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Abstract

We introduce the inner theory or, more verbosely, isotropy Lawvere theory functor,
which generalizes the isotropy group/monoid by assigning a Lawvere theory of coher-
ently extendable arrows to each object of a category with finite powers. Then, we
characterize the inner theory for categories of models of an algebraic (or, more gener-
ally, quasi-equational) theory, and note its relationship with a notion of definability
for morphisms. Finally, we explore a variety of examples.
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Chapter 1

Introduction

In [1], Bergman shows that conjugation by a group element admits a categorical
characterization: inner automorphisms are precisely those automorphisms of a group
G which can be coherently extended along any homomorphism h : G — H. We
say that 7, is the extension of an automorphism 74 : G — G along h if we have a
commutative diagram

The coherence condition is then that given another homomorphism of groups k : H —
K, the following square commutes:

H-""H

k

|

kol

K —— K
Indeed, given g € G, the family of functions defined by 7,2 = (hg)z(hg)™! satisfies
this condition and extends the map x — gzrg~' : G — G. The data of a system of
coherent extensions of an automorphism can be conveniently formulated as a natural
automorphism of the projection functor Pg : (G | Grp) — Grp. The group Aut(Pg)
is called the extended inner automorphism group of GG. Conversely, given an extended
inner automorphism of G, it is shown that it is induced by a unique g € G, resulting
in a natural isomorphism G = Aut(FPg). Then Bergman goes on to characterize
the coherently extendable automorphisms of associative unital algebras over a field,
and of Lie algebras. More generally, we might want to characterize extended inner
automorphisms in categories of models of an algebraic (or even quasi-equational)
theory. This is precisely what is done in [4], and expanded upon in Jason Parker’s
PhD thesis [13]. Parker characterizes in logical terms, for C a category of models
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1. INTRODUCTION 2

of a quasi-equational theory, the functor C — Grp called the isotropy group, which
assigns to an object X the extended inner automorphism group of X. This functor is
the covariant version of a contravariant isotropy group functor introduced in [2] as
an invariant of toposes. The contravariant version of isotropy is more appropriate in
geometric settings, while the covariant version is better suited to algebraic settings;
we will come back to this idea briefly in the conclusion. Also see [5] for an application
of the isotropy group to the category of strict monoidal categories and its relation to
the Picard group of such a category.

The isotropy group is interesting in its own right, but already in [1], Bergman
considers the more general notion of inner endomorphisms of a group, which leads
to what we might call the isotropy monoid of the category of groups. In this thesis,
not only do we drop the condition of invertibility, but we also go beyond the isotropy
monoid by considering coherent systems of extensions of arrows of type C™ — C™, for
an object C' of a category C with finite powers. All such systems are then assembled
into a Lawvere theory for each object C' € C, and these Lawvere theories are bundled
into what we might call the isotropy Lawvere theory functor 3¢ : C — Law, by analogy
with the isotropy group and the isotropy monoid. However, we will prefer the shorter
name inner theory for this functor. By considering arrows C"™ — C™ rather than only
arrows C' — C, we can access phenomena invisible to the isotropy group/monoid. The
case of the category of commutative rings offers a striking example, which we treat
in detail in Chapter 3. Our main technical result is a characterization of the inner
theory associated with models of algebraic theories (or even quasi-equational theories),
building on ideas from [1] and [13].

The plan of the thesis is as follows. In the remainder of this introduction, we go
over preliminary material on category theory, algebraic theories, and quasi-equational
theories. In Chapter 2, we motivate and define the inner theory (functor) associated
with a category with finite powers. In Section 2.2, the inner theory of the category of
models of an algebraic theory is characterized, and in Section 2.3, we do the same
for quasi-equational theories. Here, we build on and generalize the approach for the
syntactic description of the isotropy group of a quasi-equational theory as developed
in [13]. We chose to treat the algebraic case first and the quasi-equational case second,
despite the fact that quasi-equational theories subsume algebraic theories, because
going from the more specific to the more abstract seemed like the most pedagogically
sound approach. Indeed, the ideas and concepts, which are quite clear in the algebraic
case, tend to be obscured by concerns of partiality and multi-sortedness in the quasi-
equational setting. Once we have our main results in hand, we apply them to a series
of examples in Chapter 3. Then, finally, we conclude with some open questions and
potential avenues for further research in chapter 4.

A part of the material of this thesis is also collected in the preprint [8].
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1.1 Preliminaries

Let us make a note on the use of these preliminaries. The section on category theory
is bare bones but meant to make the thesis self-contained; it may safely be skipped
by anyone familiar with basic category theory, except maybe its end where Lawvere
theories are defined. The reader that wants a little more depth in the treatment of
category theory can consult any textbook on the matter, such as [9]. The next section
on algebraic theories is worth looking at, even if the reader is familiar with them,
since it sets up notations and singles out concepts used throughout the rest of the
thesis. Finally, the section on quasi-equational theories is similar to the previous one
on algebraic theories, but with slight nuances and notational differences, owing in part
to a multi-sorted setting.

1.1.1 Category Theory

Definition 1.1.1. A category C consists of a collection of objects and a collection of
arrows such that:

« Fach arrow f has associated to it two objects, its source src f = C' and its target
tarf:D,andwewritef:C%DongD.

« Given arrows C 5 D % E, there is a composite arrow go f : C' — E.
« Composition of arrows is associative (when it is defined).

o For each object C' € C, there exists an arrow 1 : €' — C which acts as an
identity for composition in the sense that, given f: D — C' and g : C — D, we
have 1co f = fand golg =g.

Arrows are sometimes called morphisms, a terminology reminiscent of the ho-
momorphisms of algebra. We also call the collection of all arrows from C to D a
hom-set (short for homomorphism set, though it may be a proper class), and write it
as C(C, D), or just Hom(C, D) if there is no risk of confusion.

If the collection of arrows of a category is a set, we say the category is small. If it
is too big to be a set, hence a proper class (like the collection of all sets), then we say
the category is large. A further distinction is of interest: the category is locally small
if all of its hom-sets are sets (even if the collection of all arrows is proper class).

Definition 1.1.2. The coslice category (C' | C) has as objects the arrows f: C' — X
from C' in C. An arrow from C' % X to C % Y is an arrow h: X — Y in C which
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makes the following diagram commute:
C
N
X - Y

Definition 1.1.3. Let C and D be categories. A functor F' : C — D is a mapping which
associates to each object C' € C an object F'C' € D, and to each arrow f: C — C’in C
an arrow F'f : FC — F(C" in D (thus F preserves sources and targets). Moreover, we
require that identities are preserved: F'lc = 1p¢; and that composition is preserved:

F(f'of)=FfoFfgivenC L c 5o,

Definition 1.1.4. Let F,G : C — D be functors. A natural transformation 7 : F = G
is a family of maps 74 : FA — GA for A € C, such that given an arrow f: A — B in
C, we obtain a commutative diagram:

FA ™, GA

o e

FB —— GB

If each 74 is an isomorphism, we say that 7 is a natural isomorphism.
We now prove the Yoneda lemma for covariant hom-functors.

Lemma 1.1.5 (Yoneda). Let C' € C and F : C — Set. There is a bijection
Nat(Hom(C, —), F) = FC.

Proof: We will define maps both ways and show they are inverses.
Let 7 : Hom(C, —) = F. Define a : Nat(Hom(C, —), F') — FC by ar = 7¢1c¢.
Let x € FC. Define b : FC — Nat(Hom(C, —), F') by

(bz)p(C L5 D) = Ffz.

We check that bx is indeed a natural transformation, i.e. that given g : D — E we
have a commutative diagram

Hom(C, D) "2, pp

Hom(C,g)l J{Fg

Hom(C,F) —— FFE

(bz)E
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And indeed for f € Hom(C, D), we have
(bx)p(Hom(C', g) f) = (bx)p(g o f) = F(go flz = Fg(F fz) = Fg((bx)pf).
Now we check that a and b are inverses. On the one hand,
a(bz) = (bz)cle = Flex = lpex = .
On the other hand, we have a naturality square

Hom(C,C) —<— FC

Hom(C,f)J{ JFf

The commutativity of this diagram yields

(b(at))pf = Fflar) = Ff(rcle) = Tp(Hom(C, f)1c) = p(f o 1) = mp f.

Thus we have b(at) = 7. i

Note that the bijection exhibited in the proof of Yoneda’s lemma is natural
in both C' and F' once both sides of Nat(Hom(C,—), F) = FC are considered as
functors C x Set® — Set. Also note that there is a Yoneda lemma for contravariant
hom-functors as well.

Definition 1.1.6. Functors F' : C — D and G : D — C are part of an adjunction,
written F' - G, where F'is the left adjoint and G is the right adjoint, if and only if we
have an isomorphism

D(FC,D)=C(C,GD),
natural in both C' and D.
A typical example of an adjunction, which we will come back to in the next section,

is the so-called free-forgetful adjunction of the category of models of an algebraic
theory.

Proposition 1.1.7. A functor F' : C — D is an isomorphism of categories if and only
if it is bijective on objects and on hom-sets.

Proof: We have to construct an inverse G : D — C. Given that F' is bijective on

objects, let GD be the unique C' € C such that FC = D. Also let G(D EN D') be the
unique g : GD — GD such that Fg = f, since F' is bijective on hom-sets. Clearly F
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and G are inverses, but it remains to show G is a functor. Indeed, Flgp = 1lpgp = 1p

implies G1p = 1gp, and, given D RN QRIS D" we have
F(Gf o Gf) = FGf o FGf = f'o f = FG(f'o f),

which implies that Gf' o Gf = G(f" o f). Thus G is a functor. |

The notion of isomorphism will mostly be important for Lawvere theories, which
are a special type of category. However, for categories, the more relaxed notion of
equivalence is usually more appropriate.

Definition 1.1.8. A functor F': C — D is an equivalence of categories if and only if
it is fully faithful, i.e. bijective on hom-sets, and essentially surjective, which means
that for all D € D, there exists some C' € C such that FC = D.

Before we discuss Lawvere theories, we need to define products, which is done
via a universal property.

Definition 1.1.9. Let C be a category. A family of arrows p; : D — Cj, i € I, for
some index set [, is called a product diagram if and only if for all families of arrows
fi + E — C; in C, there exists a unique arrow v = (f;) : £ — D which makes the
following diagram commute:

E

I

Then, the object D is called the product of the objects C;, and we write D = [[;c; C;.

When the index set in the definition above is finite, say of cardinality n, and all
the objects C; are actually the same object C', the product is called a finite power C™.

Definition 1.1.10. Dual to the notion of product is the notion of coproduct. We
say that a family j; : C; — D is a coproduct diagram if and only if for all families of
arrows f; : C; — E, there exists a unique arrow v : D — E which makes the following
diagram commute:

E

1

Ji

Then we write D = [[;¢; Ci.
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Given an adjunction F' < GG, note that left adjoints preserve coproducts in the

sense that
F(IIC:) = FC;,
i€l iel

and right adjoints preserve products in the sense that

G(I1¢:) = T16¢

i€l i€l

Of course, these isomorphisms are natural.
Now, let C be a category with finite powers and assume we have specified a
product diagram pc; : C" — C,1 < i < n, for each C' € C and each n € N. Further

assume that the product diagram for C* = C is just (C* %' ) = (C e C') (this
benign assumption makes some developments more straightforward later on).

There is an endofunctor (—)" : C — C defined on arrows f : C — D by
f"=(fopcis...,fopcn), so that f* is the unique arrow which makes the following
diagram commute:

pcC,i
cr —— C

Pl

Dt —— D
PD,i

To see that this indeed defines a functor, consider the following commutative diagram

which shows 1¢ = 1¢n:
C,i

cr L2 ¢
107{ ch
cr o C

Moreover, given C Lp%E , we have a commutative diagram showing that (go f)" =
cn PO, o

| |+

grofm Dt — gof
PD,i

N

EF" —— F
PE,i

We recall the definition of a Lawvere theory. The formulation we use here differs
slightly from the original [7], but is equivalent to it.

Definition 1.1.11. A Lawvere theory C is a category together with a choice of an
object C' € C and specified product diagrams pc,; : C" — C, 1 < i < n, for each
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n € N, such that each object of C is isomorphic to a power of C. We will always
assume that the product diagram for C is just (C' "% ) = (C 2§ 0).

Definition 1.1.12. Let C and D be Lawvere theories with chosen objects C' and D,
respectively. A morphism of Lawvere theories is a functor F': C — D which strictly
preserves the chosen object and the specified product diagrams, in the sense that
FC = D, and the image under F' of pc; : C" — C'is
F i 7
(FC" 25" FC) = (D" ™' D).

Lawvere theories and their morphisms form a category Law.

1.1.2 Algebraic Theories

Definition 1.1.13. A signature 3 is a set of operation symbols, each with their own
specified arity n € N. Given a signature X, we define X-terms inductively as follows.
Let V = {zy,29,...} be a countably infinite set of variables.

o Each x; € V is a X-term.

o If f € ¥ is an operation symbol of arity n and tq,...,t, are X-terms, then
ft1,... t,) is also a X-term.

The set of X-terms is the smallest set satisfying both of these conditions.

Note that we call a nullary operation ¢ a constant, and write ¢ instead of ¢() for
the corresponding >-term.

Definition 1.1.14. An algebraic theory T = (3, E') consists of a signature ¥ and a
set F of equations (more formally, pairs) between »-terms.

Definition 1.1.15. Let 7' = (X, E') be a theory. A Y-structure is a set A equipped
with an operation f4: A" — A for each operation symbol f of arity n in ¥. Then
any Y-term t containing at most the variables yy,...,y, € V defines a function
t4 . A" — A which we call its interpretation in A.

o If t = y; is a variable, then t* = ((y1,...,y,) > ¥;) is a projection.
o Ift=f(t1,... t,) then t* = fAo (1, ... t2).

We say that A is a model of T if and only if s* = t* for each equation (s =t) € E.
Intuitively, a T-model A is a Y-structure such that each equation in E holds true
when interpreted in A.
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Definition 1.1.16. A homomorphism of T-models h : A — B is a function which
commutes with all operations f of arity n in 7™

ho fA = fBonm

Of course, there is a category T-Mod whose objects are all T-models and whose
arrows are the T-homomorphisms, and this category has products and coproducts.

There is a free-forgetful adjunction F' 4 U for T-Mod. Given a set X, the free
model FX = (X) is built as follows. Consider all the terms built from the operations
in > and the elements of X, treated as formal symbols, and impose all equations in
E to this set of terms. Crucially, since operations are finitary and 3 is a set, there
is only a set’s worth (rather than a proper class’s worth) of these terms, even before
imposing equations. Also note that we write the free model functor as F' = (—).

