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Abstract

In this thesis, one- as well as multi-dimensional biorthogonal wavelet filters are
designed and used for the construction of compactly supported wavelet bases. In
particular, an adaptation of the McClellan transformation is used to design nonsep-
arable 2-D biorthogonal wavelet bases. Some examples of 2-D biorthogonal wavelet
filters are given in the case of the quincunx sampling lattice. Some theoretical and
technical resuits known in the one-dimensional case have been generalized to the n-
dimensional case. This generalization leads to a better understanding of the theory
and design of multidimensional biorthogonal wavelets. An important part of the the-
sis is devoted to the design of fast discrete wavelet transforms. The main ingredient
of the algorithms is the use of 2 one-point quadrature formula for approximating the
finest coefficients of the signals together with a suitable design and implementation
of symmetric biorthogonal filters. Special attention is given to the case where the
signals have sharp transition points. In this case, a smoothing process has been used

to obtain an accurate reconstruction of the signal.
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Chapter 1

Introduction

Wavelets are functions generated by translations and dilations of one basic function.
They can represent a wide range of functions and operators without redundancy.
Moreover, they provide an easy way of analysing functions whose Fourier analysis is
complicated or even practically impossible.

A one dimensional (1-D) orthonormal wavelet basis for L?(R) is a family of func-

tions
Winlz) =272z —k), zeR, j keg, (1.1)

obtained by dilations and translations of a single (mother} wavelet 4 € L*(R). Thus,

any function f in L?(R) can be expressed in terms of the wavelets Yjx

f@) =3 < £ > Yanlz), (1.2)

JEZ keZ

where the equality holds in the L?-sense. The wavelet coefficients are given by the

scalar products

<fn>= [ f(=) @ ds. 13)

We note that the dilation factor 2 appearing in (1.1) can be replaced by any integer
N > 2. In this case, N — 1 elementary wavelets ¥*(z), i=1,.--, N —1, are needed



to generate a wavelet basis of L*(R). Consequently, any function f in L*(R) can be

expanded in the wavelet series:
Nul . .
fl@)y= 333" < fivh > ¥ila), (1.4)
i=1 jezhez
An n-dimensional {n-D) family of orthonormal wavelets is an unconditional basis of

L%(R") given by a two-parameter family of functions
‘ \Il;.k(:z:) = |det D|7*¥ (D7 a2 —k);jez ke i=1,...,d— 1. (1.5)

Here, € R®, D is a dilation matrix [40], satisfying |det D] = d. In this case, for a
given function f(z) € L2(R"), f( «) is written in the form

d-1

i=1 j€Z k€2

Wavelets have a great ability of representing signals or functions in both the spatial
and frequency domains. Consequently, they have found many applications in different
fields, ranging from pure and applied mathematics to engineering.

In pure mathematics, wavelets are used to characterize some functional spaces,
such as L*(R") for 0 < p < oo, Hélder and Hardy spaces, etc. (see [51]). A proof by
means of wavelets of the famous T'(1) theorem of David and Journé [19] on the L*-
continuity of a class of linear singular integral operators is found in [52], pp. 267-278.

In numerical analysis, wavelets are used as an efficient tool for the rapid numerical
application of certain types of linear operators to arbitrary vector-valued functions
(5], [4]. They are also used in the numerical solution of different types of differential
equations [35], [70], [23]. They are widely and efficiently applied in engineering, for
example in sound analysis [43], image processing (3}, [20], [25], to cite but a few.

Note that the theory of wavelets has been developed only recently by A. Grossman
and J. Morlet [30], Y. Meyer [51], S. Mallat [46], I. Daubechies [14] and others.
However, the historical origins of wavelets go to the beginning of the 20th century.

The first known wavelets are due to Haar [31]; they are denoted by h;x(z) with integer



indices 7, & and they are defined by

2732 if Vk-1<z<P(k- %),
hje(z) =4 —27972 if 23k —1) <z < 2%k,
0 otherwise.

A breakthrough in the development of wavelets is the well known Calderdn identity.
This identity ([51], page 16) is defined as follows:
If ¥(x) € L'(R") whose integral over R is zero and whose Fourier transform \'I?(E),

£ € R, satisfies the following condition:
00 ) 2dt
fo |Gee)| T =1 Y§#0, , | (L7)

and if we define ¥,(z} = t™¥(L) and Q, denotes the operator on L*(R") defined by
Qu(f) = f * ¥y, then

© d
1= [" o (18)

A. Grossman and J. Morlet [30] have used the above identity in deriving the contin-

uous wavelet transform of a function f( x) given by

f@) = [ [ Wb a@)db-m,

where

x—b

W(a,b) =< f, ¥, >= ff(:c)a'“/z‘l' ( ) de, a >0, beER"

A major achievement in the development of wavelets is due to the multireéolution
analysis concept, introduced in 1986 by Y. Meyer (53] and S. Mallat [46]. Multireso-
lution analysis provides a natural framework for better understanding and designing
wavelets. In 1987, I. Daubechies [14] has constructed for the first time some families
of orthonormal and compactly supported wavelets.

It is well known that it is impossible to design symmetric and compactly sup-
ported 1-D orthonormal wavelets. Moreover, the design of nonseparable multidimen-

sional and orthonormal wavelet bases faces many technical difficuties. Due to the

3



above limitations, we are essentially concerned with the design of 1-D as well as n-D
biorthogonal wavelet bases, which are symmetric and compactly supported. As it will
be seen in the following chapters, the construction of these wavelets is made possible
by developing new design techniques and generalizing some results known in the 1-D
case.

We should mention that this thesis is essentially based on published and submitted
joint papers. The reader will realize that most of the chapters start by an introduction
in which we refer to the problem to be studied. The aim of these introductions is to
state what is done and what is to be done and also integrate the papers’ work in the
thesis. The chronological order of the thesis reflects that of the papers. In fact, it
starts by the study of the 1-D biorthogonal wavelet bases, followed by the design of
2-D and multidimensional wavelets and finally, the improvement and implementation
of fast wavelet transforms.

This work is organized as follows. In Chapter 2, we provide some design tech-
niques for the construction of 1-D biorthogonal wavelet bases with compact support.
In Chapter 3, we construct nonseparable bidimensional biorthogonal wavelet bases
by using appropriate McClellan transformation. Chapter 4 is devoted to the gen-
eralization to the n-D case of some theoretical and technical results that will play
important roles in the design and implementation of multidimensional wavelets. The
development of fast 1-D and 2-D biorthogonal wavelet transform algorithm is done
in Chapter 5. Chapter 6 is devoted to the design of a fast wavelet transform algo-
rithm that is able to process signals with sharp transitions points. Finally, chapter 7

contains some concluding remarks.



Chapter 2

Design of Parametric Biorthogonal
Wavelet Bases |

It is known (see [15], pp. 252-253) that, in general, a single family of real orthonormal
wavelets cannot be both compactly supported and symmetric. On the other hand,

biorthogonal wavelets can be compactly supported and symmetric (see [15], p. 269,

and [67]).

Biorthogonal wavelets with dilation factor 2, is a pair of families of dual wavelets,
Pi(z) and 'g-b'jk(z), derived from two mother wavelets, ¥(z) and ¥(z), respectively.
They satisfy the conditions

Pin(z) = 27979279z — k), Pulz) = 279277z - k). (2.1)
If f is any function in L?(R), then f can be written in the forms:
@)= % < fiu > Pi(@) = 3 3 < fidhie > dsn(e). (22)
jeZkez JEZkEZ
Hence, f is decomposed by one family and reconstructed by the other. From the
signal processing point of view, dual wavelets correspond to different analysis and
synthesis filters (see [61], [66}, [67]). More generally, in [27] a signal is analysed and

synthesized by means of different finite impulse response filters (FIR filters) of an
M-channel filter bank.



Ph. Tchamitchian [63] constructed the first family of biorthogonal wavelets. In
[24], sufficient conditions on the dual filters are provided to ensure the biorthogonal-
ity of the associated wavelets. In [11], it is shown that it is possible to construct
symmetric biorthogonal wavelet bases with arbitrary high preassigned regularity.

Perfect reconstruction quadrature mirror filters (PR-QMF) in parametric form
have been developed [6]. A partial generalization to the biorthogdnal case was given
in [67], where one of the filters is given in .parametric form. In the present work,
we provide some techniques for designing pairs of parametric biorthogonal wavelet
filters. By a proper choice of the values of the parameters, the symmetric filters

achieve optimal regularity or, equivalently, optimal number of vanishing moments.

2.1 Biorthogonal Wavelet Bases

In this section, we review the construction of wavelet bases. The first step consists
in defining a simple, and a double, multiresolution analysis. As a consequence, we
obtain 2w-periodic functions which generate families of filters. In the second step,

wavelets are constructed by imposing some conditions on the filters.

2.1.1 Multiresolution analysis

In general, a smooth orthonormal wavelet basis is directly related to a multiresclution
analysis [46], [47] which is defined as follows.

Definition 1 (Mallat) A simple multiresolution analysis, M1, is a decreasing se-

quence of closed linear subspaces of L*(R),
{0} —=...cVhacVicVoC V., CV, - —C L¥R), (2.3)

with the follounng properties:

(P1) VieZ, f(z)€Vu > f2a)eVy;



(P2) 3¢ € Vy C L*(R) such that ¢pn{z) = ¢(x —n) is an orthonormal basis of Vp.
It is ecasily seen from (P1) and (P2) that, for fixed j € Z, the family
bin(z) = 27979279z — k), keZ (2.4)
is an orthonormal basis of V.

Definition 2 For a given simple multiresolution analysis M1, the funciions ¢j,
Jk € Z, are called the scaling functions generated from the (father) scaling func-
tion ¢(z).

For fixed j € Z, let W; denote the orthogonal complement of V; in Vj..;. The subspace
W; can be characterized in a simple way by the subspace Wp, and the latter can be
recovered as follows.

Since V) C W, there exists a sequence, {oy }nez, of complex numbers such that

%¢’ (g) = ré‘:zaﬂ(ﬁ(m - n)s Qp = %[—Z ¢ (g) ¢(m__n')dml (25)
( see [13] ). The Fourier transform of the first expression in (2.5} is
$(2) = [Z ane""*] 3() = ha(€)(E). (2.6)
nez

A necessary condition to obtain a continuous L2(R) scaling function is that the func-

tion ho(£) satisfies the following conditions:
hg(O) =1, ho(?’i’) = 0. (27)

It is proved in [51], pp. 71-73, that if a function ¢ is defined by the series

Y(z) =2 (-1)"@=d(2z —n), (2.8)

neZ
then g, (z) = ¥(z — n) is an orthonormal basis of Wy. Finally, for fixed j € Z, the
sequence {v;x }rez, where the notation in (2.1} is used, is an orthonormal basis of W;.

We shall use the following terminology.

7



Definition 3 For a given simple multiresolution analysis N1,

(@) the functions ¥, j.k € Z, are the orthonormal wavelets generated from the

mother wavelet ¥(z),

(b) Fol) =2 ez On €™ is the frequency response of the filter associated with

the multiresolution enalysis M1, where the a,, are given by (2.5).

Since M1 is restricted to unsymmetric orthonormal wavelet bases, we shall use a dou-

ble version of (2.3) ( see [11], [8]) denoted by M2, as our main tool in the construction

of biorthogonal wavelet bases.

Definition 4 (Cohen et al.) A double multiresolution analysis, M2, is defined as
e pair of families, {V;};ez and {17_.,-}_,-53, of linear subspaces of L*(R), éach of which
satisfying (2.3) and properties (P1) of Definition 1. Moreover, the two families are
related to each other by the following biorthogonality conditions:

W; LV, w; LV, (2.9)

where W; and If—‘l‘f-", are the (non-orthogonal) complements of V; and 17_2, in Vi, end

Vi1, respectively.
We now define dual scaling functions ( see [7]), p. 151.

Definition 5 (Chui) Two scaling functions ¢ and ¢, generating possibly different
multiresolution analyses of L*(R), are said to be dual scaling functions if their scalar

product satisfies the following conditions:

<4 = 3),80 — k) >= |

o0

bz — j)plz — k) dr = 6;5, j, k€ Z. (2.10)

Given scaling functions, ¢; and 5,-;;, and corresponding wavelets, v, and 1,’7,-;:, then

any f € L?(R) can be written in the forms

flz) = z < f i > 70—5_1'};(55) + Z Z < fytne > Jnk(x)

keZ ;E(ﬁ kEZ
= Y <£i>bulD)+ XY < fitbme > Yr(T). (2.11)
keZ :227 ke

8



To characterize the spaces Wy and Wg and construct the elementary dual wavelets 1
and 1, we use a general method which is valid for a dilation factor N 2 2 and which,
for giver dual scaling functions ¢(z) and ¢(z), constructs the N — 1 elementary dual

wavelets ¢(z) and ¥*(z). This method is given in the following subsection.
A. A method for the construction of biorthogonal wavelets

Given dual scaling functions %°, 1) and a dilation factor N, we construct the dual

wavelets ¢! and ¢, fori =1,..., N — 1, as follows.
Since V,, Wy C V. and Vi, W, C V_l, then foralli=0,...,N — 1, we have
Pi(z) = Z ol Y (Nz —n), Pi(z) = z & Y (Nz — n). (2.12)
neZ neZ

lIn terms of Fourier transforms, these conditions become
TNE) = W©OPE),  F(NE) = h(e)0),
for some 2w Z-periodic functions h;(€) and k;(€). Now, for k € Z,
(LT - ) o = (PO, P() 0
= [T Lgma‘a@ + 2-”1)] .

Since Z=NZ +{0,1,---,N — 1}, then

NZ-I S GO(NE + 20(N1 + 4))PO(NE + 2n(NL +1)) = 1.

i=0 leZ

Thus, the dual lowpass wavelet filters associated with ho(€) and ho(£) satisfy a relation

given by ,
= o7k - 2k
,§] ho (f + T) hg (§ + T) =1. (2.13)

By the same manipulations on the wavelets 1/ and 1%, one can easily prove that the

N — 1 highpass wavelet filters associated with ;(€), hi(£) satisfy a relation given by

NV ok - 2k

kZ% hy (5 + “;\r}i) h; (5 + 77:,") = bi ;. (2.14)
;
| 9



Now, if we define 7, = 27k/N, then conditions (2.13), (2.14) can be stated in terms

of two matrices U, V whose respective entries are
hig(€) = hi(€ +m), hig(© =h{€+m), i4j=L... N-1L
Hence, conditions (2.13), (2.14) are equivalent to
V'U = Iy, (2.15)

where Iy is the N x N identity matrix. In other terms, the following equality holds

Zlo(f) f:lo(f'*'fh) Zlo(f'*‘fuv—l)
h{€) mE+m) - € +nn-1)

hnvo1() hy-t€+m) o+ Anoa(E+mv-)

ho(§) (€ o haa(f)
ho(€ * m) i * m) e hd-1(§ +m) | _ In.
ho(§+:_n~-1) hi(§ +:n~-1) o hnea(€ + MN-1)
Remark 1 For N = 2, the previous relation reduces to
ho(€)  ho(£ + ) ho(£) hi () ,
R(€) (€ +7) [ ho(§ + ) h(§+7) ] o
Hence, a choice for the lowpass filters k, (€) and k,(£) is given by
() = €¥ho(6 + ), ha(€) = e%ho(€ + 7).
Consequently, the dual wavelets are given by
P(z) = Z;(—l)“&l_m(?z —n),
P(z) = g(-l)"al_naczm -n). _ (2.16)

Relation (2.16) has been derived differently in [51]. O
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Since the designed biorthogonal wavelets depend on the choice of the dual trigono-
metric polynomials ho(€) and ho(€), one may raise the following important question:
under what conditions on ho and % can one have a pair of smooth dual scaling func-
tions and consequently a biorthogonal wavelet basis? Some answers, given in [11],

[24] and [9], are briefly summarized in the following section.

2.2 Numerical Techniques for the Construction of
Biorthogonal Wavelets

2.2.1 Necessary and sufficient conditions for the existence of
smooth biorthogonal wavelet bases

From now on, we assume that the coefficients, o, and Gn, of by and ko, respectively,
as defined in (2.12), are real, satisfy the symmetry relations a_, = o, and &_, = Gn,
and are finite in number. This last assumption is equivalent to the compact support
property of the constructed wavelets, (see [11]).

The biorthogonal version of the multiresolution analysis is used to construct a pair
of dual scaling functions leading to a biorthogonal family of wavelets. This method

(see [11]), essentially based on (2.6), implies that
36) = [T ho(279),  8(6) = I hol277%). (2.17)
J=1 i=1

In [11] and [24], a set of conditions is provided on the dual 27r-periodic functions hg(€)
and hg(€) so that the corresponding filters generate biorthogonal wavelet bases.
Conditions which ensure that the biorthogonal wavelet bases have preassigned

regularities are stated in the following proposition.

Proposition 1 Assume that both ho(£) and ho(€) can be factored in the form:

—ien L _ - L -
mie) = (M=) 10, e = (M) e, (218)

11



and suppose, that for some k, k > 0,
By = suplf(§)f(26) - FEEIVE < 212, (2.19)
B = suwplf(©)f(20)-- F@-re)/k < b1, (2.20)

Then ¢, ¢ € L*(R) and

[ 6@z =) dz = bon.

PROOF. See [11]. O
It then follows (see [11] and [24]) that if (2.19) and (2.20) are satisfied then there

exist two positive numbers, €, € > 0, and a positive constant ¢ such that

1B < (1 + gy LHostBu op@-c (221)
)] < c(l +|¢])FHostBa g2 (2.22)

Now, by Theorem 3.8 in [11], if (2.21) and (2.22) are satisfied, then the dual wavelets

constructed from the scaling functions ¢(x) and ¢(z) generate a pair of biorthogonal
wavelet bases.

Remark 2 If there exists a constant ¢ > 0 such that (2.21) and (2.22) are satisfied,
then ¢ and ¢ belong to the Holder spaces C*(R) and CY(R), foralle < L — 1 —
log(By)/ log(2) and & < L — 1 — log(B;)/ log(2), respectively. O

It is proved in [9] that under some weaker conditions on the dual filters, it is
possible to verify the global stability and the biorthogonality of the associated wavelets
by using the transition operators, Ty and Ty, associated with the biorthogonal wavelet
filters, defined respectively by |

a9 = [ (5

7o7(@) = i 3)



where f is a 2r-periodic function. Now if we let
N N _ N N
Fy= {che'kﬁ; ZCk=0}, Fﬁ={>:éke'k5; Zc':k=0},
=N -N -N -~

then the pair {ko(€), ho(£)} generates biorthogonal Riesz bases (this fact is equivalent
to the global stability of ;. and 12;3-&) if and only if the spectral radii, p(T3) and
p(f’o), of the associated transition operators, Tp and Th, restricted to Fyn and ﬁ‘ﬁ,

respectively, satisfy the inequalities
ATo) <1, p(To) <1 (2.23)

Morevoer, if |A] < 1, where X is the eigenvalue of Ty of largest modulus, then the
scaling function ¢ associated with ho(€) belongs to the Besov spaces By*™(R) for all
s < —log({A])/(21og 2).

Different methods have been used to estimate the smoothness of the solutions of
the dilation equations in general and of the constructed wavelets in particular. The
description of these methods is beyond the scope of this thesis and the reader is
referred to [56], [57}, [22], [17] and [18].

In the previous subsections, we have seen the basic theoretical steps for the con-
struction of biorthogonal wavelet bases; however, the actual construction relies on

special numerical techniques described in the next subsection.

2.2.2 Construction of biorthogonal wavelets

The aim of this subsection is to derive the numerical techniques used in the construc-
tion of biorthogonal wavelet bases. In particular, we shall prove that it is possible
to construct pairs of dual filters, the coefficients of which are given in parametric
form. We shall first construct a 2n-periodic function, hg(€), which satisfies the con-
ditions of subsection 2.1.1 and 2.2.1. Then, a dual 2r-periodic function, Tzo(!;'), will

be determined in a straightforward way.

13



The construction of hy(§)

Consider a 27-periodic function

N
ho(€) = D ane™. (2.24)
n=-N
We note that the symmetry of ho(§), that is ho(—&) = ho(£), implies the symmetry of
the associated wavelet. To have a mother wavelet which is symmetric around = = 1/2,

we require that the coefficients «, satisfy the following relations:
Qp = Gy, 1<n<N. (2.25)

From conditions (2.7) and (2.25) we derive the following pair of linear equations:

N N '
og+2Y an=1  a+23 (—1)"a,=0, (2.26)
n=1 n=1 .
in the N +1 unknowns &, =0, 1,..., N. This system has a parametric solution for

all N > 1. The parameters have to be fixed so that the function f of {2.18) satisfies
the inequality (2.19).

Note that, in general, the verification of (2.19) is not easy and cannot be done
explicitly. Hence, one resorts to numerical methods to find a good approximation to
the upper bound of By.

The problem in hand simplifies considerably if, instead of estimating B, we es-
timate the maximum of the absolute value of a piecewise polynomial approximation

to | f(€)f(2€) - -- f(2¥-1€)|. This method, which turns out to be very efficient in our

case, is based on the following theorem.

Theorem 1 Consider a 2w-periodic function

N
ho(€)= Y ane™, on€R, ap=0.,, 1<n<N. (2.27)
n=—N

Suppose that ho(0) = 1 and that ho(€) can be factored in the form

e L
m(e) = (25=) o (2:28)

14



If we write

Fi(€) = f(E)f(28)--- f(2*8), (2.29)

then, for all e > 0 and k > 0, there erist a positive integer r and a finite partition of

[0,27], say (&)ier, such that

sup | F(§)* ~sup | Pr (6)1] < &, (230)
£ §

where, for each i, the function Pr, (£) is equal to a polynomial of degreer if £ € I, and

0 otheruise. Moreover, there erists o piecewise constent function Pr, (£) satisfying

1k | h =2 v
|SUP£|Fk(§)| — supe|Pr, (§)] | < COHSt{ [1 + mr_‘g{”mﬂ] - 1},

where h is the size of the partition and the 8; depends on Fi(£).

. Proof: The proof is in three parts.

(a) If
Qn(cos) = ap+aycos€ + - -+ + a, cosné, a,€R, 0<v<n,

we obtain an estimate for the upper bound of supg |Qn(cosé)|. For v = 1,2,...,n,

expand cos ¥€ in a Taylor series around a point &, to be fixed later. Thus we have

cos vE = i;(—l)f”ﬁajfﬂ cosD &, + R (€),
J= )
where “
Resa(©) < v B8

(r+1)!
Since Qn{cos§) is 2m-periodic, it suffices to find the supremum over [0, 27]:

sup |Qn(cosg)].

£€[0,2]
Because (2l 1)/2
pric U I L=["),
i n n

15



where [r] denotes the integer part of the real number r, it follows that

sup |Qnlcosé)] = mm{sup |Qu(cose )I}.

