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Abstract

The Honeymoon Oberwolfach Problem (HOP), introduced by éajna, is a recent variant of
the classic Oberwolfach Problem. This problem asks whether it is possible to seat 2m; +
2msg + - -+ 4+ 2my = 2n participants, consisting of n newlywed couples, at ¢ round tables of
sizes 2mq,2ms, ..., 2m; for 2n — 2 successive nights, so that each participant sits next to
their spouse every night and next to every other participant exactly once. This problem is
denoted by HOP(2my, 2mo, ..., 2m,). Jerade, Lepine, and éajna have studied the HOP and
resolved several important cases.

In this thesis, we generalize the HOP by allowing tables of size two, relaxing the previous
restriction that tables must have a minimum size of four. In the generalized HOP, we aim to
seat the 2n participants at s tables of size 2 and ¢ round tables of sizes 2mq,2mso, ..., 2my,
where 2n = 25+ 2mq + 2mgy + - - - + 2my; and m; > 2, while preserving the original adjacency
conditions of the HOP. We denote this problem by HOP(2() 2m,, ..., 2m,).

We present a general approach to this problem and provide solutions to several cases.
In particular, we present partial results on the generalized HOP with two round tables,
showing that a solution to HOP(2%), 2m;, 2m,) exists when n = 1 (mod 2m; + 2m,) and
when n = my +msy (mod 2m; + 2msy). We also develop solutions for cases with small round
tables, showing that HOP(2(*) 2my, ..., 2m,) has a solution for all m =m; +--- +m, < 10
whenever n = s+ m is odd and n(n — 1) = 0 (mod 2m). Lastly, we establish a complete
solution to the generalized HOP with a single round table, demonstrating that the necessary
condition for HOP(2%),2m) to have a solution is also sufficient.

i



Dedications

I dedicate this thesis with love and gratitude to:

e My dearest parents, the true heroes of my life. Though far from home, your love and
prayers, day and night, have been my greatest source of strength and purpose. This
journey was possible because of you.

e My respected supervisor, Professor Mateja éajna, whose unwavering support, guidance,
and encouragement have shaped every step of this journey. Thank you for believing in
me.

il



Acknowledgements

First and foremost, I thank God for guiding my path, for giving me a boundless passion to
learn, discover, and grow, and for blessing my life in ways beyond measure.

Pursuing a Ph.D. is a journey filled with challenges, self-doubt, learning curves, and
profound growth. It is not about being the smartest; it is about being the most persistent.
A journey like this is only possible with the unwavering support, guidance, and kindness of
those around you. I am forever grateful to:

My supervisor, Dr. Mateja gajna, whose sharp intellect, thoughtful guidance, and
rigorous feedback continuously pushed me to think deeper and do better. Your support
extended far beyond the academic realm throughout both my M.Sc. and Ph.D. studies. You
have been more than a mentor. Your belief in me, your endless patience, and your genuine
care shaped not only my research but also my personal growth. Thank you for standing
by me when I faltered, for encouraging me to rise when I doubted myself, and for your
generosity. You have been there through every storm, and your presence has made all the
difference. Thank you, teacher, today and forever.

I would like to sincerely thank my examining committee: Dr. Doug Stinson, Dr. Peter
Dukes, Dr. Lucia Moura, and Dr. Mike Newman for their valuable time and thoughtful
feedback on my PhD thesis.

[ am deeply grateful to the University of Ottawa for granting me the generous financial
support and scholarship that made this journey possible. I am also thankful to the academic
and non-academic staff of the Department of Mathematics and Statistics. To the amazing
former staff, Mayada and Diane, and to all the wonderful new team members: thank you
for always being helpful, welcoming, and supportive. Your smiles, kindness, and efficiency
made the department a warm and vibrant place.

I am especially thankful to Dr. Benoit Dianne, one of the kindest souls I have had the
privilege to know. You cared deeply not only about our academic progress but also about
our well-being as people. That small piece of chocolate in your office was more than a sweet
treat; it was a symbol of hope, a quiet moment of comfort amid the chaos. Thank you for
turning bitter days into better ones with your kindness and ever-welcoming smile.

To my friends, Mico, Prangya, Ekta, Farzaneh, Cesar, Lord, Alice, Kianoosh, Homa,
Serine, Khalil, Daniel, Mihir, and Archi, thank you for walking this journey with me. You
made the hard days bearable and the good days unforgettable. Your presence lit up the path
with laughter, encouragement, and shared dreams.

v



ACKNOWLEDGEMENTS v

To the many other friends I have had the joy of meeting throughout these years of
graduate studies, thank you for your kindness, conversations, and quiet support. Whether
in classrooms, hallways, offices, or over tea, your companionship made this journey warmer,
lighter, and more meaningful.

To my family, the foundation of everything I am. To my beloved parents, whose love,
sacrifices, and constant belief in me gave me the wings to fly. You opened doors for me that
were once closed to yourselves. To the sweetest sister one could ask for, Zahra, thank you
for filling my life with warmth, laughter, and light. And to my incredible brothers, Hussein,
Taregh, and Bashir, my silent heroes, thank you for being strong so I could stand taller on
your shoulders. If I became the first in the family to attend university and make it this far,
it was only because of your sacrifices, your belief in me, and your constant encouragement.

Finally, I am deeply thankful to Canada, a country that embraced me with safety,
opportunity, and kindness. After so many years of displacement and longing, it became a
place I could finally call home. I also gratefully acknowledge that this journey unfolded on
the traditional, unceded territory of the Algonquin Anishinaabe people, whose enduring care
for this land has made dreams like mine possible.

This journey has been long and, at times, difficult, but I have never walked it alone. To
everyone who walked beside me, in big ways and small, thank you, from the depths of my
heart.



Contents

[List of Figures| X

[List_of Tables xi

1__Introductionl 1

(1.1 Basic Terminology| . . . . . . . .. ... ..o oo 1

(1.2 Terminology for the HOP| . . . . . . . ... ... ... ... ... ... 3

(1.3 Terminology for the Generalized HOP| . . . . . . . .. ... ... ... )

(1.4 Background and Motivation|. . . . . . . ... . ... 5

(L Thesis Overview| . . . . . . . . . . . . . 7

2__Previous Workl 9
2.1  The Oberwolfach Problem|. . . . . . . ... ... ... .

(2.2 The Honeymoon Oberwoltach Problem|. . . . . . . .. ... ... ... 11

2.2.1 The Main Results| . . . . . ... ... ... 00 12

[2.2.2  The Main Approachl . . . .. ... ... ... ... ... ..... 13

2.2.3 Additional Toolsl . . . . . . .. ..o oo 13

[2.2.4  Constructing HOP 2-factorizations with Specific Starters| . . . . . 15

[2.2.5  Summary of the Proof of the Main Results from [36] . . . . . .. 19

2.3 Previous Results on Decompositions into 2-regular Subgraphs| . . . . . 23

[2.3.1  Decompositions of K, into 2-regular Subgraphs/ . . . . . . . . .. 23

[2.3.2  Decompositions of 2k, into 2-regular Subgraphs| . . . . . . . .. 24

[3 The Generalized Honeymoon Oberwolfach Problem| 25

[3.1 Introductionl . . . . . . . ... 25

[3.2 The Main Approach| . . . . . . .. ... ... ... ... ... ..., 26

3.3 Additional Toolsl . . . . . . .. oo 37

vi



CONTENTS vii

B31T Trom GtodG® . . . . .. . .. 38

B32 Trom 2G° w0 4GS . . . . . . . .. 41

(3.4 Useful Starters| . . . . .. .. ..o oo 43
[3.4.1 From a Decomposition of K, to an HOP Decomposition of 4/ | . 44

[3.4.2  From a Decomposition of 2/ to an HOP Decomposition of 4/? | 45

B.4.3 7 HOP Decompositions of 4K75. . . . . . . . ... 48
4_The Generalized HOP with Two Round Tablesl 53
|4.1 HOP (C2<Q>, Crnys Crgs -« - C’mt)—decompositionl .............. 53

1.2 HOP (C,, C,,)-decompositions of 4K?° |

| whenn =1 (mod 2(m+2)) . .. ... ... ... ... ... ... 55
4.3 HOP (Cs, C,,)-Decompositions of 4K* when n = m + 2 (mod 2(m + 2)) | 66

M4 HOPR™ 2my,2ma)| . o oo oo 75
4.5 Generalization of Lemmasid.2 lland 4311 . . . . . ... ... ... .. 76

5 The Generalized HOP with Small Round Tables | 78
5.1 ~ HOP (C,,,,...,Cnp,)-decompositions of 4K* with Small Cycle Lengths| 78
[5.1.1 HOP Decompositions forn =1 (mod 8)| . . . . . ... ... ... 79

(5.1.2 HOP Decompositions for n =1 or 9 (mod 12)[ . . . . . .. .. .. 79

[>.1.3 HOP Decompositions for n =1 (mod 16)| . . . . . . . .. .. .. 83

[5.1.4  HOP Decompositions forn =1or 9 (mod 18)|. . . . . .. .. .. 87

[5.1.5  HOP Decompositions for n =1 or 5 (mod 20) |. . . . . . ... .. 90

6 A Complete Solution to the Generalized HOP with One Round Table] 103

6.1  Main Result| . . .. ... ... 104

6.2 Recoloring the edges in a cycle decomposition of 2G°|. . . . . . . . .. 105

[6.3  Definitions and Supporting Tools| . . . . . . . .. ... ... ... ... 110

[6.4  Extending a (C),)-decomposition of 2K,, to an HOP (C,,)-decomposition |

| ol APl . o 117
6.4.1 The Case When m is Fven and nis Fvenl. . . . . . . .. . .. .. 118

[6.4.2 The Case When mis Even andnisOddl . . . .. ... ... ... 127

6.4.3 The Case When m is Odd and nis Fvenl . . . . . . . ... .. .. 129

6.5  HOP (C),)-decomposition of 4K7°|. . . . . .. . ... ... ... ..., 143
651 The Case Whennis Odd| . . . . .. ... ... ... ... .... 144

652 The Case WhennisEvenl. . . . . . . . ... .. ... ... ... 167



CONTENTS viii
[r__Conclusion and Future Workl 196

7.1 Problems| . . . . . . . . . 196
(Bibliography| 198




List of Figures

(1.1 A I-factor [ of Kg, the multigraph Kg + 5/, and an [-alternating cycle of

length 8. . . . . . . . .
(1.2 An illustration of a HOP-coloring-orientation.| . . . . . . . .. ... .. ..
(I.3 An illustration of 2K35.| . . . . . . ... oo 4
B.TAn HOP C)-factorization of 4K3| . . . . . . ... . ... ... ... .... 30
[3.2 Part 1: from an HOP C;-factor to an [-alternating Cs-tactor.|. . . . . . . . 31
[3.3 Part 2: from an HOP C)-factor to an [-alternating Cs-factor.|. . . . . . . . 32
[3.4 Part 3: trom an HOP C);-tactor to an [-alternating Cs-factor.|. . . . . . . . 33
[3.5 From an HOP Cjy-factorization of 4K7 to an [-alternating Cs-factorization |
of Ks £ 51 . . o o 34
3.6 An HOP (C5)-decomposition of 4K . . . . . . . ... .. ... ... ... 35
(3.7 Part 1: from an HOP (C,)-subgraph to an [-alternating (K5, C'y)-factor.. . 36
13.8 Part 2: from an HOP (C)-decomposition of 4K3 to an [-alternating (K5, Cy)- |
factorization of Kg +51 |. . . . . . . . 37
3.9 A Cs-tactorization of K| . . . . . . . . . . ... 40
[B.1From a Cs-Tactorization of K5 to an HOP Cs-factorization of 4K . . . . . 41
B.1TFrom a C-Tactorization of 2K to an HOP C,-factorization of 4K;| . . . . 43
4.1 From an (H U H')-decomposition of K1; to an HOP (C5, C3)-decomposition |
of AKT. | . o o e 55
4.2 From a (Cjy, Cy)-factorization of K7 to an HOP (CS”, Cs)-factorization of 4K2. 56
1.3 The F; subgraph in Lemma4.2.1/for m =2 (mod 4).| . . . ... ... ... 67
.4 Subgraph F; in Lemma4.3.1{ffor m =1 (mod 4) and m > 9| . . . ... .. 74
(5.1 (C5, C'y)-subgraphs of 4K3, that generate an HOP (C5, C,)-decomposition |
for 4K . . . oo 84

X



LIST OF FIGURES X

(5.2 (C5, C'3)-subgraphs of 4K§ that generate an HOP (C's, C'3)-decomposition for |

....................................... 85

[5.3 (C5, Cs)-subgraphs of 2K5. that generate an HOP (C, Cy)-decomposition of |

....................................... 96

[5.4 (Cy, Cy, C'y)-subgraphs of 2K 5- that generate an HOP (C, C'y, Cy)-decomposition |

| of AKS-| .« o e 98
[5.5 (Cy, C3, C5)-subgraphs of 4K 3- that generate an HOP (C5, C3, C5)-decomposition |
| of AKS.| o o 102
(6.1 A (Cy)-decomposition of 2K¢ and its decomposition graph.| . . . . . . . . . 107
(6.2 Recoloring the red vertices green in Z(D) by swapping colors of the parallel |
| edges 1n their corresponding cycles.| . . . . . .. .. ..., 108
(6.3 Recoloring the red vertices green in Z(D) by swapping colors of the parallel |
| edges in their corresponding cycles.| . . . . . .. .. ... o000 109
(6.4 Starter (C,,)-subgraphs for an HOP decomposition of 4K ., with m = |
| 2 (mod 4).. . . . . 116
(6.5 Lemma [6.4.2] — Starter m-cycles for an HOP (C),)-decomposition of 4G* for |
| m=2 (mod4).| ... ... 129
[6.6 Lemma [6.5.1- I'he starter peripheral cycle Cy and the four starter central |
| cyclesform=8andn=13.|. . . . . . . .. ... ... ... 168
[6.7 Orientation and coloring of the edges of Cy.| . . . . . . . . .. .. ... .. 178
(6.8 Illustration of the path Pr for { =3 (mod 4).| . . . . ... ... ... ... 188

(6.9 Illustration of the path Py for /=1 (mod 4).| . . . . ... ... ... ... 190




List of Tables

[p.1 Part 1: HOP (C,,,, ..
(.2 Part 2: HOP (C,,,, ..

, Cpn, )-decompositions with m; +... +m, < 10] . . . 80

, Cpn, )-decompositions with m; + ... +m, < 10| . . . 81

x1



Chapter 1

Introduction

1.1 Basic Terminology

In this section, we introduce the definitions and notation used throughout this thesis.

Definition 1.1.1. For a graph G, the symbols V(G) and E(G) denote the vertex set and
the edge set of G, respectively. A graph H is a subgraph of G, if it satisfies the following
properties:

e The vertex set of H is a subset of the vertex set of G, and

e the edge set of H is a subset of the edge set of G.

If a subgraph H of a graph GG has the same vertex set as GG, then it is called a spanning
subgraph of G. The union of graphs G and Gj is the graph G U Gy with V(G;) UV (Gs) as
the vertex set, and E(G1)UFE(G2) as the edge set. Furthermore, if G5 and G5 have no vertex
in common, that is, the vertex sets of G; and G4 are disjoint, then G; U G5 is a disjoint
unton, and is denoted by G; U GS.

Graphs in this thesis will be loopless, but may contain parallel edges or directed edges.
For any simple graph GG, we use AG to denote the multigraph obtained by replacing each
edge of G with X parallel copies. As usual, K,, denotes the complete graph on n vertices, so
AK,, denotes the A-fold complete graph. We use the symbol K, to denote the complete
equipartite graph with m parts of size k, and K,,, to denote the complete bipartite graph
with parts of sizes m and n. Furthermore, the graph obtained by replacing each edge of K,
with a pair of opposite arcs is denoted by K, referred to as the complete symmetric digraph.

Definition 1.1.2. Let G be a graph. A collection {Hy, Ho, ..., H;} is called a decomposition
of G if it has the following properties:

e H H,, ..., H; are subgraphs of GG, and
e {E(H,),E(Hs),...,E(H;)} is a partition of E(G).
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Such a decomposition is denoted by G = H; @ Ho @ - - - @ H;. Moreover, if the subgraphs
H,y, Hs, ..., H; are all isomorphic to H, then {Hy, Hs, ..., H;} is called an H-decomposition
of G.

Definition 1.1.3. A graph whose vertices all have the same degree r is called r-regular.
A spanning subgraph of G which is r-regular is called an r-factor. A (Cp,,, Crgy -+ Cin,)-
factor of G is a 2-factor of GG consisting of ¢t disjoint cycles of lengths my, mo, ... ,m;. A
(Cinyy Cgs - -, Cn, ) -factorization of a graph G is a decomposition of G into (Cyy, Cinys - - -
Cyn, )-factors. In the case of uniform cycle lengths, that is, when m; = ms = ... = my = m,
we use the terms C,,-factor and C,,-factorization to denote a (C,, Cyy, . .., Cp,)-factor and
(Cpny Crn,y - . ., Cpy)-factorization, respectively.

Definition 1.1.4. A 1-factorization {Fi, Fs, ..., Fy, 1} of Ky, is called a semi-uniform 1-
factorization of type (2my, 2ma, . .., 2my) if, for all ¢ > 2, the union F1UF; is a (Copy, Comy, - - -
Com, )-factor.

Definition 1.1.5. Let G; and G5 be two vertex-disjoint simple graphs. The join of G; and
(5, denoted by G <1 G, is a simple graph consisting of the union of graphs G; and Go
along with all possible edges between them.

Definition 1.1.6. The circulant graph Circ(n;S) is a graph with vertex set {z; : i € Z,}
and edge set {2;%,q 11 € Zy, d€ S or n—d € S}, where S C {1,2,...,|5]}. An edge
of the form x;x;.4 is said to have difference d. Since each edge of difference d is also of
difference n — d, we may assume that all differences lie in the set {1,2,...,[5]}.

When n is even, the edge z;x. n connects a pair of vertices that are diametrically

., n
z+2
n

5 as a diameler difference.

opposite in the cycle. We refer to d =

The complete graph K, is a circulant graph of order n with difference set S = {1,2,...,

In many of the constructions given in this thesis, the complete graph K, is viewed as
Circ(n —1;5) 1 Ky, where S = {1,2,..., [ 2|} and the vertex of K; is denoted by 2. In
other words, we have:

o V(K,)={zi:i€Zn 1} U{r}, and
o B(K,)={zxj:4,j €Ly, i # j} U{xiT0 11 € Zp_1}.
Note that an edge of the form z;x., is said to be of difference infinity.

Definition 1.1.7. Let G = Circ(n; S) be a circulant graph with vertex set {zo, x1,...,Zn-1},
where the vertices are cyclically ordered according to increasing subscript modulo n. We
define cyclic interval notation as follows: for any 0 <i4,5 < n,

o [z;,x;] denotes the set {x;, x;i11,...,2;} if i < j, and the set {x;, xit11, ..., 2n 1, %0, 21,
...,il?j} ife> 7.

o [z;,x;) denotes [z, z;] \ {z;},
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o (x;, ;| denotes [z;, z;] \ {;},

o (z;,x;) denotes [z, x;] \ {xi, z;}.

All indices are interpreted modulo n, and negative indices are used when convenient.
For example, x_1 = x,,_1.

The interval (x,_3, z5] contains the vertices x, o, x,_1, To, T1, 2. Equivalently, we may
write (z_s, x5], which includes the same vertices: x_o,x_1,xq, 21, Ta.

Definition 1.1.8. Let G be a graph with V(G) = {x; : i € Z,} and let H be a subgraph of G.
Let p = (xg 1 ... x,—1) be a permutation on the vertex set of G. Then an H-decomposition
of G of the form D = {p'(H) : i € Z,} is called cyclic.

1.2 Terminology for the HOP

In this section, we review the required terminology for the Honeymoon Oberwolfach Problem.
This terminology is taken from [36].

Definition 1.2.1. Let I be a 1-factor in Ks,,. An edge of K5, which belongs to F(I) is called
an I-edge; all other edges are non-I-edges. A graph K, with deleted [-edges is denoted by
K5, — I, and a graph K,, with \ additional copies of each [-edge is denoted by Ky, + AI.
Note that additional copies of I-edges are also considered [-edges in the graph Ko, + A\I.

A cycle C in Ky, + A is called an [I-alternating cycle if the I-edges and non-I-edges
alternate along C', as illustrated in Figure [I.I] Notice that an [-alternating cycle is of even
length. Let F' be a 2-factor of K5, + AI. If every cycle in F' is I-alternating, then F' is said
to be I-alternating.

RN //
\~~ /
1-factor I in Kg Kg +5I An [-alternating cycle of Kg + 51

Figure 1.1: A 1-factor I of Kg, the multigraph Kg+ 5[, and an [-alternating cycle of length
8.

Next, we introduce HOP-coloring-orientation, which will be the main tool used to con-
struct solutions for cases of HOP.
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Definition 1.2.2. Let G be a simple graph. An HOP-coloring-orientation of 4G is a 3-
edge-coloring of 4G with colors blue, pink, and black, together with an orientation of the
black edges such that for any two adjacent vertices in 4G, among the four parallel edges
between them, one edge is blue, one edge is pink, and two of the edges are black with
the opposite orientations (as illustrated in Figure . The multigraph 4G with a given
HOP-coloring-orientation is denoted by 4G*.

4K, 4K;

Figure 1.2: An illustration of a HOP-coloring-orientation.

Definition 1.2.3. Let G be a simple graph and D a 2-factorization of 4G°®. We say that D
is HOP if it satisfies the following condition.

(C1) For every cycle C' in D, any two adjacent edges of C' satisfy one of the following:

e one is blue and the other pink; or
e one is blue and the other black with an orientation toward the blue edge; or
e one is pink and the other black with an orientation away from the pink edge; or

e both are black and oriented in the same way.

We say that a cycle C' in 4G* is an HOP cycle if it satisfies condition (C1) above.
Similarly, a 2-regular subgraph or a 2-factor of 4G* is called an HOP 2-reqular subgraph or
an HOP 2-factor, respectively, if all of its cycles are HOP.

Definition 1.2.4. Let GG be a simple graph. The symbol 2G° represents the multigraph 2G
with a 2-edge-coloring with colors pink and black such that for any two vertices in 2G, the
two parallel edges between them have colors pink and black (as illustrated in Figure [1.3)).

2K 2K;,

Figure 1.3: An illustration of 2K3.
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1.3 Terminology for the Generalized HOP

In this section, we define the required terminology for the generalized Honeymoon Oberwol-
fach Problem.

Definition 1.3.1. A (C,,,,, Chnys - - -, Cin, ) -subgraph of a graph G is a 2-regular subgraph of G
consisting of ¢ disjoint cycles of lengths mq, ma, ..., my. A (Chy, Crnys - - -, Cn, ) -decomposition
of a graph G is a decomposition of G into (C,,, Cp,, - . ., Cyy, )-subgraphs. In the case with
uniform cycle lengths, that is, m; = my = ... = m; = m, we use the terms (Cﬁ)-subgmph
and (C’f,?)-decomposition instead.

Note that a (C,,, Cings - - -, C, )-factor of G is a spanning (Ci,,, Cpn,, - - -, Ciy, )-subgraph.

Definition 1.3.2. Let F' be a (Cy,,, Cings - - - , Ci, )-subgraph of Ko, and I a fixed 1-factor
of Ky,. Analogously to the Definition , if every cycle in F' is [-alternating, then F' is
said to be I-alternating.

Definition 1.3.3. For any graph G, we use the notation G to denote the disjoint union
of s copies of G.

Definition 1.3.4. A (K2<S>,Cm1, .., Oy, )-factor of a graph G is a spanning subgraph of
G that is a disjoint union of s copies of Ky and a (C,,,...,Cy,)-subgraph of G. A
(KS, Cpay, ..., Con,)-factorization of G is a decomposition of G into (K57, Crny, ..., Com,)-
factors.

Let I be a fixed 1-factor of K,. A (K§8>,Cm1, ..., Cp,)-factor of Ky, is called I-
alternating if its (Cy,,, . . ., Cp, )-subgraph is [-alternating, and all other edges are I-edges.
Moreover, a (K§S>, Conys - - -, O, )-factorization is I-alternating if all of its (K2<8>, Crys-- vy Cmy)-
factors are [-alternating.

Definition 1.3.5. Let G be a simple graph and D be a (C,,,, Cpn,, - - -, Cp, )-decomposition
of 4G*. We say that D is HOP if every cycle in D satisfies Condition (C1) of Definition
123

1.4 Background and Motivation

The well-known Oberwolfach Problem (OP) is a seating assignment problem posed by Ger-
hard Ringel at a conference in Oberwolfach. The problem is formulated as follows. We
wish to create a seating chart for n participants in a room with ¢ round tables that re-
spectively seat mq,ms, ..., m; people, such that all tables are full at each meal; that is,
m1 + mo + ... +my = n, and each participant sits beside every other participant exactly
once. Since each participant sits next to two others at each meal, every participant must
have an even number of neighbors, which implies that n must be odd.

The OP can be expressed precisely in the language of graphs as the question of whether
the complete graph on n vertices, K, can be decomposed into 2-factors such that each 2-
factor is a disjoint union of ¢ cycles of lengths my, mo, ..., m;. Clearly, such a decomposition
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requires all vertex degrees to be even, and thus n must be odd. This problem is denoted by
OP(my,ma, ..., my).

Since its introduction, the OP has been widely studied and extended. Many cases have
been solved, and different variations have been proposed. Although the OP was originally
defined for odd values of n, it has also been extended to even values. For even n, two main
variations of the OP have been studied. In both versions, the n participants are grouped
into 3 couples.

The first variation is called spouse-avoiding. Compared to the original OP, it includes
the additional requirement that no participant is allowed to sit next to their spouse [30]. In
graph theory, such a seating arrangement is equivalent to a decomposition of K, — I into
2-factors, where K,, — I is the complete graph of even order with the edges of a 1-factor
(representing the couples) removed.

The second variation is called spouse-loving [12]. In this variation, the same condition
as in the OP holds, with the added requirement that each participant must sit next to their
spouse exactly twice. Such a seating arrangement is equivalent to a decomposition of K, + 1
into 2-factors.

Another variation of the OP involves seating participants so that each person sits to the
right of every other participant exactly once. This version corresponds to a decomposition of
the complete symmetric digraph K} into spanning subdigraphs consisting of disjoint directed
cycles [6].

In general, the OP remains an open problem. However, it is known to have a solution
for all sufficiently large values of n [25].

In this thesis, we focus on a variant of the OP called the Honeymoon Oberwolfach Problem
(HOP), which is due to Sajna [36]. In this variation, the problem is formulated as the
question of whether it is possible to seat 2my +2mgy+. ..+ 2m; = 2n participants, consisting
of n newlywed couples, at ¢t round tables of sizes 2mq, 2ms, ..., 2m, for 2n — 2 successive
nights, so that each participant sits next to their spouse every night and next to every other
participant exactly once.

In the language of graph theory, a solution to the HOP corresponds to a decomposition
of the multigraph Ky, + (2n — 3)I into 2-factors, each consisting of disjoint /-alternating
cycles of lengths 2mq,2ms,...,2m,. Here, I is a fixed 1-factor of K,, representing the
couples. This problem is denoted by HOP(2my, 2ms, ..., 2m;), and in the special case where
my; =mg = ... =my and n = tm, it is denoted by HOP(2n;2m).

Observe that in each [-alternating (Coy,, Comy, - - - Com, )-factor in the decomposition
of Ky, + (2n — 3)I, removing the fixed 1-factor I leaves behind another 1-factor. This
observation leads to the notion of a semi-uniform 1-factorization of type (2mq, 2ma, ..., 2m,),
as introduced in [35] and defined in Definition [1.1.4] Hence, there is a direct connection
between semi-uniform 1-factorizations and solutions to HOP(2my,2ms,...,2m;). In the
next chapter, we explore this connection further.

A more general framework for the OP was proposed by Rinaldi, under the name Ober-
wolfach Problem with Loving Couples [43]. In this setting, the n participants are grouped
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into 5 couples and seated at ¢ round tables of specified sizes over the course of several nights,
with the requirement that each person sits next to their partner exactly » > 0 times, and
next to every other participant exactly once. Observe that when r» = 0, the problem coin-
cides with the spouse-avoiding version [30]; when r = 2, it corresponds to the spouse-loving
version [12]; and when r = 2n — 2, it matches the Honeymoon Oberwolfach Problem [36].

Until now, the HOP has been defined only for tables of size at least 4. In this thesis,
we aim to generalize the problem to include tables of size 2, leading to a new version of the
problem that has not been previously studied.

The generalized HOP preserves the original conditions, except that the 2n participants
are seated at s tables of size 2 and t round tables of sizes 2mq,2ms, ..., 2m,;, under the
assumption that n = s +mqy + ... + m; and all m; > 2. A solution to the generalized
HOP is equivalent to a decomposition of the multigraph Ky, + (v — 1)1, for an appropriate
integer v which is determined by the other parameters, into subgraphs consisting of disjoint
I-alternating cycles of lengths 2my, 2ms, ..., 2m,, along with s copies of K5. We denote this
generalized problem by HOP(2(), 2my, ..., 2m,).

In the following chapters, we will delve into this problem and establish several new
results.

1.5 Thesis Overview

This thesis is structured as follows.

In Chapter [2, we summarize the most important results known to date on the OP and
the HOP. These include, for instance, the case with uniform cycle lengths, HOP(2n;2m),
which has been completely resolved in [36]. We also outline the main techniques used to
prove these results and review the proofs of key theorems. At the end of the chapter, in
Section [2.3] we present existing results on the decomposition of K, and 2K, into 2-regular
subgraphs. These results will be used in later chapters to address certain questions related
to the generalized HOP.

In Chapter [3, we begin by defining the generalized HOP and stating the necessary
conditions for the existence of a solution. We then extend the main method used for proving
results on the HOP to this generalized setting. The main approach involves converting
the problem from the multigraph K5, + (v — 1)I to the multigraph 4K, with an HOP-
coloring-orientation. Accordingly, our focus will be on finding an HOP decomposition of
4K into appropriate subgraphs. Key techniques include a reduction step, where we first find
decompositions of simpler graphs such as K, and 2K,,, and then extend those decompositions
to obtain HOP decompositions of 4K7}.

In Chapter [d] we focus on finding solutions to the generalized HOP involving s ta-
bles of size 2 and two round tables of sizes 2m; and 2msy. In particular, we show that
HOP (2, 2my, 2m,) admits a solution whenever n = 1 (mod 2(m; + ms)) or n = my + my
(mod 2(my + ma)).

In Chapter [5] we address the generalized HOP with small round tables. Specifically,
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we prove that HOP(2(®),2m,,...,2m,) has a solution whenever m = 23:1 m; < 10 and

n(n—1) =0 (mod 2m). This result follows from the existing work on decompositions of K,
into (Crnyy Crngs - - - Ciy )-subgraphs for my,ms, ..., my; > 3. However, we also develop new
tools to handle the cases where 2 € {my, ma, ..., m}.

In Chapter [0, we provide a complete solution to the generalized HOP with one round
table of size 2m. We show that the obvious necessary condition for HOP(2!), 2m) to have a
solution is indeed sufficient.

In Chapter [7} we present several problems related to the generalized HOP. These prob-
lems are formulated in such a way that parts of them can be proven using existing results
on the decomposition of K, or 2K,,. However, new constructions are required to address the
remaining cases. Overall, the generalized HOP is a new problem, and there is still plenty of
room for further exploration.



Chapter 2

Previous Work

In this chapter, we introduce the Oberwolfach Problem and the Honeymoon Oberwolfach
Problem. We summarize known results on both OP and HOP, and review key proof tech-
niques developed in [36] for the HOP.

2.1 The Oberwolfach Problem

The Oberwolfach Problem (OP) is a well-known problem in graph theory, which was first
presented by Gerhard Ringel in 1967. The OP asks whether it is possible to seat the n
participants at a conference at t round tables of sizes mq, mo, ..., m;, where m; +mqo+...+
m; = n, for several consecutive nights so that each person sits beside every other person
exactly once. We denote this problem by OP(my,ma,...,m;). In the case with uniform
cycle lengths, that is, m; = mg = ... = m; = m, we use the symbol OP(n;m).

In graph theory, the OP is equivalent to the existence of a 2-factorization of K, in
which each 2-factor is a disjoint union of ¢ cycles of lengths mq, mso, ..., m;. This applies
when n is odd. However, for even n, the graph K, does not admit a 2-factorization. In this
case, we are interested in finding a 2-factorization of K, — I. This gives rise to a variation of
the OP known as the spouse-avoiding variant [30]. In this variation, the n participants form
5 couples, and the question becomes whether it is possible to seat the n participants at ¢
round tables of sizes mq, ms, ..., m;, where my + mo + ... + m; = n, for several consecutive
nights, so that each person sits next to every other person exactly once, except they never

sit next to their spouse.

In general, a solution to OP(my, ma, ..., m;), for n = my + mg + ... + my, is equivalent
to a (Cpy, Cony,y - - -, Oy, )-factorization of K, when n is odd, or of K, — I when n is even.

The OP is a generalization of the classical problem of decomposing K, into triples,
which was first proposed by Kirkman [38] in 1850. This problem was solved more than a
century later, independently by Jiaxi Lu [40] and by Ray-Chaudhuri and Wilson [41]. The
following theorem is the result proved by Ray-Chaudhuri and Wilson.

Theorem 2.1.1. [41] There exists a Cs-factorization of K, if and only if n =3 (mod 6).
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Although the OP remains open in general, many results are known for specific param-
eters. The most important ones are stated below in Theorems [2.1.2{{2.1.9]

For the OP with tables of equal lengths, it has been shown that, except for the cases
(n,m) € {(6,3),(12,3)}, the obvious necessary condition is also sufficient. This is stated in
the following theorem:

Theorem 2.1.2. |4 [7, 8, 13| 29, 34, (411, 42] Let 3 < m < n be integers. Then OP(n;m) has
a solution if and only if n =0 (mod m) and (n,m) ¢ {(6,3),(12,3)}.

For the OP with tables of varying lengths, it has been shown that the necessary condi-
tions are sufficient for all n < 100, except for a few specific parameter values. This is stated
in the following theorem:

Theorem 2.1.3. [2 19, 22| 23], 32, [45] Let my, mo, ..., m; be integers such that 3 < my <
my < ... <my and my +mg + -+ my < 100. Then OP(my, ma, ..., m;) has a solution if
and only if (mq,ma,...,my) € {(3,3),(4,5),(3,3,5),(3,3,3,3)}.

Aside from the exceptions listed in the above theorems, it is conjectured that the nec-
essary conditions are sufficient for all values of n.

In 2011, Bryant and Danziger provided a complete solution to the OP in the case where
all tables are of even size.

Theorem 2.1.4. [I4] Let my,mo, ..., m; € Z be even integers, each of size at least 4. Then
OP(mq,ma, ..., m;) has a solution.

Gvozdjak solved several cases of the OP with two cycles in his PhD thesis. Later, in
2013, Traetta completed the solution to this case. The result is as follows:

Theorem 2.1.5. [26, 47| Let 3 < my < my be integers. Then OP(my, my) has a solution if
and OIlly if (mb m?) ¢ {(37 3)7 (47 5>}

The following is a summary of some of the known results on the OP with three tables.
These results have been collected from various sources.

Theorem 2.1.6. [18, 26, 51, 50]

(a) Let s > 5 an odd integer, and let 3 < r < 13. Then OP(r,r, s) has a solution.
(b) Let r € {3,4} and n > 2r 4+ 3. Then OP(r,r,n — 2r) has a solution.

(c) Let s > 1 be an integer. Then OP(2s + 1,2s + 1,2s + 2) has a solution.

(d) Let s > 1 be an integer. Then OP(3,4s,4s) has a solution.

(e) Let p be a prime number, and ¢, € Z* such that 5 <t <p+ 1 and r # 1,2,4. Then
OP(t,2p, p*) has a solution.

(f) Let n > 10, and n # 1(mod 4). Then OP(3,4,n — 7) has a solution.
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(g) Let n > 12, and n # 1(mod 4). Then OP(3,6,n — 9) has a solution.

(h) Let n =0 (mod 4) and 3 <a <n—3 —a. Then OP(3,a,n — 3 — a) has a solution.

In 2021, Glock et al. showed that the necessary conditions for the OP are sufficient
when n is large enough; however, their proof relies on probabilistic methods, which are
nonconstructive and do not provide an explicit lower bound on the order.

Theorem 2.1.7. [25] There exists ny € N such that for all odd n > ng, if my,me,...,my
are integers with 3 < m; < mn and my; + mg + - -+ + m; = n, then OP(mq,ms, ..., m;) has a
solution.

We have the following result due to Burgess, Danziger, and Traetta; they provide an
explicit construction of the solutions.

Theorem 2.1.8. [I7] Let 3 < my < mg < ... < my be such that the (Cp,,, Crnyy .o, Ciy )-
factor is a single-flip 2-factor with one sufficiently large cycle. Then OP(my, ma, ..., m;) has
a solution.

Note that a 2-factor is called a single-flip if the multiplicity of at most one of its odd
cycle lengths is odd.

Moreover, in 2024, Traetta gave a constructive solution to the OP with tables of varying
lengths, showing that a solution exists when one of the tables has size greater than an explicit
lower bound [48].

Here are some results on the OP for the complete equipartite graph with uniform tables
due to Liu.

Theorem 2.1.9. [37| Let a, k,m be positive integers such that 2 < « and 3 < m < ka.
Then there exists a C,-factorization of K, if and only if all of the following conditions are
satisfied.

e ak =0 (mod m),

k(aw—1) =0 (mod 2),

e m is even if @ = 2, and

(k,a,m) ¢ {(2,3,3),(6,3,3),(2,6,3),(6,2,6)}.

2.2 The Honeymoon Oberwolfach Problem

In this thesis, we focus on a variant of the Oberwolfach Problem called the Honeymoon
Oberwolfach Problem (HOP), which was introduced by Sajna in 2019 [36]. In this variation,
we have 2n = 2my +2mo+. ..+ 2m, participants consisting of n newlywed couples. We want
to see whether it is possible to seat them at ¢ round tables of sizes 2my, 2ms, . .., 2m, for 2n—2
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consecutive nights so that each participant sits next to their spouse every time and next to
each other participant exactly once. This problem is denoted by HOP(2my, 2ma, ..., 2m;).
Moreover, HOP(2my, 2ma, ...,2m;) with m; = ms = ... = m; and n = tm is denoted by
HOP(2n;2m).

A solution to HOP(2my, 2ms, ..., 2my) for 2n = 2my + 2my + ... + 2m, is equivalent
to a decomposition of the multigraph Ks, + (2n — 3)I into 2-factors, each consisting of
disjoint I-alternating cycles of lengths 2m;y, 2mso,...,2m;. In the case with uniform cycle
length, a solution to HOP(2n;2m) is equivalent to an [-alternating Cy,,-factorization of
Ky, + (2n — 3)1.

The HOP is not just about arranging couples at tables in a special way. In the fol-
lowing lemma we see that a solution to HOP(2myq,2ms,...,2m,) corresponds to a semi-
uniform 1-factorization of K, of type (2my,2mao,...,2m,;). Recall that a 1-factorization
{F1,Fs, ..., Fy, 1} of Ky, is called semi-uniform of type (2my,2mso, ..., 2my) if, for all i > 2,
FyUF;is a (Conyy Comy,s - - -, Co, )-factor [35].

Lemma 2.2.1. A solution to HOP(2my, 2ma, ..., 2m;) with 2m; +2mg + ... +2m; = 2n is
equivalent to a semi-uniform 1-factorization of Ky, of type (2mq,2ms,...,2m,).

Proof. Let D = {D1, Ds,..., Do, 5} be a solution to HOP(2my, 2ms, ..., 2m,), that is, D
is an [-alternating (Cop,, Com,, - - - , Com, )-factorization of Ky, + (2n — 3)I. Let F; = I, and
for all j € {2,...,2n — 1}, let F; = D;_; — I. Since each (Cop,, Com,, - - ., Com, )-factor is
I-alternating, it follows that each Fj is a 1-factor such that F1UF) is a (Capmy, Comy, - - - s Com, )-
factor. Notice that Fy U F3U ... U F5,_ 1 contains all the non-I-edges of Kj,. Therefore, we
have i @ Fo @ ... D Fon—1 = Koy, and by definition, {Fy, I, ..., F, 1} is a semi-uniform
1-factorization of Ky, of type (2mq,2ma, ..., 2my).

Conversely, assume {Fy, Fy, ..., Fy, 1} is a semi-uniform 1-factorization of Ky, of type
(2mq,2may, ..., 2my), that is, for all @ > 2, Fy U F; is a (Copmy, Comy, - - -, Com, )-factor. Let
I = Fy so F1 UF; is an [-alternating (Coy,,, Comy, - - -, Com, )-factor. Let Iy, I3, ... I, 1 be
pairwise edge-disjoint copies of I. It can be seen that (Io U Fo) @(I3U F3) P ... P(Ian-1 U
an_1> = Kgn + (2TL - 3)] Thus, D = {]2 U FQ,]g U Fg,. .. ,]Qn_l U FQn—l} is an I-
alternating (Cop,,, Comy, - - -, Com, )-factorization of Ky, + (2n — 3)I, that is, a solution to
HOP(my, ma, ..., my). |

Several cases of the HOP have been previously solved, with results published in [30].
In particular, the case where all tables have uniform length was completely resolved, and
solutions to many other cases were established as summarized in Theorem below.

2.2.1 The Main Results

In this section, we review the results presented in [36], together with recent updates from [31].
The main results are summarized in the following theorem.

Theorem 2.2.2. |36, 31| Let mq,ms, ..., m; be integers with 2 < m; < my < ... < my. Let
n =my+mg—+...m;. Then HOP(2my, 2ma, ..., 2m,) has a solution in each of the following
cases.
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m; =0 (mod 4), fori =1,2...,t

e n is odd and OP(my,ms, ..., m;) has a solution;
e n is odd and t = 2;

e n is odd, n < 100, and m; > 3;

e n < 20;

oMy =my=...=my="m.

2.2.2 The Main Approach

The following theorem provides the main tool for proving Theorem [2.2.2 The approach is
to convert the problem from the graph Ky, + (2n — 3)I to a problem in the graph 4K}.

Theorem 2.2.3. [36] Let mq,mo,...,m; be integers with m; > 2, and let n = my + mo +
...+ my. Then HOP(2my,2ma, ...,2m,) has a solution if and only if 4K admits an HOP
(Cinyy Crngs - - - Ciy, )-factorization.

In Chapter 3, we extend Theorem to Theorem for the generalized HOP and
provide a proof that closely follows the one given for Theorem in [36].

2.2.3 Additional Tools

Theorem shows that solving HOP(2my, 2ms,, . .., 2m,) is equivalent to finding an HOP
(Cinyy Crngs - - - Ciy, )-factorization of 4K2. Thus, we focus on finding HOP 2-factorizations
of 4K?. However, such factorizations are not always easy to find directly. In this section,
we present useful tools from [36] that help construct HOP 2-factorizations of 4G*® using
2-factorizations of smaller graphs.

2.2.3.1 From G to 4G*

Lemma 2.2.4. [36] Let G be a simple graph.

(a) Let Hy, Hs,..., H be spanning subgraphs of G such that G = Hi @ H. P --- P H..
If for each i € {1,...,s}, the multigraph 4H? admits an HOP 2-factorization D;, then
4G* admits an HOP 2-factorization D = | J_, D;.

(b) Assume G is a vertex-disjoint union of Hy, Hs, ..., Hy, where each H; for i € {1,...,s}
is an r-regular subgraph of G. If for each i € {1,...,s}, the multigraph 4H? admits
an HOP 2-factorization D; = {F},..., Fj.}, then 4G* admits an HOP 2-factorization
D ={Fy,...,Fy}, where each F; = J;_, F} for all j € {1,...,2r}.
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Proof.

(a) Notice that 4H7,4Hs,...,4H? are spanning subgraphs of 4G*® since Hy, Ho, ..., Hy are
spanning subgraphs of G. Moreover, since the edge sets of Hy, Hs, ..., H; form a parti-
tion of E(G), we have 4G* = 4Hy P 4Hs P --- @ 4H?. Each 4H?, for i € {1,...,s},
is a spanning subgraph of 4G®, so any 2-factor in 4H? is a 2-factor in 4G*. The
multigraphs 4H7,4H3, ... ,4H? are edge-disjoint subgraphs, so the union of their 2-
factorizations forms a 2-factorization for 4G*®. In addition, since, for all i € {1,...,s},
the 2-factorization D; of 4H? is HOP, the resulting 2-factorization of 4G*®, that is,
D =J;_, D; is HOP as well.

(b) Note that G is a vertex-disjoint union of Hi, Hs,..., H,, such that each H; for i €
{1,...,s}, is r-regular. Consequently, the multigraph 4G* is a vertex-disjoint union of
AHY AHS, ..., 4H?, where each 4H?, for i € {1,...,s}, is a 4r-regular subgraph of 4G*.
Moreover, each multigraph 4H? admits an HOP 2-factorization D; = {F},..., Fi.}.
Since 4HY, 4H3, ... ,4H? are vertex-disjoint, any 2-factor in 4G*® is the union of 2-
factors in 4Hy,4Hs, ..., 4H?. In particular, F; = (J;_, F;, for all 7, is a 2-factor of 4G*®.
Hence, D = {F},..., Fy} is a 2-factorization of 4G*. In addition, each D; is HOP so
any F; € D; is HOP. Thus for all j, F; is HOP, and consequently the 2-factorization D
is HOP.

Lemma 2.2.5. [36] Let G be a simple graph. If G admits a (C,,,,...Cy,)-factorization,
then 4G* admits an HOP (C,,,, ... Cy,, )-factorization.

In Chapter [3] this lemma is extended to Lemma for the generalized HOP, and a

similar proof to the one in [30] is given.

In the following corollary we see how we can find a solution to HOP(2my, 2ms, . .., 2m;)
by using a solution to OP(mq, ma, ..., my).
Corollary 2.2.6. [36] Assume that mq,ms, ..., m; are integers with 2 < m; < my < ... <

my. Let n =mq 4+ mg+ ...+ my be odd. Then HOP(2my,2ms, ..., 2m;) has a solution if
OP(my, ma, ..., m;) has a solution.

Proof. Since OP(my,ma,...,m;) has a solution and n is odd, the complete graph K,
admits a (Cyyy, Cy,s - - -, Cm, )-factorization. By Lemma [2.2.5] then 4K admits an HOP

(Cinyy Crngs - - -, C, )-factorization.  Applying Theorem [2.2.3] we conclude that HOP(2m,
2msg, ..., 2m;) has a solution. |

2.2.3.2 From 2G° to 4G*

The following lemma shows how to find a 2-factorization of 4G*® using a suitable 2-factorization
of 2G°. Later, in Chapter |3} this lemma will be extended to Lemma for the generalized
HOP, and a proof will be given based on the proof in [36].
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Lemma 2.2.7. [36] Assume that 2G° admits a (C,,,, Cpny, - - . , Cyy, )-factorization F with the
property that every m-cycle of F, for m > 3, contains an even number of pink edges. Then
4G* admits an HOP (C,,,, Cpn,, - - ., Cp, )-factorization.

2.2.4 Constructing HOP 2-factorizations with Specific Starters

In this section, we present a method from [36] for constructing HOP 2-factorizations. In this
approach, an HOP (C,,,, Cp.,, - - ., Cn, )-factorization is obtained by applying a rotation with
a fixed point to specific (Cp,,, Cpn,, - - ., Cp, )-factors of 4K2, referred to as starters.

This method allows us to construct a decomposition of 4K either directly, using starters
for 4K, or by using starters for a smaller graph and then extending them to a decomposition
of 4K?. The method is especially useful in cases where decompositions of smaller graphs are
not available and we need to deal with 4K directly.

2.2.4.1 Construction with a Single Starter

In this case, the rotation is applied to a single (Cy,,, Cin,, - - -, Ci, )-factor of 2K° to form an
HOP (Cyny, Chny,s - - ., Ci, )-factorization of 4K73.

Proposition 2.2.8. [36] Let n be even, and let V(2K?) = {x; : i € Zyp_1} U {2 }. Let po
be the permutation on E(2K?) that preserves the color of the edges, and is induced by the
permutation p = (Too)(zo 1 T2 ... Typ-2). Let F be a (Cpy, Cy,s - - ., Oy )-factor of 2K7
with the following properties.

(A1) Every cycle of F' of length at least 3 contains an even number of pink edges, and

(A2) F contains exactly one edge from each of the orbits of (p,).
Then 4K? admits an HOP (C,,,, Cy, - - ., Cpy, )-factorization.

Proof. By the given labeling for the vertices of 2K, each edge in E(2K}) is either of the
form ;x4 4, fori € Z,_; and d € {1,2,..., L”T_lj }, or of the form z;z., (if it is of difference
infinity). Since p, is a permutation that preserves the color of the edges, the group (p,) has
the following orbits on the edge set of 2K :

e forde {1,2,..., "T_Q}, we have a pink and a black orbit {x;x; 4 :7 € Z,_1}, and

e a pink and a black orbit {x;z : i € Z,_1}.

Taken together, the group (po) has 2(“52) + 2 = n orbits, and the size of each orbit is n — 1.
Moreover, we know |E(F)| = my +mg + ... +m; = n and |E(2K;)| = n(n — 1). Since F
contains exactly one edge from each of the orbits of (p,), we observe that, for all i € Z,,_4,
the 2-factors F; = pi(F) form a (Cp,,, Cpn,, - - -, Cin, )-factorization D for 2K2. Since every
2-factor in D is formed by applying permutation p, to the starter F', and p, preserves the



2.2. THE HONEYMOON OBERWOLFACH PROBLEM 16

edge colors, it satisfies condition (A1). Therefore, since every cycle in D of length at least
3 contains an even number of pink edges, by Lemma [2.2.7| the graph 4K admits an HOP
(Cinyy Crngs - - - Ciy, )-factorization. |

The following lemma summarizes a set of results from [36], which were proved using the
single starter approach described in Proposition [2.2.§|

Lemma 2.2.9. [36] The following HOP 2-factorizations exist.

(i) an HOP (Cy, Cy)-factorization of 4K¢;
(ii) an HOP (Cj3, Cs)-factorization of 4K¢;
(iii) an HOP Cg-factorization of 4K7,;

(iv) an HOP C,,-factorization of 4K}

ms Where m is an odd integer greater than 4;

(v) an HOP C,,-factorization of 4K, where m = 0 (mod 4);

(vi) an HOP (Cs, Cy,)-factorization of 4K3, ,,, where m = 3 (mod 4).

2.2.4.2 Construction with Two Starters

In this case, the rotation is applied to two edge-disjoint 2-factors of 4K to form an HOP
(Cinyy Crmgy - - - Cry, )-factorization of 4K,

Proposition 2.2.10. [36] Let n be even, and let V(4K?) = {x; : i € Z,_1} U{xs}. Let
pe be the permutation on F(4K) that preserves the color (and orientation) of the edges,
and is induced by the permutation p = (zo)(xg 1 T2 ... x,_2). Let F; and Fy be two
edge-disjoint (Cyy, Cing,y - - -, O, )-factors of 4K with the following properties.

(D1) Every cycle in F; and Fy satisfies Condition (C1) of Definition , and

(D2) F) and F; together contain exactly one edge from each of the orbits of (p,).
Then D = {pi(F}), pi(F2) : i € Zy_1} is an HOP (Cyy, Chys - - -, O, )-factorization of 4K7.

Proof. By the given labeling for the vertices of 4K, each edge in F(4K}) is in one of the
following forms:

e ;1,4 with blue color, for i € Z,, ; and d € {1,2,..., "7_2},
 x;x;:q with pink color, for i € Z,_y and d € {1,2,..., %2 };
e (z;,r;14) with black color, for i € Z,,_y and d € {1,2,...,n —2};

e 1;x., with blue color, for i € Z,,_1;



2.2. THE HONEYMOON OBERWOLFACH PROBLEM 17

e 1,1, with pink color, for i € Z,_1;
e (1;,r,) with black color, for i € Z,_q;

o (7o, x;) with black color, for i € Z,,_;.

