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Abstract

To any Frobenius superalgebra A we associate an oriented Frobenius Brauer cate-
gory and an affine oriented Frobenius Brauer categeory. We define natural actions
of these categories on categories of supermodules for general linear Lie superalgebras
gl (A) with entries in A. These actions generalize those on module categories for
general linear Lie superalgebras and queer Lie superalgebras, which correspond to
the cases where A is the ground field and the two-dimensional Clifford superalge-
bra, respectively. We include background on monoidal supercategories and Frobenius
superalgebras and discuss some possible further directions.
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Résumeé

Pour chaque superalgebre A, nous associons une catégorie orientée de Frobenius—
Brauer et une catégorie affine orientée de Frobenius—Brauer. Nous définissons des
actions naturelles de ces catégories sur les catégories de supermodules pour les su-
peralgebres de Lie générales linéaires gl,,,,(A) avec des entrées dans A. Ces actions
généralisent celles sur les catégories de supermodules pour les superalgebres de Lie
générales linéaires et les superalgebres de Lie queer, qui correspondent aux cas ou A
est le corps de base et l'algebre de Clifford bidimensionnelle, respectivement. Nous
incluons des informations sur les supercatégories monoidales et les superalgebres de
Frobenius et discutons de certaines autres directions possibles.
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Chapter 1

Introduction

This thesis is an expanded treatment of the material appearing in [18]. We have
included additional details and background information for the less advanced reader.

The oriented Brauer category OB is the free linear rigid symmetric monoidal
category generated by a single object 1. This universal property immediately implies
the existence of a monoidal functor

F: OB — mod-gl,

from OB to the category of right modules for the general linear Lie algebra gl,,. (One
can also work with left modules, but right modules turn out to be easier for this
thesis.) This functor sends the generating object 1 and its dual | to the defining
gl -module V' and its dual V*, respectively. For r > 1, the endomorphism algebra
Endog(19") is the group algebra of the symmetric group on r letters, and the algebra
homomorphism

Endos(1¥") — Endy (V")

induced by F'is the classical one appearing in Schur-Weyl duality. More generally,
Endog(1®" @ [®%) are walled Brauer algebras and the induced algebra homomor-
phisms

Endos(1%" @ 1%°) — Endy (VE" ® (V*)®9)

were originally defined and studied by Turaev [30] and Koike [16].

The rank n of gl, appears as a parameter in OB. In fact, the definition of OB
makes sense for any value of this parameter, i.e. it need not be a positive integer. This
observation leads to the definition of Deligne’s interpolating category for the general
linear Lie groups [9]; this interpolating category is the additive Karoubi envelope of
OB.

The functor F' yields an action of OB on mod-gl,,. More precisely, for a category
C, let End (C) denote the corresponding strict monoidal category of endofunctors and
natural transformations. Then we have a functor

OB — End (mod-gl,),

1



1. INTRODUCTION 2

X F(X)® -,
f=F(f)®-,

for objects X and morphisms f in OB. In [4], this was extended to an action of
the affine oriented Brauer category A0B on mod-gl,,. The category A0B is obtained
from OB by adjoining an additional endomorphism of the generating object 1, subject
to certain natural relations. This additional endomorphism acts by a natural trans-
formation of the functor V ® — arising from multiplication by a certain canonical
element of gl,, ® gl,,. Restricting to endomorphism spaces recovers actions of affine
walled Brauer algebras studied in [22, 23].

In fact, much of the above picture can be generalized, replacing gl,, by the general
linear Lie superalgebra gl ,. Remarkably, one does not need to modify OB or A0B
at all. Here the corresponding Schur-Weyl duality was established by Sergeev [27]
and Berele-Regev [1], while the action of the walled Brauer algebras was described in
[8, Th. 7.8]. The analogue of the functor F' above is described in [10, Th. 4.16]. The
extension of the action to A0B does not seem to have appeared in the literature, but
is certainly expected by experts. For example, it is mentioned in the introduction to
[4].

The affine oriented Brauer category A0B is a special case of more general cate-
gory. The Heisenberg category at central charge —1 was first introduced by Khovanov
[15] as a tool to study the representation theory of the symmetric group. In [17], it
was generalized to arbitrary negative central charge, which corresponds to replacing
the symmetric group by more general degenerate cyclotomic Hecke algebras of type
A. In [2], Brundan gave a simplified presentation of the Heisenberg category Heisy,
at arbitrary central charge k. When k = 0, the Heisenberg category is precisely the
affine oriented Brauer category.

The Heisenberg category has been further generalized in [21, 24, 7] to the Frobe-
nius Heisenberg category Heisy(A) depending on a Frobenius superalgebra A. When
A =k, this construction recovers the Heisenberg category. When k # 0, the category
Heis,(A) acts naturally on categories of modules over the cyclotomic wreath product
algebras defined in [25]. However, actions in the case k = 0 have not yet been studied.
In some sense, central charge zero yields the simplest and most interesting case. For
example, Heis(A) is symmetric monoidal if and only if k£ = 0.

1.1 Original Contributions of the Thesis

In analogy with the A = k case, we call the Frobenius Heisenberg category at central
charge zero the affine oriented Frobenius Brauer category AO0B(A). It contains a
natural Frobenius algebra analogue of the oriented Brauer category, which we call
the oriented Frobenius Brauer category OB(A). Note that the Frobenius Heisenberg
category has been studied in [21, 24, 7] and as such, this central charge zero case is
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not original. However, in Chapter 4, we state and prove a number of relations which
follow from the defining relations of OB(A) and A0B(A). These relations are special
cases of those appearing in [24], but we are able to greatly simplify many of the proofs
for the charge zero case. We define, in Theorems 5.3.4 and 5.3.11, natural functors
OB(A) — smod-gl

A), AO0B(A) — End (smod-gl,,,,(A)),

where smod—g[m‘n(A) denotes the monoidal supercategory of right supermodules for
the general linear Lie superalgebra with entries in the Frobenius superalgebra A.

When A =k, we recover the functors described above for gl,,,, = gl,,,(k). On
the other hand, if A = Clis the two-dimensional Clifford superalgebra, then gl,,,,(Cl)
is isomorphic to the queer Lie superalgebra q(m + n), and our functors recover those
defined in [3]. As in the A = k case, these functors extend Schur-Weyl duality results
for queer Lie superalgebras [28], actions of walled Brauer-Clifford superalgebras [14],
and actions of affine walled Brauer-Clifford superalgebras [3, 12]. In fact, the Clifford
superalgebra is the main example of interest where the Frobenius superalgebra is not
symmetric. Since this case has already been studied in the aforementioned papers, we
assume throughout the thesis that A is symmetric, as this simplifies the exposition.
We have indicated in Remark 4.1.6 the modification that needs to be made to handle
the more general case.

The results of this thesis, and the accompanying paper [18], extend the pow-
erful category theoretic tools that have been used to study the representation the-
ory of general linear Lie superalgebras and queer Lie superalgebras to the setting
of general linear Lie superalgebras over Frobenius superalgebras. For example, in
Proposition 5.3.12, we see that these functors yield central elements in the universal
enveloping algebra generalizing the known generators of this center in the A = k and
A = Cl cases. When A = klz]/(z'), then gl (A) is a truncated current superalgebra
(also called a Takiff algebra when m = 0 or n = 0). In this case, Brauer category
type methods do not seem to have appeared in the literature before.

The functors defined in Theorems 5.3.4 and 5.3.11 and several of the examples
contained in this thesis also appear in the paper, [18]. However, in this thesis we have
included additional details in the proofs of Theorems 5.3.4 and 5.3.11 and several of
the examples. Additionally, we have included the background knowledge necessary to
understand the concepts in this thesis and in [18], as well as proofs for the subsequent
relations in OB(A) and A0B(A). We have also included a review of classical Schur-
Weyl duality and some explanation of the connection to the rest of the thesis, which
does not appear in [18]. The exact content of the thesis is outlined in more detail
below.
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1.2 Overview of the Thesis

In Chapters 2 and 3 we cover the preliminaries such as vector superspaces, superal-
gebras, supercategories, superfunctors, supernatural transformations, and Frobenius
superalgebras. We also introduce (symmetric) monoidal supercategories and string
diagrams. In Chapter 3 we also discuss in more detail some of the examples mentioned
in this introduction such as the two-dimensional Clifford superalgebra (Example 3.2.3)
and the supermatrix ring Mat,,,(A) (Example 3.2.2).

In Chapter 4 we introduce the affine oriented Frobenius Brauer categories and the
oriented Frobenius Brauer categories. We give their definition in terms of generators
and relations and prove a number of relations that follow. As mentioned, these
subsequent relations and their proofs are special cases of those appearing in [24]. We
also note which relations in particular correspond to certain properties of A0B(A)
and OB(A) such as rigidity, pivotality, and their symmetric monoidal structure (only
in the case of OB(A)). We also recall the Basis Theorem for A0B(A) from [7, Th. 7.2].

In Chapter 5 we introduce the category of right gl,,, ,,(A)-supermodules and define
the functors mentioned above in Theorems 5.3.4 and 5.3.11.

Finally, in Chapter 6 we discuss the possible connection of the functors defined
in Theorems 5.3.4 and 5.3.11 to Schur-Weyl duality which is discussed more below.

1.3 Further Directions

In Chapter 6 we review classical Schur-Weyl duality and note the connection to
the functors defined in Theorems 5.3.4 and 5.3.11. We identify some examples of
Frobenius superalgebras where an analogue of the proof of classical Schur-Weyl duality
goes through as well as some examples where it may not.

Some additional possible further directions which we have not explored are listed
below.

1. Interpolating categories. The idempotent completion of OB(A) is a natural can-
didate for an interpolating category for smod-gl,,,,(A), which could potentially
be used to generalize work of Deligne and others in the case n =0, A = k.

2. Frobenius Schur algebras. One should be able to define Schur algebras depending
on a Frobenius superalgebra A such that, when A = k, one recovers the usual
Schur algebras.

3. Cyclotomic quotients. In the cases A = k and A = Cl, cyclotomic quotients of
A0B(A) have been studied in [3, 4]. We expect that many of these results can
be extended to the setting of general Frobenius superalgebras.
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4. Quantum analogues. The quantum Frobenius Heisenberg categories, introduced
in [6], are natural quantum analogues of Frobenius Heisenberg categories. The
special case of central charge zero yields a natural quantum affine oriented
Frobenius Brauer category. When A =k, this is the affine HOMFLY-PT skein
category. Then quantum affine oriented Frobenius Brauer categories should
act on as-yet-to-be-defined quantum enveloping algebras of gl,,,,(A) and yield
Frobenius analogues of the HOMFLY-PT link invariant.

mln



Chapter 2

Monoidal Supercategories

In this chapter we introduce some basic category theoretic concepts and work up
towards symmetric monoidal supercategories. We give a brief overview of string
diagrams in the super setting, which will be needed in Chapter 4 and beyond.

