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PREVIEW

The use of a multi-term power series expansion for the deformations of a
thick-walled orthotropic cylindrical shell subject to axisymmetric loading is
detailed in this thesis. Three cases are considered - the infinite cylinder, the
semi-infinite cylinder hinged at the origin, and the semi-infinite cylinder rigidly

held at the origin.
A method of experimentally verifying the thick—walled theory is also presented,

as well as the development of a filament winding apparatus, a pressurization

facility, and a specimen manufacturing and test procedure.
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ABSTRACT

The elasticity equations have been solved to an arbitrary degree of precision for
a thick-walled orthotropic cylinder, subject to axisymmetric loading. The
theory is directly applicable to a layered composite material where each layer
is orthotropic in character. The solution proceeds by representing the
deformations of the cylinder wall as a power series in a non—dimensional
radial parameter. By introducing a generalized stress resuitant and a
generalized stiffness for the material, a series of coupled second order
differential equations in the coefficients of the deformation series results.

These have been solved using a generalized eigenvalue technique for an

infinitely long cylinder, a simply held cylinder, and a rigidly clamped cylinder.

The solution has been shown to reduce to standard shell solutions for thin
cylinders. A thick-walled filament wound test specimen is also detailed that
when fabricated and pressurized, would experimentally verify the refined

theory developed.
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Chapter 1

INTRODUCTION

1.1 Fiber Compaosite Materials

A composite material is a combination of "two or more constituents having a
potentially new range of performance characteristics” [1]. For the purposes of
this study, a fiber composite material consists of reinforcing fibers such as

graphite, glass, or kevlar embedded in a matrix such as polyester resin, epoxy
resin, etc.

The matrix material is usually isotropic in character. That is, its mechanical
properties (or electrical or chemical) are not dependent upon the orientation of
the material. The reinforcing fibers may be isotropic (such as E—glass) or
non-isotropic (such as graphite).

Generally speaking, fiber reinforced composite materials have become widely
used in the aerospace, automotive, sports, chemical, and petroleum industries.
The unique ability of material property tailoring by the appropriate selection of
matrix and fibers offers this material distinct advantages over conventional



non-reinforced materials,

For weight critical applications, such as required by the aerospace and aircraft
industries, the high specific strength and modulus of these materials offer a
significant advantage. For the chemical and petroleum industries, the high
corrosion resistance is significant, even though the maximum service

temperatures are lower than conventional metals.

The materials as a rule are highly non-isotropic in character; this must be

taken into account when designing with these materials.

Materials in the most general sense are anisotropic, where material properties
vary with orientation, and no plane of material symmetry for the properties
exists. If one plane of symmetry exists, the material is monoclinic. If two
orthogonal planes of symmetry exist, the material is called orthotropic. Such a
material for example, is a uni-directional composite material (see Figure
1-1). A material that possesses a single plane where the properties are
invariant to a rotation in that plane is call transversely isotropic. If any
rotation in any orientation produces no change in the material properties, the

material is said to be isotropic.

Composite materials are often layered; each individual layer is called a
lamina, and the stack is called a laminate.

The terms isotropic, transversely isotropic, specially orthotropic, and generally
orthotropic refer also to the mechanical stress—strain response of a lamina on

a macroscopic scale. On a microscopic scale, the individual fibers and matrix
filled interstices would dominate the stress and strain states. On a macroscopic

scale, these local variations blend to form a quasi-homogeneous material,



For the purposes of this discussion, composite materials are assumed to obey

linear elastic stress—strain relationships; that is, stress is proportional to strain.

For an isotropic material (ignoring thermal and residual stress effects) [2],

a11
o2
933

31
n2

where 0y;, o, O3, Ty3, T3y, and ;5 are defined in Figure 1-2,
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Two elastic constants are all that is necessary to completely describe the

stress—strain behavior.

For a transversely isotropic material, five independent constants are required

[2], i.e.
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define the lamina mechanical properties. Each element of the stiffness matrix
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1.2 Composite Pressure Vessels

In the manufacture of fiber composite pipe or pressure vessels, thin fiber
composite laminae are stacked upon one another to form a laminate. The
properties of the laminate are governed by material selection and laminae

construction, orientation and stacking.

The end uses of fiber composite pressure vessels fall into three relatively
distinct markets (industrial, military, and the aerospace/aeronautical) each
governed by their own design and qualification procedures. For instance,
standard industrial vessels require a design (or burst) pressure of at least six
times the maximum anticipated operating pressure to allow for fatigue
situations and less stringent quality control procedures [3]. Vessels for the
military and aerospace sectors are generally manufactured from higher quality
materials with tighter manufacturing control and are ailowed a safety factor of
two or three depending upon the situation. As summarized in Table 1-1, end

uses can be categorized according to service pressures as well as target
markets.

Low pressure service (up to 3.5 MPa) is common in the chemical process
industries where the corrosion resistant properties of polyesters are combined
with the low cost of the E—glass fibers to produce pressure vessels with
economic advantages over their metal counterparts. Advanced composites such
as Kevlar 49, carbon, and S-2 glass fibers combined with an epoxy matrix see
service in the low pressure military and aeronautical sectors as storage
containers for rocket fuel and oxidants. The increased cost of these materials
and the higher level of technical expertise required for their effective use has

limited the penetration of these composites into the industrial sector.



Increasing service pressures sees the elimination of the polyester resin family in
favor of epoxy resins. E-glass as a structural fiber is also replaced by the

more advanced fibers in all market sectors.

The composite pressure vessel industry in the high pressure regions is
dominated by two design approaches. Load sharing thick metal casings
(liners) have been overwrapped with a structural composite to improve vessel
weight efficiencies* for such applications as compressed air storage, fire
extinguisher storage, and helium storage for propulsion on NASA’S manned

maneuvering unit. Vessel shapes are cylindrical and ‘spherical [4].

Thin metal liners, used only to prevent gas permeation through the pressure
vessel wall, are a competing design because of their increased weight efficiency

over their thick-liner counterparts.

1.3 Problem Definition

Composite vessels for service above 70 MPa are only now reaching market
acceptance and then only for the military and aerospace sectors. Typically,
helium would be stored in these vessels for the pneumatic activation of
cylinders on spacecraft or for rocket motor pressurants on air launched
russiles [§]. Cylindrical vessels of a hybrid construction are currently
available with a burst pressure of 300 MPa. Spherical vessels are being
developed with burst pressures above 400 MPa {6].

*®
burst pressure x enclosed volume

weight efficiency =
weight



A convenient parameter for weighting the rela‘ive advantages of a given vessel
design is, again, the weight efficiency cof the vessel. A sampling of available
data in the literature reveals an interesting situation. The range of scatter in
the efficiency for thin—-walled vessels is tremendous (Table 1-2), possibly

accounted for by material variations and variations in the mode of failure.

A number of studies have been undertaken to date on ultra—high pressure
vessels. The earliest attempt utilizing S-901 glass wound on a spheroidal
mandrel tried unsuccessfully to obtain better material efficiency through fiber
prestressing [7]. Studies have also produced cylindrical vessels from a hybrid
material construction with burst pressures of 300 MPa but again with low
weight efficiencies [5]. Figure 1-3 graphically illustrates the

pressure—efficiency data contained in Table 1-2. Three families are presented:

(a) actual vessel efficiency (including liner weight),
(b) efficiency of the composite wall, and
(c) theoretically expected efficiencies for the composite wall for a

spherical transversely isotropic vessel.

As the wall is thickened and the burst pressure increases, a marked fall in
attained vessel efficiency is seen, with the majority of vessels attaining about
25% of the ideal efficiency at the higher pressures. It has been suggested that
serious material shortcomings at the high transverse compressive stress levels

experienced by these vessels were the reason for the low efficiencies [5].

Studies at the Sandia National Laboratories produced vessels of exceptional
laminate quality from Kevlar 49/epoxy, which achieved efficiencies near that
theoretically predicted for a single material vessel. A single small diameter

roving bundle was used in the manufacture of these vessels [6].



It is postulated at this point that achieving the high structural efficiencies in

thick-walled composite vessels has not been possible because of:

(1) imprecise control of fiber placement during manufacture resulting in
misaligned laminae in the structure;

(2) approximate methods of design using simplified stress analysis and
inadequate failure theories giving a false impression of what is
achievable in a thick-walled vessel; and

(3) poor transverse compressive properties of the fiber composite
material as a result of material selection and manufacturing

techniques resulting in premature failure of the vessel walls.

1.4 Thasis Overview

Introduction

The research presented in this thesis addressed all three of the above
postulates. A highly accurate computer controlled filament winder was
designed, constructed, and used in the fabrication of material specimens and
E/XA-S carbon fiber and Kevlar 49 pressure vessels. The third item was also
evaluated by fabricating flat composite specimens and testing them in the
fransverse compressive mode — a stress state occurring in a thick-walled fiber
composite pressure vessel. The above research was necessary for the problem
as defined, but was only a minor aspect. In addition, they formed part of a
classified contract for the Department of National Defence, for which

permission has been given for the released data.



The main emphasis for the thesis is the first aspect of the second postulate, i.e.
providing an improved method of stress analysis for thick-wailed pressure

vessels manufactured from a composite material. This is detailed in the
following section.

Stress Analysis of Vessels and Tubes

Three basic approaches have been used in the analysis of composite pressure
vessels, namely, netting analysis, linear anisotropic elasticity theory, and finite
clement analysis. Netting analysis treats the vessel as a netted structure of
fibers, ignoring the matrix effects. As such, it is really only valid in cases
where the matrix is totally disintegrated before fiber breakage occurs. Netting
analysis is no longer considered an appropriate model for composite materials
and has not received much attention for a number of years.

Most continuum analyses have assumed linear elastic material properties for
the material. Solutions for the deformations or strains are usually numerical
although analytical solutions are available for a layered quasi—isotropic sphere
{8, 9, 10] and a single layer composite cylinder of infinite length [11, 12].
Most studies have limited themselves to either spherical or cylindrical shells.

The subject material of the following chapter will be the review of elastic
cylinder analysis.

Finite element analysis has been used to study stresses in tubes [6, 13, 14]. By
modelling a tube or vessel as a connected collection of minute elastic blocks,
the structures have been modelled with excellent accuracy being achieved in the
calculation of the stresses and strains in the material. The technique is most

important when the geometries being considered are not as simple as the
sphere or cylinder.



The tubular specimen has been used to establish the fundamental properties of
the composite material [15, 16, 17, 18, 19]. The impetus is to use a long, thin
tube so that end effects would not be evident at the mid— span of the specimen.
The problem is to develop a specimen end attachment method that does not

introduce large end effects to cause specimen failure near the attachment grips.

The standard approach for this specimen [20, 21} is to anchor the ends of the
tubular specimen in a solid grip attachment. The end effect problems are
overcome somewhat by a simple thickening of the tube in the region of the end
attachment [22].

Finite element analysis [20, 22] and finite difference techniques [23] have
been used to model typical grip configurations for tubular specimens indicating
possibly useful specimen designs.

The object of the present study is two fold. A thick shell theory for orthotropic
materials will be developed. This theory is shown to predict the state of stress
in a very thick-walled cylinder to any desired degree of accuracy. As such it
extends the simple thin—-walled theory to its logical completion, and provides a
comparison solution for finite element studies. It is useful in its present form

however only for axisymmetric loading situations.

Secondly, a thick-walled tubular specimen design has been developed and
experimentally tested using high quality manufacturing techniques for the
precise conutrol of fiber placement and composite volume fraction. Lack of
time has prevented the completion of the experimental study, however, details
of it will be included in the thesis of Mr. Tenace of this department.
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Table 1=1 Composite Pressure Vessel End Uses [78]
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Table 1-2 Composite Pressure Vessel Properties [78]
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Figure 1—1 Fiber Reinforced Composite Material
T35

i 2

Figure 1~2 Stresses and Strains in Fiber Composite Material
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Chapter 2

REVIEW OF CYLINDRICAL SHELL THEORIES BASED UPON
SERIES EXPANSIONS

2.1 Introduction

The basic equations of linear elasticity, namely the equilibrium equation, the
strain - deformation equations, the material constitutive relations, and the
strain compatibility equations when applied to a cylindrical geometry, describe
the deformation of a cylinder subject to external mechanical loading (see Table
2-1). The exact solution of these equations for a finite length cylindrical shell

has not been found. However, use of the Weirstrauss theorem [30], allows the
solution of the partial differential equation,

L(@)

to be written in cylindrical coordinates
()

$(2,0,7)= 2P (2,6) B(r)
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where z, 6, and r correspond to the three coordinate axes of a cylindrical
coordinate system, (such as illustrated in Figure 3-1), and where the function
¢4} is continuous over the region of interest and Py(r) form an infinite set of
orthogonal functions. This technique forms a basis for the solution of the
elasticity equations in a cylindrical geometry. Because of the impracticability
of retaining an infinite number of terms, the series is truncated, often after very

few terms.

Since the number of papers presented on cylindrical geometries is voluminous,
a selection of those using the series solution techniqué described above will be
reviewed. A general review of cylindrical shell theory is available in the
literature [31].

2.2 Method of Series Solution as Applied to Cylindrical Shells

Three approaches have been adopted in using an orthogonal series to represent
the solution of the elasticity equations as applied to a cylindrical tube. Table

2-2 categorizes the literature reviewed according to series type and solution

type.

The most obvious approach is to assume a series form for the displacement
variables, and solve the governing differential equations directly or through an
energy minimization procedure. Table 2-3 illustrates this procedure as
implemented with a power series. In the direct method, the strains are
calculated from the assumed displacements using the strain displacement
relationships given in equation (2-1). The stresses are then determined from
the material constitutive relations (generalized Hooke's law). Weighted
integrals of the stresses are calculated through the integration procedure
defined in Table 2-3. Because the integration is through the entire cylinder
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wall, which may be layered, a generalized stiffness is introduced, to make the
integration possible. The displacement is a continuous function through the
cylinder. A weighted integral form of the stress equilibrium equations
(equations 2—4) is introduced, and the stress resultants previously calculated
substituted into it. The result is a system of differential equations in the

displacement coefficients which must be solved subject to boundary conditions.

Because a deformation representation is used, the compatibility equations are
satisfied exactly. The use of a weighted integral form of the stress equilibrium
equations precludes an exact equilibrium with a finite number of terms in the
series.

The development of a solution using an energy minimization technique proceeds
along a somewhat similar path. The variation in elastic strain energy and the
work done by the deforming agent are minimized and expressed in terms of
weighted integrals of the stress. The resulting equation is identical to the
weighted integral form of the stress equilibrium equations. The solution follows
the direct method from this point. As with the direct method, equilibrium is
not exactly satisfied with a finite number of terms. The solution is completed

with the application of the boundary conditions.

Power series, Legendre polynomial series, and an exponential series have been
used with this type of solution development. Because of the complexity in
retaining a large number of terms in the series, they are severely crdpped,
often with only two or three terms being retained [40, 50, 51].

Other authors (see Table 2-2) chose to represent the stresses or strains in
terms of other series. Because the deformations were usually only necessary
for the application of boundary conditions(as illustrated in Table 2-4), they
[41, 59] felt that an expansion of the stresses or strains as a series of

orthogonal functions would be more mathematically efficient. The series,
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however, had coefficients that depended on the layer of the materia! being
considered. The series was substituted directly into the stress equilibrium
equations, and a solution generated for the series coefficients for each layer.
The deformations were calculated by integration of the strain deformation
equations. To maintain material continuity, the deformations and rgdial stress
components were matched at the layer interfaces. The application of boundary
conditions then solved the problem.