Since p, is a permutation that preserves the color and orientation of the edges, the group
(pe) has the following orbits on the edge set of 4K2:

e forde {1,2,..., "T_Q}, we have a pink and a blue orbit {x;z;14:1 € Z, 1};
e a pink and a blue orbit {z;x : 1 € Z,_1};

o for d € {1,2,...,n — 2}, we have a black orbit {(z;, xi1q) : 7 € Zpn_1}; and
e black orbits {(Zeo, ;) : 1 € Zp_1} and {(x;, xs0) 11 € Zy—1}.

Taken together, the group (p.) has 2(%52) + 2 + (n — 2) + 2 = 2n orbits, and the size of
each orbit is n — 1. Moreover, we know |E(F})| + |E(Fy)| = 2n and |E(4K})| = 2n(n — 1).
Since F; and F} together contain exactly one edge from each of the orbits of (p,), we observe
that D = {pi(F), pi(F) : i € Zy_1} is a 2-factorization for 4K?*. Since every 2-factor in
D is formed by applying permutation p, to the starter F; or Fy, and p, preserves the edge
colors, every 2-factor satisfies Condition (C1) of Definition Therefore, D is an HOP
(Ciyy Crmgy - - - Cry, )-factorization of 4K73. |

The following lemma summarizes a set of results from [36], which were proved using two
starters construction derived from Proposition [2.2.10]

Lemma 2.2.11. [36] The following HOP 2-factorizations exist.

(i) HOP Cs-factorizations of 4K¢§, 4K73,, and 4K g;
(ii) HOP (Cy, Cy, Cy)-, (Cq, Cs3,C5)-, and (Cy, Cg)-factorizations of 4K7¢;
(iii) an HOP C,,-factorization of 4K73

2m>

for every odd m > 5;

(iv) an HOP C,,-factorization of 4K, for m € Z such that m > 6 and m = 2 (mod 4).

2.2.4.3 Construction with Three Starters

In this case, the rotation is applied to three pairwise edge-disjoint 2-factors of 4K to form
an HOP 2-factorization of 4K.

Proposition 2.2.12. [36] Let n be odd, and let V(4K?) = {x; 1 i € Zp_1} U {z}. Let po
be the permutation on F(4K?) that preserves the color (and orientation) of the edges, and
is induced by the permutation p = (2o )(xo 1 T2 ... T, o). Let Fy, Fy, and F3 be three
pairwise edge-disjoint (Cy,,, Cpn,, - - ., C, )-factors of 4K with the following properties.
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(E1) Every cycle in Fy, Fy, and Fj satisfies Condition (C1) of Definition [1.2.3}
(E2) each orbit of (p,) has edges either in F} U F; or in F;
(E3) if e is an edge of F} U Fy, then p.n%(e) is also an edge of F} U Fy;

(E4) F, UF; contains a pink and a blue edge of difference 2.

Then D = {pi(F1), pi(F2) : i =10,1,..., 252 YU{pL(Fs) : i € Zp_1}is an HOP (Cyy, Cry, - - -,
Chn, )-factorization of 4K73.

Proof. By the given labeling for the vertices of 4K, each edge in F(4K}) is in one of the
following forms:

e z;1;+4 with blue color, for i € Z,_; and d € {1,2,..., 252}
 x;x;+4 with pink color, for i € Z,_; and d € {1,2,...,%2};
® z;%;, no1 with blue color, for i € {0,1,..., n=3y
® Tl na with pink color, for i € {0,1,..., ”T‘?’}7

o (x;,w;yq) with black color, for i € Z,_; and d € {1,2,...,n —2};
e 1,7, with blue color, for i € Z,_1;

e 1,1, with pink color, for ¢ € Z,,_1;

o (1;,14) with black color, for i € Z,_q;

o (z4,x;) with black color, for i € Z,,_;.

Since p, is a permutation that preserves the color and orientation of the edges, the group
(pe) has the following orbits on the edge set of 4K7?:

o forde {1,2,..., "T_S}, we have a pink and a blue orbit {x;z;1q: 1 € Z, 1};
e a pink and a blue orbit {xianT_l ti=0,1,..., 23}
e a pink and a blue orbit {72 : 7 € Z,,_1};

for d € {1,2,...,n — 2}, we have a black orbit {(x;,z;14) : 7 € Z,_1}; and

black orbits {(2eo, ;) 11 € Zp_1} and {(24,Te0) 1 7 € Zp—1}.

Taken together, the group (p.) has 2(%5%) + 24+ 2 + (n — 2) + 2 = 2n + 1 orbits. Note that
size of each orbit is n — 1, except the pink and the blue orbit consisting of edges of difference
2=1: these two orbits have length “%.

Assume O is an orbit of (p.); then by (E2), it has edges either in Fy U F5 or in Fj.
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Case 1: O has edges in F3. Then the size of O is n — 1 since the only orbits of size ”T_l are

the pink and the blue orbits consisting of edges of difference ”T_l, and by (E4) these

orbits have edges in F} U Fy. Thus, {p.(F3) : i € Z,_1} contains all edges of O.
Case 2: O has edges in Fy U F5. Then the size of O is either n—1 or ”T_l If the size of O is
2=1 then clearly {pi(F}), pi(F2) :i=0,1,..., 252} contains all edges of O. If the size

of O is n—1, then by (E3), we have that e € E(F; U Fy) implies p.n%(e) € E(FLUF,).
Hence, {pL(F1), pi(Fs) :i=0,1,...,%2} contains all edges of O.

Note that the collection of orbits forms a partition of F(4K?), and all edges in each
orbit are covered by {pi(F3) : i € Zn_1} or by {pi(F1), pi(F2) : i =0,1,...,%3} and since
these rotations cover 2n(n — 1) edges, which is exactly equal to the number of edges in 4K,
no edge is covered twice. Thus D forms a (C,,, Ciny, - - - , O, )-factorization for 4K Since
every 2-factor in D is formed by applying permutation p, to the starters, and every cycle in
the starters satisfies Condition (C1) of Definition and p, preserves the edge colors, the
2-factorization D is HOP. Hence, D is an HOP (C,,,, Cyp,, - - ., Cp, )-factorization of 4K73. 1

The following lemma summarizes a set of results from [36], which were proved using the
three starter approach from Proposition [2.2.12

Lemma 2.2.13. [36] The following HOP 2-factorizations exist.

(i) An HOP (Cs, Oy, Cs)-factorization of 4K73;
(ii) HOP (Cy, Cy, Cy, C3)-, (Ca, Cy, Cs)-, (Co, Cs3, Cy)-, and (Cy, Cs)-factorizations of 4K,
(iii) an HOP (Cs, Cs, Cs)-factorization of 4K7;

(iv) an HOP (C,, Cy,)-factorization of 4K7, ,, for m € Z such that m > 5 and m =
1 (mod 4).

2.2.5 Summary of the Proof of the Main Results from [36]

With the necessary tools in hand, we now present a summary of the proofs of the main
results from [36].

The main result, stated earlier in this chapter as Theorem [2.2.2] is restated below to
make the proof easier to follow.

Theorem 2.2.14. Let mq,ms,...,m; be integers with 2 < m; < my < ... < my;. Let
n =my+ms+...my;. Then HOP(2my,2ms, ..., 2m;) has a solution in each of the following
cases.

(i) m; =0 (mod 4), for all ;

(ii) n is odd and OP(mq,ms,...,m;) has a solution;
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(iii) n is odd and t = 2;

(iv) m is odd, n < 100, and m; > 3;
(v) n < 20;

(vi) my =me=... =my.

Proof. (i): Assume m; = 0 (mod 4), for all i = 1,2...,¢t. Consider 2K, and let I be a
1-factor in the pink copy of K. Choose a 1-factor I’ in the black copy of K, so that I @ I’
is a (Cyy Cingy - - -, Cipy )-factor in 2K7; this is possible since all m; are even. Since for all
i € {1,2,...,t}, we have m; > 4 and m; is even, by Theorem [2.1.4] both K, — I (pink)
and K, — I’ (black) admit (Cy,,, Cinys - - - , O, )-factorizations Dy and Ds, respectively. It can
be seen that D = {I@PI'} UD, UDy is a (Cpyy, Chny,s - - -, O, )-factorization of 2K7. Notice
that any cycle in D; is pink with an even length; there is no pink cycle in Dy; and any
cycle in I @ I’ has an even number of pink edges since m; = 0 (mod 4), forall i = 1,2...,¢.
Therefore, Dis a (Cpy, Crny,s - - -, Oy, )-factorization of 2K with the property that every cycle
of D contains an even number of pink edges. Thus by Lemma [2.2.7] the graph 4K admits
an HOP (Cy,,, Chny, - - -, C, )-factorization, and by Theorem HOP(2my,2ms, ..., 2my)

has a solution.

(ii): Assume n is odd and OP(my, mo, ..., m;) has a solution; then the result follows from

Corollary 2.2.6]

(iii): Assume n is odd and t = 2. We have the following cases.

Case 1: 3 < my < my. If (my,mg) # (4,5), then by Theorem [2.1.5] OP(my,m2) has a
solution, and by part (ii), HOP(2my, 2ms) has a solution. For (m,ms) = (4,5), by
Lemma [2.2.13] an HOP (Cy, Cs)-factorization of 4K exists.

Case 2: mp = 2.

If ms = 1 (mod 4), then my > 5, and by Lemma|2.2.13) an HOP (Cy, C,,,, )-factorization
of 4K}, ., exists.

If my = 3 (mod 4), then by Lemma [2.2.9, an HOP (Cs, C,,,)-factorization of 4K3, .,

exists.

In all above cases, the graph 4K admits an HOP (C,,,, Cy,)-factorization, and by
Theorem HOP(2my, 2my) has a solution.

(iv): Assume n is odd, n < 100, and m; > 3. In part (iii), it was proved that, for t = 2,
HOP(2m, 2my) has a solution; hence, we may assume t > 3.

If (mqy,mae, m3) # (3,3,5) and (my, ma, ms,my) # (3,3,3,3), then by Theorem [2.1.3]
OP(mq, my, ..., m;) has a solution, and by part (ii), HOP(2my, 2ms, ..., 2m;) has a solution.

If (my, ma, m3) = (3,3,5), then by Lemma [2.2.13] an HOP (Cs, C3, C5)-factorization of
4K?3, exists, and by Theorem [2.2.3] HOP(6, 6, 10) has a solution.
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If (mq, ma, mg,my) = (3,3,3,3), the result follows from part (vi).

(v): First assume n < 9. We have the following cases:

e If my =my = ... =my, then the result follows from part (vi).
e If n is odd and ¢ = 2, then the result follows from part (iii).
e If n is odd and 3 < m;, then the result follows from part (iv).

o If (my,ma,...,my) € {(2,4),(3,5)}, then the result follows from Lemma [2.2.9]

If (mq,ma,...,my) € {(2,2,4),(2,3,3),(2,6)}, then the result follows from Lemma
2211

o If (my,ma,....,my) € {(2,2,3),(2,2,2,3),(2,2,5),(2,3,4)}, then the result follows
from Lemma 2.2.13l

For 10 < n < 20, it was verified that HOP(2my, 2mo, ..., 2m;) has a solution in [31].

(vi): Assume my; = my = ... = m; = m, that is, n = tm. We have the following two cases.
Case 1: m is even. Then n is even as well.

First, let m = 2, and let F be a 1-factorization of K. Note that we can construct two
Cy-factors of 4K, from each 1-factor F'in F as follows. Each edge e = zy € E(F) gives rise
to a directed black 2-cycle C'; and a 2-cycle C’ with a pink and a blue edge in 4K?. Notice
that C' @ C’ corresponds to a 4-set of parallel edges between x and y with two black arcs
in the opposite directions, one blue, and one pink edge. Therefore, the resulting Cs-factors
form a Cs-factorization of 4K. Moreover, it is easy to verify this Cs-factorization is HOP.

Second, assume m > 4, but m # 6.

e If t =1, then n = m. We observed in Lemma that an HOP (), -factorization of
4K? exists for m = 0 (mod 4), and in Lemma that an HOP C,,-factorization
of 4K, exists for m = 2 (mod 4). Therefore, the graph 4K} admits an HOP C,,-
factorization.

o If t > 2, then n = tm. It is easy to verify that K;, can be decomposed into two
spanning subgraphs H; and H,, where H; is a disjoint union of ¢ copies of K,,, and
Hj is Kyp). In Lemma [2.2.9) and 2.2.11], we observed that 4K, admits an HOP C,,-
factorization. Furthermore, since m # 6, by Theorem , the graph K, admits a
C,,-factorization, and by Lemma there exists an HOP C,,-factorization of 4K .
Therefore, each of 4H7 and 4H5 admits an HOP C,,-factorization. By Lemma ﬂ,
the graph 4K admits an HOP C),,-factorization.

Third, assume m = 6.

o Ift=1, then n = 6. By Lemma [2.2.11] an HOP Cj-factorization of 4K¢ exists.
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o Ift =2, then n = 12. By Lemma [2.2.9] an HOP Cj-factorization of 4K7, exists.

o If t > 3, then n = 6t. Consider a decomposition of Kg into two spanning subgraphs
H, and Hj, where H; is a disjoint union of ¢ copies of K, and Hy is Kyg. By
Lemma [2.2.11] the graph 4K¢ admits an HOP Cg-factorization. Furthermore, since
t > 3, by Theorem the graph Ky admits a Cs-factorization, and by Lemma
there exists an HOP Cg-factorization of 4K} . Therefore, each of 4H} and 4H3
admits an HOP Cg-factorization. By Lemma ﬂ, the graph 4K, admits an HOP
Cs-factorization.

Case 2: m is odd. Then n is either odd or even.

— Assume n is odd. By Theorem[2.1.2] OP(n; m) has a solution, and by part (ii), HOP(2n; 2m)

has a solution.
— Assume n is even. Since m is odd, ¢ must be even.
First, let m = 3.

o If t =2, then n = 6. By Lemma [2.2.11] an HOP Cs-factorization of 4K¢ exists.
e If t =4, then n = 12. By Lemma an HOP Cjs-factorization of 4K7, exists.
o If t =06, then n = 18. By Lemma [2.2.11] an HOP Cs-factorization of 4K7g exists.

e If ¢t > 8, then we can let n = ¢/(2 - 3), where ¢’ > 4. Consider a decomposition of Kg
into two spanning subgraphs H; and H,, where H; is a disjoint union of ¢’ copies of Kg,
and H, is Kyg). By Lemma [2.2.11] the graph 4K¢ admits an HOP Cjs-factorization.
Furthermore, since ¢’ > 4, by Theorem [2.1.9|the graph Ky admits a Cs-factorization,
and by Lemma [2.2.5] there exists an HOP Cj-factorization of 4K . Therefore, each
of 4H? and 4HS admits an HOP Cs-factorization. By Lemma | the graph 4K
admits an HOP Cg-factorization.

Now, let m > 5.

e If t = 2, then n = 2m. By Lemma the graph 4K3, admits an HOP C,,-

factorization.

o Ift = 4, then n = 4m. By Lemma [2.2.9] the graph 4K}, admits an HOP C,,-
factorization.

e Ift > 6, then we can let n = ¢'(2m), where t' > 3. Consider a decomposition of Ky (o)
into two spanning subgraphs H; and H,, where H; is a disjoint union of ¢’ copies of Ks,),,
and Hy is Kyj9,). By Lemma , the graph 4K, admits an HOP C,,-factorization.
Furthermore, since m is odd, m > 5, and ¢’ > 3, we have (m,t') ¢ {(3,3)}; by Theorem

, the graph Ky, admits a Cy,-factorization, and by Lemma [2.2.5] there exists
an HOP Cp,-factorization of 4K, . Therefore, each of 4H} and 4H3 admits an HOP

Cy,-factorization. By Lemma , the graph 4K admits an HOP C,,,-factorization.
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In all cases, it is proved that 4K admits an HOP C,,-factorization. Hence, by Theo-
rem [2.2.3] HOP(2n;2m) has a solution. i

2.3 Previous Results on Decompositions into 2-regular
Subgraphs

In Chapter [3| we introduce the generalized HOP and demonstrate that the main approach

used for proving results on HOP can be extended to the generalized HOP as well. Asin HOP,

the reduction step involves converting the problem to the multigraph 4K;. Therefore, the

goal is to find HOP decompositions of 4K into 2-regular subgraphs. We use previous results

on the decomposition of smaller graphs, such as K,, and 2K,,, to construct decompositions

of 4K,,. Hence, in this section, we provide up-to-date results on decompositions of K, and
2K, into 2-regular subgraphs.

2.3.1 Decompositions of K, into 2-regular Subgraphs

Here, we provide a summary of known results on decompositions of K,, into 2-regular sub-
graphs, in particular those that will later be used to derive solutions to the generalized
HOP.

Theorem 2.3.1. [39] There exists a (C3)-decomposition of K, if and only if n = 1 or 3 (mod 6).

Theorem 2.3.2. [, [44] Let 3 < m < n be integers, and let n be odd. Then K,, admits a
(Cyn)-decomposition if and only if m divides the number of edges in K.

Theorem 2.3.3. [24] Let ¢ > 1 and m > 3 be integers, and let n = 2¢tm + 1. Then there
exists a cyclic (Cfnt))—decomposition of K,,.

Theorem 2.3.4. (1], 3, 1] 15, 20] Let my, mo > 3 and m = my + my. Then there exists a
(Cpny s Ciny )-decomposition of K, in each of the following cases.

(1) n=1 (mod 2m);
(2) m odd, n =m (mod 2m), and (my, ma,n) # (4,5,9).

Theorem 2.3.5. [10, 2I] Let mq, ma, ..., m; be even integers, and let m = 22:1 m;. Then
there exists a (Cy,y, - . ., Cm, )-decomposition of K, for all n =1 (mod 2m).

Theorem 2.3.6. [33] Let my, mg, m3 > 3 be odd integers and m = my + mgy + ms3. There
exists a (Cp,, Cny,y Crng )-decomposition of each of the following graphs:

o Kopmi1, for every positive integer k # 2;
® K(ok+1)[m), for every positive integer k;

® Kjjom), for any integer k > 3.
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Theorem 2.3.7. [3] Let mq,ms, ..., m; be integers such that m; > 3 for all i, and m; +
-+ +my =m < 10. Then there exists a (Cy,,, ..., Cp,)-decomposition of K, if and only if
all of the following conditions hold.

o m < n;
e 1 is odd;
e m divides the number of edges in K,,; and

e n # 9 when (my,ma,...,my) € {(3,3),(4,5)}.

For any graph G, there are three obvious necessary conditions for the existence of a
G-decomposition of K,:

@) V(@) <n;
(ii) n(n —1) =0 (mod 2|E(G)|); and
(iii) n—1 =0 (mod d) where d is the greatest common divisor of the degrees of the vertices
in G.
In [49], Wilson has shown that these conditions are asymptotically sufficient.

Theorem 2.3.8. [49] For any given graph G, there exists an integer N(G) exponentially
large in n such that if n > N(G), then conditions (ii) and (iii) above are sufficient for the
existence of a G-decomposition of K.

Theorem 2.3.9. [46] Let m, r, and s be even positive integers. The complete bipartite graph
K, has a (Cy,)-decomposition if and only if min{r,s} > % and m divides the number of
edges in K, ;.

2.3.2 Decompositions of 2K, into 2-regular Subgraphs

In this section, we present some known results on decompositions of 2K, into 2-regular
subgraphs.

Theorem 2.3.10. [6] Let m and n be integers such that 2 < m < n. The multigraph 2K,
admits a (C),)-decomposition if and only if m divides the number of edges in 2K,,.

Theorem 2.3.11. [16, 27] Let m,n,t be integers such that 2 < m < n and n = mt + 1.
Then the multigraph 2K, admits a (Cﬁ)—decomposition.



Chapter 3

The Generalized Honeymoon
Oberwolfach Problem

In this chapter, we introduce the generalized Honeymoon Oberwolfach Problem. We begin
by defining the problem, then adapt the techniques used for the Honeymoon Oberwolfach
Problem in [306] to its generalized form. We also discuss the approaches and tools needed to
address the generalized HOP.

3.1 Introduction

In [36], the HOP has been defined for tables of size at least 4. We generalize the problem
to allow for tables of size 2. As in HOP, we have 2n participants consisting of n newlywed
couples, but this time we want to see whether it is possible to seat them at s tables of size
2 and t tables of sizes 2mq,2m., ..., 2my, for m; > 2, for several consecutive nights so that
each participant sits next to their spouse every time, and next to each other participant
exactly once. We assume that 2n = 2s + 2my + 2mo + ... + 2my, where 2 < my < ... < my,
and s > 0, and we denote this problem by HOP (2%, 2my, 2ms, ..., 2m,). We refer to tables
of size at least 4 as round tables.

We would like to model the generalized HOP using an appropriate graph derived from
Ky,. Let I denote the 1-factor of K5, corresponding to the n couples. Then, an arrange-
ment for the first night is equivalent to an /-alternating (K2<3>, Comys - - -, Com, )-factor of this
graph. Moreover, a solution to HOP(2(), 2my, 2m,, ..., 2m,) is equivalent to an I-alternating
(K2<S>, Comys - - -, Com, )-factorization of a graph of the form K, + (7 — 1), for an appropriate
v (to be derived below).

Note that although a solution to HOP(2my,2ms,...,2m,) is equivalent to a semi-
uniform 1-factorization of Ks, of type (2mq,2ma,...,2m;), as seen in Lemma [2.2.1] in

general, a solution to the generalized HOP does not correspond to such a factorization.

The obvious necessary condition for HOP(2<5>, 2my, 2ma, ..., 2m,) to have a solution is
stated in the following lemma.

25
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Lemma 3.1.1. Let s > 0and 2 < m; < ... < my be integers. Let n = s+mi+mao+...+my.
Then HOP(2%),2my, ..., 2m,) has a solution only if (Zt m;) | 2n(n — 1).

=1

Proof. Assume HOP(2(,2my,...,2m;) has a solution. Then Ko, + (v — 1)I, for an ap-

propriate 7y, admits an /-alternating (K2<S>, Comys - - -, Com, )-factorization. It follows that the

number of non-/-edges in each (K§8>, Comys - - - Comy )-factor, that is, 1377 2m;, must di-

72 )
vide the number of non-I-edges in Ks, + (7 — 1)1, that is, W In other words, we have

(Zﬁzl mz) | 2n(n —1). |

Note that if HOP(2%),2m,,...,2m,) has a solution, then 2nn=b) g an integer, and

i=1"T
it is exactly the number of (K2<S>, Comys - - -, Com, )-factors in the required decomposition of
Ko + (v — 1)I; that is to say, v = %
i=1"

3.2 The Main Approach

The following theorem is a generalization of Theorem [36]. The approach here, just as
in [36], is to convert the problem from the multigraph Ky, + (y—1)I to the multigraph 4K7.

Theorem 3.2.1. Let s > 0 and 2 < my; < ... < my be integers. Let n = s+ my + mg +
...+ my. Then HOP(2),2m;,2ma,...,2m,) has a solution if and only if 4K* admits an
HOP (Cyny, Chy,s - - -, Ci, )-decomposition.

Proof. First, assume HOP(2(), 2my, 2ms,, ..., 2m,) has a solution. By Lemma/3.1.1} we have

(Yoi, mi)|2n(n—1); let v = ;Lf(%;}z)z Thus we have a factorization of Ky, + (v — 1)1 into I-

alternating (K5, Cam,, . . ., Cam, )-factors. Let F be such an I-alternating (K5, Com,, - . ., Com, )-
factorization.

Let the vertex set of Ky, + (7 — 1)I be
V(Ko + (v =1I) =A{z} i € Zy, a € Zs},
where 29z} € E(I), for all i € Z,. Let the vertex set of 4K be

VAK}) ={x;:i € Z,}.

We know there are four edges between any two vertices of 4K, one pink, one blue, and
two black arcs of opposite directions. Assign to each non-I/-edge of Ky, + (v — 1)I an edge
of 4K as follows. For i, 5 € Z,,, and i # j,

e Assign the blue copy of z;x; to the edge x?x?.
e Assign the pink copy of z;z; to the edge x;}x].

e Assign the black arc (z;,2;) to the edge a0x}.
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e Assign the black arc (z;, z;) to the edge x}x?

This mapping, call it ¢, is a bijection from the set of non-I-edges of Ky, + (v — 1)[
to the edge set of 4K;. Let C = m%x}o_axflxgl_ﬂ . .mfm_lx%m_ix% be a 2m-cycle in F. By
contracting the I-edges in the sequence C', and applying the bijection ¢, we obtain a sequence
C’ of length m that is a cycle in 4K . Thus, ¢ can be viewed as mapping each [-alternating
(K2<S>,C’2ml, ooy Com, )-factor in F to a (Cy,,, ..., Cp,)-subgraph in 4K?; and hence the I-
alternating (K2<S>, Comys - - -, Com, )-factorization F to a (Cy,, . .., Cp, )-decomposition D of
4K>. Notice that the copies of K5 in the (K§S>, Comys - - -, Cam, )-factors “disappear” in this
mapping; in other words, they are irrelevant.

It remains to prove ' satisfies Condition (C1) of Definition [[.2.3] Take any two
adjacent edges in C’, say x;z; and xjxy; they correspond to the path P = x?xfx;fﬁxix};é
in C.

0,.0,.1,.5,1-3

If z;z; is blue, then a = § =0, and we have P = x;x;x;x52,

— If 0 =1, then z;z;, is pink.
— If 0 =0, then x;x;, is black and oriented from z;, to z;.

is Di — 3= — 110,818
If x;x; is pink, then a = § =1 and we have P = z;z;x;757,

— If 6 =1, then z;z; is black and oriented from z; to zy.

— If 6 =0, then z;zy, is blue.

If z;x; is black with orientation from z; to x;, then @ = 0,8 = 1 and we have P =

0,106 .18
T Ty

— If 0 =1, then x;z;, is black and oriented from z; to xy.

— It 6 =0, then x;z; is blue.

If z;z; is black with orientation from z; to x;, then o = 1,8 = 0 and we have P =

1,.0,.1,.8,.1-6
T; XLy

— If 6 =1, then z;z; is pink.

— If 6 =0, then z;z;, is black and oriented from zj, to z;.

We observe that any two adjacent edges in C” satisfy Condition (C1) of Definition |1.2.3}
hence, D is an HOP (C,,, Cpny, - - ., Cp, )-decomposition of 4K71.

Conversely, assume 4K? admits an HOP (C,,,, Cp,, ..., Cy, )-decomposition D. Thus,
the number of edges of each (C,,,, Cp,, . . ., Cyy, )-subgraph in D, that is, 22:1 m;, must divide
the number of edges of 4K, that is, 2n(n—1). In other words, we have (> ;_ m;)[2n(n—1),

% is an integer. Label the vertices of Ky, + (7 — 1)I and 4K} as be-
i=1"T
fore. Let C' = wx;yx;, ... 2, 2, be an arbitrary m-cycle in D. Create a sequence C”

by duplicating each vertex in the sequence of C’ except the last vertex. Thus, we have

and v =
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C" = Xy TigTi, Ty TigTiy - - - Ty, Ty Ti. Notice that this sequence, viewed cyclically, de-
composes into subsequences of length two of the form wx;z; for ¢ # j; that is, C” =

TigLiy Tiy TiyTiy - - - Tip 4 . For each such subsequence e’ = z;z;, replace ¢ with
an edge e of Ky, + (v — 1)1 as follows:

e If ¢/ is blue, then let e = 20z ?

o If ¢ is pink, then let e = zjz;.

0.

e If ¢’ is black and oriented from z; to z;, then let e = zjx

e If ¢ is black and oriented from x; to x;, then let e = z}x ‘;-.

Denote the resulting sequence by C'. Notice that the cycle C' has property (C1); that is, any
two adjacent edges, say x;x; and x;x), which correspond to the path P = x§ oyt ﬁxzx}g 0

3
in C, satisfy one of the following:

e One is blue and the other pink.

— If zyz; is blue and z;zy, is pink, then P = adalzlapa}.
1,.1,.0,.0
— If zyz; is pink and x;2; is blue, then P = x}ajafaiz;.

e Both are black and have the same directions.

— If x;z; is oriented from w; to z;, and z;x; is oriented from x; to zj, then P =

0,.1,.0,.1..0
T 05T T

— If x;z; is oriented from z; to z;, and z;x; is oriented from x; to x;, then P =

1,.0,.1,..0,.1
T LT T

o If x;x; is blue and xz;x; is black with the orientation from z; to z;, then P =
0,.0,.1,.0,.1

T LT
o If x;z; is pink and z;z; is black with the orientation from z; to xj, then P =
wi ey,
Note that in all cases, any consecutive vertices with the same subscript have distinct super-
scripts in P. Therefore, C' is an I-alternating 2m-cycle in Ky, + (v — 1)I. Thus, we see that
a (Chyy Cingy - -+, Ciy )-subgraph of 4K? “lifts” to an [-alternating (Com,, Comy, - - -, Com, )-
subgraph of Ky, +(y—1)I. We extend this subgraph to an I-alternating (K2<8>, Comyy -y Com, )-
factor of Ky, + (v —1)I as follows. We know there are 2s vertices in the vertex set of Ky, +
(v—1)I that are not in the cycles Cop,,, Com,, - - -, Com,, since 2n = 2s+2my+2mao+. . .+2my.
Moreover, since the t cycles are [-alternating, we can find s pairs among the remaining 2s
vertices such that each pair forms an [-edge. Thus, any [-alternating (Cay, Comy, - - - s Com, )-
subgraph extends uniquely to an [-alternating (K2<S>, Comys - -+, Com, )-factor. Therefore, any
(Cinys Crngs -« -, C, )-subgraph in D “lifts” to an [-alternating (K2<S>, Comys - - -y Com, )-factor
in Ky, + (v — 1)I. Since |D| = 7, we have v [-alternating (K§s>, Comys - - -y Com, )-factors
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which form an [-alternating (K§s>, Comys - - -, Com, )-factorization of Ky, + (v —1)I. In other
words, an HOP (C,,,,Cp,, ..., Cp,)-decomposition of 4K gives rise to an [-alternating

(S, Com, - . ., Comy )-factorization of Ky, 4 (y— 1)1, and this is equivalent to a solution for
HOP(2%), 2my, 2ma, . .., 2my). |

In the following examples, we apply the construction from Theorem to build solu-
tions to specific cases of the HOP.

In Example [3.2.2] we show that an HOP C)-factorization of 4K7 gives rise to a solution
to HOP(8;8), and in Example |3.2.3] we show that an HOP (C5)-decomposition of 4K gives
rise to a solution to HOP(2,4).

Example 3.2.2. Let D = {C, C4, C%, C}, CL, Ci} be the HOP Cy-factorization of 4K} shown
in Figure (see Example for how this 2-factorization was obtained).

Using the construction from the proof of Theorem [3.2.1] we build an I-alternating Cs-
factorization of Kg + 51, which gives a solution to HOP(8;8) (see Figures 3.5). Note
that here n =4, s =0, and v = 6.
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Cec Dd
C)
Aa Bb
Cec Dd
C,

Figure 3.1: An HOP Cj-factorization of 4K73
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Cc Dd
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Figure 3.2: Part 1: from an HOP C)-factor to an [-alternating Cs-factor.
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Aa Bb
@&
Cc Dd
a
C; G
A
T
Aa Bb
- - c
Cc Dd
b D
a
C, C,

Figure 3.3: Part 2: from an HOP C)-factor to an [-alternating Cg-factor.
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Aa Bb
Cc Dd
Cs
Aa Bb
Cc Dd
a
Cq Ce

Figure 3.4: Part 3: from an HOP C)-factor to an [-alternating Cs-factor.
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01@02®03@C4®C5@06:K8+5I

Figure 3.5: From an HOP Cj-factorization of 4K} to an [-alternating Cs-factorization of
Kg+ 51

Example 3.2.3. Let F = {F|, Fy, F3, Fy, Iy, Fs} be the HOP (Cy)-decomposition of 4K3
shown in Figure Note that here n = 3, s =1, and v = 6.

Using the construction from the proof of Theorem [3.2.1, we obtain an [-alternating
(Ko, Cy)-factorization of K+ 51, which gives a solution to HOP(2,4) (see Figures and

33).
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Figure 3.6: An HOP (C5)-decomposition of 4K73
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Aa

Bb Cc

Aa

Bb Cc

Bb Cc

F;

Figure 3.7: Part 1: from an HOP (Cy)-subgraph to an [-alternating (K5, Cy)-factor.
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Bb Cc
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Fs Fs
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—_— C e N N 9 C
°
Bb Cc
b a
F¢ Fg

FiPFyPFPF,PFsPF; = K + 51

Figure 3.8: Part 2: from an HOP (C3)-decomposition of 4K3$ to an [-alternating (K, Cy)-
factorization of K¢+ 51 .

3.3 Additional Tools

We observed that HOP(2®) 2my,2ms,...,2m,) admits a solution if and only if 4K* ad-
mits an HOP (C,,,,Cp,, - .., Cp, )-decomposition. We henceforth focus on finding HOP
(Ciyy Crgs - -+ Ciy, )-decompositions of 4K7.
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However, finding such decompositions is not straightforward. We introduce some re-
duction tools that allow us to use decompositions of K,, or 2K, and extend them to obtain
HOP decompositions of 4K. These tools are discussed below.

3.3.1 From G to 4G*

The following lemma is a generalization of Lemma [2.2.4{(a) [36].

Lemma 3.3.1. Let GG be a simple graph. Let Hy, Hs, ..., H; be subgraphs of G such that
G=H@PHP --PH, If, foralli € {1,..., s}, the multigraph 4H? admits an HOP de-
composition D; into (C,,, ..., Cp, )-subgraphs, then D = | J;_, D; is an HOP decomposition
of 4G* into (Cy,,, . .., Cy,, )-subgraphs.

Proof. We know that H,, Ho, ..., H, are subgraphs of G, so 4H7,4H3,... AH? are sub-
graphs of 4G*®. Therefore, any (Cy,,, ..., Cn,)-subgraph of 4H?, for i € {1,...,s}, is also

a (Cpyy ..., Chp,)-subgraph of 4G*. Moreover, since the edge sets of Hy, Hs, ..., Hs form
a partition of E(G), we have 4G* = 4H} @ 4Hs P ---@P4H?. For each i € {1,...,s},

we know 4H? admits a decomposition D; into (Cy,,, ..., Cp,)-subgraphs. Then the union
D = J;_, D; is a decomposition of 4G* into (C\,,,...,Cpn,)-subgraphs. Finally, since each
D; is an HOP decomposition, the resulting decomposition D is also HOP. |

The following lemma gives a sufficient condition for the multigraph 4G*® to admit an
N o
HOP (C5")-decomposition.

Lemma 3.3.2. Let G be a simple graph. If G admits a decomposition into 1-regular sub-
graphs of order 2¢, then 4G* admits an HOP (C’2<t>)—decomposition.

Proof. Let F = {Hy, Hy,...,Hs} be a decomposition of G where each H; is a l-regular
subgraph of order 2t; that is to say, each H; is a disjoint union of ¢ copies of K5. It is easy
to see that each copy of K5 in each H; gives rise to a directed black 2-cycle, and a 2-cycle
with a pink and a blue edge in 4G*®. Therefore, each copy of Ky %ives rise to two HOP Cs-
subgraphs, and consequently, each H; gives rise to two HOP (Cét )-subgraphs. Notice that

the two HOP (CJ")-subgraphs derived from H; form an HOP (C$")-decomposition of 4H?.
Therefore, for all i € {1,...,s}, the multigraph 4H? admits an HOP (C2<t>)-decomposition,
and by Lemma , the multigraph 4G* admits an HOP (C2<t>)—decomposition.

The following lemma is a generalization of Lemma [36], and the proof is very
similar.

Lemma 3.3.3. Let G be a simple graph. If G admits a (C,,,, Cpny, - - - , Cin, )-decomposition,
then 4G* admits an HOP (C,,,, Cyy,s - - -, Cpn, )-decomposition.
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Proof. Let Dg = {H;, Hs, ..., H,} be a decomposition of G, where each H; is a (Cy,, Cny,

..y Cp, )-subgraph. If we prove that for all i € {1,2,..., s}, the multigraph 4H? admits an
HOP decomposition into (Cy,,, Cp,, - - -, Cr, )-subgraphs, then by Lemma the multi-
graph 4G* admits an HOP (C,,,, Cpy, - - ., Cpn, )-decomposition.

Note that any 2-regular subgraph H;, for all i € {1,2,...,s}, consists of disjoint cy-
cles of lengths my,ma,...,my. To show that 4H? admits an HOP (C,,,,Ciyy ..., Ciy)-
decomposition by applying Lemma [3.3.1], it suffices to show that for each cycle C' in H;, the
multigraph 4C* admits an HOP C,,-factorization.

To show that 4C* admits an HOP C,,-factorization, we consider the following two cases.

Case 1: Assume m is even. Let Cy,Cy, C3, Cy be four copies of C'. Color the edges of C}
alternately pink and blue. Color the edges of Cy alternately pink and blue, but in the
opposite way of C;. Color all the edges of C'5 and Cy black, and orient the two cycles
in the opposite directions.

Case 2: Assume m is odd. First, fix two adjacent edges in C, say xor; and zixs. Let
C1,Cy, C5,Cy be four copies of C'. In C, color the edge xzgz; black and xzixo blue.
Color all the remaining edges alternately pink and blue, starting with pink from the
edge xox3. In Cy, color the edge xgx; pink and xz9 black. Color all the remaining
edges alternately blue and pink, starting with blue from the edge xox3. In Cj, color the
edge zox; blue and x5 pink. Color all the remaining edges black. Notice that in these
three cycles, each run of blue and pink edges alternates between the two colors, and
each run of black edges is bounded by a blue and a pink edge. Orient the black edges
from pink to blue. Thus, the three cycles satisfy Condition (C1) of Definition .
In the fourth copy of C', that is, Cy4, color all the edges black and orient them in the
opposite direction from the black edges in C4, Cy, Cs.

We observe that in both cases the resulting cycles satisfy property (C1), and form an HOP
C,,-factorization for 4C*. |

In the following example, we apply Lemma to construct a Cs-factorization of 4K
from an existing Cs-factorization of K5 (see Figure .

Example 3.3.4. Let D = {C},C>} be a Cs-factorization of K5 in Figure 3.9 Figure [3.10]
describes the construction of an HOP Cs-factorization of 4K} using the procedure from the
proof of Lemma (3.3.3
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Figure 3.9: A Cs-factorization of Kj
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Figure 3.10: From a Cjs-factorization of K5 to an HOP Cj-factorization of 4K?

3.3.2 From 2G° to 4G*

The following lemma generalizes Lemma [36]. Asin [36], the idea is to use a (Cyyy, Chny,s
..y Cppy )-decomposition of 2G° to construct an HOP (C,,,, Cy, - - ., i, )-decomposition of
4G*.
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Lemma 3.3.5. Assume that 2G° admits a (Cy,,, Ciny, - - -, O, )-decomposition F with the
property that every m-cycle of F, for m > 3, contains an even number of pink edges. Then
4G* admits an HOP (C,,,, Cpp,, . . ., Cpy, )-decomposition.

Proof. Let C' be any m-cycle in F . Consider the following two cases.

Case 1: m > 3. Then C contains an even number of pink edges. Construct ¢ from C'
as follows: Recolor every second pink edge blue. Since the number of pink edges is
even, after recoloring, in each run of blue and pink edges, the two colors alternate, and
each run of black edges is bounded by a blue and a pink edge. Orient the black edges
from pink to blue. Now, construct C5 from C by swapping pink edges with blue edges
and changing the orientation of the black edges. Notice that when the number of pink
edges is zero, C7 and C5 are directed black cycles with opposite directions.

Case 2: m = 2. Then C contains two parallel edges with colors pink and black. Obtain C
from C' by recoloring the black edge blue, and obtain Cs by replacing the pink edge of
C with a black edge, and orient the two black edges in opposite directions.

Therefore, each m-cycle in F gives rise to two HOP m-cycles in 4G*. More generally, any
(Cinyy Crngs - - -, Ciy, )-subgraph of 2G° gives rise to two HOP (C,,,, Chy,s - . ., Cyp, )-subgraphs
in 4G*®.

We still need to show that the union of all these HOP (C,,,, Cy,, . . ., Cp, )-subgraphs
is equal to 4G*. Let x and y be two arbitrary adjacent vertices of 2G°. There are two
parallel edges between x and y, one colored pink and the other black. Since F is a
(Crnys Congs - - - Crm, )-decomposition of 2G°, there exist cycles CP and C® in F that con-
tain the pink and black copies of the edge xy, respectively. By the construction described
above, the cycle CP gives rise to two cycles: one containing a pink copy of zy and the other
containing a blue copy. Similarly, the cycle C° gives rise to two cycles: one containing a
black copy of xy oriented from z to y, and the other containing a black copy oriented from y
to x. Hence, the union of the resulting HOP (C,,,, Cpny, - - ., Cn, )-subgraphs covers all edges
of 4G*. Therefore, 4G* admits an HOP (C,,,, Cy,, - . ., Cy, )-decomposition.

The following example illustrates Lemma for G = Ky.

Example 3.3.6. The 2-factorization D = {F}, F», F3} shown in Figure[3.11]is a Cy-factorization
of 2K that satisfies the condition in Lemma [3.3.5] The figure also illustrates how this fac-
torization can be used to construct an HOP Cj-factorization of 4K, following the method
described in the proof of Lemma [3.3.5]
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Figure 3.11: From a Cy-factorization of 2K} to an HOP Cj-factorization of 4K73

3.4 Useful Starters

In this section, we develop several useful lemmas that provide methods for constructing HOP
decompositions of 4K?. These constructions are obtained either by deriving them from
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decompositions of smaller graphs, such as K, and 2K, or through direct constructions.
In each case, the focus is on generating starter cycles that satisfy specific symmetry and
HOP coloring conditions, followed by applying a suitable permutation to obtain a cyclic
decomposition of 4K7.

Although not all of the lemmas are used later in the thesis, they are included for com-
pleteness and may be useful in related contexts.

3.4.1 From a Decomposition of K, to an HOP Decomposition of
4K

Lemmas|[3.4.1]and [3.4.2] are classical results on cyclic decompositions of K,,, which we restate
in a form suited to our context.

Lemma 3.4.1. Let 3 < m; < ... < my be integers, and m = m; + ... + m;. Assume n is
an odd integer such that 2 = ms for some s € ZT. Let V(K,) = {; : i € Z,}, and let
p=(xox1 x2 ... T,_1) be a permutation on V(K,).

Let Fy, Fy, ..., Fs be (Cpy, Chy, - - ., Cpy, )-subgraphs of K, that jointly contain exactly
one edge from each of the orbits of (p) in its action on E(K,). Then 4K admits an HOP
(Cys Crngy - - - Cyy, )-decomposition.

Proof. By the given labeling of the vertices of K, each edge in E(K,) is of the form z;x;, 4,
fori € Z, and d € {1,2,..., 251}, Therefore, the group (p) acting on F(K,) has “5* orbits,
each of size n. Since Fi, F», ..., Fy jointly contain exactly one edge from each of the orbits of
(p), observe D = {p'(F), p'(FY), ..., p(Fy) : i € Zyp} is a (Crayy Cryy - - - 5 Cyy, )-decomposition
of K,. Applying Lemma [3.3.3] we see that 4K admits an HOP (C,,,, Cry, ..., Ch,)-

decomposition. |
Lemma 3.4.2. Let 3 < m; < my < ... < my be integers, and m = my + ... + my.
Assume n is an odd integer such that n = ms for some s € Z*. Let V(K,) = {z; :

i € Zp1} U{rs}. Let p = (xs)(xg 21 X2 ... T,_2) be a permutation on V(K,). Let
Fi,Fy, ..., Fsbe (Cpyy Chys - - ., Chy, )-subgraphs of K, with the following properties.

(A1) F\, F,, ..., Fs jointly contain exactly two edges from each orbit of (p) of length n — 1,
namely, a pair of edges of the form (e, p%(e)); and

(A2) Fi, F,, ..., F; jointly contain exactly one edge from each orbit of (p) of length ”T_l

Then 4K? admits an HOP (C,,,, Cpy, - - ., Cpn, )-decomposition.
Proof. Notice that the group (p) has the following orbits on the edge set of K,,:

e for each d € {1,2,..., "T’?’}, we have one orbit {z;x;1q:1 € Z,_1};

e one orbit {xian;l r1=0,1,..., —";3}; and
2
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e one orbit {x;ro i € Z,_1}.

Hence, the group (p) has 52 +1+1 = L orbits on E(K,). Note that the size of each orbit

is n — 1, except for the orbit consisting of edges of difference "T_l; this orbit has length ”T_l

Assume O is an orbit of (p); then either it has length 251 or n — 1. If the length of O is
2=1 then by (A2), clearly {p'(Fy),...,p"(Fs):1=0,1,..., 252} contains all edges of O. If
the length of O is n — 1, then for any e € O, by (A1), we have that e € E(FyUF,U...UFj)
implies p"7 (¢) € E(FUF,U. . .UF,). Hence, {p(F\),...,p'(F,) :i=0,1,..., 2=3} contains
all edges of O.

Note that Fi, Fy, ..., F, jointly contain ms = n edges, and all edges in each orbit are
covered by {p'(F1),...,p"(Fs) :i=0,1,...,%2}. Since this set covers n - 25! edges, which
is exactly equal to the number of edges in K,,, each edge is covered precisely once. Thus D =
{p'(F1), p"(Fs), ..., p"(Fy) = i = 0,1,...,252} forms a (Cpn,, Ciny, - - - , Crm, )-decomposition
for K,. Applying Lemma [3.3.3] the multigraph 4K admits an HOP (C,,,, Cps,, ..., Cin,)-
decomposition. |

3.4.2 From a Decomposition of 2K, to an HOP Decomposition of
4K®

Lemma 3.4.3. Let 2 < m; < ... < my be integers, and m = m; + ... + m;. Assume n is
an odd integer such that n — 1 = ms for some s € Z". Let V(2K;) = {z; : i € Z,}, and let
po be the permutation on F(2K?) that preserves the color of the edges, and is induced by
the permutation p = (g x1 T2 ... Tp_1).

Let Fy, Fy, ..., Fs be (Cpy, Chy, - - ., Cy, )-subgraphs of 2K with the following proper-
ties.

(B1) Every cycle in Fi, Fy, ..., Fs of length at least 3 contains an even number of pink
edges; and

(B2) Fy, Fy, ..., F; jointly contain exactly one edge from each of the orbits of (ps).
Then 4K? admits an HOP (C,,,, Cpy, - - ., Cpn, )-decomposition.

Proof. Each edge in F(2Kj) is of the form z;z;44, for i € Z, and d € {1,2,..., 251}, The
group (po) has a pink and a black orbit {z;z;1q : i € Z,}, for each d € {1,2,..., %1} There-
fore, we have 2- "T’l = n—1 orbits, and the size of each orbit is n. Since F}, Fs, ..., F§ jointly
contain exactly one edge from each of the orbits of {p,), observe D = {p¢ (F), p! (Fy), ..., pL(F}) :
i € Zp} is a (Chyy Chy,y - -+, iy )-decomposition of 2K7. By Condition (B1) and Lemma
3.3.5 we see that 4K admits an HOP (C,,,, Cpp,, . . ., Cp,, )-decomposition. |

Lemma 3.4.4. Let 2 < m; < ... < my be integers, and m = my + ... + my;. Assume n is
an even integer such that 2(n — 1) = ms for some s € Z*. Let V(2K?) = {z; : i € Z,}, and
let p, be the permutation on F(2K;) that preserves the color of the edges, and is induced
by the permutation p = (xg x1 T3 ... Ty_1).
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Let Fy, Fy, ..., Fs be (Cpy, Chy, - - -, C, )-subgraphs of 2K° with the following proper-
ties.

(B'1) Every cycle in Fiy, Fy, ..., Fs of length at least 3 contains an even number of pink
edges;

(B'2) F\, F,,..., F; jointly contain exactly two edges from each orbit of (p,) of length n,
namely, a pair of edges of the form (e, p(e)); and

(B'3) F1, F,. .., F; jointly contain exactly one edge from each orbit of (p,) of length .
Then 4K? admits an HOP (C,,,, Cpy, - - ., O, )-decomposition.

Proof. Observe that the group (p,) has a pink and a black orbit {z;x;1 4 : 4 € Z,}, for each
de{1,2,...,%2}, and a pink and a black orbit {zizipn 1i=0,1,..., 22} Therefore, we
have 2 - ”T_Q + 2 = n orbits. Note that the size of each orbit is n, except for the pink and the
black orbit consisting of edges of difference %; these two orbits have length 7.

Assume O is an orbit of (p.); then either it has length % or n. If the length of O is 7,
then by (B’3) clearly {p.(F1),...,pL(Fs) :i=0,1,..., ”7_2} contains all edges of O. If the
length of O is n, then for any e € O, by (B’2), we have that e € E(F;UF,U...UF) implies
po%(e) € E(FLUF,U...UF,). Hence, {pi(F\),...,pi(Fy) : i =0,1,..., %2} contains all
edges of O.

We see that Fy, Fy, ..., Fy jointly contain 2(n — 1) edges, and all edges in each orbit
are covered by {pi(Fy),...,pi(Fy) i =0,1,...,22}. Since this set covers 2(n — 1) - % =
n(n — 1) edges which is exactly equal to the number of edges in 2K:, no edge is cov-
ered twice. Thus D = {pi(F),...,p (F) : i =0,1,..., 252} forms a (Cypy, Crys - - -, Oy )-
decomposition for 2K?°. By Condition (B’1) and Lemma [3.3.5 we see that 4K? admits an
HOP (C.,, Chny,s - - -, Ci, )-decomposition. |

Lemma 3.4.5. Let 2 < my; < my < ... < my be integers, and m = mq+...+m;. Assume n
is an even integer such that n = ms for some s € Z*. Let V(2K?) = {x; 11 € Zp_1} U{x}-
Let p, be the permutation on F(2K?) that preserves the color of the edges, and is induced
by the permutation p = (r)(zo 1 T2 ... Tp_2).

Let Fy, Fy, ..., Fs be (Cpy, Chy, - - -, Cpy, )-subgraphs of 2K° with the following proper-
ties.
(D1) Every cycle of Fy, F, ..., Fy of length at least 3 contains an even number of pink
edges, and

(D2) Fy, F,. .., Fy jointly contain exactly one edge from each of the orbits of (p,).
Then 4K admits an HOP (C,,,, Cpy, - - ., Cpn, )-decomposition.

Proof. Each edge in F(2Ky) is either of the form z;2;,4, fori € Z,_y and d € {1,2,..., %52},
or of the form z;x (if it is of difference infinity). Since p, is a permutation that preserves
the color of the edges, the group (p,) has the following orbits on the edge set of 2K7:
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e for each d € {1,2,..., ”7_2}, we have a pink and a black orbit {x;z;14: 1 € Z,_1}, and

e a pink and a black orbit {z;z : i € Z,_1}.

Hence, the group (p,) has 2 - ”T_Q + 2 = n orbits, and the size of each orbit is n — 1. Since
F\, F,, ..., Fsjointly contain exactly one edge from each of the orbits of (p,), we observe that
D = {pL(F1),p.(Fy), ..., p (Fs) 15 € Zy_1} is a (Cpyy Cogs - - -, Ci, )-decomposition of 2K72.
Moreover, since every cycle in D of length at least 3 contains an even number of pink edges,
by Lemma3.3.5] the multigraph 4K admits an HOP (C,y,, Cp,,, . . ., Ci, )-decomposition. B

Lemma 3.4.6. Let 2 < m; < ... < my; be integers, and m = m; + ... + m;. Assume n is
an odd integer with 2n = ms for some s € Z*. Let V(2K?) = {x; : i € Zp_1} U {xs}. Let
po be the permutation on F(2K7) that preserves the color of the edges, and is induced by
the permutation p = (o) (g 1 T2 ... Ty_2).

