ABSTRACT

In this thesis, a numerical method is presented
for predicting transients in compressible fluid flow through
a constant area circular channel. The fixed-grid method of
characteristics is used to solve the,differential equations
governing the flow of-the fluid. Several specific examples
of practical interest are éolved as. an illﬁstration of the
method. It is further shown that this method, besides being
muéh easier to program, also has an added advantage over
the conventional approach. This advantage lies in the fact
that the computed dependent variables are.made available
for all stations along the channel for fixed values of time.
They are also available for fixed intervals of time at any
station along the channel. '

The method was programmed on IBM-360/65 digital
computer at.the University of Ottawa using Fortran IV
language and a print out of the same appears in Appendix B.
To demohétrate_the usefulness of the technique, flow pro-.
perties were computed at 51 equally spaced stations along a
1.86" diameter channel of 10 ft length for‘fixed time
intervals of 0.0001 sécoﬁds. Realistic inlet and outlet
conditions were prescribed. Reéults are presented in

Chapter 4 of this thesis.



ACKNOWLEDGEMENT

This research project was carried out under the
supervision of Dr. D. J. Gorman under whom I had the
privilege of working as a graduate student towards my
master's degree at the University of Ottawa. I am highly
grateful to him for the encouragement , many constructive
suggestions and countless hours he so willingly spent with
me .

I gratefully acknowledge the financial support
from the National Research Council of Canada and the
Mechanical Engineering Department, University of Ottawa.

Finally, but by no means least, I wish to express
a word of appreciation to my friend, Mr. R. K. Sharma, for

his kind help and encouragement.



ABSTRACT

ACKNOWLEDGEMENT

CONTENTS

LIST OF TABLES

INDEX OF

FIGURES

NOMENCLATURE

CHAPTER 1

CHAPTER 2

CHAPTER 3

CHAPTER L

- 1iii -

CONTENTS

INTRODUCTION

FORMULATION OF TﬁE PROBLEM

2.5

SELECTICN OF FLOW VARIABLES

EQUATIONS OF MOTION

EQUATION OF STATE

DEVELOPMENT OF CHARACTERISTIC
EQUATIONS

INITIAL AND BOUNDARY CONDITIONS

COMPUTATIONAL PROCEDURE

3.1

3.2
3.3
3.4

FIXED GRID

INITIAL STEADY STATE CONDITIONS

'TRANSTENT SOLUTION

COMPUTER- STORAGE

RESULTS AND DISCUSSTONS

Lh.1

4,2

4.3
hob

RESULTS.

DISCUSSION COF RESULTS

ACCURACY

FINAL REMARKS AND SUGGESTION FOR

FURTHER WORK

Page

ii

iii

W

21
21
22
2k
36

- 38
38
L1
L6

b



Pagé
APPENDIX A DERIVATIONS OF EQUATIONS (2.1) and (2.2) 75

APPENDIX B COMPUTER PROGRAM : 18

REFERENCES 87



Table

LIST OF TABLES

The boundary conditions and the heat

addition rates for various runs

Page

19

44



10

11

12

- Vv -

INDEX OF FIGURES

Control volume for mass balance

Forces acting on control volume element
The s' direction in the (x,y) flane

The ¢ curve in the (x,y) plane

Region of determihed conditions in the

(t,z) plane

The (t,z) plane showing the fixed grid and

the C , C
-‘- —

Mass flow rate vs. distance from channel

inlet (Run No. 1)

Fluid density wvs. distance from ¢hannel

inlet (Run No. 1)

Mass flow rate vs. distance from channel

inlet (Run No. 2)

Mass flow rate vs. distance from channel

inlet_(Run No. k)

Deviation of fluid density from steady state

vs. distance from channel inlet (Run No.

Deviation of fluid density from steady state

vs. distance from channel inlet (Run No.
Mass flow rate vs. distance from channel
inlet (Run No. T)

Pressure vs. distance from channel inlet

“(Run No. T)

and Co characteristic directions

6)

6)

51

52

53

54

55

56

o7

58

59

60



Figure
13
1k
15
16
17
18
19
20.
21
22
23
24
25
26

Mass

Mass

Mass
Mass
Méss
Mass
Mass
Mass
Mass
Mass
Mass
Mass

Mass

Fluid density vs. distance from channel

flow

flow

flow

flow

flow

flow

flow

flow

flow

flow

flow

flow

flow

rate
rate
rate
rate
rate
rate
rate
rate
rate
rate
rate
rate

rate

inlet (Run No.

- vii -

vSs.
VS.
vVSs.
vSs.
vs.
vSs.
vSs.
Vs .
vs.
VS .
vVS.
vsS.

VS.

6)

time
time
time
time
time
time
time

time

“time

time
time
time

time

(Run
(Run
(Run
(Run
(Ruh
(Run
(Run
(Run
(Run
(Run
(Run
(Run

(Run

No.

No.

No.

No.

No.

No.

No.

No.
No.
No.
No.
No.

No.

’10)

11)

Page

61
62
63
6l
65
66
67
68
69
70
T1
T2
73

Th



- viii -

NOMENCLATURE

Velocity of sound

Cross-sectional ares

Constant - see Egq. (2.10)

Specific heat at constant'preésure
Specific heat at constant volume
Diameter of the éhannel

Friction factor

Frictional force per unit mass

Function - see Eq. (2.12)

Aeepeleration due to gravity

Newton constant relating force
and mass

Mass flow rate per unit area.
Grid intercepts -see Eqs. (3.14),
(3.16), (3.18), Fig. (L).
Mechanical equivalent of heat
ﬁall_friction factor
Channel length-
Nﬁmber of stations
Pressure

Heat addition rate
Functibn - see Eq. (2.6)
Specific entropy

Gas constant

Units
ft/sec

ft

Btu/1b°R
Btu/1b°R
£t
1b./1b
1ib /ftesec2
m
ft/sec2

£t lbm

sec2 lbf

lb/ftzsec

i

£+ .1b/Btu
(£t)77

£t
1b/ft%abs
Btu/lb.sec
(sec)—1
Btu/1b°R

£t.1b/1b°R



At

Az

Subscrints

Nondimensional entropy,

Time

Distance measured
channel inlet
Time interval
Distance interval
Ratio of specifie
Deﬁsity

Curve parameter

Wall shear stress

AT

Atmospheric
Final value

Grid coordinates

Refers to origin of grid (z =0, t

Refers to z = L,

1% -~

from

heats(C
P

t =20

S_
C

/C
v

Units

sec

ft

sec

ft

»lbm/ft

lb/ft2



CHAPTER 1

INTRODUCTION

The analysis of one-dimensional flow transients
ié of éreat practical <dmportance in nuclear power reactors.
Such transients may occur, for exdmple, with the rupture
of a coolant cﬁannel or interruption of its coolant supply.
In such cases it is necessary to predict accufately the
changes with time of flow properties along the channel for

reactor safrTety and design.

w

Efficient utilization of trdnsient flow has been
the subject of a great deal of research, as a result of
which systems such as "Comprex" came into existence.

A solution to the differen£ial equations governing
the transient flow of a compressible fluid is usually
obtained by the method of characteristics. In this method,
most calculations are initiated along the first characteristic
above which transient effects are felt. .A series of starting
points is selected and values for the variables are obtained
for points on the time distance plane dictated by the inter-

section of characteristics drawn through the starting points.

