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. . ABSTRACT . \ |
- An attempt is made in the present investigation

4~wsimulate two procesaes in the-steelmakinq operati
| ‘namely, the fluid flow during argon stirring in a ladle and
heat transfer during solidification in a moldf Two different
mathematicai;approaChes simulating each\of the proceeees are
- constructed. S ’ ~

A three;dimensional transient model is developed with
the goal of modelling gas—-driven flows 1nvolv1ng asymmetric
injection. A numerical procedure based on the Los Alamos
MAC (2] finite difference technique is developed to solve
the governing‘eéuations for the mass, ‘momentum and energy
conservation. Botn axisymmetric gasJinjection and off-
centered jet are‘coneidered and the resulting computed flow
patterns are presented. The obtained results from the model ‘
are in good agreement with existing_computations. The temp-
erature field in an'initially, stagnant, thermally strati-
fied iiquid resulting from the local introduction of a gas
jet on the bottom surface is also illustrated. ~

The solidification process involving temperature change
with heat flow as a function of time, release of latent heat
of fusion during freezing; and varying conditions at the
boundaries‘is described in terms of partial differential

equations. The alternating direction implicit.(ADI) method
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"is applied .to the solution of the partial differential

equétionsiwritten in finite difference form describing the

_heat transfer  and solidification in the cast and mold.

Testings of the model are carried OutAfo; both two-dimensional,
réctangular.and three-dimensional, cylindrical ingots.-

Results of the computed temperature distributions and.pro~

‘files in the ingot and mold, the solidification front profiles

and solidification time are presented. The nature and trend

_of the computed results have been found to agree satisfactorily

with existing ‘works. .
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CHAPTER 1

. . . INTRODUCTION

1. l MATHEMATICAL MODELLING AND ITS PRACTICAL IMPORTANCE

IN METALLURGY

The development of the high-speed, iafgewmemory

electronic éomputers has greatly enhanced the use of math-
. . 1 N '

~ematical models and numerical techniques to simulate many

comp;ex fluid flowlénd heat transfer problems. Furthermore,
with our modern and fast-expanding technology, there has
been a marked incfease in the demand for high guality steel
and steel products. It is thus inevitable that certain
sectors of the steelmaking industries are seeking to develop
new technologies and new processes to impr&be the preseqi
steelmaking-opeéations.

In the steelmaking practice, after the furnace opera-

tions have been completed, the molten metal leaving the

furnace is tapped into a container called a ‘ladle. The

--function of the ladle is to serve as a reservoir for the

molten steel where—it is allowed to settle down and cool
Eo.the proper processing temperature. While in the ladle,
often, ladle processing is carried out to control the
chemical compositioﬁ. From the ladle, it is poured into

molds that have the size and shape of the casts desired, to



solidify. The present work is centered around the ladle

aﬁd casting pfocesses in the steeimaking operations.
. . S QT‘

1.1.1 Ladle Metallurgy

' The development of ladie metallurgy where 'argon-gas

is injected into thg lédle to improve the cast steei quality;
has attracted many researchers in recent years,

The injection of a gas jet or bubbleé rising through
the liquid entrains the éurrbunding fluid andcaUSEQflow
recirculations in the reactor. This effect has been.wideiy
used for many refgking ﬁrocesses. Examples include the use
of oxygen jets in top- and bottom-blown steelmaking processes,
'argon—stirring in 1adles.£or,st?el cleanliness and temper-
ature control, and side;é}ow jets in copg?r and nickel”\

. Y
converting. ‘x\ ek

One of\the most effective means of impr;bipg steel

N N .
.quality is injection of the ligquid metal with aréén in the
ladle [1]. Injection of liquid steel with argon reduces the
non-metallic (phosphorus and sulbhur) and gas (hydrogen and
oxygen) contents in the steel and improves the uniformity of
their distribution in the Fteel. This can resﬁlt.in sub-
stantial improvement in the guality éf its casting and
mechanical properties.

In some cases, where moltegésteel is left in the ladle,

temperature stratification may have cccurred over a long



5-;:>‘ | - s o | | -
* holding period fexample, 20 minﬁtes). Gas'stirring of
_ﬁhe‘moitéh Bathris uéed to achieve homogeneous tempefatﬁre‘
distributioﬁ. L | . «

In order to control the pfocess and to reach the desired
metallurgical results, if is neces;ary toc know the.prihcipal
characiéristics of the fluid dynamics in the ladle during gas
agitation. One factor of ke&limportance is the flow pattern
induced in the pfoceésing vessels. ‘The flow pattern influences
‘various h&at and mass transfer phenomena and reguiates process
kinetics. The kinétics of these processes afe usuall& com-
plex. Moreover, the need for a‘better,quantitétive‘understanding
of the fluid flow and heat transfer phenomena in these
processes has prompted a number of hydrodynamic studies.

One of fhe difficulties encountered in a'Hydrodynamic
approach is that liguid stéel, being opaque and at high
tempe;ature (1600-1700°C), makes direct measurements of the
flow almost impossible. Experimental modelling of these
processes are often expensive and time-~consuming and it is
difficulg to achieve all the conditions of a real metallur-
gical process in avlaboratory model.

The lasf decade has‘éeen a great increase in the use
of ccmputerékto aid in fhe simulation of engineéring pro-
blems. One of the most rapidly advancing fields is the use
of numerical méthods for approximatiné the solutions to

mathematical formulation of problems that are too complex
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fo‘be soived énalytically. Recent dévelopmenté in numerical
techniques for solving fluid‘flow equations have made it
'poséible to theéretically investigate the'floﬁ characteris-
tics“reasonably well. Thé prédictions based on these models
have been found to be in reasonable agreement with measure-
ments obtained both in laboratory models and in indusﬁr;al

installations.

1.1.2 Solidification of Castings | N .

- The solidification pfocess that ﬁakes place in a mold
involves many. complex phenomena. Temperature changes with
heat flow as a furiction of time, internal heat is. generated
during the phase change, and varying conditions are foénd at '
the boundaries. 1In order to understand the importance of
monitoring the solidificafion process, oﬁe.has to undersﬁand
the mechanism of the freezing of metal.

Molten steel is practically.a unifbrm liquid. The
various elements in addition to iron, such as carboﬂ, mang-
anese, silicon, phosphorus, sulphur, chromium, nickgl and
vanadium, are all in=§olution in the iron. However, like
all other metals, steel crystallizes during freeziné and
in doing'so solidifies selectively. Solidification begins
" with the formation of crystals'rich in the element which has

the freezing point above that of the alloy. The liguid

left between the crystals is rich in elements that have a



low.mélting pbintv“if;cooiing.is fésﬁ, they are quickly
£rap§ed between thé 6riginal~érystals and dendrites are
Tfoémed. The dendrites are not harmful since they are well
distributed and_pan be broken up ;eadily infﬁéf working. :T
waever, if coolihg is quite slow, the low—melting elements

remain liquid for a sufficiently long time to allow them to

%

;gather in certain ﬁérts.of the casting, particularly the
axis, causing segregation. The extent and'location of such
segfégations and hence their influence on' the quality of .
the casting depends on the rate of solidificapion which in
turn depends on the size of the cast, pouring temperature,
rate of pouring and the design of the mold. Thérefore, the
control of -the whole solidification process is very importanﬁ.
The process_of solidification can be described in terms
of partial differential equations. These equations with the
appropriate boundary conditions represénting the actual
foundry operations can be solved by using numerical tech-
niques. While numerical calculation échemes probgbly never
substitute entirely the exﬁerimental investigatiéns, they
have already been proven useful&for exploring and helpiné to
optimize fairly complicated heat transfer systems in which

measurements are difficult, costly, and laborious to obtain.



1.2 ~ OUTLINE AND OBJECTIVE OF “‘pRESENT'mBsuGATIons-

‘flow fields and heat transfer associated with asymmetric

‘\- T

In  essence, ‘the present worR includes predicting the

- . . -

recircuiatory flows in systems of cylindrical geometry,iand

predictlng the heat transfer'phenomenonassociated w1th the

'solldlfication process 1n a mold - Numerlcal solutions were:

obtainedxby solving the governing partiel differential

equations for sﬁecifio boundary-conditi%ﬁs, using finite

- difference approximations. Two different methods of approach

to the numerical solutlons weré‘usgd for the two processes.

The approach to the flrst process was based on a varlant

j of the Los Alamos Marker—and—Cell (MAC)'method [2] and utilized

the explicit finite difference method
unsteady, multidimensional flﬁid flow
by a gaseous jet. An_asymptotic time

flow equations was used to obtain the

T

to solve numerically the
in a cé@ity induced
solution of the unsteady

steady-state solution

of the flow. Cases comsidered include axisymmetric gas

e

lnjectlon wherein the gas-liquid plume was either of constant

radius, or expanded in a cone-like manner towards the surface.

Off-centered gas flows were alsc considered and the resulting

three—dimensional flow patterns computed. .Temperature
fields resulting from the local introduction of gas on the
bottom surface were also lllustrated. The mathematlcal for-
mulation of the finite difference equations, the numerical -

procedure, and some sample results are presented in

Chapter "III.



-

Fdf-thesél%dificathmyérobléﬁ} the genérél equation of
heaﬁrflow wés‘soived based on the AiEérnating piréctioﬁ
Impiiﬁit (ADI) method developed by Peaceman aﬁd‘Rachford [31.
: fhe formatidn of aifmgap; libe;ation gf latent heat of
fusion and'other_specif;c problems associated with this pheﬁ—
omena are discussed with the mathematical formulations and
sqlutions in Chapter IV. Testings of the model were carried
out for two- aﬁd three—dimensiqnal_situatiqns and tempera-
ture distributions and silidification time were computed.

The investigations were done with the ijective of
providing a better pnde:standigg of fhe various phenomena
taking plade; and.al;o to provide a model ﬁhich could be
"used for tesfing and obtaining useful informétion which may
be difficult.or costly to obtain in the actual operations.
This information could'be used as-dperational guidélines to
improve the éontfol of theserprocesses and alsc as the basis

for the design of more effective systems.

N



A CHAPTER II ‘ -

LITERATURE SURVEY

2.1 PREVIOUS WORK ON FLUID FLOW MODELLING AND LADLE
METALLURGY

The history of .computational fluid dynamics goes all
the way back to 1910 when L.F. Richardson presented his
work to the Royal Society which was considered as the

cornerstone of modexrn numerical analysis of partial differ-

‘ential equations [4]. The  development of electronic

computers gave motlvatlon to further development of numerical
51mulatlons. ConSLderable ploneerlng work in computational
fluid dynamics was done at the Los Alamos Sc1ent;f1c Labor-
atory [2, 5-11] . -Tﬁe Marker-and-Cell (MAC) technique which

was orlglnally developed for solv1ng v1scous, lncompre551ble

-and two—dlmen51onal tran31ent fluid flow problems,

was adopted as basis for the present model. Fluld motions
were calbulhted by solving the Navier-Stokes' equationsb
written;in finite difference form with ﬁressure and velocity
as the primary dependent variables. This work has led to
the publishing of several general cddes such as SMAC [6],
SOLA-SURF [ll] and other works [12-18].

At the samé time, the.Imperial College group at London
has also developed some models for calculating recirculatory

[19] and boundary layer flows [20]. Beside many other



recent developments, a number of 1nvestlgations have been
carrled out lnvolving hydrodynamlc studies and analyses
of secondary refining operatlons in steelmaking processes.
‘A,nunber of the works in ladle metallurgy‘have been presented .
in recent symposia and papers [21,22].

Early experimentel studies have mainly.been based on
aqueous physical models. Szekely, Wang and Kiser.[23]
‘attempted e twohdimensional agueous nodelling of an argon-
stirred ladle. 1In their'mathematical treatment, the gas jet
region or core was modelled as a solid wall moving upwards
at constant velocity. Flow fields were'prediceed using the
Spalding's k-w two equaﬁions:model of turbulence and com-
pared with experimental velocity fields measured using hot
£ilm anemonetry. Qualitative agreement‘nas found between
both results.

Ssekely, Dilawari and Netz [24] modelled the‘effect of
the two-phase gas jet region by using a mecnanical belt
drive system to generate the turbulent recixculatory flow.
The agreement between the theoretical predictions and
experimental measurements was reasonably good.

More recently, Szekely, Lehner and Chang [25] again
enployed a vertical moving core assumption to predict flow
pétterns and eddy diffusivity values using the k-w model of
turbulence. Pilot scale measurements were obtained for a

7-tons vessel and plant scale measurements were taken using

\
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40~tgns'and 60-tons argon-stirred ladles. Experimental
measurements describing-théAdispersion.of-added trécers
were reasonably well predicted by the mathematical model.

El-Kaddah and Széke'ly [26] developed a mathematical
model to represent the desulphurization of steel in ladle
metallurgy 6perations. The velocity field was calculated
for 6-tons and 40-tons ladles usng Jénes and'Launder's’k~e
‘ two—eqﬁations model [27]. The actual desulphurization
kinetics were represented in terms of sulphur transfer in a
turbﬁlent recirculating melt. Predictions based on the
model were found to agree reasonably well.with measurements
carried oué for both the 6-tons and 40-tons ladles.

Hsiao, Lehner and Bjorn [28] also carried out experi-
mental studies for a 60-tons ladle stirred by argon. Direct,
measurements of the velocities in the plume and éurface
layer were carried out.in the 60-tons liquid-steel ladle
after preliminary measurements were'done in a water model
and a 6-tons pilot ladle. «

" A mathematical mdﬁel, based on a buoyancy driven flow
was presented by Deb Roy, Majumdar_and Spalding [29,30] and
more recently by Szekely, El-Kaddah and'Grevet [31]. In
both models, the inlet gas mass flow rates were used to
estimate the plume, which both modelled as a vertical cylin-
der.” Average plume voids were estimated for both slip and |

non-slip conditions. For the slip condition,'the gas was



-assumed to*move.with‘a largef velocity thanathe liquid.l

The éalculations weréyéarried Out-using Paﬁahkar‘and Spald-
ing'§ numerical methods. &A'qonstant viscosity suggested by
Pun and Spalding [32] foé confined jets was_used in both
works. Flow predicfions were comparéd with ekperimental
measurements carried out on a water model of an argon-stirred
ladle.

More recentiy, SéhAi and Guthrie [33] have presented an
alternative effective viscosity model for submerged gés
bubble columns.singé these, rather than jets, are more typical
of ladle metailurgy operations.

So far, ‘the mathématical models dealt mainly with two;
dimensional situations, name%y the axisymmetrical cylindri-
cal systems. Nonefheleés, the m&jority of the systems are
hot axisymmeﬁrical. In practice, many'operations of indus-
trial interest and application involve three-dimensional
flows, wherein the gas source is off-centered with respect
to the ladle center. The extension of modelling to the
three~dimensional systems would be worthwhile. Similarly,
while attendant thermal phenomena also need to be modelled,
no work of this nature is available in the literature.

None of the models deals with the transient aspect of the
process which is important for analyzing the temperature
distribution and the chgmical kinetics associated with the

change in the temperature gradient during the processing.



Thus, the present work to'model three-dimensioﬁal transient
flows and heat transfer in a gas-stirred vessel would be
useful.in gaining .some ‘insight into the details of the

process.

.

2.2 PREVIOUS WORK ON SOLIDIFICATION MODELLING

The last few decadgs have seen many theoretical
andlyses using mathematical models to cdmplemenﬁ experimental
investigations of Rhe solidification phenomena.
| Analytical solutions have been develgped for wvarious
heat flow probleﬁs. Analytical solutions, hﬁwever, are
highly restrictive and often over-simplified. As such, the
results obtained are only indicative. Some of the earlier
wérks were by Lightfoot [34,35] and Adams [36]. More reéent
studies were done by Gafcia and frates [37,38] to predict
the solidification rate ahd the temperature distribution
during the unidirectidnal solidification of metals in cooled
and uncoocled molds.

Paschkis [39-41] simulated the solidification process
by using analog computers. His early works contributed much
to many improvements in the design concepts for castings.

The analog computer, however, is limited to simple problems.
Numerical techniques using the digital computer permit more |

realistic simulation of the actual problem without too much

simplifications.
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' In earlier works, Sarjant'and‘Slaék-[42].and Dusinberre
[43] ﬁsed a technique'aeveloped fof the numerical.integfa—'
tion of the heat flow equations in two dimensions; The
méin advantage of the'Sarjant and Slack method is that, by
using an enthalpy term,lthe latent.heat of fusion ié taken
into account in the calculations. However, the method
required very small timé?steps to satisfy the stability
criterion. Nishida gt al [44], Srinivasion [45]'and Lazar-
idis et al [46] used the explicit finite difference scheme
for predicting 6ne—dimensional solidification probléms with
constant thermal properties. The Crank-Nicolson finite
difference method was used by Thamban and Panchanaﬁhan [47]
for simulating unidirectional solidification of aluminum
alloys in cast iron molds. The thermal properties of pure
aluminum castings were assumed to vary with temperature and
the fqrmazlon of an air-gap was considered.