Let 1, Fy, ..., Fs be (Cpy, Chy, - . ., Cry, )-subgraphs of 2K with the following proper-
ties.

(D’1) Every cycle in Fy, Fy, ..., F, of length at least 3 contains an even number of pink
edges;
(D’2) Fy, Fs, ..., F jointly contain exactly two edges from each orbit of (p,) of length n—1,

namely, a pair of edges of the form (e, p:% (e)); and

(D’3) Fy, Fy, ..., F; jointly contain exactly one edge from each orbit of (p,) of length "T_l
Then 4K admits an HOP (C,,,, C,, . . ., Cy,, )-decomposition.
Proof. Observe that the group (p,) has the following orbits on the edge set of 2K?:

e for each d € {1,2,..., "T_?’}, we have a pink and a black orbit {z;x;1q:7 € Z,_1};
e a pink and a black orbit {xianTq 1=0,1,..., ”T_?’}, and

e a pink and a black orbit {x;z : i € Z,_1}.

Therefore, we have 2 - "7_3 + 242 =n+1 orbits. Note that the size of each orbit is n — 1,
except for the pink and the black orbit consisting of edges of difference "T’l; these two orbits
have length ”T’l

Assume O is an orbit of (p.); then either it has length “>* or n— 1. If the length of O is
2=L then by (D’8) clearly {p’(Fy),...,pL(F,) :i=0,1,..., 252} contains all edges of O. If
the length of O is n —1, then for any e € O, by (D’2), we have that e € E(F1UF,U...UFj)
implies po? (e) € E(Fy U F, U...UF,). Hence, {pi(F),...,p5(F,) - i = 0,1,...,%3}
contains all edges of O.

Note that Fi, F, ..., F§ jointly contain ms = 2n edges, and all edges in each orbit are

covered by the set {pt(Fy),...,pL(F,) :4=0,1,...,%52}. Since this set covers 2n - 251 =
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n(n — 1) edges, which matches exactly the number of edges in 2K, no edge is covered more
than once.

Thus, D = {p(F1),...,pL(Fs) :i=0,1,..., %2} isa (Cpy, Csys - - -, Oy, )-decomposition
of 2K?. By Condition (D’1) and Lemma we conclude that 4K? admits an HOP
(Cinyy Cgs - - - Cr, )-decomposition. |

3.4.3 HOP Decompositions of 4K

Lemma 3.4.7. Let 2 < m; < ... < my be integers, and m = m; + ... + m;. Assume n is
an odd integer with 2(n — 1) = ms for some s € Z*. Let V(4K?) = {x; : i € Z,}, and let p,
be the permutation on F(4K?) that preserves the color (and orientation) of the edges, and
is induced by the permutation p = (xg 1 23 ... Tp_1).

Let 1, Fy, ..., Fs be (Cpy, Chy, - . ., Cy, )-subgraphs of 4K with the following proper-
ties.

(E1) Every cycle in Fy, Fy, ..., F; satisfies Condition (C1) of Definition [1.2.3}

(E2) Fi, F,, ..., F, jointly contain exactly one edge from each of the orbits of (p,).

Then D = {p.(Fy), p.(Fy), ..., pi(Fs) : i € Zy,}isan HOP (C,,,, Chys - - -, Crny )-decomposition
of 4K.

Proof. Since p, is a permutation that preserves the color and orientation of the edges, the
group (p,) has the following orbits on the edge set of 4K?*:

e for each d € {1,2,..., "T’l}, we have a pink and a blue orbit {x;z;4: 1 € Z,};

e for each d € {1,2,...,n — 1}, we have a black orbit {(z;, z;1q) : i € Z,}.

Altogether, the group (p.) has 2- 251 + (n —1) = 2(n— 1) orbits, and the size of each orbit is
n. Since Fy, Fy, ..., Fy jointly contain exactly one edge from each of the orbits of (p,), we see
that D = {p.(F1),...,p.(Fs) ;i € Z,} isa (Cpy, . .., Cyp, )-decomposition of 4K?2. Moreover,
since every 2-regular subgraph in D is formed by applying the permutation p, to the starters

in {F, Fy,..., Fs}, and p, preserves the edge colors (and orientation), the decomposition D
is HOP. |

Lemma 3.4.8. Let 2 < my < ... < my be integers, and m = my + ...+ m;. Assume n is an
even integer with 4(n — 1) = ms for some s € Z". Let V(4K?) = {x; : i € Z,}, and let p,
be the permutation on F(4K7) that preserves the color (and orientation) of the edges, and
is induced by the permutation p = (xg 1 3 ... T,_1).

Let Fy, Fy, ..., Fs be (Cpy, Chy, - . ., Cry, )-subgraphs of 4K with the following proper-
ties.

(E'1) Every cycle in F, Fy, ..., F} satisfies Condition (C1) of Definition [1.2.3}
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(E'2) Fy, Fs,..., Fy jointly contain exactly two edges from each orbit of (p,) of lenght n,
namely, a pair of edges of the form (e, pé (e)); and

(E'3) Fy, Fs, ..., F; jointly contain exactly one edge from each orbit of {p,) of length 7.

Then D = {pi(F1), pi(Fs), ..., pi(Fy) : i = 0,1,..., 22} is an HOP (Chn,, Crny, - - ., Crny)-

decomposition of 4K.

Proof. Observe that the group (p.) has the following orbits on the edge set of 4K7:

e for each d € {1,2,..., 22}, we have a pink and a blue orbit {z;2,1q : i € Z,};
e for each d € {1,2,...,n — 1}, we have a black orbit {(z;,z;+4) : i € Z,}; and

e a pink and a blue orbit {z;z; 2 :4=0,1,..., %2}

Hence, the group (p.) has 2 252 + (n — 1) + 2 = 2n — 1 orbits. Note that the size of each
orbit is n, except for the pink and the blue orbit consisting of edges of difference Z; these

2
two orbits have length 2.

Assume O is an orbit of (p,); then either it has length % or n. If the length of O is 7,
then by (E'3) clearly {pi(F}),...,p (Fy) :1=0,1,..., "T’Q} contains all edges of O. If the
length of O is n, then for any e € O, by (E'2), we have that e € E(F; U Fy,U...UF) implies
p.%(e) € E(FLUF,U...UF,). Hence, {pi(F\),...,pi(Fy) :i=0,1,..., %2} contains all
edges of O.

Note that Fi, Fy, ..., Fs jointly contain 4(n — 1) edges, and all edges in each orbit are
covered by the set {pi(F1),...,pL(Fs):1=0,1,...,252}. Since this set covers 4(n—1)- 2 =
2n(n — 1) edges, which is exactly the total number of edges in 4K?, each edge is covered
precisely once. Therefore,

D={p(F),....pi(F) :i=0,1,..., 252}

isa (Chyy Cingsy - - -, O, )-decomposition of 4K2. By Condition (E’1) and the fact that p, pre-
serves both edge colors and orientation, we conclude that D is an HOP (C,,,, Cpnys - - o, Ciy )-
decomposition of 4K. ]

Lemma 3.4.9. Let 2 < m; < my < ... <my be integers, and m = my; + ...+ m;. Assume
n is an even integer with 2n = ms for some s € Z*. Let V(4K}) = {x; : i € Zp—1} U {2}
Let pe be the permutation on E(4K ") that preserves the color (and orientation) of the edges,
and is induced by the permutation p = (x4 )(To 21 T3 ... Tp_2).

Let 1, Fy, ..., Fs be (Cpy, Chy,s - - ., Cy, )-subgraphs of 4K with the following proper-
ties.

(L1) Every cycle in Fy, Fy, ..., Fy satisfies Condition (C1) of Definition |1.2.3} and

(L2) Fy, Fs,. .., Fy jointly contain exactly one edge from each of the orbits of (p,).
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Then D = {pi(F1), pi(F), ..., p (Fs) : i € Zy_1} is an HOP (C,,,, ..., C,,,)-decomposition
of 4K.

Proof. Notice that the group (p,) has the following orbits on the edge set of 4K7?:

e for each d € {1,2,..., ”7_2}, we have a pink and a blue orbit {x;z;1q:1 € Z, 1};
e for each d € {1,2,...,n — 2}, we have a black orbit {(z;, z;1q) : 1 € Zyn_1};

e a pink and a blue orbit {z;z : i € Z,,_1}; and

e black orbits {(Zoo, ;) : @ € Zp_1} and {(x;, Tso) 11 € Zp—1}.

Hence, the group (p.) has 2 - %52 4 (n — 2) + 2 4 2 = 2n orbits, each of size n — 1. Since
Fi, F;, ..., F; jointly contain exactly one edge from each of the orbits of (p,), we see that
D = {pi(F1),...,p (Fs) : 1 € Zy_1} is a (Cpyy,s - - ., Cpy )-decomposition of 4K*. Moreover,
since every 2-regular subgraph in D is formed by applying the permutation p, to the starters

in {F}, Fy,..., Fs}, and p, preserves the edge colors (and orientation), the decomposition D
is HOP. |

Lemma 3.4.10. Let 2 =m; < my < ... < m; be integers, and m = my + ...+ m;. Assume
n is an odd integer with 2n = ms for some s € ZT. Let V(4K?) = {z; 1 i € Zy,_1} U{z}.
Let pe be the permutation on F(4K ") that preserves the color (and orientation) of the edges,
and is induced by the permutation p = (2 )(To 21 T3 ... Tp_2).

Let [y, Fy, ..., Fsbe (Cy, Cp,, . . ., Cpy, )-subgraphs of 4K with the following properties.

(L'1) Every cycle in Fi, Fy, ..., F, satisfies Condition (C1) of Definition [1.2.3}

(L'2) Fy, Fy, ..., F; jointly contain exactly two edges of difference ”T’l, which appear in a
2-cycle; and

(L'3) Fi, Fy, ..., F; jointly contain exactly one edge from each of the orbits of (pe) corre-
sponding to differences 1,2, ..., ”T’?’, Q.

Then there exists an HOP (Cy, C,,, . . ., Cpy, )-decomposition of 4K°.

Proof. Since p, is a permutation that preserves the color and orientation of the edges, the
group (p,) has the following orbits on the edge set of 4K?*:

e for each d € {1,2,..., "T’:g}, we have a pink and a blue orbit {x;z;1q:1 € Zy_1};
e for each d € {1,2,...,n — 2}, we have a black orbit {(z;, Zi1q) : 1 € Zpn_1};

e a pink and a blue orbit {xianT-l 1=0,1,..., ”T’?’},

e a pink and a blue orbit {z;2+ : 7 € Z,,_1}; and

e black orbits {(zeo, i) 11 € Zp—1} and {(x;, Too) 11 € Zp—1}-
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Hence, the group (p.) has 2- %22 4 (n — 2) + 2+ 24 2 = 2n + 1 orbits. Note that the size
of each orbit is n — 1, except for the pink and the blue orbit consisting of edges of difference
"T_l; these two orbits have length "T_l

Let e be an edge of 4K of difference ”T_l Then by (L’2), it appears only in a 2-cycle,
say C. We may assume that Fj is the (Cy, C,,, . .., Cy,, )-subgraph that contains C'. Recolor
the edges of C' pink and blue. It is clear that {pi(F,) : i = 0,1,..., 252} covers all pink

n—1

and a blue edges of difference *5=. Now, form F] from F, by recoloring the edges of C

nlyg
black (as opposite arcs). Observe that {ps > " (F}) :i=0,1,...,%3} covers all black arcs

of difference 2;1. Hence, {pL(Fy), ps> - (Fl):i=0,1,..., 22} covers all four copies of all
edges of difference —”;1. Moreover, since F}, Fy, ..., F, jointly contain exactly one edge from
n—1

each of the orbits, except for the orbits that correspond to difference *5=, we see that

n—1 -
7 Tt

D= {pi(Fs)nO' (Fs/) n1= O? 17 cro anzs} U {pi<F1)7pi<F2)7 T 7pi(stl) S anl}

is a (Cy, Cpy, - - -, Cpy, )-decomposition for 4K?2. Since every cycle in Fy, Fy, ..., Fy satisfies
Condition (C1) of Definition |1.2.3] and p, preserves the edge colors (and orientations),
decomposition D is an HOP (Cy, C,p,, . . ., Cyy, )-decomposition of 4K7. i

Lemma 3.4.11. Let 2 < m; < my < ... < m, be integers, and m = m; + ...+ m,;. Assume
n is an odd integer with 4n = ms for some s € Z*. Let V(4K?) = {2; 11 € Zp_1} U {2}
Let pe be the permutation on E(4K?) that preserves the color (and orientation) of the edges,
and is induced by the permutation p = (x)(zo 1 T2 ... Ty_2).

Let Fy, Fy, ..., Fs be (Cpy, Chy, - -, Cry, )-subgraphs of 4K?° with the following proper-
ties.

(L"1) Every cycle in Fy, Fy, ..., F satisfies Condition (C1) of Definition [1.2.3}

(L"2) Fi, Fs, ..., F jointly contain exactly two edges from each orbit of (p,) of length n—1,

namely, a pair of edges of the form (e, p% (e)); and

(L"3) Fi, F,...,F, jointly contain exactly one edge from each orbit of (ps) of length 25*.

Then D = {pi(F1), pi(Fs), ..., pi(Fy) i = 0,1,..., 252} is an HOP (Cppy, Crny, - - -, Crny )-
decomposition of 4K7.

Proof. With the same orbit setup as in Lemma [3.4.10, assume O is an orbit of (ps);
then ecither it has length "> or n — 1. If the length of O is %, then by (L”3) clearly
{pi(F1),...,pL(Fy) : i = 0,1,...,%3} contains all edges of O. If the length of O is

n — 1, then for any e € O, by (L”2), we have that e € E(F; U Fy U ... U Fy) implies
n—1 ; ;

pe?® (€) € E(FyUF,U...UF}). Hence, {pi(F),...,pi(Fs) :i=0,1,...,252} contains all

edges of O.

Note that F, Fy, ..., Fy jointly cover 4n edges, and all edges in each orbit are covered
by {pi(F1),...,pi(Fs) :i=0,1,...,%3}. Since this set covers 4n - "1 = 2n(n — 1) edges
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which is exactly equal to the number of edges in 4K, no edge is covered twice. Thus,

n—3
2

D= {p(F),...,pL(F):i=0,1,..., }

is a (Chnyy Cings - - -, Ciny )-decomposition of 4K%. By Condition (L”1), we see this decompo-
sition is an HOP (C,,,, Cyp,, - . ., Cypy, )-decomposition. i



Chapter 4

The Generalized HOP with Two Round
Tables

In this chapter, we prove a partial result on the generalized HOP with s tables of sizes 2 and
two round tables of sizes 2m; and 2ms, that is, HOP(2(®), 2m,, 2m,). In particular, we prove
in Theoremthat HOP(2%), 2m, 2m5) has a solution whenever n = 1 (mod 2m; +2ms),
and in Theorem , we show that HOP(2(), 2m,,2ms) has a solution whenever n =
my + mg (mod 2my + 2my). Later in Section a solution to HOP(2() 4 2m) under
similar conditions is established.

4.1 HOP (02<Q>, Cnys Cings - - -, Oy, )-decomposition

We start with the following lemma, which describes how a particular decomposition of K,
gives rise to an HOP decomposition of 4K7°. This lemma will later be used to prove the
results in Lemmas [4.2.1] and [4.3.1]

Lemma 4.1.1. Assume G is a simple graph. Let H be a (C,,,,Cpn,, ..., Cpy,, )-subgraph of
G, and let H' be an edge-disjoint union of two 1-regular subgraphs of G of order 2a.

If G admits a decomposition into subgraphs isomorphic to H U H’, then 4G*® admits an
HOP (C’éa>, Conys Crngs - - -, O, )-decomposition.

Proof. Let D = {F, Fy,...,Fy} be a decomposition of G such that each Fj, for i €
{1,2,...,k}, is isomorphic to H U H'.

Fix ¢ € {1,2,...,k}; then F; = H; U H!, where H; is isomorphic to H and H] is
isomorphic to H'. Now, let Hi(l), HZ-(Q), H Z-(?’), Hi(4) be four copies of the 2-regular subgraph H;.

Next, for j € {1,2,...,2a}, let F; be the j™ subgraph isomorphic to K, in H]. We
may assume Fi, ..., F, as well as E,1,..., Ey, are pairwise disjoint, and F4, U ... U FE, is
edge-disjoint from E,.1U...UFy,. For each j € {1,2,...,2a}, let E](.l) and EJ(?) be 2-cycles
that jointly contain four (parallel) copies of the edge of E;. Now, apply the proof of Lemma

53
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3.3.3| to color the edges in Hi(l), Hl-(z), Hi(?’), HY and EJ(-l), Ej(-2), for all 7, so that they satisfy

1

Condition (C1) of Definition |1.2.3] and so that

YOHY@H @H" =41, and

1) @y () _ e

o BVPEY =4E;.
Now, let T;

119

T.,,T;,,T;, be the following subgraphs:

T, =HYUEWUEMN U, .UEW:

1 1
T,=HPUEY , UEN,u.. . UEY;
T, =HP UBP UEP U...UE®;
T, :H<>UE<+>1UE;22 LUEY.

It is easy to see that T;,, T3,, T}, T are all (C ,Cinys - -, C, )-subgraphs of 4G* that satisfy
Condition (C1) of Definition [1.2.3] and

T;, @Tm @Tla @TM = 4(H, U Hz/)
We apply the above procedure for each Fj, for i € {1,2,... k}, so each F; gives rise to four
(C§a>, Ciys - - -y Cy )-subgraphs. Since D = {Fy, Fy, ..., Fy} is a decomposition of G, the
resulting (6’2<C¥> ,Cinys - - -, Cpp, )-subgraphs form an HOP (C’2<O‘>, Cmys - -+, Om, )-decomposition
of 4G* (see Example [4.1.2)). |

Example 4.1.2. Let H be a (C5)-subgraph of Ki;, and let H' be an edge-disjoint union of
two 1-regular subgraphs of order 2 in Ki;. Then Ki; admits an (H U H')-decomposition, as
shown in Figure , each color class represents an (H U H')-subgraph.

In Figure [4.1], we use the construction from the proof of Lemma [1.1.1] to show that such
an (H U H')-decomposition of K1 gives rise to an HOP (Cy, C3)-decomposition of 4K7?;.

The following lemma is a direct consequence of Lemma We will later use this
result to prove generalized forms of Lemmas 4.2.1| and 4.3.1}

Lemma 4.1.3. Let mq,ms,...,m; > 3 be integers. Assume that G is a simple graph that
admits a (Cyyy, Cnys - - -, Cm, )-decomposition, where my, mo, ..., my are even for some s < t.

mi+mo+...+mg

Then 4G* admits an HOP (C’2< 2 >, Crgirs-- > Cm, )-decomposition.

Proof. We observe that, for i € {1,2,...,s}, each even cycle, C,,., is an edge-disjoint union
of two 1-regular subgraphs of order m;. Thus, C,,, U ... U C,,, is an edge-disjoint union of
two 1-regular subgraphs of order m; + mg + ... + mg. Therefore, the (Cy,,, Crnyy - - ., Cin,)-
decomposition of G gives rise to a decomposition of GG into subgraphs consisting of a dis-
joint union of a (Ci,,,,,...,Cny,)-subgraph and two edge-disjoint 1-regular subgraphs of
order m; + my + ... + m,. Now, applying Lemma [.1.1, we see 4G* admits an HOP

<m1+m2+.4.+ms>
2
(02 7Cms+17"'7

Example 4.1.4. In Figure we see that a (Cs, Cy)-factorization of K gives rise to an
HOP (CS$¥, Cy)-factorization of 4K3.

Cyn, )-decomposition (see Example 4.1.4]). |
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(H U H’) -decomposition of K11 H,
<o e e
Til Tiz Ti3 Ti4

Figure 4.1: From an (H U H')-decomposition of Kj; to an HOP (Cy, C3)-decomposition of
AK?,.

4.2 HOP (Cy, C),)-decompositions of 4K
when n =1 (mod 2(m + 2))

In the following lemma, we show that for n =1 (mod 2(m+2)), the multigraph 4K? admits
an HOP (Csy, C},)-decomposition.

Lemma 4.2.1. Let m > 3, k > 1 be integers, and let n = 2(m + 2)k + 1. Then there exists
an HOP (Cy, Cy,)-decomposition of 4K3.

Proof. Let V(K,) ={z;:i € Z,},and let p = (xo 21 ... z,_1) be a permutation on V(K,,).
By the given labeling, each edge in E(K,) is of the form x;z;,4, whered € {1,2,...,(m+2)k}.
Therefore, the group (p) acting on E(K,) has (m + 2)k orbits, each of size n.

Our goal is to construct k subgraphs of K,,, namely F}, F5, ..., Fy, where each F; is a
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9
-

7
ja
Wk

D
5

Figure 4.2: From a (Cj3, Cy)-factorization of K7 to an HOP (C’2<2>, C3)-factorization of 4K72.
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disjoint union of a C),-subgraph and two edge-disjoint 1-regular subgraphs of order 2, and
where F, Fy, ..., F}, jointly contain exactly one edge of each difference in {1,2, ..., (m+2)k}.
Therefore, D = {p'(F), p(Fa),...,p(Fk) : @ € Z,} forms a decomposition of K, that
satisfies the condition in Lemma (for t = 1 and a = 1); hence, by Lemma , the
multigraph 4K admits an HOP (Cy, C,,,)-decomposition.

We start by constructing m-cycles. First, we build two paths, P and (), and then
form the cycle C' by concatenating these paths appropriately. The construction depends on
m mod 4, so we consider four cases: m =0,1,2, or 3 (mod 4).

Case 1: m =0 (mod 4).

Fori e {1,2,...,k}, define a walk P; as follows:

Py = X1 T Ty Tokyi To(2hti) Takri T (ki) - - -
Tmd2p; Xo(mpl2ppg) VmeSpy; To(mBjpg) Tmodp.
It is easy to verify that P; is a path of length mT_Q, which yields the following sequence of
differences:
2 — 1,2i,2k + 2i, 4k + 2,6k + 2i,8k + 2i, .. .,
ooy (m = 14)k + 26, (m — 12)k + 2i, (m — 10)k + 23, (m — 8)k + 2i, (m — 6)k + 2i.
The explicit differences in the sequences Pi, Ps, ..., P are listed below. We see that the

paths Py, Ps, ..., Py, jointly contain the consecutive odd differences from 1 to 2k — 1 (shown
in red), and the consecutive even differences from 2 to (m — 4)k.

P 1,2,2k 4+ 2,4k + 2,6k +2,..., (m —10)k + 2, (m — 8)k + 2, (m — 6)k + 2
P 3,4,2k + 4,4k + 4,6k +4,...,(m — 100k + 4, (m — 8)k + 4, (m — 6)k + 4
Py 5,6,2k + 6,4k + 6,6k +6,...,(m — 10)k + 6, (m — 8)k + 6, (m — 6)k + 6

Poo: 2k—5,2k—4,4k — 4,6k — 4,8k —4,...,(m—8)k —4,(m — 6)k — 4, (m — 4)k — 4
Pov: 2k—3,2k—2,4k —2,6k—2,8k—2,...,(m—8)k—2,(m—6)k—2,(m—4)k — 2
P : 2%k — 1,2k, 4k, 6k, 8k, ..., (m — 8)k, (m — 6)k, (m — 4)k

Next, for i € {1,2,...,k}, define a walk @; as follows:

Qi — $7(m;4k+i) xm;4k+i I’i(m;Sk*’i) xm;8k+i

- T ((m=2)k+i) L(m—2)k+i L—(mk+i) Lmk+i-

It is easy to verify that @Q;, for ¢ € {1,2,...,k}, is a path of length mT’Q and produces the
following sequence of differences:

mk—2i+1,(m—2)k—2i+1,(m—4)k—2+1,...,8k—2i+ 1,6k — 2 + 1,4k — 2i + 1.
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In what follows, the differences in the sequence of @Q;, for i € {1,2,...,k}, are explicitly
listed. Observe that @1, Qs, ..., Q jointly contain the consecutive odd differences from 2k+1
to mk — 1.

Q1 : mk—1,(m—-2)k—1,(m—-4)k—1,...,8k— 1,6k — 1,4k — 1
Qs mk —3,(m — 2)k — 3, (m — 4)k — 3,...,8k — 3,6k — 3,4k — 3
Qs:  mk—5,(m—2k—5,(m—4)k—5,...,8k — 5,6k — 5,4k — 5

Qi—2: (m—2)k+5,(m—4)k+5,(m—6)k+5,...,6k+5,4k+5,2k+5
Or1: (m—2k+3,(m—4k+3,(m—6k+3,...,6k+3,4k+3,2k+3
Qr: m—2k+1,(m—4)k+1,(m—6)k+1,...,6k+ 1,4k + 1,2k + 1

Now, for i € {1,2,...,k}, we construct the following closed walk using paths P; and Q);:
Cq; = PZ I%k—&-i l‘_(mT-Hk_H‘) Qz Tmk+i T1—i-
It can be seen that C; is a cycle of length m, and traverses edges of the following differences
(in order):
20 — 1,24, 2k + 20,4k + 24,6k + 24,8k 4+ 21, . ..,
(m —14)k + 24, (m — 12)k + 2i, (m — 10)k + 24, (m — 8)k + 2i, (m — 6)k + 21,
mk +2i,mk —2i+1,(m—2)k —2i+1,(m -4k -2+ 1,...,
8k —2i+ 1,6k —2i+ 1,4k —2i+ 1, mk + 2i — 1.

Below, the differences in the sequences of C7, (s, ..., C} are listed explicitly.
C1: 1,...,(m=6)k+2,mk+2mk—1,(m—2)k—1,...,4k—1,mk + 1
Cy: 3,...,(m—=6)k+4,mk+4,mk—3,(m—2)k—3,...,4k—3,mk+3
Cs: 5 ...,(m—6)k+6,mk+6mk—>5(m—2)k—>5,...,4k—5mk+5

Cro: 2k—=5,...,(m—4Dk—4,(m+2)k—4,(m—2)k+5,(m—4)k+5,...,2k+5,(m+2)k—5
Cr—1: 2k=3,....(m—4Dk—-2,(m+2)k—2,(m—2)k+3,(m—-4)k+3,...,2k+3,(m+2)k—3
Cy - 2k—1,...,(m—4k,(m+2)k,(m —2)k+1,(m -4k +1,...,2k+1,(m+2)k -1

Observe that Cy, Cy, . .., Cy jointly contain exactly one edge of each difference in {1, 2, 3,
..y (m+2)k} except for

(m—4)k + 27, for j € {1,2,...,2k}.

Note that we have 2k differences from {1,2,3, ..., (m+2)k} that are not covered by any C;.
Next, we define subgraphs that cover the leftover differences.

First, assume m > 8. Define the following subgraphs of K, (isomorphic to K3) that
cover the leftover differences:
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1 :
. E]( ) — T (mzopyf) T2y, for j € {1,2,... k};
2 :
° E]( ) — ‘r—(mTiélk-i-j) J}%k_‘_j, fOI' ] - {].,2,. . ,k}

Observe that none of the vertices in the intervals [I‘_(mT—Gk_H), l'_(mTHk)] and [me—zkH, meHk]
are used in any C;, and that only vertices in these intervals are used to construct the sub-

(1) (2) i (1) ) :
graphs £, and E;”. Hence, each C; is disjoint from £ and E;™, for all j € {1,2,...,k}.

For m = 4, the missing differences are 27, for j € {1,2,...,2k}, which are covered by
the following subgraphs (isomorphic to Ks):

° E](-l) = T (6k—j+1) T6k—j for j € {1,2, N 1};
° E,(gl) = x_} T_3; and

° EJ(Q) = $7(k+j) zk+j7 forj S {17 27 R k}
Case 2: m = 2 (mod 4).

For i € {1,2,...,k}, define a walk P; as follows:

Py = X1 T Ty Tokyi T (2h4i) Taki T (4kti) - - -
xmgl4k+z~ x_(m;14k+i) 1;m;10k+i x_(m;10k+i) xm2—6k+i x_(mg—ﬁk+i).

It is easy to verify that P, is a path of length mT_2, and yields the same sequence of differences
as P; in Case 1:

9 — 1,2, 2k + 2, 4k + 2i, 6k + 2i, 8k + 20, . ...
cooy(m = 14)k + 24, (m — 12)k + 24, (m — 10)k + 2i, (m — 8)k + 2i, (m — 6)k + 2.

Next for i € {1,2,...,k}, define a walk @, as follows:

Qi = Tmezp; T (mispy Tmiopy; .
- T ((m—2)k+i) LT(m—2)k+i L—(mk+i) Lmk+i-

It is easy to verify that @, for ¢ € {1,2,...,k}, is a path of length mT’Q, and yields the same

sequence of differences as ); in Case 1:

mk—2i+1,(m—2)k—2i+1,(m—4)k—2+1,...,8k—2i+1,6k — 2 + 1,4k — 2i + 1.

Now, for i € {1,2,...,k}, we construct the following closed walk using paths P; and @Q;

(see Figure [1.3):

Ci = Pz J}i(mgskJﬂ-) Z’m;2k+i Qz Lmk+i L1—i-

It can be seen that C; is a cycle of length m, and traverses edges of the following differences
(in order):

2i — 1,26, 2k + 23, 4k + 2i, 6k + 24, 8k + 20, . ..,
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(m — 14)k + 2i, (m — 12)k + 2i, (m — 10)k + 2i, (m — 8)k + 2i, (m — 6)k + 2i,
(m—2)k+2i,mk—2i+1,(m—2k—2+1,(m—4)k—2i+1,...,
8k —2i+ 1,6k —2i+ 1,4k — 2+ 1,mk +2i — 1

The differences in C4, Cs, ..., C) are listed below.

Ch: 1,2,...,(m—6)k+2,(m—-2k+2,mk—1,(m—2)k—1,...,4k—1,mk+1
Cy: 3,4,...,(m—=6)k+4,(m—-2)k+4,mk—3,(m—2)k—3,...,4k —3,mk + 3
Cs: 5,6,...,(m—6)k+6,(m—2k+6,mk—5(m—2)k—5,...,4k — 5 mk+5

Cr—o: 2k—52k—4,....,(m—4Dk—4,mk—4,(m—-2)k+5,(m—4)k+5,...,2k+5,(m+2)k—5
Cr—1: 2k—3,2k—2,....(m—4Dk—-2,mk—-2,(m—-2)k+3,(m—-4)k+3,...,2k+3,(m+2)k—3
Cy : 2k —1,2k,...,(m—4)k,mk,(m —2)k+1,(m -4k +1,...,2k+1,(m+2)k -1

Observe that C4, Cy, . . ., Cy jointly contain exactly one edge of each difference in {1,2,3,...,
(m + 2)k} except for the following differences:

(i) (m—4)k+ 27, for j € {1,2,...,k}; and

(il) mk+2j, for j € {1,2,... k}.

Note that we have 2k differences from the set {1,2,3,...,(m+ 2)k} that are not covered by
any C;. Next, we define the subgraphs that cover the remaining differences.

Define the following subgraphs of K, (isomorphic to K3) that cover the differences listed
in (i) and (ii):

X .
. Ey(‘):x—( Tty for j € {12, k;

)

o BY = z_( Ty, for j € {1,2,... k}.

D ftj)
Observe that none of the vertices in the intervals [x_(m-a; ), T_(mpop] and [wm_sjy, Tmiz,]
are used in any C;, and that only vertices from these intervals are used to construct the

subgraphs E’](-l) and E’](-Q). Hence, each C is disjoint from all subgraphs Ej(l) and Ej(z), for
je{l,2,... k}.

Case 3: m =1 (mod 4).

Fori € {1,2,...,k}, define a walk P; as follows:

P = @i 1 v Topy T —(2k+i) Tak+i L —(4k+i) - - -



4.2. HOP (Cy,C,,)-DECOMPOSITIONS OF 4K
WHEN n =1 (mod 2(m + 2)) 61

It is easy to verify that P; is a path of length mTH, and yields the following sequence of
differences:

2% —1,2i,2k + 24,4k + 23,6k + 24,8k + 24, . . .,
o (m = 9)k + 26, (m — )k + 2i, (m — 5)k + 2i, (m — 3)k + 2.
Note that the differences in Py, Ps, ..., P are listed explicitly below. We see that the paths

Py, Py, ..., Py jointly contain the consecutive odd differences from 1 to 2k — 1 (shown in red),
as well as the consecutive even differences from 2 to (m — 1)k.

P : 1,2,2k +2,4k + 2,6k +2,...,(m =1k +2,(m — 5k +2,(m — 3)k + 2
P 3,4,2k + 4,4k + 4,6k +4,...,(m —T)k+4,(m =5k +4,(m —3)k + 4
Ps: 5,6,2k + 6,4k + 6,6k +6,...,(m —T7)k+6,(m —5)k +6,(m —3)k+6

Poo: 2k 5,2k — 4,4k — 4,6k — 4,8k —4,...,(m —5)k — 4, (m — 3)k — 4, (m — 1)k — 4
Poov: 2k — 3,2k — 2,4k — 2,6k — 2,8k — 2,...,(m — 5)k — 2, (m — 3)k — 2, (m — 1)k — 2
P 2k — 1,2k, 4k, 6k, 8k, ..., (m — 5)k, (m — 3)k, (m — 1)k

For m = 5, let QQ; = w4x13;—1. Next, assume m > 9, and for ¢ € {1,2,... k}, define a
walk @); as follows:

Qi = T (millpyg) Tmddpy; T (mildpyyy TmdTpy; -
cos T ((m=1)k+i) T(m—5)k+i T—((m+1D)k+i) L(m—3)k+i T(m—1)k+3i—1-

It is easy to verify that ); is a path of length mT_5, and yields the following sequence of
differences:

(m—3)k—2i+1,(m—5)k—2i+1,(m—T)k—2i+1,...,8k—2i+1,6k—2i+1,2k~+2i—1

In what follows, we see that the paths Q1,Qs,...,Q; jointly contain the consecutive
odd differences from 2k + 1 to (m — 3)k — 1.

Qi: m—3)k—-1,(m—-5)k—-1,(m—-7k—-1,...,8k—1,6k—1,2k+1
Q2: (m—3)k—-3,(m—-5k—-3,(m—"7k—-3,...,8k—3,6k—3,2k+3
Qz: (m—3)k—-5m—-5k—-5(m—-"7k—5,...,8k—5,6k—5,2k+5

Qr—2: (Mm=5)k+5 m—-"7k+5 (m—9k+5,...,6k+54k+ 5,4k —5
Qi_1: (Mm—=5)k+3,(m—-"7k+3,(m—-9k+3...,6k+3,4k+ 3,4k — 3
Qr: m—=5)k+1,(m—-—"7k+1,(m—-9k+1...,6k+1,4k+ 1,4k —1
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Now, for i € {1,2,...,k}, we construct the following closed walk using paths P; and Q;:
Ci=PF Tmlpyg U (mtllpg) Q; T(m—1)k+3i—1 T1—i-

It can be seen that C; is a cycle of length m, and traverses edges of the following differences
(in order):

% — 1,2, 2k + 20, 4k + 20, 6k + 20,8k + 24, . ..,
(m —9)k + 24, (m — 7)k + 2i, (m — 5)k + 2i, (m — 3)k + 21,
(m—1k—2i+1,(m—-3)k—2i+1,(m—5k—2i+1,(m—-"Tk—2i+1,...,
10k =2+ 1,8k — 204+ 1,6k —2i + 1,2k + 27 — 1,d.

Note that for i € {1,2,..., 252 ]}, the difference d = (m — 1)k + 4i — 2, and it is even;
fori € {|22]+1,... &}, the difference d = (m+1)k+4(k—i)+3, and it is odd. Moreover,
for all i € {1,2,...,k}, the difference (m — 1)k — 2i + 1 is odd.

The explicit differences in C4, Cs, ..., Cy are listed below.

Cy L,2,...,(m=3)k+2,(m—-1)k—-1,(m—-3)k—1,....,2k+1,(m — 1)k +2
Cy: 3,4,...,(m=3)k+4,(m—1k—-3,(m—3)k—3,...,2k+3,(m—1)k+6
Cs: 5,6,...,(m—3)k+6,(m—1)k—-5(m—-3)k—5,...,2k+5,(m—1)k+10

Cr—2: 2k—=52k—4,....(m—1k—4,(m—=3)k+5,(m—-5)k+5,...,4k—5(m+ 1)k + 11
Croor: 2k—3,2k—2,...(m—1Dk—2,(m—3)k+3,(m—5k+3,...,4k 3, (m+ 1)k +7
Oy : 2% — 1,2k, ..., (m — Dk, (m—3)k+1,(m—5k+1,....4k — 1, (m+ 1)k +3

Observe that Cy, Cy, . .., Cy jointly contain exactly one edge of each difference in {1, 2,3, ...,
(m + 2)k} except for the following differences:

(i) (m—-1)k+25—1,forje{1,2,...,k};
(i) (m —1)k+4j, for j € {1,2,...,[%]}; and
(iii) (m+ 1)k +4(k—1di)+1, for j € {|Z] +1,...,k}

Note that there are 2k differences from the set {1,2,3,..., (m+2)k} that are not covered by
any C;. Define the following subgraphs of K, (isomorphic to K5) which cover the differences
listed in (i)—(iii):

M _ . .
o b = T (mitpgo1) T(mesyg)s for j €{1,2,...,k};

(2 _ :
o I =T (mospygy) T(mipy ) for j € {1,2,...,k}.

Note that the edge in E](-l) is of difference (m — 1)k + 25 — 1. The edge in E](-Q), for 5 €
{1,2,..., %]}, is of difference (m —1)k+4j, and for j € {[2|+1,...,k}, it is of difference
(m + Dk + 4(k —4) + 1.
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Observe that none of the vertices in the intervals [xf(mgs k1)> Lo (mint Wl [T msp gy, Lmot i)
and [Tmi1;, 1, Tmes;,] are used in any C;, and only vertices from these intervals are used to
2 2

construct the subgraphs EJ(I) and Ej(?). Hence, each C; is disjoint from all subgraphs EJ(.I)
and EJ(Z), for j € {1,2,...,k}.

Case 4: m = 3 (mod 4).

For i € {1,2,...,k}, define a walk P; as follows:

Py = X1 T T Tokyi T (ki) Takyi T (ki) - - -

Tm=114 . T —1lp. . Tm=74,. T —7p1;y Tm=3p. ..
Mok V(T k) TPk Y — (T k) Pk

m—1

It is easy to verify that P; is a path of length *5=, and yields the following sequence of
differences:

2t —1,21,2k + 2i,4k + 20,6k + 24,8k + 21, . . .,
ooy (m =10k + 24, (m — 9)k + 24, (m — 7)k + 2i, (m — 5)k + 2i.
The explicit differences in the paths P;, P, ..., P, are listed below. We observe that the

paths Py, Ps, ..., P jointly contain the consecutive odd differences from 1 to 2k — 1 (shown
in red), as well as the consecutive even differences from 2 to (m — 3)k.

P : 1,2,2k + 2,4k + 2,6k +2,...,(m — 9k +2,(m — )k + 2, (m — 5)k + 2
I 3,4,2k + 4,4k + 4,6k +4,...,(m =9k +4,(m -7k +4,(m —5)k + 4
P 5,6,2k + 6,4k + 6,6k +6,...,(m—9)k+6,(m—T7)k+6,(m—5)k+6

Poo: 2k—5,2k—4,4k — 4,6k — 4,8k —4,...,(m—T)k —4,(m —5)k — 4, (m — 3)k — 4
Poov: 2k—3,2k—2,4k —2,6k—2,8k—2,...,(m—T)k—2,(m—5)k—2,(m —3)k — 2
P, 2%k — 1,2k, 4k, 6k, 8k, ..., (m — T)k, (m — 5)k, (m — 3)k

Next, we construct paths @);. For m = 3, let (); = zor13,_1. Now, assume m > 7, and
for i € {1,2,...,k}, define a path @Q; as follows:

Qi = x_(m2+9k,+i) l'm;lk_,'_i x_(m42»13k+i) .'L'm;»5k_+i
oo T (m=1)k+i) L(m—5)k+i L—((m+1D)k+i) L(m—3)k+i L(m—1)k+3i—1-

It is easy to verify that @); is a path of length mT_3, and yields the following sequence of
differences:

(m—1Dk=2i+1,(m—3)k—2i+1,(m—5k—2i+1,... 8k—2i+1,6k—2i+1,2k~+2i—1
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Below, we see that the paths @1, Q-, ..., Q) jointly contain the consecutive odd differ-
ences from 2k +1 to (m — 1)k — 1.

Qi: m—1Dk—1,(m—-3)k—1,(m—5)k—1,...,8k—1,6k—1,2k+1
Qy: (m—1)k—3,(m—3k—3,(m—5k—3,...,8k—3,6k—3,2k+3
Qs: (m—1)k—5(m—3k—5,(m—5)k—5,...,8k—5,6k—52k+5

Qi—2: (m—3)k+5,(m—5k+5(m—"Tk+5,...,6k+5,4k+5,4k —5
Qr-1: (Mm—=3)k+3,(m—-5)k+3,(m—-"7)k+3,...,6k+3,4k+ 3,4k — 3
Qr: (m—=3)k+1,(m—-5)k+1,(m—-Tk+1,...,6k+1,4k+ 1,4k —1

Now, for i € {1,2,...,k}, we construct the following closed walk using paths P; and Q);:

Ci=Dh me’i‘kH x*(mTH)k“) Q; T(m—1)k+3i—1 T1—-

It can be seen that C; is a cycle of length m, and traverses edges of the following differences
(in order):

% — 1,24, 2k + 2i, 4k + 20, 6k + 24,8k + 2, . ..,
(m —11)k + 2i, (m — 9)k + 2i, (m — 7)k + 24, (m — 5)k + 24,
(m+Dk—2i+1,(m—Dk—2+1,(m—3k—2i+1,(m—5)k—2+1,...,
10k — 2+ 1,8k — 2+ 1,6k — 2 + 1,2k + 2 —1,d

Note that for i € {1,2,..., 222 ]} the difference d = (m — 1)k + 4i — 2, and it is even;
fori e {[2E2|+1,...,k}, the difference d = (m~+1)k+4(k—1i)+3, and it is odd. Moreover,
for all i € {1,2,...,k}, the difference (m + 1)k — 2i + 1 is odd.

Below, the differences in C1, Cs, ..., Cy are listed explicitly.

C : L,2,...,(m=5)k+2,(m+1Dk—1,(m—Dk—1,...,6k—1,2k+1,(m — 1)k +2
Cs : 3.4,...,(m—=5)k—+4,(m+1)k—3,(m—1)k—3,...,6k—3,2k+3,(m—1)k+6
Cy : 5,6,...,(m—5)k+6,(m+1)k—5(m—1)k—5,...,6k—52k+5,(m—1)k+10

Cho: 2k—52k—4,... (m—3)k—4,(m—1Dk+5,(m—3)k+5,....4k+5,4k — 5, (m + 1)k + 11
Chy : 2k—3,2k—2,...,(m—3)k—2,( —Dk+3,(m—3)k+3,...,4k+3,4k — 3, (m+ 1)k + 7
C 2k — 1,2k, ..., (m =3k, (m—Dk+1,(m—3)k+1,...,4k+ 1,4k — 1,(m + 1)k + 3

Observe that Cy, Cy, . .., Cy jointly contain exactly one edge of each difference in {1, 2, 3,
., (m+2)k} except for the following differences:

(i) (m—3)k+2j, for j € {1,2,...,k};
(i) (m—1)k+4j, for j € {1,2,..., 2|}
(i) (m+1)k+4(k—i)+1,forje {2 +1,... k}
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Note that we have 2k differences from the set {1,2,3,..., (m+ 2)k} that are not covered by
any C;. Next, we define subgraphs that cover the leftover differences.

First assume m > 7, and for all j € {1,2,...,k}, let E;l) and E]@) denote the following
subgraphs of K, (isomorphic to Ks):

1 _ .
[ ] E] - xi(m;5k+‘j) xm;1k+j, and

(2 _
[ ] E] —x_(m;riik_i_aj) $m;5k+j'

Note that the edge in EJ(-l) has difference (m — 3)k + 2j. The edge in E](?), for 7 €
{1,2,..., 2]}, has difference (m — 1)k +4j, and for j € {[2£| +1,...,k}, it has difference
(m+1)k+4(k—j)+ 1

Observe that none of the vertices in the intervals [l’i(m;(‘ik_‘i’l), T_(mo s [T motpyp, Tt i)
and [Tm-s5,,,,Zm-3,] are used in any Cj, and only vertices from these intervals are used to
2 2

construct the graphs E](-l) and E](-Q). Hence, each C is disjoint from all subgraphs EJ(-l) and
E® forje {1,2,...,k}.

For m = 3, the missing differences are as follows:

(i) 2j, for j € {1,2, ..., k};
(ii) 2k +4j, for j € {1,2,..., %]}
(i) 8k —4j+ 1, for j € {| %] +1,... k}.
The following subgraphs cover the differences listed in (i)-(iii):

° E](.l) = T_(2k+j) T—(26—j), With difference 27, for j € {1,2,...,k};

. E](.Q) = T_(k+3j) Tk+j, which has difference 2k+4j for j € {1, 2,..., L%J }, and difference
8k —4j+1forje {|¥]+1,... k}.

In all cases above, we have shown how to construct k m-cycles, Ci,Cs,...,C, and 2k

subgraphs Efl), Egl), ceey E,gl) and Ef), E;Z), ey E,gz), each isomorphic to K3 such that for
alli,j € {1,2,... k}:

e cach C is disjoint from each E](-l) and each E](-Z);
e the E](-l)7 as well as the E](-Q), are pairwise disjoint;
e all Eél) are edge-disjoint from all E](-Q); and

e all C;, together with all Ef 3(1) and £ j(-z), jointly contain exactly one edge of each difference
in {1,2,...,(m+ 2)k}.
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Now, fori € {1,2,...,k}, let F; = C;U (Ei(l) UE,L»(Q)). Since Fi, Fy, ..., F}, jointly contain
exactly one edge of each difference in {1,2,..., (m + 2)k}, we see that

D= {pi(Fl)vpi(Fé)’ s 7pi(Fk) S Zn}

is a decomposition of K, that satisfies the conditions of Lemma[4.1.1] Applying Lemma[d.1.T]
we conclude that the multigraph 4K}, admits an HOP (Cy, C,,,)-decomposition. In Figure[d.3]
we illustrate the subgraph F; for the case m =2 (mod 4).

4.3 HOP (s, C),)-Decompositions of 4K° when n = m +
2 (mod 2(m +2))

In the following lemma, we prove that if m is odd and n = m +2 (mod 2(m + 2)), then the
multigraph 4K admits an HOP (Cs, C},,)-decomposition.

Lemma 4.3.1. Let m > 3 be an odd integer, and let £ > 0 be an integer. Let n =
(2k + 1)(m + 2). Then there exists an HOP (Cy, C,,)-decomposition of 4K72.

Proof. Notice that K(opt1)(m+2) = H1 P H,, where H; is the disjoint union of 2k + 1 copies
of K12, and H, is the complete equipartite graph with 2k + 1 parts of size m + 2, that
is, Kokt1)mtz- In [36)], it is shown that 4K, admits an HOP (Cj, Cy,)-factorization.
Consequently, by Lemma , 4H? admits an HOP (Cy, C),)-factorization.

If we can construct an HOP (C5, Cy,)-decomposition of 4K(,, m+2), then both 4H7
and 4H3 admit HOP (Csy, C),,)-decompositions. Applying Lemma 3.3.1: again, it follows that
the multigraph 4K % admits an HOP (Cs, C,,)-decomposition. Thus, our goal is to construct

an HOP (Cy, C,,,)-decomposition of 4K('2k+1)[m+2}.

For simplicity, let £ = 2k + 1. The complete equipartite graph Kjyj,19 is a circulant
graph, Circ(n;S), with vertex set {z; : i € Z,}, where n = (m + 2)¢, and edge set {z;x;1q4 :
i € Zy,,d € S}, where

200 —1
g = {1,2,...,4—1,£+1,...,2£—1,2£+1,...,%}.
Let p = (20 21 ... Zn—1) be a permutation on V(Kyp,ig). Observe that S contains all
differences from 1 to %, except those in the set {¢,2¢,..., (m2_+1)£} Therefore, the

group (p) acting on E(Ky49) has

(m+2)(—1 m+1 1
2 2 2

(m+2)2k+1)—1— (m+1) = (m+2)k

orbits, each of size n = (m + 2)/.

We aim to construct & subgraphs of Ky, o, namely Fi, Fy, ..., Fy, where each F; is
a disjoint union of a (C,,)-subgraph and two edge-disjoint 1-regular subgraphs of order
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k+i
2
m74k+i
2
My
2
m+2k+i
2
m+6k+1,
2
m+10k+1
2
(- k+i) / (-t
o / =2+
—(mk + 1) mk +i

Figure 4.3: The F; subgraph in Lemma for m =2 (mod 4).

2, and Fi, Fy, ..., F}, jointly contain exactly one edge of each difference in S. Therefore,
D = {p'(F),p"(Fs),...,p"(Fy) : i € Z,} forms a decomposition of Ky, o that satisfies
the condition of Lemma (for ¢ = 1); hence, by Lemma [4.1.1} the multigraph 4K73, .
admits an HOP (Cy, C,,)-decomposition.

We begin by constructing a suitable (C,,)-subgraph. First, we build two paths, P and
@, and then show how to form the cycle C,, by properly joining these paths. Since m is odd,
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it suffices to consider the following two cases: m =1 (mod 4) and m =3 (mod 4).
Case 1: m =1 (mod 4).

Fori e {1,2,...,k}, define a walk P; as follows:
P = xi_rr T—1)+i T—((t4+1)+i) L2(6—1)+i T—(2(L+1)+i) - - -
Tme9 (p1) 45 Lo (m (04 1) 44) L5 (0—1) i T (P28 (04 1)4d) T L (0-1) 4

It is easy to verify that P; is a path of length mT“, and yields the following sequence of
differences:

2 — 1,20, 0+ 2 — 1,20+ 20,30 + 2i — 1,40 4 2i,50 + 2i — 1,60 + 2i, . ..
M0 424, T 4 2 — 1, B0 4 24, 3 4 2 — 1.

Note that the explicit differences in Py, P, ..., P, are listed below. As can be seen, these
paths jointly contain the consecutive odd differences from 1 to 2k — 1 (shown in red), as well

as the consecutive even differences from 2 to Z=1¢ — 2.
P : 1L,2,0+1,20+42,30+1... 250041, m574 2 m=3p4 ]
Py 3,4,0+3,20+4,304+3..., 2510 43,150+ 4,30+ 3
P3: 5,6,0+5,20+6,30+5..., 21045 M504 6 1304+ 5
Py_o: 2k —5,2k—4,20—6,30—5,40—6,..., 20— 6,230 —5 m1) 6
Pyt 2k—3,2k—2,20— 4,30 3,40 —4,..., ™20 — 4 35 3,m 1@ 4
Py 2/<:—1,2k,2£—2,3£—1,4@—2,...,”‘756— 35—1 1e 2

Now, we construct the paths (); that contain the consecutive odd differences of S,
excluding the odd differences already present in P;.

For m =5, let QQ; = w2p13;41- Now assume that m > 9, and for each i € {1,2,... k},
define the path @Q); as follows:

Qi = xi(mi7(£71)+w151+3i) £Eer7(£+1)7m27177; mi(w1t11(£71)+m,;1+3i) wmtll(e+l>7’r’n;17i

T_o(m=8p_qypmztygyy Tm=dgyyy_mol gy T_(molg qyymolygyy Tmolgygy mol_; Tmily

It is easy to verify that ); is a path of length mT_5, and yields the following sequence of
differences:

MR 9 Mg 0 41, T~ 94 50— 20,40 — 2+ 1,30 — 20, 0 + 2i

In what follows, we see that the paths Q1,Qs,...,Q jointly contain the consecutive
odd differences from ¢ + 2 to mT_?’f — 2.