A third approach found in the literature, is a series form for both the
displacement and the stresses. These are directly substituted into the stress
displacement equations (which are obtained by combining equations (2-1) and
(2-3) and the stress equilibrium equations. This gives a series of differential
equations in the unknown coefficients valid only for a specific layer. As
before, matching has been done on the deformation and radial stress
components to achieve a solution. This method has usually been limited to
single layer cylinders [43-49].

2.3 Details of the Power Series Approaches

The original use of power series representation for cylinders was in the
classical analysis of thin isotropic shells [32]. Transverse normal and
transverse shear stresses were considered negligible, and the circumferential,
axial, and in—plane shear strains were represented as linear functions of the
radial distance from the cylinder mid-plane. The solution followed the direct
approach by calculating the stresses and substituting the integrated form of
these into the stress resultant equilibrium equations. This laid the basis for
further isotropic and non-isotropic cylindrical shell developments. The basic
assumptions of thin shell theory are:

18



(1) planes normal to the shell mid-plane remain planar and normal;
(2) deformations of the shell wall are small;
(3) transverse normal and transverse shearing strains are ignored;

(4) transverse slopes are small enough that a small deflection theory can be

used; and

(5) the material is linearly elastic.

Assuming that transverse and normal stresses were vanishingly small, Donnell
[33] extended the concepts introduced by Love to cover non—-symmetric loading
with in-plane shear in an isoirbpic cylinder. He assumed that the in—plane
strains could be represented as a linear function of the radial distance from the
cylinder mid-plane. Following classical shell theory, he defined a system of
first order stress resultant equilibrium equations. Relating mid—-plane
displacements and curvatures to his assumed strain field, and further relating
the in—plane stresses to the strains and deformations through a linear elastic
isotropic constitutive relation, he derived expressions for the stress resultants in
terms of mid-plane displacements and rotations. These were substituted into
the stress resultant equilibrium equations to give a system of three coupled
partial differential equations, one of eighth order and two of fourth order.
These equations contain the mid—plane displacements as unknowns. The
mid—-plane rotations and stress resultants were easily calculable by muitiple
differentiation of the mid-plane displacements. It should be noted that, to
achieve a match between the number of equations and the number of

unknowns, an equilibrium equation involving strictly shear terms was ignored.

In 1962, Dong, Pister, and Taylor [34] extended the work of Donnell to
laminated anisotropic cylindrical shells. To overcome the fact that material
properties were not constant through the cylinder wall, the concept of a
generalized stiffness was borrowed from laminated plate theory. Normal and
transverse shear stresses were again neglected, and the cylinder was assumed to
obey the standard Kirchoff — Love hypothesis. As stated earlier, a series of
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differential equations were given which allowed the mid-plane deformations to
be calculated. These equations demonstrated a coupling between the shell
membrane and bending stresses. Most of their work was directed at cylindrical
shells where the laminae making up the shell wall were orthotropic and of the
same thickness, aad the lamina stacking sequence was 'symmetric about the

cylinder mid-plare.

Whitney '[35] extended the theory to include the effects of normal stresses on
anisotropic cylinders. To include this effect, the radial deformation was
expressed as a linear function of the radial distance from the midplane. By
integrating the strain displacement equations and ignoring transverse shear
strains, the axial deformation was expressed as a quadratic function of the
radial displacement from the cylinder mid—-plane. Although it was possible to
do so, Whitney at this point never considered axial variations of stress or
deformation. It should be pointed out that the material modelled was a thin
laminated cylinder of orthotropic layers.

Gulati and Essenberg [36] explored the twisting moments introduced by

material anisotropy terms.

Several variants of these thin shell theories were published. Whitney and
Halpin [37], for example, considered a layered orthotropic cylinder of finite
length subject to internal pressure, torque, and axial loading, in a manner
similar to a tubular specimen in a tensile test frame. They ignored transverse
shear and normal stress components and never looked at the effects near the
cylinder ends. Zukas and Vinson [38] added thermal effects to a layered
isotropic cylinder. The transverse normal stress as a result of thermal loading

was considered.

In an attempt to incorporate transverse shear, Dong and Tso [39] introduced a

shear correction factor to account for transverse shear strain variations from
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layer to layer. They assumed a linear expansion for the axial and
circumferential deformations, and a layer dependent radial function for the
radial deformation. By using a shear correction factor, an average radial
deformation was defined for the cylinder wall and variations of the transverse
shear strain in the layers were allowed. End effects were not considered; the
solution proceeded in the direction of material oscillations instead. This was a

thin shell theory for a layered orthotropic shell of revolution.

Studies up to this date (1974) largely attempted to model a complex stress field
with simple mathematical expressions for the deformations — usually linear for
the axial and circumferential deformation and constant for the radial
deformation through the cylinder wall. The early work of Whitney [35]

extended this to a quadratic displacement representation in the axial direction.

Whitney and Sun [40] recognized the need for a more complete radial
deformation function if norinal and transverse shearing stresses and strains
were to be calculated. These they felt would become increasingly important as
the thickness of the cylinder increased. They derived a system of differential
equations for a layered orthotropic cylinder using a linear deformation through
the cylinder wall for the axial and circumferential components, and a quadratic
representation for the radial deformation. The principle of stationary potential
energy was used to derive the stress resultant equations. Even with this
extension to the second order, they found it necessary to introduce a shear
correction factor to get solutions that closely matched known exact 2lasticity
solutions. They rather arbitrarily assigned a value of 7 / V12 to this correction
factor. Although the differential equations were presented, end solutions were
not sought. They considered infinitely long cylinders subject to non—symmetric
loading situations. A similar procedure has been implemented by Christensen
et al for thick flat plates [61, 63].
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Vasilenko et al [41] introduced a quadratic correction factor for the transverse
shear stresses in a axisymmetric layered orthotropic shell. Loading was
axisymmetric and the stiffness was allowed to vary meridionally. A system of
ten first order differential equations were solved for some cylindrical examples.

Normal strains and stresses were ignored in this development.

Very little work has been done since the mid 1970’s to improve the layered
orthotropic cylindrical shell models for thicker cylinders using the power series
approach. One exception is the FEM element developed by Liu and Reddy
[42] which expanded axial and circumferential displacements as cubics in the
midplane distance while leaving the normal deformation constant. Since this
approach is not of an analytic character, it will not be dealt with here. A
similar polynomial plate element of higher order has been developed and
implemented by Hansen [79].

One of the most complete deformation analyses available in the literature is
due to Librescu [80]. Choosing a coordinate system with the origin located in
the wall of a shell of revolution, he expressed the deformation components as a
power series in the normal distance from the origin plane. His initial studies
were applied to an anisotropic shell where the deformations were assumed to
be continuous functions. In later studies [81, 82], he assumed layer specific
deformations represented as linear functions in the normal distance from the
origin plane. Matching of the stress components o, T, and 74 as well as the
deformation values were done at the interfaces in a laminated anisotropic shell.
The analysis procedure in both cases was complex, in that linear elasticity in a
tensor format, and a curvilinear coordinate system centered in the shell wall

was used. No cylindrical solution examples were offered.
In the approaches considered thus far, either the deformations or the stress or

strains were represented as a power series. Widera, in a series of publication.
spanning three decades of which a few are [43, 44, 45, 46, 47] assumed a
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power series formulation for both the deformation and the stresses in an
anisotropic cylinder. A shell thickness parameter A = b/r. was introduced and
used as the expanding variable for the stresses, displacements, and
compliances. These were substituted directly into the stress equilibrium and
stress displacement equations. Equation sets were deduced comparing like
powers of the shell thickness parameter. The first order comparison yields a
standard thin shell theory. The second order term introduces effects due to the
transverse stresses. The analysis stops at this point, primarily due to algebraic
difficulties, and hence is limited to thin cylinders, although an extension to

thick cylinders is possible in principle.

2.4 Legendre Series Expansions

An expansion of the stresses or the deformations in terms of Legendre
polynomials has received some attention in the literature (see Table 2-2).
Khoma [48] expanded the deformations using Legendre polynomials referenced
to the shell mid-plane for an anisotropic shell. After calculating the small
deformation strains, an energy functional was formed and minimized. Stress
resultants were generated using Legendre polynomials and substituted into an
energy minimization equation to yield a system of partial differential equations
in the unknown coefficients. This analysis was never applied to any specific
shell geometry and generated no specific solutions. Two terms of the
expansion were retained for the anzlysis of a flat transversely isotropic plate.
Chepiga [49] followed a similar approach formalizing the procedure, but not
analyzing any specific case.

Vinson [50, 51] adopted an alternative approach aimed at generating the

stresses in a thick—walled isotropic cylinder. Foilowing the method developed
by Soler [52] for plates, he expressed both the stresses and deformations as a
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series of Legendre polynomials referenced radially to the cylinder mid-plane.
These were substituted into the stress equilibrium and a combination of the
strain—deformation equations and Hooke's law and solved on a term by term
basis. From a practical point of view, only a first order theory was developed,

but the author claimed applicability to thick cylinders.

2.5 Eigenvalue Solutions

Some authors [43, 50, 51, 53, 54, 55, 56] assumed constant material
properties along the length of the cylinder, and solved the resulting system of
differential equations using an eigenvalue technique. For example, Widera
[43] assumed an exponentialty decaying function for the stresses and

displacements and generated a fourth order characteristic equation.

Bazarenko [56] paralleled Widera’s early work using expansions in terms of a
logarithmic shell thickness parameter for an isotropic cylinder. A comparison
of first order terms for this parameter after the usual substitution into the
elasticity equations generated a characteristic equation. Three groups of
eigenvalues were obtained. The first group was identically zero and
corresponded to infinite cylinder solutions. The second group of roots resuited
in slowly damped stresses and strains down the cylinder axis, following
classical shell theory. The third group of roots corresponded to very quickly
decaying stresses not found in classical analysis. This was labelled a boundary
layer.

Zukas and Vinson [38] found that the first order expansion in the deformation
detailed earlier resulted in a cubic eigenvalue equation for transversely
isotropic cylinders. The three eigenvalues were either all real, or one real and
two complex conjugates. The solution is an extension of classical analysis in
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that quickly decaying non-oscillatory stress terms are now observed. Vinson
[50, 51] retained the eigenvalue approach when he modelled the thick isotropic
cylinder with Legendre polynomiais.

Cheng [53, 54] generated a fourth order characteristic equation using a linear

displacement field for an orthotropic cylinder.

Li and Wang [55] expanded the shell deformations for an orthotropic shell as

a power series in terms such as e where A; are the characteristic values of

a fourth order equation.

2.6 Remarks

It is apparent from the review presented that little work has been done in
exploring the stresses and strains in thick-walled non—isotropic cylinders. This
is largely due to premature truncation of the series representing stresses or
deformations. Almost without exception, this can be attributed to algebraic
difficulties that arise when more than a few terms are retained. In the analysis
that follows, it will be shown that a very simple coordinate system change
allows the retention of any desired number of terms in a power series

expansion for the deformation of a laminated orthotropic cylinder.
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Strain—-Deformation Equations (Small Deformations) [57]
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Table 2—-1 Linear Elastic Equations in Cylindrical Coordinates
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ower Serles

Legendre Serles -

./Other Serles’

Displacement
function assumed

1967 Gulati,
Essenberg [36]

1968 Dong, Pister
Taylor [34]

1970 Pagano
Whitney [70)
1970 Vinson,
Zukas [38]

1972 Dong,
Tso [39]

1973 Cheng [53]

1973 Whitney,
Grimes, Francis
[21]

1975 Whitney,
Sun [40]

1975 Librescu
(80, 81, 82]

1976 Vasilenko
[41]

1984 Cheng,
He [54]

1986 Llu,
Reddy [42]

1973 Khoma [48]

1975 Chepiga [49]

1986 Li &
Wang [55]

Stress function
(strain) assumed

1967 Bert [60]

1968 Whitney,
Haipin [37]

1969 Bazarenko
(56}

1971 Whitney {35

1973 Gregoranko
ot al [59)

Stress function
and
Displacement
function assumed

1968-1988
[43-47]
Widera et al

1972 Vinson [50]

1975 Vinson [51]

Table 2=2 Reaview of Shell Theories According to Solution Type
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(1) Assume dlsplacement functions

2
3

4

&)
(6)

@
8

ws Z 4P gd

Calcuiate strains £ using eqn (2-1) in terms of displacement coefficients.

Calculate stresses a using eqn (2-5) In terms of dlsplacament
coefficlents.

Introduce stress resuitant and generalized stiffness.
e [e £I5)dE 5 A< (9 Fr)dE

Calculate N in terms of displacement coefficlents.
Generate stress resultant equilibrium equations by multiplying egn (2—-4) by

f (&) and Integrating as in (4) above.
Substitute (5) into (6) to get the deformation equilibrium equations.
Solve (6) and (7) subject to boundary conditlons.

{(B}ﬁysthgﬁf@&aﬁonwé}%mn _

(1)

4]

()
(4)

®)
ol

Define strain energy U where

U = 4 [(Se€e + i Lo v 02 ax * Tra B + Tro Tro + Toq oz dV
Define work ::lone W bv deformina acencv where

z z_( ra,.("ur- Ofr v ety Te v oy Tey) + 3 (u.-fra-r Ue Toz -H.ltﬁ'it)}dv
Substltute (1) and (2) of Part (A) Into the above equations.

Form the potentlai energy functional I" where

I'=U-W

in terms of the coefficlents

Find the minimum of I" by differentiating with respect to the coefficient
¢ @) and setting the resuit to zero. The result is equation (5) of Part (A).
Repeat procedures (6) and (7) of Part (A)

Table 2—-3 Method of Solution if Displacement is a Power Series
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(1) Assume stress or straln}variable as power series.
G ¢
e~ 299 ¢’
(2) Calculate strain or stress using eqn (2-3).

(3) Substitute (1) and (2) into the stress equilibrium equation and solve system
of differential equations for the coefficlents.

(4) Calculate displacement components by solving egn (2-1).

(1) Match displacement components
(2) Match transverse normal and transverse shear stress components

Apply boundary conditions

Table 2—-4 Method of Solution if Stress or Strain is a Power Series
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Chapter 3

A REFINED CYLINDRICAL SHELL THEORY

SUMMARY OF SOLUTION METHOD
A refined cylindrical shell theory of any desired accuracy for a laminated
orthotropic material subject to axisymmetric loading is realized by the

following method.

(1) The deformations are represented as a power series in a
non—dimensional radial coordinate q9.

(2) Small deformation strains are calculated in terms of q.

(3) A generalized stress resultant is defined by integrating the product of the
stress and qn through the thickness of the cylinder wall,

(4) The equilibrium equations are multiplied by qr and integrated through the

cylinder wall. The stress resultant definition is used in these equations to
generate the stress resultant equilibrium equations.
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(5) A generalized stiffness is defined by integrating the product of the
reduced stiffnesses and qn through the cylinder wall.