Marrone, Wilkes and Pehlke [48,49] investigated the
solidification of low-carbon steel castings in simple "T"
and "L" shapéd sand molds. The Saul'yev explicit finite
difference algorithm and the alternating direction implicit
method were used to solve the heat flow equations. In add-
ition, a technique has been developed for determining
material thermal properties.' This work was continued by
Pehlke et al [50] which inveolved the comparison of a computer

simulation with results of a thermally monitored casting.



Raychandhuri et al [51] simulated two;dimensional sdlidi—
fication by‘modelliﬁg the solidificatiqn érocess in three
stages. The different phases of_solidificaﬁioﬂ (supeiheated
molten metal in fhe mold, initial solidification, aﬁd air-
gap formation) were déscribed with additional boundary con-
ditions fo‘satisfy the conditions at each‘stage. A number
of other studies of solidification using finite difference.
approkimation have also been published [52~58];_

.While finite diffe?ence methbds have been thezmore
popular method for numerical modelling of salidification
problems, a nﬁmber of models have been developed using the
finite element method [59-63].

The list of references does not exhaust the topics
. of mathematical modelling of heat flow and solidification.
Unfortunately, most of the published works dealt with one-
or two-dimensional problems. Furthermore, the lack of
reliable information on thermal properties required the uée
of many simplifying aésumptions. The present interest is
therefore to develop a model capable of'handling three-
dimensional situations and the vafying properties and con-

ditions encountered in the solidification process.

T



BT T Ry

=15~

CHAPTER III ' N

INVESTIGATION OF FLUID FLOW AND HEAT TRANSFER
DURING ARGON-STIRRING IN LADLES

3.1 PHYSICAL.MODEL

The present chapter'deséribes‘the predigtion‘of
the flow fields and heat transfer phenomena associated
with asymmetric recirculatory flows in systems of eylind-
rical geometry. Numerical solution is obtained by solving
a set of partial differential equations governing the
transport of mass, momeﬁtum and energy. A model was developed
using the finite difference techn;que. The physical process
involves the injectionAof gas into  an initiall§ stagnant
ligquid bath. The rising plume can be considered as being
buoyancy driven and resulting from a lower density gas/
liguid mixture. above the gas injection point in the contéiner.
The_rising plume entrains the surrounding fluid and causes
recirculation in the other parts of the container.

Figure 3.1 shows the schematic diagram of the gas-
stirred vessel for gfcentral and off-centered jet. Cases

considered include axisymmetric gas injection wherein the

‘gas-liquid mixture is modelled as a plume of constant

radius, or one that expands in a cone-like manner towards

‘the surface. For the purposes of numerical solutions to

the set of governing differential equations, two cases for
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the gas—liqqid-core were considered:

i) ‘Following the assumption, of Deb-Rof et al's two
dimensibnal analyéis [29], the gas-liquid mixtﬁre
was modelled as a‘cylindrical jet of constan£
core radius, r,.

ii) In rgality, the upwelling gag—liqgid mixture is
more likely to expand in a conical fashion from
an entry region in the bottom. The core radius
was, therefore, taken to be a functibn of its
.vertical distance, i.e. rcl= rc(z).

Non-central gas flows are also considered and the
resulting three-dimensional flow patterns computed. Temp-
‘efature fields resulting from the local introduction of
gas on the bottom surface is illustrafed. Predicted results
are compared with existing computations and expéjimental

works.

3.2 .MATHEMATICAL FORMULATION

&

The mathematical formulation of any flow problem is a

-

Qtatement of the governing tranquft equations describing
the physics of the phenomena. The sfatemenﬁ is essentially
of the same form for all flow problems. The distinguishing
féatures of any problem are the assumptions and boundary
conditions. For any particular problem, the assumptions

and boundary conditions must be defined. Once this has been
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.cular problem. The differential eguations preéented in the

~
T

done, the scope of the equations is limited to that parti-

following sections are developed to aeal with recirculating
flows in a cylindrical vessel. The recifculatory flows:

were induced b&'a gas jet entering the vessel.

3.2.1 Governing Differential Equations

The sef of governing equations for the conservation of
mass, momentum and energy are written in three-dimensional
cylindrical coordinates for unsteady state. The differen-
tial equations are written in the form from which the finite
difference equatiéns can readily be derived. Defining r,
¢, and as the coordinates in the radial, " tangential, and

axidl dlrectlons respectlvely and.u, v, w as their respectlve

—

.velocities, the differential equations are written as:

Continuity equation

-l

8p . 3pu _ 1 3pv 3pW . pu _ o

€ T dr T r 9 taz tr T 0 (3.1)
3u , 1 3v , aw , u _ ' :
ar Frse Pz Tr o0 (3-2)

Equation (3.1) is written for the flow of a hetero-

. geneous, compressible fluid where the local density changes'

aré related to the fluid transport. Eguation (3.2) expresses
~

the volume conservation, which 1s identical to consexrvation

I
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¢

of mass for a homogéneous, incompressible‘fluid.'

-——

Momentum equationu‘

|
I
v

variations.

the rate of accumulation of momentum per unit volume.

dpu _ 9pu? \ 1 dpuv , Ppuw , pui- _ pv?
ot T or Troagtlez tx T
: Tl T
_ _ 3P '8fu 1 233%u 3%u 1 du
T 7 3r f IeP * Merelyem * 2T 507 T 327 T ¥ 3T
2 3v u
£ 35 = 37 (3.3)
Jpv dpuv 1l 3pvi: Jpvw 2puv
3t st T r a6t 5z T T ¢
- _1o2ap 3'v . 1 3*v | 3w
T T E et 9P toMepelam YT oer a7
.1 av 2w v :
*rar t s T (3.4)
dpw Jpuw 1l 3povw Jpw? puw
3t et T r s T sz tx
_ _3p 3*w , 1 3%w _ 32w 1 3w
.le+ 9P + “eff[ar’ T 597 Tttt T (3.5)
The form of the momentum equations used takes into
.account the changes in momentum that result from density

The first term on the left-hand side expresses

All

the reméining terms on the left-hand side describe the
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-

convection &f momentum by fluid‘motion. The first term on

the_right—handNSide expresseé the'momentum change arising

" from the pressure forces,'whereas-the second term describes

the momentum production by body forces. The remaining terms

within the bracket represent the diffusion of momentum by

viscous processes where n ge is the effective viscosityx\\\\

Energy equation

30T dpuT 1l 3pvT apwT puT
3 5t T r 36 T sz T T
s
kK 2%1 1 @'t oafr 13T
C_ ‘3r? T rT 39T T 327 r or T
P .
] 2 \_-_
o +_?“eff{(ar) +[§4 + u)] + ( ) }
: Vv 1 dw,?, 3w -Su 2
+ Ueff{(gz t T §$) +(5o + b~

3r = 3z >

3 T
+r ar(r)] } ) ‘ - (3.6)

\H\\-
For those ;ituationé in which fluid flow is accompanied.
by heat transfer, the energy equation is used in addition
to the equations of continuity and motion. Equation (3.6)
is the energy equation_gritten in terms of the fluid temp-

erature, T. The thermal conductivity, K, .is considered to

be constant and Cp'is the heat capacity of the fluid at
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‘ consfanﬁ pressure. ‘The viscous dicsipatioe terms in the
-equation are omitted in the calculation as being negligible
for incompressible flow. The final form of the energy
‘equation used calcﬁlates the temperature change of a moying
fluid element due to heat conduction processes and fluid

motion.

3.2.2 General Boundary Conditions

For any particular.prcblem, a set of appropriate initiei
and bcunaary conditions for the solution of the governing
equations must be specified. The physical configuretion of
the flow requires several types of bou a&y.conditions.
They are the rigid'wall with free-slip no-slip condition,
inflcw and outflow boundaries and the free-surface boﬁﬁdary.
The-boundary conditions are imposed by prescribing the
appropriate normal and Eeﬁgentiai velocities at the boundaries.
| For the rigid non-penetrating wall boundaries, all the
normal velocity components are set to zero. For a free-
slip, rigid wall, the tangential veiocity components should
have no normal gradient at the boundary. For a ho-slip,
ﬁon—penetrating rigid wall, in addition to the normal velocity
conditions, the tahgential velocities must also be set to
Zero. ' - .
The inflow boundaries prescribe the conditiohs.cf fluid

influx through the boundary. The velocity components are
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w

prescrihed mith the desifed input'flow. At the outflow
boundaries, the external velocmties are set equal to the.
adjacent velocities inside the fluid, which gives a smooth
transition of the flow through the boundary.

[

The free surface isiassumed stable and therefore the
'~time;averaged normal'velocity component.is set to_zero_.w
Furthermore, no shear stress_is transmitted Ehrough‘the
free surface; thus, the tangential velocity components are

set to have no normal gradient at the boundaries.

3.2.3 Initial and Thermal Boundary Conditions

: A number of thermal boundary conditions can be speci-
fied for solving the energy equation depending on the
physical situation. As examples of the thermal boundary
_conditions} one can specify an isothermal boundary where the
temperature is a prescribed value, or an adiabatic boundary
whlch corresponds to zero heat flux through the boundary.
Heat sources can be added‘in a variety of WaYSs Convective
motion is“initiated by imposing a temperature gradiwmfit across
the fluid layers. The effect of temperature variation
which influences the fluid motion is calculated.based on
the Boussinesqg approximatiom. However, in analyzing the
" thermal behaviour of recirculating buoyancy-driven flows in

the present use, it is readily shown that the Archimede's

. s .
number is small (Gr/Re? ® 10 ). This demonstrates that the
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therméi buoyancy eff?cts can be ignored for theiflows of
interest in the presént investigétions.

The ini£ial cquition considersla stagnan? liguid
wherein the gas injection begins af time = 0. The liquid
at the beginning of the injectioﬁ is stationary with a zero

velocity field and zero differential pressure.

3.2.4 Calculating the Effective Viscdsity

In the modelling of turbulent recirculéting flows,'the
predicted flow fields dependlon‘the turbulence models used.
The problem of turbulence cén be studied by simulatiné the
turbulence effects on the flow fields‘through the use of
‘sehi—empirical expressions for the effectife viscosity
derived Eased on the Prandtl mixiﬁg-length theory. 1In
prévious wofks,kthe k-w or the k-& two-equations models
rhave been used for predicting the turbulent recirculatory
flows in two dimensions. |

While these turbulence mecdels do appear to provide
satisfactoéy preﬁictions for.a wiée range of tufbulent
ﬁecirculating flows, it would be advantageous to have a
simpler model which would reduce the computatiqnal costs
particularly when dealing with three-dimensional and trans-
'ien£ floﬁ problems. The effective viscosity used in the
present work is calculatea from a simple algebraic expression ~%§;

presented by Pun and Spélding [32] which was also adopted by
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'Deb' Roy et al. [29]. They proposed that

beee = € 023 @) 73033 (mwd)

5%3 (3.7)

where D and H are the diameter and height of the vessel

respectivély; mj %s the mass flow rate of the gas and-’wj
is the gas velocity at the jet nozzle. The constant of

proportionality Cl; according‘to Pun and Spalding, has a
value of 0.012.

Deb Roy et al. showed that this éxpression is igequgte
for‘represenfing~the turbulent vis&osity in gas agitated
systems by compa;ing thelflow predictions using Egqn. (3.7)
with results obtained from using the k-e turbulence model.
Bofh results exhibit similarity in most parts of the flow
domain exCepf the "near wall"” regions. Comparison with
the experimental measurementé reported by Szekely, Wang
ana Kiser [23] also showed good agreement.

More recently, Sahai and Guthrie [33] proposed anqther
expression for the effective viscosity for gas bubble/
jetting systems in ladles. The effective viscosity is

given as,

1/3
= 0.0055 %‘H[———————E] : (3.8)

where Qg represents the volumetric gas flow, rate referenced

to mid-height and mean liquid temperature. a is the void
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fraction of the gas within the géleiquidlplume; Tﬁis
expression“stresses thé imporéance of the pressure enefgy
as oppoéed to tﬁe kinetic energy of the entering gas jet;
This model Qas tested by Sahai and’Guthrie by comééging
results from the proposed effective;viscosity modeijﬁiﬁﬁﬂ
those predicted-by thg;kfe model. The results.agréed.well

.fdr both models;

3.2.5 Calculating the void Fraction and Density

The prediction of the hydrodynamics of. the recircula-
ting flows caused by gas injection involved the treatﬁent
of'two-phase fléws. The recirculation can be considered
as being buoyancy driven, and resultiné from a ‘lower density
gas-liquid mixtufe.in the region above the gas injection-
point in the vessel. Ohe should rote that the bﬁoyancy ;
 forces exceed the inertial forces in the penetrating gas
By a factor of approximately 2600. The buoyancy force
driving the flow was detefmined from the average void
fraction.

For the single-phase region, away from the gas-liquid
plumé, the void fraction is zero. For the purpose of mod-
elling, in the two-phase region, the average void fraction
was obtained from the mass balance on the gas phase [64].

The average void fraction, o, is thus calculatgd from

the following relation, _ . 4
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Q - : :

3 =. = g — . ‘ . R (3.9)
[ (wtw )da’ :

o

slip

where_Qg is the volumetric flow rate of the gas and wslip
is the re%?tive or SIip.velocity between the gas and the

liqdid phase. While'the value of wsiip varies depending
on the bubble énd flow pattern, no analytical techniques
are available at present for its determination. Davenport
et al: [65] determined experimentally the slip vélocity for

spherical cap bubbles to be 0.§‘m/5ec. Consequentlf{

arbitrafy values df 0.4 - 0.6 m/sec for w were consid-

slip
ered in the present investigations.

If the gas bubbles move at the same velocity with the
fluid, the slip velocity is zero. For no-slip condition,

the expression for o in Eqn. (3.9) reduces to

_ Q . : :
o = _AL . . (3.10)
[ waa '
e
which gives a higher void fraction for the same flow.
The density, p, appearing in the ‘differential equations
in Section 3.2.1 is calculated from the following expressz,

-ions:

P = (l—a)pl + Epg for r<r_{z) (3.11)
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P =0 . - for rzr_(z) ' (3.12)

where r. is the radiﬁs of t?e two-phase gas-ligquid column.
Equation (3.11) computes the density:witbin the gas-liquid
mixture region using the average void fraction. lfhe dehgity
- outside the gas-liquid core is equal to the density of-thq |

- liquid as "indicated by Eqn. (3.12).

3.3‘ NUMERICAL PROCEDURE USING FINITE DIFFERENCE METHOD

To solve the set of governing differential equations
given in Section 3.2.1, the eguations were written in

finite difference form using Taylor's Expangion Theorem.

3.3.1 Grid Network

The qomputétion region was divided into a number of
cylindrical meéh cells as shown in Fig..3.2. A layer of .
fictitious cells surrounding the fluid field has been used
to impose the necessary boundary'conditions on the system.

A typical fluid cell or volume element ig shown in Fig. 3.3.
The subscripts i, j, k are the indices for the radial,
tahgéntial, and axial direction respectively. The denéity,
pressure, viscosity and temperature are referenced to the
cell centers and.represented by Si,j,k’ whereas the wvelocity,
the momentum, normal and shear stress, are calcﬁlated on

the faces of the cell.
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A ﬁyp;cal grid syétem coﬁprising fifteen segments in "
the radial'di;ection‘ eight in-the_tangential‘direction,
and seven in the axial direction has been chosen for-most
of'the computaﬁions. Unequal mesh sizes in the_radial and -
axial difections are used for rggions where the variation

of the flow properties afe significant.

3.3.2 Derivation of Finite Difference Equations

The finite difference forms 0f1tﬁe'differential equa-’

tions are written for unequal mesh size. The quantities

needed at positions.other than those where they are defined

are calculated as simple averages or weighted averages.

