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Abstract

The Honeymoon Oberwolfach Problem (HOP), introduced by Šajna, is a recent variant of
the classic Oberwolfach Problem. This problem asks whether it is possible to seat 2m1 +
2m2 + · · · + 2mt = 2n participants, consisting of n newlywed couples, at t round tables of
sizes 2m1, 2m2, . . . , 2mt for 2n − 2 successive nights, so that each participant sits next to
their spouse every night and next to every other participant exactly once. This problem is
denoted by HOP(2m1, 2m2, . . . , 2mt). Jerade, Lepine, and Šajna have studied the HOP and
resolved several important cases.

In this thesis, we generalize the HOP by allowing tables of size two, relaxing the previous
restriction that tables must have a minimum size of four. In the generalized HOP, we aim to
seat the 2n participants at s tables of size 2 and t round tables of sizes 2m1, 2m2, . . . , 2mt,
where 2n = 2s+2m1 +2m2 + · · ·+2mt and mi ≥ 2, while preserving the original adjacency
conditions of the HOP. We denote this problem by HOP(2⟨s⟩, 2m1, . . . , 2mt).

We present a general approach to this problem and provide solutions to several cases.
In particular, we present partial results on the generalized HOP with two round tables,
showing that a solution to HOP(2⟨s⟩, 2m1, 2m2) exists when n ≡ 1 (mod 2m1 + 2m2) and
when n ≡ m1 +m2 (mod 2m1 +2m2). We also develop solutions for cases with small round
tables, showing that HOP(2⟨s⟩, 2m1, . . . , 2mt) has a solution for all m = m1 + · · ·+mt ≤ 10
whenever n = s + m is odd and n(n − 1) ≡ 0 (mod 2m). Lastly, we establish a complete
solution to the generalized HOP with a single round table, demonstrating that the necessary
condition for HOP(2⟨s⟩, 2m) to have a solution is also sufficient.
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Chapter 1

Introduction

1.1 Basic Terminology

In this section, we introduce the definitions and notation used throughout this thesis.

Definition 1.1.1. For a graph G, the symbols V (G) and E(G) denote the vertex set and
the edge set of G, respectively. A graph H is a subgraph of G, if it satisfies the following
properties:

• The vertex set of H is a subset of the vertex set of G, and

• the edge set of H is a subset of the edge set of G.

If a subgraph H of a graph G has the same vertex set as G, then it is called a spanning
subgraph of G. The union of graphs G1 and G2 is the graph G1 ∪G2 with V (G1)∪ V (G2) as
the vertex set, and E(G1)∪E(G2) as the edge set. Furthermore, if G1 and G2 have no vertex
in common, that is, the vertex sets of G1 and G2 are disjoint, then G1 ∪ G2 is a disjoint
union, and is denoted by G1 ∪̇G2.

Graphs in this thesis will be loopless, but may contain parallel edges or directed edges.
For any simple graph G, we use λG to denote the multigraph obtained by replacing each
edge of G with λ parallel copies. As usual, Kn denotes the complete graph on n vertices, so
λKn denotes the λ-fold complete graph. We use the symbol Km[k] to denote the complete
equipartite graph with m parts of size k, and Km,n to denote the complete bipartite graph
with parts of sizes m and n. Furthermore, the graph obtained by replacing each edge of Kn

with a pair of opposite arcs is denoted by K∗n, referred to as the complete symmetric digraph.

Definition 1.1.2. Let G be a graph. A collection {H1, H2, . . . , Ht} is called a decomposition
of G if it has the following properties:

• H1, H2, . . . , Ht are subgraphs of G, and

• {E(H1), E(H2), . . . , E(Ht)} is a partition of E(G).

1



1.1. BASIC TERMINOLOGY 2

Such a decomposition is denoted by G = H1

⨁︁
H2

⨁︁
· · ·

⨁︁
Ht. Moreover, if the subgraphs

H1, H2, . . . , Ht are all isomorphic to H, then {H1, H2, . . . , Ht} is called an H-decomposition
of G.

Definition 1.1.3. A graph whose vertices all have the same degree r is called r-regular.
A spanning subgraph of G which is r-regular is called an r-factor. A (Cm1 , Cm2 , . . . , Cmt)-
factor of G is a 2-factor of G consisting of t disjoint cycles of lengths m1,m2, . . . ,mt. A
(Cm1 , Cm2 , . . . , Cmt)-factorization of a graph G is a decomposition of G into (Cm1 , Cm2 , . . . ,
Cmt)-factors. In the case of uniform cycle lengths, that is, when m1 = m2 = . . . = mt = m,
we use the terms Cm-factor and Cm-factorization to denote a (Cm, Cm, . . . , Cm)-factor and
(Cm, Cm, . . . , Cm)-factorization, respectively.

Definition 1.1.4. A 1-factorization {F1, F2, . . . , F2n−1} of K2n is called a semi-uniform 1-
factorization of type (2m1, 2m2, . . . , 2mt) if, for all i ≥ 2, the union F1∪Fi is a (C2m1 , C2m2 , . . . ,
C2mt)-factor.

Definition 1.1.5. Let G1 and G2 be two vertex-disjoint simple graphs. The join of G1 and
G2, denoted by G1 ▷◁ G2, is a simple graph consisting of the union of graphs G1 and G2

along with all possible edges between them.

Definition 1.1.6. The circulant graph Circ(n;S) is a graph with vertex set {xi : i ∈ Zn}
and edge set {xixi+d : i ∈ Zn, d ∈ S or n − d ∈ S}, where S ⊆ {1, 2, . . . , ⌊n

2
⌋}. An edge

of the form xixi+d is said to have difference d. Since each edge of difference d is also of
difference n− d, we may assume that all differences lie in the set {1, 2, . . . , ⌊n

2
⌋}.

When n is even, the edge xixi+
n
2

connects a pair of vertices that are diametrically
opposite in the cycle. We refer to d = n

2
as a diameter difference.

The complete graph Kn is a circulant graph of order n with difference set S = {1, 2, . . . ,
⌊n
2
⌋}; that is, Kn = Circ(n;S).

In many of the constructions given in this thesis, the complete graph Kn is viewed as
Circ(n− 1;S) ▷◁ K1, where S = {1, 2, . . . , ⌊n−1

2
⌋} and the vertex of K1 is denoted by x∞. In

other words, we have:

• V (Kn) = {xi : i ∈ Zn−1} ∪ {x∞}, and

• E(Kn) = {xixj : i, j ∈ Zn−1, i ̸= j} ∪ {xix∞ : i ∈ Zn−1}.

Note that an edge of the form xix∞ is said to be of difference infinity.

Definition 1.1.7. Let G = Circ(n;S) be a circulant graph with vertex set {x0, x1, . . . , xn−1},
where the vertices are cyclically ordered according to increasing subscript modulo n. We
define cyclic interval notation as follows: for any 0 ≤ i, j < n,

• [xi, xj] denotes the set {xi, xi+1, . . . , xj} if i ≤ j, and the set {xi, xi+1, . . . , xn−1, x0, x1,
. . . , xj} if i > j.

• [xi, xj) denotes [xi, xj] \ {xj},
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• (xi, xj] denotes [xi, xj] \ {xi},

• (xi, xj) denotes [xi, xj] \ {xi, xj}.

All indices are interpreted modulo n, and negative indices are used when convenient.
For example, x−1 = xn−1.

The interval (xn−3, x2] contains the vertices xn−2, xn−1, x0, x1, x2. Equivalently, we may
write (x−3, x2], which includes the same vertices: x−2, x−1, x0, x1, x2.

Definition 1.1.8. Let G be a graph with V (G) = {xi : i ∈ Zn} and let H be a subgraph of G.
Let ρ = (x0 x1 . . . xn−1) be a permutation on the vertex set of G. Then an H-decomposition
of G of the form D = {ρi(H) : i ∈ Zn} is called cyclic.

1.2 Terminology for the HOP

In this section, we review the required terminology for the Honeymoon Oberwolfach Problem.
This terminology is taken from [36].

Definition 1.2.1. Let I be a 1-factor in K2n. An edge of K2n which belongs to E(I) is called
an I-edge; all other edges are non-I-edges. A graph K2n with deleted I-edges is denoted by
K2n − I, and a graph K2n with λ additional copies of each I-edge is denoted by K2n + λI.
Note that additional copies of I-edges are also considered I-edges in the graph K2n + λI.

A cycle C in K2n + λI is called an I-alternating cycle if the I-edges and non-I-edges
alternate along C, as illustrated in Figure 1.1. Notice that an I-alternating cycle is of even
length. Let F be a 2-factor of K2n + λI. If every cycle in F is I-alternating, then F is said
to be I-alternating.

1-factor An -alternating cycle ofin

Figure 1.1: A 1-factor I of K8, the multigraph K8 +5I, and an I-alternating cycle of length
8.

Next, we introduce HOP-coloring-orientation, which will be the main tool used to con-
struct solutions for cases of HOP.
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Definition 1.2.2. Let G be a simple graph. An HOP-coloring-orientation of 4G is a 3-
edge-coloring of 4G with colors blue, pink, and black, together with an orientation of the
black edges such that for any two adjacent vertices in 4G, among the four parallel edges
between them, one edge is blue, one edge is pink, and two of the edges are black with
the opposite orientations (as illustrated in Figure 1.2). The multigraph 4G with a given
HOP-coloring-orientation is denoted by 4G•.

Figure 1.2: An illustration of a HOP-coloring-orientation.

Definition 1.2.3. Let G be a simple graph and D a 2-factorization of 4G•. We say that D
is HOP if it satisfies the following condition.

(C1) For every cycle C in D, any two adjacent edges of C satisfy one of the following:

• one is blue and the other pink; or

• one is blue and the other black with an orientation toward the blue edge; or

• one is pink and the other black with an orientation away from the pink edge; or

• both are black and oriented in the same way.

We say that a cycle C in 4G• is an HOP cycle if it satisfies condition (C1) above.
Similarly, a 2-regular subgraph or a 2-factor of 4G• is called an HOP 2-regular subgraph or
an HOP 2-factor, respectively, if all of its cycles are HOP.

Definition 1.2.4. Let G be a simple graph. The symbol 2G◦ represents the multigraph 2G
with a 2-edge-coloring with colors pink and black such that for any two vertices in 2G, the
two parallel edges between them have colors pink and black (as illustrated in Figure 1.3).

Figure 1.3: An illustration of 2K◦3 .
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1.3 Terminology for the Generalized HOP

In this section, we define the required terminology for the generalized Honeymoon Oberwol-
fach Problem.

Definition 1.3.1. A (Cm1 , Cm2 , . . . , Cmt)-subgraph of a graph G is a 2-regular subgraph of G
consisting of t disjoint cycles of lengths m1,m2, . . . ,mt. A (Cm1 , Cm2 , . . . , Cmt)-decomposition
of a graph G is a decomposition of G into (Cm1 , Cm2 , . . . , Cmt)-subgraphs. In the case with
uniform cycle lengths, that is, m1 = m2 = . . . = mt = m, we use the terms (C

⟨t⟩
m )-subgraph

and (C
⟨t⟩
m )-decomposition instead.

Note that a (Cm1 , Cm2 , . . . , Cmt)-factor of G is a spanning (Cm1 , Cm2 , . . . , Cmt)-subgraph.

Definition 1.3.2. Let F be a (Cm1 , Cm2 , . . . , Cmt)-subgraph of K2n, and I a fixed 1-factor
of K2n. Analogously to the Definition 1.2.1 , if every cycle in F is I-alternating, then F is
said to be I-alternating.

Definition 1.3.3. For any graph G, we use the notation G⟨s⟩ to denote the disjoint union
of s copies of G.

Definition 1.3.4. A (K
⟨s⟩
2 , Cm1 , . . . , Cmt)-factor of a graph G is a spanning subgraph of

G that is a disjoint union of s copies of K2 and a (Cm1 , . . . , Cmt)-subgraph of G. A
(K
⟨s⟩
2 , Cm1 , . . . , Cmt)-factorization of G is a decomposition of G into (K

⟨s⟩
2 , Cm1 , . . . , Cmt)-

factors.

Let I be a fixed 1-factor of K2n. A (K
⟨s⟩
2 , Cm1 , . . . , Cmt)-factor of K2n is called I-

alternating if its (Cm1 , . . . , Cmt)-subgraph is I-alternating, and all other edges are I-edges.
Moreover, a (K

⟨s⟩
2 , Cm1 , . . . , Cmt)-factorization is I-alternating if all of its (K⟨s⟩2 , Cm1 , . . . , Cmt)-

factors are I-alternating.

Definition 1.3.5. Let G be a simple graph and D be a (Cm1 , Cm2 , . . . , Cmt)-decomposition
of 4G•. We say that D is HOP if every cycle in D satisfies Condition (C1) of Definition
1.2.3.

1.4 Background and Motivation

The well-known Oberwolfach Problem (OP) is a seating assignment problem posed by Ger-
hard Ringel at a conference in Oberwolfach. The problem is formulated as follows. We
wish to create a seating chart for n participants in a room with t round tables that re-
spectively seat m1,m2, . . . ,mt people, such that all tables are full at each meal; that is,
m1 + m2 + . . . + mt = n, and each participant sits beside every other participant exactly
once. Since each participant sits next to two others at each meal, every participant must
have an even number of neighbors, which implies that n must be odd.

The OP can be expressed precisely in the language of graphs as the question of whether
the complete graph on n vertices, Kn, can be decomposed into 2-factors such that each 2-
factor is a disjoint union of t cycles of lengths m1,m2, . . . ,mt. Clearly, such a decomposition
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requires all vertex degrees to be even, and thus n must be odd. This problem is denoted by
OP(m1,m2, . . . ,mt).

Since its introduction, the OP has been widely studied and extended. Many cases have
been solved, and different variations have been proposed. Although the OP was originally
defined for odd values of n, it has also been extended to even values. For even n, two main
variations of the OP have been studied. In both versions, the n participants are grouped
into n

2
couples.

The first variation is called spouse-avoiding. Compared to the original OP, it includes
the additional requirement that no participant is allowed to sit next to their spouse [30]. In
graph theory, such a seating arrangement is equivalent to a decomposition of Kn − I into
2-factors, where Kn − I is the complete graph of even order with the edges of a 1-factor
(representing the couples) removed.

The second variation is called spouse-loving [12]. In this variation, the same condition
as in the OP holds, with the added requirement that each participant must sit next to their
spouse exactly twice. Such a seating arrangement is equivalent to a decomposition of Kn+ I
into 2-factors.

Another variation of the OP involves seating participants so that each person sits to the
right of every other participant exactly once. This version corresponds to a decomposition of
the complete symmetric digraph K∗n into spanning subdigraphs consisting of disjoint directed
cycles [6].

In general, the OP remains an open problem. However, it is known to have a solution
for all sufficiently large values of n [25].

In this thesis, we focus on a variant of the OP called the Honeymoon Oberwolfach Problem
(HOP), which is due to Šajna [36]. In this variation, the problem is formulated as the
question of whether it is possible to seat 2m1+2m2+ . . .+2mt = 2n participants, consisting
of n newlywed couples, at t round tables of sizes 2m1, 2m2, . . . , 2mt for 2n − 2 successive
nights, so that each participant sits next to their spouse every night and next to every other
participant exactly once.

In the language of graph theory, a solution to the HOP corresponds to a decomposition
of the multigraph K2n + (2n − 3)I into 2-factors, each consisting of disjoint I-alternating
cycles of lengths 2m1, 2m2, . . . , 2mt. Here, I is a fixed 1-factor of K2n representing the
couples. This problem is denoted by HOP(2m1, 2m2, . . . , 2mt), and in the special case where
m1 = m2 = . . . = mt and n = tm, it is denoted by HOP(2n; 2m).

Observe that in each I-alternating (C2m1 , C2m2 , . . . , C2mt)-factor in the decomposition
of K2n + (2n − 3)I, removing the fixed 1-factor I leaves behind another 1-factor. This
observation leads to the notion of a semi-uniform 1-factorization of type (2m1, 2m2, . . . , 2mt),
as introduced in [35] and defined in Definition 1.1.4. Hence, there is a direct connection
between semi-uniform 1-factorizations and solutions to HOP(2m1, 2m2, . . . , 2mt). In the
next chapter, we explore this connection further.

A more general framework for the OP was proposed by Rinaldi, under the name Ober-
wolfach Problem with Loving Couples [43]. In this setting, the n participants are grouped
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into n
2

couples and seated at t round tables of specified sizes over the course of several nights,
with the requirement that each person sits next to their partner exactly r ≥ 0 times, and
next to every other participant exactly once. Observe that when r = 0, the problem coin-
cides with the spouse-avoiding version [30]; when r = 2, it corresponds to the spouse-loving
version [12]; and when r = 2n− 2, it matches the Honeymoon Oberwolfach Problem [36].

Until now, the HOP has been defined only for tables of size at least 4. In this thesis,
we aim to generalize the problem to include tables of size 2, leading to a new version of the
problem that has not been previously studied.

The generalized HOP preserves the original conditions, except that the 2n participants
are seated at s tables of size 2 and t round tables of sizes 2m1, 2m2, . . . , 2mt, under the
assumption that n = s + m1 + . . . + mt and all mi ≥ 2. A solution to the generalized
HOP is equivalent to a decomposition of the multigraph K2n + (γ − 1)I, for an appropriate
integer γ which is determined by the other parameters, into subgraphs consisting of disjoint
I-alternating cycles of lengths 2m1, 2m2, . . . , 2mt, along with s copies of K2. We denote this
generalized problem by HOP(2⟨s⟩, 2m1, . . . , 2mt).

In the following chapters, we will delve into this problem and establish several new
results.

1.5 Thesis Overview

This thesis is structured as follows.

In Chapter 2, we summarize the most important results known to date on the OP and
the HOP. These include, for instance, the case with uniform cycle lengths, HOP(2n; 2m),
which has been completely resolved in [36]. We also outline the main techniques used to
prove these results and review the proofs of key theorems. At the end of the chapter, in
Section 2.3, we present existing results on the decomposition of Kn and 2Kn into 2-regular
subgraphs. These results will be used in later chapters to address certain questions related
to the generalized HOP.

In Chapter 3, we begin by defining the generalized HOP and stating the necessary
conditions for the existence of a solution. We then extend the main method used for proving
results on the HOP to this generalized setting. The main approach involves converting
the problem from the multigraph K2n + (γ − 1)I to the multigraph 4Kn with an HOP-
coloring-orientation. Accordingly, our focus will be on finding an HOP decomposition of
4K•n into appropriate subgraphs. Key techniques include a reduction step, where we first find
decompositions of simpler graphs such as Kn and 2Kn, and then extend those decompositions
to obtain HOP decompositions of 4K•n.

In Chapter 4, we focus on finding solutions to the generalized HOP involving s ta-
bles of size 2 and two round tables of sizes 2m1 and 2m2. In particular, we show that
HOP(2⟨s⟩, 2m1, 2m2) admits a solution whenever n ≡ 1 (mod 2(m1 +m2)) or n ≡ m1 +m2

(mod 2(m1 +m2)).

In Chapter 5, we address the generalized HOP with small round tables. Specifically,
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we prove that HOP(2⟨s⟩, 2m1, . . . , 2mt) has a solution whenever m =
∑︁t

i=1mi ≤ 10 and
n(n−1) ≡ 0 (mod 2m). This result follows from the existing work on decompositions of Kn

into (Cm1 , Cm2 , . . . , Cmt)-subgraphs for m1,m2, . . . ,mt ≥ 3. However, we also develop new
tools to handle the cases where 2 ∈ {m1,m2, . . . ,mt}.

In Chapter 6, we provide a complete solution to the generalized HOP with one round
table of size 2m. We show that the obvious necessary condition for HOP(2⟨s⟩, 2m) to have a
solution is indeed sufficient.

In Chapter 7, we present several problems related to the generalized HOP. These prob-
lems are formulated in such a way that parts of them can be proven using existing results
on the decomposition of Kn or 2Kn. However, new constructions are required to address the
remaining cases. Overall, the generalized HOP is a new problem, and there is still plenty of
room for further exploration.



Chapter 2

Previous Work

In this chapter, we introduce the Oberwolfach Problem and the Honeymoon Oberwolfach
Problem. We summarize known results on both OP and HOP, and review key proof tech-
niques developed in [36] for the HOP.

2.1 The Oberwolfach Problem

The Oberwolfach Problem (OP) is a well-known problem in graph theory, which was first
presented by Gerhard Ringel in 1967. The OP asks whether it is possible to seat the n
participants at a conference at t round tables of sizes m1,m2, . . . ,mt, where m1+m2+ . . .+
mt = n, for several consecutive nights so that each person sits beside every other person
exactly once. We denote this problem by OP(m1,m2, . . . ,mt). In the case with uniform
cycle lengths, that is, m1 = m2 = . . . = mt = m, we use the symbol OP(n;m).

In graph theory, the OP is equivalent to the existence of a 2-factorization of Kn, in
which each 2-factor is a disjoint union of t cycles of lengths m1,m2, . . . ,mt. This applies
when n is odd. However, for even n, the graph Kn does not admit a 2-factorization. In this
case, we are interested in finding a 2-factorization of Kn− I. This gives rise to a variation of
the OP known as the spouse-avoiding variant [30]. In this variation, the n participants form
n
2

couples, and the question becomes whether it is possible to seat the n participants at t
round tables of sizes m1,m2, . . . ,mt, where m1 +m2 + . . .+mt = n, for several consecutive
nights, so that each person sits next to every other person exactly once, except they never
sit next to their spouse.

In general, a solution to OP(m1,m2, . . . ,mt), for n = m1 +m2 + . . .+mt, is equivalent
to a (Cm1 , Cm2 , . . . , Cmt)-factorization of Kn when n is odd, or of Kn − I when n is even.

The OP is a generalization of the classical problem of decomposing Kn into triples,
which was first proposed by Kirkman [38] in 1850. This problem was solved more than a
century later, independently by Jiaxi Lu [40] and by Ray-Chaudhuri and Wilson [41]. The
following theorem is the result proved by Ray-Chaudhuri and Wilson.

Theorem 2.1.1. [41] There exists a C3-factorization of Kn if and only if n ≡ 3 (mod 6).

9
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Although the OP remains open in general, many results are known for specific param-
eters. The most important ones are stated below in Theorems 2.1.2–2.1.9.

For the OP with tables of equal lengths, it has been shown that, except for the cases
(n,m) ∈ {(6, 3), (12, 3)}, the obvious necessary condition is also sufficient. This is stated in
the following theorem:

Theorem 2.1.2. [4, 7, 8, 13, 29, 34, 41, 42] Let 3 ≤ m ≤ n be integers. Then OP(n;m) has
a solution if and only if n ≡ 0 (mod m) and (n,m) /∈ {(6, 3), (12, 3)}.

For the OP with tables of varying lengths, it has been shown that the necessary condi-
tions are sufficient for all n ≤ 100, except for a few specific parameter values. This is stated
in the following theorem:

Theorem 2.1.3. [2, 19, 22, 23, 32, 45] Let m1,m2, . . . ,mt be integers such that 3 ≤ m1 ≤
m2 ≤ . . . ≤ mt and m1 +m2 + · · · +mt ≤ 100. Then OP(m1,m2, . . . ,mt) has a solution if
and only if (m1,m2, . . . ,mt) /∈ {(3, 3), (4, 5), (3, 3, 5), (3, 3, 3, 3)}.

Aside from the exceptions listed in the above theorems, it is conjectured that the nec-
essary conditions are sufficient for all values of n.

In 2011, Bryant and Danziger provided a complete solution to the OP in the case where
all tables are of even size.

Theorem 2.1.4. [14] Let m1,m2, . . . ,mt ∈ Z be even integers, each of size at least 4. Then
OP(m1,m2, . . . ,mt) has a solution.

Gvozdjak solved several cases of the OP with two cycles in his PhD thesis. Later, in
2013, Traetta completed the solution to this case. The result is as follows:

Theorem 2.1.5. [26, 47] Let 3 ≤ m1 ≤ m2 be integers. Then OP(m1,m2) has a solution if
and only if (m1,m2) /∈ {(3, 3), (4, 5)}.

The following is a summary of some of the known results on the OP with three tables.
These results have been collected from various sources.

Theorem 2.1.6. [18, 26, 51, 50]

(a) Let s > 5 an odd integer, and let 3 < r ≤ 13. Then OP (r, r, s) has a solution.

(b) Let r ∈ {3, 4} and n ≥ 2r + 3. Then OP (r, r, n− 2r) has a solution.

(c) Let s ≥ 1 be an integer. Then OP (2s+ 1, 2s+ 1, 2s+ 2) has a solution.

(d) Let s ≥ 1 be an integer. Then OP (3, 4s, 4s) has a solution.

(e) Let p be a prime number, and t, r ∈ Z+ such that 5 ≤ t ≤ p + 1 and r ̸= 1, 2, 4. Then
OP (t, 2p, p2r) has a solution.

(f) Let n ≥ 10, and n ̸≡ 1(mod 4). Then OP (3, 4, n− 7) has a solution.
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(g) Let n ≥ 12, and n ̸≡ 1(mod 4). Then OP (3, 6, n− 9) has a solution.

(h) Let n ≡ 0 (mod 4) and 3 ≤ a < n− 3− a. Then OP (3, a, n− 3− a) has a solution.

In 2021, Glock et al. showed that the necessary conditions for the OP are sufficient
when n is large enough; however, their proof relies on probabilistic methods, which are
nonconstructive and do not provide an explicit lower bound on the order.

Theorem 2.1.7. [25] There exists n0 ∈ N such that for all odd n ≥ n0, if m1,m2, . . . ,mt

are integers with 3 ≤ mi ≤ n and m1 +m2 + · · · +mt = n, then OP(m1,m2, . . . ,mt) has a
solution.

We have the following result due to Burgess, Danziger, and Traetta; they provide an
explicit construction of the solutions.

Theorem 2.1.8. [17] Let 3 ≤ m1 ≤ m2 ≤ . . . ≤ mt be such that the (Cm1 , Cm2 , . . . , Cmt)-
factor is a single-flip 2-factor with one sufficiently large cycle. Then OP(m1,m2, . . . ,mt) has
a solution.

Note that a 2-factor is called a single-flip if the multiplicity of at most one of its odd
cycle lengths is odd.

Moreover, in 2024, Traetta gave a constructive solution to the OP with tables of varying
lengths, showing that a solution exists when one of the tables has size greater than an explicit
lower bound [48].

Here are some results on the OP for the complete equipartite graph with uniform tables
due to Liu.

Theorem 2.1.9. [37] Let α, k,m be positive integers such that 2 ≤ α and 3 ≤ m ≤ kα.
Then there exists a Cm-factorization of Kα[k] if and only if all of the following conditions are
satisfied.

• αk ≡ 0 (mod m),

• k(α− 1) ≡ 0 (mod 2),

• m is even if α = 2, and

• (k, α,m) /∈ {(2, 3, 3), (6, 3, 3), (2, 6, 3), (6, 2, 6)}.

2.2 The Honeymoon Oberwolfach Problem

In this thesis, we focus on a variant of the Oberwolfach Problem called the Honeymoon
Oberwolfach Problem (HOP), which was introduced by Šajna in 2019 [36]. In this variation,
we have 2n = 2m1+2m2+ . . .+2mt participants consisting of n newlywed couples. We want
to see whether it is possible to seat them at t round tables of sizes 2m1, 2m2, . . . , 2mt for 2n−2
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consecutive nights so that each participant sits next to their spouse every time and next to
each other participant exactly once. This problem is denoted by HOP(2m1, 2m2, . . . , 2mt).
Moreover, HOP(2m1, 2m2, . . . , 2mt) with m1 = m2 = . . . = mt and n = tm is denoted by
HOP(2n; 2m).

A solution to HOP(2m1, 2m2, . . . , 2mt) for 2n = 2m1 + 2m2 + . . . + 2mt is equivalent
to a decomposition of the multigraph K2n + (2n − 3)I into 2-factors, each consisting of
disjoint I-alternating cycles of lengths 2m1, 2m2, . . . , 2mt. In the case with uniform cycle
length, a solution to HOP(2n; 2m) is equivalent to an I-alternating C2m-factorization of
K2n + (2n− 3)I.

The HOP is not just about arranging couples at tables in a special way. In the fol-
lowing lemma we see that a solution to HOP(2m1, 2m2, . . . , 2mt) corresponds to a semi-
uniform 1-factorization of K2n of type (2m1, 2m2, . . . , 2mt). Recall that a 1-factorization
{F1, F2, . . . , F2n−1} of K2n is called semi-uniform of type (2m1, 2m2, . . . , 2mt) if, for all i ≥ 2,
F1 ∪ Fi is a (C2m1 , C2m2 , . . . , C2mt)-factor [35].

Lemma 2.2.1. A solution to HOP(2m1, 2m2, . . . , 2mt) with 2m1 +2m2 + . . .+2mt = 2n is
equivalent to a semi-uniform 1-factorization of K2n of type (2m1, 2m2, . . . , 2mt).

Proof. Let D = {D1, D2, . . . , D2n−2} be a solution to HOP(2m1, 2m2, . . . , 2mt), that is, D
is an I-alternating (C2m1 , C2m2 , . . . , C2mt)-factorization of K2n + (2n− 3)I. Let F1 = I, and
for all j ∈ {2, . . . , 2n − 1}, let Fj = Dj−1 − I. Since each (C2m1 , C2m2 , . . . , C2mt)-factor is
I-alternating, it follows that each Fj is a 1-factor such that F1∪Fj is a (C2m1 , C2m2 , . . . , C2mt)-
factor. Notice that F2 ∪ F3 ∪ . . . ∪ F2n−1 contains all the non-I-edges of K2n. Therefore, we
have F1

⨁︁
F2

⨁︁
. . .

⨁︁
F2n−1 = K2n, and by definition, {F1, F2, . . . , F2n−1} is a semi-uniform

1-factorization of K2n of type (2m1, 2m2, . . . , 2mt).

Conversely, assume {F1, F2, . . . , F2n−1} is a semi-uniform 1-factorization of K2n of type
(2m1, 2m2, . . . , 2mt), that is, for all i ≥ 2, F1 ∪ Fi is a (C2m1 , C2m2 , . . . , C2mt)-factor. Let
I = F1 so F1 ∪ Fi is an I-alternating (C2m1 , C2m2 , . . . , C2mt)-factor. Let I2, I3, . . . , I2n−1 be
pairwise edge-disjoint copies of I. It can be seen that (I2 ∪ F2)

⨁︁
(I3 ∪ F3)

⨁︁
. . .

⨁︁
(I2n−1 ∪

F2n−1) = K2n + (2n − 3)I. Thus, D = {I2 ∪ F2, I3 ∪ F3, . . . , I2n−1 ∪ F2n−1} is an I-
alternating (C2m1 , C2m2 , . . . , C2mt)-factorization of K2n + (2n − 3)I, that is, a solution to
HOP(m1,m2, . . . ,mt).

Several cases of the HOP have been previously solved, with results published in [36].
In particular, the case where all tables have uniform length was completely resolved, and
solutions to many other cases were established as summarized in Theorem 2.2.2 below.

2.2.1 The Main Results

In this section, we review the results presented in [36], together with recent updates from [31].
The main results are summarized in the following theorem.

Theorem 2.2.2. [36, 31] Let m1,m2, . . . ,mt be integers with 2 ≤ m1 ≤ m2 ≤ . . . ≤ mt. Let
n = m1+m2+ . . .mt. Then HOP(2m1, 2m2, . . . , 2mt) has a solution in each of the following
cases.
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• mi ≡ 0 (mod 4), for i = 1, 2 . . . , t;

• n is odd and OP(m1,m2, . . . ,mt) has a solution;

• n is odd and t = 2;

• n is odd, n ≤ 100, and m1 ≥ 3;

• n ≤ 20;

• m1 = m1 = . . . = mt = m.

2.2.2 The Main Approach

The following theorem provides the main tool for proving Theorem 2.2.2. The approach is
to convert the problem from the graph K2n + (2n− 3)I to a problem in the graph 4K•n.

Theorem 2.2.3. [36] Let m1,m2, . . . ,mt be integers with mi ≥ 2, and let n = m1 +m2 +
. . . +mt. Then HOP(2m1, 2m2, . . . , 2mt) has a solution if and only if 4K•n admits an HOP
(Cm1 , Cm2 , . . . , Cmt)-factorization.

In Chapter 3, we extend Theorem 2.2.3 to Theorem 3.2.1 for the generalized HOP and
provide a proof that closely follows the one given for Theorem 2.2.3 in [36].

2.2.3 Additional Tools

Theorem 2.2.3 shows that solving HOP(2m1, 2m2, . . . , 2mt) is equivalent to finding an HOP
(Cm1 , Cm2 , . . . , Cmt)-factorization of 4K•n. Thus, we focus on finding HOP 2-factorizations
of 4K•n. However, such factorizations are not always easy to find directly. In this section,
we present useful tools from [36] that help construct HOP 2-factorizations of 4G• using
2-factorizations of smaller graphs.

2.2.3.1 From G to 4G•

Lemma 2.2.4. [36] Let G be a simple graph.

(a) Let H1, H2, . . . , Hs be spanning subgraphs of G such that G = H1

⨁︁
H2

⨁︁
· · ·

⨁︁
Hs.

If for each i ∈ {1, . . . , s}, the multigraph 4H•i admits an HOP 2-factorization Di, then
4G• admits an HOP 2-factorization D =

⋃︁s
i=1Di.

(b) Assume G is a vertex-disjoint union of H1, H2, . . . , Hs, where each Hi for i ∈ {1, . . . , s}
is an r-regular subgraph of G. If for each i ∈ {1, . . . , s}, the multigraph 4H•i admits
an HOP 2-factorization Di = {F i

1, . . . , F
i
2r}, then 4G• admits an HOP 2-factorization

D = {F1, . . . , F2r}, where each Fj =
⋃︁s

i=1 F
i
j for all j ∈ {1, . . . , 2r}.
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Proof.

(a) Notice that 4H•1 , 4H•2 , . . . , 4H•s are spanning subgraphs of 4G• since H1, H2, . . . , Hs are
spanning subgraphs of G. Moreover, since the edge sets of H1, H2, . . . , Hs form a parti-
tion of E(G), we have 4G• = 4H•1

⨁︁
4H•2

⨁︁
· · ·

⨁︁
4H•s . Each 4H•i , for i ∈ {1, . . . , s},

is a spanning subgraph of 4G•, so any 2-factor in 4H•i is a 2-factor in 4G•. The
multigraphs 4H•1 , 4H

•
2 , . . . , 4H

•
s are edge-disjoint subgraphs, so the union of their 2-

factorizations forms a 2-factorization for 4G•. In addition, since, for all i ∈ {1, . . . , s},
the 2-factorization Di of 4H•i is HOP, the resulting 2-factorization of 4G•, that is,
D =

⋃︁s
i=1Di is HOP as well.

(b) Note that G is a vertex-disjoint union of H1, H2, . . . , Hs, such that each Hi for i ∈
{1, . . . , s}, is r-regular. Consequently, the multigraph 4G• is a vertex-disjoint union of
4H•1 , 4H

•
2 , . . . , 4H

•
s , where each 4H•i , for i ∈ {1, . . . , s}, is a 4r-regular subgraph of 4G•.

Moreover, each multigraph 4H•i admits an HOP 2-factorization Di = {F i
1, . . . , F

i
2r}.

Since 4H•1 , 4H•2 , . . . , 4H
•
s are vertex-disjoint, any 2-factor in 4G• is the union of 2-

factors in 4H•1 , 4H
•
2 , . . . , 4H

•
s . In particular, Fj =

⋃︁s
i=1 F

i
j , for all j, is a 2-factor of 4G•.

Hence, D = {F1, . . . , F2r} is a 2-factorization of 4G•. In addition, each Di is HOP so
any F i

j ∈ Di is HOP. Thus for all j, Fj is HOP, and consequently the 2-factorization D
is HOP.

Lemma 2.2.5. [36] Let G be a simple graph. If G admits a (Cm1 , . . . Cmt)-factorization,
then 4G• admits an HOP (Cm1 , . . . Cmt)-factorization.

In Chapter 3, this lemma is extended to Lemma 3.3.3 for the generalized HOP, and a
similar proof to the one in [36] is given.

In the following corollary we see how we can find a solution to HOP(2m1, 2m2, . . . , 2mt)
by using a solution to OP(m1,m2, . . . ,mt).

Corollary 2.2.6. [36] Assume that m1,m2, . . . ,mt are integers with 2 ≤ m1 ≤ m2 ≤ . . . ≤
mt. Let n = m1 +m2 + . . . +mt be odd. Then HOP(2m1, 2m2, . . . , 2mt) has a solution if
OP(m1,m2, . . . ,mt) has a solution.

Proof. Since OP(m1,m2, . . . ,mt) has a solution and n is odd, the complete graph Kn

admits a (Cm1 , Cm2 , . . . , Cmt)-factorization. By Lemma 2.2.5, then 4K•n admits an HOP
(Cm1 , Cm2 , . . . , Cmt)-factorization. Applying Theorem 2.2.3, we conclude that HOP(2m1,
2m2, . . . , 2mt) has a solution.

2.2.3.2 From 2G◦ to 4G•

The following lemma shows how to find a 2-factorization of 4G• using a suitable 2-factorization
of 2G◦. Later, in Chapter 3, this lemma will be extended to Lemma 3.3.5 for the generalized
HOP, and a proof will be given based on the proof in [36].
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Lemma 2.2.7. [36] Assume that 2G◦ admits a (Cm1 , Cm2 , . . . , Cmt)-factorization F with the
property that every m-cycle of F , for m ≥ 3, contains an even number of pink edges. Then
4G• admits an HOP (Cm1 , Cm2 , . . . , Cmt)-factorization.

2.2.4 Constructing HOP 2-factorizations with Specific Starters

In this section, we present a method from [36] for constructing HOP 2-factorizations. In this
approach, an HOP (Cm1 , Cm2 , . . . , Cmt)-factorization is obtained by applying a rotation with
a fixed point to specific (Cm1 , Cm2 , . . . , Cmt)-factors of 4K•n, referred to as starters.

This method allows us to construct a decomposition of 4K•n either directly, using starters
for 4K•n, or by using starters for a smaller graph and then extending them to a decomposition
of 4K•n. The method is especially useful in cases where decompositions of smaller graphs are
not available and we need to deal with 4K•n directly.

2.2.4.1 Construction with a Single Starter

In this case, the rotation is applied to a single (Cm1 , Cm2 , . . . , Cmt)-factor of 2K◦n to form an
HOP (Cm1 , Cm2 , . . . , Cmt)-factorization of 4K•n.

Proposition 2.2.8. [36] Let n be even, and let V (2K◦n) = {xi : i ∈ Zn−1} ∪ {x∞}. Let ρ◦
be the permutation on E(2K◦n) that preserves the color of the edges, and is induced by the
permutation ρ = (x∞)(x0 x1 x2 . . . xn−2). Let F be a (Cm1 , Cm2 , . . . , Cmt)-factor of 2K◦n
with the following properties.

(A1) Every cycle of F of length at least 3 contains an even number of pink edges, and

(A2) F contains exactly one edge from each of the orbits of ⟨ρ◦⟩.

Then 4K•n admits an HOP (Cm1 , Cm2 , . . . , Cmt)-factorization.

Proof. By the given labeling for the vertices of 2K◦n, each edge in E(2K◦n) is either of the
form xixi+d, for i ∈ Zn−1 and d ∈ {1, 2, . . . , ⌊n−1

2
⌋}, or of the form xix∞ (if it is of difference

infinity). Since ρ◦ is a permutation that preserves the color of the edges, the group ⟨ρ◦⟩ has
the following orbits on the edge set of 2K◦n:

• for d ∈ {1, 2, . . . , n−2
2
}, we have a pink and a black orbit {xixi+d : i ∈ Zn−1}, and

• a pink and a black orbit {xix∞ : i ∈ Zn−1}.

Taken together, the group ⟨ρ◦⟩ has 2(n−2
2
)+ 2 = n orbits, and the size of each orbit is n− 1.

Moreover, we know |E(F )| = m1 +m2 + . . . +mt = n and |E(2K◦n)| = n(n − 1). Since F
contains exactly one edge from each of the orbits of ⟨ρ◦⟩, we observe that, for all i ∈ Zn−1,
the 2-factors Fi = ρi◦(F ) form a (Cm1 , Cm2 , . . . , Cmt)-factorization D for 2K◦n. Since every
2-factor in D is formed by applying permutation ρ◦ to the starter F , and ρ◦ preserves the
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edge colors, it satisfies condition (A1). Therefore, since every cycle in D of length at least
3 contains an even number of pink edges, by Lemma 2.2.7, the graph 4K•n admits an HOP
(Cm1 , Cm2 , . . . , Cmt)-factorization.

The following lemma summarizes a set of results from [36], which were proved using the
single starter approach described in Proposition 2.2.8.

Lemma 2.2.9. [36] The following HOP 2-factorizations exist.

(i) an HOP (C2, C4)-factorization of 4K•6 ;

(ii) an HOP (C3, C5)-factorization of 4K•8 ;

(iii) an HOP C6-factorization of 4K•12;

(iv) an HOP Cm-factorization of 4K•4m, where m is an odd integer greater than 4;

(v) an HOP Cm-factorization of 4K•m, where m ≡ 0 (mod 4);

(vi) an HOP (C2, Cm)-factorization of 4K•m+2, where m ≡ 3 (mod 4).

2.2.4.2 Construction with Two Starters

In this case, the rotation is applied to two edge-disjoint 2-factors of 4K•n to form an HOP
(Cm1 , Cm2 , . . . , Cmt)-factorization of 4K•n.

Proposition 2.2.10. [36] Let n be even, and let V (4K•n) = {xi : i ∈ Zn−1} ∪ {x∞}. Let
ρ• be the permutation on E(4K•n) that preserves the color (and orientation) of the edges,
and is induced by the permutation ρ = (x∞)(x0 x1 x2 . . . xn−2). Let F1 and F2 be two
edge-disjoint (Cm1 , Cm2 , . . . , Cmt)-factors of 4K•n with the following properties.

(D1) Every cycle in F1 and F2 satisfies Condition (C1) of Definition 1.2.3 , and

(D2) F1 and F2 together contain exactly one edge from each of the orbits of ⟨ρ•⟩.

Then D = {ρi•(F1), ρ
i
•(F2) : i ∈ Zn−1} is an HOP (Cm1 , Cm2 , . . . , Cmt)-factorization of 4K•n.

Proof. By the given labeling for the vertices of 4K•n, each edge in E(4K•n) is in one of the
following forms:

• xixi+d with blue color, for i ∈ Zn−1 and d ∈ {1, 2, . . . , n−2
2
};

• xixi+d with pink color, for i ∈ Zn−1 and d ∈ {1, 2, . . . , n−2
2
};

• (xi, xi+d) with black color, for i ∈ Zn−1 and d ∈ {1, 2, . . . , n− 2};

• xix∞ with blue color, for i ∈ Zn−1;
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• xix∞ with pink color, for i ∈ Zn−1;

• (xi, x∞) with black color, for i ∈ Zn−1;

• (x∞, xi) with black color, for i ∈ Zn−1.

Since ρ• is a permutation that preserves the color and orientation of the edges, the group
⟨ρ•⟩ has the following orbits on the edge set of 4K•n:

• for d ∈ {1, 2, . . . , n−2
2
}, we have a pink and a blue orbit {xixi+d : i ∈ Zn−1};

• a pink and a blue orbit {xix∞ : i ∈ Zn−1};

• for d ∈ {1, 2, . . . , n− 2}, we have a black orbit {(xi, xi+d) : i ∈ Zn−1}; and

• black orbits {(x∞, xi) : i ∈ Zn−1} and {(xi, x∞) : i ∈ Zn−1}.

Taken together, the group ⟨ρ•⟩ has 2(n−2
2
) + 2 + (n − 2) + 2 = 2n orbits, and the size of

each orbit is n− 1. Moreover, we know |E(F1)| + |E(F2)| = 2n and |E(4K•n)| = 2n(n− 1).
Since F1 and F2 together contain exactly one edge from each of the orbits of ⟨ρ•⟩, we observe
that D = {ρi•(F1), ρ

i
•(F2) : i ∈ Zn−1} is a 2-factorization for 4K•n. Since every 2-factor in

D is formed by applying permutation ρ• to the starter F1 or F2, and ρ• preserves the edge
colors, every 2-factor satisfies Condition (C1) of Definition 1.2.3. Therefore, D is an HOP
(Cm1 , Cm2 , . . . , Cmt)-factorization of 4K•n.

The following lemma summarizes a set of results from [36], which were proved using two
starters construction derived from Proposition 2.2.10.

Lemma 2.2.11. [36] The following HOP 2-factorizations exist.

(i) HOP C3-factorizations of 4K•6 , 4K•12, and 4K•18;

(ii) HOP (C2, C2, C4)-, (C2, C3, C3)-, and (C2, C6)-factorizations of 4K•8 ;

(iii) an HOP Cm-factorization of 4K•2m, for every odd m ≥ 5;

(iv) an HOP Cm-factorization of 4K•m, for m ∈ Z such that m ≥ 6 and m ≡ 2 (mod 4).

2.2.4.3 Construction with Three Starters

In this case, the rotation is applied to three pairwise edge-disjoint 2-factors of 4K•n to form
an HOP 2-factorization of 4K•n.

Proposition 2.2.12. [36] Let n be odd, and let V (4K•n) = {xi : i ∈ Zn−1} ∪ {x∞}. Let ρ•
be the permutation on E(4K•n) that preserves the color (and orientation) of the edges, and
is induced by the permutation ρ = (x∞)(x0 x1 x2 . . . xn−2). Let F1, F2, and F3 be three
pairwise edge-disjoint (Cm1 , Cm2 , . . . , Cmt)-factors of 4K•n with the following properties.
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(E1) Every cycle in F1, F2, and F3 satisfies Condition (C1) of Definition 1.2.3;

(E2) each orbit of ⟨ρ•⟩ has edges either in F1 ∪ F2 or in F3;

(E3) if e is an edge of F1 ∪ F2, then ρ
n−1
2
• (e) is also an edge of F1 ∪ F2;

(E4) F1 ∪ F2 contains a pink and a blue edge of difference n−1
2

.

Then D = {ρi•(F1), ρ
i
•(F2) : i = 0, 1, . . . , n−3

2
}∪{ρi•(F3) : i ∈ Zn−1} is an HOP (Cm1 , Cm2 , . . . ,

Cmt)-factorization of 4K•n.

Proof. By the given labeling for the vertices of 4K•n, each edge in E(4K•n) is in one of the
following forms:

• xixi+d with blue color, for i ∈ Zn−1 and d ∈ {1, 2, . . . , n−3
2
};

• xixi+d with pink color, for i ∈ Zn−1 and d ∈ {1, 2, . . . , n−3
2
};

• xixi+n−1
2

with blue color, for i ∈ {0, 1, . . . , n−3
2
};

• xixi+n−1
2

with pink color, for i ∈ {0, 1, . . . , n−3
2
};

• (xi, xi+d) with black color, for i ∈ Zn−1 and d ∈ {1, 2, . . . , n− 2};

• xix∞ with blue color, for i ∈ Zn−1;

• xix∞ with pink color, for i ∈ Zn−1;

• (xi, x∞) with black color, for i ∈ Zn−1;

• (x∞, xi) with black color, for i ∈ Zn−1.

Since ρ• is a permutation that preserves the color and orientation of the edges, the group
⟨ρ•⟩ has the following orbits on the edge set of 4K•n:

• for d ∈ {1, 2, . . . , n−3
2
}, we have a pink and a blue orbit {xixi+d : i ∈ Zn−1};

• a pink and a blue orbit {xixi+n−1
2

: i = 0, 1, . . . , n−3
2
};

• a pink and a blue orbit {xix∞ : i ∈ Zn−1};

• for d ∈ {1, 2, . . . , n− 2}, we have a black orbit {(xi, xi+d) : i ∈ Zn−1}; and

• black orbits {(x∞, xi) : i ∈ Zn−1} and {(xi, x∞) : i ∈ Zn−1}.

Taken together, the group ⟨ρ•⟩ has 2(n−3
2
) + 2 + 2 + (n− 2) + 2 = 2n+ 1 orbits. Note that

size of each orbit is n−1, except the pink and the blue orbit consisting of edges of difference
n−1
2

; these two orbits have length n−1
2

.

Assume O is an orbit of ⟨ρ•⟩; then by (E2), it has edges either in F1 ∪ F2 or in F3.
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Case 1: O has edges in F3. Then the size of O is n− 1 since the only orbits of size n−1
2

are
the pink and the blue orbits consisting of edges of difference n−1

2
, and by (E4) these

orbits have edges in F1 ∪ F2. Thus, {ρi•(F3) : i ∈ Zn−1} contains all edges of O.

Case 2: O has edges in F1∪F2. Then the size of O is either n− 1 or n−1
2

. If the size of O is
n−1
2

, then clearly {ρi•(F1), ρ
i
•(F2) : i = 0, 1, . . . , n−3

2
} contains all edges of O. If the size

of O is n−1, then by (E3), we have that e ∈ E(F1∪F2) implies ρ
n−1
2
• (e) ∈ E(F1∪F2).

Hence, {ρi•(F1), ρ
i
•(F2) : i = 0, 1, . . . , n−3

2
} contains all edges of O.

Note that the collection of orbits forms a partition of E(4K•n), and all edges in each
orbit are covered by {ρi•(F3) : i ∈ Zn−1} or by {ρi•(F1), ρ

i
•(F2) : i = 0, 1, . . . , n−3

2
}, and since

these rotations cover 2n(n− 1) edges, which is exactly equal to the number of edges in 4K•n,
no edge is covered twice. Thus D forms a (Cm1 , Cm2 , . . . , Cmt)-factorization for 4K•n. Since
every 2-factor in D is formed by applying permutation ρ• to the starters, and every cycle in
the starters satisfies Condition (C1) of Definition 1.2.3, and ρ• preserves the edge colors, the
2-factorization D is HOP. Hence, D is an HOP (Cm1 , Cm2 , . . . , Cmt)-factorization of 4K•n.

The following lemma summarizes a set of results from [36], which were proved using the
three starter approach from Proposition 2.2.12.

Lemma 2.2.13. [36] The following HOP 2-factorizations exist.

(i) An HOP (C2, C2, C3)-factorization of 4K•7 ;

(ii) HOP (C2, C2, C2, C3)-, (C2, C2, C5)-, (C2, C3, C4)-, and (C4, C5)-factorizations of 4K•9 ;

(iii) an HOP (C3, C3, C5)-factorization of 4K•11;

(iv) an HOP (C2, Cm)-factorization of 4K•m+2, for m ∈ Z such that m ≥ 5 and m ≡
1 (mod 4).

2.2.5 Summary of the Proof of the Main Results from [36]

With the necessary tools in hand, we now present a summary of the proofs of the main
results from [36].

The main result, stated earlier in this chapter as Theorem 2.2.2, is restated below to
make the proof easier to follow.

Theorem 2.2.14. Let m1,m2, . . . ,mt be integers with 2 ≤ m1 ≤ m2 ≤ . . . ≤ mt. Let
n = m1+m2+ . . .mt. Then HOP(2m1, 2m2, . . . , 2mt) has a solution in each of the following
cases.

(i) mi ≡ 0 (mod 4), for all i;

(ii) n is odd and OP(m1,m2, . . . ,mt) has a solution;
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(iii) n is odd and t = 2;

(iv) n is odd, n ≤ 100, and m1 ≥ 3;

(v) n ≤ 20;

(vi) m1 = m2 = . . . = mt.

Proof. (i): Assume mi ≡ 0 (mod 4), for all i = 1, 2 . . . , t. Consider 2K◦n, and let I be a
1-factor in the pink copy of Kn. Choose a 1-factor I ′ in the black copy of Kn so that I

⨁︁
I ′

is a (Cm1 , Cm2 , . . . , Cmt)-factor in 2K◦n; this is possible since all mi are even. Since for all
i ∈ {1, 2, . . . , t}, we have mi ≥ 4 and mi is even, by Theorem 2.1.4, both Kn − I (pink)
and Kn−I ′ (black) admit (Cm1 , Cm2 , . . . , Cmt)-factorizations D1 and D2, respectively. It can
be seen that D = {I

⨁︁
I ′} ∪ D1 ∪ D2 is a (Cm1 , Cm2 , . . . , Cmt)-factorization of 2K◦n. Notice

that any cycle in D1 is pink with an even length; there is no pink cycle in D2; and any
cycle in I

⨁︁
I ′ has an even number of pink edges since mi ≡ 0 (mod 4), for all i = 1, 2 . . . , t.

Therefore, D is a (Cm1 , Cm2 , . . . , Cmt)-factorization of 2K◦n with the property that every cycle
of D contains an even number of pink edges. Thus by Lemma 2.2.7, the graph 4K•n admits
an HOP (Cm1 , Cm2 , . . . , Cmt)-factorization, and by Theorem 2.2.3, HOP(2m1, 2m2, . . . , 2mt)
has a solution.

(ii): Assume n is odd and OP(m1,m2, . . . ,mt) has a solution; then the result follows from
Corollary 2.2.6.

(iii): Assume n is odd and t = 2. We have the following cases.

Case 1: 3 ≤ m1 ≤ m2. If (m1,m2) ̸= (4, 5), then by Theorem 2.1.5, OP(m1,m2) has a
solution, and by part (ii), HOP(2m1, 2m2) has a solution. For (m1,m2) = (4, 5), by
Lemma 2.2.13, an HOP (C4, C5)-factorization of 4K•9 exists.

Case 2: m1 = 2.

If m2 ≡ 1 (mod 4), then m2 ≥ 5, and by Lemma 2.2.13, an HOP (C2, Cm2)-factorization
of 4K•m2+2 exists.

If m2 ≡ 3 (mod 4), then by Lemma 2.2.9, an HOP (C2, Cm2)-factorization of 4K•m2+2

exists.

In all above cases, the graph 4K•n admits an HOP (Cm1 , Cm2)-factorization, and by
Theorem 2.2.3, HOP(2m1, 2m2) has a solution.

(iv): Assume n is odd, n ≤ 100, and m1 ≥ 3. In part (iii), it was proved that, for t = 2,
HOP(2m1, 2m2) has a solution; hence, we may assume t ≥ 3.

If (m1,m2,m3) ̸= (3, 3, 5) and (m1,m2,m3,m4) ̸= (3, 3, 3, 3), then by Theorem 2.1.3,
OP(m1,m2, . . . ,mt) has a solution, and by part (ii), HOP(2m1, 2m2, . . . , 2mt) has a solution.

If (m1,m2,m3) = (3, 3, 5), then by Lemma 2.2.13, an HOP (C3, C3, C5)-factorization of
4K•11 exists, and by Theorem 2.2.3, HOP(6, 6, 10) has a solution.
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If (m1,m2,m3,m4) = (3, 3, 3, 3), the result follows from part (vi).

(v): First assume n ≤ 9. We have the following cases:

• If m1 = m1 = . . . = mt, then the result follows from part (vi).

• If n is odd and t = 2, then the result follows from part (iii).

• If n is odd and 3 ≤ m1, then the result follows from part (iv).

• If (m1,m2, . . . ,mt) ∈ {(2, 4), (3, 5)}, then the result follows from Lemma 2.2.9.

• If (m1,m2, . . . ,mt) ∈ {(2, 2, 4), (2, 3, 3), (2, 6)}, then the result follows from Lemma
2.2.11.

• If (m1,m2, . . . ,mt) ∈ {(2, 2, 3), (2, 2, 2, 3), (2, 2, 5), (2, 3, 4)}, then the result follows
from Lemma 2.2.13.

For 10 ≤ n ≤ 20, it was verified that HOP(2m1, 2m2, . . . , 2mt) has a solution in [31].

(vi): Assume m1 = m2 = . . . = mt = m, that is, n = tm. We have the following two cases.

Case 1: m is even. Then n is even as well.

First, let m = 2, and let F be a 1-factorization of Kn. Note that we can construct two
C2-factors of 4Kn from each 1-factor F in F as follows. Each edge e = xy ∈ E(F ) gives rise
to a directed black 2-cycle C, and a 2-cycle C ′ with a pink and a blue edge in 4K•n. Notice
that C

⨁︁
C ′ corresponds to a 4-set of parallel edges between x and y with two black arcs

in the opposite directions, one blue, and one pink edge. Therefore, the resulting C2-factors
form a C2-factorization of 4K•n. Moreover, it is easy to verify this C2-factorization is HOP.

Second, assume m ≥ 4, but m ̸= 6.

• If t = 1, then n = m. We observed in Lemma 2.2.9 that an HOP Cm-factorization of
4K•m exists for m ≡ 0 (mod 4), and in Lemma 2.2.11 that an HOP Cm-factorization
of 4K•m exists for m ≡ 2 (mod 4). Therefore, the graph 4K•n admits an HOP Cm-
factorization.

• If t ≥ 2, then n = tm. It is easy to verify that Ktm can be decomposed into two
spanning subgraphs H1 and H2, where H1 is a disjoint union of t copies of Km, and
H2 is Kt[m]. In Lemma 2.2.9 and 2.2.11, we observed that 4K•m admits an HOP Cm-
factorization. Furthermore, since m ̸= 6, by Theorem 2.1.9, the graph Kt[m] admits a
Cm-factorization, and by Lemma 2.2.5, there exists an HOP Cm-factorization of 4K•t[m].
Therefore, each of 4H•1 and 4H•2 admits an HOP Cm-factorization. By Lemma 2.2.4,
the graph 4K•n admits an HOP Cm-factorization.

Third, assume m = 6.

• If t = 1, then n = 6. By Lemma 2.2.11, an HOP C6-factorization of 4K•6 exists.
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• If t = 2, then n = 12. By Lemma 2.2.9, an HOP C6-factorization of 4K•12 exists.

• If t ≥ 3, then n = 6t. Consider a decomposition of K6t into two spanning subgraphs
H1 and H2, where H1 is a disjoint union of t copies of K6, and H2 is Kt[6]. By
Lemma 2.2.11, the graph 4K•6 admits an HOP C6-factorization. Furthermore, since
t ≥ 3, by Theorem 2.1.9, the graph Kt[6] admits a C6-factorization, and by Lemma
2.2.5, there exists an HOP C6-factorization of 4K•t[6]. Therefore, each of 4H•1 and 4H•2
admits an HOP C6-factorization. By Lemma 2.2.4, the graph 4K•n admits an HOP
C6-factorization.

Case 2: m is odd. Then n is either odd or even.

– Assume n is odd. By Theorem 2.1.2, OP(n;m) has a solution, and by part (ii), HOP(2n; 2m)
has a solution.

