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Logical Relation Categories
and

Lambda Calculi

{Abstract)

Liqun Yang
February 18, 1996

There has recently been a lot of activity in theoretical computer science on the connection
between logic, category theory and foundations of programming languages.

The typed lambda calculus has been extensively used in describing, analyzing and im-
plementing programming languages. In fact, the family of so-called functional programming
languages, has been inspired directly from A-calculus. Untyped lambda calculus itself is a
universal programming language. Because of its simple syntax many problems concerning
programming languages are seen through the A-calculus in a pure form: for example, Dana
Scott’s construction of models of the A-calculus led to the theory of denctational semantics
for programming languages.

Another aspect of programming languages is the study of the operational semantics,
which, in the case of a lambda calculus, is based on a directed form of equational reasoning
called reduction. In computer science terminology, reduction may be regarded as a form of
symbolic evaluation. It models a sequential computation process step by step. The crucial
properties for a rewriting system are confluence, also called the Church-Rosser property and
termination, the (Strong) normalization property, respectively. These are studied in depth
in Chapter 2 and 6. The problem whether all A-terms satisfy termination corresponds to the
halting problem. From a different point of view, studying the problem of both Church-Rosser
and strong normalization corresponds to, in a particular field, studying the word problem.

The notion of categories is familiar to mathematicians as a branch of algebra. It has
been developed quite rapidly in less than 40 years. In particular, recently more and more
computer scientists are using categories for Lheir own purposes.

It is the connection between categories and A-calculi that interests computer scientists.



‘This connection is a thread that goes through the whole thesis. In particular, it is investigated
and studied in Chapter 2.

From a logical point of view, there are two aspects to study a caleulus system: o moded
theory to study the static behavior; a proof theory to study the dynamic behavior. in
computer science terminology, the first one corresponds to denotational semantics, and the
second one to ariomatic and operational scmantics depending on how one wants to model
the dynamics.

The so called Curry-Howard-Lambek isomorphisms transform lambda caleulus, proof
theory and category theory into a single subject which is at the center of programming
language theory. In particular, the concept of cariesian closed category plays a crucial vole.

In this thesis we study logical relations, which are a kind of analog of “homomorphisi™ in
the lambda calculus. ‘The primary objective of this work is to understand further how logical
relations, cartesian closed categorics and lambda caleuli connect, affect and complement cach
ouvher.

This thesis is divided into six chapters. The first chapter is an introduction to the
background and a little bit of history of the subject. The second and third chapters present
the main subjects, i.c., lambda calculi, cartesian closed categories and logical relations.

We give a rapid survey of known results (some are [olklore at the present time}, We lhave
tried to get the history correct, with approprite credits and references. Chapter 4 is a look at
logical relation categories and their propertics. As far as we know, much of this work is new.
In our view, most of the important results in this ficld are organized very well in a single
environment. The previous chapters mostly focus on the model theoretic part of the simply
typed lambda calcalus. In Chapter 5, as an example of logical relation categories, we briefly
introduce Lambek’s C™ construction. In Chapter 6 we invesligate the dynamic part. We
apply Dougherty’s reduction rules on simply typed lambda calculus with coproduct types.
By using this theory as our working model, « very clfective and yet very natural form for
representation is developed. For example, using this argument, Cubric’s theorem and similar
results can be ecasily proved. Although most of the results are known from the literature,
our approach is different.

Finally we discuss some unfinished work and propose some interesting luture work.,
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Chapter 1

Introduction

This thesis ts about lambda calculi and categories. We focus on cartesian closed categories b logieal
relations. Some important recent metatheorems by Pricdman, Statinan, Plotkin, and Cubrie are stodied,

1.1 What Is a A-calculus?

The A-calculus and its variable free equivalent, combinatory logic, were developed between 1925 - 1930 hy
fogicians Schonfinkel, Church and Curry, independently. The intention of the founders of the subject was to
study rules; in other words Lo study the old-fashioned notion of furection in the sense of definitron, ie., as a
process of correspondence [rom the active variables to the pussive vartables. This is in contrast to Dirichlet’s
notion of graph, that is Lhe set of pairs of argument and associated value.

The A-calculus is a caleulus of functions. 'The main constructs are lambda abstraction, which we use o
write function expressions, and applicalion of a function to an argument, which allows us to make use of the
functions we define. The domain of a function is specified by giving a type to the formal parameter. We
read the term Az : o.M as “the [unction defined by treating the expression M as a function of the variable
z”. Informally, it corresponds to the function & v M(z) where M (x) is some expression in 2. 'The notation
“z 1o explicitly specifies that the formal parameter & varics over type @, so the domain of Ae M is o The
range of it is determined from the form of M using the typing rules of the language. A situple example is
the following expression

Az sinlar

for the identity Function on integers, & — . Since the declaration @ : int guarantees that Lhe finction body
x has type int, the range cf this function is int. To say that the integer identity Tunction is a mapping from
integers to integers, we wrile

Aeinla inl — int

The M-calculus studies functions and their applicative behavior, and not, as in category theory, just Lheir
behavior under composition. Application is the primitive operation of the A-caleulus. ‘The function f apphied
to the argument a is denoted by fa.

Example 1 Consider the polynomial P(x) = x* 4 bz +c. Using the A-notation, we can express the Minction
z v+ P(x) by Az : int.P(z) or Az : real.P(z) (depending on the range of the above polynomial). ‘The
ordinary instantiation P(a), for some constant a, is simply the application (Az.P{x))a. A basic rule of the
A-caleulus is the (B)-rule:

%)) (Az.P(z))a= P(a) = the substitution P(afz}=a*+ba+c

Notice that substitution of a for x corresponds to evaluatling this polynominal function at «.

An important aspect of lambda abstraction is that the symbol X in Az : e.M, like [ in [}’ f(w)di, is o
binding operator. The variable & has no particular meaning at all. It is a local variable being hound in the
range from a to b, in the latter, in the range of @, in the former. Just as [ f(z)dz and f,* f(y/z)dy are two
different ways of writing the same integral (the same value), Az : o.M and Ay : 6. M[y/z] are different wiys
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of writing the same function. The notation y/x or [y := z] reads “ substitute the free occurrence of = Ly 4.
One should not be surprised to realize that sebstitulion is more complex in the study of lambda calculi than
in the study of integration. We will see this in Chapter 2.

Lambda calculus has been extensively used in describing, analyzing and implementing programming lan-
guages. In fact, a big family of programming languages, so called funclional programming languages, sce
c.g. [1], has been inspired directly by A-calculus. On the other hand, untyped lambda calculus itself is a
universal programming language. Because it is such a simple language, many problems concerning program-
ming languages are seen through the A-caleulus in a pure form. As one aspect of this phenomenon, Dana
Scott’s construction of models ol the A-calculus led to the theory of denotational semantics for programming
languages, see c.g. [49).

The second aspect of programming languages is the study of the operational semantics, which, in the case
of a lambda caleulus, is based on a directed form of equational reasoning called reduction or term rewriting,.
In computer science terminology, reduction may be regarded as a form of symbolic evaluation. Equations
are evaluated by replacing the left hand side of an equality by the right hand side. 1t models a sequential
computation process step by step. The crucial properties for a rewriting system {a group of reduction rules)
to salisfy are confluence and lerminalion, respectively. They are also called the Chureh-Rosser property and
the (Strong) nermalization property. For example, roughly, the problem that all A-terms satisfy termination
corresponds to the halling problem. From a different point of view, studying the problem of both Church-
Rosser and strong normalizability corresponds to, in this particular field, studying the decidability of the
word problem for the (frec) terin algebra.

1.2 What about Categories?

The subject of calegory theory is more familiar Lo mathematicians as a branch of algebra. 1t has been
developed quite rapidly in less than 40 years. In particular, recently more and more theoretical computer
scientists are looking at different categories for their own interests and purpuses. It scems that today more
compuler scientists than mathematicians are concerned with categories.

Why do computer scientists pay such close attention to categories? One reason is the connection between
categorics , A-caleuli, and the foundations of functional programming languages.

From a logical point of view, there are two aspects to studying a formal systemn: a model theory to study
the static behavior; a proof theory to study the dynamic behavior. In computer science terminology, the
first one corresponds to denolational semantics, and the second one o aziomalic and operational semantics
depending on how one wants Lo model the dynamics. Roughly speaking, lor a given lambda calculus, the
study of the dynamic part is to look into the rewriting theory, to study tke inference rules; the study of
the static part is to look inlo the underlying algebraic structures, to find the internal meanings. Certain
categories (here, cartesian closed ones), as abstract algebraic structures, serve as the candidales to be models
of the lambda calculi.

In fact, lambda calculi and cartesian closed categories attempt to describe axiomatically (though from a
different point of view) a theory of functionals. The so-called Curry-Howard-Lambek isomorphisms connect
lambda calculi, proof theory and category theory in such a way that none of them can be ignored if one
wants to know the subject. For a detailed investigation of this relation see, e.g.,{24].

1.3 What Is a Logical Relation?

In the study of an algebraic structure, many properties can only be seen via a “dynamic” environment, or
from another point of view, via an interaction of it with others. This can be done through homomorphisms.
Logical relations are a kind of analog of homomorphisms in the study of A-calculus. In Chapter 3 and 4, we
investigate, in detail, this observation from different views. ,

The study of logical relations originated from the study of computability predicates. The first published
work, as far as we know, is Tait {50], which is influenced by, among other things, Kreisel and Howard’s work.
The “Brouwer-Heyling-Kolmogorov” (BHK) interpretation of the intuitionistic logic was very influential on
these early works. Sce e.g. [51], [24].
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The BHK view is basically a proof-orienicd, or “functional” interpretation compared to the old truth-
oriented classical view of Tarski. Under th's interpretation, for example, a proof of A A B is a pair, the
first component is a proof of A, and the sezond is a proof of B; a proof of A — 1 is a [unction which
when applied to any proof of A, gives a proof of B; and so on. Evervihing is fine, except for the atomic
formulas. As Heyting said: the proof of an alomic formula is jusl a verification of its truth. For example,
in arithmetic, this can be done by knowing that say, 2 = 2 bt 2 £ 3. Consequently, this depends on how
people understand truth at the atomic level. Tn other words, one has the freedom to imterpret the basic truth,

We will sce that the construction of logical refations (or predicates for the nnary case) is deeply related
to this interpretation: there is an atomic part and a compound higher-order part.

The higher-order part is defined functionally. For example, for a logical predicate (following 'Tait, we eal!
it compalability), we say a function f : A — [ ts computable if for alf computable arguments e € A, the
value f(a} is computable.

1.4 Organization of This Thesis

The primary objective of this work is to understand further how logical relations, eategories and lambda
calculi connect, affect and comnplement each other. Here lambda calculi and cartesian elosed categories are
the main objects: logical relations are described both as a tool, and also for their own sike.

This thesis ts divided into six chapters. In the second chapler we introduce the necessary background.
Various typed lambda calculi are defined, with some essential propertics developed. We introduce cartesian
closed and bicartesian closed categories and mentioa the fundamental connections between the syntax of
lambda calculi and categories.

Logical relations (predicates) are the subject of Chapter 3. Logical relalions are defined an the right
models, Henkin models, as well as on some weaker structures: the bare terms and even the applicative
structures (which are a kind of raw candidatc for models). We include some material (e.g. Volger’s method
of adding indeterminates in Chapter 2.5} which are not well-known. We also have tried to be historically
accurate, attributing quoted results to the the appropriate persons (as far as we know). Chapler 4 is the
main chapter, where we develop categories of lagical relations and compare them with different models in the
literature, As far as we know, this is new material. In our view, most of the important results in this field are
organizad clearly in a single [ramework. The previous three chapters mostly focus on the model theoretic part
of the simply typed lambda calculus, In Chapter 5, as an example of logical categories, we briefly introduce
Lambek’s CT construction. In Chapter 6 we investigate the dynamical part of typed lambda ealculus. We
apply Dougherty’s reduction rules on simply typed lamnbda caleulus with coproduct types. By using this
theory as our working model, a very cffective and yet very natural way of arguing about representations is
developed. For example, using this argument, Cubric's theorem and similar results can be easily proved.

In the last part of this thesis, we discuss some unfinished work and propose some interesting fulure work.

1.5 Prerequisites for Reading This Thesis

We assume the reader is familiar with the standard literature of typed lambda calculus, cartesian closed
categories and proof theory, and logical relations. In particular, this includes:

1. Lambek-Scott (24}, Part 0, | and the Section 20 of Part I1.
2. Mitchell [33].

3. Mitchell-Scott [36].

4. Girard-Lafont-Taylor [13].

We use standard notation from logic.



Chapter 2

A-calculi and Categories

2.1 A-calculi
2.1.1 Simply Typed Lambda-Calculus

A typed A-calculus is a formal theory consisting of types, terms and equations. To cach term ¢, there
corresponds a type 7, called the type of L. They are subject to the following rules.

Types: The set 'F of Lypes contains

I. A collection of base types, including at least 1.
2. Ife, 7€ T, then g — 1,0 x 7€ 'T.
J. There may be other base tyves or type-forming operations not indicated by 1, 2 above, and

there may be identifications between types.

Terms: The class of tertns is freely generated from variables and certain basic constants, including the
constant *, by certain term-forming operations as follows.

Notation: In what follows we will use the notion of type assignment [33]. We write z : 7 to mean “r is a
variable of type 7" . A type assignment I’ is a finite set of expressions of the form #; : 7 associating 7 € T
to variables z;, with no variable 2; occurring twice, We write I' > £ : 7 to say “ is a term of type = under
type assignment 1.

Vor each type T there are couniably many variables of type 7. Besides that there are also the foliowing
freely generated classes of terms .
I-terms {Introduction Terms)

() 'bz:7 ifz:7 isinl

(12) I'b*:1  (* the distinguished constant)

Nae:ob t:7
(%) F'bAziot:ic—T

(A—abstraction)

I'ps:o 'pt:7
(14) Fp{st):oxr

{pairing)

E-terms (Elimination Terms)

' fieo—7 Ppl:e
(E1) I'p fi:r

(application)



)

Fbrioxr
(E2) I'>miz): o
'br:egxr
(E3) I b mafr):r

Remark 1 Immediale sublerms of a term ! are defined inductively as follows:

i. ¢ is an immediate subterm of Ar.t and = (¢), wa(2),
2. {; is an immediate subterme of {¢y, 2},
3. t,s are immediate subterms of ¢s.

Remark 2 For a term ' =2 ¢ 7 we deline the sets of free and bound variables FV{t), BV(t) respectively, as
usual. The basic idea is £ €FV(¢) il & occurs in £ but is not bound by any A's. Note: FV(L)C the variables
in T.

Remark 3 For simplicity, we will write m3¢ in place of m;(#) from now on. "T'his makes the 7 took ltke teems
instead of operators as they are here. However, this confusion will do no harm at all. In Fact, an alleroative
notation is really to introduce bz gy X g2 — 0y as term constants for any types @, @2, In that way, 7t
is again an elimination term but is an instance of application (E1).

From now on, we will use A? for the set of terms of type o, V7 for the set of variables of type o, and A
for the set of all terms, hence
A= U A

UET
Equations: Suppose [' b {:7,I' > s:7. A provable equation on AT is an expression ol the form
I'pt=s:7
It reads as “¢ equals to s of type T, relative to type-assignmient I The binary relation = is imposed on A

to be reflexive, symmetric and transitive, and also satisfy the usual substitution rules for all term forming
operations. Thus it satisfies the following equations:

Equivalence Rules Congruence Rules
F'bs=s:71 I'bli=s:0 ' fio—rT

' ft=fs:r

[Dbs=t:7 x:o, Ppu=v:r

Fpbi=s:T

FpAxiou=Ax:gv:ia—r
Ppt=s:t Ppbs=r:7 'pbt=s:e I'pl=4¢:7
Fpt=r:7 b {t,V)={ss) 0T

Pol=s5:01 X0o2
Poml=ms:a;

Computational Rules: Corresponding to the two main operations, the computational rules are:
V)] Tp(Ar:ol)s=tz:=s]:7
(ﬂ') r DTF.‘(!;,!Q):!;:T; i=1,2



Extensional Rules: As a complement to the computational rules. we have the following:

(1!) Fept=+:1

(=) I'pt=(ml,mf}iaxT

(1) I'b J=Ar:o(fr)io— 7 il z gFV([).

