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ABSTRACT

Many energy models have been built, differing in complexity,
size, methodology and purpose of application to improve the

decision ‘making cbncerning energy policy,

The present methoés based on econometric approach repre-
sent the ‘economy in an aggregated fashion. Previoué utilisa-
tion of the input-output statistical data in energy analysis
proved that they represent a valuble source of detailled
knowledge of the economy. Also most of the present models do
not include technological constraints, capacity constraints

and their utilisation.

In this thesis input-output statistical data are used in
the rectangular format for the development of mathematical
models for energy modeling and analysis with. a particular

stress on representation of technology, industrial capacity

constraints. The following models were develcped.

M [}

Two methods to compute the enérgy,intensity coeffiéients
based on rectangular input-outpﬁt analysis are developed.
Energy intensity coefficient gives the total energy required
(direct plus indirect) to satisfy a final demand worth a
dollar by an industry. Numerical examples for the coeffi-
cients a;e computed for the industries classified in the

. : P
small aggregation.canadian input-output data, for 1971.
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An input-output linear programming’ model is developed for
assisting the decisions regérding production‘and import of
energy commedities when their supplies are limited by their
production capacities., The model is applied using 1965 small
aggretation input-outpﬁt daté. A parametric study is made.to
study the variation of shadow prices of energy commddities

wvith increasing energy availability.

" An input-output linear programming model incorporating an
énergy supply network is developed to forecast the demand
for electric energy for m;dium term future. This model links
the demand for-electric energy to the final demand of goods

and services produced in the economic system.

A dynamic model is developed in order to study the impact
of uncertainity in energy avéilability in the long run on
the growth of the economic system. This model maximises the
gross domestic product, keeping the capacities and inventory
levels at optimal levels. A monte-carlo simulation study is
performed, wusing illustrative data for representing uncer-

tain energy abﬁtlability.

Optimal control théory is applied to formulate a dynamic

~

input-output optimising model in continuous time. The objec- \\\\_

tive is to minimize the utility of imports for a given time

period.  The advantage of continuous time optimising models

is that they can be used to compute the best possible solu-
- A

tion.
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.Chapter 1
STATE OF THE ART IN ENERGY MODELING

1.1 INTRODUCTION . , ,
The beginning of , increases of oil prices in 1973, ~T®d_the

B [ ] .
policy makers, scientists and economists all over the world

to recognize the impq;tance'of modeiing appfbach‘to‘gzlp-de—»
cisions regarding,energy policy. Energy is reguired for the
production and transportation of goods and services and is
an extremely important item for maintaining the sﬁandard of
living in a society. Studi;s have linked the coﬁsumption of
energy to the Gross National Product of nations [54]). 1If
- Gross *National Product is considered to be a measure‘of per-
formance of a nation, then the importance of energy as an
es;ential ingredient for the sustenance 6f a nation's heélth
é%nnot be ignored. Numerous models have been built to this
dége to help make decisions concerning energy policy, dif-
fering in size}.tomplt;tty, methodology, purpose, geographi-
~cal -scope and fime frame (short term and long;hggrm). The
variety of purposes .for which . enefgy models are built are

. . 8
listed below. J '

v o il bt B e o
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1.2 PURPOSES OF ENERGY MODELING

Some specific purposes for energy modeling are
1. To evaluate the effect of alternative public policies
(spch as energy pricing, pellution regulation etc.)
on the ehergy consumptioh. The effect could be stu-
died for a specific commodity or for the overall en-

ergy consumption. |
!

2. To evaluate the 'effect of energy policies such as
prjciﬁg and import regulatioﬁs on energy demand, un-
employment, Gross nétional product (GNP), environmen-
tal pol}uﬁion etc. Griffin analysed in detail these
types 6f effects [20].

o 3. To forecast the demand for energy consumption,

4. To forecast the prices of energy commodities {(for ex-
ample 'price of crude oil in 1990")

5. To evaluate the short term and long term effects of
uncertainity in energy supply (from domestic and for-
eign sources) on the economic system. Usually the im-

-pact on prices, unemployment and GNP are studied.
6. To evaluate the feasibility ;f introduéing new tech-

nologies in ‘the future. .Thé feasibility studies are

- based on the availaﬁTlity of technology (depénds
partly on the rate of expenditure on RiD), economi&
viability and demand for energy. - Examples are
[i5,18].

1
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. . :
7. To formulate optimai'plans for meeting specified

goals, such as the demand’for goods and services at a .

minimum energy consumption or energy cost.

S. To specify the .total energy flows in an econémic Sys-
tem, starting from prim;ty energy sources to the fi-
nal demand with inter-fuel conversions.

\

1.3 CLASSIFICATION OF ENERGY MODELS

Energy models differ widely in terms of methodology, geo-
graphical scope, time frame and complexity. .They can be
classified in various ways. Classifications with examples

are presented below.

1.3.1 Classification Based on Time Frame

Energy models can be classified based on the time domain for

which they can be used. They are

1.3.1.1 Short Term Modq&ﬁ/

These modelg are used to forecast or compute an optimal
plan, in a short tefm: usually upto one y;ar. Such models

provide a detailed'forecast. For example if we consider an

electricity demand forecasting model, the demand by the time

of the day and by the season is provided. = Short term models

do not take into consideration explicitly technological

changes and investments. For example the model in [50] is

useful to forecast the demand for electricity in the short

term.

- R



1.3.1.2 ﬁedium Term Models

In these models, the ;ime domain is usually from one to five
years. These models also do not take into account technolP-
gical changes and investments. But they include energy pro-
duction capacity constraints. The output of such models
give only aggregate values (éor example : Gigajoules of en--

ergy per year)

1.3.1.3 Long Term Models

These ;odels are used for 1long ranée plans‘and projections.
In these models technological changes and investments are
introduced. Their range is usually from six years to several
decades. Tﬁey are‘usuallyléynamic models, théugh sta;ic mo-
dels also exist. With such models the effects of changes in
energy producingltechnologies and the uncertainities in:en-
ergy resources ';vailability on the economic system éan\Pe

evaluated.

1.3.2 Clasgification Based on Topical Scope
The categories that fall into topical scope of classifica-

tion are [25]

1.3.2.1. Sectorial Models

They are 'built‘for specific energy commodities (Crude oil
] : ’ .
for example [14]) and are either supply or demand models.

Supply models are usually the models of technological sys-
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tems involving extraction, conversion and Eraﬁsportation ac- '
tivities represented in the form of a network. The solution
‘methods employed are simulation and llnear programm1ng. They
are used to'find the enerqgy supply from d(fferent sources
-(electrlcxty for example) for a given set ‘of energy produc-
tion costs ané energy producing capacities. Econometric
techniques have also been eeed to predict supply levels, re-
lating supply to prices of energy commodities. There are
also demand models which compute the demand fbg energy com-
modities baéea on factors such as energy prices, population
growth,income level etc. [49). The demand models are based

on econometric techniques. They relate the demand for ener-

gy commodities to the factors mentioned above. . Both time-

series and cross sectional /data are employed.

1.3.2.2 zndustryku‘ér\ka\t Models

The supply and demand models 'if used separately, cannot be
applied to compﬁte equilibrium prices and quantities of en-
ergy commodities. When they are combined together they can
be used to compute eguilibrium points. = Industry market mo-
dels incorporate both supply and demand models to form a
supply-demand model.l Thi's type of models exist for specific
fuels and energy forms (such as electr1c1ty) [30].- Such mo-
dels can beé used to study the effect of price control of en-
ergy commodities.on supply-demand balance. To achieve'sup-’ &
ply-demand- balance in addition to econometric technigues,

4jlinear programming and simulation have also been used [32].

P



1.3.2.3 Energy System Models _
These mogdels include interlinked supply and demand submodels
for all the energy commodities. Models of this type are use-
ful for evaluating comperhensive energy policy. The supply
submodel contains the technological features of the energy
system represented in the form of a network, which can be
formulated info linear p;ogramming format. The demand submo-
del is based econometric technigues, [23]).

| L
1.3.2.4 Energy—Economf Models
These_méaels éouple the energy system to the rest of the

economic system so that the effect of economic system varia-

bles on energy demand and supply and vice-versa can be stu-

. died. These dre usually large-scale models coupling supply,

demand and macro-economic models together. Examples of these
types of models are PIES [26],CANDIDE energy ’'sector exten-

sion-}31] and the model developed by Fuller and Ziemba [19].

"1.3.3 Classification Based on Methodology

Energy models can be classified based on the methodology em-

-l

ployed in building them. The models involve either a basic

technique or a combination of the basic techniques. .

1.3.3.1 Mathematical Programming
This technique is used to represent the supply sub-models as

.well as the macroeconomic submodels of a large-scale model.

—— e



7.
,?The'téchnological.features bf.fhe energy supply system can
Be incorpor;ted in mathematical programming. Important tech-
nological features are capacity constraints, inter=Euel con-
versions transportation and transmission losees. Ih mathem-
etical programming models the . variables represent the
activéty levels (such as electricity producéawfrom coal) us-
ing specific processes. The mathematical programmfng techni-
que% provide an optimal bound of the objectives desired and
‘és such they can be interpreted as the results which can be
achieved when right decisions are made. Models based on op-
timisation techniques are more™useful for pPlanning purposes.
Of all the mathematica@ techniques, linear programming is
the most widely used. Some examSiés are [2,23,24,42). Linear
programming technique is discussed in chapter 1IV. Thé limi-
tation of linear programming is the assumption of linear re~
lationships. Non-linear programming techniques have also
been used [18], but not as frequently due to the difficul-
‘ties in obtaining solution. Mathematical programming methods
are suitable for equilibrium models -of energy systéms.A The
equilibrium models are in a sense simulation models repre-

sented in their dual fofm.

1.3.3.2 Networg Analysis

This technique is used to represent a system rather than to
solve numerically a problem. .The energy system is represent-.
ed in the form of a graph connecting the various activities.

The relationships among the variables need not be assumed

v
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linear. Once the energy system is represented in the form of
a network any solution technique may be ehployed. Linear
programming is the most common solution technigue thqugh'si-

mulation technique has also been used [11].

1.3.3.3 Econometric Techniques

Econometric technigues*are mainly embloyed for demand models
where network models are not feasible because of diversified
sources of zemand. In econometric technigues, the demand for
energy commodity is linked to q}her factors such as price,

L]
incomejetc.,\ For example in mathematical form they can be

represented as

Z_' = a Xm + b xz't», ¢

vhere 2 is the dependent variable and 7

xl, x2 are the independent variables

a and b are the'constaA:s to be-determined

Subscript refers to time and

¢ 1s a random variable characterising the error.
Using time series data eéhations of best fit are estimated
based on least squéres technique. Econometric techniques are
used to represent the aggregate behaviour. They are best
suited for short-term and medium-term future since the rela-
tionships between the dependent and independent variables

expressed in the form of eguations are not valid ¥n the long

term due to price and technological changes.
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1.3.3.4 Systems Dynamics

This 1s a modeling technigue which takes into consideration,
the cause and effect relationship. It is an application of
feedback brinqiple to socio-economic prbblems. The systeq to
be modeled is divided into subsystems and the cause and ef-
fect relationships are established. . Based on the cause-ef-

- . —
fect links mathematical models are built. The parameters of

&the model are estimated based  on the actual data. The

L4 S
structure of the model depends upon the model builder. There
is much flexibility in this technique and hence they can en-
compass very large problems. These models employ simulation

techniques to obtain solution. An example is in [32].

1.3.3.5 Input-Output Analysis y

This method of modeling is wuseful for macro-economic 6qﬁe1-
ing and allows the modeler to build a large and dis-aggre-
gated model.Input-output models have been coupled with ener-
gy supply models [27]). Input-output analysis is explained in

Chapter II in detail.

1.3.4 Classifiqﬁxion Based on Other Characteristics of An
Energy Model

In addition to the above types of classification, energy mo-
dels can also be categorized based on whether they are stat-
ic or dynamic models. Static models do not take time into
consideration and can be applied to one time period. Dynamic

models incorporate time as an independent variable. An exam-

- h

\
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g}e is in [38]. In dynamic models “investments Zre also
treated as variables, Wwhen dynamic models are formulated as
optimising problems, their solution assumes a Perfect fore-

sight of the decision maker.

Another cléssification separates deterministic models

from stochastic models. In order to evaluate the effects of
‘uncertainity of energy supply on energy prices and rest of
the economic system stochastic models have been developed
[29]. Post optimal sensitivity anal&sis is another viable
alternative metheod fér investigating the effects and signi-

ficance of undertainities.

1.4 SOME COMMENTS

From the brief review of energy modeling, it could be seen
that the models differ widely in terms of geographical
scope, application, methodology, complexity, time frame and
the time characteristics of a model. 1In spite of such large
differences some general comments qen be made.

1. There is no single model which is the best for all
purposeé. Some models are beétter suited than others
for a. particular applicaﬁiqn. This is because each
methodology, model'scope in terms of time and geogra-
phy, level qf aggregation have weaknesses and
strengths. The model evaluation depends upon the pur-

pose for which it is intended.

g,

o A — ——
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Some models are more demanding in terms of computa-

tion time and data. Data requirement can be a hinder-
ance in applying a model. Computation time and data
requirement affect the cost of model application.

Large integrated energy models consisting of submo-

~dels for demand, supply and price-quantity equilibri-

um, can work properly only when the sub-models are
combgtible. |

Becaude of the large number of factors affecting sup-
Ply, demand and prices of enérgy commodities, all mo-
dels represent approximately.the reality. Demand ori-
ginates from many sources and hence cannot be
forecasted exactly. Though supply models in general
represent technological éystems, still the represen-
tation is not perfect. For example the model using
linear programming (LP) does not consider the changes
in efficiency of power plants at different loads.

