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Abstract

Deep learning techniques have achieved profound success in many challenging real-world
applications, including image recognition, speech recognition, and machine translation. This
success has increased the demand for developing deep neural networks and more effective

learning approaches.

The aim of this thesis is to consider the problem of learning a neural network classifier
and to propose a novel approach to solve this problem under the Information Bottleneck
(IB) principle. Based on the IB principle, we associate with the classification problem a
representation learning problem, which we call “IB learning”. A careful investigation shows
there is an unconventional quantization problem that is closely related to IB learning. We
formulate this problem and call it “IB quantization”. We show that IB learning is, in fact,
equivalent to the IB quantization problem. The classical results in rate-distortion theory
then suggest that IB learning can benefit from a vector quantization approach, namely,
simultaneously learning the representations of multiple input objects. Such an approach
assisted with some variational techniques, result in a novel learning framework that we call
“Aggregated Learning (AgrLearn)”, for classification with neural network models. In this
framework, several objects are jointly classified by a single neural network. In other words,
AgrLearn can simultaneously optimize against multiple data samples which is different
from standard neural networks. In this learning framework, two classes are introduced,

“deterministic AgrLearn (dAgrLearn)” and “probabilistic AgrLearn (pAgrLearn)”.

We verify the effectiveness of this framework through extensive experiments on standard
image recognition tasks. We show the performance of this framework over a real world nat-
ural language processing (NLP) task, sentiment analysis. We also compare the effectiveness

of this framework with other available frameworks for the IB learning problem.
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Chapter 1

Introduction

1.1 Overview, Motivation and Contributions

The revival of neural networks in the paradigm of deep learning [52] has stimulated intense
interest in understanding the networking of deep neural networks, e.g., [09, 81]. Among
various efforts, an information-theoretic approach known as Information Bottleneck (IB)

[71] stands out as a fundamental tool to theorize the learning of deep neural networks
[15, 65, 69].

The IB principle was introduced by Tishby et al. [71]. They introduced a variable T
that is defined as a compressed representation of object X. The IB principle was proposed
to extract or represent only relevant information instead of extracting all of the information.
Therefore the main goal in this principle is to minimize the amount of information about
object X while preserving, as much as possible, the information about class label Y. The
conflict between these two requirements can be formulated as a constrained optimization
problem in which one requirement is implemented as the objective function and another
requirement as the constraint [74, 64, 66]. In this thesis, we call the problem of learning

representation T', IB learning.

Initial attempts to solve the IB learning problem were based on assuming known

distributions for object X and class label Y. In [66] the IB learning problem with unknown



distributions for discrete random variables was investigated. But, the proposed formulation
in [66] was not applicable to real world problems. As a result, Alemi et al. [1] proposed using
unknown distributions with continuous random variables. They introduced a framework
known as Deep Variational Information Bottleneck (VIB). Based on the VIB framework,
a lower bound was constructed for the IB learning problem, and the performance of this
framework was experimentally established. Subsequently, different techniques were proposed
to estimate the lower bound established by VIB [I, 2, 23]. More recently, methods have

been proposed for a general formulation of the IB learning problem [17, 48].

In this work, we investigate the IB learning problem to solve real world problems using
perspectives from rate-distortion theory and the information theory for quantizing signals.
The key observation that has inspired this work is that the optimization formulation of
IB learning resembles greatly the rate-distortion function in rate-distortion theory [67].
A careful examination of this observation indeed reveals that, conceptually, there is an
unconventional quantization problem that is closely related to IB learning. To that end, we
formulate this problem, which we refer to as IB quantization. We prove that the objective
of IB quantization, namely, designing quantizers that achieve the rate-distortion limit, is
equivalent to the objective of IB learning. This result establishes an equivalence between

the two problems.

In rate-distortion theory, it is well known that scalar quantizers, which quantize signals
one at a time, are in general inferior to vector quantizers, which quantize multiple signals
simultaneously. The discovered equivalence between IB learning and IB quantization then
suggests that IB learning may benefit from a “vector quantization” approach, in which the
representations of multiple inputs are learned jointly. Exploiting variational techniques,
we show that such a vector quantization approach to IB learning naturally results in a
novel framework for learning neural network classifiers. We call this framework Aggregated

Learning (AgrLearn,).

In AgrLearn framework, n random training objects are aggregated into a single am-
algamated object and passed to the model; the model predicts the soft labels for all n

examples jointly. The training of the AgrLearn framework is carried out by solving an



optimization problem, derived from a variational relaxation of the IB learning problem and

an approximation of mutual information.

In this learning framework, based on the type of mapping from object X to variable
T, two classes are introduced. Deterministic mapping results in “deterministic AgrLearn

(dAgrLearn)”, and probabilistic mapping results in “probabilistic AgrLearn (pAgrLearn)”.

We conduct experiments, applying AgrLearn framework to the current art of deep
learning architectures for image recognition to show the significant gain that the framework
brings in classification accuracy. Moreover, we show the robustness of this framework when
dealing with the problem of data scarcity, and also how it is compatible with regularization
techniques such as MixUp [85]. In addition to this, we use this framework to solve a real

world problem called sentiment analysis.

Our main contributions to the field of IB Learning and Deep Neural Networks, as shown

in this thesis, are as follows:

We have:

1. Established an equivalency between the IB learning problem and the IB quantization

problem, and formulated the IB quantization problem.

2. Proposed a novel neural network learning framework, which we call Aggregated
Learning (AgrLearn). This framework is inspired by vector quantization. Generally,
vector quantizers by providing a richer family of encoders and decoders perform better
than scalar quantizers. This was a motivation for us to use this quantization technique
for solving IB learning problem instead of using standard neural networks which are

equivalent to scalar quantizers.

3. Established two classes of the AgrLearn framework: deterministic AgrLearn (dAgrLearn)
and probabilistic AgrLearn (pAgrLearn,).

4. Established empirically that the AgrLearn framework improves the classification
performance of recent deep models. This investigation is done on image recognition.
In addition, we have investigated the performance of the AgrLearn framework in

comparison with the VIB framework.



5. Established empirically how well the AgrLearn framework can perform when there is
data scarcity in neural network learning. Finally, we investigate the performance of

the AgrLearn framework by adding regularization techniques such as MixUp.

6. Established empirically the performance of the AgrLearn framework on a real world

natural language processing task, sentiment analysis.

1.2 Outline

This thesis is organized as follows:

Chapter 2 presents a review of machine learning algorithms, models, and concepts that
are used in this thesis. Information bottleneck principle and a literature review of solutions
to IB problem are presented in Chapter 3. Chapter 4 illustrates the equivalence between the
IB learning problem and the IB quantization problem, theories, and their proofs are provided
in this chapter. After establishing the equivalence between IB learning and IB quantization,
in Chapter 5 a variational approach to the IB learning problem is demonstrated. Using the
variational approach, the novel neural network learning framework, AgrLearn, is introduced
in this chapter which is the main contribution of this thesis. Two classes of the AgrLearn
framework that we call deterministic AgrLearn (dAgrLearn) and probabilistic AgrLearn
(pAgrLearn) are introduced in this chapter. In Chapter 6 we investigate the application
of AgrLearn framework to image recognition and natural language processing, specifically
sentiment analysis. Finally, the conclusions reached in this thesis as well as suggestions for

future research are presented in Chapter 7.

1.3 Notation

Throughout this study, vector notations are denoted by lowercase letters, and matrix

notations by uppercase, boldface letters. A vector x has elements (x[1], z[2], - - , x[m]).

A capitalized letter denotes a random variable, e.g., X, and a value it may take is shown



by its lowercase. The distribution of a random variable is showing by p with a subscript

indicating the random variable, e.g., px(z). The symbol E denotes expectation.
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e Conference Papers

1. M. Soflaei, H. Guo, A. Al-Bashabsheh, Y. Mao, R. Zhang, “Aggregated Learning:
A Vector-Quantization Approach to Learning Neural Network Classifiers”, AAAI
Conference on Artificial Intelligence (AAAI-2020), New York, 2020.



Chapter 2

Background

2.1 Machine Learning

Machine learning (ML) is a sub-field of Artificial Intelligence (AI). ML is defined as a
computer program to learn from experience E with respect to some class of tasks T" and
performance measure P if its performance at tasks in 7', as measured by P, improves with
experience £ [56]. In this chapter, we review some algorithms, models, and concepts in ML

which are used in the entire thesis.

2.1.1 Basic Forms of Machine Learning Algorithms

ML algorithms are often classified into three major categories, based on the nature of

learning: supervised learning, unsupervised learning, and reinforcement learning.

In supervised learning, the example inputs that are labeled with their desired outputs
are provided to the system. The algorithm will learn by comparing the actual output with
the desired ones to find the error and modifies the model accordingly. Then the system can

predict the output for new (unseen) inputs.

The training dataset in supervised learning contains pairs of input and desired output.

In other words, for each input, there is a desired output. Considering the input variable X



in space X and the desired output variable Y in space ), the dataset can be defined as:
D = {(Xla Y1)7 Ty (XNa YN)}

and the goal of supervised learning is to approximate the mapping function F': X — ) so
as to predict the output variable Y for new input variable X. Therefore, the supervised
learning model is defined as:

Y = F(X;0) (2.1)
where 6 represents the set of model parameters. Classification and regression are two

examples of this type of ML.

e In the classification method inputs are divided into two or more classes and the model
needs to be trained in such a way that it can assign the new (unseen) inputs to one
of the classes. For X and Y as the observed samples and class labels respectively,
the objective of classification is to develop a classifier, which assigns a class label Y
for the new (unseen) samples. In other words, the classification method consists of
two steps: first building a model based on the available objects and class labels, then

using the trained model to predict labels for the unseen objects with the model.

e In the regression method as well as in the classification method, the objective of
learning is to approximate the mapping function which maps input variable X to
output variable Y, as accurately as possible such that it can predict the output
variable for the new (unseen) input data. The only difference between these two
methods is that the output variable in the regression is a numerical variable whereas

in the classification method it is a categorical variable.

In unsupervised learning, the input data is provided without their corresponding labels.
The goal is to model the underlying structure or distribution in the data in order to learn
more about the data. Clustering, and density estimation are two examples of unsupervised

learning.

e In clustering, data is divided into a number of groups in which the data within a

group are more similar to each other than to data in other groups. In other words,
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data within each group are very similar to each other, while they are different from

data in other groups. K-means algorithm [0] is an example of clustering.

Reinforcement learning is based on rewarding and penalizing. These algorithms are
designed to reward certain actions and penalize others. The machine is then able to make
the best decision and continually learns from past failures. The agents are trained to learn
a state-dependent strategy (or policy) in order to optimize reward. A chess-playing neural

network is an example of reinforcement learning.

This thesis focuses on supervised classification training algorithms, and further references
to learning algorithms will refer only to supervised classification algorithms unless otherwise

specified.

2.1.2 Maximum Likelihood Principle

The maximum likelihood principle is a method for obtaining the optimum set of parameters
that define a model. We should mention, in supervised learning, a model is defined as a

restricted family H of hypotheses about how Y depends on X.

Assume we have a training dataset D with model parameters 6. The maximum likelihood

of the model parameters 6 is:

M = arg max p(D10). (2.2)

It is more convenient to work with the natural logarithm of likelihood, because of the
monotonically increasing property of logarithm. Hence, maximizing a function is equal to

maximizing the log of that function. Therefore, maximum likelihood can be written as:
M- = arg max log p(D|6). (2.3)

This is called log-likelihood.

The Maximum likelihood principle can also be considered as a special case of the

Maximum a Posterior (MAP) principle. MAP is an estimation method based on a posterior



distribution to find the set of model parameters that are most likely to explain the observed

experience. This approach is based on posterior distribution and Bayes’ rule as follows:

OMAP — arg max p(0|D)

= argmax log p(0|D)

p(D|0)p(0)
p(D)

©)
= arg max log

= arg m;ix (logp(DW) + logp(‘g)) (2.4)

where (i) follows from Bayes’ rule. Without having prior knowledge about the distribution
of the model parameters 6, there is a naive assumption that all model parameters are equi-
probable, therefore log p(6) can be considered as constant for all §. Hence, the maximum a

posterior estimate reduces to

OMAP — arg max log p(D|6)

= M- (2.5)

which is equivalent to the maximum likelihood in equation (2.3).

In the context of classification, one common approach for finding the model is to apply
the maximum likelihood principle. On the other hand, the performance of the classification
model can be measured by the cross-entropy loss. Therefore, the maximum likelihood
principle corresponds to the minimization of cross-entropy loss, where cross-entropy loss is
defined as

len(a,p) ==Y av(y) logpy(y) (2.6)

yey

where p denotes the probability of the observed label and ¢ is the probability of the true
label.

We use a binary classification to prove the relationship between maximum likelihood
and cross-entropy loss. Given a model H, dataset D, finding the best distribution py|x (y|x)
in H based on D is the goal, where for each input X the label Y either is 1 or 0, therefore



we have

Wi (ylz) = arg max  p(Dlpy|x(ylr))
Y

|x€
N

B
— arg max i | g
g max, gpyx(y ED)

N
= arg max longY\X<yi|$i)

py|x€H 5
=1

N
= arg min Z{—logpy\x(yz'|$i)}
-1

Py|x€H p

.o N
@ arg min Z{—H{% = 1}log py|x (1]x;) — I{y; = 0} log pyx (0z:) }

py|x€H “
=1

= arg min ZECE(H{% = -}py|x(-|$i))

py|x€H ;

(2.7)

where (i) by assuming (x;,y;)’s are i.i.d. samples from dataset D, and (ii) I is an indicator
function. This shows the maximum likelihood principle is equivalent to the minimization of

cross-entropy loss.

2.1.3 Empirical Risk Minimization

As mentioned in Section 2.1.1, the goal in supervised learning is to find a mapping function
F: X — Y that maps input object X to class label Y. For this purpose, the penalty for
the differences between predictions F'(X;#), and actual targets Y is defined by the loss
function ¢. Here goal is to find parameters that minimizes this penalty. Minimization over

the average of the loss function ¢ gives rise to the population risk:
0 = arg m@in Exy)~pl((X,Y);0), (2.8)

but as the distribution D is unknown in most practical situations, the empirical distribution

pxy(z,y) is assumed, hence the Empirical Risk Minimization (ERM) principle is defined

10



as:

~ R -
0 = arg min —~ ;E((Xi, Y:);0)

= arg mein L(0) (2.9)

where overall loss is defined as

n

L(0) ==Y (X, Y7);0). (2.10)

i=1

We should mention that the solutions to ERM are equivalent to the classification solution
or regression solution based on the loss function. Cross-entropy loss and Hinge loss [11] can
be used for classification solution; mean squared error loss and Huber loss [38, 55] can be

used for regression solution.

2.2 Neural Networks and Deep Learning

Neural networks are processing systems, that are built to model the mammalian cerebral
cortex on a smaller scale. Feed forward networks contain multiple layers. In each layer,
there are a number of connected nodes that have an activation function. The first layer
of these networks, called the input layer, receives input data, and the last layer of these
networks is the output layer. The layers between the input and output layers are called
hidden layers. A neural network with more than one hidden layer is called a “deep” network.
A neural network and a mathematical model of a neuron in that network is shown in
Figure 2.1 where z; defines inputs, w; denotes weights, b is bias and ¢ is a non-linear
activation function. A network is called a fully connected neural network or Multi-Layer
Perceptron (MLP) if all the neurons are connected to each node of the preceding layer. A

fully connected neural network is depicted in Figure 2.1.

These networks support forward and backward passes for predicting the output. If x is
defined as the input vector, and y is defined as the class label (output) vector, the output

of neurons in layer [ of the network is
U+ — 0<W(l+1)y(l) I b(m)) (2.11)

11



Input Hidden Output

layer layer layer

Figure 2.1: A neural network and mathematical model of a neuron.

where y° = x. The feed-forward pass for Lth hidden layer of a standard neural network is

defined as:
F(z;0) = Softmax (a (W<L> oo (Wlz M) b<L>>) (2.12)

where a Softmax is used at the last layer of the network for predicting the labels, and W)
is a weight matrix for the Lth hidden layer of the network.

After each forward pass, the network calculates the loss function between the predicted
class labels, and the true class labels and estimates how far the predicted class labels deviate
from the actual ones. Based on that estimation, the network adjusts the weights to bring
the predicted class labels closer to the true class labels, and thus achieves a more accurate
prediction. This process is called “backward propagation” or backward pass. One of the
techniques for the backward pass is the “Stochastic Gradient Descent” (SGD). SGD is
an iterative method for updating weight values by using the value of the gradient. More

precisely, in SGD gradient is replaced by its stochastic estimation using a single data point:
prew — eold o anﬁ(gold) (213)

where 7 denotes the step size, £ is a measure of loss between the predicted class labels

and true class labels, and the gradient V,£(6°4) is defined as

L(0°Y) = ng (X;,Y;); 6°9)]. (2.14)
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Figure 2.2: Residual Learning.

As we mentioned earlier in this section, increasing the number of hidden layers beyond
one gives rise to, what is known as, a “deep neural network”. These types of networks
have had a huge impact on many challenging real world applications such as speech

recognition [33, 20], image recognition [50, 31], natural language processing, etc.

Convolutional Neural Network (CNN) [53, 83] and Recurrent Neural Network (RNN)
[19, 12, 63] are two types of these networks, which are used in computer vision and language

modeling, respectively.

e In CNNs, each layer has a convolution (filtering) part and a pooling (sub-sampling)
part. At the end of these layers there is a regression layer, such as a logistic regression
phase, which predicts the label of the input that passes through the network. In other
words, the output is a combination of all these layers, where each layer applies a
different filter. They are, therefore, very efficient in image recognition and classification.
In CNNs, increasing the depth of the network helps to improve recognition and
classification accuracy. Because of this property, deeper networks such as Visual

Geometry Group (VGG) [71], Residual Network (ResNet) [30] have been introduced.

In VGG structure, each block contains two convolution layers with Rectified Linear
Unit (ReLU) activation functions [12, 57] and a max-pooling layer. At the end of

the network, there are several fully connected layers and finally a soft-max layer for

13
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Figure 2.3: Basic diagram of the Residual block for the ResNet.

classification. Based on the number of layers there are different VGG models such as

VGG-11, VGG-16, VGG-19 in which there are 11, 16, and 19 layers respectively.

ResNet is an ultra-deep network. This network is based on the idea of residual
connection. In the residual connection, the output of each layer is summed up with
the original input (Figure 2.2). The advantage of this network is, that it does not
suffer from the vanishing gradient problem which occurs in deep neural networks
during backward propagation. During backward propagation, the calculated gradient
with respect to the weights gets smaller and smaller as we keep moving through the
network. As a result, the weights do not get updated fast enough for the earlier layers;
which in turn causes the learning process to slow down. This problem is solved by
using residual connection in the ResNet structure. The residual block for the ResNet
is shown in Figure 2.3. Each block contains two convolution layers with a ReLLU
activation functions and two Batch Normalization (BN) layers. BN increases the
performance and stability of the network by fixing means and variances of each layer’s

inputs [10].



Table 2.1: Structure of ResNet-18 and ResNet-34

Layer name | output size 18-Layer 34-Layer
convl 112x 112 77, 64,stride2
3 X 3 max pool, stride 2
conv2 56 X 56
3x3 64 3x3 64
X 2 X 3
3x3 64 3x3 64
3x3 128 3x3 128
X 2 X 4
conv3 28 x 28 3x3 128 3x3 128
3x3 256 3x3 256
X 2 X 6
conv4 14 x 14 3x3 256 3x3 256
3x3 512 3x3 512
X 2 X 3
convd X7 3x3 512 3x3 512
1x1 average pool, fully-connected layer and soft-max

There are different types of ResNets based on the number of layers, such as 18, 34,
50, 101, and even 1202. For example, ResNet-34 has 33 convolutional layers and 1
fully connected layer at the end of the network. The structure of ResNet-18, and
ResNet-34 is shown in Table 2.1.