Remark 4 I. ‘The first two congruence rulus entail the other two congruence rules, in the presence of

ithe Compatational and Extensional equations (See [24], p.73).

2. To compare the treatment of lambda caleuli here with Lambek-Scott [24], (for the purpose of this
thesis) I' >t = s : 7 is identified with the notation ¢ =¢ s in [24].

Remark 5 The renaming bound variable rule (o) is the following

Ar.t = Atz := y] if y does not occur in ¢ already.
"This will be assumed and used without further notice, i.c., we will always identify terms s and &' if they
differ only in their choice of bound variables.

2.1.2 Rewriting Theory

Rewriting theory is very effective for studying A-calculi [13], [24]. The idea is to orieal the cquations of
A-caleulus: we think of the computation rufes as rewriting the left hand side to the right hand side of an
equation. Under the familiar Curry-Howard isomorphism ([1]), A-terms correspond to natural deduction
proofs, and computation by rewriting corresponds to normalization of proofs. For example, the rule

r b‘ﬂ'](h,tg) =N

when oriented left to right (see rule (7) below) corresponds to the following normalization:

CFA CEB >

CFALB | ALBE A cra
CF A

With a little effort, we can develop two groups of rewriting rules from the specific equations for a A-theory.
In fact, the computation rules always go from left to right. The only difference occurs from orienting the
exlensional rules,

Rewriting Rules There are two groups of rewriting rules corresponding to the above specific equations.
We start a series of reductions by orienting the equations from left to right.

Group 1: Let “=" denote basic reduction:

) | (e : o.t)s = tfe 1= 5]
(%) mlti b = tin i=1,2
(1) t=>x fori:1 andt# =
(x=r) (mit,mat) 2>t



(n—r) Ar(fry=f

The rules *x — r" and * - r 7 denote contraction rules: the RHS is genninely simpler than the LHS.
In general, for a A-term ¢ if any subterm of it can be reduced by applying one = we will say that ¢ ean
be reduced by applying =. More precisely, we will introduce the following two notations

1 . .
e { = 5 for applying = once to a subterm of £,

. ] - 1
+ = for finitely many compositions of =.

Group 2: These rules reverse some of orientations above. Let —= denote a basie reduction. (), (7) nnl
(1!) are the same as Group 1. The following orientations are postulated

(x —e) £ —= {mt, mal)
(n—e) J = Az (fx)
There are two restrictions on these two rules:
1. For using {x — ¢), ¢ is ncither of the form {t1, L2}, nor in a context like C[{m )], C(72t)].
2. For using (57 — ¢), f is neither of the form Ayt nor in a context like C[(f5)].
Just as for =, the “operation” —>- can be generalized to —l> and — by:

1
e ¢t — s for applying ~—~ once to a subterm of ¢.

- - t
e —> for finitely many compaosition of —~.

Unlike the rules in the first group, the rules in Group 2, especially (x — ¢} and (5 — ) are conler!
sensilive. Also these two rules are “expansion” rules; the RHS is expanded from the LS. Uenee, it is nol
obvious that Group 2 yields a terminating rewriting system.

Remark 6 Notice that the restrictions on (x — ¢), (g — €) are neeessary and reasonable. Without them, we
might have the following loops:

(X—l’.’) x

{ti,ta) — (mlh, by),mafly, b)) —- {t1, L)
(x=¢) x

it —= wi{mt, wal) — mit
(n-c} 8

Ayt —- AzApt)z —= Azdly:=z]= At
(n—e) g

fs q—-}-— (Az.fz)s — Js

These loops are certainly nol what we want from a computational view point.

In general, if we look at the reductions or expansions as a relation, we may want Lo consider the closure
properties of it. The smallest equivalence relation containing the rewriting rules, i.c., the symmetric and
transitive closure of it, is an equational theory, called the equivalence relation generated from the rednetions,
If, furthermore, the equivalence relation is a congruence with respect to the terin forming operations, we will
get an algebraic structure on A, the quolient algebra. In fact, this structure, if nontrivial, serves as a model
of the equational theory. We will discuss this in detail in Chapter 6. The following theorem is presented in
Section 6.2.



Proposition 1 Both groups of rules gencrate the same cqi. .o once relation ~, and il is a congruence with
respect to the lerm forming operalions,

It might seetn strange from the viewpoint of computation that the rules are oriented as expansions. Let
us look at an example.

Let r be o vartable of type (0 — o) — (o — o) for some base type 0. Notice, z is supposed to be a
functional though it does not look like one. 1lowever, let us use our rules to do some rewriting to see what
will happen. First, z is not an irreducible term and we could use an -expansion on it: this is different from

. " . . i —_
the contraction rewriting rules. By doing an -expansion, we have x — Af*=% £ f. Well here we have a
choice, either do an inside one reducing f, or an outside one reducing (zf). Suppose we choose the outside
teduction, then we have

A=) f D A0 (2 )y
‘Then another 5 application on f gives us the following term
,\f(""")y".x(.\:".f:)y

‘I'his is irreducible and called the normal form of = which is. on the face of it, a functional.
If we chose Lo do the inside reduction first and then another outside reduction this leads to the same
normal forin,

To make a term of function Lype appear as a function (i.e., as an explicit A-term) is one of the main
features of the system with expansion rules. The same situation happens for product types.

1t is Mints who first suggested this system and after that many people studied it [2), {7], [9], [16], just to
name a few ol them.

2.1.3 Lambda-Calculus with Coproduct Types

Another usefu! data type is sumn, which is extensively used in daily mathemaltics as well as in many pro-
gramming languages such as case in ML. However in general the coproduct operation is more complex than
the product operation in mathetnatics, especially in category theory. When one wants to introduce sum
Lypes and the terms of this type there are always some extra troubles to be overcome.

We extend the previous definition of types and terms in simply typed A-calculus as follows:

Coproduct Types We introduce two more new iype forming operations:

4, fe,Taretypes sois o+ 7.

5. 0 is a type.
Coproduct Terms Some new terms and term forming operations are added:

I-terms

1. Mbhio—p T faiT—p
P,II‘ b[flvf?]:a"l'r—“ﬂ

2. Lr:ocbrzio+r
3. 'e0,:0—0
E-terms There are no new E-terms.
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Coproduct Equations Three new equations related to sum-type and corresponding to the ordinary rules
from bicartesian closed categories [24] are added:

Computation Equations (continued)

(%) U fal(mit) = it i= 1,2
Extensional Equations{continued) T'wo more cquations

(+1) F=0e? flmx), Ay fwa)) il f ot 7 —p
(oY) J=0,iff:0—¢
We will use AT Lo denote the set of all terms including coproduct ones.
Coproduct Rewriting Rules There are two groups of rules obtained by orienting the above extensional

equations from left to right or from right to left. The basic orientations are given below. ‘The groups here
are continued from the two rewriting groups before, respectively.

Group 1:
(".') [fl!.f'.’](xi"')éffit i=1,2
(+-r1) Az f(x12), Ay” f(Ray)] = f
(on) F=0if f:0—e, and f£ 0O

This group has no extra restrictions.

Group 2:
(%), (0) are as in Group 1

(+—-¢) J—= [Az% f(s1z), A7 f(w2y)]
il f is a A-abstraction.
(n—e) f—= Az.(f=z)
if f is neither of the form Ay.t, or [fy, 4], nor in a context like C[(fs)).

The immediate subterms of [fy, fo] and ;¢ are fi, fa, and ¢ respeetively.
The above rules for sum type, first appeared in the work of Dougherty [9].

"The following is a brief summary of the syntax and rewriting theory of typed A-calculi with coproduct
types.
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The Syntax of Lambda Calculus

Nex:l
I'bz:v fz:7 inTl
Pplz:ot:c—rT
I-"Terms 'bi{s,):ox7
bD,:0—r
Ne:ojbrjz:0+02i=1,2

MPeh.flie+r—p

I'bf:e—7 I'bl:o
'e ft:r

I-Terms
F'brioxrT
' ai(z):e ['aaz):r

(Figure 1)

The following charts present the equations.

The Computational Equations
BT b(Ae:ol)s=tr:=s]:T
{m) | P epm{h,ta)=8;:n i=1,2
(“) [flvf:!](nit) =fi£! i= 112

The Extensional Equations
(1) | £ =[a? f(m1z), A" f(x2y)]
oy | f=0,iff:0—>¢
()] | 'pt=x:1
(x)[IFpt={ml,mad):exT
M [Tef=Az:o{fe):c—1 ifzgFV([)

The Equations of Simply Typed Lambda Calculus
{Figurc 2)

The lollowing chart is a summary of rewriting rule groups.

Rewriting Theories of Lammbda Caiculus
B ] (B)(m)(x=r)(n—r)h(s)(+—1)
R | (8),(m),(x —e),(n—e),(x), (+—e), (1), (0}
Rm (H): (rr),(x — 1‘), (" — 1‘), (N)' (+ — l'), (ll)l (OI)

(Figure 3)

The rewriting groups R, R~ and R™ are generated by the basic reduction rules shown above. Further-
more, 7 is the usual reduction system for products and coproducts without units, R™ is the reduction
system R~ with units adjoined. (To sce how the units affect rewriting properties, see Lambek-Scott [24],
p.81.) R is the system with Dougherty’s expansion rules.

There is another widely used presentation for terms related to coproducts, which originates from natural
deduction in proof theory. See the book by Girard, Lafont and Taylor [13]. We use Dougherty’s notation
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because of the following rcason: this representation of coproducts corresponds well with copraducts in
category theory:

&
«
5/, 91 J
A A+ B — B
K1 LY

For example, the rules on coproduct correspond exactly to the above dingram. lu this way, each term has
its type explicitly presented. Tor example, terms of the form [—, ~] have funetional type with domain o
coproduct type; terms ;¢ have coproduct type, and so on.

2.2 Categories

The denotational semantics of lambda calculi are generally described by using categories, espocinlly cartesian
closed categories. This trend started with foundational work of Lambek {18] [19] and Lawvere [26] [27], then
greatly expanded with Dana Scott’s influential work in the T0s [42] [43]. The reader is referped to [24] and
(3] for futher references. In what follows we give a short summary of the notions the reader is expected fo
know.

2.2.1 CCC

One of the most important observations established in categorical logic is the close relationship between
A-calculi and cartestan closed categories (ccc’s) [21] {44] (see Scetion 2.3 below). These categories lorm the
basic models of the lambda caleuli zonsidered here.

We begin with the usual definition of cce in Mac Lane [30], although we only require cartesian products
rather than all finite limits. Later we shall describe a still stricter notion of ecc used by categorical fogicinns.

Definition[Mac Lane] A Carlesian Closed Calegory is a category C with finite products (including terminal
object 1) , such that, for each object A, the endofunctor (=) x A : € — € has a specified right adjoint (=)4 .

This means that we have a family of natural bijections
Home(C x A, B) = Nlome(C, B4)
for any objects B and C.

In the Mac Lane definition, universal propertics only determine objecls up to isomorphism, and cee-
lunctors will only preserve the structure up to isomorphism. In categorical logic we need a stricter definition
of ccc to model formal logical theories (here, to model lambda caleuli). The following definition of ccc in
similar to Lambek-Scott [24]:

Definition A Strict Cartesian Closed Category is a category € with the following additional specified strue-
ture:

CCC-1 (Terminal Object) There is a specified object 1 € € and, for each object A € €, an arrow Op: A —
lec.
This data satisfies the equation:

F=0n
for any arrow f: A — 1.

CCC-2 (Specified Products) For any two objects A, B € C there is a distinguished ohject A x 13 € € and
the following distinguished arrow structure;

e Projections: C-arrows 7{"% : A x B — A and 7P Ax B — B, for all objects A, B € C. (We usually
omit writing the superscripts on the ;)
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e Pairing Rule: Given C-arrows [ @ € = A, ¢ : ' — B, we have a distinguished painng {f,9) : C —
A« I3 € C as shown below;

[0—4 g:C—18B
{[,g}:C—AxDB

The above data satisfy the following equations:

‘.T[O(f,y)=f

mol{f, 9} =y

2.
{mioh,moh) =4

forh:C— Ax B

CCC-3 (Specified Function Spaces) For any two objects A, B € € there is a distinguished object B4 € €
and the following distinguished arrows:

e Fvaluation:
ev:BY'x A —B

o Lambda Transpose: For any C-arrow f : € x A — B, there is an arrow A(f) : C — B4

f:CxA—BRB
A(f): C — BA

satislying the following equations. (Where if f : A — B, 9:C — D, fxg: AxC — Bx D
abbreviates < for,gom >.)

. ovo (AU) X Ia) = f
2. Alevo(kx Iz))=kforany k:C — B4

Example 2 The first example of cartesian closed category is Sel, the category of all sets and functions
between them; asingleton set is a terminal; the product is the ordinary cartesian product, and the exponential
B4 is the set of all the functions from A to B. The evaluation ev is the usual cvaluation map, while
A(f) : C — B* is the map ¢ (a — f(c,a)). This calegory, of course, is not small.

A much smaller model is the following.

Example 3 For any set B, the [ull type hierarchy is a cce. Here by a full type hicrarchy, we mean the
smallest full subeategory T'p of Sel with the following objects:

1. 1, B are objeets of Tg;
2, If X, ¥ are objects of T, so are X x Y, X¥ =Hom(Y, X);
‘The arrows are the ordinary set-theoretic functions between objects.

More generally, for U a family of sets, we can analogously define the full type hierarchy Ty, which again
is cartesian closed.

The next two examples are more sophisticated and will be studied later in Chapter 4:
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Example 4 For a given group G, all the G-sets form a cce. 'The objects are sets with a group ¢4 acting
on them. The arrows are all the equivariant functions between them. The terminal object is the terminal
object in Set, with trivial action. Products are given by cartesian products with the pointwise action. The
exponentials are the set-theoretic function space, with “conjugation™ or “contragredient™ action. (See [1],

[14])

Example  The above (3 ot exatple is a generalization of Set. One further generalization of G-sets is
Rel(Set), sets with functions invariant under certain relations. The central subject of Chapter 4 is 1o study
this model and its variations, which we show forins a cartesian closed category.

2.3 CCC’s and Simply Typed A-calcali

An important observation is that typed lambda calculi can be interpreted in cee’s. This is known in logic as
the Soundness Theorem (for this class of models). We briefly sketch how this is done, For more details, the
reader can see [24] [30].

Given a typed lambda calculus £ generated by a set of atomic types, we interpret it in a cee O as Tollows:
1. Interpret the atomic types as fixed objects. (The type 1 is interpreted as the terminal object of €.)

2. Given the interpretation of atomic types, the {x, —}-type-structure of £ is interpreted inductively
using the product and function space operations on objects of €.

3. The terms of £ are interpreted by arrows in C. In particular, a term-in-context I's ! : o, 41, where
U= {z1:01,...2n : o}, is interpreted as an arrow [t ] : [or]] x ---fou] = [ons1] where foi] is
the C-interpretation of the type ¢;. The definition is given by induction on the structure of the tern
L. Most of this is obvious, using the cce-structure. We give a few examples (to simplily notation for
types, we write [¢] as o):

(a) £:Tp+:1 interprets as [*] = On o, ILlioi — 1.

(b} £: 'z o; interprets as [«:] = = : I'IJ- a; — o, the projection onto the ith component
(definable in any ccc).
(¢) Lambda abstraction interprets using the Lambda 'Transpose Rule of cee’s: the rule
Ne:op b T
I's Az:gt:a—T

interprets as follows (ignoring associativily arrows): given the interpretation of [¢] : (I'1; @;) =
o — 7 we interpret [Az: o] as A(lL]): 105 — 7.

4, The Soundness Theorem says: Let £ be a typed lambda caleulus interpreted in acce ¢ as above. ‘Then
if I' - ¢y = t» then the interpretations of the terms ¢{; and ¢y denole equal arrows in C,

Remark The above Soundness Theorem extends to larger classes of lambda caleuli with additional type- and
term-forming operations or additional equations, provided the cce models € have the additional structure [24],
[36]. For example, in these references it is shown how Lo interpret (i) typed lambda calenli with coproduct

types (using cce’s with finite coproducts) and (ii) typed lambda caleuli with natural numbers and iteeation
(using cce’s with natural numbers objects).