£€(0,2n]

Now, for fixed m, 1 £ m £ ([27n] +1)/2, let &, = (2m — 1)/n. Then, for £ € I, a

Taylor expansion of order r of Q,(cos&) around &, gives

Qulcose) = ag +Z:a.,(Z[ €= 5"‘)] cost) g.n+R,+1(£))

=1

= PR+ R(©). (2.31)

(b) If Pg,(£) is a function whose restriction on each I, is a polynomial Pg: (£) and
0 outside, then it is clear that

n

|a.|
egtggn |@n{cos €) - Fau (€)] z_: r+ 1! (2.32)

Since, ho(€) = (H"—'E-) F(&) given by (2.28) is symmetric and 27-periodic, then nec-
essarily

. N
L F(E) = 3 (Bune 2 4 8, 1)

n=0

is symmetric in e%/2, that is _, = &,. Also, it is clear that
sup |£(€)| = sgp|e*w2f(a| =sup let€£(2¢)]
where, now, et £(2€) is real since it is symmetric in €. By part (a) of the proof, if

el f(26) = Z e, =g =7 1SN,
j=—N
then there exists a function Py(z), associated with a finite partition, (I)n, of [0, 27],

such that
N

|7]
<
sup |£(€) ~ P(e) < ,_Z, CERIA
(c) Finally, we prove the general case. For any positive integer k, k > 1, and F(€)

defined by (2.29), the reader can easily check that if X = (1 + 2¢-1)2%-2, then the
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function
Iy h‘N .
c"“EFk(%') — Z ﬁjcidjf' d—_j — _dj, ﬂ-j _ ‘Bj’ 1< i< KN,
i==KN
is symmetric in ¢*. By choosing the partition
([2K N=)+1)/2

[0,211‘] = U I[, I; = [

=1

A-2 2
KN 'KN|’

and using the techniques employed in part (a) of the proof, we construct a function

Pr,, whose restriction on each interval /; is a polynomial of degree r, and which is

equal to zero outside [0, 2r]. Moreover, Pr, (£) satisfies

sup |Fi(€) = Pr,(€)] < g _1Bil
cloar] | A= jgen (1)U

This implies the following inequalities:

Pe(O) < sl 5o Bl
1 KN Iﬁjl ]
< sulFu() [1 o (2.33)

and
1/k

[sgp Py (©) |] " [sgp |Fk(e)|]

< sl |1+ s 5 ]m—l}
g Squ]Fk(g)lF_;{N (r+1)!

1 KN 18,1 1/k
< constd |1+ ———— —I 1 =13 2.34
1+ s, 2 i) Y (234
Finally, since hy(0) = 1 implies that sup, |Fi.(£)| > 1, then the right-hand side of

(2.34) can be made arbitrarily small by choosing r sufficiently big. Now, if for a given
finite partition, (I;);, of [0, 27}, the restriction of Pr, (€) on I; is approximated by the
constant value Fi.(&;), where §; is the midpoint of the interval I;, then the error made

in approximating supg |Fx(€)[!/* is bounded by

h KN 1/k .
const { {1 + _—“supe AR j=_ZKN \; |.| - }, (2.35)
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where h is the size of the partition. This completes the proof. O

Remark 3 The numerical method described in the above Remark can be applied to
the more general case where the function hg(§) in Theorem 1 needs not be symmetric.
In fact, if ho(€) = TN, ane™, then f(€) = TN L Bre™, and

-ng

. N=L
IFEOFE) =2 fat+2 X Bibjcos(i- ).
-fg ~np L1 )EN-L
i#j
Hence, if a good approximation to the maximum of | f{£)|? can be obtained by using

the above numerical methods, the same is true for Fi.{€).

The construction of l_zo(f)

Once ho(€) is given in parametric form, the construction of its dual, hg(£), is straight-

forward. We use the fact that these two functions need to satisfy the following iden-
tity:

ha(§)ho(€) + ho(€ + mMho(€+7) =1,  VE€[0,x]. (2.36)
Moreover, since hg(0) = 1 and hg(n) = 0, then necessarily
ho(0) =1. (2.37)

If we require some regularity (at least continuity) on the wavelet ¥(z), then by an

argument given in [14], ho(€) also has to satisfy the condition:

ho(r) = 0. - (2.38)
It is trivial to see that if the two functions
no .
haol€) = ), aae™ (2.39)
n=-np
and
— No -
(€)= S Bue, O (240)
n==Np
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satisfy (2.36), then the number ng + Ny has to be an odd integer, with Sy, #0 .

W.L.O.G. we may assume that Ny > ny, if hp(€) is given in terms of ny — 1
parameters, then by chdosing a symmetric 27-periodic dual function ?zNo(&) of the
form (2.40) for some integer k, and applying conditions (2.36) and (2.38), one obtains
the following system of linear equations in §;:

ng+Ng—1

S ailfi = bom 0<n< 5 )

i+j=2n
(2.41)

No
Bo+2> (—-1)8; = 0.

j=1
The solution of (2.41) gives us the coefficients of hn,(€) which obviously depend on
the parameters o;. Once the parameters in R, (€) are fixed, the piecewise constant
approximation described in Theorem 1 is used to decide whether or not the dual
27-periodic functions, hn,(€) and kpy, (€), generate a biorthogonal wavelet basis.

It is an interesting feature of the above general method that any pair of symmetric

biorthogonal wavelet filters can be easily obtained from it as shown by the following

theorem.

Theorem 2 Any continuous symmetric biorthogonal wavelet basis generated by filters

with real coefficients is a special case of the above construction method.

Proof: Without loss of generality, we may assume that the coefficients of the filters
are symmetric around j = 0. Thus we let
ng _ Na
hno (§) = _z";%' e, hy(€) = %ﬁj ¢, a;, B €R,

be the symmetric 27-periodic functions that generate the biorthogonal wavelet bases.
Hence the spectral radii of the transition operators, Tp and Ty, satisfy the inequalities
(2.23).

We obtain hy,(€) and iy, (€) by solviﬁg the linear systems (2.26) and (2.41).

Since system (2.26) corresponds to the minimal conditions on any candidate filter
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for generating a biorthogonal wavelet basis, then, by fixing the values of the frec
parameters in the coefficients {a;}ogjcn,, One gets hny(£). Since hn,(€) and hy,(€)
generate continuous biorthogonal wavelet bases, then the coefficients {;}og;<n, of
hing (€) have to satisfy (2.41).

Consider the matrix A associated with system (2.41) in the unknowns B;. There
are two cases to consider depending upon the rank, rankA, of A. In the first case,
rankA = Ny + 1. Thus the solution of (2.41) is unique and obviously corresponds to
the coefficients of Ay, (£).

In the more interesting, second, case, rank4 = r < Ny + 1. Thus the general

solution of {2.41) contains Ny + 1 — r parameters, say vy, v, .. ., UNg+1-r, 8nd it is of
the following form:

el NU o
hpo = 3 Biln, ..o eraer)e, (2.42)
j=—No

where each 3;(v1,...,Ung41-r) is linear in vy, ..., Ung41-r. It is clear that there exist
numbers »9,...,v% ,,_, such that the original Ay, (€) can be written in the form

-— No »n
hn, = Z ﬁi("?a ‘e 'su?\'o+1—r)euk'

j==No

This completes the proof of the theorem. O

If ho(€) and oy (€) are defined as in the proof of the previous theorem and if rank A =
7 < Ng+ 1, then we have the following corollary.

Corollary 1 Under the conditions of the above theorem, for a fized filter of length
2no-+1 and whose frequency response is given by /2 hn, (€), there ezist infinitely many
dual filters of length 2Ny + 1 with frequency responses given by \/571:0 &.

Proof: Suppose the spectral radii the transition operators, Ty and Tp, satisfy (2.23).
Then the inequality p(’fo) < 1 implies that there exists € > 0 such that p(’f’o) <l-=e
Let 71:0 be given by (2.42). Thus there exist & > 0,...,8y41-r > 0 such that, if T
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is the transition operator associated with fz‘,;a, then

p(j:‘(;‘) < 1’ Vv= (Ul! s iUNu-{'-l—r)y

where v; € (W0 - 6,08+ 6;). O

Finally, note that even if {2.41) has a unique solution, then it is possible to extend
 this solution in such a way as to generate an infinite family of dual filters. This is

given by the following theorem
Theorem 3 Consider a 2w-periodic function,

no L)
hno(€) = 3° ;e o;€R, @j=a, 1<j<ne
j=-no
Assume that, for some Ny > ng, there ezists a real dual trigonometric function

- No ..
hag(€) = D Bie®,  BieR, Bi=0-, 1Zj<N,,

j=—No

such that hny(€) and hn,(€) satisfy condition (2.13) and Ting(€) factors in the form

@)= (55) o0,

where f(€) is a trigonometric function satisfying
sup|F(6) £(2¢) - ferrg|"t <o,

for some positive integer k > 1 and € > 0. Then, for all N = Ny + 21, | a positive
integer, there exists a set S of trigonometric functions of length 2N +1, dual to hy, (£}

and having parametric coefficients.

Proof: To prove, for a fixed positive integer [, that there exists an infinite set of
dual trigonometric functions of length Np + 2I, it is enough to prove the result for
N = Ny + 2. Hence, if we let

- No+2 B
hn(€) = 3. e,

j==No=-2
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where

o ﬁ3+6y if _NUS.J < I\Iﬁa
AR if No+1<|j|<No+2,

then

R (€) = hug(€) + R, (6),
where Not2

~— D ..

h}vo (€) = Z 6; et

j=—No=2

and &; = §_;. Since hy(€) has to satisfy the identity
ey (€) R (E) + Py (€ + ) R (€ +7) = 1,

then the coefficients of TL},,O('E) have to satisfy the following homogeneous system of
(no + Ny + 3)/2 linear equations in §;:

Npo+2 .
f+2 > (-1)4 = 0, (2.43)
=1
.+Z2 ai6j = 0, 0<n< %‘Nt}ﬂi, (2.44)
i+j=2n

in the Ny + 3 unknowns §;, 7 = 0,1,...,Ng + 2. Since Ny > ng, this system has a
parametric solution of the form:

aj(5N0+2) =T 6No+2: 0< J <Np+1.

Hence
No+2

AN(E) = Png(E) + Y. 7T bnpua et

j=—No—2
and hy,(£) satisfies equation (2.13).

To prove that, under some conditions on the 7;, we obtain dual filters that lead to
the construction of an infinite family of biorthogonal wavelet bases, we consider the
matrix, A, associated with the linear system (2.41) in the unknowns §;. Since the

. elements of A are bounded, then for all j, 0 < j < Ny + 2, we have |7;| < C for some
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constant C. Moreover, because };u'v., (€) is symmetric and E},o('tr) = 0, this function

can be factored in the form

- A
R (€) = (”,,e ) 7.

This implies that

e 2
n(©) = Ta(©)+ (0= (155 [0+ P

Since, |73| < C, then there exist two real numbers, Iy,4+2 < Ly,42, such that for all

Ong+2 € [INg+2: Lng+2], we have
sup |FHE)| < 2%2(2~+/2 —~ 279),
If we write F(£) = f(£) + F*(£), then it is clear that
sup |[F()F(26) - FQI* < 292 x 27/

Consequently, for all §ny+2 € [Ing+2, Lvg+2], there exists a dual trigonometric function
of length Ny + 2.

By repeating the above technique as many iimes as required, one easily proves
that there exist two real numbers, Iy < Ly, such that for all §y € [ly, Ly], there
exists a dual trigonometric function ks, (€) of length 2N +1, the coefficients of which
depend linearly on the parameter éy. Furthermore, h,,(€) and -ﬁa,., (€) generate a

biorthogonal wavelet basis.

2.3 | Numerical Results

The techniques of the previous section have been used to construct filters of length
seven and nine, respectively. The coefficients of the dua.i of each filter are given in
paramei:ric form. Let An(£) and EN(E) denote the dual trigonometric polynomials
that generate a set of biorthogonal wavelet bases. Here the integer N stands for the

number of vanishing moments [5} of the corresponding wavelets. Since, the coefficients
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of h n(&) are given in parametric form, we have used the numerical techniques of the
previous section to obtain an approximation to the range, [Ix, Ly], of the parameter
i, for which condition (2.20) is satisfied by h ~(&).

To obtain the filters associated with hy(£) and R (&), it suffices to multiply their
coefficients by Va.

The decay associated with the Fourier transform of a scaling function ¢(x) is
defined as the largest positive real number ¢ such that, for some constant C, the

following inequality holds:

[ d©ia -+ <c.

By a classicel result from Fourier analysis, one concludes that the scaling function
¢(z) and the corresponding wavelet 1%(z) are at least of class C*~.

In Table 2.1 [37], we list the coefficients o, of hn(£) and 8, of Ry (£),for N=2, 4
and 6.

In Téble 2.2, we give the range [y, Ly] of the parameter u appearing in EN(E)
of Table 2.1, and list an estimate of the decays ey, €y associated with ¢y and @y
respectively, where the parameter p is set at 1.0, 1.25 and 2.5, respectively.

Eight iterations of the constructive cascade algorithm given in [15], pp. 202-205,
produce a good approximation to the graphs of the scaling functions and the corre-
sponding wavelets. _

In Figs. 2.1 to 2.3, we present six sets of graphs of on(z), dn(z), Pn(z) and
¥n(z), corresponding to N = 2, 4 and 6, respectively. In these figures, the parameter
i was set at 1.0, 1.25 and 2.5, respectively. In Fig. 2.4, the decays, éy(p), associated
with the Fourier transforms, 31\1 (£), of the parametric scaling functions, are graphed

against the parameter u, for N = 2, 4 and 6, respectively.
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Table 2.1: The coefficients o, of hy(€) and B, of hxn(£).

N n Qn Bn

2 0 0.550 0.569 1056910+ 0.0608756098
+1 0.250 0.365 6504065 — 0.0670731707 n
+2 —0.025 —0.083 3333333
+3 0.000 —0.1205284553 + 0.070121 9512
+4 0.000 0.048 7804877 - 0.030487 8804 1
+5 0.000 0.004 8780487 — 0.003048 7880 1

4 0 0.593 7500 0.520023 7386 + 0.011 3324174
+1 0.304 6875 0.2952157909 — 0.0090430402
+2 —0.0468750 —0.043576 8454 — 0.003434 0659 1
+3 —0.054 6875 —0.066 3172888 4- 0.0140796703 u
+4 0.0000000 0.044 939 760 7 — 0.005 265 567 7
+5 0.0000000 0.022 7013993 — 0.005 3800366 .
+6 0.0000000 —0.013241 3363 + 0.0034340659
%7 0.0000000 —0.001 5999015 + 0.003 434 0659 1
+8 0.0000000 0.001866551 8 — 0.0004006410

6 0 0.480468750 0.6625501428 4+ 0.002034171 4 1
*1 0.301 562 500 0.3116322510 - 0.001218971 7 u
+2 0.026 562 500 —0.147006 2921 — 0.000888 136 7 u
+3 —0.051 562500 —0.094 8617842 + 0.002128 0625 1
+4 —0.016796875 0.1028781814 — 0.000728 5623 1t
+5 0.000000000 0.0376065002 — 0.001 0587927 2
+6 0.000 000 000 —0.0437222610+ 0.000861 5409 11
+7 0.000000000 —0.0030134426 4+ 0.000101 3459 1
*8 0.000000000 0.0133070652 — 0.0002885235 1
+9 0.000000 000 —0.0019276598 + 0.000057 0196 u
+10 0.000 000000 --0.0017317653 +0.000026595 7 1
+11 0.000000000 0.000564 1356 — 0.000008 663 7 1t
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Table 2.2: The range [y, Lx], for N = 4 and 6, of the parameter p appearing in
hN(§) of Table 2.1 and the optimum lower bounds, €5 and €y, associated to gx(€)

and ¢y (€), respectively.

N [In, Ln} EN &N

2 [—0.13, 2.21] 1.6092 1.4529
4 [—9.50, 8.70] 21115 2.9166
6 [—39.5, 41.5] 4.0217 2.5443

Table 2.3: The coefficients ay,, —6 < n < 6, of hg(€) and B, =13 < n < 13, of Ttg(E). '

n Q,—. ﬁn n ﬁ n

0 0.546875000 | 0.5754888698 | +7 | —0.0002719259
+1| 0.332031250 ] 0.2730345060 | &8 | .0.0080722588
+2 | —0.003906250 | —0.0952759979 | +9 | —0.0011978030
+3 | —0.091796875 | —0.0372995603 | +£10 | —0.001 556 9629
+4 | —0.023437500 | 0.0790486383 | £11 | 0.0003963164
x£5| 0009765625 0.0153969513 | £12| 0.0001347114
+6 | 0.003906250 | —0.028 1670860 | £13 | —0.0000584868

Lastly, we have constructed a pair of biorthogonal wavelet filters given by means
of the functions hg(€) and hs(€). The associated dual wavelets 13 and 9 have eight
vanishing moments. The coefficients a;, —6 < j < 6, and f;, =13 < j £ 13, of
hg(€) and hg(€) are listed in Table 2.3. By using the same numerical approximation
as before, the decays associated with the Fourier transform of ¢s and ¢g are, approx-
imately, a =~ 4.0774 and & ~ 2.6090, respectively. Six iterations of the constructive
cascade algorithm have been used to construct a good approximation to the graphs
of the scaling functions, ¢g and 53, and their respective wavelets, 13 and 1@;. These

graphs are shown in Fig. 2.5, respectively.
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Figure 2.1: Graphs of (a) scaling function ¢»(z), (b) wavelet ¥(z), (c) scaling function
¢2(z) and (d) wavelet yo(z), for p=1.0.
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Chapter 3

McClellan Transformation and the
Construction of Biorthogonal
Wavelet Bases of L2(x?)

In recent years, the interest in two-dimensional (2-D) digital signal processing has
prompted intensive research in the design of 2-D finite inpulse response (FIR)} and
infinite inpulse response (IR) filter banks (see, [44], [59] and [68]). Wavelets, due
to their close connection with filter banks, have made possible the implementation
of new efficient algorithms for many signal processing applications. Although exten-
sive work has been done in the design of one-dimensional (1-D) wavelets, (see [14],
[51], [11], [60]), only a few papers, (see [10], [54], [29]), have dealt with nonsepara-
ble 2-D wavelets. Consequently, the design of 2-D wavelets is still essentially done
by tensor product of a 1-D wavelet basis. Such wavelets have separable variables;
thus details of a 2-D signal in arbitrary directions are not as well represented as in
the horizontal and vertical directions. Hence, it is desirable to design nonseparable
bidimensional wavelets. Unfortunately, as in filter bank theory, the design of multidi-
mensional wavelets is complicated because many techniques and results from 1-D do
not generalize to higher dimensions. Moreover, the design of bidimensional wavelets
depends critically on the given dilation matrix D, its eigenvalues, A; and Ap, the

norm || D7}||; of its inverse and the absolute value |det D] of its determinant.
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The McClellan transformation (see [21] pp. 137-148) is an efficient tool for gen-
erating and implementing multidimensional FIR filters from a 1-D zero-phase FIR
filter bank (see [48], [49], [50]). In this chapter, we show how to adapt this transfor-
mation in order to construct nonseparable wavelet bases of L2(R?). Note that due
to the zero-phase restriction, the McClellan transformation can be applied only on a
symmetric biorthogonal wavelet filter of finite length; consequently it generates only
biorthogonal 2-D wavelets. Our technique not only allows the use of a large number
of transfer functions, F'(w;,ws), but also preserves the number of vanishing moments.

The following letters will be used: D € 22*? is a 2 x 2 matrix with integer
elements, = = (z1,22)%, w = (w),ws)t, are two-vectors, with real components, and

k = (k1,ko)t, n = (ny,ny)* are two-vectors with integer components.

3.1 A Muitiresolution Analysis and Wavelets of
L?(?)

3.1.1 Multiresolution analysis

To design 2-D wavelets, it is natural to generalize the 1-D multiresolution analysis,
M1, (see [46], [47]), defined in subsection 2.1.1 to a 2-D multiresolution analysis, M2.
As in 1-D, where M1 depends on the dilation factor N, M2 is highly dependent on

the choice of the dilation matrix D, which is defined as follows.

Definition 6 A matriz D € Z"" is said to be e dilation matriz if all its singular

values are larger than 1: 0; > 1,i=1,2,...,n.

The condition on the singular values ensures that every direction in R" is dilated,
which is a very desirable property of the multiresolution concept. Moreover, || D}, =
oy > 1, | D72 = 1/on < 1 and d = |det D| = 0102---0, is an integer. The
condition |[D~!|j2 = 1/o, < 1 is used in Theorems 4 and 5.

Under these conditions, M2 is defined as follows.
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Definition 7 A 2-D multiresolution analysis, M2, is a decreasing sequence of closed

linear subspaces of L*(R*),
wccVicweVcVoCheey,

with the following properties:
(P1) U=,V is dense in L*(R?) and NZ,, V; = {0};
(P2) Viez, flx)€ Vi < f(Dz)eVj;

(P3) 3¢ € Vo C LA(R?) such that ¢on(x) = ¢(x — n), n € 22, is an orthonormal
basts of Vp.

If we define
¢, () = |det D|"*¢(DVz ~ k), jez, keZ, (3.1)

by scaling and translation, then it is easily seen from (P2) and (P3) that, for fixed
j € 2, the family of functions, ¢, p(x), k € Z?, form an orthonormal basis of Vj. It .
follows from these properties, that a sampling rate of |det D| has to be achieved in
order to go from one approximation level to the next. This means that the number
of sampling points has to be multiplied by | det D| in order to represent the signal in
the next level. Note that the geometry of the sampling grid, I' = 2*/DZ?, is defined
by means of the matrix D. In other word, to achieve exact reconstruction, we need to
construct one scaling function and |det D] — 1 wavelets by iterating one lowpass filter.
In the interesting case |det D| = 2, only one elementary wavelet Yoo(x) = ¥(x) has
-to be constructed.

Note that the family of functions

¥, (x) = |det D| YDz k), jez, keZ,
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forms an orthonormal basis of the orthogonal complement, Wj, of V; in Vj_,. If we
define the scaling functions @, j, as we have defined ¥, 1., then for f(z) € L*(R?) and
J €z,

f(:!:) = 2 z </ ‘Ilj;k > ‘I’jlk(m)

= 2 <hPp>0p@+3 3 <fY, k> ¥ (@)
kez? < ezt |

" where the scalar product is defined by

<V, >= fn (@) T @) de.

A similar formula holds for < f, .}, >. Ifin (P2) we take f = @ and use (P3), then
there exists a finite sequence of real numbers apn such that
d(x) = > an®(Dzx —n). (3.2)
nez?

From now on, only the quincunx-decimation and the column-decimation dilation ma-
trices will be considered.

For quincunx decimation (Fig. 3.1 (a)), the sampling sublattice Q@ = 22/Dz?,
where |det D| = 2, is defined by

@ = {(a,b)* € 2% a,b have the same parity}.

