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"ABSTRACT

~— :
In this thesis a probabilistic model of a signalized traffic

intersection is considered. The development of queues is described
by a controlled Markov chain with the state of the éignal as the .
control variable, The model can accépt general arrival distributions.

An optimal feedback control is obtained by Dynamic Prdgramming,

The controller.is synthesized by piece-wise linear machines. Results
\ ’ ' . :
of computer simulation based on actual traffic data of an intersection 7
i , ,

in Ottawa are given, In addition a review of existing optimization—

proceduree for traffic control is presented.
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INTRODUCTION

Many models have 'been described in the'lite‘rature for the
delays. that vehicles expenen ‘e in a s1gnahzed frafﬁc intersection.
A rev*lww will be given m Chapter 2 where the theory background _
and eocmtmg optimization pr0cedureffor traffic control are. presﬁnted
In general we can classify the control slcher_nea proposed in two
categories, fixed-cycle and vehicle-actuated chntrol. For fixed-
cycle control explicit formulas for t}:jaffic delay have been. .
given., In most cases the arrival dis utions were assumed to be |
Peisson, since for more.gener'aft\d-i_s_stributiqns the 'analytic treatment . -
is rather compliczéd., For vehicle-actuated contrutl.of.a'tu"dolatéd
intersection, delay expressions have been obtained for some

' specialized controls and arrival distributions. - ‘ i

One of'the first contributions in this area was ma%‘b Dunne

and Potts [ 1 1 who proposed a heuriatic cbntrol al

considered

N

traffic-actuated intersection, Gra.fton and Newell [ 2
the transient behaviour of & traffm-actuated light and pxaed the
problem of optimizing the operation of the traffic light by minimizing
an 1ntegra.1 perfoEmance criterion. Both the above papers however
deal with deterministic traffxc only..A general approach for,a good

* spub-optimal control of a complex intersection, Yased on p[nmples

of stochastic control, was given by van Zijverden and Kwakernaak

[ 8 ], Martin-L9(f [ 5 ] proposed a very interesfing model for the

computation of anSptimal feedback control.. This model has the /
major advantage of producin'g' optimal controls, with respect to
some criterion, for general arrival distributions. -

In Chapfer 3 of this thesis, the mdde_l of Martin-L5ff is

N
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‘probabilities, the optimal control minimizing the e.xpectedfgelay "

" of the intersectiona. The optimal feedback controller is then s

- ‘ v =2- . : -

- .

»
- +

c‘on'aid_ered'. By_mod{fying appro priately the state transition

’
.

over a long time pe'rjod is computed. The method used is amic

-,

Programming. The actual traffic data for an intel:éection'j.n‘ Ottawa
were used, The optimal control at a given time is obtained as a
function of the previous control and queue lengths in the two directions

he-

e

sized using piece-%ide linear discriminant functions. sults
computer sirmulation of the‘ optimally cgﬁ?folléd intersectipn are
finally given in order to stﬁdy't-he signal-cycle lengths produced

y thig method. ' . ’ _ )
In the,conclusion of the thesis, the resplté of the optim

c“c;nfrol of the actual' traffic dafa for an int'er.sect.ion in Ottawa are _

diecussed.

e
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4



Vg ‘; . (\. A
13' {Gf ’

(;,‘
B
e

)

e
P

"/:

CHAPTER 2




. /n& "
YHEORY BACKGROUND AND EXISTING OPTIMIZATION
PROCEDURES FOR TRAFFIC CONTROL

'2,1" INTRODUCTION,

Th& general objectives of traffic control are.to ifnpfove safety
and to increase the¥%omfort and c;On\r'anience of drivers. This general
statement‘ of noble intention must first be reduced to quantifiable
objectiveS: Ideally one would like to set up the traffic control pfoblem
as a system 0pti.mization problem, by defining an objective function
ané aeek'i.ng an optimum ( maximum or minimum ) for thia function,
This function will generally depen;:l-oﬁ certain controllable parameters
of the system; for example, the light cycle; the split ( allbcation of
green time to different traffic streams ), offset { time phase of cycles )
of different lights, and so on,

Many criteria of performance h’ave been suggested' in traffic
control, among which are the following :

1. Average delay per vehicle,

' 2. Maximum individual delay,
3, Percentages of cars that are stopped as they go through
the system, ‘ .
4. Avefage numbers of stops before a vehicle goes through
the syatem ( or through an intersection )

5. Throughput of the system { or individual intersections ) ‘

6, Travel t1me through the system { average or maximum J. I
Cr1ter1on 1 13 the mo st widely uaed and it 15 not always compatible 3
W1th cr1termn 2. It is sensible to use criterion 1 a¥ a primary
objective function with 2 used by Way of a constraint on the maximum

individual delay. This is not only for humanitarian reasons, but

~
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algo for'a very pra&ical one : Any design that,pen’al-izes a few
drivers véry much may induce changes in their driving habita.
which 4n turn may destroy the design. Criteria 3 and 4. are dictated
by the known aversion of drive;:s to Btops.-IStop's are Botha;misance-. :
and an expense becauae of excessive gaséline consumption and wear
and tear on cars, In addition, in the past fey years we have become
increasingly aware that etops tend to increase car-induced air
pollution. Criterion 5 is particularly important during period of
peak traiffic, *;vhen it is important to.l;na.ximize the utilization of
the traffic system. Finally, criterion 6 is very much related to
criterion 1, and in fact it is frequently used in lieu of that cr1ter1on.

Sometimes an 6bjective function is not explicitly relat.ed to
the preceding criteria, An example is the through-band { or green
'bancf) design of synchronization of traffic lighta. In that design, one
tries to a11gn the green phaaes of a sequence of traffm hghts with -
such time offsets as to allow unmterrupted flow through 'as many
of them as possible to as many drivers as possible. The through-
band design more or less maximizes the 6pportunity of'driying'
through a string of traffic lights without stopping. Indirectly, it
tends to reduce stopjand delays- sometimes. '

Among the traffic systems that have been investigated for the
;purpoae of o.ptimizing their operation are the following :

1. An isolated signalized intersection,

‘2. A system of‘a few intersections ( 2 to 5 ),

3. An urban street network controlied by traffic lights,

‘4, Critical traffic linke such as tunnels, brigdes, -and
sections of freeways,

For all these systems, one would like to have a methodology for

optimizing their 6perafion with respect to a given objective function,




. <
in response to observations concerning traffic inputa. A general
theory of optimization of traffic systems, pa:rticularly with realistic
stochastic traffic i:}puts. has beén rather elusive, Exact.op_timization
has been obtained only for a few simple systems with special traffic
inputs, For moast traffic systems we have relied heavi.ly' on heutristic
control schemes coupled with suboptimization schemes for idealized ‘
versions of the real systems, or portions thereof Let us br1eﬂy
outlme the genera.l pr1c1ples of operation whxch have been suggested
for thgg four types of optimizing problems encountered in each case, A

The single interskction operating below saturation levels is

discussed in a paper by McNeil aﬁd Weiss [ 3, chapter 2 ]. In
that chapter it is shown how one can selecta fixed cycle that minimizes
delay when the traffic in}::m; is a stationary stochastic ﬁrocesa. In
'the same book [ 3 , chapter 3 ] Gazis discussges the case of an
oversaturated intersection, What distinguishes the oversaturated
from the undersaturated case is the time dependence of traffic inputs .
plus the fact that the instantaneous information c’oncern'ing traffic
inputs is not sufficient for optimization. Residual ldng queues
prOpag#te the delay from one light cycle to another. Thus the opti-
-mization of the 6peration of the traffic light of an oversaturated
i;tersection entails minimizing the delay-to all the traffic which
crosses the intersection during the rush 'peri‘od; that is, t'né period
of oversaturation. A similar éppro_ach is discussed m {3, chai:ter3]‘
for systems of oversaturated intersections, and a f_ew other special
oversaturated sys'tems. - ) - _

" The methodology of contro]c:\fJ.rban street networks I;as borrowed
heavily from the traditional methodologies of prog’ression and traffic

actuation. Thus, a typical modern control system works on the

following principle : one tries to synchrcini_ze as many traffic lights
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as possible in order to provide the opportgnity of uﬁinta‘rrupted flow
to as many cars as possible, The éynchroﬁization scheme ia seletted
for average traffic conditions, and changes rélatively infréquently.
s'or.n-etirnes no more than three or four ‘t.irhes during the day. In any.
case, the timie scale of switching frorﬁ one synchronization scheme

to another is of the order of minutes or even hours, This type of
control has been referred to as fnacro-control_( or major loop

contro.l ). The problem associated with macro-control is to find

a good synchronization schefne for given .traf'fic, conditibns.

Over and above _macrocontrél, we frequently need .to pay
special attention to critical inter sections. This is done usually at
time increments of the order of one second, and has been ‘referred
. to as microcontrol ( or minor loop control }. The pr.oblem associated
with microcontrol-is to find an algorithm for adjusting the traffic
lights in response to variations of traffic demand, in order to mini-
mize the delay in the neighborhood of the critical intersection. Both
macrocontrol and microc.nntrol coexist in most modern, computerized
traffic control systems. However, most systems in operation today
depend largely on macfocont_rol schemes. The degree of utilization
of microcontrol schemes is limit;ad by our lack of experience con-
cerning the inner workings of tralffic; Since 'microcontrol is
expensive in instrumentation requirements, it is unwise to invest
too much in it without reliable information about its efficacy.

