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Abstract

The increasing demands of speed and performance become evident with the ex-
panding utilization of signal/image processing to industrial, medical, and military
environments. As the numerical properties are considered, state-space structures
have been successfully exploited in realizing high performance fixed-point digital
filters. However, they require more computations than other realizations. In this
thesis, a general design methodology for mapping recursive algorithms onto optimal
VLSI array processors is first given. Then, the parallel computational models for
recursive state-space filtering are developed, and various high speed VLSI array ar-
chitectures are obtained basecd on the design methodology. For 1-D IIR filters, the
state variable representation is used to obtain a simple systolic array. Based on a
block processing technique, an advanced state update algorithm is developed and a
corresponding high speed array i)rocessor results for state-space filtering. By using
the decomposition method, a cascade form of second-order state-space structures
is suggested, which gives a high throughput rate and high efficiency with hardware
less than for the Nth order form. In the 2-D case, besides the advanced state update
array (called local speedup), the inherent spatial concurrency in 2-D systems is ex-
plored and a global speedup architecture is presented. This architecture consists of
a number of column array processors and it works on multiple columns in parallel.
It is very flexible and modular. The throughput rate is adjustable and therefore
can be very high. In order to utilize the advantages of state-space filtering, the

adaptive state-space filtering is developed based on the LMS algorithm. Gradients
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are derived directly from the state update equation and the observation equation.
The stabiiity monitoring, convergence rate and roundoff noise performance of the
adaptive filter are studied. A VLSI architecture is proposed for speeding up the
filtering and the adaptation. Finally, a very fast Kalman filter for image restoration
is investigated. By using Roesser’s LSS structure to represent the image generation
model and the degradation model, a simple composite dynamic system representa-
tion is obtained. The fast Nalman filter is established by defining a proper state
vector and using diagonal scanning method. A dedicated VLSI array architecture
is designed for real-time image restoration. Proposed algorithms and architectures

are.verified by computer simulations.
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Chapter 1

Introduction

1.1 Real-Time Digital Signal/Image Processing

Digital signal and image processing has become an important and very useful tool
in a wide variety of fields, such as biomedical engineering, acoustics, sonar, radar,
seismology, speech communication, data communication, nuclear science, weather
broadcasting, astronomy, computer vision, medical image processing and many oth-
ers. Simply stated, a signal is any medium for conveying information, and digital
signal processing is concerned with the representation of information by sequences
of numbers or symbols and the processing of these sequences. In many applications,
we want to extract some characteristic parameters. Alternatively, we may wish to
remove interference, such as noise, from the signal or to modify the signal to present
it in a form which is more easily interpreted {1]. In general, the mathematical and
algorithmic techniques encompassed in digital signal and image processing are di-
verse. However, most signal and image processing algorithms are dominated by
convolution/correlation filtering, transform techniques and some linear algebraic
methods, such as, matrix algebra method [2].

The dominating aspects in signal and image processing requirements are math-

ematically intensive algorithms and often real-time operation. To illustrate these



characteristics, we will use the digital filter as an example. Specifically, we will use
the Finite Impulse Response { FIR) filter which in the time domain takes the general
form of

y(n) = S a(i)a(n — i) (1.1)

where y(n) is the output sample at time n, () is the ith coefficient or weighting
factor, and z(n —¢) is the (n — 4)th input sample. From (1.1), to generate every
y(n), we have to compute N multiplications and additions or sums of products. This
computation is mathematically intensive, especially when N is large. In addition to
being mathematically Iintensive, digital signal processing (DSP) algorithms must be
performed in real-time. Real-time can be defined as a process that is accomplished
by the DSP at the sampling rate. In the FIR filter example in (1.1), the sum of the
products must be computed usually within hundreds of microseconds before the next
sample comes into the system. In a speech recogﬁition system, a noticeable delay
between a word being spolien and being recognized would be unacceptable and not
considered real-time. In image processing, it is considered real-time if the processor
finishes the processing within the frame update period [3]. In the area of image
processing, there has been a tremendous growth in both numbers of images and bit
rates. For example, in remote sensing, Landsats 1, 2 and 3 create 1.5 x 102 bits
per year. Landsat D, with higher resolution images, create approximately 3.7 x 1018
bits per year [4]. The data rate of Landsat 6 is 85 megabits per second. And for
Landsat 7 will create even more data per second [5]. In biomedicine, 15 million
images were processed in the United States alone in 1982. one million x-ray images
(excluding those in the dental area) were processed in the United States in 1980.
Those figures constantly increase as the emphasis shifts from diagnostic medicine
to preventive health care. In broadcast television, the color video signal is sampled
at 10.7 Mhz and each sample is quantized to § bits (256 levels), resulting in a bit
rate of 85.60b/s [5]. The bit rate of the future wall screen television will be up to

1 billion bits per second [G6]. These examples indicate the need for fast processing

3



of these images.

In order to be able to process images and signals at an appropriate rate for
obtaining desired information in real-time. a very large number of operations have
to be performed at a very high speed. A computation rate in excess of 1000 million
operations per second may frequently become necessary for real-time performance.

Some typical algorithm examples encountered in tie image processing area are

illustrated in Table 1.1 {2].

Processing function Necessary throughput
Linear operations, O(N)

-spatial filtering

-convolution

-edge detection 10?2 — 10° MOPs

Second-order operations, O(N?)
-sorting operations

-median filtering
-nearest-neighbor classification { 10° — 107 MOPs
High order operations
-matiriz based
-spectral processing
-adaptive operations 101 — 108 MOPs

Table 1.1: Throughput requirements for DSP algorithms.

Here it is assumed that an image quality equivalent to that of television, with
a spatial resolution equivalent to 512 x 512 pixels and a frame rate of 30 frames a
second, resulting in a data rate of 107 samples per second. Hence, even for linear
operations such as spatial filtering, convolution and edge detection, the throughput
rate requirement will range from 102 to 10° MOPs (Million operations/second).
For this reason conventional computer architectures which operate in a sequential
manner are .. at-output bound when performing such tasks, and cannot usually

reach such speeds.



1.2 Parallel Computing Architectures

Over the past decades. digital signal processing machines Liave passed through sev-
eral evolutions in order to realize real-time processing. Current parallel computers
can be divided into three structural classes: pipeline computers, multiprocessor
systems, and array processors (7). A pipeline computer performs oveﬂapped com-
putations to exploit temporal parallelism. A multiprocessor system achieves asyn-
chronous parallelism through a set of interactive processors with shared resources
(memories, database, etc.). An array processor uses multiple synchronized logical
units to achieve spatial parallelism. The first two classes belong to the general-
purpose computer domain. The third class belongs to the domain of special-purpose
computers [2]. Due to the complicated system organization and severe system over-
heads, the general—pilrpose co:lnputers are not suitable for real-time signal process-
ing where a very high throughput rate is absolutely essential . On the other hand,
the special-purpose array processors offer a promising solution to meet real-time
processing requirements and have structural properties that are suitable for very-
large-scale integration (VLSI) implementation. Therefore, we shall focus on VLSI
array processors in this thesis.

VLSI technology has made great progress in the development of fast operation
and low power consumption switching elements and has vastly increased the circuit
density. In addition, high density also leads to high performance and high relia-
bility [8,9). As indicated by Mead (8], VLSI electronics presents a challenge not
only to those involved in the development of fabrication technology, but also to
computer scientists and computer architects. It created a new horizon in architec-
ture by implementing parallel algorithms directly on hardware. The current major
types of VLSI parallel architectures-are SIMD (single instruction and multipie data
streams), MIMD (multiple instruction and multiple data streams), and systolic and
wavefront arrays [10]. A SIMD array shown in Figure 1.1(a) [7] is a synchronous

array of processing elements (PEs) under the supervision of one control unit. All
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PEs receive the same instruction broadcast from the control unit but operate on
different data sets from distinct data streams. Broadcasting of data is allowed and
often needed. A MIMD machine consists of a number of PEs, each with its own
control unit, program, and data (Figure 1.1(b)) [7]. The overall processing task
may be distributed among the PEs for the purpose of increasing processing paral-
lelism. A systolic array is a network of processors which rhythmically compute and
pass data through the system. The systolic array features the important properties
of modularity, regularity, local intcrconnection, a high degree of pipelining, and a
highly synchronized multiprocessing. Figure 1.2 shows various systolic array con-
figurations which are suitable for VLSI implementation [11]. The wavefront array
incorporates the systolic principle with the dataflow computing concept. It is a
self-timed, data-driven array. There is no global timing reference in the wavefront
array (Figure 1.3) [2].

The major factors to be considered when adopting systolic arrays for special-
purpose processing architectures are: simplicity and regularity of design, concur-
rency and local communication, and balancing computation with I/O [12]. Since
1978, when H.T. Kung and C.E. Leiserson [13] introduced the term “systolic array”
and the concept behind the term, in the area of signal and image processing, much
research has been done and much has been written about the design of algorithms
and architectures suitable for such structures. In [14], H.T. Kung gives a partial
list of problems for which systolic solutions exist. The VLSI implementation of
signal and image processing algorithms have been discussed. {15] describes a linear
systolic array capable of evaluating a large class of inner-product functions used in
signal and image processing. These include matrix multiplication, multidimensional
convolutions, as well as various nonlinear functions of vectors. {16,17,18,19,20] give
the designs of systolic arrays for filtering, 1-D convolution, 2-D convolution, multi-

dimensional convolution and resampling. VLSI structures for the computation of
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Figure 1.1: SIMD and MIMD array architectures.



(a) One-dimensional linear array

(b) Two-dimensional square array (c) Two-dimensional hexagonal array

(d) Binary tree (e) Triangular array

Figure 1.2: Various systolic array configurations.
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the discrete Fourier transform (DFT) and fast Fourier transform (FFT) are pre-
sented in [21]-[22]. In [23]. several methods for computing the FFT in hardware are
reviewed. [24] reviews issues in the design of special-purpose VLSI chips in general,
and suggests VLSI desigas for polynomial multiplication and division. A new class
of partitioned matrix algorithms is developed in [25]. Four matrix operations, L-U
decomposition of a dense matrix. inversion of a triangular matrix, matrix-matrix
multiplication, and solving a triangular systems of equations, are shown systemat-
ically partitionable into submatrix operations, which are feasible for direct VLSI
implementation. [26] proposes a solution for mapping an arbitrary large QR al-
gorithm into small VLSI array processors. [27] describes a matrix multiplication
algorithm on a linear array of processing elements. [28] presents two systolic ar-
chitectures for performing the product-sum computation AB + C in the finite field
GF(2™) of 2™ elements, where 4, B, and C are arbitrary elements of GF(2™). Re-
cently, VLSI systolic arrays for more specific applications are proposed. In [29], a
high throughput systolic implementation of the second-order recursive filter is given.
In [2], S.Y. Kung presented various systolic arrays for spectral estimation, beam-
forming, Kalman filtering, speech processing, image processing and image analysis.
Systolic arrays for adaptive null steering beamforming, linear algebraic and cellular
operations, and mapping data graphs are shown in [30]. It gives discussion of the
realization of systolic arrays from concept to implementation with the signal/image

processing applications.

1.3 VLSI Design

1.3.1 Design Principles

VLSI architectures should maximize the processing concurrency by pipelining and
parallel processing and also take into account the cost and the number of I/0O

pins. Consequently, VLSI architecture design principles should include modularity,



regularity, local communication. massive parallelism, and minimized I/0 [12,2].
1. Regularity and Modularity

In designing special-purpose systems, cost-effectiveness has always been a chief
concern and main cost is the design cost. Therefore, the overall architecture
should be as regular and modular as possible, so that design error, time and
cost can be reduced. If a structure can be decomposed into a few types
of simple substructures or building blocks, which are used repetitively with
simple interfaces, great savings can be achieved. In addition, special-purpose
systems based on simple, regular designs are likely to be modular and therefore

adjustable to various performance requirements.

2. Pipelining and Parallelism

Throughput rate is the overriding factor dictating the system performance.
And, the technological trend indicates any major improvement in computation
speed must come from the concurrent use of many processing elements. In or-
der to optimize throughput rate, real-time signal processing requires extensive

concurrency by using pipeline and parallel processing.

For signal processing arrays, pipelining and parallelism at all levels should
be pursued. Pipelining may bring about an extra order of magnitude in per-
formance with very little additional hardware. Although most of the current
array processors stress only word-level pipelining, the trend is to exploit the
potential of multiple-level pipelining (i.e., combined pipelining in the bit-level,

word-level, and array level).

3. Local versus Glohal Communication

When a large number of processing elements work simultaneously, coordina-
tion and communication become significant—especially with VLSI technology.
Since communication is very expensive in terms of area, power, and time con-

sumption, it has to be restricted to localized interconnections. To avoid global
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interconnections, local and regular data movements are strongly preferred.

On the other hand, the broadcasting technique is probably one of the most
obvious ways to make multiple use of each input elements. There are many
cases where arrays with global data communication are suggested [12]. For
example, in real-time recursive filtering, the current output value depends
upon the previous output. The broadcasting technique can be used to exploit
the concurrency in algorithms so that the throughput rate can meet the real-
time requirement. Obviously, whenever broadcasting is used, the skew has to
be considered and the circuit must be designed carefully. There is a tradeoff

between the throughput rate and the cost.

. I/O Constraints

There are two I/O constraints in designing VLSI special-purpose architectures.
The first one is I/O bandwidth. Since a special-purpose system typically
receives data and outputs results through an attached host, I/O considerations
influence overall performance. The ultimate performance goal of a special-
purpose system is a computation rate that balances available I/O bandwidth
with the host. Since an accurate priori estimate of available I/O bandwidth
in a complex system is usually impossible, the design of a special-purpose
system should be modular so that its structure can be easily adjusted to
match a variety of I/O bandwidth. The second one is the limited number of
I/0O pins. A good design should take into account the constraints on 1/0 pins.
Most recursive signal processing algorithms permit locality features, i.e., local
data communication and distributed control, which can be fully exploited in

array architectures.
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1.3.2 Design Methodology

In general, the design of VLSI array processor for certain application, can be divided
into five steps as shown in Figure 1.4. In this thesis, we will focus on mapping of
DSP algorithms onto array architecture, ie., translation from algorithmic level to

architecture level.
Application

!

LA]gorilhmic Level J Functional Representation

( Architectyral chelJ Structural Representation

[Logic{Regislcr Level | Logical Represeniation

ﬁilecuicaUCimuil LevelJ Transisior Representation

Leaf Cell
Design

Geometry/Layout l.zvej Stick Diagram/Mask Layout

Fabrication

Figure 1.4: Hierarchical design levels of VLSI architectures.

Mapping of DSP algorithms onto array architectures has attracted much atten-
tion of many researchers. In the last decade, there has been a dramatic growth
in mapping various signal/image processing algorithms onto array architectures.
There are many articles about the design of special VLSI architectures for specific
applications. There are also some attempts to develop general methods for design-
ing VLSI architectures systematically. Attempts to synthesize systolic arrays can
be classified into three categories [31]. The first approach, called functional trans-

formation, applies formal transformations to the mathematical expression of the
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algorithm [32,33,34,35]. The sccond approach [36], called retiming, applies a graph
transformation to obtain an equivalent systolic design from a non-systoiic design.
The third approach is called dependence mapping. It aims at extracting the depen-
dencies between the variables of an algorithm and mapping the algorithm onto a
systolic array in such a way that the dependencies are preserved. In this direction,
Moldovan in {37] presented a method to map algerithms from dependence graph
(DG) to systolic structures, which formalizes the mapping methodology by develop-
ing an algebraic transformation. A computer program is required for this method
to examine all possibilities to obtain the best transformation. Miranker [38] uses
the space-time representation method to mapping computational structures onto
arrays. In [39,40], Rao, Jagadish and Kailath developed a synthesis procedure for
designing array processors for regular iterative algorithms. It basically contains
obtaining a schedule, mapping onto the processor space and determining the inter-
connections. In [31], Quinton described another method for the systematic design
of systolic arrays. The method consists of deriving uniform recurrence equations
for a given problem, finding a timing function and an allocation function, and fi-
nally projecting the computation domain to the processor domain. Kung in [2]
summarized the mapping methodology for general algorithms onto systolic arrays
and other arrays. Especially, a general mapping methodology which consists of a
‘series of intermediate mapping stages is described in detail. The design criteria and

design guidelines for achieving an optimal design are also given.

1.4 Objectives and Thesis Plan

In this section, the objective of the thesis and a brief outline of the thesis are given.
Background material is presented in the corresponding chapters whenever the need

arises.

As mentioned in the previous section, the increasing demands of speed and
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performance have become evident with the expanding utilization of signal/image
processing to industrial, medical, and military environments. As the numerical
properties concerned, a class of structures that has been successfully exploited in
realizing high performance fixed-point digital filters is the class of state-space struc-
tures. The mathematical tractability of these structures has permitted their syn-
thesis in an optimal form that achieves minimum roundoff noise and low coefficient
sensitivity. Furthermore, in the VLSI era, structures for filters suitable for the VLSI
environment are likely to consist of a number of identical processing elements. Each
such processing element could be implemented by a simple circuit. The state-space
representation results in the matrix operations which are easy to be implemented
by systolie arrays. Therefore, there is a growing interest in realizing state-space
filtering. Unfortunately, State-:“;pace structures require more multiplications and
additions than other realizations.

The recent advances in VLSI lead to a reconsideration of the design and im-
plementation criteria in digital signal processing. The past approaches based on
the minimization of the number of multiplications, delay elements and quantization
noise are being replaced by a new set of criteria based on considerations, such as
parallelism, pipelining, concurrency, modularity, etc. As a result, high-speed, high
efficiency and low-cost special purpose array processors for high numerical perfor-
mance digital filters will become desirable.

Motivated by these considerations, we have formulated a general methodology
which can directly map the recursive algorithms onto VLSI architectures systemat-
ically, established the parallel computational models for recursive state-space filter-
ing and applied the design methodology to obtain various high speed VLSI array
architectures.

In chapter 2, based on the existing mapping methods, a modified approach for
directly mapping recursive algorithms onto systolic arrays is given. Several exam-

ples are presented to illustrate the mapping rules. One question is that assuming we
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do obtain an array structure for a certain algorithm. such as matrix-vector multipli-
cation, how can we design an optimal array for it according to certain criterion? For
the recursive filtering, the output is an indefinite-length sequence and the current
output is dependent upon the previous output. This problem is more serious in
the case of state-space filtering since more multiplication and addition operations
are required for each sample processing. The optimization of design is more impor-
tant for that kind of applications. Therefore, we give several design guidelines fof
designing the optimal arrays in the following sections,

In chapter 3, VLSI realizable high performance structures for real time one di-
mensional state-space recursive filtering are shown. The state-space representation
is used to obtain a direct-form systolic array. For transformed state-matrices, an
advanced state calculation array and a cascade-form of second-order structures are
proposed. The advanced state calculation array increases throughput rate and effi-
ciency N + 1 times at the expense of increased hardware (2 times) as compared to -
the direct state-space implementation. In the cascade-form of second-order struc-
tures, each section is implemented by parallel processing elements. This structure
results in a higher throughput rate and a higher efficiency with less hardware as
compared to the direct state-space implementation.

Chapter 4 is devoted to new high-speed architectures for two-dimensional state-
space recursive filtering. DBased on the block processing technique, the advanced
state update architecture is obtained which trades increased throughput rate and
a simple input/output scheme for increased hardware. By exploring the inherent
spatial concurrency in 2-D systems, a global speedup architecture is presented.
This architecture consists of a number of column array processors and it works on
multiple columns of images concurrently, The architecture is very modular and
flexible. The throughput rate is adjustable and therefore can be very high.

Adaptive recursive filters are often implemented using direct-form realizations.



In chapter 3, to find hetter performance adaptive structures, gradient-based adap-
tive algorithms for state-space systems is studied. The stability control, convergence
rate and noise performance of the filter are investigated. Since the adaptive state-
space filtering requires intensive computations and all computations involved are
matrix operatioﬁs, a high speed VLSI architecture is given for real-time applica-
tions.

In chapter 6, hased on the given design method, we present a very fast Kalman
filter architecture for image restoration. Optimal restoration schemes for two dimen-
sional images by Kalman filters lead to intensive computations. By using Roesser’s
local state-space structure to represent the image generation model and the degra-
dation model, a simple composite dynamic system structure is obtained. From this
model, the Kalman filtering equations are established by defining a proper state
vector. To achieve very fast restoration, the processing recursion is arranged along
the diagonal direction, and a dedicated VL3I array processor is given, which results
in the throughput rate of one estimation per multiplication/addition time period.
Finally, the summary of this rescarch and the discussions of the future research

work are given in chapter 7.
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Chapter 2

Mapping Recursive Algorithms

onto Array Structures

2.1 Introduction

Well designed VLSI architectures have the capability of performing pipelining (tem-
poral parallelism) and multiprocessing (spatial parallelism), hence they can greatly
increase the throughput rate of computation. Due to the use of massive paral-
lelism and pipelining, the geometric and timing regularity, and identical (or few)
simple processing =lements, the systolic arrays are especially useful for the design
of special-purpose VLSI architectures. Therefore, it is important to provide the
designers with methods that help them implement DSP algorithms by systolic or
systolic-type array architectures.

As indicated in chapter 1, a number of researchers have studied the problem
of systematically deriving systolic implementations for a given algorithm. The re-
sults due to Moldovan [37], Fortes {41,42], Quinton [31], Kung [2] and others are
well Rnown and a systematic methodology for systolic array synthesis has emerged.
However, there still are questions regarding the design of array structures for recur-

sive algorithms. First, for a given recursive algorithm, is there a general method
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to map the algorithm directly onto a systolic array? Secondly, for a subclass of
recursive algorithras such as recursive filtering, the inputs are dependent upon the
previous outputs. How can we design VLSI architectures with high throughput
rate and high efficiency for re-d-time applications? Thirdly, are these architectures
feasible to be manufactured anc used? Most of existing methods assume no limita-
tion on the size of VLSI architecture, or the number of processing elements on the
VLSI chip. Such an assumption appears to be unrealistic, since there are several
factors (physical, technology and complexity limitations) that actually constrain
the integration level of the silicon IC technology [43]. The assumption of no size
limitation of VLSI architectures is also not very economical and convenient because
we have to design VLSI architectures with different sizes for different computation
problems even though they may use the same algorithms. We have to find methods
to partition computation problems so they can be solved on the basic fixed-size
VLSI architectures.

