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SUMMARY

Diffusion and random walks have been studied for more than 100 years. However, there are

still details in the methodology that are overlooked, and more information can be extracted from

the typical data that is studied.

In this thesis, I simulate random walks on two dimensional lattices with immobile obstacles

configured in a variety of ways: periodic, random, and "Fuzzy" (a cross intermediate state of

disorder between periodic and random). The primary goal is to develop a deeper understanding of

"Fuzzy" systems by designing different ways of generating tunable disorder. An example of this is

the universal Fz parameter that we developed to unify the natural disorder parameters of the various

disorder generation methods we developed.

Often times the importance of analysing the transient/anomalous regime with more precision

and consistency is overlooked. In our work, we expand on random walk dynamics by applying

non-standard probabilities, and justify our choice analytically and through a comparison of results.

Furthermore we discuss how the transient regime should be analyzed so that there is consistency

in the field.

Other than discussing semantics of algorithms and analysis, we study the connection between

the transient regime and the steady-state. We introduce two measures of the width of the tran-

sient/anomalous regime, and compare them to the crossover time. Using the width of the tran-

sient/anomalous regime we are able to provide an estimate of the steady-state diffusion coefficient

without access to the steady-state simulation data.
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SOMMAIRE

La diffusion et les marches aléatoires sont étudiées depuis plus de 100 ans. Cependant, certains

détails de la méthodologie sont encore négligés, et plus d’informations peuvent être extraites des

données typiques qui sont produites.

Dans cette thèse, je simule des marches aléatoires sur des treillis bidimensionnels avec des

obstacles immobiles configurés de différentes manières : périodique, aléatoire, et "Fuzzy" (un

état de désordre intermédiaire croisé entre périodique et aléatoire). L’objectif principal est de

développer une compréhension plus approfondie des systèmes "Fuzzy" en concevant différentes

manières de générer un désordre synthonisable. Un exemple de ceci est le paramètre universel Fz

que nous avons développé pour unifier les paramètres de désordre naturel des différentes méthodes

de génération de désordre que nous avons développées.

On néglige souvent l’importance d’analyser le régime transitoire/anormal avec plus de préci-

sion et de cohérence. Dans notre travail, nous développons la dynamique de la marche aléatoire

en appliquant des probabilités non standard, et nous justifions notre choix analytiquement et par

une comparaison des résultats. En outre, nous discutons de la manière dont le régime transitoire

devrait être analysé afin d’assurer la cohérence dans le domaine.

En plus de discuter de la sémantique des algorithmes et de l’analyse, nous étudions le lien

entre le régime transitoire et l’état stationnaire. Nous introduisons deux mesures de la largeur du

régime transitoire/anormal, et nous les comparons au temps de croisement. En utilisant la largeur

du régime transitoire/anormal, nous sommes en mesure de fournir une estimation du coefficient de

diffusion à l’état stationnaire sans avoir accès aux données de simulation à temps longs.
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CHAPTER 1

INTRODUCTION

When we think of diffusion, we often think of something tangible to us: maybe you think of how

your water becomes tea when you steep it with a teabag, or how smoke moves when you light an

incense stick in your still room. These examples have in common a lack of impeding obstacles:

the water in your mug does not have solid blocks in it, the air in your room does not have floating

walls. So what happens when we do have walls or objects in the way? How would it affect our

steeping tea? Taking this a step further, if we have many walls and we place them in our room we

know we could change when we smell the incense and how much we smell it. What would happen

to this behaviour if we place the walls randomly? How about periodically?

The incense sticks and teabags are both scenarios that are familiar with us, but what is less

thought of is our cells. Diffusion is a key transport mechanism in our own body; our cells utilise it

to transport important molecules within themselves, and it also plays a role in molecules crossing

the cell membrane. Cells themselves have many immobile proteins within them, and if we inves-

tigate what happens on the cell membrane itself we are left with a two-dimensional plane, with

some immobile and some mobile obstacles (proteins).

In Nature however, things are seldom periodic, nor are they completely random. One example

are Penguins: Penguins are very territorial and thus do not allow other Penguins to settle in a close

proximity to them, yet they still live in packs. The amount of territory that a Penguin will keep to

itself will vary from Penguin to Penguin, resulting in something close to a periodic structure, but

with small deviations. An example of randomness in Nature could be dandelions: dandelion seeds

are sown by the wind, and their final resting position varies greatly depending on many factors.
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The cell itself has a structure, and albeit mobile proteins are not tied to this structure directly, they

are influenced by it. So we come to the conclusion that these obstacles (proteins) are spaced in a

manner that is somewhere between periodic and random, which we will be calling "Fuzzy" from

here on out.

Diffusion as a general topic has been extensively studied in biological systems as well as syn-

thetic systems [19]. To put it in perspective one of the first findings of Anomalous Diffusion (dif-

fusion that scales non-linearly with time) is from 1935, and used Single Particle Tracking) [8, 19]

(the method of placing a tracer particle into a system and tracking the displacement as a function of

time. The field is very active, with 100’s of papers using Single Particle Tracking experimentally

and random walks of tracer particles studied computationally every year [9, 15, 24, 25, 26, 32, 34].

Alongside advances in technology, and computing power becoming more accessible, computa-

tional techniques to model and investigate diffusion on a lattice are one of many ways the field

continues to advance today [1, 11, 18].

The goal of this thesis is to build a deeper understanding of disorder and its effect on diffusion

in systems containing immobile obstacles. We model diffusion of a point like particle traversing

a two dimensional space. The details of the approach we take are found in Chapter 2. Every

calculation performed throughout this thesis has been done in Python and designed to work on

a single core; however, the calculations are scalable to multi core settings by scripts designed

to combine data sets of like parameters. The primary exploration of disorder can be found in

Chapter 3 where we generate tunable disorder in obstacle configurations using many different

methods (described in Section 2.10) and compare the effects on the diffusive behaviour. Next we

look at how we can further characterize the anomalous regime (the regime for which anomalous

diffusion can be applied) in Chapter 4. We find that the anomalous regime offers a significant

amount of information about the steady-state and discuss how to apply it. Finally, in Chapter 5

we investigate the displacement distribution functions resulting from diffusion in systems with

randomly placed obstacles. We work with an empirical fitting function that is able to capture the

fat tails that are a consequence of anomalous diffusion, but also able to capture the short range
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Gaussian behaviour.

1.1 The Emergence of Diffusion

In the year 1827 Robert Brown began to study grains of pollen, that were filled with smaller

granules, in water. He noticed that these smaller granules were in motion, and further noticed

changes of form; he reported seeing contractions or changes in curvatures, and even rotation of

the granules. These different forms of motion led Robert Brown to conclude that the motion was

in fact not a result of currents in the water, nor the evaporation process, rather that the particles

themselves were moving [3].

Louis Bachelier under the guidance of the famous mathematician Henri Poincaré would be

next in discovering two key aspects of todays understanding of Brownian motion in his mathe-

matical thesis titled "The Theory of Speculation" [2] where he would study the math behind the

stock exchange. Bachelier would show us that Brownian motion has a Markovian character, i.e.

prior information of the state of a system is not needed to predict the future states of the system.

Secondly he would show the reflection principle, which connects the distribution of the particles

max position f (t) after a time t = s to the distribution of the particles path for t > s.

In 1905 Albert Einstein approached the problem of Brownian motion using a probabilistic

model [6], his goal being to explain, using the molecular-kinetic theory of heat, that microscopi-

cally small bodies suspended in a liquid will move due to the molecular motions caused by heat.

Einstein began by considering a quantity of liquid in a volume V , with suspended particles retained

in a smaller volume V ∗, and divided from the rest of V by a semi-permeable membrane. Einstein

showed that using the classical theory of thermodynamics no force would act on the membrane,

however using the molecular-kinetic theory of heat that there is in fact a force, the cause of this

force being the irregular movements of the suspended particles due to the movement of the liq-

uid molecules. In more common terms the small suspended particles are bombarded by liquid

molecules at random, and occasionally will be hit from one side more than the other, in turn caus-

ing random movement of the suspended particles. Einstein would then link this motion to the
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diffusion equation using a probabilistic approach by studying the number of suspended particles

that would displace a small distance ∆x over a small interval of time τ .

With the mathematical model given by Einstein, Jean Perrin was next to step up to the plate. He

would use a microscope and a "camera lucida" (an optical technique for superimposing an object

viewed through a microscope onto a surface for tracing) setup to mark the positions of suspended

particles in a liquid on fixed time intervals. Perrin would collect data for 50 particles and find the

mean squared displacement (the displacement from a particles starting position to its position after

the fixed time interval squared), which would then be used in a calculation of Avogadro’s number

(first evaluated in 1860 by Stanislao Cannizzaro[13]) presented by Einstein[6]. Perrin confirmed

the value found by Cannizzaro within error, thus affirming Einsteins mathematical model of Brow-

nian motion.

1.2 Basics of Diffusion

Let us start investigating diffusion by deriving the diffusion equation. The simplest situation is

steady-state, wherein individual particles move within the system, however the overall concentra-

tion in any section that we sub-sample remains constant; alternatively it can also be defined such

that the concentration pattern is constant throughout when the total number of particles is not con-

stant. In specific fields, such as drug delivery, we may be interested in the number of particles that

leave or enter a given system. Fick’s first law, which describes the number of particles crossing a

cross-sectional area A in a fixed time step τ , allows us to build up mathematical tools to further un-

derstand non steady-state diffusion. Let us begin by considering Fig. 1.1. We will refer to particles

to the left of area A within a distance ∆x as being located at x, and particles to the right of area A

within a distance ∆x as being located at x+∆x. These particles may only move along the x-axis at

random, i.e. the probability of moving to the left during the time step τ is equal to the probability

of moving right which are equal to 1
2 . We will refer to the number of particles as N, in which case

we have N(x) particles on the left of our area A, and N(x+∆x) particles on the right. Given our

particle jumping probabilities of 1
2 , we expect 1

2N(x) particles to jump from the left side of A to

4



Figure 1.1: We consider particle motion only along the x-axis. We take a cross-sectional area, A,
(black rectangle at position x+ ∆x

2 ) and investigate the number of particles that cross this area within
a time step τ . The red rectangles encapsulate the particles on either side of the cross-sectional area
through which particles move. The number of particles on the left of A is denoted by N(x), and the
number of particles on the right of A is denoted N(x+∆x).
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the right side during the time step τ . Similarily we expect 1
2N(x+∆x) particles from the right of

A to jump across to the left of A during the time step τ . We can then calculate the net number of

particles that have crossed the area A to the right during the time step τ to be 1
2 [N(x)−N(x+∆x)].

If we divide the net number of particles by the area A and the amount of time that has passed τ , we

obtain the flux J:

J =
1
2 [N(x)−N(x+∆x)]

Aτ
. (1.1)

Rarely is the number of particles dealt with explicitly: we instead operate using concentration

C(x). First let us define the concentration: on the left of our area A we have N(x) particles in a

volume A∆x, which leaves us with C(x) = N(x)
A∆x . Substituting this into eq.1.1 leaves us with:

J =
1
2 [C(x)A∆x − C(x+∆x)A∆x]

Aτ
=

∆x
2τ

[C(x)−C(x+∆x)] =
(∆x)2

2τ
× C(x)−C(x+∆x)

∆x
. (1.2)

In the limit of ∆x → 0 we can replace C(x+∆x)−C(x)
∆x with ∂C(x)

∂x , and we call (∆x)2

2τ the diffusion

coefficient (note that this does not vary spatially in our example, i.e. D ̸= D(x)). This leaves us

with Fick’s law relating the flux to the derivative of the concentration:

J =−D
∂C(x)

∂x
. (1.3)

Next consider Fig. 1.2, where we have a volume A∆x. The flux into the box is J(x) (particles

coming into the box from the left side) while the flux out of the box is J(x+∆x) (particles leaving

the box out the right wall). There is some concentration C(x, t) in the box initially, and the change

in concentration over a time interval τ is C(x, t + τ)−C(x, t). The difference in concentration

between times t + τ and t is simply the difference between the influx of particles coming from

the left (J(x)Aτ) and the amount of particles leaving out the right side (J(x+∆x)Aτ) divided by

the volume of the box A∆x. We can convert these into rates by dividing both by the time step τ

resulting in
C(x, t + τ)−C(x, t)

τ
=

[J(x)− J(x+∆x)]Aτ
A∆xτ

. (1.4)
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Figure 1.2: A rectangular volume V = A∆x with cross sectional area A is shown with an incoming
flux from the left wall, and outbound flux out of the right wall.
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Taking the continuum limit of time t (τ → 0) simplifies the lhs to ∂C(x,t)
∂ t . Next we can take the

continuum limit of space x (∆x → 0) to retrieve −∂J(x)
∂x , resulting in the continuity equation:

∂C(x, t)
∂ t

=−∂J(x)
∂x

. (1.5)

With the continuity equation 1.5 we can simply substitute eq. 1.3 in for the flux (since we have

already evaluated the continuum limit in x) resulting in the diffusion equation:

∂C(x, t)
∂ t

=− ∂
∂x

(︃
−D

∂C(x, t)
∂x

)︃
= D

∂ 2C(x, t)
∂x2 . (1.6)

The derivations above have been using only one-dimensional motion in a three-dimensional envi-

ronment; the equations are easily generalized since each dimension is independent of one-another.

The spatial derivatives can thus be rewritten as gradient operators to account for dimensionality.

We however did not consider the possibility of a spatially varying diffusion coefficient D(r⃗), in

which case eq. 1.3 would include the spatial dependence of the diffusion coefficient, leading us to

not being able to extract D in front of the second derivative in eq. 1.6. The resulting general form

of the diffusion equation with a spatially dependent diffusion coefficient is:

∂C(r⃗, t)
∂ t

= ∇ · (D(r⃗) ·∇C(r⃗, t)) . (1.7)

In this body of work, we will assign a fixed value of D for particles diffusing within the medium,

i.e. it will not vary spatially D(r⃗) = D. Thus we can simplify the three-dimensional diffusion

equation as follows:

∂C(r⃗, t)
∂ t

= D
[︁
∇2 ·C(r⃗, t)

]︁
. (1.8)

A portion of this thesis involves investigating the behaviour of a tracer particle moving within

a uniform two-dimensional medium, corresponding to a delta peaked initial condition with the

centre located at r⃗ = 0, i.e. C(r⃗, t = 0)∼ δ (r⃗). This is a standard initial value problem differential
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equation, and the solution is a Gaussian of the form

g(r, t) = Ae−r2/σ2

. (1.9)

The variance is

σ2 = 4Dt (1.10)

in the two dimensional case. The normalization factor A can be evaluated

1
A
=
∫︂ 2π

0

∫︂ ∞

0
r e−

r2
4Dt dr dθ , (1.11)

to obtain the final form

p(r, t) =
1

4πDt
e−

r2
4Dt , (1.12)

which we can multiply by the total number of particles Ntot in a system to convert from a probability

distribution to a concentration:

C(r, t) =
Ntot

4πDt
e−

r2
4Dt (1.13)

in two dimensions. The probability distribution 1.12 is shown for various times in Fig. 1.3. We

show only positive values of r due to r being defined as the distance from the centre of the system.

We use the probability distribution p(r, t) for calculating the continuum limit solutions of the

second and fourth moments of our systems. Calculating these quantities is simply taking the

expectation value of the displacement to the second, and fourth powers respectively as follows:

⟨r2(t)⟩=
∫︂ 2π

0

∫︂ ∞

0
r2 p(r, t)r dr dθ = 4Dt (1.14)

This calculation can be generalized to any dimension with
⟨︁
r2(t)

⟩︁
= 2nDt where n is the dimen-

sionality of the system (n = 1 for one dimension, n = 2 for two dimensions, and so on...). Note that

the second moment of the distribution is also the analytical variance of the solution to the diffusion

9
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Figure 1.3: The probability distribution p(r, t) is shown for a variety of times as a function of the
radial distance r. The radial distance is defined as r2 = x2 + y2; we use D = 1 and dimensionless
variables for this example.

equation and thus dictates the width and broadening of our distribution. We introduce the fourth

moment as well:

⟨r4(t)⟩=
∫︂ 2π

0

∫︂ ∞

0
r4 p(r, t)r dr dθ = 32D2t2 = 2⟨r2(t)⟩2 . (1.15)

Equation 1.15 will be useful in motivating some Lattice Monte Carlo choices in Section 2.1. We

do not spend any time worrying about the odd moments of the distribution as the integrals yield 0

due to symmetry.

1.3 Anomalous Diffusion

Many diffusive processes do not behave in the same manner as described in eq. 1.14 for all

times. Instead their transient (intermediate times) behaviour is often fitted using

⟨r2(t)⟩= 4Dαtα , (1.16)
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and is referred to as anomalous diffusion, where α is the anomalous exponent that determines the

scaling behaviour of the mean squared displacement ⟨r2(t)⟩, and Dα is the anomalous diffusion

coefficient 1 corresponding to the instantaneous observed diffusivity of the particle throughout the

fitted time interval. As described, in the transient regime we expect eq. 1.14 not to apply, and thus

α ̸= 1 (however α is a real positive number). We can split this into two different categories, α < 1

(sub-diffusion) and α > 1 (super-diffusion). The majority of cases in anomalous diffusion involves

the prior, including our work with obstructing obstacles.

Some examples of anomalous diffusion models are Continuous Time Random Walks (CTRW)

[17], Levy Flights [37], and diffusion in percolation systems [31]. A CTRW is a more general

version of the typical random walk. In a CTRW the particles have both a distribution for how

far they will jump, as well as how often they will jump. A Levy flight is similar in that the

length of each step is chosen from a distribution, however with the condition that it is a heavy

tailed distribution. Finally diffusion in percolation systems is the process of diffusion through a

porous media consisting of percolation clusters (think coffee filter). In all of these examples we

can imagine that we may observe diffusion that is faster, or slower than what we would normally

expect. For Levy flights heavy tailed distributions yields to small step size clustering followed by

large jumps. This results in strange behaviour in comparison to regular diffusion, and can in fact

be applied to model animal hunting patterns [12, 28]. In the most general case of a CTRW, we

are able to model both sub-diffusion (α < 1) and super-diffusion (α > 1). These different cases

can be achieved by the choice of distributions for step sizes as well as the time between steps. In

percolation systems the most common example is a random walker traversing a percolation cluster.

The percolation cluster itself can be thought of as a maze, and in fact the diffusive behaviour will be

anomalous for all times [31]. In all of these models we often expect the mean squared displacement

(or second moment of our distribution) to not behave as we calculated it in eq. 1.14.

In our work we have a case that is more similar to percolation, in which we have obstacles that

obstruct diffusion within our systems. This leads to three regimes: the free-diffusion regime where

1This is not a real diffusion coefficient as the units depend on α , the anomalous exponent, and thus are non standard.
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our system follows the behaviour of eq. 1.14 with a free diffusion coefficient D0 as tracer particles

have not come into contact with obstacles; the transient regime (where anomalous-like diffusion

may take place) where we have yet to explore the entire system ; finally the steady-state is reached,

at which point the second moment returns to scaling linearly with time as in eq. 1.14 however with

a reduced diffusion coefficient D < D0.
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CHAPTER 2

METHODS

2.1 Lattice Monte Carlo

Simulating diffusion in the presence of obstructing obstacles is challenging and computation-

ally expensive in continuous space. As a result the problem is often mapped onto a lattice. In our

case we will work with a 2-dimensional square lattice; other options exist such as a triangle lattice,

or the honeycomb lattice, however a square lattice offers the simplest calculations. A square lattice

leaves us with 4 natural directions (diagonal jumps are excluded; further discussion as to why can

be found in Section 2.9) a tracer particle can move along, ±x and ±y, as well as being able to re-

main at the same position. Figure 2.1 is a visual representation of our Lattice Monte Carlo (LMC)

model to illustrate important system components. In this case we show the spacing between lattice

sites to be a, the probabilities of hopping along either x or y, and the probability of staying on the

same site. The standard set of jumping probabilities used are p±x = p±y =
1
4 and p0 = 0 [5, 7, 27]:

however we will use p±x = p±y =
1
8 with p0 =

1
2 (the motivation for this decision will be presented

in Section 2.9).