The fourth class of traffic systems usually involves the peed
of maintaining free flow over critical traffic links, such as tunnels,
bridgés, and freeways, by regulating the traiffic in{aut into these
critical links, Much of the methodology in this area has been developed
empirically. Some models of input control have been cast in the

framevirork-of mathematical programming and control theory.
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2.2 ANALYTICAL METHODS, /\ 0

Durmg the past years much effort has been concentrated on ~

developmg procedures for applying a more appropmate ob;ectwe
function to the problem of offset optimization. A great. deal has
been accomplished in the way of more realistic ana.lysls of traffic
flow, however only a very few number of schemes are pratical
enough or have been developed'to the point where they may be
apphed on a city W1de basisa, | .
Vehicular delay has come to be the mo st genorally accepted
index of perﬁerance for signal timing schemes, Delay at an isolated
‘signal is defined as follows ; First, consider a point on the approach
to.an interse;ct'ion so far {rom the signal, that traffic l:nere has not
yet be’g.un to slow down when the light is red. Now think of a second
point, sufficiently far dowustreain of the signal, that'vehicles which
were required to stop have ceased to accelerate, Delay to a particular
vehicle: is defined as thel difference between the time it actually takes
to travel between these two points and the time it would take if the
approaéh always had the right of way, Total network delay is simply'
the sum of the delay experienced by all the vehicles in the svstém
‘under specified flow conditions, _
In 1967, Newelll 4 ]reported'on a rigorously thcore_atical analysis
of delajr in a very simplified network. Newell 's model asﬁ‘s'umed a
'one way arterial street crossed at regular intervale by other one
'way streets, Traffic flow approaching that firstsignal on the arterial - -
is as:;umed steady. as are the flows on all the cross streets. The
signals are considered to be perfect on-off switches and traffic becomesr
eqﬁiv’alegbto a fluid moving along lthe artery with constant velocity .
No turns are allo-qéred in the network, Newell shows that ev;en in -

the case of such a simplified model that maximum through bands
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do not result in miﬁi;nurn delay, In fact it is demonstrated that
minimum delay is coincident with maximum through bands only
if equal green splite are employed at each intergection. Newell

goes on to outline a procedure he has developed for determining

 offsets which minimize delay, however his method is of little

practical value due to obvious ovér simplification of the model
upon which he bases his analysis. ' |

Several years earlier in 1963, Newell{ 6 ] had studied t;he

operation of signalized arterials under heavv flow conchtmns He

assumed a certain degree of platoon dmper sion and performed a
graphical analysis of flow between two intersections. Newell de-
monstrated that delay is minimized when adjacent signals are

phased so that the.last car in a platoon Just clears the intersection

" before the signal turnsred, This usually implies that the first few

- vehicles in the platoon must be stopped. Newell seems to have

abandoned this approach as he could not support his conclusions
with a rigorous ‘ana.lytica..l model, _This is particularly unfortunate,
because, as will be seen later, it was just at this time that empirical
work was under way which woild form the basis for surprisingly
reliable mathematical platbon dispérsion mode}s. :

Since Newell 's initial work, a great deal of effort has been

concentrated on developing an analytical expression for delay at

‘a signalized intersection. The more realistic of these expressions

have been critically reviewed in a recent article by Allsop [ 7 ]

It is usual to divide the signal cycle into short intervals of time,
and the number of vehicles arriving during each one of these
intervals is assumed to be a random varijable distributed according
to a Poisson or Binomial distribution ( or more complex derivative

of either of these ), Vehicles are generally assumed to depart at a
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‘constant rate pfovided a queue is present, however some more
complex models have bgeﬁ derived , By combining these vehicle
arrival and departgre‘ models, elaborate analytical expression®

_ for delay at a signalized intersection have been cieveloped.
However, as Allsop [ 7, page 267 ] says, the mathematical
fascination of the more compiex 'variations éf these models has
o causec-i thdm to be pursued to a level of intricacy far greater’
than is likely to find practicél application T, B

Probably the most useful and widt;ly accepted of these ana-

lytical expressions is that developed by Webster { 9 ]. Assuming
Poissllon arrivals and a ?onstanf rate departuxe model, Webster
simulated the traffic flow through an isolated intion on a
computer. The result was an empirical expression for delay
which agrees very closely with actual delays observed at a number

- of sites. In fact, Webster 's formulae are so well established

: ‘ them
that Hutchinson [ 10 Jhas used as.a comparis on standard in

merical evaluation of several delay expressions. -

‘/’f\nother delay formula .v;rorthy' of mention is that developed

’by Newell [ 11 ] who used a conﬁté.nt service departure modél but ' w

assumed that arrival headways were distributed identically and

independently, and subject to a rnlinimuqh of 1/8 ( 8 = saturation

flow rate }. Newell 's model comparés favogrably with Webster 's..

It may be concluded, that mathematical models have been ’

developed to pfedict vehicular delay at signalized intersectibns
which are realistic, and yet sufficiently simple that they may be’
applied to real life situations. However, it must be remembered
that all of these models represent traffic flow at isolated intersections
\;vith random vehicle arrivals. Clearly, this doesnot represent the cage

of a signal located within a network of signalized intersections,
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each having an arrival pattern which is not random but is pro=
foundly influenced by other signals in the network, However, ae;
will be seen later, much of what has been learned in the analysis
of isolated signals may be apphed in the sfudy of flow within a

network of sigpals.

-
v

One of the first analytical attempts to rélate_ delay experienced
at a particular signal to the arrival of a plagoon of vehicles release
from an upsteam intersection was done by Allsop { 12 ] His’ mbdel

£: Wy
assumes that the vehicle arrival rate is constant throughout ‘the ™

' p]:atoon. Traffic leaves the intersection at the saturation flow rate,

as long as there is 3 queue, and passes undelayed when there is no
gueue, Delay is defined as the integral of queue length over time.
Allsop derives relations for delay in terms of platoon duration;
arrival time of lead véhicle, arrival rate thi-_ouEhdut the plz_;tobn,
_saturafion flow rate, cycle length and green time split. A sensitivity
analysis showed that small variations in the arrival rate from one
platoon to the next leads to increased average delay per cycle, "‘Also
it was found ti:at small variations in platoon duratioln, given a fixed

arr‘ival_tirne for the lead car, may or may not lead to increased or

" decreased average delay per cycle. Although Allsop 's work.repre-

sents a significant advance in the analytical apl;ro?.ch to traffic

flow research, there are serious limitations which prevent it from
bea'i'ng put to pratical use. First, is his assumption that the input

to a traffic signal is essentially a square wave, In actual fact traffic
flow varies all the way from a pure -square‘wave , to pratically
random input. Secondly, Allsop assumes that the arrival time of
the initial vehicle is known and he provides no means of relating
this to the relative phasing of the upstream signal. Finally, Allsop '

equations are somewhat cumbersome to apply, in that there are a

T
I

R

_,.._A
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~ number of different possible situations for which different formulae

must be ues_g'sd,‘,,‘ ! .

AN

© 2.3 SIMULATION'.METHODS.

It Became apparent that the analytigal approach to the probleml
of ay‘nchrommng s1gnala to minimize delay, didnot appear promising
to those responsible for the control of actual traffic networks. As
a result many traffic researchers turned to the digital.computer and

. employed simulation techniques in order that some of the restrictions
of the simplistic analytical models might be relaxe me of the
. first workr}(n this area was done by Salécb and Hdrtley [ 13 ] lwho
\'.‘%/devebped a fv:o'mputek: model to simulate traffic through a linked-
pair of signa.ls. ’i‘he mo st import:int feature of their model was that
it allowed for platoon dispergion between the signals.

"In 1965 Pacey | 14 3 had studied platoon diffusion and proposed
a ‘t.heory which was later refined by Grace and Potts [ 15 ] Basically
it is assumed that the speefls of vehicles released from an intersection
are normally distributed, and that the Bpe(;d of any car is unchanged
as it progresses doﬁvn the }ink. This model has been shown to
adequately reproduce the dispersion of a platoon travelling in medium
traffic with little interference. Recently, Robertson [ 16 ] has applied
a smoothing factor, which is a. function of journey time, to improve

. the fit between platoons calculated by Pacey 's model and observed
platoons. However, a- comparatwe analysis by Seddon [ 17 T has
shown that the 1mprovement produced by this rafmement is marginal,.
and that either Pacey 's or Robertson 's method may be considered
adequate representatlons of platoon d1apers1on.

It appears that Hartley has used Pacey 's model in his simu-

lation. Traffic ise agssumed to arrive randomly at the upstream

L
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intersection according to a Poisson . atribution.,'When the sigdal
is green, vehicles are released at a te up to the 'simu‘lation_ﬂow
rate.. Hartley ru‘;x‘is. simulation model for an hour B real time
before it is asiaurded that steady Efa_te has been reached, More recent -
work seems to indicate that this is unnecessary. The simulation .ig
run several times ‘while the relative phasing between the two inter-
sections is adjusted. The result is a plot of delay versus offset

which yields the optimum phasing for the link. In order to assess

the ef'fect of considéring platoon diffusion, simulations weré performed
in which diffusjon waeg ignored and it was demonstrated that the -
resultmg error in delay is considerable, in fact apprommately 40%.

in the area of the opt1mum offset, Hartley also observed that optimum
offset does not seem to be s:tgmﬁcantly sensitive to traffic volume,
This conclusmn was also arrived at by many traffic researchersg at
this time. Hillier and Rothery [ 18 J; at the British Road Research
Laboratorf, performed a series of empirical test which also demon-
stated t‘hé sta.biliti,r of?{atirrllum offset.Hartley also investigated they, -

response of his simulation rnodel to transient traffic conditions.