– Assume n is even. Since m is odd, t must be even.

First, let m = 3.

• If t = 2, then n = 6. By Lemma 2.2.11, an HOP C3-factorization of 4K•6 exists.

• If t = 4, then n = 12. By Lemma 2.2.11, an HOP C3-factorization of 4K•12 exists.

• If t = 6, then n = 18. By Lemma 2.2.11, an HOP C3-factorization of 4K•18 exists.

• If t ≥ 8, then we can let n = t′(2 · 3), where t′ ≥ 4. Consider a decomposition of K6t′

into two spanning subgraphs H1 and H2, where H1 is a disjoint union of t′ copies of K6,
and H2 is Kt′[6]. By Lemma 2.2.11, the graph 4K•6 admits an HOP C3-factorization.
Furthermore, since t′ ≥ 4, by Theorem 2.1.9 the graph Kt′[6] admits a C3-factorization,
and by Lemma 2.2.5, there exists an HOP C3-factorization of 4K•t′[6]. Therefore, each
of 4H•1 and 4H•2 admits an HOP C3-factorization. By Lemma 2.2.4, the graph 4K•n
admits an HOP C6-factorization.

Now, let m ≥ 5.

• If t = 2, then n = 2m. By Lemma 2.2.11, the graph 4K•2m admits an HOP Cm-
factorization.

• If t = 4, then n = 4m. By Lemma 2.2.9, the graph 4K•4m admits an HOP Cm-
factorization.

• If t ≥ 6, then we can let n = t′(2m), where t′ ≥ 3. Consider a decomposition of Kt′(2m)

into two spanning subgraphs H1 and H2, where H1 is a disjoint union of t′ copies of K2m,
and H2 is Kt′[2m]. By Lemma 2.2.11, the graph 4K•2m admits an HOP Cm-factorization.
Furthermore, since m is odd, m ≥ 5, and t′ ≥ 3, we have (m, t′) /∈ {(3, 3)}; by Theorem
2.1.9, the graph Kt′[2m] admits a Cm-factorization, and by Lemma 2.2.5, there exists
an HOP Cm-factorization of 4K•t′[2m]. Therefore, each of 4H•1 and 4H•2 admits an HOP
Cm-factorization. By Lemma 2.2.4, the graph 4K•n admits an HOP Cm-factorization.
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In all cases, it is proved that 4K•n admits an HOP Cm-factorization. Hence, by Theo-
rem 2.2.3, HOP(2n; 2m) has a solution.

2.3 Previous Results on Decompositions into 2-regular
Subgraphs

In Chapter 3, we introduce the generalized HOP and demonstrate that the main approach
used for proving results on HOP can be extended to the generalized HOP as well. As in HOP,
the reduction step involves converting the problem to the multigraph 4K•n. Therefore, the
goal is to find HOP decompositions of 4K•n into 2-regular subgraphs. We use previous results
on the decomposition of smaller graphs, such as Kn and 2Kn, to construct decompositions
of 4Kn. Hence, in this section, we provide up-to-date results on decompositions of Kn and
2Kn into 2-regular subgraphs.

2.3.1 Decompositions of Kn into 2-regular Subgraphs

Here, we provide a summary of known results on decompositions of Kn into 2-regular sub-
graphs, in particular those that will later be used to derive solutions to the generalized
HOP.

Theorem 2.3.1. [39] There exists a (C3)-decomposition of Kn if and only if n ≡ 1 or 3 (mod 6).

Theorem 2.3.2. [5, 44] Let 3 ≤ m ≤ n be integers, and let n be odd. Then Kn admits a
(Cm)-decomposition if and only if m divides the number of edges in Kn.

Theorem 2.3.3. [24] Let t ≥ 1 and m ≥ 3 be integers, and let n = 2tm + 1. Then there
exists a cyclic (C

⟨t⟩
m )-decomposition of Kn.

Theorem 2.3.4. [1, 3, 11, 15, 20] Let m1,m2 ≥ 3 and m = m1 +m2. Then there exists a
(Cm1 , Cm2)-decomposition of Kn in each of the following cases.

(1) n ≡ 1 (mod 2m);

(2) m odd, n ≡ m (mod 2m), and (m1,m2, n) ̸= (4, 5, 9).

Theorem 2.3.5. [10, 21] Let m1,m2, . . . ,mt be even integers, and let m =
∑︁t

i=1 mi. Then
there exists a (Cm1 , . . . , Cmt)-decomposition of Kn for all n ≡ 1 (mod 2m).

Theorem 2.3.6. [33] Let m1,m2,m3 ≥ 3 be odd integers and m = m1 +m2 +m3. There
exists a (Cm1 , Cm2 , Cm3)-decomposition of each of the following graphs:

• K2km+1, for every positive integer k ̸= 2;

• K(2k+1)[m], for every positive integer k;

• Kk[2m], for any integer k ≥ 3.



2.3. PREVIOUS RESULTS ON DECOMPOSITIONS INTO 2-REGULAR
SUBGRAPHS 24

Theorem 2.3.7. [3] Let m1,m2, . . . ,mt be integers such that mi ≥ 3 for all i, and m1 +
· · · +mt = m ≤ 10. Then there exists a (Cm1 , . . . , Cmt)-decomposition of Kn if and only if
all of the following conditions hold.

• m ≤ n;

• n is odd;

• m divides the number of edges in Kn; and

• n ̸= 9 when (m1,m2, . . . ,mt) ∈ {(3, 3), (4, 5)}.

For any graph G, there are three obvious necessary conditions for the existence of a
G-decomposition of Kn:

(i) |V (G)| ≤ n;

(ii) n(n− 1) ≡ 0 (mod 2|E(G)|); and

(iii) n−1 ≡ 0 (mod d) where d is the greatest common divisor of the degrees of the vertices
in G.

In [49], Wilson has shown that these conditions are asymptotically sufficient.

Theorem 2.3.8. [49] For any given graph G, there exists an integer N(G) exponentially
large in n such that if n > N(G), then conditions (ii) and (iii) above are sufficient for the
existence of a G-decomposition of Kn.

Theorem 2.3.9. [46] Let m, r, and s be even positive integers. The complete bipartite graph
Kr,s has a (Cm)-decomposition if and only if min{r, s} ≥ m

2
and m divides the number of

edges in Kr,s.

2.3.2 Decompositions of 2Kn into 2-regular Subgraphs

In this section, we present some known results on decompositions of 2Kn into 2-regular
subgraphs.

Theorem 2.3.10. [6] Let m and n be integers such that 2 ≤ m ≤ n. The multigraph 2Kn

admits a (Cm)-decomposition if and only if m divides the number of edges in 2Kn.

Theorem 2.3.11. [16, 27] Let m,n, t be integers such that 2 ≤ m ≤ n and n = mt + 1.
Then the multigraph 2Kn admits a (C

⟨t⟩
m )-decomposition.



Chapter 3

The Generalized Honeymoon
Oberwolfach Problem

In this chapter, we introduce the generalized Honeymoon Oberwolfach Problem. We begin
by defining the problem, then adapt the techniques used for the Honeymoon Oberwolfach
Problem in [36] to its generalized form. We also discuss the approaches and tools needed to
address the generalized HOP.

3.1 Introduction

In [36], the HOP has been defined for tables of size at least 4. We generalize the problem
to allow for tables of size 2. As in HOP, we have 2n participants consisting of n newlywed
couples, but this time we want to see whether it is possible to seat them at s tables of size
2 and t tables of sizes 2m1, 2m2, . . . , 2mt, for mi ≥ 2, for several consecutive nights so that
each participant sits next to their spouse every time, and next to each other participant
exactly once. We assume that 2n = 2s+ 2m1 + 2m2 + . . .+ 2mt, where 2 ≤ m1 ≤ . . . ≤ mt,
and s ≥ 0, and we denote this problem by HOP(2⟨s⟩, 2m1, 2m2, . . . , 2mt). We refer to tables
of size at least 4 as round tables.

We would like to model the generalized HOP using an appropriate graph derived from
K2n. Let I denote the 1-factor of K2n corresponding to the n couples. Then, an arrange-
ment for the first night is equivalent to an I-alternating (K

⟨s⟩
2 , C2m1 , . . . , C2mt)-factor of this

graph. Moreover, a solution to HOP(2⟨s⟩, 2m1, 2m2, . . . , 2mt) is equivalent to an I-alternating
(K
⟨s⟩
2 , C2m1 , . . . , C2mt)-factorization of a graph of the form K2n+(γ−1)I, for an appropriate

γ (to be derived below).

Note that although a solution to HOP(2m1, 2m2, . . . , 2mt) is equivalent to a semi-
uniform 1-factorization of K2n of type (2m1, 2m2, . . . , 2mt), as seen in Lemma 2.2.1, in
general, a solution to the generalized HOP does not correspond to such a factorization.

The obvious necessary condition for HOP(2⟨s⟩, 2m1, 2m2, . . . , 2mt) to have a solution is
stated in the following lemma.

25
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Lemma 3.1.1. Let s ≥ 0 and 2 ≤ m1 ≤ . . . ≤ mt be integers. Let n = s+m1+m2+. . .+mt.
Then HOP(2⟨s⟩, 2m1, . . . , 2mt) has a solution only if

(︁∑︁t
i=1 mi

)︁
| 2n(n− 1).

Proof. Assume HOP(2⟨s⟩, 2m1, . . . , 2mt) has a solution. Then K2n + (γ − 1)I, for an ap-
propriate γ, admits an I-alternating (K

⟨s⟩
2 , C2m1 , . . . , C2mt)-factorization. It follows that the

number of non-I-edges in each (K
⟨s⟩
2 , C2m1 , . . . , C2mt)-factor, that is, 1

2

∑︁t
i=1 2mi, must di-

vide the number of non-I-edges in K2n + (γ − 1)I, that is, 2n(2n−2)
2

. In other words, we have(︁∑︁t
i=1 mi

)︁
| 2n(n− 1).

Note that if HOP(2⟨s⟩, 2m1, . . . , 2mt) has a solution, then 2n(n−1)∑︁t
i=1 mi

is an integer, and

it is exactly the number of (K⟨s⟩2 , C2m1 , . . . , C2mt)-factors in the required decomposition of
K2n + (γ − 1)I; that is to say, γ = 2n(n−1)∑︁t

i=1 mi
.

3.2 The Main Approach

The following theorem is a generalization of Theorem 2.2.3 [36]. The approach here, just as
in [36], is to convert the problem from the multigraph K2n+(γ−1)I to the multigraph 4K•n.

Theorem 3.2.1. Let s ≥ 0 and 2 ≤ m1 ≤ . . . ≤ mt be integers. Let n = s + m1 + m2 +
. . . + mt. Then HOP(2⟨s⟩, 2m1, 2m2, . . . , 2mt) has a solution if and only if 4K•n admits an
HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

Proof. First, assume HOP(2⟨s⟩, 2m1, 2m2, . . . , 2mt) has a solution. By Lemma 3.1.1, we have(︁∑︁t
i=1 mi

)︁
|2n(n−1); let γ = 2n(n−1)∑︁t

i=1 mi
. Thus we have a factorization of K2n+(γ−1)I into I-

alternating (K
⟨s⟩
2 , C2m1 , . . . , C2mt)-factors. Let F be such an I-alternating (K

⟨s⟩
2 , C2m1 , . . . , C2mt)-

factorization.

Let the vertex set of K2n + (γ − 1)I be

V (K2n + (γ − 1)I) = {xα
i : i ∈ Zn, α ∈ Z2},

where x0
ix

1
i ∈ E(I), for all i ∈ Zn. Let the vertex set of 4K•n be

V (4K•n) = {xi : i ∈ Zn}.

We know there are four edges between any two vertices of 4K•n, one pink, one blue, and
two black arcs of opposite directions. Assign to each non-I-edge of K2n + (γ − 1)I an edge
of 4K•n as follows. For i, j ∈ Zn, and i ̸= j,

• Assign the blue copy of xixj to the edge x0
ix

0
j .

• Assign the pink copy of xixj to the edge x1
ix

1
j .

• Assign the black arc (xi, xj) to the edge x0
ix

1
j .
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• Assign the black arc (xj, xi) to the edge x1
ix

0
j .

This mapping, call it ϕ, is a bijection from the set of non-I-edges of K2n + (γ − 1)I
to the edge set of 4K•n. Let C = xα

i0
x1−α
i0

xβ
i1
x1−β
i1

. . . xδ
im−1

x1−δ
im−1

xα
i0

be a 2m-cycle in F . By
contracting the I-edges in the sequence C, and applying the bijection ϕ, we obtain a sequence
C ′ of length m that is a cycle in 4K•n. Thus, ϕ can be viewed as mapping each I-alternating
(K
⟨s⟩
2 , C2m1 , . . . , C2mt)-factor in F to a (Cm1 , . . . , Cmt)-subgraph in 4K•n; and hence the I-

alternating (K
⟨s⟩
2 , C2m1 , . . . , C2mt)-factorization F to a (Cm1 , . . . , Cmt)-decomposition D of

4K•n. Notice that the copies of K2 in the (K
⟨s⟩
2 , C2m1 , . . . , C2mt)-factors “disappear” in this

mapping; in other words, they are irrelevant.

It remains to prove C ′ satisfies Condition (C1) of Definition 1.2.3. Take any two
adjacent edges in C ′, say xixj and xjxk; they correspond to the path P = xα

i x
β
j x

1−β
j xδ

kx
1−δ
k

in C.

• If xixj is blue, then α = β = 0, and we have P = x0
ix

0
jx

1
jx

δ
kx

1−δ
k .

– If δ = 1, then xjxk is pink.

– If δ = 0, then xjxk is black and oriented from xk to xj.

• If xixj is pink, then α = β = 1 and we have P = x1
ix

1
jx

0
jx

δ
kx

1−δ
k .

– If δ = 1, then xjxk is black and oriented from xj to xk.

– If δ = 0, then xjxk is blue.

• If xixj is black with orientation from xi to xj, then α = 0, β = 1 and we have P =
x0
ix

1
jx

0
jx

δ
kx

1−δ
k .

– If δ = 1, then xjxk is black and oriented from xj to xk.

– If δ = 0, then xjxk is blue.

• If xixj is black with orientation from xj to xi, then α = 1, β = 0 and we have P =
x1
ix

0
jx

1
jx

δ
kx

1−δ
k .

– If δ = 1, then xjxk is pink.

– If δ = 0, then xjxk is black and oriented from xk to xj.

We observe that any two adjacent edges in C ′ satisfy Condition (C1) of Definition 1.2.3;
hence, D is an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition of 4K•n.

Conversely, assume 4K•n admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition D. Thus,
the number of edges of each (Cm1 , Cm2 , . . . , Cmt)-subgraph in D, that is,

∑︁t
i=1mi, must divide

the number of edges of 4K•n, that is, 2n(n−1). In other words, we have
(︁∑︁t

i=1mi

)︁
|2n(n−1),

and γ = 2n(n−1)∑︁t
i=1 mi

is an integer. Label the vertices of K2n + (γ − 1)I and 4K•n as be-
fore. Let C ′ = xi0xi1 . . . xim−1xi0 be an arbitrary m-cycle in D. Create a sequence C ′′

by duplicating each vertex in the sequence of C ′ except the last vertex. Thus, we have
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C ′′ = xi0xi0xi1xi1xi2xi2 . . . xim−1xim−1xi0 . Notice that this sequence, viewed cyclically, de-
composes into subsequences of length two of the form xixj for i ̸= j; that is, C ′′ =
xi0xi0xi1xi1xi2xi2 . . . xim−1xim−1xi0 . For each such subsequence e′ = xixj, replace e′ with
an edge e of K2n + (γ − 1)I as follows:

• If e′ is blue, then let e = x0
ix

0
j .

• If e′ is pink, then let e = x1
ix

1
j .

• If e′ is black and oriented from xi to xj, then let e = x0
ix

1
j .

• If e′ is black and oriented from xj to xi, then let e = x1
ix

0
j .

Denote the resulting sequence by C. Notice that the cycle C ′ has property (C1); that is, any
two adjacent edges, say xixj and xjxk, which correspond to the path P = xα

i x
β
j x

1−β
j xδ

kx
1−δ
k

in C, satisfy one of the following:

• One is blue and the other pink.

– If xixj is blue and xjxk is pink, then P = x0
ix

0
jx

1
jx

1
kx

0
k.

– If xixj is pink and xjxk is blue, then P = x1
ix

1
jx

0
jx

0
kx

1
k.

• Both are black and have the same directions.

– If xixj is oriented from xi to xj, and xjxk is oriented from xj to xk, then P =
x0
ix

1
jx

0
jx

1
kx

0
k.

– If xixj is oriented from xj to xi, and xjxk is oriented from xk to xj, then P =
x1
ix

0
jx

1
jx

0
kx

1
k.

• If xixj is blue and xjxk is black with the orientation from xk to xj, then P =
x0
ix

0
jx

1
jx

0
kx

1
k.

• If xixj is pink and xjxk is black with the orientation from xj to xk, then P =
x1
ix

1
jx

0
jx

1
kx

0
k.

Note that in all cases, any consecutive vertices with the same subscript have distinct super-
scripts in P . Therefore, C is an I-alternating 2m-cycle in K2n + (γ− 1)I. Thus, we see that
a (Cm1 , Cm2 , . . . , Cmt)-subgraph of 4K•n “lifts” to an I-alternating (C2m1 , C2m2 , . . . , C2mt)-
subgraph of K2n+(γ−1)I. We extend this subgraph to an I-alternating (K

⟨s⟩
2 , C2m1 , . . . , C2mt)-

factor of K2n + (γ− 1)I as follows. We know there are 2s vertices in the vertex set of K2n +
(γ−1)I that are not in the cycles C2m1 , C2m2 , . . . , C2mt , since 2n = 2s+2m1+2m2+. . .+2mt.
Moreover, since the t cycles are I-alternating, we can find s pairs among the remaining 2s
vertices such that each pair forms an I-edge. Thus, any I-alternating (C2m1 , C2m2 , . . . , C2mt)-
subgraph extends uniquely to an I-alternating (K

⟨s⟩
2 , C2m1 , . . . , C2mt)-factor. Therefore, any

(Cm1 , Cm2 , . . . , Cmt)-subgraph in D “lifts” to an I-alternating (K
⟨s⟩
2 , C2m1 , . . . , C2mt)-factor

in K2n + (γ − 1)I. Since |D| = γ, we have γ I-alternating (K
⟨s⟩
2 , C2m1 , . . . , C2mt)-factors
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which form an I-alternating (K
⟨s⟩
2 , C2m1 , . . . , C2mt)-factorization of K2n + (γ − 1)I. In other

words, an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition of 4K•n gives rise to an I-alternating
(K
⟨s⟩
2 , C2m1 , . . . , C2mt)-factorization of K2n+(γ− 1)I, and this is equivalent to a solution for

HOP(2⟨s⟩, 2m1, 2m2, . . . , 2mt).

In the following examples, we apply the construction from Theorem 3.2.1 to build solu-
tions to specific cases of the HOP.

In Example 3.2.2, we show that an HOP C4-factorization of 4K•4 gives rise to a solution
to HOP(8; 8), and in Example 3.2.3, we show that an HOP (C2)-decomposition of 4K•3 gives
rise to a solution to HOP(2, 4).

Example 3.2.2. Let D = {C ′1, C ′2, C ′3, C ′4, C ′5, C ′6} be the HOP C4-factorization of 4K•4 shown
in Figure 3.1 (see Example 3.3.6 for how this 2-factorization was obtained).

Using the construction from the proof of Theorem 3.2.1, we build an I-alternating C8-
factorization of K8 + 5I, which gives a solution to HOP(8; 8) (see Figures 3.2–3.5). Note
that here n = 4, s = 0, and γ = 6.
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Cc Dd
C
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Aa Bb
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′
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Cc Dd
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′
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Cc Dd
C

′
6

4K•4C
′
1

⨁︁
C

′
2
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C

′
3

⨁︁
C

′
4

⨁︁
C

′
5

⨁︁
C

′
6 =

Figure 3.1: An HOP C4-factorization of 4K•4
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Figure 3.2: Part 1: from an HOP C4-factor to an I-alternating C8-factor.
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Figure 3.3: Part 2: from an HOP C4-factor to an I-alternating C8-factor.
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Figure 3.4: Part 3: from an HOP C4-factor to an I-alternating C8-factor.
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A

Bd

c C

b D

a

C1

⨁︁
C2

⨁︁
C3

⨁︁
C4

⨁︁
C5

⨁︁
C6 = K8 + 5I

Figure 3.5: From an HOP C4-factorization of 4K•4 to an I-alternating C8-factorization of
K8 + 5I

Example 3.2.3. Let F = {F1, F2, F3, F4, F5, F6} be the HOP (C2)-decomposition of 4K•3
shown in Figure 3.6. Note that here n = 3, s = 1, and γ = 6.

Using the construction from the proof of Theorem 3.2.1, we obtain an I-alternating
(K2, C4)-factorization of K6 + 5I, which gives a solution to HOP(2, 4) (see Figures 3.7 and
3.8).
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4K•3

F5

F6

F3

F4

F1

F2

Figure 3.6: An HOP (C2)-decomposition of 4K•3
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Figure 3.7: Part 1: from an HOP (C2)-subgraph to an I-alternating (K2, C4)-factor.
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Figure 3.8: Part 2: from an HOP (C2)-decomposition of 4K•3 to an I-alternating (K2, C4)-
factorization of K6 + 5I .

3.3 Additional Tools

We observed that HOP(2⟨s⟩, 2m1, 2m2, . . . , 2mt) admits a solution if and only if 4K•n ad-
mits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition. We henceforth focus on finding HOP
(Cm1 , Cm2 , . . . , Cmt)-decompositions of 4K•n.
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However, finding such decompositions is not straightforward. We introduce some re-
duction tools that allow us to use decompositions of Kn or 2Kn, and extend them to obtain
HOP decompositions of 4K•n. These tools are discussed below.

3.3.1 From G to 4G•

The following lemma is a generalization of Lemma 2.2.4(a) [36].

Lemma 3.3.1. Let G be a simple graph. Let H1, H2, . . . , Hs be subgraphs of G such that
G = H1

⨁︁
H2

⨁︁
· · ·

⨁︁
Hs. If, for all i ∈ {1, . . . , s}, the multigraph 4H•i admits an HOP de-

composition Di into (Cm1 , . . . , Cmt)-subgraphs, then D =
⋃︁s

i=1Di is an HOP decomposition
of 4G• into (Cm1 , . . . , Cmt)-subgraphs.

Proof. We know that H1, H2, . . . , Hs are subgraphs of G, so 4H•1 , 4H
•
2 , . . . , 4H

•
s are sub-

graphs of 4G•. Therefore, any (Cm1 , . . . , Cmt)-subgraph of 4H•i , for i ∈ {1, . . . , s}, is also
a (Cm1 , . . . , Cmt)-subgraph of 4G•. Moreover, since the edge sets of H1, H2, . . . , Hs form
a partition of E(G), we have 4G• = 4H•1

⨁︁
4H•2

⨁︁
· · ·

⨁︁
4H•s . For each i ∈ {1, . . . , s},

we know 4H•i admits a decomposition Di into (Cm1 , . . . , Cmt)-subgraphs. Then the union
D =

⋃︁s
i=1Di is a decomposition of 4G• into (Cm1 , . . . , Cmt)-subgraphs. Finally, since each

Di is an HOP decomposition, the resulting decomposition D is also HOP.

The following lemma gives a sufficient condition for the multigraph 4G• to admit an
HOP (C

⟨t⟩
2 )-decomposition.

Lemma 3.3.2. Let G be a simple graph. If G admits a decomposition into 1-regular sub-
graphs of order 2t, then 4G• admits an HOP (C

⟨t⟩
2 )-decomposition.

Proof. Let F = {H1, H2, . . . , Hs} be a decomposition of G where each Hi is a 1-regular
subgraph of order 2t; that is to say, each Hi is a disjoint union of t copies of K2. It is easy
to see that each copy of K2 in each Hi gives rise to a directed black 2-cycle, and a 2-cycle
with a pink and a blue edge in 4G•. Therefore, each copy of K2 gives rise to two HOP C2-
subgraphs, and consequently, each Hi gives rise to two HOP (C

⟨t⟩
2 )-subgraphs. Notice that

the two HOP (C
⟨t⟩
2 )-subgraphs derived from Hi form an HOP (C

⟨t⟩
2 )-decomposition of 4H•i .

Therefore, for all i ∈ {1, . . . , s}, the multigraph 4H•i admits an HOP (C
⟨t⟩
2 )-decomposition,

and by Lemma 3.3.1, the multigraph 4G• admits an HOP (C
⟨t⟩
2 )-decomposition.

The following lemma is a generalization of Lemma 2.2.5 [36], and the proof is very
similar.

Lemma 3.3.3. Let G be a simple graph. If G admits a (Cm1 , Cm2 , . . . , Cmt)-decomposition,
then 4G• admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.
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Proof. Let DG = {H1, H2, . . . , Hs} be a decomposition of G, where each Hi is a (Cm1 , Cm2 ,
. . . , Cmt)-subgraph. If we prove that for all i ∈ {1, 2, . . . , s}, the multigraph 4H•i admits an
HOP decomposition into (Cm1 , Cm2 , . . . , Cmt)-subgraphs, then by Lemma 3.3.1, the multi-
graph 4G• admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

Note that any 2-regular subgraph Hi, for all i ∈ {1, 2, . . . , s}, consists of disjoint cy-
cles of lengths m1,m2, . . . ,mt. To show that 4H•i admits an HOP (Cm1 , Cm2 , . . . , Cmt)-
decomposition by applying Lemma 3.3.1, it suffices to show that for each cycle C in Hi, the
multigraph 4C• admits an HOP Cm-factorization.

To show that 4C• admits an HOP Cm-factorization, we consider the following two cases.

Case 1: Assume m is even. Let C1, C2, C3, C4 be four copies of C. Color the edges of C1

alternately pink and blue. Color the edges of C2 alternately pink and blue, but in the
opposite way of C1. Color all the edges of C3 and C4 black, and orient the two cycles
in the opposite directions.

Case 2: Assume m is odd. First, fix two adjacent edges in C, say x0x1 and x1x2. Let
C1, C2, C3, C4 be four copies of C. In C1, color the edge x0x1 black and x1x2 blue.
Color all the remaining edges alternately pink and blue, starting with pink from the
edge x2x3. In C2, color the edge x0x1 pink and x1x2 black. Color all the remaining
edges alternately blue and pink, starting with blue from the edge x2x3. In C3, color the
edge x0x1 blue and x1x2 pink. Color all the remaining edges black. Notice that in these
three cycles, each run of blue and pink edges alternates between the two colors, and
each run of black edges is bounded by a blue and a pink edge. Orient the black edges
from pink to blue. Thus, the three cycles satisfy Condition (C1) of Definition 1.2.3.
In the fourth copy of C, that is, C4, color all the edges black and orient them in the
opposite direction from the black edges in C1, C2, C3.

We observe that in both cases the resulting cycles satisfy property (C1), and form an HOP
Cm-factorization for 4C•.

In the following example, we apply Lemma 3.3.3 to construct a C5-factorization of 4K•5
from an existing C5-factorization of K5 (see Figure 3.9).

Example 3.3.4. Let D = {C1, C2} be a C5-factorization of K5 in Figure 3.9. Figure 3.10
describes the construction of an HOP C5-factorization of 4K•5 using the procedure from the
proof of Lemma 3.3.3.
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C1 C2

C1

⨁︁
C2 = K5

Figure 3.9: A C5-factorization of K5
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Figure 3.10: From a C5-factorization of K5 to an HOP C5-factorization of 4K•5

3.3.2 From 2G◦ to 4G•

The following lemma generalizes Lemma 2.2.7 [36]. As in [36], the idea is to use a (Cm1 , Cm2 ,
. . . , Cmt)-decomposition of 2G◦ to construct an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition of
4G•.
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Lemma 3.3.5. Assume that 2G◦ admits a (Cm1 , Cm2 , . . . , Cmt)-decomposition F with the
property that every m-cycle of F , for m ≥ 3, contains an even number of pink edges. Then
4G• admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

Proof. Let C be any m-cycle in F . Consider the following two cases.

Case 1: m ≥ 3. Then C contains an even number of pink edges. Construct C1 from C
as follows: Recolor every second pink edge blue. Since the number of pink edges is
even, after recoloring, in each run of blue and pink edges, the two colors alternate, and
each run of black edges is bounded by a blue and a pink edge. Orient the black edges
from pink to blue. Now, construct C2 from C1 by swapping pink edges with blue edges
and changing the orientation of the black edges. Notice that when the number of pink
edges is zero, C1 and C2 are directed black cycles with opposite directions.

Case 2: m = 2. Then C contains two parallel edges with colors pink and black. Obtain C1

from C by recoloring the black edge blue, and obtain C2 by replacing the pink edge of
C with a black edge, and orient the two black edges in opposite directions.

Therefore, each m-cycle in F gives rise to two HOP m-cycles in 4G•. More generally, any
(Cm1 , Cm2 , . . . , Cmt)-subgraph of 2G◦ gives rise to two HOP (Cm1 , Cm2 , . . . , Cmt)-subgraphs
in 4G•.

We still need to show that the union of all these HOP (Cm1 , Cm2 , . . . , Cmt)-subgraphs
is equal to 4G•. Let x and y be two arbitrary adjacent vertices of 2G◦. There are two
parallel edges between x and y, one colored pink and the other black. Since F is a
(Cm1 , Cm2 , . . . , Cmt)-decomposition of 2G◦, there exist cycles Cp and Cb in F that con-
tain the pink and black copies of the edge xy, respectively. By the construction described
above, the cycle Cp gives rise to two cycles: one containing a pink copy of xy and the other
containing a blue copy. Similarly, the cycle Cb gives rise to two cycles: one containing a
black copy of xy oriented from x to y, and the other containing a black copy oriented from y
to x. Hence, the union of the resulting HOP (Cm1 , Cm2 , . . . , Cmt)-subgraphs covers all edges
of 4G•. Therefore, 4G• admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

The following example illustrates Lemma 3.3.5 for G = K4.

Example 3.3.6. The 2-factorization D = {F1, F2, F3} shown in Figure 3.11 is a C4-factorization
of 2K◦4 that satisfies the condition in Lemma 3.3.5. The figure also illustrates how this fac-
torization can be used to construct an HOP C4-factorization of 4K•4 , following the method
described in the proof of Lemma 3.3.5.
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Figure 3.11: From a C4-factorization of 2K◦4 to an HOP C4-factorization of 4K•4

3.4 Useful Starters

In this section, we develop several useful lemmas that provide methods for constructing HOP
decompositions of 4K•n. These constructions are obtained either by deriving them from
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decompositions of smaller graphs, such as Kn and 2K◦n, or through direct constructions.
In each case, the focus is on generating starter cycles that satisfy specific symmetry and
HOP coloring conditions, followed by applying a suitable permutation to obtain a cyclic
decomposition of 4K•n.

Although not all of the lemmas are used later in the thesis, they are included for com-
pleteness and may be useful in related contexts.

3.4.1 From a Decomposition of Kn to an HOP Decomposition of
4K•

n

Lemmas 3.4.1 and 3.4.2 are classical results on cyclic decompositions of Kn, which we restate
in a form suited to our context.

Lemma 3.4.1. Let 3 ≤ m1 ≤ . . . ≤ mt be integers, and m = m1 + . . . +mt. Assume n is
an odd integer such that n−1

2
= ms for some s ∈ Z+. Let V (Kn) = {xi : i ∈ Zn}, and let

ρ = (x0 x1 x2 . . . xn−1) be a permutation on V (Kn).

Let F1, F2, . . . , Fs be (Cm1 , Cm2 , . . . , Cmt)-subgraphs of Kn that jointly contain exactly
one edge from each of the orbits of ⟨ρ⟩ in its action on E(Kn). Then 4K•n admits an HOP
(Cm1 , Cm2 , . . . , Cmt)-decomposition.

Proof. By the given labeling of the vertices of Kn, each edge in E(Kn) is of the form xixi+d,
for i ∈ Zn and d ∈ {1, 2, . . . , n−1

2
}. Therefore, the group ⟨ρ⟩ acting on E(Kn) has n−1

2
orbits,

each of size n. Since F1, F2, . . . , Fs jointly contain exactly one edge from each of the orbits of
⟨ρ⟩, observe D = {ρi(F1), ρ

i(F2), . . . , ρ
i(Fs) : i ∈ Zn} is a (Cm1 , Cm2 , . . . , Cmt)-decomposition

of Kn. Applying Lemma 3.3.3, we see that 4K•n admits an HOP (Cm1 , Cm2 , . . . , Cmt)-
decomposition.

Lemma 3.4.2. Let 3 ≤ m1 ≤ m2 ≤ . . . ≤ mt be integers, and m = m1 + . . . + mt.
Assume n is an odd integer such that n = ms for some s ∈ Z+. Let V (Kn) = {xi :
i ∈ Zn−1} ∪ {x∞}. Let ρ = (x∞)(x0 x1 x2 . . . xn−2) be a permutation on V (Kn). Let
F1, F2, . . . , Fs be (Cm1 , Cm2 , . . . , Cmt)-subgraphs of Kn with the following properties.

(A1) F1, F2, . . . , Fs jointly contain exactly two edges from each orbit of ⟨ρ⟩ of length n− 1,
namely, a pair of edges of the form (e, ρ

n−1
2 (e)); and

(A2) F1, F2, . . . , Fs jointly contain exactly one edge from each orbit of ⟨ρ⟩ of length n−1
2

.

Then 4K•n admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

Proof. Notice that the group ⟨ρ⟩ has the following orbits on the edge set of Kn:

• for each d ∈ {1, 2, . . . , n−3
2
}, we have one orbit {xixi+d : i ∈ Zn−1};

• one orbit {xixi+n−1
2

: i = 0, 1, . . . , n−3
2
}; and
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• one orbit {xix∞ : i ∈ Zn−1}.

Hence, the group ⟨ρ⟩ has n−3
2

+1+1 = n+1
2

orbits on E(Kn). Note that the size of each orbit
is n− 1, except for the orbit consisting of edges of difference n−1

2
; this orbit has length n−1

2
.

Assume O is an orbit of ⟨ρ⟩; then either it has length n−1
2

or n− 1. If the length of O is
n−1
2

, then by (A2), clearly {ρi(F1), . . . , ρ
i(Fs) : i = 0, 1, . . . , n−3

2
} contains all edges of O. If

the length of O is n− 1, then for any e ∈ O, by (A1), we have that e ∈ E(F1∪F2∪ . . .∪Fs)

implies ρ
n−1
2 (e) ∈ E(F1∪F2∪. . .∪Fs). Hence, {ρi(F1), . . . , ρ

i(Fs) : i = 0, 1, . . . , n−3
2
} contains

all edges of O.

Note that F1, F2, . . . , Fs jointly contain ms = n edges, and all edges in each orbit are
covered by {ρi(F1), . . . , ρ

i(Fs) : i = 0, 1, . . . , n−3
2
}. Since this set covers n · n−1

2
edges, which

is exactly equal to the number of edges in Kn, each edge is covered precisely once. Thus D =
{ρi(F1), ρ

i(F2), . . . , ρ
i(Fs) : i = 0, 1, . . . , n−3

2
} forms a (Cm1 , Cm2 , . . . , Cmt)-decomposition

for Kn. Applying Lemma 3.3.3, the multigraph 4K•n admits an HOP (Cm1 , Cm2 , . . . , Cmt)-
decomposition.

3.4.2 From a Decomposition of 2K◦
n to an HOP Decomposition of

4K•
n

Lemma 3.4.3. Let 2 ≤ m1 ≤ . . . ≤ mt be integers, and m = m1 + . . . +mt. Assume n is
an odd integer such that n− 1 = ms for some s ∈ Z+. Let V (2K◦n) = {xi : i ∈ Zn}, and let
ρ◦ be the permutation on E(2K◦n) that preserves the color of the edges, and is induced by
the permutation ρ = (x0 x1 x2 . . . xn−1).

Let F1, F2, . . . , Fs be (Cm1 , Cm2 , . . . , Cmt)-subgraphs of 2K◦n with the following proper-
ties.

(B1) Every cycle in F1, F2, . . . , Fs of length at least 3 contains an even number of pink
edges; and

(B2) F1, F2, . . . , Fs jointly contain exactly one edge from each of the orbits of ⟨ρ◦⟩.

Then 4K•n admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

Proof. Each edge in E(2K◦n) is of the form xixi+d, for i ∈ Zn and d ∈ {1, 2, . . . , n−1
2
}. The

group ⟨ρ◦⟩ has a pink and a black orbit {xixi+d : i ∈ Zn}, for each d ∈ {1, 2, . . . , n−1
2
}. There-

fore, we have 2 · n−1
2

= n−1 orbits, and the size of each orbit is n. Since F1, F2, . . . , Fs jointly
contain exactly one edge from each of the orbits of ⟨ρ◦⟩, observe D = {ρi◦(F1), ρ

i
◦(F2), . . . , ρ

i
◦(Fs) :

i ∈ Zn} is a (Cm1 , Cm2 , . . . , Cmt)-decomposition of 2K◦n. By Condition (B1) and Lemma
3.3.5, we see that 4K•n admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

Lemma 3.4.4. Let 2 ≤ m1 ≤ . . . ≤ mt be integers, and m = m1 + . . . +mt. Assume n is
an even integer such that 2(n− 1) = ms for some s ∈ Z+. Let V (2K◦n) = {xi : i ∈ Zn}, and
let ρ◦ be the permutation on E(2K◦n) that preserves the color of the edges, and is induced
by the permutation ρ = (x0 x1 x2 . . . xn−1).
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Let F1, F2, . . . , Fs be (Cm1 , Cm2 , . . . , Cmt)-subgraphs of 2K◦n with the following proper-
ties.

(B′1) Every cycle in F1, F2, . . . , Fs of length at least 3 contains an even number of pink
edges;

(B′2) F1, F2, . . . , Fs jointly contain exactly two edges from each orbit of ⟨ρ◦⟩ of length n,
namely, a pair of edges of the form (e, ρ

n
2
◦ (e)); and

(B′3) F1, F2, . . . , Fs jointly contain exactly one edge from each orbit of ⟨ρ◦⟩ of length n
2
.

Then 4K•n admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

Proof. Observe that the group ⟨ρ◦⟩ has a pink and a black orbit {xixi+d : i ∈ Zn}, for each
d ∈ {1, 2, . . . , n−2

2
}, and a pink and a black orbit {xixi+n

2
: i = 0, 1, . . . , n−2

2
}. Therefore, we

have 2 · n−2
2

+2 = n orbits. Note that the size of each orbit is n, except for the pink and the
black orbit consisting of edges of difference n

2
; these two orbits have length n

2
.

Assume O is an orbit of ⟨ρ◦⟩; then either it has length n
2

or n. If the length of O is n
2
,

then by (B′3) clearly {ρi◦(F1), . . . , ρ
i
◦(Fs) : i = 0, 1, . . . , n−2

2
} contains all edges of O. If the

length of O is n, then for any e ∈ O, by (B′2), we have that e ∈ E(F1∪F2∪ . . .∪Fs) implies
ρ

n
2
◦ (e) ∈ E(F1 ∪ F2 ∪ . . . ∪ Fs). Hence, {ρi◦(F1), . . . , ρ

i
◦(Fs) : i = 0, 1, . . . , n−2

2
} contains all

edges of O.

We see that F1, F2, . . . , Fs jointly contain 2(n − 1) edges, and all edges in each orbit
are covered by {ρi◦(F1), . . . , ρ

i
◦(Fs) : i = 0, 1, . . . , n−2

2
}. Since this set covers 2(n − 1) · n

2
=

n(n − 1) edges which is exactly equal to the number of edges in 2K◦n, no edge is cov-
ered twice. Thus D = {ρi◦(F1), . . . , ρ

i
◦(Fs) : i = 0, 1, . . . , n−2

2
} forms a (Cm1 , Cm2 , . . . , Cmt)-

decomposition for 2K◦n. By Condition (B′1) and Lemma 3.3.5, we see that 4K•n admits an
HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

Lemma 3.4.5. Let 2 ≤ m1 ≤ m2 ≤ . . . ≤ mt be integers, and m = m1+ . . .+mt. Assume n
is an even integer such that n = ms for some s ∈ Z+. Let V (2K◦n) = {xi : i ∈ Zn−1}∪{x∞}.
Let ρ◦ be the permutation on E(2K◦n) that preserves the color of the edges, and is induced
by the permutation ρ = (x∞)(x0 x1 x2 . . . xn−2).

Let F1, F2, . . . , Fs be (Cm1 , Cm2 , . . . , Cmt)-subgraphs of 2K◦n with the following proper-
ties.

(D1) Every cycle of F1, F2, . . . , Fs of length at least 3 contains an even number of pink
edges, and

(D2) F1, F2, . . . , Fs jointly contain exactly one edge from each of the orbits of ⟨ρ◦⟩.

Then 4K•n admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

Proof. Each edge in E(2K◦n) is either of the form xixi+d, for i ∈ Zn−1 and d ∈ {1, 2, . . . , n−2
2
},

or of the form xix∞ (if it is of difference infinity). Since ρ◦ is a permutation that preserves
the color of the edges, the group ⟨ρ◦⟩ has the following orbits on the edge set of 2K◦n:
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• for each d ∈ {1, 2, . . . , n−2
2
}, we have a pink and a black orbit {xixi+d : i ∈ Zn−1}, and

• a pink and a black orbit {xix∞ : i ∈ Zn−1}.

Hence, the group ⟨ρ◦⟩ has 2 · n−2
2

+ 2 = n orbits, and the size of each orbit is n − 1. Since
F1, F2, . . . , Fs jointly contain exactly one edge from each of the orbits of ⟨ρ◦⟩, we observe that
D = {ρi◦(F1), ρ

i
◦(F2), . . . , ρ

i
◦(Fs) : i ∈ Zn−1} is a (Cm1 , Cm2 , . . . , Cmt)-decomposition of 2K◦n.

Moreover, since every cycle in D of length at least 3 contains an even number of pink edges,
by Lemma 3.3.5, the multigraph 4K•n admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

Lemma 3.4.6. Let 2 ≤ m1 ≤ . . . ≤ mt be integers, and m = m1 + . . . +mt. Assume n is
an odd integer with 2n = ms for some s ∈ Z+. Let V (2K◦n) = {xi : i ∈ Zn−1} ∪ {x∞}. Let
ρ◦ be the permutation on E(2K◦n) that preserves the color of the edges, and is induced by
the permutation ρ = (x∞)(x0 x1 x2 . . . xn−2).

Let F1, F2, . . . , Fs be (Cm1 , Cm2 , . . . , Cmt)-subgraphs of 2K◦n with the following proper-
ties.

(D′1) Every cycle in F1, F2, . . . , Fs of length at least 3 contains an even number of pink
edges;

(D′2) F1, F2, . . . , Fs jointly contain exactly two edges from each orbit of ⟨ρ◦⟩ of length n−1,
namely, a pair of edges of the form (e, ρ

n−1
2
◦ (e)); and

(D′3) F1, F2, . . . , Fs jointly contain exactly one edge from each orbit of ⟨ρ◦⟩ of length n−1
2

.

Then 4K•n admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

Proof. Observe that the group ⟨ρ◦⟩ has the following orbits on the edge set of 2K◦n:

• for each d ∈ {1, 2, . . . , n−3
2
}, we have a pink and a black orbit {xixi+d : i ∈ Zn−1};

• a pink and a black orbit {xixi+n−1
2

: i = 0, 1, . . . , n−3
2
}; and

• a pink and a black orbit {xix∞ : i ∈ Zn−1}.

Therefore, we have 2 · n−3
2

+ 2 + 2 = n+ 1 orbits. Note that the size of each orbit is n− 1,
except for the pink and the black orbit consisting of edges of difference n−1

2
; these two orbits

have length n−1
2

.

Assume O is an orbit of ⟨ρ◦⟩; then either it has length n−1
2

or n−1. If the length of O is
n−1
2

, then by (D′3) clearly {ρi◦(F1), . . . , ρ
i
◦(Fs) : i = 0, 1, . . . , n−3

2
} contains all edges of O. If

the length of O is n−1, then for any e ∈ O, by (D′2), we have that e ∈ E(F1∪F2∪ . . .∪Fs)

implies ρ
n−1
2
◦ (e) ∈ E(F1 ∪ F2 ∪ . . . ∪ Fs). Hence, {ρi◦(F1), . . . , ρ

i
◦(Fs) : i = 0, 1, . . . , n−3

2
}

contains all edges of O.

Note that F1, F2, . . . , Fs jointly contain ms = 2n edges, and all edges in each orbit are
covered by the set {ρi◦(F1), . . . , ρ

i
◦(Fs) : i = 0, 1, . . . , n−3

2
}. Since this set covers 2n · n−1

2
=
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n(n− 1) edges, which matches exactly the number of edges in 2K◦n, no edge is covered more
than once.

Thus, D = {ρi◦(F1), . . . , ρ
i
◦(Fs) : i = 0, 1, . . . , n−3

2
} is a (Cm1 , Cm2 , . . . , Cmt)-decomposition

of 2K◦n. By Condition (D′1) and Lemma 3.3.5, we conclude that 4K•n admits an HOP
(Cm1 , Cm2 , . . . , Cmt)-decomposition.

3.4.3 HOP Decompositions of 4K•
n

Lemma 3.4.7. Let 2 ≤ m1 ≤ . . . ≤ mt be integers, and m = m1 + . . . +mt. Assume n is
an odd integer with 2(n− 1) = ms for some s ∈ Z+. Let V (4K•n) = {xi : i ∈ Zn}, and let ρ•
be the permutation on E(4K•n) that preserves the color (and orientation) of the edges, and
is induced by the permutation ρ = (x0 x1 x2 . . . xn−1).

Let F1, F2, . . . , Fs be (Cm1 , Cm2 , . . . , Cmt)-subgraphs of 4K•n with the following proper-
ties.

(E1) Every cycle in F1, F2, . . . , Fs satisfies Condition (C1) of Definition 1.2.3;

(E2) F1, F2, . . . , Fs jointly contain exactly one edge from each of the orbits of ⟨ρ•⟩.

Then D = {ρi•(F1), ρ
i
•(F2), . . . , ρ

i
•(Fs) : i ∈ Zn} is an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition

of 4K•n.

Proof. Since ρ• is a permutation that preserves the color and orientation of the edges, the
group ⟨ρ•⟩ has the following orbits on the edge set of 4K•n:

• for each d ∈ {1, 2, . . . , n−1
2
}, we have a pink and a blue orbit {xixi+d : i ∈ Zn};

• for each d ∈ {1, 2, . . . , n− 1}, we have a black orbit {(xi, xi+d) : i ∈ Zn}.

Altogether, the group ⟨ρ•⟩ has 2 · n−1
2

+(n−1) = 2(n−1) orbits, and the size of each orbit is
n. Since F1, F2, . . . , Fs jointly contain exactly one edge from each of the orbits of ⟨ρ•⟩, we see
that D = {ρi•(F1), . . . , ρ

i
•(Fs) : i ∈ Zn} is a (Cm1 , . . . , Cmt)-decomposition of 4K•n. Moreover,

since every 2-regular subgraph in D is formed by applying the permutation ρ• to the starters
in {F1, F2, . . . , Fs}, and ρ• preserves the edge colors (and orientation), the decomposition D
is HOP.

Lemma 3.4.8. Let 2 ≤ m1 ≤ . . . ≤ mt be integers, and m = m1+ . . .+mt. Assume n is an
even integer with 4(n − 1) = ms for some s ∈ Z+. Let V (4K•n) = {xi : i ∈ Zn}, and let ρ•
be the permutation on E(4K•n) that preserves the color (and orientation) of the edges, and
is induced by the permutation ρ = (x0 x1 x2 . . . xn−1).

Let F1, F2, . . . , Fs be (Cm1 , Cm2 , . . . , Cmt)-subgraphs of 4K•n with the following proper-
ties.

(E′1) Every cycle in F1, F2, . . . , Fs satisfies Condition (C1) of Definition 1.2.3;
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(E′2) F1, F2, . . . , Fs jointly contain exactly two edges from each orbit of ⟨ρ•⟩ of lenght n,
namely, a pair of edges of the form (e, ρ

n
2
• (e)); and

(E′3) F1, F2, . . . , Fs jointly contain exactly one edge from each orbit of ⟨ρ•⟩ of length n
2
.

Then D = {ρi•(F1), ρ
i
•(F2), . . . , ρ

i
•(Fs) : i = 0, 1, . . . , n−2

2
} is an HOP (Cm1 , Cm2 , . . . , Cmt)-

decomposition of 4K•n.

Proof. Observe that the group ⟨ρ•⟩ has the following orbits on the edge set of 4K•n:

• for each d ∈ {1, 2, . . . , n−2
2
}, we have a pink and a blue orbit {xixi+d : i ∈ Zn};

• for each d ∈ {1, 2, . . . , n− 1}, we have a black orbit {(xi, xi+d) : i ∈ Zn}; and

• a pink and a blue orbit {xixi+n
2
: i = 0, 1, . . . , n−2

2
}.

Hence, the group ⟨ρ•⟩ has 2 · n−2
2

+ (n − 1) + 2 = 2n − 1 orbits. Note that the size of each
orbit is n, except for the pink and the blue orbit consisting of edges of difference n

2
; these

two orbits have length n
2
.

Assume O is an orbit of ⟨ρ•⟩; then either it has length n
2

or n. If the length of O is n
2
,

then by (E′3) clearly {ρi•(F1), . . . , ρ
i
•(Fs) : i = 0, 1, . . . , n−2

2
} contains all edges of O. If the

length of O is n, then for any e ∈ O, by (E′2), we have that e ∈ E(F1∪F2∪ . . .∪Fs) implies
ρ

n
2
• (e) ∈ E(F1 ∪ F2 ∪ . . . ∪ Fs). Hence, {ρi•(F1), . . . , ρ

i
•(Fs) : i = 0, 1, . . . , n−2

2
} contains all

edges of O.

Note that F1, F2, . . . , Fs jointly contain 4(n − 1) edges, and all edges in each orbit are
covered by the set {ρi•(F1), . . . , ρ

i
•(Fs) : i = 0, 1, . . . , n−2

2
}. Since this set covers 4(n−1) · n

2
=

2n(n − 1) edges, which is exactly the total number of edges in 4K•n, each edge is covered
precisely once. Therefore,

D = {ρi•(F1), . . . , ρ
i
•(Fs) : i = 0, 1, . . . , n−2

2
}

is a (Cm1 , Cm2 , . . . , Cmt)-decomposition of 4K•n. By Condition (E′1) and the fact that ρ• pre-
serves both edge colors and orientation, we conclude that D is an HOP (Cm1 , Cm2 , . . . , Cmt)-
decomposition of 4K•n.

Lemma 3.4.9. Let 2 ≤ m1 ≤ m2 ≤ . . . ≤ mt be integers, and m = m1 + . . .+mt. Assume
n is an even integer with 2n = ms for some s ∈ Z+. Let V (4K•n) = {xi : i ∈ Zn−1} ∪ {x∞}.
Let ρ• be the permutation on E(4K•n) that preserves the color (and orientation) of the edges,
and is induced by the permutation ρ = (x∞)(x0 x1 x2 . . . xn−2).

Let F1, F2, . . . , Fs be (Cm1 , Cm2 , . . . , Cmt)-subgraphs of 4K•n with the following proper-
ties.

(L1) Every cycle in F1, F2, . . . , Fs satisfies Condition (C1) of Definition 1.2.3; and

(L2) F1, F2, . . . , Fs jointly contain exactly one edge from each of the orbits of ⟨ρ•⟩.
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Then D = {ρi•(F1), ρ
i
•(F2), . . . , ρ

i
•(Fs) : i ∈ Zn−1} is an HOP (Cm1 , . . . , Cmt)-decomposition

of 4K•n.

Proof. Notice that the group ⟨ρ•⟩ has the following orbits on the edge set of 4K•n:

• for each d ∈ {1, 2, . . . , n−2
2
}, we have a pink and a blue orbit {xixi+d : i ∈ Zn−1};

• for each d ∈ {1, 2, . . . , n− 2}, we have a black orbit {(xi, xi+d) : i ∈ Zn−1};

• a pink and a blue orbit {xix∞ : i ∈ Zn−1}; and

• black orbits {(x∞, xi) : i ∈ Zn−1} and {(xi, x∞) : i ∈ Zn−1}.

Hence, the group ⟨ρ•⟩ has 2 · n−2
2

+ (n − 2) + 2 + 2 = 2n orbits, each of size n − 1. Since
F1, F2, . . . , Fs jointly contain exactly one edge from each of the orbits of ⟨ρ•⟩, we see that
D = {ρi•(F1), . . . , ρ

i
•(Fs) : i ∈ Zn−1} is a (Cm1 , . . . , Cmt)-decomposition of 4K•n. Moreover,

since every 2-regular subgraph in D is formed by applying the permutation ρ• to the starters
in {F1, F2, . . . , Fs}, and ρ• preserves the edge colors (and orientation), the decomposition D
is HOP.

Lemma 3.4.10. Let 2 = m1 ≤ m2 ≤ . . . ≤ mt be integers, and m = m1+ . . .+mt. Assume
n is an odd integer with 2n = ms for some s ∈ Z+. Let V (4K•n) = {xi : i ∈ Zn−1} ∪ {x∞}.
Let ρ• be the permutation on E(4K•n) that preserves the color (and orientation) of the edges,
and is induced by the permutation ρ = (x∞)(x0 x1 x2 . . . xn−2).

Let F1, F2, . . . , Fs be (C2, Cm2 , . . . , Cmt)-subgraphs of 4K•n with the following properties.

(L′1) Every cycle in F1, F2, . . . , Fs satisfies Condition (C1) of Definition 1.2.3;

(L′2) F1, F2, . . . , Fs jointly contain exactly two edges of difference n−1
2

, which appear in a
2-cycle; and

(L′3) F1, F2, . . . , Fs jointly contain exactly one edge from each of the orbits of ⟨ρ•⟩ corre-
sponding to differences 1, 2, . . . , n−3

2
,∞.

Then there exists an HOP (C2, Cm2 , . . . , Cmt)-decomposition of 4K•n.

Proof. Since ρ• is a permutation that preserves the color and orientation of the edges, the
group ⟨ρ•⟩ has the following orbits on the edge set of 4K•n:

• for each d ∈ {1, 2, . . . , n−3
2
}, we have a pink and a blue orbit {xixi+d : i ∈ Zn−1};

• for each d ∈ {1, 2, . . . , n− 2}, we have a black orbit {(xi, xi+d) : i ∈ Zn−1};

• a pink and a blue orbit {xixi+n−1
2

: i = 0, 1, . . . , n−3
2
};

• a pink and a blue orbit {xix∞ : i ∈ Zn−1}; and

• black orbits {(x∞, xi) : i ∈ Zn−1} and {(xi, x∞) : i ∈ Zn−1}.
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Hence, the group ⟨ρ•⟩ has 2 · n−3
2

+ (n− 2) + 2 + 2 + 2 = 2n + 1 orbits. Note that the size
of each orbit is n− 1, except for the pink and the blue orbit consisting of edges of difference
n−1
2

; these two orbits have length n−1
2

.

Let e be an edge of 4K•n of difference n−1
2

. Then by (L′2), it appears only in a 2-cycle,
say C. We may assume that Fs is the (C2, Cm2 , . . . , Cmt)-subgraph that contains C. Recolor
the edges of C pink and blue. It is clear that {ρi•(Fs) : i = 0, 1, . . . , n−3

2
} covers all pink

and a blue edges of difference n−1
2

. Now, form F ′s from Fs by recoloring the edges of C

black (as opposite arcs). Observe that {ρ
n−1
2

+i
• (F ′s) : i = 0, 1, . . . , n−3

2
} covers all black arcs

of difference n−1
2

. Hence, {ρi•(Fs), ρ
n−1
2

+i
• (F ′s) : i = 0, 1, . . . , n−3

2
} covers all four copies of all

edges of difference n−1
2

. Moreover, since F1, F2, . . . , Fs jointly contain exactly one edge from
each of the orbits, except for the orbits that correspond to difference n−1

2
, we see that

D =
{︁
ρi•(Fs), ρ

n−1
2

+i
• (F ′s) : i = 0, 1, . . . , n−3

2

}︁
∪
{︁
ρi•(F1), ρ

i
•(F2), . . . , ρ

i
•(Fs−1) : i ∈ Zn−1

}︁
is a (C2, Cm2 , . . . , Cmt)-decomposition for 4K•n. Since every cycle in F1, F2, . . . , Fs satisfies
Condition (C1) of Definition 1.2.3, and ρ• preserves the edge colors (and orientations),
decomposition D is an HOP (C2, Cm2 , . . . , Cmt)-decomposition of 4K•n.

Lemma 3.4.11. Let 2 ≤ m1 ≤ m2 ≤ . . . ≤ mt be integers, and m = m1+ . . .+mt. Assume
n is an odd integer with 4n = ms for some s ∈ Z+. Let V (4K•n) = {xi : i ∈ Zn−1} ∪ {x∞}.
Let ρ• be the permutation on E(4K•n) that preserves the color (and orientation) of the edges,
and is induced by the permutation ρ = (x∞)(x0 x1 x2 . . . xn−2).

Let F1, F2, . . . , Fs be (Cm1 , Cm2 , . . . , Cmt)-subgraphs of 4K•n with the following proper-
ties.

(L′′1) Every cycle in F1, F2, . . . , Fs satisfies Condition (C1) of Definition 1.2.3;

(L′′2) F1, F2, . . . , Fs jointly contain exactly two edges from each orbit of ⟨ρ•⟩ of length n−1,
namely, a pair of edges of the form (e, ρ

n−1
2
• (e)); and

(L′′3) F1, F2, . . . , Fs jointly contain exactly one edge from each orbit of ⟨ρ•⟩ of length n−1
2

.

Then D = {ρi•(F1), ρ
i
•(F2), . . . , ρ

i
•(Fs) : i = 0, 1, . . . , n−3

2
} is an HOP (Cm1 , Cm2 , . . . , Cmt)-

decomposition of 4K•n.

Proof. With the same orbit setup as in Lemma 3.4.10, assume O is an orbit of ⟨ρ•⟩;
then either it has length n−1

2
or n − 1. If the length of O is n−1

2
, then by (L′′3) clearly

{ρi•(F1), . . . , ρ
i
•(Fs) : i = 0, 1, . . . , n−3

2
} contains all edges of O. If the length of O is

n − 1, then for any e ∈ O, by (L′′2), we have that e ∈ E(F1 ∪ F2 ∪ . . . ∪ Fs) implies
ρ

n−1
2
• (e) ∈ E(F1 ∪ F2 ∪ . . . ∪ Fs). Hence, {ρi•(F1), . . . , ρ

i
•(Fs) : i = 0, 1, . . . , n−3

2
} contains all

edges of O.