Beéinning from pairs of newly established points the solution

is advanced further out into the plane. Such solutions may
) *
be obtained by graphical .or numerical means. . .Haller (3)

and Jenny (4) employed the graphical procedure while Kahane

*
Numbers in parentheses refer to the references given at the

end.

i



and Lees (%) and Rudinger (9) employed the numerical pro-
cedure for evaluating the flow variables along the
'characteriétics. This conventional method has two serious
shortcomings: |
(1) The computational procedure becomes extremely

iqvolved due to the necessity of keeping track

of.all the computea points with their arbitrary

and hence irregular positions on the tinme

distance plane, |

(2) Even with computation completed it is still not

possible to plot the flow properties along the

channel for fixed time intervals after the be-

ginning of the transient. An involved inter-

polatlion of the values of the flow variables

between the arbitrarily located points 1is

required to achieve this end.;

In the fixed~grid.method of characteristics both
of these shortcomings are overcomne. Gorm%n and DArcy (2)
employed this method wherein they utilized the continulty
‘and momentum equations but neglected khe energy equation.
Their method, therefore, is approximate to that extent. The
present investigation undertaken in this thesis also takes
into account the energy equation. This method, therefore,
can be regarded as an extension of their method.

The computational technique described here is

shown to be a very accurate one for the study of single



phase qiabatiq transienttflowsof compressible fluids. It
may be utilized with discretion for analyzing systems
which do nét completely meet these conditions.

To demonstrate the usgfulneés of the technique,
flow properties were computed at 51 equally spaced stations
along a 1.86" diameter channel of 10 ft length for fixed
time intervais of 0.0001 seconds. Realistic inlet and out-
let conditions were prescribed. Results are presented in

Chavpter 4 of this thesis.



CHAPTER 2

FORMULATION OF THE -PROBLEM

A solution of a problem in compressible fluiad
flow requires the utilization of three eéuations, the
continuity eéuation, the momentum equation, and the enefgy
.equation, together with an equation of state pertaining to
the fluid. In the present analysis the transient flow of a
cempressible fluid through a constant area vertical channel
with wall friction and heat addition has been considered.
In order to simplify the analysis the following aésumptions
are made:

(i) +the flow is one-dimensional and the properties of the
fluid are set equal to their average values at each
cross-section.

-(ii) the fluid follows the perfect gas lav and Cp and C_

are constant.

2.1 SELECTION -OF FLOW VARTABLES

Because of one-dimensional approximatioﬁ the
kinetic properties of the fluid are represented by its
average velocity at each cross-section or equivalently by
its average mass flow rate (2). The flow is then completely
defined by two state variables, e.g., density and specific
entropy,-and the mass flow rate, known at each cross-section

at all times.



2.2 EQUATIONS OF MOTION

The equations of continuity and momentum have

been derived in Appendix A. These take the following form:
CONTIRUITY
9p 3G _
5t Tz O (2.1)
" MOMENTUM
2
3¢ . 3(67/p) 3P Klele _ \
ot * 92 * gc 3z T oep ¥ P 0 (2.2)
ENERGY EQUATION

The entropy of a fluid particle changes according
to heat added per unit mass and time, and also according to
the work of friction per unit mass and unit time which is
converted into heat (4).

' as = 32 [q+£§—/§—)—Fj dt

=Tl

where

e
it
=
@ =
no
[ :

represents the frictional force per
1byr

1b
m

[b1]
hol

. unit mass,

Dividing both sides by C, and eliminating T by utilizing the
relationship for velocity of sound
2 .
= T
a gcyR

we obtain, after substitution for F,

as _ B YR x|c|e®
- = g + (2.3
at 2 3
: Cva - 08, J



S o .
where S5 = o ~represents nondimensional entropy.
v

For a perfect gas,

R = (cP - CV)J

Qi

Ry - 1)a o (2.4)
'

where R, the gas constant, 'is in mechanical units, ft.lb/lboR.
Eliminating R from Eq. (2.3) with the use of

Eq. (2.4), we obtain

. ~1)J
as _ Bexly-1) l:q , Klele?
dt 2 3
a p gCJ-
ds
or It = 9% (2.5)
g y(y=-1)J : 2 :
where Q. — -0 |, Klele® (2.6)
t 2 3
a e} gcJ

represents the rate of increase of entropy

and 4_ = 3_

e 3%, represents the substantial deraivative.

LG
p 0z

2.3 EQUATICN OF STATE

The equation of state for a perfect gas is given by
P = pRT . (2.7)
where R is the gas constant.
The state variables used in the present analysis

are p and S and ﬁherefore an equation of state of the form

P =P(p,S) is required.



According to the first law,

dq = C_dT + Pa(1/p) (2.8)
-where dq is the heat input for a small reversible process.
Dividing Eq. (2.8) by T,

- dq _ — Ed(l/p)
ds == = C oo

ds = C go) , 4(1/p)

T T (1)

aP a{1/e)
p (1/p)

Integrating and dividing throughout by Cv’ ve

obtain

' Po S v
P = AGHES
TS0 ..
or P =C espY (2.9)
P . .
where c = © == constant, : (2.10)
Y S
ple"o
o
= 5.
S =73
v



and subscript "o" represents the reference state from which

entropy changes are measured.

"2.4 DEVELOPMENT OF CHARACTERISTIC EQUATIONS

The variable P in Eq. (2.2) can be eliminated by
the use of Fg. (2.9), thus reducing Eqs{(e.l), (2.2), (2.5)
to a system of three quasi-linear partial differential
equations of the firs£ order and of the hyperbolic type in
three dependent variables G, p, S. The methcd of chayacteris—
tics may therefore be utilized to obtain a solution. To
eliminate the derivative of P from Eq. (2.2) we proceed as
follows:

Differentiating Eq. (2.9) partially with respect

to z, we obtain

-l
N frg
I
Q
l(D l
07}
<2
-.O/\
=
1
Nt
3
-+
©
-~
o
[67]
<%
e
L

~ Py 3p , p 238
p pA 9z

Substitution of this in Eq. (2.2) yields

2 . :
3¢ , 3(G6"/p) .-, (Br 3p . p 38 klgle _
ot * 9z t gc( p 9z ¥ az) t ep # p

Simplifying and utilizing the velocity of sound

relationship

° M
I
o
N

8y

this equation becomes



[»]
3G 20 3G 2 65 80 .Sy 23S _
2t * p a8z * (2 ‘pz’ 5z *BLE Rl g, v P =0 (2.11)
where )
- ; K|c|c '
Fl ="gp + *J:TL- (2.12)

Equations (2.1), (2.11) and (2.5) are rewritten

for convenience as follows:

L. = 3G -, 3p =0 v2.1)
1 3z * 3t
2

_ 36, 26 3G 2 _G°) 30
L, = 23 * 5z + (a - 2) v +

’ p

S vas
+ C Yo = 1
SC €p Nz 1 Fl 0 (2.11)

_ 38 _ G 38 _

L3 = 5t + b 3z Qt =0 | (2.5)

The integration of these equations in the present
form is extremely difficult as the partial derivatives with
respect to t and z are present. In order to make the
integration possible we must change these equations into a
simple form so that differentiations of G, p, and S occur
only astfotdl derivatives. This is achieved by following
certain directiops in the t-z plane depending on the point
(t,z) as well as on the values of G, p, and S at this point.
These are called "chafacferistic directions" (1).

arf( )

. . XY .
4 Pl Shala it AN T
In general, let us determine gs? vhen s' is

as shown in Fig. 2(a).



ar(x,y) _ af dx  3f dy
ds' ax ds' = 3y ds!
va +b2 v a2+b2
or
VAR AT AR E S 1
- ds'! X 3y
The term /§i£§ beihg a scalar gquantity will not
affect the direction of differentiation. Therefore a%£+b%§

implies differentiation along s'.

. dx ay a af . . .
N 24 = & oL ol : <
Now 1f io / a5 5 then aa + bBy is a derivative
of £(x,y) along the o curve (see Fig. 2(b)). This curve is

generated by a point moving with coordinates (x,y) such that
x = x{o) and. y = y(o). For example ¢ could be time, with x
and y being functions of time.