One issue with very deep residual networks is that a gradient might not go through
all the residual block weights which may cause only a few blocks to learn useful
information or many blocks to learn a smaller amount of information. This problem
is called diminishing feature reuse [22, 73, 37]. This problem slows down the training
process. To address this problem, the Wide Residual Networks (WideResNet) has
been proposed [32]. In this network, the depth of the residual network is decreased

but its width is increased. The structure of this network is shown in Table 2.2.

RNNs can be used to process sequential information. These networks are used
predominantly for natural language processing. They have some loops within them,

which provide them with memory or the capability to store information for a transient
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Table 2.2: Structure of Wide Residual Networks. k denotes the width of network, and B

denotes the number of blocks in group

group name output size block type
convl 32 x 32 [3 x 3,16]
3x3 16xk

conv2 32 x 32 X B
3x3 16xk
3x3  32xk

convy 16 x 16 X B
3x3 32xk
3x3 64xk

conv4 8 X 8 X B
3x3 64xk

avg-pool, fully-connected layer 1x1 [8 x §]

duration in order to predict the output. Because of this ability to store information,
these networks are able to learn sequences. Long Short-Term Memory (LSTM) is one
of the RNN architectures [31]. Each LSTM network has a cell with the memory part
and regulators which are made up of input gates, output gates and a forget gate. The
cell checks the dependency between elements in the input sequence. The forget gate
controls which value remains in the cell. The LSTM architecture is shown in Figure

2.4.

Let z; denote the input vector, h the hidden state, ¢ the input gate, o the output
gate, f the forget gate and c the cell state. W, U and b are the weight matrices and

the bias vector parameters which need to be learned during training. Therefore the
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Figure 2.4: LSTM network structure.

forward pass of an LSTM unit is:
fi=0(Wx, +Usrhyy + by)
¢, = tanh(Wozy + U hy_1 + be)
iy = oc(Wixy + Uihy_y + by)
=10+ i ®c_
or = 0(Woz + Uphi—1 + by)

hi = y¢ = op © tanh(c;) (2.15)

where the initial values are ¢ = 0 and hy = 0 and ® denotes element-wise product. o
denotes sigmoid function and tanh denotes hyperbolic tangent function. The subscript

t indexes the time step.

In addition to the LSTM, CNNs can also be used for NLP tasks [11]. The difference
between CNNs for image processing and NLP tasks is that in NLP tasks, the CNNs

17



[
4 Under-FittingOver-Fitting

N >

Eout

IEgen

Model Complexity

~

Figure 2.5: Training and test errors vs model complexity, where E,., denotes generalization

gap.

filters slide over the rows of sentence matrices, whereas for image processing they slide
over patches of images. In the sentence matrices, each row corresponds to a word, in
other words, each row is a vector of the word. These vectors can be word embeddings
or one-hot vectors which index the word into a vocabulary. After the convolutional
layers, max-pooling is applied over the output and finally, logistic regression is applied

to classify the sentence.

2.3 Generalization, Overfitting, and Underfitting

Generalization refers to how well the concepts are learned by a model for the data that
does not participate in training. The difference between a model’s performance on training
data and its performance on unseen data drawn from the same distribution is called the
generalization gap. Figure 2.5 depicts the relationship between model complexity and model
errors which are in-sample error or training error (E;,) and out-sample error or test error
(Eout). Training error refers to the average error of the model over the training samples, and
test error refers to the average error of the model over testing samples. Figure 2.5 shows
that as the model complexity increases, the ability of a model to learn arbitrary patterns
improves therefore training error decreases. On the other hand, test error decreases up to

a certain point (at which an ideal model is reached) and then starts to increase. In this
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situation, the model is called overfitted [21]. Usually, overfitting occurs when the model
learns the training data too well. It captures even the noise embedded in the data. In
contrast to overfitting, underfitting happens when the model cannot fit the data well enough
i.e., the machine learning model is not complex enough to capture the relationship between
datasets and class labels. The algorithm can learn quite fast but it is not flexible enough to

predict a complex problem.

2.4 Techniques to Improve Generalization

Regularization is one of the methods used to improve generalization in deep learning
networks. Guo et al. [23] group regularization into two categories: data-independent, and
data-dependent. The difference between these two categories is in the type of constraints
imposed on the model i.e., those that exploit the structure of data and those that do not
exploit the structure of data (e.g., the distribution). Weight decay [29], and dropout [72] are
two examples of data-independent regularization. Data augmentation schemes [53, 70, 68],

and adversarial training schemes [25] are some examples of data-dependent regularization.

2.4.1 Weight Decay and Dropout

Weight decay and dropout are two standard regularization techniques.

e In weight decay, the weights of the network are multiplied by a factor less than 1,
after each update [29]. This helps to prevent weights from growing too large. L2 is
one type of this technique. In L2 the regularization term \||0]|3 is added to the loss

function as a penalty term and controls the complexity of the model:

= argmin (¢((X,Y); 6) + All6]3) (2.16)

where ¢((X,Y);0) denotes the loss function.
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Figure 2.6: The effects of applying dropout with p = 0.5 to a deep multilayer perceptron.

e Dropout refers to the technique of randomly ignoring some neurons during training
of the model [72]. In other words, some neurons are not considered in the forward
and backward passes (Figure 2.6). Let us express a neural network for mapping input

vector x to output vector y with L-hidden layers as follows:

W = f (Q;(O))

y = g(z'") (2.17)

where ) denotes the vector represented by layer [, and 2(*) = z. f; denotes the
mapping from layer [ — 1 to layer [ and g denotes the mapping from layer L to y. For
each layer of the network we choose a parameter p!) between (0,1] and we delete
each node in layer [ with probability 1 — p. More precisely, we create a random
vector z() having the same dimension as the input vector and each element of it is

drawn i.i.d from a Bernoulli distribution with parameter p). By applying dropout,
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the expression of the network will change to:

2V = (20 © 20)

o) = [, (2D @ gD
Yy = g(z(L) ® x(L)) (2.18)

where ©® denotes element-wise product.

2.4.2 Data Augmentation

The data augmentation technique adds a type of mutation to the original training samples
[70, 68]. As a result, the network will see new training samples in each iteration. This
will help the network to encounter fresh samples each time which improves learning. The
original labels of these input samples do not change with this transformation. The most
popular transformations in image applications include flips, rotations, crops, and scaling

the image.

2.4.3 MixUp

One of the effective data augmentation approaches for improving the accuracy of deep
classification models is MizUp [85], which can also be considered as a data-dependent

regularization scheme.

MixUp encourages the model to behave linearly in between training examples. This
linear behaviour reduces the amount of undesirable oscillations when predicting outside
of the training examples. The linear combination between two input samples and their

corresponding target outputs after using MixUp is:

-~

XM= AX 4+ (1-)0)X (2.19)
YMX Y 4+ (1-N\)Y (2.20)
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where A ~ Beta(a, a), for a € (0,00). The loss function for MixUp is:

M= ((AX + (1= XX, AY + (1 - N)Y);0). (2.21)

2.4.4 Between Class Learning

Between Class (BC) Learning technique is another effective data augmentation approach
to improve the accuracy of deep classification models [75, 70]. In BC Learning technique
images are generated by mixing two images belonging to different classes with a random

ratio.

Consider two input images, X and X with standard deviations o1, and oy respectively.

In BC Learning, a combination of these two images is obtained by:

XBC — (2.22)
p*+(1-p)?
where 7 and po denotes mean values, p = Q1% with a random ratio A selected
14+ ==
+ (o) A

from the uniform distribution U(0, 1) and its corresponding label is linearly determined as
follows:

YBC —\Y + (1 - \)Y. (2.23)

2.5 Information Theoretic Concepts

In this section we will explain certain concepts of information theory. One of them is
entropy. Entropy is a measure of the uncertainty of a random variable [11]. The entropy of
a discrete random variable Y distributed according to py (y) is defined as follows

H(Y) = — ZPY(ZJ) log py (y)

yey
1
py (y)

= ]EprY (v) log . (2.24)
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The log is to the base 2 and entropy is expressed in bits. H(Y) is greater than or equal to
0.

If (X,Y) ~ pxy(z,y) is a joint distribution then the conditional entropy of Y given X

is defined as
HY|X) =) px(x)H(Y|X =)

reX
== px(@)> pyix(ylz)log pyix (y]x)
TEX yey

- _ Z pxy (2, y) log py|x (y|)

(x,y)EXXY
=Ky~ o) l0g ———— (2.25)
(@y)~pxy (z,y) pyix (y])
where H(Y|X) denotes the uncertainty remaining in Y after observing X [11]. However,

H(Y|X)# H(X|Y), but H(X) — H(X|Y)=H(Y)— H(Y|X). The joint entropy is also
defined as

_ Z Zpr(x, y) log pxy (,y)

zeX yeY
=- Z ZPXY(SC, y) log(px (z)pyx (ylz))
rzeX yey
==Y > pxv(zy)logpx(z) = Y > pxv(z,y)logpyx(ylr)
rek yey rek yey
== ZPX ) log px (z ZZPXY (2, y) log py|x (ylz)
reX zeX yey
=H(X)+ H(Y|X). (2.26)
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For n random variable X, Xs, -, X,, the chain rule holds [14]:

H(Xy, Xo, -+, X)) =— Z Dxy o x0 (T1s 0 xn) logpxy o x, (@1, -+ L )
O S e, (a1, 1ongx o (@il 21)
- _ Z ZPX1,~-,Xn($1a o xn) 108 Dy x g x (T | Ty - 2)
= _Z Z DXy X (X150 Tn) lO0g DX e xy (T iy -+ 21)

= - Z Z Pxq,.X; ($1, e 7372') 10ng¢\XPl~“,X1 (ZEZ'|[L'1'_1 e 7371)

(2.27)

where (i) by considering px, ... x, (21, , &) = [[1m] Pxi|xi 1o x0 (Ta]Tiza - -+, 21).
The relative entropy or Kullback-Leibler (KL) divergence is a measure of the inefficiency
in assuming that the distribution is ¢x(z) when the true distribution is px(x) [11]. If
px(z) and gx(z) are two distributions, the relative entropy or KL-divergence of px(x) with

respect to gy (x) is defined as

KL(px(@)llax () = 3" px () log X1

reX ($>

px ()

=K (@)’

(2.28)

z~px () 1

The KL-divergence is always nonnegative, and is zero if and only if px(z) = gx(x) [11] .

KL-divergence is not a distance measure therefore we have:

KL(px (2)llgx () # KL(gx () |lpx (x)). (2.29)

For a given random variable X with distribution px(x), if py|x(y|z) and gy |x(y|x)
are two conditional distributions, each defining a pair of random variables (X,Y’), the

conditional KL-divergence is defined as:
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Figure 2.7: The Venn diagram depicting the relationship between mutual information and

entropies. The intersection of the circles is the mutual information 7(X;Y").

KLxlonsoi) = 3 po(a)lo an—g:; (2.30)

The mutual information shows how much uncertainty in one random variable will
be resolved by observing another random variable [I4]. If X and Y are two discrete
random variables, distributed according to pxy (x,y), with marginal distributions px(z) =
> yey Pxv(z,y), and py (y) = > cr Pxy (2, y), the mutual information between X and Y’

is defined as

o ) Jog PXYEY)
I(X;Y) .—;y;pxﬂ y)1 gpx(x)py(y)

= KL(pxy (2, 9)[px (2)py (). (2.31)

Intuitively, I(X;Y) measures the level of dependence between X and Y. If X and Y
are completely independent, I(X;Y) = 0. In other words, the mutual information vanishes

for fully independent variables. Mutual information is always nonnegative.

The Venn diagram in Figure 2.7 depicts the following relationships between mutual

information and entropies of two random variables X and Y':
I(X;Y)=H(X)+H(Y)-H(X,Y) (2.32)
I(X;Y)=H(X)-HX|Y)=H(Y)—-HY|X) (2.33)
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I(X;Y)=I(Y; X) (2.34)

[(X;X) = H(X) (2.35)
where
pxv (2, y)
[(XGY) = Y pxy(z,y)log
(z,y)EX XY px(:c)py(y)
— pxy (z]y)
- Z pxv(z,y)log T
(z,y)EXXY Px

=— Y. poley)logpx(@)+ Y pxv(z,y)logpxpy (zly)
(z,y)€EXXY (z,y)EXXY

:—ZPX ) log px (z) + Z pxy(z,y)log pxy (z|y)

reX (z,y)eX XY

— H(X) — HX|Y), (2.36)
since H(X) — H(X|Y)=H(Y)— H(Y|X), therefore
[(X;Y) = H(Y) — HY|X), (2.37)

because H(X,Y) = H(X)+ H(Y|X) we have
I(X;Y) = H(Y) — H(Y|X)
= H(Y) - (H(X,Y) - H(X))

= H(X)+ H(Y) - HX,Y), (2.38)

since H(X|X) = 0 we have

— H(X). (2.39)
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The chain rule of information is defined as

I(X17X27"' 7XnaY) :H(X17X27”' 7Xn)_H(X17X27"' JXTL|Y)

= ZH(Xi|Xi—17 e, X)) — ZH(Xi|Xi—17 e, X1 Y)
i—1 i—1

=Y I(X,Y|Xiq, - Xo), (2.40)

=1

If X —Y — Z form a Markov chain, then
I(X;Y) > I1(X;2) (2.41)
I(X;Y) > I(X;Y]2). (2.42)

If the encoder describes the source sequence X™ by an index f,(X") € {1,2,...,2"%},
and the decoder describes X™ by an estimate X™ then a distortion function (distortion
measure) is a mapping

d:XxX > R" (2.43)
where the distortion d(z,7) is a measure of the cost of representing the symbol z by the

symbol Z [14].

A (n, 2™)-rate distortion code consists of an encoding function
fo: X" = {1,2,..., 2" (2.44)

and a decoding function
gn t{1,2,...,2"FY = x» (2.45)
and the average distortion for the (n,2"%) code is

D =E d(X", ga(f2(X")))
= > pxn(@d(@", gu(fala"))) (2.46)
an X
where R denotes rate. The rate is the average number of bits per message. A rate distortion
pair (R, D) is said to be achievable if there exists a sequence of (n,2"%)-rate distortion
codes (fn, gn) with
lim E d(X", g,(fu(X"™)) < D (2.47)

n—o0
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There is a tradeoff between the rate and the average distortion, the larger the rate,
the smaller the achievable distortion. This tradeoff is characterized by the rate-distortion
function R(D) [11]. The rate-distortion function is defined as the infimum of all achievable
rates R under a given constraint on the average distortion D as follows:

k(D) e pxrﬁl)r,}m(m)d(m)g,f (X X). (2.48)

In rate-distortion calculation for a given source px(x), different choices of distortion
measures will give different results, meaning that the distortion measure is itself a part of
the problem setup. Therefore, the rate-distortion function always depends on the choice of
distortion measure. Moreover, defining an appropriate distortion measure is not always
possible in practical applications such as image and natural language processing. The
Information Bottleneck (IB) principle was introduced to overcome these problems. We will

explain this principle in the next chapter.

2.6 Summary

In this chapter, we gave brief summaries of machine learning algorithms, models, and
concepts that we will use in the next chapters. We explained the basic concepts of
information theory such as entropy, KL-divergence, and mutual information. We also

explained the concept of rate-distortion function.
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Chapter 3

Related Work

3.1 Introduction

In this chapter, we explain the information bottleneck principle in Section 3.2. Then in
Section 3.3, we survey the solutions to the information bottleneck problem. We explain
Mutual Information Neural Estimator in Section 3.4, and finally, we summarize this chapter

in Section 3.5.

3.2 Information Bottleneck

The Information Bottleneck (IB) method is a technique in information theory introduced
by Tishby et al. [74]. The main idea in IB is to extract the most relevant and meaningful
information from the input data. A natural approach for extracting the relevant information
is by lossy source compression. In this approach consider X as input with probability
distribution px (), and Y as class label. A new variable T is introduced, that is a compressed
representation of object X which still preserves information about Y. One is interested in
finding a stochastic mapping from input X to representation 7" which is characterized by a
conditional probability distribution function prx(t/z). One can determine the effectiveness

of this compression by two factors: the rate, which is the average number of bits per
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message, and the distortion function, which measures the cost of wrong representation.
This requires a solution to the coding equations for X — 7" and 7" — Y. They are solved
by using a re-estimation method that generalizes the Blahut-Arimoto algorithm. In this
approach one is interested in simultaneously satisfying both
pr(t) =Y px(@)prix(t|z) (3.1)
reX

and
pr(t)
Z(x, B)

where Z(x, ) is a normalization function, (5 is a Lagrange multiplier, and d denotes a

prix(tlr) = exp[—fd(z, )] (3:2)

distortion function. The natural approach in order to achieve this goal as introduced in

Theorem 3.2.1 , is by alternating the iteration between them until they reach convergence,

Theorem 3.2.1. [7/] Equation (3.1) and equation (5.2) are satisfied simultaneously at

the minimum of the functional,
F = _<10g Z(xv /B»px(x)
= ](X; T) + ﬁ<d(£€, t))pXT(xyt) (33)

where the minimization is done independently over the convex sets of the normalized

distributions, pr(t) and pxr(x,t),

min min Fpr(t); prix (t|z)] (3.4)

pr(t) prix (tz)

These independent conditions correspond precisely to alternating iterations of equation (3.1)

and equation (3.2). Denoting by i the iteration step,

P () = px(@)px (t) (3.5)
i o i (t)
prx (tlr) = 71z 5) exp[—pd(z,t)] (3.6)

where the normalization function Z'(x, B) is evaluated for every i in equation (3.6). Fur-
thermore, these iterations converge to a unique minimum of F in the convex sets of the two

distributions.
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Measuring the distortion term is rarely possible and therefore Tishby et al. [74, 64, (6]
proposed a direct approach to the solution of the IB problem. In this approach, the main
goal is to capture a tradeoff between minimality of the representation of X, achieved by

minimizing I(X;T'), and sufficiency of information on Y, achieved by constraining the value

of I(Y;T).
The IB Markovian can be written as:
T—X—Y

which shows I(T;Y) < I(X;Y). It is obvious that T cannot have more information than

X since it is only dependent on X. Therefore, we have

pr(t) = Z pxyr(T,y,t)

(z,y)€XXY
=Y px(@)prix(tlz) (3.7)
zeX
pyir(ylt) = ZPXYT z,y,t) (3.8)
xGX

There is always a tradeoff between compression of the representation, and preservation of
the relevant or meaningful information. Tishby et al. addressed the following optimization

problem for this tradeoff [74, 64]:
Lanlprx (te)] = 1(X:T) — BI(Y;T) (39)

where [ is a Lagrange multiplier that controls the trade-off and the free parameters
correspond to the stochastic mapping with respect to the mapping pr|x(t|z). The optimal

solution for equation (3.9) is presented in Theorem 3.2.2 as follows:

Theorem 3.2.2. [7/] The optimal solution that minimizes (3.9) satisfies the equation

pr(t)

py|x(y|x)]
Z(x,8)

=8> pyix(y|z)log
2_prx(ule) pyir(ylt)

yey

prix(tz) = (3.10)

where Z(x, 3) = Y e pr(t) exp|—BKLpy|x (y|x)||pyir(y|t)]] is a normalization function

and

pyir(ult) = ﬁt) S by (le)pryx (Ha)px (2). (3.11)
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The trade-off between compression of the representation and learning is shown in Figure
3 of [69]. This Figure shows the interesting phenomena that at first I(Y;7) increases
(called the fitting phase), then at some point a phase transition occurs and 1(X;T) starts to
decrease (called the compression phase) [(9]. In other words, in the first phase of training
the layers’ information regarding the labels increases, which means I(Y;7T') increases, and
in the second phase of training the layers’ information regarding 1(X;7T') decreases and the

layers lose irrelevant information until convergence.

