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Abstract

Let H, denote the subspace of symmetric matrices of M,,, the full n x n matrix algebra

with coefficients in a field F. Let

) o i-1 ()
Ton(z1,. o nZon-rizo) = Y (=17 ayq) - d0 oo Hogannn),
PESn -~
i=1, 2 mod 4

and e(n) =nifniccven,n+1ifnisodd. Forall n > 1, T, (21, ... Zon—1i[Ean, L2 1)) is
an identity of Hy. If charF [e(n)!, |F| > 2n and n # 3, then any homogencons polynomial

identity of Hy, of degree 2n {- 1 is a consequence of

Don(Z1y-+ 1 Tan-1322n)s Tan(Z1s. ooy 2015 (220, T2 ])

by substituting x; o z; 1= x:x; 4+ z;2; or z; for some of their variables or multiplying them

by a variable. For n = 3, any identity of H; of degree 7 is a consequence of

Tﬁ(zlw v a$5;36)$ TG('th v ooy I5% [26v37])|

Q(zls tee va)o [53([1'1,2:2], [-"-'a, 34]' [359 36])» 377]1

where

Q(zli"'ize) = z {[31132][:53’34][275’2:0]}!

(123),(456)
the commutators are the arguments of the triple product {abc} := abe + cba, the sum is

taken over cyclic permutations of 1 2 3 and 4 5 6, and S, is the standard polynomial.

To prove the results, a partial ordering on the homogeneous elements of the free associa-
tive algebra F[X] over field F' with noncommuting generators X = {z;,z2,...} is defined.
Let f be an element of F[X ] and n the maximum of the degrees of the variables and the
multiplicities of the degrees in f. If f is homogeneous and charF [ n! then [ can be
decomposed into a sum of two polynomials fy and f; such that for 0 < m < n, fo is cither

symmetric or skew-syrametric in all its arguments of degree m according as m is even or



odd, and f is 2 consequence of polynomials of lower type than f. Osborn’s Theorem about

the symmetry of the absolutely irreducible polynomial identities is obtained as a corollary.

The method we set up here is applicable not only to searching for identities of matrices

but also to find the identities of arbitrary algebras.
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Chapter 0

Introduction

0.1 The Identities of Af,

Let F be a field, F[.X] (respectively FI[X]) denote the free associative (respectively Jordan)
algebra over F' with generators X' = {zy,x2,.. .}, a countable set of clements z,,zq,....
Let f € F[X]). Then f = f(zy,....2,) is called a polynomial. Let A be an associative
algebra over F and ay,az,...,a, € A. By the universal property of the free alycbra X1,
there exists a homomorphism 6 from F[X] to A such that O(z;) =a;fori=12,...,n
and 0(z;) = 0 for 7 > n. Denote 8(f) by f(ay,az,... vtin}. The polynomial [ is called an

identity of A if f(ay,a3,...,a,) = 0 for any choice of a1,az,...,a, € A.

Let My denote the » x » matrix algebra with cocfficients in the field F, If,, (respectively

Ky ) denote the subspace of symmetric (respectively skew symmetric) matrices of M,,.
Let

Se(z1,22,0 000 2k) 1= D (= 1) 2o+ Zogg)s
gES,
where Sj is the symmetric group on k objects and {—1)” the sign of the permutation
0. Si(x1,22,...,2%) is a multilinear alternating polynomial of degree k. It is called the
standard polynomial,

In 1950, Amitsur and Levitzki determined all polynomial identities of M, of degrec
< 2n in [AL, Theorem 1 and 3).



Theorem 0.1 [Amitsur, Levitzki

1. M, has no identity of degrce less than 2n.

s

. Son(Zy,T2,..0,22n) is an ddentity of AM,,.

[

CAfLE] > 2 or n > 2, any identity of My of degree 2n is @ scalur multiple of the

standard tdentity San(x) x2,. ... Z3n).

Since Szu(z1,. ..y 22a) is anidentity of My, obviously the polynomials 29,41 520(21,. .., Z2n),
S2a(Z1,.. . Z2n)Z2n+1 and Sop(Z1, ... Tan41Tis. .., T2n) are identities of M, of degree 2n +
1. Naturally one may ask the question: Do all identities of M,, of degree 2n + 1 come from
San in this way? It was answered positively by Leron in 1973. He proved the following
theorem in [LE}:

Theorem 0.2 (Leron] If the chamcteristic of the field is 0 then every identity of M, of.
degree 2n + 1 is a consequence of the standard identity S, for n > 2, and every iden-
tity of M, of degree 5 is a consequence of the standard identity Sy and [[z,,z2)[z3,24] +

[23,.'.]:4][-'51‘552]’375]‘

It was also proved by Drensky and Kasparian in [DK] that all identities of Ma of degree
8 are obtained from Sg by substituting some variables of Sg or multiplying S by some

variables,

0.2 The identities of H,

In 1973, Razmyslov [RZ1] introduced the concept of weak identities, namely, if V is a
subspace of an associative algebra A over a field F. A polynomial f € F[X] is a weak
identity on V if f(a;,az,...,a,) = 0 for any ay,a3,...,a, € V. Since H, plays an impor-
tant role in Jordan theory we are interested in the weak identities of H, as well as Jordan
identities of Hn, a weak identity of /I, which is also in FJ[X].

Let [a,] denote the commutator ab — ba and {abe} the triple product abe + cba. Let

Q(z1,...,26) 1= Z {[x1,22)[xa, z4][zs5, 26]},

(123),(456)



where the commutators are the arguments of the triple product and the sum is taken over

cyclic permutations of 1 23 and . 5 6.

Let

T} : > (=1 %) oy 1 SE<H,
cesk
o~H{)=1, 2 mod 4

Sk the symmetric group on i: objects and {—1)” the sign of the permutation .

We also define

Ton(z1y. .. 1 T2n—13T2n) 1= Tzz:(zls- vy Ton=tyLan )y

T2n(rl$"'93:2n—l;1"2n) = S‘Zu(zmnwlvo°vx2rl—l)"'T‘Zu(xh----m'.!n—l;-'l:'.‘n)-

In the paper [M R}, M. L. Racine and I have determined all the weak identities of minimal
degree for the subspace If,, of symmetric matrices of the fuil matrix algebra Af,. The

following theorem was proved:
Theorem 0.3 [MR] Let F be @ field of arbitrary charcteristie. For all n > |

1. [Slin’ko] H, has no weak identily of degree less than 2n.

2, The polynomials T{n(xl,xg, voraT2n )} are weak identities of Hy and Q{zy,...,xq) is a
weak identity of Ha,

3. Lete(n):=n ifniseven, n+1 if n is odd. If charF Ye(n)! and |F| > 2n, then for
n # 3 all weak identities of I, of degree 2n are consequences of T} If n =3, then

all identities of degree 6 of I3 are consequences of Ty and Q.

4. There is no Jordan identily of degree 2n of II,,.

The results in [M R] are analogous to Amitsur and Levitzki's results [AL, Theorem 1 and 3).
Since Hp is not closed under the usual matrix product but the circle product zoy := zy+yz
is closed in Hy, in analogy to Leron’s results we may ask the question: Do all weak identities
of H, of degree 2n + 1 come from T, by substituting z o y := zy + yz for some variables

or multiplying them by a variable for n # 3? For n = 3 do all identities of /I3 of degree 7



come from Ty and @ in this way? This is the topic of this thesis. The answer is no! Because

in Chapter 2 we shall get a new identity:

T?n(:rh T2yeeeyX2n—1} [.‘L’g,,, m2n+l])1

and for I3 we also have a new identivy
‘K(Ih o P 7'177) = [33( [ml ) 32], [J:Sq m‘l]'l [353 36])’ I',"].

Nevertheless, the weak identities of I, of degree 2n + 1 will be determined. The key
step is an induction argument on n to be found in Chapter 6. Since the identities of H3
do not follow the general scheme, the induction must begin with n = 4. This forces us to
study the identities of I3, /I3 and I very carefully (see Chapter 3, 4 and 5).

Let f(z1y...,Zm) € F[X] and

f = Zaama(l) "t Lg(m)-
o

If f is an identity of /I, then we substitute an element of the form ej; + ¢;; for each z; in f,
f(z1,...,Zm) = 0, where ¢;; is the usual matrix unit. This yields some homogeneous linear
equations which have the &, as unknowns. So, in principle we can do as many substitutions
as we need to determine the coefficients ay. But in practice, it is impossible to get results
even using a computer because the number of coefficients a, is very big. Therefore we have
to find ways to cut down the numbers of the unknown. One common way for doing this is
following decomposition:
F=3UH 50 =)

is a sum of a symmetric identity and a skew symmetric identity, where  is the involution
of F[X] defined by } = =z, V2; € X. So we may assume that f* = f. Thus, every
monomial Z4(1) * ** To(m) and its reverse () * ++ Z5(1) have the same coefficient in f up to
sign. Hence half of the coefficients are cut off. Usually this is-still not enough. In Chapter
1, we follow Marshall Osborn’s definition of a partial ordering on the set of homogeneous
polynomials of F[X], extend Marshall Osborn’s result to set up a new method of searching
for identities of matrices. Then we use it to determine all the weak identities of H, of
degree 2n + 1 (Chapter 3 to Chapter 6).



Throughout the paper F always denotes a field, The polynomials are in the noncom-
muting free associative algebra F[X], where .X is a set of countable noncommuting indeter-

minates zp,z2,..., and identities mentioned are homogeneous weak identitios excepl when
otherwise noted.



Chapter 1

A Decomposition of Elements of
the Free Algebra

- 1.1 Introduction

In [08], Osborn introduced a partial ordering on the free nonassociative algebra F < X >
over a field F and proved the following interesting result: if n is a positive integer with
charF [/n!, and f is an identity of a not necessarily associative algebra A over F such that
A has no identity of type lower than f in the partial ordering, then f is either symmetric or
skew symmetric in its arguments of degree n, depending on whether n is even or odd. This
theorem was used in [M R] to determine the identities of degree 2n of the space of n X n
symmetric matrices. However the éssumption that A has no identity of lower type limits
the use of the result in many cases. In the present chapter we remove the restriction that
A has no identities of lower type and consider polynomials at large, not only polynomial

identities. Osborn’s Theorem follows as a consequence.

1.2 A Partial Order, A-operators and Weak T-ideals

Following Osborn [0S,p.78] we introduce a partial ordering on the set of homogeneous
polynomials in F[X], the frce associative algebra in infinitely many noncommuting variables
X = {z1,73,...}. The elements of F[X] are called polynomials. If p(zy,...,2n) is a
homogeneous polynomial of degree n, we say that it is of type [ny,...,nn] if n; is the



degree of ; in p and n,y, # 0 but nj = 0 for j > m. Define [[ny, ... yim]] to be g, ngy, ),

where n;; > n;, > -+ > n; and

{nigyoonnin} = (g, onn)

as multisets. Let p’ be another liomogeneous palvnomial of degree n' and of type [n},. . .. )
If

[[n3snd, oo onpld] = (0], 0l n ),
then p is lower than ' in the partial ordering if and only if either (¥) n < ' or (ii) n = n’
and n;, > nj, for the first integer & such that n;, # n}, . Otherwise the two polynomials are
not comparable. If an integer n; is repeated k times, we shall denote this by an exponent;
for example [3,22,1%) means (3,2,2,1,1,1].

Let f(21,%2y--+,%iy. .0, Zj,. .., 2m ) bea homogencous polynomial of type [y, ny,..., 1y
with coefficients in F'. Then we define the polynomial
f’(xlv"!xl'!"'vxjv'-sxm) = f(.’t!h...,.r,'+$j,---,3j,---,3m)
= f(:rli---931'?"'731':'”’37!1)+fl +... +.r:|.1 (l-l)
where fi is the homogeneous component of f! of type (Rayeeesmi=kyooiin; + by )
Following [Z55S, p.9] we define
Ak(zﬁzi)f = fLw k= 1?2,'--17“’ Ao(vazj)f = f'

The mapping AF is called A-operﬁtor (or a derivation) and A¥(z;,z;)f is called a
partial linearization of f. If n; > 0 and n; = 0 (which is allowed in the above definition),
AY(z;,z;)f is of degree n; — 1 in z; and 1 in x;. Thercfore if enough variables of degree 0
were present one can linearize [ using successive A—operators. We denote by Af the set of
all polynomials in F[X] which can be obtained from f by means of repeated A- operations:

Af ={g € FIX] | g = A (i, 2iy) -+ A3y, 28, ) [}

Each f; is obtained by setting & z;’s to be zj in f, and z;,z; have degree n; - k, n; + k in
Ji respectively.

It is well-known that the set T(A) of all polynomial identities of an F-algebra is a 7
ideal, i.e. an ideal of F[X] which is invariant under all endomorphisms of F[X]. However,

this is no longer true for weak identities. So we introduce the concept of weak T-ideals.

=1



Definition 1.2.1 An ideal IV of F[X] is called « weak T-ideal if W is invariant under

every linear mapping z; — ¥ «;jz;j, for a;; € F.

If S is a subset of F{X] then the smallest weak T-ideal containing § in F[X] is called the
weak T-ideal gencrated by § and denoted by < § >.

One basic example of \véak T-ideal is the ideal T( A, V') consisting of all weak polynomial

identitics on a subspace ¥ of an algehra A.

Using a standard Vandermonde argument (e.g., [ZSSS, p.12, Theorem 5]} one can prove

Proposition 1.2.1 Zet f(...,Ziy...,Zj,...) € F[X] be a homogeneous polynomial of type
loeamive.angy . IF|F| > ng then A¥(zi,z;)f €< f >, k=0,1,...,n;. In particular, if
f € T(A,V) then A¥(z;,z;)f € T(A V) for k=0,1,....n;.

Let f(z1,...,2,) and g(z1,...,2n) be homogeneous polynomials of F[X]. We shall say
that ¢ is a consequence of (or comes from) the polynomial f if g belongs to the vector
space Span{Af}.
~ Since a partial linearization of an identity f on some algebra is not necassarily an
identity, the polynomials in Af need not be identities either. But from Proposition 1.2.1, if
F contains enough elements then Af lies in the weak T-ideal < f >, and hence if g comes

from f then g is a linear combination of identities in < f >.

1.3 A Decomposition of Elements of F[X]

As in [Z555], F{X] has a decomposition into a direct sum of subspaces yirenai[X)
consisting of the homogeneous polynomials of type {n1,...,ng]. In this section we shall give

a decomposition of the clements of VIP1+41{X] which is useful in the study of identities.

Theorem 1.1 Let n be a positive integer and let p be a homogeneous polynomial with
coefficients in a field F of characteristic not dividing n!. Let z and y be arguments of

. degree n. Define py by

PLI=PleeeslaennsTyen) = (=1)"D(c0 s Tyen s By )

Then the following statements hold:



1. The polynomial py comes from a polynomial of lower type than p.

2. If there exist two variabies in p either of even degree in which p is skew symmetrie,
or of odd degree in which p is symmetric.then p = ip1 comes from a polynomial of

lower type.

8. If |F| > 2n = 1 and p is an identity, then py is a lincar combination of identitics of

type lower than p.

4. If A(y,z)p = 0 then p is cither symmetric or skew symmetric in & and ¥ depending

on whether n i3 even or odd,

Proof. Define

I-)l. = ﬂufn +ﬂlfn—l +...4 O'n.—lfh

where a; = (—l)kq,;:“;)-‘f‘t.(,—'_r}, 0gk<n—-1,

A%y, z)A (2, y)A (y, z)p, _
Al(y:m)"-\z(xsy)dl(va)p— ( fll )fh

h
f2

.

m-1
-m4+1
- ( no ) frae (1.2)

The polynomial i, comes from A!(y,z)p which is of lower type than p.

a1 = ATy )A™H (2, )ALy, 2)p - (,’;)h-(““ )fz—---

If |F| > 2n ~ 1 and p is an identity, then for each i, i = 1,...,n, fi €< Al(y,z)p >
by Proposition 1.2.1 and hence fj; is a lincar combination of consequences of lower type

identities f;. Thus, to prove 1) and 3) of the theorem it suffices to show that
Plo-steens o ) = (=1 ple v Zyen e 00 ) 4+ D1 (1.3)

Since A*(z,y) and A™(y,z) change only tle variables z and y, the polynomials
oo vty (F1)%p(.0 2,0 00,9,...) and j; are of the same type. So, they are

linear combinations of the same monomials. Thus, to show (1.3) it suffices to show that for



each monomial M, the cocflicient of M in p{...,y,...,z,...) and the coefficient of M in

(‘I)nP(- . ,I,---,y,---) + ﬁl arve the same.

First, we define an equivalence relation on the set of monomials occuring in p: My ~ Ay
if M; is obtainable from M) by permuting some z's and y's and leaving the other variables
fixed. We denote by [M] the equivalence class of M. Let I be the set of all associative
words in z and y involving exactly n ='’s and n y's. Sctting the variables, other than =z
and y, equal to 1 in an element of [M] yields a bijection from [M] to I; so we may write
[M] = {M;]i € I} and in particular. M/ = M, for some w € I. Let I®) k= -1,0,1,...,n,
be the set of all associative words which have n + &k y's and n — k z’s. Then [ = I{®) and
I' := I-1 i3 the set of all associative words in < and y involving exactly n + 1 z's and
n~1ys Fori,je FUYIYIM Y- --JI™, we define i - j to be the number of positions in

which both i and j have a y.

Let ¢; be the coeflicient of M in p and r; be the coefficient of M; in p' := Al(y,z)p.
Then for each j € I’ the total coeflicient of A; in p’ will be the sum of the n + 1 coefficients
¢; where i runs over all those clements of I such that i - i=n-1,ie

ri= Y. @ Viel. : (1.4)

ij=n—1
If k = j- w then every i occuring in (1.4) satisfies either i - w =k or i - w = k 4+ 1. Indeed
since j has n—1 elements y’s and {-j = n— 1, i has a y in a given position whenever j does.
So, in the positions where both j and w have a y, i has a y also. Therefore j . w = k implies
i-wis at least k. But i has only one more y than j, sc; i-w < k+1. Each i€ [ satisfying
i-w = k occurs in exactly n — k equations of type (1.4) for which j+w = k. Indeed i occurs
in (1.4) iff M; becomes M; when replacing one y by an z in M;; since ¢ - w = k, if we put
one y in M; which occurs in the same position in w to be z to get M; then j-w =k —1 not
k. This can’t happen so we have only n — & choices and each one produces distinct M;’s,
80 ¢; occurs n — k times in the set of equations of type (1.4) satisfying j.w=k. Eachi € [
satisfying ¢ - w = k + 1 occurs in exactly &k + 1 equations of type (1.4) satisfying j - w = k,
for, this time, we can only choose those y's which occur in the same position in i and w in

order to get j-w = k.

10



Now, we add up all equations of type (1.1) satisfving j - w =k to got

Y= =kC+ (k+ 1)Ciprn k=0, L2,...,n -1, (1.5)
Jw=k
where, for 0 < m < n, C,, := Tivw=m Civ With ¢ occuring in an equation of type (1..4)

satisfying j - w = k. Substituting the » equations of (1.5} into one another vields

= (=1)* _qyn-1_ (= 1) gz (m =) |
Co = (=1)*Cn+(-1) AT Yo (-1 ST T

Jw=n=]

1 1
—n(n__l)-z Tj’i‘; Z rj.

Jw=sl Jru=0

We know that Cy, = ¢y, and Cy = ¢, where w' is the word obtained from by interchanging
v gng

all the z'’s and y's. Thus we have that

Cyt = (_l)ncw tan-1fu1+...+ aofo,

where a; = (—1)";__(-—‘3_—“- and 8, = Ej-w:k rj, k=0,1,...,n =1, Next we show that
2}‘___'0‘ aif; is the coeflicient of the monomial M, in f1, and therefore f; comes from p'. By

the definition of /5, it suffices to show that each Brn-i is the coefficient of M, in fj.

For v,u,u' € TUL YTV Y. .- 11 we define #(v) := the degree of y in v, and we say
that u < v’ if whenever v has a y in a given position, so does /. Define ulJx' to be the
word which has a y in a given position iff « or ' does(e.. if u = zzyzyy and v’ = yryzzx
then u(Ju' = yzyzyy). From the definition we have that if « <tand o' <t then uJu' <t

and #(uU') < #(1).

Next let us consider f,_;. Since f; is obtained by setting one z equal to y in pf, the
coefficient of M, in f; is

Y= Y. 1j=fanr

ju=n-—1
Suppose Bn-1y Bn-2,...,Bn-m are the cocllicients of A, in Ny far ooy fin tespectively.
Now for Sn—m-1 putting m + 1 elements z's to be y in Al(y,z)p yields the polynomial
A™H(z,y)Al(y,z)p, then putting m elements y's to be z in A™ Yz y)A y, z)p we get
the polynomial A™(y,z)A™(z,y)A (g, z)p. In A"+ (z,4)AYy,2)p, the monomial M,
has coefficient Ay = 3, _ vy, since #(f) =n-land #(t)=n+m=(n-1)+(m + 1).
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(If j-t < m =1 then putting m + 1 2 to be y in M; cannot yield M, which has n+m y’s).
Similarly, in A™(y,z)A™* (x, y)A (y,2)p, M, has coeflicient gy, = Ty jom) 4.mn M, SincE
#(t)=n-+mand #(w)=n. Thus

me= 3 (3 ) (1.6)
teltm) pow=n JEI' j1=n-1

We claim that

(#){j € I' | -t = n-=1for some t € I™ and ¢t . w = n}
={jel'ln-m-1<j-w<n~1}.

Forifjel'withj-t=n~-1L#¢t) =n+mandi-w=nthen j <t w<tand
JUw <t Since #(j) =n-1,j-w<n~1. Ifj-w<n—-m-2then jUw < ¢ implies
that #(jUw) € n 4 m. But

#iJw)=n~-1+(n-j - w)2n-l+n-nt+m+2=n+m+1,
a contradiction. On the other hand, il j-w=n-4%, k=1,,2,...,m+ 1 then
#(jUw):n—1+n—(n—k)=n—1+k5n+m,

therefore there exists a word ¢ € 7{™) such that JUw <€ L Since j €t and w < ¢,
J-t=#)=n-1and w-t = #(w) = n. This establishes (+). It also means that T

occurs in (1.6)iff j-w=n—~k forsome kwithl1<k<n-m-1.

Each rj may occur several times in (1.6). We group the r;’s in (1.6) according as
jew=n-—k for each k. We claim that
n—k+1
m—k+1
Indeed, the number of the occurences of r; in (1.6) is exactly the number of words ¢ € I(m)
such that t-w=nand j-t = n— 1. Thatis ¢ € ™ such that w(Jj < ¢ since #(j) = n—1.

(##} each r; with j € I’ satisfying j - w = n — & occurs times in (1.6).

Now,if w-j=n—k then

#(ij):n+n-—1-u+k=n+k—1.
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So, the word ¢ obtained by changing m - k4 1 r's in w{JJj to be ¥'s belongs to 10 qnd

wlJj < t. However, the number of choices for such a word ¢ is 2n — (n 4+ &~ 1) choose
n—-k+1
m-—kLk+4+1

-1
By = Z: er‘j=(:l) Z rj+(:l—1) z I SRR

tw=n j.l=n- Jw=n=1 Jw=n-2

(n—r{z+1) T

Swsn—m Jrw=n—m-—I

m— k<41, that is ) llence the (++) holds and

Since ﬁn—k = zj-wzu—k rJ"

- —m-~1
ﬁn—-m-l =y — (;)ﬂn—1 - (:l'—]i ) ﬂn-‘i R R (n 1;1 )ﬁu-m-

Thus, by the induction hypothesis and the definition of fus1, fnom—1 is *™» cocflicient of
M, in fria.

From above we know that 37 a;3; is the coefficient of Af,, in §;. We also know that Cot
and (—1)"¢y are the coefficients of Af,, in p(...,4,...,2,...) and (=1)"p(.oyxye o gy0)

vespectively. Thus (1.3) holds. So 1) and 3) are proved. The second statement of the
theorem follows easily from {1.3).

© If Ay, z)p = 0 then 5, = 0 by the definition of 5,. Hence py = 0, which implics that P

is either symmetric or skew symmetric in z and y depending on whether n is even or odd.

Theorel_n 1.1 is also true for the free nonassociative algebra. The proof is exactly the
same except the definition of the mapping from [A] to /. In this case, crasing the brackets
and the variables, other than = and y, in an element of [M] yields a bijection from [M] to /

since elements in [M] have the same distribution of the brackets. Thus from Theorem 1.1
we have

Corollary 1.3.1 [Osborn’s Theorem]. Let p be a homogeneous identily in a nonassocistive
algebra A over a field F of characteristic not dividing n!. If A has no identity of type lower

than p then p is either symmelric or skew symmelric in its arqguments of degree n, depending
on whether n is even or odd.

13



Theorem 1.1 says that for each pair of arguments z, y of degree n there exists a polynomial
Y= toloz ) = (=10l Ly, 2,0 ) which comes from polynomials of
lower type such that p—p' is symmetric or skew symmetric in z,y according as n is even
or odd, In fact, we can find a polynomial p; which comes from some polynomials of type
lower than that of p such that p — p, is symmetric or skew symmetric in all its arguments

of degree n, according to n is even or odd.

Theorem 1.2 Lel r be an integer and F be a field with charF [frl. Let V be an S,—module

then

1.V ={veV|rv=1Y7€ 8} +{Licicicr{v € VI(i,))v = ~0});

and
2. V={veVlrr=-vVr €S8} + (Ticicjc-{v € Vili,i)v = v}).

Proof. To prove the theorem we use induction on r. In what follows, we agree that the
product of two permutations is performed from right to left. For r = 1, the theorem holds

obviously. For r = 2, every v € V has a unique decomposition
1 1
v = §(v +(12)v) + E(v - (12)v).

Suppuse the result is true for r — 1. We imbed §,_; into S, as {r € S;|r(*) = r}. Thus a

given S, —module is also an S,_; —module, Hence by induction,

V={veVirv=uo¥reSa}+( Y {veV|{ijr=-1v}).
1<igjsr=1 '

Let v € V571 := {v € V|rv = v,Vx € S, }, and define

wis v——l- z (v = (ir)v).

1€i€r=1

It suffices to show w € V5, We have

wetot I (i)

1<i<r-1

14



hence,for 1 € j < r -1,

(4r)w ;l_[(jr)v+v+ )iy

1€i<r=1,ig}
=

since (fr)(ir) = (ir)(i7) and thus
(Gritirye = (ir)(ij)o = (ir)v

using v € V51, Because {(Jr)|ll £ j € r =1} generates S, we shown that w e e,
completing the proof of part 1 of Theorem 1.2.

Symmetrically, to prove part 2 of the thcorem we define

2 (i),

1€igr—1

g
]
<
|

3 -

where v/ € {v € V|mv = —v,¥7 € S,_,}. Now we can repeat the proof of part 1 of the
theorem step by step to show that w' € {v € V|rv = -»,Vr € S,}. This completes the
proof of Theorem 1.2. A

Let V = Vim"n'rnflix] ang

Wi = Span{f(®is...\Zeshirerertinrens) € V|

f is skewsymmetric in x; and z; for some i # i}

Let U be the set of the elements f(a1,...,Zr Y1y 00vy YareeesZlyeees z) € V which are cither
symmetric or skew symmetric in some w;, w; where i # j and w € {2,7,..., z},according

as the degree of w; in f is odd or even, Let V} = Spanl¥/ then we have

Theorem 1.3 Let mp = maz{m,n,...,u,r,s,...,t}. If charF }mq! then every element f
in V has a decomposition into « sum of two polynomials of the same type as f, f = fu+ f;,
where, for each k with 0 < k < my, fo is either symmetric or skew symmetric in all
variables of degree k depending. on whether k is even or odd and f; € Vy. Moreover V; is
spanned by elements which come from lower type polynomials: if g € V then g = T gy,
where gi. € U and gy, is given by formula (1.2).

-

15



Proof. Let f(z1,...,Zr 10 oo s lsaeesZ1yee, ) in Vo First we show that f = fo + f1,
where fy € Vi and fo is either symmetric or skew symmetric in all z;%s according as m is

even or odd, For an arbitrary ¢ € &, we define

a(f(zlv'-axr’yh---ayu---9319--'9::!)) = f(ma(l)!"-vxa(rjiyl:"'vysw-'vzlv---azt)-

Then V' is a Sp~module. If m is even then by 1) of Theorem 1.2, f = fp + f1, where
fi € Wy and fp is symmetric in all 2;%s. Since ), € ¥ by the definitions of W, and ¥,

we get fi € Vi, If m is odd then we use 2) of Theorem 1.2.

In any case, v e have that f = hg+hy, where h; € V] and kg is either symmetric or skew
symmetric in all z;’s according as m is even or odd. Next, we consider hg and veriables
Y1s..., ¥ as above. The above process will not destroy the symmetry of hg in :he z;'s.
Thus after a finite number of steps, we have that f = fo+ f1, where f; € V] and f is as

in the theorem.

The last statement of the Theorem follows from Theorem 1.1 and the the defirition of
v. 1

To sunmarize, if f € T(A, W)V then f = fo+ fi with f; an identity, for i = 0,1 by
Theorem 1.3 and the fact that T(A, W)V is an S,—module. We know in all interesting

cases f| comes from some lower type ideutities. Using Proposition 1.2.1 We have

Corollary 1.3.2 Let mg = max{m,n,...,u,7,8,...,t}. If charF Ymy! and |F| > 2mg—-1
then cvery identity f in V has a decomposition into a sum of two identities of the same
type as f, [ = fo+ fi where, for each k with 0 < k € my, fo is either symmetric or skew
symmeclric in aii variables of degree k depending on whether k is even or odd and f; comes

from lower type identities.
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Chapter 2

The General Results About The
Identities of H,

2.1 Some Formulas About The Identities of H, of Degree
2n+1

To find polynomial identities we must determine the coefficients of mounomials in a poly-
nomial identity. One basic method to do this is substitution. In this section we obtain
some important lemmas using specific substitutions. From now on e[ij] denotes the matrix

e;; + eji for i # j and efii] denotes e;;, where e,, is the usual matrix unit.

In what follows, we agree that the product of two permutations is performed from right
to left. Let ¢ € §,. Then, if
1,...,r
ag=
( o(l),...,o(r) )

we denote this o in the following simply by e(1)---e{r). The permutation

o(r)o(r —1).«-o(2)o(1) is called the reverse permutation of o and denoted by po.

Lemma 2.1.1 Let p(zy,...,22041) be a multilinear identity of H,. If the monomial
To(1) " To(2nt1) has coefficient a, in p for some 0 € Sany, the symmetric group on 2n + 1

objects, then the following statements hold:
1 Fori,jwithl1 <i{,j<n-1andi#j,

& + Q(2i-1.2i)0 + C(2i42;2i42j41)0 T O(2i—1,2i)(2i425,2i+25+1)e = 0.

17



2. Yores, @re = 0, where 8y is the symmelric group on 2i — 1, 2i and 2i + 1.
3 Fori,jwithl <4,7< nandi# j,
@ + A(2i-22i-1)0 + O(2i42/41 2i+2j42)0 T Q(2i42j41,2i+2j+2)(2i-2,2i~1)s T
Opr + Cp(2i-2,2i~1)0 + Op(2i42j41,2i42j42)0 T Cp(2i+2i+1,2i4+2j4+2)(2i-2,2i-1)0 = 0,
where pr denotes the reverse permutation of the permutation .

4. Leta(l)ro(2n+ 1) :=o(1)-+-0(2n + 1) € Szn4; lhen

Qo(1)ro(2n+1) T Xa(1){pr)a(2n+1) T Aro(1)e(2n+1) T Qfpr)o(1)e(2n+1) T
Fe(Na2nt1)r T Qo(t)o(nt1)or T Xpo(1)ra(2nt1)) T Xole(1)(or)o(2nt1)) +

Ep(ro(N)e(n+1)) T Cplora(1)o2n+1)) + Aple(1)oizni1)r) + Xp(a(1)a(2n+1)pr) = 0.

Let [ be a homogeneous identity of I1,. If charF # 2,3 then the words having the same
indelerninale in positions 2i — 1 and 2i and the same indeterminate in positions 2i + 2]
and 2i +2j + 1, or having the sume indeterminate in positions 2i — 1,2 and 2i + 1, have

coefficients 0 in [,

Proof. Let w := 2,(;) %, (2541). The operator (i, ) acts on w by permauting Z,(i) and

To(j)- Substituting

e(11), €[12], e[22), €[23), ... e[i — 1,i — 1], e[i — L,i], e{di], elii], e[i,i+ 1],
efi+1,i+1] efi + Lit+2),....eli+7,i+7], efi+4,i+7], eli+4,i+5+1), «vey€[nn}

for

Te(1)y Ta(2)r++ 1 To(2n+1)
in p there are only 4 monomials
w, (20— 1,2i)w, (2i+2j,2i 4+ 25 + Vw, (2i - 1,2)(2i 4+ 25,2 + 2§ + L)w

which produce €;,. This implies 1.

18



Similarly, substituting
e[l1), e[12], €[22],..., eli — L.d}, e[ii]. elii, c[ii], [i,i+ 1),...,c[nn]

for z5(1),. .. 1 Zo(2n+1) I p and counsidering the coefficient of ey, yields 2.

Substituting
e[12], e[22], ¢[23),... efi — 1.4], e[ii], €[id], eliyi+1),...,
e+, i+7), eli+ji+j], eli+ji+ ]+ 1],...,e[nn], €[nl]
for 51y, ... sZo(2n41) in p and considering the coefficient of ¢, yields 3.
Substituting
e[11], e[12], €[22], e[23],...,c[nn], c[nl]

for Za(1)s+++sTa(2n41) IR p and considering the coeflicient of eyy yields 4.

The last statement is obtained by linearizing f and then applying the results 1 and 2

respectively. f

As in Lemma 2.2 of [MR], we have

Lemma 2.1.2 Let f(z,y,z,...) be an identity of I, n, and n; be the degree of & and y
in [ respectively. If the charucteristic of F does not divide (ny — 1)! and (ng — 1)! then the
following statements hold:

1. [MR, Lemma 2.2) If f = fiyz + ~, where ~ is the sum of the terms in [ which do
not end in yz. Then fy is an identity of H,_,.

2. If f = fiyz? + ~, where ~ is the sum of the terms in f which do not end in yz2.

Then fy is an identity of I, _,.

Proof. We prove 2. Linearizing = and y in f completely we get an identity denoted by
ling,f. Then from f = fiyz? + ¢,

Iinz.yf(zllﬂ-»xnnyh'"!yn:v:v“) =

unz.ufl(xat-“vznnyh-“ayua'za-- -)ylxlm2 +...4+ linx,y{[-
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We claim that ling,f, is an identity of M,_;. TFor, if it is not then there exist

Q3,...,8n,,02y. . bpqscy.0. € I, such that
lingy filas, ... ang, b2y bygaey. ) = aey + 4,

with a # 0, €;; does not occur in the matrix A and A € Il,_;. Letting y; = e[jn] and

Z) = 22 = eqn then ling, f(x1, 22,043, . v anyy 41,02, ..., bngy6,...) = 0 implies that
ling,y fias, ... a0 U250 00, bogyey. )z 0 23) + 0 = 0,
But
Hﬂ:,yfl(aih veeylln, Vb2, -sbnmc’ .. ')yl(‘rl o 2) = 2ae;, + B,

with 2a # 0 and e;,; does not occur in the matlrix B, a contradiction. Thus linzf; is an
identity of Hy,.,.
Since
lingy fi(z,....2, 0. 0 2y000) = (11 — 2)!(ng - )1,
and the characteristic of the field F does not divide (n, —2)! and (nz ~ 1)}, f; is an identity

OfH“._l. l .

Let V be the set of the homogeneous identities of H,, of degree 2n + 1 and

V[nlv'-vnr] = {fe 14 I f is Of type [nli"'!nl']}'

Then V[ny,...,n,] is a subspace of the vector space V. Our aim is to find a basis of V.
Since V = @V[ny,...,n,}, it suffices to find a basis for each V[n,,...,n,]. Although the
proof is simple, the lemma below gives a way to reduce the calculations when one searches

for a basis of V[ny,...,n,].

Lemma 2.1.3 Let W be a subspace of F[X). If Q1,...,Qm € W are linearly independent
and there ezist polynomials py,....pm € F[X] such that W C Span{pi,...,pm}, then
dimW = m and {Q1,...,Qn} is a busis of W.
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2.2 The Razmyslov Transformation

. In this section we introduce the Razinyslov transformation of polynomials. In the following

all identities mentioned are weak jdeutitics.

Definition 2.2.1 Let f(z,y,...:2} be a polynomial of degree 1 in z. If
f = Zyi:his
i
then following [F M) we define
f#(Z) = Zhi-'-'!}h
i

which is called the Razmyslov transform of f with respect to =.

Obviously, the Razmyslov transform of an identity need not be an identity. However it

is still a kind of zero operator. So, we introduce the concept of mixed identity.

0 forz,y,...,2 € Hy and w € K, then f is called a mixed identity of I1,,.

Definition 2.2.2 Let f(z,y,...,z;w) be a polynomial of degree oneinw. If f(»,y,....5;w) =

Similar to Lemma 2.1.2 and the Lemma 2.2 of [MR} we have

Proposition 2.2.1 Let f(2),2q,...;2,) be a multilinear mized identity of I, and [ =
fiznzno1 + foziz; + ~, where ~ denotes the sum of the terms of f which do not end in

TnZn-1 or 2iz; fori,j # n. Then [, is a mived identity and fy is an identily.

If f(z1,22,..-3y) is a mized identity over « field F of characteristic not dividing the
mazimum of the degrees of the variables in f, and f = fiyz? + faziz} + ~, then fy is an
identity and f; 1s a mized identity.