Most commonly this model is used for single particle Monte Carlo simulations, whose position

is tracked as a function of time. After each time step of duration τ the particle chooses to move in

a random direction or stay still with the probabilities given. In Fig. 2.2 we present an example of

a red tracer particle moving throughout a lattice. It is important to discuss the Monte Carlo rules

that apply when an obstacle is adjacent to the tracer particle (see the blue particle in Fig. 2.2). If a

hop is chosen towards an adjacent obstacle the particle is reflected and returns to its position prior

13



Figure 2.1: Square lattice positions separated by a lattice spacing a. Probabilities of jumping along
any cardinal direction are present (p±x, p±y), as well as a probability p0 of remaining on site (i, j).

Figure 2.2: An example of a single particle random walking within a two-dimensional square
lattice with two obstacles (in black) present. The starting position is labelled in purple, and the
particle is highlighted in blue before and after the collision with an obstacle.
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to the attempted hop. We can thus interpret the obstacles as reflecting boundary conditions. In

other words it can be thought that p0 increases to accommodate the probability of reflecting off an

obstacle; however it should be noted that the time step τ does not change in this line of thinking

while time is still incremented when jumps are rejected.

As discussed in Section 1.2 we are interested in the mean squared displacement ⟨r2(t)⟩ as a

function of time t. In the LMC tracer particle approach this is achieved by simulating a large

ensemble of random walks as the one in Fig. 2.2. Let us examine this case after five time steps. In

the example of Fig. 2.2 the tracer particle has moved from the purple position, to the blue position.

The tracer particle has essentially moved two lattice sites in the +x direction, and one lattice site in

the +y direction. The squared displacement after t = 5τ is r2(5τ) = (2a)2+(a)2 = 4a2+a2 = 5a2

with a lattice spacing of a. In fact the same squared displacement is observed at t = 6τ as the

particle then collides with an obstacle and returns to the blue position. Computing r2 at every

time step, for a large ensemble of obstacle systems and initial tracer particle positions, yields the

necessary information for the parameter space we explore. Note the difference between r2 in this

example, and ⟨r2(t)⟩ as we discussed prior. The ⟨...⟩ notation implies an ensemble average over

both disorder, i.e. obstacle configurations for any non-periodic systems (random or "Fuzzy"), and

initial position of the tracer particle.

2.2 Markov Chain Monte Carlo

Markov Chain Monte Carlo involves converting the random walk Lattice Monte Carlo approach

for a single tracer particle into a time-dependent concentration evolution. Rather than having a

single tracer particle walk in a given direction that is associated with a probability, we instead

evolve a concentration profile along each of the directions by the associated probabilities. This

method thus immediately calculates the average behaviour of an infinite ensemble of tracer particle

random walks. However as we average over disorder in the configuration of obstacles in our

system, we must also average over the initial position of the tracer particle thus suggesting that for a

single obstacle configuration we do not have the exact infinite ensemble size limit. Mathematically,
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on an empty lattice, the concentration Cx,y(t) evolves as:

C(x,y)(t + τ) =C(x,y+1)(t)× p−y +C(x,y−1)(t)× p+y

+C(x+1,y)(t)× p−x +C(x−1,y)(t)× p+x

+C(x,y)(t)× p0 .

(2.1)

Our work includes obstacles and thus eq. 2.1 needs to be modified to include rejected hops due to

obstacles that are adjacent to the site (x,y):

C(x,y)(t + τ) = [C(x−1,y)(t)+C(x,y)(t)O(x+1,y)]p+x

+[C(x+1,y)(t)+C(x,y)(t)O(x−1,y)]p−x

+[C(x,y−1)(t)+C(x,y)(t)O(x,y+1)]p+y

+[C(x,y+1)(t)+C(x,y)(t)O(x,y−1)]p−y

+[C(x,y)(t)p0] ,

(2.2)

where Ox,y is 1 if there is an obstacle at (x,y) and 0 otherwise. we will briefly discuss the first term

on the rhs of eq. 2.2. We can break this first term into two smaller terms:

• C(x−1,y)(t)p+x, where this term calculates the concentration that will move in the +x direc-

tion from position (x−1,y) to position (x,y) in a time step τ;

• C(x,y)(t)O(x+1,y)p+x, where this term calculates the concentration that is reflected from an

obstacle to the right (it will be 0 if there is no obstacle at (x+ 1,y) because O(x+1,y) = 0 ,

otherwise we have C(x,y)(t)p+x).

We must assign probabilities of moving along any given axis, or staying in the same place; these

probabilities have been discussed in Section 2.1 and we will use p±x = p±y = 1
8 and p0 = 1

2 .

Equation 2.2 is particularly important as it is the rate equation for position (x,y) (e.g. it depicts the

concentration that is incoming to position (x,y) from other positions and itself) and will be used

extensively in Section 2.3.

16



0 20 40 60

0

10

20

30

40

50

60
−5

−4

−3

−2

−1

lo
g
(C

(x
,y

)
(t

=
5
τ
))

(a)

0 20 40 60

0

10

20

30

40

50

60 −14

−12

−10

−8

−6

−4

−2

lo
g
(C

(x
,y

)
(t

=
1
5
τ
))

(b)

0 20 40 60

0

10

20

30

40

50

60
−20

−15

−10

−5

lo
g
(C

(x
,y

)
(t

=
2
5
τ
))

(c)

0 20 40 60

0

10

20

30

40

50

60 −25

−20

−15

−10

−5

lo
g
(C

(x
,y

)
(t

=
3
0
τ
))

(d)

Figure 2.3: Concentration evolution using Markov Chain Monte Carlo after 5 , 15 , 25 , and 30 steps
for subfigures a) , b) , c) , and d) respectively. The obstacles are configured completely randomly
at an obstacle concentration φ = 0.25, and shown as black squares. White square represent empty
space, and the colour distribution throughout the lattice is a measure of the concentration profile
C(x,y)(t).
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An example of the concentration evolution for an initial Kronecker delta peaked concentration

at the centre of the lattice is shown after various periods of time in Fig. 2.3. We can see the effects

of obstacles on the distribution at intermediate times in Fig. 2.3 (c) where the concentration has not

spread like an isotropic Gaussian because of rejections due to the presence of obstacles. After 30

time steps (Fig. 2.3 (d)) a fairly isotropic Gaussian is observed (a smoother perimeter is observed),

suggesting Gaussian behaviour for long times.

2.3 Numerically Exact Diffusion Coefficient

Studying diffusion naturally involves measuring or estimating the diffusion coefficient of a

particle within a system, whether it be the free diffusion coefficient, or the steady-state diffusion

coefficient; the former being significantly easier to obtain, whereas the latter requires extensive

times to be reached. The mean squared displacement, and how it scales with time, provides one

avenue to learn about a diffusive system; however it only paints one part of the picture, primarily

what happens at early times when very long times are inaccessible. Capturing the steady-state

behaviour using MCMC requires simulating systems to very long times, and at best estimating the

t → ∞ limit information using an extrapolation scheme. We instead opt to calculate the steady-

state diffusion coefficient beforehand using one of the methods introduced in Mercier, Slater, and

Guo [18].

2.3.1 Theory

The method of Mercier, Slater, and Guo [18] begins by relating the steady-state diffusion coef-

ficient D to the velocity of a walker in an obstructed system v(ε), which is the mean global velocity

over the lattice and ε is the amplitude of an applied bias along the x-axis (you could also choose

to use the y-axis). The steady-state diffusion coefficient of our walker in a system with obstacles

concentration φ is D(φ), and D(0) = 1 is the free diffusivity. The premise of the calculation lies
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within the following equation (a result of the fluctuation-dissipation theorem):

D(φ)
D(0)

= lim
ε→0

v(ε,φ)
v(ε,0)

. (2.3)

A caveat of this calculation is that it measures the steady-state diffusion coefficient along the bias

axis only. We will apply the bias along the x-axis, although as we primarily work with systems

consisting of periodically or randomly placed obstacles, in the limit of an infinite ensemble size

the diffusion coefficient along either axis will be the same.

On a discrete lattice, we can compute the mean global velocity v as

v = ⟨v|n⟩ (2.4)

where |n⟩ encodes the steady-state probability of a walkers presence on each lattice site in a column

vector (whether or not it is under a bias), and ⟨v| is the local velocity at each site encoded in a row

vector. The entries of the local velocity vector are simply

v(i) = [p+x(1−O+(i))− p−x(1−O−(i))]a/τ (2.5)

where O±(i) describes the presence of an obstacle in the given direction for the i’th element in the

vector ( e.g. O+(i) = 1 if there is an obstacle to the right of i, and 0 if there is no obstacle), a is the

lattice spacing, and τ is the time step for one lattice hop.

The first step in this calculation is evaluating what the steady-state concentration profile will

be when a weak bias ε is applied. Most notably the bias will affect the local velocities by altering

the probabilities of jumping to the right or to the left. In this calculation we will make use of

p±x = p±y =
1
4 , and thus we use the simple linear form p+x =

1
4(1+ ε) and p−x =

1
4(1− ε) given

the bias is applied along the +x axis. This is contrary to the p±x = p±y =
1
8 choice we have made

previously; however in the steady-state limit we reach the same result. To demonstrate this we

must first realise that when changing between p = 1
4 and p = 1

8 we must adjust the time step τ
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accordingly, where τ = pa2/D0 (details for this formulation are found in Section 2.9) and D0 is the

free diffusion coefficient. In our case, and for simplicity, we use a = 1 and D0 = 1, yielding τ = p.

If we consider a free system (no obstacles), we can compute v (it is site-independent in this case

as all sites are equally probable and are not obstructed) for both p = 1
4 , and p = 1

8 . We will add

subscripts to identify which probability choice the time step corresponds to. The associated local

velocity is calculated with:

vp=1/4 =

(︃
1+ ε

4
− 1− ε

4

)︃
a

τp=1/4
=

aε
2τp=1/4

, (2.6)

and

vp=1/8 =

(︃
1+ ε

8
− 1− ε

8

)︃
a

τp=1/8
=

aε
4τp=1/8

. (2.7)

Recalling that p = τ , we see that τp=1/8 = 1
8 =

τp=1/4
2 , substituting this into eq. 2.7 we retrieve

vp=1/8 =
aε

2τp=1/4
= vp=1/4.

We can break up the velocity (v) and concentration (n) vectors into the sum of a constant with

an ε dependent vector, such that |n⟩ = |nI⟩+ ε|nε⟩ and ⟨v| = ⟨vI|+ ε⟨vε |, where the subscript I

denotes the constant portion, and subscript ε denotes the bias dependent portion. We can then

expand the global mean velocity v = ⟨v|n⟩ = ⟨vI|nI⟩+ ε⟨vI|nε⟩+ ε⟨vε |nI⟩+ ε2⟨vε |nε⟩. Since we

will be evaluating the mean global velocity in the limit ε → 0 we establish that ⟨vI|nI⟩= 0 as there

will be no velocity in the steady-state with no bias. Furthermore we neglect the ⟨vε |nε⟩ term as it

is of order ε2. We are then left with

v(ε) =
aε
τ
[⟨vε |nI⟩+ ⟨vI|nε⟩] , (2.8)

where we have scaled out a factor of a/τ from the two ⟨v| terms so that the latter become dimension-

less. Returning to eq. 2.3 we need v(ε,φ = 0). When φ = 0 we have the result from eq. 2.7, and

n(i) = 1/N (where N is the number of accessible sites). Combining v(ε,φ = 0) = aε
2τ , D(0) = 1,
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and eq. 2.8, with eq. 2.3 we retrieve the steady-state diffusion coefficient

D(φ) = 2[⟨vε |nI⟩+ ⟨vI|nε⟩] , (2.9)

where the only remaining unknown is |nε⟩.

The first tool we will use in solving for |nε⟩ is the transition matrix T , which evolves the

probability vector forward in time by one time step |n(t + τ) = T |n(t)⟩ and contains all of the

dynamics of the system. Since in the steady-state |n(t + τ)⟩= |n(t)⟩= |n(t → ∞)⟩, we can write

T |n⟩= |n⟩ . (2.10)

We have access to an additional constraint as we always begin with a total probability of 1, i.e.

N

∑
i=1

n(i) = 1 , (2.11)

where N is the number of accessible sites in the lattice. We can then rewrite the problem to solve

for |n⟩ analytically as (T − I)|n⟩ = |0⟩, where I is the identity matrix and |0⟩ represents the zero

vector. All but one of the equations will be linearly independent, as such we are able to impose the

normalization equation ∑N
i=1 n(i) = 1 ahead of time. The last element of the zero vector is replaced

with a 1 and the bottom row of the T −I matrix is replaced with all 1’s, which immediately imposes

a normalized solution. We relabel this matrix, and edited |0⟩ vector as A and |b⟩ respectively.

Similarly to our local velocity vector, and probability vectors, we split the A matrix into a constant

component, and ε dependent component, A = AI + ε|Aε⟩, however |b⟩ will always be independent

of ε , thus we write |b⟩= |bI⟩. After splitting up the A matrix we expand A|n⟩= |b⟩:

AI|nI⟩+ ε[AI|nε⟩+Aε |nI⟩]+ ε2Aε |nε⟩= |bI⟩ . (2.12)
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Again, neglecting the higher order terms in ε , we find that this equation is satisfied only if

AI|nI⟩= |bI⟩ , (2.13)

and

AI|nε⟩=−Aε |nI⟩ , (2.14)

are satisfied simultaneously. Equation 2.13 is straight forward as it corresponds to the free diffusion

case where all sites are equally occupied and we have created AI and |bI⟩ ourselves. From eq. 2.14,

with access to AI , Aε , and |nI⟩, we are able to solve for |nε⟩. To do so we simply multiply both

sides by the inverse of AI

|nε⟩=−A−1
I Aε |nI⟩ . (2.15)

From here we have all the tools we need to calculate the steady-state diffusion coefficient from

eq. 2.9.

2.3.2 Example

This subsection will walk through a sample calculation of the steady-state diffusion coefficient

D for a particle in the 4×4 system with 6 obstacles and PBCs (φ = 6
16 ) shown in Fig. 2.4.

We start by generating the transition matrix (T ) using rate equations (discussed in Section 2.2)

corresponding to Fig. 2.4 (note that sites that are unoccupied yet inaccessible to a particle are not

included in the calculation; see the red site as an example), with biased jumping probabilities at
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Figure 2.4: Example lattice with numbered accessible sites for transition matrix development.
Black lattice sites correspond to obstacles, and the red lattice site corresponds to an unoccupied
however inaccessible site. Periodic Boundary Conditions (PBCs) are present (e.g., site 5 is adjacent
to sites 2,3,4 and 9).

each given lattice site:

T =
1
4

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 1 0 0 0 0 0 0 1
1 2 0 0 1 0 0 0 0
0 0 2+ ε 0 1+ ε 1 0 0 0
0 0 0 2− ε 1− ε 0 0 1 0
0 1 1− ε 1+ ε 0 0 0 0 1
0 0 1 0 0 1 1− ε 0 1+ ε
0 0 0 0 0 1+ ε 2 1− ε 0
0 0 0 1 0 0 1+ ε 1 1− ε
1 0 0 0 1 1− ε 0 1+ ε 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.16)

The matrix is of size N ×N where N = 9 is the number of lattice sites accessible to the particle.

Let us focus on the 1st row of the transition matrix T to elaborate on how it is generated. The 1st

row in T corresponds to the rate equation for site #1:

n(1, t + τ) =
(︃

1+ ε
4

+
1− ε

4

)︃
n(1, t)+

1
4

n(2, t)+
1
4

n(9, t) (2.17)

where site #1 corresponds to (x,y) = (3,0). The adjacent sites are (2,0) and (0,0) where obsta-
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cles reside (thus no labels on Fig. 2.4), and (3,1), (3,3) (sites #2 and #9 respectively) where the

lattice sites are free. Each entry from left to right in the first row of T corresponds to the hopping

probability to site #1 from sites #1 through #9 in order. Site #1 is adjacent to obstacles on both

the right (due to PBC) and left side of it; all hops along x reflect back to site #1, the corresponding

probability of staying is 1
4(1+ ε)+ 1

4(1− ε) = 2
4 , which is the first entry of row #1. The second

entry means that site #1 is adjacent to site #2: the hopping probability for site #2 to site #1 is 1
4

as it is a vertical hop (not along the bias axis). The 3rd ,4th,5th,6th,7th, and 8th entries are empty as

these sites are not adjacent to site #1. The final entry is the 9th column, as site #9 is adjacent to

site #1 through periodic boundary conditions by a downward hop, and is thus given a value in the

transition matrix of 1
4 . Following the steps in Section 2.3.1 we develop T − I

T − I=
1
4

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2 1 0 0 0 0 0 0 1
1 −2 0 0 1 0 0 0 0
0 0 −2+ ε 0 1+ ε 1 0 0 0
0 0 0 −2− ε 1− ε 0 0 1 0
0 1 1− ε 1+ ε −4 0 0 0 1
0 0 1 0 0 −3 1− ε 0 1+ ε
0 0 0 0 0 1+ ε −2 1− ε 0
0 0 0 1 0 0 1+ ε −3 1− ε
1 0 0 0 1 1− ε 0 1+ ε −4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (2.18)

which we modify to find A. To reach eq. 2.14 we split A into its components and write |bI⟩:

AI =
1
4

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2 1 0 0 0 0 0 0 1
1 −2 0 0 1 0 0 0 0
0 0 −2 0 1 1 0 0 0
0 0 0 −2 1 0 0 1 0
0 1 1 1 −4 0 0 0 1
0 0 1 0 0 −3 1 0 1
0 0 0 0 0 1 −2 1 0
0 0 0 1 0 0 1 −3 1
4 4 4 4 4 4 4 4 4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (2.19)
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Aε =
1
4

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 −1 −1 0 0 0 0
0 0 −1 1 0 0 0 0 0
0 0 0 0 0 0 −1 0 1
0 0 0 0 0 1 0 −1 0
0 0 0 0 0 0 1 0 −1
0 0 0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (2.20)

and

|b⟩=
(︄

0 0 0 0 0 0 0 0 1

)︄T

. (2.21)

To solve for the bias dependent portion of the probability vector we need the bias independent

portion (where each site is equally probable)

|nI⟩=
1
9

(︄

1 1 1 1 1 1 1 1 1

)︄T

, (2.22)

and the inverse of AI

A−1
I =

1
81×5

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−860 −280 290 290 120 280 370 280 45
−410 −1000 110 110 −150 190 280 190 45
130 80 −916 56 −150 −242 10 82 45
130 80 56 −916 −150 82 10 −242 45
40 −100 −70 −70 −420 100 190 100 45

220 260 −142 182 120 −584 −170 64 45
220 260 20 20 120 −260 −980 −260 45
220 260 182 −142 120 64 −170 −584 45
310 440 470 470 390 370 460 370 45

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (2.23)

Using these matrices in eq. 2.15 we solve for |nε⟩

|nε⟩=
1

45

(︄

0 0 6 −6 0 2 0 −2 0

)︄T

. (2.24)
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Next we need the local velocity vector corresponding to eq. 2.5, and we will need to split it into a

field independent term vI and field dependent term vε . For our example the velocity vectors are

⟨vI|=
1
4

(︄

0 0 −1 1 0 0 0 0 0

)︄
, (2.25)

⟨vε |=
1
4

(︄

0 0 1 1 2 2 2 2 2

)︄
. (2.26)

We now have all of the vectors we need to compute the steady-state diffusion coefficient using

eq. 2.9 and for this example case we find D = 8
15 .

2.3.3 Sparse Matrices

In practice for a lattice of size L ≈ 100, low concentrations have N ≈ 100× 100 ≈ 10,000

accessible sites. This gives us a transition matrix of size 104 × 104, having on the order of 108

entries, and inverting this matrix to solve for the steady-state concentration profile is impossible.

Fortunately any given site is adjacent to at most 4 other sites, thus each row of the transition matrix

has at most 4 non-zero entries. We choose to encode our transition matrix into a Compressed

Sparse Row (CSR) matrix, which comprises 3 arrays of size M, where M is the number of non-

zero entries in the matrix of interest. The first array stores the values of the non-zero elements of

the matrix, the second array contains the row indices of the corresponding values, and the third

array contains the column indices. After building the transition matrix, we have access to AI , Aε ,

|bI⟩. Unfortunately the inverse of AI (A−1
I ) is not a sparse matrix, thus we cannot use eq. 2.15.

Instead, we use the SciPy library [16] to access a sparse matrix package, and use the linear algebra

function from within this package that calls umfpack [4]. The algorithm in umfpack solves a linear

system of form Cx = d for x, where C is a sparse matrix (for our application we have C = AI ,

x = |nε⟩, and d = −Aε |nI⟩), by computing a Lower Upper (LU) factorization of C into a lower

triangular matrix L, an upper triangular matrix U , permutation matrices P and Q, and a diagonal

matrix for row scaling R such that we have PR−1AIQ = LU . The preliminary solution to the
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linear system is computed with forward/backward substitutions, and then refined iteratively. After

a solution is found we are able to return to eq. 2.9 with all of the components we need to calculate

the steady-state diffusion coefficient.

