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Abstract

This thesis presents three chapters.

In Chapter 1, I propose a simple one-to-one matching model, where individuals on one
side have private information that affects the preferences of the individuals on the other
side. I show the existence of the stable and strategy-proof mechanism in this environment.
I present an algorithm that defines this mechanism—the Serial Dictatorship algorithm with
cutoffs. I also consider the concept of obvious strategy-proofness. I first consider the case
where only preferences, but not experience levels, are sellers’ private information. For this
case, Serial Dictatorship with cutoffs elicits preferences in an obviously strategy-proof way.
On the other hand, when only experience levels, but not preferences are private information,
I show that there is no obviously strategy-proof and stable mechanism. A consequence of the
latter result is that obvious strategy-proofness is incompatible with stability.

Chapter 2 considers settings with rich private information — an agent’s type may include
private information other than just his preferences. In such settings, I identify a neces-
sary condition for obviously strategy-proof implementation of social choice rules. I consider
applications to strict preferences, matching and object allocation.

The main assumption behind the obvious dominance is that agents might be cognitively
limited and can not engage in contingent reasoning at all. This assumption is unreasonably
weak compared to the standard assumption that agents can perfectly distinguish contingen-
cies. In Chapter 3, I strengthen it slightly by assuming that agents are able to do at least
some contingent reasoning. I define what it means for the strategy to be obviously dominant
with respect to a partition of the state space. I call such strategies partition dominant strate-
gies. A strategy is an almost obviously dominant if, for all possible partitions, but not for the
coarsest, it can be identified as being partition dominant. My hypothesis is that even though
some agents can not do state-by-state reasoning as rational players do, they are able to do
at least some partitioning of the other player’s actions and regardless of how the partitioning
is done, the agents can identify an almost obviously dominant strategy.
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General Introduction

In the beginning, I was interested in private non-preference information revelation prob-
lems; meaning private information that does not affect one’s own preferences, but can affect
the others’ preferences. I started with the simple two-sided matching model when one sides’
preferences depend on private information of the other side. I was able to give very natural
and convincing solution to it if all one asks for is strategy-proofness and stability. Then, I
strengthened it to obvious strategy-proofness and things started to fall apart. Therefore, the
rest of the dissertation is focused on answering the following questions: Even though things
work out really well with strategy-proofness, why isn’t it working with obvious strategy-
proofness? In what sense an obvious strategy-proofness is too strong in this context? What
are some ways in which we can weaken obvious strategy-proofness?

This dissertation includes three chapters.

Agents have private information that reflects some of their intrinsic characteristics and
behaviour as well as extrinsic capabilities, qualifications, and experience. These extrinsic
capabilities can affect the preferences of other agents. In Chapter 1, I study a one-to-one
matching model with this feature. On one side of the market, there are sellers with different
levels of experience that provide services. On the other side of the market, there are buyers
that have projects and are in need of services. In addition, they have specific requirements
regarding these projects reflected in the levels of experience needed to accomplish them.
An economy is described by the private information of the sellers—their preferences and
levels of experience—and buyers’ needs. A mechanism maps each economy to a matching.
I propose a strategy-proof mechanism that selects stable, individually rational and Pareto
efficient matchings—the SD mechanism with cutoffs.

I show that, when there are no ties in sellers’ experience levels, there is a unique stable
matching for each economy due to the structure of the preferences. The SD mechanism with
cutoffs chooses the allocation picked by the SD algorithm with cutoffs and finds the unique
stable matching. Moreover, the SD mechanism with cutoffs is strategy-proof. Despite of the
fact that SD mechanism with cutoffs is strategy-proof, it is not straightforward that agents, in
particular sellers, will reveal their private information (either preferences or experience levels)
truthfully. Therefore, I focus on the much more demanding concept of obvious strategy-
proofness (OSP) (Li (2017)).

If a social choice rule elicits private information in a way that no agent ever has any
incentive to misreport, then it is strategy-proof.! However, in practice it is not enough to
make agents understand the rule for them to be truthful (Kagel et al., 1987; Charness and
Levin, 2009; Martinez-Marquina et al., 2019a). Therefore, I focus on “obvious dominance”
in Chapter 2. It is a much stronger property than weak dominance. An obviously dominant

1A social choice rule is strategy-proof if it is a weakly dominant strategy for each agent to reveal his
private information truthfully in the normal form game induced by the rule.
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strategy is one that can be identified as dominant even by agents who can not engage in
contingent reasoning. This means that the worst outcome from the obviously dominant
strategy is at least as good as the best outcome from any deviation (Li, 2017). A social
choice rule is obviously strategy-proof (OSP) if there exists some extensive game form such
that, for every profile of preferences, there is an equilibrium in obviously dominant strategies
and the outcome coincides with the outcome of the rule.

In my model, there is a finite set of agents and each agent has a type, which is his
private information. I present a setting with “rich” type information, where each agent’s
type includes non-preference information in addition to his preferences over outcomes. A
social choice rule maps each profile of types to an outcome.

My goal is to identify a necessary condition for a social choice rule to be OSP in such “rich”
type environments. I define a social choice rule as being invariant (to own non-preference
information) if whenever it responds to an agent’s non-preference information, while his
preferences are the same, the agent is indifferent between the outcomes. In other words, the
agent is not affected by his own non-preference information that the social choice rule elicits.
I prove that every OSP social choice rule is invariant. I consider the extensive form game
that is not OSP, but does implement a strategy-proof rule (a modified serial dictatorship).
I show that there is no extensive game form that implements the proposed rule in obviously
dominant strategies. However, it is a highly implausible behaviour for an agent. So, obvious
strategy-proofness is arguably too strong a criterion as it requires a rule to be immune to
even such implausible behaviour.?

I consider a few applications, starting with the case of agents having strict preferences
over the outcomes. I show that it is not possible to elicit any private information other than
preferences in this setting. Furthermore, invariance becomes a simpler property, preference-
onlyness: a social choice rule ignores private information other than preferences. Next, I
present an application to matching, which is a special case of Halushka (2020). Lastly, I
consider a class of sequential dictatorship rules for object allocation.

In Chapter 3, I focus on the fact that obvious dominance is too strong to make a recom-
mendation in many games, since the assumption that agents can not engage in any contingent
reasoning at all is too weak. Properties like strategy-proofness or obvious strategy-proofness
say that a mechanism is not susceptible to certain kinds of behaviour (full information and
full rationality in the case of strategy-proofness, inability to distinguish any contingencies in
the case of obvious strategy-proofness). The greater the range of behaviours a property says
a mechanism must accommodate, the stronger the property. That is why obvious strategy-
proofness is stronger than strategy-proofness. My assumption is that agents are able to do
at least some contingent reasoning as long as it is easy to do. Therefore, I propose one
(particular) step closer to strategy-proofness from obvious strategy-proofness. That step is
to not have to accommodate people who can not do any contingent reasoning at all.

Consider the following game. There are two players and only one desired object. There

2Some agents experience cognitive limitations when examining the contingencies (Li, 2017). However, I
show that some contingencies are just too clear to be ignored even by cognitively limited agents.



are only two possible outcomes: first player or second one gets the object.® First, each player
has to report a natural number, starting from 1. Second, the player with the lowest number
reported gets the object. Ties are broken in favour of the first player. In this game, the first
player has an obviously dominant strategy (ODS), which is to report 1. However, the second
player does not have an ODS.

Consider the game from the second player’s prospective. Suppose he can bipartition the
set of all natural numbers with respect to the first player’s actions; meaning he can not
perform the state-by-state reasoning in the same way as a rational player can, but he can
do at least some contingent reasoning. Regardless of what the partitioning is, for the par-
tition component containing 1 and some other natural numbers, the second player can not
distinguish between contingencies. He can not make a decision based on obvious dominance.*
Moreover, for the other component of the partition (the one not containing 1): the second
player is always better off reporting 1 (he always gets the object), than any other natural
number.

So, the second player can identify that reporting 1 is an almost obviously dominant strat-
eqy (AODS) for him, even though it is not an ODS, as long as he can perform at least some
contingent reasoning: not the finest partitioning as rational player does, but also not the
coarsest as Li (2017) suggests. So, the strategy is an almost obviously dominant strategy
(AODS) if, for all possible partitions, but not for the coarsest, it can be identified as being
partition dominant strategy (PDS); meaning, for all possible partitions, but the coarsest,
there exists at least one component of the partition, over which it obviously dominates all
other strategies (the preference-worst outcome following this strategy is at least as good as
a preference-best outcome following any deviation) and there is no other component of the
partition over which it is obviously dominated. Furthermore, the second player splits all the
first player’s possible actions into two sets and regardless of how he does this partitioning,
as long as both sets are not empty, he can identify a PDS. I show that considering finer
partitions does not change anything.

3There is another possible outcome when nobody gets the object. However, I do not consider it, assuming
efficient allocation of the object.

4If the component of the partition includes only 1: the second player’s worst possible outcome from
reporting 1 (he does not get the object) is the same as the best possible outcome from reporting any natural
number greater than 1 (he does not get the object). So, reporting 1 does not obviously dominate and is not
obviously dominated.
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Chapter 1

Revealing more than just preferences:
one-to-one matching when one sides’
preferences depend on private

information of the other side

Abstract

I propose a simple one-to-one matching model, where individuals on one side have private
information that affects the preferences of the individuals on the other side. I show the
existence of the stable and strategy-proof mechanism in this environment. I present an
algorithm that defines this mechanism—the Serial Dictatorship algorithm with cutoffs. 1
also consider the concept of obvious strategy-proofness. I first consider the case where only
preferences, but not experience levels, are sellers’ private information. For this case, Serial
Dictatorship with cutoffs elicits preferences in an obviously strategy-proof way. On the other
hand, when only experience levels, but not preferences are private information, I show that
there is no obviously strategy-proof and stable mechanism. A consequence of the latter result

is that obvious strategy-proofness is incompatible with stability.

Keywords: non-preference revelation, interdependent preferences, stability, strategy-proofness,

serial dictatorship, obvious strategy-proofness.



1.1 Introduction

Agents have private information that reflects some of their intrinsic characteristics and
behaviour as well as extrinsic capabilities, qualifications, and experience. These extrinsic
capabilities can affect the preferences of other agents. I study a one-to-one matching model
with this feature. I consider the process of matching within the firm; meaning the match
maker is needed. For example, the process of matching of computer programmers to hiring
companies within the recruiting firm. On one side, there are hiring companies with certain
certification and experience requirements that have to be satisfied in order for programmers
to be hired. On the other side, there are computer programmers that have certain levels of
certification or ezperience levels. There are many other applications of this model, such as:
general contractors and customers, consulting or accounting firms and clients, cleaning firms

and homeowners, beauty salons and clients, etc.

In my model, on one side of the market, there are sellers with different levels of experience
that provide services. On the other side of the market, there are buyers that have projects
and are in need of services. In addition, they have specific requirements regarding these

projects reflected in the levels of experience needed to accomplish them.

Each seller privately knows his own experience level, which determines his ability to com-
plete a given project. Sellers have strict preferences over the buyers and the option of being
unmatched. So, for each seller, the level of experience and preferences are private information.
Each buyer has a project that requires a minimum level of experience. Buyers’ preferences
are completely determined by this minimum level and the sellers’ (privately known) expe-
rience levels. I assume that each buyer cares primarily about the completion of his project
and not about the identities of the sellers. Thus, the minimum qualification to complete
his project defines a cutoff for experience levels of the sellers. Given two qualified sellers,
I assume that a buyer prefers the one with greater level of experience. Thus, each buyers’
preferences are dependent on private information of the sellers. For each buyer, the minimum

level of experience is private information.

A matching is a mapping of sellers to buyers, including the option of being unmatched. An
economy is described by the private information of the sellers—their preferences and levels

of experience—and buyers’ needs. A mechanism maps each economy to a matching.

One of the properties of a matching that I am interested in is stability. A blocking pair
is any seller and any buyer who would both prefer to be matched with each other than with

their assigned partners. A matching is stable if there is no blocking pair. Next, I require a



matching to be individually rational: each agent finds his assignment at least as good as being
unmatched; meaning each seller and buyer is acceptable to his partner. Another requirement
is that a matching is Pareto efficient: meaning there is no other matching that makes at
least one person better off without making another one worse off. So, I am interested in
mechanisms that select stable, individually rational and Pareto efficient matchings. Another
axiom that I consider is strategy-proofness: no seller can benefit from manipulation of his
preferences and level of experience and no buyer can be better off by misreporting the level
of experience needed for his project. It is important to capture the situation when sellers
can not falsify certificates or other documents proving a higher level of experience than the
real one, but allow them to withhold such documents. I propose a strategy-proof mechanism
that selects stable, individually rational and Pareto efficient matchings—the SD mechanism
with cutoffs.

This mechanism is described by the Serial Dictatorship (SD) algorithm with cutoffs. The
algorithm works as follows. First, break all ties in preferences of the buyers for the sellers
with the same reported level of experience if there are any. Next, starting from the seller
with the highest level of experience and proceeding until the seller with the lowest one, assign
every seller his most preferred available buyer among those he is qualified for. If he does not

find any such buyer acceptable, he is not matched.

I show that, when there are no ties in sellers’ experience levels, there is a unique stable
matching for each economy due to the structure of the preferences. The SD mechanism with
cutoffs chooses the allocation picked by the SD algorithm with cutoffs and finds the unique

stable matching. Moreover, the SD mechanism with cutoffs is strategy-proof.

Since the SD mechanism with cutoffs finds a stable, individually rational and Pareto
efficient matching, which is generically unique, it is reasonable to suggest an experience
monotonicity requirement. I define it as follows: increasing the experience level for one of
the sellers does not make any other seller better off and any other buyer worse off. Similarly,
decreasing the experience level for one of the buyers does not make any other buyer better
off and any other seller worse off. Even though I find that the SD mechanism with cutoffs is
buyer experience monotonic, it is not seller experience monotonic. However, when there is a

single buyer it is seller experience monotonic.