We will generally confuse elements of (z1,...,x,) with their 3-term representa-
tives, and we will call them terms as well. The interpretation of a term ¢t € (Z) in
a T-model A, written t4, is defined as you would expect: it is the interpretation of
any of its representatives in the X-structure A (one can check this is well-defined).
This function t4 : A” — A is by no means guaranteed to be a T-homomorphism. In
fact, we will devote some space later on in the thesis to determining when t* is a
T-homomorphism.

Next, we discuss what we might call models with parameters in a given model A.

Definition 1.1.17. Let 7' = (3, E) be a theory and let A be a T-model. We can form
a new algebraic theory T4 by adding a constant symbol a to ¥ for each a € A, and
adding all equations between elements of A to E. We think of T'y-models as T-models
with parameters in A.

Proposition 1.1.18. A Ts-model B is equivalent to a T-model B with a T-homomorphism
h: A — B. This correspondence gives an isomorphism of categories:

T4-Mod = (A | T-Mod).

Proof: Given a T4-model B, define h : A — B by ha = a” (the interpretation of
the constant a in B). Let f be an operation symbol of arity n in 7. Then, for all
ai,...,a, € A, we have

fB(hay, ... hay) = fB(a®,...,d?) = (f(a1,...,a0))P= h(fHay, ... a)).

The second equality follows because the theory T4 incorporates all the equations
between elements of A. Thus h commutes with all the operations of T'; it is a
T-homomorphism.

Conversely, given a T-homomorphism h : A — B, define a® = ha for each a € A.
Since h preserves equations involving elements of A, the interpretations a? of the
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constants a € A of T}y satisfy all the equations of this theory. |

The isomorphism 74-Mod = (A | T-Mod) fits into a commutative triangle with
the obvious forgetful functors:

T4-Mod = (A ] T-Mod)

~

T-Mod

This justifies our habit of calling elements of the coslice (A | T-Mod) models
with parameters in A, and generally confusing the two categories T4-Mod and
(A ] T-Mod).

Note that A is itself a T4-model (corresponding to (A 4 A) e (Al T-Mod)).
Moreover, the projection functor P4 : (A | T-Mod) — T-Mod is just the forgetful
functor T4-Mod — T-Mod.

Since T4 is an algebraic theory, it has its own free-forgetful adjunction Fy 4 Uy =
U o Py, where U : T-Mod — Set is the forgetful functor. The free Ts-model on X is
ATl (X), with the coproduct taken in 7-Mod, but we will shorten it to A(X). Its
elements are referred to as terms with parameters in A, or simply terms, though they
are more properly equivalence classes of terms (up to provable equality); however, this
ambiguity will not trouble us. Also note that, given a T-homomorphism h: A — B,
we obtain a 7T4-homomorphism A(X) = h Il 1/x) : A(X) — B(X), which acts on a
term t € A(X) by replacing each parameter a € A by ha € B.

1.1.3 Quasi-Equational Theories

Definition 1.1.19. A signature ¥ consists of a set of sorts S and a set of operation
symbols, each with their own specified type S; x --- x S,, — S, where Sy,...,S5,,S are
sorts. Given a signature Y, we define ¥-terms and their types inductively as follows.
For each S € S, let a7, 25, ... be an infinite list of variables.

« Each 27 is a ¥-term of type S; we write z7 : S.

o If f is an operation symbol of type Sy x ---x S5, = S, and t; : S;, 1 <1 < n,
are Y-terms, then f(ty,...,t,) : S is also a X-term.

The set of X-terms is the smallest set satisfying both of these conditions.
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Definition 1.1.20. Recall that a sequent is an expression of the form ¢ - v, where ¢
and ¢ are formulas, and the turnstile represents entailment. In particular, given a
signature X, a horn sequent is a sequent of the form

Lh=s1 N ANt,=8, Fri=qAN- ATy = Qn,

where the X-terms ¢; and s; have the same type for ¢« = 1,...,n, and similarly for r;
and g;. A quasi-equational theory T' = (X, E') consists of a signature ¥ and a set E of
horn sequents called the axioms of the theory.

Note that quasi-equational theories are strictly more general than algebraic
theories. Indeed, algebraic theories are just those quasi-equational theories which
are single-sorted and whose every axiom has an empty antecedent, so that it merely
expresses a conjunction of equalities between terms.

Also note that we use partial equational logic to manipulate the axioms and make
deductions. This means that substitution is restricted to defined terms. For more
information, consult [12]. We should remember that the equality ¢ = ¢ expresses the
fact that ¢ is defined, written ¢ |; conversely, if ¢ is not defined, we cannot assert ¢t = ¢.
Models of quasi-equational theories are allowed to have partially defined operations.
One can think of composition in categories, which is only defined for pairs of arrows
with compatible sources and targets.

Definition 1.1.21. Let 7' = (3, E) be a theory. A X-structure is a family of sets
A = (As)ses equipped with a partial operation f4: Ag, x -+ x Ag, — Ag for each
operation symbol f : S} x -+ x S, — S in the signature ¥. Then more generally
any >-term t : S containing at most the variables y; : S1,...,y, : S, defines a partial
function t4 : Ag, x --- x Ag, — Ag which we call its interpretation in A.

o If t =y, is a variable, then t* = ((y1,...,yn) = ;) is a (total) projection.

o Ift = f(t1,...,ty) then t1 = fA0 (t,...,t2), and its domain of definition
consists of those tuples @ € Ag, x --- x Ag, such that tj‘(i is defined for each j,
and moreover f(t{'d,... t2d) is defined.

We say that A is a model of T if and only if each axiom in F holds true when
interpreted in A. More precisely, if E contains the axiom

th=s1 N ANt,=8, Fri=q@AN- ATw = Qn,
then we must have that

th=st A At =52 implies =gt A ATE =2
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Definition 1.1.22. A homomorphism of T-models h : A — B is a family of total
functions hg : As — Bg which commutes with all operations f :S; x --- x .S, = S of
the theory in the sense that, whenever f%(ay,...,q;) |, we have

hg(fA(al, e ,CLn)) = fB(hslal, cey hsnan).
(In particular, the right-hand side of this equation must be defined.)

Of course, there is a category T-Mod whose objects are the T-models and whose
arrows are the T-homomorphisms. It has a free-forgetful adjunction F' 4 U where
U : T-Mod — Set®. Given a family of sets X = (Xg)ges, we write FX = (X) for
the free model on X.

Definition 1.1.23. Let 7' = (X, E) be a theory and let A be a T-model. We can form
a new algebraic theory T4 by adding a constant symbol a : S to X for each a € Ag
and all S € §, and adding all equations between elements of A to £. We think of
T s-models as T-models with parameters in A.

Proposition 1.1.24. A Ty-model B is equivalent to a T-model B with a T-homomorphism
h: A — B. This correspondence gives an isomorphism of categories:

T4-Mod = (A | T-Mod).

Proof: Similar to the proof of proposition 1.1.18. i

Once again, this proposition justifies our habit of calling elements of the coslice
(A | T-Mod) models with parameters in A, and generally confusing the two categories
T4-Mod and (A | T-Mod).

Note that A is itself a T4y-model (corresponding to (A 4 A) € (Al T-Mod)).
Moreover, the projection functor P4 : (A | T-Mod) — T-Mod is just the forgetful
functor T'y-Mod — T-Mod.

The set of sorts S can be considered as a discrete category, so that Set® =
[Ises Set. This category has as objects S-indexed families of sets, and as arrows it has
families of functions. Hence the data of a functor F : C — Set® is the same as the data
of a family of functors Fs : C — Set for each S € S, and given F, the corresponding
family has F defined by FsC = (F(C')g for objects C and by Fsf = (F f)s for arrows
f:C—D.

Furthermore, if we have two functors F, G : C — Set®, a natural transformation
7 : F' = @ corresponds to a family of natural transformations 7 : Fig¢ — Gg defined by
(Ts)c = (7¢)s. In fact, this gives us a natural bijection Nat(F, G) = [[ges Nat(Fs, Gg).

Since (A | T-Mod) = T4-Mod, we have a free-forgetful adjunction

U
(A | T-Mod) F:A Set .
A
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Looking at things sort-wise, we can build a left adjoint to the component (Uj)s :
T-Mod — Set. For a set X, define the family X* = (X3)gres as follows:

5 _ {X if R=S5
R = N
@ otherwise

Then, we have a functor Fs g : Set — T-Mod defined by Fy X = F,X?®, and

FA,S — (UA)S-
A family of terms t = (tg) € [Ises A(Z°)g induces a family of total functions
t4: A" — A, whose component t4 : A% — Ag is defined at (ay,...,a,) € A% by

té(al, ceyly) = ts[ai/xf].

Note that t4 is just the function induced by tg, as per Definition 1.1.21. Moreover, it
really is always total, since any operation defined between freely adjoined variables
must be again defined when those variables are replaced by arbitrary elements of A.

Given variables x7,...,z5 : S and a homomorphism h : A — B, we have

a homomorphism h(z°) : A(Z°) — B(#°) which satisfies h(Z°)ra = hgpa for all
a€Apandall R e S, and h(Z°)gad = ¥ fori = 1,...,n. In fact, h(Z°) = hII1 zsy.
Moreover, given t = (tg) € [Ises A(Z°)g, we can define h(Z)t € [[ges B(Z")g by
(h(Z)t)g = h(Z")gtg. It applies (the relevant component of) h to each parameter,
while leaving the variables untouched.



Chapter 2

The Inner Theory

2.1 Definition of the Inner Theory

Let C be a category with finite powers. In the remainder of this section, we assume
that C comes equipped with a choice of product diagrams pc,; : C" — C, 1 <1 < n,
for each C' € C and each n € N, where C! is just C. In particular, we then have, for
each n, an endofunctor (—)": C — C.

A system of extensions of an arrow 7 : C™ — C™ is a family of arrows 75 : X —
X™ for all arrows f : C'— X, such that the following diagram commutes:

on el com

| [
X" — X"

In particular, extending 7¢ along 1¢ : C — C, we find that 7 = 1# o7c = 1y, 0 13 =
T1.. We also want these extensions to be coherent. Consider the following diagram:

o c om

Pl e

X”TX’”

kl lkm

Yy 7 ym
The top square and the outer rectangle both commute, because 74 and 74.; are
extensions of 7¢ along f and k o f, respectively. The coherence condition we impose
is the commutativity of the bottom square.
Thus, a coherent system of extensions of an arrow C™ — C™ is just a family of
arrows 7y : X" — X™ for each f: C' = X in C, such that whenever ko f = g, we

14
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have a commutative square

Xn Tf xXm

k”l ka

Y”TY”L

This requirement can be packaged neatly into the statement that 7 is a natural
transformation P5 = P72, where Pc is the canonical projection from the coslice
(C1C) toC.

Note that the functor category C is itself a category with products induced
by those of C, so that in particular P = (—)" o Po. The relevant product diagrams

cle)

m; « P& = P¢ involve natural transformations defined by m;(C END'S ) =pxi: X" — X.

Definition 2.1.1. Let C be a category with finite powers. The inner theory functor
3 = 3¢ : C — Law (we omit the subscript if the category is clear from context) is
defined as follows. For an object C' € C, the Lawvere theory 3C has objects the
natural numbers and hom-sets 3C(n, m) = Nat(Pj4, P5). Given h: C' — D, we define
a morphism of Lawvere theories 3h : 3C' — 3D. On objects, we let 3An = n. To

define 3h on arrows, let 7 : P% = P5" and (D EN X) € (D | C). We define
3hT: P} = PJ, (3hT) ¢ = Tfon-

Note that, in particular, 3C(1, 1) is the isotropy monoid, and those of its elements
which are invertible form the isotropy group.

Given an object C, the arrows of 3C are called inner morphisms'. This termi-
nology is consistent with the name inner theory for the functor 3. It comes from the
observation that elements of the isotropy group of the category of groups are just the
inner automorphisms (see [1] or [4]), and our inner theory generalizes this notion to
more general morphisms in arbitrary categories with finite products.

Proposition 2.1.2. 3 is a well-defined functor.

Proof: First, we check that 3h7 is a natural transformation Pj, = Pj. Let

(D ER X),(D%Y)e(D|C),and let k: f — g be an arrow between them. Then
ko f =g implies ko (f o h) = g o h, which means k is an arrow from foh to goh
in (C | C). Since 7 : P% = PZ is a natural transformation, we have a commutative
diagram:

Tron=(3hT

xXn ) xm

knJ ka

Y’ﬂ Ym
Tgoh:(shT)Q

n the previous literature on the isotropy group/monoid, inner morphisms were sometimes called
elements of isotropy or isotropy elements, but on the suggestion of Prof. Hofstra we have decided to
introduce this shorter and neater terminology.
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Next, we check that 3h : 3C' — 3D is functorial. We have
(3h1pn)r = (1pn)on = 1xn = (1pp); = (13npz) -
Moreover, given P2 = PZ' = PL, we have
(3ho 0 3hT) s = (3ho)f 0 (3hT)f = Ofon © Troh = (00 T) fon, = (3h(0 0 T)) 5.
To see that 3h preserves the product diagrams 7; : P4 = Pg, notice 3hn = n,
and
(3hmi) s = (7i) for = Px,i = (mi)y,
where the rightmost 7; is the projection of P rather than PZ. We conclude that 3h
is a morphism of Lawvere theories.
Finally, we check that 3 is functorial. We have 31¢ : 3C — 3C, with 31cn =
n = l3cn and
(3leT)s = Trore = 75 = (1307)s-
Moreover, given C' ADEE , we have

((3k 0 3h)T)y = (3k(3NT))g = ((k o h)T),.

This completes the verification. |

We prove a theorem that shows that the inner theory does not depend on the
particular choice of product diagrams for powers of objects of C.

Theorem 2.1.3. Let C be a category with finite powers, specified by product diagrams
poi: C" — C and pi,; - (C™) — C. As usual, we assume

(7 0) = (€25 0) = (') " 0.

Let 3,3 : C — Law be the corresponding inner theory functors. Then there is a
natural isomorphism 3 = 3'.