Price-quantity equilibrium for energy commddi;ies is

-very complex; since energy prices are controlled by

governments and also only a few organizations are in-
volved in their supply creating an imperfect market
situation. The outputs of energy models, hence, do
not prévide final answers but only quide lines., The
decision maker has the decision prerogative of choos-
ing a policy and models are helpful to discriminate

among alternative policies.



Chapter II
INPUT-OUTPUT" ANALYSIS

&

2.1 INTRODUCTION

‘Input-output analysis is concerned with the qguantitative

analysis of interdependgnce between producing and consuming
sectors which constitut:\zﬁ\qconomic system. The theory is

useful to study the input-output relationships amongst the

sqctors.

2.2 INPUT-OUTPUT TABLES

An input-output table 1is the representation of an economic
system, which is divided into various sectors. The sectors
produce goods and services (commodities). I; is an account-
ing frame-work for an economic system and gives a detailed
picture of the activity levels {flow of goods and services
amongst the sectors) for a particular time period. The time
period for which data is collected and compileé is usuallf

one year.

The sectors that comprise the economy are known as indus-
tries. The term 'industry' means a group of establishments
producing the same or similar outputs. The above definition

of an industry is general and includes 'house-hold' sector
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whose output is labour. The purity of a sector depends upon
the level of detail of the ecohomic system into sectors. For
a Highlf detailed c1a§§ification, some sectors ﬁou%d become
single commodity sectors, producing one homogenous commodi-

ty.

A commodity can be defined as a good or service which has
economic valué. Because of‘the ekistence of production pro-
cesses which give rise to joint products and by-products and
also because of feasibility of producing a commodity by more
than one process, very detailed classification of sectors
dOEnggﬁ lead to more accuracy in the analysis. As the clas-
sigiéation'is more detailed, the cost of data collection and

J
compilation increases.

-

In the table, a detailed transactioﬁé'of goods and ser-~
vices ;hich the industries buy and sell are given (see Table
2.1). Such tables form a part of the 'System of National
Accounts' as recommended by the ?nited Nations Statisticai

Commission [52], *

The industries that comprise the economic system are in-
ter-dependent upon one another to produce goods and servic-
eg, required for intermediate inputs and final demand. Final
demand consists of goods and services required for consump;
tion (house-hold consumption, government consumption and ca-

pital consumption), replenishing inventory and export.. The

interdependence among the industries is due to the fact that

the outputs of industries serve partly as inputs to other -
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industries and also to the same industry. Such inputs are
known as 'intermediate inputs' to distinguish from primary
inputs. Primary inputs are those inputs.which the industries
consume, but which are not produced within the economic sys-
tem. Thus.depending upon:the system classification one could
consider labour, profits, taxes and non-competing_igggnza’igfﬂ——_
primary inputs. Non-competing imports are. import of those
commodities which are not produced within the economic sys-

tem.

The flow of commedities among industries and to final de-
mand is shown in Figure 2.1. The total output of an indus-

try is given by the basic balancing equation ‘as
amount of oquut of industry j cqnsumed by itself -+
amount of output of industry j sold to other industries +
amount of outputr of industry j sold to final demand =

total output of industry j /

The general accounting system of an input-outpyt table is
shown in Table 2.1 [12]. 1\

Réferring,to the same table, the following accounting iden-

tities have to be gétisfied.
1. For each commodity the total supply ‘(including im-
pg;ts) should g?ual total demand (including intermed-

-

iate inputs).

./
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TOT. PROD. LNPUTS U, &, Uy .-G |
" PRIMARY INPUTS VoV, VoV
TOTAL PROD. X, X, Xy X Y z | v| x
Yj 1s the final use of commodity j

, <

Xi is the total production of commodity i.

Zi is the total supply of commodity i.

Hi is the import of commodicy i.

xij is the azount of coﬁmodity i used by sector j.

Uj is the total use by sector j of produced inputs purchased fron otl
sectors and itself.

Vj is the total of primary inputs to sector j.

wj is the total intermediate use of commodity j.

f\\\\_—;/Table 2.1 Input-output accounting system.

4 )
A}
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Z, =M + X =T X +Y =W + Y (2.1)

! i i R i ' !

2. The total production in each sector should be equal

to the value ‘of inputs purchased from other sectors

plus the sum of Primary inputs in:that sector, i.e.
T~ . :

X. =X +V. =U + vV - {2.2)

2.3 UNITS

All the entries in the tables i.e. production, consumption,

‘primary inputs, imports and final demands are expressed in

. Vo
monetary units. The entries could dlso be expressed in phy-

sical units such as tons of steel. But if mathematical ana-
lysis has to be performed it would not be possible, when the

units are different for different commodities. Thus the sec-

ond accounting identity (eq.2.2) would not be satisfied

since physical dﬁantities of different inputs consumed by
each sector. cannot be meaningfully added. Each column in_thé
transactions table gives the inputs that go into column in-
dustry from the corresponding row industry. Transaction ta-
ble is industry by industry sales and pugchgses_table which

is in the first guadrant of the table in Table 2.1.

-/
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2.4 THE MODEL OF ECONOMIC SYSTEM

In an input-output - model which divides the economic system
into sectors, the output of éach sector depénds upon the
output level -of other sectors as ; result of interdependence
amongs variaus sectors. Consider for example the production
of automobiles. The inputs éo an automobile indusﬁry include
among.others steel, glass, plastics and copper. The indus-
tries which  supply the automobile industry,hith these in-
puts, need at their turn inputs from other industries. If
it is assumed that eaEh sector produces only one homogenous

commodity and if the relationships between the level of in-

puts and the level of outputs are linear for an 'n' sector

economy, a set of 'n' equations in 'n' unknown production

values, i.e. one for each sector, can be derived. This type

- Eunanl . a . )
are known as static mofels since the analysis can

be applied ¥o only one time period.

”

2.5 CLOSED AND OPEN MODELS L | D

Depending upon the way in which final demand is treated the
A ‘

models can be characterized into closed and open models.

2.5.1 Closed input-output model

1f the final demand sector is treated as an industry, it is
implied that the levels of final demand depend upon the out-
put level of other industries. This type of model can ex-

plain consumption. Final demand is treated as an endogenous
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variable (see.Figure 2.2). The group of householdfconsumer;
is treated as an industry, whose inputs are commodities and
whose output is labour. Labour is consumed by other indus-
tries. A closed static model cannot be truly closed because
capital investment (part of final demand) cannot be ex-
‘

plained by current production levels [28].

2.5.2 Open input-output model o

Another form of input-output mqgel is tﬁa open model. Here
final demand is assumed to be created independent of the ac-
tivity levels of other industries. The fﬁnal demand consists
of household consumption, government expenditure, changes in
stocks, export and capital expenditure, When the final de-
mands are known, gross output of commodities can be calcu-
lated using linearity assumption (see section 2.4). A sche-
matic diagram of open input-output model is gian in Figure

2.3. : |

2.6 METHODS FOR SOLVING THE MODEL, S
For the open input-output model when a set of expenditures
on final demand is given, it 1is possible to find the total
(gross) production requirements of"commodities. The gross
production of a cdmmodity is equal to the sum of the amount
sold to final demand aﬁd the amount sold to other industries
{intermediate inputs).
Considering the equation (2.1)
n
M. + X = ini + Y ; (2.3)

s
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If the igports are determined ocutside the system, 1i.e., if

the imports are known, the balance equation can be written

as
0
n .
-+ . -
X =ini Y, - M (2.4)

J=
For 'n' commodities this system forms a set of 'n' equations
in 'n' unknown gross production values, one for each commod-

ity. With the assumption of linear relationship between the
outputs and inputs for an industry an input coeéfficient

a“ is defined as

aii =xii /XI (s/5}

3 is the output of sector 1 consumed by sector Jj, per

unit of 1 th sector's output. Now equation (2.4) can be
‘ b
written as '

n
X, = .. X, +Y -M,
i EEau j i i
=1

Denoting Y - Mi as F
i

n :
X, =E . X. +F. 2.5)
i e ai] } | : (
=

When expressed in matrix form F will be egual to

F = (I -A)X | (2.6)

-
where F is the column vector of final demands less.imports,

X is the column vector of total commodity ocutputs.

I is an identity matrix-of order n by n.
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If (I-A) 1is a non-singular matrix, equation (2.6) can be

written as
-1
X = (I -A)F {(2.7)

Equation (2.7) is the expression for gross production of
commodities for sguare input-output analysis. It is known
as sguare input-output analysis because of the one to. one

mapping between industries and commodities.

Because cf the interdependence among industries, the out-
put of an industry in order to satisfy a given final demand,
requires direct inputs (to produce its output) and also in- .
direct inputs. Indirect inputs are needed to produce direct
inputs. Again to produce indirect inputs , other inputs are
needed. This process of inputs requirgments continues until
the inputs become very small and can be represented by a
converging seriés. Thi§ can be;seen from equation (2.7) when

-1 . . .
the matrix (I - A) is expanded in a series as shown.

X =(I+A +A°+A +X'+ _..) F (2.8)

2.7 CONDITIONS FOR THE SOLUTION TO EXIST '

For any solution to eguation (2.7), to be
values of production of all the commodifies have to be/equal
or greater than zero. Negative productdion values do not.have
any meaning. The non-negativity oa.outputs {production) is
guarenteed by the Hawkins-Simon ConQitions, which are
N

) N, S
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The input coefficients aii for all commodities must
be less than unity. This requirement is essential for
any viable economy, otherwise it would mean that one
or more industries requijre more than one unit of di-
rect input of it's own product to produce one unit of
it's own product. *
The value of the determinant of the matrix (I_ - A)

must be greater than zero.

13

ASSUMPTIONS UNDERLYING INPUT-OUTPUT MODEL

The square open input-output medel rests on the following

assumptions [37].

.

Each industry produces one commodity and no other in-

. duétry produces the same commodity. So far while dis-

cussing the model the terms 'industry' and 'commodi-
ty’ vere used synonymously, because of this
assumption., This assumption rples out the possibili-
Ey of joint products and by-products.

The commodity produced by an industry cannot be sub-
stdtuted by another commodity. validity of this as-
sumption depends upon the aggregaﬁion level of indus-
tries. However even if the classification of
industries were made such that each industry produced"
only one output, the assumption is not truly valid.

]

Input-Output model is a linear economic model. It is

assumed that the 1inputs.to an industry are stric:tly
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proportional to the output of that industry. This im-
plies that the model ignores economies of scale.
The model ?}so assumes that the economic system was
in equilibrium when the data was collected, meaning
that the supplies of commodities were equal to de-
mand.
When the model 1is used to project the gross produc-
tion requirement of commodities it is assumed that
the input coefficients remain constant during the
projected period of time. The value of input coeffi-
cients do change over time, reélecting changes in re-
lative prices and changes in technologies. Methods
have been developed to forecast the changes in the

magnitude of input coefficients [1].

USES OF INPUT-QUTPUT MODELS

Policy Evaluation: The model can be used to study the
effects of alternative policies on the economic sys-
tem, measured by such indices such as Gross National
Product (GNP), employment level etc.

The model is also used for forecasting the economic
activity when tHe final demands for commodities are
known. The difference between policy evaluation and
forecasting is that policy évaluation may be thought
as conditional forecasting. Input-output models when

used for forecasting purposes are less valuble be-



" 26
5

cause they ignore price effecté. They can be used for
commodities\whose demand is inelastic.

3. The model can also be use@ to study the changes in
the structure of an economic system. These changes
are due to the combined effect of price and technolo-

gical changes which can be separared [40].

2.10 RECTANGULAR INPUT-QUTPUT MODEL

In order to reduce the limitations due to aggregation of
commodities in the square input-output model, the inter-in-
dustry transactions can beﬂrepreéented in two tables, the
input and the output tables, the input table giving the com-
modities consumed by industries and the output tablé giving
the production of commodities by industries. This type of
.tabulation has the advantage of being able td accomodate
multiple product industries. In rectangular input-output mo-
del, the economic system consists of industries producing
commodities._ An industry can produce more than one commodi-
ty. Commodities are distinguished from industries, 1in that
they are more in number. This format was recommended by the
U.N [52] and adopted by Canada [45]. The flow to industries
consist of commodities produced by industries and primary
inputs. These inputs are used by induﬁtries to produce their
own commodities. The commodities are used ﬁo meet the ‘inter-
industry requirements and final demand. The flow of commod-
ities among industries and to final demand is shown in Fig-

ure 2.4.
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The inter-industry ‘transactions are represented in two
tables:

Use (input) matrix and Make (output) matrix. The Use matrix

gives the detail of intermediate inputs (commodities) con-

sumed by industries and the Make matrix gives the detail of

outputs of industries, classified by commodities.

The accountihg framework for this type of model is shown
in Table 2.2 [45). The transactions in the format given in

Table 2.2 are recorded in S.

The model determines the vector of total commodities out-
put, given the vector of final demands for commodities.

By definition the elements of the vector g are

N .
qj ($)~= Zvij (S) H :] =1 to n (2.9)
1=t

and the elements of the vector G are
n .
G; ($) = Vi (S) ; k =1 to N (2.10)
|2
Using accounting balance

. () (2.11) ¢

N
q (s) = Zu‘j (5) + e;

In order to define the model two matrices of coefficients

are required in the Canadian model.

The market-share matrix D is defined as

D, =V /g, (s/3) (2.12)
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Fig. 2.4 Flow of commodities and primary inputs in Rectangular
input-output model.
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Capital letters are used for matrices, lover case letters for vectors amd
scalars. Column vectors are unprimed;-row vectors are primed.

u

® W 0 9o

¢
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is a matrix of the values of intermediate inputs.

is a matrix of the values of outputs.

is a vector of the values of total commodity outputs.

is a vector of the values of total industry outputs. '

is a vector of the values cf-iinal denaad less imports for competilive
comnodities, = ;

is a vector of the values of the primary inputs of industries.

is a scalar represencin;—;;:\balue of the primary inputs associated with
final demand less imports,

ki

Table 2.2 Accounting frame-work for Rectangular input~output analysis.
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All the elements in each column of the 'make matrix V'
divided by the element of the corresponding column of the
vector q gives the vector D.