2.1 Introduction to Supercategories

Throughout the thesis we will work over a ground field k. Unadorned tensor products
will be over k.

A k-vector superspace is a k-vector space, V', with a Zs-grading with decompo-

sition
V:VO@VI; O,lGZg.
Note that k itself is a purely even vector superspace.

A nonzero homogeneous element v € V;, has parity given by v =1¢. If v =0, v
is said to be even and if v = 1, v is said to be odd. We can consider the category
of vector superspaces, SVec, where objects are vector superspaces and morphisms are
parity preserving linear maps between them. We say a linear map is even if it is
parity preserving and odd if it is parity reversing.

Definition 2.1.1. A supercategory, C, is a category enriched in §%ec. This means
for each pair of objects, A, B € C, their morphism space, Hom¢ (A, B)_, is a k-vector

superspace and composition is parity preserving, meaning fog = f 4+ g for f €
Hom¢ (B, C), g € Home(A, B).

Example 2.1.2. It is immediate that S%%ec is a supercategory since composition of
even morphisms is again even.

Remark 2.1.3. Fvery category is a supercategory with purely even morphism spaces.

Definition 2.1.4. For supercategories C,D a superfunctor F' : C — D is a pair of
maps on objects and morphisms of C such that
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[ F]-X:1FX fOl"XEC,
e [(gof)=FgoFffor f € Hom¢(X,Y),g9 € Home(Y, Z), and
o Ff=ffor f € Home(X,Y).

Note that the first two conditions above say that F' is a functor from C to D and it
is the third condition that elevates F' from a functor to a superfunctor.

Definition 2.1.5. For superfunctors F,G: A — B, a supernatural transformation
a: F' = G of parity r € Zs is the data of morphisms ax € Homg(F X, GX), for each
X € A such that the following diagram commutes:

() Ff

rFx —-————7 FY

ax J J ay (2.1.1)

GX G—f> GY

that is Gf o ax = (—1)"/ay o F f for each homogeneous f € Hom4(X,Y).

A supernatural transformation a: F = G is a = ag + a1 with each «, being a
supernatural transformation of parity r.

A supernatural isomorphism is a supernatural transformation o where each com-
ponent ary is an isomorphism.

We can define composition of supernatural transformations in two ways. Let
F.G,H: A — B be superfunctors. Let n: F = G,a: G = H be supernatural
transformations. We can define a supernatural transformation o - n: F' = H with
components

(a-n)x:=axonx: FX - HX,

for X € A where o is regular morphism composition in the category B. This is known
as vertical composition:

Now let F,G: A — B, H, K: B — £ be superfunctors. Let n: F = G, a: H =
K be supernatural transformations. We can define another composition an: Ho F' =
K o GG with components

(Oé’l])X = OéG'XOH(T])() HFX — KGX,
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for X € A, which is called horizontal composition:

G K /KOG\
A 77 B a E = A an &

A natural question to ask is do these compositions commute. If we first compose
vertically and then horizontally we have

H il /H'OH\
A—¢ ﬂ , B —¢ ﬂ y € = A (@) (an) £
F F F'oF

o e H'oH
A—C ﬂ y B —< ﬂ y & = A (@) £ .
F B FloF

It turns out that the compositions commute up to a sign such that

(@'a) - (1fn) = (=1)*" (- 1) (- ).

For simplicity, we assume that each supernatural transformation, «, o', n,n" is homo-
geneous and then we can extend by linearity. Recall that by supernaturality of 7/, for
X € A we have G'(ax) onpx = (—1)" X0y x o F'ax where r = /. Note also that by
definition ax = @ so that (—1)x = (—1)*". We have

((a/a) - (1)) = (aa)x o (n'n)x
= Oé}lx © G,(QX) © 77/GX © F,(UX)
= (—1)*"a’HX o1jj;x o F'(ax) o F'(nx) (2.1.2)
= (=1 (&' -7 )ux o F'((a - n)x)

(=17 (o 1) 1)) -
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Definition 2.1.6. A monoidal category is a category C equipped with a tensor prod-
uct ® : CxC — C and a unit object 1 such that for all A, B, C, D € C there are natural
isomorphisms with components as g : AQ(BRC) - (AQB)RC, Ag: I® A — A,
and p4q : A® 1 — A such that the following diagrams commute:

OéA}By (A®B)®<C®D) wB,C,D

A® (B® (C® D)) (A B)@C)® D (2.1.3)
la®agcp J [ aa e ®1p
A® (B®C)® D) Sy (A® (B®C))® D
&A1,B

AR (1®B) — (A®1)®B

. (2.1.4)
1y ® Ap pa®1p

A®B

These commutative diagrams are called the coherence conditions.

If a, A, p are identities then C is called a strict monoidal category. To show a, A, p
are identities, it suffices to show that for all objects A, B,C € C, A® (B® C) =
(A B)®C, A®1 = A =1® A and that for all morphisms f,g,h € MorC,
fR(geh)=(f®g)®hand f®id; = f =id; ®f.

A monoidal supercategory is a supercategory with a superbifunctor ® : CxC — C
and unit object 1 subject to the same coherence conditions as above.

In a strict monoidal supercategory the coherence maps are again identities. More-
over, in a strict monoidal supercategory composition of morphisms is given by

(f@g)o(h@k)=(~1)"(foh)® (gok). (2.1.5)

Equation (2.1.5) is known as the superinterchange law. For more on monoidal
supercategories, see [5]. Also note that (2.1.5) agrees with (2.1.2).

Example 2.1.7. The category of vector superspaces is a monoidal supercategory
with tensor product of vector superspaces and unit object k, the even one-dimensional
vector superspace.

Definition 2.1.8. A monoidal category C is called symmetric if there is a natural
isomorphism called a symmetric braiding with components sy p: A® B - B® A for
A, B € C such that the following diagrams commute
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Sa,1
A1 1® A
, 2.1.6
p\ /A ( )
A
S ®1
(AeB)oC 222°% (BgA)eC
QA B.C Qap AcC
A® (B C) B®(A®O) , (2.1.7)
SA,BRC 1B X SA,C’

1
A® B AeB A® B
\\\\\ ///// . (2.1.8)
SA,B SB,A
B A

If we exclude the last diagram, so that we do not require sp 4 0 s4p = lagp but
still have that A ® B is naturally isomorphic to B ® A, we have a braided monoidal
category instead.

Example 2.1.9. The category of vector superspaces is a symmetric monoidal super-
category with symmetric braiding given on homogenous elements by

VoW WV,
VR W (—1){’Ew ® v,
and extended by linearity.

Definition 2.1.10. Let C and D be two monoidal supercategories with tensor prod-
ucts ®c, ®p and unit objects 1¢, 1p respectively. A monoidal superfunctor is a su-
perfunctor F': C — D with an even supernatural isomorphism

dxy: FX@p FY - F(X ®cY)
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for X,Y € C and an even invertible morphism
t:1p = F 1c

such that the following diagrams commute:

QFX FY,FZ
(FX ®p FY)®p FZ————"3FX @p (FY ®p FZ)

oxy @p lpz lpx ®@p ¢y z
F(X®:Y)®p FZ FX ®p F(Y ®¢ Z) , (2.1.9)

¢X®CY,Z ¢X,Y®CZ

F(X®cY)®c Z) m F(X ®c (Y ®c 2))

L 1
Lp@p FX “22 Y by o0 FX

)\FXJ( JQMC,X , (2.1.10)

FX ¢———— F(l¢®c X)
Fy

lpx @
FX &plp 2X2PL X @p Flp

,OFX{ J (bX,]lc ) (2]‘1]‘)

FX +———— F(X ®c L)
Fpx

where A, p, a are as in Definition 2.1.6. A monoidal superfunctor is called strict if

¢xy and ¢ are identities.

2.2 String Diagrams

We will give a brief overview of string diagrams in both the classical and super setting.
For another overview see [26], for more details see [29, Ch. 1, 2|, and see [5] for the
super setting.

String diagrams are a way to visually represent morphisms in a monoidal super-
category. For a morphism f € Hom¢(X,Y) we can represent it as
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Y

?

X

so that we read diagrams from bottom to top. When it is obvious or unimportant,
we omit the labels at the top and bottom of the diagram. We represent the identity
morphism by an empty strand

Y

X

We represent composition by vertically stacking

@
-G

and we represent the tensor product by horizontal juxtaposition

ZRopel]

Due to the super interchange law, (2.1.5), we need to be careful about the height
of morphisms in our diagrams:

bbb - wp O e

Instead of representing a morphism by a coupon, we may occasionally represent
it in other ways. For example, by orientation of a strand, a crossing, a token or dot:

G

In this thesis our morphisms will be represented by orientation and various decorations
on strands as pictured above.



Chapter 3

Frobenius Superalgebras

In this chapter we introduce the concepts of superalgebras as well as Frobenius alge-
bras. We provide some motivating examples such as the superalgebra of supermatrices
and the two-dimensional Clifford superalgebra.

3.1 Superalgebras

Recall the definition of a vector superspace given in Chapter 2. We can consider
applying a similar grading to an algebra to obtain a superalgebra.

Definition 3.1.1. An associative superalgebra, A, over a field k is a k-vector super-

space with decomposition
A=Ay Ay

such that A;A; C A;;;. For homogeneous elements a,b € A, ab=a+b.
A superalgebra is said to be symmetric if for all homogeneous a,b € A, ab =
(—1)%ba.

In the remainder of the document, whenever we discuss the parity of an element,
a, we assume a € A is homogeneous. We also give definitions on homogeneous
elements and extend by linearity.

For superalgebras A = Ay ® A; and B = By ® By, multiplication in the superal-
gebra A ® B is defined by

(d @b)(a®V) = (—1)"da® bl (3.1.1)
for a,a’ € A, b,V € B.