. In following, * is the involution on F[X] defined by z] =z, fori = 1,2,.... From the

definition of the Razmyslov trans{formation one can show

Proposition 2.2.2 In a polynomial f, if f* = ¢f then (f#(2))* = cf#(z), where g = £1.
If f* = [ then [ is an identity (mized identity) on H, iff f#(z) is an identity (mized
identity) on Hp. If f* = ~f then f is an identity on H, iff f#(z) i¢ a mized identity on
H,.
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Proof. Let f = 3, gizh; then f* = ¥ hizgl and f#(z) = ¥; hizgi. Thus f* = £ f implies
that (f*)#(z) = £/#(2), that is, T; gfzh? = £ 3; hizg;. However (f#(2) = Tigrzh =
(I)*(2). So (F*(2)) = £/*(3).

To prove the other part of the proposition we use the fact that if 4 is an n X n symmetric
(skew symmetric) matrix then 4 = 0 iff the trace of AB is zero for every B € Hy (B € Ky).

Let f(z1,...,2m,z) be *-symmetric and
f= zyi:‘:hi
i

then
fHz) = Zh.-zg.-

and
f#(.tl,...,:tm,:} E !\‘n, Vzl,..-,xm e ]In, Vz e I{ﬂ'
Thus, denoting by T the trace of a matrix, for Vzy,...,2m € fn, and ¥z € Ky

T(f*(a:;,...,:nm,z)B) =0, VB,z € K
S T(hizg;iB) =0, VB,z € Ky,
i

fHz1,e.0y2m,2) =0

ZT(g,-Bh,-z) =0, V¥B,z€e K,

T((3_ giBhi)z) = 0, VB,z € Ky

11111

[(21yeeey2m, B) =0, V21,...,2m € H,, VB € K,

The rest of the proposition can be proved by using the same argument. [}

2.3 A New Identity of H,

In this section we use the Razmyslov transformation to show that T, is a zero operator
on M,. Namely Ton(Z1,...,Z20-1;¥) = 0 for all z; € H, and y € M,. This sharpens the
results in [MR], especially the graph-theoretic interpretation of the results. From this result

we get a new identity of i,: Taa(21,...,Z2n-1; (%20, 22041]) = 0.
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Let us recall the definition of 73,. We define

Tg:(xl"'-s:rﬁl):: Z (—1)“.’!‘.‘,(1)“'3',,(-_:,,,,

’ 0652
o= 2n)=1, 2 mod 4

S2n the symmetric group on 2n objects and (=1)7 the sign of the permutation .

T2n($l:' --ﬁm'lﬂ—l;'c?n) = TE?(‘”U e vx'lu-l:z')u)'

So,

Ton(Z1y. 0oy 22013220 )

i {3)
= 3 (~17(-1 Y 2oy Togicay T2m Ta(i)** " Taf2n—1)-
T€Syn—)
1=1,2(modd)

Theorem 2.1 Ty, (z,,. crsZ2a-13Y) =0 for all z; € I, and y € M,,.

Proof. Since Ty, is linear in y and an identity on /I, by [M R), it suflices to show that 14,

is a mixed identity. If n is odd then 75, is +-skew symmetric. Indeed,

Ton(z1y+ ey 22013 9)"

: () ,
= E (“1)0(—1)I+l(¢a(l)"'xa(i-l} ¥z, "'xa(Zn—l))
isclfzs(z;z;:u)

, (2r—i+1)
= 3 (D (=1 2pmony 2oy U Zogier)* Zoq)
eESIn—}
i=1,2(mod4)
. {In—i+1)
= 3 (=1 (=1 =1"""zg) - Togzneiy ¥ To(2n—i+1) """ Ta(2n—1)
TESyp
, (Zn=it1)
= Z (_1)0(-1)”.1370{1) *rTa(2n—-i) ¥ La(@n=i41) """ La(2n-1)s

*€SIn—-1
1=1,2{mod4)

since n is odd, n—1 js even. On the other hand, n = 2m+1 implies :hat 2n+41—1 = dm—i43
and

2mod 4) il i = l(mod 4)

I(mod 4) if i = 2{mod 4). (2.1)

2n+1—i5{
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Hence
(In—i+1)
Zo(1) " Zo(2n=i) ¥ ZToan-it+1)** Ta(an-1)

is a term of T3y, and has different sign by the definition of Ty,. So Tby, is #-skew symmetric.

Since T3, is an identity, Tff" is a mixed identity by Proposition 2.2.2. However,

Tﬁﬂ(zli""xzﬂ—l;y)#(y)
, '. (2n=i+1)
= ) =D=My zgney Y To(1)*** Lofi-1)
T€S)nm
:'El.?(morlid)
, e . (2n—i+1)
3 (m1)o(-1)iHrHEa-i D2ot)  ZTonmi) ¥ Toamoit1) " To(an-1)

C€ES7nm -

iEI.2(mo¢lﬂ)

) (2n=i+1)
> (=1)°(=1)* 2oy Zpaneiy ¥ Toanmidt)** To(in-1)
CES -
iEl.Z(moclN)

— .—.Tzn(zl, e -gzﬂn—l;y)

from the last equation. Therefore T3, is also a mixed identity if » is odd.

If n is even then n + 1 is 0dd, so Ty(p4,) is a mixed identity. However

Tatne1)(T1oe o s 220415 ¥} = Tan(215 -+ oy T2n-13 ¥)T2nTone1 + ~
from [MR]. Hence T3, is a mixed identity by Proposition 2.2.1 proving the Theorem.

Let (V, E) be a finite graph with vertices V = {v;,...,v,} and (undirected) edges E =
{wy...,we}, 72 2n, in an arbitrary but fixed ordering. Then unicursal paths correspond
to permutations o € S, where the path is w,(y) -+ - wy(y) = po. Define £(p,) to be (—1)°.
Choose a distinguished edge w;. Then for any two fixed vertices vj, v, let g, be the paths
from v; to v; with w; in the positions which are congruent to 1 or 2 modulo 4. Theorem
5 in {MR] said that the number of the paths ¢, with £(g,) = 1 is equal to the number of
paths ¢, with £(gs) = ~1. In fact, if we direct w; then the paths g, with £(¢p) = 1 are
divided into two classes depending on the direction of w;(that is the edge w; is one way) as

are the paths ¢, with £(g,) = -1 also. We have

Theorem 2.2 The number of the paths q, with (q,) = 1 and the same direction of w; is
equal to the number of the paths ¢, with (q,) = —1 and the same direction of the w;. 1
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2.4 Another Proof of The Amitsur Levitzki Theorem

In this section we give another proof of the Amitsur and Levitzki Theorem by using Propo-

sition 1.1 in [MR] and the Razmyslov transformation.

First we note that it can be proved that T, is also an identity of /f,, by using the proof
that Ty, is an identity (sce [MR]}. where Th, is the polynomial such that 7%, + T3, = S,

the standard identity.
Corollary 2.4.1 S3.(z1,... +T2n-1,T2n) 18 an identity on M,

Proof. Since S3, is multilinear alternating, it suffices to show that
S2n(T1ye e 0y BryY1y.. i) = 0. Vi € I, Vy; € K, where r 4+ s = 2n. (2.2)

We show (2.2) by induction on s. If s = 0 then (2.2) follows from the fact that Ty and Ty,
are identities on /f,,. Assume that (2.2) holds for all n = 1,2,3,...,and s - 1. Then for s,

we show (2.2) holds by distinquishing two cases.

If sis odd then for all odd n, Sy, is *-skew symmetric. Hence S2n(T1, .o Ty W1y 1) €
R, for Vz; € Hp,Yy; € K,. Therefore it suffices to show that

T(San(21y. e s TryY1yeey s)2) = 0,V € H,,.

We claim that
St = -Smn=1,2,3,....

Let (Z15ee s @y Y1yeevs¥s) = (215 .., 2201, 45). Then

S?n(zh cery Bnmlals) =

= : (0
= 2 Z (—l)a("l)zn-'za(n “ttZa(im1) Us Za(iytt Ta(2n-1)

i=1 €S20y

= ; (i)
=Y > (=1)°(=1)Y2g(1y "+ Zo(iz1) ¥s Za(i)* ** Za(2n-1)-

i=l 0€S2n-;



Thus
n (2n=i+1)

Sk = z; .%: (=17 (=120 Soqnmt) Do Za(1)*** Zafim1)
151 2€S2n~)
2n - ~ (2n=i+1)
= Z Z (—1)"(_—1)‘”2""""”30(1)-"-’a(zn-.') Y5  Zp{2n—it1) " Zg(2n-1)
=1 o€y
n
'y i ‘2n—l.+l)
= Z 512 (-l)a(“l):a(l)"'za(Zn—-i} Ys  Zo(2n—is1) " To(2n-1)
i=1o¢ n=1
= -S2n(31$'--1:2n—hys)-
Let

San(@1ee o Trs Wty enr ) = D Gilohic
Then from the claim we have for all = € H, l
T(San(rse e Zrs s s ts)s) = 3 Tlgiyshiz)
i
= Y T(hizgiys)
i
= T(SE(21, s Zrr 1o s Ysm102)s)
= T(=S2y,) =0
by the induction hypothesis. For n even, n + 1 is odd. Thus
S2n42(Tles e s Trg1s Y1y-- 0 Ys) = 0,
However
San42(E1se 0o Zrg2s Yrae oo s a) = £S20 (21,0000 s TryYryes oy Yo ) Trp1Trez + ~ -

So
S‘Jn(x‘l:---szrvyh---!ya) =0

by Lemma 2.1.2,

If s is even then for n = 2,4,6,..., 8,, is *+ symmetric and Sz (Z1,..., 2, ¥1,- -+ ' Us) €
H, for Yz; € H,,Vy; € K,,. Therefore it suffices to show that

T(S2n(zlv'-1zr1yls---syl)2) = 0: Vz € Htu n= 2;436““'

This can be shown by using the same argument and the claim above, Then using the same

argument as above to show the case when n is odd completes the proof. A
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Chapter 3

The Identities of H, of Degree 5

In this chapter we are going to show that every identity of Iy is a consequence of Ty. From
Lemma 2.1.1 we know immediately that /I, has no identity of type (5] or [4,1]. Thus iden-
tities which we need to determine are of type [3,2] or higher. In following, Vin(ng,....ong)
denotes the set of the identities of Jf,, of type [r1,...,n:] and VINg[ny, ..., ng] denotes the
set of the identities of H, of type [ny.... » 7] which are also symmetric or skew symmetric

in all their variables of degree m according as m is even or odd, where m € {n,,... yiir ).

Proposition 3.1.1 If the charF }3! then cvery identity of type [3,2] is a scalar multiple
of Tu(z,y, 2% ).

Proof. Let f(z,y) € VI[3,2] then from Lemma 2.1.1

[ = ayzyze + cgyzzyr + agyzzry + agzyyzz +

QsTYTYr + agTYrLy + arrryyr + xsTTYTY,

and

a4+ ay3=0, ar+az3=0, az+as+ar=0,

az+ ag+ ag =0, agtas+ag=90, ay+ar+a3=0.

Substituting e[12],e[11] for z, y in f and considering the coefficient of e;3 yield ay+ 7 =
0. Substituting e[12], €[22] for y,z and considering the coeflicient eg; yield ay = 0.

27



The solution of the equations above is 0 = —a3 = ~ay = ag = a7 = as. So

f = Ql[[yﬁ’-‘]:[y’za]] = Oqu(x:!{axgiy)-

completing the proof of the proposition. l

Proposition 3.1.2 If the charF [3! then identities
T.;(a:,x’,y;:), T,l(a:,.t'a,z;y), T4(.’172,y,2;$), Tﬂl(xsy’Z;m)z

form a basis of the vector spuce V' I4[3,1,1].

Proof. From Theorem 1.3 it suffices to find a basis of VINg(3,1,1]. Let flz,y,2) €
VINy[3,1,1] then from Lemma 2.1.1

[ = (Id=(y,2){ayrzzz + agyzzez + azyzezz + agzyzaz +

Q5ZYTIT + OprYLTI + QrTTYIT + 0gTTYT 2},

where Id is the identity mapping and the operator (y, z) acts on the monomials by permuting

y and z. Using the same arguments as in the proof of Proposition 3.1.1 we have

ata;=0, ar+ag=90, az+as+ar=0,

aztagtag=0, cytas+ag=0, ay +az+az3=0.
The solution of this system is
ay = ~a3+ a5~ ag, &2 = —Qs + 08, @4 = @3 — s + g, Ag = —@3 — a5, A7 = —Qg.

Thus f = a3fi + asfa + asfy, where f;, for i = 1,2,3 are independent from f. So
VIN,[3,1,1] is contained in Span{fi, fz, fa}.

On the other hand, the identitics
1= Ta(y, 2,2%2), v i= T,y 212)z, v3 = Ty(z,y,2% 2) - Ta(z, 2, 2% y)

belong to VIN3[3,1, 1] and are lincarly independent. For, if there exist scalars 61,02, 83€ F
such that Y%, B;v; = 0 then the cocflicients of the monomials yzzez, rzeye and zzzyz
are 0, which yields 8, = §; = 33 = 0. Thus v, v3, v3 form a basis of VIN,[3,1,1].

28



Since V' [5[3,2] is spanned by T3(x. y, 221 y) by Proposition 3.1.1, it follows from theorem
1.3, Ty(z,y,2% 2) + Tulz, 2, 2% y). o1, vg, t3 form a basis of VI,[3,1,1]. Obviously the
identities

by s= Ty(e 22,93 2), hy = Ti(x, 2%, 21y),
hs = Ty(y, 2.2%2), hy = Ty(2,y, 232)2
form a basis of V13[3,1,1). 1
Note. zTy(z,y,2;%) = by = ha + hy and Ty(x, y, 2;2%) = =hy + ho + hs = hy.
Let

kl = T4(y,2: 0¥, 3), k'?. = Tl(yzsmi:;m)y Ry iz T'l(321 Y2 ¥),
ky 1= Ti(zy,z0ziy), bsi=To(y, 2,20 y32), ke = Tylz, p, 2 9)e,
ky

zTy(z, y, 53 0) + yTaly, 2, 25 2), ks = Ta(w,z, 23 2)y.

Then we have

Proposition 3.1.3 If charF [ 3! then {k;|i = 1,...,8} is a basis of the vector space
VIL;(2,2,1].

Proof. Let A := yyrz, B := yayz, C := yzry. Let X; be the monomial which is
obtained by putting z in the i-th position of X, where X € {A,B,C}. For instance,
Az = yzyzz. Thusif f(2,y,z) € V13[2,2,1] then the monomials of f are X; fori = 1,....,5
and X € {4, B,C}, as well as the monomials which come from the X;'s by exchanging all
x’s and y’s. Let o; (resp. 8;,7:) denote the coeflicient of the monomial A; (resp. B;, C;) in
f. Since f(z,y,1) € V2{2,2] = {0} by Theorem 1.2 in [MR], f(z,%,1) = 0. This yiclds

5 5 5
2.0=0, 3 8;=0 Y 7=0 (3.1)
i=1

i=1 i=1
From Lemma 2.1.1 we have
a+8i+m=0 +Bi+B+r3+7a+T7s=0,

-+t =0, 4 +Pi+7,=0, a5+ Fs + 95 =0, (3.2)

29



where 74 and 44 are the cocllicients of the monomials xyyzz, zyyzz respectively.

Since f(z,y,z) € VI[3,2), from Propoesition 3.1.1 there exists a scalar a € F such that
J(zyp.0) = aTy(z, 2%, y; 9). (3.3)

In the following we prove that a. as. 44, 75 are the parameters of the coefficients of f if f
is symmetric or skew symmetric in the variables of degree 1. Since Ty(z,z?, y;y) is a fixed
polynomial, the linear equations obtained from (3.3) have the coefficients of the monomials
in f as unknown and A;a for some A; € F as constants. These );'s are independent from

f. So we may assume that & = 0. llence f(x,y,2) =0 yields

oy +aztaz=0 ag+oag+as5=0, ay+ 5 +B2=0,
as+n+1=0 B+Pi+1=0,F+h+1=0, (3.4)

where 7}, 5} are the coefficients of the monomials zzyyx and 2zyzy.

Now lei us argue in two cases. If f is symmetric in the variables y,z then 4} = ¥; and
B! = fi. Solving systems (3.1) , (3.2) and (3.4) yields

@y = —75 =74 = —az, ag =0, ay =1 = —as, b1 =29+ 74
Br=-2vs+as—v, Ba=—as+ 71+ 7s, Ba =05 — T4,
Ps = —o5 = ¥5, Y2 = —0Q5+ Y5, V3 = 05 — Y4 — 5:

If f is skew symmetric in the variables y,z then 7] = —7; and Bi = —fi. Solving systems
(3.1) , (3.2) and (3.4) yiclds

ay= s+ 7= —az, 03 =0, a4y = ~a5, 1 =75 b =74

Br=oas+74=Bn B=—-as—7-"T Bs=—as+¥s =72 3=as— T4~ Ts:
Therefore in every case the coefficients are the linear combination of as, 74, 75 and . So
every f € VI[2,2,1} is a linear combination of 8 polynomials which are independent from

f. Thus, from Lemma 2.1.3 to show the proposition it suffices to show that ky,...,ks are

linearly independent.
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Suppose there exist scalars & € F such that 5, §ik; = 0. Then considering the

coeflicients of the monomials

TTYYS, YTTYI, YLIXY. YTYIL, LYy, STTYY, YITYL, sryLy
yields
& *—62+5¢3—63 =0. 26, = 0, 8y +63+5.;+65—'63—57'—‘{},

b3+ 81— 85— =0, —03+285-b3=0, 63— 83— 64+ 6 =0,
O3+ by + 85+ 8 =0, —dy + b3 = bg ~ §: = 0.

The only solution is trivial. Thus &...., ks arc linearly independent. A
Note:
1. We give the basis of VI3[2,2. 1) here for later use.

2 Tu(ynzizoy) = —ky — ko + by, (To(y,2,2i% 0 )" = —ky — ky + ks
eTa(z,p53y) — yNuly,2,52) = =28 — by + kg — Ry + ks + kg — kg,
T4($,3,$ o y;y) = _kl - k'l - ki + ks-

Let
Ll = $T4(y1sy2,y3;17), L'2 = E(Tl(ylayhyﬂ;m”-v L3 = T'I(ylyy'hyﬂ;x)mv
Ly = (T.,(yl,yg,ya;x))':v. Ly =Ty, y2s .‘Isi-’l-’z), Lg := (T-afyl,yz,!l:s;-'r"'))',
Lr = 3" To(z oy, p2,y82),

{123)

where the sum is taken over all cyclic permutations of 1 2 3. Then we have

Proposition 3.1.4 If charF [ 3! then {L;|i = 1,...,7} is a basis of the veetor spuce
VIN[2,13].

Proof. Let f(z,31,¥2,¥3) € VIN,[2,1)] then from the symmetry

F= Y aijfilz, v 020

1<i<j<s
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where

(1) (4}
fij = Z(—l)a%u)‘“ I oeee T oo Yp(s)e
eES)

Let

o) = @12, 03 = 13, O3 = @14, @) = Q15, O5 = Q23,...,X10 = Q45

and .
fi=la 2= [13, 3= N4 fo= N5y fs = fazy.o 0y fi0 = fus.

From Lemma 2.1.1 we know that the sum of the coeflicients of the monomials which have

form y1y2 — —— is 0. So ag + ag + @1g = 0. Similarly we have
optaztas=0, cat+as+as+ar=0.
Solving these equations yields
Q) = —Qg2 — (5, (tg = —g — g, O3 = —Qy — &g — &7,
Thus

[ = am(fi-N)+ta(fa= f)+as(fs— fi) +as(fo~ f3) +
ar(fr ~ fa) + as(fo — fz) + a10(fro ~ f8) | |

It suffices now to show that Ly,..., Ls are linearly independent. If there exist scalars §; € F'

such that 3, 6 Li(z,y, z,w) = 0 then considering the coefficients of the monomials
TZWTY, YTIWT, SWIYT, TYTWZ, YTTIW, ZWITY, YIITW
yields
b2+ 067=0,083+26:=0, 6,=0,8 ~b;=0,8+26r=0, g=5-=0.

Obviously the solution is trivial. Thus Ly,...,Ls form a basis of VIN,(2,1%]. B

Finally, VIN[1°] has §5(z),...,7s) as a basis. From the definition of standard poly-
nomial and Lemma 1.1 of [MR],

5
Ss = Y (—1)xiSe(z1y..e Fiye -0 28)

i=1
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and

S-l(mh'-'sfl’av--»xﬁ) = %Z(—l)'julT-i(‘rl""‘i—}""

J#i

Thus VIN2[1%] has a basis which is a consequence of Tj.
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Chapter 4

The Identities of H3 of Degree 7

In this ciapter we shall determine all identities of M3 of degree 7. In the following,
VI[n,,...,n.] denotes the set of the identities of /3 of type [n1,...,n,]and VI Na[ny, ... 0,
denotes the set of the identities of /I3 of type [n1,...,n,] which are also symmetric or skew

symmetric in all their variables of degree m € {n;,...,n,} according as m is even or odd.

4.1 The Identities of Type [4,1%] or Lower
Proposition 4.1.1 If charF }3! then there is no identity of Ha of type [4,3] or lower.

Proof. Let f(z,y,z) be an identity of type [5,1,1] then
f=hzy+ fayz + fszz + fazz + foyz + fory + fryz® + faza.

So f; is an identity of H> from Lemma 2.1.2, for ¢{ = 1,...,8. However H; has no identity
of degree 5 which has type lower than [3,2] and no identity of degree 4 which has type [3,1].
Each f; = 0. Thus f = 0.

Now let f(z,y) be an identity of type [4,3]. Since H; has no identity type [3,1] or {2,2],
f = hizy + fayz. Then A(y,2)f = 0, because A(y, z)f € VI3[5,2] and, as we have shown
above, VI3[5,1,1] = {0}. But A(y,z)f = (f; + f2)z?+ ~, where ~ denotes the sum of the
terms which do not end in 22, So fi + f2 = 0.
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Since fy is an identity by Lemma 2,12, f; = afly, z), [y, 2%]] for some o € F, by
Proposition 3.1.1. So

2
-

f=afly, 2], [y,2 N, ).
Substituting €[12], €[23] for x.y vields a = 0. s0 f = 0. 1

Proposition 4.1.2 [f charF ¥3! then Q(x%,y,x,z.y,2) forms a basis of the vector space
VI3(4,2,1). '

Proof. Let f(z,y,%) € VI3[4,2,1]. Then
f=haz+ fazz + faxy + fayz + foyz?,

since ff; has no identity of degree 4 of type [2,2], [4] or [3,1). Since f; is an identity for
t=1,...,5 by Lemma 2.1.2, fs = as([z, y), [z, z]] follows from {MR], f; = ailly, x], [y, £*|),
fori=1,2, f3= 2}'21 Biki and fa =TI, 7ihi, where hy, ..., hy ate the basis of the space
VI3(3,1,1] given in Chapter 3, namely

ki = Tyz,22,y;2) = [z,2][=%, 4] + [2,2%)[y, 2],
b = Te,e,50) = el 2) + 0,57z, ),
b = Twsmed) = el e + [x e ol
hy = Ty(z,y,22)z = [[:c,.y],[z,:r:]]m.

Since f(z,y,1) € VL[4,2] = {0}, f(z,y,1) = 0 implies that oy + @y = 0, because
hi(z,y,1)=0fori=1,...,4 and Ss(z,,1) = 0. So

f = 0!1[[3],.'3], [y13:2]][m! '3] + Q5[[zay]’[xv3]]ymz + fazy + f‘|y3‘.'

Since A(y,z)f is an identity of type (5,1,1), it is 0. Therefore, considering the sum of the
terms of A(y,z)f which end in 22, yiclds fat fa+ fsz = 0. Since fsz = ~asTy(y, z,2;2)z =
—ashy and hy, hg, ha, hy are linear independent, Bitvi=0fori=1,2,3and By+y—-a5 = 0.
Thus

4
f = eally, 2] {9,230z, 2] + asllayz - Ta(y, 2,25 2)yz2) + 3Bkl ). (4)

i=1
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Similarly, A(z,¥)f = 0 implies that —a; + By + B2 = 0. If we write f = 2229+ ~, where
~ is the sum of the terms of f which do not start with zzz, then g is an identity of type
(2,2] of i3 by Lemma 2.1.2. Since !/, has no identity of type (2,2], 9 = 0. Thus f has no
terms which start with zzz. So considering the coefficient of the monomial 2zzyzzy yields

B = 0. So a; = Bz from the equation above.
It can be proved symmetrically that

4
f = ailz, 2lly, <) [, 2%]) + o (yzha - 22yTu(y,2,5;2)) + 3 Ailz, b (4-2)

i=1

From (4.1) and (4.2), considering the coefficients of the monomials zzzyyzz and TITTYTY
yields a) = a5 and —a} = f3 since §; = 0. So a5 = —Bs. From (4.2) we know the
coefficient of the monomial zzzyzyx is 0. But this monomial has coefficient —B4 + as. So
By = as.

Let g(x1, 22,23, %4, 41,72, 2) be the complete linearization of f, then g is also an identity.
Substituting

e[11), e[12], €[12], [22], [23], ¢[33]

for z, z1, z2, 23, ¥, x4, considering the coefficient of e;; in g(z1,22,%3, 24,9, ¥, 2) yields

ay + as = 0. For, the moromials which evaluate to e; are
2Za(1)Zo(2) YT (3)YTo(4)) 2Zo(1)U%0(2)¥Ta(3)To (4)s

Zo(1)To(2)Y% 0 (3)UTa(4) 2 To()YTa(2)YTa(3)Ta(4)%:
Vo € 5;. In fact, the coefficient of ey, is 4! times the sum of the coefficients of the following

monomials in f since g is the linearization of f:
FLTYTYL, ITYTYTT, TTYTYT2, TYTYTTZ.

This yields a1 +as = 0 because §; = 0 and charF J3!. So f = asg, where g is independent
from f. Thus from Lemma 2.1.3, Q(22,y,z,¥,2,2) is a basis of VI3[4,2,1] since it is an

nonzero polynomial. 1

Proposition 4.1.3 If charF /3! then

Ts(y1,¥2, y3, 2, 2?5 2), K = [Sa([wn, 2, [v2, 2], [v3,2]), 2]
form a basis of the vector space V IN3[4,13),
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Proof. First K is an identity since S3(zy, 22, 23) is in the center of M Vzi € Ky, Indeed,
K3 has a basis e;2 — €21, ej3—eay, €23 — e3,. Substituting these elements for =y, 22, 2 vields

83(21,32,23) = —2I, where [ is the unit matrix of A5, So K is an identity of H;, which
was already observed in Remark 2.5.15 of [RW1].

Next, we show that Ty(y1, g2, yu, v 2% 2) and A are lincarly independent. If there exist
scalars a; € F such that oy Tg(y1, y2. 13,2, 2% 2) + ao i = 0 then considering the coeflicient
of the monomials 2y zyszz, 2y 12Y2Y32 respectively yields ay + ay = 0, =20y = 0. So
they are linearly independent.

Let f(z,¥1,¥2,¥3) € VIN3[4,13] then

f= 3 {h v, v + folz, y, ye)yse + Ls(z 2 }eys )
(123)

since H; has no identity of type [4,1]. Moreover
Sz 12} = ellzy 0l [z, 92]], f2 = Bi(hi—ho)+BahatBaka, f3 = n(hi—ha)+yahs+7aha,
where hy — h2,ha, by are the basis of the space VINg[3,1,1) given in Proposition 3.1.2.
Since f(2,¥1,92,1) is an identity of type [4,1,1] it is O identically. But
f(Z90,92,1) = {(Br + 1)k = h2) + (Bs + 13)ha + (Ba + 14 — a)ha)z
and ky — ha, ha, by are linearly independent, thus 8; + v =0 for i = 1,3 and 84 + 74 = a.
By Lemma 2.1.1 the sum of the coefficients of the following monomials is 0:
TTY3Y1ZZ, Y1YaTY2TTT, TTTY2TYaY1y

TTYTY3 N Ty TTY1Y3ZY2 T, TY1YaTY2TT.

This yields a — 8; = 0.

Let f'(z1,Z3,%3,Z4,31,%2,¥3) be the complete linearization of f. f is also an identity
of H3. Substituting

e[12], €[22, e[23], €[33], e[31)

for y1,2,¥2,¥3,24 and considering the cocfficient of eyy in f'(z,2,z,24, 11, Y2, y3) yields

6(83 — b1+ B3 + B4) = 0 since only mxzzyayazy, z4ysyzzzzy; evaluate to ey;. Since
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B =a=Py+r67 =260 bom -5 + 26+ 5, = 0. Thus every coefficient of the
monomials in f is a linear combination of 33, B;. So from Lemma 2.1.3 the proposition
holds. &

4.2 The Identities of Type [3,...]

Proposition 4.2.1 If charF [3! then the vector space VIN3[3,3, i} = {0}.

Proof. Let f(z,y,2) € VIN3[3,3,1). Then

[ = hlzy2)ey = i, 2)yz + falzy)yz + fi(2. )09 -

hyz)zz — fiy,z)zz + fa(z, 0, 2)y2° = fo(yy 2, =)oy’ (4.3)
Since A(z,y)f = 0, considering the sum of the terms of A(z,y)f which end in yy yields
Ja + fi = 0 because f3 is of type [2,1,1], fa = ([, 2],[y,2]] for some ¥ € F and hence
A(z,9) f3(y,2,2) = 0. We have fi = 15, aik; and f] = 3., alki, where kq,... kg are
the basis of VI2[2,2,1] given in Proposition 3.1.3. Also, fz = al[y,z),[y,2?]] since f, is
an identity of type [3,2] of H;. Symmetrically, f = [y,z]fa+ ~ and f2 = By, 2), [v,22)).
Since f has degree 1 in z,

;o= efllya) [y, 2*llly, 2] - (=, 9h [z, 9]z, 2]} +
Ay, 2lllv, 2], [, 2%]) - e, 21lle, 9l [2, 411+ ~) (4.4)
From (4.3) the monomial yzyzyz? has coefficient —7 but by (4.4) it has coefficient 3. So
ﬂ = —. If
f = zzyg(y, 2, 2) - yyzg(2, 4, 2)+ ~ (4.5)

then ¢(y, 2, z) = 8{[y, z], [y, 2]] for some § € F. Similarly we have a = § by considering the

coefficient of the monomial zzyxzyzy in f in the two different expressions.

The monomials zy%z®y and zy2z2yz have coefficients a; + a3 + ag and a; —az — as
respectively from (4.3). But, from (4.4} we know that they have coefficients 0 and J

respectively. So

oy +az+asg=0, a;—az - ag = . (4.6)
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Using the same argument and considering the monomials
2TYTYTY, ITYTYYT, TTYYTTY, ITYYTYT, YYrTsTy, yyesIys
yields

ap—og=~ag=0, oy +as+ag =73, —ar+ay =4,

a3—as=—f, astar=-a, —a2-ar=a. (4.7)

Since A(y, x)f € VI3[4,2,1), there exists a scalar in F such that Ay, ) f is ascalar multiple
of Q(2%,2,¥,2,2,y). So the monomial zyrzzyr has coefficient 0 in A(y,z)f . Since this

monomial comes from the monomials
YyTITYT, TYYITYT, TYTLSYYT, TYLITYY,
wlu’ph have coeflicients in f
=03 —ay, 03+ 0y + as + ag, —@y - a5 — ag + a7, —7.
respectively and since —y = § from above, we have

B—oag+ag=0. (4.8)

Since A(z,¥)f = 0, considering the sum of its terms which end in zy and yz respectively
yield fi(z,4,9) ~ f2(y,2) = 0 and fi(y,2,¥) + faly,2) = 0. From these two equations we
have

ay—aztoay+2a5—~a=0,a+a3—a5-2a4+a=0. (4.9)

Now we may assume that f* = &, Then considering the coefficients of the monomials

yzyzlyz, zyrzyzy and their reverse yields
a =38, a;+as— ar; + ag = —s(ay + a5 — ar + ag), (4.10)

where s = £1 wher f* = £ f. The solution of system (4.6),...,(4.10) is trivial if s = +1.
Sof=0.1
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Let

iz, z) = Qzozyx,zyz), Quz,y,2):=Q(zoy,2,2,v,2,2),
Q3(I:y12) = Q(mz,y,:,w, y,z), I‘.(ma" ,5) = [53([3! y],[:c,z],[y,z]),z:].

They are all identities in V' I3[3,2,2]. Moreover, Q; + Q2,@3, K are all symmetric in y, 2.

In following we are going to show

Proposition 4.2.2 If charF [ 3! then Qi + Q2,Q3, K form a basis of the vector space
VIN,[3,2,2].

Proof. First we show that @ 4+ Q2,Q3, K are linearly independent. It suffices to show that
Q1,@2,Qa, I are linearly independent. From the definition of @,

[[l= © 2,9} [z, 91l [, 2]) + [{ly, =], (=, 5°]], [, 21) + {{= © 2, 9]l 2][=, 4]} +
{tv, z]lz, 2*)([=z, 91} + {[=?, 2]ly, 2]z, 4]},

Q2 = Qi(zy2,9),

Qs [liys 21, [2,2]), [ws 2]) + (s 2, [2, 9], [, 2]) + {3 2%][, 2]z, 9]} +

{lz, 2%y, ][y, 2]}

Q1

If T2, a;Q; + a4k = 0 for some a; € F then considering the coefficient of the monomial
zyzzyzz yields ay = 0. Considering the coefficient of the monomial yzzzzyz in a2Q; +
a3Q3 + a4ll yields a3 = 0. Considering the coefficient of the monomial zzzyyzz in 2Q, +
a4ki yields a4 = 0. Since @2 # 0, a3 = 0. So Q1,Q2,Q3, K are linearly independent.

Now let f(z,y,z) € VIN3[3,2,2]. Since H; has no identity of type [2,2] or [3,1] by
[MR], f has no terms which end in y? or z? by Lemma 2.1.2. So

f = hzy.2)zz 4+ fi(z,y,2)zz + fiz, 2,9)3y + fi(2,2,9)yz +
faz,y, 2)yz + fofz, 2, ¥)zy + fa(z,v, z)zzg + fa(z, 2, y)y32° (4.11)

Moreover,

8 8 4
fl = Zaikﬁ f; = Zﬁ:-k,', f‘Z = Z?ihis f3 = A[[y,:z:], [?},2]],
=1

i=1 i=1
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where £y,...,ka and hy,..., Ny are the basis of the vector spaces VI5[2,2, 1] and V' 13[3, 1, 1]
given in Chapter 3.

From Lemma 2.1.1 the sum of the coefficicnts of the monomials YTTYILZ, YLTYT I, yreyssr
is 0. So from (4.11) we have

a3+ a3 — a5 —ag = 0. (-1.12}

Similarly for each w = zyyz, yryz, zyzy considering the sum of the coellicients of the

monomials of form w — —— with z, =, 2 in the last three positions yield
aztay—ay—aly =0, as+ oy +ar+ab =0, a5+ of +ar +a} = 0. (4.13)

Because for each w = zyyx, yzzy, yazy, zyyz the sum of the coefficients of the monomials

of form w — ~— with z,z, z in the last three positions is 0 we have

ayt+a)+az+aytogtag+A=0,
astajtas+al—og—af+er+al-A=0,
amtajtastay—as~as+ar+al-A=0,

a2+a'2+a.|+a’4+as+a§+as+a§+:\=0. (4.14)

Solving (4.12), (4.13) and (4.14) yields
ai+al=0,i £6,8, ag +a) = A, (4.15)
Since f(z,y,y) is of type [4,3), it is 0 identically. So from (4.11) and

ki(z,p,9) =0, i = 3,6,7,8, hj(z,9,9)=0, j = 1,2,
1 .
k(z,y,¥) = —k(z,y,y) = ka(z,y,y) = §k5(r’y’y) = [[y,z],[y‘z,:c]],

ha(z,9,9) = ha(z, 1,9} = ([, 2], [z%, 9]},

we have

o ~aytay+2a5=0, f3+ 54 =0. {(4.16)
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Using Lemma 2.1.1 and considering the monomials
—yyrTL—, —~YTYTT—, —TYLYT—, —YYTIT—, —IYTYZ—,
—yzTYz—, YYI2T—, —YYITI—, —YTIYZ~,
where the empty positions of the first three words are z, z while others are z,z yields

atastag -5 =0, atas+ae+f-F=0, a1 -aq—-as=0,
a4 a;=0, a4+ as+art+ag—Pz—-A=0,
al—a4+a5—af—a'3—ﬂ.;+)t=0, 03+a'f"’\=01
az ~az+ oy —ag— 207+ A =0,

—al+03—a4—a5+a'6+3a7+a’3+ﬁ4—2A=0. (4.17)
For instance, from Lemma 2.1.1 the sum of the coefficients of the monomials
yyreres, éma:a:yyz, IIYYTTT, ZITTTYY, YYTTTIZ, TTTYYIZ

is 0. Since f has no terms which end in 2z and symmetrically it has no terms which start
with sz from (4.11), the sum of the coefficients of the monomials zyyzzzz, zzzayyz is 0.
So a; + a3 + ag — B1 = 0. This is the first equation in system (4.17). The others in (4.17)
can be gotten in the same way.

Next, substituting e[12], €[22}, ¢[23] for z, ¥, z in f(z,y,2) yield
—ay—ag+ar—2e+p ~f3=0, oz + a5 + aj +4ar + a5 = 0. (4.18)

The solution of the systems of (4.15), (4.16), (4.17) and (4.18) is

as = =507 =20, By = ~dar - 20z, By = aa + a7, ag = —3ar - fz,
af = —3ar1, as = 2ar— a3, a3 = —a7, a1 = —bay - 20,
B3 = —-az-—ar az=—a7, as=dar+ f2,A = a3 +ar.