(6) A generalized linear constitutive relationship for the material plus the
generalized stiffnesses are substituted into the generalized stress resultant
equations to generate a system of second order ordinary differential

equations with the coefficients of the power series being the unknowns.

(7) The differential equation system is transformed to a coordinate system
centered at the mid—plane of the laminate. This was observed to improve
convergence of the series. The resulting system is then solved subject to
boundary conditions, giving the coefficients of the power series expressed
in the mid~plane coordinate system.

3.1 Introduction

One technique for finding the solution of a differential equation is to express
the dependent variable as a power series in the independent variable. This
requires that the funrtion be continuous over the range of interest of the
independent variable 130].

As previously reviewed, this technique has been applied to the analysis of
laminated plates and shells. An increasing number of terms in a truncated
power series representing the solution, usually the deformation of the plate or
shell, is used. The independent variable is usually the distance from the
mid-plane of the shell or plate to the point of interest, measured normal to the
surface of the plate or shell.
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As discussed earlier, thin laminates are traditionally analyzed by retaining only

the linear terms in a power series representing the deformations or strains.

If € is the distance from the laminate mid-plane to the point of interest
measured normal to the surface of the laminate, then the deformation of the
shell can be approximated as

(o) o

‘5’/9 .,./3.3'

-

}] T
where LE“(E,O’) = (s m' 2, w. PRLD)
. 0 ()] T
and /341(310) s (/3&‘ 4/9‘ » © )

u is the deformation of the plate or shell, and B is a vector function
independent of r. z, 0, and r represent the axial, circumferential, and radial
coordinates of a cylindrical coordinate system. The solution is valid for thin
plates and shells where transverse shear effects can be neglected, and for
situations with negligible surface normal loadings.

Various authors have added extra terms to this power series to allow a
solution where transverse shear and large normal loadings exist. For example
[40], a quadratic representation has been used to approximate infinitely long

cylinders where the loading creates transverse shear effects.

The deformation u was written as
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This representation needs a shear correction factor to adequately handie
situations where transverse shear is significant. A cubic representation was
used for the solution of thick flat plates subject to large loadings normal to the
surface {61]. The deformation was represented by

3—"’" _5“‘4*1_3“’3' ‘{g(a)ga‘écr)fi

3 . : AT .
,Baﬁfns)-'-' (ﬁx“),{ga(ﬁ, ,g;('") JEo 1,2

gs t’oﬂ') = (fgl(" .6‘;’"‘. o )

This produces deformations of adequate accuracy, however special techniques

were needed to achieve the desired accuracy in the calculation of stresses.

The above analyses have been extended in what follows to include any desired
number of terms in a power series representation for cylinders. It also allows

for the inclusion of boundary or end conditions for finite length cylinders.

3.2 Strain—-Deformation Equations

Consider a thick cylinder subject to axisymmetric loading referenced to a
cylindrical coordinate system shown in Figure 3—1. The material properties of
the cylinder are assumed to be independent of angular position. Let z, 0, and r

define the axial, angular, and radial position of any point in the coordinate
system.

Further, let the vector

T

(3-1) U 3z (Ua , %o , Ue)

where Wiz ujlz, 8, r) y j= B 6,7
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define the deformation at any point in the cylinder wall under the given
loading conditions. With material properties and a loading situation that have

no angular dependence, we can write
2 -

3-2) ty=o

for all variables.

It should be noted that unlike isotropic materials, orthotropic cylinders may
rotate under an axisymmetric load. ie. wug#0

Define the strains relative to the coordinate system of Figure 3—1 by the vector
f
(3-3) € = (g 1%, Eeo, Err, tr.,fn, .6\01.)

Given that the deformations of the cylinder are small, the strains in the

cylinder wall can be written [57].
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/As mentioned, traditional laminate analysis expands the through the wall
dependence of the deformation in terms of the distance away from the
laminate center retaining only first order terms. Mathematical analysis is

greatly simplified if we expand our deformations in terms of a slightly different
variable

I

(3-6) L;

s19

r. is the radial position of the cylinder wall mid-plane. A transformation will
then be applied at the end of the analysis to express the solution in terms of

distances away from the cylinder mid—plane.

Let us now expand the cylinder deformation beyond the usual first or second
order truncations as

kot ) J.
(3-7) ws: 2 ¢ g
J=o
i @ gDy W) T
where ¢ Hay= ( 951 » Do, $r

are functions, dependent upon the axial coordinate, that are to be determined.

Substituting equations (3-7) into equations (3-5) gives the strains as a series
in terms of the variables q and ¢ @), i.e.
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(3-8)

The primes denote differentiation with respect to z, the axial coordinate.
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3.3 Stress Resultant Equations

Consider now, an element of the cylinder in the absence of body forces. We

denote the stresses in the cylinder by the stress vector

(3-9)

A force balance leads to the following set of the equilibrium equations in the

G =

absence of motion or external body forces [57].

(3-10)

r
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Changing variables using equation (3-6), and noting equation (3~2) reduces
these equations to

335 o+ g 3Trz | (Cir-6%e) =0

33. r
(3-11) 3 %-;" NN 3 35—2“ + A Tre 20
9Tr r ;d";; - Tra = 0
F35¢ T 3

Traditiona: iaminate analysis considers force and moment resultants by
integrating the stress and the stress~displacement product through the thickness

of the laminate. This has been extended, [40, 61] to include quadratic and
cubic terms in the mid~plane displacement.

We shall extend this to an arbitrary order by defining a generalized stress
resultant in terms of q by

Fo
) a
(3-12) N f ¢ 93
$i
where g, and g; correspond to the outer and inner radii of the cylinder
respectively.

If we multiply equations (3-11) by g® and integrate the result over q through
the thickness of the cylinder we get
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Two terms in this integration are straightforward, i.e.

o ?' o(ni-l)
¢ net -
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The third integral can be integrated by parts
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Collecting terms results in the generalized stress resultant equations
[ (l'\'l") c,‘] tn) Cl"lfl)
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In a subsequent section, this set of equations will be shown to reduce to the
usual stress resultant equations of simple cylindrical shell theories.
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3.4 Material Properties

Suppose now that the cylinder is made of layers of orthotropic material whose
properties do not vary around the circumference of the cylinder. This would be
typical of a filament wound composite tube where a unidirectional fibrous

material is formed in a cylindrical manner, the direction of the fibers following
a cylindrical surface in a helical path.

If the loads are small encugh that the material can be treated as linearly

elastic, the stresses and the strains are related by the generalized form of
Hooke'’s law which is

(3-14) T = Q- &

where the our material properties Q are given by [2]
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(3-15)

We are assuming that all analysis is done at constant temperature. If we
substitute the strain series equation (3—-8) into (3-14), we get the stresses
expressed in terms of the power series coefficients ¢ 0.
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Upon collecting terms,

(G'éz\ r ) o 7 (Qrej @) Ml Qug o ) r"! €1
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Multiplying (3-16) by q* and integrating through the thickness of the cylinder
expresses the generalized stress resultants of equation (3-12) in terms of the
stresses as expressed in equation (3-16), that is
er;n)\ ( ° o L (§ariis) Qug fgg o rp{;ﬂ
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Carrying the integration through the summation, we note that terms of the form

%o
f 0y 3" 4%
g

L}

are prevalent. For notation purposes, we introduce the a generalized stiffness
matrix A(®) where

{n)

(3-18) A
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This simplifies equation (3-17) to

s
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3.5 Coupled Second-Order Differential Equations

Substitution of equation (3-19) into the stress resultant equilibrium equations
(3-13) yields a system of coupled second order ordinary differential equations.

This substitution yields after lengthy but simple algebra, the shell deformation
equations

(3-20) é§q+_8§‘+'c§a-}_) e
where

. 3 1 ¢ T
(3-21) @ () = (‘#1-“‘: d‘,“, ¢rw, P2 ,. 153“. g, - »

and the coefficients A, B, and C and D are given in Table 3-1.

It was found that the matrices of this equation are nearly singular, that is,
there is very little difference between adjacent rows in the matrices. Any
solution scheme must address this.
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3.6 Mid—Plane Shift

Using the power series in equation (3-7) offers no guarantee of convergence to
a solution. It was observed that this was improved if we transformed our
independent variable q to a new variable £ where

n-r
(-22) < et el

E is the radial non-dimensional distance from the shell mid—plane to the point
of interest.

The power series definition of the shell deformations then becomes

(3-23) x= ysg’

J3e

where ém(t)a (B;‘i}; ﬁew, ﬂrq))r

which we note is the form of the expansion that when truncated to two or three
terms is used traditionally.

As previously mentioned, expansion of the series in terms of the variable q was
mathematically simpler. Expansion in terms of £ however was more
convergent.

Equating (3-23) and (3-7) is obviously
had G _d S Wy ) d
2 Vst 2 ¢TI0
:’ ae - Joo

Expanding (1 - E)i using Newton’s Binomial Expansion gives

SN AN
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where ( ‘,’:) is the number of combination of j items in k groups, and is written
as

L.
( J ) = A
K w! (-
Collecting terms and equating equal powers of § gives

uz{; RIS

from which
» 3 (%
/A’u)z z (j) ¢ ?5
- K -
or equivalently
C o ond

(3-24) g9 - f (%) (-0"8

.V -
K=

If we substitute equation (3-24) into (3-20), the coupled differential equation
set becomes

where the matrices Aij , Bij , and Cij are the 3 x 3 submatrices of A, B, and
C corresponding to i and j as given in Table 3-1. If we expand this
summation and collect like terms in (), these equations can be more
conveniently written as

o ¢

(3-25) g« + b4 cx+D =0
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This transformation requires that we calculate the strains in terms of E.
Equation (3-5) is written now as

- i r rep) b
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3.7 Series Truncation

Truncation of the power series is necessary at some point, if a solution is to be
realized practivally. Each individual series for the radial, the axial, or the
circumferential deformations does not necessarily have to be truncated at the

same point. This allows in principle an infinite number of truncation schemes.

Two truncation schemes have been utilized in previous studies. In an attempt
to improve accuracy in the calculation of e, one more term in the radial
deformation has been retained than either the axial or circumferential
deformations [40]. It is seen from equation (3-26) that this would maintain

€22: £gg» &y, and g, to the same degree of accuracy. The out of plane shear
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terms becomes of mixed accuracy, however. A second technique used in prior
studies has been to retain the axial and circumferential deformation expansions
to one more term than the radial deformation expansion [34, 37, 39, 53, 66].
This then, allows out of plane shears v and ¥y, to be calculated to the same
and internally consistent degree of accuracy. A third method, which has not
been used to the author's knowledge, would be to truncate all terms equally. It
will be shown later that this is the most quickly converging of the three
truncation schemes discussed. It will also be seen, that if a large numuer of

terms in the series are retained, the differences between truncation methods
becomes insignificant.

It is of interest at this point to restate the equation sets requiring solutions in
terms of the truncation noted above.

The coupled differential equation set (3—-25) becomes

(3-27) t}g_i." Eu'.gg._p : 0
o o T
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for the third.

45



To achieve a match between the number of equations and the number of
unknowns, equations must be dropped. It has been observed that if the first
truncation method is used, an extra radial equilibrium equation is retained
[40]. That is to say, if the axial and circumferential terms are retained to
order N, and the radial deformation is retained to ord-er (N+1), then N axial
and circumferential equilibrium equations are used, and (N+1) radial

equilibrium equations are retained in equations (3-27).

If the second truncation method is used, by a similar reasoning, one radial
equilibrium equation has been dropped [66]. That is, if the axial and
circumferential terms are retained to order N, and the radial deformation is
truncated at order (N-1), then N equilibrium equations are used for the axial
and circumferential directions, whereas (N-1) equations are used for the radial
direction.

The third truncation scheme does not suffer such a defect since the number of
equations automatically equals the Mumber of unknown coefficients.

- 3.8 Boundary Conditions

In general problems of elastostatics, boundary conditions can take three forms
= a stress at a boundary, a displacement at a boundary, or a combination of
the two. The same component of the stress and displacement vector cannot be
specified simultaneously [62).

The radial boundary conditions have been explicitly incorporated in the stress
resultant equilibrium equations (3~13). The stress components O, O, and o,
are specified on the inner and outer surfaces of the cylinder through the
function f(®),



We are thus left with specifying conditions on N,,(®, Ng,(®, and N, as
indicated by equation (3-13), or B(® as indicated by equation (3~25) at any
boundaries on the z axis. The total number of boundary conditions must equal
the number of unknown coefficients that are to be found. The specification of
edge loading terms is equivalent to incorporating displacement derivatives as
demonstrated by equation (3-19). We can specify either B,(®) or N_,(8), Bg()
or Ng,®, and B(® or N,(@. This is consistent with the boundary condition
formulation given by Whitney and Sun [40].

3.9 Equation Development by the Energy Method

We have seen the development of the power series equations for the
thick—~walled cylinder subject to axisymmetric loading through the use of the
stress equilibrium equations. We shall now develop the same stress resultant
equilibrium equations using the principle of stationary potential energy, to show

the simplicity of the method and to demonstrate the self~consistency of the
equation set.

The principle of minimum potential energy states [63],

An admissible displacement field is the one that makes the potential energy
functional a stationary value,

The potential energy functional I' is defined as
(328 r=U-W

where W is the work done in deforming the material and U is the strain

energy as a result of the deformation.
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In the absence of body forces, the work done by the deforming agent can
be derived {64] with the divergence theorem i.e.

f Gy My W dSs

becomes

(3"29) W =z f{ lr ( gr Forele 3 ¢ Trg g ¢ \"tftui) .‘.g&(‘[‘ﬁu,q“‘_uo.d"&u;)}dv
v

Integration is performed over the volume of the body.

The strain energy is [65].

(3_30) u a j-;-. (U‘rpErr + G.&anb 51z E;g, r Tex 3".-2.» 'C*o x\ra." fe-t-ret)dv
h 4

where integration is over the volume of the body.

Substituting equation (3-7) into W, we see that

W = a.]Tr‘jfZ [%zi(rn"*rq’., oo ¢ N ‘ Tea ¢tU)) ?_-“"} +

2

;1 (Tea ¢, Yl Tz 9, +ﬁa. ¢ )3-"”]dz d¢.

This, upon expanding and integrating by parts is

(3-31) = ”’ﬁf): 2 a;{(“'"*r S I RN #zw)?wrdz
%t
e " ”
+J§!§Z(H" fér . Y38 #La *- Mz:’ : ) dz

The strain energy given by eqﬁatiou (3-30) can be expressed in terms of the

deformations coefficients using the strain series equations (3-8). Thatis,
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Following the Rayleigh-Ritz method [62], the potential energy functional is

stationary when its partial derivatives with respect to each of the deformation
coefficients is zero, i.e.

c
(3-34) s =0

a¢(n)

Applying the Rayleigh—-Ritz method to equation (3-33) then gives
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We note that these are identical to equations {3~13) derived through the
integration of the stress equilibrium equations. We note also that the o;; stress
components at the radial boundaries are contained in the f,j(n) terms as before,
and hence are built into the solution. We shall not develop the deformation
equations here because the development would proceed exactly as that done

previously.