Although we shall not need the following result, we end the discussion of cce’s by memtioning a still
more general theorem. It was first proved in Lambek-Scott [24]. It says that ccc’s and lmnbda-caleuli are
essentially the same thing. Consider the categories CART and A-CALC: CART is the category of cce's,
with morphisms (strict) ccc-functors that preserve the structure on the nose; A-CALC is the category of

arbitrary typed lambda calculi, not necessarily freely generated, with morphisms strict structure-preseeving
translations.

Theorem 2.3.1 (Lambek-Scott,11.3) There is an equivalence of calegories between CART and A\-CALC.
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The above theorem extends to more siructured cec’s, by extending the lambda caleuli with additional type
and term-forming operations, as we mentioned earlier.

‘Fhe previous Soundness Theorem s o special case of the above: start with a freely generated lambda
ealenlus £, This will be an initial object in A-CALC, e will have a unique translation into any other
A-cilenhis. Under the equivalence of categories above, this lambda calculus translates into an appropriate
free cee (free on i certain diserete graph), which will be initial in the category CART. FThus it will have a
unique imterpretation into any cee (tmodulo at interpretation of the basic atomic types).

2.4 Applicative Structures and Henkin Models

As a scmantics for lambda ealenli, abstract eartesian closed categories sometimes look too vague; more
concrete models of A-theories are often studied. Among them one is a generalized version of classic set-
theoretic models, the Henkin models [33), [36].

Definition 1 For a given algebraic signature X, a typed applicative struclureis an algebraic structure indexed
by types o, 7 € T,

"‘= ({‘-‘Y}T: {apo'r}lﬂ.hﬂ.&*)

subject to the following

1. AT is some set, 7 is a type.

2. *c A

3. ap®T AP x AT — 4T

4. s ATET AT i = 12

5. A?%T C A° x AT for cach lype o, 7

Remark 7 Notice that the above definition is stronger than the traditional definition of applicative struc-
tures in [36], [33]. We require that an applicative structure be eziensional on products from the very
beginning by adding axiom 5. We belicve the central operations of lambda caleuli are functional application
and abstraction; hence, we would like to ignore the case that there may be some ill-behaved pairs in AZ%7.
Thus Axiom b says an element of A°*7 is a pair from A% x A7.

Exmuple 6 Let L be the pure simply typed A-zalculus with only # and 7, then the set of terms A forms an
applicative structure. The operations ap®7 are the term applications, and m; are the product projections.

Example 7 Let Abe an applicative structure , A" the extension of A by adding infinitely many indetermi-
nates Lo each type, like adding indeterminates in abstract algebra, ‘This structure will be studied later in
this chapter. Then A is an applicative structure with the same signature as A

It order Lo model a A-caleulus, there are two more conditions for A o salisfy: extensional and rich enough.
To be more set-theoretic, for exlensionality we replace 2 above by

2, Al = {x}
and add

¥

6. A°=7 C AT for each type o, 7

Remark 8 Why do these rules 1, 2/, 3 - 6 entail extensionality? Compare them with the three extensional
cquations for simply typed A-caleulus in Section 1.1. The rule 2/ is clearly nccessary. The other two model
(x!) and (n). For example, for (i), by 6 cvery clement in A°~7 is indeed a set-theoretic function from A¢
to A", Consequently, if f € A°~" then f is uniqucly determined by its graph, hence f = Az € A%.f(z) in
the usual set-theoretic semantics. So (1) is guaranteed by 6 above.
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To be rich means A has enough “global” celements o satisfy the equations. We need to guarantee
combinatory completeness [36], or flunctional completeness [21]. For example, by 6. 1o interpret A-abstiraetion,
according to functional completeness we need for auy p, o, 7 € T, clements

L K € AT——")

2. § € Alr—o=rI=(rmaimpr
5. () € Ao—T—oxs

n 1 € AexT—0

5. 2 € ATXTT

salisfying the following equations respectively !

1. Key==

2. Szyr = (zz)(y:)
3. mi{z,y) =«

4. m(z,y) =y

5. (mz,m2z) ==

By the way, the identity function on A7 is SKK for some suitable types, since for any term 2 (of suitable
type)
(SKK)z = ((SK)K)z = {Kz)(Ke) = 2

Definition 2 A Henkin model A is an extensional and rich enough applicative structure, ''here may or
may not be an A" = {, i.c., “empty sorts”.

An interprelation or a meaning funclion, which is n family of functions from A to au applieative straeture
A will be defined below. 1t sends every well-Lyped term

Ly 10, Iyt M

to its meaning
[z1:00, yenion DM 7],

a sct-theorctic function from A2V X% to AT,

We define meaning functions as f{ollows:

Definition 3 {(Meaning Function) Let Abe an applicative structure, A be the terins of a A-caleulus. A
partial function 5 from the variables of A to the universe is called an environment if it maps V7 1o A7, Let
Env be the set of environments, A partial (meaning) function Val

Val: AxEnv— | J{A? |c € T}

is defined by induction on terms as follows: ( for a term I' B M : ¢ and an environment y, Val(M,n) is
denoted as [I' b M : o],)

1. [T & z:e], = n(z), for a variable z.

2. [T &c:0o), =¢, for the constant ¢ € A corresponding to ¢ € A.

1We assume the usual conventions in M-calculus. For example, ap(z,y) is abbreviated as zyp and 2y -+ -1y, in nssocinted Lo
the left. Thus Kry abbreviates (Kx)y. Also, we amit type symbols when no confusion arises.
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3. e MN o], =ap(Il' > M6 —7][I' > N :0])
1. PeMig+sl,=(' omM: o], [l > :T])

) i b Ar i A 7] is the unigue set-theoretic function (if it exists) f 1 ATV %anxo 47
such that for any d € A7, f(d) = {I' &> M],, where

oo fd ly=u
w(y) = { #{y) otherwise

6. ("> AM:a], =11 b M:a], if pis also an enviromment such that for any £ €FV(M),
We) = i),

[Fe:epM:7], =[b>aAf:7], ifx gFV(AT)

=

Note: ‘The chause (5) above is what causes [] to be a partial function. If Ais a Henkin model then there is
a unigue interpretation for any given ;. For the prool of the well-definedness and uniqueness of [.] see the
proof in, sy, [24], [11].

For an ordinary applicative structure, both the existence and the uniqueness of the function f interpreting
the term Az : o.M in clause (5) above might cause problems. In fact, we have the following result[33]:

Propasition 2 Let [ : ATX XX — AT interpret [[ & Ae :o.M 2 7], Then for this case
{. Richness corresponds lo the existence of f.

2. Eriensionalily corresponds lo uniquencss of f.

Remember that richness corresponds to having enough “global” elements, and extensionality corre-
sponds Lo not having too many.

If the applicative structure is a Henkin model, then the above meaning function is total, otherwise it is
a proper partial function,

As we said belore, the models of typed A-caleuli are cee’s, so a llenkin model is also a cce. In fact, the
objects are the A7, arrows from A? to A7 are the clements of A7, It is casy to check that all the axioms
for ccc'’s are sound.

In addition, corresponding to cxtensionality, Henkin Models are well-pointed® . Conversely any well-
pointed cec can be transformed into a llenkin model by letting, for any object o, A° =Hom(l, o).

Basically, we have the following.

Catogories | Structures
Applicative Structures
Cee’s Rich Applicative Structures

Well-pointed cce’s | Henkin Models(= Rich + Extensional Applicative Structures)

So far, there is no convincing categorical analog of applicative structure.

For llenkin Models the following completeness theorem holds [36] [33]

Theorem 1 Let & be any typed A-theory closed under the rule (nonemply), then there is a Henkin model A
with no A° =\ salisfying precisely the equalions belonging to £.

?Here by saying a category is well-pointed we mean that the eategory is generated by 1. That is for any two objects A, B
nid any arrows f,g: A — B,ifforalle:1 — A foa=goa then f =g.
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Here, (nonempty) is
lriepM=N:r
' M=~N:r

where r gFV(ANJFV(N). It is casy to see that il type o is empty, i, A% = O, the rale is not true. A
special case is that the pure theory is closed under the above rule [34)].

Example 8 Following from Example 6, we know that A is an applicative structure. In Gt this structure
is both rich and can be made extensional as follows. The relation ~ is defined on A by

s~t il T s=twhere FU|JFV@) QI
As we mentioned in Section 2.1, ~ is congruence on terins with free variables a subset of 1
Theorem 2 F= A/ ~ is a Henkin model, and is the free one.

Proof Tirst, we show that A/ ~ is an applicative structure.
In Gact, let F7 = {[t]}t € A?}. Then

[T

ap : X [ e P

is defined by
ap([M], [1]) = [ap(M, )] = [A1Y).
The same for projections, m;({t1], {ta]) = [L).

The Fact that ~ is a congruence (sce Section 2.1.2) guarantecs that this is well defined.

It is clear that A/ ~ is a rich applicative structure, because A is rich, On the other hand, since ~ is o
congruence, A/ ~ is extensional.

Now we only need to show for any Henkin model Aand any environment g, there is a unigue wmorphist
from Fto A In fact, for the given 5 the meaning function [}, : A — Ais sound (See c.g. [11]), hence it
respects B, i.e., the meaning function is a morphism from Fto A. The explicit definition of [—], gnarantees
the uniqueness. This can be displayed by using induction on term structures. (See e.g. [33].) _!

Example 9 For any set B, Ty, the full type hierarchy is a Henkin model; in particular, Friedman [11]
showed that for any infinite set B, gn-reductions are complete for 7. This says (for a lambada calcubus with
single atomic type) an cquation I' & s = ¢ is provable if and only il it is true in Ty (for inlinite set 3). in
general, if there are several atomie types, and we assign o set, say A; to each of them respectively, then the
smallest full subcee in Sel containing all the T, is the full type hierarchy model.

Remark 9 A typed applicative structure is an algebraic structure. In fact, we could define it as a nltisorted
universal algebra. As mentioned carlier, the requirement. rich can also be stated cyuationally (since all the
combinators K, S, etc. are equationally presented). lowever extensionality is not an eguational property,
and is not closed under, say, homomorphisms. So, llenkin models do not form an algebraic variety. In fact,
they should be regarded as models of the “first-order theory of typed A-calculus”. For a detailed discussion,
see [36].

Remark 10 Typed A-theories and abstraect cee’s are so alike that it is hard to say the latter are semantic
models of the former. On the other hand, Henkin Models are set-theoretic models, 5o they correspond more
closely to our idea of “semantics”. However, the completeness theorem fails for them (See [34], [36]). This
suggests that Henkin Models might be a little bit strong.

Remark 11 We have seen that a meaning function is a functor respecting the cee structure, The faithfnlness

and the fullness of this functor corresponds to two kinds of completeness propertics of the theory: provability
and definability.

19



Just iike fullness, faithfulness is a kind of completeness thearem. The completeness result of Friedman
[11] s inderd a faithful representation theorem for certain cartesian closed categories. (See [11], [7].)

‘The study of provability oecurs alinost everywhere in logic. For example, in our context, in Lambek-Scott
[24] it is shown how proofs in intnitionistic { A, —, T }-logic correspond to arrows in cce’s. Thus provability
of At I} would correspond to non-empliness of the appropriate ilom-set Hom(A, 7).

The less familinr concept definability 1s given below.

Definition 4 A functional f in a Henkin model A ts called definable, if there is a closed term ¢ such that
F = [t]. 1tis called definable from ap, -+ 0, € Al there is a term M with at most n variables and an
enviromnent y such that f = [M],a;---a,.

We will comne back to definability in the next chapter.

2.5 Indeterminates

Variables are essential in mathematics and logic. Usually, they bear different names in different situations,
such as paramelers, indelerminates, ete. In this section, we will focus on variables used as indeterminates,
and investigate their algebraic behavior.

The first time that one met indeterminates in mathematics, probably, is in the study of algebraic expan-
sions of rings and fields. We carry on the same usage and idea here. First we will see literally how to add
indeterminate arrows to a category, then we will investigate the categorical structure of the expansion by
adjoining indeterminates,

2.5.1 Linguistic Discussion

Let Abe a lenkin model. Let {¢ala € A} be a set of names or constants denoting elements” of the A Let
Q C {@au € A} be a sct of constants, possibly emnpty.
We build a simply typed A-caleulus £{R2) by the following:

1. 1t has the same Lypes as that of A.

2. For any non-empty type symbol, there are countably many variables of that type. Furthermore, if
a € A;, then ¢, is o constant of type o denoting a.

3. ‘I'he ordinary rules for term application and abstraction.

In particular, let € = T'h(A), i.e., the set of all the true L) sentences in A(including 8, » rules). Then A(Q),
the sel of all terms of the language, forms an applicative structure. Denote A(Q)e (A(R2) with nonlogical
axioms €) by . A special case is that when Q is the empty set and A has the same signature ¥ as A, this
becomes the free term model Af ~.

The new structure A(R)e has the following properties:
1. A is a Henkin Model, the free model of €.
2. There is a faithful ccc representation of Ainto A, f+— [¢7]. Sece {24], [36], and [7].

In the rest of this chapter, we will investigate other aspects of A,

By delinition, n Henkin medel iz o multisorted algebra {Ag . However, when speaking of an element of A we really
o€T -3
mean an clement of | '{A"}cET'
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2.5.2 Adjoining Finitely Many Indeterminates

To frecly add finitely many indeterminates is a very useful extension method nsed in mathematios, VFor
example, the algebraic expansion of fields, rings and so on.

Let A be a category, A is an object of it. The categorical construction of adding oue indeterminate
z:1 — 4, is the so-called polynomial category A{r @ U — A [24], which turns out 1o be womorphic
the Kleisli category Ay of a certain cotriple. A very similar but unfortunately diffecent constenetion is the
slice calegory. As mentioned in [24], as long as equalizers are not concerned, adjoining an indeterminaute of
type A is not the same as forming the slice eategory A/ However, Makkai discovered that 724 has o full
subcategory Af/A with objects C x 4 2% A, which is isomorphic to Afr : 1 — A]. “These two equivalent
constructions are described, respectively, in detail in [24], [7] (also see the refated references there),

So far, we have discussed adding finitely many indeterminates Ary], Ay, o], oo oy, o] 1ds well-
known ([24]) that adding finitely many indeterminates z; : | — A;, 1 €4 € n, is isomorphic to adding one
indeterminate of type Ay x --- x A,,. But what about adding inlinitely many indeterminates?

In the next section, we present a categorical construction of adding infinitely many indeterminates to a
Henkin model.

2.5.3 What Is £ for a Given Henkin Model A?

Let A" be obtained by adding infinitely many indeterminantes to each nonempty type of A In this part,
we present a categorical construction for this free category. The way we present it originated from Volger’s
filter colimit expression for logical categories[52).

Let Abe a well-pointed cec with no empty types, i.c., for iny object o, there is a global arrow £ : 1| — o,
Denote A, by T, the set of types. Let 77 be the category with objects all finite sequences of elements from
T, maps are induced from funclions between natural numbers as follows. Let f 11— m be amap between
natural numbers, where we identify natural number n with the set {0,---,n = 1}, [ induces womap between
objects of 77, also denoted f, whete f:(go, -+, n_1}) — (70, >+, Tin—1 } sattislics

T
(0'01 v ‘r"n-l) —_ T

f
Tr(i)
(TUs Tty Tm-l)

So the codomain is an “extension” of the domain, and the arrow is a reindex.

Example 10 Let f:5 — 6 be defined as f{0) =0, and for n > 1 f(n) = n— 1. Then f induces n map
from (O'U) 0o, 01,02, 03) to (0'01 0y, 03,03, 04, US)-

This construction is very important for building a filtered category. {For the definition of filtered category,
we suggest the reader consult [30].)

Lemma 1 The category T is fillered.

The following can be casily proved. For example for the first case, the vector 7 can be chosen as a kind of
concatenation. We lcave the proof to interested readers.

1. Every diagram of the form
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has a commutative completion.

|

M—y
T ——— ]

L]

2. For every diagram

f
g

there is # morphism &k : ¥ — g, such that ho f = hog.

!