In this chapter, we present a direct mapping methodology which can map re-
cursive algorithms directly onto systolic arrays and is a modification of a mapping
method using SFG's [2]. We also give several rules to optimize the systolic array
design for recursive filtering algorithms [44,45]. In section 2.2, the basic design pro-
cedure for direct mapping onto systolic arrays is described, and the constraints for
choosing the schedule vector and the nrojection vector are given. To illustrate the
method, examples are discussed in detail. Then in section 2.3, the minimization of
the computation time and the pipeline period, the optimization of I/O lines, the
reduction of the array size, and the improvement of the utilization efficiency are

also addressed.
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2.2 Direct Mapping to Systolic Array

In general, the design of a special-purpose array architecture for a given problem can
be hierarchically decomposed into four steps: a) mapping algorithm to dependence
graph (DG); b) mapping DG to obtain the signal flow graph (SFG); ¢) mapping
SFG onto a array architecture, such as systolic array (SA) or other type of array:
d) providing implementation details for the processors and the input/output lines.
It is shown here that the intermediate mapping stage, the signal flow graph, can be

avoided. The overall procedure can be made simpler and more direct to implement.

2.2.1 Dependence Graph for Recursive Algorithms

An algorithm is said to be a recursive algorithm if the algorithm can be described
by recursive equations. For example, the matrix-vector multiplication C = AB is
a recursive algorithm since it can be expressed by the following single assignment

recursive equation:

D = ) gy (2.1)

where j = 1,2, ..., N is the recursion index or time index, ¢ is the space index, and

M= 9 (2.2)
o) = A(i,j) (2.3)
b = B(j) (2.4)

Many signal processing operations can be described by recursive equations,
therefore, they are recursive algorithms. According to the type of interconnec-
tions, the DSP algorithms are divided into two categories: local interconnections
and global interconnections. A majority of the algorithms used in signal and image
processing have local interconnections, such as matrix multiplication, convolution,

IIR filtering, and so on. Some other algorithms involve globally separated space
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indices, they are called globally recursive algorithms. For example, FFT is an al-
gorithm which has global interconnections between the computing nodes. We will
focus on the locally recursive algorithms in this thesis, because these algorithms can
be mapped onto an array structure with local communications only.

Notice that recursive filtering, such as IIR filtering, is a special kind of locally
recursive algorithm. A filter is a recursive filter because the current output depends
on the input and the previous outputs. There is a feedback in the system. When
we say a recursive algorithm, it is not necessary to be a recursive filter algorithm.
In this thesis, the emphasis is how to map recursive filtering algorithms onto array
architectures.

A DG is a graphical representation of a single assignment recursive algorithm
and a single assignment code is a form where every variable is assigned one value only
during the execution of the algorithm. It shows the dependence of the computations
that occur in an algorithm. Given a single assignment algorithm, the DG can be
constructed based on the space-time indices in the algorithm. A node represents
each basic computation or combination of computations, such as faultiplica.tion,
division, addition, comparison etc., in the algorithm. A directed arc between nodes
is given if and only if thel computation represented by the second node is dependent
upon the computation represented by the first node. For the example of matrix-
vector multiplication, if the matrix has dimension of ¥V x N, the vector is N x 1,
there will be N? computation nodes in the algorithm. By viewing each dependence
relation -as an arc between the corresponding variables located in the ¢ — 7 index
space, a DG for N = 4 is obtained in Figure 2.1(a).

Notice that in Figure 2.1(a), the value B(j) of the vector B is broadcast to all
nodes having the same j-index. This means that global communication is involved
in this dependence graph. |

We refer it as to the DG with global communication. In order to obtain a DG

with local communication, w¢ can transfer B(j) from one node to the next one
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Figure 2.1: Dependence graph for matrix-vector multiplication. (2) with global

communication; (b) with local communication. (The elements of matrix A are
assumed stored in the nodes.)

without modification, that is bf-;’;_)l = b and b)) = B(j). As a result, a localized

DG for matrix-vector multiplication is shown in Figure 2.1(b).

2.2.2 Processor Assignment and Scheduling

To achieve high speed processing, one simple method is to use a distinct processor
for executing the computation represented by every node in DG. However, there
are dependencies between those computations as shown in the DG. Therefore, each
processor is active only for a fraction of the time required for completing the al-
gorithm. The array architecture will be very inefficient. For a better utilization
efficiency, it is necessary to reuse the same processor to handle a large number of
computations. The principle of design is to obtain a desirable processing rate by
~ using fewer processors as well as simple interconnections.

In determining an implementation for an algorithm, we must decide how many

processors are to be used, at which processor each computation will be performed

and in which order the operations will be executed in each node. In other words,
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there are two things to be done for mapping a DG onto an array processor: one is
the processor assignment, the other one is the scheduling.

Processor assignment can be done by the projection method, by which nodes
of the DG along a straight line are assigned to a common processor element (PE).
Mathematically, a linear projection is often represented by a projection vector d
or projection matrix p, where p'd = 0 and ¢ indicates the transpose of a vector
or a matrix hereafter. To obtain a systolic array, a scheduling scheme has to be
applied to specify the sequence of the operations in all PEs. For any dependence
arc b, the schedule vector s and the projection vector d have tc satisfy the following

conditions:

s > 0, (2.5)
sd > 0. (2.6)

These conditions are necessary because in the systolic array architecture, no
global communication is allowed. There is at least one delay for each edge in the
array. The nodes projected onto one processor have to be performed at different
time. There is at least one delay between the two consecutive nodes. These condi-
tions are also sufficient because If s*b > 0, no edges with no delays can be resulted.
std > 0 ensures that one delay or more delays will exist between two consecutive
computations for every processor element. _

The objective of mapping is to project an N dimensionai DG into an N — 1
dimensional SA. During the mapping, the node n in DG is mapped to the processor
¢ in the array, the arc b in the DG will be mapped to the edge e in the systolic
array. Assume that the coordinates of DG start from (0,0), the mapping equations
are given in [2]. However, for output mapping, a new equation should be given as

shown in (2.10).

Node Mapping : c¢=p'n . (2.7)
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where D(e) is the number of delays on each edge e required, and T(c) is the number

of delays for each input and output relative to the starting time. Notice that for

the same node the number of delays for the output data is different by one delay

from the input data mapping, this can be understood by considering the execution

time. For the input and the output on the same node, the coordinates are the same.

However, the output is generated one clock time later than the input data. Thus,

we have to add one delay for reflecting the execution time.

2.2.3 Mapping Procedure

In practice, the mapping procedures is as follows:

1. Select hyperplanes. Given a DG, choose the hyperplanes so that all nodes on

the same hyperplane are to be processed at the saine time. The selection of

hyperplanes depends upon the recursive algorithm. It is suggested to start

from the node without any intermediate variables generated from other nodes,

usually, the node at the origin of the time-space coordinates. Then following

the outputs of this node, we can find the next hyperplane, on which all nodes

can start to work at the same time.

2. Obtain the schedule vector. The schedule vector is then normal to the hy-

perplanes. The hyperplanes, therefore the schedule vector, may be chosen

different as long as the condition s'b > 0 is satisfied. However, different

schedule vectors will result in different computation time.
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3. Select ‘projection vector d. This is determined by the condition: s'd > 0. d
then determines the projection matrix p as p'd = 0.

]

4. Combination of s and p* to . That has been found to give direct mapping

pt
from DG to SA, resulting in 2 SA that has minimal delay for every edge (but
no edges without delay).

5. Projection DG to SA and calculation of delays of each edge.

2.2.4 Examples
In order to illustrate this direct mapping method, several examples are given as
follows.

¢ Example 1: Convolution-FIR filtering.

Given two sequences u(1) and w(i),: = 0,1,..N — 1, the convolution of the
two sequences is’

y(3) = Si_gu(i)wli - 5) (2.11)
where i = 0,1, ...,2N — 2. The localized DG for convolution with N = 4 is

given in Figure 2.2.

Notice that b in the DG are: [ 10 ] ) [ 01 ], and [ 11 ], the hyperplanes
for convolution are determined as shown in Figure 2.2. The schedule vector s

is orthogonal to the hyperplanes, i.e., st = [ 11 ]

Because the projection d has to satisfy the condition std > 0, d* may be chosen
as[l 0],[0 1],and[1 1].

For d' = [ 11 ], according to (2.7)-(2.10):

The node mapping is given by

1 —1]H=z‘—jf‘ (2.12)
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Figure 2.2: Localized dependence graph for convolution

The arc mappingis :

11 1o1] [1 1 2
1 —1]{o11]| |1 -10}

The input u(j) is mapped to

The input w(%) is mapped to

AL

The output y(2) for 0 < 7 < 3 is mapped to

IR

The output y(z) for 3 < : < 6 is mapped to

AL
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The resulting systolic array is shown in Figure 2.3(a). If we preload the coeffi-
cients w(?) into the processing elements, and notice that the output y(4), y(5)
and y(6) can be obtained from the leftmost cell too since there is an arc from

the right to left for transferring the partial results, a modified array is obtained

in Figure 2.3(b).
20 2D 0 2D
u(3) 0 u(2) 0 u(1) 0 u(0) D D
0 y(0) 0 y(1) 0 y(2) 0 y(3) 5 5
y{4) ¥(8)
0 0 0
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Figure 2.3: Systolic array for convolution: (a) direct mapping result; (b) modified
array.
e Example 2: AR Filtering.
An AR filtering algorithm is described by the following difference equation:
for: =0,1,2...,00

y(i) = Bitay(i — j - 1) + u(i) (2.18)

The localized DG for this AR filtering algorithm with N = 4 is given in
Figure 2.4. Since it is a recursive filter, the output is an indefinite-length

sequence even if the input sequence u(i) has a finite duration. In other
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words, the index space i is not finite. Therefore, the projection vector is

unique, i.e., d¢ = [ 10 ] Other projection vectors will result in an ar-

ray with infinite processing elements. Therefore, p* = [ 01 ] Since & =

[1 0],[0 1],[1 -1 ],thus, the schedule vector s* can be chosen as:
[2 1],[3 1],[3 Z]a.ndsoon.
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Figure 2.4: Dependence graph for AR filtering.

Fors‘:[z 1]:

The arc mapping is given by

21|[10 1 21 1
= . (2.19)
01 0 1 -1 01 -1
The input u(z) is mapped to
ERIE 2
=] (2.20)
_0 1 0 0
The input a(j) is mapped to
1 0 ]
2 =71, (2.21)
0117 j
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The output y(i) is mapped to

BHIBERE

Similarly, we can preload the coefficients a(j) into the array. The resulted

2t +4
3

(2.22)

systolic array is shown in Figure 2.5.

2D D D D
5(3) 0 u(2) 0 u(1) 0 u(®) 8 5 8 b 5 ' Y20 y1)0¥(©)0000
a2) a) @-
D D 5 D

Figure 2.5: Systolic array for AR filtering with minimum delays.

¢ Example 3: Matrix-Matrix Multiplication.

- Many signal processing operations are based on matrix-matrix multiplication
and the multiplication of a data vector by a matrix or vector of coefficients.
The matrix-matrix multiplication can be viewed as a multiplication of a matrix
by a series of vectors. The dependence graph for matrix-matrix multiplication

is presented in Figure 2.6.

Since s'b > 0 is required, s can not lie in the planes (3,5), (3,%) or (],k)
The best choice is ¢' = [ 11 1]. While d* can be [1 0 0], [ 010 ],

010
001!

[010] ; =[f], 229
0 01 . k
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Figure 2.6: Dependence graph for matrix-matrix multiplication.

the arc mapping is:

111 10 o] 111
01o0)llo1o0!=|010]{, (2.24)
00 11{|0o0 1J 001

the input mapping :

11 1| [i 6] [i+r j+k
01of||loj|l=1{ o i | (2.25)
00 1|}k |k k
the output mapping;
11 1|} [ 1] i+j+3
0 10(|ljl{+|o]= j : (2.26)
6 0 1]]2 | 0] 2

The systolic array for this mapping is a two-dimensional array shown in Fig-

ure 2.7. One matrix, say matrix B resides in the array, the other matrix, A
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is entered from left side of the array, and the output matrix, C is obtained

from the bottom of the array.
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Figure 2.7: Systolic array for matrix-matrix multiplication.

2.3 Proposed Design Optimization

It is well known that design criteria for VLSI array processors are: maximum paral-
lelism, maximum pipelinability, balance among computations, communications and
memory, trade-off between computation and communication, and numerical perfor-
mance and quantization effects. In practice, the final choice of optima]ity criteria
will have to be application dependent. Some practical considerations are compu-
tation time, pipelining period, utilization efficiency, array size, I/O lines and so
on. In this section, we will discuss how the design can be optimized for recursive

algorithms.
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2.3.1 Minimization of computing time and pipelining pe-

riod

Suppose T} is the time interval of the clock period. Computation time, denoted by
T, is defined as the time interval between starting the first computation and finishing
the last computation of a problem by the array processor. Pipeline period is defined
as the time interval between two successive computations in a given processor. If
the pipeline period is denoted by e, then the processor does one clock period useful
work during every « clock times. Usually a = 1,2,3 or other integers.

There are two points worthy of remarks regarding the relation between com-
putation time and pipeline period. 1). In the case that the DG is finite, such as
fixed length convolution or a fixed size matrix-inatrix multiplication as shown in
last section, the computation time is perhaps more important criterion than the
pipeline period. However, in many DSP applications, such as the IIR filtering we
will discuss in the following chapters, input data lengths are usually very long or
infinite. In this case, mil_'ximizing the computation time is equivalent to minimizing
the pipeline period. If the pipeline period is shor-t, so is the computation time.
2). In order to achieve high speed processing, parallel processing techniques can be
used at different processing levels. Given an application problem, we can map the
dependence graph of the algorithm onto an array and process the data by the array
processor sequentially. We refer to this method as a sample level speed-up. In this
case, the coniputation time is directly proportional to the pipeline period. On the
other hand, we can exploit the inherent parallelism in the algorithm and process in-
put data cencurrently. This method can be referred to as a sequence level speed-up.
In this case, the computation time is not only dependent upon the pipeline period,
but also the arrangement of and the number of the processing elements.

Here, we consider the sample level speedup case. According to the mapping
methodology given above, a different choice of projection vectors and schedule vec-

tors will result in different systolic arrays. Since the pipeline period is the time
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interval between two consecutive computations for a processor, and the projection
vector, when it is coprime, will determine the coordinate distance between two

consecutive computations, the pipeline period « can be calculated as:
a=std (2.27)

where both the systolic schedule s and the projection vector d are in coprime form,
i.e., the components of the vectors are coprime.

From examples given in the last section, it is also clear that the projection vector
determines the array architecture, the schedule vector determines the computation
order and at which time each ‘computa,tion is to be executed by the processor.
Therefore, it determines the computation time. If the schedule vector s is coprime,

then the computation time can be determined by:
T=(L-1lva+s'qg+1 (2.28)

where ¢ is the coordinate vector for the final node in DG, s'q + 1 is the time for
finishing the last computation in the dependence graph for the first sample. L is
the number of the input samples. When the inputs are scalar signals, v is equal to
1. When the inputs are vector signals, there are two cases. If the components of
each vector input to the array in parallel, v equals to 1. If the components of each
vector input to the array serially, v is equal to the length of the vector.

From (2.27) and (2.28), it is obvious that the pipeline period a is dependent on
both s and d. The computation time is determined by s and «. Thus, it is also
determined by s and d. Therefore, minimizing T and o equals minimizing s and d,

under the constraints:
st > 0 . (2.29)
sd > 0 (2.30)

for any dependence arc b in the DG. Here, minimizing s and d means minimizing

their components.



Now we will use the example of matrix-vector multiplication to illustrate how
the schedule vector and the projection vector effect the computation time and the
pipeline period. The DG of matrix-vector multiplication is given in Figure 2.1. In
that DG, the elements of matrix A are assumed sitting in the nodes. In effect, they
are also the input data. The DG with matrix A as inputs is given in Figures 2.8-2.11.

By using different projection vectors and schedule vectors, four different systolic

arrays are obtained. I'or this example, L = 1. Hence, the computation time 7 =

stq+ 1.

1 1
Case 1. For s = and d = , we have:
1 0
I 2
Node mapping : | 0 1 ] | =i
) J
_ 1 1l[10] [11
Arc mapping : =
(01]|o1j |01
) [ 11 17 i1 [ 14+7 @
Input mapping : =
| 01j|j0f | 5 0
_ 11][3 1 4+j
Output mapping : + =
. 01 il 0 J

3
Comprutation time T = [ 1 1 ] +1=7

1
Pipeline period : a= [ 11 ] =1

1 1
Case 2. For s = ii and d = ] , we have:
1 1.

4

¢
Node mapping : [ 1 -1 ] | =i
] .
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Figure 2.9: Systolic array 2 for matrix-vector multiplication.
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Figure 2.10: Systolic array 3 for matrix-vector multiplication.

3
Computation time : T = [ 2 3 ] | +1=16
3
o . 1]
Pipeline period : a= [ 2 3 ] =5
1
L .

In this example, when s and d are minimum, as for case 1, both the computation
time and the pipeline period are minimized. For case 2, the computation time is
still mirir umn since the schedule vector is the same as the case 1. However, the
pipeline period is increased to 2. Notice that the minimum computation time is
obtained at the expense of an increase in number of the processing elements. The

larger schedule vector s results in more computation time as shown in cases 3 and

4, which should be avoided.
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Figure 2.11: Systolic array 4 for matrix-vector multiplication.
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2.3.2 Optimization of I/0 lines

As shown in the examples above, projecting a DG onto an systolic array may result
in a large number of I/O ports. Furthermore, in many cases, resulting I/O will
fall on interior nodes of the array, i.e., the input/output data are not only on the
boundary of the array. A typical requirement in the design of processor arrays is
that inputs must be fed in and outputs tapped at the boundaries of the processor
arrays and the input /output lines are to be as few as possible. When these arrays are
implemented at the board level with one chip per processor, the restriction of inputs
and outputs to the boundaries is unnecessary and results in inefficiency. However,
when these arrays will be completely or partially implemented on one chip, it is
very important to be able to map an algorithm onto an array with minimum I/0
lines and without iuterior I/O. In both cases, it is desirable to load the inputs and
unload the outputs efficiently.

To optimize the input/output lines, several methods are possible. First of all,
when coefficients, as the inputs to the array, are constants during the processing
period, they can be preloaded into the processors before starting the computations.
Hence, they can be ignored during the mapping. For example, the coefficients for
convolution-FIR filtering and AR filtering, the elements of one matrix for matrix-
matrix multiplication and matrix-vector multiplication can be treated in this way.
Similarly, the output data, accumulated in the elements, after all computation is
done, they can be post-dumped. The.preloading makes the implementation hard-
ware easier by adding operation time for loading the coefficients. When assuming
that the elements of matrix are sitting in the processors, all /O for the DG of

matrix-vector multiplication occurs on the boundaries as shown in Figure 2.1.

Next, although all I/O for a DG is on the boundaries, projection of the DG
onto a linear array may result in I/O on the array’s interior nodes. For example,
the DG for C = AB + C is given in Figure 2.12(a), where A is a matrix, B,C

are vectors. By using projection vector d* = [0 1], a systolic array is obtained
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(@) ©

Figure 2.12: Matrix-vector multiplication and summation. (a2)Dependence graph;
(b) A systolic array from vertical projection; (¢} Configuration of basic cell.

in Figure 2.12(c), which has interior input/output lines. The basic cells for this
array is the simplest one shown in Figure 2.12(b). For each cell in this array, there
are two input data lines and two output data lines. In addition, there is a control
signal connected to each cell to synchronize the operations. If we wish all of the
inputs and outputs to be at the boundaries, the DG has to be expanded such that
its corresponding boundaries are parallel to the chosen projection direction [2,39].
Then the projection of these boundary nodes will result in points that lie on the
boundary of the processor space. Given a DG, the mapping procedure without

interior I/Q is as follows:

1. Choose the projection vector and decide the I/O boundary of the DG. It is
obvious the I/O boundary of the DG is parallel to the projection direction.

2. Expand the DG wiik some non operating nodes so that all inputs and outputs
are along the boundaries of the DG. Note that in the expanded region of the
. DG, the algorithm does not perform any computation, but only propagates

the relevant inputs to the appropriate locations in the true DG and transmits
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the outputs from interior nodes to the boundary cells of the array.

3. Modify the functions of the processing elements (PEs) and determine the
control signal. In the expanded region of the DG, the arcs and the nodes
are different from those in the original DG. However, they will mapped onfo
the array according to the same rules. Sometimes the PEs only propagates

the input or output data. At other times they perform the computations.

Therefore, a control signal is needed when the function of the PE needs to be
modified.
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Figure 2.13: Mapping without interior I/O for matrix-vector multiplication and
summation.
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For the example of matrix-vector multiplication and summation, when we choose
the projection vector as d* = [ 0 1 ], the border lines for this projection direction
are shown in Figure 2.13. We extend the DG with non operating nodes, depicted by
filled circles. This new DG is then mapped onto an array according to the mapping

equations. Since df = [ 01 ], and st = [ 11 ], we have:

_ (1 1]]1 0 11
Arc mapping =
10 01 10
(11]]o i
Input mapping = |7
10]1J 0
. 11| 3 1] [i+s
QOutput mapping : + =
|1 0| j+4 0 3

The systolic array is given in Figure 2.13(b). It is a simple array, the inputs and
outputs are at the boundary cells. However, the configuration of the basic cells and
the control signal have to be changed so that the array can operate properly. As
shown in Figure 2.13(c), we need an extra register in each cell for storage of the
input data, and a selector to choose the output data from three resources: the input
data, the partial results, and the data in the register. For switching the processor
from transmission of data to computing, two control signals are required as shown.
There is only one input and one output for each cell, but there are two control
signals.

Another method for reducing the I/O lines is to use a serial/parallel buffer and
a parallel/serial buffer. The input data can be stored in the buffer sequentially
and then fed to the array in parallel. In this case, the speed for putting the data
in the buffer must be N times higher than the speed at which the array operates.
In the special case, when there is a correlation between consecutive input vectors,
we can use this property to simplify the I/O lines. For example, as shown in Fig-
ure 2.14(a),there are different delays for inputs according to the mapping equations.

If B, is a delayed version of B, for the matrix-vector multiplication-addition, the
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inputs at any moment for all entries are the same. Therefore, only one input data is

needed actually. It can be applied to the boundary cell and broadcast to the others.

The resulting array is shown in Figure 2.14(b).
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Figure 2.14: Reduction of input lines by distributing the inputs.

As a conclusion, there always is a trade-off possible between different designs.
Optimization of I/O lines can be achieved by adding more operation time for the
preloading method, using more complicated cells and more control signals for the ex-

panding DG method, and including a sequential/parallel buffer or using the broad-

casting technique.

