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Abstract

This thesis contains a summary of material about finite and affine reflection groups as
well as about Tits’ construction of buildings, aiming ultimately at creating buildings
associated to split classical algebraic groups over a p-adic field. To this end, this thesis
contains a review of p-adic numbers as well as several examples of classical algebraic

groups. It also contains numerous examples worked out in detail.
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Chapter 1
Introduction

The role of finite, and later affine, reflection groups in the study and classification
of Lie groups and Lie algebras has been known for over a hundred years. The usual
classification of simple Lie algebras over the complex numbers, for example, involves
showing that each simple Lie algebra gives rise to the crystallographic root system of
a finite reflection group, and then showing that the simple Lie algebra is completely
determined by this root system. Similar methods are used to classify compact Lie
groups and simple algebraic groups.

In the 1960s and 1970s, Bruhat and Tits together developed a way to “recreate”
an algebraic group from its reflection group, or more precisely, from the associated
Coxeter system (Definition 2.24). That is, from a Coxeter system they produced
an object which is now called a Bruhat-Tits building. When the Coxeter system is
one coming from an algebraic group, then the automorphisms of the building are an
algebraic group whose associated root system corresponds to that Coxeter system.

In fact, they produced much more. According to [Y], the original writings on
Bruhat-Tits theory and the theory of buildings ([BT1], [BT2], [BT3}, [BT4], [BT5])
spans over 20 years, ranging from 1965 until 1987 (during which time the formulation
was still evolving), and covers more than 550 pages. For many people who would like
to have this theory as a foundation for study it is a daunting task to attempt to read
the writings, because they are so long and make every attempt to give all results in

complete generality.
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In this thesis, we present the tools for defining a building, and then its associated
group of automorphisms, starting from a finite or affine reflection group. We also
show the converse, that is, how one can create a building associated to a group which
has a BN-pair (Definition 5.34). We conclude with several explicit constructions
of buildings and examine several equivalent ways of describing them, arising from
different constructions.

In this thesis, we follow mainly [Br] and [G], referring also as necessary to [H3].
In order to quickly reach the most important geometric results about finite and affine
reflection groups (found in §2.4 and §3.4), we have omitted a great many technical
details about the generating set S of a reflection group W. As a result, we have
omitted several proofs (or parts of proofs) in the fifth chapter, where buildings are
defined.

The goal of this thesis is to illuminate the topic of Bruhat-Tits buildings and
to provide the necessary background to understand their construction in the basic
cases. To this end, four examples of low-rank buildings (or rather, of one apartment
in each building) were explicitly computed (see Chapters 6, 7 and Appendix A). To
our knowledge, these examples would be well-known to experts in the field but are
not readily available in the literature.

We have also developed numerous illustrative examples of key points in the text,
and provide original proofs of some of the results we cite. These contributions are
indicated at the beginning of each chapter, as are the key sources used for the rest of
the results.

The thesis is organized as follows. In Chapter 2 we present finite reflection groups,
as groups generated by reflections in linear hyperplanes of a Euclidean space, and
associated to root systems. (Among these are the crystallographic root systems, which
later arise as root systems for affine reflection groups in Chapter 3.) We present some
examples, and prove some key algebraic properties of these groups and their associated
root systems, before going on to explore in detail the geometric interpretation of the
action of finite reflection groups, and introducing the terminology of chambers and
walls.

In Chapter 3, we expand upon the ideas presented in Chapter 2 by considering
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now also the case of affine reflection groups, that is, infinite groups generated by
reflections in affine hyperplanes. We begin by exploring the structure of these groups
as subgroups of the affine g?oup on a vector space. We present several examples and
then go on to analyse in general how an affine reflection group acts on the set of
hyperplanes associated to it. We show that an affine reflection group contains a finite
reflection group as a subgroup, and analyse the interplay between the two groups. In
particular, we have greatly .}éxpanded on the proof in Brown that an affine reflection
group is the semidirect prodruct of a finite reflection group and a lattice (Proposition
3.19). We conclude the chapter by describing and proving several geometric properties
of affine reflection groups, giving a geometric interpretation analogous to the one given
for finite reflection groups in Chapter 2.

In Chapter 4, we provide some background on the fields of p-adic numbers Q,
which will be required for the development of the examples in Chapter 7. We also
present some particular linear algebraic groups which arise in Chapters 6 and 7. This
preview is intended to givé‘_ the reader an example to bear in mind as they read
Chapter 5, where the groups involved are presented in abstract generality.

Chapter 5 is the key chapter in the presentation of the theory of Bruhat-Tits build-
ings. In the first part, we establish the notation and theory of Coxeter complexes, and
see that the geometric realizations of the finite and affine reflection groups presented
in Chapters 2 and 3 are examples of Coxeter complexes. We then define a building as
a collection of apartments, where each apartment is exactly such a Coxeter complex.
We then prove that each building admits a unique labelling by elements of the associ-
ated reflection group; the labelling determines the type of each vertex of the building.
This allows us to define the group of type-preserving automorphisms of the building.
Among its subgroups are B, the group of type-preserving automorphisms which fix a
particular chamber, and N, the group of type-preserving automorphisms which fix a
particular apartment containing that chamber. We explore some of their properties.

In the second part of Chapter 5, we do the reverse. That is, beginning with a
group G admitting a pair of subgroups B and N which have these properties (called
a BN-pair), we construct a poset consisting of special subgroups and certain cosets

called special cosets, and show that this poset is a building in the sense of Bruhat and
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Tits.

In Chapter 6, we apply this last construction to the groups GL3(R) and Sps(R)
respectively. In each case, we determine the poset of special cosets and use this to draw
a fundamental apartment of the associated building. We note that by considering the
flags of subspaces stabilized by the special subgroups, we can describe the elements
of the apartment with flags of subspaces. Finally, by realizing the associated finite
reflection groups as groups acting on these flags, we obtain an identification of each
of the affine subspaces of the apartment by the elements of the finite reflection group
W.

In Chapter 7, we turn to the case of p-adic groups, where the affine reflection
groups naturally arise, and we present the examples of SL3(Q,) and SL(Q,) in
detail. Here, rather than explicitly defining the special subgroups and special cosets,
we focus directly on flags of lattice chains preserved by special subgroups. We discuss
and prove several results for the general case of SL,(Q,), including the identification
of the corresponding affine reflection group as a group normalizing a maximal compact
diagonal subgroup.

All this helped us to define the poset structure of the apartment, but to determine
the corresponding geometry, we needed to make several additional calculations, which
have been relegated to Appendix A. The presentation of the apartments and the

derivation of their description by lattice flags conclude the thesis.



Chapter 2
Finite Reflection Groups

This chapter will focus on finite reflection groups, which are the precursor to affine
reflection groups. Both of these types of reflection groups are fundamentally tied to
buildings. The results in this chapter come mainly from [Br, §I, pages 1-32] and [H3,
Chapter 1, pages 1-28]. The Lemmas proven for Example 2.10 are original, and the

proof of Proposition 2.15 has been signficantly expanded from the literature.

2.1 Basic Definitions

Let V be a Euclidean space with an inner product denoted by ( , ). An example is
V = R", equipped with the dot product.

Definition 2.1. A hyperplane H C V is a co-dimension one subspace.
Ezample 2.2. A plane passing through the origin is a hyperplane in R3.

Definition 2.3. A reflection on V is a linear endomorphism with respect to a hyper-
plane H, denoted sy, which acts as the identity on H while acting as multiplication

by —1 on the one-dimensional orthogonal complement of H.

If « is a non-zero vector orthogonal to H and X is any vector in V' then the
reflection sy : V — V is given by the formula

2(A
)\ . ( 7a) ca

(e, @)

sg(\) = (1)
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Since any A € H satisfies (A, @) = 0, and the orthogonal complement of H is spanned
by «, the reader may easily check that this formula is equivalent to the above descrip-
tion of a reflection. If we have a non-zero vector « orthogonal to H, we may refer to
H as H,. In such a situation, we will refer to sy as s,.

Then we have

‘* Hy = {AeV|(a,)) =0}
= {MeV|se(\) = A}

It is important to note that all reflections are of order two. This is clear from

Definition 2.3, as well as from Equation (1).

Definition 2.4. A reflection group is a group W of linear transformations generated

by reflections sy, where H ranges over a set of hyperplanes.

Let us consider in this chapter the case that W is finite, and let H be the set of
all hyperplanes H such that sy € W. Since the set {sg|H € H} is contained in W,
and W is finite, it follows that H is finite as well.

It is possible that our space V may be too large, containing irrelevant information.
Set Vo = Nyer H-

Lemma 2.5. The set of fixed points of W acting on V is V.

Proof. If A € V satisfies w(A) = A for all w € W, then in particular sg()\) = A for
all H € H, 50 A € (g H = Vo. The converse is clear, since W is generated by the

reflections it contains. O

Definition 2.6. V} is the inessential part of V and its orthogonal complement V; is
the essential part of V. If V = V1, then (W, V) is an essential pair and we say that

W acts essentially on V.

We would prefer if Vi = {0}, since having a fixed-point set containing more than
the origin tells us nothing more about W than a space that has only the origin

comprising the fixed-point set.
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In general, one can replace V with V; without losing any information about W.
Note that both V; and V; are W-invariant and that the inessential part of V; is {0},
so we have that V = V@ V] where W acts trivially on V4 and essentially on V). Thus
we may replace V' with Vi, and the resulting pair (W, V1) is essential.

Ezample 2.7. Our first example is the simplest non-trivial finite reflection group. We
will also use it to stress the difference between an essential and an inessential pair
(W, V).

Suppose that V is two-dimensional and let H be a line passing through the origin;
see Figure 1. Let W be generated by a single reflection sg; it has order two. Reflection
through H simply permutes the two half spaces found on either side of it. Note that
the fixed-point set Vg is not simply the origin, but the entire hyperplane H, so W

does not act essentially on V.

Figure 1: Inessential vs. essential pairs (W, V)

There is nothing wrong with our choice of V. However, it is bigger than necessary.
Here, V) = span{a} where « is a non-zero vector perpendicular to H. By using the
method described above, we can replace V by a one-dimensional Euclidean space,
with W acting essentially. Then H becomes a point (the origin) instead of a line, by
taking the quotient V' = V/H. In this case, Vj = (Nyey H)/H = H/H = {0} and
V] = V’. The finite reflection group W acts on V’ by permuting two halves of a line
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across the origin at its center. This is equivalent to permuting two half spaces across
a line, but is obviously simpler. It is more desirable since there has been no loss of
information.

From this point on, we will only use essential pairs (W, V).

2.2 Orthogonality

Recall that the orthogonal group O(V) is defined to be the set of all invertible linear

transformations ¢ of V' which preserve the inner product (, ), in the sense that
(tz,ty) = (z,y) Vz,yeV. (2)

This is a group under composition. It is easy to check that a reflection in a hyperplane
is an orthogonal map. It follows that any group W which is generated by reflections

of V is a subgroup of O(V).
Proposition 2.8. If t € O(V) and a is any non-zero vector in V, then tset™ = s4.

Proof. Recall that sy, is the reflection in H,, and is thus determined by fixing Hy,

pointwise and sending ta to its negative. Clearly,
tsatHta) = tse(@) = t(—a) = —ta

so we only have to prove that ts,t fixes H;, pointwise. To do this, note first that
since (A, &) = (tA,ta), A is contained in H, if and only if ¢) is contained in H;,. Now
A € H, if and only if s4(A\) = X. Therefore, since

tsat T (tA) = tse(N) = tA,
we see that ts,t~! stabilizes all points ¢\ in H,,, as required. O

Corollary 2.9. Let W be a finite reflection group. If w € W, then s,o belongs to
W whenever sy does. In particular, W permutes the set H = {H|sg € W}.

Proof. Since s,,, = wsaw™! by Proposition 2.8, the first part follows. The second

part follows from the proof, where it was shown that H,, = wH,. O
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We may now characterize all essential pairs (W V) where dimV = 2.

FEzample 2.10. Let dim(V)=2 and suppose that W is a finite reflection group acting
essentially on V. Recall that since W is finite, so is the set H of hyperplanes.

We begin with the following lemma.

Lemma 2.11. Choose Hy and Hp in the finite set H such that the angle 6 between

them is minimal. Then 6 = w/m for some positive integer m.

Proof. Without loss of generality, we may suppose that Hg is at an angle  coun-
terclockwise from H,. (See Figure 2.) Since the angle # is minimal, there are no
hyperplanes in ‘H meeting the region from H, to Hg. Let s, denote the reflection in
H, and sg the reflection in Hg. It is readily shown (using matrix algebra, for exam-
ple) that s = s,s3 € W is clockwise rotation by 26. Since for each H € H, sH € H
by Proposition 2.8, we see that applying elements of W to H, and Hg generates a
series of hyperplanes Hy = H,, H; = Hg, Hy = sH,, --- in ‘H, such that the angle
from H; to H;.; is . Let

m = min{m > 0jmf < 7,(m +1)§ > 7}. (3)

We have necessarily that
(m+1)0—7>6

since if it does not hold, then H,,,1 and H, make an angle smaller than 6, contra-

dicting the choice of Hg. We subsequently derive:

(m+1)0—7 > 6
ml—m7 > 0
md > 7 (4)

Equations (3) and (4) together force the conclusion

8 =m/m.
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We claim that H = {Ho, Hy, -, Hy,-1}. Namely, in the course of the proof we
showed that each H; makes an angle of § with the hyperplane H;;, and H,, = Hy. If
H € 'H were not among the H;, then let 0 < 26 < 7 be the angle it makes with Hy.
Set m = |z] to be the greatest integer less than or equal to z; then by construction
H makes an angle of (z — [z])0 < 6 with H,,, contradicting the minimality of 6 in
the statement of the Lemma.

Since the group generated by s, and sg includes the reflections in all the hyper-
planes H; (by the proof of the Lemma, and the previous Corollary), and this group
is all of W, we deduce that W is generated by s, and sg. Moreover, from the proof
of the Lemma we deduce that (sqs5)™ = 1.

Let us now use this result to determine the order of W. Let R be the subgroup

of W generated by s = s,s3. It has order m.

H
: -
N /
\,
\

Figure 2: The case when m = 3

Lemma 2.12. We have that R<W.

Proof. Let s € R; then s can be written as s = (s,55)" for some n € Z. Recall that
W is generated by {s,, ss}. Since s2 =1 we have that s;! = s,. We note that

-1

S 8-5, =5a(5458)" - Sa = (55a)" = (5458) " € R

sg-8- 55 =5 (sasp)” 5p = (8p5a)" = (Sasp) " € R
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Hence R is preserved under conjugation by the generators of W and therefore R <
W. ' a

Since both generators of W ‘are of order two, any element of W must be written
as an alternating sequence of the two generators. This, along with Lemma 2.12
implies all elements written using an even number of the generators is equivalent to
the identity mod R, and any element written using an odd number of generators is
equivalent to either s, or sg mod R.

However, s, = sg mod R since s, - $q83 = s3. Therefore W/R has order two.
Knowing the order of both R and W/R allows us to calculate the order of W to be
2m.

Recall the dihedral group Da,,, which is the group of order 2m on two generators

r and a satisfying the relations

r’=1, a™=1, rar=a""

From the above, we deduce that W = D, via the map sending s, to r and s to a.

2.3 Root Systems

Let us consider the following definition of a root system, from [H3].
Definition 2.13. A root system is a finite set of non-zero vectors ® C V satisfying:

1. NRa={a,—a} Vacd

The only multiples of any a € ® also contained in ® are +a.

2.8, 6=® Vaed
Reflecting ¢ through a hyperplane orthogonal to any element a € ® leaves ®

unchanged.

A root system is crystallographic if in addition it satisfies:

3. 2((5,23)) €Z Va,Becd
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A vector a € ® is a root.

Given a root system ®, define W to be the group generated by {s,|a € ®}. This
is a reflection group where H = {H,|a € ®}.

Conversely, given a finite reflection group W with H = {H|syg € W}, for each
H ¢ H, take the two unit vectors orthogonal to H. Corollary 2.9 implies that W
permutes the hyperplanes in H; consequently, W permutes these unit vectors. It
follows that this set satisfies the conditions (1) and (2) of Definition 2.13, although it
may not be crystallographic. See Example 2.14, below.
Ezample 2.14. Let V = R? and consider the four hyperplanes of the reflection group
W = Dg (see Example 2.10) illustrated in Figure 3. It is easy to check that the set

Figure 3: The four hyperplanes of the reflection group W = Dy

® of eight unit vectors defined by these hyperplanes forms a root system. It is not
crystallographic because, for example, taking o = (1,0) and 8 = (%_2, %), we have
2(e, B)
(8,8)
On the other hand, the set of eight vectors

=V2¢7Z.

@ = {(£1,0), (£1,%1), (0, +1)}

define the same set of hyperplanes, and one can verify that ® is a crystallographic
root system. Both ® and &' correspond to the same finite reflection group W, since

they give rise to the same set of hyperplanes.
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See Table 1 for a summary of notation for finite reflection groups.

FEuclidean space with an inner product

hyperplane contained in V

reflection with respect to the hyperplane H

finite reflection group generated by a finite set of reflections

set of hyperplanes used to obtain reflections in a finite reflection group
root associated to a hyperplane H

root system associated to W

hyperplane with root «

reflection with respect to the hyperplane H,

$meR REL TS

Table 1: Summary of Notation

2.4 Geometric Properties

Except for Proposition 2.15, which is our own, all results presented here come from
[Br, §I).