3.3 Solutions to Information Bottleneck Problem

The proposed approach for solving the IB optimization problem for both supervised and
unsupervised learning in [74, 64, 10, 20] depends on assuming the knowledge of the joint
distribution of X and Y. However in practice, this joint distribution is unknown, and
one assumes that i.i.d samples are drawn from the assumed joint probability distribution,
and those samples are used to create a maximum-likelihood estimate of the empirical
distribution of the sample. Shamir et al. in [66] investigated how the IB framework can
be generalized when X and Y are two discrete random variables and an empirical joint

distribution of X and Y can be used to solve the IB optimization problem.

Subsequently, the IB principle was also applied to the case of continuous random
variables. For this purpose Alemi et al. in [1] introduced a variational approximation to
the IB. This method helps to parameterize the IB and make it applicable to deep neural
networks. By using this method the authors were able to construct a lower bound for the
IB objective, which gave rise to a framework which is called Deep Variational Information

Bottleneck (VIB).

In VIB, the authors use a variational approximation for calculating I(Y;T') and I(X;T)

in the IB objective function

min [(X;T)— pI(Y;T) (3.12)
pr)x (t|z)
or equivalently
max I(Y;T)— BI(X:T) (3.13)
prix (tlz)

32



The lower bound that is achieved by this method is:
I(Y;T) - BI(X;T) > /px(x)pY|X(y|$)pT|X(ﬂiU) log gy r(y[t) dedydt

)

prix (tlz)
rp(t)

Sy (3.14)

—B/px r)prix (t|x) log ————= dwdt

where gy|r(y|t) and rp(t) are variational approximation for pyr(y|t) and pr(t), respect-
ively. pxy(z,y) = px(2)py|x(y|x) can be approximated by using the empirical distribution

pxy(2,y) = % Z 1 02, ()dy, (y). Therefore in practice £ can be calculated as follows:

PriX, (HTn
Z [ [ s )08 s unle) dt = Bpris, () log 02 (315

— rr(t)
where prx(t|z) can be obtained by using an encoder to form a Gaussian distribution
Nt f*(x), f¥(x)), where f. is an MLP network, with K-dimensional mean yu of ¢ and
K x K is the covariance matrix > as output. The sampling makes backward propagation
difficult. To overcome this problem the Reparameterization Trick [16] is applied such that
t = f(x,€) where € is a Gaussian random variable. The second term in equation (3.15) is

KL-divergence between pr x(t|z) and ry(t) which can be considered as a regularization

term, thus putting everything together, we minimize the following objective function
N
1 ~
= 2 Beupto [~ 108 0y, 7 (| (2, )] + BKLIpryx, (tln)llrr (1) (3.16)
n=1

In [4] the authors experimentally established the performance of this framework. Achille
et al. [2] efficiently approximated and minimized the IB Lagrangian by injecting noise into
the layers of the network. The idea of injecting noise into the stochastic hidden layer of the
network with a regularizer was also proposed by Chen et al. [11] and Im et al. [39]. Achille
et al. proposed injecting noise by a generalization of the dropout layer. Each representation
T from X is achieved by element-wise multiplication of random samples ¢ and deterministic
mapping F': X — 7. Random samples € are drawn from a noise distribution p,(x)(e) with

unit mean and variance that depends on input X, therefore
T=¢e0FX) (3.17)
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where ® denotes element-wise multiplication and € ~ p,(x)(€). According to the authors the
Bernoulli distribution and the log-normal distribution log N'(0, @*(X)), can be considered
for pa(x)(€). By fixing the noise distribution and considering a prior distribution for the
second term of the approximation of the IB Lagrangian, one can minimize the following

objective function:

N
1 _
L=+ > Eiopry (ten [~ 108 Py (wilt)] + BKL(pryx, (t2:) [l (t) (3.18)
=1

where the first term denotes cross-entropy loss.

In addition to this, Achille et al. in [I] discussed a new approach to the IB problem
in which the information in the weights is taken into consideration. They introduced an
IB Lagrangian between the weights of a network and the training data, while traditional
works had introduced an IB Lagrangian between the activations and test datum. Therefore

they proposed the IB optimization formulation
E(QW|D<W|D)) = Hp,q(Y’X7 W)+ BI(W; D) (3.19)

where the first term is cross-entropy loss that the network is trained to minimize and is

defined as

N

H,o(Y[X, W) = EpEuygypwp) ¥ — 10g gyixw(yilzi, w) (3.20)

=1

Here p shows the real data distributions and ¢ the approximate distributions achieved
during training. The second term denotes information that weights carry about the dataset

D, for computing this term, Achille et al. used an upper bound

I(W; D) = EpKL(qwp(w|D)llqw (w))
< EpKL(gwp(w|D)||gw (w)) + KL(gw (w)|pw (w))

= EpKL(qwip(w|D)|pw (w)) (3.21)

where py (w) is any fixed distribution of the weights. The optimization formulation (3.19)
is a function of weights rather than 7', and the authors verified the performance of this

approach by experiment [].
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Goldfeld et al. [23] investigated the approximation of the regularization part in the
IB method by injecting noise to intermediate layers. In [23], estimation of I(X,T}) is
investigated where 7j is the output of I hidden layer. In this study mapping from X to T
is considered as a stochastic mapping by injecting noise to intermediate layers (but not to

the final output 77, = fr.(T-1)):

T =fi(Ti-1) + Z; (3.22)

where f; : R4-1 — R% and Z; ~ N(0, 8%14). In [23], an estimator for I(X,T;) is designed
based on differential entropy estimation and Goldfeld et al. explained each differential
entropy is estimated and computed by two steps: one can approximate each true entropy
by the differential entropy of a known Gaussian mixture, but since there is no closed form
expression for Gaussian mixture, in the second step, a Monte Carlo Integration (MCI)

method is developed to numerically evaluate it.

Sampling procedure and estimator contains two cases: unconditional entropy, and
conditional entropy. In the first case, T} = S; + Z; where S; and Z; are independent, so
pr, = Ds, * @p. For estimating h(prp) each z € X is fed to the neural network and outputs
in the (I — 1)-th layer are collected, then function f; is applied on these collected output
to achieve S; = {s1;}icfn). Given this, h(pr,) can be estimated via h(ps, * ¢g) which is
differential entropy of a Gaussian mixture with centers {S;;}icp [23], and Dg, is denoted as
empirical probability mass function. In conditional entropy case, h(pgnx—s) is estimated
where pr,; = ps,|« * pg. In this case pg,x—, can be achieved by giving input object z to
the neural network n, times and collecting 7;_; outputs, so SZ(I) = {Sz(i)}ie[nz]- Therefore,

each h(prx=.) is estimated by h(pgw * ¢p).
l

Considering these approximations, mutual information estimator estimates I(X;T;) by

~ R 1 R
Isp = h(psl * 305) — ﬁ Z h(psl(z) * QOB) (323)

zeX
They also proposed a bound for the estimation risk of fsp, as follows:

Theorem 3.3.1. [23] Fiz | € [L—1] and assume | fi||oo < 1. For Isp from equation (3.23)
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with n = ng, for all x € X, we have

~ 8¢ + d;log(1 + &
supE|I(X, 1) — Isp| < tlog(1 + 7z)
DX 4\/ﬁ

where ¢ is a numerical constant and d is dimension.

(3.24)

Amjad et al. in [5] investigated the problem of IB with respect to deterministic deep
neural networks. The first problem that they addressed is IB in practical cases is either
infinity or piecewise constant function of the set of parameters. In Theorem 3.3.2, they

proved if X and 7" both have continuous distribution, (X, 7") is infinity.

Theorem 3.3.2. [)] Let X = Ly be an N-dimensional RV, the distribution of which has
an absolutely continuous component with a probability density function fx that is continuous

on a compact set X in RN. Suppose that the activation function o is either bi-Lipschitz or

continuously differentiable with strictly positive derivative. Then, for everyi=1,---,m
and almost every choice of weight matrices Wy, --- , W;, we have
1(X; Liyy) = oo (3.25)

T can have continuous distribution if the activation function is selected as sigmoid, or
tanh. If one selects activation function as ReLLU or step activation function the problem is
different, IB is finite but it becomes piecewise constant. The problem of being piecewise
constant function is the optimization of it is difficult. In this case gradient is almost zero
everywhere, so one has to use the optimization heuristic which are not gradient based. The
second problem that they addressed is solving IB automatically doesn’t solve classification

problem and it is not robust to noise.

They proposed three solutions for these problems: forcing intermediate layer to be
discrete; training stochastic deep neural networks; replacing IB functional by a more behaved

cost function inspired by IB framework.

For the first solution they proposed to use a decision rule such that a fixed function

§:RYI 5 YandY = 5(Y) when the optimization problem is
min 7(X, Y) = BI(Y,Y) (3.26)
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In this case compression is done by decision rule ¢ and the term (X, ?) is useless. For the

latent representation 7', one has 0 : RI”l — ) and minimizing equation (3.26) for ¥ = §(T)
]

Another solution is to use stochastic deep neural networks rather than deterministic
ones. This can be achieved by injecting noise to intermediate representations. Their final

solution is applying quantization over X and T before calculating optimization problem.
min Io(X,T) - BIp(Y,T) (3.27)

where

7C()(? T) = [<QX(X>’QT(T))

Ip(Y,T) = 1(Y,Q7(T)) (3.28)

and Qx(X), Qr(T), and Q/(T) are quantizers that are adopted according to statistics
of T and with respect to one another, and they only perform for computing (3.27). The
quantization prevents that I¢(X,T) becomes infinite. And good choice of Q/(T') causes

simpler representations.

Another formulation of IB was proposed by Kolchinsky et al. [18]. IB Lagrangian
optimization has difficulty in finding mutual information which can involve intractable
integrals. Therefore, they proposed an approach which is different from the variational
approaches that are suggested in [9, 30, 43, 4, 2, 23]. They proposed a general setting for IB
which is called nonlinear IB [18]. In this method, T" is considered as a continuous random
variable while X and Y can be either continuous or discrete values and with any desired
joint distribution. In addition, in this setting both encoding and decoding maps can be

nonlinear.

3.4 Mutual Information Neural Estimator

Recently Belghazi [7] presented a new approach, which he calls the Mutual Information

Neural Estimator (MINE), for estimating the regularization part in the Information Bottle-
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neck method [74] in a continuous setting. This approach is scalable, flexible, and completely

trainable via backward propagation.

Suppose that U and V are two spaces with a joint distribution pyy (u,v) on U x V
defining a pair (U, V) of random variables. Assume we can perform i.i.d. sampling of
puv(u,v) and we wish to estimate the mutual information I(U; V') from the samples. In
the framework of MINE, a family I" of functions is constructed as a neural network, where

each v € T' is a function mapping U x V to the set R of real numbers. Then due to the dual

representation of KL-divergence [17], the mutual information I(U; V) can be estimated as
Iu;v) = Iglgﬁ({E(uv)Npuv(u,v)V(% v) — 108 E(u,0)~pu (w)@py (v) €XP (7(1, v)) }. (3.29)

The authors showed experimentally the efficiency of this estimator [7].

3.5 Summary

In this chapter, we explained the IB principle which has been applied in different domains
such as coding theory and quantization [2, 51, 13], speech, and image recognition [30, 32,
|. We also surveyed the related research carried out to solve the IB optimization

bl

problem.
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Chapter 4

The Equivalence Between
Information Bottleneck Learning and

Information Bottleneck Quantization

4.1 Introduction

In this chapter, we explain the information bottleneck learning problem in Section 4.2.
Then in Section 4.3, we explain the information bottleneck quantization problem, and we
illustrate the equivalence between these two problems. In order to achieve this objective,
we introduce two theorems, 4.3.1 and 4.3.2. Establishing equivalence between information
bottleneck learning problem and information bottleneck quantization problem is the key

point for reaching our goal in this study. Finally, we summarize this chapter in Section 4.5.

4.2 Information Bottleneck Learning

In the context of classification, we assume that objects and labels are distributed ac-
cording to an unknown distribution pxy (z,y) on X x ) where we are given a set D :=
{(X1, Y1), -+, (Xn,Yn)} of i.i.d samples from pxy(z,y). The objective of learning in this
setting is to find a classifier from D that classifies X into its label Y.
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Finding such a representation of X which only contains all information about X relevant
to its class label Y is a representation learning problem. Such a problem can be naturally
formulated using the information bottleneck principle [74] and will be referred to as the

Information Bottleneck (IB) learning problem.

The main goal in IB learning is to learn a representation 7' of X in some space 7 such
that the mutual information I(X;7T) between X and T is as small as possible, while at the
same time ensuring that the mutual information 7(Y’;T') between T" and the class label Y is
as large as possible. In other words, this principle tends to squeeze away all information in
X that is irrelevant to the classification task while keeping the relevant information intact.
Intuitively, minimizing I(X;7T) forces the model not to over-fit to the irrelevant features
of X, whereas maximizing I(Y;T) extracts all features useful for the classification task.
Therefore, the learning process exhibits two phases, first fitting then compressing. These
two optimization objectives are in conflict with each other. This dichotomy allows us to
formulate the IB learning problem as a constrained optimization problem, in which one
objective is the optimization objective and the other is a constraint, subject to the Markov
chainy — X —T=

prix(t|z) = arng‘X(ﬂ;)r:l}?X;T)gA —1(Y;T), (4.1)
for a nonnegative value A or equivalently,

Prix(tle) = LT S (X57), (4.2)
for a nonnegative value A’. The Markov chain assumption ensures that any information in
feature T" about label Y is obtained from X only. For later use, we denote the minimum
mutual information in equation (4.2) as IB learning rate, Ripr(A’), i.e.,

/ : )
Benld) = e 15T (43)

The IB learning problem can then be regarded as, for a given A’, finding pr x (t|x) that
achieves Ripp,(A’).

We note that solving this IB learning problem, i.e., obtaining the optimal py|x (t|x) and

its corresponding bottleneck representation 7', does not automatically solve the classification
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problem in its entirety. A classifier still needs to be built that predicts the class label Y
based on the representation T of X. Nonetheless later in this thesis, we will show that
solving a variational approximation of the IB learning problem may in fact provide a direct

solution to the classification problem of interest.

4.3 Information Bottleneck Quantization

In this section, we formulate the Information Bottleneck (IB) quantization problem.

Let (X1,Y1),(Xo,Y2),-+-,(X,,Y,) be drawn ii.d from pxy(z,y). The sequences
(X1, Xo, .., Xp,) and (Y7, Y5, -+ Y,) are denoted by X™ and Y™, respectively.

An (n, 2") IB-quantization code is a pair (f,, g,) in which f,, maps each sequence X"
to an integer in {1,2,---,2"%} and g, maps an integer in {1,2,---,2"%} to a sequence
T" .= (T}, Ty, -+ ,T,) € T™. Using the standard nomenclature in quantization, the quantity
R is referred to as the rate of the code and n as the length of the code. Using this code, f,
encodes the sequence X™ as the integer f,,(X") and g, reconstructs X" as a representation

T" := gn(fn(X™)), when T™ is used to predict Y™ as accurately as possible.

In the context of IB quantization, an IB-quantization code (f,, g,) denotes a vector
quantizer when n > 1, and a scalar quantizer when n = 1. The difference between these two
types of quantizers is shown in Figure 4.1. A scalar quantizer is shown on the left side of
Figure 4.1 quantizing Gaussian random variables (X7, X5) using 2 bits per X-symbol and
distortion is measured using the squared error of reconstructing (X, Xs). The square is the
plane on which (X7, X5) lives. An optimal scalar quantizer quantizes each of X; and X,
into two bits. Based on rate-distortion theory this is not optimal and hence a fundamental
limitation of scalar quantization. In a vector quantizer on the other hand, (shown on the
right side of Figure 4.1), one quantizes n symbols X, Xy, -+, X,, at once using nR bits
[11]. In other words, a vector quantizer partitions the plane into 16 regions and assigns a
4-bit string to each region. The vector quantizer can better exploit the joint distribution
of (X1, X3) and the freedom in partitioning the plane. Thus it achieves smaller average

distortion.
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Intuitively, encoding the components of a sequence independently as in scalar quantiza-
tion should be inferior to the joint encoding of the sequence as in vector quantization since
the latter provides a richer family of encoders and decoders, i.e., more freedom in dividing

the source domain into reconstruction regions [14, 27, 21].
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Figure 4.1: Left: scalar quantizer. Right: vector quantizer. (n = 2)

Unlike the standard quantization problems, the IB quantization problem uses a distortion
measure that may depend on the code. To that end, for any = € X', t € T and for any two

conditional distributions gy|x(y|z) and gy|r(y|t), we define

dis (2, t; gvix (Y|2), gvir(y[t) = KL(gyix (|2)llgyiz(-1t)), (4.4)
where KL(.||.) denotes the Kullback-Leibler (KL) divergence.

Note that the code (f,, gn), together with pxy (x,y), induce a joint distribution over the
Markov chain Y™ — X™ — T™. Under this joint distribution the conditional distributions
Py, |x, (Yilz;) and py; 7, (yi]t;) are well defined for each i = 1,2, ...,n. Hence, given the code

(fn, gn) and for any two sequences x" € X™ and t" € T", their IB distortion is defined as:
3 n gn 1 .

dig(z",t") = - ZdIB(iﬁi,ti;pn|xi(yz’|$i)amei(?Jz’Hi)), (4.5)
i=1

We note that the quantity dig(x",t") measures a “loss of information about Y when the
code (fn, gn) is used to represent z™ as t". Specifically, consider the source coding problem

of compressing Y based on observing X". In other words, if the conditional distribution
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Py, |x, (-|x;) for each i is mistaken as py,z, (+|t;) in the design of the source code, the average

additional coding overhead per Y-symbol is precisely dig(x",t").

Using this distortion measure, the IB quantization problem is to find a code (fy, gn)
having the smallest rate R subject to the constraint Edig(X™, T") < D, where E denotes
expectation. For given pxy (z,y) and T, a rate distortion pair (R, D) is called achievable if
Ediz(X",T™) < D for some sequence of (f,, gn) codes. As usual, the rate-distortion function
for the IB quantization problem, which we denote by Rigq(D), is defined as the smallest
rate R such that (R, D) is achievable. Theorem 4.3.1 characterizes this rate-distortion

function.

Theorem 4.3.1. Given pxy(z,y) and T, the rate-distortion function for the IB quantiza-
tion problem can be written as

Ripq(D) = min I(X;T) (4.6)

pr)x (t|z):Edig (X, T)<D

where the expectation is over the Markov chainY — X — T specified by pxy(z,y) and
prix(t|x) and is defined as

Edig(X,T) == Z dig(z, t; py|x (y|2), py i (Y|t) ) pxr (2, t) (4.7)

(z,t)eXxT
A proof of this theorem is given in Section 4.4. This theorem provides a limit on the
achievable rates of the IB quantization problem. We note that a similar result was first
shown in [64]. However in [64], the result relies on the assumption that |T| > |X| + 2,
whereas in this theorem that condition is removed. Equivalently, this theorem can also be
stated in terms of the distortion-rate function in which the smallest distortion is achievable

for a given rate R:

D(Ripq) = min Edp (X, T) (4.8)

prix (tl2):I(X;T)<R

The form of the rate-distortion function Rigq for the IB quantization problem given
in Theorem 4.3.1 resembles greatly the optimal objective Rygy, in equation (4.3). In fact,
simple manipulation of the constraints of equation (4.3) and equation (4.6) gives rise to the

following theorem:
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Theorem 4.3.2. RIBL(A/) = RIBQ(I(X, Y) — A/)

Proof.