2.4 Lake Filling and Connectivity

When generating obstacle configurations we must consider the possibility of lakes (sites that

are surrounded by obstacles but not populated by an obstacle and thus are inaccessible to a tracer

particle starting outside of the lake), and overall connectivity of a system. We are not interested

in the diffusion coefficient if we start in a lake as it is simply 0 in the steady-state, so we fill these

lakes with phantom obstacles.

This lake-detection procedure is simple: an initial position (the starting point of the filling

algorithm) is chosen at random throughout the lattice, and a filling algorithm is executed (see

Fig. 2.5). It is important to note that the resulting filled obstacle configuration can depend on the

initial position. The filling algorithm can be simply described as allowing a delta peaked initial

concentration to evolve with reflecting boundary conditions around the edges of the lattice. The

concentration continues to evolve until no new sites are discovered (where discovered is defined

as a site becoming filled). All sites that have been discovered are accessible to a tracer particle

given the chosen initial position, and all sites that have no concentration are either obstacles, or

inaccessible. Obstacles are thus placed on every site that does not have a concentration within it:

consequently all lakes (inaccessible sites) are filled. It is important to note that it is possible for the

filling algorithm to start in a lake. In this case the lake itself will be considered accessible, and the

rest of the lattice will be filled with obstacles, meaning the PBCs will not be accessible resulting

in a disconnected system (see next paragraph).

In Section 2.3 we make use of PBCs to treat an obstacle configuration as a patch of an infinite

system. Figure 2.6 (b) is Fig. 2.6 (a) repeated on either side of the centre unit cell (this is a larger

system of the unit cell created using PBCs). If we consider a tracer particle that starts in the centre

unit cell (or any unit cell) of Fig. 2.6 (b) it is clear that we are in a lake as the tracer particle is

27



0 5 10 15

0

5

10

15

(a)

0 5 10 15

0

5

10

15

(b)

0 5 10 15

0

5

10

15

(c)

0 5 10 15

0

5

10

15

(d)

Figure 2.5: Example of the filling algorithm procedure on an initial random configuration at obsta-
cle concentration φ = 0.375. a) An initial position is chosen for the filling algorithm: for simplicity
we use the centre in this example. The initial obstacle configuration is illustrated in black. b) The
lattice after 40 accessible sites have been assigned the color red. c) The filling algorithm has com-
pleted. All accessible sites are painted red, leaving the initial obstacle configuration in black, and
the white spaces are inaccessible to a tracer particle diffusing from the centre of the lattice. d)
All sites that were not painted red in (c) are replaced with obstacles such that the initial obstacle
configuration remains, and the (white) empty spaces are filled with phantom obstacles. We note
that the system in (d) percolates along both x and y, and that φ remains unchanged independent of
the addition of these "phantom" obstacles.
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Figure 2.6: An illustration of the percolation constraint that we apply to more quickly filter for
suitable obstacle configurations. a) A 7×7 unit cell system; black lattice sites represent obstacles.
The two sites at (0,4) and (6,4) (with red circles) are adjacent sites through PBCs. b) The unit
cell from (a) is repeated on either side of itself to emulate the PBCs applied in the numerical
diffusion coefficient calculation. c) The empty sites from (a) have been shifted to (0,3) and (6,3)
for adjacency through PBCs. d) The unit cell from (c) is repeated on either side of itself.
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surrounded by obstacles. We call this a disconnected system, and Fig. 2.6 (d) is an example of a

connected system (in this case along the x-axis only). We can test for connectivity by verifying

that at least one set of neighbouring boundary sites (through PBCs along the x-axis) is accessible

(after the filling algorithm has been applied). This percolation constraint allows a system such as

Fig. 2.6 (a) to be rejected swiftly. We specifically test for connectivity along the x-axis for all obsta-

cle configurations as the calculation in Section 2.3 calculates the steady-state diffusion coefficient

along the x-axis. We apply this constraint for obstacle configurations used in MCMC simulations

to remain consistent with the type of obstacle configurations that we accept for the calculation from

Section 2.3 due to its use in supplementing the MCMC simulations. This constraint is particularly

useful for optimizing the process of finding suitable obstacle configurations at high concentrations

as lakes become increasingly more common for high concentrations. To ensure we do not reject

an obstacle configuration due to an unfortunate initial position of the filling algorithm, we try up

to 10 other random initial positions if the condition of a pair of adjacent PBCs is not met. After 10

failures to percolate the obstacle configuration is rejected.

2.5 Analysing the Diffusivity Ratio vs. Time

The mean squared displacement ⟨r2(t)⟩ is computed from the probability distribution function

p(x,y, t) which we collect with MCMC simulations, and generally we investigate the short to

intermediate time behaviour of ⟨r2(t)⟩. Plotting ⟨r2(t)⟩ vs t would show 3 regimes, but analysis

of short and intermediate times is challenging. By dividing both sides of eq. 1.14 by 4t we are

able to amplify the features at short and intermediate times compared to long times; we define this

quantity as the Diffusivity Ratio:

Dr(t) =
⟨r2(t)⟩

4t
. (2.27)
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The Diffusivity Ratio has two clear limits: at short times (before collisions with obstacles) we have

the free diffusion limit

lim
t→0

Dr(t) = D0 , (2.28)

and for long times we have steady-state behaviour

lim
t→∞

Dr(t) = D . (2.29)

Due to the presence of obstacles we observe the particles to diffuse faster for short times than

long times (D0 > D). We thus adjust the second moment at steady-state (long times) with a term

β 2 that we call the excess diffusivity

⟨r2(t)⟩= 4Dt +β 2 , (2.30)

to keep track of how much more the mean squared displacement has grown due to early dynamics.

This behaviour is apparent in Fig. 2.7 as the Diffusivity Ratio is larger at short times than at long

times. As we reach long times β 2 becomes negligible compared to 4Dt thus we could find the

steady-state diffusion coefficient by extrapolating the Diffusivity Ratio to t →∞. This is not needed

throughout this thesis because of the method for calculating the steady-state diffusion coefficient

introduced in Section 2.3.

We now consider how the Diffusivity Ratio changes in the transient regime. In Section 1.3 we

introduced the idea that the transient regime is fit using eq. 1.16. Since we are going to be plotting

the Diffusivity Ratio we can again divide both sides of eq. 1.16 by 4t to make the lhs the Diffusivity

Ratio:

Dr(t) =

⟨︁
r2⟩︁

4t
= Dαtα−1 . (2.31)

We work in log-log space as this is the natural way to study and fit power laws like eq. 2.31. Taking
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the log of both sides of eq. 2.31 results in

log

(︄⟨︁
r2⟩︁

4t

)︄
= (α −1)log(t)+ log(Dα) . (2.32)
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Figure 2.7: The logged Diffusivity Ratio as a function of logged time for random obstacle config-
urations at an obstacle concentration φ = 0.1. A numerical inflection point is found in between the
two hollow squares, and the interpolated inflection point is shown in green. The crossover time is
the time at which the tangent line through the inflection point intersects the horizontal line giving
the steady-state diffusion coefficient D. The set of probabilities used for these MCMC simulations
is p±x = p±y =

1
8 , with p0 =

1
2 , with an ensemble size Ω = 2000.

We know that our system passes through three separate regimes: a free diffusion regime, the

transient regime, and finally the steady-state regime. We expect the Diffusivity Ratio to plateau for

short (eq. 2.28) and long (eq. 2.29) times; the beginning of both plateaus can be seen in Fig. 2.7.

The transient regime must then connect the free diffusion and steady-state regimes smoothly, im-

plying the presence of an inflection point.

The slope of the data is sensitive to the fitting region as the transient regime is rarely a straight

line. Independent of this, it is still useful to fit the transient regime with eq. 1.16. However

a robust method for determining the fitting region is necessary. We propose to use the region

surrounding the inflection point in log-log space, because the inflection point by definition has

no curvature, and higher order derivatives are of less importance implying the surrounding region
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may resemble a straight line. Note that this idea has been previously explored in the thesis of Neo

Nguiya Passi [21].

The simplest way to locate the inflection point is to fit all of the data with a polynomial, and

evaluate the second derivative of the fit analytically to find the inflection point. It is important

to note that a fit of a complete data set will have a bias towards long time behaviour as there is

more points when approaching the steady-state regime in log-log space compared to the number

of points in the transient regime. Instead, we start by determining an approximate region where

the inflection point resides by implementing a numerical second derivative in log-log space. To

calculate the numerical second derivative we apply the forward difference method [22] two times

in succession. To compute these derivatives in log-log space is not as simple as computing the

numerical derivative in Cartesian space, due to equally spaced Cartesian times no longer being

equally spaced in log-log space. We begin by introducing

dt̄ i = log(ti+1)− log(ti) , (2.33)

and

D̄ri = log
(︃⟨r2

i ⟩
4ti

)︃
. (2.34)

The first derivative is then computed as

D̄′
ri
=

D̄ri+1 − D̄ri

dt̄ i
. (2.35)

It is important to note that the times at which these derivatives are evaluated are not log(ti) but

instead what we will refer to as

t̄ i =
log(ti+1)+ log(ti)

2
. (2.36)

Since our times are still in log-log space but have changed to t̄ i we must again evaluate the time

step for the second forward derivative using the same procedure as eq. 2.33. With our new times

corresponding to D̄′
ri

we reapply eq. 2.35 using D̄′
ri

in place of D̄ri . We can find the times that D̄′′
ri
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correspond to using the formulation from eq. 2.36 replacing log(ti) with t̄ i.

With access to the second derivative D̄′′
ri
(t) as a function of time we are able to check for a

sign change (i.e., the inflection point of D̄r). We then fit D̄r with a third order polynomial near the

proposed inflection region with 5 data points on either side of the inflection point. Occasionally

the inflection point will be too early such that there is not 5 data points prior to the inflection point;

in this case we fit to the earliest data point available, and continue using only 5 data points beyond

the inflection region. A third order polynomial is chosen to allow us to evaluate up to the third

derivative of our data without overfitting a short transient regime. Using this third order polynomial

we evaluate an analytic second derivative, from which we can find an interpolated inflection point.

The time at which the inflection point occurs will be referred to as tI (or log(tI) in log-log space).

We find that this value reliably falls within our numerical second derivative inflection saddle points

(e.g. the green data point always falls between the hollow squares in Fig. 2.7, and this is the case

for all data sets).

With a precise inflection point we are able to evaluate the first derivative of our fit at tI to then

extract α and Dα from eq. 2.31. Having found the value of α , and with a value of D obtained using

the method from Section 2.3, we are able to evaluate the crossover time t∗. To do so we find where

(α − 1)log(t)+ log(Dα) (blue line in Fig. 2.7) intersects the steady-state diffusion coefficient D

(red line in Fig. 2.7); mathematically, this correspond to

log(t∗) =
log(D)− log(Dα)

α −1
. (2.37)

The crossover length r∗ follows quite simply by evaluating eq. 1.14 at the crossover time:

r∗ =
√

4Dt∗ . (2.38)

To find the excess diffusivity β we naturally need to have reached the steady-state, i.e. we

need to reach ⟨r2(t)⟩ ∝ 4Dt after the ⟨r2(t)⟩ ∝ tα regime. Figure 2.7 clearly shows that we do not

quite reach the steady-state. Since we have access to the steady-state diffusion coefficient we can
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rearrange eq. 2.30 as

β 2(t) = ⟨r2(t)⟩−4Dt (2.39)

to define a "time-dependent β (t)", which tracks the accumulation of excess diffusivity as a function

of time. In Fig. 2.8 we show β (t) as a function of 1/t, from which we should be able to extrapolate

0 2 4 6 8

1/t

0.2
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0.6

0.8

β
(t

)

Periodic Obstacles, φ = 1
16

Random Obstacles, φ = 1
16

Figure 2.8: Accumulation of excess diffusivity β (t) against inverse time. Data for a periodic, and
a random configuration are shown to demonstrate the difference between them. A plateau is also
expected for random configurations, but late enough time is not reached to discover it, and we
cannot predict its position. The star markers correspond to the value β (t = t∗).

to β (t → ∞) by using the limit 1
t → 0. Looking at the periodic data set (black curve) there is a

clear plateau, meaning we have reached the steady-state, and thus can easily extract the true value

of β (t → ∞). For random obstacle configurations we do not see a plateau, and we are unable to

predict when the plateau will occur. This is partially due to the errors on the steady-state diffusion

coefficient D discussed in Sections 2.7 and 2.8 as well as MCMC limited times. Instead we propose

to use β (t = t∗) for all of our data sets as a proxy for limt→∞ β (t). This can be justified with the

Diffusivity Ratio in Fig. 2.7 (similarily for other obstacle systems): the saturation of the Diffusivity

Ratio around and beyond t∗ signals we are near steady-state meaning β (t = t∗) will not be far from

the plateau value of β (t → ∞). Note that we will always undershoot the true value of β . The

choice of β (t = t∗) works very well for periodic data, in Fig. 2.8 β (t = t∗) resides very close to
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the plateau, and thus returns β (t = t∗) = 0.3029 which is only 0.03% from the extrapolated value

β (t → ∞) = 0.3030.

2.6 The Width of the Anomalous Regime

The anomalous regime is typically described using eq. 1.16, where the anomalous exponent α

is the prime parameter characterizing the regime. We expand on the description of the anomalous

regime by introducing the anomalous regime width (Σt in Cartesian space and Σα in log-log space).

The anomalous regime width describes the width of the linear portion of the transient regime, i.e.

the region for which eq. 1.16 can be considered a good approximation. In Chapter 4 we show that

Σt also provides significant information about the steady-state.

Typically the curvature of a function would be described using the second derivative; however,

as we have discussed in Section 2.5, we use the inflection point t = tI as the center of the tran-

sient/anomalous regime (for a general explanation we will use x = xI briefly). To be consistent we

estimate the anomalous regime width at the inflection point; consequently a general function at the

inflection point returns f ′′(x = xI) = 0. Note that since f ′′ = 0 the radius of curvature tends to ∞,

i.e. a straight line; f ′′′ then informs us of how fast f ′′ changes, from which 1/ f ′′′ can be used as a

measure of the width of this straight region. We thus test two different estimates of the anomalous

regime width that are of the form

Σy
α ∝

1
∂ 3 f (x)/∂x3

, (2.40)

where y is an integer exponent. Naturally the width should be in units of x (the rhs of eq. 2.40 has

units x3/f (x)); we thus use f (x) and/or f ′(x) to fix the units (primarily to remove the remaining f (x)

factor that resides). Our simplest candidates (there are infinite possibilities) are

Σ3
α =

f (x)
∂ 3 f (x)/∂x3

⃓⃓
⃓⃓
x=xI

, (2.41)
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Σ2
α =

∂ f (x)/∂x

∂ 3 f (x)/∂x3

⃓⃓
⃓⃓
x=xI

. (2.42)

Note that we operate in log-log space with our data sets, thus our function f (x) refers to

f (x) = log
(︃⟨r2(t)⟩

4t

)︃
, (2.43)

and x = log(t). We need to convert this estimate of the width to Cartesian space as follows:

Σt = 10 [log(tI)+Σα ] − 10 [log(tI)−Σα ] . (2.44)

This can be simplified further as Σα is always (independent of walker/obstacle size) large compared

to log(tI); thus the second term is small compared to the first and we can write

Σt ≈ 10 [tI+Σα ] . (2.45)

In Fig. 2.9 we compare the anomalous regime width Σt as a function of obstacle concentration φ

using both candidate Σα equations. The behaviour of Σt is similar and independent of the choice

of Σα , however we find that using eq. 2.41 for Σα provided a very good estimate for the crossover

time t∗. Further information on the anomalous regime width and its application can be found in

Chapter 4.

2.7 Ensemble Size Effects

Ensemble size effects are a statistical feature stemming from the random nature of our obsta-

cle configurations. Sampling random obstacle configurations we find that some have large lakes,

where others have none, some have large clusters of obstacles, and others are sparse. It is clear how

these factors could play a large role on the diffusion coefficient (further discussed in Chapter 3),

and thus choosing a suitable ensemble size Ω is important.
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Figure 2.9: A comparison between the value of the cross-over time t∗ (black circles) and our width
estimates Σt of the transient regime as a function of obstacle concentration φ . The data points
(black circles) correspond to random systems with a walker of size 1× 1 and obstacles of size
1× 1. The blue squares use Σα from eq. 2.41, and the red left pointing triangles use Σα from
eq. 2.42.

Understanding how parameters we extract from the Diffusivity Ratio, as well as the steady-

state diffusion coefficient, scale as a function of the ensemble size Ω, and their error bars, will

allow us to justify our choice of ensemble size throughout this thesis (Ω = 2000 in most cases,

with some exceptions using Ω = 1000).

In Fig. 2.10 we compute the mean steady-state diffusion coefficient D (using the method from

Section. 2.3) for different ensemble sizes of random obstacle configurations varying in size (from

Ω = 50 to Ω = 2000 on intervals of ∆Ω = 50) at an obstacle concentration φ = 0.1 in Fig. 2.10 (a)

and φ = 0.3 in Fig. 2.10 (b) with a system size L = 128. We find that there is a negligible effect on

the mean value of the steady-state diffusion coefficient, furthermore the error bars scale as Ω−1/2, a

trivial result in the case of evaluating the standard error on a mean value (where the standard error is

σ/
√

Ω, and σ is the standard deviation). We conclude from the convergence in Fig. 2.10 and the error

bar scaling and magnitude (∆D(φ=0.1,Ω=2000)
D(φ=0.1,Ω→∞) ≈ 1.4×10−4 and ∆D(φ=0.3,Ω=2000)

D(φ=0.3,Ω→∞) ≈ 1.1×10−3) that

for the steady-state diffusion coefficient an ensemble size of Ω = 2000 is more than enough to

ensure reliable data independent of obstacle concentration.
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Figure 2.10: The steady-state diffusion coefficient D as a function of the ensemble size Ω for an
obstacle concentration φ = 0.1 in (a) and φ = 0.3 in (b). Each data point consists of its own set of
obstacle configurations. The solid red horizontal line represents the mean value of all data points.

Next we look at the effects of ensemble size on the anomalous exponent α as obtained using

MCMC simulations. We choose to investigate α as it directly influences the rest of the parameters

we extract from the MCMC data (some examples being Dα , t∗, r∗, Σt). To retrieve a single value

of α we analyse the mean Diffusivity Ratio for a large ensemble of obstacle configurations, and

to capture the mean value and corresponding error bars we bootstrap1our data set. The ensemble

size will naturally introduce noise in the Diffusivity Ratio and alter the position of the inflection

point, thus affecting α . In Fig. 2.11 (a) we find that for Ω < 1000 there is a small positive slope

to the mean value of α , whereas the mean value stabilizes for Ω > 1000. In Fig. 2.11 (b) the

slope persists until Ω ≈ 1250. The slope is smaller than the error on α itself, and we find that

Ω > 1000 is sufficient to evaluate α independent of obstacle concentration as the difference in

α when comparing Ω = 1000 and Ω = 2000 ensemble sizes is within error (α(φ = 0.1,Ω =

1000) = 0.968(1), and α(φ = 0.1,Ω = 2000) = 0.968(1) , α(φ = 0.3,Ω = 1000) = 0.864(3), and

α(φ = 0.3,Ω = 2000) = 0.864(2)). Similarly to D the error bars scale as Ω−1/2, again a trivial

result. We conclude that Ω = 2000 is more than sufficient for the ensemble size, and Ω = 1000 is

suitable given the trade off in computational time for a minor difference in error ∆α(φ=0.3,Ω=1000)
α(φ=0.3,Ω→∞) ≈

3.6×10−3 compared to ∆α(φ=0.3,Ω=2000)
α(φ=0.3,Ω→∞) ≈ 2.5×10−3, where the errors are the standard deviations
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of the set of values gathered by bootstrapping the data set.
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Figure 2.11: The anomalous exponent α as a function of the ensemble size Ω. Random systems
are simulated at: a) φ = 0.1, b) φ = 0.3. Each data set corresponds to 2000 obstacle configurations
at the respective obstacle concentrations that are bootstrapped. Analysing the data at high obstacle
concentrations with very low ensemble size is not possible; this is why the x-axis in (b) starts at
Ω = 500 instead of Ω = 150, as in case (a).