3.10 Comparison to the Work of Others

To compare how the stress resultant equilibrium equations presented here
compare to those of the membrane theory for a cylinder, consider equations
(3-13) for n equal to zero. These are simply (neglecting out of plane shearing
and normal stresses)

£ (n
fe N!l = 0

T 1)}
(3-36) . Noz = O

(o) w

- ';r-r

"99

Note that f_(1) tends to —p as the membrane thickness becomes infinitesimal

for a thin cylinder subject to internal pressure.

These equations are the membrane stress resultant equilibrium equations [66]
when no angular variation is allowed.

To compare the stress resultant equations to the thin cylindrical shell equations,

consider equations (3—13) for n equal to zero and one.
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Note that the first and third equations of (3—37) and the third equation of

(3~38) form the set of equations for the thin cylinder [66] which in our

notation can be written .

C
Vii " =0
(3-39) .
Nrz - Neo® = 7%

Nee “. Ker ) - F Mt = 0
The second equation of equation (3-38) suggests that Ng,(?) is constant or
vanishes since f42) is normally zero. This means that g, is constant or zero,
which from the second equation of (3-37) gives us that N 4() is constant or
zero. This is consistent with a first order theory that neglects transverse shear
stresses. The first equation of (3-38) is a result of allowing the radial
deformation to vary through the thickness of the cylinder, hence belongs to a
higher order theory.

We can do a similar check against a more refined shell theory for cylinders

[40] where the zero, first, and second order equations must be considered.

These equations when written in terms of the mid-plane coordinates are, when
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angular and temperature effects are ignored
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for a cylinder of wall thickness b, and g; and q, are as defined before.

In our notation

{Nz! N"J Niea Q%} becomes rc.{“?.laj Ner “: Mag (‘: Nee «! S

{Na, Nez, Qa} becomes % { Mas(c‘; U&aw. Nre ™ }
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If we substitute these into equation (3-40), the first three equations directly
become
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These are the stress resultant equilibrium equation developed here for n equal

to zero.

If we add r, times equation one, two, and three to four, five, and six

‘ (2) o) ) (2)
e Nrz = Nee - No-o = 'Crf‘
f
() (1)
(3-44) e Nez = {ro
s Q)]
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These are the generalized stress resultant equations for n equal to one.

If we subtract 1/,r, times equation three from, and add equation six to equation
seven, we get

(3 ¢

:
(3"45) Ce Nrt

2
- ?.Nr'r( - Ngeg = frr 3

This is the first stress resultant equation for n equal to two. The other two
equations for n equal to two are not obtained because the comparison solution
terminated the expansions for the axial and angular deformation terms with the

linear term and carried the radial deformation to the quadratic term.
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Figure 3-1 Cylinder Geometry
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Chapter 4

CYLINDERS WITH CONSTANT MATERIAL PROPERTIES

4.1 Introduction

The second order system of differential equations (3-35) is exceedingly stiff.
The stiffness of a differential equation system is the ratio of the largest to
smallest real parts of the eigenvalues. A system is stiff when this ratio is large.
Sharply rising and decaying terms are present which make the application of
numerical approximation techniques very difficult. The problem becomes, for

any cylinder of finite length, a very stiff two point boundary value problem.

In an attempt to solve this system, a standard shooting technique [67] was
tried. A converging solution was only achieved for two terms in the series
representing the deformation. A parallel shooting technique [67] was also tried
for the finite length cylinder, stepping in from each end. This did not add

more terms to the series or improve the accuracy of the solution.

A power series representation for the deformation along the axis of the

cylinder was also tried. Convergence was possible in principle with several
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hundred terms in the series, at which point, however, accumulated numerical

round-off errors became significant.

A successful method was found when the material properties of the cylinder
were assumed not to vary along the z axis. This method, a generalized

eigenvalue approach, is the topic of this chapter.

4.2 Eigenvalue Solution of the Homogeneous Equation

Consider now, the special case of a cylinder whose material properties do not
depend upon the axial coordinate, thus making the coefficients of the
differential equation system (3-27) constant. A completely general solution for

this system can be obtained by first solving the homogeneous system

] !

(4-1) ad, + ‘_’°<H+.c°f" = ©
where ay is the solution of the differential equation set (4—-1). Adding the
homogeneous solution to any particular solution of equation (3-27) results in

the general solution to that system.

The constant coefficients in equation (4-1) suggest an eigenvalue approach,

where a solution of the form
Az
<~ e ( A complex)

is assumed.

If this is substituted into (4-1), the resulting eigenvalue equation is
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If we define a new variable 1 by

’ T
(4-3) ‘)_"‘l 2 (°:'u ) %N)
then equation (4-2) can be rewritten
(4-4) @ = A RM
\., -
@

ll”
Is
1
@ ,np
- -
" ' [+ }
[}
[ P

Equation (4-4) is a generalized eigenvalue equation, with a non—trivial solution
existing only if

(4-5) det (g-l§)=°

The matrices a and b are very ill-conditioned, and g is singular. This suggests
that any solution technique which involves the inversion of Q would be limited
to at most a few terms in the power series expansion. Although several
techniques are available for solving the determinant equation, the LZ algorithm
is one which generates a full set of eigenvalues and eigenvectors for this
particular problem and does not require the inversion of Q [68, 69]. In fact,
either Q or R may be singular.

The details of the LZ algorithm are readily available in the literature [68, 69].
This algorithm is based upon three observations:

(1) The eigenvalue equations

59



LeMys2 LENY

have the same eigenvalues if L and M are non-singular matrices, and

their eigenvalues are related by

MWy

(2) There exists matrices L and M such that LOM and LRM are in upper

triangular form and these matrices can be found by simple operations.

(3) If o; are the diagonal ele.ments of LOM and Bi are the diagonal elements
of LRM then the eigenvalues are given by cd/Pi assuming Bi + 0.

The aim of the LZ algorithm is to find matrices L and M such that LOM and
LRM are in upper triangular form.

The algorithm has been coded in Fortran 77 code with the source being
publicly available [69].

To illustrate the use of the method, two families of cylinders are considered.
In the first family, several isotropic cylinders with differing wall thicknesses
are analyzed. This allows the eigenvalues generated to be compared with
standard thin wall solutions [66], and solutions generated by a higher order
technique for thicker cylinders [50].

The second family consists of generally orthotropic cylinders with differing wall
thicknesses. These are compared to some results available in the literature
[34] for thin wall cylinders.

The impact of the three series truncation methods, as discussed earlier, will be
shown.



4.3 Method of Solution

The generation of the determinant equation (4-5) is straightforward. The
requirement, of course, is the determination of matrices a, b, and ¢ . This has
been numerically implemented assuming that the cylinder is multi~layered, and
that each individual layer is orthotropic. The details of the process are
included here for completeness.

Since each layer of the cylinder is orthotropic, the following material
properties must be specified for each layer

Eyy Ep2 Vi3
En") E13 'V13
E3; Ens Va3

The inside and outside radii of the layer, in addition to the orientation of the

layer with respect to the z axis must be given also.

The stiffnesses of each layer, in the material frame of reference are calculated
using well established relationships [2].

- Va3 V3L Vi Vi
Cu = 1 13 V3 e sia ¢ Vi Cyy = E a3
E. Es & EitEa D
| - Visvs Us ¢ Viavas . .
g — gz ==
(4-7) Cra ) B3 & ¢ ciEa ss« Es
- Oy Vat ~ Va, 1 .
.Q__ (ol = YAt e bar 7y Cee=Eqn
Cs2 = g e.a BT ae
At | - VeaVar —Vagthe - Vis Var - 2 Vsa Vi3
£) Ea Ea

These are then rotated to the geometrical frame of reference. This is done
through the procedure which follows.
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If the loads are small enough that the material can be treated as linearly
elastic, the stresses and the strains in each layer are related by the generalized

form of Hooke's law which is

(4-8) e ¢ &

where the material properties C are given by [2]

(Cn Ca Qs o© o o
Caa Ca Gz ¢ o o
(4-9) ¢ (3, A = { Cs Cax C33 ©o O 2 \
= (=] 0 1*] C..H a 0
o o 6 o Css o
o Q 0 o e

N\

and 0, and g are the principal stresses and strains in the material.

The stresses and strains in the material frame can be related to the geometric
frame by introducing the transformation T such that [2]

(4—10) 6“, = T S
- = -
where
( N\
m* nl o a6 ° amn
At mt g a G ~amn
T- { e o ! c o o |
= 0 o o m =n o
] o s m n [+]
L =mA ° 6 o m*-n‘

where

m = cos {w)

n = sin (w)
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w is the orientation of the principal direction with respect to the
geometric frame,

A similar relationship can be given for the strains. The strains transform the
same as the stresses if a tensor representation is used. If we extend the two

dimensional analysis available in the literature [2] to three dimensions, we have

-l
(4-11) Epe = T &p,
where
P ¢ oz )"
a s
{‘Pv = (8;;, EQQ. err, -5";‘ ' 'g: ' <z
and

T
3 3

s ! 2

£?| = ('Ell 3 EI-'I-, E”J

If we use a three dimensional Reuter matrix R where

! © s 6 o0 @
0! & o ®© o
(4-12) R= a6 1 6 & o
s 6 © & 2 a g
© 0 0o 0 2 a
Q@ 0 0 o o 12
F‘.x: & ?-‘P‘
then ' = R Epy
- B e
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We can then write

or

M
]
"R
"
1,

Substituting this and the stress rotation equation into the generalized form of
Hooke's law gives

-l

ﬂl
(4-13) & - TTCRTR E
Noting that
:I" = :I" (U)
and that
1 0 06 © o ¢ W
R-' - © 1 &6 6 © 9
= - L [ -3 1 [-] [ =] [ p
& ©o o Vi o o
© o o o6 5 o
L ¢ © D o o Wy J

we can write

T -9t

which is equation (3-14).

This matrix operation can be expanded to give



Bu = ' Car amin?(Cianr 2C.,) +n"Caz

Qraz (Cn v Cag - 9C) mIn? 4 (m¥ant) G

Qs = M3 e A3

Qi » mn{ m*Cy ~n3Cay - Iminri{civacy,t)
Qan's AV Qe ama? (C2r264), MG,
Q= 2'Cs » m3Cas

(4-14) Fae = M0 (,,*C;-oﬂ-cu_,{m"-n‘}{&:o-’.c;.})

@33 = C33

P3¢ = mn (C3 -~ Cax)
Guy » m3ICuy + piCss
Gus 2 mnp (Lss ~ Cpy)
Qss = m2Css+ niCyy

a
Foc » M2 (s Caa - ACa) + (m3-n3)" Cye

The rest of the Q;; i, j = 1, ..., 6 are zero as in equation (3-15).

The generalized stiffnesses are now calculated using equation (3-18). We have
assumed that the material properties are constant for each individual layer of

material. Equation (3-18) then becomes, for each layer £ of material in the
cylinder wall,

) .lon
(4-15) e = Qe [37dg
Fa
where 4 is q at the inside radial position of the layer

llb

%4, is q at the outside radial position of the layer.

This is easily integrated to give
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(4-16)

We note from Table 3-1 that A :“

1]

n+t

nel

N0

30

21y - Pal
@-‘ P
&

?m

is required when n and j are zero.

Summing these ihrough the cylinder wall completes the integration. That is,

(4-17)

?hnu- g P N0
o 3)

where NLAYER is the total number of layers in the laminate.

Having calculated the generalized stiffnesses, the coefficient matrices A,

B

and C of Table 3-1 must be calculated. For a cylinder whose material

properties do not vary axially, these reduce to

WU,

(4-18)

° e P33
"f.Ai‘:‘m e A'::m‘ o
ca™ rad™ e
tm) () (m) tn) Cmd {m)
1Ass =nfA1y <An U-NA4s -alsy = Ax o
o ° Aa b M;"" 1) 4«;:’
o 0 ALyl ped™
° o -4 (daz nﬂuh::-r“l;w
-a;_;o it -(nu)(;ﬂ-,), S o
-':'-.‘! Aes™ -"!.L-"A o' 0 ’

66

tm}

L




The midplane shift as given in equation (3-25) is applied to the matrices A,
B, and C to give the coefficient 3, b, and ¢.

At this point, the matrices Q and R of equation (4-4) are formed. An
application of the LZ algorithm completes the solution by supplying the

eigenvalues and eigenvectors for-the problem.

Three series truncation schemes as discussed earlier are used. In the first, the
radial deformation is allowed to contain one more term than either the axial or
circumferential deformations. One extra radial equilibrium equation is

included to match the number of equations to the number of unknowns.

For the second method, the axial and circumferential expansions are taken to
one more term than the radial expansion. The axial and circumferential

equilibrium equations are likewise carried to one more term.

For the third method, all deformation components are truncated with the same

npumber of terms. No equilibrium equations are dropped.

4.4 Isotropic Cylinders

Thin and thick walled isotropic cylinders under internal pressure were analyzed
using the preceding method (see Tables 4-1, 4-2, and 4-3). The thin wall
comparison is due to Timoshenko [66]. In his analysis, the radial deformation
for an isotropic cylinder subject to a radial pressure only, is given by

4 P
& _Wr + 4 [3 T,

(4-19) I °
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where h 3(1-v%

e h?
3
D = E..t‘
12l =Y
h =1 - ]

The eigenvalues are simply +B and -g-E where the bar over a variable indicates

its complex conjugate value.

The thicker wall comparison is available from Vinson [50], at least for the

dominant term.

Several things are evident from this analysis:

(1

3)

4)

The eigenvalues match the thin wall solution (Tables 4-1 and 4-2) to
within 0.3% with four terms in the series required for the third truncation

method. The first and second methods require more than four terms to
achieve the same accuracy.

The eigenvalues match the thick wall solution (Table 4-3) to within 0.4%
with four terms in the series for the third truncation method. Similar

accuracy is achieved with the other two methods with six terms in the
series.

For the thick cylinder, there is little difference between the first two
methods of truncation, and this difference vanishes with an increasing
number of terms in the series. All three methods converge to the same
value if enough terms in the series are used.

The LZ algorithm produces an infinite eigenvalue for the first two
truncation methods. This is a result of a diagonal zero in the triangular

matrix divisor. The third method did not suffer from this numerical defect.
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On the basis of the above observations, the third truncation technique (i.e..

equal number of terms in all the series) was adopted for all calculations other
than the infinite length cylinder.

4.5 Orthotropic Cylinders

The results of an analysis of a family of specially orthotropic cylinders is
presented in Tables 4-4 and 4-5. The only easily comparable results are those
for a thin walled cylinder given by Dong, Pister, and Taylor [34], and
simplified by Pagano and Whitney [70]. The solution for a symmetric laminate
produces eigenvalues

(4-20) a2 LP
where (13)= (b:&)
~ 4Du
Y
= 2 2 TS
b= 2 {Di(23-an)} ds "
a
P g‘; Az 2—:. Ass Al A;?'-An
Sy s AnAve-An Au Sy = Au A AR

Wh,
(i » 25f) = f@.:jcl,g‘)ds
2

If the principle material axes coincide with the geometric axes, the eigenvalues
are easily shown to reduce to

/9.,= -ty: 2 {@_a.: - Q_L‘)z}
Q"A‘ Qu aon
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A comparison is only presented for a very thin and a thin generally orthotropic
cylinder. For these cylinders, a single orthotropic layer was inclined at an
angle to the axial direction. The results, presented in Tables 4-6 and 4-7
compare to within 7% of the thin walled analysis discussed earlier. Further
comparison or discussion will not be given since the authors of the previous
analysis [70] have indicated that their solution is at best an approximate one
because of the extreme truncation used for the series representation
(deformations were either constant, or varied linearly tirough the cylinder
wall).