3.3.2.1 Continuity Equation
The finite difference approximation representing -the
continuity equation for a typical cell (i,j,k} for unequal

mesh size in the radial and axial direction is:

1 - , -
Bry [Mied,3,kP000, 5,67 %1, 5, kP10, 5, K]

1 - — .
+ — . . -V, . . .
) riA¢ [vl,]+§‘,kpl,]+i,k Vlrj"irkplfj"irk]

1 ' -
Bz Y1,9,%4305,3 0007V, 30400, 5 ket

1 — - K "
2ry [ui+irj:kpi+§,j,k+ui-i,j,kpi-i,j,k] =0 (3.13)
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‘where'E is‘the weighted density defined ass:

- _ Pi,9,xM e, 5, k55 (3.14)
‘pi'*'*rjrk‘ ) (Ari+Ari+l) . -
p . +p, =
— - i,9+1,k "i,3,k
Pi,34d .k 2 (3.13)
z c Pa, 3,8y 5, ke 8% (3.16)
For equal mesh size, Egns. (3.14) and (3.16) reduce to
_ _ Pi, g k8P, 5 K0T
Pi+d,9,k (Ar+Ar)
0. . L+p. .
_ 1,3,k2 1+l,q,k (3.17)
and
D, . +p. .
— _ i,j,k "i,3,k+1
Pi,5,k+3 —3 (3.18)

which is the average density of the two adjacent cells at
- "

_;thg interface. ) .
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3.3.2.2 Momentum Equations

Equafions (3.3) to (3.5) of the momentum equations

‘may be expréssed in an explicit finite'differenée form for

(pu)

n+l n+l )
i+i,j,k’(pv)i,j+§,kand (pw)i,j,k+§ as follows:

n+l

n+l _

(Pw iy, 5,k =

(P) 4 43,3,k

P, . ,-P s .
idk irl gk, p g
(Ari+Ari+l)/2 - Yi,3,k °r

+ St

- CUX - CUY - CUZ - CUCLl + CUC2
+ Hggg (VISK1+VISK24VISK3+VISX4

~VISX5-VISX6) ]

n+l _
P4 3,0 T P4 50k

P, . ,.=P, .
i,3.k “i,j+1,k + g
riA¢ irjrk ¢

+ 6t
- CVX - CVY - CVZ - CVC
+ ueff(VISY1+VISY2+VISY3+VISY4

4)+VISY5—VISY6)]

(3.19)

(3.20)
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. n+l  _ '
AL UET T S A PR B
1 : e
* P

2 L] '—P . .
.. + Gt[(l,j,k i,j.k+1 0

Azk+Azk+l)/2 Ti,j,k 92

-~ CWX - CWY - CWZ - CWC

+ ueff(VISZl+VISZ2+VISZ3+VISZ4)} (3.21)

_In Egn. (3.18) through (3.21), quéntities with the
superséript "n+l' réfer to the (n+l)th time step, whereas,
quantities without a superscript are évaluated at the nth
time step. In Egn. (3.19), the t;rms Ccux, Cuy, cuz, Ccucl,
CUC2 are the convective terms in the radial momentum equa-
tion and VISX1, VISX2, VISX3, VISX4, VISX5, VISX6 are
the viscous terms in the radial direction. Similar terms
in Egns. (3.20) and (3.21) Have similar representation.

For quantities needed at locations other than those
where they are defined (see Fig. 3.3), an average is taken.

For example, if the radial velocity is needed. at the center

of the cell, the velocity at the center is written as:

. B o O .
_ _ Yivd, 3,k 044,59,k (3.22)
. .

u. . =
i,j,k

where Ei 5,k is used to represent the velocity at the
r L '

center of the cell (i,j,k). Similarly, the tangential and

axial velocity at the center of the cell (i,j,k) are



. _31- ’ ) ‘ ) .‘|

- _ Vi,j+s.kzvi.j-&.k

Vi,i.k © (3.23)

ang_

5 Y, 9, k4, 5, k-0
T

Yi,3,k (3.24)

For quantities that are needed at the corner of the
cell, a weighted average may be derived from the adjacent

unequal cells.

= _ Uiy, 9, k8% ey, 5, k1 8% (3.25)
i+§ r] rk+§ (Azk+Azk+l)

3 _ Sied, 3,k i, 540,k . (3.:26)
i+irj+§rk 2 *

V. . VS5 8 s KO RS TS W LT 08 (3.27)
i+d,j+%,k (Ari+Ari+l)

= _ Vi, g4, k8% Va5 ke 0% (3.28)
i,j+4,k+% (Azk+ﬁzk+l) *

= TR T St PR T UL I T Sl (3.29)
143,34 (BT, AT, T - :

W, . +wW, .

T . _ _i,j,k+d i, 9+1,k+E (3.30)

i,3+%,k+4 2



- Equations (3.26) and (3.30) are the average velocities
of the adjacént cells, becaugg the mesh size in the taﬁgen-‘
ZSa

1. For equal mesh size in

tial direction is tékénras:e
the radial and axial directionsf the'remaining equations in'\\\\\\\
(3.25)" to (3.30) reduce to the similar form. Scalar

gquantities at these corner poinﬁs (examplé density) are

derived in the same average_form from the surrounding cells.

For example,
8
Pi+3,9, k8% k+11Pi43,9,k+18%k

, Di+§,j,k+,} = (Azk+azk+l) : (3.31)

or

5 ©_ P, kit Pien, 5, ket
i+§ rj‘rk'{'* (Ari+Ari+l)

(3.32)

Equations (3.31) and (3.32) are equivalent. For
equal mesh size, the density at the corner point is the

average of the four surrounding cells, that is

| o

Pi+d,5,k+3 = 7 P15, %x"Pi+1,5,k™P1, 4, k+17P141, 5, k+1)
' (3.33)
Equations {3.31l) and (3.32) can alsc be derived from
Egqns. (3.16) and (3.14) respectively by changing the
indices accordingly. Similar equations for other points -

can be derived from Egns. (3.14) through (3.16).
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Where a product is required, the average is first
taken and then the product is formed. The convective and
..viscous terms in Eqn. (3.19) for the radial direction can

then be written as folléws:

_ dpu?
CUX = =T
u, . 2p o=, L 2 .
- f“1+l,3Lk)A i+%.1ik (3,567 P1,9,% (3.34)
B (S SN |
_1 abuv
Cuy = T a6
s [Ty cir Ve dan WPaan
ri l+ir3+irk l+§fj+§rk it+d,3+4,k
(xy #5086 | |

ﬁui+§fj_irk;i+irj;iﬁkai+§rj—irk] (3f35)

3puw
3z

Cuz =

o Jidd, 5, keedYied, 5,k dPid 5 ke TN, 5, k=304, 9, k=3P 04,5, k-4

Bz f

' (3.36)
2
cucl = B2
r

- N 2. - ) ' )

_ Pivd, 9,k [‘“i,j,k’ AT a1t (U500 5 ) Ari] (3.37)

, Ar - Thri+Ari+l) -37)

L
(ry+=27)

¥
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‘ a
cuc2 = &
. X
L, . 0%, . . . (3.38)
ry i,i.,k i,j,k. :
. . 2 )
VISX1 =‘§E%
_9i43/2,9,68 00y, 9, k0% 1 e, 5,k 0T YR )
Argor; o4 (Arg+ary, 4 )/2 .
(3.39)
5 = % 31
VISX2 = ¢ 32
T Nt .
1 i+l,9,k Yi-1,4,k,
= g7 (3.40)
(ry+—=~) ( |
vIsx3d = 1y 24 -
‘ ¥ 30
_ 1 AT T Lo W S IS P O IS IS
Ari 2 ' A¢2 :
(ry+—=) ‘
| (3.41) .
_ 3%u
vVIsx4 = 52T

(9343, 9, k01 (A% 02y 1) H05 0y 5 -1 (A2 ¥02y 1) {

044y, B2 HOTy 1 ¥202, )]

l .
/g (bzy+bzy ) (b2 +A2Z) ) (A2 +AZ) 1+242.)  (3.42)
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2 Qv . '
ysts =55 |
2(V,. 2y L=V, - - B ' '
A VETT I8 S VO 1 10 LR : 1$ 43)
o I"2 A¢ ' . * '
. i .
VISX6

I +d;'

- - ui ) k ] . . ’ . : . -. ) .
L= - ;; : . ‘ : (3.44)

All the quantities i}fshe above convective and viscous

terms are evaluated at _the\nth time step. Solving the

o N :
finite difference equations written in the centered-difference

form is often numerically unstable and generally requires

some artificial viécosity for stable solutions. An upw1nd

differencing scheme is lncluded in the convective terms of

the momentum equations to achieve stability. Equations

{3.34) through (3.38) with the upwind differencing become:

- 2 .. a 25
(ui+l,j,k) p:i_-i-l,j,.k (ui,'j;k) pirjrk

CUX = ;
(ar +Ar, 11172
+ & [lui+l,j, [ 8344,5,%" 1+3/2r3 k)pl+lr3 k
: 2 Ariv1
'y 3 kel (g 5 kMg, . k) l.J Xy T (3.4

Ar

‘\/
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- l —- - _ . .
AT, i, e, ka3 KL, 54 K
(ri+-§—)A¢,, .

TUied, -0, k04, 3ok, k01, 5, k)

B g N ‘.._ ’ _ .
ot AT, UViaa, 501, Mivg, 5,50 0044, 541, %)
2 (x +>=) Ad - | . .

Pi+d,3+,k

“Vigy, 51,k Maaa, -0, k7%, 3,k Pt , 54,k

(3.46)

-

1 —_ —_ . —_—
Uz = — . . X o . .
¢ Azk [ul+§rjrk+iwl+irjfk+§pl+i'3’k+i

R IS AEEE VS R LI SR S O
+ & [lwi+i,j,k+§l(ui+§.jfk_ui+ivjrk+1)pi+*rj'k+*
2 - (Bz, Fhz, 1172

BT R AL ET Y P e RE VS IS SLPS S S 8
(Azk+ﬂzk_i)/2 :

(3.47)
- - — 2 _ 2
éUCl = pi"'&rjrk [(uirjrk) Ari+l+(ui+l,j'k) Ari]
- Ari (Ari+l+Ari),
(r;+—=)

4

u

Zp. . ;
l+§rl:k 17 . -
+ ' Ar [lui,j;kl$ui“érjrk

. ) i+d, 5,k A
2(r 45

00, 5,0 iy, 5, x%eas2, 5,60 081 1/ 08 40ry )

‘ | (3.48)
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=
CUC2 = =— (v, . ,)? .
ri.(vlpj:k) Pi,3.k }
AT L ] e -v, . )p : ‘ - :
b pltedck i,j-%;:k i+, k" 7d,3,k, (3.49)

~

The upwina différencing exprgsﬁions arermulpipiied by
a coéfficient “g“fﬁhich gives the‘Aegifédjamdﬁnt'of up-
stream or' donor cell.differencin%. gt takes a value between .
zero and ﬁnity. For "r" equal to zero, thé difference
: equéﬁions reduée.to the original equations which are
centered-differenced. When "{" is equal to unity, -the
equations reauce to the full upstream or donor'cellrform.
In general, "¢" is chosen so that the numerical instability
is reduced. This‘is'érscussed'fu#ther.in latter sections.
i Simiiarly, fhe'convectiﬁe gnd viscous terms are written
for Eqns.l(3.20) and-(3.2l). This is presented in Appendix
‘A. . : . ’
3.3.2.3 Energy Equation

fgmperatures are assééiated with the cell centers

and the finite difference equation for Egn. (3.6) can be

written neglecting the dissipation terms as follows:



38~

. )
1.

irjfk ifjrk Ar

i

S s W0 S 0 et 9 AL W L 99 S W N 90 5
- riAQ

N W . vaaTe L
wir]LE—iTiiJrk_i wlrjrk+i irjrk+}
Azk

u, . .T. . .
_ _i,j,k7i,3,k
Ty

SR U W0 S B O U5, 18 i T

. u, < T R ST | T
+ 6t{ i-%,3.k if*’j’k itd, i,k i+ir11k

TiLj,k(Ari+Ar

i+l}

Pi,5,k%p Br By g (Ary+hry 4072

Ty,9+1, %% 551,572 5,4,k
: (riA¢)‘

4 &

Ti,9,0418%M s 5, x-18%

k+17 T4, 4,k (B2 024 1)

Az, Az, . (Azk+Az

k5%k+1 k+1) /2

Ti+1,4,x Ti-1,9,k 1)
Ar. Ar,
r.( l-l+ﬂr + 1+l)
i3 it—3

where the averaged temperatures, T, are defined as

- R U e T A o U IS ik
l+§,jfk . (Ari+Ari+l)

1,3,k 4K
' 2

Ti,3+3,k

(3.50)

(3.51)

(3.52)
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T, . T A -
5 _ T4, 5, k%01t 5, ke 2% (3.53)
i,3,k+% (Azk+Az I 23)

_ K1)

3.3.3 Application of Boundary Conditions

The boundary conditions discussed in Section 3.2;2 can
be easily imposed by prgééribiné the appropriaﬁe velocities
in the fictitiodus cells surrounding the fluid region. Fbr
the preseﬁt applicaﬁion, therwalls_are assumed to coincide
with the cell boundaries.

& rigid, noh—penetrating wall boundaiy can be imposed
by setting the ﬁofmal velocity'to‘zero, since it ié defined
at the cell boundary. The tangential velocities in the
surrounding fictitious_bells are-used.ﬁo.specify the
. appropriate viscous stresses at the boundéry.' That is, for
a free-slip wall, these external velocities are set equal
to the adjacent velodities in the fluid cells. For a no-
slip wall, they are set equal to_the negative of the
adjacent velocities in the fluid. Considering the bottom
boundary in Fig. 3.2: to impose the above-mentioned boundary
conditionsi ;he following'statements may be prescribed.

For a rigid, free-slip wall,

1,991 T U1,5,2 (3-54)
vi:jtl - vi,j,2 * . (3.55)
= 0 . (3.56)

Yi, 5,1 . ‘
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This‘is'imposed‘for i ='l,IMAX pnd j = 1,IMAX. For a
rigid, no-slip wall, Egns. (3.54) and (3.55) are.replaced
by . |

-u

uirjrl.=~ iijrz ' . . (3

.57)

1,9,1 7 75 5,2 (3.58)
.For the_cylindrical caordinate system, the grid is
axisymmetric at the center. 1In the_two—dimensional, axi-
-symmetric calculations, the free—slip condition is specified
at the axis of symmetry. égflthe three-dimensional
fsymme£;ié calculations, the bqunaéry conditions at the
-v?:pentral axis require special treatment. The velocities are
: prescribed so that the flow across the center continues
smoothly without any disruptions. The conditions given in
Egns. 4{3.54} to (3.58) are imposed on the veldcities cal-
culated from the mbmentum equations, and this is déne after
each sweep through the mesh during the pressure correction
iterations.
An infiow.across the bottom boundary for example can
be génefated by inserting in place of Egn. (3.56) the

following:

= 9 |
Wi,j,l = Win for all i's and j's (3.59)



'For a continuative or outflow boundary at the bottom,
‘the. velocities are set as follows:

Hi,5,1 78

s
Vi3, T

Yi,5,1 7 Yi,5,2

However, these conditions are only imposed after each
calculation o% the'momentum_equations-and not for every
iteration;of the pressure corrections. |

In addition to the hYdrodynamic bounaary conditioné,
the thermal boundary conditiéns are imﬁoséd similarly as

follows.

For an adiabatic bottom wall,

T:

L= T, . for all i's and j's 3.61
i,j,1 i,j,2 J o ( )

and for an isothermal boundary,.

T. . =T for all i's and j's {3.62) -

The boundary conditions for other bohndaries-are thus
‘prescribed in a way similar to that already described for
the bottom boundary. A different set of conditions, depend-

ing on the phyéical problem inveolved, can be imposed to

obtain the solution of the governing differential equations.

for all i's and j's . (3.60)-
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3.3.4 Computational Procedure v

P

An explicit finite difference scheme has been developed

to solve the set of finite difference equations with the

pressure and veloc1ty as the primary dependent variables.

The numerlcal technlque was based on the Marker-and Cell

r

(MAC) method [2].which was originally developed at Los§ -

Alamos Scientific Laboratory for treating incompressible

flow problems involving free surfaces and also for confined

flows. 'The present'prOgram is written in explicit, trans-
ient mode. This means that a time-dependent solution is
obtained by advancing the flow field variables through a

sequence'of short time steps, 6t. The calculations proceed

"through a sequence of cycles where the computed results of

each cycle are used as the initiai conditions for the next
cycle. This calculation continues for as many cycles as
required for the desired results. A flow_cﬁart’of the
compufer program is.shown in Fig. 3.4.,

The program starts by reading the input variables‘for
the particular flow problem; then computing tﬂz constants
in the problem and storing them for later use. The initial
conditions of the velocities, pressures and temperatures
are alse specified at the beginning of the first cycle.
Starting from the initially prescribed conditions, a first
approximation of the flow field is obtained by solving the

momentum equations. However, the ‘newly computed velocities
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may not'saﬁisfy'the conservatibn_gi ﬁass-in each_celi!
cgll‘pressures; The newly adjusted pressures are used in the
next cbmpﬁtatipnal cycle for the veioc#ty calculations.

An iterative p£ocess iS'ﬁsed for this purpose, in which
ghe‘cell pressures are adjusted éo that the cqﬁservation
condition is satisfied by méﬁing the éiscrepancy vanish.