Qr: TFEe—2,m8p 1 M2 50—2,40—1,30—2,0+2
Qo: M0 —4,m80 3 M) 50— 4,40— 3,30 — 4,044
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Qz: "530—6,m550 510 —6,...,5(—6,40—530—6,0+6

Qr-2: "5 +5,"0+6,"20+5,...,40+530+6,20+52(—5
Quo1: 500+ 3, M0+ 4, ™00+ 3. 40+ 3,30+ 4,20+ 3,203
Qr: 520417570 +2, ™90+ 1. 40+ 1,30+2,20+1,20— 1

Now, for i € {1,2,...,k}, we construct the following closed walk using paths P; and Q;

(see Figure [4.4)).

It can be seen that C; is a cycle of length m, and traverses edges of the following differences
(in order):
20—-1,20,0 + 20 — 1,204+ 24,30+ 29 — 1,40 + 20,50 + 20— 1,.. .,
MOf 4 20, T+ 20 — 1, B0 4 24, B0+ 21 — 1,
ALY — 442,30 — 24, 50— 20+ 1, T — 24,
50— 20,40 — 21+ 1,30 — 20,0 + 24, d

Note that for i € {1,2,..., 5]}, the difference d = "¢ + 2i — 1, and it is even; for
i€ {[EL] +1,...,k}, the difference d = "/ — 2i + 1, and it is odd. Moreover, for all
i€{1,2,...,k}, the difference mTH€ — 44 + 2 is odd.

The explicit differences in C1, Cs, ..., C} are listed below.

C - 1,2,0+1,..., 23041, by 2 m=3p 2  30-20+2 2041

Co - 3,4,0+3,..., 3043, m+1£ 6, ™ 35 4,...,30—4,0+4, 20 +3

Cy - 5,6, +5,..., 3é+5 m“e_lo m=30—6,...,3(—6,0+6, L0+ 5
Cr-2: 2k—05,2k—4,20—6,..., 210 —6,™ 3£+12 M50 4+5,...,20+45,20—5, "0+ 6
Cp_1: 2k—3,2k—2,20—4,... M-y g4 m=3p48m 5z+3 ,20+3,20— 3,50 44

Cy - 2k —1,2k,20—2,..., ™= 15—2 3£+4 5e+1 2£+1,2£—1,m7+1£+2

Observe that C4,C,,...,C} jointly contain exactly one edge of each difference in S
except for the following differences:

(i) =20+ 2j, for j € {1,2,...,k};
(i) =30+ 45 -2, for j € {1,2,...,k}.

Note that we have 2k differences from S that are not covered by any C;. Next, we define
subgraphs that cover the leftover differences. For all j € {1,2,... k}, let Ej(-l) and E](-z)
denote the follwoing subgraphs of K, (isomorphic to K»):

1) _
® B} =T (mo3(pia)ry) Tmidoysye A0
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(2 _
A e =
Note that for j € {1,2,...,k}, the edge in E](-l) is of difference mT_lﬁ + 27, and the edge in
EJ(»Q) is of difference mT’?’E +45 — 2.
Moreover, observe that none of the vertices in the intervals [a:_(mszs(Hl)), x_(mTw@H)_Q)],

[Tt (1) 115 Tmts(p_yyys]s and [Tmos_yy4q, xmgl(g_l)] are used in any C;, and only vertices

)

in these intervals are used to construct the subgraphs EJ(-l) and Ej(? . Hence, each Cj is

disjoint from all subgraphs E](-l) and EJ(?).
The cycle C;, for m = 5, is as follows:
Ci=Dh T—1)+i T2043i+1 T1—-
It can be seen that C; traverses edges of the following differences (in order):
% — 1,2, 042 —1,0+2i+2,d

Note that for i € {1,2,..., 25}, the difference d = 20+4i, and for i € {[2H | +1,...,k},
the difference d = 5¢ — 4s.

Cy 1,2,0+1,04+4,20+4
Cs - 3,4,0+3,0+6,20 +8

Cy 5,6,0+5,0+8,20+12

Cho: 2k—52k—4,20—6,20— 3,30+ 10
Crr: 2k—32k—2,20—4,20—1,30+6
Cp:  2k—1,2k,20—2,20+1,30+2

For m = 5, the missing differences are as follows:

(i) 20445 —2=4k+4j,for j € {1,2,...,[3(k+1)|};

(i) 50 —4j+2 =10k —4j + 7, for j € {|3(k+ 1) +1,..., k};
(i) 20+2j+1=4k+2j+ 3, for j € {1,2,...,k—1}; and
(iv) £+ 2 =2k+ 3.

The following subgraphs cover the differences listed in (i)-(iv):

o Let E](-l) = T_(k43j) T3kj; it is of difference 20 445 — 2 for j € {1,2, cee L%(k + 1)J },
and of difference 5¢ —4j + 2 for j € {|3(k+1)| +1,....k};

o Let E]@) = T_(3k4j43) Ths; it is of difference 20 425 + 1 for j € {1,2,...,k —1}; and
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o Let E,£2) = T_(7k+3) T—sk; it is of difference £ + 2.

Observe that none of the vertices in the intervals [x_(x41), T—(7k+3)], [Thr1, Tox), and [Tgeq1,
T4k 5] are used in any C;. Only vertices from these intervals are used to construct the graphs

E](l) and E]@). Hence, each C; is disjoint from all subgraphs E](.l) and EJ@
Case 2: m = 3 (mod 4).

For i € {1,2,...,k}, define a walk P; as follows:

P o= xriry Te—1)+i T—((L+1)+i) T2(£—1)+i L—(2(£+1)+i) - - -

xmzll(é—l)-i-i I—(mzll(f-‘rl)-i-i) Im4—7 ((_1)_’_7: x_(m;7 (£+1)+Z) $m4—3 (f—l)-‘ri

It is easy to verify that P; is a path of length ™ 1, and yields the following sequence of
differences:

2 — 1,20, 0 +2i — 1,20+ 20,30 4+ 2i — 1,40 + 2i, 50 + 2 — 1,60+ 2i,. ..
LIS 24 M0 2 — 1, T 4 2, MR 4 25 — 1.

Note that the explicit differences in P;, P, ..., P, are listed below. We see that paths

Py, P,, ..., Py jointly contain the consecutive odd differences from 1 to 2k — 1 (shown in red),
and the consecutlve even differences of S from 2 to ™3¢ — 2.
P L2, 0+1,20+42,30+1..., 2041, ™00 42 M50 41
P 3,4,0+3,204+4,30+3..., 790 43, mTf 4, ™50 43
Py 5,6,0 45,20+ 6,3 +5..., 790 45 ™) 4615045
Py_o: 2k —5,2k—4,20—6,30 — 5,40 —6,..., 10 — 6,20 —5 ™30 6
Po1: 2k—3,2k—2,20—4,30—3,40—4,.. 76 4,m 5€ 3,m 3£ 4

P,:  2k—1,2k,20—2,30—1,40—2, ..., m7£—2 5£—1 236—2

Now, we construct paths (); that contain consecutive odd differences of S excluding the
odd differences used in P. For i € {1,2,...,k}, define a walk Q; as follows:

Qi = 537( 5 (0-1)+mF3 _gj) TmAS(pyqy mid g T (md0(p 1)y mi3 g
( ) 'rn;34>5Z xi(mzl3(€71)+m;3731) xm113(£+1)7'm;3+51
: 33—(%5(3—1)+WT+3—31') Tmod (pr1)—mtBy5i Lo(m=3(p1)4mE3_3)

l’m;3(£+1)_m;3+5i :B_(Tn;l (f—l)-l—m;rg—.gi) xm;1(€+1)_m;3+52~ .'L'_(m;rl (3_1)+m2+3_3i).

It is easy to verify that @); is a path of length mT_?), and yields the following sequence of
differences:

medp 94, M0 24 41,80 — 24, ML) — 2541, 50— 24,40 — 20+ 1,30 — 20,20 — 2i + 1
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Below, we see that paths @1, Qs, .

.., Qg jointly contain the consecutive odd differences of
S from ¢+ 2 to mTflﬁ—Q.

Qr: mylp—2m=3p 1 m5p_2 . 50—2,40—1,30—2,2(—1

Qo: TFly—4m=3g 3 mSp 4 . 50— 4,40—3,30—4,2(—3
Qs : 1€ 6, 3£ 5,m 5£ 6,...,50—6,40 — 5,30 — 6,20 — 5
Qr-2: 530+ 5 M50 4+6, 210 +5 .. 40+530+6,20+5(+6
Qi1 : T3£+3 MeBp 44,00+ 3., 40+ 3,30+ 4,20+ 3,0+ 4

Qr : mT—?’H1,T5£+2,T7€+1...,4£+1,3£+2,2£+1,€+2

Now, for i € {1,2,...,k}, we construct the following closed walk using paths P; and @);.

O’L - R xm23(£71)+1 xi(m15(€71)+m;3731) QZ Ii(m;l(£71)+m;3731) :131_@

It can be seen that C; is a cycle of length m, and traverses edges of the following differences
(in order):
20—1,20,0+20— 1,204+ 24,30+ 20 — 1,40+ 20,50 + 21— 1,. ..,
mALp 4 24, 90 424 — 1, 00 4 24, MR 424 — 1,
ALY — 20+ 1,5 — 24, 30— 2+ 1,50 — 24,
50— 21,40 — 21 + 1,32—2@',26—22’—1—1,7”7“6—42’—1—2
The explicit differences in C7, Cs, ..., Cy are listed below.

C, : 1,2,0+1,..., 25041,y m=lyp 2 3¢0—-220—1,7mH¢—2

Cs - 3,4,0+3,..., 00+ 3,mElp 3 meLly— 4 3£—4,2£—3,%£—6

Cs 5,6,(+5,..., 25 5£+5 ’”+1£ 5,2 1£ 6,...,30—6,20 —5, ¢ — 10
Cp—2: 2k—05,2k—4,20—6,..., 730 —6,™ 1€+6 m=3(045,. 2£+5,£+6,m;3£+12
Cpo1: 2k—3,2k—2,20—4,... 230~ 4’" Lo+4,m3043,...,2043,0+4,730+38
Cy - 2k —1,2k,20—2,..., 2 137 1£+2 3£+1 204+ 1,0+2, 80+ 4

Observe that C1, Cy, ..., Cy jointly contain exactly one edge of each difference in S except
for the following differences:

(i) ™30+ 45 — 2, for j € {1,2,...,k};
(ii) mTH€+j, for j € {1,2,...,k}.

Note that we have 2k differences from S that are not covered by any C;. Next, we define
subgraphs that cover the leftover differences. For all j € {1,2,...,k} and m > 7, let Ej(»l)

and Ej@ denote the following subgraphs of K, (isomorphic to Kj):

1 _ .
o I = (M5 (041)+25-1) J?WT*(@—l)Hyand
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@ _
° Bj" =T (motpinyrn) T ooty

Note that, for j € {1,2,...,k}, the edge in E](-l) is of difference mT_?’E + 45 — 2, and the
edge in E](?) is of difference mT“ﬁ + j. Moreover, none of the vertices in the intervals
[I_(WT%(Z_’_]_)), I_(mTfl(€+1)+1)] and [fL‘mTfl(g_l)_,'_l,me%(é_l)_,’_‘:’] are used ln any Ci, and Only Ver-

tices from these intervals are used to construct the subgraphs EJ(-l) and Ej@). Hence, each Cj
is disjoint from all subgraphs E](-l) and EJ(?).

For m = 3, the missing differences are as follows:

(i) 4j — 2, for j € {1,2,... k};

(i) 20+ j=dk+j+2 for je{1,2,... k}.
The following subgraphs cover the differences listed in (i) and (ii):

e the graph EJ(»I) = T3ky2j T3p—2;+2, Which is of difference 45 — 2; and
e the graph E](z) = T_(k4+2) T3k+j, Which is of difference 4k + j + 2.

Observe that the vertex x_(;42), as well as all vertices in the interval [Tri1, Tspiol, are not
used in any C;. Moreover, only vertices from this interval are used to construct the graphs
E](-l) and EJ(.Q). Hence, each C; is disjoint from all subgraphs EJ(.l) and E](.Q).

In all the above cases, we have shown how to construct £ m-cycles C1, Cs, ..., Cy, and
2k subgraphs Efl), Eél), e ,E,(:) and E§2), Eéz), . ,E,?), each isomorphic to K, such that
foralli,j € {1,2,...,k}:

e cach C; is disjoint from each EJ(-l) and each EJ(.Q);

e all C;, together with all EJ(.U and £ J(-2), jointly contain exactly one edge of each difference
in S; and

o all Ej(l) and EJ(»Q) are edge-disjoint.

Now, for ¢ € {1,2,...,k}, let F; = C; U <EZ-(1) U Ei(Q)). Since Iy, Fy, ..., F} jointly contain
exactly one edge of each difference in S, we see that

D = {pi<F1)7pi(F2>a s 7pz<Fk) S Zn}

is a decomposition of Kj,,19) that satisfies the conditions of Lemma[d.T.1, Applying Lemma[4.1.1]

we conclude that the multigraph 4K m+2] admits an HOP (Cy, C,,)-decomposition.
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(-1 +i

=((€+1)+1)

"‘;5(571)“‘

7[’”;5(“1)”]

?(f—l)ﬂ'

m-1

— (-1 +i
- 7 ¢-D

—[ 1 (f+1)+i]
m21(£—1)+i+1

-["1;3((+1)+3i-2]

m+7 m—1
e+ 1) -

7 -1
"7+ +31’]
1 2

Figure 4.4: Subgraph F; in Lemma for m =1 (mod 4) and m > 9.
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4.4 HOP(2) 2my,2ms)

Combining the results of Lemmas [4.2.1] and [4.3.1] together with the earlier results in Theo-
rem [2.3.4] we obtain the following theorems.

Theorem 4.4.1. Let s, my, mo be integers such that s > 0 and 2 < m; < my. Let m =
my +mg, and n = s+ m. Assume n = 1 (mod 2m). Then HOP(2*) 2m;,2m,) has a
solution.

Proof. Since n = 1 (mod 2m), we have n = 2mk + 1 for some integer k£ > 1. There are
three cases to consider.

e m; =my = 2. Then n = 8k + 1. By Theorem [2.3.2] there exists a (Cy)-decomposition
of K,. Applying Lemma |4.1.3] there exists an HOP (Cy, C5)-decomposition of 4K72.

e m; =2 and my > 3. By Lemma [4.2.1] the multigraph 4K admits an HOP (Cs, C,y,, )-
decomposition.

e m; > 3. Then by Theorem [2.3.4|(L]), there exists a (Cy,, Cp,,)-decomposition of K.
Applying Lemma 3.3.3] the multigraph 4K admits an HOP (C,,,, C,,,, )-decomposition.

In each of the above cases, we see that 4K? admits an HOP (C,,,, C,,,)-decomposition.
Therefore, by Theorem [3.2.1, HOP(2(), 2my, 2ms) has a solution.

Theorem 4.4.2. Let s, my, ms be integers such that s > 0 and 2 < m; < my. Let m =
my +my be odd, and n = s +m. Assume n = m (mod 2m). Then HOP (2%, 2my, 2m,) has
a solution.

Proof. We have the following two cases to consider.

e m; = 2 and my > 3. Since m = my + my is odd, ms must be odd. Then, by Lemma
4.3.1) the multigraph 4K admits an HOP (Cy, C,,, )-decomposition.

e my > 3. If (my,ma,n) # (4,5,9), then by Theorem [2.3.4)2)), there exists a (Cpy,, Ciny )-
decomposition of K,. Applying Lemma [3.3.3] the multigraph 4K admits an HOP
(Ciny, Ciy )-decomposition. If (mq, ma,n) = (4,5,9), then by Lemma [2.2.13(ii) [36], an
HOP (Cy, Cs)-factorization of 4K exists.

In each of the above cases, we see that 4K admits an HOP (C,,,, C,,)-decomposition. Now,
applying Theorem [3.2.1} we conclude that HOP (2%, 2m,, 2m,) has a solution.
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4.5 Generalization of Lemmas [4.2.1] and 4.3.1

We now generalize the (Cy, C,,)-decompositions constructed in Lemmas [4.2.1] and 4.3.1| by
introducing an additional parameter r, which allows for multiple copies of C5 in the decom-
position.

The generalized forms are given in Lemmas and [£.5.4] and they establish the

existence of HOP (Cé”, C',)-decompositions under the same conditions as before.

Lemma 4.5.1. Let m > 3, and k,r > 1 be integers. Let n = 2(m + 2r)k + 1. Then there
exists an HOP (C{", C,,)-decomposition of 4K?.

Proof. We have the following two cases to consider.

e 7 =1. Then n = 2(m + 2)k + 1. By Lemma [4.2.1) we see that there exists an HOP
(Cy, Cyy)-decomposition of 4K73.

e r > 2. Since n =1 (mod 2(m + 2r)), by Theorem there exists a (Cyr, Cpy)-
decomposition of K,. Now, applying Lemma , we obtain an HOP(C’QM,C’m)—
decomposition of 4K7.

The following corollary is a direct consequence of Lemma and Theorem [3.2.1]

Corollary 4.5.2. Let s > 0, r > 1, and m > 3 be integers, and let n = s+2r+m. If n =1
(mod 2(2r 4+ m)), then HOP(2(, 4" 2m) has a solution.

To prove Lemma [4.5.4] we first show the existence of an HOP (C§T>, Cyn)-factorization

of 4K, 5, in the following lemma.

Lemma 4.5.3. Let m > 3 be an odd integer, and let » > 1 be an integer. Then there exists
an HOP (CY", C,,)-factorization of 4K, o

Proof. We have the following three cases to consider.

By Lemmas and 2.2.13, the multigraph 4K},  , admits an HOP

r = 1.
(Cy, Cyy)-factorization.

e r =2and m = 5. By Lemma 2.2.13, the multigraph 4K admits an HOP (C’2<2>, C5)-

factorization.

e r > 2 and m # 5. By Theorem [2.1.5] we know that there exists a 2-factorization of
K yor into (Cs,, Cry,)-factors. Applying Lemma [4.1.3] we see the multigraph 4K, .

admits an HOP (C{", C,,)-factorization.
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Lemma 4.5.4. Let m > 3 be an odd integer, k

> 0, and » > 1 be integers. Let n =
(2k + 1)(m + 2r). Then there exists an HOP (C’2<T>, C)

-decomposition of 4K.

Proof. For k = 0, the result follows by Lemma[.5.3] For k£ > 1, we have the following three
cases to consider.

e r =1. Then n = (2k + 1)(m + 2). By Lemma we see that there exists an HOP
(Cy, Cyy)-decomposition of 4K72.

e r =2 and (m,n) = (5,9). By Lemma [2.2.13(ii), the multigraph 4K§ admits an HOP
o C)-factorization.

e > 2 and (m,n) # (5,9). By Theorem [2.3.4)(2), the complete graph K, admits
a (Cy,., Cp)-decomposition. Now, by Lemma 4.1.3L there exists an HOP (C’2<r>, Chn)-
decomposition of 4K7.

The following corollary is a direct consequence of Lemma and Theorem (3.2.1]

Corollary 4.5.5. Let s > 0, 7 > 1, and m > 3 be integers with m odd, and let n = s+2r+m.
If n = 2r +m (mod 2(2r +m)), then HOP(2(,4(") 2m) has a solution.



Chapter 5

The Generalized HOP with Small Round
Tables

In this chapter, we study HOP(2(®),2my, ..., 2m,) under the condition that m = m; +--- +
my < 10. Our goal is to show that HOP(2%),2m,, ..., 2m,) has a solution whenever n = s+m
is odd and n(n — 1) =0 (mod 2m).

We apply the tools developed in Chapter [3| to prove our main result. We proceed case
by case, depending on the value of m = m; + -+ + my, where 2 < m; < --- < m; and
m < 10. For each case, we either use known theorems on (C,,,, ..., Cy, )-decompositions of
K, and 2K, and extend them to HOP decompositions of 4K, or we explicitly construct
such decompositions. We summarize all cases in Tables and [5.2]

5.1 HOP (C,,,...,C,,)-decompositions of 4K with Small
Cycle Lengths

The following theorem presents the main results of this chapter. It establishes several results
on the generalized HOP with small round tables.

Theorem 5.1.1. Let s > 0, and 2 < my; < ... < my be integers. Let m = my + ... +
my < 10, and let n = s +m be an odd integer such that n(n — 1) = 0 (mod 2m). Then
HOP(2),2my, ..., 2m;) has a solution.

Proof. The proof of this theorem is summarized in Table [5.2] Note that for the cases
highlighted in pink rows, Theorems [2.3.7] and are used to show that K, admits
a (Cpyy Crngsy - - - Oy, )-decomposition. For these cases, we then apply Theorem to show
that 4K? admits an HOP (C,,,, Cyn,, . . ., Cy, )-decomposition.

For the remaining cases, we combine the results of Lemmas 4.5.4, and Lem-
mas 5.1.17 to show that 4K admits an HOP (C,,,, Cpys - - - , Cp, )-decomposition.

Tables and list all possible cases where n(n — 1) = 0 (mod 2m), with m < 10
and n odd. Observe that in each case presented in the table, the multigraph 4K, admits an

78
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HOP (Cyys Cings - - -, Cin, )-decomposition. Applying Theorem [3.2.1 we conclude that HOP
(24, 2my, ..., 2m,) has a solution.

Note that in the tables, when a row of the 3rd and 4th columns straddles two rows of
column 2, then these decompositions may fall under both cases.

5.1.1 HOP Decompositions for n =1 (mod 8)

Lemma 5.1.2. Let n =1 (mod 8). Then 4K admits an HOP (Cs, Cy)-decomposition.

Proof. By Theorem [2.3.2] there exists a (C4)-decomposition of K,,. Applying Lemma [4.1.3]
there exists an HOP (Cy, Cy)-decomposition of 4K7. i

5.1.2 HOP Decompositions for n =1 or 9 (mod 12)
Lemma 5.1.3. Let n = 1 or 9 (mod 12). Then 4K admits an HOP (Cs, Cs, Cy)-decomposition.

Proof. By Theorem [2.3.2] there exists a (Cg)-decomposition of K,,. Applying Lemma m,
the multigraph 4K admits an HOP (Cy, Cy, Cy)-decomposition. i

Lemma 5.1.4. Let n = 12k + 9 for any integer £ > 0. There exists an HOP (Cy, Cy)-
decomposition of 4K7.

Proof. Observe that 2n = 6(4k + 3); let s = 4k + 3. By Lemma [3.4.10| with m; = 2 and
ms = 4, it suffices to find (Cy, Cy)-subgraphs Fi, Fy, ..., Fs in 4K that satisfy Conditions
(L'1) to (L'3).

As in Lemma 3.4.10] let V(4K?) = {z; : i € Z,—1} U {2 }. Let ps be the permutation
on E(4K?) that preserves the color (and orientation) of the edges, and is induced by the
permutation p = (Too)(To 1 T2 ... Tp_a). Observe that the group (p.) has the following
orbits on the edge set of 4K:

e for each d € {1,2,...,6k + 3}, we have a pink and a blue orbit {z;x;1q:7 € Zn_1};

for each d € {1,2,...,12k + 7}, we have a black orbit {(x;, xi1q) : i € Zn_1};

a pink and a blue orbit {2;zy@eria) 1 0 =0,1,..., 252}

a pink and a blue orbit {z;x : 7 € Z,,_1}; and

black orbits {(zeo, ;) 11 € Zp_1} and {(2,Teo) 17 € Zp_1}.
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m|n (Cmyy -+ -y Cm,)-decomposition | Theorem or Lemma
2 |4k+1,k>1 | (Cg)-decomposition Lemma [3.3.2{ with ¢ = 1
3 | 6k+1,k>1 | (C3)-decomposition Theorem [2.3.1
6k+3,k>0
(Cq, Cy)-decomposition Lemma [5.1.2
4 | 8k+1,k>1 [ (C4)-decomposition Theorem [2.3.2
(Cq, C3)-decomposition Lemma |4.5.1|with m =3, r =1
10k + 1, k > 1] (C5)-decomposition Theorem [2.3.2
)
10k + 5, k > 0] (Cy, C3)-decomposition Lemma [4.5.4{ with m = 3, r =1
(Cy, Oy, Co)-decomposition Lemma [5.1.3
12k +1, k > 1| (Cs, Cy)-decomposition Lemma |4.5.1|with m =4, r =1
6 (C3, C3)-decomposition Theorem [2.3.7|if n # 9
(C¢)-decomposition Theorem [2.3.2
12k +9, k > 0] (C3,C5)-decomposition Lemma |5.1.6{if n =9
(Cy, Cy, Cs)-decomposition Lemma[5.1.3
(Cy, Cy)-decomposition Lemma |5.1.4
(Cy, Cy, Cs)-decomposition Lemma [4.5.1| with m =3, r =2
14k +1, k > 1| (Cq, C5)-decomposition Lemma {4.5.1{ with m =5, r =1
7 (C3, Cy)-decomposition Theorem [2.3.7
(C7)-decomposition Theorem [2.3.2
14k +7, k > 0] (Cq, Co, C3)-decomposition Lemma [4.5.4 with m =3, r = 2
(Cq, Cy)-decomposition Lemma {4.5.4 with m =5, r =1
(Cy, Cy, Co, Cy)-decomposition Lemma [5.1.7]
(Cq, Cy, Cy)-decomposition Lemma [4.5.1| with m =4, r =2
8 | 16k +1, k > 1| (Cs, C5, Cs)-decomposition Lemma [5.1.8
(Cy, Cg)-decomposition Lemma [4.5.1| with m =6, r =1
(C3,C5)-, (Cy, Cy)-decompositions | Theorem [2.3.7
(Cg)-decompositions Theorem [2.3.2

Table 5.1: Part

1: HOP (C,,,,. .., C,,,)-decompositions with m; + ...+ m; < 10
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m|n (Cmys -+ -y Cm,)-decomposition | Theorem or Lemma
(Cy, Cy, Co, C3)-decomposition Lemma |4.5.1| with m =3, r =3
18k + 1, k > 1| (Cq, Cy, Cs5)-decomposition Lemma [4.5.1| with m =5, r = 2
(Cy, C3, Cy)-decomposition Lemma [5.1.9
(Cq, Cr)-decomposition Lemma@d.5.1{withm =7, r =1
(Cs,C5,C5)-, (Cs,Cg)-, (Cy, C5)-, Theorem  [2.3.7]  (except for
9 (C4, C5)-decomp when n = 9)
(Cy)-decompositions Theorem [2.3.2
18k +9, k > 0] (C4, C5)-decomposition Lemma [2.2.13((ii]) if n =9
(Cy, Oy, Co, C'3)-decomposition Lemma |4.5.4 with m =3, r =3
(Cy, C4, Cs)-decomposition Lemma [4.5.4| with m =5, r = 2
(Cq, Cs, Cy)-decomposition Lemma 5.1.10
(Cy, C7)-decomposition Lemma@.5.4withm=7r=1
(Cq, Cy, Cy, Cy, Cy)-decomposition | Lemma [5.1.11)(i
(Cy, Oy, Co, Cy)-decomposition Lemma 4.5.1| with m =4, r =3
20k + 1, k > 1] (Cy, Cy, C3, C3)-decomposition Lemma |5.1.11|(iii
(Cq, Cq, Cg)-decomposition Lemma {4.5.1f with m = 6, r = 2
(Csq, Cs, Cs)-decomposition Lemma |5.1.13
(Cy, Cy, Cy)-decomposition Lemma |5.1.12
(Cq, Cg)-decomposition Lemma |4.5.1|with m =8, r =1
(C5,C5,Cy)-, (C3,C7)-, (Cy4,Cp)-, | Theorem [2.3.7
10 (Cs, Cs)-decompositions
(C1p)-decompositions Theorem [2.3.2
(Cy, Oy, Cq, Ca, Cs)-, Lemma|[5.1.11
0k +5, k> 1 (Cq,Cy,Co,Cy)-, (Co,Co,C5,C3)-,
(Cy, Oy, Cg)-decomposition
(Cq, Cs, Cs)-decomposition Lemma |5.1.17
(Cy, Cy, Cy)-decomposition Lemma|5.1.16
(Cq, Cg)-decomposition Lemma |5.1.14]
Table 5.2: Part 2: HOP (C,,,, ..., Cy, )-decompositions with m; + ... 4+ m; < 10
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For convenience, let S = {1,2,...,6k + 4,00} be the set of all differences.

We start by constructing subgraphs Fi, Fs, ..., Fs_1, where each F; is a disjoint union
of a 4-cycle and a 2-cycle, and the subgraphs Fi, Fs, ..., F,_; jointly cover exactly four edges
corresponding to the following differences from S:

1,2,...,3k+1,3k+3,...,6k + 3, 0.

First, we construct the 4-cycles. Fori € {1,2,...,2k+ 1}, let C; be the following closed
walk (see Figure [5.1] in Example [5.1.5] where k& > 1):

Ci = To Tj Tekya T (6k+4—i) Lo-

It can be seen that C; is a cycle of length four and traverses edges of differences ¢ and
6k + 4 — i twice. This means that for i € {1,2,...,2k + 1}, the cycles C; jointly cover each
of the following differences exactly twice:

1,2,...,2k+ 1, 4k + 3,4k +4, ... 6k + 2,6k + 3.

Next, construct cycles of length two, denoted by E;, as follows:

e fori e {1,2, ce ,2]{7 + 1} and 7 7é k + 1, let Ez = X3k+2 L5k+3+i L3k+25 and

o fori=Fk+ 1, let Ez = T3k+2 Lo T3k+2-

Observe that the 2-cycles E;, for i € {1,2,...,2k + 1}, jointly cover each of the following
differences exactly twice:

2k +2,2k+3,...,3k+1, oo, 3k +3,...,4k + 1,4k + 2.

It can be easily checked that, fori € {1,2,...,2k+1}, each C; is disjoint from each F;. Now,
for i € {1,2,...,2k + 1}, let G; = C; U E;. We see that Gy, G, ..., Garyq jointly contain
exactly two edges of each of the differences in 5, except for differences 3k 4+ 2 and 6k + 4.

Consider two copies of each Gy, for all ¢ € {1,2,...,2k + 1}. We want to color each
copy so that it satisfies Condition (C1) of Definition . In the first copy of G}, color the
edges of E; pink and blue; and in Cj, color the edge xo x; pink, Zey+4 T_(6r+4—i) blue, and
color the other two edges black and orient them away from the pink edge and towards the
blue edge. In the second copy of G;, color the edges of E; black and orient them in opposite
directions; and in Cj, color x; 44 pink, _(sk4+4—s) o blue, and color the other two edges
black and orient them away from the pink edge and towards the blue edge. Considering two
copies of each G;, for all i € {1,2,...,2k + 1}, we have 4k + 2 (Cy, Cy)-subgraphs, which we
relabel as Fi, Fy, ..., F,_1. It is easy to verify that except for differences 3k + 2 and 6k + 4,
all other differences occur exactly four times (exactly one pink, one blue, and two opposite
black with opposite directions) in Fy, Fy, ..., Fs 1.

Next, we construct a (Cy, Cy)-subgraph Fy that covers differences 3k 4+ 2 and 6k + 4.
Let F, = C, U E;, where:
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o (s =Ty T3py2 Tekta T—(3k+2) To; and

° ES = T1 T_(6k+3) L1-

Color the edges of C, as follows: @3y42 Ter+a blue, x_(3p42) To pink, and the other two edges
black and orient them away from the pink edge and towards the blue edge. We see that C
covers the difference 3k + 2 exactly four times (one pink, one blue, and two black arcs), and
E covers 6k + 4 twice. Observe that the subgraphs F, I, ..., Fy satisfy Conditions (L'1)
to (L'3) of Lemma [3.4.10] Hence, 4K admits an HOP (C5, Cyy)-decomposition.

Example 5.1.5. Let Fy, Fy, ..., F; be the (Cy, Cy)-subgraphs of 4K3, shown in Figure [5.1]
constructed using the method from the proof of Lemma [5.1.4] Observe that Fy, Fy, ..., F;
satisfy Conditions (L'1) to (L/3) of Lemma[3.4.10] Therefore, 4K3, admits an HOP (Cy, Cy)-
decomposition.

Lemma 5.1.6. There exists an HOP (Cj3, C5)-decomposition of 4K§.

Proof. Notice that 4-9 = 6 - 6; let s = 6. By Lemma [3.4.11] with m; = 3 and my = 3,
it suffices to find (Cj, Cs)-subgraphs Fi, Fy, ..., Fg in 4K that satisfy Conditions (L”1) to
(L”3). Observe that such Fy, Fy, ..., Fg subgraphs are shown in Figure Therefore, 4K
admits an HOP (Cj5, C5)-decomposition. |

5.1.3 HOP Decompositions for n =1 (mod 16)
Lemma 5.1.7. Let n = 1 (mod 16). Then 4K admits an HOP (Cy, Cy, Cy, Cy)-decomposition.

Proof. By Theorem [2.3.2] there exists a (Cs)-decomposition of K,,. Applying Lemma[d.1.3]
we see that 4K? admits an HOP (Cy, Cy, Cy, Cy)-decomposition. |

Lemma 5.1.8. Let n = 16k + 1 for any integer & > 1. There exists an HOP (Cs, C3, Cs)-
decomposition of 4K7.

Proof. Let V(K,,) ={z; :i € Z,},and let p = (xo z1 ... T,,—1) be a permutation on V(K,,).
By the given labeling, each edge in E(K,,) is of the form z;x;,4, where d € {1,2,...,8k}.
Therefore, the group (p) acting on F(K,,) has 8k orbits, each of size n.

Our goal is to construct k subgraphs of K,, namely F}, Fs, ..., Fy, where each F; is a
disjoint union of a (C3,C3)-subgraph and two edge-disjoint 1-regular subgraphs of order 2
such that Fy, Fy, ..., F} jointly contain exactly one edge of each difference in {1,2,...,8k}.
Therefore, D = {p'(Fy), p'(F3), ..., p"(Fk) : i € Zy,} is a decomposition for K, that satisfies
the condition of Lemma m (for « = 1 and m; = my = 3); hence, by Lemma , the
multigraph 4K admits an HOP (Cs, Cs, C3)-decomposition.
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Figure 5.1: (Cy, Cy)-subgraphs of 4K3, that generate an HOP (Csy, Cy)-decomposition for

4K,
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Figure 5.2: (Cj5, Cs)-subgraphs of 4K that generate an HOP (Cj3, Cs3)-decomposition for

4K,
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Now, for i € {1,2,...,2k}, construct the following closed walk:
Ci=mr1-4 T—(8k—3i+1) Li T1—;-
It can be seen that C; is a cycle of length three, and traverses edges of differences
8k —4i+ 2,8k —2i+1,2i — 1.
The explicit differences in C4, Cs, ..., Cy, are listed below.

Cr: 8k—2,8k—1,1
Cy: 8k—6,8k—3,3
Cy: 8k—10,8k — 5,5

OQ]C_Q : ]_0, 4k + 57 4k — 5
Cgk,1 : 6, 4k —+ 3, 4k — 3
Cor: 2,4k +1,4k — 1

Observe that Cy, Cy, . . ., Cyy jointly contain exactly one edge of each difference in {1, 2, ..., 8k}
except for the following differences:

(i) 44, fori e {1,2,...,2k}.
The following subgraphs of K, (isomorphic to K3) cover the differences in (i) exactly once:

[ Ez = T2k+1 T2k+4i+1, for ¢ € {1,2, ey k’},

o B = Topy1 T_(uak—ai), for i € {k+1,...,2k}.
Observe that none of the vertices in the interval [zog. 1, Zskio] are used in any C; for i €
{1,2,...,k}, and only vertices from this interval are used to construct F; fori € {1,2,...,k}.
Furthermore, none of the vertices in the interval [zox1 1, T11x12] are used in any C; for ¢ € {k+
1,...,2k}, and only vertices from this interval are used to construct F; fori € {k+1,...,2k}.
Hence, for i € {1,2,...,2k}, the subgraph C; is disjoint from the subgraph FE;. Moreover,
we have the following:

e C; and C; are disjoint for ¢ # j and 7,5 € {1,2,...,2k};

e Fy 1 and Cy; are disjoint for ¢ € {1,2,...,k}; and

e Fy and Cy;_; are disjoint for i € {1,2,...,k}.
NOW, for i € {1, 2, ey k}, let E = 021;1 U CQi U (Egifl U Egz) Since Fl, FQ, . ,Fk JOlHtly
contain exactly one edge of each difference in {1,2,...,8k}, we see that

D={p'(F),p'(F2),...,p'(Fy) - i € Zy}

is a decomposition for K, that satisfies the condition of Lemma Applying Lemma
4.1.1} the multigraph 4K? admits an HOP (Cy, C3, C3)-decomposition. |
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5.1.4 HOP Decompositions for n =1 or 9 (mod 18)

Lemma 5.1.9. Let n = 18k + 1 for any integer k& > 1. There exists an HOP (Cy, C3, Cy)-
decomposition of 4K.

Proof. Let V(K,) ={z;:i € Z,},and let p = (2o 21 ... 2,_1) be a permutation on V (K,).
By the given labeling, each edge in E(K,) is of the form x;x;, 4, where d € {1,2,...,9k}.
Therefore, the group (p) acting on E(K,,) has 9k orbits, each of size n.

We construct subgraphs Fy, Fy, ..., Fy, where each F; is a disjoint union of a (Cj5, Cy)-
subgraph and two edge-disjoint 1-regular subgraphs of order 2 such that Fy, Fs, ..., Fj jointly
contain exactly one edge of each difference in {1,2,...,9k}. Therefore,

D= {pl<F1)7pz(F2)7 s >pl(Fk) S Zn}

forms a decomposition for K, that satisfies the condition of Lemma (for a =1, my = 3,
and my = 4); hence, by Lemma [4.1.1) the multigraph 4K admits an HOP (Cy, Cs, Cy)-
decomposition.

Now, for i € {1,2,...,k}, construct the following closed walks:
Ci = o Tyi—3 T_1 Tai—1 To;

!
Ci = T2 T4k42i—2 LT —(4k42i+1) T—2-

It can be seen that C; and C! are two disjoint cycles of lengths four and three, respectively,
and traverse edges of differences

Cy i di— 3,40 — 2,44, 4i — 1;

Cl: 4k +2i,d, 4k + 21 — 1.

In C], we have d = 8k +4i — 1 for ¢ € {1,2,..., 2]} and d = 10k — 4i + 2 for i €
{[=2, .. k)

The explicit differences in C7, Cs, ..., C} are listed below.

Ch 1,2,4,3
Cy 5,6,8,7

Cy : 9,10,12,11

Cho: 4k — 11,4k — 10,4k — 8,4k — 9
Ch_1: 4k —T7,4k —6,4k — 4,4k — 5
C,: Ak —3 4k —2 4k 4k —1

The explicit differences in C1,CY, ..., C} are listed below.

Cy: 4k +2,8k+ 3,4k +1
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Ch: 4k + 4,8k + 7,4k + 3
Cy: 4k +6,8k+ 11,4k +5

Cl_,: 6k—4,6k+10,6k—5
ClL_,: 6k—26k+6,6k—3
CL:  6k,6k+2,6k—1

Observe that, for i € {1,2,...,k}, C; and C! jointly contain exactly one edge of each
difference in {1,2,...,9k} except for the following differences:

(i) 6k+2i—1,forie{1,2,...,k};

(if) 6k + 4i, for i € {1,2,..., |3 ]};

(iii) 12k —4i+ 1, forie {|2] +1,... .k}

The following subgraphs of K, (isomorphic to K3) cover the differences listed in (i)-(iii)
exactly once:

(l) Ez = T3 T_(6k+2i+2); for i € {1, 2, ey k},

(ll) EZI = X_3 x_(6k+4i+3), for ¢ € {1, 2, RN L%J},

(lll) EZI = T_3 X19k_4i_2, fOr i € {L%J +1,..., ]i‘}

Notice that the vertex x_3, as well as all vertices in the interval [zg;_1, Z195_1], are not used
in any of the cycles C; or C!, and that only vertices from this interval are used to construct
the graphs E; and E!. Hence, for i € {1,2,...,k}, the cycles C; and C/ are disjoint from the
edge-disjoint subgraphs F; and E..

Now, for i € {1,2,...,k}, let F; = C; UC! U (E; U E!). Since Fy, Fy, ..., Fy jointly
contain exactly one edge of each difference in {1,2,...,9k}, we see that

D= {pi(Fl)vpi(Fé)’ s >pi<Fk) S Zn}

is a decomposition of K,, that satisfies the condition of Lemma [4.1.1} By applying Lemma
4.1.1) the multigraph 4K admits an HOP (Cy, C3, Cy)-decomposition. |

Lemma 5.1.10. Let n = 18k 4+ 9 for any integer k > 0. There exists an HOP (Cy, C5, Cy)-
decomposition of 4K7.

Proof. Notice that n = 18k +9 = 9(2k + 1), and we have Kgopy1) = Hy @ H,, where
H, is a disjoint union of 2k + 1 copies of Ky, and H, is a complete equipartite graph with
2k 4+ 1 parts of size 9. In Lemma [2.2.13(ii) [36], it is proved that 4K$ admits an HOP
(Cy, C3, Cy)-factorization. Consequently, by Lemma m, 4H? admits an HOP (Cy, C5, Cy)-
decomposition. Hence, we may assume k > 1 and it suffices to show that 4K ('% 1)[9) admits
an HOP (Cs, Cs, Cy)-decomposition.
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The complete equipartite graph K(ap41yj9) can be viewed as a circulant graph, Circ(n; S),
with the vertex set {z; : i € Z,}, where n = 18k+9, and the edge set {z;x;14 : i € Z,,d € S},
where

S={1,2,...,2k,2k+2,...,4k+1,4k+3,...,6k+2,6k+4,...,8k+3,8k+5,...,0k+4}.

Let p = (zo 21 ... 2,—1) be a permutation on V(K (ax41)p)). Observe that S contains all
differences from 1 to 9k 44, except for the differences 2k + 1, 4k +2, 6k + 3,8k +4. Therefore,
the group (p) acting on E(K(r41)0)) has (95 +4) — 4 = 9k orbits, each of size n = 18k + 9.

First, we construct subgraphs Fi, Fs, ..., F}, where each F; is a disjoint union of a
(Cs5, Cy)-subgraph and two edge-disjoint 1-regular subgraphs of order 2, such that Fy, Fs, ..., Fy
jointly contain exactly one edge of each difference in S.

Now, for i € {1,2,...,k}, construct the following closed walks:
Ci = Ty T2i-1 T1 Takt2it1 To;

/
Ci = T_2 T2k+i—1 T—(6k+i+5) T—2-

It can be seen that C; and C! are disjoint cycles of lengths four and three, respectively. The
4-cycle C; traverses edges of differences

Ci: 2 — 1,20, 4k + 2i + 2,4k + 2i + 1.

The explicit differences in C4,Cs, ..., C} are listed below.

C 1,2, 4k + 4,4k + 3
Cy 3,4,4k + 6,4k + 5

Cs: 5,6,4k + 8,4k + 7

Cho: 2k—5,2k—4,6k — 2,6k — 3
Ch_1: 2k—3,2k—2,6k 6k—1
Ch: 2k—1,2k 6k+2,6k+1

The 3-cycle C! traverses edges of differences
Cl:2k+i+1,d,6k+i+3.

Notice that, for i € {1,2,...,[£]}, the difference d = 8k+2i+4, and for i € {|£]+1... Kk},
the difference d = 10k — 2i + 5. The explicit differences in C7,CY, ..., C} are listed below.

Ci: 2k+2,8k+6,6k+4
Cy: 2k+3,8k+8,6k+5
Cy: 2k + 4,8k + 10,6k + 6

Cl . 3k—1,8k+09,7k+1
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Ch_y:  3k,8k+T,Tk+2
C.: 3k+1,8k+5,Tk+3

Observe that the subgraphs C; and C/, for i € {1,2,...,k}, jointly contain exactly one edge
of each difference in S except for the following differences:

(i) 4k — 1+ 2, fori € {1,2,...,k}; and
(i) 8k —i+4, fori € {1,2,...,k}.
Note that there are 2k differences from S that are not covered by any C; or C!. The following

subgraphs of K, (isomorphic to K5) cover the differences in (i) and (ii), respectively, exactly
once:

o B =2_3 _(ap—its), fori e {1,2,... k}; and
° Ez/ = T—(4k+4) Tak—i for i € {1, 2., k}
Notice that none of the vertices in the intervals |[xsy, Tar12] and [2_(spy5), ¥—3] are used in

any C; or C!, and only vertices in these intervals are used to construct the subgraphs F; and
E!. Hence, C; and C/ are disjoint from E; and E].

For i € {1,2,...,k}, let F;, = C;UC] U (E; UE!). Since Fy, Fy, ..., F jointly contain
exactly one edge of each difference in S, we see that

D= {pZ<F1)7pZ(F2)7 s >pl(Fk) S Zn}

is a decomposition for Kopy1)g) that satisfies the condition of Lemma {4.1.1l  Applying

Lemma m, the multigraph 4K, |y admits an HOP (Cy, C3, Cy)-decomposition.

5.1.5 HOP Decompositions for n =1 or 5 (mod 20)

Lemma 5.1.11. Let n = 1 or 5 (mod 20). Then the following HOP 2-regular-subgraph
decompositions of 4K exist:

(i) HOP (Cy, Cy, Cy, Cy, Cy)-decomposition;

(ii) HOP (Cy, Cy, Cy, Cy)-decomposition;

(iii) HOP (Cy, Oy, Cs, C3)-decomposition; and
(

(iv) HOP (Cy, Cy, Cg)-decomposition.

Proof. By Theorems[2.3.2/and [2.3.7, we know there exist a (C}g)-decomposition, a (Cg, Cy)-
decomposition, a (Cy, C3, C3)-decomposition, and a (Cjy, Cg)-decomposition of K,,, and by
Lemma these decompositions give rise to HOP decompositions listed in (i)-(iv), re-
spectively. |
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Lemma 5.1.12. Let n = 20k + 1 for any integer k > 1. There exists an HOP (Cs, Cy, Cy)-
decomposition of 4K.

Proof. Let V(K,,) ={z; :i € Z,},and let p = (xo z1 ... T,,—1) be a permutation on V(K,,).
By the given labeling, each edge in E(K,,) is of the form x;z;,4, where d € {1,2,...,10k}.
Therefore, the group (p), acting on E(K,), has 10k orbits, each of size n.

We construct subgraphs Fi, Fy, ..., Fy, where each F; is a disjoint union of a (Cy, Cy)-
subgraph and two edge-disjoint 1-regular subgraphs of order 2, such that Fi, Fs,..., F}
jointly contain exactly one edge of each difference in {1,2,...,10k}. Therefore, D =
{p'(F1), p'(Fy),...,p (Fy) : i € Zy,} forms a decomposition of K, that satisfies the con-
dition of Lemma (for « = 1, my = 4, and my = 4); hence, by Lemma , the
multigraph 4K admits an HOP (Cs, Cy, Cy)-decomposition.

Now, for i € {1,2,...,2k}, construct the following closed walk:
Ci =z % T —(2k44) Tak+i T1—i-
It can be seen that C; is a cycle of length four, and traverses edges of differences
Ci:2i— 1,2k + 2¢,6k + 2,4k + 20 — 1.

The explicit differences in C7, (s, ..., Cy are listed below.

Cr: 1,2k+2,6k+2,4k+ 1
Co:  3,2k+4,6k+4,4k +3

Oy 5,2k + 6,6k + 6,4k + 5

Copo: 4k — 5,6k — 4,10k — 4,8k — 5
Copr: 4k — 3,6k — 2,10k — 2,8k — 3
O - 4k — 1,6k, 10k, 8k — 1

Observe that the C;, for i € {1,2,...,2k}, jointly contain exactly one edge of each difference
in {1,2,...,10k} except for the following differences:

(i) 24, fori e {1,2,...,k};
(ii) 8k+2i— 1, forie {1,2,... k}.

The following subgraphs of K, (isomorphic to K3) cover the differences listed in (i) and (ii)
exactly once:

(l) Ez = Tek+1 L6k4+2i41, for i € {]_, 2, ey k},

(ll) EZI = Tek+1 T—(6k—2i+1), for i € {1, 2, . ,]{I}
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Notice that none of the vertices in the interval [zgri1,%16x] are used in any C;, and only
vertices in this interval are used to construct the subgraphs E; and E]. Hence, for i €
{1,2,...,k}, cycles Cy_1 and Cy; are disjoint from the subgraphs F; and E.

Now, for i € {1,2,...,k}, let F; = Cy_1 UCy U (E; U E!). Since Fy, Fy, ..., Fy jointly
contain exactly one edge of each difference in {1,2,...,10k}, we see that

D= {pi(Fl)vpi(Fé)’ s 7pi(Fk) S Zn}

is a decomposition for K, that satisfies the condition of Lemma Applying Lemma
4.1.1} the multigraph 4K? admits an HOP (Cy, Cy, Cy)-decomposition. i

Lemma 5.1.13. Let n = 20k + 1 for any integer & > 1. There exists an HOP (Cy, C3, Cs)-
decomposition of 4K7.

Proof. Let V(K,) ={z; :i € Z,},and let p = (xo z1 ... T,,_1) be a permutation on V(K,,).
By the given labeling, each edge in E(K,,) is of the form x;x;,4, where d € {1,2,..., 10k}.
Therefore, the group (p) acting on E(K,,) has 10k orbits, each of size n.

We construct subgraphs Fy, Fy, ..., Fi, where each F; is a disjoint union of a (Cs, C5)-
subgraph and two edge-disjoint 1-regular subgraphs of order 2, and Fi, F, . . ., F} jointly con-
tain exactly one edge of each difference in {1,2,...,10k}. Therefore, D = {p'(F}), p'(F3), .. .,
p'(Fy) : i € Zy,} forms a decomposition for K, that satisfies the condition of Lemma
(for « = 1, my = 3, and my = 5); hence, by Lemma , the multigraph 4K admits an
HOP (Cs, Cs, C5)-decomposition.

Now, for i € {1,2,...,k}, construct the following closed walks:
Ci = Xy Toi—1 T_1 Tokgi—1 T—(3k+i) L0

Ci = T (ki) T3k T (8k—it2) T (kti)-

It can be seen that C; and C! are disjoint cycles of length five and three, respectively. The
5-cycle C; traverses edges of differences:

C;:2i—1,2i,2k +i,5k + 20 — 1,3k + 1.

The explicit differences in C,Cs, ..., C} are listed below.

C 1,2,2k + 1,5k + 1,3k + 1
Cy : 3,4,2k + 2,5k + 3,3k + 2

Cs: 5,6,2k + 3,5k + 5,3k + 3

Copo: 2k —5,2k — 4,3k — 2,7k — 5,4k — 2
Copr: 2k —3,2k—2,3k — 1,7k — 3,4k — 1
Cop : 2k — 1,2k, 3k, Tk — 1,4k

The 3-cycle C} traverses edges of differences:

Cl:dk+ 14,9k +1i— 1,7k — 20 + 2.



5.1. HOP (C,,,...,C,,)-DECOMPOSITIONS OF 4K* WITH SMALL CYCLE
LENGTHS 03

The explicit differences in C{,CY, ..., C} are listed below.
Cr: 4k + 1,9k, Tk
Cy: 4k +2,9k+ 1,7k —2
Cy: 4k +3,9k +2,7k —4

by Dk —2 10k — 3,5k + 6
t 1 5k —1,10k — 2,5k +4
oot Dk,10k — 1,5k +2

Observe that, for i € {1,2,...,k}, C; and C! jointly contain exactly one edge of each
difference {1,2,...,10k} except for the following differences:

(i) Tk +1d, fori e {1,2,...,2k —1};
(ii) 10k.