— He experzmented with step input, impulse mput and wave input, —

ich is an accurate reprﬁﬁeﬁ‘atmn of rush hour traffic .demand,
‘TRe results of these transiént ‘state simulations are very interesting.
Unfortunately it appears that little further research has been done
in this area. Recently, Hartley [ 19 ] has reported on further ex-
periments with his simulation model. Using first Pacey ' s-diaperéicm :
model and later Robertsbn 's, Hartley calculated a travel time
probability d13tr1but1on for the link bemg simulated. Employing a
Monte Carlo type s1mu1atmn technique, .he produced delay offset
curves from each of these distributions a& d found that they were

' pr%tlca.lly identical. Next, he tried a rectangular travel time

distribution and produced another delay curve which was very

>
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similar to the first two., 'Hartley thug concluded that the delay- ;)ffaet
‘relatmn for any traffic link is not aenmtwe to the shape of the assumed
travel time distribution. This is a very a;gn1f1cant discovery,.because
+ in terms of the computer hardware required, it is much more eco-
nomical to generate events from a square distribution than from any
other probability curve. Unfortunately, Hartley does not appéar to
have dene any field studies to validate his simulations. ‘

One off:hha first aimulafion models actually put to praldical use,
is the one which was used in determining optimal fixed time offsets
for the San Jose computer controlled traffic system. The model
employed is described by A, Chang { 30 7 and also by Gazis and
‘Bermant [21 ] a1l from IBM. It is assumed that vehicles travelling
from one intersection to the next all travel at the same speed.

When joining a queue of stopped cars, vehicles are assurne& to
decelerate instantly to zero speed. Unlike other models described
to this point the simulatio.n takes account of queue length, Cars
leave intersections at a constant rate and accelerate in zero time
to the speed at which ali vehicles on the link are assumed to be
travelling. Again, delay is defined as the integral of queue length
over time, An iterative search procedui‘e involvfing repetitive
simqlati.ons, while si'énala parameters are varied, determines
the vaiues of offsets and green splits which minimize delay. Although
the traffic model ern_ployed in the San Jose aimulation‘ is obviouﬁly
over simplified, Chang [ 20 ] claims that signal settings derivéd
by this hjetlw.od have yielded a 10% reduction in total network delay
m-rer settings obtained by conventional means, - _

A few very complex traffic simulation modéls which accﬁrately
reproduce every detail of traffic flow have been developed, although

primarily as research tools, One such model described by Klinjhout [22]
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simulated the passage of veh¥tles through a fully aci:uz.xtad‘ ignalized
intersection with muti-lane approaches and two loop datectkin each
lane. The approach and‘ dopajl;ure of every vehicle is described by
calculations based on information generated from vehicle accelerat:on
and deceleration dmtnbutmns. Movement of each. velucle through a
queue is modelled in all its intricate detail, Even drwer reaction to
the amber signal is determined by sampling from a probability dis-
tribution, however, it was shown that this lat;‘.er refinement had
negligible influence on the end result..

Another simulation model of equal sophistication has been

' developed to describe traffic flow on a grfd consisting of four

L

. to rriake their

intersections by R, Sagen { 237, Vehicles are generated at the
fringes of the network randomly from an 'exﬁonentia.l distribution

at an average representative of the hour ('J‘f the day being simulated..
Traffic conditions on the link are evaluated before the car is aliowad

to enter and it may be delayed until congeatmn ig clear, Traffic

flow on links between the inter sectmna is described by a complex

car following theory, which assumes that drivers attempt to travel at

a desired speed, which is ofcourse generated from an appropriate
distribution. The influence of other vehicles in}the traffic stream

is accounted for by calculations involving de:;ired spacing and

minimum stopping distance as a function of speed. Vehicles are assdmed-—
to react to a red signal as soon as the stopping distance reach up to |
beyond the stop line, from then on the éar following theory takes
carefof the queuing process, Left turning vehiclea are forced to

op and search for a gap in oppo sing traffic, and then demde

-~

acc gap acceptance distribution, if they have enough space

noeuver, By means of a digital to analog converter,

.Sagen has arf{ ed that the instantat;eous"traffic situation on the

grid can.'be di plaﬁ'ed on an oscilloscope, By having the oscilloscope
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repeat the display at short intervals of time, and coupling it with
- , N —

a camera and projector, Sagen has' been able to produce on-line ’

movies of his Blrnulatmn.

\

' Detailed simulation models, such as the two described above,

are excellent tools for theoretical traffic r.esearchers to use in -
experimenting with néw ‘traffic control strategy, such as the logic
details for advan'ced-traffic responsive equipment, However they
do not represent pratical means for determining optimal timing

. param'etefs for existing fixed time signal ngtworks, The task of
settmg up such a detalled model to represent an entire city network
and coliectmg the data to calibrate this nﬂiel wou}?d\ﬁ?.\aweaome.

~ . Also, Klijnhout reconimends that h1s model of a gignalized 1ntersectmn

be run for two hours of veal time, bafore steady state is reached,

2.4 AVAILABLE SIGNAL OPTIMIZATION P‘ACKAGES.

One of the currently avaﬂable computerized signal 0pt1m1zat1on
ST packages is ca.lled t{xe Combmatmn Method. It was develo'ped by the
Greater London Councﬂ in the mid sixties, and was one of the methodﬁ
tested in a five years experiment performed at Glasgow, to evaluate
several differeﬁt strategies of area traffic control. Basically the
" method is as follows. A crude simulation calculates the delay-offset ‘

relation for each link in the system. It assumes that the delay on

.A‘—ﬁ any link is a function only of the offset between the signals ._ﬁt either

end of that link, Once the.dela.y-dffsetirelation for each link has been
armined, a routine is set into motion which reduces all of these
del y-offset tables to 4 single delay-offset relatmn for the whole

ork. This is done by systematically combining the offset relatmns

for adjacent links. After the final relation is determined, the offset
producing minimum delay for this hypothetié‘al link is selected, and

[
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. \ _ .
the calculation sequence is retraced to'.detarmihe the optimum offsat
for each link in the system, For those readers ﬁho are intefosted,
the method is described in more detail by I-_Iillier'[ 24 1.

. .The simulation used to determine the delayjof'fset relation for
an iﬁdiv*idﬁal link in the Glasgow experiment was aorﬁqwhat over
simplifiewd. A..B' Holroy [ 25'] pc‘)i.ntslout, it was assum?d that t.raffic
was discharged from the" upstrea'm si_gnél at a coﬁstant rate during
the green period, and no account is tﬁkén,of plafo’on dispersion.
H‘owever, since that-time Robertson 's platoon diffusion model has
been iﬁcorporated into the model, and it is.-now assumed that the
discharge rate at the upstream signal is heavier during the beginning
of the green. Nevertheless the simulation takes no account of
turning vehicle’s nor tfng‘degree of platoon dispersion on the upstream
‘ link,.both of which will influence the arrival pattern at the dowe-
stream signal. The Combination Method is available as a compiter
package, or as a consulting serviée for urban area-not having computer
facilities, and, accordmg to Huddart [ 26 ], 1t has been applied
sucessfully in cities in the U K. s, Australia and the U. S

" Another important method of opt1m1z1ng B1gna.1 settings, which
wasp tested during Glasgow experiment, is the TRANSYT routine. |
developed by Robertson [ 27 ] while he was employed by Plessey:
Electronics., Rather than minimum total“delay, the objective function
of the TRANSYT routine is minimum average journey ‘tirﬁe . This
objective function is sought by minimizing the total average number
of stopped vehicles in the network at one time. According to Robertson
on a purely economic basw this goal seems to be more desuable[ZB]

In priciple, TRANSYT is similar to the Combination Method, -
in thajf it consists of a traffic model and an optimization routine,

hovfever, there are significant differences beyond this pojnt. In

\

N

"
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order to make the amount of computer time required realistic, a’

deterministic t'raff_ic model is used so that aver'age traffic is re- .'
presented. The fnain advantage that the TRANSYT model has over
the Coinbi;mation Method is that it is not restricted by the assumption
that the delay on a particular link is a function of the offset on that
link only, but also depends on the offget and traffic conditiona on
the upstream link. This is accomplished by-e;ix"nula.ting traffic on
the whole ne't'workJat once. In effect the passage of individual
vehicles is traced.through the network while the prohibitive‘clom-
putational detg.il of Sagen 'sjntédgl is avoided. This continuous
type of nétwork "modelling. means that vehicle trurn's can be accounted
fé>r, and also that the shape of the discharge profile at the upstream
'interqection in any particular link does not have to be assumed. |
Platoon dispersion is accounte‘d for by Robertson 's smoothing
' factor method. Figﬁre 1*[ 29 ]1is a comparison of observed pla-
toons and those calculated by Robertson 's method, The F in the
diagrams is the smoothing factor and is a function of travel time, .
The routine output histograms 'representing arrival z-md dei:a'rture
profiles at each stopbar; a sample of these is shown in Figure 2*
[ 30 1. The heavy dark arrows indicate turning movements,

Since the model is deterministic the arrival piatoona represent
a‘;rerage traffic behaviour. In reality the actﬁal number of sf’ops
that would be observed would be greater than predicted. This is due
to the random cbmponent of the traffic arrivals, which would
occasionally cause the formation of owerflow queues, even during
times when the interseétion was ulnder saturated, Based on a platoon‘
dispersion study, Robertson has derived an analytical relationship
between random delay and degree of saturation. He used this relation

in TRANSYT. Signal parameters are adjusted by using an iterative
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process called hill climbing until network simulation r_t'asults in the
minimum value of the performan;ce index, . : -

In 1966 the British Road Research Labt;ratoxl'y conducted an
experiment on Cromwell Road in London. Net\x;ork performance
under fir st.manuai signal settings obtained by conventional traffic
. engineering m'ethods‘, and later, signal sett_ings'obtaiﬂed using
TRA.I\I_S'Y_T, were_cémpared. TRANSYT reduced the total vehicle
- hours spent in the system per hour from 177.4 to 150.0 (12.9%)
even though there had been an increase in flow of 5_%; TRANSYT had
predicted that vehicle hours in the system would fall from 176,7 to |
150.8 , . S .

In the Glasgow experiment [ 31 ], the TRANSYT method was
SP’;‘?\'fvn to reduce average journey time by 4% compared with settings
' produced by the Combination Method. This is not surprising due to -
more realistic traffic model which TRANSYT used.