G

3. For any two sequences 7,7, there is another sequence p, such that

F 7 F

4. T has an initial object, i.e. the emply sequence,

A contravariant functor 11 : T — A? is defined by

F o= o —— g
}
S L
: T(i)
7 —  lx

Using the universal properly of the product, 11f exists. In particular, [1f) is the terminator of A. For any

abjects o, T in A, a set-valued functor
Tor : T — Set

is defined by

(o1, 00) = Allo; x 5,7)
T(f) 1= AzHoXo=T 2 o (II{f) % 14)

Finally, the category A is defined as
ob(A) = ob(A) Ao, 7)=lmTor
where
limZor = | |T(EV ~

In Set,
LTy ~={(f,®)f : Moy x 0 —> 7}
and (f, &) ~ (g, 7) iff there exists

T P &
such that
Fo(ll{u) x 1) =g o (I(v) x 1,),

Equivalently, the following diagram commutes
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M{u) x 1,

Mpr x o llo; x 17
M(p) x 1, f
s xg ————~ 1
)
Roughly speaking, (f,&) ~ (g.7) il f,g can be identificd in a later step of o, 7.
Note that the equivalence class [(f, @)~ : ¢ — 7 is an arrow in A" . For & pair of arrows

[(f,~io—~7 [0 D)]~iT—0p
the composition is defined to be [(g o (IIF x [}, 7)), which is a mapof ¢ — p in A
Remark 12 From now on, we use representatives of equivalence classess to denote arrows.

Theorem 3 A is a well-pointed cec. Furthermore, J : A— A is a faithful representation, where the
functor J maps each f 1o — 7 lo (f,0), where O is the emply sequence.

The functor J maps each f : 0 — 7 to (f, ﬁ) For any nonempty &, we think of (f,&) as a polynomial in
variables £ : 7.

What are the indetcrminantes in A°? The indeterminate z; : | — o is represented by some arrow
atie" x1—vo

where i < n. In particular, we can show that for #,j < n,m,

(# o xl—o)~(a":0" x | — 0)
and

(7P o™ x 1 — o) (a] 0™ % 1 — o)
ifi# 4.

Fact: Volger shows that this construction of A" satisfies the universat property for adding indeterminates
to A See [52], page 65.

"This finishes our presentation of A-calculi and categories. "The study of A-caleuli has n longer history
than that of categories. For an exhaustive discussion of the history of both sce (5], [24] and [30].

23



Chapter 3

Logical Predicates

Homomorphisms in algebra play a very imporiant role. Semantic models of A-calculi are like algebras, with
additional structure necessary to interpret “logical” properties such as “extensionality”. So we expect a kind
of “logical” homomorphism to arise in the study of typed A-calculus. These are called logical relations and
are similar o “homomorphic relations” that atise in other areas of algebra ([23]). Logical relations play an
important role in the studies of proof theory and theoretical computer science. Logical relations for typed
A-caleali were developed by Howard, Tait, Friedman, Lauchli, Plotkin, Statman, Mitchell and others. Sce
[33).

In this Chapter, we will introduce logical relations on applicative structures, and then on Henkin models.
At the same time, some refated properties are presented. Most of these results are from other people’s work;
we cile the appropriate references there. There are many interesting properties of logical relations which
we will not go into. Among other things, logical relations have application to full abstraction [1), {37], [48],
realizability semantics of constructive logics and strictness analysis[1).

A logical relation R is a family {R7} of type-indexed relations on applicative structures. The relation
R°™T of lype o — 7 is determined from the relations R and R in a way thal guarantees closure under
application and lambda abstraction. The relation R°*7 for type ¢ x 7 is similarly determined from the
relations 127 and 7 in & way that guarantees closure under pairing and projection. The notion is so logical
that such relations are closed under existential quantifications, infinite conjunctions, and infinite disjunctions
when they are suitably defined [47]. On the other hand, the notion is not quite algebraic. For example,
the composition of Lwo logical relations might fail to be logical (See Example 14). In this thesis we will
formulale the basic definition by using applicative structures.

3.1 Logical Relations on Applicative Structures

As we have said in the second chapter, applicative structures are a kind of multi-sorted algebra [6). For
algebraic structures, the notion of homomorphism is probebly one of the most important concepts. In this
section, we will first introduce logical relations on applicative structures, and then compare some obvious
differences between these two concepts. The main references are Mitchell [33] and Statman [46].

Let A= (A7,ap™"), B=(B",ap™"} be applicative structures for some algebraic signature Z.

Definition 1
A (binary) logical relation R = {R" | 7 € T} over A and B is a family of (binary) relations indexed by
the type expressions over ¥ and satisfying

1. R™ C A" x BT [or each type 7
2. R°=7(f,9) it V(z,y) € A% x B® .R°(z,y} = R7(ap(f, z),ap(g, v))
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3. ROX7(s,1) iff RT(mys, myt), RO (was, 7at)

If there are constants, we require they are related, i.c., B (c,¢) for any constant ¢ of type 7.

In the same way, for any n > 1, we can define an n-ary logical relation R over applicative structures
Ao+, A For n > 1, we usnally call thein logical relations, while for n = 1, we usually call them logical
predicates. In order to focus on logical relations themselves, we only deal with applicative structures without
empty types.

Remark on notation: We use ordinary mathematical notation f(z) to replace ap(f.r) if there is no
confusion.

The most interesting part, of course, is Lthe case of function types. The definition says: for any two
functionals f,g:e0 — 7, where fe 47, ge 57,

JRP™7gif¥z € A%,y € B? tRy= f(z) I g(y)

The central property is that twe functions are logically related if and only if they map related erguments to
related results. R°™T is determined uniquely by R™ and R®.

In particular, if R7 is the graph of a function for each 7, R then is called a logical function. In that case,
for each 7, we write R7(z) = y in place of 2 R7y; and the above formula becomes

Ve e A7 R7(f(z)) = (RTTT(IR (x))

or simply R7(f(x)} = (R°~7(f))(R°(x)). So lagical funclions are algcbraic homomorphisms with respect to
applications and types. In general the converse is not true; we will sce this later. (See the proposition below.)

Example 11 Let RC Ax Abe the family of identity relations, i.e., for any type symbol o and any elements
z,y € A%, R(z,y) means = y. Now let us suppose R is logical. In that case

R°=T(f,9) il Vz,y€ A°.R(x,p) = R7(f(z), 9(v))
il Yz eA”.27(f(z), 0(z))

This says:
f=g t Ve €A%([(z) = 9(x))
where f(z), 9(x) € AT. The last formula says A is extensional [33]. Thus we have proved the lollowing:
Proposition 3 An applicative structure is extensional if and only ¢f the identity velalion is logical.
This shows one difference between logical relations and homomorphisms: the identity unction is always

a homomorphism (in fact, an isomorphism); whereas for relations the identity relation is logical only for
exiensional structures.

A notion we will mention very often is the following

Definition 5 Let R be a binary logical relation on Henkin models A4, B We say thal environments yp for
A and npg for B (satisfying some contexi I'} are related by R, and write R (94, nn), if

R?(na(z), na(z))

for every x: ¢ € I'. In case of no confusion, we will simply write R{na,n5).

Adjoining indeterminates to a category satisfies a familiar universal property (see Chapter 2 section 5).
A similar situation arises for logical relations. For example, we have the following property.
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Proposition 4 Lel R be a binary relalion on A, il can be exlended lo R’ on A by defining for any M, N €
AT forunyreT

R(M, N) iff for any environments g, », R(p1, v) implies R{([M],, [V].) (3.1)
Then 7 is logical if R is.
Proof  Let us look at function types. We want to show that
(M, N) TVt s (L, s) = R (ML, Ns)

First assume T (M, N) and 7 (1, 5}, we show that R*(M¢, Vs).

It is sufficient to show
Vi, v Ry, v) implics R, [Ns]w)
Let Ry, v), then from the assumptiion above we have

R(EM],, ENT) and R([{]a [sD0) -

Since ‘R is logical, these two give
RIMYult)s, INDLsDe) -
Thus we have R([M ], [N s).).

Now, let us assume that for any t,s R(I,s) = R (Mt, Ns), and show R (M, N). We must show that
for any environments g, v, if R(p, v}, then R([M],,, [N],), i.c., if R(u,v) then we want to show

Va,b R{a,b) = R([M]ua, [N].5)

For any given a, b, let us choose a new variable z, which does not oceur in M, N. Expand the environments
iy v to i’ v such thal

(o) ={ ny) My#e

a y=z

Vi) = { o) il

y==z

then R(p'(x), v'(x)). Furthermore, we have R(p', »’) because of R(x,v) and R(a, b).

From R (z, ) (dircctly from the definition of "), and the first assumption, we get ®'(Mz, Nz). Hence,
for any Rerelated environments my, vy, R([Mz],.,,[Nz].,). In particular, we have R(IMz],., [Nz}.+), or
R(fM],a, [N].b). This finishes our proof.

Product types are casy and left to the reader. 4

Like most of the theorems on logical relations, this one was first proved by Statman [46], who appears to
be the first person to treat logical relations as a systematic object of study.

Remark 13 A logical relation is uniquely determined by its behavior on the base types. When the signature
has no term constants, one may casily construct logical relations by choosing arbitrary R° C A° x B® for
cach atomic type constant o, and extend it to product and exponential types inductively. For example, if
R® is symmetric and transitive then for any 7, R™ is symmetric and transitive. However, reflexivity is not
hereditary. For example, let R® = T U {(2,3),(3,2)} on T, then for any function f € w*, fRf implies that
(f(2), f(3)) € R®, hence cither f(2) = £(3) or {£(2), f(3)} = {2,3}. So lots of functions are not R related
to themselves. For instance, Az.2z is one such.
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For signatures with term constants, in particular, higher order term constants, it is more dillicnlt to build
logical relations. If, however, the constants are at base types, a logical relation can still be constructed induc-

tively from the relations on the base types. Those relations on base types have to respect the interpretation
of all term constants.

Applicative structures of the same signature are closed under products, so lor any natural number n, an
n-ary relation on A;,---, A, can always be thought of as a logical predicate on A x -+ x .

Theoretically, abstraction and application are inverse to each other. Logical relations try to connect
themn consistently. If the applicative structures are models, this works petfectly ( see next section ). Buat for
general applicative structures, it happens that some Mabstractions might not exist, or on the other hand,
there might be several candidates with the same desired behaviors. Ordinary logical relations cannot connect
them well. So an additional condition is needed.

Definition 6 (Admissible) If Ris a logical binary relation on Ax B, we say Ris admissible, if for any related
environments 54,7 and term M @ 7

Va,b aRb = [M],, (imny® IM]

UFLEL yu(ri=b)

implies

Ya,b aR’b=> ([Ac.M], a)R ([Az.M],  b)

1A

Remark 14 Admissiblity is & property used by Statman and Mitchell to aid in proving properties of logieal
relations [46], [33]. Statman used it only for Jambda terms, so he formulated it as

R is admissible if R, is closed under coordinatorwise inverse reductions, i.e., if uR,v and

{3 u,s EN v, then {R,s.

This is quite like Girard’s condition CR3 in proving SN, which is :

If ¢ is not an I-term and for all { = RED(u), then RED(!).

We will come back to this connection later. See [13], and Section 6.1.

As we mentioned before, the well typed termns form an applicalive structure
A= (A%, ap”7)
Asusual, fortwoterms ' > M :o— 1, [' b L:0, we write ap®™ (M, 1) simply as ML

Let R be a binary logical relation defined on A. Deline & logical predicate IR on A s follows: for any
term M,

JR(M) il 3N, R{M,N)
Proposition 5 IR is logical.

Prool (only for function types) We show that
IRT(S) M VE(AR(Y) = IR(fL)
Suppose IRZ™T(f) and IR’ (¢), we prove SR'(f1), i.c., R (f1, u). It is sufficient to show that
Ju Vu,v Rip,v) = R[]y, [6])
From the assumption IR°~7(f) and 3R(1), there exist ¢, s such that

E(fig)! (L, 8)
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Lt u = gs, and assume environments p1, v are Rerelated, then we have

R(Eﬂln [91.), R([tha, [sh)

Henee R([S8),, [6].)- This finishes one part of the proof.

Assume that ¥t 3R7(t) = 3IRT([t), want to show 3R7~7(f). To do this we need to prove thereisa g
such that ®'(f,q), i.c,,
Y, v R, v) = RO ([ 10, Lolv)
It suffices to show that for any a, b, if R(a,b), then R ({f].a, [9].8).
Notice for any variable y, we always have R'(y, y}. Thus 3R’ (y). From the assumption, we have IR (fy),
i.c., there is a term u, such that R (fy, u), or R'(fy, (Ay.u)y). Let = be a new variable, and g = Az.u.
Furthermore, define two new environments ut, v+ by

1¥(y)

v(y)

3

if y#zx
if y==2

(W) if y#=z
if y==z

Then from R°(fy, (Ay.u)y) and R(p, v), we get R ([fvl,, [(Av.2)y].) or
R ([/1ua, [a].)

T'his finishes our proof of gR"(f, ), and 3RT™7(f), hence finishes the proof that IR is logical for the case
of function types. (Again, product types are straightforward and left to the readers.) a |

—
=
—
=
—

neaem m

en R

Like the notion B , 3R can be easily introduced for ordinary Henkin models, i.c., defining them for
A[§2)/e (see Chapter 2 Section 5). In fact, the above Lwo properties can be proved in this context, too.

As we said before, in order to model a lambda-calculus an ordinary applicative structure should be
cnriched in two ways: by extensionality and functional completeness. From Proposition 3, we know that
“Ertensionalily can be characterized by saying ‘=’ is logical’. The other condition can also be characterized
by using logical relations. The following is a theorem of Statman[46):

Theorem 4 Lei A be an applicalive struclure, then Ais a Henkin model iff
1. Fquality is logical, and

2. For any applicative siructure B and any logical relation R on Bx A 3R is logical.

3.2 The Fundamental Theorem of Logical Relations: The Basic
Lemma

The fundamental theorem about logical relations is the following Basic Lemma. See [11}[39)(46](33). It
establishes that the meaning of a closed term in one model is always logically related to its meaning in
any other model. For an open term, if the assignments of its variables in different models are related, its
meanings in these models are also related. Hence, the internal properties of a term determines its meaning,
On the facc of it, the Basic Lemma only seems to apply to Henkin models, since the meaning of a term is
not necessarily defined in arbitrary applicative structures. However, by reasonably strengthening a little on
the definition of logical relations, we can also get a satisfactory version of this fundamenta) theorem which
will be useful in proving properties of proper applicative structures.
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Lemma 2 (Basic Lemma for Henkin Models) Let A B be Henkin models of the same signature, R C
Ax B a logical relation. Let 54,np be environments for Aand B with R (ma.nu). Then

R & A :o],, 00 B AL aly,)
Jor every typed term I b M : 7.
Proof We usc induction on the construction of terms.
1. For a variable I' > £ : &, since ’Rr(u,l, ne), hence R([T & 22 o]y, [I' &z :0]y,,).

2. For an application I' b MV : 7, we assume the theorem is true for its subterms, ..,

(> M:ie— Thya ' B M 1o —7),,,)
(T & N ol [ > N :oly,)

However, from the definition of logical relation, we get the following immediately,
R (ap(IT > M 20 — hy,0 [ B ¥ 20]y,),ap(I0 B M 0 = 7l JU & N 2 o))
This is, from the definition of meaning function,

R([C b MN 7], [ > MN 7],

3. Tor a pair term T b (5,¢) : ¢ % 7, since the theorem is true for subterms, then rom the definition of
logical relation, we have

R & (s,8) 1o x ]y [T B (s,0) 0 x T]yp)
immediately.

4. For an abstraction term I’ b Ar : .M : ¢ — 1, we wanl to show Lhat
™) R & Az Mo — 1]y, [ DA M 1o = 1]y,)

provided that R(na,ns). Let R(na,nu), then it is sufficient to show thal for any a € A®,b € 87, il
R(a, b), then
R (ap([l' & Az.M : 6 — 7], a),ap([I' & Az M : 6 — 1],,,, b))

Define two new environments 1y, 5 by the following

Taly) =na(y) if y#=z
=4u if y==z

Yu(y) =nply) if y#=

=b ify==z
Then R(na,ns) together with R?(a, b} give R(n'y,ny). Therefore by using the induction hypothesis,
we have
RIF &Mty [0 > M:7],)
But, since '

ICoM:ry =ap(Il bAz.M:0— 7]y,,0)
(FoM:7)y =ap(ll' bAz.M:0 —1]y,,b)

Consequently, from the definition of logical relation, the formula (*) is proved.

