube (3-D) | 8 2 2 2 2 2 1
Hypercube (4-D) | 16 4 4 4 4 4 4
Hypercube (5-D) | 32 7 7 7 6 8 7
Complete graph | 6 2 2 2 2 2 2
DeBruijn graph | 8 2 2 2 2 2 1
Table 6.25
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Algorithm: GA
Model: Rook

Embedding method: horizontal-vertical

Mutation Operator: Swap

Probability of mutation P,: 0.4
Probability of Crossover Pc =0.1.0.2. 0.3

e T

GRAPH NUMBER CX PMX
OF
NODES | Pc=0.1 | Pc=0.2 | Pc=0.3 | Pc=0.1 | Pe=0.2 | Pe=0.3
Planar 10 2 2 2 2 2 2
Outerplanar 8 1 1 1 1 1 1
Square grid 9 2 2 2 2 2 2
Square grid 16 3 3 3 3 3 3
X-tree 15 3 3 3 3 3 3
Binary tree 15 2 2 2 2 2 2
Hypercube (3-D) | 8 2 2 2 2 2 2
Hypercube (4-D) | 16 4 + 4 4 4 4
Hypercube (5-D) | 32 7 7 6 7 7 7
Complete graph | 6 2 2 2 2 2 2
DeBruijn graph | 8 2 2 2 2 2 2
Table 6.26
Algorithm: GA
Model: Rook
Embedding method: horizontal-vertical
Mutation Operator: Insert
Probability of mutation P, 0.2
Probability of Crossover Pc =0.1. 0.2. 0.3
GRAPH NUMBER CX PMX
OF
NODES Pc=0.1 | Pc=0.2 | Pc=0.3 | Pc=0.1 | Pc=0.2 | Pc=0.3

Planar 10 2 2 2 2 2 2
Quterplanar 8 1 1 1 1 1 1
Square grid 9 2 2 2 2 2 2
Square grid 16 3 3 3 3 3 3
X-tree 15 3 3 3 3 3 3
Binary tree 15 2 2 3 2 2 2
Hypercube (3-D) | 8 2 2 2 2 2 2
Hypercube (4-D) | 16 4 3 4 3 3 3
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Hypercube (5-D) | 32 7 8 6 7 6 7
Complete graph | 6 2 2 2 2 2 2
DeBruijn graph | 8 2 2 2 2 2 2
Table 6.27
Algorithm: GA
Model: Rook
Embedding method: horizontal-vertical
Mutation Operator: I[nsert
Probability of mutation Py,: 0.4
Probability of Crossover Pc =0.1.0.2. 0.3
GRAPH NUMBER CX PMX
OF
NODES Pc=0.1 | Pc=0.2 | Pc=0.3 | Pe=0.1 | Pc=0.2 | Pc=0.3
Planar 10 2 2 2 2 2 2
Outerplanar 8 1 1 1 1 1 1
Square grid 9 2 2 2 2 2 2
Square grid 16 3 3 3 3 3 3
X-tree 15 3 3 3 3 3 3
Binary tree 15 2 2 2 2 2 2
Hypercube (3-D) | 8 2 2 2 2 2 2
Hypercube (4-D) | 16 4 4 3 4 3 4
Hypercube (5-D) | 32 7 6 8 8 7 7
Complete graph | 6 2 2 2 2 2 2
DeBruijn graph | 8 2 2 2 2 2 2
Table 6.28

Table 6.25 shows that the best pagenumber obtained for the 3-D hypercube and
deBruijn graph is 1. Both results are produced by the swap mutation operator (pm=0.2)

and the PMX crossover operator (pc=0.3).

Table 6.29 is a comparison between the DC. MC. and GA algorithms for two-
dimensional edge embedding methods. The rows show the various graphs with the same
specifications as the ones in the tables shown earlier. and the columns represent the edge
embedding method. For each graph and edge embedding method, the table shows the
minimum pagenumber obtained and the algorithms that obtained them. The best

pagenumbers obtained for each graph are in bold.
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GRAPH SQUARE ROOK ROOK
STRAIGHT-LINE STRAIGHT-LINE HORIZONTAL-
VERTICAL
Pagenumber | Algorithm | Pagenumber | Algorithm Pagenumber | Algorithm
Planar 2 GA, DC. 2 GA.DC. 2 GA, DC,
MC MC MC
Quterplanar | 2 GA, DC. 1 GA. DC, 1 GA. DC.
MC MC MC
Grid 1 GA. DC, 2 GA, DC, 2 GA. DC.
MC MC MC
Grid 1 GA. DC. 4 GA. DC, 3 GA
MC MC
X-tree 2 GA. DC. 3 GA. DC, 2 DC. MC
MC MC
Binary tree 2 GA. DC, 2 GA. DC 2 GA. DC.
MC MC
3-D 2 GA, DC, 2 GA. DC, 1 GA
hypercube MC MC
4-D 3 DC, MC 4 GA. DC. 3 GA. DC.
hypercube MC MC
5-D 5 DC. MC 8 GA. DC. 6 GA. DC.
hypercube MC MC
Complete 3 GA, DC. 3 GA. DC. 2 GA. DC.
graph MC MC MC
deBruijn 2 GA. DC. 2 GA. DC. 1 GA
MC MC
Table 6.29

The square straight-line method showed the best results for the square grid and 4-
D. 5-D hypercubes. The rook horizontal-vertical method performed best with the 3-D
hypercube. complete graph. and the deBruijn graph.

Although the GA was expected to pertorm better than the other two algorithms (
due to fact that the entire population was being evolved to produce fitter individuals. by
using a combination of various crossover and mutation operators, and their probabilities).
the only time it outperformed was with the rook horizontal-vertical technique used to
embed the 16 node grid, 3-D hypercube. and the deBruijn graph.

The two hill climbing algorithms. DC and MC outperformed the GA thrice- twice
with the square straight-line method (4-D. 5-D hypercubes). and once with the rook
horizontal-vertical method (X-tree).

Further tests with genetic algorithms can be conducted by using other
combinations of crossover and mutation operators. with varying probabilities.



The following tables give the timing of the various algorithms in seconds. Timing

in seconds is obtained by dividing the processor time by the number of ticks per second.