By using the results of the next section, the elementary wavelet ¥ associated with Q

is given by

V)= Y (-1)"@-n-m®(Dz - (n,m)!). (3.3)

(nm)ez?

Similarly, for column decimation (Fig. 3.1 (b)), the sampling sublattice C = 22/ Dz?
where |det D} = 2, is defined as

C = {(a,b)! €2% ais even},
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Figure 3.1: (2) The Quincunx sampling lattice, (b) The Column sampling lattice.

and the elementary wavelet is given by

V()= 3, (-1)"*"o1-n1-m®(Dx - (n,m)"). (3.4)
(nm)ez2?

In general, ®(x) is not known exactly. However, under some conditions on the
filter H(w) and on the matrix D, the 2-D cascade algorithm given in.[40] produces a
good numerical approximation to ®(z).

As in filter bank theory, where the analyzing and synthetizing filters may be
different, in the present case it is possible to use two different families of wavelets,
one to decompose and the other to reconstruct a signal. Such wavelets are called

biorthogonal wavelets and are deseribed in the following subsection.

3.1.2 Biorthogonal wavelets for L%(r?)

We first generalize the 2-D orthonormal multiresolution analysis to a 2-D biorthogonal

multiresolution analysis.
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Definition 8 A 2-D biorthogonal multiresolution analysis is a decreasing pair of fam-

ilies, (Vi)jez, and (V;);ez, of linear subspaces of L*(R?):
CcVocVicCcVo CVa e, (3.5)
wchechchaoV,cV,c-., (3.6)

where each family sa:t.isﬁes properties (P1) and (P2) of Definition 6. Moreover, the
two families are related to each other by the following orthogonality conditions:

—

W; LV W; LV,
where W; and W; are the (in general non-orthonormal) complements of V; and V; in

Vi1 and V;_1, respectively.

If |det D| = 2, and ®(x) and ®(x) are the scaling functions whose Z>-translates
generate biorthogonal bases of V; and V,, respectively, then the reconstruction formula

is written as:

fl@) = 3% < fi¥k> ja(x)

JEZ kez?

= 22 < fi¥e > Uh(x),
JEZ kez?

= Z < f, q)J.k > q)_;'k(:!:) + Z Z < f, ‘I’J‘,k > \Ifj,k(a:),
kez? F<J kez?

= Y <fi0u>Puel@)+ ) Y < il > V().
kez? j<J kez?

With the notation of the previous section, the elementary biorthogonal wavelets are

given by
Vz) = 3 (~1)""&1-n1-m®(Dz - (n,m)!),
{n,m)ez?
¥x) = Y ()" a1on1-m®(Dz - (n,m)"), (3.7)
{(nm)ez? .
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for column decimation, and by

U(z) = (—1)"51-;1.-m‘1"(Dm—(n,m)'),

(nm)ez

Ba) = Y (-1)'o1on-n®(Dz - (m,m)"), - (3.8)
(n,m)cz? .
for quincunx decimation (see [10]).
The theoretical results of this section will be used in the design of 2-D biorthogonal

wavelets in the next section.

32 A Design of 2-D Nonseparable Wavelets
3.2.1 The McClellan transformation

As mentioned earlier, our design is based on the McClellan transformation and con-
sequently only biorthogonal wavelet bases will be considered from now on. We obtain
symmetric compactly supported wavelets since we use symmetric 1-D wavelet filters

of finite length. To proceed further, the following definition is needed

Definition 9 An n-D zero-phase filler is a compactly supported filter with frequency
response H(w) satisfying
H(w)= > oaxcos(k-w), ax€R
kezn
McClellan’s transformation, which is widely used for designing and implementing

multidimentional FIR filters, [48], [49], [50], can be defined as follows.

Definition 10 Let h{w) = T ancos(nw) be the frequency response of a 1-D zero-
phase FIR filter. Then h{w) can be rewritten in the form h{w) = T} 0n,Tylcos(w)],
where T}, is the nth Chebyshev polynomial. Now, if F(w) is a given frequency response
of a zero-phase 2-D FIR filter, and FIR,, FIR, denote the set of 1-d and 2-D zero-
 phase FIR filters, respectively, then My : FIR; — FIR,, and defined by

N
Mrp(h(w)) = 3 anTu[F(w)]

n=0
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1s the McClellan transformation associated to F(w) and applied to h{w).

Note that the function F(w) in the above definition is also known as a transfer
function. Finally, unlike filter bank theory, some extra conditions on the function
F(w) are needed to construct 2-D wavelet filters. These conditions are derived by

using the two following properties.

(@) Let h{w) = T o, cos(nuw) and A(w) = Z(;ﬁ &tn cos('nw);

Then
W h(w) + hw + m)h(w + 7)) =1, Yw € [0, 7], (3.9)

if and only if

(3 axile ()N: o] + (3 oalhl) (i EAS) _L ()

n=0 n=0 n=0 n=0

for all =1 £ z £ 1. In fact, (3.10) is equivalent to the identity

()E anTy[cos w]) (fj &nTalcos w]) +

n=0 n=0

(i on Ty [cos{w + w)]) (Zﬁ: GnTp[cos(w + w)]) = 1. (3.11)

n=0 n=0

Since cos : [0, 7] — [—1,1] is a bijection, then (3.9) is equivalent to (3.10).

(8) Let h{w) = TV o, cos(nw). Then h(w) has a zero of order 2m at « if and only
if, for0 <z <1,
N
Y onTo[222 — 1) = 2™ Pyy_my(z), (3.12)
n=0

where Pyy_my(z) is a polynomial of degree 2(N — m). In fact, by writing

hw) = ianTn[cos(w)] = ianTn [2 cos? (%) - 1] , (3.13)
0 0

it is easy to prove that h(w) has a zero of order 2m at 7 if and only if T3 0, T, [222—1]

has a zero of order 2m at zero which proves the equality (3.12).
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Remark 4 Property (o) provides necessavy conditions on F{w) to have eract 2-D

reconstruction.

Remark 5 Property (8) shows how to preserve the number of vanishing moments.

Suppose that
F(w) =2f*(w) -1 (3.14)

and h(w) has e zero of order 2m at n, then the frequency response of the corresponding
filter factors as

H(w) = ™ (w) Paw-my (£()), | (3.15)
where, here and in the following, f™(w) denotes the mth power of f
F™w) = [fw)]™

Hence by choosing an appropriate f(w), the 1-D and the corresponding 2-D wavelets
have the samne number of vanishing moments.

3.2.2 A 2-D wavelet design
¥rom 1-D to 2-D filters -

From now on, we assume that the dilation matrix D satisfies |det D| = 2. We shall
use the quincunx and the column decimations to illustrate the design techniques. It
is known (see [10]) that the construction of 2-D biorthogonal wavelets reduces to the
design of a pair of 2-D low-pass filters whose frequency responses H(wy, wa), H{w, ws)

satisfy, for wy,w, € [0, 27}, the equations
H(wl,wg)ﬁ(wl,wg) + H(wy +m,wa + 'n')ff(wl +Tuw+7) =1, (3.16)
for quincunx decimation, and

H(wl,wg)ﬁ(wl,wz) + H{w + w,wg)ﬁ(wl +wuwr) =1, - (3.17)
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for column decimation. Note that  and H are obtained by applying the McClellan

transformation on a 1-D biorthogonal filter and its dual, respectively. If

- N N N

h(w) = Y agcos(nw),  hlw) = D Gncos(nw) (3.18)
n=0 . n=0

denote the Fourier transform of the 1-D filter and its dual, respectively, then

h(w)h(w) + hw + T)h(w+7) = 1. (3.19)

Thus, for quincunx decimation, H and H will satisfy (3.16) if the transformation

function F(w,,ws) satisfies
Fluw + mwe + ) = —F(wy,ws). (3.20)
The wavelets will be in L2(R?) only if the infinite product

ﬁ H{!D™w),

=1

- converges; thus necessarily

F(0,0) = 1. (3.21)

In terms of the auxiliary transformation function f(wy,w.), conditions (3.20) and

(3.21) are written as

Pl +mw+1)=1-fw,w), f0,0=1 (3.22)
For column decimation, conditions (3.20) and (3.21) become

fHw +mwp) =1 = fAwy,wa),  F(0,0)=1. (3.23)

We remark that conditions of type (3.22) and (3.23) are necessary, but not sufficient,
for exact reconstruction. In fact, they do not ensure that the constructed wavelets
are regular or even in L2(R?). However, by imposing extra conditions on f(w), H(w)
and H{w), the construction of L2(R?) biorthogonal wavelets is ensured, as shown in

the following paragraph.
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Wavelet bases of L*(R?)

Under the assumption that the dual scaling functions, ¥/, 4°, and the (d—1) different

dual mothsr wavelets, %, ﬁ*, i=1{,...,d -1, satisfy
@) =Y o’ (Dx —1), @)= aj¥°(Dz -1).
] 1

The following theorem which is a generalization of the one given in [11), provides

us with some necessary and sufficient conditions for the construction of biorthogonal
wavelets of L2(R").

Theorem 4 Let D be ¢ dilation matriz and set d = |det D|. Assume that for some

positive numbers, e and € > 0, and 0 < i <d -1, we have

@ <c(1+1eR)™ ™, el <c(1+1er) ™", (3.24)
for some constant c. For j € Z and k € 2%, define
¥ k(@) = |det DIV YDz k),
¥ig(@) = |det DI H(D Iz~ k),

where the compactly supported wavelets ¥, 1 are as defined in (5.37) and assume
that

d-1
> 2 % pi®%_pk =8k (3.25)
i=0 lezn B

Then for f € L*(R*), we have

f =§Z > (i) i = i‘fz > (fidie) B (3.26)

Proof: See the next chapter.

By the factorization formula (3.15), the following theorem whose proof is given in the

next chapter, provides us with a way of designing wavelet bases of L2(R?).
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Theorem 5 Let D be a dilation matric and assume that the frequency response,
H(g), of an n-D FIR wavelet filter factors in the form

H(E) = [V (6)F(6), | (3.27)
where

_ljllf’(‘D"'E) < I—fW (3.28)
and for some k > 1 we have the bound

By = max|FOF(DE) - FDHg)| ™ < D152+, (3.29)
Then, the Fourier transform o

3e) = f[l H(D),

of the scaling function ¢(€) satisfies the inequality |

O] <ca+iem e,  e<n -2y 8B (330

2 " 2log(lD7 i)
Under the hypothesis of the above theorem, Note that n == d = 2 in our case.

Remark 6 If the hypotheses of Theorem 5 are satisfied, then the constructed wavelets

are r-Hdilder continuous for all real v satisfying

log(By)
log (ID7*l2)

However, this estimate is far from being optimal and, in practice, does not generally

0<r<«<2N -2+

provide e good estimate for the regularity of the wavelets.

Example 1. The following example makes use of Theorem 5.
Consider the 1-D biorthogonal wavelet filters with frequency responses h(w), Ry (w)

and whose coefficients are given in Table 3.1. Then, by choosing the dilation matrix
1 1
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Table 3.1: The coefficients a, of h(w) for

Tzl(w) for -8 <n <8

n Oy Qy
0 0.593 750000 0.534 189 2604
+1 0.304 687 500 0.2839119907
+2 | —0.046875000 | —0.0478694278
+3 | —0.054687500 | —0.048717 7009
+4 0.0383578010 |
+5 0.015976 3535
+6 | -0.008 9487539
=7 —0.0011706432
+8 0.001365 7505

=3 £ n £ 3, and the coefficients a,, of

Table 3.2: The coefficients ap m of Hy(wy,ws) for =3 <n,m £ 3.

n\m 0 +1 +2 +3
*0 0.640625000000  0.172851562500 -—0.011718750000 -—0.006835937500
+1 0.172851562500 —0.023437500000 -0.020507812500 —0.000000000000
+2 | —0.011718750000 -0.020507812500 —0.000000000000  ©.000000000000
+3 | —0.006835937500 —0.000000000000  0.000000000000 —0.000000000000

and applying the McClellan transformation with the transfer function

1
Fo(wy,wa) = E(cos wy + cosws),

one obtains 2-D biorthogonal filters with frequency responsses H (wy,wz) and Hi(wy, ws)

and whose respective coefficients are given in Table 3.2 and Table 3.3. By applying

Theorem 5, where the B, are estimated numerically, the regularity of the correspond-

ing 2-D biorthogonal wavelets is given by 0.2233 and 1.8342, respectively.
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Table 3.3: The coefficients &y, m, of ﬁl (wy,un) for =8 < n,m < 8.

n\m 0 +1 +2 +3 +4
0 0.584077408314 (.160289153457 —0.009699273854 —0.003273309674 0.0004632392064
+1 0.160289153457 —0.045047584921 -0.023325767368 0.010257677175 0.002432285575
+2 —0.000699273854 -0.023325767368 0.017953356728 0.005312708206 -0.002268082928
%3 —0.003273300674 0.010257677175 0.005312708206 —0.003223282751 -0.000320057781
%4 0.0463392064 0.002432285575  -0.002268082928 -0.000320097781 0.000373447430
*5 0.000307202397 -0.000068226858 ~0.000192058666 . 0.000298757921 0.000000000000
+6 0.000030884538  -0.000064019550 0.000149378960 0.000000000000 0.0000000000G0
+7 -0.000009145650 0.000042679705 0.000000000000 0.000060000000 0.000000000000
+8 0.000000533496 0.000000000000 0.000060000000 0.000000000000 0.000060000000
n\m +5 +6 £7 *8
0 0.000307202397 0.000030894538  —0.000009145650 0.000000533496

*1 —0.000668226858 —0.000064019550 0.000042679705 0.000000000000

x2 ~0.000192058666 0.000149378960 0.000000000000 0.000000000000

+3 0.000298757921 0.000060000000 0.000000000000 0.000000000000

%4 0.600000000000 0.000000000000 0.000000000000 0.000000000000

x5 0.000000000000 0.000000000000  0.000000000000 0.000060000000

+6 0.000000000000 0.000000000000 0.000000000000 0.000000000060

®7 0.000000000000 0.000000000000 0.000000000000 0.000000000060

%8 0.006000000000 0.000060000000 0.000000000000 0.000000000000

A design example

In this paragraph, we design the auxiliary transformation functions fy(w;,w,) and
fe(wy,ws) for the construction of 2-D biorthogonal wavelet bases associated to matri-
ces for the quincunx and column decimations, respectively. As seen from the results
of the previous paragraph, to construct biorthogonal wavelets for L?(R?) it is enough

that the dual frequency responses H(w), H(w) satisfy the conditions of Theorem 5.

Hence, one needs an auxiliary transformation function, f(w), such that

Since one is interested in symmetric 2-D wavelets with minimal support, a trivial

[1 (D)

i=l

choice of the auxiliary transformation function is

c
< e
= 1wl

2w, wa) = ag + a; cOSwy + Az COSwWy + a3 COSW) COS W,

where the coefficients ag, a1, a2 and as are to be fixed later.

45




For quincunx decimation, we have
FHun,we) =1 = F2wy + mws + 7).
Thus, a direct computation shows that ag = } and a, + a2 = §. Consequently,
Folwr,wy) = 2f2(wr,we) — 1 = @ coswy + (1 — ay) coswy,

where a; € [0, }]. To have symmetry, it is appropriate to choose a; = §. Thus,

1 w 1 L

2 — 12 1 .2 2
fq(whw2)—1""55m (—2-) —Esn-l.(?)_
It only remains to choose a dilation matrix D that defines the quincunx sampling

lattice and satisfies
ﬁ fa(tD'jw) <—2
o T 1+ lw]?
It is proved in [11] that the matrix D, satisfies the above inequality. Since, further-

more, ||[D7!]l2 = 1/v2 < 1, then D, is an appropriate dilation matrix for designing
2-D wavelets.

For column decimation, by following the analysis done in the quincunx case, one

easily sees that the auxiliary transformation function f.(w,uw?), defined by .
1
Fwr,we) = ) (1 + coswy cosw),

is appropriate for the McClellan transformation in the design of 2-D biorthogonal

wavelets.

Finally, we note that the proposed transformation function for designing 2-D
wavelets associated to the quincunx sampling strategy is the transformation func-
tion F,(w) used in [2] and [10]. Hence, this section can be used to justify the choice
of F(w) made in [2] and [10].

3.3 Numerical Results

This last section is devoted to the numerical construction of 2-D biorthogonal wavelet

‘bases by means of the theoretical results of the previous section. The numerical
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approximation of the scaling functions and wavelets is done by the following 2-D
generalization of the 1-D cascade algorithm [15], pp. 202-205.
Algorithm 1 (2-D Cascade Algorithm). Let ®(x) be a compactly supported

scaling function and D the dilation matrix of Definition 1. Define
®;u(x) = |det D| @Dz~ k), jez, keZ?

where

d(x) = ) and(Dx —n).
negz? .
If we denote the scalar product by

AP =< @, 05 >,

then

Ay =|det D|'? Y op-pnAl.
l neZ?

Imposing the starting value A} = 1 if k = 0, and zero otherwise, and iterating the

above equation, one obtains an approximation
®(D~Iz) ~ |det DA

to the value of the scaling function at @ = n. Moreover, it is proved in [40] that
if @ is r-times differentiable and | D~!||; < 1, then the convergence of the cascade

algorithm is ensured with the following error bound

[9(Dz) - |det D2 A77| < const | D[

For our numerical tests, we have considered the dilation matrix D, of the previous

section. The transformation function

F(w,we) = =(cosw; + Coswy)

(=1 e

has been used in the McClellan transformation to generate 2-D biorthogonal wavelet

filters from 1-D filters. Among the numerical tests we have performed, the following
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Figure 3.2: Graph of the scaling function ®,(x).

three examples are chosen to illustrate the proposed construction method.

Example 2.

In this example, the 2-D biorthogonal wavelet filters, are those of Example 1. Six
iterations of the 2-D cascade algorithm were used to approximate the dual scaling
functions, ®;(x) and &, (xx), and the corresponding wavelets, ¥; (z) and ¥, (), shown
in Figs. 3.2 to 3.5, where £ = , and y = z,.

Example 3.

In this example, the coefficients of the frequency responses, ha(w), ho(w), of the 1-D
biorthogonal wavelet filters to be used in the design process are given in Table 3.4. -
The coefficients of the corresponding 2-D biorthogonal wavelet filters with frequency
responses Ha(wy,ws) and Ha(w),ws) are given in Table 3.5 and Table 3.6, respectively.
As in Example 2, six iterations of the cascade algorithm have been performed in
order to construct the 2-D biorthogonal scaling functions ®2(x) and ®,(x), and the
corresponding wavelets, U,(x) and ¥,(x), as shown in Figs. 3.6 to 3.9. The numerical
techniques given in [37] show that the analysing 1-D wavelets generated by ho(w) are

smoother than those generated by h;(w) of Example 2, the regularity estimates are
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ing function @, (x).

Graph of the scal

Figure 3.3

Graph of the wavelet ¥, ().

.

4

3

Figure
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Figure 3.5: Graph of the wavelet ¥, ().

Table 3.4: The coefficients an, of hy(w) for —4 < n < 4, and the coefficients Gy, of
ha(w) for —11 < n < 11. '

n oy Gy

0 0.480468750  0.657 635569 572
*1 0.301562500  0.308 584 809 303
£2 0.026562500 -—0.149 226635694
+3 --0.051562500 —0.089 541628956
+4 -—-0.016796875  0.101056 776941

+5 0.034 959517419
+6 —0.041 568 409 651
+7 —0.002 760077 826
+8 0.012 585 756 368
+9 - —0.001785110798
+10 —0.001 665 276 009

+11 0.000 542 476 366
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Table 3.5: The coefficients a, ;, of Ha(w),ws) for —4 < n,m < 4.

n\m 0 +1 +2 +3 4
20 | 0449707031250  0.170117184520  0.006640625186 —0.006445312407 ~0.001049804734
#1 | 0.70117184520  0.021679688245 —0.019335936755 —0.004199218936  0.000000000000
42 | 0.006640625186 —0.019335936756 —0.006298827935  0.000000000000  0.000000000000
+3 | -0.006445312407 -0.004109218936  0.000000000000  0.00000000000C  0.000000000000
%4 | -0.001049804734  0.000000000000  0.000000000000  0.000000000000  0.0000C0000000
Table 3.6: The coefficients &y, of Hao(w,w,) for =11 < n,m < 11.
n\m 0 +1 +2 +3 +4 +5
0 0844522535801  0.188008798527 —0.025763168931 —0.005243036896 —0.003837857628  0.000703987724
£1 | 0.188000708527 -0.135490760207 —0.044516731054  0.027457913384  0.005752130877 —0.001998569584
£2 | ~0.025763168931 —0.044516731054  0.055711168796  0.011513250880 -—0.011201978661 —0.000540236011
43 | -0.005243036896  0.027457913384  0.011513250880 —0.017150850967 —0.000274612481  0.002980808727
44 | —-0.003837857628  0.005752130877 -—0.011201978661 —0.000274612481  0.003896766575 -—0.000561679655
46 | 0.000703987724 -0.00109856U584 —0.000540236011  0.002980808727 -—0.000561679655 —0.000409814005
46 | 0.000883057015 -—0.000468957855  0.001246467466 —0.000310351897 -—0.000341511681  0.000122375044
£7 | —0.000134752234  0.000181802887 -0.000064328080 ~—0.000195149536  0.0000B7410743  0.000000000000
48 | -0.000048411657  0.000023981236 —0.000073181072  0.000043705371  0.000000000000  0.000000000000
£9 | 0.000016909295 -—0.000016262462  0.000014568457  0.000000000000  0.000000000000  0.000000000000
+10 | -0.000001626246  0.000002913531  0.000000000000  0.000000000000  0.000000000000  0.000000000000
#11 | 0.000000264881  0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000
n\m %6 =7 I8 %9 Z10 11
0 0.000883057015  —0.000134752234 —0,000048411657 0000016909295 -—0.000001626246  0.000000264881
£1 | -0.000468987855  0.000181892887  0.000023981236 -—0.000016262462  0.000002013691 . 0.00000C000000
42 | 0001246467466 -0.000064328080 —0.000073181072  0,000014568457  0.000000000000  0.000000000000
43 | —0.000310351897 —0.000195149536  0.000043705371  0,000000000000  0.000000000000  0.000000000000
£4 | ~-0.000341511681  0.000087410743 0000000000000  0.000000000000  0.000000000000  0.000000000000
45 | 0.000122375044  0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000
46 | 0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.0000000000G0
£7 | 0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000
48 | 0.000000000000  0.000000000000  0.00000000000C  0.000000000000  0.000000000000  0.000000000000
+9 | 0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000
£10 | 0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.0000000000C0
.£11 | 0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.0000000000G0
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Figure 3.6: Graph of the scaling function ®,(x).

3.0217 and 1.1115 respectively. Unlike the analysing 1-D wavelets, the synthetezing
1-D wavelets of Example 2 are smoother than those of this example, the regularity
estimates being 1.9166 and 1.5443, respectively. Finally, we remark that the analysing
and synthetezing 2-D biorthogonal wavelets satisfy the same regularity properties as
their corresponding 1-D wavelets. This is essentially due to the way we have applied
the McClellan transformation in our design.