Despite of the fact that SD mechanism with cutoffs is strategy-proof, it is not straightfor-
ward that agents, in particular sellers, will reveal their private information (either preferences
or experience levels) truthfully. Therefore, I focus on the much more demanding concept of

obvious strategy-proofness (OSP) (Li (2017)). A mechanism is OSP-implementable if there



exists some extensive game form such that for every profile of preferences and, in my model,
for every profile of experience levels, there is an equilibrium in obviously dominant strategies
(ODS) and coincides with the outcome as if the mechanism was applied. I show that SD
mechanism with cutoffs is OPSP-implementable, which is the weakening of OSP where the
designer can condition the game on experience levels of the sellers. So, each seller has an
ODS to truthfully pick the best available buyer whom he is qualified for (in accordance to
his or her preferences). On the other hand, I prove that SD mechanism with cutoffs is not
OESP-implementable, which is another weakening of OSP where the designer can condition
the game on preferences of the sellers. So, I show that there does not exist an extensive game
form such that for every profile of experience levels there is an equilibrium in ODS and it
coincides with the outcome as if the SD with cutoffs was applied. The mechanism is OSP-
implementable only if it is both OPSP- and OESP-implementable. Since the SD mechanism
with cutoffs is not OESP, it is not OSP. In other words, certain cognitively limited agents,
the sellers in my model, do not understand that it is in their best interest to reveal their
private information truthfully; meaning if the seller can not engage in contingent reasoning,

it results in untruthful information revelation.

1.2 Related Literature

A substantial part of the literature in one-to-one matching is devoted to the preference
revelation problem, considering only preferences as a private information of the individuals.
Sonmez (1999) shows that if there is a unique stable matching—the core is a singleton—
then the mechanism is strategy-proof. This result holds for the setting where agents have
only preferences as their private information. Even though the SD mechanism with cutoffs
selects a unique stable allocation for each economy with no ties and is strategy-proof, my
result is not implied by Sénmez (1999), since agents reveal more private information than

just preferences.

Chakraborty et al. (2010) introduce incomplete information and interdependent valua-
tions on one side of the market in two-sided matching. They study the notion of stability
for matching market between colleges and students in which colleges have imperfect infor-
mation and interdependent values over students. In other words, colleges receive partially
informative signals about students. Furthermore, they focus on the amount of information
about matchings available to colleges to define stability. Moreover, their results suggest that

a stable matching mechanism does not generally exist, when the entire matching outcome is

4



observable. However, a stable mechanism exists when colleges observe only their own matches
and students have identical preferences over colleges. It may not exist if students have dif-
ferent preferences, even though colleges observe only their own matches. In my model one
sides’ preferences depend on private information—experience levels—of the other side. The
existence of the stable mechanism does not depend on the available amount of information

about the matching.

My paper is also related to the studies of preference interdependence in a matching context
and the standard interdependent values models (Jehiel and Moldovanu (2001), Bikhchandani
(2006) and Che et al. (2015)). In one of the recent works, Fujinaka and Miyakawa (2017)
introduce private information on the quality of a house, known only to the initial owner, and
present a model of housing markets with interdependent values where ex-post preference of
an agent depends on the private information of the other agents with regard to the quality
of houses. Similarly, I introduce private information on the experience levels of the agents,
known only to them. However, I work with a two-sided matching model where one sides’

preferences depend on private information of the other side.

Chakraborty et al. (2015) study two-sided many-to-one matching markets with interde-
pendent valuations and imperfect information held by one side of the market. They formalize
a ‘modified serial dictatorship’ mechanism that implements group stable matchings. I also
present an algorithm that defines the stable and strategy-proof mechanism—=Serial Dictator-
ship algorithm with cutoffs—that is also a modified serial dictatorship. However, I do not
focus on group stability and I work in a different economic setting, where preferences of the
one side of the market totally depend on the private information of the other side of the
market. My results contribute to the literature on serial dictatorship mechanisms and their
characterizations (Gibbard (1977), Bogomolnaia and Moulin (2001), Katta and Sethuraman
(2006), Bogomolnaia et al. (2005), Dutta et al. (2007), Nandeibam (2013), Bade (2020),
Nesterov (2017), and many others).

Obvious strategy-proofness (Li (2017)) has been studied in recent years. A direct mech-
anism, even though it is strategy-proof, may not give the incentives to the agents to reveal
their private information truthfully in practice, depending on the implementation details, due
to certain cognitive limitations. If the mechanism is obviously strategy-proof, then it can be
implemented in a way that agents do reveal private information truthfully, even among agents
with such cognitive limitations. Ashlagi and Gonczarowski (2018) showed that there does
not exist an OSP mechanism that can return a stable matching. This implies that the Gale-
Shapley matching algorithm is not OSP even though it is apparently simple. I also prove that

SD mechanism with cutoffs is not OSP-implementable. Since it returns a stable matching,



my findings go in hand with the ones of Ashlagi and Gonczarowski (2018). There are many
closely related papers on OSP mechanisms such as those of Troyan (2019), who has identified
that the acyclicity condition is both necessary and sufficient to implement Top Trading Cy-
cles in an obviously strategy-proof way; Pycia and Troyan (2019), who have introduced the
approach to simplicity to provide characterizations of simple mechanisms in general social
choice environments both with and without transfers, including obvious strategy-proofness;
Bade and Gonczarowski (2017), who have investigated whether some Pareto optimal and
strategy-proof social choice functions are OSP in domains such as object assignment, single-

peaked preferences, and combinatorial auctions.

The paper is organized as follows: I formalize the model in Section 1.3. T define the
axioms in Section 1.4. I present the algorithm and the mechanism in Section 1.5. T provide
the results in Section 1.6. I focus on obvious strategy-proofness in Section 1.7. I conclude in
Section 1.8.

1.3 The Model

Let S = {s1,..., 8.} be a finite set of sellers, with an individual seller denoted by s; € S
for each i € {1,...,n}; n is the total number of sellers. Let B = {by, ..., b,,} be a finite set of
buyers, with an individual buyer denoted by b; € B for each j € {1,...,m}; m is the total

number of buyers.

For each s; € S, let [, € R, be the level of experience of s;. For each b; € B, let [,, € Ry
be the minimum level of experience needed for b;’s project. Let g be the profile of experience
levels of the sellers and [ be the profile of experience needs for the buyers. Let {_,, denote

the list of other sellers’ levels of experience and [, denote the list of other buyers’ needs.

For each i € S U B, I use R; to denote i’s preference relation. I use P; to denote strict

preference, and I; to denote indifference.

Let Rs = (Rs,, ..., R, ) be the profile of preferences of the sellers, where Ry, is the prefer-
ence relation of the seller s; over the buyers. For each s; € S R;, is a strict preference over
B U {s;}. Let Ry, be the set of all preference relations for s;, I assume that R, contains all

strict orderings over BU {s;}. ! Let Rg be the set of all preference profiles for the sellers.

Each b; € B has preference relation over the sellers, R;,. Conditional on [y, [, induces

1T assume strict preferences for simplicity. The mechanism that I present in the next section can be
adapted along the lines of Bogomolnaia et al. (2005) to accommodate indifferences in sellers’ preferences.



Ry, over SU{b;}. That is, for V¥ s;,5; € S:

1. s; By, b; if and only if [, > l;,; meaning s; is acceptable to b; if and only if s;’s level
of experience is at least as high as the level of experience needed for b;’s project. If
ly; > ls;, then s; is unacceptable for b;. So, b; strictly prefers being unmatched to being

matched to the seller s;—b; B, s;.

2. If s; Ry, b; and s; Ry, by, then s; Ry, s; if and only if [, > [,;; meaning if s; and s; are
both acceptable to b; and have same level of experience I, = [,;, then b; is indifferent
between them, s; I, s;. If s; and s; are both acceptable to b; and [5, > ls;, then b;

strictly prefers seller s; (with higher level of experience) to seller s;—s; Py, s;.
Let Rg = (Rp,, ..., Rp,,) be the profile of preferences of the buyers.

A matching, u: BUS — BUS, is such that for each s; € S, u(s;) € BU{s;}, for each
b; € B, u(b;) € SU{b;}, and for each pair s; € S and b; € B, u(s;) = b; if and only if
p(bj) = s;. This means that p is a mapping of sellers to buyers, such that only one seller
can be assigned to one buyer. Let M be the set of all possible matchings. Let an economy
be described by the preferences, the experience levels of the sellers, and the needs of the
buyers: (Rg,ls,l5). Let £ be the set of all economies. A mechanism, ¢ : £ — M, maps each

economy to a matching.

1.4 Axioms

Here I define some axioms with respect to a rule ¢.

The first requirement is that a matching is chosen only if each agent finds his assignment
at least as good as being unmatched; meaning each seller and buyer is acceptable to his part-
ner. Since the experience levels are private information, buyers’ evaluation and comparisons
happen only after the matching, and after buyers observe the true experience level of the

assigned sellers.
Individual Rationality. For each (Rg,ls,l5) € £, and each i € SU B,

vi(Rs,ls,lg) R; i.



The next axiom is that a rule selects a matching that is not blocked by any individual or
pair of seller and buyer; meaning there does not exist any seller and any buyer who would
both prefer to be matched with each other than with their assigned partners. The buyer
makes comparisons only after he observes the true experience level of both the assigned seller

and the one he can block the matching with.

Stability. For each (Rg,ls,lp) € £, p(Rs,ls,lp) is individually rational and there is no
(si,b;) € S x B, such that:

bj Psi @si(RSa lSa lB)
and

S; ij @bj(RSJ lSa lB)

The next property is that a matching is chosen only if there is no other matching that

makes at least one person better off without making another worse off.

Pareto Efficiency. For each (Rg,ls,l5) € &, there is no u € M such that, for each s; € S
and each b; € B, u(s;) Rs, ¢s,(Rs,ls,lp) and pu(b;) Ry, s, (Rs,ls,(p), and, for some s; € S,
p(si) Py, s, (Rs,ls, 1) or, for some b; € B, u(b;) Py, v, (Rs, s, ).

Remark 1. Stability implies individual rationality and Pareto efficiency only when there
are no ties; meaning every seller has a different experience level. If there are ties, stability

implies only individual rationality, but does not imply Pareto efficiency (Appendix 1.9.A).

For each s; € S,ls, and R, are s;’s private information; for each b; € B, [y, is b;’s private
information. Therefore, the next requirements are that no seller or buyer can benefit by

misreporting this private information.
T T
Let T and F, placed above each [, € [5 and each [, € [p, denote a “true” (Is;, lb].) and a

F F
“false” (Is,,ly,) level of experience of the seller and buyer, respectively.

First, I consider two axioms that concern manipulation of the levels of experience.



Seller Experience Strategy-proofness. For each (Rg,ls,lp) € € and each s; € S, there

is no I, < l,,, such that:

F T T
SOSi(RS7 l;p l—5i7 ZB) Psi @si(RS, lsia l—sm lB)

F T
Note that I restrict reported levels for s; to be no greater, than the truth, that is: 5, < s,.

If s; falsely reports li > ZZ“ then any buyer b; he is matched to with l]; >y, > l:; will fire
him. This is reasonable as s; lacks both skills and qualifications for b;’s project. This captures
situations when sellers can not falsify such evidence proving a higher level of experience than
the real one, but they can withhold such evidence. If one does not restrict reported levels for

F T
Siy ls; < ls;, then there does not exist a stable and strategy-proof mechanism (proof in the

Appendix 1.9.B).

Buyer Requirement Strategy-proofness. For each (Rg,ls,l5) € £ and each b; € B,
there is no I € Ry, such that:

1/'? T T
SDbj (R57 lS? lbju l*bj) ij SObj (R.5'7 lS? lbj? l*bj)-

Second, I look at an axiom concerning the possibility of the sellers benefiting from misre-
T
porting their preferences. Let 7" and F', placed above each R, € Rg, denote a “true” (Ry,)

F
and “false” (R;,) preference relation of the seller, respectively.

Seller Preference Strategy-proofness. For each (Rg,ls,lp) € € and each s; € S there
is no R, € Rg, such that:

F T T
Ps; (R/slu R—s“ lS7 ZB) Psi <Psi(Rsi, R—Sia lSa lB)

Finally, I present an axiom regarding the joint manipulation of both preferences and the

level of experience by the sellers.



Seller Strategy-proofness. For each (Rg,ls,lp) € £ and each s; € S, there is no pair
l,, <ls, and R, € Rg, such that:

F T T
l/

F T
8051' (R;N R—Sm 857 l—5i7 ZB) PSi 9081' (Rsia R—Si) lsia l—Sm lB)

The situation when no agent can benefit from misreporting any kind of his private infor-

mation is considered in the next axiom.

Strategy-proofness. A mechanism ¢ is strategy-proof if it satisfies buyer requirement

strategy-proofness and seller strategy-proofness.

In the next section I define a mechanism that finds the unique stable matching for
economies with no ties in experience levels of the sellers. Therefore, it is reasonable to
suggest an experience monotonicity requirement. First, that increasing the experience level

for one of the sellers does not make any other seller better off and any other buyer worse off.

Seller Experience Monotonicity. Let (Rg,ls,lp) € £. For each s; € Sif I, > [, then
for each s, € S\{s;}:
(;ps’i(RS7 lSa ZB) Rs; @52<R57 l;ﬂ lfsia lB)y

and for each b; € B:
SObj (RS7 l;,ﬁ l—Sia lB) ij SObj (R57 l57 ZB)'2

Similarly, decreasing the experience level needed for one of the buyers does not make any

other buyer better off and any other sellers worse off.

Buyer Experience Monotonicity. Let (Rg,ls,l) € £. For each b; € B if ll’)j < ly,, then
for each b € B\{b;}:
SObg. (R57 lSa ZB) Rb; ng; (R57 l57 l;)ja l—bj)7

and for each s; € S
Ps; (RSv l57 l;)jw l—b]‘) Rsi Ps; (Rs, lg, lB)

?Note that Ry, is dependent on the experience levels of the sellers. So, when both sides involve the same
seller, the buyer compares the seller with the new experience level and the same seller with the old experience
level.
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1.5 The mechanism

In this model, the seller- and buyer-optimal stable matchings are the same only when
there are no ties. If there are ties, there might not be seller-optimal stable matching.® This is
a result of the correlation of the buyers’ preferences with the sellers’ levels of experience—a
specific feature of the model.

In the next section I show that SD algorithm with cutoffs finds the unique stable match-
ing when there are no ties. There is a particular algorithm that finds this matching—=Serial
Dictatorship (SD) algorithm with cutoffs (Algorithm 1).