Let us first coﬁsider the general case with two

dependent variables where functions u(x,y) and v(x,y) are to

; 5 3 3
be determined when LR s L <X

= and oL are.given. Then the

9y ° 9x dy

general form of the system of differential -equations is (1)

L. = A_9du au 3V oV o _
- — —_— — D.— E. =0 2,
. 5% F Biay * Ciax Y ey T (2.13)
u Ju 3V oV _

= — — — D, E, =0 . 2.
L, = A3y * Bogy + 0o ax * Pedy T T2 (2.14)
where Al’ A2, e EE are known functions of x, y, u, V.

Consider the linear combination L = lel + A2L2,

where Al and A2 are any functions of (x,y,u,v). By proper

choice of A, and A, and hence the coefficients of u _,u .
1 2 X0 LY



VoV v we can have direction of differentiation such that
3 3 .

differentiation of u, in (x,y) plane and differentiation of

v in (x,y) plane coincide. Let this desired direction be
. dx ay . .
glven by Ig E% . Then from previous argument we require

A A A A :
T S T s T S S

X X x X = (2.15)
181+ 0B, R TP E P :

d d . . .
where El and El are written in the symbolilic form as x and-
c g . g

y respectively.
s
The preceding discussion of two depehdent variables
u and v and two independent variables x and y can be readily
extended to include three dependent variables G, p and S and

two independent variables z and t. Then the linear combina-

tion can be written as

= >, 16)
L ALy # ApL, ¢ AL (2 )

Substitution of Egs. (2 1) (2.11), (2.5) in (2.16) yields

r 2
_ G 2G i_ 2 Gy an
L= |k, 5% * (Aq + - ) Ay at + A, (a 02) -

- as Sy .G, j23s _ _
t (A Bt'+ (AE g.Ce o’ + 5 A3) sl * AoF A3Qt 0 (2.17)

The condition that in Eq. (2.17) G, p and S are

differentiated along the same direction requires

> g°
2G (a® - =) : S vy G
£ X = A
(A * . A,) _ ,2 A2 M'(gcCe pi A, + ZAg) _ Zy (> 18)
i ) - - A t ve
2 1 3 Fie)

Multiplying Eq. (2.17) by t 5 and utilizing Eq.(2.18), we
' ]

obtain



= G 3G 30 3p
bl TG b o v e Eo) Y MGt 5y 2 L)
38 38 .
+ 13(at t’c * 5. z’c) + (AEFl ‘A3Qt) t’c 0
or
= - = .l
t,oL AQG,U + Alp,c + x3s’o + (A2Fl A3Qt)t’c 0 (2.19)

From Egs. (2.18), (2.19) we obtain the following

four homogeneous linear equations for Al’ A2 and 13:
2G (
== - A = 0 2.20
t,oxl + 5 t,c z’c) 5 ( )
2 G2
- - I = (2.2%X
z,oxl + (a 2) t,cka 0 A L)
P
S v G - A
= - AL =0 2.22
(gcCe D t’ )Az + (p t,c Z,c) 3 ( )
5 - t A, =0 2.2
P oghy ¥ (G,G + ot M, + ( o T 9% ,0) 3 ( 3)
Existence of a non-trivial solution for Al’ AZ and 13

requires the coefficient matrix of the equations to have rank not

greater than two. From Eqs. (2.20), (2.21) and (2.22), we obtain

2G
A 0
t,c ( p 30 90)
2
-2 (a2 - g"') t 0
s 0 2 s 0 =0
o] )
S ' G .
Y =t -z )
0 gcCe p t,o (p 20 s C

Expanding the determinant and simplifying, we obtain

- G 2 2,8 _ :
(z - % t,c)[:(z,cr - Et,c) - & u,oﬁ 0

E]



which is a
three real
our system

hyperbolic

and

which represents the particle path

!
H
L
H

zZ

I ) . .
Writing €¢— = -¢ this equation becomes
50
0 306 -9 o .92 aﬂ =0
,a o’ L p

third-order eqguation for the slope ¢ and yields

and distinct roots for ¢. This indicates that

of egquations (2.1), (2.11}), (2.5) is a totally
type
The three characteristic directions are:
-4z _ G | ,
¢+ = T o + a (242)1)
which represents the C_characteristics
dz G
T e == e 2
¢ t S a (2.25)
which represents the C characteristics
dz G L
T —— T e ‘2
¢o dt o) (2.28)

characteristics Co.

To obtain relationships

.along the characteristics we may set equal to zero the

determinant of the coefficient matrix of any three, except

the first three, equations (2.20), (2.21), (2.22), (2.23)

(?ef. 1),

From Egs. (2.20), (2.22) and (2.23), we obtain
t (59 t -z ) 0
Y p »O » O
Sy G -
0 (gcCe 0 t,c) (p t,g Z’c)
. - Q.t
2 (¢ 5 + Pyt o) (8 5 = Qb )

for the dependent variables



Expanding the determinant and simplifying, we obtain

G . 2G
z - =t G Foot t - (= -
(' sC p :0)[( 50 * 1 30) s 0 ( p tao' Z,O) DSU] ¥

2
ce”pY (%t S t =0
g, 0% (¢ )% (5 - oyt )
- - ZO' .
Writing g7 = ¢ this equation becomes
L] ’O'

b

(v K0 - H‘G,o v Pt )-(E2 -¢>p,0]+ g Ce®p"(s -0

2

Therefore, along any C+ characteristic defined
by Eg. (2.24) the dependent variables are related by Eg. (2.27)
with ¢+ used for ¢. Introducing Eq. (2.2L4) into Eq. (2.27)
and simplifying, we obtain
G S Y =
: 7 -(=- : - =
a|:(c’0+-lt g) (p a)D,J+ g, Ce"p (5 4 Q, t ) 0

50

After utilizing the velocity of sound relétionship

2 P _ 5 (¥ -1)

a” T veg, 77 Yg Ce this equation can.be rewritten as

[o]]

46 _ (G _ ,y 4o pa &S pa
at -~ 'p at Y dt Y

+ (F -5 Q) =0 (2.28)

The relation of dependent variables along the C_ characteristic
is obtained by introducing Eq. (2.25) into (2.27). We obtain,

after simplification

| G : Sy -
(-a)[(6 orryt ) = (Fa alp ] + 6 ,0e%7 (5 5 -y ) =0

or



) =0 (2.29)

By introducing Eq. (2.26) into (2.27), we obtain

the relationship of dependent variables alcng the particle

path characteristics CO. This is
S v ' R
g.Cep’ (8 o -Qpt ) =0
or
_d_S_= 0-'
at - % (2.30)
which is in agreement with Eq. (2.5).
Thus, equations (2.1), (2.11) and (2.5) are
equivalent to the system of ordinary equations:
~
a6 G__y 4o pay dS pa - P
It (p a)dJC + Y) %+ (Fl y Qt) 0. (2.28)
e, + 4
dz G
gz . & 2
it o * a (2 )
\
r
a6 _ (&, .y do _ oz 48 P2 o ) — 2
it - (p + a) 3¢ ( Y) it (F, + ” Qt) 0 (2.29)
c_ i <
dz G .
—_—— == e .2
Y . a (2.25)
.
.
as
- = 2.30
C : dt Qt ( 0)
o .
Particle .
dz G -
Gz _ = | 2.,26)
path & 5 (




. K|G|G .
where - F, = g0 + flzl— (2.12)
B g, v(y=-1)J K 16| 62
Qt = a + z (2.6)
a p gCJ
o —E I
a = ‘chz = /Qg ce b (2.31)
0 e
and
PO . .
c = 5 = constant (2.10)
pge o

Equations (2.24), (2.25) and (2.26) define the

characteristic directions C+, C and CO respectively. These

directions define three families of characteristic curves or
simply characteristics which cover the (t,z) plane. Equations
(2.28), (2.29) and (2.30) are relations which must be satisfied
by the solution G(t,z), o(t,z), S(t,;) along the respective

characteristics.