Definition 3.1.2. The center Z(A) is the subalgebra of A generated by all homoge-
neous a € A such that

ab = (—1)®ba, for all homogeneous b € A (3.1.2)

13
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Definition 3.1.3. The cocenter C'(A) is the quotient of A by the subspace spanned

by ab— (—1)®ba for all homogeneous a,b € A. Note that in general C(A) is a vector
superspace, and not a superalgebra. For a € A, we let a denote its canonical image

in C(A).
Example 3.1.4. Fix m,n € N. For 1 <1i < m + n, define p(i) € Zy by

0 ifi<i<m
) = - =7 3.1.3
p(7) {1 ifm+1<i<m+n. ( )

For a superalgebra A, let Mat,,,,(A) be the ring consisting of (m + n) x (m + n)
matrices with entries in A, where multiplication is given by matrix multiplication.
We can equip Mat,,,(A) with a Z,-grading which is defined as follows. For a € A
and 1 < i,j < m+n, let ai;) € Maty,,(A) denote the matrix with a in the (4, j)
position and 0 in all other positions. Then, for homogeneous a € A, we define

ag,y) = a+p(i) + p(J).

Since it is straightforward to see Mat,,,(A) is a vector superspace over k, to see
it is a superalgebra we only need to verify the multiplication respects the Z, grading.
Recall for 1 <i,j,7,s < m 4+ n and homogeneous a,b € A, we have

ai,j)(rs) = 05 (ab) (i,5)-

Since the zero matrix is both even and odd, we only need to consider the case when
j =r. Then we have

—~

ab) (i,s)
b+ p(i) + p(s?

_l’_
+p(i) +p(j) + b+ p(j) + p(s)
a(ij) + b(j,s)-

aj)bis) =

Il
Ql

I
U

Example 3.1.5. The two-dimensional Clifford superalgebra Cl := {c: ¢®* = 1) is a
superalgebra with decomposition given by k @ ke with ¢ = 1. It is straightforward to
see the multiplication respects the Z,-grading since ¢ = 1.

3.2 Introduction to Frobenius Superalgebras

Definition 3.2.1. Let tr : A — k be a linear map. Let B be a basis for A. Then A
is said to be a Frobenius superalgebra if there exists a dual basis, BY := {b" : b € B}
with respect to tr. That is:

tr(b¥c) = 0y, b,c € B.
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Moreover, A is a symmetric Frobenius superalgebra if
tr(ab) = (—1)* tr(ba)

for all homogeneous a,b € A. For a (not necessarily symmetric) Frobenius super-
algebra, one can show that there is an automorphism ¢ of A, called the Nakayama
automorphism (see [19, Sec. 2]), such that tr(ab) = (—1)% tr(by)(a)).

Note that traces are not unique (see Example 3.2.3) and in the non-super case,
any two traces are related by multiplying by an invertible element. For the super
setting see [20, Prop. 4.7].

The supertrace, str, of a matrix, M = (m; ;) € Mat,,,,(A4), is given by

m+n

str(M) = > (1) my,.

=1

Mo Mo
Mo M11) € Maty,(A), where Moo

ism xm, My is m X n, Mg is n X m and M is n X n, then

If we write M as a block matrix instead, M = <

Str(M) = TI'(MO()) — TI'(Mll)
where Tr is the usual trace of a matrix.

Example 3.2.2. For a symmetric Frobenius superalgebra A with trace map tr, the
superalgebra Mat,,,(A) is a symmetric Frobenius superalgebra with trace

tIppn = trostr: Mat,,,(A) =k,
agig) = 0y (1) tr(a),

for 1 <i,j <m-+mnandaé€ A
First note that if B, is a basis for A then Mat,,,,(A) has basis

Bm|n = {b(i,j) beBy, 1<, <m+ n} (3.2.1)
and we claim that '
(big)" = (=1)PVb); ). (3.2.2)

is a left dual basis. Note that, here and in what follows, we adopt the convention
that we apply the symbol V before considering subscripts. Thus, for example, bz/i 5=
(bY)(ij)- We have

g (b)) Crs)) = T (= 1)PI 4y o)
= Ty (1?96, (6"¢) j.5))
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= (_1)p(j)§i7r(;j7$(_1)p(j) tI‘(b\/C)

= 5i,r6j,s tr(va) = 6i,r5j,séb,c
as desired. The fact that tr,, is symmetric follows from the fact that tr is symmetric.
Thus Matmm(A) is a symmetric Frobenius superalgebra with trace map, tr,,,. Note

that Mat,,,,(A) is also a Frobenius superalgebra with trace map tr o Tr, where Tr is
the ordinary matrix trace, with dual basis given by

To see this simply remove all the signs in the previous calculation and replace str
with Tr. However, it is not symmetric since in particular for 1 < 4,5 < m + n with
p(i) =1 and p(j) = 0 we have

troTr(l(i7j)l(j7i)) = troTl"((l)(m))
= tr(1)
while
(=)l 60 tro Te(l L) = (=17 er(1)
= —tr(1).

Example 3.2.3. The two-dimensional Clifford superalgebra, Cl, is a Frobenius super-
algebra. Here, up to scalar multiple, we have two choices for homogeneous tr : Cl — k
which are defined on the basis and extended by linearity. We have parity preserving:

tro(1) = 1 and tro(c) =0,

or parity reversing:
try(1) = 0 and try(c) = 1.

Note that if we choose try, Cl is a symmetric Frobenius superalgebra since we have
try(c- 1) = (=1) try(1- ¢),
tri(1-1) = (=) try(1-1)
tri(c-c) = (—1)55tr1(c - ).

However, if we choose trg, this is not the case since in particular

tro(c-c) = trg(1) =1 # —1 = (=1)°tro(c - c).

With trg, we see that Cl has nontrivial Nakayama automorphism given by 1(c) = —c¢
so that

tro(c-c) = tro(1) = 1 = (=1)°tro(c - ¥(c)).
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In the remainder of the document A will denote a symmetric Frobenius superal-
gebra with parity preserving trace map tr: A — k. Thus

tr(ab) = (—1)® tr(ba) = (—1)*tr(ba) = (—1)"tr(ba), a,b € A, (3.2.3)

where the second and third equalities follow from the fact that tr(ab) = 0 unless
a = b. The definition of a graded Frobenius superalgebra gives that A possesses a
homogeneous basis B4 and a left dual basis {b" : b € B4} such that

tr(bYc) = dpe, b,c € By, (3.2.4)

It follows that, for all a € A, we have

a= Z tr(bYa)b = Z tr(ab)b”. (3.2.5)

beB 4 beB A

Note that b = b¥, and that the left dual basis to {b : b € B4} is given by
(6")Y = (=1)". (3.2.6)
Lemma 3.2.4. For all homogeneous a,c € A, we have
> (=Dfabe @b’ = (-1 Y (~1)"*b @ cbVa. (3.2.7)
beB 4 beB 4
Proof: = We have
Z (—1)*abc@b" (329 Z (=1)% tr(e¥abc)e®b? = Z (=) e@tr(ce ab)b

beEB 4 b,e€B 4 b,eeB 4
(3.2.5)

= (—1)aé Z (—l)éée ® ce’a,

e€eBa

where, in the second equality, we used the fact that tr(eabc) = 0 unless e+a+b+c=0
to simply the exponent of —1. |

Remark 3.2.5. Taking ¢ =1 in Lemma 3.2.4 we have
dabebt' =) beb'a (3.2.8)
beB beB

Similarly, taking a = 1 we have

ST(=DFbe@b’ => (1) b b (3.2.9)

beB beB



Chapter 4

Affine Oriented Frobenius Brauer
Categories

In this chapter we introduce our main object of study: the affine oriented Frobenius
Brauer category and the oriented Frobenius category contained within it. As men-
tioned in Chapter 1, A0B(A) is the charge 0 case of Heis,(A) studied in [21, 24, 7].
However, in our & = 0 case the category is symmetric monoidal. In this chapter
we define 40B(A) and OB(A) in terms of generators and relations and prove some
additional relations. We also discuss some of the properties of A0B(A) and OB(A)
such as rigidity, pivotality and the symmetric monoidal structure. We also recall the
basis theorem for A0B(A) from [7].

4.1 Definition

The affine oriented Frobenius Brauer category is the central charge k = 0 case of the
Frobenius Heisenberg category Heisy(A) introduced in [24] and further studied in [7].

Definition 4.1.1. The oriented Frobenius Brauer category OB(A) associated to the
graded Frobenius superalgebra A is the strict graded monoidal supercategory gener-
ated by objects 1 and | and morphisms

><:T®T%T®T,$ﬁ:T%T,a€A

U:]l—>¢®T, m: +@ | =1,

subject to certain relations. We refer to the decorations representing }\a ,a € A, as

tokens. The parity of % is a, and all the other generating morphisms are even. We

impose the following relations:

18



4. AFFINE ORIENTED FROBENIUS BRAUER CATEGORIES 19

1. Affine wreath product algebra relations:

% :w (4.1.1) A% M% z%wb L (412
ZI:% | 413 ><:>< , (4.1.4)

2§< _ >§§ (4.1.5) 2{ = W W (4.1.6)

for all a,b € A, A\, u € k. It follows from (4.1.1) to (4.1.3) that the map

A%Enng@(A)(T), a»—f{a ,

is a superalgebra homomorphism and, also using the super interchange law, that

4 Tb — { {b = (—1)% T L} o (4.1.7) >< = >< (4.1.8)

for a,b €

2. Right adjunction relations: We impose the following relations:

N = I (4.1.9) m = J (4.1.10)

3. Inversion relation: The morphism

XXy s
1L ¥l e

The inversion relation means that there is another generating morphism that is
inverse to the right crossing:
We also define the left cups and caps
wzztj, m::Q, (4.1.13)
and the downward crossing:
>< - Dﬂ (4.1.14)

is invertible so that
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Remark 4.1.2. The oriented Frobenius Brauer category can equivalently be described
as the strict k-linear monoidal category generated by 1,1, and morphisms

ok U O U N

subject to (4.1.1) to (4.1.3), (4.1.5), (4.1.6), (4.1.8) to (4.1.10) and (4.1.12) as well as

- (4.1.15) = . (4.1.16)

In this case, the left crossing is defined as

>< - O{j . (4.1.17)

From the imposed relations above we are able to deduce a number of others,
which are detailed in Section 4.2. Define the teleporter

H N M &= ﬁ LV " bEXB:A b& % : (4.1.18)

We do not insist that the tokens in a teleporter (4.1.18) are drawn at the same
horizontal level. The convention when this is not the case is that b is on the higher
of the tokens and b" is on the lower one. We will also draw teleporters in larger
diagrams. When doing so, we add a sign of (—1)%" in front of the b summand in
(4.1.18), where y is the sum of the parities of all morphisms in the diagram vertically
between the tokens labeled b and bY. For example,

LA

This convention ensures that one can slide the endpoints of teleporters along strands:

|- P-4 -4

We are able to set many of these conventions as a consequence of the trace map, tr.
For example, it follows from (3.2.7) that tokens can “teleport” across teleporters in
the sense that, for a € A, we have

Ho=H H-H R R e

where the strings can occur anywhere in a diagram (i.e. they do not need to be
adjacent). The endpoints of teleporters slide through crossings and they can teleport
too. For example we have

KA TR
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Definition 4.1.3. The affine oriented Frobenius Brauer category AOB(A) associ-
ated to the graded Frobenius superalgebra A is the graded monoidal supercategory

obtained from OB(A) by adjoining an even generator %: 1T—7, which we call a dot,

subject to the relations

><_><:H, i:f aeA (4.1.21)

It follows that we also have the relation

P

Remark 4.1.4. If A is Z-graded where deg(tr) = —da, the categories OB(A) and
AO0B(A) are also naturally Z-graded where the degrees of the generating morphisms
are as follows:

deg ($a ) = deg(a), deg (<) = deg (\J) = deg () = 0.
All of the results of this thesis hold in the Z-graded setting.