For each s; € S, and each b; € B, s; is qualified for b; if and only if s;’s level of experience
is at least as high as the level of experience needed for b;’s project, Iy, <I,.

For each s; € S, and each b; € B, b; is acceptable for s; if and only if b; is over the cutoft

in the preferences of s;, b; P, s;.

Algorithm 1: SD algorithm with cutoffs.

Step 1: Break all ties in preferences of the buyers for the sellers with the same level

of experience, if there are any, as follows:
s; Iy s; if and only if [, > s

orl,, =1, and i < j.*

Step 2: The seller with the highest level of experience is matched to his most preferred
buyer among those he is qualified for. If he does not find any such buyer acceptable, he is

not matched.

Step n: The seller with the lowest level of experience is matched to his most preferred

3Consider the following example. Let S = (s1,s2) and B = (b1). Let preferences and levels of experience
be as follows:

by, =1 [1, =2 I, =2
Ry, R, R,

{81, 82} by b1
b1 S1 S92

So, p1 : (s1,b1),(s2); o : (s1),(s2,b1). There are two stable matchings, but neither of them is a seller-
optimal stable matching.

4] use index as a tie breaker in buyers’ preferences for the sellers of the same level of experience. One

can randomize over tie-breakers as long as the ties in every buyers’ preferences are broken in the same way.
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available buyer among those he is qualified for. If he does not find any such buyer acceptable,
he is not matched.
The algorithm terminates. Any buyer for whom no seller is qualified is unmatched. Any

seller who is not qualified for any of the buyers also is unmatched.

1.6 Results

In a given economy (Rg,ls,lp) € £, where no two sellers have the same experience level,
there can be only one stable matching and it coincides with the matching produced by SD

algorithm with cutoffs.

Theorem 1. SD algorithm with cutoffs yields a stable matching.

Proof: Let SD algorithm with cutoffs yield a matching u € M and s; € S be assigned b; € B,
p(si) = bj. Suppose s; and b € B\{b,} block p, so it is unstable. Then, since (s;, b;/) blocks
{1, bjr Py, bj and s; must be qualified for by, s; By, p(byr). If yu(byr) = by, then by is available
when s; chooses and SD algorithm with cutoffs must yield p(s;) = b;/, but it yields pu(s;) = b;.
So, this means s; is not qualified for b;; and is below the cut off in b;;s” preferences, otherwise
the algorithm would assign by to s;. If u(by) = si7, where sy € S\{s;}, then since s; By, si,
ls; > s, So, regardless of the tie breaks, s; chooses before sy. So, again b is available when
s; chooses. Following the same reasoning, this contradicts p(s;) = b;. Therefore, (s;,b;/) can
not block p and SD algorithm with cutoffs yields a stable matching. So, u is stable with

respect to the tie-broken preferences and also with the respect to the original preferences. [J

Proposition 1. For each economy where there are no ties the SD algorithm with cutoffs

finds the unique stable matching.

Proof: By contradiction, suppose there are two stable matchings: pu, produced by SD with
cutoffs, and p/. If pu # 1/, let s; € S be the highest priority (most experienced) seller such that
p(s;) = b; and p/(s;) # b;.5 Since s; is the highest priority seller who gets something different
under ', V' s € S\{s;} with Iy > [, u(s;) = p/'(s;). By definition of SD with cutoffs, b; is

the best buyer for s; among those he is qualified for after the buyers were assigned to higher

SUnder y/, s; is either unmatched or matched to another buyer b # bj.
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priority sellers. So, either y/(b;) = b; or p/(b;) = s}, where V s; € S\{s;} with Iy < [,.
Therefore, the pair (s;, b;) blocks i/ and there can not be two separate stable matchings. [

Proposition 2. SD algorithm with cutoffs is Pareto Efficient.

Proof: Let SD algorithm with cutoffs yield a matching u € M and s; € S be assigned b; € B,
p(s;) = bj. Let s;, be the seller who chooses in the k-th step. Since s; is matched to his
most preferred buyer, there is no matching that makes him better off. Thus, if u/ Pareto
dominates u, p'(s1) = p(s1). In step k, since sy is matched to his most preferred remaining
buyer that he is qualified for, the only way to make him better off is to match him to a buyer
he is not qualified for or to a buyer already assigned in an earlier step. The former will make
the buyer worse off and the latter is not feasible. Thus, p/(s;) = p(sg). Therefore, for each
i=1,..,n, (/(s;) = pu(s;), contradicting the assumption that p' Pareto dominates p. So, SD
algorithm with cutoffs yields a Pareto efficient matching. O

Let SD mechanism with cutoffs choose the allocation defined by the SD algorithm with

cutofls.

Proposition 3. SD mechanism with cutoffs is Seller Preference Strategy-proof.

Proof: For the seller s, € S, at the k-th step of the SD algorithm with cutoffs, the algorithm
assigns him his most preferable buyer from among those who have not been matched in
previous steps and for whom s, is qualified or leaves him unmatched if no such buyer exists.
So, s has no incentive to lie about his top choice among the remaining buyers, because the
only way for s; to ensure getting his top choice is by reporting his top choice truthfully.

Therefore, it is a weakly dominant strategy for each seller to state his true preferences. [

Proposition 4. SD mechanism with cutoffs is Seller Experience Strategy-proof.

Proof: Suppose s; € S is assigned b; € B at the k-th step of the SD algorithm with cutoffs,

F T T
when s; reports 5, < I, (by assumption, any seller reports only his true level [, or any level

that is lower, than the true one). I will show that s; is still qualified for b; and b; is still
T
available for s; if he reports [,,; meaning s; is at least as well off as when he reports the truth.

F T
First, as s; is qualified for b; when he reports untruthfully, we have: [, <[, <. So, if s;
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T
reports truthfully, he is qualified for b;. Second, if s; reports [,,, then he has to be assigned

no later than k-th step of the SD algorithm with cutoffs. Since none of the sellers chose b; in
F T
steps before k when s; reported [,,, b; still remains available when s; reports [;,. Therefore,

it is a weakly dominant strategy for each seller to state the true level of experience. 0

Proposition 5. SD mechanism with cutoffs is Buyer Requirement Strategy-proof.

F T
Proof: Suppose b, € B reports I, < lp, and is assigned to s; € S at the k-th step of the

F

SD algorithm with cutoffs. I will show that if b, reports [;, he is either as well off as when
T

reporting [, or strictly worse off, depending on [,,. First, if by reports untruthfully and

F T

b, < lp, <5, then s; is qualified for b, and by is assigned to s; at the k-th step of the

algorithm. So, since s is qualified for both by reporting truthfully or not, b is as well off
T T

F
as when he reports l;,. Second, if by reports untruthfully and i, < I, < I, then s is

qualified for by and by is assigned to s, at the k-th step of the algorithm. Even though sy is

F
qualified for by with [, , but s; is underqualified for b;’s truthful level of experience needed,
T

ly,. Therefore, by, is even worse off than being unmatched.

F T
Next, suppose by reports I, > l,,. I will show that b, will be still assigned to sj if by
T
reports [, , meaning by is as well off as when he reports the truth. First, as s; is qualified

F T
for by, when by, reports untruthfully, we have: [, > l,, > l;,. So, if b, reports truthfully, then
T
sy is qualified for by. Second, if b reports [, , then he has to be assigned to s also in k-th
step of the SD algorithm with cutoffs. Since none of the sellers chose b, in steps before k
F

when by, reported [y, , by still remains available for s; and is assigned to him when by, reports
T

Ly, -
experience. O

Therefore, it is a dominant strategy for each buyer to state the true level of needed

Proposition 6. SD mechanism with cutoffs is Seller Strategy-proof.

Proof: 1f some seller s; € S prefers to be engaged with some buyer b; € B and is not qualified
T
for him (I, < lbj), then there is nothing s; can do to get b;. Regardless of R,,, s; can not
F T
submit I,, > [;, by the imposed restriction. On the other hand, if I, > [;, s; can get b,

T
only if there is no other s, € S with lg > ls; > lp; and for who b; is the most preferred

buyer among those who are available when s} chooses. Otherwise, b; will be matched with
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F
s;. Regardless of Ry, s; can not lie to have [, > l;. By Proposition 4, there is no gain from

F
reporting lower level of experience for sellers. Therefore, there is no possible misreport [,

F
and R, for sellers to be better off. O

Proposition 7. SD mechanism with cutoffs is Strategy-proof.
Proof: By Proposition 5 and 6, SD mechanism with cutoffs is Strategy-proof. O

Since SD mechanism with cutoffs finds a unique stable matching, one might expect SD
mechanism with cutoffs to satisfy an experience monotonicity requirement. However, SD
mechanism with cutoffs is not seller experience monotonic. In addition, when there is a

single buyer and |S| > 1, it is seller experience monotonic (proof in the Appendix 1.9.C).

Proposition 8. When |S| > 1 and |B| > 2, SD mechanism with cutoffs is not Seller

Experience Monotonic.

Proof: Let S = (s1) and B = (b1, bg). Preferences and levels of experience are such that:

by =1 ,=21,=1
R, R, | R

S1 S1 bg
b ba by
S1

At (Rg,ls,lp) the SD algorithm with cutoffs yields the matching u: (s1, by), ba.

Suppose now I > [,,. Since s; now is qualified for b, and b, is available, at (Rg,! ,Ip)
the SD algorithm with cutoffs yields p': (s1, b2), b1. So, by is matched to s; under p and
unmatched under /. Therefore, increasing the experience level for s; makes b; worse off.

The argument generalizes to the case with |[S| > 2 and |B| > 2 (more cases in the Appendix

1.9.D). O

Proposition 9. SD mechanism with cutoffs is Buyer Experience Monotonic.

Proof: Suppose b, € B reports [, and s, € S is assigned his most preferred among the

remaining buyer b, in n-th step of the SD algorithm with cutoffs. I will show that if [,
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changes to [, < Iy, other sellers (buyers) can be either as well off as or better off (worse off)
than when he reports [, .

First, if [, <1, <ls,, then s; chooses at the n-th step of the SD algorithm with cutoffs
as before and is assigned b;. The order in which sellers choose buyers stays same, regardless
of the experience level by reports between [, and [, . So, in this case all other buyers and
sellers are as well off as before.

Second, if [, < I, , then s is not qualified for by, in this case. Let 1 € M be the matching
at (Rs,ls,lp,,l_p,). Suppose p(sy) = b;, and that s; is assigned b; at the n-th step of the
SD algorithm with cutoffs. Suppose that by, Ps, b;. When l{)k <l <lp, let p’ € M be the
matching at (Rs,ls,l, ,[y,). So, since the order of sellers does not change s, still chooses
at the n-th step of the SD algorithm with cutoffs as before, but p/(s;) = bg. Furthermore, b;
becomes available for any other seller s; € S who chooses after the n-th step. If b; Ps, u(s;)
and I, > Iy, then p'(s;) = b;, s; is assigned b; in some step after n-th step, since b; is
available now. Furthermore, regardless of who the seller b; is assigned to in steps after n-th,
b; is always worse off. Therefore, decreasing the experience level needed for b, makes b; worse
off and s; better off.

Moreover, the buyer who s; was matched to under p is now available after the step when
s; is assigned b; for some other seller; this buyer is worse off now. By the same argument,
they can be matched under ' in some step after the step when s; is assigned b;; this seller
is better off now. Therefore, each buyer who is displaced is worse off and each seller who
receives the more preferred buyer is better off, by the same argument. This chain process
continues until there is the last buyer who is either matched to a less preferred seller or
becomes unmatched under y'; and there is the last seller who was either unmatched under
1 and is matched under ' or who was matched under p and is matched to a more preferred

buyer under . O

1.7 Obvious Strategy-proofness

One of the important considerations is the incentives given to agents to reveal either
their preferences or any other private information truthfully. Although I have proved that
SD mechanism with cutoffs is strategy-proof (Proposition 8), it does not mean that agents,
in particular sellers, will report their experience levels truthfully in practice. In general,
there is experimental evidence (Kagel et al. (1987), Charness and Levin (2009), Martinez-

Marquina et al. (2019a)) of the inability of some agents to engage in contingent reasoning,
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resulting in untruthful information revelation, even though the mechanism is Strategy-proof
(SP) and truthful reporting is a weakly dominant strategy. Therefore, I focus now on much
more demanding concept of obvious strategy-proofness (OSP) (Li (2017)). To do this I first
define an obviously dominant strategy (ODS) of an extensive form game that, in general, is
a strategy such that even the best outcome under any possible deviation, at any information
set where both strategies first diverge, is no better than the worst outcome under the ODS.
An ODS is a strategy that can be identified as optimal (dominant) by an agent who can
not perform state contingent reasoning. If a mechanism has an equilibrium in ODSs, it is

considered to be obviously strategy-proof.

In addition, OSP is a property of the extensive game form, unlike SP. A mechanism is OSP-
implementable if there exists some extensive form such that for every profile of preferences
and, in my model, for every profile of experience levels, its outcome has an equilibrium
in obviously dominant strategies and coincides with the outcome as if the mechanism was

applied.

Suppose buyers’ true levels of experience are publicly known information. Only each seller
knows his preferences and experience level and buyers’ preferences still depend on the sellers’

private information.

I consider only game forms with perfect recall and finite depth (Li (2017), Pycia and
Troyan (2019)). Let the set of all such games be represented by G. Let I' € G denote an
extensive game form with outcomes in the set of all possible matchings M; meaning each

terminal history w results in some outcome p(w) € M.

For each s; € S, let Z,, denote the information sets for s;, with representative element
I, € I,,. Let T denote all the information sets for all sellers. Let H be the set of all histories,
with representative element h. Let > denote the precedence order over histories (Li (2017)).
For any h € I, and h' € I if h = h’, then I, = I .

For each s; € S, let A, denote the set of all possible actions for s;. Let A(I;,) € A,
denote the set of all actions available to s; at I,, € Z,. Let A denote all possible actions

available for all of the sellers.

A strategy is os, : Z,, — As,, where A, = UlsieZSiA(Isi) such that for each I, € Z,,,
0s,(Is;) € A(l;;). In other words, oy, is a complete contingent plan, it chooses, for each

information set I, a particular action a € A([y,) for any s,. A strategy profile o = (0y,)s,es

specifies a strategy for each s; € S.