2.5 INITTAL AND BOUNDARY CONDITIONS

In general, thé initial conditions along a non-
characteristic line AB(t = to) (Fig. 3) determine the
solution completely in the region bounded by the C+ and C_
characteristics through A and B respectively and the line AB.
In order to advance the solution beyond the region DAB it is
‘necéssary that solution 1is kﬁown along,boundariés such as at
A' and B', Iﬁ the case of subsonic.flow considered here the
C+ characteristic has positive slope (%% > 0) and C_=
characteristic negative slope since % + a 1s always positive

and_g - a alwa&s negative. Thus C_ characteristic can only



reach the inlet end of the channel and C+ characteristic
can only reach the discharge end for increasing value
of t.

In Fié. 3 let G represent a point for which all
flow variables have already been determined. The C_
characteristic through é reaches the inlet end of the channel .
at a point A'., .In order to compute three variables G, p, and
S at A', three relations are required:

One relation is provided by eguations (2.29),
(2.25) of C_ characteristic and two boundary conditions in-
cluding the entropy of the fluid must be prescribed at the
inlet.

Let the flow conditions have already been deter-
mined for the points H and I near the discharge end. Two
characteristics, C* and the particle path Co’ reach the dis-
charge end at point B'. Thus two relations are provided by
Egs. (2.28), (2.24) and (2.30), (2.26) of these two
charactersitics and only one boundary condition is required
at the dischargé end. | |

With known conditions at A' and B' the solution
can be completely determined in the area A'B'D' and S50 on.

In this thesis the computationél precedure was
used tb predict transiénts in air flow.through a vertical
circular channel. -The flow field as well as the initial and

temporal boundary conditions were specified as follows:



Pipe diameter, D = 1.86 in.

Pipe length, L = 10 ft.

Initial inlet air density, o, = 9.0 Lb/ft3.

"Initial mass flow rate, G_ = iOO lb/ft2 sec.

Ratio of specific heats,y = 1.bL.

Gas constant, R = 53.35 £t 1b/1b°R.

Specific heat at constant volume Cv was calculated from the
relation C_ = Rf(y-1), C, = 0.171k3 Btu/1b°R.

Inlet entropy corresponding to P = 2000 péia and p = 9.0 lb/ft3

was calculated with the help of Gas tables (6) as 0.289308

Btu/lboR. This value of entfopy is reckoned from an arbitrary

zero at T = 0°R and P = 1 atn.

The frictién factor K was obtained from the Moody friction factor.

diagram (8) as 0.06 (i‘t)“l corresponding to flow through a

pipe of 1.86 in. diameter and relative roughnéss = 5 x lO—h.

Initially the flow was steady.

The boundgry conditions as well as the heat addie.'.

tion rates were specified for different run numbers as

tabulatéed below:



TABLE 1

The boundary conditions and the heat addition

rates for various runs

3 and 4

Run Heat BOUNDARY CONDITIONS
Addition
No. ?:?e Inlet End Discharge End
Btu/lb.&ec (z = 0) (z = 1)
1 0 (i) 6(+,0)=¢ (1-%) | o(t,L)=p.—const.
o T L (2 1)
for OgtgT 3%
(2.32)
which represents the
inlet flow blockage.
Flow reduction
period, T=0.2 sec.,
i.e., G(t,0) reduced
from G, to 0 in 0.2
sec.
(ii) S(t,O)=SO=const
(2.33)
2 30 Same as for run no.l
; . T - 5
3 0 (i) p(t,0) 0 const g(t,L) Pl (pL pAT)T
(2.35)) ¢or prro(t,L)20,
(i) §(t,0)=8_=const| where p,=7.635 1b/£t>
(2.36)] 2% )  (2.37)
-3 beyond this region
* Q(t,L>=Of
which represents g
discharge end rupture.
The value of T was taken
as 0.2 sec.
h 30 Same as for run no. 3
5 0 Same as for run nos.|Same as for run nos.

3 and 4 except _that
o = 7.5 1b/1t3




TABLE 1 (continued)

Heat BOUNDARY CONDITIONS
Run | pagdition
No. %3%e Inlet Engd Discharge End
Btu/lb.sec (2 =0) (z = L)
6. 30 Same as for run Same as for run no.5.
nos. 3,4 and 5.
T
7 0 Same as for run P(t,L)=P_~(P_-P, )&
. T
nos. 3,4,5 and L L “AT™
6. for P, 3P(t,L)>P,
where P_, = 1989.305psia
f
and, (2.38)
beyond this region
P(t,L)==Pf
which represents a
discharge end rupture.
8 10 Same_as for run Same as for run no. T.
nos. 3 through 7.
9 30 Same as for run nos. T and 8.
10 0 Same as for run Same as for run nos. T
nos. 3 through 9. through 9 except that
. Pf = 1666.667 psia.
11 30 Same as for run Same as for run no. 10.
' nos. 3 through 10.




CHAPTER 3

COMPUTATIONAL PROCEDURE

3.1 FIXED GRID

The (t, z) plane was divided into a rectangular
grid by the lines t = ti, 7 = zj as shown in Fig. L. Values

of the three dependent variables G, p, and S were computed

successively at the grid points, 1.e., values of

Gij = G(ti, Zj)
pij = p(tis Zj)
.sij z S(ti, zj)

were conmputed.
Both ti and Zj were equally spaced:

t, = (i-1)at i=1, 2, ....

2; = (j=1)az =1, 2, ..., M,

The pipe was divided into 50 segments of equal length giving

51 stations, i.e., M = 51, along the 2z axis.
Thus , .
. . 10
station 1nterval = Az == 56 = 0,2 ft.

The time increment At is chosen from the considera-
tion that the slope of the characteristics should be such
that interceptions always occur within the station interval
Az. Referring to‘Eqs. (2.2&),‘(2.25) and (2.26) of C+, C_

and CO characteristics, respectively, the condition for

this 1is



Az} |G} :
at)] 2 || T B _ (3.1)
Az G
at| Z o " @ (3.2)
Az G
A ;' (3.3)

G, p, and a, vary from station to station and as such the

time increment.At is chosen such that

pt = | (3.%)
Max('; + a)

A

In the present work the value of At taken was

0.0001 sec.

3.2 INITIAL STEADY STATE CONDITIONS

Before computation for trapsient solution could
be initiated it was necessary to solve for the initial steady
state values of three dependent variables G, p, and S at 51
stations 5f the pipe.

For steady state conditions (t = 0) Eq. (2.1) takes
the form:

L -

or, after integration,

G(0,z) = GO = constant (3.5)

where subscript "o" indicates inlet condition.
Writing Egs. (2.11), -(2.5) in finite difference

form and for steady state, we obtain,

®



2
2 ¢ :
(% S)ap + 5, Ce" a8 + Flaz = 0 (3.6)
c 1
p
and ' gAS - Q. Az = 0 )
p. . t N (3-7)
Utilizing Eq. (3.5) in Eqs. (3.6) and (3.7), we obtain
2
2 Go Sr
(a” - -E)Ap + gCCe o AS 4 FlAz = 0 (3.8)
. P .
K‘GOIGO S
where F1 = gp + 5 | (3.9)
and
GO .
— 48 - Q.82 =0 A (3.10)
) 2
gcr(r—l)J K Go GO
where Q, = —F q + (3.11)
t a2 3 3 i
p gc
Eliminating AS from Eq. (3.8) by use of Eq. (3.10),
1 )
5 Gi gcCeSp(r+“) . .
- =] A == .
(a 5o + (/¢ Q -+ Fy) 4z =0 (3.12)
p : 0
The values of p and 8 at station 2 are obtained as
1,2 1,2 :
follows:
(i) Set 01,2 T P11 (pl,l is specified)
and 8132'= 1.1 (Sl,l is specified).