The following subgraphs of K, (isomorphic to Ks) cover the differences listed in (i) and (ii)
exactly once:

o By =u 5 Tgri1, forie{1,2,...,2k — 1}, and
o [op =2 5, Tsp.

Notice that the vertex x_s, as well as none of the vertices in the interval [z3;41, Z125—1], are
used in any C; or C!, and only vertices in this interval are used to construct the subgraphs
E;. Hence, for i € {1,2,...,k}, cycles C; and C! are disjoint from the subgraphs E,; ; and
EQZ‘.

Now, for i € {1,2,...,k}, let F; = C; UC! U (Ey_1 U Ey;). Since Fy, Fy, ..., Fy jointly
contain exactly one edge of each difference in {1,2,...,10k}, we see that

D= {p'(F1),p'(Fa),...,p'(Fx) : i € Zn}
is a decomposition of K, that satisfies the condition of Lemma4.1.1. Applying Lemma|.1.1],
the multigraph 4K admits an HOP (Cy, Cs, Cs)-decomposition.
|

Lemma 5.1.14. Let n = 20k + 5 for any integer & > 1. There exists an HOP (Cy, Cy)-
decomposition of 4K7.

Proof. Observe that 2n = 10(4k + 1); let s = 4k + 1. By Lemma with m; = 2 and
ms = 8, it suffices to find (Cy, Cys)-subgraphs Fi, Fy, ..., F, in 2K that satisfy Conditions
(D'1) to (D’3).

As in Lemma [3.4.6, let V(2K;) = {z; : i € Z,—1} U {2 }. Let p, be the permutation
on E(2K;) that preserves the color of the edges, and is induced by the permutation p =

(Too)(xo X1 T2 ... xy_2). Observe that the group (p.) has the following orbits on the edge
set of 2K :
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e for each d € {1,2,...,10k + 1}, we have a pink and a black orbit {x;z;1q: 1 € Z, 1};
e a pink and a black orbit {z;2;(10k4+2) 1 ¢ =0,1,...,%52}; and
e a pink and a black orbit {z;zo : i € Z,_1}.

Let S = {1,2,...,10k + 2} be the set of differences. Note that 10k + 2 is the diameter
difference.

First, for i € {1,2,...,4k + 1}, construct the following closed walk (see Figure in

Example |5.1.15)):

Ci = xo 25 T—(5k+1) L10k+2—i T10k+2 LT—(10k+2—i) Lsk+1 T—; T0-

It can be seen that C; is a cycle of length eight, and traverses edges of differences ¢ and

5k + 1+ 1 four times. Since these differences come from an orbit of size n — 1, the four edges
n—1

occur as two pairs of the form {e, p. 2 (e)}.

The 8-cycles C, Cy, ..., Cyyq jointly cover each of the following differences exactly four
times:
1,2,..., 4k +1,5k+ 2,5k +3,...,9% + 1,9k + 2.

The differences that are not covered by any C; are the following:

(1) 9k +2+i, fori e {1,2,... k};
(ii) oo; and

(iii) 4k + 1+, forie {1,2,... k}.

Next, we construct cycles of length two that jointly cover each of the leftover differences
exactly four times, except for the diameter difference 10k + 2.

e The following 2-cycles cover the differences 9k + 2 + j, for j € {1,2,...,k — 1}, and
the difference oo exactly four times.

- b= L —(4k—+1) L5k+1+j T—(4k-+1); for j € {17 2,..., k—1}7 and Fy = T (3k+2) Loo L—(3k+2)-

— B} = Tery1 T (sk41-j) Tert1, for j € {1,2,...,k — 1}, and B}, = 29, Too Try..

Notice that E} = p:T’l (E;). Moreover, none of the vertices in the intervals [zog1, Tk,
[I5k+2, l’gk+1], [x_(8k+1), l‘_(5k+2)], and [$—5k; $—(2k+1)] are used in any OZ-, for ¢ € {1, 2,
...,2k}, and only vertices in these intervals are used to construct the subgraphs E;
and E}. Hence, for j € {1,2,...,k} and i € {1,2,...,2k}, the subgraphs Fj;, E’, and
C; are pairwise disjoint.

Relabel F; and E} jointly as E;, for i € {1,2,...,2k}. Now, for i € {1,2,...,2k}, let
F; = C; U E;. We see that Fy, Fy, ..., Fy are (Cy, Cg)-subgraphs of 2K,.
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e The following 2-cycles cover difference the 4k +1+ 7, for j € {1,2,...,k}, exactly four
times.

— E’;’ = T_(4k+1) Tj T—(4k+1), for j € {1, 2,..., k)}
— B = Topi1 T_(1ok+2-j) Tekt1, for j € {1,2,... k}.

n—1
First, notice that E}" = p.* (E}). Moreover, none of the vertices in the intervals

(21, Zok), [Tskt2, Tokt1)s [X—(okt1)s T (skt2)], and [T sk, T_(ax41)] are used in any C;, for
i€ {2k+1,2k+2,...,4k}, and only vertices in these intervals are used to construct
the subgraphs E and E7’. Hence, the subgraphs EY, EY", and C; are pairwise disjoint.
Next, relabel EY and E}’ jointly as E;, for i € {2k + 1,2k + 2,...,4k}. Now, for
i€ {2k+ 1,2k +2,...,4k}, let F; = C; U E;. We see that Fopyq1, Forro,. .., Fy are
(Cy, Cs)-subgraphs of 2K,.

e The only difference that is not covered yet is the diameter difference 10k + 2. Let
Ey1 = 1 T_qok+1) 71, and observe that Ey,iy is disjoint from Cyyq. Now, let
Fuyy1 = Cyp1 U B 1. We see that Fy, g is a (Cy, Cg)-subgraph of 2K,.

Next, color the edges of the cycles in the (Cy, Cg)-subgraphs alternately pink and black.
Observe that the subgraphs Fy, Iy, ..., Fy satisfy Conditions (D'1) to (D’'3) of Lemma 3.4.6]
Therefore, the multigraph 4K? admits an HOP (Cy, Cg)-decomposition.

|
Example 5.1.15. Let F|, Fy, ..., F5 be the (Cy, Cg)-subgraphs of 2 K3, shown in Figure ,
constructed following the method used in the proof of Lemma [5.1.14

Observe that F, Fy, . . ., Fs satisfy Conditions (D'1) to (D’3) of Lemmal[3.4.6] Therefore,
4K3. admits an HOP (Csy, Cg)-decomposition.

Lemma 5.1.16. Let n = 20k + 5 for any integer £ > 1. There exists an HOP (Cy, Cy, Cy)-
decomposition of 4K7.

Proof. Observe that 2n = 10(4k + 1); let s = 4k + 1. By Lemma with my; = 2,my =
ms = 4, it suffices to find (Cy, Cy, Cy)-subgraphs Fy, Fy, . .., Fy in 2K that satisfy Conditions
(D'1) to (D’3).

Let V(2K;) ={x; 11 € Zp—1} U{x}. Let p, be the permutation on E(2K7) that pre-
serves the color of the edges, and is induced by the permutation p = (2o )(xo 1 T2 ... Tp_2).
Observe that the group (p.) has the following orbits on the edge set of 2K} :

e for each d € {1,2,...,10k + 1}, we have a pink and a black orbit {x;z;1q: 1 € Z,—1};
e a pink and a black orbit {z;x;yokt2) 1 ¢ =0,1,..., ”T_?’}, and

e a pink and a black orbit {x;z : i € Z,_1}.



5.1. HOP (C,,,...,C,,)-DECOMPOSITIONS OF 4K* WITH SMALL CYCLE
LENGTHS 96

Figure 5.3: (Cy,Cs)-subgraphs of 2K35. that generate an HOP (Cy, Cs)-decomposition of
AKS,.
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For k = 1, see Figure For k > 2 and i € {1,2,...,4k + 1}, construct the following
two closed walks.
Ci = x i T (10k4+1) T—(10k+1—i) L1;
Cf =T_1 T_(i41) T10k+1 T10k4+1—i LT—1-
Notice that for ¢ € {1,2,...,4k+ 1}, C; and C! are disjoint cycles of length four and traverse
edges of differences i, 10k — 7 + 2,4, 10k — 7 + 2. Observe that edges of the same difference

occur in diametrical pairs. Hence, C; and C, for i € {1,2,...,4k + 1}, jointly cover each of
the following differences exactly four times:

1,2,...,4k + 1,6k + 1,6k +2,...,10k, 10k + 1.

The differences not covered by any C; or C] are the following:
(i) 4k+ 1+, fori e {1,2,...,2k —1};
(ii) 10k + 2; and

(iii) oo.

Next, we construct cycles of length two that cover the leftover differences exactly four times,
except for the diameter difference 10k + 2, which should be covered exactly twice.

e The following 2-cycles cover the differences 4k + 1 + j, for j € {1,2,...,2k — 1}, as
well as the difference oo, exactly four times.

— Ej = 20 T_(ak414j) %o, for 7 € {1,2,...,2k — 1} , and Eo, = 79 Too To-

! - /
- Ej = T10k+2 L6k+1—5 L10k+25 for j € {17 2,..., Qk—l} , and Egk = T10k4+2 Too L10k+2-

n—1
Notice that E; = po? (E;). Moreover, the vertices xg, ior+2, and the vertices in
the intervals [T4n12,Zer] and [x_(er), T—(ar42)] are not used in any C; or Cj, for i €
{1,2,...,4k}, and only vertices in these intervals are used to construct graphs E; and
Ej}. Hence, the subgraphs Ej, E%, C;, and C] are pairwise disjoint.

Next, relabel E; and EY jointly as Ej, for i € {1,2,...,4k}. Now, let F; = C; UCIUE;.
We see that Fi, Fs, ..., Fy, are (Cy, Cy, Cy)-subgraphs of 2K,,.

e The only difference that is not covered yet is 10k + 2. Let Ejr11 = 29 T10k+2 To, and
observe Ey,11 is disjoint from Cyyqq and CY 1. Now, let Fyq = Cujo1 UCY, 1 U By
We see that Fy is a (Cy, Cy, Cy)-subgraph of 2K,.

Next, in each (Cy, Cy, Cy)-subgraph, color the edges of the 2-cycle pink and black. Color the
edges of one of the 4-cycles, say C;, alternately pink and black. Note that edges of the same
length receive the same color. Then, color the edges of the other 4-cycle, C!, in the opposite

way of C; (see Figure [5.4)).
The (Cy, Cy, Cy)-subgraphs Fi, Fy, . .. F satisfy Conditions (D’1) to (D’3) of Lemmam.
Therefore, the multigraph 4K admits an HOP (Cy, Cy, Cy)-decomposition.
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Figure 5.4: (Cy, Cy, Cy)-subgraphs of 2K 3. that generate an HOP (Cy, Cy, Cy)-decomposition
of 4K3..
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Lemma 5.1.17. Let n = 20k + 5 for any integer k > 1. There exists an HOP (Cs, C3, Cs)-
decomposition of 4K.

Proof. Observe that 2n = 10(4k + 1); let s = 4k + 1. By Lemma [3.4.10] with m; = 2,
my = 3, and m3 = 5, it suffices to find (Cs, Cs, Cs)-subgraphs Fy, Fy, ..., Fy in 4K that
satisfy Conditions (L'1) to (L'3).

As in Lemma [3.4.10} let V(4K?2) = {x; : i € Zy_1} U {z}. Let pe be the permutation
on E(4K?) that preserves the color (and orientation) of the edges, and is induced by the
permutation p = (s )(xo &1 o ... Tp_2). Observe that the group (p,) has the following
orbits on the edge set of 4K7:

e for each d € {1,2,...,10k + 1}, we have a pink and a blue orbit {z;z;14:7 € Z,,_1};

for each d € {1,2,...,20k + 3}, we have a black orbit {(z;, Zi1q) : 1 € Zp_1};

n—31.
y 9 )

a pink and a blue orbit {@;%;t(10k42) : 4 =0,1,...

a pink and a blue orbit {z;x : 7 € Z,,_1}; and

black orbits {(xe, ;) 1 i € Zy—1} and {(2;, Too) 11 € Zp_1}-

First, we construct the 5-cycles and the 3-cycles of the (Cs, C3, Cs)-subgraphs. For k = 1
see Figure 5.5l For k> 2 and i € {1,2,...,k}, construct the following closed walks:

Ci = x0 T2i—1 T3 Topti—1 T _(3k+i+2) L0

Cé = T_(k+i42) T3k T—(8k—i+6) T—(k+i+2)
It can be seen that C; and C! are disjoint cycles of length five and three, respectively.

The 5-cycles C; traverse edges of difference
20—1,2i+2,2k+1+ 2,5k + 2+ 1,3k + i + 2.

The explicit differences in C4,Cs, ..., C} are listed below.

C 1,4,2k + 3,5k + 3,3k + 3
Cy : 3,6,2k +4,5k +5,3k +4
Cy 5,8,2k + 5,5k + 7,3k +5
Cho: 2% — 5,2k — 2,3k, Tk — 3, 4k

Chr:  2k—3,2k3k+1,7k — 1,4k + 1
Ch: 2k—1,2k+2,3k+2,7k + 1,4k + 2

The 3-cycles C! traverse edges of difference

Cl:dk+i+2,9k+i—2,7Tk — 2i + 4.
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The explicit differences in C{,CY, ..., C} are listed below.

Cl: 4k +3,9k— 1,7k +2
cy Ak + 4,9k, Tk
Cl: Ak+5,9%+1,7k — 2

Cl_,: 5k 10k —4,5k+8
Cl_,: 5k+1,10k— 3,5k + 6
ClL: bk+2,10k — 2,5k +4

The differences that are not covered by any C; or C] are the following:

(1) Tk+i+2,fori e {1,2,...,2k —4};
(ii) 2k + 1,
(iii) 10k — 1
(iv) 10k;
(v) oo; and

(vi) 2,10k + 1,10k + 2
The following Cy-subgraphs of K, cover the differences in (i)-(v), respectively, exactly once:

(i) Ei = &_(3k12) Tapti T(3k12), for i € {1,2,...,2k — 4};
(i) For-3 = Takt1 Tokta Takt1;
(iii) Eop—o = T_(3k+2) L7k—3 T—(3k+2)5
(iv) Es—1 = _(3k42) Tre—2 T—(3k42); and
(V) Eok = T_(35+2) Too T—(3k+2)-
Note that neither the vertex z_(s;42) nor any of the vertices in the interval [3k11, T12k—2]

are used by any C; or C!, and only vertices in this interval are used to construct the 2-cycles
E;. Hence, all C; and C] are disjoint from the E;.

Foreachi € {1,2,... k}, let C’Z»(l), Ci@), C’i(g), Ci(4) be four copies of C;, and let C’é(l), ng(z)’
C;(?’), 02(4) be four copies of C!. For each i € {1,2,...,2k}, let Ei(l) and EZ.(Q) be two copies
of F;. Now, apply the proof of Lemma to color the copies of each cycle so that they

satisfy Condition (C1) of Definition [1.2.3} and so that

« VBT @C =4cy,
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e VPP RCP PO =40, and

e EVPE® = 4E;.
Now, let Ti(l), TZ»(Q), Tl-(?’), TZ»(4) be the following subgraphs:

7O — ¢y oy g,

7

T = c® U U EY,
76 — 0® U@ U D,

W =cPucWuE?.

It is easy to see that Ti(l), Ti@),ﬂ(?’),ﬂ(@ are all (Cy, C3, Cs)-subgraphs of 4K that satisfy

Condition (C1) of Definition |1.2.3 We apply the above procedure for each i € {1,2,..., k},
so we have 4k (Cy, C3, C5)-subgraphs, which we relabel as Fy, Fy, ..., Fs_q.

Observe that except for differences 2, 10k + 1, and 10k + 2, all other differences occur
exactly four times (exactly one pink, one blue, and two black with opposite directions) in
F17F27"'7F8—1-

Next, we construct a (Cy, Cs, Cs)-subgraph Fy that covers differences 2, 10k + 1, and
10k + 2. Let F, = C, UC" U E,, where:

o Oy =m1 T_1 Tiok T1i0k4+2 T—10k T1;
/ .

o () =T Tiokt1 T—(10k+1) To; and

o By =T_(5141) Tskt1 T—(5k+1)-

Color the edges of Cy as follows: igrio T_10r blue, x_10x 1 pink, and xy x_1, z_1 T,
T10k L1042 black with orientation away from the pink edge and towards the blue edge. Color
the edges of C as follows: 10541 T—(106+1) PInk, Z_(10541) To blue, and xg 10541 black with
orientation away from the pink edge and towards the blue edge (see Figure . Notice that
Cs and C! jointly cover differences 10k + 1 and 2 exactly four times (one pink edge, one blue
edge, and two opposite black arcs), and Ey covers difference 10k + 2 twice. Observe that
the subgraphs Fy, F5, ..., Fj satisfy Conditions (L'1) to (L'3) of Lemma [3.4.10] Hence, 4K}
admits an HOP (Cs, Cs5, Cs)-decomposition. |

Example 5.1.18. Let [}, Fb, ..., Fs be the (Cy, Cs, Cs)-subgraphs of 4K3; in Figure [5.5
Observe that Fi, Fy, ..., Fs satisfy Conditions (L'1) to (L'3) of Lemma [3.4.10, Therefore,
4K3. admits an HOP (Cs, C5, C5)-decomposition.
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Figure 5.5: (Cy, C3, Cs)-subgraphs of 4K 3. that generate an HOP (Cy, C3, Cs)-decomposition
of 4K3;.



Chapter 6

A Complete Solution to the Generalized
HOP with One Round Table

In this chapter, we aim to provide a complete solution to the generalized HOP with one round
table, showing that the necessary condition for HOP(2(®), 2m) to have a solution is indeed
sufficient. This is equivalent to proving that the multigraph 4K? admits an HOP(C,,)-
decomposition if and only if m divides the number of edges in 4K;. Thus, the obvious
necessary condition is m | 2n(n — 1), and this may occur in one of the following three cases:

e Case 1: m divides the number of edges in K.

e Case 2: m does not divide the number of edges in K, but divides the number of edges
in 2K,,.

e Case 3: m does not divide the number of edges in 2K, but divides the number of
edges in 4K,.

This division simplifies the problem. In the first case, we use the existing results on
(Cyn)-decompositions of K, and extend them to HOP (C,,)-decompositions for 4K7. For
the second case, we either use the results on 2K, from [0] or directly construct a (C,)-
decomposition of 2K, which we then extend to HOP (C,,)-decompositions for 4K?. The
third case, which is the most challenging, requires us to work directly with 4K to construct
an HOP (C,,)-decomposition.

This chapter is organized as follows. In Section [6.1, we present the main result. In
Section [6.2] we introduce a method for coloring edges in a cycle decomposition of 2G° so
that each cycle has an even number of pink edges. In Section [6.3 we introduce definitions
and tools that are commonly used and relevant to both Sections and In Section [6.4]
we extend a (C,)-decomposition of 2K, to an HOP (C,,)-decomposition of 4K7?. Finally, in
Section [6.5] we directly construct an HOP (C,,)-decomposition of 4K

Throughout this chapter, we assume m > 3, as an HOP (C,,)-decomposition of 4G*® can
be easily obtained for m = 2.

103
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6.1 Main Result

Here, we present the main result of this chapter. The terminology, tools, and lemmas used
in its proof will be introduced in the subsequent sections.

Theorem 6.1.1. Let 2 < m < n be integers. Then there exists an HOP (C,,)-decomposition
of 4K if and only if 2n(n — 1) = 0 (mod m).

Proof. It is clear that if 4K? has an HOP(C,,)-decomposition, then 2n(n—1) =0 (mod m).
Conversely, assume 2n(n — 1) = 0 (mod m). We want to show 4K? admits an HOP(C,,)-
decomposition.

First, let m = 2. Then it follows from Lemma that there exists an HOP(C,,)-
decomposition of 4K.

From now on, let m > 3. Then, there are three cases to consider.

Case 1: m | @

First, assume n is odd. By Theorem m, there exists a (C),)-decomposition of K,,
and by Lemma|3.3.3| we can extend this decomposition to an HOP (C,,)-decomposition
of 4K*.

Second, assume n is even. Depending on the parity of m, the following two subcases
arise:

e m is even. By Theorem [2.3.10, 2K,, admits a (C,,)-decomposition. Consequently,
2K? admits a (C,,)-decomposition. If m =0 (mod 4), then by Corollary [6.2.5], we
can recolor each m-cycle in this decomposition so that it contains an even number

of pink edges, and by Lemma [3.3.5| such a decomposition can be extended to an
HOP (C,,)-decomposition of 4K.

If m = 2 (mod 4), then since m | 2= it follows from Lemma (Case 1)

2
that 4K admits an HOP (C,,)-decomposition.

e m is odd. By Lemma [6.4.11] there exists an HOP (C,,)-decomposition of 4K7.

Case 2: mf@, but m | n(n — 1).

This implies that m must be even. Moreover, if n(n — 1) is an even multiple of m, it
follows that m divides @, which is a contradiction. Hence, n(n — 1) must be an

odd multiple of m, that is, n(n — 1) = m (mod 2m).

By Theorem [2.3.10, 2K, admits a (C,,)-decomposition. Consequently, 2K also ad-
mits a (C,,)-decomposition. Since m is even, first assume m = 0 (mod 4). By Corol-
lary [6.2.5], each m-cycle in this decomposition can be recolored so that it has an even

number of pink edges. We can then apply Lemma to extend this to an HOP
(Cyn)-decomposition of 4K72.

Second, assume m = 2 (mod 4). Depending on the parity of n, two subcases arise.
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e n is odd. Then, by Lemma [6.4.3 there exists an HOP (C,,)-decomposition of
4K,

e n is even. Since m does not divide @ by assumption, Lemma (Case 2)

implies that the multigraph 4K admits an HOP (C,,)-decomposition.

Case 3: mtn(n—1), but m|2n(n —1).

This implies that m must be a multiple of four. Moreover, if 2n(n — 1) is an even
multiple of m, it follows that m divides n(n — 1), which is a contradiction. Hence,
2n(n —1) must be an odd multiple of m, that is, 2n(n —1) = m (mod 2m). Depending
on the parity of n, we have the following two cases:

e n is odd. Then, by Lemma [6.5.1, there exists an HOP (C,,)-decomposition of

4K,
e n is even. Then, by Lemma |6.5.2 there exists an HOP (C,,)-decomposition of
4K,

The following corollary is a direct consequence of Theorem [6.1.1]

Corollary 6.1.2. Let s > 0, m > 2, and n = s +m. Then HOP (2, 2m) has a solution if
and only if m | 2n(n — 1).

6.2 Recoloring the edges in a cycle decomposition of 2G°

In this section, we demonstrate how to recolor a given (C,,)-decomposition of 2K so that
every cycle in the decomposition contains an even number of pink edges. For this approach,
it suffices to know that a (C,,)-decomposition of 2K exists; the explicit construction of the
decomposition is not required. However, this method is applicable only for certain values
of m and n. The cases requiring a detailed analysis of the (C,,)-decomposition of 2K, are
addressed in Section [6.4]

We begin this section with the definition of the decomposition graph.

Definition 6.2.1. Assume G is a simple graph. Let D be a (C,,)-decomposition of 2G°.
The decomposition graph of D, denoted as Z(D), is defined as a graph with vertex set D,
and two vertices in (D) are adjacent via k edges if and only if the corresponding cycles in
D share exactly k pairs of parallel edges in 2G°.

[D|-m

5— edges.

Observe that Z(D) is an m-regular graph of order |D|, and hence has

Lemma 6.2.2. Assume G is a simple graph. Let D be a (C,)-decomposition of 2G°.
Let H be a connected component in Z(D) and D its corresponding set of cycles in D. If
|[E(H)| = 0 (mod 2), then the number of cycles in D with an odd number of pink edges is
even.
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Proof. Note that for any cycle C' € D and any edge e € E(C'), there exists a cycle C' € D
and ¢ € F(C") such that e and €’ are parallel edges of 2G°. Also, observe that the number
of edges of H is equal to the number of pairs of parallel edges in D. Since H has an even
number of edges, and each edge of H corresponds to a pair of parallel edges in D, the number
of pink and the number of black edges in D are equal and even. If there is an odd number of
cycles with an odd number of pink edges in D, then the total number of pink edges is odd,
which is a contradiction. Hence, the number of cycles with an odd number of pink edges in
D is even. |

Lemma 6.2.3. Let m > 3 be a positive integer, and let D = {F}, F5, ..., F;} be a (Cy,)-
decomposition of 2G°. If all connected components in Z(D) have an even number of edges,
then there exists a recoloring of the edges in D such that every cycle in D has an even number
of pink edges.

Proof. Label the vertices of Z(D) as x; for i € {1,2,...,t}. For any cycle F; in D, if the
cycle has an even number of pink edges, color the corresponding vertex z; in Z(D) green;
otherwise color it red. If all vertices in (D) are green, then we are done. Otherwise, by
Lemma [6.2.2] there must be an even number of red vertices in each connected component.

Let H be one of the connected components in Z(D) with some red vertices. Since the
number of red vertices is even, we can pair them. Without loss of generality, assume vertices
x; and z; in H are red. As H is connected, there exists a path from z; to z;, denoted as
P = x;xy...xpx;. This path P represents a set of cycles, namely D = {F}, Fy, ..., Fy, F;} in
D. Observe that if two vertices are adjacent in P, then the corresponding cycles in D share
at least one pair of parallel edges.

Now, consider each two adjacent vertices in P and swap the colors in one pair of parallel
edges in their corresponding cycles (see Example . Note that the color of exactly one
edge in each of F; and Fj changes, while in each of the other cycles in D, the colors of two
edges change. Therefore, the parity of the number of pink edges in F; and F}; changes and
become even, while the parity of the number of pink edges in each of the other cycles of D
remains the same. Consequently, the two red vertices x; and z; are recolored green and no
other vertices are recolored. We can repeat this process for any two red vertices in H to fully
color all the vertices green. Repeating this process for each connected component of (D)
completes the proof. |

In the following example, we apply the proof of Lemma to demonstrate how to
recolor the 4-cycles in a given (Cy)-decomposition of 2K so that each cycle contains an even
number of pink edges.

Example 6.2.4. Let D = {F}, F5, ..., Fi4} be the (Cy)-decomposition of 2Ky in Figure[6.1]
The decomposition graph (D) is also shown at the bottom of Figure . Observe that all
connected components in Z(D) have an even number of edges, and there are two connected
components with red vertices. In Figure [6.2] and [6.3] we use the proof of Lemma to
show that it is possible to recolor the cycles in D so that each cycle has an even number of
pink edges.
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Figure 6.1: A (Cy)-decomposition of 2Kg and its decomposition graph.
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Figure 6.2: Recoloring the red vertices green in 2(D) by swapping colors of the parallel
edges in their corresponding cycles.
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Figure 6.3: Recoloring the red vertices green in Z(D) by swapping colors of the parallel
edges in their corresponding cycles.
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The following corollary is an immediate result of Lemma [6.2.3]

Corollary 6.2.5. Let m = 0 (mod 4), and let n be a positive integer. If 2K admits a
(C,n)-decomposition, then every m-cycle in the decomposition can be recolored so that it
contains an even number of pink edges.

Proof. Let D be a (C,,)-decomposition of 2K. Construct the decomposition graph Z(D).
In Z(D), the number of edges in any connected component H is W Since m = 0
(mod 4), the connected component H has an even number of edges. Thus, by Lemma ,
we can recolor the decomposition D such that each cycle in it contains an even number of

pink edges. |

6.3 Definitions and Supporting Tools

In this section, we introduce the definitions, lemmas, and tools that will be used in both

Sections [6.4] and [6.5]

We first define the terms peripheral cycle and central cycle, which are the two types of
cycles used in the construction of (C,,)-decompositions of 2K, and 4K?.

Definition 6.3.1. Let G = Clire(n — 1;.5) > K be a circulant with the vertex set {x; : i €
Zn—1} U{xs} and the difference set S.

e A central cycle C is a cycle of G that passes through the central vertex z,, and is
constructed as C' = x,, Px,, where P is a path.

e A cycle C in GG that is not a central cycle is referred to as a peripheral cycle.

Let p = (Zoo)(zo 1 X2 ... T,_2) be a permutation on the vertex set of G. If C' is a
central (peripheral) cycle, then p(C) is also a central (peripheral) cycle.

Definition 6.3.2. Let P = z¢x1...x,_12, be a path. The reversal path of P, denoted as
«— —

P, is obtained by reversing the order of the vertices in P, that is, P= z,x,_1...x170.

The following lemma is about the existence of a path in a circulant graph that covers a
given set of differences in a specified order. It also shows that we can replace any one of the
differences in the set with a difference 1, and still find a path that covers the differences in
the given order.

Lemma 6.3.3. Let n be a positive integer, and let A = {ay,as,...,a;} be a set of integers
such that 1 < ay < ay < --- < a; < n—2. Then, the circulant graph G = Circ(n—1; AU{1})
contains a path of length ¢, denoted P, that starts at xy and covers differences in the following
order:

a1,0a9,y...,Q_1, Q.
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Moreover, for any i € {1,...,t}, the difference a; can be replaced with difference 1; that is,
there exists a path of length ¢, denoted (), covering differences in the following order:

a1, @z ..., A1, 17ai+1a ceey A1, Gy

Additionally, the path ) can be constructed so that it coincides with P up to the initial of
the edge corresponding to difference a;_1.

Proof. Let

Vg = 0,
V1 = as,
Vg = Q1 — G2,

ngal—ag—l—ag,

Vs =a1 — a9+ ...+ (—1)tat_1 + (—1)t+1at.

Let P be the following walk:
P =, xy 2y, ... Ty, | To,.

Here, we call vertices with indices vg, vo, . . ., even vertices, and those with indices vy, vs, .. .,
odd vertices. Observe that the subscripts of the even vertices are decreasing, while the
subscripts of the odd vertices are increasing.

We want to show that the even vertices do not “cross over” the odd vertices; that is, for
even vertex r,, and odd vertex z, ,, we have vy 4 (n — 1) > vp. Suppose to the contrary
that the even vertex x,, is the first even vertex that “crosses” the odd vertex z,, ,; that is,
vj+(n—1) < wj_y. Since v; = v;_; —a;, we have (v;_1 —a;)+ (n—1) < v;_;. This simplifies
to a; > n — 1, which is a contradiction.

Now, suppose x,, is the first odd vertex that “crosses” the even vertex z,, ,; that is,
vj; > v;_1+ (n—1). Since v; = vj_1 +a;, we have (v;_1+a;) > vj_1+(n—1). This simplifies
to a; > n — 1, which is a contradiction.

Therefore, the vertices of the walk P are pairwise distinct, which means P is a path.

We next show there exists a path @) covering such a list of differences in the given order:

a1, ag; ..., A1, 17ai+1a ceey A1, Gy

We know that
1§a1<...<ai,2<ai,1<ai<ai+1<...<at§n—2.

Let a* = a;_1 + 1. It is clear that a* — a;_2 > 2 and that a,_o < a* < a;y;. Thus,
A" =Aay,as,...,a; 2,a%, a;11,...,a;} is a set of size t — 1 such that

ay < Gy < ...< @i o<a" <ajq<...,a0.
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By the first part of this lemma, there exists a path of length ¢ — 1 that starts at xy and
covers differences in the following order

*
A1,0A2, ..., Q;—2,0 , Ajy1,...,0a0¢.

Moreover, since a* = a;_1 + 1 and a;_s < a;_1 = a* — 1, we can easily replace the edge
with difference a* with two edges of differences a;_; and 1, respectively, as shown below.

Thus, the path @) is constructed that covers the differences in the following order:
1,02, .« Qi—y Gi—1, 1, Qix1, ..., a4
Note that if we follow the same initial steps used to construct the path P, the resulting
path @ coincides with P up to the initial of the edge corresponding to the difference a;_.
|
Corollary 6.3.4. Let n be an even positive integer. Consider the following sets of differences:

[ ) A:{alaag,...,at}With1§a1<a2<...<at_nT—Q’and

° B:{bl,bg,...,bs} with 1 Sbl <b2 < .- <b5 < nT—Q
Then, the circulant graph G = Circ(n — 1; AU B) contains a path of length ¢ + s that covers
the differences in the following order:
ai, az, ..., at, b87 b8—17 s 7an bl-
Proof. Let b = (n—1) —b; for i =1,2,...,s. Observe that b, = —b; (mod n — 1), and we

have
<, <b,_ <o <b<n-—2

|3

and thus:
1<a<...<aq<b,<lV,_;<---<by<n-—2

Using Lemma we see that there exists a path of length ¢ 4+ s that covers the
differences mentioned above, in the specified order.



6.3. DEFINITIONS AND SUPPORTING TOOLS 113

Corollary 6.3.5. Let n be an odd positive integer. Consider the following sets of differences:

[ ) A:{alaag,...,at}Withlgal<a2<...<at§nT—1’and

® B:{bl,bg,...,bs}Withlgbl<b2<---<b5§n7_3_

Then, the circulant graph G = Circ(n — 1; AU B) contains a path of length ¢ + s that covers
the differences in the following order:

a1, Az, ... aat7b87b5—17 s 7an bl-

Proof. Let b, = (n—1) —b; for i = 1,2,...,s. Observe that b; = —b; (mod n — 1), and we

have
n+1

2

<V <V, <<V <n-—2

and thus:
1< <...<a<b,<b_;<---<by<n-—2

Using Lemma [6.3.3] we see that there exists a path of length ¢ + s that covers the
differences mentioned above, in the specified order.

The following lemma serves as a reduction step, showing that to find an HOP (C,,)-
decomposition of 4K for even m and all even n > m, it suffices to find such a decomposition
for even values of n in the interval m < n < 2m. This lemma extends the approach from [6],
originally developed for 2K, to the multigraph 4.

Lemma 6.3.6. Let m be an even integer, and let o € Z*. If 4K? admits an HOP (C,,)-
decomposition for all even n such that m < n < 2m and m | an(n — 1), then 4K also
admits an HOP (C,,)-decomposition for all even n > m such that m | an(n — 1).

Proof. Take any even n’ > m such that m | an’(n’ —1). We can write n’ = n + gm,
for integers ¢ > 0 and m < n < 2m. Moreover, since m | an/(n’ — 1), it follows that
m | an(n —1).

Notice that we can partition the vertex set of 4K, into ¢ sets of m vertices and one
set of n vertices. Each set of m vertices induces a subgraph isomorphic to 4K7,. The edges
between any two sets of m vertices induce a subgraph isomorphic to the bipartite graph
4K, .- The set of n vertices induces a subgraph isomorphic to 4K7. The edges between
the set of n vertices and any of the sets of m vertices induce a subgraph isomorphic to the
bipartite graph 4K, . Therefore, 4K}, is an edge-disjoint union of:

e ¢ copies of 4K .
e (%) copies of 4K}, .,

e one copy of 4K, and
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e g copies of 4K, .

Since m < n < 2m, by supposition, 4K admits an HOP (C,,)-decomposition. In

Lemma [2.2.11 and Lemma (). it is proved that 4K}, admits an HOP (C,)-

decomposition. Furthermore, since m and n are even, min{m,n} > %, and m divides the
number of edges in both K, ., and K, ,, by Theorem 2.3.9, both K,,,, and K, have
(Cpn)-decompositions. Now, by applying Lemma [3.3.3] we see that both 4K, and 4K},

admit an HOP (C,,)-decomposition. Finally, by applying Lemma |3.3.1] the multigraph 1K?,
admits an HOP (C,,)-decomposition. i

In Lemma [6.3.7, we show that for any even m, the multigraph 4K, ., admits an HOP
(Cy)-decomposition. To construct this decomposition, we use the (C,,)-decomposition of
2K, 11 provided in [6]. Specifically, we double each cycle in the decomposition and color the
two copies appropriately to extend the decomposition to an HOP (C,,)-decomposition for

4K .. Later, in Lemma [6.3.8, we use this result to establish the reduction step for odd n.

Lemma 6.3.7. Let m be an even positive integer. Then there exists an HOP (C,,)-
decomposition of 4K, ;.

Proof. Let V(4K .,) = {z; :i € Zn,} U{zx}, and let p, be the permutation on F(4K?, )
that preserves the edge colors (and orientations), and is induced by the permutation p =
(Too)(To ¥4 Ty ... Tp_1). In [6], Alspach et al. showed that W = {C’, C, p(C), p*(C),. ..,
p™ ()}, where

C =2 To T Ty T_g Ty ... T_m-2 Tm-2 Too, and

C, =Ty L1 T2 ... T2 T_q1 X9,
is a (C),)-decomposition of 2K, 1.

For m =2 (mod 4), let P be the path

P:l‘,l 1 92Ty ... T_m=2 Tm=2,

and represent the cycle C' as

m
C = T Top T-1 P ITm—2 L _m+2 p2 (P) A
4 4

For m =0 (mod 4), let P be the path

P=x_ 1212929 ... T

3
s
-

~3

and represent the cycle C' as

m
C=2y 2021 P Tom Tm P2 (P) Tm-2 Too.
2

We explain the coloring for the case m = 2 (mod 4). The case m = 0 (mod 4) is
analogous.

Now, let Fy, Fy, F3, Fy be four copies of C' that are colored as follows (see Figure .
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e In F7i, color the edges of P black and orient them forward, color the edge x mo2 T mi2

blue, color the edges of pz (}5) alternately pink and blue, beginning with pink, and
—

since P has odd length, it ends with pink. Now color the edge Tm2Too blue, . .xq

pink, and color the arc (zq,z_1) black.

e In F5, color the edges of P black and orient them backward, color the edge x mo2 ¥ mi2

pink, color the edges of p%(}g) alternately blue and pink, beginning with blue, and

since 1; has odd length, it ends with blue. Now color the arcs (z_1,x¢), (%0, Zoo), and
(oo, ¥ m_2) black.

e In [}, color the edges of P black and orient them backward, color the arc (z_ mt2, mmT—z)

black, color the edges of p%(jg) alternately pink and blue, beginning with pink, and
%

since P has odd length, it ends with pink. Now color the edge x m=2Tog blue and the

arcs (z_1, o) and (xg, T) black.

e In F}, color the edges of P black and orient them forward, color the arc (z m=2,T_mt )

black, color the edges of p% (;) alternately blue and pink, beginning with blue, and

since P has odd length, it ends with blue. Then color the arcs (mm,x% ), (o, 2_1)
black and the edge x.,x( pink.

Let FJ, F} be two copies of C’. In FY, color the edges alternately pink and blue, begin with
pink. In F}, color the edges alternately blue and pink, begin with blue.

We claim that
W' = {pi(F), pL(Fa), pé (), pé T (Fa) 1 =0,1,..., 22} U {F}, F}}

is a (Cp,)-decomposition for 4K . Notice that Fy, Fy, Fs, Fy jointly contain exactly one
edge from each orbit of (p,) corresponding to difference %, and two edges from each orbit of
(pe) corresponding to each difference d € {2,3, ..., mT’Q}, namely, a pair of edges of the form

(e, p.% (e)). The black orbits corresponding to difference 1 are covered by Fy, Fy, F3, Fy, while
the pink and the blue orbits are completely covered by FY, Fy. Since Fy, Fy, F3, Fy, F, F}
satisfy Condition (C1) of Definition[1.2.3] and p, preserves the edge colors (and orientations),
it can be verified that W is an HOP (C,,)-decomposition of 4K7, . |

The following lemma serves as a reduction step, showing that to find an HOP (C,,)-
decomposition of 4K for even m and all odd n > m, it suffices to find such a decomposition
for values of n in the interval m < n < 2m. This lemma generalizes the approach outlined
in [0] for 2K,.

Lemma 6.3.8. Let m be an even integer, and let a € Z*. If 4K? admits an HOP (C,,)-
decomposition for all odd n such that m < n < 2m and m | an(n—1), then 4K also admits
an HOP (C,,)-decomposition for all odd n > m such that m | an(n — 1).
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X m-2 Xm-2 X m-2 Xm-2
2 ° 2 2 ° 2
Xm Xm
2 2
Xq Xg
X_q X X_q X1
X m-2 g Xm-2 X m-2 g ® Xm-2
1 Xoo 1 4 Xoo 4
o )
.. K . o
~~. ‘.0’ ~n~. "o'
tpr e, ¥z T~ 10
2 - 2
xﬂ 2 Xm 2
2 2
4 7
Fl F2

Figure 6.4: Starter (C,,)-subgraphs for an HOP decomposition of 4K _ , with m =
2 (mod 4).
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Proof. Take any odd n > m such that m | an(n —1). We can write n = gm + r + 1, for
integers ¢ > 1 and even 0 < r < m — 1. We can further rewrite n as (¢ —1)m+ (m+r) + 1.
Label one vertex of 4K as x,, and partition the remaining vertices into ¢ — 1 sets of m
vertices and one set of m + r vertices. Notice that:

e Each set of m vertices together with vertex x., induces a subgraph isomorphic to

4K,

e The edges between any two sets of m vertices induce a subgraph isomorphic to the
bipartite graph 4K, .

e The set of m + r vertices, along with vertex x.,, induces a subgraph isomorphic to

4K7.n+7“+1 .

e The edges between the set of m + r vertices and any of the sets of m vertices induce a
subgraph isomorphic to the bipartite graph 4K

m,m-—+r"*

Therefore, 4K is an edge-disjoint union of:

e ¢ — 1 copies of 4K},

° (qgl) copies of 4K*

m,m?

e one copy of 4K}, . ,, and

e g — 1 copies of 4K}, ...
Since m divides an(n — 1) and n = gm + r + 1, it follows that m divides ar(r + 1). Conse-
quently, m divides a(m + r + 1)(m + r). Additionally, considering that 0 < r < m — 1, we
have m < m+1 < m+r+1 < 2m. Therefore, by the given hypothesis, 4K3, .. | admits an
HOP (C,,)-decomposition.

Also, in Lemma [6.3.7, we proved that 4K}, admits an HOP (C,,)-decomposition.
Since m and r are even, min{m,m +r} > %, and m divides the number of edges in both
Kim and Ky, i, by Theorem [2.3.9) both K, and Ky, i have a (C,)-decomposition.
Now, by applying Lemma [3.3.3} we see that both 4K7, , and 4K}, .., admit an HOP (C,,)-

decomposition. Therefore, by Lemma the multigraph 4Ky admits an HOP (C,)-
decomposition. ]

6.4 Extending a (C,,)-decomposition of 2K, to an HOP
(C},)-decomposition of 4K?*

In this section, we focus on constructing a (C,,)-decomposition of 2K,, and then extending
it to an HOP (C,,)-decomposition of 4K?. To find a decomposition for 2K, we use different
methods depending on the parity of m and n. The following subsections present these
constructions, beginning with the case where both m and n are even.
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6.4.1 The Case When m is Even and n is Even

Here, we consider the case where both m and n are even. Since the case m =0 (mod 4) can
be handled using Corollary [6.2.5, we focus on the case where m = 2 (mod 4).

Lemma 6.4.1. Let m =2 (mod 4), and let n be an even positive integer with 6 < m < n.
If n(n —1) =0 (mod m), then 4K} admits an HOP (C,,)-decomposition.

Proof. By Lemma[6.3.0] it suffices to prove this result for even n in the range m < n < 2m.
Note that if n = m, then by Lemma [2.2.11] (iv)), there exists an HOP (C,,)-decomposition of
4K, . Hence, we assume that m < n < 2m.

The approach is to construct starter central and starter peripheral cycles and to color
them appropriately. These starter cycles are designed to generate all cycles in the decompo-
sition through suitable permutations.

We begin by defining the necessary parameters and determining how many starter cen-
tral and starter peripheral cycles are needed.

Let V(2K;) = {z; 1 i € Zy—1}U{x}, and let p, be the permutation on F(2K7) that pre-
serves the color of the edges, and is induced by the permutation p = (x) (2o x1 T2 ... Tp_ o).
Observe that the group (p.) has the following orbits on the edge set of 2K} :

e for each s € {1,2,..., ”T_Q}, we have a pink and a black orbit {z;x;1s: ¢ € Z,,—1}; and

e a pink and a black orbit {x;r : i € Z, _1}.

For convenience, let S = {1,2,..., ”7_2, oo} be the set of all differences.

Let n = 2°a, where a is odd, and let m = 2a’l’, where o’ and b’ are both odd, with ¢’ | a
and V' | (n —1).

To construct the peripheral cycles, we partition the n — 1 vertices in {x; : i € Z,_1}
into b’ segments, each containing ¢ = "b—Tl consecutive vertices. Note that each segment will
contribute 2a’ edges toward an m-cycle.

Now, we explore the required number of central and peripheral cycles for the decom-
position. If 2K is (C,,)-decomposable, then the number of m-cycles in the decomposition
is

nn—1) (n—1)(m+n—m)

_ (n—1)m+ (n—1)(n—m)
B (n—1)(n —m)
=(-D+ 2a't

n—1 n—m

==+ vooo2d
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n—m
2a’

=n—-1)+¢-

Observe that
n—m 202ta—ad?t) 2°la—d¥

2a 2a’ a a
Since ¢’ | a and e > 1, it follows that w is an integer. Let F' = W The number

of m-cycles can be expressed in the following form:

wz(n—l)wz«ﬂ

This suggests constructing one starter central cycle and F' starter peripheral cycles. The
starter central cycle is rotated through all n — 1 positions, while each of the F starter
peripheral cycles is rotated through ¢ positions to generate all the cycles in the decomposition.

Next, we establish some inequalities that will be useful later in the proof.
We know that n < 2m; that is, 2°a < 224/V'. Dividing both sides by 2a’ gives 28;,1“ < 2U.
Therefore, W < b, which means F' < '. Therefore, we have

F<b -1 (6.4.1)

Additionally, we have m < n — 1 < 2m; that is, 2a't’ < V¢ < 224'l/. Dividing each side
by b, we get
2d" <0< 4d. (6.4.2)

Now, we show that if / —a’ < 2a’ — 1, then F' < %’:
(—a <2d —1
¢ <3d —1
Ve <3db -1
(Vl=mn-—1) n<3dV —b+1
(n=2%) 2°4 < 3d'b =V +1

e—1 "y _n o
2 aSBab b+1:b,+ab b'+1
a’ 2a’ 2a’
2¢7 g — 't < ab —b'+1 b b -1
a’ - 2a’ 2 2a’

/
(Since O’ > 1) F< %

Therefore,
/

b
if { —a' <2d"—1, then F < 5 (6.4.3)
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Now that we have established the necessary inequalities, we proceed with the main proof

by dividing it into two cases: one where m divides "("2_1), and one where m does not divide
n(n—1)
—.

Case 1: Assume m | M We know that n = 2°a, and since m | @, it follows

that e > 2, and thus n =0 (mod 4). Moreover, since o/, b, and a are all odd, it follows that
F= u is odd.

The idea is to first construct ; + 1 starter peripheral cycles for K. Then, for each
of the £=1 cycles, we take two coples we color the edges of one copy pink and the edges of
the other copy black. This gives us F' — 1 starter peripheral cycles for 2K

One starter peripheral cycle remains, which we color pink. The differences covered
by this cycle will also be covered by the starter central cycle. We make sure that the
corresponding edges in the starter central cycle are colored black.

We start by constructing the starter peripheral cycles. For ¢ = 0,1, ..., %, define the
path P; as follows:

Py =0 Tipg1 Ty Tiggo T2 Tigga'—1 T—(a/—1) Tit4a’ T/,

The differences covered by F, are:

1,234, ...,2 2 2 -1, " 1o, (6.4.4)
and the differences covered by P;, fori=1,..., %, are:
W41, il +2, 043, ..., il 2a 2, il 424 —1, Y2EDE g (6.4.5)

Since 2a’ < ¢ by (6.4.2), the paths p/(P), for j = 0,£,2¢,..., (' — 1){, are pairwise
vertex-disjoint except at the endpoints. Also, since b’ is odd, we have ged (b’ , b/TH) = 1.
Thus,

Ci=PUp'(P)u...upt V(P

is an m-cycle.

Next, we show that the differences covered by the m-cycles Cy, C1, . .. ,C’% , as listed

in (6.4.4) and (6.4.5)), are pairwise distinct.

First, we show that the differences il + 1,10 +2,...,il +2a’ — 1 are pairwise distinct for
1=0,1,..., % It suffices to show that the largest difference does not exceed "7_2; that is,
F—1 n—2

—/+2d-1<
5 + 2a <

By (6.4.1] -, we have FF < b — 1, and since F and b are odd, it follows that F < b — 2.
Therefore, —E <Y 3€ Addltlonally, in , we proved that 2a’ < ¢. Combining these
results, we obtaln

F—-1 b —

—0+2d -1<

3
5 (+2a" —1
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b —3
= (+¢—1 (since 2da’ < ?)
b —1
S
b —1
<¢+a'
2
- Ve n—1
2 2
In the above inequality, observe that
F-1 -1 —1
—€+2a—1<u—l—a'<n .
2 2
This guarantees that for all j =0,1,..., 54,
b —1)¢
%Jra’gé{j£+1,j€+2,...,j£+2a’—1}.
Next, we show that for all i =1,..., 52 and j =0,1,..., 54,
b —2i+ 1)/
%—a'gé{j£+1,j£+2,...,j£+2a'—1}.

Observe that

I_o(F=1 I _o(F=3 ’
0<(b 2(22 )+1)f_a/<(b 2(22 )+1)f_a/<”'<(b72-21+1)£ o <(b 1)¢ T
Thus, it suffices to show that for any]_O,l,...,—and any o« =1,...,2d — 1,
V—2(5L) + 1)
( (5) +1) —a # jl+a.

2
We prove this by contradiction. Suppose to the contrary that
v —2(52) +1)¢

2
b —F

—a =jl+q,

(+0—d =jl+ .

. . /_ . . .
Since F' and b’ are odd, the expression % is an integer, and since 2a’ < ¢ we have

bV —F

5 =j and {—d = a.

Given that j < £=1

On the other hand, knowing that 1 < 2d — 1 and £ — d = «, it follows that
¢—a <2d —1. In (6.4.3)), we showed that F < under this condition. Therefore, we have

/ / .
L < <%, whichis a contradlctlon.
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We conclude that the differences listed in (6.4.4]) and (6.4.5) are pairwise distinct.

Let B be the set of differences covered by the m-cycles Cy, Cy, .. ., C’% ,and let G; =
Circ(n — 1; B). Then,

{Cip(C),. UG =1, F5

is a (C),)-decomposition of G;. Take two copies of each C;, fori =1,..., , color one copy
pink and the other black. By doing so, we generate F' — 1 starter peripheral cycles, which
we denote Cf,...,Cr_;.

F 1

It is now easy to see that

{Cl, po(C)),.... 0 C) |i=1,...,F -1}

is a (C),)-decomposition of 2G5. Moreover, since m is even, each cycle contains an even
number of pink edges. Thus, by Lemma [3.3.5] this decomposition can be extended to an
HOP (C,,)-decomposition for 4G}.

Notice that A ={1,2,...,2d' — 2,24’ — 1, G-ne a'} is the set of differences covered by
Cy. Color the edges of Cj pink. Observe that the famlly of peripheral cycles generated by Cy;

that is, {Co, po(Co), . .., p51(Cy)}, covers the pink orbits corresponding to the differences in
A.

The differences in the set A will also appear in the central cycle C', to be constructed
below. There, we need to ensure that the black orbits corresponding to the differences listed
in A are covered.

Now, we focus on constructing the starter central cycle C'. Let £ be the set of unused
differences in S, that is, £ = S\ (A U B). We can express . = {al,aQ, . at} U {oo},

where a; = 2a’ < ay < ... < a; < 5= are positive integers and t = T — (F —i— 1)d'.