Example 4.

Since our design is limited to biorthogonal 2-D wavelets, we have designed biorthog-
onal 1-D wavelet filters with frequency responses h3(w) and ha(w). These filters gen-
erate almost orthonormal 1-D wavelet bases. The coeflicients, £, and 3., of ha (w) and
ha(w), are listed in Table 3.7.

The filters have been used to construct nonseparable 2-D biorthogonal wavelet
filters with frequency responses Hi(wi,ws) and Hi(wi,wz). These filters are very
close 2-D orthonormal wavelet bases and their coefficients are listed in Table 3.8 and
3.9, respectively. The graphs of the scaling function, ¢(x), and associated wavelet,
i(a), are shown in Fig. 3.10 and 3.11, wherez = z; and y = 3. Since these wavelets

are almost orthonormal, the graphs of the dual scaling function and wavelet, ¢(z)
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Figure 3.9: Graph of the wavelet ¥y (x).

Table 3.7: The coefficients, f, of hs(w) for =3 < n < 3, and the coefficients G, of
ha(w) for -4 < n < 4.

L B ﬁn

0 0.6035136428 0.6021962648
+1 . 0.2553013288  0.2568188525
+2 -0.0517568210 -—0.0517965714
+3 ~0.0053013280 -0.0068188525
|4 0.000698 4380

Table 3.8: The coefficients ay, ,, of ﬁa(wl,ugg) for -3<n,m<3.

n\m 0 +1 +2 +3

0 0.655270457268  0.120638656974 —0.012839205393 -0.000662665989
+1 0.129638656974 ~—0.025878410786 —0.001987997908  0.000000000000
£2 | —0.012939205393 -0.001987957908  0.000000000000  0.000000000000
+3 | —0.0006626659890  0.000000000000  0.000000000000  0.000000000000

94



Table 3.9: The coefficients &y, m of ﬁa(wl,wg) for -4 <n,m<4.

n\m 0 +1 +2 *3 +4

+0 0.054167473316 0.130966499448  ~0.012949142605 --0.000852356548 0.000043652373
*1 0.130966489448  —0.026247505099  -0.002557069762 0.000174609493 0.000000000000
£2 | —0.012949142605 -0.002557069762 0.000261914247 0,0G0000000000 0.000000000000
+3 | —0.000852356548 0.000174609453 0.000000080000 0.0060000000000 0.000000000000
4 0.000043652373 0.000000000000 0.000000000000 0.000000000600 0.000000¢00000

and 9(zx), are almost identical to those of ¢(x) and (x), respectively, and are not
shown. Finally, numerical results indicate that the almost orthonormal wavelets (=)

and % (x) are continuous.
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Graph of the scaling function ¢(z, y).

Figure 3.10
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(Graph of the wavelet ¢(z,y).

Figure 3.11
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Chapter 4

Nonseparable Biorthogonal
Wavelet Bases of L2(:")

Due to the growing interest in nonseparable multidimensional wavelets in many appli-
cations, we consider that it is of interest to generalize some theoritical and technical
results that are useful in the study of multidimensional wavelets. We also should
give an overview of the design of nonseparable wavelet bases of L*(R") wherenisa
positive integer satisfying n > 1. Unfortunately, this design is complicated because
many techniques and results do not generalize from the 1-D case to higher dimensions.
Moreover, the design of n-D wavelets depends critically on a dilation matrix D which
defines the n-D sampling lattice (see [68]) The eigenvalues {\;}izy,. n, the a.bsc;lute
value of the determinant of D |det D| and the norm ||D™}||; play important roles in
the design process and regularity estimates of wavelets, and the convergence of the
n-D version of the cascade algorithm. Unlike the 1-D case, where it is relatively easy
to design the lowpass wavelet filter that generates the scaling function and conse-
quently the wavelets (see [14], [11], [67], [60], etc.), for the n-D case, with n > 2, the
construction of the equivalent general lowpass filter is hard to achieve without using
special techniques as it is done in the previous chapter. Due to the flexibility of their
design, only biorthogonal wavelets are considered in this chapter. However many of
the theoretical results of this chapter are still valid for the case of n-D orthonormal

wavelet bases.
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4.1 Biorthogonal Wavelets of L?(z")
4.1.1 Preliminaries

For better understanding biorthogonal wavelet bases and for the aims of this chapter,
it is essential to give the definition of a biorthogonal basis of a general Hilbert space
and also to briefly review the n-D multiresolution analysis whose 1-D and 2-ID versions

were given in the previous two chapters.

Definition 11 We say that the sequences {fu}, {gn}, n € N, of elements of a Hilbert
space H form a biorthogonal system if

< fu Gm >= On—m- (4'1)

The biorthogonal system is said o be complete if each of the systems {f.}, {gn} s
complete in H, that is, if the linear combinations of the f,, as well us those of the g,,

are everywhere dense in H.
Then we have the biorthogonal ezpansions:
o0 o0
f=z<f&gn>fm f=2<f:fn>gm (42)
n=1 n=1

velid whenever the series on the rigth-hand side converge.

For a simple proof, see [55], p. 208.

Multiresolution analysis

One way of designing n-D wavelets is to generalize the 1-D multiresolution analysis
(MRA) (see [46], [47]), to the n-D case. It is known that an n-D MRA is critically
dependent on the choice of the dilation matrix D of definition 6.

Asin the 1-D case, there are two types of n-D MRA, generating n-D orthonormal

and biorthogonal wavelet bases, respectively.
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Definition 12 An n-D orthogonal MRA is a decreasing sequence of closed linear
subspaces of L*(R"),

checvicWecVo oV, (4.3)

with the following properties:
(P1) U=V, is dense in LA(R") and N2, V; = {0};
(P2) ViezZ,VaxeR* f(z)e Viy < f(Da)eV;;

(P3) 3¢ € Vp C L2(R™) such that dox(x) = ¢p(x — k), k € Z", is an orthonormal
basis of Vp.

Definition 13 Ann-D biorthogonal MRA is a pair of decreasing families {V;}, %},
j € Z, of closed linear subspaces of L*(R"), each satisfying the inclusions (4.3), prop-
erties (P1) and (P2) of Definition 12, and, instead of (P3), property (P3'):

(P3') There exist ¢ € Vy and ¢ € Vp such that {dontnezn and {50',,} is a

neL"
biorthogonal basis of Vp.
Moreover, the two families are related to each other by the following orthogonality

conditions:
Wy lv, WL, (4.4)

where W; and I'T’j are the (non-orthonormal) complements of V; and V; in V., and

Vj-1, respectively.

4.1.2 From a multiresolution analysis to biorthogonal scaling
functions and wavelets

From now on, we restrict ourselves to the biorthogonal n-D case. But, the results of
this paragraph also apply to the orthonormal n-D case.
Given an n-D biorthogonal MRA, the construction of a biorthogonal wavelet basis

of L2(R") can proceed as follows.
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Because of the inclusions
peVoc V., oeVocV,,

there exist two sequences of real numbers {aQ}, {a}}, k € Z", such that

ol@)= 3 ad¢(Dz—k), ¢(x)= 3 Ré(Dz-k). (4.5)
kezn kezn
Taking Fourier transforms, we have
-~ . 1 -D-\n&T -
) = prLohe DY
= Hy('D™'§)$('D™'¢) . (48)
and, similarly,
3(€) = Bo(tD')$(D™), | (4

where Ho(€) and Ho(€) are 27Z*-periodic functions.
Note that if the scaling functions have compact support, then Hy and Hy are

trigonometric polynomials.

If $(0) =1 and ;(0) = 1, by iterating (4.6) end (4.7) infinitely often, one obtains
0 = o0 . "
¢(€) =[] Ho('D™%¢),  #(&) = [T H('D7%€). (4.8)
J=1 j=i
Hence, by designing appropriate dual lowpass filters, Hy and Hp, the construction of
the dual scaling functions ¢ and ¢ is straightforward.
Following [29], since |det D| = d is the number of cosets in 2"/DZ", then two
families, each containing d — 1 elementary wavelets {#{}¢2}, {#'}}, are needed in

i=11 i=11

order that the following pair of d-families:

{¢k, TPz}kezn, {ak: '(Zi}kez“, i= 1: Ty d— 1! (4'9)

to form a biorthogonal basis of V_,. For convenience, we shall denote the scaling

functions @, ¢ by ¥°, ¥°, respectively.
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By definition, biorthogonal wavelets satisfy the following relations:
(Vi) =bijbkt, k€2, i,5=0,...,d-1. (4.10)

Once the scaling functions have been constructed, one is concerned with the design of
the dual wavelets {1'}, {1,'0-‘}, i=1,...,d—1. This is the subject of the next section.

4.2 An Algorithm for the Construction of n-D Biorthog-
onal Wavelets

In this section, we generalize Grochenig's algorithm (28] for the construction of n-
dimensional orthonormal wavelet bases with dilation matrix D = 2I, to a similar

algorithm with an arbitrary dilation matrix in Z"*".

Formulation of the problem.— Given dual scaling functions, 1/° and 9°, can one
construct dual wavelets, ¥* and ¥, and, consequently, a biorthogonal basis of V_;?
The answer is given in two steps. In the first step, we intiitively provide necessary
conditions on the wavelets 9, ¥¢, for i = 1,...,d — 1. In the second step, a proof
similar to the one given in [51], pp. 83-87, ensures that the necessary conditions are

also sufficient.

4.2.1 Necessary conditions for the existence of an n-dimensional
biorthogonal basis

Since Vy, Wp C V., and Vp, Wy C V.3, one easily sees that for each 4,7 =0,...,d—1,

there are two sequences, {al,},.czn and {&,},,ezn, Of real numbers such that

P)= Y ol ’(Dz-m), @)=Y &3 Dx-m).  (411)

mezr meZn

Taking Fourier transforms, we have

F(DE) = Hi()d°(€),  ¥'(*DE) = H(€)1°(€).
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for some 2w Z"-periodic functions H;(€) and H; (€). Now, for k € Z",

CRORAOEE)

- fm ! & 5 0(e + 2al)go(e + 2ml).  (4.12)
\2m{"

lezn

I

& = (¥°(), 9°( - k)

Hence, if we define " by 2" =tDz" +T,'DZ" AT = 0, then

T 3 UDE + 2n('DL+ q))P0(tDE + 2n(tDL+m)) =1,  ne.

ner lezn
Thus
Y Hole + 20D 'n)Ho(€ + 20D ) =1,  ae (4.13)
ner
By the same manipulations on the wavelets 9, ¥i=1,... ,d — 1, one can easily

prove that the 2rZ"-periodic functions H;(£), H(£) satisfy

Zr Hi(€ +2n'D ') H;(€ + 2D~ ') = 6i_;,  ae. (4.14)
ne

Letting 1; denote the different points of the set {2x*D™'n; n € T'} and combining
(4.13), (4.14), we conclude that if the entries of the matrices U and V' are

Hy;(€) = Hi¢+my), Hy€) =Hj¢+m), ii=0,...,d-1,

respectively, then to construct a biorthogonal wavelet basis of V., it is necessary
that

VU =1, (4.15)

that is
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Ho€) Hol€+m) - Hol€+m,.,)

ﬁl(f) ﬁl(f""?l) ﬁl(s‘“}‘d-l) %
Hy y(€) Hur(€+m) -+ Hy(E+myy)
Ho(8) Hy(€) Ha_1(8)
Ho(§+m) Hif+m) - Hial§+m)

= Iy
Ho(€ +ny-y) Hi(E+many) o+ Har(€+ng)
Remark 7 Relation (4.15) generalizes the relation U'U = I, given in [28] and

[51] for the construction of an n-dimensional orthonormal wavelet basis of V_; with

dilation matrix D =2I,.

Remark 8 A relation similar to (4.15) has been derived in [68] by using the polyphase

decomposition for different analysis and synthesis filters.

To prove that condition (4.15) is also sufficient for generating a biorthogonal wavelet
basis of V_;, we need the following analysis which is an adaptation to the biorthogonal

case of the one made in [51], pp. 83-87.

4.2.2 Sufficient conditions for the existence of a biorthogonal
wavelet basis

In this subsection, we show that Gréchenig's algorithm, given in [51], pp. 83-87, for
the construction of a multidimensional orthonormal wavelet basis can be generalized
to the case of » multidimensional biorthogonal wavelet basis with arbitrary dilation

matrix D,

The generalized algorithm.— Let D € Z**" be a dilation matrix and write

[y =2z", ' = D~'2", We consicler the translation operator

Ty ¢ 13(T) — (D)
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operating on the Hilbert space I*(I'). By considering the inclusions V4 € V., ¥y C
V_y, the scaling functions ¢°, ¥ become, respectively, two vectors, vy and @y, which |

satisfy the relation

aely

Thus, the problem reduces to the one of finding two families of vectors {#;}, {#]},
i=1,...,d—1,in 3(l) such that

{Tuvi: o B 1—‘0}7 {Taﬁh a € 1-‘0}" i= Oa ey d— 1,

form a biorthogonal basis of 12(T).

For0<j<d-1,letT; =T¢+mn; wheren;, j=0,1,...,d—1, are the residues
modulo Iy in T, and let H; = I2(T';). Hence I2(T") is the direct sum of the H;. By
identifying each H; with Hjg, the elements of I*(I') become d-vectors. Consequently,
foraxelgand 0<i<d-1, we have

Ta'Ug = ('U,"o(a), cevy Uid—1 (C!))t,

and a similar expression holds for T,,%;. By taking the Fourier transform of T v; and

T V;, two matrices,

U(&) = (uj.k(e))og,kgdq ) 5(5) = (ﬁj.k(f))o-c k<d—1"

are constructed with elements

uii(€) = Y vii(@)BE),  TWyi(€) = Y Ti(a)B(E),
aclp aclo
where 3(£) has modulus 1. With this notation, the following proposition holds.
Proposition 2 The pair
(Tovi, € To}ed,  {Tuli, o € Do}t (4.16)

is a biorthogonal basis of I*(T) if and only if

T UE) = L. (4.17)
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Proof: For the proof of the “if part”, the reader is referred to the first part of the
proof of Proposition 1 in [51].

To prove the result in the other direction, by contradiction, we assume that the
biorthogonal system (4.16) is not a basis of 2(T"). Hence there exists u € 12(I"), u # 0,
such that

d-1
u#t D Y <u,Tau > Tub,

=0 x€el'y
and the family {T»2;, & € Tp}¢={ is not complete. Thus, there exists a nonzero vector
w in {¥(I") whose Fourier transform, @(£), is orthogonal to the columns of U(£). But

 this is impossible by assumption (4.17). Thus, @(§) =0and w=0ae. 0O

Remark 9 1t is clear that our derivation of the necessary conditions for the con-
struction of a biorthogonal wavelet basis of V_; followed step by step the generalized

algorithm and consequently these conditions are also sufficient.

The construction of a biorthogonal wavelet basis of L2(R™) is done by the following
generalization of Theorem 3.2 [11] to the n-D case. Recall Th. 4 :
Let D be a dilation matrix and set d = |det D|. Assume that for some positive

numbers, € and € > 0, and 0 < i < d -1, we have

)-c-nM

B <c(i+1er) ™, W@l<criEr) T, (4.18)

for some constant ¢. For j € Z and k € Z*, define
(@) = |det D74 Dz — k),
Fix(@) = |det D|¥2J(Dz — k),

where the compactly supported wavelets 9, 9 are as defined in (5.37) and assume
that

d-1
> > %_pjGi_pi = bj-k- (4.19)

i=0 lezn
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Then for f € L*(R"), we have
d=1 =l R
F=Y S TS =25 3 (£ vl P (4.20)
i=] jEZ keZn i=1 JEZ ke2®

Proof: The proof is carried out in three parts denoted by (a), (b) and {c).

(a) We first prove that, for all fi, fo € L*(R"),

> {1 b-ra) (5-1.k, f-z)

kezn

= > [(fhfﬁo.z) <ao.hf2>_+

lezn

d=-1

(f1.9d) (fz,u?a,,)] : (4.21)

i=1

To do this, we remark that

(fudl) = [A@FE-Dds
= ffl(:n) S o pd'(Dz—m)dx, i=0,...,d-1,

bl AL

and, similarly,
("Ex.h f2> = fib"(a: - ) filz) dae
= f > [&}'_Duﬁo(Dm—n)]-fz(T)dm, i=0,...,d—- 1.
neLn

Hence,
d—1

> i (fl, 1Ptij,1) (":l;ci),h f2>

lezn i=0

d-1 .
= Z‘: E ai-—-Dn <f1’ wgl.n)] [ Z Ei’f—;Dr:. (wgl,ni f2>}
lezrn i=0 Lnez" nezn
-1

¢ —
= ) > %_p;Gi_pk (fl,wo_u> (1119.1,k,f2>.

lezn i=0 j,kezZn

Finally, equality (4.22) follows from (4.21).

(b) We pr.ove that, for all fi, fo € L2(R"), the following equality holds:

d-1 _
DD <f1=¢}.k> <¢;,k:f2> = {f1, f2) .

kEZ™ JEZ i=1
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Using the techniques of part (a), one shows that

3 {1 bsm1e) (B f2) = zz(fl, W) (F2 0l (4.22)

kezn {ezn i=0
which implies that

S {f, b-u1) <$-J—1.k,f2>

Z > Z <f1|1/{71> <1/’thz> +> (fm/m) <’¢’th2> (4.23)

j=—dJlezn i=l tezn

To prove the d inequalities
im _zmz (Fudie) (Fiofo)| <00, i=0,.,d-1,
it suffices to consider the case i = 0. By the n-D version of Parseval’s equality, we

() (B )|,

have

S 5 sl (Fu ) = 2 5

j==dJ lezn j=—Jlgzn

where

Bu(8) = |det DY/ 2e~* P10 Dig).
Consider the set C; = {27 D™ z; = € [0, 1]*}, and use the n-D version of Plancherel’s
identity to obtain

Z > (fl: Jz)< Jlf2>|

J==J IEZ"
f > [fz £ + 21tDIk) fy (€ + 2 tDL)

Cit kEZN

xPO(tDIE + 21r£)$°(‘Dj£ + 21rk)d£]

z/z

C; L kezn

X l¢°(‘D"£ + 2nl) g0 (L D€ + 2rk) d§|

x 3

l,kczn

IA

filg +2n D NFy(g + 2m D)

0 DE + 2nl)5p (D€ + 2wk)del (4.24)
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where 6 € (0,1) is to be fixed later. By (4.18), the series

>

Lkezn

' - 1-
PO(DIE + ng)qﬂo(‘DjE + 21rk)d$|

is uniformly bounded in £ for all § < 2¢(n+2¢)~!. Hence the left-most term of (4.24)

)

Since ¥ has compact support, then 3 € L!(R"). By the n-D version of the Paley-
Wiener theorem, $(£) can be extended to a holomorphic function satisfying

is bounded by

el s SCD0)) (s S [cDe)

" jez €e(1.2" jez

[6(& +in)| <L+l +ml) e, g mern.
Since $(0) = 0, there exists a constant A such that
|, [7©]s e

Therefore, for £ € [1,2]", we have

0 R
> [°cpig)|

j=—co

< CA* zoj [ DJ.g)]

J——OO
<ca Y DI <,
j=—o

because || Dj]2 > 1. Similarly

> [pie <o

J-—W

On the other hand, since | D||2 > 5 > 1, then for £ € [1,2]", we have

S ipeoif s S (14r) ™ <oo

j=1
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Similarly we can prove that

o | =0 L
> [¢ ¢pig
Jj=1

Combining these results we have that for all integer J > 1

Z Z |<f1’ ik ><Jq,kaf2>| < o0.

j==J kezn
Finally, by the same techniques one can prove that
Z: z |<f1) “'k)<$;|k:f2>|<m1 i=1|"~vd—1'
j==J k€zn
(¢) To complete the proof of the theorem, we first show that

lim 2“ <f1, ?Pg,k) (1];3.&: fz) =0

J=st00 kez

Using the Cauchy—Schwarz inequa]ity, we have

5 1) 003 [ ][ ]

kezn
Hence, following the proof in (b), we have '

Z (fl: 11’3.::) (%’,k, f2>

kezn
. / R '
< K[[1h@la+roierrma] [ [if@la + Dgrn ]
— 0, as J — 400, (4.25)

where the limit to zero follows by the Lebesgue dominated convergence theorem and

the fact ||D||2 > 1. It remains to be proved that

lim z <f1,1/1-1_1k> (1:521-1,k:f2> = (f, fo) .

J=¥oo

Using the techniques of part; (b), one can easily show that

2 (flv"nbEJ-L.k> (T;b'gJ-l,k,ﬁ)

Kezn
= [ H©REF(D TP D) d
+ > _[fz(&'+21r‘D"‘”k}fl(g),pO(fD-J-;&)wo(tD_J 1g

CFkezn
+2rk) d€. ‘ (4.26)
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Since ¢°(0) = 1 and 9(0) = 1, and ||[D~!||» < 1, then the limit of the first term on
the rigth-hand side of (5.49), as J goes to infinity, is equal to

ffl(f)}z(_f)df ={fuf2).

From the results of part (b} one concludes that the absolute value of the second term
(that is, the summation) on the rigth-hand side of (4.26) is bounded by a constant.
Hence by approximating f,(£) and f(£) by compactly supported functions in
L*(R*) and remembering that ||Dll; > 1, we may assume that for k € Z", with
k #0,
supp fi(-) Nsupp fo(- + 2rtDk) =0,  as J — +oo;

thus, the second term of the sum in (5.49) goes to 0 as J goes to infinity.

Combining the above results, we conclude that
Jl_];l}_lm kgn <f1!11b?-.,]—1‘k> (1/)2,;_1,;.;, f2> = (fl‘l f2) ¥

and, consequently, (4.20) follows. 0O

4.2.3 Regular L?*(r") wavelets

One of the challenging problems in wavelet theory is to find a good estimate for the
order of regularity of wavelets. We generzalize the estimate given in {10] to the n-D
case. Recall th. 5:

Let D be a dilation matrix and assume that the frequency response, H(£), of an

n-D FIR wavelet filter factors in the form

H(E) = PV (©)F(E), (427)
where

OT £2¢t =i c

jl;[lf (D¢ < T (4.28)
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and for some k£ > 1 we have the bound
SRUNTYL e_aN
By = Eré%?‘c |_7-'(£)_’F(‘DE) o .f(‘D’t 1€)| < |D 1"221\+n/2.

Then, the Fourier transform

3 = ] H¢D ),

i=1

of the scaling function ¢(£) satisfies the inequality

y | 2y—e—n/2 _n log(Bx)
PO <Ca+IER™%  e<N-g+s it

Proof. If H(€) has finite length, then clearly
|H(E)| < 1+Clgl.