2.8 Finite Size Effects

Finite size effects are a result of the system size, and we can develop an understanding of

their origin using the correlation length ξ (closely related to the crossover length r∗ introduced in

eq. 2.38). In percolation theory ξ is a critical length in the distribution of large cluster sizes p(r) ∝

e− r/ξ [31]; thus ensuring L ≫ ξ is important to avoid cutting the tails of the cluster size distribution.

In two-dimensional systems it is known that ξ ∝ |φ∗−φ |−4/3 whereas r∗ ∝ |φ∗−φ |−4/3+5/72 [24],

where φ∗ is the percolation threshold which is φ∗ = 0.407 [14] for two dimensional square lattices

with 1× 1 obstacles. This shows ξ and r∗ diverge in a similar way near percolation, we thus

interchange the L≫ ξ condition with L≫ r∗ (we can do this because the constraint only comes into

1Bootstrapping here refers to the process of randomly re-sampling our ensemble of 2000 data sets, 600 times (a
standard choice according to Wilcox[38]). A re-sample size of 600 is further justified by studying the Gaussianity of
the resulting parameters, as there no significant improvements with higher re-sample sizes. By doing this we are able
to generate 600 values of each parameter we study (i.e. r∗, α , β ) and calculate their standard errors.
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play for large φ ). It is important to note that finite size effects do not affect MCMC simulations and

only apply to the steady-state diffusion coefficient calculation. This is because MCMC simulations

do not reach the boundaries of the systems (any system that is simulated continues to appear infinite

to the tracer particles, i.e. the tracer particles have no knowledge of cluster size truncation; instead

finite size purely limits access to long time MCMC data).
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Figure 2.12: The mean steady-state diffusion coefficient D (ensemble size Ω = 2000) as a function
of the inverse system size 1/L, for random systems of 1× 1 obstacles (and walkers) at obstacle
concentration (a) φ = 0.1 and (b) φ = 0.35. The inverse of the crossover length is shown as a solid
red line, r∗(φ = 0.1) ≈ 8.3 and r∗(φ = 0.35) ≈ 35), while the L = 128 data point is shown as a
blue square.

To test for finite size effect we investigate the behaviour of the steady-state diffusion coefficient

D as a function of the inverse system size 1/L using ensembles of size Ω = 2000. From Fig. 2.12 we

indeed conclude that our system size needs to be much larger than r∗ for an accurate calculation of

the steady-state diffusion coefficient (the point nearest the vertical red line is significantly different

than for large L). Chapters 3 and 4 show that r∗ increases very quickly as a function of obstacle

concentration, and that we have r∗(φ = 0.35)≈ 35, for 1×1 walkers and obstacles. We expect that

for concentrations below φ = 0.35 the finite size effects will be much smaller as r∗(φ) diverges as

φ approaches the percolation threshold φ∗ [24]. Hence at lower concentrations we have r∗(φ <

0.35) ≪ r∗(φ > 0.35) leading to the system size better reflecting the L ≫ r∗ requirement. We

have chosen to use L = 128 proxy systems (the term proxy here refers to the difference between
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L= 128 for the steady-state D calculation compared to L= 512 used for MCMC simulations) when

evaluating the steady-state diffusion coefficient for a balanced trade off between computational

time and accuracy at high obstacle concentrations. By extrapolating the data in Fig. 2.12 we

find limL→∞D(φ = 0.35,L) = 0.1336, and our data point shows D(φ = 0.35,L = 128) = 0.1358

corresponding to an error of approximately 1.5%, whereas for a lower concentration limL→∞D(φ =

0.1,L) ≈ 0.7763 and D(φ = 0.1,L = 128) = 0.7764 corresponding to an error of approximately

0.01% (the error bars from averaging are ∆D(φ = 0.1,L = 128) = 1×10−4 and ∆D(φ = 0.35,L =

128) = 4×10−4).

2.9 Comparing p = 1
4 and p = 1

8

We have discussed the probabilities of jumping along a given axis in Sections 2.2 and 2.1

(p±x = p±y = p and p0 = 1−4p), however proper justification for choosing p = 1
8 over the stan-

dard hopping probability of p = 1
4 has not been given. In this section we discuss the analytical

repercussions of the p = 1
4 choice, and we show that p = 1

8 falls out of the math naturally. A simi-

lar analytical calculation was done by Neo Nguiya Passi [21], although specifically for p = 1
4 . We

introduce the basics for the derivation, and extend it to a general value of p.

We begin by introducing the second moment of a random walker on a two dimensional square

lattice as

⟨r2
N⟩= ⟨x2

N⟩+ ⟨y2
N⟩ (2.46)

where ⟨x2
N⟩ is the mean squared displacement along x after N total jumps on the lattice (not neces-

sarily along x). This definition extends to ⟨y2
N⟩ analogously. The second moment along x is given

by
⟨︁
x2

N
⟩︁
=
⟨︁

p(xN−1 +a)2+p(xN−1 −a)2+(1−2p)x2
N−1
⟩︁

=
⟨︁
x2

N−1
⟩︁
+2pa2 ,

(2.47)

where a is the lattice spacing. It is important to discuss the (1−2p)x2
N−1 term corresponding to

the probability of not jumping along x: this probability of not jumping along x can be written as
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1−2p = p0 +2p, where p0 +2p is the sum of the probabilities of not jumping and jumping along

y, i.e. the only options other than moving along x. Using eq. 2.47 recursively we obtain

⟨︁
x2

N
⟩︁
= 2pNa2 +

⟨︁
x2

0
⟩︁
, (2.48)

where
⟨︁
x2

0
⟩︁
= 0 since the starting position of the random walker is chosen to be x = 0. Since x and

y are symmetric and independent we expect to find the same result for
⟨︁
y2

N
⟩︁
. Using eq. 2.46 we

can simply sum our results to find
⟨︁
r2

N
⟩︁
= 4pNa2. (2.49)

Comparing eqs. 1.14 and 2.49, we have

4pNa2 = 4Dt . (2.50)

Thus we are able to link the model parameters p,a, and τ to the diffusion coefficient:

D = pa2

τ , (2.51)

where τ = t/N is the time step corresponding to a single hop. This simply comes from the fact that

a time t passes after N equally temporally spaced hops are completed.

Similarly, the fourth moment is defined as

⟨︁
r4

N
⟩︁
=
⟨︁
x4

N
⟩︁
+
⟨︁
y4

N
⟩︁
+2
⟨︁
x2

Ny2
N
⟩︁
. (2.52)

The equation for the fourth moment in the x direction reads

⟨︁
x4

N
⟩︁
=
⟨︂

p(xN−1 +a)4+p(xN−1 −a)4+(1−2p)x4
N−1

⟩︂

=
⟨︁
x4

N−1
⟩︁
+12pa2 ⟨︁x2

N−1
⟩︁
+2pa4 .

(2.53)
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Applying the expression recursively we get

⟨︁
x4

N
⟩︁
= 2N pa4 +12N2 p2a4 −12N p2a4 , (2.54)

and the same result is found for y4
N again due to symmetry and independence.

In order to calculate the cross term
⟨︁
x2

Ny2
N
⟩︁
, we must take into account the actual number of

steps attempted in each direction. Let’s consider a particle that stays on the same site during n0

of the N time steps, but takes n steps along x, and N − n− n0 steps along y. The cross term is an

ensemble average over all possible values of n and n0:

⟨︁
x2

Ny2
N
⟩︁
=
⟨︂⟨︁

x2
ny2

N−n−n0

⟩︁
ensemble

⟩︂
{n,n0}

=
⟨︁
na2(N −n−n0)a2⟩︁

{n,n0}

=
[︂
N ⟨n⟩n −⟨nn0⟩{n,n0}−

⟨︁
n2⟩︁

n

]︂
a4 .

(2.55)

The probability of a particle making n of the N jumps along x is given by the binomial distribution

qN(n) =
N!

n!(N −n)!
(2p)n (1−2p)N−n . (2.56)

Using
⟨︁
n j⟩︁

n =
N

∑
n=0

qN(n)n j (2.57)

we find that

⟨n⟩n = 2pN (2.58)

and
⟨︁
n2⟩︁

n = 2pN (1−2p+2pN). (2.59)

To calculate ⟨nn0⟩{n,n0} we need the probability of having n jumps along x and n0 steps without

moving in a set of N steps

qN(n,n0) =
N!(2p)N−n0 (1−4p)n0

n!n0!(N−n−n0)!
, (2.60)
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where the probability of moving along x is 2p (p along +x, and p along −x), the probability of

moving along y is thus also 2p, and the probability of not moving is 1−4p. Averaging the product

nn0 over all combinations of n and n0,

⟨nn0⟩{n,n0} =
N

∑
n=0

N−n

∑
n0=0

qN(n,n0) n n0 , (2.61)

gives

⟨nn0⟩{n,n0} = 2p(1−4p)(N2 −N) . (2.62)

The cross term is thus given by

⟨︁
x2

Ny2
N
⟩︁
={N(2pN)+2(−p+4p2)(−N +N2)

−
[︁
2p(N −2pN +2pN2)

]︁
}a4

= (4N2 p2 −4N p2)a4 .

(2.63)

This leaves us with
⟨︁
r4

N
⟩︁
= 32N2 p2a4 +4N pa4 −32N p2a4 ; (2.64)

using eq. 2.50 we then find that

⟨︁
r4(t)

⟩︁
= 32D2t2 +(4−32p)Dta2 = 32D2t2

(︃
1+

4−32p
8

· a2

4Dt

)︃
. (2.65)

It is easy to see that p = 1
8 will cause the correction term to be 0, whilst p = 1

4 leads to:

⟨︁
r4(t)

⟩︁
= 32D2t2

(︃
1− a2

8Dt

)︃
. (2.66)

It is important to note that for long times (i.e. t ≫ a2/8D) the correction term in eq. 2.66 is negligible.

The correction term corresponds to a derivation assuming free diffusion, thus we can estimate

its effect only until the first collision with an obstacle; the nearest obstacle distance is q ≈ a/
√

φ and
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the corresponding time is t1 ≈ q2/4D = a2/4Dφ . Substituting the time to first collision into eq. 2.66

⟨︁
r4(t1)

⟩︁
≈ 32D2t2

1

(︃
1− φ

2

)︃
, (2.67)

we see that the correction term is dependent on the obstacle concentration φ . However we expect

the correction term to be negligible in the limits φ → φ∗ (particle will very rapidly collide with an

obstacle) and φ → 0 (the time to collision is long enough for the correction term to be negligible).

Inevitably moments higher than the fourth moment also have an impact on dynamics, however

in two-dimensions only allowing hops of length a along x and y we may only optimize one other

moment beyond the second moment. It is possible to include diagonal jumps, and jumps of length

longer than a to optimize higher moments in free diffusion, but it is unclear how diagonal jumps

or longer jumps should interact with obstacles. Although there are many schemes that can be

implemented to handle diagonal jump interaction with obstacles, there is no clear method to test

these schemes; thus we cannot choose a "correct" scheme.

The difference between the two values of p can be directly investigated in the context of our

work. Significant differences can be seen when examining the Diffusivity Ratio vs. time plots in

Fig. 2.13. The most obvious difference is the position of the interpolated inflection point (green

circles). In Fig. 2.13 (a) we see the inflection point is earlier in time in comparison to Fig. 2.13 (b);

this is also illustrated in Fig. 2.14 where the sign change of the second derivative occurs earlier for

the p = 1
4 data set (black circles) compared to the p = 1

8 data set (blue squares). This will have a

direct effect on the values of different parameters, as we shall see next. When comparing the error

bars of the results for p = 1
4 and p = 1

8 in Table 2.1, we see that this behaviour does not agree with

our prediction in eq. 2.67. It is unclear why this is the case.

We now look at some of the parameters we extract and how they differ for identical systems

when using p = 1
4 compared to p = 1

8 . The key differences between p = 1
4 and p = 1

8 in Table. 2.1

are seen in the position of the inflection point tI , and the anomalous diffusion coefficient Dα . The

inflection point is affected both by the difference in the fourth moment as it effects the dynamics
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Figure 2.13: The Diffusivity Ratio is shown as a function of time using two different MCMC
algorithms for random systems consisting of 1×1 obstacles and walker with obstacle concentration
φ = 0.2. a) The standard set of LMC probabilities are used in the MCMC algorithm, i.e. p±x =
p±y =

1
4 with p0 = 0. b) The probabilities chosen for our MCMC algorithm are p±x = p±y =

1
8

with p0 =
1
2 .
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Figure 2.14: The numerical second derivative of the Diffusivity Ratio (outlined in Section 2.5) is
plotted as a function of log(t) for the two cases shown in Fig. 2.13. The two MCMC schemes
(p = 1

4 , p0 = 0 and p = 1
8 , p0 =

1
2 ) are shown simultaneously for comparison.

of diffusion when obstacles are present on the lattice, as well as the time resolution being less

refined when p = 1
4 is chosen. We find a difference in Dα as a result of the difference in tI since

Dα depends on tI (Dα is discussed in Section 2.5). The similar values for t∗, r∗, and α in general

support our choice to evaluate parameters at the inflection point as discussed in Section 2.5.

One practical drawback to using p = 1
8 rather than p = 1

4 is access to very late time data.

We are limited in time by the size of our systems (in MCMC simulations we cannot reach the

boundary), and thus the number of Markov steps. The time-step using p = 1
8 is smaller than p = 1

4

given eq. 2.51. Thus the maximum time t = Nτ is smaller for the p = 1
8 scheme. However the

data is more time resolved. The time axes in Fig.2.13 corroborate this as Fig. 2.13 (b) has data

in the approximate range −1 < log(t) < 1.5 and Fig. 2.13 (a) has data in the approximate range

−0.5 < log(t)< 1.9. The consequence of lacking long time data is rather insignificant in the work

this thesis presents, as the primary use for late time Markov data is to extrapolate the plateau of

the Diffusivity Ratio for an estimate of the steady-state diffusion coefficient. Instead we use a

numerical method for calculating the steady-state diffusion coefficient in Section 2.3.

In general the error bars using p = 1
8 are smaller than those of p = 1

4 (see Table 2.1): access
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p = 1/4 φ = 0.1 φ = 0.2 φ = 0.35

t∗ 22(4) 7(1)×101 2.2(2)×103

r∗ 8(1) 12(1) 34(2)

α 0.969(2) 0.926(5) 0.81(3)

Dα 0.91(3) 0.75(1) 0.57(1)

tI 1.1(1) 1.7(1) 14.2(1)

p = 1/8 φ = 0.1 φ = 0.2 φ = 0.35

t∗ 22(2) 69(5) 2.1(2)×103

r∗ 8.2(4) 12.0(5) 35(2)

α 0.968(1) 0.928(2) 0.81(2)

Dα 0.862(3) 0.714(5) 0.579(7)

tI 1.14(6) 2.47(6) 21.77(6)

Table 2.1: Comparing transient regime parameters obtained when MCMC is implemented using
either p = 1

4 or p = 1
8 (the value of p can be identified using the top left corner of the table) for

random obstacle configurations and various φ . The numbers in parentheses at the end represent
error bars on the last digit, e.g. 12(1) = 12±1. The error bars are generated through bootstrapping
our data sets.
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to earlier times with higher precision around the inflection point is an asset for our analysis of the

anomalous regime. It is clear that p = 1
8 is a better choice compared to p = 1

4 .

2.10 Creating and Characterizing Obstacle Configurations

We have mentioned the presence of obstacles on our two dimensional square lattice, but not

how the obstacle configurations are generated. Random and periodic obstacle configurations have

been studied before [24, 29, 30, 31], however the region in between random and periodic, which we

call "Fuzzy", has not. We wish to explore this region because there are clear qualitative differences

in the diffusive behaviour between random and periodic systems; thus we expect some transition

from one behaviour to the other when tuning the amount of disorder. These differences and effects

are explored in Chapter 3. In this section we build the basis for generating tunable disorder and

comparing disordered systems generated in different ways.

Important parameters used in this section include: the surface area occupied by obstacles φ ,

the system size L (i.e. the number of lattice sites in a column or row of the lattice), the ensemble

size Ω (number of obstacle configurations used to average over disorder), and the first neighbour

distance in a periodic system rp(φ) (with obstacle concentration φ ).

When generating disordered systems using different methods the natural description of disorder

varies with the parameter used to control the disorder (e.g., the fraction of obstacles that are moved,

the width of a distribution function for placement, or an acceptance probability). Therefore we

need a way to compare the results with a single (universal) parameter that quantifies disorder. We

propose to introduce the disorder parameter 0 ≤ Fz ≤ 1, where Fz = 0 corresponds to a periodic

system, and Fz = 1 is random. To define Fz we must first define s(r), the number of sites that

are within a distance r of a given obstacle. The first neighbour distance of obstacles in a periodic

system with obstacle concentration φ is rp =
a√
φ (a = 1 is used throughout). We will use this as an

upper limit of distance in our definition of Fz to ensure Fz = 0 when a system is periodic. Next we

define n(r) as the number of obstacles within a distance r of a given obstacle (excluding the latter).
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We can now define Fz:

Fz =

⟨︁⟨︁
n(r < rp)

⟩︁
obstacles

⟩︁
ensemble

φ s(r < rp)
, (2.68)

where the denominator corresponds to the number of obstacles we expect to be within a distance

r < rp if the obstacles were placed randomly. The first set of angled brackets represent an average

taken over all obstacles in a given obstacle configuration, and the second set of angled brackets cor-

responds to an average over the ensemble of obstacle configurations studied. It is clear then that if

we apply this definition to a random system we expect
⟨︁⟨︁

n(r < rp)
⟩︁

obstacles

⟩︁
ensemble = φs(r < rp)

and thus Fz = 1. When we apply it to a periodic system n(r < rp) = 0 since all other obstacles are

at least a distance rp away from any given obstacle, resulting in Fz = 0. With Fz in our arsenal,

we can discuss how obstacle configurations are generated (and characterized) and their respective

natural disorder control parameters.

2.10.1 Random Systems

There are two ways to approach building a random system. One option is the grand canonical

ensemble: in this case we treat the obstacle concentration φ as an explicit probability of placing

an obstacle on a given site. Going through every site we determine whether an obstacle is placed

at that site by generating a random number from the uniform distribution such that 0 ≤ r ≤ 1 ,

if r < φ we place an obstacle. As a result of this method any obstacle configuration can have an

obstacle concentration φ within the range φ − ε ≤ φ ≤ φ + ε where ε is the deviation from the

desired obstacle concentration. The deviation ε is naturally a function of the system size L as the

number of lattice sites is the number of random numbers we draw from the uniform distribution,

and by Central Limit Theorem we expect limL→∞ ε = 0 where ε ∝ 1
L . The alternative approach

is to place a fixed number of obstacles at the desired obstacle concentration in every single ob-

stacle configuration that we average over. In this case we simply fill the lattice with the desired

number of obstacles and take a random permutation of them within the lattice. In practice we use

NumPy [10], a numerical package for the programming language Python [33], to generate a one
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dimensional array of size L2 (permutations of two-dimensional arrays are not possible). We pop-

ulate the first N entries of the array with obstacles, where N = φ ×L2. From here we simply use

Numpys permutation function to generate randomness.

2.10.2 Periodic Systems

There are many ways to generate periodic lattices, for example a body centred cubic lattice,

a skewed square, or a simple square lattice. We will only investigate a simple square lattice, as

we require isotropy in our systems to ensure the diffusivity along the x and y axes are the same.

When generating a periodic system it is important we make proper use of PBCs. For instance, we

need the system size to be a multiple of the period at which we will place obstacles. This is simply

done by taking LNew = f loor( L
rp
)×rp. We can then place obstacles with spacing rp throughout the

lattice of size LNew ×LNew.

2.10.3 Pick Up and Drop (PUD) Fuzzy Systems

To generate a Pick Up and Drop system we first begin with a periodic square lattice of ob-

stacles at a desired obstacle concentration φ . As the name suggests, we will simply "Pick Up",

i.e. remove, a fraction of the total obstacles, and then place them back onto the lattice randomly.