For any distribution py xr(y, x,t) defining a Markov chain Y — X — T, we have

Edip(X,T)= Y d(@tpyixyle),pyrlt)pxr(z,t)
(z,t)eXxT

= Z ZPY|X(Z/’$)10g (pyx—(y|x)) pxr(2:1)

(z,t)eXXT yeYy pY\T(y‘t>

pyix(y|z)

= ,z,t)lo
Z pYXT(y ) g pY|T(y|t)

(y,z,t)EYXXXT

= ) prxr(y,,t)log (pY|X(y|I). Py (y) )

(y,z ) EYXXXT py (y) pyr(y|t)

PY\X(?/W’)

= D y,x,t)log
2 prxrlyatlog= H )

(y,2,t) eYXXXT

py ()

+ Py xT ?JJ%t lOg
2 ( ) pyir(ylt)

(y,2,t) EYXXXT

= I(X;Y) = I(T:Y) (4.9)

where the first two equalities follow from the definitions of the expectation and dig. The
third equality, follows from the Markov structure of ¥ — X — T'. The remaining equalities
follow simple manipulations and the definition of mutual information. Thus, we may rewrite

equation (4.6) in Theorem 4.3.1 as

BreaD) = B awen D)
= min I(X;T)
prix:I(Y;T)21(X;Y)-D
- R (I(X;Y) - D) (4.10)
The theorem then follows via the substitution A" := I(X;Y) — D. |
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This theorem relates the IB learning problem to the IB quantization problem, where we
note that 7(X;Y') is a constant that depends only on pxy (z,y). By this theorem, solving
the IB learning problem where the information about Y contained in 7" needs to be no less
than A’ is equivalent to solving the IB quantization problem so that the distortion is no

more than I(X;Y) — A

In the next chapter, we develop a variational approach to solve the IB Learning problem.
Based on this equivalence and using the variational approach, we propose a novel framework

for learning neural network classifiers, that we call “Aggregated Learning (AgrLearn)”.

4.4 Proof of Theorem 4.3.1

Here we give a brief review of typical sequences [5%], which will be useful in proving Theorem
4.3.1. We remark that the notion of typicality here is stronger than the widely used (weak)
typicality in [14]. A comprehensive treatment of the subject is given in [18]. In some places,
we might use subscripts to explicitly indicate the random variables with respect to which

the expectation is performed.

1. Empirical distribution: For a given sequence z" € X", is defined as

1
m(x|z") = EHZ cx;=x}| forall z € X (4.11)

2. Typical set: For X ~ py(x) and € € (0,1), the set of e-typical sequences is defined as
SHX) ={a"||r(x]2") — px(z)] < epx () for all z € X'} (4.12)

3. Typical average lemma: For any 2" € §™(X) and any nonnegative function g on X,

we have
n

(1 - OElg(X)] < > gla) < (1 + Elg(X)] (413

i=1
Note that by choosing g to be the log function, one recovers the notion of typicality
in [14]. The typicality here is stronger than the one in [14], however, similar to weak

typicality, most i.i.d. sequences are still typical under this definition. Namely, for
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any i.i.d sequence X" of random variables with X; ~ px(z;), by the Law of Large
Numbers (LLN), the empirical distribution 7(x|X™) converges (in probability) to
px(z), for all z € X, and so such a sequence, with high probability, belongs to the
typical set.

. Joint typicality: Items 1 and 2 extend to a joint source (X,Y) ~ pxy(z,y) in the

obvious way, i.e., by treating X and Y as one source (X,Y). Given a sequence

(™ y") € X™ x Y", it induces an empirical distribution on X x ) defined as
1.
m(x,ylz"™, y") =—{i: x; = x,y; = y}| for all (x,y) € X x Y (4.14)
n
For X ~ px(x) and € € (0, 1), the set of e-typical sequences is defined as

SHX,Y ) ={(z", y")|7(z,y|z",y") — pxy(z,y)| < epxy(x,y) for all (z,y) € X x Y}
(4.15)

. Joint typicality lemma: Let (X,Y) ~ pxy(z,y) and py(y) be the marginal distri-

bution ) . pxy(x,y). Then, for € < ¢, there exists d(¢) — 0 as ¢ — 0 such
that
p{(z",Y™) € SM(X,Y)} > 2 U XY +(0) (4.16)

for 2" € 8%, Y™ ~ ], py(v:), and sufficiently large n.

We should make a few remarks before presenting a proof for Theorem 4.3.1. The proof

follows standard techniques from information theory for proving the results of this nature. It

is worth noting that the conventional proof of achievability [11] of the rate-distortion theorem

does not directly apply here since the distortion measure dig depends on the distribution

prix(t|z). This was addressed in [64] by extending the definition of distortion of jointly

typical sequences to multi-distortion of jointly typical sequences [1]. Our approach exploits

the notion of typicality which is presented and closely follows the proof of achievability

] of the rate-distortion theorem

R'(D) := min I(X;T) (4.17)

pr|x (t2)E[d(X,T)]<D
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We need to show Ripq(D) = R'(D).
Proof of the converse in Theorem 4.5.1:

We first show Ripq(D) > R/(D) by showing that for any sequence of (n,2"?) codes
satisfying Edig(X™, T™) < D, it must be the case that R > R'(D). We have

RS H(f(X")

S H(f (X)) = H(f(XM)[X") = I(X™ f,(X™)

(iii)
> [(X",T") = H(X") — H(X"|T")

Y H(X) - HXO [T
i=1

n

= D OH(X) =Y HX|T" Xy, X))
=1

i=1

(vi

2 S H(X) - Y HXIT)

S (X
=1

Y R(D) (4.18)

where (i) follows from the fact that f, takes its values from {1,..., 2"}
(ii) from the non-negativity of conditional entropy,

(iii) from the data processing inequality since 7" = g, (f.(X")),
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(iv) from the fact that X; are independent,

(v) from the chain rule for entropy,

(vi) from the conditioning reduces entropy,

(vii) from equation (4.17) by noting that R/(E[d(X;, T;)]) = min,, , (X T;),

(ix) from equation (4.5),

(x) from Edip(X™, T") < D since R'(D) is a decreasing function in D.

To prove (viii), it is sufficient to show that R’ is a convex function in D, which is shown in

the following lemma.

Lemma 1. [3]. The function R'(D) defined in equation (4.17) is a convex function.

Proof.

In this lemma, we show R'(AD; + (1 — \)Dy) < AR'(D1) + (1 — A)R/'(D,) for VA € (0,1),
where (D, R;) and (Ds, Ry) are two points on R'(D) attained, respectively, by 77 and T
via the minimizers pp,|x (t1]2) and pr, x (t2]x) of equation (4.17):

P = ar min 1(X;T; 4.19
A () EA(X.T))<D (X1 (4.19)

P = ar min 1(X;T5). 4.20
nlx & iy x (12| ELd(X T2)] <D (X T2) (4.20)
We construct a new random variable U = (7, Z) such that drawing Z from a Bernoulli

distribution and

Tl, lf Z - 1
T = (4.21)
Ty, ifZ=2

where Z € {1,2} is a random variable independent of (T}, 7%, X,Y') with pz(1) = A. Then,

Apxr, (T, 1), if Z=1
pXTz($,t,Z) = ! (422)
(1 — )\)pXTQ(l’, tg), iz =2
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and so

t
I(X;(T, 2)) = Z pxrz(w,t, 2)log pxrz(®:t 2)
(2,t,2)EXXT X Z px(z)prz(t, 2)

Apxr (z,t
= D )\PXTl(%tl)log#((?)
(ot1)EXXT Dx ()P \t

(1 - )‘>pXT2 (ZE, t2)

+ > (1= N)pxry(x,t2)log

(z,t2)€EXXT (1 = Npx (2)pr,(t2)

=AIX;T) + (1= NI(X;Ty)

Moreover, we have

EdX,(T.Z)]= ) pxrz(e t,2)KL(pyix (o) [pyirz (. 2))

(z,t,2)EXXT XZ

- Z pxrz(x,t, Z)ZPY\X(9|$) logpyp(—(y’fl?)

(x,t,2)EXXT X2 yeY pY\TZ(y|t7Z)
— H(Y|T,Z) — H(Y|X)

= —H(Y|X)+XH(Y|TY) + (1 = N H(Y|T3)

= AH(Y|T1) + (1 = NH(Y|T3) — NH(Y|X) — (1 — M)H(Y|X)

= AE[d(X, Ty)] + (1 — ME[d(X, Ty)]

(4.23)

(4.24)

Since (T, Z)—X—Y is a Markov chain resulting in cost and constraint which are linear

equation (4.17).

Proof of Achievability in Theorem 4.3.1:

functions of the original costs and constraints, the claim follows from the definition of R’ in

We need to show that for R = R'(D) there exists a sequence (2", n) of codes satisfying

Edi(X™,T") < D .

Random codebook: Let R = R'(D) and fix prx(t|z) to be an optimal distribution
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attains R'(D/(1+€)). Let pr(t) = >, cv Px(@)prix(t|z). Generate 2" ii.d. sequences
t"(m) ~ [, pr(t:), m € {1,...,2"%}. These sequences form the codebook which is

revealed to the encoder and decoder.

Encoder: The encoder uses joint typicality encoding. Given a sequence 2", find an index
m such that (z",t"(m)) € S*(X,T) and send m. If there is more than one index then
choose m to be the smallest index, and if there is no index then choose m = 1. In other

words, the encoder sets f,(z™) to be the index m, where m is as described above.

Decoder: Upon receiving index m, set t™ = t"(m). In other words, the decoder sets

gn(m) to be the row of the codebook indexed by m.

Expected distortion: Let ¢ < e and M be the index chosen by the encoder. We first

bound the distortion averaged over codebooks. Towards this end, define the event
E:={(X"T"(m)) ¢ SH(X, T} (4.25)
then by the union bound and the choice of the encoder, we have
p(€) < p(&1) + p(&) (4.26)

where

& ={X" ¢ SI(X)},
E = {X" eS8, (X", T"(m)) ¢ S"(X,T) VYm € {1,...,2"%}} (4.27)
We have lim,,_,o, p(€1) = 0 by the LLN and

pE) = > pxa(@)pxer{(a", T"(m)) & S ¥m | X" = 2")}

z"eST

. 2nR

0§ pola) [] pror (", 7)) £ 7}
zneSh m=1

@ > pxn(@”) (pxere { (@, T™(1)) & Sen})QnR

znesSh
€
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(2) Z pxn(a™) (1 — 27 GTH(e)

m"GS:”,

onR

onR

< (1 . 2—nI(X;T)+6(e))

(iv)

S exp ( o 2n(R7](X;T)75(6))) (428)
where (i) and (ii) are by the i.i.d assumption on the codewords, (iii) is by the joint

typicality lemma equation (4.16), (iv) is by the fact (1 — a)* < exp(—ka) for a € [0,1] and

k > 0. Hence, we have lim,,_,o p(&2) = 0 for R > I(X;T) + d(e).

Now, the distortion averaged over X" and over the random choice of the codebook is

given as
Exr gn i [d(X", T (M))] = p(&) - Extn o e [d(X™, T (M))|E]
+p(E°) - Exn o m[d(X", T (M))|E]

< p(g) ’ dmax +p(€c) ' EX“7T",M[d(Xna Tn(M))|gc]

- p(g) ’ dmax +p<gc) ’ ]EX”,T" [d(Xna Tn<1))|(c/'c]

< PE) - s+ P(E) - (1 + Ex r[d(X, T)) (4.29)

where diyax = Max( yexx7 d(x,t). By the choice of prx(t|x), we have Ex p[d(X,T)] <
D/(1+¢€), and so
lim Exn e p[d(X"™, T"(M))] < D (4.30)

n—00
for R > I(X,T) + 6(¢), where 6(¢) — 0 as n — oo. Since the expected distortion,
averaged over codebooks, satisfies the distortion constraint D, there must exist a sequence
of codes that satisfies the constraint. This shows the achievability of the rate-distortion pair
(R(D/(14¢€)) 4+ d(¢), D). By the continuity of R(D) in D the achievable rate R(D/(1 +
€)) + d(€) converges to R(D) as € — 0.
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4.5 Summary

In this chapter, we explained the IB learning problem and the IB quantization problem. We
proved that the objective of IB quantization, namely, designing quantizers that achieve the
rate-distortion limit, is equivalent to the objective of IB learning. This result establishes an

equivalence between the two problems.
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Chapter 5

The Aggregated Learning Framework

5.1 Introduction

Having established the equivalence between Information Bottleneck (IB) learning and
Information Bottleneck (IB) quantization in the previous chapter, in this chapter we
propose a novel way of solving the IB learning problem. In Section 5.2 we demonstrate a
variational approach to the IB learning problem. In Section 5.3, based on the equivalence
between IB learning and IB quantization and using the variational approach, we propose a
novel framework for learning neural networks, that we call Aggregated Learning (AgrLearn).
We formulate two classes of AgrLearn, deterministic AgrLearn (dAgrLearn) and probabilistic
AgrLearn (pAgrLearn). We explain the training and testing of AgrLearn framework. Finally,

we summarize this chapter in Section 5.4.

5.2 Variational Approach to Information Bottleneck

Learning

Having established the equivalence between 1B learning and 1B quantization, we now solve
the IB learning problem. The objective of this section is to develop a variational approach

to this problem which not only provides a bottleneck representation 7" for X but also gives
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rise to a classifier needed for the classification problem. We note that the result presented in
this section also underlies the variational IB approach of [1]. We first establish the following

result.

Theorem 5.2.1. Under any distribution pxyr(z,y,t) that satisfies the Markov chain' Y —
X — T, we have
I(Y7 T) Z ]E(zyy)prY(zyy)y 1Og QY|T(y|t) + H(Y> (51)

tNPT‘X('W)

for any conditional distribution qyr(y|t) of a random variable on Y conditioned on T'. In

addition, the above inequality holds with equality if and only if gy r(y|t) is equal to pyr(yl|t).

Proof.

pyir(ylt)

I(V:T)= Y pyr(y.t)log o]

(ty)eTXY

_ o pY\T(y|t) _ QY\T(y‘t>
B Z Prr(y, 1)l gQY|T(y’t) py(y)

(t,y)eT XY
_ pyr(y|t)
= Z pyr(y,t)log gyyr(y[t) + Z pyr(y,t)log ot

(ty)ET XY (ty)ET XY ayirly
- Y pyr(y.t)logpy(y)

(ty)eTxY

= > pyr(y)logayir(ylt) + Eoepr KL (pyir (1) llavir(-1£) + H(Y)
(t,y)ET XY

> Z pyr(y, ) log gyir(ylt) + H(Y) = Ewymxy . 10g gy (ylt) + H(Y)
(ty)ET XY rrix i

(5.2)
Note that the inequality above is due to the non-negativity of KL-divergence, in which

equality is achieved precisely when gy|r(y|t) is identically equal to pyr(ylt). |

As a consequence of this theorem the mutual information /(Y';T") can be written as

I(Y;T) = max Eeyrxy e l0gayir(ylt) + H(Y). (5.3)

ay |7 (ylt) trpp x (@)
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Substituting this in the IB learning problem as formulated in equation (4.1), and removing

H(Y') since it is a constant, we have

prix(t|z) = ar min -1(Y;T
Prix(tfz) ® et (X7)<A V3 T)
= ar min — max Ewy~ o), 1O t
gpm(tmzf(x;T)SA{ i) savir(yl )}
=ar min min < —Eeympxy @), 10 t } 5.4
ngX<t|x):1<X;T)<AqY|T<y|t>{ g (o) gavir(ylt) (5.4)

Now suppose that we have a neural network representing the mapping prx (t|r) and
we represent qyr(y|t) using another network. Then we may construct an overall network
by concatenating the two networks. Specifically, each object X will be first passed to the
network prx(t|z), the output 7" of which is passed to the network gy r(y|t). If the true
class label Y is modeled as being generated from this concatenated network, it is easy to

see that the cross-entropy loss {cg of the network is the expectation above, i.e.,

low = ~Biag)pxy @) topr x () 108 @y (yD)- (5-5)

In other words, the IB learning problem can be formulated as solving the following optimiz-

ation problem:

min ek (prix (t|z), gvir(y[t)) subject to I(X;T) < A (5.6)

prx (tT).ay 7 (ylt)
Hence, introducing a Lagrange multiplier, will allow us to focus on the following uncon-

strained problem

min ek (prix (tz), avir(y]t)) + ol (X;T) (5.7)

prix (t2).qy T ([t)
for nonnegative .
An apparent advantage of this approach to IB learning is that, when the optimization

problem (5.7) is solved, not only is the bottleneck representation 7' found, but also the

entire classification network is obtained.

It is remarkable that the variational formulation (5.7) of IB learning can be viewed

as a generalization of learning with standard neural networks under cross-entropy loss.
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Specifically, learning with standard neural networks is a reduction of equation (5.7) in

which the standard neural network contains no term o (X;7'), or equivalently has o = 0.

The generalization of learning with standard neural networks to the formulation of IB

learning in equation (5.7) is arguably beneficial in two respects.

1. The al(X;T) regularization term in equation (5.7) serves to control the model

complexity so as to reduce the generalization gap.

2. Generalizing the deterministic map from X to 7T in standard neural networks to a
stochastic one in equation (5.7) minimizes the cross-entropy loss {cg over a larger space;
this potentially allows further decrease of {cg, thereby achieving better classification

accuracy.

In the remainder of this chapter, we present a new strategy, termed “Aggregated

Learning”, to implement the IB learning formulation (5.7).

5.3 Aggregated Learning (AgrLearn)

We now introduce the Aggregated Learning (AgrLearn) framework for learning with neural
networks. We will stay with the IB learning formulation of equation (5.7) while keeping in

mind that it results from a variational approximation of the formulation in equation (4.1).

Recall from Theorem 4.3.2 that the IB learning problem is equivalent to the IB quant-
ization problem. In classical rate-distortion theory [(7], it is well known that in order to
achieve the rate-distortion limit of quantization, in general, one must consider the use of

vector quantizers.

From rate-distortion theory, better quantizers result from using quantization codes with
larger length n. In particular, in order to achieve the rate-distortion function, it is in general

required that the length n of the rate-distortion code be made asymptotically large.

Note that a scalar IB-quantization code (f1,¢91) maps X to T by

T = gi(f1(X)) = (g1 0 f1)(X). (5.8)
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Under the equivalence between IB quantization and IB learning, the mapping ¢; o f; induced
by the scalar quantizer (fi,g:) essentially defines a conditional distribution ppjx(t|x) in
IB learning, which simply reduces to the deterministic function g; o f;. On the other
hand, in learning with a standard neural network, the deterministic mapping, say h, from
the input space X to the bottleneck space T (which could refer to the space of feature
representation at any intermediate layer of the network), can be regarded as implementing

a scalar IB-quantization code (f1, g1) with
g1ofi=h (5.9)

The superiority of vector quantizers over scalar quantizers which we explained in Section
4.3 motivates us to develop a vector-quantization approach to IB learning, which we call
Aggregated Learning or AgrLearn in short. Like a vector quantizer, which quantizes n
signals simultaneously, AgrLearn classifies n input objects jointly at the same time. In
other words, this aggregation effectively uses a stochastic mapping that maps each X to T,
implicitly making optimization over a larger space than using a non-aggregated deterministic

IB learning network.

The AgrLearn framework takes as its input the concatenation of n objects (X1, Xo, ...,
X,) := X". Such a concatenated input will be referred to as an “n-fold aggregated input”.
The structure of this framework consists of two parts as seen in Figure 5.1. AgrlLearn
framework for fold-1 (when there is no aggregation among input objects) and fold-2
(when there is aggregation among two input objects) are depicted in Figures 5.2 and 5.3
respectively. The first part, or the “pre-bottleneck” module maps an aggregated input X"
to an “aggregated bottleneck” T™.