Thus f = asgy + argz + Pags, where g1,92,93 are independent from f. So Q1 + Q2,Q3, K
are the basis of VIN3[3,2,2] by Lemma 2.1.3. #
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Let

Q= Q@oy,y,z,a,3), Qoi=(Id = (21,2))Qx 0 42,2, 2,3, 22),

Qs = (Td=(21,32))Q2% 21, p, 5.2, 22}, Qui= (Id =~ (21, 22))Q(x 0 21,y 0 3 2, 22),
Qs = K(z,y,2,51,2,22,y), Qp:= (Id = (21, 22 (2, 2, 21, , 22, 2),

Q7 = To(zoy,y,2,2,22;%), Qs = Tu(a?, 21, 20,2, 41 ),

Qo = 2Q(z,y,21,2,4,%2), Qo= Q2,1 21,2, y, 22)z,

where (21, 22,23, 24,25, 26, 27) 1= [Sa([z1. 2], [23, 24], [25, zg])y 27). Then we have
Proposition 4.2.3 Tle set {Q1,....Q10} is a basis of the vector space VING(3,2,1,1].

Proof. First we show that Qy,...,Q,o arc linearly independent. Let oy € F such that

TR @;Qi = 0. Then considering the coefficients of the following monomials
YITY21 22T, YTITYZT, YTYILDT, TYTI1Y2E, 3)1TIYYS2L,
YAATYT 2L, 21 TYTYI2Z, TTZ122YYT, YLTYTZ13, YLNITI2Y,
yields
a3 t+2a2~0a3=0, ~ay —aq—as+ag+ar—ayp =0,
ag=as—oag—~ap =0, 20— ag+ a9 =0, —ag + ag — xyp = 0,
aytastagtag =0, —az — ag — az +ag =0,
e3tostagtostan=0, oy +ar+as=0, a3+ 204 + a5 = 0. (4.19)
The solution of this system is trivial. So Q1,...,Quo are linearly independent.
Let f(z,y,21,22) € VIN3[3,2, 1, 1] then
(Td+ (21, 22)){fr222 + flzom + fayza + fozay + fazazz) + falz1, 2] +
. fsyzz + fozyy + frry + fayz, (1.20)

since H3 has no identity of type [3,1]. Morcover

8
fl = Zaikh fl Za ki, fa= Zﬁlhli f? = Zﬁ hi,

fs=efly,z],[y,z1]], fi = ﬁ[[J.a:] (v, 2%, fo = ‘/[{1,21].[2,22]],
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where &y, ..., kg and fty, ..., by are the basis of the spaces VI[2,2,1) and VI5[3,1,1] given

in proposition 3.1.3 and 3.1.2 respectively.

Since f(z,y,21,1) is an identity of I3 of type [3,2,1], it is O identically. From (4.20), fs
and fs are of type [11] and [2,1,1) respectively. Thus they are linear combinations of the
products of two commutators by Corollary 3.2 of [MR]. So fs{(x,¥, 21,1) = fe(z, ¥, 21, 1)=0.

From the definitions of k; and h;, ki{x,y,21,1) = hi(z,¥,21,1) = 0. So
flz,y,2,1) = fiz + fiz + fay + foy + fazz + frzy + fayz.
Hence the coefficients of the following monomials are 0:
TYyT T, YTLYNE, YTYTAT, SYYTIT, YTYZILT, YTHYTT, TYHYTT, TYTY212.

Since the last two variables of the monomials above are not 2y and yz, these monomials

occur in fiz + fiz + fazz. Thus we have

mtay-ay—al=0, ag+a—as—ag=0,
as+a+ar+at =0, ag+ ol +ar+ar =0,
a1+ oy +as+og—ar—ay+a=0,
o1+aitastai+astogta=0,
ay+al+as+al+agtag—ar—ar+a=0,

ar+o)—ag-—altastal—ag—ogtartar~—a=0.
Similarly considering the cocfficients of the monomials
TYTTNY, TTTYY, S1TTYY
in f(z,y,21,1) yields
—Br— B =By =B, =0, B+ P —Ba~B3=0, b+ B =0.
Solving the equations above we have

o = —a:-, i#6,8, 6; = -'B;‘, i#2 (4.21)
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Now we assume that f* = £ . Let g be the sum of the terms of fin which the first two

positions and the last two positions are 2y, yx or xz. Since J is skew symmetric in 2, 2

-t

we need only consider the coefficicnts of the following monomials in g when f* = 4/,

TY2122TTYy TYXI2TYT, YT 22XBY. YTXTa0YL. LYI\T3XY, TYSIEI2YE, YIS0y,

yrzi1zayre, ryzzayee. BT PR, Rz IoyY, yroiyIare. .l:_r;:ly.:-_-:it.'l'.‘.

Let 4; denote the coeflicients of the first 7 monomials above in the polynomial ¢ and lot &

denote the coefficients of the last 6 monomials above. Then using Lemma 2.1.1 we have
b1+02=0, 8B3+6i =0, 65+8=0, n+92+62=0, 374 +8 =0, {1.22)
By Lemma 2.1.1, the sum of the coefficients of the following monomials is 0:
Tywry, Lywyr, yrwry, yrwyc,
where w = z)222. That is,
s (-1} +4+797=0 (4.23)
since f* = +f,

Next we distinguish two cases. First assume that f* = f. Since f(x,y,2y,y) and
f(z,¥, z1,2) are identities of type [3,3,1] and (4,2,1] respectively, there exist scalars A; € F
such that

f(z$y1zlry) = '\IQ(I" O YT Yy 21,2, ), f(z,y,zl,:c) = ‘\2Q(‘52!31y1:hxvy)-

But f* = fand Q" = ~Q,s0 A; = 0 for i = 1,2. Hence f(z,y,21,¥) = f(z,9,51,%) = 0.

Thus considering the coefficients of monomials

TYANYTTY, TYNYTYT, YLIYITY, YLIIYTYT, TY2TYLY,

TYYTTZ1Y, Z1YYTTTY, YTYTNHTY, TYYTILY, TTYYZ1TY, TYYZH1LLY,
in f(z,y,21,y) yields

!
Ntar—aztastag—ar=0, 12 -1 -5+ ag =0,



Ttotm—ay—og+ar=0, 94 ~a;+ay—ag =0,
Yo~ —as—ay=0, ay+az—-a;+ar+ag—75 =0,
ar+u3tag—0) =0, —ay +ay+ag=0,
ay—as+fB-Fr1—P2—Pa=0,
—az—or+ 6 + 8 =0,

—aztaz—oag+ag—71 =0. (4.24)

For instance, the monomial zyz yxxy comes from the monomials z2021yzay, LYz 228 TY
and zyzjyrzz; of f which have coeflicients —~az + as, 71, o1 + ag — o respectively by
(4.20), the expression of g and f* = f. So we get the first equation of (4.24). The otlers

were cutained in the same way.

Since f(z,y,21,9) = = falz, ¥, 9)y=1 + fulz1,4]+ ~, considering the sum of the terms
of f(z,y, z1,y) which end in »z; yields

B-Bs—-84=0. . (4.25)
It can be proved also that
v+ B2+ B3 =0, (4.26)

by considering the sum of the terms of f(z,y,21,y) which end in zyy. Indeed, from (4.20)

this kind of terms occur in

flz o 20yy + falz,y, 20)yy + fo(2, 2,020y
= (ﬂ2 + ﬁ; + 7)[[37 zl]v[:: y]]zyy-

Thus (-.26) holds.

By f(z,y,21,1) = 0, considering the coeflicients of the monomials zyz zyz, YTz TTY

and zyz)zzy yields
Y= =0,7-0ag—og+ 52+ 3 =0, (4.27)
From f* = f, considering the coefficicnt of the monomial yzyzzz;z in § yizlds

- —-ay+ aé = -0 + Fs. (4.28)
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From f(z,y,21,%) = 0, considering the coefficients of the monomials

YTy, PTRYYT, LLIYTTY, TYIIHETT,

YryreI|T, TY TTYT, TYS TITY,

yields
bi—Patoas+ay=0, 634+ 33=0, 35— b5 =0, 8+ ag + 0y = 0,
B-aj—aa+2i+a5=0, i+ 12 =0, By =Ba+y+7s=0. (4.29)
[Note. When both — — — — sprand — — — = — &z oceur in calculating the coefficients of

the monomials above we nced only consider a; and a} for i = G,8 by (4.21)].

Next we use Lemma 2.1.1 to produce more equations. Let w = 2y zaxyy then the sum

of the coefficients of the following monomials is 0:
rwr, zw'r, rTw, rzw", wrr, w'rz.
This yields
—f+a—ay=0. (4.30)
Similarly considering w = z\z2py, 221220y, z122yzy yields
—mtoa-—ay~astagtar=0,8—as—a; =0, A+64+ g +ar =0 (1.31)
Solving systems (4.22),...,(4.31) we have

1 1 3 1 7
o = 8§ B=6 Y=, ay =75 - 563, az= 575+ —bg, ay = ~5mt —bg,

4 4
1 1 1 3 1 5 1 3
= =95 = = = —=%5 - 3= — =5 — T =""J-_6n
7 575~ 7% as 578+ 3% @ = —575 — 78, a7 = 575 — b
1 1 1 1 1 l
= = - = =95 — — = —= =6 = 2 =0,
ag 275+ 466, as = 5% 468103 275+ 7% /=00
Bz = ~bg, B4 = 26,
B = v m=20 =1=77=0,

Y3 = =75 — 28, Y4 =5, 8 =20 = —bz, 3= =8, = =05 = . (4.32)



Let
z = e[22] 4 ¢{12] + £[13], y = €]23], 51 = e[11], z2 = €[33)

then f(z,y, 1, 22) = 0 implies that 45+ 8 = 0 by considering the coefficients of e.3. Indeed,

only the following 11 monomials in f evaluate to eqa:

TYYTZ1 T2, TYTZ1TY32, TXIITYY2, TYZTITY, TYZYT21T, T LYTYZ],

YTZ1TTYS, YI2YXT2\T, Y222\ 2TY, YYTTA1TZ2, THT2YTY.
Their coefficients in [ are

az —~ay, —=f, fa, —vs,a1 — ag — az, B2, =P — P2 - B,

’ I !
ay +og —ag, gy — B4, —az — ar, ay+ as — ag ~ ar,

Thus from (4.32) and adding them up we get —4vs — 46g = 0.

So far we have determined the coefficients of fy, fI, f2, f3, fa, fa and fg. The coefficients
of the monomials in fsyzz, frzy and fsyz have also been determined since the monomials
in these polynomials either start with zz, zz;, y2, 2y or the monomials in g. Since
J* = [, the coeflicients of the first kind are the linear combination of ¢;, oty By Bi. While
the second kind have coefficients v; or §;. So f = gh, where & is independent from f. On
the other hand, Qp ~ Q;p is +-symmetric and skew in 21, 22. From Lemma 2.1.3 the vector
space IV := {f € VIN;[3,2,1,1]|f* = f} has a basis Qo — Q1.

Now let f* = —f. We also have
2y 9,20,9) = MQ(z o y, 2,9, 21,7, ¥), F(Z, ¥, 21,2) = A2Q(22,2,9,21,2,7)

for some A; € F. We may assume that A; = 0, i = 1,2. Repeating the proof uf the case
f* = f, we also have (4.23),(4.25) and (4.26). Similarly to the first 7 equations in (4.24)

we have

N+ay~az+as+ag—ar=0, 72— o+ as + ag + 2a7 = 0,
Tatay+az—as+2a5 ~ag+ar =0,
‘74—01+Q4—205—a:;—‘2a-,-=0, 15— a1+ 204 — as + 2ay —ag =0,

-B-oy+az—a4—ar—ag=0, oy +az+as—f; =0. (4.33)
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Similarly to (4.29) we have

bi+Batast+ag=0 8;3+0;=0, By +65=0.
b6+as+ag=0. f—a;-a3+2a+as =0
A+ B +Aatzt s =0, =2 + B4~ Bt m+ s =0, (134)

From Lemma 2.1.1 if w = zzzy then the sum of the coellicients of the monomials
TYI1 W, YIprw. TYw, SyTw, yrsw, T2 yw

is 0. Similarly if w = yzzyz then the sum of the coeflicients of the monomials of the form

w — —~ is 0, where empty positions are z, y, 2. These vield
BrtBr+n+v—as—al=0, —py~ B4+ 75+ 7 +ag+ah =0, (1.35)

From f(z,y,21,1) = 0, considering the cocfficients of the monomials LysyeXy, Lyspryr,

yzzizzy in it respectively yields
Ys+astag+ ot By=0, 9% —2as+al) =0, 77— 2Bz + ) = 0. (4.36)

Solving the systems (4.22), (4.23), (4.25), (4.26), (4.33), (4.34), (4.35) and (4.36) we know
that .

ag, B3, 4. Yoo V7 02, 6g

are the parameters of the coefficients. i.e. every coefficient is a lincar combination of
¢ ¢
ag, ﬁ'j! Mo Y6y 7 621 66-
Since we assume that \; =0, i =1, 2,

f=agg + Bho2 + 1aus + 694 + s + 6206 + Sayr + Mgs + A2,

where g;,...,9s are independent from f. Since Q,...,Qs, Qo + Q10 are *-skew symmetric
and linearly independent, by Lemma 2.1.3, {Q1,...,Qs, Qs — Q10} is a basis of the vector
space U = {f € VIN3'3,2,1,1]|f* = - f}. Hence {Qy,...,Q10} is a basis of the vector
space VIN;[3,2,1,1]. 1



Let

Q1 = Tulz,p1, 92,93, 045 22), Qa2 = Ta(z?, v1, ¥2,¥3, 045 ),
Q3 = J:Tﬁ(r’yhy?.!ylh y-liﬂ:)’ Q-l = Tﬁ(x?ylsyhy-?iy'l;m)my
Qs = 3 (=1 K(x,,2,52,%,y3,4),

{1234)

Qg = Z ("'l)aTﬁ(myz°ylsy27y3:y'l;m}s
(1234)

Q = 3 (~1V¥Tulz,2% 51,92, y0s ),
(1234)

where the sum is taken over all cyclic permutations of 1234 and (-1)° is the sign of the

cyclic permutation . Then
Proposition 4.2.4 The set {Q,,...,Qr} is a basis of the vector space VIN3[3,14).
Proof. Let f(z,u1,¥2,¥3,93) € VIN3[3,1%]. Then

[ = > (=1’ fi(2 Yo (1)s Yo(2)) Vo (3)s Yora)] +

a{i}<e(i+1),i=1,3

= z (-l)a{f2(xv Ya(1)» ya(?):ya(S))zya(-i} +
o(1)<a(2)<ea(3)

F2(@3 Yo (1) Yo (21 Yo ) Yoty + F3(20 Yo (1) Yo (2)s Yo (3) Vorny®2}.  (4.37)

Moreover,
4 4 7 7
=) aiki, fi=3alhi, =3 Bili, fi = S BiL;,
i=1 i=1 i=1 =1
where hy,...,hy and Ly,..., L7 are the bases of VIp[3,1,1] and VIN;[2,1,1,1] given in

Chapter 3. fs is an identity of IT; of type [1¥]. So it is a linear combination of the products

of two commutators by Corollary 3.2 of [MR]. Since fa(z, y1,v2,¥a) is skew in the ys,

F3= 3 {nlz vz, vs) + v2l01, 32)[2, 93]}
(123)
Since f; is skew in the variables of degree 1, from the definition of k;, we have a3 = —-ay.

Also from the definitions of %; and L; if we let one of degree 1 variables in L; or in A;
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be equal to I then L; = i;j = 0. for i = {,...,6 and J = 1.0 Thus from (4.37),
f(z,v1,92,¥3,1) = 0 implies that

N+ P +8:=0,92=0, 33: 4+ 3: =0, (1.38)
by considering the coeflicients of the monomials zy iz, ¥ yapazce. LYY Y3
in f(z,31,y2,¥3,1) respectively.

Since f(z,31,¥2,¥3,7) € VIN3[4,1,1,1], therc exist @, 8 € F such that flz i,y us,2) =
alg + A1, where T, I are the basis of VIN3[4,1%] given in Proposition 1.1.3. As before
we assume that « = 8 = 0. Then the sum of the terms in f(z, Y1, %2, vy &) which end in

zz is 0 implies that
(*) f.’s(-"-',yhy'z'ys)ir+f2+f-5=0-

Since f3(z,y1,¥2,¥3)r = nlslz,y1,42,1) and Ly,..., L7 are linearly independent, the
equation () implies that

N+B+By=0,8;+8=0,i#3. (4.39)
The sum of the terms of f(z,y;,y2,¥3,z) which end in yaz is 0. This implies that
(**) fl(xvyhyz)yilz - fé(xv yl:y?:z)y:.‘:n = 0.

This implies that

[
arhy + a2hz + aglhy — ha) + D FiLix,y1,92,2) = 0

since a7 = 0 from (4.38) and (4.39}. Since

Li(z,y,92:2) = ha+ha— hyy La(z,y1,2,2) = ~hg = iy + by,
La(z,y1,92,2) = hay Lilzym, y2y7) = =ha,

LS(z: yhyz,-"-') = hl + h.'.! + h-h Lﬁ(mv !Ih’Jz:-'L') = "'h'l’
and Ay,...,hy are linearly independent,

ar+fs-0e=0,a0+P ~B+P—-Bs=0, az+ B ~ Pz~ i = 0. (4.40)
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Let w = yyz2y2y3, then from Lemma 2.1.1 the sum of the coefficients of the monomials
Wy, TWY, ZYw, 2w, Wy, wTyy,

VAW, Yo" T, PITw, Yezw”, Wi, woys
is 0. Since f; = ~f! for i = 1,...,6 from (4.38) and (4.39), the sum of the coefficents of
the above 12 monomials is

- 20 — g - 204 — B2+ B4+ 205 = 0. (4.41)

Solving the systems (4.38),...,(4.41) we know that B,,..., 0 are parameters of the coefli-

cients. Since we assume that a = 3 = 0,
8
[ =ago+ Ba + Y Bigi,
i=2
where go,...,g6 are independent from f.
Next we show that Qy,...,Q7 are linearly independent. If there exist scalars a; € F
such that 3°7.; a;Q; = 0 then considering the coefficients of the monomials
TNV2Y3TT, NY2TTYaYaT, TYITY2TYaY4y V1Y2TYITIT,

TNETY2Y3Y4T, TN Y243 TYaT, TYIY2EYaTYay YIXTTY2Y3Y4,s

yields

-yt az+2a; =0, —az + a5 —2ag - 307 =0, —az + a5 — ag = 0,

ay—astog=0, ~ay-ag=0, az+ag=0, az+as + 3ag =0, a; + az + 20 = 0.

The solution is trivial, So Qy,...,Q7 are linearly independent, completing the proof. @
Note. Let

Qs := z ("1)0!{(3'?}0(1)’3: Yo(2)1 Yo(3)r Yo (4)1 T )
e{i)<a{i+1),i=1,3

Qe := > (=1 Q(2%,, Yo (2)s Yo (2)2 Yo (3)s Yo (4) )»
e(i)<o(i4+1),i=13

Qo = Y (~1)°Q(2,% 0 Yo(1ys Yo(2)r 2> Yo 3} Yo (4))

e(3)<o(1)
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Then

~34Q1 — 10Q2 + 8Qs + 3Q4 + 6Qs + 9Qs + 2Qs + 2Qo + 13Q 10 = 0,
T +Q2~2Q064+ Q7 = 2Q1n = 0.

21 ) 11
T 7@ +10Q3 4+ 3Q5 - 2Qs + T+ Qs =0

4.3 The Identities of H; of Type [2,...]

Let
Qo= X Q(Za(1) © To(2)s To(1)s Eo(s)r Ta(2)> Laiays U )s
gES)
Q2 = z Q(zl O iy 2, X3,k , 2y, L3),
(123)
Q3 = z Q(J!],xg,l‘a,y,:l'-),,xg).‘rl, Qq:= E le(mhIZ:wmysIvaii):
() (123)
Qs = 3 Q22,22,23,9,%2,33), Qg := K(zxy, 22,21, 23,72, 23,7),
(323)
Q1 == 3 K(Zo(1)s 1 Ta(1)s Toa)r Zo(2y, Ta(a)s To(zy)-
o€S)
Then

Proposition 4.3.1 The set {Q;|i = 1,...,7} is a busis of the vector sprce VING[2,2,2,1).

Proof. Let f(z,y,z,w) € VIN3[2%,1] then f(z,z,z,w) and f(z,y,z,z) are identities of
type [4,2,1] and (3,2,2] respectively, and f(z,y,2,2) is symmetric in the variables of degree

2. Thus there exist @, A;, Ay, Az € I such that

3
f(z,z,z, w) = aQ(:cz,:c,:,w,:r,z), f(I,y,:,m) = EAiﬂ’iv

i=1
where g1,92,93 are the basis of V'J¥3(3,2,2] given in Proposition 4.2.2.

Since g1,92,93,Q(2%,2,2,w,z,3) are independent from f we assume that o = A} =
A2 = A3 = 0. Then f(z,2,z,w) = f(z,y,z,2) = 0.
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The words involving exactly 2 x’s and 2 y's are
TTYY, TYTY. TYYT, YyTT, YTYT, YyITY.

Let A := zzyy, B = zyzy, C := xyyz. Putting w in the i-th position of A we get a new
word denoted by 4; (e.g. A, = wzayy). Similarly we define B; and C;. Let 4;; (resp. A;j)
denote the word which is obtained by inserting = in j-th (resp. k-th) position of A; {rosp.
Aij). (eg. Ay = wzzzyy, Ajas = wrzzzyy). Similarly we can define Byjk, Cijk. Since
f(z,¥,z,w) is symmetric in z, ¥, =, it suffices to determine the coefficients of the monomials
Aisks Bijes Cijke Let oy (resp. Bijx, 7ijx) denote the coefficient of the monomial A;j
(resp. Bk, Cijk).
For an arbitrary but fixed pair of j,k, if we denote a;;r by ai then f(z,z,z,w) = 0
implies that
a;i+ 8+ =0, i=1,2,...,5. (4.42)
Now f(z,y,z,z) = 0 implies that
ay+az+aa=0, (4.43)

since the monomial zxzyy (because z is fixed at positions j, & we can forget it) has coefficient
0in f(z,y,2,z) and this monomial comes from the monomials wzzyy, zwzyy, zzwyy (the

variable z occur in positions j,& we forget it). Similarly considering the monomials
TTYTy, TYLTY, TYYLT, TYTYT, TTYYT
yields

bi+P2+oi=0, 1+8+B:=0, 1 +n+71=0,
Bit1nt+8=0n+mntas=0 (4.44)
[ The symmetry of f in the variables z,y was used here].

Since f is symmetric in z,y, 2, f(z,¥,2,2) = 0 implies that f(z,y,z,%) = 0. Thus, for
an arbitrary but fixed pair of j and &, the monomials xmg}yy, zyryy, Tyyys have coefficients
Oin f(z,y,z,¥). This implies that

aytagtas=0, o+ PBat+v15=0, a2+81+8:5=0, 72+73+71=0. (4.45)
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The solution of the systems (-L.42)..... (44D) is

@ = Y= Ys 2= =y =By an= A0+ Bs s, ay =~y -y,

a5 = —Bs—vs, Bi=~0s— 13, 2= B4+ s+ 3+ T

By = —Bi=Bs—7=%—7 11 =93+ Y0 12 = =73 — 4. (41.16)
From (4.46) we know that it suffices to determine B4y Jsy ¥34 ¥4s 75 for each pair of j and .
But if in Byj; one 2 occurs in the position 1 or 2, thatis jor k € {1,2} then 4 must have
z or y occuring in the positions my. mq in Byjr withm, > 3 forr=1,2. So interchanging
this variable with z in B, jk yields a word X, with s < dand 3 < Jo < ko €70 By the
symmetry of f, By, and Xijoko have the same coefficients in f. That is, Bajr = dyjgigs
where d, i, is the coefficient of X, 1,. Therefore from (1.16) we need only to determine
Bajoko With 3 < jo < ko € 7. (e if Byag = zzyrwzy then interchanging y,: yields
the word zyzzwyz which is Bys;. So By = B437.) Similarly, we need only to determine

Bsjksvrjx forr=3,4,5and 3< j < & £ 7. So we have shown that

Lemma 4.3.1 The coefficients of f which we need to delermine are Bejis Ysjie forr = 4,5,
8=3,45and3<j<k<.

Since H has no identity of type [2,2], the symmetry of f implies that
f = Z (fl(y"’:,x)zw'*‘f;(y!z,x)wz)'*'
(zw.2)
f?(ws '8 w)y:’ +e
falz, g, s, wlys 4+ (1.7)
Moreover

8 8
L= aikiy fi =Y wlki, f2 = Bllx, 1), [z, ).

=1 i=]
Since f3(x,y, z,w) is an identity of I, of type [2,1%) from Theorem 1.2, fy = qo+q1+qa+ 1,
where g is skew in y,z,w and q (resp.qz2, ¢3) is symmetric in the variables y, = ( resp.
y,w; andz,w). Thus from Theorem 1.1

8 8
41(1'1!},2, w) = Z‘)‘iki:(w,y,-’-, w)s q2(-’53 ¥ 2, w) = Zﬂkf(-'ﬂ,y.w‘z)’

=1 i=1

8
q:;(-'&', Y. 2y tb") = z Jul'k::(-'rq I,w, y):

i=1

[ ]
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where ki(xz,y,z,w) := Ay, z)kilz, gy ). qo € VIN2[2,17], 50 @0 = Z?:: B L;.
Now f(z,y,2,1) € VIN4[2%] = {0}, so f(z,y,%,1) = 0. Since
Li(z,2,9,1) =0, i=1,2,...,6, L;(z,z,y,1) = 2Ty(z,y, z; 2),
ki(z,z,,1) =0, i =1,...,8, k(z,2,1,9) =0, Li(zy,1,2)=0,i=1, 3, 4, 6,
K(z,z,1,y) = 2Ty(2,2,p;2), i = 2, 5, kl(z,2,1,9) = Tu(z, 2,13 2), i =17, 8,
ki(zy,1,2) = 2Ty, 2,252), i = 2, 5, kl(z,3,1,9) = Ta(y, 2,352), i=T, 8.

Thus from (4.47) the sum of the terms of f(z,y,2,1) which end in z is 0, which implies

that
.fl(ya Z,J:) + ff(y,:,.r) + f3(31 Y.z, l)y + f3(y&z'z’ 1)’7 = 0.

Hence
8

3 (@i + al)ki(y, 2,2) + MTalp, 2,7 2)y + Ta(z, 2, 93 9)2) = 0,

i=1
where _
A= 207 - 265 — 265 — b7 = 8g + 2ua + 2us + p7 + fs. )

Since Ty(y,z,2;2)y = ~ke(1,2,2), Ta(z,2,¥;y)z = —ks(y, 2,2) and ky,..., kg are linearly

independent,
a.'+as=0,i#G,S,a;-{-ag—f\:j:G,S. (4.48)
Since f is symmetric in the variables of degree 2, from the definition of &; we have

! (]
ap =0, a2 = a3, ay = a5, ag = ag, ag = aj. (4.49)

Next we show that following equations hold:
a3 = 3o, 156 =0, 457 — B =0. (4.50)

Proof. Since f(z,z, z,w) = 0 by assumption, by (4.47) the sum of the terms of f(z,z,z2, )

which end in zw is 0, which implies that 2f;(z,z,z) = 0. But we have

Nilzy2,2) = ag(z,2%), [z, 2]) + 204[[z, 2], [2, 2%]] + es([z, 2], [2%, 2] +

(@3 = 3ay)[[z, 9«‘2]_, {z,2]]
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because a; = 0 and a4 = a5, Thus ¢y = Jovy.

Case = Tyywzzz. Substituting
e[12], e[22], ([23], ¢[33], ¢[31)

for ), y, w, 2z, zo in the partial lincarization glxy, 2o, y, 5, w) i=lin, f, the coelliciant of
eq1 is the sum of the coeflicients of the monomials 2 yyw=zzs and Tasswyyey in g, that is,
the sum of the coefficients of the monomials ryywzze and rzzwyyz. By the symmetry of
fin y,z we have 456 = 0.

From Lemma 2.1.1 the sum of the coefficients of the monomials TYYWIIT, TYJWIT L, TYYwLss
is 0. This implies that Yas6 + Yis7 — 3 = 0. Since Yase = 0, v457 = 5.

Let f(a:,y,z,z;,w) = Az, 2) (2,9, z,w). Then f(z,y,2,7, w) is an identity of type
[3,3,1). So there exists a scalar 3 € F such that flz, g, 2,0,w) = 40Q(x o0 VI W, 2, )

Then §# = 0. Indeed, from (4.47) the sum of the terms of f(z,¥,2,¥,w) which end in zw is
8
(A2 02} + Al ))aew = {37 alki(y, 2, 5,2) + ki(z, , 5)} 2w,
i=2
where fl(y,z,zl,:r) = Az, 7)) fily, z,2) and Kz, y,31,2) 1= Ay Wilz,y,2). If we
denote ki(z,y,y) (resp. ki(y,z,y,2)) by k; (resp. k1), then
k2 = —ky = "%ks = [[:c,yz],[:c,y]], ki=0,1=3,6,7,8,
ky = ~M=k=-4= [z, %), [z, 9]], ki =0, i =6,7,8.
In ﬁQ(:c ° ¥, &,y,w,z,y) the sum of the terins which end in zw is ﬁ[[m,y”],[m,y]]mu. So

f(::,y,z,y,w) = ﬁQ(m o ¥,T,¥,w,,¥), which nplies that 2a; - a3 — 3a5 = . Since
az = a3, ay = a5 and a; = 3a, from (4.50), 3 = 0.

Next we show that
B=0,a5+a5=0, ag+ aj = 0. (4.51)

Since f(z,y, z,2) = 0 the sum of the terms of Sf(z,y,z,z) which end in zy, yz, zz, or yz
are 0. This implies that

f{(z,z,y) + f3(3vx7' 137) = 01 fl(zszs7 ) + f3(z!ysx|$) = 0'
Hh(vz2) + [y, 2,2) + falz,ma )y + foly, 2,2)2 = 0, fo(z,9,2,2) = 0. (4.52)
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By (4.47), the equations in (4.52) imply
~ =1 +28 =0, —ay =71 =y — 7~ frg = 245 — 295 + 26, = 0,
—ag =3 — a3+ 203 =0, —a5— 4 — py + 26, =0,
—apt it =z =—pzF e+ s+ ps + 26 =0,
ag = Y6 = jto + 206 = 0, ~ar — Y7 — fir + 267 = 0, o — 18 — ptg + 265 = 0. (4.93)

~ N =8+ =0, a3 =8 — 74~ 8y - 2y5 — 285+ 23 = 0,

ay =3 — 03+ 23 =0, a5 — 74— 84 + 21y = 0,

oyt n+h—v2-be+ v+ b+ + 05+ 2u5 =0,
ag—16—06+ 25 =0, ar =97 — b7+ 217 =0, ag — 78 — 63 + 2ug = 0. (4.54)

ﬂ+ae+a'ﬁ=0.ﬁ+as+a'8=0. (4.53)

Bs — Bo + 487 = 62+ 63+ 64 — 85 + pt2 — 13 — py + ps = 0,
Br—=P2+B3—Ba+8 -0 —pg+ps =0,
Bi—B+Bh+bh+ntrn-2u-1—-200+8—bs+ 2 —p3=0,
b +Br=Bs—Brtnt -2 —s+02—06—2u +pg-ps =0 (4.56)
Since f(x,y,z,y.w) = 0, the sum of the terms of f(:c,y,:t:,y,w) which end in zy is 0,
which implies that
F(yz w)e + fo(z,y, )y + Ja(z, 9,2, 5, 0) + fo(y,2,2,0) + falz, 0, 9,w) = 0,
where fg(:,:l,x,y,w) i= Az, 51)a(z,2,y,w). Computing coeflicients,this equation im-
plies that
26;— 20— 85~ Be+2Br =61+ =0,
Pr—Bi~fBs—Br+2n+r2—m+2u—-6+28 - b+ 2um +p3 - py—ps =0,
Pr=DBa+Bs+Br+2n+ 12~ 1+29+ 26 + 65— 64— 85— py + 24 — ps = 0,
Br—Pri=PBe+3Br— 27 +yat 15 =261 =63+ 644 65+ py —pa+ pt3 — gy = 0,
Br=B24 P =30 =2+ v+ 15+ 6 — 62+ 83— by — 2y — pa + pa + pt5 = 0,
Br—B2+0:-Bs+v6+18—6—ps=0,
B = B - Ba+ Ba+ 76 + 78 — 63 — s = 0.(4.57)

o8



From (-1.50), 456 = 0. 7457 = 3. DBut caleulating the coeflicients of the monomials

Cqsb, C.|57 from (4.47) }'i(!l(ls

“Bs -2 —ma—mi— v — =St bt by g s = 0
Bs+ 23 — 4y =9y =15 = s+ 83— b5+ jrg — pig ~ 13 = 0. (-1.58)

Solving the systems (-1.49), (-1.50). (-1.33), (-L.54). (-1.53). (-£.56), (-1.57) and (-1.58) vields

B = 0. Hence ag + o = ag + af = 0 by (1.55).

We also have
g = =17, (-1.59)

Since we have shown that § = 0 by assuming that a = \; = 0, for i = 1.2,3. the cooflicients
of the monomials whick ond in zz. yy or zz are 0. More precisely, the coeflicients are linear
combinations of a, Ay, A2, Aa. f" is also in VIN3[2,2,2,1). We claim that

3
f(z,2,50) = -aQ(e?2,5,w,2,2), f(z.9,7,2) = = Y AQ,

i=1
where 1, @2, Q3 is the basis of VIN3(3,2,2]. For, the operators » and A(z,y) commute

on each monomial, and so commute on every polynomial. Thus

%A(y, o)Ay, ) (2, y,2,w)

= (GADAW, ) (2, y, 2,00
= (f(l’,:t,.".’, w))-

= a(Q(;rz,;r,:,w,:c,:))',

Sz, 2,2, w)

= —aQei o,z w,r.z).

Similarly we can show that tle sccond equation of the claim holds. ‘Thus we also hive
fzyz,z,w) = f*(z,y,2,2) = 0 and f'(:c,y,a:,y,w) = 0, where j=(x,y,z,21,m) :=
A(z,21)f*(z,y,2,w) if we assuzae that @ = A; = 0, for ¢ = 1,,2,3. Repeating the proof of
B = 0 we get the result that f*(z,y, z,w) has no terms which end in zz, yy or zz. This
implies that f has no term yyzzzzw. However from (4.47), this monomial has coefficient

-7 ~ 07, SO Qg = —a7

Next we show



Lemma 4.3.2 The cocfficicnts aji. Bijk, 7ijk are lincar combinations of aq, ag, Y33

Proof. In the following if a coefficient is a lincar combination of ;s then we say it is
congruent O (modulo the a;’s) for short. By Lemma 4.3.1, we need only consider the
coeflicients

Bajky Bsjks Vajks Taghs T55ks
where 3 € j < kK £ 7. Since Iy = xyzwy, the monomials By3q, Biss, Bass occur in
filz,y, z)wy. Se heir coefficients are all linear conbination of a;'s. Since we have shown

that

NS

4

i=—ap, i=1,...,8 a; =0, a3 = a2, as = aq = 5’03! ar = —ag, Gg = g,

the coeilicients B434, Byas, Bias are all linear combinations of ag, ag. So they are congruent

0 modulo the o;’s. So are

Bisis Bassy Baasy Tazas V4250 Vadis 1435 Y445
(4.60)

We also know from (4.47) and (4.50) that
Bsjky Vsjks 7456 =0, Bagr = Ter = 157 = A =0,
where i € j < k £ 7. Thus the cocflicients which we neet to determine are
T334, V305, Y236 Y337y V345» Y346+ T347» Y356y TISTy V436,

Y437 Y448y F447y P36, Baary Badsy Past, Base, Pasey Past.

By Lemma 2.1.1, given a2 word w the sum of the coefficients of monomials of the form

w ~ —— is 0, which implies that 5336 + 357 = 0 and y436 + Y427 = 0.

Substituting
e[12], e[22], e[22], e{23], €[33], €[33], €[31]

for z, y, ¥, 2, w, z1, T1 in A(z,21)A(2,21)f and considering the coefficient of e); yields

that the sum of the coefficients of the monomials

TYYswix, TYYIzWT, TIWIYYT, TWILYYT
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in fis 0. So et Yaus+y221+ 529 = 0. Since fis symmetric in 2,9, You1 = Y150, T = Yasa

S0 1aas + v356 + 7256 = 0 by j445 = 0 in (1.60). But yus6 = ~Yasg = Yans by (L16) and
(4.50), so

Y = 0.
Thus v224 + 7234 = 0, 1250 = =%Jajk = Yajk in (Lo16) and s = Yeaa = 390 = 0in (LG0)
imply that 7324 + 7334 = 0. However a4 = 7436 by the symmetry of fin gz, s0
36 + yaaq = 0.

By the symmetry of fin y,z and the formulas in (:1.-46),

Taas = s = =Jsas — T4 = Taue
since 7425 = 0.
From (4.46), 7156 = 4356 + Yas6 = Yase since vsq = 0 by (4.50). Similarly we have
7156 = 7134 = 7as4. Thus
Y356 = Y334-
If we substitute
e(12], e[22], ¢[23], ¢[33]

forz, y, z, win f then the monomials which produce e;y are zyyzwsz, ryzwsye, rzwzyyr,
So the sum of their coeflicients is 0. Since 7446 = 0 and since f is symmetric, 745 + 456 = 0.
So

T35 T —Ya56 F ~Yan4.
By Lemma 2.1.1, 7335 + 336 = 0. So
Tas6 = —7a35 = Yas-

From (4.46) and 7445 = 0, 7145 = vas. But from the symunetry of f
s = 136 = Yase + Tz = Taz4 + Ta36-
However 4436 = ~7334 from above. thus
Y345 = a5 =V
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Bsjx = 0 implies that B4; = =54 by (4.46). From the symmetry, 8147 = O3 =

=Yas6 = Y334 So

Y347 = —Y334.
Similarly we have
vaar = fazs = —fBazs — 725 — Yazs = Bsar ~ Y306 — V434 = —7336 = —Va34-
From Lemma 2.1.1 the suwm of the coefflicients of the monomials of form v - —— is 0.