(ii) Compute Fl’ a and Qt' g

(iii) Solve Egs. (3.12) and (3.10) for Ap and 48 respectively.

(iv) Set

(v) Compute Fl’ s and Qt using mean values of p and S

between the stations.



(vi) Solve Egs. (3.12) and (3.10) for Ap and AS, res-
pectiveliy, using mean values of p and 8 between the
stations.

(vii) éet

°1,1 + Ap

Sy,2 7 51,1t 88
and return to step (v).

(vidii) Repeat computétion until consecut%ve values of pl:’2
.and 81’2 agree within prescribed limits. The limits
prescribed in the present work were +#0.000001 ¢,
+0.000001 S. .

(ix) With 01,2 and S known solve for P13 and Sl’3 etc.

1,2

3.3 TRANSIENT SOLUTION

The computation is iﬁitiated with known values of
G, p, and S at the 51 stations, j = 1,2,...51, along the z
axis (i1 = 1). Their values at the same 51 stations, after
ore time increment At, are obtained. |

The procedure used for obtaining the values oflG,

o, and S at the 51 stations when 1 > 1 is broken into three

parts.

3.3.1 SOLUTION AT INTERIOR STATIONS

Referring to Fig. 4, it is seen that the three

characteristics C+; C_and C_ through the point (t., z.)

1 J

intercept the line t = ti 1 at distances k, h, and w res-

pectively from the station j. The value of At 1s small



enough so that interceptions always occcur within the
station interval Az.

The procedure used when 1 < j <M, i>14is as

follovws:
. . . d¢ d ds dz . \

The derlvat}ves e E%’ Egland oL in Egs. (2.28),

(2.2h), (2.29), (2.25), (2.30) and (2.26) are written in
.. . : AG A AS Az .

finite d1fference form as AL’ AL’ At and At At being the
time increment is known. For C+ characteristic, Az = k,
for C characteristic, Az = -h, for Co characteristic,

Az = w, where h, k and w are >0. Equations (2.28), (2.04),
(2.29), (2.25), (2.30) and (2.26) written in finite difference
form are six algebraic equations in the six unknowns Gij’ pij’

S.., h, k, and v for any given value of 1i,j:

1J
r _ —
..(.;__ 3\ - pa a -
(Gi,j - G-I-')-(p alij,i—- (piJ D+)+( Y ij,-’-(uij S+)
pal,
+ | F. - At = 0 (3.13)
. 1 Y ..
. < 3J .t
+ N
xk - | £ 4 al.. At =0 (3.1h4)
. p 1J»+




Particle:

Path

C
.0

where, for any function £(G,p,S),

and similarly for p_, S,, P

]

2

1

2

i-1,]

B Gi"lsj

:[f(Gij,-oiJ,Sij) + f(Gi_,oi,Si)]

I{F(Gij,p
| (

i-1,3 Gi-1,3-1

(3.15)

(3.16)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

In the above equations



the subscripts +, - and p represent the conditions at points
of intersections of C+, C_and CO respectively on the line
t = ti'l as shown in Fig. k.

The method of solution for G.., p.., 5., at the
1J 1J 1

point (ti, zj) is:

() 8et G35 = C5y 5> P55 7 Pi1,50 By T Pin1,j

(G are known).

i-1,5° Pi-1,50 Bi-2lg

(i) Obtain a solution for h:
Tt is assumed that prbperties vary linearly between
stations.

In Eq. (3.16) of C characteristic direction, we have

g ~ 1 ¢ _ .y
G-y, = [t -2 }

- 1 G G
= L&+ Gy - ey a_>].

1 G G —
= - - + (= - 2 a
2 [(p)- (1 13,—}
R §
where ai.,_ 5 (aij + a_)
. . . ) G o . ‘
Substituting this value of (; - a)ij _in Eq. (3.16), we
3
obtain _ '
h
. . —_ . N - . . G..
h 1 Gl—l,a'i~ Az (Gl—l,J-f-l Gl—l,a) 1] .y
“ T 2 b ‘ TP
—_— - . . L ,m
pi1,5% oz _(pi-l,j+1 °1-1,J) ij

Simplifying,



At
2pi-l,j*(Gi-l,j+1‘ i-l,j)(Az)+(9i-1,j+1‘°i-1,j)
A
(*ll-Qa )(XE
5 3 i3 ij,- z" | h
h +

[?(pi-l,j+1 "i-l,j)/“]
G, . B

. =L U .

¥ [?1-1,3 e (o;- gala,—)(pl—l,J) ]

iR =0 (3.24)

2
p =Bt VB o he (3.25)
) 2
where
3 _A_t_ - )e
20i-l,j+(Gi—1,j+l_Gi—l,j)(Az #0519 5017501,
G - At
(=L - o2&, (=) ]
L ) . pi. 1),=-" Az
B == J (3‘26)
. - . . A
[E(Oi—l,g+l pl—l,J)/ z]



and

c = = (3.27)

h is set equal to the smallest positive root.

(iii) Obtain a solution of k:
In Bg. (3.14) of C+ charzcteristic direction, we

have

G _ 1l¢ G
[; +alis o 5 (= + a)lJ + (= + a)+]
_ 1[¢ 6y .
LG, Gy e tagy s a+>]
1 [,6 G -
= = - ) .. 2a. .
L@, + By alJ,J

- 1
her a.. = = fa.. a
where 15,4 5 [ i3 + _J

Substituting in Eq. (3.14), we obtain

k
o1 |Yi-1,3 Y Ay (G5 _1.5-1 C;_q1,3) Gy - 1
= = — 4 2a At
2 1o v = (p p ) Pig 1J’i}
i-1,] Az i-1,3-1 1-1,J e



Simplifying,’

20 ~(&5) (q G ) (AL osy ) (ien
11,578z’ \Pi-1,3-1""i-1,5' " 8z Pi-1,5-1 Pi-1,]] AR N
2 : ) 1J .
L
2 . . . .
[ (pl_lh]"“l 01'193)/AZJ
| Eii e
G At t . . .-
[ 1~-1, v b (pl—l,J)(p.. * 2a13,+)}
ij
- = 0
[2(01—1,3—1 "i—l,j”“]
folving this quadratic equation for k,
5 .
B+ B° -k
k is set equal to the smallest positive root,
where .
i t ‘ ' At i
A RN - *
2p5.1,3578az i-1,5-1 G5 150 05 Pio1,5-17P5-1,5]
G, _
(=L . .
Pz 1J,+
L iJ _

[?(Qinl,j—l - 05,30/



and
G, . 3
Coat o+ Mt (p. - (L s 2E, .
[Gl-l,J * (pl—laa)(oi5 v alJa+)]
A 4 Tt 5
-0 - ' (3.30)
(25 0,500 = Pica,s) /07

(iv) Obtain a solution for w:

In Eq. (3.18) of - Co characteristic direction,

G - L.¢ gy
[EJij,p ~ e {(D)ij * (O)P 1

Thus Eq. (3.18) can be written as

, _—
ey iyt Caoaygen T %iay)
w = . + ; At
2 py;  Pio1,3 2 (o -0 o :)
J ’ Az “Pi-1,35-1 7 Pi-1,;
: J
Simplifying,
2 (cidy ) (A8 (A (e e ):
N PV S L P55 B PU5 R B B R R P S O e R Y.
1i-1,J 1] W

[?<°i-1,j-1 - pi-l,j)/AZW




Solving this quadratic eduation in w, we obtain

~-Bt V B2 -~ ke

W= 5 - (3.31)
where
1o (&%) (g G - (idy (At - )
Pi-1,37 8z’ Ti-1,5-1771-1,3" " p; . Bz Pi1,35-17Pi-1,3
B= d (3.32)
[20psn 500 = pio1,50/02]
and '
Gi.
A
o5 g0+ R,y ]
c = - d (3.33)
I:2("i-1,j-1 3 pi-l,j)/A%]

.(v) Compute G,, o, S, and Gp, Dp, Sp according to Egs.