Proof: We must construct a natural isomorphism v : 3 = 3’. For C € C, we
must define an isomorphism of Lawvere theories 7o : 3C° — 3'C. On objects, let
von = n. Towards a definition of yo7 for an arrow 7 : n — m in 3C, we make the
observation that the universal property of products ensures they are unique up to
a unique isomorphism. Therefore, we have, for any object X € C and any n € N,
an isomorphism fx, : X™ — (X")" which is the unique arrow making the following
diagram commutative for i = 1,...,n:

X" fxm (Xn)/
PX,i p/X’i
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Of course, its inverse is the unique arrow f)}ln : (X™) — X™ making the following
triangle commutative for i = 1,...,n:

-1
fX,n

(Xn)/ X’n

\ J{pX,i
/
Px

X
Thus, for h: C' — X, we should define
(YeT)h = fXm © Th © X -

Let us show that o7 is an arrow n — m in 3'C, i.e. a natural transformation
(PZ) = (PZ)". We need to prove that a commutative triangle

C
N
X p Y

induces a commutative square

(Xn)/ M (Xm)/

(k")’l l(k’")’

First, note that for i = 1,...,n, we have that
pyiok™ o fxn =kopxiofxn=kopy;=py;0 (k") =pyio fy,o (k")

hence k" o fx. = fy, o (k"). From this equality, and the fact that 7 is a natural
transformation PZ = P7', we calculate

py;o (k™) o (yeT)h =kopy;o fxmomho fxn
=kopx,joT,o f);ln
=py;jok™om,o0 f)}’ln
=pyjorgok™o fxy
=Py 0 frmoTy0 fyn o (K")

= p'y,j o (yeT)g 0 (k")

for j=1,...,m, hence (k™) o (voT)n = (7oT)4 0 (k") as desired.
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Next, we must show that v is a morphism of Lawvere theories. Consider the
identity arrow 1, : n — n in 3C. We find that

(veln)h = fxm © (In)n o fxn = fxmolxn o fxi, = Lxny = (Ln)n,
hence v¢1, = 1, = 1,.,. Now we consider a composite n = m = p in 3C. We
calculate

(Ye(ooT)n = fxpo(o0T)ho fxn=Fxpoonomo fxh
= fXp O Oh© fxm© [xm ©Th o fxn = (1co)no (YoT)n = (Yoo © YT,
hence yc(o o T7) = y¢0 o yo7. This shows that ¢ is a functor. Finally, consider the
projections 7; : P2 = Pg. Since we have assumed (X' %' X) = (X X x ), we have
that fx; = 1x and we calculate
(Yemi)n = fxa0 (mi)no f;},ln =lxopx;o fi,ln = pxi = (T)n-

This implies that vom; = m, which is to say that o preserves product diagrams.
Therefore, ¢ is a morphism of Lawvere theories. But more than that, it is an
isomorphism of Lawvere theories. Indeed, it is obviously bijective on objects, and
we can also verify that it is bijective on hom-sets. The inverse of v¢ : 3C(n,m) —
3'C(n,m) is defined on p: (PZ) = (PZ) by

(751P)h = f);,lnz O pPp O fX,n-

Similarly to what was done earlier for o7, we can show that v5'p is a natural
transformation Pf = P2

All that is left is to show that v is a natural transformation. Given h: C'— D in
C, we need to prove that we have a commutative square

30 2 3¢

3}{ L’i’h

3D A 3D

On objects, (yp 0 3h)n = n = (3’h oy¢)n. On arrows 7 : n — m, we find that, for
g: D — X, we have

((yp © 31)T)g = (\0(3h7))g = fxm 0 (3h7)g 0 fx
= fx;m © Tgon © f;?ln = (YeT)gon = (B/h(VcT))g =((3'ho Vo)) gs

hence vp o 3h = 3'h o y¢ as desired. |
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Proposition 2.1.4. If f : C = D is an isomorphism, then we have an isomorphism
of Lawvere theories F : 3C = 3D.

Proof:  Define Fn=nand, for 7:n —mand h: D — X, let (F'7), = Thoy.
First, we have to show that F'7 is a natural transformation Pj; = P/'. Given a

commutative triangle
D
N
X - Y

we must show we have a commutative square

Xn (FT)h Xm

knJ{ J{knb

yn ym
(F1)gq

But ko (ho f)=go f,and 7: P% = P2 is a natural transformation, so we calculate
K™ o (FT)h = k™ 0 Thoy = Tgop 0 k" = (F7)4 0 k™.
Now let us show that F' is functorial. First,
(Fln)n = (In)hos = 1xn = (1pn)n-
Then, given n — m % p, we have that
(F(coT))h, =(00T)hof = Ohof © Thof = (F'o)p, 0 (F'T)p, = (Fo o F'T)y.
Also F' is a morphism of Lawvere theories, since
(Fﬂ'z‘)h = (Wi)hof =DPxi= (7Ti>h-

Finally, F' is an isomorphism of Lawvere theories. Clearly, it is bijective on objects.
It is also bijective on hom-sets, as we can check that F': 3C(n,m) — 3D(n,m) has
inverse defined for h : C — X by (F~'p), = ppos-1; we can also check that this is
well-defined, i.e. that F'~!p is a natural transformation. i

Lemma 2.1.5. If F : C — D is an equivalence of categories and pc; : C" — C is a
product diagram in C, then Fpc,; : FC" — FC is also a product diagram.
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Proof: Suppose we have arrows f; : Y — F(C'. Since F' is essentially surjective,
there exists X € C with an isomorphism g : FX — Y. Since f;og: FX — FC, and F
is fully faithful, there exists a unique arrow f; o ¢ : X — C such that Ffog = f;0g.
By the universal property of the product C™, there exists a unique arrow u : X — C"
such that po;ou= fiogfori=1,...,n, hence Fpc;o Fu= Ff;og= fiog. This
means that Fpc; o (Fuog™') = f;, showing existence.

Now, assume there exists some other arrow v : Y — FC" such that Fpc;ov = f;
fori=1,...,n. Sincevog: FX — FC, there exists a unique arrow vog: X — C
such that Fvog =vog. We find that

F(pciovog)=Fpc;oFvog=Fpcjovog=fiog=Ffiog.

1

Y

Since [’ is faithful, we obtain that pc ;000 g = f; 0 g, hencevog = uwand v = Fuog~
showing unicity. |

In particular, if C and D have specified product diagrams, we have a canonical
isomorphism (FC)" — FC™, which makes the following diagram commutative for
1=1,...,n

(FC)» —— FC"

Fpc,;
PFC,i

FC

Furthermore, given f : X — X', we have a commutative diagram as follows:

/\

(FX) 2%, px JPX pxn

ol

(FX')" G FX e F(X)"

Prxt’i

Theorem 2.1.6. If there is an equivalence of categories F' : C — D, then there is a
natural isomorphism 7y : 3¢ = 3po F.

Proof: For each C' € C, we need to define an isomorphism of Lawvere theories
Yo : 3¢C — 3pFC. On objects, obviously yon = n. Now, let 7:n — m in 3.C. We
must define a natural transformation y¢7 : Ppo = Ppp. Let h : FC — Y. Since
F' is essentially surjective, there exists X € C with an isomorphism g : ¥ — FX.
Since F' is fully faithful, there exists a unique arrow goh : C' — X such that
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Fgoh=goh: FC — FX. Define (y¢7), to be the unique arrow which makes the
following diagram commute (we have isomorphisms along the sides):

Yn (’YCT) h Ym

| s

(FX)™ (FX)™

| |

FX" — FX™
FTgoh

First, we show that o7 is indeed a natural transformation. Suppose we have a
commutative triangle:
FC
!/
Y - Y

As before, let g : Y — FX be an isomorphism. Also let ¢’ : Y — FX' be an
isomorphism. Then we have that

F(gokogltogoh)=F¢gokogloFgoh
—gokoglogoh=g ohl=Fgokl.

By the faithfulness of F', we have a commutative triangle:

Applying the naturality of 7 gives a commutative square:

X" Tgok xm

g’okog*lnl lg’okog*lm

(X)) —=—= (X"
g'oh!
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Putting everything together yields a commutative diagram as follows:

(yeT)n

Y?’L

k™ Fg'okog— "

(2.1.1)

(yor)},

Note that the sides are indeed k™ and k™ since, for example,

((FX)" — Fx" R0 p(X)" 5 (FX')") = (Fg'okog 1"

= (g okog )" =(g)"0k"o (")
This suffices to show that yo7 is a natural transformation.

At this point, we can also conclude that (v¢7), does not depend on our choice
of isomorphism g¢. Indeed, if we let A’ = h and k = 1y in (2.1.1), it reduces to the
following commutative square

1’;:13,% ll?zlym

Yy — ym™
(ve™)n
where (v¢7), is defined in terms of ¢ : Y — FX on the top, and in terms of
g Y — FX' on the bottom.
Now, we show that v¢ : 3¢C — 3pFC is an isomorphism of Lawvere theories for
each C' € C. Once again we take h : FFC — Y and an isomorphism ¢ : Y — FX.

F(ln)r
—

(eta)n = (Y" 5 (FX)" = FX" FX" - (Fx)m Y™

== 1Y" == (]-n)ha
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since F(ln)gTh = Flxn = 1pxn. Moreover, given that n = m = p, we have that

(Yeo o veT)h = (Yeo)n o (YeT)n

(Y”9—">(FX) L pxr ey pxem D, Teh (X Y-

"y

= (ve(o o 7)),
since Fog o Frop = Fog 0 Toop) = F(o o 7). Thus ~¢ is a functor.

n ( )qoh
-

(en B 1))y = (Y 5 (FX)" — FX" FX % Y)
= (v S (FX) S FX D Y)
= DPyi-

Thus v¢ is a morphism of Lawvere theories. Clearly ¢ is bijective on objects.

We ask the question: Given p : Pp. = Ppy, does there exist 7 : P& = P2 such
that yo7 = p? Let us construct such a 7. Since F' is fully faithful, for f: C' — X let
7 be the unique arrow such that

Frp= (FX" = (FX)" 25 (FX)™ = FX™).

We check that 7 is a natural transformation P5 = FP7'. Consider a commutative

triangle
C
N
X Y

We then have that Fko Ff = F(ko f) = Fg. Thus, by naturality of p, we obtain a
commutative diagram:

Fry
FX" s (FX) 224, (FX)m — 3 FX™
Fk”l (Fk)"l l(Fk)m lem
R
Fry

Given that F'is faithful we find that k™ o7y = 7,0k", as desired. Now, let h : FC' — Y/,
and let g : Y — F'X be an isomorphism.

(e = (Y 25 (FX)" = PX" 25 pxm o (px)m 2 ym)
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and
Prgon—Pgoh

Frgoh=(FX" = (FX)" (FX)™ = FX™),

hence

n —1\ym
(veT)n = (Yn Ly (P Lt (P Ym) = Ph;

since p is a natural transformation Pp. = Ppi. Therefore yom = p. It follows that
ve is full, i.e. surjective on hom-sets.

We show that 7¢ is injective on hom-sets. Suppose that y¢7 = v¢o, and let
f:C — X. We have that

(FX)" = FX™ 25 FX™ 5 (FX)™) = (yo7)ry
= (yeo)rr = (FX)" = FX" 225 FX™ 5 (FX)™).
Hence F'7y = Foy, and faithfulness of /' implies 7 = 0. Since f was arbitrary, 7 = o.
It follows that ¢ is faithful.
We have proved that ¢ is bijective on objects and fully faithful. Therefore, it
is an isomorphism of Lawvere theories. It only remains to show that 7 is a natural

transformation. The question is as follows: If f: C' — D, do we have a commutative
square as below?

3(}0 L) SDFC

SCfl L%DFf

3CX T’ 3DFD

Let 7 : PA = P, h: FD — Y in D, and g : Y — FX an isomorphism. Then
F(hof)=FhoFf=hoFf hence hof=hoFf, and thus

F3cfr)z = Fryop = Fligpy-
From this we calculate
(vpo3cf)m)n = (p(3cfT))n
(v" & (Px)" - Fxm 228 pxem s (pxym O )
(Y" & (FX)" — FX" TR, pxm — (PX)™ 6" ™)
(yeT)hors = B F f(veT))n = ((3pF f © ) T)h-

This completes the proof and shows that v : 3¢ = 3po F. |
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2.2 The Inner Theory for Algebraic Theories

Now that the inner theory functor has been properly defined, we turn to the specific
case of C = T-Mod for an algebraic theory T', equipped with its canonical product
diagrams. Let A € T-Mod. Since 3A is a Lawvere theory, it is entirely determined
by the hom-sets of the form 3A(n,1).

Owing to the isomorphism of categories T4-Mod = (A | T-Mod), we can
interpret the projection functor P, : (A | T-Mod) — T-Mod simply as the forgetful
functor T4-Mod — T-Mod, which forgets that the elements of A are constants in the
theory T'y. Now, let U : T-Mod — Set be the forgetful functor. Then Uy = U o Py
is just the forgetful functor T4-Mod — Set, and we have an inclusion

3A(n, 1) = Nat(P%, Py) C Nat(U?, Us).

Indeed, the only difference between an element 7 € Nat(P}, P4) and an element 7 €
Nat(U?%, Ua) is that, in the former case, all components of 7 must be not only functions,
but also T-homomorphisms. So let us investigate the elements of Nat(U’, Ua) first
and impose suitable restrictions on them later.

If the functor U} was representable, we could apply Yoneda’s lemma to simplify
Nat(U%,Uga); and indeed it is. Recall the free-forgetful adjunction Fy 4 Uy. Given
a set X, we have F;X = (A 5 A(X)) (thinking in terms of the coslice category
(A ] T-Mod)). We will write & = (z1,...,2,) when n is clear from context. Then,
by the definition of an adjunction, and by the universal properties of coproducts and
products, we have

B"=U%A B)~Set({z},U"h)
= Set({x},ﬁUAh)

Set({x},Uah)

I

@
Il
MR

12

Set(ﬁ{:p},UAh)

=~ (AL T-Mod)(Fa([[{}),h)

1=

>~ (A | T-Mod)(A % A(Z),h)
)

naturally in A, which shows that U’y = (A | T-Mod)(¢, —) is a representable functor.
Intuitively, a T's-homomorphism from A(xy,...,x,) to B corresponds to the n-tuple
of elements of B which are the images of xy,...,x, under this homomorphism.

Now, applying Yoneda’s lemma,

Nat(U},Ua) = Nat((A 4 T-Mod)(¢, =), Ua) = Uat = Alxy, ..., Ty).

—_
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Let us make this natural correspondence explicit. Consider a natural transformation
T € Nat(U%,U,); we get another natural transformation o : (A | T-Mod)(¢, —) =
Ua from the natural bijection (A | T-Mod)(t,—) = U’. Under this bijection,

f e (AL T-Mod)(s, A5 B) corresponds to (fz1,..., fz,) € B" = U%h, so we have

onf =m(fx1,..., fr,). Now, the natural bijection of Yoneda’s lemma,
Nat((A | T-Mod)(¢,—),Uax) = Ust = A(Z),
acts on o as follows:
o—ol,=7x,...,1x,) =71,7.