Note that F1, F2, . . . , Fs jointly cover 4n edges, and all edges in each orbit are covered
by {ρi•(F1), . . . , ρ

i
•(Fs) : i = 0, 1, . . . , n−3

2
}. Since this set covers 4n · n−1

2
= 2n(n − 1) edges
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which is exactly equal to the number of edges in 4K•n, no edge is covered twice. Thus,

D = {ρi•(F1), . . . , ρ
i
•(Fs) : i = 0, 1, . . . ,

n− 3

2
}

is a (Cm1 , Cm2 , . . . , Cmt)-decomposition of 4K•n. By Condition (L′′1), we see this decompo-
sition is an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.



Chapter 4

The Generalized HOP with Two Round
Tables

In this chapter, we prove a partial result on the generalized HOP with s tables of sizes 2 and
two round tables of sizes 2m1 and 2m2, that is, HOP(2⟨s⟩, 2m1, 2m2). In particular, we prove
in Theorem 4.4.1 that HOP(2⟨s⟩, 2m1, 2m2) has a solution whenever n ≡ 1 (mod 2m1+2m2),
and in Theorem 4.4.2, we show that HOP(2⟨s⟩, 2m1, 2m2) has a solution whenever n ≡
m1 + m2 (mod 2m1 + 2m2). Later in Section 4.5, a solution to HOP(2⟨s⟩, 4⟨r⟩, 2m) under
similar conditions is established.

4.1 HOP (C
⟨α⟩
2 , Cm1, Cm2, . . . , Cmt)-decomposition

We start with the following lemma, which describes how a particular decomposition of Kn

gives rise to an HOP decomposition of 4K•n. This lemma will later be used to prove the
results in Lemmas 4.2.1 and 4.3.1.

Lemma 4.1.1. Assume G is a simple graph. Let H be a (Cm1 , Cm2 , . . . , Cmt)-subgraph of
G, and let H ′ be an edge-disjoint union of two 1-regular subgraphs of G of order 2α.

If G admits a decomposition into subgraphs isomorphic to H ∪̇H ′, then 4G• admits an
HOP (C

⟨α⟩
2 , Cm1 , Cm2 , . . . , Cmt)-decomposition.

Proof. Let D = {F1, F2, . . . , Fk} be a decomposition of G such that each Fi, for i ∈
{1, 2, . . . , k}, is isomorphic to H ∪̇H ′.

Fix i ∈ {1, 2, . . . , k}; then Fi = Hi ∪̇ H ′i, where Hi is isomorphic to H and H ′i is
isomorphic to H ′. Now, let H(1)

i , H
(2)
i , H

(3)
i , H

(4)
i be four copies of the 2-regular subgraph Hi.

Next, for j ∈ {1, 2, . . . , 2α}, let Ej be the jth subgraph isomorphic to K2 in H ′i. We
may assume E1, . . . , Eα as well as Eα+1, . . . , E2α are pairwise disjoint, and E1 ∪ . . . ∪ Eα is
edge-disjoint from Eα+1∪ . . .∪E2α. For each j ∈ {1, 2, . . . , 2α}, let E(1)

j and E
(2)
j be 2-cycles

that jointly contain four (parallel) copies of the edge of Ej. Now, apply the proof of Lemma

53
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3.3.3 to color the edges in H
(1)
i , H

(2)
i , H

(3)
i , H

(4)
i and E

(1)
j , E

(2)
j , for all j, so that they satisfy

Condition (C1) of Definition 1.2.3, and so that

• H
(1)
i

⨁︁
H

(2)
i

⨁︁
H

(3)
i

⨁︁
H

(4)
i = 4H•i , and

• E
(1)
j

⨁︁
E

(2)
j = 4E•j .

Now, let Ti1 , Ti2 , Ti3 , Ti4 be the following subgraphs:

Ti1 = H
(1)
i ∪ E

(1)
1 ∪ E

(1)
2 ∪ . . . ∪ E(1)

α ;

Ti2 = H
(2)
i ∪ E

(1)
α+1 ∪ E

(1)
α+2 ∪ . . . ∪ E

(1)
2α ;

Ti3 = H
(3)
i ∪ E

(2)
1 ∪ E

(2)
2 ∪ . . . ∪ E(2)

α ;

Ti4 = H
(4)
i ∪ E

(2)
α+1 ∪ E

(2)
α+2 ∪ . . . ∪ E

(2)
2α .

It is easy to see that Ti1 , Ti2 , Ti3 , Ti4 are all (C⟨α⟩2 , Cm1 , . . . , Cmt)-subgraphs of 4G• that satisfy
Condition (C1) of Definition 1.2.3, and

Ti1

⨁︂
Ti2

⨁︂
Ti3

⨁︂
Ti4 = 4(Hi ∪̇H ′i)

We apply the above procedure for each Fi, for i ∈ {1, 2, . . . , k}, so each Fi gives rise to four
(C
⟨α⟩
2 , Cm1 , . . . , Cmt)-subgraphs. Since D = {F1, F2, . . . , Fk} is a decomposition of G, the

resulting (C
⟨α⟩
2 , Cm1 , . . . , Cmt)-subgraphs form an HOP (C

⟨α⟩
2 , Cm1 , . . . , Cmt)-decomposition

of 4G• (see Example 4.1.2).

Example 4.1.2. Let H be a (C3)-subgraph of K11, and let H ′ be an edge-disjoint union of
two 1-regular subgraphs of order 2 in K11. Then K11 admits an (H ∪̇H ′)-decomposition, as
shown in Figure 4.1, each color class represents an (H ∪̇H ′)-subgraph.

In Figure 4.1, we use the construction from the proof of Lemma 4.1.1 to show that such
an (H ∪̇H ′)-decomposition of K11 gives rise to an HOP (C2, C3)-decomposition of 4K•11.

The following lemma is a direct consequence of Lemma 4.1.1. We will later use this
result to prove generalized forms of Lemmas 4.2.1 and 4.3.1.

Lemma 4.1.3. Let m1,m2, . . . ,mt ≥ 3 be integers. Assume that G is a simple graph that
admits a (Cm1 , Cm2 , . . . , Cmt)-decomposition, where m1,m2, . . . ,ms are even for some s ≤ t.

Then 4G• admits an HOP (C
⟨m1+m2+...+ms

2
⟩

2 , Cms+1 , . . . , Cmt)-decomposition.

Proof. We observe that, for i ∈ {1, 2, . . . , s}, each even cycle, Cmi
, is an edge-disjoint union

of two 1-regular subgraphs of order mi. Thus, Cm1 ∪̇ . . . ∪̇ Cms is an edge-disjoint union of
two 1-regular subgraphs of order m1 +m2 + . . . +ms. Therefore, the (Cm1 , Cm2 , . . . , Cmt)-
decomposition of G gives rise to a decomposition of G into subgraphs consisting of a dis-
joint union of a (Cms+1 , . . . , Cmt)-subgraph and two edge-disjoint 1-regular subgraphs of
order m1 + m2 + . . . + ms. Now, applying Lemma 4.1.1, we see 4G• admits an HOP
(C
⟨m1+m2+...+ms

2
⟩

2 , Cms+1 , . . . , Cmt)-decomposition (see Example 4.1.4).

Example 4.1.4. In Figure 4.2, we see that a (C3, C4)-factorization of K7 gives rise to an
HOP (C

⟨2⟩
2 , C3)-factorization of 4K•7 .
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-decomposition of

Figure 4.1: From an (H ∪̇ H ′)-decomposition of K11 to an HOP (C2, C3)-decomposition of
4K•11.

4.2 HOP (C2, Cm)-decompositions of 4K•
n

when n ≡ 1 (mod 2(m + 2))

In the following lemma, we show that for n ≡ 1 (mod 2(m+2)), the multigraph 4K•n admits
an HOP (C2, Cm)-decomposition.

Lemma 4.2.1. Let m ≥ 3, k ≥ 1 be integers, and let n = 2(m+ 2)k + 1. Then there exists
an HOP (C2, Cm)-decomposition of 4K•n.

Proof. Let V (Kn) = {xi : i ∈ Zn}, and let ρ = (x0 x1 . . . xn−1) be a permutation on V (Kn).
By the given labeling, each edge in E(Kn) is of the form xixi+d, where d ∈ {1, 2, . . . , (m+2)k}.
Therefore, the group ⟨ρ⟩ acting on E(Kn) has (m+ 2)k orbits, each of size n.

Our goal is to construct k subgraphs of Kn, namely F1, F2, . . . , Fk, where each Fi is a
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Figure 4.2: From a (C3, C4)-factorization of K7 to an HOP (C
⟨2⟩
2 , C3)-factorization of 4K•7 .
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disjoint union of a Cm-subgraph and two edge-disjoint 1-regular subgraphs of order 2, and
where F1, F2, . . . , Fk jointly contain exactly one edge of each difference in {1, 2, . . . , (m+2)k}.
Therefore, D = {ρi(F1), ρ

i(F2), . . . , ρ
i(Fk) : i ∈ Zn} forms a decomposition of Kn that

satisfies the condition in Lemma 4.1.1 (for t = 1 and α = 1); hence, by Lemma 4.1.1, the
multigraph 4K•n admits an HOP (C2, Cm)-decomposition.

We start by constructing m-cycles. First, we build two paths, P and Q, and then
form the cycle C by concatenating these paths appropriately. The construction depends on
m mod 4, so we consider four cases: m ≡ 0, 1, 2, or 3 (mod 4).

Case 1: m ≡ 0 (mod 4).

For i ∈ {1, 2, . . . , k}, define a walk Pi as follows:

Pi = x1−i xi x−i x2k+i x−(2k+i) x4k+i x−(4k+i) . . .

. . . xm−12
2

k+i x−(m−12
2

k+i) xm−8
2

k+i x−(m−8
2

k+i) xm−4
2

k+i.

It is easy to verify that Pi is a path of length m−2
2

, which yields the following sequence of
differences:

2i− 1, 2i, 2k + 2i, 4k + 2i, 6k + 2i, 8k + 2i, . . . ,

. . . , (m− 14)k + 2i, (m− 12)k + 2i, (m− 10)k + 2i, (m− 8)k + 2i, (m− 6)k + 2i.

The explicit differences in the sequences P1, P2, . . . , Pk are listed below. We see that the
paths P1, P2, . . . , Pk, jointly contain the consecutive odd differences from 1 to 2k− 1 (shown
in red), and the consecutive even differences from 2 to (m− 4)k.

P1 : 1, 2, 2k + 2, 4k + 2, 6k + 2, . . . , (m− 10)k + 2, (m− 8)k + 2, (m− 6)k + 2

P2 : 3, 4, 2k + 4, 4k + 4, 6k + 4, . . . , (m− 10)k + 4, (m− 8)k + 4, (m− 6)k + 4

P3 : 5, 6, 2k + 6, 4k + 6, 6k + 6, . . . , (m− 10)k + 6, (m− 8)k + 6, (m− 6)k + 6

...
Pk−2 : 2k − 5, 2k − 4, 4k − 4, 6k − 4, 8k − 4, . . . , (m− 8)k − 4, (m− 6)k − 4, (m− 4)k − 4

Pk−1 : 2k − 3, 2k − 2, 4k − 2, 6k − 2, 8k − 2, . . . , (m− 8)k − 2, (m− 6)k − 2, (m− 4)k − 2

Pk : 2k − 1, 2k, 4k, 6k, 8k, . . . , (m− 8)k, (m− 6)k, (m− 4)k

Next, for i ∈ {1, 2, . . . , k}, define a walk Qi as follows:

Qi = x−(m+4
2

k+i) xm+4
2

k+i x−(m+8
2

k+i) xm+8
2

k+i . . .

. . . x−((m−2)k+i) x(m−2)k+i x−(mk+i) xmk+i.

It is easy to verify that Qi, for i ∈ {1, 2, . . . , k}, is a path of length m−2
2

and produces the
following sequence of differences:

mk − 2i+ 1, (m− 2)k − 2i+ 1, (m− 4)k − 2i+ 1, . . . , 8k − 2i+ 1, 6k − 2i+ 1, 4k − 2i+ 1.
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In what follows, the differences in the sequence of Qi, for i ∈ {1, 2, . . . , k}, are explicitly
listed. Observe that Q1, Q2, . . . , Qk jointly contain the consecutive odd differences from 2k+1
to mk − 1.

Q1 : mk − 1, (m− 2)k − 1, (m− 4)k − 1, . . . , 8k − 1, 6k − 1, 4k − 1

Q2 : mk − 3, (m− 2)k − 3, (m− 4)k − 3, . . . , 8k − 3, 6k − 3, 4k − 3

Q3 : mk − 5, (m− 2)k − 5, (m− 4)k − 5, . . . , 8k − 5, 6k − 5, 4k − 5

...
Qk−2 : (m− 2)k + 5, (m− 4)k + 5, (m− 6)k + 5, . . . , 6k + 5, 4k + 5, 2k + 5

Qk−1 : (m− 2)k + 3, (m− 4)k + 3, (m− 6)k + 3, . . . , 6k + 3, 4k + 3, 2k + 3

Qk : (m− 2)k + 1, (m− 4)k + 1, (m− 6)k + 1, . . . , 6k + 1, 4k + 1, 2k + 1

Now, for i ∈ {1, 2, . . . , k}, we construct the following closed walk using paths Pi and Qi:

Ci = Pi xm−4
2

k+i x−(m+4
2

k+i) Qi xmk+i x1−i.

It can be seen that Ci is a cycle of length m, and traverses edges of the following differences
(in order):

2i− 1, 2i, 2k + 2i, 4k + 2i, 6k + 2i, 8k + 2i, . . . ,

(m− 14)k + 2i, (m− 12)k + 2i, (m− 10)k + 2i, (m− 8)k + 2i, (m− 6)k + 2i,

mk + 2i,mk − 2i+ 1, (m− 2)k − 2i+ 1, (m− 4)k − 2i+ 1, . . . ,

8k − 2i+ 1, 6k − 2i+ 1, 4k − 2i+ 1,mk + 2i− 1.

Below, the differences in the sequences of C1, C2, . . . , Ck are listed explicitly.

C1 : 1, . . . , (m− 6)k + 2,mk + 2,mk − 1, (m− 2)k − 1, . . . , 4k − 1,mk + 1

C2 : 3, . . . , (m− 6)k + 4,mk + 4,mk − 3, (m− 2)k − 3, . . . , 4k − 3,mk + 3

C3 : 5, . . . , (m− 6)k + 6,mk + 6,mk − 5, (m− 2)k − 5, . . . , 4k − 5,mk + 5

...
Ck−2 : 2k − 5, . . . , (m− 4)k − 4, (m+ 2)k − 4, (m− 2)k + 5, (m− 4)k + 5, . . . , 2k + 5, (m+ 2)k − 5

Ck−1 : 2k − 3, . . . , (m− 4)k − 2, (m+ 2)k − 2, (m− 2)k + 3, (m− 4)k + 3, . . . , 2k + 3, (m+ 2)k − 3

Ck : 2k − 1, . . . , (m− 4)k, (m+ 2)k, (m− 2)k + 1, (m− 4)k + 1, . . . , 2k + 1, (m+ 2)k − 1

Observe that C1, C2, . . . , Ck jointly contain exactly one edge of each difference in {1, 2, 3,
. . . , (m+ 2)k} except for

(m− 4)k + 2j, for j ∈ {1, 2, . . . , 2k}.

Note that we have 2k differences from {1, 2, 3, . . . , (m+2)k} that are not covered by any Ci.
Next, we define subgraphs that cover the leftover differences.

First, assume m ≥ 8. Define the following subgraphs of Kn (isomorphic to K2) that
cover the leftover differences:
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• E
(1)
j = x−(m−6

2
k+j) xm−2

2
k+j, for j ∈ {1, 2, . . . , k};

• E
(2)
j = x−(m−4

2
k+j) x

m
2
k+j, for j ∈ {1, 2, . . . , k}.

Observe that none of the vertices in the intervals [x−(m−6
2

k+1), x−(m+4
2

k)] and [xm−2
2

k+1, xm+4
2

k]

are used in any Ci, and that only vertices in these intervals are used to construct the sub-
graphs E(1)

j and E
(2)
j . Hence, each Ci is disjoint from E

(1)
j and E

(2)
j , for all j ∈ {1, 2, . . . , k}.

For m = 4, the missing differences are 2j, for j ∈ {1, 2, . . . , 2k}, which are covered by
the following subgraphs (isomorphic to K2):

• E
(1)
j = x−(6k−j+1) x6k−j, for j ∈ {1, 2, . . . , k − 1};

• E
(1)
k = x−k x−3k; and

• E
(2)
j = x−(k+j) xk+j, for j ∈ {1, 2, . . . , k}.

Case 2: m ≡ 2 (mod 4).

For i ∈ {1, 2, . . . , k}, define a walk Pi as follows:

Pi = x1−i xi x−i x2k+i x−(2k+i) x4k+i x−(4k+i) . . .

. . . xm−14
2

k+i x−(m−14
2

k+i) xm−10
2

k+i x−(m−10
2

k+i) xm−6
2

k+i x−(m−6
2

k+i).

It is easy to verify that Pi is a path of length m−2
2

, and yields the same sequence of differences
as Pi in Case 1:

2i− 1, 2i, 2k + 2i, 4k + 2i, 6k + 2i, 8k + 2i, . . . ,

. . . , (m− 14)k + 2i, (m− 12)k + 2i, (m− 10)k + 2i, (m− 8)k + 2i, (m− 6)k + 2i.

Next for i ∈ {1, 2, . . . , k}, define a walk Qi as follows:

Qi = xm+2
2

k+i x−(m+6
2

k+i) xm+6
2

k+i . . .

. . . x−((m−2)k+i) x(m−2)k+i x−(mk+i) xmk+i.

It is easy to verify that Qi, for i ∈ {1, 2, . . . , k}, is a path of length m−2
2

, and yields the same
sequence of differences as Qi in Case 1:

mk − 2i+ 1, (m− 2)k − 2i+ 1, (m− 4)k − 2i+ 1, . . . , 8k − 2i+ 1, 6k − 2i+ 1, 4k − 2i+ 1.

Now, for i ∈ {1, 2, . . . , k}, we construct the following closed walk using paths Pi and Qi

(see Figure 4.3):
Ci = Pi x−(m−6

2
k+i) xm+2

2
k+i Qi xmk+i x1−i.

It can be seen that Ci is a cycle of length m, and traverses edges of the following differences
(in order):

2i− 1, 2i, 2k + 2i, 4k + 2i, 6k + 2i, 8k + 2i, . . . ,
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(m− 14)k + 2i, (m− 12)k + 2i, (m− 10)k + 2i, (m− 8)k + 2i, (m− 6)k + 2i,

(m− 2)k + 2i,mk − 2i+ 1, (m− 2)k − 2i+ 1, (m− 4)k − 2i+ 1, . . . ,

8k − 2i+ 1, 6k − 2i+ 1, 4k − 2i+ 1,mk + 2i− 1

The differences in C1, C2, . . . , Ck are listed below.

C1 : 1, 2, . . . , (m− 6)k + 2, (m− 2)k + 2,mk − 1, (m− 2)k − 1, . . . , 4k − 1,mk + 1

C2 : 3, 4, . . . , (m− 6)k + 4, (m− 2)k + 4,mk − 3, (m− 2)k − 3, . . . , 4k − 3,mk + 3

C3 : 5, 6, . . . , (m− 6)k + 6, (m− 2)k + 6,mk − 5, (m− 2)k − 5, . . . , 4k − 5,mk + 5

...
Ck−2 : 2k − 5, 2k − 4, . . . , (m− 4)k − 4,mk − 4, (m− 2)k + 5, (m− 4)k + 5, . . . , 2k + 5, (m+ 2)k − 5

Ck−1 : 2k − 3, 2k − 2, . . . , (m− 4)k − 2,mk − 2, (m− 2)k + 3, (m− 4)k + 3, . . . , 2k + 3, (m+ 2)k − 3

Ck : 2k − 1, 2k, . . . , (m− 4)k,mk, (m− 2)k + 1, (m− 4)k + 1, . . . , 2k + 1, (m+ 2)k − 1

Observe that C1, C2, . . . , Ck jointly contain exactly one edge of each difference in {1, 2, 3, . . . ,
(m+ 2)k} except for the following differences:

(i) (m− 4)k + 2j, for j ∈ {1, 2, . . . , k}; and

(ii) mk + 2j, for j ∈ {1, 2, . . . , k}.

Note that we have 2k differences from the set {1, 2, 3, . . . , (m+2)k} that are not covered by
any Ci. Next, we define the subgraphs that cover the remaining differences.

Define the following subgraphs of Kn (isomorphic to K2) that cover the differences listed
in (i) and (ii):

• E
(1)
j = x−(m−4

2
k+j) xm−4

2
k+j, for j ∈ {1, 2, . . . , k};

• E
(2)
j = x−(m

2
k+j) x

m
2
k+j, for j ∈ {1, 2, . . . , k}.

Observe that none of the vertices in the intervals [x−(m−4
2

k+1), x−(m+6
2

k)] and [xm−4
2

k+1, xm+2
2

k]

are used in any Ci, and that only vertices from these intervals are used to construct the
subgraphs E

(1)
j and E

(2)
j . Hence, each Ci is disjoint from all subgraphs E

(1)
j and E

(2)
j , for

j ∈ {1, 2, . . . , k}.

Case 3: m ≡ 1 (mod 4).

For i ∈ {1, 2, . . . , k}, define a walk Pi as follows:

Pi = x1−i xi x−i x2k+i x−(2k+i) x4k+i x−(4k+i) . . .

. . . xm−9
2

k+i x−(m−9
2

k+i) xm−5
2

k+i x−(m−5
2

k+i) xm−1
2

k+i.
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It is easy to verify that Pi is a path of length m+1
2

, and yields the following sequence of
differences:

2i− 1, 2i, 2k + 2i, 4k + 2i, 6k + 2i, 8k + 2i, . . . ,

. . . , (m− 9)k + 2i, (m− 7)k + 2i, (m− 5)k + 2i, (m− 3)k + 2i.

Note that the differences in P1, P2, . . . , Pk are listed explicitly below. We see that the paths
P1, P2, . . . , Pk jointly contain the consecutive odd differences from 1 to 2k−1 (shown in red),
as well as the consecutive even differences from 2 to (m− 1)k.

P1 : 1, 2, 2k + 2, 4k + 2, 6k + 2, . . . , (m− 7)k + 2, (m− 5)k + 2, (m− 3)k + 2

P2 : 3, 4, 2k + 4, 4k + 4, 6k + 4, . . . , (m− 7)k + 4, (m− 5)k + 4, (m− 3)k + 4

P3 : 5, 6, 2k + 6, 4k + 6, 6k + 6, . . . , (m− 7)k + 6, (m− 5)k + 6, (m− 3)k + 6

...
Pk−2 : 2k − 5, 2k − 4, 4k − 4, 6k − 4, 8k − 4, . . . , (m− 5)k − 4, (m− 3)k − 4, (m− 1)k − 4

Pk−1 : 2k − 3, 2k − 2, 4k − 2, 6k − 2, 8k − 2, . . . , (m− 5)k − 2, (m− 3)k − 2, (m− 1)k − 2

Pk : 2k − 1, 2k, 4k, 6k, 8k, . . . , (m− 5)k, (m− 3)k, (m− 1)k

For m = 5, let Qi = x4k+3i−1. Next, assume m ≥ 9, and for i ∈ {1, 2, . . . , k}, define a
walk Qi as follows:

Qi = x−(m+11
2

k+i) xm+3
2

k+i x−(m+15
2

k+i) xm+7
2

k+i . . .

. . . x−((m−1)k+i) x(m−5)k+i x−((m+1)k+i) x(m−3)k+i x(m−1)k+3i−1.

It is easy to verify that Qi is a path of length m−5
2

, and yields the following sequence of
differences:

(m− 3)k− 2i+1, (m− 5)k− 2i+1, (m− 7)k− 2i+1, . . . , 8k− 2i+1, 6k− 2i+1, 2k+2i− 1

In what follows, we see that the paths Q1, Q2, . . . , Qk jointly contain the consecutive
odd differences from 2k + 1 to (m− 3)k − 1.

Q1 : (m− 3)k − 1, (m− 5)k − 1, (m− 7)k − 1, . . . , 8k − 1, 6k − 1, 2k + 1

Q2 : (m− 3)k − 3, (m− 5)k − 3, (m− 7)k − 3, . . . , 8k − 3, 6k − 3, 2k + 3

Q3 : (m− 3)k − 5, (m− 5)k − 5, (m− 7)k − 5, . . . , 8k − 5, 6k − 5, 2k + 5

...
Qk−2 : (m− 5)k + 5, (m− 7)k + 5, (m− 9)k + 5, . . . , 6k + 5, 4k + 5, 4k − 5

Qk−1 : (m− 5)k + 3, (m− 7)k + 3, (m− 9)k + 3 . . . , 6k + 3, 4k + 3, 4k − 3

Qk : (m− 5)k + 1, (m− 7)k + 1, (m− 9)k + 1 . . . , 6k + 1, 4k + 1, 4k − 1
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Now, for i ∈ {1, 2, . . . , k}, we construct the following closed walk using paths Pi and Qi:

Ci = Pi xm−1
2

k+i x−(m+11
2

k+i) Qi x(m−1)k+3i−1 x1−i.

It can be seen that Ci is a cycle of length m, and traverses edges of the following differences
(in order):

2i− 1, 2i, 2k + 2i, 4k + 2i, 6k + 2i, 8k + 2i, . . . ,

(m− 9)k + 2i, (m− 7)k + 2i, (m− 5)k + 2i, (m− 3)k + 2i,

(m− 1)k − 2i+ 1, (m− 3)k − 2i+ 1, (m− 5)k − 2i+ 1, (m− 7)k − 2i+ 1, . . . ,

10k − 2i+ 1, 8k − 2i+ 1, 6k − 2i+ 1, 2k + 2i− 1, d.

Note that for i ∈ {1, 2, . . . , ⌊3k+2
4

⌋}, the difference d = (m− 1)k+4i− 2, and it is even;
for i ∈ {⌊3k+2

4
⌋+1, . . . , k}, the difference d = (m+1)k+4(k− i)+3, and it is odd. Moreover,

for all i ∈ {1, 2, . . . , k}, the difference (m− 1)k − 2i+ 1 is odd.
The explicit differences in C1, C2, . . . , Ck are listed below.

C1 : 1, 2, . . . , (m− 3)k + 2, (m− 1)k − 1, (m− 3)k − 1, . . . , 2k + 1, (m− 1)k + 2

C2 : 3, 4, . . . , (m− 3)k + 4, (m− 1)k − 3, (m− 3)k − 3, . . . , 2k + 3, (m− 1)k + 6

C3 : 5, 6, . . . , (m− 3)k + 6, (m− 1)k − 5, (m− 3)k − 5, . . . , 2k + 5, (m− 1)k + 10

...
Ck−2 : 2k − 5, 2k − 4, . . . , (m− 1)k − 4, (m− 3)k + 5, (m− 5)k + 5, . . . , 4k − 5, (m+ 1)k + 11

Ck−1 : 2k − 3, 2k − 2, . . . , (m− 1)k − 2, (m− 3)k + 3, (m− 5)k + 3, . . . , 4k − 3, (m+ 1)k + 7

Ck : 2k − 1, 2k, . . . , (m− 1)k, (m− 3)k + 1, (m− 5)k + 1, . . . , 4k − 1, (m+ 1)k + 3

Observe that C1, C2, . . . , Ck jointly contain exactly one edge of each difference in {1, 2, 3, . . . ,
(m+ 2)k} except for the following differences:

(i) (m− 1)k + 2j − 1, for j ∈ {1, 2, . . . , k};

(ii) (m− 1)k + 4j, for j ∈ {1, 2, . . . , ⌊3k
4
⌋}; and

(iii) (m+ 1)k + 4(k − i) + 1, for j ∈ {⌊3k
4
⌋+ 1, . . . , k}.

Note that there are 2k differences from the set {1, 2, 3, . . . , (m+2)k} that are not covered by
any Ci. Define the following subgraphs of Kn (isomorphic to K2) which cover the differences
listed in (i)–(iii):

• E
(1)
j = x−(m+1

2
k+j−1) x(m−3

2
k+j), for j ∈ {1, 2, . . . , k};

• E
(2)
j = x−(m−3

2
k+3j) x(m+1

2
k+j), for j ∈ {1, 2, . . . , k}.

Note that the edge in E
(1)
j is of difference (m − 1)k + 2j − 1. The edge in E

(2)
j , for j ∈

{1, 2, . . . , ⌊3k
4
⌋}, is of difference (m−1)k+4j, and for j ∈ {⌊3k

4
⌋+1, . . . , k}, it is of difference

(m+ 1)k + 4(k − i) + 1.
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Observe that none of the vertices in the intervals [x−(m−3
2

k+1), x−(m+11
2

k)], [xm−3
2

k+1, xm−1
2

k],
and [xm+1

2
k+1, xm+3

2
k] are used in any Ci, and only vertices from these intervals are used to

construct the subgraphs E
(1)
j and E

(2)
j . Hence, each Ci is disjoint from all subgraphs E

(1)
j

and E
(2)
j , for j ∈ {1, 2, . . . , k}.

Case 4: m ≡ 3 (mod 4).

For i ∈ {1, 2, . . . , k}, define a walk Pi as follows:

Pi = x1−i xi x−i x2k+i x−(2k+i) x4k+i x−(4k+i) . . .

. . . xm−11
2

k+i x−(m−11
2

k+i) xm−7
2

k+i x−(m−7
2

k+i) xm−3
2

k+i.

It is easy to verify that Pi is a path of length m−1
2

, and yields the following sequence of
differences:

2i− 1, 2i, 2k + 2i, 4k + 2i, 6k + 2i, 8k + 2i, . . . ,

. . . , (m− 11)k + 2i, (m− 9)k + 2i, (m− 7)k + 2i, (m− 5)k + 2i.

The explicit differences in the paths P1, P2, . . . , Pk are listed below. We observe that the
paths P1, P2, . . . , Pk jointly contain the consecutive odd differences from 1 to 2k − 1 (shown
in red), as well as the consecutive even differences from 2 to (m− 3)k.

P1 : 1, 2, 2k + 2, 4k + 2, 6k + 2, . . . , (m− 9)k + 2, (m− 7)k + 2, (m− 5)k + 2

P2 : 3, 4, 2k + 4, 4k + 4, 6k + 4, . . . , (m− 9)k + 4, (m− 7)k + 4, (m− 5)k + 4

P3 : 5, 6, 2k + 6, 4k + 6, 6k + 6, . . . , (m− 9)k + 6, (m− 7)k + 6, (m− 5)k + 6

...
Pk−2 : 2k − 5, 2k − 4, 4k − 4, 6k − 4, 8k − 4, . . . , (m− 7)k − 4, (m− 5)k − 4, (m− 3)k − 4

Pk−1 : 2k − 3, 2k − 2, 4k − 2, 6k − 2, 8k − 2, . . . , (m− 7)k − 2, (m− 5)k − 2, (m− 3)k − 2

Pk : 2k − 1, 2k, 4k, 6k, 8k, . . . , (m− 7)k, (m− 5)k, (m− 3)k

Next, we construct paths Qi. For m = 3, let Qi = x2k+3i−1. Now, assume m ≥ 7, and
for i ∈ {1, 2, . . . , k}, define a path Qi as follows:

Qi = x−(m+9
2

k+i) xm+1
2

k+i x−(m+13
2

k+i) xm+5
2

k+i . . .

. . . x−((m−1)k+i) x(m−5)k+i x−((m+1)k+i) x(m−3)k+i x(m−1)k+3i−1.

It is easy to verify that Qi is a path of length m−3
2

, and yields the following sequence of
differences:

(m− 1)k− 2i+1, (m− 3)k− 2i+1, (m− 5)k− 2i+1, . . . , 8k− 2i+1, 6k− 2i+1, 2k+2i− 1
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Below, we see that the paths Q1, Q2, . . . , Qk jointly contain the consecutive odd differ-
ences from 2k + 1 to (m− 1)k − 1.

Q1 : (m− 1)k − 1, (m− 3)k − 1, (m− 5)k − 1, . . . , 8k − 1, 6k − 1, 2k + 1

Q2 : (m− 1)k − 3, (m− 3)k − 3, (m− 5)k − 3, . . . , 8k − 3, 6k − 3, 2k + 3

Q3 : (m− 1)k − 5, (m− 3)k − 5, (m− 5)k − 5, . . . , 8k − 5, 6k − 5, 2k + 5

...
Qk−2 : (m− 3)k + 5, (m− 5)k + 5, (m− 7)k + 5, . . . , 6k + 5, 4k + 5, 4k − 5

Qk−1 : (m− 3)k + 3, (m− 5)k + 3, (m− 7)k + 3, . . . , 6k + 3, 4k + 3, 4k − 3

Qk : (m− 3)k + 1, (m− 5)k + 1, (m− 7)k + 1, . . . , 6k + 1, 4k + 1, 4k − 1

Now, for i ∈ {1, 2, . . . , k}, we construct the following closed walk using paths Pi and Qi:

Ci = Pi xm−3
2

k+i x−(m+9
2

k+i) Qi x(m−1)k+3i−1 x1−i.

It can be seen that Ci is a cycle of length m, and traverses edges of the following differences
(in order):

2i− 1, 2i, 2k + 2i, 4k + 2i, 6k + 2i, 8k + 2i, . . . ,

(m− 11)k + 2i, (m− 9)k + 2i, (m− 7)k + 2i, (m− 5)k + 2i,

(m+ 1)k − 2i+ 1, (m− 1)k − 2i+ 1, (m− 3)k − 2i+ 1, (m− 5)k − 2i+ 1, . . . ,

10k − 2i+ 1, 8k − 2i+ 1, 6k − 2i+ 1, 2k + 2i− 1, d

Note that for i ∈ {1, 2, . . . , ⌊3k+2
4

⌋}, the difference d = (m− 1)k+4i− 2, and it is even;
for i ∈ {⌊3k+2

4
⌋+1, . . . , k}, the difference d = (m+1)k+4(k− i)+3, and it is odd. Moreover,

for all i ∈ {1, 2, . . . , k}, the difference (m+ 1)k − 2i+ 1 is odd.
Below, the differences in C1, C2, . . . , Ck are listed explicitly.

C1 : 1, 2, . . . , (m− 5)k + 2, (m+ 1)k − 1, (m− 1)k − 1, . . . , 6k − 1, 2k + 1, (m− 1)k + 2

C2 : 3, 4, . . . , (m− 5)k + 4, (m+ 1)k − 3, (m− 1)k − 3, . . . , 6k − 3, 2k + 3, (m− 1)k + 6

C3 : 5, 6, . . . , (m− 5)k + 6, (m+ 1)k − 5, (m− 1)k − 5, . . . , 6k − 5, 2k + 5, (m− 1)k + 10

...
Ck−2 : 2k − 5, 2k − 4, . . . , (m− 3)k − 4, (m− 1)k + 5, (m− 3)k + 5, . . . , 4k + 5, 4k − 5, (m+ 1)k + 11

Ck−1 : 2k − 3, 2k − 2, . . . , (m− 3)k − 2, (m− 1)k + 3, (m− 3)k + 3, . . . , 4k + 3, 4k − 3, (m+ 1)k + 7

Ck : 2k − 1, 2k, . . . , (m− 3)k, (m− 1)k + 1, (m− 3)k + 1, . . . , 4k + 1, 4k − 1, (m+ 1)k + 3

Observe that C1, C2, . . . , Ck jointly contain exactly one edge of each difference in {1, 2, 3,
. . . , (m+ 2)k} except for the following differences:

(i) (m− 3)k + 2j, for j ∈ {1, 2, . . . , k};

(ii) (m− 1)k + 4j, for j ∈ {1, 2, . . . , ⌊3k
4
⌋};

(iii) (m+ 1)k + 4(k − i) + 1, for j ∈ {⌊3k
4
⌋+ 1, . . . , k}.
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Note that we have 2k differences from the set {1, 2, 3, . . . , (m+2)k} that are not covered by
any Ci. Next, we define subgraphs that cover the leftover differences.

First assume m ≥ 7, and for all j ∈ {1, 2, . . . , k}, let E(1)
j and E

(2)
j denote the following

subgraphs of Kn (isomorphic to K2):

• E
(1)
j = x−(m−5

2
k+j) xm−1

2
k+j; and

• E
(2)
j = x−(m+3

2
k+3j) xm−5

2
k+j.

Note that the edge in E
(1)
j has difference (m − 3)k + 2j. The edge in E

(2)
j , for j ∈

{1, 2, . . . , ⌊3k
4
⌋}, has difference (m− 1)k+4j, and for j ∈ {⌊3k

4
⌋+1, . . . , k}, it has difference

(m+ 1)k + 4(k − j) + 1.

Observe that none of the vertices in the intervals [x−(m−5
2

k+1), x−(m+9
2

k)], [xm−1
2

k+1, xm+1
2

k],
and [xm−5

2
k+1, xm−3

2
k] are used in any Ci, and only vertices from these intervals are used to

construct the graphs E
(1)
j and E

(2)
j . Hence, each Ci is disjoint from all subgraphs E

(1)
j and

E
(2)
j , for j ∈ {1, 2, . . . , k}.

For m = 3, the missing differences are as follows:

(i) 2j, for j ∈ {1, 2, . . . , k};

(ii) 2k + 4j, for j ∈ {1, 2, . . . , ⌊3k
4
⌋};

(iii) 8k − 4j + 1, for j ∈ {⌊3k
4
⌋+ 1, . . . , k}.

The following subgraphs cover the differences listed in (i)-(iii):

• E
(1)
j = x−(2k+j) x−(2k−j), with difference 2j, for j ∈ {1, 2, . . . , k};

• E
(2)
j = x−(k+3j) xk+j, which has difference 2k+4j for j ∈

{︁
1, 2, . . . ,

⌊︁
3k
4

⌋︁}︁
, and difference

8k − 4j + 1 for j ∈
{︁⌊︁

3k
4

⌋︁
+ 1, . . . , k

}︁
.

In all cases above, we have shown how to construct k m-cycles, C1, C2, . . . , Ck, and 2k
subgraphs E

(1)
1 , E

(1)
2 , . . . , E

(1)
k and E

(2)
1 , E

(2)
2 , . . . , E

(2)
k , each isomorphic to K2 such that for

all i, j ∈ {1, 2, . . . , k}:

• each Ci is disjoint from each E
(1)
j and each E

(2)
j ;

• the E
(1)
j , as well as the E

(2)
j , are pairwise disjoint;

• all E(1)
j are edge-disjoint from all E(2)

j ; and

• all Ci, together with all E(1)
j and E

(2)
j , jointly contain exactly one edge of each difference

in {1, 2, . . . , (m+ 2)k}.
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Now, for i ∈ {1, 2, . . . , k}, let Fi = Ci ∪̇ (E
(1)
i ∪E

(2)
i ). Since F1, F2, . . . , Fk jointly contain

exactly one edge of each difference in {1, 2, . . . , (m+ 2)k}, we see that

D = {ρi(F1), ρ
i(F2), . . . , ρ

i(Fk) : i ∈ Zn}

is a decomposition of Kn that satisfies the conditions of Lemma 4.1.1. Applying Lemma 4.1.1,
we conclude that the multigraph 4K•n admits an HOP (C2, Cm)-decomposition. In Figure 4.3,
we illustrate the subgraph Fi for the case m ≡ 2 (mod 4).

4.3 HOP (C2, Cm)-Decompositions of 4K•
n when n ≡ m +

2 (mod 2(m + 2))

In the following lemma, we prove that if m is odd and n ≡ m+ 2 (mod 2(m+ 2)), then the
multigraph 4K•n admits an HOP (C2, Cm)-decomposition.

Lemma 4.3.1. Let m ≥ 3 be an odd integer, and let k ≥ 0 be an integer. Let n =
(2k + 1)(m+ 2). Then there exists an HOP (C2, Cm)-decomposition of 4K•n.

Proof. Notice that K(2k+1)(m+2) = H1

⨁︁
H2, where H1 is the disjoint union of 2k+1 copies

of Km+2, and H2 is the complete equipartite graph with 2k + 1 parts of size m + 2, that
is, K(2k+1)[m+2]. In [36], it is shown that 4K•m+2 admits an HOP (C2, Cm)-factorization.
Consequently, by Lemma 3.3.1, 4H•1 admits an HOP (C2, Cm)-factorization.

If we can construct an HOP (C2, Cm)-decomposition of 4K•(2k+1)[m+2], then both 4H•1
and 4H•2 admit HOP (C2, Cm)-decompositions. Applying Lemma 3.3.1 again, it follows that
the multigraph 4K•n admits an HOP (C2, Cm)-decomposition. Thus, our goal is to construct
an HOP (C2, Cm)-decomposition of 4K•(2k+1)[m+2].

For simplicity, let ℓ = 2k + 1. The complete equipartite graph Kℓ[m+2] is a circulant
graph, Circ(n;S), with vertex set {xi : i ∈ Zn}, where n = (m+ 2)ℓ, and edge set {xixi+d :
i ∈ Zn, d ∈ S}, where

S =
{︂
1, 2, . . . , ℓ− 1, ℓ+ 1, . . . , 2ℓ− 1, 2ℓ+ 1, . . . ,

(m+ 2)ℓ− 1

2

}︂
.

Let ρ = (x0 x1 . . . xn−1) be a permutation on V (Kℓ[m+2]). Observe that S contains all
differences from 1 to (m+2)ℓ−1

2
, except those in the set {ℓ, 2ℓ, . . . , (m+1)

2
ℓ}. Therefore, the

group ⟨ρ⟩ acting on E(Kℓ[m+2]) has

(m+ 2)ℓ− 1

2
− m+ 1

2
=

1

2
((m+ 2)(2k + 1)− 1− (m+ 1)) = (m+ 2)k

orbits, each of size n = (m+ 2)ℓ.

We aim to construct k subgraphs of Kℓ[m+2], namely F1, F2, . . . , Fk, where each Fi is
a disjoint union of a (Cm)-subgraph and two edge-disjoint 1-regular subgraphs of order
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Figure 4.3: The Fi subgraph in Lemma 4.2.1 for m ≡ 2 (mod 4).

2, and F1, F2, . . . , Fk jointly contain exactly one edge of each difference in S. Therefore,
D = {ρi(F1), ρ

i(F2), . . . , ρ
i(Fk) : i ∈ Zn} forms a decomposition of Kℓ[m+2] that satisfies

the condition of Lemma 4.1.1 (for t = 1); hence, by Lemma 4.1.1, the multigraph 4K•ℓ[m+2]

admits an HOP (C2, Cm)-decomposition.

We begin by constructing a suitable (Cm)-subgraph. First, we build two paths, P and
Q, and then show how to form the cycle Cm by properly joining these paths. Since m is odd,
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it suffices to consider the following two cases: m ≡ 1 (mod 4) and m ≡ 3 (mod 4).

Case 1: m ≡ 1 (mod 4).

For i ∈ {1, 2, . . . , k}, define a walk Pi as follows:

Pi = x1−i xi x−i x(ℓ−1)+i x−((ℓ+1)+i) x2(ℓ−1)+i x−(2(ℓ+1)+i) . . .

. . . xm−9
4

(ℓ−1)+i x−(m−9
4

(ℓ+1)+i) xm−5
4

(ℓ−1)+i x−(m−5
4

(ℓ+1)+i) xm−1
4

(ℓ−1)+i.

It is easy to verify that Pi is a path of length m+1
2

, and yields the following sequence of
differences:

2i− 1, 2i, ℓ+ 2i− 1, 2ℓ+ 2i, 3ℓ+ 2i− 1, 4ℓ+ 2i, 5ℓ+ 2i− 1, 6ℓ+ 2i, . . .

. . . , m−9
2

ℓ+ 2i, m−7
2

ℓ+ 2i− 1, m−5
2

ℓ+ 2i, m−3
2

ℓ+ 2i− 1.

Note that the explicit differences in P1, P2, . . . , Pk are listed below. As can be seen, these
paths jointly contain the consecutive odd differences from 1 to 2k− 1 (shown in red), as well
as the consecutive even differences from 2 to m−1

2
ℓ− 2.

P1 : 1, 2, ℓ+ 1, 2ℓ+ 2, 3ℓ+ 1 . . . , m−72 ℓ+ 1, m−52 ℓ+ 2, m−32 ℓ+ 1

P2 : 3, 4, ℓ+ 3, 2ℓ+ 4, 3ℓ+ 3 . . . , m−72 ℓ+ 3, m−52 ℓ+ 4, m−32 ℓ+ 3

P3 : 5, 6, ℓ+ 5, 2ℓ+ 6, 3ℓ+ 5 . . . , m−72 ℓ+ 5, m−52 ℓ+ 6, m−32 ℓ+ 5

...
Pk−2 : 2k − 5, 2k − 4, 2ℓ− 6, 3ℓ− 5, 4ℓ− 6, . . . , m−52 ℓ− 6, m−32 ℓ− 5, m−12 ℓ− 6

Pk−1 : 2k − 3, 2k − 2, 2ℓ− 4, 3ℓ− 3, 4ℓ− 4, . . . , m−52 ℓ− 4, m−32 ℓ− 3, m−12 ℓ− 4

Pk : 2k − 1, 2k, 2ℓ− 2, 3ℓ− 1, 4ℓ− 2, . . . , m−52 ℓ− 2, m−32 ℓ− 1, m−12 ℓ− 2

Now, we construct the paths Qi that contain the consecutive odd differences of S,
excluding the odd differences already present in Pi.

For m = 5, let Qi = x2ℓ+3i+1. Now assume that m ≥ 9, and for each i ∈ {1, 2, . . . , k},
define the path Qi as follows:

Qi = x−(m+7
4

(ℓ−1)+m−1
2

+3i)
xm+7

4
(ℓ+1)−m−1

2
−i

x−(m+11
4

(ℓ−1)+m−1
2

+3i)
xm+11

4
(ℓ+1)−m−1

2
−i

. . .

. . . x−(m−3
2

(ℓ−1)+m−1
2

+3i)
xm−3

2
(ℓ+1)−m−1

2
−i

x−(m−1
2

(ℓ−1)+m−1
2

+3i)
xm−1

2
(ℓ+1)−m−1

2
−i

xm+1
2

ℓ+i
.

It is easy to verify that Qi is a path of length m−5
2

, and yields the following sequence of
differences:

m−3
2

ℓ− 2i, m−5
2

ℓ− 2i+ 1, m−7
2

ℓ− 2i, . . . , 5ℓ− 2i, 4ℓ− 2i+ 1, 3ℓ− 2i, ℓ+ 2i

In what follows, we see that the paths Q1, Q2, . . . , Qk jointly contain the consecutive
odd differences from ℓ+ 2 to m−3

2
ℓ− 2.

Q1 :
m−3
2 ℓ− 2, m−52 ℓ− 1, m−72 ℓ− 2, . . . , 5ℓ− 2, 4ℓ− 1, 3ℓ− 2, ℓ+ 2

Q2 :
m−3
2 ℓ− 4, m−52 ℓ− 3, m−72 ℓ− 4, . . . , 5ℓ− 4, 4ℓ− 3, 3ℓ− 4, ℓ+ 4
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Q3 :
m−3
2 ℓ− 6, m−52 ℓ− 5, m−72 ℓ− 6, . . . , 5ℓ− 6, 4ℓ− 5, 3ℓ− 6, ℓ+ 6

...
Qk−2 :

m−5
2 ℓ+ 5, m−72 ℓ+ 6, m−92 ℓ+ 5, . . . , 4ℓ+ 5, 3ℓ+ 6, 2ℓ+ 5, 2ℓ− 5

Qk−1 :
m−5
2 ℓ+ 3, m−72 ℓ+ 4, m−92 ℓ+ 3 . . . , 4ℓ+ 3, 3ℓ+ 4, 2ℓ+ 3, 2ℓ− 3

Qk : m−5
2 ℓ+ 1, m−72 ℓ+ 2, m−92 ℓ+ 1 . . . , 4ℓ+ 1, 3ℓ+ 2, 2ℓ+ 1, 2ℓ− 1

Now, for i ∈ {1, 2, . . . , k}, we construct the following closed walk using paths Pi and Qi

(see Figure 4.4).

Ci = Pi xm−1
4

(ℓ−1)+i x−(m+7
4

(ℓ−1)+m−1
2

+3i) Qi xm+1
2

ℓ+i x1−i.

It can be seen that Ci is a cycle of length m, and traverses edges of the following differences
(in order):

2i− 1, 2i, ℓ+ 2i− 1, 2ℓ+ 2i, 3ℓ+ 2i− 1, 4ℓ+ 2i, 5ℓ+ 2i− 1, . . . ,
m−9
2

ℓ+ 2i, m−7
2

ℓ+ 2i− 1, m−5
2

ℓ+ 2i, m−3
2

ℓ+ 2i− 1,
m+1
2

ℓ− 4i+ 2, m−3
2

ℓ− 2i, m−5
2

ℓ− 2i+ 1, m−7
2

ℓ− 2i, . . . ,

5ℓ− 2i, 4ℓ− 2i+ 1, 3ℓ− 2i, ℓ+ 2i, d

Note that for i ∈ {1, 2, . . . , ⌊k+1
2
⌋}, the difference d = m+1

2
ℓ+ 2i− 1, and it is even; for

i ∈ {⌊k+1
2
⌋ + 1, . . . , k}, the difference d = m+3

2
ℓ − 2i + 1, and it is odd. Moreover, for all

i ∈ {1, 2, . . . , k}, the difference m+1
2

ℓ− 4i+ 2 is odd.
The explicit differences in C1, C2, . . . , Ck are listed below.

C1 : 1, 2, ℓ+ 1, . . . , m−3
2 ℓ+ 1, m+1

2 ℓ− 2, m−3
2 ℓ− 2, . . . , 3ℓ− 2, ℓ+ 2, m+1

2 ℓ+ 1

C2 : 3, 4, ℓ+ 3, . . . , m−3
2 ℓ+ 3, m+1

2 ℓ− 6, m−3
2 ℓ− 4, . . . , 3ℓ− 4, ℓ+ 4, m+1

2 ℓ+ 3

C3 : 5, 6, ℓ+ 5, . . . , m−3
2 ℓ+ 5, m+1

2 ℓ− 10, m−3
2 ℓ− 6, . . . , 3ℓ− 6, ℓ+ 6, m+1

2 ℓ+ 5

...
Ck−2 : 2k − 5, 2k − 4, 2ℓ− 6, . . . , m−1

2 ℓ− 6, m−3
2 ℓ+ 12, m−5

2 ℓ+ 5, . . . , 2ℓ+ 5, 2ℓ− 5, m+1
2 ℓ+ 6

Ck−1 : 2k − 3, 2k − 2, 2ℓ− 4, . . . , m−1
2 ℓ− 4, m−3

2 ℓ+ 8, m−5
2 ℓ+ 3, . . . , 2ℓ+ 3, 2ℓ− 3, m+1

2 ℓ+ 4

Ck : 2k − 1, 2k, 2ℓ− 2, . . . , m−1
2 ℓ− 2, m−3

2 ℓ+ 4, m−5
2 ℓ+ 1, . . . , 2ℓ+ 1, 2ℓ− 1, m+1

2 ℓ+ 2

Observe that C1, C2, . . . , Ck jointly contain exactly one edge of each difference in S
except for the following differences:

(i) m−1
2

ℓ+ 2j, for j ∈ {1, 2, . . . , k};

(ii) m−3
2

ℓ+ 4j − 2, for j ∈ {1, 2, . . . , k}.

Note that we have 2k differences from S that are not covered by any Ci. Next, we define
subgraphs that cover the leftover differences. For all j ∈ {1, 2, . . . , k}, let E

(1)
j and E

(2)
j

denote the follwoing subgraphs of Kn (isomorphic to K2):

• E
(1)
j = x−(m−3

4
(ℓ+1)+j) xm+1

4
(ℓ−1)+j+1; and
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• E
(2)
j = x−(m−3

4
(ℓ+1)+3j−2) xm−3

4
(ℓ−1)+j.

Note that for j ∈ {1, 2, . . . , k}, the edge in E
(1)
j is of difference m−1

2
ℓ + 2j, and the edge in

E
(2)
j is of difference m−3

2
ℓ+ 4j − 2.

Moreover, observe that none of the vertices in the intervals [x−(m−3
4

(ℓ+1)), x−(m+7
4

(ℓ+1)−2)],
[xm+1

4
(ℓ−1)+1, xm+5

4
(ℓ−1)+3], and [xm−3

4
(ℓ−1)+1, xm−1

4
(ℓ−1)] are used in any Ci, and only vertices

in these intervals are used to construct the subgraphs E
(1)
j and E

(2)
j . Hence, each Ci is

disjoint from all subgraphs E
(1)
j and E

(2)
j .

The cycle Ci, for m = 5, is as follows:

Ci = Pi x(ℓ−1)+i x2ℓ+3i+1 x1−i.

It can be seen that Ci traverses edges of the following differences (in order):

2i− 1, 2i, ℓ+ 2i− 1, ℓ+ 2i+ 2, d

Note that for i ∈ {1, 2, . . . , ⌊3k+1
4

⌋}, the difference d = 2ℓ+4i, and for i ∈ {⌊3k+1
4

⌋+1, . . . , k},
the difference d = 5ℓ− 4i.

C1 : 1, 2, ℓ+ 1, ℓ+ 4, 2ℓ+ 4

C2 : 3, 4, ℓ+ 3, ℓ+ 6, 2ℓ+ 8

C3 : 5, 6, ℓ+ 5, ℓ+ 8, 2ℓ+ 12
...

Ck−2 : 2k − 5, 2k − 4, 2ℓ− 6, 2ℓ− 3, 3ℓ+ 10

Ck−1 : 2k − 3, 2k − 2, 2ℓ− 4, 2ℓ− 1, 3ℓ+ 6

Ck : 2k − 1, 2k, 2ℓ− 2, 2ℓ+ 1, 3ℓ+ 2

For m = 5, the missing differences are as follows:

(i) 2ℓ+ 4j − 2 = 4k + 4j, for j ∈ {1, 2, . . . , ⌊3
4
(k + 1)⌋};

(ii) 5ℓ− 4j + 2 = 10k − 4j + 7, for j ∈ {⌊3
4
(k + 1)⌋+ 1, . . . , k};

(iii) 2ℓ+ 2j + 1 = 4k + 2j + 3, for j ∈ {1, 2, . . . , k − 1}; and

(iv) ℓ+ 2 = 2k + 3.

The following subgraphs cover the differences listed in (i)-(iv):

• Let E
(1)
j = x−(k+3j) x3k+j; it is of difference 2ℓ + 4j − 2 for j ∈

{︁
1, 2, . . . ,

⌊︁
3
4
(k + 1)

⌋︁}︁
,

and of difference 5ℓ− 4j + 2 for j ∈
{︁⌊︁

3
4
(k + 1)

⌋︁
+ 1, . . . , k

}︁
;

• Let E
(2)
j = x−(3k+j+3) xk+j; it is of difference 2ℓ+ 2j + 1 for j ∈ {1, 2, . . . , k − 1}; and
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• Let E
(2)
k = x−(7k+3) x−5k; it is of difference ℓ+ 2.

Observe that none of the vertices in the intervals [x−(k+1), x−(7k+3)], [xk+1, x2k], and [x3k+1,
x4k+5] are used in any Ci. Only vertices from these intervals are used to construct the graphs
E

(1)
j and E

(2)
j . Hence, each Ci is disjoint from all subgraphs E

(1)
j and E

(2)
j .

Case 2: m ≡ 3 (mod 4).

For i ∈ {1, 2, . . . , k}, define a walk Pi as follows:

Pi = x1−i xi x−i x(ℓ−1)+i x−((ℓ+1)+i) x2(ℓ−1)+i x−(2(ℓ+1)+i) . . .

. . . xm−11
4

(ℓ−1)+i x−(m−11
4

(ℓ+1)+i) xm−7
4

(ℓ−1)+i x−(m−7
4

(ℓ+1)+i) xm−3
4

(ℓ−1)+i.

It is easy to verify that Pi is a path of length m−1
2

, and yields the following sequence of
differences:

2i− 1, 2i, ℓ+ 2i− 1, 2ℓ+ 2i, 3ℓ+ 2i− 1, 4ℓ+ 2i, 5ℓ+ 2i− 1, 6ℓ+ 2i, . . .

. . . , m−11
2

ℓ+ 2i, m−9
2

ℓ+ 2i− 1, m−7
2

ℓ+ 2i, m−5
2

ℓ+ 2i− 1.

Note that the explicit differences in P1, P2, . . . , Pk are listed below. We see that paths
P1, P2, . . . , Pk jointly contain the consecutive odd differences from 1 to 2k−1 (shown in red),
and the consecutive even differences of S from 2 to m−3

2
ℓ− 2.

P1 : 1, 2, ℓ+ 1, 2ℓ+ 2, 3ℓ+ 1 . . . , m−92 ℓ+ 1, m−72 ℓ+ 2, m−52 ℓ+ 1

P2 : 3, 4, ℓ+ 3, 2ℓ+ 4, 3ℓ+ 3 . . . , m−92 ℓ+ 3, m−72 ℓ+ 4, m−52 ℓ+ 3

P3 : 5, 6, ℓ+ 5, 2ℓ+ 6, 3ℓ+ 5 . . . , m−92 ℓ+ 5, m−72 ℓ+ 6, m−52 ℓ+ 5

...
Pk−2 : 2k − 5, 2k − 4, 2ℓ− 6, 3ℓ− 5, 4ℓ− 6, . . . , m−72 ℓ− 6, m−52 ℓ− 5, m−32 ℓ− 6

Pk−1 : 2k − 3, 2k − 2, 2ℓ− 4, 3ℓ− 3, 4ℓ− 4, . . . , m−72 ℓ− 4, m−52 ℓ− 3, m−32 ℓ− 4

Pk : 2k − 1, 2k, 2ℓ− 2, 3ℓ− 1, 4ℓ− 2, . . . , m−72 ℓ− 2, m−52 ℓ− 1, m−32 ℓ− 2

Now, we construct paths Qi that contain consecutive odd differences of S excluding the
odd differences used in P . For i ∈ {1, 2, . . . , k}, define a walk Qi as follows:

Qi = x−(m+5
4

(ℓ−1)+m+3
2
−3i) xm+5

4
(ℓ+1)−m+3

2
+5i x−(m+9

4
(ℓ−1)+m+3

2
−3i)

xm+9
4

(ℓ+1)−m+3
2

+5i x−(m+13
4

(ℓ−1)+m+3
2
−3i) xm+13

4
(ℓ+1)−m+3

2
+5i . . .