Let us explore the geometric properties of finite reflection groups. We let W be
a finite reflection group acting essentially on V and H = {H,,..., Hy} be its set of
reflection hyperplanes.

For each H; € H, let f; : V — R be a non-zero linear function such that
H; = {z e V|fi(z) =0}.
Let us use the following shorthand notation:

= H

fF = {zeVlfiz) >0},

fi = {zeVlfilz) <0}
So f; and f;" are the two open half spaces of V \ H;.

Proposition 2.15. The function f; is uniquely determined by its associated H; up to

a non-zero scalar multiple.
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Proof. Let a be a non-zero vector orthogonal to the hyperplane H;; then every x € V
can be written uniquely as z = h + aa where h € H; and a € R. By definition,
fi(h) = 0 for all h € H;, so by linearity we have

fi(z) = fi(h + aa) = fi(h) + afi(a) = afi(a).

Since f; is nonzero, fi(a) = b+ 0. If f! is any other nonzero linear function f/:V — R
satisfying f/(h) = 0 for all h € H;, then set f/(a) = b # 0. It follows that

a

Note that if we replace f; with a negative scalar multiple of f; it will exchange the
open half spaces f& of V' \ H,.

Definition 2.16. Choose a sign g; € {+, —,0} for each 7. A cell in V, with respect
to H, is a non-empty set A C V defined by

A=) £

i=1l...k

In other terms, A = (), U; where each Uj is either H; or one of the open half-spaces

of its complement.

Example 2.17. Figure 4 shows a set of choices for the f;’s for the finite reflection group
shown in Figure 2, as well as the cells that the three hyperplanes define. One can see
here that there are 13 cells. Six of the cells are open sections of V, each of which is
shaped like a cone, six of the cells are open half lines extending from the origin, and

the last cell is the origin itself.

Remark. There are twenty-seven choices in total for the triples (o1, 02, 03). However,
many of these choices are inconsistent, that is, they define the empty set. For ex-
ample, in Figure 4, if we choose fi", fif, and f;, we have the empty set since the
third condition contradicts the first two, and there are no points satisfying all three

conditions.
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fP
f o+
f i+
) fa f gt LN
f3 3 3
f o+ f o+ f,0
f2+\ 2 ff+ f1+

Figure 4: Linear functions defining cells in R?

Definition 2.18. Let A and B be cells. Supppose A is defined by the sign choices
o; and B is defined by the sign choices ¢;. Then B is a face of A if for all i:

g; € {+,——} = 0; € {O'i,O}

This is to say that B is a face of A if its 0;’s are obtained from A’s by replacing
any number (including none) of them with 0’s.

Note that by this definition, all cells are faces of themselves. A less trivial example
would be to say that the open half line defined by f5", £2, fi" is a face of the open
sector defined by f5', £, fi. The origin, being defined by 03 = 0 = 01 = 0, is a
face of every cell.

Recall that a poset, or partially ordered set, is a set A together with a binary

relation, which we’ll denote by <, such that this relation is reflexive (z < x for all
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z € A), antisymmetric (if z < y and y < z then y = z) and transitive (if z < y and
y < z then z < z). A poset differs from a totally ordered set in that not all pairs of
elements z,y € A satisfy either x <y or y < z.

Let us define a poset of cells as follows. Let ¥ be the set of cells and define
a binary relation on ¥ using the face relation given in Definition 2.18. That is to
say, if A,B € ¥ then B < A if B is a face of A. This relation is clearly reflexive,

antisymmetric and transitive, so ¥ is a poset.

Definition 2.19. The nonempty cells defined by sign choices o; such that o; # 0 for

all ¢ are called chambers.

Since the chambers are intersections of open half-planes, they are open.

Recall that a set U is convez if, for any z,y € U, the line segment [z,y] :=
{tz + (1 —t)y:0 < ¢t < 1} is entirely contained in U. If U = {z € V: f(z) > 0} is
an open half-plane then U is convex by the linearity of f and from the definition it
follows that the intersection of convex sets is convex. Hence each chamber is a convex
set.

Note that a convex set is connected, since it is path-connected. In fact, by con-
struction the chambers are the connected components of V' \ ey H.

Let C denote a fixed chamber. Consider a face A of C which is obtained from C
by changing exactly one of the o;’s to 0. That is to say, A is a face of C such that
A C H; but A is not contained in any other fj, j # i. Since the codimension of H;
in Vis 1, we say A is a face of C of codimension 1.

Note that if A is a face of codimension 1, then A < C and there are no faces B
such that A< B < C.

Definition 2.20. Let C be a chamber. We will say that H' C H defines C if there
exist choices ¢; € {+, —} so that
c= ()]
H;eM'
By definition, the subset H defines C, for any chamber C'. However, some H; € H
may be redundant in the sense that there exist j, & # ¢ for which f;’j NfxC f7in
this case the set H \ H; would also define C.
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Proposition 2.21. There is a unique minimal subset H' C H which defines C.

Proof. Since H is finite, we can always obtain a minimal H' C H which defines C
by simply picking any H' C H which defines C' and removing the redundant H € H’
as above. To show that H’ is unique, we show that each codimension-1 face of C is
contained in a hyperplane in H’, and that conversely each hyperplane of H’ contams
a codimension-1 face of C.

Renumber the hyperplanes so that we have H' = {H,,..., H,} for some r <k
and replace each function f; by —f; if necessary so that f;(z) > 0 for all z € C, for
1=1,...,k

We will now show that each H;, i < r, contains a codimension-1 face. Let

A= () §nfcH

J#L1SF<k
This is a face of C if it is non-empty. By the minimality of H’, H’\ H; cannot define
C that is to say,

o= &

1< <r
is a strictly larger set than C. Consider y € C'\ C and z € C. By construction,
fi(z) > 0 and f;(y) < 0, thus there is a point z € (z,y] such that f;(z) = 0. Since ¢’
is convex, z € C' as well, and so z € C" N f? = A;. So 4; is non-empty and is indeed
a face of C contained in H;.
Conversely, suppose A is a codimension-1 face of C. Let i denote the index of the

hyperplane such that A C H;. If i < r, we are done. If not, then we have

A= () ffnf

1<5<k,j#i

= Cnf
= 0

where the second equality follows from the definition of H’ and the last by C C V\'H.
Hence A is empty, contradicting the hypothesis that A is a face of C. The uniqueness
of H' follows.

O
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Corollary 2.22. The minimal set H' defining C is the set of hyperplanes in corre-
spondence with the codimension-1 faces of C. The elements of H' will be referred to
as the walls of C.

Proposition 2.23. Any cell A € ¥ is a face of a chamber. If A is a codimension-1

face of a chamber then it is a face of ezactly two chambers.

Proof. Let the cell A be deﬁﬁed by the sign choices 7; where 7 indexes the hyperplanes
in H. Choose a point z € A and a point y € V' \ Uy H. Let 0; = 7; whenever
7; € {+, —} and let o; be the sign of f;(y) otherwise. Since H is finite, the line segment
[z,y] meets at most finitely many hyperplanes, so there is now a neighbourhood U
around z such that for all z € U N (z, y] we have f;(2) # 0 and the sign of f;(z) = o;
for all 1. Hence the choice of signs o; defines a (nonempty) chamber C, and we also
have A < C (that is, A is a face of C). This proves the first assertion.

Assume A is a codimension-1 face. Then there is exactly one index ¢ such that
7; = 0, which we can relabel ‘so that we have , = 0. We thus have a maximum of
two possible chambers with A as a face since there are only two possible sign choices
for o,. We get one chamber by following the proof above and choosing for oy the
sign of f1(y). However, if we consider the intersection of the entire line L from y to
z with the neighbourhood U, and noting that f; changes sign at z, there is a point
z € LN U such that f1(z) < 0. Hence we obtain the second chamber by defining it
with o) as the sign of —f1(y). We thus have that if A is a codimension-1 face, it is

the face of exactly two chambers. |

In the case that two chambers C and C' share a codimension-1 face, we say that
C and C' are adjacent. Thus if C' and C' are adjacent, we have C' = C’ or we have
a codimension-1 cell A such that A is a face of the two chambers C and C’. In the
latter scenario, we have a wall separating the two chambers, which we took to be H;
in the proof above.

Note that this is the unique wall shared by both chambers, since by definition of
a codimension-1 face, every o; with ¢ > 1 is unchanged in passing from C to A to C".
Hence C' and C' are on the same side of every other hyperplane H;, j > 1.

We conclude this chapter with an important definition taken from [BT1, §1.2.1].
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Definition 2.24. A Cogzeter system is a pair (W, S) where W is a group and S is a
subset of W satisfying the following properties:

1. W is generated by S and the elements of S are of order two.

2. Let m(s, s") be the order of the element ss’ € W (where s,s" € S) and let I be
the set of pairs (s, s') of elements of .S such that m(s, s) is finite; the generating

set S and the relations (ss')™®*) =1 for (s,s') € I give a presentation of W.

The group W of Example 2.10, together with S = {s,, s}, satisfies this definition
of a Coxeter system. More generally, given any finite reflection group W, let S be
the set of reflections in the walls of H’ (Proposition 2.21). Then (W, S) is a Coxeter
system ([H3, §1.9], [Br, §IL.4]).

Remark. The poset X defined here is a geometric realization of a Coxeter system’s

associated Coxeter complex, which we define in Chapter 5.



Chapter 3

Affine Reflection Groups

In this chapter, we explore reflection groups generated by reflections not only through
linear hyperplanes, but more generally through affine hyperplanes. The results in
Sections 3.1 through 3.3 come mainly from [H3, §4]; those from Section 3.4 come
mainly from [Br, §VI]. All the lemmas proven in the first three sections are either
original, or their proofs have been significantly expanded upon from the literature.

The proof of Proposition 3.19 has also been significantly expanded.

3.1 Basic Definitions

Let V be a Euclidean space as in §2.1.

Definition 3.1. Let U be a hyperplane in V. Then for any v € V| v+ U is an affine
hyperplane.

From this point on, we will refer to affine hyperplanes simply as hyperplanes unless
we wish to stress their affine nature.

At this point, we introduce the set Aff(V), which is the set of affine maps on
V. Recall that a map is affine if it can be written as a composition of an invertible
linear transformation with a translation. Let g € GL(V')}, and let ¢, be translation

by a vector A € V. Then their composition ¢,g is evaluated as

(tag) (1) = g(p) + A

20
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for any p e V.
Lemma 3.2. If p € V and g € GL(V), then there exists A € V such that t,g = gt,.

Proof. Let veV,

tug(v) = g(v)+u
= g(v+g7'(w)
= g(tg-14(v))
= gtg1((v).
So we may take A = g7 !u. O

Lemma 3.3. Aff(V) is a group, namely a subgroup of bijections of V.

Proof. We first note that Aff(V) is closed under composition by Lemma 3.2. That
is to say, if gty, gty € Aff(V), then

gtrg'ty = gg'tuty = (99" )(tutn) = htyn € Aff(V)

for some p € V and some h € GL(V).
The identity map is i = g/, which is clearly in Aff(V).
Let tyg € Aff(V). Cleary, g~'t_y = (trg)™!, which can also be expressed as
ty-1—x9~" by Lemma 3.2. This completes the proof.
O

Lemma 3.4. Aff(V)=GL(V)x V.

Proof. Let us begin by identifying the set of all translations with V via the corre-
spondence ty <> A. Clearly, GL(V) and V are subgroups of Aff(V) and Aff(V) is
generated by GL(V) and V. We also have that VNGL(V) = {i}, where 7 represents
the identity transformation in Af f(V'). It is left to show that V< Aff(V). It suffices
to show that V is preserved under conjugation by GL(V). Let v, A € V, and let
g € GL(V). Then by the proof of Lemma 3.2 we have that

gtAg_l = tgx. (5)

Since g\ € V, this shows that V< Aff(V) and thus Aff(V) = GL(V) x V. o
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Lemma 3.5. If T € Aff(V), H, H' are two hyperplanes, and T(H) C H', then
T(H) = H'.

Proof. Since T € Aff(V), write T = t,g for some A € V and some g € GL(V). Also
write H = v+ U and H' = v’ + U’ for some v,v" € V and some linear hyperplanes
UU.

We have that T(H) = t\g(H) = trg(v+ U) = g(v) + A + g(U), which is itself an
affine hyperplane since g(U) is a linear hyperplane and g(v) + A € V. We thus have
that

gw)+ A+ g(U) Cv' + U, (6)

which implies that we have one affine hyperplane contained in another. Rewrite
Equation (6) as
g(U) € —g(v) = A+ +U".

We have that 0 € g(U) and thus § € —g(v) — A + o' + U’, which implies that
—g(v) — A+ ' € U'. This gives us

g(U) c U/,

and so we now have a linear hyperplane contained in another linear hyperplane and
that they both have the same dimension. By drawing on standard results from
linear algebra we can conclude that both hyperplanes are equal. This concludes
the proof. O

Definition 3.6. Let H be an affine hyperplane and let o be a non-zero normal
vector to H. Write A € V as u+ ca for some ¢ € R and ¢ € H. The affine reflection
sy € Aff(V) is the unique map that acts as the identity on H while acting as
multiplication by —1 on the one-dimensional subspace of V' orthogonal to H. That
is to say,

sa(A) = sp(p+ca) = p — ca.

One should note that in the above definition of an affine reflection, the decompo-

sition A = g + ca is unique. Namely, since for each u € H, (o, p) = k is a constant,

we deduce that ¢ = (0(’0:\);)’“ and u = X — ca.




CHAPTER 3. AFFINE REFLECTION GROUPS

Let @ € V'\ {0}. Define, for each k € Z, the hyperplane
Hop={) € V|(a,\) = k}.
Recall that Hy = {u € V|(a, u) = 0}. Thus Hy = Hyyp.

Lemma 3.7. H,; = Ko L H,.

(2]
Proof. Let v € Hy . Consider the element v — ((’%)
ko ko
(a77 - Za_,(x_)) - (a77) - (av (a7a))
SRACIL)
(o, @)
= k—k
= 0.
Thus we have that v — (;kf’(-!—) € H,, which gives us
ko ko ko
= — Ha,
y ((a7a))+(7 (a7a))€(a7a)+

implying that H,x C KoL H,.

(a,0)

By Lemma 3.5 we get equality, which concludes the proof.
Let H = H,j and let us derive a formula for sy = s44.
Lemma 3.8. Let A € V. Then sqp(X) = A — %a.
Proof. Write X as p + co for some ¢ € R and p € Hy . By definition,
Sak(A) = Sar(i + ca) = p — co.

Let R(A\) =X — 2-((—2\(;%%_&& We have that

(s + e, ) — )
(o, )
(u, ) + cla, @) — k

(@, q)

R(p+ca) = p+ca-—

= p-+ca—2

23
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—k
_ pten_oftd@e) =k
(2, )
c(a, )
= p+ca-—-2———a
(a, @)
= p+ca—2c
= u-—cx
= k()
|
Corollary 3.9. sqx = tt&k_g_)_sat e
Proof.
ko
t(f(i) S“tt?x-%()‘) t(:‘j,) Sa ()\ B (a,a))
ko 2 <)\ - (CI:%),CL’)
- t ko A - - (8]
N ma) | ()
k(oo
ko 2 <()\’ a) - (a,a)))
- t ka A - "
@) (a,a) (a,a)
_ \ ka 2((\, ) — k)
T ew (a, ) (a, )
oy ka  2((\ @) —k) ko
B (2, @) (a, ) (a, @)
20 -k
(o, @)
- Sa,k()\)-
The second and final equalities come from Lemma 3.8. |

Definition 3.10. A set of hyperplanes H is locally finite if every point in V has a
neighbourhood meeting only finitely many H € H.

Definition 3.11. [Br, §VI.1B page 141] An affine reflection group is a group W C
Aff(V) generated by a set of affine reflections such that the set H = {H|sy € W}

is locally finite.
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See Tables 1 and 2 for a summary of notation for this chapter. If an entry appears

in both tables, the entry from Table 2 will overide the entry from Table 1.

H affine hyperplane contained in V

Sy reflection with respect to the affine hyperplane H

Aff(V) the group of affine transformations on V/

ta translation in V' by the vector A

Heo hyperplane parallel to H, defined by Equation (7)

Sak reflection with respect to the hyperplane H, j

w affine reflection group generated by a set of reflections

H set of hyperplanes used to obtain reflections in an affine reflection group

Table 2: Summary of Notation

Ezample 3.12. The simplest example of an affine reflection group is a finite reflection
group, since if H is finite it is certainly locally finite. We need only take the set of
generators S from Definition 3.11 to be S = {sqx]a € ®, k =0}.

More generally, it can be shown ([H3, §4.2]) that if ® is a crystallographic root
system, then the group W generated by {s.x | @ € ®,k € Z} is an affine reflection
group. In fact, it is true, but non-trivial to show ([H3, §4.10], [Br, §VI.1E, Remark

2]), that every afline reflection group arises from a crystallographic root system.

3.2 An Example

We begin with two important results.

Lemma 3.13. The distance between any two consecutive hyperplanes Ha g and Hy p11

: 1
8 (@) .