Let us look at things the other way around, starting with a term ¢t € A(Z). Once
again we consider the natural bijection given by Yoneda’s lemma:

A<f> = UAL = Nat((A \l, T—MOd)(L, —), UA)
It sends t to a natural transformation o defined by
onf =Uaft = ft

for (A5 B) € (A | T-Mod) and f € (A | T-Mod)(:,h). We get a natural
transformation 7 : U} = U, using the natural bijection U} = (A | T-Mod)(¢, —),
which sends a tuple (by,...,b,) € B"™ = Ujh to the unique T4-homomorphism
g : t — h satisfying gr; = b;,1 < i < n. Then, we have

Tu(bi, . bn) = ong = gt = (h(Z)t)"(by, ..., bn).

This 7 is a natural transformation P} = P, if and only if each component 7, =
(h(Z)t)P is a T-homomorphism. This prompts the following definition.

Definition 2.2.1. We say that a term t € A(Z) with parameters in A generically
induces a T-homomorphism if and only if (h(Z)t)? € T-Mod(B", B) for all T-
models b : A — B. We say that a tuple of terms (¢y,...,t,) generically induces a
T-homomorphism if and only if each ¢; generically induces a T-homomorphism.

This definition leads into the next one, which describes a useful functor &.

Definition 2.2.2. We define a functor & : T-Mod — Law as follows. Consider
the category T4 whose objects are the natural numbers and whose arrows n — m
are m-tuples of terms in A(zy,...,x,). Composition is defined by substitution, and
identites are given as 1, = (z1,...,x,). Moreover, this category is a Lawvere theory,
since we have canonical product diagrams z; : n — 1, 1 < i < n. (In fact, it is the
Lawvere theory corresponding to the algebraic theory T4.) We define &A to be the
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subcategory of T, with the same objects and with arrows only those tuples of terms
(t1,...,tm) : n — m which generically induce T-homomorphisms. Then the projections
z; :n — 1 are in BA, since (h(Z)z;)? is the i-th projection B® — B, which is a
T-homomorphism; therefore, A is a Lawvere theory with the same specified product
diagrams as T .

It remains to define a morphism of Lawvere theories & f : ®A — &C' given a T-
homomorphism f: A — C. On objects, we let & fn =n. Given (t1,...,t,) :n — m,
we define

@f(tl, e ,tm) = f<l'1, Ce ,$n>(t1, . 7tm)
Proposition 2.2.3. & : T-Mod — Law is a well-defined functor.

Proof:  First, we check that &(A EN (') is well-defined, that is we make sure that
& f 1 is an arrow of &C when f is an arrow of ®A. Indeed, we have

(MENBFT))" = (@) (f(Z) )" = ((ho f)T)T)"

—

r 7 :n— min A, so that (h(Z)(&f7))5 is a T-homomorphism for all (A %
B) € (A ] T-Mod).
We check that & f is functorial. It preserves identities:

Sf(xy,...,xn) = f(Z)(x1,...,20) = (T1,...,Tn);

fo

and composition:

@f((sl,...,sl)o(tl,... )

& f(silti/zil, ..., sifti/xi])
= (@) (s1lti/zi], ..., sifti/2i])
(f(Z)s)[f(Z)ti /], ... (f

= ([(@)s1,. . [(T)s1) o (f(T)t, .
= Q§f( Sl) o ®f(t17 atm)
In the above, note that, assuming from context that i ranges from 1 to n, s[t;/z;] is
shorthand for s[t/z1,...,t,/z,], which means s with x; substituted by ¢; for each i,

simultaneously.
In fact, & f is a morphism of Lawvere theories, because it preserves the product
diagrams:
Sfr; = f(Z)r;=x;:n — 1.

Finally, we check that & is functorial. We have

— —

Blal =1(Z)T =T = lgat.
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Given A L ¢ % D, we also have

G(gof)t =(go f)T)T =g(Z)(f(T)T) = Sg(&f ).

This completes the verification. |

Now, since we have defined & in such a way that &A(n,m) = 3A(n,m), we
expect these bijections to extend to a natural isomorphism of the functors & and 3.

Theorem 2.2.4. There is a natural isomorphism & = 3.

Proof: We define § : & = 3. Given A € T-Mod, we have a component
04 :BA — 3A, which is a morphism of Lawvere theories. On objects, we let d4n = n.
Given an arrow £ : n — m, we define 64 : P} = P7, for any h € (A | T-Mod), by
(64T)n = (R(Z)T)P. Up to now, there have been no surprises. Our definition merely
reflects the bijection that led us to the definition of . In particular, 64 really is a
natural transformation, and §4 is clearly bijective on both objects and hom-sets. It
remains to show that d4 is a morphism of Lawvere theories.

Consider the projections x; : n — 1 in &A, and let pp, : B" — B be projections
in T-Mod. If, furthermore, we let 7; : n — 1 be the projections in 34, and h: A — B,
then

(5A9Ci)h = (h<f>$i)B =DPB,;i = (Wi)h,

which implies § sz; = m;. Therefore, §4 preserves products. Now, we check that it is a
functor. Note that 1,, = (z1,...,z,) in ®A. We have that

(5A1n)h = (h<f>($1, e ,l’n))B = 1B" = 1ch = (1n)h7

hence d41,, = 1,, (note that 1,, is an arrow of B A on the left-hand side, but of 34 on
the right-hand side). Moreover, given arrows

we calculate:
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We conclude that §4(s o f) = a5 004°T.

Finally, we must show that § : & = 3 is indeed a natural transformation. Let
f:A— Cin T-Mod. We have to establish the commutativity of the following
diagram:

GA 4, 34

Qﬁfl l3f

First, we verify that, on objects, 3f(0an) = 3fn =n = den = Jc(& fn). Next, let
7:n—mand (C 2 B) e (C|T-Mod). We have that

Oc(@fT)n = Oc(f(Z)T))n = (W(Z)(f(Z)T))"
)7 = (04t )nor = (3F(6aT)n-
This completes the proof. |

I
—
o

=

o
~
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~
=+l

In light of the previous theorem, we shall say that the arrows of A are inner
morphisms, like those of 3 A.

Now, we give a definition and a theorem which help to further characterize
the elements of A(n,1). These are terms which induce T-homomorphisms on all
T-models with parameters in A (in prior terminology, they generically induce such a
homomorphism). If we were to check by hand that a term induces a homomorphism
on a particular model B, we would verify that the function it induces commutes with
all the operations on T'. If we want this to happen for all models with parameters in A,
we should not use any particular property of B in our calculations. Equivalently, we
would be checking that the function induced by the term commutes with all operations
of T"in a model without any extraneous relations, i.e. a free model. This is the idea
behind what follows.

Definition 2.2.5. Let f be an operation symbol of arity [, and let t € A(Z). Also let
J = (y11,---,Ym) be a list of [ - n variables. Then t commutes generically with f if
and only if

fA@)(t[yli/xi]; .. ,t[yh-/xi]) = t[fA<Z7>(yu, .. ,yli)/l’i].

Let us give a few examples of generic commutation. If f is a constant symbol c,
then generic commutation of ¢ with ¢ means that

c = tle/xy,

where we let ¢2¥) = ¢ for simplicity of notation. If instead f is a binary operation -,
written in infix notation, then generic commutation of ¢ with - means that

tlyri/ 3] - tlyai /2] =ty - yai/xil,
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where we let -4(9) = . for simplicity.
And now the theorem hinted at when motivating generic commutation:

Theorem 2.2.6. Let t € A(Z). Thent € BA(n,1) if and only if t commutes
generically with all operation symbols of T.

Proof: We prove the forward direction first. If ¢ generically induces a T-
homomorphism, then in particular 4% : (A(y))" — A(%) is a T-homomorphism.
For k =1,...,1, let y. = (Yx1,- - -, Yrn). We calculate:

AP ) f2) = D (D ), P ()

= ATty 2], -ty 2]

Conversely, suppose that ¢ commutes generically with all operation symbols f of
T. Let h: A — B be a T-homomorphism. We show that (h(Z)t)? € T-Mod(B", B),
which is to say that (h(Z)t)? commutes with f for all operation symbols f of T Let

be = (bp1,...,bgn) € B™ for k = 1,...,1, and collect all these vectors into a single
vector b. Since t commutes generically with f, we have that
t[fA<y>(y1z', oY)/ = fA<g>(t[y1i/xi]a sty /i) (2.2.1)

Moreover, since A(j) = AII (i), we have a homomorphism h? : A(3) — B such that
hta = ha for all @ € A and hPyy; = by, 1 < k <1, 1 <i < n. Applying it to both
sides of (2.2.1), we find that
(WEVP(FP" (Br - B)) = (@R (P, b,y £ (b b))
= hz(t[fA<g>(y1i7 e ,ylz)/ifz])

h 715[3/1@/55@]))
= [P (el / ), BE (e /2)) )

FE(((E)) P55, ... (h(Z2)1)Ph),

as desired. ]
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2.3 The Inner Theory for Quasi-Equational Theo-
ries

This section covers many of the same ideas as the previous section, so we will not
provide detailed proofs when they are very similar to the proofs of previous results,
instead providing hints and discussing the differences from the algebraic case, while
trusting the reader to fill in the gaps.

Consider a quasi-equational theory T', and let A € T-Mod. Since 3A is a Lawvere
theory, it is entirely determined by the hom-sets of the form 3A(n, 1).

Owing to the isomorphism of categories T4-Mod = (A | T-Mod), we can
interpret the projection functor P4 : (A | T-Mod) — T-Mod simply as the forgetful
functor T4-Mod — T-Mod. Now, let U : T-Mod — Set® be the forgetful functor.
Then Uy = U o Py is just the forgetful functor T4-Mod — Set®, and we have an
inclusion

3A(n,1) = Nat(P?, Py) C Nat(U%, Uy).

Indeed, the only difference between an element 7 € Nat(P}, P4) and an element
7 € Nat(U}, Uy,) is that, in the former case, all components of 7 must be not arbitrary
families of functions, but T-homomorphisms. So let us investigate the elements of
Nat(U%,Uya) first and impose suitable restrictions on them later.

Given that Nat(U},Ua) = [Ises Nat((U})s, (Ua)s), we will proceed sort-wise.
Note that for any h : A — B, we have

(UD)sh = (U3h)s = (BY)s = (Bs)" = (Ua)sh)" = [[(Ua)sh.

i=1

Also recall the free-forgetful adjunction F4 g 4 (Ua)s. Therefore, we have natural
isomorphisms as follows:

(Uk)sh = Set({z}, (U)sh)
= Set({z} ,1_11<UA)Sh)

Il
E:

et({z},(Ua)sh)

s
Il
_

I

Set( ]Z[ {z},(Ua)sh)

~ (A} T-Mod)(Fas(I[ {«}).h)

=1

~ (A} T-Mod)(A 5 A(Z5), h).
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This shows that (U%)s = (A | T-Mod)(:5, —) is a representable functor. Now,
applying Yoneda’s lemma,

Nat((U4)*, (Ua)s) = Nat((A L T-Mod)(:*, -), (Ua)s) = (Ua)st® = A(Z")s.

Under this correspondence, a term tg € A(Z%)g corresponds to the natural transfor-
mation 7g : (U%)s = (Ua)s defined by (75), = (h(Z°)gts)?. Therefore families of
terms

t = (ts)ses € A(Z%)s
are in bijective correspondence with elements of Nat(U%,Uy,), in such a way that
t corresponds to 7 : UT = U4 with 7, = (h(Z)t)B. If, moreover, we require that

7 : Py = Py, then each component 7, = (h(Z)t)? must be a homomorphism. This
motivates the following definition.

Definition 2.3.1. The functor & : T-Mod — Law is defined as follows. The Lawvere
theory & A has objects the natural numbers, and its hom-sets are determined by the
fact that ®A(n, 1) contains those families of terms ¢t = (tg) € [[ses A(Z°)g such that
(h(Z)t)® is a homomorphism B™ — B for all h : A — B. It remains to define a
morphism of Lawvere theories & f : &A — &C' given a T-homomorphism f: A — C.
On objects, we let & fn = n. Given (ty,...,t,) : n — m, we define

Sf(tr, ... tm) = f(Z)Y(t1,. .. tm) = (f(Z)ty, ..., f{(Z)tn).
Much as in the case of algebraic theories, the functor & is well-defined.
Theorem 2.3.2. There is a natural isomorphism & = 3.

Proof: Similar to the proof of Theorem 2.2.4. |

To formulate generic commutation for quasi-equational theories, a technical tool
is needed. Indeed, the situation is complicated by the fact that operations may only
be partially defined, and thus it is possible that an operation is defined for some tuple
of elements in some model, but undefined when applied to variables in a free model.
To remedy this defect, given an operation f : S; X --- x §; — S, we introduce a new
quasi-equational theory T! (7)) where 9 is composed of variables y; : Sk, 1 < k <,
1 <4 < n. Actually, to be entirely precise, ¥ should be replaced by the family of sets
Y = (Yr)res defined by

Y, _{{ykl’aykn} lfR:Sk
" e

otherwise

Now, let us consider T3, the theory obtained from 7" by adjoining a (totally defined)
constant for each element of A(%), together with all the Horn sequents which hold in
A(y). (It can also be obtained by adjoining totally defined constants yx; : Si to T4.)
Then, we obtain T£<g) by adding the axiom = f(yi;, ..., yu) 4 to Tagy fori=1,... n.
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Definition 2.3.3. A family of terms ¢t = (ts) € [lges A{z?,...,25)s is said to

commute generically with an operation f : S; x --- x §; — S if and only if the
following sequent is provable in T£<@.>:

=t (i) [27] = flts g/ ts T/ 2)).

(The appropriate deductive logic here is partial Horn logic, which accounts for partially
defined operations. See [12] for details.)

Note that T£<y> has an initial model, which we will write as A(7)/. Its usefulness
lies in the fact that whenever we have a T-homomorphism A : A — B, and a
vector b of elements by; € Bg,, 1 <k <1, 1<1i<n,such that B (by, ..., 01
(equivalently fB(by,...,by;) | fori=1,...,n), then there exists a T-homomorphism
b . A(7) — B satisfying hERa = hga for all a € Ag and all R € S, and h@kym = by;.