2.3.3 Reduction of Array Size and Partitioning

Up to now, the design method described above is based on the assumption that
there is no limitation on the size of VLSI architecture, or the number of processing
elements on the VLSI chip. Such an assumption is not practical as we discussed
at the very beginning of this chapter. It is very common that the problem size is
much larger than the array size, and the problem sizes are variable. Therefore, it is
important to be able to design a small fixed size array, which can fit on one VLSI
chip, and mapping computations of a larger size probletu to an array processor of
a smaller size. There are basically two methods to partition a problem with large

size. One is to partition the problem into more than one VLSI chip if an entire
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function cannot be accommodated on a single chip. The other one is to pariition
the problem into several subproblems and implement these on a small size array
sequentially.

To pa.rtitit;n a problem into a smaller size problem, the first consideration is
whether the algorithm can be decomposed mathematically. If it is possible to do
so, then the implementation is very easy. For example, if we factor the numerator
and denominator polynomials of an IIR digital filter’s transfer function, the transfer
function, H(z), can be written in a cascade form‘ of first- and second-order subsys-
tems, or it can be lexpressed as a partial-fraction expansion in the parallel form of
first- and second-order subsystems. Thus, we can design a fixed size array processor
for the small order sections. The overall problem is then implemented on more than
one chip. This method will be used in the following chapters. It will be shown that
by decomposing the algorithm the hardware complexity for state-space filtering can
be reduced significantly.

The second partitioning method is to partition the DG of a problem into sub-
DGs. There are two methods for mapping the partitioned D_G to an array: the
locally sequential globally parallel (LSGP) scheme and the locally parallel globally
sequential (LPGS) scheme.

1. LSGP scheme: In the LSGP method, one sub-DG is mapped to one PE. Thus,
the number of blocks is equal to the number of PEs. For each block, we choose
a proper projection vector and a schedule vector to map it onto a PE. Then
these PEs are pipelined to form a linear array. Each PE sequentially executes
the computations of the corresponding block. Different PEs are working in
parallel. Local memory within each PE is needed for saving the intermediate
results. The LSGP schemed array is given in Figure 2.15. Notice that the
projection vector df = [ 0 1 ] and the schedule vector s* = [ 1 2 ] are used.

Therefore, the pipeline period a = 2.
2. LPGS scheme: In this scheme, one block is mapped to the fixed size array. The
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Figure 2.15: LSGP type of array for matrix-vector multiplication.

computations within one block are performed partially in parallel. However,
after the computations within one block are cﬁmpleted, the next block can
then be started, i.e., globally sequential. Therefore, the intermediate data,
i.e., the elements of the vector, has to be stored in a FIFO (first in first out)
buffer and be used for the next block. The LPGS type of array for matrix-

vector multiplication is given in Figure 2.16. Notice that since d* = [ 01 ]

and st = [ 11 ], the pipeline period a is equal to 1.

2.3.4 Improvement of Utilization Efficiency

By mapping a recursive algorithm onto an array, the pipeline period of the resulting
array, «, can be greater than 1, as shown in previous examples. When « is greater

than 1, the input data rate is interleaved with o samples and slowed down by a

1

factor a; therefore, the efficiency of the array is only 1. In the case of recursive

45



4 ™
—
5 ., 1)
R - ., -
. . .,
>
‘4 . ., 10 N
‘ ., . .
" " . *,
3 " 9 :
~ .,
. ", - >
=, - -,
— -
2 “ N\ '-\_ N .,
.‘\ \5 . Y .
—
1 7
* -, . . A ,
\\ .,
\.

bs byby b, by b,

Figure 2.16: LPGS type of array for matrix-vector multiplication.

filtering, the next inputs to the array are dependent on the previous outputs of the
array. When we map the algorithm onto the array, the pipeline period is equal
to 1. However, due to the computation delay of the array, the inputs are not yet
available. Hence, the input data will be interleaved by zeroes. This also results in
lower utilization of the array.

In order to improve the utilization efficiency of the array, one simple way is to
interleave several inputs. If we have a similar problems and they are independent
from each other, we can interleave their inputs and outputs to keep the array busy
all the time. The problem for this method is that it is not always available to
have several independent problems that need the same processing. An example
of multiplying four input sequences a(n), b(n),c(n) and d(n) with a matrix M by
pipeline interleaving method is shown in Figure 2.17.

The second way is to use the multiprojection technique, i.e., we may project the

DG a number of times to cbtain a smaller size and highly efficient array {46}. Since
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Figure 2.17: Pipeline interleaving for improving the utilization of the array.
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the pipeline period of the original array is «, PEs only work every a clock times.
Tlicrefore, we can map a PEs onto one PE. This PE will fulfil the computations for
all a PEs sequentially. In this way the utilization efficiency is improved a times. The
recursive state-space filtering results in successive matrix-vector multiplications.
Therefore, it can be viewed as a matrix-matrix multiplication. A two-dimensional
systolic array can be used to implement this filter. Because there are zeroes in the
input data flow, the efficiency is 2, where o is equal to the size of the array. By
projecting this array, a one-dimensional array is obtained with efficiency of 100%

as shown in Figure 2.18.
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Figure 2.18: Resulted array by multiprojection of DG.

The third is to develop a new algorithm or modify the original algorithm for the
problem so that the algorithm has maximum parallelism. It is clear an algorithm
will be favored if it expresses a higher parallelism. For the example of recursive

state-space ﬁlﬁering, the next input state is the current output state of the array.
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No matter what kind of array is used, the next iteration can not start until the
current iteration is finished. If we use transform technique to modify the algorithm,
the next input state vector is not the current output vector but the one which is
already generated. Therefore, the efficiency of the array can be improved. Other

methods to decorrelate the input data can also be used to exploit the maximum

parallelism in the algorithms.

2.4 Conclusion

In this chapter, the direct mapping methodology for mapping the recursive algo-
rithms onto array architectures has been described, and several optimization meth-
ods have been developed. The systematic transformation from DG to systolic arrays
directly was shown to simplify the system design. As to optimal systolic design,
it depends on the performance criterion and is application oriented. In VLSI de-
sign, the overall architecture should be as simple, regular and modular as possible.
For DSP applications, the throughput rate and numerical performance are two
dominant factors to judge the design of an array. In practice, array size, I/O ar-
rangement, utilization efficiency and reliability are major considerations. To design
systolic array architectures for particular applications, optimization considerations
are generally needed. In the following chapters, dedicated array architectures for
recursive state-space filtering, adaptive state-space filtering and Kalman filtering

are investigated. The mapping procedure and the optimization methods will be

applied to those designs.
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Chapter 3

VLSI Architectures for Real-time
One-Dimensional Recursive

Filtering

3.1 Introduction

The minimization of finite-word-length effects in digital filters is of considerable
practical significance since it leads to implementations with optimal signal-to-noise
ratio. State-space structures for digital filters have been described by Mullis and
Roberts [47,48,49] Hwang [50,51,52], Jackson, Lindgren and Kim [53,54] and others
[85,56]. They have shown that the state-space technique is not only a useful tool in
the formulation and analysis of linear system problems, but state-space structures
can also possess very low roundoff noise and coefficient sensitivity, and that these
structures can be designed to eliminate the possibility of overflow oscillations and
limit cycles [57,58,59]. In particular, given a.nje‘ design with state matrices (A,B,C
and D), a state transformation can be applied to preduce a new state-space re-

alization, such as normal structure, which is free of overflow oscillations and has
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minimum roundoff noise also. The most important advantage of state-space real-
ization is the ability to produce improved nonlinear performance. In general, this
is obtained at the expense of an increase in the number of multipliers. Jackson in
[60] and Roberts in [61,62] describe the state-space technique in detail.

Recently, many researchers have implemented recursive filters by using VLSI
technology. For the direct form IIR filtering, H.T. KKung has done some pioneering
work with his concept of systolic arrays and proposed the systolic arrays for filtering
in [16]. S.Y. I{ung presented another systolic array architecture for ARMA filtering
and used a wavefront concept to develop a more efficient structure [63,2]. A high
throughput systolic implementation of the second order recursive filter was shown in
[64]. Rao and Kailath gave a model identification approach to VLSI filter design [65].
In [66], high speed stored product recursive digital filters were suggested by Dubois
and Steenaart. For the state-space digital filtering, some VLSI implementations
have been shown in [67,68,69].

In this chapter, several new systolic architectures for 1-D recursive filters based
on state-space matrix realization will be introduced. In section 3.2, the digital state-
space filtering technique is briefly reviewed. A very simple systolic array for direct
form state-space realizations is given in section 3.3. Then, an advanced state calcu-
lation array implementation is described i: section 3.4. In this structure, the state
matrices are converted to new ones so that advanced state vectors can be calculated
and fed back to the array. The throughput and efficiency can be increased N + 1
times with the hardware increased twice, as compared to the direct implementation
of the transformed matrix multiplication. Another implementation can be found by
realizing a cascade of second-order state-space filters. This is shown in section 3.5.
In a cascade of second-order structures, each transformed filter is implemented by
parallel processing elements. This structure results in a higher throughput rate and
requires less hardware as compared to the direct implementation of the transformed

matrix multiplication. All the structures proposed here are 100% efficient and can



work at a high sampling frequency.

3.2 Digital State-Space Filtering

3.2.1 State Variable Description

There are important problems involving digital filter structures that are quite natu-
rally formulated using the state variable description. With this matrix description,
and linear algebra, we can apply powerful analytical methods. Furthermore, from
the computational point of view, the state variable approach is invaluable.

For a linear shift-invariant system (LSI), there are several different representa-
tions. An important class of LSI systems is the class described by a transfer function
H(z) that is a rational function of z, i.e.,

_Y(2) _ _Eflohz7*

H(z)= =
(2) U(z) 1-Z,ap27%

(3.1)

Equation 3.1 is corresponding to the following linear difference equation (or recursive

equation) in the time domain
y(n) = Tilobru(n — k) + Tilaxy(n — k) (3.2)
This recursive digital filter can also be described by the familiar state equations

X({n+1) = AX(n)+ Bu(n) (3.3)
y(n) = CX(n)+ Du(n) _ (3.4)

where, X(n), X(n + 1) are state variables and defined as the outputs of delay oper-
ators in Figure 3.1. A, B,C,D are state variable parameter matrices with NV x N,
N x 1,1 x N, and 1, respectively for a single-input, single-output Nth order IIR
filter. By direct substitution, the solution of the state equation (3.3) for a stable
filter 1s:

X(n) =32, A" By(n - 1) (3.5)
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Figure 3.1: Signal flowgraph of 1-D IIR filter.

To obtain the transfer function from the state variable description, we simply

use z-transform and eliminate the internal variables X(n). The associated transfer

function matrix is given by
H(z)=C(zI-A)'B+D (3.6)
and the eigenvalues of A are the roots of the polynomial
a(z) = det(zI - A) (3.7)

which (by Cramer’s Rule) is the denominator of the transfer function H (2) as
expressed in (3.6). In other words, the poles of transfer function H(z) are the
eigenvalues of the matrix A.

Recalling that the input and output sequences are related by the convolution
equation

y(n) = h{n) * u(n) = T2 __h(Du(n - ). (3.8)

Since

y(n) CX(n)+ Du(n)

£72,CA"'Bu(n — 1) + Du(n) (3.9)

il
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we have the unit-impulse response in terms of the state matrices as tie following:

0 n<(
h(n)={ D n=0 (3.10)
CA™!B n>0

The state equation X(n) represents NV internal variables. We can change the coordi-
nate system for X(n) without changing the external description (the unit-impulse
response). Such a transformation will, however, change the internal description
(A,B, C,D). Therefore, different rezlizations-of the same transfer function can be
obtained by nonsingular transformations of the system state vector X(n). Thus, if

T is a real invertible ¥V x N matrix, and we let

X'(n) = TX(n), (3.11)

then the filter
X'(n+1) = A'X'(n)+Bu(n) (3.12)
y(n) = C'X'(n)+ Du(n) T (3.13)

where

A’ = TAT™? (3.14)
B’ = TB (3.15)
Cc' = CcT! (3.16)

will give the same linear transfer function as the original filter.

3.2.2 Sufficient Conditions for Optimal Filters

In the design of fixed point digital filters, there are three primary finite-world-length

effects:

1. Roundoff noise caused by the rounding of products within the filter realization;
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2. Overflow oscillations and limit cycles due to nonlinear quantization effects;

3. Changes in the input/output description of the filter due to approximating

the real parameters with a finite wordlength binary representation.

Of the three finite-word-length effects, roundoff noise is the most important. The
third effect, loosely called coefficient sensitivity, is a deterministic effect and can be
bounded in some sense by the roundoff noise. Thus, we will discuss the conditions

for minimum roundoff noise and freedom of overflow oscillations here.
o “QOverflow-stable” Realizations

The term “overflow stable” denotes realizations that are guaranteed to be free
from overflow oscillations due to the overflow nonlinearity. Let length or norm

of a vector be defined as

X)) = (X*X)? = (ZN, z2)12, (3.17)

T

With this definition of length, the “gain” or “amplifying power” or norm of
A can be defined as

lA]j = max AX] max(X——tAtAX
SIERE TR T RR T xx

/2 (3.18)

In other words, ||Al| is the maximum increase in the length of the vector. If
|A| < 1, then all vectors X decrease in length under multiplication by A.
Thus, if we can find a structure with a system matrix A such that ||A|] < 1,

then the zero-input overflow oscillations cannet occur.

In general, the class of state variable descriptions for which there exists a
positive diagonal matrix D such that ¢ = D — A'DA is a positive definite
matrix is overflow-stable. In the case of second order filters, this result reduces
to the following for a two state system. If the eigenvalues of A have magnitude

less than unity, D exists for which Q is positive definite if and only if

ajzan > 0 ' (3.19)

(¥1]
ju] ]



or if

[2591223] S 0, then ]au - aggl + dCtIAI _<_ 1. (3.20)

a1 432

where A =

. Among filters that satisfy this condition (equa-
az axp
tion 3.19 or 3.20) are normal filters, minimum roundofl noise filters, ladder of

lattice filters and a multitude of others.

Minimum Roundoff Noise RReéalizations

When overflows in internal registers are negligible, roundoff noise is the dom-
inant component of output error in a digital filter. Referring to Figure 3.2,
let the N x 1 vector f(n) be the unit-impulse response from the input to the
variables, point f in the figure, g(n) be the unit-impulse response from the
point g to the output. The state covariance matrices K and W are then given

by:

K = %, f(n)f!(n) = T2,(A"B)(A"B)' = AKA' + BB' (3.21)
W = ZXg(n)g'(n) = E5,(CA™)(CA™) = A'WA + C'C. (3.22)
™~
d
t x(m.]) x{n) ct
u(n) y(n)

Figure 3.2: The filter diagram in state-space form.



Then for scaled digital filters, the output roundoff noise of the filter, o2, in

n°

terms of diagonal elements of K and W is

8
o2 = Tg—Eillw,-,-k,-,-. (3.23)

The necessary and sufficient conditions for a minimum noise filter are given

by the diagonal elements of K and W [62,53]:

k,-,-w,-; = kjjwj_,- i.,j = 1,2, LY. (3.24)
ay a b

In the case of second order filters, let A = wo , B = ' ,C =
an an by

[ 1 € ], the conditions for minimum noise are equivalent to:

a5 = G2 (3.25)
blC]_ = bgCg (326)
the filter is Il scaled. (3.27)

Notice that b; and b, here represent the elements of the vector B. They are

not the cofficients in (3.1) and (3.2).

3.2.3 State Transformation and Optimization

In order to minimize the effects of the finite-word-length, given any design with

state matrices (A, B, C, D), linear state transformations then must be applied to

the network. Since the state-space structure with A matrix of the norm (or coupled)
a1

G2 - . .
form A = was found to be a low-sensitivity recursive structure, and this
—ld2 O

structure also satisfies the minimum roundoff noise constraint (3.24), the network

can be normalized first. The transformation procedure can be described as follows
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1. Using a nonsingular transformation matrix T; = , where «, 3 are
—a 1

the real and imaginary parts of eigenvalues of A, the corresponding normal

form is obtained:

AL = TaT = | * 7P (3.28)
8 a
0
Bfl — T1B= (3.29)
1
cy = CT;1=r[cos¢ sinqb] (3.30)

where % = ¢} +¢Z, ¢ = tan~!(2). Notice that the condition (3.24) is achieved

now.

2. In order to satisfy (3.25), a second transformation is needed. Let T; = R(£) =
l cos(%) sin(%)

, the network will be transformed to:
—sin(%) cos(2)
2 2

Ay = T,AT;' =
4

a —F ] (3.31)
B

sin(2)

_ B"2 = TZBI]_ =
cos(%)

} (3.32)
C, = C'\'T;'=r [ cos(2) sin($) ] (3.33)
Hence, the condition (3.25) is achieved.

3.V_Fina11y, the network has to be I, scaled. To scale (A'3, B3, C’;), the co-

& k
1o , then, let
kn 43

veriance matrix K, has to be calculated. If X'y =

T3=

Y

it 0 :
[ ' . }; § is a subjectively chosen value which will effect the
0 d3

58



scaling degree.

o —Bdyd?
Ay = T;ALT5' = Adzd; (3.34)
ﬂdldg_l o
1| dilsin(2
B = TsB = ; v sin(3) (3.35)
dz'cos(£)
Cl3 = C'2T51 = or [ dICOS(“;—) szBTl(‘:‘) ] (3'36)

The filter (A'3, B';, C'3) meets all the conditions of optimality and thus is the

minimum roundoff noise filter.

This transformation can be applied to any given Nth-order IIR filter. However,
after the transformation, the number of non-zero elements in the state matrices is
increased considerably. In general, a transformed Nth-order state-space structure

would require (IV + 1)? processing elements to implement the system matrices.

3.3 Direct Form State-Space Implementation

For a linear system, state variable descriptions are derived from signal flow graph
(SFG) descriptions. Recalling that a recursive digital filter can be described by
SFG (Figure 3.1), and, for convenience, the state update equation and the output

equation can be rewritten as following:
X(n+1)=AX(n)+ Bu(n) (3.37)

y(n) = CX(n) + Du(n) (3.38)
where, X (n), X(n + 1) are state variables and defined at the output of the delay
operators in Figure 3.1. A, B, C,D are the system matrices with N x N, N x1,1x
N,1 x 1 respectively for a single input, single output Nth order filter.

Computation of these two equations using a square systolic array [70,69] is shown

in Figure 3.3. This is an array of (N +1) x (N 4+ 1) cells, each of which contains one
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multiplier and one adder. NV + 1 clock times after input u(n) enters the array, the
output y(n) comes out at the bottom of the array and then X(n + 1) is available.
A problem is that due to the delay of .¥ + 1 clocks most of the array remains idle
waiting for the output X(n + 1) to become available. Thus this array can process
only one sé.mple every IV + 1 clocks and the efficiency is NLH More efficient and
higher speed structures have to he investigated.

S S A !

by et by b (¢ d le— um) 0 0. umsl)

| Y T S

am o] & [ e 2 le—lc, — 0 x,(n) & 0...x(n+l)

! ' y

2 ' a1 |4 je— 0 o0 X, (M) 0 0....xns1)

a

ol et et e~ o o x3(0) 0 0....x (n+1)

A A

am. q.lm “'md—'md—cn 0 0 0 ... xN(n)OO ...... x§n+l)
xx(t:nl) :

x,(n+1)
"z(’"'l)
x, (n+1)

¥(n)

Figure 3.3: Two-dimensional systolic array for Nth-order 1-D IIR state-space re-
cursive filters (a direct implementation).

The implementation of 1-D IIR filters discussed in this section is obtained start-
ing from the state-space representation [71]. By examining the relationship between

the current state and the next state in the Figure 3.1, the corresponding state-space
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representation is:

zy(n+1) o 1 0 .. 0| ”;rl(n) 0
=1 oo e e +i ... {u(n) (3.39)
_:cN(n+1)_ | ON GNo1 e e G | _:::N(n)_ I 1 ]
$1(n)
za(n)
yn)=|e¢ e ... ... cn oo |+ bou(n) (3.40)
| Zn(n) |

where ¢; = by + bpay, 0 = by-y + boay—1,....cn = by + bpay, and a;, b; are the
coefficients in (3.1) and (3.2).

As can be seen from (3.3), there are many zeroes and ones in A and B. Actually,
only znx(n+1) has to be computed, and the other variable components are obtained
by shifting the current components, i.e., z1(r + 1) = z,(n) ete. Therefore, a sim-
plified array requiring only 2(N + 1) processor cells to implement the state-space
direct form realization [71,72,73| is shown in Figure 3.4.

The state variables z;(1),z3(1),...zx(1) are initialized as zeroes. Due to one
clock delay for each cell, the input state vector components have to be time-skewed.

And since £1(2) = z2(1) =0, 21(3) = 72(2) = z3(1) =0,.. .,
T1(N)=2(N—-1)=z3{N-2)= ... =2n5(1) =0 (3.41)

Thus, during the first IV clocks, the components of the state vector are all zeroes.
After a delay of N +1 clocks, the xx(2) = u(1) starts appearing at the output and
the output signal y(1) = aou(1) follows. As z;(n) = zi41(n — 1), and because of
input data skew, the generated component zx(2) must be broadcasted to all the

entries of the array. Then, zx(3) is ohtained and fed back to the array.
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Figure 3.4: Systolic array implementation for direct form state-space recursive fil-
tering,

This systolic array is, in fact, for the direct form IIR filtering. It has the same
hardware complexity as the canonical form digital filter, but the realization com-
. pares favorably with other realizations in systolic array form. Another important
feature of this structure is that after an initial delay of N +1 clocks, the throughput
rate is one sample per clock time T, and the structure is then 100% efficient. It
shows that the state-space technique is a very useful tool in analysis and realization

of linear systems.

3.4 Advanced State Calculation Array

The main goal of using state-space technique is to realize high performance fixed
point IIR digital filters. The optimal realization can be obtained by similarity
transform:ations. However, after transformation, the number of non-zero elements
in the state matrices is increased considerably. As mentioned above, an Nth-order

state-space structure requires (N + 1)? processing elements to implement it. The
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speed of this implementation will be limited by a delay of N +1 clocks, the efficiency
is w7 [69,74,71). For improving the efficiency of the square array and speeding up
the processing, an implementation of the block-state filter was given in {68]. In that
structure, the state matrix A was converted to triangular or “quasi-triangular”
form via an unitary or orthogonal similarity transformation. Different types of
processing cells were used and multiple input/output lines were needed. Here we
give another realization by using the advanced state calculation technique [72],
since the problem of the square array is that the next input state vector is not
available until the output state vector is computed. If an input vector of size m
(m consecutive input samples) can be entered at once, and the state matrices are
changed correspondingly, the state vectors can be updated in advance. For the
causal system, the initial states are zero. As a result, the array doesn’t have to wait
for the output state vectors. It can be described as follows.