4.6 Eigenvalue Groups

By observation, the computed eigenvalues presented previously, occur in three
distinct groups.

(1) Pairs of real eigenvalues + Ai , — Ai occur. The eigenvectors associated
with these eigenvalues are real. These eigenvalues add the following to

the solution

Q) W Nz W -3
a21) Ay = S(Ci Xue + Ca¥ae )

where C;;(1) and Cj;(1) are constants to be determined and X1 and
Xi;() are the eigenvectors associated with the eigenvalues.

It is seen that this is a monotonic rising or decaying function with no

oscillations in the axial direction. This type of solution has been seen by

some authors [38].
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(2) Zero eigenvalues appear, with a multiplicity of two. The solution

associated with these is a polynomial [71] given by

(1) () (R : )
(4-22) o= € X+ VX2

where Ci“’ , (_‘_“)

are coefficients to be determined, and

) &
X, x. Y

are the eigenvectors.

This solution can be viewed as that of an infinite cylinder without axial
or torque loading. We shall discuss the infinite cylinder in an alternate
fashion in a later section,

(3) A third group of eigenvalues appear in the form of complex conjugate
pairs K| and -Ii The solution associzted with these is given by

y ), B KT m, % Fa
(4-23) RKp s Z(Ca‘ X € 4 Cia Kia @ )

These correspond to the rising and decaying oscillatory terms more commonly
associated with shell theories [66]. Although one could further subgroup these
into boundary layer, far field, and several other length related ranges as done

by others [43, 56] such an exercise would provide no additional information.
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4.7 Homogeneous Solution

We can now write the homogeneous solution as the sum of the parts just

described.
o) W A2 W - E o\
Q_{Hv - Z(C;_; Xl'.' e ' Cl:’. X_&; e 1
- ) (D) (v @
(4-24) R P T P -
LS I L VI TR
+ ( Ll x_c_l e s Cia Xia ) )
L ]

4.8 Particular Solution

The entire solution for o of equation (3-27) is obtained when one adds any
particular solution of (3-27) to the homogeneous solution given by equation
(4-23). A particular solution which satisfies equation (3-27) is

4

(4-25) “<p = constant
which must satisfy

(4-26) b’ s b =0

nn

weox
One particular form of o, which satisfies this is

_ () o o
(4 27) olpa (E:: z, 3‘01 r‘gz,‘e,.w, °, -'a‘n ni, ﬁrcn‘ 5, o,ﬁrm’ . )'r
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From this,

i (o Q)] P ("P o, 6 “ . )T-
(4—28) "{P = (Eu 3 7‘02. Q, ag 8, ~de% 'y L

As will be detailed later, this corresponds to a cylinder experiencing a constant
axial strain £,(®) and a uniform shearing strain causing a twisting of the
cylinder about its axis. In addition, the cylinder is experiencing a radial
deformation constant along its length. This is simply the solution for a cylinder
of infinite length subject to axisymmetric loading. The solution, a subject of

the next chapter, results when o, and o' as given above are substituted into the
governing equation (4-26).

4.9 Total Solution

We can now write the total solution for equation (3-27) for a cylinder whose

material properties are constant along its length. It is simply
(4-29) { = o w <p

where oy is the given by equation (4-27)

and a is given by equation (4-28)

The unknown coefficients in & are determined by the application of the
boundary conditions.
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Chapter 5§

SOLUTION EXAMPLES USING THE POWER SERIES
APPROACH

5.1 Introducticn

Three problem iypes will be analyzed using the power series expansion
lechnique. These are the:

(1) Infinitely long cylinder; a cylinder that is so long that any end restraint

effects can be ignored.

(2) Semi-infinite cylinder with one end hinged, where details of the influence
of one end restraint are considered.

(3) Semi-infinite cylinder with one end restrained from bending.
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The cylinder is assumed to be made of layers of homogeneous orthotropic
material. The assumed material properties are listed in Table 5-1. Only an
E/XA-S/epoxy composite was considered in the analysis since a complete

material data base existed at the University of Ottawa composite material
laboratory.

5.2 Transverse Compressive Testing of Composite Laminates

Overview

As mentioned in Chapter 1, the transverse compressive properties of a thick
composite shell are considered to be critical for the design of composite
pressure vessels at ultra—high pressures. An experimental program was

undertaken by the author under a supported research contract [74] to define
these material properties.

Specimen Fabrication

The specimens were manufactured by wet filament winding on machinery
developed by the author (to be detailed in Chapter 6). The fibers and the
matrix system (Shell Epon 825 plus Ancamine 1482 at 19 parts per hundred

(by weight), cured for one hour at 100° C) were identical to those used for the
entire data base of Table 5-1.
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The steel mandrel, shown in Figure 5-1, was designed to produce four

angle-plied wet wound laminates at one time.

A schematic of the four sides of the mandrel (unfolded) is shown in

Figure 5-2. Because of severe angle changes from one face of the mandrel to
the next, it was necessary to incorporate pointed split pins along each corner
of the mandrel to prevent axial sliding of the fiber bundles. After five layers
of material were wound, ground compression plates were applied to all four
faces. C—clamps were used to force the plates together to rest on appropriate
spacers. The spacer thicknesses were calculated using tow/roving
cross—sectional areas to produce a 65% volume fraction composite for the

6 mm pin spacing on the mandrel.

The composite plates were machined on a water—cooled diamond saw (Figure
5-3). The edges of the specimen were then polished to their final dimensions
using 600 grit paper. A typical specimen is shown in Figure 5-4 along with a

neat resin specimen.

Specimen Testing

The individual specimens were tested at room temperature (20 + 2° C) in the
testing jig shown in Figure 5-5. The testing machine employed was an Instron
servo—hydraulic machine {Model 1332) equipped with a 100,000 N load cell.
The stroke rate was 0.5 mm/minute and the strain was measured with an
Instron dynamic extensometer (Model 2620-530) which was attached to the
threaded upper and lower platens.
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The stress—strain curves for the various materials are similar, and are matrix
controlled for all but the 45 degree specimen (Figures 5-6, 5-7, and 5-8).
This specimen appeared to be the only one with a well defined ultimate bearing
strength. The carbon and S2 glass specimens at 45 degrees exhibited strikingly
linear behavior to failure. The Kevlar 49 specimen showed a modulus increase
after some resin degradation had occurred. The non-crossply specimens all
exhibited a bilinear behavior. This has been postulated by other authors [83]
to be associated with a fiber scissoring action. Fiber scissoring (Figure 5-9)
was observed in these failed specimens. The unidirectional carbon specimen

was other only specimen to show a definite uitimate failure point.

The nature of the stress—strain curve suggests that the linear representation of

this in a theoretical analysis would be valid up to 200 MPa normal stress in the
case of E/XA-S carbon.

The modulii for a uni~directional E/XA-S composite material is given in
Table 5-1.

Discussion

The author believes that it is imperative that basic material properties which
are used in the pressure vessel design programs be obtained for the same
fibers, matrix, cure schedule and fabrication technique as will be employed in
the actual pressure vessels. There is a wide range of transverse compressive
mechanical properties in the literature as would be expected for a matrix
dominated property. This study has provided preliminary transverse
compressive mechanical properties for the calculations given later in this
chapter.
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The unidirectional stress—strain curves are quite similar to those of the pure
resin specimens, thus indicating significant matrix effects on the stress-strain
relationships and failure mode. During this study, there has not been any
attempt to associate regions of the stress—strain curves with specific failure

modes.

5.3 Case | = Infinitely Long Cylinder

Series Approach

Consider a layered orthotropic cylinder of infinite extent, with material
properties constant along its length, subject to axisymmetric loadings such as
pressure, axial loadings, and torque (see Figure 5-10). The cylinder envisaged
is long enough so the 'end effects’ are not important and we are left with
stresses that are independent of axial position. Given this, and since stiffnesses
are independent of the axial coordinate, it follows from equation (3-14) that

the strains are also independent of the axial coordinate.

If &, and eg are independent of z, then equation (3-5) suggests that u. must
only depend on the radial position r. That is

(5-1) Uroo 2 Z 4(';3) & !

jzo

where 3, s

-t

and ¢, are constants to be determined. It is again mathematically simpler
to develop the theory in terms of the variable q, and transform the analysis to a
mid-plane coordinate system as a later step.
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From the second and third equilibrium equations (eqn. 3-11)

Tre. _
i 'Er. + 2 = = O
d Tra | Te . o
dr r

If these shear stresses are to vanish at a free surface, then they must be
identically zero through the cylinder wall. From Hooke's law then

Bz s Tre are identically zero.

If &,, is to be independent of z, then
Ea;: Eza(f)
implying that (eqn. 3-5)

Ua = E-‘\_;(P)EI* $.(r)

If yg, is to be independent of z, then

*0'\‘. 2 3\0% (f)

implying that (eqn. 3-5)
MB - H\or(l‘) 2 + 'F:-("')

If v,9 is zero, then upon substitution into equation 3-5
e . UYe

EY] r =0
or
ad_;_ Pz - 3‘%_;- 20
and f&.‘g: - ‘P?l =0
suggesting that <)
&Ot = 3\31: L
and Lo =2 S Lk conztant
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Without loss of generality, we can write

(XY ]
= &
(5_2) '\Lg .6\61

where v,,(1) is a constant

Similarly, for vy, to be identically zero
3Ur | AU

3% s~ =9
or
. dft .
a&.e-;a;(") = + T ° (&)
suggesting 822(r) = Eaa ™
-}'1 (r) a conrtant =,
thus

Ua = Eea'®’x + K,

Without loss of generality, we can write

}
(5-3) Yas g2
where em(o) is a constant
This implies that
}] o)
(5-4) 3 “, Eaa.-( 2

n w
s 2 For 2

Substituting these into equations (3-5) gives us that

5\,-9-:0

5-5
=5) fra =0

Given this,
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tod ) n cu -
(5-6) 3. (22,0, demafoa, b Lo, 0, 807, L)

This must satisfy equation (4-25), namely

(5-7) ng‘+5§~"9"°

This is the particular solution that when shifted to a mid-plane coordinate
system is given by equations (4-25) and (4-26).

We note that the terms C - €,,(0 and C - v,,(!) vanish because they are
identically zero. We also note that this equation set is missing two additional
independent conditions to allow complete 'specification of the ¢,§). These can

be determined by considering the axial and torque loading on the cylinder.

Pressure and axial loading on the ends of the cylinder result in an axial stress
resultant given by

arrr

1) Ko
(5-8) Nz = fﬁ'zz 2dg = 5
g

where F, is any axial loading imposed away from the analysis point on the
cylinder.

Any applied torque loading is expressed as

(2 B . -
69 me = [Tagtey .

= 3
2

amn:
where 7 is the circumferential torque.
Expanding equation (5-7) using (5-6) generates the basic set of equations for

the infinite cylinder. Substituting equations (5-8) and (5-9) into equations
(3-19) adds the remaining two equations to give the following set of
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simultaneous equations

(5-10) $-Y = P
4}
where S, < Au !
3|;= Alﬁcﬂ
. . 3
Sijes = #Q(A‘a-(J)* iAs®)
Sars Ap®

Jaa = A“(ﬂ

Sajez = *e (A“Q“L d A“(Irl\)

4::“’? A ¢

Sassr = Aa™ +p:436 e o -
Sns jos = m{fa o) An v 0j A" T
Piz Fgl/arn?

Paz T/ amrn’®

Prez = =-F (&:)‘wI + Py rb)'\h'

) ' ?1

Snes s

and

() c Cel { T
Y"‘ (Ezz,ree ? i‘rw:ﬂd“ ) ”)

res

The matrix § in equation (5-10) is termed an ill conditioned matrix. This
means that the determinant of S is nearly zero. The thinner the shell,"the more
ill conditioned the matrix becomes. This fortunately, does not limit our
solution, since standard equation solving techniques yield solutions for a

truncated series with sufficient number of terms for accurate calculation of
stresses and strains.

Equation (5~10) becomes upon shifting to laminated centered coordinates using
equations (3-24)
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(5-11) - X = F

T o)

' : K
where [Ry] = xZ..; (1Yen [Sikl

te) {3 (o) tn )T‘
X 2 (Eaa ), ez ) Breo , Bee , * * *

is the mid—plane shifted form of S in equation (5-10).

The resulting matrix equation (5-11) is solved using a recursive Gauss-Jordan
elimination.

The deformations and strains are calculated using

Ue = foam r2

-12
(5 1...) Uy = ea?(n\ z
-] .
¥
Upr = Z Igr'nuj' J
i=

Noting that y4 and v,, are zero, equation (3-26) and (5-12) give the cylinder
strains as

ta)
€22 = &gz
Q)
1'07, = TB‘C' -
L . (j’ .
- -3 8 4=
Erm = Z re 3
d‘. C.‘ R
€eo : Be™ g4

Y e 1= 3’
The stresses are calculated using the generalized form of Hooke's law

equation (3-14). A flowchart for a numerical implementation of thi« is given
in the appendices.
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Exact Solution

The exact solution for the layered orthotropic cylinder of infinite length has

been calculated using elasticity methods, {11] and is included here for

comparison purposes.

Noting equations (5-2), (5-3), and (5-5), the strain-deformation equations

can be written, following equation (3-5) as

Eaa
foe
(5-13)

Eer

/]

€o)
Ezw

L
r
dthw
dr

o)
Boz

¢
L

Substituting these into the stress equilibrium equations (3-10) and

eliminating %-1—:‘ gives the following second order ordinary differential

equation,
(5-14) v_r‘ .
where e
£
Al
and
E22

L

(o)

ta) 4))
S . ﬁ o2

r

t S
\Lr-:d-'

-

Ur = By

F-)
Wy

2
™
-

Qi - ais

Q32

§ae 2030
D3

{)]

Toz
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are constants as given in equations (5-2) and (5-3).

The general solution to this differential equation is

. ) & L) ' a
5-15) W w i BiEe A Tar
( Uy = A:. v Ber - ’—-—-—- e R

for each layer i in the cylinder.

If the cylinder is subject to an internal pressure p; and an external
pressure p,, then the following conditions apply.

Grr = = P:_ ; T = Cia
(5-16)

[

U-;'f' = - PQ ; r f‘o“*

For this problem, equations (5-8) and (5-9) can be written

Cak
- d = F_.z
(5-17) [ marar s B

Gn
and

Tont

2 T

(5-18) f Toz T dr =

If more than one layer of material is present, material continuity between
layers is expressed as

(L1 )
(5-19) Ue e Ue re e

where the superscripts identify the layer number, r; is the radial position of the
interface between the it and the (i+1)% layer.
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Further,

due duet
- [ ]

(5-200 e S ar

r e T

[ 1Y

If we express equations (5-16) through (5-20) in terms of u, by using equation
(5-13) and (3-14), the following system of equations is obtained which when
solved gives u. and our constant strains &,,(0) and v,,(1) through the thickness of
the cylinder wall.

G2y B+ % =T

where the coefficients of B and _P are given in Table 5-1 and

@) Wy T
(5-22) $ = (ALBi Ay By-e- Au,Buy AN )

-

This system has been solved numerically using a Gauss—Jordan elimination

technique with iteration.