Lemma 2.3.4. A family of terms t = (ts) commutes generically with an operation
f:S1x---x8 — S if and only if we have the following equality in A(3j)/:

ts[ AT (i) f2] = A (s [y /20, s/ 25)).
Proof:  This follows immediately from the fact that A(7)/ is the initial model of
the theory Tj;@). |

Theorem 2.3.5. A family of terms t = (ts) € [Iges A{zT, ..., 25)s is an element of

rn

BSA(n, 1) if and only if it commutes generically with all the operations of T

Proof: Making use of the previous lemma, the proof is similar to the proof of
Theorem 2.2.6. |



Chapter 3

Examples

3.1 Algebraic Theories

First, we explore a variety of examples from algebra. Then, we turn to examples from
order theory which still admit axiomatizations as algebraic theories. Note that our
main theorem can be readily adapted to algebraic theories with infinitary operations,
as long as sufficiently many free models exist. It only means an infinity of variables
may be necessary to express some generic commutation equations. The problem is
that not all theories with infinitary operations have free models, even on finitely many
generators. The reason is simple: when we build free models for algebraic theories,
we start by constructing the set of terms, and then apply an equivalence relation to
ensure that all the equations of the theory hold; but in the presence of operations of
unbounded arities, the set of terms is a proper class and not a set at all. It should
then be regarded as exceptional that in some cases, this proper class becomes a set
after taking a quotient by the appropriate equivalence relation.

For each example, we pick an algebraic theory T" and proceed as follows. We let
A € T-Mod and we characterize all elements t € A(n, 1), for each n € N. Since
& is naturally isomorphic to the inner theory 3, in particular we have a bijection
®A(n,1) = 3A(n, 1), which makes ¢ correspond to the family of homomorphisms
(h(Z)t)P indexed by morphisms h : A — B with source A. This can be seen as a
family of coherent extensions of the morphism #* = (14(Z)t)*. Therefore, it can be
helpful to think of this particular morphism as representative of the whole family.
Now that we have determined 3A(n, 1) for all n € N, we effectively have a full picture
of 3A, since as a Lawvere theory it is determined by those hom-sets. In this way,
we obtain a description of the inner theory 3. Also recall that the morphisms of
3A (or ®A) are called inner morphisms. For reasons outlined above, we will mostly
concentrate on the elements of A(n, 1), which may also be called inner morphisms.

34
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3.1.1 Sets

Proposition 3.1.1. Let T be the theory of sets, which has no operations and no
equations. Let A € Set. Then ®A(n,1) = AII{x1,...,z,} (a disjoint union of sets).
Therefore, inner morphisms correspond to constants or projections.

Proof: We have that A(xy,...,z,) = AI[{x1,..., 2, } is just a disjoint union,
and all of its elements represent inner morphisms, since there are no operations with
which they would have to commute generically. i

Note that & A is actually the Lawvere theory corresponding to the theory of sets
with parameters in A, or sets under A, which was called T4 previously.

3.1.2 Sets with an Action

Let M be a monoid (in particular, it could be a group). An M-set is a set S together
with an action (m,x) — m-x: M x S — S, such that ez = x for all z € S, and
m-(n-x)=(mn)-x forallm,n € M and all z € S. We can construe M-sets as the
models of an algebraic theory much in the same way as we do modules, by making
x — m - x an operation for each m € M. Thus, we let T' be that algebraic theory.

Proposition 3.1.2. Let A € T-Mod be an M-set. Then an element of ®A(n, 1) is
either an element a € A which is M-invariant (i.e. p-a = a for all p € M), or of the
form m - x; where m is in the center of M.

Proof: Let t € A(zy,...,z,). Then t € &A(n,1) if and only if it commutes
generically with the action of each m € M. Two cases present themselves: either
t=a€A ort=m-x; forsomei=1,...,n.

In the first case, t = a commutes generically with the action of p for all p € M,
so that p-a = a for all p. This means that a must be M-invariant.

In the second case, t = m - x;, so generic commutation with the action z — p - x
leads us to the equation

(pm) -y =p-(m-yu) =m-(p-yi) = (mp) - Yu.

Since we are working over a free model with parameters in A, this equation can only
hold if pm = mp, and this must be true for all p € M. Thus m € C'M, the center of
the monoid M. |

Note that & A is actually the Lawvere theory corresponding to the theory of
C M-sets with parameters in the C'M-set of M-invariant elements of A.
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3.1.3 Semigroups

Proposition 3.1.3. Let T be the theory of semigroups, and let A € T-Mod. An
element of ®A(n, 1) is either an idempotent of A or a projection x;.

Proof:  Lett € 8A(n,1) C A(xy,...,z,). Then ¢ must commute generically with
the product:
tlyriyei /@) = tyri/@lt[yai /@]

In the right-hand side, all variables of type 3;; appear to the left of all variables of type
12;. For that to be the case on the left-hand side, ¢ can contain at most one variable
(and no power of this variable higher than one). Thus either ¢ = a, or t = ax;b, or
t =ax;, ort =ux;b, or t = x;, with a,b € A. Let us once again write the equation for
generic commutation with the product. In case t = a, we obtain a = a?, which is to
say that a is idempotent. In case t = ax;b, we obtain ay;y2;b = ayi;bays;b, which is
impossible. Similarly for ¢ = az; and t = x;b. Projections t = x; are obviously inner
morphisms. Therefore, the idempotents of A and the projections x; exhaust all inner
morphisms in A(n,1). i

Note that & A is actually the Lawvere theory corresponding to the theory of sets
with parameters in the set of idempotents of A.

3.1.4 Monoids

Proposition 3.1.4. Let T = (X, E) be the theory of monoids, and let A € T-Mod.
The hom-set ®A(n, 1) contains e and those terms of the form ax;a™' fori=1,... n,
and a € A an invertible element.

Proof: Let t € ®A(n,1) C A(Z). Considering t properly as a -term, that is
as a representative of an element of A(Z), we can reduce it to a normal form. The
reduction process is as follows. If the string ¢ has length 1, it is reduced. Otherwise,
we remove any instance of the neutral element e, and replace any two consecutive
elements of A by their product. This is discussed in [13, Definition 3.2.1] and [13,
Lemma 3.2.2]. Now, the term ¢ must commute generically with the product, so

tlyriyei /i) = tlyii/zitlya: /xi).

Assuming t was written in reduced form, the left-hand side is also reduced, since
the variables y;; and yo; in A(y) are not linked by any relations that would permit
a simplification. When we write the right-hand side in reduced form, all variables
y1; appear to the left of all variables ys;, and these two sets of variables cannot be
moved past each other. But if ¢ contains more than a single z;, then the left-hand
side will have variables of the form ,; to the left of variables of the form yy;, despite
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being in reduced form. This contradiction shows that either ¢ = e or t = ax;b for
some i = 1,...,n and some a,b € A. In the first case, e commutes generically with
all monoid operations, so e € &A(n, 1). In the second case, we have

ayriy2ib = tlyriyai/ x| = tyri/ ity /xi] = ayribayab,
which implies ba = e. Moreover, ¢ commutes generically with the neutral element e, so
ab = aeb = e,

which together with ba = e implies b = a . |

3.1.5 Groups

Proposition 3.1.5. Let T = (X, E) be the theory of groups, and let A € T-Mod.
The hom-set & A(n, 1) contains e and conjugations ax;a™" fori=1,...,n, and a € A.

Proof:  Lett e ®A(n,1) C A(Z). Considering ¢ properly as a X-term, that is as a
representative of an element of A(Z), we can reduce it to a normal form. This is the
same reduction as we performed for monoids, but with the additional step of removing
products x;x; ' or o7 'x;. As is noted in Section 3.2 of [13], only minor adjustments
to [13, Definition 3.2.1] and [13, Lemma 3.2.2] are necessary to explain reduction to a
normal form for groups. Now, the term ¢ must commute generically with the product,
SO
tyriyai/zi] = tlyri/zilt[y2i /).

Assuming t was written in reduced form, the left-hand side is also reduced, since the
variables y1; and yy; in A(y) are not linked by any relations that would permit a
simplification. When we write the right-hand side in reduced form, all variables y;
appear to the left of all variables ys;, and these two sets of variables cannot be moved
past each other. But if ¢ contains the inverse x; ' of a variable, or more than a single
variable x; (including powers of said variable higher than one), then the left-hand side
will have variables of the form ys; to the left of variables of the form y;;, and reduction
will not change this fact. We have a contradiction which shows that either t = e
or t = ax;b for some i = 1,...,n and some a,b € A. In the first case, e commutes
generically with all group operations, so e € 8A(n, 1). In the second case, we have

ay1iy2ib = t{yriyai/Ti] = tlyri/Tilt[y2i /2i] = ayribayad,
which implies ba = e, i.e. b = a~'. We check that az;a~' commutes generically with

e the product:

tlyriyai /i) = ayiiyza™ " = ayiaa  yya”t = tyu /)t ye: /7).
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e inverses : t[yl_il/x,-] = ayl_ila*1 = (ayya™ )7t = (tlyw/x:]) 7t
o the neutral element: t[e/x;] = aea™' = e.

This completes the verification. |

It is interesting to compare this to the results previously obtained by Bergman [1].
He showed that the isotropy group contains only conjugation by group elements, and
that e is added to this group to obtain the isotropy monoid. Thus, in this case, the
inner theory does not add much to the isotropy monoid; in fact, the inner theory of
groups is generated, as a Lawvere theory, by the isotropy monoid &A(1,1).

3.1.6 Abelian Groups and Commutative Monoids

Proposition 3.1.6. Let T be the theory of abelian groups. Let A € Ab = T-Mod.
We use additive notation. We find that

SAn, 1) ={kiz1+ -+ kpxy | k1,...,kn €EZ}.
Proof:  Let t € ®A(n,1). We can write ¢ as
t=a+ ki, +---+kyr,, acA k €.
This term must commute generically with the neutral element 0, so
0=t[0/z;] = a.

We show that t = kyxq + - -+ + k,2, is an inner morphism. It commutes generically
with

o the sum: ky(y11 + v21) + - + kn(Y1n + Y2n) = (krynn + - - + knyan) + (k1yar +
R kny2n>-

o inverses: ki(—y11) + -+ kn(—v1n) = —(kryin + - + knin)-
e the neutral element: k0+---+ k,0 = 0.

This completes the verification. |

We recover the isotropy monoid $A(1,1) = { kx | k € Z }, which is larger than
the isotropy group { z, —z } plus the constant 0. Moreover, the form of elements
of ®A(n, 1) is more general than that of elements of &A(1,1), unlike in the case of
groups.
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Note that & A is actually the Lawvere theory corresponding to the theory of
Z-modules.

If instead we let T" be the theory of commutative monoids, since there is no inverse
operation, we find that

Q5A(n,1):{k1:61++/€nxn|k1,,kn€N}

3.1.7 Modules Over a Ring

Proposition 3.1.7. To generalize the case of abelian groups, let R be a ring, let
T be the theory of R-modules, and let A € T-Mod. Then BA is isomorphic to the
category of matrices with entries in the center of R. In particular, if R is a field, then
B A is equivalent to the category of finite-dimensional R-vector spaces, and all the
homomorphisms are inner morphisms.

Proof: Consider t € ®A(n,1) C A(xy,...,z,). There are unique a € A and
r1,...,7, € Rsuch that t =a+ rix; + .-+ r,z,. Since t commutes generically with
zero, we must have a = 0. Moreover, t must commute with scalar multiplication by
any r € R:

ri(ryin) + - F r(ryn) = r(ryn o F i) = ey 4+ rrayi,

if and only if r;r = rr; for ¢ = 1,...,n. This means that for each ¢, r; must be in the
center of R:
rn€CR={seR|rs=srforallre R}.

We show that, given r; € CR, we have that t = ryxy +- - -+ 7r,x, is an inner morphism.
It commutes generically with

o the sum: 7 (y11 +y21) + - + 0(Yin + Vo) = (Myin + -+ + rin) + (rya +
P + /rnan)'

o inverses: T (—y11) + -+ ru(—v1n) = —(riyir + -+ TaYin)-
e zero: 0+ ---+1r,0=0.
« multiplication by the scalar r € R:

r(ryn + - F i) =y o rray = r1(ryn) + o+ (Y.

Thus
SAn, 1) ={riz+ - +rpx,|r,...,r, ECR}.

Now, C'R is a subring of R, which is equal to R if and only if R is a commutative ring.
We have a correspondence

GA(n,m) < (CR)™"
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(Z Py D Tmz‘xz‘) < (r5)
i i

So consider the category Mat(CR) of matrices with coefficients in the center of R.
Its objects are the natural numbers, and its hom-sets are given as follows:

Mat(CR)(n,m) = (CR)™".

Composition is by matrix multiplication. This is the same composition as in A
under the correspondence above. Indeed, given

nSmS,
we have
SoF = (Z ST, - ZSM) o (o riis s i)
_ (Z 51 Zrﬂxl, . ij s1; erx)
_ (Z (Z sljrﬂ)xz, o Z(; S1Tji)Ti).
Thus we have an isomorphism of categories A 2 Mat(CR). I

Note that & A is actually the Lawvere theory corresponding to the theory of
C R-modules.

3.1.8 Rings and Rigs

Proposition 3.1.8. Let T' be the theory of rings (which we always take to be unital),
and let A € T-Mod. The elements of 8A(n, 1) take the form t = 375", a;x; b;, where
the coefficients a;,b; € A satisfy a few conditions. First, the term t has to be reduced
in the sense that i; = iy, implies a; # ay and b; # by, (this can always be achieved using
distributivity). Second, we assume without loss of generality that a; # 0 and b; # 0
for j=1,...,m. Third, we require that 3_7*, a;b; =1 and

1 ifj=k
bjak = p
0 ifj#k

Proof: Let t € A(xy,...,x,). Then t € BA(n,1) if and only if it commutes
generically with all ring operations. We can write t = ¢; + --- + t,,, where each
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summand is a product of elements of A and variables among zi,...,z,. Since t
commutes generically with multiplication, we have

i tj ylzy21/$z = (i tj ylz/xz )(i t; ygl/$Z )
Jj=1 7=1

J=1

i i tilyai/ wilte [ye: /).

Jj=1k=1

In the right-hand side, variables of type y;; always appear before those of type y; in
each summand, but in the left-hand side, this condition is violated as soon as some
nonzero t; contains more than one variable (including powers of a single variable which
are greater than one). Since we are working in a free model where multiplication is
non-commutative, variables of type y1; and those of type y2; cannot be moved past
each other in a summand, hence both sides of the equation can only be equal if each
summand contains at most a single variable. Moreover, ¢t commutes generically with
zero, so it has no constant summand (an element of A not multiplied by any variables).