Input coefficients matrix B is defined as
B;; =Uj Vv G (s/8) | (2.13)

substituting the relations obtained in eqguations (2.12) and

(2.13) in equations (2.10) and (2.11)

"
L]

n ! .
G; ($) =) D ax (§) | o (2.14)
Kut
N .
q; ($)=27 Bjj G (s) + ej(s) (2.15)

=t
Eliminating G in the previous equation, by using equation

(2.14)

N n ..
9 =2.0, Bii Dik 9 * €
1wl Ka1 '

or in matrix notation

q,=B.Dg +e ; (2.16)
from which oneffan get \
g (s)=(1-BD)e (5) (2.17)

where I is an identity matrix of order n by n.

Eliminating ¢ in eqﬁatién'(2.14) yields
G(s)=(1-DB)De (s) (2.18)

In (2.18) I 1s an identity matrix of order N by'N.,
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Similar to the matrix 'A' of input coefficients 1in the
square input-output madel, the matrix (BD) 1is a matrix of
direct input coefficients, bht takigé into account the

constant market shares of industries for each commodity.
: N

2.11 ASSUMPTIONS

In addition to the last three assumptions in the sguare ﬁo-
del the following assumptions are made in rectangular input-
output model. - . '“
1. "Each commodity 1is produced by,inaustriés in fixed
‘proportions relative to other industries', This as-
sumption justifies the linear equation (2.14) of the
market -share of commodities. It means that each in-
dustry maintains its market-share in the total market
of a commodity irrespective of the wvalue of total
production of a commodity. . o
2. 'The inputs of to an industry are proportional to its
output'. This assumption means ‘that the inputs re-
quired to produce a dollar's worth of output of an
industry are in JEiiiEjbroportion to the total output
of that industry, regardless of product mix. This as-

sumption implies a linear  production function

(eqg.2.15) and industry based technology.
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2.12 DISCUSSION ‘ g

In the models discussed so far, nothing has been mentioned
about imports, exports and' stock changes of commodities.
These transactions are adjusted in the final demand. So in
effect, imports, grports and jstock changes have to be pre-

determined before the models can be applied.

As mentioned earlier, rectangular input-output model can
accom%dqte multiple product industries. But the model has
inherent weakness, dLe to the assumption of constant market
shares. Industries cannot be expected to have constant mark-
-2t shares for a long period of time. OThus large number of
commodities, taking into account thg possibility of jdint
-products could be represented at the expense of market-share

assumption.

L]

From the practical point of view, input-output models
have been for policy analysis and forecasting. But their
application is limited by the availability of upto date in-
put-output data for computing tﬁe current values of input
coeffiiients due to the difficulty in data -collection and
compilation. The. tables published lag behfnd aboutr five
vyears. The latest tables published for Canada are for 1978.
So when the models are used, the input coefficients  have tP
be modified, to consider the changes in technology and price
- changes. Methods of updatin§ the coefficients have been de-

veloped [1].

|

— ek e




s 33

The difference betweenvsqdare and rectangular input-out-
put models can be seen from figures (2.1) and (2.4). The re-

lationship between the tvo models, is derived in appendix A.

L

2.13 INPUT-QUTPUT TABLES OF THE CANADIAN ECONOMY
The input-output tables of the Canadian economy are pub-
lished by 'Statistﬁcs Canada'. The first set of tables in
rectangular format for the t}ar 1961 appeared in 1969 (45].
Since then tables are being published for each successive

year. The latest set of tables available is for 1978.

The tables are published at three levels of aggregation:
small, medium and large. The number of commodities, indus-
tries and categories of final demand for each level of ag-

gregation are given below.

No. of Ind. . No.of Comm, No, of F.D

z Categories
Small 16 43 ' 14
Medium 43 . 92 ¢ 14
Large 191 586 1386 ’
The tables published are ' ’
1, The make (output) matrix’ ~
- 2. The Use (input) matrix '
3. The Final Demand. m;trix
4: The Impact (inverse) matrix |
y o
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All the transactions in the above fables (except for the
last one) are in-nominal dollars. The Make and the Use ma-
trices are the output and the input matrices as defined ear-
lier. The final Demand matrix gives the expenditure on fi-
nal demand by the following ca;egories;
-Consumer expenditure durable and non-durable.
-construction.
-Machinery and equipment,
-Exports and re-exports.
-Government expenditure.
-Invéntory chanées and imports.

] . ] g
Import of commodities is treated as negative demand.

Using the same notation as 1in the previous section, the

-l
impact (inverse) matrix is ( I - BD } D; it gives the varia-
tion of direct plus indirect industrial output for one dol-

lar variation of final demand for each commodity.

.

For thé sake of uniform?ty of valuation of inputs, out-
puts and the expenditﬁ;e‘oﬁ final demand the transactions
are recorded in ﬁroducér§' prices and do not include trade
and tranportétion margins. All the trade margins are treated

as separate commodities.

The tables are also published in 1961 and 1971 constant

dollars, for the sake of comparison between different years.



A is the energy intensity for c:xm'_odity j  (3/%)
€. is the energy intensity for industry k -(J/%)
V is the matrix of values of outputs ($)
is a vector of values of total camodity outputs (3)
is a vector of values of total industry outputs ($)
is the matrix of industry inputs coefficients ($/%)
is the modified matrix of industry inputs coefficients (method II)
is the market-share matrix ($/$)
is the rrpdified market-share matrix (method II)
is the energy i sold to industry j (J)
is th;aenergylsoldtofmaldemand (J)
is a vector of values of final demand less mlports ($)
is a modified vector of total commodity outputs (method IT)
is a modified vector of final demand less imports
is a matrix of values of intermediate inputs ($)

Moo o mm oo mw

is the total energy requirement for a given final demand of commodities (J)

NOMENCIATURE FOR CHAPTER III .



Chapter III.

ENERGY INTENSITY COEFFICIENTS CALCULATION USING
RECTANGULAR INPUT-OUTPUT TABLES

3.1 ENERGY INTENSITY COEFFICIENTS: DEFINITION AND USES

Whenever goods and services {commodities) are consumed, en-
ergy is also consumed. This is because energy is fequired to
produce commodities. Commodities reguire different amount of
eﬁergy to be prbduced. Information about the energy required
to produce commodities is useful as an aid to energy policy
decisions, Energy intensity coefficients are indices to
study the energy requirement for production of commodities.
The coefficients give the value of energy required (in ener-
- gy or monetary units), for pﬁpducing a commodity. 1In the
production of any gommodfty energy is consumed directly as
process energy requirement and indirectly as the energy re-
quired in the previous processes to produce the inputs in
the given commodity production. The energy reguirement to
produce commodities varies widely. For example a ton of Alu-
minium requires different amount of energy than a ton of ce-
ment, The coefficients could be éomputed at micro (company)
and macro (national) level. At the micro level this involves
in computing the energy regirement either direct or direct
pius indirect (tofal) for a particular production process,

in order to produce unit output.

_35_
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At the macro level instead of studying the process, the
energy reqguirement direct or total is computed for commodi-
ties or industries in an economic system [9,21,56). Diffe-

rent uses exist for the coefficients as outlined below.

At th micro level the coefficients can be used to study
the production processes, to improve the efficiency of oper-
aEion in terms of energy consumption. They can also be used
té compare different industrial processes, to prBducé the
same commodity aﬁd to study- the feasibility of new and modi~-
fied processes. These studies are made at the company level
and hence the system boundaries (for the production process)

are chosen depending upon the purpose of the study.

At the macro level, the coefficients are used as an aid
to policy decision making, The direct coefficients are use-
ful to study the time trends 1in energy requirement for pro-
ducing commodities, They can also be used for planning re-
gional energy balances, by locating industries such that

regions are self sufficient in terms of energy.

Total energy coefficients are wuseful for the following
purposes. |
1. To forecast total energy requirement of fuels, in the
short term, wheﬁ the final demands for goods and ser-

vices are known,
2. To determine the impact of a policy on the overall
energy consumption (for example additional taxes on

steel production}.
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3. To check whether there is any disparity between ener-
gy costs and monetary costs {s6].

4. To study the relationship between phyéical produqtion

and demand for energy commeodities [56].

r

3.2 METHODS OF CALCULATION

3.2.1 Energy Analysis of Technological Processes

In the case of energy intensity coefficients for a given
;echnological process, study is made on the actual system.
The proceés is represented by a sequence of operations
linked by flow of materials [6]. When the total enefgy in-
tensity coefficients are computed at micro level, the analy-
sis is known as vertical analysis [10). In vertical analy-
sis, after taking into account the direct energy of the
process, indirect energy needs have to be traced. This is
done by studying the production processes of the raw materi-
als. The number of processes to be studied theoretically
can be very 1layge. In practice the stuéy is stopped after
certain number of processes. An example of micro analysis
for producing polymers is in {5]. The major disadvantages of
micro analysis are

1. It is tedious and time consuming.

2. Because of the truncation of tracing indirect energy

needs, the .error is difficult evaluate [8].
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3.2.2 Input-Output Approach

At the hacrp level when the energy intensity coefficients
are required for all the commOditiesi produced within the
economic system the above method can be used but would be
very tedious. Moreover the coefficients computed thus could
not be used to fbrecast the gross energy requirement because
of the uncertainity in the error. While using the micro ap-
proach care has to be taken to see that double counting does
not occur. For example once éhe electric energy requirement
for a furnace 1is taken into account, the. coal required to
produce the same electricity should not be added. - When
there are joint products the allocation of energy reguire-

k]

ment to each product is difficult. ‘

The macro level method is based upon input-output analy-
sis. Using input-output ana&ysis direct and total energy in-
tehsity coefficients can be computed forr commodities
[9,21,40,56]. The calculation of direct energy coefficients
using input-output analysis is straightforward. Direct ener-
gy intensity coefficients from square and rectangular input-
output tables have been calculated {17,40]. The total energy
intensity coefficients can also be calculated using input-
output tables. Application of input-output analysis to cal-
culate the total energy coefficients has been developed by
D.Wrigh£ [26] and R.A.Hefendeen [21]. Any nation which com-

piles data in square input-output format, can use the meth-

ods developéd by Wright, Herendeen, Bullard and Herendeen
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[9]. 1In Canada the Input~output accounts are based on rec-
tangular iﬁput-output model [45]. The methods developed to
fo} square input-output tables cannot be applied to rec-
tangular input-output tables. In this chapter two methods to
éompute the total energy intensity coefficients wusing rec-

tangular input-output tables are developed [35].

3.3 UNITS
The coefficients can be computed in three types of units as
[49] ‘
E Y
1. x dollars of energy per dollar of commodity. For a
commodity k, if the total ene;gy coefficient is e

L]

then

Energy consumed ($)

— = a

Dollar's worth of commodity k (S} k

2. y joules of energy per dollar of commodity. Using the

same notation

, Energy consumed (joules)

- = u

Decllar's worth of commodity k

K

3. 2z joules of energy per physical unit (eg. ton) of
commodity
Energy consumed (joules) )

I = = a

Physical unit of commodity k

K
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Coefficients of the third type are the most useful and
can be calculated, only when the commodities are homogenous.
For example 'Chemical and chemical products’' ( commodity
‘No.27 in the small aggrégation inpﬁt—output tables) is not a
homogenous commodity. In the absence of data for homogenous
commodities, coefficients_expréssed in energy units per dol-
lar are desirable as energy units are not affected by infla-

tion and price changes.

.

Using input-output tables, three technigques can be adopt-
ed to obtain the coefficients in energy units per dollar's

worth of a commodity.

in the first method monetary .input-output data and aver-
age price of energy commodity are used [56]. This method
does not consider the various grades of fuels and price dis-
crimination among.the customers by the energy suppliers.
Analysis based on the second and third methods involve the
use actual' energy data and monetary input-output data
[9,21])]. The analyses 1in this chapter is of the second and

third types.

3.4 METHODOLOGY

For the sguare input-output analysis, the total energy in- .
’

- .. o . .
tensity coefficients can be computed using the following

methods.
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| Multiply the row'corrésgpnding to the energy commodi-

ty of the matrix (I - A) by the average price of the-

energy commodity {56]. Matrix 'A' is the matrix of

"input coefficients in the square analysis.

If &, is the total energy intensity coefficient for
s commodity k (J/$§) and if P, is the price of

the energy commodity j in (§/J), o, can be written

as
A= P (1 - A) | (3.1)

Multiply the direct energy use coefficients obtained
using the actual energy consumption data by the ma-
trix (1 - AY .

If e, and a, are the direct and total energy use
coefficients in (J/S$) respectively, for a non-energy

commodity k, then they are related by

n
X = gel (1 - a), (3.2)

where n is the number of commodities.

Invert a matrix (I - A) after replacing the row cor-
responding to the energy commodity in the transac-
tions matrix by the actual enerqy data.

If <o is the total energy Mhficient for a commod-
ity k in (J/$) and if H is the matrix of input coef-

ficients, computed after replacing the monetary data
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by ﬁhe actual energy data in the transactions matrix,
for the energy commodity then

: .

& = (I - H). . | ]
. A (3-9)

-

where j is the energy commodity type.

o

For computing the total energy coefficients Herendeen

proved that the second and third methods are superior [22].

In the analysis presented in this chapter, in addition to
the market share assumption (see section 2.11),' the energy
input to an industry expresses in energy units is assuméd to
be proportional to the gross output of an industry, ex-

pressed in dollars.