Hence, if €| < 1, then

lﬁs(E)l < ﬁ exp (C |¢D"j£|) < exp(ci “D—llli) < o0,

J=1 j=1

On the other hand, if |§| > 1, we have
dol = Tl (o) kﬁl |7 (:D~*¢)|
o o

¢ = —
< wreer P (7l

Let
G(§) = F('D™'g) .- F('D~*¢).

Since || D~z < 1, given £ € R™ with |€| > 1, there exists [, € N such that

D750 < |g| < || D774,

To bound the infinite product on the right-hand side of (4.31), we factor it as

fiir (09|~ [1lo (o~*e) flJo (104 [+
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(4.30)

(4.31)

(4.32)

(4.33)



Since I‘AD'“““)*’&I < 1 by the second inequality in (4.32), we have
I ]o (tp(Dtowkg))| < exp(C S 1D ) < o0
. e
By definition 3(4.29) of By, the finite product in (4.3JB) ié bounded by
ﬁ]lg(tD—kls)I < B:Uo+1)_ (4.34)

Since, by the first inequality in (4.32), one has

' log |£|
kly £ ——=20, .35
"= Tiog DT 3

then one can easily conclude from (4.34) that

ﬁ |lg¢DHg)| < By~oskel s l0™s
0

) log By
< Bf - —_—
= fee ( e Kl g ||D“||z)

—log B/ D42
< € (1+1gp) TR/

Inserting (4.36) in (4.31), we have

N -12
la(&)l < C(l—-l-—lls—lz—) (1+IEIQ)—IogBk/log]|D [H

—N=log B,/ 1 D=2
< C(1+gp) N EA T

Consequently, if B, < ||[D7}|l2 IR/ inequality (4.30) holds. O

(4.36)

Remark 10 Under the hypotheses of the theorem, it is easily seen that the scaling

function and, consequently, the wavelets are r-Hélder continuous with

log(Bx)
log(||1D~"|l2)
Remark 11 The above method for estimating the regularity of the wavelets is a

r<2N—-—n+

brute force method aﬁd has the disadvantage of not being optimal in the sense that,
in general, it cannot provide the best approximation to the exact order of reguiarity.
However, unlike other known methods (see [17], [56]), it has the advantage of being
a general method in the sense that it can be used in the n-D case, where n > 1, and

for arbitrarily long filter H(§).
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4.3 Examples of Design of n-D Biorthogonal Wavelets

In the n-D case with n > 3, one may consider using McClellan's transformation with
a suitable choice of 1-D dual filters and transformation function F(§,...,&,.). Unfor-
tunately, due to the large number of constraints, in practice it is not possible to choose
F(&,...,&) and the method becomes inefficient. However, if the dilation matrix D
satisfies |det D| = 2P, with p > 2, then it is possible to construct the dual filters,
H(&), Hr(€), by combining two families HY X (&),. .., 1), By (€L, ..., €ncr) and
ho(£), ho(€)-as follows:

HB‘(fn s 161:) = H{')l_l(gla tee n-l)hO(En):

EE(EI; Lo :En) = ﬁg-l(&, v 1671—1)};'0(611.)-
Here the dilation matrix associated to the (n—1)-D dual filters satisfies |det D| = 2°~!
and the dilation factor of the 1-D dual filters is equal to 2. Note that for an arbitrary
dilation matrix D satisfying |det D| = 2P, p > 2, the designed biorthogonal wavelets,

in general, have nunseparable variables.

As an example of this design in 3-D, we consider the dilation matrix D given by

1 -1 1
D=1 1 -1].
1 1 1

The dual lowpass filters H3(€) and H3(£) satisfy the equation

3 —
S Hy(E+n)H(E+m,) =1,

=0

where
N = (0:01 O)ts ™= (ﬂ-v 0, "T)t: M= (O'ﬂ‘ﬂ)t’ N = (W?W:O)t-
By taking m3 and 7 of the form

H(1,62,63) = HZ(&1, E2)hola),
H}(6.60,6) = Hi(61,6)ho(a),
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where H3 (£, &) and F&(& 1, &2} are obtained by using McClellan’s transformation and

satisfy the identity

HE(€)HE(E) + H (€ + (m,w)') HE (§ + (mm)) =1,

and the dual 1-D filters, ho(€) and ho(€), satisfy the identity

ho(E)ho(€) + ho(€ + T)ho(€ +7) = 1.

It is not possible, in general, to know the exact values of the n-D dual scaling
functions and wavelets ¥(z), ¥*(z), ¢ = 0,...,d~1; however, under some conditions
on the dilation matrix D and on the dual lowpass filters, it is possible to get a good

numerical approximation to these values as will be shown in the next section.

4.4 The Cascade Algorithm for the n-D Case

In this section, we generalize the 1-D cascade algorithm given in [15], pp. 202-205, to

the n-D case. To do so, the following proposition is needed.

Proposition 3 Assume that D is the dilation matriz of Definition 6 and that | D™ <

1. Let ¢(x) be an n-D compactly supported scaling function. If f is a continuous func-
tion on R", then for @ € R®

Jim det DY [ f(z +)o(D7w) dy = f(a). (4.37)

If f is uniformly continuous, then this pointwise convergence is uniform. Finelly, if

f is r-Holder continuous, then

|#(@) ~ 1det DF [ f( + y)6(D7w)dy| < CllelID - (4.38)

Proof: Since ¢ is compactly supported, we may assume that supp¢ := K C [Ry, Rg)"
for some real numbers R;, Rp. Since |D7Y|; = 8 < 1, then ||D™?|] < A7 for all
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positive integer j > 1. Since [ ¢(x)dz = 1, then it is clear that |det DJf¢(D7y) is an
approximation of the § function. Also
f(@) - et DY [ f(z+)aDp)dy| = |[ [f(@) - @+ D2)| 3

< liglhsup |f(=) - f@+ D7z)|.
Since the diameter of D™7K — 0 as j — 400, then, if f is continuous,
sup|f(a:) —f.(a:+D"jz)| —0 asg — +00.
zEX

This proves pointwise convergence. Now, if f is uniformly continuous, then it is clear
that _
|det D} j flz+9)o(D'y)dy — flz), uniformly as 7 — oo.

Finally, if f is r-Hélder continuous, then

‘f(-'n)_—IdetDI’ff(m+y)¢(Djy)dy < II¢II1§gE|f(m)—f(m+D‘jz)|

Cligll, sup {lwllz,
yeD-iK

IA

< CléllD~YF

The proof is complete. O

We now state the n-D cascade algorithm.

Algorithm (n-D cascade algorithm): Let ¢(z) be a compactly supported scaling

function and D be as defined in the previous proposition. We assume that

d(z) = ‘z (D — 1)  (4.39)
ez
with
z Gl _prQm-.pDE = -—-—1——-61_ . (4 40)
ot ™ jdet D] '
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Also, for j € Z and &k € Z°, let
dik(x) = |det D|"P¢(D™ iz — k).

If we denote the scalar product (¢, ¢;x} by A,:j . Then under the above conditions, it

is easy to prove that

A7 = |det DP? S oqpr AR,
kezn

If we take the starting value A} =1 if & = 0 and 0 otherwise and by using the new

variable C), = |det D|Y?ay, then the n-D cascade algorithm becomes:
Ak = 6k7

A7 = |detDP? Y Cropedd®, 21
‘ kezn

This algorithm provides a good numerical approximation of the scaling function and,
consequently, of the wavelets. If in the previous proposition, f = ¢ is r-Holder

continuous and & = D7k for some j§ € Zand k € Z*, then we have the approximation
d(x) ~ Ap’|det D|/2.
Moreover
|é(x) — |det DF2AL7| < CID™YE

4.5 Numerical Results

In this last section, we construct three examples of nonseparable 2-D biorthogonal

wavelets.

A. First Ezample.— We consider the dilation matrix

Dl:(i -i) (4.41)
with eigenvalues A; = ‘/5* A2 = =2, and ”D_lllz = 712- < 1 and the transformation
function

F(6,6) = % (cos &) + cos &) .
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Table 4.1: The coefficients ap m of HE(&),&2) for —6 < n,m < 6.

n\m 0 +1 +2 +3
0 (.543945312500  0.200439453125 -0.000189208979 —0.000994873000
=+l 0.200439453125  0.001049804734 —0.003747558687 —0.000622558582
+£2 [ —-0.000189208979 —0.003747558687 —0.001025390578  0.000305175781
+3 | —0.000994873000 -0.000622558582  0.000305175781  0.000122070312
+4 | —-0.000073242190  0.000152587891  0.000091552734  0.000000000000
+5 0.000030517578  0.000036621095  0.000000000000  0.000000000000
+6 0.000006103516  0.000000000000  0.000000000000  0.000000000000
n\m +4 +5 +6
0 | -—0.000073242190  0.000030517578  0.000006103516
+1 0.000152587891  0.000036621095  0.000000000000
+2 0.000091552734  0.000000000000  0.000000000000
+3 0.000000000000  0.000000000000  0.000000000000
+4 0.000000000000  0.000000000000  0.000000000000
+5 0.000000000000  0.000000000000  0.000000000000
+6 0.000000000000  0.000000000000  0.000000000000

The 1-D dual wavelet filters with frequency responses ho(€), ko(€) are taken from [38)

and their coefficients are listed in Table 2.3. The coefficients of the corresponding
2-D filters with frequency responses HZ(£;,&;) and ﬁg (&1, &) are listed in Table 4.1
and Table 4.2, respectively. Note that the 1-D dual filters hq(€), ho(€) factor in the

form

hale) =cos* (§) 2600, Tl = oo (5) Ze0

where £ and £ are polynomials in cos (€/2).

If we take for the function f2 of Theorem 5, the function

F6,6) =1 "% [sin2 (

)-w(3)

then the Fourier transforms of the dual lowpass filters are

H3 (€1, &) = f2(&1, &) F (61, &),
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Table 4.2: The ceefficients @,y of f{—&({l, &) for =13 < n,m £ 13.

m\m 0 *1 +2 £3 e
0 0.698936045170 0.150510951877  —0.001598281087 -0.000236869135 —0.000185325189
£ 0.150510951877  ~0.009415543638 —0.001871916233 0002125873463 0.000269698445
£2 | -0.001598281087 -0.001871916233 0.004172427580 0.000477002410  —0.000749794533
+3 | —0.000236869135 0.002125873463 0.000477002410 —0.001155607868 0.000025467329
+4 | —0.000185325189 0.000269698445  —0.000749794533 0.000025467329 0.000264950616
+5 0.000047077032 -0.000132003901  -0.000011459812 0.000197393674  —0.0000388G3029
X6 0.000050880873  -0.000022085785 0.000073699382  —0.000020204701  —0.000033824283
7 | -0.000006656019 0.000004807151  —0.000003116560 —0.000017653665 0.000006092242
%8 | -0.000004588285 0,000001790425  —0.000005263473 0.000002682504 0.000001627982
x9 0.000000662104 —0.000000484350 0.000000451757 0.000000723548  —0.000000510474
+10 0.000000163683 —0.000000102701 0.000000217064  -0.000000204180 0.000000000000
+11 | —0.000000064181 0.000000039466  —0.000000055688 0.000000000000 0.000300000000
+12 0.000000003289  —0.000000009281 0.000000000000 0.000000000000 0.000000000000
£13 | —0.000000000714 0.000000000000 0.000000000000 0.000000000000 0.000000000000
n\m +5 +6 +7 +8 %9
0 0.000047077032 0.0000508808?3  -0.000006656019  —0.000004588285 0.000000662104
&1 =0.000132003901  —0.000022985785 0.000004907151 0.000001790425  —0.000000494350
+2 | —0.000011459812 0.000073699382  —0.000003116560 -0.000005263473 0.000000451757
*3 0.000197393674 —0.000020204701 —0.000017653665 0.000002682504 0.000000723548
+4 | -0.000038863029 -0.000033824283 0.000006692242 0.000001627982  —0.000000510474
+5 | —0.000041631047 0.000010165480 0.000002604771  —0.000000918854 0.000000000000
%6 0.000010165480 0.000003038%00  —0.000001225139 0.000000000000 0.000000000000
&7 0.000002604771  -0.000001225139 0.000000000000 0.000000000000 0.000000000000
+8 | —0.000000918854 0.000000000000 0.000000000000 0.000000000000 0.000060000000
%9 0.000000000000 0.000000000000 0.0000000Q0000 0.000000000000 0.000000000000
*10 0.000000000000 0.000000000000 0.000000000000 0.000000060000 0.000000000000
+11 0.000000000000 0.000000000000 0.000000000000 0.000000000000 0.000000000000
+12 0.000000000000 0.000000000000 0.000000000000 0.000000000000 0.000000000000
®13 0.000000000000 0.000000000000 0.000000000000 0.000000000000 0.9000300000000
n\m *10 +11 *12 %13
(] 0.000000163683  -0.000000064181 0.000000003289  —0.000000000714
] =0.007000102701 0.000000039466  —0.000000009281 0.000000000000
+2 0.000000217064  —0.000000055688 0.000003000000 0.000000000000
*3 | -0.006900204190 0.000000000000 0.G00000000000 0.000000000000
*4q 0.000000000000 0.000000000000 0.000000000000 0.000000000000
+5 0.000000000Q00 0.000000000000 0.000000000000 0.000000000000
&6 0.000000000000 0.000000000000 0.000000000000 0.000000000000
+7 0.000000000000 0.000000000000 0.000000000000 0.000000000000
+8 0.000000000000 0.0000000000C0 0.000000000000 0.000000000000
*9 0.000000000000 0.6000000200000 0.000000000000 0.000000000000
%10 0.000000Q00000 0.000000000000 0.000000000000 0.000000000000
+il 0.000000000000 0.000000000000 0.000000000000 0.000000000000
*12 0.000000000000 0.000000000000 0.000030000000 0,000000000000
+13 0.000000000000 - 0.000000000000 0.000000000000 0.000003000000
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It is proved in [10] that
o0

2('n-i N —
I A(P768) < yeaP

According to the algorithm of Section 3, we choose the following dual highpass filters:
H}6,&) = €O B} &G +m & +7), HiG,&) = H(E +7,6 +7).

Six iterations of the cascade algorithm of the previous section are used for the nu-
merical approximation of the dual scaling functions and wavelets ¢,(z), ¢;(x) and

(), ¥ (x), whose respective graphs are given in Figs. 4.1 to 4.4.

B. Second Example.— This example is the same as the first except that #ig(£) is
replaced with the frequency response of a 31-tap filter whose coefficients are given in
Table 4.3. The coefficients of the corresponding 2-D dual filter with frquency response
f:"o(&, &) are given in Table 4.4. The dual scaling function and wavelet, ¢o and o,

are smoother than those of the first example as can be seen in Figs 4.5 and 4.6.

C. Third Ezample.— The dilation matrix

D, = ( _i _? ) (4.42)

gives rise to the same sampling lattice as ID;. However, by using a result from [26],
p. 58, D, satisfies |D;'})l2 > v2 > 1. Consequently, the condition D7}, < 1
is not satisfied. McClellan’s transformation is used with the same 1-D dual filters
and transformation function F(£;,&;) as in Example 1. Six iterations of the cascade
algorithm have been used to get an approximation to the dual scaling functions ¢;(z),
¢a(z) whose graphs are given in Figs. 4.7 and 4.8. These figures show that the
constructed dual scaling functions are not regular, perhaps not even continuous. This
is essentially due to the fact that |[D7'||lz > 1. Hence special attention has to be
given to condition (??) in choosing the dilation matrix D for the construction of n-D

wavelets.
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Table 4.3: The coefficients o, =6 < n < 6, of ho(€) and &,, —15 < n < 15, of ho(E).

n Gn &n
0 0.546875000 | 0.5222299474 |
+1 0.332031250 | 0.2986680440 |
+2 | —0.003906250 | —0.0575 3858 12
+3 | —0.091796875 | —0.0981 4466 24
+4 | —0.023437500 [ 0.0753 328350
+5 0.009765625 | 0.0764416860
+6 0.003906250 | —0.0507 8782 69
+7 0.000000000 | —0.0361 452076
+8 0.000000000 | 0.0340580249
+9 0.000000000 [ 0.0097107270
410 | 0.000000000 [ —0.0161 473692
+11 0.000000000 | 0.0002947767
12 | 0.000000000 | 0.0044665004
+13 | 0.000000000 | —0.00103936 83
+14 | 0.000000000 | —0.0005 263586
415 | 0.000000000 | 0.0002141699

Figure 4.5: Graph of ¢(z, ).
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Table 4.4: The coefficients &, of H (&1, &) for —15 < n,m < 15.

[ n\m 0 +1 +2 +3 +4 45
0 0.618846416473  0.188106179237  0.004452986177  0.010502414066 —0.011140022427 —0.004373300355
#1 | 0.188106179237 —0.084804967046 -—0.063300982419  0.017592664808  0.00808620673C  0.002016741418
#2 | 0004452086177 -~0.063309982419  0.055651802570  0.034301172230 —~0.014809003100  —0.006108273092
+3 | 0010592414066  0.017502664808  0.034381172230 —0.020381206250 ~0.012163026847  0.009487322532
£4 | -0.011140022427  0.008086296730 —0.014800003100 —0.012163026847 0014342302795  0.002227904741
45 | -0.004373300355  0.002916741418 —0.006109273992  0.009487322532  0.002227904741  —0.005132313818
46 | 0.002288335008 —0.000503572797  0.001617449336  0.001731371041 —0.003032152400  0.000300393178
+7 | 0.000760148570 =—0.001108572035  0.000865557580 - 0001611881191  0.000081437815  0.000037851670
+8 | —0.000301132677  0.0001442903i6 -0.000144120735 -0.000798241755  0.000529879879  —0.000177309033
£9 | —0.000084498592  0.00DI47450555 —G.000104570703  0.000183477838  —0.000076696742 —0.000064317011
£10 | 0.000042363565 —0.000036358673  0.000026003046 —0.000014619876 —0.000032158507  0.000010627449
£11 | 0.000000495516 ~—0.000006254630  0.000004123277 —0.000011684002  0.000008021567  0.000000000000
£12 | —-0.000003407239  0.000003546689 -0.000002623500 0000002973856  0.000000000000  0.00000C000000
£13 | 0,000000951555 -—0.000000449769  0.000060686274  0.00000000000  0.000000000000  0.000000000000
#14 | —0.000000032126  0.00000009803%  0.0000C0000000  0.00000000000  0,000000000000  0.000000000000
415 | 0.000000006536  0.000000000000  0.00Q0000C00C0  0.00000000000(1  0.000000000000  ©.000000000000
T %6 £7 3 =9 Z10 11
6 | 0002288335003  0.000760148570 —-0.000301132677 -—0.000084498592  0.000042363565  0.000000485516
+1 | —0.000593572797 -—0.001108572935  0.000144200316  0.000147450555 —0.000036358673 —0,000006254630
£2 | 0001617449336  0.000865557580 —0.000144129735 -—0.000104570703  0.000026903046 0000004123277
#3 | 0001731371041 —0.001611881191 —0.000098241755  0.000185477838 —0.000014619876 —0.000011694002
#4 | -0.003932152408  0.000081437815  0.000520879879 —0.000076686742 —0.000032158507  0.000008921567
25 | 0000300393178  0.000937851670 -—0.000177308033 -0.000064317013  0.000019627449  0.000000000000
+6 | 0.001126318821 -—0.000259778055 —0.000096475516  0.000032712414  0,000000000000  0.000000000000
£7 | -0.000259778055 -0.000110257737  0.000042058819  0.000000000000  0.000000000000  0.000000000000
48 | —0.000096475516  0.000042058810  D0.000000000000  0.000000000000  0.000000000000  0.000000000000
+9 | 0000032712414  0.000000000000  0.000000000000  0.000000000000  0,000000000000  0.000000000000
£10 | 0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000
+11 | 0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000
+12 | 0000000000000  0.000000000000  0.000000000000 0000000000000  0.000000000000  0.000000000000
#£13 | 0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000 0,000000000000
£14 | 0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000  0.000000000000
+15 | 0000000000000  0.000000000000  ©0.000000000000  0.000000000000  0.000000000000  0.000000000000
\m 113 =13 314 =15
0 | -0.000003407239  0.000000951555 —0.000000032126  0.000000006536
£1 | 0.000003546689 —0.000000449763  0.000000098039  0.000000000000
£2 | -0.000002923500 0000000686274  0.000000000000  0.000000000000
+3 | 0.000002973856  0.000000000000  0.000000000000  0.000000000G00
%4 | 0000000000000  0.000000000000  0.000000000000  0.000000CG0000
+5 | 0.000000000000  0.000000000000 0000000000000  0.000000000000
+6 | 0000000000000  0,000000000000  0.000000000000  0.000000000000
+7 | 0.000000000000  0.000000000000  0.00000000000C  0.000000000000
+8 | 0000000000000  0.000000000000  0.000000000000  0.000000000000
£9 | 0.000000000000  0.000000000000  0.000000000000  0.000000000000
£10 | 0.000000000000  0.000000000000  0.000000000000  0.000000000000
£11 | 0.000000000000  0.000000000000  0.000000000000  0.000000000000
+12 | 0.000000000000  0.000000000000  0.000000000000  0.00000000000C
+13 | 0.000000000000  0.000000000000  0.000000000000  0.000000000C00
#14 | 0.000000000000  0.000000000000  0.000000000000  0.0000000G0000
+15 | 0000000000000  0.000000000000  0.000000000000  ©.000000000000

83




Graph of ¥(x, y).

Figure 4.6

ing function ¢s(z, ).

Graph of the scal

Figure 4.7
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Figure 4.8: Graph of the scaling function ¢s(z, ).