It follows that o
t= Z ainj bj
j=1

for some elements a;,b; € A, j =1,...,m. We can assume without loss of generality
that ¢ is reduced in the sense that i; = i implies a; # aj and b; # by, (this can always
be achieved using distributivity). We can also assume that a; # 0 and b; # 0 for
j=1,...,m (else ajz;;b; = 0 and can be removed from the summation entirely). The
equation for generic commutation with multiplication then becomes

m m

Z A5Y1i; Y2i, bj = Z Z a;Yii; bjaryai, b

j=1 j=1k=1

For these two sums to be equal, whenever j # k, we must have bja, = 0 to nullify the
summand a;y1;;0;axY2;, b, on the right-hand side, since this summand cannot appear
on the left-hand side. Moreover, for each 7 = 1,...,m, we must have b;a; = 1, to
ensure a;yii;Y2i;b; = a;jy1i;05a;42;,b;. Clearly, ¢ already commutes generically with
addition and additive inverses. It remains to impose generic commutation with unity,
which amounts to the requirement that 327, a;0; = 1. i

The above also applies to rigs!, since additive inverses were not used in our
reasoning.

'Rigs are rings without negatives, and are also sometimes called semirings. See [11] for more
details.
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3.1.9 Commutative Rings and Commutative Rigs

Proposition 3.1.9. Let T be the theory of commutative rings, let A € T-Mod.
Then an element of ®A(n, 1) has the form byxy + - - + byx, where by, ... b, € A are
orthogonal idempotents summing to 1.

Proof:  Lett € ®A(n,1) C A(Z). Note that A(Z) = A[xy,...,x,] is a ring of
polynomials in n variables. To simplify notation, given an n-tuple I = (iy,...,14,) € N*,
we shall write 2/ = 2{" ... 2%, Thus t = ¥ ;eyn azx!, where only finitely many of the
coefficients ay € A are nonzero. Since ¢t commutes generically with sums, we have

Z a[y{ + Z alyg = Z ar(y11 + y21)i1 oo (Yin F an)i"- (3.1.1)
IeNn IeNn IeNn
Expand out the right-hand side into a polynomial in 2n variables, namely y11, ..., Y1n,
Y21, - - -y Yon. Either ¢ = 0 or some a; # 0 for some I. In the former case, t commutes

with unity if and only if 0 = 1, that is if and only if A is the trivial ring, and otherwise
t = 0 is not an inner morphism. In the latter case, if i1 > 1, once the right-hand side
of (3.1.1) is expanded out, the term a;y}} 'ya19l3 . . . yin appears (by n applications
of the binomial theorem). If 7; > 1, this term contains both variables of type y; and
of type 9o, something which does not occur on the left-hand side of (3.1.1). This
contradiction shows that i; = 1. Moreover, if say i5 > 0, then we run into the same
contradiction. Thus 75 = 0 and, by similar arguments, i3, ...,1, are all equal to 0.
We can repeat this argument to show that io < 1, and that 73 = 1 implies all other
exponents i1, 3, . . ., i, are zero, and so on. Therefore, provided ¢ # 0, we have that ¢
must be of degree 1. Hence it has the form t = b+ Y1 | b;x; with b,by,...,b, € A.
Given that ¢ commutes generically with zero, we have that b = 0, so that t = >_"" | b;x;.
Such a ¢t commutes generically with sums:

D by + Y biyei = > bi(yui + yai)-
i=1 i=1 i=1

To ensure that ¢ commutes generically with unity, the equation > ; b; = 1 must hold.
To make ¢ commute generically with the product means that

Z biy1iY2i = (Z biyli) (Z bini) = Z Z bibjy1iya;-
i=1 i=1 i=1 i=1j=1
This equation only holds if the corresponding coefficients are equal, that is if
b ifi—
bby=4 .
0 ifi#j

This expresses the fact that by,...,b, is a system of orthogonal idempotents. This
exhausts all ring operations, hence t € &A(n, 1) if and only if t = > | b;x; where
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by, ..., by, is an orthogonal system of idempotents summing to 1 (note this also includes
the degenerate case t = 0 for the trivial ring, since in that ring 0 = 1). i

This is interesting, because of the following well-known fact:

Proposition 3.1.10. Let A be a ring. There is a bijective correspondence between
systems of orthogonal idempotents summing to 1 and decompositions of A as a direct
sum of left ideals (equivalently, A-submodules).

Proof: We sketch a proof by explaining how the correspondence works. Given a
system by, ..., b, of orthogonal idempotents summing to 1, we obtain a decomposition
of A as

A=Ab & --- D Ab,.

Conversely, if A =1, & --- @ I, then there exist unique elements b; € I; such
that 1 = by + - -- 4+ b,, and they form a system of orthogonal idempotents.

A more complete proof of this fact can be found, for example, in exercise 1.7 of
the first chapter of [6]. i

This means that elements of &A(n, 1) represent decompositions of A seen as an
A-module. Also note that in the special case that A is an integral domain, if a certain
b; in a system of orthogonal idempotents summing to 1 is nonzero, then b; = 0 for
all 7 # 1. Hence by the condition of summing to unity, b; = 1, and t = z;. So in the
particular case of an integral domain, ®A(n,1) = { z1,...,z, }.

Inner morphisms for commutative rigs (rings without additive inverses) also
correspond to systems of orthogonal idempotents in the same way, since additive
inverses did not appear in our reasoning above.

3.1.10 Boolean Rings

A Boolean ring is a ring in which each element is idempotent. This forces it to have
characteristic 2 and to be commutative. Indeed, in such a ring, we have

a+b=(a+b?*=a*+ab+ba+b*=a+ab+ba+b,

which implies that 0 = ab + ba for all elements a and b. Upon setting b = 1, we find
that 2a = 0 for all elements a. It then follows that

ba =0+ ba = (ab+ ba) + ba = ab+ 2(ba) = ab

for all elements a and b.
The reasoning in this section will resemble that of the case of commutative rings.
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Proposition 3.1.11. Let T be the algebraic theory of Boolean rings, and let A €
T-Mod. An element of 8A(n, 1) has the form byxy+ - - -+ bz, where the coefficients
b e A, 1 <i<mn, satisfy 3.7, b; =1, and b;b; = 0 whenever i # j.

Proof:  Lett € A(xy,...,x,). Then, since all the elements of A(Z) are idempotent,
and since multiplication is commutative, we can write t = ; a;az! where (i) =
o -z and I ranges over all of {0,1}" in the sum.

Since ¢ commutes generically with addition, we have

Z aryi + Z arys = Z ar(yin +y21)" . (Yin + Y2u)™ (3.1.2)

T 1 1
Expand out the right-hand side into a polynomial in 2n variables, namely yi1, ..., Y1n,
Y1, -, Y. Either t = 0 or some summand a;z! # 0 for some I (it is not enough

to assume a; # 0, since Boolean rings have characteristic 2, and hence, for example,
227 = 0). In the former case, t commutes with unity if and only if 0 = 1, that is if
and only if A is the trivial ring, and otherwise ¢ = 0 is not an inner morphism. In
the latter case, if i1 = i = 1, once the right-hand side of equation 3.1.1 is expanded
out, the term arys1y12y%% - - - ¥, appears (by n applications of the binomial theorem).
This term contains both variables of type y1; and of type y»;, something which does
not occur on the left-hand side of equation 3.1.1. This contradiction shows that
11 = 0 or i3 = 0. More generally, this argument can be used to show that only one
of the exponents iy, ...,%, may be equal to 1; all others must be 0. Moreover, this
applies to all I such that a;z! # 0. Therefore, provided t # 0, it must be of degree 1.
Hence it has the form ¢ = b+ >>" | b;x; with b,by,...,b, € A. Given that ¢ commutes
generically with zero, we have that b = 0, so that t = Y1 ;| b;x;. Such a { commutes
generically with addition:

D by + D biyai = D bi(yri + Yai)-
i=1 i=1 i=1

To ensure that ¢ commutes generically with unity, the equation } 7 ; b, = 1 must hold.
To make ¢ commute generically with the product means that

> biyriyei = (Z biy1i> (Z biyZi> =3 bibjyiiys;
i=1 i=1 i=1 i=1j=1
This equation only holds if the corresponding coefficients are equal, that is if
b ifi—
by =4
0 ifi#y

Finally, note that the condition b7 = b; is redundant, since all elements of a Boolean
ring are already idempotent. Thus, the orthogonality of the coefficients b; is what is
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really important. |

Note that the category of Boolean rings is isomorphic to the category of Boolean
algebras, so this result also allows us to determine the inner theory of the category of
Boolean algebras, which is order-theoretic in nature. We will work out the details of
this remark, as well as other interesting cases, in the next sections.

3.1.11 Join Semi-Lattices

A join semi-lattice is a set A together with an associative, commutative, and idempotent
binary operation V, called join, and a nullary operation L, called bottom, which is a
neutral element for the join operation.

Proposition 3.1.12. Let T be the theory of join semi-lattices, and let A € T-Mod.
Then, inner morphisms in ®A(n, 1) are exactly joins of variables among x1, ..., x,.

Proof: Let t € A(zy,...,z,). Then t € &A(n,1) if and only if it commutes
generically with bottom and join. We can write t = a V V,;c; z; where a € A and
J C{1,...,n}, using commutativity and idempotence. It commutes generically with
bottom if and only if
1l =aVv \/ 1 =a.
j€J

Thus we need to have t = \,c;x;. Using commutativity, we check that ¢ already
commutes with join:

(\/ ylj) \ (\/ y2j) = \/ Y15 V Yo

jeJ jeJ jeJ

It follows that inner morphisms in $A(n, 1) are exactly joins of variables among
Tiy.nn, Ty |

Note that & A is actually the Lawvere theory corresponding to the theory of join
semi-lattices.

Also note that meet semi-lattices are the same as join semi-lattices, from an
algebraic point of view.

3.1.12 Suplattices

A suplattice is a set A together with arbitrary joins as operations (these joins are
still associative, commutative, and idempotent, and the join of no elements at all
is the bottom). Thus suplattices have infinitary operations, and their theory is not
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algebraic. However, given a set .S, we can build the free suplattice on S as the power
set P.S, together with unions for joins. Since we have a free-forgetful adjunction for
the category SupLat, we can still prove our main theorem for the almost algebraic
theory of suplattices.

Proposition 3.1.13. Let T' be the theory of suplattices, and let A € T-Mod. Then,

®A(n,1) = { \ z;

jed

Jg{l,...,n}}.

Proof:  Lette BA(n,1) C A(xy,...,z,). Reasoning as in the case of join semi-
lattices and forcing generic commutation with the bottom, we can write t = V¢, ;
where J C {1,...,n}. We can then check that ¢ commutes generically with arbitrary
joins. Let I be a set; we have that:

\/\/yij: \/\/Zﬁj;

iel jeJ jeJiel

as desired. ]

Note that a suplattice also has arbitrary meets, but they are not considered
part of the structure, so need not be preserved by suplattice homomorphisms. This
is important, as the category of complete lattices, i.e. the category whose objects
are lattices with arbitrary joins and arbitrary meets, and whose morphisms are
functions preserving arbitrary joins and arbitrary meets, does not admit a free-
forgetful adjunction to Set. Indeed, if |S| > 2, then the free complete lattice on S is
a proper class (see [3]).

Also note that inflattices are the same as suplattices, from an algebraic point of
view.

3.1.13 Distributive Lattices

A (bounded) lattice is a set A equipped with binary operations of meet A and join V,
as well as nullary operations top T and bottom L. We require that meet and join are
associative, commutative, and idempotent, and that they satisfy the absorption laws:

aV(anb)=a and aA(aVb)=na.

Furthermore, we require that T and L are neutral elements for meet and join,
respectively. The lattice A is distributive if meet distributes over join (and vice-versa):

aN(bVe)=(anb)V(aAc) and aV (bAc)=(aVDb)A(aVc).

(Note that only one of the two distributivity laws must be assumed; the other follows
as a consequence.)
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Proposition 3.1.14. Let T be the theory of distributive lattices, and let A € T-Mod.
Inner morphisms in A(n, 1) are of the form (by ANx1) V-V (b, A x,), where the
parameters by, ..., b, € A satisfy by vV ---Vb, =T, and b; N\b; = L when i # j.

Proof: Lett e ®A(n,1) C A(zy,...,x,). Then, we may write t = \/;a; A Nies %,
where I ranges over all subsets of {1,...,n}, and a; € A for each I.
The term ¢ commutes generically with joins if and only if

(\[/af/\/\yu) % (\I/GI/\/\ygi) :\I/af/\/\yli\/y%

iel el el

Writing I = {4,...,4 } and k = (ky, ..., k), we calculate

Voar ANy Ve =\ ar Ay Vo) A A Wi, V Y2ig,)
I iel I
:\/CL[/\ \/ ykﬂl/\”'/\yk\l\ilfll
I ke{1,2}1

Thus, applying distributivity once more, we arrive at the equation

(Varn Am) v (Var A Awm) =NV ar A Ao A,
I el I el

I xef1,2311

All the disjuncts on the left-hand side also appear on the right-hand side. To have
equality, the remaining disjuncts on the right-hand side must be absorbed. For
example, suppose for some I we have a; # L and |I| > 2. Then the disjunct
ar A Yiiy A\ Y2i, A -+ A Y2i, appears on the right-hand side but not on the left-hand
side. For it to be absorbed by a disjunct appearing on both sides, there must exist
J C I such that {k,|i, e J} ={1}or{k,|i,e€J} ={2}, and af = a; A b for
some b € A. Then one of the terms

a; NN\ a; NN\ ya5,
jeg jed

which appear on both sides of the equation, will absorb the disjunct a; A y1;, A y2i, A
w N Yai g But then notice that a; A A;e; x; is already absorbed by aj A Ajeyx; in
the expression of ¢, and |J| < |I]. Since this reasoning applies whenever || > 1 and
a; # L, we can simplify ¢ to the form

t:bo\/(bl/\l'l)\/"'\/(bn/\l’n),

where bg, by, ...,b, € A.
The term ¢ commutes generically with L if and only if

L=byV(byANL)V---V(byAL)=by.
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Hence t = (by Axq) V -+ -V (b A ).
The term ¢ commutes generically with T if and only if

T=MBAT)V--- V(b AT)=b V- Vb,

Finally, t commutes generically with meet if and only if

(b1 Ayir Ayar) VoV (b A yin A Yan)
= ((bs Agi) VeV (Bn A gin)) A (b Agar) VeV (bn A gan)

<3

\/ bz A bj /\yu N Ya2j-
i=1j=1
To have equality, whenever ¢ # j, the disjunct b; A b; A y1; A y2; on the right-hand side

must be absorbed by a disjunct of the form by A y1x A yor, which is only possible if
biNbj = L. i

Notice the similarities between this example and that of commutative rings. When
we have two associative and commutative binary operations, one of which distributes
over the other, we can expect similar results.