Algorithm: DC
Model: 1-D
Mutation operator: swap
GRAPH NUMBER | TIME IN
OF SECS
NODES
Planar 10 0.020
Outerplanar 8 0.020
Square grid 9 0.010
Square grid 16 0.120
X-tree 15 0.120
Binary tree 15 0.010
Hypercube (3-D) | 8 0.010
Hypercube (4-D) | 16 0.230
Hypercube (5-D) | 32 8.743
Complete graph | 6 0.010
DeBruijn graph | 8 0.020
Table 6.30
Algorithm: MC
Model: 1-D
Mutation operator: swap
GRAPH NUMBER | TIME IN
OF SECS
NODES
Planar 10 0.010
Outerplanar 8 0.010
Square grid 9 0.020
Square grid 16 0.140
X-tree 15 0.130
Binary tree 15 0.030
Hypercube (3-D) | 8 0.010
Hypercube (4-D) | 16 0.300
Hypercube (5-D) | 32 9.884
Complete graph | 6 0.020
DeBruijn graph | 8 0.020

Table 6.31



Algorithm: GA

Model: 1-D
Mutation operator: swap
Pn: 0.2
P.: 0.1
S—
GRAPH NUMBER | TIME IN
OF SECS
NODES
Planar 10 0.020
QOuterplanar 8 0.020
Square grid 9 0.020
Square grid 16 0.030
X-tree 15 0.020
Binary tree 15 0.020
Hypercube (3-D) | 8 0.020
Hypercube (4-D) | 16 0.030
Hypercube (5-D) | 32 0.110
Complete graph | 6 0.010
DeBruijn graph | 8 0.030
Table 6.32
Algorithm: DC

Model: Square

Mutation operator: swap
Embedding method: straight-line

GRAPH NUMBER | TIME IN
OF SECS
NODES
Planar 10 0.030
Outerplanar 8 0.030
Square grid 9 0.040
Square grid 16 0.461
X-tree 15 0.371
Binary tree 15 0.060
Hypercube (3-D) | 8 0.020
Hypercube (4-D) | 16 0.881
Hypercube (5-D) | 32 27.92
Complete graph | 6 0.040
DeBruijn graph | 8 0.041
Table 6.33
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Algorithm: DC
Model: Rook
Mutation operator: swap

Embedding method: straight-line

GRAPH NUMBER | TIME IN
OF SECS
NODES
Planar 10 0.020
QOuterplanar 8 0.020
Square grid 9 0.010
Square grid 16 0.090
X-tree 15 0.100
Binary tree 135 0.020
Hypercube (3-D) | 8 0.010
Hypercube (4-D) | 16 0.220
Hypercube (5-D) | 32 5.889
Complete graph | 6 0.010
DeBruijn graph | 8 0.010
Table 6.34
Algorithm: DC
Model: Rook
Mutation operator: swap
Embedding method: horizontal-
vertical
GRAPH NUMBER | TIME IN
OF SECS
NODES
Planar 10 0.030
Outerplanar 8 0.030
Square grid 9 0.040
Square grid 16 0.461
X-tree 15 0.371
Binary tree 15 0.060
Hypercube (3-D) | 8 0.020
Hypercube (4-D) | 16 0.881
Hypercube (5-D) | 32 27.92
Complete graph | 6 0.040
DeBruijn graph | 8 0.041
Table 6.35
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Algorithm: MC
Model: Square

Mutation operator: swap

Embedding method: straight-line

GRAPH NUMBER | TIME IN
OF SECS
NODES
Planar 10 0.030
Outerplanar 8 0.040
Square grid 9 0.040
Square grid 16 0.581
X-tree 135 0.460
Binary tree 15 0.110
Hypercube (5-D) | 8 0.030
Hypercube (4-D) | 16 1.041
Hypercube (5-D) | 32 30.92
Complete graph | 6 0.050
DeBruijn graph | 8 0.040
Table 6.36

Algorithm: MC
Model: Rook

Mutation operator: swap

Embedding method: straight-line

GRAPH NUMBER | TIME IN
OF SECS
NODES
Planar 10 0.010
Outerplanar 8 0.010
Square grid 9 0.010
Square grid 16 0.130
X-tree 15 0.130
Binary tree 15 0.030
Hypercube (3-D) | 8 0.010
Hypercube (4-D) | 16 0.260
Hypercube (5-D) | 32 6.719
Complete graph | 6 0.020
DeBruijn graph | 8 0.010
Table 6.37
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Algorithm: MC

Model: Rook

Mutation operator: swap
Embedding method: horizontal-
vertical

GRAPH NUMBER | TIME IN
OF SECS
NODES
Planar 10 0.010
Outerplanar 8 0.010
Square grid 9 0.110
Square grid 16 0.160
X-tree 15 0.031
Binary tree 15 0.010
Hypercube (3-D) | 8 0.250
Hypercube (4-D) | 16 0.881
Hypercube (5-D) | 32 6.269
Complete graph | 6 0.020
DeBruijn graph | 8 0.020

Table 6.

W




Algorithm: GA

Model: Square

Embedding method: straight-
line

Mutation operator: swap

Pm: 0.2

P.: 0.1
R
GRAPH NUMBER | TIMEIN
OF SECS
NODES
Planar 10 0.030
Outerplanar 8 0.030
Square grid 9 0.030
Square grid 16 0.050
X-tree 15 0.050
Binary tree 15 0.020
Hypercube (3-D) | 8 0.030
Hypercube (4-D) | 16 0.040
Hypercube (5-D) | 32 0.110
Complete graph | 6 0.030
DeBruijn graph | 8 0.020
Table 6.39
Algorithm: GA
Model: Rook

Embedding method: straight-
line

Mutation operator: swap

Pn: 0.2

P.: 0.1
R
GRAPH NUMBER | TIME IN
OF SECS
NODES

Planar 10 0.020
Outerplanar 8 0.020
Square grid 9 0.020
Square grid 16 0.030
X-tree 15 0.030
Binary tree 15 0.020
Hypercube (3-D) | 8 0.020
Hypercube (4-D) | 16 0.030
Hypercube (5-D) | 32 0.080
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Complete graph | 6

0.020

DeBruijn graph | 8

0.020

Table 6.40

Algorithm: GA
Model: Rook
Embedding method:
horizontal-vertical

Mutation operator: swap

Pn: 0.2

P.: 0.1

GRAPH NUMBER | TIME IN
OF SECS
NODES
Planar 10 0.020
Outerplanar 8 0.020
Square grid 9 0.020
Square grid 16 0.030
X-tree 15 0.030
Binary tree 15 0.020
Hypercube (3-D) | 8 0.020
Hypercube (4-D) | 16 0.040
Hypercube (5-D) | 32 0.110
Complete graph | 6 0.020
DeBruijn graph | 8 0.020
Table 6.41
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CONCLUSION

We have implemented DC. MC. GA algorithms for the 1-D problem. and tested
various graphs mentioned in the literature review. Optimal pagenumbers obtained for
most graphs show that these algorithms are reasonably good heuristic methods for
optimization problems.