An easy consequence is the following:
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Corollary 1 Let A Bbe Henkin models for the same signature, and let RC Ax B be a logical relation. Then
for any closed term M, the meaning of M in Ais Rerelated to the meaning of M in B, i.c. [M]4RIM]g.

For admissible logical relations, we can also show the following:

Lemma 3 (Basic Lemma, general version) Let Ay ,---, A, be applicalive struclures of the same sig-
nalure, R C A x --+ x A, 1s an admissible logical relation. Let yy,---, 5, be environmenls for them with
'R[‘(rm Jin). Then

RAL > M o]y, [T b M:a],,)

Jor cvery typed term I' b M : 0.

For a proof and further discussion see {33]. For an n-ary (n > 1) logical relation, we can always consider it
as a logical predicate (i.c., unary logical relation ) on the product Henkin Model (or applicative structure).
For further discussion of logical predicates, see below.

If 'R is a partial logical function, the global elements! of A are in the domain of R, and R maps them o
the corresponding global clements of &

Let us now discuss logical predicates on applicative structures. For A, the set of all terms which is an
applicative structure, the basic lemma for a logical predicate R is

1. If M is a closed term, then R(M),

2, For any term M with FV(M) C {z),---,2,} and any substitution® 8 : V™ — A", if R(0z;) for
i=1,---,n, then ROM).

In the rest of this section, we will present some examples of using logical relations to study syntactical
propertics.

A typical (and probably the first important) example is the following [46]. Let SA{!) be the property
saying “well-typed term ¢ is strongly normalizable”, i.e., any reduction starting from ¢ is finite, or, by using
Konig's lemima, it is the same as saying that the reduction tree of ¢ is finite. Then we can show that SA is
in fuct an admissible logical predicate. Then the basic lemina concludes that “every term is SA”.

Here = 1,A= A, and # is the identity function. Since variables are strongly normalizable, then any
term ¢ is SN

More precisely, to prove strong normalization, one defines a unary relation S on terms of base Lypes.
Then Sis extended to a logical relation at higher types, still denoted by S. Finally one proves the following
two steps:

(f) & is admissible.
(i)  S(z) implies SMz).

From the basic lemma, it follows that every well-typed term satisfies § and hence from (i), is strongly
normalizing. The predicate Sis first defined straightforwardly on the terms of base types. For example, for
n well-typed term ¢ of base type, define

S(t) iff t is strongly normalizable

A related proof is Girard’s proof of SA for simply typed A-caleulus [13}, a predicate § = Red and three
rules CR1, 2, 3 are employed. The predicate Red is defined exactly the same way as the S above (at base
typas), and then is extended to all higher types inductively.

Girard postulates the rules

1f an clement is definable in the pure lambda calculus, we sometimes call it a global clement.
2A substitution § : V7 — AT maps variables to ternins. The induced function, alse called ¢, from terms to terms is defined
inductively, For a term M with FV(M) C {x1,---,2n} 0M is M[z) := 6z),+++,2p 1= f2n)
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(CR 1) If £ is in Red, then { is strongly normalizable.
(CR 2) If{isin Red, and ¢t = ¢ then £ is in Red, too.

(CR. 3) For terms of the form
m N, TV, Al
if all its one step reductions are in Red, so is the term tsell.,

We notice that CRI is saying “Red implies SA™ Le., “8 implies SA”. CR2 s o technical lennea, CHY s
saying that the predicate Red is admissible. Red is proved to be logical in §6.2 of {13] and a special case of
the basic lemma is given in §6.3 of the same book.

Example 12 For any M € A7, let CR(M) be the following predicate:
YVPQEAN(MDSPIAMSQ—AReAN (PSDAQDY) .

Then the same argument as above gives the confluence (Church-Rosser) theorem. f{6], [33].

3.3 Logical Relations on Models

Let A be a Henkin Model, R an n-ary logical relation on A The element f € A is said to be invarien!
under R, if (f,---, f) € R. The basic lemma says that all the global clements are invarinnt. 1 is interesting
to compare the notion invarian! with another notion lambde definable. Tn fact, the latter is much stronger
than the former. For a given R, in general, there are more invariant elements than definable ones, A good
exercise is using the Basic Lemma to show that definable implics invariant.

As we said before, a llenkin model A can be looked at as a ccc with Lypes as objects and Tunctions ns
arrows. We define a sub-category R(A) by the following

objects: the same ag that of A
arrows:  those invariant under R

From the discussion above we see that R{A) is a cec. ( All global clements are invariant and the related
equations are already true in A )} Is it also extensional?

Example 13 Consider T}, and the logical predicate defined on it by R = {0,--+,n}. "Then
RV ={f:w—w|Vk<n(f(k) < n}

Notice that the set R%—? is infinite whercas R is finite. There are more funclions than n -+ | elements can
determine: in set theory, m clements can only determine m™ functions. There are many different funetions
in R°? which agree on {0, ..., n}. Thus extensionality fails for this example. So in general, R{A) is not a
Henkin model. We will study more about R(A) for different logical relations R in the next chapter,

On Henkin models, there are some casy and useful exercises for the interested reader Lo practice on:
Recall, a per (partial equivalence relation) is a symmetric and Lransitive relation. We shall discuss pers
in more detail in 4.2.5 and Chapter 5. :

1. The logical relation generated (on a lenkin model) from a per, is a per at cach level (called o logical
per): by this we mezn that for any type symbol o, R? is a per.

2. The logical relation generated from a permutation is a permutation at cach level.

31t rends ¢ is reduced to ¢! in one step, we have this in Chapter 2 and will discuss this more in Chapter 6,
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3. The logieal relation generated from a surjective partial function is partial surjective at each level.

Woe will come: back to these interesting examples to see their categorical meaning in Chapter 4.

Let us say a few more words about logical pers. A logical per has many of the propertics of & congruence
relation, Since a typed applicative structure is a multi-sorted algebra, a congruence relation on it allows us
to form the quotient algebra. In our case, this quotient algebra is furthermore extensional. This method to
get extensional structures is usually called the cxtensional collapec. The quotient of an applicative structure
Awith respeet to a logical per B, A/R, has the same objects as A and arruws are the equivalence classes of
arrow~ of A . Since Ris partial, il ¢ @Dom(R)= {|jrRr}, there would be no representative of a in 4/R.. As
is the case in algebra, AR s always a “model” il A is*. In fact, for any applicative structure 4 and any
logical per AfR is alwnys extensional. In particular, an equivalence relation can be defined on the homn-sets
ofacee Eby, forall fig: A — B,

f~g iffforanyxr:]l— A (foxr=gox)
Then &£f~ is a well-pointed cce satisfying all the equations of Th{£).
Unfortunately, for some categorics £, this quotient model might be the trivial one, i.e., all the arrows
ol the snme type may be equal. For example, if we apply this collapse to the free cee € (the closed term

"model”, without constants), then everything collapses.
One of the applications is the following result [45].

Let A, Bbe two Hlenkin models, & a surjective homomorphism from Bto A. The fundamental homomor-
phism theorem of algebra might suggest the following

dom{h)/K{h)= A

Here K{(h) = {{z,9) | k(z) = k(y)} is the kernel of the homomophism k. Unfortunately, this is not true here
since Henkin models do not form an algebraic varicty. However, the following is a very close alternative:

Theorem 5 (Statman) For any Henkin model A therc is a full type hicrarchy Ty and a partial homomor-
phism h: Ty — A such that dom(h)/ ~ =2 A, where ~ is the equality relation® defined on dom(h).

The following example shows that the composition of two logical relations might fail to be logical. This
distinguishes logical relations from algebraic homomorphisms.

Example 14 Let D = {0,1}, and T be the full type hierarchy generated from D. Two binary relations
R = {{0,0}},S = {{1,0}} are on . They can be extended inductively to higher levels to give two binary
logical relations R, Son Tp. To see if the commposition of R and §is logical we have to show that for any
type T, (Ro8)" = R" o B7. (See the Remark below).

To make the notation simple, we identify a function with its image. For example, the function f which is
defined on {0, 1} and maps 0 to a, 1 1o b is denoted as (a,4). Note

ReS=10

Let 7 be 0 — 0, then ’ "
(RoS)y =DP x DP ,

i.c., cach pair of elements is related. While

RT = {({0,0),(0,0)), {{0,0), (0, 1)},
{(0,1), (0, 00}({0, 1}, {0, 1))}

and

{lor example, if Ais o category, cartesian, cartesian closed, ete: then so is AR.
SSince h is partial, dom(h} might only be a subset of T, hence the equality relation on dom(h) is a per on T'g.
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Their composition
R 08" 2 (RoS) =D x DP

For example, ({0,0},{l,1)} € R" o 5™

Remark 15 In general, fet R, 5 be binary logical relations on some Henkin model. Suppose the base types
are enumerated by 7 for some index i. Then the compositions B™ o 8™ deline a relation on the base types,
one for cach . A logical relation can be built from them, in fact, this is (1 ¢ S)7, lor any higher type 7o IF
the family {{R” 0 §7)}, is also logical, it must be the case that (R o 8)" = R™ o ST since they start {rom the

same base relations.

It would be very interesting if one could find that there are some internal conditions implying
(RS =R oS

i.e., exchanging the logical operation (J)7 with the algebraic operation o without changing their attributes.
This scems tc be an open question.
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Chapter 4

Relation Categories

4.1 Relation Categories and Scones

We will use € for a free cartesian closed category (cce} generated from a non-empty graph, with or without
non-logical axioms; and use £ for an arbitrary ecc or even an ordinary category.

4.1.1 Scones

One of the powerful categorical constructions is the Freyd cover [24], (also called scone [10]). More generally,
the construction arises from general comma categories [30]. Let & B, D be categorics, F, G functors as shown:

£ G B r D

The construciion provides a new category F | G with objects of the form
i
F(X) —— G(A)

where X is from D, 4 is from & and f a morphistn in & A morphism from F(X) 2. G(A) to F(X') i
G(A") is o pair (u, v) such that the lollowing diagram commutes in B

Fexy 28 pexn

f /!
G(A) ——= G(A'
) 57 O

Let &be a category with a terminal object. The Freyd cover of the category &, denoted &, is the following
special case: 1" is taken to be the global sections functor (sce below), I the identity functor.
r I
& Sel Set
The objects, hence, are of the form (X, f,1'(A)) or simply (X, f, A), with X &€ Se, A an object of £, and

f 1 X — I'(A). The global section functor I' : £ — Set maps an object A to &1, A), the set of global
clements of A There is a forgetful functor.

G:8— &

given by
(X=T))— A

(w,v) — v

For the following results, sce {24], [35).
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Proposition 6
1. T is lcft exact, in particular, it preserves finile products,

2. If Eis carlesian closed, then & is cartesian closed and the cartesian closed structure is given as follows,
LetU =(X,f,A), V=(Xf. A9
(a) The producl is
UxV=(XNxX\ fxfAxA)

here (F x f')a,b) = {f{a), f'(B)), where a € X, b€ X', fla) € U(A), f/{b) € ().

(b) Let A= A’ be the exponcntial in &, then the exponentinl inside the scone is
U= V=(Zbi20)

where £ is the sel of morphisms U — V in & ic., the sel of all the pairs (u, v) such that the
following diagram commules.
u

N— X

f /!

S L
The function h : Z — (A = A") maps (u,v) lo 6, where v is obtained from v by carlesian
closedness:
v:A— A
i:l— (A= AY)

3. The canonical forgetful funclor G : E—Eisa cce-represenlation.

More generally, the functor I' in the Freyd cover can be chosen as any product preserving one. “The
following can be shown [35)]

Proposition 7 1. If [ is a producl preserving funcler, then the scone is a ecc.
2. The forgetful funclor G : £ — & preserves carlesian closed struclure.

If A Bare cartesian closed, then Ax Bis still cartesian closed. Its objects and arrows are pairs with the first
components from 4 and the sccond from B. All the operations and constructions are done componentwise,
In particular, for the object (A, B) of AX B, its global sections arise from the product of those of A and
those of B, i.e.,

['(4, B) = I'(A) x [(B) = I'(A x B)

For Henkin models A4 B, the scone Ax Bis the category with objects and arrows satisfying the following
diagram

R ¢ R
u u'
TAxTB IA' x I'B’
r'(f.g)

The full subcategory, Ax Bof Ai_B, consisting of those objects for which u is injective is called the injective
scone [35). Hence the objects of Ax Blook like: (R, A x B) with R a binary relation, i.e,, asubset of TAxI'B.

35



[t s happens that this injective scone is a sub-cec; in fact, for any two objects (R, A x 8), (', A x B")
products and exponentials are given by

(A2 By (R A< )= (Rx R, (AxA)Yx (B x 1Y)
(RAxB)y= (R, A xB)=(= R, (A= A)x(B=8))

where the relations 12 x I and 1t = R satisfy the following critical propertiecs:

(e, 0" )R % )b, 6) il altb and o R
S = R')g i VL:l— AVs:1— Btis implies J{{)R'g(s)

Comparing this with Definition 1 of Chapter 3, one will sce immediately that logical relations ecan be
modeled by using injective sconces.

In this framework, the Basic Lemma (Lemma 2 in Chapter 3) translates to saying that a certain diagram
commutes [35]:

Proposition 8 (Basic Lemma) Let & be the product of two Henkin models A and B, £ the injective sconc,
then the lower right trinngle below commules.

LN A

where S is a diserele graph, C is the free ece gencerated from S, 1= (ya,yp) s any lype assignment, G s the
Jorgelful funclor (R, A) — A, [, are cce representations.

Hefore we prove it, let us explain why this is the basic lemma.
We think of € as syntacticaily presented from types and terms. Consider the above mentioned “lower
right {riangle”; for any type symbols o, 7, we obtain the following diagram:

(R°,A° x B°) -—lll_]" o

G
[-]Gon

AT x B°
The above dingram is about the type part. What is a diagram for the term (or “arrow”) part?
Recall the map [ : (R?,A% x B?) — (R™, AT x B™)) is of a form (u,v), where u : R — R7 in Set,
and v : (A° x B7) — (A7 x BT} in the category Ax B. Hence, v is a pair itself, say, (fa, fp). Thus under

the forgetful functor G, £ (fa, fn).
So for the element part, we have the following:

(f:(R°,A° x B°)— (iU7,AT x B")) HF—{ (Az°. M7 10— 1)

G
|[-]|Gon

((f.'l'fﬂ) : (Ac X Ba) — (A'l‘ x Br))
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Notice, for an injective scone, the arrow pair (u, v) can really be replaced by ¢. So basieally, f = {fa. fn)
with f4 : A9 — A7, and fi : B° — B7. The proposition claitns the “lower reght friangle™ connmutes,
with G the forgetful functor. This implies that f4 = [Ar®. M7 ], and fi = [Ay". M 7]y, Notice fe R
means f4 R fp or [Az%. M, is related with [Az7.4],,,. This is exactly what the Basic Lennna says.

Proof Sketch:

1. The arrow [.], is the unique functor to make the upper triangle commute from the universal property
of free cee. It is & cce-representation.

2. The arrow [ Jgoy is the unique functor to make the outside triangle commute based on Lhe same reason
as above. It is also a cec-representation,

3. The canonical forgetful functor G : £ — Eis another cec-representation.
4. The composition of two ccc-representations G with [, is also a cce-representation,

Hence from the uniquencss of [Jgon, the “lower right triangle” commutes. 4

4.2 Logical Relation Categories

In the rest of this chapter, we will assume that £is a cartesian closed category unless otherwise specified.

4.2.1 Introduction
Definition 7 A logical relation category Rel,(€) is defined by the following data.
Objects (R, A™), here A is an object of £ and R is a subsel of T{A").