/

The earliest points of departure a(oy,, 0} ) are the earliest information sets I, at which
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o5, and oy diverge (o, (1s,) # 0, (I,;)) (Li (2017)). In other words, a(os,, 0% ) are the earliest
information sets, where these two strategies choose different actions. Note that there can be
no earlier point of departure under perfect recall; meaning that at every previous information

set 05, and of. chose the same action.

Next, a strategy oy, is an ODS if for any alternative strategy o7 the best possible outcome
under o is no better than the worst under oy,, conditional on reaching any earliest point of

departure a(oy,, 0, ). Now I define the ODS formally as follows.

Definition 1. Obviously Dominant Strategy (ODS). For each (Rg,ls,lp) € £ and
each 5; € S, given I, 0, is obviously dominant strategy (ODS) if, for each o7, and for each
I, € a(os,,0,,), the R,,-worst outcome under any terminal history following o, is at least

as good as the R, -best outcome under following o7 .

Definition 2. Obvious Strategy-proofness (OSP). Let ¢ : £ — M be a mecha-
nism. Suppose [' € G is such that for each (Rg,ls,lg) € &, in ' every s; € S has an
obviously dominant strategy c©”%. Let u?P%(Rsg,ls,l5) be the resulting outcome. If for

each (Rs,ls,lp) € £, n9P5(Rs,ls,l5) = ¢(Rs,ls,Ip), then T implements ¢ in ODS. If there
is I' € G that implements ¢ in ODS, then ¢ is OSP.

Suppose G¥ : Ri — G is a mapping from profiles of experience levels to extensive game
forms; meaning G says which game form from the set of all extensive game forms G to use
if the sellers’ experience profile is lg € RY. If for every profile of experience levels Ig € RS,
G¥(ls) is such that every seller has an ODS, I say that G¥ has an equilibrium in obviously

dominant strategies.

Definition 3. Obvious Preference Strategy-proofness (OPSP). Let ¢ : £ - M
be a mechanism. Suppose G¥ : RS — G is such that for each (Rg,ls,l5) € &, in GF(lg)
every s; € S has an obviously dominant strategy JgDS . Let u9P5(Rg, ls,1p) be the resulting
outcome. If for each (Rg,ls,lp) € €, n9P°(Rs,ls,l5) = ¢(Rs,ls,lp), then GF implements
¢ in ODS given experience levels. If there is G¥ that implements ¢ in ODS given experience

levels, then ¢ is OPSP.

In other words, GF OPSP-implements some mechanism ¢ if for any economy e = (Rg,ls, ) €
&, the ODS equilibrium outcome of GE(lg) coincides with ¢(e).

Next, suppose G* : ’R‘j — G is a mapping from profiles of preferences to extensive game

forms; meaning G says which game form from the set of all extensive game forms G to use
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if the sellers’ preference profile is Rg € Ri. If for every profile of preferences Rg € Ri,
GT(Rgs) is such that every seller has an ODS, I say that G¥ has an equilibrium in obviously

dominant strategies.

Definition 4. Obvious Experience Strategy-proofness (OESP). Let ¢ : £ - M
be a mechanism. Suppose G¥ : R§ — G is such that for each (Rg,ls,lp) € &, in GP(Rg)
every s; € S has an obviously dominant strategy JgDS . Let u9P%(Rg, s, 1) be the resulting
outcome. If for each (Rg,ls,l5) € &€, n°P°(Rs,ls,l5) = ¢(Rs,ls,5), then G implements ¢
in ODS given preferences. If there is G¥ that implements ¢ in ODS given preferences, then
¢ is OESP.

G OESP-implements some mechanism ¢ if for any e = (Rg, s, () € &€, the ODS equi-

librium outcome of G¥(Rg) coincides with ¢(e).

In order for ¢ to be OSP-implementable, it has to be both OPSP- and OESP-implementable.

Proposition 10. Suppose ¢ is OSP, then ¢ is OPSP and OESP.

Proof: Suppose I' is an extensive game form that implements ¢ in ODS. Then let GF :
Ri — G be such that, for each g € Ri, GF(ls) = T and GF : Ri — G be such that, for
each Rg € Rﬁ, GF(Rg) = T. Since I' OSP-implements ¢, GE OPSP-implements ¢ and G¥
OESP-implements ¢. Therefore, ¢ is OPSP- and OESP-implementable. 0

I show below that SD mechanism with cutoffs is OPSP-implementable. In the game form
that OPSP-implements SD mechanism with cutoffs, sellers select buyers in decreasing order

of their experience level, each seller observes what buyers were taken by other sellers.

Let G¥ : RS — G be such that, for each lg € RS, G¥(ls) be defined as follows. First, ties
are broken for the sellers with the same level of experience if there are any. Second, all sellers
are put in order corresponding to their levels of experience from the highest to the lowest and
are informed of the order (but not about the experiences). Next, sellers play sequentially,
starting from the seller with the highest experience to the lowest. When a seller takes his
turn, he is shown the updated list of buyers that have not yet been matched, he picks up
to one buyer among those he is qualified for if one exists. Each s; € S observe the updated

availability status of each b; before he chooses.

GP OPSP-implements SD with cutoffs if for each ¢ = (Rg, ls,15) € £, the ODS equilibrium
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outcome of GF coincides with SD mechanism with cutoffs.

Proposition 11. G¥ OPSP-implements SD with cutoffs.

Proof: 1 show that each player has an ODS to truthfully pick the best available buyer whom
he is qualified for; meaning the best outcome any seller can get under any deviation strategy
is no better than the worst outcome under the truthful strategy.

Consider seller s, € S with the level of experience [5,. Let the set of all available buyers
s is qualified for be B’ C B. At each information set where s; is called to play, s, faces
some B’ C B. His actions are: Vb; € B’, he can either pick b; or remain unmatched. So, a
strategy o, maps each B' C B to B'U{sy}, where s denotes being unmatched. Playing o,
that maximizes R, is an ODS for s, because s; picks his most preferable buyer from each
B' C B with the regard to his R,, and gets it. Any other o7 either yields the same buyer at
every B’ C B or worse. Since s, is only called to play at most once, o, obviously dominates

any such oy, . O

Next, consider OESP-implementability of the SD mechanism with cutoffs. G¥ OESP-
implements SD mechanism with cutoffs if for each e = (Rg, ls,l5) € &, the ODS equilibrium

outcome of G¥ coincides with SD mechanism with cutoffs.

Proposition 12. There is no G that OESP-implements SD with cutoffs.

Proof: Without loss of generality, I prove this for the setting with one buyer and two sellers.
The argument generalizes to the setting with more than one buyer and two sellers.

Suppose G OESP-implements SD with cutoffs. Consider an information set I,, € Z such
that in any previous information sets nature plays. Let s; € S be the seller who moves in
I;,. Let s; € S be the other seller. Let b, € B be the buyer.

Let Rg € R® be the profile of preferences of the sellers such that both sellers prefer to be
matched to the buyer, than to be unmatched. Let [, = 0.

Let I' = GP(Rs). GP OESP-implements SD with cutoffs implies that Vig, there is an
ODS equilibrium outcome of I'; u®P% such that %P9 = ¢(Rg, ls,lp).

Without loss of generality, by the pruning principle for obvious dominance (Li (2017),
Bade and Gonczarowski (2017), Pycia and Troyan (2019), Troyan (2019)), I assume that I’
is pruned; meaning VI, € Z;, every a € A(l,,) is OD for some type I, Vi, € ls.

There are only two possible efficient matchings, since b, is acceptable for both sellers. Let
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p! be such that s; is matched to b; and sy is unmatched: p'(s;) = b; and p'(sy) = so. Let
p? be such that s; is unmatched and s, is matched to by: p*(s1) = s; and p?(sy) = by. If
ls, > lg,, then ¢(Rg,ls,lg) = p'; and if I,, < l,, then ¢(Rs,ls,(5) = p?.

For each information set I can map each action of the seller playing in it to the set of
all matchings at some terminal node following that action. Let A(l;,) C A, denote the
set of all actions available to s; at I, € Z. For all a € A(ly,) € As,, let M(a) be the
set of all matchings at some terminal node following a. Since I' OESP-implements the SD
mechanism with cutoffs, Ja* € A(Iy,) such that Va € A(Iy, ), a* obviously dominates a. Then
Vu € M(a*) and V' € M(a), p(s1) Rs, 1/ (s1) and ¢(Rg,ls,lg) € M(a*).

Let I,, =2 and l,, = 3. Let v = ¢(Rs, s, l5). Then we have v = p?, and v € M(a*). So,
p? € M(a*). Let us look at any a € A(I,)\{a*}. Suppose I2 is the type that player s; € S
would have to have for a to be his obviously dominant strategy. It is possible that s; has
type {2 when s, has a lower type I, < [%. Then s; is matched and ¢(Rgs, 12,1l 1) = p'.
So, ut € M(a); contradicting a* is ODS.

So, there is no I, € Z where any player has more, than one action a, Va € A(ly,) € As,.
Therefore, it has to be that the game form I' is such that at every I, € Z every s; € S has
just one acton a € A(I,,). Regardless of lg, the same outcome occurs, which means GF can
not implement SD with cutoffs. Therefore, AGY that OESP-implements SD with cutoffs. [J

Corollary 1. SD mechanism with cutoffs is not OSP-implementable.

Proof: Recall that OSP-implementability requires both OPSP- and OESP-implementability.
Since SD mechanism with cutoffs is not OESP-implementable, by Proposition 11, it is not
OSP-implementable. O

1.8 Conclusion

Hidden private information of some agents can be crucial for the others in establishing
their preferences. This motivated my study of the information revelation problem where
agents reveal more than just preferences and the others’ preferences depend on such private
information. I use a simple one-to-one matching model with sellers on the one side of the
market and buyers on the other side. In my model, buyers’ preferences depend on private

information of the sellers, in particular, their levels of experience and qualifications.

I show the existence of the strategy-proof mechanism that returns stable and, therefore,
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individually rational and Pareto efficient matching in this setting. The Serial Dictatorship
algorithm with cutoffs defines this mechanism. I prove that the SD mechanism with cutoffs is
not OSP-implementable, a solution concept introduced recently by Li (2017). T model what it
means for a mechanism to be obviously experience and preference strategy-proof (OESP and
OPSP). It appears that despite SD with cutoffs being OPSP, it is not OESP and, therefore,
not OSP.

This research mainly focuses on introducing private information other than the preferences—
levels of experience—into the two-sided matching model and making one sides’ preferences
completely dependent on this information of the other side in order to analyze agent’s in-
centives to misreport their private information. A natural extension from this work would
be to expand from one-dimensional to multidimensional private information model. In other
words, to introduce additional types of private information into the model, such as: prox-
imity to work, tastes and personal views, availability during the workday, etc. It can be
challenging to incorporate expanded private information into this model and still get the
same results for the SD with cutoffs mechanism. One option is to find and propose another
mechanism that can satisfy the listed properties above or at least strategy-proofness (obvious
strategy-proofness). Another one is to introduce some general utility function, sellers’ cost of
projects, buyers’ budget constraints, etc. For example, Klumpp (2009) considers the prob-
lem of assigning sellers and buyers into stable matches, considering their distance in some
attribute space. They locate agents along a line and decrease the match surplus function
in the distance between partners in order to investigate the structure of stable assignments
under both non-transferable utility and transferable utility. One can try to apply their recur-
sive algorithm to my model with levels of experience as private information or additionally

introduced geographical proximity.

It is also possible to expand the model by making both sides’ preferences dependent on the
private information of the other side; meaning not only buyers’ preferences should depend
on the levels of experience of the sellers, but also sellers’ preferences should depend on some
relevant private information of the buyers. For instance, geographical location, clients’ avail-
ability and rating, etc. This can bring significant changes to the model itself and can also
require to remodel the design of preference structuring, etc. This kind of possible extensions

would allow the model and the economic setting to become even more realistic.
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1.9 Appendices

1.9.A Example showing that stability does not imply Pareto effi-
ciency.

Let S = (s1,$2) and B = (by, bg). Preferences and levels of experience are such that:

by =1 by=11,=2 I,=2
Ry, Ry, R, R,
{s1,82} {s1,82} | b by
by by by by
S1 S2

There are two possible matchings (considering only those where all agents are matched):

p : (s1,b1), (s2,b2) is stable, individually rational, and Pareto efficient;

o = (s1,b2), (s2,b1) is stable, individually rational, but not Pareto efficient, because b; and
by can be better off (u1) without making anyone worse off. Therefore, u; Pareto dominates
M.

So, stability implies only Individual Rationality, but does not imply Pareto Efficiency, if

there are ties. O

1.9.B Incompatibility of stability and strategy-proofness when sell-

ers can overreport their experience levels.

Proposition 13. If sellers can overreport their experience levels, then there is no stable

and strategy-proof mechanism.

Proof: Without loss of generality, I prove this for the setting with one buyer and two sellers.
The argument generalizes to the setting with more than one buyer and two sellers.

Let S = (s1,892) with I, <l,. Let B = (by) with [,,. Let both sellers be qualified for by,
l, <ls, <ls,. Let by Py, s1 and by Ps, so. By Proposition 1, there is at most one (unique)
stable matching, p : p(s1) = s1 and p(sy) = by.

Suppose s; can misreport: I, > [,,. In this case the new economy has a unique stable
matching as well, ¢/ : (/(s1) = by and p/(s2) = se. Since I do not assume that sellers have an
upper bound in the levels of experience corresponding to the true level of experience, sellers

can not be caught in a lie ex post and can not be fired for it (e.g. for falsifying documents).
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As a result, s; is better off by misreporting [{ . Moreover, both s, and b strictly prefer to
be matched to each other under the truthful information revelation; meaning (s9,b;) block
1. Furthermore, since s; is qualified for by, s; would not be fired ex post even if the true [,

is verifiable ex post. So, there is no stable and strategy-proof mechanism if reported levels
F T

for s; are not restricted to be no greater, than the truth: [, < .. O

1.9.C Cases when SD with cutoffs is seller experience monotonic.

Proposition 14. When there is a single buyer and |S| > 1, SD with cutoffs is seller

experience monotonic.