In practice we remove obstacles one at a time at random until the desired fraction of obstacles is

removed. Afterwards we place these obstacles back onto the lattice one at a time randomly, until

the lattice has been repopulated. We make this choice to ensure there is no obstacle overlap. The

percentage of obstacles that are removed and replaced randomly is a clear metric of the disorder

generated in the system. Figure 2.15 demonstrates the process visually. Furthermore using our

definition of Fz, we see it is a non-linear function of the percentage of replaced obstacles; we will

see the repercussions of this interesting result in Chapter 3.
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Figure 2.15: The process of generating a Fuzzy System using the Pick Up and Drop method: a)
The initial periodic obstacle configuration at concentration 1

16 with 25% of its obstacles removed
at random. b) The removed obstacles are replaced at random on the configuration seen in (a). c)
The disorder parameter as a function of the fraction of periodic obstacles replaced randomly (black
circles); interestingly, this is a non-linear function, and it spans the full range 0 ≤ Fz ≤ 1. The blue
squares represent the analogous curve using the AR2P method, both are shown for simple side by
side comparison.
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2.10.4 Add Random to Periodic (AR2P) Fuzzy Systems

Arguably the simplest of the methods for creating disorder, AR2P consists of generating a

"Fuzzy" system by adding obstacles randomly to an existing periodic system. Without using our

disorder parameter, the natural metric for disorder in this system is the fraction of randomly placed

obstacles to the total number of obstacles R = φR/φ , where φ = φR + φP and φP is the periodic

obstacle concentration. An example system is shown in Fig. 2.16 (a) where φP = 1
16 , φ = 1

9 , and

thus φR = φ − φP, the underlying periodic lattice is clearly visible with random obstacles placed

throughout. There are two types of problems we are interested in investigating:

1) systems with equal φ but different Fz values (examining the transition from the periodic limit

to the random limit);

2) systems with similar Fz values but different obstacle concentrations φ (the concentration-

dependent effects of disorder).

To achieve the same value of φ , and different Fz values, we simply change the periodicity of

the base periodic lattice (i.e., we change φP), and adjust φR such that φ remains constant. This

process is represented visually in Fig. 2.17 where constant φ lines are plotted in the [φR,φP] phase

space: any cross between a data point and a constant φ line corresponds to a different system at

constant φ . Adjusting φR to satisfy a constant value of φ when varying φP will naturally cause

Fz to change governed by the change in the concentration ratio R (this can be seen in Fig. 2.17,

specifically looking the φ = 0.04 we see an intersect with a red triangle (0.6 < Fz < 0.8) a green

triangle (0.4 < Fz < 0.6) and a grey circle (0 < Fz < 0.2) giving us three systems in the phase

space with varying Fz values yet identical overall obstacle concentration φ . Figure 2.16 (b) shows

the non-linearity, and limitation of Fz values for Fz(R,φ = 1
9). The sparsity in low Fz values is a

consequence of the requirement of a underlying periodic lattice, i.e. the lowest possible Fz value

will always correspond to the closest periodic concentration φP to the desired concentration φ .

Take for example φ = 1
9 , the nearest periodic obstacle concentration (other than φP = 1

9 itself) is

φP = 1
16 , from which we find φR = 1

9 − 1
16 = 7

144 ≈ 0.0486 resulting in R ≈ 0.45 and Fz ≈ 0.7 (in

fact it is the left most non-zero data point in Fig. 2.16 (b)).
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For systems with varying obstacle concentrations φ but similar Fz we keep R constant. This

is done by making φP an independent parameter, with a fixed value of R, and thus calculating the

necessary value of φR. The result is φR = RφP
1−R . It is important to note that constant R curves are not

quite equal to constant Fz curves since there is a φ dependent effect, however it is relatively small

(see Fig. 2.17 where the teal dashed lines is a constant Fz = 0.6 curve).
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Figure 2.16: The process of generating a Fuzzy System using the Add Random to Periodic method:
a) A final system is shown with a underlying periodic system of periodicity 4 (φP = 1

16 ) with ran-
dom obstacles overlaid to reach a total obstacle concentration of φ = 1

9 . b) The disorder parameter
as a function of the fraction of obstacles that are randomly placed within the system, the blue
squares correspond to the data for AR2P whereas the black circles are for comparison to the PUD
methods data. Non-linearity is present, with an asymptotic approach to Fz = 1 as φR begins to
dominate φP in the total obstacle concentration φ = φP +φR.

2.10.5 Harmonic Potential Wells (HPW) Fuzzy Systems

The base positions of obstacles in a periodic system can also be seen as the centres of Harmonic

Potential Wells. There are two pieces to generating an obstacle configuration in this manner: we

first choose which well we place an obstacle within; and then we determine where the obstacle

is placed. We begin by choosing the position of a periodic lattice site (the centre of a well) at

random. The position of this well is temporarily assigned (x = 0,y = 0) (i.e. we recentre the

lattice about the current well) and we generate a Gaussian probability distribution (representing
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Figure 2.17: Different combinations of φR and φP are plotted in the φR-φP phase space. Each data
point corresponds to a different ensemble of systems for which the mean value of the disorder
parameter, ⟨Fz⟩, is calculated. We bin the data set into 4 groups to show approximate equi-Fz
boundaries with an example curve shown as a teal dashed line (note that equi-R curves would be
linear with a positive slope on this figure). Constant φ curves are shown as solid lines to illustrate
the many combinations of systems that we can create at constant φ (overlaps between solid lines
and data points).

the potential of the well) across the lattice g(x,y) = exp
[︁
−(x2 + y2)/2λ 2]︁(1−O(x,y)), where

O(x,y) = 1 represents the presence of an obstacle at (x,y). Next we normalize g(x,y) such that

P(x,y) = g(x,y)/∑x ∑y g(x,y). Then we choose a lattice site according to P(x,y) to place the next

obstacle. In theory we could choose to place multiple obstacles per well, however we will only

explore this method with a single obstacle per well. This process of choosing a well, generating

the normalized probability distribution given the centre of the well and the updated obstacle con-

figuration, then placing an obstacle accordingly is repeated until every well has had exactly one

obstacle placed within it. Figure 2.18 (a) illustrates the normalized probability distribution P(x,y)

for a well in the centre of the system after a few obstacles have already been placed.

The natural metric for disorder here is λ , where λ is the width of the Gaussian. There are clear

limits that correspond to periodic λ → 0 (e.g. all obstacles will be placed in the centre of a well)

and random λ → ∞ (e.g. all obstacles will be placed randomly throughout the system) systems.

Figure 2.18 (b) shows the non-linear behaviour of Fz as a function of λ . We can see qualitative
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changes at λ ≈ 1
2 (fast increase) and λ ≈ 1 (curvature changes sign) and the value of Fz begins to

asymptotically approach 1. Furthermore when λ > 4 we have nearly reached the random limit;

this corresponds to the mean displacement of an obstacle being larger than the first neighbour dis-

tance between well centres, thus making it impossible to differentiate which well centre was used

to generate the position of an obstacle, in turn making the system approach an entirely random

system.
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Figure 2.18: The process of generating a "Fuzzy" system using the Harmonic Potential Wells
method at an obstacle concentration of φ = 1

16 : a) The Gaussian distribution due to a well located
in the centre of the lattice with λ = 2 (the white spaces correspond to the positions of previously
placed obstacles, i.e. to P(x,y) = 0). b) The disorder parameter Fz is a non-linear function of the
Gaussian width λ .

2.10.6 Periodic Tiling of Random Subsystems (PTRS) Fuzzy Systems

This method does not allow for the widest variety of Fz values as we will see in Chapter 3

and can be seen for φ = 1
9 in Fig. 2.19(c). However it does introduce an interesting constraint in

the limitation of local concentration fluctuations. These "Fuzzy" systems are generated by first

choosing a subsystem (or tile) size Ls, then a desired number of obstacles per subsystem N. The

resulting obstacle concentration of one subsystem (as well as our entire lattice) is φ = N
Ls

, where

the N obstacles are placed randomly within the subsystem. We then populate a larger lattice of
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size L, where L must be a multiple of Ls, with many sub lattices (each with N obstacles randomly

placed within them) creating an overall system of size L×L with obstacle concentration φ = N
Ls

.

An example of generating such a system is provided in Fig. 2.19 where Fig. 2.19 (a) corresponds

to an example subsystem with Ls = 4 and N = 1; we then generate many random subsystems as in

Fig. 2.19 (a) to create a L = 16 system in Fig. 2.19 (b).

The main line of thinking we follow to understand how disorder is generated in these systems is

to examine the effect of changing Ls whilst holding φ = N/Ls constant. When Ls is small the fluctu-

ations in the position of the N obstacles are limited and Fz tends towards the periodic limit, e.g. for

N = 1 and Ls = 2 we find ⟨Fz⟩ ≈ 0.6 (this is the lowest possible Fz value for PTRS). As we increase

N and Ls to keep φ constant Fz increases, e.g. N = 16 and Ls = 64 results in Fz ≈ 0.97 (note that

these example values have been averaged using Ω = 2000 and L = 512); the general trend can be

seen in see Fig. 2.19(c). When we approach the limit of the Ls ≈ r∗ (where r∗(φ = 1
9) ≈ 9) we

reach the limit of a completely random system, hence the rapid saturation and limited values of

Fz(φ = 1
9).

2.10.7 NoCluster (NoCR) Fuzzy Systems

The NoCluster method limits clustering by imposing an acceptance probability 0 ≤ Q ≤ 1 for

the placement of new obstacles adjacent to one or more obstacles. Note that Q has clear limits:

Q = 0 imposes a hard-exclusion, i.e. no obstacles can be adjacent to one another, and Q = 1 yields

completely random systems. This method is of interest as clustering plays an important role in

percolation [31], thus varying Q allows us to investigate the role of clustering in the context of our

work directly.

The simple computational approach to generating these systems would be to place obstacles

randomly one by one until a desired obstacle concentration φ is reached. We would keep track of

lattice sites that are adjacent to existing obstacles, and if a site is chosen to have an obstacle placed

adjacent to an existing obstacle, a random number between 0 and 1 would be chosen to determine

whether the obstacle is successfully placed. In the case where an obstacle placement is rejected,
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Figure 2.19: The process of generating a "Fuzzy" system using the PTRS method at a concentration
of φ = 1

16 : a) An example of a tile of size Ls = 4 with N = 1 obstacle. b) A L = 16 system is
populated with many tiles of size Ls = 4 with N = 1. c) We see non-linear behaviour of Fz as a
function of the sub lattice system size Ls at a fixed obstacle concentration φ = 1

9 . We have chosen
to use N = 1 and Ls = 4 in (a) and (b) to better illustrate the fluctuations, whereas φ = 1

9 is chosen
in (c) to show a larger range of Fz values (this also correspond to results that are presented in
Chapter 3).
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the algorithm will choose a new position to attempt to place the same obstacle, and continue to

do so until it is placed. An exception to this is when Q = 0, and no remaining lattice sites are

not adjacent to obstacles. In this case the desired concentration φ cannot be reached, and thus the

system is rejected, and the process begins anew.

The main problem with this "simple" algorithm is when Q is small and we attempt to generate a

high obstacle concentration φ system because the majority of remaining lattice sites have adjacent

obstacle already. Attempting to place an obstacle results in a loop where attempted placements are

repeatedly rejected until a random number smaller than Q is drawn. In order to reach the desired

obstacle concentration φ , the computation becomes unnecessarily computationally intensive.

In practice we have implemented a "smart" obstacle placement algorithm. In this scheme we

initially assign a value of 1 to all lattice sites that are not adjacent to an obstacle. For all lattice sites

adjacent to one or more obstacle we assign a value of Q, and all lattice sites occupied by an obstacle

are assigned 0. We interpret this as a probability distribution, which can be normalized such

that the sum is equal to 1. Placing obstacles according to this normalized probability distribution

ensures that every obstacle placement is accepted. The drawback is that the probability distribution

must be recalculated after every obstacle placement; however this is still more effective than the

"simple" algorithm. Similarly to the "simple" algorithm, when Q = 0 it is still possible to reject

a system; if all unoccupied lattice sites are adjacent to obstacles we will assign a value of 0 to

all unoccupied lattice sites, meaning no more obstacles can be placed and the desired obstacle

concentration cannot be met. In this case we will once again reject the system and begin again.

The placement of Q on lattice sites adjacent to an obstacle is shown in Fig. 2.20 (a). The value

of 1 should be assigned to all sites that are not occupied by an obstacle or adjacent to an obstacle;

we omit this to improve clarity of the figure. Figure 2.20 (b) shows that the disorder parameter

is relatively linear in terms of Q compared to the rest of the natural disorder parameters for other

methods. It should be noted however that Q is not a true disorder parameter as Q = 0 does not

create periodic systems except at φ = 1
4 (the maximum concentration for the Q = 0 limit) and thus

we cannot explore the entire "Fuzzy" region 0 ≤ Fz ≤ 1.
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Figure 2.20: The process of generating a Fuzzy System using the No Cluster method: a) A sin-
gular obstacle is placed at the center of the lattice for demonstration purposes, and the acceptance
probability Q is assigned to all lattice sites adjacent to 1 or more obstacles. b) This figure shows a
relatively linear relationship between the disorder parameter Fz and the natural measure of disorder
Q (the only method which does so).

2.10.8 Larger Obstacles and Walkers

In Chapter 4 we investigate the ability to estimate the steady-state diffusion coefficient using

data only from the anomalous regime, specifically data near the inflection point. In this paper we

extend our estimate from 1× 1 obstacles and walkers, to a variety of obstacle sizes and walker

sizes. As a result we must discuss in more detail how we create systems with larger obstacles, and

how we treat larger walkers.

The creation of larger obstacles is simple: we place obstacles of size l × l one at a time on the

lattice. We use the upper left corner of the obstacle as the anchor for generating the rest of the

l × l obstacles. We reject the placement of an obstacle were there to be any overlap with another

obstacle. Furthermore it is important that we think of our lattice not as a standalone system, but as

a sample of an infinite size system with the desired obstacle concentration. Consequently we treat

the edges of our systems as PBCs, such that if we place a 2× 2 obstacle with our top left anchor

flush with the right edge of our system, it will wrap around to the left side of the lattice.
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We do not explicitly create walkers of size l × l with 1×1 obstacles, instead we consider that

a larger walker has an excluded region around it which it cannot access. We can thus grow the

obstacles to the size of the desired walker size such that they account for the exclusion zone of a

larger walker, and replace the larger walker with a 1× 1 walker. To do this we assign an anchor

position to the walker, i.e. the position of our equivalent 1×1 walker, and the anchor position for

obstacle growth is then the relative position of the walkers anchor mirrored along both axes; e.g.

if the walker anchor is in the bottom right of the larger walker then the corresponding obstacle

anchor position is the top left corner, i.e. the initial obstacle will be in the top left corner of the

grown version in this example. When growing obstacles in this case we continue to allow periodic

boundary conditions as we did when we created larger obstacles, however we do not impose the

non overlapping criteria as before due to the nature of the exclusion zone of a large walker. An

example is shown in Fig. 2.21 where Fig. 2.21 (a) shows an initial obstacle configuration in black,

with a 3× 3 walker shown in red and a pink site representing the walkers anchor position. In

Fig. 2.21 (b) we see the anchor position in pink again which now acts as a 1×1 walker in a system

with the initial obstacles in black, and the growth regions in teal, from which it is clear that the

black obstacles are in the top left of their respective growth regions.
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Figure 2.21: A visual guide to understanding the obstacle growth procedure when converting a
larger walker system into an equivalent 1×1 walker system. a) A random obstacle configuration
(with 1× 1 obstacles shown in black) is shown, with an initial 3× 3 walker at the centre of the
lattice (shown in red), the bottom right corner is our walkers anchor site and is shown in pink. b)
We grow the obstacles according to the exclusion region resulting from the 3×3 walker where the
teal region is the growth region and the initial obstacle positions are shown in black. After we have
grown the obstacles we have just the anchor position of the 3× 3 walker remaining which now
acts as a 1×1 walker. The result is independent of our choice of anchor position by a shift in the
resulting obstacle configuration.
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CHAPTER 3

OBSTRUCTED DIFFUSION IN SYSTEMS WITH TUNABLE DISORDER:
WHEN DOES A FUZZY SYSTEM LOOK LIKE A PERIODIC (OR A RANDOM) ONE?
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Obstructed Diffusion in Systems with Tunable Disorder:

When does a fuzzy system look like a periodic (or a random) one?

Nicholas Ilow1 and Gary Slatera)

University of Ottawa, Department of Physics, Ottawa, Ontario, K1N 6N5,

Canada

(Dated: 10 January 2022)

In real world cases such as biomembranes or drug delivery systems, obstructed diffusion

never occurs in the presence of perfectly periodic or perfectly random distributions of

obstacles. We present a study of transient and steady-state diffusion in ”Fuzzy” systems

that bridge the gap between these two ideal limits. In particular, we examine whether

there are ”diffusion phase transitions”, i.e., abrupt quantitative and/or qualitative changes

at some critical degree of disorder. For instance, while the crossover length r∗ decreases

when the concentration of obstacles φ increases in a periodic system, it is the opposite

for random systems. The short-time anomalous diffusion parameters, the transition to the

steady-state and the asymptotic diffusion coefficient D are studied as a function of both

the degree of disorder and the obstacle concentration φ . Different ways of creating tunable

disorder are explored, and a disorder parameter Fz is introduced to quantify disorder in a

method-independent manner. One of our methods provides data which falls on a linear

interpolation between the periodic and random limits for all parameters (i.e. r∗, β , D, α).

Interestingly, we find that r∗ can become a very weak function of φ in some fuzzy systems,

and that a critical disorder parameter of Fz ≈ 2/3 can be defined. We also propose a new

connection between the properties of the transient and steady-state regimes.

a)gary.slater@uOttawa.ca

65



I. INTRODUCTION

How the diffusivity of a particle is impacted by obstruction has been explored extensively using

Lattice Monte Carlo methods for random1–5 and periodic6–8 systems of immobile and passive

obstacles. However real systems are neither periodic nor totally random9. The object of our work

is diffusion in the intermediate "Fuzzy" regime between these two limits. We focus our attention

on changes of qualitative behaviour to investigate how a system transitions from quasi-periodic

to quasi-random behavior as we increase the amount of disorder in a controlled (tunable) way.

As we shall see, our results (obtained for two-dimensional lattice systems) suggest non-trivial

intermediate regimes.

There are three primary regimes for obstructed diffusion. Particles first undergo free Brownian

motion with diffusion coefficient Do. Once they start colliding with obstacles they enter a transient

phase during which they slow down. Finally, after moving a critical distance r∗ (or, equivalently,

after a diffusion time t∗), called the crossover length, they reach the steady state with a diffusion

coefficient D < Do and their mean square displacement (MSD) then scales linearly with time10–12,

〈
r2(t)

〉
= β 2 +4Dt, (1)

where β is the excess diffusion due to the fact that diffusion is actually faster in the first two

regimes. In the first regime, we simply have β = 0 and D = Do.

Because the MSD does not scale linearly with time in the transient regime12–14, this regime is

often described using the concept of anomalous diffusion and the relation

〈
r2(t)

〉
= 4Dα tα , (2)

where α is called the anomalous exponent. Since obstacles hinder diffusion, we have α < 1,

i.e. subdiffusion. The parameter Dα is sometimes called the anomalous diffusion coefficient, a

misleading name since its units depend on α . However, eq. 2 is rarely satisfied over a wide time

interval; obtaining a reliable value for α is then challenging since the time interval used to fit the

data is often chosen arbitrarily.

We study this problem by analysing the time-dependence of the average mean squared dis-

placement 〈r2(t)〉 of a tracer particle on a two-dimensional lattice with a wide range of obstacle

configurations (a detailed description of the methodology can be found in Ilow and Slater15). The

tracer particle is allowed to either stay still or hop along the x and y axes (diagonal jumps are
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excluded) of length a where a is the lattice spacing. In other words, we use a version of lazy

random walk dynamics where p = p±x = p±y =
1
8 , and p0 =

1
2 is the probability of not moving.

The fraction of the system’s surface occupied by obstacles is denoted by φ . Short time dynamics

is studied using a Markov Chain Monte Carlo algorithm that provides high-precision data. The

steady state diffusion coefficient D(φ) is calculated using a numerical method outlined in ref.16

(note that we fix Do = D(0) = 1 for simplicity). We extract key parameters such as the crossover

length r∗, the crossover time t∗, the excess diffusivity β , the anomalous diffusion coefficient Dα

and the anomalous exponent α by plotting log(〈r2〉/4t) vs. log(t), as described in ref.15.

This manuscript will first introduce a universal disorder parameter Fz to connect different meth-

ods of generating disorder (we propose to study 5 unique methods) within obstructed lattice sys-

tems in Section II. We then study key diffusive and system properties such as r∗, β , D, and α in

two contexts: Concentration dependent behaviour in Section III A where we investigate how these

parameters change for fixed Fz values as a function of obstacle concentration φ , and Fz depen-

dent behaviour in Section III B where a fixed concentration is chosen and the transition between

periodic and random limits is studied.