When m = 1, corresponding to the single-input case, the system can be described

X 1) | A B X
(m+1) 4 _ (») (3.42)
y(n) C D || uln)
Then for multiple inputs, m = N, by using recursive substitution, we have:
[ X(n)
. u(n)
X(n+ N) AN AN-1B ... AB B
= u(n + 1)
y(n+ N - 1) CAN-1 CAM?B ... CB D
u{n+ N —1)
A, B, X ’
~ (n) (3.43)
C,. D. U(n) .
where
A, = AN, (3.44).
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B, = [A-‘*'-IB ... AB B], (3.45)

Cn, = CAVY, (3.46)
Dn = [CAN-ZB ... CB d], (3.47)
a-ndUt(”)=[u(n) u(n+1) ... u(n-f—N—l)].

Since matrices A. B, C,D have dimensions of N x N,Nx1,1x N and 1 x 1, the
new state rna.trix is (N + 1) x 2N. Therefore, if N input data can access the array
at once with one state vector X(n), instead of computiag the next state X(n + 1),
X(n + N) can be calculated. As a result, when X (n + V) is required to enter the

array, it is available as output of the array at the same time.

—yul-2x(- 10N 1 () -
e 042} WDt 1) .
1 1 1 )i
X (n-3) ...
m xz (n-4}...
X {n-5)--
- x (n-6)...
L]
v ¥ Y ¥
yil
x
‘ x { ¥(n-8)
3 3f

Figure 3.5: The advanced state calculation array for a 4th-order state-space recur-
sive filtering. (a) principle diagram: (b) input/output design.
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Figure 3.5 shows the implementation of a 4th-order state-space filter. This sys-
tolic array contains 5 x 8 processing elements. each of which is still a simple multi-
plier/adder. There are four parts in this structure for calculating matrix-vector mul-
tiplications A, X(n), B,hU(n) and vector-vector multiplications C,,X(n), D,,U(n)

respectively. Assume X(n) = 0 for n € 1 and u(n) = 0 for n < 0. Then

z1(n) ] u(n)
za(n) u(n +1) . .
X(n) = and U(n) = . Initially, X(—2) and U(-2) enter
z3(n) u(n + 2)
i z4(n) ) | u(n+3)

the array for computing X(2),y{1). Note that all the inputs are zero except u(1).
One clock later, X{(—1) and U(~1) are ready to enter the array and so on. After
a delay of 4 clocks, X(2) is available at the bottom of the array and it will be fed
back to the corresponding entries. Then X(3) follows. Consequently, after the array
starts to work, one new sample data enters the array and one filtered data sample
leaves the array at every clock. From Figure 3.5, we see that due to input data skew
and the data vector updating scheme, the input data to all the entries at any clock
period are the same. Thus, instead of an input data vector, only one sample of data
is required to be broadcast to all the entries of the upper part array. No input data
buffer is required. The input state vectors should be zeroes for the causal filters
and the outputs of the array can be initialized to zeroes before the calculated state
value appears. Thus, the output of the state vector can be connected directly to
the corresponding input entry as shown in Figure 3.5(b). Neither delays nor other
circuits are needed.

This structure can improve the performance of the IIR filters by loading the
transformed matrices into the array. The throughput rate and efficiency of the
array is raised from E"lﬁ to 1. Furthermore, the array is both modular and simple in
design. Only the simplest processing element (muitiplier/adder) is used, and there
is only one input and one output required. It is a typical systolic configuration.

The drawback of this structure is an increase in the number of processing elements.
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According to the design principles described in chapter 3, this structure is realizable

and interesting.

3.5 Cascade Form of Second-Order Structures

As indicated above, the number of multipliers is increased considerably by trans-
formations. For improving efficiency a,;1cl raising speed, more processing elements
have to be used in the structure described in section 3.3. One way of reducing
the number of multipliers in minimum roundoff noise realizations is to apply the
theory to small-order subfilters. Since the cascade form is more robust under coeffi-
cient quantization than the parallel form and therefore is more commonly nsed[75],

a cascade form of second-order structures will be discussed in this section [72].

N
2°?

If we decompose H(z) into r second-order filters, r = each section can be
transformed to achieve minimum noise structure as described in section 3.2. How-
ever, a connection of them is not globally optimal; since downstream filters are
not correctly scaled. Another method, so-called block-optimal, can be used. Let
(A;,B;, Ci, D;) be the matrix of ith section, then the overall structure will be de-
écribed by (A;,B;,C:,D;, e = 1,2,..., %’-) A cascade of two second-order sections

has the state variable description

A.1 0 Bl
A= B = C= [ D,C, C, ] D = D,D; (3.48)
B,C, A; B.D,

The transformation steps are given below [62]:

1. Find (A, B, C, D) for the overall structure.
2. Calculate (K, W) for the overall structure.
3. Extract 2 x 2 diagonal blocks from (K, W) and optimize eac (K;, W).

4, Apply the individual optimizing transformation to the original second order

sections {A;, B;, C;, D;).
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As a result, each section is not a normal structure, but the overall system is the
minimum noise structure with fewer multipliers. The second-order structure can
be implemented by 3 x 3 PEs as shown in Figure 3.6. Therefore, 9 x % = 45N
are required for an Nth-order filter as opposed to (N + 1)* PEs for an optimum
Nth-order state-space structure. From Figure 3.6, we see that as in the Nth-order
case, the array has to wait for the output state vectors. Due to the 2 clock delay, the

efficiency is 50% and every input/output sample must be interleaved with zeroes.

oo

lg— u(n) 0 u(n+l)

...q;‘—o

-—"—.

2, — 0 :‘fn) 0 x (n+1)

T 1 3

&, le—a, a2 le—0 0 =x (o) 0 x(n+])
2 2

voroq

y@
X 2(11-1-1)

x, (n+1)
Figure 3.6: A square array for second-order state-space recursive filters.

The state equations show that y(n),z;(n + 1), z2(n + 1) are independent. They
can be calculated simultaneously. Each of them is generated by three multiplica-
tion/additions and those operations can be executed concurrently. It is reasonable
to design the structure by exploiting the parallelism in this algorithm. It is shown
in Figure 3.7. The input data is broadcast to three multipliers. At the beginning
of the process, the state vector is initialized to zero. The transformed coefficients
are loaded into processors. When the input data enters, 9 multipliers start to work
at the same time. After one clock delay z,(n + 1), z5(n + 1) and y(n) appear from
the three adders respectively. The output y(r) is transmitted to the next section

for further processing. The new state components will be fed back to the entries
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of the current section for the next recursion. The clock period is equal to one mul-

tiplication time and two addition times, resulting in high speed operation with an

efficiency of 100%.
uf -
& BBt
™\ Y
. A [ — Lawch
B
@ —— Multiplier

% () @ —— Adder
b: ‘:1

L?J

X, (n)

Figure 3.7: A high speed structure for second-order state-space filters.

The overall structure for an Nth-order state-space recursive filter, the cascade
form of second-order structures is shown in Figure 3.8. For a single input, single
output filter, after N/2 clock delay, the first output sample is obtained. Then at
each clock, one sample can be processed. The communication is local. The modular

design is naturally suitable to this structure.

-

3.6 Comparison and Conclusion

In {16} and [63,2], H.T. Kung and S.Y. Kung presented two systolic array architec-
tures for the implementations of 1-D IIR direct form filters. Both are 50% efficient,
and each sample must Le interleaved with a blank. If the state matrices are im-

plemented by the square array proposed by Urquhart and Wood, the efficiency is
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Figure 3.8: The cascade form of second-order state-space structures (3 sections).

1711-_1' In this chapter, we have presented three array structures for 1-D IIR filters
based on state-space technique. In terms of throughput rate, efficiency, latency,
numerical property and hardware complexity, the comparisons among the various
architectures are given in Table 3.1, where the throughput rate is defined as the

number of samples processed per clock time.

Architecture | Multipliers | Latency | Efficiency | Throughput | Numerical
rate property
H.T. Kung’s 2(N+1) 1 50% 0.5 unimproved
S.Y. Kung's 2(N+1) 1 50% 0.5 unimproved
Square state (N+1¥ | N+1 ey i improved
space array
Direct state AN+1) | N+1 100% 1 unimproved
space form
Advanced state | 2N(N + 1) | N +1 100% 1 improved
calculation
Cascade form 45N % 100% 1 improved

Table 3.1: Comparison of different systolic arrays for 1-D IIR filters.

It is shown that using the state-space approach to analyze the recursive filters,
- r
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a very simple systolic array can be obtained. By state transformation and normal-
ization, the numerical properties of IIR filters can be improved and the number of
multipliers is increased. In order to realize real-time processing, the advanced state
calculation array and the cascade form of second-order structures are given by ex-
ploiting the parallelism in the algorithm. Both of them are 100% efficient. They can
work at high speed and provide high performance. The structure is less expensive.

Three structures described here can be used for real-time digital filtering.



Chapter 4

High Speed Architectures for
Two-Dimensional State-Space

Recursive Filtering

4,1 Introduction

The numerical performance in a finite-word-length implementation of a given 2-D
transfer function is very dependent on the structure of its realization in a manner
similar to the 1-D case. Recently, the interest in synthesis and design of 2-D state-
space fixed-point digital filter structures with minimum roundoff noise has increased.
In [76,77], Kawamata and Higuchi analyzed the variance of roundoff noise of 2-D
separable denominator digital filters in the state-space formulation and proposed
the synthesis method of 2-D separable denominator digital filters with minimum
roundoff noise and no overflow oscillations. In [78,79], the roundoff noise problems
of general 2-D digital filters were studied. The general descriptions of the noise
matrix and the covariance matrix were derived. A general synthesis procedure was
developed which leads to an optimal local state-space 2-D digital filter realization.

Lin Kawamata and Higuchi in [S80] presented an optimal design-oriented stability
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condition for 2-D state-space digital filters. A general formulation for optimal design
of 2-D recursive digital filters is obtained. In [S1] El-Agizi and Fahmy gave a
criterion which sufficiently guarantees the absence of overflow oscillations in 2-D
digital filters in the state space. It has been shown that as in the 1-D case, 2-D
state space structures can realize IIR digital filters with minimum roundoff noise,
absence of overflow oscillations and low sensitivity. Therefore, state-space digital
filters have considerable significance in practice. However, this technique leads to
structures having more multipliers than other general realizations.

In the past few years, real-time image processing using 2-D digital filters has
become a rapidly growing field in the industrial and biomedical environments, as
the need for the fast processing of large amounts of data became evident. The
term “real-time image processing” means that images are processed at a speed such
that the data rate of the processed images is the same as that of the input images.
With a display size of 512 x 512 pixels, real-time implies a serial data stream at
the rate of 7.86M pixels/s or one pixel every 127 ns. It is impossible to achieve
such a processing speed with sequential computing. During recent years, several
high speed architectures using paralle] processing techniques for 2-D digital direct
form filtering have been proposed. In [82,83], Ty and Venetsanopoulos proposed the
distributed arithmetic architecture, minimum cycle time filter architecture, multi-
processor element architecture, and VLSI a,rchiltecture by decomposition. A video
rate architecture for a fully recursive filter was presented in [84]. In [85,86], Parhi
and Messerschmitt gave concurrent architectures for recursive digital filtering. A
systolic array for real-time state-space filtering is given in [69,74]. All these archi-
tectures are capable of processing a 512 x 512 in real-time or near real-time.

Parallel processing as an efficient form of information processing emphasizes the
exploitation of concurrent computations in the process, and these can be executed
at different levels. In order to decrease the procéssing time for each pixel, special

computational structures, such as an array of processors, are required. The pixels



are pipelined into processors sequentially. We refer to this approach as ”pixel-level
speed-up” or “local speed-up”. On the other hand, architectures with pipelining and
a high degree of parallelism are able to process many pixels simultaneously. The time
for processing each pixel may not very short. But, the total processing time of whole
images can be decreased in a global sense. We refer to this as “frame-level speed-
up”. Furthermore, when several processing arrays are available, multiple frames can
be processed in parallel. We refer to this method as “sequence-level speed-up”. The
“frame-level speed-up” and the “sequence-level speed-up” are called “global speed-
up” in this thesis. Suppose that L images of size M x N are to be processed. [?
clock periods per pixel are required for image state-space filtering, where ! depends
on the order of the filter. The total processing time, which is hereafter referred to as
the time complexity, will be O(L x M x N x[?). When a “local speed-up” technique
is used, employing I or more elements, the time complexity can be O(L x M x N).
But in many cases, M, NV or L are much larger than I. Only with a “lobal speed-up”
technique, can the processing time be greatly decreased.

In this chapter, VLSI architectures for high speed 2-D state-space recursive fil-
ters are proposed. In section 4.2, state-space realizations for 2-D recursive systems
are presented. Subsequently, the problems relating to VLSI implementation are
examined. Then, the “local speed-up” implementations are shown in section 4.3.
They process each pixel in one multiplication/addition clock time. A systolic array
for direct form state-space representation, a square systolic array for transformed
state-space filters and an advanced state update architecture are presented sequen-
tially. With the diagonal picture scanning, the throughput rates of the direct form
array and the advanced state update array are 1 pixel/clock period and the ef-
ficiency is 100%. The time complexity is O(L x M x N). In section 4.4, based
on concurrency in 2-D recxr}rsive filters, a “global speedup”, frame-level, systolic

architecture is developed.

First, by using DG (dependence graph) mapping method (2] and examining



the relationship between input and output, a column processor is designed. Then,
a number of column processors are connected to form a two-dimensional array
structure, each working on one column of samples, the whole structure processing
multiple columns of samples concurrently. The time complexity for this structure
is O(L x M x I) by using N x I PEs (processing elements). A comparison between

existing structures and the ones developed in this chapter is made in section 4.5.

4.2 2-D State-Space Models

In the last decade, Attasi [87,88], Fornasini-Marchesini [89,90], Givone-Roesser
(91,92}, Mitra et al. [93], Chan [94], Bisiacco {95], and Kurek [96], proposed different
2-D state-space models. State-space models have excellent prospects in image pro-
cessing for several reasons. First, they are general ﬁodels, more general than any
other 2-D models which are used extensively in image processing in recent years.
Second, these models which are in spatial-domain are suitable and are natural ve-
hicles for several modern system theoretical applications. Third, in the state space
models one can provide physical meaning to state variables as state images. Finally,
state variable approach is easy to extend to 3-D or M-D system and to other signal

processing problems.

4.2.1 Roesser’s model and Its State Diagram

Kung et al. [97] have presented a comparison between soine different state-space
models. It is shown that Roesser’s model includes Fornasini-Marchesini model and
Attasi’s model. It is one of the general 2-D state-space models. Roesser’s model
was first introduced by Givone and Roesser in [21]. Since then most work in recent
years is due to [92], represented by Roesser, the model is known as Roesser’s model.

It is also called local state-space (LSS) model. For a single-input single-output 2-D



digital filter, the general form of Roesser's model is given by:
Xn(m,n) = AX(m,n)+ Bu(m,n) (4.1)
y(m.n) = CX(m,n)+ Du(m,n) (4.2)

where X{(m,n) is the current state vector and X;,(m,n) denotes the next state

vector. When written in more detailed form it becomes:

X¥m+1,n A4, A X" (m, B
( ) _ 1 A (m,n) + 1 u(m,n) (4.3)
X"(m, n -+ 1) L Agl A.gg X”(m, n) Bg
[ Xh(m?n)
yim,n) = | ¢y C, ] + Du(m,n) (4.4)
- X*(m,n) j

~

where m =0,1,.... M -1,n=0,1,...,N - 1. u(m,n) and y(m,n) are the input and
the output, respectively. X*(m,n) is the horizontal state-space vector component
of dimension m; x 1, and X%(m,n) is the vertical component of dimension n,, x 1.
A is a (mp 4+ ny) X (M4 + n,) matrix. n and m are the numbers of delay operators

in the horizontal direction and in the vertical direction respectively of a general 2-D

recursive filter described by:
N, Ny : . N, " . .
y(m,n) = DT Zbu(m —i,n — §) + E,-,_f'oﬂjyzo(‘.’j#mlo)a;jy(m —i,n—7). (4.5)

To aid in understanding the relations between input images, state images and
output images, the state diagram of Roesser’s model is given in Figure 4.1. From
this diagram, it is clear that the horizontal state component conveys all the past
information for the current pixel along the same line. The vertical state component
conveys all the past information for this pixel up to the previous line. A 'ba.éic and
important difference between 1-D and 2-D state-space realizations is that the 2-D
state is local rather than global. That is, in 2-D case, the state X(m,n) does not
contain enough information to find y(p, ¢) for all (p, ¢) > (m,n) even when u(p, ¢) is
given. From X (m,n), we can find y(m, n) as well as X*(m+1,n) and X*(m,n+1).
Then, to find y(m + 1,n), we need X*(m + 1,n) and X*(m + 1,n) which can not

be found from X(m,n). Thus, X(m,n) is said to be a state only in the local sense.
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Figure 4.1: The state diagram of Roesser’s model.

4.2.2 ‘Transfer Function and Transformation

The application of the 2-D Z-transformation to equations 4.1 and 4.2 yields the
transfer function: '
H(z) = C[[(z)~ A]"'B+D (4.6)
ol O

where I'(z) = , and I, and I, are identity matrices with dimensions
0 Z-;In

of m, and n,, respectively.

To obtain a filter with minimum roundoff noise, low coefficient sensitivity and
freé of overflow oscillations, the coordinate tr_a.nsformations have to be used to obtain
other realizations. For a given design with state matrices(A, B, C,D), the state
matrix transformations are used to produce “well-designed” state-space structures,
which minimize the finite-word-length effects [60,62].

Let X'(m,n) = TX(m,n), then A’ = TAT"!,B' = TB,C' = CT-',D’' = D.

To guarantee that the linear system response (i.e., the transfer function) does not



change, a transformation matrix T for 2-D systems has to have the form [93]:

T, 0
T = (4.7
0 T,

where Ty and T are my x m; and 2n, x 2n, matrices, respectively. The trans-
formations can be selected so as to improve one or several aspects of a filter’s
nonlinear behavior, such as eliminating the limit cycle oscillations only, or scaling
the network for no overflow as well as minimizing roundoff noise and sensitivity. For
example, given a reachable and observable realization (A, B, C, D) satisfying the
stability condition, there exists a 2-D similarity transformation T, such that realiza-
tion (TAT™!, TB,CT"},D) minimizes the output noise power subject to dynamic
range constraint. The procedure for computing the desired transformation matrix

T is given in [79].

4,2.3 Implementation Problem

It is noticed that the matrices A, B and C obtained directly from the signal flow
graph are highly sparse. In general, after transformations, the resultant matrices
will not be sparse. Accordingly, a realization with minimum roundoff noise will
require more multipliers, at most *(! = m;, +n,, + 1)multipliers. Therefore, the im-

provement in the finite-word-length effects is obtained at the expense of an increase
A" B

in hardware complexity. Let W = [wij ] = represents the system
c D

matrix of the local state-space realization, the dimension of W is  x .

In order to speed up the state space filtering for real time applications, a straight-
forward implementation is given in [69]. It is a two-dimensional systolic array. Ac-
cording to the state equations 4.3 and 4.4, for each given X(m,n) and u(m,n), we
have to find the horizontal state vector, X*(m +1,n), and the vertical state vector,

X*(m,n+ 1), as well as computing the output y(m,n). It is shown that due to the

recursive property, the pixel at {m 4+ 1,n) or (m,n + 1) can not be processed until



X*m +1,n) or X¥(m,n + 1) are available. The problem is that with the reguiar
scanning method, the input data have to be interleaved by zeroes. Therefore, during
the filtering process, most of the processing elements in the array will be idle. The
efficiency is }. The throughput is one pixel per ! clock periods. In [69], a diagonal
scanning method is proposed and a modified systolic array is suggested. With the

diagonal recursion, the array is 100% efficient and processes one pixel within every

clock time. In this chapter, we will give some alternative array architectures.

4.3 Local Speed-up Architectures

4.3.1 Direct State-Space Form Array

Consider the case form =n = 2:

, o
S0 Yo bijzi iz’

3 = =
1= =0 '=D(;'j)¢(0,o)a‘ijzl ‘23 ?

H(zlaZZ) =

(4.8)

The LSS realization for this filter can be obtained by mapping its signal flow-graph
to the state-space model. As indicated in the Figure 4.2, the state variables are

chosen as the outputs of the spatial delay elements.

The local state-space realization is then described by:

X (m +1,n) ap ap 1 0 0 0 1 zh(m,n) ]
zh(m +1,n) 1 0 0 000 O zh(m,n)
zi(m,n + 1) Gy @21 agr 1 0 0 ap zy(m,n)
z3(m,n+1) | = | 812 &2 an 0 0 0 aop || 2i(m,n) (4.9)
zi(m,n + 1) by bBay by 0 0 1 b z3(m,n)
zi(m,n +1) bor bao bos 0 O 0 bgy zi(m,n)
| ymyn) | | b b bo 0 1 0 beo || u(m,n) |

where @;; = a;; + ainto; and b;; = b;; + dipbp;. Examining the system matrix in 4.9,

we can see that:



Figure 4.2: Signal flowgraph and state variables for 2-D second-order IIR filtering.

1. The third and seventh column in the 7 x 7 matrix 4.9 have identical ele-
ments. Hence, the seventh column in the matrix and the seventh entry
in the input vector, u(m,n), can be removed with replacing z¥(m,n) by

[z1(m, n) + u(m, n)};
2. z3(m+1,n) does not need to be calculated since it is always equal to z'(m, n);

3. zj(m,n) and zj(m,n) do not appear in the computation of the first four

elements of the output vector. They are only needed for y(m,n).

Taking these remarks into consideration, an array with 3 x 6 PEs instead of
7 x 7 PEs can be used for the case of the direct form realization [71). As shown in
Figure 4.3, the number of multipliers is equal to that in the canonical form. Since
z3(m+1,n) = z¥{m,n), a delay is used at the output of the z#(m +1,n) to obtain
z5(m + 1,n). A few additional adders are used to complete the computation of
y(m,n) and zy(m,n + 1). Several spatial delay cells are also needed for timing
adjustment.

Similarly, due to the recursive property, the pixel at (m +1,n) or (m,n+1) can

not be processed until X*(m + 1,n) or X*(m,n 4 1) are available. With regular
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Figure 4.3: A direct state-space form array for second-order IIR filtering.

line by line scanning, the input data have to be interleaved by zeroes. Therefore,
the throughput rate of this implementation is one pixel/3 clock times. But when
the array works on successive input pixels on a diagenal, the throughput rate is 1
pixel/clock time. This array will be 100% efficient after the initial set up period
and will work on successive horizontal strips each of size N x 3. As a result, the

time complexity is O(L x M x N) clock times for processing L images.