Since m < n, it follows that ¥’ > 3. Also, having A = {1,2,...,2d'—2,2d'—1, (b;—l)é—i-a’},

we observe that

_1)e

2 —1<a; <l<! +a <2

Consider the following sets of differences:

. W1:{1,2,...,2@’—1,a1,a2,...,w—i—a’,...,at_l,at}

(] W2 = {CLl,O,Q, Ce ,at,l,at}

Note that ¢Z1¢ ) +a’ ¢ Ws, and in the sequence ay, as, . . ., (b,_Tl)( +d, ..., ai_1,a;, we assume

a < ag <...< W+a’< < ey < a,
with the understanding that

1)¢

CL1<CL2<...<CLt_1<CLt<(b++CL/

is also possible.
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Here, W, contains all the differences in A and .Z except for 0o, and has size |W;| = t+2d’.
The set Wy contains all the differences in £ except for oo, and has size |W5| = t. By
Corollary [6.3.4] there exists a path, call it T', of length 2¢ 4 2a’ that starts at zg and covers
the differences in the following order:

. ! v —1)¢ /
T:1,2,...,2a — 1,a1,a9,...,~—5> +a,...,a41,04,04,041, . . ., G2, 01.

Notice that the length of the path T is 2t + 24/, and

-2
2t—|—2a’:2(n —(F+1)a’) + 2d’
=n—2—2Fd
(substituteF:%) =n—-2—n+m

m — 2.

Let C' = 2o Txs. We color the edges corresponding to the second occurrences of the

differences oo, ay, as, ..., a;_1,a; pink, and color all remaining edges black, as shown below.
Xoo Xo Xoo
C: o @ @ Q@------ o——@----- Q- @ 73 7Y o @----- o o o
) 1 2 20 —1 a, b —1““ a1 a, a; a1 a; )

Given t = %2 — (F + 1)a’, where n = 0 (mod 4) and both F and o are odd, we see
that t is odd. Hence, t + 1, the number of pink edges in C', is even.

Observe that C' contains exactly one pink edge and one black edge from each orbit of
(po) corresponding to the differences in .. Additionally, it contains exactly one black edge
from each orbit of (p,) corresponding to the differences in A. Thus,

{07 po(0)7 te 7:02_2(0)} U {007 po(CO)v s 7p£_1(00)}

is a (C),)-decomposition for 2G5, where

Gy = Circ(n — 1; AU (£ — {o0})) < K.

Notice that in the above decomposition, each cycle has an even number of pink edges.
Thus, by Lemma this decomposition can be extended to an HOP (C,,)-decomposition
for 4G5,

We have 4K = 4G @ 4GS, and since each of 4G§ and 4GS admits an HOP (C,,)-
decomposition, by Lemma [3.3.1} the multigraph 4K admits an HOP (C,,)-decomposition.

Case 2: Assume m { @, meaning that 2a’’ { 2°"'a(n — 1). Since ¥’ | (n — 1) and

a' | a, it follows that 2 cannot divide 2¢7'. Consequently, we must have e = 1, allowing us
to write n = 2a, which implies n = 2 (mod 4).
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Since e = 1 and d/, V', and a are all odd, it follows that F' = w is even. We begin
by constructing % starter peripheral cycles for K,,. Next, we take two copies of each of these
% cycles. We color one copy pink and the other black in each pair. This process gives us F
starter peripheral cycles for 2K;.

As in Case 1, forz':O,l,...,%, let
Py =g Tijpg1 Ty Tiggo T .. Tigga'—1 T—(a/—1) Tit4a’ Togiy

The differences covered by F, are:

1,2,3 ...,2 -2, 21, 500 ¢ o (6.4.6)

F-2

and for i = 1,..., 7=, the differences covered by P; are:

W41, il +2, 043, ..., il 2a —2, il 424 —1, Y2ADE g (6.4.7)

Since 2a’ < ¢ by (6.4.2)), the paths p/(B), for j = 0,£,2¢,...,(b' — 1)¢, are pairwise vertex-
disjoint except at the endpoints. Also, since O’ is odd, we have ged (b’ , b/%l) = 1. Thus,

Ci = RUp(P)u...uptV(R)

is an m-cycle.
Next, we show that all the differences covered by the m-cycles Cy, Cy,...,C F2,as listed

in ) and (6.4.7)), are pairwise distinct.

First, we show that the differences il + 1,0 +2, ..., il +2a’ — 1 are all pairwise distinct
fori=0,1,..., % It suffices to show that

F-2 2
—€ 2’—1<—
2 + 2

By 1} we have F' < b’ —1, which implies that %E < Z’IT_?’E. Additionally, in (6.4.2)),
we proved that 2a’ < . Combining these results, we have

F—2 b —3
T€+2a’—1§ (+2d —1
b —1
< ¢ (since 2a’ < ¢)
/
-1
_w-ne
2
n—1
2
In the above inequality, observe that
F— (b —1)¢ , n—1

—E 200 — 1 < —— <
7 + 24 5 +a
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This guarantees that for all j =0,1,..., %,

b —1)¢
%jLa'gé{j€+1,j€+2,...,j€+2a’—1}.
Next, we show that for all i =1,..., %2 and j =0,1,..., 52,
b —2i+1)¢
%—a’g{{j€+1,j€—i—2,...,j€+2a’—1}.
Observe that
g F=2 /9. F—4 / /
0< =2 > o 2 > +1)é_a,<.”<(b—2~21+1)€_a/<(b;1)£+a/‘
Thus, it suffices to show that for any j = 0,1, ..., % and any a = 1,...,2a" — 1,
v —2(52) +1)¢
( ( 2 ) ) —a/#jg—’—()é

2
We prove this by contradiction. Suppose to the contrary that

0 —2(552) +1)¢

5 —d =jl+«
bV —F+1
T+£+z—a':j£+a.
Since F' is even and b’ is odd, the expression b,_g +1 is an integer. Moreover, since 2a’ < /,
we have Y1
_T—'—:j and {—d = a.

Given that j < %, it follows that £ > I’/T+3
On the other hand, knowing that 1 < o < 24’ — 1 and ¢ — d’ = «, it follows that

(—a <2d—1. In 1} we showed that F' < % under this condition. Therefore, we have
v'+3

- S F < %’, which is a contradiction.

We conclude that the differences listed in (6.4.6) and (6.4.7) are pairwise distinct.

Let B be the set of differences covered by the m-cycles Cy, Cy, ..., C’¥ , and let G =
Circ(n — 1; B). Then,

{O'l?p(oz)?"'?pz_l(cl) ’i:07]‘7"‘7ﬂ}

2
is a (C),)-decomposition of G;. Take two copies of each C;, for i = 0,..., %, color one
copy pink and the other black. By doing so, we generate F' starter peripheral cycles, which

we denote C1, ..., .

It is now easy to see that

{CLpa(Cl)eec pTH(C) [ =1,
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is a (C,)-decomposition of 2GY. Moreover, since m is even, each cycle contains an even
number of pink edges. Thus, by Lemma this decomposition can be extended to an
HOP (C,,)-decomposition for 4G?.

Now, we focus on constructing the starter central cycle C'. Let .Z be the set of unused
differences in S, that is, £ = S\ B. We can express .Z = {ay,as,...,a;} U {oco}, where

<ty < ...<a < ”T_Z are positive integers and ¢t = "72 — Fd'. Consider the following
sets of differences:

L] W1 = W2 = {CLl,CLQ, c. ,at_l,at}

Note that
a1<a2<...<at_1<at§”7_2.

Here, |W;| = |W3| = t. By Corollary [6.3.4) there exists a path, call it T, of length 2¢ that
starts at zy and covers the differences in the following order:

T: A1, A2y -« o5 Ap—1, Aty Qg Ap—15 - - ., A2, A7

Notice that the length of the path 7" is 2¢, and

—9
2t:2(”2 —Fa/>

=n—2-—2Fd

n—m

bstitute F' =
(substitute 57

) =n—2—-—n+m

=m — 2.

Let C' = z,,Txo. Observe that C covers each difference in & exactly twice. Let C” be
another copy of C.

In C, color the edges corresponding to the second occurrences of the differences a1, as, . . .,
a; alternately pink and blue, starting with a, as pink. Since n =2 (mod 4), F' is even, and
a’ is odd, it follows that ¢t = ”7_2 — Fd' is even, ensuring that the edge corresponding to the
difference a; is colored blue. In C’; color the same edges alternately pink and blue, but in
the opposite way of C', as shown below.

X oo X0 Xoo
C: @ ® r @ ------ o ——=O o o @------- ® ® @ ®
0 a ap ai-1 ag a; a1 ar ai 0
Xoo X0 Xoo
’
C:e o SR —o—o ° ® -0—@ —eo
(o] aq ar a1 a; a; ar-1 ap ay (]

Finally, we complete the coloring of the cycles C' and C’ as shown below.
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X oo X0 Xoo
C:0—0 <0< <0 <0 0 —0 - ° ® ° °
0 a an ai-1 as a; a1 ar ai 0
Xoo Xo Xeo
C.:o>0>0>9 —>— >0 0 0 0 —0—06>0
00 aq ap ar-1 a; a; ar-1 ap a 00

Observe that C' and C” jointly contain exactly one blue edge, one pink edge, and two
black arcs corresponding to the differences in .Z. Additionally, the two cycles satisfy Con-
dition (C1) of Definition [1.2.3] Therefore,

{Pi(C),pu(C) [i=0,1,....n — 2}
is an HOP (C,,)-decomposition of 4GS, where

Gy = Circ(n — 1; £ — {o0}) > K.

We have 4K = 4G @ 4GS, and since each of 4G§ and 4GS admits an HOP (C,,)-
decomposition, by Lemma [3.3.1} the multigraph 4K admits an HOP (C,,)-decomposition.

6.4.2 The Case When m is Even and n is Odd

In this section, we delve into the construction of (C,,)-decompositions for 2K, as given in
[6], and we aim to extend them to HOP (C,,)-decompositions of 4K . In particular, we focus
on the case where m is even and n is odd.

. -1
Since the case where m | %

may assume m { @; that is, n(n — 1) = m (mod 2m). Moreover, when m = 0 (mod 4),
the problem can be addressed by Corollary [6.2.5] so we restrict our attention to the case

where m = 2 (mod 4).

can be addressed using (C,,)-decompositions of K,,, we

Proceeding step by step, we concentrate on the starter m-cycles. We show that by taking
copies of these starters and applying appropriate coloring, an HOP (C,,)-decomposition
for 4K can be obtained. We first prove the following lemma and later use it to prove

Lemma [6.4.3]

Lemma 6.4.2. Let m = 2k with k& being an odd positive integer. Let n be an odd integer
with 6 < m < n < 2m, and n(n — 1) = m (mod 2m). Let G = Clire(n;S), where

S ={ay,as,...,a;} and ay,ay, ..., a are positive integers with
n
a1<a2<...<ak<§.

Then 4G* admits an HOP (C,,)-decomposition.
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Proof. Let V(4G®) = {z; : i € Z,}. Let p, be the permutation on F(4G*) that preserves the
edge colors (and orientations), and is induced by the permutation p = (zg 1 23 ... Tp_1).

Let {; = ay —as +as —ag + ... + (—=1)"1a,;, for i € {1,2,...,k —1}. Then P =
To Ty, Tyy Teg ... Ty, 1S @ path of length £ — 1 in G. Now let

-
C¢=P Ll 1 Xly_1—ay, pniak<P) L—a,0-
Observe that C' is an m-cycle that traverses the following differences (in order):

ay1,02,0a3,...,0—-1,0k,Ax—1,Ak—2,...,0a3, a2, A1, Af.

In [6], Alspach et al. showed that W = {C,p(C),p*(C),...,p" 1 (C)} forms a (C,,)-
decomposition for 2G.

Let C’ be a copy of C. Color C' and C" as follows. (see Figure [6.5))

e In C, color the edge =y, , %/, ,_q, blue, and color the first edge in ,0"*‘1’9(;), which is
an edge of difference ay_1, pink. Color the rest of the edges black and orient them
away from the pink edge and towards the blue edge.

e In (', color the edges in path P alternately pink and blue, starting with pink. Since
P is a path of length £ — 1, and k£ — 1 is even, it ends with blue. Now, color edge
Te,_,Te,_,—a, Pink, and color the first edge in p”*“k(}s), which is an edge of difference
ap_1, black and orient it away from the pink edge. Color the rest of the edges in
p"‘ak(jg) alternately blue and pink, start with blue, and since k — 2 is odd, it ends
with blue. Finally, color the remaining edge x_,, x¢ black and orient it away from the
pink edge and towards the blue edge.

Observe that C' and C” satisfy Condition (C1) of Definition [1.2.3] and they jointly contain
exactly one edge from each orbit of (p,) corresponding to differences ay,as, ..., a;. Thus,
W' = {pi(C),pi(C") :i=0,1,...,n — 1} forms an HOP (C,,)-decomposition for 4G*. 11

Lemma 6.4.3. Let m = 2 (mod 4), and let n be an odd integer such that 6 < m < n. If
n(n —1) = m (mod 2m), then 4K? admits an HOP (C,,)-decomposition.

Proof. By Lemma[6.3.8] it is enough to prove the result for odd n satisfying m < n < 2m.
Write n =m +r 4+ 1, where 0 <r <m — 1 is even.

If r =0, then n = m + 1, and by Lemma [6.3.7, the multigraph 4K}, ., admits an HOP
(Cyn)-decomposition. Thus, we assume 0 < r < m — 1.

Let V(K,) ={z;: i € Z,}. Then, K,, = Circ(n; A), where A = {1,2,..., ”T_l} Define
G, = Circ(n; B), where |B| = 5, B C A, and B is carefully selected as in the proof of [6)
Theorem 3.1] to ensure that 2G; admits a (C,,)-decomposition. Let Gy = Circ(n; A\ B).
Note that:
K,, = Circ(n; A) = Circ(n; B) @ Circ(n; A\ B) = G; @ Gb.
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Figure 6.5: Lemma — Starter m-cycles for an HOP (C),)-decomposition of 4G* for
m = 2 (mod 4).

Since |[A\ B| = %, Lemma implies that 4G§ admits an HOP (C,,)-decomposition.
Furthermore, the (C,,)-decomposition D of 2G; from [6] has the property that for any m-
cycle C' € D, there exists an m-cycle C’ such that C & C’ = 2C. In other words, the authors
essentially constructed a (C,,)-decomposition of G;. Thus, by Lemma , there exists an
HOP (C,,)-decomposition of 4GY.

Observe that 4K = 4G @ 4GS, and hence, by Lemma [3.3.1} the multigraph 4K
admits an HOP (C,,)-decomposition. i

6.4.3 The Case When m is Odd and n is Even

In this subsection, we aim to construct an HOP (C,,)-decomposition of 4K from a (C,,)-
decomposition of 2K,,. Specifically, we focus on the case where m is odd and n is even.

We first address the case when m = 3, then we assume m > 5 for the remainder of this
subsection.

Lemma 6.4.4. Let n be an even integer. There exists an HOP (Cj)-decomposition of 4K
whenever 3|n(n — 1).

Proof. Since n is even and 3|n(n—1), we have n = 3k for an even k, or n = 3k+1 for an odd
k. First, assume n = 3k. In [306], it is shown that there exists an HOP Cjs-factorization of
4K3,. Observe that each Cs-factor consists of k disjoint (C3)-subgraphs. Thus, 4K3, admits
an HOP (Cj)-decomposition.
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For n = 3k + 1 with an odd k, we have n = 4 (mod 6). We use the (C3)-decomposition
of 2K, provided in [9] by Bermond. Let n = 6t + 4, and let zy be an arbitrary vertex of
K,. Obtain K,, — zg from K,, by deleting zy and all edges having xy as an endpoint. The
graph K, —xy has 6t 4 3 vertices. Ray-Chaudhuri and Wilson in [41], Theorem , proved
that there exists a decomposition of K, — xy into 3t + 1 subgraphs (parallel classes), each
consisting of 2¢ + 1 pairwise vertex-disjoint 3-cycles. Let P be one of these subgraphs, and
label its 3-cycles as C; = x; y; 2z; x;, for 1 < i < 2t + 1. Now, for each i = 1,...,2t + 1,
construct 3-cycles C! = xy x; y; xo, C!' = xo yi zi g, and C = xy z; x; x¢ of K,,. Observe
that C;, CI, CY', C" jointly cover each of the edges xox;, Toyi, Tozi, TiYi, Ti2;, and y;2; exactly
twice. We color the four cycles as follows, ensuring they cover exactly one pink and one
black copy of the mentioned edges, and each cycle has an even number of pink edges.

X; Yi Z; X

Ci: @ ) ° ®
, Xo Xi Yi Yo

Ci: @ ° ° ®
X0 Yi Z; Xo

Ci!: e—eo—o—o

C’l: @ ) ° ®

Take two copies of each of the cycles C;, C!, C¥, C", and apply Lemma to color
them so that they satisfy Condition (C1) of Definition [1.2.3] We thus have an HOP (Cs)-
decomposition of 4P°.

Take four copies of each of the 3-cycles in the (Cj5)-decomposition of K, — P, and
apply Lemma to color them so that they satisfy Condition (C1) of Definition [1.2.3]
Hence, we have an HOP (C3)-decomposition of 4(K,, — P)®. Furthermore, we have 4K =
4(K,—P)* @ 4P°. Therefore, by Lemma [3.3.1] 4K admits an HOP (C3)-decomposition.

We now define the necessary terminology and tools from [6] to establish a key reduction
step. Specifically, these reductions prepare us for the proof of Lemma [6.4.11, allowing us
to reduce the problem of finding an HOP (C,,)-decomposition of 4K, for odd m and even
n > m, to the case where n lies in the range m < n < 3m.

Definition 6.4.5. Let X = {zg,z1,...,2n_1} and Y = {yo,vy1,...,Ym-1} be two sets
of size m that partition the vertex set of Ks,, and let S,S" C {1,2...,’”7’1} and T" C
{0,1,2...,m — 1}. Then K5,,(S,T,5") denotes a subgraph G of Kj,, such that G[X] =
Circ(m; S), and G[Y] = Circ(m; S"), and z;y,14 € E(G) if and only if d € T..

The following proposition is proved in [28] and [6].

Proposition 6.4.6. For odd m > 3, each of the following graphs has a (C,,)-decomposition.

(a) K2m<®7{0717~-am_23—1},@>><Kf01“ odd s with 1 < s < mT—l;
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(b) Kom({=1},{0,1,...,m —2s—2},0) > K, for even s with 0 < s < 73,
(C) K2m<{m771}75U (S+ 1)>®> where S C {1,3,5 e, M — 2}; and
(d) Ksm(A,0, B) where each of A and B is either {1,2,..., 2} or {1,2,..., 22},

Lemma 6.4.7. Let Gy = Ko (0, {0},0) >4 K1 and Gy = Ko ({1},0,0) >4 Km_1. Then
for odd m > 3, the multigraphs 4G} and 4G admit an HOP (C,,)-decomposition.

Proof. Let m = 2k + 1 for k € Z, and let V(K}) = {20, 21,...,2x_1}. Let

w=(xo21 - Tim-1)Yo Y1 -+ Ym-1)

be a permutation that fixes all vertices in K.

Consider the following m-cycles in Gy:
C1 =20 Yo 20 Y1 21 Y2 22 -+ Zk—2 Yk—1 Zk—1 Lo

Cy = Yo To 2k—2 T1 Zk—3 T2 ... 21 Th—2 20 Th—1 Zk—1 Yo

The authors in [6, Proposition 5.4] showed that {w(C}),w (Cy) i = 0,1,...,m — 1} is a
(C)n)-decomposition of 2G.

Let w, be the permutation induced by w that preserves the color (and orientation) of
the edges of 4GS. Take two copies of each of C; and C5 and color them as follows:

X0 Yoz V1 oz W2 yi Zi Y1 VK3 Zk3 Yk2 Zk2 Ykl oz Y0

Ci: <o —0—90 06— 06 —0 0 ® o o o oe<o<o

X0 Yo Z0 n Z1 2 Yi Zi Yi+1 Yk-3  Zk-3  Yk—2  Zk-2  Yk-1 Zk-1 b

C Yo Xo Zk-2 X1 Zk-3 X Xi  Zk-2-i  Xi+l Xk-3 Z1 Xk-2 20 Xk-1  Zk-1 Yo
2 <0 —0—0—0—0 -0—0—0--- *—0—0—@0—0—0—0
C , Yo X0 Zk-2 X1 Zk-3 X2 Xi Zk-2-i  Xi+1 Xk-3 Z1 Xk-2 Zo Xk-1 Zk-1 Yo

2 0— 00 <P <090 <0<90 0<@0<—9--- €0 <90 <@9<0<90 ©

In C} and Cf, the path y,;z;y;11, for : = {0,1,..., k — 2}, consists of two edges from the
same orbit of (w). Notice that the pink and the blue copies of these edges are covered by C4
and the opposite black arcs are covered by C]. Similarly, in Cy and C¥, the path z;zx_2_;x;41,
for i ={0,1,...,k — 2}, consists of two edges from the same orbit of (w). Observe that the
pink and the blue copies of these edges are covered by Cs, and the opposite black arcs are
covered by C4. The edge zoyp is covered by the four cycles, Cy, C], Cy, C. The cycles C4
and Cy cover the opposite black arcs and Cf and CY cover the pink and the blue copies of
ToYo, respectively. The edge z;_17¢ in C1, C] and the edge xy_12,_1 in Cy, Cf are edges from
the same orbit of (w). Similarly, the edge yx_12x_1 in C1,C] and the edge z;_1yo in Cy, Ch
are edges from the same orbit of (w). Observe that Cy,C], Cy, C4 jointly contain exactly
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one blue, one pink, and two black arcs of these edges. Additionally, all four cycles satisfy
Condition (C1) of Definition [1.2.3] Hence,

{we(C1),we(C), wi(Ca),we(Cy) i =10,1,...,m — 1}
is an HOP (C,,)-decomposition of 4GY.
Now, consider the following m-cycles in G,:
Ci =20 %1 20 Yo 21 Y1 22 -+ Zh—2 Yk—2 Zk—1 T

Cy =11 Ty 21 Ty 22 T3 ... 2x—3 Th—2 2k—2 Th—1 Zk—1 Yo 20 T1

In [6, Proposition 5.4], it is proved that {w*(Cy),w’(Cy) : i = 0,1,...,m — 1} is a (C,)-
decomposition of 2G5. Take two copies of each cycle and color them as follows:

Xo X1 Zg Yo z1 n Yi ozl Yin Yk-4  Zk-3  Yk3  Zk2  Yk2  zke1 20

Ci: o<0o—0—0—0—0 0 —06—@- 0 —0 0 <0<
X0 X1 Zo Yo Z Y1 Yi Zivl  Yirl Yk-4  Zk-3  Yk-3  Zk-2  Yk-2  Zk-1 Xp

Cl: o—eo=<o—0>0>0 - ¢>06>0 —>—0—>—0—>0>0>0>0

X1 X0 Z1 X7 Zy X3 Xi Zi Xi+l Xk=2 Zk-2 Xk-1 Zk-1 Yo Z0 X1

Cr: <0 —0—0—0—0 0 —0—@: - e o o o oe<eo<-o

X1 X0 Z1 Xo Zy X3 X Zi Xi+1 Xk-2 Zk-2  Xk-1 Zk-1 Yo 20 X1

In C4, C}, the edges of the path y;z;11yi11, for i = {0,1,..., k — 3}, are from the same
orbit of (w). Cycle C covers the pink and the blue copies of these edges, and Cf covers
the opposite black arcs. For i = {2,3,..., k — 2}, the edges of the path x;z;x;,1 in Co, C}
are from the same orbit of (w). Cy covers the pink and the blue copies of these edges and
() covers the opposite black arcs. Furthermore, the following edges are also from the same
orbits of (w):

e the edge xox; in C}, C] and the edge z1z¢ in Cy, C¥;
e the edge x12p in C}, C] and the edge zox; in Cy, CY;
e the edge zpyo in C1, C] and the edge ypzp in Cy, C;

e the edge z;_17¢ in C1, C] and the edge xy_12;x_1 in Cy, CY;

the edge yx_22x_1 in C1, C] and the edge zx_1yo in Cy, CY; and

e the edge x¢z; and the edge z125 in Cy, CY.

Observe that in each of the above cases, C, C], Cy, and CY, jointly contain exactly one blue,
one pink, and two opposite black arcs corresponding to these edges. Additionally, these
cycles satisfy Condition (C1) of Definition [1.2.3] Therefore,

{W(C), Wi (CY),wi(Cy),wi(CY) :i=0,1,...,m —1}
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is an HOP (C,,)-decomposition of 4G$.

The next proposition is based on [6, Proposition 5.5].

Proposition 6.4.8. Let m = 2]{_—1— lLandlet t =gk +rfor0 <r<k—1landl1l<¢q<
m+2r — 1. Let G = Ky, = K;. Then 4G* admits an HOP (C,,)-decomposition. In

particular, 4G* admits an HOP (C,,)-decomposition whenever -1 <t < _(m;l)Q.

Proof. We have t = gk + r. Based on the parity of r, we have the following two cases.

Case 1: r is odd. We partition the vertices in K, into By, By, ..., By, where |B;| = k
fori e {1,2,...,q} and |By| = r. First, consider Ks,, < K,. We can decompose this graph
into the following subgraphs:

(i) Gi = K2n(0,{0,1,...,m —2r —1},0) x K,
(ii) Gy = Ko (0,{m —2r,m —2r +1...,m —1},{k}), and
(i) Gs = Ko ({1,2,...,k},0,{1,2,... .k — 1}).

By Proposition (c) and (d), we know that G5 and G5 admit a (C,,)-decomposition,

respectively. The number of m-cycles in the (C,,)-decomposition of G is L2 (gz)\ = 2rmtm _

B btk TDm _

2r+1, and the number of m-cycles in the (C,,)-decomposition of G is
2k — 1. Therefore, Gy and G3 jointly have (2r +1) + (2k — 1) = m + 2 —1m- cycles in
their (C,,)-decompositions. By assumption, this means there are at least ¢ m-cycles. Let
q of these m-cycles be Ry, Ry,...,R,, and if ¢ < m + 2r — 1, then we have extra cycles
Ryt1, ..., Rysor—1. Consider four copies of the extra cycles and use Lemma to color
them so that they satisfy Condition (C1) of Definition [1.2.3|

Notice that none of the vertices in By, ..., B, are used. For i € {1,2,...,q}, let R; be
obtained from R; by adjoining m isolated Vertlces and let H; = R, > Kp,, where Kp, is the
empty graph with vertex set B;. Observe that H; is isomorphic to K2m<{1} (D,Q)> > K.
Applying Lemma the subgraph 4H?, for all ¢ € {1,2,...,¢q}, admits an HOP (C,,)-
decomposition. Moreover, by Proposition (a), since r is odd, the subgraph G; admits
a (Cy,)-decomposition, and using Lemma [3.3.3] 4G admits an HOP (C,,)-decomposition.

Thus,
1G" = AT AT @+ DAH; D AR, B D AR 1.
By Lemma 3.3.1} the multigraph 4G* admits an HOP (C,,)-decomposition.

Case 2: r is even. Again we partition the vertex set of K, as in the previous case. The
graph K, > K, can be decomposed into the following four subgraphs.

(i) Gi = Ko ({k},{0,1,...,m —2r —2},0) = K,,
(ii) Gy = Kop(0,{m —2r,m —2r+1...,m—1},{k}),



6.4. EXTENDING A (C,,)-DECOMPOSITION OF 2K, TO AN HOP
(C,,)-DECOMPOSITION OF 4K* 134

(iii) G3 = Ko ({1,2,...,k—1},0,{1,2,...,k — 1}), and
(IV) G4 = K2m<®, {m —2r — 1}, @>

Notice that since ¢ > 1, there exists at least one part of cardinality k, namely B;. Let H; be
the union of the empty graph on the vertex set B; and G, with all possible edges between
them. Observe that H; is isomorphic to K2m<@, {m —2r — 1}, (Z)> D1 K.

Furthermore, parts (c) and (d) of Proposition [6.4.6 show that G5 and G5 each admits a
(Cn)-decomposition, respectively. The total number of m-cycles in the (C,,)-decomposition
of G5 and G5 is m—+2r—2. That means there are at least ¢—1 m-cycles. Let ¢—1 of these m-
cycles be Ry, R, ..., Ry, and if ¢ < m+2r —1, then we have extra cycles Ry41, ..., Ryior—1-
Consider four copies of the extra cycles and use Lemma [3.3.3] to color them so that they
satisfy Condition (C1) of Definition [1.2.3].

For i € {2,3,...,q}, let R, be obtained from R; by adjoining m isolated vertices and
let H; = R} 1 Kp,, where Kp, is the empty graph with vertex set B;. Observe that
H; is isomorphic to K, ({1},0,0) 01 K. Applying Lemma @ the subgraph 4H? and
all subgraphs 4H?, for i € {2,...,q} admit an HOP (C,,)-decomposition. Moreover, by
Proposition (b), since r < =2 the subgraph G; admits a (C.,)-decomposition, and
using Lemma [3.3.3, 4G admits an HOP (C,,)-decomposition. Therefore,

4Gt = 4G DAHT B - DA, B AR, D D AR .

admits an HOP (C,,)-decomposition by Lemma |3.3.1}
m—1

We now prove that 4G* admits an HOP (C,,)-decomposition whenever ™= < ¢ <

@. Since m = 2k + 1, we have -+ =k and @ = 2k?, thus k < t < 2k%. We show
that if k <t <2k% then 1 <g¢<m+2r —1. We have t = gk +r for 0 <r < k — 1. Since
t >k and r > 0, we have ¢ > 1.

On the other hand, we have t = ¢gk+r < 2k? andr > 0, thus ¢ < 2k = m—1 < m+2r—1.
Therefore, for t in the range k < t < 2k% with ¢t = gk +7r and 0 < r < k — 1, we have
1 <qg<m+2r—1, as required.

Having established the necessary terminology and tools analogous to those from [6], we
are now ready to state the key reduction step.

Lemma 6.4.9. Let m > 5 be an odd integer. If 4K admits an HOP (C),)-decomposition
for all even n such that m < n < 3m and m|n(n — 1), then 4K admits an HOP (C,,)-
decomposition for all even n > m such that m|n(n — 1).

Proof. Take any even n’ > m such that m|n'(n’ — 1). We can write n’ = n + 2gm, for
integers ¢ > 0 and m < n < 3m. Moreover, since m|n’(n’ — 1), it follows that m|n(n — 1).
Notice that we can partition the vertex set of 4K, into ¢ sets of 2m vertices and one set of
n vertices. Depending on the value of ¢, there are three cases:
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g = 0. Then n’ = n and we obtain the multigraph 4K*.
g = 1. The multigraph 4K, is an edge-disjoint union of 4K3 > 4K?2 and 4K..

g > 3. The multigraph 4K, is an edge-disjoint union of ¢ copies of 4K35  >14K}?, one

copy of 4K{;[2m}, and one copy of 4K7.

¢ = 2. The multigraph 4K, is an edge-disjoint union of one copy of 4K3,  >14Kp2, one
copy of 4K, and one copy of 4K3,  <14K3, . .

By [28], the complete multipartite graph with ¢ > 3 parts of cardinality 2m, that is, Ky,
has a (C,,)-decomposition; applying Lemma , we can extend this decomposition to an
HOP (C),)-decomposition of 4K73,, . Moreover, by supposition 4K has an HOP (Cl,)-
decomposition. It remains to show that 4K3, > 4K2 and 4K3,, > 4K3, .. admit HOP
(Cn)-decompositions.

For m > 13, we have n < 2m +n < bm < @; hence, by Proposition [6.4.8| each of

4K3, 14Ky and 4K35, > 4K, . admits an HOP (C;,)-decomposition.

For m < 11, given that m | n(n — 1) and since m is odd and ged(n,n — 1) = 1, it
follows that m | n or m | (n — 1). Since n is even and m < n < 3m, it follows that
n must be either m + 1 or 2m. Consequently, we need an HOP (C,,)-decomposition
for 4K3,, > 4Ky, 4K, > AKS, . AKS, > 4K3, ., and 4K3,, > 4K . First,
observe that the case 4K3 14K} arises from n = 2m and ¢ = 2. Thus, we actually
seek an HOP (C),)-decomposition of 4K¢,,. The multigraph 4K3,, is an edge-disjoint
union of three copies of 4K3  and one copy of 4K, ?:[2m]’ each of which admits an HOP
(C)n)-decomposition. For the remaining cases, if m > 9, then m+1 <2m <3m+1 <
(m-1)* Hence, each of these multigraphs admits an HOP (C,,)-decomposition by
Proposition [6.4.8] Thus, we only need to verify the cases where m < 7.

For m = 7, we need to find an HOP (C,,)-decomposition for 4K, > 4Kg, 4Kp, > 4K,
and 4K}, b1 4K3,. Tt is clear that m + 1 = 8 < 2m = 14 < 20% — 18 Therefore,
by Proposition we see that 4K7, > 4Kg and 4K}, >1 4K}, admit an HOP (C7)-
decomposition. For 4K}, > 4K$,, using Proposition we have that m =2 -3+ 1,
k=3,andt=7-34+1; hence,r=1and ¢q=7. Thus, ¢ =7<8=m+ 2r — 1, and
the conditions in Proposition are satisfied. Thus 4K}, 01 4K3, admits an HOP
(C7)-decomposition.

For m = 5, we need to find an HOP (C5)-decomposition for 4K, >t 4K§, 4K, > 4K3,,
and 4K, =1 4K T

For 4K7, > 4K¢, we have 6 < @ By Proposition [6.4.8) it admits an HOP (C5)-
decomposition.

For 4K7, < 4K3,, partition the vertices in 4K7, into five sets of two vertices. Then,

4K7, >4 K7, can be viewed as an edge-disjoint union of five isomorphic copies of 4G*
where G = K19(0,{0},0) > K, and two copies of 4K?. Clearly, 4K admits an HOP
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(C5)-decomposition, and by Lemma [6.4.7] there exists an HOP (C5)-decomposition of
4G*. Hence, 4K73, > 4K?, admits an HOP (C5)-decomposition.

For 4K}, > 4K}, partition the vertices in 4K7g into eight sets of two vertices.
Then, 4K73, >1 4K can be viewed as an edge-disjoint union of five isomorphic copies
of 4G} where G; = Kio{0,{0},0) > K,, three isomorphic copies of 4G3 where
Gy = K10<{1},@,(Z)> 1 Ky, and one 4C2. By Lemma m, there exist HOP (C5)-
decompositions of 4G} and 4G3. Thus, 4K, 1 4K admits an HOP (C5)-decomposition.

Therefore, in all cases, 4K, admits an HOP (C,,)-decomposition. |

We now address the special cases n = m + 1 and n = 2m.

Lemma 6.4.10. For any odd integer m > 5, each of the following multigraphs admits an
HOP (C,,)-decomposition.

(1) 4K7.
(i) 4K3,

Proof. (i) Let V(4K3,,,) = {#; i € Z,}U{xs}. Let p, be the permutation on F(4K7, )
that preserves the edge colors (and orientations), and is induced by the permutation p =
(Too)(To 1 To oo Tpp1).

In [6, Lemma 5.7], Alspach et al. showed that W = {Cy, p(C}), ..., p" (C}),Cy} is a
(Cy,)-decomposition of 2K, 1, where

Clzzvoxl 129 ... Tm=1 T _m—-1 Tm+7 T_m+3 ... Tm+3 Tm+l Ty T,
4 4 4 4 2 2

if m =1 (mod 4), and

Cl =Ty Tl1 X1 T2 ... Tm=3 T_m=3 Tm+5 T_m+l Tm+9 ... Tm+3 Tm+l T L
4 4 4 4 4 2 2

if m =3 (mod 4), and Cs is

Cy =20 Tmo1 Tyl Tm=3 ... Tmi1 Tg.
2 2 2

Observe that Cy only covers difference mT_l Let C% be another copy of Cy. Color Cy
and Cf black and orient them in opposite directions. By doing this, we cover the opposite
black arcs corresponding to the difference mT’l This difference also occurs in C;. When
coloring (1, it’s important to ensure that pink and blue copies of the edges corresponding

to the difference mT_l are covered.

Notice that Cy covers each difference in {1,2..., ™2} exacatly twice and difference 7+
exactly once in the following order:

m—3 m—1 m-3
1,2,3,..., 0= = T=—="..3,21,00,00.

Let C] be another copy of C; and color them as follows:
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e Assume m =1 (mod 4).

m-5  m=3 - -3 -
Xo 4 2 = T 5 7 3 2 1 o Xp
Ci: o>o>0>0-- *—>0>0>0 0000 - e o o o o o
m-5 -3 -1 -3 m-5
, L %001 = T T T T 2 1 Yoo X
C1: e<o <o <o <o <o<o oo 900 - *—o——0—0<eo<-o
e Assume m = 3 (mod 4).
m=5 m-3 -1 -3 -5
Xo 4 2 = 5T s o2 3 2 1 Yoo X
Ci: e>0>0>0----- *—>0>0>0—0 000 -
m-5 m-3 m=1 m=3 m=5
C Xo 1 2 T T T 7 2 1 X X
1! <0< O<O----- <o <o<o 0o 06— -

Observe that Cy, Cf and Cy, C satisfy Condition (C1) of Definition|1.2.3| Also, C; and
(' jointly contain exactly one edge from each orbit of (p,) corresponding to differences in
{1,2,...,™3 o0}, as well as one edge from the pink and the blue orbits of (p,) corresponding

T2
to the difference mT_l The black orbit corresponding to the difference ™2 is covered by C,

2
and C%. Thus 4 ‘
W' = {IOZ.<CI>7 pz.(C{> t1= 07 17 ceey M — 1} U {027 Cé}
is an HOP (C,,)-decomposition for 4K, ;.
(ii) By Lemma [2.2.11|(iii), we know that there exists an HOP C,,-factorization of 4K3,

for any odd m > 5. Each C,,-factor consists of two (C,,)-subgraphs. Thus, 4K3, admits an
HOP (C,,)-decomposition for any odd m > 5. i

We are now ready to prove the main lemma.

Lemma 6.4.11. Let m be odd, and let n be an even integer with 3 < m < n. If m|n(n—1),
then 4K admits an HOP (C,,)-decomposition.

Proof. The case m = 3 is handled in Lemma [6.4.4l For m > 5, by Lemma [6.4.9] it is
enough to prove the result for even n in the range m < n < 3m.

We begin by defining the required parameters and determining the number of starter
central and starter peripheral cycles needed for the construction. For the peripheral cycles,
we use the construction provided for 2K, in [6] and extend it to starter peripheral cycles for
4K;. However, for the central cycles, we introduce a new construction that differs from the
one in [6].

The authors in [0, Theorem 5.1 split the proof into two cases: m < n < 2m and
2m < n < 3m. By Lemma [6.4.10, we know that 4K, ., and 4K3  admit HOP (C,,)-
decompositions. Therefore, we may assume m +2 < n < 2m or 2m <n < 3m.

Let V(2K,) ={z; 11 € Zp—1} U{z}, and let p = (zo0)(z0 21 ... Tp—2). Observe that
the group (p) has the following orbits on the edge set of K,:
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e for each s € {1,2,..., ”7_2}, we have an orbit {x;z;ys : 1 € Z,_1}; and
® {xzxoo 11 E anl}-

n—2

For convenience, let S = {1,2,..., 5=,

oo} be the set of all differences.

Let n = 2°a, where a is odd, and let m = a'b', where o’ and ¥ both are odd with a'|a
and ¢'|(n — 1). Note that b’ > 3 since m { n.

To construct the peripheral cycles, we partition the n — 1 vertices in {x; : i € Z,_1}

into b’ segments, each containing ¢ = "b—71 consecutive vertices. Note that each segment will

contribute a’ edges toward a peripheral m-cycle.

Now, we determine the required number of central and peripheral cycles for the decom-
position. If 2K, is (C,,)-decomposable, then the number of m-cycles in the decomposition
is

nn—1) (m—=1)(m+n—m)

_(n=1)m+ (n—1)(n—m)
:(n—1)+(n_13,<;_m>
:(n_1)+n;1_n;/m
—(n=1) 40

Let F'= *=" = 2“a;,“/bl Since @' | a, and o', ¥/, a are all odd, and e > 1, it follows that F' is
an odd integer. The number of m-cycles can be expressed in the following form:

n(n —1)

= -1 F.
p- (n )+

This suggests constructing one starter central cycle and F' starter peripheral cycles. The
starter central cycle is rotated through all n — 1 positions, while each of the F starter
peripheral cycles is rotated through ¢ positions to generate all the cycles in the decomposition.

As mentioned earlier, the authors of [6] divided the proof into two cases: one for m+2 <
n < 2m and the other for 2m < n < 3m. In the latter case, the subcases (m,n) €
{(15,36), (15,40)} are treated separately in [6]. We address these special subcases at the
end of the proof. Except for these special subcases, the construction of the peripheral cycles
follows the same approach in both cases.

The authors of [6] first construct a starter peripheral cycle Cy, which covers a set of
differences A = {s1,892,...,54} C S, where s1 < s9 < ... < sy. If FF = 1, the remaining
differences can be covered by the central cycles. However, if F' > 3, additional families of
peripheral cycles are needed.
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For FF > 3, let ¢ = % The authors of [0] construct ¢ starter peripheral cycles, called
C1,Cy, ..., C.such that the families generated by these cycles, that is, {C;, p(C), ..., p" 1(C;) |
i=1,2,...,c}, jointly cover a set of differences denoted as:

B={s},sh....s |i=1,2,...,c; CS\A

where s} < ... <s', fori=1,2,...,c
Later, they duplicate these cycles to obtain 2¢ m-cycles. The families generated by these
2¢ cycles form a (C,,)-decomposition of 2G4, where Gy = Circ(n — 1; B).

For our purpose, we take four copies of each C, fori = 1,2, ..., ¢, and apply Lemma[3.3.3]
to color them so that they satisfy the HOP property. By doing so, we generate 4c starter

/

peripheral cycles for 4G$, which we denote by C7,C5, ..., Cj,.

It is now easy to see that
{C!, pa(CD, ..., pHC) |i=1,...,4¢}

is an HOP (C,,)-decomposition of 4GY.

Notice that the cycle C covers the differences in A = {s1, s2,..., s+ }. Let C be another
copy of Cy. Color both Cj and Cf, black and orient them in opposite directions. The families
of cycles generated by these two cycles cover the black orbits corresponding to the differences
in A. The differences in A will also appear in the starter central cycle C, to be constructed
below, where we need to ensure that the pink and blue orbits corresponding to the differences
in A are covered.

Now, we focus on constructing the starter central cycle C'. Let .Z be the set of unused
differences in S, that is, £ = S\ (AU B). We can express .Z = {ay,as,...,a;} U {0},

where a1 < a; < ... < q; < anz are positive integers and t = %2 — %a’.

Consider the following sets of differences:

o Wy ={s1,92,...,8¢,a1,a2,...,0_1,a:}

[ ] W2 = {al,a2, e ,at_l,at}

Here, W contains all the differences from the sets A and .Z except for oo, and its size is
|Wi| = a’ + t. Since the differences in W are pairwise distinct, we may relabel them as

W, = {bl,bg, R ,ba/+t} with by <by<--- < ba’+t-

By Corollary [6.3.4} there exists a path, call it T', of length 2¢+a’ that starts at zy and covers
the differences in the following order:

T: b17 bg, ey ba’+t7 Ay, A1, ...,0Q9,0a71.
Notice that the length of the path T is 2t 4+ a/, and

n—2 F+1, fd
— a a
2 2

2t—|—a’:2(
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=n—2—Fd

n—m
(substitute F' =

o ) =n—2—n+m

=m — 2.

Let C' = 25T ro. Observe that C' covers each difference in . exactly twice and each
difference in A exactly once. Let C’ be another copy of C.

In C, color the first t + a’ edges with differences by, by, ..., b, alternately pink and
blue, starting with b; in blue. The remaining coloring depends on whether ¢ is even or odd:

e Assume t is even. Since @’ is odd, ¢t + a’ is also odd, so the edge with difference by, is
colored blue. In C’, color the same t + a’ edges alternately pink and blue, but in the
opposite way of C. Then, color the remaining edges as shown below.

X oo Xq Xoo
C: o—eo—eo—e0----- 6 <0—<0---- r—<-o—<o<-o
00 b, b, bia a, a1 a, a, 00
7 xoo x() xoo
C o- ® Q@-:---- *—0—>—0—>0- - *-—>—0—>—0—>0
e by b, by a a1 a a 0

e Assume ¢ is odd. Since a’ is odd, t 4+ @’ is even, so the edge with difference by, is
colored pink. In C’, color the same t + a’ edges alternately pink and blue, but in the
opposite way of C'. Then, color the remaining edges as shown below.

C Yo o X Xeo
*—>0—0—0: - *-—O0—>—0—>—0------ -—>—0—>>—0—>10
00 b, b, bisa a apq a, a o0
, X oo Xo Xeo
C o [ @------ O O0—<—0—<—@:------ <0< O
o0 b, b, biva a a1 a, a, 00

Observe that the opposite black arcs corresponding to each difference in A are covered
by Cy and C{, while the pink and the blue edges corresponding to each difference in A are
covered by the starter central cycles C' and C".

Moreover, the starter central cycles jointly contain exactly one blue edge, one pink edge,
and two black arcs corresponding to each difference in .Z.

Therefore,
{Pu(C),Pl(C) |i=0,1,....n =2 U{p,(Co), pu(Cp) | i =0,1,....0—1}
is an HOP (C,,)-decomposition of 4G3, where

Gy = Cire(n — 1; AU (£ — {o0}) < K.
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We have 4K = 4G @ 4GS, and since each of 4G§ and 4GS admits an HOP (C,,)-
decomposition, by Lemma [3.3.1] the multigraph 4K? admits an HOP (C,,)-decomposition.

To complete the proof of Lemma [6.4.11] we prove that HOP (C}5)-decompositions of
4K3; and 4K}, exist.

As before, we construct starter peripheral and starter central cycles. We begin with the
starter peripheral cycles for 2K35 and 2K}, as provided in [6], and extend them to obtain
the starter peripheral cycles for 4K35 and 4K73,. Finally, we describe the construction of the
starter central cycles.

We start with n = 36. Since n = 2¢-a = 22.9, we have a = 9. Also, m = a’b’ = 3-5, where
a |aand ' | (n—1). Thus, ' = 3 and b’ = 5. The set of differences is S = {1,2,...,17,00}.

We partition the n — 1 = 35 vertices into &’ = 5 segments, where each segment contains

(= ”b—_,l = 7 consecutive vertices. Each segment contributes a’ = 3 edges toward a 15-cycle.

n—m __

The number of families of peripheral cycles is F' = =" = 7. Consider the following
paths from [6]:

o Py =Ty x5 T_1 T14;
o P =0T Ty 7
o P =9 x3 1 T_14;

® P3 = XTog g T—_9 T_14.

For each i =0, 1,2, 3, we have
Ci = P U p(R) U p*(P) U p*(P) U p"(P,),

which is a cycle of length 15.

The families generated by the peripheral cycles C}, Cy, C3 jointly cover differences in
B =11,2,3,4,8,9,11,12,13}. Let G; = Circ(35; B). Taking four copies of each of C;, Cy, Cs,
we obtain 12 cycles. Applying Lemma [3.3.3], we color these cycles to satisfy Condition (C1)
from Definition [1.2.3] and denote them C7,C,...,C},. Observe that

[A(CY), - i(Cl) [ = 0,1,....,6)
is an HOP (C'5)-decomposition of 4GY.

Note that the family generated by the starter peripheral cycle Cy covers the differences
in the set A = {5,6,15}.

Next, we construct the starter central cycle. Let £ be the set of unused differences:
Z =5\ (AUB)=1{7,10,14,16,17, 00}.

Consider the following sets of differences:

o W, ={5,6,7,10,14,15,16,17}



6.4. EXTENDING A (C,,)-DECOMPOSITION OF 2K, TO AN HOP
(C,,)-DECOMPOSITION OF 4K* 142

o W, ={7,10,14,16,17}

Using Corollary [6.3.4] we construct a path T starting from x,, covering differences in the
following order:
5,6,7,10,14,15,16,17,17,16, 14,10, 7.

Let C = 2, Tx. Notice that C' is a cycle of length 15. Take another copy of C, call it C".
We color them as follows:

Xoo X0 X oo
C:
oo 5 6 7 10 14 15 16 17 17 16 14 10 7 o0
Xoo Xo Xoo
C . O— O — O — O —O@— O — 00— — <O €< <O0<0<0—90
0 5 6 7 10 14 15 16 17 17 16 14 10 7 0

Now, let C{, be another copy of Cy, color both Cy and C{ black, and orient them in the
opposite directions. We see that

{Pu(C), pa(C) i =0,1,...,34} U{p,(Co), 4 (Cp) | i =0, 1,..., 6},

is an HOP (C}5)-decomposition of 2GS, where Gy = Circ(35; AU (£ — {o0}) 1 K.

Since each of 4G and 4G3 admits an HOP (C5)-decomposition, by Lemma [3.3.1} it
follows that 4K3; = 4G} @ 4G5 also admits an HOP (C}5)-decomposition.

For n = 40, we have a = 5, o’ = 5, b/ = 3, and £ = 13. The set of differences is
S =1{1,2,...,19,00}.

Consider the following paths from [6]:

o [y =x9x9g T_1 T19 T_2 T13;
® Pl =1xyTy T3 Ty T 5 T13;

o Py =ux9 a9 x_1 x5 T_3 T13.

For i = 0,1,2, we see that C; = P, U p*(P;) U p*(P,) is a cycle of length 15. The
families generated by the peripheral cycles C'; and C jointly cover the differences in B =
{1,2,3,4,5,6,7,8,16,18}. Following the previous approach, we take four copies of each cycle
and use Lemma to color them appropriately, resulting in an HOP (C}5)-decomposition
of 4GY, where G; = Circ(39; B).

Note that the family generated by starter peripheral cycle C covers the differences in
the set A = {9, 10, 11,12, 15}.

The starter central cycle uses the remaining differences, namely {13,14,17,19,00}. Let
C = 25T, where T is a path of length 13 constructed using Corollary [6.3.4, The path T
starts at zy and covers the differences in the following order:

9,10,11,12,13,14,15,17,19, 19,17, 14, 13.
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Let C" be another copy of the starter central cycle C'. We color them as follows:

Xoo  Xo Xoo
C: o O 0 0 0 0 0 0 0 0 <O <0 <9 <0<
co 9 10 11 12 13 14 15 17 19 19 17 14 13 0
Xoo Xo Xoo
C: & — 0 0o 0 0 0 0 0 0 0  >0>0>0>0>0
o 9 10 11 12 13 14 15 17 19 19 17 14 13 o

Now, let C{| be another copy of Cj, color them black, and orient them in the opposite
directions. Observe that

{Pa(C), pa(C) i =0,1,....38} U{py(Co), pL(Cp) | i =0,1,...,12}

is an HOP (C}5)-decomposition of 4GS, where Gy = Circ(39; (£ U A) — {o0}) a1 K.

Since each of 4G} and 4G admits an HOP (C)5)-decomposition, by Lemma it
follows that 4K3, = 4G} @ 4G3 also admits an HOP (C}5)-decomposition.

6.5 HOP (C),)-decomposition of 4K

In this section, we address the final case of our main result in Theorem , where m |
2n(n — 1) but m { n(n — 1). The divisibility constraints imply that m = 0 (mod 4) and
2n(n—1) =m (mod 2m). Our goal is to show that 4K admits an HOP (C,,)-decomposition
under these conditions. To handle this case, we study the multigraph 4K directly. We split
the proof into two cases based on whether n is odd or even.

In both cases, the overall strategy is similar. We construct a set of starter peripheral
cycles and starter central cycles, and use appropriate permutations to build the required
decomposition. The number of peripheral cycles F' will be shown to be odd, which leads to
a further division of the proof into two subcases depending on whether FF = 1 (mod 4) or
F =3 (mod 4).