We have introduced two 2-D layout models for embedding edges along with two
edge embedding techniques. A number of experiments were conducted in order to
ascertain that these modelis would yield reasonable pagenumbers.
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8. FUTURE WORK

The pagenumber problem has been vastly studied with respect to the 1-D model.
However. new models for embedding are vet to be studied and remain an interesting
topic for further research. We have introduced the square and rook models for embedding
edges. Using these two models, different edge- embedding techniques can be researched.
Tests were conducted using the straight-line and horizontal-vertical method on the rook
model. and the straight-line method on the square model. The horizontal-vertical method
for the square model can be implemented for the various hill climbing and genetic
algorithms.

Another fruitful area for further research is testing the rook. square. and other new
models with ditferent heuristic techniques such as tabu search and simulated annealing.
Our results could be used as initial solutions in order to test these other techniques. More
efficient crossover and mutation operators can be designed to further improve the
pagenumber. The various methods and models for edge embedding can be tested with
different types of graphs like star. pancake. higher dimension graphs. etc.

Further work on developing a better heuristic for initialization may improve
results and place the layouts in a part of the search space more conducive to evolution.
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10. APPENDIX

~

Code for the DC, G

found here. The

MC,
follow

File: inverse perm.c

tt

/'w

void InversePermutatio
ne_of ned
/*Tnour:

~ o

e3)

Cutpuz:
{

— e
foe e

=

ing min_ab,max_ab,mi

bool Intersecrt;

1L

else
{
min_cd
}
Intersect false;
if (min_ab < min_cd
Intersect
if (min_cd < min_ab
Intersect
return Intersect;

}

-
o

in

n

2k and

intarsection between

d

11

1

n_zd,max od;

i
fu
n

ob

&& min_cd < max_ab && max_ab < max_cd)
true;
&& min_ab < max_cd && max_cd < max_ab)
true;
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File square.c

/xv*v*+rhese funcrions determine whether o
model intersect~/

"~
ol
0
Ial
[}
b
al
M
n
=
o)
Il
M
n
Q
s
o
[
[}

void ConvertToCoordinates (int Al, int A2, int A3, int A4, int
*xl,int~yl,int *x2,inc~* y2,int -x3,int *v3,int *x4, int+*yd,inc
N{max_nodesj, int no of ncdes)

{

int IP[max ncdes];
Inverse?ermu:at;on(N,IP,no_a: ncdes) ;
vyl lime=V ITDINT Y /1y .

oo - R L AL A

*yl={ IP[Al]3k };

*x2=(lnt) (IP{A2]1/k);

vyZ={ IP[A2]%k);

*x3=(int) {IP[A3]/k);

*y3=( IF[A3] kj:

*xd4={int) { H

IP[Ad]/
]

“yd=( IP[A4 ‘k);

int nx,ny,vectors, vec

/* determine normal</

nx=yl-v2; ny=x2-x1;

/*determine A2Aa4+/

veﬂtorx=x4--2; vectory=yd-y2;
f{(nu*vectorx + ny-vectory)>0)
return true;

21lse return false;

bool Int_Edges(int xl,int yl,int x2,int ¥2,int =3, int v3,int x4, inz v4)
{

int a,b,c,d,e, t;
float u;

tloat wv;
a=xl-x2;
b=x4—x3'

=x1-x3;

d=yl—y2;
e=yd-y3;
f=y1-y3;

if (a*e-b*d==0)
{
if (a*f-c*d==0) //overlapping lines
{
if (x1==x2)
return {Intersect_l D(yl,y2,y3,vy4));
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}
else
{
u=(float) {(flcatc) (c*e-b*f)/{float] ‘a~e-b*d));
v=(float) ((float) (a*f-c~d)/(float) {a~=-b+*d));
1 u<0 |ju>l |tv<Ql|v>l) return false;
1f{u>0 ssu<l &&v>0 &§v<l) return true; //intersecting lines
LE({u==0{tu==1) && {(v==0]|v==1}) return false; //common end coint
1f{u==0 &&v>0 &&v<l) return ( SameSide {: v1,22,y2,x3,y3,x4,v4));
L1E{u==1 «&v>Q &&v<l) return ( SameSide(: v2,x1,vy1,%3,v va));
L80w==0 qgu>? gousl) re-urn Camelidelxi, vi, x4,y ,52,v1, 32,92,
LE(v==1 &su>0 &&u<l) return { SameSide(xd,vd,x3,y3,xl,vi,x2,v2);
}
return{truaj;
I
bool Straight Line Square(int Al,int A2, inz A3, int A4, int
Nimax nodes], int nc_of nodes)
{
int x1,v1,x2,y2,x3,v3,x4,v4;
ConvertToCoordinates (Al,A2,A3, Ad, & tpAayl, and, Syd, ax3, wy3, &xd, ayd, N, ne
£ nodes);
return(int_Edges (xl,yl,x2,y2, 23,3, =21, 400,

File: rookstraight.c

/*OBTAIN COORDINATES CF EDGES AlA2 aAND A3ad«/

bool Straight_Line Rook(int Al,int A, iat A3, int A4, int
Px[max_nodes], int Py[max_nodes],int no _of nodes)
{

int x1,v1,%x2,y2,x3,vy3,x4,v4;
x1=Px[Al];yl=Py[Al];

%2=Px[A2];y2=Py[A2];

x3=Px[A3];y3=Py{A3];

x4=Px[Ad];yd=Py[Ad];
return(Int_Edges(xl,yl,x2,v2,x3,v3,x4,vy4)};
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/* these Zuncrions determine if edges intersect in rook model~/

int min{int x,int ¥)

{

1f (x<=y)return x;
lse return y;

Lo{u>»=y) return u;
2ise return y;

3,v3,z24,v4;

#l=Fu[Al]; vyi=By[Al};
c2=Fx{A2]; v2=Py[A2];
x3=Px(A3]; v3=Py{A3];
23=Px[Ad]; v4=Py[Ad];

L0 {min(xl,x2)<xd & md<max(xl, =2} % min.y3,vd)<yl i&
Ji<max(y3d,yd)) )
intersection=true;
I ( (min(x3,x4)<x2 && x2<max(x3,xd)} & minivl,y2)<y3 Qs

-

yi<max(yl,y2))
intersection=true;
return{intersection);



File: pagenumber.c

/***these functions determine the pagenumcer of a

Dim(int a,int b,int ¢, int 4, in-

1;
on(N,I?,no_of ncdes);
= 1 D{IP[{a},IPIb],I2[ct,I2[d]:});

ink = newnode;

newnode->11
nptr=>link = newn

A

wnile (hptr->pagenc !'= j~+1)
{

r

o]

‘0

[ 1]

S = hptr;
T hptr->link;

it

)

}
newnode->link = pres->link;
pres->link = newnode;



1o

max_edges] (2]

]
_0f nodes,int no cf adges)