The flowchart for this solution (EXACT) is included in the appendices. Itis a
user friendly routine that allows operator specification of the cylinder geometry
and material stacking sequence where each layer is an orthotropic material
whose principle direction is inclined to the cylinder axis. Material properties

are included in an easily expandable material subroutine.

The solution is generated using the method described, and the stresses and
strains are outputted for each lamina at the inner lamina surface, the lamina

mid-plane, and the outer lamina surface. These are calculated using equations
(5-15), (5-13), and (3-14).
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Solutions Comparisons

To check the initial validity of both the series and the exact solution algorithms,
the standard analytical solution for a thick isotropic cylinder subject to radial

pressure only was used. The stresses in a thick isotropic cylinder with internal
pressure is given by [72).

+“

P\: ri.:- Caud
O = { l - — }

rL

(5-23)

(5-24)

The comparison between the series solution and the analytic solution [72] is
shown for a very thick cylinder in Tables 5-3 and 5-4 to be negligible (less
that .25% on the radial stresses). The solution is also shown for the one
generated by the EXACT routine — again within negligible error.

A comparison is also made to a pair of thick orthotropic cylinders as given in
the literature [73]. Agreement is within 4% as shown in Tables 5-5 and 5-6,
a tolerable figure when comparison data is extracted from a published graph.
It should be pointed out that Tsai [73] modelled the orthotropic
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cylinder as +8, —0 laminae pairs. This formulation was in fact published prior
to the work of Tsai by the author [74]. The +0, -0 restriction was removed for

a layered orthotropic cylinder in a later algorithm [78].

The solutions have been calculated in a series manner for thin and thick
generally orthotropic tubes with a single layer and multiple layers inclined in a
helical manner for comparison with the EXACT prediction. The results of this
calculation are shown in Table 5-7 through Table 5-9. It is clear that for the
thin tube, three terms presents an accurate solution for the problem (within 1%
if radial stresses are not considered). For the thick tube however, it is seen
that convergence to an accurate solution is slower, and that three or four terms
are not adequate to accurately represent the solution. The solution in Table
5-9 is presented to show the much more strenuous case of a multi-layer
solution with different properties in adjacent layers. Convergence is indicated
in all cases.

5.4 Semi-infinite Cylinder Hinged at the Origin

Solution Method

Consider the cylinder of Case I near the origin, where it is restrained from
moving either axially or circumferentially, Assume that the radial deformation
is specified, and that the cylinder is allowed to bend freely. These conditions
can be expressed as

U (0 ,9,r) = O
(5-25) we (0, @, ) = 0

uro (P)

u-r-(O; 9,"3
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Equation (5-25) suggests that

)

Ba (0) = o
(5-26) "
(30 4 (Q} e ©
. : (&P L
‘erCJ) (O) = (9‘.0 ., J \a Qo , \, 1, .

where B ,0) are known constants.

At a sufficient distance away from the origin, the solution of Case II must

approach that of Case I. An examination of equation (4-23) then requires
that

N
Ly = O f XL %0
5~27
( ) C'\ (X 0] = 0
™ 20 aF Rt (XD} ZO

The remaining constants can be determined by applying boundary conditions
(5-26) to equation (4-29).

Atz = 0 then

Z {c“m X_._:o} . Z { C.'_‘t”X_.,“
- -

[

&)

s 3
¢+ Ca X‘L.a }

) e )T
(5-28) + (o1 e Bre, oi0 Bra , -

o 4} T
= (°|°){3¢-o:°:°)ﬁra,"')

Since the eigenvalues are complex, special techniques are required to solve
equation (5-28). If we write
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0 el (4} ()] T
(5-29) S = (9,0, Bea ~Brw 8, 9, Bra'(gﬂbs )

then equation (5~28) can be written.

(5-30) X.-¢ = ¢

where the eigenvectors X; have been put in matrix form X and the scalar

coefficients C; have been grouped into a vector C.

Expanding X and C into real and imaginary parts, equation (5-30) becomes

Reak (X) | ~Omag ¢4 Rand ( €) ¥
5-31) ) o ___ !

-
™ - e =meoaw - e s - - - -

Ymag (¥) | Ruad (X) Fmag (D) ©

This matrix is solved using a recursive Gauss—Jordan technique. The
coefficients thus generated are substituted into the general solution given by
equation (4-29). Knowing the deformation coefficients allows the deformation
series given by equation (3-23) to be evaluated. A flowchart for the numerical
solution of this problem is given in the appendices.

Solution Comparisons

A standard comparison for this technique is the thin wall isotropic cylinder
subject to internal pressure as presented by Timoshenko [66]. His analysis is
accurate to first order in the mid-plane strains. Since these depend upon the

derivatives of the deformations, one would expect a comparable solution for a
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deformation series between two and three terms in length,

Figure 5-11 illustrates this comparison. It is seen that the Timoshenko
solution falls between the series expansions for two and three terms.

Convergence of the solution after the third term is also evident.

A non-series analysis is available for comparison for a thin orthotropic
cylinder. Pipes and Whitney [23] did their analysis using a finite difference
technique. The comparison for this case is illustrated in Figure 5-12.

5.5 Semi-infinite Cylinder Rigidly Held at One End

Solution Method

Consider now, a cylinder of semi-infinite length, restrained at the origin from
moving radially. Assume also, that the edge of the cylinder at the origin has
bending moments N, (%) applied such that u,’ is zero at the origin, where the
prime indicates differentiation in the axial direction. That is, the edge is
rigidly held in the radial direction. In addition, assume circumferential rigidity
through the application of Ng,(® forcing ug’ to zero at the origin.

The above conditions can be expressed as

ULQ'(° IO. I‘) 2 o
(5-32)
Ue' (0 , 86, r] = 9

U (06 , 8, M) = O

Equation (3-23) suggests that (as before)
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, &
59 (G} a O

5-33 'H
( ) B¢ J'(g)

R CR

1]
(4]

As with case II, at a sufficient distance away from the origin, the solution must
approach that of an infinite cylinder. Equation (5-27) therefore applies.

The remaining unknown constants are obtained by substituting equation (5-33)

into equation (4-29) for B0 and the derivative form of equation (4-29) for
By'® and B,'0.

Atz = 0 then
Z: C{.\S_i.r + opr = O
(5-34 YReQ Yig » ofpd = O
Z:Rc CLY(rr  dpe = O

where the subscripts r and © refer to the components of the eigenvectors
associated with B(, By'0), and B0,

If one forms the matrix

Yor
L% (Y
Ky ¥e

(5-35)

e
L[]

then the equation (5-34) can be written
(s-36) $-¢ = §

] P T
where $ = (-J‘".(n)J olpe (0) , otpe (o))
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We note that from equation (5-33)

) T
dpr (o) = ( ﬁrm“‘, qu' L 3

(5-37) , o - T
wlpe (0 = (- -Fg‘a'r-."fo‘-:ﬁ, 9, - )
“oe (9) =

The solution is obtained by the application of equation (5-31) and the
techniques developed for Case II.

Solution Comparisons

The standard solution fo a thin isotropic cylinder subject to a radially directed

uniform pressure, and rigidly clamped at the origin is given by Timoshenko
[66]

Qo -g%
(5-38) WUe = aTB 5 e cos 82
where - 2{35 q* P
Qs = PR

su-v‘)}'"i
R = o h>

h?
® F aa-vd

This is compared to the series solution presented here, for several terms. It is
seen in Figure 5-13 that the Timoshenko solution falls between the two and
three term expansion as was the situation with case II. The ill-conditioned
nature of the matrix makes the determination of solutions beyond those
presented very difficult.
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For a clamped generally orthotropic cylinder, for strains &, and vy, linear in §

and g4y quadratic in § subject to axisymmetric loading, the solution is for
Whitney, Francis, and Grimes [21]

-E

6-3) % (). e (emogz . % snge) b

T A
where

g: Qb-a)t g fased®

rX | 2
k,
o xn (1) e &

1
%o % g‘rﬂ A Dy - 2Aan Bu. DIL}
13 = A-;; - 4‘.3’. 4:‘

]

iz Dy- et i Dntﬁ:c -~ 4Dy Dn F{:S t q‘DtG\Au}

= D - . D
A @ ,?'-‘ Ao = i v 3%‘ Aza = Haz - r—,‘%"

= 44— “Jd-z
D I Bl 113 i,

(A, D) = 2 f PLjl, €2)dg ) by 6

A comparison of the refined theory to equation (5-39) is presented in Figure
5-14. The comparison falls between the solution for two and three terms. The

ill-conditioned nature of the matrix does not allow the inclusion of more terms
in the series.

In the preceding two chapters, the following observations were made

(1) For the thin-walled isotropic and generally orthotropic cylinder subject to
internal pressure, the solution for the refined shell theory is in agreement
with the accepted shell theory for all regions of the cylinder.
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(2) For a thin—walled orthotropic cylinder subject to axial tension,
the solution for the refined theory is in general agreement with an

elasticity solution generated by a finite difference technique.

(3) For a thin or thick-walled isotropic cylinder, and for a thin-walled
orthotropic cylinder, the eigenvalues generated by
the refined theory are in agreement with those of standard thin shell
theories, and with those of a refined thick shell theory.

(4) For a thin or thick walled, isotropic, or orthotropic cylinder
of infinite length, the solution for the refined theory

is in agreement with those of elasticity theory.

On the basis of the above, it is proposed that the refined shell theory developed
in Chapter 3, and solved in Chapters 4 and 5, is in fact a correct
representation of the stressed state in a thick walled orthotropic

cylinder subject to axisymmetric loading. Lack of an existing solution for a
thick-walled orthotropic cylinder prevents a comparison to the

presented series solution. Instead, as detailed in the next chapter, plans to
manufacture an actual thick-walled orthotropic tube subject to

internal pressure, are detailed. The surface strains, as will be shown, if
compared to those predicted by the refined shell theory, show the necessity of

retaining more than two or three terms to obtain an adequate prediction of the
strains.
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Measured Values:

Longitudinal
Tension

156.0 + 3.2*

76

Transversa
Tenslon

8.5+ 0.7

76

Transverse
Comprassion
(bearing)

5.42 £ 1,12

64.5 + 0.7

75

Shear
(in—plane)

4.59 = .42

n/a

78

* — mean + standard deviation
n/a - not avallable or assumed

Assumad Values:

Vi; = 0.29 [78]
Vyy = 0.29

2 = 0.25
4.58 GPa.
7.20 GPa.

Table 5-1

E/XA-S/Epoxy Material Data
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Table 5—2 Exact Solution Matrix Coefficients

8§ F
where

0 W o1
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L) Q) . <
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| o,
o @ (o
Biawwn = (Qae. + 8 , LQaz + 2 Q33 1) Cin
—od,

& {N) oly-1
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QOutar 01 012744 0.15797 ga2za8.l _ot27gr 1 n497ga | a9s7gm
O,y | looar | 050928 | os4omg | omstyg DE2O02 1 pa2RAn | o#soaR? | pasAA? |
{ x EB) | Middla Q477 D.47721 onm__n.szm__n_{zm__n.szﬁns__nmas_
Quiar Q2 m_mag_nm_m_m_nm_wm_.
%9 | Innar 1.3828 14870 14047 | 14918 1.4513 14513 1.4513
{ x EB) | Middle | 088712 umn__mzzz__n.maz__mm_n.man__n.amn__
Quiac 004878 L 052232 1 negeng | peeega DoSis0. L ossi5g fassieg
o, | loner 10883 ={1.32333 = =G8454___ 1 -nog9ag | -099g9n | -i0000 2
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{ x EB) Middle 000811 1 0oos2e | goa241 0.00280 0.00283 000283 | 0.00283
Outer =QJI8780 | -020083 | L=026208 [ -0 28203 =0.26203 =02E203 |
Innar Radius (M.) 0.030 Internal Prassure (MPa.) 10.0
Outer Radiys {M.) 0,032 Appliad Torque (Nt. M.} 0.0
Fibar Orlentation (Deg.) 60.0 E:lamlt Axlal Load (Nt g.g
E11 = 158.0E¢ MPa. E12 = 4.58E6 MPa. vi2 = 020
E22 = 8.50E0 MPa, E13 = 4.58E0 MPa. via = 020
E33 = 5.42E9 MPa. E23 = 7.20EQ MPa. V23 = 025

Deviation of Solutions From Comparisons (%)

-2 -3
. . . asx10 0.0 0
o, Inner 4.81 2.23 1.14 2 — mﬁa
{x 107) | Micdle _.268 264 282 2.10x10 2 10410 0.0 0
Quter _8.50 514 739 anagn? | 2 gscan ™ 0.0 0
-2
ogg inner 8.21 382 228 1 mm—a 0.0 - 0.0 0
{x 107) [Middle 784 578 .1e8 484510 101210 0.0 o
Outer 1.8 £30 535 2 an::n‘e 3 a1 a3 0.0 0
o Inner 8.83 87.7 10.2 S48 | 2100072 | 30000~ 0
rr
{ x 107) [ Middle 184.8 _9.2 12.9 1.37x10 2.74x10 3 00 o
- — - (- — = 1
o Inner 28.1 1.82 180 | gaman] o0 0.0 0
4
(X 107) | Middls ! 649 1323 RI37 1.14 00 0.0 [+]
Quter 215 3.40 167 | 7omq0 > | 00 0.0 0

Table 5=7 Thin Uni—Angular Cylinder Subject to Internal Pressure
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NUMBER OF TERMS IN SBERIES-
{30
2 | Inpar 15712 19413 | 19085 1,851 19538 19537 1.9537
{ x E~4) [Midde 15712 19413 1 19288 | 19531 1 19538 | 19837 | 19537 )
15712 13413 1goas |l 19599 1.9538 19537 14537
B2  Innar 30817 =2.7254 ~2g383 | 27973 | -2n80a7 -2 AOAD ~2 RORD
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Qutac 12848 QEQIZe L LA L 0g238d L 092918 1..092088 1092988
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Quitar QA0 00508, L 20997 L -0 A4ASS L ontaged L. 000008 L.00000
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Icr;ner Radius (M.} 0.020 Internal Pressure (MPz.) 10.0
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Ext 00
E11 = 158.0E0 MPw E12 = 4.58E9 MPa. Y12 -~ o020
€22 = 8.53E0 MPa. E13 = 4.53E9 MPa. Vi3 = 020
E33 = 54269 MPa. E23 w 7.20EQ MPa. 'Vza - 0.25

Deviation of Solutions From Comparisons (%)

oy Inner 22.4 14,2 1.13 335 | .55 1 nmn:: 0
(x 107) |Middie 18.0 17.9 17.8 7.47 518 8 mxm_z 0
783 1048 1.3 203 2.54 2.a81x10 Q

ogg  [nner 413 248 8.08 395 193 | 5900 u:: ]
(x $07) | Middie _50.9 37.7 18.3 13.3 810 a37¢10 0
nm.; 57 A B9 22 8 421 814 Q184 ']

o, oo _%02 §7.3 g2 255 209 118 0
(x 108 |Hdiddia 4242 4989 7203 1527 SO 104 0
Qutac = = = = = = Q