Accor&ing to Robertson [32 ], optimﬁm settings, including |
green split and .cycle time, for a network of 50 signals can be obtained
in 12 minutes, however, if offaéts only are reqﬁiréd the computational
time may be reduced by 30 to 40. per cent, The first non-experimental
application of TRANSYT was in the City of Berne in Switzerland,

many others are planned,

2.5 EMPIRICAL METHODS,

To this point in the discussion, traffic ai‘ri\ral profiles, ﬁpoh
which caléulations of the delay offse-t relation are bﬁsed, have been
produced by mathematical models. Some traffic researcher have
shown interest in deriving delay-offset relations from vehicfe arrival
profiles observed in the field. Hillier and Rothery [ 18 ] were among
the first to derive delay offset relations from arrival 'profilea‘which

' were actually observed and recorded in the field. These arrival
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profiles were measured at four locations downstream of a sxgnal
light in London England. From these arrwal histograms, delay offset
relations were generated by what was essentially a graphical technique,
For z;, particular offset, cumulative demand and service functions
were plotted, The area between the tfwo functions represents
vehicular delay. Shifting these period functions relative to each
other is 'equ{valeht to changing the offset between the "cwo signals,
Thus by éhifting the curvéé and noting the resulting area between
them thé' delay offset relation was generated.

After extensive data collection and reduction, Hillier and
Rothery arrived at the following conclusions, : -

(1) Optzmal offset is not significantly affected by traff:tc volume

{2) Delay is approximately minimized by usmg a progression’
spaed equal to the mean speed.

- (3) Random delay increases as the degree of saturation
approaches 100%.
Their latter conclusion is somewhat obvious as the probability of
an overflow queue increases greatly as the éignal becomes sahir‘a\ted.

One of the other few traffic researchers to deal directly wit‘.r‘?,l
observed signal profiles, in the sfudy of optimux"n offset between two
adjacent signals, was_Wormleighton [ 33 ], [ 34 7 of the University
6f To:on’;:o. Wormleighton has equated the dowmnstream traffic éignal
to a bulk service queue with non-homogeneous Poisson input, Using
queuing theory, he was thus able to derive expressions for mean
queue length and mean delay, Information collected from induction
loop vehicle detectors, by the Toronto traffic control computer,
allowed Wormieighton to construct histograms representing average -
arrival profiles at locations he wished to study., These average

arrival profiles were used as an estimate of the varying Poisson
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“intensity function of the queing model, After investigating delay offset
relations produced by this method, fromiobaervatiéna r;mde at only
- two interéectionsl Wormleighton made the following conclusions.

{1) The travel time of the leading cdge of the platoon does not
depend on volume. .

(2} Optimal offset increa;ea with volﬁme by about 1 second for
each 100 vehicles/hour. |

(3) Offsets within 5 seconds of the best one give mean delays
within one second of the minimum,

{4) Errors in estimates of saturation flow rates and expected
overflow queue will result in error in delay e'stimaf;es but will not
effect the location of thé optimum offset. |

{(5) The offset which minimizes the number of stops is not

.necessarily the one which minimizes deléxy.

Recently,M'i_llar [3s 1 proposed a signal optimization package

entitled SIGRID, SIGRID is an iter;ative routine which seeks to mini-

mize the following network utﬂify function.
: 0 . ,
Y:? IV-.IF.(D-A)

where , )

n : total numbexéof links in fhe_network

V : the volume of the link i

IF :the importancfactor of the link.i. This is meant to
represent the relative ﬁvaighting that should be given to link i when
determining the optimal compromise of offsets between link i and
its neighbora. o

D : the offset desired on link i

A : the actual offset whxch SIGRID will assign to link i
The desired offset D,is an mput to SIGRID, and must be determmed
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for each link i, in order to maximize some objective funct’ion on
that link, Millar has chosen ﬁinifnum deiay as a guitable objective .
‘ functmn. The actual traffic data to the City of Ottawa 'g 238 8ig-
nalized intersections were studied under traffic cond1t1ons represen-
tative of morning, evening, and off peak hours and the SIGRID
method was apphed
This SIGRID package is easentmlly 1dent1ca1 to SIGOP L 36 ]
It seems apprOpriate to point out at this time that SIGOP appeared
equally as effective as TRANSYT in the Glasgow experiment.

" What has been said to this point, by no means represents a
complete survey of research in the area of determining optimal
gettings for fixed time traffic mgnals However, the author feels
that it does constitute a representative cross_ section of work that
has be,len done, and that it is essential to understand the relevance

_and significance of studies which he has undertaken,

2.6 SUMMARY OF APPROACHES TO TRAFFIC SIGNAL RESEARCH.,

After reviewing the various books, projects, studies, and
reports, which have 'beeﬁ mentioned above, it is possible to make
the following genéfal corrirnentq. In order that they may be solved,
anaiytical models of traffic flow, which have been developed to date,
_—are 80 oversimplified and unrealmtm that they do not at all relate to
actual traffic behaviour. As an alternatwa traffic researchers have
constructed traffic simulation models. Some of these models are so~
detailed that they reproduce every intricacy of traffic flow.However
there is little hope that they may be applied to entire city networks,.

Nevertheless, these models should not be regarded merely as toys

of the theoretician, a# they constitute valuable research tools, from

which much can be learned about the intricacies of traffic flow and its
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responée“'to different control strategies, _

Although the inadequacies of the time space method of co- ordmatmg
fixed t1me tra.fflc signals are widely acknowledged very few of the .
alternatwes which have been suggested, exist in a form which
would allow them to be applied on a city wide basis, ‘Probably the
best currently available routine for s1gna1 network optimization is. )
TRANSYT, by virtue of its s:mphed yet apparently accurate traffic
simulation model. Some may argue that it is closely rivaled by a =«
routine called SIGOP [ 36 7. | |

The empirical approach to signal optimization is attractive as
it ehmmates the uncertainty associated with n'nthematlcal gimulation,
Also, a refined empirical optimization routine could ymld substantial
savings in terrns of profesalonal time and computing costs. Both the
work done by Wormleighton [ 33 ] and Hillier and Rothery [ 37],
demonstrated that rebr’esentative and stable arrival profiles can be
collected in the field. It appears that'an effort should be niade to

. develop a routine, whereby signal settings would.be Optimizéd
according to traffic behaviour observed in the field rather than

Y

gimulated on a computer,



CHAPTER 3
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A VEI]ICLE ACTUATED OPTIMAI_. FEEDBACK CONTROLLER
FOR A SIGNALIZED TRATFFIC INTER SECTION.

3.1 INTRODUCTION,

Ag stated before, in general the"contfol schemes can be .
clasaified ih‘two categories, fixed-cycle and v'ehicle-—actu:.:xted a
control, In this chapter, the latter one is studied by using the
model of Martin-L'd'ff [ 5 ]. Modifying apprOpriateiy the state
~ transition probabilities, the optimal control minimizing the
expected delay over a long time period is computed. The method
used is Dynamic Prqgramming. The actual traffic‘ data in the
morning,; eveniﬁg and off peal Eours o'f- an intersection in Ottawa -
were used, The optimal control at a given time is obtained as
a function of the previous control and qtileue. lengths in the two
directions of the intersection. The optimal feedback controller
is then synthesized using piecéwiae linear discriminant functions,
Results of computer simulation of fhebptim&lly controlled inter-
section are finally given in order to study ‘the signal cycle lengths
produced by th:a method. The results of this chapter were reported
in [ 38 1. w

3.2TﬂErMODEL[381

We consider a traffic intersection of two directions controlled
by a two-phase gignal; The yellow pha:se is incorporated in the
effective loss time, ’which is chosen as time unit for the model.
Consiaering thus the discrete timei=1,2,3,... , and assuming
~ that the signal state is constant in ew;'ery interval ('i. i+l ),

we define the state variables :

\



xl( i} = queue length in direction 1 at time i
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L e

%, (i) = queue length in dirgcti?m‘ 2 at time i

and the control function ( state of the s_ignal‘) :

- 1 if the signal is red in direction 1 in (i-1, i )
r(i) {

2 if the signal is red in direction 2 in ( i-1, i)

,The system evolution is described by the following sets of

transition probabilities

Pk(n;m) = P[xk(1+ 1)=m I xkh) = n'] when d1rfaction k is closed

(1)

Qk(n,m) = P[xk(ﬂ 1)=m Hﬁ{(i) = nwhen direction k is open .

(k=1,2)

P, are determined by the’ arrzval distributions and Q by the

k

arnval and departure dmtnbutmns.

A direction is Baid to be open in the interval {i,i+1) if and only if

the signal shows.red in the other direction in both interval (i-1,i)

and (i,i+1). This definition incorporates into the model the time

losses,

‘space of pointa { x

We can consider now the system as a Markov Chain in the

1

, 'xz , T ) with transition probabilities depending

on the binary control variable r( i), The one-step transition pro-

babilities from time ilto i+1 are :

P
Py
P2)

P2y

(nl'nZ'l:'ml'mZ’?)= Pltnlnml)Qz(nZ:mz)é
(nl'n2'2: ml’mZ’r) = Pl(nl,ml)Pz(nz,%‘nZ)é

. = 6
(nl._nz,l. ml,mz,r) Pl(nl’ml)Pz(nz’,mz)

(n ,n 2 ml,m

) = Ql(nl.ml)Pz(nz,mz)6

r.l § if r(i+1) = 1
r,l : :
(2)
r,2
if r{i+1) =
r,2 .
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°ij =1 if i=j and 0 if i #j
? .

The model is thus a controlled Markov Chain in the 3-dimensional

space(xl.xz,r).