Based on the type of mapping, two classes of AgrLearn, deterministic AgrLearn
(dAgrLearn) and probabilistic AgrLearn (pAgrLearn) are formulated. The deterministic
mapping leads to dAgrLearn, and probabilistic mapping leads to pAgrLearn. The details of

dAgrLearn and pAgrLearn are given in the next section.

The second part, or the “post-bottleneck” module, implements a stochastic mapping
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Figure 5.1: The structure of AgrLearn framework. The small circle denotes concatenation.

qynre (y"[t") from T to Y™ that factorizes according to

qy e (y" | qum (yilt™) (5.10)

Overall the AgrLearn framework expresses a stochastic mapping from X to )", which can

be expressed as

Gynxn (y"[2") qun (yilt™). (5.11)
On the AgrLearn framework as specified by equation (5.11), define
08 =~y o 108 gy (4" ]27) (5.12)

where p%y is the distribution on (X x V)" induced by drawing n samples i.i.d. from
pxy (z,y). Clearly eé?% is nothing more than the cross-entropy loss of the network’s predictive
distribution gy xn(y"|2™) for the aggregated input X™ with respect to their labels Y™. As

we will be minimizing this cross-entropy loss function, we next discuss its properties.

Following Theorem 5.2.1,
E > nH(Y)—-I(Y"™;,T") (5.13)
and if the post-bottleneck network component gyn»(y"|t") has sufficient capacity, then

min (W =nH(Y) - (Y™ T") (5.14)

aynirn (y"[t")

That is if the post-bottleneck component has sufficient capacity, then minimizing Egg

over the entire AgrLearn network also maximizes [(Y™;T").
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Figure 5.2: AgrLearn framework when there is no aggregation among input objects (fold-1).
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Figure 5.3: AgrLearn framework when there is aggregation among two input objects (fold-2).

5.3.1 Deterministic AgrLearn (dAgrLearn)

Here we explain one of the AgrLearn classes which we call deterministic AgrLearn (dAgrLearn).
In dAgrLearn the concatenation of n objects X™ is considered as input. This n-fold ag-
gregated input is mapped to an aggregated bottleneck T™ by a deterministic mapping
h:X™ — T" such that:

" := h(X"). (5.15)

Then post-bottleneck module applies a stochastic mapping from 7™ to Y" such that:

gynirn (y"[£") HqY|Tn (yilt™). (5.16)
Therefore, cross-entropy loss is equal to
08 = =By 108 gy (4" [27) (5.17)
which is defined in equation (5.12). This gives the first term of equation (5.7).

For estimating the second term of equation (5.7), regularization term I(X;7), we add a
regularizing network, which is essentially a Mutual Information Neural Estimator (MINE)

network [7].

59



In this approach, the MINE network serves to estimate I(X;7T') and penalizes it during
the training of the dAgrLearn.

As explained in Chapter 3, mutual information I(U; V') can be estimated as

[(U;V) := max {Ewo)mpoy ey (1 0) =108 By ) mpy wepy ) eXP (7(u,0)} - (5.18)

by the dual representation of KL-divergence [17]. We will denote the term that gets
maximized in equation (5.18) by J(U,V’;~), as shown below,

J(U, V7)== Ewupoy (uo)Y (W, ©) =108 By v)mpy (w)@py (v) €XP (7(1, v)) (5.19)

and re-express [ (U;V) as

-~

I(U;V)=max J(U,V;7) (5.20)

~ver
As usual, practical computation of J(U, V';~) exploits Monte-Carlo approximation based on
samples drawn from pyy (u,v). A natural way to apply MINE to the estimation of I(X;T)
in dAgrLearn is taking U := X", V :=T" U = X", V =T". This allows us to estimate
I(X™,T™) by

-~

I(X™T") = max J(X",T";7) (5.21)

~yel'

where T™ is computed by the pre-bottleneck component of the dAgrLearn with X™ as its

input.

5.3.1.a Deterministic AgrLearn Training

We may define an overall objective function Q(h, gynpn, ) as
Qh, gynn, ) = L0 + ad (X7, T"; ) (5.22)

where we note that the term aJ(X™, T™;v) also depends on h implicitly. The above
development then suggests that solving the IB learning problem in the form of equation

(5.7) can be approximated by solving the following min-max problem:

min max Q(h, gynrn, ) (5.23)

h,qynjpn ¥

In the training of dAgrLearn, mini-batched SGD can be used to solve the above min-max

problem. The training algorithm is given in Algorithm 5.1.
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Algorithm 5.1: Training in n-fold dAgrLearn

Initialize 1, gyn 7, and 7;

while not stop training do
Draw m x n examples to form a batch of m, n-fold aggregated examples

for 2=1to Z do

for i =1 tom do

|t = hlag)

Select a random permutation 7 on {1,2,...,m};

Forward compute J := % E (:ic(Z () ) log # > exp (’y(:c’é.), ?T(z')))>§
i=1

IRARR AR -

Select a random permutation 7 on {1,2,...,m};

m

Forward compute J := % ' 'y(x?i),tz)) — log % ;exp ("}/(LEZ»), ?T(Z.)))>;

=1

Forward compute £ := L 3~ log gyn 7 (y 8)|t7(“i));
=1

Compute Q : =0+« - J;

h= h— Aou 2,

o .
Qyn|Tn < Qyn|Tn — >\0ut Bayn

5.3.1.b Deterministic AgrLearn Prediction

For the prediction phase of dAgrLearn, we can use three protocols: Replicated Classification,

Contextual Classification, and Batched Classification.

In the Replicated Classification protocol each object X is replicated n times and concat-
enated to form the input. The average of n predictive distributions generated by the model

is taken as the label predictive distribution for X.

In Contextual Classification, for each object X, n — 1 random examples are drawn from
the training set and concatenated with X to form the input; the predictive distribution
for X generated by the model is then retrieved. This process is repeated k times, and the

average of the k predictive distribution is taken as the label predictive distribution for X.
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In Batched Classification, the set of all objects in the test dataset is classified jointly by
drawing k random batches of n objects from the test dataset. The objects in the i*" batch
B; are concatenated to form the input and passed to the model. The final label predictive
distribution for each object X in the test dataset is taken as the average of the predictive
distributions of X output by the model for all batches B;’s containing X. We compare

these three protocols later in this chapter.

5.3.2 Probabilistic AgrLearn (pAgrLearn)

The computational complexity of the MINE network is quite high, particularly for aggregated
inputs. Therefore, in this section we present an alternative AgrLearn scheme, aimed at
reducing complexity without sacrificing performance. We call this class of AgrLearn,

probabilistic AgrLearn (pAgrLearn).

To begin with we derive a variational upper bound of I(X™;T™).

Lemma 2. For any distribution ron on T™ and distribution pxnpa on X™ X T™ for which

prn xn does not correspond to a deterministic mapping,
I(X™T") < Egnpyn KL(ppnxn (-]2")||r7n) (5.24)

Proof. First note

I(X™T") := KL(pxrnpn (2", 1) |px» (") prn (7))

- E($n ’tn) log

~pxnomn

anTn (:L‘n, tT’L)
pxn(z™)pra(t")

proxn (8 2")pxn (27)

log
Pxn In)an (tn)

~pxnTn

- E(mnﬂfn)

(
o P Etﬂ\)ﬂ)

= E($n7tn) an t’l’b

~pxnTn

= E(m",t")wpann lOg anan (tn‘xn) — ]Et"fvan longn (tn) (525)
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Since computing the marginal distribution of 7", namely pr~(t"), might be difficult, we
use a variational approximation of this distribution which is denoted by 7= (") which is a

fixed K-dimensional spherical Gaussian. Since KL-divergence is greater than 0, we have:

KL(prn(t )||7“Tn( ) >0

t"
(n
ron(t7)

Etrnprn l0g 1

) >
) >0
)
Et"NPT" log pr» (tn) > Et"prn log 77» (tn)

replacing this bound in (5.25), gives rise to:

an |X’IL (t’l’l .I'n)

|
InxmT" <]ExnnN nnl
( ) ) — (x"t")~pxnT 0g TTn(tn)
= E @ yn)epynyn, log ————= 5.26
inN;IT’l)l ‘Xpit((?;n) g TTn (tn) ( )
[

This lemma allows us to replace I(X™;T") in (5.7) with its upper bound in (5.24).
However, in order for the bound to be valid, it is required that the mapping from X" to T™
not be a deterministic one. For this reason, we modify the pre-bottleneck module to be a
stochastic mapping following some conditional distribution pz»|x». In particular, we take
prnx»(-|2") to be a Gaussian distribution with mean vector p(z") and standard deviation
o(x™). Specifically, if the dimension of 7" is K, both p and o are implemented as networks
with K outputs. To ensure that o(2™) has positive values, the output of o is passed through

a soft-plus function. The soft-plus transformation

% log(1 + ¢°7) (5.27)

constrains the output to be positive. 8 by default is considered as 1

Softplus(z) =

Despite the stochastic nature of pr» x», such a scheme can be implemented using
the Reparameterization Trick [40], in which low-variance back-propagation is elegantly

supported. Hence, the output of the pre-bottleneck module is:
T" = p(X™) + e.o(X") (5.28)
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Algorithm 5.2: Training in n-fold pAgrLearn

Initialize prn|xn, qyn|rn;

while not stop training do
Draw m x n examples to form a batch of m n-fold aggregated examples

Forward compute [ := = >~ KL (0 (), o (@i ) IV ()10, 1));
i=1

ty = nlafy) +eo(agy);

Forward compute £ := £+ 3" log gynrn (Wt
i=1

Compute ¥ :=/(+« - [;
ov .
outaan‘Xna

ov .
out dqyn |7 )

an‘Xn < an|Xn — )\

QYn‘Tn < qyn|Tn — )\

where € is a Gaussian random variable. This completely defines the pre-bottleneck module.

The post-bottleneck module takes a structure identical to that in dAgrLearn.

In Chapter 3 we introduced the VIB framework proposed by Alemi et al. [1]. We should
point out that if we put n = 1 in pAgrLearn, it gives rise to the VIB framework. We also

experimentally establish the difference between these two later in this chapter.

The main difference between the pAgrLearn and the dAgrLearn is that the mapping
from X™ to 7" in pAgrLearn is no longer deterministic. In addition, the regularization term
in dAgrLearn is estimated by the MINE network which is different from the KL-divergence
approach used in the pAgrLearn.

5.3.2.a Probabilistic AgrLearn Training

In pAgrLearn we may define an overall objective function W(prn xn, qynrn) as

U (prnixn, qynirn) = €50 + ol (X", T™) (5.29)
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Therefore solving the IB learning problem in the form of equation (5.7) can be approximated
by solving the following minimization problem:

mln qj(anLXn, anlTn) (530)

Prnxn,qyn|Tn

Mini-batched SGD can be used to solve the minimization problem (5.30) in the training of

pAgrLearn. The training algorithm is given in Algorithm 5.2.

5.3.2.b Probabilistic AgrLearn Prediction

In the prediction phase of pAgrLearn, we can use three protocols: Replicated Classification,

Contextual Classification, and Batched Classification, the same as dAgrLearn.

We use the Replicated Classification protocol in pAgrLearn such that each object X
is replicated n times and concatenated as an input. Then the average of n predictive

distributions generated by the model is taken as the label predictive distribution for X.

5.4 Summary

In this chapter, based on the equivalence between IB learning and IB quantization and using
the variational approach, we introduced a novel framework for learning neural networks,
namely the AgrLearn framework. We discussed two different classes of the framework,
deterministic AgrLearn and probabilistic AgrLearn including their training and prediction

phases.
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Chapter 6

Application of Aggregated Learning

Framework to Classification Tasks

6.1 Introduction

In this chapter, we explain the application of Aggregated Learning (AgrLearn) framework
to classification tasks, image recognition and natural language processing (NLP) tasks,
specifically sentiment analysis. In Section 6.2 we evaluate AgrLearn framework with deep
network architectures for classification tasks over images. We use standard benchmark
datasets for this purpose. In addition, we show the results of applying different regularization
approaches on AgrLearn framework. In Section 6.3 we first present a brief introduction to
sentiment analysis, then we investigate how AgrLearn framework performs when applied to

sentiment analysis. Finally, a summary of this chapter is presented in Section 6.4.

6.2 Image Recognition with Aggregated Learning

In this section, we apply the AgrLearn framework to solve image recognition tasks, in which
an image is labeled from a fixed set of labels. For this purpose, we set some hyperparameters

for AgrLearn framework without any aggregation among input objects (fold-1) and without
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any modifications we use them for AgrLearn framework. We use mini-batched backprop
for 400 epochs which was selected after investigating [200, 250, 300, 350, 400, 500] epochs,
with exactly the same hyper-parameter settings, without dropout. Here an epoch refers to
going over N aggregated training examples. Specifically, weight decay is 10~*, and each
mini-batch contains 64 aggregated training examples. The learning rate is set to 0.1 initially
and decays by a factor of 10 after 100, 150, and 250 epochs. For selecting these values we
followed the policy in [25]. The learning rate for the MINE network is set to 0.001 initially
after examining [0.0001, 0.001, 0.01,0.05, 0.1] values and decays by a factor 0.95 for each
epoch. Each reported performance value is the median of the performance values obtained
in the final 10 epochs by averaging that value over running the same setting with different
random seed initialization, 7 times. We should mention that selecting the median of the

performance values is a more conservative and reliable estimation.

Experiments are conducted on the Canadian Institute For Advanced Research datasets,
namely CIFAR-10, CIFAR-100 and Google Street View House Numbers recognition
(SVHN) dataset with three widely used deep network architectures, namely ResNet [30, 31],
WideResNet [32] and VGG [71] which were introduced in Chapter 2.

The CIFAR-10 dataset has 60,000, 32x32 color images in 10 classes with 6000 images
per class. The classes are airplane, car, cat, bird, deer, dog, frog, ship, horse, and truck. In
this dataset there are 50,000 training images, and 10,000 test images '. The CIFAR-100
dataset is similar to CIFAR-10 but with 100 classes . In this dataset, each image not only
belongs to a class which is called a fine label but also to a superclass which is called a

coarse label. The contents of this dataset are shown in Table 6.1.

SVHN is the Google Street View House Numbers recognition dataset with 73,257 digits
(0-9) for training, 26,032 digits for testing, and 531,131 additional, easier samples, as extra
training data 3. We did not use the additional images. This dataset contains 10 classes. It

has one label for each digit, for example, digit 1 has label 1.

We apply the AgrLearn framework to the 18-layer and 34-layer pre-activation and

"https://www.cs.toronto.edu/~kriz/cifar-10-python.tar.gz
2https://www.cs.toronto.edu/~kriz/cifar-100-python.tar.gz
3http://ufldl.stanford.edu/housenumbers/
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Table 6.1: Labels of the CIFAR-100 dataset

Superclass (coarse label)

Class (fine label)

Aquatic mammals

fish

flowers

food containers

fruit and vegetables

household electrical devices
household furniture

insects

large carnivores

large man-made outdoor things
large natural outdoor scenes
large omnivores and herbivores
medium-sized mammals
non-insect invertebrates
people

reptiles

small mammals

beaver, dolphin, otter, seal, whale
aquarium fish, flatfish, ray, shark, trout
orchids, poppies, roses, sunflowers, tulips

bottles, bowls, cans, cups, plates

apples, mushrooms, oranges, pears, sweet peppers

clock, computer keyboard, lamp, telephone, television

bed, chair, couch, table, wardrobe

bee, beetle, butterfly, caterpillar, cockroach
bear, leopard, lion, tiger, wolf

bridge, castle, house, road, skyscraper

cloud, forest, mountain, plain, sea

camel, cattle, chimpanzee, elephant, kangaroo
fox, porcupine, possum, raccoon, skunk

crab, lobster, snail, spider, worm

baby, boy, girl, man, woman

crocodile, dinosaur, lizard, snake, turtle

hamster, mouse, rabbit, shrew, squirrel

trees maple, oak, palm, pine, willow
vehicles 1 bicycle, bus, motorcycle, pickup truck, train
vehicles 2 lawn-mower, rocket, streetcar, tank, tractor
50-layer pre-activation-bottleneck ResNet (ResNet-18, ResNet-34 and ResNet-50) [31] , and

the 22-layer WideResNet with widening factor 10 ( WideResNet-22-10) [32]. The difference
between the original ResNet and the pre-activation ResNet is that in pre-activation ResNet
the activation function ReLU and Batch Normalization (BN) take place before the weight
layers, and this causes improvement in the performance of ResNet. Figure 6.1 depicts the

diagram of the pre-activation ResNet.
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Figure 6.1: The diagram of pre-activation ResNet.

The bottleneck ResNet is introduced to reduce computational complexities since a lot
of GPU rams are required for performing 3 x 3 convolutions in basic ResNet. With this
architecture, a 1 x 1 convolution layer is used to reduce the channels of input before the
3 x 3 convolution layer and after that, there is a 1 x 1 convolution layer to return it back to
its original shape. For example, if the input has depth 256, the first 1 x 1 filter reduces the
depth to 64 and then the 3 x 3 convolution layer operates on the vector with lower depth
and the final 1 x 1 layer returns it to the original depth which was 256 [30].

The resulting network structure in AgrLearn differs from the original ResNet, WideRes-
Net, and VGG in its n, parallel, soft-max classifier layers in the post-bottleneck part (as
opposed to the single soft-max classifier layer in ResNet, WideResNet, and VGG). The
soft-max classifier layer contains a fully connected layer and a soft-max activation function.
Moreover, the number of filters in the last layer of the pre-bottleneck module is expanded
by the factor n. This is required because the input dimension in AgrLearn framework
increases significantly, and the model is required to extract joint features across individual

objects in the amalgamated example. The number of parameters in each of these networks
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Table 6.2: Number of parameters in per-bottleneck and post-bottleneck networks

Neural Network Pre-bottleneck Post-bottleneck Total # of parameters
fold-1 fold-2 fold-1 fold-2 fold-1 fold-2
VGG-16 14,714,688 17,074,496 | 12,850,698 51,391,498 | 27,565,386 68,465,994
ResNet-18 10,954,176 20,392,384 | 12,850,698 51,391,498 | 23,804,874 71,783,882
ResNet-34 15,747,904 25,186,112 | 12,850,698 51,391,498 | 28,598,602 76,577,610
WideResNet-22-10 | 26,526,208 41,273,088 | 26,221,450 104,871,690 | 52,747,658 146,144,778

is shown in Table 6.2.

Note fold number shows the number of aggregated input objects. Therefore, the fold
number 1 (fold-1) denotes the standard neural network in case of dAgrLearn or VIB in case
of pAgrLearn in which just one object passes to the network, and a fold number greater
than 1 denotes the AgrLearn framework either dAgrLearn or pAgrLearn wherein multiple
objects are aggregated and passed to the network. The quantity « is the coefficient of
the second term in equation (5.7), in which o = 0 corresponds to the case when only the
cross-entropy loss is considered, and o > 0 corresponds to the case when the regularization
term is added to the cross-entropy loss. The value of « is heuristically tuned for finding the
best performance. In case of dAgrLearn, « is selected from the set [0.1,0.3,0.5,0.7,0.9, 1, 4],
and in case of pAgrLearn [1,1072,107* 1079] are investigated for finding a.

6.2.1 Replicated Classification vs. Contextual Classification

First, we compare the protocols that we introduced for the prediction of dAgrLearn. As we
mentioned earlier, in the prediction phase of dAgrLearn, using the Contextual Classification
protocol, we concatenate each object X with n — 1 random examples that are drawn from
the training set to form the input. The predictive distribution for X generated by the model
is then retrieved. Repeating this process k times and taking the average of the k predictive
distribution gives the label predictive distribution for X. We compare the performance of
this protocol with the Replicated Classification protocol in which we replicate each object
X, n times, and concatenate them to form the input. Then we take the average over n

predictive distributions generated by the model as the label predictive distribution for X.
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Table 6.3: Test error rates (%) of ResNet-18 and its dAgrLearn counterparts on CIFAR-10

and CIFAR-100 for Contextual Classification protocol and Replicated Classification protocol

Dataset | Contextual Classification | Replicated Classification

fold-1 fold-2 fold-1 fold-2
CIFAR-10 5.08 4.90 5.08 4.89
CIFAR-100 | 23.70 23.11 23.70 23.03

In the implementations for these comparisons, we do not consider any regularization

term for the dAgrLearn, which means « in equation (5.7) is equal to 0.