C. Fourth Ezample.— In this example, the dilation matrix D is taken to be

1 1
o-[3 4]
with eigenvalues A} = -2, X =2, and ||D~]|> < 1. By applying the construction
algorithm of Section 3, we find that

T 3r 3«
Tlo = (01 0)3 Th = (51 5) ' T2 = (1['1 'ﬂ'), T3 = (?1 ?) 0
Consequently, for £, ,£& & [0,2x], the 2-D lowpass filters Hy(€1,&2), Ho(£), &) have
to satisfy the condition

Ho(&:, &)Ho(1,E2) + Hy (51 + %:52 + %) H, (51 4 er',fz + g) + Ho(6y + 7,6+ )

= 3 3m\ = an 3
Ho(§y + 7,8+ 7) + Ho (61 + —;,62 + ?“) Hy (61 +bt —23) =1. (4.43)

Once these filters are designed, the different highpass filters H; (€1, &2), H2(€1,62) and
Hj(&1,8,), together with their duals are to be constructed. The approach taken to

solve this problem is first to design symmetric 1-D biorthogonal wavelet filters ho(£)
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and ?J.(](E) that satisfy the identity

ho(€)iol€) + ko (g + g) o (5 4 %) + ho(€ + 7)€ + 7)
+ho (.f + 3—275) ho (5 + 22-75) =1, (4.44)

‘then by applying the McClellan transformation with the transformation function
F(&,&) = 3(cosé) + coséa), one gener.ites nonseparable 2-D biorthogonal low-
pass wavelet filters Ho(£),&) and Hy(€,,&,), satisfying (4.43). The remaining dif-
ficult task is to choose the right highpass wavelet filters H;(£;,&;) and their duals
H; (€1,€), 1 = 1,2, 3. This problem can be considerably simplified if we assume that
the 1-D biorthogonal wavelet filters ho(€), ho(€) factor in the form

ho(€) = R(E)A(2E), To(E) = R(E)R(26), | (4.45)

where respectively, h(£) and h(€) are themselves biorthogonal wavelet filters. In this

case, one possible choice for the highpass wavelet filters is the following,

Hl (Eh {2) = e‘l& ﬁ(&l + T, 52 + w)H(2€1! 262)1
Hy(6,&) = e H(&,&)H(26 + 7,26 +7),
H3(£,&6) = eH(E + 7,6 + m)H(26 + 7,26 +7),

where H(&,&), H(£,&) are the McClellan transformations of h{(€) and R(€), re-
spectively. Note that similar formulae are used to compute the highpass wavelet
filters ﬁ;({;,&g), i = 1,2,3. The above technique has been used first to compute
1-D biorthogonal wavelet filters ho(€) and ho(€), whose coefficients are given in Ta-
ble 4.5. Then, the different lowpass and highpass wavelet filters have been com-
puted via the McClellan transformation. The cascade algorithm has been used for
the numerical approximation of the analysing and synthetizing scaling functions and
wavelets ¢4(x), ¥i(z), i = 1,2,3, and ¢4(z), i(x), i = 1,2, 3, whose graphs are given
in Figs. 4.9 and 4.10, respectively.
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Table 4.5: The coefficients ap, =9 < n <9, of hy(€) and Ba, =12 < n < 12, of Iy().

n Qn B
0 0.3239 7460 9375 0000 0.2513 7417 3755 4881
+1 0.2596 4355 4687 5000 0.2244 9777 1460 1627
+2 0.155273437500 0000  0.1342 38377090 3279
+3 0.0490 7226 5625 0000 0.0473 5241 1665 4829
+4 —0.03955078 12500000 —0.0225331014838100
+5 —-0.0476074218750000 -0.036047628103 2089
+6 —0.0302734375000000 -—0.0057767127171035
+7 —0.01409912 1093 7500 0.0034 34299437 4677
+8  0.0025634765625000  0.0203 6146 6841 2642
+9 0.0029 9072 2656 2500 0.0119 9561 5052 7827
310 0.0000 000000000000 —0.003461664373 2244
+11  0.0000000000000000 —0.00127246 95126872
+12 0.0000 0000 0000 0000 0.0014 8454 7764 8017
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Figure 4.9: h
graph of wi(:sf)y)g.rap of 94(z,3), (b) graph of Yi(z.y), (c) graph of ¥ii(z,v), (d)
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Figure 4.10: (2) graph of ¢ - -
graph of ¥3(z,v). ph of ¢4(z,3), (b) graph of $i(z,), (c) graph of ¥i(z,v), (d)
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Chapter 5

Fast 1-D and 2-D Discrete
Biorthogonal Wavelet Transforms

Discrete wavelet transform (DWT) (see [58], (5], [3]) and discrete biorthogonal wavelet
“transform (DBWT) are closely related to subband coding (see [11], [15]). They are
efficient practical tools for digital signal processing and are applied to sound analysis
(see [43], [69]), image compression (see [20], [3]), and computer vision (see [47], [25]).
In DWT, the scaled translated mother wavelet ¥(z) and scaling function ¢(z),
Yin(e) = 272927z — k), () =2797¢(2%z - k), jkez,

form an orthonormal family in L?(R). It will be assumed that ¢ comes from a mul-
tiresolution analysis of L2(R), (see [46], [47], [51]).
For the reader’s convenience, we briefly recall that a multiresolution analysis of

L*(R) is a decreasing sequence of closed linear subspaces of L2(R),
chcVicWhec Vo CcVe e, (5.1)
with the following properties:
(P1} UZ.V; is dense in L*(R) and NZ,, V; = {0}
(P2) Vjez, f[(z)e Vi f(2x}eVj

(P3) 3 eV L%(R) such that Vn € Z, ®y,(z) = ¢(z — n) is an orthonormal

basis of Vp.
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Let 1 denote the orthogonal complement of V; in Vj.;. Then the families ¢, and
¥ form orthonormal bases of ¥ and 117, respectively, for all k € Z.

An n-D multiresolution analysis with dilation matrix D € Z"*" is a generalization
to L2(R") of the 1-D case (see [40]).

Let ¢, ¢ and ¥, % be dual scaling functions and dual mother wavelets, respectively.

In DBWT, the two scaled and translates paires of functions

- {ala), ¢7jk(a:)}, {¥inla), szk(a:)} hkez, (5.2)
form dual L?(R) bases. In this case, every f € L*(R) has the wavelet expansions
F@) =33 < fii > (@) =33 < fidbie > vlz). (5.3)
jezhez jezkez -

where < -, > denotes the L? scalar product,
<f9>= [ fl@o@d  fgeI'®). (5.4)

DWT has been extensively studied (see [5], [16], [58]), but only a few papers have
dealt with DBWT (see [11], [3]).

DBWT possesses many attractive features absent from DWT. For example, flex-
ibility in choosing the analysing and synthetezing wavelets and use of nonseparable
compactly supported 2-D wavelets. Practical compactly-supported nonseparable 2-D
wavelet bases have been designed for DBWT, but to our knowledge, none for DWT.
For these reasons, in this chapter we are essentially concerned with 1-D and 2-D
DBWT’s.

Since, the efficiency of DBWT depends critically on the choice of the biorthog-
onal wavelets, we shall review the design of appropriate 1-D and nonseparable 2-D
biorthogonal wavelets.

In this chapter, we assume that all 1-D and 2-D signals (to be analysed and syn-
thetized) are supported on the interval [0, 1] and the square [0, 1] x [0, 1], respectively.
Moreover, all waveleis will be real, symmetric and compactly supported; in other

terms, the wavelet filters are real and finite in length, that is, FIR filters.
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In Section 5.1, we briefly review the 1-D DWT and DBWT and describe the
general 2-D DBWT. Section 5.2 is devoted to the design of appropriate 1-D and 2-D
biorthogonal wavelets and the derivation of a 2-D quatrature formula to accelerate the
DBWT algorithm. Finally, in Section 5.3, the efficiency of the proposed algorithms

is illustrated by means of a numerical example.

5.1 Wavelet Transforms
5.1.1 1-D DWT

We briefly review DWT. Given a signal f(t) € L?(R) supported on [0,1], the or-
thonormal wavelet transform of f can be described as successive computations of
coarse approximations of f and the details which constitute the difference of informa-
ticn between two successive approximation levels. In the language of multiresolution
analysis, the jth coarse approximation is the projection of the signal on V}, and the
details are the projection on W;.

First, the signal is identified with its projection or some subspace, V_y, of the
multiresolution analysis. If the scaling function ¢(t) is supported on [m,,m;), then

2N ey .
fO) = 3 ste(2Vt-k), (5.5)

k==m3

where the coefficients s} are given by the scalar products
0 N2 [ NI
=< f, s >=2V f_ _ f@)pT s =R d. (5.6)

Let Np > j > 0 be the number of iterations used by the algorithm. If T; and D; are

the projections operators on Vj_n and W;_y, respectively, then

aN=i_m, .

T;ift) = k_): Sitbi-ni(t), ‘ (5.7)
2N ~dap, .

D;f(t) = LZ dibi-n i(t), | _ (5.8)
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where the mother wavelet, ¥(t) is supported on [r).n2] and the coefficients s and d,

are given by the scalar products
sk =< frdjnn >, & =< fjeng >
Since V; @ W; = V;_,, then Tj_f = (T; + D;) f or, equivalently,
%?S{-ij.-mk(t) + dh-n ) = ; Si_lﬁbj—l-N.k(t)- | (5.9)

An interesting property of wavelet transform is that the coefficients s and df are

easily computed recursively from the coefficients si~!, n € Z, as follows:

i 2k=my 2k+ma-1
1 . 1
‘Si'= Z hn—aish ", di-= Z On—25% s | (5.10)
n=2k-ms n=2k+4my=1

where, for m; < n < my, by, and gn = (—1)"*1h)_, are the coefficients of the lowpass
and highpass waveletfilter, respectively. Conversely, finer approximations of the signal

are recovered by the repeated application of the following formulae

S =3 hkansh + 3 hugadl, k= —mp, 2V (5.11)
n n
Thus, we have
2N _my
fR)= Y sd_nalt). (5.12)
k==mg

5.1.2 1-D DBWT

For DBWT, the dual pairs of functions (5.2) are used. We assume that,
supp$ C [ma1,mg],  suppd C [, o),

suppy C [n1,mg),  suppy C [fi1, o).

Moreover, we assume that the signal f(t) is analysed by means of theé pair ¢;z, ¥

and synthetize by means of the pair ¢;x, ¥, As for DWT, the DBWT algorithm
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first identifies the signal with its projection on some subspace of the biorthogonal
multiresolution analysis. More precisely,

2N ey

SO = S < fideng > donx(t). (5.13)

k=-=-my
For Ng > 7>0,let ’f, and ﬁj denote the projection operators on the subspaces 17_,-_ N
and Wj_N, respectively, of the biorthogonal multiresolution analysis. Then

aN=3um,

T;f(t) = L_Z shdi-n(2), (5.14)
aN=-i_q, -

Dif®) = 3 dii-na(t) (5.15)
k==ny

If {n}n, {’in }n denote the dual lowpass filters and g, = (=1)"' R\, G = (=1)™h;,
the highpass filters, then for DBWT, the coefficients s], and di, are computed recur-

sively by the formulae:

. 2k—m . . 2k+ma~1 .
st= D heaslt, di= Y ge-msih (5.16)
n=2k-my n=2k+m;-1

Finally, finer approximations of the signal are recovered by repeated applications of

the formula

7' =Y honsd + Y Greandl,  k=-—mp,2¥ 7 —my. (5.17)
We thus have
2N-miy
F@) = Y. 8ié-nilt). (5.18)
—thig

5.1.3 2-D DBWT

We assume that the 2-D dual scaling functions and wavelets are derived from 2 2-D
biorthogona! multiresolution analysis with a dilation matrix D € Z2. Henceforth, we

shall use the following notation:
t= (tl!t2) € RE! k= (kl'r k2) € zzl n= (n13n2) € 22.
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We note that if |det D| = d, then one scaling function ®(x) and d—1 mother wavelets
Wi(z),i=1,...,d—1 are needed to generate an orthonormal wavelet basis of L*(R?)
[29]. For the biorthogonal case, one family of dual mother scaling function ®(x), ®(z)
and d — 1 families of dual mother wavelets ¥i(x), ¥i(z), i = 1,...,d — 1 are needed
to generate a wavelet basis of L?(R?). The construction of these dual functions is the

subject of the next section. We define
B,0(t) = |det D|(Dt - k), | (5.19)
Win(t) = |det D™Dt —k), i=1,...,d-1. (5.20)
The scaling functions and wavelets ®;(t), \f!}‘k(t), t=1,...,d— 1, are defined in a

similar way.

We assume that supp® C [my, ma)?, supp® C [y, a)?, suppi, C [ni, ni]? and
supp¥i, C [, A2,

The general 2-D DBWT is described as follows. As in the 1-D case, the first step
is to identify the given 2-D signal f(t) with its projection on some subspace V_y
of the 2-D biorthogonal multiresolution analysis described above. This projection,

which is the finest approximation to the signal, can be defined by

Tof(t) = gsgiﬁ_m(t), k € 22N DY[0,112 4 [—mg, —my)?, (5.21)
where

s =< f,®_pnx >= |det DN/ f F()B(DVt — k) dt. (5.22)

Then for a positive integer Ny = j > 0, the different projections of the signal on the

spaces Vi_n, W;_ n are given by

Tif(t) =Y shd;-ni(t), k€ 22N DV[0, 1] + [—mg, —my )2, (5.23)
k

Dif(t) = Y diu iy (t), k €220 DVI(0,1 + [~nb, —ni?, (5.24)
k
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respectively, where
sh=<fi0j_np >  dp=<fT_p,>. (5.25)

If {Ho}ny {Hu}n, {Gi}n, {Gi}n denote the dual lowpass and highpess 2-D
wavelet filters, respectively, then the wavelet coefficients are recursively computed

by the formulae:

st =Y Ho-piesi', kez2nDVI0, 1 + [-my, —my?, (5.26)
dip =3 Gnoprsi™', ke 22N DV0,1 + [—n}, —ni]% (5.27)
n

Finally, to reconstruct the signal, the computation of the coefficients of the finest
approximation of f(t) is needed. This can be done simply by iterating the following

formula,

gt o= ; Hi—pnsi, + ;di: Gi-pnlim: (5.28)
kez’n DN.‘.J""“_[O, 1] + [—mg, —my |2

This allows us to reconstruct the signal f(t) as follows:

HOES ; P _np, keZ2nDY[0,1)? + [—-mg, —my]* (5.29)
The proof of (5.26) and (5.27) goes as follows. By (5.25), we have

sl = |detD|W-9n2 f FE)B(DN-it — k)dt,

= |det D|W-9)2 f F()®(D-DN-i*'t — DE))dt.

Since the scaling function P satisfies

®(t) =3 an®(Dt—n), (5.30)

then

D7't) =Y and(t — n), (5.31)
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and, consequently,

N=

sk = |detD|'/? f FE)'S an-pildet DT B(DV-+1t - n)dt,

= Z Hn—DkS'};—l-

Since supp® C [mi, mq]? and suppf C [0, 1]?, then obviously in (5.26) we have

k € 22 N DN30,1]% + [=my, —my ]2

We can prove (5.27) in a similar way.
The proof of (5.28) is straightforward. In fact, by (5.25),

=< O yoip f >
Since ®_yo-i4jk € Vio1-n and Vii_ny = Vi_y + Wi_p, then

D_noitjk(t) = T < Coyrpiser PoNajn > Ponijn(t)
n

d
+ Y <Nk Vingin > Pingin(d).

=l n

Using (5.30), i.e.,
B(t) = > amP(Dt — m),
one concludes that
8inn(t) =3 Gmopn®(DV Tt —m).
m
Similarly, there exist real sequences {3%,} such that

U vn(t) = 2 fnpn®(DY 1t — m).

(5.32)

(5.33)

(5.34)

(5.35)

Since, by hypothesis, the families {®; 4}, and {®;x};« form a biorthogonal system,

then
< (I)j,lm ('i:'jr‘kl >= 6jj'6kk'-
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Hence, by combining (5.34), (5.35) and (5.36), one can easily see that

' = < Ooyerggu f >
= ZHk DnSJ +ZZG,¢ Dﬂ R
n =1

Remark 12 In the interesting case, where the dilation matrix satisfies d = [det D| =
2, only one family of dual wavelets is needed, in the 2-D biorthogonal wavelet trans-

form algorithm. This leads to a reduced number of operations per iteration.

Remark 13 1t is clear that the whole DBWT algorithm is based on the compu-
tation of the coefficients (5.22). In practice, this cannot be done analytically and,
consequently, a quadrature formula has to be used for this purpose. In the next sec-
tion, we shall construct a one-point quadrature formula which approximates well the
coefficients s§ and accelerates the 1-D and 2-D DBWT. |

Remark 14 For practical reasons, it is desirable that only the numerically significant
wavelet coefficients d;n be computed, while the sufficiently small ones be set to zero.
In the next section, we shall design biorthogonal wavelet filters with fast decaying

coefficients suitable for compression purposes.

5.2 Fast DBWT

The efficiency of the DBWT algorithm depends critically on the choice of the biorthog-
onal wavelets or equivalently on the dual wavelet filters. As it will be seen in this

section, this choice has to take the following three main considerations into account.

(a)} The biorthogonal wavelet filters have to be designed in such a way that they
automatically generate a one-point quadrature formula to be used in the com-
putation of the coefficients of the finest approximation of the signal f(¢). This

is extremely important for a fast wavelet transform algorithm.



(b) The analysing wavelets have to have a reasonably high number of vanishing
moments. This condition is necessary for the achievement of a considerable

signal compression ratio.

(c) The biorthogonal wavelet filters have to be as short as possible in order to reduce

as much as possible the number of multiplications and additions required by the
DBWT algorithm.

5.2.1 Wavelet-based quadrature

We shall follow the idea used in [5] for designing a one-point quadrature formula to
approximate s in the 1-D case and generalize it to the 2-D case with general dilation
matrix D. In [5], it is proved that if the first M — 1 shifted moments of the scaling

function ¢(t) are equal to zero, that is, for some constant 7, we have
qu(m +ry)a™dz =0, m=1,... M-1, (5.37)
then
£ = o ] fl@)p(2Vz — k) dz, (5.38)
= 27VRf (27N (k + ) + O (27 NOMHO/NY

In our 2-D case, the shift constant is simply taken to be the constant vector (0,0),
the dilation factor 2 is replaced with an arbitrary dilation matrix D in 22%2, The

generalized one-point quadrature formula is then given by the following proposition.

Proposition 4 Assume that f € CM=1([0,1]*) and that the derivatives

oM f(t)

M —Fog! .=0?"':M:
atvigg’ 7

are bounded on [0, 1]*. Moreover, assume that the scaling function ®(t) sotisfies

jﬂmt;mq)(tl,tz)dhdtg = 0, 1 S_ my -+ My < M, m,, me > 0. (539)
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Then we have the one-point quadrature formula

s2 = |det D[N j FRB(DNt — k) dt, (5.40)
= |det D|"N2f (D™Vk) + O (|det D|~N2| D71 M)

Proof: The proof is based on the 2-D version of the Taylor expansion and is carried

out as follows:

¢ = |det D|M? f F&)2 (DVt k) dt,
= |det DI [ f (t+ D"Vk) @ (D"t) at.

Since the partial derivatives of f(t) of order less than or equal to M —1 are continuous
over [0,1]?, the 2-D version of the Taylor expansion of f (t +DN k) about DNk
gives us
8 f (D™Vk)
| Nf2 -N t-—J,J) N
s§ = |detD| f[f(D k)+zj _Z( ) ~5eTeE ]@(D t) dt

i=1

|detD|Nf2 LM F(DNE(t
fg( )t(M 34) atg“jat; )Q(DNt)dt

|det D|~7/? [ f FIDNE)D(t) dt

+ Z f ( ) (D~ ?—i'%(;-;—;?—)@(t)dt]

|detD|‘N/'~’ M) _nvo\(M-ig) O f (D"Nﬁ(t))
+ jrzg( @™ e UL

where (t),£5)%) = ti#. Since, for t,,t; € R, we have
[t 8] < Nen )5 (5.41)
then, it is easy to see that

|(D~Ne)M=39)| < | D=NE|¥ < || DNy (5.42)
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Since the first Af - 1 moments of f(t) are zero, then fori=1,.-- M — 1,

e i3 0'f (D7Vk)

det D|~N/? ( j ) DM AT gy de = 0. 5.4;

|det D /z L) (o) RErTEL (5.43)
Now, by (5.42), (5.43) and the fact that the partial derivatives of f(t) of order A are
bounded on [0, 1]2, one can easily prove that

|sg — |det D|~N/2 j F(D~VE)D(t) dtl

= |sf — |det DN F(D™Nk)| < C|det DI~ DM

Remark 15 The one-point quadrature formula given in [5] is a special case of the

one given in the above proposition. In fact if D =2 and 7y = 0, then s given in the

proposition becomes
sg - 2—N/2f(2—Nk) +0 (2-N(M+§) .
which is exactly the formula given in [5].

Remark 16 The one-point quadrature formula (5.40) is extremely important since
it makes the computation of the coefficients of the finest approximation accurate and

very fast; this is not the case with some other quadrature formulae. Hence, (5.40)
accelerates the DBWT transform.

Remark 17 As for wavelets, the oscillation of the scaling function or equivalently
the vanishing moment condition of ®(t) is ensured by a simple requirement on the

lowpass filter {Hp}n to be studied in more detail below.

5.2.2 Wavelet oscillation

In 1-D with dilation factor 2, it is known that if the wavelet 9(t) has M — 1 vanishing

moments and if f{t) is M times differentiable, the wavelet coefficients satisfy the

estimates
d| = | < fy9-jp > | < C27IM-0/, (5.44)
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Consequently, the larger M, the faster the decay of the wavelet coefficients. Hence, for
a given threshold € > 0, there exists a positive integer J such that for all j > J, |d{| <
e. In such cases, d} are automatically set to zero and need not be computed. In (5],
1-D orthonormal and compactly supported wavelets with a high number of vanishing
moments have been successfuly used to compress large matrices (1024 x 1024) and
reduce them to a sparse form. In our 2-D case with an arbitrary dilation matrix, the
decay of the wavelet coefficients depends on the number of vanishing moments of the
analysing wavelets as well as on the smoothness of the signal and the dilation matrix

itself, as shown in the following proposition.

Proposition 5 Assume that f € CM~1([0,1]%) and

oM f(t)

— i=0,.... M,
FREET A

are bounded on [0,1]2. Moreover, assume that the wavelets Wi(t), i = 1,...,d — 1,

have M vanishing moments:
f Tty ) dtydta =0, 0<my+me<M—1,my,m>0.  (5.45)
If the coefficients d;k are defined by the écalar products
e =< fiTL > (5.46)
then
|d; x| < Cldet D|~M2| DM, (5.47)

Proof: The proof is entirely similar to the proof of the previous proposition. It suffices,
for i =1,...,d — 1, to replace ®(¢) by Ti(t), use the fact that [ ¥¥(t)dt = 0 and

follow the steps of the previous proof. O

Remark 18 Consider the dilation matrices
1 1
Dl=2I2: D2=(1 _l)l
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and the corresponding decay estimates (5.47)
: : : . . —jMt
il S C2HIMFAM gt | < 0203 (vR) T

These matrices correspond to tensor product wavelets and to the quincunx sampling
lattice, respectively. From these estimates, it seems that the 2-D DBWT algorithms
based on wavelets obtained by tensor product are more appropriate for compression
purposes than those based on nonseparable 2-D wavelets associated with the dilation
matrix ;. However, since in the former case, three wavelets have to be used in
the DBWT algorithm and only one in the latter case, then the number of operations

required by the former algorithm is larger than in the latter one, and consequently

its execution is slower.

For an efficient implementation of DBWT's of Section 5.2, it is necessary that the

biorthogonal scaling functions and wavelets satisfy the properties of Propositions 4
and 5.

5.2.3 Design of biorthogonal wavelets

In this section, we provide techniques for designing 1-D and 2-D biorthogonal wavelet
bases which are adapted for fast DBWT. The 2-D biorthogonal wavelet bases will be

symmetric, have nonseparable variables and be associated with the quincunx dilation

matrix D,.