]
0O —

0
[#]
'O

ol cross;
pages=1;
head= (struct ncde -} malloc{ sizeof(struct ncde!);
head->pagenc=1;
head->nodel = Z(2]{0];
head->ncdeZ = Z[0]{1]; /*first adge in £ is =mbedded in cage L)v/
head->1link = HNULL;
for 1,1 < no I adgez;iss
1

a =E[1]12]; b =20(i][1]; /~take next 2dge =0 te =mbedded-/
=%

ctr =head;

de

23132

hile{ptr->ragenc!=7)
el D R R R
crr=gtr=>link;
whils [ptr!=NULL 4§ ptr->pageno == * §& ! cross |

Z3se 1: Iross = Intersect_L_DLm a,0,2,4,N,0Cc I noaes
Craak;

tase -: 2ross = Straight_Line Sguare(a,b, s, d,M,no 7 nodes);
oraax; -

Zase I 2ross =

Straljnt_line Rookl(a,b,c,d, Px,Py,no Sf_ncdes'; Draas;

Zase 4: Cross = Hor Vert Rook(a,b,,d, Bx, By, nc 27 nsi123);

s

}
otr = gtr->1i

}
}while{cros
rnewnode=(st

\

s);
malloc({sizeof (struct node));

3

3
1]
k)
3
(e}
Q.
®
|
A4
ja
0]
Q.
@
™
[

if (cross)
{

—
~

ages = pages +

g

newnode->pageno is
NewPage (¢head, newnode); //insert newnode at end of

,4
b
[
ct
~
~

else
{
newnode->pageno= j;
AddEdge (], &head, newnode, pages) ;
}
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—

free (hesad);
/*orintf{"pa
raturn page

[N
n

recturn

X7
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File: SquareGrid.c

'O
[
1
(]
4]
-t

'y
M
1
o}

Vo]
m
W
]
1

/* this function com

int SquareGrid(int Z{max =dgesi (2}, int no_of nodes)

{

int x=0,1i, sqroot, row=l,

sqroot=sgrt (no_or_ncdes

for (1=0;i<no_of nodes;i++)
{

col=i;
)

’

1f{++col>sgrooz!
{
sol=1;
row++

)

ile: X tree.c

[ 1)

a x tree*/

18

/+« this IZunction computes the =2dges o
int X_tree{int E{max_edges}| (2!, int no 0f nodes)
{
nt x=0,1, row=1,pos=1;
for(i=0;i<no_of nodes;i~+)

{

if(row< no_of nodes/Z)//not in bottom row

—_—

Elx] [0]=1i;
E(x] [1i=1*2+1;
X++;

Efx] [0]=1i;
Elx][1]=1*2+2;
X++;

}
if(row>l) //not in top row
{

if(pos!=row)

{

3 square grid-/
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Tile: N D Tree
/* £his functiocn
int N D Tree(i
int =x=0,child
for(i=0;i<no
{
for{child=
!
if(ch
zix] !
Elx]{
e
4
}
recurn x;



Fil=: cube.c

b

for{i=0;i< no_of nodes;i++}
for(j=0;3i<d;j=+)
nodes{i][j]=0;

ncdes(1ljld-1]=1;

ftorli=2;i< nn af nodes; i++!

r=fmod{cemp, 2},
nedes{ii [(ji=r;
Li{g==1)

nodes (i) [i-1]=q;

reverse (int i,int d)

-
=

in
n

S .
Jr

@ ~

v_array([max_dim];

[

[STNS Bla |

”
~.

n

%
-1
for (j=0;j<d;j++)

P

rev_array(jl=x;
K==
}

return rev_array(il;
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int bin o _dec(int bits[max dim],int bic,inc 4)

{

ey

@]
Mot
|

1}
O
|-

A

Avpercups (1nt E[max edges] {2],int d,int
nt x=0,L,2ic, j,dec;
a1t ncdes{max nodes| (max dim};

niz_ncdes{ nodes,d,no_of nodes);
or{i=0;1<no_of nodes;i++)

criolic=d;pbit<d;pic++)

92



File: RandomE.c

void RandomEdges!int Z{max edges][2],int Rimax =dgesi{l],int

no_of_edges)
{
int i,3=0;
int ctempimax sdgesi;
for{i=0;i< no_of =adges; i++)
temp{ij=randcm(2);//3enerate bit string
for (i=0;i<nc 2of =dges;i++)
{ -
-{”.:mp[v ==1)
/
R{JII0I=E(L102];
RijI{Lli=2{il71};
1
:
i
for(i=0G;i<nc of =dges;i-+)
1

izial populiation Zor =ne

e} [max nodesj, int
size] (max_ncdes], int
odes, int no_cit _2dges)

int i,3,d;
int templimax _=dges], temp2 [max_ncdes];

R
(0%
+

for(d=1l;d<gop_si
{
3=0;
for (i=0;i< no_of_sdges;i++)
templ[i]=random(2 ):;//generate bit string
for (i=0;i<no_of_ edges;i++)
{
if(templ{i]==1)
{
E(d] {31 (0]1=E[d-1][i] [O]
E{d][j]1([1]=E({d-1][i] (1]
j++;
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}
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O
1
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r
2
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~
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N\
-y
b
ty

/* this function returns 3 real number between 0 and 1 */

float realrandom()

int x=random(pop size+l);
float y=(((float) x)/pop_size);
return y;
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File: copynodes.c

/* assigns one array of nodes to another+/

void AssignNIN2 (int Nex:zM[max ncdes], int N[max nodesj,int nc of nodes:
/* NextM{i]=N{0] -/ o
{
int i;
for{i=0;i<nc_of nodes;i--)
NextN{i]=N{i};
File: swapl.c
/*swaps nodes=*/

o
=
[oN
w
Z
n
'O
=
t
jo |
ct
m
o
=
58
|
s
@]
o8
W]
n
=
3
I
s
]
3
'
(A
81
o]

int templ, templ, c2mp;
cempl=j;

templ=ran;
temp=NextN|[templ];
NMextN{templ]=NMexuoN[tamc. ' ;
NextNltemp2]=rn=mp;
File:inserzN.:

/*inserts a node~/

void insercN({in= NMextN[max nodes],int j, int ran)

t temp,i;
if({ran>=3j)
{
temp=NextN[ranj;
NextN{ran]=NextN[:];
for(i=j;i<ran-1;i--:
NextN[i]=NextNii-1];
NextN[i]=temp;
}
else

{
temp=NextN{ran];
NextN{ran]=NextN({j];
for(i=j;i>ran+l;i--)
NextN{i]=NextN[i-1];
NextN[i]=temp;