Arrows For two objects (R, A®) and (S, B™), an arrow [ : (£, A™) — (S5, B") is defined to be f: A — 8B
in £such that forany z;: 1 — A, i= 1,1,

(1, z) € R (fn,--- fen) €5
Two arrows f, g : (R, A®) — (S, B") are defined to be equal if they are equal in &

The composition is defined the same way as in £ It is casy to check this is u category. Furthermore the
following properties follow from that of Set and the nice behavior of the funclor I',

Proposition 9 1. If & has a terminalor 1, so does Rel, (), numely ({+},1); here {+} is I'(1"), a singleton
sel. If € kas an initial object 0, so does Rel,(£), namely (§,0), here 0 is an inilial in &,

2. If€is a carlesian calegory, so is Rely (£).
3. If € is carlcsian closed, so0 is Rela ().

Proof Since I'(A x B) = I'A x I'B, we only nced to provide the cartesian closed structure of ‘Reli (&),

Recall that the objects are of the form (12, A), with R a subset of I'A; here A is an object of £ An arrow
f: (R, A) — (5, B) is, by definition, an arrow f: A4 — B in & such that for any = € U'A, if = is in R,
then the morphism f oz isin S. Now the cartesian closed structure is given as follows:

1. ({*},1) is a terminator, if 1 is one in & {»]} is the set (I'1) , a singleton.

2. For object (R, A),(S, B), the product (R, A) x (S, B), is defined to be (/2 x S, A x B3), where for any
{z,y) € (A x B) = (T'A) x (I'B),

(z,y)e RxSifzeflandy€eS

It is easy. to check that this is a product.
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3. The exponential (12, A) = (5, B) is defined to be (R = 5, A = B). iere A = 3 is the exponential
B4 of A, 13 in £ The (unary)relation f£ = S, a subset of I'(4 = 1), is defined by

Je(R=S5) il VereR({fz)e S

As a practice, we check the following equation from Lambek and Scott {24] page 53.
Eda. co(h*m, 7'y =h or the following
en(h* x IN="h

heee b (1, C) x (R, A) — (S, 1), k™ is the currying of b, i, ° 1 (T,C) — (R, A) = (S, 1)), and ev is
the evaluation map from (12, A) = (S, B)} x ({2, A) to (S, B). The two projections are from (7', C) % (R, A)
to (1, C) and (£, A), respectively. [ is the identity arrow for (£, A).

For the given objects (12, A), (S, B) let cv : B x A — B be the evaluation map in £ We want to show
that this evaluation map in £ gives an evaluation map in the relation category.

Fiest, ev : (R, A) = (5, B)) x (R, A) — (S, B) is an arrow in the latter category. By definition,
(12, A) = (S, B)) x (R, A) is equal to ({R = S) x R, B* x A). Now for any (f,z) € (R = S) x R, i.c.,
r€ R, fe =5, from3 above we have fr € 5. Thus the evaluation arrow in £ does induce an arrow from
(R, A) = (S, B)) x (R, A) to (S, B) in the relation category.

Now it is ensy to see that this ev is the real evaluation map in Rel(£), i.e., it comes from the identity map
(R, A)=> (5, B) — (R, A) = (S, B) along the adjointness of the [ollowing two funclors

() x (1, A) 3 (R, A)=> ()
Notice the following isomorphism
llmnm[(&((fl‘,(?) x (R, A}, (S, B)) = llommf(&(('i‘, C) (R, A) = (5, B))

comes from

Homg(C x A, B) = llomg(C, B*)

and the definition of =>. We leave this for the interested readers to check.
Finally, we have the following diageam

(,C) x (R, A) "X (R, 4) = (5, B)) x (R, 4) = (S, B)

or
cv(h* x ) (1, C)x (R,A) — (8, B)

This map has the same domain and codomain as those of A; furthermore, ev(h* x I) = h is true in &
According to our definition of equality of maps in Rel(£), the equation is proved.

4.2,2 Examples of Logical Relation Categories

As we mentioned before, any (binary) relation on the atomie objects can be extended to a logical relation on
the whole type structure. In what way do logical relation categories and logical relations connect? In this
section we will investigate several examples to display the connection.

Example 15 Let Abe a Henkin model. We examine Rely(A) from Definition 7.

Recall in the case of a Henkin model, 1 is a generator; hence, we identify I'(A) with A.
Let K be a binary relation on A ,, for base type 0. Then a logical relation R= {R®}; which extends R
can be defined inductively as {ollows

zR**7y il maR°my and Tz RTMay
fRe=Tg il Yx,ye A (xR = f(x)Rg(v))

The category Relz{A) is as follows;
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Objects (R?, A7), here A7 is an object of A, and A7 is the extension of It on A7 50 0" C A7 « A",

Arrows For two objects (%, A7) and (R7, A7), an arrow f: (17, A7) — (K" AT} is delined if f 0 A% —
AT in A and such that for any &,y € A7,

(#R7y) = f=YR [{y)
Notice that the last equation can be stimply written as

JROTT S

This category is a logical relation category. It can also be thought of as a subcategory () of b with
the same objects {A° | & € T} but only those arrows f: A7 — AT which are invariant nuder the logical
relation R, i.e., such that R(J, f).

In the following we will explore more about this construction, and R(A) will be mentioned not only for
one relation R (here), also for a sct of relations M{A), §A), elc. Another related construction [22] will be lefi
until ihe next chapter.

The next example is quite interesting. It relates to one of the fundamental results in this field [i1].
Recall, for a category G, C is the well-pointed category obtained by adjoining infinitely niany variables to
the nonempty types. This is defined and discussed in Chapter 2.

Example 16 Consider Reli(£), where £ = Sel x €, € the free cec on a set of generators, 0 is the [reely
generated category obtained by adding infinitely many variables to cach nonempty type. Consider the full
subcategory F of Reli(£) with objects of form (2, (4, a)), where (A, ¢) is an object of Sel x (7, such that R
is o subset of

Pgotxe (A,0) = Lgpp(A) x Tp{a) X A x T (o)
Furthermore, R is a partial surjective function from A onto I'(¢). 'To avoid some nonessential irgument, we
only consider the nonempty scts A,

Proposition 10 F is carlesian closed.

Proof Let (R, (A,0)), (R, (A',¢')) be two objects of F. We will check that the product and exponential
are still in F, where these objects are (respectively)

(Rx R (Ax Ao xa')), (IR= R (A= A0 = a)

Here A = A',0 = o' are exponentials in Set and C respectively.

What we want to prove is if 2, R' are partial surjective functions from A 1o @, A’ to @' respectively,
then R x R, R = R’ are also partial surjective from A x A’ to ¢ x &', (from = It' to (S = 5,0 = a'y,
respectively.)

First we show it is true for products.
R = R is still a parlial function. In fact, suppose

(fiu)it x ¥'(g,v)
(fiu)Rx R'(h,w)

Where [, g, h are functions in Sel, and u,v, w are terms. Then we have JRRg, fRh, wltv, and wft'w. Hence,
g=hand v=wor

(9,v) = (h, )
Second, for any (g,v) € I'(o x &), there are y € ['(e), v € I'(). llence, there are f, u such that

Jitg, and uflv
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‘Thus (f,u)ft < ft'(g, ), i.e. I x 1 is partial surjective,

Now we show i, is true for exponentials.
First, It = R’ is still a partial function. [n fact, suppose

J(R= R
f(iR= Rw

then for any (x,8) € A x I'(o}

il = flz)R'en(v,t)
S(@) R ev(w, t)

Since I is a function, so er(v, t) = ev(w,t), for any ¢ in I'(c). From extensionalily, we have v = w. Thus
R = I is a partial function.

Second, we show 8 = R'is surjective. Forany v:1 — (¢ = ¢'}, wewant tofinda f: 4 — A’ in
Set such that f(Jt = ). Forany z € A, il 31 : 1 — &, such that zRR¢, then for this ¢, ev(v,l) : 1 — o',
Iromn the surjectivity of ', we know there is an ax € A’ such that

agz Rlev(v, )
I there is no such L, let a; be any element in A’ (recall, A’ is nonempty). By using the Axiom of Choice,
we gel a function f: A — A’, which sends each £ from A to a, in A, and satisfies f(R = R)v.

This finishes our proof. 4

One of the first successful uses of partial surjective Tunctions as logical relations was in Friedman[11].
Among the most recent applications is Cubric [7). Together with [11], Cubric proved that the partial
surjective functions form a structure preserving map from Set Lo an extension of C, namely €*. Purthermore
this connection can be extended to Calso with structure preserved. Thus there is a structure preserving map
from Sef onto C. Finally, this map has a “retract” which turns out to be a faithful representation. Notice
that the map mentioned here is not a functor, henee the retract (a genuine functor) is only formal. In the
lollowing diagram, the injection from Cto C is done by Cubric, and the other one by Friedman.

Theorem 6 (Cubric) [7] There is a faithful representation from a free ccc inlo Sel.

The next example is Rela(Set), or simply Rel(Set), a binary relation category.

Example 17 Rel(Set) is a category whose objects are sets with a binary relation on each of them. An arrow
" (R, A)— (S5, B)

is a set-theoretic function f: A — B between the two underlying seis such that for any 2,y € A4, if 2Ry,
then f(2}Sf(y). "I'wo arrows f,¢: A — B are said to be equal if they are equal in Set.

It is casy Lo sce that Rel(Sel) is cartesian closed. In fact it is a sub-ccc of Set®.

Rel(Sel) —  Sef
(R,4) — (R,AxA)

This identifics (R, A) in Rel(Set} with the object (R, A x 4) in Set.

Recall from the Basic Lemma, we have the following commutative diagram.
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i[—]](.‘or;

tn

Here S is a discrete graph, Cis the {rec cce generated by Sy, 7 is any type assignment. (7 is the Torgetful
functor, i.c., (A, R) — A,

Pick some 5 such that [ ], is faithful'. Then the representation [Jgoy is also faithful,

In fact, for any ¢y, ts in G if [ti)gon = [alaon, then G([ti]y) = G([t2]y). Both G awd [, are faithful.
Hence ¢y = 1.

Thus, a corollary of the Basic Lemma is the following

Proposition 11 There is a faithful represcntation from a free cec inlo Rel(Set).

4.2.3 Invariance Under a Family of Logical Relations

In the previous section in Example 15, the category we illustrated concerned arrows invariant under one
logical refation or predicate. As we mentioned, one of the main purposes for which logical relations were
invented was to study lambda definability. For this reason, we need to understand invariance under a family
of logical relations. In studying definability, logical relations are used as a eriterion: those arrows which are
invariant under these relations fortn a subcategory and become candidates for further study; those relations
which fail to be invariant are cut off from the category. Generally speaking, adding more relations will cut
down more, since fewer clements will be invariant under more relations.

Let {4 }ier be a family of small cartesian closed categories where § ranges over an index sel. 1, Consider
the product set [T;¢; A- A cartesian closed structure can be induced on it componentwise as fotlows:

¢ (1); is a terminator;

o (a;); x (b;); is defined to be (a; x b)i;

. (a,-).- = (b.').‘ is defined to be (a,- = b,'),';
where we write (a;); for (ai)ies.

For any (R, X) in Rel(Set), it generates a cartesian closed full subcategory < 12, X > inside Rel(Sct). By
analogy, < R, X > is to Rel(Sect) as the full type hicrarchy T is to Sel.

On the other hand, the forgetful functor G : Rel(Set) — Set when restricted 1o < /6, X > is a Taithful
embedding into Tx . Thus if we look at < R, X > as a subcalegory of T'x, all its arrows are invariant wnder
the logical relation R generaled from .

Let I = P(X?), the set of all binary relations on the set X. Then, as we said above,

x=J[<r x>
el

1 Any type assignment which sends each base type to nu infinite set will do.
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is stifl a cartesian clased eategory.
Let X be an infinite set, we denote InRel(Ty ) for the following cartesian closed category

Objects The same objects as those of Ty,

Arrows An arrow f from A to 3 in InRel(Tx) is a function f : A — B in Ty such tha! [ is invariant
under all the binary logical relations generated [rom the elements of (X x X) (all the binary relations
on set X).

Theorem 7 (Plotkin) [f X is infinile, then there is a faithful representation of the one base lype free ccc
instde InRel(Tx ). Furthermore it is full for type ranks less than 3.

4.2.4 Logical Permutations

The next example can be traced back to [25], see also {14].

Example 18 Instead of ordinary R(A), we consider the special case, 5j(Set), a full subcategory of Rel(Set),
with the objects (&, A), such that R is a permutation on A.

Let Z be the group of integers under addition. It is casy to verify that Bij(Set) is indeed the topos Z-sets
Set? | 124] [14].

As a more gencral treatment, we can consider any permutation group G, and the logica! permutations
inductively generated using the clements of G We might want to ask which arrows are left invariant by
applying such logical permutations.

A more general description can be given for any monoid M as follows, An Mset A is a funclor from
Mo Scl. From another point of view, it is 2 monoid homomorphism M — A4 where A* is the monoid
of endomaps of A under composition. So an Mset is a sel logether with a monoid M,, here M4 is a
submonoid of A4, and a homomorphic image of M. The functoriality is given below

e A(zy) = A(z) o A(y)
o A(ld) = ld,

which is exactly saying A is o homomorphism. Conversely, for any such a pair (A, .MA), if M, is a submonoid
of A4 and a homomorphic image of M, then the pair is an Meset, i.e. (A, My) € Set™ . By abusing notation,
we can write

Set* = {{A, My)]A € Set, My is a submonoid of A%, and homomorphic image of M.}

M-sets form a carlesian closed category, in fact a topos[24]. A special kind of M-set is when M is in fact
a group G. In this case, we have a simpler expression of G-set. It. is a set together with a group (namely, a
subgroup of the perrautations on A). The cartesian closed structure of Set® can be described as

e (1,{e}) is a Lerminal
e (A,GA) x(B,Gp)=(Ax B,Gy xGp)
o (A,GA)BEP) = (AP, Gpaya)
Here the group Gy 4 is defined as follows:
For any g € G,98=4 € Gp= 4 is equal to Az : A8 .9, o;co__ég“‘.

Notice that this description of cartesian closed structure is not the same as the ordinary topos-theoretic
description ( which comes via the Yoneda Lemma) [24).
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4.2.5 Per{(}), a Generalized per-like Category

Equivalence relations {reflexive, symetric and transitive binary relations) posses very nice properties among,
ordinary binary relations. If the reflexive requirement is removed from the above notion, we get the so ealled
partial equivalence relations, or Pers. [t turns out that Pers play a very important vole in the study of
semantics. We invite readers to [33] and the references there.

More generally, we consider a subcategory of Rel(Set) which has objects (£, A) such that I? is a partinl
equivalence relation on . However, an cven better construction is the following,.

Example 19 The category Per{Set) is the following category
Objects (2, A), where A is a set, and 1 is a parlial equivalence relation on 4.

Arrows For two objects {2, A) and (S, B), an arrow f : (R, 4) — (S, 3} is a set-theoretic function
f: A —— B and such that for any z,y € A,

xRy = f(x)Sf(y)

For any two arrows f,g : (&, A} — (S, B), dcfine f = g if for any =,y in A,
xRy = f(x)Sy(y)
Remark 16 The equality here is different from the relation category Rel{ Set).

Actually, the main difference between Per(Sel) and Rel{Set) is the equality on arrows. So although Per(Set)
arrows are ordinary set theoretic maps between Pers in Rel(Set), cquality of maps in Per(Set) is defined with
the assistance of the related partial equivalence relations. 1t is casy to prove the following:

Proposition 12 Per(Sel) is cartesian closed.

Let Abe any Henkin model, R a logical partial equivalence relation over it. As above, we can consider
Per(A) for any Henkin model A . Then the logical relation category of it is equivalent Lo the quotient model
which turns out Lo be a Henkin model again. This is the method called the extensional collupse [12].

4.3 Other Related Categories and Interconnection
As we noted previously,

If R is a binary relation on the set B, then < R, B > is a full subcategory of Rel(Sel).

In particular, if R is a permutation on the set B, then < R, B > is a full subc.xtebory of SetZ. Furthermore
if G is a permutation group on the set B, then < G, B > is a full sub category of Setf

Remember, we use logical relations as a kind of sieve Lo refine a eategory by removing “non-qualified”
arrows, Two typical examples are: all the logical permutations, and all the binucy logical relations. ‘The
following shows us how powerful they are.