(3.21) through (3.23). '

. . i N - - ~ ~
1 .. .. S.. =) .. -and G.. ..
(vi) Compute Gy s 055, Bij,4 (p)lJai Uij,p, PijLp,

S.. according to Egs. (3.19) and (3.20).
ij,p
;3 a a i e s S.. and p..
(V}l) Compute 25,4 and‘aij’p using ;s > Si5 0535 .p°
S.. in Eq. (2.31)..
ij,p 4

.. i G.. .. a
ij,p OSTRE Fig e Tij, e

in Eq. (2.6).

(viii) Compute (at)ij,i’ (q.) i, %

nd G, . ) a..
end Hi5,p° Pipp’ idup

(ix) Solve Ea. (3.17) of particle patﬁ characteristic C,

for S..:
iJ

==sp + (Q.).. At (3.3h)



(xidi)

(xiii)

— (7. o
Compute {ééﬂ.. + using 1,2 1) .2
. - bk M
C te |F pan} £ G
ompute - .. "rom G.. . .
P 1 Y ij,+ ij,+> Pij,+”

SR

, pal, R
Compute |F, -+ ~ |is,- from Gij,-’ Pss >

(pij,—)(aij,-) ’ (3 )

Y t ij:""

Solve Egs. (3.13) and (3.15) for pij: Subtracting

Eq. (3.15) from (3.13) and simplifying, we obtain

p - (8. .
. _ Yl -+ X2 4+ (RRP RRM,(Slil (3.35)
ij DEN .
?
H
where _ _ ﬁ
RRP = — =i (3.36) 3
- (T = ' 2 a7
RRM (pij,_)(aij’_) (ﬂ-ﬁl)
= _(.}. - g.. o 2 3y
DEN = (3 Vij .+ (S %8y, | (3.38)
d pa@”ﬂ' (RrE)(5)  (3.35)
o= (= - .. - F. - — At ~(RRP) (S 3%
IR E F UL L L B + 3+37
1J,+
and
paQt

- G -
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(xiv) Solve Ea. (3.13) for Gij and return to step (ii):

| e
G.. =~ X = - aj.. P - .
i3 L+ [; ?J13,+ pj; = BREP (le) (3.L41)

where Xl and RRP are given by Egs. (3.39) and (3.36)

respectively.

(xv) Repeatﬂcomputation until consecutive wvalues of G..

ij°?
pij’ Sij agree within prescribed limits. The limits
utilized in this work were
+0.0001 G.., *0.0001 p.., +0.0001 S..
ij ij ij
3.3.2 SOLUTION AT INLET STATION
(a) Run Nos. 1 and 2
At inlet (z = 0), Gi,l and Si,l are known from

Eqs. (2.32) and (2.33) respectively and P51 must be computed.:
9

Only one characteristic C_ reaches the inlet end of the

‘channel from inside the (t,z) region. The procedure here is
basically the same as that for interior stétiqns except that

are known, k and w are not needed, and only two

G and Si,l ]

il

equations (3.15) and (3.16) for C_ characteristic are used.

(p) Run Nos. T through 11

In this case, pi,l and Si,l are-known to be con-
stant from Egs. (2.35), (2.36) and G: 4 must be computed.
E
The procedure here is exactly the same as described

above for run nos. 1, 2 except that p. is known and G, is
1,1 1,1

to be computed.

Solving Eq. (3.15) for G, ,» ve obtain
L)



G, =G +(% 4a) ( g2 i
N (T wa)y °i,1"p-)+( Y).l,_(si}l—s_)— Fo+ o _AL—O

s 1 1 1
b
(3.42)
3.3.3 S8SOLUTIUN AT DISCHARGE STATION
(a) Run Nos. 1 and 2
At the discharge end (z = 1), 05 51 is known to
. b
be constant from Eq. (2.34). The unknowns here are Gi 51 and
3
S. . .. 'Two characteristics C and the particle path C
1,51 +
reach the discharge end for increasing t. The method of

solution is exactly as described for interior stations except

that Ps 51
b

characteristic eguations (3.13), (3.1L), (3.17) and (3.18)

is known, h is not needed, only the C+ and CO

are utilized.

(b) Run Nos. T through 11

At the discharge end of the channel the pressure -’

Pi 51 is prescribed according to Eq. (2.38). The unknowns
3
are‘Gi’sl, pi,il and Si,Sl'
The procedure here is as follows;
i . = G. . = 3. .
(i) Set G, 59 =G5 1 515 51,51 i-1,51

(ii) Compute o, from Eq. (2.9) (P is specified).

»51 i,sl
(iii) Obtain solutions for k and w from Egs. (3.28), (3.29),

(3.30) and (3.31), (3.32), (3.33).

(iv) Compute G+, o, S+ and GP, Py Sp according to Egs.

(3.21), (3.23).
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(v) Compute G.. .. S.. & £
F lJ’+’ le :+, 133"*‘, (p)1J>+ and GlJ :P,

pij,p’ Sij,p according to Egs..(3.19), (3.20).

(vi) Compute a.. and a.. using p.. ., S.. and p..
S 1J,P 13 .t 1J -+ 1Jd-P

S.. in Eq. (2. . ‘

"ij,p a- (2.31)
(vii) Compute (Q,).. a(q ' i G o

D (Qt)13,+ an (Qt)ijgp using Gij,+’ Py 4
a. . and G. . 5. . a.. i .
ij,+ 15,00 Pij.p’ Tij.p M PO (2.6).

(viii) Compute S. from Eq. (3.3%4).
1,51 =

(ix) Compute o; from Eq. (2.9) using valué of Si 51
-]

201
from step (viii).
o (.. la.. )
(x) Compute [—2].. using EDE R rdot
Y1t Y
( : pag, —
Xi Comput F, = ——=|.. f .. 0. .
) prte 1M Y ]1J,+-Ir°m “i5,+ Pis, ¥
(pij,+)(aij,+) _
- RN

(xii) Cohpute Gi from Egs. (3.4%1), (3.39), (3.36) and

»ol

return to step (iii).

(xiii) Repeat computation until consecutive values of both

G and S agree within prescribed limits, i.e.,

+0.0001 G.
1

521

, +0.0001 S, - in the present work.
:51 1

3.4 COMPUTER STORAGE

I+ is important to note that the entire computation
may be .conducted with three computer storage matrices of 2xM
only, except for run numbers 7 to 11, for which one more

storage matrix of 2xM for Pij is required. Known values of



G, p and S ére stored in the first rows and computed ones
in the second rows. After printingand/or plotting of the
computed values they are moved to the first rows where they
act as known vélﬁes while values computed for the end of the

next time interval are stored in the second rows, etc.

A print out of the computer program for run no. 1

appears in Appeﬁdix B.



CHAPTER L

RESULTS AND DISCUSSIONS

4,1 RESULTS

Copputed results are shown in Figs. 5 through 26
for various rﬁn numbers. G vs. z (Figs. 5, 7, 8, 11),
o vs. z (Fig. 6), deviation of density from steady state, i.e.,
[p(O,z) - p(t,z)] vs. z (Figs. 9, 10), ana P vs. z {(Fig. 12)
are plotted at every 20th computed time interval, i.e., at
every 20at = 0.002 seconds.

Referring to Fig. 5 it is observed that after
0.002 seconds the expansion wave has only moved about 3 ft
downstream. Beyond this region the flow is st11ll undisturbed.
Only after about 0.008 seconds is the entire field disturbed.

When the firsf expansion wave reaches the dis-
‘charge end it is reflected as a compression wave and can be
seen moving back upstream in Fig. 5. It t%kes about 0.008
second further time to travel upstream to the inlet. It
causes further attenuation of local flew rates as it moves
upstream.