Proof: Let S = (s1) with l5,. Let B = (by) with l,, <. Let by P, s1. By applying SD
with cutoffs, u : p(s1) = by.

Suppose I, increases, I, > [, then p' : p//(s1) = b1. So, regardless of any increase in s;’s
experience level, b; is never worse off.

Let S = (s1, s9) with I, <l,,. Let B = (by) with [;,. Let both sellers be qualified for the
buyer, Iy, <5, < ls,. Let by Py, s1 and by Py, so. By applying SD with cutoffs, p : p(s2) = by
and p(s1) = s.

Suppose ls, increases, lgl > ls,, s1 chooses first, then sy chooses and p’ : p/(s;) = by and
1 (s2) = so. So, regardless of any increase in sellers experience levels, b; is never worse off.
Furthermore, any other seller is never better off. The argument generalizes to the case with

one buyer and |S| > 2.

O

1.9.D Cases when SD with cutoffs is not seller experience mono-

tonic.

Case 1: Let S = (s1,s2) and B = (b1, by). Preferences and levels of experience are such that:

by =2 by, =21, =1 I, =2
Ry, R, | R, R,

52 S2 by by
S1 S1 bg 59
by by 51
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At (Rg,ls,lp) the SD algorithm with cutoffs yields the matching p:(sq9, by), (s1, b2).
Suppose now [} > [,,. In this cases s; choses first. Since s; is qualified for b; now and b;
[_s,, 1) the SD algorithm with cutoffs yields p'(s1) = b;.

In the next step sy chooses, but his top choice is unavailable now, so s, prefers to stay

is available, at (Rg, [,
unmatched.
So, the SD algorithm with cutoffs yields the matching p’: (s1, b1), S2, ba. Therefore,

increasing the experience level for one of the sellers (s1) can make some buyer worse off (bs).

Case 2: Let S = (s1, S2,53) and B = (b, bs). Preferences and levels of experience are such
that:

by =1 by, =21, =2 l,,=3 I, =4
Rbl Rb2 Rsl RS2 RS3

S3 S3 by by by
S92 S92 by by 53
S1 S1 S1 So

by by

At (Rg,ls,p) the SD algorithm with cutoffs yields the matching p: (ss, ba), (s2, b1), $1.

Suppose now l;Q > l,. In this cases sy choses first. Since sy is qualified for by and by is
available, at (Rg,1.,,[_s,, () the SD algorithm with cutoffs yields y/'(s2) = bs.

In the next step s3 chooses, but his top choice is unavailable now, so s3 prefers to stay
unmatched. Finally s; chooses. Since b is available now and s; is qualified for by, ¢//(s1) = by.

So, the SD algorithm with cutoffs yields the matching p': (s2, b2), (s1, b1), s3. Therefore,
increasing the experience level for one of the sellers (s9) can make some sellers better off (s),
and some buyers worse off (b;).

The argument generalizes to the case with |S| > 4 and |B| > 2. O
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Chapter 2

Obviously Strategy-proof Mechanism
Design With Rich Private Information

Abstract

I consider settings with rich private information—an agent’s type may include private in-
formation other than just his preferences. In such settings, I identify a necessary condition
for obviously strategy-proof implementation of social choice rules. I consider applications to

strict preferences, matching and object allocation.

Keywords: Obvious strategy-proofness, Mechanism design.
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2.1 Introduction

If a social choice rule elicits private information in a way that no agent ever has any
incentive to misreport, then it is strategy-proof.! However, in practice it is not enough to
make agents understand the rule for them to be truthful (Kagel et al., 1987; Charness and
Levin, 2009; Martinez-Marquina et al., 2019a). Therefore, I focus on “obvious dominance”,
which is a much stronger property than weak dominance. An obviously dominant strategy
is one that can be identified as dominant even by agents who can not engage in contingent
reasoning. This means that the worst outcome from the obviously dominant strategy is at
least as good as the best outcome from any deviation (Li, 2017). A social choice rule is
obviously strategy-proof (OSP) if there exists some extensive game form such that, for ev-
ery profile of preferences, there is an equilibrium in obviously dominant strategies and the
outcome coincides with the outcome of the rule. One of the general messages of this paper
is that obvious strategy-proofness is excessively restrictive in some situations where some
private information beyond preferences needs to be revealed.

In my model, there is a finite set of agents and each agent has a type, which is his pri-
vate information. I present a setting with “rich” type information, where each agent’s type
includes non-preference information in addition to his preferences over outcomes. A social
choice rule maps each profile of types to an outcome.

My goal is to identify a necessary condition for a social choice rule to be OSP in such “rich”
type environments. I define a social choice rule as being invariant (to own non-preference
information) if whenever it responds to an agent’s non-preference information, while his
preferences are the same, the agent is indifferent between the outcomes. In other words, the
agent is not affected by his own non-preference information that the social choice rule elicits.
I prove that every OSP social choice rule is invariant.

Consider the following example of the extensive form game that is not OSP, but does
implement a strategy-proof rule. I describe a natural setting where agents can only underre-
port their seniority levels. In this example, for a specific modification of serial dictatorship,
such underreporting does not seem to be a plausible behaviour. Yet, OSP requires a rule to
protect against it. Suppose there is a set of workers and each worker has a type. The type
includes preferences over tasks as well as a seniority level (a worker can be “senior” or “ju-
nior”). Furthermore, suppose that the seniority level is ex-post verifiable and overreporting
carries a penalty. In other words, if, after the fact, the reported type of some worker is higher

than his true type, the mechanism designer is able to impose a large penalty (e.g. firing this

1A social choice rule is strategy-proof if it is a weakly dominant strategy for each agent to reveal his
private information truthfully in the normal form game induced by the rule.
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worker).? This captures the situation that the worker can not falsify his seniority level, but
can withhold (Hurwicz et al., 1995).3:

Consider a modified serial dictatorship, where seniors pick first and then juniors. Within
each type group, ties are broken the same way. First, each worker reports his type. Sec-
ond, break ties, so the senior worker with better tie breaker moves first and picks his most
preferred task. Next, the senior worker with the second-best tie breaker picks his most pre-
ferred task from those that are left and so on. Juniors pick in the same fashion after the last
senior picks. In this case, no worker has an incentive to misreport non-preference private
information—seniority level—in addition to the preferences. As a result, this social choice
rule is strategy-proof; meaning it is a weakly dominant strategy for workers to report their
true type (Halushka, 2020).

However, according to the Theorem 1, this social choice rule can not be implemented
in the obviously strategy-proof way. The main reason is that the seniority level affects the
task the worker gets, so the rule is not invariant. To see this more concretely, consider an
extensive game form, where workers first, simultaneously state their seniority and then pick
tasks sequentially. Under truthful reporting, this extensive form selects the same outcome
(allocation of tasks) as the above modified serial dictatorship. By existing results (Li, 2017),
a standard serial dictatorship is OSP, but in my case the ordering depends on the reports
made. So, this game does not have an equilibrium in obviously dominant strategies.® In fact,
I show that there is no extensive game form that implements this rule in obviously domi-
nant strategies. However, it is a very strange behaviour for an agent not to play truthfully;
meaning it would be highly implausible for an agent to undermine and move himself lower
in the queue by lying and reporting a lower seniority level.® So, obvious strategy-proofness

is arguably too strong a criterion as it requires a rule to be immune to even such implausible

2Qverreporting is obviously dominated in this case, since the worker is guaranteed to be fired, while
reporting at or under the true seniority level, the worker will not be fired. So, the worst outcome that can
happen if the worker reports the seniority less than or equal to his true one is better than being fired, which
is the best outcome that can happen if he overreports.

3Ex-post verifiability is similar to the assumption of Hurwicz et al. (1995) that endowments can be
manipulated by agents downwards, but not upwards, as it may be required to “place the claimed endowments
on the table”. Therefore, an agent’s strategy domain is limited by his (true) endowment.

4In this case, for example, if you are senior you can report being senior or junior, but if you are junior
you can report only being junior.

SFor example, consider the second worker in the tie breaker, when he is a senior (or any other agent after
him). The worst outcome he gets if he reports truthfully is his second-best choice (in case the first worker
reports that he is a senior and has the same top choice). The best outcome he gets if he reports that he is a
junior is his top choice (in case the first worker has different top choice). So, it is not an obviously dominant
strategy for the second worker to report truthfully (Halushka, 2020).

6Suppose there are three workers. If the second worker is a senior, he can not possibly gain by reporting
himself to be a junior. However, he can harm himself, since it could move him below the third worker. In
this setting, this is highly implausible behaviour.
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behaviour.”

I consider a few applications, starting with the case of agents having strict preferences
over the outcomes. I show that it is not possible to elicit any private information other than
preferences in this setting. Furthermore, invariance becomes a simpler property, preference-
onlyness: a social choice rule ignores private information other than preferences. Next, I
present an application to matching, which is a special case of Halushka (2020). Lastly, I

consider a class of sequential dictatorship rules for object allocation.

2.2 Related Literature

There is experimental evidence (Hassidim et al., 2017; Shorrer and Sévégd, 2018; Rees-
Jones and Skowronek, 2018) that some agents are limited in their ability to engage in contin-
gent reasoning. This results in untruthful information revelation, even when a social choice
rule is strategy-proof. If a social choice rule is obviously strategy-proof, then it can be
implemented in a way that even agents with such cognitive limitations can recognize their
strategies as weakly dominant. Li (2017) provides experimental evidence that dynamic im-
plementation of Serial Dictatorship mechanisms leads to much higher truth-telling rates than
a static implementation even though the latter is strategy-proof.

There is a robust literature on obvious strategy-proofness, which my paper contributes to
(Mackenzie, 2020; Li and Dworczak, 2020; Mandal and Roy, 2022). Ashlagi and Gonczarowski
(2018) show that there does not exist an OSP social choice rule that returns a stable match-
ing. In line with their results, I also show that no stable social choice rule is OSP even for
very restricted preferences when there is non-preference private information (Section 2.6.2).
Pycia and Troyan (2019) characterize simple social choice rules in general social choice envi-
ronments both with and without transfers, including obviously strategy-proof rules.

Bade and Gonczarowski (2017) investigate whether some Pareto optimal and strategy-
proof social choice rules are OSP in domains such as object assignment, single-peaked pref-
erences, and combinatorial auctions. Troyan (2019) identifies an acyclicity condition that
is both necessary and sufficient to implement Top Trading Cycles (TTC) in an obviously
strategy-proof way. I also identify a necessary condition for a social choice rule to be OSP

and follow up with the examples in matching and object allocation. As an extension of Troyan

"Some agents experience cognitive limitations when examining the contingencies (Li, 2017). However, I
show that some contingencies are just too clear to be ignored even by cognitively limited agents.
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(2019), Mandal and Roy (2022) consider assignment problems where individuals are to be
assigned at most one indivisible object and monetary transfers are not allowed. They provide
a characterization of assignment rules that are Pareto efficient, nonbossy, and implementable
in OSP mechanisms. As corollaries of their result, a characterization of OSP-implementable
fixed priority top trading cycles (FPTTC) rules, hierarchical exchange rules, and trading
cycles rules are obtained.

I contribute to the mechanism design literature (Zhang and Levin, 2017a; Ferraioli et al.,
2020), focusing on private information other than preferences. Fujinaka and Miyakawa (2017)
introduce private information on the quality of a house, known only to the initial owner, and
present a model of housing markets with interdependent values.® Similarly, I introduce pri-
vate non-preference information included in the agent’s type. Ortner (2020) studies how the
revelation of new private information affects bargaining outcomes, he considers a dynamic
environment in contrast to my paper.

My work is also related to Munoz-Rodriguez (2021), where he uses mechanism design
tools to study the problem of deceased-donor organ allocation in the presence of dynamic
asymmetric information about transplant candidates’ medical urgency. He finds that the
current prioritization scheme in US is not incentive compatible, since patients and physicians
have strong incentives to engage in strategic manipulations regarding the degree of medical
urgency. In line with my paper, the non-preference private information (in this case it is
patient’s medical urgency) affects the outcome. So, even though the proposed optimal pri-
oritization rules are incentive compatible, the question is whether these rules are OSP. This
raises the problem also considered by Halushka (2020). I present a strategy-proof rule that
is not invariant in a general one-to-one matching model setting. I also illustrate why OSP
implementation fails despite of the social choice rule being strategy-proof.

The paper is organized as follows: I formalize the model in Section 2.3. I define the prop-
erties of social choice rules in Section 2.4. I provide the results in Section 2.5. I present the

applications in Section 2.6. I conclude in Section 2.7.

2.3 Model

Let I = {1,...,n} be a finite set of agents, with a typical element ¢ € I; n is the total

number of agents. Let Y be a set of possible outcomes, with a typical element y € Y.

8They introduce private information on the quality of a house (i.e., high or low), which is known only to
the initial owner. The ex-post preference of an agent depends on the private information of the other agents
with regard to the quality of houses.
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For each 7 € I, let §; € ©; be the agent i’s type, where ©; is the set of all ¢’s possible types.
Agent 7’s type, 0;, is his private information. Let 6_; denote the list of other agents’ types.
Let 6; € O be the profile of types for all the agents, where O; = X;;0; is the set of all type
profiles. I allow the set of feasible outcomes to depend on agents’ types. Let Z(6;) C Y be

the set of feasible outcomes when the type profile is 6;.°

Let R; be the set of possible preference relations over Y for agent 7. Let R; : ©; — R;
be a mapping from i’s types to preference relations. For each i € I, T use R;(6;) to denote
i’s preference relation over outcomes when i’s type is 6; € ©;.° T use P;(f;) to denote
strict preference, and I;(6;) to denote indifference. Given a type profile ; € O;, R;(0;) =
(R1(64), ..., R.(0,)) is the profile of preferences of the agents.

A social choice rule is a mapping from each profile of types to an outcome, f : @; — Y
such that for each 6; € O, f(0;) € Z(0)).

Let G be the set of all extensive game forms with perfect recall and finite depth (Li, 2017;
Pycia and Troyan, 2019). Let I' € G denote an extensive game form with outcomes in Y

meaning each terminal history w € I' results in some outcome y(w) € Y.