Proof. By Lemma 3.7, H, ) = ke 77 and Hypt1 = (k+l)a | H,. Therefore we

(o) (a,a)
have that Hopt1 = (a—la—)a + H, . Since « is orthogonal to H,j and H, g1, the

distance betwen these hyperplanes is

(a,1a>““ - nT-lm
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Lemma 3.14. sgk+18qk =t 2

o
Proof.
Sak+15ak(A) = 3a,k+1(/\_%‘—);ﬁ—)a)
o 2((/\(,a) = B AN 3“?—;%;"—)%;) - (k+1)
_ _2()\’, a) 2k 2(\ ) 47(((/\,04) —k)a,a)  2k+2 N
= A o) T o) @a? (@a)
. _4)\,a dk+2 4\ ) —4k o
= A (a, @) (o, @) (o, @) (a,a))
2
= A4+ -——a.

(o, @)

g

Now, let V=R, and let ® = {o,—a} CV, a #0. Let H = {Hy x|k € Z}. All
of these hyperplanes are parallel (they all share the same normal vector and never
intersect), and consecutive hyperplanes are always the same distance apart (see Figure
5).

Let W be the affine reflection group generated by S = {sy|H € H}. Let us show
that the entire group can be generated by s, and s,1. Let s = 54184,0. By Lemma

3.14 we have that s is a translation by (7271—)01 in the direction of Hyg — Hy 1.

Note that s = t( 2 a takes 0 to (&—267)01 and s™! does the opposite. By Corollary
3.9,
-1
Sq,2 = tzf"?) Sa,Ot% = 880,08 = $0,190,050,050,05a,1 = S0,150,05a,1-

More generally, if m € Z then

— m
Sa,2m = t

2m
a,

o Saot=2ma = (t_2a_)""Sa0(t 20 )" = 8™8408"
( kl b (a’a) 3

a) (a,a) (a,a)

which is obtained solely using s, and s,,;. Also,

m -m -
Sa2m+1 = t@Emtiya Sa ot —@mina = (t 20 ) t_o 840t -a (t 20 ) = SmSaJS m

(=a) (o) (a,a) (@,0) (@a) * (a,aj

which is also obtained solely using s, and s4,1, where the last equality comes directly

from Corollary 3.9.
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We now have that W is generated by s, and sq,1.

Both generators have order two. However, the element s, being a translation on
V, has infinite order, implying that there are no relations besides sn,0? = $4,1% = 1.
This tells us that our group is isomorphic to Do, the Dihedral group of infinite order,
which has the following presentation: {x,y|z? = y* = 1). One can view this example
in Figure 5. In this figure; our V is one-dimensional, and the points represent our

hyperplanes.

Hoc -5 H.: Hoc Moo
Hoc 4 Hoc 2 Hoeo  Hez  Hos

Figure 5: The hyperplanes H, ; of the example from §3.2. See also Example 3.31.

Note that with S = {;'sa,o,sayl}, the pair (W,S) satisfies Definition 2.24 of a

Coxeter system.

Lemma 3.15. The hyperplanes Hyp € Heven = {Hap € H|k is even}, and the
hyperplanes Hyy € Hogqq = {Hax € H|k is odd}, in the above example, form two

distinct orbits under action by W.

Proof. Recall that s = s41840. Let A € Hyom for some m € Z. Then sA € Hy omao
and sa oA € Hy —om, by which we can also conclude that s, ;A will be contained in
a hyperplane in Hepen. We thus have that W preserves Heyen, and we can argue

similarly for Hygq- O

These orbits are denoted by the black circles (even) and white circles (odd) in
Figure 5.

3.3 Algebraic Properties

Let W be an affine reflection group, with associated crystallographic root system ®

and hyperplanes 7. From now on we assume that we are in the infinite affine case,
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that is H = {Hyx|a € ®,k € Z}. We introduce several more definitions.

Definition 3.16. Let W, be the subgroup of W generated by all the reflections s,
in W.

Since ‘H is locally finite, there are finitely many linear hyperplanes H,o in H.
Thus W is a finite reflection group.

Definition 3.17. If o € ® is a root, then we will refer to o¥ = (Tz";—) as a coroot. We

will refer to the set @V = {a"|a € ®} as the coroot system. The root lattice L(P) is
the Z-span of ®. The coroot lattice L(PV) is the Z-span of ®V.

We are now ready to give several results. The first proposition shows that the

elements of H are permuted by elements of W.
Proposition 3.18. [H3, Proposition 4.1]
1. Ifwe Wy then wHy g, = Hyap and wsa w™ = syq k-

2. If A\ € V satisfies (A, a) € Z for all roots o € @ then txHor = Haptr(ra) € H

and t/\sa,kt—/\ = Sa,k+(\a)-
Proof. Let w € W,.
First, let A € H, ;. Then

(w(N),w(@)) = (A,0) = k

which gives us that w(\) € Hy(a)x, implying that wHu C Hya) k. By Lemma 3.5
we thus have that wHyx = Hya) k-
Let v € V. Since wa is a non-zero vector orthogonal to Hy,q, We may write v as

a sum v = X + ¢(wa) where A € Hyox and ¢ € R. Then
Swa k(A + c(wa)) = A — c(wa).

On the other hand,

1

WS kW () = Wsap(w A + wlcwa) = wsa k(WA + ca).
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By the first part of the proof above, w™'A € Hy, so we have
sayk(w_l)\ +ca) = w™ A — co.
Hence
W s W (A + c(wa)) = wiw ™A — ca) = A — c(wa).
Thus
Swak(7) = Wsarw ™ (7)-

To prove the second item, let A € V' be as in the hypotheses and let y € Hqpk.
Then

(t/\(/l)7a) = (/J+ Ava)
= (p,a)+ ()
= k-+(\a),

which gives us tx(Hax) € Hak+(r)- By Lemma 3.5 we have ty(Hax) = Hakt(r0)-
Finally, let n € V.

tASaxt-A(1) = trSax(n—A)

_ n_)\_2((n—(:~,;))—k)a+)\
_ A - () —k)
- (o, ) '

On the other hand
2((n,a) — (k+ (X, @)))

5a,k+(A,a)(77) = n- (@, a) «
_ 2((n, ) — (A, @) — k)
- (@a)

= rSakt-A(n)-
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In the next proposition we will describe the structure of W. Corollary 3.21 will

show how W acts on the set H, as well as on the reflections associated to its elements.

Proposition 3.19. [H3, Proposition 4.2] W is the semi-direct product of Wy and the

translation group corresponding to the coroot lattice L = L(PV).
We will use the following lemma in the proof.
Lemma 3.20. sq = t(kav)Sa-

Proof. Let A € V and consider the element £(qv)Sq,

2(A,
t(kaV)Sa()‘) = t(kQV)()\ — ((a a)) . a)

2(

= A-— (4, 9) s+ kaV
(o, @)
2

oy ()\,a)_a+k 2a
(o, @) (a, @)

A=k

(a, @)
= Sa,k()\)
by Lemma 3.8, which gives us
Sak = t(kaV)Sa- (8)

0

Proof of Proposition 3.19. We will beging by showing that W, normalizes the group
of translations {¢y|A € L} (which we will identify with L). We know that any element
w € Wy is generated by reflections, and thus is also an element of GL(V'), therefore by
Equation (5) we know that wiyw™ = t,,x. It suffices to show that t,,\ € {t\|\ € L},
or more to the point, that wA € L. Since w is generated by reflections s40, @ € ®, it
suffices to show that sa0(\) € L. Recall that A € L and therefore A = 3~ 5, Za3

8.8)
for some 753 € Z. Then
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27"3
ﬁ a)
- (ﬂﬂ)
47‘5 B,
= -
2 .6

Recall that ® is crystallographic, which gives us 2((5—532 = mg for some mg € Z.

Therefore

3(1,0()‘) — Z)\_ 47‘g ﬁ» )

= A— ngﬂ;
ped

= - ngrﬁav € L,
Bed

which shows us that W, normalizes L.
Also, since Wy consists only of linear transformations, the intersection Wy N L is
trivial. Therefore, Wy and L form a semi-direct product. Denote this product by W’.
Lemma 3.20 implies that all generators of W lie in W’. Thus, W C W’'. We
already know that Wy C W, but rearranging Equation (8) gives us

thav = SakSa €W
which implies that L C W. Therefore W' C W, so
W =W =LxW,.
a

Corollary 3.21. [H3, Corollary 4.2] If w € W and Hy € H then wHyyx = Hg, for
some 3 € @, l € Z, and thus wsa,w™! = sg,.

Proof. By Proposition 3.19 we have that W = W, x L, thus we can write w € W
as w = wpt; for some wy € Wy and some | € L. Furthermore, if [ € L, then
I =73 pea (ng)ﬂ for some 75 € Z, and thus we have that (I, ) = ) sc4( (zrg)ﬁ, a) =

Y pcaTB 2((5 5‘) € Z for all o € ® since P is crystallographic.
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We may thus apply Proposition 3.18 to deduce
wHop = woti Hy g = woHa k1 (1,0) = Hug(a)k+ ()

and

-1 -1 -1 __
WS W = = thlsa,kt—lw0 = WoSa,k+1,a)Wo = Swo(a).k+(l,a)-

3.4 Geometric Properties

Let us explore the geometric properties of affine reflection groups. For each H,x € H,

let f, : V — R be a non-zero linear function such that
Hox = {z € V|fa(z) = k}.
Let us use the following shorthand notation:

' fo’[C = Ha,k
fEr {z € Vfa(z) > k}
fr= {z € V|falz) < k}.

This is analogous to the f;’s we had in §2.4. In this case f*~ and f** are the two
open half spaces of V' \ H,j,. We now have a partition of V into cells just as we did

in the finite reflection group case.

Definition 3.22. For each o € ¢ choose a sign o, € {k,k+,k — |k € Z}. A cell in
V, with respect to H, is a non-empty set A C V defined by

A=) f3.
acd

Remark. Of course, just as with the finite reflection groups, many of the possible

choices leave us with the empty set.
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Definition 3.23. Let A and B be cells. Suppose A is defined by the sign choices o,
and B is defined by the sign choices d,, as « runs over ®. Then B is a face of A if
for all a € &:

0o € {k+,k—=} = 6, € {oa k}

ca=k = 6,=*k.

Definition 3.24. The non-empty cells defined by sign choices o, such that o, €
{k+,k—} for all « € ® are called chambers.

As in Chapter 2, we deduce that the chambers are the non-empty open convex

connected components of V'\ g H.

Definition 3.25. Let C be a chamber. A wall of C is a hyperplane H € H such that
there exists a face A of C such that H is the minimal affine subspace of V' containing
A.

Choose a chamber C, and call it the fundamental chamber. Let S = {sy|H is a
wall of C}. It is a useful fact that for any proper subset S’ of S, the normal vectors of
the corresponding hyperplanes H are linearly independent [H3, §4.3]. It follows that
any face of C is determined as an intersection of co-dimension one faces in exactly

one way.

Definition 3.26. Let G be a group acting on a set A. The action of G on A is
transitive if for any a, b € A there exists a g € G such that go = b. The action is

simply-transitive if there is a unique such g for all a,b € A.
Proposition 3.27. [H3, Proposition 4.3/

1. W is generated by S.

2. W acts transitively on the set C of chambers.

3. C has only finitely many walls, hence S is finite.



CHAPTER 3. AFFINE REFLECTION GROUPS 34

Proof. Let W' be the subgroup of W generated by S. We will begin by showing that
W' acts transitively on C. It is enough to show that for any A € C there exists a
w € W' such that wA = C. Let v € C and 6 € A. The orbit of 6 under the action of
the translation group L is a discrete subset of V', and since W is an extension of this
lattice group by a finite group (see Proposition 3.19) we have that the orbit under the
action of W (and thus also by W) is also a discrete subset of V. Choose an element
7 = wd from the orbit of § of smallest possible distance from v with w € W’. At this
point, if we can show that 7 € C, we will have that wA N C # @, which implies that
wA = ( since both are chambers.

Let us proceed by proof by contradiction. Suppose 7 ¢ C. We must then have
that v and & must lie in different half-spaces relative to some wall H of C. Let sy
be the corresponding reflection. Note that sy € W’. Consider the trapezoid having
vertices 7, SgT, Sg7Y, Y which is bisected by H. The lines segments sy7 to 7 and sgy
to v are parallel and ||sg7 — || = ||7 — sg7| since sy is an affine map and sg? = 1.

It can now be shown, using the law of cosines, that
lsam =l <lim =l

However, we have that sg7 is in the W’ orbit of § which contracts our choice of 7.
This gives us that W’ permutes C transitively. This implies furthermore that the
walls of each chamber will be the images of the walls of C. We would like to show
next that W = W', and to do this, it suffices to show that all the s, lie in W',
Let A be any chamber with H, as a wall, and let w € W’ such that wA = C. We
then have that wH,  coincides with one of the walls of H of C, whose corresponding

reflection sy lies in W’. By Corollary 3.21 we get ws, ,w™! = sy, which implies
Sak =W 'sgw € W'

This completes the proof of parts (1) and (2) of the proposition. Since we assume
that every hyperplane in H is parallel to a linear hyperplane in H, the local finiteness
of H implies that there are at most finitely many hyperplanes bounding H, that is,
finitely many walls. This completes the proof.

0
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We also have that this Proposition holds for finite reflection groups. The argu-
ments follow almost exactly as they do in this proof. See [H3, §1.8] and [H3, §1.9].
Property (3) will of course follow naturally since W itself is finite in this case.

Furthermore, we also have ‘that the action of W on C is simply-transitive on the
chambers. We will need a few: more results to show this. Since W' is generated by
S, each element of W can be written as a product of elements s;. Call an expression

w = 8y - - - 8, reduced if r is minimal among all such expressions.

Lemma 3.28. [H3, Lemma 4.5] Suppose w € W is not the identity, and let w =

81+ S be a reduced expression. Then the hyperplanes in the set
L(w) = {Hs,,$1Hs,,$180Hgy, ..., 1+ $p1H, }
are oll distinct.

Proof. If not, then there is some 1 < m < n < r such that
81+ Spo1Hs,, =81+ 85,1 H,,,
or, after multiplying both sides on the left by s,,-1 -+ - 51,

H

Sm

=S8m- Sn—len-

Applying Corollary 3.21, we deduce s, = (Sm - Sn—1)Sn(Sn—1-" - Sm). Rearranging

terms, we deduce Spy1 - Sp—1 = Sm - - - Sn. But this would imply that

w:sl...(sm...sn)...sr:—_Sl...(sm+1...8n_1)...sr

which is a shorter expression, contradicting that s; - - - s, was a reduced expression for
w. a

Theorem 3.29. [H3, Theorem 4.5] Let C be the fundamental chamber. The hyper-

planes separating C from wC are ezactly those in L(w).

Proof. We proceed by induction on the length of a reduced expression for w. If
w = s, then L(w) = {H,} and this is the unique hyperplane separating C' from sC

by construction.
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Suppose that the result is true for any w’ with a reduced expression of length
r — 1, and suppose w = s;--- s, is a reduced expresssion for w. Set w' = s3--- s,
By induction, the hyperplanes separating C' and w'C are exactly those in L(w’).
Note that from the definition of L(w') we have that s;L(w') C L(w) \ {Hs, }. So if
Hg, € L(w'), we would have s H,, € s;L(w'), but s1H,;, = Hy,, so this is impossible.
Thus C and w'C lie on the same side of H;,. Now s;w'C = wC must lie on the
opposite side of H;,, so H,, separates C and wC. On the other hand, given any
H € L(w), H separates C from w'C so s; H separates s;C from s;w'C = wC. Since
C and $;C lie on the same side of every hyperplane except H,, it follows that all the

hyperplanes in s;L(w’) also separate C from wC, as required. |
Corollary 3.30. W acts simply transitively on the set C of chambers.

Proof. If wC = C for some w, then since by the theorem the number of hyperplanes
separating C' and wC is equal to the length of a reduced expression for w, we deduce

w cannot be nontrivial. . O

Ezample 3.31. Recall the example from §3.2 and Figure 5. Choose the chamber
whose faces are contained in H,o and H,: as the fundamental chamber C. The
reflections in these two hyperplanes are s, and s, respectively. In §3.2 we proved
that s = $41540 = ¢ 2 and that our affine reflection group W is generated by sq1
and sq0.

In Figure 6 we denote the fundamental chamber by C. By Corollary 3.30, W acts
simply transitively on the set of all chambers and so is in bijection with the set of
all chambers by the map w — wC. To illustrate this, we identify each chamber wC
with the unique element w € W (above the line).

We also identify the hyperplanes (below the line) as per §3.2, that is, by writing
down the corresponding reflection in terms of the generators. By the proof of Proposi-
tion 3.27, each hyperplane maps, by some element of W, to a face of the fundamental
chamber C' (which is one of either H,o or H,1). By our discussion of orbits in §3.2,
this face is unique. The element of W is not unique because each hyperplane is the
face of two chambers. Using Corollary 3.21 to identify the reflection in wH with the

reflection wsyw™! € W, we see that the different choices correspond to different ways
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of writing the same element in W. Thus the labels below the diagram in Figure 6

represent one way of writing the reflections in the associated hyperplanes.

5" Spe 15S0¢ 0C  Soc,0C C Soe.1 C
o o ®- O .
S Spe oS S Spe 1S Soc 0 Soc .1 s s‘,,_,OS'1

Figure 6: Geometric representation of an affine reflection group derived from a finite
reflection group

Remark. As in the finite group case, the pair (W, S) from this chapter is another
example of a Coxeter system, and the poset ¥ of cells, ordered by the face relation,
is again a geometric realization of its associated Coxeter complex (which we will see

more of in Chapter 5).