The 'same waves may be seen in the density plots
of Fig. 6. Under initial steady state conditions (t = 0)
there is an almost constant decrease in density along the
channel. As the inlet flow is retarded this density dis-

tribution is gradually disturbed and after about 0.008 seconds




the disturbance is reached at the discharge end. The dis-
charge density 1s held constant according to the boundary

condition and the reflected wave can be seen moving toward
the inlet. It takes abou% 0.008 seconds further to arrivé
at the inlet.

It_is of interest that the inlet density at time
' 0.016 seconds has decreased té 8.9935 1bs/ft3 corresponding
to a pressure of 1997.98 psia or 1.25 psilbelow the discharge
pressure and the inlet mass flow rate is 92 lbs/ft2 sec.

The G vs. z plots with heat addition (g = 30 Btu/lb
sec) are shown in Fig. 7.

Fig. 8 shows plots of G vs. z for fixed intervals
of time following initiation of transient. The effect of
increasing mass flow rate at the discharge end duve to
decrease inpressure,is felt further and further upstream as
time increases. At about 0.008 seconds the effect has reacﬁed
fhe.inlet and the mass flow ?éte begins to_increase there.

In order to preserve the prescribed boundary conditions of
constant density and constant entropy at the inlet, the ﬁave is
reflected and is seen érriving at the discharge gnd between |
d.Olh and 0.016 seconds. From the discharge end it is
refiected again, and so forth.

Figs. 9 and 10 show plots of deviation of density
from steady state vs. distance from channel inlet for fixed

intervals of time following initiation of transient. Fig. 11



showskG»vs. z plots for the boundary conditions as prescribed
in run no. T. For tﬁe same run the P vs. z plots are shown
in Fig. 12. )
Mass flow rate histories at the inlet and discharge
ends of the channel with no heat addition (q = 0) are shown
in Fig. 13. .The inlet flow remains constant at 100 lbs/ft2
sec until the arrival of firs£ expansion wave at t v 8 milli-
seconds. Thereafter, the flow rate begins to increase. It
increases té about L4050 lbs/ft2 sec and then steadies out at
~nho25 lbs/ft2 sec, £t ~ 86 milliseconds. At the discharge
end, the flow rate starts increasing at t = 0 and finally
becomes steady at k025 lbs/ft2 sec.

Figs. 14 and 15 show the mass flow rate histories
at the inlet and discharge ends of the channel with heat
additioh (q = 30 Btu/lb sec). Filg. 15 is drawn on an expanded
scale. At inlet, the flow rate remains QOnstant at 100 1bs/f‘t2
éec-until the fifst wave froﬁ.the discharge end. arrives there.
After arrival the flow rate starts increasing and finally be-
comes steady at ~3975 1bs/ft3 sec, t v 130 milliseconds.
fhe discharge mass floﬁ rate increases to 150 lbs/ft2 sec
in 1 millisecond and remains almost constant until the first
reflected wave arrives there. Then it begins to increase
and finally becomes steady at V3975 lbs/fteisec.

The time variations of mass flow rates at inlet

and outlet ends for various runs and with different heat

additions are shown plotted in Figs. 16 through 25.
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4.2 DISCUSSION OF RESULTS

As mentioned earlier in Chapter 2, in general,
“the initial conditions along the line t =0, 0 ¢ z < L,
determine the solution p, G, S completely in the region below
the C_ char_acteristic through (t,z) = (0,0) and the C_
characteristic through (t,z) = (O,L); For the present case
(Figs..S, 6 and T), the initial conditions are of steady state
and p is held constant at the boundary =z - L. As a result,
the steady state conditions will prevail in the entire flow
field below the C+ characteristic through the origin in
Fig. 4 and the boundary z = L. The transient effects due to
changes at the inlet will be felt only above this C+ qharacter—
istic. The flow conditions change abruptly at the origin of
(t-z) plane. A similar abrupt change will occur as the C+
characteristic through (0,0) or any of its reflections from
the discharge end is crossed (ref. 2).

The expansion wave initiated from the inlet end
should show up as a sharp break in the G vs. 2z and p vs. 2

curves for any given value of t. The present method does not
trace the wave exactly, but only infers its position by linear
interpolation between grid points. As a result, the sharp
break becomes "smeared out" inté a smooth shoulder in the
curve extending over a range of values of z. This smearing

is inherent in the fixed grid method of solution but is not a

serious limitation for most cases of practical interest. If

the straight pértions of the G vs. z curves in Fig. 5 are



extendedup to the line G = 100, it can be seen that the line
which passes through‘z = 10 ft, G = 100 lbs/ft2 sec corresponds
to t ~ 0.00825 sec. The theoretical arrival time of this wave

can be calculated by the use cf Egq. (2.2¥) of C+ charactefistic.
The velocity of this wave is mg + a = 595 + 1200 = 1211 ft/sec,
c

10
hannel as %3577 = 0.00825

o

giving the time of travel through the
_seconds. The reflected wave from the dilscharge end is the C

characteristic and its velocity, from Eg. (2.25), is % - an

100

- 1200 = -1189 ft/sec. Thus it arrives at the inlet end
at t ~ 0.00825 + I%%g = 0.01666 seconds. In Fig. 5 the
shoulder in G lines reaches the inlet end vetween 0.016 aﬁd
0.018 seconds. The position of the reflected wave at t = 0.01bL
seconds may be inferred by extending the two straight parts of
the G curve until they intersect at z ~ 3 ft. These two curves
for t v .00825 seconds and 0.014 seconds are shown as dashed
lines in Fig. 5.

In Fig. 7 thevexpéﬂsion wave seems to be arriving
at the discharge end between 0.008 and 0.010 seconds. It is
reflected as a .compression wave and the shoulder in the G lines
reaches the inlet between t = .016 and .018 seconds. The
effect of heat addition may be noted by cbmparing Fig. T with
Fig. 5. As oné would expect, the heat addition has the effect
of accelerating the flow. We note, for example, that at
t =.01h4 seconds the discharge mass flow rate corresponding
to Fig. T is ~96.h lbs/ft2 sec while in Fig. 5 it is ~9k.3

lbs/ft2 sec.
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For the cases represented by Figs. 8 to 25 the
region below the C_ characteristic emanating from (t,z) = (0,L)
is that of steady state. The transient effects due to changes
in flow conditions at the.discharge end will be felt only'
above this C_ curve. The flow conditions change abruptly at
(0;L). A similar change will occur as the C_ characteristic
“through (0,L) or any of its réflections from the inlet 1is
crossed.

The expansion wave initiated from the discharge
end should show up as a sharp break in the G vs. z curves
for any given value of t, and in the G vs. t curves for any
given value of z. As mentioned earlier, in the present method
the sharp break becomes "smeared out" into a smooth shoulder
in the curve.