. tnner 48.4 2098 n.88 833 aami0 2 0 0
(x107) |Mddia | ocaze0 | e2405 4478 827 - 0 _ 0
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Table 5—-8 Thick Uni~Angular Cylinder Subject to Internal Pressure
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| Inner 0 28503 10117 1.0312 1.0085 ! 1.0080 1.0080 1otoe |
(x 2_4) | Middie 0268503 1Lo117 1.0312 1.0085 1.0080 1.0080 10109
Cutar 028507 10117 10312 10nas !t 1 00R0 10080 10109
w  nner 057999 | -011819 | -010340 | -0.11376 —-0.11584 =0.11227 ~0.11403
(x Ez-4] -Middla 086308 1 =0.17729 1 -0.15510 1 =0.17865 1 -Q17347 | -0.16840 1 -0.17104 |
13800 2238008 =0 20800, 2022753 =0.23129 022058 0 200K
u, Innas | 042988 0.83770 12114 13103 1.32%62 1.3279 132689
{ x E-5) | Middla | 042988 | 029054 ! 0312101 Q.11878 Q16432 | QIEIEE | 015261 |
LA2ARs Lanzsang L .onoigag 1 onnaang 002743 =0.02700 =002917
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{x E7) L Middie 032037 | 036375 0.24077 0.28457 0.28509 0284868 | 028387
Quiac Q24584 . 005120 L 028288 1 03Qass L 092390 0216804
Co  lonae ! 1 .438) 27910 8416 1 40408 | 40409 1 40281 | 40197 |
(X E?) Micidla 092560 | 0918577 Q56328 ! OGA204 | 0eSe44 085008 054633 |
Quiar LLQIAL et n 0 OSANG e D ANEAL 033003 03880y | nagiey 1 0ag749
L _loner 00173 | =033764 1 -DARN2E | -07A383 | -052307 | -0ge22e | -10000 |
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LA T2 e a0 3000 L O L4204 L0 07812 | op2cay L g 01189 0.0000
%9, | tnnar | -D.73741 14502 2,031 2.1881 21858 21888 | 23845 |
(xE7) L Middle 1 -048830 | -052214 | 033822 | -0034147 =0A7872 | -037671 | ~OJ7AQK |
Outar =034733 | -003044 | =0.21271 =0.21R87 =0.21718 =021684 |
Inner Aadiua (M.} 0.030 internal Pressura (MPa.) 10.0
Cuter Radius (M. 0.080 Applied Torque {Nt. M.} 0.0
Fiber Orlantation {Deg.) (80, -80, 60, -80, 80, -80) External Axial Load (Mt.)!| g.g
E11 = 158.GE9 MPa. E12 = 4.58E5 MPa. Yi2 = 029
22 = 8.53E0 MPa, E13 = 4.58E0 MPa. Via - o028
E33 = 5.42E5 MPa. E23 = 7.20E0 MPa. Vo3 = 025

Deviation of Solutions From Comparisons (%)

o, | innar. 59.2 202 228 .07 962 252 1]
(% 107) [diddia 129 | oma 161 _8A0 213 419 0
nml- 13 R 4’?‘_’! 51 1 10 & Q‘a 1 121 [}
%pn Linnar 843 08 1 443 520 R2L 200 Q
{x 107) | Middlp 428 419 147 102 158 285 D
ﬂu!lr o7 & At R 1‘3 TH 2 59 1 1R )l
o Linpar | OfA | EBA2 502 218 .60 177 0
( x 107) Az 4 _ 403 Ty, 102 1686 _527 0
= S - = S e~ S -+
% Inner 88.2 28 858 751 5040 | gatae? 0

z
(x 107) |Madd 24.2 38.5 10,8 9.41 735 | pazan > 0
Qutar 802 BED 517 1.90 1.29 157 0

Table 5—-9 Thick Multi=layer Cylinder Subject to Internal Pressure
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anure 5—-2 Schematic of Winding Patterns on the Four Sides of the
Steel Mandrel of Figure 5—1
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Figure 5—-3 Sectioning of a Grafil E/’XA—-S Carbon/Epoxy Composite
Plate with a Water—Cooled Diamond Saw
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Fig}ure 5-4 Tybical Transverse Compressive Specimens
(clockwise from lower left: resin, E/XA-S
carben, Kevlar 49, S2-glass).
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Figure 5-5 Transverse Compressive Testing Fixture
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Figure §—-6 Stress—Strain Curves for Transverse Compressive Testing
of S2~Glass Angle—=Plied Composites
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Figure 5—-7 Stress—Strain Curves for Transverse Compressive Testing
of Kevlar 49 Angle~Plied Composites
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Figure 5~8 Stress—Strain Curves for Transverse Compressive Testing
of E/XA-S Carbon Angle~Plied Composites

120



S2.glass composite
specimens (clockwise
from lower right:

" unidirectional, + 70°,
+ 55° + 45°)

Kevlar 49 composite
specimens {clockwise
from lower right:
unidirectional, + 70°,
+ 55°% + 45°%

E/XA-S carbon composite
specimens (upper: + 45°
left: unidirectional;

right: + 70°)

| Figure 59 Failed Composite

" Specimens
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FINITE DIFFERENCE [23]

NTERMS = 2
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— — REFINED SHELL THEORY
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Figure 5—-12 Radial Displacement for an Orthotropic Cylinder of
Finite Length
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Chapter 6

EXPERIMENTAL CONFIRMATION OF THE THICK SHELL
THEORY

6.1 Thick Shell Comparison

Because thick wall comparisons, either experimentally or theoretically, are not
available to test the multi-term refined shell theory, it was decided to
manufacture a thick wall cylinder from a material that could be classed as
orthotropic. Internal pressure wds chosen as the loading mechanism since it
simultaneously provided a radial and an axial load to the closed ended tube.

A continuous fiber composite laminate, if it is to be orthotropic, must

consist of parallel fibers aligned in a helical path on a cylindrical surface
(Figure 6-1). The entire wall is of necessity, uni-angular, thereby eliminating
the interaction effects of an interwoven laminate (Figure 6-2).

Further, to be valuable as a confirmation tool, this specimen would have to be

thick enough to require five, six, or more terms to adequately express its
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surface strains, yet be flexible enough that surface strains of monitorable size

would be seen with pressurization sources available.

Such a specimen is detailed in Table 6-1; surface strains along the tube axis
are shown in Figures 6-3, 6-4, and 6-5. This specimen will be fabricated on
a filament winding apparatus developed by the author and subsequently tested
in hydrotest facilities also developed by the author. Details of the specimen
manufacturing and test procedure will be provided later in this chapter,

6.2 Review of Tubular Test Data

Although the cylinder has been extensively used to determine the response of a
composite material to a uni—axial or biaxizl stress field [15, 16, 17, 18, 19],
little work has been done on the actual monitoring of end-effect strains in such
specimens. No results are available for thick—walled composite cylinders.

In a recent study [22], a tubular specimen using a thickened wall at the grip
attachment area was developed. Finite element studies confirmed the
hypothesized gradual increase of stresses from the clamp to the specimen
mid-span values. This type of configuration cannot be directly compared to
the results of the analysis of the previous chapter.

Guess and Haizlip [20] reported experimental measurements on rigidly
clamped orthotropic thin walled tubes, Insufficient experimental

details were presented to give a comparison of actual results to values
calculated by a Case III analysis.

An experimental comparison is available in an early work of Whitney,

Grimes, and Francis [21]. They presented experimental data for a thin
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orthotropic tube subjected to axial loading. A comparison to a Case

III analysis is presented in Figire 6-6. Because of the thin—walled nature of

the specimen, the use of higher order terms in a shell theory is not required.

6.3 Filament Winder Development

The filament winding process consists of depositing resin impregnated fibers on
a rotating mandrel, in a predetermined and controlled manner. A typical
process is the wet winding process, where dry fibers are passed through a bath
of liquid resin for impregnation before being wound on the mandrel. The
wound structure is subsequently cured.

Filament winding machines must control a sizable number of manufacturing
variables if defect free composite tubes are to be produced. A summary of
these are included in Table 6~2. It is apparent that a relatively sophisticated
piece of manufacturing equipment is required.

Extensive modifications were undertaken to convert an existing laboratory
computer controlled single axis hoop winder to a computer controlled five axis
helical winder (Figure 6-7). Steppcr motors coupled to low friction linear
drives provided the linear payout eye motions. A stepper motor driven rotary
table provided payout eye rotation. The completed filament winder is shown in
Figure 6-8.

The original winder as developed by the author, provided moment to moment
control of the stepper motor positions by an open loop control system driven by
two Z-80 microprocessor controllers. An Apple II microcomputer acted
originally as the host computer to direct the simultaneous motions of the
stepper motors (see Figure 6~9). Modifications to the machinery subsequently
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recommended by the author have replaced the eight bit micro system with much

faster 16 bit controllers and a 32 bit microcomputer.
Operational software for the winder was developed in two forms:
(1) dedicated routines to perform a specific task written in BASIC.

(2) a general routine (developed by Center Computer Consultants of State
College, Pennsylvania) which allowed general helical patterns to be
wound.

The basic concept was that a series of data tables were prepared as
instructions for each of the five motors. The control program stepped each
motor simultaneously for a defined mandrel rotation step size. The program
also checked that the limit switches had not been closed, and for operator
instructions.

The capabilities of the winder (other than its slow winding speed) met or
exceeded commercial units available at the ime. The overall cost was much
less than that of a commercial unit. Development time including designing,

fabrication, and extensive debugging, was approximately three years.

The positional accuracy for the filament winder was measured and found to be
less than 2.5 x 10-2 mm on the X, Y, and Z positions. Rotational accuracies
were not measured but because of the large stepper motor size, these can be
assumed to be + 1/2 pulse on a 200 pulse/rotation stepper motor. The need

for precise filament placement, as postulated in Chapter 1, had been met.
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6.4 Specimen Development and Manufacture

The development of a thick-walled specimen for the experimental confirmation

of the developed theory proceeded in three relatively distinct stages:
(1) helically wound Kevlar 49 vessels with a thin aluminum liner
(2) helically wound E/XA-S vessels with a thin aluminum liner
(3) uni-angular E/XA-S vessels with an elastomeric liner

The first task of the specimen manufacturing program was to develop the

specimen winding procedure itself. Shallow angle Kevlar 49 specimens were
wet woundon a precision thin-walled aluminum mandrel which acted as the
vessel liner. To prevent slippage on the dome end of the specimen, winding

along the geodesic path that provided zero transverse forces was accomplished.

For a composite pressure vessel, the wind angles are determined by
considerations of the results of stress analysis and of winding geometry
limitations. In helical filament winding of closed—end cylindrical pressure
vessels, the ends are filament wound at the same time as the cylindrical portion.
There is a specific path that the strand or tow follows over the cylinder and

end domes. A single path is shown in Figures 6-10 and 6-11.

For the strand or tow path to be tangent to the polar boss, each point on the
path is defined by two radii, r, and r, {84]:

3

- 422

(6-1) ry ==y | )
- + '2-2-

(6-2) r, = =X ysy } |
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For a balanced stress condition (based upon netting analysis)

(6-3) r—_-, = 2 - tan w

In order to prevent slipping, the path must be the geodesic, i.e.

(6—4) X sin W' - constant

Substituting equations 6-1, 6~2, and 6-3 gives

dzg 4 3 L ‘-‘2. dy . 1 .
(6-5) x e () (Fantet-) D (twmba®-2) 20
where w* z s Re 3ih O

X

and w= helical wind angle in cylindrical portion of vessel.

The boundary conditions are:
gy =20
(6-6)

j'- - OB ‘t ra g‘

The solution of equation 6-5 will ‘produce the dome contour (geodesic
isotensoid).

In order to follow the path shown in Figure 6-10, it is necessary to coordinate
the position on the dome with mandrel rotation, ¢. Hofeditz [85] has suggested
a digital method. This has been converted to a differential equation form

L 3 % o
(6*7) 3_.: = 3-—: (l-l- (3’2))
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where at x = Re

=0
(6-8) dt .o
dx

The actual solution of these equations could not be found in the literature.
They do exist as proprietary programs of the suppliers of computer controlled
filament winders. Both equation 6-5 and 6-7 are very dependent on :!.:
which for both is initially very large. Thus, a change of variables was

employed where
o ’ a Re -X

(6-9) g = '/{H)

Equations 6-5 and 6-7 then become;

(6-10) :—f- = -Cge 2)(a- tam® 0 tx)
d whta TR
(6-11) oo T (o)

ot ( Re sa'»\ub)

where W= Sk Re -%'

and at x'z0 PR f“ ©

Botb equations 6-10 and 6-11 were solved using a 4% order Runge-Kutta
routine. The assumption of an isotensoid dome is valid up to w*= Tan-1 v2.
In general, a spherical radius to a junction with the polar boss is then used to
complete the contour.

This portion of the program generated two items of note. The first was that
although the vessel winding software performed in an excellent manner, the
process was very slow. The second item was that an elastomeric bladder was
required inside the aluminum shell to prevent premature leakage at the
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aluminum weld sites. A silicone thermosetting elastomer was centrifugally cast

in the specimen to alleviate this defect. The completed specimens are shown in
Figure 6-12.

The second specimen development task saw the abandonment of the geodesic
pattern on the vessel domes in favor of the much faster linear velocity ramp
internal to the stepper motor controllers. Slippage now occurred on the domes
however which was eliminated with a circumferential ring of pins at the dome
cylinder juncture. The liner mandrel was also redesigned so that the ends were
made of steel, and reusable, and the central section was a threaded aluminum
tube. The internal elastomeric bladder was changed to a thermosetting
polyurethane potting compound. This series of four vessels (Figure 6-13)
attained an ultimate pressure capacity in excess of 100 MPa.

For completeness, the manufecturing details and test results for the Kevlar 49
and the E/XA-S vessels are shown in Tables 6-3 and 6—4.

The third specimen development session saw the introduction of a uni-angular
wall, were a single angle material could be tested. To eliminate the effects of
the metallic liner, various dissolvable mandrels were tried. In early attempts, I
used a water soluble polyvinyl alcohol as a binder for various bits of granular
material such as sawdust, clay, etc. Brittleness, cracking, and shrinkage
prevented the development of this type of dissolvable mandrel. A second
mandrel development used a water soluble glued paper pressed into a
cylindrical paper laminate and machined to shape. This was dissolved after
the vessel was cured by soaking in water for ten hours. The vessel was
subsequently lined with a polyﬁrethane elastomer. A twenty degree single angle
vessel was wound over this mandrel to test the concept which structurally
proved adequate.

134



The process of manufacturing a cylinder with a fiber composite at a single
angle requires the complete stopping and reversal of the rotating mandrel. A
dual row of pins not only provided anti-slip guides for the fibers at the
specimen domes, but also mandrel reversal so that the mandrel could be

stopped and reversed without the fibers falling from the mandrel.

This process of fiber placement has not, to the best of the authors knowledge,
been performed by others. Only recently, have commercial machines become
available that allow the option of mandrel reversal, a requirement for such a

process.

The manufacture of uni—angular composite tubes by a continuous filament
winding process required a unique "pinned” mandrel design [74], developed
earlier by the author for thin walled pressure vessel studies (see Figure 6-14).
Fiber placement proceeded as follows:

(1) With the mandrel advancing in a given rotational direction, the fiber
payout eye placed a helix of fibers on the mandrel surface. The payout
eye motion paralleled the surface of the mandrel, allowing the fibers to
be caught and retained by the pins.