Design of 1-D biorthogonal wavelets

We now design symmetric lowpass and highpass biorthogonal wavelet filters such
that the dual scaling functions and wavelets have a prescribed number of vanishing
moments. As explained previously, it is desirable that the analysing scaling functions
and wavelets have a reasonably high number of vanishing moments We proceed in

two steps.
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In the first step, we construct analysing scaling function, ¢, and mother wavelet,

1 that satisfy

f¢(m)dx=1, fm"*¢(x)dm=o, me=1,-, M—1, (5.48)
fa:ﬂW:(z)dm:O, MmO, M=1, (5.49)

respectively. This is equivalent to constructing a trigonometric polynomial hy(€)

defined by no
b=t (§)8(5) = 5 menrs 5)

n=-ng
where {h, }n is the analysing lowpass wavelet filter.

Conditions (5.48) and (5.49) are equivalent to the existence of two trigonometric
polynomials fo(&) and f;(£) such that

g M
() = (222) 7 fo(e) = 1+ (1- )™ 1. (5.50)
2

Note that M has to be an even integer if the wavelets are symmetric; hence we assume
that M =21

Now, it is clear that (5.50) is equivalent to the existence of two trigonometric
polynomials P;(£) and P,(£) such that

t v |
me() = (cos2 %) P =1+ (sin2 g) P(£). (5.51)
It is known [11] that P;(£) can be written in the form
1-1 - k ]
P =Y ( ok ) (sin* §) ¥ (sin2 §) P(), (5.52)
k=0 2 2

where P(£) is a real trigonometric polynomial taken to be
P(£) = ap + a; cos € + ag cos 26,

with appropriate constants o, @), oa. This gives the lowpass analysing wavelet filter

{hn}n.
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The highpass analysing wavelet filter {g,}n is simply given by
In = (_'1)"+1hl—n-

The second step is the design of the synthetizing scaling functions and wavelets
or equivalently the construction of lowpass and highpass synthetizing filters. This is

achieved by constructing a symmetric trigonometric polynomial #iy(€) of the form

ho(€) = [% + % (% + e“f))i (i Ene‘"f)] . (5.53)
-N

such that

ho(€)ho(€) + ho(€ + mho(6 +7) =1, V& €[0,2n]. (5.54)

By substituting (5.53) in (5.54), we are led to a system of linear equations whose

solution is a candidate for the synthetizing lowpass filter {fzﬂ}n. For more detail, the
reader is referred to the Chapter 2.

The above techniques have been used in the construction of biorthogonal wavelet

filters ho(€), ho(€) whose coefﬁcientg are given in Table 5.1. The associated scaling

. functions and wavelets have seven and eight vanishing moments, respectively, and

they satisfy the hypotheses of above Propositions 4 and 5. Consequently, they are
adapted to fast DBWT.

Design of 2-D biorthogonal wavelets

In this section, we construct nonseparable 2-D biorthogonal wavelet basis for the fast
DBWT described in Section 5.1. The dilation matrix is taken to be D5 and the 2-D
dual scaling functions and wavelets satisfy the hypotheses of Propositions 4 and 5. It
is shown in Cha.ptér 4, that if Ho(&;, &) and Hy(€,, &) are the frequency response of
the dual lowpass wavelet filters, then

Hy(&1, &) Ho(61,62) + Hol&r + 7, & + m}Ho (& + 7, & +7) = 1, (5.55)
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Table 5.1: The coefficients a,, —8 < n < 8, of ho(£) and &y, —15 < n < 15, of ko(£).

n Qn Gin

0 0.574 768066406 | 0.535373226175 089
+1 0.299072265625 | 0.300409 410336 021
+2 | —-0.059814453 125 | —0.029 551 543213 238
+3 | —0.059814453125 | —0.063 046 795 337 744
+4 0.029907226562 | 0.017124079017817
+5 0.011962890625 | 0.015339181 773527
+6 | —0.008 544 921875 | —0.006 760 627 458 282
+7 | —0.001220703 125 | —0.003 394 649001 350
+8 0.001068115234 | 0.001 772740433898
+9 0.000000000000 | 0.000876 300836 220

+10{ 0.000000000000 | —0.000 302 264035 129
+11 | 0.000000000000 | —0.000 207 855 620 659
+12 | 0.000000000000 | 0.000032729076900
£13 | 0.000000000000 | 0.000025918059 808
+14 [ 0.000000000 000 | —0.000001 726 909 510
+15 | 0.000000000000 | —0.000001 511 045 821
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for all £;,& € [0,27]. As it is shown in Chapter 4, an efficient way of constructing
dual trigomometric polynomials Hg(&,&) and ﬁg(&l,ﬁg) is to apply a McClellan
transformation ([21] pp. 137-148) on zero-phase 1-D biorthogonal wavelet filters. It is
shown in the previous Chapter that the number of vanishing moments of the wavelets,
the biorthogonality and the exact reconstruction properties are invariant under a

proper McClellan transformation. In our case, if we define the transformation function
F(&l} 62) by

F(§,&) = % (cosé; + cos o), (5.56)

then the McClellan transformations of the 1-D zero-phase biorthogonal wavelet filters

of the previous paragraph are defined by

Ho(61,&) = “ZuhnTn(F(El,&)). (5.57)

— N -~

Hﬂ(gli&?.) = ZhnTn(F(‘Eh&))» (558)
-N

respectively. Here T, (x) is the nth-degree Chebyshev polynomial.
It remains to check that the number of vanishing moments of the analysing scal-
ing function is invariant under this transformation. In fact, consider the frequency

response of the analysing biorthogonal filter mg(£) defined by

i
ho(€) =1+ (sin2 g) P (cosP g) .

Then, it is clear that
!
holf) = 1+ [%(1 - cos&)] P [%(1 +cos§)] ,
{
= 1+ [%(1 - cosf;')] Q [cosé].

Since, the given McClellan transformation transforms cos € into F(£;,£2) = 1 (cos & + cos &),

then the frequency response of the 2-D analysing biorthogonal wavelet mgo(€;,&2) is
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Table 5.2: The coefficients &y, m, of Ha(wy,wa) for -8 <n,m < 8.

n\m 0 *1 +2 +3 q

0 0.644345760345 0.172033309937 -(.012817382812 -0.005273818970 0.000066757202
*1 0172033309937 —0.046663284302 -—0.026235580444 0.008144378662 0.001802444458
+2 -=0.012817382812 —0.026235580444 0.014586448669 0.004072189331 -0.002136230469
+3 —0.005273818970 0,008144378662 0.004072189331 -0.003004074097 -0.000333786011
+4 0.000066757202 0.001802444458 —0.002136230469 —0.000333786011 0.000292062759
+5 0000173568726 —0,000667572021 —0.000200271606 0.000233650208 0.000000000000
=6 0.000000000000 -0.000066757202 0.000116825104 0.000000000000 0.000000060000
%7 -~0.000008536743 0,000033378601 0.000000000000 0.000000000000 0.000000000000
+8 0.000004172325 0.000000000000 0.0060000000000 0.000003000000 0.000000000000

w\mt x5 +6 +7 +8

0 0.000173508726 (.000000000000  —0.000009536743 0.000004172325
+1 -0.0006675672021 -—0.000066757202 0.000033378601 0.000004000000
+2 -0.000200271606 0.000116825104 0.000000000000 0.000000000000
+3 0.000233650208 0.00000000:0000 0.000000000000 0.000000000000
ET 0.000000000000 0.000000000000 0.000000000000 0.000000000000
+5 0.000000000000 0.000000000000 0,000000000000 0.000000000000
+6 0,000000000000 0.000000000000 0.000000600000 0.000000000000
+7 0.000000000000 0.000000000000 0.000000000000 0.G00G00000000
+8 0.000000000000 0.000000000000 0.000000000000 0.000000000000

defined as follows:
!
Hol6n&) = 1+ [5 (1 gloos6s +cos))] @[5(o0s6s +cosa)]

- 14 [2 (sm2 51 sin? 52)] Q [2 cos & +COS§2)]

Hence, my(£,,£€2) — 1 has a zero of multiplicity 2! at {m,7), or equivalently, the
analysing scaling function satisfies (5.39) with M = 2{ — 1.

Finally, note that once the 2-D lowpass biorthogonal wavelet filters {Hy,}, and
{Hn}w are designed, the design of their corresponding highpass filters {Gp}, and

{Gn)n is straightforward and is given by
m = ("1)nﬁl—n,—m, én.m = (_l)nHl—n.—-mo

For more detail, see Chapter 4. We have used the 1-D biorthogonal wavelet filters
given in Table 5.1 to construct 2-D biorthogonal wavelet filters Hym and f—fnm whose

respective coefficients are given in Tables 5.2 and 5.3.
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Table 5.3: The coefficients Gy, m, of ﬁg(wl,wg) for —15<n,m < 15.

n\m 0 +1 £ +3 | +5
4] 0.571191132069 0.174037382007  —0.006537211420  —0.004426250024 =0.000529408164 —-0.0001132585048
+1 0.174037382007 —0.024977222085 -—0.028688607737 0.004666236229 0.001998667605  ~0.000351297089
T2 =0.005537211895 —0.028G88607737 0.009284517728 0.005799842067 -0,0017837D1697  —0.000520566537
33 =0.004429250024 0.004666236229 0.005799842067 -0.002712636720 —0.001161536551 0.00042791 7228
k4 -0.000529408164 0.001998667605 —0.001783791607 -0.001161536551 0.000571623738 0.0002646:29809
45 =0.000113255048 —0.000351297989 —0.000520566537 0.000427917228 0.000264629809  —~0.000082634401
+6 0.000103050013  —0.000037885122 0.000164246361 0.000147124039  -0.000066565917  —D.000052432562
7 0.0000297541868 0.000015880105 0.000034460965 —0.000033707332  --0.000034705077 0000004571953
%8 =0.000007252931 -0,000004937674 —0.000009309677 -0.000014263392 0.000003922832 0.000004 170757
+9 —0.000003407650 —0,000000573861 —0.000002841905 0.000001579358 0.000002163222 -0.000000211015
+10 0.000000129180 0.000000154034 0.000¢00375810 0.000000751988  —0.000000105508  —0.000000138479
+11 0.000000161462 0.000000032434 0.000000147865 —0.000000038366 -0.000000062945 0.000000000000
+12 | -0.000000006766 0.000000004470  -0.000000009592  —0.000000020982 0.000000000000 0.000000000000
+13 | -0.000000004445 -0.000000001476 =0.000000004842 0.000000000000 0.000000000000 .0.0000000000830
£14 | -—0.000000000105 —0.000000000692 0.000000000300 0.000000000000 0.000000000000 0.C03000U000000
+15 | —0.000000000046 0.000000000000 0.000000000000 0.000000000000 0.000000000000 0.000000000000
n\m +6 +7 +8 +Y +10 ®11
0 0.000103050013 0.000029754186  --0.000007252931  -0.000003407650 0.000000319180 0.000000161462
*1 ~0.000037885122 0.0000158801056 —0.000004937674 —0.000000573861 0.000000154034 0000000032434
+2 0.000164246361 0.000034460965  —0.000009309677 -0.000002841905 0.000000379810 0.000000 147865
+3 0.00014712403% -0.000033707332 -0.000014263392 0.000001579358 0.000000751988  -0.0000000383466
+4 —0.000066565917  -0.000034705077 0.000003922832 0.000002163222 —0.000000105508  —0.000000062945
+5 —0.000052432562 0.000006571953 0.000004170757 -0.000000211015 -0.000000138479 0.000000000000
+6 0.000007772786 0.0000057258656 -—0.,000000316523  —0.000000307979 0.000000000000 0.000000080000
+7 0.000005725865 —0.000000361740 ~—0.000000295740 0.000000000000 0.000000000000 0,0000C2000000
8 =0.000000316523  -0,000000296740 0.000000000000 0.000000000000 0.000000000000 0.0000602050000
+9 ~0.000000230798 0.000000000000 0.000000000000 0.000400000000 0.4600000000000 0.0000C0000000
+10 0.000000000000 0.000000000000 0.0000000000C0 0.000000000000 0.000000000000 0,000000003000
+11 0.000000000000 0.000000000000 0.000000000000 0.000000000000 0.000000000000 0.000000000000
+12 0.000000000000 0.000000000000 0.000000003000 0.000000000000 0.000000000000 0.000000000000
+13 0.000000000000 0.000000000000 0.003000000000 (.000000000000 0.000000000000 0.000000000000
x14 0.000000000000 0.000000000000 0.000000000000 0.000000000000 0.000000000000 0.000000000000
+15 0.000000000000 0.000000000000 0.000300000000 0.000000000000 0.000000000030 0.040000000000
n\m +12 +13 +14 +15
0 —0.000000006766 —0.000000004445 -0.000000000105 -0.000000000046
+1 0.000000004470 -0.000000001476 —0.000000000692 0.000000000000
+2 —0.000000009592  —0.000000004842 0.000000000000 0.000000000000
+3 | =0.000000020082 0.000000000000 0.000000000000 0.000000000000
+4 0.000000000000 0.000000000000 0.000000000000 0.000000000000
45 0.000000Q00000 0.000000000000 0.000000000000 0.002000000000
+6 0.000000000000 0.000000000000 0.000000000000 0.000000000000
+7 0.00000000Q000 0.000000000000 0.000000030000 0.000000000000
+8 0.000000000000 0.000000000000 0.000000000000 0.000000000000
+9 0.000000000000 0.600000000000 0.000000000000 0.000000000000
+10 0.000000000000 0.000000300000 0,000600006000 0.000000000000
+11 0.000000000000 0.000000000000 0.000000000000 0.000000000000
+12 0.000000000000 0.0000000Q0000 0.000020000000 0.000000000000
+*13 0.000000000000 0.000000000000 0.000000000000 0.000000000000
14 0.000000000000 0.000000000000 0.000000000000 0.000000000000
+15 0.000000000000 0.000000000000 .000000000000 0,000000000000
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The graphs of the corresponding scaling functions ®(z,, z,), 513(:1:1, T,) and wavelets

W(x,,2q), W(z,,z2) whose respective graphs are given in Figs. 5.1 to 5.4.

5.3 Numerical Results

A C program was written to implement the 1-D and 2-D biorthogonal wavelet trans-
form algorithm of Section 5.1 with the wavelet filters given in Section 5.2. The
numerical experiments have been performed on a Sun Microsoft SPARCstation 10,
model 30, running under operating system SunOS 5.3 with Solaris 2.3 and SPAR-
Compiler C 3.0. It is known (see [11], [5]) that, in general, if the signal has support
[0,1] or [0,1]? then the wavelet transform introduces a discontinuity at the edges.
To overcome this problem, we extend the original signal to a periodic signal whose
restriction on {0,1] (in the 1-D case) or [0,1])* (in the 2-D case) coincides with the
original signal. Note that periodizing the signal is equivalent to replacing the original
biorthogonal wavelet bases with their periodized versions (see [12]). The algorithms
of Section 5.1 was applied to four different signals. The choice of the signals is for aca-
demic purposes only, and corresponds to examples on which the proposed algorithms
can be applied.
The first two signals are 1-D signals given by

fi(z) =sinz, fa(z) = sin2z + cos z,

respectively. The signals are analysed and synthetized by using different values of N.
The number of iterations is Ny = 2. For each value of N, we give the [?-error norm
of the DBWT defined by

1/2
P-norm = i (z (@) - f(x,-)]z) .

i
where f(z;) is the value of the reconstructed signal at the discretization point z;. We

also give the [*-error norm defined by

[*®-norm = max l Flz) = f (m,-)l .
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Figure 5.1: Graph of the scaling functions ®(z;, z2).

Figure 5.2: Graph of the scaling functions &(z,, z2).
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Figure 5.4: Graph of the wavelet ¥(z;, ).
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Table 5.4: Numerical results corresponding to the signals f,(x) and fy(x).

Results for fi{z) Results for fa(z)

I®-norm {%-norm [®-norm {*-norm

N

5 | 7.95E-05 1.70E-09 1.83E-03 6.50E-07
6 | 5.53E-04 2.65E-07 1.83E-03 5.74E-06
7
8

7.52E-04 9.27E-07 1.83E-03 1.22E-05
8.38E-04 1.84E-06 1.83E-03 2.00E-05
9 | 8.75E-04 3.05E-06 1.83E-03 3.00E-05
10 | 8.94E-04 4.64E-06 1.83E-03 4.36E-05
11 | 9.02E-04 6.79E-06 1.83E-03 6.23E-05
12 | 9.10E-04 9.78E-06 1.83E-03 8.87E-05
13 | 9.10E-04 1.39E-05 1.83E-03 1.26E-04
14 | 9.10E-04 1.98E-05 1.83E-03 1.78E-04
15 | 9.10E-04 2.81E-05 1.83E-03 2.52E-04

The numerical results for both signals are given in Table 5.4.
Finally, the 2-D biorthogonal wavelet transform algorithm of Subsection 5.1.3 is
applied to two 2-D signals given respectively by

F(z,y) = sin(z + y), Fy(z,y) = sin(z + y) + cos(2z — y).

Different values of N have been used and the wavelet coefficients whose absolute
value was smaller than € = 107® have been automatically set to zero. In this case,

the I2-error norm and [®-error norm are defined by

: 1/2
{®-norm = 2% (Z [f(:t:,;, z;) — f(fﬂi,xj)r) )
&7

{®-norm = max lf(xi,l‘j) - flzs, T-J')! ,

respectively. Finally, we give the compression ratio C; of the signal which is the num-
ber of the different wavelet coefficients with absolute values smaller than a threshold
¢ == 1076 divided by the number of the different wavelet coefficients. The numerical

results corresponding to these two signals are given in Table 5.5.
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Table 5.5: Numerical results corresponding to the signals Fy(z,y) and Fx(z,y).

Results for Fy(z,y)

Results for Fy(z, )

I?-norm

l*°-norm

Cr

[2-norm

{®™-norm

C,

G5 ooz

0.00003288
0.00001292
0.00000457
0.00000159

0.00014889
0.00082159
0.00105518
0.00114155

0.56
0.59
0.63
0.65

0.00003904
0.00001698
0.00000648
0.00000236

0.00036776
0.00128519
0.00165331
0.00180065

0.54
0.58
0.62
0.65
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Chapter 6

Fast Wavelet Transforms for
Signals with Sharp Transitions

Although extensive ﬁrork has been done on the fast wavelet transform algorithm (see
[58], [11]), few papers have dealt with the techniques related to the implemention

process. This process becomes less obvious in case where we have to deal with non
~ smooth signals or signals having sharp transition points. The fast discrete biorthogo-
nal wavelet transform algorithm DBWT given in [41],[5] becomes inefficient in these
cases. This is due to the fact that the DBWT is based on a one-point quadrature
formula that requires the smoothness of the signals as well as reasonable small mag-
nitude of its derivatives. Nonetheless, we show how a minor modification is needed
in order to overcome the limitations of the proposed DBWT. Hence, this work can
be considered as an extension of a previous work done in [41]. The modification is
done on the given signal rather on the wavelet filters used in the process. It can be
described as a dilation of the signal by a factor three and then an insertion of two
auxiliary points between two successive sampling points. The value of each auxil-
iary point is computed using a smooth piecewise polynomial constructed from the
neighbouring sampling points. We shall refer to this modification as a smoothing
process. In fact, we have changed the original signal by a smooth one with resonable
bounded derivatives that is suitable to the DBWT. The immediate concern ahout

this method is that the amount of information needed is now multiplied by three,
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which means an increased amount of storage space and execution time. However, by
another simple modiﬁca.tion of the algorithm and the use of the symmetry property
of the biorthogonal wavelet filters, it is possible to considerably reduce the storage
space and execution time requirements. The signals considered in this Chapter are
assumed to be real and compactly supported.

This chapter is organized as follows. In section 6.1, we give a brief review of the
fast 1-D wavelet transform algqrithm. In section 6.2, we describe in more details the
proposed method. Also, we give a way by which it is possible to considerably improve
the efficiency of the modified algorithm. Section 6.3, is devoted to some numerical

results and concluding remarks.

6.1 Fast Wavelet Transforms

From now on, only 1-D fast wavelet transform algorithms based on the use of biorthog-
onal wavelet filters will be considered. However, the whole analysis is valid for the
orthonormal case. To understand why the DBWT algorithm given in [41] does not
work in the case of non smooth signals, signals having sufficiently large derivatives
and signals with sharp transitions, it is necessary to give a brief review of the DBWT
of Chapter 5. Hence, assume that we have in hand two real and compactly sup-
ported functions denoted by ¢(t), 3(t) and (t), ¥/(t), respectively. It is assumed that

these functions generate two families of biorthogonal scaling and wavelets given by

(6k(8), ¥iu(t)), 1z 2nd (‘zjk(t)i T;Ejk(t))

gix(t) = 2792g(279t — k). (6.1)

ke’ where again, the notation g;.(t) means

Without loss of generality, we may assume that the signal f(¢) has support [0, 1].
Let (An)ny (Fm)m 808 (Gm)ms (Gadms —T0 < n < mg, ~my < m < n; denote the
different lowpass and highpass wavelet filters, respectively. The first step of the direct
DBWT is to identify the periodized version of signal f(t) denoted also by f(t) with

its projection on some subspace V_, of the biorthogonal version of the multiresolution
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analysis in [47]. This gives us the approximation

an _
f@) = 3 < fidone > donilt), (6.2)
k=0

where N = 2" is the number of sampling points and where for two L?(R) functions

g1(t), g2(t), the notation < f, g > means
< 91,92 >= ]91@)92(*)‘“- - (63)

Ifforn >3 2 jo, Jjo being the maximum number of iterations, we let T, D; denote
the projection operators on the subspaces 17_,-_,1 c V_, and its complement in 1-'{,-_,_,,
denoted by Wj_,,, then we have

an=i

Tift) = 3 Sidi-nxlt), (6.4)
k=0
2“_J + -
D;f(t) = k}_,“di@bj-n.k(t), (6.5)
-
where

Si =< f, ¢j—n.k >, di =< f, wj—n,k >.