3.3 OPTIMIZATION BY DYNAMIC PROGRAMMING .

Let C (_xl', X, ) be the cost per unit time of having queues '
Xp 0%, ‘in directions 1 and 2 » Teapectively. The optimal control
function r ( . ) will be determined in such a way that the following

conditional expected cost is8 minimized :
T ' ‘
J = E [LCk/(s), x, (s)) | %) (t)=n %, (t)=n,, r(t)l=r } (3)

where T is the ''horizon'' of optimization and t is the present time,

n, and n2 are the present queue sizes, varying from 0 to N,

Let the minimum conditional expected cosf be :
T

,r,t) = m1n E{ Z?(x (8),x (g))lx (t)_n X (t) n ,r(t)—r} (4)

ftT]

,n
v(n >

We can determine v(n1 .nz,r.t) by Dynamic Programming as folquws :
r :
\l'(l'll.n2 1,t-1)= min E { Et C(x {s),x (5))[): (t- 1) n, X (t 1)= n, r(te1)=1 1 =
: ()
[t-1,77
T
_C(n I )+ min E {T C(x (8),x (s))l % {t-1)= X, {t-1)= n, ,r(t 1)-1 ¥ =
r(.) _ =t
ft-1,7 ]
: N N 2 -
- mi L T ; cm,m._ i)
=Clayomy) # min B =0 £ (my My P (0m, 1 my )
: r(.) _{1 2. '

N

A
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- = Cn

1\: V(mlj.m

nz) +. min" { 2

1 't):_Pl (“1_1 ml)QZ(nz ' mz) s

»

' ' _ {5)
"‘mr’“zm"?ﬂﬁfg‘“z'mz’ b

Similarly , ‘

: ~ _ N N _ ' ‘
|2| ~1)= 1 +mij r L~ r RE 0 ’ i
t-1) Cln, n?_) min { v(im, ,m,,1 t)PI(nl ml)Pz(nz m)

e _ 1
m -O_mZ-O

v(n1 .'r.l2

ot

(6)

2

N
Z

oM

vim_ ,m QZ.E')Q (n,,m }P_(n,,m )}-
m =0 m <0 1’72 112

1 2-

From (4 ) it is obvious that ;

T

¢

v(nl,n r 27y

+ IT = O . .:
2T ) fora.lln1 n

2 ?
The optimal control can now be obtained b}'aolving recursively the
equations (5 ). and ( 6 ) with terminal condition { 7). The control
is obtained as a function of the previoﬁs control .and previous quéhe
sizes , i.e, ,

r(t) = £0x (t-1), x,(t-1) , v{t-1) , t ) (8)

If the traffic data are such that the transition probabilities ( 1 ) do not

‘depend on time and the horizon T is ve;y large, then there exists a

- steady state control minimizing the cost (3 ), i.e. .,
Tlt) = g x (t=1), x, (1), x(t-1) ) . (9

In this thesis we concentrate on the synthesis aspects of the
optimal feedback controller given by ( 9 }'and use of it in computer

simulation of the overall systemn. We take C(n1 ,nz) = n

1+‘1‘1‘2,E,’o

that v is proportional to the delay .
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3.4 EXAMPLE ; AN INTERSECTION IN OTTAWA.

L]

- We considered the intersection of Bank and Sunnyside, Streets
: 4

A.
Bank

, - T = — — - —_— & — — _— T'_ — e
. _ . Sunnyside
i ,
I
l L ]
B
| .
' T}
|
I
Figure 1

Arrival data were obtained from the Traffic Systems Control
section of the Regional Government of Ottawa-Carleton.

Northbound and Southbound arrivals on Bank street and East-

' bound Westbound arrivals on Suunymde were measured every 5

seconds during the morning and afternoon peak hours as also an

' off-peak hour. From these data and considering as unit of time 5

.

seconds we obtained the arrival probability distributions Bhown in
Table 1 Although the*nodel can function with general emp1r1ca1
arrwal d1qtr1but§s\]e decided to apprommate these distributions

as shown in Table
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. ARRIVAL FEROBABILITY DISTRIBUTIONS

1 o of 'BANK - SUNNY SIDE
Arrivals Morning Coff Afternoon | Morning L Off Afternoon
(per unit time)|| Peak Peak Peak Peak Peak - Peak
0 .32222 -},40317 |.30952 76666 | .87857 | ,70952
1 .36190 |.37936 | .35238 .21904 .11904 | 23333
2 . .20476 | .20000 | .25097 .00952 .00238 | ,05714
3 ,08888 | ,01587 | .06825 ,00476 | 0 0
4 .01746 | 00158 | 01746 0 0 0
5 .00476{ 0 - .00158 0 0 0
Table 1
APPROXIMATE ARRIVAL DISTRIBUTIONS
P
-on
BANK SUNNY SIDE
Morning Afternoon Off Morning | Afternoon Off
Pezk - Peak . Peak Peak Peak Peak
5-n n . A-n n denf2y1iy e PGz 8 feyr Pas iR
T AEE T e TREE BRE) [
n/GN5 nAe]\4 n\5 \ ' N

In order to have a model with a finite number of states we assumed

Table 2

that the queue lengths in both directions are bdunde.d. The bound

was chosen as N = 14 ., '_A"

A

The discharge rates of the intersection during a unit time interval

(5 sec, ) of the green phé.se were taken as

AN




S =30
I3

v
1

Y2

3.5 TRANSITION PROBABILITIES,

4 vehicles , for direction 1 { Bank ),

2 vehicles , for direction 2 ( Sunnyside )

The transition probability
. Pk.(n.rﬁ) = P (xk(i+1) =m l xk(i) =n) when direction k is

closed is easily calculated from the arriyal statistics, Bince it is
equal to the probability of { m-n ) arrivals.-

* If the arrival distribution in direction k is of type :

k) _ , K., n Ken - (10)
P = ( tp (I-p) -
then o : .
K - . ‘ .
P o,m) = ( yp oo " (1-p) K-mtn (11 )‘

The calculation of the transition probabilities Qk(n,m) =

P (xk(i+1) = m | X (iY=n) Whgn direction k is open is more difficult.

L.et P be the traffic intensity in direction k during green }Seriods.
. The probability that exactly n queued items will clear a random-

arrival, constant - service queue beginning with r in the queue before

the queue first vanishes is given by the Borel-Tanner ['39’] probabjlities :

-p, N )
bk(n,r) = A(n,r) e kan“r ’ n = r., I'+1 EEER] ( 12 )
where T n n-r-1
Aln,r) = e {13}

The transition probabilities Qk {n,m) can now be calculated

from the expressions given in [ 39 7 :

v P v, +m-n m .

Tk K k .
= B ’ Allv 3 . >
Qk(n,m) e P jgl {n.1 IA( k+J , 0, f'or ns Vi m%O

i
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v
k _
' ,m)= T b (j, -
Qk(n m) = k(j n) - forn ¢ \Jk ; m=0
' ceen. (14)
K. m-n+v K-m+n-v,
= 1~ ’ f > :
( m-n+t V‘k} p \ ( P) . or n \)k
= 0 " for m-n > v

k

where the coefficients‘B(m,j) are calculated recursively from the

expression ~
-1

3

-B(m,n) = -

1 ™

A(nj,j.)_B(j,n)- form > n . (15}
j=n ' '

-~

with B(m,m) = 1

The . traffic intensity P, is calculated from the expression

k

Average No, of arrivals per unit interval

p =
k . .
. Average No. of departuresper unit Green interval

3,6 COMPUTATION OF THE OPTIMAL CONTROL. |

Using .the' Dynamic Programming equations (5),{6),(7) with

the transition probabilities obtained from (11),(12),(13), (14),(15)

" and starting with T greater than 30 units of time , we found that

steady state solution is obtained in less than 24 time units. The

results ,which include the total cummulative delay over 25 time

units, are shown'in Table A ,and the computer programé in- Appendix B. ‘
The steady-state optima’f control‘g_uhe form (9} is given, for

the morning peak hour, by.the figures 2 and 3. Similar results were

obtained for the afternoon peak and off peak hours. { Figures 4,5,6,7 ),

s’ ' ' . N
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. Previous {ontrol = 1 Previous Control = 2
¥
‘ Expected Minimum . Expected Minimum
cht Control Delay Over 25 Time Next ‘Control. De‘lal,)y Over 2-5 Time
" Units Units