Chapter 4

p-adic Numbérs and Algebraic
Groups

This chapter is aimed mainly at giving a review of p-adic numbers in §4.1 and some
examples of algebraic groups in §4.2 that we will use later. The section on p-adic
numbers will construct the field of p-adic numbers Q, as well as the ring of p-adic
integers Z, following [K, §1 pages 1-20, §3 pages 52-65]. The section on algebraic
groups will give several classical examples paying special care to define them in a
field-independent way. See [Bo, §1 pages 46, §23 pages 253-264] and [H2, §2.7 pages

51-53] for the reference material used.

4.1 p-adic Numbers

We begin this section with a series of definitions.

Definition 4.1. A metric on a set X is a function d from pairs of elements (z,y) of

X to the non-negative real numbers satisfying
1. d(z,y) =0 if and only if z = y.
2. d(z,y) = d{y,2).

3. d(z,y) < d(z,z)+d(z,y) VzeX.

33
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Definition 4.2. A norm on a field F, denoted by || ||, is a map from F' to the

non-negative real numbers satisfying
1. ||z} = 0 if and only if z = 0.

2. |z -yl = ll=ll - 1yl
3 Mz +yll < llll + llyl-

Definition 4.3. A metric.d is induced by a norm || || if it is defined by d(z,y) =
Il —yll.

We of course know many metrics and norms already. For instance, the regular
distance function on the real numbers is a metric, and the absolute value function
is a norm. Let us take this time to explore another norm, this one defined on the
rational numbers.

Let p be any prime number and let a be any non-zero integer. Define ord,a to be
the highest power of p which divides a. That is to say, ordpa is the greatest integer
m such that ¢ = 0 (mod p™). We will define ord,0 = cc.

Remark. One should note that ord,(ab) = ord,a + ord,b.

We would now like to extend our map to allow it to work on rational numbers

as well as integers. Let z = ¢ (with a,b € Z, b # 0) be a rational number. Define
ordpx = ordya — ord,b. This is well defined by the remark above. Now, use this to

further define a map | |, on Q:

l$’ B p-—ordpz7 z ?é 0
"o, z=0.

Proposition 4.4. | |, is a norm on Q

Proof. Our proof of part (3) follows that in [K, T §2]. It suffices to verify that | |,
satisfies the properties given in Definition 4.2.

1. This first property is obtained by definition of | |,.
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2. Let z = ¢ and y = £. If z or y is 0, the second property is obvious, so assume

both @ and ¢ are non-zero. Let us begin by exploring some properties of ord,.

—ord, <—§§) = —ordy(ac) + ord,(bd)
= —ordpy(a) — ordy(c) + ord,(b) + ordy(d)

= —ordy(a) + ord,(b) — ord,(c) + ordy(d)

-t () ()

This gives us

oyl = |=
T T

p
— p—ordp( %)

—ordy(§)=ordy (5)

= D

= pordh(®) | perds($)
= p—m'dpz . p_o"'dpy

= |zlp - |ylp.

3. If z, y or z+y is 0 the third property is obvious, so assume they are all non-zero.

Let z = ¢ and y = . We now have

ad + be
bd

r+y=

and

ordy(z + y) = ordy(ad + be) — ordyb — ordyd.

The highest power of p dividing the sum of two numbers is at least the minimum

of the highest power dividing either of the two numbers. Therefore

ordp(z +y) > min{ordy(ad), ord,(bc)} — ordyb — ord,d
= min{ord,a + ord,d, ord,b + ord,c} — ord,b — ord,d
= min{ord,a — ordyb, ord,c — ord,d}

= min{ord,z, ord,y}. (9)
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Finally, since p~* is a decreasing function of ¢, we have

—ordp(z+y)

IA

lz+yl,=p max{p~ %%, p~ TV}

{l

max{|z|p, |ylp}
Ix'p - lyip-

IA

Definition 4.5. The norm | |, is the p-adic norm.

Remark. By combining Definition 4.3 and Proposition 4.4 we can define the p-adic

metric on Q.

Definition 4.6. A norm on F is called non-Archimedean if ||z +y|| < max{||z||, ||yl }
holds for all z,y € F.

We have not only proven that | |, is a norm, but also that it is a non-Archimedean

norm.

Definition 4.7. A discrete valuation on a field F' is a surjective homomorphism
v : F* — Z such that

v(z +y) > min{v(z),v(y)}

for all z,y € F* with x +y # 0.

We have from Equation (9) that ord, is a discrete valuation.

We are now ready to give a definition of p-adic numbers. One may define the field
Qyp of p-adic numbers as the completion of Q with respect to the p-adic norm. That
is, each element of (Q, can be viewed as an equivalence class of sequences of rational
numbers which are Cauchy with respect to | |,, where two sequences are equivalent
if their difference converges to 0. The sum and product of such sequences are also
Cauchy sequences, and hence define elements of Q,. In fact Q, is a field [K, I §4].

It can be shown that each equivalence class of sequences contains a unique repre-

sentative of a particularly convenient form, as follows [K, I §4].
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The non-zero elements of @, can be realized as formal sums of the form

_ 9:2 b—m+1

a pm pm—l

b_
+---+—pl+b0+b1p+b2p2+---

where b; € {0,1,...,p— 1} and m € N. That is, each element of Q, is expressible as
a Laurent series in p, with coefficients in {0, 1,...,p—1}. Such sums converge in the
p-adic norm. Addition and multiplication are computed by carrying higher powers of
p to the right, and taking the limit.

This realization is particularly convenient to use, because it mimics the real num-
bers. That is to say, each p-adic number can be thought of as a base p “decimal”
number, with the b;’s as the “digits”, and only finitely many non-zero digits (if any)
“to the right of the decimal point”, which are realized as the digits with negative

powers of p and written starting from the left.

Ezample 4.8. One could write the rational number
13.56 € Q C Qs

as

4 2 1
g2~+3—1+3+2~5.

This is its 5-adic expansion. A more non-trivial example would be
~1=44+4-5"+4.52+4.5%....
Definition 4.9. The p-adic integer ring is Z, = {a € Q| la|, < 1}.

Note that 0 and 1 are in Zj,, and by the proof of Proposition 4.4 we have that
lzylp = |z|plylp and |z + yl, < max{|zl,, [ylp}. Thus Z, is indeed a subring of @,

comprised of all numbers of @, with no negative powers of p in their expansion.
Definition 4.10. A uniformizing element is any 7 € Z, such that ord,(7) = 1.

We will very often choose 7 = p.
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4.2 Algebraic Groups

The theory of algebraic groups is quite complex, and we will not present a general
definition of an algebraic group here. The algebraic groups of interest to us here are
principally some of the simple split classical groups over the real and p-adic numbers.
The interested reader may note that over the real numbers, our groups are Lie groups,
endowed with a smooth manifold structure, but we will be interested in them only
from an algebraic perspective. Our goal is to present several examples of split classical
groups and some particular important subgroups.
We start with a few definitions. Let K be a field.

Definition 4.11. The diagonal group D,,(K) is the group of n x n invertible diagonal

matrices.

Definition 4.12. For any n, the monomial group is the group of n x n invertible

matrices with exactly one non-zero entry in each row and column.

Definition 4.13. A group G is solvable if there is a chain of subgroups
1=Gp 4G 94G,Q..49G, =G
such that G;;1/G; is abelian for i =0,1,...,s — 1.

Let us now present the classical examples, all of which can be found at [Bo,
§1.1.6]. In the following, if vy, -, vx € K™, we write [vy, - - -, vg] for the span over K

of {v1,---,v}. In particular, if v # 0 then [v] denotes a line in K™.

Ezample 4.14. Define G = GL,(K) to be the set of all n x n invertible matrices with
entries in K. This is the multiplicative group known as the general linear group.
The upper triangular group B C GL,(K) is a Borel subgroup, that is, B is a max-
imal group among the solvable subgroups of G. Let N C GL,(K) be the monomial
group. The diagonal group 7' = D,(K) C G is a maximal torus, that is, a maximal
diagonalizable subgroup of G.
The group N permutes the set of lines {[e;],...,[e,]} where the e;’s form the

standard basis of K. We obtain a surjection of N onto the symmetric group on n
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letters Q : N — S,, by mapping g € N to the element of S,, that permutes the labels
of the lines {[e],...,[en]} in the same way that g permutes the lines. The preimage
of the identity in S, is exactly 1. Thus we have that T is the kernel of €} and that
N normalizes T'. In fact, we have that N = Ng(T') is the normalizer of T in G and
that T = Cg(T) is self-centralizing in G. The quotient W = Ng(T")/Ce(T) = N/T,
called the Weyl group, is thus isomorphic to S, via our map {2 above.

Ezample 4.15. Define SL,(K) to be the set of all matrices of determinant 1 in
GL,(K). This is the group known as the special linear group.

The subgroups B, T, N C GL,(K) intersected with SL,(K) give a Borel, torus,
and normalizer of the torus in SL,(K) respectively. We also have that W = (N N
SL,(K))/(TNSL,(K)) = S, the symmetric group on n letters as we did in the case
of GL,(K).

Ezample 4.16. [Br, §v.6] Set

1 0

Let us equip the space K?" with a symplectic (skew-symmetric, non-degenerate, bi-

0 J
linear) form B( , ), which we may represent by the matrix :| . It is proven

in [A, §IIL.5] that any symplectic vector space is the orthogonal direct sum of hy-
perbolic planes, that is, 2-dimensional subspaces in which there exists a basis {e, f}
such that B(e,e) = B(f,f) = 0 and B(e, f) = —B(f,e) = 1. Thus there exists
a basis {ey,...,€n, fn,..., i} such that each {e;, f;} is a hyperbolic pair and, for
i # j, span{e;, f;} is orthogonal to span{e;, f;}. Given any linear transformation
r € GLop(K) which preserves B, that is, for which B(zu,zv) = B(u,v) for all

u,v € K", its matrix must satisfy

15150
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The collection of all such z is denoted by Sps,(K) and is known as the symplectic
group.

The subgroup B C Spzn(K) of upper triangular symplectic matrices is a Borel
subgroup. Let N C Spa,(K) be the group of monomial matrices which lie in Spa, (K).
A maximal torus in Spo,(K) is T = BN N, the group of diagonal symplectic matrices.
A quick calculation shows that

¢ i 3
ai

Qn
1Ay, ...,0, € K* 3.

—1
\ L a; - | y,

Again, N normalizes T', and we get a Weyl group W = N/T. However, it is
slightly more complicated than our two previous examples. In this case, we get that
W is the group of permutations of the basis vectors {ey,..., e, fu,--., f1} with the
proviso that every pair {e;, f;} is mapped to another such pair. In fact, W is generated
by the set S = {s1,...,s,} of permutations where s; for ¢ < n is the product of the

two transpositions e; <+ e;41 and f; < fi4, and s, is the transposition e, < f,.



Chapter 5
Buildings

The chapter begins by giving the details of simplicial complexes that we will need. We
begin §5.2 with the definition of a building, and follow it by giving the definition of a
labelling and then proving that a building (and each apartment) admits a labelling.
We define a group G of certain automorphisms of the building. We continue in
sections §5.3 and §5.4 by defining a BN-pair and showing that every building admits
a BN-pair, and then showing how to construct a building from a BN-pair via the
idea of parabolic subgroups. Please see [Br, §IV pages 76-78, §V pages 99-114] and
[G, §4 pages 51-53, §5 pages 63-84] for the reference material used in these sections.
Although most proofs given in this section are adapted from one or more of these
sources, the following contributions are either original or expanded upon from the

literature: Lemma 5.28, Lemma 5.29, Lemma 5.30, Lemma 5.38, and Lemma. 5.39.

5.1 Simplicial Complexes

Let us begin with some definitions.

Definition 5.1. A simplicial complex A, with associated vertex set V, is a collection
of finite subsets of V, simplices, such that every singleton {v} C V is a simplex, and

every subset of a simplex is a simplex.

Note that the empty set is also a simplex. If A and B are simplices such that
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A C B, then A is a face of B. We now have two definitions of what a face is. We

shall see shortly that both definitions will coincide under a suitable identification.

Definition 5.2. A simplicial homomorphism is a map v : V — V' from a vertex
set V, associated with a simplicial complex A, to a vertex set V', associated to a

simplicial complex A’, such that if A is a simplex in A then y(A) is a simplex in V'.

Definition 5.3. A subcompléx of A is a subset A’ C A such that if A € A’ then A’

also contains all the faces of A.

We thus have that a subcomplex A’ C A is itself a simplicial complex with its

own assoclated vertex set V' C V.

Posets

A simplicial complex A is a poset, ordered by the face relation.

Lemma 5.4. Any poset A which satisfies the following two properties can be identified

with the poset of simplices of a simplicial complez.
1. If A, B € A then there exists a greatest lower bound in A.

2. If A€ A then Acy = {B € A|B < A} is isomorphic to the poset of subsets of
{1,...,k} for some k > 0.

Sketch of proof. First note that the poset of a simplicial complex satisfies (1) and (2),
where we take the greatest lower bound as A N B. Conversely, suppose A satisfies
(1) and (2), then take the vertex set V to be the set of rank 1 elements of A where
the rank of A € A is the unique integer k such that property (2) above holds. In this
instance we can identify each A € A with A’ = {v € V|{v} < A} where < denotes
the face relation. Thus, the map A — A’ defines a poset isomorphism from A onto a

simplicial complex with vertex set V. O
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Coxeter Systems
Let (W, S) be a Coxeter system, as in Definition 2.24.

Definition 5.5. A special subgroup (S’) of W is a subgroup generated by a subset S’
of S. A special coset is a coset w (S’) with w € W and S’ C S.

Lemma 5.6. [Br, Lemma §II1.1] The function S’ — (S') is a poset isomorphism
from the set of subsets of S to the set of special subgroups of W.

The proof of Lemma 5.6 relies heavily on the deletion condition, which we have
not covered here, but can found at [Br, Condition (D) §IL.1].

Let X = X(W,.S) be the poset of special cosets ordered by inverse inclusion. This
means that if A, B € ¥ then B < A (B is a face of A) if and only if A C B as subsets
of W.

Theorem 5.7. [Br, Theorem 1 §1II page 58] The poset ¥ = (W, S) is a simplicial

complez.

Sketch of proof. The vertices of ¥ are special cosets of the form w(S’) where w € W
and S’ is a maximal proper subset of S.

By Lemma 5.4 we have two things to verify.

1. Any two elements of ¥ have a greatest lower bound.
Suppose that w (S') and w’ (S”) are two elements of X. Since W <§ > is a greatest
lower bound of w (S’) and w’ (S”) if and only if w™w <5'> is a greatest lower

bound of 1 and w™w’, we may without loss of generality assume that w = 1. We
must then prove that a special subgroup (S’) and a special coset w’ (S”) have a
least upper bound (since we ordered X by inverse inclusion). Any special coset
containing the two above contains the identity and is thus a special subgroup.
It also contains w’ and thus also contains (S”) = w''w’ (S”). So any upper
bound of the two given special cosets is a special subgroup containing S’, ",
and w'. The least upper bound is the intersection of all the special subgroups
containing S’, S”, and w. Specifically, there exists a smallest T C S such that
we(T)and S, 5" CT.
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2. For any A € X the poset <4 of all faces of A is isomorphic to the set of subsets

of some finite set.

It suffices to prove this for A maximal with respect to the ordering on the
poset X, ‘which means a minimal special coset. These are exactly the elements
of W, and it suffices to prove the result for A = {e}, the identity element.
Then the special subgroups containing A are exactly all special subgroups, so
we have X< = {B € X|B < A} = {B special coset|B 2 A} = {all special
subgroups}. The set of all special subgroups, ordered by inverse inclusion, is
isomorphic to the poset of all subsets of {1,2,...,|S|} by Lemma 5.6 where
{1,2,...,]5]} = {s1,52,-..,55/}, so the result follows.

a

Definition 5.8. Let (W, S) be a Coxeter system. The poset ¥ = X(W,.S) of special

cosets ordered by inverse inclusion is called a Coxeter complez.

In Chapters 2 and 3, we described certain Coxeter systems (W, .S) via their ge-
ometric actions on vector spaces V', and consequently produced a poset, call it 3,
associated to (W, S) where the objects were cells in V, ordered by the face relation.
From this point on we will only consider Coxeter systems that arise from either a

finite or affine reflection group.

Lemma 5.9. The posets X' and (W, S) are isomorphic, and hence ¥’ is a Cozeter

complez.

Proof. We define a map ¢ : ¥’ — (W, S) as follows. Choose a fundamental chamber
C € ¥'. The walls of C are in one-to-one correspondence with the elements of S, and
each vertex v of C' is contained in all but one wall, say the one corresponding to s.
So we define ¢(v) = (S \ {s}), which is a vertex of ¥'. More generally, any face A of
C may be uniquely identified by a subset S’ C S of reflections stabilizing it, and so
we may define ¢(A) = ().

Now if C" is any other chamber in ¥’, then the simple transitivity of the action
of W on the set of chambers in ¥’ from Corollary 3.30 implies there exists a unique
w € W so that wC = C’. Given a face A of C’, set ¢(A) = w(p(w™A)), where w1 A
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is a face of C and so ¢p(w™tA) is a special subgroup, and thus ¢(A) is a special coset.
In particular, we see that ¢ maps vertices to vertices and simplices to simplices, and
so is a simplicial homomorphism.