.
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File: copyedges.c

int i;
fer( i=0;i<nc_of =dges;i+-)
{
EL{I][O]=E2[1}[0};
EI[L][1]=E2(1]j[1];

int templ, templ, x, v;

templi=7i;

templ=k;

x=NextE[templ] [Q];
y=NextEltempl; (1];
NextE{cempl]'O]=NeztE;temp2I‘f ;
NextEltempl] ] “tE{tempZ) il
NextE{[Temp?2] 1

NextE[temp?l | i
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NextPx[pop siz
NextPylpop_size

int i,3,K;
//assign nodes
for!{i=0;1i<pop size;i++)

NextM[L][31=N[1i]{i);
NextPw{i]{]j]=Px[i] ]!}
NextPy(i] [§]=Py[i] (3]

foz{i=0;i<pop_size;i+~+)
for(j=0;Jj<no_of nodes;j++)
for (x=0;k<2;k++)
MextE[L] [J][kI=E[i][:
File: omx.cC

/*PMX CROSSOVER CPERATOR*/

int sl,s2,i,j,k,temp?[max_ncdes},:empM{max_nodes],:emp;
AssignNIN2 (childl, father,nc of nodes);
AssignNINZ (child2,mother,nc of nodes!;

sl=random(no_of nodes):
2=random(no_of nodes);
orii=sl+l;i<=s52;i++)

~~ rn4 0

temp=childl[i];
childl{i]=child2[i];
child2[i]=temp;

}

//child 1

3=0;
for(i=sl+l;i<=s2;i++)

— e ~

void crossoverPMX(int Zather[max nodes,, int mother max n
hildl{max nodes], int child2{max ncdes,:

odes], int



temp?[j]=childl[j];
temeM(jl=child2(j];
i

if{tempF{x]==childil[i])}
childl[i]=rempM(k}];
for{i>=s2+1i;i<no of nodes;i++)
LfltempF{kl==childl [i])
childil{i]=cempM[k];
e
//child 2

<)
for{i=0;i<=gil;i++)
LfltempM(k

(AR
9]
”
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int i;
for{i=9;i<nc of nodes;i++)
iZisearch pattern==array(i])
Ll e YR .
oos=i;
raturn{crue);
rezurn. rfailss};
y//end cf Zunction
7old GertcyclaCrosscoverfeositions{ing parentiimax ncodes), int
parentcimax ncdes], Lnt oycle positicon(max ncdes!,ins oz 37 nodes)
{
{
lnt s7arw _goint, intermediate, pos=0;
nt 1=7;
start coint=par=nctl(l];
Intermadiitea=scarent2({0};
do
{
1Ii3=a .inArray(parentl, intermediate, 4pos,no 57 nodes

max _nodes}], int mother[max nodes|, intc
(max_ncdes], int no_oif nodes:

/*Create childl and child2. Childl has father as its dominant parent,

rh
=
ty
n

child2 has mother. To begin with, let childl and child? -ake ~he
element
of their dominant parent*/

childli0]j=father (0]
child2!0]=motherlQ]

~, e

/*To determine the rest of the characteristics of the children, find
the
positins that belong to a complete cycle. For details, on cyclic

1
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wapnodes.

)
-+
r_4
[
w

8]

[}
(o]
Y
2]
fir
o
¢

}-

U

b
(o]
A

4

4

4

.

4

/****~this function swaps ncdes in order ¢

void SwaoN(int NI
no_of nodes)
{

icze==1| ,mathcd_cholce==2)

more neighicrsN=true;more neighborsPxy=f

alse;

1
!
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File: Opt2.c

F

/***~*this function performs 2-0PT mutation i
- /

neighbor«~*~~;

void OptN(int N[max nocdes],int NextiN[max ncdes], intvgl,

no_of ncdes)
{
int index,temp, i,
if{methed_cheoice==1) method choice==2)
.
{

more neighbcorsiN=true;mcre neighborsFxy

}

1

el

"
-

!
2l32

.
‘0
[N o5
1l
.
'C
s
T
o

I=rolyi=rri;
cemp=NextN’i;;
NextN[i]=NemoNi*1;
NextN[j]l==2mc;
(*pil)+~;

if(method_choice==1| |method_choice=
more neighbcersN=false;
else more neighborsPry=false;

)



/*****this funcrion inserts ncdes in order to form i neighbgor=~+-~/

vold InsertN{int N[max nodes], int NextN[max nodes],int*pl,int p2, int

3

int index, cemp
if{metho i
{

(=304 i _
Nextillindex]=N[index];
1f{*p2<no of nodes-1)

{ L ; ’
MextN{*pd|=NexzMN[-oli;
for{i=*pi;ia{ pll=1;5++)

NextN{i]=NexcMli+1l];
Nextlii=tzmp;

cemp=NextN{pli;
NMextNlvpli=NexzN{-clj;
forii=rgli;ix "pli~-i;i--)
NextN[Li]=NexcN[i-11;
NMextN[i]=t2mg;

1f(*pl!=no_of ncdes-1)

temp=NextN[*p2];
NextN(~p2l=NextN[-pl

( I:
for(i=*pl;i<(=p2)-1;i++)
NextN(i]=NextN[i+1];

NextN(i]=temp;
else

{
temp=NextN[*p2];

1i6



NextN{-p2]=NextN{~-gl];

for{i=*pl;i>{*p2)~-1;1i-=-}
NextM[i]=NexcN{i-1];

NextN[i|=temp;

1]
._4
U —~
1]

File: swapedges.:

DosZe++;
templ=Nextk
MextE[posle
NextE[posle] {1]=Next
NextE[pos2e

}
else
{
if(posle!=no_of edges-1)
!

v

posle++;

pos2e=0;

templ=NextE(posle] [0]; -empZ=NextE[posle]{l];
]

=
()
x
o
[&7]
geol
e}
n
=
®
(@]
[
Z
[
s
T
a3}
‘0
o)
n
pa
13
(@]

NextE[posle] [1]=NextE([posZe][1];
NextE[pos2e] [0]=templ; NextE[pos2el[lj=temp2;

}

else
more_neighborsE=false;
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File: DC.c

[ vevet v~ eTy

i
~3
i
o]

{IS PROGRAM USES THE DIRECT KILL CLIMBING !
DETERMINE ZAGENUMBERS~~<*~~/

/ defiine scme preprocessor directives«/
#include<scdio.n>
#include<scdlip.h>
#include<malloc.n>
#include<conic.n>
#include<math.nh>
/v derf znd 3lcpal variabless
strucst ncede

Nt gagjgenc;

inTt ncdel;

int nodel;

struct nederlink;