3.5 METHOD 1
This method is based on the idea developed by Herendeen [19]
for square input-output tables. For rectangular t;bles; it
is po;sible to compute energy intensity coefficients for
commodities as well as for industries. The relationship bet-
ween the two for this method is given below.

N

i-i‘ﬁk = a.q, ' (3.4)
where ¢&; (J/$) and &, (J/$) are the total energy intensity
coefficients for industry j and commodity k respectively.
The notationrof rectangular input-output analysis is the

same as in the previous chapter (section 2.10).

- According to the market share assumption (eg.2.13)
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VJ.K = DJK qy ‘ (3.'5)

substituting (3.5) in (3.4) one gets

N .

b

The total of the energy commodity i is the sum of the energy

commodity sold to industries and the energy sold to final

demand, which is

-

N .
E. =2Z Eij + B¢ ' “ (3.7}
1 J-‘t '

where ot

E  (J) is the energy sold to industry j
ij

.

E;; (J) is the energy sold to final demand.

equatioﬁ (3.7) can be written as ’//
N ' .
E. =“'1(’Bij/Gj)Gj+ e (3.8)

( G, is the total output of industry j in dollars)
Defining (E;; /G; ) as R, (3/§), one cam write (3.8) as
N ' °

E. = S R 'G. + E, (3.9)
t j___1 1) 4 "f ’ .

The total output of industry j is diven by (see section
. oo :

2.10) ‘ _ | )

N n -
G., = ¥ = (L. - DB). D e . (3.10)

substituting (3.10) in (3.9)
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-1

n
% Ri (1 - DB)Jk Dkf e!_+ E' _(3.11)

f

The final demand for commodities can be translated into fi-

nal demand for industries using the.market share assumption

as

n

FF =Z D . - 3.12
R R ) ( )

where Fk (s} 1is the final demand for the output of industry
k. '

Similarly for the industry'p. producing the energy commodity

i

n -
F ) =D (3.13) .
p(s k=1 Pk ek .
Rewriting equation (3.11) as : .
. * . N N n .'.I '
"E. = "R (I - DB). D e +(E./F' )F (3.14)
- ' ?;;u kLT TR )R :
' Defining
. W_p_(J/S) = Evé for the industry p
‘ i f p . .
producing the .energy commodity
y = 0 otherwise (3,15)
Equation (3.14) can be written as
. NN - R . :
B =) D 2Ry (1 - DB) D& * ¥, F (3.16)

i=1 ket ey
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when there is more than one energy commodity, equation

{(3.16) can be written in matrix notation as.

E(J) =[R(I-DBY +W]F

or using (3.12)
E@=[rRU-DB +wlDe S (3am

Equation (3.17) can be used to compute the gross energy re-

guirement when the final demand for commodities are known.

it is shown in appendix A that the rectangqular input-out-
put analysis can be converted to square input-output analy-
sis using the relationships given by equations (A.11),({A.12)
and (A.13). The same equations are given below.
when the number of industries equals the number of cémmodi-
ties
Vy * 0 for j=k=1,2,...N ' (3.18)

Wk =0 otherwise

and n = N

qj = G_j for j=1,2,...N : (3.19)
i D, =1 for j=k=1,2,...,N

Dj\, =0 for j=k ’ (3.20)

The matrix D becomes an identity matrix. Hence the egypa-

tion (3.17) for square input-output tables becomes
* ' ¥
# =t .
-B) +Wle (3.21}
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/ . '.
which is identical to the equation obtained by Herendgent~ '
[21]. The energy intensity coefficients for industries are
also energy intensity coefficients for commodities.

1 . T

3.6 METHOD 2

This method is.based on the idea of 'conservatioﬁ of ;mbod-
ied energy’ developed by Bullard and Herendeen [9] which is
'The energy consumed at a par;icuiar stage of preoduction is
considered to be passed over to the next stage embodied in
the product’. For example the energy used in converting Alu-
minium ore into finished Aluminium is assumed to be con-
tained within the metal. The losses of energy in the pro-
duction processes are also assumed to be a necessity in this'
method. This is done in order to account for all the energy
consumed in the economic system. The concept is illustrated
‘in Figure 3.1, for a system with two industries producing
three commodities. Referri to the same figure, energy en-
ters the economic system as primary energy and is wused to
produce secondary energy commodities by industries. Secon-
dary énergy commodities are used by;other industries to pro-
duce non-energy commodities. The commodities are.used as raw
materials by industries (inter-industry requirement). The
energy leaves the economic system embodied in the final de--
mand of commodities. The energy losses within the system are

also included in the embodied energy.
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For an economic system with N industries producing n com-

modities, the enefgy flows are shown in Figure 3.2.

Gy and £; are the total energy intensity coefficients of
commodity k and industry j respectively.
The notation for rectangular input-output analysis 1is the

same as in the previous chapter (section 2.10). If there are

* 1

r' energy commodities of the total number of commodities,

energy balance fof an industry j can be written as

Total energy embodied in energy commodity i consumed by

indusiry j

Total energy embodied in non-energy commodity i consumed

by industry j

Primary energy consumed by industry j

Total energy embodied in the output of industry j

Using the notation of rectangular input-output analysis,

i

equation would be

r ‘. » ‘2 . .
21‘:“ U'J "'.h di UiJ + YJ = E G (3.22)

=+

'Y; is the primary energy consumed by industry j (J). It

is termed as 'energy extracted from the earth'
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; is the total energy intensity coefficient for a-

non-energy commodity i (3/§)

q: is the energy intensity coefficient for an energy

commodity k (J/J)

€{ is the energy intensity  coefficient for an industry
1 (3/s)

" :
U;; 1is the intermedite input of energy commodity i to

industry j (J)
Dividing equation (3.22) by G, throught gives

r n
=1 TYL )
for § = 1 to N
A new industry inputs coefficient matrix B is defined as

given below

B, =Uj; /Gj (3/8) i= } tor
j=1 to N
(3.24)
’ﬁ.-,- =U;y /G; ($/$) i=r+l to n
j=1 to N
The following vectors are also defined. "
Row vector & )

a—

-»
of, =< (J/J) i for i =1 tor

= (J/$) " for i=r+l to n
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Row vector £ whose elements are

Ej (3/s) for j=1 to N

Row vector S

s, =Y;'/GJ. (J/s) for j=1 to N

Equation (3.23) can be written in matrix form as

SaB+sS=¢ (3.25)
For a commodity produced by more than one industry, an ener-
gy balance equation can be written relating the embodied en-

ergy in the commodities to the energy in the output of in-

dustries.

(Total energy intensity coefficient of industry j).{(total
production of commodity k by industry j)
(Total energy intensity coefficient for commodity

k).(total production of commodity k)

Referring to figure 3.2 the relationship is

B £ V., =o g for k=1 t (3.26)
28 Vi o ¥ 9, or or . .

N . | :

z . = =

j.‘EJ‘Gk % 9y for k=r+l to n (3.27)

q: is the output of. energy commodity k (J)}

Now a new market-share matrix D is defined as
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By = V./q (s/3) i=ltor
j=1 to N
(3.28)

= Vi /q; (8/3) i=r+1 to n

T e j=1 to N

-

A diagonal matrix § is also defined such that

q. = q; () i=1 to r

'qi (S) i=r+l to n

BEquations (3,26} and (3.27) can be combined and written in

matrix form

EV =ad g ’ (3.29)

Equation (3.28) can be written as below

o~

Substituting equation (3.30) in-equationﬂk3.29)
£D = (3.31)
Using equation (3.25)
EDB + S = ¢
or

£ = s(1 - DB) (3.32)

From ®guation (3.31) one gets.

& =5(1 -B8) D - | (3.33)
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. 3.7 DISCUSSION

The total energy required 'T', when the final demand of com-
modities is given, can be computed as

. T =€ (3.34)
using the cqefficients calculated from the g?cond method. &
is the column vector df final demands, which are expressed

in joules for energy commodities.

The conservation of embodied energy leads to the fact
that energy extracted from the earth 1is used to satisfy the
final demand of goodé and services. Energy extracted from
the Earth includes imported energy. Appendix B proves this
for an illustrative case, with two industries producing

three commodities.

When computing the total ' energy requirement of secondary
energy (electricity for example), in the second method the
inputs extracted from the earth should’be substituted by the
inputs going to the production of secondary energy. The to-
tal enefgy obtained thus would be the requirement of primary
energy (coal for example) for the ﬁroduction of secondary

energy.

When the energy commodity is produced by more than onhe
industry, (say two) ,then two sets of coefficients are com-
puted, one set for the energy commodity produced by each in-
dustry. This is done by substituting the appropriate values
in the vector S , in the second method. The energy inten-

sity coefficient®for (that type of energy commodity) would
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be the sum of the correéponding elements of the sets of
coefficients obtained. Since the outputs of a commodity are
valued at the same rate, the output of an energﬁ commodity
in joules is proportional to its value in dollars (see ap-
pendik C). In the first method, the elements of the vector
W are taken non-zero for the ihdgftries producing the energy

commodity.

The coefficients can be coﬁputed for primary and secon-
dary energy commodities, for which actual energy data exist.
There are also energy inputs for which data does not exist
and are not part of the input-output commodity classifica-
tion. For example solar energy input‘for the production of

food grains is not accounted for, in the analysis.

The computed coéfficients would be the average values ana
do not represent the energy required by specific processes.
Errors in the input-output data are transmitted into the
coefficients. In addition, because of the linearity assump-
tion of input-output models, chanéeg in thé efficiencies of
production of energy commodity are not considered. For exam-
ple the coal input in joules, to produce a dollar's worth of
electricity would remain the same, irrespective of the lével

of electricity production.

In the static input-output mogdel, in the inputs mat?}k
only the current inputs (raw matefials) are included. °all

the capital expenditure 1is a component of the final demand



55
of goods and services. Hence the energy required for capital

purchases is not included in the coefficients.

The coeffic;ents could be used only for short-term energy
demand forecasting. The values of the coefficients depend
upon the mix of processes of producing secondary energy from
primary énergy. For example the coefficient representing the
consumption of cocal (directly and 1indirectly) for the pro-
duction of elecfricity is dependent upon the .actual values
of the production of electric energy using coal. If nuclear
fuel is used to produce electric energy at a higher level,

the value of the coefficient goes down.

When the coefficients are computed using rectangular in-
put-output tables, market-shares constancy 1s assumed. When
the market-shares chahge, the values of energy intensity

coeffictents also change.

1 : .
The coefficients give the total requirement of energy in
joules per dollar of ‘final demand. It is not possible to

distinguish the use of energy as a fuel and as a feedstock.

The energy intensity coefficients for industries, compﬁt-
ed using the two methods are not comparable because of the
differences in market-share assumptions (equations 2.12 and
3.28). However it has been shown th?;/yhe results obtained

: s .
by the second method are superior [22).
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3.8 ENERGY INTENSITY COEFFICIENTS FOR CANADA

As an illustration, energy intensity coefficients for indus-
tries have been computed using small aggregation Canadian
input-output data [47]. The céefficients have been calculat--
ed separately for diff' ent energy commodities, 1i.e., for
coal, natural gas and electricity. Computation is done using
1971 data in nominal dollars.. The energy data in gigajoules
is takeﬁ from Statistics Canada working paper [46]. The va-
lues of the coefficients for the.methods are shown in Tables

3.1 and 3.2. -



NousTRY | coar | VATURAL | ELECTRIC | 37,

AGRICULTURE - 0.006 0.007 0.006
FORESTRY 0.003 0.00€ 0.003
FISHING & HUNTING 0.003 0.005 0.003
MINES & OIL WELLS 0.034 0.572 . 0.012

| MANUFACTURING 0.011 0.017 0.012
conswﬁﬁCTioﬁ 0.005 0.008 0.005
TRANSPORTATION 0.004 0.023 0.003
COMMUNICATION 0.002 ' 0.003 0.002
UTILITIES: 0.165 0.034 0.221
WHOLESALE TRADE 0.003 0.006 0.003 -
RETAIL TRADE 0.005 0.01€ 0.005 o
FINANCING | 0.002 0.00¢ 0.002
BUSINESS SERVICES 0.003 0.0Q€ 0.004
TRANSP. MARGINS. 0.004 0.022 - 0.004 )
OFFICE SUPPLIES 0.008 0.013 '0.008 r
TRAVEL & ADVERT. 0.00€ 0.011 0.006

1" T/ %

Table 3.1 Energy intenéity coefficients for Canada for 1971

based on the “irst method,
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| INDUSTRY - COAL NATURAL = S
AGRICULTURE 0.0044 | 0.0102 0.0053
FORESTRY 0.0028 0.0065 o;ooéé
FISHING & HUNTING £.0038 | 0.008€ 0.0030
MINES & OIL WELLS 0.1429 | 0.312s 0.0108
MANUFACTURING 0.0142 | 0.0325 0.0114
CONSTRUCTION 0.0081 0.0183 0..0050
TRANSPORTATION 0.0029 0.0072 0..0034
COMMUNICATION 0.0012 || 0.0029 0.0019
UTILITEES\\_ . \\g.ooss 0.0199 0.3332
WHOLESALE TRADE 0.0018 | 0.0041 0.0027
RETAIL TRADE 0.0016 0.0045 0.0048
FINANCING 0.0012 | 0.0030 0.0021
BUSINESS SERVICES 0.0027 0.0062% 0.0037
TRANSP. MARGINS 0.0029 0.0073 0.0040
OFFICE SUPPLIES 0.0095 | 0.0217 0.0080
TRAVEL & ADVERT. 0.0059 | 0.0136 0.0058

1" I/ %

1

Table 3.2 Energy int’ensity coefficients for Canada for 1971

based on the second method., &

4
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-cJ.is the share of Gross Domestic Product of commodity j at factor c:st ($'/$).'
D is the market-share matrix (§/$)

L, is the limit on production ‘of i th commodity ($)

La'i is the limit on export of i th cambdity (%)

L,; is the limit on imporf of i th commodity ($)

N is the number of industries

n is the number of commdities

B-is a matrix of industry inputs coefficients ($/%)

Mj is the import of commedity j. ($)

Exj is tl'me export of cammodity ji$)

FN, is the final inventory of commodity j ($)

INJ- ‘is the initial inventory of commodity j ($)

e 1is a vector of values of final demands of camodities ($)

’lk is the coefficient characterizing the variability of energy Jiesource k

q 1is a vector of values of total camodity outputs ($)

NOMENCIATURE FOR CHAPTER IV . g



Chapter IV
EVALUATION OF UNCERTAINITY EFFECTS ON ENERGY

PLANNING: A STOCHASTIC INPUT-OUTPUT LINEAR
PROGRAMMING MODEL

4.1 INTRODUCTION

Static rectangular input-output analysis is described in the
form of a set of linear equations (section 2.10). Using such
analysis, the gross production requirements of commodities
can be computed when the final demand for commodities is
known. Since the model is expressed as a set of linear equa-
tions, a unique solution of gross production requirements is
obtainea. The static reétangular analysis can also be‘formu—
lated as a linear programming model [16,37] with certain ad;‘
vantages which are mentioned later. Statlc iﬁput-output ana-
lysis can be formulated into linear programmi?g models in
various ways [(13,16,33,37]. 1In this chapter, the 5tatic in-
put-output. analysis in the form ofg a linear programming
problem, incorporating production, exports, 'imports and in-
ventories is presented. The model is applied in the form of
parametric programming to study, the effect of production ca-
pacity limits of energy commo@ities, in particular mineral
fuels on the economic system.; The shadow prices of energy
commodity at different production levels can be used when
making decision as to import of energy commodity or increase

- 59 -
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in capacity of eﬁe:gy cgmmodity production. Small aggrega-
tion input-output‘data ﬁas\peen used for numerical applica-
tions. N

-
- .