Note that ¢ is bijective by the simple transitivity of the action of W on ¥’. Namely,
for any w(S’), let A be the face of C contained in the intersection of the hyperplanes
corresponding to §’; then ¢p(wA) = w(S’). If p(wA) = ¢(w'B) for ww' € W and
A, B faces of C, then w(S’) = w'(S") for subsets S” and S” of S corresponding to A
and B. Hence w' ™ 'w(S") = (S”) is a subgroup, which implies that v’ w € (5’) and
(S’ = (S”). Thus the stabilizers of A and B are equal, implying A = B since both
are faces of C. Finally, note that this implies wA = w(S)A = w'(S")B = w'B so ¢
is injective.

O

The advantage to the poset ¥’ is that it encodes geometric information about the

action of W, which lets us picture the Coxeter complex in a very nice way.

Definition 5.10. Let A, I" be simplicial complexes and let A be a simplex such that
A€ Aand A € T'. Let V4 and Vr be the vertex sets of A and I' respectively. Set
VY = VAN Vr. A simplicial homomorphism f : A — T fixes A pointwise if f(v) = v
for all v € V such that {v} < A.

5.2 Buildings from Coxeter Complexes

Definition 5.11. [Br, §IV.1] A building, related to a Coxeter system (W, S), is a sim-
plicial complex A which can be expressed as the union of subcomplexes 33, henceforth

called apartments, satisfying:
1. Each apartment % is isomorphic to the Coxeter complex of (W, S).

2. For any two simplices A, B € A there is an apartment % containing both of
them.

3. If ¥ and %' are two apartments containing A and B then there is a simplicial

isomorphism ¥ — Y fixing A and B pointwise.
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Definition 5.12. If ¥ is an apartment of a building A, then a chamber C € X is a

maximal element of the poset.

Labellings

Definition 5.13. Let A be a simplicial complex with associated vertex set V. Let
A = {vy,...,v,} be a simplex. The rank of A is equal to n, the number of vertices
used to define A.

Definition 5.14. A simplicial complex A with all simplices having finite rank is a
chamber complez if all maximal simplices have the same rank and any two can be
connected by a sequence of maximal simplices in which any two consecutive ones are
adjacent (have a common co-dimension one face). In this case, the rank of A is equal

to the rank of one of its maximal simplices.

Suppose now that A is a building. Since every chamber C' of A lies in an apartment
isomorphic to the Coxeter complex of (W, S}, it follows that the rank of C' is equal to
|S|. Hence A satisfies the first condition for being a chamber complex. The chambers
of a building A all have the same rank (namely |S|). See Theorem 5.7 combined with
[Br, Theorem §III.1] for a proof that the second condition is also fulfilled so that a

Coxeter complex is a chamber complex.

Proposition 5.15. [Br, Remark §II1.4A] If ¢ and 3 are two simplicial isomorphisms
from a chamber complex ¥ to a chamber complez ¥’ such that ¢(v) = ¥(v) for all
vertices v € C where C is a chamber in X, then ¢ = 1.

Proof. Let ¢ and ¢ be two isomorphisms ¥ — Y’ such that they both agree on C
pointwise. Let D be a chamber in X adjacent to, and distinct from, C. That is, C
and D share a common codimension-1 face A.

We have that Cy = ¢(C) = ¢(C). Since ¢ and 9 are simplicial homomorphisms
which agree on C pointwise they must necessarily agree on all vertices of C' pointwise,
and hence all faces of C' as well. Let A; = ¢(A4) = ¢¥(A4), and let D; be the unique
chamber in ¥’ distinct from C; with A; as a face. We then have necessarily that
¢(D) = Dy = (D) since the only other possibility is that either ¢ or 1 maps D to
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C' contradicting the injectivity of ¢ and ¢). We also have that ¢ and ¢ must agree
pointwise on D since they already agree on all but one vertex of D. That is to say,
both ¢ and ¢ need to send the only vertex of D not in A to the only vertex of Dy
not in Aj.

The above gives us that if two isomorphisms agree pointwise on a chamber C' then
they agree pointwise on any chamber D adjacent to C. Since every two chambers
are connected by a sequenc.e‘_' of adjacent chambers, we deduce by iterating the above

argument that these two isdmorphisms agree pointwise on all chambers of X O

Definition 5.16. A simplicial homomorphism ~ is non-degenerate if y(A) has the

same rank as A for all simplices A.

A non-degenerate simplicial homomorphism is the same as a poset map v : A — A’
such that v will map A<4 to A’<y(4) isomorphically for every A € A. Also, if A and
A’ have the same rank then a simplicial homomorphism + being non-degenerate is
equivalent to it taking chamf’)_ers to chambers. This is true since if C' € A is a chamber,
then v(C) € A’ has the same rank as C since v is non-degenerate, and since A’ has

the same rank as A, than v(C) must be a chamber.

Definition 5.17. A non-degenerate simplicial map v between two chamber complexes
A and A’ of equal rank is a chamber map. Furthermore, if A’ is a subcomplex of A

and v : A — A’ acts as the identity on A’ then ~ is a retraction.

Definition 5.18. A labelling of an apartment X by a set [ is a function which assigns
to each vertex of X an element of 7 in such a way that the vertices of every chamber

are mapped bijectively onto 1.

Let A be a chamber complex. Let I be a set with cardinality n where n is the
rank of A, and let Z be the simplicial complex consisting of all subsets of I. Then a

labelling of A by I is the same as a chamber map A: A — 7.

Definition 5.19. If A ¢ A and A : A — Z is a labelling of A, then the simplex A(A)
is called the type of A. A simplicial automorphism f : A — A is type preserving if
AA) = M f(A)) for all A€ A.
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Lemma 5.20. [Br, B2" §IV.1] If ¥ and ¥’ are two apartments with a common
chamber, then there is an isomorphism ¥ — X' fizing every simplez in X NY'. In

fact, this condition is equivalent to property (8) of Definition 5.11.

Proof. Let ¥ and ¥’ be apartments with a common chamber C. In light of property
(3) of Definition 5.11 we have, for each A € ¥ NY', an isomorphism ¢4 : £ — ¥’
fixing A and C pointwise. However, Proposition 5.15 shows that there is at most one
isomorphism from ¥ to ¥’ fixing C pointwise and thus all the ¢4 are equal to a single
isomorphism ¢ which fixes the entire intersection ¥ N X'.

Conversely, suppose first that ¥ and ¥’ contain a chamber C and a simplex A in
their intersection. Then by hypothesis there is a simplicial isomorphism from ¥ to ¥’
fixing A and C pointwise. More generally, let A and B be two simplices contained
in two apartments ¥ and ¥'. Choose chambers C and D with A < C € ¥ and
B < D € ¥, and choose an apartment ¥” containing both C' and D. In view of our
weaker property, we have isomorphisms ¥ — X" — ¥’ where the first isomorphism
fixes C and B pointwise and the second fixes A and D pointwise. Their composition

is then an isomorphism ¥ — ¥’ fixing A and B pointwise. O

Corollary 5.21. [Br, Proposition 1 §1V.1] Suppose ¥, ¥’ are two apartments con-
taining a common chamber C. If ¥ and X' admit labellings by I which agree on LN/

then the map from Lemma 5.20 is label preserving.

Sketch of proof. Let A : ¥ — I and X : ¥ — I be the two labellings. Let C be a
chamber in ¥ N Y and let ¢ : ¥ — ¥’ be a map from Lemma 5.20. We have that
I=XC)=XNo¢(C). A similar argument as in Proposition 5.15 (with C} = D; = I,
for example) shows that A = X o ¢. O

We now give an example of a retraction, which will become important again later.

Ezample 5.22. Let A be a building with associated fundamental apartment and cham-
ber (¥,C). We construct a retraction A — ¥ fixing C pointwise as follows. If we
have an apartment ¥’ which also contains C we know from Lemma 5.20 that there
is an isomorphism ¥’ — ¥ fixing C pointwise. Let ¥” be an apartment which does
not contain C. Let B be a chamber in ¥”. We then have that, by property (2) of
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Definition 5.11, that there exists an apartment ¥’ containing both B and C'. By ap-
plying the above argument to this situation twice, we can construct an isomorphism
3" — ¥ — 3 such that the first fixes B pointwise and the second fixes C' pointwise.

By Corollary 5.21 we also know that these maps are all label preserving.

Proposition 5.23. [Br, §1.Appendiz C page 81] A chamber complex A admits a

labelling if and only if it admits a retraction onto A<c where C' is a chamber of A.

Proof. Let C be a chamber in A. Assume A admits a labelling A : A — Z. We thus
have that A maps the subcomplex A’ = A<¢ isomorphically onto Z. Thus, we get a
retraction v = A A tod: A — A’ Conversely, we can view a retraction onto A’ as

a labelling where the set I of labels is the set of vertices of C. a

Theorem 5.24. The Cozeter complex ¥ of a Cozeter system (W,S) admits a la-
belling.

The following proof has been greatly expanded upon from [Br, Proposition §1. Appendix

C]. In particular, it applies to affine, not just finite, reflection groups.

Proof of Theorem 5.24. Choose a chamber C. By Corollary 3.30 we have that W
acts simply transitively on the set of chambers. Therefore, for any other chamber C’
there is exactly one element w € W such that wC = C’. Furthermore, if A is a face
of C, there is only one face of " that A can be mapped to via the W-action. Define
v : ¥ — Y<¢ by setting y(A) to be the unique face of C' which is W-equivalent to A.
We have that 7 is a non-degenerate chamber map since the W-action is bijective, and
we also have that it acts as the identity on the ¥<¢. By Proposition 5.23 we have a
labelling. a

Remark 5.25. Any two labellings of a chamber complex Y are equivalent. Let
and A be two labellings on 3 with label sets I, and I, respectively. We have that
the cardinality of both of these sets must be equal, call it n. We can thus write
I,={a,...,a,} and I = {b1,...,b,}. Let C be a chamber of ¥ and let C be the set
of its vertices. Then since v and A are labellings, there are bijective maps 7.,: I, — C
and 7y: I, — C. Then 7, '7, defines a bijection from I, to I, which extends to a map
7:1, — I). We then have A = 77.
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Corollary 5.26. [Br, Proposition 1 §1V.1] A building A admits a labelling.

Proof. Let A be a building. Fix a chamber C and label its vertices by some set I.
Let ¥ be any apartment containing C. We then have, by Theorem 5.24 and Remark
5.25, that there is a unique labelling Ay, of ¥ which agrees with the labelling of C.
Let ¥ and X' be two apartments containing C. We then have that the labellings As,
Az agree on XN Y, which follows from the fact that Asy can be constructed as Az o ¢
where ¢ : ' — ¥ is the unique isomorphism fixing YN’ from Lemma 5.20. We thus
have that the labellings Ay all fit together to give a labelling A defined on the union of
all of the apartments containing C. Let A be any simplex in A, then by property (2)
of Definition 5.11 we have that there exists an apartment ¥ containing both A and
C, which means that all simplices in A are contained in at least one apartment which

contains C. Therefore, our labelling A is a labelling of the entire building A. a

Buildings and Coxeter Systems

Let A be a building and 4 the collection of all its apartments. Suppose G is a group
that acts as type-preserving simplicial automorphisms on A, stabilizes 4 (that is, if
¥ is an apartment then so is ¢¥) and also acts transitively on the set of pairs (£, C)
where ¥ € A and C is a chamber in ¥. Fix an arbitrary such pair (X, C) and refer
to these specific ¥ and C as the “fundamental” apartment and chamber respectively.

Following Remark 5.25 we have that any two labellings on ¥ are equivalent, so let
us choose the one given in the proof of Theorem 5.24. By construction, this labelling
gives us the fact that W is a group of type-preserving automorphisms of 3. We
also have that for any chamber C’ there exists a unique element of W which maps
C to C' in a type preserving way. This implies that if v € G is a type-preserving
automorphism on ¥ we must have that its action on ¥ is equal to an element of W.

This gives us the fact that W is the group of all type preserving automorphisms on
3.

Remark 5.27. We will impose a further restriction on our buildings by insisting they
be thick. This means that any co-dimension one face of C' is a face of at least three

chambers.
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We take this opportunity to introduce several subgroups of G, following [Br,
§V.1A].

B = {geGlgC=C}
N = {geGlgE =1}
T

{9 € G|g fixes ¥ pointwise}

The choice of names for these subgroups is meant to be suggestive of the Borel,

Torus, and Normalizer of the torus of an algebraic group.
Lemma 5.28. W = N/T.

Proof. Recall that N is the set of all elements of G, which are type-preserving au-
tomorphisms on A, such that ¢¥ = ¥ and that W is the set of all type-preserving
automorphisms of 3. Since G acts transitively on all pairs (2,C) it contains all
type preserving automorphisms of ¥. We therefore get a surjective homomorphism
h: N — W by restricting the action of N from A to ¥£. We also find that 71" is the
kernel of A and thus we have that 7" is normal in N and W = N/T. a

Lemma 5.29. If g € G fizes C then it fizes C pointwise.

Proof. Since g fixes C in a type preserving way, and there is only one way to map C

to C in a type preserving way, we must have that g fixes C pointwise. O
Lemma 5.30. T=BNN.

Proof. Let g € BN N. Since g € N, we have by the proof of Lemma 5.28 that g acts
on ¥ as an element of W via the surjective homomorphism k. But we also have that
g € B, so it will fix C. By the simple transitivity of the W-action, this implies that
h(g) =1 € W, and so by Lemma 5.28 we have g € T. Thus BN N C T; but the
converse is clear since each of B and N contains T' by definition. Thus 7'= BNN. O

Let us now make a small digression which will ultimately lead us to a useful result;
namely that G is generated by B and N. Recall Lemma 5.9. Let A be the face of C
whose stabilizer in W (identified with N/T') is the special subgroup W’ = (S’). Let
Pg be the stabilizer of A in G.
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Proposition 5.31. [Br, §V.1D] Py =J .y BwB.

Proof. For some g € Ps choose an apartment X' containing the two chambers C' and
9C. We may choose an element b € B C G such that Y’ = ¥, since G is transitive
on the pairs (X,C) and the fact that any element which fixes C' is contained in B
(bC =C Y be B). Since bgC is a chamber in 3 and W acts transitively on the set
of chambers in ¥ (Proposition 3.27) we have that

bgC = wC (10)

for some w € W. Equation (10) implies that bg € wB and therefore g € BwB. To
show that w € W’ write g = bywb,. Then

A= gA = bhjwh A = bywA = wA =b1A = A.

Therefore wA = A and w € W’. The same argument, in reverse, shows that BW’'B C
Pg . Finally, this gives us Py = |,y BwB. O

We will be using the shérthand notations

|J BuB=BW'B=B(SYB=B{(s1,...,s.) B
weW’ :

where

W' = (8" = (s1,..., 8n)
interchangeably.
From this, we derive two interesting results. First, when S’ = {s}, we have that

P, = BU BsB. (11)

Second, when S’ = S, we have that W/ = W and Pgy = Py = G. We conclude this
because the face A of C stabilized by W = (S) is either the origin if W is a finite
reflection group or the empty set if W is an infinite affine reflection group, and the

corresponding stabilizer in GG in both cases is G itself. This tells us that

G = BWB.
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Recall that we identified W with N/T. Therefore, we can identify every element
of W with an element of N (any element of n € N such that w = nt for some t € T).
This gives us the fact that G is generated by B and N.

Lemma 5.32. [Br, §V.1E] G = [{, ey BwB is a disjoint union.
This is called the Bruhat decomposition of G.

Proof. We have already established that G' = | J,cyy BwB; at issue is to show that if
BwB = Bw'B then w = w'.

Let g € G and choose an apartment ¥’ containing both C' and gC. Also, choose
b € B such that b’ = X. Since b is type preserving, the action of b induces the

unique isomorphism ¥’ — ¥ fixing C pointwise. We have
bgC = p(g9C)

where p is the retraction py ¢ : A — X fixing C' pointwise constructed in Example
5.22. What we have now then, as in the proof of Proposition 5.31, is that ¢ € BwB
where w is the unique element of W such that p(¢C) = wC.

To complete the proof, it suffices to show that for any w € W and g € BwB, that
p(gC) = wC. Choose W € N representing w, and consider an element g = bwd’ €
BwB, b,/ € B. We then have that

gC = bwb'C = bwC = bwC.

Hence, since bC = C, we have that both gC and C are in the same apartment bX.

Furthermore, b~! maps this apartment back to X, from which we derive
p(gC) = b"1gC = wC.

It now follows from the simply transitive action of W that these double cosets are all
distinct. O

Proposition 5.31 gives us that P = BW’B, however, Lemma 5.32 lets us know
that all of the BwB are disjoint as w ranges over W. The set P = {P|S’ C S} is
a poset with relation given by inclusion. Let & be the collection of all subsets of S.

We can now create a function A : § — P which maps the subset S’ C S to Pg.
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Proposition 5.33. The function S’ — Pg s a poset isomorphism.

Proof. Tt is clear that A is a poset homomorphism. We claim its inverse is the map
which sends P € P to the set
S'={s e S|BsB C P}.

Namely, write P = BW B for some W = (5’) C W as in Proposition 5.31. If BsB C P
then we must have that BsB = BwB for some w € W, since double cosets are either
equal or disjoint. By Lemma 5.32, however, this in turn implies w = s since both are
elements of W. By Lemma 5.6, we deduce that in fact s € S. Hence 8’ C 5. That

S c S follows from our choice of S, so in fact ' = S, as required. O

5.3 BN-pairs

We are now ready to define a BN-pair.