. . . x−(m−5
2

(ℓ−1)+m+3
2
−3i) xm−5

2
(ℓ+1)−m+3

2
+5i x−(m−3

2
(ℓ−1)+m+3

2
−3i)

xm−3
2

(ℓ+1)−m+3
2

+5i x−(m−1
2

(ℓ−1)+m+3
2
−3i) xm−1

2
(ℓ+1)−m+3

2
+5i x−(m+1

2
(ℓ−1)+m+3

2
−3i).

It is easy to verify that Qi is a path of length m−3
2

, and yields the following sequence of
differences:

m−1
2 ℓ− 2i, m−32 ℓ− 2i+ 1, m−52 ℓ− 2i, m−72 ℓ− 2i+ 1, . . . , 5ℓ− 2i, 4ℓ− 2i+ 1, 3ℓ− 2i, 2ℓ− 2i+ 1
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Below, we see that paths Q1, Q2, . . . , Qk jointly contain the consecutive odd differences of
S from ℓ+ 2 to m−1

2
ℓ− 2.

Q1 :
m−1
2 ℓ− 2, m−32 ℓ− 1, m−52 ℓ− 2, . . . , 5ℓ− 2, 4ℓ− 1, 3ℓ− 2, 2ℓ− 1

Q2 :
m−1
2 ℓ− 4, m−32 ℓ− 3, m−52 ℓ− 4, . . . , 5ℓ− 4, 4ℓ− 3, 3ℓ− 4, 2ℓ− 3

Q3 :
m−1
2 ℓ− 6, m−32 ℓ− 5, m−52 ℓ− 6, . . . , 5ℓ− 6, 4ℓ− 5, 3ℓ− 6, 2ℓ− 5

...
Qk−2 :

m−3
2 ℓ+ 5, m−52 ℓ+ 6, m−72 ℓ+ 5, . . . , 4ℓ+ 5, 3ℓ+ 6, 2ℓ+ 5, ℓ+ 6

Qk−1 :
m−3
2 ℓ+ 3, m−52 ℓ+ 4, m−72 ℓ+ 3 . . . , 4ℓ+ 3, 3ℓ+ 4, 2ℓ+ 3, ℓ+ 4

Qk : m−3
2 ℓ+ 1, m−52 ℓ+ 2, m−72 ℓ+ 1 . . . , 4ℓ+ 1, 3ℓ+ 2, 2ℓ+ 1, ℓ+ 2

Now, for i ∈ {1, 2, . . . , k}, we construct the following closed walk using paths Pi and Qi.

Ci = Pi xm−3
4

(ℓ−1)+i x−(m+5
4

(ℓ−1)+m+3
2
−3i) Qi x−(m+1

2
(ℓ−1)+m+3

2
−3i) x1−i.

It can be seen that Ci is a cycle of length m, and traverses edges of the following differences
(in order):

2i− 1, 2i, ℓ+ 2i− 1, 2ℓ+ 2i, 3ℓ+ 2i− 1, 4ℓ+ 2i, 5ℓ+ 2i− 1, . . . ,
m−11

2
ℓ+ 2i, m−9

2
ℓ+ 2i− 1, m−7

2
ℓ+ 2i, m−5

2
ℓ+ 2i− 1,

m+1
2

ℓ− 2i+ 1, m−1
2

ℓ− 2i, m−3
2

ℓ− 2i+ 1, m−5
2

ℓ− 2i, . . . ,

5ℓ− 2i, 4ℓ− 2i+ 1, 3ℓ− 2i, 2ℓ− 2i+ 1, m+1
2

ℓ− 4i+ 2

The explicit differences in C1, C2, . . . , Ck are listed below.

C1 : 1, 2, ℓ+ 1, . . . , m−5
2 ℓ+ 1, m+1

2 ℓ− 1, m−1
2 ℓ− 2, . . . , 3ℓ− 2, 2ℓ− 1, m+1

2 ℓ− 2

C2 : 3, 4, ℓ+ 3, . . . , m−5
2 ℓ+ 3, m+1

2 ℓ− 3, m−1
2 ℓ− 4, . . . , 3ℓ− 4, 2ℓ− 3, m+1

2 ℓ− 6

C3 : 5, 6, ℓ+ 5, . . . , m−5
2 ℓ+ 5, m+1

2 ℓ− 5, m−1
2 ℓ− 6, . . . , 3ℓ− 6, 2ℓ− 5, m+1

2 ℓ− 10

...
Ck−2 : 2k − 5, 2k − 4, 2ℓ− 6, . . . , m−3

2 ℓ− 6, m−1
2 ℓ+ 6, m−3

2 ℓ+ 5, . . . , 2ℓ+ 5, ℓ+ 6, m−3
2 ℓ+ 12

Ck−1 : 2k − 3, 2k − 2, 2ℓ− 4, . . . , m−3
2 ℓ− 4, m−1

2 ℓ+ 4, m−3
2 ℓ+ 3, . . . , 2ℓ+ 3, ℓ+ 4, m−3

2 ℓ+ 8

Ck : 2k − 1, 2k, 2ℓ− 2, . . . , m−3
2 ℓ− 2, m−1

2 ℓ+ 2, m−3
2 ℓ+ 1, . . . , 2ℓ+ 1, ℓ+ 2, m−3

2 ℓ+ 4

Observe that C1, C2, . . . , Ck jointly contain exactly one edge of each difference in S except
for the following differences:

(i) m−3
2

ℓ+ 4j − 2, for j ∈ {1, 2, . . . , k};

(ii) m+1
2

ℓ+ j, for j ∈ {1, 2, . . . , k}.

Note that we have 2k differences from S that are not covered by any Ci. Next, we define
subgraphs that cover the leftover differences. For all j ∈ {1, 2, . . . , k} and m ≥ 7, let E

(1)
j

and E
(2)
j denote the following subgraphs of Kn (isomorphic to K2):

• E
(1)
j = x−(m−5

4
(ℓ+1)+2j−1) xm−1

4
(ℓ−1)+2j; and
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• E
(2)
j = x−(m−1

4
(ℓ+1)+1) xm+3

4
(ℓ−1)+j.

Note that, for j ∈ {1, 2, . . . , k}, the edge in E
(1)
j is of difference m−3

2
ℓ + 4j − 2, and the

edge in E
(2)
j is of difference m+1

2
ℓ + j. Moreover, none of the vertices in the intervals

[x−(m−5
4

(ℓ+1)), x−(m−1
4

(ℓ+1)+1)] and [xm−1
4

(ℓ−1)+1, xm+5
4

(ℓ−1)+5] are used in any Ci, and only ver-

tices from these intervals are used to construct the subgraphs E(1)
j and E

(2)
j . Hence, each Ci

is disjoint from all subgraphs E
(1)
j and E

(2)
j .

For m = 3, the missing differences are as follows:

(i) 4j − 2, for j ∈ {1, 2, . . . , k};

(ii) 2ℓ+ j = 4k + j + 2, for j ∈ {1, 2, . . . , k}.

The following subgraphs cover the differences listed in (i) and (ii):

• the graph E
(1)
j = x3k+2j x3k−2j+2, which is of difference 4j − 2; and

• the graph E
(2)
j = x−(k+2) x3k+j, which is of difference 4k + j + 2.

Observe that the vertex x−(k+2), as well as all vertices in the interval [xk+1, x5k+2], are not
used in any Ci. Moreover, only vertices from this interval are used to construct the graphs
E

(1)
j and E

(2)
j . Hence, each Ci is disjoint from all subgraphs E

(1)
j and E

(2)
j .

In all the above cases, we have shown how to construct k m-cycles C1, C2, . . . , Ck, and
2k subgraphs E

(1)
1 , E

(1)
2 , . . . , E

(1)
k and E

(2)
1 , E

(2)
2 , . . . , E

(2)
k , each isomorphic to K2, such that

for all i, j ∈ {1, 2, . . . , k}:

• each Ci is disjoint from each E
(1)
j and each E

(2)
j ;

• all Ci, together with all E(1)
j and E

(2)
j , jointly contain exactly one edge of each difference

in S; and

• all E(1)
j and E

(2)
j are edge-disjoint.

Now, for i ∈ {1, 2, . . . , k}, let Fi = Ci ∪̇
(︂
E

(1)
i ∪ E

(2)
i

)︂
. Since F1, F2, . . . , Fk jointly contain

exactly one edge of each difference in S, we see that

D = {ρi(F1), ρ
i(F2), . . . , ρ

i(Fk) : i ∈ Zn}

is a decomposition of Kℓ[m+2] that satisfies the conditions of Lemma 4.1.1. Applying Lemma 4.1.1,
we conclude that the multigraph 4K•ℓ[m+2] admits an HOP (C2, Cm)-decomposition.
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Figure 4.4: Subgraph Fi in Lemma 4.3.1 for m ≡ 1 (mod 4) and m ≥ 9.
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4.4 HOP(2⟨s⟩, 2m1, 2m2)

Combining the results of Lemmas 4.2.1 and 4.3.1, together with the earlier results in Theo-
rem 2.3.4, we obtain the following theorems.

Theorem 4.4.1. Let s,m1,m2 be integers such that s ≥ 0 and 2 ≤ m1 ≤ m2. Let m =
m1 + m2, and n = s + m. Assume n ≡ 1 (mod 2m). Then HOP(2⟨s⟩, 2m1, 2m2) has a
solution.

Proof. Since n ≡ 1 (mod 2m), we have n = 2mk + 1 for some integer k ≥ 1. There are
three cases to consider.

• m1 = m2 = 2. Then n = 8k + 1. By Theorem 2.3.2, there exists a (C4)-decomposition
of Kn. Applying Lemma 4.1.3, there exists an HOP (C2, C2)-decomposition of 4K•n.

• m1 = 2 and m2 ≥ 3. By Lemma 4.2.1, the multigraph 4K•n admits an HOP (C2, Cm2)-
decomposition.

• m1 ≥ 3. Then by Theorem 2.3.4(1), there exists a (Cm1 , Cm2)-decomposition of Kn.
Applying Lemma 3.3.3, the multigraph 4K•n admits an HOP (Cm1 , Cm2)-decomposition.

In each of the above cases, we see that 4K•n admits an HOP (Cm1 , Cm2)-decomposition.
Therefore, by Theorem 3.2.1, HOP(2⟨s⟩, 2m1, 2m2) has a solution.

Theorem 4.4.2. Let s,m1,m2 be integers such that s ≥ 0 and 2 ≤ m1 ≤ m2. Let m =
m1 +m2 be odd, and n = s+m. Assume n ≡ m (mod 2m). Then HOP(2⟨s⟩, 2m1, 2m2) has
a solution.

Proof. We have the following two cases to consider.

• m1 = 2 and m2 ≥ 3. Since m = m1 +m2 is odd, m2 must be odd. Then, by Lemma
4.3.1, the multigraph 4K•n admits an HOP (C2, Cm2)-decomposition.

• m1 ≥ 3. If (m1,m2, n) ̸= (4, 5, 9), then by Theorem 2.3.4(2), there exists a (Cm1 , Cm2)-
decomposition of Kn. Applying Lemma 3.3.3, the multigraph 4K•n admits an HOP
(Cm1 , Cm2)-decomposition. If (m1,m2, n) = (4, 5, 9), then by Lemma 2.2.13(ii) [36], an
HOP (C4, C5)-factorization of 4K•9 exists.

In each of the above cases, we see that 4K•n admits an HOP (Cm1 , Cm2)-decomposition. Now,
applying Theorem 3.2.1, we conclude that HOP(2⟨s⟩, 2m1, 2m2) has a solution.
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4.5 Generalization of Lemmas 4.2.1 and 4.3.1

We now generalize the (C2, Cm)-decompositions constructed in Lemmas 4.2.1 and 4.3.1 by
introducing an additional parameter r, which allows for multiple copies of C2 in the decom-
position.

The generalized forms are given in Lemmas 4.5.1 and 4.5.4, and they establish the
existence of HOP (C

⟨r⟩
2 , Cm)-decompositions under the same conditions as before.

Lemma 4.5.1. Let m ≥ 3, and k, r ≥ 1 be integers. Let n = 2(m + 2r)k + 1. Then there
exists an HOP (C

⟨r⟩
2 , Cm)-decomposition of 4K•n.

Proof. We have the following two cases to consider.

• r = 1. Then n = 2(m + 2)k + 1. By Lemma 4.2.1, we see that there exists an HOP
(C2, Cm)-decomposition of 4K•n.

• r ≥ 2. Since n ≡ 1 (mod 2(m + 2r)), by Theorem 2.3.4(1) there exists a (C2r, Cm)-
decomposition of Kn. Now, applying Lemma 4.1.3, we obtain an HOP(C

⟨r⟩
2 , Cm)-

decomposition of 4K•n.

The following corollary is a direct consequence of Lemma 4.5.1 and Theorem 3.2.1.

Corollary 4.5.2. Let s ≥ 0, r ≥ 1, and m ≥ 3 be integers, and let n = s+2r+m. If n ≡ 1
(mod 2(2r +m)), then HOP(2⟨s⟩, 4⟨r⟩, 2m) has a solution.

To prove Lemma 4.5.4, we first show the existence of an HOP (C
⟨r⟩
2 , Cm)-factorization

of 4K•m+2r in the following lemma.

Lemma 4.5.3. Let m ≥ 3 be an odd integer, and let r ≥ 1 be an integer. Then there exists
an HOP (C

⟨r⟩
2 , Cm)-factorization of 4K•m+2r.

Proof. We have the following three cases to consider.

• r = 1. By Lemmas 2.2.9(vi) and 2.2.13(iv), the multigraph 4K•m+2 admits an HOP
(C2, Cm)-factorization.

• r = 2 and m = 5. By Lemma 2.2.13(ii), the multigraph 4K•9 admits an HOP (C
⟨2⟩
2 , C5)-

factorization.

• r ≥ 2 and m ̸= 5. By Theorem 2.1.5, we know that there exists a 2-factorization of
Km+2r into (C2r, Cm)-factors. Applying Lemma 4.1.3, we see the multigraph 4K•m+2r

admits an HOP (C
⟨r⟩
2 , Cm)-factorization.
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Lemma 4.5.4. Let m ≥ 3 be an odd integer, k ≥ 0, and r ≥ 1 be integers. Let n =
(2k + 1)(m+ 2r). Then there exists an HOP (C

⟨r⟩
2 , Cm)-decomposition of 4K•n.

Proof. For k = 0, the result follows by Lemma 4.5.3. For k ≥ 1, we have the following three
cases to consider.

• r = 1. Then n = (2k + 1)(m+ 2). By Lemma 4.3.1, we see that there exists an HOP
(C2, Cm)-decomposition of 4K•n.

• r = 2, and (m,n) = (5, 9). By Lemma 2.2.13(ii), the multigraph 4K•9 admits an HOP
(C
⟨2⟩
2 , C5)-factorization.

• r ≥ 2 and (m,n) ̸= (5, 9). By Theorem 2.3.4(2), the complete graph Kn admits
a (C2r, Cm)-decomposition. Now, by Lemma 4.1.3, there exists an HOP (C

⟨r⟩
2 , Cm)-

decomposition of 4K•n.

The following corollary is a direct consequence of Lemma 4.5.4 and Theorem 3.2.1.

Corollary 4.5.5. Let s ≥ 0, r ≥ 1, and m ≥ 3 be integers with m odd, and let n = s+2r+m.
If n ≡ 2r +m (mod 2(2r +m)), then HOP(2⟨s⟩, 4⟨r⟩, 2m) has a solution.



Chapter 5

The Generalized HOP with Small Round
Tables

In this chapter, we study HOP(2⟨s⟩, 2m1, . . . , 2mt) under the condition that m = m1 + · · ·+
mt ≤ 10. Our goal is to show that HOP(2⟨s⟩, 2m1, . . . , 2mt) has a solution whenever n = s+m
is odd and n(n− 1) ≡ 0 (mod 2m).

We apply the tools developed in Chapter 3 to prove our main result. We proceed case
by case, depending on the value of m = m1 + · · · + mt, where 2 ≤ m1 ≤ · · · ≤ mt and
m ≤ 10. For each case, we either use known theorems on (Cm1 , . . . , Cmt)-decompositions of
Kn and 2Kn, and extend them to HOP decompositions of 4K•n, or we explicitly construct
such decompositions. We summarize all cases in Tables 5.1 and 5.2.

5.1 HOP (Cm1, . . . , Cmt)-decompositions of 4K•
n with Small

Cycle Lengths

The following theorem presents the main results of this chapter. It establishes several results
on the generalized HOP with small round tables.

Theorem 5.1.1. Let s ≥ 0, and 2 ≤ m1 ≤ . . . ≤ mt be integers. Let m = m1 + . . . +
mt ≤ 10, and let n = s + m be an odd integer such that n(n − 1) ≡ 0 (mod 2m). Then
HOP(2⟨s⟩, 2m1, . . . , 2mt) has a solution.

Proof. The proof of this theorem is summarized in Table 5.2. Note that for the cases
highlighted in pink rows, Theorems 2.3.7, 2.3.2, and 2.3.1 are used to show that Kn admits
a (Cm1 , Cm2 , . . . , Cmt)-decomposition. For these cases, we then apply Theorem 3.3.3 to show
that 4K•n admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

For the remaining cases, we combine the results of Lemmas 4.5.1, 4.5.4, and Lem-
mas 5.1.2–5.1.17 to show that 4K•n admits an HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition.

Tables 5.1 and 5.2 list all possible cases where n(n − 1) ≡ 0 (mod 2m), with m ≤ 10
and n odd. Observe that in each case presented in the table, the multigraph 4K•n admits an

78
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HOP (Cm1 , Cm2 , . . . , Cmt)-decomposition. Applying Theorem 3.2.1, we conclude that HOP
(2⟨s⟩, 2m1, . . . , 2mt) has a solution.

Note that in the tables, when a row of the 3rd and 4th columns straddles two rows of
column 2, then these decompositions may fall under both cases.

5.1.1 HOP Decompositions for n ≡ 1 (mod 8)

Lemma 5.1.2. Let n ≡ 1 (mod 8). Then 4K•n admits an HOP (C2, C2)-decomposition.

Proof. By Theorem 2.3.2, there exists a (C4)-decomposition of Kn. Applying Lemma 4.1.3,
there exists an HOP (C2, C2)-decomposition of 4K•n.

5.1.2 HOP Decompositions for n ≡ 1 or 9 (mod 12)

Lemma 5.1.3. Let n ≡ 1 or 9 (mod 12). Then 4K•n admits an HOP (C2, C2, C2)-decomposition.

Proof. By Theorem 2.3.2, there exists a (C6)-decomposition of Kn. Applying Lemma 4.1.3,
the multigraph 4K•n admits an HOP (C2, C2, C2)-decomposition.

Lemma 5.1.4. Let n = 12k + 9 for any integer k ≥ 0. There exists an HOP (C2, C4)-
decomposition of 4K•n.

Proof. Observe that 2n = 6(4k + 3); let s = 4k + 3. By Lemma 3.4.10 with m1 = 2 and
m2 = 4, it suffices to find (C2, C4)-subgraphs F1, F2, . . . , Fs in 4K•n that satisfy Conditions
(L′1) to (L′3).

As in Lemma 3.4.10, let V (4K•n) = {xi : i ∈ Zn−1} ∪ {x∞}. Let ρ• be the permutation
on E(4K•n) that preserves the color (and orientation) of the edges, and is induced by the
permutation ρ = (x∞)(x0 x1 x2 . . . xn−2). Observe that the group ⟨ρ•⟩ has the following
orbits on the edge set of 4K•n:

• for each d ∈ {1, 2, . . . , 6k + 3}, we have a pink and a blue orbit {xixi+d : i ∈ Zn−1};

• for each d ∈ {1, 2, . . . , 12k + 7}, we have a black orbit {(xi, xi+d) : i ∈ Zn−1};

• a pink and a blue orbit {xixi+(6k+4) : i = 0, 1, . . . , n−3
2
};

• a pink and a blue orbit {xix∞ : i ∈ Zn−1}; and

• black orbits {(x∞, xi) : i ∈ Zn−1} and {(xi, x∞) : i ∈ Zn−1}.
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m n (Cm1, . . . , Cmt)-decomposition Theorem or Lemma

2 4k + 1, k ≥ 1 (C2)-decomposition Lemma 3.3.2 with t = 1

3 6k + 1, k ≥ 1 (C3)-decomposition Theorem 2.3.1

6k + 3, k ≥ 0

4 8k + 1, k ≥ 1

(C2, C2)-decomposition Lemma 5.1.2

(C4)-decomposition Theorem 2.3.2

10k + 1, k ≥ 1

(C2, C3)-decomposition Lemma 4.5.1 with m = 3, r = 1

5

(C5)-decomposition Theorem 2.3.2

10k + 5, k ≥ 0 (C2, C3)-decomposition Lemma 4.5.4 with m = 3, r = 1

12k + 1, k ≥ 1

(C2, C2, C2)-decomposition Lemma 5.1.3

6

(C2, C4)-decomposition Lemma 4.5.1 with m = 4, r = 1

(C3, C3)-decomposition Theorem 2.3.7 if n ̸= 9

12k + 9, k ≥ 0

(C6)-decomposition Theorem 2.3.2

(C3, C3)-decomposition Lemma 5.1.6 if n = 9

(C2, C2, C2)-decomposition Lemma 5.1.3

(C2, C4)-decomposition Lemma 5.1.4

14k + 1, k ≥ 1

(C2, C2, C3)-decomposition Lemma 4.5.1 with m = 3, r = 2

7

(C2, C5)-decomposition Lemma 4.5.1 with m = 5, r = 1

(C3, C4)-decomposition Theorem 2.3.7

14k + 7, k ≥ 0

(C7)-decomposition Theorem 2.3.2

(C2, C2, C3)-decomposition Lemma 4.5.4 with m = 3, r = 2

(C2, C5)-decomposition Lemma 4.5.4 with m = 5, r = 1

(C2, C2, C2, C2)-decomposition Lemma 5.1.7

8 16k + 1, k ≥ 1

(C2, C2, C4)-decomposition Lemma 4.5.1 with m = 4, r = 2

(C2, C3, C3)-decomposition Lemma 5.1.8

(C2, C6)-decomposition Lemma 4.5.1 with m = 6, r = 1

(C3, C5)-, (C4, C4)-decompositions Theorem 2.3.7

(C8)-decompositions Theorem 2.3.2

Table 5.1: Part 1: HOP (Cm1 , . . . , Cmt)-decompositions with m1 + . . .+mt ≤ 10
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m n (Cm1, . . . , Cmt)-decomposition Theorem or Lemma

18k + 1, k ≥ 1

(C2, C2, C2, C3)-decomposition Lemma 4.5.1 with m = 3, r = 3

(C2, C2, C5)-decomposition Lemma 4.5.1 with m = 5, r = 2

(C2, C3, C4)-decomposition Lemma 5.1.9

(C2, C7)-decomposition Lemma 4.5.1 with m = 7, r = 1

9

(C3, C3, C3)-, (C3, C6)-, (C4, C5)-, Theorem 2.3.7 (except for
(C4, C5)-decomp when n = 9)

18k + 9, k ≥ 0

(C9)-decompositions Theorem 2.3.2

(C4, C5)-decomposition Lemma 2.2.13(ii) if n = 9

(C2, C2, C2, C3)-decomposition Lemma 4.5.4 with m = 3, r = 3

(C2, C2, C5)-decomposition Lemma 4.5.4 with m = 5, r = 2

(C2, C3, C4)-decomposition Lemma 5.1.10

(C2, C7)-decomposition Lemma 4.5.4 with m = 7, r = 1

(C2, C2, C2, C2, C2)-decomposition Lemma 5.1.11(i)

20k + 1, k ≥ 1

(C2, C2, C2, C4)-decomposition Lemma 4.5.1 with m = 4, r = 3

(C2, C2, C3, C3)-decomposition Lemma 5.1.11(iii)

(C2, C2, C6)-decomposition Lemma 4.5.1 with m = 6, r = 2

(C2, C3, C5)-decomposition Lemma 5.1.13

(C2, C4, C4)-decomposition Lemma 5.1.12

(C2, C8)-decomposition Lemma 4.5.1 with m = 8, r = 1

10

(C3, C3, C4)-, (C3, C7)-, (C4, C6)-,
(C5, C5)-decompositions

Theorem 2.3.7

(C10)-decompositions Theorem 2.3.2

20k + 5, k ≥ 1

(C2, C2, C2, C2, C2)-,
(C2, C2, C2, C4)-, (C2, C2, C3, C3)-,
(C2, C2, C6)-decomposition

Lemma 5.1.11

(C2, C3, C5)-decomposition Lemma 5.1.17

(C2, C4, C4)-decomposition Lemma 5.1.16

(C2, C8)-decomposition Lemma 5.1.14

Table 5.2: Part 2: HOP (Cm1 , . . . , Cmt)-decompositions with m1 + . . .+mt ≤ 10
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For convenience, let S = {1, 2, . . . , 6k + 4,∞} be the set of all differences.

We start by constructing subgraphs F1, F2, . . . , Fs−1, where each Fi is a disjoint union
of a 4-cycle and a 2-cycle, and the subgraphs F1, F2, . . . , Fs−1 jointly cover exactly four edges
corresponding to the following differences from S:

1, 2, . . . , 3k + 1, 3k + 3, . . . , 6k + 3,∞.

First, we construct the 4-cycles. For i ∈ {1, 2, . . . , 2k+1}, let Ci be the following closed
walk (see Figure 5.1 in Example 5.1.5, where k ≥ 1):

Ci = x0 xi x6k+4 x−(6k+4−i) x0.

It can be seen that Ci is a cycle of length four and traverses edges of differences i and
6k + 4− i twice. This means that for i ∈ {1, 2, . . . , 2k + 1}, the cycles Ci jointly cover each
of the following differences exactly twice:

1, 2, . . . , 2k + 1, 4k + 3, 4k + 4, . . . , 6k + 2, 6k + 3.

Next, construct cycles of length two, denoted by Ei, as follows:

• for i ∈ {1, 2, . . . , 2k + 1} and i ̸= k + 1, let Ei = x3k+2 x5k+3+i x3k+2; and

• for i = k + 1, let Ei = x3k+2 x∞ x3k+2.

Observe that the 2-cycles Ei, for i ∈ {1, 2, . . . , 2k + 1}, jointly cover each of the following
differences exactly twice:

2k + 2, 2k + 3, . . . , 3k + 1, ∞, 3k + 3, . . . , 4k + 1, 4k + 2.

It can be easily checked that, for i ∈ {1, 2, . . . , 2k+1}, each Ci is disjoint from each Ei. Now,
for i ∈ {1, 2, . . . , 2k + 1}, let Gi = Ci ∪̇ Ei. We see that G1, G2, . . . , G2k+1 jointly contain
exactly two edges of each of the differences in S, except for differences 3k + 2 and 6k + 4.

Consider two copies of each Gi, for all i ∈ {1, 2, . . . , 2k + 1}. We want to color each
copy so that it satisfies Condition (C1) of Definition 1.2.3. In the first copy of Gi, color the
edges of Ei pink and blue; and in Ci, color the edge x0 xi pink, x6k+4 x−(6k+4−i) blue, and
color the other two edges black and orient them away from the pink edge and towards the
blue edge. In the second copy of Gi, color the edges of Ei black and orient them in opposite
directions; and in Ci, color xi x6k+4 pink, x−(6k+4−i) x0 blue, and color the other two edges
black and orient them away from the pink edge and towards the blue edge. Considering two
copies of each Gi, for all i ∈ {1, 2, . . . , 2k+1}, we have 4k+2 (C2, C4)-subgraphs, which we
relabel as F1, F2, . . . , Fs−1. It is easy to verify that except for differences 3k + 2 and 6k + 4,
all other differences occur exactly four times (exactly one pink, one blue, and two opposite
black with opposite directions) in F1, F2, . . . , Fs−1.

Next, we construct a (C2, C4)-subgraph Fs that covers differences 3k + 2 and 6k + 4.
Let Fs = Cs ∪̇ Es, where:
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• Cs = x0 x3k+2 x6k+4 x−(3k+2) x0; and

• Es = x1 x−(6k+3) x1.

Color the edges of Cs as follows: x3k+2 x6k+4 blue, x−(3k+2) x0 pink, and the other two edges
black and orient them away from the pink edge and towards the blue edge. We see that Cs

covers the difference 3k+ 2 exactly four times (one pink, one blue, and two black arcs), and
Es covers 6k + 4 twice. Observe that the subgraphs F1, F2, . . . , Fs satisfy Conditions (L′1)
to (L′3) of Lemma 3.4.10. Hence, 4K•n admits an HOP (C2, C4)-decomposition.

Example 5.1.5. Let F1, F2, . . . , F7 be the (C2, C4)-subgraphs of 4K•21 shown in Figure 5.1,
constructed using the method from the proof of Lemma 5.1.4. Observe that F1, F2, . . . , F7

satisfy Conditions (L′1) to (L′3) of Lemma 3.4.10. Therefore, 4K•21 admits an HOP (C2, C4)-
decomposition.

Lemma 5.1.6. There exists an HOP (C3, C3)-decomposition of 4K•9 .

Proof. Notice that 4 · 9 = 6 · 6; let s = 6. By Lemma 3.4.11 with m1 = 3 and m2 = 3,
it suffices to find (C3, C3)-subgraphs F1, F2, . . . , F6 in 4K•n that satisfy Conditions (L′′1) to
(L′′3). Observe that such F1, F2, . . . , F6 subgraphs are shown in Figure 5.2. Therefore, 4K•9
admits an HOP (C3, C3)-decomposition.

5.1.3 HOP Decompositions for n ≡ 1 (mod 16)

Lemma 5.1.7. Let n ≡ 1 (mod 16). Then 4K•n admits an HOP (C2, C2, C2, C2)-decomposition.

Proof. By Theorem 2.3.2, there exists a (C8)-decomposition of Kn. Applying Lemma 4.1.3,
we see that 4K•n admits an HOP (C2, C2, C2, C2)-decomposition.

Lemma 5.1.8. Let n = 16k + 1 for any integer k ≥ 1. There exists an HOP (C2, C3, C3)-
decomposition of 4K•n.

Proof. Let V (Kn) = {xi : i ∈ Zn}, and let ρ = (x0 x1 . . . xn−1) be a permutation on V (Kn).
By the given labeling, each edge in E(Kn) is of the form xixi+d, where d ∈ {1, 2, . . . , 8k}.
Therefore, the group ⟨ρ⟩ acting on E(Kn) has 8k orbits, each of size n.

Our goal is to construct k subgraphs of Kn, namely F1, F2, . . . , Fk, where each Fi is a
disjoint union of a (C3, C3)-subgraph and two edge-disjoint 1-regular subgraphs of order 2
such that F1, F2, . . . , Fk jointly contain exactly one edge of each difference in {1, 2, . . . , 8k}.
Therefore, D = {ρi(F1), ρ

i(F2), . . . , ρ
i(Fk) : i ∈ Zn} is a decomposition for Kn that satisfies

the condition of Lemma 4.1.1 (for α = 1 and m1 = m2 = 3); hence, by Lemma 4.1.1, the
multigraph 4K•n admits an HOP (C2, C3, C3)-decomposition.
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Figure 5.1: (C2, C4)-subgraphs of 4K•21 that generate an HOP (C2, C4)-decomposition for
4K•21.
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Figure 5.2: (C3, C3)-subgraphs of 4K•9 that generate an HOP (C3, C3)-decomposition for
4K•9 .
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Now, for i ∈ {1, 2, . . . , 2k}, construct the following closed walk:

Ci = x1−i x−(8k−3i+1) xi x1−i.

It can be seen that Ci is a cycle of length three, and traverses edges of differences

8k − 4i+ 2, 8k − 2i+ 1, 2i− 1.

The explicit differences in C1, C2, . . . , C2k are listed below.

C1 : 8k − 2, 8k − 1, 1

C2 : 8k − 6, 8k − 3, 3

C3 : 8k − 10, 8k − 5, 5
...

C2k−2 : 10, 4k + 5, 4k − 5

C2k−1 : 6, 4k + 3, 4k − 3

C2k : 2, 4k + 1, 4k − 1

Observe that C1, C2, . . . , C2k jointly contain exactly one edge of each difference in {1, 2, . . . , 8k}
except for the following differences:

(i) 4i, for i ∈ {1, 2, . . . , 2k}.

The following subgraphs of Kn (isomorphic to K2) cover the differences in (i) exactly once:

• Ei = x2k+1 x2k+4i+1, for i ∈ {1, 2, . . . , k};

• Ei = x2k+1 x−(14k−4i), for i ∈ {k + 1, . . . , 2k}.

Observe that none of the vertices in the interval [x2k+1, x8k+2] are used in any Ci for i ∈
{1, 2, . . . , k}, and only vertices from this interval are used to construct Ei for i ∈ {1, 2, . . . , k}.
Furthermore, none of the vertices in the interval [x2k+1, x11k+2] are used in any Ci for i ∈ {k+
1, . . . , 2k}, and only vertices from this interval are used to construct Ei for i ∈ {k+1, . . . , 2k}.
Hence, for i ∈ {1, 2, . . . , 2k}, the subgraph Ci is disjoint from the subgraph Ei. Moreover,
we have the following:

• Ci and Cj are disjoint for i ̸= j and i, j ∈ {1, 2, . . . , 2k};

• E2i−1 and C2i are disjoint for i ∈ {1, 2, . . . , k}; and

• E2i and C2i−1 are disjoint for i ∈ {1, 2, . . . , k}.

Now, for i ∈ {1, 2, . . . , k}, let Fi = C2i−1 ∪̇ C2i ∪̇ (E2i−1 ∪ E2i). Since F1, F2, . . . , Fk jointly
contain exactly one edge of each difference in {1, 2, . . . , 8k}, we see that

D = {ρi(F1), ρ
i(F2), . . . , ρ

i(Fk) : i ∈ Zn}

is a decomposition for Kn that satisfies the condition of Lemma 4.1.1. Applying Lemma
4.1.1, the multigraph 4K•n admits an HOP (C2, C3, C3)-decomposition.



5.1. HOP (Cm1 , . . . , Cmt)-DECOMPOSITIONS OF 4K•n WITH SMALL CYCLE
LENGTHS 87

5.1.4 HOP Decompositions for n ≡ 1 or 9 (mod 18)

Lemma 5.1.9. Let n = 18k + 1 for any integer k ≥ 1. There exists an HOP (C2, C3, C4)-
decomposition of 4K•n.

Proof. Let V (Kn) = {xi : i ∈ Zn}, and let ρ = (x0 x1 . . . xn−1) be a permutation on V (Kn).
By the given labeling, each edge in E(Kn) is of the form xixi+d, where d ∈ {1, 2, . . . , 9k}.
Therefore, the group ⟨ρ⟩ acting on E(Kn) has 9k orbits, each of size n.

We construct subgraphs F1, F2, . . . , Fk, where each Fi is a disjoint union of a (C3, C4)-
subgraph and two edge-disjoint 1-regular subgraphs of order 2 such that F1, F2, . . . , Fk jointly
contain exactly one edge of each difference in {1, 2, . . . , 9k}. Therefore,

D = {ρi(F1), ρ
i(F2), . . . , ρ

i(Fk) : i ∈ Zn}

forms a decomposition for Kn that satisfies the condition of Lemma 4.1.1 (for α = 1, m1 = 3,
and m2 = 4); hence, by Lemma 4.1.1, the multigraph 4K•n admits an HOP (C2, C3, C4)-
decomposition.

Now, for i ∈ {1, 2, . . . , k}, construct the following closed walks:

Ci = x0 x4i−3 x−1 x4i−1 x0;

C ′i = x−2 x4k+2i−2 x−(4k+2i+1) x−2.

It can be seen that Ci and C ′i are two disjoint cycles of lengths four and three, respectively,
and traverse edges of differences

Ci : 4i− 3, 4i− 2, 4i, 4i− 1;

C ′i : 4k + 2i, d, 4k + 2i− 1.

In C ′i, we have d = 8k + 4i − 1 for i ∈ {1, 2, . . . , ⌊k+1
4
⌋}, and d = 10k − 4i + 2 for i ∈

{⌈k+1
4
⌉, . . . , k}.

The explicit differences in C1, C2, . . . , Ck are listed below.

C1 : 1, 2, 4, 3

C2 : 5, 6, 8, 7

C3 : 9, 10, 12, 11
...

Ck−2 : 4k − 11, 4k − 10, 4k − 8, 4k − 9

Ck−1 : 4k − 7, 4k − 6, 4k − 4, 4k − 5

Ck : 4k − 3, 4k − 2, 4k, 4k − 1

The explicit differences in C ′1, C
′
2, . . . , C

′
k are listed below.

C ′1 : 4k + 2, 8k + 3, 4k + 1
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C ′2 : 4k + 4, 8k + 7, 4k + 3

C ′3 : 4k + 6, 8k + 11, 4k + 5
...

C ′k−2 : 6k − 4, 6k + 10, 6k − 5

C ′k−1 : 6k − 2, 6k + 6, 6k − 3

C ′k : 6k, 6k + 2, 6k − 1

Observe that, for i ∈ {1, 2, . . . , k}, Ci and C ′i jointly contain exactly one edge of each
difference in {1, 2, . . . , 9k} except for the following differences:

(i) 6k + 2i− 1, for i ∈ {1, 2, . . . , k};

(ii) 6k + 4i, for i ∈ {1, 2, . . . , ⌊3k
4
⌋};

(iii) 12k − 4i+ 1, for i ∈ {⌊3k
4
⌋+ 1, . . . , k}.

The following subgraphs of Kn (isomorphic to K2) cover the differences listed in (i)-(iii)
exactly once:

(i) Ei = x−3 x−(6k+2i+2), for i ∈ {1, 2, . . . , k};

(ii) E ′i = x−3 x−(6k+4i+3), for i ∈ {1, 2, . . . , ⌊3k
4
⌋};

(iii) E ′i = x−3 x12k−4i−2, for i ∈ {⌊3k
4
⌋+ 1, . . . , k}.

Notice that the vertex x−3, as well as all vertices in the interval [x6k−1, x12k−1], are not used
in any of the cycles Ci or C ′i, and that only vertices from this interval are used to construct
the graphs Ei and E ′i. Hence, for i ∈ {1, 2, . . . , k}, the cycles Ci and C ′i are disjoint from the
edge-disjoint subgraphs Ei and E ′i.

Now, for i ∈ {1, 2, . . . , k}, let Fi = Ci ∪̇ C ′i ∪̇ (Ei ∪ E ′i). Since F1, F2, . . . , Fk jointly
contain exactly one edge of each difference in {1, 2, . . . , 9k}, we see that

D = {ρi(F1), ρ
i(F2), . . . , ρ

i(Fk) : i ∈ Zn}

is a decomposition of Kn that satisfies the condition of Lemma 4.1.1. By applying Lemma
4.1.1, the multigraph 4K•n admits an HOP (C2, C3, C4)-decomposition.

Lemma 5.1.10. Let n = 18k + 9 for any integer k ≥ 0. There exists an HOP (C2, C3, C4)-
decomposition of 4K•n.

Proof. Notice that n = 18k + 9 = 9(2k + 1), and we have K9(2k+1) = H1

⨁︁
H2, where

H1 is a disjoint union of 2k + 1 copies of K9, and H2 is a complete equipartite graph with
2k + 1 parts of size 9. In Lemma 2.2.13(ii) [36], it is proved that 4K•9 admits an HOP
(C2, C3, C4)-factorization. Consequently, by Lemma 3.3.1, 4H•1 admits an HOP (C2, C3, C4)-
decomposition. Hence, we may assume k ≥ 1 and it suffices to show that 4K•(2k+1)[9] admits
an HOP (C2, C3, C4)-decomposition.
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The complete equipartite graph K(2k+1)[9] can be viewed as a circulant graph, Circ(n;S),
with the vertex set {xi : i ∈ Zn}, where n = 18k+9, and the edge set {xixi+d : i ∈ Zn, d ∈ S},
where

S = {1, 2, . . . , 2k, 2k+2, . . . , 4k+1, 4k+3, . . . , 6k+2, 6k+4, . . . , 8k+3, 8k+5, . . . , 9k+4}.

Let ρ = (x0 x1 . . . xn−1) be a permutation on V (K(2k+1)[9]). Observe that S contains all
differences from 1 to 9k+4, except for the differences 2k+1, 4k+2, 6k+3, 8k+4. Therefore,
the group ⟨ρ⟩ acting on E(K(2k+1)[9]) has (9k + 4)− 4 = 9k orbits, each of size n = 18k + 9.

First, we construct subgraphs F1, F2, . . . , Fk, where each Fi is a disjoint union of a
(C3, C4)-subgraph and two edge-disjoint 1-regular subgraphs of order 2, such that F1, F2, . . . , Fk

jointly contain exactly one edge of each difference in S.

Now, for i ∈ {1, 2, . . . , k}, construct the following closed walks:

Ci = x0 x2i−1 x−1 x4k+2i+1 x0;

C ′i = x−2 x2k+i−1 x−(6k+i+5) x−2.

It can be seen that Ci and C ′i are disjoint cycles of lengths four and three, respectively. The
4-cycle Ci traverses edges of differences

Ci : 2i− 1, 2i, 4k + 2i+ 2, 4k + 2i+ 1.

The explicit differences in C1, C2, . . . , Ck are listed below.

C1 : 1, 2, 4k + 4, 4k + 3

C2 : 3, 4, 4k + 6, 4k + 5

C3 : 5, 6, 4k + 8, 4k + 7
...

Ck−2 : 2k − 5, 2k − 4, 6k − 2, 6k − 3

Ck−1 : 2k − 3, 2k − 2, 6k, 6k − 1

Ck : 2k − 1, 2k, 6k + 2, 6k + 1

The 3-cycle C ′i traverses edges of differences

C ′i : 2k + i+ 1, d, 6k + i+ 3.

Notice that, for i ∈ {1, 2, . . . , ⌊k
2
⌋}, the difference d = 8k+2i+4, and for i ∈ {⌊k

2
⌋+1 . . . , k},

the difference d = 10k − 2i+ 5. The explicit differences in C ′1, C
′
2, . . . , C

′
k are listed below.

C ′1 : 2k + 2, 8k + 6, 6k + 4

C ′2 : 2k + 3, 8k + 8, 6k + 5

C ′3 : 2k + 4, 8k + 10, 6k + 6
...

C ′k−2 : 3k − 1, 8k + 9, 7k + 1
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C ′k−1 : 3k, 8k + 7, 7k + 2

C ′k : 3k + 1, 8k + 5, 7k + 3

Observe that the subgraphs Ci and C ′i, for i ∈ {1, 2, . . . , k}, jointly contain exactly one edge
of each difference in S except for the following differences:

(i) 4k − i+ 2, for i ∈ {1, 2, . . . , k}; and

(ii) 8k − i+ 4, for i ∈ {1, 2, . . . , k}.

Note that there are 2k differences from S that are not covered by any Ci or C ′i. The following
subgraphs of Kn (isomorphic to K2) cover the differences in (i) and (ii), respectively, exactly
once:

• Ei = x−3 x−(4k−i+5), for i ∈ {1, 2, . . . , k}; and

• E ′i = x−(4k+4) x4k−i, for i ∈ {1, 2, . . . , k}.

Notice that none of the vertices in the intervals [x3k, x4k+2] and [x−(6k+5), x−3] are used in
any Ci or C ′i, and only vertices in these intervals are used to construct the subgraphs Ei and
E ′i. Hence, Ci and C ′i are disjoint from Ei and E ′i.

For i ∈ {1, 2, . . . , k}, let Fi = Ci ∪̇ C ′i ∪̇ (Ei ∪ E ′i). Since F1, F2, . . . , Fk jointly contain
exactly one edge of each difference in S, we see that

D = {ρi(F1), ρ
i(F2), . . . , ρ

i(Fk) : i ∈ Zn}

is a decomposition for K(2k+1)[9] that satisfies the condition of Lemma 4.1.1. Applying
Lemma 4.1.1, the multigraph 4K•(2k+1)[9] admits an HOP (C2, C3, C4)-decomposition.

5.1.5 HOP Decompositions for n ≡ 1 or 5 (mod 20)

Lemma 5.1.11. Let n ≡ 1 or 5 (mod 20). Then the following HOP 2-regular-subgraph
decompositions of 4K•n exist:

(i) HOP (C2, C2, C2, C2, C2)-decomposition;

(ii) HOP (C2, C2, C2, C4)-decomposition;

(iii) HOP (C2, C2, C3, C3)-decomposition; and

(iv) HOP (C2, C2, C6)-decomposition.

Proof. By Theorems 2.3.2 and 2.3.7, we know there exist a (C10)-decomposition, a (C6, C4)-
decomposition, a (C4, C3, C3)-decomposition, and a (C4, C6)-decomposition of Kn, and by
Lemma 4.1.3, these decompositions give rise to HOP decompositions listed in (i)-(iv), re-
spectively.
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Lemma 5.1.12. Let n = 20k + 1 for any integer k ≥ 1. There exists an HOP (C2, C4, C4)-
decomposition of 4K•n.

Proof. Let V (Kn) = {xi : i ∈ Zn}, and let ρ = (x0 x1 . . . xn−1) be a permutation on V (Kn).
By the given labeling, each edge in E(Kn) is of the form xixi+d, where d ∈ {1, 2, . . . , 10k}.
Therefore, the group ⟨ρ⟩, acting on E(Kn), has 10k orbits, each of size n.

We construct subgraphs F1, F2, . . . , Fk, where each Fi is a disjoint union of a (C4, C4)-
subgraph and two edge-disjoint 1-regular subgraphs of order 2, such that F1, F2, . . . , Fk

jointly contain exactly one edge of each difference in {1, 2, . . . , 10k}. Therefore, D =
{ρi(F1), ρ

i(F2), . . . , ρ
i(Fk) : i ∈ Zn} forms a decomposition of Kn that satisfies the con-

dition of Lemma 4.1.1 (for α = 1, m1 = 4, and m2 = 4); hence, by Lemma 4.1.1, the
multigraph 4K•n admits an HOP (C2, C4, C4)-decomposition.

Now, for i ∈ {1, 2, . . . , 2k}, construct the following closed walk:

Ci = x1−i xi x−(2k+i) x4k+i x1−i.

It can be seen that Ci is a cycle of length four, and traverses edges of differences

Ci : 2i− 1, 2k + 2i, 6k + 2i, 4k + 2i− 1.

The explicit differences in C1, C2, . . . , C2k are listed below.

C1 : 1, 2k + 2, 6k + 2, 4k + 1

C2 : 3, 2k + 4, 6k + 4, 4k + 3

C3 : 5, 2k + 6, 6k + 6, 4k + 5
...

C2k−2 : 4k − 5, 6k − 4, 10k − 4, 8k − 5

C2k−1 : 4k − 3, 6k − 2, 10k − 2, 8k − 3

C2k : 4k − 1, 6k, 10k, 8k − 1

Observe that the Ci, for i ∈ {1, 2, . . . , 2k}, jointly contain exactly one edge of each difference
in {1, 2, . . . , 10k} except for the following differences:

(i) 2i, for i ∈ {1, 2, . . . , k};

(ii) 8k + 2i− 1, for i ∈ {1, 2, . . . , k}.

The following subgraphs of Kn (isomorphic to K2) cover the differences listed in (i) and (ii)
exactly once:

(i) Ei = x6k+1 x6k+2i+1, for i ∈ {1, 2, . . . , k};

(ii) E ′i = x6k+1 x−(6k−2i+1), for i ∈ {1, 2, . . . , k}.
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Notice that none of the vertices in the interval [x6k+1, x16k] are used in any Ci, and only
vertices in this interval are used to construct the subgraphs Ei and E ′i. Hence, for i ∈
{1, 2, . . . , k}, cycles C2i−1 and C2i are disjoint from the subgraphs Ei and E ′i.

Now, for i ∈ {1, 2, . . . , k}, let Fi = C2i−1 ∪̇ C2i ∪̇ (Ei ∪ E ′i). Since F1, F2, . . . , Fk jointly
contain exactly one edge of each difference in {1, 2, . . . , 10k}, we see that

D = {ρi(F1), ρ
i(F2), . . . , ρ

i(Fk) : i ∈ Zn}

is a decomposition for Kn that satisfies the condition of Lemma 4.1.1. Applying Lemma
4.1.1, the multigraph 4K•n admits an HOP (C2, C4, C4)-decomposition.

Lemma 5.1.13. Let n = 20k + 1 for any integer k ≥ 1. There exists an HOP (C2, C3, C5)-
decomposition of 4K•n.

Proof. Let V (Kn) = {xi : i ∈ Zn}, and let ρ = (x0 x1 . . . xn−1) be a permutation on V (Kn).
By the given labeling, each edge in E(Kn) is of the form xixi+d, where d ∈ {1, 2, . . . , 10k}.
Therefore, the group ⟨ρ⟩ acting on E(Kn) has 10k orbits, each of size n.

We construct subgraphs F1, F2, . . . , Fk, where each Fi is a disjoint union of a (C3, C5)-
subgraph and two edge-disjoint 1-regular subgraphs of order 2, and F1, F2, . . . , Fk jointly con-
tain exactly one edge of each difference in {1, 2, . . . , 10k}. Therefore, D = {ρi(F1), ρ

i(F2), . . . ,
ρi(Fk) : i ∈ Zn} forms a decomposition for Kn that satisfies the condition of Lemma 4.1.1
(for α = 1, m1 = 3, and m2 = 5); hence, by Lemma 4.1.1, the multigraph 4K•n admits an
HOP (C2, C3, C5)-decomposition.

Now, for i ∈ {1, 2, . . . , k}, construct the following closed walks:

Ci = x0 x2i−1 x−1 x2k+i−1 x−(3k+i) x0;

C ′i = x−(k+i) x3k x−(8k−i+2) x−(k+i).

It can be seen that Ci and C ′i are disjoint cycles of length five and three, respectively. The
5-cycle Ci traverses edges of differences:

Ci : 2i− 1, 2i, 2k + i, 5k + 2i− 1, 3k + i.

The explicit differences in C1, C2, . . . , Ck are listed below.

C1 : 1, 2, 2k + 1, 5k + 1, 3k + 1

C2 : 3, 4, 2k + 2, 5k + 3, 3k + 2

C3 : 5, 6, 2k + 3, 5k + 5, 3k + 3
...

C2k−2 : 2k − 5, 2k − 4, 3k − 2, 7k − 5, 4k − 2

C2k−1 : 2k − 3, 2k − 2, 3k − 1, 7k − 3, 4k − 1

C2k : 2k − 1, 2k, 3k, 7k − 1, 4k

The 3-cycle C ′i traverses edges of differences:

C ′i : 4k + i, 9k + i− 1, 7k − 2i+ 2.
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The explicit differences in C ′1, C
′
2, . . . , C

′
k are listed below.

C ′1 : 4k + 1, 9k, 7k

C ′2 : 4k + 2, 9k + 1, 7k − 2

C ′3 : 4k + 3, 9k + 2, 7k − 4
...

C ′2k−2 : 5k − 2, 10k − 3, 5k + 6

C ′2k−1 : 5k − 1, 10k − 2, 5k + 4

C ′2k : 5k, 10k − 1, 5k + 2

Observe that, for i ∈ {1, 2, . . . , k}, Ci and C ′i jointly contain exactly one edge of each
difference {1, 2, . . . , 10k} except for the following differences:

(i) 7k + i, for i ∈ {1, 2, . . . , 2k − 1};

(ii) 10k.

The following subgraphs of Kn (isomorphic to K2) cover the differences listed in (i) and (ii)
exactly once:

• Ei = x−5k x8k−i+1, for i ∈ {1, 2, . . . , 2k − 1}, and

• E2k = x−5k x5k.

Notice that the vertex x−5k, as well as none of the vertices in the interval [x3k+1, x12k−1], are
used in any Ci or C ′i, and only vertices in this interval are used to construct the subgraphs
Ei. Hence, for i ∈ {1, 2, . . . , k}, cycles Ci and C ′i are disjoint from the subgraphs E2i−1 and
E2i.

Now, for i ∈ {1, 2, . . . , k}, let Fi = Ci ∪̇ C ′i ∪̇ (E2i−1 ∪ E2i). Since F1, F2, . . . , Fk jointly
contain exactly one edge of each difference in {1, 2, . . . , 10k}, we see that

D = {ρi(F1), ρ
i(F2), . . . , ρ

i(Fk) : i ∈ Zn}

is a decomposition of Kn that satisfies the condition of Lemma 4.1.1. Applying Lemma 4.1.1,
the multigraph 4K•n admits an HOP (C2, C3, C5)-decomposition.

Lemma 5.1.14. Let n = 20k + 5 for any integer k ≥ 1. There exists an HOP (C2, C8)-
decomposition of 4K•n.

Proof. Observe that 2n = 10(4k + 1); let s = 4k + 1. By Lemma 3.4.6 with m1 = 2 and
m2 = 8, it suffices to find (C2, C8)-subgraphs F1, F2, . . . , Fs in 2K◦n that satisfy Conditions
(D′1) to (D′3).

As in Lemma 3.4.6, let V (2K◦n) = {xi : i ∈ Zn−1} ∪ {x∞}. Let ρ◦ be the permutation
on E(2K◦n) that preserves the color of the edges, and is induced by the permutation ρ =
(x∞)(x0 x1 x2 . . . xn−2). Observe that the group ⟨ρ◦⟩ has the following orbits on the edge
set of 2K◦n:
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• for each d ∈ {1, 2, . . . , 10k + 1}, we have a pink and a black orbit {xixi+d : i ∈ Zn−1};

• a pink and a black orbit {xixi+(10k+2) : i = 0, 1, . . . , n−3
2
}; and

• a pink and a black orbit {xix∞ : i ∈ Zn−1}.

Let S = {1, 2, . . . , 10k + 2} be the set of differences. Note that 10k + 2 is the diameter
difference.

First, for i ∈ {1, 2, . . . , 4k + 1}, construct the following closed walk (see Figure 5.3 in
Example 5.1.15):

Ci = x0 xi x−(5k+1) x10k+2−i x10k+2 x−(10k+2−i) x5k+1 x−i x0.

It can be seen that Ci is a cycle of length eight, and traverses edges of differences i and
5k+ i+1 four times. Since these differences come from an orbit of size n− 1, the four edges

occur as two pairs of the form {e, ρ
n−1
2
◦ (e)}.

The 8-cycles C1, C2, . . . , C4k+1 jointly cover each of the following differences exactly four
times:

1, 2, . . . , 4k + 1, 5k + 2, 5k + 3, . . . , 9k + 1, 9k + 2.

The differences that are not covered by any Ci are the following:

(i) 9k + 2 + i, for i ∈ {1, 2, . . . , k};

(ii) ∞; and

(iii) 4k + 1 + i, for i ∈ {1, 2, . . . , k}.

Next, we construct cycles of length two that jointly cover each of the leftover differences
exactly four times, except for the diameter difference 10k + 2.

• The following 2-cycles cover the differences 9k + 2 + j, for j ∈ {1, 2, . . . , k − 1}, and
the difference ∞ exactly four times.

– Ej = x−(4k+1) x5k+1+j x−(4k+1), for j ∈ {1, 2, . . . , k−1}, and Ek = x−(3k+2) x∞ x−(3k+2).

– E ′j = x6k+1 x−(5k+1−j) x6k+1, for j ∈ {1, 2, . . . , k − 1}, and E ′k = x7k x∞ x7k.

Notice that E ′j = ρ
n−1
2
◦ (Ej). Moreover, none of the vertices in the intervals [x2k+1, x5k],

[x5k+2, x8k+1], [x−(8k+1), x−(5k+2)], and [x−5k, x−(2k+1)] are used in any Ci, for i ∈ {1, 2,
. . . , 2k}, and only vertices in these intervals are used to construct the subgraphs Ej

and E ′j. Hence, for j ∈ {1, 2, . . . , k} and i ∈ {1, 2, . . . , 2k}, the subgraphs Ej, E ′j, and
Ci are pairwise disjoint.

Relabel Ej and E ′j jointly as Ei, for i ∈ {1, 2, . . . , 2k}. Now, for i ∈ {1, 2, . . . , 2k}, let
Fi = Ci ∪̇ Ei. We see that F1, F2, . . . , F2k are (C2, C8)-subgraphs of 2Kn.
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• The following 2-cycles cover difference the 4k+1+ j, for j ∈ {1, 2, . . . , k}, exactly four
times.

– E ′′j = x−(4k+1) xj x−(4k+1), for j ∈ {1, 2, . . . , k}.
– E ′′′j = x6k+1 x−(10k+2−j) x6k+1, for j ∈ {1, 2, . . . , k}.

First, notice that E ′′′j = ρ
n−1
2
◦ (E ′′j ). Moreover, none of the vertices in the intervals

[x1, x2k], [x5k+2, x6k+1], [x−(10k+1), x−(8k+2)], and [x−5k, x−(4k+1)] are used in any Ci, for
i ∈ {2k + 1, 2k + 2, . . . , 4k}, and only vertices in these intervals are used to construct
the subgraphs E ′′j and E ′′′j . Hence, the subgraphs E ′′j , E ′′′j , and Ci are pairwise disjoint.

Next, relabel E ′′j and E ′′′j jointly as Ei, for i ∈ {2k + 1, 2k + 2, . . . , 4k}. Now, for
i ∈ {2k + 1, 2k + 2, . . . , 4k}, let Fi = Ci ∪̇ Ei. We see that F2k+1, F2k+2, . . . , F4k are
(C2, C8)-subgraphs of 2Kn.

• The only difference that is not covered yet is the diameter difference 10k + 2. Let
E4k+1 = x1 x−(10k+1) x1, and observe that E4k+1 is disjoint from C4k+1. Now, let
F4k+1 = C4k+1 ∪̇ E4k+1. We see that F4k+1 is a (C2, C8)-subgraph of 2Kn.

Next, color the edges of the cycles in the (C2, C8)-subgraphs alternately pink and black.
Observe that the subgraphs F1, F2, . . . , Fs satisfy Conditions (D′1) to (D′3) of Lemma 3.4.6.
Therefore, the multigraph 4K•n admits an HOP (C2, C8)-decomposition.

Example 5.1.15. Let F1, F2, . . . , F5 be the (C2, C8)-subgraphs of 2K◦25 shown in Figure 5.3,
constructed following the method used in the proof of Lemma 5.1.14.