" The diserepancy or divergence-in each cell (i,j,k) is defined

from the continuity equation as: ' N\

]

D, . = . . s o= : .
£,9.% 7 Bry Dasd,3,kPi4, 5,67 %4,5,% 14, 5,%]

1 - =
+ — . B -V. . ..
r h¢ Vi, 543,kP4, 543,k 7Ve,5-4,k°4, 54, k]
o (W, . .1P: = -W, - De ]
-sz' i,5,K+3 i,j,k+% Ti,3, k-3 i,3,k~%
+

5%; (95 04,5,kP1+4, 9,k 4,5, kPimd,5,%)  (3-63)
If the divergence of a cell is negative correséonding

to a net flow of mass into the cell, the excess inflow is

eliminated by increasing the:ﬁell pressure. Similarly,’ for

a net flow out of the cell, the céll pressure is decreased

to reduce the outflow. In this way, the divergence for each

cell can be forced to vanish. If the magnitude of the

divergence reduces to a specified, small value. e, no pressure
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adjustment is necessary for the cell, If Di 5 k is greater
. e o rJs ‘ .

tﬁan;the.prescribed €, the cell pressure and the velocity

components-bh the side of the cell (i,j,k)“are adjusted

as follbWé:

. . + &8
Pi,5,k T Pi,5,x TP
8 ;ﬁﬁ o) |

Ui4d,5,k T a4y, g,k t O (SE/4r ) 0P

L}

“imd,5,k " Nieg, g0 7 (9F/8Ey) 6

Vi, g+h,k T Vi, ged,x b8/ 80)8p *
vi:j-i,k > Vi,j¥§,k - (Gt/riA¢)6p.

+ W

wi,j,k+i + (Gt?Azk)ép

i,3,k+3% -
Wi,j,k-é -+ wirj,k-i - (ét/Azk)Gp (3.64)

. 8p denotes the pressure change required to make the
divergence vanish. The pressure correction, 6p, is derived
from the continuity equation and Egn. (3.64). Substituting
the adjusted velocity components from Eqn. (3.64) for the
velocities in the continuity equation (Egn. (3.13)), it

results
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e Ly, o HER)3 __stsp

& i i+§ I k Ar ye i+§ ] k (ui-i,j,k Ar )pi %!J!k] |
| 6t52
* “" 1,9+, k'r_“P“m"’i 344,k 1V, 3-0, KT, 86 P4, 504, K]

1 §t8 Gt_GE
+gp Llwy o k+a+EE‘E’°1,3,k+§ M3 ,5,k-3782, ' Pi,§ k4]

Azy

1 6tGE - o _stdpy = »-
o ““i+§,3,k By 1P143,9,xt By, 5" bry 1P1%,5,k
. - o © (3.65)

Rearrangiﬁg the terms,

§

1 — —
(FE Caed,s,kP00,5,6 7%, 5 %014, 3,
b (v it By sr Vi <oa 1P sy i)
r ¢ i, 3+d, kT4, 34,k Ti3-4,k0E, 540k
*+ 2 (w, . 0. -, . 0. )
_AZk i,j,k+¥%i,3,k+d i, k-4 i,j,k-%
+oai (u. . 0. . Hu, . LD .. ) ]
2ri. i+4,3,k l+§‘ljlk i-%,3,k"i-4,3,k
Stdp ,~— - 8t 6 — -
e (g, 3,x%Pimd, 3,00 T E T P, e 5000

- 8té — /— . stép - _=
* 35;8 ®3f3,x+3%P1,5,x-1) * T ar; Pt 3,k Pi-3,5,K)

<0 | - | (3.66)
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The terms in the’ square bracket are the divergence

Dy j.k as defined in Eqn (3.63), Rearranging Eqn. (3.66) o
’ - S .

r

gives:

—_— l' - B ’ T .‘ .+— .' .
stop (it 3 kTPi-d 5k, Pipied k01 50k
P. ( Arf v ri2ﬂ¢:

Py, i, k+3tPy j,k—-% pi+§,3 k Pi-%,9,k.

+ ")
. bzt rybry o
- - D . ' : 3.67
lr]rk ' ( )
.
Then,
Gp - - D i,j,k /Gt[ i (pl""é :lrkﬂ i-%, 3. k)
+ ;_}_;T {0 ..y L¥0.: - ) + —Qir (p. .
r;T4¢% Ui J+dik Ti,i-d,kL 0 Azt TULL G ket
47, ) + o (BiL; s vPi_s s 1)) (3.68)
i, 5, k-3 2r Ar, 'Titd, i,k "i-},3,k
ox :
§p = - RBD ) (3.69)

where 8 is given by

_ ' 1
B = /68t [———rﬂx:i (p.'!.'i'} :l k :L i :];

l '
+ l’a¢’ (05 544, x%P1,5-4,%
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_ iteration‘stability}lﬂ must not be larger than 2.0. An
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+- Azk (pi‘,j,k+i+pi;.j'_,k—_§)
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t
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The variable 0 is a rglaxétion factor. For wvalues
greater than unity, £ is ah overrelaxation factor which is

used to accelerate the convergence of the»iferation.' Fér
b

optimum value for Q dﬁ'l.T is commonly used; .but with large

gradients in the flow, this value is toco large. For the -

program, the value of @ varies between 1.0 ‘and 2.0 to obtéin

optimum convergence of the iteration.

The pressure change dp is Eomputed for every cell and

adjustments to the cell pressure and velodity are carried .

out according to Egn. (3.64). However, an adjustmeht in

one cell affects its neighbouring cells, so the process has

to be done iteratively, The iééwation is done by sweeping
, ) . .

through the mesH‘wiﬁh'proper application of the boundary
conditions and provided the flow dpes.not;change too rapidly
from one cycle to the qext‘ahd the choéeh value.of Q is not .
excessively sma;l; conﬁergence ig reached after a few
iterations. . , L

Once convergence has been achieved, all thé flow vari-

ables (velocity, pressure) are at the advanced time level
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'procese-ie‘thenjrepeated for time = 26t; 38t, ..., etc.

until steaéy-state'conditione hace been established.

3.3.5 Stability and AccuracnyOnsiderations
The solution of the governing differential 'equations by

finite différencehapproximation ofteh encounters numerical

instability'inbthe calculaticns.' When the calculated

*

results exhibit signlflcant variations over the space or

time steps, the accuracy and teliability of the results are
questionable. R ’ : ' s
The' explicit techﬁlque hae the advantage that all the
flow variables are known at the tlme the calculations are
made’, since the- calculated variables from the preceding
time eteg are used to compute the new values. However, a
maximum time step exists which, if exceeded, causes the
solution to -become nuﬁerically unstable. The space and time
increments selected must satisfy certain-stability criteria.
The choice of the time increment necessary;for stability
is governed by two restrictions. The first requirement is I

similar to the Courant conditions which require that the

time increment must be chosen such that no fluid moves

through more than one computational cell in ¢ne time step or -

Ax rhd ‘ (3.71
St < mln{lul |Y| , le} o » : )

[}



where the minimnm is taken'with_resnect to all the cells

-y

in the grid network

The second stability condition is related to the effect .

of the viscosity which can be written as : . "
B S TR
St <55 (g (rag)? * geT) | : (3f722 ,

-

N I

Both criteria must be satisfied. and'thus‘ﬁt is chosen to

satisfy the more restrictive condition of the twor inequali-

v

. ties.

With the time step chosen small enough to prevent
instability, refining the space grid improves the accuracy
of the solutioni The cell's grid should be small enough so jﬁ\f

‘ 4
that thereoare”no significant variations of the flow vari-

' ables across any cell. Finer mesh grids are used for regions _
where flow variables are changing quite 51gnif1cantly
B Regions near the‘inlet or outlet, or near an obstruction,
are‘egamnles of such areas;A for,most part of the flow, where
changes are less significant acroSS anywcell,_a:coarser mesh
grid may be'used. This‘distinction supports theguse~of an
uneqnal mesh grid in the derivation of the finite difference

equations.

- " . ' , -
From Egqn. (3:71),.a finer mesh grid would mean arsnaller
time step: If the time, step is small enough to- prevent
. instability, the solution obtained may be quite accurate.

.ﬁi



PR T

L -
A.small time step, however, would demand excessive com-—
putations to generate the solution.

< With the time increment chosen to satisfy both the

‘stability criteria, the coeffic1ent "z", used in the upwind

.differencing scheme (discussed in Section 3.3.2.2), must be’

-

chosen so .that no unnecessary trunication errors are intro-
duced to stabilize the calculations, The requirement ‘for

ngu is ) f} *

z 13z > 3 max {|U6tl' lVth

w6t o
2 4 rA¢ Feall

(3.73)

r

- If the value chosen for "z" is too large, unnecessary

trunction errors may be introduced. Truncation errors are

unavoidable in finite difference approximations, but

-

' unnecessary truncation influences the ‘accuracy of the cal-.

"culations. - o :

] ‘ L.
3.4 RESULTS AND DISCUSSIONS ‘

Th:jFEogram was written for three-dimensional flows and

was tesfed for different flow conditions. Some of the

-

selected results are presented and discussed in this section.
In order to test -the rellability of the present code,

a two-dimensicnal computat:on was performed and results

compared w1th ex1sting axisymmetric c0mputations. The set

of experimental conditions as ‘those studied by Deb Roy et

al. [59] werevad0pted, so_that the nunerical'predictions for

3

-
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the two dimensional situations could be compared directly

with previous computational results. . The 5et of conditions

for the alr—water model is listed in Table 3. l

~

" Table 3.1. Parameters ‘_used‘in"Z—-D:eempﬁtetions.r

Diameter of vessel o o 0.6 m
Height of‘Water - , ' D.6m
Velocity of air thtough orifice - ,w '1.62 m}sec
Orifice diameter . A._ _t 6;0127 m

The initial condition considers a stagnant liquid with
zero velocity field and zero differential pteSSure. The
liquid at the beginning is tﬁermally'stratified'where a
linear temperature gradlent from the bottom of the vessel - to
the llqu;d surface is imposed. Thls will be 51m11ar to a
sitﬁation where the liquid metal is allowed to settle in a
ladle for some time. The gas 1nject10n beglns at time t =i'

L3

OgJand the fluld den51ty irn the flrst computatlonal cell
ere the gas is 1ntroduced is taken as

W
p = (1-a)p | (3.74)
1 : : '

To avoid the difficulty of a+» at time t = 0, for zero slip
condition (see Eqn. (3.10)), an arbitrary non-zero valué

was assumed (w = 0.000le).

t=0

Flow patterns were predicted for central and off- s

eentered bubble columns for differeht sets of flow conditions



s solved for analyzing the heat
. flow characteristics [66,87]. — .
Figure 3. 5(a) illustrates the computed velocity fields

'of the two~dimen51oﬂﬁl code which is to be compared with
@he two~dimensional axisymmetric solutions of Deb Roy et
- al, (Figure 3 S(b)) - Both sets of-computations were ‘carried
“out for the same phy51cal conditions (Table 3. l) used by

.Szekely, Wang, and_Kiser [2§]., The experimental results of

Szekely et al. are illustrated in-Fig. 3.5(c) for comparison.

Reasonable agreement between the results produced by the two
computational schemes is evident.

'Figure 3.6 proyides a comparison between thetprediction
of the velocity field bv Guthrie et al. [68] using the
;two~dimensional k-e model of turbulence}_and the. present
model. A reasonahle agreement is achieved between the .two
methods.

Figure 3.7-presents the computed velocity fields using
the three—dimensional code for cylindrical jetting,with
slip. Velocities up to 0;35 m)sec are observed near the
central vertical axis of the cylinder. The plume boundary
is shown with dashed lines in all the figures. Considerable
fluid entrainoent outside the vertical plume is predicted
~with velocities ranging between.0.0S and 0.10 m/sec. The
vedocities are also larger in the.downward'flow region close

. to the wall. Somewhat lower velocities ranging between 0.02
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and“0.04‘m/sec are observed in the upper part of the vessel

close to the contéiner walls. .

L]

Figure 3.8 illustrates the case'of a‘cylindfigal central
jet with zéio slip. The prediéted flow field is similér:to.“
that with slip; .Howevér; as wouid"bi aﬁticibated, central
velocities close to the'vg;tical‘axis‘are highe;, on accounf-
of a hiéhér aﬁeragé void fraction for_éero.slip condition.

| vFigure 3.9 gives the compérison of the veiocity fields
produced By a cylindrical jet and a conical jet.- In Fig.
3.9{b), the flow pattern is fo; a central jetting‘system
where the rising plume is conical. A variable mesh grid.
was used for the computation. Comparison of the cylin&rical‘
and conical plumés'shcws that ;arger veloéities—occur:ed at
thé cente; of a_cbnical plﬁme. Figure 3.10 is a'quantitative
_comparison of the predicted axial velocity distributions
betw?en the coniédl and cylindrical jetting. This is illus-
trated at three different heights (z/H = 0.05, 0.50, 0.95).
one should note that the velocity profiles for the cylind-
rical.plume are generally flatter than those for the conical
plume. Close to the jet entrance, the axial plume velocities
are relatively low, increasiﬁg at mid-height énd then-
becoming lower ciose‘to the liquid surface. |

Figure 3.11 illustrates the developing velocity fields
for three different values of r_/R ratio (r;/R = 0.16, 0.19,

0.24) at time equal 10.0 seconds after jetting. The flow



-outside_tne:plume has not been fully'detelooee_in the .
"nhole donain. Figure 3. 12- illustrates the same flow con-
. ditions but at 40° 0 seconds after jetting. One can see that
the flow is more developed’ at this stage. This comparison
1s useful for studying the effect of theqsize of the two—
'phase~gas—quuid mi ture. The'qnantltative comparison‘of
.the threetdifferent resnltsris.ilIUStrated in Fig. 3.13-for
z/H = 0.29, 0.62 an® 0.86. It is seen that the flow profile
‘varies quite significantly in the region‘ciose to'the axis
of‘the container. For smaller ratio of r /R the velocity
is higher. However, the variation of r /R does not affect
the,yelocrty field in most areas of‘the flow region away
fron_thelaxis : |

Flgure 3. 14 presents the predlcted veloc1ty pattern in .
a vertical plane passing through the off—centered orlflce
The gettlng occurred at three~quarter the dlstance.between‘
the center anis and the side wall. . It also shows the veloc-
'ity pattern within horizontal planes corresponding to
levels, a-a (at z/H = 0.95) and b-b {(at z/H = 0.05). .One
observes velocities of 0.2-0.3 m/sec within the gas bubble
plume. The fluid moves away from the rising plume towards
the opposite wall a® the top IQVel (z/H = 0.95) and the flow
moves back from the opposite walls towards tne jet at
z/H = 0.05. Figure 3.15 predicts the effect of a plume rising

close to the side .wall. Again, both the vertical and horizon-

tal planes are shown.
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Figure 3.16 is the flewfpattern fer an.off-centeredrjet‘
- predicted by Wong\[69]. Wong.used é steady—state,'turbué
lent, three-dimensional model'deueloped baeed on the'Imperial‘
College Control Volume Technique and the "SIMPLE" procedure.
A comparison of the reSult“with the present model shows
geod agreement between the -two ﬁethods;

Finally, Figures 3.17 and 3.18 ‘illustrate the tempera-
ture distribution within a thermally stratified liquid
following 5.0 and 12.5 eeconds-of bubbling,‘respectively.

It wes‘assumed thatlheat losses had occurred through the
bottom of the vessel but none-through tﬁe top and. side walls‘?f
- of the vessel (i.e. insulated), so that a vertical tempera-
ture gradient had been established at time = 0. As seen
in Fig. 3.18, after 12, 5 seconds, cold liquid at the bottom
has moved towards the top of the vessel. Liquid in the
lower outer regions still exhibits considerable temperature
stratification. Uniform temperature distribution within thei
vessel is achieved when steadyestate is reached.
‘. The model developed here has demonstrated the important
role that modelling can play in ladle metallurgy processes.
The present model peints to guantitative predictions and
simulations of the fluid flow and heat transfer phenomeua of
the process. The agreément between the predicted results

+ and existing measurements and predictions indicates that the



see

presénf-model is a prbmising aﬁﬁroach for the sﬁudy}of
recirculating flows in the steel.procéssing operations.
The method can beAextepdéd to several chemical and meta-
llurgical processing operatioﬁs involﬁing gas4injection

operations.
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CHAPTER IV

INVESTIGATION OF HEAT TRANSFER DURING
SOLIDIFICATICON IN MOLDS

4.1’ PHYSICAL MODEL R

| ~. The solidification proéégs is basically a problem of .

- unsteady-state heat £low in three-dimensions. The modelling

of thg solidification process, howev ‘ 1s one of coﬁw
siderable matheméticai complexity. As solidification‘takes
place, heatﬁ?ransfer 6ccu:s in three waxé - conduction,
convection, ana fadiation. These are defined by the Fourier, .
Newton, and Stefan—Boltzménn laws, respectively. Numerical
solutions of the differential equations derived from these

laws can be obtained by finige-difference approximations.