Since Cyy; = zypzwesz, Cus = ryyswsz and since the cocflicients of the monomials
TYYIT2W, TYYIIWT, TYYIITW, TYYSTWE

are lincar combinations of a;’s, 4445 + ¥347 = 0. So 7447 = ~7446 = 0. Similarly, we have
Y436 + 437 = 0, Baar + Bias = 0 and Bye + Buar = 0.

From Lemma 2.1.1 the sum of the coeflicients of the monomials
TTYWISY, YIIWYIT, THWITYT, TYIIWYL, yWIIYLT, TTYIIWY

is 0. This implies that ayss + 4345 + 7334 = 3 = 0. Since § = 0 and ays6 = —Fis6 — Y456 bY
(4.51) and (4.46) respectively, Buse = Y345 + Y334 ~ Y456 = va34 because 7345 = Y456 = 0. By
Lemma 2.1.1 the sum of the cocflicients of the monomials zyzwzzy, ryzwzys, zyrwyzz

is 0. So B4ss + Bysr = 0 since 8 = 0. Thus By57 = ~Fys6 = =334~

By the symmetry of f in y,z the monomials zyzwzzy and zzzwyyr have the same
coefficients in f. So G456 = a3z = Buar + Y42y by {4.46) and FGsjx = vsj% = 0. From the
symmetry of f, we have By = Bazs, Ya2r = Bsa4- Since Buss = 431 = Fsjk = vsjk = 0,
from (-1.46) Baas = —7a04. So Bise = Buze — Y304 and Buzg = ~Pyse + 734 = 0.

By the symmetry of f in y,z, S = ayzr. ayzr = —F427 — Yaz7 by (4.46). On the
other hand from the symmetry of f Bi27 = Buze, Yazr = Baze. S0 By = ~Byzs — fazg =
—fa3s+ 7334 because B34 = —Byaq — 334~ Ta34 by (4.46) and S5k = Y5k = Pazs = 1424 = 0.
Thus G446 = 7334 completing the proof of the lemma. A

To prove Proposition 4.3.1 we nced now only to show that @i,...,Q7 are linearly

independent. Suppose there exist scalars a; € F such that £, @;Q; = 0. Then the
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coefficient of the monomial ryzwayz is 0, which implies that @y + a5 — oy = 0. Since
(X7, ai@Qi) = 0, the monomial ryzwryz has coeflicient 0 in it, which implies that —a, +
az—a; =0. Soa; =0, a3 = ay. Since a; = 0, the monomial zw: zxys has coollicient 0
in Z.?=1 e; @y, which implies that —2ns 4+ o> = 0. Stmilarly considering the coeflicients of

the monomials yzzzyzw, zryzyzw vields
—az—ts—ag =0, =cin — a5 =10,

Soas = 0. Sincea; = a5 = 0, considering the coefficients of the monomials WyIrYz, rayzwy:
yields
gt ar; =0, 2a0 + oy =g+ 20- =0,

Soaij=0fori=1,...,7and Q,....Q; are lincarly independent, 8

We will now determine a basis for the vector space VINS[2,2,1%). Solet f{y, 2,2y, 0, ry) €
VIN;(2,2,13). Then

fo= Y hae)lenas) + (Td+ (3, 2) falz, 21,02, 23) 292 + foly, 2y, my)ys +
(123)

z {fay 21 z0)a32? + falyy 2z, 2 )eaz + [y, 2,01, 22) 22} (4.61)
(123)

Moreover, since f; € VIN[2,1,1], f3 € VI,(1'] which are skew in x;’s, they are lincar
combinations of the products of two commutators hy Coroltary 3.2 of [MR]. So there exist

scalars a, 3,7 € F such that

fr = oly,2i)lyza]], s=28 Z[y,.’h][:!:z,xa].
(123)

fs(y, 2,21, T2, Ta) € VI4[1%] which is skew in z;’s. We need to detertnine the coefficients of

following 20 monomials:
YII XT3, YT 12T9T3,..., I)T2T3Ys, TYT1 T2y, T YT2T3, ..., T1T2T32Y.

Let 8;, 8%, i=1,...,10 denote their coefficients.

Since f(y,#,z1,22,y) € VIN3[3,2,1,1), there exist scalars ay,..., 0 € F such that
fly sz, 22,y) = Ea!gl a;Q;, where {Q1,...,Q0} is the basis of VIN3[3,2,1,1] given in
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Proposition 4.2.3. Since f is skew in the variables of degree 1, f(y,z,21,y,y) = 0. This

implies that 312, ;Qi(y, 2,21, 3) = 0. So by calculation we have a; = 2ay.

From now on we assume that f(y,z,2z;,z2,7) = 0. Then the sum of the terms of

J(y.2,z1,z2,¥) which end in z2y (resp. in yz2, ¥z, z¥, yzz)is 0, which implies

f](y,Z,-"..'[) + .ﬂl(zvyvysml)= 0, fl(yszvzl) + f,;(z,y,y,zl) =0,

f:a(y,Z,I],:Bg) + fs(y,Z,In-Tmy) = 0? f-:(?h:’rlszZ) + f5(21y1r11$2:y) = 0&

Ly 21, 22) + fa(y, 21, 20,4) = O,

(4.62)

Thus it sullices to determine 4;, 8! and @, 3, 7. From the last equation of (4.62), we have

a-f+9=0.
By Lemma 2.1.1, the sum of the coefficients of the monomials
YT\ TaX3ys, SYT1X2TIY2, SYT1T2T32Y, YIT1T2T33Y,
is 0. This implies that
B+8 =0
The sum of the coellicients of the monomials
TATYIT3Yz, T LYTL3LY, T1T22YN3Y2, T1T2ZYTazY
is 0, which implies that
fs+ B = 0.
The sum of the coeflicients of the monomials wzzy, wzyz, wyzz is 0 for each

W= yr x2T3, X \YT2T3, T1I2YTa, T1L3T3Y,

which implies that

Ba+Bi+8=0,08:40.-3=0, fa+85+7=0, Bro+Bjo—v=0.
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Similarly considering the monomials = = =.ryagyz and — — razxy — =, respectively, we have
Bat Ba+ s+ 35 =0, By + 34 + g + 3, = 0. (-1.67)
Since f is symmetric in ,z, fi(y. 2.0} = fi(z,9.0) by (-1.61). Therelore from (-1.62)
Salzy gy, 2) = faly,zozoep.y) = O
So the coefficients of the monomials
YIIYX), YITNIY, T1IIYY, Yo YT

are 0 in
oz oz, 2) = foly 2o zoza, p)

which implies that

Br+ 82— 35— s+ By + By - B85 - B =0,

Br—Bs+ 37 — Pro+ 31 — B + B - Bly = 0,

Bo+ B+ B+ fs+ 55+ 05+ B4+ 8, =0,
=B+ Bat Bs+ o~ ~P5 + By + By + Blo = 0. (4.68)

By Lemma 2.1.1 the sum of the coeflicients of the monomials ywy, yw"y, yyw, yyuw®, wiyy,

whyy is 0 for w = 21272232, 2200322, Tywezzss. This implies that

— BB+ A2+ 8+ -B+a=0,
BL+ 285+ By + B+ 85+ By — v =0.
“Bi—Br =B -+ 2+ B -+ B+ y—a=0. (1.69)

Next let us do some substitutions. Substituting
e[12], ¢[13], efl1], €[22), [23)
for y, z, z1, 72, Ta and considering the coefficient ey we have
—Bi+ B+ B+ B —Ba+ B+ B +Po~Ba—Ba—20s-Po+As=0.  (4.70)
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Indecd if a substitution of the matrix e[ij] denotes the path from i to j and if a substitution
of matrix eii denotes the loop at point i, then the monomials which evaluate to o3 are the

paths from vertex 2 to vertex 3 which pass through all edges once. These paths are
YT12T3T2YS, YITIT2YT1Z, TYT|ITIY3, TYITIYE) 2,

YyraTasx) s, yryyurrass, TaYyraslis, T2YyT1yr3te,
Y222 Y233, Yr125YTT3, TYTIT1YT3, T2YTy22Yr3,
T3ZYXaYry 3. T3IXT\YT2Ys, T2LIIYYT1E, T2T3I\YY2.

The sum of the coefficients of these monomials in f is the coefficient of e53 in this substi-
tution. It yields (4.70).

Silﬁilarly substituting
e[13], ¢[33], e[11], €[12], ¢[22]

for y, =, z1, 22, z3 and considering the coefficients of €4, e5; respectively yields
By + B3 + Bs + B — B — B — Bs — Pro = 0,

Bs + Bs = B1p = 0, (4.71)
since the monomials which produce ej3 (resp. €2) in the substitution are yzzyzr1T223 and
Z1YzzyTaxy (resp. zaryzzyzy and x3xex) yssy).

Next we assume that f* = &f. If f* = —f then by symmetry and considering the
coeflicients of monomials

YT12T3E3Y2, YT T3 YT 1Xa233Y2, T1YITo23Y2Z, L1YT2IT3Y2,

TA1T2YTT3YS, TyTX3YIYL, TT1YX2TIYZ, ST 1T2YT3YT, TIT2ZYT3YS, $1$2¢32y3{3,
we have
Br+B2+08;=0, -f1+Pa+5;=0, Jr+P84s+ 6, =0, 84+ s+ 8= 0,
26— P =0, ~f1 =By +Bs—Pro+ B =0, =By +Ba—Ps + Pro- B =0,
Bi+B:+8,=0.203-5,=0, By - Bs+ Br + By — Blo = 0,
Br+B2—Bg—Ba+Bpg=0. (4.72)
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The solution of the systems (4.61)... .. (4.72) is

Bio= 280425+ Wig+ 2y, da=dy - =38+ 7

B = =83+ 810 -2, Ba=d) + 85+ iy + 27,

Bs = Bi+205+431+ 7, fo = ~3) - 35 - 28} — 7,

Br = Byt ds=34+ Bo+v. Bs=-85-7, bo=7v- Hos

Bi = =B, By= 814205 +40}y - 29, B4 = =3, — B~ 260, — 7.

Bs = =383 =304 = 531 ~ A7, 85 = 305 + 235 + 30lg + 41,

Br = =3p4 =85 - Blo=3v, By = ~3 = By - 7,

a = =284 =34~ B -3y, F=-28, ~ g5 — Bl - 2. (-+.73)
Thus g3, By, Blor 7 i, i # 4, 10 are 12 parameters of the coefficients of f when [is

+-skew symmetric. Since f* = —f implies that fnzz,z0,9) = = f(y, 2,7y, 22,1). So

2.!21 @;Q; is »-skew symmetric. This implics that a9 = ag. We have ag = 20y already.

If f* = f then corresponding to {.72) we have

Pr=0,B—pB1=0,pr+Ba-p;=0, Ba-P -5 =0,
Bs—Pr—01=0,8{=0, B + s+ Bs + Bro— 3 = 0,
20 -B5~B1=-B1=0, 81+ =Ps+Pro-B =0,
Br—Bs=B=0, Be+ B =-Pa=0, Blo+ By— =B+ fs =0,
o+ e+ By — B —fa=0,

(4.74)

The solution of the systems (4.64),..., (4.71) and (4.74) is

Br=p5 =0, fa=p =0y =f =1,
ﬂ2=/36=-%ﬁs=-:§ﬂr=l3§-=—-ﬂ§=ﬂs+%

Ba=Ps =3, Bs= —f = Pro— Ps, Bro = c— By, B =~Ps—37.

Thus there are 4 parameters v, aq, Gs, 8}, when f* = f. Since if f* = f then T12, 00,

is symmetric. This implies that a; = 0 for i £ 9, 10 and ag = —ayq.
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Next we shall find 12 linear independent identities of VIN3[2,2,1,1, 1] which are *-skew

symmetric, and 4 linear independent identities of VI N3{2,2,1,1,1] which are x-symmetric.

Let

Q, := z (Id + (2, y))Q(z1 0y, 3, 2,2, 22, 23),
(123)

Q2 = Z([d‘i‘(-'L'qy))Q($21zl?yiy9z2333)s
(123)

Q3 = Z (Id + {x, y))(—l)"Q(y 0 36(1),2‘7(2),3’ T, Y, 50(3))’
o€Sh

Q4 := Z(Id+(:t:,y))Ts(3101v9a3a32,33;3)’
(123)

Qs = (Id+(z,y})Ts(z 0y, ¥, 21, 32, 235 2),

Qo = (Id+ (z,1)Ts(2?, 21,22, 23, 13 ),

Q: = (Id-i-(.’r,y))[\'(:t,31;1',-'-’2:31123!3-/)’ '

Qs := Z(Id+(.t,y))I\'(:r,y,-?z,-"-'hz,za,y),

(123)

Qo = Z(—1)’-’\'(3,1!.-'!-‘,-’-'o(x)»y‘za(z):-‘Ta(s)),
oESy .

Qlo o= E(Id"'(wsy))Q(':laysz?szsy’zCi)mi
(123)

Qll = E(Id'*'(zay))Q(xvyazhmsy’EZ)sz
(123)

Q2 = E(Id+(:r,y))zQ(:l,y,zg,z,y,za),
(123)

Quz := Z(Id'*'(1'1y))sz(zay’zlaxiyy32)’
{123)

Q“ = (Id'f'(xvy)JTG(:vy$zh32:‘73;3).711
Qs = (Id+ (2, 9))Ts(z, ¥, 21, 22, 23; 2),
Qie = Ts(z,¥, 21,22, 232, 3]).

Then Q1 is an identity of 3 by Theorem 3.1 and Q; for i # 16 is an identity by [MR].
Next we show that Q,...,Qy¢ are lincarly independent. If there exist scalars a; € F such
that 318, a;Q; = 0 then

18
Eanl'(z! B/ 3113213) =0.

=1
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This implies that
3“1 +a = 01 —201 — a4 agz =), ay 4 ay =10, '-)f-l']z + gy =)
—ar — 20’8 =0, ~ar + ag 4+ ay =0, 20y +ns + ay+ a5 =1,
=20, —a; + a4+ o = 0. 2041 +ovqgp =10, {.1.75)

since if we denote Qi(z,y,21,22,2) by g then

91=Q1+2Q0+ Q) 92= Q4 - Q4. 3= Q4 + 204+ Q) g4 = Q4+ 204, g5 = Q1
96 = Q8 57 = —Q% = Qus gs = —205 + Q% 40 = Q' gro = 2Q0,
g1 = 2Q10, 12 = 2Q4, s13 = Qb 914 = 15 = g1 = 0.

where Qg = Q] — Q2+ Q5+ Q% - Q4 and {Q},..., Q') is the basis of VINS[3,2,1.1] given
in Proposition 4.2.3.

Since 313, @iQilz, v, 21, 72,2) = 0, (T8, ®;Qi(, 4, 21, 72,2)" = (. This implics that
2c13 + o0 = 0. 2a10 + a1y = 0.

because QF = —Qi, for i # 10, 11, 12, 13, 14, 15, 16, Q3 = —Q12, Q1 = —-Qu,
Qi¢ = —Qus and Qg = Q6.

From 18, Qi(z, 2,21, 22,73) = 0 we have
a; =0, —'402 +daz - 206 = 0.
Considering the coefficients of the monomials
Y21 Y22T23%, 21 2233TYTY, YryrI| sy, Y3 caIayr. I REYYTIy, I T3Py,
. 18 . . F
in 3,2, o;Q; yields

—016 — 015 — 3 — ) + 20 ~ 205 + 204 = 0, —txy5 + @y — ap + a5 + ay = (),
—agta-—atasta; =0, —2m3 - 2a1; + 209 + 4+ axy =0,

as+azx+azta+ag+ ar =0, —ap ~2ap—-ar—ag+ as+ a4 — a3 — oz = 0.

The solution of these systems is trivial. So Q),..., Q¢ are lincarly independent. Thus we

have shown the following
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Proposition 4.3.2 [f charF }3! then the set {Qy,...,Q16} is a basis of the vector space
VIN(2,2,1,1,1]. 8

Let

Ql = z (—l)aQ(yz,Eau),xa(g),35(3),30(4)ira(5])1
a(i)<o(i+1},i#2

Q2 = > (=1)"Q(41%5(1)s Ta(2): ¥ © To(3) Ta(4) Ta(s))»
a(ijy<e(i+1),i=1,2

Qs := 2 (=L Q To (1) To(2)s Za(3)s Tata)s To(s) s
ali)<a(i+1),iF2

Q4 = 2SI 2a0)1Bo(2)y Bo(a)s Tola) Fo(s)Ys
o(i)<o(i+1},i#2

QS = Tﬁ(ﬁ?l,iﬂg,l‘g,-’f.‘,xﬁyz),

Qs := Z To(y o 1y, 22,3, 24, T53 ),

(12345)
Qr = yTe(zy, 22,23, 24,255 y), Qs := Te(z1, 22, 23,24, 5 9)¥,
Qo = Y =iTe(v,22,73,24,25 1),

(12345)
QIO = Z Tﬁ(y132v33?z4s35;y)31'

(12345}

Then we have
Proposition 4.3.3 The set {Q),....Q10} is a basis of the vector space VIN3[2,18).

Proof. Let f(y,21,%2,23,24,%5) € VIN3[2,1°]. Then we need only to determine the

coefficients of the following monomials in f:
YYr1T - T5y YL1YT2 -+ 6y ovoy YT1*° T5, TIYYT2» T8y svay T1 " T5YY.

Let ay,...,az be their coefficients in f respectively. From Lemma 2.1.1 the sum of the

coefficients of the monomials yyz w, yziyw, zyyw is 0 for w = Taxaz.z5. This yields
aytax+ar=10 (4.76)
Similarly we have

a2+ apzt+a =0, ag+ azxg +ay =0. (4.77)
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By Lemma 2.1.1, the smn of the coefficients of the monomials

TIYwrsy, Tywyrs, yritwyrs for w = roxany, is also 0. So
a5 +ag +ay +ay =0.
Since the sum of the coeflicients of the monomials
T1TYTITAT5Y, L1T2YT3T4YT5, L1T2TIYTYT5Y, T1L2TIYTLYT5,
and the sum of the coeflicients of the monomials
YT1T2YTaxy2s, Y1 Talalyx4ts, L1YTo 232425, Ty YTax3yT 4Ly,
are 0,we have that

antas+air+ma=0, ag+ag+ag+ag=290.

yryuarsy,

(1.78)

(4.79)

Let w = 2172237475 then the sum of the coefficients of the monomials yyw, yyw*,

wyy, woyy, ywy, ywy is 0, which implies that

ay + ag+a = 0.

Similarly, the sum of the coefficients of the monomials of the form ——, —" -

-—w, == w——, W' - ~is0 for
W= Z1T2yTaly, T1T2TIYLy, YT2T3T4Ts,
which implies that

a3+ oy +ag+ oy +aps + oz =10,
a2+ a3+ aq+as+ ag + 2010 + agy + o135 + a7 + g + agx = 0,

ay + a2 + 2a5 + 2ag + a7 + 2ay; + a19 + @z + az = 0.

Substituting
e[11], e[12], €[22], e[23], €[33], [13], e[13]

7l
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for z;, «s, @3, z4, x5, Y. 4, and considering the coefficient of es) yield
ayp+oz+ a5+ a5+ a7 =ng =g =7+ o+ azp+ oy =0 (4.82)

Indeed if & substitution of the matrix [if] denotes the path from i to j and if a substitution
of matrix efi denotes the loop at point i, then the monomials which evaluate to ea; are the

paths from vertex 3 to vertex 1 which pass cach edge only onece. They are
YTV T2TIEQES Y, YT TSYT), TaYT1T2T4TsY, TIYT2T4T5YT),

TATaT2T I YT5Y, Lqbglaftsyry, LsT4T3T2TYY, T5T4TaTay YTy,
YL YTaTaTyty, YYTsT Tz, L3y YTqT3l2, TsYYTaTalal).
Thus the sum of these monomials is 0 yields ({.82).
Similarly substituting e[11], €{12], e[22], €[23), ¢[31], €[33] for z|,...,25, ¥ and con-
sidering the coeflicient of €11 we have

ar+ap+ o+ oy =0. (4.83)

The solution of the systems (1.76),..., (4.83) is

ar; = —ag— ag+ays +apg + az + ao,

Xy = g+ &g — Q15 — 18 — &g + g,

1 = Qg+ g~ a5 — (18 — €6,

Q5 = —Qg-— a3, Q) = —ag — a2y,

gy = -5+ ag— @y, @3 = —ag — ag + w5 + ays,

Q3 = —04— Gy —y, Q7 = —0Qg, Q0 = 0. (g = —Oog — Gny.

So there are 10 parameters.

Next, we show that Qy,....@Q o are lincarly independent. If there exist scalars a; € F
such that 12, ;Q; = 0 then (X212, 0;Q:)* = 0. Adding up these 2 equations yields

(o = az)(Qq4 — Q) + (ag — a; Qs — Q7) + (@10 ~ @) (@10~ Qs) = 0. (4.84)
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Since

Q,'(y,.L'l.‘l.'g..l';;..r.'.hy) ={.!=1, 4,

Qily.xr e ra,zy ) =0\ j=7.9,

!

Qrly .. 2aceyzyy) = Qy k=810,
and @4, Q% are linearly independent. (-L.81) implies that
ag—nr+apg—ng=10.
Considering the coefficients of the monomials

YT1Z2YT3 4T, YT1 T3y g5, YO T2 L4H 00, BV L2EELEGY, TyYHELELT 105,
YYR1T283T4Ln. JrIYL0qL 005, L YPX2 03 P84T s, T\ Lol Ls,
yields

Bas+ 203+ 2ag+ ajg=0. 20, = 2a3 + 205 =11, Gy + 2009 + 30y + s = 0,

—2az+ 20— +ag =4, -2ag — g =g = 204+ oy
] 1 !

—_—

2+ 2aa+as+agtar=0. ap =203+ 0g = a7~ 0y =1,

=d3aq - 206 + ag =0, 20y + 3as + 0y =0,
Since (12, 0;Q.)" = 0 we have

- Q) = a2y = a3Qy — 04 Q3 = 5Q5 — Q-

a7Qg = agQ7 ~ agQro — a10Qy = 0. (-1.85)
Thus considering the coefficients of the monomials
YIVT2YL3T4 5, YTIX2 3L 405, YT PT283T 3080 JO Yraly2y T, Ly eprgytads,
in 14.85) yields

3as+ 20y +2a+a10=0, 20— 204+ 205 =0, 200+ 204+ a5 v F g =

—
-

ag — 2044+ ag — g —ag =0, =dag — 2ag + oy = (),

The solution of these sysiems is trivial. So Qy,...,@0 are lincarly independent.
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Chapter 5

The Identities of Degree 9 on H,

5.1 Introduction

In Chapter 4, we have determined all identities of degree 7 of H3. A basis of the vector
space V' I N3{t] was given for cach type t. As in Chapter 4 let VIi[ny,...,n,) denote the set
of all identities of degree 9 on /f, which have type [ny,...,n.], and VIN,[ny,...,n,] denote
the sct of all identities of degree 9 on ff; which have type [ny,...,n,] and are symmetric
or skew symmetric in all their variables of degree m according as m is even or odd for any
me {m....,n.}.

We also recall

Tilz1e. .o 2oyizp) o=
Sel(xrytryeenyTpmt) = Te(Trye ooy Thm1) Th)

In this chapter we shall find a basis of the vector spice VINy[t] for each type t. The main

results are Theorem 5.1 and Theorem 5.2,
Theorem 5.1 If the characteristic of the field F does not divide 3! and |F| > 8 then:

1. For any type [ny,...,n.] with $7_, n; =9 and
(n1y...0n:) # [4,1%),[3,2,1, [3,19), [23,1°]
[22,1%], [2,17) or [1]

we have VIy[ny,...,n,] = {0}.



2. The veetor space VIN,[2%.1%] = {0}.

Theorem 5.2 If the charactcristic of the Jicld F docs not divide 31 and [F}~ 8 then:

Lo A{Ts(2% 2 0500 ysi )} is a basis of the vector space V4[4, 19).
2 {Ts(2% 2,0 510z ) Tslwog o,y 2 2qi)} ds a basis of the spuee V1 [3,2, 1],
3. The following identitics form « basis of the space VIN, (3,19]

T3(£29ylv--'vy6;'u)- Tﬂ(xvyla- --s!fﬁ;xz)!

G
PR bty MR TN NONY Yo, T3 ),
i=1
[} )
2 =DTa(a gy e s i)y
i=1

Talzymnye o pesx)e. aTslz, g1, ... ysi ).
4. The identities
TS(if-'zsy.-‘:l-,---,:s:y]+7§(!}2‘ﬂ-‘-:|,~--,-‘-‘5;1)~

Talzeyzizn,my) + Talz oy, 1n2p, .oy 255 2),

5
Z(-l)l—l(TS(l‘o SirTlyeas .5}....,::,,55,1;14')1-

Ty(yoziyzn,.o o 5y 2,20 2)),
eTa(z,yzn, o ms5y) + yls(y, 2, 5,000, 251 2),
Ta(x,y, 2oz ) + ey, 21ye . 35531,
To(z,y, 210000353 {zog]), Talz,yzrse .oy 2s e, )
form a basis of the space VIN,[2,2,1°].
5. The identities

Ts(try- . ymat), Talyn,. ... y72%),

Z(_l)i_lTB(m o Uis!llv---,l‘ﬁ,- --,y?ix)’

i=1

[t}



Z(—l)'_l'f'a(.’roy;,y.,....ﬁ;,...,yr;z),
=1

S (=1 (@t B i 0),

=1

T&(yh sy yT;'T)'te ITB(IIH RN '.';’7;-"3),

TS(.UIE--'vyT;"’:]‘ra -’ETS(U],-“-HT;x),

Z("l).‘_lyiTS(Ulv"'-!}‘iv""yﬁx;z)a

=1

Z(—l)i-lf‘a(ylv"1.'7}7-“9!)'713:;“3)%',

i=1
2(—1)‘"‘Ts(w,y1,----.57.'.---.y.-;[r,y;])
i
Jorm a basis of the spuce VIN4{2,17).
6. So(zy,...,20) forms a basis of the space V IN,(19).

Thus, all identities of I, of degree 9 are determined.

Throughout the chapter, we assume that the characteristic of the field F does not divide

3land |F| > 8.

5.2 The Proof of the Theorem 5.1

In this section we shall prove the Theorem 5.1. The proof will be completed in the fellowing

Propositions.
Proposition 5.2.1 Il has no identity of degree 9 which is of type [5,3,1].

Proof. Let f(z,y,z) € VI4(5,3.1). Then f = fizy + fiyz because H3 has no identity
of degree 7 which js lower than 4,2, 1], and no identity of degree 6 which is lower than
(2,2,1,1]. Since fi, f] are identities of 5 of type [4,2,1] by Lemma 2.1.2, there exist
scalars a,3 € F such that

h= ‘-‘Q{.J"gaxa Uy 3,2, Y), .f; = ﬁQ(x2$$: Ys 242, y)'

76



However. from f = fizy + flyr we know that £ has no terms which end in g, f* s also
an identity of type [5,3,1]. thus it has no terms which end in yz?, Thus f has no terms
which start with z?y. Since 22yazeyry has coellicient =o in f, a = 0. Similarly we can
show that 4 =0. So f=0. 1

Proposition 5.2.2 The vector space VI[5,.2,2] = {0).

Proof. Let f(z,y,z) € VI[5.2.2] then by Theorem L1, f is symmetric in y,: since
Aly,z)f € VI45,3,1] = {0}. Thus

f= Nz ez + fileoy, 2)ze + filacsomay + fi(2, 25y

Since fy, f{ are identities of /13 of type [4,2. 1], using the sawme argument as in the proof of

Proposition 5.2.1 we have fiy = f{=0. So f=0. 1
Proposition 5.2.3 The vector spuce V I}{5,2,1,1] = {0}.

Proof. From Proposition 5.2.2, V' /4[5,2, 1%} = VIN4[5,2,1%]. Let f(z,y,2.1w) € VIN,{5,2, 1%
then

[ = fizy+ fiyx + fale,y,w)zs +
[z, oy, w)ze = fola,y, 2 ew = fi(e,y, 2w, {(5.1)

since M3 has no identity which has type {5,1,1), [5,1] , [3,2,1] or [4,1,1].

Since f can be decomposcd into the sum of a *-symmetric identity in VIN,[5,2,1,1]
and a s-skew symmetric identity in V' 7N4[5,2,1, 1], we may assume that f* = £f, From
(5.1) we know that every identity of type [5,2,1,1] has no terms which end in #*. So
arguing as in the proof of Proposition 5.2.1 yields f; = f§ = 0. Thus [ = fizy + fiyz.
Since A(z,y)f € VI4[5,3,1] = {0}, A(z,y)}fi = 0 as is seen by considering the sum of the
terms of A(z,y)f which end in zy. Thus f; is skew symmetric in the variables of degree
1. Since f* = £ f and f has only terms which end in zy or yz, f; must have only terms
which start with zy or yz. Ilowever f| is skew symmetric in the variables y,z, 50 f; =0

and f=0. 1
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Proposition 5.2.4 The vector space VIG5, 1) = {0}. Therefore there is no identity of

i1y which is of type [5,1%] or of lower type.

Proof. Since /1, has no identity which is lower than [5.17], VI,[5,1*] = VIN,[5,1"]. Let

Sz, 41, 2,3, 54) € VING[5, 1] then

4
f= 2 Uil g By )20+ 2 Yt Fire e i),

=1
Since Alya,1)f € VIL[5,1%] = {0}, Alya, Dfileevopur..) € VI3[4,1%] = {0} and
Ay, DG 04s...) € V[ 1Y) = {0}, from the equation above we have f; + f{ = 0.
Because f; € VIN3[4,13] there exist scalars a ,3 € F such that

N = o Tg(y, yeay. bz 2y + 8 [Sal[n, 2], (w2, 2], [y3, 2]), 2)-

We may assume that f* = £ f. Thus f has no terms which end in z2. This implies that the
monomial 22y, zy,y3xzy, has cocflicient 0 in Sf. This implies that a = 3 =0. If f*=~=f
then the fact that the monomial 2y, 2y92yszy,.r has coeflicient 0 in f implies that 8 = 0.
So fi = 0 and therefore f = 0. If f* = f then the Razmyslov transform f#(yy) is also an
identity of type [5,11]. Since there is no identity of H; of degree 6 with type [3,1%], f#(y.)
has no terms which end in 22, So the monomial yszy, zy2zyszz has coefficient 0 in F#(ya).
This means the monomial xy,zy2xysxxyy has coefficient 0 in f. However it has coefficient
—B,thus 8 =0. Soa =0. Hence f =0.

Let f be an identity of degree 9. If f has type lower than [5,17] then by Proposition
1.2.1, one of its partial lincarizations is an identity of type [5,1%] since |F| > 8. Thus this
partial linearization is 0 by the result we have proved above. Therefore f is 0 since the
partial lincarization did not set some variables of f equal and there is no identity of Hy4
which is lower than [5,1%]. A

Proposition 5.2.5 The vector spuce VI4[4,3,1,1] = {0}.
Proof. Let f(z,y,21,22) € VI4[4,3,1,1]. Then
f o= hay+ flue+ fayz® +

2
Z(fzi-r-'-:f + faiziz + faiyzi + faizy), (5.2)

i=1
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since /13 has no identity of degree 7 which is lower than [1.2,1] and no identity of degree 6

which is lower than [2,2,1.1]. Morcover

fa=aQlroy.rg.z,ecy) fi=3QUey 2,2y )

because they are identities of Ify. We may assume that f* = £, Then from (5.2) J has no
terms which start with y*. So the monomial y*ezp0?yrz, has coeflicient 0 in f. But it has
coefficient —ay, thus fy; = 0. Since Ay, z)f € VL5201 = {0}, Alya) o + fu =00
So fa1 = 0. Using the same argument one can show that fa = Jag = far = Jia = 0. Thus
f=hzy+ flyz+ fiy®. Since f* = +f and J has no terms which end in 2, the monomial
z1zyrys2 ¥z must have coeflicient 0. But it has coefficient Bosofy=0and f= freys flyr.
Thus A(y,z)f = 0 implies that fi = ~f{. Since f; is an identity of fy of type {3,2,1,1},
by the decomposition Theorem 1.1 f; = g 4 h. where g € VIN3[3,2,1. 1] and & is a partial
linearization of an identity of type [3.2,2]. Thus g = Y12, 0:Q; and h = T, 4,Q;, where
{Qili = 1,...,10} and {Qi(x,p,z.2))i = L4} are the bases of V/INy[3.2.1,1] and
VI3[3,2,2] given in Proposition -.2.3 and Proposition .22 respectively. Since f has no
terms which end in 22z, 22y, 2122 or 5jz? and f* = £ £, the monomial w*ry has coellicient
zero, where w is either as in the proof of Proposition 1.2.3 or zzzzayye. Thus by the
s-symmetry of Q;, changing a; to be —a; . ag to be ayp and ayp to be oy in the system
(4.19) except equation a3 + a. + ag + ag + ag = 0 will give a new system. Solving it yields
a; = 0. Since f(z,¥,21,22) has only terms which end in zy or yz and f* = &/, f(a,y,z,2)
has only terms which start with zy or yz. So h(x,y, 2, 2) has only terms which start with oy
or yz. Considering the cocfficients of the monomials 2zyzwyrzy, yrzzsyrry, zzryyzary
[see the proof of Proposition 4.2.2] yields #; = 0. Thus f = 0. 1

Proposition 5.2.8 The vector spuce VIN[1,2,2,1] = {0}.

Proof. Let f(z,y1,12,2) € VIN){4,2,2,1]. Then

f = d+ (L2){filz,vaan, =)z + fl(, 12,10 202 + fa(zam, 2, 2)nys +
fa(z v, v2)yez + fi(z v, p2)zy2 + fs(zop2, 1, 2z} +
Sz, u2)22 + folz, i, )2z, (5.3)



where Id denotes the identity mapping and the operator (1,2) acts on polynomials to

permute iy and y2. Stuce fy is an identity of M3 of type [3,2,1,1],

10 1

fi = ZﬂiQ.‘ + Zﬂf@i-.

i=1 i=1
where {Q;]i = 1,...,10} and {%Q-,-(;c,yg,:,:)!i = Il,...,1} are respectively the basis of
the space VIN3[3,2,1,1] and V14]3.2,2] given in Chapter 4. Since f; € Vis[4,2,1] and
f5 € V[3[2|21 11 1]:

f‘l = ‘}'Q(.’l:z,.t'.y-z, .'Jhl‘:'y'z), fS = 6(2(-1.0!}'2! ylyr1y2!:)'
If we let = =1 then f(z,5,42,1) = fi(z, 3, 42,1) = 0 for i = 1,3,5 because
VI,2,2) = VIs[3,2.1) = V[, 1. 1) = 0.

Thus from (5.3) we have f;+ f] = 0 for i = 2,4. Since A(z,y1)f belongs to VI4[4,3,2] = {0}
by Proposition 5.2.5, fy(z,¥2, 41, 41) + f2 = 0. So fi(z,¥2, 31,1 ) is symmetric in yy,y2 by
the symmetry of f; .lence fi(z,y2,3,1) € VIN3[3,2,2] which has dimenssion 3. From
this we get 8 = 2. Since A(z,12)f = 0, considering the sum of the terms of A(z,1)f
which end in zy; yields fi(z,y2,41,42) = 0. While fi(z,y2,51,¥2) = 0 and B, = B, imply
ay + ay —ayg = 0. From A(z,z)}f = 0 we have fy(z,y,y,2) = fa(z,¥2,3) = 0. This
equation yields a3 + 2ay - 23 + 33+ v = 0.

We may assume that f/* = £f. Thus using the *+-symmetry of f and considering the

coefficients of the monomials

TR Y22Y, W TYeX 22T, EH2Y1TY22TTY,
VXX 1 2TTY1y YREPITY2STTYL, Y2TY2UN TITTYY,
TYTNY2ZTTYL, 2TTY2XY1 3T, 2TY1TT 2T Y1,
NETgyzzzTYyr, NTY2TYITTY, TENEY2N222 Y1,

TTY2Y2Y12TTYL,

yields a system of linear equations. Solving this system yields f; = fs = 0. Since

Az, 32)f = 0 we have fi(z,u1,32.02) + fo = 0 and fy(z,y1,92,%2) + fu(2,92.3) = 0.
While A(yr,z)f = 0 implies fi(z,2.p2,2)+ fa = 0. So f; = 0 for i = 1,2,3,4,5. Thus
f=o0.1
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Proposition 5.2.7 The rcctor space VIN[4.2.1%] = {0},

Proof. Let f(z,y,21,22,2) € VIN[L.2. 1% then

fo= hay+ fiye + frye® + foleoyosioz)ma® +

E (L2 gz + fileoy. s 20 +
(1,2.3)

fa(zsy. =iz + f3lea s 2o 2202y + falzoy, 3022 )} (5.1)

Since A{z3,¥)f € VI[4,3.1%] = {0}. from (5.1} we have
f2
Ja

—fl('r'y':l':ihy)v f:‘ = "f;("rvy-:ls:?ty)’

fli('r'y-ya:l ). f:! = _'f:ia fﬂ = "f-’:(d"ay»:h:'!‘.'/)-

Similarly from A(y,z)f = 0 we have

falzy g,z 22) = =AMy ) fale, y. 21, 22)
Thus f is determined by fy, f! and fs.
Since Ay, 1)f € VL[4, '] = {0} and Ay, 1) fi = 0, from{5.4) we have

h+fi+ fsz=0.

fs is an identity of Hg of type [2. 1] and it is skew symmetric in the last 3 variables. Becanse
every identity of /Iy of degree 6 comes from Ty and @, there exist scalars 4 .5 € F such
that

fs = BTy, =1 .,202) + 7 {Qzyy, 31,2, 22,23) +
Q(m,!}a-’-’z-m--'-'a;zl)'*'Q(L%Saax»-’h-’-’z)}-

From the results in Chapter 1 every identity of Iy of type [3,1'] is a linear combination
of the identities which come from Ty, @ and A" by substituting varizbles, especially the
identity fi(z,¥,21,22,23) which is skew synunetric in the z;'s. Let f; = 3 aiQQi, where Q;
is an identity which comes from one of @, T; and A" Ly substituting some variables. Let

o € S3 then

a(h(z,y, 21,72, 23)) 1= h(z,y, Sa(1}rSa(2)s za(:l))v
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where h € {f1,Q:}. So

D (=Do(fi(zpanzm) = 3 (=1 fil@ ¥ 2o(1) Zo(2) Zo(3))
7ESy oES,
= Y oaif ) (~1)e(Q:)}.
i gES,
Thus N
6f1 =) eii 3 (-1)F0(Qi)}-
i a€Sa

Since CharF Y3}, we may assume that
h=> ag,
i
where g; = 3 ,e5,(=1)7a(Q;). So g; comes from one of @, T; and X and is skew symmetric

in the variables 2y, 23, 23.