4.3.2 Advanced State Update Architecture

The reason for using the diagonal scanning method in implementation [74] is that
due to delays of the array, the pixel at (m +1,n) or (m,n+ 1) can not be processed
until X*{(m + 1,n) or X¥(m,n + 1) are available. One solution to this problem is
to use the advanced state update technique developed for the 1-D case [72]. This
method is a variation of the basic block processing approach. For block processing
the input pixels are grouped into 1-D or 2-D blocks. By modifying the system

matrices accordingly, the new array architecture can output a block of data every
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clock time. The block processing technique can increase the throughput rate. How-
ever not only is the hardware increased considerably, but also multiple input and
mulitiple output have to be arranged. The main idea of the advanced state update
architecture is to use a single input to obtain the advanced state vector and a single
output data with the transformed matrices and corresponding architecture.
Recalling that the state equations 4.3 and 4.4, corresponding to the single-input

single-output case, can be written as:

XHm+1,n) An 4 B X*m,n)
Xu(m, n+ 1) = A21 Agg Bg X”(m, n) (410)
y(m,n) c, C; D u(m,n)

Then, if we use blocks of length [ in the horizontal direction, the advanced state

vector and the output data can he calculated as follows:

X*Mm+1,n) Ann Ay Bpa X*m,n)
X'm+1i-1n+1) | = | Ay 4y Bu | | XP(m,n) (4.11)
y(m+1~1n) - ! C, C, ‘Du u{m,n)
where,
A = Al (4.12)
Aw = (A’ﬁlA]g s Andy Am), (4.13)
B = (Ai;lbl oo Anby bl), (4.14)
Ag = AnAl, (4.15)
Ay = (Amag;um oo Ay g An), (4.16)
B, = <A21A§;261 coo Anby bz), (417)
Cp = ¢ Al - (4.18)
C, = (c1.4§;’.412 . A cg),. (4.19)
D, = (CIAQ;%I Ce gyl d). (4.20)
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and
t
X/(m,n) = (X”(m‘n) X¥(m+1,n) --. X”(i-{—f—l,j)) . (4.21)
¢
w(m,n) = (u(m,n) ufm+1.n) --- u(i+l—1.,j)) . (4.22)

A 2-D causal filter described by its LSS realization has initial conditions:

X(m,0) = 0, 0€<m<M-1 (4.23)
X*0,n) = 0. 0<n<N-1 (4.24)
It is reasonable to assume that for m < 0,X%(m,0) = 0,X"*(m,0) = 0 and

u(m,0) = 0. Therefore, we can use X*(=!+ 1,0), X7(=I + 1,0),u;(—{ + 1,0) to
calculate the state vector X*(1,0),Xv(0,1) and y(0,0). Similarly, the state vector
X*(2,0),X%(1,1) and y(1,0) are obtained from X"(—I + 2,0),X}7(—1+2,0) and
u(—! + 2,0) and so on. This filter can implemented by a two-dimensional systolic
array. After an initial delay, the output data and updated state vector are produced
during each clock period. The vertical vector X?(m,n) is stored in the vertical de-
lay register and the horizontal vector is fed back to the entry of the array directly
for calculation of y(m +1—1,n), X*(m +,n) and X*({+ k-1, n+1).
According to the above analysis, an input data vector ui(m,n) and [ vertical
state vectors X}(m,n) are required for the advanced state update scheme. In fact,
only one input data and one vertical state vector are needed at each clock time.
Due to the nature of systolic array, the input data vector and input state vectors
have to be time skewed. On the other hand, the next input data vector is the time
shifted version of the current one. Hence, the input data to all the entries at any
clock time are the same. Instead of an input data vector, only one input data is
needed. It is broadcast to all corresponding entries. The vertical state vectors can
be treated in the same manner. Since the systolic array should be initialized to
zero, the output of the vertical state vector can be connected to the corresponding

entries directly. Neither delays nor other circuits are needed.
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Figure 4.4 shows the implementation of a second-order state-space fiter. This
systolic array contains 7 x 16 processing elements, each of which is a simple mul-

tiplier/adder. With an increase in processing elements, this architecture has the

following properties:

1. The throughput rate is related to the sample rate, i.e., one pixel/1 clock time,

and the efficiency is 100%;
2. The regular line-by-line scanning method is used;
3. The processing elements are of the sitnplest form (multiplier/adder);
4. The connections between all the PEs are simple and regular;

5. Ounly one input and one output are required for whole architecture. Therefore,
if we can design a large VLSI chip for this architecture, there is no problem

with input and output pins.

4.4 Global Speed-Up Architecture

It is well known that two-dimensional recursive digital filter algorithms contain
inherent concurrency; which can be exploited for pipelining and/or parallelism. Note
that in the first-quadrant 2-D state-space filtering, the samples along the diagonal
lines can be processed independently of each other, since these computations are not
constrained by any precedence relations (see Figure 4.5). For example, the samples
y(4,0),¥(3,1),4(2,2),y(1,3) and y(0,4) form a set of independent computations,
and can be processed in parallel. The systolic array implementation of state-space
filtering given in [74] uses this concurrency property. However, it processes images
pixel- by-pixel along diagonal direction sequentially. Furthermore, the structure is

not easy to be expanded for even high speed processing.

In this section, a high speed structure is suggested by exploiting the spatial

parallelism and using many processors concurrently. This structure is referred to as
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Figure 4.5: Spatial concurrency in 2-D systems.

global speed-up (frame-level) structure [99,100,101,102,103]. As shown in section
4.2, the state equations result in matrix-vector operations for each pixel. According
to the mapping method given in {2], we can map the dependence graph (DG) of
a state-space filter shown in Figure 4.6(a) (second-order) to different Signal Flow
Graphs (SFGs). If we use a projection vector d = {1 0)" and systolic schedule,
s=(1 1), for this dependence graph, the corresponding systolic array is obtained
in Figure 4.6(b).

Since in this application input datz length is very long, the state vector for each
pixel is different and dependent on the previous processing. The components of
each vector can not stay in the cells of this column array for whole filtering process.
They remain at the cells of the array for one pixel processing time only.

Referring the data dependency and time schedule, the basic cell and connections
between cells of the array are given in Figure 4.7. Since it is a column array and
is suitable for processing images along the vertical direction, it is referred to as a
column processor. This processor contains 7 processing cells, each consisting of one

multiplier, one adder, one shift register, one latch, and two D flip-flops. In this
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Figure 4.6: Mapping 2-D state-space filtering algorithm onto a systolic array.
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design, the input u(m.n) and the components of the state vector remain at the
cells of the array for 7 clock periods. The coefficients of each row in the matrix
circulate around each cell of the array. The partial results move systolically from
cell to cell in the up-to-down direction. After a delay of 7 clocks, the final values of
y(m,n), z%(m, n),z8(m,n),2¥(m.n)...) are obtained from the bottom at the rate of
one output per clock. And, u(m.n + 1), z}{(m,n), ri(m,n + 1) (initial condition),
zi(m,n + 1), ...z{{m,n + 1)(previous output) are loaded into the cells one after

another by a control pulse, which is applied to each cell with a delay. Thus, u(m,n)

enters the array first, then, u(m.n + 1), u(m, n + 2)... follow.

The “global speed-up” structure consists of column processors. Consider the
structure shown in Figure 4.8. There are 7 column processors, i.e., Cy, C1, ..., Cs,
in this design. Each column processor processes the pixels in ore column of im-
ages. Based on the analysis of the previous section, pixels at (m + 1,n) can not be
processed until the horizontal components, X*(m + 1,n), are available. The pixels
at (m,n + 1) have to wait for X?(m,n + 1) to be completed. Thus, in this struc-
ture the horizontal components are transferred from one column processor to the
next column processor, while the vertical components are generated in each column
processor and return to this array for processing the pixels in the same column.

Initially, u(0,0) enters the first column array Cy. 7 clock periods later, ¥(0,0) 15
obtained. Then, z(1,0) is available. It is followed by zh(1,0),2%(0,1), ..., 23(0, 1).
z2(1,0),z2(1,0) are thus sent to C,. z7(0,1),...,23(0,1) are reloaded to Cy imme-
diately. When y(0,0) emerges from Cp, u(1,0) enters Cy and u(0,1) enters Cj,
respectively. Ilach column processor starts to work 7 clock periods later than the
previous one. As a result, the pixels at diagonals, i.e., u(1,0),u(0,1) are being
processed concurrently; u(2,0), u(1,1),u(0,2) enter the array at the same time, etc.
After initiation, 7 pixels can be processed simultaneously. Thus a throughput rate of
1 pixel/clock period is achieved. This structure processes multiple pixels at diagonal

direction concurrently and has the following features:
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. It is easier to arrange the inputs and outputs. Each column of images inputs
to the corresponding processor with a skew of { clock periods and the outputs
emerge from that array sequentially. The images do not need remapping and
the regular line by line scanning method can be used, which is important in

practice. However, a frame buffer is still required.

. The structure is simple. regular and realizable. Each column processor con-
tains 7 multiplication/addition cells and one input, one output. Based on
up-te-date technology, it is feasible to design one VLSI chip for this proces-
sor. Furthermore, modular design is suitable for this structure. The system is

easily to be changed to adapt to the throughput requirements of the different

applications.

. The processing speed is high and easily adjustable. As shown in Figure 4.8,
one pixel is processed curing each clock period. If N x I PEs are used, the
throughput rate can he up to N pixels per ! clock periods. The processing
time required for one image is M x [+ (N —1) x! clock-periods. L images can be
processed in L x M x4 (N — 1} x{ clock periods. When L x M > (N —1),
the time complexity, i.e., the total time required for filtering L pictures, is
O(L x M x 1) by using )V x { PEs. It is obvious that after initiation, the
efficiency is 100%.

. Local memory for storage of the state vector is not always needed. When the
vertical components of the state vector are generated, they are returned to
the array for the next line processing immediately. Similarly, the horizontal

components will be transferred to the successive arrays as soon as they are

available.

. No peripheral circuits, such as multiplexing components, are required, since

for each picture, the initial state values are used only at the beginning of the
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process. As soon as the new state values are computed by the array, these

will be used for the next computation.

4.5 Comparisons and Conclusions

In the past few years, several high speed architectures for digital image filtering
were proposed. In [82,83], Ty and Venetsanopoulos proposed the distributed arith-
metic architecture, minimum cycle time filer architectﬁre, multiprocessor element
architecture, and VLSI architecture by decomposition. A video rate architecture
for a fully recursive filter was presented in [84]. All these architectures are capable
of processing a 512 x 512 pixel image in real time or near real time. The structure
is the direct form 2-D IIR filter. In [86], Parhi and Messerschmitt gave several
possible implementations of pipelining, one- and two-dimensional block processing
for both direct form and state-space form. In {74], a systolic array implementation
for state-space filtering with diagonal scanning was introduced. In this chapter,
we have presented three new architectures specially for high speed state-space fil-
tering. The direct state-space form array has the same complexity as the direct
form IIR filters and can process one pixel at every clock time with the diagonal
scanning method. The advanced state update architecture is a 2-D systolic array.
It can process one pixel within one multiplication/addition clock time with the reg-
ular line-by-line scanning method. Since the global speed-up architecture is very
modular and flexible, the throughput rate can be easily adjusted to the different
requirements, A very high throughput rate can be achieved by using more column

processors. A comparison between different architectures is given in Table 4.1.

It is shown that the proposad architectures are attractive. The architectures
for transformed state-space filters can process images at very high speed with high

numerical performance.
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Hardware

Architectures Cycle time Latency . Modularity Comments
complexity
Distributed ATa+ Tma+Tq | Sameas Built b Direct form
Arithmetic ) Y No -
Architecrure(81] (1 pixel/156ns) cycle time TTL chips recursive fillters
Coeti | Tma+2 T4+Ta e slock | 18 processing No Direct form
Architecrure[81) (1 pixel/l3ns) | T, +T4 | Elements recursive filters
Multiple-
Processing- Tm+4 T + Ty Same as Direct form
Element . cvele ti (not clear) Yes recursive filters
Architecrure[81) (1 pixel/15ins) yole time
VLSI

Architecrure by | 9 Tpya +9 Ta Same as Two NMOS Yes Direct form
]{)scﬁomposmon + (control delay) cycle time VLSI chips recursive fillers

: . PEs Direct form
Video Rate 375 ns for 3 pixels 18 ;

: A 375ns for second order Yes fuily recursive
Architecturel83]) - (1 pixel/125ns) TOW processar filters
Systolic array T State-space
for Diagonal m+ Ta+ Ty Tcycle 49 PEs s sto“l’if:s recursive filters
Scanning [74] (<100 ns) umes Y AT2Y|  Diagonal scanning

State-space
| Global Speed- | Tm+ Ta+ T 7 49 PEs Yes recursive filtering
Up Architectase { <100ns) cycle times Systolic array |  Regular scanning
Adjustable rae
State-space
A%;ﬁifg S| Tm+ Tat Ty 9 7 x 16 PEs Yes recursive filiering
Architecture ( <100ns) cycle times Systolic array | Line-by-line scanning

One input/outpur

Table 4.1: Comparisons among various 2-D high speed architectures. Where, Ty,
multiplication time; Tj: latch set up and propagation time; T,: addition time; Tiq:
memory access time; Ty: shift register set up and propagation delay time.




Chapter 5

Realization and Implementation
of Adaptive Recursive State-Space
Filtering

5.1 Introduction

In this chapter, we will extend the state-space technique to the area of adaptive
filtering and develop the adaptive algorithm for recursive state-space filters.

Recently, there has been growing interest in using adaptive digital filters for
noise cancellation, echo cancellation, channel equalization, system identification,
and adaptive beamforming or adaptive array processing {104]. This interest is due
in part to remarkable advances in VLSI technology. Computationally powerful
single-chip digital signal processors (DSP’s) are now available for these types of
applications.

Typically, adaptive filters are implemented as transversal finite-impulse-response
(FIR) filters and the simple LMS (least mean square) adaptation algorithm [105] is
used to adjust the zeroes of the filter. This is because FIR adaptive filters are well

behaved, i.e., they are guaranteed to remain stable and they usually converge to a
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globally optimum condition because the error surface is unimodal [106].

Over the last several years. adaptive infinite-impulse-response (IIR) filtering has
been an active area of research [107.108], and it has been considered for a variety
of problems in signal processing and communications. It is well known that the
fundamental properties of adaptive algorithms are stability, speed of convergence,
misadjustment errors, robustness, numerical complexity, and round-off error anal-
ysis of adaptive algorithms. The basic consideration to use adaptive IIR filters is
that in many cases, lower-order adaptive recursive filters are required to achieve
satisfactory performance than the adaptive FIR filters since both the poles and ze-
roes are adapted. For example, a fifth-order IIR filter requiring 9 multipliers and §
adders per output sample may match the unknown system as well as a 64th-order
FIR filter that requires 64 multipliers and 63 adders per output sample [109].

For this reason, numerous algorithms have been proposed for implementing
adaptive IR direct form filters [110,111,112,113,114,115]. However, the problems
such as instability, multimodal performance surface and intensive computation for
. the gradient calculation limit the applications of the adaptive recursive filtering.
Because of the fast convergence and modularity, lattice filters have become popular
in the adaptive signal processing community. The disadvantage of the lattice fil-
ter algorithms are their numerical complexity and the mathematical sophistication
[116,117,118,119).

It has been shown in the previous chapters that the state-space technique is a
very useful tool in the formulation and analysis of linear systems. The state-space
digital filters are capable of providing improved nonlinear performance. For exam-
ple, a normal structure for a linear stable filter has lower coefficient sensitivity and
is free of overflow oscillations [60,61]. Furthermore the state variable representation
results in matrix operations and is easily implemented by systolic arrays [72,103].
Being able to adapt arbitrary state-space filters gives the designer the freedom to ex-

plore the performance advant ﬁges of different structures [120]. The only problem of
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the state-space filtering is an increase in the number of the multipliers which can be
resolved by other techniques. Conscquently, there has been an interest in extend-
ing the gradient-based adaptation algorithm to the state-space recursive filtering
[121,122,123,124]. To search for better adaptive filter structures and the advan-
tages of the state-space filtering, in this chapter, an adaptive recursive state-state
filtering algorithm is presented, and the performance of the adaptive state-space
filters is studied. In the following section, the problem of the adaptive state-space
filtering is given first. The LMS algorithm for state-space filtering is developed in
section 5.3. The gradients for the parameters are derived directly from the state
equations and formulated by matrix derivative linear operations. In section 5.4,
to reduce the computational complexity, the parallel form of adaptive state-space
filters is presented. The parallel form leads to easier stability monitoring, which is
then discussed in section 5.5. A possible roundoff noise performance improvement
by using adaptive state-space filtering is shown in section 5.6 by using simulation
examples. Then, to study the convergence property of the adaptive state-space
filtering, several simulation results are given in section 5.7. In section 5.8, in or-
der to speed up the filtering and the acdaptation procedures, a VLSI architecture is

suggested for real-time processing.

5.2 Problem Statement

As given in Chapter 3, an Nth-order state-space digital filter can be described by:
X(n+1) = AX(n)+ Bu(n) (5.1)

y(n) = CX(n)+ Du(n) o (5.2)

where u(n) and y(n) are input signal and output signal. X(n)is the state vector.

A, B,C,D are system matrices with appropriate dimensions. For a time-varying

state-space filter, equations 5.1 and 5.2 become:

X(n) = A(nM)X(n—-1)+B(n)u(n-1) (5.3)
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T

y(n) = C(n)X(n)+ D(n)u(n) (5.4)

A coefficient vector of the filter ¥ (n) can be defined as
W(n)' = [esTA(n)]|B(n)|{C(n}iD(n)]

where * indicates transposition and ¢s[A(n)] denotes the column string of the matrix
A(n).

Figure 5.1 illustrates the general structure and components of an adaptive state-
space filter with input u(n) and output y(n). It is comprised of a time-varying
state-space filter, characterized by the adjustable coefficients W(n), and a recursive
algorithm. The problem to be solved is to find an appropriate algorithm that adjusts
W{(n) so that y(n) approximates some desired response d(n) as closely as possible

and the resulting filter is zero-input asymptotically stable.

/

u(n) y(n)
Afn) B(n)
" cm pmw >
Adaptive e(n)
Algorithm
dn) |+

Figure 5.1: Adaptive state-space filter. An adaptive state-space filter is comprised
of a time-varying state-space filter and an adaptive algorithm.

5.3 Algorithm Development

Fundamentally, there have been two approaches to adaptive IIR filtering that corre-
spond to different formulations of the prediction error; these are known as equation

error and output error methods. The equation-error approach can lead to biased
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estimates of the coefficients. The output-error approach can converge to a local
minimum estimate and its convergence properties are not easily predicted. As a
result, there is a trade-off between these two approaches [125].

A variety of adaptation algorithms have been proposed in the past three decades.
Among them, the LMS (least mean square) adaptation algorithm is a simple, robust,
and easily understar Jable one. Because of these properties, the LMS algorithm has
become popular in adaptive signal processing applications. Hence, we will use the
LMS algorithm to develop our adaptive recursive state-space filtering. The LMS
algorithm is a stochastic version of a steepest descent algorithm and is for the
output-error formulation.

If the error signal with the index n is given by e(n) = d(n)~y(n). With the LMS
algorithm, the parameters will be adjusted to minimize the instantaneous squared

error ¢2(n). The general parameter update equation is given by [105]
W(n + 1) = W(n) + 2ue(n) 7 y(n) (5.5)

where u is a step-size to control convergence of the algorithm, and

ony = 2¥(n)
vy(n) = thwi(n)

= [Dey)|Ds:|De|Doliy(n) (5.6)

is the gradient vector of y with respect to the vector W, where DrT(E) is the

matrix(vector) derivative lincar operator defined by [126]:

DB]:T(E) Dﬂ:aT(E)

De, v, Texu(E) = (5.7)
D..,.T(E) --- D, T(E)
with
afn!E! s 4 (E
By dey;
D.,T(EY= : : (5.8)
UG(E) | Btgy(E)
degy deiy
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During the adaptation process. at each step, the error signal is calculated and
the derivative value for each parameter has to be calculated concurrently with the
filtering calculations. Then the parameters are modified to new values. According

to the state equations 5.3 and 5.4, the time domain gradients can be calculated as

following [127]:

Desay(n) = es'[(Iv @ CYDaA X (n)] (5.9}
Dpiy(n) = CDpeX(n) (5.10)
Dey(n) = X'(n) (5.11)
Dpy(n) = u(n) (5.12)

where Dp X (n) and Dp: X(n) are calculated from 5.3 as below:

DaX(n) = DAAIvOX(n-1)+Iv®@A(n)DpAX(n-1) (5.13)
DpeX(n) = Iyuln—1)+A(n)Dp:X(n—-1) (5.14)

Note that Iy is the identity matrix of order N and R,x: ® Qrxq is the Kronecker
(direct) product of R and Q of dimension sr x t¢ defined as

: 1
r1Q . Q

RoQ= : :

raQ o raQ

Finally, the updating equations for each element in the matrices A, B, C,D are

obtained:

aig(n+1) = ay(n) + 2ue(n)C(n)Da, X (n) (5.15)
b{n+1) = bi(n)+2ue(n)C(n)Dy X(n) (5.16)
ci(n+1) = ci(n)+2pe(n)zi(n) (5.17)
din+1) = d(n)+ 2ue(n)u(n) ‘ (5.18)
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where

D,,, X(n}

ayy

D,,AX(n~1)+ A{n)D,, X(n—1) (5.19)
Dy X(n) = DpBuln—-1)+ A(n)Dy, X(n - 1). (5.20)

To illustrate this adaptive state-space algorithm, the diagram of the adaptive state-
space filter is redrawn in Figure 5.2. Notice that equations 5.3, 5.19 and 5.20 are
calculated recursively and therefore the values of X(n), u(n), Do X(n) and Dg. X (n)
have to be stored. The implementation of this algorithm will be discussed in the

following section.

u(n)
|
D
x(n) ym)
v
x(n-1) | D Cm)| D@
6 i}
D D DIID
4 F
Aln+1) B(n+1)t C{n+13D(n+1)
x(n-1) ',I, : :
AM) __N\Gradient L e(n) /7,
u(n-1) _ hocom utation § D x(n) L - +
- y D,x(n) .
D
I d(n)
Dyx(n-1) Dyx(n-1)

Adaptive Algorithm

Figure 5.2: Adaptive state-space filter with T M$S algorithm.
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5.4 Parallel Form Realization

As shown in chapter 3, the transformation that obtains the minimum roundoff
noise filter results in an increase of computational complexity. In order to reduce
the number of multipliers in a minimum roundoff noise realization, the cascade
form and the parallel form of second-order state-space filters are suggested. On the
other hand, for adaptive IIR filtering, it has been shown that a decomposed filter
structure consisting of parallel or cascaded lower order sections is superior for two
reasons: 1). Coefficient sensitivities of the parallel and cascade forms are much
lower than that for the direct form, and 2). it is simple to monitor stabilities for
the parallel and cascade forms [109,125]. Here, we use the parallel form realization

for adaptive state-space recursive filters.