For each i € I, let Z; denote the information sets for ¢, with representative element I; € Z;.
Let H be the set of all histories, with representative element h. Let > denote the precedence
order over h (Li, 2017). For any h € I; and h' € I], if h = I/, then I; > I.

For each ¢ € I, let A; denote the set of all possible actions for i. Let A(l;) € A; denote

the set of all actions available to ¢ at I; € Z,.

A strategy is s; : Z; — A;, where A; = Uper, A(I;), such that for each I; € Z;, s;(1I;) €
A(I;). In other words, s; is a complete contingent plan; it chooses, for each information set
I; € Z;, a particular action a € A(I;). Let S; be the set of all strategies for i. A strategy

profile s; = (s;);es specifies a strategy for each i € 1.

For a pair of strategies s;,s; € S;, the earliest points of departure between s; and s,
/
i

(si(I;) # si(1;)) (Li, 2017). In other words, a(s;, s;) are the earliest information sets, where

7

a(s;, s;), are the earliest information sets [;, with respect to >, at which s; and s, diverge
these two strategies choose different actions. Note that there can be no earlier point of
departure under perfect recall. For any I; € a(s;, s;) and any I € Z; such that I] precedes
I;, s;(I]) = s;(1I}); meaning that at every previous information set s; and s, chose the same

action.

9The case where feasible set is fixed can be accommodated by setting Z(6;) = Y for each §; € O;.
10R; only depends on 6;.

31



A type-strategy o; : ©; — S; specifies a strategy for every type of agent i, where o;(6;)
denotes the strategy that ¢ plays when his type is 6;. Let ¥; be the set of all type-strategies
for i. A type-strategy profile o; = (0;);es specifies a type-strategy for each i € I.

2.4 Properties of Social Choice Rules

Below I define the central concept of obvious dominance, which states that a strategy
can be identified as weakly dominant even by an agent who can not engage in contingent

reasoning.

Definition 1. Obviously Dominant Strategy. Foreach: € [ and each 6; € ©;, given I,
s; € S; is an obviously dominant strategy if, for each s, € ¥;, at each I; € a(s;, s;), an R;(6;)-

worst outcome!! under any terminal history following s; is at least as good as an R;(6;)-best

outcome!? under any terminal history following s/. For each i € I, given I', ¢9P% € ¥, is
oDS

an obviously dominant type-strategy if for each 6; € ©;, 0;’”°(0;) is an obviously dominant

strategy.

A social choice rule is OSP if there exists some extensive game form such that, for every
profile of types, there is an equilibrium in obviously dominant type-strategies and it coincides

with the outcome as if the rule was applied.

Definition 2. Obvious Strategy-proofness (OSP). Suppose I is such that every i € T
has an obviously dominant type-strategy o??%(6;). For each 0; € Oy, let y°P9(6;) be the
outcome resulting from the players following o?7%(6;). If for each 0; € O, y°P5(0r) = f(0r),
then (T, 0?P%) implements f in obviously dominant strategies. If there is (I, ¢9P%) that

implements f in obviously dominant strategies, then f is OSP.!3

The next property says that if a social choice rule depends on an agent’s private non-

preference information, then this agent is indifferent.

HAn R;(6;)-worst outcome in Y’ C Y is y € Y’ such that for each v’ € Y, v/ R; (6;) y.

12An R;(6;)-best outcome in Y’ C Y is y € Y’ such that for each v/ € Y', y R; (6;) /.

13This is a form of weak implementation in line with Myerson (1981), Saks and Yu (2005), Li (2017) and
others. This is in contrast with full implementation as in Maskin (1999).
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Definition 3. Invariant (to Own Non-Preference Information). A social choice

rule f is invariant if for each i € I, each pair 6;,0, € ©;, and each _; € ©_;, whenever

R;(0;) = R;(6;), we have f(6;,0_;) 1;(6;) f(6;,0-;).

2.5 Results

I show that every obviously strategy-proof social choice rule is invariant. So, when a
social choice rule is OSP and responds to ¢’s non-preference information, then ¢ is indifferent
between the outcomes. In other words, 7 is not affected by i’s own non-preference information.

Theorem 1. Every OSP social choice rule f is invariant.!*

Proof: Suppose for agent i € I, there is a pair 6;,0. € O; and 6_; € O_;, such that
Ri(0;) = Ri(6;) and f(0;,0-;) # f(0;,0-:)."°

Let I' be a game form and o; be a type-strategy profile that OSP-implement f. Let
s = o(f) and s = (@) be the obviously dominant strategy equilibria under (6;,60_;) and
(0,0_;), respectively. Let w and w’ be the terminal histories under s and ', respectively. So,
i plays s; when i’s type is 0; and s, when ¢’s type is 6;. All other agents play s_; when their
types are 6_;, so for each j € I such that j # i, s’ = s;.

Since (I',o7) OSP-implements f and f(6;,0_;) # f(0.,60_;), the outcomes under s and
s are different, y(w) # y'(w’). Furthermore, the terminal histories under s and s are also
different, w # w'. Therefore, since s_; = s ,, s; # 5.

There is an earliest point of departure between s; and s, I; € a(s;, s}), at which s; and s}
diverge (s;(1;) # s;(1;))-

For each information set I map each action to the set of all outcomes at some terminal
node following that action. Let A(I;) C A; denote the set of all actions available to i at
I, € a(s;, s5).

For all a € A(I;), let Y(a) be the set of all outcomes at some terminal node following a.
Since I' OSP-implements f, there exists a* € A([;), such that for each a € A(;)\{a*}, a*

obviously dominates a; meaning the R;(6;)-best outcome following a is not better than the

4Note, the converse does not hold: if f is invariant, then it does not mean f is OSP. For example,
condition the classic top trading cycles (TTC) rule (that determines a core allocation) on any non-preference
private information of the agents so that TTC is invariant. So, TTC is not OSP (Li, 2017) and remains not
OSP after conditioning.

5Note, if f(0;,0_;) = f(0.,0_;) agent i is trivially indifferent between the outcomes.
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R;(0;)-worst outcome following a*.

Furthermore, a = s;(1;) is an obviously dominant strategy. So, for each a” € A(I;)\{a}, a
obviously dominates a”; meaning the R;(6;)-best outcome following a” is not better than the
R;(0;)-worst outcome following a. Also, a’ = s(1;) is an obviously dominant strategy. So, for
each a” € A(I;)\{d’}, @’ obviously dominates a”; meaning the R;(6})-best outcome following
a” is not better than the R;(6;)-worst outcome following a'. Since R;(6;) = R;(0.), a' is an
obviously dominant strategy at R;(6;) and a is an obviously dominant strategy at R;(6}).

There is more than one obviously dominant strategy—a and a’, so i is indifferent be-
tween all of the outcomes resulting from following a and o', Y (a) and Y (a’) respectively.
If a obviously dominates a’, then the R;(6;)-best outcome following a’ is not better than
the R;(6;)-worst outcome following a. Also, if a’ obviously dominates a, then the R;(6;)-
best outcome following a is not better than the R;(6;)-worst outcome following a’. So, for
cach y € Y(a) and each ¢ € Y(d'), y R; (6;) v and ¢ R; (6;) y, as well as y R; (0)) v/
and vy R; (0)) y. Therefore, for each y € Y(a) and each v/ € Y (d), y I; (0;) vy and
y' I; (6;) y. Then, since f(6;,60-;) € Y(a) and f(0;,0-;) € Y(d'), f(6;,6-:) L:(6;) f(0;,0-)
and f(6:,60-;) 1,(67) f(6;,0-;).

So, every OSP f is invariant. O

2.6 Applications

2.6.1 Strict Preferences

As T show above, if a social choice rule depends on rich type information (when type in-
cludes non-preference private information), then there are necessarily indifferences in agents’
preferences. However, when agents have strict preferences over the outcomes, it is not pos-
sible for the rule to act on any private information other than preferences.

The following property of the social choice rule says that it ignores private information

other than preferences.

Definition 4. Preference-only. A social choice rule f is preference-only if for each pair
9[,6’1 S @[, such that R](@[) = R[(@}), we have f(@[) = f(@ll)

There is an important difference between being invariant and preference-only. The latter

applies to changes to the whole profile; meaning each agents’ type can be changed at the
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same time as long no agent’s preferences change.
When agents have strict preferences over the outcomes, the necessary condition for obvious

strategy-proofness becomes a simpler one—preference-onlyness.

Proposition 1. If there are no indifferences in agents’ preferences over outcomes, then

every OSP social choice rule f is preference-only.

Proof: Let the pair 07,0, € O be such that R;(0;) = R;(0;). We change the profile of types
0; € O to 0} € O by changing the type of one agent i € I at a time, from 6; € 0; to 0. € 6.

First, change the type of the agent 1 from 0; € ©; to ¢ € ©, and, for each i € I\{1}, keep
0_; € 0;. By applying Theorem 1, agent 1 is indifferent between the outcomes under s = o(6,)
and s’ = o(#]), y and y' respectively. So, for each y € Y(a) and each v/ € Y(a'), y [ (61) ¢/
and vy I, (0]) y. Then, since f(01,0_;) € Y(a) and f(01,0-;) € Y(d'), f(61,0-;) I,(61)
f(61,0-;) and f(64,0_;) I,(07) f(0),0_;). However, if there are no indifferences in agent 1’s
preferences, then f(01,0_;) = f(0},0_;).

Next, keep changing the type of each agent i € I\{1} from 6; € 0; to 0} € 0} one agent
at a time until, for each ¢ € I, 8, € §}. By applying Theorem 1 and the same reasoning, we
have f(61,62,0;,...,0,) = f(01,05,0,....0.), that is f(0;) = f(0}).

Therefore, for each pair 0,0, € Oy, such that R;(0;) = R;(0};), we have f(0;) = f(6), so

f is preference-only. O

Proposition 1 does not hold if one weakens OSP to strategy-proofness. Consider the
following example. Let P be the set of strict preferences over Y and for each i € I, 6, =
P x {0,1} be i’s type.'® For each 6; € ©;, denote by s(6;) € {0,1} i’s non-preference private
information at type ¢;. Define a social choice rule f such that f(6) is the most preferred
outcome for j = argmin{i € I : s(f;) = 1} if there is i € I such that s(;) = 1 or the most
preferred outcome of agent 1 otherwise.!” This social choice rule is strategy-proof, but not
OSP.

16T assume ex-post verifiability by the same reasoning as before; meaning one can withhold and report
type 0 instead of 1, but one can not overreport 1 if his true type is 0. The main reason is that it is verifiable
after the fact and an untruthful agent is penalized.

"Tn other words, look at all those agents i € I for whom s(6;) = 1 and look at the i with the lowest
index (that is j), then pick the most preferred outcome for j if there is such an 4. If not, then pick the most
preferred outcome of 1 otherwise.

35



2.6.2 Matching

Consider the following application in matching theory, which is a special case of Halushka
(2020). On one side of the market, there are sellers with different levels of experience. An
individual seller is denoted by s; € S for each i € {1,...,n}, where S is a finite set of sellers
and n is the total number of sellers. On the other side of the market, there are buyers that
have projects needing different levels of experience. An individual project is denoted by
p; € P for each j € {1,...,m}, where P is a finite set of projects and m is the total number
of projects. For each s; € S, I5, € R, is the level of experience of s;. lg = (I5,,...,5,) is the
profile of levels of experience of the sellers. Rg = (Ry,, ..., Rs,) is the profile of preferences of
the sellers, where R, is a strict preference relation of the seller s; over the projects and the
option of being unmatched. R, is the set of all preference relations for s;. For each s; € .S,
let ©,, = R, x R, be the set of all possible types of s;. For each s; € S, 6, € Oy, is s;’s
type that holds private information about R, and [,,. Let 0s € ©g be the profile of types
of all the sellers, where ©Og is the set of all type profiles of the sellers. Rp = (R,,, ..., R,,,) is
the profile of preferences of the projects, where R, is a preference relation of the project p;
over the sellers and the option of being unmatched (all projects prefer sellers with the higher
experience to the ones with lower experience).

An outcome (a matching), y € S x P x Ry, is such that for each s; € S, if (s;,pj,1s,) € v,
then there is no pj; # p; such that (s;,pj,ls,) € y, and for each p; € P, if (s;,p;,[s;) € y, then
there is no sj # s; such that (sj,p;,l, ) € y. This means that y is a mapping of sellers to
projects, such that only one seller can be assigned to a project. Y is the set of all possible
outcomes (matchings). Z(Rs,l§) = {y € Y : for each s; € S, if (s;,p;,ls,) € y, then I, < I}
is the set of all feasible outcomes (matchings).

An economy is described by the types of the sellers. A social choice rule maps each profile
of sellers’ types to an outcome, f : ©g — Y such that for each 05 € Og, f(fs) € Z(0s). 1
assume ex-post verifiability, meaning if after the fact the outcome is not feasible with respect
to the true type, then sellers are punished (fired).

Chapter 1 shows the existence of strategy-proof social choice rules that return stable and,
therefore, individually rational and Pareto efficient outcomes (matchings). Stability states
that there is no blocking project and seller pair, such that the seller prefers the project
and has the higher type (experience level), than the seller project is assigned to under the
rule (the project always prefers the seller with a higher type). Individual rationality means
that each agent finds his assignment at least as good as being unmatched. Pareto efficiency
means there is no other matching that makes at least one agent/project better off without

making another one worse off. Each of these social choice rules is a modification of the
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Serial Dictatorship rule.!® Furthermore, each such rule depends on private information of
the agents—Chapter 1 (Halushka, 2020): R, and l,. Varying the types (experience levels)
of the agents affects the outcome that such a rule induces. So, none of these social choice

rules are invariant. In fact, no stable rule is OSP.*

Corollary 1. SD with cutoffs is not OSP, since it is not OESP.

Proof: SD with cutoffs is not invariant, then by Theorem 1, it is not OESP. As a result, it’s
not OSP. O

Note that I have assumed that projects are not strategic. This strengthens the impossi-

bility result.

2.6.3 Object allocation

Incentive compatibility and efficiency are primary concerns when designing social choice
rules for the allocation and exchange of discrete resources (objects) (Abdulkadiroglu and
Sonmez, 1999; Papai, 2001; Abdulkadiroglu and Sénmez, 2003; Roth et al., 2004; Bade,
2015). Papai (2000) characterizes the class of group strategy-proof, Pareto efficient and
“reallocation proof” rules. Pycia and Unver (2017) drop “reallocation proofness” from this
characterization. Bade and Gonczarowski (2017) and Pycia and Troyan (2019) characterize
the set of all OSP and Pareto efficient rules.