Definition 5.34. [BT1, §1.2.6] A pair of subgroups (B, N) of a group G will be called
a BN -pair if:

1. The subgroups B and N generate G.
2. The intersection T'= BN N is normal in N.

3. The quotient W = N/T has a set of generators S, all of which have order 2,
such that

(a) BsB-BwB C BwB U BswB
(b) sBs ¢ B

hold for all s € S and w € W.

Note that in [BT1] a BN-pair is called a Tits system.

The following Lemma will prove useful, the proof of which can be found at [Br,
Lemma 1 §V.2A]. The proof of Lemma 5.35 is done by induction on the length of the
reduced expression for w, using properties of the length function we have not given

here.
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Lemma 5.35. G =,y BwB.
Proposition 5.36. The subgroups B and N from §5.2 are a BN -pair.

We proved property (1) at the end of §5.2. property (2) is given by Lemmas
5.28 and 5.30. See [Br, §V.1F] for a proof of property (3a) which uses an idea called

s-adjacency, which we have not covered here.

Proof of property (3b). By Remark 5.27 we have that any co-dimension one face of
C is a face of at least three chambers. Also, there exists an element s € S which
stabilizes this face. Two of the (at least) three chambers are C' and sC, and thus
we must have a distinct third chamber hC for some h € P,. The condition hC # C
implies that h ¢ B, so we must have h € BsB by Equation (11). The condition
hC # sC implies that h ¢ sB. Therefore BsB ¢ sB. This implies that Bs € sB,
which we rewrite as sBs € B. This proves property (3b). O

We now have that every building which admits a group G (as in the section
Buildings and Coxeter Systems in §5.2) gives rise to a BN-pair. We would like to
be able to deduce the converse as well, namely, that every BN-pair gives rise to a
building. We will continue in that vein.

From Properties (3a) and (3b) in Definition 5.34 one can deduce several other key
properties of BN-pairs, as in [Br, Theorem §V.2A]. We will need the following one

now, along with one more further on.
Lemma 5.37. B U BsB is a subgroup of G for every s € S.

Proof. We know that B itself is a group, and thus BB = B, BBsB = BsB, and
BsBB = BsB are all contained in B U BsB. Finally, we also get BsBBsB C
BsBU BssB = BU BsB from property (3a) and the fact that s? = 1. a

The other property we will need is that BW'B is a subgroup of G for any special
subgroup W’ C W and is proven in Lemma 5.39.

We introduce a lemma which will be useful in Chapter 6.

Lemma 5.38. B(s})B = sB(s)Bs Vs € S.



CHAPTER 5. BUILDINGS 61

Proof. We must show that BU BsB = sBsU sBsBs. Let s € S. Clearly,
sBs C BsB - BsB,
and Lemma 5.37 gives us
BsB-BsB C BU BsB.

This implies that
sBs C BU BsB. (12)

Note that
sB C BsB, (13)

and thus
sBsBs = sB-sBs

C BsB-(BUBsB) (14)
= BUBSsB (15)

where Equation (14) is obtained using Equations (12) and (13), and Equation (15)
follows from Lemma 5.37. Combining Equations (12) and (15) yields

sBsUsBsBs C BUBsB (16)

and we have now shown containment on one side. To get containment on the other
side, multiply left and right by s. This gives us BU BsB C sBs U sBsBs. Finally,
we conclude

B(s)B = sB(s)Bs.

5.4 Parabolic Subgroups

Let G be a group with a BN-pair as in Definition 5.34. We stated after Lemma 5.37
that Psr = BW’B is a subgroup. This follows directly from the following Lemma.
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Lemma 5.39. [Br, Lemma 1 §V.2A] Let W' = (S') be a special subgroup of W.
Then for oll w,w' € W, BuBBw'B C BW’'B.

Proof. Write w = sy --- 84 where each s; are contained in the set of generators S’ of
W’'. If d = 1 the lemma is proven by property (3a). Proceeding by induction on d,
we will show that BwBBw'B C | Bw”w'B where w” ranges over the 2¢ elements of
W’ obtained from w = s, - - - 54 by deleting zero or more letters. Assume this holds
for d = k — 1, and let’s prove it for d = k.

Write w = sgSg—1 -+ s1. We then have that

BwBBwW'B = Bsysi_1- -s1BBw'B
C BsyBBsy_;---s1BBw'B
C Bs,B (U Bw”w'B)

by the induction hypothesis where w” ranges over the 2! elements of W’ obtained
as in the induction hypothesis. We complete the proof by applying property (3a)
2k=1 times to the final equation above to get BwBBw'B C | J Bw"w'B where w"

now ranges over the 2% elements of W’ as promised. ]
Definition 5.40. A subgroup of G of the form BW’'B is a special subgroup.

Theorem 5.41. [Br, Theorem 1 §V.2B] The special subgroups of G are precisely the

subgroups of G containing B.

We will need the following Lemma, whose proof we omit. Note that a reduced
expression for w € W is a word in the generating set S of shortest length such that

it is equal to w.

Lemma 5.42. [Br, Lemma §V.2B] Let w € W admit o reduced ezpression w =
818, where each s; € S. Then the subgroup of G generated by BwB contains
Bs;B fori=1,...,n. Moreover, this subgroup is generated by B and wBw'.

The proof of Lemma 5.42 is done by induction on the length of the reduced

expression for w, using properties of the length function we have not given here.
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Proof of Theorem 5.41. Obviously, all special subgroups contain B. Now, suppose P
is a subgroup containing B. Then P is a union of double cosets, namely P = BW’'B

where :
W' = {w € W|BwB C P}.

We have that Bw™' B = (Bi.uB)‘1 and Bww'B C BwBBw'B, thus W' is a subgroup
of W. Lemma 5.42 implies:.that W’ contains the generators s € S which occur in
any reduced expression of each of its elements w. Hence, W' is the subgroup of W

generated by W' N S, and P is therefore a special subgroup of G. O

Corollary 5.43. The set S consists of all non-trivial elements w € W such that
B U BwB is a subgroup of G.

Proof. If s € S, then we know that B U BsB = P, is a subgroup of GG from Lemma
5.37. All we need to show then is that if BUBwB is a subgroup of G, thenw = s € S.
Assume that BUBwB is a subgroup of G. Obviously, BUBwB contains B. Therefore,
by Theorem 5.41, we have that BU BwB is a special subgroup of G, thus
BUBwB=BW'B= ][] BvB
weW!

where W’ = (S') for some subset S’ C S. We thus have that W’ = {1, w}. Therefore,
since |W’'| = 2, we must have that |S’| = 1. Thus, we have that S’ = {s}, and
BW'B = B U BsB. We then have that BwB = BsB. Therefore, by Lemma 5.35,
w=s€SI. |

Definition 5.44. A special coset in G is a coset gP where g € G and P is a special

subgroup.

Definition 5.45. A subgroup of A < G is parabolic if it contains a conjugate of B.
Lemma 5.46. A subgroup of A < G is parabolic if it ¢s conjugate to a special sub-
group.

Proof. Since A is conjugate to a special subgroup, we have that A = gQg~! for some
9 € G where @ is a special subgroup. This can be rewritten as Q = g~'Ag, and

by Theorem 5.41, we have that B C Q = g~!Ag, which again can be rewritten as
A D gBg™!, which completes the proof. O
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Proposition 5.47. [Br, Theorem 2 §V.2B] Every special subgroup is self-normalizing

and no two distinct special subgroups are conjugate.

Proof. Let P and P’ be special subgroups, and suppose gP'g~! = P for some g € G.
Let BwB be the double coset containing g. We then have that wP'w™! = P, and so
P contains B and wBw™!. Lemma 5.42 now gives us that BwB C P, and so we have
g€ Pand PP=P. O

The following Corollaries are immediate.

Corollary 5.48. There exists a bijection from the set of special cosets to the set
of parabolic subgroups given by gP + gPg~!. This bijection is compatible with the

inclusion relation.

Corollary 5.49. The poset of special cosets of G is isomorphic to the poset of
parabolic subgroups of G.

Corollary 5.49 gives us one of the most practical ways to construct a building from
a group G as it allows us to construct it from parabolic subgroups rather than special
cosets. We will use this in Chapters 6 and 7, but first, we need to prove that these
posets actually give us our building.

Define A to be the poset of special cosets ordered via inverse inclusion. Also,
define the subcomplex ¥ = {wP|w € W, P is a special subgroup} and the collection

of transforms ¢3 via the G-action.

Theorem 5.50. [Br, Theorem §V.3] The simplicial complex A of special cosets or-

dered via inverse inclusion is a building.

Proof. Recall Definition 5.11. We have three properties to prove.

Let us begin with the map ¢ : Z(W,S) — A given by «((wW’') = wP, where
W' = (S') is a special subgroup of W and P = BW'B is the corresponding subgroup
of G. Note that the image of ¢ is ¥ as defined above.

We also have a second map p : A — (W, S) given by p(gP) = wW' if g € BwB
and P = BW’'B. We will proceed to show that p is well defined. Let ¢ = gh
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be another representative of the coset gP. We then have that h € Bw'B for some
w’ € W’. We then get that

¢ = gh = BwBBwB C Uwa”B

where w” ranges over the elements of W’ obtained from the word w’ (as in the proof
of Lemma 5.39). We obtain the same special coset ww" W’ = wW’ if we use ¢’ instead
of g, which gives us that p is well defined.

Note first that pe is the identity on (W, S). Also, we have that : maps (W, S)
isomorphically onto 3. Therefore X is isomorphic to the Coxeter complex of (W, S).
It follows that the collection of transforms g% satisfy the first property of Definition
5.11.

To prove the second property, we may assume without loss of generality that
one of the simplices is a special subgroup P. The second simplex must then be gP’
for some g € G and some special subgroup P'. Write ¢ = bnb’ for some n € N
and b,b' € B. Since B C P, we have that P = bP € bX. We also have that
gP' = bnt’'P' = bnP’ € bX since nP’ € ¥ by the definition of ¥. Therefore we have
that b% is an apartment containing both P and gP, which proves the second property.

For property (3), we apply Lemma 5.20. Without loss of generality, we may assume
that one of the apartments is > and that the common chamber C is the special coset
B. Call the second apartment ¥’. Since G is transitive on the collection of apartments
and B is the stabilizer of our chamber C, we have an isomorphism ¢ : £’ — ¥ which
is given by the action of some b € B (that is, we have that b2’ = ¥).

Note that the map g = ¢p : A — ¥ given by p(gP) = wP if g € BwB is a
retraction since p acts as the identity on ¥ (in much the same way the map p. was
the identity on (W, S) which is isomorphic to ). We claim that ¢ = p|y.

Note that every simplex of ¥/ = b71Y is of the form b~!wP for some w € W and

some special subgroup P. We therefore have
p(b'wP) = p(b"'wbP) = wP = bb"'wP = ¢p(b" wP)

as we had claimed.
Since p acts as the identity on ¥, it acts as the identity on ¥ N Y/, and thus so
does ¢, which completes the proof. a
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Remark. It is also possible to prove that our building is thick by reversing the

calculations in the proof of property 3b in Proposition 5.36.

We have now shown that any building, together with a G-action as in the section

Buildings and Coxeter Systems in §5.2, gives rise to a BN-pair and vice-versa.



Chapter 6

Spherical Buildings for Algebraic
Groups

In this chapter we will explicitly construct a fundamental apartment associated to
specific real algebraic groups. These results are well-known to researchers in the field

but are not readily found in the literature.

6.1 GLy(R)

This section deals with the construction of the fundamental apartment for the building
of GL3(R). To begin this construction, we will need a BN-pair for our group.

As in Example 4.14, let B C GL3(R) be the upper triangular subgroup and let
N C GL3(R) be the monomial subgroup. We also have that T = BN N, which is
the set of diagonal matrices contained in GL3(R). It is normalized by N. The group
W = N/T is identified with S5, the symmetric group on 3 letters. This gives us

10

0 0 >

01

Proposition 6.1. The subgroups B, N € GL3(R) specified above form a BN -pair
for the group GL3(R).

o = O
o = O

10
{((12),(2 3))%’(S>=(31,32>=< 00
0 1

67
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Proof. We already have that T is normal in N. Since B consists of upper triangular
0 01

matrices, N contains the permutation matrices, and, settingw = | 0 1 0 |, we
100

have that w™!Bw consists of all lower triangular matrices. The fact that G is gen-
erated by B and N follows from the LU-decomposition of Linear Algebra. We have
also that W is generated by S which is composed of elements of order two. Property

(3b) follows since
* % %

o

¢ B

Slle = 0 =%

0 * =

and
* 0 x

* % ;(_B.
0 0 =

SQBSQ =

*

Finally, we prove property (3a). We must show BsB- BwB C BwBU BswB. We
follow the argument of [Br, §V.5].

The inclusion BsB - BwB C BwB U BswB is equivalent to sBw C BwBUBswB
by multiplying on the right and left by suitable elements of B. By multiplying on the
right by w™! we can rewrite this as sB C BB’ U BsB’, where B’ = wBw™!.

Let us show this inclusion for the case s = s3. The case of s = s; is entirely

analagous. A typical element x € sB has the form

0 a b
rT=|c¢c d e |,
00 f

where a,b,c,d, e, f € R and f is necessarily non-zero. This can be reduced to

10 —bf? 0 a b 0 a O
br= |0 1 —ef? cdel=|cdOo
00 f1! 00 f 0 0 1

where b € B.
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If d =0 then
ct 0 0 a0 010
tbr=| 0 a! O c 00f[=(100]=s
0 0 1 0 01 0 01
where ¢t € B and aced # 0 (since our matrix is invertible), so z € Bsa.

We will now use right multiplication by B’. To avoid ruining the work already
accomplished, we will restrict ourselves to g € B’ such that ges = e3 and gle;, es] C
[e1, e2] where [e1, e2] = span{e;, ez}. Note that we have that B’ = wBw™! stabilizes
lew(y] as well as [ey (), ew(z)] since B stabilizes [e;] and [e1, e5].

There are two possibilities. First, if w™!(1) < w™!(2), then either w(1) = 1 and
g preserves e, or wl(1) =2 < w™(2) = 3, so w(l) = 3,w(2) = 1, w(3) =2, and g

preserves [es, €1] and we have that g is of the form

* ok 0T
0 = 0
0 0 =

Secondly, if w™(2) < w™!(1) then we deduce that g is of the form

*00-

* *x 0
0 0 x
In the first case,
0 a0 ¢! —dalc! 010
bzt = | ¢ d 0O 0 a1 =110 0| =sq
0 0 1 0 01
where ' € B’ and so we have € Bs,53’.
In the second case,
0 a0 —da”l¢c! 0 0 1 ad™! 0
bzb'=| ¢ d 0 a’! d* 0o|=10 1 o0|€eB
0 01 0 0 1 0 0 1

where ¥’ € B’ and so we have x € bBY € BB'. O
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We will now construct a fundamental apartment of the building for GL3(R) (de-
termined by this choice of BN-pair) using Corollary 5.49. More precisely we will

construct the apartment > as
¥ = {wPw™!|P is a special subgroup, w € W}.

It is important to note that we will only be using W-conjugates to get the apartment
since using all conjugates will give the entire building.

Recall from Lemma 5.46 that Q C G is parabolic if  contains a conjugate of
B, or equivalently, if ) is conjugate to a special subgroup, which is of the form
BW'B where W’ = (S’) and S’ C S. Since S’ C S, the only possibilities for S’ are
B,{s1},{s2}, and {s1,s2}. A few matrix multiplications give us the following four

special subgroups (where * € R and each matrix must be an element of GL3(R)) :

X x k x ok k
B=]0 % x|, B{s1)B=0 * =
0 0 =% 0 * =
x %k
B(se)B=| * * * |, B{s1,s3)B=BWB = GL3(R)
0 0 =

Next, we compute all these parabolic subgroups, for which we will need to know all
the elements of W. We know that S3 has only six elements. These are the following

elements, which can be calculated by matrix multiplications:
W = {1, 51, 52, 5152, 5251, 515251}

Since all six of these matrices are different mod T', we must have the entire group W.

To compute the remaining parabolic subgroups, we must calculate wB(s)Bw™!
VweW,VseS. Some of these will be redundant. We can reduce our calculations
by half by realizing that, for bexample, S951B(s1)Bsysa = s9B(s1)Bsy (see Lemma
5.38). By conjugating all special subgroups by elements of W we can obtain the

parabolic subgroups, which are listed in Table 3 and given explicitly just after.
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Conjugates of B:
Bl =B Bg = 81381 B3 = 32382
B4 = 818238251 B5 = 828138182 B6 = 8182813818281

Conjugates of B{s;)B:
P1 = B<81>B P2 = SzB(Sl)BS2 P3 = 81823<81>B£~3281

Conjugates of B(sq)B:
P4 = B<82>B P5 = SIB<52>B.91 P6 = SleB<82>B.9152

Table 3: Proper parabolic subgroups of GL3(R)

Conjugates of B :

* ok * ok * 0 *
Bl = 0 *x ok 3 Bz = 0 * 0 s B3 = *x k%
L 0 = * ok 0 0 *
« 0] [« 0 0] [+ 0 0]
B4 = 0 * 0 3 B5 — k kX ; BG — * %
* kX * 0 * ok ok
Conjugates of B(s1)B :
[ * k% ] [ x 0 % ] * % 0
P=10* x|,P=]% % «|,P=]x% % 0
* ok x 0 % * ok ok
Conjugates of B(s2)B :
I * kX ] P * 0 0

Pi=1 % x x|, P=10 % 0|, PB=]x% % x

0 0 =x * ko * k%

We can now read the following containment relations directly from these matrices.