4.2 LINEAR PROGRAMMING

-

Linear programming falls into the class;of' optimisation
problems. In optimising problems there exists a function of
some variables {unknown) to be extremized (maximized or min-
imized) subject to certain constraints on the variables
which are also expgessed as functions. In linear programming
all the functidns are linear in the unknown variables. For-
mally linear programming is defiﬁed as [16] 'The analysis of
problems in which a linear function of a number of variables
is to be maximiséd (or minimised) when those variables are
subject to a number of restraints in the form of linear ine-

qualities’.

4.2.1 "The Primal Problem

Mathematically a linear programming problem can be repre-

" sented as

Maximise J = C X | (4.1)

, subject to
A X < B (4.2)
. x> 0 o (4.3)

where
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C is a row vector of order (1 by.n) of the coefficents

of the objective function.

X is a column vector of order (n by 1) of the unknown

variables.

A is a matrix of coefficients of order (m by n)

; .
B is a column vector of order (m by n) of the right

hand side of the inequality (4.2).
n is the ber unknowns

"m is the number of comstraints.

—

The inequalities {(4.1) and (4.2} are the objective func-

o

tion and the constraints respectively. 1In addition to the m

constraints represented by the inequality (4.2),

n constraints are imposed by the inéqualities

that the unknown variables do not take negative

1t is clear from the ineqguality (4.2) that

when the, symbol ' £ ' 18 replaced by '=', the

are converted into a system of linear equations.

additional
{(4.3) such

values,

when m=n and
inequalities

For such a

system a unique solution exists, which may not satisfy the

conditions imposed by {4.3).

Given the inequalities (4.2) and (4.3), it can be seen

that there exists no more a unique solution,

but

infinite solutions. For such a system a desirable solution

can be obtained if an objective function can be chosen to

suit the needs of the individual who formulates

the problem.

The solution is obtained in the form of values of the varia-

-

a set of

hy

PR P P
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bles, maximising (or-minimising). the linear objective func-
tion. In a general case

m n

MY

When the values of the vectors C and B and the matrix A are
known, methods of finding solution exist [7]. This problem

is known as the primal ptoblem.

4.2.2 The dual'Problem

For every linear programming problem represehted
(4.1)-(4.3), the dual linear programming problem can bg for-
mulated as a set of unknown variables (known as dual varia-
bles)

Minimise k ='BT Y - (4.4)

subject to

T /
A Y = C {(4.5)

Y =0 (4.6)
where |
Y is a column vector (m by n) of the unknown dual vari-
ables.

Superscript T indicates transposition.

~For both the formulatiops { (4.1)-(4.3) and (4.4)-(4.6) 1}

the value of the function as the solution will be the same

[(7].
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The dual variables cah'be intefﬁretgd aél shadow pric;s.

In the case of optimal resource allocation problem, if the
consEF:ints in inequality (4.2) represent the availability

of scarce resources and if the objective function represents
the bross Domestic Product (GDP), the solution to thé dual
problem will be the marginal values in terms of GDP. The
shadow prices can be considered as the valuations of limfged
resources. If a solution to.the primal problem shows excess
availability of a resource say b; , the corresponding dual
farible Y will have zero value. In general the shadow pric-
es represent the marginal contribution to the objective

-

function.

4.3 ADVANTAGES OF FORMULATING INPUT-OUTPUT ANALYSIS IN
LINEAR PROGRAMMING FORMAT

Static input-output analysis can be’ formulated in linear
programming form. Some advantages are listed below.

1. Computation of optimal solut{pn: Unlike static input-
output analysis, the solutiéﬁ obtained from a linear
programming prbblem is an optimal one. A modél usiné
'minimising the labour costs’' as the objective func-
tion gives a production program for producing commod-
ities meeting all the final d9m§nds and minimising
total labour cost.

2. Choice of criterion for optimality: In the linear
programming formulation the objective can &;; chosen
depending upon the needs of the policy analyst. The

following criteria could be used [53],
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a) Maximise GDP
b) minimise imports
c) Maximise consumption
d)- Minimise energy consumption. \
e) Miéimise total costs
f) Minimise labour costs'

Each of the above criteria has its own usefulness.

For scarce energy resources, the fifth criterion

could be the most suitable.
Shadow Price Determination: The solution to the dual
LP problem is obtained using Simplex algoritm as a
by-product. The dual solution, represents the shadpw
prices and gives an indication of the resources which
can improve the value of the objective functioh.
Capacity Constraints: In the linear programming for-
muldtion, the capacity-limits for pr&éucing commodi -
ties can be éepresentpd as constraints. In.this way,

it can be found, if the Plans are feasible or not.

4.4 LINEAR PROGRAMMING MODEL USING INPUT-OQUTPUT STATISTICS

The formulation of the linear programming model is

n
f
Maximise (Ecj q;) (4.7)
: j= ' .
subject to v ’
ne ' :
=z (I-BD)iJ. q; EX; +M; -FN; =e; -IN; (4.8)
=1 .

i= 1' to n

\ 1
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and :
;)

q, < L,; ixlton =~ (4.9)
EX; < L, i=1lton .' (4.10)
M; = L,; i= 1 ton . (4.11)
FNié=- IN, + change in inventory level (4.12)

For the energy commodity k

-

9, = 1, . actual energy production in § in a particu-

lar year.
o

iy

where

c; is the share of gross domestic product (GDP) of com-
modity j at factor cost in _(§/$).

N - : o
z
where
dy, is the share of GDP at factor cost of industry k
per unit of output of k which includes labour, pro-
fits and taxes.
o
ij
ficients matrix.

is the general element of the market~share coef-

L ., is the limit on the production of i th commodity.
*

L,; is the limit on the export if i th commodlty

Lyi is the limit on(khe import of i th commodzty

N is the number of 1ndustr1es. K
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BU ‘and D;; are the elements of the industry inputs

coefficients matrix and market-share coefficients ma-

trix respectively in ($/$)

\

q; is the gross output of commodity j in ($)
EX; is the export of commodity j in (§)

M is the import of commodity in (§)

FN; is the final inventory of comﬁodity j in ($)

IN 1is the initial inventory of commodit& in ($). This
.
is an input to the programming problem.

e ——

e; is the final demand less imports for commodity i in

(s)

lk is the coefficient characterising the variability of

energy resource,

The linear programming model is formulated such that the
effects on GDP, commodity outputs-and shadow prices 6f com-
modities could be computed when the coefficqen lg is treat-
ed as a random variable. The effects of randomness of fimal

demands and coefficients B;; and D;j can also be computed.
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-

4.5 MODEL APPLICATION

For the purpose of illustration, the model has been applied

%fing éhe small aggrégation input-cutput data [47]. The en- ‘
ergy sector is represented by mineral fuels aggregating
coal, natural gas and crude mineral oilé. The limit on the
availability of energy commédity was varied by giving diffe-
rent values to the coefficient 1, . A parametric programming
is made, by increasing the value of 1y from 1, =1.0 till
the shadow price corresponding to the energy commodity Qe-
came equal to zero. The data used was for 1965. The study is
carried out in the following sequeﬁce.

1. Calculétion of the optimal solution with the capaci-
ties for producing energy commodities equivalent to
their actual values in 1965 in (§).

2, If the shadow price corrésponding to the energy com-
mpdity has a non-zero shadow price, parametric study
is performed by increasing the capacity for proqucing
the energy commodity. This is done by increasing the
value of the coefficient 1} (k=energy commodity) and
computing the optimal solution. If the shadow price
for the .energy commodity is again greater than zero.,
the value of the coefficient 1) is increased and the
optimal solution 1is found. The steps are repeated,
until the shadow price for the energy commodity be-

comes zero.
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The process of parametric study is shown in the form of a

flow chart in Figure 4.1. The variation og GDP and shadow

price for energy'commodify for an increasing capacity of en-

ergylcommodity production is shown in Figure 4.2, The values

of shabow prices, for one particular case of 1, are shown in
Table 4.1.

4.6 DISCUSSION

The shadow prices obtained have units ($/$). They represent
the marg{nal contribution to the objective function. When
the shadow price for a commodity is very large, it would be
worthwhile to increase the cap#city for producing that com-
modity, or importing that commodity. The rules for producing

and importing a commodity are
Produce a commodity j if

(shadow price) ($/$) = Investment in § to increase produc-

tion of commodity j by one § +1
Import 'a commodity j if

(shadow price) 1{$/$)= 1 (s) but less than the above value.

/

The study showed that the shadow price for the enerqgy
rcommodity is very sensitive to the value of the coefficient
1, . when its value is near to 1.0.

—
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3 Shadow Price ($/%)°

- 42365

G.D.P
- (Milldon $)

42355

G.D.P

Shadow Price % . . w

- _ — =

cma.a. ' . 9R%.0
. . 1o+, ($) . 985. 5
[ -0

Fig. 4.2 Variation of G.D.P and shadow price of energy commodity for an
increasging energy commodity availability.
- ) . ’
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«  CROSS DOMESTIC PRODUCT .(4$) 42359.88

——

COMMODITY PRODUCTION (M$) SHADOW PRICE($/S)
GRAINS v 1113.83 - 0.58 ¢
OTHER AGRICULTURAL PRODUCTS 2819.04 0.57
FORESTRY PRODUCTS . : 1016.60 _ . 0.48
FISHING AND TRAPPING PROD. 173.45 0.66
METALLIC ORES & CONCENTRATE 1570.67 0.58
-« MINERAL FUELS . 983.99 11.18
NON-METALLIC MINERALS 366.81 0.60
SERVICES INCIDENTAL TO MINING 255.37 0.62
MEAT AND DAIRY PRODUCTS 3311.89 0.41
FRUIT,VEG.,MISC. FOOD PRODUCTS 2658.72 ‘0.0
BEVERAGES 770.51 0.0
TOBACCO & TOBACCO PRODUCTS 376.61 0.0
.- TRUBBER,LEATHER & PLASTICS ,948.42 0.0
TEXTILE PRODUCTS _ : 1294.72 0.0
CLOTHING _ , 1348.52 0.0
LUMBER & OTHER WOOD PRODUCTS 1516.57 0.0
FURNITURE & FIXTURES 490.60 0.0
PAPER & PAPER PRODUCTS 2943.98 0.0
PRINTING & PUBLISHING 1080.49 . 0.0
 PRIMARY METAL PRODUCTS 3581.24 0.0
METAL FABRICATED PRODUCTS | 2295.66 0.0
MACHINERY ‘& EQUIPMENT : 1428.20 0.0
AUTOS ,TRUCKS & OTHER EQPT. 3900.73 . 0.0
ELEC. AND LOMM. PRODUCTS 1972.39 0.010
" NON-METALLIC MINERAL PROD. . 1036.91 5.72
PETROLEUM AND COAL PROD. 1507.43 0.0
CHEMICALSANND CHEM., PROD. 2079.92 0.0g4
MISC., MAN'FD PRODUCTS 752.65 0.0
RESIDENTIAL CONSTRUCTION - 2218.30 0.0
. NON-RESIDENTIAL' CONSTN. 5481.08 0.0
REPAIR CONSTRUCTION 1798.67 " 0.0
TRANSP. AND STORAGE ' 4621.48 0.60
COMMUNICATION SERVICES 1845.33 0.79
OTHER UTILITIES 1356.70 0.45
WHOLESALE MARGINS . . * 4Q14.00 0.54
RETAIL MARGINS 4429.92 0.62
IMPUTED RENT OWNER OCPD. DWEL. -3112.73 0.59
OTHER FINANCE'INS.,REAL ESTATE *  6071.11 0.58
BUSINESS SERVICES _ 1353.50 0.58
PERSONAL & OTHER MISC. SERVICES 5955.88 0.60
 TRANSPORTATION MARGINS 2086.82 0.0
. OPERATING,OFFICE,LABT & FOOD 4016.98 0.0
TRAVEL,ADVTG. AND PROMOTION - . 2013.40 0.0
r u . .
“ .
s Table 4.1 Sample result of parametric study.