3.1.14 Frames

A frame is a distributive lattice, but with arbitrary joins as operations. Accordingly,
we require infinite distributive laws:

i€l iel

Note that the theory of frames is equationally defined but not strictly algebraic, since
it involves infinitary operations. However, we have a free-forgetful adjunction from
Frm to Set. Indeed, let S be a set, and let M be the free meet semi-lattice on S.
Recall that B becomes a poset by defining a < b if and only if a A b = a. A subset
B C M is called a lower set if b € B and a < b imply a € B, for all a,b € M. Then
the set L of all lower sets of M, equipped with unions as joins and intersection as
meet, is the free frame on S.

Proposition 3.1.15. Let T be the theory of frames, and let A € T-Mod = Frm.
Inner morphisms in ®A(n,1) are of the form (by A x1) V -+ V (b, A x,,), where the
parameters by,...,b, € A satisfy by V ---Vb, =T, and b; N\b; = L when i # j.

Proof: Let t € 8A(n,1) € A(zy,...,x,). Then, reasoning as in the case of
distributive lattices, we may write t = (by Ax1) V- -V (b, A x,), where the parameters
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bi,....b, € Asatisty by V---Vb, =T, and b; Ab; = L when 7 # j. Such a term has
been verified to commute generically with all frame operations except infinitary joins.
Let us check that ¢ commutes with arbitrary joins:

\/ \/bi/\yji:\/ \/bi/\yji:\/bi/\\/yji-
i=1

jeJi=1 i=1jeJ jeJ

Therefore, the inner morphisms for frames are the same as those for distributive
lattices. I

3.1.15 Boolean Algebras

A Boolean algebra is a complemented distributive lattice. Accordingly, it has all the
same operations and equations as distributive lattices, as well as a unary complement
-, satisfying the equations

al—a=_1, aV-a=T.

Note that complements are automatically preserved by lattice homomorphisms, so
that the category of Boolean algebras is a full subcategory of both Dist and Lat.

A Boolean algebra can be considered as a Boolean ring, and inversely. These
constructions induce an isomorphism (not just an equivalence) between the category
of Boolean algebras and the category of Boolean rings, for which we have already
calculated the inner theory.

Proposition 3.1.16. Let T be the theory of Boolean algebras, and let A € T-Mod.
Inner morphisms in A(n, 1) are of the form (by Ax1) V-V (b, A x,), where the
parameters by, ..., b, € A satisfy by vV ---Vb, =T, and b; N\bj = L when i # j.

Proof: Let t € 8A(n,1) C A(xy,...,x,). If we consider A as a Boolean ring,
we find that ¢ must be of the form ¢t = bjxzy + ... + b,x,, where the parameters
bi,...,b, € Asatisty by + ... + b, = 1, and b;b; = 0 when 7 # j. Translating back
into the language of Boolean algebra, products are meets and sums are exclusive
disjunctions, hence ab = aAb and a+b+ab = aVb. We have that b; Ab; = b;b; =0 = L
when ¢ # 7, so we can show that

bV Vby=bi - +b,=1=T.

Moreover, we also find that (b; Az;) A (b; Axj) = L when ¢ # j, so the same reasoning
as above reveals that

t:bll‘l—i—"'—l—bnl'n:(b1/\$1)\/"'\/(bn/\$n).
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We happen upon the same inner morphisms as in the cases of distributive lattices and
frames. |

3.1.16 Quantales

A (unital) quantale? is a suplattice with an associative unital multiplication which
distributes over joins:

x*\/yi:\/x*yi, and (\/yz)*x:\/yl*x

iel iel iel iel

In particular, for I = @, we find that zx 1L = L = | % .

The theory of quantales has free models despite its infinitary join operations.
Indeed, given a set X, let M be the free monoid on X; then PM is the free quantale
on X, with unions as joins, and multiplication defined by

AxB={ab|aec Aandbe B}.

Proposition 3.1.17. Let T be the theory of quantales, and let A be a quantale. Then
an element of &A(n, 1) has the form /7., a;*x;, *b;, where m € N, the integers i; are
taken among 1,...,n, and the coefficients a;j, b; € A satisfy the following conditions.
First, the term t has to be reduced in the sense that i; = iy implies a; # a, and
b; # by, (this can always be achieved using distributivity). Second, we assume without
loss of generality that a; # L and b; # L for j =1,...,m. Third, we require that

Vitia;xbj =e and
e ifj=k
bj * ay = o
L ifj#k
where e is the unit of the multiplication.

Proof: Let t € ®A(n,1). Using distributivity, we may write ¢t = \/,c;t; where
each t; is a product of variables and parameters in A. We have that ¢ commutes
generically with products, hence

\/ il o /2] = (V) tilons/a]) = (V tilyaa/ai])

jed jeJ jeJ
= \/ \/ tilyi /i) * ti[yoi/xi].
jeJ ke

In the products ¢;[y1;/x;] * tgy2i/x;] of the right-hand side, all variables of type yi;
occur to the left of those of type y,;,. However, if any ¢; contains more than a single

2The reader may consult [14] for more information on quantales.
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variable, this is not the case in ¢;[yy; * y2;/z;] on the left-hand side. Thus each ¢,
contains at most a single variable (in fact, exactly one variable, since ¢ commutes
generically with 1), and we can write

t= \/aj*a:ij *b;.
j=1
Reasoning exactly as in the case of rigs, we find that the coefficients a;,b; € A satisfy
the following conditions. First, the term ¢ has to be reduced in the sense that ¢; =
implies a; # a; and b; # by, (this can always be achieved using distributivity). Second,
we assume without loss of generality that a; # L and b; # L for j =1,...,m. Third,
we require that V., a; xb; = e and

b s e ifj=k
e —
U R ey

where e is the unit of the multiplication. |

3.1.17 Commutative Quantales

Proposition 3.1.18. Let T be the theory of commutative quantales (unital quantales
with a commutative multiplication), and let A be a commutative quantale. Elements
of ®A(n, 1) have the form (by *x x1)V -+ V (b, * x,) for some by, ... b, € A such that

TS LA
ST L i

and by VvV ---Vb, =e.

Proof:  Lett € &A(n,1). We may write ¢ = V¢, t; where each ¢; is a product of
elements of A and variables.

If t = 1, then e = L, since t commutes generically with the multiplicative unit
e. Then, for all a € A, we have that a = a*xe = ax L = L, and A is the trivial
commutative quantale.

For the rest, we assume A is non-trivial. We know that ¢ commutes with
binary joins and the bottom element. These correspond to the addition and zero
of commutative rigs, so, reasoning as we did for commutative rigs, we find that
t=(byxx1) V-V (b, *x,) for some by,...,b, € A such that

AT L KA
L ifi#g
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Moreover we must have that
byv---Vb,=c¢

since t commutes generically with e. |

3.2 Contravariant Isotropy

The inner theory functor is covariant and admits a nice characterization for more
algebraic categories, but a contravariant functor would be more appropriate for
geometric categories, since it is a well-known principle that algebra and geometry are
dual to each other. Thus, for a category C of geometric objects and their morphisms,
which we require to have all finite coproducts, we let the contravariant inner theory of
C be just the covariant inner theory 3 : C°°? — Law.

Examples of interest include the category of affine schemes, which is the opposite
of the category of commutative rings, and the category of locales, which is opposite to
the category of frames.

3.2.1 Affine Schemes

The category Aff of affine schemes is the opposite of the category of commutative
rings. Therefore the contravariant inner theory of affine schemes is the covariant inner
theory of commutative rings, which has already been calculated.

Let A be a commutative ring. Then an inner morphism in A(n, 1) corresponds
to a family by,...,b, of orthogonal idempotents summing to 1. Let us think of this
geometrically. We can roughly think of A as a ring of functions on the topological
space Spec A of its prime ideals, endowed with the Zariski topology. Then a point
a € A corresponds to the open subset D, = { P € Spec A |a ¢ P}, and all open
subsets of this form taken together form a basis of the Zariski topology. The fact that
b;b; = 0 when i # j implies that Dy, N Dy, = &, since a prime ideal contains 0 = b;b;,
and hence also contains b; or b;. The fact that by 4 --+b, = 1 corresponds to the fact
that Dy,,..., D, form an open cover of Spec A (a prime ideal P must be different
from A, hence cannot contain 1 = by + - - - + b,,, hence cannot contain all the b;, hence
must be in one of the Dy,). Therefore, Dy, , ..., Dy, form a partition of Spec A into
mutually disjoint open components (which we may call a separation of the space
Spec A), and each D, must be clopen (its complement being a union of open subsets).
Inversely, since clopen subsets of Spec A correspond exactly to idempotents of A, all
partitions of Spec A into mutually disjoint open components correspond bijectively to
families of orthogonal idempotents summing to 1. We conclude that an element of
B A(n, 1), in the geometrical setting, is a separation of Spec A into n open subsets.
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See [15, Tag 04PN] for more information on the correspondence between idempo-
tents and clopen subsets.

3.2.2 Stone Duality

Let Loc = Frm® be the category of locales. By definition, of course, this category is
the opposite of the category of frames. Let us give a geometric interpretation of its
contravariant inner theory. We take A € Loc. We can think of elements of A as open
subspaces. Then, an element of A(n, 1) is of the form ¢t = (by Axq) V -+ -V (b, A zy,),
where the parameters by,...,b, € A satisfy by V---V b, = T, and b; A b; = L when
1 # 7. Translating to the geometrical context, ¢t corresponds to an n-tuple of opens
by, ...,b,, which cover the whole locale A, and which are mutually disjoint. One might
call this a partition of A into n opens.

Next, we will look at distributive lattices. But first, we need to define coherent
spaces.

Let R be a commutative ring. Its spectrum Spec R is the set of its prime ideals,
equipped with the Zariski topology. Open subsets are of the form

{PeSpecR|SZP}
for some S C R. Thus the Zariski topology has a basis of open sets
D,={PecSpecR|a¢ P}

for a € R.

A coherent space is a topological space which is homeomorphic to the spectrum
of a commutative ring [10]. Equivalently, it is a compact sober topological space
whose collection of compact open subsets is closed under finite intersections and forms
a topological base. Morphisms of coherent spaces are continuous maps such that
preimages of compact open subsets are compact.

Let CohSp be the category of coherent spaces and coherent maps. (Note that we
may define coherent locales, and the category of coherent locales is equivalent to that of
coherent spaces.) We have that CohSp°” ~ Dist, and this contravariant equivalence
sends a coherent space A to the (bounded) distributive lattice of its compact open
subsets. Then, an element of ®A(n, 1) is of the form t = (by Az1) V -+ V (b, A xy,),
where the parameters by,...,b, € A satisfy by V---V b, = T, and b; A b; = L when
1 # j. Translating to the geometrical context, t corresponds to an n-tuple of compact
open subsets by, ..., b, which cover the whole space A, and which are mutually disjoint.

Finally, let us discuss the classical Stone duality between Boolean algebras and
Stone spaces, i.e. compact Hausdorff totally disconnected topological spaces. Let
Stone be the category of Stone spaces, and let Bool be the category of Boolean
algebras. We have that Stone®® ~ Bool, and this contravariant equivalence works
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by sending a Stone space to its Boolean algebra of clopen subsets. Let A € Stone.
Passing to the corresponding Boolean algebra, we see that an element of A(n, 1)
is of the form ¢t = (by Axy) V -+ V (b, A x,), where the parameters by,...,b, € A
satisfy by V ---V b, = T, and b; Ab; = L when 7 # j. Translating back to the
geometrical context, ¢ corresponds to an n-tuple of clopen subsets by, ...,b, which
cover the whole space A, and which are mutually disjoint. Furthermore, note that
actually the open sets bq,...,b, are automatically closed, since they are mutually
disjoint, hence A\ b; = U,; b; is open for i = 1,...,n. Therefore, inner morphisms
actually correspond to n-tuples of open subsets by, ..., b, which cover the whole space
A, and which are mutually disjoint.

Broadly speaking, it seems that the inner theory specifies finite partitions of a
space into open (and possibly compact) subsets.

3.3 Quasi-Equational Theories

3.3.1 Inverse Semigroups

An inverse semigroup is a set A together with a product A x A — A and an inverse
operation (=)' : A — A, which satisfy the following axioms:

e a(bc) = (ab)c

e aa'la=aand a taa ' = a7t

e a’=a,b>=0bF ab = ba.

Thus the theory of semigroups is single-sorted, but not strictly algebraic, as the axiom
expressing that idempotents commute is a sequent with nonempty antecedent.

Suppose A is an inverse semigroup and a € A. Then aa™! and a~!a are idempo-
tents. This can be readily checked:

(aa™')? = (aa 'a)a™ = aa™
and

(a7 'a)* = (a taa Ma = a a.
If, in addition, a is idempotent, then = = a. Indeed,

at=a"aa ' =a " = (a ta)(aaT)
= (aa N (ata) = a*a o a? = a(aa ) (e a)a
=a(a'a)(aa™a = (aa"'a)(aa"'a) = aa = a.

(More generally, this line of reasoning can be adapted to show that inverses are unique
in an inverse semigroup.)
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Proposition 3.3.1. Let T be the single-sorted quasi-equational theory of inverse semi-
groups, and let A € T-Mod. Inner morphisms in ®A(n, 1) are just the idempotents
of A and the projections x;.

Proof: Let t € 8A(n,1) € A(zy,...,z,). Further suppose that ¢ is written as
a product of elements of a, variables, and inverses of variables, in a form which is
suitably reduced (multiply together adjacent elements of A, and use the axioms to
reduce the length of the word as much as possible). Then ¢ must commute generically
with the product:
tyriyai/zi] = tlyri/zilt[y2i /).