Theorem 8 Let S be a discrete graph, say a singleton, and C be the freely generated ccc on S. Then for any
group G, there is no non-trivial full embedding C— Set®,

Proof Let G be an arbitrary group. By Cayley’s Theorem, suppose G is a subgroup of Sym(13), lor some
infinite set B. WLOG we let § = {7}, i.c., there is only one base type, hence under any interpretation of
the base type, C goes to a Tp for some set B under a uniquely determined ccc {unctor F.

(It is easy to sce that if B is finite, then F' cannot be faithful. For example, there are infinitely many
Church numerals for any Lype symbol & [13], and they are all different. from cach other. On the other hand,
there are only finitely many clements in each level of T5.)
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Nontrivial means that |£3) > 2. In Tact, for any such T, a functional £Q is defined such that EQ{a,b) =
[KYifa =band EQ(a, by = [K.Jile # b, where K = Az, K. = dzy.y. We will show that EQ is invariant
for any logical permutation induced from one on £2, but Q) is not A-definable.

IFirst Taithful: p
["[S] II—H F SC[G

G
-3+

a,

Sel

If for any ¢, s, [t} # [s] then as sct-theoretic functions, they are not equal in Set either. So [—] is faithful.
Second the functor [--J& : F[S] — Set® is not full at all. The following is an example from {39):

For any given type o, cousider the function
EQ:{ox0g)— (0 —(0—0)) (=p—7)

which for any a,b € A;,
EQab=if a=14 then [Ary.g] else fAzy.u]

For any permutation g, gp—-{EQ) = g-oEQo(g,)~". (Here, though we write gp—-, it is indeed a permutation
of type (p — 7) — (p — 7), the same for the others.) For any a,b € Ag, ifa # &, then (go)"'a # (g0) "0
So
gp—r{EQ)ab = g, o EQ o g5 'ab = g, o EQ(y; 'a}(y; 'b)
which is gr o K. = K.. On the other hand,
gp—r(EQ)aa = g- 0o EQo (!’p)_lfm =gr0 EQ((ga)_l“)((ga)_l“)

which is gr o K = K.
From extensionality, y,—(EQ) = EQ. Hence it is invariant under any permutation,
However, it is not A-definable, as we can see that a simple binary relation will falsify it.

Let 12 = {(a,b),(b,a),{a,a)} herc a # b, then aR®b, bR°a. As our notation that EQ is of type (o x 0) —
(= p — 7). I (EQ)RF—7(EQ), then we should have ((EQ)ab) RO~ (=) ((EQ)aa). This gives

(Azy.y){Azy.x) or K.RK

From alth, bRa, we will further get
{(Azy.y)abR(Azy.~)ba

This is simply 8Rb, Bul, for this example it is not true.

Let D be an infinite set, then the base type mentioned for the full type hierarchy Tp is D. Let Cbe the
free cec on one base type. In the following, we will investigate the different “sieves” applying to Tp.

Recall, for a Henkin model A, A is the Henkin model generated from A by adjoining infinitely many
variables to ench nonempty type. A logical relation on A" is called a Statman relation on A Let Stat be
the set of Statman logical relations on A [46], A'r the set of Kripke logical relations [39], InRel the set of
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all binary logical relations, G the group of all or part of the logieal permutations, and £ one lixed logical
permutation on the base type (atomic object).

The diagramn below describes the relationship of the categories mentioned above. Exeept for dotted
arrows 8, 9 and arrows f, f7, all the other arrows are faithful representations, aud the arrows labeled &,
are also full. The behavior of the arrows f, f; is dependent on A . Consider the following diagram, where §
denotes an appropriate “inclusion”.

9
Stal{A) =- - Stat(Tp) = Nr{1h)
p
i i
v
InRel( A) 6 InRel('T)
Iz p
i i
' ‘/ 3 Iy .
R(A C—— {1p) ——= Sel”
i J N i
8 I"u
Ao Tp e () —w S0t

Sel

The following are some remarks. The cornment labelled ¢ refers Lo the functor labelled i,

1

+

The faithfulness of arrow 1 comes from Cubric[7]. It is easy to see Lhat there are unconntably many
clements (:=sut-theoretic functions) in Dy_,, since Dy = DY, and D is infinite. Hence there are
uncountably many mocphisms in Hom(D, D). On the other hand, there are only countably many
morphisms of Cin total, since the languages of typed A-caleulus is countable. So this functor is not full
at all.

. The fact that arrow 2 is weakly full is from Liuchli’s ‘Theorem [25] and [14]. In [act, what they proved

was stronger than what we said here. Both of them consider coproduct as well, and Linckli also
considers predicate logic. The weak fullness of functors 3, 4 is because of the same reason,

. The representation fromn Cto ZTp) is faithful but not full. For example, the teem EC in the proof of

Theorem 8, in this chapter, is invariant under any permutations but not definable.

The representation from Clo InRel{Tp) is faithful. Furthermore, it is full for Lypes with rank less than
3 [39]. For higher types, the question is still open.

. Plotkin [39] proved that il a morphism from the full type hictarchy satisties all the Kripke relations,

then it is definable. Statman gave a very tricky example Lo verify Lhat Plotkin's theorem is nol true
for the ordinary Hlenkin Models, i.e., it is only true for full type hicrarchy [16).

. Statman [46] claimed that for any Henkin model 4, if 2 morphismn ¢ satisfies all the logical predicates

in A, then ! is definable, i.e. , equal Lo an image of a marphism (rom the free category. So il Ais full
type hierarchy, 6 is a Tully faithful cartesian closed functor,

. The functor f7 depends on the model A i.c., it depends on f. Recall f is the unique cee representation

€ — Afor a given type assignment, In general, we might want to say that Stal(A) is a carlesian
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closed category with all its arrows A-definable, but which may also realize some unexpected equations
between these arrows.

. The dotted arrows 8 and 9 are not functors, Theorem 5 of Chapter 3 is a version of the fundamental

theorem of algebra, which characterizes a lenkin model by two logical relations h and equality from
Sel. So dotted arrow 8 is the partial homomorphism, and 9 could be thought as the restriction of 8 on
Stal(Tn). It is interesting to notice that 9 is a total function.

. [T Statman’s theorem is correct, then the arrows of Stat(A) are all definable; then Stat{A) is, in fact,

a quotient AfTh(A). However, as far as we know, the proof of Statman’s theorem has never been
published.
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Chapter 5

Lambek’s ¢ as a logical relation
category

As an alternative example of a logical relation category, we briefly investigate Lambek’s subcongruence
completion category O in this chapter. The original construction is given in [22], which is as an equalizer
completion of a given category C. L turns out that the construction is too good: one also gets coequalizers.
We will only use this construction to illustrate the siiilarity between it and our logical relation categories.
For the other properties of this constiuction, we invite the reader Lo read [22].

5.1 Imtroduction

Let € be a small category. A new category €'t is defined as follows:

objects: The objects are tuples of the form
(Ri,4,4)
where B = {Relcee, i = {ic}eeq,: § = lic}eee, are families indexed by objects of € and A is an
object of € such that for any object € € (, we have arrows

Hom(C, A) & Re 1S Hom(C, A)

such that ic, jc are jointly monic from Re to Hom(C, A) in Set, and the pair (ic, je) makes Re n
partial equivalence relation on Hom(C, A). Furthermore, for any map & : C — 2 in ¢, Hom(h, D} :
Hom(D, A) — Hom(C, A) is a map in Per(Set). We will write R for this object (12,4, 7, A) and KA
for the component at C.

morphisms: f: R — RE if fisamap f: A — BinC and for any C € G, z/tiy then f:z'Rgfy.

cquality: Two maps f,g : R' — RP are called equal, if for any C € G, il zRAy then f'.r:‘ngy. Equiva-
lently, for any z € Dom(R%), ftREgz.

If Cis cartesian closed, " is too. The following is the cartesian closed structure of it.

1. 1 = {(*, Hom(C,1))}¢ is a terminal object in CR, here 1 is terminal in C.
2. R* x RE is defined as R**Z, a per on Hom(_, A x B), such that for any C € G,

uRA*By & uy(u) RAm (v), andmy(u) RE 7a(v)
3. R* = R is defined to be R*™F which, for any C € G, is a per on Hom(C, A = 13), such that for any

z,y:C — A= B
TRETPy & VaRGb(ev(z, a)REev(y, b))
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Theorem 9 (Lamnbek) There is a fully faithful embedding Jy, from C inlo CR, which preserves the cec
slruclure.

For any A € G, there are many RY's. For example, we can cheose different partial equivalence relations to
get different RY's. The image of A under Jy is chosen to be r*, for which for any C € (,, the associated per
is the identity relation on Hom(€, A}, For f: A — B, and any C, J,f is Hom(C, f). This is well defined
sinee x = y always implies fr = fy. Arguing via Yoneda embedding, one can show that Jy is fully faithful.

5.2 C7Tas a Relation Category

Recall Per{Set), which is a logical relation category. Its objects are of the form (&, A). An arrow f :
(2, A) — (S, B) is a function f : A —— B which preserves the partitions induced on A and B: i.e., for all
z,y € A, zlty = (fx}5(fy).

Theorem 10 There is a fully faithful cc functer Jo from (,R inlo ?cr(Set)cF.

‘The mapping is

RY e {(RA, Hom(C, A))}c .

Then
C  — (RE Hom(C,A))
h Hom(h, A} = R (k)
D~ (R}, Hom(D, A))

and

Hom(RY, R") = Nat({(R3, Hom(C, A)}e, {(RE, Hom(C, B))}¢)

First, each £ : R' — R" is a natural transformation by the following commutative diagram which depends
ont Lthe associalivity of cotnposition

(R4, Hom(C, A)) A% (RE, Hom(C, B))
RA(h) RE(h)
(R}, Hom(D, A) 5 (RY, Hom(D, B))

Second, each § € Nat({(RE, Hom(C, A))}c, {(RE, Hom(C, B))}c) is one of these. This is true from the
Yoneda Lemma.

Remark 17 We can consider ordinary binary relations instead of pers, and in that way, we will get a fully
laithful embedding -
P CRel( St
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Chapter 6

Strong Normalization and
Church-Rosser

We have been talking a lot about the semantic part of lambda caleuli. As we mentioned earlier, there is
another aspect of a lambda calculus: the proof-theoretical part.

In this chapter, we will briefly investigate the rewrite systetn R (see [9], or Chapter 2) used for the
A-calculus, which corresponds to the free bi-cartesian closed category {9], [24]. FPurthermore, we will discuss
some interesting connections between syntax and semantics, i.c., we will sce how the rewrite system affects the
semantics. In particular, in section 6.3 we shall develop some new theorems for representing [ree entegories,

Equality is a fundamental logical concept of universal importance. Uquations are often a very natural
way of expressing mathematical knowledge, and the properties of the equality relation allow us to reason by
“replacing equals by equals”, a very powerful and general technique. A key idea in equational reasoning is to
treat a set of equations as rules for rewriting expressions. A rewrile rule, written M — N, is an cqualion
which is used in only one direction, L.e., M is replacable by N, but not vice versa. A set of rewrile rules is
called a rewrile system.

Recall there are three rewrite systems we have introduced in Chapler 2. They are

t=:  The ordinary contraction rules for simply typed lambda
calculus with coproduct types.
R:  ‘The context sensitive expansion rules with full restrictions.
R™: ‘The context-iree expansion rules

We will study each of them and also investigate the equivalence relations developed from them.

6.1 SN, CR for Simply Typed Lambda-Calculus

The theory of rewriting centers around the concept of “normal form”, an expression (lambda term, in our
case) that cannot be rewritten any further. Rewrite systems are readily used as a programmniing language.
Computation consists of rewriting to a normal forin; when the normal forin is unique, it is talien as the value
of the initial expression.

Basically there are two kinds of rewriting rules: conlraction and ezpansion. Let us use an carlier example

2= Afe—) P 2(X2°.f2)y : (06 — 0) — (0 ~ 0)

to discuss some arguments or “simplifications” behind it. From an operational point of view, the contraction
rules just state possible “optimizations” of an expression, like simplification in ordinary algebra. For example,
a term like Af(e=°)y? 2(Xz°.fz)y is more complex than z, but behaves the same way. It is convenient to
replace all its occurrences by =z, as this transformation will yield an equivalent, but smaller expression. This
idea backs the use of contraction rules, and is fully accepted in other fields of mathematics. However, from
a theoretical point of view, there is another aspect. The equation states a relation between a Lerm and ils
type. It just tells us that whenever a term z has a functional type, then it must really be a function, built
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by A-ibstractions. We ought to be able to replace & by Aflo—=¢)y® z(Az° fz)y, since  gives no information
Y 4 | A L Y g
about its behavior.

Sometimes different rewrite rules are not only a matter of taste: they affect normalization and confluence
(see the definition below ) of the system directly!. Even for a given fixed rewrite system, there is still a
nondetenininistic problemn around: what reduction strategy does one want to use? For example, the typical
example in (untyped) lambda caleulus that strategy affects the rewriting result is the following:

Example 20 Let £ be the term Ar.zz, y o variable, and K be the term Azy.r. Consider the application
term

Ky(20)

Notice, Ky(Q2Q2) = y by the usual cquational theory of lambda calculus. What about from a rewriting
viewpoint?

If doing inner-most reduction (call-by-value, in computer science terminology), which usually always
siinplifies the computation {(unfortunately, not this time) one will be trapped ino an infinite loop

Qo -Laon ...

On the other hand, if doing outer-most reduction (call-by-name, or lazy evaluation), ene will luckily get
Ky(S¥Q) — y, and » is a normal form.

We remind the reader again of two standard terntinologies:

Definition 8 1. A term is said to satisly SN (strongly normalizing), il every possible reduction sequence
leads to a normal forim, no matter which strategy is used. A rewrtte system is said to be SA if all
terms under this system satisfy SN,

2. A rewrite system is said to be CR (Church-Rosser, or satisfy the “Diamond Property”), il any two
reductions of a terin are confluent: that is, for any term ¢ if there are reduction paths such that
l} ~— t — Ly, then there is u term I such that ¢, and {2 can be reduced to I. The picture is a

“dinmond”:
/ \
4 Ly
\ * /
I

If a theory is SA and CR it satisfies many properties. Among them is decidablility of the word problem.
For example, to determine if two given terms s and ¢ are equal or not, one only needs to do reductions and
compare their normal forms. If the normal forms are the same, then they are equal, otherwise they are not.,

Another good property is consistency. For example, two different variables are not equal. Ilence as long as
there are incquivalent terms, the equational theory is consistent.

As reported in [24] the traditional contraction rules are not Church-Rosser with product types: they are
only st; o'lgly normalizing. The problem occurs in dealing with extensional equations. For example in the
case of mply lyped A-calculus, the extensional rules for type 1 arise in the fdllowing cases, against the other
two extewsional rules 5 and x!.

1Se~ also Chapter 2 Remark 6 for the evidence,



!
Ayx ~———  Aysy OLAN

{*.+) S {mt.mat) 2% ¢

where s 1 ¢ — 1, and £ : I x 1. Tt is easy to sce that since the terms on the left and right are irreducible,
they are different from ecach other. Consequently, the confluence is destroyed. Lambek and Seott prove the
confluence without type 1 [24]. A better approach is developed by G.Mints who mended this annoyance, by
orienting the extensional cquations as expansion rules with some restriction to context. (For a discussion
about this, see [7], or Chapter 2). Prawitz from the view point of proof theory also suggested expansions s
rewriting rules, see [40]. It turns out that this is not only quite reasonable, but also satislies normalization
and confluence. What is lost is the freedom from context, and hience, the reduction rules are context sensitive
and rules (as schema) may not be closed under substitution.

Examnple 21 Consider
S = Agomlo=lomel oo o (1) (yz)

In the ordinary case, this is its normal form. However, if we use rewrite systemn 12, believe it or not, this
well-known combinator is not in its normal form yet!
Consider its immediate subterms and their normal fors as below:

r— Aot — MPu®.(zt)u — MOuv® {(x)u)re
oz — MO [z} — Attul.({z2))u

We cannot substitute either of the terms which are after = into §. 'The same sibuntion for r=.
What we can do is an outmost reduction te get

S — M sy (=) (yz))t

The right hand side term is irreducible with respect to the rewrite system .