Table 6.3 depicts test error rates for ResNet-18 using the Contextual Classification
protocol and Replicated Classification protocol. The relative error reductions achieved for
fold-2 using the Contextual Classification protocol with k = 10 are 3.54%, and 2.49% on
CIFAR-10, and CIFAR-100, respectively. These reductions with respect to the Replicated
Classification protocol are 3.74%, and 2.83% on CIFAR-10, and CIFAR-100, respectively.
This illustrates that the performance of the Replicated classification protocols is better

than the performance of the Contextual classification protocol in the case of £ = 10.

We also compared the test error rates (%) of ResNet-18 using the Contextual Classific-
ation protocol for CIFAR-10 and CIFAR-100 for the different number of k in Figure 6.2.
For example, the relative error reductions achieved for £ = 100 in comparison with k = 2
are 0.61%, and 1.12% on CIFAR-10, and CIFAR-100, while the relative error reductions
achieved for & = 40 in comparison with & = 2 are 0.41%, and 0.99% on CIFAR-10, and
CIFAR-100, respectively. It can be seen that by increasing k, test error rate decreases in

both CIFAR-10 and CIFAR-100.

6.2.2 Replicated Classification vs. Batched Classification

Another protocol that we explored for the dAgrLearn is Batched Classification. In this
protocol, all objects in the test dataset are classified jointly by drawing k& random batches

of n objects from the test dataset. The objects in the i batch B; are concatenated to
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Figure 6.2: Test error rates (%) of ResNet-18 for fold-2 with Contextual Classification for

different number of k.

form the input and passed to the model. The final label predictive distribution for each
object X in the test dataset can be taken by averaging the predictive distributions of X
output by the model for all batches B;’s containing X or by finding the maximum predictive
distributions of X output by the model for all batches B;’s containing X. The average
of the predictive distributions of X output is one approach in this protocol which we call
Batched-average. Considering the maximum predictive distributions of X output by the

model for all batches B;’s containing X is another approach which we call Batched-maz.

Table 6.4 illustrates test error rates for ResNet-18 by using the Batched-average Classi-
fication protocol and Replicated Classification protocol. The achieved test error rates with
respect to Batched-average Classification protocol with & = 2 for fold-2 are 5.03%, and
23.02% on CIFAR-10, and CIFAR-100, respectively. Test error rate reductions with respect
to Batched-average Classification protocol (k = 2) in fold-2 for CIFAR-10 and CIFAR-100
are 0.98%, and 2.87% respectively, and these reductions with respect to Replicated Classi-
fication protocol are 3.74%, and 2.83%, respectively. We can see in some cases Replicated
classification protocol is better than Batched classification protocol and in some cases, the
Batched classification protocol is better than Replicated classification protocol. One cannot

conclude either one is better.

Test error rates for ResNet-18 by using the Batched-max Classification protocol and
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Table 6.4: Test error rates (%) of ResNet-18 and its dAgrLearn counterparts on CIFAR-10
and CIFAR-100 for Batched-average Classification protocol and Replicated Classification

protocol
Dataset Batched-average Classification | Replicated Classification
fold-1 fold-2 fold-1 fold-2
CIFAR-10 5.08 5.03 5.08 4.89
CIFAR-100 | 23.70 23.02 23.70 23.03

Table 6.5: Test error rates (%) of ResNet-18 and its dAgrLearn counterparts on CIFAR-10
and CIFAR-100 Batched-max Classification protocol and Replicated Classification protocol

Dataset | Batched-max Classification | Replicated Classification
fold-1 fold-2 fold-1 fold-2
CIFAR-10 | 5.08 5.06 5.08 4.89
CIFAR-100 | 23.70 22.81 23.70 23.03

Replicated Classification protocol is shown in Table 6.5. The achieved test error rate
reductions with respect to Batched-max Classification protocol (k = 2) for fold-2 are 0.39%,
and 3.76% on CIFAR-10, and CIFAR-100, respectively.

As a result of lower computational complexity of the Replicated Classification protocol,
we select the Replicated Classification protocol for the prediction of the dAgrLearn and
pAgrLearn. Therefore the results reported in the rest of this thesis have been obtained by

using the Replicated Classification protocol unless otherwise specified.

6.2.3 Predictive Performance

In this section, we investigate the performance of AgrLearn framework for benchmark

datasets on widely used deep learning architectures.
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6.2.3.a Deterministic AgrLearn

The rates of prediction errors of dAgrLearn for different number of folds are shown in Tables

6.6 - 6.10.

It is seen from Table 6.6 that, in the case of ResNet-18, the relative error reductions
(RER) achieved for fold-2 in comparison with fold-1, when « is equal to 0 are 3.74%, and
2.83% on CIFAR-10, and CIFAR-100 respectively, and the reductions are 3.86%, and 3.21%

respectively when a > 0.

Similarly, the relative error reductions for fold-2 for ResNet-34 (Table 6.7), ResNet-50
(Table 6.8), WideResNet-22-10 (Table 6.9), and VGG-16 (Table 6.10) are observed. The
relative error reductions in the case of ResNet-34 for fold-2, when « is equal to 0 are 5.26%,
and 5.16% on CIFAR-10, and CIFAR-100, and when o > 0 the reductions are 5.30%, and
6.59% respectively. These reductions in the case of VGG-16 for fold-2, when « is equal to 0
are 4.98%, and 5.25% on CIFAR-10, and CIFAR-100, and when « > 0, the reductions are
2.56%, and 3.94% respectively.

Table 6.6: Test error rates (%) of ResNet-18, its dAgrLearn counterparts and relative error
reductions (RER) for fold-2 on CIFAR-10, and CIFAR-100

fold-1 fold-2 RER
a=0 a=07|a=0 a=03|a=0 a>0
CIFAR-10 5.08 4.92 4.89 4.73 3.74 3.86

Dataset

CIFAR-100 | 23.70  23.70 | 23.03  22.94 283 321

Table 6.7: Test error rates (%) of ResNet-34, its dAgrLearn counterparts and relative error
reductions (RER) for fold-2 on CIFAR-10, and CIFAR-100

fold-1 fold-2 RER
a=0 a=07|a=0 a=03|a=0 a>0
CIFAR-10 | 4.94 4.91 4.68 4.65 5.26  5.30
CIFAR-100 | 23.86  23.82 | 22.63  22.25 5.16  6.59

Dataset
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Table 6.8: Test error rates (%) of ResNet-50, its dAgrLearn counterparts and relative error
reductions (RER) for fold-2 on CIFAR-10, and CIFAR-100

fold-1 fold-2 RER
a=0 a=07|a=0 a=03|a=0 a>0
CIFAR-10 | 4.80 4.76 4.60 4.60 417  3.36
CIFAR-100 | 23.60 2256 | 21.39 21.14 9.36  6.29

Dataset

Table 6.9: Test error rates (%) of WideResNet-22-10, its dAgrLearn counterparts and
relative error reductions (RER) for fold-2 on CIFAR-10, and CIFAR-100

fold-1 fold-2 RER
a=0 a=07|a=0 a=03|a=0 a>0
CIFAR-10 | 4.30 4.23 4.19 4.18 256  1.18
CIFAR-100 | 21.13  21.10 | 20.30  20.28 393  3.89

Dataset

In some cases, we observe that the differences in test error rates between the tests when
a =0 and a > 0 are very small and in some cases the differences are zero. The reason can
be that SGD training under cross-entropy loss has an inherent compression effect [69], this
makes the regularization term I(X;T) less effective. Therefore in some cases keeping o = 0

can be sufficient.

We have also presented results that show that deeper and wider residual networks, such
as ResNet-50 and WideResNet-22-10, performed better in terms of error reductions. We

examine the effect of depth and width of the network in Section 6.2.5.

6.2.3.b Probabilistic AgrLearn

The prediction error rates of pAgrLearn are shown in Figures 6.3 - 6.7. We also show the

t-test results regarding the reported values in these figures.

As we explained, when fold number is equal to 1, the pAgrLearn reverts to VIB

[1], therefore these figures depict the performance of pAgrLearn in comparison with VIB
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Table 6.10: Test error rates (%) of VGG-16, its dAgrLearn counterparts and relative error
reductions (RER) for fold-2 on CIFAR-10, and CIFAR-100

fold-1 fold-2 RER
a=0 a=07|a=0 a=03|a=0 a>0
CIFAR-10 | 6.42 6.26 6.10 6.10 498  2.56
CIFAR-100 | 26.84  26.42 | 25.43  25.38 59.25 394

Dataset

framework. In other words, fold-1 illustrates VIB framework and fold-2 illustrates pAgrLearn

which is a class of the AgrLearn framework.

The relative error reductions achieved with respect to ResNet-18 for fold-2, when «
is equal to 0 are 6.37%, and 3.81% on CIFAR-10, and CIFAR-100, and when « > 0 the
reductions are 4.55%, and 3.69% on CIFAR-10, and CIFAR-100, respectively.

Similarly significant improvement upon ResNet-34, ResNet-50, WideResNet-22-10 and
VGG-16 is observed. For example, the relative error reductions in the case of ResNet-34,
for fold-2, when « is equal to 0 are 2.20%, and 5.84% on CIFAR-10, and CIFAR-100, and
when « > 0, the reductions are 3.82%, and 6.80% respectively. As we can see pAgrLearn

has significant improvement on performance in comparison with VIB.

In Figures 6.3 - 6.7 we also report the t-value and the p-value. The t-value is defined as

a measure of difference in the set of results:
M1 — M2
Vi

where p;, 0; and m; denote the mean, variance and number of samples when ¢ = {1,2}. The

t = (6.1)

larger the t-value, the greater difference is between two sets of results. The p-value denotes
the statistical significance of the results. The significant level is defined for the p-value. In
this experiment this value is 0.05. Therefore, the results have significant difference when

p < 0.05.

In Figure 6.3 the reported p-value with respect to ResNet-18, for fold-1 and fold-2 when
a = 0 is equal to 2.51 x 107® , and when a > 0 is equal to 2.71 x 10~* for CIFAR-100,
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Figure 6.3: Test error rates (%) of VIB (fold-1) and pAgrLearn (fold-2) for ResNet-18 on
(a) CIFAR-10 and (b) CIFAR-100 and their corresponding (c) (¢, p)-values on CIFAR-10
and (d) (¢, p)-values on CIFAR-100.

which is much smaller than 0.05. The same behavior is observed with respect to other

networks and datasets. Overall, the (¢, p)-values in these figures give us a high degree of

confidence that the results of fold-2 and fold-1 are significantly different.
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(a) CIFAR-10 and (b) CIFAR-100 and their corresponding (c) (¢, p)-values on CIFAR-10
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Figure 6.6: Test error rates (%) of VIB (fold-1) and pAgrLearn (fold-2) for WideResNet-
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Figure 6.8: Test error rates (%) of Standard Neural Network (fold-1), and probabilistic
AgrLearn (fold-2) for ResNet-18 on (a) CIFAR-10 and (b) CIFAR-100.

6.2.3.c Probabilistic AgrLearn vs Standard Neural Network

We compare probabilistic AgrLearn with the standard neural network in Figures 6.8 - 6.12.
The standard neural network is fold-1 in the dAgrLearn where there is no aggregation
among input objects, which means just one object input passes to the network. In Figure
6.8 the relative error reductions with respect to ResNet-18 for fold-2, when o = 0 are
4.53%, and 3.00% on CIFAR-10, and CIFAR-100 respectively. Similarly, the relative error
reductions for ResNet-34 (Figure 6.9), ResNet-50 (Figure 6.10), WideResNet-22-10 (Figure
6.11), and VGG-16 (Figure 6.12) are observed. The results show that the performance of

pAgrLearn is superior to the performance of the standard neural networks.
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6.2.3.d Probabilistic AgrLearn vs Deterministic AgrLearn

We also compare test error rates in pAgrLearn with dAgrLearn in Tables 6.11 - 6.15. The
test error rates in pAgrLearn with respect to ResNet-18 when o = 0 are 4.85% and 22.99%
for CIFAR-10, and CIFAR-100 respectively. The test error rates in the dAgrLearn with
respect to ResNet-18 when a = 0 are 4.89% and 23.03% for CIFAR-10 and CIFAR-100.

These results show the test error rates in some cases decrease more in pAgrLearn.

In Table 6.16, we also compare time complexity between pAgrLearn and dAgrLearn on
CIFAR-10. Time duration for running 1 epoch with respect to ResNet-18 on CIFAR-10 is
148 seconds for dAgrLearn and 68 seconds for pAgrLearn. The relative percentage with
respect to ResNet-18 is 45.95% on CIFAR-10. In VGG-16 the relative percentage is 21.79%
on CIFAR-10. The same behavior is observed with respect to ResNet-34, ResNet-50. This

shows probabilistic AgrLearn has less time complexity than deterministic AgrLearn.

Table 6.11: Test error rates (%) of deterministic AgrLearn and probabilistic AgrLearn for
ResNet-18 on CIFAR-10, and CIFAR-100

deterministic AgrLearn | probabilistic AgrLearn
Dataset
a=0 a>0 a=0 a>0
CIFAR-10 | 4.89 4.73 4.85 4.83
CIFAR-100 | 23.03 22.94 22.99 22.98

Table 6.12: Test error rates (%) of deterministic AgrLearn and probabilistic AgrLearn for
ResNet-34 on CIFAR-10, and CIFAR-100

deterministic AgrLearn | probabilistic AgrLearn
Dataset
a=0 a>0 a=0 a>0
CIFAR-10 | 4.68 4.65 4.88 4.78
CIFAR-100 | 22.63 22.25 22.90 22.62
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Table 6.13: Test error rates (%) of deterministic AgrLearn and probabilistic AgrLearn for
ResNet-50 on CIFAR-10, and CIFAR-100

deterministic AgrLearn | probabilistic AgrLearn
Dataset
a=0 a>0 a=0 a>0
CIFAR-10 | 4.60 4.60 4.76 4.73
CIFAR-100 | 21.39 21.14 22.08 22.02

Table 6.14: Test error rates (%) of deterministic AgrLearn and probabilistic AgrLearn for
WideResNet-22-10 on CIFAR-10, and CIFAR-100

deterministic AgrLearn | probabilistic AgrLearn
Dataset
a=0 a>0 a=0 a>0
CIFAR-10 | 4.19 4.18 4.25 4.21
CIFAR-100 | 20.30 20.28 20.77 20.75

Table 6.15: Test error rates (%) of deterministic AgrLearn and probabilistic AgrLearn for
VGG-16 on CIFAR-10, and CIFAR-100

deterministic AgrLearn | probabilistic AgrLearn
Dataset
a=0 a>0 a=0 a>0
CIFAR-10 | 6.10 6.10 6.13 6.10
CIFAR-100 | 25.43 25.38 25.63 25.55

Table 6.16: Time complexity for dAgrLearn and pAgrLearn, fold-2, a > 0 on CIFAR-10

dAgrLearn pAgrLearn Relative percentage (%)
Network
1 epoch (second) | 1 epoch (second)

VGG-16 156 34 21.79
ResNet-18 148 68 45.95
ResNet-34 511 102 19.96
ResNet-50 808 192 23.76
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Table 6.17: Time complexity for dAgrLearn, VGG-16, a > 0 for 1 epoch (second)

Dataset fold-1 | fold-2 | fold-4 | fold-6 | fold-8
CIFAR-10 61 79 133 192 248
CIFAR-100 55 79 134 192 248

Table 6.18: Time complexity for pAgrLearn, VGG-16, a > 0 for 1 epoch (second)

Dataset fold-1 | fold-2 | fold-4 | fold-6 | fold-8
CIFAR-10 13 16 25 35 44
CIFAR-100 12 17 26 35 44

In Tables 6.17 and 6.18 we also compare time complexity of dAgrLearn and pAgrLearn
for different number of folds when only 50% of dataset on VGG-16 is used. Table 6.17 shows
in dAgrLearn by increasing the number of folds from 1 to 2 the time complexity increases
from 61 to 79 seconds and in the case of fold-8 it increases to 248 seconds for CIFAR-10.
In pAgrLearn (Table 6.18) the time complexity from fold-1 to fold-8 increases from 13 to
44 seconds for CIFAR-10. This shows pAgrLearn has less time complexity than dAgrLearn.
Moreover, it shows that increasing the number of folds increases the time complexity in the

AgrLearn framework which is a limitation of this framework.

6.2.4 Model Behavior During Training

In this section, we track the model behavior during training, and we show how AgrLearn

framework behaves in comparison with a standard neural network and the VIB framework.

6.2.4.a Deterministic AgrLearn

Figures 6.13 - 6.15 show training loss (cross-entropy loss, regularization term in dAgrLearn
(MINE approach)), training and test error rate, training and test accuracy curves for
CIFAR-10 and CIFAR-100 on ResNet-18, ResNet-34, ResNet-50, WideResNet-22-10, and
VGG-16, for fold-2 across number of epochs.

87



It is seen from Figure 6.13 that the cross-entropy loss reduces as we increase the number
of epochs. The training and test error rates decrease when the number of epochs is increased
(Figure 6.14). The test error rate is higher than the training error rate. The training and
test accuracy curves show the differences between training accuracy and test accuracy which

indicate that test accuracy is less than training accuracy as expected (Figure 6.15).

We also compare the model behavior during training between two different fold numbers,
fold-1 and fold-4. The typical behavior of ResNet-18 for CIFAR-10 and CIFAR-100 in terms
of test error rate, across number of epochs, is shown in Figures 6.16 and 6.17, respectively.
It is seen that in the “stable phase” of training, the test error for fold-4 (dotted purple
curve) continues to decrease whereas the test error for fold-1 (solid purple curve) fails to
improve further. This can be explained by the training loss curve of fold-1 (solid blue
curve), which drops to zero quickly in this phase and provides no training signal for further
tuning of the network parameters. In contrast, the training curve of the fold-4 (dotted blue
curve) maintains a relatively high level, allowing the model to keep tuning itself. When
the loss is low and one keeps the training, overfitting will occur, but in the case of fold-4
the loss is high and continuing training does not cause overfitting. The relatively higher
training loss of fold-4 is due to the much larger space of aggregated examples. Even in the

stable phase, one expects that the model is seeing new combinations of images.

6.2.4.b Probabilistic AgrLearn

The behavior with respect to training loss (cross-entropy loss in the case of pAgrLearn
in which the regularization term is approximated by KL divergence), training and test
error rate, training and test accuracy curves when probabilistic AgrLearn was applied over
CIFAR-10 and CIFAR-100 on ResNet-18, ResNet-34, ResNet-50, WideResNet-22-10, and
VGG-16, for fold-2 across the number of epochs are shown in Figures 6.18 - 6.20.