2y

bool more neighborsN,more neignborsE, more nsizhbirsfuy;
int cosie,pcesle;

finclude<c:\thesis~-1\Opt2.h>
#include<c:\thesis-l\insertnodes.h>
#L“clude<c:\tﬁeSls—’\swapnodes n>
$include<c:\thesis-1l\swapedges.h>
#include<c:\theszs—l\inverse_perm.h>
#include<c:\thesis-1\1-D.h>
#anlude<c \thesis-l\square.h>
finclude<c:\thesis-i\rookstraight.h>

#1nclude<c:\thesis- \rookHV.h>
#include<c:\thesis~1l\pagenumber.h>
f$include<c:\thesis-1l\complete.h>
#include<c:\thesis-1\Outerplanar.n>
#include<c:\thesis-1\SquareGrid.h>
#include<c:\thesis-1\x tree.h>
#include<c:\thesis-1\N_D_Tree.h>
#include<c:\thesis-1l\debruijn.h>
#include<c:\thesis-1\cube.h>
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void m
{
inT n
ingt p
M
int N
int N
int F
int 7

i

n
(

8%

2332
case
case

}

=M MW 0O O
= — 3

Z R

o on|

3
R

.

()

4

(3]

o

— 0
8]

r

3

ASINY

~

v

L}

$m oz

Ve
S

main function~/
\
!
_nodes,no_of edges;
,00szn, cesPxl, pesPxrl, poseyl, cos?
[max_nodes],Next?x{max_“odes],Ne
[max_edges] (2];
_ncdes|;
_adges][Z}];
x_ncdes], Py[max_nodes];
N2,%i,3raph,depth,m, b, dim;
ph l->complets, I->Curc
tex D-ary tree, o->depru’
):
grinti(”\n =nter num of ncdes");
scant(":d", &no_of nodes);
no_of_sdges=Complers(E,no of
breax; B
orinci{"\n enter num of ncdes";
scant (" a",sno_of ncdes);
no_ot_adges=Outerplanar(E,no_sf
preax;
erinti!"\n =2ntar num 2f nodes';
scan:(":d",&no_of nodes);
no_oI_=dges=3quareGridi{Z,ne of n
break; N
crinti{”"\n enter num of nodes"';
scant(":d", &no_of nodes);
ne_ci_=dges=X_tree(E,no_of nodas,
creak; -
printi("\n enter num of nodes"';
scant ("3d", &no_of nodes);
printi{"\n enter depth");
scani (":d", &depth) ;

no_of_edges=N_D_Tree(E,no_of nodes,

break;

orintf("\n enter m and o");

scani("id d", &m, &b);
no_of necdes=pow{m,b);

~
~

ecth)

no_of_edges=debruijn(E,no_of nodes,m, ) ;

break:

printi("\n enter dimensions");
scanft ("3d", &dim) ;
no_of nodes=pow(2,dim);

no_of_edges=hypercube(E,dim,no_of nodes);

break;

printf("\n OPERATCR:1-> SWAP, 2->INSERT,3-> 2-0PT")
scanf ("3d", &op_choice);

printf£("\n METHOD: 1-> 1-D, 2 ->STRAIGHT_LINE SQUARE, 3 -

>STRAIGHT_LINE_ROOK, 4->HOR_VERT_ROOK");



-~ U

¢ initialization o
)

(a )
o}
o]
Q.
M
tn

nodes; i++

zh{op
sase L
case 2
case 3

if (method chcice==1

ce==1|
InsertN(N,Nex:N,&posLn,ipcs;:,nc 37 nodes)

insertN(Py, NextPy, &po
}

pbreak;

n
el
S\
y—
I
el
O
7))
"‘)
[S9]
3
O
O
r
o
(0]
o}
[
i

if (method_choice==1|Emethod_:hoxce
OptN(N,NextN,&posln,&poszn,no_of_nodes);
else

{
OptN (Px, NextPx, &posPxl, 4posEx2,no_of nodes);
OptN (Py, NextPy, &posPyl, éposPy2, no_of nodes);

}

break;



pagenumbe:(Nex:N,E,Nerth,Nexch,no_
1E{BN2 < PNIj
if (methcd_choice==1j|method choisz
{ -
for(i=0;1i<no of nodes;i++)
N[i]=NextN[i];
}
els=
i
ftor(i=0;1<no of ncdes;i+-
{
~.,,r AT T o -t
TR LL ] THERLTN | LY L)
}
SMNiI=ENZ;
rwhilzsimcre ne.ghborsN) | imore neighborsfuy
cosile=0;poso==0;
de
{
SwagpE(Z,NextE,no_of =dges];
PNZ= gagenumecer (N, NextE, Px, Py,no 5L ncdes,
Lo {BMZ oL
farii=d;14n0o of =dges;i++)

twhile mcre neighborsk);

agenumper -d\n",2N1l);
=

for(i=0;1<no_of nodes;i++)
rincs{"sd\n ",N[i]);

( ;i<nc_of nodes;i++)
orincs("xd ",Py(i])

~e

!
for(i=0;i<no si edges;i++)
printf("(3d,¥d)" , E[L][0],E[Li][1]});
printf ("do you want to quit? l=yes, 0O=no"):
scanf ("3d", &choice);
twhile (choice==0};
getch();

~



File: MC.c

J¥ersrrrv~srexvTHTS DPROGRA
TERR LT rev e v e ONPTORMINE

/* define preprosessor Jdirectives~/

#include<stdic.n>
#include<szdlib.h>
include<mallicc.n>
include<math.h>

include<conios.n>

EIE TSy

#defi
#derfi
#defi

STruct node

/* include reguired fil=zs

#include<c:\thesis-i\Cgnl.a>
tinclude<c:\thesis-I\ins=artncdes.h>
#include<c:\thesis-il\swacnodes.h>
#¥include<c:\thesis-1\swacedges.h>
#include<c:\thesis-1\RarndomE.h>
#include<c:\thesis-1\inv=rse perm.h>
#include<c:\thesis-1\1-2.nh>
#include<c:\thesis-1l\sguare.h>
finclude<c:\thesis-1\rsckstraight.h>
#include<c:\thesis-1\rookHV.h>
#include<c:\thesis-1l\pagenumber.h>
#include<c:\thesis-i\complete.n>
#tinclude<c:\thesis-1\Quterplanar.h>
#include<c:\thesis~1\SquareGrid.h>
#include<c:\thesis-1\x_tree.h>
#include<c:\thesis-1\N _[_Tree.h>
#include<c:\thesis~1\debruijn.h>
#include<c:\thesis-1l\cube.h>