An interesting property of the wavelet transform is that the coefficients Sj and ¢} are

easily computed from S, n € Z as follows:

Sj = Z hn—2k8£-1$ d.;; = ng—%sf,:l:
n m

where h;, ng £ n < ng are the coefficients of the lowpass wavelet filter and g, =
(-1)"“"151-”; are those of the highpass wavelet filter. Conversely, the finer approxi-

mation of the signal is recovered by a repeated application of the following formulae _

SI7t =3 hkemSE + Y Gkond), k=0,..., 2", (6.6)
and
-1 .
Ft) = Y 5b-milt) = F(0). (6:7)
k=0
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it is clear now how important is the way by which we compute the finest coefficients
Sy of the signal f(). Since many methods can be considered for this task, we believe
that it is important to briefly review these schemes and at the same time indicate
their limitations when dealing with the signals considered by this Chapter. A first and
obviqus method is to use a classical integration scheme from numerical analysis such
as the composite trapezoidale rule. Such schemes require many function evaluations
and generate a non accurate approximation when the signal is not smooth or has large
derivatives. Consequently, it is not advised to consider these schemes in our case. The
second method (see {15]) is based on Fourier transform, in fact under the assumption
- that the signal is given in sampled form i.e only the values f(!),!=0,...,2" -1, are

known. Then under the assumption that f(t) € V, it is easy to see that -

St =< fior >=3_ ar_nf(n), (6.8)
where
112 ome —ilE -
am = o jo e [zlj d(De ] de. (6.9)

This method has the advantage of being independent of the signal’s smoothness.
However its main drawback is the heavy computational load needed to calculate the

finest coefficients. A third method (see [5]) is based on a wavelet based quadrature

formula of the type
M-1 ,
Sp =27 Y af (1+27k) + O (2 (6.10)
=0

For more details, the reader is referred to [5]. This method is very fast but requires
smooth enough signals. The fourth method is the fastest way of computing the
wavelet coefficients and it is based on a one-point quadrature formula. It has been
first given in (5] and then generalized to the 2-D case in (see [41]). As the previous
wavelet based quadrature formula, this method works only for smooth signals whose
derivatives are bounded by small constants. This quédrature formula is given by the

following proposition.
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Proposition 6 Assume that f(t) € C*(0,1). Moreover assume that the scaling
function ¢(t) satisfies

ft"'qs(t)dt =0, 1<Sm<M-1. (6.11)
Then
SO = ou f FRD(™ — k)dt, | (6.12)
- 2—n/2f (2—nk) +0 (2—n(M+1/2)) .
Proof: The proof is based on a Taylor expansion of the signal f(t). Since
S = 22 [ fR)s -k, |
= o2 j £ (t+277F) g (2t) dt.
A Taylor expansion of f (¢t + 27"k) around 2~™/2 gives us

M- i -1t L.
i=1 : *

By multiplying (6.13) by ¢ (2"t), integrating everything and using property (6.11), it
is easy to see that

SR —272f (277k) | < CommMHD), (6.14)

where C is a constant satisfying
|f™w|<c,  wel1] o

The error bound (6.14) is meaningful only for smooth signals whose derivatives are
bounded by small constants. The quadrature formula (6.14) becomes inefficient if the

signal has large derivatives. As an example, we consider the chirp signal given by

Ft) =sin(t®), 1<t<1024, (6.15)
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The direct DBWT algorithm has failed to generate an approximation to the signal.
This is essentially due to the non accurate approximation _of the coefficients Sy by

(6.14). In fact, if S = Sf + & is an approximation to SP, then it can be shown that
F—-f) =Y bl —k), 1=0,...,2"=1, (6.16)
k

is the reconstruction error of the signal whose values are given at the integers 0, ..., 2"~
1. Note that in our case the scaling function ¢(t) is well localized around zero. Con-
sequently, the coefficients S2, k around I, contribute most to the reconstruction error

(6.16). A solution to this problem is given in the following section.

6.2 A Modified DBWT
6.2.1 Description of the method

As we have mentioned earlier, the modification is done on the signal rather than on
the wavelet filters. It can be described as follows. Without loss of generality, we
may assume that the signal is given in $ampledform, in the sense that only f(1),
{=0,...,2" — 1, are known. Also, assume that the scaling function ¢(t) has M —1
vanishing moments as described in Proposition 1. Now let us consider a piecewise

continuous polynomial P,,(t) of minimal degree m and satisfying

Pr(3k) = f(k), Pn(3k+3)=f(k+1), k=0,...,2" -2 (6.17)
P 3k) = PB(3k+3)=0, Vi=1,...,d. (6.18)

Condition (6.17) ensures that the Py, (¢) fits the signal at the sampled points. After
all, the purpose of this method is a good reconstruction of the signal at the sampling
points. Condition (6.18) ensures that P,(t) has iy continuous derivatives. It is easy
to see that, under these conditions, the degree of P, (t) is at least n = 2ig+ 1. As an
example, we have constructed two polynomials, Ps(t) and Ps(t), that satisfy (6.17)
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ang (6.18). Their respective restrictions on the interval [3&, 3k + 3] are given by

Py(t) = [flk+1)=f(¥)] [—713 %(3+ k)t — %k(l + %k)t"'

+3 L2(1+ k)] Fk),

[m+n—ﬂm]

Ps(t) = 81

[2:5 — 5(2k + 3)t* + (20&* + 60k + 30)t° — (204" +

90k? + 90k)t? + (10k% + GOAS + 90K)t — (2k° + 15&* + 30&-3)] + f(k).
Particularly interesting values of Py(t) and Ps(t) are given by
20 7
P(8k+1) = ﬁf(k) + Eff(k +1), (6.19)
7 20
P3(3A.+2) = Eff(k) -+ Ef(k+ 1),

and

Py(3k+1) = (k)+17 (k+1), (6.20)
Py3k+2) = g-l-f(k)-i-ﬁf(k-!-l). |

Note that only the above values will be used by the modified algorithm. It is of

interest to mention that the above polynomials have reasonably small derivatives. As

an example,

B R0 = 5 Jqu+1) F, (621)
and

Jmax |PO@| = 2156+ 1) - SE) (6.22)

In the special case where f(t) is given by (6.15), then
20
2) (1)
m;&le (t)l < 27\/_ max lP (t)l <1
This is a considerable improvement since

ax | (t)] = 1048580, ax |f2 ()| = 9.8956 x 10'2.

1<t<1024 l<t<1024
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Now, the modification we intend to apply becomes clear. Instead of considering the
original signal f(t), we consider the smooth piecewise polynomial P,,(t) that satisfies
(6.17) and (6.18). This polynomial is in general well adapted for the DBWT based on
the extremely fast one-point quadrature formula of Proposition 1. Let F(t) = P, (2"t)
and F(¢) be the reconstruction of F(t). The following proposition gives us a bound

of the reconstruction error.

Proposition 7 Under the assumption that the biorthogonal scaling functions and
" wavelets d(t), (t) and ¥(t), ¥(t) are compactly supported and that @(t) satisfies
(6.11), we have |

|F(z) - F(z)| < 272, (6.23)
where C depends only on the piecewise polynomial Py(t).

Proof: We first prove that the scaling function ¢(t) satisfies the property
Y de-l)=1, Vzer
i

We assume that there exists Ny < N, such that the dual scaling function and wavelets

have their supports in [Ny, N}|. If for = € R, we let

(t)_ 1 if 24 Nyg—-N <t <2+ Ny,
=10 otherwise,

then g(t) is an L2(R) function. Since we have at hand a biorthogonal wavelet basis of

L2(R), then g(z) has the expansion

9(z) =Y (g.9a)da(z) + 3. D(g.¥p)¥i(z). (6.24)

lez jEZ,j<0 lez

Using the facts that for j < 0, ¢o(t), ¥;:(t) have support in [Np, N}] and the facts
that

f ¢(t)dt =1, f Pik(t)dt =0, (6.25)
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then one easily sees that
(g) ¢0!) =1, (stﬂ) = 0. (6.26)

Substituting (6.26) in (6.24), one can easily conclude that 3 ¢(x — 1) = 1. Since =
is arbitrary, the equality holds for any real number. Now, to prove the desired error
bound, we let S = (F,¢-_n), and remark that

SO = onf2 f F(t)$ (2"t — k) dt = 22 f F (27" +27) g(t)at.
= o f [F( ) + Sy EY @) ( R 4

i=]

Since Ftio)(¢) = 2ton plio)(t), then, by using the facts that IP,&"")(t)' < C and

[ewa=1, [trewat=0, 1smsi-1, (6.27)

We obtain the error bound
|8 — 27" 2F(27"k)| = |6l < C27™/2, (6.28)

As mentioned earlier, it is easy to see that under the above notation, the reconstruc-
tion error satisfies the following bound

Y &bz - k)’ . (6.29)
-

Using 3 ¢(z — k) = 1 in (6.29) leads to

|Fiz) - F(z)| <

|F(z) - F(=)| < max 6] < C27/2, (6.30)

Remark 19 Since F(t) = P,(2"t), then the reconstruction formule for the original

signal f(t) at the sampled points is given by
£y = F(3 x 270).

The above apprommatzon is adequate for processing large input signals where typically
n 2 10. | ’
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Remark 20 Our first concern about this method is its requirement of an input equal
to three times the original data and the longer processing time. A possible solution to
this problem is given by the following algorithm that reduces the number of data to be

processed and also takes advantage of the structure of biorthogonal wavelet filters.

6.2.2 The improved algorithm

This paragraph is devoted to improvements that can be applied to the above method
and to appropriate implementations. First, note that the biorthogonal wavelet filters
(hy)n, =g < € 1 and (f-an)m -n; £n <n to be used are symmetric. Their cor-
responding analysing scaling function satisfies the conditions of Proposition 1. The
design technique of such filters is described in more details in [41]. Since the discrete
wavelet transform is essentially based on the convolution of the filters with a deci-
mated version of the signal, then a considerable reduction of execution time is done
. by the following factorization process given by Algorithm 1.

Algorithm 1.

Given the coefficients S,k = 0,...,2" — 1, a symmetric filter (Ap)m,n0 < m < ng,

this algorithm computes the coefficients .S'i, k=0,...,277,

Stepl fork=0,...,n
Sl =0
fori=0,...,2k+ng
Sl =8 +h_uSY
Step2 fork=mng+1,...,2"7 ~ng
Si=0
forl=2k—-nyg,...,2k—-1
Si = Si+hiai (SI7 + S3cL))s
Si = S+ hoSi7Y;
Step3d fork=2"7-—nyg+1,...,2%7

124



Si=0
forl =2k —nq,...,2k+ng
Sl =8+ h-nS™"

Note that Step 2 of this algorithm requires 1o+ 1 multiplications (mults) and 2ng+ 1
additions (addts) per each computed coefficient SJ. A straightforward convolution as
it is done in step 1 and step 3 would requires 2ny + 1 mults and 2ny addts. Since, in
general, ng is very small compared to 27, then the majority of operations are done
in step 2. Also, since the multiplications are the most time consuming operations,
Algorithm 1 can considerably speed up the DBWT. Yet, it is possible to further
reduce the execution time by simply adapting the extremely fast Winograd algorithm
[32] for the computation of the convolutions in Algorithm 1.
To reduce the storage space requirement, we consider only one extra array A of
size N = 2", The array A is used to temporarily store the transformed data. The
operation is described in more detail in the following algorithm.
Algorithm 2. (The improved algorithm)
This algorithm reconstruct an input signal f(i),i = 0....,2" — 1. It is appropriate
for signals that have many sharp transitions.
Input: the sampled data f(i), i =0,...,2" -1, the symmetric biorthogonal wavelct
filters (Am)m,n0 < m < ng, and (fzm)m,nl < m < n,, the constant @ = 20/27 or
64/81 and j, the maximum number of iterations (MNI).
Qutput: an approximation f(i) to f(i),i=0,...,2" — 1.
Stepl forj=0,1,2
fori=3j,...,2" =4

Ali] = £G);

A+ 1] =af(@)+ (1 —a)f(i +3);

Ali+ 2] =af(i+3)+ (1 - a)f(i);

Ali+3] = FEi +3),

t=1i+3;

125



Step 2 Apply DBWT to Afi],i =0,...,2" — 1, with j, as MNI and where
Algorithm 1 is used to compute the different wavelet coefficients.

Step3 fori=3,...,2" -4

flé) = 2n289;

fli+3) = 2728 ;

t=1i+6;

J=Jj+1

stop.

Remark 21 The reconstruction formula of the above algorithm is more simply given
by f(i) = 2%/25° rather than by (6.7). In fact due to the design property of the

biorthogonal wavelet filters, the two formulae lead to approzimately the same accuracy.

Finally, note that the computational complexity of the algorithm is of order O(N)
where N = 2" is the input data size. In fact, if j, iterations are to be performed,
then Step 1 of the algorithm requires 12 x 2" mults and 6 x 2" addts. The number

of multiplications and additions required by Step 2 are respectively
3[(2" — 2" ) (no +my +2) = jo((mo + m1) (3 + o +ma))]
and
3 [(2" — 2")(2n0 + 2ny + 2) — 11jo((no + ma)(1 + 70 + 1) + 14/11)] .

In conclusion, the total number of multiplications and additions remains acceptable.
However, in practice, it is more usual to deal with signals having smooth transitions on
some regions and sharp transitions on others. For this type of signals, both methods,
the direct and the improved version of the DBWT are inefficient. While the first
method is unable to handle the sharp transitons and consequently provides a poor
approximation at these points, the second method does provide a good reconstruction
but at the cost of unnecessary extra computations. A better algorithm must be able

to handle the sharp transitions of the signal with a smaller amount of computations.
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In a sense, this algorithm is a combination of the direct DBWT of Section 2 and
the modified DBWT of Section 3. The combination is done as follows. We first use
a numerical scheme to predict the points where the sharp transitions occur. Qnce
the prediction of the sharp transitions is done, a smoothing process is to be applied
to the signal. The smoothing operation follows the rule: If the current point 2y is
considered as a sharp transition point, then use a piecewise smooth polynomial to
insert two extra points between the sampling points ;- and t;. If the signal shows
a smooth transiton at ¢, then keep it and look for the next sdmpling point. Note
that the prediction is done by inspecting the magnitude of the relative change of tlie
signal. To be more precise, suppose that k = 0...,2" — 1 are the sampling points,
then for each k, evaluate the quantities

sk < L) = FE = 1)) E+1) = f(8)

FE) +e F®l+e

Here € is a small positive real number used to avoid division by zero. If for some fixed
§ > 0, §(k) > 6 or 6(k + 1) > 4, then the signal has a sharp transition at k. The
combined algorithm can now be described as follows
Algorithm 3. (The combined algorithm)
Given an input signal f(z}, i =0,...,2" — 1, this algorithm predicts its sharp transi-
tions where a smoothing process is to be applied. The modified signal is then analysed

and synthetized by a direct DBWT.
Input: the sampled data f(i), i=0,...,2" — 1, the symmetric biorthogonal wavelet

filters (Am)m and (Amp)m, the constant & = 20/27 or 64/81, jo the maximum number
of iterations (MNI) and the positive numbers ¢, 6.

stk +1) =

Output: an approximation f(i) to f(3),i=0,...,2" — 1.
Step 1 /* prediction and smoothing of the sharp transitions*/
Al0] = £(0); LIl = 0; L{1) = 1;

fori=1,...,2"—1

lZG)=fG=1)l, p  [LG+)=1G).
IFHe ¥ f()Fe 7

ifa>6orb>6, then

a =
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AL - 1] = £G = 1)
ALE] = af i - 1) + (1 - a) f0);
ALE] +1) = af () + (1 — @) f(i = 1);
A[L[] +2] = f(i+1);
Li) = L[] +2; Lli+1]=L{E]+ 1
else
AllE]] = F@); LEE+ 1) = L[] + 1;
step2 /* analyze and synthetize the modified signal*/
apply the DBWT to A[i], ¢ =0,:--, L[2" — 1] with j, iterations.
The wavelet coefficients are computed via algorithm 1.
step3 /* output the reconstructed signal */
fori=1,...,2" =1
F&) =228
stop.

It is easy to see that if IV} is the number of sharp transition points and § = 2~"N,, then
the number of mults and addts required by the combined algorithm are respectively

equal to
(1+25) [(2“ ~ 2" (ng +ny + 2) ~ Jo((ng + 11 )(3 + o + nl))] + 12427,

and
(1+26) [(2“ — 2730 (2ng + 2n; + 2) — 1150((no + 1) (1 + 7m0 + n) + 14/11)] +602".

Note that if the signal shows a sharp transition at each sampling point, then f = 1.
In this case, the combined algorithm has the same complexity as the improved one. In
the special case,Where f# =0, i.e there is no sharp transition, the number of operations
is minimum; this corresponds to the direct DBWT case.

Finally, the following numerical tests illustrate the efficiency of the proposed algo-

rithms.
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Table 6.1: The filter coefficients h,, =6 <n < 6, and b, -9 < n < 9.

n hy, hy

0 0.66406250 00000000 | 0.4946 1256 9264 1019
£1 [ 0.2968 750000000000 | 0.28606519 3892 3029
+2 | -0.1289062500000000 | 0.0059 53504348 3512
+3 | -0.0546 8750 00000000 | -0.03525217 8186 1487
+4 | 0.0585937500000000 | -0.0046 6659 8094 5766
+£5 | 0.0078125000000000 | -0.0029 4534 6235 5809
+6 | -0.0117187500000000 | 0.001399436828 1193
&7 | 0.0000000000000000 | 0.0021212721003442
+8 | 0.0000000000000000 | 0.00007372 2860 5508
%9 | 0.0000000000000000 | 0.00001105 84290826

6.3 Numerical results

A C code has been written to implement Algorithm 2 and Algorithm 3. The nu-
merical experiments have been performed on a Sun SPARC 10. Many signals of the
type described in this paper are considered and the numerical results are consistent
with the theoretical work. The design technique given in [41] is used to construct
appropriate symmetric biorthogonal wavelet filters whose coefficients are given in Ta-
ble 6.1. The analyzing scaling function satisfies the conditions of Proposition 1 with
three vanishing moments. The signals are analysed and synthetized by using differ-
ent numbers of sampling points IV = 2™, where the samples are taken at the positive
integers. For each value of N, we give the reconstruction error in the /*-norm and
defined by
[®-norm = max |£ &) — F(&:))-

Also, we provide the [!-norm defined by
2n-1

Penorm =27 57 |f(t:) — f(t:)-
0

We also give the time T, in seconds needed to analyse,' synthetize and reconstruct the

signal. The number of iterations jy is kept to one during all these experiments.
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The first of the two signals to be considered here is given by

fi(t) =sin (ﬁ) +g(t), t=1,...,2"%,

where
sin{t?) if 300<t<320, 600<t< 620,
9(t) = { 0 otherwise.
f1(2) has very smooth transitions except at the few points where g(t) is not zero (see
Fig 6.1(a)). In this case, the combined algorithm is much faster than the improved
algorithm and it is equivalent to the direct DBWT. The second signal fa(t) is given
by
F2(t) = sin(1075¢%) + cos(0.01 %), t=1,...,2"

For t large enough, f»(t) has sharp transitions at the sampling points (see Fig 6.2(a)).
In this case, the combined algorithm is equivalent to the improved one, (see Table 6.3).
The numerical results obtained by applying Algorithm 2 and Algorithm 3 are given
in Table 6.2 and Table 6.3, respectively.

Fig 6.1 and Fig 6.2 show the graphs of the signals fi(t) and f»(t) as well as their
reconstructed version fi(t), f2(t) and the graphs of the reconstruction errors made
by applying Algorithm 3 with » = 10. Finally, we should mention that among the
algorithms presented in this paper, Algorithm 3 is the most appropriate and a general
purpose one. The generalization of the proposed methods to the 2-D case can be done

in a straightforward way.
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Table 6.2: The numerical results for the signals f\{t) obtained by Algorithm 2 and
Algorithm 3.

Results of Algorithm 2 Results of Algorithm 3

N  [aqom {norm T, !®qnorm -norm T,

512 0.030753 0.000362 0.1 0.036347 0.004842 0.1
1024 0.044665 0.000378 0.2 0.051207 0.004752 0.1
2048 0.044665 0.000193 0.4 0.051207 0.004310 0.2
4096 0.044665 0.000101 0.8 0.051207 0.004012. 0.3
8192 0.044665 0.000054 1.6 0.051207 0.003872 0.7

16384 0.044665 0.000031 3.2 0.051702 0.003803 1.4
32768 0.044665 0.000020 6.4 0.051207 0.003771 2.8

Table 6.3: The numerical results for the signals fy(t) obtained by Algorithm 2 and
Algorithm 3.

Results of Algorithm 2 Results of algorithm 3.

N  I®aqom lnorm T, [®-norm !'-norm T,

512 0.093727 0.007985 0.1 0.106280 0.023449 0.1
1024 0.097711 0.008378 0.2 0.113554 0.027264 0.2
2048 0.099413 0.008879 0.5 0.113554 0.029931 0.4
4096 0.099413 0.009085 0.9 0.116147 0.030105 0.8
8192 0.103925 0.009220 1.8 (.124508 0.030393 1.7

16384 0.105351 0.009303 3.7 0.124508 0.030748 3.6
32768 0.118646 0.009293 7.5 0.131691 0.030757 7.5
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Figure 6.1: Graphs of (a) fi(£), (b) fu(t) and (c) fi(t) - fi (D).
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Figure 6.2: Graphs of (a) fo(t), (b) fo(t) and (c) fa(t) — falt).
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Chapter 7
Conclusion

This thesis has provided some practical numerical techniques for the construction
and regularity estimate of one-dimensional biorthogonal wavelet bases. Although the
emphasis was on the construction of symmetric wavelets, the proposed techniques
can be used to design more general 1-D biorthogonal wavelets,‘ whose correspond-
ing lowpass filters are given in parametric forms. This 1-D wavelet filter design is
a general purpose design in the sense that it does not take specific applications into
acount. Nevertheless, minor changes to the proposed design would provide appropri-

ate wavelet filters for many applications.

Two important 1-D wavelet design problems have not been considered in this thesis.
The first problem is the construction of 1-D biorthogonal wavelets whose support, is
a prescribed interval. It is expected that this type of wavelets is well adapted for the
numerical solution of boundary value problems by means of wavelets. The second
problem is the design of 1-D bicrthogonal wavelet packets. It is expected that in cer-
tain applications, biorthogonal wavelet packets will give better results than ordinary
wavelets. Certainly, a detailed investigation of the above problems is an interesting

research topic.

Despite the numerous advantages in using nonseparable multidimensional wavelet
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basis, little research work have been published in the design of multidimensional
wavelets. Consequently, we became aware of the necessity for further investigation of
the design issue. Two contributions to the subject have been made in this thesis. The
first contribution is the use of the McClellan transformation as an efficient tool for the
construction of nonseparable bidimensional biorthogonal wavelet bases. The second
contribution is the generalization of some results related to the theory and design of

wavelets, These generalizations have yielded better understanding of a more practical

multidimensional wavelet design.

I believe that many chalenging problems related to the design of multidiménsional
wavelets are still without answers. Among these problems are the design of regular
orthonormal wavelet bases and a good practical way for estimating the regularity
of multidimensional wavelets. Certainly, any contribution to the subject will have a

great impact in many applications.

It is well known that the use of a good wavelet transform algorithm is crucial for
an efficient implementation of the wavelet theory. In this thesis, we have given a
definition of a good wavelet transform algorithm. Furthermore, we have followed our
definition in the construction of 1-D and 2-D biorthogonal wavelets that are adapted
for fast wavelet transform algorithms. A special attention is given to the case where
the signals have sharp transitions points. In this case, we have applied a smoothing
process to obtain an accurate reconstruction of the signal. The implementation of the

proposed algorithms for some digital signal processing applications will be my future

research interests.

Finally, it is my belief that despite the very important contributions that have been
done to the subject during the past ten years, there are still many challenging ques-

tions without answers.
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