For the object allocation problem, Bade and Gonczarowski (2017) characterize the class of
OSP and Pareto efficient matching rules as sequential barter with lurkers. Each social choice
rule in this class establishes matchings in many trading rounds with at most two owners at
each round. In each such round, each owner points to his preferred house and sequentially
owns each house that is not matched yet. As long as no one is matched, the rule chooses
an increasing set of houses and has them point to owners. These choices may be based on
the preferences of already matched owners or other information. Each of the owners has the

option to leave with a house that he owns or to swap if both agree. Once a cycle forms, the

8Consider a modified serial dictatorship. First, each seller reports his experience level. Second, break all
ties for the sellers with the same reported experience level in the same way if there are any. Next, starting
from the seller with the best tie-breaker of the highest experience level and proceeding until the seller with
the worst one of the lowest experience level, assign every seller his most preferred available project and so
on.
19Tn line with Li (2017); Ashlagi and Gonczarowski (2018) and others.
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owners and houses in that cycle are matched. When a lurker appears, he may ultimately be
matched to all but one special house in the set. If he favours this special house the most,
he may “lurk” it and no longer be an owner.?° If no agent who is entitled to be matched
with this special house chooses to do so, then the lurker obtains it as a residual claimant.
Otherwise, the lurker gets the second-best house in this set.

Sequential barter with lurkers is a rule that designates, for each round, houses and owners
who will pick next as a function of the preferences of already matched owners or as a func-
tion of who picked what before. This information determines further ordering in a sequential
barter with lurkers. Furthermore, to extend the understanding of the application one can
condition this sequential barter with lurkers on some other private non-preference information
of the owners,?! rather than just define it as a function of what house was picked before him
or the preferences of the already matched owners. In other words, one can extend the type
of the owner to contain other non-preference private information in addition to preferences.

Similarly, one can take any OSP and Pareto efficient social choice rule (Bade and Gonczarowski,
2017; Pycia and Troyan, 2019) and extend it in a way that it is invariant and the rule will
remain OSP: along with conditioning on the information about what happened before, one
can condition on any non-preference private information of earlier agents. However, Theorem
1 says that one can not go beyond these extensions. The only viable additional changes that
can be brought to the rule is conditioning for later agents on previous agents’ allocations or

on previous agents’ non-preference information.

2.7 Conclusion

In this article I focus on OSP mechanism design with rich private information. My main
contribution is to identify a necessary condition for OSP social choice rules when an agent’s
type can include private information other than just preferences. I prove that every OSP
social choice rule satisfies invariance to own non-preference information. Furthermore, to
highlight the importance of the result I present a few applications, among them: strict
preferences case, matching and object allocation.

My results demonstrate that there are some contingencies that are too clear to be ignored

even by cognitively limited agents. For example, in Section 2.6.2 the only information agents

20There are at most two owners at any point, and additionally any number of lurkers, each for a different
house

21Tt can be any kind of the information that does not affect the agent’s outcome and that the agent has
to reveal when picking the house.
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have to report is their types (experience levels). So, it would be highly implausible that the
agents would undermine themselves by underreporting their types (experience levels) and
move themselves lower in the queue. Therefore, my findings suggest that obvious strategy-
proofness may be excessively restrictive and demanding.

A natural extension from this work is questioning whether obvious strategy-proofness is
the right criterion for some types of market design problems. Obvious strategy-proofness
includes guarding against certain kinds of implausible suboptimal behaviour. This opens
the question of developing a model that refines these types of suboptimal behaviours in the

setting with rich private information and testing it experimentally.
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Chapter 3

Almost Obvious Dominance

Abstract

The main assumption behind the obvious dominance is that agents might be cognitively
limited and can not engage in contingent reasoning at all. This assumption is unreasonably
weak compared to the standard assumption that agents can perfectly distinguish contingen-
cies. I strengthen it slightly by assuming that agents are able to do at least some contingent
reasoning. I define what it means for the strategy to be obviously dominant with respect to a
partition of the state space. I call such strategies partition dominant strategies. A strategy is
an almost obviously dominant if, for all possible partitions, except coarsest, it can be identi-
fied as being partition dominant. My hypothesis is that even though some agents can not do
state-by-state reasoning as rational players do, they are able to do at least some partitioning
of the other player’s actions and regardless of how the partitioning is done, the agents can

identify an almost obviously dominant strategy.

Keywords: Obvious dominance, weak dominance, mechanism design.
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3.1 Introduction

Obvious strategy-proofness is a solution concept that considers the way cognitively limited
agents behave and choose their strategies. An obviously dominant strategy is one that can be
identified as dominant even by agents who can not engage in contingent reasoning. Obvious
strategy-proofness requires equilibrium in obviously dominant strategies (Li, 2017). Obvious
dominance is too strong to make a recommendation in many games, since the assumption
that agents can not engage in any contingent reasoning at all is too weak. Properties like
strategy-proofness or obvious strategy-proofness say that a mechanism is not susceptible
to certain kinds of behaviour (full information and full rationality in the case of strategy-
proofness, inability to distinguish any contingencies in the case of obvious strategy-proofness).
The greater the range of behaviours a property says a mechanism must accommodate, the
stronger the property. That is why obvious strategy-proofness is stronger than strategy-
proofness. My hypothesis is that agents are able to do at least some contingent reasoning as
long as it is easy to do. Therefore, I propose one (particular) step closer to strategy-proofness
from obvious strategy-proofness. That step is to not have to accommodate people who can

not do any contingent reasoning at all.

Consider the following game. There are two players and only one desired object. There
are only two possible outcomes: first player or second one gets the object.! First, each player
has to report a natural number, starting from 1. Second, the player with the lowest number

reported gets the object. Ties are broken in favour of the first player.

In this game, the first player has an obviously dominant strategy (ODS), which is to report

1. However, the second player does not have an ODS.

Consider the game from the second player’s prospective. Suppose he can bipartition
the set of all natural numbers with respect to the first player’s actions; meaning he can
not perform the state-by-state reasoning in the same way as a rational player can, but he
can do at least some contingent reasoning. Regardless of what the partitioning is, for the
partition component containing 1 and some other natural numbers, the second player can not
distinguish between contingencies. He can not make a decision based on obvious dominance.?

Moreover, for the other component of the partition (the one not containing 1): the second

!There is another possible outcome when nobody gets the object. However, I do not consider it, assuming
efficient allocation of the object.

2If the component of the partition includes only 1: the second player’s worst possible outcome from
reporting 1 (he does not get the object) is the same as the best possible outcome from reporting any natural
number greater than 1 (he does not get the object). So, reporting 1 does not obviously dominate and is not
obviously dominated.
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player is always better off reporting 1 (he always gets the object), than any other natural

number.

Consider the following motivating example. The second player partitions the first player’s
actions into two sets (components of the partition): A'U A? = A, where A = {1,2,3}. Case
1, partition Ay: A} = {1}, A3 = {2,3}. In this case, 1 is a PDS: there is at least one
component of the partition, A2, over which 1 obviously dominates all other actions and there
are no other components over which 1 is obviously dominated. If the second player thinks the
first player’s action is in A%, then he reports 1 and guarantees himself an object; 1 obviously
dominates all other actions over A%. If the second player thinks the first player’s action is in
Al then regardless of the second player’s actions, he never gets the object - reporting 1 does
not obviously dominate and is not obviously dominated. So, reporting 1 is a PDS for the
second player with respect to A;. Case 2, partition Ay: Al = {2}, A2 = {1,3}. Following the
same reasoning, 1 is a PDS: if the first player’s action is in Al, then 1 obviously dominates
all other actions over A; if in A3, then 1 does not obviously dominate and is not obviously
dominated. So, reporting 1 is a PDS for the second player with respect to As. Case 3,
partition As: A} = {3}, A2 = {1,2}. Following the same reasoning, 1 is a PDS: if the first
player’s action is in A}, then 1 obviously dominates all other actions over Al; if in A% then
1 does not obviously dominate and is not obviously dominated. So, reporting 1 is a PDS for
the second player with respect to Az. If the second player can do state-by-state reasoning,
partition Ay: A} = {1}, A2 = {2}, A3 = {3}. This is the finest partition and reporting 1 is a
weakly dominant strategy for the second player. Following the same reasoning, 1 is a PDS:
1 obviously dominates all other actions over A and A3 and there are no other components
over which 1 is obviously dominated, so 1 is a PDS for the second player with respect to Aj.
Note, following Li (2017), if the second player can not perform contingent reasoning at all:
As = {1,2,3}. This is the coarsest partition and there is no ODS for the second player. So,
1 is a PDS for the second player with respect to all possible partitions (Aj, Ag, Az, Ay), but
the coarsest (Aj).

So, the second player can identify that reporting 1 is an almost obviously dominant strategy
(AODS) for him, even though it is not an ODS, as long as he can perform at least some
contingent reasoning: not the finest partitioning as rational player does, but also not the
coarsest as Li (2017) suggests. So, the strategy is an almost obviously dominant strategy
(AODS) if, for all possible partitions, except coarsest, it can be identified as being partition
dominant strategy (PDS); meaning, for all possible partitions, but the coarsest, there exists
at least one component of the partition, over which it obviously dominates all other strategies

(the preference-worst outcome following this strategy is at least as good as a preference-best
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outcome following any deviation) and there is no other component of the partition over which
it is obviously dominated. Furthermore, the second player splits all the first player’s possible
actions into two sets and regardless of how he does this partitioning, as long as both sets are
not empty, he can identify a PDS. I show that considering finer partitions does not change

anything.

3.2 Related Literature

There is experimental evidence (Hassidim et al., 2017; Shorrer and Sévégd, 2018; Rees-
Jones and Skowronek, 2018) that some agents are limited in their ability to engage in contin-
gent reasoning. Li (2017) suggests that if a social choice rule is obviously strategy-proof, it
can be implemented in a way that even agents with such cognitive limitations can recognize
their strategies as weakly dominant. He introduces obvious dominance to characterize the
behaviour of such agents and introduces OSP. I weaken the concept of obvious dominance
and introduce almost obvious dominance to characterize the choices of the agents that, as
I assume, are able to engage at least in some contingent reasoning. One can then use this
definition to similarly define the notion of almost OSP mechanisms.

I contribute to the mechanism design literature involving unsophisticated agents (Chen
and Li, 2018; Borgers and Li, 2019). Li and Dworczak (2020) study the design of simple
mechanisms where even cognitively limited agents can determine their optimal strategy. Py-
cia and Troyan (2021) relax the assumption that agents can predict their own future moves
and define strongly obviously strategy-proof mechanisms, strengthening the notion of sim-
plicity. I expand the theoretical horizon even further by assuming that even unsophisticated
agents can partition all other agents’ actions (states) into at least two sets, and define almost
obviously strategy-proof mechanisms.

There is a robust literature on obvious strategy-proofness, which my paper contributes
to, such as: Bade and Gonczarowski (2017); Mackenzie (2020); Ashlagi and Gonczarowski
(2018); Pycia and Troyan (2019); Martinez-Marquina et al. (2019b); Troyan (2019); Ferraioli
et al. (2020); Troyan and Morrill (2020) and many others. Zhang and Levin (2017b,c) offer
an axiomatic approach when direct mechanisms, where agents are unable to form the finest
partition of their universe, might rely on coarser partitions of events containing more than
one state. Due to obvious dominance being too strong in some cases, I also focus on par-
titioning of the opponents’ actions (states) by the agents, as opposed to Zhang and Levin
partitioning the agents’ own universe, and define partition dominant strategy. My main

hypothesis is in line with Zhang and Levin (2017b,c), the agents don’t need to have much
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strategic sophistication to determine their optimal strategies, they should be able to engage
at least in some contingent reasoning.

The paper is organized as follows: I formalize the model in Section 3.3. I give an example
of the game in Section 3.4. I present the assumption on agents’ reasoning abilities in Section
3.5. I define almost obvious dominance in Section 3.6. I relate it to obvious dominance and

weak dominance in Section 3.7. I conclude in Section 3.8.

3.3 The Model

Let N = {1,...,n} be a finite set of agents, with typical element k& € N; where n is the
total number of agents. Let Y be the set of all possible outcomes, with a typical element

yr € Y; yr denotes the outcome of agent k.

For each k € N, let A; denote the set of all possible actions for k, with typical element
ay € Ag. Let Ay be the set of all profiles of actions for the agents.

Let S be the states of the world. For each k, let €2, = S x A_j be agent k’s state space
with a typical element w; € ;. Let 2y be the set of all states for the agents.

Let P, be the set of all possible partitions of ;. Let P, be the set of all non-trivial
partitions of Q. For each Py € Pr, {P), 1, Parjs -, Pf’,;“’“‘} are the components of P, ,

where m is the index of the partition.
Let P, € P be a bipartition if it has exactly two components.

A rule, ¢ : Qn — Y, selects an outcome for each state.

3.4 An Example of a Game

I give an example of a game expressed using the abstract model, which is a serial dicta-

torship (SD) with an endogenously determined order.

First, each agent reports a natural number, starting from 1. Second, each agent is ran-
domly assigned a lottery number. Then the agent with the lowest number reported wins.

Ties are broken according to the lottery number.*

3By non-trivial partitions I mean all but the coarsest partition ({Q_j}). T exclude singleton partition,
which is the coarsest (as in Li (2017)), but not the partition of singletons (the finest one).
4] assume that the lottery numbers are never tied.
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Suppose N = {1,2}. For 1, the state w; = (.S, az) consists of the lottery outcome S €
{l1,13} and the action of the other agent a; € N. The lottery determines who gets the
priority if there are ties.® Y = {y;, v} is the set of possible outcomes, where y; and y, are

the outcomes when agent 1 or 2 wins, respectively.

Py is the set of all partitions of {l;,l} x N.