Example 4.1.5. As noted in the introduction, when A =k, the categories OB(k) and
A0B(k) are the oriented Brauer and affine oriented Brauer categories, respectively;
see [4]. The endomorphism algebras of OB(k) are oriented Brauer algebras, which are
isomorphic to walled Brauer algebras.

Remark 4.1.6. The definitions of OB(A) and AO0B(A) can be generalized to allow
for A to be a (not necessarily symmetric) Frobenius superalgebra with trace map of
arbitrary parity. The only change to the relations is that the parity of the dot is equal
to the parity tr of the trace map (i.e. the dot is odd if the trace map is parity reversing)
and the second relation in (4.1.21) becomes

“F= ()" {0 . a€A4,

where ¥ is the Nakayama automorphism. (This level of generality was considered in
[24].) With this modification, we can take A to be the two-dimensional Clifford super-
algebra Cl; see Example 3.2.3. Then OB(Cl) and A0B(Cl) are the oriented Brauer—
Clifford and degenerate affine oriented Brauer—Clifford supercategories, respectively,
introduced in [3].

For n > 1, we denote the n-th power of % by labelling the dot with the exponent

=t

n:
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We adopt the following conventions for bubbles with a negative number of dots:

,,@a = —6,_1 tr(a), (4.1.23)
o yr = b 1tr(a), (4.1.24)

forr <0 and a € A.

4.2 Subsequent Relations

The following relations and their consequences are a result of the above imposed
relations on OB(A) and A0B(A). Relations not involving dots hold in both A0B(A)
and OB(A) while the dotted relations hold only in A0B(A).

4.2.1 Rigidity

A rigid category is a monodial category where every object has a left and right dual.
The right adjunction relations, (4.1.9) and (4.1.10), tell us that | is right dual to 7.
We also have left adjunction relations and so | is left dual to 1 and OB(A) is a rigid
category. Before showing the left adjunction relations we will need a number of other
relations which all follow from the defining relations.

Lemma 4.2.1. The right pitchfork relations hold:

>U = \5{ (4.2.1) ><j =
h - /7< (4.2.3) >§\ =

Proof:  To see (4.2.1) we have

SRR

The remaining right pitchfork relations can be verified similarly. i

(4.2.2)

X,
Q< . (4.2.4)

We also have left pitchfork relations.

Lemma 4.2.2. The left pitchfork relations hold:

>U = U< (4.2.5)
}(\ = [7< (4.2.7)

(4.2.8)

= U< , (4.2.6)
[?< .

5 C
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Proof:  To verify (4.2.7) we first claim that

%:Im (4.2.9)
We have
pree e of wQuen

This completes the proof of (4.2.9). Now we have

N Tl

The proof of (4.2.8) is similar and (4.2.5) and (4.2.6) follow from Lemma 4.2.16. 1

In Definitions 4.1.1 and 4.1.3, we define the left cups and caps as right cups and
caps with crossings, in fact, we can view the right cups and caps in a similar way.

Lemma 4.2.3. The following relations hold:
Q:m, (4.2.10) ES:U (4.2.11)

Proof:  To see (4.2.10) we have

QN

(4.2.11) follows from Lemma 4.2.16. i

Now we can verify the left adjunction relations.

Lemma 4.2.4. The left adjunction relations hold:

m - J (4.2.12) m = W (4.2.13)

Proof: To see (4.2.12) we have

= iy |

(4.2.12) follows by Lemma 4.2.16. i
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4.2.2 Pivotality

A pivotal category is a rigid category with a natural isomorphism *(—) = (—)*, where
*(—) is the left dual functor sending each object and morphism to its left dual and
(—)* is the right. In a strict pivotal category the above natural isomorphism is in
fact the identity. In Section 4.2.1 we saw that | is left and right dual to 1, so to see
that OB(A) is strictly pivotal, we need to verify that the left and right dual of each
generating morphism are equal.

To this end we have the rotation relations. For all a € A,

— m - m (4.2.14) % = m = m (4.2.15)
>< Dﬂ D@ (4.2.16)

Note that in (4.2.14) to (4.2.16) we take the first equalities as definitions and prove
the second equalities in Lemma 4.2.11. These definitions give us tokens and dots, in
addition to crossings, on downward strands.

Lemma 4.2.5. For alla € A,

U= =) 2 k) = LG ) = (3 G

Proof: The first relation in (4.2.17) can be verified as follows

U e

To see the first relation in (4.2.18) we have

@ (4.2.14) A (4.1.9) U“

The remaining relations follow from Lemma 4.2.16. |

Lemma 4.2.6. There is an anti-homomorphism of superalgebras
A= End), aw f , (4.2.19)

that is, a homomorphism

A — (End )
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Proof: It suffices to show

We have

“ (4.2.18) (4.1. 10) ca -
_ it ac — (—1)%4 ca
e o) -

Attaching right caps to the top and right cups to the bottom of the affine wreath
product algebra relations gives the following relations for all a € A:

3§< >§Z (4.2.20) K _ >§i (4.2.21)

32 J J (4.2.22) % - % , (4.2.23)
o= e =L aey
>< _ >< (4.2.26) >< _ >< S (227)

XK XXR e
e e S

In addition to the above downwards and right crossing relations, we have some
similar ones for left crossings.

Lemma 4.2.7. We have

>< _ >< , (4.2.32) ’>< = >< : (4.2.33)
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Proof:  To prove (4.2.32), first compose (4.2.24) on the top and bottom with the
left crossing as follows

Then using (4.1.12) on the top left and bottom right we have

as desired. The proof for (4.2.33) is similar beginning instead with (4.2.25). i

Now we can show tokens can slide over left caps and cups.

Lemma 4.2.8. The left cup and cap token slide relations hold:

o) =T, (4.2.34) fo) = [, (4.2.35)

Proof: We prove the cap version and the cup version is similar. We have

aﬂ (4.1.13) 9 (4.2:.33)Q (4.2.18) Q (4.2:.32)Q (4.1:.13)ma

We have similar results involving dots.

Lemma 4.2.9. The left dot slide relations hold:

>< - >< :%, (4.2.36) >< - >< - % (4.2.37)

Proof: = We prove (4.2.37), since (4.2.36) is similar. Composing (4.2.28) on the top
and bottom with we have

(4.1.12)

- = — - .
(4.1.13)
(4.2.18)

Now we can show that dots can slide over left cups and caps:
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Lemma 4.2.10. The left cup and cap dot slide relations hold:

L) =14, (4.2.38) £Y=[1. (4.2.39)

Proof: =~ We prove (4.2.39), since (4.2.38) is similar. We have
ﬂ (4.1. 13) (4.2. 37)
(4.2.17)
(4.2.35)
2.34) ;z N (4.2336) ;2 (4.1.13) m '

Lemma 4.2.11. The rotation relations, (4.2.14) to (4.2.16), hold.

m (4.2:35) m (4212

Similarly, (4.2.15) follows from (4.2.12) and (4.2.39) and (4.2.16) follows from (4.2.8)
and (4.2.12). i

Proof: We have

4.2.3 Symmetric Monoidal Structure

We have seen that for a number of our defining relations, they actually hold for all
orientations. This is also the case for the braid relations.

Lemma 4.2.12. We have the alternating braid relation:

2§< = >§ . (4.2.40)

Proof: We start with (4.2.21) and attach crossings to the top left and bottom
right pairs of strands to obtain

é’ i g/ wass
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Using (4.1.12) on the bottom left and the top right, (4.2.41) becomes

K

Remark 4.2.13. We now have the braid relations for all orientations

E§< - >§§ (12.42)

Remark 4.2.14. The oriented Frobenius Brauer category, OB(A), is a symmetric
monoidal supercategory with symmetric braiding, s, giwen by the obvious diagram
crossing. For example, for A =111 and B =[11l, saep is given by

To see OB(A) is symmetric, note that diagram (2.1.6) follows immediately and (2.1.8)
follows from (4.1.6), (4.1.12) and (4.2.22). Diagram (2.1.7) follows from associativ-
ity of the tensor product and supernaturality of the symmetric braiding follows from
(4.1.4), (4.1.8), (4.2.24) to (4.2.27), (4.2.32), (4.2.33) and (4.2.42).

Remark 4.2.15. The affine oriented Frobenius Brauer category, A0B(A) is not sym-
metric monoidal. In particular, rewriting

><, >< (4.2.43)

using the basis Do(11,11) from Theorem 4.3.1, as well as (4.1.21), we have

X X

respectively. Then, we can conclude the two diagrams in (4.2.43) are not equal since
the coefficients are distinct when written in the basis and so A0B(A) is not symmetric
monoidal.

Lemma 4.2.16. There is an isomorphism of monoidal categories

o

w: AOB(A) = A0BP(A) (4.2.44)
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interchanging the objects 1 and | and defined on the generating morphisms by

X =05 oot 1
ey (=
Proof: The functor w preserves the affine wreath product algebra relations, the

right adjunction relations, and the inversion relations by (4.1.12), (4.2.12), (4.2.13),
(4.2.19), (4.2.22), (4.2.23), (4.2.27), (4.2.31) and (4.2.40). By (4.1.9) and (4.1.10) we

XX b (]

For example, to see ia — %a note that

()-+(18)-

Thus w? = id. Hence w is an isomorphism. i

Diagrammatically, w reflects diagrams in the horizontal axis, and then multiplies

by (—1)<g)+k , where k is the total number of crossings appearing in the diagram and
n is the number of odd tokens. Note that (4.1.23) and (4.1.24) are compatible with
the action of w.

4.2.4 Bubble Slide and Infinite Grassmanian Relations

We can generalize each of the dot slide relations, (4.1.22), (4.2.28) to (4.2.31), (4.2.36)
and (4.2.37) for an arbitrary number of dots. We give the proof for (4.1.21) and the
rest are similar. These general relations are needed in the proof of the bubble slide
relations, (4.2.49) and (4.2.50).