B,,B,C P B3, B C P By, Bs C P
B1,Bs C By By, By C Fs Bs,Bs C Py
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Ps

Figure 7: Fundamental apartment for GL3(R)

Finally, by ordering via inverse inclusion, we obtain the fundamental apartment
depicted in Figure 7. We see that the maximal elements are B; through Bg, the
minimal element is G, and all P, are in between. So G corresponds to a vertex, P

through FPs to l-simplices, and B; through Bg to 2-simplices.

Bijection of Cells with Flags

As we saw in Chapter 5, there are several equivalent ways to describe the apartments
of the building associated to a group G. One way, which is analogous to the method

of lattices we choose first in Chapter 7, is as follows.

Definition 6.2. Let R be a set with a binary relation called incidence (which will
be defined differently for each situation). A flag in R is a set of pairwise incident

elements of R.
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Remark. We can identify the parabolics by the flags they stabilize. If we take the
flags to be flags of subspaces, then the incidence relations is given by inclusion. We

will see another kind of incidence relation for the p-adic case in Chapter 7.

Ezample 6.3. Let {e;,es,e3} denote the standard basis for R3. Consider the flag
le] C [e1, ea]. We say that g € GL3(R) stabilizes the flag if gle:] = [e1] and gley, e2] =
[e1,€e2]. It follows immediately that the stabilizer of this flag is B. More generally,

the stabilizer of a flag of subspaces in R? is a parabolic subgroup.

Let {e1, ez, e3} be the standard basis for R®. Instead of identifying the cells in
the apartment with parabolic subgroups, we could identify them with the flags of
subspaces, such that the subspaces are spanned by a subset of the standard basis,
stabilized by each parabolic subgroup. We know that W permutes the lines, so given
that B stabilizes the full flag, all parabolics stabilize some flag. For example, B = B,
is identified with [e;] C [e1, e2], and P is identified with [e;] since they stabilize those
respective flags. The rest of the cells can similarly be identified with flags, as in Figure
8.

The Apartment as a Coxeter Complex

Another way to describe the apartment is by using the elements of the reflection group.
In this case, each hyperplane is identified individually (as opposed to each cell). The
identification for each hyperplane should be the non-zero (and non-identity) element
of the affine reflection group that leaves that hyperplane invariant.

To proceed, we identify W with S3, and think of it as permuting the standard
basis vectors of R3. The hyperplane identified with P, and Ps stabilizes [e;] and
[e2, e3]. Therefore, the hyperplane would have to be identified with the element of the
affine reflection group which stabilizes this as well. This would be the element (2 3)
in S3, or simply by the element s; € W to be concise. One now views the element
(2 3) as the reflection in the hyperplane that it is identified with.

To identify the chambers of the apartment, we start by identifying the fundamental
chamber B = B; with C, and then identifying every other chamber with wC where w

is the element of the reflection group, written as products of elements of .S, such that
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CY
6] ¢ [g,5] [q1 < [g.5]
CY (9,4]
[glc [g,8] lgic [§.5]
le] ¢ [g 5]
(6,51 ]

Figure 8: Fundamental apartment for GL3(R) identified with stabilized flags

the action of w on C results in the chamber wC' (see Figure 9). This is possible by
Corollary 3.30 which gives us that W acts simply transitively on the set of chambers.
This action is the reflection in the hyperplanes denoted by the products of elements

of 5.

6.2 Sp4<R)

The construction of a fundamental apartment for Sps(R) will proceed in basically
the same manner as the construction of a fundamental apartment of GL3(R). It

is important to note that since we are working with Sp,(R), we are working with a



CHAPTER 6. SPHERICAL BUILDINGS FOR ALGEBRAIC GROUPS 75

82 31

548584

Figure 9: Fundamental apartment for GL3(R) identified with the affine reflection
group

symplectic space. This means that we have a skew symmetric non-degenerate bilinear
form on our space. As in §4.2, we choose an ordered symplectic basis {ey, eg, f2, f1}

so that it has the following properties:
(€5, fi) =1=—(fi,e)
(e, f5) = 0= (fj,e:) if i # j.

The merit of this choice will be seen in the relative simplicity of the subgroups we
will use.

To be able to evaluate the inner product of any two vectors in the space, we will
express them in coordinates with respect to the ordered basis above, then use the

following equation:

<(a'7b’ c’ d)?(w’ $’ y7z)> = <(a') 0’ 07 0)’(070707 z)> + <(0’ b’ 07 0)7(0’ 0’ y? 0)>
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+<(07 07 Ca 0)7 (07$7 07 0)) + <(07 07 07 d)v (w1 07 07 0))
= az+by—cx—dw

where (a,b, ¢, d), (w, z,y, z) € R*.
We now introduce a BN-pair. As in Example 4.16 let

* % k%

where ¥ € R, and let N be all monomial matrices contained in Sp,(R).

Using B and N, we can now describe 7" and W. T' = BN N, which is the set of all
diagonal symplectic matrices. That is to say, T is the set of all matrices of the form
diag(A1, A2, A3, AT?) where \; € R. We define W as N/7T'. Let L; = [e;] and L} = [f;]
be the lines spanned by e; and f; respectively. Then W 2 (s, s9) where s; is the
product of the two transpositions L; « Ly and L] <« L} and s; is the transposition
L, — Lj. That is to say,

0100 1 0 00

1000 0 0 10
Sl frovnd 32 =

0001 0 -1 00

0010 0 0 01

Proposition 6.4. The subgroups B and N given in this section constitute a BN -pair
of Spa(R).

The proof flows much the same as that of Proposition 6.1.

Note that we must keep the fact that we are working mod(7") in mind, since

0 0 01

0 10

51898189 = 10 0
-1 0 00
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squares to —Iy, but —Iy = I, mod(T"). A few quick calculations mod(T) show that

W is non-abelian and of order 8,
W = {1, s1, S2, 5152, $251, 515251, 525152, 52515251 }.

This means W must be isomorphic to either the quaternions, or the dihedral group
of order 8, which are the only two non-abelian groups of order 8 (see [DF, Table
§5.3]). Since the group of quaternions has only 1 element of order 2 and our group is
generated by two elements of order 2 our group cannot be the group of quaternions.
Thus W is the dihedral group of order 8.

As in §6.1 we now calculate the parabolic subgroups of Sps(R). However, to
facilitate the flow of this example, the calculations in Table 4 are left to the reader,

who should at this point recall Lemma 5.38 to simplify these calculations.

B, =B By = s1Bs;

B3 = SzBSz B4 = 818238281

B5 = 828138182 BG = 8182813818281

By = 8981508595155 Bg = 59515951 851595189
P1 =B<81)B P2 =823<81)BSQ

P3 = S]SgB(S])BSQS] P4 = 8251823<81)3825152
P5 = B(SQ)B PG = 51B<82)BSI

P; = 3951 B(s2)Bs182 Ps = 818981 B(s3) Bs15281

Table 4: Parabolic Subgroups of Sps(R)

The containment relations are found in Table 5.

B.,B,C P B3, Bs C P
By, Bs C P B;, Bs C P,
B,BsC B By, By C Py
Bs,B; C Py, Bg, Bg C Py

Table 5: Containment of the Parabolic Subgroups of Sps(R)

By ordering via inverse inclusion, we obtain the fundamental apartment depicted

in Figure 10.
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As in §6.1, we can identify this apartment with either the flags of symplectic
subspaces spanned by standard basis vectors stabilized by each parabolic subgroup
which is a W-conjugate of a special subgroup, or with the reflection group and its

action on the fundamental chamber.



CHAPTER 6. SPHERICAL BUILDINGS FOR ALGEBRAIC GROUPS

P6

P1

P5

P3

P8

P4

P2

P7

Figure 10: Fundamental apartment for Sp,(R)
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Chapter 7

Affine Buildings for p-adic
Algebraic Groups

In this chapter we begin in §7.1 by giving a treatment of lattices with the goal being
to simplify the construction of a building associated to a p-adic linear group. We
generalize this to SL,(Q,) in §7.2. These sections follow [Br, §V.8] closely. In the
remaining sections, we will explicitly construct the fundamental apartment associated
to specific p-adic algebraic groups. Again, the results of these last sections are well-

known to experts but not readily available in the literature.

7.1 Lattice Constructions of Affine Buildings

The nicest way to understand the parabolic subgroups in the case of a classical group
over Q, with a natural representation on a Q,-vector space V = Qf is by under-
standing which lattices they preserve. The notation used here will follow that used
in §4.1.

Lemma 7.1. Z, is a principal ideal domain.

Proof. Let I be a non-zero ideal of Z, and let n = min{ord(a)|a € I}. We then have

that [ contains 7™ and every element of [ is divisible by 7. |

80
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As a result of this, we can apply some basic facts about modules over a principal
ideal domain. For instance, we will need the fact that a submodule of a free module

over a PID is a free module.

Definition 7.2. A lattice in V is a Zy-submodule L C V of the form L = Z,e; @
-« @ Zpey, for some basis {e1,...,e,} of V. If {ey,...,e,} is the standard basis of V'

then the resulting lattice is Zy, which will be called the standard lattice.

We now continue in an effort to describe our building. Call two lattices L and L’
equivalent if L = AL’ for some A € Q7. In fact, this is an equivalence relation. One
should note that the scalar A can then be taken to be a power of m. Let [L] denote
the equivalence class of a lattice L.

Let L be a lattice. Let A = [L] be the equivalence class of L. If L' € A, then we
have that that A = [L] = [L'] and we call L (or L') a representative of the class A.

Definition 7.3. Two lattice classes A and A’ are incident if they have respective

representatives L and L’ such that
nLCc L' CL.

Remark. If we have representatives L and L’ as in the definition, then the represen-
tatives 7L and L’ satisfy 7L’ C wL C L', which gives us the fact that the incidence

relation is symmetric.

7.2 SL,(Q,)

One BN-pair of SL,(K), where K is an arbitrary field, is obtained from Example
4.15. That is, B C SL,(K) is the upper triangular group of GL,(K) intersected
with SL,(K) and N C SL,(K) is the monomial group of GL,(K) intersected with
SL,(K). See [Br, §V.5] for a proof of that this choice of B and N is a BN-pair.

Proceeding with this choice of BN-pair gives a finite reflection group W, and
consequently a spherical building (as in Chapter 6). However, we can make a finer
construction for SL,(Q,).
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Consider the following diagram, where [, is the finite field of p elements (and is

congruent to Z,/pZ,):

SL.(Z,) — SL,(Qp)

l
SLy(Fy)

The map SL,(Z,) — SLy(Qp) is the inclusion map. To understand the map
SL,(Zp) — SLy(IF,), first note also that there is a surjection of Z, onto F, and the
kernel of this map is precisely the non-invertible elements of Z,. The map SL,(Z,) —
SL,(F,) is defined by taking the quotient of each matrix entry. We claim that this
map is a group homomorphism. First, note that the image is indeed contained in
SL,(F,). Also, note that products of elements are mapped to products in the image.
This is well defined since multiplying two matrices in SL,(Z,) reduces to multiplying
and adding elements of Z,, and by the rules of valuation, the terms of valuation
greater than 0 do not contribute to the leading term of the sum or product.

Lift the subgroup of upper triangular matrices in SL,(F,) to a subgroup, call it B
again, of SL,(Z,). This subgroup is not the Borel subgroup of SL,(Q,) considered

previously. Its elements are the matrices of determinant 1 in the set

v/ /A
pr Z: - Zp
Ly pLy --- Z,

This subgroup is called an Iwahori subgroup of SL,(Q,), as in [G, §14.1].

Were we to construct the N for our BN-pair in the same way, as an inverse image
of a subgroup of SL,(F,), then both B and N would be subgroups of SL,(Z,) and
could not possibly generate SL,(Q,). Instead, note the following useful result.

Lemma 7.4. SL,(Q,) is generated by its monomial subgroup together with SLy(Z,).

Proof. Let A € SL,(Q,). Choose a;; to be the matrix coeflicient of least valuation

in A, in row ¢ and column j. Suppose d = ord(a;;). Then, using elementary row and
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column operations, we see that there are elementary matrices I, and ry so that [; Ar;
is a matrix with zeroes in its ith row and jth column, and element 7¢ in the (i, j)
position. We claim that [, and r, lie in SL,(Z,).

Namely, for each k # i, we zero out the (k,7) entry by multiplying on the left
by the elementary matrix which has 1s on the diagonal and the element —akjai_jl
in position (k,7). Since ord(ag;) > ord(a;;) by hypothesis, each such matrix lies
in SL,(Z,). Hence l; € SL,(Z,). The same reasoning applies to the elementary
matrices whose product is r;.

Now repeat this process on the resulting matrix A; = I; Ary, choosing the element
of highest valuation not already used. Since each successive element will lie in a row
and a column not previously zeroed out by row and column operations, this process
can continue inductively and will terminate after n steps. We arrive at a matrix
Ay =lplyy - - LLArTy - 7y = gAg' such that g,¢' € SL,(Z,) and A, is a monomial
matrix. Rewriting this yields A = ¢'~'A,,¢7!, which shows the result. O

As a consequence of this Lemma, we set N to be the monomial subgroup of
SL,(Qp). Our subgroup B contains the upper triangular subgroup of SL,(Z,).
Hence, the subgroup of SL,(Q,) generated by B and N contains both the upper
and lower triangular subgroups of SL,(Z,). Thus, it contains all elementary matrices
of SLn(Zy). By the proof of Lemma 7.4, this subgroup is all of SL,(Q,).

The intersection T' = B N N consists of all monomial matrices in B. Since each
such matrix has determinant equal to 1, and ord(1) = 0, it cannot contain a lower
triangular entry of B. Hence T' is the subgroup of SL,(Z,) composed of diagonal
matrices. This is normalized by N.

Let N(R) and T(R) denote the monomial and diagonal subgroups of SL,(R)
respectively where R is any commutative ring. Our N and T above are N(Q,) and
T(Zy), and thus we have that W = N/T = N(Q,)/T(Zy) = N(Qp)/T(Qp) - T(Qy)/T(Zy).
The quotient N(Q,)/T(Qp) is just the symmetric group, which is the Weyl group W,
of SL(n). Since Q)/Z} ~ Z by the valuation map (since the invertible elements of

Z, are exactly those with valuation equal to 1), it follows that the second quotient
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T(Q,)/T(Zp) may be identified with

{ T i 3\
T

n
< Zl‘zzo .
i=1

Tn
\ L m ) J

or equivalently with F = {(z1,...,z,) € Z"| >, z; = 0}. We note that W = FxW,
is an affine reflection group, as follows.

The finite reflection group Wy acts on F' (or more generally, on T(Q,)) by per-
muting its coordinates; the transposition (i ¢+ 1) can be thought of as the reflection
in the hyperplane orthogonal to a; = e; — ;41 since it fixes every element of this
hyperplane and sends ¢; to its negative [H3, §1.1]. Then we compute that o) = a,
and furthermore these vectors form a basis for the lattice F, for ¢ € {1,2,---,n— 1}.
That W is an affine reflection group now follows from Proposition 3.19.

What we would like next is to identify the set S of generators of W such that
(W, S) is a Coxeter system. Let the first n — 1 of these be the following generators
of the symmetric group Wy: s; for 2 < n is the permutation matrix in the embedded
SLy(Z,) C SLa(Qp) — SL,(Q,) acting on the subspace [e;, e;41]. As for s,, take the
element of W which is represented by

0 —1

| 0

This element is in the embedded SL,(Q,) and acts on the subspace [e,, €1]. Of course,
we need to show that these s;’s constitute a generating set for W. First, note that
the subgroup (S) contains the symmetric group Wy. Hence it contains an element
representing the transposition (1, n). Multiplying s, by this element gives the element

e1 — e, € F. Acting on this element by the symmetric group gives the lattice basis
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{e1 —ez,e3 —€3,...€,_1 — €y} for F' (and hence a generating set). We conclude that
we have that (S) = W.

Proposition 7.5. The B and N above are a BN -pair.

Proof. We have already shown Properties (1) and (2) and the beginning of property
(3) of a BN-pair above.
Property (3b) can be shown by the simplified property

sBw C BwBU BswB.
However, we will show the equivalent property
wBs C BwB U BwsB.

Let § € N be a representative of s and let ¢ = wb3 € wBs. We now have that the
chambers wC, wsC, and gC have a common codimension one face. Both of wC and
wsC lie in ¥ since w stabilizes X. Therefore, we have that p(9C') = wC or wsC where
p = px,c is the retraction of A onto the apartment X with associated fundamental
chamber C. We also know from the proof of Lemma 5.32 that p(gC) = ¥gC for
some b € B. We thus have that ¢gC = ¥ 'wC or ¥ 'wsC. This gives us that
g € BwB U BwsB as desired, which proves property (3b).