n1 n,/| MP|OP [AP| MP | OP AP MP{ OP|AP| MP | OP AP
colofl 212 {2 31,6 | 15.3 | 31.6 | 2 2 2 | 30.5 {14.4 | 30.4
011 1 11 1 33.4 | 17.3 | 33.3 | 1 1 1 37.0 | 20.4 | 37.0°
ol 214 1|1 1 35,1 18.6 [ 35.0] 1 | 1 1 | 40.7 | 23.2 | 40.¢
ol 31 |1 |1 39,0 22,41} 38.9 | 1 1 1 | 46.5 [ 28.7 | 46.4
0| 4 111 |1 42,7 25.3142.6 | 1 |1 1 | 52.3 [ 33,2 ] 52.2
ol s 1 |1 1 48,5 | 30.7 ] 48.4 | 1 1| 60,0 | 40.3 | 60.0
ol 6 1 |1 1 54,3 35,2 | 54.2 | 1 1 1 67.7 | 46.4 | 67.7
ol 7l 1 |1 1 61,9 | 42.2| 61.9 | 1 1 1 77.1 } 55.0 | 77.1
ol 8 1 f1- )1 69.7| 48.3 | 69.6 { 1 1 1 86.7 [ 62.8 | 86.7
0} 9 1 |1 1 79,1 57,0 79.1 1 1 11 97.6 | 72,9 1 97.7
oj10]] 1 |1 | 1 88.7| 64.8| 88.7 | 1 1 1 | 108.7]82.4|108.9
o1l 1|1 1 99.6 | 74.91 99,7 | 1 1 1 | 120.5]| 94.0 | 120.7
ol12|} 1 {1 1 110.7| 84.4 110,91 1 | 1 1 [128.1]105.1]|128.3
ol13|] 2 |1 2 111.1| 96.0 | 111.1| 2 1 | 2 |110.,1|117.0]110.1
014 2 |1 2 | 60.3| 107.1|60.3° | 2 2 |2 59.6 [109.6] 59.6
1joll 212 | 2 33,8 17.3133.7 | .2 2 | 2 31.4 | 15.3] 31.4
111 |1 1 36.8| 20.5|36.8 | 2 2 2 38.3| 22.0] 38.2
1{2 1|1 1 38.8| 22,0[38.7 | 2| 2 2 43,5 26,1} 43.4
1|3 1|1 1 43,9 26.9|43.8 | 2 2 | 2 50.4 | 32.5| 50.3
1] 4 11 |1 48,0 29.9| 47,9 | 2 2 | 2 57.6| 38.3} 57.6
1]5 1 {1 1 54,8 36.5|54.8 | 2 2 2 66.41 46,3] 66.3
16141 |1 61.1| 41.2| 61.0 | 2 2 | 2 75.6] 53.71 75.5
17 1 |1 1 69,61 49.3| 69,5 { 1 1 1 85.8 | 63.3| 85.8
1|8 1 |1 1 77.8| 55.8] 77.8'{ 1] 1 1 5.7 71.5| 95.8
119 1|1 1 87.8| 65.3] 87.8 | 1 1 1 | 106.8| 82.4] 107.0
1|10 v |y |y f o 97.7f 73.5] 97.8 | 1 1 | 1 ] 118.04f 92.3]118.2
11 1| 1 | 108.8| 84.4 |109.0 | 1 1 1 | 129.5}104,5( 129.8
112l 1 {1 1 | 120.0| 94.3 |120.2 | 2 1 2 | 135,2|116.1} 135.4
113 2 b1 |2 |113.2] 1065 {113.2] 2 1 [ 2 11,1 ]127.501111
1114t 2 |2 2 62.21 11231 62.2 | 2 2 | 2 60.6 |110.6) 60.6
210 2 |2 2 36,2 19.6 ] 36,1 | 2 2 2 32.5 16.47 32.5
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4 113k 2 [ 1| 2 fi21.1) 136.1] 12112 2| 2| 115.1] 137.7]115.1
4 |14} 2 2 2 | '68,7] 119.2| 68,7 |2 2 21 64,4| 114.3]64.4
5 o]l 2 2| 2 45,71 28.4 45,6 |2 2 2 37.8] 21.3137.7
5 1'1( 1 { 1 1 54,3| 36,6 54,2 |2 2 2 45,4 28,7[45.3
512¢ 1 { 1 1 57.2| 38.6 | .57.1 |2 2| 2 52.1] 34.2152.0
5 131 | 1 1 | 66,0 47.4 65,9 |2 2 2 60.3] 41.6160,2
5 141 1 1 | 71.7] 51.9 4 71.7 |2 2 2 69.0{ 48.7]68.9
5 151l 1 1 1.| 80.6| 61.6 80,7 |2 2 2 79.0] 57.7]78.9
15 161 |1 1 | 87.8| 68.3 | 88,0 |2 2} 2| 89.6] 66.4]89,6
5 1711 1 1| 96.7| 78.9 96.9 {2 2 2 101.2) 76.9]101.
5. 181 1 1] 1 [104.5] 87.4 104.842 .1 2 2 113.2f 87.0]113.
5 191 1 1 |113.3] 98.8 113,52 1 2 2 1260} 99.0]126.
5 (100 1 1 1 ]1121.5]|108,7 121.7(1 2 1 136,7| 110,7]136,
5 11| 1 1 1 {130.2]120.5 130.4 |1 2 1 145.3] 124.0|145.
5 112§ 1 1 |1 |138.7]131.3 138,912 | 2 2 146.6| 136,7]|146.
s [13)| 2] 1 2 |124.3]143.5 124,32 2 2 |.117.2| 144.3[117.
5 |14ff 2 2 2 71.2{122.0 71.2 |2 2 2 66.2] 116.3|66,2
6 lof 2 2 2 | 49.6| 31.9 49,5 |2 2 | 2| 40,2 23.6140.1
61| 2 2 2 58.5| 40.4 58.4 [2- 2| 2 48,01 31.1147.9
6tz |1 1 | 62.3f 43.4 62,3 |2 2] 2 55,0 36.7]54.9
6 |34 1L 1 | 1 71.2| 52.6 71.2 |2 2| 2. 63.4] 44,3[63.3
61411 1 { 76.9| 58.1 77.0 |2 2| 2 72.4| 51.5)72.3
61501 1 1 85,2 68,0 85.4 |2 2 2 82,71 60.7(82.6
61611 1] 1 91.7| 75.4 92.0 |2 2 2 93.5[ 69.6]93.5
6|71 | 1 1] 99.6] 86.1 99.8 |2 2 2| 105.4| 80.3]105.4])
6181 | 1 1 | 106.5]| 94.8 106,712 2 2 117.9] 90.8(|117.9
61911 1 1 ]114.1]105.9 114,31 2 1 127,1].103.0[127.2
6 {10]| 1 1 1 {121.4[115.5 121.5]1 21 134.8{ 115.1[134.9
6 | 114} 1 1 1.1129,1]126.,7 129,21 2 1 142.7| 128.7 |142.8
6 1121 1 1 1136.81136,8 | 136.9(1 2 |1 147.6] 141.5 |147.7]
611312 | *1 | 2 }127.5|148.0 127.5}2 2 2 119.5} 148.2 |119.5]
6 |14l 2 2 2 { 73.9]124.9 73,8 {2 2 2 68.2] 118.3 {68.2
71012 2 2 53,.8{ .35.8 53,7 |2 2 2 43.0| 26.11{42.9°
B - - 2 63.0| 44.6 62.9 |2 2 2 51,0 33.9}50.9
712 (|1 1 1 67.1].48.6 67.1 |2 2 2 58,51 39.9|58.4
7131 1 11 75.4| 58.1 75.5 |2 2 2 67.3| 47.7167.2
714 (|1 1. 1 80,3| 64.3 80.5 |2 |2 2 76.8| 55,4 [76.7
71511 1 1 87.4| 74.4 87.6 |2 2 2 87.4} 64.8(87.3
716 |t 1 | 1. 92.9] 82.0 93,0 |2 2 2 98.7| 74.1 98,7
74711 1 1 99.4( 92.4 99.5 |1 2 1 109.9| 85.0{109.9
7 1811 1 1 1105.31100,7 105.4|1 2 1 116,3| 95,7 [116.4
7 19 {1 1 1 [ 111.9{111.0 111.9(1 .2 1 123,2}708,2 [123.2
7 110 1 1 1]118,3]119.8 118.4{] 2 1 130.24 120.6 [130.2
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< . I m : ‘ . ,
¥ 7-111} 1 1 1 125.2] 129.9 |125.2 | 1 2 1 | 137.5{134.4]137,5
T} (B BY: | B ! 1 132.2] 138.9|132.2{1 2 ¢ 1 | 143,1]147.2|143.1
73l 2 | 2 | 129.6| 148.8[129.8] 2 2 2 | 122,1|153,0]122.1
7 {14f2 §2| 2 | 766 |127.8(76.6 [2 |2 | 2 | 70.3 |120.6] 70.3(
80| 2 2 2 58.1 | 40.1 ]58.1 | 2. 2 |-2 | 46.2 [29.1 | 46.1
gi1llz | 2 2 | 67,2 } 49,1 [67.2 |2 2 | "2 | 54.5 137.1 | 54.5
Blz21f1 1t 1 ] 70,2 |54.,0 |70.3 |2 |2 | 2 | 62,5 |43,7 |62.4
81311 1 | 1 ) 76,9 | 63,7 {77.0 |2 2| 2 {71.8 |51.87 71,7
181411 1 1 | 80.7 | 70.1 |80.8 |2 2 2 | 81.7 [60.0 | 81.6
g8 Isil1 |1 1 | 86.1 | 79.9 86,2 |2 | 2 2.192.8 {69.8 | 92.7
8|6 |1 1 1 90.6 [ 86.9 [90.6 {1 2 1 | 99.1 179.5 |99.111
8 {711 1 1 | 95.9 {96.4 }95.9 |1 2 | 1 ]104.8]|90.9 {104.8
88141 1 1-] 101.1] 103,7|101.1}1 | 2 1 | 110.7[102,0{110.,6
gloll1 [1 1 106.8| 112,7 |106.8] 1 2 | 1 ]116.9]|114,.8/[116.8
8 |10 1 {1 1 112.7| 120,2 |112.6] 1 2 1 | 123.3]127.6[123.2
8 111 | 1 1| 118.9] 128.9 ]118.8]1 2 1 | 130.0]141,71129.9
8 |12fl 1 1 1 125.3}1 136.7 |125.2] 1 1 1 | 135.87]|151.3]135,7
g li13ffz |1 2| 128.7] 145.3 |128.7] 2 1 2 [ 125,1]157.0[125.1
8 {14fl2 |2t 2 | 79.2 | 129.3 }79.24|2 2 2 | 72.7 [123.2| 72.7
9oz 2| 2 | 61.4 |44.6 |61.5 |2 2 2 | 49.7 {32.4 | 49.6}}
gf1iyf1.|2 1 | 68.2 ] 53.9 (68,3 |2 2 2 | 58.4 [40.7 | 58.3
92l |1 1 | 70.0 | 59.1 {70,1 2 | 2 2 | 66.8 147.6 | 66,7
913y | v [ 1} 74.3 |68.5 |74.3 |2 2 2 | 76.4 |[56.1 | 76.3
9 [4 1 1 1 | 77.2 | 74.1 |77.2 |1 2 1 | 83.1 |[64.6 | 83,0
9151 | . 1 | 81.3 | 82.8 [81.2 |1 2 | 1 |87.6 [74.7 |87.5
9 16|11 1 1 | 85.1 | 88.6 §85.0 |1 2 1 | 92.3 |84.9 [92.2
917 |1 1 1 | 89.6 | 96.5 89,5 |1 | 2 1 | 97.4 |96.,5 [97.3
918 |1 1 1 | 94.3 [ 102.5 [94.2 |1 21 1 | 102.8]|108,1] 1026
919 ||:1 1 1 99,4 .} 109.9 199.3 |1 2 1 | 108.4{121.2(108.3
91101 |1 1 | 104.8f 116.3 {104.611 |1 1 | 114.2 [128.3]|114.1
9 {11ff 1 1 1. ] 110.4| 123,5|110,3] 1 1 1 | 120.2 [135,5(|120,1
9 l12f1 |1 1) 116.2] 130.3 |116.1} 1 1 1 | 125.7|142.6{125.6
9 |13 1 1 1 122.2} 137.5 |122.11 1 1 1 | 122.4 j147.6]122.4
glwallz | 2| 2 | s0.5 {126.2180.6 J2 |2 | 2 |75.2 |126.8] 75.2
wloflz [ 2] 2 | 61.2 [49.2 [61.1 |2 2 2 | 53.6 [35.9 |53.5
100 1)1 | 2 1 | 63.8 158.5 |63.7 12 | 2 |-2 |62.5 |44.4 |62.4
101 2 |1 1 1 | 65.2 | 62,5 |65.1 |1 2 1 | 68.3 [51.6 | 68,1
10 3ff1 |1 1 | 67.8 | 70.5 [67.6 {1 | 2 1 | 71.6 [60.4 | 71.4
10l 4| 1 1 1 | 70.3 | 74.5 |70,1 |1 2 1 | 75.1 |69 74.9
19/ sl[1 |1 1 | 73.6 | 81,2 |73.4 |1 2 1 [ 79.1 [79.6\]| 78.9
10] 6] 1 1 1 | 77.1 | 85.5 ]76.9 |1 2 1 | 83.4 }90.0]| 83.2
10 7 |{ 1 1 1 | 81.1 | 91.6 |80.9 |1 1 1 | 88.0 |100 87.9
4
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Afternoon ~peak hour,