Lemma 4.2.17. The following generalization of (4.1.21) holds for a € A and t > 1:

% _ >< _ WO H (4.2.45)

r4+s=

Proof: =~ We proceed by induction. In the case t = 1 we arrive at (4.1.21). Suppose
the result holds for ¢ > 1. We have

KA =X =K
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where the third equality comes from our induction hypothesis. |

For any homogeneous a € A, we define

at =" (—1)"babd”, (4.2.46)

beB 4

which is well-defined independent of the choice of the basis B4. First we prove the
curl relations, which are needed in the proof of (4.2.49) and (4.2.50).

Proposition 4.2.18. For all r > 0, we have the curl relations:

s r—s—1
@D{ = @i Co@2dn (O ==  (42.48)
s>0 5>0

Proof:  First note that the sums in these relations are indeed finite since by (4.1.23)
and (4.1.24), the bubbles will be 0 whenever s > 7.

We have
2. k
Q¥ £ Y

k,s>0
k+s=r—1

k>—1,s>0
k+s=r—1



4. AFFINE ORIENTED FROBENIUS BRAUER CATEGORIES 31

Z r—s—1

>0 s

Placing an upward strand on the right, joining the bottom of the two rightmost
strands with a right cup, and using (4.1.9) gives (4.2.47). Relation (4.2.48) is obtained
similarly. |

Note that taking r = 0 in (4.2.47) and (4.2.48), using (4.1.23) and (4.1.24), we arrive
at (4.1.15) and (4.1.16) from the alternate definition of OB(A) in Remark 4.1.2.

Proposition 4.2.19. We have the bubble slide relations:

W@ - @W -3 Hm@%it , (4.2.49)

5,620

@I:I@a -3 +imt2 . (4.2.50)

s,t>0

Proof:

It suffices to prove (4.2.50), since then (4.2.49) follows by applying w from
Lemma 4.2.16, placing upward strands to the left and right of all diagrams, con-
necting the tops of the two leftmost straight strands with a right cap, connecting
the bottoms of the rightmost strands with a right cup, and using (4.1.9), (4.2.17)
and (4.2.18). We have

(4.1.22) . (—1)*ba
G (4.217) (4.23) (4.1.4) a r—1-k
' ‘) (125 ° (4.2.18) vt g
(t o (4.2.17) k=0 bEB4 Bv
(4.1.21)
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= r—s—t—2 .
s+t
st>0

where, in the last equality, we changed the summations over k£ and j to summations
over s and t where s+t =171+ j —k — 1 (using (4.1.23) in the process). i

Proposition 4.2.20. We have the infinite Grassmannian relation:

> QHQ — —d0tr(ab)Ly, (12.51)

r4+s=n

Proof:  First note that the sum is finite since by (4.1.23) and (4.1.24), whenever
r < 0or s <0, the left and right dotted bubbles will be 0, respectively. Thus we are
only summing over non negative r and s and are bounded above by n.

By (3.2.7), we can consider the case when b = 1. When n = 0, the left of (4.2.51)
becomes

By (4.1.23) and (4.1.24), this becomes

—Ztr (ab) tr(bY) = (Ztr (ab)b > G292 —tr(a)

beB beB

as desired. When n > 0, we have

(4.1.19)
42‘35)
>+ OOuan OO+ OO + 3 -0
r+s=n r rs>1, .
r—l—s n
(4.2.18) v
Sy 2 0l O = 30O + 3 OO
(4.1.24) I‘ ¢ Z I‘ Z
(4.2.35) bGBA n—1  bEBa n—1 :fs>ln e
(4.2.18)
= n—1 a — n— 1
wzn O o+ 2 OO
r,s>1,
r+s= n
4.1.12
O OO
n—1 r,s>0,
r+s=n—2
4.1.13
( — ) 8 Z C}—Q — n— 1@
" rs>0
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4.3 The Basis Theorem

We next recall the basis theorem for A0B(A).

We define Sym(A) to be the symmetric superalgebra generated by the vector
superspace C'(A)[x], where x here is an even indeterminate. Recall that for a € A, we
let @ denote its canonical image in C'(A). For n € Z and a € A, let e,,(a) € Sym(A)

denote
0 if n <0,

en(a) == < tr(a) ifn=0, (4.3.1)
ax™ ' if n > 0.
Since tr is parity-preserving, this defines a parity-preserving linear map e,: A —

Sym(A). By [7, Lem. 7.1], for each n € Z there is a unique parity-preserving linear
map h,: A — Sym(A) such that

Z Z )er(ac)hy—s(c’b) = b, 0 tr(ab), for all a,b € A (4.3.2)

r+s=nceBy

and h,(a) =0 for a € A and n < 0.

In the special case that A = k, Sym(A) may be identified with the algebra
of symmetric functions so that e, (1) corresponds to the n-th elementary symmetric
function and h, (1) corresponds to the n-th complete symmetric function.

We have a homomorphism of superalgebras

B: Sym(A) — Endaosa) (1),
enla) — (—=1)" 1 a<>nfl ; (4.3.3)

(
hn(a) — n- 1@a, n>1.

To see this is a superalgebra homomorphism, since the e,(a), h,(a) generate
Sym(A) as a superalgebra and (4.3.2) allows us to write the h,, in terms of the e, it
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suffices to show (4.3.2) holds in Endaos(4)(1). Under §, we have that

SN Ceaoh (@) = S0 ST 1y (=1 e Soen 1 e

r4+s=nceBy r4+s=nceBy
i 2 (O
(4.1.3)
(4.2.35) TTs=n r—1  s—1
(4.2:.51)—571,0 tr(ab) ]_1
as desired.

Let X = X, ®---®@X;and Y =Y, ®--- ®Y; be objects of A0B(A) for
X, Y, e {1,1}. An (X,Y)-matching is a bijection between the sets

{i: X;=t}u{j:Y,=l} and {i:X,=l}U{j:Y,;, =1}

A reduced lift of an (X,Y)-matching is a string diagram representing a morphism
X — Y such that

e the endpoints of each string are points which correspond under the given match-
ing;
e there are no floating bubbles and no dots or tokens on any string;

e there are no self-intersections of strings and no two strings cross each other more
than once.

For each (X,Y’) matching, fix a set D(X,Y") consisting of a choice of reduced lift for
each (X,Y)-matching. Then let D.(X,Y) denote the set of all morphisms that can
be obtained from the elements of D(X,Y’) by adding a nonnegative number of dots
and one element of B4 near to the terminus of each string (i.e. such that there are
no crossings between the terminus and the dots and elements of B 4).

Using the homomorphism § from (4.3.3), we have that, for X,Y € A0B(A),
Hom aog(4)(X,Y) is a right Sym(A)-supermodule under the action

#0 = p® B(0), ¢ < Homaopa)(X,Y), 6 € Sym(A).

Theorem 4.3.1 ([7, Th. 7.2]). For X,Y € AOB(A), the morphism space Hom gog(4)(X,Y)
is a free right Sym(A)-supermodule with basis Do(X,Y).

It follows from Theorem 4.3.1 that the map (4.3.3) is an isomorphism of super-
algebras.
Taking n = 1 in (4.2.51) and using (4.1.23), (3.2.5) and (4.1.24) gives

aO = Oa for all a € A. (4.3.4)
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It follows from the bubble slide relations (4.2.49) and (4.2.50) these bubbles, which
have the same degree and parity as a, are strictly central:

[ G =G ma | O = O

For further discussion of the above bubbles see [24, Sec. 1].
For any linear map 6: C(A) — k, we can define the specialized oriented Frobenius
Brauer category OB(A,0) by imposing on OB(A) the additional relation

{ )=6(a), acA (4.3.5)

Similarly, we can define the specialized affine oriented Frobenius Brauer category
A0B(A,0) by imposing on A0B(A) the relation (4.3.5). We will see in (5.3.7) that,
under the categorical action to be defined in Chapter 5, the bubbles (4.3.4) act by
multiplication by the supertrace of the map V, — V., v — av. Hence these actions
factor through the corresponding specialized categories.



Chapter 5

Categorical Action

In this chapter we work towards defining the categorical action of Z0B(A) and OB(A)
on the general linear Lie superalgebra. When k # 0, the category Heisy(A) acts nat-
urally on categories of modules over the cyclotomic wreath product algebras defined
in [25] and so in this chapter, we fill in the gap and consider the natural action in the
k =0 case.

5.1 General Linear Lie Superalgebra

Let g denote the Lie superalgebra associated to Mat,,,(A). Precisely, g is equal to
Mat, |, (A) as a k-supermodule and the Lie superbracket is defined by

[M,N] = MN — (—1)VN M.
for homogeneous M, N € g and extended by linearity.

Example 5.1.1. When A =k, g is the usual general linear superalgebra over k.

Example 5.1.2. When A = k[t]/(t"), £ > 2, g = gl,,,(A) is a truncated current
superalgebra. When n = 0, g is a Takiff algebra.

Example 5.1.3. When A = Cl (see Example 3.2.3), g is the queer Lie superalgebra.
The queer Lie superalgebra, q(n), has even and odd parts

q<n)0:{<]‘04 AOJ) :MEMatn(k)}, q(n)1:{<]8[ Ag):MeMatn(k)},

where Mat,, (k) denotes the set of n x n matrices with entries in k. Then we have an
isomorphism of Lie superalgebras q(m + n) 5 Imin(Cl) given by

Loy 0 ) p(i)+2(4) ( 0 1 ’)) o)+ ¥
’ s Pl L, ) ) s POTPOFLY 1 <G j < mAn.
( 0 lay G ey 0 )

36
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Let 9: q(m +n) = gm/n(Cl) denote the given map. Define

- (lap O (0 luy
B '_( 0 1(1’4))’ iy = (1(m) 0 /)

The map ¥ is clearly an isomorphism of vector superspaces. For 1 < 1,7 < n, we have

[9(Ei ), 9(Er)] = [P 15, PBPO1, )]
— 5jjkcp(i)+p(1)1(i7l) _ 5i7lcp(3)+p(k)1(k,j)
=0 (0;xEi; — 0i1Ek ;)
=V ([Eij, Eri)

[I(E],), 9(E},)] = [P G  dWrOdy )

- 5j7kcp(i)+p(l)1(i’l) + 5i,lcp(j)+p(k)1(k,j)

=9 ([E;, Eril) -
and
(B, ), 9(Ef)) = [0 01 ), B0 ]
— 5j7kcp(i)+p(l)+11(i7l) _ 5i7lcp(j)+p(k)+1 1)
=0 (00 E}; — 0i1Ey ;)
=19 ([Eij, Eyl) -

5.2 Supercategory of Right g-Supermodules

Let A™™ denote the k-supermodule equal to A" as a k-module, with Z,-grading
determined by

where e;, 1 < i < m + n, denotes the element of A™™ with a 1 in the i-th entry and
all other entries equal to 0. We will also consider A™" as a left A-module with action

a(ay, ..., amin) = (@ay, ..., a0 p0).
Definition 5.2.1. A right supermodule, W, over a Lie superalgebra, L, is a k-vector
space with a k-bilinear map W x L — W, (w, X) — wX such that
WZLJ C Wi+j7 ZJ] S Z27

and L
w[X,Y] = (wX)Y — (-1)*(wY)X, X, YeLweW.
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Definition 5.2.2. For a Lie superalgebra L and right L-supermodules, V and W, a
right L-supermodule homomorphism is a linear map f : V' — W such that f(vX) =
f()X forveV, X € L.