When F = 3 (mod 4), we first construct % + 1 starter peripheral cycles for K,.
By taking four copies of each of £=2 cycles and coloring them such that they satisfy HOP
properties, we obtain F' — 3 peripheral cycles in 4K. Then, we take three copies of the one
remaining cycle to complete all F' starter peripheral cycles for 4K. Finally, we construct
starter central cycles.

Similarly, when F' =1 (mod 4), we first construct % + 1 starter peripheral cycles for
K,,, and use four copies of each of the % cycles, together with the one remaining cycle, to
properly color and generate all F' starter peripheral cycles for 4K. As in the previous case,
starter central cycles are constructed in the final step. In each case, some special cases arise
and are handled separately.

The proof is structured into cases and subcases as outlined below.
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Case3: m{nn-1)&m | 2n(n-1)

odd n even n
F =1 (mod 4) F =3 (mod 4) F =1 (mod4) F =3 (mod 4)
_ d>4& A = (8 4 =1 >3
d=2 (m,d) % (8,4) (m,d) = (8,4)
F<2b -1 F=2b-1

¢ =1 (mod 4) ¢ = 3 (mod 4)

The odd case, along with all its subcases, is handled in Lemma [6.5.1, while the even
case and its subcases are examined in Lemma [6.5.2] Together, these two lemmas establish
the final case in the proof of Theorem [6.1.1]

6.5.1 The Case When n is Odd

Lemma 6.5.1. Let m = 0 (mod 4), and let n be an odd integer such that 4 < m < n. If
2n(n — 1) = m (mod 2m), then 4K admits an HOP (C,,)-decomposition.

Proof. By Lemma[6.3.8] it suffices to prove this result for odd n in the range m < n < 2m.

As before, the approach is to construct starter central and starter peripheral cycles. We
first outline the parameters, then explain how many of each type of cycle are needed.

Let VAK?) = {x; : i € Zp_1} U{z}, and let p, be the permutation on F(4K})
that preserves the color (and orientation) of the edges, and is induced by the permutation
p = (Ts)(To ®1 T2 ... T,_2). Observe that the group (p.) has the following orbits on the
edge set of 4K}:

e for each s € {1,2,..., ”7_3}, we have a pink and a blue orbit {z;z;,,: i € Z, _1};
e a pink and a blue orbit {xianT-l 1i=0,1,..., %2}

e for each s € {1,2,...,n — 2}, we have a black orbit {(x;, z;1s) 17 € Zp_1};
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e a pink and a blue orbit {z;x, : 7 € Z,,_1}; and
e black orbits {(zeo, ;) 1@ € Zp_1} and {(x;, ¥s0) 11 € Zyp_1}.
n—3

For convenience, let S = {1,2,..., 252, 2% oo} be the set of differences. Notice that ”T_l is
the diameter difference.

Let n — 1 = 2% and m = 2°q, where p and ¢ are both odd. Observe that b > 2 since
m =0 (mod 4) and a > 1 since n — 1 is even. First, we show that b = a + 1. We know that
2n(n—1) = m (mod 2m). Consequently, m | 2n(n—1) but m { n(n—1). Since m | 2n(n—1),
we have 2°q | 2n - 2%p = 2%*Inp. Given that n,p, and ¢ are odd, we have ¢ | np. Thus, 2°
must divide 27!, implying that b < a + 1. On the other hand, we have m { n(n — 1), that
is, 2bq 1 n - 2%p. Tt follows that 2° cannot divide 2¢. Thus, b > a, which implies b > a + 1.
Therefore, we conclude that b = a + 1, and write m = 2¢*1q.

Let d = ged(m,n — 1). Since m = 2°Tq and n — 1 = 2%p, it follows that 2% | d. Since
a > 1, dis even. Now, let m = m/d and n — 1 = n’d. We see that ged(n’,m’') = 1, n’ is odd,
and m' =2 (mod 4).

Let r = n — m. Since n is odd and m is even, we have that r is odd. If r = 1, then
n = m + 1, which implies that m | n(n — 1), leading to a contradiction. Thus,

r> 1. (6.5.1)

Now, partition the n — 1 vertices in {x; : i € Z,,_1} into d segments, each containing n’
consecutive vertices. Each segment will contribute m’ edges toward a peripheral m-cycle.

Now, we explore the required number of central and peripheral cycles for the decom-
position. If 4K? is (C,,)-decomposable, then the number of m-cycles in the decomposition
is

2n(n—1) 2(m+7r)(n—1) (2m+2r)(n—1)

m m m
2m(n — 1) N 2r(n —1)
m m
2rn'd
m'd
n—1 2r

+—n
2 m/

=2(n—1)+

=4.

Since ged(n/,m’) =1, r is odd, and m’ = 2 (mod 4), it is casy to see that 2 is an odd
integer. Let F' = % The number of m-cycles can be expressed in the following form:

2n(n — 1) _4 n—1

+ F-n
m

This suggests constructing four starter central cycles and F' starter peripheral cycles. Here,
we consider four starter central cycles due to the presence of a diameter difference. The
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four starter central cycles will be rotated through = L positions, while each of the F starter
peripheral cycles will be rotated through n’ posmons to generate all cycles in the decompo-
sition.

Before proceeding further, we establish some inequalities to be used later. From (6.5.1)),
we know that r» > 1; it follows that m < n — 1. Additionally, since n — 1 < 2m, we have
m <n—1<2m, and thus m'd < n'd < 2m/d. Dividing each part by d, we get:

m' <n' <2m'. (6.5.2)

Next, we know that n < 2m Which implies n — m < m and thus 2(n — m) < 2m.
Dividing both sides by m/’ glves 2r < 2m Therefore, F < 2d, which implies
F<2d-1. (6.5.3)

Moreover, since d is even, if F' =1 (mod 4), then we have

F<2d-3. (6.5.4)

Now, we show that for all m’ > 2, m’ = 2 (mod 4), and even d > 2, except for
(m/,d) = (6,2), the following inequality holds:
m' + 2

m' — 2

<d (6.5.5)

Since m’ > 2 and m’ =2 (mod 4), we have m’ = 4k + 2, for some integer k > 1. Therefore,

m’+2_4k+4_1+1
m -2 4k k’

It is clear that 1+ ¢ < d except for k = 1 and d = 2. Therefore, the inequality in (6.5.5)
holds for all m’ > 2, m' =2 (mod 4), and even d > 2, except for (m’,d) = (6, 2).
When F = 2d — 1, we have 2= m) = 2d— 1. Thus, we obtain n = 2&m/ +m = 11y,
Using this, we calculate n' as
, n—1 , m 42

n = =2m —

- 7 (6.5.6)

Using the inequality in (6.5.5]), we have:

m’;—Q 9
m’ + 2 m' —2
2m’ — 2m’ —
m 54 > 2m
, 3m/ 42
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Thus, for F' = 2d — 1, all m’ > 2 with m’ = 2 (mod 4), and even d > 2, except for
(m/,d) = (6,2), we have

, . 3m/ +2
n > 5

(6.5.7)

Next, we show that for all m’ > 2, m’ = 2 (mod 4), and even d > 4, except for
{(m/,d)} € {(6,4),(10,4)}, the following inequality holds:

3m’ + 2
m' — 2

<d. (6.5.8)

Since m’ > 2 and m’ = 2 (mod 4), we have m’ = 4k + 2, for some integer k£ > 1. Therefore,

3m’+2_12k+8_3+2
m -2 4k k

It is clear that 3 + £ < d except for k = 1,2 and d = 4. Therefore, the inequality in (6.5.8
holds for all m’ > 2, m’ =2 (mod 4), and even d > 4, except for {(m’,d)} € {(6,4), (10,4)}.

When F = 2d — 3, we have W = 2d — 3. Thus, we obtain n = 2&3m/ +m = 13/,
Using this, we calculate n’ as

(6.5.9)

Using the inequality in (6.5.8)), we have:

om’ —

(Using the formula for n’ in ((6.5.9)) n' >

Thus, for F' = 2d — 3, all m" > 2, m’ = 2 (mod 4), and even d > 4, except for
{(m,d)} € {(6,4),(10,4)}, we have

3m' + 2

5 (6.5.10)

n' >

With the necessary inequalities established, we now begin the main part of the proof.

We have seen that F'is odd, so we have two cases to consider: one where F' =1 (mod 4)
and the other where F' =3 (mod 4). We begin with the simpler case.

Case 1: F =3 (mod 4).

The approach is to construct % + 1 starter peripheral cycles for K,,. Then, take four
copies of each of the % cycles and color them appropriately using Lemma . This
process results in F' — 3 starter peripheral cycles in 4K. We will then be left with one
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starter peripheral cycle in K,,; we take three copies of it to generate the remaining three
starter peripheral cycles in 4K.

We begin by constructing the starter peripheral cycles. We ensure that the diameter
difference ”T_l does not occur in any of the peripheral cycles. We construct the path P; as
follows.

e For i = 0, define

Po=2021 2 1222 9...Tm'—2 T_m/—2 Tim! T_p-
2 2 2

The differences covered by F, are:
/

1,2.3,4,....m' —2,m' —1,n' + m? (6.5.11)

e Fori=1,2,..., [%1, define the path P;_; as follows.

Pai—1 = X0 Ti—1yw41 T—1 T(2i—1)n'42 T2 - - . x_# x(gi_l)nu’_% x_#

x(2’i*1)ﬂ’+m/4+6 x, m'4+2 e $7m’272 $(2i71)n/+m’+2 T_p'.

2
The differences covered by P,;_; are:

/

(20 — D)0/ +1, (20— )0’ +2, (20 — 1)n' +3,..., (2 — I)n' + =4,
(20 — )0/ + ™52 (20 — 1)/ + 2582 (20— D)/ + 258
(20 — D' +m/, 2in/ + 22, (6.5.12)

e Fori=1,2,..., L%j, define the path P»; as follows.

Py = 2o Toipr41 To1 Toimiy2 T_o ... inn/_*_m;—Q I_m/4—2

x2in’+m,4+2 xim/4+6 x2m,+m/4+6 e X! x?in’-‘r%l T_pn.

2

The differences covered by P,; are:

2in + 1, 2in’ +2, 2in’ +3,...,2in' + =2 2in/ + 2,
2in’ + T 2in’ 4+ ™S 20! 4wy, (20 + L)' + 2 (6.5.13)

Since m' < n’ by , the paths p/(B), for j = 0,n',2n',...,(d — 1)n’, are pairwise
vertex-disjoint except at their endpoints. Thus, each path P, generates an m-cycle via
rotation:

Ci=P,Up"(P)U...up " (P).

Note that the differences (2i + 1)n’ + %l occur at the ends of the paths P;, and these
differences are carefully avoided in the paths Py; ;. Similarly, the differences 2in’ + #
appear at the ends of the paths P»;_; and are carefully avoided in the paths Py;.
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First, assume d = 2. By (6.5.3)), we have ' < 2d — 1, which implies that F' = 3. Thus,
there is only one path, I, and it covers the following differences:

m/

1,2,3,...,m’—2,m’—1,n’—7.

By 1) we have n/ > 3% +2 , which implies n' — %/ > m' + 1. Therefore,

/ /

m’—1<m'<n'—m7<n'+m7. (6.5.14)

We know that inequality (6.5.7]) holds for all m’ > 2 with m’ = 2 (mod 4), and even
d > 2, except for the case (m/,d) = (6,2).

Note that for (m’,d) = (6,2), we have n’ = 10 by (6.5.6). However, since n’ must be
odd, this case does not arise.

For the case m’ = 2, we use the inequality in (6.5.2), which gives m’ < n’ < 2m/.
Substituting m’ = 2, we obtain n’ = 3. Therefore, by , we have d = 2. In this case,
m=4,n=7,and F = 3. There is only one path, Py = xqx; x3, and the covered differences
are 1 and 2, which are distinct.

Now, assume d > 4. The paths P; cover the following differences:

e For ¢ = 0:
1,2,....m'—2m' —1

o Fori=1,2,... 3
in' +1,in +2, ..., i +m
e One additional difference, depending on the parity of %, which is either

F— 3+1 m’ F— 3+1 m’+2
— — o0 — :
A g A 2

To show that the above differences are distinct, it suffices to prove the following inequalities.

(i) 220" +m/ < 25t

By 1} we have F' < 2d — 1. This implies % < %. Moreover, by 1} we
know that m’' < n'; thus,

F-3, , d—2 , dn/ n-—1
n+m < :2— 5

(@) Bt 4 22 < 251
We know F =3 (mod 4). If F < 2d — 1, then F < 2d — 5. This implies £ < 42,

Moreover, by l) we know that m’ < n’; consequently, m+2 <n. Therefore we
have

F+1 ,+m’+2<d—2,+ , dn/ n-—1
n n+n=— :
4 2 2 2 2
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) F 3 F+1 n — m£2

)
If F =2d—1, then &Ztp/ 4 ™ +2 =nl # Thus, the largest difference covered
n/

(iii) “==2n'+m/ <

P
by Pr_s is either (M)n _mT’ or (££1)

2 F
i i — , depending on the parity of
We show that

F-3, , F+1, m'+2
n+m < n — ,
4 2
which is equivalent to showing that
, o 3m/+2
n > .

2
Since F'=2d — 1 and d > 4, by (6.5.7)), we have n’ > W Therefore,

F -3 /L ,<F+1, m’ + 2
n m n —
4 4 2

Thus, all the differences covered by the m-cycles Cy, Ch, ... ,C’¥ listed in (6.5.11)),

(6.5.12)), and (|6.5.13)) are pairwise distinct.

Let B be the set of differences listed in (6.5.12]) and (6.5.13)) that are covered by the
m-cycles Cy, Cs, . .. ,C’¥. Let G; = Circ(n — 1; B). Then,

{Cl,p(CZ), e ,p"Ll(Ci) ’ 7 = 1, RN %}
F

is a (C),)-decomposition of G;. Take four copies of each C;, for i = 1,..., T_g, and use
Lemma to color them so that they satisfy Condition (C1) of Definition[I.2.3] By doing
so, we generate F' — 3 starter peripheral cycles of 4K with the appropriate HOP coloring,

which we label as C5,...,Cp_;.

It is now easy to see that
{CLpa(C), .. P2 N CY) | i=3,...,F — 1}
is an HOP (C,,)-decomposition of 4GY.

Notice that A = {1,2,3,...,m' —2,;m' — 1,n' + mTl} is the set of differences covered
by Cy. Take three copies of Cy and label them as Cf, C] and Cj. Notice that these three
cycles are the remaining three starter peripheral cycles. Color the edges of the cycles C] and
(Y black, and orient them in the opposite directions. Color the edges of Py in the cycle C}

alternately pink and blue (as shown below), starting with pink. Since P, has length m/, and
m’ =2 (mod 4), it ends with blue.

® ® @®-------- ® ® ® - ® ® ® o
1 2 ’ ’

Observe that the families generated by the starter cycles €] and C} jointly cover the
black orbits corresponding to the differences in the set A. The family generated by the
starter cycle Cf covers:
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(i) The pink orbits corresponding to the differences

1,3,5,..., 2 mH o/ —3,m — L. (6.5.15)

(ii) The blue orbits corresponding to the differences

/

2,4,6,..., M2 M2/ — 2. 2 (6.5.16)

Note that each difference in the set A is already covered by the peripheral cycles C{, C1,
and C), and has been assigned the appropriate coloring. We now need to cover each difference
exactly one more time using the central cycles C' and C’, to be constructed below. The
differences in the set A are carefully divided into two parts, with each half covered by one of
the central cycles and assigned the proper coloring, such that the blue orbits corresponding
to the differences listed in (6.5.15)) and the pink orbits corresponding to the differences listed
in (6.5.16)) are covered.

Now, we focus on constructing the starter central cycles C' and C’. Let .Z be the set of

unused differences in S, that is, £ = S\ (AUB). We can express .Z = {ay, ag, . ..,a; }U{oo},
n—1 _ (F+1)m/

where a1 =m' <ar, < ...<a; = "T_l are positive integers and t = 5 7

Note that for d > 4, we have
A:{1’2’3""’m/_27m,—1,n’+m?/},

/ —
and we have seen that a; = m’ <n’ + o< ”Tl

For d = 2, we have
A={1,2,3,....m'—=2,m' —1,n' — m?/}’
and we have shown in (6.5.14]) that m’ <n’ — mT,; hence.

Let s:n’i%'. Thus, A={1,2,....,m' —2,m' —1,s}, and a; < s < a;.
Consider the following sets of differences:

o Wi ={ai,ag,as,...,a,9,ai 1,0}

o Wy ={2,5,6,....m" —=9,m' =8 m' —5,m' —4,m' —1,ay,as,...,8,...,a;1}
Note that s ¢ Wi, and in W,, we have

2<h<...<m—4d<m —1l<ag<ay<...<s5<...<a._.

Here, W] =t and |Ws| =t + # By Corollary , there exists a path, call it 77, of
length 2t + % that starts at xg and covers the differences in the following order:

. / / /
Ty :ay,a0...,G4- 1,01, Q¢ 1,.--,S,...,a;,m —1.m —4,m —5,...,6,5,2.

Now, consider the following sets of differences:
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o Wy ={ay,as,as,...,a1-2,0i1,0ar}
o Wi ={3,4,...,m'—10,m —7,m' —6,m —3,m' —2,ay,...,8,...,a;_1}
Again s ¢ Wi, and in W}, we have
3<4<...<m=3<m —2<a1<...<s<...<a;;.

Here, |W;| = t and [W4| = t+™-2. By Corollary (6.3.5, there exists a path of length 2¢+ ™2
that starts at zy and covers the differences in the following order:

/ / / /
A1y yQp 1,0, Qp 14y Sy...,01,m —2,m —3,m —6,m —7,...,4,3.

By Lemma [6.3.3], the difference s in the above path can be replaced with difference 1; that
is, there exists a path, call it T5, that covers the differences in the following order:

. / / / /
Ty :ay,...,q 1,04, 0_1,...,1,...,a0,m —2,m —3,m —6,m —7,...,4,3.

Moreover, by Lemma [6.3.3], the paths 77 and 75 can be constructed to be identical before
the occurrence of the difference s in 77 and the difference 1 in T5.

Notice that the lengths of the paths 77 and 75 are equal to 2t + #, and

2t +

m’—2_2 n—1 (F+1)m/ +m’—2
a 2 4 2

2 —
(substitute F' = HAn—m)

To simplify the explanation of the coloring process, we express T} and 15 as the following
concatenation of subpaths:

[ Tl = PQth and
L] TQ = PQQRQ.

Here, P, 1, Q2, Ry, and Rs represent subpaths that cover specific sequences of differ-
ences:

L P:alaa27a’37"'7at—27at—17at

. / m’
® (Q1:a41,a42,...,N + 5, .,a3,02,01
® (Qo:ap 1,04 9,...,1,...,a3,a2,a;

e Ry -m'—1.m'—4,m' —5,m —8m’'—9,...,6,5,2
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!/

e Ro-m'—2.m'—3,m'—6,m —7,m' —10,m' — 11,...,4,3

The difference a; = ”T_l occurs only in P, and importantly, P is identical in both T} and T5.
Also, notice that P, @)1, and ()5 each have length ¢t. The paths R; and Ry each have
length % Moreover, since m’ =2 (mod 4):

e In Ry, the differences alternate between 1 (mod 4) and 2 (mod 4).

e In Ry, the differences alternate between 0 (mod 4) and 3 (mod 4).

The above property of the paths R; and Ry ensures that they can be colored as required.
We now describe their coloring.

Let C' = 25, PQ1R1xs and C' = 2, PQsRyx,. First, color the edges in the path R;
alternately pink and blue, starting with blue. Since its length is %, which is even, it ends
with pink. Similarly, color the edges in the path R, alternately pink and blue, starting with

pink. Since its length is even, it ends with blue.

Next, in the path (), color the edge with difference s pink, and in the path @), color
the edge with difference 1 blue, as shown below. With this coloring, we ensure that the blue
orbits corresponding to the differences listed in and the pink orbits corresponding
to the differences listed in are covered.

? o

P QZ R2
A A A
r A 4 M N\
, X X0 X oo
C:0——o—0--0—06—0—0---0—0----0—o—0 [ ) @ - ® o o eo—o°
ay az a1 4 a4 1 a4 w-2 w-3 7 4 3

Let w be the set of differences in @; that fall within the interval [m/, s), and recall that
a; = m’, and value of s depends on d.

oIfd24,thens:n’—|—m7/.

—IfF >3 thenw={m' m +1,...,n}, and |w| =n" —m' + 1.

—IfF:3,thenw:{m’,m’—kl,...,n’—i—%—l},and w| =n' — 2.

. Ifd:2,thens:n’—m7/,andw:{m',m’—i-l,...,n’—%/—1},so

3m’

5

] =’
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Since n’ is odd and m’ = 2 (mod 4), in all the above cases, |w| is even. This ensures
that we can properly color the edges with the differences in w. We start by coloring the edge

with difference a; pink in ()7 and blue in ()5, then continue coloring the remaining edges in
w alternately pink and blue, as shown below.

p Ql R1
A A A
r \ » Y N\
W
Xoo X0 —_—— Xoo
C: o—o—o—o —o—0—0 - 0—0 - -0—0—© o @----- [ e © eo—o
a ap A1 az [ s ap ) m-1 m'-4 6 5 2
P QZ R2
A A A
r A'4 A'S h)
[
X X0 f—% Xoo
C:—eo—o—0--0—06—0—0--06—0----0—0—0 *—0 - -0—0—0—0—90
a1 az a1 ag a;_q 1 a ay m-2 m-3 7 4 3

Let C. be a copy of C, and let C. be a copy of C’ with the same coloring as described
above. Note that the number of uncolored edges in @y and Q3 is t — (Jw| + 1). Depending
on the parity of ¢, we proceed with the rest of the coloring as follows.

(i) tis odd. Then ¢t — (|Jw| + 1) is even.

In C' and C,, start by coloring the uncolored edges in (); alternately pink and blue,
beginning with the edge of difference a;_; in pink. Additionally, in C., color the edge
with difference a; blue. Then, proceed to color the remaining edges as shown below.

P Q1 R;
A A AL
r A'd Alg h)
X X0 Xoo
C: o<o<o<o -<0<0—0—0: - * —0—0---0—0—0—0---- *—0—0—0@
a as (=] ag a1 Ay S a m-1 m' -4 5 2
X X0 X oo
Cc *—0>0>0 *—>0—0—0—0:----- * —0—0---0—0—0—& *—0—0—0
a a, a;q a; a1 Ay S ay ow-1 m'-4 5 2

In C" and C’, start by coloring the uncolored edges in @)y alternately pink and blue,
beginning with the edge of difference a;—; in blue. Additionally, in C’, color the edge
with difference a; pink. Then, color the remaining edges as shown below.

P QZ R2
A A A
r 2's N \
c X Xo x..
*—0>0>0 *—>0>0—0—0: - *—0—0---0—0—0—0---- *—0—0—<9@
| ap at-1 ag a1 a2 1 a,  m'-2 m'-3 4 3
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(ii) tis even. Then ¢t — (|Jw| + 1) is odd.

In C' and C,, start by coloring the uncolored edges in (); alternately pink and blue,
beginning with the edge of difference a;_; in blue. Additionally, in C., color the edge
with difference a; pink. Then, proceed to color the remaining edges as shown below.

P Ql Rl
A A AL
r s N N\
X, X0 X oo
C:0—0>0>0---06>06>0—0—0 - 0—0—0 -0 000 06— —0—0
a a a1 a4 Ay A S a; -1 w4 5 2
Yoo X0 Xoo
C.i0<0<0<0--06<0—0—0—0--0—0—0--0—0—0—0 - 0—0—0—0
a a QG 4y aq A S ay -1 w4 5 2

In C" and C’, start by coloring the uncolored edges in )2 alternately pink and blue,
beginning with the edge of difference a;_; in pink. Additionally, in C’, color the edge
with difference a; blue. Then, color the remaining edges as shown below.

p Q> R,
A A A
r \ \r N\
Xoo Xo Xeo
C . 0<€e0<e0<9o - 0<06<0 00 > —0—@ -0 —@—@—@ - *—0—0<9
| az at-1 ag ar-1  at-2 1 ay m-2 -3 4 3
X X X,
Y S S Y S WY W W S D T e S I
C.:0—0>0>0 - -06>0—0—0—0 *—0—0 - 0—0—0—0 - -0—0—0<9
] a2 at-1 az a1 ar-2 1 ay m-2 m=3 4 3

We now show that

[0L(C), pe® T(CL), pL(C"), pa TH(C) i =0,1,..., 753}
U {CLpa(C)), . PN i =0,1,2}

is a (C),)-decomposition for 4GS, where

Gy = Circ(n — 1; AU (£ — {o0})) < K.

Observe that C, C,,C", C” jointly contain exactly one blue edge, one pink edge, and two
black arcs from the orbit of (p,) corresponding to the diameter difference a,. Additionally,
they jointly contain exactly two blue edges and two pink edges from each orbit of (ps)
corresponding to each difference d € {aj,as,...,a;_1,00}, namely, a pair of edges of the

n—1
form (e, pe? (e)).
The four starter central cycles exactly cover four black arcs from each orbit of (p,)

corresponding to each difference d € {ay,as,...,a;_1,00}. Since the path P is identical in
all four starter central cycles, it enables us to color and orient them properly.

The black orbits corresponding to differences in A are covered by C] and Cf, while the
pink and the blue orbits of differences in A are covered by C,C,.,C’, C’, and Cj.
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Moreover, C,C,,C",C!, C}, C}, Ch satisfy Condition (C1) of Definition |1.2.3, and p,
preserves the edge colors (and orientations), thus we conclude that the above decomposition
is an HOP (C,,)-decomposition of 4G$.

We have 4K = 4G @ 4GS, and since each of 4G§ and 4GS admits an HOP (C,,)-
decomposition, by Lemma [3.3.1] the multigraph 4K? admits an HOP (C,,)-decomposition.

Case 2: F =1 (mod 4).

For Case 2, we divide the proof into three subcases: one where d = 2; another where
d > 4 and (m,d) # (8,4); and the last one where (m,d) = (8,4).

Subcase 2.1: d = 2. From ([6.5.4), we have F' < 2d — 3. Thus, F' = 1, and we need to

construct one family of peripheral cycles. Note that since d = 2, we have n’ = ”T’l
Define the path Py as follows.
P() =Xog L1 X1 X2 T _2...Tn'+1_ m'+6 I_(n/+1_m’+6) Tn/+1  m/+2
2 4 2 4 2 4
l‘i(n’flim/72) xn/w‘»lim’f? xim’72 T m!—2 x_ﬂ/ xﬂ xn’-
2 4 2 4 2 2 2 2
The differences covered by F, are:
/ / !/ / !/
m m m m m
1,2,3,4,....n" ———-2n———1n"——+1,n ——+2,....m —=2,m' —1,m',n — —.
Y ) ) ) Y 2 ) 2 ) 2 ) 2 ) ) ) ) ) 2

The difference n’ — m?/ appears at the end of the path. Its occurrence was avoided earlier in
the path since n’ — %’ < m/, as shown below.

Since F' = 1, we have 2(n —m) = m/, which implies

/

n=m--+ m? (6.5.17)
Since d = 2, we have m = 2m/. Thus, we see that n = 577”/ Furthermore, we can write
n' =" = =2 Therefore, we have
pom ML (6.5.18)
n—-—= ——<m. 5.
2 4 2

Since m’ < n' by (6.5.2)), the paths Py and p™ (P,) are pairwise vertex-disjoint except at
the endpoints. Thus, Cy = Py U p™ (Fy) is an m-cycle.

By (6.5.2]), we know that m’ < n'/, which implies mT/ <n — "’7/ Additionally, using the
inequality in (6.5.18]) we have

m/ m’

7 <n — 7 <m.
Let A={1,2,3,..., "—ZLI, R m?/, ...,m'—1,m'} be the set of differences covered by Cj.
Color the edges of Py in the cycle Cy alternately pink and blue (as shown below), starting
with pink. Since the length of Py is m' and m’ = 2 (mod 4), it ends with blue. Note that

since n’ is odd, n' — %’ — 1 is also odd, and the edge with this difference gets pink color.
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[ ) o Q- @ )« = = = @ ey + = % % ¢ [ ) ) ®
1 2 3 m m’ Lo’ , o ;_ _m
7—] ? 11—7—1 n 7+1 m -1 m n >

Observe that the family generated by the starter cycle Cy covers:

(i) The pink orbits corresponding to the differences

1,3,5,..., 2 .0 =2 — 1 =2 om —2,m. (6.5.19)

2,4,6,..., %0 —1,....0/ -2 -2 -1 w1 (6.5.20)

The differences in the set A will also appear in the central cycles C and C’, to be
constructed below. There, we need to ensure that the black orbits corresponding to the
differences in A, the blue orbits corresponding to the differences of A listed in , and
the pink orbits corresponding to the differences of A listed in (6.5.20]) are covered.

Now, we focus on constructing the starter central cycles C' and C’. Let .Z be the set of
unused differences in S; that is, & = {m'+1,m' +2,...,n'} U {c0}.

Consider the following sets of differences:

e W7 ={1,2,3,....n" =20 — 1,n'}

/ ’

o Wo=1{2,3,4,..., 0 -2 — 1. o/ =% ' +1,m' +2,...,n — 1}

The set W, contains all the differences from the set A and all differences from .2, except
the difference oo, and has size [W;| = n/. The set W, contains half of the differences from A
and all differences from ., excluding differences oo and n', and has size |Ws| = n’ — #

By Corollary , there exists a path, call it T, of length 2n' — % that starts at zy and
covers the differences in the following order:

Ty: 1,2,3,...om'+1,...00 = 1Ln' 0/ —1,...om' +1,n/ — % - 20 —1,...,4,3,2
Now, consider the following sets of differences:

o Wy ={1,2,3,....,n =2,n — 1,n'}

I B S SR
m+2,...,n —2,n —1}

Note that n’ — m?’ ¢ Wj. Here, |Wi| = n’ and |W)| =n' — # By Corollary [6.3.5, there
exists a path, call it Ty, of length 2n’ — # that starts at xq and covers the differences in
the following order:

Ty:1,2,3,....n = 1,0/, n —1,....m" +2,m' +1,m' ' m —1,...,
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/ / / !/

m m m
YL RS S VLA

1, 1.
2 2 2 2+’

Moreover, by Lemma [6.3.3 the paths 77 and T, can be constructed to be identical up
to the occurrence of the difference m’ + 1 in both 7T and T5.

Notice that the lengths of the paths T} and Ty are equal to 2n' — #, and

m' + 2 n—1 m' + 2
2n' — =2 —
T (57—
m/
—n—92— —
" 2
m’ m’
(Using the equation given in (6.5.17)) = m + 5~ 2 — 5
=m—2

As before, to simplify the explanation of the coloring process, we express T and 15 as
the following concatenation of subpaths:

o 11 = PQR,, and
[ J T2 - PQRQ

Here, P, @, Ry, and R, represent the subpaths that cover specific sequences of differ-
ences:

e P:1,2,3,....n" —2,n —1,n

The diameter difference n’ = ”T_l occurs only in P, and importantly, P and () are identical
in both 7} and T5.

Also, notice that P has length n’, and @ has length n” —m’ — 1. The paths R; and R;
each have length m?/ Moreover, they are constructed so that they can be colored as required.
We now describe their coloring.

As shown below, color the edges in the path R alternately pink and blue, starting with
pink. Since its length is m7’7 which is odd, it ends with pink. Similarly, color the edges in the
path R, alternately pink and blue, starting with blue. Since its length is odd, it ends with
blue. Note that the difference n’ — m?’ is covered by R; but not Rs.



6.5. HOP (C,,)-DECOMPOSITION OF 4K* 159

With this coloring, we ensure that the blue orbits corresponding to the differences listed
in (6.5.19) and the pink orbits corresponding to the differences listed in (6.5.20)) are covered.

Let C = 2o PQR 17+ and C' = 1, PQRyx .. We know that the length of Q) is n’—m/—1,
and given that n’ is odd and m/’ is even, the length of @) is even. Begin by coloring the edges
of @ in C alternately pink and blue, starting with pink; it ends with blue. In C’, color the
edges of () alternately pink and blue, starting with blue; it ends with pink, as shown below.

A A 1
rf A'd )
Xo Xo Xoo
C: o—eo—o *—=0----0—0—0----& —=0 @ @ @ *—@---- *—0—0—0
1 n—% m om+1 n -1 n n -1 m+1 M % 3 2
A A 2
r A'd )
X Xo X oo
C : 0—o—o o —=0: - -0—0—0----& *—0 Y @ o o ®---- *—0—0—0
1 n—m7 m o +1 n-1 n n -1 m+1 oy m -1 m.oo1
2

Let C. be a copy of C, and let C” be a copy of C’ with the same coloring as described
above. In C,, color the edge with difference n’ blue, and in C”, color the edge with difference
n' pink. Then, color the remaining edges as shown below. Note that, since the path P is
identical in all four starter central cycles, it enables us to color and orient them properly.

r A'S )
X Xg Xoo
C: 0<0<0---0<0---0<0<09 - 06<06<0—0 ¢ e o ®--0—0—0—@
1 n—% m o+ 1 -1 -1 m+1l oy m 3 2
2
L Q Ri
r A'S 'S N\
X %o Xoo
Ci:0—0>0----0>0----0>0>0----0—>0—0—0- & *—eo—o----0—0—0—90
1 n—% m o +1 -1 w -1 w1l et 3 2
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p A > A JLZ N
X X Yoo
C:0—0>0----0>0----06>0>0 - 0>0>0—0 ¢ o o ® - 0—0—0<O
1 —"71 m m+1 n' -1 n n -1 m +1 m m -1 me1 1
A N N2
r 'S \ \
X X X
C,: oo .
¢ . <o0<o <o <O <0 <06 —0—0¢ -0 —06—0—0 - *—0—0<90
1 w2 m o +1 -1 w -1 [ — -1 m 1

As in Case 1, it can be verified that

{P(C), e T(C). pL(C) pe” T(C i =0,1,..., 252}
U {OO) p0(00)7 s ap?,_l(co)}

is an HOP (C,,)-decomposition for 4K.

Subcase 2.2: d > 4 and (m,d) # (8,4). Here, the approach is to construct £ + 1
starter peripheral cycles for K,. Then, take four copies of each of the % cycles and color
them appropriately using Lemma to generate F' — 1 starter peripheral cycles in 4K.
The F'— 1 families of peripheral cycles cover a set of differences B, for some B C S. We will
then be left with one remaining starter peripheral cycle, which together with the two central

cycles will cover the remaining differences; that is, the differences in the set S\ B.

We begin by constructing the starter peripheral cycles. As in Case 1, define the path
P; as follows:

e For i = 0, define

Po=20x1 21 T2 9... T2 T /-2 T Ty
2 2 2

The differences covered by F, are:
m/
1,2,3,4,...,m’—2,m’—1,n’—|—7. (6.5.21)
e Fori=1,2,..., [%1, define the path P;_; as follows.

Py 1 = 9 T(2i-1)n'+1 L-1 T(2i-1)n/+2 LT-2 - - - JU,m/;e JC(%,I)H%% 55,#

x(?i—l)n’-{- m/4+6 x_ m/4+2 o x_7n/272 x(2’i—1)n/+m/2+2 x—n"
The differences covered by P,;_; are:

/

(20 — 1)/ +1, (20— )/ +2, (20 — 1)n' +3,...,(2i — Dn/ + =4,
(20 — )0’ + ™52 (20 — )/ + 552, (20 — L)/ + m5H
(20 — D’ +m/, 2in + "2, (6.5.22)
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e Fori=1,2,..., L%J, define the path P»; as follows.

Pai = o Tojni11 T 1 Toirya Too ... i =2 Tl

’ / / / . / .
inn,+m4+2 x_m4+6 inTL/+m4+6 e .T_% xan’—i—% T_p

The differences covered by P,; are:
2in + 1, 2in’ 42, 2in’ +3,...,2in' + 22 2in/ + 2L,
2in + Mot 24/ 4 mEE i’ 4o/, (20 + 1)n' + 22 (6.5.23)
Since m’ < n’ by (6.5.2)), the paths p/(P;), for j = 0,n/,2n/,...,(d — 1)n/, are pairwise

vertex-disjoint, except at their endpoints. Thus, for : =0,1,..., %

Ci=P,Up"(P)U...up " (PR)
is an m-cycle.

As in Case 1, the differences (2i 4 1)n'+ %l occur at the ends of the paths P;, and these
differences are carefully avoided in the paths Py; ;. Similarly, the differences 2in’ + #
appear at the ends of the paths P»;_; and are carefully avoided in the paths Py;.

The paths P; cover the following differences:

e For ¢ = 0:
1,2,....m'—2m —1

° Fori:1,2,...,%:

in' + 1,0 +2, ..., +m

e One additional difference, depending on the parity of %, which is either

F—-1 ,om F—-1 , om/+2
——+1|n +— or ——+1|n + .

4 2 4 2
To show that the above differences are distinct, it suffices to prove the following inequal-
ities.
(i) En +m/ < 2t
As shown in ‘D we have F' < 2d — 3. This implies % < %. Moreover, by
(6.5.2), we know that m’ < n'; thus,

F-1, , d—2 dn’ n—1
n+m < .

s\ F+3,.7/ m/ 42 n—1
(if) ==’ + 5= <5

Since F =1 (mod 4), if F < 2d—3, then we have F' < 2d—7. This implies 52 < 2.
Moreover, by l) we know that m’ < n’; consequently, # < n'/. Therefore, we
have

F+3,+m’+2 d—2,+ , _dn/ n—1

s R B L
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) F 1 F+3 n — m£2

2 )

IfF:2d—3, then F+3 /+m+2—%+%.Weshowthat

(iii) ==n'+m' <

F—1,+ ,<n—1 m+2 F+3, m+2
n' +m — = n —
2 2 4 2
which is equivalent to showing that
o 3m’ +2
5
In m, for F = 2d — 3, all m' > 2, m’ (mod 4), and even d > 4, except for

(m’,d) € {(6,4), (10,4)}, we showed that n' > M2,

For the case (m’,d) = (6,4), by (6.5.9), we have n’ = 9.5, and for the case (m’,d) =
(10,4), we have n’ = 16. However, since n’ must be an odd integer, these cases do not
arise.

For the case m’ = 2, we have n’ = 3, since m' < n’ < 2m’ by (6.5.2). Given that
F = 2d — 3, it follows that d = 4. In this case, m = 8 and n = 13. The given
construction does not work for this case, and we address it separately in Subcase 2.3.

Thus, we conclude that all the differences covered by the m-cycles Cy, Ci, ..., C%
listed in (6.5.21)), (6.5.22), and (|6.5.23)) are pairwise distinct.

Let B be the set of differences covered by the m-cycles Cy,Cs ..., C LS} listed in (6.5.22)),
and (6.5.23). Let Gy = Circ(n — 1; B). Then, {C;, p(C;),....p" HCy) |i=1,...., 5 isa

(Cn)-decomposition of G;. Take four copies of each C;, for i =1,..., %, and use Lemma

to color them so that they satisfy Condition (C1) of Definition [1.2.3] By doing so, we
generate F' — 1 starter peripheral cycles of 4K with the appropriate HOP coloring, which
we label as C7, ..., Ch_;.

It is now easy to see that

{Clpa(C)),. o p 7N C) [i=1,... . F =1}

is an HOP (C,,)-decomposition of 4GY.

Notice that A = {1,2,3,...,m' —2,m' — 1,n’ 4+ %/} is the set of differences covered
by Cy. Color the edges of P, in the cycle Cy alternately pink and blue (as shown below),
starting with pink. Since Py has length m’, and m’ = 2 (mod 4), it ends with blue.

Observe that the family generated by the starter cycle Cy covers:
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(i) The pink orbits corresponding to the differences

1,3,5,..., @ m o —3,m — L. (6.5.24)

(ii) The blue orbits corresponding to the differences

2,4,6,..., =2 M2 ) 2/ 1L (6.5.25)

Note that each difference in the set A is already covered once by the peripheral cycle
Cy and has been assigned the appropriate coloring, as mentioned above. We now need
to cover each difference three more times using the starter central cycles C' and C’; to be
constructed below. All differences in A will appear in both C and C’, colored black and
properly oriented, accounting for two additional occurrences and ensuring coverage of the
black orbits. To cover the blue orbits corresponding to the differences listed in ,
and the pink orbits corresponding to the differences listed in (6.5.25)), the set A is carefully
divided into two parts, with each half covered by one of the starter central cycles and assigned
the appropriate coloring.

Now, we focus on constructing the starter central cycles C' and C’. Let .Z be the set of
unused differences in S, that is, £ = S\ (AUB). We can express .Z = {ay, as, . ..,a; }U{o0},

_ o _ F43)m/
where m' = a1 < ay < ... < a; = "Tl are positive integers and ¢t = "Tl — %.

We have m’ < n’ by 1D and given that A = {1,2,3,...,m' —2,m' — 1,n’+m7l} and
d > 4, we see that

!/

/ i / m
m—-1l<m =a <n +7<at.

Recall that m' = 2 (mod 4). Now, consider the following sets of differences:

/ / / m’
o Wi ={1,2,....m'=2,m" —1,a1,a9,...,0" + 5, . .. 442,041, 0}

/ / / / / m’
b W22{275767”'7m _87m _5Jm _4-7m —17CL1,(12,...,TL +77"'7at—27at—1}

The set W, contains all the differences from the set A and all the differences from .Z, except
the difference oo, and has size |W;| = t+m/. The set W, contains half of the differences from
A and all differences from %, excluding differences co and a;, and has size |[W3| =t —1+ m?/
By Corollary @, there exists a path, call it T}, of length 2t + % that starts at zy and
covers the differences in the following order:

!/
m
. ’ / /
T :1L,2,...m—=2m —1,a1,as,...,n —i—?,...,at_g,at_l,at,

m/

!/ / / / /
Qp_1, A_9, . oo, N +7,...,a2,a1,m —1,m —4,m —5m —8,...,6,5,2.

Now, consider the following sets of differences:

_ / / 1w
L] Wl—{1,2,...,m —Z,m —1,a1,a2,...,n —0—7,...,at,2,at,1,at}
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/ / / / / / m’
o Wy ={3,4,....m'=7,m' —6,m —3,m' —2,a1,as,...,n + %, ... 0,0, 1}

Here, |W;| =t +m’ and |Wj| =t + ™2, By Corollary [6.3.5| there exists a path of length
2t + % that starts at x¢ and covers the differences in the following order:

m/

1 / /
1,2,...,m—2,m—1,@170,2,...,77/ +7,...,at,2,at,1,at,
m’ ,

/ / / /
At 1, A9y ooy T +7,...,a2,a1,m —2,m —3,m —6,m —7,...,4,3.

By Lemma the second occurrence of difference n’+ m?/ in the above path can be replaced
with difference 1; that is, there exists a path, call it T, that covers the differences in the
following order:

/

27
/ / !/ /

At 1,049,y 1,...,a2,a1,m —2,m —3,m —6,m —7,...,4,3.

. / / /
Ty :1,2,....m —2,m —1,a1,as9,...,n + ce, Qp_o, A1, Gy,

Notice that the lengths of the paths 77 and T, are equal to 2t 4 3’”;_2, and

2 4
Fm/
2

-2 -1 F ! -2
2t+3m2 :2(” ( +3)m)+3m2

=n—2—

2(n—m)

(substitute F = —) =n—-2—(n—m)

m
=m— 2

As in Case 1, to simplify the explanation of the coloring process, we express 77 and T,
as the following concatenation of subpaths:

L] Tl = PQIRh and
[ ] TQ - PQQRQ.

Here, P, )1, Q)2, Ry, and R, represent subpaths that cover specific sequences of differ-
ences:

. / / / m’
e P:1,2,....om" =2 m —1,a1,as,...,n" + ", ... a12,0; 1,04
. / m’
le.at,l,at,Q,...,n +7,...,CL3,CL2,CL1
d QQ:a't—laat—Qa"'7]-7"'7a3aa'27a1

e Ri:m'—1,m'—4,m' —5m'—8m'—9,...,6,5,2

e Ro-m'—2.m'—3,m'—6,m —7,m' —10,m' —11,...,4,3



6.5. HOP (C,,)-DECOMPOSITION OF 4K* 165

The difference a; = ”T_l occurs only in P, and this path has length ¢t +m’. Importantly, P
is identical in both 7} and 75;. The paths ); and @) each have length ¢, and the paths R;
and R, each have length # Moreover, since m’ =2 (mod 4):

e In Ry, the differences alternate between 1 (mod 4) and 2 (mod 4).

e In R,, the differences alternate between 0 (mod 4) and 3 (mod 4).

Observe that, except for the subpath P, all other subpaths are identical to those in Case 1
(see page in terms of the sequence of differences they cover. The only distinction is that
P is longer and includes differences from the set A. The coloring process remains exactly
the same as in Case 1.

Let C' = 250 PQ1R12o and C" = 1, PQaRsx,. As in Case 1, we first fix the colors of
the edges in paths R; and R,, as well as the colors of the edge with difference n’ + %l in Q¢
and the edge with difference 1 in )2, as shown below.

P Q1 Ry
A A A
r A'd A'd N
X X0 Xoo
1 m-1 ap n’+% ag-1 a; ai-1 u'+% a, m-1 m-4 5 2
P Q> R,
A A A
4 A'S A'd A}
Xo Xo Xeo
C.:.0—0—&:---0—0—0---0—0- - 0—6—0—0--- 00— —=eo o o *—eo—o—o
1 m-1 4 n+% a1 a4y a; 1 ap w'-2 w-3 4 3

With this coloring, we ensure that the blue orbits corresponding to the differences listed
in ((6.5.24) and the pink orbits corresponding to the differences listed in (6.5.25)) are covered.

Let w be the set of differences in ()7 that falls within the interval [m’ ,n + mT/), and

recall a; = m/.
e For F' > 1, we have w = {m/,m' +1,...,n'} and |w| =n' —m/ + 1.

/

e For ' =1, since d > 4, Wehavew:{m’,m’+1,...,n’+m7,—1}, and |w| =n' — 5.

Since n' is odd and m' = 2 (mod 4), in both cases, |w| is even. As in Case 1, this ensures
that we can properly color the edges with the differences in w.

Let C. be a copy of C, and let C!. be a copy of C” with the same coloring of @1, Q2, Ry, Ra,
as described above. Following the same steps as in Case 1, we can color the uncolored edges
in C,, C, C’, and C" so that they satisfy Condition (C1) of Definition [[23l

As in Case 1, depending on the parity of ¢, we will have two cases. For odd t, see (i) on
page [154} for even ¢, see (ii) on page [155]

Here is an illustration of the four starter central cycles when ¢ is even.
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P Ql Rl
A N Ao
r 2'g \ N\
Xoo X0 Xoo
1 m-1 4 n'+% a1 a4 A n'+m7 a; w-1 -4 5 2
Xoo Xo Xoo
1 m-1 u'+% ai-1 4y ap n'+% a m=1 m-4 5 2
P QZ R2
A N A
r 2'g \'g N\

Xo Xo X

1 m-1 ay y,u,7 a1 ap a4 1 ay m-2 m'-3 4 3

X X

1 m-1 aq n+? ag-1 a; ai-1 1 a, m-2 m-3 4 3

Note that, in this case, the black orbits corresponding to the differences in the set A are
covered by the families generated by the starter central cycles C., C, C?’ and C’.

Analogous to Case 1, it can be verified that

. n—

(02(C), p® T(C), pi(C"), 07 T(Cl) i =0,1,..., 553}

U {Co,ps(Co), - -, p2 " (Co)}

is an HOP (C,,)-decomposition for 4G3, where

Gy = Circ(n — 1; AU (£ — {o0})) < K.

We have 4K? = 4G} @ 4GS, and since each of 4G} and 4GS admits an HOP (C),)-
decomposition, by Lemma [3.3.1} the multigraph 4K admits an HOP (C,,)-decomposition.

Subcase 2.3: (m,d) = (8,4). In this case, n =13, F' =5, n’ =3, m’ = 2, and the set
of differences is S = {1,2,3,4,5,6, c0}.

Let Py = xg 21 x3, and P, = xg x4 x_3. The path F, covers differences 1 and 2, and the
path P; covers differences 4 and 5.

Observe that, for i =0, 1,
Ci = P,up™ (P) U p™ (P) U p™ (P,

is a cycle of length 8.

Take four copies of (', and use Lemma to color them so that they satisfy Condition
(C1) of Definition By doing so, we generate four starter peripheral cycles of 4K7,
with the appropriate HOP coloring, which we label as C7, C3, C5, Cj.

Note that {1,2} is the set of differences covered by Cy. In Py, color the edge with
difference 1 pink, and the edge with difference 2 blue. The black copies of the edges with
differences 1 and 2, as well as the blue copy of the edge with difference 1 and the pink copy
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of the edge with difference 2, will be covered by the central cycles, which will be constructed
below.

Notice that the set of uncovered differences is {3,6,00}. Let C,C,.,C", C’ be the four
central cycles with the HOP coloring, as shown in Figure [6.6]

It can be easily verified that

{pi(c)u p§+i(cc)7 pi(0/>7 p?JrZ(Cé) | i = 07 17 ce 75} U {CO7 po(CO)a ,OE(C())}
U {Czlvﬂo(q),pz(q) ’ i = 17273’4}

is an HOP (Cg)-decomposition for 4K7,

6.5.2 The Case When n is Even

Lemma 6.5.2. Let m = 0 (mod 4), and let n be an even positive integer such that 4 <
m < n. If 2n(n — 1) = m (mod 2m), then 4K admits an HOP (C,,)-decomposition.

Proof. By Lemma [6.3.6] it suffices to prove this result for even n in the range m < n < 2m.
Moreover, since 2n(n — 1) = m (mod 2m), we have m # n, so we restrict our attention to
the range m < n < 2m.

As before, the approach is to first construct starter central and starter peripheral cycles,
then rotate them using appropriate permutations to generate all the cycles.

We begin by outlining the parameters and then explain how many starter central and
starter peripheral cycles are needed.

Let V(4K?) = {z; : i € Zp_1} U {2}, and let p, be the permutation on FE(4K7?)
that preserves the color (and orientation) of the edges, and is induced by the permutation

p = (To)(xo ¥1 T2 ... Ty—2). Observe that the group (p.) has the following orbits on the
edge set of 4K7:

for each s € {1,2,..., ”T’Q}, we have a pink and a blue orbit {z;z;ys: 1 € Z,_1};

for each s € {1,2,...,n — 2}, we have a black orbit {(z;, z;ys) 17 € Z,_1};

a pink and a blue orbit {z;x : ¢ € Z,,_1}; and

black orbits {(2eo, %) 11 € Zyp—1} and {(24,Te0) 17 € Zp—1}.

For convenience, let S = {1,2,..., ”7_2, oo} be the set of all differences.

Let n = 2°a, where a is odd, and let m = 2%a'b/, where o’ and ¥’ are both odd, with
a |aand ¥ | (n—1). Since m =0 (mod 4), we have that d > 2.

First, we show that d = e + 1. We know that 2n(n — 1) = m (mod 2m). Consequently,
m | 2n(n — 1) but m f n(n — 1). Since m | 2n(n — 1), we have 2%a't/ | 2-2%a - (n — 1) =
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X2

o,

®x

X2

e,

®x

Cl

Figure 6.6: Lemma The starter peripheral cycle Cy and the four starter central cycles
for m =8 and n = 13.
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2¢t1q(n —1). Given that V' | (n — 1), d’ | a, and a and n — 1 are both odd, it follows that
24 must divide 2¢*!. Therefore, d < e + 1. On the other hand, we have m { n(n — 1); that
is, 2¢a’b' § 2°a(n — 1). Again, knowing that b | (n — 1) and d’ | a, it follows that 2¢ cannot
divide 2°. Thus, d > e, which implies d > e + 1. Thus, we conclude that d = e + 1, and we
can write n = 297 1q.