6.2 SVN,CR and A-calculus with Coproduct Types

In this section, we consider the A-caleulus with coproduct types. The proofs of S and CR in this seclion
are mostly from [9], we only make some of them sinoother 1o read.

Proposition 13 Ift is an I-icrm other than an absiraction whose immediale sublcrms wre SN, then § is SN

Remember, a non-abstraction I-term is one of the following,
* (1), =z (avariable), (s,8), O, &, [f1, /2]

If all its immediate subterms (provided there are some) are in normal form, there is really no more reduction
to do on them.

The situation with A-abstraction is more subtle, e.g., even if ¢ is in its normal forin, Az : @ -+ 7.8 can still
be reduced to something like

[Azi %tz 1= (kyzy)], Azt = (kaxa)]]

and the components might be able to be separated further,

To prove normalization Dougherty uses Lhe standard method of computability predicates Comp, (Re-
member, the predicate Comp ( called RED by Girard [13]) is a logical predicate. In addition, Dougherty
introduces the following concept.

Definition 9 For a type 7, the pseudo-variables PV(7) are the variables of type = and with, in cnse
T =7 + 72, the set {kiz;;2; € PV(%),i=1,2}.
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For exatple, let the types 2= 1+ L3 =1+2, here, of course, 1 is the base type 1.
PvE) = {z:ZzeViufnzize v?}
PY(E3Y = {z:dzeViu{mzcze V1 {kez;z € PV(2)}

{z:3;z € VIU K1z, saraz, Kok 2,2 € Viiu{kez;z € v

In the above equations, we nse V™ to denote the set of variables of type n. Recall that Comp is a logical
predicate, which is going to used on the sct of terms, an applicative structure. As we mentioned before (
Scction 3.1), a kind of admissibilily property is necessary.

I'he following is in Dougherty [9], a technical lemma [or establishing admissibility.

Lemma 4 Fora lype 7, if PV(7} € SN, then Ax: 1.t is SN provided
{tle:=u)y € PV(r)} CSN

Finally, after showing Comp is an admissible logical predicate, a version of the Basic Lemma gives the
following,.

Theorem 11 The following are proved in [9].

1. R~ and R are SN.
2 R~ and = arc confluenl.

"This is the best one can expect as we have the following counter examples. We recall the rewrite systems It
R~ and R® in Figure 3 of Chapter 2.

Example 22 R is not confluent. Consider the following examples for (+!) and (0!).

-
P

1
Az®.2, Ay .2]u ad (A7t 2P d
Noth left and right terms are irreducible, here b is a base type.

As for the case of R, see Remark 6 in Chapter 2.

"The following result is quite interesting which reveals the relation between — and =. We introduce some
standard terminology [24],[15).

Deofinition 10 Let R be a binary relation on a set A, The cquivalence relation generaled by R is defined
to be

< R>= 1| J(ru M) J(RU Ry - JruRP -
where 8" is the relational product S-S (n times).

"Therelore @ < 1> b means that for some number n, a( R R%P)"b. If we write aj — a; for (ai,a;) € R, and
a; — aj for (a;,a;) € P, then a(R|J R°")"b means there is a sequence ag,ay,-**,n-1 such that

a= GD(RU R"p)ﬂl(RU R"”)ag .. 'J"..g(RU R"?)a,,_l =b

Geometrically, there is o zigzag path connecting a to b in the following manner:

a=a ) = ap-1

............
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Proposition 14 Fach reduction step * =" can be replaced by finitcly many reductrons = — "

Proof

and * ="

I. There is no difference for computation rules. See Figure 2 in Chapter 2.
2. For the application of p-expansion rule
JF—Arfr

there are three extra conditions for the term f as well as for the context in which f lives, ‘They are

(a) f is not an abstraction
(b) f is not a term of the form [f}, f2]
(¢) f is not in a context C[(fz)]

We replace them respectively.

{(a) Let f = Ayd = Az.(Ay.t)z, here 2 is not free in ¢, 'This one step can be replaced by the following
simnple reduction:
Ae{dge E Aedly =] = f
(b) [f1, f2] = Az : o+ 7.[[1, f2]x can be replaced by the following path.
Az o+ T.[f, )z e
(Az 1o + 7. [fiy fole -k, Axie 4 TN, fale ) =
[Az : o [f1, fal(maz), Ay™ [fr, fal(kaw)] =

[Az : o frz, AY7 . fay] & A, ) if neither f; is an abstraction;
or = [hz 1 o.(Az : o.g(z))z, Ay".(AyT h(¥))y] 2 ifvoth J; are abstractions;

[Az : og(z), Ay ()] = [N, fo] or

= [Ax:o.(Az o))z, Ay fay] LA if one of them is an abstraction
[Az : og(e), Ay fay) —

= [f1, Jol

(¢) ft = (Az.fz)t could be replaced by ft — (Az.fz)t.
3. There are no problems with rules 0! and 1L

4. For f : ¢ 4+ 17 — p, to apply the rule f — [f - &), S+ Ka], it has Lo be an abstraction. We have the
following,.
First, notice that
[f s Ry, f ) ""2] = [A:L‘ : a.f(ml:z:),.\y" -f(":2y)]

lff = [f11f2]1 then

[Az : 0. f(k12), Ay7 f(may)] =

Az :e.fiz, Ay". 2]

—hfl=s

If f is not a co-pair,
[Az: o f(xyz), Ay Flray)] =
[(,\z s o’+1‘.fm)'ﬁ1|(f\3-' io+ 7. ) Ka ra
Mo+t felf

Since we use 7 in the last step, we may need to consider in this case that there may be a context
involved; in fact,

Ju=[f k0, [ rat
could be replaced by the following path

(Az:o+r.fz) -k, (Azio+rfz)-m)l—(Az:o+ . fa)l — JL
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S f = Amfiwaf), in case f = (fi, f2), or in a context like C[(71f)], the reduction can be replaced by
the following respectively.
f= (N f2) — {mlfy, Lo} ma{ [}
and

mf — m{mf, 7 f}

‘This finishes Lhe representation of = by — or -, -

Remark 18 Notice that we almost can make the following better clain: Each occurrcnce of = could be
replaced by — or «— withou! any mired arrow sequent. "The mixed cases oceur only in 2(b) and 4 above, and
it is caused by the extensional rule (+!) in case 4, and () in 2(b). This turns out to be erucial when we
talk about confluence,

What we have proved is the following: both 72 and 2% generate the same equational theory, As we will
see this theory is exactly the equational theory of free the bi-cee [24]. The equational theory gencrated from
R~ is that of a free weak bi-cec [24],

Although R is only SV not CR, the equivalence relation gencrated is still a congruence:

Proposition 15 For both cquational theories, if F M = N, K = 5, then
F MK = NS,k [M,K]=[N,S,b (M, K) = (N,S),F Az M = A N
provided the types check. Here b is for both the equational theory of R ( or R*° ) and that of R~

The following is a proof sketch.

Let us notice that F Af = N, ¥ = § means there is a zigzag path linking M and N, K and S. To prove
F MK = NS we only nced to find such a zigzag path linking these two terms. Suppose we have a zigzag
path linking A and N, and a similar case for K,S (sce Fig 1). Now consider the above path with the
starling point replaced by AJK instead of orly M, but the reductions are the same as above, i.e., we only
reduce the subterm M. This will change the above — or « by = or < respectively, since we have gotl some
context. Following the new path forward and backward we get to NK, then we do reductions only on K
following the path linking K and S (see Fig 2). Thus we gel a path linking MK and NS with each step
=, or <.

M N

N/ NS W\

3
Fig 1
MK | NK
...... 7 N\ .
...... Van . 7N
Fig 2
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As we have shown every such step could be replaced by several restricted steps (Lo, replacing = by — or
+«). Hence, there is a restricted path linking MK and NS .

The same argument goes through for the other equalities. For the proof of the following theorem

, W
ask the readers to sce [24].

Theorem 12 - 1. The cquational theory generated from I is that of a free bi-ece,

2. The equational theory gencrated from R~ is thal of ¢ free connectionally closed eategory. (Fora precise

definition, sec [14]).
For further related ideas, see [9]{24][14].

6.3 &V, CR and Faithful Representations

-

Let Lbe a typed calculus and Ry, be a set of term rewriting rules, £y, the congruence relation generated from
it,(hence an equational theory), and Cp° the free open term model (henee a well-pointed category). 10 1y,
satisfies SV and CR, an easy argument shows that there is a faithful embedding from ¢, the free category of
closed terms into €1,*. In this section we study this and some related questions in detail. We will omit the
subscripts below,

As we have said several times, for a lambda caleulus, a rewrite system and a cartesian closed category
describes its two aspeets (syntax and semantics) respectively. It is natural to expect some nice property
from one if the other has some “good behavior”.

The following theorems are our contribution to this arca. As far us we know, these results are new. We
recall Section 2.5.3 and the category €. Here Ccan be free (bi-)ece or connectionally closed [14]

Theorem 13 If a rewriling theory satisfics SN and CR, then the free calegory € can be fuithfully emvbedded
into the free model category C.

Proof We argue this by considering the correspondence between arrows and terms. See Fig 3 lor the idea.
Let f, and g be two arrows and suppose they are equal in & 'This is cquivalent to saying that there are
two equivalence classes of terms and they are equal as sets. In particular, we can pick two closid terms ¢
and s one from cach of them. Since they are in the same class they are provably equal, i.e., they have the
same normal form which is a closed term, of course. Now let us consider the behavior of these Lwo Lerms in
the class of all terms including open ones and the associated “open lerm” rewriting theory. Any rewriting
theory for all terms includes, of course, those rules applicable to closed terms. Sinee there i il lenst one
path linking these two terms (qua closed terms) via a normal form as we mentioned above, they are in the
same equivalence class again. Under the correspondence there is only one arrow in the category ¢ for Lhem,
So f and g are equal in ', too.

Let I : C— C be the canonical injection functor, we want to show that if closed terms ¢, s are not
equal in G, they are not equal in € either. In fact, since ¢, s are not equal in €, there are reduction paths
8, T which lead ¢ to its normal form {; and s Lo 5. Both { and § are irreducible, and distinct. Now inside ¢,
we perform T and S respectively, in particular, { and 5 are still normal forms and distinct since open term
rewriting rules do not introduce new frec variables, so they have no impact on closed terms, ‘s £, s are
not equal in C either. This gives a faithful embedding of the category Cinto C.

same reductions rules

Arme——— e —— .
¢ Fig 3 ¢
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Example 23 Let Che the free cce, and consider Mints’ reduction rules. Cubric, in [7], showed this theory
s SV and CR. Hence Cean be faithfuly embedded into C.

Example 24 ‘I'he theorem can also be applied on some weak A-calculi provided the rewrite system is
Church-1tosser and SN, For example

. ‘The simply typed laubda caleulus with type 1 but without product, and the ordinary coutraction
rules,

2. The simply typed lambda calculus with product type, without type 1, and the ordinary contraction
rules.

2. "The ealeulus corresponding Lo the free connectionally closed category [14] but without type 1, and the
expansion rewriting rules f27.

As in the above theorem, let 8 be the set of all closed terms of a tambda caleulus, e.g., simply Lyped
lambda-calenlus with or without (weak) coproduct types. Let & be the set of all terms {including variables
and open ones) of the sune calculus. Let 12 be the set of corresponding reduction rules applied to the above
theory. Furthermore we suppose R salisfies SV only. Let = be the equations generated from 2. Let R~ be
a subset of R, and E the equations generated by R™. We assume R~ is CR. (obviously, ™ is SV} . We
hope to complete the following diagram by another faithful embedding §/ = &— &/ =, where §/ = means

= ig restricted to the closed termns.
SLe— Sk

Think of both 8/ = and &/ = as categories, and the equivalence class [t]=, as an arrow in S/ = for any closed
term {. Any two lerms in [t]= are cqual under = (restricled to closed terms), i.e., there is a zigzag R-path
linking them; any slep in it is an oceurrence of some rule from R. Now let us perform the rules R~ on the
terins in [t)=. There may no longer be R~ zigzag paths between each pair of terms in [f]}=. Hence the class
[t)= splits into a set of E-classes. {Recall that £ is the equational theory generated by R7.) Thus, we get a
set of normal forms ( in the meaning of R™) or arrows in S/E. So [t]= equals fi1]glJ---Ultile U- -+ Thisis
because R~ C R. In category S/E, the ¢; arce distinct arrows, so they are still distinct in ' /E' by Theorem
13 (because 2- is SV and CR). Expand each closed-term class [t;]g in S to the class [1,3}; (including open
terms) such that it is an equivalence class with respect to the equivalence relation gencrated from £ on §'.
Thus we get an arrow [4]} for cach ¢; in & /=. Mapping all these arrows [{;};; down to ' /=, we get one
[t}*. We show such a correspondence F : [t] = [{]* is, in fact, a faithful embedding,.

First, we need to show that [t]° is an equivalence class, i.e., all the terms in it represent the same arrow
in C'/=; i.e., they are all equal with respect Lo the equatious =. This is true since the same zigzag lines from
[t]= and [ti]3; are still there.

It is an ordinary and tedious procedure to check that F : §/=— §' /= is a well-defined funcior.

Now lor a closed term ¢, we show F : [t} — [t]. is faithful from 8/ = to §'/=. Perform the reduction rules
of B~ on cach closed term of [t]l.. We get a set of closed terms {¢y,:++,£, -}, all of them are in normal
form. For any two of them there is a zigzag path (in R) connecling them since they all equivalent in 8.
This path has each step {rom R, and all its nodes from €. This says that all of them are equal in §/ =. Thus

from each arrow in 8'/=, we can only get back to one arrow in 8/ =, hence F is faithful.

Let ¢" be the free bi-cee but with only weak co-product and weak initial, and R~ is the reduction rules
as [9] or Figure 3 in Chapter 2, which are confluent and strong normalizing. Let = be the corresponding
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rules saying that coproduct is strong and initial is strong (they happen to be strougly normalized, see [,
we get the following thearem

Theoremn 14 There is a faithful embedding from the free bi-cec into the free open term model of bi-cee.

This finishes our investigations in proof theoty, category and M-caleulus.

57



Chapter 7

Some Future Work

In this thesis, we studied some propertics of logical relations, logical relation categories and related results.

There are still lots of interesting subjects that have not been touched. For example, one is the full
abstraction problem which is closely related to logical relations, [37]. Logical relations for the higher order
(polymorphic) case is another one. One of the beautiful properties of logical relations is its hereditary nature;
this, of course, depends on the hierarchical construction of simply typed structures. For higher order lambda
calculus the variable types destroy the hierarchy.,

I have not said much about logical relations for coproduct types. Coproduct types are very nasty lo
handle. It relates to understanding digjunctions. So far, the computability predicate Comp is the only
non-trivial successful logical predicale for weak coproduct Lypes.

Probably the main reason why people studicd logical refations was to characterize lambda definability by
the more familiar concepts, like functions or relations. ‘T'here are only two published resuits which partially
achiceve this goal. One is the work of Plotkin [39], he used a kind of logical relation on more general Kripke
models, ‘The other is Jung and Tiuryn {17], developed from the former. In fact, only one logical relation (or
predicate) is used in their works: @ lerm being definable. We interpret these results to mean that definability
s o logical property itsell. Not much useful information is revealed. 1t would be better if there were a
sequence ol “approximating” relations, cach doiug more than its predecessor. Finally some kind of limit
would reach the goal: characterizing lambda definability. "This might lead people, step by step, to know
something really deep about the nature of definability. However, Loader’s theorem might suggest that there
is no such result [28].

Statman’s characterization theorem offers a ray of hope. It was stated by him in two ways; for a lenkin
model A,

L. An element of Ads lambda definable ill it satisfies ( is invariant under) all the logical relations on A
[46].

2. An clement of Ais lambda definable iff it satisfics all the relations on any model B which extends A
[47].

The first one is very interesting and prorising beeause of the special connection between Aand A

The soundness direction ic always casy to show, cver for the generalized basic lemma. Neither proof
is published. We cannot make any more comment on this theorem. Finally, the problem of characterizing
lunbda definability (even on a full type hierarchy Ty ) with ordinary relations is still open.
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