Observe that F1, F2, . . . , F5 satisfy Conditions (D′1) to (D′3) of Lemma 3.4.6. Therefore,
4K•25 admits an HOP (C2, C8)-decomposition.

Lemma 5.1.16. Let n = 20k + 5 for any integer k ≥ 1. There exists an HOP (C2, C4, C4)-
decomposition of 4K•n.

Proof. Observe that 2n = 10(4k + 1); let s = 4k + 1. By Lemma 3.4.6 with m1 = 2,m2 =
m3 = 4, it suffices to find (C2, C4, C4)-subgraphs F1, F2, . . . , Fs in 2K◦n that satisfy Conditions
(D′1) to (D′3).

Let V (2K◦n) = {xi : i ∈ Zn−1} ∪ {x∞}. Let ρ◦ be the permutation on E(2K◦n) that pre-
serves the color of the edges, and is induced by the permutation ρ = (x∞)(x0 x1 x2 . . . xn−2).
Observe that the group ⟨ρ◦⟩ has the following orbits on the edge set of 2K◦n:

• for each d ∈ {1, 2, . . . , 10k + 1}, we have a pink and a black orbit {xixi+d : i ∈ Zn−1};

• a pink and a black orbit {xixi+(10k+2) : i = 0, 1, . . . , n−3
2
}; and

• a pink and a black orbit {xix∞ : i ∈ Zn−1}.
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Figure 5.3: (C2, C8)-subgraphs of 2K◦25 that generate an HOP (C2, C8)-decomposition of
4K•25.
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For k = 1, see Figure 5.4. For k ≥ 2 and i ∈ {1, 2, . . . , 4k + 1}, construct the following
two closed walks.

Ci = x1 xi+1 x−(10k+1) x−(10k+1−i) x1;

C ′i = x−1 x−(i+1) x10k+1 x10k+1−i x−1.

Notice that for i ∈ {1, 2, . . . , 4k+1}, Ci and C ′i are disjoint cycles of length four and traverse
edges of differences i, 10k − i + 2, i, 10k − i + 2. Observe that edges of the same difference
occur in diametrical pairs. Hence, Ci and C ′i, for i ∈ {1, 2, . . . , 4k + 1}, jointly cover each of
the following differences exactly four times:

1, 2, . . . , 4k + 1, 6k + 1, 6k + 2, . . . , 10k, 10k + 1.

The differences not covered by any Ci or C ′i are the following:

(i) 4k + 1 + i, for i ∈ {1, 2, . . . , 2k − 1};

(ii) 10k + 2; and

(iii) ∞.

Next, we construct cycles of length two that cover the leftover differences exactly four times,
except for the diameter difference 10k + 2, which should be covered exactly twice.

• The following 2-cycles cover the differences 4k + 1 + j, for j ∈ {1, 2, . . . , 2k − 1}, as
well as the difference ∞, exactly four times.

– Ej = x0 x−(4k+1+j) x0, for j ∈ {1, 2, . . . , 2k − 1} , and E2k = x0 x∞ x0.
– E ′j = x10k+2 x6k+1−j x10k+2, for j ∈ {1, 2, . . . , 2k−1} , and E ′2k = x10k+2 x∞ x10k+2.

Notice that E ′j = ρ
n−1
2
◦ (Ej). Moreover, the vertices x0, x10k+2, and the vertices in

the intervals [x4k+2, x6k] and [x−(6k), x−(4k+2)] are not used in any Ci or C ′i, for i ∈
{1, 2, . . . , 4k}, and only vertices in these intervals are used to construct graphs Ej and
E ′j. Hence, the subgraphs Ej, E ′j, Ci, and C ′i are pairwise disjoint.

Next, relabel Ej and E ′j jointly as Ei, for i ∈ {1, 2, . . . , 4k}. Now, let Fi = Ci ∪̇C ′i ∪̇Ei.
We see that F1, F2, . . . , F4k are (C2, C4, C4)-subgraphs of 2Kn.

• The only difference that is not covered yet is 10k + 2. Let E4k+1 = x0 x10k+2 x0, and
observe E4k+1 is disjoint from C4k+1 and C ′4k+1. Now, let F4k+1 = C4k+1 ∪̇C ′4k+1 ∪̇E4k+1.
We see that F4k+1 is a (C2, C4, C4)-subgraph of 2Kn.

Next, in each (C2, C4, C4)-subgraph, color the edges of the 2-cycle pink and black. Color the
edges of one of the 4-cycles, say Ci, alternately pink and black. Note that edges of the same
length receive the same color. Then, color the edges of the other 4-cycle, C ′i, in the opposite
way of Ci (see Figure 5.4).

The (C2, C4, C4)-subgraphs F1, F2, . . . , Fs satisfy Conditions (D′1) to (D′3) of Lemma 3.4.6.
Therefore, the multigraph 4K•n admits an HOP (C2, C4, C4)-decomposition.
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Figure 5.4: (C2, C4, C4)-subgraphs of 2K◦25 that generate an HOP (C2, C4, C4)-decomposition
of 4K•25.
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Lemma 5.1.17. Let n = 20k + 5 for any integer k ≥ 1. There exists an HOP (C2, C3, C5)-
decomposition of 4K•n.

Proof. Observe that 2n = 10(4k + 1); let s = 4k + 1. By Lemma 3.4.10 with m1 = 2,
m2 = 3, and m3 = 5, it suffices to find (C2, C3, C5)-subgraphs F1, F2, . . . , Fs in 4K•n that
satisfy Conditions (L′1) to (L′3).

As in Lemma 3.4.10, let V (4K•n) = {xi : i ∈ Zn−1} ∪ {x∞}. Let ρ• be the permutation
on E(4K•n) that preserves the color (and orientation) of the edges, and is induced by the
permutation ρ = (x∞)(x0 x1 x2 . . . xn−2). Observe that the group ⟨ρ•⟩ has the following
orbits on the edge set of 4K•n:

• for each d ∈ {1, 2, . . . , 10k + 1}, we have a pink and a blue orbit {xixi+d : i ∈ Zn−1};

• for each d ∈ {1, 2, . . . , 20k + 3}, we have a black orbit {(xi, xi+d) : i ∈ Zn−1};

• a pink and a blue orbit {xixi+(10k+2) : i = 0, 1, . . . , n−3
2
};

• a pink and a blue orbit {xix∞ : i ∈ Zn−1}; and

• black orbits {(x∞, xi) : i ∈ Zn−1} and {(xi, x∞) : i ∈ Zn−1}.

First, we construct the 5-cycles and the 3-cycles of the (C2, C3, C5)-subgraphs. For k = 1
see Figure 5.5. For k ≥ 2 and i ∈ {1, 2, . . . , k}, construct the following closed walks:

Ci = x0 x2i−1 x−3 x2k+i−1 x−(3k+i+2) x0

C ′i = x−(k+i+2) x3k x−(8k−i+6) x−(k+i+2)

It can be seen that Ci and C ′i are disjoint cycles of length five and three, respectively.

The 5-cycles Ci traverse edges of difference

2i− 1, 2i+ 2, 2k + i+ 2, 5k + 2i+ 1, 3k + i+ 2.

The explicit differences in C1, C2, . . . , Ck are listed below.

C1 : 1, 4, 2k + 3, 5k + 3, 3k + 3

C2 : 3, 6, 2k + 4, 5k + 5, 3k + 4

C3 : 5, 8, 2k + 5, 5k + 7, 3k + 5
...

Ck−2 : 2k − 5, 2k − 2, 3k, 7k − 3, 4k

Ck−1 : 2k − 3, 2k, 3k + 1, 7k − 1, 4k + 1

Ck : 2k − 1, 2k + 2, 3k + 2, 7k + 1, 4k + 2

The 3-cycles C ′i traverse edges of difference

C ′i : 4k + i+ 2, 9k + i− 2, 7k − 2i+ 4.
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The explicit differences in C ′1, C
′
2, . . . , C

′
k are listed below.

C ′1 : 4k + 3, 9k − 1, 7k + 2

C ′2 : 4k + 4, 9k, 7k

C ′3 : 4k + 5, 9k + 1, 7k − 2
...

C ′k−2 : 5k, 10k − 4, 5k + 8

C ′k−1 : 5k + 1, 10k − 3, 5k + 6

C ′k : 5k + 2, 10k − 2, 5k + 4

The differences that are not covered by any Ci or C ′i are the following:

(i) 7k + i+ 2, for i ∈ {1, 2, . . . , 2k − 4};

(ii) 2k + 1;

(iii) 10k − 1;

(iv) 10k;

(v) ∞; and

(vi) 2, 10k + 1, 10k + 2

The following C2-subgraphs of Kn cover the differences in (i)-(v), respectively, exactly once:

(i) Ei = x−(3k+2) x4k+i x−(3k+2), for i ∈ {1, 2, . . . , 2k − 4};

(ii) E2k−3 = x3k+1 x5k+2 x3k+1;

(iii) E2k−2 = x−(3k+2) x7k−3 x−(3k+2);

(iv) E2k−1 = x−(3k+2) x7k−2 x−(3k+2); and

(v) E2k = x−(3k+2) x∞ x−(3k+2).

Note that neither the vertex x−(3k+2) nor any of the vertices in the interval [x3k+1, x12k−2]
are used by any Ci or C ′i, and only vertices in this interval are used to construct the 2-cycles
Ei. Hence, all Ci and C ′i are disjoint from the Ei.

For each i ∈ {1, 2, . . . , k}, let C(1)
i , C

(2)
i , C

(3)
i , C

(4)
i be four copies of Ci, and let C ′(1)i , C

′(2)
i ,

C
′(3)
i , C

′(4)
i be four copies of C ′i. For each i ∈ {1, 2, . . . , 2k}, let E

(1)
i and E

(2)
i be two copies

of Ei. Now, apply the proof of Lemma 3.3.3 to color the copies of each cycle so that they
satisfy Condition (C1) of Definition 1.2.3, and so that

• C
(1)
i

⨁︁
C

(2)
i

⨁︁
C

(3)
i

⨁︁
C

(4)
i = 4C•i ,
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• C
′(1)
i

⨁︁
C
′(2)
i

⨁︁
C
′(3)
i

⨁︁
C
′(4)
i = 4C ′•i , and

• E
(1)
i

⨁︁
E

(2)
i = 4E•i .

Now, let T
(1)
i , T

(2)
i , T

(3)
i , T

(4)
i be the following subgraphs:

T
(1)
i = C

(1)
i ∪ C

′(1)
i ∪ E

(1)
i ;

T
(2)
i = C

(2)
i ∪ C

′(2)
i ∪ E

(1)
k+i;

T
(3)
i = C

(3)
i ∪ C

′(3)
i ∪ E

(2)
i ;

T
(4)
i = C

(4)
i ∪ C

′(4)
i ∪ E

(2)
k+i.

It is easy to see that T
(1)
i , T

(2)
i , T

(3)
i , T

(4)
i are all (C2, C3, C5)-subgraphs of 4K•n that satisfy

Condition (C1) of Definition 1.2.3. We apply the above procedure for each i ∈ {1, 2, . . . , k},
so we have 4k (C2, C3, C5)-subgraphs, which we relabel as F1, F2, . . . , Fs−1.

Observe that except for differences 2, 10k + 1, and 10k + 2, all other differences occur
exactly four times (exactly one pink, one blue, and two black with opposite directions) in
F1, F2, . . . , Fs−1.

Next, we construct a (C2, C3, C5)-subgraph Fs that covers differences 2, 10k + 1, and
10k + 2. Let Fs = Cs ∪̇ C ′s ∪̇ Es, where:

• Cs = x1 x−1 x10k x10k+2 x−10k x1;

• C ′s = x0 x10k+1 x−(10k+1) x0; and

• Es = x−(5k+1) x5k+1 x−(5k+1).

Color the edges of Cs as follows: x10k+2 x−10k blue, x−10k x1 pink, and x1 x−1, x−1 x10k,
x10k x10k+2 black with orientation away from the pink edge and towards the blue edge. Color
the edges of C ′s as follows: x10k+1 x−(10k+1) pink, x−(10k+1) x0 blue, and x0 x10k+1 black with
orientation away from the pink edge and towards the blue edge (see Figure 5.5). Notice that
Cs and C ′s jointly cover differences 10k+1 and 2 exactly four times (one pink edge, one blue
edge, and two opposite black arcs), and Es covers difference 10k + 2 twice. Observe that
the subgraphs F1, F2, . . . , Fs satisfy Conditions (L′1) to (L′3) of Lemma 3.4.10. Hence, 4K•n
admits an HOP (C2, C3, C5)-decomposition.

Example 5.1.18. Let F1, F2, . . . , F5 be the (C2, C3, C5)-subgraphs of 4K•25 in Figure 5.5.
Observe that F1, F2, . . . , F5 satisfy Conditions (L′1) to (L′3) of Lemma 3.4.10. Therefore,
4K•25 admits an HOP (C2, C3, C5)-decomposition.
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Figure 5.5: (C2, C3, C5)-subgraphs of 4K•25 that generate an HOP (C2, C3, C5)-decomposition
of 4K•25.



Chapter 6

A Complete Solution to the Generalized
HOP with One Round Table

In this chapter, we aim to provide a complete solution to the generalized HOP with one round
table, showing that the necessary condition for HOP(2⟨s⟩, 2m) to have a solution is indeed
sufficient. This is equivalent to proving that the multigraph 4K•n admits an HOP(Cm)-
decomposition if and only if m divides the number of edges in 4K•n. Thus, the obvious
necessary condition is m | 2n(n− 1), and this may occur in one of the following three cases:

• Case 1: m divides the number of edges in Kn.

• Case 2: m does not divide the number of edges in Kn but divides the number of edges
in 2Kn.

• Case 3: m does not divide the number of edges in 2Kn but divides the number of
edges in 4Kn.

This division simplifies the problem. In the first case, we use the existing results on
(Cm)-decompositions of Kn and extend them to HOP (Cm)-decompositions for 4K•n. For
the second case, we either use the results on 2Kn from [6] or directly construct a (Cm)-
decomposition of 2Kn, which we then extend to HOP (Cm)-decompositions for 4K•n. The
third case, which is the most challenging, requires us to work directly with 4K•n to construct
an HOP (Cm)-decomposition.

This chapter is organized as follows. In Section 6.1, we present the main result. In
Section 6.2, we introduce a method for coloring edges in a cycle decomposition of 2G◦ so
that each cycle has an even number of pink edges. In Section 6.3, we introduce definitions
and tools that are commonly used and relevant to both Sections 6.4 and 6.5. In Section 6.4,
we extend a (Cm)-decomposition of 2Kn to an HOP (Cm)-decomposition of 4K•n. Finally, in
Section 6.5, we directly construct an HOP (Cm)-decomposition of 4K•n.

Throughout this chapter, we assume m ≥ 3, as an HOP (Cm)-decomposition of 4G• can
be easily obtained for m = 2.

103
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6.1 Main Result

Here, we present the main result of this chapter. The terminology, tools, and lemmas used
in its proof will be introduced in the subsequent sections.

Theorem 6.1.1. Let 2 ≤ m ≤ n be integers. Then there exists an HOP (Cm)-decomposition
of 4K•n if and only if 2n(n− 1) ≡ 0 (mod m).

Proof. It is clear that if 4K•n has an HOP(Cm)-decomposition, then 2n(n−1) ≡ 0 (mod m).
Conversely, assume 2n(n − 1) ≡ 0 (mod m). We want to show 4K•n admits an HOP(Cm)-
decomposition.

First, let m = 2. Then it follows from Lemma 3.3.2 that there exists an HOP(Cm)-
decomposition of 4K•n.

From now on, let m ≥ 3. Then, there are three cases to consider.

Case 1: m | n(n−1)
2

.

First, assume n is odd. By Theorem 2.3.2, there exists a (Cm)-decomposition of Kn,
and by Lemma 3.3.3, we can extend this decomposition to an HOP (Cm)-decomposition
of 4K•n.

Second, assume n is even. Depending on the parity of m, the following two subcases
arise:

• m is even. By Theorem 2.3.10, 2Kn admits a (Cm)-decomposition. Consequently,
2K◦n admits a (Cm)-decomposition. If m ≡ 0 (mod 4), then by Corollary 6.2.5, we
can recolor each m-cycle in this decomposition so that it contains an even number
of pink edges, and by Lemma 3.3.5 such a decomposition can be extended to an
HOP (Cm)-decomposition of 4K•n.
If m ≡ 2 (mod 4), then since m | n(n−1)

2
, it follows from Lemma 6.4.1 (Case 1)

that 4K•n admits an HOP (Cm)-decomposition.

• m is odd. By Lemma 6.4.11, there exists an HOP (Cm)-decomposition of 4K•n.

Case 2: m ∤ n(n−1)
2

, but m | n(n− 1).
This implies that m must be even. Moreover, if n(n − 1) is an even multiple of m, it
follows that m divides n(n−1)

2
, which is a contradiction. Hence, n(n − 1) must be an

odd multiple of m, that is, n(n− 1) ≡ m (mod 2m).

By Theorem 2.3.10, 2Kn admits a (Cm)-decomposition. Consequently, 2K◦n also ad-
mits a (Cm)-decomposition. Since m is even, first assume m ≡ 0 (mod 4). By Corol-
lary 6.2.5, each m-cycle in this decomposition can be recolored so that it has an even
number of pink edges. We can then apply Lemma 3.3.5 to extend this to an HOP
(Cm)-decomposition of 4K•n.

Second, assume m ≡ 2 (mod 4). Depending on the parity of n, two subcases arise.
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• n is odd. Then, by Lemma 6.4.3, there exists an HOP (Cm)-decomposition of
4K•n.

• n is even. Since m does not divide n(n−1)
2

by assumption, Lemma 6.4.1 (Case 2)
implies that the multigraph 4K•n admits an HOP (Cm)-decomposition.

Case 3: m ∤ n(n− 1), but m | 2n(n− 1).

This implies that m must be a multiple of four. Moreover, if 2n(n − 1) is an even
multiple of m, it follows that m divides n(n − 1), which is a contradiction. Hence,
2n(n−1) must be an odd multiple of m, that is, 2n(n−1) ≡ m (mod 2m). Depending
on the parity of n, we have the following two cases:

• n is odd. Then, by Lemma 6.5.1, there exists an HOP (Cm)-decomposition of
4K•n.

• n is even. Then, by Lemma 6.5.2, there exists an HOP (Cm)-decomposition of
4K•n.

The following corollary is a direct consequence of Theorem 6.1.1.

Corollary 6.1.2. Let s ≥ 0, m ≥ 2, and n = s +m. Then HOP(2⟨s⟩, 2m) has a solution if
and only if m | 2n(n− 1).

6.2 Recoloring the edges in a cycle decomposition of 2G◦

In this section, we demonstrate how to recolor a given (Cm)-decomposition of 2K◦n so that
every cycle in the decomposition contains an even number of pink edges. For this approach,
it suffices to know that a (Cm)-decomposition of 2K◦n exists; the explicit construction of the
decomposition is not required. However, this method is applicable only for certain values
of m and n. The cases requiring a detailed analysis of the (Cm)-decomposition of 2Kn are
addressed in Section 6.4.

We begin this section with the definition of the decomposition graph.

Definition 6.2.1. Assume G is a simple graph. Let D be a (Cm)-decomposition of 2G◦.
The decomposition graph of D, denoted as D(D), is defined as a graph with vertex set D,
and two vertices in D(D) are adjacent via k edges if and only if the corresponding cycles in
D share exactly k pairs of parallel edges in 2G◦.

Observe that D(D) is an m-regular graph of order |D|, and hence has |D|·m
2

edges.

Lemma 6.2.2. Assume G is a simple graph. Let D be a (Cm)-decomposition of 2G◦.
Let H be a connected component in D(D) and D its corresponding set of cycles in D. If
|E(H)| ≡ 0 (mod 2), then the number of cycles in D with an odd number of pink edges is
even.
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Proof. Note that for any cycle C ∈ D and any edge e ∈ E(C), there exists a cycle C ′ ∈ D
and e′ ∈ E(C ′) such that e and e′ are parallel edges of 2G◦. Also, observe that the number
of edges of H is equal to the number of pairs of parallel edges in D. Since H has an even
number of edges, and each edge of H corresponds to a pair of parallel edges in D, the number
of pink and the number of black edges in D are equal and even. If there is an odd number of
cycles with an odd number of pink edges in D, then the total number of pink edges is odd,
which is a contradiction. Hence, the number of cycles with an odd number of pink edges in
D is even.

Lemma 6.2.3. Let m ≥ 3 be a positive integer, and let D = {F1, F2, . . . , Ft} be a (Cm)-
decomposition of 2G◦. If all connected components in D(D) have an even number of edges,
then there exists a recoloring of the edges in D such that every cycle in D has an even number
of pink edges.

Proof. Label the vertices of D(D) as xi for i ∈ {1, 2, . . . , t}. For any cycle Fi in D, if the
cycle has an even number of pink edges, color the corresponding vertex xi in D(D) green;
otherwise color it red. If all vertices in D(D) are green, then we are done. Otherwise, by
Lemma 6.2.2, there must be an even number of red vertices in each connected component.

Let H be one of the connected components in D(D) with some red vertices. Since the
number of red vertices is even, we can pair them. Without loss of generality, assume vertices
xi and xj in H are red. As H is connected, there exists a path from xi to xj, denoted as
P = xixℓ . . . xkxj. This path P represents a set of cycles, namely D = {Fi, Fℓ, . . . , Fk, Fj} in
D. Observe that if two vertices are adjacent in P , then the corresponding cycles in D share
at least one pair of parallel edges.

Now, consider each two adjacent vertices in P and swap the colors in one pair of parallel
edges in their corresponding cycles (see Example 6.2.4). Note that the color of exactly one
edge in each of Fi and Fj changes, while in each of the other cycles in D, the colors of two
edges change. Therefore, the parity of the number of pink edges in Fi and Fj changes and
become even, while the parity of the number of pink edges in each of the other cycles of D
remains the same. Consequently, the two red vertices xi and xj are recolored green and no
other vertices are recolored. We can repeat this process for any two red vertices in H to fully
color all the vertices green. Repeating this process for each connected component of D(D)
completes the proof.

In the following example, we apply the proof of Lemma 6.2.3 to demonstrate how to
recolor the 4-cycles in a given (C4)-decomposition of 2K◦8 so that each cycle contains an even
number of pink edges.

Example 6.2.4. Let D = {F1, F2, . . . , F14} be the (C4)-decomposition of 2K◦8 in Figure 6.1.
The decomposition graph D(D) is also shown at the bottom of Figure 6.1. Observe that all
connected components in D(D) have an even number of edges, and there are two connected
components with red vertices. In Figure 6.2 and 6.3, we use the proof of Lemma 6.2.3 to
show that it is possible to recolor the cycles in D so that each cycle has an even number of
pink edges.
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Figure 6.1: A (C4)-decomposition of 2K◦8 and its decomposition graph.
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Figure 6.2: Recoloring the red vertices green in D(D) by swapping colors of the parallel
edges in their corresponding cycles.
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Figure 6.3: Recoloring the red vertices green in D(D) by swapping colors of the parallel
edges in their corresponding cycles.
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The following corollary is an immediate result of Lemma 6.2.3.

Corollary 6.2.5. Let m ≡ 0 (mod 4), and let n be a positive integer. If 2K◦n admits a
(Cm)-decomposition, then every m-cycle in the decomposition can be recolored so that it
contains an even number of pink edges.

Proof. Let D be a (Cm)-decomposition of 2K◦n. Construct the decomposition graph D(D).
In D(D), the number of edges in any connected component H is |V (H)|·m

2
. Since m ≡ 0

(mod 4), the connected component H has an even number of edges. Thus, by Lemma 6.2.3,
we can recolor the decomposition D such that each cycle in it contains an even number of
pink edges.

6.3 Definitions and Supporting Tools

In this section, we introduce the definitions, lemmas, and tools that will be used in both
Sections 6.4 and 6.5.

We first define the terms peripheral cycle and central cycle, which are the two types of
cycles used in the construction of (Cm)-decompositions of 2Kn and 4K•n.

Definition 6.3.1. Let G = Circ(n− 1;S) ▷◁ K1 be a circulant with the vertex set {xi : i ∈
Zn−1} ∪ {x∞} and the difference set S.

• A central cycle C is a cycle of G that passes through the central vertex x∞ and is
constructed as C = x∞Px∞, where P is a path.

• A cycle C in G that is not a central cycle is referred to as a peripheral cycle.

Let ρ = (x∞)(x0 x1 x2 . . . xn−2) be a permutation on the vertex set of G. If C is a
central (peripheral) cycle, then ρ(C) is also a central (peripheral) cycle.

Definition 6.3.2. Let P = x0x1 . . . xn−1xn be a path. The reversal path of P , denoted as
←
P , is obtained by reversing the order of the vertices in P , that is,

←
P= xnxn−1 . . . x1x0.

The following lemma is about the existence of a path in a circulant graph that covers a
given set of differences in a specified order. It also shows that we can replace any one of the
differences in the set with a difference 1, and still find a path that covers the differences in
the given order.

Lemma 6.3.3. Let n be a positive integer, and let A = {a1, a2, . . . , at} be a set of integers
such that 1 ≤ a1 < a2 < · · · < at ≤ n−2. Then, the circulant graph G = Circ(n−1;A∪{1})
contains a path of length t, denoted P , that starts at x0 and covers differences in the following
order:

a1, a2, . . . , at−1, at.
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Moreover, for any i ∈ {1, . . . , t}, the difference ai can be replaced with difference 1; that is,
there exists a path of length t, denoted Q, covering differences in the following order:

a1, a2, . . . , ai−1, 1, ai+1, . . . , at−1, at.

Additionally, the path Q can be constructed so that it coincides with P up to the initial of
the edge corresponding to difference ai−1.

Proof. Let

v0 = 0,

v1 = a1,

v2 = a1 − a2,

v3 = a1 − a2 + a3,

...
vt = a1 − a2 + . . .+ (−1)tat−1 + (−1)t+1at.

Let P be the following walk:

P = xv0 xv1 xv2 . . . xvt−1 xvt .

Here, we call vertices with indices v0, v2, . . ., even vertices, and those with indices v1, v3, . . .,
odd vertices. Observe that the subscripts of the even vertices are decreasing, while the
subscripts of the odd vertices are increasing.

We want to show that the even vertices do not “cross over” the odd vertices; that is, for
even vertex xvk and odd vertex xvk′

, we have vk + (n − 1) > vk′ . Suppose to the contrary
that the even vertex xvj is the first even vertex that “crosses” the odd vertex xvj−1

; that is,
vj+(n−1) < vj−1. Since vj = vj−1−aj, we have (vj−1−aj)+(n−1) < vj−1. This simplifies
to aj > n− 1, which is a contradiction.

Now, suppose xvj is the first odd vertex that “crosses” the even vertex xvj−1
; that is,

vj > vj−1+(n−1). Since vj = vj−1+aj, we have (vj−1+aj) > vj−1+(n−1). This simplifies
to aj > n− 1, which is a contradiction.

Therefore, the vertices of the walk P are pairwise distinct, which means P is a path.

We next show there exists a path Q covering such a list of differences in the given order:

a1, a2, . . . , ai−1, 1, ai+1, . . . , at−1, at.

We know that

1 ≤ a1 < . . . < ai−2 < ai−1 < ai < ai+1 < . . . < at ≤ n− 2.

Let a∗ = ai−1 + 1. It is clear that a∗ − ai−2 ≥ 2 and that ai−2 < a∗ < ai+1. Thus,
A′ = {a1, a2, . . . , ai−2, a∗, ai+1, . . . , at} is a set of size t− 1 such that

a1 < a2 < . . . < ai−2 < a∗ < ai+1 < . . . , at.
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By the first part of this lemma, there exists a path of length t − 1 that starts at x0 and
covers differences in the following order

a1, a2, . . . , ai−2, a
∗, ai+1, . . . , at.

Moreover, since a∗ = ai−1 + 1 and ai−2 < ai−1 = a∗ − 1, we can easily replace the edge
with difference a∗ with two edges of differences ai−1 and 1, respectively, as shown below.

Thus, the path Q is constructed that covers the differences in the following order:

a1, a2, . . . , ai−2, ai−1, 1, ai+1, . . . , at.

Note that if we follow the same initial steps used to construct the path P , the resulting
path Q coincides with P up to the initial of the edge corresponding to the difference ai−1.

Corollary 6.3.4. Let n be an even positive integer. Consider the following sets of differences:

• A = {a1, a2, . . . , at} with 1 ≤ a1 < a2 < · · · < at ≤ n−2
2
, and

• B = {b1, b2, . . . , bs} with 1 ≤ b1 < b2 < · · · < bs ≤ n−2
2
.

Then, the circulant graph G = Circ(n− 1;A∪B) contains a path of length t+ s that covers
the differences in the following order:

a1, a2, . . . , at, bs, bs−1, . . . , b2, b1.

Proof. Let b′i = (n− 1)− bi for i = 1, 2, . . . , s. Observe that b′i ≡ −bi (mod n− 1), and we
have

n

2
≤ b′s < b′s−1 < · · · < b′1 ≤ n− 2,

and thus:
1 ≤ a1 < . . . < at < b′s < b′s−1 < · · · < b′1 ≤ n− 2.

Using Lemma 6.3.3, we see that there exists a path of length t + s that covers the
differences mentioned above, in the specified order.
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Corollary 6.3.5. Let n be an odd positive integer. Consider the following sets of differences:

• A = {a1, a2, . . . , at} with 1 ≤ a1 < a2 < · · · < at ≤ n−1
2
, and

• B = {b1, b2, . . . , bs} with 1 ≤ b1 < b2 < · · · < bs ≤ n−3
2
.

Then, the circulant graph G = Circ(n− 1;A∪B) contains a path of length t+ s that covers
the differences in the following order:

a1, a2, . . . , at, bs, bs−1, . . . , b2, b1.

Proof. Let b′i = (n− 1)− bi for i = 1, 2, . . . , s. Observe that b′i ≡ −bi (mod n− 1), and we
have

n+ 1

2
≤ b′s < b′s−1 < · · · < b′1 ≤ n− 2,

and thus:
1 ≤ a1 < . . . < at < b′s < b′s−1 < · · · < b′1 ≤ n− 2.

Using Lemma 6.3.3, we see that there exists a path of length t + s that covers the
differences mentioned above, in the specified order.

The following lemma serves as a reduction step, showing that to find an HOP (Cm)-
decomposition of 4K•n for even m and all even n ≥ m, it suffices to find such a decomposition
for even values of n in the interval m ≤ n < 2m. This lemma extends the approach from [6],
originally developed for 2Kn, to the multigraph 4K•n.

Lemma 6.3.6. Let m be an even integer, and let α ∈ Z+. If 4K•n admits an HOP (Cm)-
decomposition for all even n such that m ≤ n < 2m and m | αn(n − 1), then 4K•n also
admits an HOP (Cm)-decomposition for all even n ≥ m such that m | αn(n− 1).

Proof. Take any even n′ ≥ m such that m | αn′(n′ − 1). We can write n′ = n + qm,
for integers q ≥ 0 and m ≤ n < 2m. Moreover, since m | αn′(n′ − 1), it follows that
m | αn(n− 1).

Notice that we can partition the vertex set of 4K•n′ into q sets of m vertices and one
set of n vertices. Each set of m vertices induces a subgraph isomorphic to 4K•m. The edges
between any two sets of m vertices induce a subgraph isomorphic to the bipartite graph
4K•m,m. The set of n vertices induces a subgraph isomorphic to 4K•n. The edges between
the set of n vertices and any of the sets of m vertices induce a subgraph isomorphic to the
bipartite graph 4K•m,n. Therefore, 4K•n′ is an edge-disjoint union of:

• q copies of 4K•m,

•
(︁
q
2

)︁
copies of 4K•m,m,

• one copy of 4K•n, and
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• q copies of 4K•m,n.

Since m ≤ n < 2m, by supposition, 4K•n admits an HOP (Cm)-decomposition. In
Lemma 2.2.11 (iv) and Lemma 2.2.9 (v), it is proved that 4K•m admits an HOP (Cm)-
decomposition. Furthermore, since m and n are even, min{m,n} ≥ m

2
, and m divides the

number of edges in both Km,m and Km,n, by Theorem 2.3.9, both Km,m and Km,n have
(Cm)-decompositions. Now, by applying Lemma 3.3.3, we see that both 4K•m,m and 4K•m,n

admit an HOP (Cm)-decomposition. Finally, by applying Lemma 3.3.1, the multigraph 4K•n′

admits an HOP (Cm)-decomposition.

In Lemma 6.3.7, we show that for any even m, the multigraph 4K•m+1 admits an HOP
(Cm)-decomposition. To construct this decomposition, we use the (Cm)-decomposition of
2Km+1 provided in [6]. Specifically, we double each cycle in the decomposition and color the
two copies appropriately to extend the decomposition to an HOP (Cm)-decomposition for
4K•m+1. Later, in Lemma 6.3.8, we use this result to establish the reduction step for odd n.

Lemma 6.3.7. Let m be an even positive integer. Then there exists an HOP (Cm)-
decomposition of 4K•m+1.

Proof. Let V (4K•m+1) = {xi : i ∈ Zm}∪{x∞}, and let ρ• be the permutation on E(4K•m+1)
that preserves the edge colors (and orientations), and is induced by the permutation ρ =
(x∞)(x0 x1 x2 . . . xm−1). In [6], Alspach et al. showed that W = {C ′, C, ρ(C), ρ2(C), . . . ,
ρm−1(C)}, where

C = x∞ x0 x−1 x1 x−2 x2 . . . x−m−2
2

xm−2
2

x∞, and

C ′ = x0 x1 x2 . . . x−2 x−1 x0,

is a (Cm)-decomposition of 2Km+1.

For m ≡ 2 (mod 4), let P be the path

P = x−1 x1 x−2 x2 . . . x−m−2
4

xm−2
4
,

and represent the cycle C as

C = x∞ x0 x−1 P xm−2
4

x−m+2
4

ρ
m
2 (
←
P ) xm−2

2
x∞.

For m ≡ 0 (mod 4), let P be the path

P = x−1 x1 x−2 x2 . . . xm−4
4

x−m
4
,

and represent the cycle C as

C = x∞ x0 x−1 P x−m
4
xm

4
ρ

m
2 (
←
P ) xm−2

2
x∞.

We explain the coloring for the case m ≡ 2 (mod 4). The case m ≡ 0 (mod 4) is
analogous.

Now, let F1, F2, F3, F4 be four copies of C that are colored as follows (see Figure 6.4).
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• In F1, color the edges of P black and orient them forward, color the edge xm−2
4
x−m+2

4

blue, color the edges of ρ
m
2 (
←
P ) alternately pink and blue, beginning with pink, and

since
←
P has odd length, it ends with pink. Now color the edge xm−2

2
x∞ blue, x∞x0

pink, and color the arc (x0, x−1) black.

• In F2, color the edges of P black and orient them backward, color the edge xm−2
4
x−m+2

4

pink, color the edges of ρ
m
2 (
←
P ) alternately blue and pink, beginning with blue, and

since
←
P has odd length, it ends with blue. Now color the arcs (x−1, x0), (x0, x∞), and

(x∞, xm−2
2
) black.

• In F3, color the edges of P black and orient them backward, color the arc (x−m+2
4
, xm−2

4
)

black, color the edges of ρ
m
2 (
←
P ) alternately pink and blue, beginning with pink, and

since
←
P has odd length, it ends with pink. Now color the edge xm−2

2
x∞ blue and the

arcs (x−1, x0) and (x0, x∞) black.

• In F4, color the edges of P black and orient them forward, color the arc (xm−2
4
, x−m+2

4
)

black, color the edges of ρ
m
2 (
←
P ) alternately blue and pink, beginning with blue, and

since
←
P has odd length, it ends with blue. Then color the arcs (x∞, xm−2

2
), (x0, x−1)

black and the edge x∞x0 pink.

Let F ′1, F
′
2 be two copies of C ′. In F ′1, color the edges alternately pink and blue, begin with

pink. In F ′2, color the edges alternately blue and pink, begin with blue.

We claim that

W ′ =
{︁
ρi•(F1), ρ

i
•(F2), ρ

m
2
+i

• (F3), ρ
m
2
+i

• (F4) : i = 0, 1, . . . , m−2
2

}︁
∪
{︁
F ′1, F

′
2

}︁
is a (Cm)-decomposition for 4K•m+1. Notice that F1, F2, F3, F4 jointly contain exactly one
edge from each orbit of ⟨ρ•⟩ corresponding to difference m

2
, and two edges from each orbit of

⟨ρ•⟩ corresponding to each difference d ∈ {2, 3, . . . , m−2
2

}, namely, a pair of edges of the form
(e, ρ

m
2
• (e)). The black orbits corresponding to difference 1 are covered by F1, F2, F3, F4, while

the pink and the blue orbits are completely covered by F ′1, F
′
2. Since F1, F2, F3, F4, F

′
1, F

′
2

satisfy Condition (C1) of Definition 1.2.3, and ρ• preserves the edge colors (and orientations),
it can be verified that W ′ is an HOP (Cm)-decomposition of 4K•m+1.

The following lemma serves as a reduction step, showing that to find an HOP (Cm)-
decomposition of 4K•n for even m and all odd n > m, it suffices to find such a decomposition
for values of n in the interval m < n < 2m. This lemma generalizes the approach outlined
in [6] for 2Kn.

Lemma 6.3.8. Let m be an even integer, and let α ∈ Z+. If 4K•n admits an HOP (Cm)-
decomposition for all odd n such that m < n < 2m and m | αn(n−1), then 4K•n also admits
an HOP (Cm)-decomposition for all odd n > m such that m | αn(n− 1).
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Figure 6.4: Starter (Cm)-subgraphs for an HOP decomposition of 4K•m+1 with m ≡
2 (mod 4).
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Proof. Take any odd n > m such that m | αn(n − 1). We can write n = qm + r + 1, for
integers q ≥ 1 and even 0 ≤ r < m− 1. We can further rewrite n as (q− 1)m+ (m+ r) + 1.
Label one vertex of 4K•n as x∞ and partition the remaining vertices into q − 1 sets of m
vertices and one set of m+ r vertices. Notice that:

• Each set of m vertices together with vertex x∞ induces a subgraph isomorphic to
4K•m+1.

• The edges between any two sets of m vertices induce a subgraph isomorphic to the
bipartite graph 4K•m,m.

• The set of m + r vertices, along with vertex x∞, induces a subgraph isomorphic to
4K•m+r+1.

• The edges between the set of m+ r vertices and any of the sets of m vertices induce a
subgraph isomorphic to the bipartite graph 4K•m,m+r.

Therefore, 4K•n is an edge-disjoint union of:

• q − 1 copies of 4K•m+1,

•
(︁
q−1
2

)︁
copies of 4K•m,m,

• one copy of 4K•m+r+1, and

• q − 1 copies of 4K•m,m+r.

Since m divides αn(n− 1) and n = qm+ r + 1, it follows that m divides αr(r + 1). Conse-
quently, m divides α(m + r + 1)(m + r). Additionally, considering that 0 ≤ r < m − 1, we
have m < m+1 ≤ m+ r+1 < 2m. Therefore, by the given hypothesis, 4K•m+r+1 admits an
HOP (Cm)-decomposition.

Also, in Lemma 6.3.7, we proved that 4K•m+1 admits an HOP (Cm)-decomposition.
Since m and r are even, min{m,m + r} ≥ m

2
, and m divides the number of edges in both

Km,m and Km,m+r, by Theorem 2.3.9, both Km,m and Km,m+r have a (Cm)-decomposition.
Now, by applying Lemma 3.3.3, we see that both 4K•m,m and 4K•m,m+r admit an HOP (Cm)-
decomposition. Therefore, by Lemma 3.3.1, the multigraph 4K•n admits an HOP (Cm)-
decomposition.

6.4 Extending a (Cm)-decomposition of 2Kn to an HOP
(Cm)-decomposition of 4K•

n

In this section, we focus on constructing a (Cm)-decomposition of 2Kn and then extending
it to an HOP (Cm)-decomposition of 4K•n. To find a decomposition for 2Kn, we use different
methods depending on the parity of m and n. The following subsections present these
constructions, beginning with the case where both m and n are even.
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6.4.1 The Case When m is Even and n is Even

Here, we consider the case where both m and n are even. Since the case m ≡ 0 (mod 4) can
be handled using Corollary 6.2.5, we focus on the case where m ≡ 2 (mod 4).

Lemma 6.4.1. Let m ≡ 2 (mod 4), and let n be an even positive integer with 6 ≤ m ≤ n.
If n(n− 1) ≡ 0 (mod m), then 4K•n admits an HOP (Cm)-decomposition.

Proof. By Lemma 6.3.6, it suffices to prove this result for even n in the range m ≤ n < 2m.
Note that if n = m, then by Lemma 2.2.11 (iv), there exists an HOP (Cm)-decomposition of
4K•m. Hence, we assume that m < n < 2m.

The approach is to construct starter central and starter peripheral cycles and to color
them appropriately. These starter cycles are designed to generate all cycles in the decompo-
sition through suitable permutations.

We begin by defining the necessary parameters and determining how many starter cen-
tral and starter peripheral cycles are needed.

Let V (2K◦n) = {xi : i ∈ Zn−1}∪{x∞}, and let ρ◦ be the permutation on E(2K◦n) that pre-
serves the color of the edges, and is induced by the permutation ρ = (x∞)(x0 x1 x2 . . . xn−2).
Observe that the group ⟨ρ◦⟩ has the following orbits on the edge set of 2K◦n:

• for each s ∈ {1, 2, . . . , n−2
2
}, we have a pink and a black orbit {xixi+s : i ∈ Zn−1}; and

• a pink and a black orbit {xix∞ : i ∈ Zn−1}.

For convenience, let S = {1, 2, . . . , n−2
2
,∞} be the set of all differences.

Let n = 2ea, where a is odd, and let m = 2a′b′, where a′ and b′ are both odd, with a′ | a
and b′ | (n− 1).

To construct the peripheral cycles, we partition the n − 1 vertices in {xi : i ∈ Zn−1}
into b′ segments, each containing ℓ = n−1

b′
consecutive vertices. Note that each segment will

contribute 2a′ edges toward an m-cycle.

Now, we explore the required number of central and peripheral cycles for the decom-
position. If 2K◦n is (Cm)-decomposable, then the number of m-cycles in the decomposition
is

n(n− 1)

m
=

(n− 1)(m+ n−m)

m

=
(n− 1)m+ (n− 1)(n−m)

m

= (n− 1) +
(n− 1)(n−m)

2a′b′

= (n− 1) +
n− 1

b′
· n−m

2a′
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= (n− 1) + ℓ · n−m

2a′

Observe that
n−m

2a′
=

2 (2e−1a− a′b′)

2a′
=

2e−1a− a′b′

a′
.

Since a′ | a and e ≥ 1, it follows that 2e−1a−a′b′
a′

is an integer. Let F = 2e−1a−a′b′
a′

. The number
of m-cycles can be expressed in the following form:

n(n− 1)

m
= (n− 1) + ℓF

This suggests constructing one starter central cycle and F starter peripheral cycles. The
starter central cycle is rotated through all n − 1 positions, while each of the F starter
peripheral cycles is rotated through ℓ positions to generate all the cycles in the decomposition.

Next, we establish some inequalities that will be useful later in the proof.

We know that n < 2m; that is, 2ea < 22a′b′. Dividing both sides by 2a′ gives 2e−1a
a′

< 2b′.
Therefore, 2e−1a−a′b′

a′
< b′, which means F < b′. Therefore, we have

F ≤ b′ − 1. (6.4.1)

Additionally, we have m < n− 1 < 2m; that is, 2a′b′ < b′ℓ < 22a′b′. Dividing each side
by b′, we get

2a′ < ℓ < 4a′. (6.4.2)

Now, we show that if ℓ− a′ ≤ 2a′ − 1, then F ≤ b′

2
:

ℓ− a′ ≤ 2a′ − 1

ℓ ≤ 3a′ − 1

b′ℓ ≤ 3a′b′ − b′

( b′ℓ = n− 1) n ≤ 3a′b′ − b′ + 1

( n = 2ea) 2ea ≤ 3a′b′ − b′ + 1

2e−1a

a′
≤ 3a′b′ − b′ + 1

2a′
= b′ +

a′b′ − b′ + 1

2a′

2e−1a− a′b′

a′
≤ a′b′ − b′ + 1

2a′
=

b′

2
− b′ − 1

2a′

(Since b′ ≥ 1) F ≤ b′

2

Therefore,

if ℓ− a′ ≤ 2a′ − 1, then F ≤ b′

2
. (6.4.3)
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Now that we have established the necessary inequalities, we proceed with the main proof
by dividing it into two cases: one where m divides n(n−1)

2
, and one where m does not divide

n(n−1)
2

.

Case 1: Assume m | n(n−1)
2

. We know that n = 2ea, and since m | n(n−1)
2

, it follows
that e ≥ 2, and thus n ≡ 0 (mod 4). Moreover, since a′, b′, and a are all odd, it follows that
F = 2e−1a−a′b′

a′
is odd.

The idea is to first construct F−1
2

+ 1 starter peripheral cycles for Kn. Then, for each
of the F−1

2
cycles, we take two copies: we color the edges of one copy pink and the edges of

the other copy black. This gives us F − 1 starter peripheral cycles for 2K◦n.

One starter peripheral cycle remains, which we color pink. The differences covered
by this cycle will also be covered by the starter central cycle. We make sure that the
corresponding edges in the starter central cycle are colored black.

We start by constructing the starter peripheral cycles. For i = 0, 1, . . . , F−1
2

, define the
path Pi as follows:

Pi = x0 xiℓ+1 x−1 xiℓ+2 x−2 . . . xiℓ+a′−1 x−(a′−1) xiℓ+a′ x b′+1
2

ℓ
.

The differences covered by P0 are:

1, 2, 3, 4, . . . , 2a′ − 2, 2a′ − 1, (b′−1)ℓ
2

+ a′, (6.4.4)

and the differences covered by Pi, for i = 1, . . . , F−1
2

, are:

iℓ+ 1, iℓ+ 2, iℓ+ 3, . . . , iℓ+ 2a′ − 2, iℓ+ 2a′ − 1, (b′−2i+1)ℓ
2

− a′. (6.4.5)

Since 2a′ < ℓ by (6.4.2), the paths ρj(Pi), for j = 0, ℓ, 2ℓ, . . . , (b′ − 1)ℓ, are pairwise
vertex-disjoint except at the endpoints. Also, since b′ is odd, we have gcd

(︁
b′, b

′+1
2

)︁
= 1.

Thus,
Ci = Pi ∪ ρℓ(Pi) ∪ . . . ∪ ρ(b

′−1)ℓ(Pi)

is an m-cycle.

Next, we show that the differences covered by the m-cycles C0, C1, . . . , CF−1
2

, as listed
in (6.4.4) and (6.4.5), are pairwise distinct.

First, we show that the differences iℓ+1, iℓ+2, . . . , iℓ+2a′− 1 are pairwise distinct for
i = 0, 1, . . . , F−1

2
. It suffices to show that the largest difference does not exceed n−2

2
; that is,

F − 1

2
ℓ+ 2a′ − 1 ≤ n− 2

2
.

By (6.4.1), we have F ≤ b′ − 1, and since F and b′ are odd, it follows that F ≤ b′ − 2.
Therefore, F−1

2
ℓ ≤ b′−3

2
ℓ. Additionally, in (6.4.2), we proved that 2a′ < ℓ. Combining these

results, we obtain

F − 1

2
ℓ+ 2a′ − 1 ≤ b′ − 3

2
ℓ+ 2a′ − 1
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=
b′ − 3

2
ℓ+ ℓ− 1 (since 2a′ < ℓ)

=
b′ − 1

2
ℓ− 1

<
(b′ − 1)ℓ

2
+ a′

<
b′ℓ

2
=

n− 1

2

In the above inequality, observe that

F − 1

2
ℓ+ 2a′ − 1 <

(b′ − 1)ℓ

2
+ a′ <

n− 1

2
.

This guarantees that for all j = 0, 1, . . . , F−1
2

,

(b′ − 1)ℓ

2
+ a′ /∈

{︁
jℓ+ 1, jℓ+ 2, . . . , jℓ+ 2a′ − 1

}︁
.

Next, we show that for all i = 1, . . . , F−1
2

and j = 0, 1, . . . , F−1
2

,

(b′ − 2i+ 1)ℓ

2
− a′ /∈

{︁
jℓ+ 1, jℓ+ 2, . . . , jℓ+ 2a′ − 1

}︁
.

Observe that

0 <
(b′−2(F−1

2
)+1)ℓ

2
− a′ <

(b′−2(F−3
2

)+1)ℓ

2
− a′ < . . . < (b′−2·1+1)ℓ

2
− a′ < (b′−1)ℓ

2
+ a′.

Thus, it suffices to show that for any j = 0, 1, . . . , F−1
2

and any α = 1, . . . , 2a′ − 1,

(b′ − 2
(︁
F−1
2

)︁
+ 1)ℓ

2
− a′ ̸= jℓ+ α.

We prove this by contradiction. Suppose to the contrary that

(b′ − 2
(︁
F−1
2

)︁
+ 1)ℓ

2
− a′ = jℓ+ α,

b′ − F

2
ℓ+ ℓ− a′ = jℓ+ α.

Since F and b′ are odd, the expression b′−F
2

is an integer, and since 2a′ < ℓ we have

b′ − F

2
= j and ℓ− a′ = α.

Given that j ≤ F−1
2

, it follows that F ≥ b′+1
2

.

On the other hand, knowing that 1 ≤ α ≤ 2a′ − 1 and ℓ − a′ = α, it follows that
ℓ− a′ ≤ 2a′− 1. In (6.4.3), we showed that F ≤ b′

2
under this condition. Therefore, we have

b′+1
2

≤ F ≤ b′

2
, which is a contradiction.
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We conclude that the differences listed in (6.4.4) and (6.4.5) are pairwise distinct.

Let B be the set of differences covered by the m-cycles C1, C2, . . . , CF−1
2

, and let G1 =

Circ(n− 1;B). Then,

{Ci, ρ(Ci), . . . , ρ
ℓ−1(Ci) | i = 1, . . . , F−1

2
}

is a (Cm)-decomposition of G1. Take two copies of each Ci, for i = 1, . . . , F−1
2

, color one copy
pink and the other black. By doing so, we generate F − 1 starter peripheral cycles, which
we denote C ′1, . . . , C

′
F−1.

It is now easy to see that

{C ′i, ρ◦(C ′i), . . . , ρℓ−1◦ (C ′i) | i = 1, . . . , F − 1}

is a (Cm)-decomposition of 2G◦1. Moreover, since m is even, each cycle contains an even
number of pink edges. Thus, by Lemma 3.3.5, this decomposition can be extended to an
HOP (Cm)-decomposition for 4G•1.

Notice that A = {1, 2, . . . , 2a′−2, 2a′−1, (b
′−1)ℓ
2

+a′} is the set of differences covered by
C0. Color the edges of C0 pink. Observe that the family of peripheral cycles generated by C0;
that is, {C0, ρ◦(C0), . . . , ρ

ℓ−1
◦ (C0)}, covers the pink orbits corresponding to the differences in

A.

The differences in the set A will also appear in the central cycle C, to be constructed
below. There, we need to ensure that the black orbits corresponding to the differences listed
in A are covered.

Now, we focus on constructing the starter central cycle C. Let L be the set of unused
differences in S, that is, L = S \ (A ∪ B). We can express L = {a1, a2, . . . , at} ∪ {∞},
where a1 = 2a′ < a2 < . . . < at ≤ n−2

2
are positive integers and t = n−2

2
− (F + 1)a′.

Since m < n, it follows that b′ ≥ 3. Also, having A = {1, 2, . . . , 2a′−2, 2a′−1, (b
′−1)ℓ
2

+a′},
we observe that

2a′ − 1 < a1 < ℓ < (b′−1)ℓ
2

+ a′ ≤ n−2
2
.

Consider the following sets of differences:

• W1 = {1, 2, . . . , 2a′ − 1, a1, a2, . . . ,
(b′−1)ℓ

2
+ a′, . . . , at−1, at}

• W2 = {a1, a2, . . . , at−1, at}

Note that (b′−1)ℓ
2

+a′ /∈ W2, and in the sequence a1, a2, . . . ,
(b′−1)ℓ

2
+a′, . . . , at−1, at, we assume

a1 < a2 < . . . < (b′−1)ℓ
2

+ a′ < . . . < at−1 < at,

with the understanding that

a1 < a2 < . . . < at−1 < at <
(b′−1)ℓ

2
+ a′

is also possible.
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Here, W1 contains all the differences in A and L except for ∞, and has size |W1| = t+2a′.
The set W2 contains all the differences in L except for ∞, and has size |W2| = t. By
Corollary 6.3.4, there exists a path, call it T , of length 2t+ 2a′ that starts at x0 and covers
the differences in the following order:

T : 1, 2, . . . , 2a′ − 1, a1, a2, . . . ,
(b′−1)ℓ

2
+ a′, . . . , at−1, at, at, at−1, . . . , a2, a1.

Notice that the length of the path T is 2t+ 2a′, and

2t+ 2a′ = 2

(︃
n− 2

2
− (F + 1)a′

)︃
+ 2a′

= n− 2− 2Fa′

(substitute F =
n−m

2a′
) = n− 2− n+m

= m− 2.

Let C = x∞Tx∞. We color the edges corresponding to the second occurrences of the
differences ∞, a1, a2, . . . , at−1, at pink, and color all remaining edges black, as shown below.

Given t = n−2
2

− (F + 1)a′, where n ≡ 0 (mod 4) and both F and a′ are odd, we see
that t is odd. Hence, t+ 1, the number of pink edges in C, is even.

Observe that C contains exactly one pink edge and one black edge from each orbit of
⟨ρ◦⟩ corresponding to the differences in L . Additionally, it contains exactly one black edge
from each orbit of ⟨ρ◦⟩ corresponding to the differences in A. Thus,

{C, ρ◦(C), . . . , ρn−2◦ (C)} ∪ {C0, ρ◦(C0), . . . , ρ
ℓ−1
◦ (C0)}

is a (Cm)-decomposition for 2G◦2, where

G2 = Circ(n− 1;A ∪ (L − {∞})) ▷◁ K1.

Notice that in the above decomposition, each cycle has an even number of pink edges.
Thus, by Lemma 3.3.5, this decomposition can be extended to an HOP (Cm)-decomposition
for 4G•2.

We have 4K•n = 4G•1
⨁︁

4G•2, and since each of 4G•1 and 4G•2 admits an HOP (Cm)-
decomposition, by Lemma 3.3.1, the multigraph 4K•n admits an HOP (Cm)-decomposition.

Case 2: Assume m ∤ n(n−1)
2

, meaning that 2a′b′ ∤ 2e−1a(n − 1). Since b′ | (n − 1) and
a′ | a, it follows that 2 cannot divide 2e−1. Consequently, we must have e = 1, allowing us
to write n = 2a, which implies n ≡ 2 (mod 4).



6.4. EXTENDING A (Cm)-DECOMPOSITION OF 2Kn TO AN HOP
(Cm)-DECOMPOSITION OF 4K•n 124

Since e = 1 and a′, b′, and a are all odd, it follows that F = 2e−1a−a′b′
a′

is even. We begin
by constructing F

2
starter peripheral cycles for Kn. Next, we take two copies of each of these

F
2

cycles. We color one copy pink and the other black in each pair. This process gives us F
starter peripheral cycles for 2K◦n.

As in Case 1, for i = 0, 1, . . . , F−2
2

, let

Pi = x0 xiℓ+1 x−1 xiℓ+2 x−2 . . . xiℓ+a′−1 x−(a′−1) xiℓ+a′ x b′+1
2

ℓ
.

The differences covered by P0 are:

1, 2, 3, . . . , 2a′ − 2, 2a′ − 1, (b′−1)ℓ
2

+ a′, (6.4.6)

and for i = 1, . . . , F−2
2

, the differences covered by Pi are:

iℓ+ 1, iℓ+ 2, iℓ+ 3, . . . , iℓ+ 2a′ − 2, iℓ+ 2a′ − 1, (b′−2i+1)ℓ
2

− a′. (6.4.7)

Since 2a′ < ℓ by (6.4.2), the paths ρj(Pi), for j = 0, ℓ, 2ℓ, . . . , (b′ − 1)ℓ, are pairwise vertex-
disjoint except at the endpoints. Also, since b′ is odd, we have gcd

(︁
b′, b

′+1
2

)︁
= 1. Thus,

Ci = Pi ∪ ρℓ(Pi) ∪ . . . ∪ ρ(b
′−1)ℓ(Pi)

is an m-cycle.

Next, we show that all the differences covered by the m-cycles C0, C1, . . . , CF−2
2

, as listed
in (6.4.6) and (6.4.7), are pairwise distinct.

First, we show that the differences iℓ+1, iℓ+2, . . . , iℓ+2a′− 1 are all pairwise distinct
for i = 0, 1, . . . , F−2

2
. It suffices to show that

F − 2

2
ℓ+ 2a′ − 1 ≤ n− 2

2
.

By (6.4.1), we have F ≤ b′−1, which implies that F−2
2

ℓ ≤ b′−3
2
ℓ. Additionally, in (6.4.2),

we proved that 2a′ < ℓ. Combining these results, we have

F − 2

2
ℓ+ 2a′ − 1 ≤ b′ − 3

2
ℓ+ 2a′ − 1

<
b′ − 1

2
ℓ (since 2a′ < ℓ)

<
(b′ − 1)ℓ

2
+ a′

<
n− 1

2
.

In the above inequality, observe that

F − 2

2
ℓ+ 2a′ − 1 <

(b′ − 1)ℓ

2
+ a′ <

n− 1

2
.
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This guarantees that for all j = 0, 1, . . . , F−2
2

,

(b′ − 1)ℓ

2
+ a′ /∈

{︁
jℓ+ 1, jℓ+ 2, . . . , jℓ+ 2a′ − 1

}︁
.

Next, we show that for all i = 1, . . . , F−2
2

and j = 0, 1, . . . , F−2
2

,

(b′ − 2i+ 1)ℓ

2
− a′ /∈

{︁
jℓ+ 1, jℓ+ 2, . . . , jℓ+ 2a′ − 1

}︁
.

Observe that

0 <
(b′−2·F−2

2
+1)ℓ

2
− a′ <

(b′−2·F−4
2

+1)ℓ

2
− a′ < . . . < (b′−2·1+1)ℓ

2
− a′ < (b′−1)ℓ

2
+ a′.

Thus, it suffices to show that for any j = 0, 1, . . . , F−2
2

and any α = 1, . . . , 2a′ − 1,

(b′ − 2
(︁
F−1
2

)︁
+ 1)ℓ

2
− a′ ̸= jℓ+ α.