1361 |1 1| 42.2 J9.0 41.8| 1 1 | 1- 144.8 |52.3 | 44.4

Jui3f7|1 |1 1| 44.5 | 51.6 | 44,1 1 1|1 | 47.2 |55.0 | 46.7
1381 |1 1 | 46.8 | 54.3 | 46.4] 1 1 |1 |49.5 [57.8 | 49.1
1391 |1 1 | 49.2 | 57.0 48,7 1 I |1 |51.9 }60.6 | 51.4
13101 1 |1 1} 51.5 | 59.8 51.%] 1 1 |1 | 54,3 §63.5 | 53.8
13]11ff 1 |1 1 {1 53.9 | 62.6 53.4| 1 1 {1 |56.7 [66.3 | 56.1
13[12)| 1 {1 1 | 56.3 | 65.5 55.8] 1 1 |1 {59.0 }69,1 | 58.4
13[13))r |1 | 1 ]58.7 | 68.3 | 58,1 1 1 |1 §59.9 f71.5 | 59.4
13|14 2 | 2 2 | 51,6 | 66.7 51.3] 1 1 |1 |51.6 |66.7 |51.3
141011 1 | 20.8 | 23.7 20,4 1 |1 |1 |20.9 }23,7 | 20.5
14011 |1 1 | 21.8 | 24.7 21,4 1 1 |1 22,2 f25,1 | 21.8.
14 2| 1 1 | "1} 22,9 | 25.7 }.22.5] 1 1 1 |23.6 [26.6 | 23.2
131 |1 |1 ]| 24,2 | 271 23,8 1 1 |1 |25.0 [28.2 | 24.6
1441 |1 ' | 25.6 | 28.6 | 25.2| 1 1 |1 |26.5 }29.8 | 26.0
140 5|1 |1 1 | 27.0 | 30.2 26,6 1 1 |y .127.9 31.4 | 27,5
14161 |1 1 | 28.5 | 31.8 28,01 1 |t |1 {29,4 }33.1 ] 29.0
14| 7|1 [t | 1| 29.9 | 33,4 29.5( 1 1 |1 3059 [34.7 | 30.4
141 8{ 1 |1 1 ] 31.4 | 35.1 31.0] 1 1 |1 ,3224 36.4 | 31.9
14191 |1 1 | 32.9 | 36,7 32,4 1 1| €]33.9 {381 33.3
1410l 1 | 1 | 1 | 34.4 | 38,4 33.9] 1 1 |t [35,4 |39.8 | 34.8
1411 ] 1 1. | 35.9 | 40.1 35.3] 1 1 |1 |36.8 |41.5 | 36.3
1412 1 |1 1 | 37.4 | 41.8 | 36.8] 1 b1 [ 38.3 |43,2 | 37.7
14131 |1 1 | 38.8 | 43.5 38.3| 1 1 |1 |39.4 ]44.7 | 38.8
14114 2 ) 2 2 | 37.3 | 43,7 36,9 1 1 |1 |37.3 [43.7 [ 36.9°
Table A

»
Note : MP Morning -Peak hour
oPpP Off-peak hour
AP
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Fig., 2 Optimal control r ({) = g(xi(i‘-l).xa(i-l).r(i;\l) = 1) |
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( Afternoon-peak hour )
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9 x X X b 4 x X b ¢ x X X x . x X X x
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6 ¥ x X x x x x x x % x X X x x
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Fig. 4 ’gptimal control r(i) = g(xl(i-l),xa(i-l).r(i-l) = 1)
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{ Off-peak hOur‘)

'44




-43-

% : ' r=1
x r= 2
.
14 p o o o] 0 o o o
13 o o ) ’
12 > o o X
‘11 0 o o \'\
10 0 o o /)
9 0. o o {
8 o o ) !
7 o o o
6 .0 0 o
5 a o] 0
4 o o o
3 o] 0 o)
2 s o o
1 0 o o
0 » o o o P o o
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3.7 SYNTHESIS OF THE OPTIMAL FEEDBACK CONTROLLER.

Since the control function r{t) takes only two values we attempted
to synthesize the optimal feedback controller (9) using a Learning-
Ma‘c}iine [40'1_ in the pattern space of the 450 points (xl,X'z, r), as

shown in figure 8 .

x_ (i} .

-1 > . | |

X5(1) . L . i rii+l)
S earning Machine —
S

r(i)

Unit fel ay .-
T
D

Fig. 8 The optimal controller as a single learning machine,

Despite many attempts using either a Threshold Logic Unit (TLUY
or a Commitee Machine [ 40 ] with various pattern encoding schemes 41 ]
we failed to obtain a Learning Controller with an acceptable error
in pattex.'n classification, It appears that the ft_x‘nction g(m:1 ,xz,r)

in (9) cannot be expressed in the form:

) = gy lx,) gz'{xz) + gg(x,) ' (16 )

B(¥ 1 %50

for which Linear separability of the appropriately encoded patterﬁs
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(x, ,x ,f) is guaranteed [41] .

1772

We then decided to synthesize the o;ﬁtimal feedback controller (9)
as a logic combination of two Piece-wise Linear Learning Machines
[ 40] , one corresponding to r{t-1) = 1 and the other to rit-1) = 2.

The resuit is shown in Figure 9.

: ‘a - Piece-wise
x, (1) ' - . . ———
1 ’ ; Switch b o Linear Machine
No. 1 .
x, (1) rii+1).

A >

r——} : - . Piece-wise
. . ¢ o
r(i) s

Linear Machine

-Y

‘No, 2

Unit Delay ‘\ . ‘ \-/

If rii) = 1 then xl(i),xz(i) are connected to terminals a ,b .

If r{i} = 2 then xl(i).xz(i) are connected‘to terminals ¢ ,d.

Fig., 9 ‘The optimal controller as a combination of two piece-wise
‘ 3

~ linear machines,

In this way not only the dimensionality of the pattern space is reduced

from 3 to 2 , but also the separation can be done very easily,

by inspection of the pattern space. | : L
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11;1 Figures 2 and 3 the patterns corresponding to r{t-1)=1
and r{t-1)=2 respcciiv}ely, are shown, These r.es'ults correspond to
the morning-peak hour. Similar results 'are obtained for the
afternoon-peak and off-peak hours (Figur'és 4,5,6,7}. As shown’
in Figure 3 the péttern separation By a piece-wise linear surface
of only 3 linear segments produccs an error of 5/169 = 3%. The
separation of patterns in I‘1gure 2. is accomplished by a single
plane with a resulting error of | 3/169 = 1.8%. The above results
are for the mormng-peak hour.

For the afternnon- peak hour, when the previous control
;_(t 1) = 1 , the patterns are shown in Figure 4 , And agam only
one plane is needed for separation with an error of 3/169 1.8%.
When the previous control r(t-1) = 2, ‘the patterns are shown in
Figure 5 . A ‘piece-wise linear surface of three linear segments
separate the patterns with an error of 5/169 = 3%.

Finally, for the off-peak hour, the results are shown in Figures
6‘ and 7. Similarly'the errors are of 5/169 = 3% and 4/169 = 2.3%
‘corresponding to the previous controls of r{t-1) = 1 and r(t-1)=2
respectively. -._.: o . B ‘

Ofcourse we can reduce these errors to Zero but the complexity
of the controller increases significantly.

Figures 10 and 11 give details of the structure of the Piece-
wise Linear Machines of Figure 9 , which correspond to the
Morning-peak hour, Similarly, corresponding to the Afternoon-
peak and Off-peak houi-s,_ Piece-wise Linear Machines number

3,4,5,6 are drawnin Figures 12,13,14,15 respectively.
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2 1 T : 1 % 1 -or{i+l)
T Jir
_ ' Threshold -
E_.lement
Fig, 10 " Piece-wise Linear Machine No. 1

Y

\

A ' .
'.=_1.84x1+x2-19.7 Max.

Gate

Threshold

Element

Fig.11 Piece-wise Linear Machine No. 2
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x. (1)
A =T
x, (i) : , .
2 p—— g(l)zx 1 — A r(1+1} ) !
—~——>| 1 T 1 2 - | ‘ ) :
1 T —_d 2
_ﬁ'l 0 |~ - - : )
— Threshold , ‘ .
Element -
Fig.12 Piece-wise Linear Machine No. 3

2lL84xﬁx2-19.? Max.