3.5 An Assumption on Reasoning Ability

Let us consider agent 1 and his actions in the above game. If he is a fully rational agent,
1 should always report the lowest number possible, which is 1. Let a} € A; denote the action
that agent 1 would play, if he was able to reason state-by-state. So, a] = 1 is a weakly
dominant strategy in this game for 1.5

Suppose 1 can not perform contingent reasoning at all—can not think hypothetically (Li,
2017). Then, 1 can not understand that he should always play a}, regardless of what 2 does.
Therefore, he looks for an obviously dominant strategy (ODS): the worst 1 can get from a}
is y2 € Y, the best 1 can get from deviating is y;. So, choosing aj for 1 is not an ODS.

Obvious dominance is too strong to make a recommendation in this game. The main
goal is to identify what is “too strong” about obvious dominance in this case and offer the

alternative theory.

On the other hand, 1 can “easily” identify a] as a weakly dominant strategy. However,
what does it mean that this strategy is easy to identify for an agent who can not engage in

fully contingent reasoning?

Strategies that are like these, even though identifying them involves some contingent
reasoning, are easy to identify; meaning the type of contingent reasoning is very easy to do

and understand.

Li (2017) focuses on one of the two extremes - on agents that can not engage in contingent
reasoning at all. Oppositely, there is another extreme - fully rational agents that can do
state-by-state reasoning. I assume that agents have an ability to do at least some contingent

reasoning. I look at the agents who are in between and have at least some partition in their

51y and [y are the lottery outcomes for players when 1 wins or 2 wins respectively (one can use a coin-flip
to break ties). This is just an example, one can have a larger state space. In this particular example I
consider only two states: agent 1 has a tie-breaker and agent 2 has a tie-breaker.

5Choosing a} always gives agent 1 at least as good outcome as choosing any deviation, no matter what
2 does, and there is at least one set of 2’s actions for which a4 gives a better outcome than any deviation.
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mind. In other words, I focus on the agents who can partition their opponents’ actions into at

least two contingencies or two sets, and can contingently reason across them, but not within.

3.6 Contingent Reasoning

I formally discuss agents’ ability to reason in a contingent matter.
First, I specify when the strategy is considered to be dominant with respect to the

partition—partition dominance.

Definition 1. Partition Dominant Strategy (PDS). For each k € N, each a, € Ay
and each P, € Pk, ar € Ay is a partition dominant strategy with respect to P, if there
is ¢ = 1,...,| Py, x| such that for each a, € Ay the preference-worst” outcome following ay, is
at least as good as the preference-best® outcome following a;, when the state is in Py, ,; and
there is no ¢ = 1, ..., | Py, x| such that the preference-worst outcome following aj, is at least as

good as the preference-best outcome following a; when the state is in Pﬁ; K

Next, consider fully rational agents that can distinguish all other players’ actions and do
state-by-state reasoning. I can write down all the agent 1’s partitions of the state space as a
lattice.” So, if the agent 1 is fully rational, then he can do the comparison within the whole

set €2_; and see that choosing af is his weakly dominant strategy.

Definition 2. Weakly Dominant Strategy (WDS). Foreach k € N and each a), € Ay,
a, € A is a weakly dominant strategy if for the finest partition it is a PDS.

Consider agents who can not engage in contingent reasoning at all and are looking for an
ODS (Li, 2017). They can not distinguish between other players’ actions. In the previously
discussed game, agent 1 looks at the set of all outcomes that the state space leads to, 1 can
not perform any finer partitioning than P, ; = {Q_,}.

Consider two actions 1 can play a,b € A;.

"An Rj-worst outcome in Y/ C Y is y € Y/ such that for each 3 € Y’, 3y Ry, y, where Ry, is k’s preference
relation.

8 An Ry-best outcome in Y’ C Y is y € Y’ such that for each ' € Y', y Ry, v/, where Ry, is k’s preference
relation.

9In general, if there are t states that the others can play - there are t components of the partition
(contingencies) that a rational player can make comparisons across; meaning compare over the finest possible
partition, which is the partition of singletons.
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Since 1 can not engage in any contingent reasoning, 1 can compare only two sets of
outcomes that result from 1 playing one of his actions. For each action a,b € Ay, Y* C Y is
the set of outcomes 1 can get following a € A; and Y® C Y is the set of outcomes 1 can get
following b € A;.

So, for 1 € N, a € A; is an ODS if, for each possible partition, which is P,; = 2_;, and
for b € Ay, the preference-worst outcome in Y following a € A; is at least as good as the
preference-best outcome in Y following b € A;.

So, if agent 1 can not do contingent reasoning at all, then he can not do any comparisons
within the whole set of states and see that choosing aj is his weakly dominant strategy. Agent
1 can only search for ODS, however, there is no ODS in this game.

Following definition is consistent with Li (2017).

Definition 3. Obviously Dominant Strategy (ODS). For each k¥ € N and each

ap € Ay, ar € Ay is an obviously dominant strategy if for the coarsest partition it is a PDS.

Finally, consider the game when 1 can do at least some contingent reasoning and partitions

2’s actions (states) into some sets. So, 1 reasons only across these sets, but not within.

Definition 4. Almost Obviously Dominant Strategy (AODS). For each k € N and
each ap € A, ap is an almost obviously dominant strategy if, for all possible non-trivial

partitions, a; is a PDS.

3.7 Relationships between the dominance concepts

The following results establish the place of an AODS as a concept between a WDS and
an ODS. I show that an AODS is weaker than an ODS and stronger than a WDS.

First, I consider the relation between an AODS and a WDS. If a strategy is an AODS,

then it is a WDS. However, the reverse is not true, a WDS is not necessarily an AODS.

Proposition 1. For each £ € N and each a;, € Ay, if ai, € Ai is an AODS, then it is a
WDS, but the opposite is not true.

Proof: By definition, if ay € A is an AODS, then a;, dominates at least over one Pk € Pk,
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where ¢ = 1, ..., | P, x|, of every possible partition P, € Py, but the coarsest. Meaning a
is a PDS with respect to the partition of singletons, too: set of components of the finest
partition, where each component includes only one action (state).!’ Therefore, if a, € Ay is
an AODS, then ay, is at least as good as any aj, € A or better in every state. So, if a € Ay
is AODS, it is WDS.

However, a WDS does not imply an AODS. Consider the following example. There are
two players, 1 and 2. Let A; = (a,d)) and let Ay = (ay, as,as,as) be the set of possible

actions for 1 and 2, respectively. I only show player 1’s outcomes, they are such that:

a; | 2 | az | aq
1 a,|10] 8|10
ahb | 9719

If 1 does the finest partitioning of 2’s actions, P11 = {{a1}, {a2}, {as}, {as}}, then it is
clear that a}] weakly dominates a), this is the case if 1 can reason state-by-state. Let 1
be able to do only some contingent reasoning and partition 2’s actions in a following way:
Py1 = {{a1,a2},{as, as}}. In this case, a} does not partition dominate ay.'' So, @} is not an

AODS for P,. However, a} is a WDS for 1. Therefore, a WDS does not imply an AODS. O

Next, I consider the relation between an AODS and an ODS. If a strategy is an ODS,
then it is an AODS, but not the opposite.

Proposition 2. For each £ € N and each a, € A, if ai € Aj is an ODS, then it is an
AODS, but the opposite is not true.

Proof: By definition, if ay € Ay is ODS, it is AODS (Definition 3). If a is a PDS for the
coarsest partition, it is a PDS for all other finer possible partitions. So, aj is an AODS.
However, an AODS is not necessarily an ODS. Consider the following example. There are
two players, N = {1,2}, and only one desired object. There are two outcomes: player 1 or
2 gets the object, y; and o, respectively. First, each player reports a number in {1,2,3}.
Second, the player with the lowest number reported gets the object. Ties are broken in favour

of player 1.

10T his is same partitioning as a rational player would do - state-by-state reasoning.
"For P3, and P, the worst outcome from playing a; is 8 and the best outcome from playing aj is 9.
So, since 8 < 9, a} is not a PDS with respect to Ps ;.
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In this game, player 1 has an ODS, which is to report 1. Player 2 does not have an ODS,
however, he has an AODS. Let’s first consider how player 2 partitions player 1’s actions:
Py = {Pia, P, Pso, Pio, Pso}.'? In this case Qy = A; = {1,2,3}.

Case 1, partition Pyo: P, = {1}, P}, = {2,3}. In this case, 1 is a PDS: there is at
least one component of the partition, PﬁQ, over which 1 obviously dominates all other actions
and there are no other components over which 1 is obviously dominated. If player 2 thinks
player 1’s action is in P1272, then he reports 1 and guarantees himself an object; 1 obviously
dominates all other actions over P1272. If player 2 thinks the player 1's action is in P/,, then
regardless of the player 2’s actions, he never gets the object - reporting 1 does not obviously
dominate and is not obviously dominated. So, reporting 1 is an AODS for the player 2 with
respect to P 5.

Case 2, partition Pyo: Py, = {2}, P5, = {1,3}. Following the same reasoning, 1 is a
PDS: if player 1’s action is in P21’2, then 1 obviously dominates all other actions over P2172; if
in P22,2> then 1 does not obviously dominate and is not obviously dominated. So, reporting 1
is an AODS for player 2 with respect to Ps 5.

Case 3, partition Pso: Pj, = {3}, P§, = {1,2}. Following the same reasoning, 1 is a
PDS: if player 1’s action is in P3172, then 1 obviously dominates all other actions over P3172; if
in P32727 then 1 does not obviously dominate and is not obviously dominated. So, reporting 1
is an AODS for player 2 with respect to Ps .

Case 4, if the second player can do state-by-state reasoning, partition Pj: P4{2 =
{1}, P, = {2}, P}, = {3}. This is the finest partition and reporting 1 is a weakly dominant
strategy for player 2. Following the same reasoning, 1 is a PDS: 1 obviously dominates all
other actions over P}, and P}, and there are no other components over which 1 is obviously
dominated, so 1 is an AODS for player 2 with respect to Py .

Case 5, following Li (2017), if player 2 can not perform contingent reasoning at all:
P;5 = {1,2,3}. This is the coarsest partition and there is no ODS for player 2. So, 1
is a PDS for player 2 with respect to all possible partitions (P2, P2, P32, Pi2), but the
coarsest (Ps2). As a result, 1 is an AODS for player 2.

So, an AODS is not necessarily an ODS. 0

The next proposition shows that if a strategy is a PDS of all partitions of size [, then it

is also a PDS of all partitions of size greater than [.

Proposition 3. Partition dominance for a given partition implies partition dominance for

any finer partition.

12T consider all possible partitions of player 1’s actions for player 2.
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Proof: By contradiction. Suppose a; € Aj is a PDS for all possible partitions with [ non-
empty components. Take any finer partition P,, ; with [ +1 components in the partition. If
ar is not a PDS for P, j, then there must be aj, € Ay that obviously dominates aj, over at
least one component of P, ;. Without loss of generality, suppose this is Pﬁhk. Now consider
some finer partition Py = {Py ., P2, U P .. P}, Since a; is dominated over P},

ay, is not a PDS for P, j, which is a contradiction. O

The next corollary states that to determine if the strategy is an AODS, it is sufficient to
look only at all possible bipartitions.

Corollary 1. For each k € N and each a;, € Ay, in order to determine if the a; is an AODS,
without loss of generality, it is sufficient to consider only all possible partitions P, € P,
such that | Py, x| = 2.

Proof: By Proposition 3. 0J

Finally, I can look at the game introduced earlier. I prove that aj is an AODS, even
though it is not an ODS.
For the game in Section 3.4 there is an AODS, but no ODS for both players. Consider

the game introduced earlier (Section 3.4) from 1’s prospective.'?

Let Pp1 be a bipartition of Q. Let (I5,1) ¢ P,, ;. Then a; = 1 dominates over P,, | and
ay # 1 is not dominated over P2 . Thus, a; = 1 is a PDS for P, ;.

Since this is true for any bipartition, by Proposition 3, a; = 1 is an AODS.

3.8 Conclusion

A natural extension from Halushka (2020, 2021) is questioning whether obvious dominance
is excessively restrictive and is the right criterion for some types of market design problems.
In this article I focus on the idea that the agents don’t need to have much strategic sophisti-

cation to determine their optimal strategies, they should be able to engage at least in some

13Since there is a tie-breaker and it is symmetric for agent 2, all the conclusions similarly apply to the
symmetric case as if the game was considered from 2’s prospective.

20



contingent reasoning. There are two extremes: rational agent that can do state-by-state
reasoning or unsophisticated agent with cognitive limitations that can not do any contingent
reasoning at all. I strengthen obvious dominance slightly, compared to the standard assump-
tion of agents perfectly distinguishing contingencies, by assuming that agents are able to do
at least some contingent reasoning. Therefore, I account for agents that are in between those
two extremes, but still very near an ODS boundary. This is why one can call it an “Almost”
ODS.

My main contribution is stating when the strategy is obviously dominant with respect
to the partition, defining the partition dominance, and introducing the notion of the almost
obvious dominance. I outline the conceptual place of an AODS in between an ODS and
a WDS. The lessons drawn from this article can be very useful if one applies the idea of
AODS to find solutions to market design problems, where ODS is too demanding. I have
demonstrated that one can get more out of the AODS than of ODS in some cases.

An interesting avenue for future research would be to see what mechanisms are almost
obviously strategy-proof when one can not find obviously strategy-proof mechanisms. Revisit
the problem from Chapter 1 to see if SD with cutoffs is implementable in AODS. One can be
interested in iterative elimination of AODS strategies, whether subjects can do it or not, and
to what extend. Another way to take the ideas in this paper further is to require a partition
dominant strategy only for “relevant” or ‘“essential” partitions (including the partition of
singletons), which depend on the specific application. For this, it is crucial how these rele-
vant partitions are determined, which should ideally be based on a theoretically identifiable
feature of the specific model.

I believe that the model presented here has the potential to be implemented in the lab-
oratory. For example, it would be interesting to find out what percentage of individuals
are at the extremes of sophistication and how many have an intermediate level (Level-k
classification of types). The matching model presented in Chapter 1 can be tested in the
laboratory, too. The experiment could have two stages: in the first part, the experimenter
assesses the sophistication level of the subjects in terms of contingent reasoning; in the second
stage, the experimenter lets agents participate in a matching game from Chapter 1. Then,
the experimenter may compare the stability of the matching economies as a function of the

sophistication level of the subjects.
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