In most casting and ingot-making processes, the solidifica-

tion of the metal involves a phase change which results in
the release of latent heat of fusion. The problem becomes
even more complex when the thermal properties of the.mold
and metal are temperature—depquent, or when solidification
of alloys or mefals with crystals of complex geometries are
consideréd. Some of these probleﬁs are considéred_and
discussed in this chapter. There are, hoWeVer, certain
simplifying assumptioné which are made. to investigate a

number of cases which are.of interest.



-58-

| The purpose is to develop a model'toxsimulaté the

solidificétion 6f.aﬁ;iﬁgdt,in a mold and to determine Ehe_
temperature distribution in the ingot and'mbld, the solid- i
ification front profile, and the sélidificatidn time.
‘Computations will be éarried out for béth recﬁangular and
circular molds which may require two- or three-dimensional
treatments;\ The mold is assumed to be filled inétantaneously
. with molten metal at the start of the computations, and is
ailowed to‘gpol'and solidify under normal ambient condit-
-ioﬁs. Formation of air-gap, liberation of latent heat of
.fuéion during cooling ag@ vafiation of the thermal proper-

ties will be dealt with in the model.

-

4.2 MATHEMATICAL FORMULATION | -

4.2.1 General Equation of Heat Flow

The unsteady-state heat flow equation is derived by
-considering the energy balaﬁde on a differential element of
volume of theimaterial.éubject to a conduction process.

The sum of the total heat absorbed by the element per unit
time due to heat flow and the intérnal heat generated in

the element per unit time is equal to the net'increase of
internal energy of the element per‘unit time. The general

equation of heat condﬁction, written in three-dimensional

cartesian coordinates is,
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> 9% L3 . 3T,., 3 . 8T .
3" ‘x x Ty K Y + 3z X 57 gen p

(4.1)

Thleirst'three'terms on the'left-hand side reﬁresent_the
net'enetgf gain by conduction per unit time across the
element surfaces. Qgen is the energy generated in the
element per unit time and the term on the right-hand side
is the change of energy‘stored in the element per unit time.
Often, prectical problems ‘in selidification processes

involve cylindrical geometries. Hence the general equation

written in cylindrical coordinates is

1l 3 3T 1 3 aT d aT
) -
_ aT -
+ Qgen = DCP £ (4.2)

Both Egns. (4.1) and (4.2) are written for variable

conductivity, K.

’l

4.2.2 Initial and Boundary Conditions -

L

The prediction of the temperature field in a solidi-
fying cast is essentially based on‘the solution of the

“unsteady-state heat flow equetion éiven in Egns. (4.}) or

(4.2). 1In otder to solve this equation, the boundary con-

sditions which are characteristic of the process must be
- [y .

considered. ' o
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Since the problem is one of unsteady-state heat transfer,

an ‘initial condition must also be specified..

At the surface boundary, two cases of boundary condi—

-,

tions are considered

‘1)

ii)

Dirichlet boundary conditions for which the
boundary surface temperature is known or given

in the problem specifications.

'Neumann derivative boundary condition in which

case the boundary surface temperature is not known

i

and the boundary specification is in the form of

knowledge about the outward normal gradient of

temperature %g . ThlS may be convective, and the

outward normal temperature gradient is written as

3T
an

= (Tw—Ta)' , (4.3)

where h is the surface heat transfer coefficient.
Tw is the boundary temperature and T is the

ambient temperature. The normal temperatuij//

gradient may take the form

3T _ _ FEo 4 .4 ' '
5 = RS (Ty-Ty) | (4.9

for radiative boundary, where F is a geometry
factor, E is the-emissivity, and ¢ is the Stefan-

Boltzmann constant. ' If a particular boundary
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is known to be adiabatic, the outward normal

temperature'gradientlis set to_zefo, so that

A

=0 | | ' (475)

513
I

o

Where heat transfer at the boundary is by both
radiation and convection, the normal temperature
gradient 1s expressed as

FEc 4

_ n - EEs SN ‘3. .
2(T, ~T_) (zd-7f) N (4.6)

T
|
|

Equation (4.6) may be written as

T

X |
h . : .
3T _ _ Deff . _
m - TR (Tw Ta) | - (4.7).

where heff'is the effective heat transfer coeff-
icient of the surface whieh;is calculated as

followg:

—_ 2 2 A ‘ l
hogs = B + FEO(TZ+T) (T 4T ) (4.8)

Initielly, the mold is assumed to be at a unif;rm'
temperature T — and is egéumed to be filled instantaneously
with llquld.metal at the pouring temperature Tco' This ‘
assumptlon ls valid only if the fllllng’tlme is a small
fraction of the total SOlldlflcathn time of the casting)_
in which case,th&s assumptlon would not intrpduce any sig-

nificant errors. For processes, however, where rapid

FH

‘ . ] , ‘ o
solidification occurs or where a large temperature variation
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l-occurs during the filling, this assumption would not be
valid. Hydrodynamic modelling of ladle tapping has been
studied by several authors [70 72], and could be.included :
in a;more complex model of the pouring and solidification
: proces%. For the present investigation, the pouring time_
is neglected, and computations begin at time =“0.

: Once the mold is éilled it is further assumed that
the liquid metal’remains stagnant, with no convective
transport in the liquid phase. mﬁecause.of the complexity
of the'interaction between the'thernally induced natural .
convective flow field and the movlng solidificatibn front,
the convective transport is not, included in the present
studies. For future development of ‘the model, the transient
effects of solidification accompanied by convective trans-
port may be 1ncluded for more detailed studies.

‘Initially, heat is transferred from the liquid metal
across the metal/mold interface, through the mold and to .
the surroundings. Neglecting any thermal contact resistance

! .
F

at the interface, the initial metal/mold interfacial temp-

erature can be shown to be [49],

o I
Do

Tint = Tpo . (4.9)

b
A 5
.
R IN
'

where.ac is the thermal diffusivity of the metal and o

that of the mold. o



. breaks away from thé mold. . Eventually, an air-gap is formed

-of mold and initial temperature of‘khe system.“ The gap is

‘formation of: the air—gap is one oﬁ th

‘depending on the fésting size, shape!and compoSition, type
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At the metal/mold interface, the metal and the‘mold
are initiallyg’n good thermal contact and heat transfer is

by conduction. ~As the metal solidifiesu it contracts and

‘f

. .ﬁ, : .\ ;':

betweeﬁ the solidified shell and the mola* Fhﬁ;ttme l
L I M T [

e%ippprtdnt!controﬁaingi 1

! i. ' N A

factors determining the quality of the casting, Fprﬂphé Ry
o )

purpose of odelling, an air-gap fOrmation qime is assumed

Hf \f

. “f

A\ b 1 .".‘.: : _‘. ‘,‘l‘
assumed to form alh’ over the 1nterface at~the same instant.ﬁgjfﬁ

B ‘; L -‘.

The air-gap constitutes‘a major reSistance to the heat

- _,l:

‘flon; The temperature distribution across the metal/mold s

~ ., A ! ’\t

-

interfab indlcates an apparent temperature discontinuiFy '~f:jf1'.

™.

When there lS perfect contact the continuity bf heat fl0w

‘ should be maintained., Therefore,' ‘;v'ﬁf - 4J ?f Wi : §57f,7'ﬁ
- N BTC - aTm : _': ) ] "".':‘."'.w‘l;f".‘;‘.\. ’ . ‘ \: :
fT¥emm T T Emowm T e e A0
‘ . 4 -' e . « - A R l_ .
 But, usually aadiscontlnuity ex1sts in the temperature o,
gradient Since K, # K. ‘in general s

N -

Across the air- gap, heat transfer 1s mainly by radia—

tion. Due allowance may be made for convection and there.

, may also be some spot contacts between the casting and the -

-

-mold - Some form of artif1Cial heat transfer coeffic1ent Jay

= 'be necessary to account for these.addltional two modes of-




64~ -

T.‘-‘ g

heat transfer mechanism, though in most cases, these may be

neglected However, ‘there is no practical physical model

of gap formation and heat transfer characteristics across

narrow gaps, at operating metallurgical tem rr:ltures.r HenCe,
an effectiveﬂheat transfer coefficient for the'air-gaﬁ was
 calculated based on the temperatures of the casting and mold

" across the Air-gap. This is expressed as = ' .-

r

* . . : - .
2 2 \ h ) -
h h + FEU_‘(TC+TmI) (T ¥T ¥ . (4.11)

‘where Tc and Tm are the temperatures of the castincland'
. * . .
' mold across.the air-gap. h is the equivalent heat trans-

R | h' , 1] .‘
.fer coefficient accoﬁnting for the conduction heat flow at

. the-contact spots. Since no meaSured values, are avaiiable,

%
: ’-;Ah lS arbltrarily assigned a value equal to 0. 05 of the

f|[

- heat flux by cqnduction

4 2 3 Thermal Properties

b

- In modelllng the SOlldlficathD process, thermal pro-

haved

' perties playaan 1mportant role in achieving geood simulation

reSuits.;nmhe simulated results are only as good as the

-

datéﬁ&nputl_ There ‘are currently many publ cations and
reference sources w1th avallable thermal data. However,

even with these sources, ‘still no suitable data exists for'
, . ' . - . 9
the thermal properties especially for metals near their

-

melting points or for liquid metals. Data at these temper-

atures are scarce and often conflicting. This constraint
. . :\-5 - - .
-\ .

-~ 4 &

e
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fis'a limitino factor in-theiaccuracy of the simulation. ’

) Early analytical works [34-38] assumed constant thermal
properties to obtain their solutions. Thermal'properties‘
like thermal conductlvity, heat capacity, “and density all
’yary with temperature_to some degree in their magnitudes.
‘For a typical.casting process, the'temperature may change

. s

over a wide range. Thus, the analytical solutions obtained
.by over51mplifying this assumption are not realistlc and-
hence not of much practlcal use. To develop a model wnicn
promises to be useful,:the thermaljpropertles of the
‘materials should be allowed to vary with temperature as
theyldo-in.the'actual.situatlon. |

Thermal conductivities are very“temperature—dependent.
‘Sometimes tﬁey vary widelyiover the temperature range
typically ﬁound in‘tne casting process. Althoughjyalues of -
the thermal conductivities'for typical‘enéineering materials
are available in llterature, the variation of the thermal
conductlv1t1es with temperature is not so readily avallable
Experlmental determlnatlons of the thermal conduct1v1t1es
have been;carried out for many engineeringrmaterials, most
" of them are for pure materlals. For alloys, little has
been done. Until more of such data are avallable, it may-
be necessary to represent the variation of thermal con-

ducthlty by some correlations which follow the geheral

rend \\\the ayailable data for the materials involved.

L]
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An example is illustrated in Fig. 4.1. 'The thermal

‘conductivity of low-carbon steel is represented by four

linear segments over-the temperature rangé.' Figure 4.2
illusﬁratés“another example for molding sand used by Marrone
et al. [48]. Eacgd with a wide spectrum of availablé\therma}
cqﬁductivitf daté, a polyncomial regreésion was performedrto
choose the best Quadraﬁic.curve fit bssed on-phe'leaéf
squéfes method. Tﬁese curves appear to give reasonable
results. |

_ The éensity variation withItémperature.withinjg given -
bhase (liquid Qr'sélid) beihé very small, can be considered

constant. ‘A representation of. the specific heat is more

'_complicated, because of the release 6f theflatent_heat of

fusion -when the mdlten metal éolidifies which will be dealt

with in the next section. " An illustration of-the functional

relatiohships for spécifié heat of low-carbon steel is

shown in Fig. 4.3. The-iatenﬁ“heat,of fusion is accounted
for, over the temperature range from the liquidus to the

solidus. 'Thélgféé under the triangle is numerically equal

to the latentlheat of fusion.

~Thus, &4y heat trénsfer analysis reéuirés a'ére—deter—
minedknow§§§ge of the thermal properties of the-materials
involved; ‘ The required properties may be obtained by
resorting to.curve-fitting techniques with eiisting experi-

mental data.



4.2. 4 Latent Heat of Fusion . | .

- One feature which distinguishes the solidification
problem from many other heat transfer problems is the _ |
release of latent heat of fusion during the phase change.
For a steel*casting, this is caused by the change in the
free 'energy associatea'with the transformation of austen;. )
ite to ferrite,'resuiting in" the liberation of energy.
host engineering aIloys solidify over a range of temperatures
rather than at a discrete‘nelting point. Thus, the latent |
heat of fusion is released over the range of temperatures
from the liguidus to the solidus.’ .

For the present‘modelling purposes, two methods are
used to account for thé latent heat of fusion. The first
method has already been discussed briefly in the preceding
section. In this method, the specific heat w1th1n the
"liquidus—solious tempgrature ﬁange~iSMartificially increased-
to simulate-the.evolution of latent heat. The latent heat
of fusion is converted into‘the appropriate units for
‘specific heat and acded to the specific heat_term over the

liquidus—-solidus temperature range, so that

-

(4.12)

Ry

v

This is done so that the increased area undek the specific
heat versus\gemperature curve is equal to the latent heat

of fusion é$fillustrated in Fig. 4.3. This method known
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" as the modified specific heat method, is suitable for
alloys which solidify over. a relatively wide temperature
range. It is essential tpat the-calculated-temperature of
the region undergoind solid}fieatipn_Should, at‘some.tiﬁe,‘
fall within the”iiduidus—soiiduslraage.l In a situatien
where the temperatures are dropping quite rapidly, the
ch01ce of too blg a time- -step, may cause the temperature to
drop from above the liquidus to below the solidus over
one time-step and prevent any release of latent heat. [This
‘method is not suited for pure metals, since the probabllity
of the’ dropplng of the temperature from above the melting
point to below the melting point‘over one tdde—step_is td&
large. ‘

The second method used to account for thelrelease of
latent heat is the post-iterative method in whichjthe
temperatures'are adjdsted after each time-step. The latent
heat of -fusion is'conﬁerted.into an equivalent number of
‘degrees-by dividihg the latent heat of fusien by the

specific heat, i.e.,

Latent heat of fusion : P

bT = Specific heat

{4.13)

'After’each time-step, whenever a calculated node temperature
falls below the melting point, the difference between the

predicted temperature and the melting temperature is noted.
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If this difference is less than DT, the node teﬁpératdre

is reset to the meiting temperature. ' This adjustment
procedure is continued until the total accumulated'differh
;eﬁce for-that particular node is equal to or greater thaa
DT. At thaE time, the node temperature-is allowed to fali
4in the ncrm:l manner. This procedure is partlcularly suit-
able for materials with ‘one meltlng point

4.3 NUMERICAL PROCEDURE FOR SOLVING HEAT OW EQUATION

4.3.1 Grid Design S 4

~.The humerical solution consists cf éubdividing the
structure into a series of small discrete elements. At
the center of each element exists a node with the teﬁpera-
ture representative for all points within that particular
-element. A typlcal grid network for a- rectangular plane
with symmetry at the centerline is. shown in F1§1-4 4,
Observe that certain grid -lines are assumed to coincide
with the centerline, metal and mold bounaaries.

4.3.2 Finite Difference Approxrmatlon Using the Energy
Balance Method

The finite difference equation describing the temper—
ature of aey particular node can be obtained by performing
the heat balance over the element. The net gain cr loss
of heat between one element and all the su;rounding elements

goes into raising or lowering the temperature of the element



;under consideration.. The finite difference equations must
be derived for each element of the entire set of nodal
points, which in‘general consists of;internal nodes, boundary»'

‘nodes, and interface nodes. *

4.3.2;1 "Finite Difference Equation fof an Internal Node:

| The finite difference equation for an internal point
can be derived by considering a control. volume around the
node and applying the energy balance principle to this
volume. A portion of a two—dimensional‘grid in the cart-
esianhcoordinate system is shown in Fig,. 4«5,for a typical
‘ internai‘hode (i,k). The control volume around"node (i,k)
is shown by dashed lines, and is equal to (Axi.Azk). itEG,
thickness in the third direotion is assumed to. be unity;
The‘heat flux at the controi'volume-face between (i-1l,k}-
and (i,k) is ohtained overAthe entire face area of (Azk.l);
Heat flow through the other faces is obtained in a similar
fashion. The net heat flow from the Surrounding'nodes
during a small time interval At, causes a change in the
temperature of the element.\ Thus, the finite difference
equation for the two-dimensional eystem of Egqn. (4.1) is

-written as,

(T —Ti,k) {T, Tl %)

i-1,k : i+1,k
‘K, « . . Az, . + K., ... .Az
i-1,i k (Axi_l+Axi?/2 i,i+l 2y (Ax +Ax +l)/2
Ty x-1"T3 k! (Ty k41775 k!