By the symmetry of the variables of Ty, @ and X, there are only 21 identities which

come from Tg, Q and K by substituting some variables and which are skew in z;’s. Thus
L= 2:2;1 a;gi.
Now we may assume that f* = £/, Then, by the s-symmetry of f and since f has no

terms which end in y2, considering the coefficients of some monomials yields a system (/)

of linear equations,

If f* = —f then the solution of the system (/) implies that f; = fs = 0 which can be

checked by computer easily.

If f* = f then the Razmyslov transform f#(z;) of f is also an identity of H, by
Proposition 2.2.2. Thus the monomial 3z3zyz yzzz must have coefficient 0 in f#(z;) by

Lemma 2.1.1. So the monomial yaxzz22232y has coefficient 0 in f, That is
—or+a+ 2013+ oy +ag— as + ay - az =0,

The solution of this equation and the system (7} implies that f; = f5 = 0. Hence f = 0. 1

Proposition 5.2.8 The vector space VIN,[3,3,3] = {0}.
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Proof. Let f(z1,22,23) € VIN,[3,3.3) then

Fo= Yk filegerior)ae
it

where (,7,k) is a permutation of 1.2,3, since there is no identity of Ify ol type [3,2.1).

Since f is an identity of I3 which las type {3.2.2],

h = a1Q(z; 0 3y a2y Ty )+ vaQ(2y 0 ko, Ty, Ta, ke, 2y 2a) +

aaQ(x?,.t-g,.r;,.;vl..1°g.:r3) + Sy wz] [y, 2], [zo. 2a)ry).

We may assume that f* = £f. Then by the symmetry of f, a(w) + sa(w*) = 0. where

a(w) denotes the coefficient of the monomial w in Jand s:= £Lif f~ = £/, Thus for
W = IXIT1T3TeT3riTaLy. TQTLPELERE X0 2Ly, D\ TYT Tl 0jE iy,
we have

201 + s(ag + 0y + 20) = 0,
—az + ${—ay = a2~ ay) =0,

=0y - 202 - @y = saa = () (5.5)

Since f has no terms which end in wf and f* = £f, the monomials EPL QIR ) TaLg Lt

and 7217371232273z 223 have coeflicient 0. That is,
—ag-=ar—n3=0, ay+ o+ a3 =0, {5.6)
The solutions in both cases are trivial,so f = 0. 1

Let f(z1,22,¥,2) be an identity of I4 of type (4,3,2,1] then

[ = (Id=(er,z) {Nilzr, 20,y 2)x 22 + foler, T2, y, 3 )2y +
fé(-’!—‘l,mz,y.:)yzz + fS(xh:rZ,y)xZ: +
fé(xl:mhy)zx2 + f5(3—").v T2, 1 Z)IIIE} +

fa(z1.22,y)yz + fi(z1,22,¥)2y, (5.7)

since H3 has no identities which are lower than (3,1,1,1].
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The identity f(xzy,z2,y,) is of type [3.3,3)], and so is zero identically. But

fznenyy) = Nilene, g0z - iz, 21y, 9)20) +
(falers 22,00 0) + falzr, 22,9))22y +
(Salen, @2, 0, 4) + falz, 22, 9))yz2 +
(falersza,9) + [i(z1, 22,9092

Thus,

f'z(ﬂ-'hfb"z,y.y) + fS(mhz?!y) = va-l + f.: =0,
.r'.:(rhx'.'&yvy)'l' f;;(":hx?!y) = OEII(:UI!I?’y?y) = 0. (58)

Similarly, by considering f(xy, 29, y.21) = 0 we have

fl@acen, y) + falzz, 2, y) + f(z2, 21,9, 21 )x2 = 0,
fnl(xlsx?:y) - fé(r‘;’,xhyvrl) = U,fa(lil,rzay) - fl(xhz%y!xl) =10,
fo(zr 22,9, 2) = 0, fi(z1,22,9,21) = 0. (5.9)

Since fs is an identity of If3 of type {2,2,1,1], there exists a scalar ¥ € F such that

fs(m'],xz,y,-:) = 7Q(ml:y1x2:mhy!:)- lence A(Z:xl)fS(:t?sxl&y?z) =0, and
fa(:rl,-rz,y,)+f;ﬂ(:r1,:t:2,y) =0. (5.10)

The equalities above tell us we nead only determine fy, f2 and fs5. The identity fo(z1,22,5,2)

is of type {3,2,1,1], so fo = g0 + ¢1,, where
1
g = lfalen,22,9,2) = falz1,23,25,9))
1
n o= E(fz(-'l'hrz,!l.-’-') + falz1y 22, 2,))
Since gy {respectively g1) are skew symmetric (respectively symmetric) in y and z,
10 4 N
Jo = ZH:'Q:" n= Z')’iAl(ys 2)Qi(z1,z2,¥),
i=1 i=1

where (1, ..., Q10 are the basis of V1.:¥3{3,2, 1, 1], ard Ql, ..., Q4 are the basis of VIN(3,2,2],

both of which were given in Chapter 4.
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Lemma 5.2.1 f5 =0, that is in [ the coefiicicnt ¥ is zero.

Proof. The proof will use Razmyslov's transformation. If J is * symmetric then the
Razmyslov transform f#(z) of f is also an identity by Proposition 2.2.2. Since the moeno-
mial z2z12y%2; has coefficient 7 in f. y2zy2x02, has cocfficient vin f#(2) also. But from
(5.7), every identity of type [3.3.2.1] on i1 has no terms which start with g or end in
z1y%. Thus v = 0, since F#(2)is an identity of If, of type (3,3,2,1].

If f*=—fthen f#(.-'.)(.'l'l,.l.‘-g,!j._:) =0 lor xy,xa,4 € Iy, and z € Ky by Praposition
2.2.2, Since

FE2) = glay, g, 2)eay? + ~,

9(z1,22,2) = 0 for zy,29 € /Iy and = € Ky by Proposition 2,2.1, Next, we show that
g is identically zero. II g is *-skew symmetric, then g#(z) is an identity of type {3,2,1]
on I7y, therefore g#(z) = 0, lience ¢ is identically zero. Thus we may assume that g is

*—s;'mmetric. Since H3 has no identities of type lower than [2,2] and has no identity of

degrve less than 4 cither,

9z, ¥,2) = guay + giyz + gy’ + gazy?, (5.11)

where g2(z, ¥, ) is multilinear and gz, 9,2) = 0 for x,4 € Iz and 2z € Iy, and gyfe, 2) is

of type (2,1]. Hence
g3z, 2} = ey 2z + QE3T + s, (5.12)

From (5.11) we know that ¢ has no terms ending in one of the monomials
sz, rx. =pl. sy ys. =yl
X, I, X%, Y, y3, Y.
Since g is #-symmetric, it has no terms starting with one of the monomials

2

ez, su. xlz, yiz, zy, ye.

Thus g3 is identically zero. Since I, has no identity of degree less than 4, we may assume

that g2 is *-symmetric by Proposition 2.2.2. Thus

922, 4,2) = fileys + zyz) + alyzz + wzy) + falzzy + ye=).



The same argument as above yvields that g2 1s also identically zero. Thus the terms in

g must start with either zy or yr. and end in cithor 2y or yr also. Hence

9 = mlvyze®y+ yTiaye) + Yelryrzey + yrzzyr) +
Ya(eyzeye + xyzzyr) + valyrzaty + yxlzzy).

Let us consider the complete linearization g2z, 88,01, 42, 3) of g. Substituting e[12], ¢[22).
€23 = e32,€[33],¢[33],¢[33] for 21, 31,2, 22,23, 42 in ¢ and cousidering the cocfficient of ey3
yield v, + 3 = 0.

Substituting e[12],e[22], 23 — €3z, €[33], ¢[33], ¢[33] for yi,z1,2,22, 42, 23 in ¢’ and con-

sidering the coeflicient of €3 yicld v, + 14 =0.

Substituting e[11],e[11], €12 — e21,€(22], [23], e[33] for 1,31, 2, 22, 24, g2 in g’ and con-
sidering the coeflicient of €13 yield 4, + 74 = 0.

Substituting e[11], e[12], e[22]. 23 - €32, ¢[33],¢[33] for &1, 1, 22,2, 2,23 in ¢ and con-
sidering the coefficient of e,3 yield T2+ 73 =0.

So

g9 = mlzyzzly + yalzyz + TYTZTY + YTITYT

—TYITYT — TYLIYT — yrzzly - yrlzzy).

Let 2 = ¢[11] + €[12], y = ¢[23] and = = €13 ~ €3;. Then g(z,¥,2) = 0 implics 7 = 0. So
g = 0 identically.

From g = 0 we know that f#(z) lias no terms ending cither in 2,5° or starting with
y2x2. Thus y?zz3z2,2; has coefficient 0 in S#(z). However, it has coefficient 4 since the
monomial r2212y*2}23 has coefficient 7 in f. So, v = 0. A

Since A(y,z3)f € VILi[4,3,1,1) = {0), from Lemma 5.2.1 and (5.7), considering the
sum of the terms of A(y,zz}f which end in z2 yields f, + f5 =0, While A(zz,2))f €
VI4(4,2,2,1] = {0} implies that Ni{x1, 22,9, z) is symmetric in 2,2, from Lemma 5.2.1
and (5.7).

Lemma 5.2.2 The identity f, is zero identically.
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Proof. It suffices to show that f; is zero if f is either *-symmetric or *-skew symmetric.

In both cases, the coefficients of the following monomials are zero by (5.7) and fs = 0,

2 - .2 1 22 e o 2 .
TITYT1T22TY,y XN YTPIT LY, TpX YT\ I T2y, TITYIT2T1X2Y,

riedvipzeay, alyieiwazlz, efxdyzazye.

That is,

Bat2B3+Bs—PBr+fo+r2+ 2 +74=0,
283+ Bs+Be+20+ 0o+ 714+ 295+ 74 =0,
Br+P0s—Br=0, [2+203+ =0,
Bi+B:+283=0, 1+21+v=0,
Bi+B2=Bi+1n~-72=0. (5.13)

From fa(21,22,¥,21) = 0, we have
— B3+ 28 -2 +713=0. (5.14)
I h(zy,...,2p) is a multilinear identity on JI, then substituting
e[11], [12], e[22], €[23], ¢[33], e[33], [34], e[44], e[42]

for zy,...,29 and considering the coefficient of e, in % yields that the sum of the coefficients

of the following monomials is 0,

T1T2T3TYL5TGATTYTY, T1T223L4TGL5TTLTY,
T2y T TeT;TyT9T3, T1L9THTGT5L7T3L9Ta,
T)1 22937543, T 12Tl 7L5L6T4Ta,

T1T223T9TRTTTGTET Y, T1T2L3T9LELTT 5T 6L,

Using this result and Lemma 2.1.1, considering the monomials T1TaTyzTor 2oy and

Zaryyxysx12222y in f (in fact, in the complete linearization of [) respectively yield
Bo—Bro=0, B2 —285~38,- 285+ Br+3n + 372+ 273+ 274 = 0. (5.15)
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If fis #-symmetric then the coellicients of the monomials
a:;yxlzgza:lxgy, TP QX2 221 T2 Y, By TakyiaI22l, zgy;u'f:;::-.-;rl.c.zy
are equal to the coeflicients of their image under «. respectively, in f, which yields
Pro+bBr =202~ 2~ Ba~ Bo— fr + 20 ~ 71 = 272 + 293 — 4 = O,
—Bro— =i~ 5= 28— —Bo— 71— 12+ 230 =0,
Bo-Be—Pi~Bs=Pr—-m~—72=-71=00.
—Bo—=4A =301 - B35 =P =20+ 11 + 4 = 0. (5.16)
Solving the eqations (5.13),...,(5.16) yields f = 0 if f is s-symmetric.

If f is #-skew symmetric then (5.16) becomes

Bro=Br+202+285 4301~ Bo+ Bz =20~ 11 - 272 - 293 — 14 = .
Bro+Be=Pi=Bs+Br—Bro-—n+1=0,1-4 =0,
Bio—=Ba=Bs+Bs+20s— 1 —4v3 =74 = 0. {5.17)
The solutions of (5.13),(5.14),(5.15),(5.17) are also trivial. Thus in any case =01

From f2 = 0 and f; = - f; we know that for every identity of type [3,3,2, 1] which is
*-skew symmetric in the variables of degree 3 the only nonzero terms must end in a2 or

z271. Since f* is such an identity, its terms end in zy1x9 or a2y, This implies that the
terms of { must start with z 2y or z;z,. Thus
f = [31132]9'[171132] (5-18}

Hence, the polyromial g(y,z;,x2,2) is an identity of f2 of type [2,1%] and has the same
x-symmetry as f. Since f is skew symmetric in ), 25, ¢ is also skew symmetric in =, xz,
from (5.18). By fi(z1,22,5,21) = 0 and (5.18), g is skew in z,, z. Thus g is skew symimetric
in all variables of degree 1. Therefore, if f* = —f then

g =MLy = L)+ Aa(Lz - L3) + AL — Lg) + Ag(Lr - L3),

where {L;| i = 1,...,7} is the basis of VIN3[2,1%] given in Proposition 3.1.4. If f* = f
then

g=M(L1+ Ly)+ Aa( Lo+ Ls) + As(Ls + Lg) + M( L7 + L3).
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Since f#(z) has no terms which end in z,4* if f* = £f (for the case where f* = —f

see the proof of Lemma 5.2), the monomials
PR . . o g2
Ty I |01 X2, L1X2T1 Y TX9X)T2

have coefficients zero in f. Thus y?zz122, ¥1y%z22 have coeflicients zero in ¢ if g* = xg.

This implies that

MFA3+A=0 A+20 =0 (5.19)

On the other hand, substituting
e[12] + e[24], €[23], €[34], e[14]

for z1,22,¥, z and considering the cocflicients of e32 and 3 in f respectively yields, if f is

skew symmetric,
Al=A2+ A3 =0, —2X - A3+ 27, =0, (5.20)
and if f is symmetric,
Attt Aa+20=0, 222 - A3+ 20 =0. (5.21)

In any case, the solution is trivial. Ilence f = 0 identically., Thus we have shown
Proposition 5.2.9 There is no identity of type 3,8,2,1] on Hy A
Let f(zy,22,%,Y2.43) € VIN[3,3,1,1,1]. Then

Henzanynyny) = 3 (1) ful@s(1) Toqap V15 ¥20 ¥3)To (1) Ea(z) +
oES,y

3" (=) fa(Za(1)s To(2)s Y1 ¥2)Zoq2) Y3 +

(1.2.3)
aESy

3 (=1 £i(Zo(1)s Ta(2)s Y10 ¥2)¥a%0(2) +
i

3 fa(za, 22,910 vz, sl +
(1.2,3)

Y (=1 falZo(1)s To(2)s U1 Y20 ¥3)To(1)T2(2)s (5.22)

CESy
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where (1,2, 3) denotes the cyclic permutatious of 1, 2. 3. Since VIN[LS L) =0, A g, xS
is zero identically. It implies that
fo=Algs,en) i =0, fi+ A(ya, ) fy =0,
fat = Alyse ) fa =0, fy = Mys,e)f) = 0. (5.23)
From (5.22), fa(zy, 22, 91,02, 43) € V12,1, 1,1,1] and is skew symmetric in the last throee

variables. Therefore it is a linear combination of the identities g; which come from 7} and
@ by [MR] and skew symmetric in y’s. So

fa = BaTlea, y, 02, y3,21:2,) +

3
Z(—]-)._IIBIQ(:'—'ls-rZsyiaxlsyls- --,!ﬁ,---ay:s)-

i=1
Hence AY(y3,z1)fs = 0 and J2+ [} = 0. So, it suffices to determine f2and fy.

Since fa(zy,72,1,12) € VIN3[3,2,1,1] there exist scalars o; € F such that
fa =212, &;Qi, where {Qy,... »Q10} is the basis of VI¥,[3,2,1,1] given in Chapter 4.

Lemma 5.2.3 The identity f, is zero identically.

Proof. It is sufficient to show the lemma by assuming that f* = % f. Since V L[3,1,1, 1] =
0, there are no terms in f and its Razmyslov transform J#(v:) which start with z%y; or end
in y;2? by Proposition 2.1.1, Proposition 2.2.2 and the skew symmetry of fin y;s. Thus
the following monomials have coeflicients zero in [

2 2 2
«*-fylyemzzwzya, ynwxmzm'fyz:r%y:s. yargyzﬂ-‘fzgyh 2T NT1 YTy,
It follows that

o3tastagtagt+ag =0, —~ag - a3 - ay—as+ ay + ag = 0,

a|+03+204—-07+03=0, g+ a3 — g — ag — ar = 0.

By the proof of Lemma 5.2.2 and considering the coeffcient of the monomial zinedpraziy,
give

201 - 203 - 303 — 204 — a5 + 208 + g — ayp = 0.
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If f* = f then every monomial and its + have the same cocflicients in f. By censidering

monomials
I 2.2 . 2.2
TN T2T 1228 T2 la, TN 21 T2 Y3, TaT N 213203,
2 . " . . 2,
TaNTIT2Y2T1T2Y3, 2N T 1T 2T 212y, T2 T2Y2T1T203,
2,2 . - . . .
YITITY2T 1 T2la, T2 X 12T 2T 223, 11 T2T 1 E2Y2 T 1 T2Y 3,
2. .2
NT1T2T Y233,
we have

artdag—ag+ar+ag=0, ay—arz—ast+asg+ag—as =0,
200+ B—cp—as+a; =0, ag+ a5 —ag—ag —ap =0,
az—a4—as+ar=0, ~y+or+a3—-—as—ag+ag =0,
Cn—202—03—304+06—ﬂ7+38_310=0’
as—ay—ast+ar=0, ay=0,

01+02+2a3+304+05—207=0.

The solution of the equations above is a; = 0,i = 1,...,10 and B2 = ~25;.
If f* = - f then considering the monomials
1z T2l 23, 3?“’%!’1?}23!325’3’ m§$¥y1y23132y31
zzylzfmzylerzya. L1 T T2 T Y221 22Y3 ynw?xgymxzya,
nriTa T2 323, zgmfy;mlyzzzya, y1xlzgz§yzm§y3
yields
az+3ag +ar—ag~2a=0, o —ay—-a3+ag+ag—ay=0,
20+ B2+ o +as—az =0,
2a9+ 203+ g+ as+ag— 2a7 —ag + a0 = 0,
az + a4 +as + 206 + a7 — 2010 =0,
—ay+2m+eztas+agt+oar—ag—oap =0,
o2teqtactar—ap=0, a+as—ar+f2+26, =0,

ay—az+ay—as+2a5=0, ay =0
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The solution is also a; = 0.i = 1., .. 10 and 3y = =244,

Now we can prove
Proposition 5.2.10 The veetor space VI [3.3. 1.1, 1] = {0}.

Proof. Since f; = 0, it follows that S has no term which has y; either in one of the last
two positions or in one of the first two positions.  But the coefficient of the monomial

ylygya:r;mgrfz% in fyis 248, so 3; = 0. Therefore
f=hlznz,00, 0, 0)0, 70 - Silxa, 20, 01, 2, 13)Ta2y.

Since A(zz,21)f € VL[4,2,1% = {0}, (Alzn, e iz, e, 02, 03) 0000 = 0. So
Alzg,z1)fi(z1,22, 01,42, ¥3) = 0. Therefore J1 is symmetric in zy,2; by Theorem 1.1.
So f = fi[z1,23). Since f* = 4f, f = [z1,:x2]glz1, 22). g is multilinear, skew symmetric in
the z;’s, and in the s by the symmetry of f. In fact g is alternating and therefore is a
scalar multiple of Ss. This follows from

[z1,z2]g(z2, 21, 41, 2, 71) = N2, 20,0, 00,01) = fa =0,

Hence
[ = alzy, 22)Ss(z, 22,91, y2, )21, 22)

Since f(z1,22,91,v2,1) € VL[3,3. 1, 1] = {0} and S5(z, 22,5, 43, 1) = Salzry e, g1, i2) #
0by [DR,a=0.S0 f=0. A

Let f(.’l.‘, y11y29y3) € VIIV4[3,2.'2, '.!] then

fo= 3 heom,pmdeys + 2 i@y y2, vs)se +

(1,2,3) (1.2,3)
z: f?(ra Y1y Y2, .'Ia)yz'Ja + Z f:!(ylayhy:hz)y:’rz» (524)
(1,2,3; (1,2,3)

since VI3(3,2,1] = VIN3[2,2,2] = 0.
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Since we have shown that VI,[1,2,2,1) = 0. Ay, z)f(z, 11, ¥2.53) € V1[4,2,2,1]

implies that

Alys,e)f2le. g2 ) = 00 Az, ) a2, y3, 1, 92) = 0,
Alys, ) il yay s y2) + fa(x, 1,03, 82) = 0,
Sl v vz 9) + f1(2, 000 420 48) + Dyas 2) o, v20¥3, Ty +
Salyio 2, 43, 2)2 + Alysyz) sl 43, 01, 231 + A(w3,2) fa(p2. 93,91, 2)y2 = 0. (5.25)

by considering the sums of terms of A(y3,z)f which end in yays, ¥1y2, *y2 and z? respec-
tively. Since A(ys,11)f € VIN,[3,3,2,1] = 0, the sum of the terms which end in y,y; in

A(ys, y1)/f is zero, which vields

Alys, 1) fa(2, 42, 1, 43) = 0.

So, f2 is skew symmetric in the variables of degree one. Hence, there exist scalars o; € F

such that
10
f? = ZaiQh
i=1

where Qy,...,Q10is the basis of V' I N3(3,2, 1, 1) given in Chapter 4. Since f5 € V3(2,2,1, 1),
there exists a scalar ¥ € F such that

Sa(yr va, 13, 2) = ¥Q(1, ¥20 Y3, 115 Y20 ).

Next we show
Lemma 5.2.4 The polynomials f; = f3 = 0.

Proof. From A(ys, ) f2(z, y1, y2, 43) = 0, Alys,z)fa(2,y3,91,52) = 0 we have

204—03=0, 200 + 2a; —ag = 0,

2a2 — a3 — 2a; +ag =0, as + 2a¢ = 0. (5.26)

In the following we may assume that f* = £ f. From (5.24) the coefficient of the monomial

yizyaTyazyzya is zero. So we have

—artas+a; =0. (5.27)
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‘Let a(w) denote the coellicient of the monomial w in [+ Then a(w)+ sa(w*) = 0, where

s=lifff==fands=-1if f* = f. Thus considering the monomials:
TXY200 Y32ty LX Y Yaysth XYY, LENI L W2 Y32l
Fry3TXyrxyayeys, Yrysr i eTyalaya,

yields

—0g —ag =g — g —~ a3+ 87 =0,
—2ag - 20y - 203 + 28y =0, ar+ g+ ay =0,
artaitaztar~s(—ar+ oz +ag+az +age) = 0.
—2a7 + a3 — s(ayp + ag — vy - a3) = 0. (5.28)
The solutions of (5.26), (5.27) and (5.28)is a; =0 for i # 9 and ag + sy = 0 when s = +1
iff*==f.

Next we show that ag = ¥ = 0. Since VI5(23,1] is spanned by the identities which
come from @, K and Ty by substituting some variables, by the symmetry of @, A" and Ty

the subspace consisting of the elements gz, y,z,w) € VR[22, 1) and symmetric in g, 2 is
spanned by following 17 elements:

Q@ 1,2,0,5,0), o(Q(3% 2,2,2,2,w)), o(Q(yo T,2,Y,3,T,w)),
o(Q(yoz,z,z,2,9,w)), o(Q(yoz,s,w,2,2,y)), o(Q(yoz,z,y,2,w, ),
Q(zow,y,z,y,2,1), o(Q(yow,z,z,z,2,¥), zQ(z,y,z,¥, 2, w),
Az, y, 2,9, 5, W)z, o(¥Q(y,2, 2,2, 2, w}), o{(y,2,2,z,,w)y),
c(Ts(yoz,¥,2,w,2,3)), K(zyy,2,2,9,2,w), a(K(z,y,w,z,y,2,1)),
o(N(z,y,w,2,2,z,9), o(K(z,y,w,2.2,2,7)),

where o := Id+(z,y). [Note o(h'(y, w,2,2,2,9,2)) - o(K(z,y,w,z,9,2,2)) = 0]. Lot g

denote these identities. Then f, = T°I7, fi¢; for some B € F. By the «-symmetry of f,
considering the coeflicients of the monomials

NNTHRNYITTY, Y2 TY203T Y17 Y3, Bysthxzyah Tya,
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NV Yz Y3, chYaThTyal2ys, Y3222 NINTY3,
NZY2U3th Ty yz. rxaaih Yan s, Y21 XY3TY1 Y2 TY3,

WRTTN 213y, Y2 Y203L 132 Y, N1TY2TY2Y1 Y3TY3,

yields

b7 = Bis = B+ Bo—Bs - Bz = 0,

Br = Bir+ fs+ B2 — B+ B3 — 201 + 265 + B4 = 0,
Bo—bre—3s—BatBPua+b—Bi—-5=0,

Bre—20s = P13 + Bs — B1s + Bt — Pro — B3 = 0,
Go+8(—pt+Pir+Pa—Bs—Bs+Bi+ - 52)=0,

bre + 2013 + 5 — Bz + B3 = 0,

2812 =281 + (B + Biz — 285+ Bis + P2 = Ba — Pu + P + B7) = 0,
Bo—PBatbs+Batp=0, =i+ P =0,

=Bt Buat Biz+ fs + 1 — 285 = 0, frz — Prs + S = Pro+ Bz — Br = 0,
=B34+ 203 = Bra+ A3~ PBs + s(=Pr2 + Bny) = 0.

Since A(ys,x}f = 0 implies that A(ys,z)f; = 0, the monomials
NTyzne. 2Ty, nITy Y2y,
have cocflicients 0 in fy(z,y;, y2,z). Since [ has no terms ending in y? the monomials

Yey2zTihinys, 22l 2Ysin,
have coefficients 0 in fy. Thus we have
Bra~Ps=Ps+ By + 2815 = 0, 25+ 285 — 26 = 0, 267+ f1 = 0,
~B2+ B+ Ba-Bu+Bi=0, fir+ P+ P840 =0.

Since we have ap + 37 = 0 already, solving these 2 systems yields ag = ¥ = 0 when s = +1.
Thus f=f3=0. 1

Now we can show



Proposition 5.2.11 The vector space VIN3.2.2.2) = {0}.

Proof. From f; = f3 = 0 and (5.21) we have S = 0and Alys, )i (2 pa, 5. ) = 0.
We also have fi(z, y1, 42, 45) € V 14[2,2,9, t} and is symmetric in the variables gy, ga. The
fact that A(ys,2)f1(z, y3, 1. 42) = 0 implies that Si is symmetric in z, g4 also by Theorem
1.1. Thus fy € VIN3[2,2,2.1] and

f= Z Nlec g, vz, ys)z. )
(1.2.3)

if f* = %f. So, f has no terms which start with one of viyis T3, wie, yiy,, by the s
symmetry of f. Ilence f; has no sucli terms cither. This means that ouly terms of the form
TYi— — — —— OF ¥i¥ = = = —— occurin fi. But any monomial of the form yy; — — - - -
has coefficient 0 in fy, and f is symmetric in y;,x. Hence the monomials of the form
yiz————-—and z2y; - — — —~ also have coefficients zero in f;. Thus f; = 0, completing
the proof, 1

Proposition 5.2.12 The vector spuce VING(3,2,2,1,1] = {0}.

Proof. Lot f(z,y1,¥2,21,%2) € VIN[3,2,2,1,1] then

fo= Ud+ eIz m, 0202020 + fi(@, 0,1, 210 22)y22 +
(@ yro 920 210 22002 + Sol@a v,y 21200 + falzom, 21, 22 )} +
(Id= (21, 22)}{fa(2s 91, 42, 21 )220 + Sy, 91, w20 21) 202 + fr(, 90, 2, 31 )20 +
(Hd+ (g, w2)) fa(@. 1, w20 200222 + Li(20 91, 412, z1)z2y2} +
fs(zy 1, y2)21, 2], (5.29)

where Id denotes the identity map, (y,,7;) denotes the operator which permutes y;, y, and

(#1,22) denotes the operator which permutes 2y, 29.

Since there are no identities of JI, of degree 9 which are lower than [3,2,2, 1,1}, Az, z)f =
Az, y;)f = A(yi,2)f = 0 imply that

f4(m!yhy2’zl) = A(yhx)ﬁl(a:vyhy?s:l)! f5(z$y11y2) = f'l(z!ylsyhy'l)a
f?(xsylvy%zl) = f0(33y1$y2a:hy2)y f-l(r:yhyhzl) = f3(zsy2’ yh:hyl)-
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Thus we nced only determine fz, fs, fo, fs. As before we may assume that f* = xf.
fo{z y1 00, 21) € VI3[23,1] and symmetric in y;,42. Since VI3[2%,1] is spanned by the
identities which come form Q, A" and Ty by substitnting some variables, the subspace
consisting of the elements g(z, y. =, w) € VI3[23,1] and symmetric in ¥, %, is spanned by g;,

i=1,...,17, which were given in the proof of the Lemma 5.2.4:

o(Q(y* 2. 2,2, 5,w)), Q% 4, 2,0, 5,0), o(Qyoz,2,w,2,1,2)),
o{Q(yoz,2,y,2,2,w)), o(Qlyoz, 2,22,y wv)) o(Q(yo z,2,z,2,y,w)),
o(Q(yow,z,z,2,2,5)), Qzowy, 2y 22), o(Q(y,z,2,z,z, w)),
zQ(z,y, 7,9, 7, 0), 0(Qy, 2,2, %, 2,w)y, Q(T,y,2,¥,2,w)z,
o(K(y,z,2,2,2,w,3)), o{K(y,z,2.2,2,w,7)), o(K(y,z,y,2,2,w,2)),
o(Te(y o 2,y z,w,z,2)}, K(z,y,2,2,1,2, ), o(K(y,w,z,z29,2)),

where ¢ := Id + (y,2). Since g15 + 18 = 0, we can forget gia and let fo = T, igi.
Similarly, since fs(z,91,¥2,21,22) is of type (2,14] and is skew symmetric in 2; and z»

Jo(z, 01,92, 21,22) =
ﬁITG(mv Y1 Y24 214324 yl) + ﬁ? * Q(ylsyhzryl,zhzz) +
Ba(Q(y1, 2, 71, 410 2, 22) + Q915 2, 22, 41, 42, 21))-

We also have

fs(xi yliz]!:Z) = ‘fQ(zv yhzlsmsyh32)v

fi@ g2, 21) = —falzym, 92, 21) — ¥Q(z, 01, 2152, 11, 12)2.

By f* = %/, monomials which start with yy, have coefficients 0 and a(w) + sa(w") =0
for any monomial w, where s = £1if f* = Ff. Considering the 48 monomials we have a
system ([) of linear equations.

If f/* = f then its Razmyslov transform f#(z;) is also an identity. So the mono-
mial 2,2y} y3z22 must have coefficient 0 in f*(22) by Lemma 2.1.1, Thus the monomial
nNinyyaxzzz; has coefficient 0 in f. Since f#(z;) is another identity of H, of type
(3,2,2,1,1), from (5.29) the monomials of the form — — — — — — y2y1%1 must have co-
efficients 0. Since f* = f implies that (f#)* = f#, the monomial y;yy2 = — ~ ~ — —~

o7



has coefficient 0 in f#(::,). This fact implies that the monomial T Yyt sy has co-
efficient 0 in f. We get 2 equations. The solution of (I) and these 2 equations vields
fe=fi=fa=0.

Next, since VI4[3,3,1,1,1] = {0}, any identity of type [3,2,2,1,1] must be symmetric
in the variables of degree 2. So Af Y20 f (2, Yy 20 21, 72, w) is symmetric in #e s and
A(yz, z1)f2{z, 14 92, 21) is symmetric in =1 Considering the monomial LI 1Y YLy yields

another equation. By solving these 33 equations and (1), f, = 0. Therefore
Ji=0,i=2,4,5,,7,8.
This implies that f{ = — f, and Ja is skew symmetric in Y1, 42 21, 22. Thus (5.29) becomes

f=Ud+ (y DNl ) + 3@y, vy 21, 22) 1)

From this equation we know that J has only terms which end in Vi xYi or e, Since fis
s-symmetric, f3 has only terms wich start with ¥y, xyi or y&. But fy is skew symmetric
in y1,42,21,22,50 f2=0.

If f* = ~f then solving (I) vields fi =0, i =6,7,8 This implics that ==k
fort = 1,2,4 and 3z, y1, 02, 21, 72) is skew symmetric in y;,y2. Since fiy(z, Y1, Y24 21, 22)
is of type [3,1%] and skew symmetric in ¥1,¥2 and in 2, z,, it is a linear combination of
23 identities h; which come from Q, Ty and K. Let f; = 2, Aihi. Then from [* =
=f, fao(2,v2, 9,21 0) + falz, g0, 92,21) = 0 and monomials which start with z%z; have
coefficients 0 we have a system of lincar equations (/7). Unfortunately, the systems (I and
(II) are still not enough. We have to find more equations.

From the results in Chapter 4, any identity p(z,y1,¥2,21,22) of type [2,2,1,1,1] which
is skew symmetric in 21, 2, is a linear combination of 37 such identities p; which come lrom
Q. Ts, I and Ty(zy,...,zs;[26,27]). Solet f, = 37, 6:pi. Then from (5.29)

f2(z|yh y2~rzl) = fl(l';!h,yz, 3hy2)1 f3(3v Y1, Y2, 21, 32) = A(y;,:r)f;(a:, W2 ¥2, 21, 22):

f“(z?yhyhzl) = _A(yﬁtx).&(z,yhy!szl)r fﬁ(zs zl,yz) = —Ll(m’zllyZ)y'l)'
Using these new definitions of f; and f* = —f we get a system (I1[). Solving (1), (/1) and
({I1) yields f = fs = 0. Thus when f* = + f we have

f = I+, h(zm,v2, 21, 22)[z, 1a). (5.30)
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Since Ay, 2)f =0, A(yr,x)f1 = 0. So f) is symmetric in z,y. Similarly, it can be shown
“that f) is skew in y2,21. Thus f; € VIN3[2,2,13]. Since f* = £f , from (5.30) and the

symmetry of the variables of f),
f = (Id + (.'fl 3 Uz))[-"i, yl]g(ma Y1 ¥2, 21, 52)[313’2]5

where g is multilinear and skew symmetric in the variables ya, 21, 2. Again, from A(ys,, z)f =
0 and A(y2,31)f = 0 we lave g is skew symmetric in 2,¥2 , y1,¥2. Thus g is alternating.

So, there exists a scalar a € F such that g = aSs(z,1,y2, 21, 22). So
Sz 1,02, 21, 22) = alld + (31, 92))@, vilss(z, 11, Y2, 21, 22)[7, 2).

Since Ss(z,y1,¥2,21,1) = Sa(2, 91, 42, 21) by [DR],

f(zv Y1, Y2, %1, 1) Q([d + (yh y2))[33 31]55(3, ¥, Y2, 2, 1)[37’ y?]

a(Id + (y1,¥2))[z, 1] Sa(z, 11, 2, 21 )2, 32).

f(z,31,92,71,1) is an identity of If; of degree 8 which has type [3,2,2,1). So f(z,y1,92,21,1) =
0. Hencea=0and f=0. B

Proposition 5.2.13 The vector spuce VIN4[24,1) = {0}.

Proof. Let f(z1,22,23,24,9) € VIN4(24,1] then by the symmetry of the variables z;’s of
1

I = filznza, 23,20, 1)2324 + fi(z1, 20,23, T4, ¥) 2423 + ..
+fa(x1, 22,23, 23) 24y + fo(21, 22,23, Ta)yza + ...

fa(z2, 23,24, p)a2d + .0 (5.31)

Hi(#1,%2,23,24,9) is an identity of /T3 of type [22,1%] and is symmetric in 2, 22. So from
the results in Chapter 4, f) is a linear combination of g;(z;, z2,T3,Z4,y) which is symmetric
in 1,22 and comes from one of Q, Tg, I and T(xy,%2,%3,%3,%5; (26, 27]} by substituting
some variables or multiplying by a variable. From the symmetry of ihe variables of Q, Ts

and K, there are only 47 such g;'s. So fi = 337, aigi. Ay, z3)f = 0 implies that
Ja(xr, 22,23, 24) = fi(21, 22, 24, T3, Ta).
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Since f3 € VI3[2,2,1,1], there exists a scalar 3 € F such that Ja = BQxa, ey, xq 20,24, ).
As before we may assume that f* = £f. So from the #- symmetry we have a system

(). From (5.31) and the symmetry of the variables of f, f3 is symmetric in its variables of
degree 2. This yiclds a system (I7). Finally the system ([17]) is obtained from

Alyy 1) 121, 2, 23,24, ) = 0,
Alzyy 21 ) fi (2, e, 23,24, 9) = 0,

Aleg, e} filzy, v2, 20,24, ) = 0.