HILL

CLIMBING M

~mrr

Lin

oL 10
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/*main function~/
void main ()
int no_of_nodes,no_cfi =dges;
int posln,poszn,Dostl,pos?xZ,;os?yl,posPyZ,:holce
int NextN[max_nodes],Hex:?&[max_ncdes],Nert?y[max_
int NextE[max_edges][2]:
int N{max ncdes];
int Eimax =dges}{2];
int R[max _edges][2]:
int Px[ma:_nodes],?y[max_wocesl;
int BNI1,PNXE, BMVD, PNMI, i, 3ragh, 3depth, T, b, dimg
dc
{
crintf("enter graph l-“compi=ts, I->Outerplanar,
»u_tree, 5-> N-vertax D-iry trzs,d->depbruiin, T->nyp
scani{":d", agraen);
switch{graph)
{
zase 1: print:
scanzt
no of
break
zase 2: prinrc
szant
no ot H
creak
zase 3: princ
scant
ne_of Y
break
tase 4: print:
scant
no_of_
break;
case 5: printi("\n enter
scant ("id", &no_of no
printf("\n enter depcch™);
scant ("*d", sdepth);
no_of edges=N_[ Tree={E,no_of_nodes,depth)
break;
case 6: printf("\n enter m and p");
scanf ("td id",am, &b) ;
no_cf nodes=gow(m,d);
no_of_edges=debruiin{Z,no_of nodes,m,b);
break;
case 7: printf("\n enter dimensions");

scanf ("%d", &dim);
no_of nodes=pow{Z,dim
ne_of_ edges=hypercube
break;
}
printf{("\n OPERATOR:1~-> 3SWAP, 2->INSERT, 3->2-0PT")
scanf ("%d", &op_choice);

);
(E,dim,no_of nodes);

’

’



MIil=1;
Dol 1mis
et = -
Pyiii=i;

i
3

=
.

zase

case 3:

H
eise
{
Swapui?x,ﬂext?x,ipcs?xl,&pos?x;,no_af_nodes;;
Swaph (Py, NextFy, sgesPyl, sposFyl, nc_si_ncdes);
preak;

if (method :hecicl
Ins=eroM (N, NMNex:

aelse

InsertN(Py, Next?Py, 400osPyl, 4cosPy2, no of nodes)
} -
break;
if

(method_choice==1|{method choice==2)
OptN (N, MextN, & osln,&poszg,no ¢cf no
else o

{

OptN(Px, NextPx, &posPxl, &posPx2,no_of nodes)

OptN(Py, NextPy, &posPyl, &posPy2,nc_of nodes)

}
break;

~e

~e

we



.UN,
Z
i

1

cagenumber (NextcM, E, NextPx, NextPy,nc of
if(PNXE < BN1] -
{
if (method choice e==1!!methcd choic
{
for(i=0;i<no_of ncdes;i--)
N{i]=Next WL*J'
}
else
{
Iori=0,i4n0 2% ncodozyio-
{
Puli]=Next?u[i];Pyv{i =Ne
}
b
PNI=PBNKE;

RandomEdges (£, R, no of _edges;;
PN¥R=
cagenumber {NextN, R, NextPx, Next®y, ne of

1€ (PNXR < PN1)

for(i=0;i<no_of _=dges;i--;
{

SwapE (E, NextE, no_of_edges
PNNE= cagenumber (N, NextE,
1f (PNNE < PN1)

for(i=0;i<no_of =dges;i++)
{
E[i] [0]=NextE[i]([0];
}
EN1=PNNE;
}

}while{more neighborskE);

printf("pagenumber %d\n",PN1);
if (method choice==1||method _choice==2)
for(i= O i<no_of nodes; 1++;
prlntf("%d\n 'L N[L])
else
{ for(i=0;i<no_of nodes;i++)
printf("sd ",Px{i]);

)
Px,Py,nc >{ node

t,
(h

Yoy
47
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/***~THIS FROGRAM US

w l"l

'vrvv-—"*'tf~/

ry

lared as double for ceil

verse perm.nh>
t _pop.hn>

#include<c:\thesi

#include<c:\zhesi -:\:quarn n>
#include<c:\thesis-1\rookstraight.h>
f#include<c:\thesis-1\rookHV.h>
#include<c:\thesis-i\pagenumber.h>
#include<c:\thesis-1l\realrandom.h>
#include<c:\thesis-1l\copynodes.h>
#include<c:\thes i -1\swapN.h>
#include<c:\thesis-1\insertN.h>
#include<c:\thesis-1\copyedges.h>
#include<c:\thesis-1l\swapE.h>
#include<c:\thesis-1\copypopulation.h>
#include<c:\thesis-i\pmx.h>
#include<c:\thesis-1\cx.h>
#include<c:\thesis-1\complete.h>
#include<c:\thesis-1\Quterplanar.h>
#finclude<c:\thesis-1\SquareGrid.h>
#include<c:\thesis-1\x_tree.h>

TIC ALGORITHM METHOD
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#include<c:\thesis-I\N D Tree.h>
finclude<c:\thesis-1\debruijn.h>
finclude<c:\thesis-I\zube.h>

mut_choice, cross cholice;

p_gi:ej[max_nodes],Nex:?:[pop_SL:ejfmax_ncdes.,ﬂe;:?y
_nodes!;
max_=2dges; [2];
esl,z{cop_size] {max _nodes],cx[pcop size; |
I, index{pop sizel;
=dges] (2] ;
_nodes],?Pyipop size| [max nodesj;
agedolpop_sicel:
{ocp_size];
int

int
fr:nerx[max_ﬁccesE,mo:herx[max_ncdesj,chLLalx[naA_QOGES‘,:r:-a-. man
des];

int
fathery[max_“odesi,mothery[max_nodesl,:hildly[max_ncdesj,:hiid;y\max
des];

int i{,3,m, et gages,l,n, T, ran,min pages;

flcat r,om,oc;

int 3jraph,m_debruisn, b, depth, dim;

int no_of ncdes,no I =dges;

do

{

printf("enter gracn l->ccmplete, 2->Outerplanar, 3->Squars 3rid, 1-
>X_tree, 3I-> N-vertzx D-ary tree, 6->debruiin, 7->hypercube™);
scanf{"*d", sgracn; ;

switch(graph)