II. CREATING AND QUANTIFYING DISORDER

We now describe the five methods we use to create systems that are between Periodic and

Random. We characterize these systems using a "disorder parameter" 0≤Fz≤1 defined as the ratio

of the mean number of obstacles neighbouring an obstacle to the expected number in a random

system. To ensure a periodic system returns a Fz value of 0, we define neighbouring as within a

distance < 1/
√

φ , which corresponds to the distance between periodically placed obstacles (if the

latter form a simple square geometry – see Fig. 1). In practice we use a neighbouring distance

= 3 for all concentrations φ < 1
9 , and a neighbouring distance of = 2 for φ ≥ 1

9 . Note that some

of the methods described below do not give access to the full range of Fz values, while others will

use a smaller ensemble size compared to our standard Ω = 2000 due to computational limitations.

Figure 1 shows an example of the transition of a periodic system to a random system, generated

using the method described in Section II A.
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FIG. 1: Four 64×64 systems with an obstacle concentration φ = 1
16 showing the progression

of Pick Up and Drop (PUD) algorithm, from periodic to random obstacle placement. For these

cases we find Fz(periodic)=0, Fz(33%) = 0.5984(5), Fz(66%) = 0.9196(7) and Fz(random) =

0.9994(8).

A. Pick Up and Drop (PUD)

This algorithm begins with periodic obstacles at concentration φ . A fraction of the obstacles

are then randomly moved to available lattice sites. This method lacks the ability to access inter-

mediate concentrations since φ is not a continuous variable (moreover, φ ≤ 1
4 ). An illustration

of PUD is shown in Fig. 1 where the transition from a periodic configuration of obstacles to a

completely random configuration of obstacles is shown. In Fig. 1 (a) the pre-existing periodic

lattice of obstacles can be clearly seen, and in Fig. 1 (b) it becomes less clear due to the presence

of disorder.
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B. Adding Random Obstacles to Periodic Systems (AR2P)

Disorder can also be increased by randomly adding obstacles (concentration φR) to a system

that is already populated with periodic obstacles at concentration φP. Since the same final concen-

tration φ = φP + φR can be reached via different combinations of φP and φR, this method allows

for multiple values of Fz for a given φ .

C. Harmonic Potential Wells (HPW)

Harmonic potential wells are periodically placed on the lattice with a concentration φP, and

obstacles are then randomly "dropped" in these wells. The probability of accepting a placement in

a well is given by the Gaussian distribution

P(r)∼ exp
(
−r2/2λ 2) , (3)

where r is the distance between the selected lattice site and the centre of the chosen potential well,

and λ measures the width of the well.

The HPW method allows for a wide range of disordered systems since the obstacle concen-

tration φ is decoupled from φP; for instance, we can place multiple (φ > φP) or less than one

(φ < φP) obstacles per well. When φ = φP, λ → 0 results in completely periodic systems. When

λ > 1/
√

φP, the obstacles cannot easily be traced back to their generating well, and at twice this

spacing we obtain significant clustering as in random systems. An ensemble size Ω=1000 is used

for these data sets.

D. Periodic Tiling of Random Subsystems (PTRS)

Here we build L×L tiles and randomly place N obstacles in each one. This results in an overall

concentration φ = N/L2 and concentration fluctuations that are limited to distances ≈ L. These tile

systems are somewhat similar to the HPW method with λ ≈ L. Once the tiles get larger than the

crossover length for a random system at the given concentration, L� r∗(φ), L is irrelevant and we

are in the Fz = 1 (random) limit. Note that arbitrarily small values of Fz cannot be generated for a

fixed obstacle concentration φ using this method (e.g., at φ = 1/9, the smallest tiles correspond to

[N=1,L=3] and Fz ≈ 0.7; larger tiles yield larger values of Fz).
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E. No-Cluster Random (NoCR)

Obstacles in random systems can form clusters which lead to percolation issues. A short range

"depletion" constraint can limit such features. We thus introduce the probability Q of accepting

an obstacle placed adjacent to ≥ 1 obstacles. When Q→ 0, every obstacle is surrounded by a

strict exclusion zone which eliminates clustering and reduces disorder. The φ → 0 limit for Q→ 0

appears random as clusters are already unlikely to form, while φ → 1/4 must be periodic since this

is the maximum concentration allowed when we impose the Q=0 condition. The opposite, Q=1,

accepts all configurations and is simply a random system. Due to computational limits, we use a

smaller ensemble size of Ω=1000 for this method.

III. RESULTS

We first investigate the transition from random behaviour to periodic behaviour by looking at

the general qualitative features of D, r∗, α , and β as functions of the obstacle concentration φ

when we vary the disorder parameter Fz. We then examine the "order-disorder transition" as Fz is

varied at a fixed obstacle concentration φ . The steady-state diffusion coefficient D(φ) is an exact

calculation per obstacle configuration16 and averaged over an ensemble of obstacle configurations.

In practice1, we calculate the crossover length r∗ =
√

4Dt∗ using the steady-state diffusion coeffi-

cient D and the crossover time t∗ (the time at which the anomalous regime and steady-state regime

yield the same displacement, mathematically 4Dt∗ = 4Dαt∗
α
). We evaluate the excess diffusivity

β at time t∗ by taking the difference between the observed mean squared displacement and the

predicted mean squared displacement (= 4Dt∗) had we been in the steady state.

A. Effects of Obstacle Concentration Keeping the Disorder Parameter Fixed

The diffusion coefficient D: As Fig. 2 shows, the curvature of the function D(φ) goes

smoothly from negative when Fz → 1 (the random limit) to positive when disorder decreases.

The curvature is zero at Fz ≈ 2
3 . Indeed, the data agrees nicely with the first two terms of the

series expansion17 (valid for all systems with 1× 1 obstacles and walkers on a square lattice)

D(φ) = 1−(π−1)φ when Fz≈ 2
3 (a similar critical value is found for the AR2P and HPW meth-

ods; data not shown).

The anomalous exponent: α(Fz) is difficult to investigate due to the difference between
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FIG. 2: Steady-state diffusion coefficient D vs obstacle concentration φ for several values of Fz

as obtained when using the PUD method. The curves from top to bottom correspond to replacing

0→ 60% of the periodic obstacles randomly by steps of 5% (the bottom curve corresponds a fully

random system or 100%).

α(Fz = 0) and α(Fz = 1) being very small (< 0.05%) when φ ≤ 1
9 . As a result, small statisti-

cal (ensemble) fluctuations strongly affect the value of α and mask any effect disorder might have.

This can be seen at low φ in Fig. 3 as all of the curves are essentially overlapping. The last few

data points at higher concentrations show a change of curvature around Fz ≈ 2
3 .

The crossover length r∗: Remarkably, for intermediate values 1
2 ≤ Fz ≤ 2

3 in Fig. 4, r∗ is a

weak function of the obstacle concentration φ . This region thus separates fuzzy systems that are

periodic-like (r∗ decreases with φ ) from those that are random-like (r∗ increases with φ ).

Excess diffusivity: Prior to discussing the results of β we first introduce a proxy value β (t = t∗)

as β by definition implies the t→∞ limit. We simply evaluate β at t = t∗ as long enough times are

not accessible to properly estimate the t→ ∞ limit. We see a smooth qualitative transition present

in Fig. 5. The bottom curve represents Fz = 0 (periodic systems) and we note the negative slope

between the last two points at φ = 1
16 and φ = 1

9 . The sign of this slope changes from negative

to positive at Fz ≈ 1
3 (a similar value is found for the AR2P and PUD methods – data not shown).

A second key transition is observed at Fz ≈ 2
3 where an inflection point is no longer present for
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FIG. 3: Anomalous exponent α vs obstacle concentration φ when using the AR2P method. The

curves from top to bottom correspond to the percentage of obstacles that are randomly placed

within the system, on the interval of 0% to 60% by steps of 10%; the bottom curve is for 65%.

The dashed line shows a fit of α for random obstacle configurations.
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FIG. 4: Crossover length r∗ vs obstacle concentration φ . See the caption of Fig. 3 for the details

(note that the curves are ranked from bottom to top here).
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FIG. 5: Excess diffusivity β vs obstacle concentration φ when using the HPW method with

a single obstacle per well. The curves from bottom to top correspond to length scales λ ∈
{0.1,0.2,0.3, ...,1.8,1.9,2.0,2.5,4.0}.

Fz >
2
3 , i.e. the excess diffusivity becomes a monotonic function of the obstacle concentration.

We are able to link the crossover length r∗ with the excess diffusivity β by first introducing the

instantaneous rate of diffusion ρ = ∂ 〈r2(t)〉/∂ t. The time at which the instantaneous rate of diffusion

is equal for both the steady-state and anomalous regimes is given by

tc = α
1

1−α t∗ , (4)

where t∗ = (Dα/D)1/(1−α) is the crossover time. This critical time inherently means that for t > tc

the excess diffusivity β has essentially reached its asymptotic value β (t → ∞). We can estimate

β (t = tc) using the approximation

β 2(t = tc)≈ 4Dαtα
c −4Dtc . (5)

Using the value of tc in eq. 4 we obtain

β 2(t = tc)≈ 4Dt∗
(

α
1

1−α

)α
−α

1
1−α 4Dt∗ . (6)

We can then use r∗
2
= 4Dt∗ to further simplify eq. 6

β 2(t = tc)≈ (1−α)α
α

1−α r∗
2
. (7)
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We thus predict that β should be directly proportional to r∗. The prefactor is a non-trivial function

of the anomalous exponent α:

A(α) = (1−α)α
α

1−α . (8)

Using A(α) we are able to collapse β , for all values of Fz, φ , and method of generating disorder

(PUD, HPW, AR2P), onto a single line β = 1.218(6)× r∗
√

A(α) in Fig. 6.
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FIG. 6: Excess Diffusivity β vs the Modified Crossover Length r∗
√

A(α). The data for the PUD

(•), AR2P (�) and HPW (N) methods are shown in scatter form together with the combined linear

fit.

In summary, we observe qualitative transitions at a critical value of Fz ≈ 2
3 for D, α and r∗,

and for β we find two values: Fz ≈ 1
3 and Fz ≈ 2

3 . However, the linear relation between β and

r∗
√

A(α) is not affected by the degree of disorder.

B. Transition from Order to Disorder

We now take a single slice of the Figures in Section III A in order to investigate the "order-to-

disorder transition" as we vary Fz for an obstacle concentration of φ = 1
9 . There are two exceptions

to this: 1) when studying α(Fz) we use φ = 1
4 because the largest differences between random and

periodic systems occur at high concentrations, and 2) a result in Fig. 7 (b) led us to explore φ = 1
16
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for comparison. Each figure contains data corresponding to the different methods used to generate

disorder, as well as horizontal lines denoting the values found in the periodic (Fz = 0) and random

(Fz = 1) limits. All Figures in this section, with the exception of Fig. 7, have estimated error-bars

calculated through bootstrapping; to increase clarity in the data, we show the median error-bar of

each data set on a single point.
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FIG. 7: Steady-state diffusion coefficient D vs disorder parameter Fz for obstacle concentrations

(a) φ = 1
16 and (b) φ = 1

9 . The dashed lines show the linear interpolations D(Fz) = (1−Fz) D(0)+

Fz D(1). In (b), the dash-dot line shows the empirical interpolating function D(Fz) = D(0)−
[D(0)−D(3

4)]× [Fz/(
3
4)]

4 between Fz = 0 and Fz =
3
4 . Without the large bubbling for the HPW

data in (a) the empirical interpolating function does not capture the behaviour of the data.
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The steady-state diffusion coefficient D: The most remarkable result in Figs. 7 (a) and (b)

is the PUD data agreement with a linear interpolation between the Periodic and Random limits

independent of obstacle concentration. This is an unexpected result as Fz is not a linear function

of the fraction of obstacles that are replaced randomly (data not shown). This demonstrates that Fz

is indeed a useful measure of the degree of disorder.

Overall, the data for D(Fz) (and, indeed, for all properties) are sandwiched between the NoCR

and PUD data. The fact that the NoCR case is widely different demonstrates that clustering greatly

impacts diffusivity. Also, we clearly have a key transitional point at Fz≈ 3
4 , where all of the

methods (except NoCR) begin to converge with the linear interpolation.

The HPW data is located between these two limiting cases because clusters are rare when

the length scale λ is small. Note that HPW becomes similar to PUD if λ > 1/
√

φP, equivalent to

Fz >
3
4 here. The HPW data can be represented by an empirical quartic form in the range Fz ∈ [0, 3

4 ],

as shown; however, this "bubble" is significant only for φP = 1
9 due to the close proximity between

wells; the data is closer to the linear interpolation when φP ≤ 1
16 .
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FIG. 8: Anomalous exponent α vs disorder parameter Fz for an obstacle concentration φ = 1
4 . The

dashed line shows the linear interpolation α(Fz) = (1−Fz) α(0)+Fz α(1). The dot-dash line

shows the empirical function α(1)+(α(0)−α(1))∗2/(1+(1−Fz)
−2).

The anomalous exponent α: Since α is a weak function of disorder at low concentrations, we

use φ = 1
4 in this subsection. Unfortunately, this means that we lose access to the NoCR method
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and impose severe limitations for the PTRS and AR2P methods (also, α(Fz = 0) is ill-defined due

to this periodic system being made of corridors of width 1). As for D(Fz), the PUD data in Fig. 8

is very close to the linear interpolation. However the HPW data now remains below the linear

interpolation over the whole range of Fz values.
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FIG. 9: Crossover length r∗ vs disorder parameter Fz for an obstacle concentration φ = 1
9 . The

dashed line shows the linear interpolation r∗(Fz) = (1−Fz) r∗(0)+Fz r∗(1). The dot-dash line

shows the empirical interpolating function r∗(Fz) = r∗(0)+ [r∗(1)− r∗(0)]×F3
z ≈ r∗(0)× (1+

[Fz/(
4
5)]

3), where 4
5 ≈

(
r∗(0)

r∗(1)−r∗(0)

) 1
3 is the nearest rational fraction mathematically calculated

using the limit values of r∗(1) and r∗(0).

The crossover length r∗: Figure 9 follows suit with Fig. 7 (b) (and (a) however it is less clear)

in that the data from all methods are sandwiched between the PUD and NoCR limits. Similar to

Fig. 7 (b) we see an apparent departure from the Periodic Limit for the HPW data near Fz ≈ 1
3 ; an

empirical interpolation function (see caption) gives a critical value of disorder Fz ≈ 3
4 . Once more,

the PUD data remain very close to the linear interpolation.

Excess diffusivity: Figures 9 and 10 are remarkably similar. In other words, the comments

about r∗(Fz) above apply to β (Fz) as well. This confirms the close relation between excess diffu-

sivity and correlation lengths. In the case of the HPW data, the interpolating function (see caption)

gives an apparent critical value of disorder Fz ≈ 2
3 here.
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FIG. 10: Excess diffusivity β vs disorder parameter Fz for an obstacle concentration φ = 1
9 . The

dashed line shows the linear interpolation β (Fz) = (1−Fz) β (0) +Fz β (1). The dot-dash line

shows the empirical interpolating function β (Fz) = β (0) + [β (1)− β (0)]× F3
z ≈ β (0)× (1 +

[Fz/(
2
3)]

3), where 2
3 ≈

(
β ∗(0)

β ∗(1)−β ∗(0)

) 1
3 is the nearest rational fraction mathematically calculated

using the limit values of r∗(1) and r∗(0).

IV. DISCUSSION AND CONCLUSION

Diffusion in the presence of periodically or randomly distributed obstacles is fundamentally

different, as discussed in Section III A. Perhaps the most striking qualitative difference is the

concentration dependence of the crossover length r∗(φ) – see Fig. 4. Our goal was to investigate

how a system transitions from quasi-periodic to quasi-random behavior as we increase the amount

of disorder in a controlled (tunable) way. We thus designed five different ways to introduce (and

control) disorder in a periodic system and proposed a simple measure of disorder, the disorder (or

fuzziness) parameter Fz.

The anomalous exponent α is not significantly impacted by disorder at low concentrations –

see Fig. 3. It is only when φ > 1
9 that we clearly see the impact of "fuzziness" in the change of

curvature; the critical disorder parameter here is Fα
z ≈ 2

3 . We also observe a change in curvature

for the diffusion coefficient at FD
z ≈ 2

3 in Fig. 2. For the excess diffusivity β (φ), we find two

transitions; one that is closer to Fβ
z ≈ 1

3 in Fig. 5, as well as a second behavioural change at a
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critical value more in line with the other parameters Fβ
z ≈ 2

3 . The crossover length r∗ decreases

(increases) in a periodic (random) system when φ increases. Remarkably, we observe that r∗(φ) is

nearly constant at a critical "fuzziness" Fr∗
z ≈ 1

2 , (see Fig. 4). In short, the transition point appears

to be in the range 1
3 ≤ Fz ≤ 2

3 , depending on the physical parameter we examine and the type of

disorder we use.

In Section III B, we showed that the "Pick-Up and Drop" (PUD) method yields results that

essentially fall on a linear interpolation between the periodic and random results when the concen-

tration is kept constant. This result applies to all of the different parameters studied here (namely,

D , β , r∗ and α), indicating that our definition of Fz captures the basic elements of the problem in

the Fuzzy regime, as Fz is not a linear function of the fraction of randomly replaced obstacles.

At the other end of the spectrum we find the NoCR method (the only method that does not use

any underlying periodic motif). Indeed, a recurring theme in Section III B is the different nature

of the results obtained with the NoCR approach. When Q = 0, NoCR eliminates the presence

of aggregates (similar to periodic systems) while keeping some degree of randomness (which

decreases as the concentration of obstacles increases); in other words, it could be called "randomly

periodic". Clearly, the main effect of NoCR, which is to limit clustering, points to the significant

importance of clusters.

As mentioned above, the fact that the NoCR systems are fundamentally different from the other

ones points to the key role played by large obstacle aggregates. Future work along the lines of this

project should thus include investigating methods for generating Fuzzy systems that could directly

tune the size of the aggregates. Of specific interest is the bridge between the HPW data and the

NoCR data in Fig. 7. In fact, the NoCR method lends itself to easily making hybrid methods (e.g.,

combining the HPW with a NoCR constraint to see if data between these two data sets can be

obtained in Fig. 7). We are also interested in the applications to drug release, e.g. investigating the

release curves as functions of Fz to see if one can change the release pattern by varying Fz while

keeping either φ or D fixed (work in progress).
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NUMERICAL DATA FROM THE TRANSIENT ANOMALOUS REGIME
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When particles/molecules diffuse in systems that contain obstacles, the steady-state regime (during which the
mean-square displacement scales linearly with time,

〈
r2〉∼ t) is preceded by a transient regime. It is common to

characterize this transient regime using the concept of anomalous (sub)diffusion with the scaling law
〈
r2〉∼ tα ,

where the corresponding exponent α < 1. We propose a new method to estimate the critical time t∗ that marks
the transition between these two regimes. The method uses short-time data from the transient regime to estimate
t∗, which can then be used to estimate the steady-state diffusion coefficient D. In other words, we propose a
procedure that makes it possible to estimate the steady state diffusion coefficient without reaching the steady-
state. We test the procedure with various two-dimensional lattice systems.

I. INTRODUCTION

Diffusion in the presence of obstacles, often called ob-
structed diffusion, is present in a wide range of physical,
chemical and biological systems [1–5]. Generally speaking,
we can expect two different time regimes. At short times, the
diffusing particles explore the spatial constraints and start col-
liding with the obstacles [6, 7] (this is sometimes preceded by
a free diffusion regime if the obstacles are far from one an-
other [8, 9]). The steady-state, which is reached at long times,
is characterized by the fact that the mean squared displace-
ment (MSD) of a tracer particle is linear in time, with some
excess contribution (to be denoted β 2) which is due to the fact
that diffusion is faster at early times [8] (the collisions slow
down the diffusion process):

〈
r2(t)

〉
= β 2 +4Dt , (1)

where D is the diffusion coefficient. Therefore, in order to ac-
cess the diffusion coefficient, the experimental or simulation
time must be much larger than the crossover time t∗ between
the transient and steady-state regimes[10].