Let smod-g denote the category of right g-supermodules where objects are right
g-supermodules and morphisms are linear maps between them.

Remark 5.2.3. We can also define the smaller category of right g-supermodules
where objects are right g-supermodules and morphisms are purely even maps between
them. This category is a monoidal category with tensor product of supermodules.

Lemma 5.2.4. The category of right g-supermodules, smod-g, is a monoidal super-
category with tensor product of supermodules such that

meon)-X=)"m-X®@n+men X

formene M®N, M,N € smod-g, X € g and trivial object k where k- X =0 for
Xegandk ek.

Proof: First we need to verify that for right g-supermodules, M, N, their tensor
product, M ® N is once again a right g-supermodule.
It is straightforward to see M ® N is a k-vector superspace, so it remains to
verify
(m@n)[X,Y] = (m@n)X)Y - (=1)*" (men)Y)X

formne M® N, M,N € smod-g, X,Y € g. We have

(m@n)[X,Y] = ()" mX, Y] ©n+men[X,Y]

(1" (Y X @n— (-1 mXY @n) + m@nY X — (~1)" ' m @ nXY
()" Xy X @n+meny X — (D)X (~1)"mXY @n+menXY)
(=)mY @ n+menY)X — (-1 (-1)"“mX @n +me@nX)Y
(m@n)X)Y = (=1)*"((m ®n)Y)X.

Any morphism ¢ : M — N can be decomposed into parity preserving and parity
reversing morphisms ¢ = ¢y + ¢ where

and
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for homogeneous m € M. To see ¢ is indeed a morphism note that form € M, X € g
we have

bo(mX) = o(mX), o(mX)=m+X,
’ 0, d(mX) =m+X +1
_ p(m)X, o(m)X =m+ X,
0, pm)X =m+ X +1
_ Jem)X, ¢(m) + X =m+ X,
0, pm)+ X =m+X+1
_JemX, olm)=m,  _
_{O, m:m_{_l—%( )X

To see ¢ is a morphism note that ¢; = ¢ — ¢g. So the morphism spaces are vector
superspaces and smod-g is a supercategory.

Associativity of ®, or the fact that diagram (2.1.3) commutes, follows from as-
sociativity of the tensor product of supermodules. The fact that ® is unital, or the
fact that diagram (2.1.4) commutes, follows from the natural isomorphisms

Av ko M — M,
k ®m — mk,
pv Mk — M,
m ® k — mk.

(5.2.1)

We will verify A is a supernatural isomorphism and the proof for p is similar. We
need to verify that A\ is natural in M and each component, A, is indeed a right
g-supermodule isomorphism. It is immediate A, is bijective. We have that

A (k@m)X) = A(—=1)™" kX @m+komX) = Ay (komX) = mX = Ay (k@ M))X

for X € g and L
A(ke@m)=km=k+m=~k@m.
Moreover, for M, N € smod-g and f : M — N we have

_1)f

)\MJ JAN

M N

f
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since f(An(m@k)) = f(km) = kf(m) = Av(f(m)@k) = (1) Ay o (f@ L) (mk)
since 7 = 0. Thus \j; is indeed natural in M. So A\ is a right g-supermodule homo-
morphism. |

Remark 5.2.5. When working with commuting actions of superalgebras, it is most
natural to work with one left action and one right action, as this avoids signs arising
from the actions of the two algebras commuting past one another. Since we will want
the category introduced in Chapter 4 to act on the left, we choose to work with right
g-supermodules. The reader who wishes to work with left g-supermodules instead can
use the standard equivalence between the categories of right and left supermodules.
Precisely, if V' is a right g-supermodule, then it becomes a left g-module with action
given by X -v:=—(=1)*"vX, X € g, v € V. For example, see Lemma 5.3.1.

5.3 Categorical Action of 40B(A) and OB(A)

Let V, = A™" written as row matrices, and let V. = A™" written as column
matrices. Then V. is naturally a right g-supermodule with action given by right
matrix multiplication.

Lemma 5.3.1. We have that V_ is a right g-supermodule with action
v Mi=—(=1)"Mv, veV. (5.3.1)
Proof: For v € V_ and M, N € g, we have

v-[M,N]=(v-M) -N—(=1)"(v.N)- M
— (= 1)? (NN Ny (— 1)) 1 Ny
= —(=1)*OTN [ N,

Lemma 5.3.2. The k-bilinear form
B:V_®Vy =k Blvew):=(-1)"tr(w),

1s a homomorphism of right g-supermodules.
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Proof: For v,w € V and M € g, we have

B((v®@w)M) =B (v @ wM — (=) £y @ w)

(= 1)@+ (tr(wMv) — tr(wMv))
0.

For a € Aand 1 <1i < m+mn, let a; + denote the element of V3 with @ in the
1-th position and 0 in every other position. Then

B, :={biy:0€B4s 1<i<m+n} (5.3.2)
and
B_:={b/_:beBy, 1 <i<m+n} (5.3.3)
are dual bases of V. and V_ with respect to the bilinear form B. For v =b; ; € B,
let v = (—=1)?bY_ € B_. Note that b; = by_ = b+ p(i). Thus, we have
B @w) = 0,4, v,we€B,. (5.3.4)

To see thislet 1 <17,7 <m+n and a,b € B4. Then we have

B((—l)p(i)bx_ ®aj,) = (—1)P@+G+p) (atp()) tr(d; jab")
(G231 p@+E+pO) @) +abg, (b a)

<33_~4>(_ 1P+ O () +abs, 5

= 5i,j5a,b

where the last equality follows since (—1)P@+E+p@)(atpr)+abs, .5, = 0 unless a = b
and i = j, in which case we have that p(i) + (b + p(i))(@ + p(j)) + ab = p(i) + (@ +
p(i))* +a* = 0.

Define

Q= ) MeM'cgwg 7= bab cA®A (5.3.5)

MEBm|n beEB 4
Lemma 5.3.3. For all u,v € V., we have

Tu®v) = (=1)"(v @ u)Q. (5.3.6)
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Proof: It suffices to prove the result for v = a4 and v = ¢; 4, where a,c € A and
1<k, Il <m+n. We have

m4+n

(ak,+ Q Cl,+)Q — Z Z (_1)(b+p(i)+P(j))(C+P(l))+p(j)ak7+b(i7j) ® Cl,erE/j,i)

’i,j=1 bGBA
— Z (—1) e EreO)1+r®) (g, | @ (cb")y

beB

mln

B0 S (1) EOE O (Y ab)ey , @ (cb”) s
b,eeB4

(3i5)(_1)(&+p(k))(5+p(l)) Z (_1>é(5+p(l))+5p(l)elﬁ+ @ (ce¥a)y+
eeBy

(3&5)(_1)(&-i—p(k))(é—l—p(l)) Z (_1)é(5+p(l))+ép(l)el L+ ® tI‘(CGvb) (bva)k N
b,ecBy

(Bii’))(_1)(&+p(k‘))(é+p(l)) Z (_1)(é+&)(é+p(1)) tr(eVbe)e s @ (bVa)s
b,e€B 4

3.2.5 p - b(e

(B29) _1)@+p)e+p(d) S (~D)HEO) (), @ (BVa)y,
beEB 4

— (_1)(E+p(k))(é+p(l))7(cl7+ ® ary)-

Theorem 5.3.4. There is a monoidal superfunctor ¢»: OB(A) — smod-g that sends
the objects of OB(A) to objects of smod-g as follows

TV, =V

and the generating morphisms as follows

W) Ve @V = Ve Vs, u@v i (—1)"v @,

Y (Fa): Ve =V, v = av,

W()): Ve® V. =k, u@v— (—1)"Blv @ u)

v k—=>V_ @V, 1— Z(—l){’v\/@q},

veB4

V) VoV 5 Vi@V, u@v s (—1)"v @ wu.

Proof: We need to verify that the image of each generating morphism above is

a right g-supermodule homomorphism and that relations (4.1.4) to (4.1.6), (4.1.9),
(4.1.10) and (4.1.12) hold in smod-g.
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We begin with showing the images of the generating morphisms are right g-
supermodule homomorphisms. For ¢ (<), note that linearity follows from linearity
of the tensor product and for u,v € V,, M € g we have

V() (@ v)M = ((=1)"v @ u)M

= (-D)"((=1D)*"MoM @ u +v @ uM)
( 1)uv+uMUM Qu+ ( 1){;M+5&+6MU @ uM
(=1)"“MyM @ u+ (—1)"M(=1)*M"y @ uM
= () (u ® oM + (—1)"MuM @ v)
V(X)) (v ® v)M)

so ("X is a right g-supermodule homomorphism. The case is similar for (3<). For
(%a ), linearity is immediate and we have that

(Fa ) ()M = (av)M = avM = ¢ (Fa )(vM).

The fact that (7)) is a right g-supermodule homomorphism follows from Lemma 5.3.2.
Let a € Aand 1 <r,s <m+mn. To see ¢(_7) is a right g-supermodule we have

m-+n

¢(U a(rs = (Z Z H—p(z bv Q b) ()
beB 4 =1
m+n - ~
- Z Z(_l)b—i_bia(r’s) b;/ “Q(rs) @ bi + (_1)1762/ ® bia(r,s)
beB 4 =1
31) m+n - ~
=Y (D e @b+ (1)) ® biags)
beB,y i=1
m+n ~
=3 > —1)%8; 4(ab¥), @ b; + (—1)°6Y @ ;. (ba),

beB,y i=1

=3 (=1 (ab"), @ by + (1)) @ (ba),

beB 4
= —(=1)"(a(®")), @ b + (=1)°(0"); ® (b"a),
beB 4
(3.2:6) > —(ab), @ bY + b, @ (ba),
beB 4

20 > b ® (ba)s + b, ® (ba),
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=0=2()0) =2()(1 - ag,s))-
where in the sixth equality we use the fact that » , g bY ® b is independent of basis
and so we are free to instead sum over the dual basis.