+ K LAx.
+Az /2 k,k+1 i (Azk+Azk+l)/2

LAX,
k 1,k i (Azk 1



node (i-1l,k) with a conductivity -K;_; eﬁaludted‘at‘Ti_

= Py,xCi,k0%382 —3E - (4.14)

. where pi'k.and ci,k are the'density and specific héat of

the element. Equation (4.14) can also be used for an
uneéﬁal mgsh grid, where Axi and Azkiréprésent the size of
the.contro vqume-as shown in Figq. 4;5. Ki_l’irrepresents
the Qalue of the thermal conductivity pertaining to the
control volume face between Ehe adjacent nodes (i-1,k)

and (i;kL. The nééd for evaluating the interface conduct-
ivitj arises féom the fact that thmthermaf‘conductivity is
temperature dependent and this can lead to a variation in
the condﬁct;vity in response to the temperature distfibu—
tion. The control volume surrounding the nodé (i,k) is
considered - to be filled with a material of uniform con-

ductivity Ki evaluated éthi " and the one surrounding
, ,

1,k*

K. - . is taken as the harmonic mean of K.'and K, ;5 i.e.
i-1,1 1,777 i1

»

. ' -1
1-£% £X
_ i-1l,i ; “i-1,i .
Ki-l,i =1 K. X ] N (4'15).
i i-1
X

where fi-l i is the interpolation factor which is a ratio
r ) .

defined in terms of the diftaﬁces as shown,
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2 2

Equation (4.14) is used for all intelﬁal pointslin the

meﬁai ahd the mold‘with their reépectiye thermal properties.._
lThe method being develoged'is not limited to cartesiah

grids but can be used for a grid in cylindrical coo%dinate’

sjstem as_given by Eén. (4.2). To illustrate the defiva-

tion of the finite difference equation in the cylindriﬂfl

system; consider‘a three-dimensional situation with

coordinates r, ¢, and z.



‘ Using Fig. 4.6 fo referengé, and applying the energy
balqnée for node (1,3,k), the .expression for the finite

difference approximatio is written as:

K [, F,Ar —=) 80 5z ](Ti“lfj-k_Ti,j.k’
Ti-1,171 072 k! (Ar, .+Ar.)/2
' i-1 i
. g Ar' (T . ....T" . )
: i o i+l,3,k “i,3,k
+ K, oo [l +E~—=) AQ. A%, ] : :
l~:._l+1 VTSI T Ry (72
: ) N
- (T - ) _
,3-1,k 71,9,k
* Ry, lar 02 lir (89; 789 372
+ K [Ar. Az, ] (Ti,j+l,k—Ti,j’k)
s I Rt S S S riT§¢j+é¢j+I)/2
(T35 k10,5,
+ [r, A¢ Ar, ] z LEOK
k- L.k (Azk_;+Azk)/g_
- AT, “T. L )
k+1 "i,j,k
+ K [r.Ad.Ar.] 1,0, r)r
' k,k+lP717737017 T {Az) +Azy 4] /2
+1 n
(T -1 L)
= A i,j.k "i,3,k
Py 35,kC1,5,x[Fid¢50r; 427, ] Y (4.17)

Equationt(4.l7) can be conveniéﬁtly converted to cartesian
coordinate system by setting- £ and r, eqﬁal to zero and
unity respectiﬁely. Thus, the following derivations of -
thQ"finite difference equations for the othe: nqdés will

. be wri£ten in three-dimensional cylindrical-coordinate

syétem.
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.&.3.2.2 Finite Difference Equation for a Side Boundary
: Node :

- —

A sketch of the control volume surrounding a typical
boundary node (i,J,k) at the side of the mold is depicted '
in Fig. 4.7. The control volume for noder(i,j,k% is equal
_ to'(ﬁgi r A¢2Azk) | ?rovision is made for both convective -
and radiative heat flow from the boundary to the amb}ence
. at temperature, Ta‘l Applying an energy bajdnce to the - ¢
:boundary node (i,j,k) . - ’

K [(r -Eiil)ﬁ¢ Az, ] (Ti_lrjrk-Ti'jrk)
1-1,1 1753 3%k Tary_ +hr V72

* hglrydos8z, 1(T T, 5 ¢

Q' ‘ Ar., (T ' =T, ., )
K.  [etAz, |t
j=l,3° 2 k rl(

t + K [r.Ad Mi](Ti'j k‘l_T 'j’k)
k=1,k""i%"§ 2 (Az 1+02 )/2

. (x84, Ar, ](Tl 3,k+1° 71,4,k - |
k k+1 s Y (Az +Azk+l)/2 -
+1 n
_ AxT (Tn -T ) .
_ : i i,j,k "i,3,k
= ,],k i,5, k[ 5 —r, A¢ Az ] T {(4.18)
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f'where.h | is the effective heat transfer coefficient
accounting for both convective and radiative heat flow
as defined in Eqgn. (4 8). The finite difference equations

for the top and bottom boundaries are derived similarly

~

- 4;3.2.3 Finite Difference‘EQuation for an Interface Node

Figure 4.8(a) shows ‘a sketch‘of the region surrounding
the interfacé node (i,j,k) between the metal and ‘the mold, -
assuming perfect contact (before the formation of the air=- -
gap) . Performing an energy balance for node (i,j,k),

Ar‘ | (T, = . =T, . )
i-1l,3,k “i,j,k:
K1, i[(r ~E5T) 84502y ] (aT, B /2 |

L AT, (T, -, )
/ i+l,3,k 7i,3,k
+ Ky gy [rg+e—= ’A¢ e v ATy g /2
i+&
Ar, T, . . =D, . .
bIRC_, KD [orbpg )k d=L KT K r
j=1,3 T3-1,7 2 k ri(A¢._I+A¢.)/2
. . A J 3 ‘..|
+ (RS . 4Kk® | ][Eﬁiﬂz ](Ti'jfl'k_Ti 3,
e i,5+1 79,3+1 2 _‘kn ri(A¢j+A¢j+l
o K . D ][Ari ; ;¢ ](Ti 5,k=-1"T1,4,%
. k-1,k "k-1,k 2 1773 (Az +Az, ) /2
k 1 k!
o~ . la]
Ar, T . ST L) .
" [K ] [—= r r.A¢.]( i,3.,k+1 1,j,k)
K, x+1t k k+1 S Ry (Aek+gzk4l)[2
n+l n
: Ar ™oL =T L
_ [Dc S m ol ][ i ﬂ{b Az ( i,j,k 1,3,]()
* i,3.k ir:]rk i,j,k lr]r 2 k At )



:1The superscripts c and ‘m indicate that the thermal pro-
' At
perties are evaluated for the metal and the mold respect—.
..(

)

ively. ‘Note' that the control volume is comprised of the
'.metal and the mold The . right-hand side of Eqn. {4. 19)
. 1s evaluated by considering separate contributions from

each material

After the formation of the air—gap, the metal and mold
are no longer in perfect contabt. The node {i, ] k) becomes
a node on the‘inner §urface of the mold as-shown in Fig.
f4.8(b).: The derivationhof the finite difference equation
is handled in the same way.as for the boundary points.

Heat transfer is mainly by radiation acro;s the air—gap as
diecussed in‘Section 4.2.2. The finite difference equation
for node (i,j,k) becomes, ’ |
.
h [r A¢ Az ](Tl 1,3,k i,J,k)

Axr (T, -7, . .) .
, i+l,j,k “i,3,k
+ K} jalrgre—— ’M’j“z I8 +ar 772
i+l
P R ik U I(‘T 1,3-L, kT3
3 -1,3° 2 77k r, (A¢ +9¢.f72
. '; ' !
R T L s P SR L
jfj+l 2 ,k- ri(A¢j+A¢j+l_)72
e iy (g1 5 0
k-1,k* 2 (Azk‘l+Azk)/2
| ~
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m i i 3 k+1 i,j,k
+ [ —T A¢ ] rJhr

k k+l 2 (Az +Azk+l)/2

| +1 o .
. Ar (Tn ) o

_ m i i,9,k” i i,k
= ﬂi,j,kci,j,k[*—.z riA¢jAzk] g X (4.20)

where hg is the effective héat transfer coefficiént for

the air-gap calculated'as defined in Egn. (4.11).

4.3.2.4 Finite Difference Equations for Othexr Nodes

" The geﬁeral procedure fof deriving the finite differ-
ence equations for the other typical nodes is s;milar to
the general treatment already discussed in the precéding
sections. The details are listed in Appendik B. .

Figure 4.9 illustrates the node numbefs of'typiéal
nodes in the grid network ranging frdm 1-17. The node
numbers identify the type of node and ;he finite difference
equation to use. As an example, the node number "lf
indicates ah internal point and the heat balance is taken
as in Egn. (4.14) with the thermal properties-evaluated for
the material involved.® The node numbers faciliéate the
channelling of subsegquent calls to the appropriate finite
difference equatibn for each nodal point to be used in the
computer program. e

4.3.3 Outline of the Alternating Direction Implicit (ADI)
Method

By means of successive application of the energy

balance at all nodes in the metal and mold, a series. of
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algébraiq equations has been aeriﬁéd-which can be-éblved

explicitly or implicitly to obtain the temperature distri-

bution in the system at subsequent time eiapses.
Thg‘explicit finite differenck method is formulated in

terms of the known vélues and the solution is relatively

étraight'fdrward. However, the explicit technique is

restricted by the'time-step and mesh size to generate a

stable solution as observed in the previods chapter.

' Accuracy and convergence of the method increases as the

time-step and size of the element is -decreased. .For sqiid4
ification in a sand mold, for example, the process may take
hours, and an acgurateisolution may-be very expensive in
computer time.

The implicit method for the solution of the finite
difference equations may overcéme the time-step restriction
for stability. The equations are expressed in terms of
the temperatures that are yet to be computed. The applica-

tion of the finite difference equations to all nodes in the

system can generate a series of simultaneous equations

.which is solved to obtain the new temperature field.

Unfortunately, the implicit scheme requires a solution of
a system of simultaneous equations which can also be very
expensive in terms of computer costs.

To overcome these problems, Peaceman and Rachford_[3]

developed the alternating direction implicit (ADI) method



-79- | . \;.

which is stable for all time -steps and requires merely the
solution of several sets of tridiagonal equations for each
time-step advancement. For a typical two—dimensional
problem with a rectangular) region, it involved many times
less computational work an the explieit_or impiicit
techniqde; In the ADT scheme, the operation is doﬁe in
two successive half time-steps, each of duration At/2.

Over the first half time-step; the finite difference —a
equations are expressed implicitly in\the x—direction,and'
explicitly in the z-direction. 1In the successive second
half‘time-step, the procedure is reversed, that is, the
eéuations are made explicit in the x-direction and implicit’
- in the  z-direction. .Over the two suceessive ha;f time-
steps, the apbroximetions by the ADI method to Eqn. (4.14)

are:

‘T?+§“T2 x!
C, Ax Az L A
1 k¥i,k k At/2

n+i n+§
(Tl 1, ' 1 k)
k (Axl l+&xl)/2

n+4 n+§
LI x)
i,i+1%%k (Axl+Axl+l)/2 | ~

n n
e P eenT k!
k-1,k°"4 (Azk_l+Azk)/2_

n
« o Tk k!
M k181 Bz, iz, 1172

'(4.21)‘
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and -
AX Az (T2+i ?+i)
Pi,kCs,k8*182x 572
n+§ n+§
_ re Fi-1,x7Ti K
» 1 -1,1i %k (Ax l+Axl)/2
n+4 n+§
. e Tiel T k!
1,1+17°%k (Ax, +Ax- )/2
i i+l
(Tn+i Tn+l) -
4 Ax i 1 "i,k
Kg-1,F i T8z, ¥4z,) 72
k-1 “%k
+ K Ax (TT}l‘*l Tgt}l‘) :(4 22)
k,k+1°74i (Azk+Azk+l)/2 y
In Eqn. (4.21), over the first half time—step,‘the
Tn+* are unknown and T are known from the previous time-

step or initial conditions. Over the second half time-step,
the Tn+§ in Egqn. (4.22) are now known and the Tn+1 are
unkngwn. Hence, the successive applications of Egn. (4.21)
féllowed by Eqn. (4.22)‘§ive the new temperature field
after -an elapse of time At. This alternation of directions
to represent explicitly or implicitly is necessary in ordef
to ensure stability of the computationé. Unilateral
repetition results in an unstable solution.

Equations (4.21) and (4.22) both contain only three

unknowns each. Essentially, by considering a whole row or
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colﬁmn“of pdints at-oncé,.a.system of-simultaneous.equations
lfor the wholé'rbw‘or column of unknown temperatures is
géneratéd. Each eguation contains exactly three unknowns
exce@t‘the firét and the las£ equatioﬁ which contain twol
unknowﬁs,‘since thé boundary conditions are known or speci;
fied as discussed in Section 4.2.2. This resﬁlts in a set
of equations with tridiagonal coeffiéients-as follows:

RN

'S

d,T, + a

1Tyt T, . =C1
bZTl + d2T2 + ?2T3‘ = C2
: . e
b3T2 + d3T3 + a3T4 = C3
. .b4T3 + d4T4 + a4T5 % C4
mem—l + mem . = Cm {(4.23)

This system 6f tridiagonal equations can be solved quite
readily by the TriDiagonal Matrix Algorithm (TDMA)} [731].
The ADI method for a two-dimensional situation can be
visualized with reference to Fig. 4.10. The equations for
the grid éoints along the chosen row contain the unknown
temperatures‘of the chosen row and the temperatures of the
two neighbouring rows which are known from the previous

time-step. Thus, the equations for the chosen line are
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_simply‘tridiagonaliéquations which are solved by the TDMA.

This procedure is. repeated for all rows and followed by a
similar treatment for the columns for each time~step.

This techniqug can also be applied.to problems of
th;eendimensiénal nature. As in the\ﬁwo—dimensional situ-
ation, one diﬁeﬁsion is expressed implicitly while leaving
the othér dimenéioﬁs explicit. Thus, the whole operation
is carried out in three sucbessive time-steps of duration

At/3. Writing Egn. (4.17) for the successive timeuspéps:'
L]

\ . rlr
P1,5,kC, 5,k [F1 8050782, 1 =000
Ar (Tn+1/3 _Tn+l/3)'
= K [(r —E,—-—}—)A@).AZ ] l—lr]rk i,],k
i-1,1 i 2 7%k (Ar, ,+Ar;)/2
LT 1-17RE3 M,
Ar (Tn+l/3 n+l/3

] i+1,9,k7%4i,5,k ‘

i
Ri, 141 l{rg =70 20502

n n
T4, 3-1,67 3,
k ri(A¢j_l+a¢jT72

+ ~Kj—l,j [AriAz

+
=
>
H

>3
N

+
=

;3 : (4.24)



and

T -83-

‘i

n+2/3 +1/3
'{Ti,j,k ?iljlk}

k] TR

[r A¢ AriAz

¥ -
n+l/3 _ n+l/3
AT (T3 003 kTh. 50k

pi.n,k 1,3,k

_ - i,.
= Kyq,1 U mE=57)0e542, ) (ot +AE])/2

n+l/3 n+l/3

Ar (T1+l 3,k i,j,k)
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| i
K [{r,+E—=—)}Ad Az, ]
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n+2/3 n+2/3
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+ K, . .[Ar, Az Ti,5-1,6774,5.k
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+
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{3 —T
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n+l/3 _ . n+l/3
(Fy .5, xe17 T4, 3,k
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4
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iLj,k 1 j.k
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. cC. .
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n+2/3 Tn+2/3)

Ar, (Tl 1,5,k Ti,5.k

— 1
= K, .[(ri—g-j—)A¢jAz

i-1,4i k] (Ar . i- +Ar )/2

‘ n+2/3 _ . n+2/3
bry (Ti41,3,x7 4,5,k

+ K, ., [{r.+E—>=)0¢.AZ ]
i,i+1 i 2 i~k (Ari+Ari+l)/2
n+2/3 _Tn+2/3)

(T, = .
_ i,j=-1,k “i,j,k
M T P R s S (X Ty

(4.25)
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o (E+2/3 _pn+2/3)
+ K. . 4 [br 4z, ] t.+l,k 1,3k
3,31 85 T e 72

n+l  _qn+l )
: i,9,k-1"T1,3,k
k=1,k 180580 IRz TRz 7 /2

+ K

ent+l n+l
: X {T . - . )
i,3,k+1 "i,5.,k

+ K, Ir,Ad.Ar,] L Lt
. k,k+1""47 79771 (Azk+Azk+l)72

(4.26)

Each of the equations from (4.24) to (4.26) generates
a tridiagonal system iﬂ one space dimension which is solved
,éuite readily with the TDMA'aé in thé two-dimensional
situatioﬁ, This is done for the whole system and the inter-

n+l/3 and Tn+2/3

mediate wvalues T are used to compute the
temperatures in the next dimension. Successive applications
and solution of Egn. (4.24) followed by Egn. (4.25) and
(4.26f will give the new temperatufe_distribution after a
time-step, At. N
For two—dimensiopal, rectahgular problems, the ADI
scheme is unconditicnally stable and allows the use of
time-steps of any size without requiring a large amount of
computér time to attain the solution. Under more general
conditions and for three—dimensional situations, this scheme
may not possess the same degree of superiority over alter-—
native methods as it does with the two-dimensiocnal problems.
For the present model, the ADI method was adopted both for

a two—dimensional, rectangular'problem and a three-dimensional,

cylindricdl problem.
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4,3.4 Summary of the Computer Program . - -

A computer program was developed to deal with two—

Ior three-dimensional solidification problems in cartesian
or cylindrical coordinates using the alternating direction
-implioit (ADI) numerical‘technique.