-
._/7 . .
'



X; Isﬂxebatalpmmmazofcmmdltyj ($) '

c; is the share of Gross Domestic Product of camndlty j at factor cost ($/$%)
B is the matrix of industry inputs coefficients matrix ($/%) \

D is the market-share matrix ($/$) |

the number of couwmdities

=

(PR o S S S S A S A T " )

a vector of values of total J.ndustzy outputs ($)

Z @

the number of industries

the electric energy produced from coal (J)

the electric energy produced from gas (J)

the electric energy pmﬁuced fram oil (J)

the electnc energy produced fram hydro source (J) .

the electric ene_tgy produoed fron nuclear ene.rgy source (J )
the gas obtained fram gas well (J)

the gas produced £ (J)

the gas produced from oil (J)

the price of energy conmodity j ($/J)

. is the efficiency of conversion from fuel i to energy cdmmodity j

Kj' is the capacity for producing energy using process zj

NOMENCLATURE " FOR CHAPTER V




Chapter V , et

ELECTRIC ENERGY DEMAND FORECASTING USING INPUT-
, OUTPUT ANALYSIS

5.1  INTRODUCTION

Forecasting is needed té formulate plans. The demand for
electric energy is required for determining
(a) Production capacities | ‘. .
(b)Transmission capacities .

*

(c) Supply of fuels needed to produce electricity
‘ . ‘ . : .
Forecasts can be made at regional or national levels and at

- various levels of detail.

4
5.2 ELECTRIC ENERGY DEMAND MODELS

There are various models which can be used to forecast the

demand for electric energy. Depending upon the relationship

between the energy and the economic system, t#é

be classified into three categories,

odels can

5.2.1 Extrapolation Methods

These methods involve fittiﬁg trend curves to
. / . ' :
data. When the curve is projected into the £ e the value

[

...‘72-

[}
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(a) Straight line Y = a + b X
(b) Parabola ¥ =a + b X + C X°
{c) Scurve Y =a+bX +c K?f d xa_

(a) Exponentiai Y = c "

(e) Gompertz Y = In"'(a + ¢ €5 )

The coefficients are determined using the leést-squares

technique.

The other techniques falling into this category are

(i) Moving average method

(ii) Exponential smoothing - j

Methods (i) and (ii) are similar to the trend extrapolation
technigues. But the weight given to more recenE data céﬁ be
varied in rfyxand (ii). The electric energy data is de-sea-
soq;lised fqé these techniques and the foréc t obtained is
re-séasonalised. Thi§ is done becaﬁse eléctric energy is a
cohmodity with seaéonal demand. 'With ﬁhes# techniques, only
data pertaining to the'conspmptioﬁ of electric enefgy is re-

quired. The relationspip'betwpen electric energy and the ac-

. tivity in- the economic system is not taken into account.

R
5.2.2 Causal Methods | | o _ /

Techniques falling into this categqiy forecast  the demand

for electric energy by linking the activity levelé in the

. economic system to the energy demand. They are

*

1 -
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. 5.2.2,1 Correlation and regression technigques
The demand for electric energy iszlinked to other activigy
levels and'demographic factors. As an'example, demand
- electricity can be linked to the production of commoditi
and population growth, The relationships can bé inear or
* non-linear. With the available forecasts of the other activ-~
ity levels, the demand for electricity is forecasted. The
demand is usually forecasted for three classes of customers:
residential, commercial and 1ndustr1al Tw; examples, éne
for for industrial and one for res1dential electric energy

demand are given,

1. Example for Industrial Electric Energy Demand [3]:
/
The: equat1on determines the demand for electricity by

prxmary metals industry.

1n(E)=0.35-0.4611n(PC)+0.221n(PK)-0.321n(PO)-1.941n (PE)
P ~1.071n(w) o

where

E is the kwh' electricity purchased by primary
-, metals ihgustry.

Zi ~ PC is the price of coal
PO is the price of oil
PK is the price of coke E

i PE is the price of electricity

-

. ]
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. W is the average wage rate of production vorkers
in primary metals industfy )
2. Example for Resid?ntial Electric Energy Demand [55}.
In this example the demand for electric energy is

given by

Q=k+bP+bG+

where

Q is the average electricity consumption per household

(kwh per year)

P is the average price ?f electricity per kwh <
'G is the average price of natural gas (cents per therm)
Y is Ehe median family income () ‘
R is the average numﬁer of rooms pe;‘houseﬁold
. C is the number of dégreg days . : -

¢ is the random error term

5.2.2.2 Network Models o

Network models are useful . to deEermine the production’ of
elecfric energy from different fuels, when the demands for
electric-enefgy for various settors are available. 1In addi-
tion to electric energy, network modeislof overall energy
system also determine the production of other fuels (gag;oil
etc.) by the available Processes. This is accamplished by the use of
optimisation tecpniques

LN
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5.2.3 Energy-Economy interaction models

Using energy-economy integrated models, the effect of energy
s¢arcity on the economic. system and also the effect of pro-
duction of other commodities on the energy system could be

studied. " .

5.3 ADVANTAGES AND DFSADVANTAGES |

1. The methods in the first !ategory are not based on
cdusal relationship. They rely upon the past trend,
wﬁich may not continue into the future. Howéver, they
are simple t¢ use and need little datf.

2. Technigues in the second category fail to consider
the energy-economy link to the full extent. They re-
cognize only that electric energy demand is linked to
the demand of other sectors. They take into account
only one way relationship between the economic system
(sbme variables) and the demand for electric eneégy.

~ For example if energy production is related to'trans-
portation sector™, these methods fail to predict what'

would. happen to energy sector when there is a change
' : ~

,\\\\_ﬁhw in the activity level of transportation sector.

In the network models of energy systems, optimisa-

tion ig usually done to meet the demand for energy at

a mihﬁmum cost of the energy system. .In the economic
sense, such\goals are too narrow. The overall objec-

/ tive of thj/economic system may nbt be minimising en-
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ergy cost but some other criteriqn which affects the
whole~society such as unemploYmenf. Such 6bjectives
cannot be incorporated in the stand alone network mo-
dels.

3. The third categqory models are integrated models. The
energy system is linked to the rest, of the economic
system. Thesefmodeis could be formulareq as optimis-
ing prdbiems with the optimising critefion‘reflecting'
the good of the whole society. The disadvantage of

such models is that they require extensive data.

5.4 APPLICATION OF INPUT-OUTPUT ANALYSIS

Input-output analysis could be applied to forecast the totgl
demand for electric energy. Equation (2.17) could Be-direct-
ly used to find the total production requirement of electéic
energy in’ monetary units when fhe final demands for goods_
and services ate known. AlEernatively energy intensity coef-
ficients developed in chapter 11I could be used to compute

the total demand for &lectric energy in energy units.

The above methods are useful for specific purposes. The

-first method using equation (2.17) can be used forfoverall

economic planning. The second technique gives the forecast

in energy units. But gpth the methods do pot P ovide the

guantities of,eleﬁtrijféy to be pfﬁﬁhced from dif fu-
" .

els,
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. The input-output linear programming model in chapter IV
could be used for planning purposes. Again this method gives

the total electricity requirement, in monetary units.

Moreover these models are not useful ﬁhen a more detailed
forecast is required. For example, _it_ig not possible to
forecas; eleétric enefgy generation usihg ‘diffeé;nt fuels.
Only the average technology representing the mix of the
available techndlogies is reflect€2>/ When the final demand
for c;mmodities is vety high more electric éneféy has to be
préduced. This may result in the necessity of using fuel oil
to produce electric energy, resulting in higher requiremen£
of fuel oil. Effect of variation in final demand of goods

and services, on the production mix of electric energy is

not reflected in these models,

In this chapter a model based on fectangular input-output
analysis, in a Lieear programming format combiped with a
network representation of thé-energy s§ystem is presented
[34]. This model can be.used to forecast the total demand
for electric energy when the final demand for for  commodi-

ties is known.

5]
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5.5 _ENERGY SYSTEM NETWORK

The energy system represented in a network form. is shown in

,Figure 5.1. The fdodes.on the left hand side of the network
L4 : i

are the sources of ‘ imary energy and the nodes in the migd-
dle are the total output of primary and secondary energy
commodities. Thé nodes on the‘right hand side are the demand
for qneréy Commodities, The demands are the sum of inter-in-
dust;y requirements and the fina1~dﬁmands for allﬁthe com—.

modities (except the inter-industry requirement within the

energy Ssector).

:The network representation of +the technological system

shown in Figure 5.1 has "the following technologies for pro-

>

ducing electric energy incorporated in it,
l.' Directly from coal usihg thermal plants.
2. From hydro power.
3. From nuclear fuel.

4, From gas.

In the network, the mining of coal, gas and conversion of

coal to gas and fuel o0il to gas are also presented. 1In this

example transportation and transmission losses are neglect-

ed, but the model can incorporate them. All the flows in
< -

the network are in energy units. This network"&E\incorporat—

ed into the linear programming model of the ecohomic system.
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5.6 LINEAR PROGRAMMING MODEL

In this linear programming model, the objéctive-is to maxim-

ise the Gross Domestic Product {(GDP), subject to the const-
raints on the total commodity production to satisfy final
demands of commodities and tlie availability of capacities of
industries.
/ .
fe. formulation is as follows:
n . ' . r

Max ¥ c¢. X, ' : : (5.1)
. j-T ‘.l J

subjéct to

n -~ . ) -
JE (I_.BD)U xj Z e . (5.%)
// ) o ~for i =1 ton
and
. .
.ii ij ijGk for k = 1 to N _ (5.3)

c: is the sbafe of commodity j at factor cost of G- D ¥
X; is the total production of commodity*fﬂis)

I.is an identity matrix (n by n)

n is the number of commodities (for small aggfegatidn

Canadian input-output data n= 43)

In the gquatiohs (5.1)-(5.3) the relationships are given in
(s). .In the input-output model, electric energy is treated:
as g single commodity irrespective 'of the source from which

.it is produced.
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In order - ta introduce the _energy system network in Ehé'
linear programming model, additioﬁal .unknorns hre. intro-
" duced. In this model all the variables denoted by X are in

($) and the variables denoted by Z are in (J).

Let 2, ,2,, ....2, be the electric energy prbduced from
coal, gas, oil, hydro and nuclear fuels.
2,.2,,2, be the gas obtained from well, coal and .oil respec-

tively.

The summation of pr ction by diffgfent processes equals

. the total production of the specific energy commodity.

&

£z, =32, _ : - T (5.

where 2, is the total electric energ§ produced and
o Ghe tot el

8 s ‘
“zs Zl S‘z‘o A ‘ (5-5)

Z, is the total gas production.

If p, 3:30 and p, are the prices ($/J) of coal, oil, gas
and electric énergy respectively, the relationship between

L .
dollar quantities and joule quantities for energy commodi-

ties are giveh by Y .
P, 2, =%, ° . | | ‘ (5.6)
P, Z, = X34 ' : (5.7)
Fl ) F- 2
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. where X, 2nd X, are the ﬁroduc{ion of gas_hnd electric eneé:)

gy in dollars as they appear in equations (5.1)-(5.3)

The inputs to produce energy commodities are obtained by
using conversion efficiencies from fuel i to energy commod}-_
fy 3. qu . For coalifired power plants, one can write

Zq, 1):-|=z‘ ’ 2 (5.8)

. - '
where Zg, is the coal input to produce elecéric energy. It
is constrained by thé availability of coal as in the focllow-

+ ing inequalit}.
n

L (1-BD); X, - (p./M,) 2, = e (5.9)

- 6
d=1 -

S

Ne.1s the efficiency of proaucing électricitg from coal.
The inequality (5.9) replaces in the system (5.2) the rela-
+ionship corresponding to coal. If one also con;iders gie
ﬁroduction of gas from coal, the ineguality (5.9) would
change to

. | .
J;E (1-BD); X, - (p,/r]ﬁ..') Z,* (p/Mey) 2, 2 e (5..10)

& 8,36
where .

Nes 15 the efficiency of conversion of coal to gas.
In a similar 'manner, one can write equations for electric

energy produced from gas,

' 2,,7,., =L, (5.11)

s b A e
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L 1 _
and_ ' -
n ‘! :
i.Z (1-BD),; X; = (p, /M) 2, > e, ~ {5.12)
a N
bS]

For electric energy produced from oil ) ‘\
N B A - . (5.13)
and

L
n
‘_f. (1-BD),, X, - (p, /7n.) 2, 2e, 5.14)
38
o . . =

Commedity 7 corresponds to fuel oil. When the predugtdion of

gas from fuel o0il is also included eguation (5.14) bedomes

n .

p2 (1—131:1),_‘i X ~(p, /1,) 23~ {p, /M. )7 2e. (5.15)
j= ‘.

8,35

L

In the equations (5.11)-(5.15)

o~

g2 1s the efficiency of producing electricity from nas.

1

n?: is the efficiency of electricity from fuel oil.
- * " . . .« .
ﬂ,s is the efficiency of Gas from fuel Si1l.
: A
'In a similar manner (5.12) and (5.18) replace in the sys-

tem (5.2) for gas and fuel oil.

»Since nuclear fuel and hydro potential are not in the in-

put-output cofimodity classification, the production of elec-
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tricity by these inputs is given fixed vdlues. This is also

justified by the fact that electripétyv'from these inputs

meets the base load.

Constraints on the. producfion of electricity and gas by

each process have also been introduced to represent the ca-

pacity of each type of process as given below.

5.7
1.