.4
Am) B | him
C (@) Dy(n)

Az(n) By(n)
u(m) G.(m) Dy(n)
! _._/

k 4

/'
An) Bi(n)
G (n) Di(n)
e Adaptive » | 4
algorithm

Figure 5.3: Parallel form adaptive state-space filter.

Suppose the original adaptive filter is characterized by an Nth-order transfer
function. The parallel form is derived from a partial fraction expansion of the
pole-zero filter, resulting in the sum of L = N/2 second-order sections as shown

in Figure 5.3. The state-space representation of the parallel combination with L
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second-order sections is described by:

A0 - 0 B,
0 4, -+~ 0 B,
A = , B= y
| 0 o Ag | | B, |
C = Cl Cz C'L], D=[D1 Dz DL]

(5.21)

The (s are 2 x 2 matrices filled with zeroes and the 4;, B;, Ci, D; are 2 x 2 matrices
describing each of the second-order sections. The instantaneous output error is now
given by

e(n) = d(n) — S y(n), (5.22)

and this error signal will be used to control the coefficient update.

There are several advantages for using parallel form adaptive state-space fil-
tering. First of all, an important feature of parallel form realization is that the
state update matrix is block diagonal with 2 x 2 matrices along the diagonal. Such
matrices are called quasi-diagonal. As a result, the sections are essentially inde-
pendent and the gracient of one section does not depend on the coefficients of any
other section. Therefore, the gradient components are easy to compute. Second,
the stability monitoring is trivial for parallel form, which will be discussed in the
next section. Third, because the output roundoff noise of the system is the sum
of the noise of each section, minimization of the output noise implies optimizing
each section separately. On the other hand, the cascade form is very similar to the
parallel form, Stability monitoring is also trivial. However, the complexity of the
gradient is significantly greater. This is because the output signal of each section

depends on the coefficients of that section as well as all previous sections.
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5.5 Stability Monitoring

One of the major problems associated with the adaptive IIR filtering is instability.
The filter may become unstable during adaptation if one or more poles of the filter
accidentally update outside the unit circle and remain there for a significant length
of time. As a result, the output can grow without bound. Therefore it is necessary
to overcome this problem by monitoring the poles of the transfer function. If it is
urstable, the feedback coefficients of the IIR filter should be modified so that all the
poles are projected to within the stability region [128]. The problem is that a real-
time stability test can be a significant computational burden in many situations.
Which structure of the adaptive recursive filter may require fewer computations for
the stability test?

Recall the expressions for the state-space filter given in equations 5.3 and 5.4.

Using z-transforms, the transfer function of the system can be derived as:
H(z)=C{zI- A)y'B+D. (5.23)

This transfer function H(z) is rational, and the denominator polynomial of the

transfer function H(z) can be expressed as:
D(z) = det(z1 - A). (5.24)

In other words, the poles of the transfer function are the eigenvalues of the matrix
A. It shows that the filter is stable if and only if all eigenvalues of matrix A have
modulus less than one. Therefore, the stability is guaranteed through adding the

constraint during the adaptation process:
max |[A] < 1 {5.25)

where, A; is the i** eigenvalue of the matrix A. This sufficient condition for stability

can be used as upper bound in the process. For a second-order normal structure

-8 : : : :
with A = , the eigenvalues are o £ j8. During adaptation, only two
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coefficients are free to change. and the constraint is: a? + 8% < 1. This can easily

be checked. For general second order filters. the constraints are:
(1199 — Q120921 S 1. ‘ (526)

For the second-order direct form IIR filter,

1
H(z)=
(=) 1—aiz—! —ayz—?

ifl+a;—az >0,1—a;—as >0, and 1+a; > 0. the system is stable. For high order
filters, the existing approaches are either computationally expensive or nonrobust.
For the lattice form, the stability requires only that each reflection coefficient have
a magnitude less than 1 [125].

1t is shown that for the stability test, the lattice form requires fewer computa-
tions. The computation complexities are comparable for the state-space structures
and the direct form IIR filters. For the second-order normal structure, the stability

check is quite simple.

5.6 OQOutput Roundoff Noise

As shown in chapter 3, a realization of an IIR digital filter employs three basic
operations: multiplication by constants (the filter coefficients), accumulation of the
products, and storage into memory (register or latch). The results of accumulations
inside the flter must eventually be quantized because the multiplications always
increase the number of bits required to represent the products. In this section, we
shall consider: given the transfer function H(z) of the filter and the roundoff noise
model, how much noise performance improvement of using state-space adaptive

filtering over the direct-form adaptive filtering can be obtained?
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5.6.1 Calculation of Output Roundoff Noise

The roundoff noise model and the formula for calculating the output roundoff
noise of a state-space filter are given in [61]. For a state-space filter with ma-

trices A, B, C, D, the output noise is expressed in terms of the covariances K and

W.

6‘2 2 i
Tiotal = -1—}?“{-’:11&,-‘-141/;—,- (5.27)

where, ¢ is the scaling factor to avoid the overflow, ¢ is called the quantization step

size dependent upon the number of bits used. The covariances K and W are defined

as:

K = AKA'+ BB (5.28)
W = A'WA +CfC (5.29)

It is shown that for the equal word length case, minimization of the roundoff noise
implies minimization of the arithmetic mean of X;;W;[61]. Therefore, for comparing

the noise performance of different structures, the noise measure is defined as:
N = EE;II{;,'T/V{,' (530)

where p is the dimension of the matrices.

5.6.2 Examples

Since the parallel form is used for our adaptive state-space filtering, the optimization

theory is applied to the second-order subfilters, and the examples used here are

second-order filters. The output roundoff noise of a higher order filter is minimized

if the noise of each section is minimized. |
Ezample 1.

The transfer function of the filter is:

1

Hiz)= .
&)= T r o

(5.31)
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By using the direct-form adaptive filtering algorithm, we can obtain the desired
coefficients given in the equation 3.31 after the system convergences. The state

variable representation of the system is:

0.0 1.0 0.0
B, =
0.5 —1.0 1.0

According to the optimization procedures described in [62], the transformed mini-

-0.3

-1.0

A, = Cé:

D, =10 (5.32)

mum roundoff noise realization is obtained as:

—-0.5 -0.5 0.7071 0.7071
Bf = C: =

0.5 -0.5 0.7071 . 0.7071

When we use the proposed state-space adaptive algorithm, the system matrices are

At = Dt - 1.0 (5.33)

initialized to :

[ 025 —0.25 } { 0.25
B,‘ =

A; = D; = 0.0 (5.34)
[ 0.25 0.25 0.25

0.25

During the adaptation, the parameter vector of the adaptive filter is updated under a
constraint: the adaptive filter is a normal structure. After the system convergences,

the system matrices are:

0.70409
0.70990

D. = 1.00000

(5.35)

The K, W matrices and the noise measure NV are then calculated. They are shown

in Table 5.1.

0.50003 —0.49995

—0.499%5 —0.50003 0.70410
B. = Ct =
0.71025

Ezample 2.

The second example is a similar second-order filter with transfer function:

1

Hyfz) = 1—1.22-1 +0.62~2

(5.36)

. For this example. the direct-form adaptive filtering algorithm needs stability check

and pole projection during the adaptation process. The state variable representation
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| | K | w Ly

Direct Form || 2.4000000 -1.6000060 | 0.6000000 0.8000000 | 4.8000000
Filter -1.6000000  2.4000000 || 0.8000000 1.4000000

Transformed j| 1.1999770  0.3099923 || 0.7999846 0.3999923 || 1.9199260
Filter 0.3999923  0.7999846 || 0.3999923 1.1999770

Resulting 1.1966970  0.4017961 || 0.7964718 0.3982112 || 1.9198020
Filter 0.4017961 0.8036467 | 0.3982112 1.2028500

Table 5.1: The comparison of the output roundoff noise for different realizations in
Example 1.

of the system is:

0.0 1.0 0.0 —0.6
A.d - Bd = Cé =
—-0.6 1.2 1.0 1.2

Similarly, by calculations. the transformed minimum roundoff noise realization is

D, = 1.0 (5.37)

obtained as:
0.600 —-0.424 ~0.267 2.267
A, = B; = Ct =
0.566  0.600 0.377 —1.588

When using the state-space adaptive algorithm, the system matrices are initialized

0.25 —0.25 ~0.25 0.25
B; = Cl= D;=00  (5.39)
0.25 0.25 0.25 ~0.25

D; = 1.000 (5.38)

to:

A=

During the adaptation process, no stability monitoring is applied. The resulting

system is given by the following matrices:

D, = 1.00000

0.60000 —0.45704 B — —0.29541 ct 2.24015
0.52440  0.60000 0.35192 —1.52138

(5.40)

The K, W matrices and the noise measure N are given in Table 5.2.

From these two examples, it is shown that the adaptive state-space algorithm

can result in a realization with less output roundoff noise.
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K w N
Direct Form | 3.3714200 2.6785720 | 1.2857150 -1.6071430 || 13.7755100
Filter 2.6785720 3.5714290 || -1.6071430 2.5714290
Transformed || 0.2509687 -0.0893540 | 9.1448650 -3.2313890 | 4.5906540
Filter -0.0893540  0.2528736 || -3.2313890 9.0779730
Resulting 0.2869766 -0.0875328 || 8.6024060 -3.2579570 || 4.5978980
Filter -0.0875328  0.2307536 || -3.2579570 9.2271920

Table 5.2: The comparison of the output roundoff noise for different realizations in
Exampie 2.

5.7 Convergence Rate Study

There have been relatively few stucies of the convergence properties of adaptive
[IR filters. Most of the results are derived from work in system identifications.
Therefore, computer simulations are still the only method of studying the rate of
convergence. Consequentially, the adaptive state-space LMS algorithm is applied

to the system identification problems [125].

We assume that the adaptive filter is operating in a parallel form configuration
and that it has sufficient order to model the unknown system coefficients. A block
diagram of the computer simulations is given in Figure 5.4, where the input to the
unknown system and the adaptive filter is computer generated white noise. An
Nth-order adaptive filter is required to adjust its coefficients to match an Nth-order
reference transfer function. Notice that both the reference filter and the state-space

adaptive filter are in the parallel forms of second-order sections.

¢ State-space adaptation versus direct-form adaptation.

The transfer function of the reference system is given in 5.31. In this exper-
iment, the direct adaptive IIR LMS algorithm and the adaptive state-space
LMS algorithm are applied to identify the reference system. In both cases,

the step-size of 0.005 is adopted. First, the state-space model of the reference
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Figure 5.4: Adaptive state-space filtering ‘or system identification. Notice that the
adaptive filter is in the parallel form.
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system is chosen as a direct state variable representation as shown in equa-
tion 5.32. The adaptive filter convergences to the desired system by using the
state-space LMS algorithm. In this simulation, four elements of the system
matrices are constant, i.e., a;; = 0,ay3 = 1,b; = 0, and b; = 1. Other five
elements are updated according to the state-space LMS algorithm. Next, the
transformed state-space structure with minimum roundoff noise is used. The
state-space adaptive algorithm can successfully identify the system as the de-
sired matrices are obtained (see equation 5.34 and 5.35). Third, the direct
IIR LMS algorithm is used to identify the coefficients of the transfer function

directly. The convergence rates of these three methods are given in Figure 5.5.

Q

o

l";_
-
S O SS-LMS FOR DIRECT SVD MODEL
g | A $S-LMS FOR TRANSFORMED MODEL
WA + DIRECT FORM IIR LMS ALGORITHM
o
(Fp]
Z8
-

0

© a A =

'@* 7 a2 ‘2 3 e ‘5

0. 00 20.00 40.00 60.00 80.00 _ 100.00

ITERATION NUMBER *1¢'

Figure 5.5: Comparison of convergence rates of direct form IIR adaptive algorithm
and state-space adaptive algorithm.

e Paralle]l form adaptation.
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The reference system has the transfer function as follows:

2-0.2:"1 411272

H{z) = 1—-0.2:"1—-0.1z-2 4 0.3z-4

It is easy to show that
H(z) = Hy(2)+ Hy(2) (5.42)
where H1(z) and Ha(z) are given in 5.31 and 5.36.

The optimized state-space matrices for Hy(z) and Ha(z), and the resulting
matrices by using state-space adaptive algorithm independently are given in
the previous section. The learning curves for H(z) is shown in Figure 5.5.
To learn the parallel form adaptive filtering, two second-order sections are
connected in parallel form in both reference filter and the adaptive filter.
The difference signal of the overall system is used to control the coefficient
updating of two adaptive sections. The initial values of two sections are kept
the same as in the previous experiments. To compare, the mean-squared
errors vs iteration numbers for Hy(z), Hy( =) and the parallel form of H(z) are
shown in Figure 5.6. It shows that the convergence rate for the parallel form

of two sections is slower than that for the separate cases.

Initialization.

In our simulations, the state vectors are initialized to zeroes. We found that
the parameters of the adaptive filter have to be initialized properly. First,
for the direct form adaptive IIR filters, since one feedback coefficient is set
to a constant, i.e., ag = 1. The parameter vector can be initialized to zero.
In adaptive state-space case, if all matrices are initialized to zeroes, only D
can be updated and the other matrices will remain zero. Second, The most
important point is that the matrices B and C can not be initialized to zeroes.

Otherwise, the system is not controllable.

The initialization values of poles affect the convergence rate significantly. We
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Figure 5.6: Convergence rate of parallel form adaptive state-space filtering.
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used three different sets of initial values for the parallel form system identifi-

cation.

1. The matrices of two sections are initialized to the same values as before.

They are:
025 -0.25 0.25 0.25
A,’ = B,‘ = C:’ = D,‘ = 0.0
025 0.25 0.25 0.25

Matrices B and C are not changed, but matrix A is changed according

b

to the reference system.

=0.26 —-0.25
Ay =
0.25 -=0.25
0.25 -=0.25
Ay =
0.25 0.25

3. The matrices B and C are also changed.

025 ] . [oz2 ~0.25 0.25
By = Cu= By = Cy =

0.25 0.25 0.25 —0.25

[}

The convergence rates for these three cases are shown in Figure 5.7.
It is obviously that when the poles are initialized to close the desired

positions, the convergence rate is much faster than the other cases.

5.8 VLSI Implementation

In this section, a VLSI architecture for the second-order section is suggested. When
the higher order filter is nceded. this architecture module is repeated and the error

signal will be distributed to each section. For an adaptive state-space filter, the
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113

100.00



computations involved in the filter calculation part and in :the parameter update
part are matrix operations. During each iteration. the gradienis for matrices A and

B have to be calculated. The implementation includes three parts:

1. Filter Calculation.

Since the current output value. y(n). depends on the current state variables,
X(n), and the cvrrent error, (n). will be used to control the update of system
parameters so tanat the next output can be adjusted, the state equations used

in the process are rewritten here:
X(n)=An-1)X(n~1)+ B(n - Lu(n - 1) (5.43)

y(n) = C(n)X(n) + D(n)u(n) (5.44)

And, the current state and the output cén not be calculated concurrently.
Therefore, we can not use a square systolic array to implement this filter
part. A two step structure can be used as shown in Figure 5.8. In the first
step, the components of state vector are obtained. In the second step, the
output value is calculated. All the processing elements are the same and each

step needs one clock time.

u(n)
L b1

" gl

4 2z
2 EE PE PE E;:z
-+ x,(n) x;(n)
[ ] S H e
d :
v l $(a-1), y(n)...
(a) Processing element (b) Array configuration

Figure 5.8: Array processor for state update and output calculation.
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2. Gradient Computation.

As indicated in (5.3) and {3.6). the gradient vector of y respect to W has to
be found for updating the vector 1. The gradients of y respect to C and D
can be obtained directly from the current state X(n) and the current input
u(n), respectively. However, as shown in (5.13) and (5.14), the gradients
for elements of matrices A and B depend on the previous state, X(n — 1),
previous matrix A(n — 1), and previous gradients. It takes two steps to
calculate these gradients. Therefore, they can be computed concurrently with
the filter calculations. Similar processing elements as the filter part will be

used in this gradient computation part (see Figure 5.9).

YV 'R

—32

b

h 4

{ ,, Y

(a} Processing element (b) Array configuration

Figure 5.9: Array processor for gradient calculation.

3. Parameter Update.

When the gradients are ready, the error signal, and the current state variables
are also available. The parameter update calculation can be executed in a lin-
ear array. In this array, the processing elements perform simple multiplication
and summation. It takes one clock time. The error signal is distributed to all
PEs so that all the parameters are updated at the same time. This array is

given in Figure 5.10.
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(a) Processing element (b) Array configuration

Figure 5.10: The array processor for parameter update.

rI‘-he overall structure for second order adaptive state-space filter consists of
three array processors given above and one delay for input data. Other delays in
Figure 5.2 are included in the design of the array processors. As described above, for
each iteration, three cldck times are required. Basad on the current VLSI technique,
the throughput rate of 1 sample/100 ns can be expected. If the sufficient condition
for stability is checked during the process, we simply add one processing element
and one more clock time is needed. For a higher order adaptive state-space filter,

the system will be in the parallel form of such second-order structures.

5.9 Conclusion

In this chapter, The LMS algorithm is extended to the state-space filtering. The
gradients for the parameters in the parameter vector are derived directly from the
state equations. When the parallel form is used, the computation complexities for
filter operations and for gradient calculations are reduced. The stability monitor-
ing is simple since it is the second-order filter. From the simulation results, it can
be seen that the adaptive state-space filters can provide a better numerical per-
formance than the direct form acaptive IIR filters, as in the non-adaptive case.

The convergence properties are impressive. Finally, by using the suggested VLSI
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processors real-time aclaptive filtering can he expected.
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Chapter 6

Kalman Filtering for Image
Restoration and VLSI

Implementation

6.1 Introduction

Image restoration is an estimation process that attempts to recover a high quality
image from its blurred and neised rendition. Restoration is applied to remove (1)
systematic degradations such as blurring due to optical system aberrations, atmo-
spheric turbulence, motion and diffraction: and (2} statistical degradations such as
noise and measurement errors. These two types of degradations lead to conflicting
requirements on the restoration filter. It is difficult to improve image quality by em-
phasizing high quality spatial frequencies while suppressing noise at the same time.
The overall quality of image restoration algorithms greatly benefits from (1) better
models for the image formation process, including both systematic and statistical
degradations; (2) better modeling of objects to be restored by using nonstation-
ary or local statistical models: (3) better modeling of image quality criteria and

properties of the human observer and visual system {129,130].
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Kalman filtering has een one of the most widely applied techniques in the area of
modern control, signal processing. and communication applications. It is formulated
using the state-space approach, in which a dynamical system is described by a set
of variables called the state. The state contains all the necessary information about
the behavior of the system such that, given the present and future values of the
input, we may compute the future state and output of the system [131] recursively.
The extension of Kalman filtering to the 2-D case, and its application to image
restoration, has been receiving a great deal of attention in recent years. The Kalman
filter is considered an optimal estimator because it provides a minimum variance
estimate [132]. The main problems in extending the standard 1-D recursive state
filtering techniques to the 2-D case are (1) how to establish a suitable 2-D recursive
model by defining a proper state vector; (2) how to reduce the dimensionality of
the resulting state vectors by reasonable approximation; (3) how to speed up the
Kalmarn filtering procedure by processing signals in parallel.

Considerable effort has been devoted to image modeling and reduction of the
orders of the Kalman filter for image restoration. Early applications of Kalman
filtering to the restoration of blurred and noisy images were restricted to 1-D Kalman
filters (processing each line independently) using 1-D image models [133,134]. In
[135] Nahi and Assefi modcled images by state-space techniques. Aboutalib and
Silverman [133] considered the case of images that are degraded by linear motion
blur and additive noise. The original image is modeled as the output of a line
scanner, and the blurring process is modeled by a 1-D linear dynamic model. Later,
this approach was extended to the general motion blur [134]. Woods and Rademan
[136] formulated a 2-D scalar Kalman processcr, called the reduced update Kalman
filter (RUKF), using a 2-D AR image model with nonsymmetric half ﬁlane .(NSHP)
causal support. The RUKF scheme was shown to offer significant reduction in the
total computation load. Woods and Ingle [137] then extended the RUKF to the case

of degradation due to hoth biur and noise. Murphy and Silverman [138] formulated
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a vector Nalman filter based on a 2-D semicausal. Gauss-Markov image model,
where the filtering is performed one line at a time. More recently, Angwin and
Kaufman [139] proposed the reduced order model Kalman filter (ROMKF), which
uses a NSHP image model and is based on a low-order state-space model of an
image. The low dimension of this system results in decreased computation time. In
addition, several other authors have proposed different 2-D Kalman filtering schemes
for restoration of images degraded by both blur and noise. For example, Suresh
and Shenoi [140] proposed the Kalman strip filtering algorithm, in which the blur
was modeled by a 2-D state-space structure. Wu [141] employed three-dimensional
state-space models to develop another strip filtering model for the degraded image
with a nonsymmetric half-plane support. Azimi-Sadjadi and Wong [142] presented
a two-dimensional block Kalman flitering. This 2-D block state-space model takes
into account the correlations of the image data in successive neighboring blocks and
reduces the edge effects. However, the optimal Kalman filter for strip observations
as well as the one for the block observations are characterized by complexities and
large computational requirements.

The processing of a Kalman filter requires matrix/vector operations such as
multiplication, addition, subtraction. and inversion. Among these, matrix inversion
is the most difficult to implement. Especially in the 2-D case, the dimensions
of the matrices are much larger than the 1-D case. Fortunately, with the rapid
development of VLSI integrated circuits, it is feasible to implement Kalman filters
by parallel array architectures. Recently, VLSI implementations of the Kalman
filters have been given by several authors [2,143,144,145,146,132]. The results in
[143] and [144] handled only the measurement updating, while [145,146] proposed
array designs for both the measurement and time updating. Sung in [145] presented
a parallel implementation of the square-root Kalman filters, in which systolic-type
VLSI processor arrays were used as basic building blocks to accelerate the matrix

operations and an inter-array pipelining scheme was used through the overlapping



of execution between successive processor arrays. INung in [2] exploited the inherent
triangular structure of the matrix and derived another systolic array architecture.
In {132], Yeh provided a method to map Kalman filter to Faddeev algorithm, and
then map this algorithm to systolic processors. However, up to now, it is still a
problem to realize the [Kalman filter for image restoration by simple means and at
real-time speed.