We prove this by contradiction. Suppose to the contrary that

(b′ − 2
(︁
F−2
2

)︁
+ 1)ℓ

2
− a′ = jℓ+ α

b′ − F + 1

2
ℓ+ ℓ− a′ = jℓ+ α.

Since F is even and b′ is odd, the expression b′−F+1
2

is an integer. Moreover, since 2a′ < ℓ,
we have

b′ − F + 1

2
= j and ℓ− a′ = α.

Given that j ≤ F−2
2

, it follows that F ≥ b′+3
2

.

On the other hand, knowing that 1 ≤ α ≤ 2a′ − 1 and ℓ − a′ = α, it follows that
ℓ− a′ ≤ 2a′− 1. In (6.4.3), we showed that F ≤ b′

2
under this condition. Therefore, we have

b′+3
2

≤ F ≤ b′

2
, which is a contradiction.

We conclude that the differences listed in (6.4.6) and (6.4.7) are pairwise distinct.

Let B be the set of differences covered by the m-cycles C0, C1, . . . , CF−2
2

, and let G1 =

Circ(n− 1;B). Then,

{Ci, ρ(Ci), . . . , ρ
ℓ−1(Ci) | i = 0, 1, . . . , F−2

2
}

is a (Cm)-decomposition of G1. Take two copies of each Ci, for i = 0, . . . , F−2
2

, color one
copy pink and the other black. By doing so, we generate F starter peripheral cycles, which
we denote C ′1, . . . , C

′
F .

It is now easy to see that

{C ′i, ρ◦(C ′i), . . . , ρℓ−1◦ (C ′i) | i = 1, . . . , F}



6.4. EXTENDING A (Cm)-DECOMPOSITION OF 2Kn TO AN HOP
(Cm)-DECOMPOSITION OF 4K•n 126

is a (Cm)-decomposition of 2G◦1. Moreover, since m is even, each cycle contains an even
number of pink edges. Thus, by Lemma 3.3.5, this decomposition can be extended to an
HOP (Cm)-decomposition for 4G•1.

Now, we focus on constructing the starter central cycle C. Let L be the set of unused
differences in S, that is, L = S \ B. We can express L = {a1, a2, . . . , at} ∪ {∞}, where
a1 < a2 < . . . < at ≤ n−2

2
are positive integers and t = n−2

2
− Fa′. Consider the following

sets of differences:

• W1 = W2 = {a1, a2, . . . , at−1, at}

Note that
a1 < a2 < . . . < at−1 < at ≤ n−2

2
.

Here, |W1| = |W2| = t. By Corollary 6.3.4, there exists a path, call it T , of length 2t that
starts at x0 and covers the differences in the following order:

T : a1, a2, . . . , at−1, at, at, at−1, . . . , a2, a1.

Notice that the length of the path T is 2t, and

2t = 2

(︃
n− 2

2
− Fa′

)︃
= n− 2− 2Fa′

(substitute F =
n−m

2a′
) = n− 2− n+m

= m− 2.

Let C = x∞Tx∞. Observe that C covers each difference in L exactly twice. Let C ′ be
another copy of C.

In C, color the edges corresponding to the second occurrences of the differences a1, a2, . . . ,
at alternately pink and blue, starting with at as pink. Since n ≡ 2 (mod 4), F is even, and
a′ is odd, it follows that t = n−2

2
− Fa′ is even, ensuring that the edge corresponding to the

difference a1 is colored blue. In C ′, color the same edges alternately pink and blue, but in
the opposite way of C, as shown below.

Finally, we complete the coloring of the cycles C and C ′ as shown below.
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Observe that C and C ′ jointly contain exactly one blue edge, one pink edge, and two
black arcs corresponding to the differences in L . Additionally, the two cycles satisfy Con-
dition (C1) of Definition 1.2.3. Therefore,

{ρi•(C), ρi•(C
′) | i = 0, 1, . . . , n− 2}

is an HOP (Cm)-decomposition of 4G•2, where

G2 = Circ(n− 1;L − {∞}) ▷◁ K1.

We have 4K•n = 4G•1
⨁︁

4G•2, and since each of 4G•1 and 4G•2 admits an HOP (Cm)-
decomposition, by Lemma 3.3.1, the multigraph 4K•n admits an HOP (Cm)-decomposition.

6.4.2 The Case When m is Even and n is Odd

In this section, we delve into the construction of (Cm)-decompositions for 2Kn as given in
[6], and we aim to extend them to HOP (Cm)-decompositions of 4K•n. In particular, we focus
on the case where m is even and n is odd.

Since the case where m | n(n−1)
2

can be addressed using (Cm)-decompositions of Kn, we
may assume m ∤ n(n−1)

2
; that is, n(n− 1) ≡ m (mod 2m). Moreover, when m ≡ 0 (mod 4),

the problem can be addressed by Corollary 6.2.5, so we restrict our attention to the case
where m ≡ 2 (mod 4).

Proceeding step by step, we concentrate on the starter m-cycles. We show that by taking
copies of these starters and applying appropriate coloring, an HOP (Cm)-decomposition
for 4K•n can be obtained. We first prove the following lemma and later use it to prove
Lemma 6.4.3.

Lemma 6.4.2. Let m = 2k with k being an odd positive integer. Let n be an odd integer
with 6 ≤ m < n < 2m, and n(n − 1) ≡ m (mod 2m). Let G = Circ(n;S), where
S = {a1, a2, . . . , ak} and a1, a2, . . . , ak are positive integers with

a1 < a2 < . . . < ak <
n

2
.

Then 4G• admits an HOP (Cm)-decomposition.
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Proof. Let V (4G•) = {xi : i ∈ Zn}. Let ρ• be the permutation on E(4G•) that preserves the
edge colors (and orientations), and is induced by the permutation ρ = (x0 x1 x2 . . . xn−1).

Let ℓi = a1 − a2 + a3 − a4 + . . . + (−1)i−1ai, for i ∈ {1, 2, . . . , k − 1}. Then P =
x0 xℓ1 xℓ2 xℓ3 . . . xℓk−1

is a path of length k − 1 in G. Now let

C = P xℓk−1
xℓk−1−ak ρn−ak(

←
P ) x−akx0.

Observe that C is an m-cycle that traverses the following differences (in order):

a1, a2, a3, . . . , ak−1, ak, ak−1, ak−2, . . . , a3, a2, a1, ak.

In [6], Alspach et al. showed that W = {C, ρ(C), ρ2(C), . . . , ρn−1(C)} forms a (Cm)-
decomposition for 2G.

Let C ′ be a copy of C. Color C and C ′ as follows. (see Figure 6.5)

• In C, color the edge xℓk−1
xℓk−1−ak blue, and color the first edge in ρn−ak(

←
P ), which is

an edge of difference ak−1, pink. Color the rest of the edges black and orient them
away from the pink edge and towards the blue edge.

• In C ′, color the edges in path P alternately pink and blue, starting with pink. Since
P is a path of length k − 1, and k − 1 is even, it ends with blue. Now, color edge
xℓk−1

xℓk−1−ak pink, and color the first edge in ρn−ak(
←
P ), which is an edge of difference

ak−1, black and orient it away from the pink edge. Color the rest of the edges in
ρn−ak(

←
P ) alternately blue and pink, start with blue, and since k − 2 is odd, it ends

with blue. Finally, color the remaining edge x−akx0 black and orient it away from the
pink edge and towards the blue edge.

Observe that C and C ′ satisfy Condition (C1) of Definition 1.2.3, and they jointly contain
exactly one edge from each orbit of ⟨ρ•⟩ corresponding to differences a1, a2, . . . , ak. Thus,
W ′ =

{︁
ρi•(C), ρi•(C

′) : i = 0, 1, . . . , n− 1
}︁

forms an HOP (Cm)-decomposition for 4G•.

Lemma 6.4.3. Let m ≡ 2 (mod 4), and let n be an odd integer such that 6 ≤ m < n. If
n(n− 1) ≡ m (mod 2m), then 4K•n admits an HOP (Cm)-decomposition.

Proof. By Lemma 6.3.8, it is enough to prove the result for odd n satisfying m < n < 2m.
Write n = m+ r + 1, where 0 ≤ r < m− 1 is even.

If r = 0, then n = m+ 1, and by Lemma 6.3.7, the multigraph 4K•m+1 admits an HOP
(Cm)-decomposition. Thus, we assume 0 < r < m− 1.

Let V (Kn) = {xi : i ∈ Zn}. Then, Kn = Circ(n;A), where A = {1, 2, . . . , n−1
2
}. Define

G1 = Circ(n;B), where |B| = r
2
, B ⊆ A, and B is carefully selected as in the proof of [6,

Theorem 3.1] to ensure that 2G1 admits a (Cm)-decomposition. Let G2 = Circ(n;A \ B).
Note that:

Kn = Circ(n;A) = Circ(n;B)⊕ Circ(n;A \B) = G1 ⊕G2.
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Figure 6.5: Lemma 6.4.2 – Starter m-cycles for an HOP (Cm)-decomposition of 4G• for
m ≡ 2 (mod 4).

Since |A \ B| = m
2
, Lemma 6.4.2 implies that 4G•2 admits an HOP (Cm)-decomposition.

Furthermore, the (Cm)-decomposition D of 2G1 from [6] has the property that for any m-
cycle C ∈ D, there exists an m-cycle C ′ such that C⊕C ′ = 2C. In other words, the authors
essentially constructed a (Cm)-decomposition of G1. Thus, by Lemma 3.3.3, there exists an
HOP (Cm)-decomposition of 4G•1.

Observe that 4K•n = 4G•1
⨁︁

4G•2, and hence, by Lemma 3.3.1, the multigraph 4K•n
admits an HOP (Cm)-decomposition.

6.4.3 The Case When m is Odd and n is Even

In this subsection, we aim to construct an HOP (Cm)-decomposition of 4K•n from a (Cm)-
decomposition of 2Kn. Specifically, we focus on the case where m is odd and n is even.

We first address the case when m = 3, then we assume m ≥ 5 for the remainder of this
subsection.

Lemma 6.4.4. Let n be an even integer. There exists an HOP (C3)-decomposition of 4K•n
whenever 3|n(n− 1).

Proof. Since n is even and 3|n(n−1), we have n = 3k for an even k, or n = 3k+1 for an odd
k. First, assume n = 3k. In [36], it is shown that there exists an HOP C3-factorization of
4K•3k. Observe that each C3-factor consists of k disjoint (C3)-subgraphs. Thus, 4K•3k admits
an HOP (C3)-decomposition.
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For n = 3k + 1 with an odd k, we have n ≡ 4 (mod 6). We use the (C3)-decomposition
of 2Kn provided in [9] by Bermond. Let n = 6t + 4, and let x0 be an arbitrary vertex of
Kn. Obtain Kn − x0 from Kn by deleting x0 and all edges having x0 as an endpoint. The
graph Kn−x0 has 6t+3 vertices. Ray-Chaudhuri and Wilson in [41, Theorem 2.1.1], proved
that there exists a decomposition of Kn − x0 into 3t + 1 subgraphs (parallel classes), each
consisting of 2t + 1 pairwise vertex-disjoint 3-cycles. Let P be one of these subgraphs, and
label its 3-cycles as Ci = xi yi zi xi, for 1 ≤ i ≤ 2t + 1. Now, for each i = 1, . . . , 2t + 1,
construct 3-cycles C ′i = x0 xi yi x0, C ′′i = x0 yi zi x0, and C ′′′i = x0 zi xi x0 of Kn. Observe
that Ci, C

′
i, C

′′
i , C

′′′
i jointly cover each of the edges x0xi, x0yi, x0zi, xiyi, xizi, and yizi exactly

twice. We color the four cycles as follows, ensuring they cover exactly one pink and one
black copy of the mentioned edges, and each cycle has an even number of pink edges.

Take two copies of each of the cycles Ci, C
′
i, C

′′
i , C

′′′
i , and apply Lemma 3.3.5 to color

them so that they satisfy Condition (C1) of Definition 1.2.3. We thus have an HOP (C3)-
decomposition of 4P•.

Take four copies of each of the 3-cycles in the (C3)-decomposition of Kn − P , and
apply Lemma 3.3.3 to color them so that they satisfy Condition (C1) of Definition 1.2.3.
Hence, we have an HOP (C3)-decomposition of 4(Kn − P)•. Furthermore, we have 4K•n =
4(Kn−P)•

⨁︁
4P•. Therefore, by Lemma 3.3.1, 4K•n admits an HOP (C3)-decomposition.

We now define the necessary terminology and tools from [6] to establish a key reduction
step. Specifically, these reductions prepare us for the proof of Lemma 6.4.11, allowing us
to reduce the problem of finding an HOP (Cm)-decomposition of 4K•n, for odd m and even
n > m, to the case where n lies in the range m < n < 3m.

Definition 6.4.5. Let X = {x0, x1, . . . , xm−1} and Y = {y0, y1, . . . , ym−1} be two sets
of size m that partition the vertex set of K2m, and let S, S ′ ⊆ {1, 2 . . . , m−1

2
} and T ⊆

{0, 1, 2 . . . ,m − 1}. Then K2m⟨S, T, S ′⟩ denotes a subgraph G of K2m such that G[X] ∼=
Circ(m;S), and G[Y ] ∼= Circ(m;S ′), and xiyi+d ∈ E(G) if and only if d ∈ T .

The following proposition is proved in [28] and [6].

Proposition 6.4.6. For odd m ≥ 3, each of the following graphs has a (Cm)-decomposition.

(a) K2m

⟨︁
∅, {0, 1, . . . ,m− 2s− 1}, ∅

⟩︁
▷◁ Ks for odd s with 1 ≤ s ≤ m−1

2
;
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(b) K2m

⟨︁
{m−1

2
}, {0, 1, . . . ,m− 2s− 2}, ∅

⟩︁
▷◁ Ks for even s with 0 ≤ s ≤ m−3

2
;

(c) K2m

⟨︁
{m−1

2
}, S ∪ (S + 1), ∅

⟩︁
where S ⊆ {1, 3, 5 . . . ,m− 2}; and

(d) K2m

⟨︁
A, ∅, B

⟩︁
where each of A and B is either {1, 2, . . . , m−1

2
} or {1, 2, . . . , m−3

2
}.

Lemma 6.4.7. Let G1 = K2m

⟨︁
∅, {0}, ∅

⟩︁
▷◁ Km−1

2
and G2 = K2m

⟨︁
{1}, ∅, ∅

⟩︁
▷◁ Km−1

2
. Then

for odd m ≥ 3, the multigraphs 4G•1 and 4G•2 admit an HOP (Cm)-decomposition.

Proof. Let m = 2k + 1 for k ∈ Z, and let V (Kk) = {z0, z1, . . . , zk−1}. Let

ω = (x0 x1 . . . xm−1)(y0 y1 . . . ym−1)

be a permutation that fixes all vertices in Kk.

Consider the following m-cycles in G1:

C1 = x0 y0 z0 y1 z1 y2 z2 . . . zk−2 yk−1 zk−1 x0

C2 = y0 x0 zk−2 x1 zk−3 x2 . . . z1 xk−2 z0 xk−1 zk−1 y0

The authors in [6, Proposition 5.4] showed that {ωi(C1), ω
i(C2) : i = 0, 1, . . . ,m − 1} is a

(Cm)-decomposition of 2G1.

Let ω• be the permutation induced by ω that preserves the color (and orientation) of
the edges of 4G•1. Take two copies of each of C1 and C2 and color them as follows:

In C1 and C ′1, the path yiziyi+1, for i = {0, 1, . . . , k− 2}, consists of two edges from the
same orbit of ⟨ω⟩. Notice that the pink and the blue copies of these edges are covered by C1

and the opposite black arcs are covered by C ′1. Similarly, in C2 and C ′2, the path xizk−2−ixi+1,
for i = {0, 1, . . . , k − 2}, consists of two edges from the same orbit of ⟨ω⟩. Observe that the
pink and the blue copies of these edges are covered by C2, and the opposite black arcs are
covered by C ′2. The edge x0y0 is covered by the four cycles, C1, C

′
1, C2, C

′
2. The cycles C1

and C2 cover the opposite black arcs and C ′1 and C ′2 cover the pink and the blue copies of
x0y0, respectively. The edge zk−1x0 in C1, C

′
1 and the edge xk−1zk−1 in C2, C

′
2 are edges from

the same orbit of ⟨ω⟩. Similarly, the edge yk−1zk−1 in C1, C
′
1 and the edge zk−1y0 in C2, C

′
2

are edges from the same orbit of ⟨ω⟩. Observe that C1, C
′
1, C2, C

′
2 jointly contain exactly



6.4. EXTENDING A (Cm)-DECOMPOSITION OF 2Kn TO AN HOP
(Cm)-DECOMPOSITION OF 4K•n 132

one blue, one pink, and two black arcs of these edges. Additionally, all four cycles satisfy
Condition (C1) of Definition 1.2.3. Hence,

{ωi
•(C1), ω

i
•(C

′
1), ω

i
•(C2), ω

i
•(C

′
2) : i = 0, 1, . . . ,m− 1}

is an HOP (Cm)-decomposition of 4G•1.

Now, consider the following m-cycles in G2:

C1 = x0 x1 z0 y0 z1 y1 z2 . . . zk−2 yk−2 zk−1 x0

C2 = x1 x0 z1 x2 z2 x3 . . . zk−3 xk−2 zk−2 xk−1 zk−1 y0 z0 x1

In [6, Proposition 5.4], it is proved that {ωi(C1), ω
i(C2) : i = 0, 1, . . . ,m − 1} is a (Cm)-

decomposition of 2G2. Take two copies of each cycle and color them as follows:

In C1, C
′
1, the edges of the path yizi+1yi+1, for i = {0, 1, . . . , k − 3}, are from the same

orbit of ⟨ω⟩. Cycle C1 covers the pink and the blue copies of these edges, and C ′1 covers
the opposite black arcs. For i = {2, 3, . . . , k − 2}, the edges of the path xizixi+1 in C2, C

′
2

are from the same orbit of ⟨ω⟩. C2 covers the pink and the blue copies of these edges and
C ′2 covers the opposite black arcs. Furthermore, the following edges are also from the same
orbits of ⟨ω⟩:

• the edge x0x1 in C1, C
′
1 and the edge x1x0 in C2, C

′
2;

• the edge x1z0 in C1, C
′
1 and the edge z0x1 in C2, C

′
2;

• the edge z0y0 in C1, C
′
1 and the edge y0z0 in C2, C

′
2;

• the edge zk−1x0 in C1, C
′
1 and the edge xk−1zk−1 in C2, C

′
2;

• the edge yk−2zk−1 in C1, C
′
1 and the edge zk−1y0 in C2, C

′
2; and

• the edge x0z1 and the edge z1x2 in C2, C
′
2.

Observe that in each of the above cases, C1, C
′
1, C2, and C ′2 jointly contain exactly one blue,

one pink, and two opposite black arcs corresponding to these edges. Additionally, these
cycles satisfy Condition (C1) of Definition 1.2.3. Therefore,

{ωi
•(C1), ω

i
•(C

′
1), ω

i
•(C2), ω

i
•(C

′
2) : i = 0, 1, . . . ,m− 1}
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is an HOP (Cm)-decomposition of 4G•2.

The next proposition is based on [6, Proposition 5.5].

Proposition 6.4.8. Let m = 2k + 1, and let t = qk + r for 0 ≤ r ≤ k − 1 and 1 ≤ q ≤
m + 2r − 1. Let G = K2m ▷◁ Kt. Then 4G• admits an HOP (Cm)-decomposition. In
particular, 4G• admits an HOP (Cm)-decomposition whenever m−1

2
≤ t ≤ (m−1)2

2
.

Proof. We have t = qk + r. Based on the parity of r, we have the following two cases.

Case 1: r is odd. We partition the vertices in Kt into B0, B1, . . . , Bq, where |Bi| = k,
for i ∈ {1, 2, . . . , q} and |B0| = r. First, consider K2m ▷◁ Kr. We can decompose this graph
into the following subgraphs:

(i) G1 = K2m

⟨︁
∅, {0, 1, . . . ,m− 2r − 1}, ∅

⟩︁
▷◁ Kr,

(ii) G2 = K2m

⟨︁
∅, {m− 2r,m− 2r + 1 . . . ,m− 1}, {k}

⟩︁
, and

(iii) G3 = K2m

⟨︁
{1, 2, . . . , k}, ∅, {1, 2, . . . , k − 1}

⟩︁
.

By Proposition 6.4.6 (c) and (d), we know that G2 and G3 admit a (Cm)-decomposition,
respectively. The number of m-cycles in the (Cm)-decomposition of G2 is |E(G2)|

m
= 2rm+m

m
=

2r+1, and the number of m-cycles in the (Cm)-decomposition of G3 is |E(G3)|
m

= km+(k−1)m
m

=
2k − 1. Therefore, G2 and G3 jointly have (2r + 1) + (2k − 1) = m + 2r − 1 m-cycles in
their (Cm)-decompositions. By assumption, this means there are at least q m-cycles. Let
q of these m-cycles be R1, R2, . . . , Rq, and if q < m + 2r − 1, then we have extra cycles
Rq+1, . . . , Rm+2r−1. Consider four copies of the extra cycles and use Lemma 3.3.3 to color
them so that they satisfy Condition (C1) of Definition 1.2.3.

Notice that none of the vertices in B1, . . . , Bq are used. For i ∈ {1, 2, . . . , q}, let R′i be
obtained from Ri by adjoining m isolated vertices and let Hi = R′i ▷◁ KBi

, where KBi
is the

empty graph with vertex set Bi. Observe that Hi is isomorphic to K2m

⟨︁
{1}, ∅, ∅

⟩︁
▷◁ Kk.

Applying Lemma 6.4.7, the subgraph 4H•i , for all i ∈ {1, 2, . . . , q}, admits an HOP (Cm)-
decomposition. Moreover, by Proposition 6.4.6 (a), since r is odd, the subgraph G1 admits
a (Cm)-decomposition, and using Lemma 3.3.3, 4G•1 admits an HOP (Cm)-decomposition.
Thus,

4G• = 4G•1
⨁︁

4H•1
⨁︁

· · ·
⨁︁

4H•q
⨁︁

4R•q+1

⨁︁
· · ·

⨁︁
4R•m+2r−1.

By Lemma 3.3.1, the multigraph 4G• admits an HOP (Cm)-decomposition.

Case 2: r is even. Again we partition the vertex set of Kt as in the previous case. The
graph K2m ▷◁ Kr can be decomposed into the following four subgraphs.

(i) G1 = K2m

⟨︁
{k}, {0, 1, . . . ,m− 2r − 2}, ∅

⟩︁
▷◁ Kr,

(ii) G2 = K2m

⟨︁
∅, {m− 2r,m− 2r + 1 . . . ,m− 1}, {k}

⟩︁
,
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(iii) G3 = K2m

⟨︁
{1, 2, . . . , k − 1}, ∅, {1, 2, . . . , k − 1}

⟩︁
, and

(iv) G4 = K2m

⟨︁
∅, {m− 2r − 1}, ∅

⟩︁
Notice that since q ≥ 1, there exists at least one part of cardinality k, namely B1. Let H1 be
the union of the empty graph on the vertex set B1 and G4 with all possible edges between
them. Observe that H1 is isomorphic to K2m

⟨︁
∅, {m− 2r − 1}, ∅

⟩︁
▷◁ Kk.

Furthermore, parts (c) and (d) of Proposition 6.4.6 show that G2 and G3 each admits a
(Cm)-decomposition, respectively. The total number of m-cycles in the (Cm)-decomposition
of G2 and G3 is m+2r−2. That means there are at least q−1 m-cycles. Let q−1 of these m-
cycles be R2, R3, . . . , Rq, and if q < m+2r−1, then we have extra cycles Rq+1, . . . , Rm+2r−1.
Consider four copies of the extra cycles and use Lemma 3.3.3 to color them so that they
satisfy Condition (C1) of Definition 1.2.3..

For i ∈ {2, 3, . . . , q}, let R′i be obtained from Ri by adjoining m isolated vertices and
let Hi = R′i ▷◁ KBi

, where KBi
is the empty graph with vertex set Bi. Observe that

Hi is isomorphic to K2m

⟨︁
{1}, ∅, ∅

⟩︁
▷◁ Kk. Applying Lemma 6.4.7, the subgraph 4H•1 and

all subgraphs 4H•i , for i ∈ {2, . . . , q} admit an HOP (Cm)-decomposition. Moreover, by
Proposition 6.4.6 (b), since r ≤ m−3

2
, the subgraph G1 admits a (Cm)-decomposition, and

using Lemma 3.3.3, 4G•1 admits an HOP (Cm)-decomposition. Therefore,

4G• = 4G•1
⨁︁

4H•1
⨁︁

· · ·
⨁︁

4H•q
⨁︁

4R•q+1

⨁︁
· · ·

⨁︁
4R•m+2r−1.

admits an HOP (Cm)-decomposition by Lemma 3.3.1.

We now prove that 4G• admits an HOP (Cm)-decomposition whenever m−1
2

≤ t ≤
(m−1)2

2
. Since m = 2k + 1, we have m−1

2
= k and (m−1)2

2
= 2k2, thus k ≤ t ≤ 2k2. We show

that if k ≤ t ≤ 2k2, then 1 ≤ q ≤ m+ 2r − 1. We have t = qk + r for 0 ≤ r ≤ k − 1. Since
t ≥ k and r ≥ 0, we have q ≥ 1.

On the other hand, we have t = qk+r ≤ 2k2 and r ≥ 0, thus q ≤ 2k = m−1 ≤ m+2r−1.
Therefore, for t in the range k ≤ t ≤ 2k2, with t = qk + r and 0 ≤ r ≤ k − 1, we have
1 ≤ q ≤ m+ 2r − 1, as required.

Having established the necessary terminology and tools analogous to those from [6], we
are now ready to state the key reduction step.

Lemma 6.4.9. Let m ≥ 5 be an odd integer. If 4K•n admits an HOP (Cm)-decomposition
for all even n such that m < n < 3m and m|n(n − 1), then 4K•n admits an HOP (Cm)-
decomposition for all even n > m such that m|n(n− 1).

Proof. Take any even n′ > m such that m|n′(n′ − 1). We can write n′ = n + 2qm, for
integers q ≥ 0 and m < n < 3m. Moreover, since m|n′(n′ − 1), it follows that m|n(n − 1).
Notice that we can partition the vertex set of 4K•n′ into q sets of 2m vertices and one set of
n vertices. Depending on the value of q, there are three cases:
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• q = 0. Then n′ = n and we obtain the multigraph 4K•n.

• q = 1. The multigraph 4K•n′ is an edge-disjoint union of 4K•2m ▷◁ 4K•n and 4K•n.

• q ≥ 3. The multigraph 4K•n′ is an edge-disjoint union of q copies of 4K•2m ▷◁ 4K•n, one
copy of 4K•q[2m], and one copy of 4K•n.

• q = 2. The multigraph 4K•n′ is an edge-disjoint union of one copy of 4K•2m ▷◁ 4K•n, one
copy of 4K•n, and one copy of 4K•2m ▷◁ 4K•2m+n.

By [28], the complete multipartite graph with q ≥ 3 parts of cardinality 2m, that is, Kq[2m],
has a (Cm)-decomposition; applying Lemma 3.3.3, we can extend this decomposition to an
HOP (Cm)-decomposition of 4K•q[2m]. Moreover, by supposition 4K•n has an HOP (Cm)-
decomposition. It remains to show that 4K•2m ▷◁ 4K•n and 4K•2m ▷◁ 4K•2m+n admit HOP
(Cm)-decompositions.

• For m ≥ 13, we have n < 2m+ n < 5m ≤ (m−1)2
2

; hence, by Proposition 6.4.8, each of
4K•2m ▷◁ 4K•n and 4K•2m ▷◁ 4K•2m+n admits an HOP (Cm)-decomposition.

• For m ≤ 11, given that m | n(n − 1) and since m is odd and gcd(n, n − 1) = 1, it
follows that m | n or m | (n − 1). Since n is even and m < n < 3m, it follows that
n must be either m + 1 or 2m. Consequently, we need an HOP (Cm)-decomposition
for 4K•2m ▷◁ 4K•m+1, 4K•2m ▷◁ 4K•2m, 4K•2m ▷◁ 4K•3m+1, and 4K•2m ▷◁ 4K•4m. First,
observe that the case 4K•2m ▷◁ 4K•4marises from n = 2m and q = 2. Thus, we actually
seek an HOP (Cm)-decomposition of 4K•6m. The multigraph 4K•6m is an edge-disjoint
union of three copies of 4K•2m and one copy of 4K•3[2m], each of which admits an HOP
(Cm)-decomposition. For the remaining cases, if m ≥ 9, then m+1 < 2m < 3m+1 ≤
(m−1)2

2
. Hence, each of these multigraphs admits an HOP (Cm)-decomposition by

Proposition 6.4.8. Thus, we only need to verify the cases where m ≤ 7.

• For m = 7, we need to find an HOP (Cm)-decomposition for 4K•14 ▷◁ 4K•8 , 4K•14 ▷◁ 4K•14,
and 4K•14 ▷◁ 4K•22. It is clear that m + 1 = 8 < 2m = 14 ≤ (m−1)2

2
= 18. Therefore,

by Proposition 6.4.8, we see that 4K•14 ▷◁ 4K•8 and 4K•14 ▷◁ 4K•14 admit an HOP (C7)-
decomposition. For 4K•14 ▷◁ 4K•22, using Proposition 6.4.8, we have that m = 2 · 3 + 1,
k = 3, and t = 7 · 3 + 1; hence, r = 1 and q = 7. Thus, q = 7 ≤ 8 = m + 2r − 1, and
the conditions in Proposition 6.4.8 are satisfied. Thus 4K•14 ▷◁ 4K•22 admits an HOP
(C7)-decomposition.

• For m = 5, we need to find an HOP (C5)-decomposition for 4K•10 ▷◁ 4K•6 , 4K•10 ▷◁ 4K•10,
and 4K•10 ▷◁ 4K•16.

For 4K•10 ▷◁ 4K•6 , we have 6 ≤ (m−1)2
2

. By Proposition 6.4.8, it admits an HOP (C5)-
decomposition.

For 4K•10 ▷◁ 4K•10, partition the vertices in 4K•10 into five sets of two vertices. Then,
4K•10 ▷◁ 4K•10 can be viewed as an edge-disjoint union of five isomorphic copies of 4G•
where G = K10

⟨︁
∅, {0}, ∅

⟩︁
▷◁ K2 and two copies of 4K•5 . Clearly, 4K•5 admits an HOP
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(C5)-decomposition, and by Lemma 6.4.7, there exists an HOP (C5)-decomposition of
4G•. Hence, 4K•10 ▷◁ 4K•10 admits an HOP (C5)-decomposition.

For 4K•10 ▷◁ 4K•16, partition the vertices in 4K•16 into eight sets of two vertices.
Then, 4K•10 ▷◁ 4K•16 can be viewed as an edge-disjoint union of five isomorphic copies
of 4G•1 where G1 = K10

⟨︁
∅, {0}, ∅

⟩︁
▷◁ K2, three isomorphic copies of 4G•2 where

G2 = K10

⟨︁
{1}, ∅, ∅

⟩︁
▷◁ K2, and one 4C•5 . By Lemma 6.4.7, there exist HOP (C5)-

decompositions of 4G•1 and 4G•2. Thus, 4K•10 ▷◁ 4K•16 admits an HOP (C5)-decomposition.

Therefore, in all cases, 4K•n′ admits an HOP (Cm)-decomposition.

We now address the special cases n = m+ 1 and n = 2m.

Lemma 6.4.10. For any odd integer m ≥ 5, each of the following multigraphs admits an
HOP (Cm)-decomposition.

(i) 4K•m+1

(ii) 4K•2m

Proof. (i) Let V (4K•m+1) = {xi : i ∈ Zm}∪{x∞}. Let ρ• be the permutation on E(4K•m+1)
that preserves the edge colors (and orientations), and is induced by the permutation ρ =
(x∞)(x0 x1 x2 . . . xm−1).

In [6, Lemma 5.7], Alspach et al. showed that W = {C1, ρ(C1), . . . , ρ
m−1(C1), C2} is a

(Cm)-decomposition of 2Km+1, where

C1 = x0 x1 x−1 x2 . . . xm−1
4

x−m−1
4

xm+7
4

x−m+3
4

. . . xm+3
2

xm+1
2

x∞ x0,

if m ≡ 1 (mod 4), and

C1 = x0 x1 x−1 x2 . . . xm−3
4

x−m−3
4

xm+5
4

x−m+1
4

xm+9
4

. . . xm+3
2

xm+1
2

x∞ x0

if m ≡ 3 (mod 4), and C2 is

C2 = x0 xm−1
2

xm−1 xm−3
2

. . . xm+1
2

x0.

Observe that C2 only covers difference m−1
2

. Let C ′2 be another copy of C2. Color C2

and C ′2 black and orient them in opposite directions. By doing this, we cover the opposite
black arcs corresponding to the difference m−1

2
. This difference also occurs in C1. When

coloring C1, it’s important to ensure that pink and blue copies of the edges corresponding
to the difference m−1

2
are covered.

Notice that C1 covers each difference in {1, 2 . . . , m−3
2

} exacatly twice and difference m−1
2

exactly once in the following order:

1, 2, 3, . . . , m−3
2

, m−1
2

, m−3
2

, . . . , 3, 2, 1,∞,∞.

Let C ′1 be another copy of C1 and color them as follows:
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• Assume m ≡ 1 (mod 4).

• Assume m ≡ 3 (mod 4).

Observe that C1, C ′1 and C2, C ′2 satisfy Condition (C1) of Definition 1.2.3. Also, C1 and
C ′1 jointly contain exactly one edge from each orbit of ⟨ρ•⟩ corresponding to differences in
{1, 2, . . . , m−3

2
,∞}, as well as one edge from the pink and the blue orbits of ⟨ρ•⟩ corresponding

to the difference m−1
2

. The black orbit corresponding to the difference m−1
2

is covered by C2

and C ′2. Thus
W ′ =

{︁
ρi•(C1), ρ

i
•(C

′
1) : i = 0, 1, . . . ,m− 1

}︁
∪ {C2, C

′
2}

is an HOP (Cm)-decomposition for 4K•m+1.

(ii) By Lemma 2.2.11(iii), we know that there exists an HOP Cm-factorization of 4K•2m
for any odd m ≥ 5. Each Cm-factor consists of two (Cm)-subgraphs. Thus, 4K•2m admits an
HOP (Cm)-decomposition for any odd m ≥ 5.

We are now ready to prove the main lemma.

Lemma 6.4.11. Let m be odd, and let n be an even integer with 3 ≤ m ≤ n. If m|n(n−1),
then 4K•n admits an HOP (Cm)-decomposition.

Proof. The case m = 3 is handled in Lemma 6.4.4. For m ≥ 5, by Lemma 6.4.9, it is
enough to prove the result for even n in the range m < n < 3m.

We begin by defining the required parameters and determining the number of starter
central and starter peripheral cycles needed for the construction. For the peripheral cycles,
we use the construction provided for 2Kn in [6] and extend it to starter peripheral cycles for
4K•n. However, for the central cycles, we introduce a new construction that differs from the
one in [6].

The authors in [6, Theorem 5.1] split the proof into two cases: m < n ≤ 2m and
2m < n < 3m. By Lemma 6.4.10, we know that 4K•m+1 and 4K•2m admit HOP (Cm)-
decompositions. Therefore, we may assume m+ 2 < n < 2m or 2m < n < 3m.

Let V (2Kn) = {xi : i ∈ Zn−1} ∪ {x∞}, and let ρ = (x∞)(x0 x1 . . . xn−2). Observe that
the group ⟨ρ⟩ has the following orbits on the edge set of Kn:
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• for each s ∈ {1, 2, . . . , n−2
2
}, we have an orbit {xixi+s : i ∈ Zn−1}; and

• {xix∞ : i ∈ Zn−1}.

For convenience, let S = {1, 2, . . . , n−2
2
,∞} be the set of all differences.

Let n = 2ea, where a is odd, and let m = a′b′, where a′ and b′ both are odd with a′|a
and b′|(n− 1). Note that b′ ≥ 3 since m ∤ n.

To construct the peripheral cycles, we partition the n − 1 vertices in {xi : i ∈ Zn−1}
into b′ segments, each containing ℓ = n−1

b′
consecutive vertices. Note that each segment will

contribute a′ edges toward a peripheral m-cycle.

Now, we determine the required number of central and peripheral cycles for the decom-
position. If 2Kn is (Cm)-decomposable, then the number of m-cycles in the decomposition
is

n(n− 1)

m
=

(n− 1)(m+ n−m)

m

=
(n− 1)m+ (n− 1)(n−m)

m

= (n− 1) +
(n− 1)(n−m)

a′b′

= (n− 1) +
n− 1

b′
· n−m

a′

= (n− 1) + ℓ · n−m

a′
.

Let F = n−m
a′

= 2ea−a′b′
a′

. Since a′ | a, and a′, b′, a are all odd, and e ≥ 1, it follows that F is
an odd integer. The number of m-cycles can be expressed in the following form:

n(n− 1)

m
= (n− 1) + ℓF.

This suggests constructing one starter central cycle and F starter peripheral cycles. The
starter central cycle is rotated through all n − 1 positions, while each of the F starter
peripheral cycles is rotated through ℓ positions to generate all the cycles in the decomposition.

As mentioned earlier, the authors of [6] divided the proof into two cases: one for m+2 <
n < 2m and the other for 2m < n < 3m. In the latter case, the subcases (m,n) ∈
{(15, 36), (15, 40)} are treated separately in [6]. We address these special subcases at the
end of the proof. Except for these special subcases, the construction of the peripheral cycles
follows the same approach in both cases.

The authors of [6] first construct a starter peripheral cycle C0, which covers a set of
differences A = {s1, s2, . . . , sa′} ⊂ S, where s1 < s2 < . . . < sa′ . If F = 1, the remaining
differences can be covered by the central cycles. However, if F ≥ 3, additional families of
peripheral cycles are needed.
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For F ≥ 3, let c = F−1
2

. The authors of [6] construct c starter peripheral cycles, called
C1, C2, . . . , Cc such that the families generated by these cycles, that is, {Ci, ρ(Ci), . . . , ρ

ℓ−1(Ci) |
i = 1, 2, . . . , c}, jointly cover a set of differences denoted as:

B = {si1, si2, . . . , sia′ | i = 1, 2, . . . , c} ⊂ S \ A

where si1 < . . . < sia′ , for i = 1, 2, . . . , c.

Later, they duplicate these cycles to obtain 2c m-cycles. The families generated by these
2c cycles form a (Cm)-decomposition of 2G1, where G1 = Circ(n− 1;B).

For our purpose, we take four copies of each Ci, for i = 1, 2, . . . , c, and apply Lemma 3.3.3
to color them so that they satisfy the HOP property. By doing so, we generate 4c starter
peripheral cycles for 4G•1, which we denote by C ′1, C

′
2, . . . , C

′
4c.

It is now easy to see that

{C ′i, ρ•(C ′i), . . . , ρℓ−1• (C ′i) | i = 1, . . . , 4c}

is an HOP (Cm)-decomposition of 4G•1.

Notice that the cycle C0 covers the differences in A = {s1, s2, . . . , sa′}. Let C ′0 be another
copy of C0. Color both C0 and C ′0 black and orient them in opposite directions. The families
of cycles generated by these two cycles cover the black orbits corresponding to the differences
in A. The differences in A will also appear in the starter central cycle C, to be constructed
below, where we need to ensure that the pink and blue orbits corresponding to the differences
in A are covered.

Now, we focus on constructing the starter central cycle C. Let L be the set of unused
differences in S, that is, L = S \ (A ∪ B). We can express L = {a1, a2, . . . , at} ∪ {∞},
where a1 < a2 < . . . < at ≤ n−2

2
are positive integers and t = n−2

2
− F+1

2
a′.

Consider the following sets of differences:

• W1 = {s1, s2, . . . , sa′ , a1, a2, . . . , at−1, at}

• W2 = {a1, a2, . . . , at−1, at}

Here, W1 contains all the differences from the sets A and L except for ∞, and its size is
|W1| = a′ + t. Since the differences in W1 are pairwise distinct, we may relabel them as

W1 = {b1, b2, . . . , ba′+t} with b1 < b2 < · · · < ba′+t.

By Corollary 6.3.4, there exists a path, call it T , of length 2t+a′ that starts at x0 and covers
the differences in the following order:

T : b1, b2, . . . , ba′+t, at, at−1, . . . , a2, a1.

Notice that the length of the path T is 2t+ a′, and

2t+ a′ = 2

(︃
n− 2

2
− F + 1

2
a′
)︃
+ a′
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= n− 2− Fa′

(substitute F =
n−m

a′
) = n− 2− n+m

= m− 2.

Let C = x∞Tx∞. Observe that C covers each difference in L exactly twice and each
difference in A exactly once. Let C ′ be another copy of C.

In C, color the first t + a′ edges with differences b1, b2, . . . , ba′+t alternately pink and
blue, starting with b1 in blue. The remaining coloring depends on whether t is even or odd:

• Assume t is even. Since a′ is odd, t+ a′ is also odd, so the edge with difference ba′+t is
colored blue. In C ′, color the same t + a′ edges alternately pink and blue, but in the
opposite way of C. Then, color the remaining edges as shown below.

• Assume t is odd. Since a′ is odd, t + a′ is even, so the edge with difference ba′+t is
colored pink. In C ′, color the same t + a′ edges alternately pink and blue, but in the
opposite way of C. Then, color the remaining edges as shown below.

Observe that the opposite black arcs corresponding to each difference in A are covered
by C0 and C ′0, while the pink and the blue edges corresponding to each difference in A are
covered by the starter central cycles C and C ′.

Moreover, the starter central cycles jointly contain exactly one blue edge, one pink edge,
and two black arcs corresponding to each difference in L .

Therefore,

{ρi•(C), ρi•(C
′) | i = 0, 1, . . . , n− 2} ∪ {ρi•(C0), ρ

i
•(C

′
0) | i = 0, 1, . . . , ℓ− 1}

is an HOP (Cm)-decomposition of 4G•2, where

G2 = Circ(n− 1;A ∪ (L − {∞}) ▷◁ K1.
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We have 4K•n = 4G•1
⨁︁

4G•2, and since each of 4G•1 and 4G•2 admits an HOP (Cm)-
decomposition, by Lemma 3.3.1, the multigraph 4K•n admits an HOP (Cm)-decomposition.

To complete the proof of Lemma 6.4.11, we prove that HOP (C15)-decompositions of
4K•36 and 4K•40 exist.

As before, we construct starter peripheral and starter central cycles. We begin with the
starter peripheral cycles for 2K36 and 2K40, as provided in [6], and extend them to obtain
the starter peripheral cycles for 4K•36 and 4K•40. Finally, we describe the construction of the
starter central cycles.

We start with n = 36. Since n = 2e·a = 22·9, we have a = 9. Also, m = a′b′ = 3·5, where
a′ | a and b′ | (n−1). Thus, a′ = 3 and b′ = 5. The set of differences is S = {1, 2, . . . , 17,∞}.

We partition the n− 1 = 35 vertices into b′ = 5 segments, where each segment contains
ℓ = n−1

b′
= 7 consecutive vertices. Each segment contributes a′ = 3 edges toward a 15-cycle.

The number of families of peripheral cycles is F = n−m
a′

= 7. Consider the following
paths from [6]:

• P0 = x0 x5 x−1 x14;

• P1 = x0 x1 x−1 x7;

• P2 = x0 x3 x−1 x−14;

• P3 = x0 x9 x−2 x−14.

For each i = 0, 1, 2, 3, we have

Ci = Pi ∪ ρℓ(Pi) ∪ ρ2ℓ(Pi) ∪ ρ3ℓ(Pi) ∪ ρ4ℓ(Pi),

which is a cycle of length 15.

The families generated by the peripheral cycles C1, C2, C3 jointly cover differences in
B = {1, 2, 3, 4, 8, 9, 11, 12, 13}. Let G1 = Circ(35;B). Taking four copies of each of C1, C2, C3,
we obtain 12 cycles. Applying Lemma 3.3.3, we color these cycles to satisfy Condition (C1)
from Definition 1.2.3, and denote them C ′1, C

′
2, . . . , C

′
12. Observe that

{ρi•(C ′1), . . . , ρi•(C ′12) | i = 0, 1, . . . , 6}

is an HOP (C15)-decomposition of 4G•1.

Note that the family generated by the starter peripheral cycle C0 covers the differences
in the set A = {5, 6, 15}.

Next, we construct the starter central cycle. Let L be the set of unused differences:

L = S \ (A ∪B) = {7, 10, 14, 16, 17,∞}.

Consider the following sets of differences:

• W1 = {5, 6, 7, 10, 14, 15, 16, 17}
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• W2 = {7, 10, 14, 16, 17}

Using Corollary 6.3.4, we construct a path T starting from x0, covering differences in the
following order:

5, 6, 7, 10, 14, 15, 16, 17, 17, 16, 14, 10, 7.

Let C = x∞Tx∞. Notice that C is a cycle of length 15. Take another copy of C, call it C ′.
We color them as follows:

Now, let C ′0 be another copy of C0, color both C0 and C ′0 black, and orient them in the
opposite directions. We see that

{ρi•(C), ρi•(C
′) | i = 0, 1, . . . , 34} ∪ {ρi•(C0), ρ

i
•(C

′
0) | i = 0, 1, . . . , 6},

is an HOP (C15)-decomposition of 2G•2, where G2 = Circ(35;A ∪ (L − {∞}) ▷◁ K1.

Since each of 4G•1 and 4G•2 admits an HOP (C15)-decomposition, by Lemma 3.3.1, it
follows that 4K•36 = 4G•1

⨁︁
4G•2 also admits an HOP (C15)-decomposition.

For n = 40, we have a = 5, a′ = 5, b′ = 3, and ℓ = 13. The set of differences is
S = {1, 2, . . . , 19,∞}.

Consider the following paths from [6]:

• P0 = x0 x9 x−1 x10 x−2 x13;

• P1 = x0 x1 x−3 x2 x−5 x13;

• P2 = x0 x2 x−1 x5 x−3 x13.

For i = 0, 1, 2, we see that Ci = Pi ∪ ρℓ(Pi) ∪ ρ2ℓ(Pi) is a cycle of length 15. The
families generated by the peripheral cycles C1 and C2 jointly cover the differences in B =
{1, 2, 3, 4, 5, 6, 7, 8, 16, 18}. Following the previous approach, we take four copies of each cycle
and use Lemma 3.3.3 to color them appropriately, resulting in an HOP (C15)-decomposition
of 4G•1, where G1 = Circ(39;B).

Note that the family generated by starter peripheral cycle C0 covers the differences in
the set A = {9, 10, 11, 12, 15}.

The starter central cycle uses the remaining differences, namely {13, 14, 17, 19,∞}. Let
C = x∞Tx∞, where T is a path of length 13 constructed using Corollary 6.3.4. The path T
starts at x0 and covers the differences in the following order:

9, 10, 11, 12, 13, 14, 15, 17, 19, 19, 17, 14, 13.
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Let C ′ be another copy of the starter central cycle C. We color them as follows:

Now, let C ′0 be another copy of C0, color them black, and orient them in the opposite
directions. Observe that

{ρi•(C), ρi•(C
′) | i = 0, 1, . . . , 38} ∪ {ρi•(C0), ρ

i
•(C

′
0) | i = 0, 1, . . . , 12}

is an HOP (C15)-decomposition of 4G•2, where G2 = Circ(39; (L ∪ A)− {∞}) ▷◁ K1.

Since each of 4G•1 and 4G•2 admits an HOP (C15)-decomposition, by Lemma 3.3.1, it
follows that 4K•40 = 4G•1

⨁︁
4G•2 also admits an HOP (C15)-decomposition.

6.5 HOP (Cm)-decomposition of 4K•
n

In this section, we address the final case of our main result in Theorem 6.1.1, where m |
2n(n − 1) but m ∤ n(n − 1). The divisibility constraints imply that m ≡ 0 (mod 4) and
2n(n−1) ≡ m (mod 2m). Our goal is to show that 4K•n admits an HOP (Cm)-decomposition
under these conditions. To handle this case, we study the multigraph 4K•n directly. We split
the proof into two cases based on whether n is odd or even.

In both cases, the overall strategy is similar. We construct a set of starter peripheral
cycles and starter central cycles, and use appropriate permutations to build the required
decomposition. The number of peripheral cycles F will be shown to be odd, which leads to
a further division of the proof into two subcases depending on whether F ≡ 1 (mod 4) or
F ≡ 3 (mod 4).

When F ≡ 3 (mod 4), we first construct F−3
4

+ 1 starter peripheral cycles for Kn.
By taking four copies of each of F−3

4
cycles and coloring them such that they satisfy HOP

properties, we obtain F − 3 peripheral cycles in 4K•n. Then, we take three copies of the one
remaining cycle to complete all F starter peripheral cycles for 4K•n. Finally, we construct
starter central cycles.

Similarly, when F ≡ 1 (mod 4), we first construct F−1
4

+ 1 starter peripheral cycles for
Kn, and use four copies of each of the F−1

4
cycles, together with the one remaining cycle, to

properly color and generate all F starter peripheral cycles for 4K•n. As in the previous case,
starter central cycles are constructed in the final step. In each case, some special cases arise
and are handled separately.

The proof is structured into cases and subcases as outlined below.
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The odd case, along with all its subcases, is handled in Lemma 6.5.1, while the even
case and its subcases are examined in Lemma 6.5.2. Together, these two lemmas establish
the final case in the proof of Theorem 6.1.1.

6.5.1 The Case When n is Odd

Lemma 6.5.1. Let m ≡ 0 (mod 4), and let n be an odd integer such that 4 ≤ m < n. If
2n(n− 1) ≡ m (mod 2m), then 4K•n admits an HOP (Cm)-decomposition.

Proof. By Lemma 6.3.8, it suffices to prove this result for odd n in the range m < n < 2m.

As before, the approach is to construct starter central and starter peripheral cycles. We
first outline the parameters, then explain how many of each type of cycle are needed.

Let V (4K•n) = {xi : i ∈ Zn−1} ∪ {x∞}, and let ρ• be the permutation on E(4K•n)
that preserves the color (and orientation) of the edges, and is induced by the permutation
ρ = (x∞)(x0 x1 x2 . . . xn−2). Observe that the group ⟨ρ•⟩ has the following orbits on the
edge set of 4K•n:

• for each s ∈ {1, 2, . . . , n−3
2
}, we have a pink and a blue orbit {xixi+s : i ∈ Zn−1};

• a pink and a blue orbit {xixi+n−1
2

: i = 0, 1, . . . , n−3
2
};

• for each s ∈ {1, 2, . . . , n− 2}, we have a black orbit {(xi, xi+s) : i ∈ Zn−1};
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• a pink and a blue orbit {xix∞ : i ∈ Zn−1}; and

• black orbits {(x∞, xi) : i ∈ Zn−1} and {(xi, x∞) : i ∈ Zn−1}.

For convenience, let S = {1, 2, . . . , n−3
2
, n−1

2
,∞} be the set of differences. Notice that n−1

2
is

the diameter difference.

Let n − 1 = 2ap and m = 2bq, where p and q are both odd. Observe that b ≥ 2 since
m ≡ 0 (mod 4) and a ≥ 1 since n− 1 is even. First, we show that b = a+ 1. We know that
2n(n−1) ≡ m (mod 2m). Consequently, m | 2n(n−1) but m ∤ n(n−1). Since m | 2n(n−1),
we have 2bq | 2n · 2ap = 2a+1np. Given that n, p, and q are odd, we have q | np. Thus, 2b
must divide 2a+1, implying that b ≤ a + 1. On the other hand, we have m ∤ n(n − 1), that
is, 2bq ∤ n · 2ap. It follows that 2b cannot divide 2a. Thus, b > a, which implies b ≥ a + 1.
Therefore, we conclude that b = a+ 1, and write m = 2a+1q.

Let d = gcd(m,n − 1). Since m = 2a+1q and n − 1 = 2ap, it follows that 2a | d. Since
a ≥ 1, d is even. Now, let m = m′d and n− 1 = n′d. We see that gcd(n′,m′) = 1, n′ is odd,
and m′ ≡ 2 (mod 4).

Let r = n − m. Since n is odd and m is even, we have that r is odd. If r = 1, then
n = m+ 1, which implies that m | n(n− 1), leading to a contradiction. Thus,

r > 1. (6.5.1)

Now, partition the n− 1 vertices in {xi : i ∈ Zn−1} into d segments, each containing n′

consecutive vertices. Each segment will contribute m′ edges toward a peripheral m-cycle.

Now, we explore the required number of central and peripheral cycles for the decom-
position. If 4K•n is (Cm)-decomposable, then the number of m-cycles in the decomposition
is

2n(n− 1)

m
=

2(m+ r)(n− 1)

m
=

(2m+ 2r)(n− 1)

m

=
2m(n− 1)

m
+

2r(n− 1)

m

= 2(n− 1) +
2rn′d

m′d

= 4 · n− 1

2
+

2r

m′
· n′

Since gcd(n′,m′) = 1, r is odd, and m′ ≡ 2 (mod 4), it is easy to see that 2r
m′ is an odd

integer. Let F = 2r
m′ . The number of m-cycles can be expressed in the following form:

2n(n− 1)

m
= 4 · n− 1

2
+ F · n′

This suggests constructing four starter central cycles and F starter peripheral cycles. Here,
we consider four starter central cycles due to the presence of a diameter difference. The
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four starter central cycles will be rotated through n−1
2

positions, while each of the F starter
peripheral cycles will be rotated through n′ positions to generate all cycles in the decompo-
sition.

Before proceeding further, we establish some inequalities to be used later. From (6.5.1),
we know that r > 1; it follows that m < n − 1. Additionally, since n − 1 < 2m, we have
m < n− 1 < 2m, and thus m′d < n′d < 2m′d. Dividing each part by d, we get:

m′ < n′ < 2m′. (6.5.2)

Next, we know that n < 2m, which implies n − m < m and thus 2(n − m) < 2m.
Dividing both sides by m′ gives 2r

m′ <
2m
m′ . Therefore, F < 2d, which implies

F ≤ 2d− 1. (6.5.3)

Moreover, since d is even, if F ≡ 1 (mod 4), then we have

F ≤ 2d− 3. (6.5.4)

Now, we show that for all m′ > 2, m′ ≡ 2 (mod 4), and even d ≥ 2, except for
(m′, d) = (6, 2), the following inequality holds:

m′ + 2

m′ − 2
< d (6.5.5)

Since m′ > 2 and m′ ≡ 2 (mod 4), we have m′ = 4k + 2, for some integer k ≥ 1. Therefore,

m′ + 2

m′ − 2
=

4k + 4

4k
= 1 +

1

k
.

It is clear that 1 + 1
k
< d except for k = 1 and d = 2. Therefore, the inequality in (6.5.5)

holds for all m′ > 2, m′ ≡ 2 (mod 4), and even d ≥ 2, except for (m′, d) = (6, 2).

When F = 2d−1, we have 2(n−m)
m′ = 2d−1. Thus, we obtain n = 2d−1

2
m′+m = 4d−1

2
m′.

Using this, we calculate n′ as

n′ =
n− 1

d
= 2m′ − m′ + 2

2d
. (6.5.6)

Using the inequality in (6.5.5), we have:

m′ + 2

d
< m′ − 2

2m′ − m′ + 2

2d
> 2m′ − m′ − 2

2

(Using the equation in (6.5.6)) n′ >
3m′ + 2

2
.
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Thus, for F = 2d − 1, all m′ > 2 with m′ ≡ 2 (mod 4), and even d ≥ 2, except for
(m′, d) = (6, 2), we have

n′ >
3m′ + 2

2
(6.5.7)

Next, we show that for all m′ > 2, m′ ≡ 2 (mod 4), and even d ≥ 4, except for
{(m′, d)} ∈ {(6, 4), (10, 4)}, the following inequality holds:

3m′ + 2

m′ − 2
< d. (6.5.8)

Since m′ > 2 and m′ ≡ 2 (mod 4), we have m′ = 4k + 2, for some integer k ≥ 1. Therefore,

3m′ + 2

m′ − 2
=

12k + 8

4k
= 3 +

2

k
.

It is clear that 3 + 2
k
< d except for k = 1, 2 and d = 4. Therefore, the inequality in (6.5.8)

holds for all m′ > 2, m′ ≡ 2 (mod 4), and even d ≥ 4, except for {(m′, d)} ∈ {(6, 4), (10, 4)}.

When F = 2d−3, we have 2(n−m)
m′ = 2d−3. Thus, we obtain n = 2d−3

2
m′+m = 4d−3

2
m′.

Using this, we calculate n′ as

n′ =
n− 1

d
= 2m′ − 3m′ + 2

2d
. (6.5.9)

Using the inequality in (6.5.8), we have:

3m′ + 2

d
< m′ − 2,

2m′ − 3m′ + 2

2d
> 2m′ − m′ − 2

2
,

(Using the formula for n′ in (6.5.9)) n′ >
3m′ + 2

2
.

Thus, for F = 2d − 3, all m′ > 2, m′ ≡ 2 (mod 4), and even d ≥ 4, except for
{(m′, d)} ∈ {(6, 4), (10, 4)}, we have

n′ >
3m′ + 2

2
(6.5.10)

With the necessary inequalities established, we now begin the main part of the proof.

We have seen that F is odd, so we have two cases to consider: one where F ≡ 1 (mod 4)
and the other where F ≡ 3 (mod 4). We begin with the simpler case.

Case 1: F ≡ 3 (mod 4).

The approach is to construct F−3
4

+ 1 starter peripheral cycles for Kn. Then, take four
copies of each of the F−3

4
cycles and color them appropriately using Lemma 3.3.3. This

process results in F − 3 starter peripheral cycles in 4K•n. We will then be left with one
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starter peripheral cycle in Kn; we take three copies of it to generate the remaining three
starter peripheral cycles in 4K•n.

We begin by constructing the starter peripheral cycles. We ensure that the diameter
difference n−1

2
does not occur in any of the peripheral cycles. We construct the path Pi as

follows.

• For i = 0, define

P0 = x0 x1 x−1 x2 x−2 . . . xm′−2
2

x−m′−2
2

xm′
2

x−n′ .

The differences covered by P0 are:

1, 2, 3, 4, . . . ,m′ − 2,m′ − 1, n′ +
m′

2
. (6.5.11)

• For i = 1, 2, . . . , ⌈F−3
8

⌉, define the path P2i−1 as follows.