In Figure 6.18, it is seen that the cross-entropy loss decreases as the number of epochs
increases. Figure 6.19 shows the error rate for train and test reduced by increasing the
number of epochs. Therefore, as we see in Figure 6.20, training and test accuracy increases

when the number of epochs is increased.
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Figure 6.13: Training loss (cross-entropy loss and regularization-term (MINE approach))
on CIFAR-10 for (a) ResNet-18 (b) ResNet-34 (c) ResNet-50 (d) WideResNet-22-10 (e)
VGG-16. Training loss (cross-entropy loss and regularization-term (MINE approach)) on
CIFAR-100 for (f) ResNet-18 (g) ResNet-34 (h) ResNet-50 (j) WideResNet-22-10 (k)
VGG-16.
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Figure 6.14: Training and test error rate on CIFAR-10 (dAgrLearn) for (a) ResNet-18
(b) ResNet-34 (c) ResNet-50 (d) WideResNet-22-10 (e) VGG-16. Training and test
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90




100 100 100
e 0 e .
Ol
80
B > 0 =
Zn
5 E] ]
= 2 & 1
4 < £ g
50
. 50
—— Train_accuracy — Train_accuracy " — Train_accuracy
= Test_accuracy 30 = Test_accuracy = Test_accuracy
T T T T r T T T T T T T T T T T T T T T T T T T T T
0 00 150 200 250 300 350 400 o 50 100 150 200 250 300 350 400 ] 50 100 150 200 250 300 350 400
Number of epochs Number of epochs Number of epochs
100 100
@0 ﬂ\’] v
Y 80
80
bl f
o i
4 £
60
40
50
= Train_accuracy = Train_accuracy
40 = Test_accuracy 20 —- Test _accuracy
0 s 10 150 200 20 310 330 400 0 50 100 150 200 250 300 350 400
Number of epechs Number of epochs
100 100 100
B0 1 80 P —— 'V ot
ﬂP]-'VmJ Ta-r'u-w]
z o 7w 5ol
8 £ 8
3 3 H
2 4 < < ©
0 20 0
= Train_accuracy —— Train_accuracy —— Train_accuracy
—" Test_accuracy —* Test_accuracy —* Test accuracy
0 T T T T T T T 0 T T T T T T T T T T T T T T T T T
0 100 150 200 250 00 350 400 o 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
Number of epochs Number of epochs Number of epochs
100 100
80 e e st b 80
o] kg I“"""Jl 7 &
H] g
™ 4
20 20
= Train_accuracy = Train_accuracy
— Test_accuracy 0 — Test_accuracy
0 — T T T T T T T T T T T T T T T T
] 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400

Number of epochs

)

Number of epochs

(k)

Figure 6.15: Training and test accuracy on CIFAR-10 (dAgrLearn) for (a) ResNet-18
(b) ResNet-34 (c) ResNet-50 (d) WideResNet-22-10 (e) VGG-16. Training and test
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Figure 6.18: Training loss (cross-entropy loss and regularization-term (KL-divergence
approach)) on CIFAR-10 for (a) ResNet-18 (b) ResNet-34 (c) ResNet-50 (d) WideResNet-
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Figure 6.19: Training and test error rate on CIFAR-10 (pAgrLearn) for (a) ResNet-18
(b) ResNet-34 (c) ResNet-50 (d) WideResNet-22-10 (e) VGG-16. Training and test

error rate on CIFAR-100 (pAgrLearn) for (f) ResNet-18 (g) ResNet-34 (h) ResNet-50 (j)

WideResNet-22-10 (k) VGG-16.
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Figure 6.20: Training and test accuracy on CIFAR-10 (pAgrLearn) for (a) ResNet-18
(b) ResNet-34 (c) ResNet-50 (d) WideResNet-22-10 (e) VGG-16. Training and test
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The typical behavior of ResNet-18 for CIFAR-10 and CIFAR-100, in pAgrLearn for
fold-1 and fold-4, in terms of test error rate across number of epochs is shown in Figures
6.21 and 6.22, respectively. Comparing these figures with Figures 6.16 and 6.17 shows the
same model behavior during training for fold-1 and fold-4 in both probabilistic AgrLearn
and the deterministic AgrLearn. In these figures we also observe that the training curve
of fold-4 (dotted blue curve) maintains a relatively high level, allowing the model to keep

tuning itself.

6.2.5 Sensitivity to Model Complexity

With fold-n AgrLearn, the output label space becomes V™. This significantly larger label
space seems to suggest that AgrLearn framework favors a more complex model. In this

study, we investigate the behavior of the model when it becomes more complex.

6.2.5.a Deterministic AgrLearn

In dAgrLearn, we start with ResNet-18 for fold-2. The options we investigate include
increasing the model width (by doubling the number of filters per layer) and increasing the
model depth (from 18 layers to 34 layers). The performance of these models for dAgrLearn

is given in Figure 6.23.

As shown in Figure 6.23, doubling the number of filters in ResNet-18 reduces the
error rate for fold-2 from 4.73% to 4.30% on CIFAR-10, and from 22.94% to 21.78% on
CIFAR-100. The same behavior regarding test error rate reductions is observed with respect
to ResNet-34. These results show that increasing the model width of ResNet-18, and
ResNet-34 improves the performance of AgrLearn on both CIFAR-10 and CIFAR-100.

When the model depth is increased from ResNet-18 to ResNet-34, the relative error
reduces from ResNet-18 to ResNet-34 by 1.70%, and 3.00% respectively on CIFAR-10, and

CIFAR-100, i.e., increasing the model depth improves performance in case of dAgrLearn.

97



Test error rate (%)

Test error rate (%)

,‘.J>
co
T

4.6 |

4.4

4.2+

4.73
4.65
4.45
4.30

|

[ ResNet-18
l0ResNet-18+double layer
I ResNet-34
[0ResNet-34+double layer

23.5

23

22.5

22

21.5

6.2.5.b Probabilistic AgrLearn

a>0
(a) CIFAR-10

22.94

22.25

21.78

n

21.68

]

I ResNet-18
l0ResNet-18+double layer
L ResNet-34
l0ResNet-34+double layer

a>0
(b) CIFAR-100

98

Figure 6.23: Test error rates (%) of ResNet-18 for fold-2, @ > 0 and its more complex
variants (dAgrLearn) on (a) CIFAR-10 and (b) CIFAR-100.

Figure 6.24 shows the behavior of the model for probabilistic AgrLearn when the width of
the model is increased by doubling the number of filters per layer and the depth of model
is increased from 18 layers to 34 layers. This figure shows that, when the model width of
ResNet-18 is increased, the error rate reduces from 4.83% to 4.43% for CIFAR-10, and from
22.98% to 21.81% for CIFAR-100. Therefore, we can conclude that the pAgrLearn shows
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Figure 6.24: Test error rates (%) of ResNet-18 for fold-2, o > 0

variants (pAgrLearn) on (a) CIFAR-10 (b) CIFAR-100.

and its more complex

the same behavior as dAgrLearn with respect to increasing the model width. Regarding

the model depth, test error rate decreases by increasing the model depth from ResNet-18

to ResNet-34, or from ResNet-18+double layer to ResNet-34+4double layer, except for

ResNet-34+double layer on CIFAR-10.

We hypothesize that with AgrLearn framework, the width of a model plays a critical

role. This is because the input dimension in AgrLearn framework increases significantly and

the model is required to extract joint features across individual objects in the amalgamated
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example.

6.2.6 Behavior with Respect to Fold Number

In this section we illustrate the performance of AgrLearn framework when the number of

folds is increased, meaning increasing the number of aggregated input objects.

6.2.6.a Deterministic AgrLearn

We also conducted experiments investigating the performance of ResNet-18 and VGG-16
with varying fold numbers. Tables 6.19 and 6.20 show the performance of ResNet-18 and
VGG-16 for dAgrLearn. The relative error reductions on ResNet-18 and VGG-16 for fold-2
and fold-4 are shown in Figures 6.25 and 6.26 respectively.

The relative error reductions achieved with ResNet-18 for fold-4 with respect to fold-1,
when « is equal to 0 are 4.72%, and 5.11% on CIFAR-10, CIFAR-100. Comparing these
error reductions with error reductions for fold-2 with respect to fold-1 (a = 0) which were
3.74%, and 2.83% on CIFAR-10, and CIFAR-100 respectively shows increasing the number
of folds significantly boosted the performance. Similarly, for VGG-16, the error reductions
for fold-4 in comparison with fold-2 is higher.

We also used another dataset SVHN to challenge ResNet-18 and VGG-16 with the
dAgrLearn. The results are presented in Tables 6.19 - 6.20. It is seen from the Tables
that dAgrLearn improves the performance of both ResNet-18 and VGG-16 networks on
the SVHN dataset. Figure 6.25 part (e) shows the relative error reductions on ResNet-18
for fold-4 with respect to fold-1 for SVHN when @ = 0 and a > 0 are 6.29% and 6.05%

respectively.

6.2.6.b Probabilistic AgrLearn

The performance of ResNet-18 and VGG-16 for probabilistic AgrLearn are depicted in
Tables 6.21 and 6.22. The relative error reduction for fold-4 and fold-2 with respect to
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fold-1 is shown in these tables. The relative error reductions achieved on ResNet-18, for
fold-4, when « is equal to 0 are 7.53%, and 4.81% on CIFAR-10, and CIFAR-100, and the
relative error reductions achieved by fold-2 (a = 0), are 6.37%, and 3.81% on CIFAR-10,
and CIFAR-100. Similar improvement regarding VGG-16 is observed. The relative error
reductions regarding SVHN show significant reductions by increasing the number of folds
in the probabilistic AgrLearn. We observe in both dAgrLearn and pAgrLearn, increasing

the number of folds improves performance significantly.
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Table 6.19: Test error rates (%) of ResNet-18 (dAgrLearn) for varying fold numbers

fold-1 fold-2 fold-4
Dataset
a=0 a>0la=0 a>0|a=0 a>0
CIFAR-10 5.08 4.92 4.89 4.73 4.84 4.69
CIFAR-100 | 23.70 23.70 | 23.03 22.94 | 2249 22.32

SVHN 3.50 347 | 330 330 | 3.28  3.26
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Figure 6.25: The relative error reductions achieved for ResNet-18 (dAgrLearn) for fold-2
and fold-4 with respect to fold-1 on (c¢) CIFAR-10 (d) CIFAR-100 and (e) SVHN.
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Table 6.20: Test error rates (%) of VGG-16 (dAgrLearn) for varying fold numbers

fold-1 fold-2 fold-4
Dataset
a=0 a>0la=0 a>0|a=0 a>0
CIFAR-10 6.42 6.26 6.10 6.10 6.08 6.02
CIFAR-100 | 26.84 26.42 | 25.43 25.38 | 254 25.34

SVHN 4.07 400 | 3.86 3.82 | 3.84 3.80
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Figure 6.26: The relative error reductions achieved for VGG-16 (dAgrLearn) for fold-2 and
fold-4 with respect to fold-1 on (a) CIFAR-10 (b) CIFAR-100 and (c¢) SVHN.
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Table 6.21: Test error rates (%) of ResNet-18 (pAgrLearn) for varying fold numbers

fold-1 fold-2 fold-4

Dataset
a=0 a=10%]a=0 a=10°%a=0 a=10°

CIFAR-10 | 5.18 5.06 4.85 4.83 4.79 4.77
CIFAR-100 | 23.90 23.86 22.99 22.98 22.75 22.71
SVHN 3.53 3.51 3.38 3.36 3.32 3.30
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Figure 6.27: The relative error reductions achieved for ResNet-18 (pAgrLearn) for fold-2
and fold-4 with respect to fold-1 on (a) CIFAR-10 (b) CIFAR-100 and (c) SVHN.
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Table 6.22: Test error rates (%) of VGG-16 (pAgrLearn) for varying fold numbers

fold-1 fold-2 fold-4

Dataset
a=0 a=10%]a=0 a=10°%a=0 a=10°

CIFAR-10 | 6.31 6.26 6.13 6.10 6.05 6.00
CIFAR-100 | 26.42 26.38 25.63 25.95 25.47 25.39
SVHN 4.21 4.09 4.03 3.92 3.96 3.90
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Figure 6.28: The relative error reductions achieved for VGG-16 (pAgrLearn) for fold-2 and
fold-4 with respect to fold-1 on (a) CIFAR-10 (b) CIFAR-100 and (c¢) SVHN.

105



Table 6.23: Test error rates (%) of ResNet-18 for varying fold numbers for CIFAR-10 with
only 25% dataset

fold-1 fold-2 fold-4 fold-6

a=0 a>0la=0 a>0la=0 a>0la=0 a>0

dAgrLearn | 11.74 11.65 | 11.30 11.29 | 11.08 11.07 | 10.94 10.94
pAgrLearn | 11.69 11.66 | 11.35 11.34 | 11.19 11.13 | 11.06 11.04

Table 6.24: Test error rates (%) of VGG-16 (pAgrLearn) for varying fold numbers with
only 50% dataset

fold-1 fold-2 fold-4 fold-6
a=0 a=10%a=0 a=10°%a=0 a=10%|a=0 a=10"°

Dataset

CIFAR-100 | 34.85 34.68 33.03 32.96 32.97 32.86 32.95 32.84

Table 6.25: Test error rates (%) of VGG-16 (pAgrLearn) for varying fold numbers with
only 25% dataset

fold-1 fold-2 fold-4 fold-6
a=0 a=10%a=0 a=10°%|a=0 a=10%|a=0 a=10"°
CIFAR-10 | 13.61 13.59 13.10 13.10 12.92 12.89 12.91 12.87

Dataset

We also investigate the performance of AgrLearn framework when the number of folds
is increased to 6. Table 6.23 shows the test error rates for dAgrLearn and pAgrLearn on
ResNet-18 for CIFAR-10 when only 25% of dataset is used. In the case of dAgrLearn, test
error rate for fold-6 decreases to 10.94% while for fold-2 it decreases to 11.30%.

Moreover, we show the performance of pAgrLearn on VGG-16 for CIFAR-100 when 50%
(Table 6.24) and for CIFAR-10 when 25% (Table 6.25) of dataset are used. These tables
show that by increasing the number of folds, test error rate reduces more. Therefore we
can conclude the performance of AgrLearn improves by increasing the number of folds. In
the next section, we investigate the effect of data scarcity on the performance of AgrLearn

framework.
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6.2.7 Robustness to Data Scarcity

In this section, we investigate the performance of AgrLearn framework when only 50% of a

dataset is used.

6.2.7.a Deterministic AgrLearn

In Tables 6.26 - 6.27 using only 50% of a dataset, we investigate the performance of
ResNet-18 and VGG-16 for fold-1, fold-2 and fold-4 for dAgrLearn. The relative error
reductions that were obtained with ResNet-18 for fold-4 when o > 0 are 4.58% and 6.23%
for CIFAR-10 and CIFAR-100. The reductions for fold-2 are 3.66% and 5.43%, respectively.
Similar behavior is observed regarding VGG-16 with using just 50% of the training dataset.

In Figure 6.29 we compare the performance of dAgrLearn on ResNet-18 when using just
50% of the training dataset with its performance when using the entire training dataset,
for CIFAR-10 and CIFAR-100. In Figure 6.29 we can see that when we use only 50% of
the training dataset the error is reduced by increasing the number of folds. This is similar
to the case when the entire training dataset is used. The performance of the dAgrLearn
when used on VGG-16 was also similar, as shown in Figure 6.30. We can conclude that

dAgrLearn performs well even when using only half of the training dataset.

6.2.7.b Probabilistic AgrLearn

Tables 6.28 and 6.29 show the performance of ResNet-18 and VGG-16, for pAgrLearn when
50% of training dataset are used. The relative error reductions achieved with ResNet-18
for fold-4 are 3.38%, and 8.17% for CIFAR-10 and CIFAR-100 when using 50% of training
dataset. These reductions for fold-2 are 2.73%, and 7.20%, respectively.

In Figures 6.31 and 6.32, the performance of pAgrLearn on ResNet-18 and VGG-16 for
fold-1, fold-2 and fold-4 (o > 0) when using only 50% of the training dataset is compared
with its performance when the whole training dataset is used. In these figures, we can see
by increasing the number of folds from 1 to 2 and from 2 to 4 the greater error reductions

are achieved.
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Table 6.26: Test error rates (%) of ResNet-18, its dAgrLearn counterparts with a fraction
of training dataset on CIFAR-10, and CIFAR-100

fold-1 fold-2 fold-4
Dataset
a=0 a>0la=0 a>0|a=0 a>0
CIFAR-10 7.78 7.65 7.39 7.37 7.37 7.30

CIFAR-100 | 31.54 31.48 | 29.89 29.77 | 29.59 29.52
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Figure 6.29: Comparison between test error rates (%) of ResNet-18 and its dAgrLearn
counterparts (o > 0) when 50% and 100% of training dataset is used on (a) CIFAR-10 and
(b) CIFAR-100.

The results demonstrate the robustness of pAgrLearn to data scarcity, and this makes

dAgrLearn and pAgrLearn appealing solutions to practical learning problems with inad-

equate labeled data.
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Table 6.27: Test error rates (%) of VGG-16, its dAgrLearn counterparts with a fraction of
training dataset on CIFAR-10, and CIFAR-100

fold-1 fold-2 fold-4
Dataset
a=0 a>0|a=0 a>0|a=0 a>0
CIFAR-10 9.12 9.10 9.05 8.99 8.91 8.89

CIFAR-100 | 34.63 34.5 | 33.04 3298 | 32.75 32.70
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Figure 6.30: Comparison between test error rates (%) of VGG-16 and its dAgrLearn
counterparts (o > 0) when 50% and 100% of training dataset is used on (a) CIFAR-10 and
(b) CIFAR-100.
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Table 6.28: Test error rates (%) of ResNet-18, its pAgrLearn counterparts with a fraction
of training dataset on CIFAR-10, and CIFAR-100

fold-1 fold-2 fold-4
Dataset
a=0 a>0la=0 a>0|a=0 a>0
CIFAR-10 7.74 7.69 7.52 7.48 7.48 7.43

CIFAR-100 | 32.47 32.08 | 29.83 29.77 | 29.64 29.46

3
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Figure 6.31: Comparison between test error rates (%) of ResNet-18 and its pAgrLearn
counterparts (o > 0) when 50% and 100% of training dataset is used on (a) CIFAR-10 and
(b) CIFAR-100.
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Table 6.29: Test error rates (%) of VGG-16, its pAgrLearn counterparts with a fraction of
training dataset on CIFAR-10, and CIFAR-100

fold-1
Dataset
a=0 a>0

fold-2 fold-4

a=0 a>0la=0 a>0

CIFAR-10 | 9.31  9.28
CIFAR-100 | 34.85 34.65

895 893 | 884  8.80
33.03  32.96 | 32.97 32.86
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Figure 6.32: Comparison between test error rates (%) of VGG-16 and its pAgrLearn

counterparts (o > 0) when 50% and 100% of training dataset is used on (a) CIFAR-10 and

(b) CIFAR-100.
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Table 6.30: Test error rates (%) of ResNet-184+MixUp and its dAgrLearn counterparts on
CIFAR-10 and CIFAR-100

fold-1 fold-2 RER
a=0 a=07a=0 a=03]|a=0 a>0
CIFAR-10 | 3.99 3.98 3.95 3.90 1.00  2.01
CIFAR-100 | 21.51  21.48 | 20.62  20.58 4.14  4.19

Dataset

6.2.8 Behavior by Adding Regularization Approaches

In this section we apply recently proposed data augmentation techniques such as MixUp
[85] and Between Class Learning (BC Learning) [75] over AgrLearn framework. We use the

same ResNet and VGG architecture.

6.2.8.a Deterministic AgrLearn with MixUp

MixUp augments the training data with synthetic training examples, each obtained by

interpolating a pair of original examples and their corresponding labels.

Tables 6.30 and 6.31 show the test error rates of ResNet-18 and VGG-16 for dAgrLearn
with adding MixUp. In these tables, we show the relative error reduction (RER) for fold-2
with respect to fold-1 for each dataset. As we can see, dAgrLearn is compatible with MixUp,
and increasing the number of folds decreases test error rates. In addition, in Table 6.30
it is seen that the test error rates for fold-2 when o = 0 for ResNet-18 with MixUp are
3.95%, and 20.62% on CIFAR-10, and CIFAR-100 respectively. And without MixUp, they
are 4.89%, and 23.03%. The same behavior regarding the test error rate with respect to
VGG-16 is observed in Table 6.31. It is seen that adding MixUp over the dAgrLearn has
improved the performance of ResNet-18 and VGG-16.