In this chapter, a state-space INalman filter which models both the image and the
linear spatial invariant (LSI) blur by 2-D state-space structures is proposed, and
a VLSI imblementation for the diagonal scanning scheme is presented [147,148].
‘We start with a brief review of digital image restoration. Next, for simplifying
the filtering procedure, 2-D state-space structures for autoregressive (AR) image
generation model and LSI blur model with the quarter-plane region of support are
introduced. Then, these two state-space structures are cascaded {o form a com-
posite state-space dynamic model and the Kalman filter equations are established.
Finally, to achieve a real-time processing speed, an efficient VLSI implementation
with the diagonal scheme is presented. The experiments are given to show that
the proposed algorithm and the implementation could be very useful for real-time

image restoration.

6.2 Image Restoration

The images acquired by electronic, electron-optical, or optical means are often suf-
fering degradations. The degradations may take different forms such as blur caused
by atmospheric turbulence, diffraction, motion, misfocus, sensor noise, measure-
ment errors, etc. It is necessary to improve the quality of the images for many
applications.

Image restoration is one of the commonly used technologies for irnage improve-

ment {132,149,150,151]. It tries to filier the ohserved images and to approximate
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an ideal degradation-frce image as closely as possible. In general, there are three
steps to obtain a restored image. The first step is to establish the models of the
image. The second is to identifv the parameters of the models from some available
set of similar images. The third one is then to recover the image by using certain
algorithm based on the models and the parameters. When the characteristics of
the blur, measurement noise and image generation process are known, it is then
possible to use this priori knowledge to filter the degraded image. When sample
images are not available, or images are nonhomogeneous, or image models are not
necessarily true autoregressive fields, an adaptive estimator has to be used to iden-
tify the parameters and estimate the images simultaneously. In this research, we
define the image restoration problem as follows: Given a noisy and blurred image,
find an estimate of the ideal image using a priori information about the blur and/or
the noise and/or the ideal image.

In many practical imaging situations, blur is a distortion which affects the image
in a deterministic manner, while noise is a stochastic phenomenon which corrupts
the image. Therefore, the observed image pixels for a blurred and noisy image can

be modeled as the output of a linear filter, which is described by
y(m,n) = i jen, hijim,n)f(m —~i,n — j) + v(m,n) (6.1)

where h;j(m,n) represenﬁs the space-varying degradation function or point spread
function (PSF) with support denoted by Ry; f(m,n) represents the uncorrupted
image of size M x N; y(m,n) is the observed image; and v(m,n) represents the
observation noise. The noise which is a stochastic phenomenon, in most practical
situation may be considered to be white Gaussian. For LSI blur, equation (6.1) can
be written as:

y(msn) = Si.jenlhijf(m - ‘i! n-— ]) 4 v(m, n) (62)

The original image can be modeled as an autoregressive Gauss-Markov process



driven by uncorrelated Gaussian white noise, described by
flm.n) = Spiepenf(m — kyn = 1) + u(m, n) (6.3)

In this equation, f(m, n) represents the original image; c;; represents space-invariant
model coefficients; u(m, n) is the noise process accounting for the error in the model;
and R; represents the support region. The block diagram representation of the
input-output model of the degraded images is given in Figure 6.1. Here, we assume
the parameters of the image model. the blur model and the noise are known. The
image restoration problem is then to estimate f(m,n) from the observed image

y(m, n) according to some optimality criterion.

v(m,n)
'

1 {(m.n) N

e H(z,. z,) —r@—b y(m.n)

u{mn) ——pm

Figure 6.1: Block diagram representation of the image generation model and the
degradation model

Most commonly used filters for image restoration are: inverse/pseudoinverse fil-
ters, Wiener filter, FIR filter, recursive (KKalman) filter, etc. It has been shown that
the Kalman filter is an optimal estimator for image restoration. In the following
sections, we will construct a state-space blur model and a state-space image gener-
ation model based on the models used here and incorporate the blurred model and
image model into a state dynamic model. The state-space Kalman filter is then
established and the system matrices are derived according to the blur and image

parameters,
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6.3 State-Space Modeling

6.3.1 Image Generation Model

In order to use IKalman filter to restore the image, we first have to know the correla-
tions between pixels of the original image. When the previous pixels are estimated,
the current pixel can be predicted based on the correlation. Then, using the current
observation, we correct the prediction to get the optimal estimation.

The image generation model has been proposed by several authors. Basically,
the image is modeled as an autoregressive (AR) Gaussian-Markov process driven
by uncorrelated Gaussian white noise as shown in equation (6.3). If the AR model
support is causal, where causality is defined on the basis of pixel-by-pixel scanning
of images from left to right and top to bottom, the value at pixel location (m,n)
(the present) is expressed in terms of the values of the pixels scanned up to this
location (the past). The nonsymmetric half plane causal support and semicausal
support (quarter-plane) are widely used [138,152]. Here, the Roesser’s 2-D state-
space model [92] will be used to represent the image AR model with a quarter-plane
region of support.

Consider an image process that starts from the upper-left-hand corner of the
image and then proceeds horizontally line-hy-line. The current output pixel of the
image process only depends on the past pixels [153]. Assume the image pixels are

produced recursively by a first-quadrant causal system (see Figure 6.2).

Then, we have Roesser’s state equations for equation 6.3

Rufm +1,n) A A | [ Rt T e Y
= uLm,nj; .
Su(m,n+1) | AY AT Su(m,n) B?
r R.(m,
fmmn) = [¢r ¢ ) | | Dou(m, ). (6.5)
' . Su(m,n)

wherem =0,1,...,M=-1.n=0.1,.... N~1. u{m,n) and f(m, n) are the driven noise

and the output image, respectively. I, (m,n) is the horizontal state-space vector
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Figure 6.2: Input-output relationship of an image process with a first-quadrant
support region R;.

component of dimension m, x1, and S.(m, n) is the vertical component of dimension
n, x 1. Ay, Bu, Cy, and D, are {(my, +ny,) X (my +14), (Mo + 04} X 1,1 X (Mmy +1y),
and 1 x 1 matrices. m, and n, are the number of dependent pixels respectively
in the horizontal and in the vertical directions related to the current pixel. Notice

that the current state vector is calculated by the following equation:

R,(m,n) — AW R,m - 1.n) 4+ A R,(m,n—1) +
Su(m,n) i Su(m —1,n) Sy(m,n—1)
gn| wm-bm) (6.6)
u(m,n—1)
where
[ a1 412 ]
A = A4l , (6.7)
0 0
A" = 0 0 (6.8)
) 421 ‘422 ’
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B" = (6.9)

When the image cocfficients in equation (6.3) are found, the system matrices in
(6.4) and (6.5) can be easily derived by using a signal flow graph mapping method
[148]. For example, if

f(man) = CIU.f(m_1777')+c01f(m5n_1)+
ennf(m—=1,n—1) + u(m,n), (6.10)

and the state variables are chosen as the outputs of the delay operators, as shown

in the signal flow graph Figure 6.3, the matrices A,, B,, C., and D, for Roesser’s

model are as follows:

[ AE ."112 C1o0 i
A, = = ) (6‘11)
L A7 AT . Co
[ B! 1
| B? 0
C. = | C! ¢ ] = [ co 1 ]; (6.13)
D, = D,=1. (6.14)

f{m )

Figure 6.3: Signal flow graph of an AR image model for a first-quadrant support
region with first order

6.3.2 LSI Blur Model

In this subsection. we will discuss the LSI hlur model or the observation model.

Notice that f(m,n) is the input and y(m,n) is the output of the system now. The
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image restoration algorithm is based on an observation model that establishes the
relationship between the input (ideal image) and the output (observed degraded
image) of the imaging system. The success of image restoration depends on how
good the assumed mathematical model fits the input /output characteristics of the
imaging system. Qur aim now is to obtain a state-space model of blurs, the deter-
ministic degradation from equation 6.2. 2-D state-space models for linear image
processing have been proposed by several authors. Here, we will use Roesser’s 2-D
state-space model again since it is more general one. Notice that f(m,n) is the
scalar input, the pixel element generated by the image process mentioned above.
y(m, n) represents the blurred pixel at the same location. A vector Ry(m,n) is
defined as the horizontal state, which is assumed to convey information in the hor-
izéntal direction. Similarly, a vector S¢(m,n) can be chosen as the vertical state
to convey information in the vertical direction. The vectors R r(m,n) and Sf(m,n)
together are called as the local state since they are propagated locally and can only
determine the output pixels next to them. For a infinite impulse response (IIR) sys-
tem or a finite impulse response (FIR) system, the state vectors can be chosen as

the outputs of the delay operators. In general Roesser’s local state-space equations

are:
R +1, Al 412 R¢(m, Bl
AT A AR RO B e e1s)
Si(myn+ 1) AT AT Se{m,n) B}
Rim,n
y(m,n) = [c} C}} {m) | L D, fmam). (6.16)
S¢(m,n)

where, Ay, By, Cy, and Dy are system matrices of appropriate dimensions.

For a known linear spatial invariant blur, hi;, a local state-space realization
can be obtained by inspecting the relationship between the input, the output and
the state vectors of the signal flow graph. Then, given values for the boundary
conditions (such as all zero) and the input f{m, n), the equations produce an output

state vector and an output pixel value, and the image is processed recursively.
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6.4 Kalman Filter Formulation

6.4.1 Kalman Filters

A Kalman filter determines the causal least mean square error (LMSE) estimate
recursively. It is based on state-space representation of the dynamic system [154].
In the case of image restoration. image data are used to define the state vectors.

Here we consider a discrete dynamic imaging system represented by:

X(m+1,n) = AX(m,n)+ GW(m,n)+HU(m,n) (6.17)

y(m,n) = CX(m,n)+ v(m,n) (6.18)

where X(m,n) represents the state vector; W (m,n) denotes a deterministic input
vector; U(m,n) is a noise vector; and A,C,G and H are system matrices. The
terms v(m,n) and y(m,n) have been defined previously. The representation of
equation (6.17) is a “one-dimensional” state-space difference equation since the
state is propagated horizontally.

In equations (6.17) and (6.18) U(m, n) and v(m,n) are uncorrelated zero-mean

white noise processes, with the following second-order properties:
Q. = E(U(m,n)U(m,n)*); @, = E(v(m,n)v(m,n)).

When a Kalman filter is used, the estimation of the state vector, X(m,n), is

obtained. The error covariance P(m,n) is then defined as
P(m,n) = E(e(m,n)e(m,n)"),

where e(m,n) = X(m,n) — X(m,n). Given an a priori estimate of the initial state
X (0,0) and the state error covariance P(0,0), and given the a priori statistical in-
formation of the input noise covariance Q,(m,n) and measurement noise covariance
@u(m,n), an estimate of the state of the system can be obtained sequentially by

the Kalman filter, which consists of a predictor and a corrector shown in Figure 6.4.
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K(m,n) is the Kalman gain. adaptive to minimize the error covariance P(m,n).

The calculation of I{(m, n) is given by

P(m,nlm~1,n) = AP(m-1,njm~1,n)A'+HQ,(m - 1,n)H* (6.19)
K(m,n}) = P(m,njm—1,n)C'

{CP(m,njm - 1,n)C’ + Q,(m, 7)}"! (6.20)

P(m,njm,n) = {I— K(m,n)C}P(m,n|m—1,n) (6.21)

where P(m,n|m — 1,n) is the predicted covariance matrix for (m,n) determined by
P(m - 1,n|m - 1,n),Q(m — 1,n) and system matrices A,H. P(m,n|m,n) is the
error covariance matrix for (m, n), same as P(m,n). The notation of P(m,n|m,n)

indicates that it is the final correction of the estimation P(m,n|m — 1,n).

adaptive gain
correction
y(m.n) Y, 7
observation Km.n +
4 present fm)
estimate of y(m,n)  { Prediction Z:;;:;cmr
C : A & D
measurement System unit delay
parameter parameter

Figure 6.4: Kalman filter for image restoration,

6.4.2 State-Space Kalman Filter

To establish a 2-D state-space Kalman filter, we incorporate the image generation
model and the LSI blur model into a composite state dynamic model, i.e. a state

update equation and a state-dependent output equation. In other words, we have
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to determine the elements of the state vector for the whole system such that the

similar equations as 6.17 and 6.18 can be obtained.

u(m,n)

D,

%, (ma)

Delays

A,

Dy
X (m,n}
B, C
Delays
f(m.n} y(m.n}
e v(m,n)

Figure 6.5: The cascade of 2-D state-space models. The first one is for image
generation and the second one is for LSI blur model,

As shown in Figure 6.3, the image generation model and the blur model are

cascaded to form the whole system. and a white noise v(m,n) is added as the

observation noise. Let

thus, we have

R(m+1,n)
S{m,n+1)

y(m,n)

where,

" R(m,n) = R“(m’")] (6.22)
‘R!(mvn)
S(m,n) = Su(m,n)} (6.23)
_Sf(mvn)
= Au Au R(m, n) By u(m,n)  (6.24)
_-421 Ay S(m,n) 2
= [a & ]| M™™ | + Dutm,n) +o(m,n) (625
. S(m,n

A2 0
A = BlC? Al2
f~u f
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21 421
| BiCl 43

B! B?
BI = t ,Bg — u
| BiD, BD,

¢y = [DfC'}‘ C}],C‘z=[DfCE C}]
D = D;D,

The elements of these matrices are defined in equations (6.4)(6.5) and (6.15)(6.16).

By comparing equations (6.17)(6.18) and equations (6.24)(6.25), we find that
there are two problems to be solved. First, the input random process u(m,n)
appears in the observation equation of (6.25) but not in (6.18). Thus, the equations
of the conventional Kalman filter gain and the error covariance matrix can not be
used directly. Second, since the local state propagates horizontally and vertically,
the state at {m + 1,n)th position depends on the states of positions (m,n) and
(m + 1,n ~ 1). Therefore, we modify the state vectors of the system by including

u(m,n) and the state vectors for (m,n) and (m + 1,n — 1) in it. We define:

R(k) = B(m.n) - (6.26)

S(k) = S(m,n) (6.27)
LS(m-I—l,n—l) |

Uy(k)y = umn) (6.28)
L u(m+1n-1) |

Rik+1) = | HmELn) © (6.29)
I Rim+2,n-1) ]

Sk+1) = S(m+1,n) (6.30)
. _S(m‘“}'gsn‘_l)_
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Gk +1) u(m + 1.n)

(6.31)
um+2,n—-1) |
k) = | Hmtin) (6.32)
L u(m+2.n—1)

The state vectors are then defined as

Rk

Xy = | s (6.33)
v

| R(k+1)

X(E+1) = | Sthe1) (6.34)
_U1(k-|-l)

Now, the problem left is that the state vector X'(k + 1) can not be represented in
terms of X(k) since R(m + 2.n — 1) and S{m + 2,n — 1) are not completed related
to X(k). We approximate these values by their most recent estimates with the

uncertainty represented in a notse term. Let

) e
X = | HmEhn-l) (6.35)
Sim+2,n-1) ]

Bim+2n-1) ]
(k) = ‘(m+ n—1) (6.36)
| S(m+2,n-1)

Then we have:
Xo(k) = W(k) + Wy(k) (6.37)

where W(k) indicates the best available estimate of the state vector, X;3(k), and
Wa(k) is the estimation noise included to account for uncertainty in this approxi-

mation. It follows that equations 6.24 and 6.25 can be changed to:

Xk+1) = AX(E)+ GXy(k) + FUy (k) (6.38)
y(k) = CX(k)+v(k) (6.39)
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where

(4, 0 4, 0 B, 0]
o 0 0 0 0 O
0 4n 0 dp 0 B
A = a # 2 (6.40)
O 0 0 0 0 O
6 0 0 0 0 0
| o o o 0o 0 O
- =4t
010000
G = (6.41)
(000100
- e
000010
F = (6.42)
(00000 1|
C=1|¢Cc,0¢C 0DO (6.43)

where ¢ denotes the transpose. Let m, and n, be the numbers of delays in the
horizontal and vertical directions in the image generation model, respectively. Let
my and n; be the numbers of delays in the horizontal and vertical directions in
the linear blur model, respectively. The dimensions of R(k),S(k) and Ui(k) are
2(my, + my) x 1, 2(n, +ny) x 1 and 2, respectively. The dimensions of matrices
A,G,F and C are 2(m, + m; + n, + ny 4+ 1} X 2(my +my + 1, + 15 + 1),2(m, +
my + ny +ng + 1) X (Mg +my + 0y +ng)2(my +mp +nu+np+ 1) X 2, and
1 x 2(m, +my + n, + ny+ 1), respectively. For the submatrices, the dimension
of Ay is (my + my) X (my + my), of Ay is (n-, . mys) X (ny + ny), of Ay is
(ny+717) X (my+my), of dgg is (n, +ny) X (ny +ny), of By is (my+my)x1and By
is (ny +ns) % 1, respectively. Finally, by substituting W{(k) and Wy(k) for Xa(k),
define U(k) = | Wyo(k) Us(k) ]t, and H = [ G F ], the desired equations as 6.17

and 6.18 are obtained:

X(k+1) = AX(k)+GW(k) + HU(k) (6.44)
y(k) = CX(k)+v(k) (6.45)
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Notice that although the representation of equation is a one-dimensional state-space
difference equation, actually, the state propagates on both horizontal and vertical

directions due to the definition of the state.

Now, we can use the conventional Kalman filtering formula to estimate the state

X (k) and restore the image as follows.

Xkk-1) = AX(k—1k=1)+ GW(k) (6.46)
P(klk-1) = AP(k—1|k—-1)A'+ HQ,(k — 1)H" (6.47)
K(k) = P(klk = 1)CH{CP(kik — 1)C! + Q,(k)} (6.48)
P(klk) = {I- K(k)C}P(klk—1) (6.49)
X(klE) = X(kk=1)+ K(k) x {g(k) = CX(klk = 1)} (6.50)
Fky = [ ¢l c? ] Buli) (6.51)

Su(k)

where f(k) is the optimal estimate of the image. The index k is equal to nM +m, in
other words, this representation is hased on the line-by-line scanning method. We

refer to this algorithm as state-space Kalman filter with the line scanning (SSKFL).

6.5 Parallel VLSI Implementation

As shown above, the Kalman filter is computationally intensive since in each esti-
mation, many matrix operations are performed. As described by equations (6.46)-
(6.51), the filter is a scalar processor. The result of {CP(k—-1|k—1)C* +Q,} ! is
a scalar. As a result, the matrix inversion is avoided. However, matrix-matrix mul-
tiplications and matrix-vector multiplications still prevent the potential application
of this Kalman filter to high speed processing.

In order to accelerate the Kalman filter processing speed, highly parallel VLSI
- systolic structures have been proposed by several authors to perform the Kalman

filtering as mentioned before. Notice that the INalman filter is a recursive filter. The
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estimation of X (% + 1) can not he started before the estimation of X (k) has been
finished. Without special arrangement. even though the systolic arrays can be ob-
tained to perform the matrix operations by using the direct mapping method given
in chapter 2, the throughput rate and the utilization of the array are limited. In this
section we will give a dedicated fast implementation for our proposed algorithm.
The implementation of this Kalman filtering consists of two array processors: one
is for the state vector update. and the other one is for the Kalman gain calculation.

Before we give the design of array architectures, two important features have to
be discussed. First, in real processing, not all components of the state vector X (k)
have to be updated. For example, only the state components for pixel at (m,n)
need to be calculated, while the state components for pixel at (m + 1,n — 1) are
already generated. Hence, we will save the state vector componenis R(m+1,n—1)
and S(m + 1,n — 1) into a buffer when they are generated, and retrieve them from
the buffer when they are needed. Therefore. the computations for equations 6.46
and 6.50 can be reduced. For the same reason, the implementations of 6.47, 6.48
and 6.49 can also be simplified.

Second, for the first-quadrant image model, the pixels along the diagonal lines
are computationally independent. They can be processed concurrently. Thus, to
achieve high speed and high utilization of the systolic array structures, the diagonal
scanning method can be used [74]. That is, image is divided into horizontal strips.
The width of the strip, W, depends on the number of delays between the input and

the output of the implementation, which is given by:

W = max(latency of state update, the latency of Kalman gain calculation).

Let us consider the process of one diagonal segment within one strip, which
starts from the nth line. As shown in Figure 6.5, when the state vector for pixel
(m—-1,n), X(m-1,n)= ( Rim—-1,n) Sim—-1,n) Ui(m—-1,n) )t, enters the
array processor, the prediction of the state component, B(m,n) can be caiculated.

At the same time, 5(m, n) is generated based on tlie initialized or previous estimated
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(m-1,n+1)

o 0

—0—0—0—-—0—-—0_0_o o
¢ (m.n+W-1)
[=(m+n) W +n

Figure 6.6: The diagonal estimate process within each horizontal strip (W=4).

values of the state vectors of pixel (m,n —1), X(m,n ~1). Next, X(m—-2,n41)is
ready to enter the array for producing R(m —1,n+1). And, at same time, the state
vector X(m —1,n) can be used to calculate the vertical component S(m—1,n + 1),
and so on. When the boundary of the strip is reached, the generated state vectors
will be stored in buffers for processing the next strip. The estimated state vectors
of the last strip stored in the buffers are popped to the array for processing the
first pixel of the next diagonal seginzui. It takes one cycle, which is equal to
W clock times, to process one diagonal segment. It is clear that every cycle one
initiai state vector for the first line of the strip needs to be retrieved from the
storage, one generated state vector for the last line has to be stored. This means
X(k), X(k+(M=1)), X(k+2(M-1)), v X (k4 (W —=1)(M —1)) can be estimated
concurrently. This can be more clearly explained by introducing a new index I.
fm =0,1,..M — 1 is the column coordinate and n = 0,1,...W — 1 is the line
coordinate for one strip, the index I is equal to (m + n)W + n within each strip. If
the entire image is divided into $ strips (as shown in Figure 6.7), then the estimation

index I' will be given by
I'={m+ L{;— |M 4+ (n Mod W)W + (n Mod W). -
For the new index I, equations 6.46 to 6.51 will be rewritten as follows:
X(NI-W) = AX(I-WII=W)+GW() (6.52)
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P(III-W) = AP(I-W|I-TWA'+HQ,(I - WH! (6.53)
K(I) = P -W)CYCPU|I - W)C* + Q,(I)}™? (6.54)

P(III) = {I-K(I)CYP(II-W) (6.55)

Xy = XNI-W)+ KD x {y(I)- CX(I|II-W)} (6.56)

fln = [ cl c2 ] [}?“m } (6.57)
Su(1)

According to this expression. X(I), X(I +1),...,X(I + W — 1) can be estimated
concurrently or sequentially without waiting time. After a delay of W clock times,
X(I+W),X(I+W+1),..,X(I+1W +1W ~1) can be estimated in the same way.
For a high utilization of the array. we will estimate the state vectors, X(I), X (I +
1),..., X(I + W — 1) sequentially. This algorithm is referred to as the state-space
Kalman filter with the diagonal scanning (SSKFD).

r M M M M

/ '+! -------------------------------
w strip 1 strip 2 strip 3 strip §

Figure 6.7: The index I’ for the entire image which is divided into S strips

Third, the Kalman gain evaluation is determined by the model parameters and
the statistics of the random process, Q, and Q,. Hence, K (k) can be calculated
before estimation is carried out since it does not depend on the measurements [154].
Furthermore, since the Kalman gain converges to a steady-state solution after a
certain number of iterations, it can be evaluated off-line until it converges and then
can be used in the real-time state estimation. When the Kalman gain is needed to
be calculated on-line as the estimation proceeds, it is time consuming to implement
6.47, 6.48 and 6.49 since they can not be performed in parallel. Fortunately, when
the diagonal estimation scheme is used, the gain I{(I) is related to K (I — W) not

to K'(I ~1). The Kalman gains, A(I),K(I+1),..., K{I+ W —1) can be calculated

137



ym

in parallel or sequentially without waiting time based on the results of the previous

diagonal segment.
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Figure 6.8: The array architecture for state update part of the Kalman filtering

The implementation of the state update is given in Figure 6.8, which performs
equations 6.52, 6.56 and 6.57. In this design, we assume that vertical and horizontal
state vectors for the boundary are initialized to zero. Two two-dimensional systolic
arrays are used to gencrate the predicted estimate of the state vectors. Next, a one-
dimensional array is used to obtain the measured error between the observation
value, y(m,n), and the predicted value. Then another 1-D array is followed to
correct the estimated states to the optimal values. To begin the operations, the

t
state vector of pixel (m—1,n), X(I-11) = RI-W) S(I-wW) h(I-w) ] ;
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enters the array, the prediction of the state component,R(I) can be calculated. At
the same time, S(I) is generated by the initialized or previous estimated values of
the state vectors of pixel in the last strip. Then. X(1 — W + 1) enters the array
for producing R(I + 1). And. the state vector X (I — W) propagates to the right
for caleulating S(I + 1), and so on. When the boundary of the strip is reached, the
generated state vectors have to be stored in buffers for processing the next strip.
The estimated state vectors of the last strip stored in the buffers are popped to the
array for processing the next segment. Notice that in this design at every clock one
pixel is estimated and the clock period depends on the time in which the K(I) can

be generated. The functions of the basic processing elements for the state update

array processor are given in Figure 6.9.