( B
2 1 r{i+l)
= Gate |72 _ s
: | 2 .

Threshold

Element

Fig. 13 Piece-wise Linear Machine No, 4
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(1) ,
g1 =% 1 — r(i+1)
5. >
“Threshold
Element
) Fig' . 14 Piece-wige Linear Machine 5

=x.-~12,5

13 43 4x.-0.6 | o .
xl 2 _ Max. 11 r(i+‘1)
Gate 2
Threshold
Elemeﬁt_

Fipg.15 : Piece-wiée Linear Machine No. b
SL1E. 12 . :
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The following table is the summary of the results of the

_synthesis.of the optimal feedback controller.

Hour Patterns' separation requirement Error
rit-1).= 1 one plane ‘1.8% -
Morning : '
Peak rit-1) = 2 ~ 3 linear segments - 3%
.o > _ - : Fi)
Afternoon r{t-1) =1 . one plane 1,8%
Peak rit-1) = 2 3 linear segments 3%
off rit-1) =1 one plane 3%
Peak rit-1)y = 2 3 linear segments 2.3%

Table 3 Results of the synthesia of the optimal feedback controller,

3.8 RESULTSOF COMPUTER SIMULATION.

Having obtained the structure of the optimal feedback controller

_for the wvarious hours

, as shown in Figures 9,10 yeartol5 we

simulated the overall system according to the equations :

: xl(i+1) = xl(i) + ql'(i+1)'- 4 g(xl(i),xz(i).r(i)) -1 )\

x, (i41) = % (1) + 9, (E1) - 2 (2 - g(xl(i).xz(i).r(i)') )

r{ii+l) = g ( xl(i),x2

with 0 < xl'(i)s 12,

(i), r(i) )

< iy <12
,O<x2(1)<1

(17 )

The initial conditions xl(O),xz(O) ,r{0) were t;ken arbitrarily.
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The rahdom bhinomial ar:'-ivals‘ ql(i) and qz(i) were produced by a
binomial numbers random generator which we developed specially

for that purpose ( Appendix A )}, The simulation was carried in the

IBM 360/65,

The upper bound of queues was lowered from 14 to 12 .

because the consideratidn of a finite number of states in the

Markovian model tntroduces errors at the boundary of the state

space.

&

From the digital simulation the basic statistics of the light

cycle were obtained, They are shown in table 4.

Hour ,Average cycle of traffic light Standard deviation
M .
oTning 24 .15 seconds 16.43 seconds
peak ‘
Ajter?opn 28.90 seconds 17.69 seconds
peak - L
O[[ 49.24 Seconds 20.78‘Seconds
peak : .

Table 4
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CONCLUSION,

In this thesis a review of CXiitl‘ng optimization schemes for
traffic control wab first given. T‘hz{s review will give to the reader
an 1dea of the various problems encountered in traffic Opt1m1zat1on
and methods for their solution, The main.emphasis of the thesis was
in the design of a vehicle-actuated optimal controller which minimizes
the delay as sociated with a single intefaection. A probabilistic
mathematical model of the intersection was used. This model has
the major advantage of ﬁot neediﬁg the usual Poiason-—arrivéls
assumption, It utilizes a Eiﬁite, controlléd Markov Chain. The
transition probabilities of the Chain were_obtained.from the arrival
and service data. The method of Dynamic Programming was used
for obtaining the optimal feedback control, Because of the finite-
state space assumption the results of Dynamic Programming
have to be constrained in a subset of the state space. ErrorSoccur
in the boundary of the state épace. The optimal controller was
syntheaized using a combination of piece-wise linear machines.
This method is very simple and very appropriate for the case
under conmderahon. It also leads to a very simple and mexpenswe
design. The parameters of the optlmal controller can easily be
adjusted for the three traffic hours considered. An example of an
intersection in Oftawa was considered. Real traffic data were used.

1t is left for further research to modify the model for
1nc1ud1ng the passibility of turns in the 1ntersect10n This case was

not considered because of lack of traffic data.
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' : % APPENDIX A

GENERATION OF BINOMIAL RANDOM VAR U\BLES[ A3 ]
| | | : )
Let Y be adiscrete random variable with point probabilities

pi'= Pr. [ Y = Vi .lfDI' is= 1.2...;. The direct way to generate Y is .
to generate U and put Y = y_ if . '
1

4

-+ + --o.'l’ - L o< < L)
P 7 P2 i1 U Spptppt Ry

However, this mecthod requires dornplicated ;ir.\a‘chine programs.
An alternative way due to Marsaglia { A1 1 is simple, fast.,
and seems to be well suited to high-speed comlputations. Let p, for
i

i=1,2,3,... , n be expressed by k decimal digits as : S

:‘6.6 t-ooé h 6' 3 1t
pi i 2i : Ki where the % 's are decimal digits.

( If the domain of the random variable is infinite, it is necessary

to truncate the probability distribution at p_ ). Define
. _ )

-rn t ‘
P =0,P =10 £ 6  forr=1,2,...,k and
o -r i=1 rl
54 T
IIZ = I 10 P , s = 1,2,...,k.
] r:O : T

Number the computer memmory locations by 0,1,2,..., IIk -1,
- The memory locations are divided into k mutually exclusive sets
_such that the s th set consists of memory location IIEi 1 IIs 1 1,00,
IIS -1 . The information stored in the memory locations of the s th

set consists of'y1 in 6&']1 locations, Y, in 552 locations,....
y in ¢ locations,

n sn ‘

Denote the decimal expansion of the uniform deviates generated

by the computer by u =. .d1d2d3. ... and firﬁllly let .a(m) be the

f
-
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content of the memory location m, Then if ¢

-1 ' 8
T Pr'eg U~ T P .
i=0 ! T
put A : 5 8-1
= d.ose.. d - z
y=a (dl 2 5 + Hs-l 10 P1)

This method is perhaps the best all-around method for generating
random deviates [rom a discrete Vdi.stribution. in order to illust'ra.lé
this method consider the problem of generating deviates from a
binomial distributio‘n with point probabilities

I R O
P T { ).P ( 1-p)

i ¥

for n=5 and p = 0.20, The point probabilities to 4D are :

Value of Random Variable : ~Point Prpb#bilities
’ = 06.3277
0 ' -’ po
1 \) _ | p, = 0.4096
' = 0,204
2 , _ Py 8
.3 ~p, = 0.0512
" = 0.0064
4 Py
5 p, = 0.0003
sod thus P =0 , P.= 0.9, P, =0.07, P, = 0,027, P, = 0,0030
o} 1 2 3 . 4

from which 1I_ =0, II_ = 9, 1II, = 16 , 11, = 43 , 11, = 73, The 73
. o 1 P2 , 3 . 4
memary locations are divided into 4 mutually exclusive sets such

that *

Set Memory locations

0,1,2;..n18
9,10,11,...,15

16,17, .0...42
43,44,...,72

»b-bd‘(\.l'-
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_Among the nine mcmb y lo¢Hlions of Set 1 , zero is stored § 10 :3timés.‘
1 is stored 511 = 4 timws"2 isg stored 6'12- = 2 times ; the seven
locations of Set 2 store 0 620 = 2 times and 3 6Z.3 = 5 times;etc, ..
A summary of the memory locations is set out below :
Value of Random Variable
0o 1 2 3 4 5
Frequency { Set 1) 3 4 2 0 0 O
Frequency (Set 2 ) 2 0 0 5 0 0
Frcqueﬁcy { Set 3 ) 9 .4 1 6 0
Frequency ( Set 4) 7T 6 8 2 4 3
Then to generate the random variables,if -
. .
0 su < 0.9 put y = a(dl,\
.9 = u = 0.97 ' - put y = a ‘('dldz - 7/81 )
;97 < u < 0.997 put y = a’( d.d.d. - 954 - )
997 u s 1,000 Cput oy = oad d1d2d3d4 - 9927 )
} S
Note - The decimal expansion of the uniform deviates generated

by the computer is denoted by
u = -d d d e s e

This can be done by using Subroutine RANDU [ A2 7 as shown

belgw :

SUBROUTINE RANDU ( IX , IY , YFL )

l 1Y = IX % 65539

IF (IY)5,6,6 f
5 IY = IY + 2147483647 + 1 .

e




-61-

P

6 YFL = IY

 YFL = YFL * 0,4656613E - 9
RETURN
END

Descriplion of Parameters

X

1Y

YIL

References

Al,

A2,

A3,

For the first entry this must contain any odd
integer number with nine or less digits. After
the first entry, IX should be the previous value

of 1Y computed by; this Subroutine.

‘A resultant integer random number required for

the next entry to this Subroutine. The range of

The resultant uniformly distributed, floating point ,

random number in the range 0 to 1.0

G.Marsaglia, ' 'Random Variables and Computers-. B
Proc. Third Prage Conference in Probability Theory
1962.( Also as Math, Note No, 260, Boeing

Scientific Research lL.aboratdries, 1962 )

IBM Application Program-System/360 Scientific

Subroutine Package . Version III. Programmer 's

Manual, Program Number 360A-CM-03X [ page 77.

"M.Abramonitz and [.A.Stegun {editors)’'' Han ok

of Mathematical Functions with Formulas,Graphs,

and Mathematical T‘ables“. U.S, Department of

‘Commerce.National Bureau of Standards Applied

Mathermnatics SefiesQWasbingtbn D.C. 1955,pp.950-951.,

B
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NAME
DATE OF BIRTH
PLACE OF BIRTH

EDUCATION

i,

2,

DEGREES

VITA

" High School

University

Hai Bang NGUYEN
December 19 , 1950

HANOI , VIETNAM

: Phan Thanh Gian and
Vo Truong Toan High School
Vietnam.

: Unjversity of Ottawa ,

Ottawa, Ontario

- BACC, 1I (1968)

B.A.,Sc. ( Electrical Engineéring )
in 1973. | '
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