L]
il
Pl
-n
Q
"l
;.
-3
o)
3
Q.
-

Z; < K, for i= \to 3 and 6 to 8

v (5.16)

DISCUSSION .
The advantage of this model is, it converts the final"
demand for variopé‘commodities,'into gress demand for
elect}ic energy. It links the demand for electric en-
ergy to the rest of the economic system in a disag-
gregated manner.

When the capacifies of plants for~pfoducing gas and
electricity in joules and the final demand of commod-
ities in dollars are given, the total_;lectricity
from different fuels can be calculateg. '
Similarly gas prédqction from different sources is
comgpted. ” .

In addition GDP and the gross production of‘non—eqer4
gy commodities (in 5) are computed.

The model needs large amount of data.
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5.8 NUMERICAL RESULTS :
The model has been run using small agqregation‘Canadian In-
put-output data in  rectangular format for 1971 | . The
efficiencies of conversion of various energy forms " into

electric energy and gas have been taken within the doma{n of .

.practical values.

-
-

Figures (5.2) and (5.3) show the demand for electric en;
ergy and gas for an .incteasihg final demand‘of commodities.
They also show the quahtiteé of electric éﬁergy and gas pro-
\ducticn from dierreﬁt sources. To obtain feasible solu-
tions, the capacities'of industriesvhave been.increased cor-
respondingly. !

The following average valyes of the»effiéiencies of con-

" _version have been considered for Canadian utilities in 1971..
Ter=33.00 %

. m.,=28.57 %

a ".,=28.00 %
1., =86.95 %
- 7,0 =86.95 %

3

Th?>follouing prices of energy " commodities have been as-

sumed.

=0.2 (5/GJ)

=0.7  (5/6J) /

N
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Fig. 5.2 Electric energy production from different fuels for a
variable final demand. {Energy units in 1015 Joules)——
{For 1971 daca}. ’



88

350. |
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GAS WELL "
i 100 . 105 < 110 E N—

240,

Fig. 5.3 Gas production from different sources for a variable

final demand. (Fnergy units in 10%° Joules) ..
(For 1971 data).



P, =0.4 (5/GJ)

p =3.0 ($/GJ) i

. The values of electric energy produced from hydro and nu-
clear processes have been taken approximately equal to the

production values in 1971 [46).



Discrete Time Model

g{t)is a vector of values of total cam'odlty outputs- ($)in time period 't'($)

X(t) is a vector of capacities for producing comecdities in time period 't'

M; (t) is the import of commodity j in time period 't' (§)°

EX; (t) is the export of camodity j in time period 't' (%)

IN; (t) is the initial inventory of commodity i in time period 't' (§)
FNj (t) is the final inventory of comodity j in time period 't' (§)
L,; is the limit on final inventory of ‘cam'odity j (%)

L,; is the -limit on the export of commodity j ($)

p; is the cost of importing commodity j  ($/%)
k; is the share of @P of comodity j ($/$)
=

£ is the average opportunity cost of capital. ($/%)

Continuous Time Model

x, (t) is the production of coammodity j.($‘)
%; (t) is the rate of change of x; (£).

m, (t) is the import of cammodity j ($)

£, (t) is the final demand of camodity j (3)
R is a matrix which is equal to (CD)-l (I-BD)
V is a matrix which is equal to (C.'.‘D)-l :

a ,b ,s are known constants

T is the time horizon for the dynamic model

NOMENCLATURE FOR CHAPTER VI

($)



Chapter VI

OPTIMAL DYNAMIC INPUT-OUTPUT MODELS FQR ENERGY
PLANNING

6.1 INTRODUCTION

‘The models included in chapters IV and V are based on the
theory of static input-output analysis. Static analysis does
notttake into account the dynamic nature of the economic
systems and the results obtained are applicable only to the
particular time period,  for which the model has been run,
For example, using the model in chapter V, one can jiné the
optimal values of efgctric enérgy and gas production start-

ing from various fuels for a particular year. Such models

can be applied to short-term and medium-term future.

The model included in this chapter is based on dynamic
input-oqtput analysis, which recognizes the dynamic charac-
ter of economic systehs wherein production, investment and
demand for commodities are functions of time. Using this
modé&, the optimal growth pattern of an ecénomic system can

be computed.

_90_
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6.2 DYNAMIC INPUT-OUTPUT THEQRY )

For square input-output tables, this theory was developed by
Leontief [28]. Here inter-sectorial dependence for intermed-
late inputs as well as for 'investment requirementshare taken

into consideration.‘

Dynamic input-output analysis is-similar to static analyl
sis,-e¥Cept that a new set of coefficients, to take into ac-
count the capital requirement; are defined. Capital coeffi-
cients describe the amount of commodities a sector must hold
in order to maintain its capacity at full wutilisation per

unit of its capacity.

The element of capital coefficieqi‘géirix C (n by n for
square. input-output analysis with n sectors) is defined as
Friﬁj*\\ '

‘ 7
cﬁ is the amount of commodity j which sector i must

L}

s -
hold in order to produce unit output of commodity i

{s/3) when the sector i is operating at full capacity.

For a sector i, the eguation for dynamic input-output

- , . :
analysis in a differential equation form can be written as

28] - *
X, (t)- T ay % (€)= oy &, (t) = £ (¢) (6.1)
ig . dz
where
&

x, (t) is the production of commedity i at time 't°
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X; (t) is the rate of change of production. of commodity
. iat time 't'. Here time 'lag for invesment is taken

zoro. | .

E; (t) is the final demand of commodity i at time 't*

and does not include capital expenditure.

a;j is the element of input-output coefficients of ma-

trix A
!t o Cij s the eleoent of caoitol coefficients matrix C
_4:_, There would be one equation for each sector and hence a
' // ' system of n differential equat1ons. If the time path of fi-

nal demand £;{t) is knowm for all commodities the set of
equations can be solved for the gross outputs of commodities
at any point of time, provided the levels of output at the
initial tigo are given.
-
The same system could be represented in difference equa-
tion form [28])/ t

.
n

n
*i(t)-Lay x (€)~Tej ix (tel)ox; (0)}= £ (¢)  (6.2)

forLj =1 ton

assuming the invesment lag to be one time period. 1In a man-
ner similar to'the;differential “equation form (6.1) when f
(t) and initial values of x; (t) are given for all commodi -
ties, the set of in;erconnected equations (6.2) can be

solved for x; (t+1),
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The introduction of capitai coefficients matrix 'C' in
’ . ,h-:‘J - ,
the analysis signifies the need for both current inputs (as

2 .
'raw materials) and capital inputs for a- sector to produce

it's output.

+

6.3 DYNAMIC RECTANGULAR INPUT-OUTPUT ANALYSIS

In dynamic rectangulal! input-output analysis, similar to tﬁe
: Lo
dynamic square input-output analysis, a matrix C (n by N) is

defined. An element of matrix C 'is

4

Cji is‘thg amount of commodity‘j, which industry i must
hold to produce unit.output, operating at full capadi-"

ty. - . te )

-

-

Using the same notation as in static rectangular input-out-

put analysis (section 2.10) equations in differehfial form
would be I . Y ~ : !
n ‘n . T ‘
iz =1 '
. v

for 3 =1 ten

and in' difference equation form &s
«

n | n
qi(t)-f: (BD);; qj(t)- v (CD),; {qj(t+l)-qj(t)}=e;(t)
r

J=> Jan

¢ for i\= 1 ton = (6.4)

The solutions to the above systems of equations. can be ob-

tained as in dynamic square input-output analysis.
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6.4 DISCUSSION

L4

l. Dynamic input-output analysis takés intoraccount the

'capital requirements and generates a time path of

gross productioq for a given finai demand of éommodi--
ties. ' .

2. The analyses can be extended to casés, wpere invest-
ment is more:than one tim%;beriod in discreteytigfi“—~/
form (sﬁi‘and 6.4). : :

3. The analysis can be transformed into opfimisa;%on -
problems;f4ﬁinimising or maximising certain variables <
over a given time period.

4. The above analyses are open mo;::;\:} economic sys-

tems.‘The tinal démand; are indepehden;ly determined. .

These types of models cannot®explain recessions and

;radé’éycles.

S. The analyses,'%ssume that all industries’ operate at
full capacit&es. This assdption is'an over simplifi-
cation and justifies the linear programming approach

to incorporate capacity constraints and unused capac-

ities. S

6.5, DYNAMIC DISCRETE LINEAR RROGRAMMING MODEL

In. this section an optimising dynamic model in lineér pro-
gramming formet [36] ié developed, incorporating productién,
capacitieXs, fmpo:xs ajﬁ inventories as variables. In the mo-
del, conét}aints on ' dis-investment are also introduced,

which:could be wused Eo find the unused capacities_as well,
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Using the model,  the effect of 1limited availability of
primary energy resources or any other scarce natural re-

!
source ‘'on the growth of the economy could be studied.

il

The model of the economic system is shown in Figure 6.1.

Referring to the same figure

'VG is the output of commodity i by industry j (§)

Uj; is the current input of commodity j to industry i
(s) ‘ . | B
Wj; is the capitaliinput of cohmodity j to industry i
(s) -
M is thé import of commodity k (§)
' Y; is the primary input to jndustry j (§)
N is the number of industries

n is the number of commodities
The model is formulated in linear programming format here

n T ~
"+. Max © z{quj(t)-ijj(t)—ij(t)—f[FNJ-(t)+IN_,' (e)]/2}

st (6.5)
/ -

subject to

[

n n ‘ ~
) E‘ (1-BD); q;(t)= L(CD), . [X (t+1)-X, (£)]
J=

n .
- E,?J-(_cg)‘j X (£)+M (e)-EX (£)-FN (£)+IN,/(t)=e  (t)
for L, =1 tonand t =1 to T ' (6.6)

FNj(t)=INj (t+1) (6.7)

N .
“\ ¥
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zj(t)-xj(t)—qj(tl {unused capacity) (6.8)
E;(t+1)-x;(t) 20. - (disinvestment) (6.9)

T n T n b4 '
- L T EX;(t) >L EM;(t) (Trade balance) (6.10) .

tx; Jm =1 =t

PN (L) Ly (6.11)

EX; (E7S L, (6.12)
where

g; (t) is the production of commodity j in time period t ($)
-Xj{t) is the capacity for producing commodity i in time per-
iod t (3) N

M;(t) is the impgrt of commodity j in time period t (§)
EXj(t) is the export of commodity 'j in time period t (5)

IN; (t) is the beginning invegzory of commodity i in time
period t (§)

FNj (t) 1is the final inventory of commodity j in time period
t (§) T .

Lﬁi is the limit on the final inventory of commodity j

Ly j is the limit on the export of commodity j.

P is the cost of importing commodity j ($/S)

ki is the share of GDP of commodity j ($/§)

%; is a factor for real depreciation ($/$) per year

f is the average opportunity cost of capital (5/$)
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6.6 MODEL CHARACTERISTICS

The inputs to the model are f{nal demand, for all time per-
iods, limftsizn experts, initial and final inventory levels
and capacitie; for the first time period. The final values
of capacities in T th period can also be specified. The mo-
del determines production, capacities, imports, exports and
inventories maximising GDP. The industry capacities G and

their utilisation H can be related to the commodity capaci-

ties and utilisation. _ :

.

G=DZX (6.13)
H=Dg . (6.14)

In this model one time period has been taken as the in-
vestment lag. The inputs and outputs are expressed in cons-

tant dollars.

The growth of a sector in this model is determined by the
a&ailability of natural resources. The availability could be
limited domestically or from foreign sources. The effect of
limited availability of one commodity were studied by intrd;
ducing limits on the production and impdrt of that commqgi-

ty.

Changes in technology can be introduced in the model by

e

the way of time dependent current and capital coefficients.

-,

The advantages of this model are

e
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1. This model distinguishes between production, capacity
anq unused capacity.
2. It attaches a penalty to unused capacities which as;
sures the optimal pattern of investment over time.
3. Inventories are also given penalties so as to take’

into consideration the inventcry carrying costs.

In this formulétion of the model, no discounting factor
is used for monetary values of production and other varia-
bles. Hence the data should be in constant dollars. Invento-
ries are given limits in the model tc represent storage ca-

pacities,

’ 6.7 MONTE-CARLO MODELLING APPROACH

The model is run with illustrative data, wiﬁh two industries
producing three commodities for five time pericds as the ac-
tual cagital coefficients data is not available for Canada.
Taking the first commodity to represent the energy resource,
the model is run to simulate the uncertainity of energy re-
source availability, bdth within the country and from for-
eign sources. The uncertainity is assumed to be normally
distributed with known means and - variances for all the time
~periods. 1In the moael run the values of ’'the variances are
taken higher for energy uncertainity for more distanp fu-

ture. The results of a sample run are shown 1in Figures

(6.2)-(6.4).
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The following data has been _a-ssumed'.