(2) When a pass along the length of the mandrel was completed, the
transverse motion would stop, the mandrel would rotate a predefined
angle and then stop (a dwell).

(3) The traverse motion would reverse itself along the mandrel length. The
fibers would be caught in the first set of pins, at which time the mandrel

would begin rotation in a reversed direction.

(4) This process would be repeated at each end of the mandrel until the
lamina was complete.
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The result was a continuous fiber uni~angular lamina (see Figure 6-15) in a
tubular geometry. Several lamina could be stacked to get a uni-angular

laminate, or lamina angles could be varied through the wall.

The laminate will be made of materials detailed in Table 6-5. This particular
vessel will be fabricated and tested by M. Tenace as part of his MSc. thesis
research. The graphite is wet wound with an epoxy matrix onto the surface of
the mandrel. A clamped end is manufactured by overwrapping the specimen
end with alternating layers of hoop and axial fibers. A teflon ring is used to
provide a 'clean’ edge on the retaining clamp. The composite is to be
consolidated with a wrap of heat shrink tape as detailed in Table 6-6. Upon
curing, the heat shrink tapes would shrink, squeezing excess resin into the
absorbent cloth sandwiched in between the two heat shrink tape layers. In
addition to a consolidated composite, this technique provides a smooth surface

on the tube for strain gauge application.

A uni-angular composite tube can retain very little internal pressure without
developing a leak path between the fibers. To avoid this difficuity, a low
modulus, high elongation polyurethane liner can be centrifugally cast on the
tube’s interior. The details of the liner are provided in Table 6-7.

Triple gauge strain rosettes (0, 45°, 90°) are to be instalied along the length of
the specimen in a hoop—-axial direction to complete the specimen.

6.5 Pressure Test Facility
Pressurization and containment of the specimen can be done with an apparatus
developed by the author. The pressure source is a 70 MPa. hydraulic cylinder

mounted in an Instron tensile test frame, as shown in Figure 6-16. This
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arrangement allows pressures up to 70 MPa. for specimen testing. The

pressure rise could take several forms:

(1) A constant rate of pressure increase was obtained by controlling the
Instron servo~hydraulic mechanism with a pressure transducer in a

feed-back loop (on a strain gauge input channel).

(2) A constant volume flow could be obtained by allowing the tensile tester

ram to move with constant velocity.

(3) A cyclic pressure change was available when the tensile machine was in
the cyclic test mode. This could be either pressure or volume controlled.

The use of this pressure source by the author is documented [75].

The containment facility shown in Figure 6-17, houses the specimen during
pressure testing. This chamber, along with its internal mirrors and lights
allows the video taping of the specimen during hydrotesting (for failure analysis

purposes). All parts of the specimen were visible on the three internal
mirrors.

L]

6.6 Specimen Data

After purging the specimen of any entrapped air, the internal pressure in the
specimen is to be raised at a rate of 300 KPa/min with strains and pressure

monitored with a data acquisition unit.

The computed curves (Figures 6-3, 6-4, and 6-5) are from data collected at
the University of Ottawa composite material facility for the same
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graphite/epoxy material as used in the specimen. This data is included in
Appendix A of this report.

An examination of the axial surface strain curves reveals several interesting
points:

(1) Two or three terms in the power series do not adequately describe the
end effects for a thick clamped generally orthotropic tube (at least six
are required).

(2) A sharp concentration of axial strain exists near the clamped edge.

(3) The infinite cylinder axial strain is relatively insensitive to the number of
terms in the power series expansion.

The other strain variations along the cylinder would suggest that:
(1) e, has a sharp singularity near the clamped edge.

(2) More than three terms are required to adequately describe vy, in the
vicinity of the clamped edge.

(3) The circumferential strains approach zero at the clamped edge,

(4) eg is sensitive to the number of terms in the series in the vicinity of the
origin.

(5) 7e is not sensitive to the number of terms in the series three or more
pipe radii away from the clamped edge, whereas eg is.
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As mentioned earlier, lack of time has prevented the final completion of the
vessel at the time of writing. Details of the results of this program will appear
in the MSc. thesis of Mr. Tenace.
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"0.0295 m
outer radius 0.0492 m
flber orientation 300
material graphite/epoxy Vg = 65%
length greater than .2 m
end configuration clamped
typlcal strains 0.1 - 0.2% at 55 MPa

Table 6—1 Clamped Cylindrical Specimen Geometry

Fiber/resin ratio

volume fractlon variations
non=-homogenetles In wall

Flber wet out volume fraction variatlons
Resin viscosity fiber wet-out
volds
Fiber Tansion fiber pre-stress varlations
vold content
fiber bridging
Fiber position control
= mandrel rotation position laminate mechanical property
= pay out eye variations
X axis fiber gaps
Y axis
Z axis
rotation

Table 6-2 Variables for Filament Winding
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Resin (1) Shell Epon 825 Epoxy

Hardener (1, Pacific Anchor Chemicals Ancamine 1482
Fibers (2) Hysal Grafil E/XAS 12K

Dupont Kevlar 49 1420 dernier

(1) Resin to hardener ratio was 100:19, (by wt.) heated to 50° C
for wet winding, and cured for 1 hour at 100° C

{2) Fiber volume fraction 65%

Table 6=-5 Laminate Construction Materials

L MATERIAL T
Inner releasing shrink film Airtech International
sandwlich absorbent cloth Alrtach International
ovear high shrink fitm Alrtech International

ﬂ;:;{ﬁ,;:::fl c‘-\v}f ~s~ Jeeee \. .m.n}.:}'..:“\_.\‘:..
. DESCRIPTION

ool

Table 6—-6 Laminate Consolidation Tape

T COMPORENT.
Ry R r
SRR E AT R

Component A (1)
Component B (1)

Preheat resin and hardener at 40° C for 1 hour prior to
mixing. Mix components by hand for 1-2 minutes. Pour
immediately into the specimen and start rotation.

Mount heat gun from the upper frame of the payout eye
assembly directed at the cylinder. Keep the cylinder at a

temperature that is warm to the touch (about 500 C) for about
4 hours.

(1) SF2012 from H B Fuller (Canada) Ltd.

Table 8=7 Polyurethane Liner Mixture
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Figure 6-4 Outer Surface Hoop Strain Along the Length of a Thick
Orthotropic Cylinder
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Figure 6—7 Original One—Axis Computer Controlled Filament Winder
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Figure 6—-8 Five—Axis Computer Controlled Filament Winder
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Figure 6—~10 Path for Single Circuit
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Figure 6—=11 Geometry for Geodesic Path (Adapted from [84])
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Figure 6—12 Kevlar 49/Epoxy Pressure Vessels

Figure 6~13 E/XA-S/Epoxy Pressure Vessels
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Figure 6—14 Pinned Mandrel Assembly
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Figure 6—-15 Continuous Uni—Angular Lamina in Tubular Form
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Figure 6—16 Pressure Pump Apparatus

Figure 6—17 Blast Containment Facility
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Chapter 7

CONCLUSIONS

7.1 Accomplishments

In this research, a refined shell theory has been presented which allows the
calculation of the stresses and strains in a thick orthotropic cylinder. The
loading has been assumed to be axisymmetric. The material properties in
principle were allowed to vary through the thickness of the cylinder and along
the axis of the cylinder.

The basic approach was that the shell deformations u,, ug, and u, were
represented as a power series of arbitrary order in a non—dimensional radial
variable. When substituted into the small deformation strain definitions, the

cylinder strains were represented as a power series.

The stress equilibrium equations were put in resultant form by multiplying each
term by the non-dimensional radial variable raised to an arbitrary power and
integrated through the thickness of the cylinder. This generated a set of

coupled ordinary differential equations in a generalized stress resultant (when

157



axisymmetric loading was assumed).

The generalized stress resultant equilibrium equations were converted to a
system of ordinary differential equations in the deformation coefficients through
the use of a generalized Hooke's law and the introduction of a generalized
material stiffness. A subsequent transformation of this system to the
mid-plane coordinate system enhanced the convergence of the power series.
This resulting system of equations, when solved subject to the axial boundary
conditions (the radial boundary conditions were specified during the equation

development) gave the deformation coefficients, hence the solution to the
problem.

Immense problems were encountered in the solution of the system for arbitrary
material properties. The matrices defining the system of equations were

exceedingly stiff, indicating quickly decaying exponential terms.

A solution was reached for three practical situations however, all for cylinders
with material properties constant along their length. Firstly, the solution for a
cylinder of infinite length subject to pressure, torque, and axial loads was
found. This was compared to existing thin and thick shell solutions for similar
loadings and found to be exceedingly accurate. Secondly, a thick cylinder
hinged at one end was solved. The cylinder was semi—infinite in length. This
was compared to existing solutions. Thirdly, the solution for a thick cylinder
rigidly clamped at one end was found. This was also compared to existing
thin—wall solutions.

No where in the literature was a specific thick-wall solution available. The
solution eigenvalues were compared for an existing thick isotropic cylinder
solution,
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In an attempt to verify the thick-walled solution, a procedure to fabricate and
pressurize a thick orthotropic tubular specimen was developed. The measured

surface strains will be compared to a multi—term series solution.

In summary, the postulates of Chapter 1 that addressed the lack of efficiencics

in thick~walled composite pressure vessels, namely
(1) imprecise fiber placement
(2) approximate analytical techniques
(3) transverse properties of a composite

have each been addressed. This, in principle, allows future developers to

improve vessel weight efficiencies through the use of the tools developed here.

In the development, application, and verification of the refined shell theory,
several rew pieces of information or research have been uncovered. The major

accomplishments are:
(1) realization that expressing the deformations as a power series in the
radial coordinate results in a system of equations that can be extended to

any arbitrary degree.

(2) derivation of the second order differential equation set for the

deformation coefficients, equation (3-21).

(3) introduction of the mid-plane shift, equation (3-24) and re-expressing

of the second order set at the cylinder midplane, equation (3--35).
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4

(5)

(6)

(M)

(8)

(%)

(10)

solution of the shell theory when the material properties vary radially but

are constant axially through the use of generalized eigenfunctions.

the solution for the infinite cylinder as a power series. This was

numerically implemented.

the development of a user friendly routine for the elasticity solution of a
thick orthotropic cylinder of infinite extent, subject to axisymmetric
loadings.

the solution for a semi-infinite cylinder hinged at the origin -

numerically implemented as Case II.

the solution for a semi~infinite cylinder clamped at the origin -

numerically implemented as Case ITI.
the development of a five axis numerically controlled filament winder.

the development procedure for a thick-wall uni-angular continuous fiber

tubular specimen.

In addition, several aspects of a less major nature were accomplished. These
include:

(11)

(12)

(13)

definition of the generalized stress resultant, equation (3-12).

derivation of the complete axisymmetric generalized stress resultant
equations (3-13).

definition of the generalized stiffness matrix, equation (3-18).



(14) general expression for the strains as a power series, equation (3-26).
(15) an examination of the three series truncation schemes.

(16) a general statement relating the stress resultants to the deformation

boundary conditions.
(17) development of the generalized stress resultant equations using the
principle of minimum complementary energy, equations (3-28) to

(3-35).

(18) the expression for the generalized stiffness matrix for a layered
composite, equation (4-17).

(19) the occurrence of three eigenvalue groups.

(20) the realization that a particular solution to the general system of ordinary

differential equations was the solution to the cylinder of infinite length.

(21) the development of a 70 MPa pressure pumping apparatus useful for a

variety of pressure loading situations.

(22) the development of a blast containment facility for safely bursting

specimens at ultra—high pressures,

7.2 Future Directions

Two extensions to the existing theory are in partial state of completion by the
author. These are:
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(1) the extension of the theory for an infinite cylinder to include
non—axisymmetric loadings. This is being accomplished by writing
angular variations as a complex fourier series. The equations have been

developed, but not solved for any specific case.
(2) the extension of the theory to include arbitrary shells of revolution subject

to axisymmetric load (orthotropic materials). Again, the

equations have been developed, but not tested against any specific
examples.

Several extensions to the experimental program are possible. These include:

(1) fabrication and testing of a complete family of uni~angular specimens to

check the effect of wind angle and thickness variations.
(2) fabrication and testing of thick multi-angular specimens.

(3) testing of specimens in non—pressure modes, such as axial load and
torque. This would be generalized to include multi-loading situations.

(4) fabrication and testing of other composite materials, such as Keviar or

glass reinforced composites.
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Appendix A

MATERIAL DATA BASE

resin Epon 825 / Shell Qil Co.

hardener flber Ancamine 1482 / Pacific Anchor Chemicals
E/XAS Carbon 12k Hysol/Grafil

fibar Kevlar 49 Dupont Type 968

S2 Glass Owens Corning Type 449AA

Resin and hardener preheated at 60° G for 1 hour prior to mixing.
Components mixed with propeller type mixer for 1-2 minutes. Resin
batt: preheated to 50° C.

Table A—=1 Material Used to Manufacture Composite Specimens
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Appendix B

FLOW CHARTS

178



Case I Infinite Cylinder ~ Series Solution

INPUT CYLINDER DATA

i

CALCULATE GENERALIZED STIFFNESSES
(equation 4-16)

CALCULATE LINEAR EQUATION COEFFICIENTS
(equation 5-~10)

APPLY MID-PLANE SHIFT
"(equation 5-11)

!
SOLVE LINEAR EQUATION SYSTEM
CALCULATE AND DISPLAY STRESSES

AND STRAINS
(equation 5-12 & 3-14)




EXACT Infinite Cylinder - Exact Sciution

INPUT CYLINDER DATA

GENERATE REDUCED STIFFNESSES
(equation 4-~14>

l

FORM LINEAR EQUATIONS
(equation 5-21)

1

SOLVE EQUATIONS

I

CALCULATE AND DISPLAY STRESSES
AND STRAINS
(equations 5-13 & 3-14)




Case 11 Finite Length Cylinder - Hinged at Origin

INPUT CYLINDER DATA

CALCULATE GENERALIZED STIFFNESSES
(equation 4-16)

CALCULATE EQUATICN COEFFICIENTS
(equation 3-20)

APPLY MID-PLANE SHIFT
(equation 3-25)

APPLY LZ ALGORITHM

REMOVE ZERO AND GROWING EIGENVALUES

FORM LINEAR EQUATION SYSTEM
(equation 5-31)

1

SOLVE LINEAR EQUATION SYSTEM

l

CALCULATE AND DISPLAY STRESSES
AND STRAINS
(equation 3-26 & 3-14)




Case III Finite Length Cylinder - Rigidly Held at Origin

INPUT CYLINDER DATA

A

CALCULATE GENERALIZED STIFFNESSES
(equation 4-16)

9

CALCULATE EQUATION COEFFICIENTS
(equation 3-20)

1

APPLY MID-PLANE SHIFT
(equation 3-25)

APPLY LZ ALGORITHM

i
REMOVE ZERO AND GROWING EIGENVALUES

\

FORM LINEAR EQUATION SYSTEM
(equation 5-36)

|

SOLVE LINEAR EQUATION SYSTEM

i

CALCULATE AND DISPLAY STRESSES
AND STRAINS
(equation 3-26 & 3-14)