An overail flow chart of the three-dimensional program
is shown in fig..4.11. The‘program starts by reading the
input data and computing some prelimiﬁary variables. The
initial conditions of the temperature for the metal and
mold are also specified at this stage. A call is then made
on the subroutine NODAL, which identifies the type of node
for each one of the grid points as shown in Fig. 4.9. This
facilitates the channelling of the appropriate finite
difference equations to the corresponding grid points.
| The rest of the program is concerned with implementing
the ADI method over successive time-steps. Over the first
third time—etep, the line iterations are performed for the
redial direction. Subroutine LINEX determines the set of
tridiagonal coefficiente for each node along the chosen
row, identified earliexr by subroutine NODAL. The thermal
properties are determined by using functions RO, SH, and
. COND to calculate the values of the density, sPecific heat,
and conductivity corresgonding to the temperature and
material at the different grid points;-*LaEéht heat of

fusion is accounted for in the specific heat correlat%gns
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“This process is repeated until all the rows in the system
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or by the_post-iterafive_methqd discussed in earlier‘\\yf

- sections. Subroutine TRID 'is then called to solve the

tridiagonal system of Simultaneeus equations_ueing EDMA.:
have-ﬁeen completed.

Over the next third of the time-step, subféutine_LIﬁEY
is called to solve the tridiagonal system in the tangential
direc;ion using the newly computed temperatures.from LINEX.
Finally, Ee complete a whole time—steﬁ; subroutine LINEZ is
called to solve the eridiagonal syetem in the axiel direction -
with the new temperatdres from LINEY. -SubroutinesUPDATE is
called to update the temperature field in the system and
the time 'is advanced by At. At suitable intervals, sub-

routines PRINT and PLOT are called to print and plot the

computed results. The same procedure is repeated over

successive time-steps until the time exceeds-a pre-assigned
upper limit TSTOP, at which point, combutations are dis-
continued.

The program developed for three-dimensional, cylindrical
problems can be readily modified to accommodate two-

dimensional or cartesian systems.

4.4 RESULTS AND DISCUSSIONS !

During the development of the program, several sample
problems were devised for testing. The Program was

initially used for the solution of a simple two-dimensional
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solidification problem defined by the cartesian coordinate
system., It was th/n extended to calculate heat transfer
:during solidifie;tIBn in a cylindrical mold using the three-
dimensional program. The reliability of the model is
demonstreted by cohparing the eomputed,tesults with lfteré—
tures. o | |

4.4.1 Application to a Two=-Dimensional, Rectangular
Solidification Problem

. The mold is assumed infinitely wide and the vertical
feces at the side of the mold are exposed to similar heat
flow conditions. Thus the probiem is two-dimensional with
symmetry about its center. An illustration of the two-
dimensional vertical plane is shown in Fig. 4.12 with the
finite difference grid and the houndary conditions.

It was assumed that initially, at time = 0, the entire
mold éas filled with liquid metal at pouring temperature
1563°C, and no convective transport in the liquid phase was
considered. The mold temperature was taken to be uniform
~at 121°C before computation. 'Perfect contact was assumed
between the ingot and the mold hefore the formation of the
air-gap.. The air-gap of finite thickness formed instant-.
aneously after a time elapse of 2 minutes. The ingot was
assumed to be resting its weight on the'mold. The bottom

interface between the ingot and mold was thus assumed to

remain in perfect contact during the whole process. Heat
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_ﬁrensfer ecrOSS‘the gap wae maiﬁly-bg'radiation and con- :
duction due to ‘some contact points. An equivalent heat
traﬁsfer coefficient was calculated as discussed in Secfioﬁ
4.2,2. .Heat was lost to the ambienqe\et 23.8°C Ehrougb.the“
side and_bottom outer surfece of the meld. ‘Heat losses‘et
these surfaces &efe mainly by radiation and convecﬁionﬂ The
effective heat transfer'coefficients for the’boundaries were
eomputed, Based on the boqhééry temperatures-as diScueSed.
" An adiabatic'condition was aespmed for'the-top.boendary.

Linear correlations such as those illustrated in

Figs: 4.1 and 4.3 were used'for the thermal conductivity
and specific heat of the inget and mold. The quantitaﬁive

—

expressions used to describe the matefial_properties-ih

‘this simulation.are suhmarized‘in.Table 4.1. Densities

vary only wiﬁh_differeﬁt materials or different phases of. .-
the materiai and were assumed to be,coﬁstant o&er the temp-
‘erature raﬁge. The release of latent ﬂeat of fusion was
accounted for by the specific'heat curve.

The sha;e of the ingot and mold sugéests that a - i
“rectanguiar mesh is to be used. Unequal mesh size was use& -
for regions near the air-gap and interface. A total of ,

960 grid poiets were used, with 20 nodes in the x-direction
and 48 nodes in the z-direction.

The finite difference equations and numerical .scheme

presented in the pieceding sections were used to compuﬁe the
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Thermal properties of low carbon steel

7200.0 k§/m®
7480,6 kg/m?

Density: liquid
. solid

[{I]

Liquidus tempefature: 1498.8 - °C (2730.0“F)
Solidus temperature: 1448.8 °C (2640.0°F)

Latent heat of fusion: 272.1 kJ/kg = -

' Thermal conductivity (from Fig. 4.1)

0° to 1640°F, 'K = 28.58-0.00722.(T- - 100.0)
1640° to 2640°F/ K = 17.3 + 0.0012 (T - 1640.0)
2640° to 2730°F,- K = 18.5 - 0.0389 (T - 2640.0)

. >2730°F, K is constant at 15.0

(T is in °F and K in BTU/hr - £t - °F)

To convert K to S.I. units, multiply by 1.7307.
Specific heat (from Fig. 4.3). '
0° to 800°F, : Cp
800° to 1300°F,
1300° to 1800°F, C
1800° to 2640°F,
"2640° to 2685°F, C 0.20 + 0.0579 (T - 2640.0)
2685° to 2730°F, C 2.805 - 0.0576 (T - 2685 0)
>2730°F, Cg is constant at 0.21

20.118 + 0.Q0005 (T - 200.0)
0148 + 0.000148 (T - 800.0)
0.222 - 0.,000108 (T - 1300.0)
0.168 +

o L | I 1 | B T

(T is in °F and C, in BTU/1b-°F).

To convert Cp to S.I.Mgnits,.multiply by 4186.9.
Pouring temperature: 1563.0°C (2845°F)

Mold temperature: lZliC (250°F)

Ambient temperature: 23.8°C (15°f)

Dimensions of ingot and mold: see Fig. 4.12

(e

0.0000381 (T - 1800.0) .
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'temperature distributions in the ingot and mold during the-!
érocess. A.time-stép of 10 éecohds,was-used in the compu-
tation. The‘program was‘éllowed to run for 130 minutes of
simulated tinme. The.temperatu;e for each grid point was
' printed at different time intervals. A.sample output from
the program is shown in Fig. 4.13. Frdm these results, the
témﬁerature and.solidification front profiles‘were pLotted"
and analyzed. | |

The nature of the solidification pattern is illustrated
in Fig. 4.14. The location pf-thg solidification front is
depicted for different time intervals. Sdlidification
starts from the metal[mold intefface and procéeds toward;l
‘ﬁhe centér of the ingot. The nature of the‘curveé is simi-
lar tb that obtained by Raychaudhuri [51]. Initially, in
the absence of interface resistance before the formation of
the air-gap, the sqlidification rate is quite rapid and
decreases as the mold becomes heated. o

Figure 4.15 gives the result of a plot of the progress

of the 1iqﬁidus and solidus isotherms with the square root

L

of time. _?6th the liquidus and solidus isothermé move
linearly'with the square root of thé time. The velocity of
the isotherms begins toﬂincreaée as they approach the center
of the ingot. Similaf%kinds 6f results were obtained by
Campagna [74} for unidirectional solidification of an -

Al-4.5% Cu alloy. The vertical distance between the liquidus
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and sblidus‘curves représenfs the_ﬁid:L’of the “mushy?
zone in the ingot at a given'tiﬁe.dﬁring,é&lidification.
The "mushy" zone is the region in the iﬁgot over which the‘,
éolid and liquid phase of the metal coe#isé. Casting
charécteriétics‘are strongly influenced by the width of
this zone. The horizontal distance between the two curves
gives the.time taken for the temperature of a point in the
ingot_toadrop'from the li@ui@us temperature.to the solidus
temperature. The total timeftaken‘for the whoie ingot to
solidify is‘abou£‘125 minutes. The solidification rate and
" thus the sqlidification time were also found to be'dependéntg
on the initial metal ané mold temperature.

Flemings [75] gave an expression obtained by investi-
gators from experimeﬁtal results for steel solidification

against cast-iron mold walls, which is of the form:

-

x = ayt - b - (4.277

where the constant a ié approximately unity and the cons-
tant b is 0.5 when the units are in inches and minutes
respectively. The dashed line in Fig. 4.15 shows the plot
of this expression. There is reasonable agreement be%ween
the two results except that the experimental curve is
dispiaced slightly on the time axis.

In Fig. 4.16, the temperature profiles in the ingot
are illustrated for (a) time = 10 minutes and (b) time =

40 minutes after pouring. Heat losses from the ingot to
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the mold are éuité uniform in the transverse direction.
A comparison of the two-ﬁemperatgré distributions-shows
that initially, most parts of the ingot around the center
core are nqt very much‘affected by the heat losses to the
mold. Most of these regions aré still in its molteﬁ form
and the temperature distributions are only Slightly below
_the pouring temperature.. The solidified parts Qf.the ingot
loses heét quickly to the relatively cold mold as indicated
by the crowqing of the isotherms. Aé tiﬁe progresses, more
metal in the ingot solidifies and-the mold gained more héat
from the ingot, the isotherms are spread more evenly.
Figure 4.17 shows the temperature profiles in the mold
for,the same time intervals as Fig. 4;16. The isotherms
at time = lo'minutes are generally at'a lower temperature.
The mold appears to be gaining more‘heat from the ingot than
iosing'heat to the ambience. ~At time = 40 minutes, the |
isotherms are at a higher temperature range since the mold
at this time is heated up from the heat gained from the
ingot. Information on. the temperature distributibn in the
mold_would be useful for designing molds and also for
optimizing the cooling time for the mold before it is used

again.
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4.4.2 ppplication to Solidification Problem in Three-
Dimensional, Cylindrical System

Y -

Similar bompﬁtations were éerformed for the solidifi-
cation of an ingot in a cylindrical mold. This is not a )
threﬁ-dimensiqnal problem‘ﬁut the three-dimensional program
was used in order to test the model. The thermal proper-.
ties and boundary conditibns were similar to those for the
rectangular mold (Table Q.li. A cylindrical mesh was used
- with 20 nodes in the radial direction and 48 nodes in the
axial‘ﬁirection and 8 nodes in the tangential direction.
Using the f}nite difference equations described in Section
4.3.2 and Appendix B, the tempefature distributions in-the
ingot and mbld were computed as before. Some selected
tesults are presented and discussed.

-Heat transfer during the solidification is axisymmet-
rical about iFs central axis. The advancement ofvthe
sblidification front in the ingot for one of the vertical
plane is shown in Fig. 4.18. The nature of £he solidifica-
tion pattern is similar to Fig. 4.14 for a rectangular
ingot. A plot of the liguidus and solidus isotherms- with
the square root of time is presentéd in Fig. 4.19. The
results‘for a two—dimensioﬂal computatioﬁ of the cylindrical
mold are also plotted in Fig. 4.19. Both the two- and three-
dimensional computations agree very well.

The solidification time for the cylindrical ingot was

found to be about 65 minutes. Since the geometry of the

—
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heat flow into a coﬁcavefmpld wall will be divergent, the
heat fiow'will be slightly more rapid, than ihfofa plane’

- mold wall. Thus, a shorter solidification-time is expected
fbr the cylindrical ingot théh for a réctangular,inéot,Of
the same size. This can also be explained from Chvorinov's
rule which statés that the total solidificétion time® is

proportional to the squére of the volume-to-area ratio of

the castings or; “
_ Volume, ?
ts = Clarea ! (4.28)

where C is a coﬁstant for a given metal-mold material and
mold temperature. The érea in Egn. (4.28) is the area of
the metal/mold interface. This equation is used fo; com-
paring solidification times of simple-shaped casfings. A
The femperature distributions in the,cylindrical ingot
and mold at time = 10 minutes and time = 40 minutes after
pouring are'displayed in Figs. 4.20-and 4.21. Figure 4.22
presents the temperature gfadients in the ingot and mold at
different heights for time = 10 minutes. A study of this
figure and the precéﬁing two figures confirmed the obser-
vation of high heat flow in the solidified region as
indicated by the steep temperature gradient. Note the
temperature discontinuity at the ingot/mold interface because

of the air-gap. At a lower plane, in the mold, there is no

1
discontinuity. Figure 4.23 illustrates similar results for
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time = 40~miputés. In the mold, the ﬁemperathres increased
while that in the ingot decreased as Qbﬁg;Z;;\éarliér.
Because of this;‘the temperature drop across ‘the intérface
decreased. . |

| The cooliné curves at the centef of the.ingot.are shown
in Fig. 4.24. The .temperature at the center core is

plotted against ﬁime at different heights of the ingot.
Since the top boundary is adiébatic, heat losses fof reglons
near the top are véry éiow. The temperature near the bottom
of the ingot dropped gquite significantly o&er the firsf 10
minutes and then levelled off. Analyzing_this)figure with
Fig. 4.18, one notices that the drop in the temperature ié
more significant after the metal surrounding the node point
has solidified. '

It is intefesting also to look at the temperatufe—t;mé
variation in the ingot and mold at a height 66.7 cm from

the top. This is,pre§ented in Fig..4.25. Lines l}l" and "2"°
show the typical cooiing curves in thé?ingot similar to

those discussed in Fig. 4.24. Théﬁtemperature variation.

at the outer surface of the ingot is represented by line

"3", The effect of the air-gap is quite clear in the figure.
Before the formaﬁion of the gap, the temperature dropped
rapidly £from ;ts pouring temperature since perfect contact

was assumed. At time = 2 minutes, as observed by Raychaud- .

huri [51], the temperature rises again because of considerable
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resistahcg to the heaplflow caused by the gaﬁ; As time
progresses, more heaﬁﬁié 10st from the ingot and the temp-
eraturé falls again.: Tﬁe*tempe;ature variation at the inner
-Sufface of the mold is élso'interesting. This node, before
thé gap formation is the interface.modé,'and the tempé;ature
at time = 0 bompUted froﬁ;Eqn. (4.9) is initially 826°C.