When f* = ~f, the solution of (), {{I) and (JI1) is trivial. So f; = 0, hence f =0
If f* = f, let g(z1,22,24,23,2,y) 1= A(2a,z)f. Then ¢ is an identity of type [23,19)
and is *-symmetric. So the Razmyslov transform g#(z) is an identity of H,. lence
¥ (2)(z1, 72,24, 2,2,9) is an identity of type [2',1] and is *-symmetric. Thus from (5.31)
and the fact that every identity of /I, of type [21,1] has no terms which end in yr?, ¢*(2) has
no terms which start with a.f y. Particularly, the monomial w := zy2, yrazyzazzs2 has coef-
ficient 0 in g#(z)(:cl,:rg,;n, 2,3,¥). Since w comes from the monomials T L YT T4 92T 4T s
and z,71yT224T223%42, the sum of tha coefficients in g#(z)(:cl,zg,::.;,a:;;,.:,y) of the mono-
mials z121yT27422224Z3 and 2,2, yxa242223242 is 0. So by the definition of the Razmyslov
transformation, the sum of the cocfficients of the monomials TATAZT YT YToT 4Ly and
2T121YT2T4T2T3Tq in gy, 22,34, 23, 2, ) is 0. Since g(z1, 22, 23,23, 2,y) = A(zs, 2)f, this

implies that, in f, the sum of the coeflicients of the monomials

T4TIIT| T YT2T4T2, TT|T)YT2T4T2T3T 4,

TQZTITIT1YT2T4 T2, TITYT YL2T4T22Ty,

is 0. This yields a system of equations (IV). Solving (1)...,(JV) we get f; = 0. Hence
f=o01

Proposition 5.2.14 The vector space VIN[23,13] = {0}.

Proof. Let f(&:],.‘rg,z‘s, ‘y;,yg,y;;) € VIN.|[23, 13] then
f = fl(zhzhx3’ y1$yﬂay3)z2x3 + fl(mhx.'hm?’ y11y2:y3)m3m'2 + e
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+ fo(x1, 22,23, 1. y2 YyaTa + f3(21,22, 23, 1, Y2 )Tay2 + -+

+ fa(zy, 22,23, y1)[y2, ya] + - -

+ fa(z2, 23,11, Y2, ys)wazd + -

+ f5(22, 23, 11, v2 )y} + -, (5.32)

where f; is an identity of {3 for i = 1,...,3.

Since A(yi,z2)f € VIN4[3,2%.1%) = {0}, by considering the sum of the terms of

A(ya,x2)f which end in 2013, 2327 and 2322 respectively we get
2 1 TSt

Nz 22,3, 1, 02, %2) + folz1, 22,23, 91, 32) = 0,
fl(th:hm?,ylvy%m?)+fé(ml$327231y13y2) = 0&
f‘l(m%m&yhyhm:‘!)'i‘ f5(w2!m37y11 y2) = 0. (5.33)

Similarly from A(y2,z3)f = 0 we have

fa(z1, 22, 23,31, 23) = fa(21,22,23,01) = 0. . (5.34)
Thus f is determined by f; and f;.
It is known by (M R] that every identity of degree 6 of H3 comes from T and Q. So
fs = mTs(z2, 23, 01,92, y3;22) + _
12(Q(22: 23, Y1, T2, v2, #3) + Q(2, T3, Y2, T2, 43, 1) + Q(2, 73, U3, 22, 11, 12))
by the symmetry of the variables of Ts and Q.

Since fi{z1,%2,23, ¥1,¥2,¥3) is skew symmetric in the y;’s, it suffices to determine the
coefficients of the monomials in which the y; occur in the numerical order. Let Wyyeo., Weg

denote the monomials

11N y2y3, TVt 1Y2Ya, i Y2T1Ya, . .- 1Y2Y3T1 T,

respectively. Thus by inserting one z2 and one z3 into each w; will give all monomials
which we need to «etermine the coefficients. Let wi; (w;ijx) denote the monomial obtained
from w; (w;;) by inserting = (x3) into the position j (k). eg wn = T2T1Z141%293 and

W4 = T22121Z3% Y2¥3. Let aqj denote the coefficient of wijk in fi, then we have
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Lemma 5.2.5 fFor an arbitrary but fived puir of j &k if o; i= ok then

art+artas=0, aj-az—-ag =0,
qtagtar=0, ~ar—wg+ag =0,

a2 —ag+ag=0, ag+ag+4ap=0.

Proof. Since A(y.,z,)f € VING3.22,1%] = {0}, Alyr,z1)ft = 0 from (5.32). Thus
from A(yy,z1)f) = 0, for an arbitrary but fixed pair of 7, the monomial abtained [rom
Z1T1Z1Y2Y3 by inserting x3, 23 at positions Jik respectively has coefficient zero in Al ).
Since A(y1,21) acts on f; without changing 2,23 we can forget 4,23 and simply say
T1Z121y2y3 has coefficient 0 in Ay, 21)f1. Since 212 17172y3 has preimage wy, wa, wy un-
der A(y1,21), 1 + a3 + ag = 0.

Similarly A(y1,z1)/ = 0 implies
“r-a3tag =0, -yt ag=0, ag+ag+ap=0.
Since A(y2,21)f1 = 0 and Ay, z1)f1 = 0 we have
ap—a3—ag=0, oy + a4+ ar; =0,

completing the proof of the Lemma. A

Lemma 5.2.8 For an arbitrary but fized k if a;; := aijr then

Q42 = —0y5 — Qg — G1g — (33 — ags,
Q21 = -—a3q— 035 + a2 + a;s,

Q44 = —038 — (34 — Q35 — Q45 — Q4G
@13 = a2+t o5+ axs + axp - ajz,
Qg2 = 34— a3z — a5 — &)y + ags,
an = oy -+ age + asz + ogs,

a3z = -3 — a;s,

@y = —azs5 — a3 — 33 — Qaq — 35,
@11 = -—ajz — a5 — Qs — aga,

Q43 = Q45 ~ a6 + Qg — Q5 — a3,
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Proof. Since
Ji(z1, 22, 23, 01, 42, 22) = = f2(z1, 22,73, 11, 42)
from (5.33) and since f; is symmetric in its variables of degree 2 from (5.32) and f is
symmetric in the variables of degree 2, fi(z1,22,¥1,¥2,%2) must be symmetric in z;,z2. So
wiik(T1, 22,23, %1, ¥2: T2) and  wije(¥2, 21,23, 41, ¥2,71) have the same coefficients in
fi(z1, 22,23, 1, Y2, 22) for arbitrary i, 7,4k, especially for a fixed & and arbitrary pair of
1,j. So for an arbitrary but fixed & if we let
pz1, 22,0102, 08) = 3. (—1) aiwii(21, 22, Yo (1) Ya(2)s Yo(3) s
i-iuﬂesa
then p(z1,z2,¥1, Y2, Z2) is symmetric in z;,22. Hence wi;(zy,22,9,y2,22) fori = 1,...,4
and j = 1,...,5 have coefficients 0 in p(zy,z2,¥1,¥2,T2) = p(22, 21,41, ¥2,%1). So us-
ing Lemma 5.2.5 to write out p and then using the fact that the coefficients of monomials
wii{z1, 22, 0, ¥z, 22} fori = 1,...,4and j = 1,...,5 have coefficients 0 in p(z;, z2, 1, %2, 22)~

p(z2, %1, ¥1, Y2, 1) yields 20 equations. By solving the system we get the equations of the
Lemma. A

Next, we may assume that f* = +f. Then from the *-symmeiry of f, by considering

the coefficients of the monomials
Wik, i= 1yoonydy F=1,...,6, k=1,...,7,

we obtain a system (I). From the symmetry of f3 in the variables of degree 2 we have a
system (/7). Since

fl(zhx21 la yhy?:yll) + 2f4(x1a32$ Y1y y23y3) = 03

and since A(za, 1)f € VI4[22, 1] = {0} by [M R], we have system (III).

Solving (I),(II),(III) yields 7, = 72 = 0 when f* = —f and 9, = 0 when f* = f.
This easily implies from (5.33) that fs = 0 when f* = £+ f. Thus by the decomposition of

a polynomial into a symmetric and a skew symmetric part, we have

Lemma 5.2.7 Every identity f(xy,%2,23,¥1,Y2,Y3) 3 VINy[2%,13] has no term which

ends in y.-:r,?.
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In fact we also have 1, = 0 when /% = f. Indeed. since [ is s-symmetric. its Razmyslov
transform f#(y,) is also an identity. Obviously f#(y,) is of type [2°,1%] and symmetric
in the variables of degree 2. For. if the monomial Vilai,z)y2Va(zi, x5) has coeflicient « in
F#(y2) then by the definition of the Razmyslov transformation, Vg(-’l:.‘,:!.'j)ygvl(il.‘,‘.m]) lias
coefficient a in f, where ¥}, V5 are monomials. Thus Vila;, 2y Valz;, 2;) has coefficient o
in f since f is symmetric in the z;'s. So Vale;, 2 yaVi(zj, ;) has coelficient o in T*(12).
That is, f*(y;) is symmetric in z;.x;. Since VI[24,1] = {0}, f*(y2) must be skew
symmetric in the variables of degree 1 by Theorem 1.1. Thus fE) e Vi Ny[2219)
and by Lemma 5.2.7 T3YsTaZr1yain 2%z has coeflicient 0 in f#(y,). This means that

Y12222Y233Y37321 21 has coefficient 0 in f. This and 72 = 0 imply that v, = 0.
Finally, using 7; = 97 = 0, Lemma 2.1.1 and the following substitutions we get a system
(IV): substituting
€[12], e[22], €[23), €[33], e[34], e[44], e[41], e[11]
for
Z1y T2 T3y Y3y 21y 220 Y2, N1

in A(zl,:-:;)A(zg,zg)f(ml,xg,:r;;,-yl, y2,¥3) and considering the coefficient of ¢gq, substitut-
ing
e(33], €[31]. ¢[12], €[22}, ¢[11],ef14], e[44]
for
Try Y1r T3y Y3+ Y2, T2, 31

in A(zy,21) f(21, 22,23, 41,92, y3) and considering the coefficient of ey, substituting
e[11), e[12], ¢[22], €[23], €[33], e[34], e[44]

for
L1y Y1+ Y20 T2y Y3, T3y 2t

in A(z1,21)f(21,22,23, ¥1,¥2, ¥3) and considering the coefficient of e, substituting

e[12], «[22], e[23], ¢[33], ¢[34], c[44)
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for

L. Y1y T2, Y2, I3, Y3
in f(zy,22,z3,%,¥2,¥3) and considering the coefficient of ;3.
Solving (1), (I1),(111) and (IV)) we get f; = 0. Thus f=0.§

This completes the proof of Theorem 35.1.

5.3 The Proof of The Thcorem 5.2

Proposition 5.3.1 The identity Ta(x?,2,¥1,-..,y5;2) forms a basis of the vector space
VINg[4,15).

Proof. Let f(z,51,...,¥s5) € VIN)[4,1%] then

F o= 3 Az, mders + fi(2 vt o va)8sT + fa(3 v1se o bW}
(LS}
Z(“1)£+j”lf2(xvyly---vg'l's---sg}v"sy5)[yfiyj]'
i<y

Since fz(-‘f,yl,yz.ys) € VING[‘lsla]s fﬁ(xy yhyhl) € VIN3[41 12] = {0}' Simila.rly
fa(z, y1, ¥2. 3, 1) = 0. Thus f(z,p1,...,%4,1) € VIN,[4,1%] = {0} implies that

fl(z!yls"wy-l) + f{(l',yh--uy.l) + f3(31yh"'1y4)m = 0.

Furthermore, f3 = BTs(z,41,..., 4432} and f; = 31, «;@;, where {Q1,..., @7} is the
basis of VIN3[3,1%] given in Chapter 4. f2 = fi(z,n.Y2,¥3,%) because A(ys,z)f €
VIN4(5,1%) = {0}. Thus [ is determined by f; and fa.

We may assume that f* = +f. Let a{w) denote the coefficient of the monomial w in
f. Then a(w) + sa(w*) = 0 for every monomial w, where s := £1if f* = £f. Thus

considering the coefficients of the monomials

NYTTY3W XL Y5y N1 Y2TYaL Y4 TT Y5, TYLY2YaaTTEYS, '
TPTY2TY3Y4TYs, THEIY2YaYaTLYs, TY1Y23TY4 2T Ys,

TN Y2TYL Y4 L Ys, NITTY2YaY4TYs,
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yields

—dar-2a5+ a5 - s 4+ s(=2a5 — 07 — ng + ag) = 0,
a6 = a5 + g + s(az - a7 + a5 ~ 2a¢) = 0,

207 + g =0y +8(—2a — 0y — ) =0,

=t + a5 —ay + s(—2a - az} = 0.

—~ i+~ ~as—ag— 207 —az+a1) =0,
g+ a4+ s(~3ar + 0y +as) =10,

3ag + as + a3 = 0,

a2+ 205 4 o + (=207 + oy — az) = 0. (5.35)
If f/* = —f then the solution of (5.35) is
ai=0,i#£2,1, 8 =ay = —ay.

So f = g 9(z,y1,...,y5), where 4 is independent from f. On the other hand
Te(2%, 2, 91,. .., 4552) € VIN,[4,1%] and is +-skew symmetric. Thus Tu(e®, 2,1, . ysy 2)
forms a basis of the subspace consisting of the *-skew symmetric elements of V'J Naf4, 15).

If f* = f then f#(yg) is also an identity by Proposition 2.2.2. Thus the monomial
Y3¥4TYsy2y122T must have coefficient 0 in f#(y2) by Lemma 2.1.1. This means the mono-
mial y1zzzy2y3y42Ys has coeflicient 0 in f. So we have

206 + az + a; = 0.

The solution of (5.35) and this equation is trivial. Thus fi=0and f = 0. So every identity
in VINy[4,1%] is »-skew symmetric and Te(22,2,91,...,¥5: %) is a basis of VIN,, 15]. 8

Proposition 6.3.2 The identitics Ts(z?,z,p,2,. cvZaiy) and Tg(z o y, 2,3, 2y, .. 1243 )
Jorm a basis of the vector space V' IN,{3,2, ).

Proof. Let f(z,y,2,...,24) € VIN(3,2,11] then Ay, z)f € V144,15 implies that there
exists a scalar @« € F such that Aly,z)f = aTi(z?z,9,21,...,22).  Since
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Ty(2?, 2,9, 21,..., 243 ) belongs to V' T N,[3, 2, " and Ay, z)(f~aTy(z* z,9,21,...,209) =
0, we may assume that A(y,z)f = 0. We show that the identity

-2T6(32v$$y1 1y -vz-l;y) + Ts(I OYs Ty ¥s 2ty -s ,2.1;.‘1.')
forms a basis of the subspace

W= {f € VIN3,2,1A(y,2)f = 0).

Let f € W, then A(y,z)f = 0. Since the actions of the operator Ay, z) and * commute,
A(y,z)f* = 0. So
f= U+ I+ 50 1)
is a sum of a #-symmetric idewtity of IV and a +-skew symmetric identity of W. Therefore,

we may also assume f* = 4 f,

Since
f = hzy+ Ry + fsyx* +

4

E(_l).(.h(m:yvzh-- .,4?.‘,...,24)322,‘ + fé(xv% zla-“’;iv' .,24)2.;32 +
=]

f3(3’yszls“-vé}a--'»:-l)yzi + f{;(z,y,zl,...,:‘:'.-,...,zq)z,-y-}-

fe(z. 021,00, 5, 2)52) +

N B B, 2]z 73] + fray?s (5.36)
<j

Jt is an identity of I3 of type (2,1°] and is skew symmetric in the variables z,,. .. yZq, itis a
linear combination of the jdentities ¢i which come from @, Ty ,Tg(21, 22, 23, 24, T5; (zg,37])
and & by substituting some variables and are skew symmetric in %1,22,23,24. By the
symmetry of the variables of Q, Ty and K, there are only 41 such g;’s. So,let f; = T 4.

Since A(24,2)f = A(z4,9)f = 0.

i = —Alz,90,22,23,9),
i = =A(y,2)fal2,9,21,22,2)
= Nz, z,21,22,23,4) + filz,9, 21, 22, 23, 2),
Jo = —A(z,0)f5 = [z, 2,50, 22,90 0) + file, 9021, 22,0, 2),
fo = —fs(z,4, 31,22, 23,9). (5.37)
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Since f5 is an identity of /I3 of type (1%, foleapezyeeenis) = i Bipiy where pyis an identity
of H3 coming from Ty and @ and is skew symmetric in z's. From the symmetry of the

variables of @ and Ty there are only 6 such ¢;'s:

N = Te(zy21,20, 53 20.9). 92 = Taly. T1a32, 33,5, 2),
4

g3 = Z('—l)iTﬁ(iU.y,:l...-‘-?l'io--.:-l;:l.)'
i=1
g1 = 2 (=17Q( 20 1)1 2022 1 Za e Zo (),
oES,
e(1)<o{2),0{3)<a(4)
4

g5 = Z(“l)i-lQ(xsyezi-Il,---,-ﬂ,.--,:-l), g6 = Se(y ¥, 210 20,23, 24)

i=l1
It can be shown that g¢ + 29, + 245 = 0, so fs = Tizi Bigi. By the results in (AR
Jr = agTe(®, 21,22, 23, 24 2).

Next from f* = & f and

P2+ f2 4 Ao, 2)(foy - Joz1 + fom2 = foza) + foz =0,
i+ f3+ Az, frz =0,

we have (I). If f* = f then the Razmyslov transform f#(z} is also an identity of type
[3,2,1). Thus it has no terms which end in z2yy. This implies that the coefficient of
the monomial zzoyyz) 23222, is 0 which yields an equation (IT). Solving (1) and ([1 ),
and substituting the solution into f, yields fa=Jfs=0. Thus f = fizy + flyz. Since
A{y,z)f =0and fis »- symmetric,

=z ylg(z, 21,22, 23, 23)[ =

where g is multilinear. Furthermore it can be shown casily that g is alternating because
A(z1,2)f = 0. So there exists a scalar @ € F such that g = aSs(x,21,22,23,24) and
f = alz,y185(z, 21, 23, 23, z4)[z,y). However f(z,y,21,22,23,1) is an idendity of Iy of type
8,2,1,1,1}, so f{z,y,21,22,23,1) = 0. Hence a = 0 and f=0.

If f* = —f then solving (f} and (IT), and substituting the solution into f; yields
fa = anhe, fs = anhs. Thus fi = =fi + aly from A(y,z)f = 0 and (5.3G). So by
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f*==/,(5.36) and (5.37).
f = [.‘L’, y]!f[‘fa y] + ah?» (538)

where g is multilinear. Since A(y,z)f = 0, from (5.38) we have A(zy, z)y(z, 21, 29, 23, z4)+
ahy = 0. This means modulo a, g is alternating. So there exists a scalar 4 € F sucl that
g = f385(x,21,22,73,24) + arly. Thus

f = ﬁ[xv y]-5'5(-7-‘q31,32, 3 3*!)[1'1 y] + O.'hs. (5'39)

Since f(z,y,21,22,23,1) = 0 and Ss(x, 31, 22, 23, 1) = §4(x, 21,22, 23), from (5.39) we have
B = ma for some m € F and f = ah. So the dimension of the subspace W is at most 1.
Since

“2Ts(3211‘,y, Sy eaa Sy y) + Tg(.'.!,‘ Oy, Ty Uy 21y ..,24;1') € W,

the dimension of Wis 1. 1

Proposition 6.3.3 The following identities form a basis of the space VIN,[3,1%).
Tﬁ('tz! Ytreo oy y0;3)| Ts(df, L PR/ H 32)1

[
Z('—l)'-ITB(m O YivYireess .'?h ooy Yy Ty z)‘l

i=1
6 .
Z(—l)‘Tg(x‘z,l', Yigeoo !.'7:'1 s ?yﬁ;yl‘)r

i=1

Tﬂ(zayls” H.’fﬁ;z)r? ITB(.'I, Yisso 'syﬁ;x)'

Proof. First, we show that the space V IN,[3,1°) is spanned by 6 clements. Let
f(zy1,-..,95) € VIN(3,1%) then A(ys,z)f € VIN,(4,15%). So there exists a scalar o € F
such that

Alys,z)f = aTa(z? 2,51y . . Y4y Y61 T).

Thus we can correct f by subtracting aTg(2?, z,41,...,;2) so that

A(ys:ﬂf)(f - (‘tTg(.'L’z,a:, Y1veoor Ve I)) =0.
Thus it suffices to show that the subspace

W= {f € VIN3,19(A(ys, ) f = 0}
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is spanned by 5 elements,

Let f(xvyla-ﬂ 13/6) € 1I¥" then

F o= X Nl gy + £l g, y5)psr +
(1t}

fa(xsyu----yﬁ)ycl""} +

Do SdE g B G ye) v ] (510)
i<y
Since fi € VIN3[2,1%], there exist scalars a; € F such that f; = ,‘i_’_,n-,-y;. wiere

{g1:.... 910} is the basis of the space V' 1N3[2, 13] given in Cliapter 4. Alys,£)f = 0 implies
that '

Alys,z)fi + f2 = 0,

from (5.10). Since fa(z,y1,y2, Y3, ya. y5) € VI[1%), fs = ¥, Bigi, where

9= X Loty 0 v 0s),s 92 = To(yty- oo s ysi ).
(l...-.5)

g3 = ZCJ(I°yI'!yj-yh-”-.!?l'n-'sij'--'!ya'i)l
i<

Since g2 — g1 — 293 = 0, we may assume fz = Z:f':, Bigi. Thus from the +-symmetry of S

we have a system of equations (7). Solving (I) for f* = fand f*= ~f respectively we see

that there are only 5 parameters in total. So W is spanned by 5 elements.

On the other hand, if we denote by t! the identities given in the Proposition, then
= sl i=1,3,4,6, 18 = 2+ 2){ysm,

where ¢3,i =1,...,6 are the elements occuring in the basis of VIN3[3, 19] given in Chapter

4. So they are linear independent. If Yo, aitd = 0 then
6
zﬂ'u“? = {ax(43 +13) + Zﬂit?}[ymm] + ~
i=1 i£2

implies that @; = 0, for i = 1,....,6, and we have proved the Froposition. B
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Let

L = TS(Izvyv:h-“;ZS;yJ + TS(yznxs:h"-;zS;x))v

tz = Telzoyz,zi,.iz9)+ Ta(z oy, 0y 51,0003 55,2)),

5
!3 i= Z(—I)'-I(TS(:E0.’.’.',-’-'1,---,Eia---azhxsy;y)'*'
i=1

Ta(yoziizt, ooy 5iyenna sy 23 2)),
b = aly(z, g2, 259) + yTe(y, 0 51400y 257 2),
ts = Ta(z,p, 21,000 35 9) + Doy, 2, 510000, 25529,
tg = Ty(z,y,21,...,35[2, 4)),

ty = T&(-ryy’:h- + e 2 35 ['t! TJ])-

Then
Proposition 5.3.4 The set {1,,... oi7} is « basis of the vector space VIN4[2,2, 18],

Proof. Let f be an identity of type [2,2,15]. Then

S = h(znzay,... vs)zize + fi(z2, 21,00, - y5)2220 +
fayszz + frzays + -
+ falya, ys] + -
+ iz, us)32d + falz, 0, .- -, Us) 2227 +
Jsysza 4o, (5.41)

Since fy is an identity of degrec 6 on H3 by Lemma 2.1.2, it comes from Ty and @ by
[M ). More precisely, by the symmetry of Ts and Q, fy is a linear combination of identities
of the form Te(yiy, ...\ 0isi21) To(@12 Wiy -, Uiei Vi) a0d Q(Z1, Yig» Yigs Uis» Wiy s Ui ) But,
fdz1, 014, y5) is skew symmietric in the variables y;’s, from the symmetry of Ts and @

it is a linear combination of the following identities:

o= Te(yee o, 05i21), g2i= Y To(1aYtye e 945 ¥5)s
: {12345)

Z("‘l)i.'-j-lQ(xloyhyjryh' °H§i7ﬂ -15}1' "!y5)'
i<)

g3
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[Note 4S85(z1,41,...,45) = g1 - g2 by [MR]] It can be checked easily by computer that
93 = 256(21,¥1,. .., u5), thus —g; + g2 + 2¢3 = 0 and fy = Big1 + Pags.

Let w(i,7) denote the monomial Yoo (a,l,) gf.’)) - ys and (1,2)w(i, ;) denote the
monomial obtained by interchanging z; and 2, in w(i, 7). e w(1,3) = woyyzaysyspays
and (1,2)w(1,3) = zom 2 92030005, Let wi = Wil T T Paee ey P5)yi = 1,00, 21 denote
monomials

W(l,j), j= 2y3$’195; lU(2,j), ] = 3;415;
w(3, ), j= 4,5; w(4,5);
w(i,6), w(i,7), i=1,...,5 w(6,7),

respectively and let w;,i = 22,... .42 denote the monomials (L, 2wy, i = 1,...,21, respec-

tively. Then
12
Ji =3 ai( 3 (=1)a(wi)),

I'=l 0655

where o acts on w; to permutte y;’s,

Since A(ys, z1)f € VIN,[3,2,1Y), there exist scalars 4,72 € F such that
A(y5,1.‘l)f = TlTs(zf,x,,xz,yl,...,y.,;xg) +72T8(3-'I 032111s$2oyh---,y-i;xl)

Let & := mt; + 3¢5 then Afys,z1)h = =A(ys,21)f . Hence Alys,z1)(f + 1) = 0. So we
may assume that A(ys,z,)f = 0. Thus from (5.41) we have

falev, 22,01, 000m) = = filzn, 2,01, pe 21 ),

Sz za, .0 m) = = filz2, 01,05 00 30,

falzn, 91502, 08) = ~ filzn 22,01, p0 21),

Is(ziyn, o ps) = = fo(Z0 01y ooy sy ). (5.42)
It is easy to see that the operator A and involution * commute on every monomial. So they
commute on any polynomial. Hence A(ys,z,)f = 0 implies that Olys,21)f* = 0. Thus
the decomposition f = %( £+ 1)+ 1(f - f) allows us to discuss only these identities in

VIN,(2,2,15)] which are s-skew symmetric or *-symmetric and or which A(ys, z)) acts as

Zero.
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So from now on we assume that f* = £f and A(ys,2,)f = 0.

We also can correct f by subtracting an identity in such a way that
az) =ag =ap=0,if f*= -/
an=an=01if f"=f
Indeed, when f* = —f [et
g 1= A2+ la) + A2ty + t5) + Aalte = 7).

Then g is #-skew symmetric and A(ys,z)g = 0. In g, the monomial ws, has coefficient
—Az — 2A3, while wyy has coefficient —A; and wa3 has coefficient 42y + Az 4+ A3, Let

—Az2 — 2X3 = a1, ~A1 = aug, 421 + A2 + A3 = @,

This system has a solution, therefore there exist scalars A1y A2, Az € Fsuch that way, wyg, w33

have coefficients zero in f —g. When f* = f let
g = ylta — l5) + 2(t6 + t7).

Then g is +-symmetric and A(ys,z)g = 0. The monomial w3; has coefficient —~A; — 2A3,

while waz has coefficient Ay — A3. Let
A2+2\a=ag, M- A3 =amn

Solving this system there exist scalars Ay, A3 € F such that way, waz have coeflicients 0 in
f-g
From f* = % f, considering the cocfficients of monomials wzTy and its * for
w = w(l3),...,w(l,7), w(2,4),...,w(2,7),
w(3,4),...,w(3,7), w(4,5),...,w(4,7),
w(5,6), w(5,7), w(1,2), w(1,3)
we obtain a system of equations (). Since f; is symmetric in zy and 24, fa(z1, 22,31, ¥2,93)—

fa(z2,z1, 00, 92, 3) = 0. Thus considering the coefficients of monomials

wilZ1, 22, Y1, Y2, Y3, 32,3y ) for i = 1,...,21 respectively, yields a system (/).
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Next we apply Lemma 2.1.1 to produce more equations, Considering the monomias

— T WNiY2Ya3Yals — —. Y1y — —yayals — —. hiypiisis — —=ys — —,

where the blank positions are filled by the variables xy, 20,2y, 22, yields three equations.

For instance, by Lemma 2.1.1, the sum of the coefficients of the monomials
Tix2i1 s halsTide. Tax YLl YaYalisT 2,

T1ZeW G235 T2y, T2T 1Y Y2ya3Yals T2y,

is' 0. Applying the Lemma 2.1.1 to monomials weqxyxy for

—

W = Cinyaiaials, Y1Z1Y29354Y5, nyT1yaYays,

NY2832 1 YaYs, 1 Y2304T 15, ViY2ValalsTy,

produces six equations. That is the sum of the coeflicients of monomials WETYTYTy, WT T Tq,

WZeT1x) iS5 Zero

Applying the Lemma, 2.1.1 to the positions 1, 2, 3 of the monomial 1LY Y23 YaYs T Tg,
the positions 3,4,5 of the monomial Y1¥2%122y3ya Y521 %2 and the position 5,6,7 of the
monomial ¥ yay3y4z1ZaysT ;29 yield three equations. Using Lemma 2.1.1, consider mono-

mials — — w — ~, where the first two blank positions are variables z,,#; and the last two

positions are zy, 22 for

W = Zoyai3yaYs, Y2T2UsUalYs, Y2U3TaYaVs,

Y2U3l4T2ysy Y2y3laysTa.
Using Lemma 2.1.1, consider the following monomials and position 3, 4 and 8, 9

ZANT1V2W3H4VUsT1T2, N1 T2T1 Y234 Y581 T2, hYy221Y32204Y5T 182,

V¥ 1 YayaX2ysT 122, Y1H2T1Y3Y4YsT 22122,
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Using Lemma 2.1.1, consider the following monomials and position 5,6 and 8,9
T2U1Y2Y3TI Y Y5122, YIT22YaZ\ JaYsT1T2, Y1Y222Y3 L1 Y4 Y5 T1 22,
NY2Y3T22 Y4lsT102, Y1Y2U34T1Y5T2T1 22,

All these applications of Lemma 2.1.1 produce a system ([II).

Let us do the following sustitutions to produce cquations (Iv).
1. Substituting
e[12], ¢[14], €[22], €[*1], €[34], €[23], €[33]
for zy, 2, 11,...,95 and considering coeflicients of eqy.

2. Substituting
e(11], e[12], e[22), (23], ¢[31], e[34], e[44]

for 1, 21, ¥2, ¥3, T2, ny, ¥s and considering the coefficient of ez4 [see type [2,2, 19
id. of Ha].

3. Substituting
elll]), €[12], e[22], €[13], e[33), e[34], e[44]

for 31, z1, Z2, ¥2, ¥3, 1, ¥5 and considering the coeflicients of €14 and e respectively.

4. Substituting
elil], €[13], e[32], e[22], ¢[33], €[34], e[44]

for y1, y2, T1, 22, Y3, ¥4, Y5 and considering the coefficients of 14 and ey respectively.

5. Substituting
e(11], e[12], e[22], €[13), [33), €[34], e[44]

for y1, z1, ¥2, ¥3, Y4, T2, ¥s and considering the coefficient of e14.

6. Substituting
e[11], e[12], e[22], e[23], €[23], e[34], e[44]

for y1, ¥2, ¥3, T1, W4, 22, y5 and considering the coeflicients of e;4.
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Finally, since fi{za, 21, 4i,.... 4. 71) + fi=0and

fo+ fo+ Lilz,mn,... Hor2)er+ folen ., yede +
Fs(xr y, ys gay22)in + fs(ey, ya. Yar T2, 1 )Yz +
Jo(zr a2, 0 m2)ys + S50y, 1y v20 ga) s = 0,

iz Ly 1) ~ fo - Sz pn )z = folz, vy )z —
Ssl@1,y2, 43, s 22)n = fo(r, ¥3, v 220 10 Vs +
So(r, 45y T2, 41, 42)95 — f5(20, @0, Y1, 20 13 )y = O

Thus considering the following monomials yicelds a system (V)

w.-(:rl,;r:-z,yh....y.;,:tl), i=1,.,.,20

Wihen f* = -, solving ([),.. (V) yield fi = 829, + azgge. Since ¢; is of type [1,1,1°]
and skew symmetric in the last 5 variables

9= (=11,

oES,
where

q:? = ‘G[U(wl )s e va(w-ﬂ)]‘s
and ¢ acts on w; to permute y;'s.

On the other hand, every identity of type (1,1,1%] on I3 which is skew in the last 5
variables is a linear combination of 40 k;'s by the results in Chapter 3 that every identity

of degree 7 on H3 comes from T, Q, K and Tg(zy,...,xzs5;[zs, 27]). We claim that
*) Both g;, g2 are not identitics.

If, say g1 is an identity then there exist scalars 3; € F such that
91 = Byfhy,... ol (5.43)

where By = (8y,...,84). Since

h; = Z (-1)7&5,

CESy
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where

k;,-’ = djle(w),... !o'(w‘”)]t’

for some 1 x 42 matrix 4; = (;5), and & acts on w; to permute y;%. Thus (5.43) implies

that
n = Bk, .. k), (5.44)
where r; := r,‘d for r = g,k and id denotes the identity permutation. Since
[fryono kst = Alwr,y..., wg)],

where A = [A1y..., dqo)* = (a;,) which is a 40x 42 matrix, by (5.44) and using the definition
of ¢; we obtain

Wi = B A.
Hence

A'B} = V.

That is, B} is a solution of the lincar equation A'X = Vi. But as can easily be checked
on a computer this equation has no solution. Thus the claim and the fact that f; =
Bagr + a3ggz is an identity imply that there exists a scalar a €-F such that 8; = aasg and
fi = agg(g1 + agz). But arguing as above, g1 + agz is not an identity since for anya € F
the equation A*X = V! + aV! has no solution as was easily checked by computer. Thus

a3 = 0 and hence 8 = 0. So f; = f; = 0, and therefore f=0

When f* = f, solving (I),... (V) with s = -1 yield fi = 291 + asg2 + 4293, where

0= Z (-1)"U,-[a(w; ), sea ,0‘(1.042)].
oES

As in the proof of skew symunetric case, it can easily be checked by computer that for any

scalars A;, A € F the following equations have no solution.
AX = U i=1,23,
ALX = U + MU,
A'X = U+ MU,
A'X = UL+ MU+ MUL + AUS).
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Hence as = ayz =0and 8; = 0. So f; = f; = 0, and thercfore f=0.1

Let

t

la

ts

13

l1s

Then

Proposition 5.3.5 The set {t;]i = 1,2,3,4,5,7,8,9,10,11,12,15} forms a basis of the

i

Ts(y[,---,l',';-’l.'z), ly:= j:‘.'i(yl:°"-y7;m2)e
2 Ta(zoy,.cpma) = 3 Ta(zoyy,...,ymix).

(l,"-,'?) (1-""7)
Z Ls(zyyiy-ooopsizoys), toi= Y. Ta(2,000e.. 512 0 ur),
(1,-47) (1,47)

2Ts(y1y .00 ymi), ty = Ts(yla----!‘rix)m-
zT3(Y1y- 0.y y5i2), g = Ta(gry .., yrid)a,
: !IITB(-?ayz,--nyﬁx),

(1....'7)

Z TS(mvylv'--yG;x)yTs
(]'..-'7)

Z ylfs(.‘l:, Wayvens r-,-;x), 14 = z Ta(z,m,... » By YT,
(l|'“'7) (1""l7)

2 Tg(m, Yeerny .'JG;[-’-', yr]), lig = z TB(I'pyls e »yﬁ;[x$3'7])-
(10"'|7) (]-"'|7)

vector space VIN,[2,17].

Proof. Let V := Span{t;)i = 1,2,3,45,7,8,9,10,11,12,15}. Weshow thatV = VIN2,17)

First, we show there exist 12 polynomials such that every f € V is a linear combination of

these polynomials,

Let f € VINy[2,17). Then A(y;,z)f € VIN,[3,19). Hence there exist scalars ay,. .., ag €
F such that A(y1, z)f = T8, oy, where {gs]i = 1,... +6} is the basis of VIN,[3, 19 given

in Proposition 5.3.3. Next we shall correct f so that A(yr,z)f = 0.

Let 3 4,...k) denote the sum over all cyclic permutations of 1,2,... k and

No= Y Talat gt e ),

(107)
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92 Y Tylzoyy...,ynz),
[ 9

g3 = 3 3 (=1)"OTy(z 0y, 2,95... ,v6 ¥7)s
(Lyer7) (1,06}

94 = Taly,...,u5:2%), g5 := Ty, uri2)a,

ge = xTs(yr,....ys;2).

Then
Alynz)gi = g f;or i=4,5,6,
Azl = g+, Mynz)ee = n+ 20, Alyn2)gs = @ +2g5.  (5.45)
Let
Bi=ay 3= i(—a: + 202 + a3)
B2:=az—f3, By i=a3-28;
and

]
g:=> Bigi.