Now we verify that each of the generating relations of OB(A) hold in smod-g.
The image of the left of (4.1.4) is given by
URV > aU Qv (—1)@50 ® au = (—1)(‘;’%)51} ® au

and the right by B -

u@v— (—1D)"v@u— (=1)""""y ® au.
So we have (4.1.4). For (4.1.5) on the left we have

uRvw— (—1)"1@uw— (—1)* Ty @w @ u s (=1 @ 0 @ u
and on the right

UV W (—1)™u@w® v (—1)" T @ u @ v (—1)WTHT Yy R @ .
Therefore the braid relation holds. The image under ¢ of the right of relation (4.1.6)
is given by B

u@vi— (1) " @ui—> u®uv
so relation (4.1.6) holds. Applying ¢ to the left of relation (4.1.9) we have
U1 Z (—)’u®@ v’ ®v Z (=1)""*"B(vY @ u) ® v

’UEB+ ’UEB+
and we have that

Z (1) B’ @ u) @ v = Z (=1)" tr(uw¥) @ v

veEBy veEBy

(823 Z tr(vVu) @ v

veEB ¢

(3.2.5)
="u.

Therefore relation (4.1.9) holds. The proof for relation (4.1.10) is similar. To verify
(4.1.12) first note that applying 1) to (4.1.11) we have

ViV 5 Vo@Vy, u®w— (—1)"weu.

So (4.1.12) is immediate. So we have verified the defining relations and so smod-g is
a monoidal supercategory. i
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Remark 5.3.5. Note that the image of each generating morphism, except ¥ ($a ), is
an even g-supermodule homomorphism since

tv=tu+r=v10u=(—1"r®u=19)(uev)=1X)(ux ),

I=0=) v+0= > (-)v®v=0(0)1)

veEBy veEBy

and it is immediate (M) is even since tr is parity preserving. However
YEa)v)=av=a+v#v, fora=1.

Thus, since ¥($a ) is not always purely even, we need the larger supercategory smod-g,
instead of the category of right g-supermodules where morphisms are purely even ho-
momorphisms.

Remark 5.3.6. To use the alternate definition of OB(A) in Remark 4.1.2 we main-
tain the above definition of v, remove the definition on XX and add in that

V() k= V@V, 1'—>ZU®UV,
U€B+
Y VoV =k, v®w i Blv®w).

Then, in addition to the relations we verified above, we also check (4.1.15) and (4.1.16).
Moreover, we note that the image of the definition of the left crossing, (4.1.17) under
Y, which is given by u @ w — (—1)""w @ v, is the same as the definition of 1 on X.
For (4.1.15) we have

u Z UV’ — Z(—l)mv®u®vvr—> Z v® B(vY @ u)

’UEB+ ’UGB+ ’UEB+

(5.3.4) Z v @ 51)7153&5)%

veEBy

The proof for relation (4.1.16) is similar. Also note that the image of (4.1.13) under
WY is consistent with our definition of ¥ on ), () above. For example, for the left
cup definition in (4.1.13) we have

1+ Z (=) @v Z (=) @vY = Z vevY
veEB 4 veEB veEB 4

as desired. The proof for the left cap definition is similar.
This version of Theorem 5.3./ is stated in [18, Thm. 5.1].
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Note that, for a € A,

v ( a@) =1 (@a > = Z (—=1)"B(vY, av)1y (5.3.7)

beB

is multiplication by the supertrace of the map V, — V. v — av. In particular,

v (O) =v (@) = sdim(A)14, (5.3.8)

where sdim(A) = mdim(A4g) + ndim(A;) — mdim(A;) — ndim(Ap) is the super
dimension of V.

Definition 5.3.7. Let C be a supercategory. The supercategory of endofunctors of
C, denoted End(C), consists of super endofunctors F': C — C, and morphisms which
are supernatural transformations between super endofunctors.

Lemma 5.3.8. The supercategory of endofunctors Endy(C) is a strict monoidal su-
percategory for any supercategory C with tensor product denoted by - and unit object
ide. This tensor product, -: End(C) x Endy(C) — Endy(C), is defined as reqular
composition on objects and as horizontal composition on morphisms.

Proof:  First we show that End(C) is indeed a supercategory. It is straightforward
to see the morphism spaces are vector superspaces because supernatural transforma-
tions are defined to be the sum of an odd and even supernatural transformation
as in Definition 2.1.5. It is also straightforward to see composition of supernatural
transformations preserves parity since for homogenous supernatural transformations

a:F =G, 3: H= K we have

(aB)x = agx o F(Bx) = arxx + F(Bx) = a+ 3,

for X € C.

Now, to verify End(C) is strict monoidal, we need to verify that the super-
natural isomorphisms «a, A, p from Definition 2.1.6 are identities. First we show that
composition of objects of Endk(C) is associative and unital. This follows immediately
since composition of functors is associative and unital. Then, we show that compo-

sition of morphisms is associative and unital. For all supernatural transformations
a:F=G,p: H=K,v: J= L of Endy(C) and X € C we have

((@B)7)x = (af)rx o F(H(7x))
= agrx o F(Brx) o F(H(vx))
= OKLx © F(BLX © H(’YX))
= axrx o F((87)x)
= a(f7).
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So we have associativity. The morphism identity is the identity supernatural trans-
formation, id: ide — id¢. For a: FF— G and X € C we have

(avid)x = vige(x) o F(idx)
= x OidFX

= x.

The proof that (id a) x = ax is similar. Thus End(C) is a strict monoidal supercat-
egory for any supercategory C. |

Theorem 5.3.9. Let C and D be monoidal supercategories. For a monoidal super-
functor i: C — D there is an induced monoidal superfunctor

v:.C — fﬂdk(p)

X = ¢(X)®p —, (5.3.9)

f = ¢(f) ®p )
where

VX)) =v(X)®pY, ¥(X)(9)=1lyx) ®pyg

forY € D, g € MorD and for f € Hom¢(A, B), V(f) : VA — VB has components
given by W (f)y : W(A)Y) = ¥(B)(Y), ¥(f)y = ¢(f) ©p 1y.
Proof: First we show W is a superfunctor. That is, ¥ preserves composition,

U(f) = f and that ¥(1x) = lyx). For f € Home(A,B),g € Home(B,C) and
Y € D we have

U(go fly =v(go f)®ply
= (¥(g) o ¥(f)) ®p (1y o 1y)
= (¥(9) ®p 1y) o (¥(f) ®p 1v)
=U(g)y o ¥(f)y,

where the second line follows from the fact that v is a superfunctor and the third line
follows from the superinterchange law (2.1.5) and the fact that 1y = 0. We have

U(lx)y = ¢(1x) @p ly = Lyx) ®p 1y = Lyx)epy-

Finally, we have that

U(f)y =v(f)@ply =v(f)+ 1Ty =f+0=F.

So V¥ is a superfunctor.
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To see ¥ is a monoidal superfunctor, recall the coherence maps, ¢ and ¢, from
Definition 2.1.10. We need to show ¢xy : V(X) ®@gzur, 0y V(YY) = ¥(X ®cY) is
an even supernatural isomorphism and ¢ : Tguy, (p)y — U(1c) is an even invertible
morphism, such that the appropriate diagrams commute. For ¢, it suffices to show
U(X) @y py) YY) 2 U(X ®cY), and for ¢, that 1y, ) ~ ¥(Le) for all X,Y € C.
It is immediate that parity is preserved across these isomorphisms since ¥ and v are
superfunctors and thus preserve parity.

We have

(U(X) @zu(p) V(Y))(Z) = V(X)) (U (Y)(Z ))
(X)(W(Y) ®@p Z)
(X) @p (P(Y )®DZ)
~ (P(X) @p¥(Y)) @p Z
(X®cY)®p Z

(X ®c Y)(Z)

where the first isomorphism follows from the fact that D is a monoidal category, and
the second from the fact that v is a monoidal superfunctor. We also have

12 |

12
s o & o«

U(1e)(Z) =¢(le) ®p Z ~ 1p @p Z =~ Z = Ly, () (Z)

where the first isomorphism follows from the fact that ¢ is a monoidal functor, and
the second from the fact that D is a monoidal category. From these isomorphisms
and the fact that D and v are monoidal, it is straightforward to check that the ap-
propriate diagrams in Definition 2.1.10 commute. So ¥ is a monoidal superfunctor. il

Remark 5.3.10. Using the notation in Theorem 5.53.9, if ¥ s a strict monoidal
superfunctor (and C,D are strict monoidal categories), the induced functor, ¥ is also
strict monoidal. In this case, the isomorphisms in the proof above are replaced by
equalities.

Theorem 5.3.11. We have a strict monoidal superfunctor V: A0B(A) — End(smod-g)
giwen on objects by T — V. ® —, | — V_ ® — and on morphisms by

qj(f):¢(f)®_7 f6{><7?a707m7><:a€14}7
and U(%): Vi @ — — Vi ® — is the functor with components
Uy VieW VoW, v@w— (vew)),

for W € smod-g, where Q is the element defined in (5.3.5).
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Proof:  In light of Theorem 5.3.4 and Theorem 5.3.9, it suffices to check that ¥ (%)
is a supernatural transformation and that W respects the relations (4.1.21).

First we show W(?) is a supernatural transformation. Note that ¢ is purely even,
so W(?) is also even. This means there are no signs appearing in the supernaturality
diagram (2.1.1) for U(%). Let W)Y € smod-g, f: W = Y, v € V,, and w € W. We

have

(idv, @f)(TE)w (v @ w)) = (idy, @f)((v @ w)§)
= (idy, ®f)( Y (=DM eM@wMY)
MeB,,,
Z (—I)ME—FW}UM Q f(va)
MeB,,,
_ Z (—I)MZUJJ)?JFM?UM Q f(w)]\/[v
MEB,, |,
= (1) ® f(w)Q
= U(3) ((idv, @f)(v @ w))
where the fourth equality follows since f is a g-supermodule homomorphism. So ¥(%)

is a supernatural transformation.
To verify the first relation in (4.1.21), we compute that

\II(%)W V+®V+®W—>V+®V+®W
is the map given by

u®v®w|—>(—1)mv®u®w

Y (- ((—1)WUM QuM’ @w+ (—1) My M @ ue wMV> .
MGBm‘n

Similarly,
\II(X)W V+®V+®W—>V+®V+®W

is the map given by

URVRW > Z (=1)*"Myu@uMe@wM" — Z (=)ot eMy vr @y @ wY.
MEBm‘n MEBm‘n

Then, note that

W(H) (uRvw)=7Ridy(u®v®w).
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Thus,

WK -5y v @) = ()P0 e 2w 20w (1) weve ).