10 15 30 ) 55
u=]|20 1o e = |20 q= |50 o
10 25 25 60
v = 35 25 20 - 80 : ]
20 25 40 85
a
0.08 0.16 0.125 0.176
c = {0.16 o0.08| B=}0.125 0.118
0.08 0.24 0.125 0.294
/

b |0-636 0.50 0.333
"lo.364 0.50 0.667

0.144 0.151 0.‘159.' .109 0.120 0.134

BD = |0.202 0.18% 0.162 Ch = .131  0.120 0.106
0.187 0.210 0.228 .139 0.160 0.187
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40 35 30" [30 30
e(1) = [40 e(2)= [35| e@)= 60 els)=|30] e(s)= |30
40| _' - 77 160 30 . 30
T
EX(1),EX(2),EX(3),EX(4),EX(5) £ |10
: 10
£ /0.5 ’ X, (6) < 160.
]
.
!
110 10
X(1)= | 60 |j FN(1),FN(2),FNGWENG),FN(S) < |10
40 10

J

ky= [1.0 1.0 1.0] for all '¢’
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1f gean and standard deviation are denoted by QN and QD fespeccively
for production and M¥N and MD for impor: tespectively, their assumed

values are

- QN (1)=110.00 P Q, (1)=6.00

QN (2)=116.00 //J @, (2)=9.50
QN (3)=122.00 , QD, (3)=14.50-_
QN (4)= 129.00 Q, (4)=19.00

Qul(séleso.oo QD, (5)=27.00 '

AN
MN, (1)=10.00 . ¥, (1)=0.50
MN) (2)=10.00 MD, (2)=1.50
N, (3)=10.00 MD, (3)=2.00
MN, (4)=10.00 MD, (4)=2.50
'rm1(5).-:10.oo MD, (5)=3.00

For the purpose of simulation, normalized random variables {0,1) were

generated. If Z 1is the outcome of the random variable corresponding

to the energy commodity availabiiity within the country, in the firstl

= :
year, constraints were imposed for its production as

q (1) = QN (1) + 2 _- inu)'

For each run of the model there were ten values (five for the product-

fon and five for import of energy commodity) which depended on the

* —
outcome of the corresponding random variablgs.\
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The model was run for f£ifty times. The resulting mean G.D.P for each ti

period and the distribution of G.D.P are shown in Fig. 6.5. It was found
from the study that the distributions of G.D.P depend upon the availability

L
of capacities for commodities production.

6.8 DYNAMIC MODEL IN CONTINUQUS TIME

The model included in section 6.5 is a discrete time model.
Optimising models can be formulated in continuous time
[4,8,44,51]. The advantage of continuous time models is that
they can be used to find the best possible (ideal) solu-
tions. A solution to a discrete time model will convgrge to
the solution of the continuous time model of the same sys-
tem, as the time intervals are made smaller. The optimal so-

lution for continuous time models will be in the form of

continuo functions {time paths) of time and it would be a
y f

- better solution thanhghe solution of a discrete model in

terms.of optimality.

Solutions to continuous time models can be obtained by
Y -

applying the theory of optimal controls. Optimal control
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theory is concerned with the search for the control which
attain§ the desired objective while minimizing (or maximiz-
iné) a defiged system criterion E43].' The problem of optim-

ization theory may be subdivided into four ‘interrelated

parts [43].

(i} Def{niiiiy of goal. , //
\\\\\‘bul Y
(ii) Krowledge of the current position with respect to ‘the
goal,

(1ii) Knowledge of all environmental factors influencing

the past, present and future.

(iv) Deten&ination of the best policy from the goal defini-

tion (i) and knowledge of the ctfrent state (ii) and envi-

ronment (iii}. ' 4

The formulation of the model for a two commodity economic

system is given below.

.
Min J = [(a1ob1m‘ +a112eh"’mz ) at , "~ (6.15)
3 o ] -

subject to : '

_‘* ' -
X, ='l=211 x +R12 X +V11 m, +V,, m, -V, £ --V12 f2 {6.16)
X, = Ry X, ¥R, X, +Vz1:*‘§'1 Ve MV £, -V, (6.17)
x12 0 ; X,2 0 '(g,IB)
05::115;;I ; 0<m<s, ) (6.19)
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with £ ,{t) and f,(t) being the known functions,with the giv-

D) n initial conditions x1(0) and xz(O).

In the above formulation

&

r. : . . :
3 xj(t) 1is the production of commodity j. Its rate of
' change is denoted by %;(t). -
7(t) is the import of commodity j.
f;(t) is the final demand of'comgpdity j. .
: ~ i
Rjj is the general element of the matrix (CD){1-BD],
. where G, B and D are the matrices as defined in the

/

previous model. -

Vi is the ‘general element of the matrix (CD) .

4

a, ,a, ,b, ,b,,s, and s, arE’EESZA constants.,
1 '~ )

/
T is the time horizon for the optimization pﬁleem.

In the model the objective is to minimize the utility (in
this case penalty) of imports, for the ‘time period. Various
forms of utility functions exist and the function chosen is
an acceptable one [39]. The constants in the utility func-
tion are chosen such that the benalties inrease exponential-

ly with import levels.

The problem is to find an optimal level of imports at ev-

ery instant of time in order to minimize the objective func-

L4
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tion. Since impdrts afe the decision variables at the dis-
cretion of the décision'maker, th?y are the control varia-

bles to guide the system to the desired objective. -

<

For the above problem to be solved, it has to be put in
in a more cenvient form “to  include the constraints
(6.16)-(6.19). They can be included by introducing a new

va;iable defined as [43]

. 2 '
Xy = [(s;-m,) me,+(sz-rr5 )2m§l-12+xfl-l3+x§H4] (6.20)

H"W H are step functions with the following

conditions.

. H, =0 if (s,-m,)m; 20
=k ) -(S1 -m,)m,<0
H, =0 if (sz~m2)m220
=k (qz-mz)mz<0
Ha =0. if X, =0
=k X, <0
H =0 , if . x>0
4
=k x:<0 P
'\
and

X, (0} '=0 ; the terminal fime requirement is xa(T)'=0.'
N\
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k is a positive penalty constant.

The above additional unknown function x,(t) is added to

the objective function, Then the ptoblem can be formulated

as

T

Min J'--=[ (a,e®M+a,eP2™ jar +  x (T) (6.21)

e

subject to
4

X, ié - and x, as defined previously with the given

conditions

x,(0), x,(0), x,(0) and x,4(T).

At this stage the maximum principle (also described in [43]).

for continuous time can be applied.

The Hamiltonian for the reformulated problem is

bym, My )
H=a,e +a,e 4 )\1(1211x1 *R, X, *V,  m+Vom,
Vb Vg B0 0 A, (R X *Rpp 5 W,y M+, m,

, 2 2 ' 2 2 2
“Var £y 7Vy £, ) ¢ Ny [Ha(s -m ¥ mo +Hy (s, -m, )" m) +H, x]
2 #

+H4x2]- (6.22)

p)

where Nt) are the cannonical variables.
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Using the maximum principle one obtains
(H with a subscript variable denotes partial differen-

tiation of Hamiltonian with respect to that variable).

»

Ho o= ARy + ARy, +2 Ayx, Hy =- Ny (6.23) =
Hy, = MR+ A Ry;*2 A x H, == Mg (6.24)

Hy, =0 = =} . . (6.25)

With the given conditions for A's as A,(T)=0 and \(T)=0 for

free end point conditions of x, (t) and x,(t}.

Differentiating the Hamiltonian partially with respect to m,

and my f
i
H o = apb e+ +V + AH (2m, s?
my = a:b, e Via A: 21 A). 3ty m, 51 + /
.4 m ~6m% s5,)=0 L (6.26)
and
: . b.,m 2
- 22
Hm, =a,be Vi, N Y, 1\2_+ )‘3H2(2m252 +
2 3 _om? -
4 m; -6m; sz)—O (6.27)
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.The expressions for optimal values of imports m, and m, can
be found from (6.26) and (6.27), in terms df a,,a,,b, ,b,,s,

»S; H, and H, &X.The expressions for m, and m, have to be
“substituted in (6.16),(6.17) and (6.20). |

At 5his stage one is left with six differential equations
(6.16), (6.17) & (6.20) and (6.23)-(6.25), having six boun-

dary conditions. The boundary conditions are

x1(0)=x16 3 %, (0)=x,
x4(0)=0 i %, (T)=0 ’
A(TY=0 i A, (T)=0

These equations have to be solved simultaneously. Observ-
ing the boundary conditions, it may be seen that they are
complex. The system of dlfferentlal equatlons cannot bﬁ/
solved in a stralghtforward way. Equatlon (6.25) does not
have any conditions at all and equations (6.16)-(6.17) have
the initial conditions, whereas (6.23)-(6.24) have terminal

conditions.

The s?stem can be solved numerically using an iterative
technigue known as 'the method of adjoints' [41).  Adjoint
equations are explained as [41] 'with every set of linear
ordinary differential equations is associated a companion
set of equations called the adjoint eguations, whose matrix
of coefficients is the negat}ve transpoce of the matrix of

the original set of differential equations'. The method at-
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tempts to convert all the t;;minal conditions .into initial
cqnditionéthsing iterative technique. Once the initial con-
ditibns for all the equations are known, the system can be
- solved using any available numerical technique for solving

ordinary differential equations. However the solution is not

assured and depends upon the convergence properties.

Some comments about continuous time models.

In gehéral it is difficult to obtain solutions to conti-
nuous time models whenever there are many cdonstraints. When

the model is complex it is difficult to obtain,éven numeri-

)
. ]
cal solutions.

Continuous time models give an insight into the nature éf
economic systems to understand the complex interactions. It
may be noted that in the model the investment lag (the time
between investment and the beginning of production) 1is nil

which is unrealistic.
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APPENDIZX A
Linear algebraic’ input-output model in dollar relationships.
Consider an economic system having N industries and n
commodities.
A set of balance equations are given for the input-output

dollar transactions as

N
q, = LU +e for i =1 ton _ (A.1)
J=1 :
n
T Uj *Y% =6G; for j=1toN (A.2)
inl
N
ZVik = qg (A.3)
J=1
n . )
k=1 . X

or in matrix notation

g =UL~+e - {(A.5)
JU+ Y =6 | ' (A.6)
Q L + Y'= G ' (A.J)
-J V=g _ (A.8)
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where

L and J are unit column -and row vectors respectively.

Other notation is the same as earlier (Table 2.2)

Input-ou;put models have in common two general assump-

tions.

(i) Linearity ~
(ii) TNme invariance o (/i
Besides this, the rectangular .model has market-shar{jﬁnd in-

dustry technology assumptions, With the above asgg@ptions

-

one can derive , ™
q = (I1-BD) ‘e (A.9) *
G = (I-DBY'D e (A.10)

In the case of sguare input-output model, there is one to
one mapping between industries and commodities, 1i.e, each
industry produces only one commodity and that each commodity

‘is produiced by .only onejindustry. This results in

V., ¥ 0 for j=k=1,2,.....N

Ik
(A.11)
Vi =,;0 otberwise
and N=mip
q. =G for j=1,2,..... N (A.12}

1Djk =l- for j=k=1,2,....,N
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>

(A.13)

q& 20 for j=k

The matrix D becomes a non-informative i&éntity matrix so

that equations (A.9) and (A.10) are reduced to a single

equation.
~4

g = (1-B) e _  (A.14)

resulting in the original Leontief input-output model. Ma-
trix B is the industry input coefficients matrix, which was
denoted as A in (2.7). Vedtors g and e are the vectors  of

gross output and final demand of commodities.



- APPENDIX B

A numerical example is given for an economy with two indus-

tries producin{rthree commodities. Let the first commodity

be the energy commodity. The numerical values are

-
r
. 1)

2 1 3 8
(5) {20 (15) ’ (40)
= : e — 9 =
3 2 4 9
- |
1 5 2. 8
2 6 1 9
= v G =
4 3 7 14
T
P

All the values are in dollars except 'for the figures in

brackets, which are in joules. Using (3.24) and (3.28) one

&

can obtain

- 123 -
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1.6025 0.6810 ’

-1

¢l "E By =

0.8506 | _ ' 2.3732

.
-4

]
'

-+ ' . W .
Y, and Y; are assumed to be proppr;fonal to theilr dollar

" wvalues so ‘that

-
Y, =13.333

Y. =26.666

an -1
S ( I-bB ) "= .

J
The column sum of this matrix gives the ' energy inten§ity
coeficients. . * .
£ { 3.9942 5.5293) :

Tha coefficients for commodities are .

£ D=% = {0.7526 4.5054 5.5293}



" For the final demand

Total energy would be

T =a e =40 joules

o . -
which is equal to ¥, + Y:
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APPINDIX C
L 3

\
Consider anm eccnomy with two industries- producing three

commodities. Let the first commodity be the cnergy commodity.

Energy balance equation can be written for each industry
. _ ]
as
13
x * - *
@) Upy + @y Uyy + 03 U5 + ¥y =606, : (€1
[}
* * o ‘ * .
cl Ul2 +_az U22 + a3 U32 +\Y2 = EZGZ {(C2)

Summing (Cl) and (C2) yields

*

* , % . :
a; (Uyy #Up,) % @y (Uyy + Upy) + a3 (Ugy + Ugp)

* * *
+Y, +Y,=¢€ G+ €E,G, ‘ (c3)
N
Since I U,. + e. = g, we can write
. ij i i
3=1
* * * *
Ull + U12 = ql - e

(C4)
Usp * Uzp = 93 ~ €3
Equation (c3) can be written as -
; x ¥ N (Go-e.)+ (.- )+V*¥Y* . +e G ST (L)
o) {gyme)dHeyldpmeyltaglagmey) v, ¥y = 51617595
’ . * ok \ (CG)
E1Vyp T E2 V1 T 4
g.Via ¥ f2 Vo2 T 2% €7
/ .
- cs
€,Vy3 * €5V53 @44, _ (C8)
Summing (C6), (C7) and (C8) >
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e, (V,,+V + V,.)Y + e (V W + V=, c, %+ o gL+ C. \
1 V1%V * Yy 5) 2 (Va1#VaotVy = Gy '+ 2,9,%e,0,
N -
We xnow thae I =G. SO that ecuation (AS Il e
=1 ¥l J v
1 =4
G * *
£ +: G, = a2, €, + a2, c. + x_C,
161 %850, 1 %1 2 92 393

* * ¥ *
do 3 dmgqd g fok] 3 + - - _ - 3 -+ =
Substituting (C10) in (C5) we get 3) By TE,e, e YL Y 2

wnich shows that the direzt ahd indirect energyv used-for

satisivaing final cemancé of ccsds and services is ecual o <«
primary energy extracted.ircm the earth.
This analysis can be easily gensralised o n commodizi

ané N 1ndustries.
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