=1
Then from (5.45), A(yz,2)g = A(yr,z)f. Hence A(y7,2)(f - g) = 0. So we may assume
that A(yr,2)f =0,

Since the operators A and  are linear and they commute on any monomial, (A(yr, z) f > =
A(yz,z)(f*). Thus A(yz,z)f = 0 implies A(yr,z)f* = 0. Hence f can be decomposed into
the sum of a *-symmetric identity and a s-skew symmetric identity f = %( F++ %( f=F
and A(yr, z)(H(f+ ) =0, A(yr,a)(3(f = f*)) = 0. So we may assume that f* = +f
and A(yr,z)f = 0.

Hence
7
f = g(ﬁ(z,yn,-.-,375,-“,3:7)13:.- + 1 Y1y oo s Fiyer o y7)HiT) +
=
z.h(zayls” H."f}s-" !g‘j!" -!y'i')[yl',yj] + f3(yh---1y7)32$

i<j

119



by the skew symmetry of f in the variables of yi’s. fu = 38; for some 4 € I" and

: (i)
fr=2 a0
i=1

7
(0
fi=3aly ey

=1

From A(yr.z)f =0, we have

fl +f;+ﬁ57(yl|"'1yﬁ,x)= 0,

ai+al+(-1¥"13=0,i= L...,T. (5.46)
By the formulas in Lemma 2.1.1 we have

a1 +oz+0] +af =9, aatog+ajtal=0 as+oas+al+al, =0, (5.47)

Since A(y7,7)f = 0 and A(yg, 2)f = 0,

hzmsems,2) + 120, f(z,m,. 0 0502) — f2= 0. (5.18)
Q)

Let wi:=p1->* % -++yr and s:= F1. Then (5.48) and f* = £f imply that
a(w;) + safw]) = 0,
where a(w) denotes the coefficient of w in f. Thus by considering each w; and w} we have
oy +8(-—Q'2) =0, Ct'; + -9('-'&'1) =0, az + s{—ap) = 0,
as = s(-az - ar) = 0, ay ~ s(=ay + az) = 0, a; —s(az — ag) = 0,
ag = 3(a1 +ag) = 0, a5 - s(—az — ay) =0, ai — s(—ay + aj5) = 0,
as = s(az - ay) = 0, af — s(ay + ag) =0, ar — s(—az —az) = 0,
a7 — 8(—o +a3) = 0, (5.49)
Solving the equations (5.46), (5.47) and (5.49) in the s = F1 cases respectively yields that in

each case there are only three parameters. That is in each case f is a linear combinatjon of

three polynomials which are independent from f. This means f — g is a linear combination
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of six polynomials which are independent from f — g. Since ¢ is a linear combination
of six fixed polynomials , f is a linear combination of twelve polynomials which are also
independent from f. Thus Dim(V'I.V4[2,17]) < 12.

On the other hand we shall show that there exist 12 such linear independent identities,
so V = VIN[2,17).

Suppose there exist scalars «; € F such that 2 iz6,13,14 @iti = 0. Then considering the

coefficients of the following monamials

Izyl“'yr, yly232y3"‘i.'| Ty - YaZYslelyrys TUIY2TY3 - Y7,

TUYLTY2 - Ury NIY2TY3TY4* Y7y 1Y2TY3» - Y2 yr, (5.50)
yields

qt+az—as+ar—ais = 0,
az+2ai—-as+antaps-mg = 0,
Jag—-das+ar—-a5 = 0,
23+ qy—as+ag—~a1z2—ms = 0,
a3—ar+o2+2ms5—ag = 0,
oy + oy + 205 — 2016 = 0,

day—as+ oy +as—og = 0. (5.51)

Since ¢} = tiyy, for i = 1,3,7,9,11,15 and t; = —t3 =ty — 5 from ts5 + 15 = —t3 - 1,

Yiz6.3,14 @it] = 0 implies

ez + aoty + (ovg — as)ts + (a3 — as)ty —
asls + agls + artg + aols + agtio +

o2ty +anytiz + agtis + anstie = 0.

Thus, considering the coefficients of the monomials in (5.50) in the polynomial Zige.1a,14 Ot}
we have -

ay+agt+ag—aig = 0,
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a1+ 2az—as)t+as+apta-ay =

Hay - as)+ag+ app—aqq — g =

a4 —as—agtan+2e—-m5 =

doea—asl+as+anp+ap—a5 =

0,
oy —ag)+3ag+ag—ag = 0

3

-

0
0,
o2+ apy + 2095 - 25 = 0,
0

, (5.52)

Let {gili = 1,...,6} be the basis of 1 INy[3,1%) given in Proposition 5.3.3. Then

Alyr, z)tg
Alyr, z)t,
Alyr, z)ty
Alyr,z )t
A(yr,z)tyo
A(!In:c)t?g

—

Thus (3=; «iti)* = 0 implies

N - 1
Alyr,a)t] = g5 = Z(-m - 93+ 94) - g4,

(—n+2q) =g+ %(yn +ys— 94} — o,
91 Alyr,2)a = ~g2 + 20,

204y Alyryx)le = g6, Alyr,)a = g5 = —ygs,
g5, Alys,x)te = g5 = —go, Ayr, 2}ty = gs,
96 = —gs, Alyr,z)is = A(yr,z)te = 0.

1
a1 94 + ﬁz(z(-!h -g3+94) —gs)

1
a3(29) — g2) + culga + '2-(!11 +y3—g4) =)+

20595 + args — asgs — aogs + a1095 + 1196 — Q1295 = 0,

So

-1
4

—
——

4

02+'203-§G.|"—"0, ~a3 + a4 =0,

1 3 1
~—az + M = 0, oy — 102~ 504 + 2a5 =0,

—agt+ap—apz=0 ar—ag+an =0 (5.53)

Solving (5.51), (5.52) and (5.53) yields

a; = 0,i # 7,8,9,10,15,16
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and ar = ag = ag = ag = ms = mg. Thus among these 13 identities, 12 of them are
linearly independent. Since we have shown that Dim(VIN,4(2,17]) € 12 at the begining of
the proof, tr + s+ to+ tio+ tis + s = 0.

Remark: Proposition 5.3.5 holds for 5. The proof is exactly the same.
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Chapter 6

The Identities of Degree 2n+1 on
Hp,

6.1 Introduction

In Chapter 4 and Chapter 5 we have found out all identitics of degree 7 and 9 on f1, and
H, respectively. A basis of V7 N4[t], for each type ¢ was given. In the present chapter the
above results for the identities of degree 9 on I, will be extended to i, for arbitrary u > .
This is the content of Theorem 6.1 and Theorem 6.2.

Let VIu[n1,...,n,] denote the set of all identitics of degree 2n 4 1 on I, which have
type [n1,...,7%,], and VIN[ny,...,n,] denote the set of all identities of degree 2n 4+ | on
H, which have type [n,,..., nr] and are symmetric or skew symmetric in all their variablos

of degree m according as m is even or odd for any m € {ny,...,n.}.

We also define
e(n) = n if n is even
MY n+1 ifnis odd.
Theorem 6.1 If the characteristic of the field F does not divide e(n)!, || > 2n and n > 4
then:
1. For any type [n,, ..., n.] with Timni=2n+lif

[nh . ,nr] # [&l, 12n—3], [3,2, 1'211—-4]’ [3’ 12"“2], [23‘ 12:;-5]‘
[2, 2, 12!\-—3]’ [2' 12:;-1] or [12u+l]
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then Vig[ny, ..., 0, = {0}.

2. The vector space VIN,[23,12"-%] = {0},

Theorem 8.2 If the charucicristic of the ficld F does not divide e(n)! and [F| > 2n then

LATw(z%, 2,910+ 0.y yon-3i2)} is a basis of the vector space V I,[4,1%%3),

2 {Tan(=%, 2,5, 21002y Z20i; ), Tan(2 o Ys %y Ys31ye o0y 22045 T)} is @ basis of the space
VIL.(3,2,1-4).

3. The following identities form a basis of the space VIN,[3,13%2);

2 . . me
T2n(1' yylv---~y2n—2:-r)y T2n(-ryyla---sy2ﬂ.—2rz )s
in-2

Z (_l)ian'Zn(x OUisYlyeuesBiyers 1y2n-2’3i2),
i=1

n=2
2 (=D Tan(@® 2,1, e e Yanma; )
i=1

Toa(@y1,e o s Y2nm2i2)2, 2Ton(Z, 9100 v s Y2nm2; T).
4. The identities

oo - . . 2 - .
Tﬂﬂ(": !y’-'l""v-i!n-a'y)'{“T‘Zn(y »331-‘-11---:3271—313)'

T2ﬂ(z 0Ty Zyyenr s opa3iy) + Ly(zo YsUsB1yeeeyT2n-3; ),
2n~3 i
2 ('—1)'-1(T2n(2 024431,. "?‘?l'""' az2u—3az’y;y)+
i=1

T2a(¥ 0 2011 Zo(2)2+ -+ » Za(an—3) 11 23 2)),
Ehon(, 90215+« s 22033 9) + ¥Ton(Y, T, 214+« » Z2n3} T),
Tan(2, 4,215+ s 22033 9)2 + Ton(Ys T2 2150 o+ 2 2203 TV,

Don(@, 90215 oy 32nm3i [2, 0])y T2nl2y 9y 2100 - oo 22033 [2, 7))

form a basis of the space VIN, [2,2,127-9),
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5. The identities

T?n(yls ceealan=1, 3:2)-
2n—1 )
z (_1):-11112“(3: O ¥iv¥lye s -37;}- '-’yi’n-l;m)»
i=1

Tan(y1,- - -2 i2nm13 %),
n-1 . .
z (_l)‘-ITQn(x O Mis¥tyes 'aﬁs---’yZH—l;m)s
=1
n-1 .
Z (_l)l-lTZ‘n(z!Uh---sﬁiv'-vym—l;yi oz},
i=1

Lon(ns oo panmrizde, aTonlyny- - Y2nm1;2),

T?n(yh‘ e 9.’}'2!1—1;37)3:1 3—"1—121;(1/1,- -'1y2ﬂ-—l;$)1

2n—-1
Z (—1)'_1yiT2n(yl$' o d?l'v .o 1y2n—hz;z)1
i=1
n-1 .
Z ("I)I-IT2n(yll v 1371'3' ey yZn—lvz;z)yi!
i=1
n-1

z (...l)i-‘Tgn(:c,yl,. N I ygn_l);[z,y;])
i=1
form a basis of the space V' I Ny(2,170-1),

6. Sant1(T1s-- s Zaaq1) forms a basis of the space VIN,[127+]),

To prove these theorems we use induction on n. For n = 4 it was shown in Chapter 5
that the Theorems hold. Assume that the theorems are also true for integers which are less

than n then for n the proof will be completed in following sections.

6.2 The Proof of the Theorem 6.1

Lemma 6.2.1 Let f be an identity of I, of degree 2n + 1 with n > 4. Assume that
I = £f and that f has no terms which start with Yoy If charF [e(n)! and

f=zyfi + o~ or f=2?yfs +~,
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where ~ denote the sum of the terms of f which do not start with zy and 2y respectively,

then the following statements hold:
1. Iffl = fl(z! Y ¥2yees sy2u-—5) is aftype [4: 12"—5] or fl = fl(zy W, ¥1, Y240 -1?}21‘1—6) is

of type [3,2,13"9] then f) = 0.

2.0 S = filz, 91, tanea) is of type (3, 1"4] and skew symmetric in all its variables

of degree 1 then fy is a scalar multiple of Ton-2(2,¥14. 00y Y2n—q; 2)2.

SAf fr = A(zwyn,. . y20-5) s of type [2,2,1275), symmetric in its variables of
degree 2 and skew symmetric in its variables of degree 1 then fi is a scalar multiple
of

Ton-2(z,w, 41,00y Yanes; @) + Ton2(W, 2,915+ v, Y2n—s; 2) 0.
4 If fa = Lo(z, 90,92, ., Yan—s) is of type [2,1274] then fy = 0,
Proof. If f is an identity of I, of degree 2n + 1 and

fzzyfi +~, or f=2yfh + ~,

then fi, f2 are identities of degree 2n — 1 and degree 2n—2 on H,—y respectively by Lemma
2.1.2,

L If fi is of type [4,13"~5] then by the induction hypothesis there exists a scalar @ € F

such that

fi=alanoa(z% 2,01, 0y Yonesi 2).

So

S1=alon (2%, 2,03, ooy Yonmsi 2) 1Yz + ~

and hence
[ = azyTony(s% 2,48, 00, Y2nms; 2yt + ~ . (6.1)

Since f has no terms which start with vatn and f° = +f by assumption, f has no terms

which end in g1y2. So (6.1) implies that @ = 0 and therefore h=0.
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2. 1If fi is of type [3,2,1*"=%] then by the induction hypothesis there exists sealars
o, € F such that

fl = ”Tlr!-'.!(:2v:9w’ylv'--*U?rl—ﬁ;w)+

Bl (z0w.z,w,y,... Y2n-6; 2).

So

{aTana(= 5o, 4,0yt w)

S

Blan-a(z 0w, 2,0, y3,.. ., Yan-6i 2)} 3152 + ~ .

Therelore we have

f

my{aT‘ln--I(:gg Wy Uan-6t w) +

Bhon-s(z 0w, 2,1, y3,.. ., Y2a-si2)} 192 + ~ . (6.2)
Using the same argument as in the proof of part 1, (6.2) implies that
aT2-a(2%, 2, w3, . ., y20_g; w) + BTn-a(z 0w, 2, W0, ¥, .., Y2n—g; 2) = 0,
hence a = 8 = 0, since for n > 5, it can be shown by induction on n that
Tan-4(2%,2,0, 3, ... Y206 0), Ton—s(z 0w,z Wy Y3yerns Yonmgi &)
are linear independent,
Let t771, -+ #2=be the basis of the space VIN,_[3, 12"=4] given in Theorem 6.2. Then

(7= g ] + oy = 14,6,

37" = {157 + 127} {y1, 2] + ~,

F tg-z[yhyz] + ~ if n—1is even
3 (6572 - 252:1--1(32,3-.!}3,-..,yzn_.;))[yl,yg] +~ ifr—1isodd.

By [MR, Lemma 1.4 ]

2n
ZTin(‘rl’ cee 73211.‘ = e(nJSZr:(Il:- . 132n)$

i=1
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where e(n) =nif niseven, e(n) =n 4+ 1if n is odd. So
1 - - -
San-a(z, 2003000« Y2nmy) = ;l—_-“a(l.? R L -l

when n — 1 is odd, Thus if n — 1 is odd then

2
‘3_1 = {tn-2

3T T 2(’2_2 =177 — 3"}y, va] + ~

Now, let fi € VINy,1[3,12"7). Then f; = 8, o;2?~1. To show that f = 0 different

arguntents are given according as n is even oy odd.

Case |. If n —~ 1 is even then
=3 e’ 4+ a2 4+ 2N [y 1] + ~
i#2,5

and

F=zy{ Y 7+ ax(t57 2 + 427 Hyn, v2) + ~ .
i#2,5

Therefore f has no turias which start with y,y,, and f* = +f implies that
Y it ag( i Y) = 0.
i#£2,5
Soa; = 0 fori # 5, since t?‘z, v ,t{{‘z are linearly independent by the induction hypothesis
[Note that when n—=2 = 3,4372,...,#3~% are also linear independent. See Proposition 4.2.4].
Hence f1 = asTan-2(2, Y14+ Y2045 2)2.

Case 2. If n — 1 is odd then we Lave

>, ati ™t aa(f P+ (47 b ag{tf ™t - (572 -~ - 3P} = 0.

i£2,3,5 n-2

Thus a; = 0 for i # 5 by the lincar independence of ¢t72,...,t3"% So part 2 holds in any
case,
3. By the induction hypothesis, if f; € VIN,_1[2,2,1%"~5] then

7
ho o= Y atp!

i=1

= (X ait}™? 4 aa(t2? + 1272y, v2) + ~,
i#£3,5
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where £,...,% is the given basis of VING2,2,1% % for bk =n—1,n -2 respectively by

the induction hypothesis. So arguing as above we have a; = 0 for ¢ # 5. Therefore
fr = as(Tanc2(z, wopt,. .o Yoneg: w)z + Tog(w, 2,41, o0y Yoan—a S)ew).

The proof of 4 is casy, completing the proof of the Lemmma.

Proposition 8.2.1 If charF Ye(n)! then the vector space VI,[5,13=1] = {0}. Therefore
VEL[5,n1,...,0.] = {0} for any positive infegers 1; < 5, i = 1,...,r such that Yo =
2n - 4.

Proof. Let f(¥0,%1,...,7m_4) be an identity of type [5, [*"=4], By Lemma 2.1.1, if

f = yl'yjfl(yﬂvyli"'v.?}‘b“-:?Tj'r-”‘yZn—-I)+
BUS2lY0r Bt Ty Yonms) + ~,
where at least one of #,7 is nonzero and ~ denotes the sum of the terms of f which do
not start with either y;3; or g2y, then both f, and f2 are identities of H,,_;. Thus by the

induction hypothesis and the fact that I, has no identity of degree 2n — 2 which is lower
than (2, 12"~4),

r
f = Z(yoyl'fl'(yos“- -371',“' 1yr)+ yiyuff(!loan-,ﬁv--»yr))
=1

where f;, fl € VI,.[4, 127~5). Thus if f* = *f then f; = f! = 0 by Lemma 6.2.1. So
S =0 when f*=2f. Since f can be decomposed into the sum of a «-symmetric. identity
and a *-skew symmetric identity, f = 0,

The second part of the proposition follows from the first part. A

Using Proposition 6.2.1 and Proposition 1.2.1 one can show easily that

Corollary 8.2.1 If char F does not divide e(n)! and |F| > 2n then for cach [ny,...,n.] <
[5,12"4] the vector space VI[ny,...,n,] = {0}. 1

From now on we assume that F does not divide e( n)! and |F| > 2n.
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Proposition 6.2.2 The vector spuce VI,[4,3,12-9) = {0}.
Proof. Let f(z,u,21,...,5,-g) € V' 1.[4,3,12%-5], Then using the same argument as in
the proof of Proposition 6.2.1

f = zyfl('tv UsZleees, :Zn—ﬁ) + y:l:fg(il:, % PR ’2211.—6),

where fy, f2 € VI,_1[3,2,12"5], \We may assume that f* = +f. So, the fact that f has
no terms which start with z;z; implies that f has no terms which end in 325 either. Thus
by Lemma 6.2.1, f; = f2=0. llence f = 0. 1

Proposition 8.2.3 The vector spuce VI,[4,2,12*5] = {0}.

Proof. Let f(z,y,21,...,3m-3) be an identity of type [4,2, 1275, To show f = 0 we may

assume that f* = £ f, By the induction hypothesis we have

f = Eyfl(x‘ y:zlv--&zzn—S) + yxf;(xsyvzl&---i"'?n—f)) +

n-5

z zzi fai(x, v, yeeer By -v:2n--5) +
i=1

n-5

z 3|'mf£,'(ﬂ-',y,31,-- .,5.‘,...,32,1—5) +
i=1

n-5

X i fai(T s Sty ey By 22nms) +
i=1

n-6

S b1 B )
=1

zzyf.;(:r, YsZ1yensy 32!1—5)’

where f?hféi € an—l[avza 12n—6]’ fﬂhféi € VIn-l[411512n_6] and f4 € VIn—l[zilzn-ﬂ-
So, f has no terms which start with zjz for i # j,k by Lemma 6.2.1, this implies that
Ja= fei= fi;=01for r = 2,3. Hence

f = zyﬁ(:x. Yy 314, --,2211-5) + y-’rf{(zi% zlv--nz2n-5)-
Since A(y,z)f € VL,[5,1**~] = {0}, fi = ~f{. Thus

f = [:t'! y]fl(-"-'! Yy T19e00y 32!1-5)-
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Because A(z,y)f € VI,[4,3, 1?7=8] = {0} we have AlzL,¥)fi = 0. So f; is skew
symmetric in variables y,%;,....25,_5. That is, fir € VIN,4[3,1"%). Therefore hHh =

alzn-2(2,9, 21, .y 220-5; %)z and
[ = f.l'[.'L', y]T'.‘n—-2(-"—" YaZtaes oo S2n=5) I).’t.
So f has no terms which do not end in z. Ilence, f has no terms which do not start with

T because f* = % f, Therefore & = 0 and [ is zero identically. A

Using Corollary 6.2.1 and Proposition 6.2.3 one can easily show that

Corollary 6.2.2 For each type (Pyeen] <0 [4,2,17°5] the  vector spuce
Vii[n,...,n. = {0}.

Proposition 6.2.4 The vector spuce VI,(3,3,2,12""7] = {0}.

Proof. Let f(z1,%2,¥,21,...,2,-7) be an identity of type [3,3,2,12"=7]. Then by the
induction hypothesis and since Il4—1 has no identity of degree 2n — 4 of type (2,2, 1274
or lower,

f=azofi + 22w fo + 2y fa + v fa + T2 fs + y22fe,

where f3,fu,f5,f6 € VI,_43,2, 12"=7], So they are zero by Lemma 6.2.1. Since
A(y,z)f € VI[4,3,12-6] = {0}, for ¢ = 1,2, A(y,2i)f; = 0. Hence f, is symmetric
in the variables of degree 2 by Theorem 1.1. Morcover f1 is also skew symmetric in the
variables of degree 1 since VI [29,12%-9%) = {0}). Thus f, € VIN, . [2%12-7] = {0}).
Symmetrically we can show that f; = 0. Thus f = 0.

Proposition 6.2.5 The vector spuce VI,(3,3,12"%] = {0}.
Proof. Let f(2,y,21,...,55-5) be an identity of type (3,3,12"5). We may assume that

f* = =£f. Since A(zi,2;)f € wn[:;?,-z,l?"—?] = {0} and A(z,y)f € VI, [4,2, 12n=5] = {0},
VI,[3,3,12"5) = VIN,[3,3, 127-3], So by thie induction hypothesis we have

f = 3yfl(-"$',ya-’-h--n32n-s) - yrfl(yizs zh'--az?n--ﬁ) +
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2n--5
2 z5ifal a2y ey By ey Tanms) +
i=1

In-5

Z zizfol@, 0. 2140 oy Bye sy Zones) —
=1

2n-5

Z ysif')i(."fe:razh”'
i=1

n=5

Z zl'yféi(yvm-zh--- I TR 1-‘7271—5) +

22y fa(T2 Y21y Banms) — B2 f3(Y Ty 210 n ey Z2ns)s

.. ’52n—5) -

.
ki3
4

where [y, f}; € VI,1(3,2,1"), f3€ VI ~1[2,12"=4], So, by Lemma 6.2.1, f5 = fy =

S =0,fori=1,...,2n - 5. lence

S=z2yfilz,y 21,0 22nm8) = Y2 S1(1, 2, 2100 v Z205)-

This implies that f has no terms which do not start with zy or yz, therefore it has no terms

which do not end in zy or yz by f~ = .

On the other hand, since A(z, y)f = 0 implies that Az, y)f1 =0, L € VIN,_4[2,2,127-5),
So by Lemma 6.2.1

fl = Q‘(Tgn_z(.‘l.‘,y, Zlyee ey S2nab; y)r + T2u-2(y1 Ty Z1yeees¥2n=5; x)y)'

So there exists a monomial in f; therefore a monomial in f which does not end in either

zy or yz with coefficient a, Thus a =0, So f = 0. 8
Proposition 8.2.8 The vector space VI,[3,29, 127-8] = {0},

Proof. Let f(2,91,¥2,¥3,31,-..,220-3) be an identity of type [3,23,12"~8]. Then

f = zphilz o, v, s, 5,0, 220-8) + o
+y33f{(°rvylay2’y3v I TREE 13211—8)3 +---

+yv2ya Sz, 11, Y2, Y3y 215 . - -132!1-3) +oee
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We may assume that f* = +f. Since fa € VE,([3,2,1°"~%] and f has no terms which

start with %25, f2 = 0 by Lemma 6.2.1. So

f = my:ifl("r\yhy‘.‘!:h---1':21:—8)+"'
+y311.'f1'(-r, Y ¥2s31y ey Zapag)T + 00
Since A(y1,2)f € VI[4,2,2,1"77) = {0}, Ay, 2)/y € VE[4,2,2,17] = {0}, Nence
f1 is symmetric in the variables 2 and 1 by Theorem 1.1. While Alyz,x)f = 0 and

A(zi,y3)f = 0 imply that f1 is symmetric in the variables T, ¥z, and is skew symmetric in
the variables 2;,ys. Thus

fl(-"v s Y2, 43, 210000 v:2u—8) € VIIVH—I[231 12!1—7] = {0}'

Therefore f; = 0. Similarly we can show that fI = 0. So f = 0. i

Proposition 8.2.7 The vector spuce VI,(3,22,12%-%) = {0}, Therefore V' L3, 22,0y, ...,n,) =
{0}, for any type [3,2%,n,..., ny) with

[4,12"7%] < [3,2%, my, .. ] < [3,22,1209),

Proof. Let f(z,1,¥2,21,...,2n-6) be an identity of type [3,2%,12"~9] then

f o= zpfilz,02,20. 0, 2a0mg) + 00
+92zfi (2, 91,42, 21,0 oy Z2n—6) + o0
+rafoz, v, ¥2052, .00y S2neg) F oo
+212 (2, 91,92, %2,y Z2nmg) + o0
v fs(2, 91,4221, 00 S2mec) + o
+ea iz v20220 0000 220-6) +
+a1y2fi(2, 30,92, 220y Zon-g) + -

+$2y2f5(31 MY 215400 92211—6) +oee

We may assume that f* = 3f. Thus by Lemma 6.2.1, f has no terms which start with
%zj, which implies that f; = f! = f; = 0 since Juufy € VE[3,2,1*% and f; €
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VIi_1[2,1%"4], Hence

f = zhieyy ... sanae) + -+

+5efi(2, Y1, 02,500+ 1 S2nm) F 0

+rz falT, y Y2, 22000 9 Z2ng) F o0

+212f3(T, Y1, Y2, 3254+ oy T2nmg) F 000
T2 a(Ty Y1y Y20 2102 Z2ng) F o0 (6.3)
Since A(21,3)f € VI,,(3,3,2.127) = {0}, A(z1, 1) s = 0 by (6.3). Similarly, we have
A(z1,y2)f3 = 0 by (6.3). So f3 is skew symmetric in y1,y2, 21 Since VI, [3,28, 127-8] = {0},
A(z1,5)f = 0 implies that A(zj,z)f = 0 and hence f is skew symmetric in all z’s. So

Ja € VIN,_[3,1%-4], Thus by Lemma 6.2.1
fa = aTpna(Z, y1, 42,215+ -« s 2206} T)2.

The monomial zy;yyz; -+ zan_gaz las coefficient (-1)"a in fs. So the monomial
V1Y2TY1Y221 ** * Zan-g22 has coeflicient (—1)"a in f. Thus a = 0 by (6.3) and f* = +f.
Thus f3 =1

Next we show that f; = f} = 0 by showing that f2,f} € VIN, _,[23,12-7), By
the induction hypothesis VIN,_,[2%,12"=7) = {0}, and it suffices to show that fa, f7 is
symmietric in z,y1,y;. Since A(y1,2)f = 0 and fa = 0, A(y1,2)fe = A(y,2)f5 = 0. So
f2, f; are symmetric in z,y; by Theorem 1.1. Similarly we have f;, fi are symmetric in
2,y2. Thus f3, f] € VIN,_[23,127~7), So

Y NERT I R
+122 f1(T Y1, 421 71y e oy T2nmg) F 000

This and A(yz,x)f = 0 imply that f; = —f!. Thus

f = [xvyﬂlfl(x’ylsy%zh---v32n—6)+"' . (6.4)

We know A(y1,z)f = 0 and A(z1,92)f = 0 by (6.4). This implies that A(y;,z)f; = 0 and
A(z1,32)f1 = 0. Hence f; € VIN,_4[2,2,1?""5). So

N = a{Touea(z, 91,920 210 0oy Z2n-6i 91)2 +

Dp2ly, 2,942,214 .0 ,Szn-s;-‘c)yi)
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and

f = ale,l(Tau2(z, 41,42 210+ oy 220 n)z+

Ton-2(y1. 2, Y2: 200 ey 2= 2) ) o+« - - (6.9)
Since the monomial T Y1y2=y oo Zap-g2 has cocflicient a and he monomial
E22m-8 " 2112y 322 has coelficient 0 by (6.5), @ = 0 and f=0.1
Proposition 8.2.8 The vector space VIn[2},12=7) = {0}. Therefore VL2 m,.oon,) =
{0} for any type [2%,n,,..., n,] with
3,175 < 2%, my,... n0] < 20,1279,

Proof. Let f(z,23,23,zy, 2y, ... +72a-7) be an identity of type [24, 12#~7), T'|ien Alzyg,x)f €
VI.[3,2,2,1%8]. By Proposition 6.2.7, VI,(3,2,2,177% = {0}. So A(g,2()f = 0 and

hence f is symmetric in z1,24 Uy Theorem 1.1. Similarly f is symmetric in other z’s. So

f is symmetric in all its variables of degree two. Next we claim
If f=2z2f + zixifa + ~, thenfy, f € VIN, ..1[23,12"'5]. (6.6)

Obviously f,,f; € VI1[2%,12%5) by Lemma 2.1.1. fi, fy are symmetric in the vari-
ables of degree 2 since f is. By the induction hypothesis V1,_,[24,12~7] = {0}. Hence
fi,f2 are skew symmetric in their variables of degree 1. So the claim holds. Since
VIN,1[22,127) = {0}, the claim implies that f; = f» = 0. Therefore

f = zarafi(xr,22,23,24y 2100y 220mr) +

Taz3f1{®1, 22,24, T3, T1y o ooy Z2nmy) F 0o

This equation and A(z3,24)f = 0 imply that

f1(31,22,$3,14, Flyeany :‘211-7) + fl($l| T2y T4y T3y Z1ye vy Zgn-7) = 0.

So

f= [z, 24 fi{21,22, 23, T4y 3100 ooy Tpn7) + oo .

136



From this equation and A(xy,22)f € L’Iu[3,2,2,1”"5] = {0} we know that f; i

symmetric in the variables of degree 2 by Theorem 1.1. While A(ziyz3)f = 0, for i

1,...,2n ~ 7 implies that A(zi,a3)fi = 0. So f; is skew symmetric in z3,2. Since f; i

skew symmetric in 23,24 also, f) € V' 1,_1[2,2,12"=5]. Thus by Lemma 6.2.1,

fi = oTyca(r, 20,23, 24, 21, . . 0, Z2n-7i T2)21 +

Ton-a{2, 21,23, 24, 215+« T2n—7; 21)T2).
Hence

f = alzs, 24 [(Ton-2(1, 22,23, T4, 514+ v+, 5207 Z2)21 +

Tona(xg, 2y, T Ty Zyene »:Zn—T;xl)mZ) toe

From this equation we know that the monomial T3T4T2T1TIL2TY2L ** * S2n—-7E1 has coel-

ficient ~a whilé Its » has coefficient 0. So if f* = £f then & = 0 and therefore f=0for

any fin V1,[2%,12%-7]. 0

Proposition 8.2.9 The vector space VIN,[22,127-5] = {0}.

Proof. Let f(z1,22,23,21,...,20,-5) € VIN,[23,12"~5]. It sufficies to show f = 0 when

f*==4f. Since
VIN,;_I[‘zs. 12"—7] = v![ -1[2’2, 12!1.'-'5] — {0},

J = 1'23;."1(:”1,32,33,21’-nsz'zn-S)
+zaza f1(zy, 23,22, 21,4 . T20-5) + 0
+2a123f2(21,22, 23,22, 4 s 22n-5)
+2371f3(21, 72,23, 22,4+ .y T20—5) + - -

+2322fa( 21,22, 215000y Sones) Fo0es

From Lemma 6._2.1, fa = 0. So f has no terms which start with z?. Thus Alzy,23)f =
implies that f; + f} = 0, and A(z,23)f = 0 implies that f; is skew symmetric in the
vatiables of degree 1. Since f is symmetric in the variables of degree 2 we have f; is also
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symmetric in the variables of degree 2. Ience fo € VING[2,2,15)) So by Lemma
6.2.1,

fr = G(Tzra-z(-rl,rz,xaazz,---s-f'zn-s;rz)zl+
Tzn-z(-L‘z,h 18337250 0o v S =53 -’31)32)-

In f; the monomial T2T3X23Y o Sap—s 12y has coeflicient —a.  So the nmonomial
Z#1T3T2E3T222 ** + 227521y has coefficient —a in J. But its reverse has coefficient 0 in
f. S0 @ =0 and hence fa=0. Thus

[ = mxafilen,22,23,71,. ) 200ms5) +

2322 [1{ 21,28, £, S0 e oo Sanog ) o

By this expression and Az, 22)f = A(s1,23)f = 0 we have f; ¢ VING 2,19,
Especially, f; is skew symmetric in X2,23,%. Since f* = & f and f has no terms which
start with 2i%j3TiZj, zjzi we obtain that f; has no terms which end in %%, 225,22 . So
by the symmetry of J1 it also has no terms which end in rizz. Thus f; = 0 and therefore

f=o0.1

From Corollary 6.2.2 , Proposition 6.2.7, Proposition 6.2.8 and Proposition 6.2.9 we
have Theorem 6.1,

6.3 The Proof of the Theorem 6.2

Lemma 8.3.1 Let f(z,,... 1Zay Y1, Y1) be an identity of degree 2u + 1 on I, which is

skew symmetric in all variables Yi's und has degree 1 in these yi’s. Ift > 4 and

J =l wlfilve-1, 0] + ~,

where ~ denotes the sum of the terms of f which do not start with one of y1y2, 12y, or which
do not end with one of Ye—1¥es Yitmr, then

1. fi is an identity on 2.

2. If f* =%f then fp = +f,.
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8. 1f Alwi,z5)f =0 then A(y; ;) fi = 0.
The proof is casy. We skip it. §

Lemma 6.3.2 The identitics

L
T!n(yl’ ceer M=, -".';I), Tan (‘.’Jl'f seeyYon—-2, T3 'T)

are »-shkew symmelric.

Proof. From the definition of T, and f‘gn, Son = Ton+ fg,.. Thus

S2n($,yh---s.'12n-2,2) =

T2n(yl 1o Yon—2,; 3)+ f?n (yl yererYon-2, T3 .'L‘)
So
T?n(yh oy Yona2, X 3-')"" f2n (yls soey Yn=2,Ty """) = 0. (6'7)

On the other hand, by the definition of T}, and fzm ;. =fgﬂ when n is even. Thus this

equation and (6.7) imply that

T?n(yh' ey y2n—2vz;x), T2n (yla vy Y2n-2, 2;2)

are s-skew symmetric. When » is odd, we always have that Ty, and f‘zn are both #-skew
symmetric by their definitions. #

Proposition 6.3.1 The identity Ty, ( 23,2, 91,0\ Yonea; z) forms a basis of the vector space
VI 4,139

Proof. Since VI,[4,2,1%*%] = {0} by Theorem 6.1, VI,[4,13°73] = VIN,[4,1%-3], Let
[z, y15.. v ¥2n=3) € VIN,[4,1"-3], Then

f = Z(—l)i+j-l[yiv yj]f2(xa yh-"’ﬁiv“qﬁ}:---:y2n—3) + ~
1<)
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and f; € If'INn._l[‘l,]z""s]. Therefore

S22, y3, .0 panea) = al2n_a(e . 2, y3, ooy Yanea; 2)

for some a € F. Subtracting a multiple of Ty, from f if necessary, we may assumo that
J2=0. Since

2 - - '
T?n-?(m 1Ty Y3y 1y2n-—3;-1') = I2n---|(-1'2,$,y3, seay H2n=5y z)[y2u—-h .'/211-—3] +

f= a1, y2)Top—a(2®. 2,4, ... s Yan—53 Y Yan—is Yan—-a] + ~ .
Hence from Lemma 6.3.1 and Lemma 632, a=0if f*= /1.
If f*=—f then
f = aln(z2,91,..., yauca)

has no terms which start with g1y, therefore has no terms which start with yiy; and is
*-skew symmetric. Thus we may assume that f* =& f and has no terms which start with

¥%iy;. So by Lemma 6.2.1, f has no terms which start with z%; and hence

f=
2n-3 .
Z (—l)s-lzyl'{fl(z1ylv- '-o.m,--- ,yzn—-a) + .'l:‘m{fi'(%yh-- J 1.'759' " »y2n—3)}-
i=1

Since A(y1,2)f € VI, [5,124) = {0}, 1 + /1 =0. So

-3

f= 3 U e wilfiz s o Fire e B2nma).

i=1
By Lemma 6.2.1,
fl = aT2n-2(37 ya(2)1 seay ya(‘.!n-.’i};x)z

and

2n-3
F=a 3 (=1 o il Tone2( Y1y s G » Yanmsi ). (6.8)
i=1

Therefore f has no terms which end jn zy; by (6.8). But the monomial yyzzyzys - - - 39,
has coefficient —a. Thus a = 0 by f* = £ f and hence f=0 1
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Proposition 6.3.2 The identities

Y 2o - - .
(PME Yy Ely e 7-"211—-I1y)7

T?n(a: SIUTECTY/ PR PR, M H 2:)
Jorm a basis of the vector space V' IN,[3,2,12n-1).
Proof. Let

e— 7 ol gp - - .
t? = Tyl 1Ty s Ty ey Tmadi Uy

13 = TZn(m°7;miynzl:“~$z2n-4;x)-

Then

1t = Dca@®2,0,21,.0 00 2200 ¥)22n-5, Z2n-4] + ~
= t?-l[32n—5132n-4] + ~,
12 = Ton(2 0y, 2,8s2100 15206} ¥ ) 22nm5) Z2n—a] + ~

= 12_1[32':-5,:2::-4] +~. (6.9)

Since t{, 13 are linearly independent it can be shown that t1,13 are lirearly independent
for n > 4 by induction on n and (6.9). Thus we need only to show that t7,#} span
VIN,[3,2,1%%1).