P2i−1 = x0 x(2i−1)n′+1 x−1 x(2i−1)n′+2 x−2 . . . x−m′−6
4

x
(2i−1)n′+m′−2

4
x−m′−2

4

x
(2i−1)n′+m′+6

4
x−m′+2

4
. . . x−m′−2

2
x
(2i−1)n′+m′+2

2
x−n′ .

The differences covered by P2i−1 are:

(2i− 1)n′ + 1, (2i− 1)n′ + 2, (2i− 1)n′ + 3, . . . , (2i− 1)n′ + m′−4
2

,

(2i− 1)n′ + m′−2
2

, (2i− 1)n′ + m′+2
2

, (2i− 1)n′ + m′+4
2

, . . . ,

(2i− 1)n′ +m′, 2in′ + m′+2
2

. (6.5.12)

• For i = 1, 2, . . . , ⌊F−3
8

⌋, define the path P2i as follows.

P2i = x0 x2in′+1 x−1 x2in′+2 x−2 . . . x
2in′+m′−2

4
x−m′−2

4

x
2in′+m′+2

4
x−m′+6

4
x
2in′+m′+6

4
. . . x−m′

2
x
2in′+m′

2
x−n′ .

The differences covered by P2i are:

2in′ + 1, 2in′ + 2, 2in′ + 3, . . . , 2in′ + m′−2
2

, 2in′ + m′

2
,

2in′ + m′+4
2

, 2in′ + m′+6
2

. . . , 2in′ +m′, (2i+ 1)n′ + m′

2
. (6.5.13)

Since m′ < n′ by (6.5.2), the paths ρj(Pi), for j = 0, n′, 2n′, . . . , (d − 1)n′, are pairwise
vertex-disjoint except at their endpoints. Thus, each path Pi generates an m-cycle via
rotation:

Ci = Pi ∪ ρn
′
(Pi) ∪ . . . ∪ ρ(d−1)n

′
(Pi).

Note that the differences (2i + 1)n′ + m′

2
occur at the ends of the paths P2i, and these

differences are carefully avoided in the paths P2i−1. Similarly, the differences 2in′ + m′+2
2

appear at the ends of the paths P2i−1 and are carefully avoided in the paths P2i.
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First, assume d = 2. By (6.5.3), we have F ≤ 2d− 1, which implies that F = 3. Thus,
there is only one path, P0, and it covers the following differences:

1, 2, 3, . . . ,m′ − 2,m′ − 1, n′ − m′

2
.

By (6.5.7), we have n′ > 3m′+2
2

, which implies n′ − m′

2
> m′ + 1. Therefore,

m′ − 1 < m′ < n′ − m′

2
< n′ +

m′

2
. (6.5.14)

We know that inequality (6.5.7) holds for all m′ > 2 with m′ ≡ 2 (mod 4), and even
d ≥ 2, except for the case (m′, d) = (6, 2).

Note that for (m′, d) = (6, 2), we have n′ = 10 by (6.5.6). However, since n′ must be
odd, this case does not arise.

For the case m′ = 2, we use the inequality in (6.5.2), which gives m′ < n′ < 2m′.
Substituting m′ = 2, we obtain n′ = 3. Therefore, by (6.5.6), we have d = 2. In this case,
m = 4, n = 7, and F = 3. There is only one path, P0 = x0 x1 x3, and the covered differences
are 1 and 2, which are distinct.

Now, assume d ≥ 4. The paths Pi cover the following differences:

• For i = 0:
1, 2, . . . ,m′ − 2,m′ − 1

• For i = 1, 2, . . . , F−3
4

:
in′ + 1, in′ + 2, . . . , in′ +m′

• One additional difference, depending on the parity of F−3
4

, which is either(︃
F − 3

4
+ 1

)︃
n′ +

m′

2
or

(︃
F − 3

4
+ 1

)︃
n′ +

m′ + 2

2
.

To show that the above differences are distinct, it suffices to prove the following inequalities.

(i) F−3
4

n′ +m′ < n−1
2

By (6.5.3), we have F ≤ 2d − 1. This implies F−3
4

≤ d−2
2

. Moreover, by (6.5.2), we
know that m′ < n′; thus,

F − 3

4
n′ +m′ <

d− 2

2
n′ + n′ =

dn′

2
=

n− 1

2
.

(ii) F+1
4

n′ + m′+2
2

< n−1
2

We know F ≡ 3 (mod 4). If F < 2d − 1, then F ≤ 2d − 5. This implies F+1
4

≤ d−2
2

.
Moreover, by (6.5.2), we know that m′ < n′; consequently, m′+2

2
< n′. Therefore, we

have
F + 1

4
n′ +

m′ + 2

2
<

d− 2

2
n′ + n′ =

dn′

2
=

n− 1

2
.
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(iii) F−3
4

n′ +m′ < F+1
4

n′ − m′+2
2

If F = 2d − 1, then F+1
4

n′ + m′+2
2

= n−1
2

+ m′+2
2

. Thus, the largest difference covered
by PF−3

4
is either

(︁
F+1
4

)︁
n′ − m′

2
or

(︁
F+1
4

)︁
n′ − m′+2

2
, depending on the parity of F−3

4
.

We show that
F − 3

4
n′ +m′ <

F + 1

4
n′ − m′ + 2

2
,

which is equivalent to showing that

n′ >
3m′ + 2

2
.

Since F = 2d− 1 and d ≥ 4, by (6.5.7), we have n′ > 3m′+2
2

. Therefore,

F − 3

4
n′ +m′ <

F + 1

4
n′ − m′ + 2

2
,

Thus, all the differences covered by the m-cycles C0, C1, . . . , CF−3
4

listed in (6.5.11),
(6.5.12), and (6.5.13) are pairwise distinct.

Let B be the set of differences listed in (6.5.12) and (6.5.13) that are covered by the
m-cycles C1, C2, . . . , CF−3

4
. Let G1 = Circ(n− 1;B). Then,

{Ci, ρ(Ci), . . . , ρ
n′−1(Ci) | i = 1, . . . , F−3

4
}

is a (Cm)-decomposition of G1. Take four copies of each Ci, for i = 1, . . . , F−3
4

, and use
Lemma 3.3.3 to color them so that they satisfy Condition (C1) of Definition 1.2.3. By doing
so, we generate F − 3 starter peripheral cycles of 4K•n with the appropriate HOP coloring,
which we label as C ′3, . . . , C

′
F−1.

It is now easy to see that

{C ′i, ρ•(C ′i), . . . , ρn
′−1
• (C ′i) | i = 3, . . . , F − 1}

is an HOP (Cm)-decomposition of 4G•1.

Notice that A = {1, 2, 3, . . . ,m′ − 2,m′ − 1, n′ + m′

2
} is the set of differences covered

by C0. Take three copies of C0 and label them as C ′0, C ′1 and C ′2. Notice that these three
cycles are the remaining three starter peripheral cycles. Color the edges of the cycles C ′1 and
C ′2 black, and orient them in the opposite directions. Color the edges of P0 in the cycle C ′0
alternately pink and blue (as shown below), starting with pink. Since P0 has length m′, and
m′ ≡ 2 (mod 4), it ends with blue.

Observe that the families generated by the starter cycles C ′1 and C ′2 jointly cover the
black orbits corresponding to the differences in the set A. The family generated by the
starter cycle C ′0 covers:
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(i) The pink orbits corresponding to the differences

1, 3, 5, . . . , m
′

2
, m

′+4
2

, . . . ,m′ − 3,m′ − 1. (6.5.15)

(ii) The blue orbits corresponding to the differences

2, 4, 6, . . . , m
′−2
2

, m
′+2
2

, . . . ,m′ − 2, n′ + m′

2
. (6.5.16)

Note that each difference in the set A is already covered by the peripheral cycles C ′0, C ′1,
and C ′2, and has been assigned the appropriate coloring. We now need to cover each difference
exactly one more time using the central cycles C and C ′, to be constructed below. The
differences in the set A are carefully divided into two parts, with each half covered by one of
the central cycles and assigned the proper coloring, such that the blue orbits corresponding
to the differences listed in (6.5.15) and the pink orbits corresponding to the differences listed
in (6.5.16) are covered.

Now, we focus on constructing the starter central cycles C and C ′. Let L be the set of
unused differences in S, that is, L = S\(A∪B). We can express L = {a1, a2, . . . , at}∪{∞},
where a1 = m′ < a2 < . . . < at =

n−1
2

are positive integers and t = n−1
2

− (F+1)m′

4
.

Note that for d ≥ 4, we have

A = {1, 2, 3, . . . ,m′ − 2,m′ − 1, n′ + m′

2
},

and we have seen that a1 = m′ < n′ + m′

2
< n−1

2
.

For d = 2, we have

A = {1, 2, 3, . . . ,m′ − 2,m′ − 1, n′ − m′

2
},

and we have shown in (6.5.14) that m′ < n′ − m′

2
; hence,

a1 = m′ < n′ − m′

2
<

n− 1

2
.

Let s = n′ ± m′

2
. Thus, A = {1, 2, . . . ,m′ − 2,m′ − 1, s}, and a1 < s < at.

Consider the following sets of differences:

• W1 = {a1, a2, a3, . . . , at−2, at−1, at}

• W2 = {2, 5, 6, . . . ,m′ − 9,m′ − 8,m′ − 5,m′ − 4,m′ − 1, a1, a2, . . . , s, . . . , at−1}

Note that s /∈ W1, and in W2, we have

2 < 5 < . . . < m′ − 4 < m′ − 1 < a1 < a2 < . . . < s < . . . < at−1.

Here, |W1| = t and |W2| = t + m′−2
2

. By Corollary 6.3.5, there exists a path, call it T1, of
length 2t+ m′−2

2
that starts at x0 and covers the differences in the following order:

T1 : a1, a2 . . . , at−1, at, at−1, . . . , s, . . . , a1,m
′ − 1,m′ − 4,m′ − 5, . . . , 6, 5, 2.

Now, consider the following sets of differences:
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• W1 = {a1, a2, a3, . . . , at−2, at−1, at}

• W ′
2 = {3, 4, . . . ,m′ − 10,m′ − 7,m′ − 6,m′ − 3,m′ − 2, a1, . . . , s, . . . , at−1}

Again s /∈ W1, and in W ′
2, we have

3 < 4 < . . . < m′ − 3 < m′ − 2 < a1 < . . . < s < . . . < at−1.

Here, |W1| = t and |W ′
2| = t+m′−2

2
. By Corollary 6.3.5, there exists a path of length 2t+m′−2

2

that starts at x0 and covers the differences in the following order:

a1, . . . , at−1, at, at−1, . . . , s, . . . , a1,m
′ − 2,m′ − 3,m′ − 6,m′ − 7, . . . , 4, 3.

By Lemma 6.3.3, the difference s in the above path can be replaced with difference 1; that
is, there exists a path, call it T2, that covers the differences in the following order:

T2 : a1, . . . , at−1, at, at−1, . . . , 1, . . . , a1,m
′ − 2,m′ − 3,m′ − 6,m′ − 7, . . . , 4, 3.

Moreover, by Lemma 6.3.3, the paths T1 and T2 can be constructed to be identical before
the occurrence of the difference s in T1 and the difference 1 in T2.

Notice that the lengths of the paths T1 and T2 are equal to 2t+ m′−2
2

, and

2t+
m′ − 2

2
= 2

(︃
n− 1

2
− (F + 1)m′

4

)︃
+

m′ − 2

2

= n− 2− Fm′

2

(substitute F =
2(n−m)

m′
) = n− 2− (n−m)

= m− 2

To simplify the explanation of the coloring process, we express T1 and T2 as the following
concatenation of subpaths:

• T1 = PQ1R1, and

• T2 = PQ2R2.

Here, P , Q1, Q2, R1, and R2 represent subpaths that cover specific sequences of differ-
ences:

• P : a1, a2, a3, . . . , at−2, at−1, at

• Q1 : at−1, at−2, . . . , n
′ + m′

2
, . . . , a3, a2, a1

• Q2 : at−1, at−2, . . . , 1, . . . , a3, a2, a1

• R1 : m
′ − 1,m′ − 4,m′ − 5,m′ − 8,m′ − 9, . . . , 6, 5, 2
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• R2 : m
′ − 2,m′ − 3,m′ − 6,m′ − 7,m′ − 10,m′ − 11, . . . , 4, 3

The difference at =
n−1
2

occurs only in P , and importantly, P is identical in both T1 and T2.

Also, notice that P , Q1, and Q2 each have length t. The paths R1 and R2 each have
length m′−2

2
. Moreover, since m′ ≡ 2 (mod 4):

• In R1, the differences alternate between 1 (mod 4) and 2 (mod 4).

• In R2, the differences alternate between 0 (mod 4) and 3 (mod 4).

The above property of the paths R1 and R2 ensures that they can be colored as required.
We now describe their coloring.

Let C = x∞PQ1R1x∞ and C ′ = x∞PQ2R2x∞. First, color the edges in the path R1

alternately pink and blue, starting with blue. Since its length is m′−2
2

, which is even, it ends
with pink. Similarly, color the edges in the path R2 alternately pink and blue, starting with
pink. Since its length is even, it ends with blue.

Next, in the path Q1, color the edge with difference s pink, and in the path Q2, color
the edge with difference 1 blue, as shown below. With this coloring, we ensure that the blue
orbits corresponding to the differences listed in (6.5.15) and the pink orbits corresponding
to the differences listed in (6.5.16) are covered.

Let ω be the set of differences in Q1 that fall within the interval [m′, s), and recall that
a1 = m′, and value of s depends on d.

• If d ≥ 4, then s = n′ + m′

2
.

– If F > 3, then ω = {m′,m′ + 1, . . . , n′}, and |ω| = n′ −m′ + 1.

– If F = 3, then ω = {m′,m′ + 1, . . . , n′ + m′

2
− 1}, and |ω| = n′ − m′

2
.

• If d = 2, then s = n′ − m′

2
, and ω = {m′,m′ + 1, . . . , n′ − m′

2
− 1}, so

|ω| = n′ − 3m′

2
.
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Since n′ is odd and m′ ≡ 2 (mod 4), in all the above cases, |ω| is even. This ensures
that we can properly color the edges with the differences in ω. We start by coloring the edge
with difference a1 pink in Q1 and blue in Q2, then continue coloring the remaining edges in
ω alternately pink and blue, as shown below.

Let Cc be a copy of C, and let C ′c be a copy of C ′ with the same coloring as described
above. Note that the number of uncolored edges in Q1 and Q2 is t − (|ω| + 1). Depending
on the parity of t, we proceed with the rest of the coloring as follows.

(i) t is odd. Then t− (|ω|+ 1) is even.

In C and Cc, start by coloring the uncolored edges in Q1 alternately pink and blue,
beginning with the edge of difference at−1 in pink. Additionally, in Cc, color the edge
with difference at blue. Then, proceed to color the remaining edges as shown below.

In C ′ and C ′c, start by coloring the uncolored edges in Q2 alternately pink and blue,
beginning with the edge of difference at−1 in blue. Additionally, in C ′c, color the edge
with difference at pink. Then, color the remaining edges as shown below.
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(ii) t is even. Then t− (|ω|+ 1) is odd.

In C and Cc, start by coloring the uncolored edges in Q1 alternately pink and blue,
beginning with the edge of difference at−1 in blue. Additionally, in Cc, color the edge
with difference at pink. Then, proceed to color the remaining edges as shown below.

In C ′ and C ′c, start by coloring the uncolored edges in Q2 alternately pink and blue,
beginning with the edge of difference at−1 in pink. Additionally, in C ′c, color the edge
with difference at blue. Then, color the remaining edges as shown below.

We now show that{︁
ρi•(C), ρ

n−1
2

+i
• (Cc), ρ

i
•(C

′), ρ
n−1
2

+i
• (C ′c) | i = 0, 1, . . . , n−3

2

}︁
∪ {C ′i, ρ•(C ′i), . . . , ρn

′−1
• (C ′i) | i = 0, 1, 2}

is a (Cm)-decomposition for 4G•2, where

G2 = Circ(n− 1;A ∪ (L − {∞})) ▷◁ K1.

Observe that C,Cc, C
′, C ′c jointly contain exactly one blue edge, one pink edge, and two

black arcs from the orbit of ⟨ρ•⟩ corresponding to the diameter difference at. Additionally,
they jointly contain exactly two blue edges and two pink edges from each orbit of ⟨ρ•⟩
corresponding to each difference d ∈ {a1, a2, . . . , at−1,∞}, namely, a pair of edges of the
form (e, ρ

n−1
2
• (e)).

The four starter central cycles exactly cover four black arcs from each orbit of ⟨ρ•⟩
corresponding to each difference d ∈ {a1, a2, . . . , at−1,∞}. Since the path P is identical in
all four starter central cycles, it enables us to color and orient them properly.

The black orbits corresponding to differences in A are covered by C ′1 and C ′2, while the
pink and the blue orbits of differences in A are covered by C,Cc, C

′, C ′c, and C ′0.
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Moreover, C,Cc, C
′, C ′c, C

′
0, C

′
1, C

′
2 satisfy Condition (C1) of Definition 1.2.3, and ρ•

preserves the edge colors (and orientations), thus we conclude that the above decomposition
is an HOP (Cm)-decomposition of 4G•2.

We have 4K•n = 4G•1
⨁︁

4G•2, and since each of 4G•1 and 4G•2 admits an HOP (Cm)-
decomposition, by Lemma 3.3.1, the multigraph 4K•n admits an HOP (Cm)-decomposition.

Case 2: F ≡ 1 (mod 4).

For Case 2, we divide the proof into three subcases: one where d = 2; another where
d ≥ 4 and (m, d) ̸= (8, 4); and the last one where (m, d) = (8, 4).

Subcase 2.1: d = 2. From (6.5.4), we have F ≤ 2d− 3. Thus, F = 1, and we need to
construct one family of peripheral cycles. Note that since d = 2, we have n′ = n−1

2
.

Define the path P0 as follows.

P0 = x0 x1 x−1 x2 x−2 . . . xn′+1
2
−m′+6

4
x−(n′+1

2
−m′+6

4
)
xn′+1

2
−m′+2

4

x−(n′−1
2
−m′−2

4
)
xn′+1

2
−m′−2

4
. . . x−m′−2

2
xm′−2

2
x−m′

2
xm′

2
xn′ .

The differences covered by P0 are:

1, 2, 3, 4, . . . , n′− m′

2
− 2, n′− m′

2
− 1, n′− m′

2
+1, n′− m′

2
+2, . . . ,m′− 2,m′− 1,m′, n′− m′

2
.

The difference n′ − m′

2
appears at the end of the path. Its occurrence was avoided earlier in

the path since n′ − m′

2
< m′, as shown below.

Since F = 1, we have 2(n−m) = m′, which implies

n = m+
m′

2
. (6.5.17)

Since d = 2, we have m = 2m′. Thus, we see that n = 5m′

2
. Furthermore, we can write

n′ = n−1
2

= 5m′−2
4

. Therefore, we have

n′ − m′

2
=

3m′

4
− 1

2
< m′. (6.5.18)

Since m′ < n′ by (6.5.2), the paths P0 and ρn
′
(P0) are pairwise vertex-disjoint except at

the endpoints. Thus, C0 = P0 ∪ ρn
′
(P0) is an m-cycle.

By (6.5.2), we know that m′ < n′, which implies m′

2
< n′ − m′

2
. Additionally, using the

inequality in (6.5.18) we have
m′

2
< n′ − m′

2
< m′.

Let A = {1, 2, 3, . . . , m′

2
, . . . , n′ − m′

2
, . . . ,m′ − 1,m′} be the set of differences covered by C0.

Color the edges of P0 in the cycle C0 alternately pink and blue (as shown below), starting
with pink. Since the length of P0 is m′ and m′ ≡ 2 (mod 4), it ends with blue. Note that
since n′ is odd, n′ − m′

2
− 1 is also odd, and the edge with this difference gets pink color.
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Observe that the family generated by the starter cycle C0 covers:

(i) The pink orbits corresponding to the differences

1, 3, 5, . . . , m
′

2
, . . . , n′ − m′

2
− 1, n′ − m′

2
+ 2, . . . ,m′ − 2,m′. (6.5.19)

(ii) The blue orbits corresponding to the differences

2, 4, 6, . . . , m
′

2
− 1, . . . , n′ − m′

2
− 2, n′ − m′

2
+ 1, . . . ,m′ − 1, n′ − m′

2
. (6.5.20)

The differences in the set A will also appear in the central cycles C and C ′, to be
constructed below. There, we need to ensure that the black orbits corresponding to the
differences in A, the blue orbits corresponding to the differences of A listed in (6.5.19), and
the pink orbits corresponding to the differences of A listed in (6.5.20) are covered.

Now, we focus on constructing the starter central cycles C and C ′. Let L be the set of
unused differences in S; that is, L = {m′ + 1,m′ + 2, . . . , n′} ∪ {∞}.

Consider the following sets of differences:

• W1 = {1, 2, 3, . . . , n′ − 2, n′ − 1, n′}

• W2 = {2, 3, 4, . . . , m′

2
− 2, m

′

2
− 1, m

′

2
, n′ − m′

2
,m′ + 1,m′ + 2, . . . , n′ − 1}

The set W1 contains all the differences from the set A and all differences from L , except
the difference ∞, and has size |W1| = n′. The set W2 contains half of the differences from A
and all differences from L , excluding differences ∞ and n′, and has size |W2| = n′ − m′+2

2
.

By Corollary 6.3.5, there exists a path, call it T1, of length 2n′ − m′+2
2

that starts at x0 and
covers the differences in the following order:

T1 : 1, 2, 3, . . . ,m′ + 1, . . . , n′ − 1, n′, n′ − 1, . . . ,m′ + 1, n′ − m′

2
, m

′

2
, m

′

2
− 1, . . . , 4, 3, 2.

Now, consider the following sets of differences:

• W1 = {1, 2, 3, . . . , n′ − 2, n′ − 1, n′}

• W ′
2 = {1, m′

2
+ 1, m

′

2
+ 2, . . . , n′ − m′

2
− 1, n′ − m′

2
+ 1, . . . ,m′ − 2,m′ − 1,m′,m′ + 1,

m′ + 2, . . . , n′ − 2, n′ − 1}

Note that n′ − m′

2
/∈ W ′

2. Here, |W1| = n′ and |W ′
2| = n′ − m′+2

2
. By Corollary 6.3.5, there

exists a path, call it T2, of length 2n′ − m′+2
2

that starts at x0 and covers the differences in
the following order:

T2 : 1, 2, 3, . . . , n
′ − 1, n′, n′ − 1, . . . ,m′ + 2,m′ + 1,m′,m′ − 1, . . . ,
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n′ − m′

2
+ 1, n′ − m′

2
− 1, . . . ,

m′

2
+ 2,

m′

2
+ 1, 1.

Moreover, by Lemma 6.3.3, the paths T1 and T2 can be constructed to be identical up
to the occurrence of the difference m′ + 1 in both T1 and T2.

Notice that the lengths of the paths T1 and T2 are equal to 2n′ − m′+2
2

, and

2n′ − m′ + 2

2
= 2(

n− 1

2
)− m′ + 2

2

= n− 2− m′

2

(Using the equation given in (6.5.17)) = m+
m′

2
− 2− m′

2
= m− 2

As before, to simplify the explanation of the coloring process, we express T1 and T2 as
the following concatenation of subpaths:

• T1 = PQR1, and

• T2 = PQR2.

Here, P , Q, R1, and R2 represent the subpaths that cover specific sequences of differ-
ences:

• P : 1, 2, 3, . . . , n′ − 2, n′ − 1, n′

• Q : n′ − 1, n′ − 2, . . . ,m′ + 2,m′ + 1

• R1 : n
′ − m′

2
, m

′

2
, m

′

2
− 1, m

′

2
− 2, . . . , 4, 3, 2

• R2 : m
′,m′ − 1,m′ − 2, . . . , m

′

2
+ 2, m

′

2
+ 1, 1

The diameter difference n′ = n−1
2

occurs only in P , and importantly, P and Q are identical
in both T1 and T2.

Also, notice that P has length n′, and Q has length n′ −m′ − 1. The paths R1 and R2

each have length m′

2
. Moreover, they are constructed so that they can be colored as required.

We now describe their coloring.

As shown below, color the edges in the path R1 alternately pink and blue, starting with
pink. Since its length is m′

2
, which is odd, it ends with pink. Similarly, color the edges in the

path R2 alternately pink and blue, starting with blue. Since its length is odd, it ends with
blue. Note that the difference n′ − m′

2
is covered by R1 but not R2.
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With this coloring, we ensure that the blue orbits corresponding to the differences listed
in (6.5.19) and the pink orbits corresponding to the differences listed in (6.5.20) are covered.

Let C = x∞PQR1x∞ and C ′ = x∞PQR2x∞. We know that the length of Q is n′−m′−1,
and given that n′ is odd and m′ is even, the length of Q is even. Begin by coloring the edges
of Q in C alternately pink and blue, starting with pink; it ends with blue. In C ′, color the
edges of Q alternately pink and blue, starting with blue; it ends with pink, as shown below.

Let Cc be a copy of C, and let C ′c be a copy of C ′ with the same coloring as described
above. In Cc, color the edge with difference n′ blue, and in C ′c, color the edge with difference
n′ pink. Then, color the remaining edges as shown below. Note that, since the path P is
identical in all four starter central cycles, it enables us to color and orient them properly.
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As in Case 1, it can be verified that{︁
ρi•(C), ρ

n−1
2

+i
• (Cc), ρ

i
•(C

′), ρ
n−1
2

+i
• (C ′c) | i = 0, 1, . . . , n−3

2

}︁
∪ {C0, ρ•(C0), . . . , ρ

n′−1
• (C0)}

is an HOP (Cm)-decomposition for 4K•n.

Subcase 2.2: d ≥ 4 and (m, d) ̸= (8, 4). Here, the approach is to construct F−1
4

+ 1
starter peripheral cycles for Kn. Then, take four copies of each of the F−1

4
cycles and color

them appropriately using Lemma 3.3.3 to generate F − 1 starter peripheral cycles in 4K•n.
The F − 1 families of peripheral cycles cover a set of differences B, for some B ⊂ S. We will
then be left with one remaining starter peripheral cycle, which together with the two central
cycles will cover the remaining differences; that is, the differences in the set S \B.

We begin by constructing the starter peripheral cycles. As in Case 1, define the path
Pi as follows:

• For i = 0, define

P0 = x0 x1 x−1 x2 x−2 . . . xm′−2
2

x−m′−2
2

xm′
2

x−n′ .

The differences covered by P0 are:

1, 2, 3, 4, . . . ,m′ − 2,m′ − 1, n′ +
m′

2
. (6.5.21)

• For i = 1, 2, . . . , ⌈F−1
8

⌉, define the path P2i−1 as follows.

P2i−1 = x0 x(2i−1)n′+1 x−1 x(2i−1)n′+2 x−2 . . . x−m′−6
4

x
(2i−1)n′+m′−2

4
x−m′−2

4

x
(2i−1)n′+m′+6

4
x−m′+2

4
. . . x−m′−2

2
x
(2i−1)n′+m′+2

2
x−n′ .

The differences covered by P2i−1 are:

(2i− 1)n′ + 1, (2i− 1)n′ + 2, (2i− 1)n′ + 3, . . . , (2i− 1)n′ + m′−4
2

,

(2i− 1)n′ + m′−2
2

, (2i− 1)n′ + m′+2
2

, (2i− 1)n′ + m′+4
2

, . . . ,

(2i− 1)n′ +m′, 2in′ + m′+2
2

. (6.5.22)
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• For i = 1, 2, . . . , ⌊F−1
8

⌋, define the path P2i as follows.

P2i = x0 x2in′+1 x−1 x2in′+2 x−2 . . . x
2in′+m′−2

4
x−m′−2

4

x
2in′+m′+2

4
x−m′+6

4
x
2in′+m′+6

4
. . . x−m′

2
x
2in′+m′

2
x−n′ .

The differences covered by P2i are:

2in′ + 1, 2in′ + 2, 2in′ + 3, . . . , 2in′ + m′−2
2

, 2in′ + m′

2
,

2in′ + m′+4
2

, 2in′ + m′+6
2

. . . , 2in′ +m′, (2i+ 1)n′ + m′

2
. (6.5.23)

Since m′ < n′ by (6.5.2), the paths ρj(Pi), for j = 0, n′, 2n′, . . . , (d − 1)n′, are pairwise
vertex-disjoint, except at their endpoints. Thus, for i = 0, 1, . . . , F−1

2

Ci = Pi ∪ ρn
′
(Pi) ∪ . . . ∪ ρ(d−1)n

′
(Pi)

is an m-cycle.

As in Case 1, the differences (2i+1)n′+ m′

2
occur at the ends of the paths P2i, and these

differences are carefully avoided in the paths P2i−1. Similarly, the differences 2in′ + m′+2
2

appear at the ends of the paths P2i−1 and are carefully avoided in the paths P2i.

The paths Pi cover the following differences:

• For i = 0:
1, 2, . . . ,m′ − 2,m′ − 1

• For i = 1, 2, . . . , F−1
4

:
in′ + 1, in′ + 2, . . . , in′ +m′

• One additional difference, depending on the parity of F−1
4

, which is either(︃
F − 1

4
+ 1

)︃
n′ +

m′

2
or

(︃
F − 1

4
+ 1

)︃
n′ +

m′ + 2

2
.

To show that the above differences are distinct, it suffices to prove the following inequal-
ities.

(i) F−1
4

n′ +m′ < n−1
2

As shown in (6.5.4), we have F ≤ 2d − 3. This implies F−1
4

≤ d−2
2

. Moreover, by
(6.5.2), we know that m′ < n′; thus,

F − 1

4
n′ +m′ <

d− 2

2
n′ + n′ =

dn′

2
=

n− 1

2
.

(ii) F+3
4

n′ + m′+2
2

< n−1
2

Since F ≡ 1 (mod 4), if F < 2d−3, then we have F ≤ 2d−7. This implies F+3
4

≤ d−2
2

.
Moreover, by (6.5.2), we know that m′ < n′; consequently, m′+2

2
< n′. Therefore, we

have
F + 3

4
n′ +

m′ + 2

2
<

d− 2

2
n′ + n′ =

dn′

2
=

n− 1

2
.
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(iii) F−1
4

n′ +m′ < F+3
4

n′ − m′+2
2

,

If F = 2d− 3, then F+3
4

n′ + m′+2
2

= n−1
2

+ m′+2
2

. We show that

F − 1

4
n′ +m′ <

n− 1

2
− m′ + 2

2
=

F + 3

4
n′ − m′ + 2

2
,

which is equivalent to showing that

n′ >
3m′ + 2

2
.

In (6.5.10), for F = 2d − 3, all m′ > 2, m′ ≡ 2 (mod 4), and even d ≥ 4, except for
(m′, d) ∈ {(6, 4), (10, 4)}, we showed that n′ > 3m′+2

2
.

For the case (m′, d) = (6, 4), by (6.5.9), we have n′ = 9.5, and for the case (m′, d) =
(10, 4), we have n′ = 16. However, since n′ must be an odd integer, these cases do not
arise.

For the case m′ = 2, we have n′ = 3, since m′ < n′ < 2m′ by (6.5.2). Given that
F = 2d − 3, it follows that d = 4. In this case, m = 8 and n = 13. The given
construction does not work for this case, and we address it separately in Subcase 2.3.

Thus, we conclude that all the differences covered by the m-cycles C0, C1, . . . , CF−1
4

listed in (6.5.21), (6.5.22), and (6.5.23) are pairwise distinct.

Let B be the set of differences covered by the m-cycles C1, C2 . . . , CF−1
4

listed in (6.5.22),
and (6.5.23). Let G1 = Circ(n− 1;B). Then, {Ci, ρ(Ci), . . . , ρ

n′−1(Ci) | i = 1, . . . , F−1
4

} is a
(Cm)-decomposition of G1. Take four copies of each Ci, for i = 1, . . . , F−1

4
, and use Lemma

3.3.3 to color them so that they satisfy Condition (C1) of Definition 1.2.3. By doing so, we
generate F − 1 starter peripheral cycles of 4K•n with the appropriate HOP coloring, which
we label as C ′1, . . . , C

′
F−1.

It is now easy to see that

{C ′i, ρ•(C ′i), . . . , ρn
′−1
• (C ′i) | i = 1, . . . , F − 1}

is an HOP (Cm)-decomposition of 4G•1.

Notice that A = {1, 2, 3, . . . ,m′ − 2,m′ − 1, n′ + m′

2
} is the set of differences covered

by C0. Color the edges of P0 in the cycle C0 alternately pink and blue (as shown below),
starting with pink. Since P0 has length m′, and m′ ≡ 2 (mod 4), it ends with blue.

Observe that the family generated by the starter cycle C0 covers:
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(i) The pink orbits corresponding to the differences

1, 3, 5, . . . , m
′

2
, m

′+4
2

, . . . ,m′ − 3,m′ − 1. (6.5.24)

(ii) The blue orbits corresponding to the differences

2, 4, 6, . . . , m
′−2
2

, m
′+2
2

, . . . ,m′ − 2, n′ + m′

2
. (6.5.25)

Note that each difference in the set A is already covered once by the peripheral cycle
C0 and has been assigned the appropriate coloring, as mentioned above. We now need
to cover each difference three more times using the starter central cycles C and C ′, to be
constructed below. All differences in A will appear in both C and C ′, colored black and
properly oriented, accounting for two additional occurrences and ensuring coverage of the
black orbits. To cover the blue orbits corresponding to the differences listed in (6.5.24),
and the pink orbits corresponding to the differences listed in (6.5.25), the set A is carefully
divided into two parts, with each half covered by one of the starter central cycles and assigned
the appropriate coloring.

Now, we focus on constructing the starter central cycles C and C ′. Let L be the set of
unused differences in S, that is, L = S\(A∪B). We can express L = {a1, a2, . . . , at}∪{∞},
where m′ = a1 < a2 < . . . < at =

n−1
2

are positive integers and t = n−1
2

− (F+3)m′

4
.

We have m′ < n′ by (6.5.2), and given that A = {1, 2, 3, . . . ,m′− 2,m′− 1, n′+ m′

2
} and

d ≥ 4, we see that

m′ − 1 < m′ = a1 < n′ +
m′

2
< at.

Recall that m′ ≡ 2 (mod 4). Now, consider the following sets of differences:

• W1 = {1, 2, . . . ,m′ − 2,m′ − 1, a1, a2, . . . , n
′ + m′

2
, . . . , at−2, at−1, at}

• W2 = {2, 5, 6, . . . ,m′ − 8,m′ − 5,m′ − 4,m′ − 1, a1, a2, . . . , n
′ + m′

2
, . . . , at−2, at−1}

The set W1 contains all the differences from the set A and all the differences from L , except
the difference ∞, and has size |W1| = t+m′. The set W2 contains half of the differences from
A and all differences from L , excluding differences ∞ and at, and has size |W2| = t−1+ m′

2
.

By Corollary 6.3.5, there exists a path, call it T1, of length 2t+ 3m′−2
2

that starts at x0 and
covers the differences in the following order:

T1 : 1, 2, . . . ,m
′ − 2,m′ − 1, a1, a2, . . . , n

′ +
m′

2
, . . . , at−2, at−1, at,

at−1, at−2, . . . , n
′ +

m′

2
, . . . , a2, a1,m

′ − 1,m′ − 4,m′ − 5,m′ − 8, . . . , 6, 5, 2.

Now, consider the following sets of differences:

• W1 = {1, 2, . . . ,m′ − 2,m′ − 1, a1, a2, . . . , n
′ + m′

2
, . . . , at−2, at−1, at}
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• W ′
2 = {3, 4, . . . ,m′ − 7,m′ − 6,m′ − 3,m′ − 2, a1, a2, . . . , n

′ + m′

2
, . . . , at−2, at−1}

Here, |W1| = t +m′ and |W ′
2| = t + m′−2

2
. By Corollary 6.3.5, there exists a path of length

2t+ 3m′−2
2

that starts at x0 and covers the differences in the following order:

1, 2, . . . ,m′ − 2,m′ − 1, a1, a2, . . . , n
′ +

m′

2
, . . . , at−2, at−1, at,

at−1, at−2, . . . , n
′ +

m′

2
, . . . , a2, a1,m

′ − 2,m′ − 3,m′ − 6,m′ − 7, . . . , 4, 3.

By Lemma 6.3.3, the second occurrence of difference n′+m′

2
in the above path can be replaced

with difference 1; that is, there exists a path, call it T2, that covers the differences in the
following order:

T2 : 1, 2, . . . ,m
′ − 2,m′ − 1, a1, a2, . . . , n

′ +
m′

2
, . . . , at−2, at−1, at,

at−1, at−2, . . . , 1, . . . , a2, a1,m
′ − 2,m′ − 3,m′ − 6,m′ − 7, . . . , 4, 3.

Notice that the lengths of the paths T1 and T2 are equal to 2t+ 3m′−2
2

, and

2t+
3m′ − 2

2
= 2

(︃
n− 1

2
− (F + 3)m′

4

)︃
+

3m′ − 2

2

= n− 2− Fm′

2

(substitute F =
2(n−m)

m′
) = n− 2− (n−m)

= m− 2

As in Case 1, to simplify the explanation of the coloring process, we express T1 and T2

as the following concatenation of subpaths:

• T1 = PQ1R1, and

• T2 = PQ2R2.

Here, P , Q1, Q2, R1, and R2 represent subpaths that cover specific sequences of differ-
ences:

• P : 1, 2, . . . ,m′ − 2,m′ − 1, a1, a2, . . . , n
′ + m′

2
, . . . , at−2, at−1, at

• Q1 : at−1, at−2, . . . , n
′ + m′

2
, . . . , a3, a2, a1

• Q2 : at−1, at−2, . . . , 1, . . . , a3, a2, a1

• R1 : m
′ − 1,m′ − 4,m′ − 5,m′ − 8,m′ − 9, . . . , 6, 5, 2

• R2 : m
′ − 2,m′ − 3,m′ − 6,m′ − 7,m′ − 10,m′ − 11, . . . , 4, 3
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The difference at =
n−1
2

occurs only in P , and this path has length t +m′. Importantly, P
is identical in both T1 and T2. The paths Q1 and Q2 each have length t, and the paths R1

and R2 each have length m′−2
2

. Moreover, since m′ ≡ 2 (mod 4):

• In R1, the differences alternate between 1 (mod 4) and 2 (mod 4).

• In R2, the differences alternate between 0 (mod 4) and 3 (mod 4).

Observe that, except for the subpath P , all other subpaths are identical to those in Case 1
(see page 152) in terms of the sequence of differences they cover. The only distinction is that
P is longer and includes differences from the set A. The coloring process remains exactly
the same as in Case 1.

Let C = x∞PQ1R1x∞ and C ′ = x∞PQ2R2x∞. As in Case 1, we first fix the colors of
the edges in paths R1 and R2, as well as the colors of the edge with difference n′ + m′

2
in Q1

and the edge with difference 1 in Q2, as shown below.

With this coloring, we ensure that the blue orbits corresponding to the differences listed
in (6.5.24) and the pink orbits corresponding to the differences listed in (6.5.25) are covered.

Let ω be the set of differences in Q1 that falls within the interval
[︁
m′, n′ + m′

2

)︁
, and

recall a1 = m′.

• For F > 1, we have ω = {m′,m′ + 1, . . . , n′} and |ω| = n′ −m′ + 1.

• For F = 1, since d ≥ 4, we have ω = {m′,m′ + 1, . . . , n′ + m′

2
− 1}, and |ω| = n′ − m′

2
.

Since n′ is odd and m′ ≡ 2 (mod 4), in both cases, |ω| is even. As in Case 1, this ensures
that we can properly color the edges with the differences in ω.

Let Cc be a copy of C, and let C ′c be a copy of C ′ with the same coloring of Q1, Q2, R1, R2,
as described above. Following the same steps as in Case 1, we can color the uncolored edges
in Cc, C, C ′c, and C ′ so that they satisfy Condition (C1) of Definition 1.2.3.

As in Case 1, depending on the parity of t, we will have two cases. For odd t, see (i) on
page 154; for even t, see (ii) on page 155.

Here is an illustration of the four starter central cycles when t is even.
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Note that, in this case, the black orbits corresponding to the differences in the set A are
covered by the families generated by the starter central cycles Cc, C, C ′c, and C ′.

Analogous to Case 1, it can be verified that{︁
ρi•(C), ρ

n−1
2

+i
• (Cc), ρ

i
•(C

′), ρ
n−1
2

+i
• (C ′c) | i = 0, 1, . . . , n−3

2

}︁
∪ {C0, ρ•(C0), . . . , ρ

n′−1
• (C0)}

is an HOP (Cm)-decomposition for 4G•2, where

G2 = Circ(n− 1;A ∪ (L − {∞})) ▷◁ K1.

We have 4K•n = 4G•1
⨁︁

4G•2, and since each of 4G•1 and 4G•2 admits an HOP (Cm)-
decomposition, by Lemma 3.3.1, the multigraph 4K•n admits an HOP (Cm)-decomposition.

Subcase 2.3: (m, d) = (8, 4). In this case, n = 13, F = 5, n′ = 3, m′ = 2, and the set
of differences is S = {1, 2, 3, 4, 5, 6,∞}.

Let P0 = x0 x1 x3, and P1 = x0 x4 x−3. The path P0 covers differences 1 and 2, and the
path P1 covers differences 4 and 5.

Observe that, for i = 0, 1,

Ci = Pi ∪ ρn
′
(Pi) ∪ ρ2n

′
(Pi) ∪ ρ3n

′
(Pi),

is a cycle of length 8.

Take four copies of C1, and use Lemma 3.3.3 to color them so that they satisfy Condition
(C1) of Definition 1.2.3. By doing so, we generate four starter peripheral cycles of 4K•13
with the appropriate HOP coloring, which we label as C ′1, C

′
2, C

′
3, C

′
4.

Note that {1, 2} is the set of differences covered by C0. In P0, color the edge with
difference 1 pink, and the edge with difference 2 blue. The black copies of the edges with
differences 1 and 2, as well as the blue copy of the edge with difference 1 and the pink copy
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of the edge with difference 2, will be covered by the central cycles, which will be constructed
below.

Notice that the set of uncovered differences is {3, 6,∞}. Let C,Cc, C
′, C ′c be the four

central cycles with the HOP coloring, as shown in Figure 6.6.

It can be easily verified that

{ρi•(C), ρ6+i
• (Cc), ρ

i
•(C

′), ρ6+i
• (C ′c) | i = 0, 1, . . . , 5} ∪ {C0, ρ•(C0), ρ

2
•(C0)}

∪ {C ′i, ρ•(C ′i), ρ2•(C ′i) | i = 1, 2, 3, 4}

is an HOP (C8)-decomposition for 4K•13

6.5.2 The Case When n is Even

Lemma 6.5.2. Let m ≡ 0 (mod 4), and let n be an even positive integer such that 4 ≤
m ≤ n. If 2n(n− 1) ≡ m (mod 2m), then 4K•n admits an HOP (Cm)-decomposition.

Proof. By Lemma 6.3.6, it suffices to prove this result for even n in the range m ≤ n < 2m.
Moreover, since 2n(n − 1) ≡ m (mod 2m), we have m ̸= n, so we restrict our attention to
the range m < n < 2m.

As before, the approach is to first construct starter central and starter peripheral cycles,
then rotate them using appropriate permutations to generate all the cycles.

We begin by outlining the parameters and then explain how many starter central and
starter peripheral cycles are needed.

Let V (4K•n) = {xi : i ∈ Zn−1} ∪ {x∞}, and let ρ• be the permutation on E(4K•n)
that preserves the color (and orientation) of the edges, and is induced by the permutation
ρ = (x∞)(x0 x1 x2 . . . xn−2). Observe that the group ⟨ρ•⟩ has the following orbits on the
edge set of 4K•n:

• for each s ∈ {1, 2, . . . , n−2
2
}, we have a pink and a blue orbit {xixi+s : i ∈ Zn−1};

• for each s ∈ {1, 2, . . . , n− 2}, we have a black orbit {(xi, xi+s) : i ∈ Zn−1};

• a pink and a blue orbit {xix∞ : i ∈ Zn−1}; and

• black orbits {(x∞, xi) : i ∈ Zn−1} and {(xi, x∞) : i ∈ Zn−1}.

For convenience, let S = {1, 2, . . . , n−2
2
,∞} be the set of all differences.

Let n = 2ea, where a is odd, and let m = 2da′b′, where a′ and b′ are both odd, with
a′ | a and b′ | (n− 1). Since m ≡ 0 (mod 4), we have that d ≥ 2.

First, we show that d = e+ 1. We know that 2n(n− 1) ≡ m (mod 2m). Consequently,
m | 2n(n − 1) but m ∤ n(n − 1). Since m | 2n(n − 1), we have 2da′b′ | 2 · 2ea · (n − 1) =
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Figure 6.6: Lemma 6.5.1– The starter peripheral cycle C0 and the four starter central cycles
for m = 8 and n = 13.



6.5. HOP (Cm)-DECOMPOSITION OF 4K•n 169

2e+1a(n − 1). Given that b′ | (n − 1), a′ | a, and a and n − 1 are both odd, it follows that
2d must divide 2e+1. Therefore, d ≤ e + 1. On the other hand, we have m ∤ n(n − 1); that
is, 2da′b′ ∤ 2ea(n − 1). Again, knowing that b′ | (n − 1) and a′ | a, it follows that 2d cannot
divide 2e. Thus, d > e, which implies d ≥ e + 1. Thus, we conclude that d = e + 1, and we
can write n = 2d−1a.

To construct peripheral cycles, we partition the n − 1 vertices in {xi : i ∈ Zn−1} into
b′ segments, each containing ℓ = n−1

b′
consecutive vertices. Notice that each segment will

contribute 2da′ edges toward a peripheral m-cycle.

Now, we explore the required number of central and peripheral cycles for the decom-
position. If 4K•n is (Cm)-decomposable, then the number of m-cycles in the decomposition
is

2n(n− 1)

m
=

2(n− 1)(m+ n−m)

m

=
2(n− 1)m+ 2(n− 1)(n−m)

m

= 2(n− 1) +
2(n− 1)(n−m)

2da′b′

= 2(n− 1) +
(n− 1)

b′
· 2(n−m)

2da′

= 2(n− 1) + ℓ · 2(n−m)

2da′

Observe that

2(n−m)

2da′
=

2
(︁
2d−1a− 2da′b′

)︁
2da′

=
2d(a− 2a′b′)

2da′
=

a− 2a′b′

a′
.

Since a′ | a and both a and a′ are odd, it follows that a−2a′b′
a′

is an odd integer. Let F = a−2a′b′
a′

.
The number of m-cycles can be expressed in the following form:

2n(n− 1)

m
= 2(n− 1) + ℓF

This suggests constructing two starter central cycles and F starter peripheral cycles. The
two starter central cycles are rotated through all n− 1 positions, while each of the F starter
peripheral cycles is rotated through ℓ positions to generate all the cycles in the decomposition.

We showed that F is odd, so we have two cases to consider: one where F ≡ 1 (mod 4)
and the other where F ≡ 3 (mod 4).

Before starting the proof for each case, we will first prove some inequalities that will be
useful in both cases.

We know that n < 2m; that is, 2d−1a < 2d+1a′b′. Dividing both sides by 2d−1a′ gives
a
a′
< 4b′. Therefore, a−2a′b′

a′
< 2b′, which means F < 2b′ and thus

F ≤ 2b′ − 1. (6.5.26)
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Since F ≤ 2b′ − 1, it follows that b′ ≥ 3 whenever F ≡ 3 (mod 4), and b′ ≥ 1 whenever
F ≡ 1 (mod 4). In the latter case, when b′ = 1, we handle it separately.

Additionally, we have m < n − 1 < 2m; that is, 2da′b′ < b′ℓ < 2d+1a′b′. Dividing each
side by b′, we get

2da′ < ℓ < 2d+1a′. (6.5.27)

Next, we show that if ℓ− 2d−1a′ ≤ 2da′ − 1, then F ≤ b′.

ℓ− 2d−1a′ ≤ 2da′ − 1

ℓ ≤ 3 · 2d−1a′ − 1

b′ℓ ≤ 3 · 2d−1a′b′ − b′

( b′ℓ = n− 1) n ≤ 3 · 2d−1a′b′ − b′ + 1

2n ≤ 3 · 2da′b′ − 2b′ + 2

( −2b′ ≤ −2 since b′ ≥ 1) 2n ≤ 3 · 2da′b′

( n = 2d−1a) 2da ≤ 3 · 2da′b′

(Dividing by 2da′)
a

a′
≤ 3b′

a− 2a′b′

a′
≤ b′

F ≤ b′

Therefore,
if ℓ− 2d−1a′ ≤ 2da′ − 1, then F ≤ b′. (6.5.28)

Now that we have established the necessary inequalities, we proceed with the main
proof. We begin with the simpler case.

Case 1: F ≡ 3 (mod 4).

The approach is to construct F−3
4

+ 1 starter peripheral cycles for Kn. Then, take four
copies of each of the F−3

4
cycles and color them appropriately using Lemma 3.3.3. This

process results in F − 3 starter cycles in 4K•n. We will then be left with one starter cycle
in Kn; we take three copies of it to generate the remaining three starter peripheral cycles in
4K•n.

We start by constructing the starter peripheral cycles.

For i = 0, 1, . . . , F−3
4

, define the path Pi as follows:

Pi = x0 xiℓ+1 x−1 xiℓ+2 x−2 . . . xiℓ+2d−1a′−1 x−(2d−1a′−1) xiℓ+2d−1a′ x b′+1
2

ℓ
.

The differences covered by P0 are:

1, 2, 3, . . . , 2da′ − 2, 2da′ − 1, (b′−1)ℓ
2

+ 2d−1a′, (6.5.29)
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and the differences covered by Pi, for i = 1, . . . , F−3
4

, are:

iℓ+ 1, iℓ+ 2, iℓ+ 3, . . . , iℓ+ 2da′ − 2, iℓ+ 2da′ − 1, (b′−2i+1)ℓ
2

− 2d−1a′. (6.5.30)

Since ℓ > 2da′ by (6.5.27), the paths ρj(Pi), for j = 0, ℓ, 2ℓ, . . . , (b′− 1)ℓ, are pairwise vertex-
disjoint except at the endpoints. Also, since b′ is odd, we have gcd

(︁
b′, b

′+1
2

)︁
= 1. Thus,

Ci = Pi ∪ ρℓ(Pi) ∪ . . . ∪ ρ(b
′−1)ℓ(Pi)

is an m-cycle.

Next, we show that all the differences covered by the m-cycles C0, C1, . . . , CF−3
4

, as listed
in (6.5.29) and (6.5.30), are distinct.

First, we show that the differences iℓ+1, iℓ+2, . . . , iℓ+2da′−1 are all pairwise distinct
for i = 0, 1, . . . , F−3

4
. It suffices to show that the largest number on this list does not exceed

n−2
2

; that is, to show
F − 3

4
ℓ+ 2da′ − 1 ≤ n− 2

2
.

By (6.5.26), we have F ≤ 2b′ − 1, which implies that F−3
4

ℓ ≤ b′−2
2
ℓ. Additionally, in

(6.5.27), we proved that 2da′ < ℓ. Combining these results, we have

F − 3

4
ℓ+ 2da′ − 1 ≤ b′ − 2

2
ℓ+ 2da′ − 1

=
b′ − 1

2
ℓ− ℓ

2
+ 2da′ − 1

<
b′ − 1

2
ℓ+ 2d−1a′ (since 2da′ < ℓ)

<
n− 1

2
.

In the above inequality, we see that

F − 3

4
ℓ+ 2da′ − 1 <

b′ − 1

2
ℓ+ 2d−1a′ <

n− 1

2
.

This guarantees that for all j = 0, 1, . . . , F−3
4

, we have

b′ − 1

2
ℓ+ 2d−1a′ /∈ {jℓ+ 1, jℓ+ 2, . . . , jℓ+ 2da′ − 1}.

Next, we show that for all i = 1, . . . , F−3
4

and j = 0, 1, . . . , F−3
4

, the difference (b′−2i+1)ℓ
2

−
2d−1a′ does not appear among the differences

jℓ+ 1, jℓ+ 2, . . . , jℓ+ 2da′ − 1.

Since

0 <
(b′−2·F−3

4
+1)ℓ

2
− 2d−1a′ <

(b′−2·F−7
4

+1)ℓ

2
− 2d−1a′ < . . . < (b′−2·1+1)ℓ

2
− 2d−1a′ < (b′−1)ℓ

2
+ 2d−1a′.
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It suffices to show that for all j = 0, 1, . . . , F−3
4

and 1 ≤ α ≤ 2da′ − 1

(b′ − 2(F−3
4

) + 1)ℓ

2
− 2d−1a′ ̸= jℓ+ α.

We prove this by contradiction. Suppose to the contrary that

(b′ − 2
(︁
F−3
4

)︁
+ 1)ℓ

2
− 2d−1a′ = jℓ+ α,

2b′ − F + 1

4
ℓ+ ℓ− 2d−1a′ = jℓ+ α.

Since F ≡ 3 (mod 4), we can write F = 4k + 3 for some integer k. Since b′ is odd, we can
write b′ = 2k′ + 1 for some integer k′. We have 2b′ − F + 1 = 4(k′ − k), which is a multiple
of 4. Therefore, 2b′−F+1

4
ℓ is an integer, and since ℓ > 2da′ by (6.5.27), we have

2b′ − F + 1

4
= j and ℓ− 2d−1a′ = α.

Given that j ≤ F−3
4

, it follows that F ≥ b′ + 2.

On the other hand, knowing that 1 ≤ α ≤ 2da′ − 1 and ℓ − 2d−1a′ = α, it follows that
ℓ − 2d−1a′ ≤ 2da′ − 1. In (6.5.28), we showed that F ≤ b′ under this condition. Therefore,
we have b′ + 2 ≤ F ≤ b′, which is a contradiction.

We conclude that the differences listed in (6.5.29) and in (6.5.30) are pairwise distinct.
Let B be the set of differences covered by the m-cycles C1, C2 . . . , CF−3

4
; that is,

B = {iℓ+ 1, iℓ+ 2, . . . , iℓ+ 2da′ − 1, (b
′−2i+1)ℓ

2
− 2d−1a′ | i = 1, . . . , F−3

4
}.

Let G1 = Circ(n − 1;B). Then, {Ci, ρ(Ci), . . . , ρ
ℓ−1(Ci) | i = 1, . . . , F−3

4
} is a (Cm)-

decomposition of G1. Take four copies of each Ci, for i = 1, . . . , F−3
4

, and use Lemma
3.3.3 to color them so that they satisfy Condition (C1) of Definition 1.2.3. By doing so,
we generate F − 3 starter peripheral cycles with the appropriate coloring, which we denote
C ′3, . . . , C

′
F−1.

It is now easy to see that

{C ′i, ρ•(C ′i), . . . , ρℓ−1• (C ′i) | i = 3, . . . , F − 1}

is an HOP (Cm)-decomposition of 4G•1.

Notice that A = {1, 2, . . . , 2da′ − 2, 2da′ − 1, (b
′−1)ℓ
2

+ 2d−1a′} is the set of differences
covered by C0. Take three copies of C0 and denote them C ′0, C

′
1 and C ′2. These are the

remaining three peripheral cycles. Color the edges of the cycles C ′1 and C ′2 black, and orient
them in the opposite directions. Color the edges of P0 in the cycle C ′0 alternately pink and
blue (as shown below), starting with pink. Since P0 has length 2da′, which is even, it ends
with blue.
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The families of cycles generated by C ′1 and C ′2; that is, {C ′i, ρ•(C ′i), . . . , ρℓ−1• (C ′i) | i =
1, 2}, jointly cover the black orbits corresponding to the differences in the set A. The family
of cycles generated by C ′0; that is, {C ′0, ρ•(C ′0), . . . , ρℓ−1• (C ′0)}, covers:

(i) the pink orbits corresponding to the differences

1, 3, 5, . . . , 2d−1a′ + 1, 2d−1a′ + 3, . . . , 2da′ − 3, 2da′ − 1, and (6.5.31)

(ii) the blue orbits corresponding to the differences

2, 4, 6, . . . , 2d−1a′, 2d−1a′ + 2, . . . , 2da′ − 2,
(b′ − 1)ℓ

2
+ 2d−1a′. (6.5.32)

The differences in the set A will also appear in the central cycles C and C ′, to be constructed
below. There, we need to ensure that the blue orbits corresponding to the differences listed
in (6.5.31) and the pink orbits corresponding to the differences listed in (6.5.32) are covered.

Now, we focus on constructing the starter central cycles C and C ′. Let L be the set of
unused differences in S, that is, L = S\(A∪B). We can express L = {a1, a2, . . . , at}∪{∞},
where a1 < a2 < . . . < at ≤ n−2

2
are positive integers and t = n−2

2
− (F+1)2da′

4
.

Since F ≤ 2b′ − 1 by (6.5.26), and F ≡ 3 (mod 4), we have b′ ≥ 3. Moreover, since
difference ℓ is not covered by any peripheral cycles, we observe that

a1 ≤ ℓ <
(b′ − 1)ℓ

2
+ 2d−1a′ ≤ n− 2

2
.

Consider the following sets of differences:

• W1 = {a1, a2, a3, . . . , at−2, at−1, at}

• W2 = {2d−1a′ + 1, 2d−1a′ + 2, . . . , 2da′ − 1, a1, a2, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , at−1, at}

Note that (b′−1)ℓ
2

+ 2d−1a′ /∈ W1, and in the sequence a1, a2, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , at, we

assume
a1 < a2 < . . . <

(b′ − 1)ℓ

2
+ 2d−1a′ < . . . < at−1 < at,

with the understanding that

a1 < a2 < . . . < at−1 < at <
(b′ − 1)ℓ

2
+ 2d−1a′

is also possible.

Here, the set W1 contains all the differences from the set L except ∞, and has size
|W1| = t. The set W2 contains half of the differences from the set A, along with all the
differences from L except ∞, and has size |W2| = t+2d−1a′. By Corollary 6.3.4, there exists
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a path, call it T1, of length 2t + 2d−1a′ that starts at x0 and covers the differences in the
following order:

T1 : a1, . . . , at−1, at, at, at−1, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , a1, 2

da′ − 1, . . . , 2d−1a′ + 1.

By Lemma 6.3.3, the difference (b′−1)ℓ
2

+ 2d−1a′ can be replaced with difference 1; that
is, there exists a path, call it T2, that covers the differences in the following order:

T2 : a1, a2, . . . , at−1, at, at, at−1, . . . , 1, . . . , a2, a1, 2
da′ − 1, . . . , 2d−1a′ + 1.