Equation 1 is not valid during the transient regime. Instead,
the MSD is often fitted using the concept that it will follow a
power law with an "anomalous" exponent α [11, 12]

〈
r2(t)

〉
= 4Dα tα , (2)

where in our case α < 1. Consequently, this regime is also
called the anomalous diffusion regime. In practical cases,
defining the time range over which eq. 2 might be valid is
often arbitrary [13–17]. In Sections III A and III B, we pro-
pose methods to determine the center tI and the width Σt of
the anomalous regime, respectively.

Using eqs. 1 (with β = 0) and 2, we can estimate the
crossover time t∗. The time at which both equations predict
the same displacement is simply

t∗ = (Dα/D)1/(1−α) , (3)

∗ gary.slater@uottawa.ca

while the corresponding crossover distance r∗ is given by

r∗2 = 4Dt∗ = 4Dα t∗α = (Dα/Dα)1/(1−α). (4)

Note that obtaining t∗ and r∗ requires knowledge of the
steady-state diffusion coefficient D.

The main result of this paper can be summarized as fol-
lows: the width Σt of the anomalous regime, as we define it in
Section III B, is an excellent approximation for the crossover
time t∗, even though it does not require any knowledge of the
diffusion coefficient D. This has an important and direct ap-
plication since we can rearrange eq. 3 as

D = Dα t∗
α−1

. (5)

This equation implies that if we could find a proxy for t∗ using
data from the anomalous regime, we would be able to estimate
the steady state diffusion coefficient D without reaching the
steady state. As we shall demonstrate, this is precisely what
our definition of Σt allows us to do.

Experimentally diffusion problems can be explored using
a range of techniques including Fluorescence Recovery Af-
ter Photobleaching [18, 19], and Single Particle Tracking
[20, 21]. However, most methods do not easily allow experi-
mentalists to probe both regimes [22, 23] because of the wide
range of time scales involved. Our paper thus offers a potential
approach to estimating the steady-state diffusion coefficient D
using short-time data only.

In this manuscript we introduce (Sections III A–III B) and
test (III C) our new concepts using a simple model of ob-
structed diffusion with random obstacle configurations on a
two dimensional square lattice (Section II) since this allows
us to obtain high-precision numerical data for both the anoma-
lous and steady-state regimes.

II. METHODOLOGY

We consider random walks on a square lattice with a mesh
size a. The standard Lattice Monte Carlo (LMC) algorithm
[24, 25] includes random jumps of length a along one of the
four Cartesian directions, each with a probability p = 1

4 . The
second moment of the distribution of displacements after N
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steps is then given by
〈
r2
〉

G = Na2; if the duration of these
MC steps is τ , this can be rewritten as

〈
r2
〉

G = 4Dt, with
D= a2/4τ the diffusion coefficient and t =Nτ the time. Since
the second moment is identical to the one predicted by the so-
lution of the diffusion equation (which is a Gaussian distri-
bution, hence the subscript G), LMC models are often used to
simulate diffusion problems. However the 2D LMC algorithm
actually gives the following fourth moment

〈
r4(t)

〉
= 32D2t2 +(4−32p)Dta2 , (6)

while the solution of the diffusion equation gives
〈
r4(t)

〉
G =

32D2t2. The last term in eq. 6 is negligible at long times, but
it does affect the mean time between collisions with obstacles
and hence impacts the transient regime including the value of
the anomalous exponent α (data not shown). To eliminate this
correction term and improve the algorithm, we use p = 1

8 and
a probability po = 1− 4p = 1

2 of staying put during a time
step.

Typically, obtaining the steady-state diffusion constant D
would require long LMC simulations. However calculating
D for a random-walker in a particular system of randomly
distributed obstacles (which act as reflecting boundaries and
occupy a fraction φ of the surface area) with periodic bound-
ary conditions is made possible using the numerical methods
outlined in [26]. This approach first involves computing the
steady state concentration profile under a weak bias ε . This
is done by solving an N×N matrix, where N is the number
of lattice sites accessible to the particle, and each row is de-
termined by a rate equation with biased jumping probabilities.
One can then calculate the mean velocity using the computed
concentration profile and the local velocities resulting from
the bias and the presence of reflecting obstacles. Finally, the
mean velocity v(ε) is used to compute the diffusion constant
D via the Nernst-Einstein relation:

D(φ)
D(0)

= lim
ε→0

v(ε,φ)
v(ε,0)

. (7)

We use this approach to obtain very high precision estimates
of D below. For these calculations, we use a lattice of size
L = 128 and an ensemble size of 2000. A lattice spacing of
a = 1 is chosen, with τ = 1

8 corresponding to the required
timestep for p = 1

8 , such that D(0) = 1.
We use a Markov Chain Monte Carlo (MCMC) method

to obtain high-precision short-time data. Since the obstacles
are reflecting boundary conditions, the concentration evolves
(starting with a unit concentration on a single site at the center
of the lattice) as follows:

Cx,y(t +1) = [Cx−1,y(t)+Cx,y(t)Ox+1,y]p+x

+[Cx+1,y(t)+Cx,y(t)Ox−1,y]p−x

+[Cx,y−1(t)+Cx,y(t)Ox,y+1]p+y

+[Cx,y+1(t)+Cx,y(t)Ox,y−1]p−y

+[Cx,y(t)]po,

(8)

where Cx,y(t) is the concentration at lattice site (x,y) at time
(or iteration) t, and Ox,y is a binary value (0 or 1) describing

the presence of an obstacle at (x,y). Note that p±x = p±y =

p = 1
8 . The MCMC calculations are completed on a lattice of

size 512× 512, and we handle disorder by averaging over an
ensemble of 2000 different obstacle configurations.

A feature of random systems is the possible presence of
closed areas, which we call "lakes". A lake is an area in
which unoccupied sites exist, but these sites are inaccessible
to a tracer particle initially located outside. We must make
sure that a Markov chain calculation does not start in a lake
since

〈
r2(t)

〉
would then quickly plateau. When we calcu-

late D using exact matrix calculations and eq. 7, lakes lead to
block-diagonal matrices, and the only non-zero value of D is
found for the block that corresponds to the connected pathway
through the network. To avoid such issues, we simply fill all
unoccupied sites within lakes with phantom obstacles.

III. RESULTS

A. Data analysis

Central to our methodology is plotting log〈r(t)2〉/4t vs
log(t). As Fig. 1 shows, the transient and steady-state regimes
are clearly visible when the data are plotted in this way. Since
the location and boundaries of the transient regime are often
defined arbitrarily [13–17], the value of the anomalous expo-
nent α is generally method-dependent. However, an inflection
point is present for all cases in this type of log-log plot. We
thus propose that the inflection point provides a robust way of
defining the center of the anomalous regime. The anomalous
exponent can then be extracted from the slope of the tangent
at the inflection point (which is α − 1 given eq. 2) while Dα
is simply given by the ratio r2

I /4tα
I (the subscript I refers to

evaluation at the inflection point). We investigate the width of
the anomalous regime in Sec. III B. Figure 1 further defines
the crossover time t∗ as the intersection of the tangent and the
horizontal line marking the steady state diffusion coefficient
D. The inset details the numerically calculated inflection sad-
dle points, thus determining the fitting region for estimating
the interpolated position of the inflection point and both α
and Dα .

We present the results of t∗, r∗ =
√

4Dt∗ and α , for a 1×1
walker in random systems with 1×1 obstacles for varying ob-
stacle concentrations φ in Fig. 2. At larger obstacle concen-
trations the transition length scale r∗ grows to values such that
our system size (L = 512) is no longer large enough to avoid
finite-size effects (r∗ is related to the crossover length or clus-
ter size in percolation theory [27]). The transition time t∗ be-
haves similarly. The exponent α , on the other hand, decreases
continuously with φ to reach a value of about α = 0.733 at
φ = φ ∗. Finally, the blue data points in Fig. 3 show how the
diffusion coefficient D decays with φ ; in particular, we see
that D → 0 at the percolation threshold φ = φ ∗ ≈ 0.40725
(this actually defines φ ∗).
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FIG. 1: Log-log plot of the instantaneous diffusivity ratio〈
r2
〉
/4t vs. time t for a 1×1 random-walker, with 1×1 obsta-

cles at an obstacle concentration φ = 10%. The steady-state
diffusion coefficient D (horizontal red line) was calculated us-
ing the matrix technique described in Section II, and the slope
of the line tangent to the inflection point is α−1. Where these
two lines intersect defines the crossover time t∗.

B. The width of the anomalous regime

Obviously, the transient regime can only be said to satisfy
eq. 2 over a small region centered around the inflection point
in Fig. 1. Since the slope at this point is α−1 while the second
derivative is zero, we can use the third derivative to measure
the width of the region where the second derivative remains
negligible (i.e., the width of the region where a straight line
fit might be valid). We thus propose to define the width Σα of
the transient/anomalous regime (in this specific log-log space)
using the expression

Σ3
α =

f (x)
∂ 3 f (x)/∂x3

∣∣∣∣
x=log(tI)

, (9)

where f = log(〈r(t)2〉/4t) , x= log(t), and tI corresponds to
the inflection point. The third derivative here represents the
rate of change of the second derivative, in this case measur-
ing how quickly it becomes non-zero. The resulting Cartesian
temporal width, Σt , is then

Σt = 10 [log(tI)+Σα ] − 10 [log(tI)−Σα ]. (10)

In principle, we should expect the transient (or anomalous)
regime to transition into the steady-state regime when the time
t exceeds ≈ Σt . Furthermore, we expect this width to diverge
at the percolation threshold φ ∗ because there is no steady-state
at that critical point [28].

Figure 2 shows that the width Σt defined in eq. 10 does in-
deed behave as expected: it increases with φ and diverges at
percolation. Surprisingly, Σt is found to be essentially equal
to t∗ over the whole range of concentrations. The fact that it
relies on a third derivative of discrete data explains the pres-
ence of noise. Unlike t∗, the width Σt does not require any
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FIG. 2: Key system parameters vs. obstacle concentra-
tion φ ; both the obstacles and the particles are of size
1× 1. The crossover length r∗ and crossover time t∗ di-
verge as φ approaches the percolation threshold[29] φ ∗ =
0.4072539492079. The anomalous exponent α decreases
(from unity) towards the percolation threshold value[10]
α(φ → φ ∗) = 2

2.73 . Our estimate of the width of the anoma-
lous regime, Σt , provides an excellent approximation for t∗.

knowledge of the steady-state diffusion coefficient D; in other
words, it can be obtained using short-time data only.

Since t∗ ≈ Σt , we can rewrite eq. 5 as

D≈ Dα Σα−1
t . (11)

We stress again the fact that the three parameters on the rhs
of this expression can be obtained using transient data only.
Therefore, eq. 11 implies that it is possible to obtain an esti-
mate of the steady-state diffusion coefficient D that uses only
parameters extracted from the transient regime (there is no
need to reach the steady-state). We test this approach to esti-
mating D in the next two sections for several sizes of random-
walkers and obstacles.

C. Estimating the diffusion coefficient D using Σt

In order to test the accuracy of eq. 11, we compare its pre-
diction to exact values obtained using the method described
in Section II, and we do this for six different systems of ran-
dom walkers and randomly distributed obstacles in Figs. 3 (for
obstacles of different sizes) and 4 (for random walkers of dif-
ferent sizes).

As Fig. 3 shows, the approximation holds very well for
1× 1 particles and different obstacle sizes across all obsta-
cle concentrations. Figure 4 shows equally good results when
larger particles move between small obstacles. In both cases,
the results become more noisy and less reliable near the rel-
evant percolation threshold φ ∗ because of finite size effects.
Indeed, the last few points of the exact diffusion constant data
set in Figs. 3 and 4 show a change in curvature; this is the re-
sult of the crossover length r∗ increasing quickly near perco-
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FIG. 3: Diffusion coefficient of a 1× 1 particle vs obstacle
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stacles). The solid circles correspond to the high-precision
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t as defined by eq. 11. Results
are shown for three different obstacle sizes. Inset: relative er-
ror
[

D−Dα Σα−1
t

D

]
(in %) vs obstacle concentration divided by

the percolation threshold φ ∗.

0.0 0.1 0.2 0.3 0.4

Obstacle Concentration φ

0.0

0.2

0.4

0.6

0.8

1.0

D
iff

u
si

o
n

C
o
effi

ci
en

t
D

1× 1
2× 2
3× 3
D
DαΣα−1

t

0.0 0.3 0.6 0.9
φ/φ∗

−20
−10

0
10
20

%
E

rr
o
r
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ues of D obtained using the matrix method; the triangles give
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lation (see Fig. 2), and finite size effects becoming prominent
(as the condition L� r∗ is no longer valid).

To estimate the percolation thresholds for our systems, we
performed a linear fit on the final 10 data points prior to the
change of curvature observed due to finite size effects. This
linear fit is extrapolated to D→ 0 to estimate φ ∗. The results
are given in Table I. The insets in Figs. 3 and 4 show the rel-

ative error in our estimates of D as a function of the scaled
concentration φ/φ ∗. These errors increase with the concen-
tration and become of the order 15% as we approach the per-
colation thresholds here; as usual, these errors decrease with
the ensemble size (data not shown). Note that the three curves
in the main parts of Figs. 3 and 4 nearly collapse on a univer-
sal curve if D is plotted as a function of φ/φ ∗, as one would
expect (shown in Appendix A).

IV. CONCLUSION

In this paper, we first proposed a non-arbitrary way to char-
acterize the transient/anomalous regime in the case of ob-
structed diffusion problems. In particular, we introduced a
method to locate the center of this regime and estimate the
value of the related anomalous exponent α . Furthermore, we
suggested a way to measure the width Σt of the regime during
which the MSD could potentially be fit with

〈
r2(t)

〉
∼ tα .

Using simple two-dimensional lattice models of obstructed
diffusion, we found that the width Σt of the anomalous regime
can act remarkably well as a proxy for the crossover time
t∗ marking the transition between the anomalous and steady-
state regimes. For instance, both diverge identically near the
percolation threshold. This allows us to write eq. 11 which
yields an estimate of the steady state diffusion coefficient D
using only short time data. Our simulations have shown that
this method for estimating the steady state diffusion coeffi-
cient is robust for a variety of random obstacle variants (i.e.,
larger obstacles, and larger walkers).

One drawback to this approach is the need to evaluate a
third-derivative to compute Σt and hence D. This may limit the
usefulness of our findings when the data are noisy (we saw ex-
amples of this when close to percolation thresholds). Clearly,
this needs to be explored further, e.g. using data coming from
Molecular Dynamics simulations or experimental data.

Experimentally (and with computer simulations), our novel
data analysis method can allow one to access the steady-state
diffusion coefficient where otherwise it would be inaccessible
due to the inability to reach late time data. Interestingly, eq. 4
can also be rewritten as r∗

2
= 4Dα Σα

t ; this means that the cor-
relation length r∗

2
can also be estimated using short-time data.
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1×1 (see ref. [29]) 2×2 3×3
Obstacles 0.40725394920790(2) 0.51(1) 0.58(1)
Walkers 0.40725394920790(2) 0.161(4) 0.083(1)

TABLE I: Percolation threshold φ ∗ for walkers and obstacles of different sizes, where the counterpart remains at a size of 1×1.

Appendix A: Collapsed diffusion coefficients using percolation
thresholds
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FIG. 5: The steady-state diffusion coefficient D and its esti-
mate Dα Σα−1

t as a function of the scaled obstacle concentra-
tion φ/φ ∗ for 1×1 walkers and various obstacle sizes.
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FIG. 6: The steady-state diffusion coefficient D and its esti-
mate Dα Σα−1

t as a function of the scaled obstacle concentra-
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Abstract

We propose a practical empirical fitting function to characterize non-Gaussian displacement

distribution functions (DispD) often observed for heterogeneous diffusion problems. We first test

this fitting function with the problem of a colloidal particle diffusing between two walls using

Langevin Dynamics (LD) simulations of a raspberry particle coupled to a lattice Boltzmann (LB)

fluid. We also test the function with a simple model of anomalous diffusion on a square lattice with

obstacles. In both cases, the fitting parameters provide more information than just the Kurtosis

(which is often the method used in such cases), including a length scale characterizing the tails

of the DispD begin. In all cases, the fitting parameters smoothly converge towards the Gaussian

values when the systems become less anomalous.
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I. INTRODUCTION

Diffusion in inhomogeneous media is ubiquitous in Nature and can be observed in a

wide range of systems including surface diffusion of atoms in an elastic field1–3; diffusion

of colloidal particles in a confined fluid4–8 or polymer network9,10; polymer translocation

through a nanopore membrane11–14; protein diffusion in crowded cell environments11,15–17.

Experimental observations have shown that some of these systems can lead to non-trivial

dynamical properties which require special attention.

For instance, some systems give rise to anomalous diffusion where the mean-square dis-

placement (MSD) increases like tγ, with γ < 1. This is often related to diffusion in disordered

systems, in which case there is a crossover distance beyond which diffusion becomes Brow-

nian (γ = 1). Another particularly interesting case is the possible existence of anomalous

yet Brownian diffusion which is characterized by a linear MSD (γ = 1) coexisting with a

non-Gaussian Displacement Distribution (DispD)18–23. The physical origin of anomalous yet

Brownian diffusion remains a very active field of research, in particular because it may differ

between systems24; a common feature though is the fact that the diffusion coefficient varies

during the process (e.g., in space).

In both classes of problems, the nature of the DispD is central to our understanding of

the physics. The Kurtosis K(t) = µ4(t)/µ2(t)
2 of the DispD is often used to characterize the

deviations from Gaussian (normal diffusion) dynamics4,10,20,25 (µi is the ith central moment

of the distribution). However, the DispD obviously contains more information than what

the Kurtosis provides, including the shape of the tails and potentially the length scale(s)

that separate the various dynamical regimes.

In this short article, we propose a new empirical function that can be used to fit a

DispD that has different regimes for short and large distances; in particular, it can capture

both the Gaussian and non-Gaussian components of a DispD thus allowing us to locate the

transition between the two as the external control parameters are changed. To test this

flexible interpolating function, we simulate two different systems corresponding to the two

classes of problems mentioned above. First, we use a coupled Langevin Dynamics–Lattice

Boltzmann (LD-LB) method to simulate the diffusion of a particle in a liquid between two

flat walls, an example of anomalous yet Brownian motion21,26. We then study diffusion on a

lattice with obstructed sites, a case where short-time diffusion is known to be anomalous27,28.
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II. A PRACTICAL FITTING FUNCTION

To fit both the central and tail parts of ”anomalous” DispD distributions at time t, we

propose to use the 3-parameter functional form

P (r, t) ∼ exp

[
1−

[
1 +

(
r
ro

)2−α]1−β
]
, (1)

where r is the displacement and t is the time. The time-dependent fitting parameters are the

length scale ro(t) and the two exponents, which we expect to be in the ranges 0 ≤ α(t) < 2

and β(t) < 1. A one-regime DispD corresponds to β = 0, including the Gaussian distribution

for α = 0, the exponential function for α = 1, and the stretched exponential distribution for

1 < α < 2.

We have two regimes (which are equivalent when β = 0), namely

P (r, t) ∼





exp
[
−(1− β) (r/ro)

2−α] for r � ro

exp
[
− (r/ro)

(2−α)(1−β)
]

for r � ro.
(2)

The combination [β = 1
2
;α = 0] is a Gaussian with exponential tails, while 1 − β = 2

2−α

is a distribution with Gaussian tails (a special case being [β = −1;α = 1], an exponential

distribution with Gaussian tails). Note that ro marks not only the transition between these

two limits, but also the length scale characterizing the decay of the tails of the DispD.

III. EXAMPLE I: WALL-HINDERED DIFFUSION

Our first example is a simulation of the wall-hindered diffusion of a spherical particle

of radius R between two walls separated by a distance h. In bulk solution, the particle’s

diffusion coefficient is given by Stokes’ law D0 = kBT/6πηR, with η the viscosity of the

fluid. Hydrodynamic interactions (HI) make the diffusion coefficient space-dependent and

anisotropic near surfaces. For a particle at a distance z (see Fig. 1a) from a single flat wall29,

the diffusivities parallel and perpendicular to the wall are (with Γ = R
R+z

)

D‖(z)/D0 ≈ 1− 9
16

Γ + 1
8
Γ3 − 45

256
Γ4 − 1

16
Γ5 + ... (3)

D⊥(z)/D0 ≈ (6− 10Γ + 4Γ2)/(6− 3Γ− Γ2), (4)
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As recently shown by Matse et al.30, the z-dependence of D⊥ leads to anomalous yet

Brownian motion (linear time-dependence of the MSD but non-Gaussian DispD).