The temperature rises slightly and drops after the gap is
formed: It rises slightly again” when heat gained by the
mold is greater than heat  lost to the ambience befoére it
begins to drop. Lines "5" énd "§". show the temperature
variation at the middle and outer surface of the mold.
Iﬁitially, there is a slight drop at the oute; surface-
because heat is los£ to the ambience. But heat gainea from
the ingot is much greater and’the temperature rises up to

a maximum before it starts toicool dowq;‘

The effective heat transfer coegficients for the
boundaries are computed Eaéed on thé'temperqtuﬁé at the
boundary nodes. Figures 4.26 gné'4.27 illustrate the com-
puted heat transfer coeffiqiéﬂts for the side and bottom
boundaries. Both figu;eéxdisplay similar patterns. The
- effective heat transfér coefficient increases with time to
a maximum as the_temperature of the surface node rises
- (see line "6" in Fig. 4.25). The nodes wifh_higher temper-

ature appear to have a higher heat transfer coefficient.
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Thé heat flow during solidification is controlled to_-
quite an extent by the resisﬁance at the.metal/mold inter-
face. _The effect of thé metal/mold interface can bé séen S
by- the températufe drop across the interface or air-gap in
Figg. 4,22 and 4;23. An effective heat gfansfer coefficient
is calculated based on tﬁe temperature across the gap to
acéount for this resistance. Thé interface heat transfer
coefficient is strongly dependent on the temperature. A
plot of the variation of the interface or gap heat transﬁer
doefficient is presented in Fig. 4.28. | |

The modelling of the solidification procesé using the

present approach has proved to be quite promising. The

obtained results and observed trends are in good agreement'

with results from the literature. By varying the mold
thickness, size or“initiél temperature, or varying the size
and shape of the cast, or by using différent materials with
differeﬁt thermai properties, this model can be used to
analyze and obtain information which may be difficult or
not possible to obtain in the actual process. Infofmation
from these reéults can be used to improve thg qualitative
understanding of the influence of the various parameters in
the solidification process and which, in turn, can be usedr

o

for process control and design. . -

g
R
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CHAPTER V

CONCLUSION

5.1 SUMMARY OF PRESENT INVESTIGATIONS

The simulétion of a process is.a mathematical
representation in terms of the péfti?ént vgriables of that
process. The preceding two chapfers ﬁave demonstrated two
'differen£ mafhematical modéls for simulating the ladle ang
) cagting process in steelmakiné operations. Based on the
results and observations described in Chépters III and 1V,

the following summaries and recommendations are made.

5.1.1 Ladle Processing Simulation

-

The MAC_techniqﬁe is devised to handle the-calgul&tion
of the recirculatory flowé‘caused by £he local introduction
of a‘gas jet. The predicted flow pattefns compare.reliably
with existing axisymmefric computations. The use of
equation (3.7) for estimating the effective viscosity in
the system provides a relatively simpler model to predict
the flow fields with reasonable agreément with otﬁer models,
Quantitative comparisons have beenlmade'between the
predictéd velocity fields for the conical and cylindrical
jet. The conical Jjet model predicts relatively higher
velocities in the gas-liquid mixture near the axis of the

vessel. As the size 6f the two—phase gas-liquid plume is
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varied, considerable Variation of the bredicted flow field

is observed in‘the'region close to the‘axis'of the vessel

(rc/R < 0.3}). In.most parts of the flow domain (rc/R> 0.3),

the variation of the velocity field is less significant.
The three-dimensional flow fields are also illustrated

for off-ceritered jets at various positions in the vessel., °

The results are in agreement with the predicted flow patterns

by Wong [69] using the k-¢ model
Finally, the stirring of an 1nitially, stagnant,

thermally stratified liquid exhibits the destruction of

the temperature stratification and uniform temperature dis-

tribution is achieved at steady-state.

\
Through all these, the program encountered considerable

stability problems which seem to be inherent in transient

flow cémputations. The timéhénd space steps have to satisfyt

N

. the stability criteria. However, considerable improvements

are obtained in the present model by using variable relaxa-
tion factor and optimizinglthe upwind.differencing coeff-
icieént during the computations. Unfortunate}y, the nime
step required ié relativeiy‘gmall,.thus,'the number of cal-
culations'required to reach a narﬁinular time and the
computatlonal costs are relatlvely high. The model has the
advantage of hav1ng the ablllf@ to 51mulate the transient
stages of the whole process but w1ﬁh higher computation

costs. This is especially so when dealing with three-

oy
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-dimensional'problems. Any future devélopment‘fot the
present model should consider improving on this area.

The model develoPed here has shown clearly the important
role that fluid f}ow phenomena plays in ladle processing.
Further efforts can be directed et applying the nodel.to
specific industrial situations with the goal of integrating
the understanding ¢of the fluid flow phenomena with the

process klnetlcs a55001ated w1th lt.

5.1.2 Solidification Simulation .

The present model is developed to handle solldlflcatlon
of ingots with 51mple geometry and varying thermal proper-
ties, including the release of latent heat and the formation
of the air-gap. Using the ADI method, the solution of the
finite difference'equations is‘obtained quite-readily. On
the basis of some simplifying assumptions, the‘program is

initially tested for two-dimensional solidification in

<

rectangular mold.

Predicted results indicate that significant amount of
heat is lost from the ingot during the early stages before
the air-gap is formed. As the solidification progresses,
the solidification front advances towards the Center.r Pro--
gresses of the ;;guidus and solidus isotherms with time and
temperature distr;butions in the ingot and mold at different -

time intervals are illustrated. There is reasonable agree-

ment with results from existing works.
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‘A run of the three—dimepéional prograﬁ is performed
for a cylindrical ingot in order to test the th;ee—
dimensiénal.code.A Results.ghow simiiar solidificaéion
patterns. The cylindrical‘ingot has a shorter solidifica-
tion time due to its geometry. Thé cooling curves at
differen£ pginﬁs in the ingot and mold are presented and
analyzed. The heat gained by tﬁe mold from the ingot"

appears'to be greater than the heat lost to the ambience ,g;

‘during the solidification. The variation of the effective

heat transfer coefficients has been found to be strongly
dependent on t “Témperature. This is a promising approééh
to approximate the heat transfer cbeﬁﬁicients which afe
difficult to measure in the actual solidification process.
The present code using the ADI method ié quite
efficient for the simple geometrieé considered. This metheod .
allows thg use of time-steps of any size without any
instability és encountered in the explicit finite difference
technique. Howevef, it is not correct to say that tﬁﬁye is
no restriction on the size of the time-sfép.. The present
treapméﬁt of the felease of latent heat during freézing
requires some speclal attention. If the specific heat of
a région undergoing solidification is to be inéreased at
the appropriate time, the €alculated tempe;aturé of that
region'shoﬁld, at some time, fall within the liqgﬁdus-

solidus temperature range. If the time-step is too big, the
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. temperature may drop from above the liquidus to below the:

a

solidus over one_timemstep Hence, the-release of 1atent

heat is not accounted for. To overcome this difficulty,

an arbitrary restriction has to be 1mposed upon the,51ze§§f

the time-step. However, once the ingot is completely solidi-
‘fied, a larger time-step can be used for further computations.
The development and testing of the code is still ‘
continuing. "For a more complete model the present code
should be tested’ for three-dimen51onal solldiflcation. The
Rbdeifassumes straight wallsffor the ingot and mold with‘
simple geometries. Tapered;ualls‘and molds with ﬁoré complex
shapes can be incorporated with soﬁé hodifications. ‘Another
area where further work couidube done is the simulation of
the stripping of the ingot from the 'mold and the cooiing.of
the mold.  Further testings and comparison with experimental'

. . . ]
works at EMR will be carried out.

5.2 CONCLUDING REMARKS

+ No model is ever a perfectffit‘to reality and numerical
simulation can never replace physical experimentation or ;
theoretical anaiysis completely. Howeuer, nuﬁerical simu—
lation has the advantage of having complete COntrol over'
the choice of parameters and properties involved in the
process. The sensitivity of the phenomena can be tested.

by varying these parameters}&o obtain informations relevant
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for dnd@rétandinq the process. -This is.illuétraﬁgﬁ by the '
two models th&t-éré_ﬁfesented;./Each_af the models at its
bresent séage zénerates its owﬁ specific requirements and
method of solution to simulate each spécific process.

Wwith some. mddifications, £he modeis can be extended.to simu-

- . . . I N
.“ late.othe;-related problems with gratifying res&&ts. .
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APPENDIX A o - -

FINITE“DIFFERENcg_gxpﬁESSIONs FOR THE CONVECTIVE AND
VISCOUS TERMS IN EQUATIONS (3.20) AND {3.21)

Using the approach discussed in Section 3.3.2,-the
convective and viscous terms in the taﬁgential and axial
momentﬁm equations.are derived with the same notations.

Erom equatidp (3.20) | | |

spuv

CVX = T

4

RSN 7 o
Ary TUi+d,3+d, kTi4d, 3, kLY, G4k

!

Uiog, 343,k 04,543, kP14 540 ,k) (A1)
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H
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Vi, 341,06 P, 541,67 Vi 5,60 7P4, 5%
riA¢ (A.2)

g
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N

= - (7, . Wy 2ot 1adPi san rn
Az, " i,3+d, k0L, 04 kUL, E k)

_vi,j+§,k~iwi,j+§,k—gai,j+§,k—;I (A.3)
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_2_ 3u
vVIsYs = b3 TR
2 . - .
L 2Waa, 503,040, 5,x) (8.9
- 3 Y .
i
_ v
IVISYG =T
v, . . "
- i,k . :
~Ledid.k . _ | (a.10)

i

with the upwind differenc1ng, equations (A 1) -through (A.4)

becomes :
ovX = 1 (.. . Ty .y Py
: Ari i+irj+irk 1+§13+§rk l+i:J+§rk
i . V. . 0. g
R l—i,]+§,kvl-§,j+§,kpl—§,3+§,k]
+ 5 |U1+§ i+, k1( i,+3,k 1+1,j+§ k)p1+§ j+4, k
2 (Ar +Ar ., +l)/2
_l l—if +§rk|(vi-l j+§,k—vi,j+§,k)pl—i,J+i,k}
(Ar +Ar. ;)/2
(a.11)
v, . 25, . -(V, . 2
VY = ( 1,3+l,k) p1,3+l,k ( 1,3,k) pl,j,k
r. A}
i
+ =2 [|¥ (v, -v, ) o
2riA¢ i,j+1,k i,j+2,k "i,3+3/2,k 1 j+1,k

TV Vi ma 1Y 500 Pa 5 ] (r.12)
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From equation (3.21), the convective and viscous terms are

written as:

dpuw

CWX AT

1

l _— —_ .
B L PR S LI SRS

“Uiod, 9, k30,3, k+4Piod, 5 ktd] (a.15)
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Including the upwind differencing, equations (A.15) to

(A.18) give:

I - = =
WX = I} (043,59, k08148, 5, k+4P i+, 5, k+i
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AP?ENDIX B
¢

FINITE DIFFERENCE EQUATIONS FOR NODES USED
~IN THE SOLIDIFICATION CALCULATIONS @

The.-finite difference equations have been derived in
Section 4.3.2 for'ﬁhe'internal node, node on the outéide
surface of the mold and the interface node, before and

after the air-gap'formation. These nodes are indicated as

‘node #1, 2, and 1l respectively in Figure 4.9. Using the

same approach, this appendix presents the derivation of

the finite difference equations for other nodes in the grid.

The equations are written in cylindrical coordinate system.

Outside Mold Boundary (Bottom)

. This is the node at the bottom of the mold or node #3
as indicated -in Fig. 4.9. The outside surface is exposed to
the ambience. Performing a heat balance on the element shown

in Fig. B.1,

K i Yy S 5 U 1 SN 8 L
i-1,i00Fy 2 1805 ] TEe_ ¥ar 72
+ K [(r.+ E —Ari)mf 3 Ti+1,3,5778,5, K
i, i+1Y 4 2 j o 2 (Ari+Ari+l)/2
+ K, .[Ar.azk](Ti'j‘l'k-Ti'j'k)
J_lrj i?2 rl(A¢j“l+A¢j)/2
s bz Ty 541,%7T1,5,%

K. ., [Ar. ]
j,i+1 i2 ri(A¢j+A¢j+l)/2

)
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K1,k 0071738451172 7

z, 18z, )/2

+ hb[Ar A¢ ](T ~T )

i,3,k

#1 _mn
oz (TS T L)
_ . ky ' Ti,3,k 4,9,k
°1,3,k61,3,x 55100577

s . (B.1)

.

Ooutside Mold Corner (Bottom) -

This node is found ét the outside cofner of the mold
.(note #4) and heat losses to the ambience through the
bottom and side surface arelcalculated using the effective
heat transfer coefficients hb and'hS respeétively. From
Fig.B.Z,the.finite difference equation is Qritten as
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Top Boundary (Node #5)

Heat losses to the ambience are calculated with.ht.

This edquation applies to both the top boundary of the cast
aﬁd mold with the appropriate properties ﬁsed. From Fig; B.3,
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Top Mold €orner (Node #6)

Similar to the bottom mold corner, the finite differ-

ence equation.for the element shown in Fig. B.4 is
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Centreline Node {Node #7)

At the point'located on the axis of symmetry, diffi-

culties were encountered in solving the differential

equations as r+0. Thus, the “centreline node is chosen as

shown in Fig. B.5. Performing the heat balance, there is

no heat flow from the centreline because of zero surface

area;

thus
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Centreline Node at the Cast/Mold Interface
In a similar way, the interface node {(node #8) at the

centreline (Fig. B.6) can be written as
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Centreline Node at the Top and the Bottom Boundéry

From the heat balance, the finite difference equations
for the top (node #9) and bottom (node #10) centreline
nodes are written respecfively as: '

From Fig. B.7,
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‘Cast)Mold Interface Node (Bottom)

This is the interface node at the bottom of the
indicated by node #12 dzg/fﬁe model, the‘casting is

assumed to be resting its" weight on the mold on this

No contact resistance is considered. From Fig. B.9,

"
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Cast/Mold Interface Node (Corner)

This is the corner node indicated by node #16.

At

(B.9)

Before

the formation of the air-gap, the .element is shown in Fig.

Bl0Oa and the heat balance gives
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After the formation of the air-gap, the corner node is

shown in Fig. B.1l0b. The heat balance gives
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Cast/Mold Interface Noae‘(Top Boundary)

A similar approach s used for the interface node at
the top boundary (node #14). Before the air-gap formation,

from Fig.‘B.lla, the finite difference eqﬁation is
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After the formation of the air-gap, the interface node
becomes as shown in Fig. B.llb and the heat balance is
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Node at Quter Surface of Cast (Node #15)

Befpre the air-gap formation, this node is just an
internal node in the metal. After the formation of the gap,

this node becomes a node on the outer surface of the cast

el
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losing heat 'across the air-gap to the mold. The heat

balance on Fig. B.l2 gives
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Quter Surface of Cast (at Bottom Interface)

This node is the nodé next to the inside corner node
of the mold after the formation of the air-gap. This is
indiéated By node #16 in the grid arrangement. Before the -
gap formation, the finite difference equation is similar to
the bottom interface node (#12). The finite difference
equation for the node (Fig. B.13) after the gap is formed
is o ‘ '
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m i k
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Outer Surface of the Cast (at Tog Boundary)

This node (#17) is the same node as node #5 before the
air-gap is formed. The finite difference equation after -

the formation of the gap for the element shown in Fig. B.14

is
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The finite difference equations for any other special nodes
other than those already discussed can be readily derived
in 'the same way. However, the above equations are sufficient

for the present modelling purposes.
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Fig. 3.17. Non-dimensional temperature distribution at
time = 5.0 sec. after jetting.
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Fig. 3.18. Non-dimensional temperature distribution at
time = 12.5 sec. after jetting.
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Fig. 4.7. Control volume for a typibél side boundary

node.



Fig. 4.8. Contreol volume for an interface node | (a)
before and (b) after the air-gap formation.
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Isotherms in the rectangular ingot at

{(a) time = 10.0 min.
after pouring.

and (b) time

40.0 min.
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Fig. 4.17. Isotherms in the rectangular mold at :
(a) time = 10.0 min. and (b) time = 40.0 min.
after pouring.
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Fig. 4.27. Variation of effective heat treg{sfer
coefficient at bottom outer surface of mold.

-168-
i | B | 1
60 — ] | r (cm) -
W ® na2
z @ 237
@ 316
0 @ 416
™~
£ 50} —
B3 | :
o
.mold . .
= . e-a-n—a '
g PO ® ,
< 40} _
Q
o.
(4]
|
2
wn
c
o
~ 30 —
il
o
Q
-
. @'
2
° 20 —
&
L Y
[31]
10 _
o | _ 1 . 1 |
0 20 40 60 80 100 120
- . Time (min)



o

(w/m’c)

Effectivé heat - transfer coefficient

20 40 ' 60 80 100

Time (min).

Fig. 4.28. Variation of the interface heat transfer
coefficient. |

650 | | T I I
. — T z (ctﬁ)
800} | —~
| 2 ® 207 i N
. @ ssa2
_ @ 66.7 : —
550 _G) 78.2 B
mold '
500 -
4501~ -
N ! .
350 : -
. . -
0
30 0 120 -



'Fig. B.l. Control volume for a node located at the

" bottom of the mold.

Fig. B.2.  Control volume for a corner
‘the bottom of the'mold.
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Fig. B.3. Control volume for a node located at the
- top boundary.

Fig. B.4. Control volume for a corner node located at
‘ the top of the mold. '
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Fig. B.6. Control volume foxr a centreline node located
at the cast/mold interface.
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Fig. B.10. Control volume for a corner node located at
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the interface {a) before and
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Fig. B.1ll. Cecntrel volume for an interface node located
at the top boundary (a) before and (b) after

gap formation. i
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Fig. B.13. Control volume for "an interface node located
at the corner of the cast (after the air-
gap is formed). : .
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