The proof of property (3a) has several cases involved which can be shown techni-
cally using row operations to reduce to a 2 x 2 matrix computation. An example of

how to do so may be found in Proposition 6.1. a

7.3 SL3(Q,)

Let G = SL3(Q,). To construct the fundamental apartment for G, given the BN-
pair of §7.2, we could proceed as in Chapter 6, and explicitly calculate the special
subgroups of G. It seems easier, however, to consider instead the flags of lattice
classes preserved by the special subgroups, using the ideas developed in §7.1. Tt is
important to note that B preserves flags and that W permutes basis vectors, which

will be key in the following arguments.
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Remark. For convenience, these lattice classes will be represented by matrices con-
structed by taking the basis elements of the lattice, representative of the class, as
the columns of the matrix, in order. For example, if the basis vectors for a lattice
class representative L are {me;, ez, mes} (where e; has a 1 in the ’th position and 0’s

elsewhere), we will represent it as
[wel €y Te3 ] = (m, 1,7).

The vertices of our apartment are to be identified with lattice classes, with faces
corresponding to the incidence geometry on these lattice classes. We also have that the
fundamental chamber of our building has vertices [ e1 -+ € ey - Tes ],
i = 1,...,3, where e; denotes the ith standard basis vector written as a column

vector. This comes from the fact that these vertices form the full flag

N

[61 €2 63] [61 €2 7T€3]

c [el Ty 7re3],

where each lattice class is preserved by B.

The linear part of our affine reflection group, Wy, is isomorphic to S3 and acts on
the standard basis vectors of Qg. These group elements correspond to matrices acting
on the matrix forms of the lattices. For example, the element (1 2) will be written as

the matrix

O = O
o O =
= O O

As in §7.2 there is only one generator of our affine reflection group which is not an

element of S5, which we derive using Equation (17):

Please see Appendix A.l for an explanation as to how we obtain the equilateral

triangle as the shape of our fundamental chamber.
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Figure 11: Fundamental chamber for SL3(Q))

At this point, we know one chamber in our apartment, namely, the one depicted
in Figure 11. It would be simple enough to tessalate 2-space with this chamber.
However, we do not yet know how to identify it, which is what we are interested in.
Since we have the generators for our affine reflection group, let us apply them to our
fundamental chamber. One sees that each of the three generators is a reflection in
one of the three sides of the triangle (which is as expected from Proposition 3.27)
as depicted in Figure 12. We thus observe that the three sides of the triangle are
contained in hyperplanes which define these reflections.

One may continue to apply the elements of the affine reflection group to obtain
the identification of the entire tessalation. However, since there are infinitely many
vertices, we will not do so. See Figure 13 for an unidentified diagram of the apartment.
We must content ourselves with the ability to identify any chamber in question as we
need it by determining the affine reflection group element that moves the fundamental
chamber to the chamber in question, and then applying this element to the vertices
of the fundamental chamber. However, one thing we shall do is explicitly compute
the non-affine part of the apartment, by which we mean the set of chambers obtained
from the fundamental chamber via an element in the finite reflection group W.

We will now instead identify the vertex previously identified with the identity
matrix (corresponding to the lattice class [ €1 €2 €3 }) with the origin. One may

compute all the affine reflection group elements needed to move the fundamental
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Figure 12: Generators of the affine reflection group for SL3(Q,) acting on the funda-
mental chamber

chamber to another chamber which has one vertex at the origin and then apply these
matrices to the vertices of the fundamental chamber to obtain the non-affine part of
the apartment. However, we shall use a different approach.

We know that each chamber in the non-affine part of the apartment has one vertex
at the origin, and we also know that the identifications of all three vertices must be
incident. One can compile a list of possible chambers with these two properties. One
should note that since we have one vertex at the origin, and the origin is not incident

25 or any higher exponents we are

with any lattice class represented using 7%’s or 7w~
forced to use only 1’s and n’s (this follows directly from Definition 7.3 as seen in
Appendix A.1). Table 6 gives a list of all eligible lattice classes.

We now compile a list of all flags of vertices (where we can only choose lattice
classes from Table 6) that are all incident one to the other. Note that each chamber

will have a vertex at the origin, a vertex with two 1’s and one 7, and a vertex with



CHAPTER 7. AFFINE BUILDINGS FOR P-ADIC ALGEBRAIC GROUPS 89
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Figure 13: Unlabeled apartment for SL3(Q,)

(1,1,1) (1,1,n (,7m1) (1,7,
(r,1,1) (m,1,7) (mw,m,1)

Table 6: Eligible Lattice Classes for Lables of Vertices of Chambers Having One
Vertex at the Origin

one 1 and two 7’s. After writing down every such flag one has compiled a list of
chambers, of which we will have only 6. A list of these flags is seen in Table 7. We
can now fit each of these chambers together since any adjacent chambers will share

two vertices in common. The resulting picture can be seen in Figure 14.

7.4 SLy(Q,)

We proceed with SL4(Qp) in much the same manner as we did for SL3(Q,). There
are some differences we should note. First of all, our lattices are in four dimensions in-
stead of three, and we thus have four basis vectors to consider instead of three. Other

changes are that our fundamental chamber has vertices [ €y -+ e; Tejy; --- Tey },
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Figure 14: Non-affine portion of an apartment of the building of SL3(Qyp)

i=1,...,4 and we now have Sy as the linear part of our affine reflection group in-
stead of Ss5. As with SL3(Q,) we will have one generator of our affine reflection group

which does not lie in the linear portion of it, and is in this case denoted by

S4 =

3 o o o
O O = O

Our next job is to contruct our fundamental chamber. After reading §7.3 one
would probably picture our fundamental chamber as an equilateral pyramid since the
fundamental chamber for SL3(Q,) was an equilateral triangle. As it turns out, our
fundamental chamber isn’t as straightforward a shape as an equilateral pyramid, yet
possesses a great deal of symmetry. Please see Appendix A.2 for the construction of

our fundamental chamber.
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(1,1,1yc(1,1,mn < Qw7 (1,1,1) C(1,1,7) C (w,1,m)
(1,1,1)C (1, 1) C(1,n,7) (1,1,1)C (1,7, 1) C (m,7,1)
(1,1,1) C (7, 1,1) C (m,1,7) (1,1,1) C(m,1,1) C (7, m,1)

N4
V4

Figure 15: Fundamental chamber for SLy(Q,)

We now see how the generators of our affine reflection group affect our fundamen-
tal chamber. Please use Figure 15 as a reference for the following discussion as it
is a 2-dimensional projection of the 3-dimensional fundamental chamber. One sees
that each of the generators reflects the fundamental chamber in one of its faces. The
permutation (1 2) reflects in the face with edges labelled as B, C, and E. The permu-
tation (2 3) reflects in the face with edges labelled as A, C, and D. the permutation
(3 4) reflects in the face with edges labelled as B, D, and F. Finally, the generator s,
reflects in the face with edges labelled as A, E, and F.

As in §7.3 the apartment is a tessalation of R® by copies of this fundamental

chamber. We will proceed by identifying the portion of the apartment generated by
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the linear part of the affine reflection group with lattice classes. As in §7.3 we only
have lattice classes composed of 1’s and 7’s. Using the methods we established in §7.3
one can deduce that there are twenty-four chambers in this portion of the apartment,
and we will know all of the lattice flags to which they correspond.

The only difficulty will be in visualizing the non-affine part of the apartment,
which consists of the fundamental chamber and all of its images under the action of
the finite reflection group Wy. One should recall from Appendix A.2 that the two faces
meeting at edge A meet at a 90° angle, and thus the chamber obtained by reflecting
in the face with edges A, C, and D will have one face in the same hyperplane as the
face with edges A, E, and F and will share the edge A. Thus, if we look at these two
faces combined, they form one facet of the geometric shape which is the non-affine
part of the apartment, and realize that this same simplification can be made for every
pair of chambers sharing a face as these two did, we can simply view the non-affine
part as a shape with twelve of these facets instead of a shape with twenty-four of
the smaller faces. This shape is a Rhombic Dodecahedron. See Figure 16 for a fully

realized non-affine part of the fundamental apartment.
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Figure 16: Non-affine part of the fundamental apartment for SL4(Q,)



Appendix A

Construction of a Chamber for a
Building

A.1 Determination of the Geometry of the Funda-
mental Chamber of SL3;(Q,)

We already know that our fundamental chamber has three vertices identified with
[e1 ez es], [e1 es mes), and [e; mey mwez]. Therefore, our chamber is a triangle. We
will now attempt to measure the angles of our triangle. We will do this by picking a
vertex at which we wish to know the angle, and finding the number of chambers that
share that vertex. For example, if only three chambers share the vertex [e; e, mes],
then we know by symmetry that that vertex has angle 360° = 3 = 120°.

From now on, we will use the shorthand [ae; bes ces] = (a,b,c). Let’s start by
isolating vertex (1, 1, m). Each chamber is defined by a 3-tuple of vertices. Our
fundamental chamber is (1, 1, 1), (1, 1, 7), (1, 7, 7). What we are looking for is all

chambers that contain (1, 1, ) as one of its three vertices.

Lemma A.1. The following lattice classes are all of the lattice classes incident to (1,
1, m):
(m,1,7) (1,mm) (1,1,7%)

(r,m,m) (m,1,7%) (1,7, 2.

94
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Proof. The manner in which we will do this is by finding all lattice classes which are
incident to (1, 1, ) and completing them to full flags.

Recall that the definition of incidence states that two lattice classes are incident if
they have representatives L; and L, which satisfy mL; C Ls C L;. One should note
that if one of the components of L; and L, differ by a power of 7 greater than 1 and
another component is equal, then it is impossible for them to be incident. Therefore,
we can change each component of (1, 1, 7) by at most one power of w. Also, if we
use both m and 7!, that is equivalent (by definition of lattice classes) to using 72
and 1, which changes by more than 1 power, so we can’t use them both. Lastly, if

we use 7!

and 1 to change (1, 1, 7), this is equivalent to using 1 and 7, which we
will prefer. In conclusion, we can obtain representatives of all lattice classes incident
with (1, 1, 7) by multiplying each component by either 1 or 7. Keep in mind that
multiplying all three components by 1, or all three components by 7 produces the
same lattice class.

We thus obtain the following list of lattice classes incident to (1, 1, ),

(71.71,71—) (1771-,71-) (17177[-2)
(m,mym) (m,1,7%) (1,7,72),

which completes the proof. |

We now compare these six lattice classes to each other to determine incidence
relations and discover that we have six pairs of two each incident to each other (this
computation is left to the reader). Each of these six pairs, together with (1, 1, 7),
form a chamber containing (1, 1, 7). We therefore have six chambers sharing this
vertex, and thus the angle at this vertex is 360° + 6 = 60°.

We will proceed in exactly the same manner with vertex (1, m, 7). We discover

the following incident lattice classes:
(mym,m) (L,a%7) (1,772
(m, w3 m) (m,m,72) (1,72, 7).
The reader can then verify that among these lattice classes we again find six pairs

that are incident one to the other, and thus we have a total of six chambers that share

the vertex (1, m, 7). Therefore we have that the angle at this vertex is again 60°.
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Knowing the first two angles allows us to calculate the third angle to be 60°, and

we thus have an equilateral triangle.

A.2 Determination of the Geometry of the Funda-
mental Chamber of SL,(Q,)

We know that our fundamental chamber has four vertices identified with (1,1,1,1),
(1,1, 1, n), (1, 1, m, ), and (1, w, m, 7). We deduce from this that our shape has
four facets, all of which are triangles. We will now measure the angles between the
facets of our shape. This will be done almost exactly as in Appendix A.1, but this
time we will hold pairs of vertices stationary instead of simply one vertex. Since we
have four facets, we will have to measure the angle of six facet intersections.

Let us start by holding (1, 1, 1, 1) and (1, 1, 1, ) stationary. Since we’re holding
two vertices stationary instead of one, we will first find all lattice classes incident with
(1,1, 1, 1) and then all lattice classes incident with (1, 1, 1, 7), and then intersect
these two sets. This will leave us with the following lattice classes incident to both
(1, 1,1, 1) and (1, 1, 1, m):

(L,1,m,m) (L,m,m,7m) (1,7 1,7)
(m,m,1,m) (m,1,1,7) (m,1,m,m).

We need a total of four vertices to realize a chamber, and we’ve started with
two. Therefore, among these six new vertices, we have to find pairs of which that
are incident to both of our current vertices (already done) as well as each other.
Comparing these lattice classes one to the other, we discover that we have six pairs

of vertices incident to each other, and thus we have six chambers that share this

particular edge of our chamber. These pairs are
(1,1,mm) o (1,mmx), (1,1,m7) < (1,77,

(1,m 1,7~ (1,m,mr), (1,717 (rrln1),

(m,1,1,m) & (m,m,1,7), (m,1,1,7) < (m,1,m,x).
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Thus, the two facets of our chamber meeting at (1, 1, 1, 1) and (1, 1, 1, 7) meet at
a 60° angle.

Using these exact same techniques for each edge of our construct, we discover that
the edge with vertices (1, 1, 1, 1) and (1, 1, m, 7) yields a 90° angle, the edge with
vertices (1, 1, 1, 1) and (1, w, w, ) yields a 60° angle, the edge with vertices (1, 1,
1, n) and (1, m, 7, ) yields a 90° angle, the edge with vertices (1, 1, m, 7) and (1,
m, m, ) yields a 60° angle, and finally, the edge with vertices (1, 1, 1, m) and (1, 1,
7, m) yields a 60° angle. It is clearly evident at this point that our shape is not the

equilateral pyramid one may have assumed it should have been.

Visualization of the Fundamental Chamber

To visualize our shape, we will assign cartesian co-ordinates to the vertices in R3.
Without loss of generality, let the vertex A = (1,1,1, 1) be at the origin. That is to
say, let it have the co-ordinate (0, 0, 0). Since we know that the edge with vertices
A and C = (1,1,7,7) has a 90° angle, we will place C' on the positive z-axis, and
thus we will have one facet entirely in the zz-plane, and one facet entirely in the
yz-plane. Because of this, our two remaining vertices will be contained within the
above mentioned planes.

We will place D = (1, w, m,7) in the zz-plane and B = (1,1,1,7) in the yz-plane.
Knowing that the facets ABD and ADC meeting at the edge with vertices A and
D have a 60° angle, we know that the normal vectors of the planes containing ABD
and ADC have a 60° difference between them. Similarly, both facets DBC and ABD
have a 60° angle with both of the facets ADC and ABC.

For the sake of scaling, we will place the vertex B at a height of 1 on the z-axis.

Let the equation of the plane containing ABD be
Poarx+by+cz=0

which is justifiable since we want this facet to contain the vertex A. That is to say,
we want P to contain the origin.

We will be using the dot product between the normal vectors of three planes in
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play as needed along with the following formula:
XY = |IX|[[Y llcos(9).

At this moment it is unclear whether we should express the angle between our planes

as 60° or —60°, but we can take comfort in the fact that the cosine of both of these

1

values is 3

and thus we willinot concern ourselves with it. Note first that
1
a=(a,bc)-(1,0,0) = va?+ b? +62§,

but since (a,b, c) is a normal vector, it has magnitude 1, and thus

1
>

a =

Next we have

b=(a,6,0)-(0,1,0) = V& TP &2 = =.

2 2
Now that we know both @ and b, and that v/a? + b2 + ¢? = 1, we can compute

=

1
7

Our only debate then is whether or not ¢ should be positive or negative. If ¢ is
positive, then it is impossible to have any points in P that have all three co-ordinates
positive and non-zero. However, we have constructed our plane such that the points
we are interested in have exactly such co-ordinates, and thus we conclude that ¢
should be negative:

C =

slL

We now have the exact equation for P;:

Ty —z
P:-+z2+4+—==0
1 2+2+\/§ 0

Knowing that D has a y value of 0, and that B has an z value of 0 and a z value
of 1, we can compute that D = (v/22,0, z) and B = (0,/2,1).
We now have co-ordinates of two of the four vertices. To get the final co-ordinates,

we will create another plane, call it P,. The plane P, also has 60° angles with both
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the zz and yz planes, as well as a 90° angle with the plane P,. Furthermore, we know
it does not pass through the origin, but it does pass through both B and D, as well
as C, which is located somewhere on the positive z-axis.

Let the plane P, have the formula
P iar+by+cz=d.

By using the same formulas as above, we obtain that

1
= b = —.
¢ 2
By using the fact that P has a 90° angle with P, we obtain
11 -1 11
0 = (5 ——=) (s
3375 G35
0 = 1 1 n —C
44 V2
Therefore
1
C= —m.
2
By substituting B into the equation for P,, we obtain
d=+2,

and thus we have obtained the exact equation of P,

r Yy oz
P:—+>4+—==v2
2 2+2+\/§ V2

We know C' is.on the positive z-axis, and thus has z and y co-ordinates both equal
to 0. This gives us the fact that its z co-ordinate must be 2, and we have that
C =(0,0,2).

The equation of P, also gives us that D = (2\/§ — /22,0, z). In conjunction with
the fact that D = (v/2z,0, z), we have that

V2z = 22 -2z
22z = 2V2

z = 1,



APPENDIX A. CONSTRUCTION OF A CHAMBER FOR A BUILDING 100

from which we conclude that D = (v/2,0, 1).

Now that we have the four co-ordinate points of the vertices of our construct, we
can use linear algebra to determine that each of the four facets is an isoceles triangle
with a hypotenuse length of 2 and two sides of length v/3 (the height of such a triangle
being v/2).

See Figure 17 for a picture of a fully realized fundamental chamber of SL4(Q,).

Figure 17: Fundamental chamber for SL4(Q,)
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