On the right-hand side, all variables of type w;; are to the left of all variables of
type 2. However, this does not occur on the left if ¢ contains an inverse z; ' of a
variable, or a power of a variable which is higher than one. Therefore, t = a € A,
or t = ax;b where a,b € A, or t = x; (this is obviously an inner morphism). In the
first case, forcing generic commutation with the product and the inverse yields the
equations a? = a and a~! = a, which mean precisely that a must be idempotent. In
the second case, the equation for generic commutation with the product becomes
ay1;Y2:b = ayi;bays;b, which is plainly impossible. Hence the idempotents of A and
the projections x; exhaust all the inner morphisms, much as in the case of semigroups. l

3.3.2 Categories

Let T be the quasi-equational theory of categories. It has a sort O of objects and a
sort A of arrows, along with operations as follows:

1:0— A, src:A—=0, tar:A—>0, o:AxA— A

These operations are called, respectively, identity, source, target, and composition.
The three first operations are total:

= 1C\L7 + (SI’C f) i/a - (tarf) i/?

while composition is partial. Furthermore, they are subject to the following axioms:

stcf =targhk (fog)l, (fog)ksrcf=targ,
(fog)ltsre(fog)=srcg, (fog)lh tar(fog)=tarf,
src f =targ Asrcg =tarhF (fog)oh= fo(goh),
Fsreleg =C, Ftarle =C,
Ffolger=1/f, Flagof=1/

Then of course T-Mod = Cat is the category of categories and functors between
them.
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Proposition 3.3.2. Let A € Cat. An element of 8 A(n,1) either has the form
(C,1¢), where C € A, or has the form (29, x2), fori=1,... n.

Proof: Let

t= <t07 tA) < ®A(n7 1) - A<Jf10, S 7172)0 X A<ZL’1147 s 7xﬁ>A-
Since in both categories A(z¢, ..., 29) and A(x?,... z) the new objects or arrows
are added as discretely as possible, we only have a few options for tp and t4. Either
to=C¢€ Aortp=1x9. If to = C, then the fact that ¢ commutes generically with
identity arrows amounts to the equation

1C = 1to[y1i/xio] = tA[lyu/fo

which implies ¢4 = 1¢. One can then verify that ¢ = (C, 1¢) commutes generically
with sources, targets, and composition. Thus it is an inner morphism, and the inner
theory of categories is not quite trivial like the isotropy group of categories. The
relevant difference is that inner morphisms in the inner theory are not required to be
invertible.

In what follows, we assume tp = 19. The possiblities for 4 are: t4 = f, where
f is an arrow in A, t4 = x;‘, ta=1 orty=1 . Of course, the projections
(29, 2') are in B A, since it is a Lawvere theory. Let us show t = (z¢, z#!) is in fact
the only possiblity. We know that ¢ commutes generically with sources:

srczds tar z4
J J

srct g [yli/xiA] = to[sre yli/x?] = sreyy;.

This rules out the options t4 = f and t4 = 1,,,,4 (for j =1,...,n). It also eliminates
J

the possiblity that t4 = xf for some j # i. Similarly, ¢t commutes generically with
targets:

tar t 4y /zi] = toltaryy /2] = tar yy;.

This eliminates the option t4 = 1. ,4.
J

3.3.3 Groupoids

Let T be the theory of groupoids. This is a refinement of the theory of categories,
with an extra inverse operation (=)' : A — A, and the following axioms:

], Fsref'=tarf, Ftarf ! =srcf,
I_fof_lzltarjﬁ '_f_lof:]-srcf-
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Proposition 3.3.3. Let A € T-Mod be a groupoid. As in the case of categories,
an element of 8 A(n, 1) either has the form (C,1¢), where C € A, or has the form
(29, 4

xf xf), fori=1,... n.

Proof: Let

t= (to, tA) S @A(n, 1) - .A<l’10, ce ,.1'0)0 X A<$14, ce ,:L’A>A.

n n

Reasoning as in the case of categories, we find that either ¢t = (C, 1¢) for some
C € A, in which case we can verify that ¢ also commutes generically with inverses,
or that to = 19 for some i = 1,...,n. Like before, we find that t, = z yields
an inner morphism and we eliminate all other alternatives built solely from sources,
targets, identities and composition. However, the inverse operation affords us another
possibility: t4 = (')~ for some j = 1,...,n. Suppose (z{,(z#)~") commutes
generically with sources:

tary;; = src (ylj)’l = src tA[yli/l‘f] = to[src yu/x?] = Srcyy;.

This is plainly impossible. |

3.3.4 Categories with a Terminal Object

Let T be the theory of categories with a chosen terminal object. This is a refinement
of the theory of categories, with an extra constant 1 : O, and an extra unary operation
1 O — A, subject to the following additional axioms:

F1l, Flel, Fsrcle=0C,
Ftarle =1, srccf=CAtarf=1F f=1¢.

Proposition 3.3.4. Let A be a category with a terminal object. An element of

BA(n, 1) is either (1,1;), or it is a projection (z9,z).

Proof: Let

t=(to,ta) € 8BA(n,1) C A, ..., 290 x Alxt, ... a4

n n

Either to = C € A or to = 2¢. In the first case, t4 = 1¢ since ¢ commutes
generically with identity arrows, but also t4 = ! because ¢ commutes generically
with |. To make targets match up, we must have C' = 1, hence t = (1, 1;). It is easily
checked that this is indeed an inner morphism.

From now on, we assume tp = z¢. Then obviously (z¢, ') is an inner morphism,
since it is a projection in ®.A. As for categories, we eliminate the t4 = f for an arrow
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of A, ty = x4 for some j # i, ty = 1,4, and t4, = 1
J J src s

in the last two options). However, the new operations afford us two new options
to consider : t4 = fol . ,a and ty = fol,, 4. In both cases, since ¢t commutes
J

generically with targets, we find that ’

a (where possibly j =i

tar x4
J

taryy; = toltar yli/xio] = tar tA[yli/xf‘] = tar f.

This is of course a contradiction.
We are left with two possibilities for t. Either t = (1,1;), or t = (29, 22) for

1

i=1,...,n. |

3.3.5 Strict Monoidal Categories

The theory T of strict monoidal categories extends the theory of categories. It adds
operations [ : O, ®p : O x O — O, and ®, : A x A — A, as well as the following
axioms:

e FIJ

- (A®o B)l

F(f®ag)d

= sre(f ®a g) = sre f ®o sreg

= tar(f ®a g) = tar f ®o srcg

e Flago =14®alp
(frof)in(gog)lt(flof)®@al(dog) = (f®ag)o(f®ag)
e FA®o (B®oC)=(A®o B)®cC
Ff®a(g®ah)=(f®a9)@ah

e FARpI=A=I®A

e bf@ali=f=1,®4f

In what follows, we will write ® for both ®o and ® 4, as long as the meaning is clear
from context. The axioms guarantee that ® is an associative bifunctor with a unit.

Proposition 3.3.5. Let A be a strict monoidal category. An element of &.A(n, 1)
is either (I,1;), or it is of the form (A® 29 ® B,14 ® v ® 1) where A and B are
inverses of each other in the so-called Picard group of A.
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Proof: Let

t= (th tA) < 6"4(”7 1) - A<LU1O, cee 7370)0 X A<$114, s 7x£>A-

n

Any object of A(z?,...,x9), such as to, can be written in the form
to=co®z @C1 @z, @+ @ Cpiy ®TY, @ Chp,

where the objects C} are in A, and possibly C; = I for some j. Assume m > 1. Since
t commutes generically with ®¢, we have that

tolyn ® y2z‘/3710] =tlo [ylz/ﬂvf)] ®to [yzz/l"?]

On the left-hand side, some variables of type y9; appear to the left of some variables
of type y1;, but this does not happen on the right-hand side, a blatant contradiction.
Therefore, m < 1. Either m = 0, and tp = Cy = I since t must commute generically
with I, or m = 1, in wich case to = A ® ¥ ® B. Since ¢t commutes generically with
®o, we find that

ARY1iQyu @B =AQy;, B AR Yy ® B,

which is only possible if B® A = I. Since t commutes generically with I, we also find
that
I=A®RI®B=A®B.

It follows that A and B are inverses of each other in the Picard group of A (see [5]).

It remains to determine ¢4 in both cases presented above. First, if top = I, we
must have srcty = [ = tarty, since t commutes generically with sources and targets.
But then t4 : I — I cannot contain any variables, so it is an arrow of A. Since
furthermore t commutes generically with identity arrows, we have that t4 = 1;. We
can check that ¢t = (I,1;) commutes generically with all operations.

For the remainder of this section, we assume tp = A ® ¥ ® B, where A and B
are inverses in the Picard group. Since ¢ commutes generically with both sources and
targets, we have that

srcta [yli/:piA] = to[src yli/x?] =AQ®srcy; @ B

and
tart4[yi /2] = toltaryy; /2] = A® taryy,; ® B,

from which we conclude that t4 : A®srcz! ® B — A® tar 2! ® B. The only arrows
with this source and target are of the form f®2®g, where f : A — Aand g : B — B.
Since ¢t commutes generically with identity arrows, we find that

f ® 1y1i ®g= 1A®y1¢®B =14® 1y1i ® 1p,
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which implies f = 14 and g = 15. We can verify that in fact (A®z2Y ® B, 14®z1®1p)
commutes generically with all operations. Indeed, we already know that it commutes
with sources, targets, and identity arrows, as well as the unit and the tensor product
on objects. It also commutes generically with the tensor product on arrows:

1@y ®1p @14 QY @1 =14 R y1; ® 1pga @ y2; @ 1p
=101 01 QY Rl =14 QY1 QYo X 1p.

To check that it commutes generically with composition, we must assume that (yy; o
y2i)d for i =1,... n (see Definition 2.3.3). Then

(14 ®@y1i®1p)o(la@yy ®1p) =(laols) ® (Y1 0y2) ® (1o lp)
=14 ® (y1i0Y2) @ 1p.

This completes the verification. |

Note that strict monoidal categories are obtained by a (strictified) categorification
of monoids, and their inner theory reflects that fact.

3.3.6 Strict Symmetric Rig Categories

In the algebraic setting, a case of particular interest is that of commutative rings
and rigs. Therefore, let us consider the theory T of a (strictified) categorification of
commutative rigs, which we shall call a strict symmetric rig category. This theory T
has all the operations and axioms of strict monoidal categories, as well as operations
0:0,40:0x0 —0O,and +4: A x A— A, subject to the additional axioms:

e FA®p B=B®o A

e Ff®19=9g®af

. FO0J

F(A+o0 B)l

= (f+ag)d

- ste(f +4 g) = st f +o steg

o Ftar(f +4g9)=tarf+otarg
e Flay,p=1la+alp

s F(foIN(Gog b (flof)+algog)=(f"+ag)o(f+ag)



3. EXAMPLES 61

e FA+o(B4+0C)=(A+0B)+0C
« Eftalgtah)=(f+ag)+tah
e FA+oB=B+p A
s Fftag=g+af
e FA+o0=A
e Ff+alo=7f
« Ff@o(g+oh)=Ff®og+of@oh
c Ff®algtah)=FfRag+af®ah
e FA®o0=0
e Ff®alo=10
In what follows, we will write + without subscripts when there is no ambiguity.

Proposition 3.3.6. Let A be a strict symmetric rig category. Inner morphisms in

&A(n, 1) have the form
(ZCZ ®$?721Q ®ZE?),
i=1 i=1

where 3.7 C; =1 and
C;®C; = G Zfl:]
0 if1#j

Proof: Let

t=(to,ta) € BA(n, 1) C A=, ... 290 x Alzt, ... )4

’n rrn

Note that A(Z)o, equipped with the coproduct +¢ and the tensor product
®0, is the free commutative rig on the variables z¢, ..., 29 with parameters in Ap.
Therefore, we can apply the reasoning of Section 3.1.9 to obtain tp = 37, C; ® 29
where 7', C; = I and
C ifi=j
0 ifi#j

Now, since ¢t commutes generically with sources and targets, we find that

n n
ta: ZC’i®srcx§4 — ZC’i®tara:;4.

=1 =1
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It follows that t4 =311 [i ® xf‘ where f; : C; — C; for © = 1,...,n. Moreover, since
t commutes generically with identity arrows, we have

Z fl & 1y1¢ = 12?:1 Ci®uy1i Z 1Ci ® 1y1“
i—1 =1

from which it follows that f; = 1¢, for each 3.
Thus it seems that inner morphisms have the form

i=1 i=1
where 77" = [ and
C; ifi=jy
0 ifi#j
We only have to check that this commutes generically with the remaining operations.
For the tensor product of arrows, we find

(é lo, ® yu) (Z loy ® y2z> = i

NE

Loy ® 1oy ® y1i ® Yoy
1

@
Il
,_.

.
Il

Il
NE

N
Il
—

<.
Il

16’ ®C; ® Y1i ® Y2j
1

C ® Y1i & Y2i-

I
M:

@
Il
—

For the sum of arrows, we find

S 1o, @ (yii+y2) =D 1o, @uu+ Y Lo, ® yaue

i=1 =1 i=1

For composition, we assume that (y; 0 y9;) | for i = 1,...,n, and we calculate

(i le; ® yli) 0 (i leg, ® y2i) =
i=1 i=1

(10 ® y1i) ° (1o, ® yai)

M: ﬁMz

s
Il
-

(1c; o 1¢;) @ (y1i © Y2i)

Il

@
I
—

1o, @ (y1i 0 Yos)-

This completes the verification. |
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Conclusion

We have introduced a method for associating a Lawvere theory to each object of a
category with finite powers in a functorial manner. Intuitively, the theory 3C records
the coherent systems of extensions of arrows C™ — C™. Then, we characterized the
inner theory 37.nmo0qA for an algebraic or a quasi-equational theory 7', and showed
that the morphisms of this inner theory are, first, induced by tuples of terms with
parameters in A, and, second, that these terms commute generically with all the
operations of T'. Finally, we showed that in specific cases the inner theory is related
to algebraic concepts already singled out for their interest, such as sets of orthogonal
idempotents summing to unity in a commutative ring. It is also interesting to point
out that in some cases, such as that of groups, the inner theory is entirely determined
by the isotropy monoid, while in other cases, such as that of commutative rings, the
inner theory is much richer than the isotropy monoid.

As concerns avenues for further research, note that strict monoidal categories
and strict symmetric rig categories are (strictified) categorifications of monoids and
commutative rigs, respectively. In both cases, the object part o of an inner morphism
is determined exactly as in the non-categorified theory, by noting that A(Z O)O is
the free model on the generators #¥ with parameters in Ao (for the non-categorified
theory). Then, forcing ¢ to commute generically with sources, targets, and identity
arrows yields the form of the arrow part t4. This strategy may be more broadly
applicable, so it would be interesting to see how the inner theory of the categorification
of a structure is related to the inner theory of this structure. Do note, however, that
we only dealt with the strict case in this thesis, as it simplifies the syntactic description
of the categorified structure a lot. A more general question we can ask is: If a theory
is built from another in some specified way, does this imply a relation between the
corresponding inner theories?
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