The architecture of the Kalman filter gain calculation part is given in Figure 6.10.
It is a direct realization of 6.53, 6.54 and 6.55. We use two-dimensional and one-
dimensional systolic arrays tc implement the matrix-matrix multiplications, matrix-
vector multiplications. Note that the latency for this implementation is not small.
But, the inputs for one segment can be pipelined into the array, the outputs come
out from the array at every clock time. When the delay of the state update part is
equal to the delay of the gain calculation part, one pixel can be estimated at every
clock time. It results in real-time processing. The detailed implementation of the
Kalman gain calculation processor is given in Figure 6.11. As an illustration, we
suppose the dimensions of the matrices are 3 x 3.

In the proposed Kalman filter array processors, besides the delays, there are one
division processing element and one transposition unit. All the others are systolic
arrays. The basic processing elements of systolic arrays perform the multiplica-

tion and accumulation operations. After the initialization, the processor utilization

efficiency is 100%.
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6.6 Simulation Results

In order to test the validity of the proposed 2-D state-space Kalman filter scheme
and VLSI architecture, we have performed several experiments on real images, a
128 x 128 decimated cameraman image and a 256 x 256 cameraman image, shown in

Figure 6.12 and Figure 6.13. respectively. The image model parameters are obtained

by using gencral least square fit procedure {151] and given in the Table 6.1.

Figure 6.12: The original 128x128 cameraman image, which is magnified by com-

puter with zoom factor = 2.

256 x 256 Cameraman,

Coefficients
Image C10 Cor ‘11 Qu
128 x 128 Cameraman | 0.5597539 | 0.7486134 | -0.3117485 | 271.7489
0.7110014 | 0.7446861 | -0.4593206 | 229.4642

Table 6.1: The generation model parameters of original images.

The original image was blurred with a certain PSF (point spread function)
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Figure 6.13: The original 256x256 cameraman image.

and a zero-mean white random noise as the observation noise was added. In our
experiments, the MSE value of an image. z(m.n). is the variance, of the image,
which is given by:

1  ——
: = ——=S, . (z(m.n) —= 2 5.5
MSE VS malz(m.n) — z{(m,n)) (6.58)

where z(m,n) is the mean valie of the image. The MSD value of an image is the
mean squared difference value between the image z(m, n), which can be the blurred
image, y(m,n), or the restored image, f(m, n). and the original image f(m,n).
1
MSD = WS,,,_,,,(:(m. n) - f(m,n))? (6.59)

The blurred signal-to-notse ratio (BSNR) is defined as follows:

MSE value of blurred image

vartance of measurement noise
To compare the performances of different realizations, three methods were used to
obtain the restored images for cach cxperiment. These three methods are reduced

order models kalman filter (ROMKF) [139], our proposed state-space Kalman filter
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with diagonal scanuing scheme (SSKFD) and our state-space Kalman filter with
line-by-line scanning scheme (SSKFL). The improvements of the Kalman filters, 7,

arc calculated in decibels according to:

MSD volue of the blurred/noised image

WeR = 10!09’10 (6.61)

MSD value of the restored image

The experimental resnlts are reported as follows:

e Expcriment 1.

In the first experiment, we considered there is no linear blur. Only white
noise was added to the original 128 x 128 image. For BSNR = 22db, 16db
and 10db, the improvements of ROMKF, SSKFD and SSKFL are very little.
The numerical results are given in Table 6.2. The pictorial results are shown
in Figure 6.14, Figure 6.15. and Figure 6.16, respectively. It is shown that
the performances of three methods are similar. They are not very effective for

removing the statistical degraclations such as noise and measurement errors.

Images Mean MSE MSD

Noisy image 118.3246 | 4102.854 | 25.19019 | BSNR = 22db
Restored by ROMKF | 117.7950 | 4060.579 | 23.60651 | n = 0.28db
Restored by SSKFD | 117.7513 | 4062.456 | 23.82764 | n = 0.24db
Restored by SSKFL [ 117.7471 | 4062.419 | 23.80707 | n = 0.25db
Noised image 118.4193 | 4145.406 | 97.77112 | BSNR = 16db
Restored by ROMKF | 117.8152 | 3995.813 | 76.55389 | n = 1.06db
Restored by SSKFD | 117.6614 | 3999.540 | 81.64191 | n = 0.78db
Restored by SSKFL | 117.6514 | 3999.524 | 81.51031 | n = 0.79db
Noised image 118.9260 | 4293.528 | 375.6303 | BSNR = 10.3db
Restored by ROMKF | 118.0909 | 3775.282 | 210.3007 | 7 = 2.52db
Restored by SSKFD | 117.4970 | 3751.064 | 237.4967 | 7 = 1.99db
Restored by SSKFL | 117.4859 | 3751.025 | 237.0778 | n = 2.00db

Table 6.2: Comparative results for noisy image without linear blur.




Figure 6.14: The pictorial results for filtering the noisy 128x128 cameraman image,
the noise variance is 25.0. The left-up one is the noisy image, the right-up is the
restored image by ROMKF, the left-down is the restored image by SSKFD, and the
right-down is the restored image by SSKFL.
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Figure 6.15: The pictorial results for filtering the noisy 128x128 cameraman image,
the noise variance is 100.0. The left-up one is the noisy image, the right-up is the
restored image by ROMKF, the left-down is the restored image by SSKFD, and the
right-down is the restored image by SSKFL.
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Figure 6.16: The pictorial results for filtering the noisy 128x128 cameraman image,
the noise variance is 400.0. The left-up one is the noisy image, the right-up is the
restored image by ROMIF'. the left-down is the restored image by SSKFD, and the
right-down is the restored image by SSKFL.
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e Experiment 2.

In this experiment, we consider the image is only degraded by the linear blur.

The linear blur finction is chosen as [141]:
]?0() = OOG .’J]_r) = 015 hUl = 015. ]l]] - 005.

The numerical performance is given in Table 6.3 and the pictorial results are

shown in Figure 6.17.

Images Mean MSE MSD
Blurred by 2 x 2 PSF ! 48.52795 | 647.7051 | 6325.445
Restored by ROMKF | 117.3904 | 4006.629 | 223.4454 | n = 14.5db
Restored by SSKFD | 117.9369 | 306S.936 | 232.3326 | n = 14.44b
Restored by SSKFL | 117.8571 | 3968.159 | 232.648¢ n = 14.4db

Table 6.3: Comparative results for blurred image without noise.

¢ Experiment 3.

In this experiment, we consider the image is degraded by both linear blur and
the measurement noisc. The linear blur is a 2 x 2 PSF, which is the same as
the one used in the experiment 2. The swhite noise has the variance of 6.5,
s¢ that the BSNR = 20db. The results show that three methods have the
same ability to improve the quality of the image. The numerical comparison

is given in Table G.4. and the pictorial results can be observed in Figure 6.18.

e Experiment 4.

In this experiment, we consider a 3 x 3 linear blur function and a white noise.

The PSF parameters are adopted from [151]:

The blurred signal-to-noise ration of the image is kept as BSN R = 20db. The

numerical results arve presented in Table 6.5, and the visual results are given
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Figure 6.17: The pictorial results for filtering the blurred 128x128 cameraman im-
age. The left-up is the noisy image, the right-up is the restored image by ROMKF,
the left-down is the restored image by SSKFD, and the right-down is the restored
image by SSKFL.
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Figure 6.18: The pictorial results for filtering the blurred and noised 128x128 cam-
eraman image. BSNR = 20dh. The left-up one is the noisy image, the right-up
is the restored image by ROMIF. the left-down is the restored image by SSKFD,
and the right-down is the restored image by SSKWFL.
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Images Mean MSE MSD
Degraded by 2 x 2 PSF | 48.53534 | 651.9204 | 6334.025 | BSNR = 20db
Restored by ROMKF | 117.5443 | 3930.072 | 283.9073 n = 13.5db
Restored by SSKFD | 117.7208 | 3929.306 | 302.1602 1 = 13.2db
Restored by SSIKFL 117.6281 | 3928.159 | 206.2195 n = 13.3db

Table 6.4: Comparative results for blurred and noisy image.

fiop = 1621 Iy = 0.0983  hyo = 0.0219
hm = 0.0083 hn = 0.0596 hg] = {.0133
]i'og = 0.0219 hr_) = 00133 ]Ig-z = 0.06030

in Figure 6.19.. These results show comparable performance both visually and

with respect to the mean-square error again.

Images Mean MSE MSD
Degraded by 3 x 3 PSF | 58.10897 | 923.0527 | 4752.042 | BSNR = 20db
Restored by ROMKF | 117.6967 | 3963.260 | 169.2443 n = 14.5db
Restored by SSKFD | 117.9247 | 3966.527 | 190.3295 n = 14.0db
Restored by SSKFL | 117.9350 | 3966.438 | 190.4330 n = 14.0db

Table 6.5: Comparative results for blurred and noisy image.

o Experiment 5.

In order to compare the processing speed, we applied three I{alman filters to
the 256 x 256 image. The original image is blurred by the same 2 x 2 PSF as
above experiment and BSNR is equal to 20db. The results are given in Table

6.6 and Figure 6.20.

¢ Experiment G.



Figure 6.19: The pictorial results for filtering the blurred and noised 128x128 cam-
eraman image. The PSF is 3 x 3. The BSN R = 20db. The left-up one is the noisy
iinage, the right-up is the restored image by ROMIF, the left-down is the restored
image by SSKFD. and the right-down is the restored image by SSIKFL.
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Figure 6.20: The pictorial results for filtering the blurred and noised 256 x 256
cameraman image. The PSF is 2 x 2. The BSNR = 20db. The left-up one is the
noisy image, the right-up is the restored image by ROMKEF, the left-down is the
restored image by SSKFD, and the right-down is the restored image by SSKFL.



Images Mean MSE | MSD
Degraded by 2 x 2 PSF | 48.61171 | 229.1342 | 6441.271 | BSNR = 20db
Restored by ROMKF | 118.6020 | 1387.524 | 196.7302 n = 15.2db
Restored by SSIKFD 117.9062 | 1378.268 | 213.5948 n = 14.8db
Restored by SSKFL 117.9172 | 1378.335 | 214.2590 n = 14.8db

Table 6.6: Comparative results for blurred and noised 256 x 256 image.

In this experiment, we applied three IKalman filters to the 256 x 256 image
again. The original image is blurred by 3 x 3 PSF given in the experiment
4 and BSNR is equal to 20db. The results are given in Table 6.7 and Figure
6.21.

Images Mean MSE MS5D
Degraded by 3 x 3 PSF | 58.28009 | 325.6016 | 4830.787 | BSNR = 20db
Restored by ROMKF | 118.0664 | 1381.078 | 93.63222 | 7 = 17.1db
Restored by SSKFD | 117.9411 | 1384.042 | 116.3631 n = 16.2db
Restored by SSKFL | 118.1005 | 1381.990 | 102.1722 n = 16.7db

Table 6.7: Comparative results for blurred and noised 256 x 256 image.

These results indicate the following:

¢ The Kalman filter is not very effective to remove the statistical degradations.
However, it is quite effective to improve the image quality which is degraded

by blurring or by both blurring and noise.

¢ In terms of MSE’s, the improvement of our state-space Kalman filter with the
diagonal scanning is comparable with the line-by-line scanning and also the
reduced order model Nalman filter. Visually, the restored images by three

methods are the same for each different case.
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Figure 6.21: The pictorial results for filtering the blurred and noised 256 x 236
cameraman image. The PSF is 3 x 3. The BSN R = 20db. The left-up one is the
noisy image, the right-up is the restored image by ROMKF, the left-down is the
restored image by SSKFD, and the right-down is the restored image by SSKFL.

156



o In terms of processing speed. the performances are quite different. By using
our proposed architecture. one pixel is estimated at every clock time, which is
equal to one multiplication time plus one addition time by SSKFD. If both the
image generation model and the blur model are the first order, 24 clock times
are required by SSKFL. In the reduced order model Kalman filter algorithm,
there are about 540 multiplications for the same order filter. Of course, if an
uniprocessor is used, the processing speed is very slow. If we can design a
parallel architecture for it, the throughput rate can be increased. However,
since it is based on the line-by-line scanning scheme, the speed can be the

same order with SSIKFL, not the same as SSKFD.

6.7 Conclusions

In this chapter, Roesser’s 2-D local state space model is used to represent the image
process and the blur process. As a result, a simple state-space Kalman filter is de-
rived. This scalar filtering algorithm provides a computationally feasible procedure
for the restoration of large ima.geé. To impiement the Kalman filtering procedure in
parallel, a VLSI systolic array structures is presented. For higher speed and higher
utilization of this processor. a diagonal scanning method is suggested. The proposed
architecture has extensive parallel and pipelining processing capability. The time
complexity of processing one strip is O(A{ W), where M is the length of the image
and W is the width of the strip. respectively. If using an ordinary VLSI architecture
having similar structure but without using diagonal computational scheme, the time
complexity will be O(MTV?). If using an uniprocessor, the time complexity will be
O(MW*). It reduces the time complexity greatly and the utilization of the array
processor is 100%. The experimental results show that the proposed algorithm has
comparable performance with the ROMKF and SSKFL with less time complexity.

It is anticipated that the proposed algorithm and architecture can be extended to



the causal image model and the causal blur with nonsymmetric half-plane support.
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Chapter 7

Summary and Conclusions

7.1 Summary of Results and Contributions

The main purpose of this thesis is to investigate VLSI implementations of recursive
state-space filters. After the general mapping methodology for recursive algorithms
being discussed, several array architectures for different applications are proposed.
The algorithms and architectures developed in this thesis are feasible. Along the
way of this implementation investigation, ideas have been developed which can be
used in more arcas than just state-space filters. In particular, how to design a VLSI
algorithm with maximum parallelism. how to improve the utilization efficiency, and
how to exploit different level parallelism to speed up the processing will be found
useful for design of special-purpose array processors.

In chapter 2, based on the existing results, a modified mapping methodology for
mapping recursive algorithms was presentecd. We avoided the intermediate mapping -
step so that the DG of an algorithin can be directly mapped onto systolic arrays.
To obtain a correct mapping result, the coordinates of the DG were clarified, 2 new
equation for output mapping was given, and a mapping procedure was suggested.
Several examples were used to illustrate the capabilities of the suggested approach.

In this chapter we next presented the method for optimizing the array design.
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The emphasis for this part is on the design of the optimal array for the recursive
filtering algorithm. Guidetines for the selection of the schedule vector and the
projection vector to obtain an optimal result were given along with the conditions
for optimal design {optimality being defined as minimization of computing time or
pipeline period). To eliminate the interior inputs and outputs, based on the DG
expansion technique, the design method of control signals and processing elements
was illustrated by an example. To reduce the number of input/output lines, a data
distribution scheme was suggested in the case of state-space filtering. As well, the
reduction of the array size was discussed and two methods of partitioning algorithms
were shown. Of particular interest was the improvement of the utilization of the
arrays. Besides the pipeline interleaving scheme, a multiprojection method to be
used for 2-D recursive state-space filtering is emphasized.

It has been found that, for 1D and 2D signals, the state space representation
offers a very suitable basis for realization using systolic arrays. The state space
matrix representation also allows for the application of state transformation matri-
ces to achieve minimum roundoff noise, low coefficient sensitivity and freedom from
overflow cscillations.

Based on the presented approach in chapter 2, VLSI architectures for 1-D and
2-D recursive state-space filtering were proposed in chapter 3 and 4. For 1-D IIR
filters, the state-space re.presenta.tion was first used to obtain a simple systolic ar-
ray, where data broaclcast was needed. To speed up the processing, an advanced
state update algorithm was developed and a corresponding array was given. By
decomposing the algorithm, a cascade form of second-order state-space structures
was suggested, which resulted in high speed and high efficiency with less hardware.
In the 2-D case, the idea of different level speedup was developed. At the pixel level,
also called local specdup, the direct form array and the advanced state update array
were used. At the image level, called global speedup, multiprojection method was

first used to improve the efficiency of the processors. Then, the spatial concurrency
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in 2-D systems was used to find a global specchip architecture. This architecture
consists of a number of column array processors. and it works on multiple columns
of images in parallel. The throughput rate of this design is adjustable and therefore
can be very high.

In chapter 5, a new adaptive algorithm for state-space recursive systems was
given. The adaptive state-space filterirg algorithm is based on the LMS method.
The gradients are derived directly from state equations. In order to reduce the
complexity, the parallel form of lower order acdaptive sections was suggested. The
stability monitoring of the adaptive filter was studied. The sufficient conditions
for the stable adaptation were given. and comparisons between state-space filters
and other realizations were briefly discussed. The convergence behavior and round-
off noise performance were also investigated. The results of computer simulations
were quite encouraging. To speed up the filtering and adaptation, a VLSI array
architecture was suggested.

Finally, chapter 6 proposed a very fast IXalman filter for image restoration. In
particular, a new state-space model Kalman filter algorithm was developed. By
using the local state-space structure to represent the image generation model and
the degradation model, a simple composite dynamic system representation was
obtained. To establish the IKalman filter equations, an appropriate state vector was
chosen. For real-time processing, the diagonal scanning scheme was used, and a
dedicated VLSI array architecture was proposed. In order to verify the proposed
algorithm and implementation, experimental results were given, which show that the
state-space Kalman filter can result in real-time image restoration with comparable

image restoration quality as other INalman filter algorithms,
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7.2 Suggestions For Future Work

VLSI technology is a very fast developing area and many researchers are paying
much attention to VLSI from different aspects. The special-purpose array processors
have created a new architecture horizon in implementing parallel algorithms directly
on hardware. The research work done for this thesis led to a number of unsolved
problems and research directions. Some of them are:

The mapping methodology described in chapter 2 uses a projection vector and a
schedule vector to map an algorithm onto array architectures. It was demonstrated
by examples. (1). The question of whether this mapping method can map any
recursive algorithm onto array processors has not been answered theoretically. (2).
The architectures for state-space filtering proposed in this thesis were obtained
using this method along with some special considerations. Hence, what is the role
of the general mapping methodology in the design world of special-purpose array
architectures? (3). To eliminate the interior inputs and outputs in mapping the
DG of matrix-vector multiplication and addition, the elements of the matrix were
assumed to be preloaded into the array processors. If the original DG has interior
1/0, how can it be mapped onto an array without interior I/O7? (4). If the original
DG is spatial-invariant or uniform, after expanding the DG along border lines, the
DG is not uniform any more. Therefore, it is important to derive a new uniform
recurrence dependency as well as the control signal for processor elements to switch
their functions.

For the array architectures obtained in chapter 3 and 4, further considerations
are required. A further step is necessary to bring the arrays closer to VLSI re-
alization. A review of actual realization constraints should be made, considering
both the arithmetic constraints as well as the practical VLSI layout constraints,
between which there is a great deal of interaction. The arithmetic elements of the

array will be generaily of the form of: multipliers and adder/accumulator as well



as delay latches. For some cases also dividers. comparators, etc. are to be consid-
ered. To some considerable extent. these elements may be realized in memory form,
which leads to the application of table lookup, or stored arithmetic techniques. The
realization of arithmetic elements there becomes a question of what technique of
element realization is the best. in view of the circuit area requirements (the possible
numbers of arithmetic elements per VLSI chip); the interconnections, as well as the
inter-chip connections. Other considerations are in the overall circuit reliability and
the possibility of replacing faulty elements by substitution with spare elements.

In chapter 5, it was demonstrated that adaptive state-space filters could suc-
cessfully converge to the desired filter. Adaptive state space filters were compared
to direct form adaptive ITR filters and adaptive lattice filters in terms of stability
monitoring, convergence rate and roundoff noise using several examples. It would
be very useful if a theoretical analysis could be given. Also, the question of ensuring
the algorithm converges to the global minimum still needs to be investigated. Over-
all, this algorithm requires considerably more work to be done. For example, the
stability control scheme, the choice of the convergence parameters, the reduction of
computation complexity, details of VLSI implementation, and applications.

With regard to the Nalman filter developed in chapter 6, more experimental
simulations have to be done. It was found that for some degraded images, Kalman
filter algorithms, the one proposed in this thesis and ones proposed by other authors,
can not give satisfactory results, Furthermore, in this thesis, the parameters for
image generation model and the blur mode were known. In the practical case,
the identification of the parameters and the restoration of the images have to be
performed at the same time. A fast identification algorithm and architecture needs
to be developed. Finally, it is desirable to develop a fast adaptive Kalman filter for

image restoration.
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