6.2.8.b Probabilistic AgrLearn with MixUp

Tables 6.32 and 6.33 show the test error rates of ResNet-18 and VGG-16 for the pAgrLearn

with adding MixUp. The relative error reduction for fold-2 for each dataset is shown in these
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Table 6.31: Test error rates (%) of VGG-16+MixUp and its dAgrLearn counterparts on
CIFAR-10 and CIFAR-100

fold-1 fold-2 RER
a=0 a=07|a=0 a=03|a=0 a>0
CIFAR-10 | 5.49 5.47 5.37 5.27 219  3.66
CIFAR-100 | 25.19 24.92 | 24.28  24.20 3.61  2.89

Dataset

Table 6.32: Test error rates (%) of ResNet-184+MixUp and its pAgrLearn counterparts on
CIFAR-10 and CIFAR-100

fold-1 fold-2 RER
a=0 a=10%a=0 a=10%|a=0 a>0
CIFAR-10 | 3.96 3.92 3.90 3.86 1.52 1.53
CIFAR-100 | 21.71 21.70 20.96 20.91 3.45 3.64

Dataset

Table 6.33: Test error rates (%) of VGG-16+MixUp and its pAgrLearn counterparts on
CIFAR-10 and CIFAR-100

fold-1 fold-2 RER
a=0 a=10°%]a=0 a=10°%|a=0 a>0
CIFAR-10 | 5.73 5.69 5.49 5.37 4.19 5.62
CIFAR-100 | 25.34 25.24 24.25 24.00 4.30 4.91

Dataset

tables. Similar to dAgrLearn, pAgrLearn is also compatible with MixUp and increasing
the number of folds decreases test error rates. Furthermore, the error rates for fold-2 when
a = 0 for VGG-16 with MixUp are 5.49%, and 24.25% on CIFAR-10, and CIFAR-100
respectively. The error rates for VGG-16 without MixUp for fold-2 when o = 0 are 6.13%),
and 25.63% on CIFAR-10, and CIFAR-100 respectively. This shows performance is boosted
for VGG-16 by using MixUp. Therefore, we can conclude MixUp boosts the performance
of pAgrLearn.
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Table 6.34: Test error rates (%) of ResNet-18+BC Learning and its dAgrLearn counterparts
on CIFAR-10 and CIFAR-100

fold-1 fold-2 RER
a=0 a=07|a=0 a=03|a=0 a>0
CIFAR-10 | 3.89 3.88 3.82 3.80 1.80  2.06
CIFAR-100 | 21.60  21.32 | 20.40  20.39 5.56  4.36

Dataset

6.2.8.c Deterministic AgrLearn with BC Learning

BC Learning technique [75] is another data augmentation method that we applied over the
same ResNet-18 architecture for dAgrLearn. The BC Learning technique augments training
data with synthetic training examples, each obtained by mixing two images belonging to

different classes with a random ratio.

Table 6.34 shows the test error rate of ResNet-18 for the dAgrLearn with BC Learning
technique. The test error rates for fold-2 when a = 0 in ResNet-18 with BC Learning
technique are 3.82%, and 20.40% on CIFAR-10, and CIFAR-100 respectively. These error
rates with respect to ResNet-18 without BC Learning technique are 4.89%, and 23.03%. It is

seen that the BC Learning technique improves the performance of dAgrLearn significantly.

6.2.8.d Probabilistic AgrLearn with BC Learning

Table 6.35 illustrates the test error rate of ResNet-18 for the pAgrLearn with BC Learning
technique. This shows pAgrLearn is compatible with BC Learning technique and increasing
the number of folds decreases test error rates. In addition, in this table, we show the
relative error reduction for fold-2 for each dataset. The test error rates for fold-2 when
a = 0 in ResNet-18 with BC Learning technique are 3.89%, and 20.90% on CIFAR-10,
and CIFAR-100 respectively. It is seen that the BC Learning technique improves the

performance of pAgrLearn significantly.

We can conclude both MixUp and BC Learning techniques boost the performance of

dAgrLearn and pAgrLearn, and decrease the test error rate.
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Table 6.35: Test error rates (%) of ResNet-18+BC Learning and its pAgrLearn counterparts
on CIFAR-10 and CIFAR-100

fold-1 fold-2 RER
a=0 a=10%a=0 a=10%|a=0 a>0
CIFAR-10 | 3.92 3.83 3.89 3.81 0.77 0.52
CIFAR-100 | 21.81 21.70 20.90 20.79 417  4.19

Dataset

6.3 Text Classification with Aggregated Learning

In this section, we show the application of AgrLearn for text classification, specifically
sentiment analysis. Sentiment analysis was introduced as a series of techniques to extract
information from documents such as opinion, attitude, or emotion, e.g. positive or negative,

bullish or bearish, and anger or happiness [61, 54, 59].

Sentiment analysis classifies a given text in the document into two or three classes, e.g.
positive, negative, and neutral [78, 62, 16]. The positive and negative polarity can be shown

14

by mapping to [—1, 1] such that 1 shows positive and —1 shows negative. For example, “ a

7

thoughtful, insistently humanizing film .” shows a positive review and it

can be labeled by 1.

The main application of this technique is in the analysis of the reviews of products or
services. This is very helpful to companies in finding out the opinions of their customers,
their likes, and dislikes, whether they are satisfied or dissatisfied with a product or a service.

They can also use this type of information to try and improve their products.

The importance of this task was a motivation for us to investigate how the AgrLearn
framework would perform in this environment. We investigated the performances of both

classes of the framework (dAgrLearn and pAgrLearn) when performing sentiment analysis.

In order to apply the AgrLearn framework to sentiment analysis, we set some hyper-
parameters. The mini-batch size is taken to be 50, the learning rate is set to 0.001. We use

dropout with rate of 0.5.

Experiments were conducted on benchmark sentence-classification datasets, Movie
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Table 6.36: Confusion Matrix

Prediction
Negative Positive
Negative | True Negative | False Positive
Actual
Positive | False Negative | True Positive
Review [60], Multi-Perspective Question Answering corpus (MPQA) [79], Customer Review
[35], Yelp Review [19] and Amazon Review [19].

Movie Review is a dataset with one sentence per review. It has 10,662 sentences with

binary labels *. The MPQA dataset consists of opinion polarity from news articles and

private states such as emotions, beliefs, etc., and has 10,606 sentences [79] °. Customer
Review contains reviews of different products such as cameras, MP3s, etc. [35]. It has
3,775 sentences °. Yelp Review and Amazon Review [19] contain restaurant reviews and

amazon.com reviews respectively, with sentences that have a clearly positive or negative

7

connotation, each one has 1,000 sentences . We use 10% of random examples in each

dataset for testing and the rest for training.

We apply AgrLearn framework to a widely used NLP deep learning architecture,
Convolutional Neural Networks (CNN). We adopt CNN-sentence [11] and implement
it exactly as in [15]. The final feature map of CNN is passed to a logistic regression
classifier for label prediction. Each sentence enters the model via a learnable, randomly
initialized word-embedding dictionary. All sentences are zero-padded to the same length.
In the AgrLearn framework for CNN, the aggregation of two sentences in each input simply

involves concatenating the two zero-padded sentences.

To quantify the evaluation metrics a confusion matrix can be used as shown in Table

6.36. In the confusion matrix, the actual and predicted labels are shown.

In this matrix, True Positive (TP) is defined when both actual and predicted labels are

4https://www.cs.cornell.edu/people/pabo/movie-review-data/
Shttp://www.cs.pitt.edu/mpga/
Shttp://www.cs.uic.edu/~1iub/FBS/sentiment-analysis.html

"http://archive.ics.uci.edu/ml/datasets/Sentiment+Labelled+Sentences
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positive, True Negative (TN) when both actual and predicted labels are negative and False
Positive (FP) or False Negative (FN) is defined when the actual label is negative while the
predicted label is positive, or when the actual label is positive and the predicted label is
negative, respectively. For sentiment analysis task, we use accuracy as an evaluation metric,

that is defined as the ratio of correctly predicted samples to total observations:

TP+TN
TP+FP+TN+FN

Accuracy =

Each reported performance value is obtained by averaging that value after running the

programme at the same setting with different random seed initialization, 7 times.

6.3.1 Predictive Performance

In this section we illustrate the performance of the AgrLearn framework for sentiment
analysis task, using benchmark sentence-classification datasets on a widely used deep

learning architecture.

6.3.1.a Deterministic AgrLearn

We train and test CNN, and its respective dAgrLearn counterparts. We use multiple

datasets, and the achieved performances are reported in Table 6.37.

The performance of dAgrLearn on CNN is shown in Table 6.37. The achieved relative
improvement rates with respect to CNN for fold-2 when o = 0 are 7.27% for Movie Review,
6.99% for Customer Review, and 4.40% for Amazon Review. And when « > 0 the relative
improvement rates (RIR) for fold-2 are 8.66% for Movie Review, 7.00% for Customer
Review, and 4.28% for Amazon Review. Similar improvement is observed in the case of
other datasets as well. The results show that the performance of dAgrLearn is superior to

the performance of its corresponding CNN counterpart when it comes to sentiment analysis.
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Table 6.37: Test Accuracy (%) obtained by CNN; its respective dAgrLearn counterpart

and relative improvement rate (RIR) for fold-2 with respect to fold-1

fold-1 fold-2 RIR
Dataset
a=0 a>0la=0 a>0la=0 a>0
Movie Review 73.84 7391 | 79.21 80.31 | 7.27 8.66
MPQA 83.80 &83.90 | 87.21 R&7.34 | 4.07 4.10
Customer Review | 79.88 80.00 | 85.47 &85.6 6.99 7.00
Yelp Review 80.07 &80.19 | 81.67 &81.83 | 2.00 2.05

Amazon Review | 82.10 82.30 | 85.71 85.82 | 4.40 4.28

6.3.1.b Probabilistic AgrLearn

We train and test the CNN and its respective pAgrLearn counterparts. We use multiple
datasets, and the achieved performances are reported in Figures 6.33 - 6.34. In these figures,

fold-2 denotes pAgrLearn and fold-1 denotes the VIB framework.

The achieved relative improvement rates with respect to CNN for fold-2 when a > 0
are 3.82% for Movie Review, 8.63% for Customer Review, and 8.60% for Amazon Review
respectively. And when o = 0 the relative improvement rates for fold-2 are 4.70% for Movie
Review, 7.96% for Customer Review, and 7.71% for Amazon Review. Similar improvement
is observed in the case of the other datasets as well. The results show that the performance
of pAgrLearn (fold-2) is superior to the performance of VIB framework (fold-1) when it

comes to sentiment analysis.
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Figure 6.33: Test Accuracy (%) obtained by CNN, with VIB (fold-1) and pAgrLearn
(fold-2) when o = 0.
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Figure 6.34: Test Accuracy (%) obtained by CNN, with VIB (fold-1) and pAgrLearn
(fold-2) when « > 0.
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Table 6.38:

(t,p)-values for pAgrLearn with respect to CNN on (a) Movie Review, (b)

MPQA, (c) Customer Review, (d) Yelp Review, (¢) Amazon Review.

(a) (t,p)-values for Movie Review

fold-2, a = 0

(4.62,6.24 x 1074)

(3.49,2.53 x 1073)

fold-2, a > 0

(6.74,1.59 x 1079)

(4.56,4.08 x 1074)

Compared with

fold-1, « =0

fold-1, a > 0

(b) (t,p)-values for MPQA

fold-2, v = 0

(7.69,8.34 x 1076)

(9.57,2.86 x 1077

fold-2, o > 0

(8.35,1.61 x 107°)

(10.89,3.62 x 1077)

Compared with

fold-1, a = 0

fold-1, o > 0

(¢) (t,p)-values for Customer Review

fold-2, « =0

(7.67,4.84 x 1076)

(10.83,3.81 x 1077)

fold-2, a > 0

(6.27,3.06 x 1075)

(7.38,7.59 x 1075)

Compared with

fold-1, a = 0

fold-1, a > 0

(d) (t,p)-values for Yelp Review

fold-2, a = 0

(1.89,4.51 x 1072)

(1.97,3.73 x 1072)

fold-2, a > 0

(1.90,4.07 x 1072)

(1.88,4.37 x 1072)

Compared with

fold-1, « =0

fold-1, a > 0

(e) (t,p)-values for Amazon Review

fold-2, o = 0

(3.00, 6.02 x 1073)

(3.57,1.92 x 1079)

fold-2, a > 0

(3.67,2.56 x 1073)

(4.54,4.22 x 107%)

Compared with

fold-1, a = 0

fold-1, o > 0
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In Table 6.38 we also report the t-value and the p-value with respect to CNN. The
reported p-value, for fold-1 and fold-2 when o = 0 is equal to 6.24 x 10™*, and when o > 0
is equal to 4.08 x 10~* for Movie Review. The same behavior is observed with respect to
other datasets. Therefore, we conclude with a high degree of confidence that the results of

fold-2 and fold-1 are significantly different.

6.3.1.c Probabilistic AgrLearn vs Standard Neural Network

Figures 6.35 - 6.36 show the comparison between probabilistic AgrLearn and the standard
neural network for CNN. The standard neural network is simply fold-1 in the dAgrLearn
where there is no aggregation among input objects. The relative improvement rates with
respect to probabilistic AgrLearn for CNN when o = 0 are 6.40% for MPQA, 7.59% for
Customer Review, and 3.78% for Yelp Review respectively. Similar improvement is observed
in the case of other datasets as well. The results show that the performance of probabilistic
AgrLearn is superior to the performance of the standard neural network with respect to

CNN when it comes to sentiment analysis.

6.3.1.d Probabilistic AgrLearn vs Deterministic AgrLearn

We also compare pAgrLearn with dAgrLearn in Table 6.39. The test accuracy in pAgrLearn
with respect to CNN when a = 0 for Customer Review and Amazon Review are 85.94%
and 86.10% respectively. The test accuracy in the dAgrLearn with respect to CNN when
a = 0 for Customer Review and Amazon Review are 85.47% and 85.71%. These results

show the test accuracy in some cases increases more by using pAgrLearn.

6.4 Summary

In this chapter, we investigated the application of AgrLearn framework to image recognition
and NLP. We showed the performance of both classes of the AgrLearn framework (dAgrLearn
and pAgrLearn). We have demonstrated the difference between both classes of the AgrLearn
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Figure 6.35: Test Accuracy (%) for Standard Neural Network (fold-1) and probabilistic
AgrLearn (fold-2) on CNN when a = 0.

|
89.23

Iafold-100f01d-2
86.50 86.8

<
= 83.9 83.98
= A
O 82.3
<
=
S 80.0 80.19
<
)
8
= 76.60

73.9

| |

eﬂ.@« &W Q> eﬂ.\e« ‘2»6‘{\6« e“.\%qq

S N N

&que K)o‘{,&\eﬁ \LQ\Q @(’)OQ
0\36 ?;(,9

Figure 6.36: Test Accuracy (%) for Standard Neural Network (fold-1) and probabilistic
AgrLearn (fold-2) on CNN when a > 0.
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Table 6.39: Test Accuracy (%) obtained by CNN with respective to pAgrLearn and

dAgrLearn model

pAgrLearn | dAgrLearn
Dataset
a=0 a>0la=0 a>0
Movie Review 76.57 76.60 | 79.21 80.31
MPQA 89.16 89.23 | 87.21 &87.34
Customer Review | 85.94 86.50 | 85.47 85.60
Yelp Review 83.10 &83.98 | 81.67 81.83

Amazon Review | 86.10 86.86 | 85.71 85.82

framework, deterministic AgrLearn and probabilistic AgrLearn.We have shown that both
dAgrLearn and pAgrLearn bring significant performance gain to the standard deep network

models in classification tasks.

The results indicate that both dAgrLearn and pAgrLearn show a significant improvement
in performance compared to a standard neural network. In addition, the pAgrLearn
framework has better performance in comparison with the VIB framework. We also
investigated the effect of increasing number of folds, changing the network architectures,
using only a portion of the training dataset, and applying different regularization approaches
in dAgrLearn and pAgrLearn. The results show:

- The model width improves performance in the case of dAgrLearn and pAgrLearn.

- In both dAgrLearn and pAgrLearn, increasing the number of folds improves performance
significantly.

- dAgrLearn and pAgrLearn are robust to data scarcity, therefore they can be appealing
solutions to practical learning problems with inadequate labeled data.

- dAgrLearn and pAgrLearn are compatible with regularization approaches such as MixUp.

The performance of them is boosted by using MixUp and BC Learning techniques.

We also have demonstrated the performance of dAgrLearn and pAgrLearn by applying
them to sentiment analysis tasks. In addition to this, we have shown the superiority of

the pAgrLearn over the VIB framework for sentiment analysis tasks. The application of
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AgrLearn is possible to be extended for other tasks, and models on NLP. It is interesting to
investigate how the AgrLearn framework performs and what additional consideration is

needed in that case.
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Chapter 7

Conclusion and Future Plans

In this chapter, first, we summarize the major contributions of the thesis, and then we

highlight the road-map for future research.

7.1 Conclusion

In this thesis, we have proposed a novel framework which we call Aggregated Learning or
AgrLearn to tackle the problem of learning a neural network classifier. It is a simple and
effective neural network modeling framework, based on information theory. It builds on
an equivalence between IB learning and IB quantization and exploits the power of vector
quantization, which is well known in information theory. We have proposed two classes of

AgrLearn, deterministic AgrLearn (dAgrLearn) and probabilistic AgrLearn (pAgrLearn).

We have demonstrated the effectiveness of the AgrLearn framework through the signi-
ficant performance gain it brings to the current state-of-the-art of deep network models.
We evaluated its performance by applying it to image recognition and natural language

processing (NLP) tasks.

In image recognition task, the results show both dAgrLearn and pAgrLearn perform
better than standard neural networks with respect to ResNet-18, ResNet-34, ResNet-50,
WideResNet-22-10, and VGG-16 neural networks. The pAgrLearn has less time complexity
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in comparison with dAgrLearn. It has better performance than dAgrLearn in some cases
such as ResNet-18. In addition, the performance of the pAgrLearn framework is better

than the performance of the VIB framework.

We have shown that increasing the number of folds significantly boosts the performance
of both dAgrLearn and pAgrLearn. In addition, the width of a network plays a critical role in
their performances. The results showed that both dAgrLearn and pAgrLearn demonstrated
robustness when challenged with data scarcity; therefore, they can be appealing solutions to
practical learning problems with inadequate labeled data. Adding regularization approaches
such as MixUp and BC Learning were also investigated and the results showed that these

techniques boost the performance of both dAgrLearn and pAgrLearn.

In text classification tasks, specifically sentiment analysis, the results obtained from our
simulations show that the performances of both dAgrLearn and pAgrLearn are superior
to that of standard neural networks with respect to CNN. In addition, the pAgrlLearn
performs better than VIB for CNN.

We have established the AgrLearn framework theoretically and we have clearly shown
the superiority of this framework over standard neural networks by conducting extensive
experiments. We should mention the AgrLearn framework can be combined with most of
the other techniques that are used for improving the training of neural networks which are

based on single input and the corresponding output.
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7.2 Future Research Directions

The investigations and conclusions in this thesis give rise to several ideas that can be
considered for future research. One idea for future research is to investigate how we
characterize the interaction between model complexity, fold number, and sample size in

AgrLearn framework.

We have shown that aggregation of inputs provides additional freedom in the architectural
design of networks. This opens up another area of research to investigate how best can

such freedom be exploited.

The successful performance of AgrLearn framework on classification problems is also a
motivation for further research to investigate how this framework behaves in the case of

imbalanced datasets.
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