To verify the second relation in (4.1.21) we compute that, for a € A, we have

U ( ag>w(v®w) = Z (=1)"MavM @ wM" =T < af)ﬂ/(v@w).

€ mln

When A = k, Theorems 5.3.4 and 5.3.11 recover known results for gl,,, =
gl (k).  Furthermore, as noted in Remark 4.1.6, the definitions of OB(A) and
AO0B(A) can be generalized to allow A to be the two-dimensional Clifford super-
algebra. In this case, the actions described in Theorems 5.3.4 and 5.3.11 correspond
to those described in [3, §4.2 and Th. 4.4] on supermodules for the queer Lie super-
algebra (see Example 3.2.3).

The center Z(End (smod-g)) := Endzug(smod-g)(1) of the category End (smod-g)
can be naturally identified with Z(U(g)) via the map

p: Z(U(g)) = Z(End (smod-g)), u > pu, (5.3.10)

where p, is the natural transformation whose W-component for W € smod-g is

(pu)w: W =W, w— (—1)"wu.

Then it follows from Theorem 5.3.11 and (4.3.3) that we have a homomorphism of

superalgebras
ptoWop: Sym(A) — Z(U(g)).

The following proposition describes this map explicitly.

Proposition 5.3.12. The element

oW (ef ) ) = (1)p oW o lepn(a)) € Z(Ug)
s given by

> (= 1)t Sk Pt (b )i, (B3B3 it + (BrbY 1 )iy (B 10D iy
1<i1,0mnin<d
b1,...,br€EB A

where we adopt the convention that i,.1 =1, and b.,1 = b;.
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Proof:  For W € smod-gl;(A), we compute that ¥ ( a@r ) is the map
w
w Z (- ®@vew
veEB
— Z (=)™ @ (av @ w)Q"
veEB 4
- Z Z (—1)‘_“—34‘15 2p Bp+zp<q E,,chkr ® acl\'i?/,+(bl)i17j1 T

ceBy 1<iy,...,ir<d (br)ir,jr ® w(b\ll)th e (b’l'\‘/)jr7ir

(R

b17---7brEBA
B Z (_1)&E+1TJ 2 bt cq bpchzj,— ® (CLCVbl c. br)jr,—I—
1< yeenyir,jr <d ® w(bY)i2,il e (bT\'/fl)irﬂ‘r—l (bX)jr,ir
b1,....br,cEBA
Z (—1)3et0 2 ot Wba tr(cacby - - - b )w(bY )iy, - -

lgil,...,ing ( 7\’/—1)1;7‘77;7‘—1(61'\’/)7;177;7‘
b17~--abr,C€BA

= : : Vv \Y
1<it,.nnyir <d (br—l)ir,ir—l (CCZC by--- brfl)il,ir
b1,...br—1,cEB 4

_ (_l)aww Z

1<i1,..,ir<d
b1,...,br€B 4

G20 _qyawy, Z (—1) b= PR 0 (b Y, (bob Digi -

(br_lbrv,g)ir,ir,l (byabyq)imr'

= == T 7 = r—17 r—17p
(_1)ac+aw+2p<q<r bpbg+ad 1 bp+> 7 bpw<b\1/)i2,i1 .

(_1)Zp<q<r bpbg+a 2p bp (b1>i2,i1 .
(br—1)iy iy (Drab)by - b))y s,

1<dy,...,ir<d
bi,....,br€EBA

The result then follows by shifting the indices of the b; by 1.

When A = k, Proposition 5.3.12 recovers the elements described in [4, Rem
For A = Cl (see Remark 4.1.6), these central elements were computed in [3, Th

L 1.4].

.45,



Chapter 6

Further Directions: Schur-Weyl
Duality

In this chapter we review classical Schur-Weyl duality and show that we have com-
muting actions of U(g) and the wreath product superalgebra on V®* where V = A™",
A super analogue of Schur-Weyl duality was estabilished by Berele-Regev and Sergeev
in [1] and [27], respectively, for queer Lie superalgebras and Sergeev algebras. We
see that in the Frobenius superalgebra analogue, the action of the wreath product
superalgebra, which replaces the symmetric group in the classical version, is con-
tained in the endomorphism algebra Endog()(1%*). The functors defined in Theo-
rems 5.3.4 and 5.3.11 extend Schur-Weyl duality results for queer Lie superalgebras
28], actions of walled Brauer—Clifford superalgebras [14], and actions of affine walled
Brauer—Clifford superalgebras [3, 12] although the case for Frobenius superalgebras
is left open.

6.1 Classical Schur-Weyl Duality

Let V = k", where k is an algebraically closed field of characteristic zero. In classical
Schur-Weyl duality, the symmetric group &;, acts on V®* on the left as follows

O'(U1®"'®Uk) :U071(1)®“‘®UJ—1(;€), o€ Gk,Ul,...,Uk eV,

and the general linear Lie algebra, gl,(V), acts on V* on the right as
k
(@) X=) @ @uXe- v, XEegl,V)uv,. .. vueV
i=1

It is straightforward to verify these actions commute. Schur-Weyl duality states
that k& and gl,(V) generate each other’s commutants in the endomorphism al-
gebra, Endy(V®*). That is k&, generates Endy )(V®") and gl,(V) generates

52
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Endyg, (V®*). Equivalently, we may apply the following theorem to attain another
statement of Schur-Weyl duality.

Theorem 6.1.1 (Double Centralizer Theorem, [11, Thm. 4.54]). Let W be a finite
dimensional vector space over k, A be a semisimple subalgebra of End(W) such that
W is a finite direct sum of simple A-modules and B = End4(W). Then

1. B s semisimple,
2. A=Endg(W),
3. as an A ® B-module we have the decomposition
W@ oW, (6.1.1

where U; are pairwise non-isomorphic simple modules of A and W; := Hom(U;, W)
are simple modules of B.

Using the notation of Theorem 6.1.1, let W = V& A = k&, and B =
Endg, (V®*). Then by Item 3, V®* decomposes as a direct sum of representations of
Gk X g[n(V),

V®k ~ @ V)\ &® L)\,
AFk
where A - k£ means that A is an integer partition of k, the V) are irreducible represen-
tations of & and the L) = Homye, (V)\, V') are irreducible representations of gl, (V')

or zero when the number of parts in the partition X is greater than n. For further
details see [11, Thm. 4,57].

6.2 The Frobenius Superalgebra Analogue

Now, let V' = A™". Recall the Lie superalgebra g from Section 5.1 and that V = A™"
is a right g-supermodule. Since smod-g is a monoidal category, it follows that V®* is
also a right g-supermodule with action given by

k
(® - Qu) X = Z(—l)EKiWXUk Q- RV - X® Qv (6.2.1)

i=1
for homogenous v, ...,v; € V and X € g.

Definition 6.2.1. The wreath superalgebra A%* x &}, is the vector superspace A®* @y,
k&, with multiplication given by

(a®o)(b®7)=ac(b)®or abe A% o 1c &,

and extended by linearity.
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Note that the wreath product superalgebra is generated as a superalgebra by
A% and kG, Leta; = 1® - ®10a01®---®@1 € A where a € A is
in the ith position. It follows from Theorem 4.3.1 that the following superalgebra
homomorphism is injective

O : A% % &), — Endosa) (199),
a;@ides o The T,

IR (6.2.2)

1@ s 1 1304 1.
\V/H/—/
k—i—1 i+1

Composing (6.2.2) with ¢ from Theorem 5.3.4 we obtain an action map
A% % &), — End,y (V) (6.2.3)
given by

. SRl
a; Qid— (p® - ®uvp = (—1)25=0 % @ - QUi ®av; ®V;i_1 @ -+ V1),
1®Sil—)(Uk®"‘®01'—>(—1)Uivi+l?}k®"‘®’U¢+2®’U¢®U¢+1®Ui_1®"‘®1)1)

on homogenous elements and extended by linearity. Thus we have a left A% x G-
action on the superspace V®* and note that it commutes with the g-action. Thus we
have

(6.2.3)

A% g &, U2 ppgyvery L2

Ulg)

To show that the image of g in Endy(V®*) under the action map corresponding to
(6.2.1) is End jek e, (V®), we can follow a modified version of the usual proof for
classical Schur-Weyl duality. Then, in the case that A is a semisimple superalgebra,
by [13, Claim 4.22], A%% x &, is also semisimple, so we can apply Theorem 6.1.1, to
see that (6.2.3) is an isomorphism and obtain Schur-Weyl duality. There are several
examples where A is semisimple and we believe a Schur-Weyl duality result holds.

Example 6.2.2. When A = k we recover classical Schur-Weyl duality where A®* x
Sy = k&, which is semisimple by Maschke’s Theorem when char(k) does not divide
k.

Example 6.2.3. In fact, for any finite group G with |G| not divisible by char(k),
A = kG is a semisimple algebra by Maschke’s Theorem and so A®* x &, is semisimple.

Example 6.2.4. The two-dimensional Clifford superalgebra, Cl, from Example 3.2.3,
is a central simple superalgebra. So when A = Cl, A% x &}, is the Sergeev algebra
of [27] and is semisimple.

However, there are many interesting cases where A®* x &), is not semisimple.
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Example 6.2.5. Let A = k[t]/(t’) for £ > 2 as in Example 5.1.2. Note that the ideal
I = (t) is nonzero but I* = 0, so I is nilpotent. Therefore A is not semisimple and so
A®F % &, is not semisimple.

In the case where we do not assume A is semisimple, whether or not Schur-Weyl
duality holds is open. To show directly that the image of (6.2.3) in Endy(V®*) is
Endy(V®") is somewhat complex. Equivalently, we might wonder for which Frobenius
superalgebras, A, is ¢: OB(A) — smod-g from Theorem 5.3.4 full? The functor ¢ is
said to be full if for any objects X € {1,1}®%Y € {1, [}®*2, the map

Homog() (X, V) = Homymodg (¥(X), (Y)) (6.2.4)

is surjective.
A particular case of (6.2.4) is showing the superalgebra homomorphism

Endos(a) (1°*) = Endmod-g(V™"),

is surjective. Recalling that A%* x &, < Endoga)(1¥*) by (6.2.2), we can more
clearly see the resemblance of (6.2.4) to classical Schur-Weyl duality.
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