Let f € VIN,3,2,12""*. We may assume that f* = +f. Since f is skew symmetric

in its variables of degree 1,

f=

Z (‘1)‘+j-lf4(x,y:31s---ai";',---:-?j,---’zzn—4)[2£,zj] +~s (6-10)
1€i<j<2n—4

where f; € VIN,_1[3,2,17"%]. Hence by the induction f; = at?™! + 513! for some
o,feF.

Next, we correct f by a suitable linear combination g of 1} and t} so that f — g has no

terms which end in z;z;, and f - g, f have the same symmetry.
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Let

h 2 . - .
T'Zu(-t s o Taee =i Yy

—

o
(-]
i

BT
Iy(xo UEE Y PR RN :'ZH—'hx)'

Then
fi= [:1,:2](05',"2 + 887 4 ~,
and from (6.9)
f= [.:1,:.-2]‘{11!"{'2 + 88 2205, Z2na] + ~ .

Thus from Lemma 6.3.1, af’l‘“2+ﬂfi_,"2 and f have the same symmetry. Since = =t and
t? is #-skew symmetric, alp™? 4+ A137% is #-skew symmetric when @ or A#EO Soifl fr=7
then f; = 0. That is f has no terms which end jn iz I f* =~ flet g = at} 4 At% then
g is *-skew symmetric and g € VIN,(3,2,1**7]. From (6.9) and (6.10), f - g has no terms
which end in 220522,y therefore hias no terms which end in 227 by the skew symmetry of
f and g in their variables of degree 1.

Now we may assume that f hias no terms which end in sizj and f* = £f. Applying
Lemma 6.2.1 to f~ we have

f=
fl(mayizlv°“:z2n—4)my+f{(m’yizly--w::?rl—‘l)ym +
2n—-4 .
Z (-l)l(fz(ﬂ',y, Slyess 151'1--' yzZn—--d:rzl' + f'.:(‘tf' 7311'°"£€s-°° ,22;;_4)3,‘.‘.{.') +

=1
n—-4

z (_l)i(f:i(z!yszl:- .. 153'1---'2271—4)1/:1' + f:;(xaya <1y ---sfh-- -132n—4)2:'y) +

i=]

f5($syazl1--°’z2n-‘|)y1'2- (6'11)

Since A(z1,y)f € VI,[3,3, 127=%] = {0}, by considering the sum of the terms which end
in yz° we have Az, ¥)fs = 0 from (G.11). This implies that fs is skew in y, z; , therefore

skew in ¥, ;. So, since f* = £ f and has no terms which end in zz;,

5 = a Z my"'“)"'”ﬂ'(2u—3)+ﬁ Z Ya(1)Z ** * Ya(2n-3)1

e€S2n 3 TS
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where (y1,...,¥2n-3) = (121,00 220mg).

We know that f; is an identity of tlegree 2n -2 on‘IIn_l. We apply Lemma 3.3 of [MR)
and consider for the monomial y1xy; -+ 35, _5 and the position (i, 7) = (2, 3). This yields

B = 0. We apply Lemma 3.1 of (M R] to the monomial y,2y; « -+ Yan_3.This gives a = 0. So

f=
Nzy 21,00 20y + Nz, rTan—-q)yz +
2n=4
Z (_l)i(j.?('r'p Yilleunn, '?a'- v ,Zgn_.;)-'ﬂzf '{' f;(:c,y, & LRER 2;'? e 32“"‘)2'."1") +
2ln=—-l4

Z (“l)i(fa(% YsZ1henn, 5:'» e s32n—4)y3i + fal(zs" 1 <Ly e 12:'! e '32n—4)~"'|'y) (6-12)
i=1

Since A(z;,z)f = 0 and Alz,y)f = 0, from (6.12) we have f; = =fifori =23 We
also have that f; = — fi. Indeed. from the proof of Proposition 6.3.1 we know that every
identity g in VI, [4, 12°=3] which has no terms ending in z;z; is zero identically if g* = +g.
Since f has no terms whicly end in %;z; and f* = + Sy A(y,z)f has no terms which end in
zizj and (A(y,z)f)* = A(y,z)f. Thus Aly,z)f € VI, 4, 12"=3] implies that A(y,z)f =0,
hence fi + f! = 0 from (6.12). Thus

f = f:(-’f-‘,y':x‘---,zzn--a)[i’f,y]+
n=-q

E (—'l)i(f2(xs Ysi1e0us ,5;‘,- e ,3211—4)[3,3:'] +
i=1

M=d

E (_l)i(f3(z’ YsZtyens 3 E;'$ ey 32n-4)[y: Z,‘]. (6'13)

1=1

We claim that f3 = 0. Indeed, from {6.13) and A(z),y)f = 0 we have fs € VIN, 3,122,
Hence applying Lemma 6.2, to f* yields (f3)* = alpy—3(z,y,2,... yZ2n-4;2)z. Thus
f3 = —azTy, (2, y, Zlreeoy Zn~ai ) by Lemma 6.3.2. Thus the expression of f; , ff=xf
and the fact that f has no terms which end i), z2 imply that o = 0. So f3 = 0, and

f = fl(x!y1:lv---vz2n-'l)[z!yj +
2n—-4q
Z (—1).(.[2(2:’ YViZ1y.. -:5:1"- ey 52':-4)[:12:'}- (614)
=1
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Now using the same argument as in the proof of the fact that fy is 0, one can show fr=0
and get

Io= Ny ozsa)le, g, (6.15)

From (6.15) we know that f| is skew symmietric in y, and the z's. Thus f* = f and f
has no terms which end in Sisjy X3 or ziz imply that every monomial in f, has coefficient

zero. So fi = 0 and hence f = 0. 1

Let

t? = T?rl(a-'?-.ylv“1y2u—2;r)1
n=2 .

3 = Z(-U"'Tzn(w0yi,yh---v.fT.',-u,yzn-z;-’v),
=1
n-2 )

tg = z(“I)IT):a(nymayh---’.'Tiv-'vy2n—2;y|'),
i=1

t": = T?n(‘r1ylv"'yy2n—2;32)s

1'5' = T)rt(mvyly---vy2n—2;x)mv

18 = zTau(x,M1s.e e, Yan—zi). (6.16)

Then

Proposition 8.3.3 The set {17,....10} is a basis of the vector space VIN,[3, 1*7~2),
Proof. From the definition of t} we have for i = 1,4,6

t? = t:'l_l[yZn—:BsWn—Q] + ~,

2 = (037 + 2" v2n-2 h2um2) + ~,
= té‘"[yzn-:s, Yon-2] + ~ if n is even
3 (137! — 28302052, 2, 31, ... sY2n-4))[Y2n-3, Y2n-2] + ~ if n is odd

‘g—l[yzn—ssyzn-'z] + ~ if nis even
(65" - -t - 857" ¥2n=3, Yanz]+ ~ if 7 is odd

[See the proof of part 4 in Lemma 6.2.1). Using these formulas one can easily show that ¢

for i = 1,...,6 are linearly independent by induction on n > 3.
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Next we show these ¢} span ¥'/.N,[3,12*~2]. Let & be the idertity which is obtained

by changing each T in ? to be . Then we have the following formulas. For { = 1,4,6

8 = [yt + ~
2 = [y,w)(™ 4+ + ~
jn=1 2¢in n i1 H H
s = [”"”2]{ (57" - (i +i5 — ) + ~ if nis odd.

Let kn_y := Spnea(a?, 2043, .. .. 20-2) then

knoy = (7 57— 03

“e(n-1)

(6.17)

by the definition of the ¢} and Lemma 1.4 of [MR] (e(n — 1} # 0 since we assume that

n>4).

We only need to check ¢}, Tle others are obvious. First, we have

B+ = (=Dfhgees fori=1,4,
i-:,;..]_*_tg-l = —(2n - 4)koy_q.

Indeed, from the definition of T3,, 75, and t,

(6.18)

Tﬁn-&’(mz!x;ya(s}y veey J¢(2n—2)) + T2u—2(z21za Yo(3)r-++s ya(2n—-2))

= 52:1-2(.'/.:(2“_2}' 321 TyYo(a)r--- ,.Tla(zn-a))
= "‘5211—2(-1'2v Ly Ya(3)r- - aya(2n-2))

= -(_1)0521'1—2(3:2! TyYsyees 9y2n—2)-

Thus
t'g—l + tg_l = —(2n - 4)kn—l'

The others in (6.18) are obvious. By the definition of t5 we have
13 =y a)(B5™" = k)~
On the other hand by (6.17), (6.17), we have

2 (SR 4 1) = (=2(n = 1))knny
=134



This formula and (6.17) imply

'y — 1 =1 jn=1 jn=-1

Fn-1 = cn-N)-2a-nh +h-47)
s (It 4 -t — 7Y if nis even o
—L(I"" + i3t - " B if nis odd. (6.19)

Thus (6.19) implies

(=1 - Aoy qn )+~  if nis even
a}tl T3 -
[thZ]{ (- = 1_3;(;'11 +I5 =)+ ~ ifnis odd.

We also claim that
(+) i fori=1,...,6is a basis of VING[3,17=2], for 4 < m < n.
Indeed, this follows from (6.18), (6.19) and the induction hypothesis.

Now let f(z,y1,¥2...,y2n-3) € VING(3,12%=2) and f* = % f. Then

Z(fl (1‘, Yigeoon y').n-ﬂ)xyZn—'&‘ + f;(x'l iyoony y2n—3)y2n-2$) +
2 Az, Y2n-a)(¥2n—-3, Y2n-2] +
D So(2Y1ae ey Yrnms)yanza?,

where fa(2,91+..,2n-4) € VINa-1[3,12"~Y] and fo(2, 1, s Yanms) € VN (1277,
Thus, there exist a; € F such that

6
Za;t?-l

fa =
i=1
= [y u{al}™? + oo(8872 + 12-2) + by (6.17)
0.'3(!3 2 (tn—2+zn-2 E:l.—z))_*-

Te(n—1)—-2(n-
aqli™? +a5ll?) + o~

So by Lemma, 6.3.1, f* = £ f implies that 93 = *g2, where
92 = ali?+ag(i? 4 02 4 o]~ + sl 4

2 - -
in=2 _ n=2 t‘u—2 — -2
S CN (e(n-z)-e(n—z)“‘ T )
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2

= - n=2 n—2
= (o 0(11—2]_2(11_2)“3)‘!: +azly™ 4+
2 - -
(@ e(n—2)=2(n - 2)03)t 2t astg ™ +
2 , _
P T L B (6.20)
When n is odd,
(t:l). = —llngi = 1,2, 3,4 (tls'l)t = —tg, (ts)- - ,_tfs'l,
and
(t-:')- = —F:', I = 1,2,3,4 ({?)' - _{3, ({3)- = "Eg,
by the definition of T3n. Thus
- 2 . - ) -
% = - e(n —2) - 2(n - 2)“3)‘? 2+ ool ? 4 asti ™ 4 aplf? +
2 n=2 2 .
(@ e(n ~2) - 2(n - 2)“3)‘3 +(aq + e -2),

—2) - 2(n 3y
Hence by claim (x), * = £¢ implies

. 2 _ 2
1 fm—2) = a2y = Fla 'e(n-z)-z(n-—z)"“’)’
2 2
R TR Kt i ey paey Ty L2
ay + 2 = Flas + 2

en—-2)—2n-2)"2% * e(n—2)-—2(n—2)aa)’
az = Faz = Fas.

That is, if n is odd then:

1. When f*=f, a;=0,fori=1,...,5. So f, = agty ™.

2. When f* = -f, az.= a5. So f = T s ait? ™! + ag(1f™1 + £271),

Let g := ag(tg—12)if f* = f. Theng = J2[y2n~3, y2n-2] + ~ by (6.17). g is *-symmetric
and f - g is »-symmetric and has no terms which end in yiy;. If f* = —f, letting

2a3 (n—1ljay

g = (-5 D+l

)l"+a 15+

2
B+ (a+ 2000 + as(tl + 1),
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then ¢ = fao[yan-3, y2n-2] + ~ by (6.17); g is «-skew symmetric and f — ¢ is «-symuetric

and has no terms which end in $iyj. Thus we may assume that f* = & f and f has no

terms which end in y;y; when » is odd,
Next we discuss the case when n is even. If n is even then
Hym 1 1ye i
(1) = 5. (1)" = —12.

Since n is even, Ty, = T,. Thus by (6.18) we have

(&) = ~kn- I?v(t.':)- =l — 13,
(t:’;)‘ = -(2(11 - 1))’\:" - !l,ll'

where b, = Sp,(22,x, Y15+ dan-2). So, in the vector space Span{t?|i
+-symmetric element is a linear combination of the elements (43 —1%, 17

*-skew symmetric element is a linear combination of tle elements

15 = 2An~ 10F, 4425, 2402, 1,

lyo.. 6} every

— 1§ and every

If 7 is even then (i3)* = -3, (i#)* = -13. Since n is even, T3, = Tau. Thus by (6.18) and

(6.19) we have

(@) = —k -0
= e_(n)——_:ﬁ(tl +i3 -t =y,
(B> = —(An-1)ka— £
-2n-1},.

= ot - i) -1,

e(n) ~ 2n
(B) = k=13
1 Mmoo _jn L)
= —— by —th) - 5.
e{n)-:Zn(zI th -t -4
From (6.20),

. _ 2 -1 (
% = (- e(n—-2)~-2(n- 2)“3){e(n -2)~-2(n-2)
2 - 2(n —3) n-2 |, m-—i
(a3 ~ e(n —2) - 2(n — 2)“3){e(n o) -2m-glt th
2 1 jn=2
(g + e(n—2)—2(n-~ ‘2)“3){e(n ~2)-2(n- '2)“1 +

C!gt-;‘-z - ast'{;'z - 02{'5‘-2.
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Since n —~ 2 is even, e(n —2) = n - 2. Let

Ay =a + Iy 1= +-—2-a L= ay~
1 .= a) n_2“39 PARIRE 2 5] n—2 Iy Ay = Oy n_,20'31
then by claim (»), g3 = %g2 huplies that
1 2n -G 1
(n_-—j — 1) A + Py Aa - - _2.*!4 =34,,
1 -6
mth + (—RTZ- — 1)da - — 2/14 = £ A,,
1 Zn-06 H
—n—_-—.-zll - T_-?A;; + (m —- 1Ay = £4,,
- = io.'g = :i:as. (6.21)

Thus il f* = f then g5 = ga, solving (6.21) yields
02=ﬂ5=0=111 =f13=.r‘l.|.

Therefore ¢; =0fori=1,....5. i.e f2 = agt]™! when f* = f. Let g := ag(lg — {¢) then g

is #-symmetric and g = fo[y2,-3, y2u—-2) + ~. Thus f - ¢ has no terms which end in y;y;.

If f* = —f then g3 = g2. Solving (6.21) yields

az=as, A1+ (2n-6)43 - A; = 0.

That is
2n—-06n+4
Gy = (5, (0 = 0y + (—)+—ﬂ3
n-—2
and
I —
fo = aitfT a1 4+ 12 Vagtd~ oy + (—-’%ias)t.," + agtd™ L.

Let

9 = oot +17) +aath + o3((2 - 20017 + 13) + as(tf +13),
then g is *-skew symmetric and

9 = ({7 + U Nt ag(t + 27 +
a3((2 = 20)07 7" + 857) + @t ™" )[Y2n-3, Y2n2] + ~ .
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Thus by (6.17)

T y2nmss y2n-a] + ~

f-y
[.’h,yzl‘)'f.'l'"z[!lzn-a-Uzu--z] + ~.

il

Since f — g »-skew symmetric. 13™% is s-skew symmetric by Lemma 6.3.1. This implies

that ¥ = 0 because 1372 is not s-skew symimetric when n — 2 is even.

Since f — ¢ is skew symmetric in the variables y;'s, f — ¢ has no torms which end in
viyj- We may assume that f has this property. So we have reduced the proof to the case

"= xf and f has no terms which end in 4¥;. Therefore from Lemma 6.2.1,

f=
in-2 .
Z ("'l)l(fl(m7 Piyens v.’-ffs- vy .112::—'2)1'!!-’ + f:(ms Yoo !ft‘! e y')ﬂ—'l)yl'x)- (6'22)
i=1

Since f has no terms wlich end in Yivi, Aly,x)f has no such terms either. How-
ever A(y,z)f € VINA[4,12"=3], Thus A(y,z)f = 0 by the proof of Proposition 6.3.1.
Applying Ay, =) to formula (6.22) yields fy = — f. Thus from (6.22) and f* = %7,

n=2
fo= Y EDE (@, G By Yanma)2 35 (6.23)
i<y

Since A{y1,2)f =0 and J is skew in the variables y;'s, h is alternating by (6.23), therefore
h = BSyn-3(2,¥2,...,¥zn-3) for some BeF and
f = ﬂ[xv yl]S2u-.3(xv Y2yoooy y2n—3)[$‘ yzﬂ-2]+ ~.

But
S2n-3(T,¥21 .+ s Y2neay 1) = Sonmi(2, 92, . .. yYan—a)

from [DR]. So

f(z) Ytreo s Y¥2n—y, 1, y2n—2) =
Blzy1)San-3(z,¥20- o s Y2n—-3)[Z, Yan2] + ~ .
However,

H&y1s v van—a, L yan-2) € VIN,|[3, 12"=3] = {0},
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50 4 = 0 and hen
Let
i =

n
2 =

Then we have

ce f = 0. Therefore ¢? for i = 1,...,,6 is a basis of VING(3,12n=2), B

Ton(2?, 4, 210 ot 20033 9) + Ton(9%,2, 21 o3 Z2m3i 7)),
Ton(zoy. 2,210 ot 20nas ) + Ton(2 0 4y 0y 2140 Z2ne3i 7)),
n=-3

z (-l)i—l(T'ht('r o :l':zl:--'9&1-°'9:2n-313,y;y) +

=1

Doy oziczi,..o 5iviisy zonmay iy T3 2)),
Don(T 9 200 oo 2203 ) + ¥ T2 4,2, 210 vy 2203} T),

T2n(1’v Yellye ooy S2m-0; y)x + T2n(ya Ty 31300443203} -’L')!h

T?n(z: 2ty i 220=3; ['T’ .?}]), t‘r;'3 = T?n(-rf s Zlye ey &2na3; [31 y])-

Proposition 8.3.4 {17,...,12} is a lasis of the vector space VIN,(2,2,127-3),

Proof. From the definition of t? we have the following formulas:

t:" = t?ql["'?n---h 22n-3] + ~ fOl‘ = 1’2’4’6’ 7

t3 = (37 + 57 ) [=anmas Sena) + ~ .

]

(6.24)

Since ¢3,...,t4 are linear independent, using (6.24) one can show that £7,...,t? are linear

independent by induction on n.

As in the proof of Proposition 6.3.3 we define {7 to be the identity obtained by changing

each T in (! to be T. Since Sy is alternating,

Thus

t'l'-‘ +{'=0,fori=1,2,3,4,5.

B = —tPfori=1,2,3,4,5 =13, I =1¢D.

From the definition of ¢} and i we also have the formulas

4

t3

tg

= Pit—l[-’-"zn-h-?zn-s] + ~, fori=12,5,
(5371 + 1Y) 22nmdy 220m3] + ~

a'.-3'1[-?2"-4--‘-zn-::] + o~y 12 = E o0 gy 220m3) + ~ .
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Let f € VING[2,2,12%3] (lien

f=
Ni(zn e, 2, sg)e o + Nilez, o200 ang )y +
faz1,29,22,5,. .. cEan—a)far + (2, e s Sy yTIn—3) L2y 4 - en
+f3(zy, 22, 24,... s Z2n=5)(T2n . S20-3) + -
iz zgnea)e 2l F Syl 3, cves32na3) 8277 +

+f5(xl,zh~- --:'.‘n--l):?n-ax:i + e (6.27)
So by the induction hypotliesis fa= 2,?21 a;t?~1. lence, from (6.25) and (6.26)

foo= [zl 30 ailt™ + g+ 1{72) 4 et~ + gt ™) + ~

i=1,2,5
= bl 3 —ait}™ —ag(th + 078 + et 4 ar2) 4~
=125

Lat

g3 3= Y —ailf TP~ ag(th + 07 + 0atl 4 aptd 4~
i=1,2,5

We may assume that f* = +f. To complete the proof we shall argue in two cases.

Case 1. n is odd. When n is odd T3, = =Ty, and T3, = =Ty, imply
() = ~af, for i = 1,2,3,6,7,

and
(13)" = =tg, (t5)" = —1}.

Thus from Lemma 6.3.1, f* = +f implies that g3 = tg3. Since

9 = D —ait]? - an(th + ) + oot 4 artl? 4 ~,
i=1,2,5

75 = o] 4 aold ™ b gt + 1572) + ast] ™2 — agth~? — agll 2 4 ~
Thus f* = £ f implies that

@ = Fa fori=1,2,3,6,7, as=7F a3. (6.28)
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So if f* = f then from (6.28), a; = 0 for i = 1,2,3,5,6,7 and fa = oqt}™l, Let g :=
a4(t] — t3) then g is also «-symmetric and g = crqt,','"![zzu--hzzu—sl + ~. Hence f—gis
+-symmetric and has no terms which end in %3, If f* = —f then a3 = as by (6.28). So
let ¢:= 3 g0t} + ay(13 + (7). Then g is #-skew symmetric and
g= { Z “i’:'l-l + 03(13 + tg)}[s‘lu—-‘h:Zn—S] + ~.
i#3,5
Hence f - ¢ has no terms which end in z;z;. So we may assume that f has no terms which

end in 5z; and f* = £f when » is odd.

Case 2. n is even. Using the same argument as in case 1, we have

fo= | @t as(g=t £ g7t L Mfr=g

aa(ty™ + 57 ) +ag(tg ™ — 7Y i f=—f.
Thus let

as(t3 ™! + ag(e3™! — 1271 if f*=~f.
Then f—g has no terms which end in %izj in both f* = £ f and it has the same +-symmetry
as f.

Now we assume that f has no terms which end in zizj. By Lemma 6.2.1, f; = f; = 0.

Thus {6.27) becomes

4o = { a(ty™ =13 Y fag(gT 7Y i = f

f =
Nz, 2,21, 00, 200-3)0 20 + Si(z2, 71,21, 04 220-3)T22) +

fa(@1, 22,20, 5y i ca) iz + (BT, 22, By ey Z20m3)B22) o (6.29)

Since A(21,22)f € VIN,[3,2, 12"=4), it has no terms which end in z;z; and is »-symmetric or
+-skew symmetric because f has these properties, A(zy,22)f = 0 by the proof of Proposition
6.3.2. Thus fa = - f] by (6.29). Since f has no terms which end in zizj, Alz,27)f = 0
implies that A(z,23)f, = 0 by (6.29)'. So f2 is skew symmetric in all its variables of degree
1,ie fa(®1,23,23,..., 22n_3) is skew symmetric in the variables z, and z’s. Thus f* = +f
and the fact that f has no terms which end or start with ziz; imply f; has no terms which

start with %25, But f; is skew symmetric in z9 and z;'s, f has no terms which start with
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Zoz; Or %;22. So

fa(z1,22, 2, .. s %2m-3) = [-1'!91'2]]1'2(3"11321 cors Tm-a) +
n-3 .
z (—l)'_l[ml,.’..‘]hg(ml,rg,22, v !El‘i teey :211—3)'

i=2

Thus from {6.29)

f = Nz za, 21,000 2p0ma)T s + filzaa 21, 31,00y Zanea Yooz +

[z1,22)ha(r, 22, .. ., 220321, 2] -

[#1,22}ha(e1, 22, 23,y 3nma)[mry 0] o {6.30)
Since f has no terms which start with [z2,22] and end in [z1,23) and Az, z1)f =0, by
considering the sum of the terms in A(zz,1)f whicl start with [zq,2,] and end in (21, 73]
yieldsA(z2,21)h2 = 0. Thus hq is alternating, hence there exists a scalar 4 € F such that
hy = 732,._3(21,32,22,...,:2,,_3). Next, we show that v = 0. Since #,, has no identity
of degree 2n with type lower than [2, 12 for n > 4, f(z1,22,2, Lzgy .o zon-3) €

VIN,[2,2,1%-9] = {0}. So ha(xy,1,23,... y22n-3) = 0 by (6.30). This implies that T=0
because

San-3(21,1, 23,0+, 23n-3) = Son-a(T10 23,4+ Z2n3).
Thus , |
=iz 22,21, 00 2gnm3)z2s + fi(z, 21,20, s 1 22n-3) 2221,
where f; is multilinear, However this equation and A(z1,2i)f = 0imply that A(zy,2:)f, =
0. S50 fiis alternating, But J has no terms which start with z;z; so does f;. This property
and the fact that f, is alternating imply f; = 0. So f=0. A

Let

o "
1 = T?n(yl,---vyzn—l;l'z)s t3 := Ton(y1y- -+« s Y2015 22),

t:,; = Z T?n(xoyl:"-vyZn—l;z)s

(1,-2n—=1)

T = E Tzn(zoyh---,yzn-l;r),
(10,2n~1)

i3 = 2 Bn(z¥1s- . s ¥20-2; 2 0 Y2nt),
(2yey2n—-1)
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13 = Z T‘!u(iuvyla---!y2n-2;-'r°y2n—l)s
{1, 2u—1)
t? = xT?n(."/lr----U‘Zn—l;w)y tg = T’lu(yla---iy2n—l;$)ms

5 = alamlyr, . pznm1i2) G0 1= Ty eeesY2n-1i2)c.
noi= z Nl 92,000 y2n-1i ),
{(Len2n—1)

no,_ A .
12 = Z I'lu(‘csyla-'-99'27:-2!1).7]2"—-1;
{1, 2n~1}

?3 = z yl’i‘i!rl(zsy21“'$y2n—l;w)7
(1,2n=1)

n — ’ .
fha = Z F?n(-rsylv'°|y2n-2’z)y2n—l$
(1201}

T = Y Dal®fise-s Yane2i T Youi)),

{1,+2n=1)
16 = Z T?n(m’yh---ayz‘n-z;[zs Yan-1)).
(1,,20=1)
Then
3 = (57" + 655 ) v2n—zs Yon1] + ~,
t-? = (’.r;l_.l +tg—l)[y2n-2ay2n-1] + ~, '
= Myane2s Yane1) + ~, (6.31)
where

P 1,2.5,7,9,11,15 if n is even
~ 1 1,2,6,7,9,11,16 if n is odd,

;o= d O+ G5 ) Wan-2,y20-1] + ~  if nis even
1 (7! = 537 YYzn-2,¥201) + ~ if 1 is odd.

We also have
0 = (el +~, 3= (1,0l +~,
B = el +eT) +~ 8= Ll + ) + ~,
8 = ™ -0 -5 4 ~, = gt + ~,
o = [Ynuals™ +~ = [y, w5 - ) + ~,
= —lywT' +~, = [yt + ~,

s = [ypiie! +27 48 ) o~
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Thus we can show that
1718+ 15 + 15 + 105 + 15 = 0. (6.32)
Indeed, for n = 4 this holds [ sce the proof of Proposition 5.3.5 |. Suppose it is also true
for n = 1 then for n
g+ s+ o =
Tyan-1f1 + Yanmr b fy A -
(T G T T T T Y
+az?Sa,1(y,... yUn—1).
Let
UREREE S AT g

Then by the induction hypothesis

g = zy2n—lfl + y‘.‘u—l-rfl’ +:-- 4+ amstrl—l(ylv L ’y'.'n-l)-
From this equation we know that there are no terms which start with y;p; while this implics
that a = 0 since g is «-symmetric. By the definitions of t¥,
BHtg 4, =
zs?n—l('t-yls'- '1y2n-l) + -S".‘n—lt'rrylw' sy Yan-1 )""

Thus A(yzn-1,2)(13 + 13 + 15 -+ 1y) = 0. Obviously Aty + 1Y) = 0, thus Ay, _y,x)g = 0.
So, by (6.32), fi + f] = 0 and

9 = [z, pmalfi 4.

Again, Ayan-1,2)s = 0 implies Afyy,z)g = 0. Thus Aflgr,e)i = 0. So
St = BSan-1(2,91,...,y2n-2) for some § € F. Therefore the fact that ¢ has no terms
which start in y;y; and ¢" = g umply that 8 = 0, hence ¢ = 0.

It can be shown by induction on n and the formulas above that both
{fli = 1,2,3,4,5,7,8,9,10,11,12,15} and {*}i = 1,2,3,4,6,7,8,9,10,11, 12, 16)
are linearly independent if n > 4.



Proposition 6.3.5 The st {1!]i = 1,2,3...5,7,8.9,10,11,12,15} is a basis of ihe space
VIN,[2,14"=1],

Proof. Since for 1 = 5 the proposition holds [sce the remark after Proposition 5.3.5] we
may assume that n > 5. Let f € 1'1.V,[2,1%*~!), Then

n=~-1

f = Z(Il-"!}‘.’n—l +f:y2n—lw)+
i=1
> £ L2000 45) + BSan-1(m, - ceYin—1)2?
i<
for some 3 € F. We may assume that f* = +f.

Case 1. If n is odd then

(17 = ~1t, fori#7,8,9,10,11,12,

(1) = ~flo ()" = —13, (11))" = —th. (6.33)

Since f; € VIN,...1[2,12""3], by the induction hypothesis there exist scalars a; ¢ F such

that
foo= el a ket 4 agtd e angff + gl
Thus by (6.32) f2 = {11,12]92 + ~. where

2 = ety 4 alt P b ag(i]™? 4 107 o (072 4 1072) 4

ﬁﬁt?-z + 031?0-2 + (lm‘g-z + au(t?_z - t?l-z) - ant’i‘-fz + 0161?5_2.
Thus by (6.33)

(92 = —ant™? - ot} 4 ag(=27% = 572) + @y (~1072 - 1152) -

- - - - - -2 -
oty = astf T — g3 + an(~1057 + 57%) + 27 — angtls.

Since f* = £ f, by Lemma 6.3.1, 93 = £g2. Thus, when g5 = g2, a; = 0, for i £ 7,9,11,12
and ay = —ayz since £7°? for ¢ = 1,2,3,4,5,7,8,9,10,11,12,15 are linear independent

when n=22>3. So

f2o = ot 4 agth™! + ap( =27 + 43570,
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Let

g = “'7“,7' - [Tu) - (\u(f.g - f:_:) + llt-_l(—f?l + ?-.1).
Then ¢ is *-symmetiic and

n—%

g = layz™! +oaoty™! + ap(—t + et~ 0913—1)][!,%-2‘!12"—1] + o~

So
an=1
f- g = Z (fl'.ry‘z“"" + f;yz’l"l""-) + 7‘9’2=I—l(yl: cesy Y- )t +
i=1
2 B3 + BrotTy Yy, yj). (6.34)
i<y

Similarly, g3 = —g2 implies that
fr = ali™ b ety 4oty + ) +aa(T 4+ 47 +

agtg ™ + ozt + aoly ™! + gty + (I, + 1y).

Let
g = ol] +agly + azl} + aqll + agls +
ar(t? + 15y) + ag(tf + 15) + ety + an(th + ty).
Then g* = —g and we also have (6.31).
Case 2. If n is even then
(F) =ty i=1,3,5,7,9,11, 15.
Since f; € VIN,_1[2,12"3], by the induction hypothesis
fo = a7V ... +ag2”! +
arli ™ 4o et fags .

Thus by (6.32} f2 = [y1,32]g2 + ~, where

92 = aiti P aati i b ag(th 2 13T b g (P 4 112 4
as(tg™ — 21 -3 1) 4 astly? + oot~ +
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Since f* = £f 93 = £g9. Thus. %3 = gz implies that

as = a5 =, o) = a3, a3 = ay, ag = az,

= oy + oy = a3+ an, ay = @y,
and

fo = (i H 057 ) Fag( 07N +artd 4 agty™! +

asty™! + (a3 + an )iyt + an (et + 050,
Let

9 = oq(f +13)+ o313 + 1) + ar (P + 45} +
ag(ly + 11o) + an (L, + tf;)-

Then g is s-symmetric and we also have (6.34).
When f* = ~f, g3 = —g, implics that
fo = i - (T 7 T - ) +

as(t H ) 4 ortE ™ + oot +

-1 _ =1 -1
aoltiy” ~ 17 + 05 ) + anstis

Let
9 = el - )+ oolt + 6+ 8 — 1)+ ea(] + 13) +
(a7 — a3 )(t? - 13) + (a9 — @ys) (] — tTo) +
Since
‘;';' + z.': = Sg,,(:r:,:r oylv--v.‘ﬂn—l)
- —g-g

and (6.32), g is *-skew symmetric and (6.34) holds.
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Thus we may assume that f* = +f and

T 2n=1
[ = Z (Nheyama- + f{yi’u—l-r) + Y82u=1{¥1s ey Yanoy )r®
i=1
D (Betd ! + Botg N yir ;). (6.35)
i<

From (6.35), the monomial y, “+* Yaa—12% has coefficient ¥ in f. But its reverse has coofli-

cient 0 because
n=1 _ .. -1 e « )
ts = T?n--?(yla ceea finad; -r)x’ 1'1'0 = 1211-2(.‘/1’ sy Y2n-3; -3)37-
Using the same argument and considering the coefficients of monomials w and w* for

W=y Ye2Yr--- Yon=3dfan-2Y2n-1, Vi laxys - Yan-3Tlrn-2ll2n—1,

respectively yield fs = 8,0 = 0. Thus

n=1

f = Z (flxyZn-l + f;y2rl-l"r)-
! i=1

From this equation we know that f has no terms which end in ¥i%i. So Alyan-1,2)f has no
such terms also. But A(yz,-1,2)f € VING(3,12"=2), and A(y2n-1,2)f = 0 from the proof
of Proposition (6.3.3). Thus f, + f{ = 0. Since f is skew symmetric in the variables 3;'s,
Ayzn-1,2)f = 0 implies Ay, x)f = 0. So A(y1,z)fi = 0. Thus f; is skew symmetric in
Zy¥15-- 2 Y2n-2 by Theorem 1.1. Ilence f; = dSn-1(2,¥1,. .-y Yan=2). However, [ has no
terms which end in yy; and f*=+f,d=0.So f=0. 0

Since every ideatity in VIV, [1?"+1] is multilinear and alternating, it is 2 scalar multiple

of the standard identity S2n4t(£l... ., 2an41). Thus, Theorem (6.2) was proved.
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Appendix 1
The Dimension of Space VIN,[ny,...,n,]

The identities of H,

Vector Space | Dimension | Reference Page
V I,[3,2] 1 Prop. 3.1.1 27
VI[3,1,1] | Prop. 3.1.2 28
V1[2,2,1] 8 Prop. 3.1.3 29
VIN,[2, 19 T Prop. 3.1.4 3l
VIN, (1] 1 32

The identities of H;

Vector Space | Dimension | Reference Page

Vi34,2,1 1 Prop. 4.1.2 35
VIN;[4,17] 2 Prop. 4.1.3 | 36
VIN,[3,2,2] 3 Prop. 4.2.2 40
VIN,[3,2,1%] 10 Prop. 4.23 | 43
VIN;(3,1% 7 Prop. 4.2.4 50
VIN5[25,1 7 Prop. 4.3.1 53
| VINg[2%, 15 16 Prop. 4.3.2 70
V1IN.I2, 1% 10 Prop. 4.3.3 70
VINA17] 1 73
The identities of H,(n > 4)
Vector Space Dimension | Reference Page
Vi,[4,1%-9] 1 Prop. 5.3.1, 6.3.1 | 105, 139
VI,[3,2, 12"“‘] 2 Prop. 5.3.2, 6.3.2 | 106, 141
VIN,[3, 132 6 Prop. 5.3.3, 6.3.3 | 109, 141
VIN[22,13%=3] 7 Prop. 5.3.4, 6.3.4 | 111, 151
VIN, 2,12"“] 12 Prop. 5.3.5, 6.3.5 | 118, 157
VIN, 17 1 - 160
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Appendix II
Reliability of Computations

Like many if not most mathematical results, the contents of this thesis are not presented
in the order they were obtained. We set out to prove that all identities of degree 2 + 1 of
Hy, follow from those of degree 2n (n > 3). Corollary 1.3.2 allows us to restrict ourselves Lo
homogeneous polynomials which are symmetric (respectively skew symmetric) in variables
of equal even (respectively odd) degree. If nced be we can further specialize to s-syminetric
and #-skew symmetric polynomials with this property, where » is the reversal involution.
Such a polynomial is a linear combination of simpler polynomials. For oxample, if
p(z1,22,23,y) is of degree 1 in each z; and & in y and is skew synmunetricin oy, £p,23 then pis

k+3

a linear combination of 3

for 21,22 and z3 and then taking the alternating sum. Subtracting a linear combination of

polynomials each of which corresponds to choosing a place

known identities we may sometimes assume conditions on the coefficients. Then we must
make substitutions to obtain further conditions on the coefficients and solve the resulting
homogeneous system of linear equations. If it has only the trivial solution we are done and
may pass to the next multidegree in our ordering. If not, at least one identity has been

obtained or more substitutions must be made to rule it out.

The substitutions step and the solving of systems of lincar equations step were done
in Mathematica on a Next and Maple on the main frame. Some cases were done on both
systems. All substitutions were checked by hand using the graph-theoretical version which
allows one to visually decide which monomials correspond to unicursal paths. While we
did not double check the second step for all cases, we feel confident in our results since
e ~urs are more likely to produce spurious candidate identities which are rejected when
we try to show that they are indeed identities. Each linear equation was obtained by
requesting the coefficients of a monomial. In the most cases, if we mistype a monomial
we get the equation 0 = 0 and nothing is lost. Moreover, the new class of identities
(1, ... s 22n—1i[T2n, T2n41]) was discovered by implementing the procedure described

above,
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