To construct peripheral cycles, we partition the n — 1 vertices in {z; : i € Z,_;} into

b’ segments, each containing ¢ = "1;1 consecutive vertices. Notice that each segment will

contribute 2%a’ edges toward a peripheral m-cycle.

Now, we explore the required number of central and peripheral cycles for the decom-
position. If 4K? is (C,,)-decomposable, then the number of m-cycles in the decomposition
is

2n(n—1) 2(n—1)(m+n—m)

_ 2(n—1)m+2(n—1)(n —m)
sy Bl
— a1y oD A
=2(n—1)+¢ 2(7;;/711)

Observe that
2(n—m) 2(2%'a—2%'V)  2%a —24'V) a—2d'V

2dq/ 2dq/ 24q’ a
Since @’ | @ and both a and a’ are odd, it follows that a’i?lb, is an odd integer. Let F' =
The number of m-cycles can be expressed in the following form:
2n(n — 1)
m

a—2a’t’
a/

=2(n—1)+/(F

This suggests constructing two starter central cycles and F' starter peripheral cycles. The
two starter central cycles are rotated through all n — 1 positions, while each of the F' starter
peripheral cycles is rotated through ¢ positions to generate all the cycles in the decomposition.

We showed that F is odd, so we have two cases to consider: one where F' =1 (mod 4)
and the other where F' =3 (mod 4).

Before starting the proof for each case, we will first prove some inequalities that will be
useful in both cases.

We know that n < 2m; that is, 2971a < 29*1¢/t/. Dividing both sides by 297 'a’ gives
£ < 4. Therefore, "“_zf‘/b/ < 20, which means F' < 20" and thus

F <2y —1. (6.5.26)
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Since F < 2b' — 1, it follows that ¥’ > 3 whenever FF =3 (mod 4), and ¥ > 1 whenever
F =1 (mod 4). In the latter case, when & = 1, we handle it separately.

Additionally, we have m < n — 1 < 2m; that is, 2%/ < b4 < 294/, Dividing each
side by b, we get
290" < 0 < 2714/ (6.5.27)

Next, we show that if £ — 2% 1a’ < 290’ — 1, then F < V.
(-2 < 2% — 1
0<3.271q —1
Ve<3-27y -
(Vi=n—-1) n<3-27%0 -V +1
on < 3- 2% — 20 +2
(=20 < —2since b’ > 1)  2n < 3-2%'V
(n=2""a) 2% < 3- 2%’V

(Dividing by 2%') % < 3V

a’ =
F<V
Therefore,
if £ —27'a’ < 2% — 1, then F < V. (6.5.28)

Now that we have established the necessary inequalities, we proceed with the main
proof. We begin with the simpler case.

Case 1: F =3 (mod 4).

The approach is to construct % + 1 starter peripheral cycles for K,,. Then, take four
copies of each of the % cycles and color them appropriately using Lemma m This

process results in F' — 3 starter cycles in 4. We will then be left with one starter cycle

in K,,; we take three copies of it to generate the remaining three starter peripheral cycles in
4K2.

We start by constructing the starter peripheral cycles.
Fori=0,1,...,%52, define the path P; as follows:
P, =2y jypr1 x1 Tipro T_o .. Tjpqod—1q/—1 T_(2d-1g/—1) Tipp2d-1q/ [BMTHE.
The differences covered by F, are:

1,2, 3, ..., 2% —2, 20’ — 1, WS od1y (6.5.29)
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and the differences covered by P;, forv=1,..., %, are:

W41, il 2, 0043, ..., il 4 2% =2, il 4 2% — 1, WD gd-1y (6.5.30)

Since £ > 2%’ by (6.5.27)), the paths p/(P), for j = 0,¢,2(, ..., (b' —1)¢, are pairwise vertex-
disjoint except at the endpoints. Also, since O’ is odd, we have ged (b’ , I’IT“) = 1. Thus,

Ci = RUp(P)uU...upt Y (R)

is an m-cycle.

Next, we show that all the differences covered by the m-cycles Cy, Cy, ..., C Fs, as listed

in (6.5.29)) and ([6.5.30)), are distinct.

First, we show that the differences if +1,il+2,...,il+ 2%’ — 1 are all pairwise distinct

fori=0,1,..., %. It suffices to show that the largest number on this list does not exceed

”7_2; that is, to show
F-3 -2
T€+ 24/ —1 < n :

By (6.5.26]), we have F' < 2’ — 1, which implies that %6 < b/T’Zﬁ. Additionally, in
(6.5.27)), we proved that 29a’ < . Combining these results, we have

F—-3 b —2
T£+2da’—1§ (4 2% — 1
b —1 l
— /- 2d/_1
2 p T
b'—1 d—1 1 : d, 1
< (+2q (since 2%’ < ()
n—1
5
In the above inequality, we see that
F-3 b —1 -1
Y, L (+201g < -
4 2
This guarantees that for all ij,l,...,%,we have
b/_l d*ll . . . d/
5 0427 ¢ {jl+1,j0+2,...,50+ 2% —1}.

Next, we show that for alli =1,..., % and 7 =0,1,..., %, the difference =2+t

2
29=1¢’ does not appear among the differences
GO+1, 5042, .., 50+ 2% —1.

Since

b—2. =341y b—2- =T 41y /_9. _
( T gd-1, o - D gd-1y o o W20 gdo1 o (O 21)e 4 o9d-1g

0< 5 ) —
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It suffices to show that for all j =0,1,..., ? and 1 < o < 2% —1

b —2(52) + 1)¢

2
We prove this by contradiction. Suppose to the contrary that

O N
5 — a
200 — F + 1

4

Since F' = 3 (mod 4), we can write F' = 4k + 3 for some integer k. Since 0 is odd, we can

write b’ = 2k’ + 1 for some integer k’. We have 2b' — F' + 1 = 4(k’ — k), which is a multiple
of 4. Therefore, %ﬁﬁ is an integer, and since ¢ > 2%/ by (6.5.27)), we have

200 — F+1
— i =35 and (—27' =q.

Given that j < %, it follows that F' >t/ + 2.

On the other hand, knowing that 1 < o < 2%/ — 1 and ¢ — 2% 1d/ = q, it follows that
¢ —21g" < 24¢’ — 1. In (6.5.28)), we showed that F' < b under this condition. Therefore,
we have b +2 < F' < I/, which is a contradiction.

We conclude that the differences listed in (6.5.29) and in (6.5.30) are pairwise distinct.
Let B be the set of differences covered by the m-cycles C1,C5 .. ., C% ; that is,

— 2%l £l + a.

=+ a,

(+0—2"" = jl +a.

B={il+1,il+2,... il +2% — 1, U200 _gd-1g =1, F3Yy
Let G; = Circ(n — 1;B). Then, {C;,p(Cy),....p" N(Cy) | i = 1,..., 52} is a (Cp)-

decomposition of G;. Take four copies of each Cj, for i = 1,..., %, and use Lemma

to color them so that they satisfy Condition (C1) of Definition [1.2.3] By doing so,
we generate F' — 3 starter peripheral cycles with the appropriate coloring, which we denote

Chyoo, Chy.
It is now easy to see that
{CLpe(C), .. pHCY) |i=3,...,F—1}
is an HOP (C,,)-decomposition of 4G?.

Notice that A = {1,2,...,2%" — 2,24 — 1, w + 27714’} is the set of differences
covered by Cy. Take three copies of Cy and denote them C{,C] and Cj. These are the
remaining three peripheral cycles. Color the edges of the cycles C] and CY black, and orient
them in the opposite directions. Color the edges of I} in the cycle Cf alternately pink and
blue (as shown below), starting with pink. Since P, has length 2¢a/, which is even, it ends

with blue.

. . .. ........ . . .. ........ . . . .
1 2 2417 2%l 41 24g" —2 20 —1 Yl gy
2
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The families of cycles generated by C] and Ch; that is, {C!, pe(CY), ..., pt H(Cl) | i =
1,2}, jointly cover the black orbits corresponding to the differences in the set A. The family
of cycles generated by Cj; that is, {C, pe(Cy), ..., pi 1 (Ch)}, covers:

i) the pink orbits corresponding to the differences
g

1,3,5,...,2¢7 % + 1,247 % +3,...,2% — 3,2% — 1, and (6.5.31)

(ii) the blue orbits corresponding to the differences

(v — 1)t

2,4,6,...,297 % 277 + 2. ... 2% — 2, 5

+ 2771 (6.5.32)

The differences in the set A will also appear in the central cycles C' and C’, to be constructed
below. There, we need to ensure that the blue orbits corresponding to the differences listed

in (6.5.31)) and the pink orbits corresponding to the differences listed in (6.5.32)) are covered.

Now, we focus on constructing the starter central cycles C' and C’. Let .Z be the set of
unused differences in S, that is, £ = S\ (AUB). We can express .Z = {ay, as, ..., a; }U{o0},

_ e _ F+1)2%a’
where a1 < a < ... < q; < ”72 are positive integers and t = ”T2 - %.

Since F' < 2b' — 1 by (6.5.26]), and F' = 3 (mod 4), we have ¥’ > 3. Moreover, since
difference ¢ is not covered by any peripheral cycles, we observe that

o — 1) -2
a1§€<%+2d_1a’§n7.

Consider the following sets of differences:

L Wl = {ala A2,0d3,...,0;—2, 01, at}

o Wy ={2"1a +1,2% % +2,...,2% — 1,a,a, ..., (bLTM +247Ya L apq, ap}

Note that w + 2471/ ¢ Wy, and in the sequence a,as, ..., (b/_Tl)e + 2971/ L ay, we
assume W 1)
< ag<...< T+2d71a'<...<at,1 < ay,

with the understanding that
o —1)¢

a1<a2<...<at_1<at<T—I—Qd_la'

is also possible.

Here, the set W, contains all the differences from the set .Z except oo, and has size
|Wi| = t. The set Wy contains half of the differences from the set A, along with all the
differences from .# except oo, and has size |Wy| = t+2¢"1a/. By Corollary there exists
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a path, call it T}, of length 2t + 297'a’ that starts at xy and covers the differences in the
following order:

. b'—1)¢ d—1 1 d/ d—1 1
T1.al,...,at_l,at,at,at_l,...,(T+2 a,...,a,2% —1,...,2ad" + 1.

By Lemma [6.3.3] the difference w +2471¢’ can be replaced with difference 1; that
is, there exists a path, call it T,, that covers the differences in the following order:

. d /! d—1 /1
Ty :ay, a0, ..., 01,0, Qg Qp_1,...,1,...,09,a1,2% —1,...,2°"a" 4+ 1.

Now, consider the following sets of differences:

L4 Wl - {ah ag, ag,...,0t—2,0t—1, at}
W/ = {9 3 4 2d—1 I 1 2d—1 / (b'—1)€ 2d—1 !
L 2_{a )y Ey oo ey a ) a,a;,as, ..., 9 + av--'aa't—bat}
/_ . /
Again, note that w +24-1g/ ¢ W1, and in the sequence a,, as, . . . w-&d_la’, R PR
we assume
(b, B 1)€ d—1,1
a1<a2<...<T—l—2 a < ...<a;1<ay,

with the understanding that

b —1)¢
a1<a2<...<at1<at<%+2dla’

is also possible.

Here, [W;| =t and |W4| =t + 2% 1a’. By Corollary there exists a path, call it T,
of length 2t + 29714/ that starts at y and covers the differences in the following order:

: (v'—1)¢ d—1,1 d—1,1 od—1,/
T3:an,. . Q1,004,044 1, ..., —5— +297ad', ... a1,27 7,297 a" — 1,..., 3, 2.

By Lemma (6.3.3] the difference w + 29=1g’ can be replaced with difference 1; that

is, there exists a path, call it Ty, that covers the differences in the following order:

Ty:aq,...,ae1,a, G, 01, ..., 1,... 01,2971, 297 —1,...,3,2.
Notice that the lengths of the paths T}, T5, T, Ty are all equal to 2t 4+ 297 'a’, and

n—2 (F+1)2% d1 s
— 2
5 1 + a

2t + 27 "a’ = 2 (

=n—2—(F+1)2% 4+ 27
=n—2—F .21

a—2a’'b
!

(substitute F' = ) =n—2-2"1q 424/t

a
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(substitute n = 277 ta & m =2%/V) =n—-2—-n+m

=m — 2.

To simplify the explanation of the coloring process, we express 17, 15, T3, and T} as the
following concatenations of subpaths:

o T\ = PQ.R,
o Ty = PQ,R!
o Ty = PQ.R,
o Ty = PQsR,

Here, P, @1, Q2, Ry, R}, R}, and R, represent subpaths that cover specific sequences
of differences:

L d P:a’laa/27a’37‘"7at—27at—17at

. (O'-1)¢ d—1,1/
® Q1:ap,a 1,0 9,...,—5 > +277d, ... a3,a2, 41
i QQ : a’t7at—17at—2a"'717"'aa'37a27a1

o R, Ry 2% — 1,24 —2,2%' —3,...,2¢7 a' + 3,297 a/ + 2,297/ + 1

o Ry, R, 201 297 ) — 1,27’ —2,...,4,3,2

Note that P has length ¢, while (J; and ()5 each have length ¢ 4+ 1. The paths R; and
R} cover the same sequence of differences, as do Ry and R}, with each path having length
2d-1g! 1.

Now, color the edges in the paths R; and R alternately pink and blue, starting with
blue. Since their length is 297'a’ — 1, which is odd, they end with blue. Similarly, color
the edges in the paths Ry and R alternately pink and blue, starting with pink. Since their
length is odd, they end with pink.

R, R;: @ *——eo—o ®----... ° ——o—o

2dg’ -1 2dg’ =2 2dq’ -3 2da’ -4 2d-1g" +3  2d-1g’ +2  2d-1g' +1

Ry, R, : @ o o *—@...... ° *——o—o
2d-1q" 2d-1g’ =1 2d-1g" =2  2d-1g’-3 4 3 2

Next, color tlhe edges in the path ), alternately pink and blue, ensuring that the edge
with difference (b;—l)g +29-1¢" is pink. Color the edges in the path Q, alternately pink and
blue, but in the opposite way of ();. Since )1 and ()5 cover the same sequence of differences

(b'—1)¢

except for ==+ + 29=1q/ and 1, this ensures that the edge with difference 1 is blue. With

this coloring approach, we ensure that the blue copies of the differences listed in (6.5.31))
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and the pink copies of the differences listed in (|6.5.32)) are covered. We color the remaining
paths as described below and then construct the central cycles based on the coloring.

First, assume that (); starts with pink, meaning that the edge with difference a; is
assigned the pink color. Then ()5 must start with blue. Depending on the parity of ¢, there
are two cases:

(i) If ¢ is even, since @; and @ have length ¢ + 1, we know @); ends with pink and @5
ends with blue. In this case, let C = 2 PQ1 Ry 2o and C" = 2o P Qs R} 2+, and
color the rest of the edges as follows.

P
I & Ri
4 AY4 Y4 N
X Xo Xoo

a; a, a,_y a, a, a4 w”ﬁ“r a, a,  2d4a'-1 2dg’-2 24-1g" +2  2d-1g" + 1

P 7
£ 2 R
r ALS Alg N\
Xo Xo Xoo
C:6>0>0>0--0>0>0 00 -0 —0- - 0—0—0—0—0 - 0—0—0>0

o1 a A a a; A 1 a, a; 20 dig—1 3 2

(ii) If ¢ is odd, as @1 and @5 have length ¢ 4+ 1, we know ()7 ends with blue and @ ends
with pink. In this case, let C' = zo P Q1 Ry 7o and C' = x,, P Q3 R x4, and color
the rest of the edges as follows.

f Q1 R,

A A
r Ald N \
X Xo Xoo

a ay a4 a; a a4 [UEVapTE a ap  241a’ a1 -1 3 2
2

da

Q Ri

N a'g h)

a, a, a4 a, a; [ 1 a, a, 2dg’~1  2dg" -2 2d-1g"+2  2d-1g"+1
Next, assume that () starts with blue. Then )5 must start with pink. Depending on
the parity of ¢, there are two cases:

(i) If t is even, then () ends with blue and Qs ends with pink. In this case, let C' =
Too P Q1 Ry and C' = zo, P Q2 R} T, and color the rest of the edges as follows.
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f Q1 R,

Al AL
r LS X N\
Xoo Xo Xoo
C: 050500 - 0>0>0—0—0 - 0—0---0—0—0 90— -06—0—06>0

b -1t
2

a, a, a4 a; a a,_q +2417 a, a, 2d-1g"  d-1g" —1 3 2

P ’
f Qe R
r N Y4 N\
X Xo Xeo
C:0—0<0<o  0<O0<o 0 0 0 006000 & 06000

o ”z T a -1 1 a, 4y 2dg'-1 24g-2 210 +2 2010 +1

(ii) If ¢ is odd, then @ ends with pink and @, ends with blue. In this case, let C' =
Too P Q1 Ry T and C' = zo, P Q2 R, o, and color the rest of the edges as follows.

P
I Qi Ry
rf Y4 R4 \
X Xg Xeo

a, a, a4 a a a,_y @ +2 g a, a,  2da’-1 2dq'-2 2010’ +2 2d-1g"+1

P 7
b % R
r Al X N\
Xo Xo Xoo
C:0—0<0<0 - 0<0<t0 0000 0—06—0—0—6 --06—0—0>0

a4 a a4y a a, A 1 a, a; 2 i -1 3 2

We can easily verify that both C' and C" are cycles of length m, and that they satisfy
Condition (C1) of Definition [1.2.3] Moreover, they jointly contain exactly one blue edge,
one pink edge, and two black arcs from each orbit of (p,) corresponding to differences in .Z.

The black orbits corresponding to the differences in A are covered by C7 and C, while
the pink and the blue orbits of the differences in A are covered by C,C", and C. Thus,

{pi(C),pi(C") |i=0,1,...,n =2} U{CL, pe(CL), ..., ps 1 (C}) | i =0,1,2}
is an HOP (C,,)-decomposition for 4G3, where

Gy = Circ(n — 1; AU (£ — {o0})) > K.

We have 4K? = 4G} @ 4GS, and since each of 4G§ and 4GS admits an HOP (C,,)-
decomposition, by Lemma [3.3.1} the multigraph 4K admits an HOP (C,,)-decomposition.

Case 2: F =1 (mod 4).

For Case 2, we first divide the proof into two subcases: one where b’ = 1 and the other
where b > 3.

Subcase 2.1: V' = 1. It follows from (6.5.26|) that F' = 1, and thus we only need to
construct one family of peripheral cycles.

Slnce F =1, we have “=22% — 1. Moreover, since b’ = 1, it follows that a = 3a’. Thus,

n = 3m. In this case, the set of differences is S = {1,2,..., =2
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We define the starter peripheral cycle Cy as follows:

Co = T_1 X1 Xy T2 X3 X_3XLyg T_yg ...
:L‘_(%_Q) :E%_l l'_(%_l) $% :L‘_% JZ% ZE_(m_l) ZL‘%_H l'_%

56%73 :Uf(%%) x%,z :Uf(%fg)) x7(3Tm72) .Z'3Tm71 r_1.

The cycle Cy covers the differences in the following order:

m m m m 3m—4 m m m 3m—4
2,1,4,5,6,..., @ —3m 9 m_|mmdmom_qm_o 54192 mA

Observe that Cy covers each difference in A = {1,2,4,5,..., % — 1, %, 3"2_4} exactly twice.

Color the edges of Cj black and orient them forwards as shown in Figure [6.7]

Figure 6.7: Orientation and coloring of the edges of Cj,.

Let .Z be the set of unused differences in S, that is, £ = S\ A. We can express
L ={ay,a9,...,a;} U{oo}, where a1 =3 < ax < ... < < ”T_Q = % are integers and

t= mT’4. Also, observe that % < ay. Consider the following sets of differences:
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— m m Im—4
o Wi ={1,2,01,4,5...,% —1,%,as,a3,..., 41,0, 5}

o Wy ={ai,as,a3,...,ai-9,a¢-1,0;}
Observe that

3m —4
T

m
1<2<a1<4<5<...<§<a2<a3<...<at,1<at<

Here, |W,| = % +t and |W;| = t. By Corollary [6.3.4] there exists a path, call it 7', of
length 2¢ + % = m — 2 that starts at xy and covers the differences in the following order:

. m m 3m—4
T 1,2,@1,4,57...,7 — 1,3,(12,@3,...,at,l,at,T,at,at,l,...,aQ,al.

To simplify the explanation of the coloring process, let P, ), and R be the subpaths of
T that cover the following sequences of differences.

o P:1,2,a1,4,5,...,% —1,%

. Im—4
1 Q cQ2,03,...,01—2,0¢_1, Qt, 4

o R:aya;1,a1-2,...,a3,02,a;

Note that 7' = PQR and P has length %, while ) and R each have length t. Let C' =

Too PQRx; observe that C'is a cycle of length m.

Let C’ be another copy of C. In C, color the edges of the path P alternatingly pink and
blue, starting with pink. Since the length of the path P is even, it ends with blue. In C’,
color the edges of the path P alternatingly pink and blue, starting with blue; it ends with
pink. Depending on the parity of ¢, we color the rest of the edges as follows:

e If ¢ is even, Q ends with blue in C' and with pink in C”.

P Q R
r 2'g 2'e \
C Yo %o 1 2 P 5 a, a . a4 a; ”2;2 a, A . o L Yoo
C’ X oo Xo 1 5 a, m o a a, a, nz;z a, a4 a, a X oo
*—0—0—0—0-0——0—0—0  0—0—0—0>0>0 6 >0>0—0
e If ¢ is odd, @) ends with pink in C' and with blue in C".
P Q R
r 2'g 2’8 \

NI

2
ap a3 A a - 4 A

[N E]

n=2
a az TS a - 4 A

C: o—e—eo—0o—0---0—0—0—0
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The cycle Cy covers the black copies of the differences in the set A, while the pink and
blue copies of these differences are covered by the paths P and () in the central cycles.
Additionally, the central cycles C and C” together cover exactly one blue edge, one pink edge,
and two opposite black arcs corresponding to the differences in the set .. Furthermore, the
cycles Cy, C, and (" satisfy Condition (C1) in Definition [1.2.3] Therefore,

{Pi(C0), P(C), P (C") | i =0,1,...,n — 2}

is an HOP (C,,)-decomposition of 4K7.

Subcase 2.2: V' > 3. Here, the approach is to construct % + 1 starter peripheral
cycles for K,,. Then, take four copies of each of the % cycles and color them appropriately
using Lemma [3.3.3] to generate ' — 1 starter peripheral cycles in 4K7. The F' — 1 families
of peripheral cycles cover a subset B C S of differences. We will then be left with one
remaining starter peripheral cycle, which, together with the two central cycles, will cover
the remaining differences; that is, the differences in the set S\ B.

We start by constructing the starter peripheral cycles. We construct paths P; for ¢ =
‘

0,1,2,..., %. From (/6.5.26), it follows that % < b,%. Note that the construction of P,
differs depending on whether % < b/T’l or % = b/T’l We address both situations below.

Situation 1: % < blz_l.

As in Case 1, for ¢ :0,1,...,%, let P; be:

P =20 Tipy1 To1 Tigya Toa .o Tigppi-11 L _(2d=1q/—1) Ljp4-2d-1g/ Ib'glg'

The differences covered by F, are:

1,2, 3, ..., 2% — 2, 20 — 1, YZLE 4 od1y (6.5.33)
and the differences covered by P, fori=1,..., %, are:
i1, 0042, il +3, .., il + 2% =2, il 4 2% — 1, WAL gd1y (6.5.34)

Since £ > 2%’ by (6.5.27)), the paths p/(P), for j = 0,¢,2(, ..., (b' —1)¢, are pairwise vertex-
disjoint except at the endpoints. Also, since b’ is odd, we have ged (¥, I’IT“) = 1. Thus,

Ci=Pup'(P)u...upt V(P

is an m-cycle.

Next, we show that all the differences covered by the m-cycles Cy, C1, . . ., C’% , as listed
in [6.5.33] and [6.5.34], are pairwise distinct. First, we show that the differences i¢ + 1,4 +
2,...,il + 2%’ — 1 are all distinct for i = 0,1, ..., %. It suffices to show that

F—1 —9
—Z—€+Wd—1§" .
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Since % < b/T_l, we have %E < b/T_gf. Additionally, in (6.5.27)), we proved that 2%’ < /.
Therefore, we have

F—1 b —3

T£+2da’—1g (+2% —1
b —1
= (—0+2% —1
2
v —1 d—1 1 : d_ 1
< (+2""a (since 2%’ < ()
< n—1
5
In the above inequality, we see that
F—-1 b —1 —1
42— 1< (42t < B2
4 2
This guarantees that for all j =0,1,..., %, we have
b/ — 1 d—1 1 . . . d 1
5 (42 a" ¢ {jl+1,j0+2,...,50+2% —1}.
Next, we show that for alli =1,..., %1 and j =0,1,..., 52
b —2i+ 1)
% oy 1,042, 0+ 2% — 1),
Since
0 < ©'—22+ne 9d—1,/ ©'—2FE2+ne gd-1y/ o W21 od—1, o (2DE 9414/

2 2 2 2

it suffices to show that for all 7 =0,1,..., % and 1 <a <2% —1

— 27 #£ il + a.

b —2(52) +1)¢
2

We prove this by contradiction. Suppose to the contrary that

v -2 (?) +1)0 g1,

% — F —1
=2 =it

=jl+a

Since F' =1 (mod 4), we can write F' = 4k + 1 for some integer k. Since V' is odd, we can
write b’ = 2k’ + 1 for some integer k’. We have 20/ — F' — 1 = 4(k’ — k), which is a multiple
of 4. Therefore, %ﬁé is an integer. Also, knowing that 2%’ < ¢ by ((6.5.27), we have

200 —F — 1
— =j and (—-2"' =q,
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Given j < %, it follows that F' > b'.

On the other hand, we have 1 < a < 2%’ — 1 and ¢ — 2% 'd’ = q, it follows that
¢ —2%1a’ < 2%/ — 1. In (6.5.28)), we showed that F' < b’ under this condition. Therefore,
we have b < F' < I/, which implies /' = ¥'. From this, it follows that

a—2ad't/ oy

a/
Simplifying further, we obtain a = 3a’b’, and consequently, n = 2¢71.3a’b'. Since v’ | (n—1),
it must hold that &’ = 1. However, this contradicts the fact that & > 3. Thus, all the

differences listed in (6.5.33)) and (6.5.34]) are pairwise distinct.

Situation 2: F=1 — -1,

4 2

. . . . . F—1 _ b-1 _ F—1 _

. First, we explain the reasoning behind separating the case =~ = *5=. Let f = = =
T2

In Situation 1, for ¢ = 0,1, ..., %, where % < b/T_l, we showed that all differences

covered by the paths P; are pairwise distinct. If we were to follow the same pattern for Py,
then path Py would cover the following differences:

fO4+1, f042, .., f0+27 —1, fo+277 ), fo+27 0 + 1,
L JOHSR e+ S e+ 5 e+ 52 L =271 (6.5.35)

Notice that f¢ + 29 1a' = I/T’lﬁ + 29714/, However, this difference has already occurred in
Py. Continuing further, we encounter f¢ -+ e%l = =2 after which more repeated differences

2
occur.

To address this issue, we use the same construction up to a certain point but modify it
to avoid repeated differences. Specifically:

e We carefully avoid the difference f¢ + 2971a’ = b,T_lﬁ + 241/,

e We replace differences occurring after f¢+ Z’Tl = 222 with differences from the interval

2
2%/, 0].

=3

Given that the length of P; must be 2%/, we replace 2¢a’ — 23 of the differences listed in

(6.5.35).

Next, we explain why we chose differences from the interval [2%a/, £].

e The second-to-last difference used in Py is 2%a’ — 1, while the first difference used in P
is ¢+ 1.

e The differences w — 2971q/ decrease as i increases. The last path before P; is

P; . Fori=f—-1= 1/773’ the corresponding difference is 2¢ — 29 1a/. By (6.5.27),
we have 2971a’ < 240’ < (. Multiplying by —1, we obtain —¢ < —291a/. Adding 2/ to
both sides, we get:

(< 20—2%71¢/.
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Therefore, replacing the (potentially) repeated differences with differences in the range
[2%a’, ] is a safe option, as it ensures that the differences covered by P; are distinct from
those covered by P; for i =0,1,...,f — 1.

Before discussing the path construction, we first prove some inequalities that will be
useful later.

Forany d > 2, odd a’ > 1, and odd " > 3, except for the cases (a/, d, V") € {(1,2,3),(1,2,5),
(1,3,3)}, we show below that the following inequality holds:

2d—1 / 1
2 (L) <V (6.5.36)

24-1q/ — 1

Rewriting the left-hand side, we have:

24=1g! + 1 2.92d-1q" 1 9
9 1g — 1) d-lg_1
4

R T

Observe that:

e If (¢/,d) = (1,2), then we have 24+ 1 =6 £ ' for b’ € {3,5}.

e If (¢/,d) = (1,3), then we have 24 3 ~ 3.33 £ V/ for I/ = 3.

Except for the above cases, we can see that 297 'a’ > 6, so:

4 <4<1
2d-1lg/ —1 = § ’

Thus:
20=1¢g" + 1
2 2d-1g/ — 1

2d—1a/ + 1 )
2 (—lea/ — 1> <b.
Note that % = Z’IT_l, which implies F' = 20’ — 1. Consequently, we have & = 40’ — 1. From
this, it follows that a = 4a’t’ — a’. Substituting this into the expression for n, we obtain

)<2—|—1:3.

Since b’ > 3, we conclude:

n=2""14d't) — d).
Using this, we calculate ¢ as

. — (6.5.37)
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Using the inequality in (6.5.36)), we try to determine a lower bound for /.

20-1¢g + 1 ,
2 (—lea/ — 1) <b

2d—1a/ + 1 2d_1(1,/ -1

v 2
20-1¢g" + 1 - 20-1g" — 1
v 2
2d—1 / 41 2d—1 1
2d+1a/ o a > 2d+1a/ _ a
v 2

2d+1a/ . 2dlz’/l + 1 > 2d+1a/ o 2d—2a/ + l
1
(Using (6.5.37) ) 0>7-272% +

5
Therefore, for any d > 2, odd @' > 1, and odd ¥ > 3, except for the cases (a/,d, V') €
{(1,2,3),(1,2,5),(1,3,3)}, we have the following:

1
0>7-29720 + 3 (6.5.38)

Now, using the inequality ((6.5.38]), we prove that the following inequality holds, except
for the cases (a/,d,b") € {(1,2,3), (1,2,5), (1,3,3)}:

(-1
—(2972a/ + 1) > - (6.5.39)

The proof is as follows:

1
(By inequality given in (6.5.38])) 0>7-297% + 3
(—1> 7~2d2a'—%
€—1>7-2d_2a’ 1
4 4 8
(-1 3.2 — 1
sl gy
4 8
—1
(@' >1,d>2, and (d/,d) # (1,2)) —— >297%d' +1

4
(2920 +1) > ———.
(2% +1) 1

Next, using the inequality (6.5.38]), we have

30 —1 1
2 > 21277 + 1 > 16-2973¢/ = 24+1y/,



6.5. HOP (C,,)-DECOMPOSITION OF 4K* 185

Thus, the following inequality holds, except for the cases (da',d,b") € {(1,2,3), (1,2,5),

(1,3,3)}:
30— 1

5 > 2% q! (6.5.40)
We now proceed to show the following inequality:
(-3 (41
— < gig L2 (6.5.41)

From 6..27, we know that g < 2%/. By subtracting % from both sides, we obtain
ZTTI < 24q" — = Thus, it follows that

(-3 (-1 (+1
—<—<2da/—L.

4 4 4

As mentioned earlier 2%a’— 4773 is the number of differences that will be replaced. Observe

below that this number is positive.

Since n < 2m, we have
n—1<2m
Ve <27y
(Divide by ¥') (< 2%t/
% < 2%’

Next, we explain how we construct the path P;. Depending on the value of ¢, there
are two cases to consider: when ¢ = 3 (mod 4) and when ¢ = 1 (mod 4). Moreover, the
construction will be verified using the inequalities proven above. Note that the inequality
(6.5.38)) is proved for any d > 2, odd @’ > 1, and odd ¥’ > 3, except for the cases (a’,d, V') €
{(1,2,3),(1,2,5),(1,3,3)}. When (a’,d, ') = (1,2,5), by (6.5.37), we have ¢ = 7.4, and
when (o', d,b’) = (1,3, 3), we have ¢ ~ 14.33. In both cases, £ is not an integer. Thus, these
cases do not arise.

When (a’,d,b') = (1,2,3), we have { = 7 by (6.5.37), m = 12, n = 22, f = 1, and
F = 5. In this case, { = 3 (mod 4), and we verify the construction of the path Py without

using inequality ((6.5.38]).
e Situation 2(a): /=3 (mod 4).
Define a walk Py as follows (see Figure [6.8):
Py =20 Tpor1 1 Tpop2 T o ..

x_(2d72az_1) T ppqod—2q/ x—(Zd*Qa’—s—l) T ppqpod—24/41 x—(2d*2a’+2) Tpppod—2q/42 -

If@+eTT3 xfe% xzda/fé%l .If% xQda/i%-..

.’L‘_(zd—la/_l) :L‘3‘2d_1a,_uT3 w_(gd—la/) xSQd_ldl_HTl Ty
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First, note that for the case (a/,d,0') = (1,2,3), we have Py = zy s v_ =2 x7, and the
differences covered are 8,10,4,5. It is clear that Py is a path and the differences covered are
pairwise distinct.

For the rest, to show that P is a path, we verify the following three inequalities.

e First, we show that
(+1
—(27%d +1) > —%.
This is proved in ([6.5.39)).

e Second, we show that:

€+1>

(+1 (+1

3.9d-1,/ _ 2dq! — I which is equivalent to 24-1¢g/ > 1

From (6.5.27), we have ¢ < 2¢+'q’. Dividing both sides by 4, we get

1
Z < 2d_1a’.
Since £ = 3 (mod 4), it follows that
¢ +1 d—1_1/
— <2
1S
e Third, we show
(+1 3 +1
3.2971q — % < ¢, which is equivalent to 3 - 2% ¢’ < T+

This follows from (/6.5.38)), as we have %E > 21-2973q" 4 ;?1, and thus

3 3¢ 3+1
3~2d_1a':12~2d_3a’<21-2d_3a/+1<?< ;

Therefore, we conclude that Py is a path.
The differences covered by Py are:

FO4+1, f04+2,f0+3, ... f0+27 % —1, f0+29 % + 1, fe+27 % +2,. ..

e+ 520 2% 1, 2 e — HTB,QdHa' _ “717 35; L g a1y
Next, we show that the differences
290’ 2% +1,... 2" a’ — HT3,2d+1a' — HTl —36; L3 g1y

in Py are pairwise distinct and in the interval [2%’, ¢]. We do this by proving the following
inequality.
3C+1 C+1

~5 32471y > 24ty — —5 which is equivalent to 204+ 1 > 7- 24714/
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By (6.5.38)), we have £ > 7 -2472q" + % Doubling both sides, we get
20> 72910 +1,

and thus,
204+1>7-21.

Now that we know % —3.207 g > 241y — “Tl, in order to show that all differences
lie in the interval [2%/, £], it suffices to prove the inequality

30 +1
T+—3-2d‘1a’<€ — (+1<6-291.

Since we know ¢ < 29t1a’ = 4. 29714/ it is easy to see that

(+1<4-270 +1<6-271¢.

You can see an illustration of the path P in Figure . Observe that Py starts at
and ends at x,. Moreover, we show that the internal vertices of the path P; are pairwise
distinct modulo ¢. We do this by proving the following two inequalities.

=\ (-3 d 041
(l) T<2a’—%.

This is proved in (6.5.41]).

(i) ¢ -2’ >3- 2971’ — H1) which is equivalent to 221 > 24+1¢’,

By (6.5.40)), we have 221 > 29+1¢/, and consequently, 22 > 24+1¢/,
Therefore, the internal vertices of the path Py are pairwise distinct modulo /.

e Situation 2(b): (=1 (mod 4).
Define a walk Py as follows (see Figure :

Pr=x0 o1 T Tpppo o ..
T_(2d-24/—1) Lfe42d-2¢" T_(2d-24/41) L fe42d-2¢/41 L—(2d-2a/42) L fo4+2d—2q/42 - - -

X -5 L_¢-1 T -1 T 3 T -5 ...
prriss Tt Tty 52 Tt Tyt

Jf_(Qd—la/_l) x3-2d*1a’7“?1 JZ_(Qd—la/) x3-2d*1a’7% Ty
To show that Py is a path, we verify the following three inequalities.

e First, we show that
‘-1
—(297% + 1) > I

This inequality was proved in ([6.5.39)).
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Figure 6.8: Illustration of the path P for / =3 (mod 4).
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e Second, we show that:

1

3'2d—1a/_ _ g

0 —
> 2dg) — 0 which is equivalent to 2¢71a/ > —— 1

From (6.5.27), we have ¢ < 2¢*!a’. Dividing both sides by 4, we get £ < 2¢7'a’. Now,
it is easy to see that
(-1

< 214/,

e Third, we show

30 —1

2d—1 / <
“ 2

(-1
3.2971g/ — 5 < ¢, which is equivalent to 3 -

By (6.5.38)), we have ¢ > 7 -2972¢" + % With a simple calculation we get:

30 —1
2

1
> 21 -2973¢ + 1> 12.2973¢) = 3. 291/,

Thus, we conclude that Py is a path.
The differences covered by Py are:

fO4+1, fe+2, f0+3, ..., fl+27% —1, fe+2¢71 +1, fe+27 % +2,
fg_i_ £-3 zda/ 2da’+1 2da/+2 2d+1a1_ HTIJ 2d+1a/_ 621734 - 3. 2d 1 /
By proving 251 — 3. 2971/ > 24+1¢/ — L1 e show that the differences

- 3. 2d—1a/

girg L gy (=1 301
2 2 2

2da/ 24" +1,2%" +2,. ..,

in P; are pairwise distinct and in the interval [2%d’, ¢].

Observe that 252 —3.2471¢ > 24+1¢/ — &1 s equivalent to 2¢ > 7-2%"'a/ 4 1, and this
follows directly by doubling both sides of the inequality given in (6.5.38)).

You can see an illustration of the path P in Figure[6.9 Notice that Py starts at x, and
ends at x,. Moreover, the following two inequalities show that the internal vertices of the
path Py are pairwise distinct modulo /.

(i) &2 <2 — 2.

This follows from ((6.5.41)).

(i) ¢ -2’ > 3-2¢7 ¢’ — 51 which is equivalent to 251 > 24+1¢’,

This was proved in (6.5.40]).
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Figure 6.9: Illustration of the path P; for / =1 (mod 4).
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Note that the internal vertices of the path Pf constructed in both Situation 2(a) and
Situation 2(b), are pairwise distinct modulo ¢. That is, for j = 0,¢,2¢,..., (' — 1)¢, the
paths p’(P;) are pairwise vertex-disjoint, except at the endpoints. Hence,

Cp=PrUp'(Py)u---Up VP

is an m-cycle.

Furthermore, the path Py is constructed so that the differences it covers are distinct from
those covered by the paths P; for ¢ = 0,1,..., f — 1, which are constructed in Situation 1.
F—1

Hence, the differences covered by the paths F; for i = 0,1,..., == are pairwise distinct.

Let B be the set of differences covered by the m-cycles Cy,Cs. .., C%. Let G; =
Circ(n — 1; B). Then, {C, p(Cy),...,p" " H(Cy) | i =1,..., 51} is a (Cp,)-decomposition of
(1. Take four copies of each C;, fori =1,..., %, and use Lemma to color them so
that they satisfy Condition (C1) of Definition [1.2.3] By doing so, we generate F' — 1 starter
peripheral cycles with the appropriate coloring, which we denote C{,C% ..., C%_;.

It is now easy to see that
{C! p(CD), .. p e |i=1,...,F -1}

is an HOP (C,,)-decomposition of 4G?.

Notice that A = {1,2,...,2%" — 2,2% — 1, w + 27714’} is the set of differences

covered by Cy. As in Case 1, color the edges of P, alternately pink and blue (as shown
below), starting with pink. Since Py has length 2%a’, which is even, it ends with blue.

@ o Q- - [} o Q- [} @ o o

1 2 21y 21" 41 24" -2 20 —1 Y=l onay
2

The family of starter cycles generated by Cp; namely, {Co, pe(Co), - .., p5 1(Co)}, covers:

(i) the pink orbits corresponding to the differences

1,3,5,...,207 % + 1,247 % +3,...,2% — 3,2% — 1, and (6.5.42)

(ii) the blue orbits corresponding to the differences

(v — 1)¢

2,4,6,...,297 % 277 + 2. ... 2% — 2, 5

4 29714/, (6.5.43)

The differences in the set A will also appear in the central cycles C' and C’, to be constructed
below. There, we need to ensure that the blue orbits corresponding to the differences of A
listed in , the pink orbits corresponding to the differences of A listed in , as
well as the black orbits of all differences in the set A, are all covered.
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Now, we focus on constructing the starter central cycles C' and C’. Let .Z be the set of

unused differences in S, that is, £ = S\ (AUB). We can express .Z = {ay, aq, . ..,a;}U{oc0},

_ e — F+3)2%a’
where a; < as < ... < a; < "TZ are positive integers and ¢t = ”TZ — %.

Notice that since b > 3, we have U’LTM + 2971/ > ¢ > 24¢’. Also, having A =
{1,2,...,24" —2,2%' — 1, w + 2971g/}, we observe that

' —1) n—2

2d71/<
+ a < 2

20 —1<ay <

Consider the following sets of differences:

.Wl {12 20/—1 al,az,&g,...,(b_l) +2d1 ,. .,at,g,at,l,at}

o Wy ={2"1¢ +1,2% % +2,...,2% -1 al,az,...,(l’LTl)Z—|—2d_1a’,...,at,1,at}

1% —1
In the sequence aq, ao, . .. ( ) | gd-1 a,...,a;_1,a;, we assume

o — 1)/
a1<a2<...<%+2d1a'<...<at1<at,

with the understanding that

b —1)¢
a1<a2<...<at1<at<%+2dla’

is also possible.

Here, the set W, contains all the differences from A and all the differences from .2,
except the difference oo, and has size |W;| = t + 2¢a’. The set W, contains half of the
differences from A and all differences from £, except the difference oo, and has size |Ws| =
t +2%1a/. By Corollary , there exists a path, call it 7}, of length 2t + 3 - 2¢-1a that
starts at zy and covers the differences in the following order:

T :1,2,...,2% = 1ay,a9, ..., Y5 12000 a0y,

by —1)¢ _ - _
at,at_l,...,%jLQd la/,...,ag,al,Qda’—1,...,2d Yo' 4+ 2,29 1a/ + 1.

Similar to Case 1, we use Lemma [6.3.3] to construct a path Ty by replacing the second
occurrence of the dlfference (b DE | 2d-14/ with difference 1 in the path T7.

b —1)¢ d—1 1
Ty :1,2,. 2a—1a1,a2,...,%+2 a',...,a;_9,ai_1,a,

ap, i1y, 1, as,a1,2% —1,...,2%7 ' + 2,297 ¢/ + 1.
Now, consider the following sets of differences:

o W1 ={1,2,...,2% -1 al,ag,ag,...,(bfl) + 287! ap o, ap, a)
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o Wi=1{2,3,4,...,27 % — 1,24 ay, ag, ..., Y5 1 20! ey g, a0}

. b —1)¢ -
Again, in the sequence aq, ao, ..., % + 24 Yo' ..., a1, a;, We assume

b —1)¢
a1<a2<...<%+2d_1a'<...<at_1<at,

with the understanding that

b —1)¢
a1<a2<...<at1<at<%+2dla’

is also possible.

Here, [Wy| = t + 2%’ and [Wj| = ¢ + 2%"'a’. By Corollary [6.3.4] there exists a path,
call it T3, of length 2t + 3 -2971a’ that starts at zy and covers the differences in the following
order:

Ty:1,2,...,2% —1 al,ag,...,(l’LTl)e +297 g, 4y, ay,

ary a1, GG 2070 a0, 27 20— 1, 3,2,
By Lemma|6.3.3], the second occurrence of the difference w +29-1¢/ can be replaced with

difference 1; that is, there exists a path, call it T}, that covers the differences in the following
order:

(v'—1)¢ d—1_/
T4 1 2 2 CL -1 a,l,CLg,...,T—'—Q a,...,0¢_9,Q4_1,0¢,
d—=1_1 od—1_1
Aty Ay 15y, 09,a01,2 a2 a —1,...,3,2.

Notice that the lengths of the paths 1%, Ts, T3, Ty are all equal to 2t + 3 - 2971¢/, and

n—2 (F—I—S)Qda’) g gd1y

2% +3-2¢71 =2 —
+ a ( 2 1
=n—2—(F+3)29 % +3.2%

—n—2-—F.2"1y

—2a't
(substitute F = %) =n—2—2"1q 4 24/t
a
(substitute n = 277 la & m =2%t) =n—-2—-n+m

As in Case 1, to simplify the explanation of the coloring process, we express 11, 15, T3,
and T} as the following concatenations of subpaths:

o Tl :PQlRl

[ ] T2 :PQQRll
4 T3:PQ132
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[ ] T4 - PQQRIQ

Here, P, 1, Q2, R1, R}, RS, and R, represent subpaths that cover the following se-
quences of differences:

v —1)¢ d—1 1
o P:1,2,...,2% —1 y A1, Q2,03 ..., ——— +2977a' o ap g, a1,

. (b —1)e d—1,/
.Ql-at7at—17at—2a"'7T+2 a,...,as, az,a

e ()y:ay,ai_1,0i_9,...,1,..., a3,a2,a1
o Ry, Ry 2% — 1,24 —2,2%' —3,...,2¢7 a' + 3,297/ + 2,297/ + 1

o Ry, Ry : 2471 20 g — 1,20 —2,...,4,3,2

Note that P has length t + 2%a’, while ; and Q5 each have length ¢ + 1. The paths R, and
R cover the same sequences of differences, as do Ry and RY, with each path having length
201" — 1.

The coloring process is the same as in Case 1 (see page [175]). We start by fixing the
colors of the edges in Ry, R}, Ry, and R), and then we color the paths Q; and ()3 as described

in Case 1. The only difference from Case 1 is that the path P is longer and will covere the
black copies of the differences in the set A.

If @, starts with pink, the coloring is similar to that described in Case 1 (for even t, see
(i) on page for odd ¢, see (ii) on page|176]). If @ starts with blue, the coloring is similar
to that described in Case 1 (for even ¢, see (i) on page [L76} for odd ¢, see (ii) on page [177).

Here is an illustration of the central cycles C' and C’, along with their corresponding
colorings, when (); starts with pink.

o tiseven. Let C = x,PQi1Rixs and C' = 2, PQa R, T o

P Ql Rl
A A
r N 2\ Vs N\
Xeo Xoo
C: .—.—6. <9 .+. .-6.—. .—. @@ - - - - O—O0—0—0
" LS o a e, Ay i -1 240 -2 210742 2d-1a" 41
P QZ R2
A A
r N a's N
Xo %o XYoo

o tisodd. Let C = 2PQi Rty and C' = 2, PQo R T oo
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P Ql Rz
A AL AL
r N N\ \
Xoo X0 Xoo
1 4 (b';l)[ 2t a a (b‘%ﬂn 1y a2 241 -1 3 2
4
P QZ R1
A A A
r A'd Ald N
X X Yoo
C.0—0>0----06>0----0—>0--06>0—0--0—0 -0 ——0 0 —0 06— <0
1 ay [T a a 1 a, 2dg’ -1 2 2 d-lg’ +2  2d-1g" +1
2

We can easily verify that both C' and C” are cycles of length m, and they satisfy Condi-
tion (C1) of Definition . Moreover, they jointly contain exactly one blue edge, one pink
edge, and two black arcs from each orbit of (p,) corresponding to differences in .Z. Also,
the families generated by cycles Cy, C, and C” jointly cover the blue, pink, and black orbits
corresponding to the differences in A. Thus,

{plo(c)v pi(c/) | L= 07 1a s — 2} U {007p0(00)7 s 7Pf_1(00)}
is an HOP (C,,)-decomposition for 4G3, where

Gy = Circ(n — 1; AU (£ — {o0})) > K.

We have 4K = 4G @ 4GS, and since each of 4G§ and 4G$ admits an HOP (C,,)-
decomposition, by Lemma [3.3.1} the multigraph 4K admits an HOP (C,,)-decomposition.



Chapter 7

Conclusion and Future Work

As mentioned earlier, the generalized HOP is a distinct problem from the HOP. Although
some proof techniques used for the HOP have been extended to the generalized version, no
prior results were known for this problem.

In this thesis, several results on the generalized HOP were established. We proved that
HOP(2%),2my, 2ms) has a solution whenever n = 1 (mod 2m; + 2my) or n = my + my
(mod 2m; + 2my), and we extended this to HOP(2 4{ 2m) under similar conditions.
We also considered the case where the sum of the cycle lengths is at most 10, and showed
that HOP(2®,2m,,...,2m,) has a solution whenever n = s +m is odd and n(n — 1) =
0 (mod 2m). Finally, we gave a complete solution for HOP(2(®),2m), proving that the
necessary condition m | 2n(n — 1) is also sufficient.

In this thesis, we resolved several significant cases; however, many remain open. For
future work, new constructions may be developed to prove the problems presented below.

In Section 2.3 we gave a summary of known results on decompositions of K, and 2K,
into 2-regular subgraphs. Here, we use those results to propose the following problems.

7.1 Problems

Problem m provides some results on HOP(2%), 2m;, 2my, 2m3) with a constraint on the
number of participants. One can apply the previous result on the decomposition of K,
into (Cyy s Cinyy Oy )-subgraphs, given in Theorem to prove this problem. However, to
handle the cases not covered by Theorem [2.3.6) new constructions are needed, in particular
for the case where 2 € {my, ma, ms}.

Problem 7.1.1. Let s € Z*, and 2 < m; < my < ms be odd integers. Let m = my+mo+ms,
and n = s+m. Then HOP (2, 2m,, 2m,, 2ms3) has a solution in each of the following cases.

(i) n=1 (mod 2m);

(ii) » =m (mod 2m).

196
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To prove the second part of the above problem, first note that n = 2km + m, and the
complete graph Koy can be written as Hy @ Ho, where H; is a disjoint union of 2k + 1
copies of K,,, and H; is the complete equipartite graph Koy 11)pm). Therefore, the plan could
be to combine the result on the (Cy,,, Cin,, Ciy )-decomposition of K (a4 1ypm) with the partial
results given in Theorem for OP(my, ma, m3).

In the following problem, the result given in Theorem on (Cpyy Crgy ooy Ciny )-
decompositions of K, can be applied to tackle HOP(2<S>, 2my, ..., 2m;). However, new con-
structions are needed to address the case where 2 € {mq,ma, ..., m;}.

Problem 7.1.2. Let s > 0, and 2 < m; < ... < my; be even integers. Let m = my+...+my,
and n = s +m. Then HOP(2® 2my,...,2m;) has a solution if n = 1 (mod 2m).

Problem provides a partial result on HOP(2( (2m)®). To prove this problem,
one may try to find a suitable coloring for the decomposition of 2K, given in Theorem [2.3.11},
and then extend it to an HOP decomposition of 4K}.

Problem 7.1.3. Let ¢t > 1 and m > 2 be integers, and let n = tm+1. Then HOP(2, (2m)®)
has a solution.

Note that when using results on decompositions of 2K,,, more work is required compared
to using results on decompositions of K,. Specifically, it is not enough to know that a
decomposition exists; one must also find a suitable 2-edge-coloring of the decomposition,
which may not exist in general. In other words, Theorem on its own is not very
helpful. One needs to refer to its proof to extract the actual decompositions and provide a
proper two-edge-coloring.

Based on the previous results on decompositions of K, and 2K,,, we believe that the
above problems can be solved, although there may be a few small exceptions. The goal is to
identify those exceptions and provide a proof for the remaining cases.
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