Referring to inlet mass flow rate curve of Fig. 13
it is observed that the slope of the curve changes
at t v 8-millisec§nds wvhich édrresPOnds to -
the arrival of the first expansion wave. The slope of the
curve shows a decrease at t ~ U4 milliseconds which corresponds
to the arrival of the last expansion wave. Thereafter the
flOW rate 1is increésed by the waves arriving at the inlet
afﬁer reflectidhs from the discharge end. Referring to the
discharge flow rate-curve it is‘noticed that there is an
almost constant increase in the flow rate upto t ~ 17 milli-
seconds which corresponds to the arrival of the first

reflected wave from the inlet end. The slope of the curve



shows‘w-a substantial decrease g _at.t A 48 miiliseconds
corresponding to the.arrival time of the last reflected wave.
Afterwvards the flow rate is increased by the waves arriving
at the discharge end after further reflectiéns from the iﬁlet.
The waves finsally die out. 1In Fig. 13 it is seen that new
steady state.is reached at t ~ 86 milliseconds with G Lo2s
.lbs/ft2 sec. |

The same waves with heat addition (q = 30 Btu/lb
sec) are shéwn in Figs. 14 and 15. With heat addition, the
discharge density being less ~ than without heat, the density
drop to the same final value is less-. In this case the
time taken for this density drop is 1 milliseconds as cém—
pared to ~30.5 milliseconds for more drop in the case shown
in Fig. 13. From Fig. 15, which is drawn on an enlarged
scale, it is seen that there is an almost constant increase
in flow rate at the discharge end upto vl millisecond. The
flow rate remainé almost conéﬁant till the arrival of first
reflected wave at V15 miliiseconds; then; it increases.
Similarly for the inlet ena the flow rate remains constaﬁt
;t 100 lbs/ft2 sec. uéto T milliseconds when the first
expansion wave arrives and increases the flow.rate. The
reflected wave continues to be reflected from each end of
the channel in turn until it dies out due té friction. 1In
Fig. 14, it is seen that new steady state is reached at

. . 2
£ n 130 milliseconds with G ~ 3975 1bs/ft" sec.



The mass flow rate variations with time when the
density drop was a little more than the case explained in
_Fig. 13 is shown in Fig. 16. It is seen that the waves steady
out 1in a‘shorter period. The waves shown in Fig. 16 take about
78 milliseconds as against 86 milliseconds of Fig. 13 in steadying
out; also the new steady mass flow'rﬁte is L4165 lbs/ft2 sec
as against 4025 lbs/f‘b2 éeq.

The effect of density drop becomes further obvious
by‘comparing Figs. 17 and 18 with Fig. 14. It is seen that
a higher density drop yields: a quicker steadying out of
the waves.

If the pressure is prescribed instead of the
density, the resulting curves are shown in Fig. 19 thfough
25. For small pressure drop of the ordér'of 0.55 percent,
the increase in mass flow rates, 6n arrival of the wave, is
gradually diminishing with time due to frictign as can be
seen in Fig. 20 which has been drawn on an expanded scale.

It 1is fprther observed that the time taken by the waves to
steady oﬁt ﬁil} be large.

The effect of heat addition is seen in FPigs. 21,

29 and 23. It is observed that, as in the earlier case, the
flow does not reach a steady state condition even at 6OQ
milliseconds (Fig. 21). But if the préssure drop was in-
cre;sed, the flow could'be made.to reach the new steady state
condition in shofter time. This is seen in Figs. 24 and 25

where the pressure drop was kept of the order of 16.7%.



The_present computer p}ogram of three dependent
variables canlbe made to degenerate back into the two
variables program described by Gorman and Dircy (2). 1In the
.degenerate case, when the entropy is kept constant, it was
observed that, by utilizing the velocity of sound relation-
ship of the present program in their'prdgram, both the

programs give the same results.

4.3 ACCURACY

There is a region in the ﬁ, z plane where it is
possible to check for computational error by comparing cal-
culated values with known values of the dépendent variables.
This is the region of steady state conditions. 1In this

region Gi p.., and Sij should be independent of time.

j? il
Figs. 5 and 6 illustrate that this is so in tﬁe present case
except for the effect of smearing.

in checking computed mass flow rates with heat
addition (q = 30 Btu/1lb sec) bbun no. 2)it is found that the
G curveé‘iﬁ the steady state region do not approach the
¢ = 100 line asymptotically. Thelportions of the curves
above the G = lOb line pertain to errors and have not been
shown in Fig. 7. From the computed results it is found that
the error tends to be a maximum-at the discharge end. It
was observed that after moving through 80 rows of calculations

the maximum error in mass flow rate was 0.73%. Without heat

addition (Figs. 5 and 6) the error was negligible. This shows.
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that the asgumption of linear variation of properties between
stations is not that good as was in the case of without heat
addition.

By éiﬁply reducing the time interval to one-half
size and doubling the number of station intervals the net-
work grid can be cut in half., This éf course requires four
tiﬁes as much computer time. It was found in a trial run
that by making these changes the error of 0.73% was reduced
to less than 0.3%.

In the case of discharge rupture, represented by
run nos. 3 through 11, the discharge end boundary conditions
were such that the flow was finally reached a new steady
state. This néw steady state mass flow rate can be utilized
_for a steady state solution for p and S. Such computations
were carried out for run no. 6. Utilizing the new steady
flow rate of 4120 lbs/f’.c2 sec (Fig. 17), the steady state
solution for p and S was obtained. The density plots are
shown in Fig. 26. It is observed that the two curfes
(i) new steady -state, and (ii) steady state solution with

new steady state mass flow rate, overlap.

h.h- FINAL REMARKS AND SUGGESTION FOR FURTHER WORK

It is seen that the fixed-grid method is easily
programmed and has the outstanding advantage in that it pro-

vides flow properties as a function of distance along the



channél for fixed intervals of time. No interpolation be-
tween computed points is required. The accuracy of the metﬁod
- is readi;y checked and the network grid size may be easily
adjusted so that a suitable compromise can be reached between
accuracy and computer running time.

IThe method described in.tﬁis thesis is meant for
single.phase diabatic transient flowsof compressible fluids.
However, with suitable modifications it.cbuld be extended to
include two-phase flows. For further work, it is suggested

that this technique be extended to include two-phase flows.
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APPENDIX A

DERTVATIONS OF FQUATIONS (2.1) and (2.2)

CONTINUITY EQUATION

The law of conservation of mass for the control

volume shown in Fig.l@)can be written as (10)

3
0%

3

(puph)dz = -~ =%

(pAdz)

or, after simplification, as

9p , 3w, B0 _ -
ot * ezt Tar O - (4.1)
where u represents the flow velocity.

Using G, the mass flow rate, for (pu) Eq. (A.1)

can be written as

(o3

3p , 3G _ - ' oy
3t b 9z 0 (a.2)

‘"MOMENTUM EQUATION

The momentum equation expresses Newton's second
1aw of motion and can be written for the control volume of
Fig.l(b)by equating the ‘summation of forces acting on the

control volume element in z-direction to the element mass

times its acceleration. Thus we obtain (10)
‘ 3 (Pa) - _ (phdzy Du ‘
pa-[PA+ oo az) - . phdz-t_Ddz = ( . ) o (A.3)
where

%% = %3 + 1 @% represents the écceleration of a

particle.



Expanding Eg. (A.3) and dividing throughout by Adz, we obtain

D
_ 3P _ge. _ T _ o 3w, 2u,
9z g, A T g, 8t " az

After simplification, this equation can be written as

[o34
o

du 2P o,
+ puBZ K gc N + gp + gc TW A'_-.O (A.)Jr)

O
(¢34
o+

It is customary to express the wall friction
effects by means of a friction factor T with the following

equation (7):

— .
v (£/p)lcla
2
A _Dgc
T mD KiG|G
or w o — A.
T o8 (A.5)
Y e e -1
where K = — represents the wall friction factor (rt) .

2D

The product IG‘G, in this eduatiog, is utilized
to obtain a change in the sign of T, upon a reversal of flow.
through the channel.‘

‘Substitution of Eq. (A.5) into Egq. (A.L) yields

oy S du 3P . Kl|G|G
— et o = . A.6
p + pu -+ 8. 3, + gp + 5 = 0 ( )

Replacing pu by G and their derivatives, Eq. (A.6) takes
the following form:

56 - G 3p . & 3G _ G- 3p
o 3t T o 3z 2 3z c 3z o

Eliminating %% by the use of continuity equation (A.2), we

obtain



2 .
36 26 3G _ G- 3o , . 3P klele _
3t o 3z "02 z ¥ 8 5 Y EP YT 0

which can be rewritten as

B .
3¢ . 3(G%/p) 9P klele _
T o t g, 5, toer . 0 . (A,?)
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APPENDIX B

COMPUTER PROGRAM
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