{

case 1: printf{"\n enter num of nocdes");

scani(".d",&no_oi_nodes);
£ [0],no_of_nodes);

braak;
case 2: printi("\n enter num of nodes");

s {"‘d",&%no_cf_nodes);

n 2dges=Quterplanar(E(0], no_of nodes);

o ;
case 3: printf("\n enter num of nodes");
{":d",&no_cf nodes);

no_of_edqes=5quareGrid(E[O],no_of_nodes);

break;
case 4: printf("\n enter num of nodes");
scanf("3d",&no_of nodes});

no_of_ edges=X_tree(E[0],no_of nodes);

break;

case 5: printf("\n enter num of nodes");
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scarnf(":d", sno _cf ncdes};
orincf ({"\n ent=r depth");
scanti{"d", &depth) ;
no_or_=dges=i_C Tree(Z[0],nc of nodes,depth);
break; o
case ©: printf("\n =2nter m and p");
scant(":d :d",am debruiin,sb;;
ne_cri_nodes=powi{m debruiin,b);
no_orf_=dges=debruiin{Z[d],no of nodes,m debruiin,b);
break; T -
case 7: princi{"\n enter dimensions"!;
scanf{":d", sdim);
no_of_nodes=pow (2, dim);
no_ I _sdges=hyrersuie 00, dim, no Of nodes;;
breax; -
}
rinti("\n MUTATION OFERATOR:1-> 3WAP, Z->INSERT");
cani(":d", smut chcice);
rincz{"\n CROS§O‘«'ER QFERATCR:1->C, 2-> BMY"™);
cant ("id", scross cheoize);
rinzf("\n METHOD: 1-» 1-D, > ->STRAIGHT LINE SQUARE, I -
TRAIGHT LINE RQOOX, 4->HOR YERT RQOK"): -
canf(":id",imethed choize); -
rintf{"\n ENTER zm");
cang ("<", &pm);
rintf("\n EINTER zc"!;
canf (" cL", ipc);
£ {method choice==2,
{
//7k= c=ilisgrz(ne oI ncdes));
prints{"\n ENTER X" ;
scanfi{" d",ax);
}
//initialize first individual in population of ncdes
for(i=0;1<no_2f nodes; .-+
{
N[O} [i]=1;
Px[Q}[i]=1i;

//generate initial population

InitialPopulation(N, &, Bx, Py,no_of _nodes,no_of edges);
printf{" pop initialized"
m=0;
for(i=0;i<pop_size;i++)
{
PageNo[i]=-
pagenumber (N[i],E
PN[i]= -PageNo[i]

’

[i ] rxill,Py[l],nc_of_nodes,no_of_edges)+lOO;
+100;

}
printf (" pagenumber calculated");



min pages=PEN[C];
for(i=1l;i<pop size;i++)
1L (PN[i]<min_pages)
min pages=BEN[i];

AssignP1P2(N,NextN, E,NextE, Px, Next?x, By, Next By, no of ncdes,no_ci =dges’
B
printf(" pop assigned");
while (m<max iterati
!
1

m=m+1;
//construc

r=realrandom(); //generats r2a. no. Datween O and L
1f(r<g(0])
{
if{method ;boice= lilmethea :tnoice==2)
AssignNIN2 (N extN{i],N2],nc_of ncdes);// NextN[i]=NIJ]
else
{

x{@f,no_of_nodes)

AssignNINZ (MextPx[1i], ;
1], 8yiJi,no_of_nodes);

AssignNIN2 {NextPy (i
}

o

AssignElE2(NextE[iI,ZfQI,no_of_edges); //NextE[1]=E[Q]
i
else
{
1=0;
do
1+=1;
while('(r>—a[l-l] && r<=ql] 1| l>pop size~Z});
if{method_choice==1||metheod choice==2)
A551ganN2(NexLN[i],N[l],no_of_nodes); //NextN[i]=N[1]
else

{
AssignN1N2 (NextPx[i],Px[l],no_of nodes);
AssignNINZ (NextPy[i],Py[l],no_of nodes);

b



}
}
orintf (" roulette wheel has been spun"};
=-1;
//select individuals for crossover
for(i=0;i<pcp_size;i++)
{
r=realrandom{);//generate real no. between 0 and 1
if{r<pc)
{
CiTyEhexTN L]
}
i
L2{e+l) s21=0) //odd no of Zather mether gairs
{
pop _size);
_choice==0] Imethod zholzs==1]
anNQ(c[:j,Nex:N[:an},::_:f ~cdes) ;
=NextM[ran]
{
AsSsignNIN2 (¢cx[t],NextPx({rani,no =7 ncdes);
AssiganNZ(cy[c},Next?y[:an],ﬂo_:f nodes) ;
i
index{t]=ran;
i
printI(" individuals have been selected for crossover");
//select father and mcther pairs in sajuential order
n=0;1i=0;
while (n<=t)

if{method_choice==0| imethod_choice==1;
{
AssignN1N2 (father,c[n],no_of nodes); //father=c(n]
AssiqulNZ(mother,c{n+l],no_of_nodes);// mother,cin+1]
n+=2;
switch(cross_choice)

{

case 1:
crossoverCX(father,mother,childl,childz,no_of_nodes);break;

case 2:
crossoverPMX(father,mother,childl,childz,no_of_nodes);break;

}
AssiganNZ(NextN[index[i]],childl,no_of_nodes);
//NextN{index[i]]=childl ;replace parents by children



AssignMNIN2 (NextN{index[i+1]],child2,no of ncdes):;
ie=2;
N2 (fatherx,cx[n],no_of nodes);
N2 {motherx,cx[n+l],no of _nodes);
NZ(fathery,cy[n],no_of noﬂaaj, //father=cn]
N2 (mothery, cy{n+l],noc ¢f nodes);
verPMX (fatherx, motherx, childlx, child2x,nc_of ncdes);
JerDM“(fac'erw,mocncrv,:1lely,childiy,noﬁof_nodes);
1N7(Next9<[aneaL-]],cn;ldlx,nc_of_:oces); //replace
oy Ihildren
JZ(NextFx{index[i—l}},:hlleK,nc_:f_:oces);
lNZ(Nexth[Lndex[i]i,:hiidly,nc_:f_rcdes); //replace
by children
1N2(Ner:?y[index[i+l‘},:n;ldzv,no_:fancdes);
crinti{" crosscover periformed");
Sigericrm mutation
for{i=U;i<pop_size;i++)
forij=0;j<nc_of_ nodes+no_of =dges;i++!
{
r=realrandem();//generates real nc. betwsa=n J and |
1I{r<cm)
{
if{j<no_of nodes)
{
ran=random(no_of_ncdesi; ., nc. petween 0 and
‘/nz_cf ncdes-l
switch(mut choice)
{ -
case 1: swapN(NextN[il, i, ran);break;
zase 2: insertN{Nex=M{Lil,:*,ran);break;
}
}
alse
{
rans random(no of edqes);
swa (NextELLJ,j no_of ncdes, ran);
}
b
}
orintf(" mutation performed");

AssignPlP2 (N, NextN, E,
//N=NextN, E=NextE;

’

for(i=0;
{
PageNo[i]=-
pagenumber (N[i]
//evaluate population

i<pop size;i++)

(E[L], Px([1i],

NextE, Px, NextPx, Py, NextP Y,no_of nodes,no_of edges)

Py[i],no_of ncdes,no_of_ edges)+100;
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