Since this problem is one-dimensional (along z) while α = 0 (the central part of the

distribution is Gaussian30), the fitting function will read

P (z, t) =
1− A√

2πz2o
exp

[
1−

[
1 +

z2

2z2o

]1−β]
, (5)

where A is a normalization factor. Note that for a Gaussian distribution we simply have

β = A = 0, which leads to 〈z2(t)〉 =
∫ +∞
−∞ z2P (z, t) dz = zo(t)

2 = 2Dt. The even moments

of the distribution are given by

〈z2i〉 = z2io ×
Q(2i, β)

Q(0, β)
(6)

where Q(2i, β) =
∫∞
0
y2i exp

[
1− [1 + y2/2]

1−β
]
dy and i is an integer. In general, both zo

and the exponent β can be time-dependent. The corresponding Kurtosis is given by

K(t, β) =
〈z4(t, β)〉
〈z2(t, β)〉2 =

Q(4, β) Q(0, β)

Q2(2, β)
. (7)

Although Q(2i, β) has no closed form, the following second-order approximations are useful

for a nearly Gaussian DispD (i.e., when |β| � 1):

〈z2〉
z2o
≈ 1 + 1.815β + 3.121β2 + ... (8)

K − 3 ≈ 1.0315β + 1.588β2 + ... . (9)

Interestingly, the excess KurtosisK−3 is (to first order) approximately equal to the exponent

β that determines the fatness of the tails of the DispD. Note that since β is expected to be a

function of time while 〈z2〉 ∼ t, the critical length scale zo cannot increase like ∼
√
t. Finally,

we note that for a Gaussian distribution with perfect exponential tails, our interpolating

function predicts that K(β = 1
2
) ≈ 4.857, which appears to agree with the limiting value

reported in ref30.

A. Raspberry colloidal particle diffusion

We use Langevin Dynamics as implemented in the ESPResSo package31. The HI are

included by coupling the particle’s velocity to a lattice Boltzmann fluid. We employ the
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raspberry particle model32–34 shown in Fig 1b. The particle comprises N = 454 beads of

size σ, for a total radius of R = 3σ and a volume Vo = 4
3
πR3 ≈ 113σ3. We freeze all beads

relative to the center of mass using virtual momentum-transferring rigid bonds. The particle

and the solvent share the same density, ρs = mo/σ
3, where mo is the mass of a one bead.

(a)

(b)

z
h

(c)

FIG. 1. The systems used to test the empirical fitting function. (a) Two repulsive boundaries are

separated by a distance h, while z is the distance between the raspberry particle surface and the

wall. (b) A raspberry particle of radius R = 3σ comprising 454 coupled beads. The golden bead is

at the center of mass. (c) A two dimensional 64×64 square lattice with φ = 30% of the lattice sites

occupied by obstacles (in black). The concentration profile, starting from the site at the center of

the system, is shown after 30 time steps.

The implicit solvent is modeled by a GPU implementation of the three-dimensional 19

velocity LB method (D3Q19)35. The velocity v of a bead is coupled to the fluid via a drag

force35 fγ,i = −γ(vi − ui), where ui is the velocity of the fluid at the position where the
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bead resides (with i = x, y, z), and the coupling friction γ has to be to tuned to insure that

the particle’s hydrodynamic radius RH = R.

The repulsive Weeks-Chandler-Andersen (W) potential36 UW(r) = 4ε
[(

σ
r

)12 −
(
σ
r

)6]
+ ε

models the steric interactions between the raspberry beads and a wall when r < rc = 21/6 σ,

while UW (r > rc) = 0 beyond the cutoff distance rc. We use ε for our unit of energy, σ

for length and to = σ
√
mo/ε for time. The temperature is chosen to be kBT = ε while the

kinematic viscosity of the fluid is η = 12σ2/to and the coupling per bead is γ = 15mo/to.

These choices give a mean hydrodynamic radius RH ≈ 2.98σ and a diffusion coefficient

Do = 0.00148σ2/to in free solution. We use an integration time step δt = 0.005 to.

B. Displacements distributions

The DispD⊥ P (z, t) is computed for different time intervals and locations between two

non-slip walls (Fig. 1b) separated by a distance h = 30σ. We start the particle in the center

(z = 13.5σ) and let it diffuse freely until it reaches z = σ/2. The simulation times are long

enough to generate 2000 uncorrelated sub-trajectories; we can then use any position in these

trajectories as an effective initial position.

When a particle diffuses away from a given position for a brief period of time, its diffusivity

is essentially constant during the resulting trajectory: our results (Appendix A) then show

that it undergoes normal diffusion (MSD ∼ t) but with a local anisotropic diffusivity D(z),

in agreement with eqs. 3-4. However, when the DispD⊥ is averaged over initial positions

located in a high∇D⊥(z) region (the diffusing diffusivity regime37), it includes both Gaussian

and non-Gaussian components. Figure 2a shows examples for starting points located in the

region z
R
∈ [0.5, 2]: the dashed Gaussian lines demonstrate the presence of fat tails, in

agreement with ref.30, while the solid lines show that eq. 5 provides an excellent fit for all

values of the displacement ∆z and all times. Nevertheless, the MSD is still increasing linearly

with time – see Fig. 2b. The DispD remains Gaussian (within the limits of precision we can

achieve) in the parallel direction (not shown) because this diffusivity gradient is weaker.

As previously mentioned, a common way to characterize such an ”anomalous DispD”

is to compute its Kurtosis. Figure 2c shows that the excess Kurtosis (both of the fitted

function, Kf − 3, and of the raw data, Kd− 3) vanishes at short times (we then probe local

regions with uniform diffusivity). We note that Kf > Kd because the tails of the raw data
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distributions are heavily truncated here (at distances comparable to the length scale zo).

Our fitting function includes additional information. For instance, we see that the expo-

nent β mirrors the behavior of the Kurtosis. In fact, we note that Kf (t) − 3 ≈ β(t) when

β is small in Fig. 2c, in agreement with eq. 9. The fit also provides information about the

length scale zo beyond which the Gaussian part (short distances) changes to fat tails (large

distances): as shown in Fig. 2b, our results indicate that z2o increases roughly as ∼ t0.84

over the time range used here. The fitting parameters thus indicate that the MSD increases

linearly with time because the sublinear increase of z2o is compensated by an increase of the

tail anomalous exponent β over the time periods studied here.

IV. EXAMPLE II: ANOMALOUS DIFFUSION IN RANDOM SYSTEMS

We now examine the usefulness of the general form given by eq. 1 for a case of obstructed

diffusion. We use the simplest model: a random walk on a two-dimensional square lattice

with a fraction φ of the sites being randomly occupied by immobile obstacles (see Fig. 1c).

In short, diffusion is expected to be normal (i.e., the MSD grows linearly with time and the

DispD is Gaussian) for short times (before the particle starts colliding with the obstacles;

in practice, this regime only exists at very low obstacle concentration) and long times (the

steady-state, achieved for times larger than the crossover time t∗ and distances larger than

the system’s crossover length r∗). For intermediate times, the MSD grows roughly as tγ,

where the anomalous exponent γ < 1. See refs.27,38 for previous studies of this system.

Obviously, given the transient (or anomalous) regime mentioned above, we expect non-

Gaussian distribution functions P (r) (where r2 = x2 + y2) unless t� t∗.

A. Random-Walk on a 2D Lattice

We randomly place a concentration φ of 1× 1 obstacles on a 1600× 1600 square lattice,

and average over an ensemble of 500 different obstacle configurations for a value of φ. In

order to obtain the distribution function p(r, t) at different times t we use a standard Markov

Chain Monte Carlo propagation algorithm: we initially place a unit concentration on the

lattice site at the center of the system, and we propagate the concentration throughout the

system using the master equation. Jumping probabilities p±x = p±y = p = 1
8

are chosen,
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FIG. 2. Simulation data and fitting parameters for a spherical particle diffusing between two walls.

(a) The DispD⊥ averaged over different starting positions z/R ∈ [0.5, 2] at four different times.

The simulation data are binned with a bin size 0.03σ. The dashed lines are Gaussian fits while the

solid lines show the interpolating function given by eq. 5. (b) Length scales as a function of time:

〈∆z2〉 is the perpendicular MSD calculated from the raw data, while the other two are obtained

from the fits. The black curve shows a power law fit for z2o . (c) The excess Kurtosis Kf − 3 and

the exponent βf (as obtained from the fits) as a function of time; note that Kd − 3 is calculated

directly from the raw data.

leaving a probability of not jumping of p0 = 1
2

at each time step. The free diffusion coefficient

is set to D = 1, and the lattice spacing is set to a = 1. The time duration of a Markov step

is then simply τ = a2p
D

= 1
8
. The resulting distribution functions (a few examples are shown

in Fig. 3), at specific times, are then fitted with both a Gaussian and the fitting function

P (r) =
2(1− A)√

πr2o
exp

[
1−

[
1 +

(
r
ro

)2−α]1−β
]

(10)
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(the Gaussian distribution corresponds to A = α = β = 0). Once the fitting parameters are

obtained, it is possible to compute the even moments of the radial displacement

〈r2i〉 = r2io ×
G(2i, α, β)

G(0, α, β)
(11)

where G(2i, α, β) =
∫∞
0
y2i+1 exp

[
1− [1 + y2−α]

1−β
]
dy. In principle, the only explicit time-

dependence is in the length scale ro(t), with r2o(t) = 〈r2(t)〉 = 4Dt for normal diffusion in

two dimensions; however, the exponents α and β can also vary with time, as we shall see.

The 2D Kurtosis is then given by

K2(α, β) =
G(4, α, β) G(0, α, β)

G2(2, α, β)
. (12)

Although G(2i, α, β) has no closed form, the following approximations are useful for a nearly

Gaussian DispD (i.e., when α� 1 and |β| � 1):

〈r2〉
r2o
≈ 1 + 0.7114α + 2 β + ... (13)

K2 ≈ 2 + 1
2
α + 0.5963 β + ... . (14)

Interestingly, the excess Kurtosis K2− 2 is (to first order) approximately equal to the mean

value of the two exponents, (α + β)/2. It is also possible to compute the moments of the

distribution itself (treating the problem as a one-dimensional distribution). We then obtain

the following 1D Kurtosis:

K1 =
G(3, α, β) G(−1, α, β)

G2(1, α, β)
≈ 3 + α + 1.0315 β + ... . (15)

We will be using K2 in our analysis below.

B. Displacement distributions vs time

Our fitting function does not work well at short times in Fig. 3 because of the coarse

lattice discretization effects for short displacements (although it is actually slightly better

than a Gaussian fit). Once we approach the crossover time t∗ (this time marks the transition

between the transient and steady-state regimes; see ref.39 for details regarding the method

used to obtain t∗ from the data) the tails are captured very well by our fit while the Gaussian

fits are clearly inadequate. In fact, the Gaussian fits slowly converge with the data when

t� t∗, as expected.
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FIG. 3. The DispD at six different times for the two-dimensional obstructed diffusion problem.

The simulation data are not binned (every possible distance on a square lattice is considered, hence

the apparent noise in the otherwise exact data). The dashed lines are Gaussian fits while the solid

lines show the interpolating function given by eq. 10. The obstacle concentration is φ = 1
9 . Note

that the transient/anomalous exponent is γ = 0.963 for this system, while the crossover length and

time are r∗ = 6.95 and t∗ = 16.11 respectively.

We examine how the fitting parameters evolve as a function of inverse scaled time t∗/t

in Fig. 4. As discussed above, we expect the distribution to become more Gaussian (which

means the exponent characterizing the tail of the distribution, (1 − β)(2 − α), converges

towards 2) as time increases, and fully Gaussian distributions (i.e., α = β = 0) for times

t� t∗. Indeed, these parameters, as well as the Kurtosis, converge towards their Gaussian

limits when t � t∗ in Fig. 4. This agrees with Fig. 3 where it is clear that the fits are

becoming more Gaussian as t/t∗ increases. We also note that the excess Kurtosis Kd − 2 is

essentially given by the mean (α + β)/2 over the whole time interval.

However, the distribution function is not expected to be Gaussian over distances r < r∗

(or times t < t∗) since diffusion is anomalous over these length scales (i.e., we then have

〈r2(t)〉 ∼ tγ, with γ = 0.961 here). In Fig. 4 we see two transitions in the time dependence

of the fitting exponent β, namely a change in the sign of the slope at t∗/t ≈ 0.5, and a

change in sign at t ≈ t∗. The value of α, on the other hand, remains positive and decreases
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FIG. 4. Fitting exponents α and β, from eq. 10, vs inverse rescaled time t∗/t. We also show that

the Kurtosis of the distribution, Kd, and the product (2−α)(1−β) both converge to the Gaussian

value of 2 at long time. The average of our two exponents α and β surprisingly return Kd − 2.

Finally, the fitting length scale ro clearly approaches the diffusion length
√

4Dt in the asymptotic

limit.

very rapidly with time. We also note that the product (2 − α)(1 − β) − 2 ≈ −0.05 is

roughly constant for t < t∗, implying that the tail of the distribution decays roughly as

∼ exp[−(r/ro)
1.95] during the anomalous/transient regime.

Of great interest is the length scale ro(t) that characterizes the tail of the distribution

(see eq. 2). In Fig. 4 we renormalize the value of ro(t) by the long time limit r0(t) =
√

4Dt.

The ratio ro(t)/
√

4Dt should thus converge towards unity when time increases: this is

precisely what the diamond (orange) data points show. At short times, however, we expect

anomalous diffusion with 〈r2(t)〉 ∼ tγ, hence the non-monotonic behavior. Finally we find

that the characteristic length scale ro(t) is equal to the crossover length r∗ at t ≈ 1.06 t∗,

showing the connection between the anomalous diffusion regime and the tails of the DispD.
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V. CONCLUSION

In this article, we propose a new interpolating function that can conveniently characterize

displacement distributions that contain both Gaussian and non Gaussian exponential com-

ponents. The key advantage of our function is that it can describe distributions that have

core and tail components with different behaviours, and yet it includes only two additional

fitting parameters (compared to the Gaussian fit).

We tested our interpolating function using two simple examples. In the first test, the

physics of the problem is such that the distribution has to be Gaussian at short distances,

but may have non-Gaussian tails. In the second test, the distribution is more general and

the fits provided detailed information about its time evolution. We are currently studying

how the fit parameters (especially the length scale ro and tail exponent (2− α)(1− β)) are

connected to fundamental elements of the physics of these two problems such as the local

diffusivity gradient (in the case of the first example) and the anomalous exponent γ (the

second example). It is interesting to note that a recent paper by Miotto et al.18 discusses

the time-dependence of the length scale λ related to the tail of the DispD for a problem

of ”Brownian yet Non-Gaussian Dynamics”; their main conclusion is that λ does not scale

diffusively with time, just like zo and ro in our two examples.
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Appendix A: Diffusion coefficient at different heights

Figure 5 shows the diffusion coefficients D⊥ and D‖ measured at different distances z

from the wall. Our data are in a good agreement with theory (eqs. 3 and 4), thus validating

our simulation approach.

The inset shows that we indeed obtain a Gaussian DispD⊥ for t = 12.5 to, with a variance
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∼ D⊥to, for different initial positions z/R.
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the vertical distance z/R from the closest wall, where Do is the free solution diffusion coefficient.

The data points are obtained by fitting the time dependence of the MSD between t = 0 and

t = 20 to. The solid lines are from eqs. 3 and 4. Inset: Gaussian fit of the vertical DispD⊥ for three

different initial positions z/R=0.5, 1.2 and 2.2.
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CHAPTER 6

CONCLUSION

We investigated the dynamics of a single tracer particle diffusing on a two-dimensional Monte

Carlo lattice model in the presence of immobile obstacles. Due to the fact that purely random or

periodic obstacle configurations are unlikely in nature, we focused our research on understand-

ing how configurations between random and periodic, which we refer to as "Fuzzy", affect the

dynamics of a tracer particle.

We began by revising the Monte Carlo algorithm, and specifically investigating the impact of

p, the hopping probability of the tracer particle to an adjacent lattice site. We found that the most

common choice (p= 1/4) was not optimal due to the fourth moment of the displacement distribution

disagreeing with the solution of the diffusion equation for a free particle. We studied the fourth

moment as a function of p and found agreement when p = 1/8. Consequently the time-step in our

simulations is reduced; this means we lose access to very long time data. However the improved

time resolution and access to earlier time data is beneficial for our work due to their roles when

investigating short time dynamics, such as particle diffusion during the anomalous regime.

There are many ways to generate disorder in systems with immobile obstacles. We chose

five rather simple yet different methods. However the characteristic disorder parameters of each

method are not easily comparable. To address this problem we introduced a disorder parameter Fz

which works for all methods. To our surprise, when studying the Pick Up and Drop method at a

fixed concentration we found that all output parameters (the crossover length r∗ , the anomalous

exponent α , and the steady-state diffusion coefficient D) yield linear interpolations between their

periodic and random limits as a function of Fz. We were unable to find a clear reason as to why
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this occurs; further work investigating the connection between Fz and the fraction of randomly

replaced obstacles may shed light on this intriguing relationship. In general we found Fz to be a

non-linear function of the characteristic disorder parameters of each method, suggesting a non-

trivial transition between the periodic and random limit cases. When studying key parameters as

functions of the obstacle concentration φ whilst keeping Fz, constant we found that there was a

critical value of Fz which signalled the transition from Period to Random behaviour (Fz ≈ 2/3).

Finally we found that clustering is a key component in the dynamics of our tracer particle, as the

behaviour for the No Cluster method deviates greatly from all other methods.

The anomalous transient regime is most often described by a single parameter, the anomalous

exponent α , which is often extracted using an arbitrary time frame. We proposed to use the inflec-

tion point as an objective way to pinpoint the center of the anomalous regime (an idea previously

introduced and studied by Neo Nguiya Passi [21]), from which we extract the anomalous exponent.

We then built upon our understanding of the transient regime by introducing a second parameter,

the anomalous regime width Σt . Initially our goal was to better characterize the transient regime,

and to assess the region surrounding the inflection point that could be well approximated by a

straight line (as suggested by the theory of anomalous diffusion). However, we found that the ap-

proximation of the width acts as a very good estimate of the crossover time t∗. Using the crossover

time t∗ we were able to relate the steady-state diffusion coefficient D to the anomalous coefficient

Dα and anomalous exponent α . For our goal of approximating the steady-state diffusion coeffi-

cient, this relationship would not be useful without our approximation of t∗ using Σt due to the

need for long time data to extract t∗. However the anomalous regime width Σt being approximated

using data around the inflection point allowed us to estimate the steady-state diffusion coefficient

solely using parameters that are extracted from data near the inflection point, namely α , Σt , and

Dα .

Understanding heavy tailed distributions and anomalous diffusion has widespread applications

in economics [23], online gambling [36], and aging systems [20]. We investigated the displacement

distribution functions on log-log plots, similar to Plerou et al’s [23] analysis of an ink particles
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cumulative probability distribution against the number of random walk steps within a time step ∆t.

Our findings agree with those of Plerou et al’s; e.g., at large distances the distributions exhibit heavy

tails. We confirmed the approach to Gaussian behaviour for long times by studying the saturation

of the fitting parameters to their respective Gaussian limits as t → ∞. However the main benefit of

our work on fat tailed distributions is the ability to characterize both the short and large distance

parts of the displacement distributions, independent of time, with one fitting function and only two

additional fitting parameters; otherwise the different regions must be fit separately [23, 35, 36].

In summary, we studied anomalous diffusion in the context of a two-dimensional lattice pop-

ulated with immobile obstacles (acting as reflecting boundary conditions) configured in different

ways (random, periodic, "Fuzzy"). We found a critical value of disorder beyond which parameters

became independent of the method by which disorder was generated. Certain parameters showed

key transitions from their periodic to random limit behaviour (e.g. r∗ became a weak function of

φ ), and non-trivial concentration dependent effects arose. We presented a fitting function to capture

both the short range behaviour and fat tail effects of anomalous diffusion simultaneously. We pro-

posed that this function can be used to conveniently fit mixed cumulative probability distributions

in the future. Our most significant result was the walker/obstacle size-independent estimate of the

steady-state diffusion coefficient using the anomalous regime width as a proxy for the crossover

time. This proxy allowed us to bypass the need for late time data to extract a crossover time;

thus we hypothesized it may be useful to experimentalists to study the steady-state of their system

when access to late time data is unavailable. However we must first study the effects of noise on

our estimate, as experimentalists will not have the same precision we do in our simulations.
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