Now, consider the following sets of differences:

• W1 = {a1, a2, a3, . . . , at−2, at−1, at}

• W ′
2 = {2, 3, 4, . . . , 2d−1a′ − 1, 2d−1a′, a1, a2, . . . ,

(b′−1)ℓ
2

+ 2d−1a′, . . . , at−1, at}

Again, note that (b′−1)ℓ
2

+ 2d−1a′ /∈ W1, and in the sequence a1, a2, . . . , (b
′−1)ℓ
2

+2d−1a′, . . . , at−1, at,
we assume

a1 < a2 < . . . <
(b′ − 1)ℓ

2
+ 2d−1a′ < . . . < at−1 < at,

with the understanding that

a1 < a2 < . . . < at−1 < at <
(b′ − 1)ℓ

2
+ 2d−1a′

is also possible.

Here, |W1| = t and |W ′
2| = t+ 2d−1a′. By Corollary 6.3.4, there exists a path, call it T3,

of length 2t+ 2d−1a′ that starts at x0 and covers the differences in the following order:

T3 : a1, . . . , at−1, at, at, at−1, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , a1, 2

d−1a′, 2d−1a′ − 1, . . . , 3, 2.

By Lemma 6.3.3, the difference (b′−1)ℓ
2

+ 2d−1a′ can be replaced with difference 1; that
is, there exists a path, call it T4, that covers the differences in the following order:

T4 : a1, . . . , at−1, at, at, at−1, . . . , 1, . . . , a1, 2
d−1a′, 2d−1a′ − 1, . . . , 3, 2.

Notice that the lengths of the paths T1, T2, T3, T4 are all equal to 2t+ 2d−1a′, and

2t+ 2d−1a′ = 2

(︃
n− 2

2
− (F + 1)2da′

4

)︃
+ 2d−1a′

= n− 2− (F + 1)2d−1a′ + 2d−1a′

= n− 2− F · 2d−1a′

(substitute F =
a− 2a′b′

a′
) = n− 2− 2d−1a+ 2da′b′
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(substitute n = 2d−1a & m = 2da′b′) = n− 2− n+m

= m− 2.

To simplify the explanation of the coloring process, we express T1, T2, T3, and T4 as the
following concatenations of subpaths:

• T1 = PQ1R1

• T2 = PQ2R
′
1

• T3 = PQ1R2

• T4 = PQ2R
′
2

Here, P , Q1, Q2, R1, R′1, R′2, and R2 represent subpaths that cover specific sequences
of differences:

• P : a1, a2, a3, . . . , at−2, at−1, at

• Q1 : at, at−1, at−2, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , a3, a2, a1

• Q2 : at, at−1, at−2, . . . , 1, . . . , a3, a2, a1

• R1, R
′
1 : 2

da′ − 1, 2da′ − 2, 2da′ − 3, . . . , 2d−1a′ + 3, 2d−1a′ + 2, 2d−1a′ + 1

• R2, R
′
2 : 2

d−1a′, 2d−1a′ − 1, 2d−1a′ − 2, . . . , 4, 3, 2

Note that P has length t, while Q1 and Q2 each have length t + 1. The paths R1 and
R′1 cover the same sequence of differences, as do R2 and R′2, with each path having length
2d−1a′ − 1.

Now, color the edges in the paths R1 and R′1 alternately pink and blue, starting with
blue. Since their length is 2d−1a′ − 1, which is odd, they end with blue. Similarly, color
the edges in the paths R2 and R′2 alternately pink and blue, starting with pink. Since their
length is odd, they end with pink.

Next, color the edges in the path Q1 alternately pink and blue, ensuring that the edge
with difference (b′−1)ℓ

2
+ 2d−1a′ is pink. Color the edges in the path Q2 alternately pink and

blue, but in the opposite way of Q1. Since Q1 and Q2 cover the same sequence of differences
except for (b′−1)ℓ

2
+ 2d−1a′ and 1, this ensures that the edge with difference 1 is blue. With

this coloring approach, we ensure that the blue copies of the differences listed in (6.5.31)
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and the pink copies of the differences listed in (6.5.32) are covered. We color the remaining
paths as described below and then construct the central cycles based on the coloring.

First, assume that Q1 starts with pink, meaning that the edge with difference at is
assigned the pink color. Then Q2 must start with blue. Depending on the parity of t, there
are two cases:

(i) If t is even, since Q1 and Q2 have length t + 1, we know Q1 ends with pink and Q2

ends with blue. In this case, let C = x∞ P Q1R1 x∞ and C ′ = x∞ P Q2R
′
2 x∞, and

color the rest of the edges as follows.

(ii) If t is odd, as Q1 and Q2 have length t + 1, we know Q1 ends with blue and Q2 ends
with pink. In this case, let C = x∞ P Q1R2 x∞ and C ′ = x∞ P Q2R

′
1 x∞, and color

the rest of the edges as follows.

Next, assume that Q1 starts with blue. Then Q2 must start with pink. Depending on
the parity of t, there are two cases:

(i) If t is even, then Q1 ends with blue and Q2 ends with pink. In this case, let C =
x∞ P Q1R2 x∞ and C ′ = x∞ P Q2R

′
1 x∞, and color the rest of the edges as follows.
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(ii) If t is odd, then Q1 ends with pink and Q2 ends with blue. In this case, let C =
x∞ P Q1R1 x∞ and C ′ = x∞ P Q2R

′
2 x∞, and color the rest of the edges as follows.

We can easily verify that both C and C ′ are cycles of length m, and that they satisfy
Condition (C1) of Definition 1.2.3. Moreover, they jointly contain exactly one blue edge,
one pink edge, and two black arcs from each orbit of ⟨ρ•⟩ corresponding to differences in L .

The black orbits corresponding to the differences in A are covered by C ′1 and C ′2, while
the pink and the blue orbits of the differences in A are covered by C,C ′, and C ′0. Thus,{︁

ρi•(C), ρi•(C
′) | i = 0, 1, . . . , n− 2

}︁
∪ {C ′i, ρ•(C ′i), . . . , ρℓ−1• (C ′i) | i = 0, 1, 2}

is an HOP (Cm)-decomposition for 4G•2, where

G2 = Circ(n− 1;A ∪ (L − {∞})) ▷◁ K1.

We have 4K•n = 4G•1
⨁︁

4G•2, and since each of 4G•1 and 4G•2 admits an HOP (Cm)-
decomposition, by Lemma 3.3.1, the multigraph 4K•n admits an HOP (Cm)-decomposition.

Case 2: F ≡ 1 (mod 4).

For Case 2, we first divide the proof into two subcases: one where b′ = 1 and the other
where b′ ≥ 3.

Subcase 2.1: b′ = 1. It follows from (6.5.26) that F = 1, and thus we only need to
construct one family of peripheral cycles.

Since F = 1, we have a−2a′b′
a′

= 1. Moreover, since b′ = 1, it follows that a = 3a′. Thus,
n = 3

2
m. In this case, the set of differences is S = {1, 2, . . . , 3m−4

4
,∞}.
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We define the starter peripheral cycle C0 as follows:

C0 = x−1 x1 x2 x−2 x3 x−3 x4 x−4 . . .

x−(m
4
−2) xm

4
−1 x−(m

4
−1) xm

4
x−m

4
xm

2
x−(m

2
−1) xm

2
+1 x−m

2
. . .

x 3m
4
−3 x−( 3m

4
−4) x 3m

4
−2 x−( 3m

4
−3) x−( 3m

4
−2) x 3m

4
−1 x−1.

The cycle C0 covers the differences in the following order:

2, 1, 4, 5, 6, . . . , m
2
− 3, m

2
− 2, m

2
− 1, m

2
, 3m−4

4
, m

2
, m

2
− 1, m

2
− 2, . . . , 6, 5, 4, 1, 2, 3m−4

4
.

Observe that C0 covers each difference in A = {1, 2, 4, 5, . . . , m
2
− 1, m

2
, 3m−4

4
} exactly twice.

Color the edges of C0 black and orient them forwards as shown in Figure 6.7.

Figure 6.7: Orientation and coloring of the edges of C0.

Let L be the set of unused differences in S, that is, L = S \ A. We can express
L = {a1, a2, . . . , at} ∪ {∞}, where a1 = 3 < a2 < . . . < at <

n−2
2

= 3m−4
4

are integers and
t = m−4

4
. Also, observe that m

2
< a2. Consider the following sets of differences:
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• W1 = {1, 2, a1, 4, 5 . . . , m2 − 1, m
2
, a2, a3, . . . , at−1, at,

3m−4
4

}

• W2 = {a1, a2, a3, . . . , at−2, at−1, at}

Observe that

1 < 2 < a1 < 4 < 5 < . . . <
m

2
< a2 < a3 < . . . < at−1 < at <

3m− 4

4
.

Here, |W1| = m
2
+ t and |W2| = t. By Corollary 6.3.4, there exists a path, call it T , of

length 2t+ m
2
= m− 2 that starts at x0 and covers the differences in the following order:

T : 1, 2, a1, 4, 5, . . . ,
m
2
− 1, m

2
, a2, a3, . . . , at−1, at,

3m−4
4

, at, at−1, . . . , a2, a1.

To simplify the explanation of the coloring process, let P , Q, and R be the subpaths of
T that cover the following sequences of differences.

• P : 1, 2, a1, 4, 5, . . . ,
m
2
− 1, m

2

• Q : a2, a3, . . . , at−2, at−1, at,
3m−4

4

• R : at, at−1, at−2, . . . , a3, a2, a1

Note that T = PQR and P has length m
2
, while Q and R each have length t. Let C =

x∞PQRx∞; observe that C is a cycle of length m.

Let C ′ be another copy of C. In C, color the edges of the path P alternatingly pink and
blue, starting with pink. Since the length of the path P is even, it ends with blue. In C ′,
color the edges of the path P alternatingly pink and blue, starting with blue; it ends with
pink. Depending on the parity of t, we color the rest of the edges as follows:

• If t is even, Q ends with blue in C and with pink in C ′.

• If t is odd, Q ends with pink in C and with blue in C ′.
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The cycle C0 covers the black copies of the differences in the set A, while the pink and
blue copies of these differences are covered by the paths P and Q in the central cycles.
Additionally, the central cycles C and C ′ together cover exactly one blue edge, one pink edge,
and two opposite black arcs corresponding to the differences in the set L . Furthermore, the
cycles C0, C, and C ′ satisfy Condition (C1) in Definition 1.2.3. Therefore,

{ρi•(C0), ρ
i
•(C), ρi•(C

′) | i = 0, 1, . . . , n− 2}

is an HOP (Cm)-decomposition of 4K•n.

Subcase 2.2: b′ ≥ 3. Here, the approach is to construct F−1
4

+ 1 starter peripheral
cycles for Kn. Then, take four copies of each of the F−1

4
cycles and color them appropriately

using Lemma 3.3.3 to generate F − 1 starter peripheral cycles in 4K•n. The F − 1 families
of peripheral cycles cover a subset B ⊂ S of differences. We will then be left with one
remaining starter peripheral cycle, which, together with the two central cycles, will cover
the remaining differences; that is, the differences in the set S \B.

We start by constructing the starter peripheral cycles. We construct paths Pi for i =
0, 1, 2, . . . , F−1

4
. From (6.5.26), it follows that F−1

4
≤ b′−1

2
. Note that the construction of Pi

differs depending on whether F−1
4

< b′−1
2

or F−1
4

= b′−1
2

. We address both situations below.

Situation 1: F−1
4

< b′−1
2

.

As in Case 1, for i = 0, 1, . . . , F−1
4

, let Pi be:

Pi = x0 xiℓ+1 x−1 xiℓ+2 x−2 . . . xiℓ+2d−1a′−1 x−(2d−1a′−1) xiℓ+2d−1a′ x b′+1
2

ℓ
.

The differences covered by P0 are:

1, 2, 3, . . . , 2da′ − 2, 2da′ − 1, (b′−1)ℓ
2

+ 2d−1a′, (6.5.33)

and the differences covered by Pi, for i = 1, . . . , F−1
4

, are:

iℓ+ 1, iℓ+ 2, iℓ+ 3, . . . , iℓ+ 2da′ − 2, iℓ+ 2da′ − 1, (b′−2i+1)ℓ
2

− 2d−1a′. (6.5.34)

Since ℓ > 2da′ by (6.5.27), the paths ρj(Pi), for j = 0, ℓ, 2ℓ, . . . , (b′− 1)ℓ, are pairwise vertex-
disjoint except at the endpoints. Also, since b′ is odd, we have gcd(b′, b

′+1
2
) = 1. Thus,

Ci = Pi ∪ ρℓ(Pi) ∪ . . . ∪ ρ(b
′−1)ℓ(Pi)

is an m-cycle.

Next, we show that all the differences covered by the m-cycles C0, C1, . . . , CF−1
4

, as listed
in 6.5.33 and 6.5.34, are pairwise distinct. First, we show that the differences iℓ + 1, iℓ +
2, . . . , iℓ+ 2da′ − 1 are all distinct for i = 0, 1, . . . , F−1

4
. It suffices to show that

F − 1

4
ℓ+ 2da′ − 1 ≤ n− 2

2
.
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Since F−1
4

< b′−1
2

, we have F−1
4

ℓ ≤ b′−3
2
ℓ. Additionally, in (6.5.27), we proved that 2da′ < ℓ.

Therefore, we have

F − 1

4
ℓ+ 2da′ − 1 ≤ b′ − 3

2
ℓ+ 2da′ − 1

=
b′ − 1

2
ℓ− ℓ+ 2da′ − 1

<
b′ − 1

2
ℓ+ 2d−1a′ (since 2da′ < ℓ)

<
n− 1

2
.

In the above inequality, we see that

F − 1

4
ℓ+ 2da′ − 1 <

b′ − 1

2
ℓ+ 2d−1a′ <

n− 1

2
.

This guarantees that for all j = 0, 1, . . . , F−1
4

, we have

b′ − 1

2
ℓ+ 2d−1a′ /∈ {jℓ+ 1, jℓ+ 2, . . . , jℓ+ 2da′ − 1}.

Next, we show that for all i = 1, . . . , F−1
4

and j = 0, 1, . . . , F−1
4

(b′ − 2i+ 1)ℓ

2
− 2d−1a′ /∈ {jℓ+ 1, jℓ+ 2, . . . , jℓ+ 2da′ − 1}.

Since

0 <
(b′−2·F−1

4
+1)ℓ

2
− 2d−1a′ <

(b′−2·F−5
4

+1)ℓ

2
− 2d−1a′ < . . . < (b′−2·1+1)ℓ

2
− 2d−1a′ < (b′−1)ℓ

2
+ 2d−1a′,

it suffices to show that for all j = 0, 1, . . . , F−1
4

and 1 ≤ α ≤ 2da′ − 1

(b′ − 2(F−1
4

) + 1)ℓ

2
− 2d−1a′ ̸= jℓ+ α.

We prove this by contradiction. Suppose to the contrary that

(b′ − 2
(︁
F−1
4

)︁
+ 1)ℓ

2
− 2d−1a′ = jℓ+ α

2b′ − F − 1

4
ℓ+ ℓ− 2d−1a′ = jℓ+ α.

Since F ≡ 1 (mod 4), we can write F = 4k + 1 for some integer k. Since b′ is odd, we can
write b′ = 2k′ + 1 for some integer k′. We have 2b′ − F − 1 = 4(k′ − k), which is a multiple
of 4. Therefore, 2b′−F−1

4
ℓ is an integer. Also, knowing that 2da′ < ℓ by (6.5.27), we have

2b′ − F − 1

4
= j and ℓ− 2d−1a′ = α,
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Given j ≤ F−1
4

, it follows that F ≥ b′.

On the other hand, we have 1 ≤ α ≤ 2da′ − 1 and ℓ − 2d−1a′ = α, it follows that
ℓ − 2d−1a′ ≤ 2da′ − 1. In (6.5.28), we showed that F ≤ b′ under this condition. Therefore,
we have b′ ≤ F ≤ b′, which implies F = b′. From this, it follows that

a− 2a′b′

a′
= b′.

Simplifying further, we obtain a = 3a′b′, and consequently, n = 2d−1 ·3a′b′. Since b′ | (n−1),
it must hold that b′ = 1. However, this contradicts the fact that b′ ≥ 3. Thus, all the
differences listed in (6.5.33) and (6.5.34) are pairwise distinct.

Situation 2: F−1
4

= b′−1
2

.

First, we explain the reasoning behind separating the case F−1
4

= b′−1
2

. Let f = F−1
4

=
b′−1
2

.

In Situation 1, for i = 0, 1, . . . , F−1
4

, where F−1
4

< b′−1
2

, we showed that all differences
covered by the paths Pi are pairwise distinct. If we were to follow the same pattern for Pf ,
then path Pf would cover the following differences:

fℓ+ 1, fℓ+ 2, . . . , fℓ+ 2d−1a′ − 1, fℓ+ 2d−1a′, fℓ+ 2d−1a′ + 1,

. . . , fℓ+ ℓ−3
2
, fℓ+ ℓ−1

2
, fℓ+ ℓ−1

2
, fℓ+ ℓ−3

2
, . . . , ℓ− 2d−1a′. (6.5.35)

Notice that fℓ + 2d−1a′ = b′−1
2
ℓ + 2d−1a′. However, this difference has already occurred in

P0. Continuing further, we encounter fℓ+ ℓ−1
2

= n−2
2

, after which more repeated differences
occur.

To address this issue, we use the same construction up to a certain point but modify it
to avoid repeated differences. Specifically:

• We carefully avoid the difference fℓ+ 2d−1a′ = b′−1
2
ℓ+ 2d−1a′.

• We replace differences occurring after fℓ+ ℓ−1
2

= n−2
2

with differences from the interval
[2da′, ℓ].

Given that the length of Pf must be 2da′, we replace 2da′ − ℓ−3
2

of the differences listed in
(6.5.35).

Next, we explain why we chose differences from the interval [2da′, ℓ].

• The second-to-last difference used in P0 is 2da′− 1, while the first difference used in P1

is ℓ+ 1.

• The differences (b′−2i+1)ℓ
2

− 2d−1a′ decrease as i increases. The last path before Pf is
Pf−1. For i = f − 1 = b′−3

2
, the corresponding difference is 2ℓ − 2d−1a′. By (6.5.27),

we have 2d−1a′ < 2da′ < ℓ. Multiplying by −1, we obtain −ℓ < −2d−1a′. Adding 2ℓ to
both sides, we get:

ℓ < 2ℓ− 2d−1a′.
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Therefore, replacing the (potentially) repeated differences with differences in the range
[2da′, ℓ] is a safe option, as it ensures that the differences covered by Pf are distinct from
those covered by Pi for i = 0, 1, . . . , f − 1.

Before discussing the path construction, we first prove some inequalities that will be
useful later.

For any d ≥ 2, odd a′ ≥ 1, and odd b′ ≥ 3, except for the cases (a′, d, b′) ∈ {(1, 2, 3), (1, 2, 5),
(1, 3, 3)}, we show below that the following inequality holds:

2

(︃
2d−1a′ + 1

2d−1a′ − 1

)︃
< b′ (6.5.36)

Rewriting the left-hand side, we have:

2

(︃
2d−1a′ + 1

2d−1a′ − 1

)︃
=

2 · 2d−1a′ + 2

2d−1a′ − 1
,

= 2 +
4

2d−1a′ − 1
.

Observe that:

• If (a′, d) = (1, 2), then we have 2 + 4
1
= 6 ̸< b′ for b′ ∈ {3, 5}.

• If (a′, d) = (1, 3), then we have 2 + 4
3
≈ 3.33 ̸< b′ for b′ = 3.

Except for the above cases, we can see that 2d−1a′ ≥ 6, so:

4

2d−1a′ − 1
≤ 4

5
< 1.

Thus:

2

(︃
2d−1a′ + 1

2d−1a′ − 1

)︃
< 2 + 1 = 3.

Since b′ ≥ 3, we conclude:

2

(︃
2d−1a′ + 1

2d−1a′ − 1

)︃
< b′.

Note that F−1
4

= b′−1
2

, which implies F = 2b′ − 1. Consequently, we have a
a′
= 4b′ − 1. From

this, it follows that a = 4a′b′ − a′. Substituting this into the expression for n, we obtain

n = 2d−1(4a′b′ − a′).

Using this, we calculate ℓ as

ℓ =
n− 1

b′
= 2d+1a′ − 2d−1a′ + 1

b′
, (6.5.37)
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Using the inequality in (6.5.36), we try to determine a lower bound for ℓ.

2

(︃
2d−1a′ + 1

2d−1a′ − 1

)︃
< b′

2d−1a′ + 1

b′
<

2d−1a′ − 1

2

−2d−1a′ + 1

b′
> −2d−1a′ − 1

2

2d+1a′ − 2d−1a′ + 1

b′
> 2d+1a′ − 2d−1a′ − 1

2

2d+1a′ − 2d−1a′ + 1

b′
> 2d+1a′ − 2d−2a′ +

1

2

(Using (6.5.37) ) ℓ > 7 · 2d−2a′ + 1

2
.

Therefore, for any d ≥ 2, odd a′ ≥ 1, and odd b′ ≥ 3, except for the cases (a′, d, b′) ∈
{(1, 2, 3), (1, 2, 5), (1, 3, 3)}, we have the following:

ℓ > 7 · 2d−2a′ + 1

2
. (6.5.38)

Now, using the inequality (6.5.38), we prove that the following inequality holds, except
for the cases (a′, d, b′) ∈ {(1, 2, 3), (1, 2, 5), (1, 3, 3)}:

−(2d−2a′ + 1) ≥ −ℓ− 1

4
. (6.5.39)

The proof is as follows:

(By inequality given in (6.5.38)) ℓ > 7 · 2d−2a′ + 1

2

ℓ− 1 > 7 · 2d−2a′ − 1

2
ℓ− 1

4
>

7 · 2d−2a′

4
− 1

8
ℓ− 1

4
> 2d−2a′ +

3 · 2d−1a′ − 1

8

(a′ ≥ 1, d ≥ 2, and (a′, d) ̸= (1, 2))
ℓ− 1

4
> 2d−2a′ + 1

−(2d−2a′ + 1) > −ℓ− 1

4
.

Next, using the inequality (6.5.38), we have

3ℓ− 1

2
> 21 · 2d−3a′ + 1

4
> 16 · 2d−3a′ = 2d+1a′.
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Thus, the following inequality holds, except for the cases (a′, d, b′) ∈ {(1, 2, 3), (1, 2, 5),
(1, 3, 3)}:

3ℓ− 1

2
> 2d+1a′ (6.5.40)

We now proceed to show the following inequality:

ℓ− 3

4
< 2da′ − ℓ+ 1

4
(6.5.41)

From (6.5.27), we know that ℓ
2
< 2da′. By subtracting ℓ+1

4
from both sides, we obtain

ℓ−1
4

< 2da′ − ℓ+1
4

. Thus, it follows that

ℓ− 3

4
<

ℓ− 1

4
< 2da′ − ℓ+ 1

4
.

As mentioned earlier 2da′− ℓ−3
2

is the number of differences that will be replaced. Observe
below that this number is positive.

Since n < 2m, we have

n− 1 < 2m

b′ℓ < 2d+1a′b′

(Divide by b′) ℓ < 2d+1a′

ℓ− 3

2
< 2da′.

Next, we explain how we construct the path Pf . Depending on the value of ℓ, there
are two cases to consider: when ℓ ≡ 3 (mod 4) and when ℓ ≡ 1 (mod 4). Moreover, the
construction will be verified using the inequalities proven above. Note that the inequality
(6.5.38) is proved for any d ≥ 2, odd a′ ≥ 1, and odd b′ ≥ 3, except for the cases (a′, d, b′) ∈
{(1, 2, 3), (1, 2, 5), (1, 3, 3)}. When (a′, d, b′) = (1, 2, 5), by (6.5.37), we have ℓ = 7.4, and
when (a′, d, b′) = (1, 3, 3), we have ℓ ≈ 14.33. In both cases, ℓ is not an integer. Thus, these
cases do not arise.

When (a′, d, b′) = (1, 2, 3), we have ℓ = 7 by (6.5.37), m = 12, n = 22, f = 1, and
F = 5. In this case, ℓ ≡ 3 (mod 4), and we verify the construction of the path Pf without
using inequality (6.5.38).

• Situation 2(a): ℓ ≡ 3 (mod 4).

Define a walk Pf as follows (see Figure 6.8):

Pf =x0 xfℓ+1 x−1 xfℓ+2 x−2 . . .

x−(2d−2a′−1) xfℓ+2d−2a′ x−(2d−2a′+1) xfℓ+2d−2a′+1 x−(2d−2a′+2) xfℓ+2d−2a′+2 . . .

xfℓ+ ℓ−3
4

x− ℓ+1
4

x2da′− ℓ+1
4

x− ℓ+5
4

x2da′− ℓ−3
4
. . .

x−(2d−1a′−1) x3·2d−1a′− ℓ+3
2

x−(2d−1a′) x3·2d−1a′− ℓ+1
2

xℓ
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First, note that for the case (a′, d, b′) = (1, 2, 3), we have Pf = x0 x8 x−2 x2 x7, and the
differences covered are 8, 10, 4, 5. It is clear that Pf is a path and the differences covered are
pairwise distinct.

For the rest, to show that Pf is a path, we verify the following three inequalities.

• First, we show that

−(2d−2a′ + 1) ≥ −ℓ+ 1

4
.

This is proved in (6.5.39).

• Second, we show that:

3 · 2d−1a′ − ℓ+ 1

2
≥ 2da′ − ℓ+ 1

4
, which is equivalent to 2d−1a′ ≥ ℓ+ 1

4
.

From (6.5.27), we have ℓ < 2d+1a′. Dividing both sides by 4, we get

ℓ

4
< 2d−1a′.

Since ℓ ≡ 3 (mod 4), it follows that

ℓ+ 1

4
≤ 2d−1a′.

• Third, we show

3 · 2d−1a′ − ℓ+ 1

2
< ℓ, which is equivalent to 3 · 2d−1a′ < 3ℓ+ 1

2
.

This follows from (6.5.38), as we have 3ℓ
2
> 21 · 2d−3a′ + 3

4
, and thus

3 · 2d−1a′ = 12 · 2d−3a′ < 21 · 2d−3a′ + 3

4
<

3ℓ

2
<

3ℓ+ 1

2
.

Therefore, we conclude that Pf is a path.

The differences covered by Pf are:

fℓ+ 1, fℓ+ 2, fℓ+ 3, . . . , fℓ+ 2d−1a′ − 1, fℓ+ 2d−1a′ + 1, fℓ+ 2d−1a′ + 2, . . .

. . . , fℓ+ ℓ−1
2
, 2da′, 2da′ + 1, . . . , 2d+1a′ − ℓ+ 3

2
, 2d+1a′ − ℓ+ 1

2
,
3ℓ+ 1

2
− 3 · 2d−1a′.

Next, we show that the differences

2da′, 2da′ + 1, . . . , 2d+1a′ − ℓ+ 3

2
, 2d+1a′ − ℓ+ 1

2
,
3ℓ+ 1

2
− 3 · 2d−1a′

in Pf are pairwise distinct and in the interval [2da′, ℓ]. We do this by proving the following
inequality.

3ℓ+ 1

2
− 3 · 2d−1a′ > 2d+1a′ − ℓ+ 1

2
, which is equivalent to 2ℓ+ 1 > 7 · 2d−1a′.
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By (6.5.38), we have ℓ > 7 · 2d−2a′ + 1
2
. Doubling both sides, we get

2ℓ > 7 · 2d−1a′ + 1,

and thus,
2ℓ+ 1 > 7 · 2d−1a′.

Now that we know 3ℓ+1
2

− 3 · 2d−1a′ > 2d+1a′ − ℓ+1
2
, in order to show that all differences

lie in the interval [2da′, ℓ], it suffices to prove the inequality

3ℓ+ 1

2
− 3 · 2d−1a′ < ℓ ⇐⇒ ℓ+ 1 < 6 · 2d−1a′.

Since we know ℓ < 2d+1a′ = 4 · 2d−1a′, it is easy to see that

ℓ+ 1 < 4 · 2d−1a′ + 1 < 6 · 2d−1a′.

You can see an illustration of the path Pf in Figure 6.8. Observe that Pf starts at x0

and ends at xℓ. Moreover, we show that the internal vertices of the path Pf are pairwise
distinct modulo ℓ. We do this by proving the following two inequalities.

(i) ℓ−3
4

< 2da′ − ℓ+1
4

.

This is proved in (6.5.41).

(ii) ℓ− 2d−1a′ > 3 · 2d−1a′ − ℓ+1
2
, which is equivalent to 3ℓ+1

2
> 2d+1a′.

By (6.5.40), we have 3ℓ−1
2

> 2d+1a′, and consequently, 3ℓ+1
2

> 2d+1a′.

Therefore, the internal vertices of the path Pf are pairwise distinct modulo ℓ.

• Situation 2(b): ℓ ≡ 1 (mod 4).

Define a walk Pf as follows (see Figure 6.9):

Pf =x0 xfℓ+1 x−1 xfℓ+2 x−2 . . .

x−(2d−2a′−1) xfℓ+2d−2a′ x−(2d−2a′+1) xfℓ+2d−2a′+1 x−(2d−2a′+2) xfℓ+2d−2a′+2 . . .

xfℓ+ ℓ−5
4

x− ℓ−1
4

x2da′− ℓ−1
4

x− ℓ+3
4

x2da′− ℓ−5
4
. . .

x−(2d−1a′−1) x3·2d−1a′− ℓ+1
2

x−(2d−1a′) x3·2d−1a′− ℓ−1
2

xℓ

To show that Pf is a path, we verify the following three inequalities.

• First, we show that

−(2d−2a′ + 1) ≥ −ℓ− 1

4
.

This inequality was proved in (6.5.39).
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Figure 6.8: Illustration of the path Pf for ℓ ≡ 3 (mod 4).
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• Second, we show that:

3 · 2d−1a′ − ℓ− 1

2
≥ 2da′ − ℓ− 1

4
, which is equivalent to 2d−1a′ ≥ ℓ− 1

4
.

From (6.5.27), we have ℓ < 2d+1a′. Dividing both sides by 4, we get ℓ
4
< 2d−1a′. Now,

it is easy to see that
ℓ− 1

4
< 2d−1a′.

• Third, we show

3 · 2d−1a′ − ℓ− 1

2
< ℓ, which is equivalent to 3 · 2d−1a′ < 3ℓ− 1

2
.

By (6.5.38), we have ℓ > 7 · 2d−2a′ + 1
2
. With a simple calculation we get:

3ℓ− 1

2
> 21 · 2d−3a′ + 1

4
> 12 · 2d−3a′ = 3 · 2d−1a′.

Thus, we conclude that Pf is a path.

The differences covered by Pf are:

fℓ+ 1, fℓ+ 2, fℓ+ 3, . . . , fℓ+ 2d−1a′ − 1, fℓ+ 2d−1a′ + 1, fℓ+ 2d−1a′ + 2, . . .

fℓ+ ℓ−3
2
, 2da′, 2da′ + 1, 2da′ + 2, . . . , 2d+1a′ − ℓ+1

2
, 2d+1a′ − ℓ−1

2
, 3ℓ−1

2
− 3 · 2d−1a′.

By proving 3ℓ−1
2

− 3 · 2d−1a′ > 2d+1a′ − ℓ−1
2

, we show that the differences

2da′, 2da′ + 1, 2da′ + 2, . . . , 2d+1a′ − ℓ+ 1

2
, 2d+1a′ − ℓ− 1

2
,
3ℓ− 1

2
− 3 · 2d−1a′

in Pf are pairwise distinct and in the interval [2da′, ℓ].

Observe that 3ℓ−1
2

− 3 · 2d−1a′ > 2d+1a′− ℓ−1
2

is equivalent to 2ℓ > 7 · 2d−1a′+1, and this
follows directly by doubling both sides of the inequality given in (6.5.38).

You can see an illustration of the path Pf in Figure 6.9. Notice that Pf starts at x0 and
ends at xℓ. Moreover, the following two inequalities show that the internal vertices of the
path Pf are pairwise distinct modulo ℓ.

(i) ℓ−5
4

< 2da′ − ℓ−1
4

.

This follows from (6.5.41).

(ii) ℓ− 2d−1a′ > 3 · 2d−1a′ − ℓ−1
2
, which is equivalent to 3ℓ−1

2
> 2d+1a′.

This was proved in (6.5.40).
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Figure 6.9: Illustration of the path Pf for ℓ ≡ 1 (mod 4).
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Note that the internal vertices of the path Pf constructed in both Situation 2(a) and
Situation 2(b), are pairwise distinct modulo ℓ. That is, for j = 0, ℓ, 2ℓ, . . . , (b′ − 1)ℓ, the
paths ρj(Pf ) are pairwise vertex-disjoint, except at the endpoints. Hence,

Cf = Pf ∪ ρℓ(Pf ) ∪ · · · ∪ ρ(b
′−1)ℓ(Pf )

is an m-cycle.

Furthermore, the path Pf is constructed so that the differences it covers are distinct from
those covered by the paths Pi for i = 0, 1, . . . , f − 1, which are constructed in Situation 1.
Hence, the differences covered by the paths Pi for i = 0, 1, . . . , F−1

4
are pairwise distinct.

Let B be the set of differences covered by the m-cycles C1, C2 . . . , CF−1
4

. Let G1 =

Circ(n − 1;B). Then, {Ci, ρ(Ci), . . . , ρ
ℓ−1(Ci) | i = 1, . . . , F−1

4
} is a (Cm)-decomposition of

G1. Take four copies of each Ci, for i = 1, . . . , F−1
4

, and use Lemma 3.3.3 to color them so
that they satisfy Condition (C1) of Definition 1.2.3. By doing so, we generate F − 1 starter
peripheral cycles with the appropriate coloring, which we denote C ′1, C

′
2 . . . , C

′
F−1.

It is now easy to see that

{C ′i, ρ•(C ′i), . . . , ρℓ−1• (C ′i) | i = 1, . . . , F − 1}

is an HOP (Cm)-decomposition of 4G•1.

Notice that A = {1, 2, . . . , 2da′ − 2, 2da′ − 1, (b
′−1)ℓ
2

+ 2d−1a′} is the set of differences
covered by C0. As in Case 1, color the edges of P0 alternately pink and blue (as shown
below), starting with pink. Since P0 has length 2da′, which is even, it ends with blue.

The family of starter cycles generated by C0; namely, {C0, ρ•(C0), . . . , ρ
ℓ−1
• (C0)}, covers:

(i) the pink orbits corresponding to the differences

1, 3, 5, . . . , 2d−1a′ + 1, 2d−1a′ + 3, . . . , 2da′ − 3, 2da′ − 1, and (6.5.42)

(ii) the blue orbits corresponding to the differences

2, 4, 6, . . . , 2d−1a′, 2d−1a′ + 2, . . . , 2da′ − 2,
(b′ − 1)ℓ

2
+ 2d−1a′. (6.5.43)

The differences in the set A will also appear in the central cycles C and C ′, to be constructed
below. There, we need to ensure that the blue orbits corresponding to the differences of A
listed in (6.5.42), the pink orbits corresponding to the differences of A listed in (6.5.43), as
well as the black orbits of all differences in the set A, are all covered.
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Now, we focus on constructing the starter central cycles C and C ′. Let L be the set of
unused differences in S, that is, L = S\(A∪B). We can express L = {a1, a2, . . . , at}∪{∞},
where a1 < a2 < . . . < at ≤ n−2

2
are positive integers and t = n−2

2
− (F+3)2da′

4
.

Notice that since b′ ≥ 3, we have (b′−1)ℓ
2

+ 2d−1a′ > ℓ ≥ 2da′. Also, having A =

{1, 2, . . . , 2da′ − 2, 2da′ − 1, (b
′−1)ℓ
2

+ 2d−1a′}, we observe that

2da′ − 1 < a1 ≤
(b′ − 1)ℓ

2
+ 2d−1a′ ≤ n− 2

2
.

Consider the following sets of differences:

• W1 = {1, 2, . . . , 2da′ − 1, a1, a2, a3, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , at−2, at−1, at}

• W2 = {2d−1a′ + 1, 2d−1a′ + 2, . . . , 2da′ − 1, a1, a2, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , at−1, at}

In the sequence a1, a2, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , at−1, at, we assume

a1 < a2 < . . . <
(b′ − 1)ℓ

2
+ 2d−1a′ < . . . < at−1 < at,

with the understanding that

a1 < a2 < . . . < at−1 < at <
(b′ − 1)ℓ

2
+ 2d−1a′

is also possible.

Here, the set W1 contains all the differences from A and all the differences from L ,
except the difference ∞, and has size |W1| = t + 2da′. The set W2 contains half of the
differences from A and all differences from L , except the difference ∞, and has size |W2| =
t + 2d−1a′. By Corollary 6.3.4, there exists a path, call it T1, of length 2t + 3 · 2d−1a′ that
starts at x0 and covers the differences in the following order:

T1 : 1, 2, . . . , 2
da′ − 1, a1, a2, . . . ,

(b′−1)ℓ
2

+ 2d−1a′, . . . , at−2, at−1, at,

at, at−1, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , a2, a1, 2

da′ − 1, . . . , 2d−1a′ + 2, 2d−1a′ + 1.

Similar to Case 1, we use Lemma 6.3.3 to construct a path T2 by replacing the second
occurrence of the difference (b′−1)ℓ

2
+ 2d−1a′ with difference 1 in the path T1.

T2 : 1, 2, . . . , 2
da′ − 1, a1, a2, . . . ,

(b′−1)ℓ
2

+ 2d−1a′, . . . , at−2, at−1, at,

at, at−1, . . . , 1, . . . , a2, a1, 2
da′ − 1, . . . , 2d−1a′ + 2, 2d−1a′ + 1.

Now, consider the following sets of differences:

• W1 = {1, 2, . . . , 2da′ − 1, a1, a2, a3, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , at−2, at−1, at}
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• W ′
2 = {2, 3, 4, . . . , 2d−1a′ − 1, 2d−1a′, a1, a2, . . . ,

(b′−1)ℓ
2

+ 2d−1a′, . . . , at−1, at}

Again, in the sequence a1, a2, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , at−1, at, we assume

a1 < a2 < . . . <
(b′ − 1)ℓ

2
+ 2d−1a′ < . . . < at−1 < at,

with the understanding that

a1 < a2 < . . . < at−1 < at <
(b′ − 1)ℓ

2
+ 2d−1a′

is also possible.

Here, |W1| = t + 2da′ and |W ′
2| = t + 2d−1a′. By Corollary 6.3.4, there exists a path,

call it T3, of length 2t+3 · 2d−1a′ that starts at x0 and covers the differences in the following
order:

T3 : 1, 2, . . . , 2
da′ − 1, a1, a2, . . . ,

(b′−1)ℓ
2

+ 2d−1a′, . . . , at−2, at−1, at,

at, at−1, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , a2, a1, 2

d−1a′, 2d−1a′ − 1, . . . , 3, 2.

By Lemma 6.3.3, the second occurrence of the difference (b′−1)ℓ
2

+2d−1a′ can be replaced with
difference 1; that is, there exists a path, call it T4, that covers the differences in the following
order:

T4 : 1, 2, . . . , 2
da′ − 1, a1, a2, . . . ,

(b′−1)ℓ
2

+ 2d−1a′, . . . , at−2, at−1, at,

at, at−1, . . . , 1, . . . , a2, a1, 2
d−1a′, 2d−1a′ − 1, . . . , 3, 2.

Notice that the lengths of the paths T1, T2, T3, T4 are all equal to 2t+ 3 · 2d−1a′, and

2t+ 3 · 2d−1a′ = 2

(︃
n− 2

2
− (F + 3)2da′

4

)︃
+ 3 · 2d−1a′

= n− 2− (F + 3)2d−1a′ + 3 · 2d−1a′

= n− 2− F · 2d−1a′

(substitute F =
a− 2a′b′

a′
) = n− 2− 2d−1a+ 2da′b′

(substitute n = 2d−1a & m = 2da′b′) = n− 2− n+m

= m− 2

As in Case 1, to simplify the explanation of the coloring process, we express T1, T2, T3,
and T4 as the following concatenations of subpaths:

• T1 = PQ1R1

• T2 = PQ2R
′
1

• T3 = PQ1R2
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• T4 = PQ2R
′
2

Here, P , Q1, Q2, R1, R′1, R′2, and R2 represent subpaths that cover the following se-
quences of differences:

• P : 1, 2, . . . , 2da′ − 1, a1, a2, a3, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , at−2, at−1, at

• Q1 : at, at−1, at−2, . . . ,
(b′−1)ℓ

2
+ 2d−1a′, . . . , a3, a2, a1

• Q2 : at, at−1, at−2, . . . , 1, . . . , a3, a2, a1

• R1, R
′
1 : 2

da′ − 1, 2da′ − 2, 2da′ − 3, . . . , 2d−1a′ + 3, 2d−1a′ + 2, 2d−1a′ + 1

• R2, R
′
2 : 2

d−1a′, 2d−1a′ − 1, 2d−1a′ − 2, . . . , 4, 3, 2

Note that P has length t+ 2da′, while Q1 and Q2 each have length t+ 1. The paths R1 and
R′1 cover the same sequences of differences, as do R2 and R′2, with each path having length
2d−1a′ − 1.

The coloring process is the same as in Case 1 (see page 175). We start by fixing the
colors of the edges in R1, R

′
1, R2, and R′2 and then we color the paths Q1 and Q2 as described

in Case 1. The only difference from Case 1 is that the path P is longer and will covere the
black copies of the differences in the set A.

If Q1 starts with pink, the coloring is similar to that described in Case 1 (for even t, see
(i) on page 176; for odd t, see (ii) on page 176). If Q1 starts with blue, the coloring is similar
to that described in Case 1 (for even t, see (i) on page 176; for odd t, see (ii) on page 177).

Here is an illustration of the central cycles C and C ′, along with their corresponding
colorings, when Q1 starts with pink.

• t is even. Let C = x∞PQ1R1x∞ and C ′ = x∞PQ2R
′
2x∞.

• t is odd. Let C = x∞PQ1R2x∞ and C ′ = x∞PQ2R
′
1x∞.
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We can easily verify that both C and C ′ are cycles of length m, and they satisfy Condi-
tion (C1) of Definition 1.2.3. Moreover, they jointly contain exactly one blue edge, one pink
edge, and two black arcs from each orbit of ⟨ρ•⟩ corresponding to differences in L . Also,
the families generated by cycles C0, C, and C ′ jointly cover the blue, pink, and black orbits
corresponding to the differences in A. Thus,{︁

ρi•(C), ρi•(C
′) | i = 0, 1, . . . , n− 2

}︁
∪ {C0, ρ•(C0), . . . , ρ

ℓ−1
• (C0)}

is an HOP (Cm)-decomposition for 4G•2, where

G2 = Circ(n− 1;A ∪ (L − {∞})) ▷◁ K1.

We have 4K•n = 4G•1
⨁︁

4G•2, and since each of 4G•1 and 4G•2 admits an HOP (Cm)-
decomposition, by Lemma 3.3.1, the multigraph 4K•n admits an HOP (Cm)-decomposition.



Chapter 7

Conclusion and Future Work

As mentioned earlier, the generalized HOP is a distinct problem from the HOP. Although
some proof techniques used for the HOP have been extended to the generalized version, no
prior results were known for this problem.

In this thesis, several results on the generalized HOP were established. We proved that
HOP(2⟨s⟩, 2m1, 2m2) has a solution whenever n ≡ 1 (mod 2m1 + 2m2) or n ≡ m1 + m2

(mod 2m1 + 2m2), and we extended this to HOP(2⟨s⟩, 4⟨r⟩, 2m) under similar conditions.
We also considered the case where the sum of the cycle lengths is at most 10, and showed
that HOP(2⟨s⟩, 2m1, . . . , 2mt) has a solution whenever n = s + m is odd and n(n − 1) ≡
0 (mod 2m). Finally, we gave a complete solution for HOP(2⟨s⟩, 2m), proving that the
necessary condition m | 2n(n− 1) is also sufficient.

In this thesis, we resolved several significant cases; however, many remain open. For
future work, new constructions may be developed to prove the problems presented below.

In Section 2.3, we gave a summary of known results on decompositions of Kn and 2Kn

into 2-regular subgraphs. Here, we use those results to propose the following problems.

7.1 Problems

Problem 7.1.1 provides some results on HOP(2⟨s⟩, 2m1, 2m2, 2m3) with a constraint on the
number of participants. One can apply the previous result on the decomposition of Kn

into (Cm1 , Cm2 , Cm3)-subgraphs, given in Theorem 2.3.6, to prove this problem. However, to
handle the cases not covered by Theorem 2.3.6, new constructions are needed, in particular
for the case where 2 ∈ {m1,m2,m3}.

Problem 7.1.1. Let s ∈ Z+, and 2 ≤ m1 ≤ m2 ≤ m3 be odd integers. Let m = m1+m2+m3,
and n = s+m. Then HOP(2⟨s⟩, 2m1, 2m2, 2m3) has a solution in each of the following cases.

(i) n ≡ 1 (mod 2m);

(ii) n ≡ m (mod 2m).
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To prove the second part of the above problem, first note that n = 2km +m, and the
complete graph K2km+m can be written as H1

⨁︁
H2, where H1 is a disjoint union of 2k + 1

copies of Km, and H2 is the complete equipartite graph K(2k+1)[m]. Therefore, the plan could
be to combine the result on the (Cm1 , Cm2 , Cm3)-decomposition of K(2k+1)[m] with the partial
results given in Theorem 2.1.6 for OP(m1,m2,m3).

In the following problem, the result given in Theorem 2.3.5 on (Cm1 , Cm2 , . . . , Cmt)-
decompositions of Kn can be applied to tackle HOP(2⟨s⟩, 2m1, . . . , 2mt). However, new con-
structions are needed to address the case where 2 ∈ {m1,m2, . . . ,mt}.

Problem 7.1.2. Let s ≥ 0, and 2 ≤ m1 ≤ . . . ≤ mt be even integers. Let m = m1+ . . .+mt,
and n = s+m. Then HOP(2⟨s⟩, 2m1, . . . , 2mt) has a solution if n ≡ 1 (mod 2m).

Problem 7.1.3 provides a partial result on HOP(2⟨s⟩, (2m)⟨t⟩). To prove this problem,
one may try to find a suitable coloring for the decomposition of 2Kn given in Theorem 2.3.11,
and then extend it to an HOP decomposition of 4K•n.

Problem 7.1.3. Let t ≥ 1 and m ≥ 2 be integers, and let n = tm+1. Then HOP(2, (2m)⟨t⟩)
has a solution.

Note that when using results on decompositions of 2Kn, more work is required compared
to using results on decompositions of Kn. Specifically, it is not enough to know that a
decomposition exists; one must also find a suitable 2-edge-coloring of the decomposition,
which may not exist in general. In other words, Theorem 2.3.11 on its own is not very
helpful. One needs to refer to its proof to extract the actual decompositions and provide a
proper two-edge-coloring.

Based on the previous results on decompositions of Kn and 2Kn, we believe that the
above problems can be solved, although there may be a few small exceptions. The goal is to
identify those exceptions and provide a proof for the remaining cases.



Bibliography

[1] J. Abrham, A. Kotzig, Graceful valuations of 2-regular graphs with two components,
Discrete Math. 150 (1996), 3–15.

[2] P. Adams and D. Bryant, Two-factorisations of complete graphs of orders fifteen and
seventeen, Australas. J. Combin 35 (2006), 113–118.

[3] P. Adams, D. Bryant, H. Gavlas, Decompositions of the complete graph into small
2-regular graphs, J. Combin. Math. Combin. Comput. 43 (2002), 135–146.

[4] B. Alspach and R. Häggkvist, Some observations on the Oberwolfach problem, J.
Graph Theory. 9 (1985), 177–187.

[5] B. Alspach, H. Gavlas, Cycle decompositions of Kn and Kn − I, J. Combin. Theory
Ser. B 81 (2001), no. 1, 77–99.

[6] B. Alspach, H. Gavlas, M. Šajna, H. Verrall, Cycle decompositions. IV. Complete
directed graphs and fixed length directed cycles, J. Combin. Theory Ser. A 103 (2003),
no. 1, 165–208.

[7] B. Alspach, P. J. Schellenberg, D. R. Stinson, and D. Wagner, The Oberwolfach prob-
lem and factors of uniform odd length cycles, J. Combin. Theory Ser. A. 52 (1989),
20–43.

[8] R. D. Baker and R. M. Wilson, Nearly Kirkman triple systems, Utilitas Math. 11
(1977), 289–296.

[9] J.C. Bermond, An application of the solution of Kirkman’s schoolgirl problem: the
decomposition of the symmetric oriented complete graph into 3-circuits. Discrete Math.
8 (1974), 301–304.

[10] A. Blinco, S. El-Zanati, A note on the cyclic decomposition of complete graphs into
bipartite graphs, Bull. Inst. Combin. Appl. 40 (2004), 77–82.

[11] A. Blinco, S. El-Zanati, C. Vanden Eynden, On the decomposition of complete graphs
into almost-bipartite graphs, Discrete Math. 284 (2004), 71–81.

[12] N. Bolohan, I. Buchanan, A. Burgess, M. Šajna, R. Van Snick, On the spouse-loving
variant of the Oberwolfach problem, J. Combin. Des. 27 (2019), no. 4, 251–260.

198



BIBLIOGRAPHY 199

[13] A. E. Brouwer, Two new nearly Kirkman triple systems, Utilitas Math. 13 (1978),
311–314.

[14] D. Bryant and P. Danziger, On bipartite 2-factorizations of Kn−I and the Oberwolfach
problem, J. Graph Theory 68 (2011), 22–37.

[15] R.C. Bunge, A. Chantasartrassmee, S. El-Zanati, C. Vanden Eynden, On cyclic de-
compositions of complete graphs into tripartite graphs, J. Graph Theory 72 (2013),
no. 1, 90–111.

[16] J. Burling, K. Heinrich, Near 2-factorizations of 2Kn: cycles of even length, Graphs
Combin. 5 (1989), no. 3, 213–221.

[17] A. C. Burgess, P. Danziger, and T. Traetta, On the Oberwolfach problem for single-
flip 2-factors via graceful labelings, J. Combin. Theory Ser. A 189 (2022), Paper No.
105611, 39 pp.

[18] C.J. Colbourn, J.H. Dinitz (Eds.), Handbook of Combinatorial Designs, second ed.,
CRC Press, 2007.

[19] A. Deza, F. Franek, W. Hua, M. Meszka, A. Rosa, Solutions to the Oberwolfach
problem for orders 18 to 40, J. Combin. Math. Combin. Comput. 74 (2010), 95–102.

[20] S. El-Zanati, U. Jongthawonwuth, H. Jordon, C. Vanden Eynden, Decomposing the
complete graph and the complete graph minus a 1-factor into copies of a graph G
where G is the union of two disjoint cycles, European J. Combin. 68 (2018), 120–131.

[21] S. El-Zanati, C. Vanden Eynden, N. Punnim, On the cyclic decomposition of complete
graphs into bipartite graphs, Australas. J. Combin. 24 (2001), 209–219.

[22] F. Franek, J. Holub, and A. Rosa, Two-factorizations of small complete graphs II: The
case of 13 vertices, J. Combin. Math. Combin. Comput. 51 (2004), 89–94.

[23] F. Franek and A. Rosa, Two-factorizations of small complete graphs, J. Statist. Plann.
Inference 86 (2000), 435–442.

[24] D. Gannon, S. El-Zanati, All 2-regular graphs with uniform odd components admit
ρ-labelings, Australas. J. Combin. 53 (2012), 207–219.

[25] S. Glock, F. Joos, J. Kim, D. Kühn, D. Osthus, Resolution of the Oberwolfach problem,
J. Eur. Math. Soc. (JEMS) 23 (2021), no. 8, 2511–2547.

[26] P. Gvozdjak, On the Oberwolfach problem for cycles with multiple lengths, Thesis
(Ph.D.)-Simon Fraser University (Canada), 2004.

[27] K. Heinrich, C. C. Lindner, C. A. Rodger, Almost resolvable decompositions of 2Kn

into cycles of odd length. J. Combin. Theory Ser. A 49 (1988), no. 2, 218–232.

[28] D.G. Hoffman, C.C. Lindner, C.A. Rodger, On the construction of odd cycle systems,
J. Graph Theory 13 (1989), 417–426.



BIBLIOGRAPHY 200

[29] D. G. Hoffman and P. J. Schellenberg, The existence of Ck-factorizations of K2n − F ,
Discrete Math. 97 (1991), 243–250.

[30] C. Huang, A. Kotzig, A. Rosa, On a variation of the Oberwolfach problem, Discrete
Math. 27 (1979), 261–277.

[31] M. R. Jerade and M. Šajna, The Honeymoon Oberwolfach Problem: Small Cases,
arXiv:2407.00204, 2024.

[32] M. Meszka, Solutions to the Oberwolfach problem for orders up to 100, Australas. J.
Combin. 89 (2024), no. 2, 243–248.

[33] U. Jongthawonwuth, S. El-Zanati, C. Uiyyasathian, On extending the Bose construc-
tion for triple systems to decompositions of complete multipartite graphs into 2-regular
graphs of odd order, Australas. J. Combin. 59 (2014), 378–390.

[34] A. Kotzig and A. Rosa, Nearly Kirkman systems, Congr. Numer. 10 (1974), 607–614.

[35] R. Kràlovič and R. Kràlovič, On semi-perfect 1-factorizations, Structural Informa-
tion and Communication Complexity (Vol 3499, Lecture Notes in Computer Science),
Springer, New York, NY, 2005, 216–230.

[36] D. Lepine, M. Šajna, On the honeymoon Oberwolfach problem, J. Combin. Des. 27
(2019), 420–447.

[37] J. Liu, The equipartite Oberwolfach problem with uniform tables, J. Combin. Theory
Ser. A 101 (2003), 20–34.

[38] T. P. Kirkman, Query VI, Lady’s and Gentleman’s Diary 48 (1850).

[39] T. Kirkman, On a problem in combinations, Cambridge and Dublin Math. J. 2 (1847),
191–204.

[40] J. X. Lu, Collected Works on Combinatorial Designs, Inner Mongolia People’s Press,
Hunhot, Mongolia, 1990.

[41] D.K. Ray-Chaudhuri, R.M. Wilson, Solution of Kirkman’s school girl problem, Proc.
Symp. in Pure Mathematics 19 (Am. Math. Soc., Providence, R.I., 1971) 187–203.

[42] R. Rees and D. R. Stinson, On resolvable group-divisible designs with block size 3, Ars
Combin. 23 (1987), 107–120.

[43] G. Rinaldi, The Oberwolfach problem with loving couples, J. Combin. Des. 32 (2024),
no. 9, 532–545.

[44] M. Šajna, Cycle decompositions. III. Complete graphs and fixed length cycles, J. Com-
bin. Des. 10 (2002), no. 1, 27–78.

[45] F. Salassa, G. Dragotto, T. Traetta, M. Buratti, F. Della Croce, Merging combinatorial
design and optimization: the Oberwolfach problem. Australas. J. Combin. 79 (2021),
141–166.



BIBLIOGRAPHY 201

[46] D. Sotteau, Decompositions of Km,n (K∗m,n) into cycles (circuits) of length 2k, J. Com-
bin. Theory Ser. B 29 (1981) 75–81.

[47] T. Traetta, A complete solution to the two-table Oberwolfach problems, J. Combin.
Theory Ser. A 120 (2013), 984–997.

[48] T. Traetta, A constructive solution to the Oberwolfach problem with a large cycle,
Discrete Math. 347 (2024), no. 5, 113947.

[49] R. M. Wilson, Decompositions of complete graphs into subgraphs isomorphic to a given
graph, Congr Numer 15 (1976), 647–659.

[50] M. Ollis, Some cyclic solutions to the three table Oberwolfach problem, Electron. J.
Combin. 12 (2005), Research Paper 58, 7 pp.

[51] A. Shanmuga Vadivu, A. Muthusamy, On the Oberwolfach problem with factors con-
taining cycles of two or three distinct lengths, Indian J. Discrete Math. 4 (2018), no.
2, 47–65.


	List of Figures
	List of Tables
	Introduction
	Basic Terminology
	Terminology for the HOP
	Terminology for the Generalized HOP
	Background and Motivation
	Thesis Overview

	Previous Work
	The Oberwolfach Problem
	The Honeymoon Oberwolfach Problem
	The Main Results
	The Main Approach
	Additional Tools
	Constructing HOP 2-factorizations with Specific Starters
	Summary of the Proof of the Main Results from LDMSaj

	Previous Results on Decompositions into 2-regular Subgraphs
	 Decompositions of Kn into 2-regular Subgraphs
	 Decompositions of 2Kn into 2-regular Subgraphs


	The Generalized Honeymoon Oberwolfach Problem
	Introduction
	The Main Approach
	Additional Tools
	From G to 4G•
	From 2G∘ to 4G•

	Useful Starters
	From a Decomposition of Kn to an HOP Decomposition of 4Kn• 
	From a Decomposition of 2Kn∘ to an HOP Decomposition of 4Kn• 
	HOP Decompositions of 4Kn•


	The Generalized HOP with Two Round Tables
	HOP (C2〈α〉, Cm1,Cm2, …, Cmt)-decomposition
	HOP (C2, Cm)-decompositions of 4Kn•  when n ≡1 8mu(mod6mu2(m+2))
	HOP (C2, Cm)-Decompositions of 4Kn• when n ≡m + 2 (mod 2(m + 2)) 
	HOP(2〈s 〉,2m1, 2m2)
	Generalization of Lemmas 4.2.1 and 4.3.1

	The Generalized HOP with Small Round Tables 
	HOP (Cm1,…, Cmt)-decompositions of 4Kn• with Small Cycle Lengths
	HOP Decompositions for n≡1 (mod 8) 
	HOP Decompositions for n≡1  or  9 (mod 12)
	HOP Decompositions for n≡1 (mod 16) 
	HOP Decompositions for n≡1  or  9 (mod 18) 
	HOP Decompositions for n≡1  or 5 (mod 20) 


	A Complete Solution to the Generalized HOP with One Round Table
	Main Result 
	Recoloring the edges in a cycle decomposition of 2G∘
	Definitions and Supporting Tools
	Extending a (Cm)-decomposition of 2Kn to an HOP (Cm)-decomposition of 4Kn•
	The Case When  m  is Even and  n  is Even
	The Case When  m  is Even and  n  is Odd
	The Case When  m  is Odd and  n  is Even

	HOP (Cm)-decomposition of 4Kn•
	The Case When n is Odd 
	The Case When n is Even 


	Conclusion and Future Work
	Problems

	Bibliography

